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ABSTRACT

We use a recently developed method—based on layer group analysis combined with the Landau theory—to investigate the polar properties of
antiphase boundaries (APBs) in SrTiO3 and PbZrO3. For SrTiO3, we find that, in addition to the biquadratic, Houchmandazeh-Laizerowicz-

Salje (HLS) coupling bijklPiPjfkfl in the Landau-Ginzburg free energy expansion, additional rotopolar terms of the form WijklPifk
@fl
@xj

contrib-

ute considerably to the polarization of antiphase boundaries in these materials. The rotopolar terms can be split into a symmetric flexoelectric
part and an antisymmetric one. The antisymmetric Lifshitz term leads to a macroscopic polarization of APBs, which can be switched by applica-
tion of an external electric field. For PbZrO3, the observed polarization profiles [Wei et al., Mater. Res. Bull. 62, 101 (2015)] are fully compatible
with the symmetries of the corresponding layer groups. Unlike in SrTiO3, there exists no Lifshitz invariant WijklPiηk

@ηl
@xj

for the order parameter

ηi(i ¼ 1, . . . , 12) describing the displacements of lead atoms. However, a detailed group theoretical treatment indicates that the polarity of
APBs in PbZrO3 is driven by higher order interactions between polarization Pi, order parameter ηk, and order parameter gradients @ηl

@xj
.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0030038

I. INTRODUCTION

Domain walls (DWs) have attracted much interest due to their
ability of carrying functional properties1–5 that are different from
the surrounding bulk. For example, ferroelastic DWs in SrTiO3,

6

LaAlO3,
7 BiVO4,

8 etc. have been shown to be polar. It is generally
accepted that the polarization of ferroelastic DWs is due to

flexoelectric coupling fijklPk
@uij
@xl

between polarization Pk and the
strain-gradient ∇uij in a free energy expansion.9 Such polarization,
however, cannot be switched, which makes it less attractive for tech-
nical applications. However, recently Schiaffino and Stengel10 have
discovered an interesting symmetry breaking effect in a special
(cycloidal) sequence of ferroelastic DWs of SrTiO3. Based on a mul-
tiscale first-principle approach, these authors have identified two
new coupling mechanisms that contribute to the polarization of fer-
roelastic DWs in SrTiO3, i.e., a rotopolar coupling between the

polarization and gradients of the oxygen octahedron rotations and a
trilinear coupling between the polarization P, the oxygen octahe-
dron rotation f, and the displacement uz of Ti atoms. It turned out
that this rotopolar coupling allows for a breakdown of macroscopic
inversion symmetry—similar to in cycloidal magnets—which leads
to a macroscopic polarization of a special sequence of parallel fer-
roelastic DWs. Very recently, we have studied11 the polarization of
domain boundaries in SrTiO3 using a combination12 of layer groups
with order parameter (OP) symmetry. We found that the special
sequence10 of ferroelastic DWs produces a net macroscopic polari-
zation that must always contain a mixed ferroelastic DW, i.e., of the
orientational/translational type that contains an antiphase boundary
(APB). In this way, we unveiled that the rotopolar coupling provides
an important mechanism for polarization of translational APBs.

Translational APBs below antiferrodistortive phase transitions
are particularly interesting due to their ability to carry DW
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polarization.13 The antiferroelectric crystal PbZrO3 corresponds to
the very few cases where there is experimental evidence that APBs
are polar.14,15 Moreover, based on ab initio calculations, the
authors of Ref. 14 claimed that the DW polarization can be
switched, supporting its ferroelectric nature. Ferroelectric (=polar
and switchable) antiphase boundaries could be extremely interest-
ing for nanotechnological applications,16,17 similar to those which
are quickly emerging in the field of antiferromagnetic spintronics.18

SrTiO3 is another example for which polarization inside
APBs was predicted.19 In SrTiO3 and PbZrO3,

14 the authors19

explained the possible appearance of a polarization component
Pi in APBs as a result of a local ferroelectric transition below
T*
c , Tc induced by a biquadratic coupling term bP2f2 between

the primary order parameter (OP) f and the polarization P in
the free energy expansion. In the present work, we show that
there is another important coupling mechanism, which crucially
contributes to the polarization of APBs. The rotopolar coupling
between polarization and gradients of the primary order param-
eter, which was identified10 to lead to a macroscopic polarization
from antiferrodistortive cycloids in SrTiO3, is shown here to
contribute significantly to DW polarization in APBs of SrTiO3

and PbZrO3.

