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Einleitung

Diese Arbeit untersucht folgende Problemstellung: welche Spektraldaten eines
endlichen Jacobioperators reichen aus, um den Operator eindeutig zu rekonstru-
ieren.

Fiir f € (?(Z) ist der Jacobioperator H definiert durch

(Hf)(n) = anf(n+1)+an_1f(n—1)+baf(n),

wobei
an, € R\{0}, b,€R, neZ

Durch Dirichlet Randbedingungen (i.e. f(ng) =0, f(n1) = 0) an die Definition
von (H f)(no+ 1) und (Hf)(ny — 1) erhalten wir den endlichen Jacobioperator
auf (2[ng + 1,n; — 1], der zu folgender reellen, tridiagonalen, symmetrischen
Matrix gehort:

bno+1  Gngt1
Apy+1 bng+2 Ano+2

an1—3 bn1—2 an1—2
an,—2  bny—1

Jacobioperatoren tauchen in einer Vielzahl von Anwendungen auf. Man
kann sie als das diskrete Analogon zu Sturm-Liouville-Operatoren auffassen und
ihre Behandlung weist viele Ahnlichkeiten mit der Theorie fiir Sturm-Liouville-
Operatoren auf. Spektraltheorie und Inverse Spektraltheorie fiir Jacobiopera-
toren spielen eine grofie Rolle bei Untersuchungen von vollstdndig integrablen
nichtlinearen Gittern, wie beispielsweise dem Toda Gitter ([14]).

Unser Ausgangspunkt war eine Arbeit von F. Gesztesy and B. Simon, [3].
Wir erweitern einige ihrer Resultate, zum Teil indem wir die Theorie, die von
G. Teschl in [12] fiir Jacobioperatoren entwickelt wird, auf den endlichdimen-
sionalen Fall tibertragen.

Wir beweisen, dass N Eigenwerte einer N x N Jacobi Matrix J zusammen
mit N — 1 Eigenwerten von zwei Teilmatrizen die Jacobi Matrix eindeutig be-
stimmen. Die Teilmatrizen erhalten wir durch Streichen der n-ten Zeile und
Spalte von J. Hinreichende und notwendige Bedingungen an die Eigenwerte
werden gegeben, aus denen die Existenz einer zugehorigen Jacobi Matrix folgt.
In der Physik beschreibt dieses Modell eine Kette von N Massenpunkten mit
fixierten Enden, die durch Federn miteinander verbunden sind (siehe [12], Sek-
tion 1.5). Aus den Eigenfrequenzen dieses Systems und des Systems, in dem ein
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weiterer innerer Punkt festgehalten wird, konnen die Massen und die Federkon-
stanten des urspriinglichen Systems eindeutig rekonstruiert werden.

Die Koeffizienten a2, b eines endlichen Jacobioperators kénnen explizit durch
die Spektraldaten angegeben werden, analog wie in [12] fiir reflektionslose Ja-
cobioperatoren.

Kapitel 1 bis Kapitel 4 behandeln direkte und inverse Spektraltheorie fiir
beschrankte Jacobioperatoren, um sie dann in Kapitel 5 auf den endlichdimen-
sionalen Fall anzuwenden.

Kapitel 1 gibt eine Einfithrung in die Theorie der beschrankten Jacobiopera-
toren. Eigenschaften von Losungen der Jacobi Differenzengleichung, Eigen-
schaften der Wronskideterminante und der Green Funktion werden untersucht.
Jacobioperatoren mit Randwertbedingungen werden definiert.

Kapitel 2 stellt die Fundamente der Spektraltheorie fiir Jacobioperatoren
vor. Wir studieren Weyl-m-Funktionen und ihre asymptotische Entwicklung,
identifizieren diese als Herglotz Funktionen und zeigen den Zusammenhang
zum Momentenproblem auf. Das Momentenproblem wird diskutiert, wie auch
asymptotische Entwicklungen von Green Funktionen.

Kapitel 3 prisentiert eine einfache rekursive Methode, die Koeffizienten a2,
b zu rekonstruieren, wenn die Weylmatrix fiir ein fixes n bekannt ist.

Kapitel 4 fithrt die £-Funktion und Spurformeln fiir Jacobioperatoren ein.

Kapitel 5 sammelt nun alle Resultate fiir endliche Jacobioperatoren. Die
explizite Darstellung der £&-Funktion ist der Schliissel zur Berechnung der Spur-
formeln. Wir prisentieren die Losung des Inversen Spektralproblems, die in [3]
gegeben wird, und unsere Erweiterung.

Im Appendix werden die benétigten Resultate aus der Theorie fiir Herglotz
Funktionen zusammengefafit, um in der Arbeit darauf verweisen zu kénnen.
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Introduction

The goal of this thesis is to determine spectral data of finite Jacobi operators
which are necessary and sufficient to reconstruct the operator uniquely.

For f € (%(Z), the Jacobi operator H is defined by

(Hf)(n) =anf(n+1)+an1f(n—1) +bnf(n),

where
an, € R\{0}, b, €R, neZ

If we impose Dirichlet boundary conditions (i.e. f(ng) = 0, f(n1) = 0) on
the definition of (H f)(no+1) and (H f)(n; — 1), we obtain a finite dimensional
Jacobi operator on £?[ng+1,n; — 1] associated to the real tridiagonal symmetric
matrix

bno+1 Gngt1

Ang+1 bngr2  Angt2

Qny—3 bn1—2 Qpy—2
Apq,—2 bnl—l

Jacobi operators appear in a variety of applications. They can be viewed
as the discrete analogue of Sturm-Liouville operators and their investigation
has many similarities with Sturm-Liouville theory. Spectral and inverse spec-
tral theory for Jacobi operators play a fundamental role in the investigation of
completely integrable nonlinear lattices, in particular the Toda lattice ([14]).

Our work was motivated by the paper of F. Gesztesy and B. Simon, [3], and
we extended some of their results, partially by applying the theory given in the
monograph [12] of G. Teschl to the finite dimensional case.

We prove that NV eigenvalues of a N x N Jacobi matrix J together with
N —1 eigenvalues of two submatrices of J which we obtain by omitting the n-th
line and column uniquely determine J. Necessary and sufficient restrictions on
the sets of eigenvalues are given under which one obtains existence of J. From
a physical point of view such a model describes a chain of N particles coupled
via springs and fixed at both end points (see [12], Section 1.5). Determining
the eigenfrequencies of this system and the one obtained by keeping one particle
fixed, one can uniquely reconstruct the masses and spring constants.

The coefficients a2, b of a finite Jacobi operator can be expressed explic-
itly in terms of the spectral data, in analogy to reflectionless Jacobi operators
considered in [12].

iv
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Chapter 1 to Chapter 4 deal with spectral and inverse spectral theory for
bounded Jacobi operators to apply them in Chapter 5 to the finite case.

Chapter 1 gives an introduction to the theory of bounded Jacobi opera-
tors. Properties of solutions of the Jacobi difference equation, properties of
the Wronskian and the Green function are prepared. Jacobi operators with
boundary conditions are defined.

Chapter 2 establishes the pillars of spectral theory for Jacobi operators.
We study Weyl m-functions and their asymptotic expansions, identify them as
Herglotz functions and show their connection with the Moment problem. The
Moment problem is discussed, as well as asymptotic expansions of the Green
function.

Chapter 3 presents a simple recursive method of reconstructing the sequences
a?, b, if the Weyl matrix is known for one fixed n.

Chapter 4 introduces to the ¢ function and to trace formulas for Jacobi
operators.

Chapter 5 collects then all our results for finite Jacobi operators. The explicit
computation of the £ function is the main tool to derive the trace formulas.
We present the solution of the inverse spectral problem given in [3] and our
extension.

The Appendix compiles the results from the theory of Herglotz functions we
apply and is included for easy reference.
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topic of this thesis and the time he devoted to this work.
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Chapter 1

Jacobi Operators

1.1 Preliminaries

We start with some notation. Denote by ¢(Z,R) the set of real-valued sequences
(f(n))nez, by £(Z,C) =: £(Z) the set of complex-valued sequences. For I C Z,

(1) :=A{(f(n))ner}-

Definition 1.1.

{Fet@|llfly= Y 1f)P <oo}, 1<p<oo,

n=—oo

(€ D [fl = 091/ (m)] < 50}.

*(z)

>(z)

Let a,b € ¢(Z,R) satisfy
an € R\{0}, b, € R.
We introduce the second order, symmetric difference equation

T: LZ) — 2)
fn) — anfn+1)4+ap—1f(n—1)+b,f(n). (1.1)

Associated with 7 is the tridiagonal matrix

an—2 bn—l Gn—1
an—1 by an . (1.2)
(079 bn+1 an+1

We consider the corresponding eigenvalue problem which is referred to as
Jacobi difference equation

Tu=zu, u€lZ), zecC, (1.3)

apu(n+ 1)+ ap—1u(n — 1) + byu(n) = zu(n), Vn € Z. (1.4)
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The appropriate setting for this eigenvalue problem is the Hilbert space £2(Z), as
we will consider it in the next section. But first we study the space of solutions
and introduce fundamental solutions.

Since all a,, # 0, we see from (1.4) that a solution u of 74 = zu is uniquely
determined by the values u(ng) and u(ng + 1) at two consecutive points ng,
no + 1. Thus we have exactly two linearly independent solutions. We introduce
the following fundamental solutions ¢, s € ¢(Z)

Tc(z,.,n0) = ze(z, ., ng), 78(2,.,n0) = 28(z,.,n0), (1.5)
fulfilling the initial conditions

c(z,ng,np) = 1, c(z,mo + 1,n0) =0, (1.6)

s(z,m0,m0) =0, s(z,mo+ 1,m0) = 1.
Now we can write any solution w as a linear combination of these two solutions
u(n) = u(ng)e(z,m,no) + u(ng + 1)s(z,m, ng).

