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Abstract

In this thesis, we are concerned with methods for solving large scale bound con-
strained optimization problems. This kind of problems appears in a wide range
of applications and plays a crucial role in some methods for solving general
constrained optimization problems, variational inequalities and complementarity
problems. In the first part, we provide the general mathematical background of op-
timization theory for bound constrained problems. Then the most useful methods
for solving these problems based on the active set strategy are discussed. In sec-
ond part of this thesis, we introduce a new limited memory quasi Newton method
for bound constrained problems. The new algorithm uses a combination of the
steepest decent directions and quasi Newton directions to identify the optimal ac-
tive bound constraints. The quasi Newton directions are computed using limited
memory SR1 matrices and, if needed, by applying regularization. At the end, we
present results of numerical experiments showing the relative performance of our
algorithm in different parameter settings and in comparison with another algo-
rithm.
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Zusammenfassung

Diese Arbeit befasst sich mit Methoden zur Losung von hochdimensionalen Opti-
mierungsproblemen mit einfachen Schranken. Probleme dieser Art tauchen in ei-
ner grossen Anzahl von unterschiedlichen Anwendungen auf und spielen eine ent-
scheidende Rolle in einigen Methoden zur Losung von Optimierungsproblemen
mit allgemeinen Nebenbedingungen, Variationsungleichungen und Komplemen-
taritdtsproblemen. Im ersten Teil dieser Arbeit beschreiben wir den allgemeinen
mathematischen Hintergrund der Optimierungstheorie fiir Optimierungsprobleme
mit Schrankenbedingungen. Danach werden die niitzlichsten auf aktiven Mengen
beruhenden Verfahren zur Losung dieser Probleme diskutiert. Im zweiten Teil die-
ser Arbeit stellen wir ein neues Limited Memory Quasi Newton-Verfahren fiir
hochdimensionale und einfach eingeschrinkte Probleme vor. Der neue Algorith-
mus verwendet eine Kombination aus den steilsten Abstiegsrichtungen und Quasi
Newton Richtungen, um die Menge der optimalen aktiven Variablen zu identi-
fizieren. Die Quasi Newton-Richtungen werden mit Hilfe der Limited Memory
SR1 Matrizen und, falls erforderlich, durch die Anwendung einer Regularisie-
rung berechnet. Zum Schluss prisentieren wir die Ergebnisse von numerischen
Experimenten, die die relative Performance unseres Algorithmuses beziiglich un-
terschiedlicher Parametereinstellungen und im Vergleich mit einem anderen Al-
gorithmus darstellen.
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Chapter 1

Introduction

1.1 Formulation and Motivation

In this thesis we are concerned with method for solving the bound constrained
optimization problem. Such a problem appears quite naturally in a wide range
of applications including optimal design problem [3]], contact and friction in rigid
body mechanics [[19], the obstacle problem [22], journal bearing lubrication and
flow through a porous medium [[18]]. Some approaches for solving variational in-
equalities and complementarity problems have been proposed [1]], in which these
problems are reduced to bound constrained problems. Moreover, the bound con-
strained optimization problem arises as a subproblem of the algorithms for solving
general constrained optimization problems based on the augmented Lagrangian
and penalty schemes [[17, 16, 20]. In fact, some authors claim that each variable
for optimization problems can only be considered meaningful within a particu-
lar interval [13]. These facts have motivated significant research dealing with
development of efficient numerical algorithms for solving bound constrained op-
timization problems, especially when the dimension of the problem is large.

The bound constrained optimization problems have the form

minimize  f(x)

subjectto [ <x<u (.1

where the objective function f : R” — R is a sufficiently smooth function and the
number of variables 7 is assumed to be large. Moreover, the fixed vectors / and u
are lower and upper bounds on the variables respectively and the inequalities are
componentwise.

The organization of this thesis goes as follows: In the rest of this chapter we
review some fundamental results of optimization theory in case of bound con-
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Introduction

strained problems. Chapter 2 describes some effective methods used for solving
large scale bound constrained problems. In chapter 3 we introduce a new quasi
Newton method for solving bound constrained problems. In chapter 4 we present
numerical results demonstrating the relative performance of our algorithm in dif-
ferent cases and in comparison to other algorithms. Finally, chapter 5 concludes
the thesis with directions for future work.

Throughout this thesis, we use the following notation. With the superscript 7'
we denote the transpose of a matrix(or vector), g and B represent the gradient and
the Hessian matrix of the objective function respectively.

1.2 Preliminaries

For solving problem (I.1)), first, we need to characterize its solutions and their
properties. In addition, once the solutions of the problem are mathematically
characterized, questions arise about the solution for example, whether it is unique
or under which conditions it is the global minimizer of the problem. The following
theorems and definitions answer these questions.

Theorem 1.2.1. Let % = {x € R": | < x < u} be feasible region of (1.1)) and
suppose that f is continuously differentiable on % with the gradient g.

1. If x* is the solution of (1.1)) then

g (x—x)>0, xe.Z. (1.2)

2. If f is convex on .F then, conversely, every x* € .F satisfying (1.2) is global
solution of the (1.1).

3. The problem (1.1)) has an unique solution x* whenever the objective function
f is strictly convex on feasible region 7.

Proof. The proof of Abstract first order optimality conditions for general con-
strained optimization problem [24, p, 97]. [

Theorem 1.2.2 (General first order optimality conditions for bound constrained
problem). Let x* be the solution of (1.1)), then there exist vectors A, € R" such
that

g(x) A+ p =0,

(x*=DTa =0,
(u—x")p=0,
A,pu >0,

2



1.2 Preliminaries

where above conditions are called Karush-Kuhn-Tucker or KKT conditions and
they are equivalent to
gi(X*) 07 lf-x;k - li7
gi(x") <0, ifxf =u, (1.3)
gi(x*) =0, ifli<xi<u.

>
<

Proof. The proof of General first order optimality conditions [24, p, 105]. ]

Note that the KKT conditions are necessary conditions for every solution of
but converse of above theorem does not hold unless, for example, the objec-
tive function of is convex in a neighbourhood of the feasible point satisfying
KKT conditions.

Definition 1.2.1. A point X € .% is said to be a stationary point for problem (1.1]) if
it satisfies KKT conditions, or equivalently, the conditions (1.3) hold for x. More-
over, strict complementarity is said to hold at X if the strict inequality hold in the

first and second implications of (1.3)).

In general, convergence to a stationary point is all that we can expect of
an algorithm for solving problem (I.1). In order to construct an algorithm for
solving (I.I) we need to characterize the stationary point in a more convenient
way. Hence, if we define the reduced gradient of a feasible point x as a vector
8red = &req(x) With components

min(0, g;(x)) if x, =1,
(8red)i: = § max(0,g;(x)) if x; = u;, (1.4)
gi(x) if I; < x; < u,
a stationary point X can be characterized as

8red ()E) =0.
Definition 1.2.2. We call a stationary point x of (1.1)) degenerate whenever the
strict complementarity fails to hold at X. In other words, there are some variables
X; € {ll‘,l/l,'} with g,'()f) =0.

Degeneracy is a property of stationary points that causes difficulties for some
algorithms. When the strict complementarity does not hold at a solution of the
problem, there are some constraints of the problem that are weakly active at the
solution. In other words, all optimal Lagrange multipliers corresponding to these
constraints are equal to zero. This fact makes it hard for an algorithm to find out
whether these constraints are active at the solution. Particularly, in the case of
active-set methods and gradient projection methods this indecisiveness may cause
zigzagging, which means that the iterates of an algorithm move on and off these
weakly active constraints successively.



Chapter 2

Proposed Algorithms for Bound
Constrained Problems

2.1 Introduction

In this chapter we discuss several proposed algorithms for solving bound con-
strained optimization problems. We begin this chapter by giving an overview of
the standard active-set method. This method consists of two main steps. First,
identifying the set of optimal active bound constraints or reaching the face con-
taining a stationary point of the problem. Second, exploring the face of feasible
region by solving an unconstrained subproblem. Then, we study the gradient pro-
jection methods and their applications in the active-set methods. Indeed, all of the
algorithms described in this chapter deal with the bound constraints by explicitly
distinguishing between steps that search through the faces of the feasible region
and steps that explore the current face of the feasible region. The last two sections
of this chapter are concerned with algorithms that, at each iteration, approximate
the objective function by a quadratic model whose Hessian matrix is computed by
a limited memory method.