II. RESULTS AND DISCUSSION

A. Antiphase boundaries in strontium titanate

SrTiO3 undergoes an antiferrodistortive structural phase tran-
sition21 at Tc ¼ 105K from a simple cubic room temperature phase
with space group G ¼ Pm�3m to a tetragonal phase F ¼ I4=mcm,
where F , G. The space group of the cubic phase is symmorphic,
i.e., G ¼ P

g[m�3m Tc(gj000), where Tc ¼ {n1ac1 þ n2ac2 þ n3ac3} is
the translation group with ac1 ¼ (a, 0, 0), ac2 ¼ (0, a, 0), and
ac3 ¼ (0, 0, a), with a ¼ 3:905A

�
. The phase transition is due to

static rotations (0, 0, f3) of the TiO6-octahedra around the tetrago-
nal c-axis, which are alternating (0, 0, + f3) along all three cubic
directions (see Fig. 1 for the present setting). Due to these staggered
rotations, the translations (2n1 þ 1)(a, 0, 0), (2n2 þ 1)(0, a, 0), and
(2n3 þ 1)(0, 0, a) are lost. The tetragonal lattice is then related to
the cubic one (Fig. 1) as Tt ¼ {ac1 þ ac2,� ac1 þ ac2, a

c
2 þ ac3}

¼ {(a, a, 0), (�a, a, 0), (0, a, a)}. The phase transition occurs
at the R-point, i.e., kR ¼ 2π

a (
1
2
1
2
1
2 ) of the BZ, with the active

irrep11 Rþ
4 .

Due to the symmetry reduction at the phase transition, the
distorted phase can appear in N ¼ 6 domain states (DSs), which
we designate as 11, 12, 21, 22, 31, 32, where the first number
denotes the three different orientation states 1, 2, 3 and the sub-
script specifies one of the two different translational states
within each orientation state. In Ref. 11, we have analyzed the
symmetry and properties of DWs, which connect a variety of
domain states (DSs). Here, we will focus on APBs, specifically
on translational DWs connecting the DSs 31 and 32. In SrTiO3,
two types of translational DWs are distinguished.19 For easy
APBs (Fig. 2), the rotation (0, 0, f3) of the octahedra is parallel
to the DW normal n, whereas for hard APBs (Fig. 3), (0, 0, f3)
is perpendicular to n. Hard APBs were found22 to be about
10 unit cells (ca. 40 Å) thick, whereas easy APBs23 are
atomistic thin.

Since it was shown19,22 that hard APBs in SrTiO3 are the most
promising candidates for carrying a polarization within the wall, we
will analyze this case in more detail. In Ref. 11, we found that the
layer group symmetry24 T3132 of a domain twin (DT) (31j32) at the
position p ¼ ( 12 00) with n ¼ [100] is given by the following sym-
metry elements:

T3132 (n ¼ [100], p ¼ (000)) ¼ T{(1=000) (2x=00a) (my=00a) (mz=000)

� (2̂y=000) (m̂x=000) (2̂z=00a) (�̂1=00a)}, (1)

where T ¼ (0, na, ma), nþm ¼ 2k.
It is easy to see that the orthorhombic point group

(D2h ¼ mmm), which corresponds to the layer group T3132

FIG. 1. Structure of SrTiO3. Relation between cubic Pm�3m and tetragonal
I4=mcm unit cells of SrTiO3. Note that we are working entirely in the cubic refer-
ence frame, i.e., (xc , yc , zc). Sometimes, we use also the notation (x1, x2, x3).
The origin (0, 0, 0) is chosen at Ti atoms (light blue), Sr atoms (green) at
( a2 ,

a
2 ,

a
2 ) and O atoms (red) at ( a2 , 0, 0) and equivalent positions. This and

similar drawings were made with VESTA.20

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 128, 194101 (2020); doi: 10.1063/5.0030038 128, 194101-2

© Author(s) 2020

https://aip.scitation.org/journal/jap


of Eq. (1), restricts the polarization components to
P1(�x1) ¼ �P1(x1), P2(x1) ¼ 0, and P3(x1) ¼ 0, i.e., does not allow
for any polarization component in the center of such a wall.
Moreover, in Ref. 11, we found that the symmetry elements (1)

constrain the OP-profile to a one-dimensional solution,
i.e., (0, 0, f3) ! (0, 0,� f3) along the path �1 � x1 � 1, which
is frequently called an Ising-type solution. Thus, for the case of a
one-dimensional OP profile (Ising walls), APBs in SrTiO3 are not
expected to carry a polarization. However, since Tagantsev et al.19

have shown that hard APBs in SrTiO3 develop (already at
Tc ¼ 105K) a component of f perpendicular to the boundary
plane, similar to Néel walls in magnetic systems, we want to check
how the layer group symmetry of Eq. (1) is lowered for the case
of (f1, 0, f3) ! (f1, 0,� f3) along the path �1 � x1 � 1. More
precisely, it is assumed that f1(x1) ¼ f1(�x1).