Our next task will be to treat expansions of ¢(z,n,ng) and s(z,n,ng). Let
Jny.n, be the Jacobi Matrix

bni+1 Anyt1
Any+1 bny+2 Gnyy2
Iy = . (1.7)

Anqy—3 bn2—2 Apy—2
an2 -2 bn2 —1

Set ng = 0 for simplicity. For n > 0, s(z,n,0) is a polynomial in z of degree
n—1. By (1.6), s(z,0,0) =0, s(z,1,0) = 1, and we see by induction on (1.4),

ans(z,n+1,0) = (z —by)s(z,n,0) —an_15(z,n — 1,0), (1.8)

that s(z,n + 1,0) is a polynomial of degree n. Again, inductively we know the

leading coefficient

1
1...0n

since s(z,1,0) =1,
z —b1

1
8(2’72,0) = a((z—bl)S(Z,LO)—a()S(Z,0,0)) = a ’

and we use induction on (1.8).

Proposition 1.2. ([1], p. 542). The following expansion holds for s(z,n,ng),

n > no,
det(z — Jng.n)

7 (1.10)
Hj=n0+1 a;

S(Z, n, TLo) =

Proof. By (1.9), (H;:ioﬂ a;)s(z,n,ng) and det(z — Jy,,,) are monic polyno-
mials of degree (n — 1) — ng. We have to show that they have the same zeros

and multiplicities. But if zq is a zero of s(.,n,ng), then

(s(zo,no +1,n0),...,8(z0,n — 1, no))



CHAPTER 1. JACOBI OPERATORS 3

is an eigenvector of (1.7) corresponding to the eigenvalue zp. The converse
statement is also true since the eigenvalue condition is the defining equation for
s(z0,n,n0). Moreover, the eigenvalues are simple by Remark 1.15 below, so the
multiplicities are all one. O

By the same reasoning,
det(z — Jno*n’noJrl)
H’I’L[)*l X
j=np—n a;

is a polynomial of degree n. The fundamental solutions ¢(z) and s(z) are related
by

c(z,mg —n,ng) = (1.11)

Oy s(z,n1 + 1,n9), (1.12)

c(z,m0,n1) = —
no

further considerations can be found in [12].

As a last preparation we introduce the (modified) Wronskian for two se-
quences u, v

Wy (u,v) = an (u(n)v(n + 1) — v(n)u(n + 1)). (1.13)
Proposition 1.3. For f, g € {(Z),
> (#(r9) = (7)9) () = Walf,9) = Wan-1(f9): (1.14)
Jj=m
This formula is referred to as Green’s formula.
Proof. By simple calculation. In the case of two summands,

(frg) = (tNg) () = F()(ajg(i+1)+a;_19(i — 1) +bg(j))
—(ajf(G+1) +aj_1f(i — 1) + b £(5))9(j)

(f(rg) = (tfg)G+1) = fU+1)(ajr190 +2) + a;9(j) + bj19(j + 1))
—(aj1fG+2) +a; f() + b f(G+1))g( +1).
If we follow the cancellations, just W,1(f,g) — W;_1(f, g) survives. O

Remark 1.4. For any two solutions of the Jacobi difference equation 7u = zu,
(1.3), W is constant (i.e. W is independent of n) since (1.14) becomes

n

_Zn: (f(rg) - (Tf)g) () = Z (fzg - zfg) (j) =0

j=m j=m
and thus
Wl’b(f7 g) = W’m—l(f7 g)
The Wronskian also indicates linear independence of solutions.

Proposition 1.5. Let u, v be solutions of 7f = zf, then

Wp(u,v) #0 < w,v are lineary independent. (1.15)
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1.2 Jacobi Operators

We will study operators on the Hilbert space ¢?(Z) associated with the sym-
metric difference equation (1.1). For f, g € ¢?(7Z), the scalar product and norm
are given by

(frg) = fmg(n), |Ifll = V/{F. f)-

ne”Z
For simplicity we will assume from now on that a, b are bounded sequences.

Hypothesis 1.6. Suppose
a,b € (>*(Z,R), an # 0. (1.16)
Definition 1.7. Associated with a, b is the Jacobi operator H
H: *(7) — *(2)
fo—= 7/
where 7 has been defined in (1.1)
Tf(n)=anfn+1)+ap_1f(n—1)+b,f(n), Vn€Z. (1.17)

Remark 1.8. If we drop the assumption a,, # 0 for a fixed n in Hypothesis 1.6, H
can be decomposed into the direct sum of two operators acting on £?(—oco,n] ®
??[n+1,00) (see [12]). Hence the analysis of H in the case a,, = 0 can be reduced
to the analysis of restrictions of H. In addition, [12] (Lemma 1.6) shows that
the case a,, # 0 for n fixed reduces to the case a,, > 0 or a, < 0.

In the next theorems we collect some results from operator theory on Hilbert
spaces. Let §,, denote the standard basis of £(Z)

0 m#n
1 m=n.

On(m) =0pmn = {

Theorem 1.9. Assume Hypothesis 1.6. Then H is a bounded self-adjoint oper-
ator. a, b bounded is equivalent to H bounded since ||a|loo < [|H||, ||bllec < || H||
and

[1H|| < 2l[alloc + [[bl]oo, (1.18)

where |H|| denotes the operator norm of H and ||a]|ec = supn(lan])-

Proof. Clearly,
liEItl Wo(f,9) =0 for f, g € (*(Z). (1.19)

Green’s formula (1.14)

(£(r9) = (2)9) () = Wal£.9) = Wan-1(f,9)

j=m
together with (1.19) shows that H is self-adjoint, so
(f.Hg)=(Hf,9), fg€ ).

The second statement follows from a2 + a2_; + b2 = ||H6,||*> < ||H|]? and

[ H < Qllalloo + [1lloo) 111 O
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Theorem 1.10. If H is a bounded self-adjoint operator on a Hilbert space, all
eigenvalues of H are real and two eigenvectors of H corresponding to distinct
eigenvalues are orthogonal.

Proof. If Hf = zf and f # 0, then

2 ) =Hf )= Hf)={f.2/) =2}, f)
and hence z € R. Suppose
Hf=zf, Hf =Zf, 2#7,
then -
2 ) = HE ) = LH) = (2 1) =2, 1),
so (f, f") =0 and f, f are orthogonal. O

The spectrum o(H) of H is defined to be the set of those z € C where
(H — 2I)~! does not exist as a bounded operator on £? — (2.

Theorem 1.11. The spectrum of a bounded operator is a monempty compact
subset of C. If H is also self-adjoint, then the spectrum of H lies in the segment
(= H]], [[H]].

Remark 1.12. A proof can be found in [8] or in any book on functional analysis.
We even know that the spectrum o(H) of a bounded operator lies in the disk
of radius | H|. If || > || H]||, then H — AI has an inverse operator given by the
series

(H=A)' ==Y A*1H
k=0

Therefore, o(H) is contained in the disk |A| < ||H||.

For Jacobi operators we know even more:

Lemma 1.13. ([12]). Let
cx(n) = bn £ (Jan| + |an-1]).
Then
o(H) C [inf ¢_(n),supcy(n)].
ne”Z nez
Proof. First we show that H is bounded from above by sup c,..

SHS) = D) (anf(n+ 1)+ an1f(n=1) +baf ()

neZ

= 3 (—anlfnt 1) = S0P+ (s + an+ b)F()),

nez

this equation follows from routine calculation. Write down three consecutive
summands of the last sum and follow the cancellations.
By Remark 1.8 (cf. [12], Lemma 1.6), we can first choose a,, > 0 to obtain

(f,Hf) <supcy(n) | fI?
nez
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and if we let a,, < 0, we see that H is bounded from below by inf c_
(f,HF) > it c_(n)||£]*

O

One of the most important objects in spectral theory is the resolvent of H,
(H —21)"t =: (H — 2)~ %, where 2z € p(H) := C\o(H) and p(H) denotes the
resolvent set of H.

Definition 1.14. The matrix elements of (H —z)~! are called Green function
G(z,m,n) = (6, (H — 2)715,), 2z € p(H). (1.20)
The symmetry of H implies that
G(z,m,n) = G(z,n,m) (1.21)
and by definition G(z, m,n) is the matrix of the resolvent

(H - 2)G(z,.,1n) = 6a(.). (1.22)

We will now construct solutions u4 (z) and u_(z) of the Jacobi difference
equation (1.3) which are square summable near 4 oo respectively — oo. Set

u(z,.) = (H — 2)7*5(.) = G(z,.,0), z¢€ p(H). (1.23)

u(z,.) € £2(Z) by construction, since (H — z)~! is bounded for z € p(H). But
u(z,.) fulfills the Jacobi difference equation (1.3) only for n > 0 and n < 0,
since

If we take u(z,—2) and u(z,—1) as initial conditions we obtain a solution
u_(z,n) of Tu = zu on the whole of £(Z). By (1.4),

u_(z,0) = i((z —b_1)u(z,—1) — a_su(z,—2))

and so on. wu_(z,n) coincides with u(z,n) for n < 0, so it is ¢? near —oco as
desired. A solution uy(z,n) being £? near +oo is constructed in analogy.

Remark 1.15. The solutions u4 (z) are unique up to constant multiples since the
Wronskian of two such solutions vanishes if we evaluate it at +00. This implies
that the point spectrum (i.e. the set of eigenvalues) of H and Hino is always

simple (cf. Section 1.3 for the definition of Hino)

With this solutions we get an explicit formula for G(z, m,n).

Proposition 1.16.

(1.24)

1 us(z,n)u_(z,m) form<mn
{ ut(z,m)u_(z,n) forn <m.
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Proof. We have to show that G(z, m,n) satisfies (1.22)
(H—-2)G(z,.,n) = 0,(.).

