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Abstract

This thesis studies entropies of the following models in the thermodynamic limit: spanning trees
and the associated essential spanning forest process, dimer covers, the abelian sandpile model
and the harmonic model. These models arise from various fields in mathematics, but all of them
can be interpreted as dynamical systems in higher dimensions and as examples from statistical
mechanics. Tools of operator theory and harmonic analysis will be used to express entropy as
logarithm of the Fuglede-Kadison determinant, which was originally defined on operators in a
factor of type II;. Similar methods (although in a more algebraic setting) will be used to calculate
the entropy of expansive actions of discrete residually finite amenable groups by automorphisms
of compact abelian groups.

Deutsche Zusammenfassung

Diese Diplomarbeit behandelt die Entropien der folgenden Modelle im thermodynamischen Limes:
Spanning Trees und der damit verbundene Essential Spanning Forest Prozess, Dimer Uberdeck-
ungen, das Abelsche Sandh&dufchen Modell und das Harmonische Modell. Diese Modelle aus
verschiedenen Disziplinen der Mathematik kénnen als dynamische Systeme oder als Beispiele
aus der statistischen Mechanik interpretiert werden. Methoden aus der Operatoren Theorie und
der harmonischen Analysis werden zur Darstellung der Entropie als Logarithmus der Fuglede-
Kadison Determinante verwendet, wobei die Fuglede-Kadison Determinante urspriinglich fiir
Operatoren in einem Faktor vom Typ II; eingefithrt wurde. Ahnliche Methoden werden zur
Berechnung der Entropie von expansiven Wirkungen von diskreten, residuell-endlichen, mittel-
baren Gruppen durch Automorphismen von kompakten, abelschen Gruppen verwendet; wobei
diese Wirkungen auch in einem eigenen Kapitel beschrieben werden.
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Introduction

This introduction outlines the interaction between statistical mechanics and dynamical systems,
which allows one to switch between these two theories. This idea will be demonstrated by means
of an example from combinatorics.

A dimer cover on the lattice Z? is a subset of edges which covers every vertex exactly once.
Two interpretations of this model will be discussed to analyse the complexity of dimer covers:

e Physical interpretation: If one looks at a vertex n € V(Z?), then there are only four possi-
bilities a dimer can be placed on this vertex. These degrees of freedom will be represented
by an alphabet {N,E, S, W}. A configuration 7 is a map from Z? to {N, E, S, W}; with
the intuitive picture that every vertex n € V(Z?) is in one of the four possible states
{N,E,S,W}. Clearly, not every configuration is allowed because it could happen that
two dimers lie on the same vertex, which is forbidden by definition. There are infinitely
many points in the set A of allowed configurations and so the entropy per vertex will be
introduced to measure the complexity of this system. Let Q,,(.A) denote the number of dis-
tinguishable quadratic boxes with side length n appearing in the points (or configurations)
of A. The entropy per vertex is defined by

and will be interpreted as exponential growth rate of the number of allowed configurations

in finite quadratic boxes with side length n as n goes to infinity. Roughly, @, (A) grows
like eh(An?,

e Dynamical interpretation: The dimer model can be interpreted as a dynamical system by
constructing a shift of finite type as follows:

A= {UG{N,E,S,W}ZQ: let nmeZ? if m—n=(1,0) = (n, m) ¢ F1;

i m 0= (0,1) = (. 7hn) ¢ FQ},

where

Fl = {(N7W)7(E7N)7 (E,E), (EvS)(S7W)7(VV7 W)}

and

= {(N,N),(N,E),(N,W),(S,S),(E,S), (st)}

The shift action o is defined by (6™7)m = Mn+m, i.6. a translation of the configuration
in direction n. The entropy of this transformation will be defined informally as follows:
The distance between 7,1’ € A is given by 27%, where k is the largest integer such that
Nk k]2 = nf_kvk]z. Let B, := {m € Z* : max;efo,1} M; < n}. The orbit segments of two
elements 7,7 € A are e-distinguishable if there is a coordinate m € B, such that the
distance between o™n and o™’ is at least €. The value s(By,e) will denote the number



Contents

of e-different orbit segments with translation vectors in B,,. The quantity

log s(n,¢)

h(c,¢) := limsup 5
n

n—oo
is the exponential growth rate of the number of e-distinguishable orbit segments of the
dynamical system as n goes to infity. The entropy is defined by

h(c) = lim h(o,¢).
e—0
Since the shift action simply translates configurations, it is clear that this general definition
of the dynamical entropy coincides with the definition of entropy given above. In the case
of the dimer model (A, o) the entropy can be expressed as the exponential growth rate of
the number of periodic points. And so one gets

log Fix, o

h(c) = limsup poR

n—oo
where Fix,o = {n € A:o0™n=n for every m € B,}.

There are many ways to define entropy, but with the above explanatory notes one should have
a better idea what entropy measures. In general there is no easy way to calculate entropy. The
aim of this thesis is to study entropies of several models.

In the first chapter the entropy of spanning trees on infinite graphs will be calculated with
the help of von Neumann algebras and harmonic analysis. Such methods will be used in the
third chapter for expansive algebraic actions, where the commutativity of the symmetry group
is no longer required. In both chapters a generalised determinant, the so called Fuglede-Kadison
determinant will appear and it will turn out that the logarithm of this determinant is equal to
the entropy of these two models.

Entropy has another important feature: if two dynamical systems are isomorphic (in the mea-
sure theoretical or topological sense), then their entropies coincide. This property will be used in
the second chapter to find the entropy of the abelian sandpile model (when restricting to finite
regions the model is isomorphic to the model of spanning trees) and of the dimer model (which is
isomorphic to the essential spanning forest process, which is associated to the model of spanning
trees).

In the last chapter the abelian sandpile model will appear as a symbolic cover of the so called

harmonic model, which is an algebraic dynamical system with a non-expansive action.

At the beginning of each chapter (or section) the main references for the chapter (or section)
will be cited without any further comments.



1 Spanning Trees

In this chapter the asymptotics of the number of spanning trees on a graph will be studied. First
the Matrix Tree Theorem will be proved. Then a convergence principle for sequences of graphs
will be introduced to define the tree entropy, which will be an indicator for the complexity of
an infinite graph. Finally, operator algebra methods will be used to find a helpful expression for
the tree entropy.

1.1 Basics And The Matrix Tree Theorem

Reference(s): [16, chapter 13| and |25, section 3]

Let G be a graph with countable vertex set V and edge set E. A loop is an edge that connects
a vertex to itself. A cycle is a closed path with no repeated vertices except the starting and
ending vertices. Let x,y € V, write © ~ y if x and y are connected by an edge. The degree
of a vertex x € V is the number of edges which connect = to vertices in V; this number will
be denoted by degs () and it is assumed that all degrees are finite. The following matrices are
indexed by the vertices of G:

Definition. The degree matrix D¢ is the diagonal matrix, whose (z,x)-entry is equal to
degg(z), for all x € V. The matrix Ag, whose (z,y)-entry is equal to the number of edges
connecting x and y, will be called adjacency matrix. The matrix difference Do — Ag is denoted
by Ag and is called the graph Laplacian matrix. The matrix product Pg := Dél - A is the
transition matrix of a Markov chain. This Markov process has state space V and is called the
simple random walk on G. Let p* (z; G) denote the probability that the simple random walk
on (G started at x is back at x after k steps.

A graph H, whose vertex set is a subset of that of G and whose adjacency relation is a subset
of that of G restricted to the subset of vertices of H, is called a subgraph of G. A subgraph H
of G spans G if H has the same vertex set as G. A graph is a forest if it has no cycles and is
simple (i.e. an undirected graph that has no loops and no more than one edge between any two
different vertices). If a forest is connected, i.e. every pair of distinct vertices in the graph can be
connected by some path, then the forest is called a tree. The complexity of a graph G is the
number of spanning trees and is denoted by 7(G). The entropy of a finite graph G is given
by log 7(G) and will serve as a measure for the complexity.

The Matrix Tree Theorem leads to an easy calculation of the number of spanning trees of a
graph G. Some definitions are necessary to formulate and prove the Matrix Tree Theorem: Let
G be a graph, x and y vertices in V and e an edge in E connecting z and y. The graph G\e
is obtained by deleting the edge e (V(G\e) = V(G), E(G\e) = E(G)\e). The graph G/e is
constructed by identifying x and y and then deleting e. If z is a vertex which is connected to
both z and y, then multiple edges will occur between z and the new identified vertex. If there
are multiple edges between z and y, then they will become loops on the new identified vertex.
Let M be a symmetric matrix and = € V; the submatrix M[z] is obtained by deleting the rows
and columns indexed by =x.

Theorem 1.1. (Matriz Tree Theorem): Let G be a graph with Laplacian matriz Ag. If x is an
arbitrary vertex of G, then 7(G) = det Ag|x].



1 Spanning Trees

Proof: Induction on the number of edges of G:
e base case: |E(G)| =0:

— If | V(G)| = 1, then G has one spanning tree and Aglz], x € V, is a 0 X 0-matrix the
empty-matrix, which by convention has determinant 1.

— If | V(G)| > 1, then G has no spanning tree and Ag[z] is an all-zero matrix of order
at least 1 which has determinant 0.

e inductive step: |E(G)| > 0:
If e is an edge of G, then every spanning tree either contains e or does not contain e. There
is a one-to-one correspondence between spanning trees of G that contain e and spanning
trees of G/e. On the other hand any spanning tree of G which does not contain e is a
spanning tree of G'\e. Therefore,

7(G) =7(G/e) + 7(G\e)

(In this situation multiple edges are retained during contraction and loops are ignored
because they cannot occur in a spanning tree).

Let e be an edge connecting x and y and M be the n x n diagonal matrix with M, equal
to 1, and all other entries equal to 0. Then

Ag[x] = Ag\e[x] + M

from which
det Ag[z] = det Ag\c[2] + det Ag\c[7][y]

is deduced by substituting the term (Ag[z])yy by (Ag[x])yy —1+41 in the Laplace expansion
of det Ag[z]. The first two terms of this expression lead to the first term on the right hand
side and the third term leads to the second term (Ag\.[z][y] = Ac[z][y]).

The graph G/e will be formed by contracting = onto y, so that V(G/e) = V(G)\z; this
preference was chosen because z is the vertex which should be eliminated. Then Ag/. [v]
has rows and columns indexed by V(G)\{z,y} with the uv-entry being equal to (Ag)uv;
and so one has that Ag/c[y] = Ag[7][y]. The formula above can be rewritten as

det Aglr] = det Ay [z] + det Ag/e[y] -
By induction hypothesis, det Ag\.[x] = 7(G\e) and det Ag/c[y] = 7(G/e); hence
det Aglz] = 7(G). O

If A and B are square n x n matrices and S a subset of {1,...,n}, then let Ag be the matrix
obtained by replacing the rows of A indexed by elements of S with the corresponding rows of B
(Ap = A). It can be easily seen that

det(A+B)= > detAg,
SC{1,...,n}

by looking at the Leibniz formula of det(A 4+ B) and expanding products and reorder sums. By
applying this to A — tI, it is deduced that the coefficient of t"~* in det(A — tI) is (—1)* times
the sum of the determinants of the principal k x k submatrices of A.

Theorem 1.2. Suppose that G is a finite connected graph with n vertices. Then

log 7(G) = —log(2| E(G Z log degq(z Z 11< Z PF(x:G) — 1> .

zeV(G) k>1 2€V(G)



1.1 Basics And The Matrix Tree Theorem

Proof: First, the following identity will be proved:

erV(G) degq(z)

m@)= > zev(c) dega(z)

det'(I — Pg), (1.1)

where det’ M denotes the product of the nonzero eigenvalues of a matrix M. Let ¢(t) = det ((I—
Pg) — tI) be the characteristic polynomial of (I — Pg). The zeros of ¢(t) are the eigenvalues
of I — Pg. Since A1 = 0, the constant term of the characteristic polynomial is zero and the
coefficient of ¢ is

)y 1HA = (—1)""det'(I — Pg).

On the other hand, by the remark just above the theorem the coefficient of the linear term in
(t) is
(=)™ > det (I — Po)lal).

zeV(Q)

The term (I — Pg) is equal to D5'(Dg — Ag) and the fact that D' is a diagonal matrix will
be used to get

> det (I—Pg)la]) = Y det (Dg'(Da — Ag)[x))

zeV(Q) zeV(Q)

= Y det (DG [a]) det (Do — Ac)lal)

z€V(G)

Now using the Matrix-Tree-Theorem 1.1 in the last term yields to

1
D det ((I - Pg)la]) Z det ( =7(G)-
2€V(G) zeV(G 2€V(G) HyEV(G)\w degg(y)
er\/(c) degq(z)
:T(G). d .
[Liev(e) dega(@)

The identity follows immediately from the last equation and

det/(I - Pg) = Y det ((I - Pg)la]).
zeV(G)

From (1.1) and the fact that the sum of the degrees of a graph equals twice the number of its
edges one gets that

log 7(G) = —log (2| E(G Z log deg(z) + logdet’ (I — Pg) .
zeV(Q)

Let A be the multiset of eigenvalues of Py other than 1 (with multiplicities). Since A C [-1,1),
ogdet (1~ Pe) = Y log(1 ) =~ - = - Y030 A = -y
o € O — = — _— = — - = — .
g ) g L L L
AEA AEA k>1 k>1AeA k>1

In the last step the following facts were used: (1) The eigenvalue 1 of P has multiplicity 1
since G is connected and (2) the trace is similarity invariant. The formula now follows from

tr P = Y pevie) (@ G). 0



1 Spanning Trees

1.2 Tree Entropy

Reference(s): [7, section 1] and [25, section 3]

Definition. A graph homomorphism ¢ : G; — G2 from one graph G; = (V1,E;) to another
Go = (Va,E2) is a pair of maps ¢y : Vi — Vg and ¢g : E; — Eg such that ¢y maps the
endpoints of e to the endpoints of pg(e), for every edge e € E1. If both maps ¢y and ¢g are
bijections, then ¢ is called a graph isomorphism.