2.2 Standard Active-Set Method

In this section we describe the standard active-set method for solving quadratic
bound constrained optimization problems. A quadratic bound constrained prob-
lem has the form

minimize  f(x) =x" Bx+a’ x,

subjectto [ <x<u, 2.1

where B is symmetric and a belongs to R”. Problem (2.1) is a special form of
the (I.1)), In addition, we will see later that some effective algorithms for solving
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(1.1) approximate the objective function of (1.1)) with a quadratic model at each
iteration. Therefore, they rely on the solution of (2.1) at each iteration.

The standard active-set method for solving (2.1) finds step from one iterate to
next by solving an unconstrained quadratic subproblem in which some of variables
are fixed in one of their bounds. We call this subset of variables working set and
denote it at the kth iteration x; with Wy C o7 (x;), where <7 (x) is the set of active
variables and defined by

o (x) ={i:xi=1LVxi=u;}. (2.2)

We call variables with indices in W, bound variables and other variables are re-
ferred to as free variables. Now it is also helpful to define the binding set at x by

Bx)={i:xi=LiNg(x);i >0, V xi=uiNg(x);<0,}, (2.3)

where g(x) is the gradient of the objective function.

We assume that the initial point xg is feasible and Wy C &7 (xg). Now suppose
that we are at the kth iteration with working set Wy, in order to compute x| we
solve the following subproblem

minimize  f(x; + p)

subjectto p; =0, ieW,. (24)

The above problem is an unconstrained quadratic problem defined over the sub-
space of free variables corresponding to Wy. Once the (2.4) is solved, we have two
cases:

1. Problem (2.4) has a global solution p¥. In this case if p¥ is zero, then xy is
a global solution of the (2.1) over the working set W;. Now assume that the
vector p* is nonzero. For computing x; | we need to know how far we can
go along p; while staying in the feasible region. If x; + p is feasible with
respect to all bound constraints, we set x;.| = X + pk . Otherwise, we set

X1 =+ o p,
where the step length oy is defined by
u: — (x1); l —(x1);
0Y := min (1, min ——— E{ k>’, min ———2 <k k)l>.
i¢wiApk>0 )2 igwiApk<0 )2

If oy < 1, that is, the step along direction pX is blocked by at least one of
the bound constraints whose indices are not in W;. Consequently, the new
working set Wy | is updated by adding atleast one of the constraints which
becomes active at x| to W.
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2. Problem has no global solution. In this case it is possible to find the
direction p* such that the objective function of is strictly decreasing
and unbounded below along the ray x; + ap* for o > 0. In this case either
f(x) is unbounded in the feasible region, or we set x| = x; + 04 p*, where
the finite step length ¢ is defined by

oy :=max{a >0:1 §xk+06pk <u}.
This means at least one bound constraints becomes active at xj .

In both of the cases once x; 1 is computed, Wy is updated by adding at least one
of the blocking bound constraints to the W;. Usually just one constraint is added
to the working set at each iteration.

We continue to iterate in the manner that outlined above, adding constraints to
the working set until we reach a point x; for # > 1, which minimize the quadratic
objective function of (2.1 over the working set W;. Equivalently, we keep iter-
ating until p’ = 0 is obtained as the global solution of the subproblem (2.4)) with
respect to W;.

After the global solution x; of subproblem has been found we have two
cases, either the working set W; is a subset of #(x;), or there exist some indices
of W, that do not belong to A (x;). If W; is a subset of A(x;), then x; is a stationary
point of (2.1]) and algorithm terminates with x;. On the other hand, if there is a
index in W; that does not belong to %(x; ), the KKT conditions are not satisfied for
X, in particular, a Lagrange multiplier corresponding to an index in W; is negative.
Furthermore, by dropping this index from the working set the objective function
of (2.1) may be decreased. Therefore, we remove this index from the working
set and solve the subproblem (2.4) with a new working set. It can be shown by a
short computation that it is possible to find x; 1 with respect to the new working
set such that

fGir) <fn).

If the quadratic function f(x) is bounded below on the feasible region, it is
not difficult to show that the active-set method converges to a stationary point
in a finite number of iterations. Our argument for verifying this result is quite
instructive. At each iteration either we reach a global minimizer of the subproblem
or we increase the size of the working set. Because the cardinality of working set
is always bounded by n, the global solution of (2.4) will be obtained after at most
n iterations. On the other hand, if the global solution x; of the subproblem is
determined with respect to some working set Wy, then x; is a global solution of the
f(x) subject to the face of the feasible region which is defined by

{xeR": 1 <x<u,x; € {lj,u;},i € W;}. (2.5)
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2.3 The Gradient Projection Methods

Since f(x;+1) < f(x;), it is impossible for the algorithm to arrive in this face again
in an iteration x, with r > ¢t. Moreover, the number of possible faces is finite, thus
the active set method terminates in a finite number of iterations.

Finally, we summarize the active-set method in two main steps:

Global Step: If x; is a global solution of the f(x) subject to the face (2.5)), then
find a feasible point x;4 1 such that f(x;+1) < f(x;) . Indeed, in this step we
move from a face to another until we land on the face that contains a global

solution of (2.1)).

Local Step: Otherwise find a feasible point x;; such that f(x; 1) < f(x;) and
W, C Wyiq. If W, = W4 then x, | must be a global solution of f(x) subject
to the face (2.3)). In this step we explore the face of the feasible region which
is defined by the current working set.

As it has been mentioned, the standard active-set method drops only one con-
straint from the current working set in the global step and adds only one constraint
to the current working set in the local step. That is, at each step of the standard
active-set method, the dimension of the subspace of bound variables is changed
only by one. This fact implies that if there are n; active constraints on xp and n;
active constraints on the solution of (2.1]), we need at least |n, — n| iterations to
reach the solution of (2.1)). This may be serious drawback in the case of large scale
problems. This observation motivated many authors, specially BERTSEKAS [2]],
to use gradient projection method for solving bound constrained problems. He has
established that the set of active constraints at the nondegenerate stationary point
of bound constrained problem is identified in a finite number of iterations by
using gradient projection method. We will see later how the gradient projection
method and active-set method are combined with each others in order to construct
an efficient algorithm for solving bound constrained problems.

2.3 The Gradient Projection Methods

In this section we begin with an overview of the gradient projection methods for
solving general optimization problems with the form

minimize  f(x)

subjectto x €. (2.6)

where f:R"” — R is continuously differentiable and .% is a convex feasible region.
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Given an iterate xy, the next iterate x| is computed by the gradient projection
method as follows

X1 = Pz [xe — ogeg (xi)].

Where P [x] is the orthogonal projection on the feasible region .%#, g(x) is the gra-
dient of objective function, and the step length o > 0 is chosen so that f(x;11) <
f(x). The projection part plays important rule in the gradient projection method
and it must be computed in a fairly simple way. Otherwise, it does not make
practical sense to use the gradient projection method. In general the orthogonal
projection on the feasible region has the form

Pg[x] = argmin |[x—y]|. (2.7)
yeF

The computation of (2.7 for general constrained optimization problems can be
expensive but in the case of bound constrained problems with % = {x € R": [ <
x < u}, it requires only order of n operations and it is defined by

Loitx <,
(Pz[x])i = (P[x,L,u])i = q w;i if x; > u;, (2.8)
xi it <xi <u;.

It can be shown that by choosing an appropriate step length oy, the gradient
projection method is able to identify the set of active constraints at the nondegen-
erate stationary point in finite number of iterations. This is a consequence of the
fact that if ¥ is a nondegenerate stationary point of the problem, then there exists
a neighbourhood .4/ (%) of X such that <7 (x; 1) = &7 (P [x; — 04g(x¢)]) provided
X € A (X). This identification ability of the gradient projection method is valid
according to [12, 2, [8]. Now we describe some methods for computing the step
length oy, in which the gradient projection method has this identification ability.

