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Abstract

In the first part of this thesis we investigate the kernels of the transformation
operators for one-dimensional Schrodinger operators with potentials, which are
asymptotically close to Bohr almost periodic infinite—gap potentials. Based on
this we can develop scattering theory in the steplike case.

Furthermore we present an application of direct and inverse scattering theory
for the Korteweg—de Vries equation, by solving the associated Cauchy problem
with initial conditions, which are steplike Schwartz—type perturbations of finite—
gap quasi—periodic potentials under the assumption that the respective spectral
bands either coincide or are disjoint.

The second and last part is devoted to the Camassa-Holm equation, for which
we study the stability of solutions of the Cauchy problem by deriving a Lipschitz
metric.
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Chapter 1

Introduction

In this thesis, we will at first have a look at transformation operators, which
play an important role in the investigation of direct and inverse scattering prob-
lems. They first showed up in the context of generalized shift operators in the
work of Delsarte [31], and were constructed for arbitrary Sturm-Liouville equa-
tions by Povzner [86]. Afterwards transformation operators have been applied
for the first time when considering inverse spectral problems, for example by
Marchenko [RT]. Soon after that Gel'fand and Levitan [44] found a method of
recovering Sturm-Liouville equations from its spectral functions, using transfor-
mation operator techniques.

Another important step was the introduction of transformation operators, which
preserve the asymptotic behavior of solutions at infinity by Levin [76]. Since
that, these transformation operators are the main tool for solving different kinds
of scattering problems, mainly in the case of constant backgrounds. They have
been partly studied for periodic infinite-gap backgrounds by Firsova [39], [E0],
without estimates, which are necessary for solving related inverse scattering
problems and they have been recently investigated in the finite-gap case by
Boutet de Monvel, Egorova, and Teschl [T0].

Since the seminal work of Gardner, Green, Kruskal, and Miura [43] in 1967, one
of the main tools for solving various Cauchy problems is the inverse scattering
transform and therefore, since then, a large number of articles has been devoted
to direct and inverse scattering theory.

In much detail direct and inverse scattering have been studied (see e.g Marchenko
[81]) in the case where the initial condition is asymptotically close to p4(z) = 0.
Taking this as a starting point, there are two natural cases, which have also
been considered in the past. On the one hand the case of equal quasi-periodic,
finite-gap potentials p_ (z) = p4(z) and on the other hand the case of steplike
constant asymptotics py (x) = ¢y with c_ # c4. Very recently, the combination
of these two cases, namely the case that the initial condition is asymptotically
close to steplike quasi-periodic finite-gap potentials p_(x) # pi(x), has been
investigated by Boutet de Monvel, Egorova and Teschl [T0]. Of much interest is
also the case of asymptotically periodic solutions, which has first been consid-
ered by Firsova [40)].

As the Korteweg—de Vries (KdV) equation
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is one of the most famous examples of a completely integrable nonlinear wave
equation, a lot of articles have been devoted to the corresponding Cauchy prob-
lem, since the seminal work of Gardner, Green, Kruskal, and Miura [43] in 1967,
where the inverse scattering transform is one of the main tools for solving the
KdV equation. In particular, the case when the initial condition is asymptot-
ically close to 0 is well understood and we just refer to the monographs by
Eckhaus and Van Harten [32], Marchenko [§1], Novikov, Manakov, Pitaevskii,
and Zakharov [84] or Faddeev and Takhtajan [37. The same is true for the
case of steplike initial conditions which are asymptotically constant (with dif-
ferent constants in different directions), where we refer to Buslaev and Fomin
[I'7, Cohen [22], Cohen and Kappeler [23] and Kappeler [65]. In fact, even the
case where the asymptotics are given by some power-like behavior (including
some unbounded initial conditions) were investigated by Bondareva, Kappeler,
Perry, Shubin and, Topalov [, [§], [66]. On the other hand, essentially nothing
is known about the Cauchy problem for initial conditions which are asymptoti-
cally periodic. The first to consider a periodic background seem to be Kuznetsov
and A.V. Mikhailov, [74], who informally treated the Korteweg—de Vries equa-
tion with the Weierstraf elliptic function as background solution. The only
known results, concerning to the existence of the solution seem to be by Er-
makova [B5], B6] and Firsova [&] (where the evolution of the scattering data
for periodic background was given). However, both works are incomplete from
the point of view of a rigorous application of the inverse scattering method.
Surprisingly, much more is know about the asymptotical behavior (assuming
existence) of such solutions, see for example [1], [E-[6], [BY], [67]-[71], [85]. Fi-
nally we mention that in the discrete case (Toda lattice) the same problem was
completely solved in [34] (for corresponding long-time asymptotics see [9], [30],

611, [62], |63, 64, [73), [53]).

The second part of this thesis is devoted to the Camassa—Holm equation
and the corresponding Cauchy problem. The Camassa-Holm (CH) equation,
also known as the dispersive shallow water equation, is given through

Ut + 2kUy — Utpr + BUlUL = 2UplUpy + UlUgre, <0, x€R, (1.2)

where u = u(x, t) is the fluid velocity in the x direction, and k& > 0 is a constant
related to the critical shallow water wave speeds, and the subscripts denote the
partial derivatives. This equation first appeared in a list by B. Fuchssteiner
and A. Fokas H2] and was first introduced as a model for shallow water waves
by R. Camassa and D. Holm [I§ and R. Camassa et al. [I9]. More on the
hydrodynamical relevance of this model can be found in the recent articles by
R. Johnson [60] and A. Constantin and D. Lannes [27]. With

W= U — Upy + 2, (1.3)

called the “momentum”, equation ([CZ) can be expressed as the condition of
compatibility between

1 s 1 B
Tl CESTIEPY; (1.4)
and
1 L1,
atf:_<ﬁ+u>f +§Uf> (1.5)
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that is,
ataxxf = axmatf

is the same as to say that (CZ) holds. Equation [ is the spectral problem
associated to ([CA). It were again R. Camassa and D. Holm [I8], who noted
that wave breaking can occur, by investigating the momentum in the case k = 0.
Later existence of solutions, long-time behavior, and the blow up phenomena for
k > 0 were studied using various methods, see for example [[1], [I3], [24], [25],
and [20] and the references therein. The question of how to continue solutions
beyond wave breaking has been of special interest and has been considered for
example by Bressan and Constantin [I3], and Holden and Raynaud [B4], [56].
One way to do that is to continue the solution in such a way that the energy is
conserved for almost all times. This can be described figurative in the context
of peakon and antipeakon solutions by saying that peakon and antipeakon pass
through each other when colliding. The questions that naturally arise in that
context are the ones about stability of solutions and how to measure distances
between two solutions.

The structure of this thesis, which is composed of the following four papers
ER], 9], B3], and B0, is as follows:
In Chapter Bl we will investigate the kernels of transformation operators for
one—dimensional Schrodinger operators with potentials, which are asymptoti-
cally close to Bohr almost periodic infinite—gap potentials.
Based on this, we develop, in Chapter Bl direct scattering theory for one—
dimensional Schrodinger operators, which are asymptotically close to different
Bohr almost periodic infinite-gap potentials on different half-axes.
Chapter H presents an application of the direct and inverse scattering theory
in the case of one-dimensional Schrodinger operators with steplike potentials,
which are asymptotically close to different finite—gap potentials on different
half-axes. In more detail, we will solve the Cauchy problem for the KdV equa-
tion with initial conditions, which are steplike Schwartz—type perturbations of
finite—gap potentials under the assumption that the mutual spectral bands ei-
ther coincide or are disjoint.
After that we will consider the Camassa—Holm equation in the periodic case
(Chapter Bl) and study the stability of the solution of the corresponding Cauchy
problem. In particular, we derive a Lipschitz metric, which states that two
solutions, whose initial conditions are close, stay close.
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Chapter 2

The transformation
operator for Schrodinger
operators on almost
periodic infinite-gap
backgrounds

2.1 Introduction

In this chapter we propose an investigation of the transformation operator in
the case of Bohr almost periodic infinite—gap backgrounds, which belong to the
so called Levitan class. The reason why this is a difficult problem is that the
background Weyl solutions have countable many poles and the same will be
valid for the Jost solutions. As a special case the Levitan class includes the set
of smooth, periodic infinite—gap operators, in which case the background Weyl
solutions have been thoroughly investigated, but not in the case of the more
general Levitan class.
To set the stage, we need:

Hypothesis H.2.1. Let
0<FkEy<E < --<E,<...

be an increasing sequence of points on the real axis which satisfies the following
conditions:

(i) for a certain 1> 1, 307 (Eop_1) (E2n — E2n_1) < o0 and
1) Fopyi1 — Eop_1 > Cn®, where C' and o are some fized, positive constants.
(ii) + p

We will call, in what follows, the intervals (Eq;_1, E9;) for j = 1,2,... gaps.
In each closed gap [Esj—1,FE2;] , j = 1,2,..., we choose a point u,; and an
arbitrary sign o; € {£1}.
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Consider next the system of differential equations for the functions pu;(x),
oj(x), 7 = 1,2,..., which is an infinite analogue of the well-known Dubrovin
equations, given by

dlg—g(f) =— 20;‘(56)\/—(#]‘(90) — Eo)\/uj(x) - E2j_1\/:u’j(‘r) —Eyjx (2.1)

v V(@) — Eak—1+/p(x) — By,
11 p () = pe(@)

k=1,k+j

with initial conditions u;(0) = p; and 0;(0) = o4, 7 = 1,2,... A Levitan
I77), [(8], and [79], proved, that this system of differential equations is uniquely
solvable, that the solutions p;(x), j = 1,2,... are continuously differentiable
and sat1sfy wi(z) € [Egj_1, Eaj] for all x € R Moreover these functions p;(x),
7 =1,2,... are Bohr almost perlodlcE Using the trace formula (see for example

1) N
p(@) = Bo+ Y (Baj-1 + Baj — 215(x)), (2:2)

j=1

we see that also p(x) is real Bohr almost periodic. The operator

~ a2
Li=—=73 +p(z), (2.3)

is then called an almost periodic infinite-gap Schrodinger operator of the Levitan
class. It has as absolutely continuous spectrum the set

o= [EQ,El] U---uU [Egj,E2j+1] U

and has spectral properties analogous to the quasi-periodic finite-gap Schrédinger
operator. In particular, it is completely defined by the series Z;il(uj,oj),
which we call the Dirichlet divisor. Analogously to the finite—gap case this di-
visor is connected to a Riemann surface of infinite genius, which is associated
to the function Y'/2(z), where

(2 — By 1) (2 — Eoj)
Y —E I J 2.4
()= (=~ By g ) ), (2.4)

and where the cuts are taken along the spectrum. It is known, that the spectral

equation
2

(— s+ p(@))y(e) = My(a)

with any continuous, bounded potential p(z) has two Weyl solutions ¥ (z, x)
normalized by

Y4(2,0) =1 and ¥4(z,.) € L*(Ry), for z € C\o.

In our case of Bohr almost periodic potentials of the Levitan class, these solu-
tions have complementary properties similar to properties of the Baker-Akhiezer
functions in the finite-gap case. We will briefly discuss them in the next section.

'We will use the standard branch cut of the square root in the domain C\ Ry with

Im/z > 0.

2 For informations about almost periodic functions we refer to [S0J.

6
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The objects of interest, for us, are the Jost solutions of the one-dimensional
Schrodinger operator
d2

L=
dx?

+q(z), (2.5)

with the real potential ¢(x) € C(R) satisfying the following condition

/R (1+ [2?)lg(x) — ple)|dz < oo. (2.6)

We will prove the following result

Theorem 2.2. Assume Hypothesis Bl Let p, defined as in Z32), belong to
the Levitan class, and q satisfy ZH), then the Jost solutions ¢4 (z,x) can be
represented in the following form

+oo
(bi(zax) :wi(zax)i Ki(‘ray)wi('zay)a

x

where, the solutions of ([ZBR), are real valued, continuously differentiable with
respect to both parameters and for +y > +x they satisfy

+oo
| Ky (z,y)| < iCi(x)/ lg(z) — p(z)|dz.

x

Here Cy(x) are continuous positive functions, which are monotonically decreas-
mg as r — o0.

Here it should be pointed out that a subset of the operators belonging to
the Levitan class consists of operators with periodic potentials. Assume that
the sequence {F;}22, fulfills Hypothesis Il then there is a criteria when this
sequence is the set of band edges of the spectrum of some Schrodinger opera-
tor with periodic potential p(z + a) = p(z) > 0 with p € W3[0,a]. Namely,
Marchenko and Ostrovskii proved in [82], that

P S WQIC[O,G/], iff Zj2k+2(\/E2j — EQ — \/Egj_l — E0)2 < 00,

j=1

for k=0,1,.... As it is well-known that in the periodic case Fa;_1 = j2+O(1)
and Fs; = j2 + O(1) as j — oo, we obtain for large j that

E2j71(E2j - Ezjfl) < E2j71(\/E2j — FEy — \/E2j71 — EO)X
(V/E2j — Eo — \/E2j—1 — Ep)
< 2§°(\/Eaj — Eg — \/Ezj—1 — Eg) =: I;.

As Hypothesis Bl is satisfies, we have Z;’il ]'2’“*4]]2 < oo for £ > 2 and hence
the Cauchy inequality implies that Zj’;l I; < oo in this case. This means, that
Hypothesis Zlis satisfied for any a-periodic potential p(z) > 0 with p € W¥[0, a]
for k > 2.
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2.2 Background Schrodinger operators

In this section we want to summarize some facts for the background Schrédinger
operator of Levitan class. We present these results, obtained in [77], [88], and
K9], in a form similar to the finite-gap case used in [I0] and [@5].

Let L be as in (Z3). Denote by s(z, ), ¢(z, ) the sin- and cos-type solutions
of the corresponding equation

d2
(~dz +9@) ) = @), =, (2.7
associated with the initial conditions
5(2,0) = (2,0) =0, ¢(2,0) =5"(2,0) =1,

where prime denotes the derivative with respect to z. Then c(z,z), ¢/(z,z),
s(z,x), and §'(z,x) are holomorphic with respect to z € C\o. They can be
represented in the following form

() = cos(/zx) + / w W%‘””p(y)c(z,y)dy,

s(z,7) = %\/\/;z) + /Oz Sin(\/E(fjy))p(y)s(z,y)dy-

The background Weyl solutions are given by

’l/):t(Z,SC) :c(z,:c)eri(z,O)S(z,z), (28)
where (o) "
wi 2, T H(Z,Z‘):l:y (Z)
m+(z,2) = = , 2.9
+(z,2) Ya(z,x) G(z,x) (29)
are the Weyl functions of L (cf, [77]), where Y (2) is defined by (ZZI),
z— uj(z) 1d
= H = —— . 2.1
G(z,x) Jl;[l Far1 and (z,z) 5 de(z,x) (2.10)
Using (1)) and EI0), we have

> o ()Y 2 (i (x
H(z,z):%—G(z,x):G(z,z)Zi SOV g () (2.11)

(@) |
j=1 =G (z), z)(z — py(z))

The Weyl functions m4 (z, 2) are Bohr almost periodic as the following argument
shows: For each j € N the functions p;(z) are almost periodic and hence, as a
finite product of almost periodic functions is again almost periodic, also

Gn(z2) =[] %ﬂ({@) (2.12)

is almost periodic for fixed z € C. Moreover, we have

|Gr(z,2) — G(z,z)| = Hw(l— H M) , (2.13)

Eoj
Jj=n+1 2i-1
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and for every fixed z € C there exists a m € N such that |z| < Ea,,—1. Then for
n > m, we obtain on the one hand

exp( Z For 1_|Z|)< H %S H |%J_(lz)|, (2.14)

Jj=n+1 j=n+1 j=n+1
and on the other hand
H |Z—,u](l')| ﬁ NJ('T)+|Z|
Pttt Esj1 Pttt Esj1
o0 o0 1
SeXp( (Boj — Eaj—1) + 2] ),
on+1 _z_:H ’ ’ j:zn;_l Ey; 1
(2.15)
where we used that log(1+ ) < z and log(1 —z) > == for > 0. Noticing
that the second condition in Hypothesis EXTl implies that Z =1 E - converges,
all terms are well-defined, and it follows that the product []52 e con-

j=n+1 FEg; 1

Lf(f) is uniformly bounded with

Jj=1 E»
respect to x for any fixed z. As all our estimates are independent of x, we
have that G, (z,z) converges uniformly for fixed z against G(z,x) and thus, the
function G(z, x) is almost periodic with respect to x. Furthermore by definition

géi;; = %g((j’f)) = 1(log(G(z, z))" and therefore géi;; is also almost periodic,
where we use that log(G(z,z)) # 0 for z & [E1, Es] U -+ U [Egj_1, Eaj] U
together with [B0, Property 3,4,5], and hence m(z, z) are also almost periodic

functions.

verges to 1 as n — oo. Furthermore, [

Lemma 2.3. The background Weyl solutions, for z € C, can be represented in
the following form

ba(z,2) = exp ( / e y>dy) - (gi“éi ) Cew (i /0 21(/;,(;)) dZ’) ;
2.16

If for some € > 0, |z — p;i(x)| > ¢ for all j € N and x € R, then the following
holds: For any C > 0 there exists an R > 0 such that

D
[ (2, 0)| < eFA-O I (1 4 ﬂ), for any|z| = R, (2.17)
V4

where D denotes some constant dependent on R.

Proof. First we will show that
G(z,z)\"* T Y12 (z)
= + d 2.1
f=(z2) <G(z,0)) <P /0 G(z,y) 4 (2.18)

zy(x). (2.19)

fulfills

/T
2
o [\)
+
3
—

8
N~—
~_
=
2
I
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Using ([Z3) we obtain that f} = m4 fy and f} = (m/y + m%)f+. Hence @I9)
will be satisfies if and only if

mly +m3 = p(x) — 2. (2.20)

This can be checked using the following relations, which are proved in [77],

G(z,2)N(z,2) + H(z,2)* = Y (2), (2.21)
where
N(z,z)=—(z — 1oz H & ;2:] — (2.22)

with 79(z) € (—o0, Ey] and 7;(x) € [Egj_l,EQj] and
d2
dz?

Moreover, for z outside an e neighborhood of the gaps we have f(z,0) = 1, and
we can make the following considerations

e~ T oo (e 02250 e

Jj=1

G(z,2) =2((p(x) — 2)G(z,z) — N(z,x)). (2.23)

Thus we obtain

G(z,z) - 15 (0) — pj () o~ [ 145(0) — pj(2)
< log (14| ——+-1—~ <
‘G(z,O)‘ —eXP(; Og( L0 )) —eXp<j_1 — 11;(0) ))
(2.25)
where we used that log(1 + z) < z for > 0. Moreover
(0) — (s 1
15(0) lzé 59”) - OHl (2.26)
Z— [ 2=
. TOETIE
which implies for |z| < 2Ey; that
0 le 20500 e | .
z — 3 (0) €
For |z| > 2E,; we can estimate the terms by
(150) — () |
MY PIAIE L 1 (0) — s - - . - -
DB < 1y 0) = ) | | < ) = s o) — am
(2.28)
< 11 (0) = 1 (@) | ——7 = = 2011(0) — p1; ().
Combining the estimates from above, we obtain
(15(0) = py(x))z ’ By
——————| < 2max(l, —)|u;(0) — p;(z 2.29
) (22 y(0) ~ ()| (2:20)

E>
S 2max(1, %)(EQJ - Egj_l),

10
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and for any fixed € > 0 there exists a k independent of x and z such that Ej" >1
for all n > k, and therefore
G(z ) 1o | (1s(0) —Mj(w))z’ 1
<exp|— ——— ) <exp (C— ). 2.30)
‘G(Z,O) (|,Z|JZ1 z — 1 (0) ) ( |z|) (

where C' is a constant independent of x and z. Analogously one can now inves-

/
tigate g(;(;)) . Using

e — Eo. — FEo.
YV2(z) =ivz—Eo ] Vi BoyE = By (2.31)
=1

Esi 1

where the roots are defined as follows

Vz—E =+/|z — E|e!®8"E)/2, (2.32)

1/2
together with Z(z ;Z)) is a Herglotz function and

1
Vz—FEy=+z(1+0(=)), asz— oo, (2.33)
z
we obtain the following estimate, which is uniform with respect x,

w*' z 1 as z — 00
Gl = \/_(1+O(Z)), . (2.34)

Using now that [ g(/j(f)) dr = zg(/j(cz)), where ¢ € (0,z) by the mean value

theorem, we finally obtain that fi (z, ) has the following asymptotic expansion
outside a small neighborhood of the gaps as z — oo

filerm) = *VEOTOCD (14 0(2)),

where we use the branch cut of the square root in the domain C\Ri with
Im(y/z) > 0. Thus fi+(z,.) € L?*(Ry) for z € C outside a small neighbor-
hood of the gaps and therefore away from the gaps fi (z,2) must coincide with
¥4 (z,2). Taking limits for the values on the real axis, we get that ¢4 (z,z) can
be represented for any z € C by (ZI6). O

As the spectrum consists of infinitely many bands, let us cut the complex
plane along the spectrum o and denote the upper and lower sides of the cuts by
o" and o'. The corresponding points on these cuts will be denoted by z* and
2!, respectively. In particular, this means

) =limf i), S =lmfG k), :eo

Define the Green function (see e.g. [, [28], and [8]])

9(z) = —%, (2.35)

11
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where the branch of the square root is chosen in such a way that

—g(z") =Im(g(z")) >0 for A€o, (2.36)
then we obtain after a short calculation

W (- (2), 64 (2)) = m(2) —m_(2) = —g(2)"", (2.37)

where W(f,g)(z) = f(x)g'(z) — f'(x)g(x) denotes the usual Wronskian deter-
minant.

For every Dirichlet eigenvalue p; = p1;(0), the Weyl functions m4 (z) might
have singularities. If p; is in the interior of its gap, precisely one Weyl function
m4 or m_ will have a simple pole. Otherwise, if 1; sits at an edge, both will
have a square root singularity. Hence we divide the set of poles accordingly:

My = {p; | pj € (E2j—1, Ea;) and m4 has a simple pole},
M_ ={u; | uj € (Ezj_1, E2j) and m_ has a simple pole},
M = {p; | nj € {Ezj1, Ezj}}.
In particular, the following properties of the Weyl solutions are valid (see,

c.g. ma M» Mv M)

Lemma 2.4. The Weyl solutions have the following properties:

(i) The functions vy (z,x) are holomorphic as a function of z in the domain
C\ (0 UMy), real valued on the set R\ o, and have simple poles at the
points of the set My. Moreover, they are continuous up to the boundary
a“ Udcl except at the points from M and

Gr() = o) =5 (), A€o (2.38)
For E € M the Weyl solutions satisfy

1
vVz—FE

The same is true for V', (z,x).

1/&(2,@0( >, as 2z — E € M.

(i1) The functions vy (z,2) form an orthonormal basis on the spectrum with

respect to the weight

dp(z) = %ﬂ_ig(z)dz, (2.39)

and any f(x) € L?(—00,00) can be expresses through

f@) = ( / f<y>w+<z,y>dy) b (madp(). (240)
Here we use the notation

§ 1@ = [ feane - [ feae. e

12



Chapter 2. Transformation operator

Proof. (i) Having in mind (ZT), we will show as a first step that f G( (TZ)) dr
is purely imaginary as z — Es;, with z € o, (the case z — Es;_; can be
handled in the same way). For fixed z € R we can separate the inter-
val [0, 2] into smaller intervals [0, 2] U [21,22] U -+ U [z, 2] such that
wi(xy) € {E2j_1,Es;} and p;(x;) # pj(x1+1). Assuming p;(z;) = Egj_1
and pj(z41) = Eoj, and setting

Yi(zx) :=+/=(z — Eo)\/z— Ea; 1 || <ZE2H S >1/2,

L =@ = = jula)

where }7](,2, x) is bounded for any z inside the j’th gap, we can conclude,
/Il+1 Yl(/Q(Z)) dr = +\/z E2J/
- T
- B
= Ve By dr dr+
20, (7) /15 (T) — Bz (2 — (7))

Ti41
[ e <>dr)

1

Ti+1

Z—

)
[ [ g
/

l
Ti41 d/"‘] (T)

where (;(7) € (pj(7),2). Note that the function %ffj(z,T) is uniformly

bounded for z € [Ey;_1+¢, Faj+¢| for some e > 0 and that %(Z’Tz:gjgﬁ; (7))
is uniformly bounded for p; € [Ej_1,E2;—1 + €| and z near Es;, which

yields

Ti41 d -
V7 — B / Yz D)= (rydr = O (s/z . Egj) L (242)
)

On each of the intervals [z, ;41] the function o;(z) is constant and there-

fore
Ti41 _dﬂj("')
2 — By / At dr (2.43)
o 205/ () — Eaj(z — pi(7))

pj (Tr41) 1
= \/Z — E2j 7/ dy
© (Z - y)

i) 2050y — Eg;

0
1
fop— / b
J < /7E2j7E2j—1 o'j(z — Ezj + 52) )
oiarctan | V2~ B2t
J \/Z — Egj '

A close look shows that the same method can be applied to compute

z1 Y?(2) z YU2(2)
Jo Ty dr and [, Grgdr

rFR}HS implies that fwlﬂ 4 (/ (Z)) dr — —3$0jim as z — E»; and thus f G(z (TZ)) dr €
iR.

13



Chapter 2. Transformation operator

In more detail one obtains that
/ (0) (2)

. TY12(2) 2) +1, p;(0) =E, pj(x)

o (/ G ) i, p(0) = B, ()

i (0) ()

For the product term in (ZI6), we have the following estimate

wexp( ﬁZEQJ E2]1)<HZ_7M(£§

z— p;(0) Z =

< % exp (% ;il(EQj — Eijl))a

E
E

’ 2.44
o 4y
E

for z inside the interval [Egj_1 — EQJ + ] N o for some ¢ > 0, where
6 = minlyj;l;ﬁjﬂEgj — E21|, |E2j 1 — E21|} ThlS finishes the pI‘OOf of the
first claim, as ([Z38) follows directly from Z36). For the second claim
consider, using (ZI0),

Py (z,2) = my(z, )01 (2, ). (2.45)

By the investigations from before, it suffices to analyze m(z, z), given by
&3, which has the following representation,

oy = N Tn(@)Y 2 (an (2)) Y1/2(z)
:I:( ) ) ZiG(Mn(x)vx)(Z*,un(x))i G(Z,.T)

n=1 dz

(2.46)

For j # n we have

Y12(pn(2) VP,
| a4 G( ( ) )(Ezj — Mn(l')| s ClT(Ezn - E?nfl), (2.47)

where C; = exp (% >y (EBay — Egj,l)). Thus; using Hypothesis EI,

(DY (s
we obtain that 3, s gj(f:)(;z)((’; inj)(z)) converges uniformly and is uni-

formly bounded with respect to x.
For j = n, we obtain

Y2 (p;(x)) VE2j — Eov/ (11 (x) — Eaj_1)(Eaj — py(x))
| | <Ch ,
FG (i (), x)(z — pi(x)) z — ()

and analogously

Y1/2(z) Vz = Eo/(2 — Eaj—1)(2 — Eyj)
G =9 e~ (@) |

Multiplying now the last two terms of interest by ¥4 (z, z) and let z — Es;
with z € ¢ as in the proof of the first claim, finishes the proof.

(ii) For a proof we refer to [29] and [ or [92].

14



Chapter 2. Transformation operator

2.3 Derivation of the integral equations for the
transformation operators and estimates

Consider the equation

(72 + q(z)> y(z) = zy(z), 2€C, (2.48)

with a potential ¢(z) satisfying ([Z8)). Suppose that this equation has two solu-
tions ¢4 (z,x), which we will call the Jost solutions, which are asymptotically
close for fixed z as © — £o00 to ¥4 (z, x), the background Weyl solutions defined

in ZF). Set

(2.49)

and
q(z) = q(x) — p(z). (2.50)

Then the Jost solutions have to satisfy the following integral equations

+o0
bi(2,2) = Pi(z,7) — / I ry)iés(zy)dy  (2.50)

Suppose, that solutions of this form, also have the following representation

+oo
¢i(zvx) = wi('za‘r) + Ki(‘ray)wi('za y)dya (2'52)

x

where Ky (z,y) are real valued functions, then we have to show that these
functions exist and for showing the existence of the Jost solutions we must also
show that these functions are decaying fast enough for fixed x, when y tends to
infinity in a certain sense. For simplicity and because both representations can
be obtained using the same techniques we will only investigate the + case.

Assume that there exist Ky (z,y) with K, (z,.) € L3(R) and K, (z,y) =0
for y < x, such that ¢ (z,z) can be represented by [Z52). Then substituting
[Z52) into ([ZH), multiplying it with ¢_ (2, z)g(2), integrating over the set o™,
using the identity [ZZ), and taking into account that K (z,y) =0, x > y, we
obtain

Kotes |

" ayity) jé TOuz, ) (s yhi— (A, s)dp(\) (2.53)
T / " ayily) / T UK (y.t) 74 TOu 2,y (0 - (A, 5)dp(A) = 0.
Set
Ly(z,y.t,s) = 7{1&+(>\7w)¢— (X Ye (N Y- (A, s)g(N)dp(N), (2.54)

where the integral has to be understood as a principal value.

15



Chapter 2. Transformation operator

Then substituting Z37), E39), Z29), and Z5) into ZE3) we obtain

oo

K (z,5) + / (P (@.9,9.8) — T (9.2, 9,8)) d(y) dy (2.55)

+ / dy iy) / Ko (9,0) (Ca(@,9,t,5) — Doy, 2., 8)) d = 0.
x y

A simple calculation using [Z30) and Z3]) shows that [Zhd) satisfies
Ti(z,y,t,8) = —T4(y,z,s,t). (2.56)

Combining ([ZI6), Z3H), and E39), one obtains that the only poles of the
integrand are given at the band edges. Using ideas from Cauchy’s theorem it
turns out to be necessary to investigate the following series

Dy (z,y,r,s) ———Zf+Exy,rs) (2.57)
Ecdo

where

G(z,0)?
1Y (z)
Lemma 2.5. The series D+(ac,y,r,s) defined by @2Q) and ZEJ) converges,
is continuous, and uniformly bounded with respect to all variables.