In Ref. 11, we found that due to the appearance of the compo-
nent f1 in the wall, the symmetry (1) is lowered to

T3132 (n ¼ [100], p ¼ (
1
2
00))

¼ T{(1=000) (my=00a) (m̂x=00a) (2̂z=000)}, (2)

with T ¼ (0, na, ma), nþm ¼ 2k. Thus, the appearance of
f1 = 0 in the vicinity of a hard APB breaks the point group
symmetry from D2h ¼ mmm (for f1 ¼ 0) to C2v ¼ mm2, which
allows for the development of the even polarization component
P3(�x1) ¼ P3(x1). The other two components are again con-
strained by this symmetry to P1(�x1) ¼ �P1(x1), P2(x1) ¼ 0, as
before. The total polarization of the APB, Pi ¼ Pih i ; Ð1

�1 Pidx1, is
also of the interest, and in our case (P1, P2, P3) ¼ (0, 0, P3),
where P3 = 0 is the only nonzero component.

1. Domain wall symmetry and coupling contributions
to polarization of APBs in strontium titanate

The commonly accepted explanation for the polarization of
APBs arises from a repulsive biquadratic coupling /f2P2

between the primary OP f and the polarization P.19,25 This
elegant reasoning works for the case when—like, e.g., in incipi-
ent ferroelectrics—the occurrence of the primary OP f sup-
presses the appearance of polarization P. In this case, the mode
corresponding to f softens at Tc, and due to the P2f2 repulsion
the ferroelectric transition does not occur. However, in an APB,
the OP can change from f(x) to �f(x) via f ¼ 0 in the DW
center. Thus, in such a simplified picture, the repulsion is
completely suppressed, and a ferroelectric transition can occur
in the center of the DW.

In SrTiO3, it was shown that this coupling leads to a polariza-
tion of APBs below T*

c � 40K, which corresponds roughly to the
instability temperature of the ferroelectric phase that is suppressed
by the appearance of the structural phase transition at Ts � 105K.
This coupling yields an symmetric polarization distribution P3(x)
(see, e.g., Ref. 22) with a maximum at the DW center. Moreover,
such induced polarization can be switched by application of an
external electric field, thus making it extremely interesting for
potential applications. In a recent work, however, Schiaffino and
Stengel10 discovered that in a special (cycloidal) sequence of ferroe-
lastic twins a macroscopic polarization can arise. In our notation,
such a sequence corresponds to an orientational domain twin, e.g.,
(11j21) followed by a mixed orientational/translational twin (21j12).
In Ref. 10, a direct rotopolar coupling between polarization and the

FIG. 2. Easy APB of the Ising type. Schematics of an easy APB (31j32) with
n ¼ [001] in tetragonal SrTiO3 at p ¼ (0, 0, 1

2 ).

FIG. 3. Hard APB of the Neél type. Representation of a hard APB (n ¼ [100])
in tetragonal SrTiO3 at p ¼ ( 12 , 0, 0). Green arrows represent octahedra rota-
tions corresponding to (0, 0, f3) ! (0, 0,� f3) in the APB. Their phase is
shifted by π when going from 31 to 32. Pink arrows sketch the additional f1
component, arising for Neél-type solutions.19 The symmetry elements of the
layer group [Eq. (2)], when the symmetry breaking due to f1 = 0 is taken into
account, are depicted in the center of the wall. The mirror planes mx and my
allow only for odd polarization components Px and Py , but the twofold axis 2z is
compatible with an even polarization distribution Pz(x).
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gradients of the oxygen octahedra tilts was shown to contribute
crucially to the macroscopic polarization. Using the irreducible

representation Rþ
4 (f1, f2, f3), the complete set of rotopolar cou-

plings11 takes the form

F ¼ FL þW1 P1
@f1

@x3
f3 þ

@f1

@x2
f2

� �
þ P2

@f2

@x3
f3 þ

@f2

@x1
f1

� �
þ P3

@f3

@x1
f1 þ

@f3

@x2
f2

� �� �

þW2 P1
@f2

@x2
f1 þ

@f3

@x3
f1

� �
þ P2

@f1

@x1
f2 þ

@f3

@x3
f2

� �
þ P3

@f1

@x1
f3 þ

@f2

@x2
f3

� �� �

þW3 P1
@f3

@x1
f3 þ

@f2

@x1
f2

� �
þ P2

@f3

@x2
f3 þ

@f1

@x2
f1

� �
þ P3

@f1

@x3
f1 þ

@f2

@x3
f2

� �� �

þW4 P1
@f1

@x1
f1 þ P2

@f2

@x2
f2 þ P3

@f3

@x3
f3

� �
:

(3)

In Ref. 11, we have analyzed the above-mentioned sequence
(11j21j12), showing that the macroscopic polarization must be
related to the extra polarization in the APB, which appears in the
mixed ferroelastic DW. Here, we show how the rotopolar coupling
contributes to the polarization of the present APB (31j32), with
n ¼ [100]. For this case, the relevant terms in Eq. (3) can be
reduced to

F ¼ FL þ P1 W3
@f3

@x1
f3 þW4

@f1

@x1
f1

� �

þ P3 W1
@f3

@x1
f1 þW2

@f1

@x1
f3

� �
: (4)

In the following, we show qualitatively how these couplings
contribute to the polarization components of the present APB and
how the polarization profiles correlate with the layer group symme-
try of the twin.