The m, n element is

(=G ) =3 (Hin = 26m0) Gz, kym) =

m,n
k

=am-1G(z,m—1,n)+ (by, — 2) G(z,m,n) + a,, G(z,m + 1,n).
Now we have to hunt down the different cases: if m =n

1
= W(an_1u+(z,n)u_(z,n -1)
+(bn, — 2)us(z,n)u_(z,n) + anus(z,n + Du_(z,n)).  (1.25)
By (1.4) we obtain for u, (z)
(bn — 2)uy(z,n) + apuy(z,n+1) = —ap_1us(z,n — 1)

and (1.25) becomes

1
= W(an_1u+(2,n)u_(z,n —1)—ap_qus(z,n—1u_(z,n)) =1,
the last equation being the definition of the Wronskian (1.13). The other case
is similar, one just uses relation (1.4). O

We introduce the following abbreviations

ut(z,n)u—_(z,n)

g(z,n) = G(z,n,n)= W(u_ (Z), U+(Z)), (1.26)
h(z,n) = 2a,G(z,n,n+1)—1
_ (uy(z,n)u_(z,n+1) +us(z,n+ u_(z,n)) em

W(u—(2),us(2))

1.3 Jacobi Operators with Boundary Conditions

We will consider finite and semi-infinite matrices associated with H which we
obtain by restricting H to intervals and imposing boundary conditions at the
endpoints. We will adopt the notation given in [12].

First we define restrictions H_ ,, and H, ,, of the Jacobi operator H to
the subspaces ¢2(—o0,ng — 1] and ¢?[ng + 1,00). The operators H. ,, can be
thought of as imposing the boundary condition f(ng) = 0 on the definition of
(Hf)(no=£1). This case, f(ng) = 0, will be referred to as Dirichlet boundary
condition at ng.

Definition 1.17.

_ angs1f(no+2) +bng1fno+1) n=mno+1
(Hynof)(n) = { (H}_)l(n) 0 i 0 n>n2—|—1

) = { Gl R
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For m,n > ng (< ng), the corresponding Green functions are
G (2,m,1) = Oy (Ha iy — 2)7100), 2 € p(Ha )

Their explicit formulas read in analogy to (1.24)

1 >
Goroma(zmym) = { s(z,n,ng)uy(z,m) form>n (1.28)

W(s(2),uy () | s(z.m.no)ug(z,n) forn>m

-1 { s(z,myng)u_(z,m) form <n (1.29)
W(s(z),u_(2)) | s(z,m,no)u_(z,n) forn <m. :
s(z,.,ng) is the fundamental solution of 7u = zu satisfying the Dirichlet
boundary condition s(z,ng,n¢) = 0 (cf. (1.6)). To show existence of ui(z,.)
for 2 € p(Hx p,) we use (Hy o —2) 7L
We can also consider half line operators Hino on (?(ng,+oo) associated
with the general boundary condition

f(no+ 1)+ 08f(ng) =0, BeRU{oo} (1.30)

G_ no(z,m,n) =

at ng rather than only the Dirichlet boundary condition f(ng) = 0.
Definition 1.18.

0 —1
H+,n0 = H+,7l0+1’ H—E,no = H+,no - anoﬁ <5n0+17 . >6no+17 ﬁ 7& 07

H>™ = H—,noa Hg,no = H—,ng—&-l - an0/8<5nov . >5noa ﬁ 7é .

T o
The operators Hy ,, and Hﬁ)no are considered in detail in [12], [13].
Last, we define finite restrictions H,, ,, to the subspaces ¢2(ny,nz) by im-
posing Dirichlet boundary conditions at the endpoints (f(n1) =0, f(n2) = 0).
Definition 1.19.

any41f(n1 +2) + by 41 f(na + 1) n=mn+1
(Hnl,nzf)(n): (Hf)(n) mt+l<n<ng—1
an2_2f(n2 — 2) + bn2_1f(n2 — 1) n=mng — 1.

The operator H,, », is clearly associated with the Jacobi matrix Jy,, n, (cf.

(1.7)). We will study H,, », in Chapter 5.
All operators we defined here are bounded and self-adjoint, since they are

restrictions of such operators.



Chapter 2

Spectral Theory for Jacobi
Operators

2.1 Weyl m-Functions

Weyl m-functions are the quantities analogous to the Green function g(z,n) =
(6n, (H — 2)716,,) for the half line operators Hy ,,, (cf. Definition 1.17).

Definition 2.1. For z € p(Hx p,),

mi(z,m0) = (Ongr1s (Hing = 2) 0ngi1) = G g (2,10 + 1,m0 + 1),

m—(z7n0) = <5'n,0—1a (H—,no - 2)71577,0—1> - G—,no (Z,no - 17”0 - 1)

The base point ng is of no importance and we will only consider my (z) :=
m4(2z,0) most of the time. As in the previous chapter, u(z) denote the so-

lutions of (1.3) in ¢(Z) which are square summable near +oo. We also have a
more explicit form of m4 (z,ng).

Proposition 2.2.

1 _ -1
m+(2’n0):_w7 mf(zvno):_w. (2.1)
Gty (2,10) Upg—1U—(Z,M0)
Proof. (1.28) becomes
mi(z,m0) = Gynolz,no+1,n0+1)

s(zy,mo + 1,m0)ug(2,m0 + 1)
Qg (s(z, ng,no)us(z,ng + 1) — s(z,n0 + 1, n0)us(z, no))

and the result follows since s(z,ng,n9) = 0 and s(z,n9 + 1,n9) = 1 (cf. (1.6)).
Compute m_(z,ng) from (1.29). O

Remark 2.3. All results for m_(z) can be obtained from the corresponding re-
sults for m (z) using reflection at ng. [12] (Lemma 1.7) shows how information
obtained near one endpoint can be transformed into information near the other.
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m (z,n) satisfy the following recurrence relations

1
2
— =b, — 2.2
anm+(23 n) + m+(z7n — 1) z ( )
and 1
2
_ S — A 2.3
Ap 1M (z,n) + m_(Z,’fl+ 1) z ( )
since we know by (2.1)
1 1 _ -1
R
m4(z,n —1) anuy(z,m) us(z,n)

the last equality follows from (1.4).
Furthermore, we can regain ¢g(z,n) = G(z,n,n) from m4 (z).

Lemma 2.4. ([3]).
1

= — 2.4
9(z:m) a?my(z,n)+a2_m_(z,n)+z—by, (24)
1
S . (2.5)
apam—(z,n) = Gy

Proof. First we prove (2.5). From the definition of g(z,n) (cf. (1.26)) we infer

o ut(z,m)u_(z,n)
9( ) ) W(u_(z),u-',-(z))
uy (z,n)u_(z,n)

an—1(u—(z,n — Duy(z,n) —u_(z,n)uy(z,n — 1))

1
R CATEN ) BT CA TN )
u_(z,n) uy(z,n)
—a?2_ m_(zn) my (z,n—1)"1
by (2.1). (2.4) follows now from (2.2). O

Now that we saw some of the basic relations for my(z) we will investigate
the role of Weyl m-functions in spectral theory.
The definition of Weyl m-functions (we omit the base point ng = 0),

ms(z) = (0x1, (He — 2) " '011), 2z € p(Hz),

implies that m4 (z) are holomorphic in C\o(H). We also know the following
properties.

Lemma 2.5. ([12]). For 611 € (*(Z) with ||611] = 1,
(i) Im(m(2)) = Im(2) |(Hx — 2) 01|
(i) m(2) = m(2)

(i) [ma ()] < | (He = 2)71 < -
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Proof. (1)

_ Hi—Z—Hy+z

(H:tfz)ili(Hﬂ:fz)il - (Hi — Z)(Hj: —E) = (Ziz)(Hifz)il(Hﬂ:fz)ilv

take now the inner product with d41, then

my(z) —my(zZ) = 2Im(2)(dx1, (Hx —Z)_l(H:t —E)_15i1>
Im(m+(2)) = Im(2){((Hy —2) 2641, (He — 2) " 1644)
Im(z) [|(Hx — 2)~ 1]

We used that (Hy — z)~! and (Hy —z)~! commute.
(ii) Hy is real symmetric.

(iii)

m(2)] = (61, (Hx — 2) 7 6x0)] < |6l [|(Hx — )77

wnd [tm(ms (2))] 1
m(m4(z
Im(z)| = < ,
() = T =) Tou P = T(Hz =) Tom]
this holds for all § with ||d]] = 1, so (iii) is proven. O

A holomorphic function F' : Cy — C; is called a Herglotz function, where
Cy = {z € C| £ Im(z) > 0} (see Appendix A). my(z) are Herglotz functions
since m (z) are holomorphic on C; and Lemma 2.5, (i), shows that they map
the upper half plane to itself. Hence by Theorem A.1, m4(z) have the following
representation

ma(z) = /R dfi_(i), 2 € C\R, (2.6)

where

p£(A) = / dp+
(7007>‘]

is a nondecreasing bounded function which is given by Stieltjes inversion formula
(cf. Theorem A.1)

A+0

A) =limlim — I i €))dx.
P =il ), mlmate i)

Here we have normalized p4 such that it is right continuous and obeys py(\) =0
for A\ < o(Hy).