Proof. First note that by [ZI0) we have

(GUE.2)G(E.)G(E.NG(E. )2
9y (E)
Y1/2<z> TYV2(z)
G || )

where the limit is taken from inside the spectrum. For computing the integral
terms we refer to the proof of Lemma Z21 We will now investigate

(G(Egl, :C)G(Egl, y)G(Egl, T)G(Egl, S))1/2
Ly (Ey)
(B2 — pu(2)) (B — mu(y)) (Bor — pu(r) (B — pu(s))"?

T (B — Ep)(Eo — Eoi—1) *
(2.59)

ﬁ (Bar = () (Bt = 3 (y)) (Bt — 1 (r)) (Bt — p15(s))) /2
(Egp — Egj—1)(Eoy — Esj) ’

Fe(B,,y,7,5) = lim. U (2, 200 (2, )4 (2,7 (z9). (258)

f—'r(E?xayaraS) =

i

M+(E2[, z,Y,r, 5) =

J=1.j#

which can be estimated as follows

T (B =@ (Ba =) ] Ea = @) 71 (B = iy(w)

Pllcie (Eoy — Eoj) (Eor — Eaj—1) e (Eo; — Esj) Phaiet (Eoy — Eoj—1)
-1 00
Eaj — () i (y) — Eaja
<ex lo (1+7j) + lo <1+%)
P ]Zl g oy — By, j;l g Fa; — B

< GXP( Z Ey; — FEoj_y ) < 00,

16



Chapter 2. Transformation operator

where we used log(1+x) < z for > 0 and 8 = miny j;£;{|E2j — Ea|, |E2j—1 —
Es|}. Moreover,

(B — () (Ear — pu(y)) (Bar — pu(r)) (Ba — pu(s)))'/? o (B — Baa)
(Eo — Eo)(Eo — Egi—1) ~ (Ey — Ep)
(2.60)

This implies,

Eo — Eo1

OS|f+(Ek,SC,y,7’,S)|:|M+(Ek,$,y,7’,5)|SCl )
Eq — Ey

(2.61)
where k € {21 —1,2l} and C := exp (% > ey (Baj — Egj,l)), and therefore our

series converges and hence D (x,y,r, s) is well-defined and uniformly bounded
with respect to all variables.
The continuity follows immediately, by using I0) and Z4). O

Lemma 2.6. The function Dy(x,y,r,s), defined through [ZERD) and 1),

has first partial derivatives, which are uniformly bounded in R*.

Proof. Consider the integral representation (ZIG) of the background Weyl so-
lutions, then the derivative with respect to x is given by

/2 z y1/2
, H(z,2) +Y'2(2)\ (Glz0)' / YU2(2)
= . (2.62
o) = (TGS a0) P\ aen) P
Note that G(z,0)'/2-L4, (z,z), by Lemma B has neither poles nor square

root singularities at the band edges, which allows us to pass to the limit in the
following expression

lim (= — )0 + Y1) (G(z)G( )Gz 5) 2

lim GG ) .. (2.63)

Therefore we will slightly abuse the notation by omitting the limit and replacing
z by E. W.lo.g. we will assume that F = FEs, (the case E = FEs,_1 can be
treated similarly). Using I, we have

H(Ean,z) (G(Fapn,y)G(Ean, )G (Fay, s))'/?

G'/2(Eq,, x) iy(E%)
3 (2)Y /2 (5 ()
= M"F(E):Cayaras)‘
2 7g < o) (En — 13(2))
- . : Y2 (i (2)) :
Due to (ZEI) we will at first consider >, LG ()2 Ban = @) which can

be done using the same ideas as in Lemma EZAl Namely, for j # n

YI/Q(NJ( )) | l (E2J EO)(E2j_E2j—1)011/2; (2.64)

O TG @) B — @)~ B

which implies that the corresponding sum converges.
For j = n, there are two cases to distinguish:

17



Chapter 2. Transformation operator

(i) If pp(x) = Eap, then

Y1/2(E2n)
< |\ en)
0 ~ | G(Egn,ZE) M+(E2n7x7yara S)|
< 03/2 ((E2n = pn(y) (Bon — pin(r)) (Ban — :un(s)))l/2
-t V (B2n — Eo)(E2n — Eon_1)
< 0‘13/2 Eoy — Eon—1q .

VZ— EO
(ii) If wn(x) # Eay, we have

Y2 ()
0< | %G(Mn(x),iﬁ)(z — ()
172 (pn (@) = Ban 1) (Ban — pia (@)

M"F(E?xayara S)|

< C¥ (i () — Eo)

o (EQn - EO)
((E2n - Mn(r))(E%z - :un(s)))l/Q
(E2n — E2n—1)
3/2 (E2n — Fan_1)
S Cl V E2n - EO .

Next we consider

Y2(Ey,) (G(Ean,y)G(Eay, )G (Eay, )2

2.65
GY/2(Es,, x) LY (Eon) ' (2:65)
which can be investigated as before.
(i) If pp(x) = Eap, then
Y1/2(E2n)
< | \men/
0 >~ | G(Egn, ZC) M+(E2n7 €r,y,r, S)|
< 03/2 ((EQn — :un(y))(E2n - Mn(r))(E%z - :un(s)))l/Q
!
V(B — Eo)(E2n — Bap_1)
< P2 (E2n — Ean—1)
-t \V4 (EQn - EO)
(i) 1F fin (@) # Fzn,
Y1/2(E2n)
— "M, (FE =
G(EQH,IL') +( 2n, L, Y, T, S) 07
because
fn (CC = B 1) = Ban) 2 — ) = im0 = ()
o VG = E0)( — in@)( — Banr)
(2.66)
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Chapter 2. Transformation operator

> ¢ D C

Eon—3 Fon—2F2n_1  Ean

Figure 2.1: Contour C,,

This finishes the proof, as all our estimates are uniformly and

(E2p — Eon—1)
OS |f+,z(Ek73Uay,7”, 3)| S C—, (267)
V (EQn - EO)
where k € {2n — 1,2n} and C' denotes a constant independent of n. O

Lemma 2.7. The kernels Ky (x,s) of the transformation operators satisfy the
integral equation

+oo
Ke(r,s) = -2 / i) D (2,9, y, 5)dy

zts
2
+oo sty—=x
oy / Di(r,y,r8)Ki(y,r)ily) dr, +s > +a,

+z—y
(2.68)
where Dy (x,y,r,s) are defined by @X17). In particular,
1 +oo
Ki(wa) =25 [ (als) -~ p(s))ds. (2.69)

Proof. Suppose (x —y +r — s) > 0, where x,y,r,s are considered as fixed
parameters, and take a series of closed contours C), consisting of a circular
arc R,, centered at the origin with radius (Fa, + Fap41)/2 together with some
parts wrapping around each of the first n 4+ 1 bands of the spectrum o, but not
intersecting it, as indicated in figure EX11

On the circle R,, we have the following asymptotic behavior as n — oo and
therefore z — oo,

iv/zx 1 1
G2 (2N (2, 1) = @VEEIFODN (W) , (2.70)
where we used Lemma B3] and the fact that these asymptotics are valid as long
as we are outside a small neighborhood of the gaps. This yields

1
z

922 (s )5 (2, )y (2P (2, 8) = EVEEIHT=(1+O(N ( ) - (271)
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Chapter 2. Transformation operator

as z — 00.
Hence one can apply Jordan’s lemma to conclude that the contribution of
the circle R,, vanishes as n — oo.
Shrinking the loops around the bands of the spectrum, the integral converges
to
Iy (z,y,t,8) = Dy(x,y,t,8), for (x—y+t—s)>0. (2.72)

Note that f(E,x,y,r,s) isreal for any F € do, because [ZZd) and G(E, z) =
0, if p;(x) = E, imply that fi(E,x,y,r,s) = 0. Moreover fi(E,x,y,r,s) =
f+(E,y,x,s,7). Thus Dy (x,y,r,s) is also real and satisfies

Di(z,y,7r,8) = Di(y,x,s,7). (2.73)

Now let (x —y+r—s) <0, that is —(z —y+r—s) > 0. Then ([ZE0), Z12),
and [ZZ3) imply

Iy(z,y,t,8) = -Ty(y,z,8,7) = —Di(x,y,r,s) = —Di(x,y,r ). (2.74)

Therefore,
[(x,y,r,8) = D(z,y,1,s,)sign(z —y +r — s). (2.75)

Combining all the informations, the domain, where the first integrand in
EZX0) does not vanish is given by

sign(x — s) = —sign(2y —x —s), s> . (2.76)
In the second integral the domain of integration is
sign(z —y+t—s)=—sign(ly —x+t—s), with s>z, t>y>ux.

Solving &70) and Z0), proves ([ZLX).

Setting now s = x in [ZEH), the second summand vanishes, because we set
Ky (y,r) =0 for r < y. Hence

Kile,0) = =2 [ 2)D4(o0.9.0) (2.77)

Thus we obtain

_ 1 i 2= F H et ()
o z—FE; 2 — EO =1 (Z — Egj_l)(z — Egj)

and we already know that this function is bounded by LemmaZH Considering

now the following sequence

Dy w2y, Z Res — = 7] H ((Z_“ éiz_))l()?z_“ sz(j))) (2.79)
EGBG’ J J

1 . z—F z— pi(x))(z — py
SN zH( 15 (@)= = 13 (Y))

m )
= —E z — Ey o1 (Z — Egj,l)(z — Egj)
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Chapter 2. Transformation operator

which corresponds to the case where we only have n gaps and crossed out all
the other ones. We will now estimate

12 B (= pi(2) 2 —
|D+($ayaya‘r)_Dn,-i-(xayay)x)lSZZ lim QH('Z Mj(x)z Mj(y)) X

—FE; Z*EO Z*Egjfl Z*EQj

(2.80)

[T (S

Jj=n+1

o0

1 i 2—E v (72— i) 2 — py)
- 1
+4 Z zLHElz Zonl:Il( ’

z2—Foi 1 z— FEy;
1=2n+1 2j-1 2

using the same techniques as in the proof of Lemma ZH We fix z = Ey, (the
case z = Fy_1 can be handled analogously). If [ < n, we have

lim ZE21ﬁ<ZMj($)ZHj(y)>
z—FEo | 2 — EO ol z — Egj_l z — Egj
By — (z) By —pi(y)  v1  Bau — wj(x) By — pi(y)

By — Ey Eo — Eyj_y Plicir Eo — Eyj_1 Eoy — Eoj

IN

-1 n
Eoy — Eoyq H Eop — pj(z) H By — pij(x)

Eo — Eg ot By — Esj =it By — Foj_q
Eo — Ezz 1, (1 -
< AT o (S By~ E )
= EQ[ 62 25 — £25-1
=
and
1 & = pi(z) — F
exXp ( - = Z (EQJ' - E2j,1)) S % (281)
j=nt1 j=nt1 2 2l

o T1 K@) = B p(y) — Ba
- Eyj_1 — FEo Ey; — Ey

Jj=n+1
a uj(x) — EQl (1 > )
< = 2L — Eyi — FEyi
__H By By =P ﬁ_Z( 2j — Eaj-1)),
Jj=n+1 J Jj=n+1

where the last estimate implies that the first sequence in ([Z80) converges uni-
formly to zero as n tends to co as in the investigation of [ZI3)). Analogously, one
can estimate the second sequence, which also converges uniformly to zero, as we
are working in the Levitan class and hence D,, 4 (z,y,y,x) converges uniformly
against Dy (x,y,y, ).

Moreover, it is known (see e.g. [I0]), that

1
D+ (2,y.y,0) = =7 (2.82)
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for each fixed n. and hence we finally obtain

1 1
D+(£L', Yy, :L') = lim Dnd’(za Y Y, :L') = lim 71 = 71 (283)
Therefore we can now conclude, using (ZZ77), that
1 +oo
Kaoa) =5 [ (als) = plo)ds (2.84)
O

Lemma 2.8. Suppose [ZH), then ZTH) has a unique solution K (x,y), such
that K (z,y) has first order partial derivatives with respect to both variables.
Moreover for £y > +x the following estimates are valid

|Ki(z,y)| < Ci(x)Q+(x +y), (2.85)

e e s (o) o). e
where

Qx(z) = i/ioo q(s)lds,  q4(x) = q(x) — p(=), (2.87)

2

and Cx(x) are positive continuous functions for x € R, which decrease as x —
+o00 and depend on the corresponding background data and on the first moment
of the perturbation.

Proof. Using the method of successive approximation one can prove existence
and uniqueness of the solution K4 (z,y) of [Z68). We restrict our considerations
to the + case. After the following change of variables

20 =847, 20:=r—358, 2u:=c+y, 0=y —=x, (2.88)

[E5]) becomes
H(u,v) = —2/ G(s)D1(u,v, s)ds

74/00 da /U G(a — B)Da(u,v, o, B)H (e, 5)d3, (2.89)

0
with
H(’LL,’U) = K+(’LL*’U,’LL+’U), Dl(u,v,s) = D+(U*’U,S,S,U+’U),
DQ(’U/,’U,CY,B) = D+(u—v,a—ﬁ,a+ﬁ,u+v).
(2.90)

As the functions D; and Dy are bounded uniformly with respect to all their
variables by a constant C, we can apply the method of successive approximation
to estimate H(u,v), which yields

[H (u,v)| < Cu—0)Q4(2u), (2.91)
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where
oo

C(u—v) =2Cexp (40 Q+($)dm) : (2.92)

2u—2v

To obtain the second estimate remember that the partial derivatives with
respect to all variables exist for D and Dy and that they are also bounded with
respect to all variables. Thus, using

) sguyDa(u,0,) = s
_ +4/U G(u— B)D2(u,v,u, 3)H (u, ﬂ)dﬂfg/ qw)%ds
_4/ do‘/ 6D2(“a§ 0P 1 (a, B)as,
and
GH(%U) B
B (2.94)

([T a2 ds s [T o~ 5)Datusvs a0} (0 )
e v aD b b b
+2/u da/o 4 —B)WH(%@CW)’

one obtains.

0 -
|5 H (wv)l < Cilu = v)(|g(u)] + Q+(2u)), (2.95)
0
- H(u,0)] < Oy o) ()] + Q4 (2u),
where Ci(u — v) is a positive continuous function for z = v — v € R, which

decreases as * — £oo and depends on the corresponding background data.
Using

dK (x,y) n dK (x,y) < dH (u,v) n dH (u,v) , (2.96)
dx dy U dv
completes the proof. O
To finish the proof of Theorem Z2 we have to show the following:
Lemma 2.9. The functions
N +oo
¢i(zax) :wi(zax)i Ki(xas)wi(zas)a (297)
where Ky (x,s) is defined by ([ZBR), satisfy
d? ~ ~
( ) + q(:c))qﬁi(z,x) = z¢(z, ). (2.98)
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Proof. Again we will only consider the + case as the other one can be treated
similarly and drop the + whenever possible. On the one hand we obtain, using

7D, that
d2

(= 2 +a(@))d(z,2) = 0" (2, 2) + pl@)(z 2)

SN0z 0) + K20 (2, 2) + Ko, 2)0(2,2)

+ T @@ K (5) — Kool sz, s)ds,  (2.99)

and on the other hand, using that ¥4 (z,x) are the background Weyl solutions,
we have

2¢(z,x) = 2¢(z,2) + K (2, 2)Y' (2, 2) — Ky(x, 2)Y(z, 2)

+ /oo(p(S)K(w,S) — Ks(,8))p(2, s)ds. (2.100)

Applying (77 once more, we see that [Z35) is satisfied if and only if

oo

| Faslos) ~ Kastoss)oteslds = [ (ale) —plsotzs)as. (2100

For proving this identity we use the integral equation [ZE3) instead of (ZG)
for K(z,s), which yields for x < s

Kalws) = [~ o) § I0u) )07 (o)
- [ it / T ) f IO 08 )
= (0(s) = K 0. = [ (o) f Tea ) )0 (o)
- [ it / T 1) O ) - O )Y

= (p(s) — p@) K (2, 8) + Ko o(z,5) — () 74 Oz @)y () (A, s)dp(\)

g

- (j(l‘) /OO dtK(xa t) % Jz()‘a Ty $)¢+ ()‘a t)l/]— ()‘a S)dp()\)
= (p(s) = q(2)) K (z,5) + Koz (2, 5). (2.102)

Here it should be noticed that §_J(A, z,y)11 (A, t)0" (X, s)dp(A) exists, because
we can again estimate the sum of the absolute values of the residues by using that
= (z,2)+p(x)s(z,x) = z1p1 (2, ) and the same techniques as in LemmaZH
Analogously for §_Joo(A, z,y)1 (A t)Y_ (X, s)dp(N). Thus IO is fulfilled
and therefore also (Z95).

O

Lemma 2.10. The functions K4 (z,y) € L?>(R4) as a function of y for fived x.
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Chapter 2. Transformation operator

Proof. Using (Z8), we can conclude

+oo
[ sy < £Cs@? [ Quto )y (2.103)

x

f+oo ptoo
= Cu@PQutza) [ [ latlasdy
+oo ’

= Ci(x)2Qi(2z)/ (2s — 2x)|G(s)|ds < 0.

x

It should also be noticed that for any function fi(z) € L?(R4),

+o0
hi(z) = fe(z) £ Ki(z,y)f+(y)dy € L*(Ry). (2.104)

xT
Thus as a consequence we obtain

Corollary 2.11. The normalized Jost solutions ¢4 (z,x) coincide with the Weyl
solutions of the Schrédinger operator 23).
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Chapter 3

Scattering theory for

Schrodinger operators on
steplike, almost periodic
infinite-gap backgrounds

3.1 Introduction

One of the main tools for solving various Cauchy problems, since the seminal
work of Gardner, Green, Kruskal, and Miura 3] in 1967, is the inverse scat-
tering transform and therefore, since then, a large number of articles has been
devoted to direct and inverse scattering theory.

In much detail the case where the initial condition is asymptotically close
to pr(x) = 0, has been studied (see e.g Marchenko [8T]). Taking this as a
starting point, there are two natural cases, which have also been considered in
the past. On the one hand the case of equal quasi-periodic, finite-gap potentials
p—(z) = p4+(z) and on the other hand the case of steplike constant asymptotics
p+(x) = cqx with c— # c¢4. Very recently, the combination of these two cases,
namely the case that the initial condition is asymptotically close to steplike
quasi-periodic finite-gap potentials p_(z) # py(x), has been investigated by
Boutet de Monvel, Egorova, and Teschl [I0].

Of much interest is also the case of asymptotically periodic solutions, which
has been first considered by Firsova [H{]. In the present work we propose a
complete investigation of the scattering theory on Bohr almost periodic infinite-
gap backgrounds, which belong to the so—called Levitan class. It should be
noticed, that this class, as a special case, includes the set of smooth, periodic
infinite-gap operators.

To set the stage, we need:

Hypothesis H.3.1. Let
0<Ef<Ef<...<Ef<.. (3.1)
be two increasing sequences of points on the real axis which satisfy the following

conditions:
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Chapter 3. Scattering theory

(i) for a certain 1l > 1, 3.0° (B, )(E3, — F¥,_|) < oo and

(ii) E’Qin_|r1 — By, | > Cn®, where C and a* are some fized, positive con-
stants.
We will call, in what follows, the intervals (EQij_l, E;EJ) forj =1,2,... gaps.
In each closed gap [EQij_l,EQij] ,j =1,2,..., we choose a point /L;t and an
arbitrary sign O’;»AL e{-1,1}.
Next consider the system of differential equations for the functions uj[(:c),

ajj-[ (x), 7 = 1,2,..., which is an infinite analogue of the well-known Dubrovin
equations, given by
d,u'i () + +
S — =20k (o)~ (e () — Bk (@) - B\ ik (@) - B5 ¢ (32)
+ +
i Vi @) = Bg_y\Jif (@) — B3,
+
1 wi (@) = i (@)
with initial conditions p¥(0) = ¥ and 07 (0) = oF, j = 1,2,... [l. Levitan
I77), [(8], and [79], proved, that this system of differential equations is uniquely
solvable, that the solutions /L;t (z), 7 = 1,2,... are continuously differentiable

and satisfy /L;t (x) € [EQij_l, EQiJ] for all z € R. Moreover, these functions uji(:c),
7=1,2,... are Bohr almost periodicE. Using the trace formula (see for example

m) )
pe(@) = Ey + ) (Ey_y + By — 215 (2)), (3.3)
j=1
we see that also pi(x) are real Bohr almost periodic. The operators
d2
da?

are then called an almost periodic infinite-gap Schrodinger operator of the Lev-
itan class. They have as absolutely continuous spectrum the set

Ly = —|—pi($), (34)

or =[Ey,Ef]U---U[Ey, E5 ]U. .., (3.5)

and have spectral properties analogous to the quasi-periodic finite-gap Schrodinger
operator. In particular, they are completely defined by the series Z;’il (uji, oji),
which we call the Dirichlet divisor. These divisors are associated to a Riemann
surfaces of infinite genius, which are connected with the functions Yi/ 2 (z), where

o (G By ) (2 - )
Va(2)= (- E) [ ="
2j—1 2j—1

j=1

: (3.6)

where the cuts are taken along the spectrum. It is known, that the spectral

equation
d2

(— s +pi(x))y(x) = zy() (3.7)

'We will use the standard branch cut of the square root in the domain C\ Ry with
Im+/z > 0.
2 For informations about almost periodic functions we refer to [S0J.
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with any continuous, bounded potential py(x) has two Weyl solutions ¢4 (z, z)
and 94 (z,x), which satisfy

Yi(z,.) € L*(Ry), resp.  9+(z,.) € L*(Rs), (3.8)

for z € C\ox and which are normalized by ¢ (z,0) = 9+(2,0) = 1. In our
case of Bohr almost periodic potentials of the Levitan class, these solutions
have complementary properties similar to the properties of the Baker-Akhiezer
functions in the finite-gap case. We will briefly discuss them in the next section.
The object of interest, for us, is the one-dimensional Schrédinger operator
d2
L:=——+q(x), 3.9
() (39)

with the real potential ¢(x) € C(R) satisfying the following condition

+oc0
. / (1 + [2?)la(z) — pa ()]dex < oo, (3.10)

for which we will characterize the corresponding scattering data with the help
of the transformation operator, which has been investigated in Chapter EETO0

3.2 The Weyl solutions of the background oper-
ators

In this section we want to summarize and recall some facts for the background
Schrodinger operators Ly of Levitan class and introduce the notation we will
use from now on. We present these results, obtained in Chapter EET00, [T, |88,
and [89], in a form, similar to the finite-gap case used in [I0] and [45)].

Let Ly be the quasi-periodic one-dimensional Schrodinger operators asso-
ciated with the potentials py(x). Let si(z,2), ci(z,2) be sin- and cos-type
solutions of the equation

(_% +Pi($)) y(z) = zy(z), z€C, (3.11)

associated with the initial conditions
54(2,0) = (2,0) =0, cx(2,0) =5 (20) =1, (3.12)

where prime denotes the derivative with respect to z. Then c4(z,z), (2, x),
s+(z,z), and §' (z,2) are holomorphic with respect to z € C\oy. Moreover,
they can be represented in the following form

ct(z,2) = cos(v/zx) + /OZ sin(\/ﬂfzy))pi(y)& (z,y)dy, (3.13)

sa(ove) = BOZDy [TIOEEZI, oy 1a)

The background Weyl solutions are given by
Yi(z,x) = cq(z,2) + my(z,0)s: (2, 2),

) (3.15)
resp. Z/H:(Zaz) = Ci(Z,ZL') + rhi(z,())si(z,:c),
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where
Hy(z,) + Vi (2) Hy(z,0) ¥ Vi (2)
= ¥ = 1
m4(z,x) Gilom) , y(z,x) Gilen) ,  (3.16)
are the Weyl function of Ly (cf [77]), where Y4 (z) are defined by (B,
oo +
z — ui () 1d
Gi(z,2)= ][ —F— and Hi(z,2)= 5 7. G=(22). (3.17)

o1 B2

Using B2) and BI1), we have

Hy(z,2) =

d e —(x
e O P v i( ey

N)I»—l

The Weyl functions m (z,z) and 14 (z,z) are Bohr almost periodic.

Lemma 3.2. The background Weyl solutions, for z € C, can be represented in
the following form

(2, 2) = exp (/OI mi(%y)dy) = (%)m exp (i Oz %@0 :

(3.19)
and
(3.20)

If for some e > 0, |z — [L;»t ()| > € for all j € N and x € R, then the following
holds: For any C > 0 there exists an R > 0 such that

D
[y (2, 2)| < eFA-C)zIm(Vz) (1 + ﬂ), for any |z| > R, (3.21)

z

and D
[ (2,2)] < EA-O I (1 4 ﬂ), for any|z| > R, (3.22)

z

where D denotes some constant dependent on R.

As the spectra o1 consist of infinitely many bands, let us cut the complex
plane along the spectrum o1 and denote the upper and lower sides of the cuts
by o and ¢l,. The corresponding points on these cuts will be denoted by A"
and \!, respectively. In particular, this means

FOY) = nﬁ)l O +ie),  f(A) = hﬁ)l f(A—ig), A€o

Defining a0 0)
+

g+(A) = m

(3.23)
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where the branch of the square root is chosen in such a way that
1
Tgi(/\“) =Im(g+(A\")) >0 for A€oy, (3.24)

it follows from Lemma that
W (s (2), ¥+(2)) = ma(2) — e (2) = Fgo(2) 77, (3.25)

where W(f,g)(z) = f(x)g'(z) — f'(x)g(x) denotes the usual Wronskian deter-
minant.
For every Dirichlet eigenvalue ,uji = ,uji(O), the Weyl functions my(z) and

4 (z) might have poles. If ,u;-t is in the interior of its gap, precisely one Weyl

function m4 or my will have a simple pole. Otherwise, if /L;t sits at an edge, both
will have a square root singularity. Hence we divide the set of poles accordingly:

My = {uf | u]j-[ € (EQijfl,EQij) and m4 has a simple pole},
My = {,uf | u]j-[ € (EQijfl,EQij) and 74 has a simple pole},
y £+ + +
My = {:u’j | My € {E2j71’E2j}}’

and we set M, 4 = M4 U Mi U Mi.

In particular, we obtain the following properties of the Weyl solutions (see,

e.g. 29, [, [11):

Lemma 3.3. The Weyl solutions have the following properties:

(i) The function 1y (z,xz) (resp. &i(z,z)) is holomorphic as a function of z
in the domain C\ (o+ U Mz) (resp. C\(ox U M), real valued on the set
R\ o, and have simple poles at the points of the set My (resp. Mi)
Moreover, they are continuous up to the boundary o't U o'y except at the

points from M and

Ye(A\Y) =Pe(N) = e(N), A€oy (3.26)
For E € My the Weyl solutions satisfy

wi(Z,ZE)O(\/Zl—E>, ;/?i(z,z)()(Wl_E), as z — E € M.

The same is true for ' (z,x) and Py (z, ).

(ii) At the edges of the spectrum these functions possess the properties

v

Yi(z,2) —pi(z,2) = Oz —E) near E € dos\Ms, (3.27)

and 5
VYi(z,2) +9Ps(z,2) = O0(1) near E € My, (3.28)

(iii) The functions ¥4 (z,x) form an orthonormal basis on the spectrum with
respect to the weight

dp+(z) = ﬁgi(z)dz, (3.29)
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and any f(x) € L*(—o0,00) can be expresses through

o= § i ( / f(ywi(z,y)dy) Jelem)p(z).  (3.30)
Here we use the notation

74 F(2)dpa(z) = / I()dps(z) - / 1G)ps (). (3.31)

3.3 The direct scattering problem

Consider the equation

( i + q(m)) y(x) = zy(z), 2€C, (3.32)

da?

with a potential g(x) satisfying the following condition

+oo
i/o (14 22)|¢(z) — pe(2)|dz < oo, (3.33)

Then, as in Chapter EETO0, there exist two solutions, the so called Jost solu-
tions ¢4 (2, x), which are asymptotically close to the background Weyl solutions
Yy (z,x) of equation ([BII) as © — +oo and they can be represented as

+oo
¢+ (z,2) = Px(z,7) = Ky (2, y)Y+(2,y)dy. (3.34)

x

Here K4 (z,y) are real-valued functions, which are continuously differentiable
with respect to both parameters and satisfy the estimate

+oo
K+ (2,9)] < Co(2)Qs(x +y) = £Cx(x) / lg(t) — pe(t)ldr,  (3.35)

zty
2

where C'y (z) are continuous, positive, monotonically decreasing functions, and
therefore bounded as z — +o0o. Furthermore,

dK 4 (z,y) dK 4 (z,y) x+y
< .
)| |0 < 04 (fas (52 )|+ @ste 4 (330
and
+oo d

j:/ (14 2?) aKi(:c,z) dx < oo, VacR. (3.37)
Moreover, for A € o4 U ¢!y a second pair of solutions of ([B233) is given by
- 5 +oo .
P+ (A w) = Pe (X, z) £ Ki(z,y)= (N y)dy, X€ofUok.  (3.38)

x

Note ¢+ (X, ) = 1 (A, x) for A € 0.
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Unlike the Jost solutions ¢4 (z,x), these solutions only exist on the upper
and lower cuts of the spectrum and cannot be continued to the whole complex

plane. Combining B20), B34), B30), and B3F), one obtains
W(6£(\), 0+ (V) = £g(N) . (3.39)

In the next lemma we want to point out, which properties of the background
Weyl solutions are also inherited by the Jost solutions.

Lemma 3.4. The Jost solutions ¢+ (z,x) have the following properties:

(i) The function ¢4 (z,x) considered as a function of z, is holomorphic in the
domain C\(ox U My), and has simple poles at the points of the set M.
They are continuous up to the boundary ol Uali except at the points from

M. Moreover, we have
¢+(z,2) € L*(Ry), z¢€ C\ox (3.40)
For E € My they satisfy

1

¢i(z,2) =0 (ﬁ) , asz— Ee M. (3.41)
(ii) At the band edges we have the following behavior:

¢+(z,7) — ¢+ (2,2) = O(V2z = E) for E € 0o+ \My, and

b+ (z,2) + dx(z,2) = O(1) for E € M.