Let us start with the general properties of (31j32) APB derived
from Eq. (4). Minimizing the free energy, we get

P1 / W3
@f3

@x1
f3 þW4

@f1

@x1
f1

� �
¼ 1

2
W3

@(f3f3)
@x1

þW4
@(f1f1)
@x1

� �
,

P3 ¼ P flexo
3 þ PLifshitz3 / W1

@f3

@x1
f1 þW2

@f1

@x1
f3

� �
,

(5)

where

P flexo
3 / 1

2
(W1 þW2)

@f3

@x1
f1 þ

@f1

@x1
f3

� �
¼ 1

2
(W1 þW2)

@(f3f1)
@x1

� �
,

PLifshitz3 / 1
2
(W1 �W2)

@f3

@x1
f1 �

@f1

@x1
f3

� �
: (6)

The above equations describe position dependencies of local
polarizations, but they depend on particular APB profiles
(discussed below). Here, it is worth to note an important feature,
which is independent of the profile. In contrast to PLifshitz

3 , the
polarizations P1 and P flexo

3 arise from total derivatives and therefore

their integrals depend on the boundary conditions only (domain
states 31 and 32). Then, it follows that hP1i ¼ hP flexo

3 i ¼ 0. The
total polarization P3 ¼ hP flexo

3 þ PLifshitz
3 i ¼ hPLifshitz

3 i is determined
by the Lifshitz term only. That is important for polarization switch-
ing and interaction of the polarization with the electric field. The
corresponding free energy term reads

�hP3Ei ¼ �hPLifshitz
3 iE ¼ �P3E: (7)

It means that both the occurrences of total polarization and polari-
zation switching are fully determined by the Lifshitz term only
while the flexoelectric part does not contribute to the macroscopic
polarization. Here, two questions are arising, both depending on
the detailed structure (i.e., profile) of the APB. The first one
concerns the position dependence of the local polarization at the
APB, and the second question relates to the macroscopic (total)
polarization of the whole APB. Let us disclose in advance that the
macroscopic polarization P3 is nonzero and switchable in the
Néel-type APB, where f1 = 0, and it is zero in the Ising-like APB.
The array of the cycloidal sequence of the Néel APBs:
(31 " 32 # 31 " 32), where " and # indicate positive or negative f1
at the APB center, respectively, yields nonzero macroscopic polari-
zation. Applying the electric field and due to the term (7), it can
be switched to the sequence (31 # 32 " 31 # 32) with opposite polar-
ization. On the contrary, the local polarizations in the sequence
(31 " 32 " 31 " 32) sum up to zero macroscopic polarization.

In order to demonstrate all above assertions, we further
analyze the Ising- and Néel-type APBs. Let us start with the sim-
plest OP profile, i.e., the Ising one (0, 0, f3) ! (0, 0,� f3) with
f3 ¼ 0 in the center of the DW. Then, from Eq. (4), it immediately
follows P2 ¼ 0, P3 ¼ 0, and P1(�x1) ¼ �P1(x1). The asymmetric
shape of P1(x1) can be easily seen from Eq. (4), since after minimi-
zation of the free energy one arrives at P1 / @

x1
(f2

3). These polariza-
tion components are in perfect agreement with the layer group
symmetry Eq. (1) of the twin.

More complex P(x1) profiles can be obtained, if we allow for
an additional OP component to appear,19 i.e., for the case of a
Neél-type APB, where (f1, 0, f3) ! (f1, 0,� f3). To analyze
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such a situation in more detail, we use the following solution of the
OP trajectory26–28 (Fig. 4), which is valid for certain parameters of
the Landau expansion

f3 ¼ �f

2
tanh

x1 þ Δ

w

� �
þ tanh

x1 � Δ

w

� �� �
,

f1 ¼
f

2
tanh

x1 þ Δ

w

� �
� tanh

x1 � Δ

w

� �� �
,

(8)

where f is the OP of the homogeneous DS, w is the thickness of
the APB, and Δ determines roughly the half width of the layer,
where f1 is about half of its maximum value. The value Δ ¼ 0 cor-
responds to the Ising-type wall (f1 ¼ 0) and Δ = 0 to the
Neél-type wall with f1 . 0 for Δ . 0 and f1 , 0 for Δ , 0.