2.3.1 Armijo Rule Along the Projection Arc

This procedure was proposed by BERTSEKAS [3} 4] and its concept is really sim-
ple. First we chose the fixed scalers @, 3, and ¢ > 0, with & > 0, B € (0,1), and
o € (0,1). Then we define the following piecewise linear path

xe(0) == Pgzx —aglx)], a>0, (2.9)
where P is the projection into the feasible region .# and g represents the gradient

of the objective function. Finally the step length oy is determined by propor-
tionally reduction of the & with a factor B € (0,1) until the Armijo condition
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2.3 The Gradient Projection Methods

is satisfied. In other words, we set o = "%, where ry, is the first nonnegative
integer r for which the following conditions holds.

FOu) = fu(B @) > og(xe)" (i —x(B"@)). (2.10)

It can be shown that the above step-size rules is well defined, That is, after a finite
number of trials based on the the steplength oy will be found. Further-
more, the gradient projection method with the above linesearch procedure is able
to identify the set of active constraints at the nondegenerate solution of the (2.6)
in finite iterations.

2.3.2 Projected Search

The projected search is a procedure for finding o for the case in which f(x) =
xT Bx + a” x and the feasible region .% consisting of bound constraints. This pro-
cedure was proposed by MORE and TORALDO [21} 22]]. In this procedure the
computation of oy relies on the function defined by

Oc(a) := f(Pzxi + api]), (2.11)

where P is the projection (2.8) into the bound constraints and py is a search di-
rection with ¢, (0) < 0. We determine a step-length o > 0 so that the sufficient
decrease condition holds for ¢ (ct). The sufficient decrease condition is defined
by

(o) < ¢ (0) + o) (Pl + api] — ), (2.12)

where o € (0,3) is fixed. Since the path P [x; + otpy] is a linear function on
any interval on which the set of active constraints at Pz [x; + & py| is unchanged,
¢r () is a continuous piecewise quadratic function. For defining Breakpoints for
o () we compute

0=t <tr <..<ty<tpy =+oo

so that <7 (P [x; + opy]) is unchanged on the intervals (#;,¢;41) fori =0, ...,m. If
we allow infinite value for /; or u;, it is possible to have m = 0 in the computations
of breakpoints. Moreover, the first breakpoint has a interesting feature, namely it
can be shown that there is o € [0,7;] that satisfies the sufficient decrease condition
(2.12) and for all a € [0,7;] we have also

Oc(o) = f(Pz[x+opi]) = f(xi+apy), (2.13)

where py is given from p; by taking the components whose indices correspond
to the free variables at x;. Similarly, we define matrix By which is obtained from

9
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B by choosing the rows and columns whose indices are corresponding to the free
variables. To put it another way, if Z; denotes the matrix whose columns span the
subspace of free variables at x;, we have

=27l pi, By=2Z[Bz.

The projected search method generate a positive decreasing sequence {o }, of
trial values until a trial value is found which satisfies (2.12)). Note that this process

will terminate after a finite number of steps, since there exists a trial value in the
interval [0,7;] which fulfils (2.12).

Now for choosing the initial trial value Oc,? we have two cases depending on
the behaviour of ¢ on the interval [0,#]:

1. @ is strictly convex on the [0,7;]. In this case the initial trial value is given
by the first minimizer of the quadratic function ¢ () in [0,#,] and computed
by

oo 0O _ a2
¢ (0)  pI'Bipi’
where ﬁ,{ék Pr > 0. Note that if oc,? < t1, the procedure terminates with the

acceptable step length o, = o?.

2. ¢y is not strictly convex on [0,#;] and also ﬁ,{ékﬁk < 0. In this case the
quadratic function ¢ (o) is on [0,7;] strictly decreasing and unbounded be-
low. Consequently, it is better to choose Oc,? desirable large. Hence, we
set

o =1,
Now suppose that the initial trial value oc,? is given. If it satisfies (2.12)), we ter-
minate with oy = a,? . Otherwise, given the current trial value oy with r > 1, for
which the (2.12) is not satisfied. For computing the new trial value, we determine
the minimizer of the quadratic approximation that interpolates the pieces of in-
formation ¢x(0), ¢;(0), and ¢x(cy). Then the new trial value OCIZH is given by

max (71, mid(0.010y, &,0.504)), (2.14)

where mid(0.010/, ¢&,0.5¢) is the middle element of the set {0.01 ¢y, &,0.50; }.
The above process is continued until a trial value satisfying (2.12) is found. The
finite termination is also guaranteed. Since, if either ﬁ,{ékﬁk <0or Oc,? >, 4
satisfies the sufficient condition with ¢ < 0.5.

Note that for the projection gradient method, we use —g(x;) as the search
direction py at each iteration.

10
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2.4 Approaches for Quadratic Bound Constrained
problems

In this section we will deal with the algorithms for solving bound constrained
quadratic problems (2.1). As we have mentioned, the standard active-set method
has the major disadvantage that at each iteration the cardinality of the working
set is changed by dropping or adding only one constraint. On the other hand, as
we have discussed in the previous section, the gradient projection method is able
to identify the set of optimal active set in finite number of iterations. This facts
motivated many authors, for example, MORE and TORALDO [21], 22] to propose
algorithms that use the gradient projection method in an efficiently manner in
the active-set method schema. Particularly, these algorithms take advantage of
the identification property of the gradient projection method to reach the face
containing the solution quickly, and to explore each face of the feasible region,
they solve an unconstrained optimization subproblem (2.4).

2.4.1 BCQP

This algorithm is proposed by MORE and TORALDO [21]] to solve the quadratic
bound constrained problem (2.1)) and it consists of two main steps:

Global Step: Set x; = up and generate the iterations ug,uq,...,us by the gradi-
ent projection method. If for some j € {I,...,s} the condition < (u;) =
o/ (uj_1) is satisfied then we set x| = u;. Otherwise, we set x| = uy.

Local Step: Otherwise find a feasible x| such that f(x;41) < f(xx) and Wy C
Wi 1. If Wy = Wy then x;; must be a global solution of f(x) subject to
the face {x e R" : I <x < u,x; € {l;,u;},i € Wi}

As we can see, the only deference of the above algorithm and the standard active-
method is in the global step. Indeed, the gradient projection method is used in
the global step to modify the standard active-set method in two aspects. Firstly,
the cardinality of the working set is changed by dropping and adding many con-
straints. Secondly, the algorithm tends to find the optimal active constraints more
quickly.

It should be noted that, in the global step the gradient projection method is
performed with the help of projected search method [2.3.2] That is, a sequence
{u;} is computed by

ujr1 = Pglu;—og(uj)],

11
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where P is the projection (2.8)) in to the bound constrained feasible region .7, the
step length «; is determined by the projected search strategy and g repre-
sent the gradient of quadratic objective function. Moreover, Since in the case of
degenerate solutions, the optimal active set may not settle down, in addition, in the
case of nondegenerate solutions, it is only assured that the set of active constraints
settles down in a neighbourhood of the solution, it is better to impose a bound s
on the number of gradient projection iterations.

