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4 CONTENTS

Summary

The first chapter of this thesis is concerned with measure and probability theory
from a Nonstandard Analysis point of view. First we give an overview of gen-
eral facts in Nonstandard Analysis, i.e. we give a summary about the construction
of nonstandard sets and about the main properties and notations in nonstandard
analysis. The second part of the first chapter is about measure spaces in the “non-
standard universe”, so called internal measure spaces. In this part we show that
internal measure spaces are in general not measure spaces but that for this internal
measure spaces, there is always a measure space in the usual sense, the so called
Loeb space, which is an canonical extension of the nonstandard measure space,
and we show how to construct this Loeb space. Then we apply these results to
the Brownian Motion and show that the Brownian Motion can be obtained as an
infinitesimal random walk i.e. we prove that the standard part of an infinitesimal
random walk on an internal probability space is a Brownian Motion on the appro-
priate Loeb space. We also give some more general construction for a Brownian
Motion by using Nonstandard Analysis. In the next part we show for a big class
of functions and processes on probability spaces in the nonstandard universe that
they in a certain sense correspond to standard entities. We use the standard part
map to show the connection between functions on internal probability spaces, and
functions on the appropriate Loeb spaces i.e. the standard part of a function on
an internal probability space is a function on the corresponding Loeb space, which
has similar properties as the original function. Hence the function on the internal
probability space is a lifting of a certain standard function on the Loeb space. We
do the same for stochastic processes and stopping times on a hyperfinite time in-
terval and show that the standard parts are stochastic processes and stopping times
on a continuous time interval.

In the second chapter we give some applications of nonstandard stochastics in
mathematical finance. First we look at European call options in the Cox-Ross-
Rubinstein model and in the Black-Scholes model. We show important properties
of these models and we determine the fair price of a European call option in both
models. Then we introduce the hyperfinite Cox-Ross-Rubinstein model, where
we use random walks with infinitesimal time steps. The hyperfinite Cox-Ross-
Rubinstein model extends the ordinary Cox-Ross-Rubinstein model and inherits
many of its properties. Then we show that the Black-Scholes model is precisely the
standard part of the hyperfinite Cox-Ross-Rubinstein model and we show that the
standard part of the fair price of a European call option in the hyperfinite Cox-Ross-
Rubinstein model is equal to the fair price in the Black-Scholes model. Finally we
consider American put options in the hyperfinite Cox-Ross-Rubinstein model and
we show that the unique optimal stopping time for an American put option in the
Black-Scholes model is given by the standard part of an optimal stopping time in
the hyperfinite Cox-Ross-Rubinstein model.
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Zusammenfassung

Im ersten Kapitel dieser Diplomarbeit werden Methoden aus der Nichtstandard
Analysis auf Maf3- und Wahrscheinlichkeitstheorie angewendet. Der erste Ab-
schnitt dieses Kapitels ist eine Zusammenfassung {iber die Konstruktion von Nicht-
standard Mengen und {iber deren grundlegende Eigenschaften. Im zweiten Teil
des ersten Kapitels werden MaBrdume im Nichtstandard Universum beschrieben,
sogenannte interne Malrdume. Wir zeigen, dass diese internen Mallrdume im All-
gemeinen keinen Malrdume im {iblichen Sinne sind, aber dass fiir jeden internen
MafBraum ein MaBraum, der sogenannte Loeb Raum, existiert, der eine kanonis-
che Erweiterung des internen MaBraumes ist und wir werden eine genaue Kon-
struktion des Loeb Raumes angeben. Im Folgenden wenden wir diese Ergebnisse
auf die Brownsche Bewegung an und zeigen den Zusammenhang der Brownschen
Bewegung mit infinitesimalen Zufallspfaden d.h. diskrete Zufallspfade mit un-
endlich kleinen Zeitschritten. Im néchsten Abschnitt zeigen wir fiir eine grof3e
Klasse von Funktionen und stochastischen Prozessen auf internen Wahrschein-
lichkeitsrdumen, dass sie mit Standard Funktionen bzw. stochastischen Prozessen
auf den zugehorigen Loeb Ridumen in einem bestimmten Sinne iibereinstimmen.
Wir verwenden die Standardteilabbildung um den Zusammenhang zwischen Funk-
tionen auf internen Wahrscheinlichkeitsraumen und Funktionen auf Loeb Riaumen
zu zeigen. Das heil3t fiir Funktionen auf internen Wahrscheinlichkeitsriumen ex-
istiert eine Funktion auf dem Loeb Raum mit analogen Eigenschaften. Wir zeigen
diesen Zusammenhang ebenfalls fiir Stochastische Prozesse und fiir Stoppzeiten.

Im zweiten Kapitel werden Anwendungen der im ersten Teil entwickelten The-
orie auf die Finanzmathematik beschrieben. Zunichst beschreiben wir Europdische
Optionen im Cox-Ross-Rubinstein Modell und im Black-Scholes Modell. Wir
zeigen wichtige Eigenschaften und bestimmen den fairen Optionspreis innerhalb
beider Modelle. Dann fiihren wir das hyperendliche Cox-Ross-Rubinstein Mod-
ell ein, welches eine Erweiterung mit infinitesimalen Zeitschritten ist und dhnliche
Eigenschaften wie das gewohnliche Cox-Ross-Rubinstein Modell besitzt. Im Fol-
genden zeigen wir, dass das Black-Scholes Modell durch den Standardteil des hy-
perendlichen Cox-Ross-Rubinstein Modells gegeben ist und zeigen, dass die Op-
tionspreise in diesen beiden Modellen iibereinstimmen. Als letztes betrachten wir
Amerikanische Put-Optionen im hyperendlichen Cox-Ross-Rubinstein Modell und
zeigen, dass die optimale Stoppzeit einer Amerikanischen Put-Option im Black-
Scholes Modell durch den Standardteil der optimalen Stoppzeit im hyperendlichen
Cox-Ross-Rubinstein Modell gegeben ist.
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Chapter 1

Non-Standard Stochastics

1.1 Some General Remarks on Non-Standard Analysis

Nonstandard analysis was introduced by Abraham Robinson in 1960. In [1] he
developed a rigorous foundation of the theory of infinitesimals. He introduced
for example, an extension of the real numbers which contains infinitely large and
infinitely small numbers. The following is a summary about important facts from
nonstandard analysis. For details see [1], [2], [3].

We start with a set S, which contains all real numbers and all the standard
entities we need. The elements of S are urelements or atoms, this means the el-
ements of S are not sets. Using this set S we construct the superstructure V(S)
over § i.e. the superstructure over S is the set V(S) = [J;2, Sk where S¢ = S and
Sie1 = SrUB(S ) for k € N. We consider a set W and a function * : V(§) — V(W).
If ¢ is a formula in V(S), then *¢ denotes the formula in V(W) where every ele-
ment s € V(S) which appears in the formula ¢ is replaced by *s € V(W), more
formally *¢ is defined by induction over the complexity of ¢. We call the set
S := Usev(s)s “A the nonstandard universe.

For A € V(W) we say that A is standard if A = *B for some B € V(§) and A
is called internal if A € *B for some B € V(§), otherwise A is called external. In
particular, every standard set is internal and elements of internal sets are internal.
For example *N and *R are internal because N,R € V(§) and all elements of *N
and "R are internal.

One can show that there is a set W and a function * : V(§) — V(W) such that
*S = Wand *s = s forall s € § and that the following important properties hold:

i. Extension Principle: The set W = *S is an extension of S, i.e. there are
elements r € *S \ S.

ii. Transfer Principle: For all elementary statements ¢ in V(S), ¢ holds, if and
only if *¢ holds in V(W).

iii. Saturation Principle: V(W) is k-saturated, where « is the cardinality from
the superstructure V(S). This means that for any set 7 with cardinality

7



8 CHAPTER 1. NON-STANDARD STOCHASTICS

smaller than « and for any family (A;),c7 of internal sets with the finite inter-
section property, we have (7 A; # 0.

If for example S = R we see by the Extension Principle that there are r € *R\R i.e.
there are more real numbers in the nonstandard universe. The Transfer Principle
gives a relation between the properties of R and the properties of the extension
*R and implies that *R is an ordered field. So, by the Extension Principle, *R
contains infinitely small and infinitely large numbers. We call the elements of *R
the hyperreal numbers.

A consequence of the Saturation principle is that every function f : X — Y
where X, Y € V(S), has an internal extension, i.e. for all internal sets A 2 X and
B 2 Y there is an internal function ' : A — B such that for each x € X we have
F(x) = f(x). For example, for every function f : R — R there is an internal
function F : *R — *R such that F(x) = f(x) for all x € R and for every sequence
(Ap)nen there is a sequence (A, ), Which extends the sequence (A,),cn. Now we
give some notations and properties about the nonstandard universe, which we use
in the following sections. See for instance [2].

Let (X, 7") be a topological space and let x € X. The monad of x is defined by
m(x) := (a.ueaner A. Fory € *X we say y is infintely close to x, if y € m(x) and
we write x ~ y. We call y € *X nearstandard if there is some x € X withy ~ x
and ns(A) denotes the set of all nearstandard points in A, where A is any subset
of *X. For A C *X the standard part of A is defined by st(4) = {x € X : y =
x forsome ye A}

We say that an element r € *R is infinitesimal, if |r| < s for all s € R*, finite,
if there is s € R* such that |r| < s and infinite if |r| > s for all s € R*. If r € *R
is finite, then there is a unique s € R such that r ~ s or equivalently st(r) = s
i.e. the standard part of a finite hyperreal numbers is uniquely determined. An
internal set A is called hyperfinite, if there is N € *N and an internal bijection
f:A—-{0,...,N}L

A function F : *X 2 A — *Y where X and Y are topological spaces, is called
S-continuous on A if for all x,y € A we have x ~ y = F(X) = F(Y). This is
equivalent to the following definition. F' : *X 2 A — *Y is S-continuous on A
if for every € € *R™ there is some § € *R* such that |F(x) — F(y)| < € whenever
lx—y| <9.

A consequence of the Transfer principle is that the set N is external because in
the standard universe we have that any set of natural numbers which is bounded
above has a maximum. Therefore, by the Transfer principle, we have that every in-
ternal subset of *N which is bounded above has a maximum. The set N is bounded,
because every infinite number is an upper bound of N but N has no maximum,
therefore N is external. It can be shown in a similar way that the sets "N \ N, R,
*R\ R and m(r) for r € R are external. Also the following important properties for
internal sets in *N and *R are direct consequences of the Transfer principle. See
[4] for a proof.

i. If A € "N is a nonempty internal set, then A has a least element.
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ii. If A € *R is a nonempty internal set with an upper bound, then A has a least
upper bound.

iii. If A is an internal set, which contains N then, A contains some infinite natural
number.

iv. If A is an internal set, which contains *N \ N, then A contains some finite
natural number.

v. If A is an internal set, which contains every positive infinitesimal real num-
ber, then A contains some standard real number.

vi. If A is an internal set, which contains R* then A contains some positive in-
finitesimal real number.

The properties ii. and iii. are called overflow- respectively underflow principle.

By using nonstandard analysis we can represent integrals as standard parts of
hyperfinite sums. The proofs of the following important theorems are found for
example in [2]. Let f : [0,1] — R be a Riemann integrable function. Then for

N e*N\N
! 1, (i
fof“)d”ﬁ_ (%)

14
Or more general, if (2, A, P) is a measure space and f : Q — R is a P-integrable
function, then there is a hyperfinite set A C *Q such that

1 .
f fdP ~ i Z f(w).

wEA

N
=1

1.2 Loeb Measures

In this section we explain the concept of Loeb Measures, which was introduced
by Peter Loeb in 1975, see [5]. We show how to convert an internal measure to a
o-additive measure in the usual sense, for more details see [6].