Proof. Everything follows from the fact that these properties are only dependent
on z and therefore the transformation operator does not influence them. [l

Now we want to characterize the spectrum of our operator L, which consists
of an (absolutely) continuous part, ¢ = o Uo_ and an at most countable
number of discrete eigenvalues, which are situated in the gaps, o4 C R\o. For
our purposes it will be convenient to write

o=0c"U aﬁf) Uo®, (3.42)
with
c® =0_nNoy, og) = clos(ox\o®). (3.43)

It is well-known that a point A € R\o corresponds to the discrete spectrum
if and only if the two Jost solutions are linearly dependent, which implies that
we should investigate

W(Z) = W(d)*(’z")adhr(za'))a (344)

the Wronskian of the Jost solutions. This is a meromorphic function in the
domain C\o, with possible poles at the points My U M_ U (M+ N M,) and
possible square root singularities at the points My UM_\ (M NM_). Moreover
it should be pointed out (cf. [72] and [87]) that every gap can only contain a finite
number of discrete eigenvalues and thus they cannot cluster. For investigating
the function W (z) in more detail, we will multiply the possible poles and square
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root singularities away. Thus we define locally in a small neighborhood U ji of
the j’th gap [EQijfl,EQij], where j =1,2,...

).+ (2,7) = 0;+(2)+ (2, 2), (3.45)
where
+ . +
— fu: e M
Sa(z) =47 N e (3.46)
’ 1, else
and
¢j+(z,2) =0j+(2)px (2, ), (3.47)
where
0j+(2) = y/2—uf, if uF € M, (3.48)
1, else.

Correspondingly, we set

W(Z) :W(Q;_(Z,),Q;+(Z,)), W(Z) :W((&—(Z’)’(b-i-(za)) (349)

Here we use the definitions

Falz,) = bj+(z,x), forze Uji,j =1,2,..., (3.50)
’ O+ (z,x), else . '

q;i(z 2) = ¢+ (2, x), forzEUji,jzl,Q,..., (3.51)
' O+ (z,x), else .

m?

and we will choose U;" = Uy, if [Ey;_y, E5;] N [Ey, 1, Es,,] # 0. Analogously,
one can define 01 (z) and §1(z).

Note that the function W (z) is holomorphic in the domain U ji N (C\o) and
continuous up to the boundary. But unlike the functions W(z) and W(z) it
may not take real values on the set R\co and complex conjugated values on the
different sides of the spectrum o" U ¢! inside the domains Uji. That is why
we will characterize the spectral properties of our operator L in terms of the
function W (z) which can have poles at the band edges.

Since the discrete spectrum of our operator L is at most countable, we can
write it as

o4 = U on C R\o, (3.52)
n=1
where

on={Atse dun}, neEN, (3.53)

and k(n) denotes the number of eigenvalues in the n’th gap of o.
For every eigenvalue A, ,, we can introduce the corresponding norming con-
stants

(Vi) 2 :/qut(xn,m,z)dz. (3.54)
R
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Now we begin with the study of the properties of the scattering data. Therefore
we introduce the scattering relations

T:F()‘)(bi ()\,l‘) = ¢:F()‘a x) + R:F()‘)(b:!: ()\,.Z‘), Ae U ’ (3'55)

where the transmission and reflection coefficients are defined as usual,

_ W(p=(N), ¢+ (V) CW(x(),
B = 5 (0,0 () o)

Aottt
(3.56)

Theorem 3.5. For the scattering matriz the following properties are valid:
(Z) Ti()\u) = Ti()\l) and Ri()\u) = Ri()\l) f07“ ANEot.
(

T (A
(i) Ti()\

Ri(\ )for)\EU().

(iii) 1— |Re(\)]? = ITL(\)|? for A € o®.

(i) Re(\)Te(N\) + R=(NTL(\) =0 for X € 02,

Proof. (i) and (iv) follow from [B34), (B3Y), B20), and Lemma B3
For showing (ii) observe that ¢+ (\, x) € R as \ € int(a ¢ )) which implies (ii).

Now assume A € int 0(?), then by E53)

TL W (%, ¢5) = (IR = )W (¢+, 61). (3.57)
Thus using (B39 finishes the proof. O

Theorem 3.6. The transmission and reflection coefficients have the following
asymptotic behavior, as X — oo for X € 0@ outside a small ¢ neighborhood of
the band edges of o2 :

Ri(N) = O(]A71/?), (3.58)
TL(\) =1+ O(A~Y2). (3.59)
Proof. The asymptotics can only be valid for A € ¢ outside an ¢ neighbor-

hood of the band edges, because the Jost solutions ¢+ might have square root
singularities there. At first we will investigate W (¢—_(A,0), ¢4 (A, 0)):

0
b (0 0), (1,0) = (1 [ K (o,yw(A,y)dy) x (3.60)
(0= 0.0+ [ K+,z<o,y>w+<x,y>dy) |
/ K_(0,y)Y—(\ y)dy —/ K-(0.9) (N y) (3.61)

where we used (cf. (BI))

P (N x) = me (N 2)e (N, x).
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Hence 0
| K-y - —I;‘“(’;)’) L, (3.62)
[ (A y) m_(A.y)
LA = —/_OO (K—,y(O,y)m - K_(O,y)z/z_()\,y)m) dy.
(3.63)
Here it should be noticed that m (A)~! has no pole, because (see e.g. [(7])
G4 (2)Ny(2) + H(2)? = Yi(2), (3.64)
where
o 7t
Ni(z) = (2 — 13) H —, (3.65)
j=1 2j—1

with 75 € (—o0.Ef] and TjjE € [EQij_l,EQij]. Thus we obtain

GL(\) He()) FYe ()2

N7 = = - :
N OV ES OV Ny
K_(0,0
and therefore —- ( 3 ) = O(%)

1
Moreover I1(\) = O(%) as the following estimates show:

0 0 m/
L] S[ |K7y(07y)%ldy+/ |K(0,y)¢(k,y)#|dy

(3.67)

0
< % / () — p- ()] + Q—(w))dy,

where we used that 1o (A, y)| = |Z54] = O(1) and mi'(\,y) = O (%) for

all y by the quasi-periodicity, together with ([B1) and
TN x) =ma (N 2)2 e (A ) +ml (N 2)he (N, ).
Making the same conclusions as before, one obtains

/ T K 0,9)6+ (O, p)dy = O(1). (3.65)

In a similar manner one can investigate
0
60,000+ 000) = (m-) + K- 0.0+ [ Ka0)0- )y ) »

<1 + [ TR0, (0 y)dy) , (3.69)

where

[ Keame-(np)dy = 0, (3.70)
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K4(0,0)

o) I(\), (3.71)

/0 TR0, s (A y)dy = —

_ > er()‘ay) _ m{i-()‘ay)
B == [ (Kea 0 25— k0 ) 2 ) i

with Ir(\) = O(%) Thus combining all the informations we obtained so far

yields

W6 (A, 65 (N) = m (A) — m_(3) + E_(0,0) (”“

+ K,(0,0) (—m(ﬁ :&;* *)

and therefore, using [B39),

1

TL(A =1+O(—). 3.74
+(A) 7 (3.74)
Analogously one can investigate the behavior of W(¢+(\), ¢+ (A) to obtain
Ri()) = o(%). O
Theorem 3.7. The functions T (N\) can be extended analytically to the domain

C\(c UMy UMy) and satisfy

-1 4

Ti(2)g+(z)  T-(2)9-(2)

where W (z) possesses the following properties:

=:W(z), (3.75)

(i) The function W is holomorphic in the domain Uji N (C\o), with simple
zeros at the points A\, where

(%O\k)) = (%J{,W;k)_Q- (3.76)

Besides it satisfies

W) =WQ), XeUFfno and WQA)eR, XeUFN(R\o).
(3.77)
(ii) The function W (z) is continuous on the set UjjE NC\o up to the boundary
ol Uco®. It can have zeros on the set O U (605:) N 609)) and does not
vanish at any other points of o. If W(E) =0 as E € o U (805:) ﬁaa(j)),
then W (z) = vz — E(C(E) 4 o(1)), C(E) # 0.

Proof. (i) Except for (EZH) everything follows from the corresponding prop-
erties of ¢ (z,2). Therefore assume W ()\g) = 0 for some \g € C\o, then

¢+ (N0, ) = crdx(No, 1), (3.78)
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for some constants cy, which satisfy c_cy = 1. Moreover, every zero
of W (or W) outside the continuous spectrum, is a point of the discrete
spectrum of L and vice versa.

Denote by v+ the corresponding norming constants defined in ([B54) for
some fixed point Ag of the discrete spectrum. Proceeding as in [R1] one
obtains

W~)\Od~)\0—im~2)\d 3.79
(£00.0). 3595 00.0) = [ B (wayde. @79)
Thus using (B78) and B7J) yields
Foo _ +oo _
’yi2i|icft/0 ¢§F(A0,x)dxi/0 ?3 (Mo, )dx (3.80)
~ d - - d -
= $CiW(¢ZF()‘Oa 0)’ aqﬁ:F()‘Oa 0)) + W((bi()‘Oa 0)’ aﬂﬁi()\m O))
d - -
= Ciaw(ﬂﬁ—(AO)a ¢+(Xo))s

applying now c_cy = 1, we obtain ([BZ0).

The continuity of W(z) up to the boundary follows immediately from the
corresponding properties of ¢ (z,2). Now we will investigate the possible
ZEros.

Assume W (Xg) = 0 for some g € int(0). Then ¢4 (Ao, z) = co— (Ao, z)

and ¢ (Ao, ) = p_ (Ao, x). Thus W (o, b4 ) = |c|*W (¢, #_) and there-
fore sign g4 (Ao) = —signg_(A\o) by B3Y), contradicting ([B24).

Next let A\g € int(ail)) and W(\o) = 0, then ¢+ (X, z) and ¢+ (o, z) are
linearly independent and bounded, moreover gZ;jF(AO,:E) € R. Therefore
W (\o) = 0 implies that ¢+ = ci¢r = ¢ ds and thus W(ps, ¢x) = 0 ,
which is impossible by ([B39). Note that in this case Ag can coincide with
a pole p € M.

Now introduce the local parameter 7 = /2 — F in a small neighborhood
of each point E € o1 and define §(z,z) = d%y(z, x). A simple calcula-
tion shows that 22(E) = 0, hence for every solution y(z,z) of @), its
derivative y(F,x) is again a solution of (B32). Therefore, the Wronskian
W(y(E),y(E)) is independent of .

For each x € R in a small neighborhood of a fixed point £ € doy we
introduce the function

Yy(z,z), FEE€ aai\Mi,

Proceeding as in [I0] Lemma B.1 one obtains

at®

W(iﬁi,E(E), %z&i,E(E)) =+ lim : (3.81)

2—F 2g4(z)

where a = —1if E € 80:\My and a =1 if E € M.
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Using representation BI9) for ¢4 (z,x) one can show (cf [48]),

1/2 T /
Yo (B, x) = <M> exp (:I: lim / MdT) , Fe€do
0

Gi(E,O) z—FE Gi(Z,T)
(3.82)
where
(1)25+15 /’L] 7é Ea ,u‘j (SC) = E7
x 1/2 \2s5+1 —F . E
exp (:l: hm / Md’l’) — (1)2 ) /j/_] a:u’] (-T) 7& ’ (383)
—E )y Gi(z,7T) (i)%s, wi =E, u;(x)=FE,
(1)255 M]#E,Mj($)7éE,
for s € {0,1}. Defining
. M\z), FEe€doi\My,
b (0 z) = ¢+ (A @) 7\ M (3.84)
7oL (N x), FE € My,
we can conclude using [B34) that
¢+ (E,x) = ¢+ (E,x), for E € doy\My. (3.85)

Moreover, for E € Mi,

dA)iyE(E,:c) = ngA)iyE(E, x), aleft band edge from o,
dA)iyE(E, x) = (ﬁi,E(E, x), a right band edge from o.

If \o = E € 86® nint(ox) C int(ox), then W(E) = 0 if and only if
W(7/):t,7/;$,E)(E) = 0. Therefore, as 95¢7E(E, .) are either pure real or
pure imaginary, W (¢, gZA)jFE)(E) = 0, which implies that ¢ (FE,z) and
¢+ (F,x) are linearly dependent, a contradiction.

Thus the function W(z) can only be zero at points E of the set do U
(8053) ﬂ@a(j)). We will now compute the order of the zero. First of all note
that the function W (\) is continuously differentiable with respect to the
local parameter 7. Since #(6,6_)(E) = 0, the function W(bs.z, b 5)
has the same order of zero at E as W()). Moreover, if - (FE) # 0,then
L5, (E) = 0 and if §_(E) = 64(E) = 0, then £(r=25,6_)(E) = 0.
Hence LW (E) = 0 if and only if LW (4 g, é_ ) = 0.

Combining now all the informations we obtained so far, we can conclude
as follows: if W (E) = 0, then ¢4 g(E,.) = c+05 g(E,.), with c_cq = 1.
Furthermore we can write

. . d - . d - .
W(¢4 g, ¢— 8)(E) = W(Eqﬁ-i-,Ea o E)(E) - W(Eﬂﬁ—,E, o4 ) (E)
d -~ " d -~ R
= C—W(EW,E’ ¢+.8)(E) — C+W(E¢—,E, - E)(E)
(3.86)

d -~ - d - R
= - Wt .p:9+,6)(E) = e+ W(——Y- 5, Y- p)(E).
Using (BXT), BH), B=M), and distinguishing several cases as in [10]

finishes the proof.
O
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Theorem 3.8. (i) The reflection coefficient Ry () is a continuous function

on the set int(c¥").

(ii) If E € o, Ndo_ and W (E) # 0, then the function Ry ()\) is also contin-

uous at E. Moreover,

-1 forEgMi,

. (3.87)
1 for E € My.

Ry (E) {

Proof. (i) At first it should be noted that by Lemma B the reflection co-
efficient is bounded, as ii—gj\\; > 0 for A € int(c®). Thus, using the
corresponding properties of ¢4 (z, z), finishes the first part.

(ii) By (B20) the reflection coefficient can be represented in the following form:

Ra()) = W@, 0:(N) _ | WGV, 65(V)

W(9£(N), 9=(N)) W) ’

(3.88)

and is therefore continuous on both sides of the set int(o4 )\ (M U Mz ).
Moreover,

W (9 (V). 65 (V)

[R+(N)] = 7 (/\? , (3.89)

where the denominator does not vanish, by assumption and hence Ry ()
is continuous on both sides of the spectrum in a small neighborhood of
the band edges under consideration.

Next, let E € {Ey._,, By} with W(E) # 0. Then, if E ¢ M, we can
write

3£ NW (9 () — oL (N), o=(V)
W)

Ri(\)=—1F : (3.90)

which implies Ry (\) — —1, since ¢4 (\) — ¢+ (A) — 0 by Lemma B4 as
A — E. Thus we proved the first case.

If E e My with W(E) # 0, we use (BEJ) in the form

MW (6= (N) + 04 (V) 6 (V)

L b
Ri(\) =14+ )

: (3.91)

which yields Ry (\) — 1, since §;+(\) — 0 and ¢+ (\) 4+ b4 (A) = O(1) by
Lemma B4 as A — E. This settles the second case.
O

3.4 The Gel’fand-Levitan-Marchenko Equation

The aim of this section is to derive the Gel’fand-Levitan-Marchenko (GLM)
equation, which is also called the inverse scattering problem equation and to
obtain some additional properties of the scattering data, as a consequence of
the GLM equation.
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> < D C

Figure 3.1: Contours I'. ,,

Therefore consider the function

G:I: (Za z, y) = T:I: (Z)¢$(Zv xﬁ/’i (Za y)g:t(z) - Z/}:t (Za CE)?/H: (Zv y)gzl: (Z) (392)

= GlL(z,2,y) +Gi(z,2,y), =*y>*z,
where x and y are considered as fixed parameters. As a function of z it is
meromorphic in the domain C\c with simple poles at the points A\; of the
discrete spectrum. It is continuous up to the boundary % U o', except for the

points of the set, which consists of the band edges of the background spectra
doy and do_, where

Gi(z,2,y)=0((z—E)"Y?) as Ee€do, Udo_. (3.93)

Outside a small neighborhood of the gaps of o and o_, the following asmp-
totics as z — oo are valid:

. 1 _1
(b:F(z’x) — ezFl\/EI(lJrO(;)) (1 + 0(271/2)) , gi(z) — W + O(zfl),
1\/ 2

&i(z,x) = e?iﬁx(lJrO(i)) (1 + O(zil)) , Ti(z) — 14 O(z71/2),
Va(z,y) = eHVOTOE) (140(=7),

and the leading term of ¢+ (z, ) and Ui (z,2) are equal, thus
Gi(z,z,y) = eii‘/;(yfz)(HOG))O(z*l), +y > +ux. (3.94)

Consider the following sequence of contours I'; ,, 4+, where I'. ,, + consists of
two parts for every n € N and ¢ > 0:

(i) Cg pn,+ consists of a part of a circle which is centered at the origin and has
as radii the distance from the origin to the midpoint of the largest band of
[EQin, EQJZ 41}, which lies inside o), together with a part wrapping around
the corresponding band of ¢ at a small distance, which is at most ¢, as

indicated by figure 1.

(ii) Each band of the spectrum o, which is fully contained in C. ,, 4, is sur-
rounded by a small loop at a small distance from o not bigger than e.
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W.l.o.g. we can assume that all the contours are non-intersecting.
Using the Cauchy theorem, we obtain

1
- Gi(z,x,y)dz = Z %isGi(z,x,y), e>0.  (3.95)

27
Peonx AR€int(Te n,+)

By B33) the limit value of G4 (z,z,y) as ¢ — 0 is integrable on o, and the
function G| (z,z,y) has no poles at the points of the discrete spectrum, thus
we arrive at

1
— Gi(z,z,y)dz = Z Res G/ (z,2z,y), =+y>+z. (3.96)
Ak

27
Ton,+ Ar€int(To. . +)

Estimate (B04) allows us now to apply Jordan’s lemma, when letting n — oo,
and we therefore arrive, up to that point only formally, at

3 7{ Ge(\ z,y)d\ = Z Res G (\x,y), +y>+tz. (3.97)

Ar€oqg

Next, note that the function G{ (A, z, y) does not contribute to the left part of
@3D), since G’L (A, z,y) = G'L(A, 2, y) for X € 0(1) and, hence §_ 2 G'L(\ z,y)d\ =
0. In addition, f G'L(\,z,y)d\ =0 for x # y by Lemma B3 (i )

Therefore we arrive at the following equation,

!
27r17{ G\ z,y)d\ = Z ResGi()\ x,y), =+y> tu. (3.98)

Ar€oqg

For making our argument rigorous, we have to apply Jordan’s lemma, which
implies that the contribution of the integral along the circle of Cy ,, +, converges
against zero as n — oo and we have to show that the series of integrals along
the parts of the spectrum contained in Cy ., + converges as n — oo. This will
be done next.

Using B30), B34), B3), BRT), and Lemma B3 (iv) we obtain

3t f CeOhmidh= § T2 O ()
- 74 (Re62000) + 520 o) ()
-4 RO 90 O ) () + [ DL 09 ()
e [ arate (RS0 05 ) + 500 )
= Faeg)d [ Kl DR L0+ K (o), (3.99)
where
Py = ¢ RO ) O 0= ), (3.100)
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Now properties (ii) and (iii) from Lemma B imply that
IRe(\)| <1 for Aeint(c®), |Re(\)|=1 for Aeol.  (3.101)
and by BI9) we can write
Frale) = § Revs (o) )dps)
o+

_ (GL(\,2)Gx(\y)/?
- f, ST

exp(nx (A, z) +ne (A, y))dA,

with 12
YL () .
A =4+ ——d R. .102
) = [ EEG € (3102

‘We will show

Lemma 3.9. The series

Fra(a,y) = Ra(WNoe (N, 2)1b4 (N, y)dps (A
(#,9) Z;{EE) LN O o) (0, 9)dps (V)

= lim Rﬁ:()\)i/fﬁ: (>\a ZEWH: (>\a y)dp:t(A) = Fr,n,:l:(xv y)a
=0 JoNlon,+
(3.103)
is convergent and uniformly bounded with respect to x and y.
Proof. For \ € 04 as A\ — oo we have the following asymptotic behavior

(i) in a small neighborhood V,* of E = Eif

By — E5_,
IReWx (ool 0 os W] = O(Toesm). (3104
(ii) in a small neighborhood WF of E = EF,if E € o4
Re(NY (N, )t (A, 1)+ (\) = exp(EHVA(z +y)(1 + o(i))o(\%),
(3.105)

(iii) and for A € o\ U;en(ViE U W)

R (e O a0 O, )92 () = exp(ivA ) (140G ) (540 (5 ) )

(3.106)

These estimates are good enough to show that F). 1 (z,y) exists, if we choose VE

and W in the following way: We choose V, C US ) Uo®@, if EF is a band edge

(1 (1)
+ +

of o/, such that V, consists of the corresponding band of o

the following part of ag) with length B — Ef_l, if n is even and Eff_i_l - EF,

if nis odd. If E;f is a band edge of ¢, we choose V,;F C ¢(?), where the length

together with
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of V¥ is equal to the length of the gap pf o4 next to it. We set WF C o® with
length 3(E;f — E_,), if n is even and 3(E, | — E), if n is odd, centered at
the midpoint of the corresponding gap in o+. As we are working in the Levitan
class and we therefore know that S°°0 (Ey, )(Ei, — Ei, ,) < oo for some
[ > 1, we obtain that the sequences belonglng to V.F and W converge.

For the last sequence, observe first that

) 1
), if (z +)O(

|exp(iVA(z +5)O()] < (2 +5)O(— )= /2, (3.107)

VA VA
respectively
|exp(EVAE+9)0(1))] < 1+ (2+9)0( = f <x+y>o<%> < 7/2. (3.108)
Furthermore
b , C , C )
/ exp(£iVA(z + y))xd)\ = +exp(+ivV A (@ + y))le (3.109)
b
i/ eXp(ii\/X($ +y))md)\,

and

b
/exp(:l:i\/X(any))(ery)O( A = exp(VA( + )0, (3110)

2\3/2

S2)dA

b
) 1
+/ exp(£ivVA(z 4 1))0(~
a
For showing the convergence of the corresponding series, we can use the following
argument: Integrate ([BII0H), where C' can be computed explicitly, from Egt to
oo and subtract the parts corresponding to the gaps, and use

exp(=£i E;; (x 4+ y)) — exp(=iy /E;; 1(x+y)) — -

\/ E2_] \/ E2_] 1
Tty

(3. 111)

and

2 1
VES —\/ B3 = I = (3.112)
\/ E2j + \/ E2j 1

Thus, putting all together, also the last part of the integral is finite and the
bound is only dependent on =x. O

For investigating the other terms, we will need the following lemma, which
is taken from [H0]:
Lemma 3.10. Suppose in an integral equation of the form

+oo
fe(z,y) £ Ki(z,t)f+(t,y)dt = g+ (z,y), +y> =+, (3.113)

x

the kernel Ky (x,y) and the function gy (x,y) are continuous for +y > +ux,

K+ (z,y)| < C(2)Qx(x +y), (3.114)
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and for gy (x,y) one of the following estimates hold

|9£(z,9)| < Ce(@)Qx(x +y),  or (3.115)

|9+ (2, )| < Cx(2)(1 + max(0, £z)). (3.116)

Furthermore assume that
+oo
i/ (1+ |21 |g(x) — pa (2)|dz < oo, (3.117)
0

Then BII3) is uniquely solvable for fi(x,y). The solution fi(x,y) is also con-
tinuous in the half-plane +y > +x, and for it the estimate [BIIH) respectively

BII4) is reproduced.
Moreover, if a sequence g, +(x,y) satisfies BIIH) or BII0) uniformly with

respect to n and pointwise gn +(x,y) — 0, for £y > +x, then the same is true
for the corresponding sequence of solutions fn +(z,y) of BILJ).

Proof. For a proof we refer to [388, Lemma 6.3]. O

Remark 3.11. An immediate consequence of this lemma is the following. If
lg+(x,y)] < Ci(x), where Cy(x) denotes a bounded function, then |g4(x,y)| <
Cy (z)(14max(0, £x)) and therefore | f+(z,y)| < Cx(z)(1+max(0, £x)). Rewrit-
ing this integral equation as follows

+o0
fr(z,y) = g+(z,y) F Ky (z,t) f+(t, y)dt, (3.118)

x

we obtain that the absolute value of the right hand side is smaller than a bounded
function Cy(z) by using BI0) and B3H), and hence the same is true for the
left hand side. In particular if Cy(x) is a decreasing function the same will be

true for Cy(x).
We will now continue the investigation of our integral equation.

Lemma 3.12. The series

Failo) = [ ITeOPvO ) oz ()

= lm [ [T (M) Pyr (A 2)9+ (A, v)dp=(N) = Fon (2, y)
=00 Jo ATy 1
(3.119)
converges uniformly and for every n € N we have
[Fhnt(z,y)] < Ce(z),  and  |Fhx(z,y)] < Cx(x) (3.120)

where Cy(x) are monotonically decreasing functions.

Proof. On the set JgFl ) both the numerator and the denominator of the function

G'L (A, z,y) have poles (resp. square root singularities) at the points of the set
USFI) N(MiU (805_1) N 80(_1))) (resp. USFI) N (M+\(M+NMy)) , but multiplying
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them, if necessary away, we can avoid singularities. Hence, w.l.o.g., we can
suppose o$) N (M, UM, _)=0. Thus we can write

L e namd = == T (s (L a)de (A g (NdA. (3.121)

2m J, 2m J,
G’¥ G’¥

For investigating this integral we will consider, using (B73),
1

2mi ol

T+ (NN, ) o+ (N, y)g= (A, y)dA

o b o) (3500 0) + Be (o (A, 9) ) g (VA

2mi U(;)

First of all note that the integrand, because of the representation on the right
hand side, can only have square root singularities at the boundary 60$ ) and
we therefore have

/(l)m[Ei Bt ]|¢$(>\,$) (¢$(>\, y) + R+ (N)ox (A, y))g;()\)|d/\

2n—1°

+
2n—11E2n]

Ef - BE V/ Ban — Eans
< OO [ F) M
7EO 7EO

where E | and Ei, denote the edges of the gap of oy in which the corre-

<9 / |6 (A, ) (A, ) g5 ()| dA
a'(;l)ﬁ[Ei

sponding part of JgFl ) lies and C4 (x) denote monotonically decreasing functions
from now on. Therefore as we are working in the Levitan class and by separating
a(; ) into the different parts, one obtains that

1

357 o TEONO= 00 200200 )9 (VAN < Co(9)Ci (o).

Thus we can now apply Lemma BI0 and hence
1

27

) TN 0 2)24 (O 9)g (VAN < Ca(0)C0)(1 -+ max(0, £).

Note that we especially have, because of [B3H),
1

27i

§ ) TN (0 2)62 (1) (NN < C(o)

Therefore we can conclude that for fixed z and y the left hands side of ([BU)
exists and satisfies

1
=1 oy T 0205 0 g (N < Co(o), (3122)
and hence 1
5 jé G (2,2,9)dz] < Cu(x). (3.123)
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Furthermore, since ¥4 (\,z) € R as A € O':(Fl), we have

1 ’ _ i ¢3F()\51')7¢3F(>\7$)
i fo a0 r = | Vo) (2 =0 Jax (3.124)
Moreover, (B5H) and Lemma B3 (ii) imply
O = _ =)
53008) = T5 N6 (4,2) ~ 2802 (0,0), (3.125)

Therefore,

¢¢(Avx) _ (b:!:()‘v‘r) _ T 1 T:F()‘) _ T:F()‘)(bi()‘ax)
o~ ey 0 ﬁ»ww)

)
(3.126)
6.2 x)QRe(T;l(A)W)TjF(A) T (V)i (M)
o WP ey
But by BZH)
TH W) = W) Pez(N) € iR, for A€ o), (3.127)

and therefore the first summand of (BZIZH) vanishes. Using now W = (T4g+) "
we arrive at

¢:F()‘7 .Z‘) o (b:F()‘v .Z‘)

oy W) T (V) P9z (N (A, 2) (3.128)
and hence
+oo
ﬁ o Gz y)dA = Fiae(z,y) + Ki(z,t)Fps(ty)dt, (3.129)
where
P (2,y) = / TP (s O, y)do (V) (3.130)
and
|Fn,+(2,9)] < Cx(z)Cx(y) (3.131)

by Lemma B0 The partial sums Fj, ,, +(x,y) can be investigated similarly O

We will now investigate the r.h.s. of 30) and ([BUY). Therefore we consider
first the question of the existence of the right hand side:

To prove the boundedness of the corresponding series on the left hand side,
it is left to investigate the series, which correspond to the circles. We will derive
the necessary estimates only for the part of the n’th circle Kg, ,, where R, +
denotes the radius, in the upper half plane as the part in the lower half plane
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can be considered similarly. We have

[ Gl < [ oot et norg,
KR, ,+ 0

n/2
< / etV R@=)(1=)sin(m) g,

/ Cei\/_(z y)(1— 1/)2"d,'7

o=VRa—y) (=022
- \/E(x — y)(l —v)

where C' and v denote some constant, which are dependent on the radius (cf.

Lemma B2). Therefore as already mentioned the part belonging to the circles

converges against zero and hence the same is true for the corresponding series.
Additionally we have to estimate

1
5 GL(A\ z,y)dX 27{ Te (M) (N, 2)v+ (N y)dp+(A)
T JoinTo m.+ o+MNlo,n,+
(3.132)

_ 7{ . (Re)ox (0 2) + 6200 2) ) (0 p)dps (M),

Therefore observe that both terms can be investigated using the same techniques
as in the proof of Lemma B9

Thus we obtain that this sequence of partial sums is uniformly bounded and
we are therefore able to proof the following result:

Lemma 3.13.
_ +\2.7, 7
Fus(wy) = Y (0p)*0x O, 2) s (O, y) (3.133)
ALEoTq

= > ()0 2)dr (M y) = Fan(2,9),

A €0aNlo,n,+
exists and satisfies for every n € N
|[Fomx(x,y)| <Cx(x), and |Fii(z,y)] <Cx(x) (3.134)
where C'y(x) are monotonically decreasing functions.