Let Py(H.+), A C R, denote the family of spectral projections corresponding
to Hy. Then dp+ can be identified using the spectral theorem,

m(z) = (611, (He — 2) "1 041) = /]R d<6i17p(j\ooj\]z(Hi)5ﬂ>. (2.7)

Thus we see that dp+ = d{(d+1, P(—oo,x)(H+)d+1) is the spectral measure of H
associated to the sequence 6.
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Lemma 2.6. ([13]). mx(z,n) have the Laurent expansions

my(z,m) = — Z m, myo(n) = 1. (2.8)

ZJ+1
=0

The coefficients are given by

mi’j(n) = <6n:|:17 (H:t,n)j(sn:t1>a ] S N, (29)

and satisfy
myo=1, m41(n)= b1,
myo(n) =bhq +ak, moa(n) =0 +a;_,,
j—1
my j41(n) = bapamy j(n) +ap Y myja(nmy(n+1), jEN, (2.10)

=0

m_ jy1(n) = by_1m_ j(n)+aZ_, Zm_7j_l_1(n)m_7g(n—|—1), jeN. (2.11)

Remark 2.7. Note that m(z,n) only depend on a?.

Proof. We invoke Neumann’s expansion for the resolvent

_ — Hi,n B = Hin
(Hi,n — z) Lo -1 (1 — Z) Z it |Z| > ||Hi,n||
7=0
Thus we infer
_ = 671 5 H n jén
m(z,n) = (Onar, (Hin — 2) " pa1) = — O (zﬁr’l) 1)

=0

for |z| > ||Hx n|l- To prove the recurrence relations we take (2.2) at my(z,n+1)

1
2
U1 (2,n+1) + mi(zn) =bpt1— 2

multiply with m (z,n) and insert the Laurent expansion (2.8)

oo

my k(n)my (n+1) my;(n)
n+1 Z k142 + (bn-H — z) Z W +1=0.
k,1=0 =
Set k + [ = j, rewrite the first sum
5Ly o~ My 4(1)
U t1 Z itz Z my j_(n)my(n+1) + (bpy1 — 2) Z — +1=0
i= - =

and collect the coefficients of 271

n-‘rlzm‘f‘,] —1(m)mo(n+ 1) + bppimy j(n) —my j11(n) = 0.
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Remark 2.8. For arbitrary expectations of resolvents of self-adjoint operators
similar results as Lemma 2.5, Lemma 2.6, and the considerations about spectral
measures hold. We will discuss them in Section 2.3.

If we combine (2.6)

[ dp=(N) dp(\) 1 j
mi(z)—/R - __/Rz(l—M‘l)__;Ozj“/RA dp+(N)

with Lemma 2.6 (at the base point n = 0), we see that the moments m4 ; of
dp+ are finite and given by

my,j = / Ndpy(N) = (611, (Hy ) 641). (2.12)
R

There is a close connection between the so called moment problem (i.e. deter-
mining dp4 from all its moments m4 ;) and the reconstruction of Hx from dp4.
Since by Lemma 2.6

2, 2 2 2
myo=1 my1=0by1, my2=>b]+ai, m_2=0;+al, etc

we infer

bt =myq, ai=myo— (my1)?, aiy=m_o—(m_1)* etc. (2.13)

We will consider this topic in the next section. Before that we want to

modify m4(z,n) a bit, since when it comes to calculations, the following pair
of Weyl m-functions

ug(z,n+1) _

m+(z,n) =F . ma(z) =ma(z,0) (2.14)
anuy(z,n)

is often more convenient than the original one. The connection is given by

2 — b
m+(zv n) = ’I’h+(z, n)v m— (Z7 TL) = et (Z;L;l) i n7 (215)
n—1
and
1 _en (z,m) (2.16)
m_(z,n+1) T '
The corresponding spectral measures (for n = 0) are related by
2
~ ag .
dp+ = dps+, dp- = ——dp_. (2.17)

a”y

2.2 The Moment Problem

We want to investigate how the sequences a? and b can be reconstructed from
the measure p; and we will see that the moments m4 ;, j € N, are suflicient
for this task. This is generally known as (Hamburger) moment problem.
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Suppose we have a given sequence m;, j € Ny, such that

mo  mi o Mg
mi mo PN mg
C(k) = det ) . . >0 forall keN. (2.18)
Mg—1 M -+ Mog—2

Without restriction we assume mg = 1. Now we can define a sesquilinear form
(linear in the first entry and complex linear in the second entry) on the set of
polynomials as follows

(PN, QN2 = > my kP, (2.19)
4,k=0
where P(2) = Y p;27 and Q(2) = Y_ qx2*. It has the property that
oo o0
(P.zQ)re = Y myjuibiar-1= ) myriPiae = (2 P,Q)r2.  (2:20)
J,k=0 J,k=0

Next we consider the polynomials (set C'(0) = 1)

mo my s Mgy
1 mq mo ce. mp
s(z,k) = ———det : Coo , keN.
C(k - 1)C(k) mg—2 Mg-1 mag—3
]_ z PN Zk71

(2.21)
{s(z,k),k € N} forms a basis for the set of polynomials which is clear if we
compute s(z, k) explicitly

s(z,k) = C(k_ll)c(k) (ZF1C(k - 1) + 2" 2D(k — 1) + O(z"7%))
- C(C]f(;)l) <zk_1 + gé: — i))z’“—Q + O(z’“—B)) , (2.22)
where D(0) =0, D(1) = m4, and
mo My Mg—2 My
D(k) = det n?l W;LQ mlf_l mlf“ , keN. (2.23)
mk.—l My m2;<:—3 M2k—1

Moreover, this basis is orthonormal

(s(A k), 8(A\ 1)) 2 = Oyt (2.24)

To prove this claim, let k > j, say, then

k—1

(s E), N2 = > myy(coeff of (X!) in s(X, k))
=0
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mo my mE—1
mi mo mig
1
= det :
Clk—1)C(k)
mrg—2 Mg—1 -+ M3
m] mj+1 ijrkfl
0, 0<j<k-2 (2.25)
= C(k) - 2.25
Cth—1)0 J k-1

So (s(\, k),s(\, k))rz = 1 since the additional coefficient of \¥~1 is Cék(;)l).

The sesquilinear form (2.19) is positive definite and hence an inner product
(C(k) > 0 is also necessary for this).
Expanding the polynomial zs(z, k) in terms of s(z,j), j € N, we infer

k+1

ZS(Z,k) = Z<S(>‘7])7)‘S(>‘,k)>L2S(Zm])
j=0
k+1

= ) (As(A ), s(A k) z2s(2, )

=0
= ;ks(z, k+4+1) +bps(z, k) + cg—15(z,k — 1), (2.26)
by (2.25) we only get values for j > k — 1. Here we have set s(z,0) = 0 and
ar, = (s k+ 1), A8\ k)2, b = (s(\ k), As(\, k)2, keEN, (2.27)
-1 = (s(\ k= 1), As(N\ k)2 = (s(A\ k), As( Ak — 1)) 2 = ag—1.

Now we can compare powers of z in (2.26) to determine ay, by explicitly. By

(2.22),
L JekD . DE-D ik
zs(z, k) = c + D] + O( )

and if we compute the coefficients of z¥ and 2*~! in (2.26) we obtain

co-1),_ [ cw
c(k) M\ ek +1)
= a= VO _Cl(gg(kJr 1), (2.28)
D=1 ,_, DU, [Cl-1)
CCERE0) NEOECESD) "\ Ck)
D(k) D(k—1)
= = Em T cho) (229)

This says that given the measure dpy (or its moments m, ;, j € N) we can
compute s(A,n), n € N, via orthonormalization of the set {A\",n € Np}. This
fixes s(\,n) up to a sign if we require s(\, n) real-valued. Then we can compute
an, b, as above up to the sign of a,, which changes if we change the sign of
s(A,n).

So dpy uniquely determines a2 and b,, for n € N. Since knowing dp ()) is
equivalent to knowing m (), m4 (z) uniquely determines a2 and b,, for n € N.
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2.3 Asymptotic Expansions

Our aim is to derive asymptotic expansions for g(z,n), h(z,n) and to describe
their associated spectral measures. This treatment will of course be similar to
that of Weyl m-functions in Section 2.1.

First we recall the definition of g(z,n) and h(z,n) given in (1.26) and (1.27)

g(z,n) = G(z,n,n) = (0n, (H—2)715,),
h(z,n) = 2a,G(z,n,n+1) =1 =20, (0, (H —2) " 5,41) — 1.

As a consequence of the spectral theorem we have the following result.
Lemma 2.9. ([12]). Suppose § € (*(Z) with ||5|| = 1. Then
9(z) = (6, (H — 2)71)
is Herglotz, so g(z) has the following representation

_ [ dps(N)
R A—z ’

9(2)

where dps(\) = d(0, P—oo,x)(H)d) is the spectral measure of H associated to the
sequence 6. Moreover,

co  (8,HIS
9(z) = — Zj:o <Zj+1 :

Im(g(2)) = Im(2) || (H — 2)~*4|”

(i) lg(2)l < I(H = 2)7H < ey

B B H —1 o0 HJ
-7 - (1-5) ==Y S B>l
=0

(ii), (iii) and (iv) are proven in an analogous manner as in Lemma 2.5. O

Lemma 2.9 implies the following asymptotic expansions for ¢g(z,n) and

h(z,n).

Lemma 2.10. ([13]). The quantities g(z,n) and h(z,n) have the Laurent ex-
pansions

— 95(n)
g(Z,TL) = _Z ij+1 ) go = 1;
=0
o hj(n)
h(z,n) = -1 —ZO it ho=0, (2.30)
iz

and the coefficients are given by

gj(n) = <6naHj5n>a
hj(n) = 2an<(5n,Hj(Sn+1>, 7 € Np. (2.31)
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Remark 2.11. [12], Lemma 1.6, shows that g;(n), h;j(n) do not depend on the
sign of a,, they only depend on a2.