To make this more precise, let Q be an internal set. The power set B() is the
set of all internal subsets of Q. An internal Algebra on € is an internal set A C
*P(Q) which contains @ and Q, and which is closed under finite and hyperfinite
unions and under complements.

Suppose that A € *P(€2) is an internal Algebra and that ¢ : A — *[0, o0) is an
internal function with u(A U B) = u(A) + u(B) for all disjoint A, B € A. Clearly, for
N € “N\NandA,...,Ay € Adisjoint, UY, 4; € Aand u (UL, A;) = ZX, 1 (A).
Hence p is an internal finitely additive measure on A. We call (Q, A, u) an internal
measure space and if u(Q) = 1 we say that (Q, A, ) is an internal probability
space.

Let (Q, A, u) be an internal measure space such that u(Q) is finite. Then u(A)
is finite for each A in A and we may define the function st(u) : A — [0, c0)
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by st(u)(A) = st(u(A)). Clearly, for disjoint A, B € A we have st(u(A U B)) =
st(u(A))+st(u(B)). This means that st(u) is finitely additive. Therefore (€2, A, st(w))
is a finitely additive measure space in the usual sense. If A is finite, then for disjoint
(Ap)nen exists m € N such that A; = 0 for i > m. Therefore ey A = U, An €
A and A is a o-algebra. But in general (€, A, st(u)) is not a measure space because
A is not a o-algebra if A is not finite. Because if A is not finite, there exists
internal and disjoint A,, such that A,, # @ for each n € N. Assume that |,y Ay 1S
internal and let By = (J,enAn \ Ax for k € N. Then all By are internal and they
have the finite intersection property. It follows from the Saturation Principle that
(Mnewt Bn # 0, which is a contradiction. Thus | J,,c0 Ay is not in (A, and A is not
a g-algebra. In the following theorem we show that there is an extension of st(u)
that turns the standard finitely measure space, to a measure space.

Theorem 1. Let 0(A) be the o-algebra generated by A. Then there exists a unique
o-additive extension of st(i) on o(A).

Proof. Suppose that A, for n € N are disjoint sets in A such that A = | J,en A, € A.
A is internal and A € A. Thus A is internal, but by the Saturation Principle this is
only the case if there exists m € N such that A, = 0 for n > m, hence

m

imwﬂjm}wwﬁcmq=2awm»=2mwm»
n=1

neN n=1 neN

= st(u) is o-additive. Now the result follows from Caratheodorys extension theo-
rem, which says that if there is a o-additive measure on an Algebra ‘A, then there
exists an unique o-additive extension on the o-Algebra generated by A. O

In the following, we show that the sets |,y A Where A,, € A differs from a
set A € A by a so called Loeb null set, which we define now.

Definition 1.2.1. Let (Q, A, 1) be an internal measure space. B C Q is a Loeb null
set if for all € € R* there is a set A € A with B C A and u(A) < e.

Lemma 1.2.2. Let (Q, A, 1) be an internal measure space and let (A,),en be an
increasing sequence of sets with A, in A for each n € N. Then there exists a set
A € A such that

i. UnewAn €A
ii. st(u(A)) = lim,_ o0 St(u(Ay))
iii. A\ U,enAn is a Loeb null set.

Proof. (A,)nen is a sequence of internal subsets of an internal set A. Thus, by the
Transfer Principle, there is an internal sequence (A, ),e-v of sets in (A that extends
the sequence (A,),en. Because (A,)qen is an increasing sequence we have for each
finite n

H(A) < SU(A) + ~ < a+
n n
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where a = lim,,, st(u(A,)). By overflow there is N € *N \ N with

1
UAN) <a+ N and Ay € A.

Let A = Ay, then A 2 A, for each finite n. Therefore A 2 |,y A, and for each
finite n we have u(A,) < u(A). Thus

st(u(Ay)) < st(u(A)) < a

and
st(u(A)) = lim st(u(A,))
= st(u(A \ Ap)) = st(u(A)) — st(u(A,)) - 0 as n— oo,

For every m € N we have A \ ey An € A \ Ay, Thus for each real € > 0 there
isasetA\ A, in AwithA\ U,enAn € A\ A, and u(A \ A,;) < €. By definition
A\ Upen An 1s a Loeb null set. O

Lemma 1.2.3. A countable union of Loeb null sets is Loeb null.

Proof. Suppose that A, is a Loeb null set for all n € N, and let € € R*. Then, for

every n exists a set B, € A such that A, C B, and u(B,) < 5;. Let C,, = ", Bi

Then (Cy)nen is a decreasing sequence and for all n € N we have C, € A. By
Lemma 1.2.2 there exists C € A with | J,en Cr € C, C \ U,eny Cr 1s Loeb null and

n n
. . . €
SUU(C) = lim st(u(C,)) = lim st (,u(Ul B,-D < lim (Z; 5) _
i= i=
Because |J,an An € C, U, ey An s a Loeb null set. O
Definition 1.2.4. Let (Q2, A, 1) be an internal measure space and let B C Q.

i. Bis Loeb measurable if there is aset A € A such that AAB := (A\B)U(B\A)
is a Loeb null set.

ii. For a Loeb measurable B C Q define ,uL(B) = st(u(A)) where A € A is the
set such that AAB is a Loeb null set. Call uL(B) the Loeb measure of B.

iii. L (A) denotes the collection of all Loeb measurable sets.

It is clear that £ (A) contains A and all Loeb null sets. In the following we
show that £ (A) is a o-algebra and ,ul is a o-additive extension of st(u) on L (A).

Lemma 1.2.5. Forn € N let A, € A, then U, e Ay € L(A). If the sets A, are

pairwise disjoint, then
ut [U An) = > .
neN neN
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Proof. Define B, = ;’:1 Ay, then (B,)qen is an increasing sequence with B, € A
for all n. By Lemma 1.2.2 there exists B € A such that BA | J,qy Br is Loeb
null. Because | ey Bn = Ujeny An We have BA |, en Ar is Loeb null and therefore
Unent A € L(A). If the sets A, are pairwise disjoint, we have by Definition 1.2.4

wt [U An] = st(u(B)) = lim st(u(B,)) =

neN
= lim st (u(U A,-D = lim st (Z u(Ai)} = D stu(A,).
i=1 i=1 neN

Theorem 2. (Q, L(A), ,uL) is a measure space.

Proof. We first show that £ (A) is a o-algebra. For A € L (A) there exists B €
L (A) so that AAB is Loeb null. Thus A°AB¢ = AAB is Loeb null and A€ € L (A).
To show that £ (A) is closed under countable unions, let (A4,),en be a sequence of
sets in L (A). For every n € N there exists B, € A such that A,AB,, is Loeb null.
By Lemma 1.2.5

| JBie L
neN
and
U ApD U B, C U(AnABn).
neN neN neN

Lemma 1.2.3 says that the countable union of Loeb null sets is a Loeb null set, so
Uneni(AnAB,) is a Loeb null set and therefore | iy A, is Loeb measurable.

To show that ,uL is o-additive let (A,),en be a sequence of pairwise disjoint
sets in £ (A) and let (B,)qen as above. Suppose that the B, are pairwise disjoint,
otherwise take C,, = B,, \ U;’;ll B;. Then all C,, are pairwise disjoint and A,AC,, C

1 AiAB; which is Loeb null. We know from above that | J,en And Uyen By is
Loeb null and that | J,,n By, is Loeb measurable. We see from Lemma 1.2.5 and by
Definition 1.2.4 that

ut [U An] =t (U Bn] = > it B = ) pAn.

neN neN neN neN

O

L (A) is called the Loeb algebra and the measure space (Q,l:(ﬂ), /11:) is
called the Loeb space given by (Q, A, w).

There is another direct construction to obtain the Loeb space (Q, L(A), /JL)i
The Loeb algebra £ (A) can be defined as the collection of all sets A with the
property that the inner and the outer Loeb measure of A is equal.
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Definition 1.2.6. Let (QQ, A, i) be an internal measure space and let A C Q. Define

uA) = sup {st(u(B))}
BeA,BCA

A= }311’11;2 , stuB)}

u(A) and u(A) are called the inner and the outer Loeb measure of A. A is u-
approximable if for every € € R* there are sets B, C € A such that BC A C C and
u(C\ B) <e.

Now we show some properties of ¢ and p.

Lemma 1.2.7. Let (Q, A, 1) be an internal measure space and let A, C Q for
n € N. Then

i. If Ay C Ay for n € N then limyco 1(An) = 1 (Unen An)
ii. If Ay C Ay forn € N then limy e ti(An) = 1 (Nper An)
tii. {1 (Unen An) < Xnewt H(An)
iv. If A, are disjoint for n € N then p(Unen An) 2 Xnen (An).

Proof. To show i let € € R*. By definition of g, there is B, € A such that A, C B,
and st(u(By)) < u(A,) + ezl,,. We show with induction that

st (u (U B,-D <Ti(An) + € 21
-1

i=1

1

Assume that the inequality holds for n. Because st(u) finitely additive and B, € A
for n € N, we have

st {,U U Bi]] = st (u (O Bi]) + st(u (By+1)) — st (,U (g BN Bn+1]] <

i=1 i=1

n n
— I _ 1
S A + € ) 5+ AlAn) + €y = st(u(U Bin Bn+1)) <
i=1 i=1
n+l

<u(Ap) +€ E
i=1

=

where the last inequality follows from A, C |, B; N B,41. Therefore we have

st [u (U Bi]) < lim (ﬁ(A,,) +ey 21] = lim 7i(A,) + €.

i=1 i=1

Let

A, = {Aeﬂ: UBi CA and wA) < lim (,E(A,,))+e}.
i=1
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A, are internal sets with the finite intersection property, therefore by the Saturation
Principle exists A € (), Ay. By the Definition of A, we have | J,ay B, € A and
therefore we have

Auoln)

neN neN

4l

<st(u(A)) <

< lim u(A,) + €.
n— oo

The result follows from the monotonicity of .

ii. Because st(u) is a finitely additative measure, we obtain for n € N:

p(An) = sup  (st(u(A)) =
- AcA, AeA

= sup  (st(u(Q)) - st(uQ\ A))) =

ACA, ,AeA
= st(u(QQ)) - i gngeﬂ st(u(Q\ A)) =

n»

= st(u(Q)) — u(Q\ Ayp).
Because Q\ A,, C Q\ A, and because of 1, we have

lim u(A,) = st(u(€d)) — lim @(Q\ A,) =

= St(u(Q) —ﬁ(U Q\An] -

neN

= st(u() —H(Q\ ﬂAn) =

:E(ﬂAn].

neN

To show iii, let € € R*. By the definition on u there is B, € A with A, C B, and
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st(u(B,) < u(A,y) + E% for n € N. Then, we have for k € N

Because 1 (Upen An) = limy 0 72 (US_; Ay) the result follows from i.

iv. Let e € R*. Forn € Nlet B, € A with B, C A,, and E(A”) < st(/J(Bn))+62l,,.
Because B,, are disjoint for n € N we have for k € N

k k
D uA,) < Z Stu(By)) + € =

n=1

:
,_

O

Theorem 3. Let (Q, A, u) be an internal measure space and let A C Q. Then the
following are equivalent:

i. A is Loeb measurable
ii. A is u-approximable

iii. p(A) = p(A).
Proof.