To get an educated guess for the profiles of the polarization
components, we proceed as follows. Inserting f3 and f1
from Eq. (8) into Eq. (5), we get an asymmetric profile
P1(�x1) ¼ �P1(x1). Its shape is not very sensitive on the magni-
tudes of the coefficients W3 and W4, but depends on their signs,
and it is independent of the sign of Δ. By way of contrast, the
shape of P3(x1) depends crucially on the coefficients W1 and W2.
Although the full set of coefficients W1, ::, W4 of the rotopolar
coupling terms are not known, in Ref. 10 two of them were calcu-
lated. Since the authors were interested in ferroelastic DWs, which
are at an angle of 45� with respect to the cubic main axes, they cal-
culated the rotopolar coupling terms in a 45�-rotated system,
which read

Pr Wrs
@fr

@s
fs þWsr

@fs

@s
fr

� �
, (9)

where r is parallel to the domain wall, e.g., parallel to [1�10] and s is
perpendicular to it (i.e., parallel to the DW normal n ¼ [110]).

The terms in Eq. (9) can be split into a flexoelectric contribu-
tion /(Wrs þWsr) and a Lifshitz term /(Wrs �Wsr) as

1
2
(Wrs þWsr)Pr

@fr

@s
fs þ

@fs

@s
fr

� �

þ 1
2
(Wrs �Wsr)Pr

@fr

@s
fs �

@fs

@s
fr

� �
: (10)

Transforming Eq. (3) into a 45�-rotated coordinate system by
r ¼ 1

2 (x1 þ x2) and s ¼ 1
2 (�x1 þ x2) so that fr ¼ 1

2 (f1 þ f2) and
fs ¼ 1

2 (�f1 þ f2), we obtain

Wrs ¼ W1 �W2 �W3 þW4,

Wsr ¼ W2 �W1 þW4 �W3:
(11)

In Ref. 10, it was found that Wrs � Wsr , which is consistent
with Wsr ¼ W1 �W2 þW4 �W3 � 0, W2 � W1, W3 � W4,
and W2 � W3. In Fig. 4, we show the profiles (a) of f1(s) and
f2(s) across the cycloidal sequence of the two ferroelastic twin
boundaries (11j21) and (21j12) and the flexoelectric and Lifshitz
contributions to the APB polarization Pr(s). In agreement with
the results of Ref. 10, we find a macroscopic net polarization

Pr ¼ P flexo
r þ PLifshitz

r = 0 of the cycloidal system of ferroelastic
TBs. Also the shape, i.e., the maximum of Pr at the DW center is
fully consistent with Fig. 3 of Ref. 10. Let us now check what these
results imply for the polarization of a hard APB (31j32), n ¼ [100]
of the Ising or Neél type. With the estimated parameters from
above (W2 � W1), Eq. (5) boils down to

P1 /W3
@f3

@x1
f3 P3 / 1

2
(W1 þW2)

@f3

@x1
f1 þ

@f1

@x1
f3

� �

þ 1
2
(W1 �W2)

@f3

@x1
f1 �

@f1

@x1
f3

� �
� W2

@f1

@x1
f3: (12)

The shapes of P1 and P3 [Figs. 5(c) and 5(d)] calculated
from (12) are fully consistent with the symmetry requirements (2)
of the corresponding layer group. In Ref. 29, the polarization P3(x1)
of a hard APB in SrTiO3 was calculated by second-principle
methods. Although the values of W1 and W2 are not explicitly
given there, the calculated double peak of P3(x1) [Fig. 5.5(b) of
Ref. 29] leads to the conclusion that for SrTiO3 the condition
W2 � W1 is indeed fulfilled. It also follows from (12) that in this
case the flexoelectric term and the Lifshitz term contribute to
P3 equally. Interestingly enough, the profile of APB polarization
P3—although being symmetric in both cases—changes from peak
[Fig. 4(e)] to double peak [Fig. 5(d)] for different orientations of
the DW.

Such a behavior is reminiscent of the polarization profiles
observed14,15 in APBs of PbZrO3 using high resolution electron
microscopy. To see whether rotopolar coupling terms play an
important role in lead zirconate, we will go into more details in
Sec. II B.

B. Polarization of APBs in lead zirconate

PbZrO3 (PZO) corresponds to the rare cases, where the polar
properties of APBs have been studied14,15 experimentally in great
detail. Some of the polarization profiles [see, e.g., Figs. 4(e) and 5(c)
of Ref. 14 and Fig. 1(c) of Ref. 14] resemble strikingly the double
peak shape of Fig. 5(d) of the present work. We think that such
double peaks are suggestive for the effect of rotopolar coupling
terms. In the previous work, biquadratic coupling terms14 were
assumed to be responsible for the polarization of APBs in PbZrO3.
Although there is no doubt that such terms are important, it remains
to check whether Lifshitz terms resembling those in SrTiO3 might
also be present in PbZrO3.