To define the limit of a sequence of graphs it is necessary to keep an eye on a base point, which
will be called the root.

Definition. A rooted graph (G,o) is a graph G with a distinguished vertex o of G, called
the root. A rooted isomorphism of rooted graphs is an isomorphism of the underlying graphs
that maps the root of one graph to the root of the other graph. Let G, denote the set of rooted
isomorphism classes of rooted connected locally finite graphs.

Next define the following metric on Go. Let (G,0),(G’,0") € Go and denote, for all r € N
with 7 > 0, by Bg(o,7) the closed ball of radius r about the root, i.e. the union of all minimal
paths on G starting at o of length less or equal to r. Let k be the supremum of all r such that
there exists a rooted isomorphism between Bg(o,7) and Bgr(o',r). A metric 6 on G, can now be
defined by setting 6((G, 0), (G',0")) = 27*. This metric induces a topology on G,, which induces
a Borel o-algebra S on G,.

Now let R be a positive integer, H be a finite rooted graph, and p a probability distribution
on (Ge,S). Then let p(R, H, p) denote the probability that H is rooted isomorphic to the ball
of radius R about the root of a graph chosen with distribution p. If (G, p) is a fixed graph with
probability distribution p on its vertices, then p induces naturally a distribution on rooted graphs
(also denoted by p), i.e. the probability of (G, z) is p(z). For a finite graph G, let U(G) denote
the distribution of rooted graphs obtained by choosing a uniform random vertex of G as root of
G.

The concept of random weak convergence is as follows:

Definition. Let (G,) be a sequence of finite graphs with distributions U(G,,) and p a probability
measure on rooted infinite graphs (possibly induced by a probability distribution on the vertices
of a fixed infinite graph). If 1imnﬁoop(R, H, U(G’n)) = p(R, H, p), for any positive integer R and
any finite rooted graph H, then p is called the random weak limit of (G,). If p is induced
by a distribution on the vertices of a fixed transitive graph G, then the random weak limit only
depends on G and not on the root. In this case the random weak limit of (G,,) will be denoted
by G.

Remark 1.3. The name and concept of this convergence principal become clearer if one compares
it with the concept of weak convergence; because the random weak limit p can be seen as the law
of (G,0) and being the weak limit of the law of (Gp,0n) as n — oco. But one should have in
mind that random weak convergence on (Ge,S) is a local concept because only neighbourhoods
around the root are regarded. This definition can be generalised by requiring only convergence
i probability. The convergence to p only depends on the component of the root, so it is wise to
demand that p concentrates on connected graphs.

Example. Let I' be a group with a given generating set S and let [(I') denote the length of the
smallest reduced word in the generating elements that represents the identity. Suppose that I,
are finite groups, each generated by s elements, such that lim,_,~ I(I';,) = co. Then the Cayley
graphs G,, of I';, have a random weak limit equal to the usual Cayley graph G of the free group
I’ on s letters, i.e. the regular tree of degree 2s.



1.2 Tree Entropy

Definition. The expected degree of a probability measure p on rooted graphs is given by

deg(p) i= [ dega(o) do(G.o).

When the following integral converges, define the tree entropy of p by

h(p) == /<logdegc Zp zG))dp(G T) - (1.2)

k>1

If p is induced by a fixed transitive graph G of degree d, then the tree entropy can be written as

k o
h(@) := h(p) = logd — Zp(k’G),

k>1

where o is any vertex of G.

The main theorem of this section, which will be proved with the help of several lemmas,
suggests thinking of h(p) as a sequence of entropies per vertex of finite graphs.

Theorem 1.4. If G, are finite connected graphs with bounded average degree whose random
weak limit is a probability measure p on infinite rooted graphs, then

1
nlgfolo m log 7(Gn) =h(p).

Lemma 1.5. Let P be a transition matriz of a Markov chain. For a € [0, 1), define the transition
matriz Q = al + (1 — a)P. For a state z, let p*(z) and ¢*(x) denote the return probabilities to
x after k steps when the Markov chain starts at x, where the transition matrices are P and @,

respectively. Then
k
¢"(z) _ PM(
Z L —log(1 )+ Z
k
Proof: Let (-,-) denote the standard inner product on £2(V). For x € V and z € (0,1), one gets
q
Z = ([log(I = 2Q)]1 (e 1(ay) = —([log (1 = 20)] = 2(1 = ) P) |11z, Lay)
z2(1 - «)
- < [log (I - IZOéP>:| l{z}, 1{30}) - log(l - ZO[)(].{:B}, 1{1})
k
p 2(1 —«
—log(1 )+ Z < 1= za)>

The first equation follows by expressing the logarithm as integral of a geometric series. The
lemma follows now by letting 2z 1 1. O

Definition. A Markov chain is said to be reversible if there is a measure 7 such that 7(x)p(x, y) =
7(y)p(y, x), for all states z and y.

Lemma 1.6. |25, Lemma 3.4] Suppose that Q is a transition matriz of a Markov chain that
is reversible with respect to a positive finite measure 7 (m will always be normalised to be a
probability measure).



1 Spanning Trees

Setting a := inf, Q(z,z) > 0 and ¢ := inf{n(2)Q(x,y);x # y and Q(x,y) > 0} > 0, then, for
all states x and all k > 0, the following estimate holds

‘ @z, 7)

1 1
— 1| < min , .
’_ ' {ac\/k—l—l 2a202(k+1)}

Lemma 1.7. Suppose that Y, are real-valued random wvariables that converge in distribution
to Y and that sup, E[|Y,]|] < oco. Then for all continuous functions f : R — R such that
limyg| 00 [ f(@)]/]2] = 0 one gets limp oo E[f(Yy)] = E[f(Y)].

Proof: The given assumptions imply that f(Y;,) form a uniformly integrable set of random vari-
ables. The continuity of f ensures that f(Y},) converge in distribution to f(Y). The conclusion
follows by combining the last two statements. O

Proof of Theorem 1.4: First, new graphs G, will be constructed by adding deg(z) loops at the
vertex z, for all x € G,. If P, is the transition matrix of G, then @, := (I + P,)/2 is the
transition matrix of G/,. A consequence of this construction is that @Q,(x,z) > 0, for every
x € Gy, and so inf ey Qp(z, x) > 0; the latter inequality is a necessary condition for Lemma 1.6.
The random weak limit of G/, is p/, where p’ is obtained from p by doubling the degree of each
vertex by adding loops. Lemma 1.5 implies that h(p) = h(p’) by just looking at the definition
of h. Since 7(Gy) = 7(GY),), it suffices to show that

AN /

Now let d be an upper bound for the average degree of G/, i.e. for all n,
2|E(G)| < d| V(G)I, (1.3)

so that | V(G")| 1 1log(2| E(G.)|) — 0 as n — oo. Since the degree of a random vertex in G,
converges in distribution to the degree of the root under p/, it follows by Lemma 1.7 (with
f :=log" and Y,, to be the degree of a uniform vertex in G,) that

1

V@] Z log degg () — /log degi(x) dp/ (G, ).

zeV(Gh)
Now looking at the conclusion of Theorem 1.2 the last step is to show that
lim Z;l Z Fla;Gh) —1 /Z Mo G dp' (G ) .
n—oo £~ | V(G| k
k>1 zeV(G,) k>1
By definition and the requirement of the theorem, for every k, the following equation holds:
1 k(. ¥ k(. ¥ /

Hence, by Lemma 1.6 applied to G}, with stationary probability measure
z — degey (7)/(2| E(GY,)]) and constants a > 1/2, ¢ > 1/(4| E(G},)[); and by (1.3) one gets

> pk(w;G;)l'S 1

zeV(Gh) k+1

1
V(G




1.3 Fuglede-Kadison-Determinant Entropy Formula I

Weierstrass’s M-test justifies the interchange of limit and summation and so the statement of
the theorem is proved. ]

1.3 Fuglede-Kadison-Determinant Entropy Formula I

Reference(s): [1, section 5], [2, section 5.2], [11], [25, section 4] and [26]

For a weighted graph some definitions must be extended: Therefor, let w : E(G) — [0, 00) be
a weight function, then the new graph Laplacian is defined as follows:

=D e (ay) We) if x#y with Ei(z,y) :={e : e is an edge between z and y}

ZeeEg w(e) if x =y with E := {e : e is incident to x and not a loop}.

Assuming Ag(z,z) < oo for all x; the associated random walk has the transition probability
from z to y of —Ag(z,y)/Ag(x,x). Finally, the tree entropy becomes

)= [ (1og 20t0.0) - 3 2D ) dpicio),

k>1

Let G, denote the set of rooted isomorphism classes of rooted weighted connected locally finite
graphs. Let G= (G,0;v) € G. = G, x V be a rooted graph with a distinguished directed
edge, where v is a neighbour of the root o of G. Next define the following involution ¢ : G. — G.,
which maps G to L(G), this is the same graph but with reversed directed edge. And so v can
be interpreted as new root and o as new distinguished neighbour. Let p be any measure on G,.
Now define a new measure fi on G, by (1) taking the marginal measure of i on G, to be p and
by (2) taking the conditional measure fig on the neighbours of the root of G' to be the counting
measure.

Definition. A probability measure 1 on G, is called unimodular if the induced measure fi is
involution invariant, i.e.

Aa(A) = ﬂ(fl(A)) for all Borel subsets A C G, .

If a graph G was randomly chosen, then let pg(0) be the probability that o is the root of
G. The marginal measure fig puts mass pg(o) on the edge ov and mass pg(v) on the edge vo.
Involution invariance implies that pg(o) = pg(v). Clearly, if the graph G is connected, then
pc(+) is constant on G and so the concept of unimodularity means that every vertex is equally
likely to be chosen as root.

Theorem 1.8. [1, Proposition 2.2| Let G, the space of isomorphism classes of weighted locally
finite connected graphs with an ordered pair of distinguished wvertices. Let p be a probability
measure on G.. The measure p is unimodular if and only if

/Z f(G,0,2)dp(G,0) = /Z f(G,z,0)dp(G, o),

z€V(Q) z€V(Q)

for all measurable functions f : G — [0,00) that are invariant under isomorphisms, i.e.
f(o(G), (0),d(x)) = f(G,0,x) for all graph-isomorphisms.

In [2, Chapter 5] or [7, Section 3.2] it was shown that the weak limit of unimodular measures
is again a unimodular measure. In the definition of random weak limits only sequences of finite
graphs with uniformly distributed roots occur and so random weak limits are always unimodular.



1 Spanning Trees

Definition. Let H be a Hilbert space. A set of vectors (v;);es in H is a quasi-orthonormal
basis if the non-zero elements of the set form an orthonormal basis of H.

Let (X,S, 1) be a measure space. A Hilbert bundle over X is a family of Hilbert spaces
(Hz)zex and a family of maps v; : X — | | oy H, with v;(x) € H, such that for each z € X
the family (v;(x)) is a quasi-orthonormal basis of H,, and for each ¢ € I the set of all z € X
with v;(z) = 0 is measurable.

Definition. A section is a map s: X — | |, x H, with s(z) € H,, for every 2 € X. A section
is a measurable section if for every j € I the function z — (s(x),v;(x)) is measurable on
X, and there exists a countable set I; C I, such that the function = — (s(z),v;(x)) vanishes
identically for every i ¢ Is. A measurable section s is called a nullsection if it vanishes outside
a set of measure zero.

The direct integral is the vector space of all measurable sections s, which satisfy

MW=AWMme<w,

modulo the space of nullsections and will be denoted by

H_/medM(m).

One can show that this space is a Hilbert space with inner product

@wzéwmwmww.

Let p be a unimodular probability measure on rooted weighted graphs.

Choose the canonical representative for each weighted graph, i.e. a graph with V(G) = N.
Let H := [© ?(V(G)) dp(G,0) be a direct integral, this is the set of p-equivalence classes
of p measurable functions f defined on canonical rooted graphs (G,o) that satisfy fq.) €
?(V(G)) and [ Il dp(G,0) < oo, which will be denoted by f = f@ f(c,0)dp(G,0). Let
T : (G,0) — Tg, be a measurable mapping of bounded linear operators on ¢?( V(G)) = ¢*(N)
with finite supremum of the norms ||7g,||. Then T induces a bounded linear operator T :=

TP = [© T(G,0) dp(G,0) on H via

® ®
T”i/ f(c,0) dp(G,0) H/ T6.0f (G0 dp(G,0).

The norm |77 of T” is the p-essential supremum of ||T¢ |-
A graph isomorphism ¢ induces an operator ® : H — H. Since p is unimodular one gets

(@f, g) = /<(I)(G’,o)f(G’,o)7(I)(G’,o)g(G,o)> dp(G,0) = /(f(G,o)7g(G,o)>dp(G7 0) =(f,9)-

And so ® is an isometry (and therefore bounded) and clearly the range of ® is dense in H;
whence ® is unitary. Let Alg be the commutant of the set

U={P e B(H) : ® is an operator induced by a graph isomorphism ¢} ,
i.e.