In the next lemma we show how to compute g;, h; recursively.
Lemma 2.12. ([2], Lemma 2.1). The coefficients g;(n) and hj(n) for j € Ny

satisfy the following recursion relations
hj(n) 4+ hj(n —1)

ngrl(n) = 2J + bngj (TL), (232)
hjy1(n) —hjp(n—=1) = 2(adgi(n+1) —al_,g;(n—1))
+ b (hj(n) — hj(n —1)). (2.33)
Proof. The first equation follows from
gj+1(n) = (Hon, Hj5n>
= an—1<5n—17Hj6n> +bn<5naHJ6n> +an<§n+17Hj5n>
hj(n—1) hj(n)
5 + bngj(n) + 5
using Hdy,, = ap—10p—1 + bndpn + andp+1. Similarly,
hj+1 (n) = 2an <I’I(5n7 Hj(5n+1>

= 2an (an71<5n717 Hj6n+1> + bn<6n7 Hj5n+1> + an<6n+1a Hj6n+1>)
= 2a3,8n-1{6n—1, H 0ps1) + bphj(n) + 2a2g;(n + 1),

hjyi(n—1) = 2a,_1(H6,, H6,_1)
= 2an—1(an—1<5n—1ij5n—l>
by (0s HI0p—1) + ap (6pgr, H 6,—1))
= 2a; Up—195(n — 1) + bphj(n — 1) + 2ana,— 1(0n—1, H 6 11).
Subtraction yields the result. In the last step we used G(z,m,n) = G(z,n,m).
[

The system in Lemma 2.12 does not determine g;(n), h;(n) uniquely since
it requires solving a first order recurrence relation at each step, producing an
unknown summation constant each time. One can determine this constant (cf.
[12], p. 107) but since this procedure is not very straightforward, we advocate
a different approach. If we take (3.6) from below

dapg(z,n)g(z,n +1) = h(z,n)* — 1,

insert the Laurent expansions for g(z,.), h(z,n) and compare powers of 2772
we infer

hj1(n) = 2a Zgjl Jgi(n +1) — Zhjl Jhi(n), jeN.  (2.34)

This determines g;, h; recursively together with (2.32). Explicitly we obtain
go = 1, gi(n)=by, ga(n)=al+a; ,+b5,
ho = 0, hi(n)=2a2, ho(n)=2a2(by+bns1), etc.. (2.35)

Remark 2.13. A third approach producing a recursion for g; only is given in
[12], Remark 6.5.



Chapter 3

Inverse Spectral Theory

We already discovered in our survey of the moment problem, Section 2.2, that
m4 (z) uniquely determines a and b, for n € N.

Now we want to present a simple recursive method of reconstructing the
sequences a?, b from g(z,n) and h(z,n). When the Weyl matrix is known for
one fixed ng € Z, this is a well known result which is sharpened in [13]. We will
see for example that g(z,ng) and h(z,ng) are sufficient for this task.

Definition 3.1. The Weyl matrix M(z) is given by

M) — < dp(A) 1 (o 1>

A=z 2o\ 1 0

_ [ 9z0) D
b0 g(z,1)

2(10

) , ze€C\o(H).

Suppose we know

h(z,n)
9(27”) Da.
M(z,n) = J n , z2€C\o(H), 3.1
(z,n) ( hsn) 9(2’n+1)> \o(H) (3.1)
for one fixed n € Z. By Lemma 2.10 we obtain
= (S,, HI5,,) 1 b, s
=
— 2an<5n7Hj5n+1> 20‘721 -
h(z,n) = —1—ZT:—1—?+O(Z 3). (3.3)
j=0

All O (z_l) terms apply for |z] — oo. Hence a2 and b, can be recovered as
follows

b, = — lim z(1+ zg(z,n)), (3.4)
1
a2 = - B lim 2%(1 + h(z,n)). (3.5)
Moreover, we derive useful identities
ta2g(zm)g(zn+1) = h(zm)? -1, (3.6)
h(z,n+1)+h(z,n) = 2(z—bny1)g(z,n+1), (3.7)

18
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if we combine (1.26) and (1.27)

ut(z,n)u—_(z,n)

W(u-(2),u4(2))’

an (uy(z,n)u_(z,n+ 1) + us(z,n + u_(z,n))
W(u—(2),u(2)) '

The identities show that g(z,n) and h(z,n) together with a2 and b,, can be
determined recursively. If, say, g(z,n0) and h(z,no) are given, we obtain by,
and a? by taking the limit in (3.4) and (3.5). Then we know g(z,n0 + 1) by
(3.6) and thus by,,+1. Inserting them in (3.7) gives h(z,ng + 1) and so on.

In addition, we see that a2, g(z,n), g(z,n + 1) determine h(z,n) up to its
sign,

g(z,n) =

h(z,n)

h(z,n) = \/1+4aZg(z,n)g(z,n+ 1),

since h(z,n) is holomorphic with respect to z € C\o(H). The remaining sign
can be determined from the asymptotic behavior h(z,n) = —1 + O(z72).
Hence we have proven the following result.

Theorem 3.2. ([13]). One of the following set of data for a fixzed ny € Z
determines the sequences a®> and b:

(i) g(.,n0) and h(.,ng)
(i) g(.,mo + 1) and h(.,no)
(iii) g(.,n0), g(-,no+ 1) and afm.

Remark 3.3. Remark 2.11 shows that the sign of a,, cannot be determined from
either g(z,mn0), h(z,np) or g(z,no + 1).

The off diagonal Green function can be recovered as follows

n+k—1 .
1+ Rh(z,7)
G(z,n,n+k)=g(z,n —= k>0, 3.8
( s 11 g (38)
since by (1.27) and (1.24)
n+k—1 . n+k—1 ..
L+ h(z, ) G(z 4.4+ 1)
gz, n o = 9&n QA
&) i 2a59(2,7) &) Jljn G(2,4,7)
! T w4 D)
= Wqu(z,n)u_(z,n) Jl;[n e
1
= Wu,(z,n)u+(z,n+k) =G(z,n,n+ k).

A similar procedure works for H,. The asymptotic expansion

1 bupr G +03 -
my(z,n) = - 2;1 - +1z3 oo™ (3.9)
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shows that a2, b,41 can be recovered from m.(z,n). In addition,

1

- 1
my(z,n—1) : (3.10)

aier(Za TL) +
shows that m (z,ng) determines a2, b,,, and m (z,n) for n > ng. By the same
considerations, m_(z,ng) determines a2_;, b, and m_(z,n — 1) for n < ng.

Thus both m(2,m0) determine the sequences a? and b except for aiofl, aio,
bn,. But if we consider (cf. (2.15))

2 —by +aZ_im_(z,n)

m_(z,n) =

)

2
an

we see that a?mfl, a2 | bn,, and m_(z,n0) can be computed from m_(z,ng).

no’
We conclude

Theorem 3.4. ([13]). The quantities m4(z,n9) and m_(z,ng) for one fized
ng € Z uniquely determine the sequences a® and b.

Furthermore, we have the following relations between g(z), h(z), and mi(z)

1
B = e )
B ma(z,n)m_(z,n)
g(z,n+1) = Ny (z,n) +m_(z,n)’
_ g (zn) —mo(z,n)
h(z,n) = f(z,n) +m_(z,n) (310

Conversely,
. 1+ h(z,n) 2g(z,n +1)
= = — . 3.12
M) = g~ 1F h(en) (12




Chapter 4

Trace Formulas

In this chapter we will investigate trace formulas for bounded Jacobi operators
H, for a treatment of unbounded Jacobi operators and Jacobi operators with
boundary conditions we refer the reader to [12] or [13]. The most basic example
of a trace formula is

tr(H — Hy,) = by,

where H, = H_ , ® H 5.

Our main tool will be the exponential Herglotz representation of g(z,n) =
(6, (H — 2)716,). g(2z,n) is a Herglotz function by Lemma 2.9 and its expo-
nential representation (cf. Theorem A.2) reads

e =laimles ([ (71 - 1) ehnar), = e ot

(4.1)
where the £ function £(\, n) (see [4]) is defined by
1
EA,n)=— h?ol arg g(\ +ie,n) for a.e. A € R. (4.2)
T €
arg(.) € (—m, 7] and &(A, n) satisfies 0 < (A, n) < 1. By [12], p. 112,
£\ n) .
ey d\ = argg(i,n) (4.3)
For a bounded Jacobi operator H we know by Lemma 1.13 that
o(H) C [inf c_(n),sup cy(n)],
nez nez
where ¢y (n) = by, £ (Jan| + |an—1]). So we can abbreviate
Ey =mino(H), E. =maxo(H).
We claim that ;
0 for A< Ey
¢ n) = { 1 for A > FE. (4.4)

To show this, we have to derive the sign of g(A,n) for A < Ey and A\ > E.
(H—X)>0for A< Ep,s0o (H—X)"1>0and g(\,n) = (0., (H—N)"15,) >0,

21
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this implies £(A,n) = 0. Similarly, we infer {(A\,n) = 1 for A > E since in
this case (H — A) < 0 and thus g(A,n) < 0. For this argumentation we need of
course that g(\,n) is continuous and real for A € R.

(4.1) reads now

Ee n
g(z,n) = Eool_ ~ XD (/E f(i\\:_)f\) , (4.5)

we will give an analogous proof in Proposition 5.4 below.

Theorem 4.1. ([12]). Let £&(A,n) be defined as above and let H, = H_ ,®H4 ,,.
Then we have the following trace formulas

Eoo
b =tr (H' — H') = B, — z/ MNTLEON, n)d, (4.6)
Eo
where
b(l) - bnv
b =1lg(n Zgl jmpld), 1> 2. (4.7)

Proof. The claim follows after expanding both sides of

Boo n
I (B — 2hglzm) = [ S0 (18)

and comparing coefficients. The right side becomes

/Eoo g\, n)dN /Eoo £\, n)d\

Eo A—2z EO 1 _)\2_1)

- /E X=1E(A, n)d

Using the asymptotic expansion of g(z,n) we expand the left side

In ((Es — 2)g(2,m)) = ( 2 _ %JS_TLI)

=0

where
a(n) =g, al)=a) -3 Lo jmem), 122

Set ley(n) = b and compare coefficients of . O
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Remark 4.2. The special case I = 1 of (4.6),

E
by, = Eoo—/ (A, n)dA

Eo+ Ey 1/E°c
= —=+4
2 2

Eo

has first been given in [4].