Proof. Applying B34), B29), B20), BX), and [BEX0) to the right hand side
of (BY), yields

q; ()\,tf)'l;i()‘ay)
Z ResGi()\ x,y) = Z R\is - W(N)

Ak€oq Ar€0q

Z ¢i )\ka wi()‘ka )
Aeces W' (\r)er +

== Y ()0 O, 2)8s (M, y) (3.135)

ALETq
+oo
= —Fy+(z,y)F Ko (z,t)Fy+(t,y)dt,

x
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where
Fus(wy) =Y (37)°0x Ok, 2) s (O, y). (3.136)

A E€Eoqg
Thus we obtained the following integral equation,

+o0
Fd,i(zay) = *Ki(l',y) 7Fc,:ﬁ:(x7y) + K:‘:(xvt)FC,:t(tay)dt (3137)

z
+oo

+ Ki(zat)Fd,i(tvy)dtv

x

which we can now solve for Fy i (z,y) using again Lemma BI0 and hence
Fy 1 (z,y) exists and satisfies the given estimates. The corresponding partial
sums can be investigated analogously using the considerations from above. [

Thus we have proved the following theorem

Theorem 3.14. The GLM equation has the form

+o0
Ka(y)+ Fa(my) = [ Kelo,)Falty)dt =0, +(y—2) >0, (3.138)

x

where

Filey) = 74 R (e (2 (A, y)dps () (3.139)

+/G$)7u |T:F()\)|21/H:(>\,l')wi()\7y)dp$()\)

o0

Y (555 ?x (M )0 (N ).
k=1

Moreover, we have

Lemma 3.15. The function Fy(x,y) is continuously differentiable with respect
to both variables and there exists a real-valued function qi(x), © € R with

+oo
i/ (1 +2%)|qe(2)|dr < 00,  for all a € R, (3.140)
such that ~
[P (2,y)] < Ci(2)Qx(z +y), (3.141)
]dim,y)\ < Cu () ( " (””—“’) ] F Qi +y>) | (3.142)
T 2
+oo
i/a %Fi(:c,:c) (1 + 2?)dx < oo, (3.143)
where e
Qule) =% [ lax(o)i, (3.144)

2

and Cy(xz) > 0 is a continuous function, which decreases monotonically as
T — Fo00.
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Proof. Applying once more Lemma B0 one obtains (BIZ0). Now, for sim-
plicity, we will restrict our considerations to the + case and omit + whenever
possible. Proceeding as in [I], we set Q1(u) = [~ Q(t)dt. Then, using B33,
the functions Q(x) and Q1 (x) satisfy

/OO Q1 (t)dt < oo, /OO Q(t)(1 + [t])dt < oc. (3.145)

Differentiating ([BI38) with respect to z and y yields
o0

IFy (@, y)| < |Kale )] + K (2,2) P2, )] + / |Ka(2,OF (y)ldt,  (3.146)

x

Fy(z,y) + Ky(z,y) + /OO K(z,t)F,(t,y)dt = 0. (3.147)

We already know that the functions Q(z), Q1 (x), C(z), and C(z) are monoton-
ically decreasing and positive. Moreover,

o0
[
thus we can estimate Fy(z,y) and Fy(z,y) can be estimates using ([B30) and

the method of successive approximation. It is left to prove BIZ3). Therefore
consider (BI3]) for x = y and differentiate it with respect to x:

o (50| Q)@ e < (Q(20)+Gs 20 QU +), (3145)

dFéZ’ 2) +dK§"z’ ) _ K (o, 2)F(x, x)—l—/oo(Kz(x,t)F(t,x)—i—K(a:, 1)E, (t,2))dt = 0.
’ (3.149)
Next (B30) and BID) imply
|K (x,y)F (x,z)| < C(a)C(a)Q*(2z), for x> a, (3.150)

where [*(1 + 2?)Q?(2z)dx < co. Moreover, by ([B30) and EIZ2)

[ (@, O F (t,2) |+ K (2,0 Fy (t,2)| < 4C(@)Cla){ [a( 2

)|y},

together with the estimates

/ dx x? / Q*(z + t)dt </ |x|Q(2x)dx sup/OO |z +t|Q(x + t)dt < oo,

// o

)dt <

Q (2z)dz sup/ ‘q($+t)‘(1 + (z +t)?)dt < oo,

r>a 2

and ([B3D), we arrive at BIZ3).
O

In summary, we have obtained the following necessary conditions for the
scattering data:
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Chapter 3. Scattering theory

Theorem 3.16. The scattering data
S= {R+()\), To(N), A€ o™ R_(\), T_(\), A € o™
Ay gy €R\ (04 Uo_), vf,ﬁt,---el&} (3.151)
possess the properties listed in Theorem BH, B0, B4, and B, and Lemma B9,

BI2 andBI3 The functions Fy(x,y) defined in BI39), possess the properties
listed in Lemma B10
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Chapter 4

The Cauchy problem for
the Korteweg-de Vries
equation with steplike
finite-gap initial data

4.1 Introduction

The aim of this chapter is to provide a rigorous treatment of the inverse scat-
tering transform for the Korteweg—de Vries (KdV) equation

in the case of initial conditions which are steplike Schwartz—type perturbations
of finite-gap solutions. The reason which makes the periodic case much more
difficult are the poles of the Baker—Akhiezer functions which arise from the fact
that the underlying hyperelliptic Riemann surface is no longer simply connected.
In particular, we include a complete discussion of the problems arising from
these poles. We will consider the case of Schwartz—type perturbations together
with the additional assumption that the mutual spectral bands either coincide
or are disjoint. While this last assumption excludes the classical case of steplike
constant background, it clearly includes the case of short range perturbations
of arbitrary finite-gap solutions.
More precisely, we will prove the following result

Theorem 4.1. Let py(x,t) be a real-valued finite-gap solution of the KdV equa-
tion corresponding to the initial condition py(x) = py(x,0). Suppose that the
mutual spectral bands of the one-dimensional Schrodinger operators associated
with py and p_ either coincide or are disjoint.
Let q(z) be a real-valued smooth function such that (the Schwartz class)
+oo dn
i/o o (q(z) = ps(x))| (1 + [2[™)dx < oo, Vm,neNU{0}, (4.2)
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Chapter 4. Cauchy Problem for the KdV equation

then there is a unique smooth solution q(x,t) of the KdV equation corresponding
to the initial condition q(x,0) = q(x) and satisfying

+oo
:l:/
0

for allt € R.

an

dan

(q(z,t) — p+(z,0))| (1 + |2|™)dz < 0o, Vm,n e NU{0}, (4.3)

4.2 Some general facts on the KdV flow

Let g(x,t) be a classical solution of the KdV equation, that is, all partial deriva-
tives appearing in equation ) exist and are continuous. Moreover, suppose
q(z,t) and g (z,t) are bounded with respect to x for all t € R;..

Introduce the Lax pair [75]

Lq(t) 783 + q(l‘, t)v (44)
P,(t) = —493 + 6q(x, )0 + 3¢ (,1).

Note that L,(t) is self-adjoint on D(L4(t)) = H*(R) and P,(t) is skew-adjoint
on D(P,(t)) = H3*(R). Moreover, the KAV equation is equivalent to the Lax
equation

OrLq(t) = [Py(t), Lq(D)]

on H®(R).
The following result follows from classical theory of ordinary differential
equations.

Lemma 4.2. Let ¢(\, z,t) and s(\, x,t) be the solutions of the differential equa-
tion Lqy(t)u = Au corresponding to the initial conditions c¢(\,0,t) = sz(\,0,t) =
1 and cz(\,0,t) = s(\,0,t) = 0.

Then c¢(\,x,t) and ci (N, z,t) are holomorphic with respect to A € C (for

fized x and t) and continuously differentiable with respect to t (provided q(x,t)
is). Similarly for s(\,z,t) and s;(\, x,t).

Next, note the following property

Lemma 4.3. Suppose q(x,t) is three times differentiable with respect to x and
once with respect to t. If Ly(t)u = Au holds, then

(Lq(t) - )‘)(ut - Pq(t)u) = _(Qt + Grze — 6qq2)u (4-6)
Proof. Suppose Lqu = Au, then we have Pyu = (2(q + 2X)0; — ¢z )u and thus
(Lq(t) - )‘)Pq(t)u = (qgcacac - 6(](]9;)’11/

respectively
(Lq(t) = Nuzr = —qru

which proves the claim. [l
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Corollary 4.4 ([&T], corollary to Lemma 4.1.1°). Suppose q(x,t) is three times
differentiable with respect to x and once with respect to t. The function q(x,t)
satisfies the KdV equation ) if and only if the operator

Ay (t) =0y — 2(q(x,t) + 20) 0y + qu (2, 1) (4.7)

transforms solutions of equation (Ly(t) — N)u = 0 into solutions of the same
equation.

Furthermore, we obtain

Lemma 4.5. Let q(z,t) be a classical solution of the KdV equation [II). The
system of differential equations

Ly,(t)u = Au, (4.8)
uy = Py(t)u (4.9)

has a unique solution u(\, x,t) for any given initial conditions u(,0,0) = ag(\)
and u; (A, 0,0) = bo(N). It will be continuous with respect to X if ag, by are.

Proof. Write
u(A x,t) = a(A t)e(N x,t) + b\ t)s(\, z,t),

then clearly L,(t)u = Au holds by construction, and Lemma implies
(Lg — A)(ut — Pyu) = 0.
Hence u; = Pyu will hold if and only if
age + acy + bys + bsy = a(Pye) + b(Pys) = 2(2A + ¢)(acy + bsy) — qu(ac + bs)

holds together with its x derivative at x = 0, that is,

ar(\,t) = —a(X, )q,(0, 1) + b(A, 1) (4 + 2¢(0, 1)),
be(A 1) = b(A, )¢z (0, ) + a(X, 1) (22X + ¢(0,1))(g(0, 1) = A) — g22(0, 1)) ,
a(X,0) = ao(A),

b(A,0) = bo(N). (4.10)

This is a system of ordinary differential equations for the unknown functions
a(,t), b(A,t) and hence the claim follows. O

Let c(A, x,t) + my (N t)s(A, x,t) be a pair of Weyl solutions for operator
L,(t), where m4 (A, t) are the Weyl m-functions associated with L.

Lemma 4.6. The functions
usr(N, @, t) = ar(\ t) (c(N\ 2, t) + ma (N t)s(\, 2, 1)), (4.11)

where
as(\t) = exp < /0 t (g(q(o, 8) + 2\)m+ (X, 8) — 2 (0, s))ds) , (4.12)
solve [EY), ET).
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Proof. Let u denote one of the Weyl solutions uy (A, x,t) or u_ (A z,t) and
let w be the other one. Then Lemma implies that u; — Pyu is again a
solution of Lou = Au. Consequently u; — Pyu = Bu + v4, where 8 = B(\, 1),
v = (A, t). Since the Weyl solution decays sufficiently fast with respect to
x on the corresponding half-axis when A € C\ o, then u; — Pyu also decays
on the same half-axis. Therefore, v = 0 and u; — P,u = fu and the function
(A z,t) = exp(— fo B(A, s)ds)u(X, x,t) satisfies the system ), ).

It remains to compute 3(\, t). Using u(A, z,t) = c(\, x,t) + m(\, t)s(\, z, t),
where m(\, t) is the corresponding Weyl function, we obtain

et + mys +msy = — 4Cppr — AMSprn + 6¢(ce + msy) + 3¢ (¢ + ms) + B(c + ms)
:4(>‘Cm — GzC — Cz‘]) =+ 4m(>‘5z — qzS — SIQ) + GQ(CI + msz)
+ 3¢, (c+ms) + B(c+ms).

For x = 0 this equation reads 0 = 2(q(0,t) + 2\)m(\, t) — ¢(0,¢) + (A, t). O

Let W(f,g)(x) = f(z)¢'(x) — f'(x)g(x) denote the Wronski determinant.
The next lemma is a straightforward calculation.

Lemma 4.7. Let uy, us be two solutions of (X)), T, then the Wronskian
W (u1,u2) does neither depend on x nor on t.

4.3 Some general facts on finite-gap potentials

Since we want to study the initial value problem for the KdV equation in the
class of initial conditions which asymptotically look like (different) finite-gap
solutions, we need to recall some necessary background from finite-gap solutions
first. For further information and for the history of finite-gap solutions we refer
to, for example, [E5], [E6], [8T], or [&4].

Let Li(t) := Ly, (t) be two one-dimensional Schrédinger operators associ-
ated with two arbitrary quasi-periodic finite-gap solutions py (z,t) of the KAV
equation. We denote by

Yr(Ax,t) = cx (N x,t) + mae (N t)s1 (N, t) (4.13)

the corresponding Weyl solutions of Ly (t)1)+ = A+, normalized according to
(), 0,t) = 1 and satisfying 1+ (), ., t) € L?((0,£00)) for A € C\ R.

It is well-known that the spectra oy := o(Li(t)) are t independent and
consist of a finite number, say r+ + 1, bands:

o1 = [Ey, YU~ U[By 5, B _1]U--- U[B;,, 00). (4.14)

2Ti7

Then p1 are uniquely determined by their associated Dirichlet divisors

(ORISR TAORAO)

where /L;!:(t) € [EQij_l,EQij] and o]i(t) e {+1,-1}.

Let us cut the complex plane along the spectrum o4 and denote the upper
and lower sides of the cuts by ol and ¢!.. The corresponding points on these
cuts will be denoted by A" and !, respectively. In particular, this means

fAY) = ngjl FOA+ie), fOh = 1%1 fON —ie), A€oy

56



Chapter 4. Cauchy Problem for the KdV equation

Set

Vi) =-J[(x - E), (4.15)

and introduce the functions

H;i1 (A= M;E (t)

g (A1) = — (4.16)
2v;? ()
where the branch of the square root is chosen such that
1
Tgi()\“) =Im(g+(A\")) >0 for Ae€og. (4.17)

The functions 4 admit two other well-known representations that will be
used later on. The first one is

Vi 2, t) = us (N, t)et*=NT N e C\ oy (4.18)

where 01 (\) are the quasimoments and the functions uy (X, x,t) are quasiperi-

odic with respect to & with the same basic frequencies as the potentials p. (z, t).

The quasimoments are holomorphic for A € C\ o+ and normalized according to
df

oy >0 for Aeot, 0+ (EE) =0. (4.19)

This normalization implies (cf. [EID))
oy iIE (A=)

+ + +
== 7 : ES. . E5 4.20
d}\ ji/Q()\) 9 C] € ( 27—1> 2])7 ( )

and therefore, the quasimoments are real-valued on 0. Note, in the case where
pi(x,t) =0 we have 01 (\) = VX and ugp (A, z,t) = 1.

Furthermore, the Weyl solutions possess more complicated properties, for
example, they can have poles, as we see from the other representation. Namely,
let P4 be the Riemann surfaces, associated with the functions Yi/ %(\) and let
m+ be parameters on these surfaces, corresponding to the spectral parameter A,
where w1 (resp. m_) is the parameter on the upper (resp., lower) sheet of P
(resp. P_). Then

i (me,x,t) = exp (/O mi(ﬂi,y,t)dy> , (4.21)

where my (w4, z,t) are shifted Weyl functions (cf. [77]). Note, that the Weyl
function m4 (A, ) is the branch, corresponding to values of m4 (74,0,t) and
m_(A\t) = m_(w_,0,t). Denote the divisor of poles (the Dirichlet divisor)
of the shifted Weyl functions by Z;il(,uji(ac, t), ojj-[(ac, t)). Then the functions
ujj-[(ac, t) satisfy the system of Dubrovin equations (45, Lem. 1.37])

aﬂ‘i(za t) + +

719% = =20 (z, )Yy j(p; (2,1),2,1), (4.22)
out(z,t

WBD) s @) s ) + 2 )Y (i (@ 0)8), (423)
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where 12 N
YN =y (,1))
Yii(\zxt) = z 4.24
iq]( y Ly ) Gi()\,.’L',t) ( )
and
T4
G, t) = [[\— (@, 0). (4.25)
j=1
In EZ3) p+(x,t) have to be replaced by the trace formulas
2r4 T4
§=0 j=1
Moreover, the following formula holds ([45 (1.165)])
Hi(\a,t) £ Y2
Aax,t) = 4.27
m (A 2,1) Gzt (4.27)
where 18
H =—-— . 4.2
+(\ 2, 1) 5 azGi()\,x,t) (4.28)
We will also use 12
Hy(A\ax,t) FYL “(A
me(A @, t) = £, h) F X () (4.29)

G4+ ()\, x,t) '
to denote the other branches of the Weyl functions on the Riemann surfaces
P, that is, my (A, 2, t) = my (7}, x,t). In addition,

+2V12(N)
MNt)—me(M\t) = ————=. 4.30
ma () = is(\8) = G (4.30)
Lemma 4.8. The following asymptotic expansion for large X\ is valid
Pz, t) = exp <iiﬁx + [Cms t)dy) , (431)
0
where N
= t
re(ha,t) = LAGUR (4.32)

= (£2iV )R

with coefficients defined recursively via

k—1
0
+ + + +
k1 (x,t) = py(z,t), /-@,H_l(z,t) = f%nk (x,t) — ;Hk—m(:C?t)H'rjr:L(x?t)'
(4.33)
Proof. By [EZM) we conclude that

my (N x,t) = +ivV + Kkt (A, t),

where 4 (A, x,t) has an asymptotic expansion of the type [32). Inserting this
expansion into the Riccati equation

gmi()\, 2, 1) £+ 2V Ake (A, 2, 1) + K2 (N, 2, 1) — pa(2,1) =0 (4.34)
T

and comparing coefficients shows [E33). O
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As a special case of Lemma L0 we obtain

Lemma 4.9. The functions

P\, t) = =Ny (X, 2, 1), (4.35)
where
a0 = [ (200000 + 20ma 00 - 20D 0 s
satisfy the system of equations
Li(t)s = M, (4.37)
%/}_: = Py(t), (4.38)

where Py (t) :== Py (t).
We note that (H5, (1.148)])
1 (G+(\0,8) 172,y [ P£(0,5) +2)
Aty = Liop (GEAODN | oparz iy [T p£(0,5) +24 4.39
ax(At) =3 Og(Gi(A,O,O)) S o G=(\0,5) (439

and corresponding to (A, t) we also introduce

(A t) = /0 <(2p:|:(0, §) + AN)is (A, 5) — Li@(;),s)) ds

1 G+ (\,0,1) 1/2 " pa(0,8) +2A
=—1 —_— = 2Y. A ———ds. 4.40
2% (Gi(A,o,O) P )Ty e )
Note
ar(\t) = ax(\ 1), A€Eoy. (4.41)
In order to remove the singularities of the functions ¥ (\, z,t) we set
Mi(t) = {uf(t) | ,u;[(t) € (E2j—1, Ea;) and m4 (A, t) has a simple pole},
My(t) = {p;(#)|puy(t) € {Baj_1, Baj}},
(4.42)

and introduce the functions

ONIES S | BENCSNO)

1 (£)€ M (t)
o=t = I a-wrey I JA-w), (4.43)
i ()€ M (t) i (€M (t)

where [] = 1 if the index set is empty.

Lemma 4.10. For each t > 0 and A € C\ o+ the functions a4 (A, t) possess
the properties

_ G£()\,0,1)

exp (ax (A1) + ax (A1) = G(100,0) (4.44)
exp (a+ (A t) = gi((i’é)) F(\ 1), (4.45)
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where the functions fi(\,t) are holomorphic in C\ o1, continuous up to the
boundary and fL (A t) #0 for all X € C.
Furthermore, let B € {EQij_l,EQij}, then

0, u;(t)#E,u;(0) #E,
; < _ 0, /L;‘t(w:EvM;‘t(O):Ev .
/\11_1}1E (ax(N\t) —ar(\it)) = i M]i (t) = E,u]i (0). £, (mod 2i).
im, i (t) # E,p;(0) = E,
(4.46)

Proof. To shorten notations let us denote the derivative with respect to t by
a dot and the derivative with respect to « by a prime. Equations [36) and

[E39) immediately give ) and

t
2
ar(0t) — dr(\t) = i4Y;/2(A)/ p£(0,85)+ 22, (4.47)

0 G+ (>‘a S)
where we have abbreviated
Gi(\t):=G1(\0,1).

This function is well-defined on the set C\ U;il[EQijfl,EQij], but may have
singularities inside gaps. Note, that

Ozi(>\, t) — a4 (/\7 t) eR, for AeR \ O4. (448)

Consider the behavior of this function in the jth gap. By splitting the integral

fot in the definition of a (A, t) (resp. &4 (A,t)) into a sum of smaller integrals
t‘: it suffices to consider the cases where uji (s) & {EQij_l, Eg;} for s € [to,t1) or
s € (tg,t1]. We will only investigate the first case (the other being completely
analogous) and assume ¢ty = 0 without loss of generality. In other words, it

suffices to consider the case where uji (0) € (EQij_l,EQij) and the time ¢t > 0 is

+ + + +
so small, that oji (s) =05 (0) for s < t. Consequently, u; (t) € (Ey;_y, Esy;) and

there exists some & = &(t) such that
15 (s) € (By;_y +26, By —2¢), 0<s<t (4.49)

Consider (e.g.) the case where the point /L;t (s) moves to the right, that is

5 (0) < pf(t). X ¢ (u7(0) — &, pf (t) + ), then the integral [EAT) is well-
defined and by definition ([IH) the first case of [ZH) is fulfilled. Now let

A€ (17 (0) — &, 17 (t) +2). (4.50)
From equation [E23)) we have
iy (8) = =07 () Vi (1 (5), ), (4.51)

where

Vi (A 8) =4(p+(s) + 20 Y% (N, 0,8) (4.52)
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and the functions Yy (A, 0, s) are defined by 24]). Recall that a]j-[ (8) = const.
Thus

/t =d(pe(s) + 20V / Yii(\s) o
0 0

B
Gi(\s) A =5 (s)
Ve (k5 (), 8) e
:i/ %dsi/ O Y (N8, ds,  (4.53)
0 A— uji (s) 0 ON T |A=¢5"(5)
where Eji(s) (EQij .+ E,EQij — ). Therefore é%f/i,j (), s) is bounded here.
But
YL (nE(s),s t s
[T ) [ O,
0 )\ - lu’] (8) 0 ] (S
i(t
=+07(0) log LA
A= (0)
Thus, in the case under consideration we have
+
A— O
a1 — e =log ST p 0 s
(A = p5(0))*7 (@

where fi(),¢€) is a smooth function, bounded by virtue of ([@XM). Combining
this formula with [ZZ]) we arrive at the following representation:

N -yt Lo (t)+1
(()\ lui foiiio'i (0)+1 f(El) ()\7t)’ fil) (Avt) 7é 0, (455)
— ;

J

exp (204 (A, 1)) =

which is valid provided [EZJ) and ER0) hold. According to our notations
ujt(s) € My (s) iff iajj-[(s) = 1. Thus, if ,u;[(t) € My (t) (resp. ,uji(()) € M1 (0)),
then the function exp(a4 (A, t)) has a first order zero (resp. pole) at such a point
and does not have any other poles or zeros inside the gap (EQij_l,EQij). But if
:I:Jj[(t) = —1 (resp. :l:of(()) = —1), then the function exp(a (A, t)) has no zero
(resp. pole) at this point.

Now let us turn to the case ,uji(t) or /i £(0) € { -1 Qi]} Here we cannot
use the decomposition ([ERJ) since the function 9.y ;(\, s) is not bounded at
the edges of the spectrum o.. Suppose, that u]j-[ (0) € (E;; 1,E;Ej), the point
uf(s) moves to the right, and the time ¢ > 0 is such, that o5 (s £(s) = 0= (0) for

j
s <t and ,uji(t) :Efj. Set € < 1/2(/@?( ) — EQi] 1) and let A be such that

EY_+e<A<Ej+e<Ey,.
Represent the function f/iyj (A, s), defined by ERD), as

Yij(\s) = /A= E5 Yi (), s), (4.56)

with

Vo jO0 ) = Vi s (i (), ) + O i () Ve (GF)8) (457
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where 6%527]» is evidently bounded. From (X)) it follows that

+ -+
o o (0)a: (s
Yiv](ﬂji(s)vs)zi%a OSSSta
122 (S)_E2j

and

i (s)
(=2
\/ E2J (A= MJ

+ Ezij dT
=07 \/E3; — A / +ffte) | =

ny(0) ()\—T),/Ei-—T
=05 \/Ey; — / +0(./A—Ei.).
NN CEON e S .

(4.58)

t Yi7j()\, S)
0 A— g5 (s)

ds = —o¥(0) ds + 1 ()

To compute the first summand in L) we will distinguish two cases. First let
A € 04, that is, A > E;; Then the first summand in [5Y) is equal to

Ey; — p7(0)
1/A—Eg;

This proves the two lower cases in ([E46). Next, consider the case when \ €
(MT(O),ESE) Then

0
+ 0) /E;:j _)\/ Lﬂ: —
/ Ex— 1 (0) y2+)‘*E2j

N VB — 1E(0) = \JB5 — A
0) | —log = = =
VES — 1E(0) + Bz — )

A=) + o= (0)im. (4.59)

T e )

IfA— EQij, then the first summand in ([ERJ) vanishes, and we arrive again at
EZD). If A is in a small vicinity of ;Lj[ (0), then

fQUf(O)iarctan — *O'ji(())iﬁ, as A= FEf, \coi.

235

+log(-1) | =

¢ i/:tyj(A, S) -
i/o N 05 (0)log(A — 457 (0)) + O(1),

that confirm [ZH) for the case under consideration. O
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4.4 Scattering theory

First we collect some facts from scattering theory for Schrodinger operators
with step-like finite-gap potentials (cf. [I0]). To shorten notations we omit the
dependence on t throughout this section.

Let Ly be two Schrodinger operators with real-valued finite-gap potentials
p+ (), corresponding to the spectra ([EI4]) and the Dirichlet divisors Z] 1 (,u]i, ]i),
where ,uji € [EQi] 15 2ij] and U;t e{-1,1}.

Let g(z) be a real-valued smooth function satisfying condition @Z). The
case m = 2 and n = 0 was rigorously studied in [I0]. In this section we point
out the necessary modifications for the Schwartz case. Let

d2

Ly:=——5+al@), zek, (4.60)
be the “perturbed” operator with a potential ¢(x), satisfying @Z). The spec-
trum of L, consists of a purely absolutely continuous part o := o, Uo_ plus a
finite number of eigenvalues situated in the gaps, o4 C R\ 0. We will use the
notation int(oy) for the interior of the spectrum, that is, int(cy) := oy \ doy.
The set ¢(?) := o No_ is the spectrum of multiplicity two, and aﬁf) Ua(_l) with
a(il ) = clos(ox \ 0%) is the spectrum multiplicity one.

The Jost solutions of the equation

( dd22 +a(z )) y(x) = dy(z), AeC, (4.61)

that are asymptotically close to the Weyl solutions of the background operators
as x — +o0o, can be represented with the help of the transformation operators

as
+o0

¢:|: (A,SC) = ¢i(A7x) =+ Ki(xvy)wi(Aay)dya (462)

x

where Ky (x,y) are real-valued functions, that satisfy the integral equations

+oo
Kei(ry) = -2 / (4(s) — ps(5)) D (x5, 5, y)ds

ioo yis:Fz
+2 / ds / i (25,7, 9) K (s5,7) (q5) — pa(s)) dr, £y > %,

ytaxFs
(4.63)
e |~ B )i
o + U Y)J+ ) 7'y S
Di(%yﬂ“, S) - $4E§-i d;d)\Yi(E) ) (464)
with
fe(Boay) = lim | TTO = p5) | de(0)de (0 y). (4.65)
j=1
In particular,
1 +oo
Kaloa) =5 [ (als) = palo)s. (4.66)
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Since
an—i—l

Oxtoy™

condition ([E2) and the method of successive approximations imply smoothness
of the kernels for the transformation operators and the following estimate

f+(E,z,y) € L7(R x R),

ot Cx(n,l,m)

——— Ky (7,y)| <
|z + y|™

axnayl ) €T,y — :l:OO, m, n,l cNU {0}, (467)

where Cy (n,l,m) are positive constants (see Section B for the details).
Representation ([L62) shows, that the Jost solutions inherit all singularities
of the background Weyl m-functions m4 (\). Hence we set (recall @Z3))

d+(N ) = 0L (N)p+ (N, x) (4.68)

such that the functions ¢4 (A, 2) have no poles in the interior of the gaps of the
spectrum o. Let
oi={M,...,. N} CR\ o

be the set of eigenvalues of the operator L,. For every eigenvalue we introduce
the corresponding norming constants

_92 ~
(&) = / O3 (i, )da. (4.69)
R
Furthermore, introduce the scattering relations

T:F()‘)(bi ()\,l‘) = ¢:F()‘a ) + R:F()‘)(b:!: ()\,.Z‘), A€ U?F’]’ (4'70)

where the transmission and reflection coefficients are defined as usual,

Wz (1), 32 (V)

¢) u,l
, Ri(N) = , AEoy.
W(ox(), d+(A) V= T Wor (). 0:(0) -
(4.71)
Lemma 4.11. Suppose [RH). Then the scattering data
S = {R+()\), T.(N), A€o R_(N), T_(N), A€ o™
A, Ay €ER\ o, ﬁ,...,ﬁe}&} (4.72)
have the following properties:
L (a) Te(A\Y) =Ty (\) for A€oy
Ri()\u) = Ri()\]) fOT ANEo4.
T:(\) (1)
(b) =Ri(\) forxeaoy’.
T+ ()
_ > _ 9=(N) 2 (2) 4
(c) 1—|RL(N)]? = ; ()\)|Ti()\)| for A € o) with g+ (\) from EIG).
q:

(d) Re(N)Tx(N) + R=(NTx(N\) =0 for A € o?).
(e) Tu(N) =1+ o(%) for A — oo.

64



Chapter 4. Cauchy Problem for the KdV equation

(f) Re:(\) = O(W) for X — oo and for all n € N.

II. The functions T (\) can be extended as meromorphic functions into the
domain C\ o and satisfy
1 1
= =: —W(\), 4.73)
L) Tg-( (

where the function W () possesses the following properties:

(a) The function W(X) = 64(N)o_(NW(N), where 6+(\) is defined by
EZ3), is holomorphic in the domain C\ o, with simple zeros at the
points A\, where

(W) =6t (4.74)

In addition, it satisfies

W) =WW), Aco and W) €R for AeR\o. (4.75)

(b) The function W(X) = 64 (A\)o_(NW(N), where 6+ (\) is defined by
EZI), is continuous on the set C\ o up to the boundary o" U o'.
Moreover, the function W(A) is infinitely many times differentiable
with respect to A on the set (U” U Jl) \ do and continuously differen-

tiable with respect to the local variable VA — E for B € Oo. It can
have zeros on the set o and does not vanish at the other points of the
set o. If W(E) =0 as E € do, then W(\) = VA — E(C(E) + o(1)),
C(E) #0.