Alg:=U'={T € B(H) : T® =T forall ® € U}.

10



1.3 Fuglede-Kadison-Determinant Entropy Formula I

The set of operators Alg coincides with its bi-commutant. Therefore, Alg is the von Neu-
mann algebra (i.e. a subalgebra of B(H) which is closed under * and which is equal to its
double commutant) of such (p-equivalence classes of) operators T' that are equivariant in the
sense that for all isomorphisms ¢ : G; — G2 and all o1,z,y € V(G1) and all oo € V(Ga):
(161,00 14wy, Liyy) = (TGa,001{pa}s 1{pyy)- This property induces that Tz, does not depend on
the root o.

Theorem 1.9. Let p be a unimodular measure and T' € Alg, then

Tr,(T) == E [(Tal{o}, 1{o))] = /(TGl{o}yl{o})dp(G70)

s a trace on Alg.

Proof: f T € Alg and T' > 0, then Tr(7) > 0 because the integrand is non-negative for 7" > 0.
The linearity of Tr(.) follows from the linearity of the inner product and the integral. At last
Tr(T'S) = Tr(ST) must be proved for S,T € Alg:

Tr,(TS) = E [(S1yy, T 1(,))] = E { > (S1g, l{a:})(]-{;v}’T*]-{o})]
zeV(Q)

ZE[ > (Sl{o}vl{w}>(T1{m}’]-{o}):| ZE[ > (Sl{z}’1{0})(T1{0}71{x}):|

zeV(G) zeV(Q)
:E{ > (Tl{o}a1{1})(1{93},5*1{0})} = Tr,(ST) .
zeV(G)

The unimodularity property of the measure can be used because of absolute integrability:

BLTS ey 1)) < <E[ 2 |<Sl{°}’1{$})|2]E[ > ’(l{m}aT*l{o})|Q]>l/g

2eV(G) 2eV(G)
% 1/2
= (E (ISP E[IT* 103 [17]) < ISINIT| < oo

Here the identities above and the Cauchy-Schwarz-inequality for expectation values were used.
O

Definition. Let VNA be a von Neumann algebra and
VNA, :={T € VNA : T is self-adjoint and 7" > 0} .

Let tr be a trace on VNA. The trace tr is called faithful if tr(7") = 0 implies 7" = 0. The trace
is said to be semifinite if, for any 0 # S € VNA_ | thereis a 0 # T € VNA, with T' < S such
that tr(7') < oco. If the trace tr fulfils

tr(sup 73) = sup tr(T3)

7

for any bounded increasing net (7;) of VNA_L, then tr is called a normal trace.

A von Neumann algebra with a faithful, finite and normal trace will be called finite. Clearly,
the von Neumann algebra Alg with trace Tr is finite. Next a larger class of operators will be
defined and the definition of the trace will be extended to this larger class of operators. Therefor,
the following definitions for unbounded operators will be recalled:

11



1 Spanning Trees

Let X,Y be two Hilbert spaces and let T': X — Y be an unbounded linear operator. The
operator T is said to be densely-defined if its domain Dom(7’) is a dense subset of X. If the
graph of T', this is the set Graph(7T) := {(z,Tz) € X xY : x € Dom(T)}, is a closed subset
of X x Y, then T is called closed in X. An operator 7" extends T, which will be written as
T C T, when Dom(T) C Dom(7") and T"x = Tx for all x € Dom(T'). The operator T is said to
be closable if the closure of the graph of T is the graph of another operator 7. The operator
T will be called closure of T. A densely defined operator T is symmetric if (T'z,y) = (x,Ty)
for all x,y € Dom(T'). The adjoint T* of a densely-defined operator T' is defined as follows. Its
domain consists of those elements y € Y such that for some element z € X, (T'z,y) = (x, z) for
all x € Dom(T'). For these elements y € Y, T*y = z. The operator T is said to be self-adjoint
if X=YandT=T*

Let Alg be the set of closed densely-defined operators that are affiliated with Alg, i.e. those
closed densely-defined operators that commute with all unitary operators that commute with
Alg.

The Laplacian A¢ induces an operator

Fe (20 X dctens)

yeV

for functions f on V with finite support. This operator extends by continuity to a bounded linear
operator on all of /2(V) when sup, Ag(z,z) < oo. If

p—esssup sup Ag(z,z) < 00,
G0 zeV(Q)

then (G,0) — Ag defines an operator in Alg. If such a uniform bound does not exist, then
proceed as follows. Let

Dy:={f€H : [suppfa.o| < ,forall (G,o0)}.

The operator A is defined on the dense subspace Dy, where it is symmetric. Let D be the diagonal
weighted degree operator on Dy, i.e. Dg(z,z) := Ag(z,z) and Dg(z,y) := 0 for x # y. Its
closure D is symmetric and affiliated with Alg and so D is self-adjoint by the following theorem:

Theorem 1.10. |20, Exercise 6.9.53] and [19, Solution 6.9.53]
Let S be a symmetric operator affiliated with a finite von Neumann algebra. Then S is self-
adjoint.

Define § := D(I — P); since D € Alg and I — P € Alg, it follows that § € Alg. It will be
shown that A is closable and § = A. An easy calculation shows that § and A agree on Dy and so
d extends A. The operator § is closed, whence A is closable. Since A is symmetric and affiliated
with Alg, it is self-adjoint by Theorem 1.10. The next theorem guarantees that A and § are
equal.

Theorem 1.11. |20, Exercise 6.9.54] and [19, Solution 6.9.54]
Let A and B be operators affiliated with a finite von Neumann algebra. Suppose A C B, then
A= B.

Since Alg is a finite von Neumann algebra and A C 6, it follows that A = §. For the remainder
of this section D and A will also denote the closures of D and A.

Definition. Let H be a Hilbert space B(H) the algebra of bounded linear operators on H and
(X,S) a measurable space. A spectral measure on X is a function F : S — B(H) such that

12



1.3 Fuglede-Kadison-Determinant Entropy Formula I

—_

. E(S) is a projection in B(H), for every S € § and E()) = 0.

N

E(X) = I, where I denotes the identity operator in B(H).
3. If S NSy = 0 with S1,52 € S, then F(S;) and E(S2) are orthogonal.
4. E(UX Sn) = 302 E(Sy) for every sequence (Sy,) of disjoint sets in S.

Let T € Alg be a self-adjoint operator. The operator T" has a polar decomposition
[e.e]
T= U/ AdEjp(N)
0

by [20, Theorem 6.1.11|, where U € Alg is unitary and E\7| is a spectral measure. Define the
measure (i, 7| by

i 7\(B) = Tr, (Epr((B))
for Borel subsets S C R. The trace Tr will be extended by

Tr,(T) == /000 Adpp 1) (N)

for positive operators T' € Alg and then by linearity to all of Alg when it makes sense.
Write Alg for the set of T' € Alg for which

Tr,(log™ |T|) = / log® Ay, y(A) < o0.
0
For T € A\lé, define its Fuglede-Kadison determinant by
Det(T) := Det,(T) := exp/ log Adp,, (M) € [0,00).
0

Theorem 1.12. If p is a unimodular probability measure on rooted connected infinite weighted
graphs with

/log D¢ (0,0) dp(G,0) € [—00,00), (1.4)

then
h(p) = log DetA € [—00,00) . (1.5)

Proof: The hypothesis is equivalent to D € ;ﬁ/g Since I — P € Alg C A\l/g7 it follows that
A = D(I — P) € Alg with
DetA = DetD - Det(I — P) (1.6)

by [17, Proposition 2.5]. By the assumption (1.4) of the Theorem it follows that
DetD = exp / log D¢(0,0) dp(G, o) . (1.7)

Next define the measure topology of a von Neumann algebra VNA to be the topology whose
fundamental system of neighbourhoods around 0 is given by

V(e,8) ={T € VNA : there exists a projection £ € Alg s.t. |[TE| <e and Tr(1 — E) <4},

where €, run over all strictly positive numbers. Since ||P|| < 1, one gets for 0 < ¢ < 1 that
log|I — ¢P| < (log2)I and so |I — c¢P| converges to |I — P| in the strong operator topology as

13



1 Spanning Trees

¢ 1 1. Therefore log |I — ¢P| will converge to log |I — P| in the measure topology. Thus,

Det(I — P) = ligl Det(I — cP)
C

by the generalised Monotone Convergence Theorem |13, Theorem 3.5]. For 0 < ¢ < 1, one has
log Det(I — cP) = RTrlog(I — cP)

by [15, Theorem 1] and

log(I — cP) = — chPk/k
k>1

(in the norm topology). Hence,

logDet(I — cP) == RTr,c*P*/k = Tr,*P"/k,
E>1 E>1

whose limit as ¢ T 1 is

S P = [ 3 (06 dp(Guo) (19)

k>1 k>1

by the Monotone Convergence Theorem. The entropy formula (1.5) follows now by comparing
(1.2) with (1.6), (1.7) and (1.8) O

The concept of an infinite periodic graph is the following: Let K = {0, 1,...,k} be a finite set
and G be a graph with vertex set Z? x K and with edge set that is invariant under the natural
action of Z?. That is, (x,i) ~ (y,7) if and only if (0,i) ~ (y —x,7). This construction leads
to the following simplification of the graph-Laplacian, i.e. for each x € Z? there is a |K| x |K|
matrix L* such that

Ag((x, u), (y, v)) = LY *(u,v),

for all x,y € Z% and u,v € K. Let p be a measure that puts equal mass on each rooted
graph (G, (0,u)), with v € K. Consider Ag as operating on £2(Z% x K) as an operator T on
(?(Z% (*(K)). The space (*(Z% (*(K)) is isometrically isomorphic to L?([0,1]% ¢*(K)) via the
Fourier transformation. The Fourier transform of the operator T' becomes the matrix-valued
function

M : (s1,82,-..,84) — Z L¥ exp?™s (s = (s1,82,...,84) € [0, 1]d)
x€Z4

and the vector 1y(, )} becomes the function 1y, € /%(K). Finally, the entropy can be rewritten
as

1 1
h(p) = m; ((log Ae)Li(ouys Ltou) = \K!g;(/[o,ud ((bg M(8))1u) 1{u}) ds

1
tr (logM(s)) ds = — logdet M (s)ds.
K| Jo,17¢

_ 1
K| Jio,1)4

The final part of this chapter is the calculation of the classical tree entropy of the nearest-
neighbour graph and the triangle lattice graph(d = 2) with the method above.

Example. Let G be the nearest neighbour graph on Z? and K = {0}, then M becomes a 1 x 1

14
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operator. When perceiving L* as L*~° one easily gets:
M(S) — 4 — exp27rsl _ eXp—Qﬂsl . exp27r52 _ eXp—Qﬂsz

and

h(p) = h(Z?) = / log (4 — 2cos(2ms1) — 2cos(2msz)) dsy dss .
[0,1]2

Example. Let G be the triangle lattice and K = {0}. This graph does not fulfil the conditions
of an infinite periodic graph but the graph is isomorphic to the nearest neighbour graph with ad-
ditional edges connecting a vertex with the nearest vertices which lie in northeast and southwest
direction. And so one gets,

M(s) = 6 — 2 cos(2ms1) — 2 cos(2msa) — 2 cos (2m(s1 + $2))

and
h(p) = / log <6 — 2cos(2ms1) — 2cos(2msz) — 2cos (2m(s1 + 52))> dsy dsg .
[0,1]2
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2 Dynamical Systems That Are Related To
Spanning Trees

In this chapter the essential spanning forest process, the dimer model and the abelian sandpile
model will be introduced. These models are related to spanning trees or are connected by
isomomorphisms. Therefore, the detailed treatment of spanning trees in the first chapter will
ease the elaboration of these dynamical systems.

2.1 The Essential Spanning Forest Process

Reference(s): [25, section 5| and [27]

2.1.1 Uniform Spanning Forest Measures

In this section two probability measures will be introduced which arise as weak limit of measures
of finite graphs; and some of their properties will be stated.

Given any graph G = (V,E), let {0,1}* denote the measurable space of all subsets of E with
the Borel o-field that is generated by sets of the form {FF C E : e € F}, with e € E. An
elementary cylinder is an event A C {0, 1}¥ of the form

AZ{SG{OJ}E : 3123732ﬂ3:@}7

where By, Bo C E are finite disjoint sets. A cylinder event is a finite union of elementary cylinders.
A sequence of measures p, on the Borel o-algebra converges weakly to u if pu,(C) — u(C), for
every cylinder set C. Let G = (V,E) be an infinite connected graph. Let Vi, Va,... be finite
connected subsets of V with (J77, V, = V. Let G,, = (V,,, Ey,) be the subgraph spanned by V,,,
i.e. an edge of G appears in E,, € E if its endpoints are in V,,. A sequence of such graphs (G,,)
is called an exhaustion of G.