The antiferroelectric (AFE) phase transition in lead zirconate
at Tc ¼ 505K leads the crystal from the cubic perovskite phase
Pm�3m (Z = 1) to the orthorhombic phase Pbam (Z = 8), with an
eightfold multiplication of the cubic unit cell.30,31

The unit cell (Fig. 6) of the AFE Pbam phase with lattice
vectors ao, bo, co is related to the cubic phase with
ac ¼ (a, 0, 0), bc ¼ (0, a, 0), and cc ¼ (0, 0, a) as ao ¼ ac � bc,
bo ¼ 2(ac þ bc), and co ¼ 2cc. Note that—similar to above—all cal-
culations are done here in the coordinate system of the cubic phase.
Moreover, the origin is shifted to ( a2 , 0,

a
2 ) compared to the setting

used for the calculations of SrTiO3 from above.
The soft mode behavior32–34 is rather complicated and

involves many modes. However, the space-group symmetry change
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FIG. 4. Cycloidal sequence of ferroelastic twin boundaries. (a) Semi-quantitative behavior of the OP profiles f1(s) and f2(s) across the cycloidal sequence of
ferroelastic TBs (11j21) followed by (21j12). (b) Schematics of the corresponding DW trajectories in OP space. (c) The flexoelectric contribution (10) to the polarization
P flexo
r (s) is alternating in adjacent Domain walls, whereas (d) the Lifshitz term leads to the same polarization contribution PLifshitz

r (s) in successive TBs. With the
assumption of W2 � W1, W3 � W4, and W2 � W3 (in perfect agreement with the asymmetry Wrs � Wsr found in Ref. 10), one obtains the macroscopic polarization
contribution Pr , shown in (e).
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can be well understood35,36 as a result of the condensation of two
order parameters. The lead displacements are described by the con-
densation of a wave with a propagation vector kΣ ¼ 2π

a (
1
4 ,

1
4 , 0).

The corresponding OP ηi, (i ¼ 1, 12) transforms according to the
12-dimensional irreducible representation37 Σ2. In the first orienta-
tional domain state (DS), the equilibrium order parameter is given
by (η, �η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0). A condensation of the
Σ2-mode alone would lead36 to a Pbam phase, however, with a
change of the unit cell volume by a factor of 4, i.e., without dou-
bling of the unit cell in the c-direction. To get the unit cell doubling
in the c-direction, one has to take into account the antiphase
rotations of the oxygen octahedra, which are described by the

condensation of a wave with kR ¼ 2π
a (

1
2 ,

1
2 ,

1
2 ), with order parame-

ter components (f1, f2, f3) transforming under the irrep Rþ
4 , as in

SrTiO3. The equilibrium OP that describes the first DS is given for
PbZrO3 as (f, f, 0).

The symmetry breaking Pm�3m(V) ! Pbam(8V) leads to
48=8� 8 ¼ 48 DSs. We do not intend here to perform a complete
symmetry analysis of domains and domain twins in PbZrO3 as we
have done for SrTiO3. A detailed symmetry analysis of PZO will be
given elsewhere. Here, we want to focus on a few selected APBs,
which have been investigated in very detail experimentally, as well
as by computer simulations and the Landau theory.14,15 Since the
condensation of Σ2 is associated with a fourfold increase in the

FIG. 5. Hard Neél like APB in SrTiO3. Semi-quantitative behavior of (a) OP profiles f3 and f1 across a hard APB (31j32), n ¼ [100] and (b) OP trajectories calculated
from Eq. (8) with f ¼ 1, w ¼ 2, Δ ¼ 1:5. Note that the trajectories Neél 1 and Neél 2 correspond to Δ ¼ 1:5 and Δ ¼ �1:5, respectively. The corresponding polariza-
tion profile for the component P1 perpendicular to the APB is shown in (c). Its asymmetric shape is in perfect agreement with the layer group (2) under the assumption of
f1 = 0. Panel (d) shows the component P3 within the domain wall. It was calculated from Eqs. (8) and (12) with the assumption W2 � W1. The double peak profile is in
perfect agreement with the results [Fig. 5.5(b)] of Ref. 29.
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number of atoms in the unit cell, every orientational DS can exist
in four different translational DSs with respect to lead displace-
ments.38 We denote them as

11 ¼ (η, �η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

12 ¼ (�η, �η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

13 ¼ (�η, η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

14 ¼ (η, η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0):

(13)

The translational DSs within a given orientational state can be
transformed from one to another by shifting the lattice, e.g., by
(a, 0, 0), (2a, 0, 0), or (3a, 0, 0), which after application of the

matrix element (1jt1, t2, t3), (t1 ¼ na, t2 ¼ ma, t3 ¼ la) of the irrep
Σ2 leads to the identification

11 � (ac, π=2) ! 12,

11 � (2ac, π) ! 13,

11 � (3ac, 3π=2) ! 14:

(14)

For these three types of APBs, i.e., (11j12), (11j13), and (11j14),
the corresponding lead displacements differ in phases of
Δw ¼ π=2, π, and 3π=2, respectively (Fig. 7).