1.= 1i. A is Loeb measurable

= dAB € A : AAB is Loeb null
=>VYeeR"AC e A:AABCC and u(C)<e

moreover

C°NBCACCUB and u((CUB\(C°NB)=u(C)<e

= A is pu-approximable.
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ii.= iii. A is u-approximable

=>VeeR'AB,Ce A: BCACC and u(C\B)<e
= 0 <u(A) - u(A) < u(C) —u(B) =u(C\ B) < €
= ((A) = pu(A).

1i1.=1.

H(A) = u(A)
=>VeecR'AB,CEeA: BCACC and

H(A) < p(B) + S i(A) 2 u(C) -
= u(C\B) = u(C) - u(B) < €

moreover
(A\B)U(B\A)=A\BCC\B
= AAB is Loeb null and A is Loeb measurable.

1.3 Brownian Motion

The first nonstandard construction of a Brownian Motion was given by Robert M.
Anderson in 1976 [7]. He showed how to construct a Brownian Motion as the stan-
dard part of an hyperfinite random walk, by using Loeb Measures. In this section
we make a more general construction of a Brownian Motion, which includes the
case of an infinitesimal random walk.

Let (Q2, A, P) be a probability space. For an A-measurable function f : Q — R
let Pr(B) := P(f ~1(B)) for all B € B(R) be the distribution of f under ¥ and for
a function g : T X Q — R let g(-, w) be the function t — g(¢, w) for t € T and let
g(t, ) be the function w — g(t, w) for w € Q. For B € B(R) let g(B) = 1if0 € B
and e(B) =01if 0 ¢ B.

Definition 1.3.1. Let (Q, A, P) be a probability space. A Brownian Motion is a
function b : [0, 1] X Q — R that satisfies:

1. b(t,-)is A-measurable for all ¢ € [0, 1].
ii. Ppo,) = € and Ppy-psy = N(O;t—s)for0 < s <t < 1.

iii. Fori =1,...,nthe differences b(¢;, -) —b(t;_1, -) are independent with respect
toP whenever0 =y <t; <...<t, < 1.

iv. b(-, w) is continuous for all w € Q.
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Subsequently we present a nonstandard construction of a Brownian Motion on
a Loeb Space. For this we need the following results. Lemma 1.3.3 and Lemma
1.3.4 are nonstandard versions of Levi’s inequality and the central limit theorem.

Lemma 1.3.2. Let A be an internal algebra on an internal Q and let P : A —
*[0, 00) be internal and finitely additive such that P(Q) = 1. Let g1,...,8, : Q —
*R such that

{wEQ:g,-(w)<r,-}€.?l

ii.
n

P Q{w €Q:gi(w) <ri}|= I:IP({w €Q: gi(w) < ri})

where ry,...,r, € R. Then st(gy),...,st(g,) are pL independent.

Proof. Remember from Section 1.2 that L (A) is a o-algebra extending the inter-
nal algebra A and PL is the measure on L (A) extending st(P). Because L (A) is
a o-algebra we have

{weQ:stigi(w)) <r}= U {w eQ:giw)y<r— 1} € L(A).

k=1

eA

= st(g;) is L(A)-measurable foralli = 1,...,n

o <megren]
81 lk,--agn n &

=1

PL(st(g1) < r1,...,8t(gy) < 1) = P~

}z

. 1 1
ZkILIgPL g1<r1—z,...,gn<rn—z):
1
k

=~

= hms

S~—

SD(gl <r1——,...,gn<rn—

bl

|
_khmst( Pg,<r,——)]:
(l<r, -

7’ (gi<ri.
i=1

and therefore st(gy), ..., st(g,) are Pi—independent. O
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Lemma 1.3.3. Foralln € N let (Q,, A,, Pn) be internal probability spaces and let
Olns -+ -»0nn - &y — R be P,-independent random variables, such that 6;, have for
alli=1,...,nand for all n € N the same distribution with mean 0 and variance
1. Then for N € "N\ N, k < N and x € *R with x > 22

!
1
Prn {a) € Qy: {Igllas)i ﬁ;&w(w) > x}] <
1 k X
<2 Qy:|— ) 6; > =1
< 2Py {0.) € L2y \/Z; N(w) 2}]

Proof. Levi‘s inequality implies that for n € N, k < nand x < 2V2

}]
2}]

The transfer principle implies that for N € *N, k < N and x € *R with x > 22

1<i<k

I
1
P.liw e Q, : max [— Oin(w)

1 k
< 2P, Q,:|— Oin
[{“’ ©On [ 2,00

l
1
Prn {weQN : {Igllag)i %;6,-1\/(60) Zx}]s
1 k X
<2 Qn:|— ) 0; > =rl-
= {we v 2}]

O

Lemma 1.3.4. Foralln € N let (Q,,, A,, Py) be internal probability spaces and let
Olns- - - »Onn be Pp-independent random variables with the same distribution with
mean 0 and variance 1. Then for N € *“N\N, x € *R and k € *N with VN<k<N

1 k
Py {w eQy: ﬁ;(sw(w) < x}) ~ *O(x)
and
1 k
Prn {w € Qy: W{;&N((u) > x}] ~ 2(1 = "®(x))

where @ denotes the standard normal density function.

Proof. Let Q : B(R) — [0, 1] be the distribution of 8;,, i.e. Q(B) = P,,(6in € B)
foralli =1,...,n. @ denotes the product measure, i.e. Q" : B(R") — [0, 1] and
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Q'B) = P,{lweQ,: On(w),...,0m(w)) € B}). Letid;(y) = y; for y € R" and
fori € {1,...,n}. Note that id; are Q"-independent random variables with mean 0
and variance 1. Thus we can use the central limit theorem which implies that

k
1
sup  [Q'{yeR": — > yi<xp|-®Px)|—>0 as n— oo
x€R, \n<k<n ({ \/z ; }
Since
1< 1<
P.llwe,: — Oin(w) <xp|=Q,[{yeR": — » yi<x
k
=  sup P[a)eQ :L26~(w)<x —®d(x)| >0 as n—o oo.
x€R, \n<k<n \/% i=1

Therefore ay ~ O forall N € "N\ N. For N € *"N\ N, x € *R and k € *N with
VN<k<N

= Py ~ "O(x).

k
{w eQy: %Z&,N(w) < x}
i=1

The same equality holds for < x instead of < x and by the Transfer Principle we
have that *®(—x) = 1 — *®(x) and that ;5 : Qv — *R are random variables with

mean (. Therefore
1 k
WeQN:|— ) din(w)| = x| =

k
{w eQy: %{Zéw(w) > x}] ~
i=1

~2(1 -"O(x)).

Pn

= 2Py

O

Theorem 4. For all n € N let (Q,,, A,, P,) be internal probability spaces and let
Olnys -+ »0m + Qn = R be Pp-independent random variables, such that 6;, have for

alli=1,...,nand for all n € N the same distribution with mean 0 and variance
1. Then for N € "N\ N,

i. thereis a set M € L(Ay) with Pﬁ(M) = 0 so that

[N1]
*[0, 1]3t—-» — 6iN(w)
W
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is S-continuous for w ¢ M.

il.
bt w) = (\FZ[M]&N(Q,)) if w¢M,tel0,1]
’ 0 if weM,tel0,1]

is a Brownian Motion with respect to (Qy, L(Ay), Pﬁ).
Proof. To show i, we define

[Nt]
1
B(t,w) := —\/1_\]25[1\7(0)) for weQy.te*0,1]
i=1

where [NV?] is the first integer smaller than Nt. Let

i =1
j=1 T S8t

v (R (l)

m=1 k=1

J
k

k
Ci(e) = U {a) €Qy: sup [B(t,w)-B(s,w) > e} for keN,eeR"

If w ¢ M then w eé Niey Ck( ) for all m € N and so, for all m € N exists k(m) € N
such that w ¢ Ck( ). Let s t € *[0, 1] with s = ¢. Then there exists j € {1, ..., k(m)}

Jj-1
such that k(m) <st< k(m)

For all m € N we have

2
S, 1€ *[0’ 1]7S Rt= IB(t,(I_)) - B(S,CL))| < —.
m

Hence B(-, w) is S-continuous for all w ¢ M. It remains to show that M € L(Ay)

and that PL(M) =
Fix k € N with k > 2. DeﬁneN [N]]forjz ., k. For s,t € *[0, 1] with
s < tand for j € {0, k}w1th <s<t< wehaveNJ1<[Ns]<[Nt]<N
[N1]
= sup |B(t,w)-B(s,w)= sup Z Sin(w)| <
Elegi<d L, s% N ioiNs1+1
< O; <
TN 1<a<b<N I;I N(@)) <
1 1
<  max — oin(w)| + |— oin(w)|| <
Nj-1a<b<; \Wi:gfn l Wi:]%ﬂ l
1 a
<2 max [—— oin(w)
Nj_1<asN; ‘/Ni:N,Z_;H
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k
= Ci(e) = U {w €Qy: ~sup |B(t, w) — B(s, w)| > E} -

j=1 s
k
- U w € Qy: max Z oin(w)| > .
Ni_1<a<N; \/
j=1 =1=ashy i=Nj_1+1

Recall from Section 1.2 that Py(A) := infpezy.54 {st (Pn(B))} and that st (Py) is
a finitely additative measure. Because Oy, ...,0ny are Py-independent random
variables with the same distribution and by Lemma 1.2.7 we have:

k
_ — €
Py (Cr(e) < ) Pn|iweQy:  max Sin(w)| > =+ | =
k
— €
= Q ’ -
]Z:; N ({w €Qy: 1<a<N, ‘ \/_ZO‘ n(w)| > 2}]
— € N
<k- Q ; — -
<k-Py [{w €Qy: 1<a<N(k) '_N(k Z N(w)| = 5 N(k)})
where N(k) := max<j<(N; — N;-1). For a sufficiently large k we have § % >

5 \/g > 2/2. By the Transfer Principle

€ N
«/WZ e )l z\/m}em

and therefore Lemma 1.3.3 and Lemma 1.3.4 imply:

{w € Qy
1<a<N(k)

Pn(Cr(€) < k- Py ({w eQy:

SeiE
vl

«/WZ Siv(w)| >

1<a<N(k)
N(k)

{Q)EQNI W;é,]\](w) >
..[€ | N
€ |k
ufi-ofe )

2

<2k-Pn

&~Im
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Note that for all e € R*:

e [k
lim 4k|1-@|S4/2]| =
P k( (4 2)) 0

= Py (Ci(e) >0 as k— o

ﬁ%/\]

Ck(e)] =0.

k=1

By Lemma 1.2.7

e s):

= 0 <P (M) < Py(M) =Py
ﬂCk(l }=0
m

(o)
< ZPN
m=1 k=1

= Me L(Ay) and PEM)=0.

ii. We first show that b(z, -) is an L(Ay)-measurable function for all ¢ € [0, 1]. Let
t € [0, 1]. Because Pﬁ(M) = 0 we have to show that {w € Qy \ M : b(t,w) < r} €
L(Ay) for all r € R. The Transfer Principle implies

[N1]
{w e Qy: WZ&N < r} € Ap.
i=1

Therefore,

{weQyv\M:b(t,w) <r}=
1 [N1]
= {w eQn\M: st(ﬁgéw(w)] < r} =

) [N1]
1 1
:QN\MOU{LUGQN: WZ&]\/<I‘—%}EL(?{N)
i=1

k=1

Next we show that (Pﬁ)b(o,) = ¢ and that (Pﬁ)b(n.)_b(&.) =N@O;t—s)for0 < s <

t < 1. Because b(0, -) = 0 we have (PX)p0.) = €. Fix 0 < s <7 < 1. Forall r € R
we have:

[Nt]
1
PL(B(t,") - B(s,) < 1) = PE| — Siv <7l =
N N VNi:[NZs]H Y

[N1]=[Ns]

:Pﬁ[% Z 5,’1\13}’).

i=1
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Let k = [Nt] — [Ns], then
k
1 N
PLB@E,) - B(s,)<r) =PEl— 6y <r+/—|.
N N \/zl_zl N k

Because ]% ~t— s we have VN < k < N. Therefore we can use Lemma 1.3.4:

Pﬁ (B(t,")— B(s,) <r)=st (*@(r \/g]) =

1
=0 =
(I" Vi — S)
= N(0;1 = s)((—00, r]).