Let u, be the uniform spanning tree probability measure on G,,; that is the measure
which puts equal mass to every spanning tree in G,. Since G, is finite there are only finitely
many spanning trees. Given a finite set B of edges with B C E,, for n large enough. The
limit lim, o0 pin(B € T') = pu(B C T) exists because u,(B C T) is a decreasing sequence in
n by Rayleigh‘s monotonicity principle [27, Chapter 2 and Chapter 10|. It follows from the
inclusion-exclusion principle

p(BiCFBNF=0):= > pBUSCHD = 37 lim p(B1us C§)(-1)"

SCB3 SCB2
= lim p,(By CT,BoNT =)
n—oo

that p is defined on all elementary cylinders and therefore for cylinder events and hence uniquely
defines a probability measure p on {0,1}*. This measure will be denoted by FSF and will be
called free uniform spanning forest measure (the name will be clear later).

An alternative approach will be made because boundary conditions could have an effect on the
connections within G,. This problem will be avoided by forcing all connections outside of G,,.
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2 Dynamical Systems That Are Related To Spanning Trees

Therefor, let G, be the graph obtained from G by contracting the vertices outside G, to a single
vertex z,. The vertex z, will be called root, too, but this time with the above interpretation.
Let p be the random spanning tree measure on G7,. The limiting probability measure WSF
does not depend on the exhaustion and it will be called the wired spanning forest measure
(because the boundary is "wired" together).

Both FSF and WSF are invariant under any automorphisms that G may have and they are
concentrated on the set of essential spanning forests of G; that are those spanning forests whose
components are infinite trees.

An end of an infinite graph G is an equivalence class of infinite simple paths in G, where two
paths are equivalent if, for every finite subgraph K C G, there is a connected component of G\ K
that intersects both paths.

Let G be a graph. For a subgraph H, let its (internal) vertex boundary 0y H be the set of
vertices of H that are adjacent to some vertex not in H. The graph G is amenable if there is
an exhaustion G; C G C ... with |J,, G,, = G and

VG
m —— =

0,
n—oo [ V(Gy))

where |.| is the counting measure. Such an exhaustion (or the sequence of its vertex sets) is
called a Fglner sequence.

The group of all automorphisms of G will be denoted by Aut(G). The action of a group I" on a
graph G by automorphisms is said to be transitive if there is only one I'-orbit in V(G) and to be
quasi-transitive if there are only finitely many orbits in V(G). A graph G is transitive or quasi-
transitive according as whether the corresponding action of Aut(G) is. A locally compact group
is called unimodular if its left Haar measure is also right invariant. A graph G is unimodular
if Aut(G) is unimodular, where the weak topology of Aut(G) is generated by its action on G.

Suppose that the finite group I" € Aut(G) acts on a countable or a finite vertex set of a graph
and preserves the measure p. Then the entropy of the pair (i, I") is

H(,T) := |0~ H(n).

A countable locally compact group I' with Haar measure |.| is called amenable if there is a

sequence of finite sets (I',) with

tim IR
for all v € I'; the sequence (I',,) will be called Fglner sequence. Suppose I' is a countable
amenable finitely generated subgroup of Aut(G). Let u be a probability measure on {0, 1}* that
is preserved by I'. Let (I';,) be a Folner sequence in I' and H be a finite subgraph of G such that
I'H = G, provided such an H exists. Then the metric-entropy of the pair (u,I), also called
the I'-entropy of u, is

H(p,T) := lim [Ty H(u | T, H),
n—oo

where H(p | (', H)) is the restriction of p to the o-field generated by the restriction E(I'y, H).
Let X be a closed subgroup of Aut(G). The stabiliser of an element g € G is the subgroup
given by S(g) := {x € X : zg = g}. The action of a group is called free if the stabiliser of each
element of the set is just the identity element of the group.

Lemma 2.1. [6, 18, 25| For every quasi-transitive amenable graph G, FSFg = WSF¢.

Lemma 2.2. [25] Let G be an infinite quasi-transitive unimodular connected graph. If G has
2 ends, then § is a tree with exactly 2 ends WSF-a.s., while otherwise, for WSF-a.e. §, each
component tree of § has exactly one end.

18
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Remark 2.3. [6, 29| Since the most examples of the following chapters live on 74 some concrete
results of graphs on 74 will be stated: The uniform spanning forest (USF) has no cycles WSF-a.s.
If d < 4 the USF 1is a single tree a.s.. For 2 < d < 4 the USF has one end a.s. If d > 4 then a.s.
the USF has infinitely many components, each component is infinite and has a single end.

2.1.2 The Entropy Of The Essential Spanning Forest Process

Let F C {0,1}P(%) be the set of all essential spanning forests of G and T' C Aut(G) a countable
group acting freely on V(G) with a finite number of orbits I. The set I is closed, compact and
I-invariant. The dynamical system (F,T") is called the essential spanning forest process
and has entropy H(WSF¢, T'). In this section a coincidence between this I'-entropy and the tree
entropy will be shown.

Suppose that G is an infinite quasi-transitive amenable connected graph. Let x € V and
I' C Aut(G), then the orbit of x is given by I'z = {yz : v € Aut(G)}. Choose a complete set
O = {01,092, ...,0r} of representatives in V of the orbits of G. Let p; := |S(0;)| and normalize the
Haar measure | - |, i.e. the cardinality of a set, such that p(9) = 3, u; * = 1, where p(0;) = p; *.
By [5, Proposition 3.6 for any Felner sequence (H,,) and all i:

lim ;

So the relative frequency of vertices in H,, that are in the same orbit o; converges to p(o0;). The
measure p is called the natural frequency distribution of G.

Theorem 2.4. Let G be an infinite quasi-transitive amenable connected graph with natural fre-
quency distribution p. Let Gy, be a Fglner sequence of finite connected subgraphs of G. Then

lim W(lGNlogT(Gn)— > p(x)logdegc(w)—Z% > p(a)pk(x;G) =h(G, p).
" zeV(G) k>1 " zeV(Q)
(2.1)

If T C Aut(G) is a countable group acting freely on V(G) with a finite number I of orbits, then
H(WSFg,T) = Th(G, p). (2.2)

Given a finite subgraph H of a graph G and a configuration w of E(G), let H(w) denote the
cylinder event consisting of those configurations of E(G) that agree with w on E(H). Now let w
be a configuration of E(G)\ E(H), then two finite graphs from certain vertex identifications on
H are defined as follows: (1) H ow for the graph obtained by identifying all vertices of H that
are connected to each other in the graph (V(G),w); (2) and let H x w be the graph obtained
by identifying all vertices of H that are connected to each other in the graph (V(G),w) and by
identifying all vertices of H that belong to any infinite connected component in (V(G),w).

Lemma 2.5. Let G be an infinite quasi-transitive unimodular connected graph and let H be a
finite connected subgraph of G. If G has 2 ends, then

WSF <H(g) 5 (E\E(H))> :T<Ho (3| (E\E(H)))>_1 WSF-a.s,

while otherwise,

WSF <H(g) 3 (E\E(H))) :T<H* (3 (E\E(H)))>_1 WSF-a.s.
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Proof: The proof will only be given for the case when G has other than 2-ends. Let Z be the
event that each tree of § has exactly one end, Lemma 2.2 says that WSF(Z) = 1. Let Bg be a
ball of radius R about some fixed vertex of G. Choose Ry so that H C Bpg,,. Let Ar be the
following event: for all z,y € OyH and z,w € dyBg if in § | (E(Bg)\E(H)) x is connected to
z, y is connected to w and x is not connected to w, then x and y are not connected in § | E(H).
Thus, Agp C Agryq for all R > Ry and

ZQUAR
R

whence limp_,oo WSF(AR) = 1. Define

CR:—{s]WSF(AR|sJ<E<BR>\E<H>>>z L V1 WSF(AR) }

(WSF(3 | (E(Br)\E(H))))?

and since

WSF(Ap) = / WSF <AR

51 (BBR\E(D) ) dWST.
it follows (proof by contradiction and using Chebyshev’s inequality) that, for all large R,

WSF(CRr) > 1—+/1— WSF(ARg).
In particular, WSF(limsupg_,,, Cr) = 1. By definition,
WSF <H (3) ' 5| (E\E(H))> = RILIIIOOWSF <H (3) ‘ Tl (E(BR)\E(H))> WSF-a.s.

Fix a forest w € Z Nlimsupp_,,, Cr for which the limit above holds. Choose € > 0 arbitrarily
small. Choose R > Ry so large that

‘WSF <H(w) ‘ w | (E\E(H))) — WSF (H(w) ‘ w | (E(BR)\E(H))>’ <e, (2.3)

that w € Cp, that /1 — WSF(AR) < ¢, and that each vertex in dyH that is connected in
w | (E(Br)\E(H)) to dyBg belongs to an infinite component in w | (E\E(H)). This last
requirement, in combination with w € Z, implies that w € Ar. Consider the cylinder set

D= (Ba\B(D)(@) = {§ | 51 (BUERVE(H) = | (BER\E()}.
Let pun be the uniform spanning tree measure on By. By definition,
WSF (H(w) | D) = A}i_rgouN(H(w) | D)

and
WSF(AR ‘ D) = lim ,U,N(AR | D) .
N—o0

Since w € Cg and /1 — WSF(AR) < ¢, it is clear that WSF(Ag | D) >
N > R be so large that

1—
W(EDPZI_‘E Let

| WSF (H(w) | D) — lim py(H(w) | D)| <e

N—oo
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and uy(Agr | D) > 1 —e. Since
pn (H(w) | D) = un(Ag | D)pn (H(@)|Ar N D) + pn (AR | D)y (H(w)|AZ N D),
and so one has
‘,LLN<H(LL)) | D) — pn (H(w) | ARQD)’ < 2.

Given Agr N D, the configurations inside H and outside Br are uy-independent. Since w € AR,
it follows that
pn(H(w) | AgN D) =7(H xw)™ ',

and so
|WSFy (H(w) | D) — 7(H *w) ™| < 3¢.
Therefore,

‘WSF <H(w) ‘w] (E\E(H)))—T(H*w)_l <de

by (2.3). Since ¢ is arbitrary and w is an arbitrary element of a set of measure 1, the result
follows. H

Definition. Let A and B be random variables with state spaces A and B and joint distribution
wu(a,b). The joint entropy of A and B is defined by

H(A,B) :=— Y Y p(a,b)logu(a,b).

acA beB

Lemma 2.6. Let Y be a finite set and m be a positive integer. Write o := m/ |Y|. Suppose that
W is a probability measure on {0, 1}Y x {0, 1}Y that is supported on the set of pairs (w1, wa) with
lw1Aws| < m. Let py and pe be the coordinate marginals of p. Then

[FiGa) - )] < oY (1)) < WI(- atoga— (1 - a)tog(1 - ).
k=0

The proof mainly follows [10, Lemma 6.2].

Proof: Let A and B be binary random vectors with distribution u; respectively ug. Define the
random vector C' with C; := 14,2 p,) and distribution p3 which puts equal mass to every allowed
state of C'. Then H(A) < H(A,C) = H(B,C) < H(B)+H(C). By symmetry | H(A)-H(B)| <
H(C). By definition of pz, H(C) = log> ", (lgl). For the last inequality see [8, Bollobas
p.11]. O

Lemma 2.7. Let H be a finite connected graph and W be a subset of vertices of H. Let H'
be any graph obtained from H by making certain identifications of the vertices in W with each

other. When o := (|W| —1)/|E(H)|, then
|log 7(H) — log 7(H")| < ]E(H)]( —aloga — (1 —a)log(1l — a)) .

Proof: Let p and 1/ be the uniform spanning tree measure on H respectively H’. It follows from
Feder and Mihail [14] that u stochastically dominates p/. By Strassen’s theorem [36] this means
that there is a probability measure on pairs (T,7T") such that the law of T is u, the law of T”
is ¢/ and T 2 T" a.s. In [27, Exercise 4.5., Proposition 4.5., Lemma 10.3., Exercise 10.7. and
Theorem 10.4.] the results of the cites above are proved in the setting of graph theory. Now
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2 Dynamical Systems That Are Related To Spanning Trees

|E(T)| = |V(H)| — 1 and |E(T")| = |V(H")| — 1. Tt follows that a.s.
|E(T)AE(T)| = |V(H)| - |V(H)| < [W[-1.
Lemma 2.6 deduces that

| H(u) — H(W)| < |E(H)|(~ aloga — (1 - a)log(l —a)).

The inequality now follows from H(u) = log7(H) and H(y') = log 7(H'). O

Lemma 2.8. Let G be an infinite quasi-transitive unimodular connected graph and H be a finite
connected subgraph of G. Write o := (|ovH| — 1) /|E(H)|. For WSF-a.e. § one gets

|log WSF (H(3)) —log7(H) ™| < |E(H)|( — aloga — (1 — a)log(l — a)).
This result follows from Lemma 2.5 and Lemma 2.7. For details consult [25, Lemma 5.5].

Proof of 2.4: By definition of p, the graphs G, have a random weak limit (G;p). And (2.1)
is a consequence of 1.4. To prove (2.2) choose a ball Br(o) of vertices and edges such that
I'Br(o) = G. Let

I,:={yerl ‘ vBr(0) NG, # 0}

and put
G;l = FnBR(O> .

Since (Gy,) is a Folner sequence in G, it follows that (I',,) is a Fglner sequence in I'. Therefore,

H(WSF,T) = — lim |T,| " log WSF (G/,(3))

in L'(WSF) by the generalised Shannon-McMillan Theorem of Kieffer [22]. Since I' acts freely
on V one gets

. / _
Jim [ V(G)|/ [Tl =1

Hence,
H(WSF,I') = — lim 1| V(G),)|  log WSF (G,(F)) (2.4)

in L'(WSF). Every quasi-transitive amenable graph is unimodular (see [31, 35] or [5]). The
result now follows from Lemma 2.8 together with (2.4). O

Remark 2.9. Sheffield [34] showed that WSF is the unique measure of mazimal entropy.