(1 =2&(A,n))dA,

23



Chapter 5

Finite Jacobi Operators

In this chapter we will study finite restrictions H,,, ,, of H to the subspaces

??(ny,n2) as introduced in Section 1.3. We set ny = 0, np = N + 1 and

Hy nyy1 = Hpy for simplicity. Hpy has been obtained from H by imposing

Dirichlet boundary conditions at the endpoints (f(0) =0, f(N +1) = 0).
First we recall the definition of Hy.

alf(2) + b1f(1) n=1
(Hyf)(m) =4 (HP)(n) l<n<N (5.1)
an—1f(N—-1)+byf(N) mn=N.

The tridiagonal Jacobi matrix Jy 41 is associated with Hp:

b1 ay
aq bg a9
Jony1 = . (5.2)
an—2 by_1 an—1
an—-1 by

One immediately obtains that the eigenvalues of Hpy are simple. Suppose
u, v are two different eigenfunctions of Hy f = zf corresponding to the same
eigenvalue z € C, then

Wi(u,v) = ai(u(1)v(2) —u(2)v(1))
u(1)(z — by)v(l) —v(1)(z — by)u(l) =0,

by Proposition 1.5 this implies that u and v are not linearly independent. We
used

a1 f(2) + b1 f(1) = 2f(1) (5-3)

for v(2) and u(2). Our choice of evaluating W,,(u,v) at n = 1 is no restriction
since the Wronskian is constant in n by Remark 1.4.

Next we consider the special solution s(z,n,0) characterized by the initial

conditions s(z,0,0) = 0, s(z,1,0) = 1 (cf. (1.5)). For n € N, s(z,n,0) has
precisely n — 1 distinct real zeros. To prove this, we consider the expansion

24
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(1.10) for s(z,n,0), n > 0,
det(z — Jon)
n—1
Hj:l aj

s(Ao,m,0) = 0 implies that Ay is an eigenvalue of Hy ,, thus Ao must be real and
simple. Summarizing, we have the following classical result from the theory of
orthogonal polynomials.

s(z,m,0) =

Theorem 5.1. The polynomial s(z,n,0), n € N, has n — 1 real and distinct
roots denoted by
)‘Ln < )\Qm < < )\n_lm.

The zeros of s(z,n,0) and s(z,n + 1,0) are interlacing, that is,
/\1,n+1 < )‘Ln < >\2,n+1 < L < )‘n—lﬂl < )\n,n+1- (54)

Moreover,
o(Hon) = {Ajn ;L:_II

Proof. A proof of (5.4) using Priifer variables can be found in [12], p. 77. O

So Hy = Hy,n+1 has real eigenvalues A1 < ... < Ay (we set A; vy = A;) and
associated orthonormal eigenvectors ¢1,...,pn with ¢;(1) # 0 (if ¢;(1) = 0,
then ¢; would be identical 0 by (5.3)).

For the Green function of Hy (1 < m,n < N)
GO,N+1(Za m,n) = <67na (HN - 2)715n>

we obtain

(5.5)

1 >
Gona(zim,n) = { s(z,m,0)c(z,m,N) form >n

W(s(z),c(z)) | s(z,m,0)c(z,n,N) forn>m.

s(z,.,0) and ¢(z,.,N) are the fundamental solutions satisfying the boundary
conditions s(z,0,0) =0, ¢(z, N+ 1,N) = 0.

5.1 The ¢ Function

We saw in Chapter 4 that the £ function plays an important role, knowing its
precise form is the key ingredient to compute trace formulas explicitly. Indeed,
in the case of finite Jacobi operators, the £ function behaves very nicely.

Our starting point is the following result for the Weyl m-function m (z) =
my(2,0) = (61, (Hy — 2)7161).

Theorem 5.2. ([3]). If A\i < ... < Ay denote the eigenvalues of Hy and
v < ... <vn_1 the eigenvalues of Hy ni1, then

N-1
_ =1 (Z - Vl) (56)

L TN A
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Proof. By (5.5),

my(z) = Gon+i(z,1,1)
s(z,1,0)c(z,1,N)
ao(s(2,0,0)c(z,1,N) — s(z,1,0)c(z,0,N))

(= 1,N)
aOC(zv Oa N)
and (1.11)
d t - Jdno—n,n
c(z,m0 —n,n0) = etz noflo no+1)
Hj:no—n aj
becomes
det(z — det(z —
ofz.1, ) = SMEZIvt) -, gy = B o)
Hj:l aj szo aj
N—1
_ z— U
= me(z) = —71_[[];1 ( )
Hj:l(z —Aj)
O
The £ function is defined by
1
&\ n)=— iﬁ)l argmy (A +ie,n) for a.e. A €R, (5.7)
T €

where arg(.) € (—m,7]. We set £(A\,0) = &(A). Again we have to study the
sign changes of m_(z) as z € R moves along the real line. Remember that
m(2) is continuous and real for z € R. For z < A1, my(z) > 0 by (5.6), this
implies £(z) = 0. After the first pole, 2 = A1, m4 (2) becomes negative and thus
&(z) = 1. At z = vq, the sign changes again and so on. For z > Ay, m4(2) <0
and therefore £(z) = 1. We conclude

Lemma 5.3.

N—1
&) = Z X()\j,,,j)(/\) + X(an,00)(A)  for a.e. XER, (5.8)

—1

<

where xqo(.) denotes the characteristic function of the set Q CR, A} < ... < Ay
are the eigenvalues of Hy and vy < ... < vy_1 the eigenvalues of Hy ny11. §(N)
for Hj is depicted below.

£\
1
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5.2 Trace Formulas for Finite Jacobi Operators

In [3], trace formulas for finite Jacobi operators are derived. We will give another
proof based on the results for arbitrary Jacobi operators in Chapter 4 and we
will extend the results in [3] to higher order trace relations.

For our investigations we will need the exponential Herglotz representation
of my(z).

Proposition 5.4.

Mo (2) = — eXp( AN imdj). (5.9)

_>\N*Z 1

Proof. my(z) is a Herglotz function by the conclusions of Lemma 2.5 and its
exponential Herglotz representation reads by Theorem A.2 (¢ = In|my (7)|)

1 A
exp (c—l_/R()\—z_l—i-)\Q)E(/\)d/\)
AN S | A
exp (w/h A_Zg(x)dx+/m A_ZdA/wa)dA)

e 5+/VN71 L ocyan)
*P Y A—z AN — 2

1

m4(2)

where we collected the terms which are independent of z in ¢,

~ ) YNSL) In(1+ A\%)
=1 — ——— &N dA+ —=.
F=mpme )= [ e+

1

Fortunately, we do not have to show directly that ¢ = 0 since we infer by the
asymptotic expansion of m, (z)

my(z) = —-+0(E"7)

O

Theorem 5.5. ([3]). Assume N € N and let \y < ... < Ay be the eigenvalues
of Hy = Ho n41 and 11 < ... <vn_1 the eigenvalues of Hy nyi1. Then

UN_1 N N—-1
by = Ay — / ENAA=D "X = i, (5.10)
A j=1 =1

1

UN —

) N N-1
242 + b2 =/\?V—2/ AENA =D "N = > 7. (5.11)
j=1 =1

A1
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Proof. If we know that

b= Ay — /:Nl E(N)dA, (5.12)

1

the second claim follows if we insert the explicit form of the £ function (5.8)

UN_1 N-1 N-1
)\N—/ ENAA=Ay = D> N = > w,
A -
7j=1 =1

1

this holds also for (5.11). To prove (5.12), we use (5.9), the exponential repre-
sentation of my(z),

mi(s) = — Xp(/AwmdA>

AN — 2 . A—2z

1 =1 VN-1
= -y PIONN
/\N_Zexp< kZ_OZ’“+1/A1 £ )

Abbreviate now ¢, = [ AF¢(N)d), then

1 > Ck
m+(z) = )\N —. exp <— Z Zk‘i’1>

k=0
1 ﬁ ( Ch )
= exp ( —
)\N—zkzo P
1 = [ & e \J 1
N —z(l—)\Nz*l)li[O jz_:()(_z’”l) j!

= —Z—- Oz
z 22 23 +0(")
The asymptotic expansion of m, (z) reads
1 b1 a% + b% 4
=——-—-—= - 0]
my (Z) P 22 23 ( )
and comparing coefficients yields
UN-1
by = )\N—coz)\N—/ E(N)dA
A1
2, 72 2 <
a;+b] = (An —co) +/\NCO_5_CI
2 cf
= a7 = ANCO_g_Cl
UN-—-1
= 22+ = N -2 :A?\,f2/ AE(N)AN.
A1
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The trace formulas in Theorem 5.5 are of course just the tip of the iceberg.
In analogy to Theorem 4.1 we obtain the following result for finite operators.