Therefore, for r € R, € € R;:

N(O; 1 = $)((=c0,r]) = PE(B(t,) - B(s,) < 1) <
<PEB@ ) - b(s,) <) <
<PLEBW,)-B(s,)<r+e) =
= NQ;t— s)((—oo,r + €])

= PL b, )~ b(s,") < 1) = N(O; 1 = $)((~00,7])

L _ o
= (PE)) 0y = N1 )
Next, we use Lemma 1.3.2 to show that b(t;,-) — b(t;,_1,-) are 5016' independent

functions forO =y <t; <...<t, < 1.
Olns - - - s Oy are A,-measurable and $,-independent for all n € N. The Transfer
Principle implies that 1y, . .., Oyn are Ay-measurable and P y-independent.

= {weQy: B(tjw)-Bltjw)<rje Ay VreR

Py ﬂ{a) € Qy : B(tj,w) — B(tj-1, w) < rj} =
j=1
= ﬁPN({(UEQN ZB(lj,a))_B(tj—law)<rj}) Vl’jER-
j=1

Lemma 1.3.2 says that st (B(tj, w) = B(tj_1, w)) forj=1,...,nare Pﬁ—independent
random variables. Because st (B(tj, )= B(tj-1, -)) = b(tj,") — b(tj-1,") Pﬁ—almost
everywhere, b(t;,-) — b(tj_y, ) are Pﬁ— independent for j = 1,...,n.

Finally, we show that the function b(:, w) is continuous for all w € Qy. If
w € M, then b(-, w) = 0 and therefore b(-, w) is continuous for all w € M. Recall
from i. that B(:, w) is S-continuous for all w € Qu \ M. Standard parts of S-
continuous functions are continuous, therefore b(-, w) = st (B(-, w)) is continuous
for all w € Q. O
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Corollary 1.3.5. Let N € *N \ N and let Q be the set of all internal (&;)i<n,
& € {—1,1} and C the counting measure on *P(Q), i.e. C(A) = % forall A €
*B(CL). Then there exists a Brownian Motion b(t, &) with respect to the Loeb space

(Q, L(B(Q)), CL) such that for ct- nearly all ¢ € Q and for all t € [0, 1]:

1 [Nt]
b(t, &) = st| — il
¢ s(W;f

Proof. For n € N let Q, be the set of all (¢;),, such that w; € {-1,1} for i =
1,....n, A, = B(Qy), in(§) = & and let C,, be the counting measure on €2,.
Then 61y, . . ., 0y are Cy-independent random variables and they have all the same
distribution with mean O and variance 1. For N € *N \ N the transfer principle
implies that Qp is the set of all internal (&;);<y such that & € {—1,1} for i =
1,...,N, Ay = "P(Qu) and Cy is the internal counting measure on *B(Qy). O

1.4 Lifting Theorems

One of the important tools in nonstandard analysis is the lifting construction. There,
measurable functions on standard probability spaces are approximated by internal
functions with similar properties. See for instance [8], [9], [10] for details.

Definition 1.4.1. Let (Q, A, ) be a hyperfinite probability space with Loeb space
(Q, L(A),PL). Let f : Q@ — R. A function F : Q — *R s called a lifting of f if
F is internal and

st(F(w)) = f(w)
for PL-almost all w € Q.

Theorem 5. Let (Q, A, P) be a hyperfinite probability space with Loeb space
Q, L(A),PL). A function f : Q — R is Loeb measurable if and only if f has an
A-measurable lifting F : Q — *R.

Proof. (=) Let (g;);ery be a numeration of all rational numbers and let
Ui={weQ: f(w) < qi}.

Because f is Loeb measurable by assumption, we have U; € L(A) and U; € U;
for g; < q;. Therefore, by Definition 1.2.4 there is for all i € N a set A; € A such
that PL(A;aU;) = 0and A; C A j for g, < qj. By the Transfer Principle there is
an internal sequence (A;);e-ny Which extend the sequence (A;)ien and by Overflow
there is N € *N \ N such that for all 7, j < N with g; < g; we have A; C A;. The

set {g; : i = 1,...,N} is hyperfinite, so we can use a new numeration such that
qi, < qi, <...<(iy- Let

_ qi, if we Aik \Al‘k_]
F(“’)‘{ giv +1 if w¢A;,
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U ={_J@nty.
ieN
Then F is A-measurable and for w ¢ U we have F(w) < g; if and only if f(w) < g;
for all i € N. Therefore st(F(w)) = f(w) for all w ¢ U which is a Loeb null set. So
F is a lifting of f.
(<) Let F be an A-measurable lifting of f. Define for every r € R a neighbor-
hood Ui(r) = {s € R : [r — s| < 1}. We show that f‘1 (Ul(r)) is Loeb measurable.

n
Because F is a lifting of f the set U = {w € Q : st(F(w)) = f(w)} has Loeb mea-
sure 1. Let w € U, then f(w) € Ui(r) if and only if |r — st(F(w))| < % Because
the absolute value function is continuous, the conditions above are equivalent to

the condition st(|r — F(w)|) < % Therefore for all w € U
1
{we U: flw) e Ul(r)} = {we U :st(lr — F(w)]) < —} =
n n
1 1
= U{we U:lr-Fw) < ———}.
n k

keN

Because
{ i)
welU:r-Fw)|<—-——--reA
n k
z{weU:f(w)eU%(r)}e.ﬁ(ﬂ).

The set U is Loeb measurable with Loeb Measure 1, therefore f is Loeb measur-
able. O

In the following, we denote the elements of [0, 1] with s and ¢ and the elements
of *[0, 1] with s and ¢.

Definition 1.4.2. Let D be the space of all functions f : [0,1] X Q — R which
are right continuous with left limits. Let F € *D such that F(¢) € ns(*R) for all
t € *[0,1].

i. We say that F is of class SD if for each t € [0, 1] there are ¢, ~ t, ~ ¢ such
thatif s, = s, ~ rwith s, <17, and s, > 1, then F(s|) ~ lim, ~ F(s) and
F(sy) = F(ty).

ii. We say that F' is of class SDJ if if for every ¢ € [0, 1] there is ¢ = ¢ such that
if s, ¥ tand s; < tthen F(s,) = limy » F(s) and if 5, ~ f and s, > 7 then
F(s,) = F(t) and if for all £ ~ 0 in *[0, 1] we have F (1) ~ F(0).

iii. If F is of class SD, then the standard part of F is the function st(F) : [0,1] —
R defined by

SUF)(1) = Stl(it?{ SUF@).-
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Proposition 1.4.3. Let F : *[0, 1] — *R be a function in * D such that F(t) € ns(*R)
forallt € *[0, 1]. Then F is SD if and only if st(F) exists and belongs to D.

Proof. (=) Suppose F is SD. Let € € R* and let # € [0, 1]. Because F is SD there
is at = t such that F(s) = F(¢) for all s ~ ¢ that satisfies s > ¢. By overflow
there is some § € R*, such that |F(§) - F(g)| < eforall s € [t,t + 9). Therefore
st(F')(¢) exists and by the definition of the standard part, it is clear that st(F) is right
continuous.

To show that the left limits of st(F) exists let r € [0, 1] and € € R*. Because F
is SD there is t ~ ¢ such that for all s ~ 7 with s < ¢ we have F(s) = lim, » F(r).
By Overflow, there is some § € R* and some f ~ t such that ’F (8)—F (f)| <e€
whenever s € (f -0, f]. Therefore lim, ~ St(F)(s) = st(F (g')). Therefore, the left
limits exists and st(F) belongs to D.

(<) Suppose that st(F) exists and belongs to D. By Definition 1.4.2 for the
standard part, we have for 7 € [0, 1] and for all € € R™ that

ISt(F)(s) = st(F)(D)] < €

whenever s € [t,t + ). Therefore, there exists some ¢ =~ ¢ such that for all s > ¢
with s ~ ¢
F(s) ~ F().

On the other side, there is some ¢ ~ ¢ such that for all € € R*
St(F)(s) — li;n st(F)(r)| < e
r/t

whenever s € (t — 6, ). Therefore, there is some ¢ = ¢ such that for all s < ¢ with
s~
F(s) = lim st(F)(r)
Tt

and therefore F is SD. O

Proposition 1.4.4. If F : *[0,1] — *R is SDJ then for all t € (0,1) there ist ~ t
such that if s = t and s < t then

F(s) ~ limst(F)(r)

and if s = tand s > t then
F(s) ~ s(F)().

Proof. Because F id SDJ, F is SD and therefore by Proposition 1.4.3 st(F) exists
and belongs to D. Then the result follows from the definition of SDJ functions. O
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Let J be the topology on D where a sequence (x,)qen is J -convergent to x if
there is a sequence (d,),en Where 4, : [0,1] — [0, 1] is continuous for all n € N
and

sup |4,(H)—t] >0 as n— oo
0<t<1

sup |x (1) — x(1,(#))] > 0 as n — oo.

0<r<1
The topology 7 is called the Skorokhod topology on D, see [11], and a function in
D is called a Cadlag function.

Proposition 1.4.5. Let F : *[0, 1] — *R be a function in * D which is nearstandard
in the J-topology. Then F is SDJ and st |spy is the standard part map for the
T -topology.

Proof. Let F : *[0,1] — *R be a function in *D such that F is nearstandard with
respect to the J-topology. Let sty be the standard part for the J-topology. Be-
cause F is nearstandard st (F) = f exists and is in D and by the Transfer principle
* f is SDJ. By the definition of the 7 -topology, there is a sequence (4;,),e-ny Where
A, - *10, 1] — *[0, 1] are S-continuous internal functions such that for N € "N \ N
we have Ay(2) = t and F(An(7)) = * f(¢) for all ¢ € *[0, 1] and therefore F is SDJ.

Suppose that F is a nearstandard SDJ function with st(F) = f. Let 0 = 1y <
t] < ... < ty = 1 be the points in the interval [0, 1] where f is not continuous.
By Proposition 1.4.4 there are points ¢, ~ #; such that whenever ¢ ~ f; and t > 1,
then F(¢) ~ f(t;) and whenever ¢ ~ t; and ¢ < t; then F(f) = lim, ~, f(s). Define
A :7[0,1] — *[0, 1] by A(#;) = ¢, and interpolating linearly. Then A() ~ ¢ for all
te*[0,1]andift = t;and t > t; then F(A(?)) = f(t;) = *f(t) and if t = 1; with t < t;
then F(A(?)) = limy ~, f(s) = *f(t). Because f is continuous between the points #;
we have

f(st@) = Tim f(st(9))| = 0
and therefore by Proposition 1.4.4
|FQ@) - f@)] = 0.
Therefore F € m(f) and sty (F) = f. O

Definition 1.4.6. Let 7' be an internal subset of *[0, 1] such that {st(¢) : t € T} =
[0, 1]. A stochastic process X : T X Q — *R is of class SDJ if 1 — X(¢, w) is of
class SDJ for almost all w € Q.