2.2 Dimer Model

Reference(s): [29] and [10, section 7|

A dimer cover or domino tiling or one factor of a graph G is a partition of the vertices
into sets of size 2, where each set contains two adjacent vertices. From another point of view, a
dimer covering is a subset of edges, which covers every vertex exactly once, i.e. every vertex is
endpoint of exactly one edge.

2.2.1 Connection Between ESFP And Dimer Covers

Dual graphs are necessary to develop a correspondence between ESFP of a planar graph and
domino tilings of a related graph: Let G be a locally finite planar graph such that every face is
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2.2 Dimer Model

bounded by finitely many edges (including the exterior face). A graph with these properties is
said to be nice. The dual graph G* is obtained from the nice graph G by putting a vertex at
each face of G and joining two such vertices by an edge if their corresponding faces in G share
an edge.

Next define the superposition G of G and G* by the following properties: The vertex set of G
is the union of V(G), V(G*) and E(G) (the "vertex set" E(G) is the set of intersections of E(G)
and E(G*)). There is an edge of G joining v € V(G) and e € E(G) if and only if e is incident
to v. Likewise v € V(G*) and e € E(G) are joined by an edge if v is a vertex of the edge in G*
identified with e. May someone should think of the edge set of G as a subset of "broken" edges
of the original edge sets.

If T is a subgraph of G, let T* be the subgraph of G* so that e* € T* if and only if e & T.
This construction is crucial for the connection below.

A directed essential spanning forest is a spanning forest together with a choice of root
for each component, where only the ends of the components are allowed as roots. Edges of a
directed spanning forest are oriented toward this root. If § and §* are dual essential spanning
forests of a nice infinite planar graph, then a pair (§,§") is called directed if a root has been
chosen of each component of § and of §*.

Let GG be a nice infinite planar graph G; a bijection between domino tilings of G and directed
pairs of essential spanning forests of G and G* is described as follows: If (§,§) is a directed

pair, then let ¥(§F,§*) be the dimer cover A C E(G) such that:

1. The edge from v € V(G) to e € E(G) is in A if and only if e € § and ve is oriented away
from v, and

2. the edge from v* € V(G*) to e € E(G*) = E(G) is in A if and only if e € §* and is oriented
away from v*.

It is easy to see that A is a dimer cover: Each vertex v € V(G) is in precisely one edge of A,
corresponding to the unique edge in § out of v; similarly each v* € V(G*) is in a unique edge of
A; and each e € E(G) is in a unique edge of A since e is in precisely one of §,§*.

Conversely, if A C E(G) is a dimer cover, then each edge f € A connects some e € E(G)
either to some v € V(G) or some v* € G*. Let ®(f) be the edge e in either G or G* accordingly
and orient it away from v or v*. The collection of all {®(f): f € A} is the union of a subgraph
G’ of G and the corresponding dual subgraph G’ of G*. If G’ would have a cycle, then inside
the cycle is a component of G™*. Starting anywhere in this component of G™* and following the
orientation creates a cycle since the component is finite. This cycle encloses a cycle of G’ inside
the original cycle. But this cannot continue forever because of the finite-conditions on G which
are required at the beginning of the chapter, whence G’ (and G’*) has no cycle. Thus G’ and
G'* are essential spanning forests with each component directed toward a root.

Let IT be the map that takes a directed pair of ESFs (§,§*) and produces the undirected ESF
3§, by forgetting about §* and about the arrows. So the following correspondence was established:

Dimer Cover Directed ESF’s E> ESF’s.

@

—

&
7

2.2.2 Uniform Measure Of Maximal Entropy

Fix a Z2-periodic planar graph G, so the vertex set is Z2. There is a well defined map ¥ o IT~!
from one-ended spanning trees of G to domino tilings of G (which is also Z? periodic).

The uniform spanning forest measure WSF on G is supported on the set of one-ended trees
(see Pemantle [29]) so the preceding correspondence gives a transported measure p on domino
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2 Dynamical Systems That Are Related To Spanning Trees

tilings of G. In the remainder of this chapter H(.) will always denote the Kolmogorov-Sinai
entropy per vertex.

Theorem 2.10. The measure i is the unique measure of mazimal entropy among all shift invari-
ant probability measures on domino tilings and its entropy per fundamental domain is H(WSF).

Proof: Since p is well defined and Z2-invariant, it remains to prove the assertions about its
entropy. Suppose that o is a translation invariant probability measure on domino tilings of
G. This will be transported to a measure v on essential spanning forests of G by v(B) =
P(W(I1(B))).

First it will be shown that the Kolmogorov-Sinai-entropy per fundamental domain is preserved.
Therefor, note that v is translation invariant so with probability 1 the components of the essential
spanning forest have one or two ends (see [9]). There is only one way that a one-ended tree may
be covered with dominoes and there are two ways a two-ended tree may be covered. Thus the
ambiguity in determining the domino tiling is one bit for a two-ended component in the forest in
G plus one bit for each two-ended component in the dual spanning forest of G*. Since there are
O(n) such components in every box B(n) of side length n which has on the order of n? vertices,
the entropy of v and 7 are the same since

1 . 1 logn
@H(VJ Bp) < @H(VJ Bn)—i—O( 3 ) .
At this point the paper of Sheffield [34] must be cited again. Now H(7) per fundamental domain
= H(rv) < H(WSF) = H(u) per fundamental domain with equality only when v = WSF. But
WSF is concentrated on one-ended spanning trees [see [29]] and hence p is the only measure
which transports to WSF, which establishes that u is the unique measure of maximal entropy
on domino tilings. O

The entropy per fundamental domain of the domino tiling on G is the same as the entropy
per vertex of the essential spanning forest process on GG. From the construction of G one gets
1+ Ng+ Np for the number of vertices per fundamental domain, where and Ng is the number of
edges and Np the number of faces per fundamental domain. To convert the entropy per vertex
formula of the spanning forest process to the entropy per vertex of the domino process on G it
must be multiplied by 1/(1+4 Ng+ Np). If G is the nearest neighbour graph on Z2, then Np = 2
and N = 1 and so the entropy per vertex of the dimer cover is H(u) = h(Z?)/4.

2.3 Abelian Sandpile Model
Reference(s): [30] and [33]

After a short introduction to the abelian sandpile model (ASM) a one-to-one correspondence
on finite regions between recurrent configurations and rooted spanning trees will be given.

2.3.1 Basics

Let d > 2 and Z¢ be the d-dimensional integer lattice and v > 2d. Let € = NZ* be the height
configuration space and think of n € € as a map 7 : Z¢ — N with the intuitive picture that
every vertex is occupied with a number of grains of sand or building bricks which form a sandpile
or tower.

Next a dynamical system on these height configurations will be introduced. Therefor, let
K C Z% be a nonempty set and denote by N (n) the number of nearest neighbours (abbreviation:
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2.3 Abelian Sandpile Model

nn.) ofne K. Theset Ay ={0,1,...,y— 1}Zd will be called the set of stable configurations.
Given a stable configuration, then add grains at uniformly randomly chosen vertices n. By adding
grains it could happen that n(n) > ~ and the system becomes unstable. If this happens, then
all unstable sites will topple. Let n be an unstable site of i the toppling rule Ty, is a map € — €
and acts as follows:
me—7y ifk=n
Ta(Mxk =4 m+1 ifk narenn. in K

Nk otherwise.

Note that at the boundary of K grains can be lost and for two different unstable sites m,n € K,
Tm and Ty will commute. If unstable sites are created by toppling these will be toppled as
well. This procedure will, in general, lead to a stable configuration if K is finite or v > 2d.
In both cases the system is dissipative. The addition of a grain at n and the relaxation of the
system afterwards will be expressed by an operator an; again these operators commute. Since
n is random one gets a Markov-process with state space A,. The set of recurrent configurations
will be denoted by PR. The presented model is the so called abelian sandpile model (ASM).
There are many dynamical and algebraic aspects of the abelian sandpile model which could
be explored, but the discussion here will concentrate on the interface between the ASM and
spanning trees and the ASM and the Harmonic model, which will be introduced in Chapter 4.

2.3.2 Connection And Entropy

Let v = 2d. The burning test: Given n € A, now "burn" all vertices n with 7, > Nx(n). The
result is a stable configuration with vertex set K() C K. This procedure will be repeated until
KO = g0+D 1 KO = K0+ =£ () then 7 fails the burning test and is not recurrent (see [28]).

Let G be a periodic graph. The graph G will be extended by adding an extra vertex z, which
will be called the root. The extended graph G* = (V*,E*) is then defined by adding extra edges
from the boundary sites to the root, for x € 9V , 2d — Ny (z) edges go from x to the root.

Given a recurrent configuration, burning times will be assigned to every vertex in the following
way: Start with extending the graph by all vertices which are n.n. to a vertex in the boundary
of G and give them burning time 0. The burning time 1 is given to the boundary vertices which
can be burnt in the first step of the algorithm, burning time 2 is given to the vertices which
can be burnt after those, etc. The edges in the spanning tree are between sites with burning
time t and ¢t + 1, with the interpretation that the site with burning time ¢ + 1 receives his
fire from the neighbouring site with burning time t. In G* every vertex in V has exactly 2d
outgoing edges. In the case of ambiguity, i.e. £ + 1 has more than one neighbour with burning
time ¢, the edge will be chosen according to a preference rule, depending on the height. This
means that the edges will be ordered, this order defines a preference (e.g. d = 1l:left < right or
d = 2 west<south<east<north,...). Once a preference has been fixed, the new vertices will be
identified with the root z without deletion of edges. Given the spanning tree and the preference
rule, then one can reconstruct the height configuration. And so there is a bijection between R
and the set of wired spanning trees. Since the cardinality of R is equal to 7(G*), the number
of recurrent configurations is obtained by using the Matrix-Tree-Theorem and so one gets the
following theorem:

Theorem 2.11 (Dhar’s formula).
|SR| = det Ag* [Z] = det(QdI‘V‘X|V| - Ag) .

The entropy per vertex of the ASM can be obtained easily by the results of this section and
Chapter 1.
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2 Dynamical Systems That Are Related To Spanning Trees

2.3.3 An Infinite Volume Measure For The ASM
Recall the results of |6, 29| stated in Remark 2.3.

Theorem 2.12. Let vy; denote the measure on recurrent configurations Ryy, which puts equal
mass to every recurrent configuration in M C Z. Then for alld € N as M — Z%, vy — v; in
the sense that, for all local functions f,

Jim o3 (£) = v()

Proof: Let M be a finite set in Z%, Fs a rooted spanning tree on M and A = {ny,ny,...,n;} a
finite set of vertices. The set A of vertices is obtained from A by adding all the n.n. of A. Suppose
M is big enough such that A C M. Let n,(M)(Far) be the height of site n corresponding to the
rooted spanning tree §as.

If an infinite tree has just one end, then the height 7, (§) can be reconstructed. All paths
starting from A or A and going to infinity (the root) coincide from some point anc(A) on, this

means that anc(A) is a common ancestor of the set A.

Consider the subtree §ps(A) of all descendants of anc(A). This is a finite tree, and the height
7n is reconstructed from the lengths of the paths, from anc(A) to n and his n.n., and a preference
rule.

Let Fa7(A, n) be the edge configuration of the tree Fas(A) corresponding to the height config-
uration 774 on A and V a fixed finite subset of Z%, then one has

var(na) = pv (Fm(A) = Fane(A,n) = par ({Fm(A) = (A, )} N {8m(A) C V3
= ({8 (A) =S (A )} N {Sm(4) £ V}) .

The indicator Liz,4(4)cv} is local and so

h]\H}fuP var(na) < WSF ({§z4(4) = Fur(A4,m)} N {Fza(A) C V}) + WSF ({§z4(A) £ V})
(2.5)
and
lim inf s (n4) = WSF ({824(A) = Fnm(A,m)} N {F2a(A) CV}) — WSF ({Fz4(4) £ V}).
(2.6)

Therefore, since §,a(A) is finite WSF-a.s., one obtains from combining (2.5) and (2.6) and letting
AWAS
lm var(ma) = WSE ({8z4(4) = 8u(4,m)}).

So one finally gets a unique probability measure v. Translation invariance for any v € Z%:

lim vy (ovE) = lim v, ,,(F)= lim v,, (E) =v(E).
M1z M1z MAz?

In dimension d > 4 the correspondence above fails because the components of the USF are not
connected. For a proof see [4] and the erratum [3]. O
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3 Algebraic Actions

Reference(s): [12]

In this chapter generalised shifts will be studied. These shifts with alphabet T have expansive
shift actions and symmetry groups I', which can be non-commutative. Algebraic properties of
the dual space of T' will be used to analyse the dynamics of these systems.

3.1 Introduction

Definition. Let I' be a group and M a ring. The group ring M[I'] of T over M is the set of
mappings f : I' = M of finite support with sum v +— (f 4+ ¢)(7) := f(v) + g(7) and convolution
Y ey F(V)g(Y") with f, g € M[T']. The elements of M[I'] can be written as formal linear
combinations of elements of I', with coefficients in M. And so an element f € MJI'| can be

expressed as > f(7)7.