The local step of the above method is exactly the same as the standard active
set method. That is, in this step we determine the solution p* of the following
unconstrained quadratic subproblem

minimize  f(x; + p)

subjectto p; =0, €W, 2.15)

and we set x| = x + o p*, where f(x) = x” Bx+a’ x and 0y is computed by

) ) ui — (xz)i . li — (xr)i
0 1= min (1, min ka)l, min #kk)l) .
i¢wApt=>0 P; i¢wAPk<0  D;

Now suppose that the working set Wy is given and ji, j,..., jm, represent the
indices of free variables with respect to Wy, i.e. the variables that do not belong to
Wy. And let Z; € R be the matrix whose columns span the subspace of free
variables. Then we can transform the above subproblem (2.13)) to the following

subproblem.
min fi(v), (2.16)

veR™k

where

fi) = floa+Ziv) — fxx) = %VTBkV A

B\k:Z]{BZk, gk :ZkTg(xk)

Now we determine the solution p* of (2.4) with help of the unconstrained sub-
problem (2.16), In other words, we choose a vector v; € R™ and set p* = Zyvy.
For choosing v, we have the following cases:

1. By is positive definite. In this case we set vy = —é;lg, since it is the global
solution of fi(v).

2. By isnot positive definite. In this case vy is determined such that the follow-
ing conditions hold

vIBovi <0, glvi <0, min{v! Byvi, 87w} <0 (2.17)

12



2.4 Approaches for Quadratic Bound Constrained problems

This is possible whenever By, is either not positive semidefinite or regular,
or g ¢ Im(By)

The computation of v is based on the Cholesky factorization of By and we
need almost one factorization for all matrices. If By is positive definite then the
Cholesky factorization of the matrix exists and is used for computing v;. Other-
wise, while computing of Cholesky factorization we try to find the largest positive
definite principal minor of the matrix. Let this principal minor has the order /
and be represented by Cy, then the principal minor of order [ + 1 of By has the

following form
Ck Wi
(w,{ Gk) (2.18)

Due to positive definiteness, Cy has a Cholesky factorization R,{Rk. Now we claim
that
0 < wi C; 'y (2.19)

Suppose on contrary that (2.19) does not hold, then it is easy to verify that the
Cholesky factorization of (2.18) is

(ar n) (0 50)
g m)\0 m)’

1 T
Riwe=qi, M= (0c—lql*)2 = (6 —wi C; twy)2.
But this is contradiction with the fact that (2.18)) is not positive definite. Therefore
(2.19) holds. Consequently, if we define the vector v, € R by

where

v = £(C; 'y, —1,0,...,0),7
where the sign of v, is chosen such that vl 8r <0, we have
v,{ékvk =6, — w,{C,:lwk <0.
This shows that is satisfied, provided either v,{ gr#0or v,f]?kvk £ 0.

It should be noted that if for v the condition is satisfied, then the
pK = Zyvy defines a direction such that f(x; + ap”) is strictly decreasing and
unbounded below for o > 0. Hence, similar to the standard active-set method,
either f is unbounded below on the feasible region or a finite ¢ corresponding to
a blocking constraint is computed.

The BCQP algorithm terminates at the iterate x; if one of the following cases
occurs:

13
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1. The matrix By is positive semidefinite, g, = 0, and Wy C HB(x;). In this
case the vector pf = 0 is the global solution of the unconstrained quadratic
subproblem (2.15)) with respect to the working set W;. In addition, because
Wy is a subset of A (xy), iterate x; is a stationary point of the problem.

2. For all o > 0, the ray x; + op” is feasible and the function f(x; + ap*) is
decreasing and unbounded below.

3. For all o > 0, the ray x; + op” is feasible and the function f(x; + ap*) is
constant and p* = 0. In this case we have two possible situations, either f(x)
is unbounded below on the feasible region, or there exists a arbitrary small
perturbation on the g; or B, which leads to the fact that f is unbounded on
the feasible region.

Moreover, in [21, p. 388] it has been shown that if the quadratic objective func-
tion f: R" — R is bounded from the below on the feasible region, then the BCQP
algorithm terminate at a stationary point in finite iteration steps.

It should be mentioned that in the global step of the BCQP, only one constraint
is added to the working set. This can be serious disadvantage for large scale
problems, hence we aim to construct an algorithm that is able to add many variable
to the working set in the global step.

242 GPCG

In this section we present an algorithm to find the solution of (2.1)), where the
quadratic function f is strictly convex, i.e. the matrix B in is positive definite,
and the number of variable is assumed to be large. This algorithm was developed
by MORE and TORALDO [22]]. Similar to the standard active-method and BCQP,
this method generates a sequence of iterations x; that terminates at a solution of
(2.1) in finite number of iterations. Moreover, the termination typically is obtain
by solving a sequence of unconstrained quadratic subproblems of the form

minimize  f(x; + p)

subjectto p; =0, ieW; (2.20)

with a working set Wy, and changing the size of working set by dropping and
adding constraints at each iteration. In particular, this algorithm performs the gra-
dient projection method until either an adequate working set W, is identified or
the gradient projection method is no longer able to deliver an acceptable improve-
ment. Furthermore, the conjugate gradient method is applied to find approximate
solution of the above unconstrained subproblem with respect to the current W.

14
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As we know from the previous section, the above subproblem can be trans-
formed to the following quadratic unconstrained problem

min fi(v) = lvTékar ghy, (2.21)
veER™k 2
where the matrix B consists of the columns and rows of B which correspond to
free variables at xy, similarly, g is defined by taking the elements of the gradient
of f at x; which correspond to free variables, and m; denotes the number of free
variable at x;.

Since the matrix B is positive definite, the conjugate gradient method can be
used to solve (2.21)). Suppose that the initial point vy is given, the conjugate gra-
dient method generates a sequence of iterations v, vy, ... which terminates at the
solution of in at most my, iterations. In GPCG algorithm the conjugate gra-
dient method is performed until an iterate v; is obtained that satisfies the following
condition

fivj—1) = fi(vj) <m lrgfjj(fk(vsfl) — fx(vs)) (2.22)

for a fixed constant 17; > 0. Then the approximate solution of (2.20)) with respect
to Wy is obtained by pk = Zvj,, where Z; is a matrix whose columns span the sub-
space of free variable at x;, and j; is a first index for which the condition (2.22))
holds. In fact, the condition (2.22) reveals the situation in which the conjugate
gradient method does not make reasonable progress.

As we have seen in previous sections, in the standard active-set method and
BCQP the new iterate x| is defined by

!k
Xkl =X+ 04 p-,

where ( )
. . ui — (xi); . i — (x)i
@, :=min (1, min l—k)l, min %),
i¢wk/\pf>0 pi i§§wk/\p§‘<0 pl'

and p¥ is the minimizer of (2.20). Indeed, in this strategy only one constraint is
added to the working set, and it can make algorithm inefficient. Therefore, it is
desirable to use a strategy for finding o, in which more than one constraint can
be added to the working set at each iteration. For this reason, in CGQP the new
iterate x| 1s computed by

X1 = P+ agep'], (2.23)

where Pz is the orthogonal projection in to the bound constrained feasible re-
gion .7, and ¢ is determined by the projected search strategy, which has been
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described in the subsection Note that if o > oy, then more than one con-
straint might be added to the working set.

Now assume that a new iteration x;| has been computed by the conjugate
gradient method. If x;; is in the face containing the solution of problem, this
face will be explored further by the conjugate gradient method. This decision is
made in terms of verifying the following condition

A (Xs1) = B(Xpr1), (2.24)

where o7 (x), %(x) denote, respectively, the set of active and binding variables at
x. Note that, if x;| is in the face containing the solution, the condition (2.24)
holds.

Remark 2.4.1. Note that if (2.24) holds, it does not necessarily mean that x| is
in the face that contains the solution of the problem. Nevertheless, if Xy is not
in this face, because of the finite termination property of the conjugate gradient
method, an iterate x, with r > k+ 1 is eventually generated which violates the

condition o (x,) = B(x,).

Once a face has been explored by conjugate gradient method, the gradient
projection method is used to search through the different faces by generating a
sequence {u;} which is defined by

ujr1 = Pglu;—og(uj)],

where P is the projection (2.8)) in to the bound constrained feasible region .#, the
step length o; is determined by the projected search strategy [2.3.2] and g denotes
the gradient of the quadratic objective function. The gradient projection method
is used to choose a new face as follows: assume that we are at the kth iteration
with x;, we set uyg = x; and generate iterations ug,uy,u3,... until for some fixed
1> one of the following conditions

A (uj) = (uj-1), (2.25)
Sfuj—1) = fu;) <m fgggj(fk(usfl) — fi(uy)) (2.26)

is satisfied. The justification of the condition (2.25)) is based on the result which
says, in the case of nondegenerate problems there exists a neighbourhood of the
solution such that the condition (2.25)) is satisfied provided that x; belongs to this
neighbourhood. Furthermore, the condition (2.26) prevents the gradient projec-
tion method from making deficient progress.