Definition 1.4.7. i. Let X : QX T — *R be an internal stochastic process of
class SDJ. The process st(X) is defined by

SU(0) = { itO(X(-,w))(z) if X(-,w) 1isSDJ

otherwise

for some xp € R.
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ii. A SDJ lifting of a stochastic process x : [0, 1]xQ — R is a stochastic process
X such that X is internal, SDJ and

x(t,+) = st(X)(7)
for almost all w € Q and for all ¢ € [0, 1].

Theorem 6. A stochastic process x : [0,1] X Q — R has sample paths in D if
and only if x has a SDJ lifting X : T X Q — *R where T C *[0, 1] such that
{st() : t e T} =1[0,1].

For the proof we use the following result, which is proved in [7]:
Let (Qp, Ay, P1) and (Qp, Ay, P>) be internal probability spaces, with correspond-
ing Loeb spaces (Ql, L(A) ,Pf) and (Qg, L(A) ,PZL).

Let (Ql X Qo, LA X L(A) ,Pf X Pf) be the product space of the two
Loeb spaces and let A; X A, be the internal algebra generated by the Cartesian
product of A; and A,. Then

LA X L(A) € LA X Ay)
P1 X P)E | s = PExPE.

Proof. (=) Let N € *N \ N and let C be the internal algebra generated by internal
unions of [ﬁ, %) fori € {0,...,N}. Let A be the additive set function defined by

1 i ’ i+1 _ l
N N N
Then (*[0, 1],C, A) is an internal probability space and let (*[O, 1],.£(C),/l£) its

Loeb space.
Define x; : *[0,1] X Q — R by x1(¢, w) = x(st(¢), w). Then fora e R

{t,w) € 10,11 x Q : x1(5(0), w) < a} =
= {(t.w) €10, 11X Q: x(t.w) < a} € L(A)x L(C) € LIAXC).

Therefore x| is a Loeb measurable random variable with respect to the Loeb space
(*[0, 11 x Q, LA X C), (P x H¥). By Theorem 5 the function x| has a lifting X :
“10,1] x Q — *R. Because X is a lifting of x; we have

st(X (2, w)) = x1(, w)

for (Px )L almost all (t,w) € *[0,1]x Q. Forall ¢ € [0, 1] thereisa ¢ € *[0, 1] such
that ¢ = ¢ and st(X(z, w)) = x1(t, w) otherwise st(X(¢, w)) # x1(¢, w) for all £ € m(?)
and by overflow for all ¢ € *[t — 6,1 + ] for some § € R*, which is not a A< null
set. Therefore

StX (-, w)(?) = x(t, w)
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for all ¢ € [0, 1] and for almost all w € Q.

It remains to show that X is SDJ. st(X(:, w)) is in D for almost all w, therefore
X(-,w) is in *D for almost all w and nearstandard with respect to the J-topology.
By Proposition 1.4.5 the stochastic process X(-, w) is SDJ and X =X |7xq 1s the
desired lifting of x.

(&) Let X : T xQ — *R be a SDJ lifting of x. Because X is SDJ we have
for almost all w € Q that X(-,w) : T — *R is SDJ. Then for all ¢ € [0, 1] and for
almost all w we have st(X(:, w))(f) = x(t, w) and by Proposition 1.4.3 the process
x(-, w) is in D for almost all w € Q. O

Definition 1.4.8. Let (2, A, #) be an internal probability space, with Loeb space
(Q, L(A),PL). Let N be the set of all Loeb null sets, and let T *[0, 1] such that
{st(r) : t € T} = [0, 1]. Let (A))rer be an internal filtration on (€2, A, P). Then, the
standard part of the filtration (A,).er is defined by the filtration (%;),c[0,1; Where

ﬁza[ U L(ﬂS)UN].

s~t,s€T

Lemma 1.4.9. Let (¥;)(0,1] be the standard part of an internal filtration (A;)er.
Then for all t € [0, 1]
i = o LAY U,
s~
Proof. Forne NletA, € Ug%t 0 (L(A;)UN) and assume that A, € O'(L(Ain) UN).
LetS, =[s,.s, + %] NT. Because s, ~ t for all n € N the family (§,)en has the

finite intersection property and therefore (),an S, # 0. Let € (e Su» thent =~ ¢
and 7 > s, for all n € N. Therefore

| JAre oAy un) ¢

neN

c|Jozayum

s~

and therefore | ot o (L(Ay) U N) is a o-algebra for all ¢ € [0, 1], and the result
follows from

| JoLeAyumcFico

s~

| oAy N)] .

s~
O
By Definition 1.4.8 and Lemma 1.4.9 it is easy to see that (F;)[0,17 is a filtra-

tion and that (F;)«[o0.17 satisfies the usual conditions of a filtration, i.e. (F¢)e0.17 1S
right continuous and 7; contains all the null sets of 7 for every ¢ € [0, 1].
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Proposition 1.4.10. Let (A;).er be an internal filtration on an internal probability
space (Q, A, P) and let (F;)epo.17 be its standard part. Let x : Q — R be an F;-
measurable random variable. Then there ist € T with t = t and an internal random
variable X : Q — *R such that x is A;-measurable and st(X) = x for almost all
w e Q.

Proof. Let (t,)nen be a decreasing sequence in 7 with 0 < st(z,) — ¢ < % Be-

cause x is F;-measurable and F, C O'(L(ﬂi) U N) for st(s) > t we have that
x s O-(L(ﬂl,,) UN )—measurable, for all n € N. By Theorem 5 there is an A, -
measurable random variable X,, : Q — *R such that st(X) = x for almost all w € Q.

By Saturation, there is ty =t for some infinite N € *N and a ﬂzN—measurable
random variable X such that st(X) = x for almost all w € Q. O

Theorem 7. Let (A;)er be an internal filtration with standard part (¥;)e(0,1]. Let
x: QX [0,1] = R be a stochastic process. x is (F1)wc[0.11-adapted and has almost
all sample path in D if and only if x has an SDJ lifting X : T X Q — *R that is
(Amax(r.s)eT-adapted for some positive infinitesimal 6 € T.

Proof. (=) By Theorem 6 the stochastic process x has a SDJ lifting X : T X Q —
*R. Let {t; : i € N} be a dense set of [0, 1] such that 7y = 0 and x(#;) = lime;, x(s)
almost surely. For i € N let s, € T such that 7, = 0 and ¢; ~ 1;. By the Saturation
Principle, we can extend the set {t; : i € N} to {z; : i € "N} C T. Because x is
continuous at #; for almost all w € Q we have st(X(z;)) = x(;) for almost all w and
for all i € N. Define
Qn:max{geT:gs %}

Because x is (¥1)sef0,11-adapted, st(X(z,)) is O'(.[,(ﬂli+@1 )JUN)-measurable and there-
fore by the proof of Proposition 1.4.10 there is an A, ,5,-measurable random vari-
able Y"(z,) such that st(Y"(z,)) = st(X(t;)) almost surely. Let 0 = <t <...<t
be the elements of {z; : i < n} and let

YA if e[
X"(@) :{ A .
- Yy if r>1

Then X"(7) is A5 -measurable for all 7 € T and for all n € N and X" is a SDJ
lifting of x for each n € N. For N € *N \ N we have xN () is ﬂﬁéN—measurable for
allt €T and st(XM)(7) = x(¢) for almost all w € Q. Let

X (1) = XN (max(t - §,,0))

then X' is Apmax(s,5)-measurable where ¢ = § y~0andoeT.

(&) Let X : T xQ — "R be an (Anax(r,s))rer-adapted SDJ lifting of x. By
Theorem 6 the process x has sample paths in D for almost all w € Q. Let ¢ € [0, 1].
Because

StX (-, w)(1) = stl(igl{t st(X(z, w))
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there is t € T with t = t and ¢ > ¢ such that
sUX(, w))(1) = st(X(1, w))
and therefore we have
x(t, w) = st(X(t, w))
for almost all w. So for each r € R we have

{weQ:stX(t,w)) <r}= U{weQ:X([,w)<a—%}

keN
= {w € Q: st(X(t,w)) < r} € L(Amaxirs)

=2{we: x(t,w) <r} €F,.
O

Definition 1.4.11. An internal stopping time with respect to an internal filtration
(Apier 1s an internal function p : Q — T such that {w € Q : p(w) < t} € A;.

Theorem 8. Let (A;)icr be an internal filtration with standard part (¥;)c(0,1). Then
7 : Q — [0, 1] is a stopping time with respect to (F;)seq0.1] if and only if T = st(p)
a.s. for some internal (Ay)er-stopping time p.

Proof. (=) Lett : Q — [0, 1] be an (;)[0,11-stopping time. Define z : (0, 1) X
Q — {0, 1} by
1t > 1(w)
Z(t"">‘{0ift<r(w)'
Then z is (F1)eo,17-adapted and z(-,w) € D for all r € [0,1]. By Theorem 7 the
function z has a SDJ lifting Z such that Z(z, -) iS HAmax,s)-measurable for some
infinitesimal 6 € T'. Let

p (W) = minz : Z(t, w) = 1}.
Then st(p') = 7 for almost all w € Q and for t € T we have
fweQ:p(<t)={weQ:Z({t,w) = 1) € Anars)-
Therefore p’ is an (Amax(r,5)reT-stopping time. Let p(w) = max{p (w), 8}, then p is

an (A;)re,-stopping time with st(p) = 7 for almost all w.

(&) Letp : Q — T be an (A,)er-stopping time, such that 7 = st(p) for almost
all w € Q. Let
_J Uit 1> pw)
Z(f"")‘{Oifg<,o(w)'

Then Z is SDJ and (A;)cr-adapted and Z is a lifting of

1t > 1(w)
Z(t"")‘{Oifmr(w)'
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By Theorem 7 the function z is (¥7)scq0,17-adapted. Then
fweQ:pw <t)={lweQ:zt,w) =1} eF

and p is a (¥7)e[0,1] stopping time. O



Chapter 2

Mathematical Finance

2.1 The Cox-Ross-Rubinstein Model

The Cox-Ross-Rubinstein model or binomial model is a mathematical description
of financial markets in discrete time and was first proposed by Cox, Ross and Ru-
binstein in 1979, [12]. Letn € N, A, = % and T, = kA, : k=0,...,n}. Let Q, be
the set of all w with:

w0)=0
w(it+Ay) =wl)x A, for teT,\ {1}
Let A, = PB(Q,) and let C,, be the normalized counting measure on €, defined by

Al
Cu(A) = o for A€ A,.

So we have for every n € N a probability space (2, A,,C,). For w € Q, and
t € T, define B(t, w) := w(?) and let AB(t, w) = B(t + Ay, w) — B(t,w) = Aw(?). In
the Cox-Ross-Rubinstein (CRR) model we describe the evolution of a stock S ,,(7)
with t € T,,. A stock S, : T, Xx Q, — R is a price process defined by the initial
value S ,(0) = sp which is assumed to be given and by the process:

Sat+ Ay, w) =S, w)(A + uA, + cAB(t, w))
AS(t,w) =St + Ay, w) — S,(t,w) =
= S,(t, ) (uA, + cAB(t, w))

where we assume that o > O and 1 +uA, +o VA, > 0. We call u the drift and o the
volatility of the price process. Next, we introduce another component in the CRR-
model: A bond is a price process with an initial value and with a fixed interest rate
r. We take 1 for the initial value of the bond and we can assume without loss of
generality that » = 0, by discounting to current prices.

A portfolio-process is a predictable process ® = (@), ®%(r)) : T, —» R?
where ®° denotes the number of units of a stock and ®” the number of units of the

33
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bond at time ¢. The value of a portfolio at time ¢ is given by
V(t,w) = B°(t,w) + O°(t, )S (1, w).