II1I. (a) The reflection coefficients Ry (X\) are continuously differentiable in-
finitely many time functions on the sets int(oi’l).

(b) If E € o and W(E) # 0 then the functions R+ (\) are also contin-
uous at E. Moreover, in this case

-1 E¢M
Ri(E) = for B ¢ My, (4.76)
1 for B € M.
Proof. For the case m = 2 and n = 0 this lemma was proven in [I0]. In

particular, except for the differentiability properties of the scattering data and
item I.(f) everything follows from Lemma 3.3 in [I0].
Differentiability of W(A) and R4 ()) is a direct consequence of differentia-

1
bility of the Jost solutions. In fact, since %ﬁ’y) = O(|y|") for X\ € intoy

as y — oo, equations (EE62), [ELD), and E2) imply, that ¢ (N, z) are con-
tinuously differentiable infinitely many times with respect to A € int oy since
Yy (N ) are. Moreover, note, that at the points Eji these solutions are con-

tinuously differentiable with respect to the local parameter |/ — E]jE since this

holds for ¢4 (A, ). Furthermore, since Im 64 (\) > 0 for A € R\ oy, we infer that
Py (N, y) are exponentially decaying together with all derivatives as y — +oc if
AeR \ O4.
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It remains to show I.(f). To this end, represent the Jost solutions in the
form

400
62 (\x) = i (A, ) exp (— Je y)dy) , (4.77)
where
fa (A ) = i _f@) (4.78)
RE(A, L) = .

— (£2iV/A)k

To derive a differential equation for 74 (A, ) we substitute D) into (EEGII)
and use ([30) and E3). This yields the differential equations

(,%Fai()\, )+ RE (O 2) £ 20V A+ ke (N, 2) e (A, ) + p (@) — g(z) = 0, (4.79)

from which we obtain the recurrence formulas

k—1
R (2) = q(@)—pe (@), Ry (2) = —a%fﬁ;f (@)= D B (@) (R (2) 4 267, ().

(4.80)
Using (70 we now derive an asymptotic formula for Ry (\) (for R_ the con-

siderations are analogous). By [X11) and [ETX)
W(o- (.04 (V) = 6- (1,006 (1.0) (21V3 +0 (=) ) =28Vl + 0(1)
(4.81)

and

W(6- (0,6 (0) = -0, 00+ (0 0) (30 0) —y-(A,0)), (4.82)

where we have set y+ (A, x) := ke (A, 2) + £+ (A, 2). Equations [E34) and [ET9)
imply

0 .

%yi(/\, x) £ 21\/Xyi()\, z) + 93\, x) —q(z) = 0. (4.83)
Therefore, the functions g4 (A, z) := y+(\,x) and g (A, z) := y_(\, z) satisty
one and the same equation. Moreover, x5 (z) 4 &7 () = g(x). Hence, since ¢(x)
is smooth, the functions ¢+ admit asymptotic expansions

0o a4
~ i ()
gr(\w) =) — 2,
— (—21\/X)k
where g (z) and 7, (z) satisfy the same recurrence equations
P k—1
g (@) = (@), G (@) = =50k (@) = )G (@)5; (@), (4.84)
1=1
Therefore,

y+()\, 0) —y- ()‘a 0) = O()‘_H/Q)

for A\ — oo and for all n € N and the same is true for Ry (\) by X)) and
EZD). O
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To complete the characterization of scattering data S, consider the associ-
ated Gelfand-Levitan-Marchenko (GLM) equations.

Lemma 4.12. The kernels K+ (x,y) of the transformation operators satisfy the
Gelfand-Levitan-Marchenko equations

+oo
Ky(z,y) + Fy(z,y) £ Ki(x,s)Ft(s,y)ds =0, =+y> +tux, (4.85)
whereﬂ
1
Feloy) =50 § ReOVosa)vshp)gs(Vdr+ (4.56)
1
35 [ TR PUL O )02 (A, g ()

+ ) ()70 O, )0+ Mk, )

k=1

IV. The functions Fy(x,y) are differentiable infinitely many times with respect
to both variables and satisfy

ot Cy(m,n,l)
axlaynFi(z’y)‘SW as @,y — 00, m,Ln=0,12,...

(4.87)

Proof. Formulas [E8H) and XRG) are obtained in [I0], estimate EXD) follows
directly from (EERH) and EG7). O

Properties I-IV from above are characteristic for the scattering data S, that
is
Theorem 4.13 (characterization, [I0]). Properties I-IV are necessary and

sufficient for a set S to be the set of scattering data for operator L with a
potential q(x) from the class D).

In addition, we will now describe a procedure of solving of the inverse scat-
tering problem.

Let Ly be two one-dimensional finite-gap Schrodinger operators associated
with the potentials py(x). Let S be given scattering data [ETZ) satisfying
I-IV and define corresponding kernels Fi(x,y) via @ZG). As it shown in
[I0], condition IV the GLM equations [EXH) have unique smooth real-valued
solutions K4 (x,y), satisfying estimate of type [E1), possibly with some other
constants Cy, than in (EXT7). In particular,

+oo
dn
i/ (1+ |z™) ‘d—nKi(ac,x) dx < o0, Vm,n € N. (4.88)
0 T
Now introduce the functions
d
qi(x) = 125Ki(x,x) +pi(x), z€R (4.89)

IHere we have used the notation foi FN)dA == f"i FN)dx — f"lzt Ff(N)ax.
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and note that the estimate [ELBY) reads

+oo n
i/o d—(Qi(-T) — p(x)|(1 + |z|™)dz < 0o, Vn,m € NU{0}. (4.90)

dx™

Moreover, define functions ¢4 (A, z) by formula G2), where K (x,y) are the
solutions of ([ERH). Then these functions solve the equations

( L qi(ac)) bu(\x) = A (A, 7). (4.91)

da?
The only remaining difficulty is to show that in fact ¢_(x) = ¢4 (2):

Theorem 4.14 ([I0]). Let the scattering data S, defined as in L), satisfy the
properties I-IV. Then the functions qi(x), defined by D) coincide, q_(x) =
q+(x) =: q(x). Moreover, the data S are the scattering data for the Schriodinger
operator with potential q(x) from the class [EZD).

4.5 The inverse scattering transform

As our next step we show how to use the solution of the inverse scattering
problem found in the previous section to give a formal scheme for solving the
initial-value problem for the KdV equation with initial data from the class [2).

Suppose first that our initial-value problem has a solution ¢(x,t) satisfying
[E3) for each t > 0. Then all considerations from the previous section apply
to the operator Ly(t) if we consider ¢ as an additional parameter. In particu-
lar, there are time-dependent transformation operators with kernels K4 (z,y,t)
satisfying the estimates

boland Cy(m,n,l,t)

 Ki(ryt)] < N0 o, Ln,m=0,1,2,....
lazlay" +(2,y )’ Iz +y|™ Y

(4.92)
and

orti+t Cx(m,n,l,t)
— K H < —=—"7 + l =0,1,2,....
‘aznaylat i(‘r)y’ ) = |1'+y|m ) Z,Yy — LTOo0, y 10, M y Ly 4y

(4.93)
These estimates follows from the fact that the kernels Dy (x,y,s,r t) of the
time-dependent equations [EE3) are smooth with respect to all variables, and
each partial derivative is uniformly bounded with respect to z,y,s,r,t € R.
Consequently, the Jost solutions

+oo
b+ (N, @, t) = e (N @ t) £ Ko (x,y,t)Y+(\,y,t)dy, (4.94)

x

are also differentiable with respect to ¢ and satisfy

3} 3}

Eqbi()\,x,t) = awi()\,x,t)(l +0(1)) as & — 00, (4.95)
o o
ﬁqbi()\,x,t) = a?wi()\, z,t)(140(1)) as x — +oo. (4.96)
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By Lemma FE3 we know that the functions P, ()¢ (A, x,t) solves the equation
L,(t)u = Au. Asymptotics ([E3H) and (ETG) show, that
Pq@)‘b:ﬁ: ()\a €Z, t) = 6:|: ()\5 t)¢:|: ()\a €Z, t)v

where (81 (A,t) is the same factor as in Py (t)r (N, z,t) = Be(\ )L (A, x,t).
From Lemma E6 we obtain then

Lemma 4.15. Let ax (A, t) be defined by @3Q) and let q(x,t) be a solution of
the KdV equation satisfying @Z). Then the functions

dr(N m,t) = e =MD (N 2,1) (4.97)
solve the system [EX), ET).
Before we proceed further we note that equation [EXZH) implies

Corollary 4.16. The function éi(/\, z,t), defined by formula @EXD), have sim-
ple poles on the set M+ (0), square root singularities on the set My (0), and no
other singularities.

Next, consider the time-dependent scattering relations
Te(\ o (N 2,t) = o5 (N 2,1) + Re(\ )= (N 2,t), A€ol (4.98)

Then, using the previous lemma in combination with Lemma B to evaluate
ETD) we infer

Lemma 4.17. Let g(x,t) be a solution of the KdV equation satisfying [EZ).
Then )\k(f) = A\ (0) = A\

Ri(\t) = Ri(\,0)exO 6= -y e 5 (4.99)
T\ 1) = TH(\, 0)ex M=z )\ e ¢, (4.100)
2
£/ 2 o2 02 (A 0) o0 (et
)" = T g2 O 4.101
(v @) = (% (0)) 20w D) ¢ ; (4.101)

where ax (A t), aL(A\t), 0L(A\t) are defined in [E3Q), EI), EZF), respec-
tively.

Proof. First of all set W(A,t) = d (X, )0_ (N, t)W (A, t) (recall @Z3)). Then,
since W(¢— (A, 1), ¢4 (A, t)) does not depend on ¢ by Lemma BT, it follows from

@) and @ZF) that

FOOW ) =WN0),  fOL) = F- (At fr(\ L) 0. (4.102)

This implies, that the discrete spectrum of the operator L(t), which is the set
of zeros of the function W (A, t) on the set R\ o, does not depend on t.

Similarly, if we replace the functions ¢+ by ¢+ in all Wronskians of formulas
(E), the result will be a constant with respect to ¢. Together with (EQ1) it im-

plies (@) and EIO). To obtain @) we set ¢(\, z,t) = 6+ (X, 0)dpr (A, z, )

(which is continuous near \g) and compute
d . . .
n / (bi()‘ka €, t)Qd.I‘ = 2/ (bi()‘ka x, t)at(bi()‘ka x, t)d(E

_ /Rgsi(Ak,x,t)Pq(t)éi(Ak,x,t)dx o,
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since P, is skew-adjoint and b+ (A, x,t) is real-valued. Note that interchanging
differentiation and integration is permissible by the dominated convergence the-
orem (recall that the quasimoments 64 (\) are independent of ¢). Thus, ([EGR)
and ([EGJ) imply

d 5+ (A, 0) e@=wt)

- — 0’
dt 5 (Ai,t) i (t)
which finishes the proof. [l

Hence the solution ¢(z,t) can be computed from the time-dependent scat-
tering data as follows. Construct one of the functions Fy (z,y,t) or F_(x,y,t)
via

Fy(x,y,t) :2%1% R\ t)he (N, 2, 1)L (N y, 1) g+ (N, t)dA+ (4.103)

27i o T\ )P (N, 2, ) (A, y, £) g (A, £)dA

p
+ 3 (E ) Mk 2, )9 (A, 1, 1),

k=1

Solve the corresponding GLM equation

+oo
Ki(l',y,t>+Fi(1',y,t>:|: Ki(ﬂC,S,t)Fi(S,y,t)dS:(), :l:y>:l:1',
: (4.104)
and obtain the solution by
d
q(z,t) = F2 d—Ki(x,x,t) +pi(z,t), zeR (4.105)
x

Theorem BT guarantees, that both formulas give one and the same solution.

Up to now we have assumed that g(z,t) is a solution the KdV equation
satisfying [E2). Now we can get rid of this assumption. We will proceed as
follows. Suppose the initial condition ¢(z) satisfies L) with some finite-gap
potential py (). Consider the corresponding scattering data S = S(0) which
obey conditions I-IV. Let p (x, t) be the finite-gap solution of the KdV equation
with initial condition py(z) and let my (A, t), ¥ (N 2,t), and ay (A t) be the
corresponding quantities as in Section

Introduce the set of scattering data S(t), where Ry (), t), T (A, t) and 7 (t)
are defined by formulas (E39)—EI0). In the next section we prove, that these
data satisfies conditions I-III, and the functions Fy (z,y,t), defined via (I3,
satisfy IV under the assumption that the respective bands of the spectra o
either coincide or otherwise do not intersect at all, that is

@ ne® =0 and ai) no = . (4.106)

The typical situation is depicted in Figure ET1

Then Theorem 5.3 from [I0] ensures the unique solvability for each of the
GLM equations EID)with the solutions Ky (z,y,t) that satisfy the estimate
of type @3A). Moreover, since Fy(x,y,t) are differentiable with respect to ¢
with [X7) valid for this derivative, then EXD) implies @T33). Consequently,
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O+

Figure 4.1: Typical mutual locations of o_ and o.

the function ¢(z,t), defined by formula [EI0H), has a continuous derivative with
respect to ¢ and satisfies ([EE3]) and

+oo
:I:/O '%(q(z, t) — pi(x,t)) (I+|z|™)dx < oo. (4.107)

Moreover, the functions ¢4 (A, x,t), defined via [EQ), solve equation () with
q(z,t), defined by [EIH). To prove, that this ¢(z,t) solves the KdV equation,
we will apply Corollary EE4 as follows.

Since ¢4 (A, x,t) and ¢_(\ z,t) are independent for all A\ € C but a finite
number of values, it is sufficient to check that both functions (Agz¢+)(\, z,t)
solve ([ER), where A, is defined by @) with ¢(z,t) from EIIH). But due to
[ET3) and the estimates (E3), [E3F) we have [3H) and ETH). This implies

one should show that

(Agp+) (A, m,t) = B (X, 1) o+ (A, 2, 1), (4.108)
for some (4 (A, t). Letting @ — oo in ([I0Y) and comparing with

Oax (At
(Aps ) (N t) = —%wi()\, z,t) (4.109)
(which is evident form Lemma ), gives
Oag (At Op+(0,¢t
geint) = 2D o 0,0+ 2me (a0 + 220D g

Finally, as already pointed out before, [EI08) is equivalent to the KAV equation
for g(x,t) by Corollary 4l Equality ([EI0R) will be proved in the next section.

4.6 Justification of the inverse scattering trans-
form

Our first task is to check, that if S(0) satisfies I-III, then the time-dependent
scattering data S(t), defined by (EE09)—(EI) satisfy the same conditions (with
g+ (A) = g+ (A, t)). Properties I, (a)—(f) are straightforward to check. Using

g (A1) = g (), 0)erx MOFa=(A) (4.111)

which follows from ([I6) and EZ), we see that W(A,t) defined as in [EZ3)
satisfies
W(At) = W(A,0)e" > AD—ar(Ah), (4.112)
Hence Lemma EET0 implies that properties IT, (a) and (b) hold.
Property III, (a) is evident, and property III, (b) follows from ZG). In
summary,

71



Chapter 4. Cauchy Problem for the KdV equation

Lemma 4.18. Let the set S(0) satisfy properties I-II1 and let the set S(t) be
defined by @99)-EIO). Then the set S(t) satisfies I-TIT with g4 (A, t) defined

by EITD).
Now substitute formulas (99— (ETOI), E3H), ), and ETT) into EETO3F),

then we obtain the following representation for the kernels of GLM equations

Fy(z,y,t) :2% jé Ra(\,0) o (A, 2, 6)0e (A, y, ) g (N, 0)dA (4.113)

o+

1T (X, 0) 29w (N, 2, )4 (N, y, £) g (X, 0)dA

2mi ag%u

+ ) (55000 (ks 2, ) Mk s 1),

k=1

where the functions
YNz, t) i= 62 (N, 0)hs (N, z, 1) (4.114)

are well-defined (bounded, continuous) for A € C\ o4. Recall that the functions
o (A, z,t) inherit all singularities from the functions ¢4 (A, x,0), that is, they
have simple poles on the set M4 (0), square-root singularities on the set Mi(O),
and no other singularities. Therefore, formula IL3) consists of three well-
defined summands, the singularities of the integrands are integrable (cf. [I0,
Sect. 5]), and it remains to verify IV.

Due to our assumption [EZI0G) the second and third summands in ETLF)
(or (ETM3)) satisfies IV for all m and n, and hence we only need to investigate
the first summand in [EI03). To this end, we use EIX)-E2ZT) to obtain the

representation

Fin(e,y,1) = 2Re / Ra(h D)o (2, )46 (0, y, ) 22D g

ot 2ri
= Re /Ooo @0 (0, 2y, t)dl, (4.115)

where
pr(Ox,m,y,t) == %wi(ei,z,y,t)e“i<A=t>*f‘i<*=t>Ri(A,0>, (4.116)

A = (t)
\Ifi(ei,l',y,t) = ui()"x’t)ui()\’y’t) H by ,Z‘i ’
J

Jj=1

(4.117)

and A = A(01). We will integrate [ITH) by parts m times for arbitrary m.
Since the integrand is not continuous for 6+ € [0, 00), we regard this integral as

Gi(E;thrl)

T+
Fip(w,y,t) =Re) / 0 (0, 2,y,)do, (4.118)
=0 /0= (B3,)

where we set EQiT .+1 = +oo for notational convenience. Then the boundary
terms during integration by parts will be

+i0+ (E)(a+y) 97 p£(A(0+),2,y,t)
€ 005,

Re lim = , s=0,1,..., E€ 0oy, (4.119)
A—E (i(z + )™
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and we will prove that they vanish for all s=0,1,....

Lemma 4.19. Let E € do4.. The following limits exists for all s =0,1,... and
take real or pure imaginary values:

dS
— A6 i*R 4.12
)\—>E1,HA160':E d@i R:t( ( :I:)vo) €1 ) ( 0)
eF OB @) iy —— W, (04, 7,y,t) €1°R, (4.121)
A—FE T
)}EI}:? 0% exp{at(\t) —ar(\ )} € °R. (4.122)

Proof. The proof is the same for + and — cases, we will give it for + case and
omit the sign + in notations, except of notation for spectrum o .
Let € be a positive value smaller than the minimal length of all bands in o4
and abbreviate
OFE)=(E—¢,E4+¢e)Noy.
Let
F(E) = C*(O(E),R)

be the class of all functions f(A) which are smooth and real-valued on O(FE)
and let

G(B) = ((N) +15 0 | fu, f2 € F(B)).

From (EZ0) we see that % is a real-valued and bounded function on the set
o4 and %(E) = 0. This function is smooth with respect to 6 on the set O(E).
From [I9) we conclude, that

dQ_)\_i(in/Q()\)) iY1/2())
do? — dA \JI(\ = ¢;) /) TIA = ¢)

In particular, the last two formulas imply that G(F) is an algebra. Moreover,
from [EIZTF) it follows, that

€ F(E) and (%) e F(E). (4.123)

a2k )\ d2k+1 )
W(E) ek, W(E) =0. (4.124)
Now let o
9N = f1(A) +iZg fo(A) € G(E), (4.125)
then [EI23) shows that
dg(N) . [dfy (dN\® A2\ dfid\) .
W =1 K @ —|—f2W —lﬁ@ 61Q(E) (4126)
Hence @I2H) and @I20) imply
29‘3 (E) €ei’R, s5=0,1,..., (4.127)
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where the values are to be understood as limits at F from within the spectrum.
In particular, for any f(\) € F(E),

d2kf
462k

The idea of the proof of [EI20) and EIZI) is to write R(\,0) and

d2k+1f
(B =0 k=01, (4.128)

(E)eR

U0, 2z, y,t) == o\ x, (N y, t H )\)\ Mz (4.129)
j

in the form EIZH). We start with ¥(#) (where z,y,t play the role of parame-
ters). From [E2X), EZZ), EZA), and E2H) we see, that the function ggigg

is a holomorphic function in a vicinity of E even if u;(¢t) = E. Thus,

H(),0,%)

Since ¢ € (Fa2j_1, Faj), then [[(A—¢;)~! € F. Also s(\, x,t), c(\, z,t) € F(E).
Using in (EI29) the representations (E13), 2D), and EEZX) we conclude that

the function W (6, z,y,t) admits a representation of the type [EZIZH). Therefore

s
)\15%5— 0,z,y,t) €i’R, s=0,1,.... (4.131)
Note that in this formula it is in fact irrelevant from what side the limit is taken.
Now consider the function W(\, z,y,t) defined by formula EIID). As is
known (cf.[3], [#5]) for each ¢ and A this function is a quasiperiodic bounded
function with respect to x and y. Therefore, if its derivatives with respect to
the quasimomentum variable exist, then they will be bounded with respect to
2 and y. Taking into account ([EI3]) we obtain

S

— —i0(E)(z+y)
}LI)I%? 003 (9,I,y,t> US(Eazay7t>e )
where Us(E, z,y,t) € i*R, s = 0,1,..., are functions which are bounded with

respect to ,y € R for each t. This proves @IID). Note that e 1(F)(@+) hag
modulus one, but it is in general not real-valued.

To prove [EI20) we will distinguish the resonant and nonresonant cases. We
start with nonresonant case W (E,t) # 0 (cf. II, (b) and note that by EII)
this is independent of ¢).

Suppose, that E € do N o) is a left edge of the spectrum o, that is,

E = Ef; = By, (4.132)

Consider the reflection coefficient R4 (), 0), defined by formula ([ZI) and let
0 := 0,. Suppose, that u;r(O) # E, p; (0) # E. Then from EIJ), EI30),
ED2), ETD),(2), and E2T) we see, that the Jost solution ¢ (A, x) plus its
derivative %¢+ (A, z) is in G(F). Moreover, by ([EZ0) and I3

oy doy dA \/()‘_E;k)()‘ E2_k+1)f(E
do— ~ dx df— JO— B =B,
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Therefore, the same is true for ¢_ (A, x) and hence we also have

W(p—(A), ¢+ (A), W(p—(A), ¢+ (N)) € G(E)

Since W(¢_, ¢4 )(E) # 0 we conclude R4 (), 0) € G(F) and [I2) is proven in
this case.
If M;F(O) # E but p, (0) = E we replace ¢_ (X, z) by

S Ox) =i 6 ()

which is in G(E) and proceed as before (observe that the extra factor cancels
in the definition of Ry (), 0)). The cases uj(()) =F, p,, (0) # E and uj(()) =
, (0) = E can be handled similarly.

In the nonresonant case, when F &€ 605:) N do the consideration are even
simpler, because in this case (cf. @BR)) ¢— (A, 2) € F(E). We assume /Lj(()) #
B, if M;F(O) = F one only needs to replace ¢4 () by gb(j)()\) as pointed out
before. Thus

fi() Jri%fz()\)
f3(N) +18 f1(N)

This finishes the proof of formula @IZ) in the nonresonant case, because in
this case we have f5(F) # 0 and, therefore R, (),0) € G(F).

In the resonance case we have W(E) = 0 but %(E) # 0 (cf. II, (b)).
Hence we have @I33) with f1(E) = f3(F) = 0 and f4(F) # 0. Let us show
that the derivative of the right-hand side of EI33) satisfies

R.(A\0) = . where f;(\) € F(E),i=1,2,3,4. (4.133)

d i) +igG ()
do f3(\) +i2 fa(N)

ciG(E). (4.134)

Namely, denote by dot the derivative with respect to 6 and by prime - with
respect to A. Then

d gl(/\) iAg?O‘) AN \\2/ 1 / / /
— I = (A - + (A - + - +
a0 gg()\)+i)\g4()\) ( (9293 9491) ( ) (9194 9392 T 9293 9491)

. . . . —1
+i) (géfh — ghgs + (M) (ghgs — gi;gz))) (*0\)2 g3 +93+ i/\(29493)) .

Functions g1, g3 and ()\)2 have zeros of the first order with respect to A at
the point E and g4(E)A(E) # 0. It means, that we can divide nominator and
denominator in the r.h.s. of the last equality by (A)? and using [EIZ3) we arrive
at ([I34)). The last one implies (ET20) for s > 1. To prove the remaining case
s = 0 we have to check that R (F,0) € R in the resonance case. Since the
nominator and denominator in ([EI33)) vanishes,

. L (fi+if)A+iNf fa(BE)
jim B (A,0) = limy (fi+ifor+ikfs  fu(E) <

this completes the proof of ([ETZ).
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To prove [EIZA) we use the same approach. Again the prove will be done
for the 4 case. From (40 it follows, that

1 m eXI) (0% t — t (S R
tlleIef()Ie lt Sllﬁices t() Sll()W lllal f()I

h(A) = (a4 (A, t) — (A1)

the derivative h(\) = % satisfies

A\ =if(\), f(\) € F(E). (4.135)

To simplify notations, we will omit sign + until the end of this lemma.
Suppose first, that

wi(t) # B = By, 15(0) £ B (4.136)

Let 0 < t; < ... <ty <t be the set of points, where p;(tx) = E. Choose 6 > 0
so small, that

i (B £ 0) > max{u;(0), p1;(t), (Faj—1 + E)/2}.

Denote

A =1[0,t] \ UM, (tp — &, tx + ).
Let A > E be a point in the spectrum, close to E. Then for s € A |p;(s) — A| >
const(E) > 0 we have (see ([EZ))

Y12 /A %dwimu), fi € F(B). (4.137)

On the remaining set we use the representations {Zhf) and ([ER7). Proceeding
as in ([EEY) we obtain

e 2 E—p;(te — 6
4Y1/2()\)/ ZMCZS = —0ji <arctan ty (1 )> +

tr—0 GJr()‘a S) VA—E
VA E/ o G (&5(5,0), 8)ds, o € {1, 1}, (4.138)

where £(\, s) € F(E) such that p;(tx —9) < &\, s) < Afor t, —0 < s < ty.
Furthermore, note that the function

Y2
V& — EHz;ﬁj(f — i)

is smooth with respect to & in the domain p;(tx —d) < & < X and takes pure
imaginary values there. Namely,

Y2(¢) eiR, VE—E€R for E<¢
Y2(¢)eR, VE—EciR for p;(ty —0)
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Thus,

aSG”(g, s)

ge €iR for pj(ty —0) <E<A, s=0,1,.... (4.139)

The same considerations show

VA—E = Mfs()\) where fo(\) € F(E), f(E)#0. (4.140)
Combining this with ([ZI39) we obtain
VB [ G600 =R, A0 € F(E)
Thus
5 (VTE [ aeen.s) =i, s eF®). @1
trp—9

Using (T40) one can also represent the argument of arctan in the first summand

of EIZR) as %, where f5(\) € F(E) and f5(FE) # 0. Therefore,

X E—pilt=0)\ _ __ fO)?-Afs .
<arctan F ) =T T CiF(E). (4.142)

The same is valid for the interval (¢, %5 + 0). Combining [EI37), EIA), and
[EIZ) we obtain ([EI3H). These considerations also show that the restriction

([ET30) is unessential. O

Our next goal is to prove formula [EI0F). Since for any solution of the
equation L,(t)u = Au the equality A,u = us — P,(t)u is valid, it suffices to
prove the following

Lemma 4.20. Let K (x,y,t) be the solutions of the GLM equations (BI04

with the kernels [EI3), corresponding to the scattering data (ETD)—EIT).
Let the functions ¢+ (N, x,t) be defined by Q) and let q(x,t) be defined by

EID). Then ¢i (A, x,t) satisfy

(% = Pylt)) 6 (A, 1) = B\ )6 (N, 1), (4.143)

where Sy (A, t) is defined by ETIIN).

Proof. As before we prove this lemma only for the + case. To simplify notations,
set P = Pq(t)a PO - P+(t)7 ¢ = ¢+(A,$,t), ’l/) = ’1/14,()\,1',15), pP=D+,
“+o0

(’Cf)(l‘,t) - K+($,y,t>f(y,t)dy

x

+oo
EN@o = [ G K05 0d (4.144)
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and denote by a dot the derivative with respect to ¢t and by a prime the derivative
with respect to spatial variables. Moreover, we will omit the variable ¢t whenever
it is possible and use the notations

o am
Dty (2)i= (33 + oz ) Doty Do) = Do),

Since ¢ — Pytp = 31, then
¢ — Pp=Bp+ (Py— P)p + Ko + KPyp — PKp. (4.145)
Differentiating the last term and integrating by parts gives

(PK)(z) ={=2(¢'(z) — p'(2)) + 4Ky (2) + 8K ,2(x) — 6q(x) K ()} (2)
—{4q(z) = p(x)) — 4K (2)} &' (2) + 4K ()" (2)+

+f (Ko, y) + 6q(a) Ko () + 3¢ (@)K (2,9)) d(y)dy,
: (4.146)

and
(KPyp) () = (4K 2 (z) — 6K (2)p(x)) ¢(x) — 4K, (2)¢' () + 4K ()" (x)

+ /OO (4K ys(z,y) — 6K, (z, y)p(y) — 3K (x,y)p'(y)) ¥ (y)dy.
' (4.147)

Besides,
(P — Po)b() = 6(a(z) — p(@)) (@) + 3(¢ () — p/ (@) (e).  (4.148)
Combining ([I44)-ETI]) and taking into account the formula (cf. [38])
—Koo(2,y) + q(2)K(2,y) = —Kyy(z,y) + p(y) K(z,y), (4.149)

where we put x = y, we arrive at the representation

(6= P 50)x) = AW + B @)+ [ IR (w,0)(0)dy =0,

(4.150)
where
Alz) =p'(z) — ¢ (z) = 2K ,2(2) — 4K,y () — 2K 2(z),
B(z) = 2(p(x) — q(x)) = 4(Kz(2) + Ky(2)),
and
3
T = % T T, T = 4% - 6q(x)% —3q (). (4.151)

But according to ([EI0H)

p(x)—q(z) = 2K, () +2K,(x), p'(x)—q (z) = 2K,2(x) + 4Ky (2) + 2K 2(z),
(4.152)
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and therefore, A(x) = B(z) = 0. Thus, to prove [IZ3) one has to check, that

D(z,y) ="K (z,y) = Ki(z,y) + 4K s (2, y) + 4K,3(z,y) — 69(z) Kz (2,9)
— 6p(y) Ky(z,y) — 3¢ () K (x,y) — 3p'(y) K (z,y) = 0. (4.153)

To this end, let us derive an equation for the function F = F (z,y,t), defined
by formula ([I03). This function can be represented (see [EIIH)) as

Faapt) = [ 90000005 1dp()
R
where the measure

ApN) = (5 R (0 0)g: (0 0)xos () + 5=[T- (0 0)F2g (0, 0)x, ()

+ D008 = A (A, 0)2) A
k
does not depend on ¢. Using ([38) we conclude, that

xr xT a
70 F(z,y) =0, 1" = o 4T+ (4.154)

Now set V(z) = g(z) — p(x) and apply the operator 7*¥ to the GLM equation

(EIT). Taking into account [EIRF), EILA) and the equality

T — 1Y = —6V(m)§ —3V'(x)
x

we obtain
D(z,y) = /OO {K(:c, 8)7y [F(s,y)] — Ki(z,5)F(s, y)} ds

R [/:O K(z,s)F(s, y)ds} + 6V (2)Fy(z,y) + 3V (2)F(2,y),

or

D(z,y) + /OO D(z,s)F(s,y)ds = r(z,y), (4.155)

where

r(z,y) = /OO {T; (K (z,8)] F(s,y) + K(z,8)T, [F(s, y)]} ds+ (4.156)

o [ r s [ [ K re ] -

+6V () Fy(x,y) + 3V'(2)F(z,y).