The above description can be summarized in to the following steps:
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Global step: Generate a sequence ug, uy,u, ... with ug = x; by the gradient pro-
jection method. Set x;y1 = uj,, where ji is the first index j which fulfils

either (2.25) or (2.26).

Local step: Generate a sequence vg, Vi, Vv2,... by the conjugate gradient method
with vo = 0 in order to solve approximately. Then set p* = Z3v;,,
where ji is the first index that fulfils (2.22)). Use the projected search strat-
egy to determine the step length oy and define x;,; by (2.23). If (2.24) is
satisfied, continue the conjugate gradient method.

It is claimed in [22]] that if the termination of GPCG is occurred in a finite number
of iterations, then it terminates at the solution of the problem. If the termination
occurs in the global step, duo to standard result of the gradient projection method
it terminates at the solution of the problem. Moreover, In local step the termina-
tion can only occur if the conjugate gradient method generates an iterate x; with
g5 =0 and o7 (x;) = Z(xs). Which implies that g,.4(xs) = & = 0, so xy is the
solution.

The main theoretical result for convergence of GPCG is based on the following
theorem which is represented in [22, p, 101]:

Theorem 2.4.1. Suppose that f : R" — R is a strictly convex quadratic function.
If x;. is the sequence generated by GPCG for solving the problem (2.1)), then either
Xy terminates at the solution x* of the problem (2.1)) in a finite number of iterations,
or xi converges to the solution x*.

2.5 A Trust Region Algorithm for Bound Constrained
Problems

In this section we describe a method of trust region type for solving problem
(L.1)), where the objective function f : R” — R is a arbitrary function which is suf-
ficiently smooth. We have no convexity assumption on f. Recall that the feasible
region is the set of all x € R" for which / <x < u.

This method proposed by CONN, GOULD and TOINT [10, 9] is a combination
of the active set method strategy and trust region method. That is, at each iteration
of this algorithm, the objective function is approximated by a quadratic model
within a region surrounding the current iteration. Then the algorithm chooses a
new feasible point in that region for the next iterate such that it gives a sufficient
decrease in the value of the quadratic model. If the value of objective function
at this point decreases sufficiently as it is predicted by the quadratic model, then
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the computed feasible point within the region is accepted as the next iterate and
the algorithm expands the region. Otherwise, the algorithm rejects this point and
shrinks the region. Moreover, the set of active constraints changes in this method
rapidly. The general convergence theory of this method is presented in [9].

2.5.1 Outline of the Algorithm

Before describing the method, we define the active set at point x with respect
to vectors / and u as the set of all indices i € {1,...,n} for which either x; < J;
or x; > u;,. We denote this set with o/ (x) = </ (x,[,u). Furthermore, P[x,[, u]
represents the projection on to the set {x € R": [ <x < u} computed by

li ifx; <1,
(Plx,l,u])i = < u; if x; > u;,
x; it < x; < u;.

Now suppose that we are at the kth iteration with xi, the gradient g; of the
objective function f at x;. The objective function f is approximated at x; by
a quadratic model m; whose gradient coincides with gz, and whose symmetric
Hessian matrix By is computed by a limited memory quasi Newton method. In
addition, we need a scaler A as the radius of the trust region at the kth iteration,
i.e. a bound on the displacement around x;. we believe that in this region the
behaviour of the quadratic model

1
mp(x+p) = flx)+grp+ EPTka, s.t. ||pll < Ax (2.27)

is similar to the objective function. Then a trial point X = x + pi for next iter-
ation is determined by finding an approximation to the solution of the following
trust region problem

minimize  my(x)
subjectto [ <x<u, (2.28)
[[x —xi|| < Ay,

where ||.|| is the infinity norm. The acceptance of the trial point X as the new
iterate and the modification of the trust region radius A; are based on the agree-
ment of the quadratic model m; with the objective function f at the iteration x.
That is, we compute the following ratio

f ) — f (i + pr)

: 2.29
() — (& pe) (2:29)

Pr =
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where the numerator and dominator of (2.29) are called actual and predicted re-
duction, respectively. Then we set

L d KT P if pp > u,
T if p < L,

and modify the radius A as follows
nar  ifpe<u,

A1 = M ifp <pr<m, (2.30)

vA ifpe=m,
where 0 < 71 < 1 < 7, 4 and 1 are fixed numbers. Now we describe how the
solution of (2.28)) is approximated at each iteration. Since ||.|| in (2.28)) is the

infinity norm, the shape of the trust region is like a box. Hence, we can transform
(2.28) to the following bound constrained problem

minimize  my(x)
. (2.31)
subjectto [ < x < uy,

where

(2.32)

forallie {I,...,n}.

According to [9], in order to fulfil the global convergence theory, it is required
to find a feasible point of at which the value of the quadratic model my is not
greater than its value at the generalized Cauchy point (CP). Where the generalized
Cauchy point is defined as the first local minimizer of the following univariate,
piecewise quadratic function

qi(t) := mp(P[xx — tgx, L, ux])- (2.33)

In other words, the CP is the first minimizer of the quadratic model m; along the
piecewise linear path P[x; — gy, I, ux] which is defined by projecting the steepest
descent direction into the region

{xeR": [ <x<u}.

Note that the generalized Cauchy point is a kind of the gradient projection meth-
ods that we have described in section (2.3)). Therefore, it allows the algorithm to
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add and drop many indices from the active set at each iteration and it is also able
to find optimal active set in a finite number of iterations, which is desirable for the
case of large scale problems.

In order to obtain a fast asymptotic rate of convergence for the method, we
need to find a better minimizer of than the generalized Cauchy point. Hence,
given x;” the generalized Cauchy point for 2:31), and <7 (x;”) = o (x”, I, ux)
the set of active variables at the Cauchy point, we solve the following problem
approximately

minimize my(x)
subject to (lk)i <x; < (Ltk),', i ¢ sz(xzp), (2.34)
xi = ()i, ied(x).

For solving (2.34)), Firstly we ignore the bound constraints on the free variables
and treat the problem as an unconstrained optimization problem in the subspace of
free variables which correspond to the set of indices {i € {1,...,n} :i ¢ o (x;")}.
Then the conjugate gradient method is applied with the initial point x = x,ip to the
problem

minimize my(x)

subjectto  x; = (x");, i€ (xP).
We terminate the conjugate gradient method at a new trial point Xy, 1, if one of the
following conditions holds:

1. The residual in the conjugate gradient method is small enough.

2. One or more of the variables, whose index is in not contained in .o/ (x;p )
violates one of the bounds.

3. The conjugate gradient does not make efficient progress.

We describe the conjugate gradient method in more details later.

2.5.2 The Generalized Cauchy Point

In this section we outline an algorithm for computing the CP as the first local
minimizer of the quadratic model m; along the piece wise linear path

x(t) = Plxg — 18k, Iy, ug], forr >0, (2.35)

which is obtained by projecting the points along steepest descent direction in to
the bound constraints. For convenience, we define X = x; and drop the index k
of the outer iteration throughout this section. Therefore, g, [, u and B represent,
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respectively, g, Iy, ur and By. Subscripts are used to denote the components of a
vector.

For deriving an explicit expression for piece wise linear path (2.35]), we define
the breakpoints in each coordinate by

it ifg; <0
ti = ’2’;" ifg; >0 (2.36)
o otherwise,
and we sort breakpoints #; for i = 1,...,n in an ascending order to obtain the

ordered set {7; : 7 <71, j=1,...,n}. Then the piecewise linear search path x()
can be expressed by

Xi—1tgi ift <t

n@:{ (2.37)

)?i—tigi if t > 1,

which is linear on each interval [7;,7j;] with j = 1,...,n— 1. For finding the CP
we examine the intervals [0,7;], [f1,%2], [f2,73], . . . in turn until the one that contains
the CP is located.

Assume that we have examined the intervals [f;_,%] for k= 1,...,j and de-
termined that the local minimizer lies at some value ¢ > 7;. Now we are examining
the interval [f;,7;11]. We define the jth breakpoint by

X = x(T).