The function ® : T, — R? gives a trading strategy, which is called self-financing
if

AV(t, w) = O°(t, w)AS (1, w)

for all r € T,, and for all w € Q,,. Self financing means that all changes of the value
of the portfolio come from changes of the stock i.e. no money is added or removed
during the whole time [0, 1].

A European call option with strike price K and exercise time 7 is the right to
buy one unit of a stock at a fixed date T, for the fixed price K. We can describe the
European call option in the CRR model by the random variable

Clw) = (Su(l,w) - K)"

where T = 1. The question is to determine the fair price at which such an option
should be traded at time ¢ = 0.

Theorem 9. Let C(w) = (S (1, w) — K)*. Then there exists a unique self-financing
trading strategy © such that for all w € Q, we have C(w) = V(1, w), where V(1, w)
is the value of ® at time 1.

Proof.

Clw)=V({,w)=V(0)+ Z O*(t, w)AS (1, w).

t<1

For t = kA, we have 2 unknown values for ®°. Together with V(0) there are
2" unknown values in 2" independent equations. We show that there is a unique
solution:. For the values ®°(1 — A,, w) we obtain that for all w € Q, there is
@ € Q, such that w(t) = &) for all t € T, \ {1}, AS,(t, w) = AS,(t,®) for all
teT,\{1,1 =A,} and AS,(1 = A,,w) # AS (1 = A,,®). So the 2"~! values for
®%(1 — A,, w) are uniquely determined. For the values of ®°(1 — 2A,,, w) we have
that for all w € ©,, there is @ # @ such that w(¢) = @) forallt € T, \ {1,1 — A,},
AS,(t,w) = AS,(t,o) forallt € T, \ {1,1 — A,,1 —2A,,} and AS ,(1 — 2A,, w) #
AS ,(1=2A,,, ®). Hence the 2”2 values for @°(1-2A,, w) are uniquely determined.
Because the same scheme works for all values of r € T,, the 2" — 1 values of ®° are
uniquely determined and therefore V(0) is uniquely determined. O

With II(C) := V(0) we define the fair price of an option C(w), where V is the
value of the self-financing trading strategy ®, which generates C.

Theorem 10. There exists a unique probability measure Q, on Q, such that S ,,(t, w)
is a martingale with respect to Q.



2.1. THE COX-ROSS-RUBINSTEIN MODEL 35

Proof. Fort € T, let A, be the o-algebra, generated by the sets of the form M!, =
{w € Q,:w(s)=w(s) Vs<t}. Fors <twehave A; C A, C A, and therefore
(Aser 1s a filtration on (Q,, A, C,). For w € Q,, let

Q=[] % (1 - Aw(t)g).

teT),
Since
1 U
Qu() = (- Aw@®)—| =
;ﬂgZ( 0')
_i” LT N LRI L
S L\\2 20 VN2 20 T

n

_(L_~ LN _
_(2 2g VAt 5+ g VA =1

and for A; € A, with A; N A; = 0 we have

an(UA,.]

ieN

D, Q=

weJien Ai

Z Qn(Ai)

ieN

@, is a probability measure on Q,. For t € Ty let S,(¢) be the function v —
S.(t,w), let B; be the function w — B(t,w) and let id, be the function w —

\/IATVAQ)(Z)' Note that the o-algebra A; and the function id; are independent. This

implies that

. . 1 1
Eq, (id|A) = Eq (id)) = =(1 - £ \JA) - =(1 + £ A,
2 o 2 o
and so for r € T,, we have
Eq, (St + A)A) = S o(0Eq, (1 + pA, + CAB|A,) =
= SO + pA, + o JAEq, (id|\A)) =
= S,(t)(1 + uA, + o \JAEq, (id;)) =

= Su(0)(1 + b, — pA,) =
=5,(0).

This shows that S,,(¢) is a martingale with respect to Q,,.
To show that Q, is the only measure with this property, let Q) be another prob-
ability measure such that S, is a martingale with respect to @;,. Then we have
Eq,(Sn(r + A)IA) = Eq, (St + ApIA)
= Eq (id;) = Eq,(id,)
= Qw) =Q (w) Ywe Q.

Therefore the probability measure Q,, is unique. O
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Because S, is a martingale with respect to Q, we have Eq, (S,(f)) = so and
Eq,(AS (1)) = Bq,(Sa(t + Ay) — Sp(t)) = Ofor all t € T,,. Because ®°(¢,w) and
AS ,,(t, w) are independent random variables, we obtain

Eq,(C()) = Eq, | V(0) + Z O’ (DAS (1) | =

=Eq,(V(0)) = V(0) =
=II(C).

So the fair price II(C) of an option C(:) is given by Eq (C(.)). The next theorem
gives an exact formula for I1(C). For this we use the following notations:

u=1+,uAn+0'\/A—,,
v=1+uA, — oA,
I u
=——-—+A
1257 50 Vo

M={weQ,:S5,(,w)>K}
and let m be the last integer with sou™"v'™" > K

Theorem 11. The fair price I1(C) for a European call option C(w) = (S ,(1,w) —
K)* in the CRR-model is given by

T(C) = 50 )| (Z)(uq)k(l —ug)"™* - K ) (Z)qk“ -9

k=m k=m
Proof.
M1(C) = Eq, (Sa(1) = K)*) =

= D1 Sa() = K@@, () =

weQ,
1

=, [So [ [+ odwm +ua - K] (@) [ [ 50 - 202 VA,) =

weQ, teT, teT,

= (n _ n—
( k) (S Oy = K) 15 putrts ) ()g" (1 = g)"* =
k=0

0 (Z)(uq)"(l e 9y (Z)qka — gy,

k=m k=m

1]
%
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2.2 The Black-Scholes Model

The model was first articulated by Black and Scholes in 1973, see [13]. Let b(¢, w)
be a Brownian motion on the interval [0,1]. Let Q = Cy[0, 1] be the set of all
continuous functions f : [0, 1] — R with f(0) = 0 and let C be the Wiener measure
on Q defined by

CA) =Pb(,w) € A)

for all A € A, where A denotes the Borel o-algebra. The price of a stock is
assumed to follow the stochastic differential equation

ds; = os,db; + us,dt 2.1

where o > 0 is the volatility and u € R is the drift of s. Let s, the initial value of
the stock, be given. By using Ito‘s formula, the solution of this equation is given
by
5 = Soeo'bﬁ(y—%a'z)t.

The other component in the Black-Scholes model is the price of a bond with a
fixed interest rate r. By discounting to current prices we may as in the discrete case
without loss of generality assume that r = O and let 1 be the initial price of the
bond. As in the CRR-model, we denote a trading strategy by 6 = (6°,6”), where
6°(t, -) denotes the number of units of the stock and 6°(z, -) denotes the number of
units of the bond. We assume that the processes 6°, 6°: 10,11 xQ — R are adapted
with respect to the filtration (A;).[o,1] generated by the Brownian motion b;. The
value of the portfolio 6 = (6%, 6°) at time ¢ is given by

w(t, w) = 0°(1, w) + 6% (1, W)s(t, W).

A trading strategy 6 is called self-financing if

v(t, w) = v(0) + f 6°(u, w)ds(u, w)
0

for all ¢ € [0, 1]. The random variable c¢(w) = (s1(w) — K)* describes an European
call option in the BS-model with strike price K and exercise time 7 = 1. To
determine the fair price m(c) we use a risk neutral measure, this means a measure
that makes the price process s(¢, w) a martingale.

Theorem 12. There exists a unique probability measure Q on Q such that s(t, w)
is a martingale under Q.

Proof. The proof is an application of Girsanovs Theorem, which implies that

b(t) = b(t) + K,
a
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is a Brownian motion on the probability space (Q2, A, Q) where the probability
measure Q is defined by

QA) = f e 5 @-3(5) 40(w) VA € A
A

Because
db, = Edr + db,
o

the stochastic differential equation (2.1) changes to
ds; = os,db; + us,dt =
=08 (dE, - Edt) + us,dt =
o
= UstdE,
and therefore s, is a martingale with respect to Q. O

Theorem 13. Let c(w) = (s1(w) — K)*. Then there exists a unique self-financing
trading strategy 6 such that for Q-almost all w € Q we have C(w) = v(1, w), where
v(1, w) is the value of ® at time 1.

Proof. Let w(1) be an A(1)-measurable random variable and define
w(t) = Eq (w(D)|A®))

for 0 < ¢t < 1. Then (W(f))scp0,1] is @ Q-martingale because it is clear that w(z) is
A;-measurable and for s < t we have

Eq W(s)|A() = Eq (Eq W(D|A()) | A1) =
= Eq W(DIA®) =
= w(?).

By the Martingale Representation Theorem, there is an adapted process (I';)s[0,1]
such that

!
w(t) = w(0) + f T(u)db(u). (2.2)
0
The value of a self-financing portfolio 6 = (6%, 6°) at time ¢ is given by
t
v(t, w) = v(0) + f O%(u, w)ds(u, w)
0

and we know from the proof of Theorem 12 that
dst =0 S[dgt

!
= (1, w) = v(0) + f ®*(u, w)os,db,.
0
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Let v(¢) = w(z) for all f € [0, 1], then

I't) = ©°(t)os(@)
I'(¢)

= 0°'@®) = ps

for all ¢ € [0, 1]. I'(¢) is a.s. unique because if there is an adapted process (I:I)te[(),l]’
which satisfies (2.2), then

r f 2 f 2
ozEQ( f [ (u)db, — f f(u)déu) =Eq ( f F(u)—f(u)cu}u) =
0 0 0

! - \2
= f Eq (F(u) - T(w) du
0

and therefore I'(1) = 1:(14) for Q-almost all w € Q and ®F is a.s. unique. O

We use the self-financing trading strategy 6 from Theorem 13 to define the fair
price 7(c) of the option c(w) = (s1(w) — K)* by the initial value v(0) of this trading
strategy. Because v, is a martingale we have

n(c) = v(0) = Eq(v(0)) = Eq(v(1)) = Eq((s1 — K)™).

To calculate Eq((s; — K)*) we use that E(g(X)) = f_ O:o g(x)f(x)dx, for a borel
measurable function g and for a random variable X with density function f. Take
X = by and g(X) = (spe~27+7X — K)* then

0 1,2 1 2
Eq((s1 = K)") = f (s0e™27 T = K)t——=e 7 dx =

2r
0 1 2 1
— (Soe—i(T +ox _ K)
fa \2n

foo —%0'2+(rx 1 %d Kfoo 1 %d
= Soe —¢ X — e X
a V27T a V271'

: _lg2 : .
is the least number x such that spe” 27 *7*—K is non-negative.

-2
e 2 dx =

2

]n(§)+
0 7
o

[on

D=

where a =
= Eqo((s1 — K)*) = so®(0 — a) — KO(—a) =

= Soq) M}_K@

g (o

“elE)-i)

where @ denotes the normal density function. Therefore the price 7(c) of a Euro-
pean call option in the Black-Scholes model is given by

n(c) = soq)(—ln(%) ! %0—2] - K(D[—ln(%o) _ %0—2].

g g
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2.3 The hyperfinite CRR-Model

In Section 2.1 we defined the probability space (Q,, A,, C,) for every n € N. Let
N be an infinite natural number, then by the transfer principle there is an internal
probability space (Qy, Ay, Cy), where Qy is the set of all internal w with

w(0) =0
w(t+Ay) = w@) £ Ay for 1€ Ty\ ({1}

where Ay = y and Ty = {kAy :k=0,...,N}. Ay = "“B(Qy) is the set of all
internal subsets of QQy and Cy is the counting measure on Ay defined by

Al
CN(A) = 2_N YA € Ay.
For t € Ty \ {1} define the evolution of a stock S y by the initial value S y(0) and
the price process

SN+ Ay, w) = Sy, w)(1 + uAy + cAB(t, w))

where AB(t, w) = B(t + Ay, w) — B(t, w) and B(t, w) is given by B(t, w) := w(f). An
European call option with strike price K is given by the random variable

Cw)=(Sy(l,w)— K)".