Figure 8 shows the polarization profiles Px(y) and Py(y) of
PZO of two π-APBs, reproduced from Fig. 4(e) of Ref. 14 and
Figs. 2(e) and 2(f ) of Ref. 15. It should be noted that in the work
of Wei et al.14,15 the used axes for the polarization Px(y), Py(y), as
well as the displacement vectors R and DW normal n are given in
the orthorhombic coordinate system, which is rotated by 45�

around the z-axis of the cubic coordinate system. For these APBs,
the adjacent domain states differ by the same displacement vector
R ¼ 1

4 [02n] with n ¼ 0 or n ¼ 2, which in the cubic reference
system corresponds to (a, a, 0) or (a, a, a) for n ¼ 0 or n ¼ 2,
respectively. Since this is equivalent to (2a, 0, 0), (2a, 0, a), the cor-
responding APB is of the π type. In our notation, the APBs shown
in Fig. 8 correspond to a domain pair (11j13) (Fig. 7) with normal
vector n ¼ [010] and different DW centers. Thus, Px(y) denotes
the in-plane polarization profile, and Py(y) describes the variation

FIG. 6. Structure of PbZrO3. (a) Crystal structure of the Pbam unit cell of
PbZrO3. (b) Projection of the Pbam structure onto the (x, y) plane. The arrows
indicate the displacements of the Pb cations in the Σ2 mode. These Pb dis-
placements along the pseudocubic [1�10] direction can be written14 as

rPb / (1, �1, 0)cos π
2ac

(xc þ yc)þ w
� �

.

FIG. 7. Translational DSs and APBs in OP space. Mapping of the translational
domain states and APBs within a single orientational DS of PbZrO3 in the sub-
space (η1, η2) of the OP space η. Circles represent the four different domain
states 11, 12, 13, 14, and lines describe some possible pathways of the corre-
sponding APB in the OP space; e.g., line 1 represents an Ising wall between 11
and 13, and line 2 is a Neél wall of the corresponding domain pair.
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FIG. 8. Polarization profiles of APBs in PZO.14,15 (a) Dipole moment densities14 Px and Py of an APB with a displacement vector R ¼ 1
4 [02n] in PbZrO3. The right-hand

side shows a sketch of the APB with normal n ¼ [010] ( from Fig. 1 of Ref. 15). (b) Polarization profile for an APB with R ¼ 1
4 [02n] with DW center at p ¼ (0,

ffiffiffi
2

p
a=2, 0)

(axes are in the orthorhombic Pabm coordinate system). The layer group symmetry [Eq. (15)] (see also symbols at the right-hand side) is polar. (c) Polarization profile for
an APB with the same displacement vector as in (a) and (b) but with DW center at p ¼ (0, 0, 0). In this case, the layer group symmetry Eq. (16) (see the right-hand side)
is not polar. In all these cases, the phase shift of the lead displacements of adjacent antiphase domains is Δw ¼ π. They differ only in their position of the DW center.
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of the perpendicular (to the APB) component along the DW
normal.

There is an ambiguity in the DW structure corresponding to
Fig. 8(a), which is originally shown in Fig. 1 of Ref. 15. In our
opinion, such a local structure is not possible for an infinitely thin
APB and we will therefore not analyze it further here.

The symmetry elements of the layer groups corresponding
to the two other π-APBs [Figs. 8(b) and 8(c)] in PZO are, for the
DW center at position p ¼ (0,

ffiffiffi
2

p
a=2, 0) [corresponding to

p ¼ (a=2, a=2, 0) in the shifted cubic coordinate system],

T1113 ¼ T (1=000) (mz=000) (m̂xy=
a
2
� a

2
0) (2̂�xy=

a
2
� a
2
0)

n o
, (15)

with T ¼ (na, �na, 2ma). This polar symmetry allows for
the development of an even in-plane polarization component
Px(�y) ¼ Px(y) [Fig. 8(b)]. The other two components are con-
strained by this symmetry to Py(�y) ¼ �Py(y) and Pz(y) ; 0, in
perfect agreement with the results of Wei et al.14,15 For the other
position of the DW center [p ¼ (0, 0, 0)] in Fig. 8(c), the layer
group consists of the following symmetry elements:

T1113 ¼ T{(1=000) (mz=000) (2̂z=000) (�̂1=000)}: (16)

This non-polar group implies Px(�y) ¼ �Px(y), Py(�y) ¼ �Py(y),
and Pz(y) ; 0, which agrees also perfectly with the polarization
profiles of Ref. 15.