Now let T" be a countable group with identity element 1 and integral group ring Z[I']. Let

() = {w I = R w|leo =supw(y) < oo} ,
yel’

and denote by w, the value w(vy) € R, with w € £>°(T') and v € I". For p € [1,00) set
1/p
= {w c () : ||wll, == (Z ]wv\p> < oo}.
~yel

An element h € £}(T") can be uniquely written as a convergent series

h=2)  hye(?);
where e(7y) € £1(T'), for every v € T, is defined by

1 ify=+
e()y = {

0 otherwise.

The multiplication or convolution in ¢!(T") takes the form
h-h' = Z hyhlie(vy') = Z ( Z hwlh;/w)e(’y) .
vy'el el My'el

The involution h + h* in £1(T") is defined by

=3 hyre() =3 he(r ).

vyel vyel
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3 Algebraic Actions

The integral group ring Z[I'] can be viewed as subring of £}(T") by identifying > er @y € Z[T
with 37 aye(7y).

The left shift action (v, w) — L7 (w) and right shift action (y,w) — R7(w) of I" on £>°(T")
are given by

(L"w)y = wy-1 (3.1)
(RMw)y = wyy

for every w € £*°(T") and ~,~" € T.

These actions can be extended to (h,w) + Lpw and (h,w) — Rpw of £1(I') on £<(T') by
setting

Lyw =Y hyL'w=h-w (3.3)
yel’

Ryw =Y hR'w=w-h", (3.4)
vel’

for every h € ¢1(T), w € £*°(T) and v € T.
For v € /P(T") and w € ¢4(T") with 1%+ % =1,1<p,q < oo, set

(v,w) = Z VyWey

yel’
A sequence vy, in /P(I") converges in the weak™*-topology to v if and only if lim, o (vy, w) = (v, w)
for all w € ¢4(T).

Before defining the dynamical system the following identities will be noted:

(v, Rpw) = (v,w - h*) = (v - h,w), (3.5)
(v,Lpw) = (v, h - w) = (A" - v,w) .

Definition. Let I" be a countable discrete group. An algebraic I'-action is a homomorphism
a: vy a from I' into the group Aut(X) of continuous automorphisms of a compact abelian
group X.

Let X be the compact abelian group T' under point-wise addition (that are maps from I' to
T =R /Z). Under the pairing
(f,z) = P er o,
where [ = qur fyy € ZI'l and = = (x,) € X, the Pontryagin dual X of X can be identified
with the group ring Z[I']. The left and right shift actions L and R of I" on T! are defined

analogously to (3.1) and (3.2); and just as in (3.3) and (3.4) these actions will be extended to
homomorphisms Ly and Ry to actions of Z[I'] on X with f € Z[I'].

For fixed f € Z[I'] set

—

Xy =ker(Ry) ={x € X :Rpr =0} = Z[I'|/ Z[T'|

and denote by
ap = L|Xf

the restriction of the I'-action L on X to X;.
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3.2 Entropy

An algebraic I'-action on a compact abelian group X is expansive if there exists an open
neighbourhood U of the identity Ox = 0 in X with (), a?(U) = 0.

Next a characterization of the expansive actions ay will be given, therefor a few definitions
will be needed. Set

(I Z2) ={w e t>T) : wy € Z for every y€T'}.
The map p : £°(T") — X given by
p(w)y = wy (mod 1),
for every w € £*°(T") and v € T, is a continuous surjective group homomorphism with
polY =L70p, poRY=R"0p,
for every v € I'. Define the linearization of Xy by
Wy = p (Xp) = R} (9N, 2)) = {w € £2(T) : Ryw € (¥(T, 2)}

which is weak*-closed and a L invariant subgroup with ker(p) = ¢°(I',Z) C Wy.
For every h € /}(T') and 1 < p < oo, set

Kp(h) ={g € £/(T') : Rng = 0}, Vp(h) = Ru(&(I)).
Theorem 3.1. Let I’ be a countable group and f € Z[T'|. The following conditions are equivalent

1. The action oy 1is expansive;

2. Koo(f) = {0},
3. f is invertible in £*(T).

Proof: Let § be a metric on T defined by

0(s1,82) =min{|s] — $2|: §; € R s; = §;(mod 1) for i =1,2}.

(2 = 1) Assume that there exists a nonzero element v € K (f). For every ¢ € R one gets
p(cv) € X¢. So |c| can be chosen sufficiently small such that for every € > 0 there exists a
nonzero element 2 ¢ X ¢ with 6(0, xgs)) < ¢ for every v € I'. And so a; is nonexpansive.

(1 = 2) If o is nonexpansive, then there exists a nonzero element x € Xy with 6(0,z,) <
(BIIfll1)~* for every v € I'. Next choose an element # € p~'({z}) C Wy = p~}(Xy) with
|21l < Bl fll1)~!, for every v € T. By definition of X; and RyZ € ¢*°(I',Z), and the smallness
of the coordinates of Z one gets & € Koo (f).

(2 = 3) If Koo(f) = {0} then Vi(f*) is dense in £}(T") by (3.5) and the Hahn-Banach theorem.
The group of units in £(T') is open [11, Lemma 2.1.5], and since V;(f*) is dense in ¢*(T) it
must intersect with the open subset of units and therefore contains a unit. Hence there exists a
g € /1(T) with g- f = 1 and so f is invertible in £}(T") by [21, p. 122]. Sketch of the proof of
the last argument: Let H be the closure of C[I'] and A be the closure of {Ly}ecr) wr.t. the
operator norm in B(H). Then a trace tr on the group-C*-algebra A will be defined. It can be
shown that if h € C[I'] is an idempotent, then tr(h) =0 = h =0 and tr(h) =1 = h = 1. The
result follows by setting h = f - ¢ which is an idempotent because g - f = 1 and the defining
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property tr(g- f) = tr(f - g) of a trace.
3 = 2) If f is invertible in £'(T"), then R is invertible with inverse R ;-1. O
f !

Definition. Let a be an algebraic action of a countable discrete group I' on a compact abelian
group X with identity element 0. A point x € X is a a-homoclinic if lim,_,,, a”2z = 0, i.e. for
every neighbourhood U of 0 in X there is a finite subset F' of I' with o?x € U for all v € T'\ F.

The set Hy(X) of all a-homoclinic points in X is a subgroup of X, called the homoclinic
group of a. A homoclinic point z € X is called fundamental if the homoclinic group H, (X)
is generated by the orbit {a7x : v € T'} of .

Theorem 3.2. Let I' be a countable group and f € Z[I'] an element which is invertible in
oI, If w]lfﬂ =fledT) and & =po Rwu}n (I Z) — Xy, then & is a surjective group

homomorphism with the following properties.
1. ker(€) = Ry (1= (T, 2));
2. foL'Y:o[}ogfor every v € T
3. & is continuous in the weak*-topology on closed, bounded subsets of £>°(T',Z).

Proof: Set w = (f*)~1 = (f~1)*. By defintion, Ry = @ - f* = e(1) and hence @ € Wy and
xﬂjﬂl = p(w) € Xy. Since w € (}(T), xﬂjﬂl € Ha, (Xy).
The L-invariance of W implies that wa}uh = Lyw € Wy, for every h € Z[I']. Since Wy is

weak*-closed and Rw;ﬁn is weak*-continuous on bounded subsets of ¢>°(I", Z) it follows that
Ry (0(T,Z)) € Wy .

For proving wa}u(ﬁoo(F,Z)) = Wy fix w € Wy, set v = Ryw € £>°(I',Z) and obtain that w =
Rw?w. The group homomorphism

f:pORw?I EOO(F,Z)—)XJC

is thus surjective, and the equivariance of ¢ is obvious and (1.) follows by the definition of p. If
B C (>°(I',Z) is a closed, bounded subset, then the weak*-topology coincides with the topology
of coordinate-wise convergence, and £ is obviously continuous in that topology. ]

Let I' be a countable discrete group and K C I' a finite set. A finite set Q C I' is left
(K, e)-invariant if

> hQAQI/IQ| <,

vyeK

and right (K, ¢)-invariant if
>_l@aql/iel <.
veEK

If @ satisfies both these conditions it is (K, ¢)-invariant.

A sequence (Qn,n > 1) of finite subsets of I" is a left Fglner sequence if there exists, for
every finite subset K C I' and every ¢ > 0, an N > 1 such that Q,, is left (K, ¢)-invariant for
every n > N. The definitions of right and two-sided Fglner sequences are analogous. The group
I' is amenable if it has a left Fglner sequence.
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3.2 Entropy

Definition. Let X be a compact topological group with a left X-invariant metric §. Let I" be an
amenable group that operates form the left on XT by L7. Let Y be a closed I'-invariant subset
of X. For F C T, a subset E C Y is called (F,¢)-separated if for all z,y € F with x # y
there exists a v € F with §(x,,y,) > €. Denote by sp(¢) the maximum of the cardinalities of all
(F,e)-separated subsets. The topological entropy of L is defined by

1
h := hy, :=h(L]y) = ii_r)r(l)limsup ——logsg, (g).

n—oo ’Fn’

Definition. Let I'' C T' and denote by Fixp(Xf) = {z € X5 : of}x =z for every v € I'"} the
subgroup of I"-invariant points in X.

The subgroup Fixp/(Xy) is I'-invariant, and Fixp(Xy) is T-invariant if and only if IT” is a
normal subgroup of T'.
Set

M = {w e 1*T) : L'w =w for every v €'},
Wi =Wynee(D)Y and
(T, )" = (T, 2) N> @)

Definition. A countable group I' is said to be residually finite if there is a sequence I';, of
normal subgroups of finite index with

() Tn={1}.

n#l

Let I" be a countable residually finite discrete group. If (I'y,n > 1) is a sequence of finite index
normal subgroups in I', then
lim T, = {1}
n—oo

will denote the fact that for every finite set K C I there exists an N > 1 with T',,N(K 1K) = {1},
for every n > N.

Theorem 3.3. Let T' be a countable residually finite group, f € Z[T']. For every subgroup T C T
of finite index
Fixp (X ) = £(0°(T,2)") = (T, 2)" /R (¢°(T, 2)") .

Proof: From the equivariance of ¢ it is clear that £(¢*(T,Z)") C Fixp (X 7). Conversely, if
x € Fixp/(Xy), then there exists a w € WF C KOO(F)F/ with p(w) = z, and the point v = Ryw €
(°°(T", Z)" satisfies that &(v) = . This proves that £(¢°(T,Z)") = Fixpr/(Xy) and Theorem 3.2
guarantees that ker(€) N ¢>°(T, Z)" = R;(¢>(T,Z)""). The last equation is obvious. O

Corollary 3.4. If I'\T'| < oo, where I'\I' denotes the right coset space, then |Fixp/(X¢)| =
| det(Rf‘zoo(r,z)F’”-

Proof: If the right coset space I'\T is finite then ¢°(I)7" = ¢(I'\I',R). Let Rl oo (r zyrr be
the restriction to £>°(I',Z)". Then R;(¢>(T,Z)"") C £°(I",Z)"" and the absolute value of the
determinant |det(Rf|goo(F Z)p/)| is equal to [¢>°(T', Z)"" /R ;(¢>(T, Z))]. O

Definition. Let IV C T" be a subgroup with finite index. A finite subset Q C T is said to be a
fundamental domain of the right coset space I'\T" if {yQ: v € I'} is a partition of T.
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3 Algebraic Actions

Remark 3.5. Since oy is expansive, ker(Ry) = 0 by Theorem 5.1, and so there is a v € T’
with 0(xy, x,) > (3||fll1)~" for every pair of distinct points x,2' € Xy. ForI" C T and Q a
fundamental domain one gets that Fixp/(Xy) is (Q, (3| fll1)~!)-separated.

Theorem 3.6. [12, Proposition 5.5] and[37] Let T' be a countable residually finite amenable group
and let (I'yy,m > 1) be a sequence of finite index normal subgroups with lim, o, Iy, = {1}. Then
there exists, for every finite subset K C I and every &€ > 0, an integer M = M(K,&) > 1 such
that every 'y, with n > M has a (K,&)-invariant fundamental domain @, of the coset space
™ =T,\I.

Corollary 3.7. [12, Corollary 5.6] Let I be a countable residually finite amenable group and let
(Tp,n > 1) be a sequence of finite index normal subgroups with lim, o 'y, = {1}. Then there
exists a Folner sequence (Qn,n > 1) such that Q,, is a fundamental domain of '™ for every
n > 1.

Lemma 3.8. For x € Xy there exists an element v € (*°(I',Z) with {(v) = = and ||[v]s <

1f1l1/2.
Proof: Choose w € Wy C £°(T") with p(w) = « and —1/2 < w, < 1/2 for every v € I'. Then
v=Rrw e (*(T,Z), ||v]lsc < | fll1/2 and {(v) = = by Theorem 3.2. O

Theorem 3.9. Let I' be a countable residually finite amenable group and let (I'y,n > 1) be a
sequence of finite index normal subgroups with lim, oo T'y, = {1}. If f € Z[I'], and if the algebraic
[-action oy on Xy is expansive, then

. 1 : 1 1 00 'y 00 I'n
h(af)—JLIgOWIOgIFIXFAXf)‘—nh_{gomlogw (T, Z) " /Ry (¢>(T, Z) )‘

. 1
:nhﬁ\m T |10g’det(Rf’goo(FZ)Fn)‘.