To determine the fair price of such an option, we need again a measure @y such
that the process S y becomes a martingale under the measure Q.

Theorem 14. There exists a unique internal probability measure Qy on Qy such
that S n(t, w) is an internal martingale with respect to Q.

Proof. For t € Ty let A, be the internal algebra generated by the sets M) =
(W €Qy:w(s)=w(s) Vs<t}forwe Q. Then for s < t we have A; C A, C
Ay and therefore (A;).er is a filtration on the probability space (Qy, Ay, Cn). For
w € Qu let

Qv =[] %(1 - Aw(t)g).

teTy

Then Qy is an internal probability measure on (Qy, Ay, Cy). For t € Ty let id,
given by w — ﬁAw(t). The random variable id; and the internal algebra A, are
independent for ¢ € Ty and therefore we have Eq, (id;|A;) = Eq, (id;) forall t € Ty

= Eqy SN+ ANIA) = SN(DEq (1 + Ay + cAB|A,) =
= Sn(0) (1 +ubdy + o VByEq, (id|A)) =
= Sn() (1 + pAy + o ANEq, (id))) =

=SnO + pAy — pAy) =
= Sn().
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Therefore (S y(?))ser, is a martingale. To show that Qy is unique, let @), be another
probability measure such that S y is a martingale with respect to Q). Then we have

Eq, (SN + ApIA) = Equ(Sn(t + An)IA)
= Eq, (idy) = Eq, (id))
= Qv(w) = Qy(w) Yw € Qy.

Therefore the probability measure Qy is unique. O

As in Section 2.1 one can show that the fair price I1(C) of the option (S x(1) —
K)* is given by Eq,((Sn(1) — K)*) where Qy is the probability measure from
Theorem 14. Let

u=1+ulAy+o+Ayx

v=1+uAy — oAy
1 p
=——=—4A
q 7 2 N
={weQy:Sy(l,w) > K}
B:{k:1,...,N:souka_k>K}.
Then

I(C) = Eq,(Sn(1) — K)") =
DL Sn() - OL()Qw) =

a)GQN

=, (SN<0>]_[<1+Aw<r>a+uAN> )1A<w>]_[ S =) =
WeQN <1 t<1
A (N

= (k)(s O = K) 150" (1 - )V

k=0

N N

(€)= Sx(0) ) (N )(uq)’%l ~ug" K ) ( )q (1-g"* @3

k=M k k=M

where M is the least number with S y(0)u™vVVM > K. Subsequently, we want to
show that the Black-Scholes Formula is given by the standard part I1(C). For that
we need the following result, which is a special case of Lemma 1.3.4, the nonstan-
dard version of the central limit theorem. I.e. the following theorem is nonstandard
version of the de Moivre-Laplace theorem, which describes the normal approxima-
tion to the binomial distribution.
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Theorem 15. Let N € *“N\Nand p € *[0, 1] withp # 1and p # Oand letq = 1—p.
Then for all A € R

N 1 M2

st Z ( )quN_K :—f e 2dz
K<A N K Vzﬂ' —00
<A+VNpg+Np

and for B € *R

s P q = — e 2dz.
iz \K V2r J—eo

In the proof of Lemma 1.3.4 we used the central limit theorem. For this special
case we now want to give a direct proof without using the central limit Theorem.

Proof. LetA,B e Randlet K € "N suchthat Np+ A\Npg < K < Np+ B+/Npq.
Then K, N — K € *N\N. Stirlings formula implies that for N € *"N\N

~ V2me NNN+:

N! ~
N 3 NN+% 3
\2rKEK+3(N = K)N-K+3
(%) " (55"
N N _
PRV K =

[ K N-K
27TNN_N
r4q

8) -0 o= )

exp K(ln(p) —In (p kAN

>

2Ny T

where zg = 1\(/;\/%‘ By Taylors Formula there are v, w € *[0, 1] such that

Z q
3
Pq p kp 1 1
Inlg - 2 =1n@g) - = k£ __
n(q K N) n(9) K\ Ng ™ 2 Ng 3[VN7_W
K \q

Because Np + AVNpqg < K < Np + BN Npg, we have that zx is finite and % X p,
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therefore
K{in(p) = n(p + zx /2Z|) + W = K) |In(g) = In[g = zx [ 22} =
N N
3
=K|- — = — = |+
K Np 2 Np 3{W+v]
K VG

3
2
Z 1 1
YY) Py I SV R ) ¥
qg 2 W

N Ng 3| ANp _
K VG
7 % q [P % P
~ -K 2 kX1 L (N-K Z +(N-K)EX L &
7K Np 2 Np ( )ZK Ng ( )2Nq
Np +zx VN Ng - zx VN 2
VNp VNg 2 2
22 22
~ —\Npqzk — 22q + x/Npqu—z%(p+7Kp+5kq=
%%
2

We also have

K _N-K 1 1 %
= prqg " —— exp(——).
(K) V2r VNpq 2
LetTap ={K:Np+A+Npqg <K < Np+ B+/Npqg}. Then we have

N 1 % 1
Z ( )quN_K =st| —— Z e =
KETA’B K \/ZT KETA,B Npq

1 (B2
= — e 7dz. 2.4)
=)

Where the last equation follows directly from the Theorem described in Section
1.1 which allows to represent Integrals as standard parts of hyperfinite sums. We
also have for infinite N

1 fN 2. & (N) X N-K
— e Idzx poq ~ 1.
V2 J-N Z K

K=0

st

Therefore, for all positive € in R there exists B € R such that

! fB 2d [ 1] (2.5)
o e 2dze [l — e, .
\2r J-g
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st[ > (IIZ)quN—K] ell-ell 2.6)

Let

N
By(K) = ( K)pK g

1 2
#(z) = me

My =Np+ A+/Npg.

Then by equation (2.4), (2.5) and (2.6) we have for all A € R

A
st[ Z BN(K)]—S‘[( f ¢(z)dz) =
K<M, -N

=

-B A
= st[ Z BN(K)]—st(f_N ¢(z)dz)+st( Z BN(K)}— st(f_B ¢(z)dz) <e€
—— e

K§M73 KET,B,A

<e =0

O

Corollary 2.3.1. Let Zy = {zx : K =0,..., N} with N € "N\N and z = 522 Lt
f:Zy > "Rbe aﬂmcnon such thatforf R — Rdeﬁned by f(st(zk)) = st(f(zx))

we have that f(z)e” g is integrable and that f f(2)e™ g dz exists. Then for A € R

1 A 2
st Z f(ZK)( ) K=« T f f@e 7dz.
JT —00

K<Np+A+Npq

Proof. LetA,B e R and let K € *“N such that Np + AyNpg < K < Np + B+\/Npgq.
Then by the proof of Theorem 15

K N-K 1 = N N
> f<zK>( )p q = > fwe i

KETA,B 4 KETA‘B

B 2
N\/—_HL f(Z)e_%dZ.
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Because

st if(zK)(N)quN_K = st(L fN f_(z)e_zjdz) =G €R
K=0 K \/ZT -N

for all positive € in R there exists B in R with

B )
\/% f_B f(2)eTdz € [G - €,G]

> f(zK)(IIZ)quN‘K €[G - .Gl

KET—B,B

Let

N
By(K) = ( K)pK g

1 z
) = —=e ?
7

V2r
My =Np+A+/Npq.

Then for all A € R,

=

A
St[ Z f (ZK)BN(K)] — st ( f N f (Z)¢(Z)dz)

K<My

B
St[ 2 f(zK)BN(K)}—st( | f(z)¢<z>dz)+
K<M_g -N

<M_

<e

A
+ St{ 2 f<zK>BN<K>] st ( [ f(z)¢<z)dz)

KET_B)A

<e

<e€

=0

1 (M. 2
= st( Z S (ZK)(][\{])PKCIN_K] = E j: f()e 7 dz.

K<Mjy

O

With Theorem 15 we can determine the standard part of Equation 2.3 and we
will see that the standard part of the price of an European call option in the hyper-
finite CRR-Model is exactly the price of an European call option in the BS-model
i.e. we have
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Corollary 2.3.2. If so is the initial value of the stock in the BS-model and if

st(S x4 (0)) = sg then
n(c) = stI1(C)).

Proof. By Equation (2.3) we obtain that
N N N N
SUII(C)) = st [SN(O) kZM ( k)(uq)k(l —ug)™ ™ - K;“}( k)qk(l - q)N—k] -

— NNk_N—k_ NNk_N—k_
= sost| ) | Jua) (L —ug"F |~ kst 3 (a1 -9V | =

k=M k=M
1 f o 2 d 1 o 2 d
= 50— ez z—K—f e zdz.
M—-Nu M-N
V2 st( T _quq) ) V2 st( N zq) )

VNg(1-q) VNug(1-uq)
where M is the least integer such that S gu™v¥"™ > K. Foru = 1 + uAy + o VAy
andv =1 + uAy — o VAy we obtain that

So we have to determine the two standard parts st( M=Ng ) and st (M),

u 1 20
‘/Nln(;): \/Nln[1+ \/N[1+%—\/iﬁ]]zzo-

and
1 oo, 2
NIn(uv) = N1n 1+N 2M+N_O- )zZ,u—O' .
Let m be the solution of the equation
SN = K

and we write m = %N + B VN for some 8 € “R. Because

(%N v Mﬁ) in(“) = 1n(5) ~ N1n()

S0
_In(£) - 3N Inw)
T N ()

we have that 8 € ns(*R) with

ln(g) —u+ %0'2

200

st(B) =
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and we have M=m+¢e = 1N +,8\/N + € for some € € *[0,1). Hence for
= % - \/ andp=1-
t(M—Nq) tﬁW+(%_Q)N+ €
S =S =
VNpq VN pq VNpq
. B+ (% - q) VN . B+ 4
=S =S =
VPq L N £
2 0N
K 1.2 K\, 1.2
_ ln(To) u+ 50 AN ln(To) + 50
20 20 o
For the expression st _M=Nug__ ) we use that
VNug(1-ug)

st (Vg1 —u) = 5

Thus

st( M — Nugq ):St[ﬁ‘/NJF(%_MQ)N_i_ € ]:
VNug(l — uq) \/Nuq(l —uq) \/Nuq(l —uq)
B St[ﬁ+(%—uq) \/N)_z (ln(s—li)—,u+ %U2—02+M)_
Vug(l = ug) 2o
ln(g) - %0'2
o

So we obtain for the price I1(C) that
SUTI(C)) = 59— f e zdz—K—f fpye Tz =
e s
In + 102
=s0d)[ ( ) 27

(o

Therefore, the two option prices in the hyperfinite CRR-model and in the BS-
model are equal. In the following we show that the Black-Scholes model is pre-
cisely the standard part of the Cox-Ross-Rubinstein model, see [14], [6].

We know from Corollary 1.3.5 that there exists a Brownian motion b(t, w) on
the Loeb space (QN, L(Ay), Cﬁ) such that for Cﬁ—nearly all w € Qp and for all
t € [0,1] we have b(t, w) = st(w([Nt]Ay)) where [Nt] is the least integer smaller
than Nt.
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Theorem 16. For t € [0,1] let s : [0,1] X Qy — R be the function defined by
s(t, w) = st(S N([Nt]An, w)) and let sg = st(S y(0)). Then for Cﬁ-nearly allw € Qp
and for all t € [0, 1]

)
s(t, w) = sg exp (b(t, w) + (/x - 7) t) .