Hence, on the interval [f;,7;;1] we have

x(t) = x/ + Ard/, (2.38)
where
Al:l‘—t_j, Ar € [O,fj+1—fj], (2.39)
and
- —8i if1; <t;
al={ 8 TLSE (2.40)
0 otherwise.

In order to compute the generalized Cauchy point, we need to investigate the
behaviour of the quadratic model

m(x) = (%) + " (x—£) + %(x—)ﬁ)TB(x—ﬁ) 2.41)
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for points lying on the interval [f;,7;,1]. By substituting (2.38) in (2.41)), we can
express the quadratic model m on the line segment [x(7;),x(fj11)] as

. 1. ) . .
m(x) = f(£) +g" (v +Atd’) + S + Atd)TB(V + Ard)),
where

v =x/ —%. (2.42)

Consequently, m can be written as a quadratic function in At,

i(Ar) =(f(%) +g"v/ + %(vj ) Bv) + (g7 d! + (d7)T Bv) At
+ ((d)) T Bd’)Ar*.

By expanding and grouping the coefficients 1, Az, and A> we can write the above
one dimensional quadratic function 7z as

1
m(At) = fj+ fiAt + 5 fiar, (2.43)

where the coefficients f;, f}, and f} are determined by

fi=rf(%) +g"v + %(vj)Tij,
fj=¢"d’+(d’)" By, (2.44)
fi=(d’)"Bd’. (2.45)

By differentiating /22 with respect to At and setting it to zero, we obtain At* =
—f}/f]. Now we have these cases:

o If f/ > 0and At* € [0,7;;1 —1}], we deduce that there exists a local mini-
mizer of m(x(t)) at t =7; + Ar*. Hence, the CP lies at x(7; + Ar*).

e Otherwise, the CP lies at x(7;), provided that we have f; > 0.

e In all other cases the CP lies at x(; ) or outside of interval [7;,7;,1]. There-
fore, we continue to search through the next interval. In these cases we need
to calculate the new direction d/*! from (2.40)), and use this vector for cal-
culating fj1, f}, and f7, . Since the difference between d’ and d/*! is
typically in just one component, we can made computational save by updat-
ing the coefficients fj1, f},; and f7, | rather than calculating them from
the scratch.
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Now we need to be concerned with computing f}, | and £, ;. Assume that
I is the set of indices corresponding to the variables that become active at
lTjJrl. That is,
lj = {iE{l,...,n}:tizt_j+1}. (2.46)
Then we have
dt =d/— Y dyey,

kel

where ¢, is the kth column of the identity matrix. Now we can compute

fio =T+ 8] =P Y g,

kel
" 1 JFINT j (2:47)
fim =17 (") ( Y dkek—2d>,
k61j+1
where ¢’ := ¢ — Bf, Atj ;=1 —1; and
b =B( Y die)= Y du(Bey). (2.48)

kteJrl kteJrl

Note that the computations need only a matrix-vector multiplication
(2.48) and two inner products of vectors. Furthermore, the matrix-vector
multiplication includes columns of B which are indexed by /;;;. Since
|Ij1+1] is usually small, the product can be done very efficiently.

Now we give an algorithm for computing the generalized Cauchy point.

Algorithm 2.5.1. Generalized Cauchy Point

Step 0: (Initialization)

Given xp, I, L, ui, u, g, and By, Initialize

X 1= X,
g = gk — Bixk
d:= lim Plx; —tgi,l,u] — xg,
t—0t
f= ()" d, and
f"=dBd,

If f/ >0, goto step 4
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Step 1: (Finding the next breakpoint)

Compute
At :=max{r: [ <x+td < wu},

and find index set I of the indices corresponding all the variables that be-
come active at x + Atd.

Step 2: (examining whether the CP has been found)
If f" >0and 0 < —(f'/f") < At, set

x:=x—(f/f")d,
and go to step 4

Step 3: (Updating the line derivatives)

Compute
b:= Bk(zdiei>>
i€l
Reset
x:=x+Atd
fli=f +Af" — bl x— Zdigi,
icl
f'i= 0T (L die—24),

iel
di:=0foralliel.

If f/ >0, go to step 4.

Otherwise, go to step 1

Step 4: (Termination with CP)

Set xP := x.

2.5.3 A Conjugate Gradient Type Method

In this subsection we are concerned with solving the problem

minimize my(x)
subject to (lk),‘ <x; < (uk),-, i ¢ szf(x;p), (2.49)
xi = ()i, ied(x).
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In particular, the variables in which the generalized Cauchy point lies at the bounds
remain fixed and we minimize my(x) over the subspace of free variables subject
to the bound constraints. The index set of free variables at the iteration k defined
by

Fr={1,2,....n}\ A (x;").
Suppose that ¢t denotes the number of free variables, and Z is a n X t matrix whose

columns are unit vectors which span the subspace of free variables, Now we can
transform (2.49) to the following quadratic problem for £ € R’

1 R
minimize sy (%) ;= z(;e — 2 B (& — %) + (& — %)y (2.50)
subjectto  (I) < £ < (), (2.51)

where
B :=Z] By, (2.52)

is the reduced Hessian matrix,
fe=2ZTx r=2Z"g, b:=2Z"1, and Gy :=2Z"u (2.53)

represent, respectively, the projection of the xi, gx, lx, and u; onto the subspace of
free variables.

For Solving the above problem, we ignore the bound constraints (2.51) and
apply the conjugate gradient method with the starting point Z x°P to the system
of linear equations

Bk = —r — Biiy, (2.54)

and terminate the iteration when one or more of the bound constraints (2.51)) is vi-
olated, or when an excessive number of iterations has been done by the conjugate
gradient method, or when the residual is smaller than

& := min(0.1,/]|2c]) Il ll, (2.55)
where g is projected gradient at x; and defined by
8k = Pl — gi] — X
Algorithm 2.5.2. Cunjugate Gradient Method
Step 0: (Initialization.)

25



Proposed Algorithms for Bound Constrained Problems

Compute By, I, iy from 2.52)) and 2.53)), and & from [2.55)). Set

x:=x7P,

x :ZTx,

Fi=—Z" (g +Br(x—xy)),
p:=0,
p1:=1,
pri=#"F,

Step 1: (Test for required accuracy)
If p2 < &, go to step 3.

Step 2: (Conjugate gradient iterations)

Set
ﬁ = P2/p17
p:=7r+pp,
= Byp,

o :=max{a: [ <t+ap<i},

IfpTy <0, set £ := %+ o p and go to step 3.
Otherwise, compute 0 = py/p’ §.
If ap > ay, set £ := X+ oy p and go to step 3.

Otherwise, reset

£:=%+ap,
Fi=r— 062)7,

p1 = p2,

pri=#"F,

and return step 1.

Step 3: (Termination of conjugate gradient algorithm)
Setfori=1,....,n

l
ZiR)i ifie 7.

xP ifi¢d .7
(Xk41)i = {( fig 7
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2.5.4 The Algorithm

In this subsection, we summarize the method, which we have described in[2.5.1] in
an algorithm. Before that we give some explanations about the approximated Hes-
sian matrix B;. We should mention that for global convergence of the algorithm,
it is required that the Hessian approximations satisfy the following condition

Y 1/(1+ min ||Bil|) = o
k=0

0<i<k
The above condition is satisfied if, for example, we have
|Bi|l < A1+ kAa (2.56)

for k € N and fixed positive numbers A; and A,.

The Hessian matrix can be approximated at each iteration by a number of
different methods including BFGS,

T T
YV  BiSiSi Bi

Bk—H =B+ T ko T £ ’
ViSk S Bisk

and DFP,
_ ryE FVK TSR
Bk—H - Bk + T - T.\2
Vi Sk (y & sk)
updating strategies. Where s; and y; represent, respectively, the displacement
Xk+1 — X; and the change of the gradient gi41 — g, and r¢ defined by

Tk := Yk — Bisy.