It is proved in [I0], that the equation D(x,y)+ [~ D(x,s)F(s,y)ds = 0, where x
plays the role of a parameter, has only the trivial solution in the space L!(x, 00).
Since the function D(z,-) evidently belongs to this space, then to prove [EI23)
it is sufficient to prove that r(x,y) = 0.

79



Chapter 4. Cauchy Problem for the KdV equation

Taking into account, that V(z) = —2-L K (2, z), direct computations imply

/:o 7q [K(z,8)] F(s,y)ds — 77 [/; K(z,s)F(s,y)ds| + (4.157)

+6V (2)Fy(z,y) + 3V (2)F(z,y) = 4K (v, 2) Fp2 (2, y)+
+4K, (z, 2)Fp(z,y) + 8K, 2(x, ) F(z,y) + 4Ky (z, ) F(x, y)+
+V' () F(2,y) + 2V (2) Fy(2,y) — 69(2) K (z,2)F(2,y).

From the other side, integration by parts gives
|15 ) Pl + K (o 0)75 [P (o) ds = (4158)

= —4{Ke(z,8)F(z,y) + K(z,2)Fe2(s,y) — Ks(z, ) Fi(5, ) } [s=at
+6p(x)K (x,2)F(x,y).
Substituting last to formulas to ([EIRH) gives
r(@y) = Fo(e,y) (4K, (z, 2) + 4K, (2, ) + 2V (2))+
+F(z,y) (—6V(2)K (z,2) + 8K,2(x, ) + 4Ky (z, ) — 4K 2(2, ) + V' (2)) .
Taking into account [EIRZ) we obtain
r(z,y) = F(z,y) (—6V(2)K (z,2) + 6K,2(z,2) — 6K,2(z, 7)),

and ([EEIZ9) implies r(z,y) = 0. O

4.7 Appendix

In this section we thoroughly investigate the integral equations for the kernels
Ky (z,y,t) of the transformation operators. We will obtain the necessary esti-
mates for them and their derivatives with respect to ¢, z and y. This will allow
us to state the necessary and sufficient conditions on the functions Fy(x,y,t)
and to solve the scattering problem in the prescribed class of perturbations
E2).

Throughout this section we will assume that

+oo
/
0

for all t € R. First we recall some facts for the operator kernel K4 (z,y,t) which
have been proved in [I0]:

an

dam

(q(z,) pi(:c,t))‘ (14]z|™)dx < 00, Vm,n € NU{0}, (4.159)

Lemma 4.21. The kernels Ky (x,y,t) of the transformation operators satisfy
the integral equation

+oo
Ko(e.yt) = —2 / 41(s,6)Ds (2,5, 5,9, 1)ds

x

ty
2
+o0 y+x—s
$2/ dS/ Di(ZC,S,T,y,t)Ki(S,T,t)(]i(s,t)ds, j:y > iZE,
x Yy+s—x
(4.160)

80



Chapter 4. Cauchy Problem for the KdV equation

where
1 fe(E 2.y, 1) f+(E, 7, 5,1)
Di(xayarasat):q:_ Z a4 s (4161)
4 Bedes =YL (E)
with 5
f:l:(Ea LY, t) = hHE G:I:(Zv 05 t)T/H:(Za €T, t)T/H:(Za Y, t)a (4162)
q:l:('rvt> = Q(x7t> 7p:|:(SC,t>. (4163)
In particular,
1 +oo
Ky(x,x,t) = i§/ (q(s,t) —ps(s,t))ds. (4.164)

Lemma 4.22. Assume I59). Then

anJrl
Wfﬂ:(vavyat) € L(R x R),

for any fixed t € R.

Proof. Tt is well known that the background Weyl solutions can be represented
as
Yy(z,x,t) = cx(z,2,t) + my(z,t)s1 (2, 2, t), (4.165)

where ¢y (z, 2, t) and s4 (z, x, t) satisfy the initial conditions ¢(z, 0,t) = s,(z,0,t) =
1 and ¢ (z,0,t) = s(z,0,t) = 0. Furthermore they are solutions of

d2
—@yi(ac, t)+pi(x, t)ys(x,t) = zys(z,t) (4.166)

Thus one can conclude by differentiating this expressions that

cy’(z,x,t) = (px () — 2)cx(z, 2, 1), (4.167)
Pz, 2,t) = (pe(x) — 2)cP (2,2, 8) + P, t)ew (2, 2, 1), (4.168)
s (z,2,t) = (ps(x) — 2)s4(2, 2, 1), (4.169)
s (z,2,t) = (pa(x) — 2)sP (2,2, ) + Pl (x, )54 (2, 2, 1), (4.170)

which also implies that every derivative of cy(z,x,t) (resp. si(z,z,t)) with

respect to = can be written as a combination of ¢y (z,z,t), cg)(z,x,t) (resp.

sy(z,m,t), sil)(z, x,t)) and the derivatives of p (x,t) with respect to . Thus
knowing that all derivatives with respect to x of py (x,t) are uniformly bounded
for z € R and t € R fixed which can be obtained from

2r4 T4

pelwt) = S BE 23 pE (1), (4.171)
7=0 j=1

we only have to show that f1(E, z,y,t), w, and w;yt) are uniformly

bounded with respect to x and y for any fixed time t. Therefore we will use the
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following representation of the background Weyl solutions

Yy(z,x,t) = exp (/OI mi(z,y,t)dy> , (4.172)

Ui(z,,t) = exp (/ ﬁzi(z,y,t)dy) . (4.173)
0
This can be rewritten as
Gi Z,ZC,t 12 * Y:i/Q(Z)
t)y=| =————= + —d 4.174
V(22,1 (Gi z,0,t ) eXP o Gi(z,7,t) ) ( )

g (v [ g Sye).

1/2
In the next step we want to show that f ’ GYET(”)CZT is purely imaginary as z —

EQiJ (the case z — EQij_1 can be handled in the same way). For fixed t € R we
can separate the interval [0, z] into smaller intervals [0, z1]U[z1, z2]U- - -Ulag, 2]
such that z; € {EQijfl,EQij} and x; # xj11. On each of these intervals the
function o;(z,t) is constant, thus we can conclude

Tit1 Y1/2(z) Tita YjE (z,7,t) Tita YjE (z,7,t)
/ = = / =4/z— EQJ / — T
x G(Z7T7 t) T z — ,U/j T, t

l i)

w1 Y (g (o), 7t w VE (2,7, t) — VE(uE(r,8), 70t
_ ﬁEiU ](“J(i) >d7+/ S ) =V

1 Z =y (7_7 t) ! z = M;E(Tv t)

dp (7,t)

Tig1 g
:,/z—EQij(/ dr dr

n 207 (mo )\ 1 (7o) — B3y (2 — iy (,1))

Ti41 d ot
e [ )

1

+
)U'j (Il+17t)
=.\/z—Ef (- ! dy
A + / ¥
wy (@ot) 207 (1, t)\/y — E2j(z —y)
Ti41
+ /
x

(Z 7 t)|z:,u;t(s,t))

4o+
dz
] 2]1 1
ds | ++/z—EfM
< oF (1, 8)(z — BE + 52) s) °T Ry

Ey; — E5_,
= aj':iarctan ﬁ + zZ — E;:]M7
j
where we define in(z, T,t) = /2 — ES; Yi(z x,t). This implies that fml“ éfz T(i))

%Jj-[iw as z — E;; and thus fo ?Tf;;)df € iR. Combining all the informations

we have proved that

|fe (B, 2, y,t)| = |(G=(E, 2, t)G+(E,y,1))"/?| (4.176)
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and thus fy (F,x,y,t) is uniformly bounded with respect to @ and y for fixed
t € R. Returning to our representation we can conclude that

d
%7/&(27%3/) = mi(z,x,t)wi(z,:c,t)
C(Hi(a ) £YP(2)\ (Galz )\ vyl ()
= exp | £ ——d7 | .
Gi(z,z,t) Gi(z,0,t) o GE(z,7,1)
Thus we can write

d Hy(z,a,t) £ Y(2) Lo = yl2()
- = +
dzfi(zaxayat) < Gi(z,$,t)1/2 Gi(z,y,t) exp )

which also implies that % f+(E, z,y,t) is uniformly bounded with respect to x
Hy(z,2,6) Y, ?(2)
Gy (z,x,t)1/2
is uniformly bounded. Thus the claim follows by combining all the informations
we obtained so far. O

and y for any fixed t € R, where we use the well known fact that

Lemma 4.23. Assume @IZD). Then
an-i-l—i-l
saiagrar = (B oyt € L2R xR x [0,1)),

for some constant T € [0, 00).

Proof. We already know that every derivative with respect to x and y is uni-
formly bounded for any fixed ¢ € R. To proof our assumption remember the
following lemma. The functions

Vi(z,m,t) = @Dy (2, 2,1), (4.177)
where
t
ay(z,t) = / (2(pi(0, s)+2z)my(z,s) — w> ds, (4.178)
0
satisfy the system of equations
Ly(t)s = i), (4.179)
6(;”—: = Py (), (4.180)
where
Ly, (t) = =05 + p(2.1), (4.181)
Py, (t) = —402 + 6ps(,t)0, + 3p+ (7, 1). (4.182)
This implies
d t
% = 4P (z,0,0) + 6pe (@, )0 (2, 2,1) (4.183)

+3p3) (@, s (2,2, 1) — (2, )00 (2, 2, 1),
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with 50 (0.1
alz,t) = (2p(0,8) + 42)my (2, 1) — %. (4.184)
Similarly one obtains: The functions
Di (2,2, 8) = GO, (2 21), (4.185)
where
¢ Ip+(0
da(2,t) = / (2(pi(0, s) + 22)ie (2, 8) — %) ds, (4.186)
0
satisfy the system of equations
Li(t)s = 29s, (4.187)
0 J o
% = Py (t)), (4.188)
where
Ly, (t) = =07 + p(x,1), (4.189)
Py, (t) = —402 + 6p4(z,t)0, + 3ps (0, 1). (4.190)

Thus we can conclude that the only critical term of %wi(E,x,t) is given
by 2(p+(0,t) + 2E)Ymy(E,0,t)4 (E,z,t) and of %Q/VJi(E,x,t) it is given by
2(p+(0,1) + 2E)ms (E, 0, )¢+ (E, z,t). Using now EZ3) and EZH), we obtain
that the critical terms cancel out in W and therefore we obtain that

df+(E,z,y)

—2 8 e L¥(R xR x [0,T)). (4.191)

2
Computing now % using ([EIR3) yields

d*y(z,2,t)

dadt :*4¢f)(z,z,t)+6pi(x,t) f)(z,z,t)+3p$)(z,t) g)(z,:c,t)

— a2, )0 (2,2, 8) + 6p) (2, )0 (2,2, 1) + 3p) (2, )pa (2, 2, 1),

Hence the critical term of W is given by 2(p+(0,t)+2E)my (E,0,t) 11) (E,z,t)
and of % is given by 2(p4(0,t)+2E)m4 (E,0,t) Vg) (E, z,t). This again

2
implies, using [@Z3) and @Z3), that the critical terms cancel out in TLEE2.0:0) iéf - Yit)
Thus we obtain )
& fe (B 2,y)

==l e L¥(R xR x [0,1)) (4.192)

Again knowing that the derivatives with respect to x and ¢ are bounded,
and combining all the informations we obtained so far, proofs the claim. [l

Lemma 4.24. Let

+oo
Qi (z,t) = :I:[c lge(s,t)|ds and Qi i(x,t) = :I:/ lgx ¢ (s, t)|ds.

: : (4.193)

+o0

2 2
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Then Ky (x,y,t) has partial derivatives of any order with respect to both vari-
ables x and y. Moreover, for large x the following estimates are valid

gmtn m+n—1 o T4y

[ <

By <00 O D@+, + 30 i (5 0)
(4.194)

where Cy m.n.0(x, 1) are positive continuous functions for x € R which depend on
the corresponding background data, on the first moment and on the derivatives
of qx(x,t) for large x. For every such function there exists an xo € R such that
Cyomno(z,t) is decreasing for all x > x.

Furthermore for large x we have

am-ﬁ-n—i—l
|WKJE(%Q, )] < Cimmi(z,0)(Q+(x +y,t) + Qo (x +y, 1)+

(4.195)
m+n—1 1'+y $+y
l l
+ 3 (6 50l + e (= 0D)
=0

where Cx m.n.1(x,t) inherit the same properties as Cy m.no(x,1).

Proof. We restrict our considerations to the + case and omit for the proof of
the first part the time dependence. After the following change of variables

20:=s+71, 20:=r—35, 2u:=x+y, 20:=y—ux, (4.196)

[(EI50) yields

H(u,v) = 72/00 q+(8)D1(u,v, s)ds

4 [ da [ gl pDa(w v H @B (1197)
u 0
with
H(U,U):KJF(U*’U,’U,ﬁ*’U), Dl(u,v,s):D+(u—v,s,s,u+v),
DQ(U,’U,O&,6>:D+(U*’U,Oé*ﬂ,0[+6,’u+v)-

(4.198)

A simple calculation shows that

gmtn 1 " mtn gmrn
S < — . .
| gamay K+ @l < oo ]'E:() |< ) ) S H(wv)l. (4.199)
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Moreover, by induction one can formally show,

gnrm s gntm
3vnaumH(“’”) = _2/u Q+(S)WD1(u,v,s)ds

m—1
al an—l-l—m—l
+ 2 Z ﬁ((ﬂ-(u)(a D1 (u,v,5))s=u)
=0

,Unaumflfl

) v n+m
—4/u da/o q+(a—B)aaiDg(u,v,a,ﬁ)H(a,ﬁ)dﬁ

v ou™
00 n—1 ok gm+n—1—k
- 4/u da(k:o 7(%(@ - ﬁ)(WD2(U7Ua a, B))p=vH (v, 3)))
(4.200)

v m—1 al anerflfl
# 2 g = ) gy Dt 8 )13

m—1ln—1 olI+Fk gm—1—k+n—1-1
+4 Pt vl Oux (Q-i- (u - U)(aumflfkavnflfl DQ(ua v, &, ﬁ))ﬁ:v,a:uH(U, U))

As the functions D; and Dy are bounded uniformly with respect to all their
variables, we can apply the method of successive approximation to estimate
H (u,v), which is given by

[H (u,v)] < C(u—v)Q+(2u). (4.201)

To obtain the other estimates observe that the partial derivatives with respect
to all variables exist for D1 and Ds and they are again bounded with respect to
all variables. Thus one can show

2 H ()| < Cal =) (g ()] + Q- (20), (4.202)
2 H ()| < oo — ) )] + Q4 (20),

where C'(u — v) is a positive continuous function for z = v — v € R, which
decreases for large x and depends on the corresponding background data. This
is the starting point for the induction to show the claim for arbitrary derivatives

with respect to  and y. Here we use that q(ﬁ () — 0 as x — oo, which implies

that there exists an xp € R such that qs_") (x) is decreasing for all x > z¢, with
n € N. Thus we obtain

an

oumoyn—m

| H(u,0)| < Crunom,ou = 0)(Qe(2u) + Y ¢ ()]}, (4.203)

=0

where C'(u — v) has the same properties Ci(u — v), but also depends on the
derivatives of ¢4 (z) up to order n—1 for large x. Thus combining these estimates
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Chapter 4. Cauchy Problem for the KdV equation

we arrive at (EI39). The same method can be used to obtain

anJrl
| Samgor=mg L (w0 < Cnpnem,1 (u = v, 8)(Q4 (2u,8) + Qo (2u, 8)+
(4.204)
n—1
(1o (. )] + 1 (. 1)),
=0

which proves the second part of the claim, where again the function Cy, p—m. 1 (u—
v, t) is decreasing. O

As an immediate consequence of the last lemma we obtain

Corollary 4.25. The functions Ky (x,y,t) are infinitely many times differen-
tiable with respect © and y, and

ottn Cy(m,n,lt)
—K ) < ———"2 + l =0,1,2,...
axlay" i(xvy, )} - |$+y|m Ty 100, ) 10, 1N y Ly 4y )
(4.205)
Moreover they are also differentiable with respect to t and satisfy
o+t Cy(m,n,l,t)
K H < —"= + l =0,1,2,....
‘awnat j:(.fC,y, )' — |$+y|m ) €T,y — L0, , 11, M ) Ly &y
(4.206)

Proof. Again we restrict our considerations to the + case. We only need to
apply EIRJ) as follows

o0 2m o0
/ g4 (5, 8)lds < —— / (1+ [s™)lgs (s, 8)lds < o0, (4.207)
oty [z +yl™ Jo
and
n 1 > m n
¢\ (y, 1)] < W/ (1+ [s™)|g+ (s, )lds < oo, (4.208)
Yy

where we used that qsr") (z,t) — 0 as * — oo. Analogously we can show

01 < i [ b ol < o (4.209)

if we assume that
/000(1 + |x|m)|q5rnz(x,t)|dx <oo, Vn,me&NandteR. (4.210)
This proves the claim. O

With the help of this lemma we can now derive the corresponding estimates
for the GLM equation.

87



Chapter 4. Cauchy Problem for the KdV equation

Lemma 4.26. The kernel Fy(x,y,t) of the GLM equation {I04) has partial
derivatives of any order with respect to each variable. Furthermore, for large x
it satisfies the following estimates

m+n—1

omtn x+

|WFi(x,y,t)|gCi,o(m,t)(Qi(x—ky,t)—k > |qi(Tyat)|)a (4.211)
1=0
and
am-{-n-}-l
|W t(z,y, )] < Cra(z, ) (Qe(r +y,t) + Qe e(x +y, 1)+ (4.212)
m+n—1
x—i— x +
+ 3l 20|+l (=2 D)

where the functions qx(z,t), Q+(x,t) and Q+ (x,t) are defined as in LemmaB24]
Again Cy o(x,t) and Cy 1(z,t) are positive continuous functions which decrease
as x — +oo.

Proof. Again we restrict our consideration to the + case and omit for the proof
of the first part the time dependence. We consider the GLM equation

K+($,y)+F+(x,y)+/ Ky (x,8)F(s,y)ds. (4.213)
Furthermore
n n oo a’n/
—F =-——K — K —F d 4.214
SPa) = g Ka) = [ K@) g Fisads, (4214

which implies that we must use in this cases the method of successive approxi-
mation to obtain

13

5y @) < Cla ><Q+x+y+z|q (L0, YneNo. (4215)

For the other derivatives one can show by induction that

gntm gn+tm on— 1-k om
gy V) = g (T +Z(9:ck P S G e R CR )

— —K —F ds. 4.216
| G les) g s, )ds (1.216)
Therefore one can now show by induction with respect to n that the statement
is true for every fixed y € Ny . The same method can be used to proof the
second part of the lemma. [l

Remark 4.27. Note the result of this lemma is in some sense invertible, as
we can obtain the properties of the kernels Ky (x,y,t) from the properties of the

functions Fy(x,y,t) by using @2ZI3) and E2IG).
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Chapter 5

Lipschitz metric for the
periodic Camassa—Holm
equation

5.1 Introduction
The ubiquitous Camassa—Holm (CH) equation [I8] [T9]
Up — Ugpt + Ky + Uy — 2UpUpy — Uy = 0, (5.1)

where k € R is a constant, has been extensively studied due to its many in-
triguing properties. The aim of this paper is to construct a metric that renders
the flow generated by the Camassa—Holm equation Lipschitz continuous on a
function space in the conservative case. To keep the presentation reasonably
short, we restrict the discussion to properties relevant for the current study.

More precisely, we consider the initial value problem for (BJI) with periodic
initial data u|t—¢ = ug. Since the function v(t, z) = u(t, x — kt/2) + K /2 satisfies
equation () with k = 0, we can without loss of generality assume that &
vanishes. For convenience we assume that the period is 1, that is, ug(x + 1) =
up(x) for x € R. The natural norm for this problem is the usual norm in the
Sobolev space le)er as we have that

d—Hu(t)pr =— (u® +u2)de = 2/ (wur + ugugy)dz =0 (5.2)
t per dt 0 0

(by using the equation and several integration by parts as well as periodicity)
for smooth solutions u. Even for smooth initial data, the solutions may de-
velop singularities in finite time and this breakdown of solutions is referred to
as wave breaking. At wave breaking the H' and L> norms of the solution re-
main finite while the spatial derivative u, becomes unbounded pointwise. This
phenomenon can best be described for a particular class of solutions, namely
the multipeakons. For simplicity we describe them on the full line, but similar
results can be described in the periodic case. Multipeakons are solutions of the
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Figure 5.1: The dashed curve depicts the antisymmetric multipeakon solution
u(t, x), which vanishes at t*, for ¢ = 0 (on the left) and ¢t = ¢* (on the right).
The solid curve depicts the multipeakon solution given by u®(t, x) = u(t — ¢, x).

form (see also [55])

n
u(t,x) = Zpi(t)e_lz_‘“(t)‘. (5.3)
i=1
Let us consider the case with n = 2 and one peakon p1(0) > 0 (moving to the
right) and one antipeakon p2(0) < 0 (moving to the left). In the symmetric case
(p1(0) = —p2(0) and ¢1(0) = —g2(0) < 0) the solution u will vanish pointwise
at the collision time t* when ¢ (t*) = g2(t*), that is, u(t*,z) = 0 for all x € R.
Clearly the well-posedness, in particular, Lipschitz continuity, of the solution
is a delicate matter. Consider, e.g., the multipeakon u¢ defined as u®(t,z) =
u(t — e, ), see Figure Bl For simplicity, we assume that ||u(0)|| g1 = 1. Then,
we have

lim [[u(0) = u*(0) | = 0 and [lu(t*) — ()| a2 = [lu*(") ][ = 1,

and the flow is clearly not Lipschitz continuous with respect to the H' norm.

Our task is here to identify a metric, which we will denote by dp for which
conservative solutions satisfy a Lipschitz property, that is, if 4 and v are two
solutions of the Camassa—Holm equation, then

dp(u(t),v(t)) < Crdp(up,vo), te€[0,T]

for any given, positive 7. For nonlinear partial differential equations this is in
general a quite nontrivial issue. Let us illustrate it in the case of hyperbolic
conservation laws

us+ f(u)y =0, uli—o = up.

In the scalar case with v = u(x,t) € R, x € R, it is well-known [52] that the
solution is L!-contractive in the sense that

[u(t) = o)l @®) < lluo — vollLrw), t € [0,00).
In the case of systems, i.e., for u € R™ with n > 1 it is known [62] that

[u(t) = vl ®) < Clluo — vollr(w), t € [0,00),
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for some constant C. More relevant for the current study, but less well-known,
is the recent analysis [I6] of the Hunter—Saxton (HS) equation

1 x oo
Up + Uty = Z(/ u? dx — / u? dx), ult—o = ug, (5.4)

or alternatively

1
(ue + utg)y = §ui, ult—0 = ug, (5.5)

which was first introduced in [B8] as a model for liquid crystals. Again the
equation enjoys wave breaking in finite time and the solutions are not Lipschitz
in term of convex norms. The Hunter—Saxton equation can in some sense be
considered as a simplified version of the Camassa—Holm equation, and the con-
struction of the semigroup of solutions via a change of coordinates given in [I6]
is very similar to the one used here and in [56] for the Camassa—Holm equation.
In [I6] the authors constructed a Riemannian metric which renders the conser-
vative flow generated by the Hunter—Saxton equation Lipschitz continuous on
an appropriate function space.

For the Camassa—Holm equation, the problem of continuation beyond wave
breaking has been considered by Bressan and Constantin |3, [[4] and Holden
and Raynaud [54l K6, B7] (see also Xin and Zhang [958, 06] and Coclite, Karlsen,
and Holden 20, 21]). Both approaches are based on a reformulation (distinct in
the two approaches) of the Camassa—Holm equation as a semilinear system of or-
dinary differential equations taking values in a Banach space. This formulation
allows one to continue the solution beyond collision time, giving either a global
conservative solution where the energy is conserved for almost all times or a
dissipative solution where energy may vanish from the system. Local existence
of the semilinear system is obtained by a contraction argument. Going back
to the original function u, one obtains a global solution of the Camassa—Holm
equation.

In [T5], Bressan and Fonte introduce a new distance function J(u, v) which is
defined as a solution of an optimal transport problem. They consider two mul-
tipeakon solutions u(t) and v(t) of the Camassa—Holm equation and prove, on
the intervals of times where no collisions occur, that the growth of J(u(t), v(t))
is linear (that is, 4L (u(t),v(t)) < CJ(u(t),v(t)) for some fixed constant C') and
that J(u(t),v(t)) is continuous across collisions. It follows that

J(u(t),v(t)) < €T (u(0),v(0)) (5.6)

for all times ¢ that are not collision times and, in particular, for almost all
times. By density, they construct solutions for any initial data (not just the
multipeakons) and the Lipschitz continuity follows from &f). As in [I5], the
goal of this article is to construct a metric which makes the flow Lipschitz
continuous. However, we base the construction of the metric directly on the re-
formulation of the equation which is used to construct the solutions themselves,
and we use some fundamental geometrical properties of this reformulation (rela-
beling invariance, see below). The metric is defined on the set D which includes
configurations where part of the energy is concentrated on sets of measure zero;
a natural choice for conservative solutions. In particular, we obtain that the
Lipschitz continuity holds for all times and not just for almost all times as in

.
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Let us describe in some detail the approach in this paper, which follows
Bb6] quite closely in setting up the reformulated equation. Let u = wu(t, )
denote the solution, and y(t, £) the corresponding characteristics, thus y;(¢, &) =
u(t,y(t,€)). Our new variables are y(t, ),

y(t,6)
U(t€) = ult,y(t.€), H(t.E) = / L s (5.7)

where U corresponds to the Lagrangian velocity while H could be interpreted as
the Lagrangian cumulative energy distribution. In the periodic case one defines

Q= 1)/ sinh(y(§) — y(n)(U?ye + He)(n) dn (5.8)
i /O sign(€ — ) exp ( — sign(€ — )(y(€) — y(n)) (Uye + He)(n) dn,
F= 2(e —1) /0 cosh(y(&) — y(n)(U?ye + He)(n) dn (5.9)

# 5 [ o (= signle ~ m(©) ~ v) (0 + H) )

Then one can show that

Yt = Ua
U= -Q, (5.10)
H, = [U® —2PU;,

is equivalent to the Camassa—Holm equation. Global existence of solutions
of (BI0) is obtained starting from a contraction argument, see Theorem [BH
The issue of continuation of the solution past wave breaking is resolved by
considering the set I (see Definition B222)) which consists of pairs (u, u) such
that (u,pu) € Dif u € HI},er and p is a positive Radon measure with period
one, and whose absolutely continuous part satisfies pac = (u? + u2) dz. With
three Lagrangian variables (y,U, H) versus two Eulerian variables (u, u), it is
clear that there can be no bijection between the two coordinate systems. If
two Lagrangian variables correspond to one and the same solution in Eulerian
variables, we say that the Lagrangian variables are relabelings of each other.
To resolve the relabeling issue we define a group of transformations which acts
on the Lagrangian variables and lets the system of equations (xI0) invariant.
We are able to establish a bijection between the space of Eulerian variables and
the space of Lagrangian variables when we identify variables that are invariant
under the action of the group. This bijection allows us to transform the results
obtained in the Lagrangian framework (in which the equation is well-posed) into
the Eulerian framework (in which the situation is much more subtle). To obtain
a Lipschitz metric in Eulerian coordinates we start by constructing one in the
Lagrangian setting. To this end we start by identifying a set F (see Definition
BE2) that leaves the flow (BEI) invariant, that is, if Xy € F then the solution
X(t) of @IO) with X(0) = X, will remain in F, i.e.,, X(t) € F. Next, we
identify a subgroup G, see Definition L8 of the group of homeomorphisms on
the unit interval, and we interpret G as the set of relabeling functions. From
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this we define a natural group action of G on F, that is, ®(f,X) = X e f
for f € G and X € F, see Definition B0l and Proposition We can then
consider the quotient space F/G. However, we still have to identify a unique
element in F for each equivalence class in F/G. To this end we introduce the
set H, see (), of elements in F for which fol y(€)d¢ = 0 and ye + He =
1+ ||H¢||L:. This establishes a bijection between F/G and H, see Lemma BI0
and therefore between H and . Finally, we define a semigroup S;(Xo) = X (t)
on ‘H (Definition BT2), and the next task is to identify a metric that makes the
flow S; Lipschitz continuous on H. We use the bijection between H and D to
transport the metric from H to D and get a Lipschitz continuous flow on D.