Proof. Lett := [Nf]Ay € Ty. The evolution of a stock S y is given by the initial
value S x(0) and the price process

Sn(+ Ay, w) = Sy, w)(1 + uAy + cAB(2, w)).
So, the value of the stock at time 7 is given by

SN, w) = Sn(0) l_[ (1 + Aw(s)o + uAy) .

<t

Let a(s) = cAw(s) + uAy. By Taylors formula there is v(s) € *[0, 1] such that

In []_[ (1+ a(E))) = Z In(1 +a3)) =

<t <t

B oz(s) 3
Z o(s) = —oz(s) 1+ v(®a(3) v(s)a(s)

<t

Because AB(w, 1) = Aw(f) we have
1 1 1
a(s) - 5a(})2 = cAw(3) + (u - 50'2) Ay — cAw(S)uAy — EMZA]%, =

1 1
= cAB(w,53) + (u - 50'2) Ay — cuANAB(w,3) — EuzAfv-

For t € Ty and for all w € Qp such that B(z, w) is finite, we obtain

O'Z AB(s, w) = oB(t, w)
<t
1o\, 1)\
e |
s<t
ouly Z ABG,w) ~ 0

<t

25 =0

<t
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and

_y 1 ocAw@+pdy Y
- 6\ 1 +v(E)(TAw(s) + pAy) B
_ 3
1 (TAa)(s)#N + uVAyN
= 6 VAN:; Z 1 — \/F — ~
o + v($)(TAw(s) + uAy)

S -
& 6\1+w@®a()]

_ 1,1 a) \
= ln(n(l+0'Aw(s)+,uAN))=Z(a/(s)—Ea(s)2+6(m) )z

s<t <t

N - Loy =12

~Z oAB(s,w) + |1 20' Ay — ouANAB(s, w) 2,u Ay | =
<t

B} 1,
~ oB(w,1) + (u — 5az)t

- 1 -
= Sn(t,w) = Sn(0)exp (O'B(t, W)+ (u- Ea'z)t) .
Because B(f, w) is finite for Cﬁ—nearly all w € Qu we have

s(t, w) = spexp (crb(t, W)+ (u - %O‘z)l)

for C5-nearly all w € Qy and for all £ € [0, 1] O

Therefore, the Black-Scholes model is the standard part of the hyperfinite Cox-
Ross-Rubinstein model. We now give an other proof of Corollary 2.3.2 by using
Theorem 16, which is shown in [15].

Theorem 17. Let C(w) = (S y(1, w)—K)™ be an option in the hyperfinite Cox-Ross-
Rubinstein model and let c(w) = (s(1,w) — K)* be an option in the Black-Scholes
model. Then

n(c) = st(II(C)).

Proof. Let z; = li/;%[;andZN ={z : k=0,...,N} where p = %—f—UVAN and

g=1-p. Forz; € Zy let

f(Zk)=2(\/p_tJZk+(p—%)ﬁ).
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Then
2k-N

N .k:O...N}

f:ZN—>{w(1):w€QN}={

and N
Quiw € Qy : w(l) = f@) = ( k)pqu‘k-

Let S n(f(zx)) := Sy(1, w) for an w € Qp such that f(z;) = w(1). By Theorem 16
we have

1
SN(f(z)) ~ soexp (u - 502 - ast(w(l)))

for w € Qy with w(1) = f(z). Because st(f(z)) = st(z) — & and st(S n(f () —
K)* = (Sn(st(f(z))) — K)* and by Corollary 2.3.1 (with A = \/@)

Eqy Sn(l,w) - K)*

D Sn(l,w) - K) " On(w) =

weQN

Y N
D Sn(f@) - K)*( )p"qN"‘ ~
k=0 k

X

% | : (SN - K)P) e dz =

\/% j:: (So exp (O’St(f(Zk)) +u- %az) B K) e_%dz _

1 o0 1 2 2
= — so(e7 27 — K)te 7dz =
V27T Ioo

= n(c).

2.4 American Options in the hyperfinite CRR-Model

An American put option allows the holder to sell a stock for a fixed price at any
time over a finite time period. If Sy, defined in Section 2.3 denotes the evolution
of astockand Ty = {kAy : k=0,...,N} for Ay = % and for any infinite, natural
number N then we have a price process

Y[z(K_S[)+ fOI‘ teTN

for a American option with strike price K. Let 7~ be the set of all stopping times
7 : Q — Ty. Then an exercise strategy is given by

Y: = (K_ST)+'

The following definitions and properties for American options in discrete time are
shown in [16]. Let t € T). We denote with U, the minimal amount that the seller of
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an American option needs to hedge against the exercise strategies Y, forall 7 € 7.
Then we have the following conditions for U,

U >Y, forall teTy
Eqy(Yiray | Ar) = Equ(Uiray | A forall teTy\ {1},

where (A;).er, is the filtration defined in the proof of Theorem 14 and Qy is the
probability measure from Theorem 14 under which the price process S y is a mar-
tingale. The process (U;)sery 1s called the Snell envelope of the process (Y)iery
and (U,)er, 1s given by the recursion

U =Y
U; = max{Y (1), Eqy(Ur+ay | A} for reTy\ ({1}

Theorem 18. For t € Ty let T, be the stopping time defined by 7, = min{r > t :
U,=Y,}). Then

Uy = Bq, (Y, | A;) = ess supTGTIEQN(YT | A)
where T, ={te€T 17>t}

Proof. By Definition (U;)er,, is a supermartingale under Qy. Therefore, for any
stopping time 7 € 7, we have

Ui 2 E(Ur, Ay) 2 Eq, (Y7, Ap).
Because this condition holds for all T € 7, we have
U 2 ess sup.cq-Eq, (Y7 | A. 2.7
For s, € Ty and s < t < 1 let U be the stopped process defined by
U = Uninfs.r,)-

Because 7, = min{s >t : Uy = Y} we have for all w € {w € Q : 7/(w) > s} the
condition U, > Y. Therefore we have for Qy-almost all w € {w € Q : TH(w) > s}
that
Uy = Uy = max{Y,, Bq, (U1 | Ay} =
= Bay(Uss1 | A) = B, | Ay).

+

On the other side, we have for all w € {w € Q : T/(w) > s}

v, =U, =U?

s+1

and therefore also

Equ(UY | | A) = Bq(UY | Ay = UY

s+1
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and (U§,’>)sz, is a martingale under Q. Hence we have
Eqy(Ur, | A = Eq,(U" | A) = U = U,.
By the definition of 7, we have
Eqy(Uz, | A = Eqy(Yr, | A
which together with condition (2.7) proves the theorem. O

Proposition 2.4.1. U, is the smallest (A;)er, -supermartingale dominating Y.

Proof. Let (U ;),eTN be another supermartingale dominating (¥;)er, . Then we have
U 1 > Y, therefore

U, > Eq,(U; | A = Eq,(Y1 | A) = Eq, (U | A) = U,

Definition 2.4.2. A stopping time 7 € 7 is called optimal if
Uy = EQN(YT | ﬂt}-

Proposition 2.4.3. A stopping time v € T is optimal if and only if Y; = U for
Qn-almost all w € Q and if the stopped process (Unmin(.1))rery IS a martingale.

Proof. (=) Because 7 € 7 is optimal and U; > Y, by definition of (U;)ser,, We
have

Uo = Eq, (Y7 | Ap) = Eq,(Y7) <

< Eq,(Ur) = Eq,(U- | Ag) < Uo
and therefore we have Eq, (Y;) = Eq,(U;) and Y; < U,. It follows that Y; =
U,;. We also have Eq(U;) = Up where Uy is constant. Therefore the stopped

process (Unmingr.r})rery 1S @ martingale, because (Uminir.r))rery 1S @ supermartingale
with constant expection.

(&) Because Yr = Ur and (Unin{s,7))reTy 1S @ martingale we have
UO = EQN(U‘I’) = EQN(YT | ﬂO)
and therefore, the stopping time 7 is optimal. O

In the following we want to show that any internal stopping time in the Cox-
Ross-Rubinstein model for some infinite N is a lifting of an optimal stopping time
in the Black-Scholes model. This was shown in [17].

In the Black-Scholes model there is a unique optimal stopping time on [¢, 1] for
every t € [0, 1] and this stopping time is given by

pr =inf{v € [t,1] : y, = u,} (2.8)
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where
v = (K- St)+

denotes the price process of the American put option and

U, = ess sup,ep Eq(p | B1)

where #; denotes the set of all stopping times p : Q — [z, 1]. That the stopping
time p; defined by (2.8) is the only optimal stopping time was shown in [18] or in
[19].

In the following, we denote the elements of Ty with s and ¢ and the elements
of [0, 1] with s and ¢. Let B(¢, w) be the random walk defined in Section 2.3 and let
B(t,w) = B; + firg. For t = % we have

k .
B8 )= 3 W s 1)+ 2}

and VN (Aa) (ﬁ) + (T”—N) are Qy-independent random variables with mean 0 and

variance 1. By Theorem 4 there is M € L(Ap) such that Qﬁ(M) =0and

b(t, w) = st(Bua(@) if wgMie(0.1)
0 if weM,te[0,1]

is a Brownian motion on the Loeb space (Qy, L(Ay), Qﬁ). Let (B:)seq0.17 be the
Brownian filtration and let (;).c[0,1] be the standard part of the filtration (Ay)sery
defined by Definition 1.4.8. Then we have

{weQy:st(Bw) <r=() {w €eQy: Bw) <r+ %} e £(A,)
keN
and for st(¢) = ¢ the sets
{w e Qy : b(w) < r}
and
{a) € Qp st (Bz(w)) < r}

differ only by a Loeb null set, and therefore b, is (F1)ief0,17-measurable. Because
(F)eefo,17 1s a right continuous filtration, we have (F;)rcj0,1] 2 (Br)refo.1]-
If we use Theorem 16 for b, instead of b, we see that

st(S y(t, w)) = so exp (o-B(t, w) — %a'zt)

for Qﬁ—almost all w. We know from Theorem 8 that p : Qy — [0,1] is an
(FDref0,11-stopping time if and only if p = st(r) for some (A;)r,-stopping time
7 :Qn — Ty. So we have the following condition

st(Sv(t(w), w)) = s(p(w), w).
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Theorem 19. For any internal optimal stopping time T in the hyperfinite Cox-Ross-
Rubinstein model, we have

p = st(t)

for Qn almost all w, where p is the unique optimal stopping time in the Black-
Scholes model.

Proof. Lett: Qn — Ty be an optimal stopping time. Because 7 is bounded, there
is some p : Qy — [0, 1] such that p = st(7) for Qy almost all w. By Theorem 8 the
stopping time p is an (F;).e(0,1]-stopping time. If p is the optimal stopping time we
have

Egﬁ()’ﬁ | o) = ess SuppePEgﬁ(Yp | %0)
= Eqr(p) 2 Egr(vp)-

On the other hand, by Theorem 8 there is some (A;)er, -stopping time 7 Qy —

Ty such that p = st(‘r') for Qy-almost all w € Qpy. Because of the conditions
st (Y(1(w), w)) = y(p(w), w) and st (Y(T/ (w), a))) = y(0(w), w) for almost all w, and
because the stopping time 7 is optimal, we have

Eqe(p) = Bqe (st(¥o) = st (Eqy (Y)) 2
> st (Bay(Yy)) = Bgr (sUY,) = Eqe(3p)

and p is an optimal stopping time in the BS-model. Because the optimal stopping
time in the BS-model is unique, we have p = p and p = 7 for almost all w. O
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