Theorem 5.6. Assume N € N. We have the following trace formulas for Hy

N N-1
l
DR St
j=1 k=1

where )
b = by,

-1

0 =lmig =Y my b, 1>2.

j=1

Proof. As in the proof of Theorem 4.1 we expand

N E(A n)dA

In ((An — 2)m4(2)) = /}\ N\ — 2

1

using the Laurent expansion of m, (z)

oo

mtj
m(z) == Zj+1j

=0

and infer

H
|

Eoo
E! —z/ A=Le(N)dA
Eo

AN
= )\lN—l/ A=Le(N)dA
A

1
v VN-—-1

= Ny =X — o=\

A1 AN-1

N N-1

_ l 1

= D N> v
=1 k=1

We can give a different proof for Theorem 5.2, that

N—1
1l (z —wm)

[ (z— )

m4(2) =

)

(5.13)

(5.14)

(5.15)

if we insert the ¢ function (5.8) in the representation (5.9) of m(z). Be aware
that this is a circular reasoning, since we derived the £ function from Theorem
5.2, but there are of course other possible ways to calculate £(\). So this proof

might be of interest on its own.
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Proof of Theorem 5.2. By (5.9),

1 N1 (N, n)dA
miz) = e\ Taos
_ 1
= )\Nizexp

141 1 VUN-—-1 1
/ 7d)\+~--+/ —dA
A1 )\72' AN_1 )\72
1 vV, — 2 UN_1— %
— 1 TS Y B e
)\N—Zexp(n(/\l—z>+ +n(/\N1—2)>

N—1
1 Vi — %

)\N_ijl )\j—Z.
O

Corollary 5.7. ([3]). {}}_, U {3V uniquely determine Hy. Any set of
real X and v is allowed as long as

M <V <A<y <...<AN.

Proof. By (5.6), A and v determine m4 (z) and by (3.10),

aim, (z,1) + =b — 2,

m+(zv 0)

we see that m(z,0) determines a2, b,, and m(z,n) for n > 0 (cf. Theorem
3.4 and the considerations for (3.9) and (3.10)).
By Theorem 5.1 the eigenvalues of Hy and H; n41 are interlacing. O

5.3 The Inverse Spectral Problem

We already saw how spectral information determines H, Hy (cf. Theorem 3.2,
Theorem 3.4 and Corollary 5.7). Now we will focus on the actual reconstruction
of a2, b, from given spectral data for Hy and present an explicit expression of
a2, b, in terms of the spectral data.

In Section 2.2 we derived an explicit expression of a2, b, in terms of the
moments my ;. So it remains to express m. ; in terms of the spectral data.

The spectral measure of m, (2) is

dp(X) =Y h(X;)6(A = A;)dA (5.16)

and if we insert dp4 (A\) in (2.6) we infer

N
mo(2) _/RM =y ) (5.17)

N-1
_ 1= (z —wm)

e TN
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Since A; is a pole of first order, the residuum in J; is

Resy,m4(z) = liQ‘(Aj—z)m+(z)
N-1
s —
= =17 W =v) = ;. (5.18)
|| SOVEPYY)
N
@
= me(z) = (5.19)
=0 )\j -z
= a; = h()\j)

a;; > 0 for all j since the eigenvalues are interlacing, A\; <1 < Ay < ... < An.
The condition a; > 0 would also follow from the Herglotz property of m.(z).
The moments m. ; of dp; (cf. (2.12)) are thus given by

N
ma = (G0 ()% =1 = [ dpy(3) = > (5.20)
N
my g = (01, (Hp)loy) = /Rx\lder()\) = Zz\z»aj. (5.21)

If we combine now (5.21) with (2.28) and (2.29), we obtain the following
result.

Theorem 5.8. Let N € N. Suppose the spectral data {/\j};}le and {v} ",
A < v <Ay <...<Apn, corresponding to Hy are given and Zj aj = 1. Then

the coefficients a®, b of Hy can be expressed explicitly in terms of the spectral
data

s Ck—-1)C(k+1)
ap, = TRy , (5.22)
b _ DU D(k-1) (5.23)

Ck) Ck—1)

where C(k) and D(k) are defined as in (2.18) and (2.23) using

N
!
my | = g Aja.
j=1

Remark 5.9. Theorem 5.8 is a special case of [12], Theorem 8.5, where a certain
class of reflectionless bounded Jacobi operators is considered. A Jacobi operator
H is called reflectionless if for all n € Z,

&\ n) = % for a.e. A\ € 0e55(H). (5.24)

Oess(Hn) = 0 for finite Jacobi operators Hy, so [12], Theorem 8.5, holds for
Hpy as well.
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In our results for finite Jacobi operators so far we saw that the eigenvalues
{A; 1L, of Hy together with the eigenvalues {v}N5" of Hy ni1 uniquely de-
termine Hpy.

Now we want to generalize this situation in the following way. If we split
Hy =Hont+ atn (0<n < N+1)into H_ ,, and H; ,, by omitting the n-th
line and column, is it possible to reconstruct Hy from the set {\; }5\121 and the
eigenvalues {1 }7=1, {p; }1v," of H_ ,, and Hy ,,? From this point of view our
results above cover the case n =1 (and by reflection the case n = N).

H_,

)

HN = Qp—1 bn G,

Hy,

For the proof we will need the following representation of the Green function
g(z,n) = Go,n+1(z,n,n) of Hy (0 <n < N +1).

Proposition 5.10.

Hj:l(z =)

Proof. By (5.5),

s(z,m,0)c(z,n, N)
W (s(2), c(2))
s(z,m,0)c(z,n, N)
ao(s(2,0,0)c(z,1,N) — s(z,1,0)c(2,0,N))

g(z,m)

s(2,0,0) =0, s(z,1,0) = 1 and we obtain from (1.10) and (1.11)
det(z — ']O,n)

S(Z,TI,, 0) = T —n-1
H;L:1 aj
det(z —
o(z,n,N) = W7
Hj:n aj
det(z — Ji
c(z,0,N) = det(z — Jo.n+1) N_IO’N'H)
Hj:O aj
S g(an) = - det(z — Jo.n) det(z — Jp N41)

det(z — JO,N+1)
i (2= ) TS " (2 = )
|JREEPYY
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Thus we gained an expression for g(z,n) involving only the desired data.
From (2.4) we know that

=2z—bp+a o m_ 5.26
aGn) z—b, +a;my(z,n) +a;_ym_(z,n), (5.26)
m_(z,n) and m4(z,n) uniquely determine H_ ,, and H, , (cf. (3.9), (3.10)).
From our previous considerations we know the form of my (2) (cf. (5.19)), so
we make the following ansatz for m4 (z,n)

m_(z,n) = fyk , a >0, (5.27)
k=1 He =%
N—n +

my(z,n) = f[l , af >0, (5.28)
=1 M T

where oy, a; denote the unknown residues. We assume {u; 1 N {p} = 0
and consider the general case later.
Evaluation of the first moments (cf. (5.20)) shows that

n—1 N-—n
dag=1, Y of =1 (5.29)
k=1 =1

Inserting our ansatz in (5.26) we obtain

N —n
Hj:l(z - )‘]) 2 X Oél+
n—1 — N—-n 4 = Z_bn_anz T
e (2= ) TLS " (2 = 1) =1 %t
n—1 a-
—ay Y —F—. (5.30)
k=1° " Mk
N n—1 N-—n
H(Z_)‘J) = (2—by) H(Z_Mk) H (Z_M—F)
j=1 k=1 =1
N—n n—1
—2 S af [LG - ) TLG - w)
1=1 k=1 m#l
n—1 N—n
—ai > ap [[G=un) [[G=wh).  (5:31)
k=1  m#k 1=1
If we compare coefficients of 2N ~! we infer
N n—1 N—n
LT S D T
j=1 k=1 1=1
N n—1 N—n
= b= Y N H = Yo (5.32)
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This is a simple trace formula we knew all along. To determine the unknown
residues 0‘1+ and o, we first set z =p;,1<i<n-—1,in (5.31)

N N—n
[T —x)=0-0-a’ yo; [T —u) [T (i = ) (5.33)
j=1 1#£i =1
Then N
AN (Thy
B =al_jo; = iz —25) (5.34)

s — ) TS (0 — 1)

is uniquely determined and since Y «o; =1 (cf. (5.29)),

n—1
> B =any. (5.35)
i=1
This uniquely determines a; fori=1,...,n—1
_ B
- =t 5.36
az a%—l ( )

In analogy, for l =1,...,N —n,

+
+_ B
O[l— 5

an

(5.37)

where

e 55 (" =)
[ n— —
w1 (= ) T (0 = 1)

N—n
ay =Y B (5.39)
=1

It remains to consider the necessary conditions on the sets of eigenvalues to
obtain af >0 and o, > 0 for all [, k.

, (5.38)

Lemma 5.11. Set {y;}; = {py tx U{p 1o A; denote the eigenvalues of Hy,
py, and u;r the eigenvalues of H_ ,, and H, ,,.

(1) )\1<M1§)\2§M2§...<>\N
() =1 = my=pl =2
Remark 5.12. For the splitting points n = 1, n = N the inequalities in (i) are

strict, so (ii) cannot happen. If u, = A; or ,ul+ = );, one obtains by the same
proof that u, = u?‘ = ;.

Proof. (i) The eigenvalues of a Jacobi operator are all real and simple, so we
order them accordingly. Furthermore, it is well known that the poles and roots
of a Herglotz function must be interlacing. g(z,n) is Herglotz, so (i) follows
from Proposition 5.10

pom = A=) 5" G~ ).

Hj:l(z =)
(ii) By Theorem 5.1,
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(1) Xeo(H_,,) < s(Ano,0)=0

(2) N€eo(Hypn,) < s(AN,ng)=0
(

(3) Neo(Hy) < s\ N,0)=0.
Suppose (1) and (2) hold for A,
S(Aa Na TLQ) =0= S(A) no, O)

= s(A\,N,n)=cs(\n,0), ceR\{0}.