In both of the cases, we update only if the new approximation By | is guaranteed
to be positive definite, more precisely, the updates are performed provided s, yi
satisfy the following condition

It has been shown in [[15] that for the case of convex problems, the BFGS updates
remain uniformly bounded, therefore, the condition (2.56) is automatically sat-
isfied in this case. Another method for approximating the Hessian matrix is the
symmetric rank-one(SR1) method which has the following update formula

T
Bk+1:Bk+ T
rksk
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This method does not guarantee that the new approximation is positive definite
and must be controlled so that the condition holds. Moreover, we skip the
update whenever the condition

T
rir
1211 > 108
rk Sk
holds for the rank-one correction.

Now we are in the position, in which we can specify the algorithm.

Algorithm 2.5.3. A Trust region type algorithm for bound constrained optimiza-
tion problems
Step 1: (Initialization)

Given the initial feasible point xo with the gradient go, an initial trust region
radius Ay, and an initial symmetric approximation of the Hessian matrix By.
In addition, the positive constant Yy < 1 < 1, U, N and € are defined. Set

k=0.

Step 1: (Test for convergence)
Compute the projected gradient

8k = Plxx — 8k] — x.
If ||gkl|| < €, Stop

Step 2: (Computing the Generalized Cauchy Point)
Determine the bounds I, and uy from (2.32). Compute the generalized
Cauchy point by algorithm 2.5

Step 3: (Finding the new iteration)

Determine the active set o/ (xzp g uy). Use the conjugate gradient algo-
rithm to find an approximation Xy to the solution of the problem

.34

Step 4: (Computing the ratio of actual reduction to predicted reduction in the
function value)

Compute f(X;1) and set
P == (f () = f (Fieg1)) / (mi () — (B 1))
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Step 5: (Updating)
Set

B {ik+1 if pr> MW,
Xk+1 =

X ifpr < u,
) &(k) >,
8k+1 = .
8k ifpr < u,

and update Ay, from 2.30). Apply a method for approximating the Hes-
sian matrix By at x;1 while ensuring that the condition (2.56) is satisfied.
Set

k:=k+1,

and go to step 1
Remark 2.5.1. It can be shown by short computation that
Plxx— 8| — Xk = —&rea (%x),
therefore, the termination condition
[Pl — gk —xel| < &
in the algorithm is equivalent to the following condition

18rea (i) || < €,

where g,.q is reduced gradient defined by (1.4). That is, the algorithm ter-
minates whenever a stationary point is reached.

2.6 L-BFGS-B

In this section we give the description of the limited memory BFGS method for
solving the bound constrained optimization problem with a large number of
variables n. This method, which was proposed by BYRD, LU, ZHU and NOCEDAL
[6], uses a limited quasi-Newton update method for approximating the Hessian
matrices in such manner that the required storage is linear in n. Similar to all the
algorithms that we have described in this chapter, the gradient projection method
is applied to identify the set of active variables at each iteration. In fact, using lim-
ited memory BFGS matrices and the line search strategy are the main properties
that make this method distinguished from the other methods, especially, from the
trust region type method described in the previous section.

29



Proposed Algorithms for Bound Constrained Problems

2.6.1 Outline of the Algorithm

Similar to[2.5]at each iteration k with the iterate x;, we approximate the objective
function f with a quadratic model of the form

my(x) = f(x) + gp (x—x) " Bie(x — x¢), (2.57)

where gy, is the gradient of objective function at xi, By is a positive definite matrix
computed by the limited memory BFGS method. Then the quadratic model my is
approximately minimized with respect to the feasible region {x € R" : | < x < u}.
This task is done by, first, applying the gradient projection method to fix some
variables in one of their bounds and then minimizing the quadratic model over the
subspace of free variables.

The gradient projection method is performed by first considering the piece-
wise linear path

.Xk(t) = P[.X'k _tgk’lau]a

which is obtained by projecting the steepest descent direction onto the feasible
region, where the projection PJ[,,] is computed from (2.5.1). Then we find the
generalized Cauchy point x°? as the first local minimizer the piece-wise quadratic
univariate function

qi (1) = mi((1))-
After x]ip has been computed, the values of variables whose index belongs to

o (x7) = o/ (x”,1,u) are held fixed. Then we solve approximately the following
quadratic programming over the subspace of free variables

minimize my(x)
subject to L<xi<u, i¢ Jaf(x;p), (2.58)
xi:(x,ip),-, ieszf(xlip),

where o7 (x,ip ,1,u), is defined as the set of indices corresponding to the variables
whose value at x? is at one of their bounds. To solve (2.58)), first we ignore the
bound constraints and minimize the quadratic model my(x) over the subspace of
free variables, which can be done either by a direct method or an iterative method
with respect to the subspace of free variables, or by a dual method in which the
active bounds are dealt by Lagrange multipliers. Then the path toward the solution
is truncated in such a way that the condition

li S Xi S uj, i ¢ ,!Zf(xzp) (259)

is fulfilled.
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After the approximated solution X, of has been obtained, the new
iterate x| is computed by a line search strategy which enforces the strong Wolfe
conditions along the descent direction Py := X — x;¢. That is, the new iterate is
computed by

Xper1 = X+ Qi (2.60)

where o is a step-length that satisfies in the sufficient decrease condition

f 1) < f(xr) + vi0ugf pes (2.61)

and the curvature condition

ge1 k] < Polgt Pl (2.62)

where 7 < 9 < 1 are fixed positive numbers. Now it remains to show that the
direction py is a descent direction. Firstly, since the generalized Cauchy point x“7
is the minimizer of the quadratic model m; along the projected steepest descent
direction, we have

my(xe) > my(xP),

unless the projected gradient is equal to zero. Moreover, X lies on a path from
x°P to the point that minimizes the quadratic model m;, over the subspace of free
variables. Hence, the value of the quadratic model m; decreases along this path,
in particular, my (X, ) can not be greater than my(x?) and we have

. ) 1
F k) = mp(xi) > my(xP) > my(F1) = f () + 84 P+ EP/{BkPka
which implies that
1
Sk pr+ EPZBkPk <0.

Since in this algorithm at each iteration, the limited memory BFGS method is used
to approximate the Hessian matrix, By is positive definite. Consequently, we have

iy <o.

2.6.2 Limited Memory BFGS Update

In this section we describe a method in which computing the limited memory
BFGS can be done efficiently. BYRD, NOCEDAL and SCHNABEL [7/] have de-
rived the compact representation form of the BFGS method which allows us to
implement the limited memory BFGS method efficiently.

31



Proposed Algorithms for Bound Constrained Problems

Suppose that we are at the iterate x;, and the pair correcter vectors {s;,y;} for
i=0,...,k—1 are defined by

Si = Xipl —Xis Vi = &itl — &is (2.63)
and also for i =0,...,k— 1 the curvature condition
sTyi>0 (2.64)

is satisfied. Then the new BFGS matrix is computed by formula

T T

Bisis; Br - iy
T T,

S; BieSk Vi Sk

Bii1 =By — (2.65)

Now we have the following theorem [/, p, 6]

Theorem 2.6.1 (Compact Representation Of BEGS). Let By be symmetric and
positive definite and k pairs {s;,y; f:ol satisfy the curvature condition (2.64).
Moreover, assume that k times update are applied to By by using pairs vectors
{si,y:}*=) and the direct BFGS formula (2.63), then the symmetric positive defi-

nite matrix By can be expressed as

By =By — [BoSk Yk} {S’{ gk})sk —CDkk] B {SE‘TKEO] (2.66)
Where Cy, € R** and diagonal matrix Dy, € R¥K are defined by
(C)ij ::{S?—‘y"“ iz (2.67)
0 otherwise,
Dy :=diag[shyo,- -, 5f_ k1], (2.68)
and the correction matrices Si,Y, € Rk have the form
Se:=1[50,--,8k—1]y, Ye=Doy---,Vk-1]- (2.69)

Now we can use the update procedure, which is described in the above the-
orem, to compute the limited memory BFGS matrices. In the case of limited
memory BFGS, at each iteration we store a small number r of recent correction
pairs {s;,y;} in the correction matrices Sy and Y. This matrices are updated by
removing the oldest pair and adding the new pair to them. That is, the correction
matrices belong to R”*” and have the forms

Sk = [Sk—rs-->St—1]s Yi = Drerye o h1]- (2.70)
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Moreover, we choose B(() ) = I as the initial matrix where y, is a positive scaler

computed by
L ylil)’kfl

O := —F . 2.71)
Sk—1Yk—1

Now if the curvature condition holds for correction pairs {s;,y;} with i =
k—r,...,k—1, then the limited memory BFGS matrix By which is computed
by applying r times updates to the initial matrix @/, using the correction pairs
{si,yi I,i:l and the BFGS formula can be expressed as

By = oyl — UN UL (2.72)
where
U= oSk, (2.73)
-1
Ny = {_éz ¢ wk?,% S}J : (2.74)

and Cy and Dy, belong to R™*" and defined as

T e
Sk—r—14iVk—r—1+j AFi>]
C ji= k—r—1+i J 2.75
(Ci)ij {0 otherwise, (7
Dy :=diag [s{_,yk—ry--»Sf_1Yk—1]- (2.76)

It should be mentioned that the matrix Ny is a 2r X 2r matrix and since the positive
integer r is chosen to be small, the computation of N, !'is cheap. Furthermore,
throughout the algorithm we do not compute By, explicitly.