Proof: Choose a Fglner sequence (Q,,n > 1) in I" such that @, is a fundamental domain of rm,

for every n > 1, this can be done because of Corollary 3.7. Theorem 3.3 and Corollary 3.4 show
that there exists, for every n > 1, a (Qp, (3]|f||1)~!)-separated set of cardinality

| Fixr,, (Xp)| = [(=°(T,Z)"" /R (¢>°(T, Z)' | = | det(Rf| oo (ryrn )| -

Since (Qn,n > 1) is a Folner sequence and |Q,| = [I'"| this implies that

h(af) > limsup [oN] log | Fixr,, (X¢)], (3.7)
n—oo n
by the definition of h.
Conversely, let § > 0, ¢ < §/3, and let F. be a finite symmetric set with }_ cp\ p, |wH| <

e/|lflli. The sets P, = Q, N n'yGF Qny,n > 1, form a Fglner sequence with lim,, |‘ I‘ -1
Fix n > 1 and choose a maximal set S, 5 C Xy which is (P, §)-separated. For every x € S, 5
there is a w(z) € Wy C £°(T") with [|[w(z)||e < ||f|l1/2 and p(w(x)) = = by Lemma 3.8 and
write v(x) € (T, Z)™ for the unique point with v(z), = (Ryw(x)), for every v € Q,. This
choice of F, implies that the points {{(v(x)) : © € S, 5} C Fixp,(Xy) are (Py,0/3)-separated
and therefore distinct, Theorem 3.3 shows that |5, s| < |Fixr, (X¢)|. Since (P,,n > 1) is Fglner
sequence and lim,, \|Q ‘| = 1 this implies that

h(ay) = hm log | Sy 5] < hm mf log | Fixr, (Xf)|. (3.8)

1
> | Py| IQI

32



3.3 Fuglede-Kadison-Determinant Entropy Formula II

The theorem follows by combining (3.7) and (3.8). O

3.3 Fuglede-Kadison-Determinant Entropy Formula II

Let ¢P(T", C) denote the complex ¢P-space of T" for 1 < p < oo with its conjugate linear involution
w — w* given by (w*), = w,-1,7 € I'. The group von Neumann algebra NT of a discrete
group I can be defined as the algebra of left I'-equivariant bounded operators of £2(I", C) to itself.

The homomorphism of C-algebras with involution:
R:/(T,C) - NT

mapping f to the operator Ry with Ry(v) = v - f* is injective because Rf(e(1)) = f*. The von
Neumann trace on AT is the linear form

trar : NT— C

mapping A to tryr(A) = (A(e(1)), e(1)).

The trace is faithful in the sense that try A = 0 for a positive operator A in NT implies that
A = 0. Moreover tryr vanishes on commutators and satisfies the estimate |trar A| < ||A]. On
(T, C) it is given by trar(w) = w(1).

The Fuglede-Kadison determinant Detyr of A € (NT)* is defined as in Chapter 1. If the
group I is finite one has NT = C[I'] and

DetarA = | det A|Y/IT (3.9)

by [24, Examples 1.3., 2.5., 3.12.].

Theorem 3.10. Let I' be a countable discrete amenable and residually finite group and f € Z[I']
which is invertible in L'(T'). Then

h(f) = log Detyrf .

Let I' be a countable residually finite discrete group and let (I'y,,n > 1) be a sequence of finite
index normal subgroups with lim,, ., I';, = {1}.
For f in ¢!(I',C) the bounded operator Ry : ¢*(T',C) — ¢*(T',C) given by right convolution
with f* satisfies the norm estimate
IRell < (1 £l - (3.10)

The group I' acts via L on ¢°°(I", C) and so there is an isomorphism of finite dimensional C-vector
spaces

(>°(I, )™ = ¢>>(r™ )

given by viewing left I',-invariant functions on I' as functions on I'™). Since Ry is left T'p-
equivariant it induces an endomorphism of £>°(T", C)'™ and hence an endomorphism of ¢>°(I'") C) =
C[T™] = ¢2(1™, C) which will be denoted by:

R : 2™, C) — (1™, C).

Consider the map:

M, C) = 1™, C) (3.11)
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3 Algebraic Actions

given by sending f : I' — C to the function f(™ : (") — C defined by

FOE) =3 F0),

YED

for all congruence classes in § in I'™. Clearly, (3.11) is a homomorphism of C-algebras with
involution such that ||f"||; < | f|l1. And so

R = Ry : (0™, C) — 2™, C).

By the estimate (3.10) applied to f™ and T'™ one gets Rl < |£(]]1. Using the last
estimate one gets for all n > 1 that
IR < 11£1l

From the definition of R{" the relation R(T;) = Rgcn) Rgn) follows. Hence R'" is invertible if fis

invertible in ¢}(I', C) and one gets (Rgcn))_l = Rgcn)l and

\|(R5cn))_1|| <|If Y for fin £4I,C)* and all n > 1.
By equation (3.9)

1

log DetNFm)f(n) = Gl

1
log \ det Rf(m\ = W log | det(Rf|€°°(F,<C)Fn)’ .

Theorem 3.11. Let ' be a countable discrete residually finite group and (I'y,,n > 1) a sequence
of finite index normal subgroups with limy, oo 'y = {1}. If f in ¢}(T',C)*, then

- 1 (n)
Detarf nh_)rgo Det \rpem) f1
Proof: Because of the relation (f f*)(”) = f( f(M* the assertion means:
tryrlogRy = nh_)rrolo trprp(n) log Rg(n)

for g = ff* in (4T',C)*. But R, = RyR} and Ry = Rf(n)R}(n) are positive operators on

?2(I',C). By the remarks just above the theorem applied to g and g~! instead of f it follows

that the spectra o(Ry) and (R ) lie in the closed interval I = [lgll*, llgll1]- Fix e > 0. By
the Weierstrass approximation theorem there exists a real polynomial @) such that

sup|logt — Q(t)] <e.
tel

Since the spectra of Ry and R () lie in I it follows that
[logRy — Q(Ry)[| <& and  [[logRym) — QRym)| <e.
Using the estimate | trar A| < ||A|| one has:

| trar log Ry — tryrpem log Ry |

< [trar(log Rg — Q(Rg))| + [ trar Q(Rg) — trarpm Q(Ryem)| + [t1ppm) (log Rymy — Q(Rym))|
< [[log Ry — Q(Rg)[| + [trar Q(Rg) — traryr, QRym )| + [[log Rym) — QR m) |l

< 2 + [ trar Q(g) — trypem Q™).
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3.3 Fuglede-Kadison-Determinant Entropy Formula II

The formula is a consequence of the following Lemma 3.12. O

Lemma 3.12. For any f in ¢*(I',C) and any complex polynomial Q(t) the following limit holds
toar Q) = lim trypen Q(F™)

Proof: Since Q(f) is in £1(I',C) and Q(f)™ = Q(f™) it suffices to prove the assertion for
Q(t) =t, ie.

toar f = lim teypen £,

for all f in ¢1(I",C). Writing f = 27 f~e(), one gets f = Zv f~e(7) where 7 = I'y,y. Hence,

trar f = f1 and  trypm f(”) = Z Iy

vel'y

Fix some ¢ > 0. If, f is in £}(T,C), then > er | fy] < oo. Hence there is a finite subset K of I
with 1 € K and so one gets > o g [fy] < &. Since limp_00 I', = {1} there is an index N > 1

such that T, N K=K = {1} for all n > N. Since 1 € K it follows that I';, N K = {1} for all
n > N as well. For n > N the following estimate holds:

[tear £ =ty FP = 1A= D0 A< DY A< D Ifl<e.

¥€Eln yeln\{1} yEM\K

O]

Proof of Theorem 3.10: The theorem follows by combining the results of Theorem 3.1, Theorem
3.9 and Theorem 3.11. O

At the end of this chapter the case I' = Z¢ will be regarded. An element n € Z¢ acts

isometrically on L?(T9) by pointwise multiplication with the function T¢ — C which maps

(21,22, ..,24) to (zfl , zgz, e zsd). The Fourier transform provides an isometric Z%-equivariant

isomorphism of Hilbert spaces F : ¢2(Z%) — L?(T%).
Definition. For every n = (ny,...,ng) € Z% and t = (t1,...,tq) € T? let (n,t) = Z?Zl ngt;.
The Fourier transform of f € C[Z] is given by

FUN®) = 3 fae?o.

neZd

Let f € L°°(T?) and define an Z"-equivariant operator My : L?(T¢) — L%*(T?) which sends
g € L?(T?%) to g - f. And so one obtains an isomorphism

[~23

L®(T4) — NZ2 .

The trace tr A zd can be rewritten as

tryrza(A) = (A(e(1)),e(1)) = » F(A(e(1))) dpe.

If f € C[Z9, then F(Rf(0)) = F(f*) = f and so one gets the following entropy for f €
LYz

h(f) = [ 1og 1)l dutz).
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3 Algebraic Actions

In [23] it was shown that this entropy formula holds for general Z%-actions. For a detailed
study of Z%-actions consult [32].

36



4 The Harmonic Model

Reference(s): [33]

First, the model will be introduced and the ASM will be used to find a symbolic cover of this
dynamical system. Then the entropy of the harmonic model will be calculated.

4.1 Introduction

Let Rgy=7 [ulﬂ, uéﬂ, .. ,uzltl] C £1(Z%) be the ring of Laurent polynomials. An element of this
space will be written as h = (hn) = 74 hnu™.

Let d > 1. Define the shift-action a of Z¢ on T2 by
(amx)n = Tm+n »

for every m,n € Z% and z = (z,) € TZ'. To every h € Ry a group homomorphism will be
associated by
ha)= > hma™: T2 — T2,

meZ4

Let f(9 € Ry and Xy C TZ* be the subgroup

Xy = ker £ () = {a: = (zn) € TZ . (f(d)(a) . a:) =0 for everyn € Zd} .

n
The restriction of o to X @) will be denoted by Q- The Z%action of « fl4) preserves the
normalised Haar measure A X () of X (), which is the measure of maximal entropy [32, Theorem
13.3].

Let G be an unweighted graph with vertex set Z? and bounded edge degree. Now a Laurent-
polynomial is associated to this graph G. Let y € Z? and write u¥ = uf'uy? - uY?. The
Laplace-polynomial of a graph G is defined by

Ag(u) = 3 (u® - ).

y~0
The Laplace polynomial of the nearest neighbour graph on Z? is given by:
Ap(u) =4 —uj —ult —uy —uyt.

For the remainder of this chapter fix f(4) = Aga(u) =2d — E?:l(ui + ul_l) Elements z € X )
can be viewed as harmonic (mod 1) w.r.t G because, for every n € Z¢, degg(n) - 2, is the
sum of its deg(n) neighbouring coordinates (mod 1). The dynamical system (X f(d>,Zd) or
(X Fld), O f(d)) will be called the harmonic model.

In the next section a symbolic cover of X ) will be constructed by a shift-equivariant group
homomorphism from ZOO(Zd,Z) to Xy@. For this purpose a few preparations must be made.
Many definitons and concepts of the last chapter will be used, but often with other descriptions or
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4 The Harmonic Model

stronger restrictions. These restrictions are necessary because the action « ) is non-expansive.

The cartesian product Wy = RZ* will be identified with the set of formal real power series in

the variables ufl, uéﬁl, ey ufiﬂ by viewing each w = (wp) as the power series
E wpu"™
nez?
with wy € R and w™ = uf* - - u?, for every n = (ny,...,ng) € Z%. The involution w — w* on

W, is defined by

wh=w_n,ncZ,

It is clear that the Laurent polynomials Ry lie in Wy. For E C Z¢ denote the projection onto
the coordinates in F by ng : Wy — RE.

Next automorphic representations of Z¢ will be introduced: The map (m,u) — ™ - w with
(u™ - w)p = Wp—m I8 a 7% action by automorphisms of the additive group W, which extends
linearly to an Rg4-action on Wy given by

h-w= Zhnun-w,

nez¢

for every h € Rg and w € Wy.
Next a fundamental solution w(@ of the equation

FD = (1) (4.1)

will be defined as follows:

1. For d = 2, .
w,(ﬂz) = - %fm every n € Z2.
2. For d > 2, '
wfld) = /I‘d mfor every n € Z2.
Let

I; = {g € Ry : g-w(d) € ﬁl(Zd)} D (f(d)),

where (f(?) = f(@ . R, is the principal ideal generated by f(#. Consult [33, Theorem 2.2] and
the references cited there to see that w(® is a solution of (4.1) and behaves asymptotically well
(for ||n|| = o0). In [33, Theorem 2.4] it was shown that the ideal I, is of the form

Ii=(f9)+33, (4.2)
where

olalp

Jii={heRy: —————
Vd { < fa 0%y ... 0%uy

d
(1) =0, forall a € N* with |a| =) oy =n—1}.

i=1
Next a linearization of X ¢ will be constructed. Therefor, define the surjective map p: Wy =
RZ' 5 TZ by

p(w)n = wa (mod 1),
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4.2 Symbolic Cover

for every n € Z¢ and w € W, and let

—m

(c™w)p = (v W)y .

Set Wy(Z) = 72 W and define the linearization of X ) by

Wi = p (Xpw) = {w e Wa : pw) € Xy} (4.3)
= {we Wy : (fD)(p(w)))n =0 for alln € Z¢}
—{weWy: (fD w)y,eZ foralln e 29} = {we Wy : fD.weWyZ)}.