In [B6], the authors define the metric on H by simply taking the norm of the
underlying Banach space (the set H is a nonlinear subset of a Banach space).
They obtain in this way a metric which makes the flow continuous but not
Lipschitz continuous. As we will see (see Remark B20), this metric is stronger
than the one we construct here and for which the flow is Lipschitz continuous.
In [16], for the Hunter—Saxton equation, the authors use ideas from Riemannian
geometry and construct a semimetric which identifies points that belong to the
same equivalence class. The Riemannian framework seems however too rigid
for the Camassa—Holm equation, and we have not been able to carry out this
approach. However, we retain the essential idea which consists of finding a
semimetric which identifies equivalence classes. Instead of a Riemannian metric,
we use a discrete counterpart. Note that this technique will also work for the
Hunter—Saxton and will give the same metric as in [I6]. A natural candidate
for a semimetric which identifies equivalence classes is (cf. (1))

JX.Y)= inf [Xef—Y
(X,Y) f};ﬂeGH of gl

which is invariant with respect to relabeling. However, it does not satisfy the tri-
angle inequality. Nevertheless it can be modified to satisfy all the requirements
for a metric if we instead define, see Definition BEET4 the following quantit,

N
d(X,Y) =inf Y J(Xn 1, Xn) (5.11)

where the infimum is taken over all finite sequences { X, }Y_, € F which satisfy
Xo = X and Xy =Y. One can then prove that d(X,Y) is a metric on H,
see Lemma BT9 Finally, we prove that the flow is Lipschitz continuous in this
metric, see Theorem BEZIl To transfer this result to the Eulerian variables we
reconstruct these variables from the Lagrangian coordinates as in [B6]: Given
X € F, we define (u,p) € D by (see Definition B24) u(xz) = U(E) for any &
such that = = y(§), and p = yx(vdf). We denote the mapping from F to D
by M, and the inverse restricted to H by L. The natural metric on D, denoted
dp, is then defined by dp((u, p), (4, 1)) = d(L(u, u), L(@, 1)) for two elements
(u, ), (@, 1) in D, see Definition The main theorem, Theorem B30 then
states that the metric dp is Lipschitz continuous on all states with finite energy.
In the last section, Section L8, the metric is compared with the standard norms.
Two results are proved: The mapping u — (u, (u? + u2)dx) is continuous from
H! . into D (Proposition BE31). Furthermore, if (uy, j1,) is a sequence in D that

per

converges to (u, pt) in D. Then u, — w in L33 and p, X i (Proposition (232).

IThis idea is due to A. Bressan (private communication).
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The problem of Lipschitz continuity can nicely be illustrated in the simpler
context of ordinary differential equations. Consider three differential equations:

& =a(x), x(0) = xg, a Lipschitz, (5.12a)
=14 aH(z), x(0)=umxz9, H the Heaviside function, o >0, (5.12b)
i = |z, x(0) = o, t — x(t) strictly increasing. (5.12¢)

Straightforward computations give as solutions

z(t) = xo Jr/o a(x(s)) ds, (5.13a)

z(t) = (1+aH(t —to))(t —to), to=—zo/(1+ aH (20)), (5.13D)
t t
x(t) = sign (5 + vp) (5 + U0)2 where vy = sign(zo)|xo|'/2. (5.13¢)
We find that
j2(t) = ()] < e"|wo — To|, L= [lallLip, (5.14a)
|z(t) — 2(t)] < (1 + a)|zo — Zol, (5.14D)
x(t) — Z(t) = t(xo — 5:0)1/2 + |20 — Zo|, when Ty =0,¢t >0, 29 > 0.

(5.14¢)

Thus we see that in the regular case (BIZal) we get a Lipschitz estimate with
constant e’ uniformly bounded as ¢ ranges on a bounded interval. In the second
case (LI2H) we get a Lipschitz estimate uniformly valid for all ¢ € R. In the
final example (IZd), by restricting attention to strictly increasing solutions
of the ordinary differential equations, we achieve uniqueness and continuous
dependence on the initial data, but without any Lipschitz estimate at all near
the point zo = 0. We observe that, by introducing the Riemannian metric

_ T dz
d(z,z) = |/Z |z|—1/2|’ (5.15)
an easy computation reveals that
d(z(t), 2(t)) = d(zo, Zo). (5.16)

Let us explain why this metric can be considered as a Riemannian metric. The
Fuclidean metric between the two points is then given

1
|xo — Zo| = inf/ |xs(s)|ds (5.17)
* Jo

where the infimum is taken over all paths x: [0, 1] — R that join the two points
xo and To, that is, (0) = zo and z(1) = Zy. However, as we have seen, the
solutions are not Lipschitz for the Euclidean metric. Thus we want to measure
the infinitesimal variation zg in an alternative way, which makes solutions of
equation (E2IZd) Lipschitz continuous. We look at the evolution equation that
governs x; and, by differentiating ([EI2d) with respect to s, we get

. sign(z)xs
Ty = ———F—
2/ ||
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and we can check that

d |$S| o
= (M) = 0. (5.18)

Let us consider the real line as a Riemannian manifold where, at any point
z € R, the Riemannian norm is given by |v|/+/|z| for any tangent vector v € R
in the tangent space of . From (BIX), one can see that at the infinitesimal
level, this Riemannian norm is exactly preserved by the evolution equation. The
distance on the real line which is naturally inherited by this Riemannian is given
by

e 1
d(xo,To) = inf ds
oo =t [
where the infimum is taken over all paths x: [0,1] — R joining z¢ and Zo. It is
quite reasonable to restrict ourselves to paths that satisfy x5 > 0 and then, by
a change of variables, we recover the definition (1H).

The Riemannian approach to measure a distance between any two distinct
points in a given set (as defined in ([I7)) requires the existence of a smooth
path between points in the set. In the case of the Hunter—Saxton (see [I6]), we
could embed the set we were primarily interested in into a convex set (which is
therefore connected) and which also could be regularized (so that the Rieman-
nian metric we wanted to use in that case could be defined). In the case of the
Camassa—Holm equation, we have been unable to construct such a set. How-
ever, there exists the alternative approach which, instead of using a smooth path
to join points, uses finite sequences of points, see [ELTl). We illustrate this ap-
proach with equation ([&I12d). We want to define a metric in (0, 0o) which makes
the semigroup of solutions Lipschitz stable. Given two points x,Z € (0,00), we
define the function J: (0, 00) x (0,00) — [0, 00) as

i
8

if x > 7,

8
o

~|
1M

J(x,T) =

81
|
8

7s  ifx <z

8

The function J is symmetric and J(z,Z) = 0 if and only if 2 = Z, but J does
not satisfy the triangle inequality. Therefore we define (cf. (&ITI))

N

d(z, &) = inf Y J (T, Tny1) (5.19)
n=0

where the infimum is taken over all finite sequences {z, })_, such that z¢g =
and xy = T. Then, d satisfies the triangle inequality and one can prove that
it is also a metric. Given x,,x,+1 € E such that z, < z,41, we denote x,,(t)

and x,41(t) the solution of ([I2d) with initial data x,, and x, 1, respectively.
After a short computation, we get

d

1
EJ(ZCn(t), Tn41 (t)) = —g(lﬂn + Tn4+1 — 2\/xn$n+1) < 0.

Hence, J(xp(t), 2p+1(t)) < J(@pn, Tpt1) so that

d(z(t),z(t)) < d(z,z)
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and the semigroup of solutions to (EZIZd) is a contraction for the metric d. Tt
follows from the definition of J that, for z1, 29,23 € F with ;1 < x5 < z3, we
have
J($1,$2)+J($2,$3) < J(a:l,acg). (520)
It implies that d(z, Z) satisfies
N
d(xz,7) = inf Z J (@, Tpt1)

&
n=0

where § = min, |2, 11 — 2|, which is also the definition of the Riemann integral,

so that ~
1

and the metric we have just defined coincides with the Riemannian metric we
have introduced. Note that if we choose

_ =T ifr>7
N 73 x>z
J(z,z){iz ifz<z
1/2 )

then (BZ) does not hold; we have instead J(x1,z3) < J(z1,22) + J(22,23),
which is the triangle inequality. Thus, for d as defined by (&I9) with J replaced
by J, we get

- - T
d(z,z) = J(x,T) # /Z NE dz.
It is also possible to check that, for J, we cannot get that J(x,(t), zn11(t)) <

CJ(zn,Tpe1) for any constant C for any x,, and x,,11 and t € [0,T] (for a given
T), so that the definition of J is inappropriate to obtain results of stability for

[men)

5.2 Semi-group of solutions in Lagrangian coor-
dinates

The Camassa—Holm equation for x = 0 reads
Up — Ugpt + ULy — 2UgpUpy — Ulgzr = 0, (5.21)
and can be rewritten as the following systenE

up + uty + Py =0, (5.22)
1
P—P,=u>+ Eui. (5.23)

We consider periodic solutions of period one. Next, we rewrite the equation
in Lagrangian coordinates. Therefore we introduce the characteristics

2For k nonzero, equation (22 is simply replaced by P — Py = ku +u? + %ui
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We introduce the space V; defined as
Vi ={f € Wi (R) [ f(€+1) = f(€) + Lfor all € € R},

Functions in V7 map the unit interval into itself in the sense that if u is periodic
with period 1, then uo f is also periodic with period 1. The Lagrangian velocity
U reads

U(t,8) = u(t, y(t,€))- (5.25)

We will consider y € Vi and U periodic. We define the Lagrangian energy
cumulative distribution as

y(t,€)
H(t,€) = / (W2 +12)(t, ) da. (5.26)
y(t,0)

For all ¢, the function H belongs to the vector space V defined as follows:

V={fe Wli’cl (R) | there exists « € R
such that f(§ +1) = f(¢§) + « for all £ € R}.

Equip V' with the norm
Ifllv = I fllzee(o,17) + Ifellzro,1))-
As an immediate consequence of the definition of the characteristics we obtain
Ue(t,€) = ue(t,y) + ye(t, ua(t,y) = —Po o y(t,€). (5.27)

This last term can be expressed uniquely in term of U, y, and H. We have the
following explicit expression for P,

P(t,x) = %/Re*\zfz\(ﬁ(t,z) + %ug(t,z))dz. (5.28)

Thus,

Proy(t,€) =~ [ sionlu(t.€) = 2)e MO 2) + Julh,2)
R

and, after the change of variables z = y(t,n),

Ppoy(t,§) = —%/

A [sign(y(tf) —y(t, n))e*|y(taf)*y(t7n)l

< (et ) + g euten)) et n. (520

We have
He = (u® +u2) o yye =: 1. (5.30)

Note that v is periodic with period one. Then, (B29) can be rewritten as

ony(é):*%/Rsign(y(é)*y(n))eXP(*Iy(f)*y(n)l)(UQyﬁV)(n) dn, (5.31)

97



Chapter 5. Stability for the periodic Camassa—Holm equation

where the ¢ variable has been dropped to simplify the notation. Later we will
prove that y is an increasing function for any fixed time ¢. If, for the moment,
we take this for granted, then P, oy is equivalent to () where

Q(t6) =~ [ sients = n)exp (= signs = n)(ul€) = () (Ve + ) ()

(5.32)
and, slightly abusing the notation, we write

P(6) = 7 [ e (= sign(é = n)(u(6) ~u(n) (e + )0y dn. (53)

The derivatives of ) and P are given by

1

1
Qe = 5V <§U2 — P> ye and Pr = Qy, (5.34)

respectively. For £ € [0, 1], using the fact that y(§ +1) = y(§) + 1 and the
periodicity of v and U, the expressions for () and P can be rewritten as

op— | / sinh(y(€) — y(n) (Uye + v)(n) dn

20e—1)
_ % /0 sign(€ — n) exp ( —sign(€ —n)(y(&) — y(n)))(Ung Fu)n)dy, (5.35)

and

1

P= gy [ eoh©) — s @ + )

* %/0 exp (—sign(€ —n)(y(€) — y())) (Uye +v)(n)dn.  (5.36)

Thus P, oy and P oy can be replaced by equivalent expressions given by (232
and (33) which only depend on our new variables U, H, and y. We obtain a
new system of equations, which is at least formally equivalent to the Camassa—

Holm equation:
Yt = Ua

U= -Q, (5.37)
H, = [U® —2PU;,.
After differentiating (B37) we find

Yer = U,
1 1,
Ugt = 51/ + §U - P Ye, (538)

Hep = —2QUye + (3U* — 2P) U.
From (B37) and (B38), we obtain the system

Yt = Ua
U =-Q, (5.39)
vy = —2Q Uye + (3U* — 2P) Ue.
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We can write (E39) more compactly as
X:=F(X), X=(y,Uv). (5.40)

Let
Whi = {f e WL R) | f(€+1) = f(€) for all € € R}.

We equip Wh! with the norm of V, that is,

per

£l = 1 fllzee o,y + I fellr o,y

per

which is equivalent to the standard norm of W1 because || f]|1(j0,1)) < If]lo(f0,1) <

Iz q0.17) + 1 fellL1(jo,1))- Let E be the Banach space defined as

E=VxWhl 1

per per*
We derive the following Lipschitz estimates for P and Q.

Lemma 5.1. For any X = (y,U,v) in E, we define the maps Q and P as

Q(X) = Q and P(X) = P where Q and P are given by [32) and E3Z3),
respectively. Then, P and Q are Lipschitz maps on bounded sets from E to
WL More precisely, we have the following bounds. Let

per”

By ={X =y, Uv) € E| Uy + lyeller + vl < M} (5.41)
Then for any X, X € B, we have
1(X) = QX) s < CullX — Xk (5.42)

and

IP(X) = P(X) i < CullX = X (5.43)

where the constant Cpy only depends on the value of M.

o0

Proof. Let us first prove that P and Q are Lipschitz maps from By to Lpg,.
Note that by using a change of variables in ([E3H) and (E30), we obtain that
P and Q are periodic with period 1. Let now X = (y,U,v) and X = (7, U, D)
be two elements of Bjs. Since the map x +— coshx is locally Lipschitz, it is
Lipschitz on [—M, M]. We denote by C)s a generic constant that only depends
on M. Since, for all &, 7 in [0,1] we have |y(§) —y(n)| < ||yel|Lr, we also have

lcosh(y(&) — y(n)) — cosh(g(§) — 5(n))| < Cumrly(§) — 5(&) —y(n) + F(n)|
< Cumlly —glle-

It follows that, for all ¢ € [0, 1],

lcosh(y(€) — y(-))(UPye + v) () — cosh(§(&) — §(- ) ([T>Fe + 7)( )|
< Cu(lly = dllze + 1U = Ullze + lye — Gellzr + v — 7 1)

1 :
and the map X = (y,U,v) = 555 Jo cosh(y(€) —y(1) (U?ye +v)(n) dn which
corresponds to the first term in (@30) is Lipschitz from By to Lg%, and the

Lipschitz constant only depends on M. We handle the other terms in (B30]) in
the same way and we prove that P is Lipschitz from By to Lp.,. Similarly,
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one proves that Q: By, — Lg‘;r is Lipschitz for a Lipschitz constant which

only depends on M. Direct differentiation gives the expressions (34l for the
derivatives Pr and Q¢ of P and Q. Then, as P and Q are Lipschitz from By,

to Lpg,, we have

[Q(X)e — Q(X)e||,
. ~ 1 ~ o .
= [lyeP(X) — g P(X) — §(U2y§ —U%e) —v+ 0l
< Cu(|P(X) = P(X)||ze + |U = Ullp + llye — Gellr + llv — 7 11)
< CullX — X||&.

Hence, we have proved that Q: By — Wgé} is Lipschitz for a Lipschitz constant

that only depends on M. We prove the corresponding result for P in the same
way. (I

The short-time existence follows from Lemma Bl and a contraction argu-
ment. Global existence is obtained only for initial data which belong to the set
F as defined below.

Definition 5.2. The set F is composed of all (y,U,v) € E such that

yeW, (y,U) € Wlikoo (R) x VV]iCOO(]R), ve L™, (5.44a)

Ye > 0, v >0, ye +v > c almost everywhere, for some constant ¢ > 0,
(5.44b)

Yev = y?U2 + Uf almost everywhere. (5.44c)

Lemma 5.3. The set F is preserved by the equation [B&39), that is, if X (t)
solves @&3Y) for t € [0,T) with initial data Xy € F, then X(t) € F for all
te0,T].

Proof. The proof is basically the same as in [56], and we will repeat this proof
with the necessary adaptions here for completeness. Solutions of ([EZ0) can be
rewritten as

X(t) =X+ /Ot F(X(7))dr, (5.45)

where X denotes the initial condition. Proceeding as in the proof of Lemma Bl
one obtains that I is Lipschitz on bounded sets from F — E, which implies the
existence of short time solutions.

Next we want to show that for initial data in [W1°°]% x L° we have short
time solutions in [W1°]2 x L°. Therefore observe first that y, U, P,Q € W1
implies that y,U, P,Q € L°°, and we therefore have to consider the following
system of ordinary differential equations for y¢, Ue, and v:

d
“a(t.€) = B(t.€),

G0 = 52060+ (502~ P) (01 + alt. ) (5.46)
SA(:6) = ~2QU(L, (1 + alt, ) + (307 — 2P) (1,€)3(1,6).
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where we substituted (¢, Ug, and v by «, 3, and 7. We specify the initial
conditions for this system by defining A as the following set

A={£ € R[] < IT()llze [Ce(O)] < el [F(€)] < 7]~ }-

Since we assume X € [W1°°]2 x L, we have that A has full measure, that is,
meas(A°) = 0. For £ € A, we define (a(0,€), 3(0,£),7(0,£)) = (C(£), Ue(£), 7(8))-
For ¢ € A° we take (a(0,£),5(0,€),7(0,€)) = (0,0,0). This allows us to work in
the Banach space of everywhere bounded periodic functions Bpg,., whose norm
is given by [|fllpse, = supecio,1) [f(§)]- We define (o, 8,7) as the solutions of

EZ8) in [BSS,]? with initial data as given above. As to any function in LS°

er er
we can ﬁndpa function in B¢, so that the two functions coincide almost gv—
erywhere, it is no problem to work in this slightly different setting. As before
we can use a contraction argument to show the short time existence of solu-
tions in [BSQTP and applying Gronwall’s lemma yields that this solution exists
on [0,7], the interval on which (¢,U,v) exist. For showing that (o, 3,7) coin-
cide with ({¢, Ug, v) almost everywhere for any ¢ € [0, 7], we need the following

proposition, which is adapted from [94), p.134, Corollary 2].

Proposition 5.4. Let R be a bounded linear operator on a Banach space X into
a Banach space Y. Let f be in C(]0,T],X). Then, Rf belongs to C([0,T],Y)
and therefore is Riemann integrable, and f[o,T] Rf(t)dt = Rf[o,T] f(t)dt.

For any given &, the map f — f(§) from By, to R is linear and continuous.
Hence after applying this map to each term in ([EZ0) written in integral from
and using Proposition 24l we recover the original definition of «, 3, and
as solutions, for any given ¢ € R, of the system ([EZ0) of ordinary differential
equations in R®. The derivation map & is continuous form Wy} to Lj,,. We
can apply it to (E3), written in integral form, and by Proposition Bl this map
commutes with the integral. Thus we end up with

Ce(t) = Ce +/O Ug(7)dr,

Ue(t) =TUe + /Ot (%y + (%UQ - P> (1+ gg)) (7)dr, (5.47)

v(t) =7 — /Ot (2@ U(l+ ) + (3U% —2P) Ug) (7)dr.

The map from B¢, to L;laer is also continuous, we can apply it to ([40) written in
integral from, and again use Proposition[24l Then, we subtract each equation in
EZD) from the corresponding one in (44, take the norm and add them. After
introducing Z(t) = |la(t,.)—=Ce(t, )|+ 18, )= Ue(t, )| pr+v(E, ) —v(t, )l s

we end up with the following equation
t
Z(t) < Z(0) + C’/ Z(7)dr, (5.48)
0

where C' is a constant which again, only depends on the C([0, 7], W1) norms
of U, P, and Q). By assumption we have Z(0) = 0 and therefore by Gronwall’s
lemma, we get Z(t) = 0 for all ¢ € [0,7]. Thus we showed that (ZZal) is
preserved.
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Denote by B the set where the absolute values of (¢ (), U¢(€), and 7(£) all
are smaller than || X ||jy 1.2« 1 and where (£440) and ([Z4d) are satisfied for
e, Ug, and 7. By assumption we have that meas 3¢ = 0, and we set (ZE’ Ug,D)
equal to zero on B€.

Using that B C A, we obtain that X (¢) satisfies (443l for all ¢ € [0,T].
Next we will show that (E44H) and (EZ4d) hold for any ¢ € B and hence almost
everywhere. We consider a fixed £ in B and drop it in the notation when there
is no ambiguity. From ([&3), we have, on the one hand,

(Yev)e = yerv + vye = Uev + (3UUe — 2y QU — 2PU¢ )y,
and, on the other hand,
WEU? + U2)e = 2yeryeU? + 2y UhU + 2UgUg
= 3U¢U%ye — 2PUeye + vUe — 297 QU.

Thus (yev — yzU? — UZ); = 0, and since y¢v(0) = (y7U? — UZ)(0), we have
proved ([EZ4d). Let us introduce t* given by

t* = sup{t € [0, T]|ye(t") > 0 for all t' € [0,¢]}.

Here we recall that we consider a fixed £ € B and drop it in the notation.
Assume t* < T'. Since ye(¢) is continuous with respect to time, we have

ye (t*) = 0. (5.49)
Hence, from ([224d), that we just proved, we get Ug(t*) = 0 and by (E39),
yer(t7) = Ue(t*) = 0. (5.50)
Form ([B39), since ye (t*) = Ugt (t*) = 0, we get
* * 1 *

If v(t*) = 0, then (ye,Ug,v) = (0,0,0) and, by the uniqueness of the solution
of (B39), seen as a system of ordinary differential equations, we must have
(ye,Ue,v) = 0 for all ¢ € [0,T]. This contradicts the fact that y¢(0) and v(0)
cannot vanish at the same time. If v(¢t*) < 0, then yeu (t*) < 0, and because of
EZ) and ([BE0), there exists a neighborhood U of t* such that ye(t) < 0 for all
t € U\{t*}. This contradicts the definition of t*. Hence, v(t*) > 0, and, since
we now have ye(t*) = ye(t*) = 0 and yey (¢*) > 0, there exists a neighborhood
of t*, which we again denote by U such that ye(¢t) > 0 for all ¢ € U\{¢*}. This
contradicts the fact that t* < T, and we have proved the first inequality in
(EZZd), namely that ye(t) > 0 for all ¢ € [0,T]. Let us prove that v(t) > 0
for all ¢ € [0,7]. This follows from [EZZd) when y¢(t) > 0, Now if y(t) = 0,
then Ue(t) = 0 from (BZ4d) and we have seen that v(t) < 0 would imply that
ye(t') > 0 for some ¢’ in a punctured neighborhood of ¢, which is impossible.
Hence v(t) > 0 and we have proved the second inequality in (EZ4H). Assume
that the third inequality in (E44H) does not hold. then, by continuity, there
exists a time ¢ € [0,T] such that (ye + v)(t) = 0. Since y¢ and v are positive,
we must have ye(t) = v(t) = 0 and , by (&Z4d), Ue(¢t) = 0. Since zero is a
solution of (B39), this implies that y¢(0) = U¢(0) = v(0) = 0, which contradicts
(ye + He)(0) > 0. _
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Theorem 5.5. For any X = (§,U,v) € F, the system [B3X) admits a unique
global solution X(t) = (y(t), ( ),v(t) in CY (R4, E) with initial data X =
(y,U,p). We have X (t) € F for all times. Let the mapping S: F x Ry — F be
defined as

Si(X) = X (b).

Given M >0 and T > 0, we define By as before, that is,

By ={X=(,Uv) € E[[Ullyy: +llgellcr + vl < M} (5.52)

per

Then there exists a constant Cypr which depends only on M and T such that, for
any two elements X, and Xg in By, we have

[5:Xa = SiXplle < Cumll Xa — Xplle (5.53)
for any t € [0,T7].

Proof. By using Lemma Bl we proceed using a contraction argument and ob-
tain the existence of short time solutions to (B39). Let 7 by the maximal
time of existence and assume T < co. Let (y,U,v) be a solution of (&39) in
C'([0,T), E) with initial data (yo,Uo, 0). We want to prove that

sup H(y(ta ')aU(ta -),V(t, ))HE < 00. (554)
te[0,T)

From (BE39), we get

/Ou(t,f)dgz/ u(0,§)d£+/ /(—2QUy5+(3U —2P)U5)(t,£)dtd£

:/0 0(0,€) d§+// 3 9PU)e(t, €) dédt

- /O v(0,€) de. (5.55)

Hence, ||v(t, -)||r = ||#(0, -)||z:. This identity corresponds to the conservation
of the total energy. We now consider a fixed time ¢ € [0,7) which we omit
in the notation when there is no ambiguity. For & and 75 in [0, 1], we have
ly(€) — y(n)| <1 because y is increasing and y(1) — y(0) = 1. From (EZAd), we
infer U%ye < v and, from ([E33), we obtain

IR A _ y L -y,
@ < = [ sn(u() ~ v an + | (n) dn.

Hence,

1Q, )|z < Cllv(t, )l = Cllv (0, )l (5.56)

for some constant C. Similarly, one prove that ||P(t, - )|z~ < Clv(0, -)|1:
and therefore sup,cio )| Q(t, - )|l L= and supyego | P(¢, - )|l are finite. Since
U = —Q, it follows that

U, )= < U0, -)llzee + CTw(0, )] 21 (5.57)
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and supyeo, 1) |U (¢, - )|l < oo. Since y; = U, we have that sup,cjo [y (¢, - )|
is also finite. Thus, we have proved that

Ci1 = sup {||[U )|[= + [P )|l +[Q( )|}
te[0,T)

is finite and depends only on T and ||U(0, - )|z~ + |[v(0, -)||z1. Let Z(t) =
lye(t, o+ |Ue(t, )| pr + |lv(t, )| 2. Using the semi-linearity of (E38) with
respect to (ye, Ug, V), we obtain

Z(t) < 2(0) + c/t Z(r) dr
0

where C' is a constant depending only on C. It follows from Gronwall’s lemma
that sup,c(o ) Z(t) is finite, and this concludes the proof of the global existence.
Moreover we have proved that

1O Il + lye(E Dl + v )l < Cu (5.58)

per

for a constant C'y; which depends only on T and ||U(0, - )| y1.1 + [lye(0, - )| 1 +
(0, -)||L1. Let us prove (EB3). Given T and X,, X3 € By, from Lemma B
and ([E0Y), we get that

1Ua(t, ) = Up(t, L + 1Qalt, -) = @p(t, )L~ < CulXa(t) — Xs(1)ll

where C)y is a generic constant which depends only on M and T'. Using again
E3]) and Lemma BTl we get that for a given time ¢ € [0, T,

1 1 1 1
Uae — Upell 1 + ||§Va + <§U§ - Pa> Yag = 5B — <5U5 - Pﬁ) Ypellz
+1-2Qa UaYae + (3UZ — 2Pa) Uae +2Q3 Usyge — (3U5 — 2P3) Uge|| 11

< Cul|Xa — Xjle-
Hence, |[F(Xo(t)) — F(Xs(t)|le < Cum||Xa(t) — Xp(t)||z where F is defined as
in (BZ0). Then, (R follows from Gronwall’s lemma applied to (&Z0). O
5.3 Relabeling invariance

We denote by G the subgroup of the group of homeomorphisms on the unit
interval defined as follows:

Definition 5.6. Let G be the set of all functions f such that f is invertible,

fEWESR), f(€+1)=f(&)+1 for allé €R, and (5.59)
f—1 and f~* =1 both belong to W;éfo. (5.60)

The set G can be interpreted as the set of relabeling functions. Note that
f € G implies that

1
— < fe <1
1+a_f§_ ta
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for some constant o > 0. This condition is also almost sufficient as Lemma 3.2
in [56] shows. Given a triplet (y,U,v) € F, we denote by h the total energy
[[v]|L1. We define the subsets F,, of F as follows

fa:{X:(y,U,V)EJ:| y§+V)§1+CY}

Tra S T+4'

The set Fy is then given by
Fo={X=(w,Uv)eF|ys+v=1+h} (5.61)

We have F = Uq>0F,. We define the action of the group G on F.

Definition 5.7. We define the map ®: G x F — F as follows

y=vyolf,
U=Uor,
v=vo ffe,

where (7,U,0) = ®(f, (y,U,v)). We denote (3,U,v) = (y,U,v) e f.
Proposition 5.8. The map ® defines a group action of G on F.

Proof. By the definition it is clear that & satisfies the fundamental property
of a group action, that is X e f1 e fo = X e (f1 0 f) for all X € F and fi,
fo € G. It remains to prove that X e f indeed belongs to F. We denote
X = (Q,U,Q)A: X e f, then it is not hard to check that §(§ +1) = §(&) + 1,

UE+1) =U(€), and (€ +1) = p(€) for all £ € R. By definition we have
v =vo ffe, and we will now prove that

Je =yeoffe, and Ue=Uco ffe,

almost everywhere. Let By be the set where y is differentiable and Bs the set
where § and f are differentiable. Using Rademacher’s theorem, we get that
meas(B{) = meas(BS) = 0. For £ € By = ByN f~1(By), we consider a sequence
&; converging to £ with &; # £ for all i € N. We have

y(f (&) —y(f(§) f(&) = (&) _ 9(&) —9(&)
f(&) = f(§) & —¢ &—¢&

Since f is continuous, f(&;) converges to f(£) and, as y is differentiable at f (&),
the left-hand side of (62) tends to ye o f(€) fe(§), the right-hand side of (62
tends to g¢(€), and we get

(5.62)

ye(F(€))fe(€) = 9e(E), (5.63)

for all € € Bs. Since f~! is Lipschitz continuous, one-to-one, and meas(B{) = 0,
we have meas(f~!(B1)¢) = 0 and therefore (Z63) holds almost everywhere. One
proves the other identity similarly. As fe > 0 almost everywhere, we obtain
immediately that (E44H) and (&Z4d) are fulfilled. That (EA4a) is also satisfied
follows from the following considerations: ||Je|lz1 = ||yellr1, as ye is periodic
with period 1. The same argument applies when considering ||Ug|| ;1 and |9/ 1.
As U is periodic with period 1, we can also conclude that ||U||p~ = ||U]|L. As
f € G, one obtains that ||§||z= is bounded, but not equal to ||y]| L.
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Note that the set B)s is invariant with respect to relabeling while the F-norm
is not, as the following example shows: Consider the function y(§) = £ € V1,
and f € G, then this yields

ly(fENN 20,17y = [I1F(E) Lo ((0,1))-

Hence, the L>-norm of y(f(¢£)) will always depend on f.