To check whether similar Lifshitz terms like in SrTiO3 exist
for PbZrO3, we have used the irreps Σ2 to calculate all possible
invariants of the type WijklPiηk

@ηl
@xj
. Taking only the part which is

relevant for the observed polarization profiles, the whole set of
invariants boils down to

W0 ¼ Px
@

@y
(η21 þ η22)

� �
þ Py

@

@x
(η21 þ η22)

� �
: (17)

In the 45�-rotated coordinate system given by ~x ¼ 1ffiffi
2

p (x þ y)
and ~y ¼ 1ffiffi

2
p (�x þ y), this reads

W0 ¼ P~x
@

@~x
(η21 þ η22)

� �
� P~y

@

@~y
(η21 þ η22)

� �
: (18)

Since the OP components η1, η2 vary with ~y, it is evident that
these invariants cannot lead to an in-plane polarization
P~x / @

@~x (η
2
1 þ η22).

To go a step further, we have calculated higher order invari-
ants, i.e., of the type /Piηjηk

@
@xl

(ηmηn). Among the large number
of such invariants (remember the 12 component OP), the most
promising term is of the form

W1 ¼ Px η1η2
@

@y
(η3η4)� η3η4

@

@y
(η1η2)

� �

þ Py η3η4
@

@x
(η1η2)� η1η2

@

@x
(η3η4)

� �
, (19)

which after transformation to the rotated coordinate system ~x takes

exactly the same form as Eq. (19), only x is replaced by ~x. Then, we
would get for an APB with n ¼ [�110]

P~x(~y)/ η1η2
@

@~y
(η3η4)� η3η4

@

@~y
(η1η2),

P~y(~y) ¼ 0, Pz(~y) ¼ 0: (20)

P~x(~y) ¼ 0 because the OP components do not vary with ~x, and
Pz(~y) vanishes because there is no higher order coupling to Pz .

From Eq. (20), it is clear that this coupling mechanism can
lead to an in-plane polarization of an APB in PbZrO3 only if in
addition to the components η1, η2 the components η3, η4 = 0.
Bearing in mind that the symmetry operation (4þz j000) transforms
the domain state 11 ¼ (η, �η, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) to the orien-
tational domain state 21 ¼ (0, 0, �η, η, 0, 0, 0, 0, 0, 0, 0, 0), one
realizes that η3, η4 = 0 implies that in the corresponding APB
(11j12) or (11j13), etc., the OP must pass via a nucleus of a ferroe-
lastic domain 21. This scenario which finally is very similar to the
case of SrTiO3 will be worked out in a forthcoming paper.

III. SUMMARY AND CONCLUSIONS

In the present work, we have analyzed the polar properties of
translational antiphase boundaries (APBs) of SrTiO3 (STO) and
PbZrO3 (PZO). We used a method12 based on the well-known
layer group analysis of domains and domain twins,24 which we
combined with order parameters and the Landau theory to get a
clue on the polarization profiles of the corresponding APBs. Using
this extension of the classical crystallographic layer group approach,
one can study the properties of domain walls even if one allows for
the appearance of additional (to the spontaneous ones) order
parameter components to occur within the wall. It turns out, in
agreement with the results of Refs. 19 and 22, that hard APBs in
SrTiO3 can carry a symmetric in-plane polarization. We also found
that in addition to the bi-quadratic P2f2 terms in the correspond-
ing Landau free energy antisymmetric Lifshitz terms between the
polarization and gradients of the oxygen octahedra rotations exist,
which lead to polarization profiles that are fully compatible with
the present layer group results as well as with recent computer
simulations.29 Moreover, it turns out that the same Lifshitz terms
determine the polarization of a cycloidal sequence34 of 90� ferroe-
lastic domain walls. Such DW polarization induced by Lifshitz
terms can be switched by the application of an external electric
field, which makes it very interesting for nanotechnological
applications.

In PbZrO3, the situation is more complicated. The structural
changes from Pm�3m(V) ! Pbam(8V) cannot be described by a
single order parameter.32,33 For a given orientational domain state,
a combination of two order parameters describes the displacement
pattern in the distorted phase. One corresponding to the Σ2 repre-
sentation at kΣ ¼ (2π=a)(1=4, 1=4, 0) with OP components
ηi(i ¼ 1–12) describes mainly the displacements of lead ions,
whereas the Rþ

4 -mode at kR ¼ (2π=a)(1=2, 1=2, 1=2) with OP com-
ponents fi(i ¼ 1� 3) is related to antiphase rotations of the
oxygen octahedra.36 PbZrO3 is a very nice example, where polariza-
tion profiles14,15 of APBs have been experimentally determined.
The shapes of these profiles depend crucially on the position of the
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domain wall centers; e.g., for some of them symmetric in-plane
polarization is possible, whereas for others only asymmetric ones
are measured.14,15 This behavior—which reflects the fact that the
macroscopic symmetry (point group) of a translational APB can
depend on the position of the domain wall center12,39—is fully
described within the present layer group analysis of APBs in
PbZrO3. A systematic symmetry analysis excludes the existence of
asymmetric Lifshitz terms of the type Piηj@ηk=@xi for PZO, but
leaves a number of Lifshitz-like invariants of higher order type rep-
resenting promising candidates for understanding the polarization
pattern of APBs in PbZrO3.
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