Let
|t|mod1 = min{|t —n|:n € Z},t € R

and
H&l)(Xf(d)) = {a: € X¢@ : lim a;‘wx =0 and Z |Tn | mod1 < oo}

%
Im—oc =

be the subset of homoclinic points of a @) with a}‘@x — 0 sufficient fast as ||n|| — co. Next

recall the definition of W) and set 2 = p(w@) € X p(a.

Theorem 4.1. Every homoclinic point z € X @) of apa) s of the form z = p(h- w(d)) for some
h € Ry and
HO (X p) = p({h- 0P : helg}).

Proof: Let z € X pa be a homoclinic point of O p(a) - Choose w € E“(Zd) with p(w) = z and
limp| 00 wn = 0. The smallness of most of the coordinates of w together with the fact that

f 9w e Wy(Z) (sce (4.3)) guarantee that f(@ . w € Ry. The first part of the Theorem follows
from

FD o w@ = (D D) =y 1 =,
where the commutativity of the convolution was used. If z € Hg)(X f(d)), then w € ¢! (Zd) and
hence h € I;. Conversly, if h € Iy, then h-w(® € Y(Z) and so z = p(h-w'?) € H&l)(Xf(d)). O

4.2 Symbolic Cover

The next step is to construct for every homoclinic point z € H&l)(X f(d)) a shift equivariant
group homomorphism from ¢*(Z% Z) to X (@), which will be used to find symbolic covers of
(Xf(d),af(d)). Therefor fix g with p(g - w(®) = 2 and define the group homomorphisms &y -
0 (Z%) — 0°(Z%) and &, : €°(Z%) — TZ by

&(w) = (- W) (@) (w) = (¢" - w D) (w) and &(w) = (po&y)(w). (4.4)

It is clear that B
Eg(w)n = Z Wai - (g% - @)y

kez?

converges for every n by the definitions and constructions of this chapter, hence the homomor-
phisms above are well defined and fulfil the following equivariance conditions:

Eoo0t =0"0&,, Egoo =0"0¢,, (4.5)

§goh(o) =h(o)o&,, €goh(o) =h(o)og,.
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4 The Harmonic Model

Lemma 4.2. For every w € (*(Z%) and g € Iy
(f Do) o &) (w) = fD - (¢ - D) w=g"- (fV-wlP) - w=g" w=g(0) - w (4.6)
and &(6>(Z%,2)) C X ja.
Proof: By the remarks about w(® at the beginning of the chapter one gets
FD o mrw@y o = (fD @Dy oy =h* (4.7)

for every h,v € Ry. Fix g € I;and let K > 1 and Vi = {~K +1,..., K — 1}Z°. Then Vj is
shift-invariant and compact in the topology of coordinatewise convergence, and the set V. C Vi
of points with only finitely many nonzero coordinates is dense in V. For v € V- C R4 one has

&) =(g"-w ) v
and
(fD(0) o€ ) = f D (g" - wP) v =g (f D D) v =g"w=yg(o)-v (4.8)

by (4.4) and (4.7). Since both &, and multiplication by g* are continuous on Vi, (4.8) holds
for every v € Vk. By letting K — oo one obtains (4.8), for every K‘X’(Zd,Z), hence for every
v E ﬁf"o(Zd,Z) with M > 1, and finally, again by coordinatewise convergence, for every w €
(>(24,7).

For the second statement use the fact that, for every v € V,

&) = p((g" - w)-v) = (g-v")(@)(=") € Xy .
The continuity argument above yields that &;(v) € X ), for every v € 0>°(24,7). O
Theorem 4.3. If g € I; = I)\(f)) then
fg(goo(Zdv Z)) = gg(AQd) = Xf(d) .

Proof: Let © € X and define w € Wy by p(w) =z and 0 < wy < 1, for every n € Z4. If
v=fD(o)(w), then —2d + 1 < v, < 2d — 1, for every n € Z%. Since €, commutes with f4D(o)
by (4.5), (4.8) shows that

€g(v) = (po&y)(v) = g()(x). (4.9)

Hence
9(0)(X @) C &(Vaa) € &(EX(27,2)) € Xjaa) - (4.10)
It will be shown that Z = g(a)(Xf(d)) = X (a). Consider the exact sequence
{0} = Y =ker g() N X ;) = Xy %3 Xy = {0} (4.11)

Let ay and az be the restrictions of a to Y and Z, and o' the action induced by o on X F(@) /Z.
Yuzvinskii‘s addition formula [32, Theorem 14.1| implies that

h(a @) = h(ay) +h(az) = h(a’) +h(az),

40



4.2 Symbolic Cover

where the fact is used that topological entropies of these actions coincide with their metric
entropies with respect to the Haar measure. Since g € I, g and f (@) have no common factors,
h(ay) = 0 by [32, Corollary 18.5] hence h(aa)) = h(az) and 0 < h(apw) < co. The Haar
measure A X 0 of X (@) 1s the unique measure of maximal entropy for « (@) as mentioned at the
beginning of this chapter and so )\Xf(d) (9(a)(Xy@)) =1 and g(a)(X @) = (X @) as claimed.

So far one has
9(a)(X @) = &(Vaa) = §((2%,2)) = X o) -

Let v/ € (*(2%,Z) with v, = 2d — 1, for every n € Z% then v/ 4+ Voq = Ayq_; and so
E(Aga—1) = §(Vag) +&4(V)) = X + E(V') = X . For M > 1 set

Qu={-M,...,. MY cz?.

For every v € £°°(Z%,Z) and n € Z% define

h(v’n) B u™ - f(d) if Un > 2d
o otherwise,

HOW = 3 30 7o) = g0

neQy

If

Dy(v)= Y vnlnffax. (4.12)

neQnm

where || - [|max 18 the maximum norm on R?, then T'(v) = v if and only if n < 2d for every n € Qs
and

Define inductively 7" (v) = T(T" *(v)), for n > 2, then there exists for every v € £*(Z%,Z,)
an integer Kjps(v) > 0 with

oM =Tk, for every k > Kj/(v) .

For v € Ayg_1 and any M > 1, 3M) gatisfies

0<o <2d -1 ifneQu,

T > if || =M +1,
S W < (2d-1) 2M +1)7,

{m:nf[=M+1}

M = if ||| > M + 1.

It is clear that v — (M) € (@) by construction of H®™. And so & (v — ™)) = 0 because
v—oM = £ . pfor an h € Ry and therefore (g* - w®) . &) . h e Z for every g € Iy and
v € Ayg_1; hence &, (v) = &, (TM). Since g € Iy, (4.2) implies that there exists a constant C' > 0
with

(g - w'D)y| < C|n|¢;L for every nonzero n € Z%,

max ?
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4 The Harmonic Model

Therefore,
€, M) — €,(@M)o| <dd-(2M +1)*-C- (M +1)" =0

as M — oo and where

v

Un otherwise.

And so
lim €,(v—v™) =0

M—oo

in the topology of coordinatewise convergence. Since
M) ¢ {veEAy—1:0< vy, <2d—1 foreveryn € Qu},

for every v € Ayg—1 and M > 1 one can conclude that &;(A2q) is dense in X ). Since §5(A2q)
is closed §g(A2a) = X y(a)- O

In the last proof a toppling argument has occurred already - in the next step the Abelian Sand-
pile Model will be embedded in the algebraic setting of this chapter. First recall the definition
of the ASM and put, for a finite set K C Z¢,

Py ={ve {0,...,2d — 1} : v, > Ng(n) for at least one n € K},
then recurrent configurations on K can be written as

Ri = ﬂ Pp.
0£FCK,
0<|F|<o0
Lemma 4.4. Let d > 2. The following conditions are equivalent for every v € Aoy.

1. v € Ryo.

2. For every nonzero h € Ry with hy € {0,1} for every n € Z2¢, (f@ . h)y + vy > 2d for at
least one n € supp(h) = {m € Z% : hy, # 0}.

3. For every nonzero h € Ry with hy > 0 for every n € Z, (f(d) -h)n + vn > 2d for at least
onen € {m € Z¢ : hy, > 0}.

Furthermore, if v,v' € Roo and 0 # v —v' € Ry, then v —v' & (f(@D).

Proof: (2= 1) Fix v € Agq. If h € Ry with hy € {0, 1}, for every n € Z¢ and E = supp(h), then
(fD - h)p 4 v € {0,1,...,2d — 1}, for every n € E if and only if v, < Ng(n) — 1. for every
n € E,| in this case m7g(v) ¢ Pr and v € Ro.

Let h € ¢>°(Z%,Z) and My, = max,,ya b > 0 and that (9 - h) +v € Agq. Set

Smax(h) = {n € 2% : hy = My}

and observe that
vn+ (F - h)n > va + My(2d = Ns, ) < 24,

for every n € Spax(h) so that

vn < Nspo(n) — 1, for every n € Spax(h) - (4.13)
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If h € Ry, then Spax(h) is finite and so (4.13) yields to contradiction to the definition of R.
This proves the implication (1 = 3) and the reverse implication (3 = 2) is obvious. The last
asseration is a consequence of (3). O

Theorem 4.5. For every g € I, §9(Reo) = X y(ay. Furthermore, the shift-action og,, of 7% on
Roo has topological entropy

h(og,. )= lim log |TQy (Reo)| = h(afw) . (4.14)

N—oo |QN]

For every Q C Z% v € Wy set
S@(v) = (v € Wy : 7y @) =mza\0(v)}.

If V. C Wy is a subset S\ (v) = S@(v) N V. Fix g € I;. Let 0 < e < 1/4d. Since g* - w(® €
(Y(Z%), there is a K > 1 with
€,(v)o —&,(v")o| <&, for every v,v" € Agg with T, (V') = T, (v). (4.15)

Lemma 4.6. Let v € Aoy, Q C Z% a finite set and v/ € 5’/(83 (v).

1. &V = &4(v) if and only if v —v € (fD).

2. If &) # &(v), then
€90 ) — Eg(W)nlmoas > 1/4d

for somen € Q + Q.

Proof: Assume that
‘fg(vl)n - fg(v)n‘modl <1/4d, (4.16)

for every n € Q + Q. Since (4.16) holds automatically for n € Z%\(Q + Qx) by (4.15) it holds
for every n € Z%. Choose z € Wi with p(2) = §5(v') — &(v) and |[zn|lmax < 1/4d. Then
fld. e EOO(Zd,Z) and the smallness of the coordinates of z implies that f(@ .z = 0. Since
p(z) = p(E,() =€, (v)), 2= (E,(v) =&, (v)) € (2(2%,7). As the coordinates of z are small and
1 )y o0 [€4 () =€, ()] = 0 due to the continuity of £, conclude that h = z— (£, (v') —£,(v)) €
Rg4. According to (4.6)

FO (2= G = &) = D h=g"(/ ~0).

As Ry has a unique factorization and ¢* is not divisible by f(®, +/ — v must lie in the ideal
(f@) C Ry. The definitions of w(¥ and € imply that &,(v') = &,(v). O

For Q C Z% set

R(Q) = {h € Rq :supp(h) C Q},
RYQ)={h e R(Q) : hy >0 for every n € Z}.

For L > 1, v € Ay and ¢ > 0 set
Yo(q) ={w e S@rir+)(y) : for every n € Z%, 0 < wy < 2d if |n|jmax # L+ K + 1

and —q < wy < 2d if HnHmaX:L—i—K—i—l}
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4 The Harmonic Model

and

Yi(g) ={w e Yu(a) 1 7mQun(w) € TQp s (Roo)}-

The proofs of the next two lemmas are very technical and will not be given, but they can be
found in 33, Lemma 5.5 und Lemma 5.6].

Lemma 4.7. [33, Lemma 5.5.] Let L>1, ¢ > 0 and v € Ayq. Then

Y, (q) = Yu(q)\ U (Yolg+1) = h- D).

0#heST (QL+k)

Lemma 4.8. [33, Lemma 5.6.] For every v € Ayg and L > 1 there exists an h € RT(Qr) with
v =v+h-fDeV/((2d—1)- (2L +1)9).

Proof of Theorem 4.5. The same arguments as in the proof of Theorem 4.3 show that £;(Re) =
X . For this purpose only a few changes are required. Fix ¢ > 0 and choose K according to
(4.15). From Lemma 4.8 one gets X p) = §g(A2a) = {g(A2a(L+ K +1,(2d—1) - (2L+2K + 1)),
where

Aoy(M, q) = {v € (>°(Z%,7) : wvm < 2d, for every n € Z9,

vn >0 for every n € Z¢ with ||n|jmax > M +1,
Z{nezdt||n|\max:M+1} Un > —q and mQ,, (v) € TQwm (ROO)} .

Since {3(Ro) = X one has
h(or..) = h(aw).

Conversly, the map &, is injective on S;g)f)(v), for every v € Ro and L > 1. The set

(S QL)( )) is a (Qr+k,1/4d)-separated subset of X ), by Lemma 4.4 and Lemma 4.6. If
¥V € R is given by
Un = 2d — 1 for every n € Z%,

then |mg, (S S{9) (5 )| = |70, (Rao)|, for every L > 1.
For every L 2 0 denote by n(L + K) the maximal size of a (Qr+x,1/4d)-separated set in
X . From the definition of topological entropy one gets that

1
h(or.,) = lim_ |Q log Q. (Rec)| = lim |Q Lok 19490 5|

QL)
= lim lo < lim ——logn(L+ K
— lim logn(L + K :ha(d),
which completes the proof of the theorem. ]

It is still an unresolved problem whether the mappings from the recurrent configurations of
the ASM to the harmonic model are almost one-to-one or not.
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