Since G is acting on F, we can consider the quotient space F/G of F with
respect to the group action. Let us introduce the subset H of Fj defined as
follows

H=1{(w.U.v)eF / y(€) de = 0}. (5.64)

It turns out that H contains a unique representative in F for each element of
F /G, that is, there exists a bijection between H and F/G. In order to prove
this we introduce two maps II;: F — Fy and Ily: Fy — H defined as follows

M(X)=Xef! (5.65)
with f = HLh(y + fo5 v(n)dn) € G and X = (y,U,v), and
IL(X) = X(€ — a) (5.66)

with a = fol y(€) dé. First, we have to prove that f indeed belongs to G. We
have

€+1
ﬁ(y(£+1)+/0 i v(n) dn)

fE+1)

-+

13
_ 1+_h(y(§>+1+/0 v(n)dn+h) = F(€) +1

and this proves [Bd). Since (y,U,v) € F, there exists a constant ¢ > 1
such that 2 < fe < ¢ for almost every ¢ and therefore ([EG0) follows from an
application of Lemma 3.2 in [B6]. After noting that the group action lets the
quantity h = ||v||p: invariant, it is not hard to check that IT; (X) indeed belongs
to Fo, that is, 1_%,3@6 + 7) = 1 where we denote (y,U,7) = II;(X). Let us
prove that (7, U, ) = Ia(y, U, v) belongs to H for any (y,U,v) € Fy. On the
one hand, we have ﬁ(gg + ) = 1 because h = h and ﬁ(yf +v) =1 as
(y,U,v) € Fy. On the other hand,

1 1—a 1 0 1—a
/0 Hode= [ yede = /0 y(€) de + / y(€) de + /1 y(€)de (5.67)

—a

and, since y(§ + 1) = y(£) + 1, we obtain

/Olg(f)df/Oly(f)der/an(f)der/Oay(&)dfa/Oly(g)dza().

(5.68)
Thus T (X) € H. Note that the definition ([260]) of ITs can be rewritten as

IL(X)=Xer,

where 7, : £ — & — a denotes the translation of length a so that II(X) is a
relabeling of X.
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Definition 5.9. We denote by 11 the projection of F into H given by I1j o Ils.

One checks directly that II o II = II. The element II(X) is the unique
relabeled version of X which belongs to H and therefore we have the following
result.

Lemma 5.10. The sets F/G and H are in bijection.

Given any element [X] € F/G, we associate II(X) € H. This mapping is
well-defined and is a bijection.

Lemma 5.11. The mapping St is equivariant, that is,
Si(X o f)=S:(X) e f. (5.69)

Proof. For any Xo = (yo,Uo, o) € F and f € G, we denote X = (%o, Up, 79) =
Xoeof, X(t) = Si(Xo), and X(t) = Si(Xp). We claim that X (t) e f satis-
fies (E39) and therefore, since X (¢) @ f and X (t) satisfy the same system of
differential equations with the same initial data, they are equal. We denote
X(t) = (§(t),U(t),o(t)) = X(t) ® f. Then we obtain

U, = i/Rsign(& —n)exp ( — sign(& —n)(9($) — y())) [UPye + v] (n)dn.

As §¢(§) = ye(f(§))fe(€) and 0(§) = v(f(£))fe(&) for almost every § € R, we
obtain after the change of variables n = f(n'),

U, = i/Rsign(& —n)exp ( —sign(& —n)(9($) — 9(n))) [U>Ge + 2] (n)dn.

Treating similarly the other terms in ([E3), it follows that (4, U, ») is a solution
of (&39). Thus, since (7, U, ) and (7, U, ) satisfy the same system of ordinary
differential equations with the same initial conditions, they are equal and ([EG9)
is proved. O

From this lemma we get that
IMoS;oll =110 5. (5.70)
Definition 5.12. We define the semigroup S; on H as
S, =10 S,.

The semigroup property of S; follows from ([E&Z0). Using the same approach
as in [56], we can prove that S; is continuous with respect to the norm of E.
It follows basically of the continuity of the mapping II but II is not Lipschitz
continuous and the goal of the next section is to improve this result and find a
metric that makes S; Lipschitz continuous.

5.4 Lipschitz metric for the semigroup S,
Definition 5.13. Let X, X3 € F, we define J(Xqo, X3) as

J( X0, Xpg) = inf | Xoef—Xsgeg|g. (5.71)
f,9€eG
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Note that, for any X, Xg € F and f,g € GG, we have
J(Xapef,Xgeg)=J(Xa,Xp). (5.72)

It means that J is invariant with respect to relabeling. The mapping J does
not satisfy the triangle inequality, which is the reason why we introduce the
mapping d.

Definition 5.14. Let X,,Xg € F, we define d(Xo, X3) as
N
d(Xa, Xp) =inf Y J(Xp 1, Xp) (5.73)
i=1
where the infimum is taken over all finite sequences {X,,}N_, € F which satisfy
Xo =X, and Xy = Xg.
For any X, Xg € F and f,g € G, we have
d(Xape f,Xgeg)=d(X,,Xp), (5.74)

and d is also invariant with respect to relabeling.

Remark 5.15. The definition of the metric d(Xq, Xg) is the discrete version
of the one introduced in [16]. In [I8], the authors introduce the metric that we
denote here as d where

1
dcxawxa>inﬁzlans@>mX@9ds

where the infimum is taken over all smooth path X (s) such that X (0) = X, and
X (1) = Xg and the triple norm of an element V is defined at a point X as

IVIl'= itV — g Xe]

where g is a scalar function, see [I6] for more details. The metric d also enjoys
the invariance relabeling property &A). The idea behind the construction of d
and d is the same: We measure the distance between two points, in a way where
two relabeled versions of the same point are identified. The difference is that in
the case of d we use a set of points whereas in the case ofJ we use a curve to
join two elements X, and Xg. Formally, we have

1
lim <J(X(5), X (s + 8)) = | X, (o (5.75)

We need to introduce the subsets of bounded energy in Fy.

Definition 5.16. We denote by FM the set
FM={X=(y.Uvr)eF|h= vl <M}

and let HM = H N FM.
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The important property of the set FM is that it is preserved both by the
flow, see (ERH), and relabeling. Let us prove that

BunHcCHM ¢ By nH (5.76)

for M = 6(1+ M) so that the sets By N'H and HM are in this sense equivalent.
From ([61l), we get ||ye| ree < 1+ M which implies ||y¢||r < 1+ M. By (Z4d),
we get that UZ < yer < %(yg +12) < L(ye +v)? < 3(1+ h)? and therefore
|Uellzr <1+ M. Since [ ye(n)dy =1 and ye > 0, the set {€ € [0,1] | ye(€) >
1} has strictly positive measure. For a point & in this set, we get, by (EZ4d),
that U2(&) < 5482 < 2(1+M). Hence, U1 < [U(&)|+||Uel|zr < 3(1+M)
and, finally,

Ul + el + vl < 6(1 + M),

which concludes the proof of (B7H).

Definition 5.17. Let dy; be the metric on HM which is defined, for any
Xo, X5 € HM, as

N
dyr(Xa, X5) = infz J(Xn_1,Xn) (5.77)
i=1
where the infimum is taken over all finite sequences {X,}N_, € HM which
satisfy Xo = Xo and Xy = Xg.
Lemma 5.18. For any X, Xg € HM | we have
19a = ysllLe + [Ua = UsllLoe + |ha — hp| < Crrdar(Xa, X) (5.78)
for some fixed constant Cyp; which depends only on M.
Proof. First, we prove that for any X,, Xg € HM, we have
1Yo = ysllLoe + [[Ua = UpllLe + |ha = hs| < O (Xa, Xp) (5.79)

for some constant Cp; which depends only on M. By a change of variables in
the integrals, we obtain

1 1
|ha*hﬁ|:|/ VaOffgdff/ vp 0 9¢ |
0 0
< [ Xao S~ Xpegle.
We have

Yo — ysllLe + |Ua — UsllL
< Xaef—Xgegle+lysof—ysogllLe+|Usof—UsogllLe
<[ Xaof—Xgegle+ (lyselle + |UsellL)ll f — gl
(5.80)

From the definition of H™ we get that, for any element X = (y,U,v) € HM,
we have [|yelzo + [[v[Le < 2(1 4+ M). Since UZ < yev, from [EZFJ), it follows
that ||Ug|| L=~ < 2(1 + M). Thus, &X0) yields

lya—ysllLe +Ua—UsllLe < [[Xaof—Xgegllp+4(1+M)||f—gllL~. (5.81)
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We denote by C); a generic constant which depends only on M. The identity
E™) will be proved when we prove

If = gllze < Cul|Xaof—Xpeg|s (5.82)

By using the definition of H, we get that

1
I fe — gellr = H—1+ha (Yag o f +raof)fe— 1 s (Yse 0 g +vp0g)gel e
|ha—h5| 1
X,of—X
S Tt +1+th of—Xpeg|E
SCM”Xa'f*Xﬁ‘g”E. (5.83)

Let 6 = g(0) — f(0). Similar to (B67) and (B6Y), we can conclude that

F(O)+1+5

1
/ yg o (f +0)fed§ =/ ypdé
0 f

(0)+6

0 1 1+ £(0)+6
- / yodé + / ysdé + / yade
£(0)+6 0 1

0 1 f(0)+6
- / yodé + / yadé + / ysdé + F(0) + 5
£(0)+5 0 0

— £(0) + 6.
Thus we have § = fol yg o (f + 8)fedé — f(0) and analogously 0 = fol Yp ©
(f)fedé — £(0). Hence,
1 1
ol = o ) d¢ — e d€l. 5.84
||I/Oyﬁ(f+)fg£/0yffg§| (5.84)

By [(EX3), we get that
g —f =0l < |lfe — gellr < Cul|Xa o f—Xgogle. (5.85)
Then, since

1ys o (f +6) —ysogllLe < llysellzellf +0 — gl
< CulXaef—Xgegls,

we obtain that

lya o f —yso(f+ )l <|lyaof—ysogllLe+llysog—yso (f +9)|r=
<CulXaef—Xseg|s. (5.86)

Then, (B34 yields
0] < Cu|| Xaof —Xgegl|e. (5.87)

From (8H) and (X7), (X2 and therefore (D) follows. For any ¢ > 0, we

consider a sequence {X,,}2_, in HM such that Xy = X, and Xy = Xz and
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SN T(Xo1, X)) < dar(Xa, Xp) + . We have

[9a — ygll Lo +1Us — Upll Lo + |ha — hgl
N
<3 wn1 = wnllze + Un1 = Unllze + o1 — bl

n=1

N
S CVM Z J(Xn—laXn)

n=1

< Cu(dm (X, Xg) + ¢).
Since ¢ is arbitrary, we get ([13). O
From the definition of d, we obtain that
d(Xa, Xg) < || Xa — X5l &, (5.88)
so that the metric d is weaker than the E-norm.
Lemma 5.19. The mapping dys : HM x HM — R, is a metric on HM.

Proof. The symmetry is embedded in the definition of .J while the construction
of dp; from J takes care of the triangle inequality. From Lemma BET8 we get
that dpr(Xa, Xg) = 0 implies that yo = yg, Uy = Ug and hy = hg. Then, the
definition (&) of Fy implies that v, = vg. O

Remark 5.20. In [56], a metric on H is obtained simply by taking the norm
of E. The authors prove that the semigroup is continuous with respect to this
norm, that is, given a sequence X, and X in H such that lim, || X, — X| g,
we have lim,, o |S: X, — S;X||g = 0. However, S; is not Lipschitz in this
norm. From [EBR), we see that the distance introduced in [50)] is stronger than
the one introduced here. (The definition of E in [50] differs slightly from the

one employed here, but the statements in this remark remain valid).
We can now prove the Lipschitz stability theorem for S;.

Theorem 5.21. Given T > 0 and M > 0, there exists a constant Cp; which
depends only on M and T such that, for any X, X € HM and t € [0,T)], we
have

A1 (81X a, 81 X5) < Crrdar(Xa, Xp). (5.89)

Proof. By the definition of dyy, for any £ > 0, there exists a sequences { X, }_,
in HM and functions {fn}rz:r;117 {gn}ﬁ’;ll in G such that X = X,, Xy = X3
and

N
D IXn1efu1—Xpegnillp < du(Xa, Xg) +e. (5.90)
1=1

Since HM C By for M = 6(1 + M), see (1), and By is preserved by
relabeling, we have that X,, e f,, and X,, e g,_1 belong to Bjy;. From the
Lipschitz stability result given in (&2h3), we obtain that

HSt(anl.fnfl)*St(Xn.gnflﬂ‘E S CMHanl.fnfl*Xn.gnleEa (591)
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where the constant Cj; depends only on M and T'. Introduce
X, =X,0f, X! =8/(X,), forn=0,...,N—1,

and ~ ~ ~
X, =X,009,1, X! =8,(X,), forn=1,...,N.
Then ([EI0) rewrites as

N
D 1 Xn-1 = Xnlle < dar(Xa, Xp) + € (5.92)

i=1
while (B0l rewrites as
IXE 4 = Xllg < CullXn—1 — Xul 5. (5.93)
We have
I(X§) = o Sy (Xo e fo) =ITo (S(Xo) e fo) =T oSy (Xo) = Si(Xa)

and similarly TI(X%) = S;(Xj3). We consider the sequence in H which con-
sists of {TIX!}N" 1 and S;(Xjs). The set FM is preserved by the flow and by
relabeling. Therefore, {TIX!}) -} and S;(X3) belong to HM. The endpoints
are S;(X,) and S;(Xjs). From the definition of the metric dys, we get

N—-1
drr(Si(Xa), S:(Xp)) < ) (JIXG,_ TIX)) + J(IX Yy, Si(Xp))
o -
= (‘](Xrtzflertz)) + J(X]tvfle]tV)) by (m)
" (5.94)

By using the equivariance of Sy, we obtain that

X =5(Xn) = Se(Xn o f') @ gn1)

, , 5.95
= Si(Xn) e (fitogn-1) =X, o (fi' 0gn1). (59)

Hence, by using ([BZ2), that is, the invariance of J with respect to relabeling,
we get from ([04) that

=

—1

A (S(Xa) Si(Xp)) € Y (J(Xh, X)) + T (Xhy_y, Xh)

3
Il
-

X1 — Xolle by BE8)

P_ﬂz

3
Il
-

N

< COu Y X1 = Xalle by (E33)
n=1

< Cum(dm(Xa, Xg) +€).

After letting € tend to zero, we obtain ([89). O
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5.5 From Lagrangian to Eulerian coordinates

We now introduce a second set of coordinates, the so—called Eulerian coordi-
nates. Therefore let us first consider X = (y,U,v) € F. We can define the
Eulerian coordinates as in [56] and also obtain the same mappings between Eu-
lerian and Lagrangian coordinates. For completeness we will state the results
here.

Definition 5.22. The set D consists of all pairs (u, pu) such that

(i) w€ H},., and

per’

(i) w is a positive Radon measure whose absolute continuous part, ac, satis-

fies
fac = (u* +ul)dz. (5.96)

We can define a mapping, denoted by L, from D to H C F:

Definition 5.23. For any (u,n) in D, let

h = u([0,1)),
y(§) =sup{y | Fl.(y) +y < (1 + h)EY,
49 =1 1) e (597)
U(§) = uoy(§),
where
w([0,2)) if x>0,
Fu(z) = 0 ifx=0, (5.98)

) ifz<O.
Then (y,U,v) € Fy. We define L(u, ) I(y,U,v).

Thus from any initial data (ug, o) € D, we can construct a solution of (B39
in F with initial data Xo = L(uo, o) € F. It remains to go back to the original
variables, which is the purpose of the mapping M, defined as follows.

Definition 5.24. For any X € F, then (u, ) given by

u(x) = U (&) for any & such that x = y(§),

1= yy(vdg), (5.99)

belongs to D. We denote by M the mapping from F to D which for any X € F
associates the element (u, u) € D given by [@9J).

The mapping M satisfies
M = M oIl (5.100)

The inverse of L is the restriction of M to H, that is,
LoM=1II, and MoL=1 (5.101)

Next we show that we indeed have obtained a solution of the CH equation.
By a weak solution of the Camassa—Holm equation we mean the following.
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(Id7 u, fi@ du)

, 777777777777777777
T (uo)
) 7 (Id, uo, [ dpo)

Lagrangian coordinates (F) Eulerian coordinates (D)

Figure 5.2: A schematic illustration of the construction of the semigroup. The
set F where the Lagrangian variables are defined is represented by the interior
of the closed domain on the left. The equivalence classes [X] and [X,] (with
respect to the action of the relabeling group G) of X and X, respectively, are
represented by horizontal curves. To each equivalence class there corresponds a
unique element in H and D (the set of Eulerian variables). The sets H and D
are represented by the vertical curves.

Definition 5.25. Let u: Ry x R — R. Assume that u satisfies
(i) uw € L>=([0,00), H].,),
(i) the equations

/ /]R =t )on(t,) + (ulta)ug(t,) + Pr(t,2))0(0,2)dadt

:/Ru((),z)gb((),:c)dx, (5.102)
and
// (P(t,x)—u?(t,z)— %ui(t,x))qﬁ(t, )+ Py (t,x) ¢, (t, x)dxdt =0, (5.103)
Ry xR

hold for all ¢ € C§°(]0,00),R). Then we say that u is a weak global solution of
the Camassa—Holm equation.

Theorem 5.26. Given any initial condition (ug, o) € D, we denote (u, u)(t) =
T (uo, po). Thenu(t,x) is a weak global solution of the Camassa—Holm equation.
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Proof. After making the change of variables x = y(t, ) we get on the one hand

_// U(ﬁ,w)(bt(t,l')dl‘dt = —// u(t’y(tag))qﬁt(t,y(t,f))yf(t,f)dgdt
Ry xR R, xR
T //R U (1€))r = 0t 50t )y )yt el
= //]R R[U(t,E)yg(t,E)(qﬁ(t,y(t,g)))t - (bf(t,y(t,g))U(t’g)Q]dEdt
= [ U0.6600.40.9)c(0.6)d¢ 5,100
* //R Ut )ye (8, ) + ULt )y ot y(t,€))dedt
+//R RUQ(t7§)¢§(t7y(t,£))d§dt
:/U(0,$)¢(O,x)dx
R
[ @t 9uet.9 + Vet U600, O,

while on the other hand

/ / (u(t, 2)ug (t, ) + Py(t, 2))d(t, x)dzdt
Ry xR

N //R R(U(t’g)Uf(t’f) + Po(t, y(t,€))ye(t, €))p(t, y(t, €))dEdt
+ (5.105)

://]R R(U(t’g)Uﬁ(tvf)+Q(t,é)yf(t5))¢(t7y(t,§))d§dt,

which shows that (E102) is fulfilled. Equation (EI03) can be shown analogously

// P, (t,x)d, (¢, x)dxdt
]R+><]R
_ / / QU €)ye (1, )bty (1, €)) et
Ry xR

- / /R QU Ooclt.y(t. )t (5.106)
. / / Qelt, )(t y(t, €))dedt
Ry xR
[ e+ GUALE - P et o uie, O)dede
Ry xR

= //]R XR[%Ui(t,.T) + u2(t, x) — P(t, 2)]o(t, x)dxdt.
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In the last step we used the following

1 y(0)+1 y(1)
/ u? + ulde = / u? +ulde = / u? +ulda (5.107)
0 (0) y(0)

U2 1
=/ Uye + —=de :/ vz, (5.108)
{£€10.1] ve (1.6) >0} Y 0

the last equality holds only for almost all ¢ because for almost every ¢t € R, the
set {€ €[0,1] | ye(t,&) > 0} is of full measure and therefore

1 1
/ (u? + u?)dr = / vd§ = h, (5.109)
0 0

which is bounded by a constant for all times. Thus we proved that u is a weak
solution of the Camassa—Holm equation. [l

Next we return to the construction of the Lipschitz metric on D.

Definition 5.27. Let

T, .= MS,L: D — D. (5.110)
Note that, by the definition of S; and (EI00), we also have that
T, = MS,L.

Next we show that T} is a Lipschitz continuous semigroup by introducing a
metric on . Using the bijection L transport the topology from H to D.

Definition 5.28. We define the metric dp: D x D — [0,00) by

dD((uau)v(aaﬂ)) - d(L(uau)vL(ﬁvﬂ» (5111)

The Lipschitz stability of the semigroup 7} follows then naturally from The-
oremBZTl The stability holds on sets of bounded energy that we now introduce
in the following definition.

Definition 5.29. Given M > 0, we define the subsets DM of D, which corre-
sponds to sets of bounded energy, as

DM = {(u,1) € D | (0, 1)) < M}. (5.112)
On the set DM | we define the metric dpy as
dpna ((u, ), (@, 1)) = dar (L(u, p), L(i, 1)) (5.113)

where the metric dyy is defined in (BZZ4).

The definition (EIT3) is well-posed as we can check from the definition of L
that if (u, ) € DM then L(u,u) € HM. We can now state our main theorem.

Theorem 5.30. The semigroup (Tt,dp) is a continuous semigroup on D with
respect to the metric dp. The semigroup is Lipschitz continuous on sets of
bounded energy, that is: Given M > 0 and a time interval [0,T], there exists a
constant C which only depends on M and T such that, for any (u,p) and (a, ft)
in DM we have

dpot (T (u, 1), To(@, 1)) < Cepar ((u, 1), (@, 1))
for all t €10, T].
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Proof. First, we prove that T} is a semigroup. Since S; is a mapping from H to
‘H, we have

TtTt/ = MStLMSt/L = Mgtgt/L = MStth/L = Ttth’

where we also use ([EI01]) and the semigroup property of S;. We now prove the
Lipschitz continuity of T;. By using Theorem 2]l we obtain that

dpa (T (u, 1), Te (@, 1)) = dar (LM S L(u, p), LM S;L(, ji))
= dar (5L, 1), S, L0, 1)
< Cays (L(u, ), L, )
— Cay (), (3, ).

O
5.6 The topology on D
Proposition 5.31. The mapping
u = (u, (u? +u?)dz) (5.114)

is continuous from Hg,er imto D. In other words, given a sequence u, € H;er
converging to u € H., then (un, (u2 + u2,)dz) converges to (u, (u? + u2)dx)

per’
in D.

Proof. Let Xy, = (yn,Un,vn) be the image of (un, (uj + uj ,)dz) given as in
ETD) and X = (y,U,v) the image of (u, (u? + u2)dx) given as in (7). We
will at first prove that w, converges to u in H;er implies that X,, converges
against X in E. Denote g, = u2 +u2, and g = u? + u2, then g, and g are
periodic functions. Moreover, as X,,, X € Fy, we have y, ¢ + v, = 1+ hy, and
ye +v = 14 h, where h,, = ||v,||r and h = ||v|| 1. By Definition B23, we have

that y,(0) = 0 and y(0) = 0, and hence

/ g (@) 4y (€) = / vn(@)dz + yn(€) = (1 + ho)e,  (5.115)
0 0

y(&) £
/ g(x)de + y(€) = / v(@)de + y(€) = (1 + h)e.
0 0

By assumption u,, — wu in ngr, which implies that u, — » in L*°, g, — ¢ in

L', and h,, — h. Therefore we also obtain that y, — y in L>. We have
Up—U=Up0Yp —UOY =UpOYp —UOYp +UOYp —UOY. (5.116)

Then, since u,, — u in L, also u, oy, — uoy, in L and as u is in H;er, we
also obtain that woy, — woy in L. Hence, it follows that U, — U in L*°. By
definition, the measures (u? + u2)dz and (u2 + u2,)dz have no singular part,
and we therefore have almost everywhere

1+h 1+h,

=— "  and yp=-—'-"2". 5.117
T+goy Ynt 1+gnoyn ( )

Ye
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Hence
L4+ gnoyn 1+goy)
—Yng = n - 5.118
v = o = vetine T+ 1+ h (5.118)
_ (1+gnoyn_1+gnoyn)
— Y\ T 1+h
+%(gnoyn*90yn+goyn*goy).
In order to show that ¢, ¢ — (¢ in Léer, it suffices to investigate
1
/ 190 Yn — g0 Ylyeyn,ed, (5.119)
0
and
1
/ |9n © Yn — 9 © Yn|Yen,ed, (5.120)
0

as we already know that h,, — h and therefore y,, ¢ and y¢ are bounded. Since
0 <wye <1+ h, we have

1
/ 190 Un — G 0 Ynletmede < L+ B)llg —gullzr.  (5.121)
0

For the second term, let C' = sup,,(1 4+ hy) > 1. Then for any € > 0 there exists
a continuous function v with compact support such that ||g —v||z1 < /3C? and
we can make the following decomposition

(90Y = g0 Un)YneYe = (90Y — VO Y)YneYe (5.122)
+ (oY —voYn)Yneye + (VO Yn — g0 Yn)Yn.cle-

This implies
1 1
/ g0y —voylyneyedf < C/ lgoy —voylyedl <e/3, (5.123)
0 0

and analogously we obtain fol |90 yn — Vo Yn|yneyede < /3. As y, — y
in L*> and v is continuous, we obtain, by applying the Lebesgue dominated
convergence theorem, that voy, — voy in L', and we can choose n so big that

1
| 10oum—voslmeveds < Clooy—vonll <e/3 (5120
0

Hence, we showed, that fol g0y — g0 yn|yneyed§ < e and therefore, using

EI2),

1
lim [ [goy — g0 yn|ynecyedé = 0. (5.125)
0

n—oo

Combing now [E11X), 120, and EI2F), yields (e — (¢ in L', and therefore

also v, — v in L'. Because Cn,¢ and v, are bounded in L, we also have that
Cne — Ce in L? and v, — v in L2, Since y, ¢, vp and U, tend to yg, v and U in
L? and ||U,|| = and ||yn.¢llre, are uniformly bounded, it follows from (EZZd)
that

i U2 = Ve (5.126)
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Once we have proved that U, ¢ converges weakly to U, this will imply that
Upn.e — Ug in L?. For any smooth function ¢ with compact support in [0, 1] we
have

/ Uy ebdé = / oo © YnncSE = / o 0y VdE. (5.127)
R R R

By assumption we have wu, ¢ — u¢ in L?. Moreover, since y, — y in L,
the support of ¢ oy, ! is contained in some compact set, which can be chosen
independently of n. Thus, using Lebesgue’s dominated convergence theorem,
we obtain that ¢p oy, * — ¢poy~! in L? and therefore

n—oo

. _ o —1 _
lim RUn7§¢d§f/]Ruz¢ Yy~ dE /RUggbdé. (5.128)

Form ([2Z4d) we know that U, ¢ is bounded and therefore by a density argument
(ETZR) holds for any function ¢ in L? and therefore U,, ¢ — Ug weakly and hence
also in L2. Using now that

1Un.¢ = UellLr < |Ung — Uell 2, (5.129)

shows that we also have convergence in L'. Thus we obtained that X,, — X
in E. As a second and last step, we will show that Ils is continuous, which
then finishes the proof. We already know that y,, — y in L® and therefore
an = fol Yn(€)dE converges to a = fol y(€)d¢. Thus we obtain as an immediate
consequence

1Un(€ = an) —U(§ = a)| L=
S Un(€ = an) =U(€ = an)llze + |UE —an) = U(§ —a)|[z=, (5.130)

and hence the same argumentation as before shows that U,,(§ —a,) — U({ —a)
in L°°. Moreover,

/0 U e(€ — an) — Ue(€ — a)lde (5.131)

1 1

< [ Wnele = an) = Uele — anldg + [ |Ue(€ — @) ~ Uele ~
0 0

< Ve = Uellos + V(€ - an) - V¢ = @l

and again using the same ideas as in the first part of the proof, we have that
Une(€ — an) — Ug(€§ —a) in L', which finally proves the claim, because of

B2 O

Proposition 5.32. Let (uy, in) be a sequence in D that converges to (u, p) in
D. Then

and fin, = . (5.132)

N oo
Up — uw in Lgg,

Proof. Let X,, = (yn,Un,vn) = L(up, ) and X = (y,U,v) = L(u, u) . By the
definition of the metric dp, we have lim, o d(X,, X) = 0. We immediately
obtain that

X, — X in L*=(R), (5.133)
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by Lemma BEIR Denote by C' = sup,,(1 4+ hy,). For any 2 € R there exists &,
and &, which may not be unique, such that x = y,,(&,) and z = y(£). We set
Ty = Yn(§). Then we have

Un () — u(x) = un(®) — un(wn) + Un(§) — U(E), (5.134)

and hence
g’ﬂ
un(a) = wnen) = | [ Un el (5.135)
3
&n 1/2
< V([ U2eman)

< V([ " pnevntmin)

= CVIE = &lVIy(E) = yn()]
< CVIE=Eallly — vall¥2.

W.lo.g., we can assume that ||y, —y|| L~ < 1, and [£, —&| < 1 as y,, is increasing.
Thus

() = (2)] < Cllyn — yll /2. (5.136)

Since y,, — y and U,, — U in L, it follows that u,, — u in L*°.
By weak-star convergence, we mean that

lim | édu, = / pdp, (5.137)
R R

n—oo

for all continuous functions with compact support. Using Definition BE24) it
follows that

/Rqﬁdun:/Rgboynundf and /R¢du:/R¢oyz/d§. (5.138)

Since y,, — y in L, the support of ¢oy,, is contained in some compact set, which
can be chosen independently of n and from Lebesgue’s dominated convergence
theorem, we obtain that ¢ oy, — ¢ oy in L%. As v, — v in L?, we have

n—oo

lim (boynyndf:/d)oyydf. (5.139)
R R

This finishes the proof. O
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Appendix A

Zusammenfassung

Im ersten Teil dieser Dissertation untersuchen wir den Kern von Transforma-
tionsoperatoren fiir eindimensionale Schrodingeroperatoren mit Potentialen, die
asymptotisch nahe bei Bohr fast-periodischen Potentialen sind, deren Schrédinger-
operatoren Spektren mit unendlich vielen Liicken besitzen. Darauf basierend
werden wir direkte Streutheorie fiir den Fall von stufenartigen Hintergriinden
entwickeln.

Auflerdem préasentieren wir eine Anwendung von direkter und indirekter Streuthe-
orie auf die Korteweg—de Vries Gleichung, in der wir das zugehorige Cauchy-
Problem fiir Anfangsbedingungen l6sen, die Stérungen vom Schwartz-Typ von
quasi—periodischen Potentialen sind, deren Schrédingeroperatoren ein Spektrum
mit endlich vielen Liicken besitzen, unter der Voraussetzung, dass die zugehorigen
Teile der Spektren gleich oder disjunkt sind.

Im zweiten und letzten Teil beschaftigen wir uns mit der Camassa—Holm Gle-
ichung und studieren die Stabilitdt von Losungen des zugehorigen Cauchy-
Problems in dem wir eine Lipschitz Metrik konstruieren.
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