Since
0=s(A\,N,N)=cs(\ N,0)

= s(\,N,0)=0 = (3).
In the same manner (2) and (3) imply (1), as well as (3) and (1) imply (2). O

If we insert the assumption A\ < p1 < Ay < po < ... < An, {u;}; =
{m5; 1 U ', into

B H;vzl(:u; = Aj)
T — ) TLS ™ (1 — )

we obtain 8;” > 0 and hence o; > 0 for 1 <7 < n — 1 as desired. Analogously
we infer ozl+ > 0for 1 <1< N —n. If we follow now the Weyl m-function
reconstruction starting with m4 (z,n), H_ ,, and H , are uniquely determined,
as well as a2 _,, a2, by,.

It remains to show that Aq,..., Ay are indeed the eigenvalues of the Jacobi
operator Hy we constructed above. But this is clear from Proposition 5.10,
since the Green function g(z,n) of Hy has poles exactly at the eigenvalues of
Hy.

If p,, = ,ul+ = )j, the pole and one root cancel out and a root at z = A; re-
mains. Thus roots instead of poles in the set {);} indicate colliding eigenvalues.
We will reconsider the proof for the case o(H_,) No(Hy ) # 0 immediately,
but before we have to introduce additional data o;.

Bi =

Hypothesis 5.13. The spectral data of two submatrices of Hy are given by
{1, 05},
where {;}; = {py }e U{p b If = pf = pj, o is determined by (5.42)
2+ 2

L~ %k ¢ (-1,1),

gs = n T On—1T%
J —
a%a?‘ +aZ_

otherwise _ B
oj=—1 if pj =y,
o;=1 if u; = ,ulJr.

o, is either +1 (depending on whether 1, is an eigenvalue of H_ ,, or H, ;) or
in (—1,1) (if p; is an eigenvalue of both submatrices and hence also of Hy).

Until now we have proven a special case of the following theorem.
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Theorem 5.14. Let 1 < n < N and denote o(Hy) = {\}}_), o(H_,) =
{p Y22t and o(Hy ) = {p }io,™. Assume Hypothesis 5.183.
The sets {\;};, {pj,0;}; uniquely determine Hy. A corresponding Hy

exists if and only if My < p1 <A <... < Ay

Proof. If \1 < p1 < A2 < ... < An, Hy can be reconstructed uniquely from
(5.32), (5.34) - (5.39) by the proof above. It remains to consider the case
Hjo = Hpy = ul'; (= Ajp), so gj, € (—1,1). The proof is the same in this case,
except that some terms in (5.34) and (5.38) vanish. (5.30) becomes

Hj;éjo('z*)‘j) _ Z—bn—aiz OzlJr

Hk(z—ME)Hl¢zo(z—uf) 121, 2=
P SRR R
e — : .
k#ko S =7 Hio

Following the calculations thereafter, we obtain (insert z = ;)

N 125, (50 — Aj)
Hk;ﬁko (:U'jo - le) Hl;ﬁlg (#jo - Nz+)

2
n

alaf +al o = =: 6. (5.40)

Now the additional data o, distributes this sum among «; and alt

ﬁ—_l_o.jo(y - _ ﬁlzo _l_UjO 5j0

ko — 2 Jo ako_a2 1_ 9 a2 1’

+_ 1470, LB 140,05 5 41
By, = 5~ %o N (5.41)

Positivity of the residues follows as before, since the terms which would be zero
do not appear in (5.40). So Hy can be reconstructed uniquely from (5.32),

(5.34) - (5.39), where (5.41) is to be used for a;, if 0, € (—1,1). O
Given an arbitrary Jacobi operator Hy with pj, = pp = pg, one can
evaluate o;, by
2+ 2 -
a,o —a;_j«o
Gjo = oo o, (5.42)
a‘nalo + a’n—lako
since 14 1
_ 0 — 0
aiaz - ai—lako - 2 = 51'0 - 9 - 510 - Uj05j0-

Theorem 5.15. Let 1 < n < N and {§1;}; = {p, }x U{p 1. The following
parametrizations of a N x N Jacobi matrix Hy determine each other and the
maps between these parameters are real bianalytic diffeomorphisms.

(i) {an}n=t U{ba 3, (an > 0).
() {10 U g Yest u S (M1 <pr <A <o <An).

(i) {p Yozt UL " VB e UG U e} (0 < . < pv1, B > 0).
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There are 2N —1 parameters. a,, b, are the coefficients of Hy and o(Hy) =
N}, o(H- ) = {pg e, o(Hyn) = {u 1. ﬁjj-[ are the residues of the poles in
m4(z,n) up to a constant

o5

mi(z7n) - s ;

; M T F

where N B
+ ﬁj - ﬁj

Qj =—5y & = o

a’n a’n—l

Proof. 1t is known that the map from the N coefficients of a monic polynomial
of degree N to the roots A1,..., Ay of that polynomial is a bianalytic diffeomor-
phism in the region where the roots are all real and distinct. The determinant
of the Jacobian matrix of this transformation map is &[], , (A; — Ag) "1 (cf.
[9]). Since all eigenvalues are real and simple, the map from (i) to (ii) is real
analytic.

The map from (ii) to (iii) is rational by (5.34), (5.38) and (5.32)

[ va:l(/i; = Aj)
' (e — ) TLS " (= )
l - n—1

k=1 (N?_ - 1y Hp;el(N;L — )
N n—1 N—n
D VY ST aTe
j=1 k=1 =1

B =ai Y ﬁf = a2 and the Weyl m-function reconstruction of H_ ,,
and H, , from

off
m+ (Zv n) - T+
;M T
shows that the coefficients a, b are real analytic functions of (iii). O

Theorem 5.16. {\;}}; U {302t UL 1™ uniquely determine Hy. Any

set of real \ and p is allowed as long as
/\1</J1<)\2<[L2<...<>\N,

where {;}; = {py i U {NT}Z-

Corollary 5.17. ([3]). The following parametrizations of Hy determine each
other and the maps between these parameters are real bianalytic diffeomor-
phisms.

() {an) ¥ U {02y (> 0).
(11) {A]};\le U {Vl}l]izl (/\1 <V <A<...<vn_1 < >\N)

(i) {03 U{eg A <. <An, >0, 8 o =1).
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Aj are the eigenvalues of Hy, v, the eigenvalues of Hi ni1 and «; the
residues of the poles in m4(z)

mi(z) =Y Ajo‘i' —or dps(N) = Yy 0(A = Ay)dx.

Jj=1

At last we give an incomplete survey of spectral information which is suf-
ficient to reconstruct a finite Jacobi operator uniquely. Unlike our case, the
following theorems do not assert the existence of such an operator, but unique-
ness, if it exists.

Denote the coefficients b1, a1,b2, a2 ... by a single sequence ¢y, ca, .. ., SO

Cop—1 = bna Cop = Qn.

Theorem 5.18. ([7]). Let N € N. Suppose that cy11,...,can—1 are known,
as well as the eigenvalues A1, ...,An of Hyy1. Then c1,...,cn are uniquely
determined.

Proof. A proof can be found in [7], but it is modeled on that given in [6]. O
This result is sharpened in [3].

Theorem 5.19. ([3]). Suppose that1 < j < N and ¢j41,...,can—1 are known,
as well as j of the eigenvalues. Then ci,...,c; are uniquely determined.

Proof. A proof is given in [3]. Notice that one need not know which of the j
eigenvalues one has. O

Define H(b)x to be the Jacobi operator where by is replaced by by + b
H(b)N =Hy + b<(51, >(51

Theorem 5.20. ([3]). The eigenvalues A1,...,An of Hy together with b and
N — 1 eigenvalues A(b)1,...,\(b)n—1 of H(b)n uniquely determine Hpy .

Aly..., AN together with the N eigenvalues A(b)1,...,A(b)y of H(b)nt1
(with b unknown) determine Hy and b.

Proof. A proof can be found in [3]. O



Appendix A

Herglotz Functions

[12], Appendix B, gives an extensive survey of Herglotz functions. We present
the theorems we cited above and follow the notation of [12].

Set C+ = {# € C| £Im(z) > 0}. A function F : C; — C, is called a
Herglotz function (sometimes also Pick or Nevanlinna-Pick function), if F' is
analytic in C;. One usually defines F' on C_ by F(z) = F(z).

Herglotz functions can be characterized by

Theorem A.1. F is a Herglotz function if and only if

F<Z>:“”’Z+/ PR S

R

1 A
( ) dp(N), zeC, (A1)
where p is a measure on R which satisfies

1

a, b, and p are determined by F using

a = Re(F(i)) €R,

F
A
m(n>e>0 2
and Stieltjes inversion formula
1 A1+0
p(()\o, Al]) = lim lim — Im(F()\ +1 e))dA. (A.2)

510 €lO T Ao+6

We will use an alternate integral representation of Herglotz functions which
we obtain by considering the logarithm In(z). Let In(z) be defined such that

In(z) =In|z| + iarg(z), —w <arg(z) <. (A.3)

In(z) is holomorphic and Im(In(z)) > 0 for z € Cy, so In(z) is a Herglotz
function. The representation of In(z) according to Theorem A.1 reads

1 A
! - T T T ) X0y (A)dA, C..
n(z) /]R(A_Z 1+)\2>X( 0)(A) zeCy

39
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The sum and the composition of two Herglotz functions are again Herglotz
functions, so in particular, In(F(z)) is Herglotz. Thus, using the representation
in Theorem A.1 for In(F'(z)) we get another representation for F(z).

Theorem A.2. F is a Herglotz function if and only if it has the representation

F(z) = exp <c+/R <A1_Z - H&) f(A)dA) , z€Cy, (A.4)

where ¢ = In|F(i)| € R and £ € LY(R, (1 4+ A2)~1d)) is the & function (cf. [4])

EN) = 1 limIm(In (F(\ +i€))) = 1 lim arg (F(\ + ie)) (A.5)

T €l0 T €l

fora.e. NeR and 0 < E(N) <1 for a.e. A € R. Here —m < arg (F(A+ie€)) <
according to the definition of In(z).
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