It has been shown in [7] that similar to (2.72)), the inverse limited memory
BFGS matrix H; can be represented by

|
H,= —I-UNUT!, (2.77)
@y
where

7, = [wikyk Sk}, (2.78)

_ 0 -0, !
= _ _ 1!, 2.79
: [—QkT 0" (D + L0, &7
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and Q) € R™" defined as

T cp .
L e— skfr—1+iyk7r71+j if i S ] 5 20
(Qk)w . {0 otherwise. (2.80)

(2.81)

Note that although the line search procedure, which is used in this method,
imposes the strong Wolfe conditions, the condition s,{yk > (0 may not always hold.
This is due to presence of bound constraints. Hence, to preserve the positive
definiteness of the limited memory BFGS matrices, we skip to update the limited
memory BFGS matrice By, and discard the correction pair {sy,y, } if the curvature
condition

sty > eps|ly|® (2.82)

does not hold, where eps is the machine precision. In this situation we do not
remove the oldest correction pair from the correction matrices (2.70).

2.6.3 The Generalized Cauchy Point

The computation of the generalized Cauchy point in the L-BFGS-B method is
similar as it has been described in Except that because of the special struc-
ture of limited memory BFGS matrices, the computations and updating of the
direction derivations fj’-, and f]’/ are different and can be done in a more efficient
manner.

Suppose that we have searched through the intervals [fy_,%] withk=1,..., ]
and the generalized Cauchy point has been not found. Now we are examining the
interval [;,7;,1]. we set

I = pAdl, with A =T — 1 (2.83)

Suppose that only one variable with index b becomes active at 7;; 1. we compute
the search direction d/*! by updating d’ as follows

A =d) + gpep, (2.84)

where ¢, is the unit vector with one at the bth component and zeros elsewhere.
According to the definitions (2.42)) and (2.83) we have

VT = L Ajd (2.85)
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Hence by using (2.44)), (2.43), (2.84) and (2.83) we have
i —oT @i+ 4 (@7)YT Byit!
—gTd + g2+ (d))T Bv + Arj(d7)T Bd/ + gpel v/ ! (2.86)
=fi+Atif] + g} + gpef, B!

and
f]ll—l—l :(dj-l-l)Tij—l—l
=(d’)Bd’ 4 2gyel Bd’ + giel Bey, (2.87)
=f7 +2g,el Bd/ 4 g2el Bey,.

Note that since B is a dense matrix, the only expensive computations in (2.86)) and

are

engjH, egij, and eZ{Beb,

which can be accomplished in order O(n) operations . Nevertheless, by using the
limited memory BFGS formula

B=wl+UNUT, (2.88)

and the definition (2.40), we can express the updating formula (2.86) and
as

. .
fio1 =fi+Af] + g5+ wgpvl ™ — gpUENUT W/, (2.89)
o =f] - 2wgs —2g,ULNUTd' + wg? — giUL Nuy, (2.90)

where U/ represents the bth row of the matrix U. Note that in (2.89) and (2.90))
only the computations of UTv/ and UT d’ require O(n) operations. However, be-
cause from (2.84) and (2.85), the vectors v/*! and d/*! can be updated at each
iteration by simple computation, we can accomplished these computations in or-
der O(r?) operations for a small integer r, provided we maintain the following
2r-vectors at each iteration

qj+1 =yl g/t = UT(dj+gb€b) = qj+gbub,
w/ T =uTy = UT (W - Atjd?) = w! + Atq.

. +‘l +] . . . . / //
By using ¢/ and w/™", we can express the directional derivatives f i and fi
as

flar =+ AT + g5+ ogovy " — ghUfNw/ T,
fla=17— wgy — 28U} Ng’ — giU)NU},.
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If more than one variables will be active at 711 the above process, which outlined
above, will be repeated again.

Now we are in the position that we can specify an algorithm for computing CP
point:

Algorithm 2.6.1. Generalized Cauchy Point

Step 0: (Initialization)

Given x,l,u,g, and B = ol + UNUT, for i = 1,...,n compute the break
points and the components of the direction d in each coordinate by

By ifgi <0

L 8i
ti = x—i(;l" ifgi>0
o0 otherwise,
d e 0 ift;=0
l' —g; otherwise

Initialize
F :={i:t; >0}, (The set of indices corresponding to the free variables)
g:=U"d,
w:=0,
t:= m{i;t,-, (using the heapsort algorithm)
ic

told := 0,
At =t—t,y=1t—0,
b :=1i such that t; =t. Remove the b from .

step 1: (Examining the first interval [0,f;])

Compute

fl=g¢"d=—-d"d,
f"=0d"d—d"TUNUTd = —of — ¢ ngq
Atyin == —1"]f".

If Atyin < At go to Step 4.
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Step 2: (examining the subsequent segments)

Set
xf”:: Up l:fdb>0
I, ifd,<DO.
Compute
Vp = xgp — Xp,
w:=w+Atq,
= f + A" + g+ wgpvy — gyULNw,
f" = f"— 0g; —28,Uj.Ng — gyU}.NUp.
q:=q+gUp.
Set
db = 0,
Atyin 1= _f//f//;
lod =1,
t ;= mint;,
ez
At =t —t,y,

b :=i such that t; = t. Remove the b from ¥ .

Step 3: (Loop)
If Atyin > At go to step 2.

Step 4: Set

Atyin := max(Atyin,0),
told = tora + Atpin,
x;P = X;+to1ad;, for all i such that t; > t,

Foralli € F witht; =t, remove i from F .
wi=w+ Atying

Note that at last step of the above algorithm, the vector w is updated so that at
the termination we have
w=UT(xP —xp). (2.91)

we will use this vector in the primal direct and the conjugate gradient method.
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2.6.4 Subspace Minimization

After the generalized Cauchy point x°” has been determined, we deal with approx-
imating the solution of which consists of minimizing the quadratic model
my over the subspace of free variables, and enforcing the bound constraints on the
free variables. In this section we shall present three methods including a directed
primal method, a conjugate gradient method which is similar to [2.5.3| and a dual
method. In all of the three methods, first, we disregard the bound constraints and
solve the unconstrained problem with objective function m; over the subspace of
free variables. Then the path obtained by the solution of unconstrained problem
is truncated so that the bound constrained conditions are satisfied.

From now on, we denote the index set corresponding to the free variables at
x°P by %, which can express alternatively as

Fr={1,2,....n}\ ' (x),

where the subscript k stands for the outer iteration. Moreover, we define Z; to be
a matrix with unit columns which span the subspace of free variables.

A Directed Primal Method

In the directed primal method, the variables in which the generalized Cauchy point
lies at the bound remain fixed and we minimize m; over the subspace of free
variables by starting from x°” and enforcing the bound constraints corresponding
to .%. Hence, we consider only points x € R” of the form

x=xP+Zp,

where vector p belongs to the subspace of free variables. Now we can rewrite the
quadratic model my(x) as

1
e(3) = (56) + 8] (v =X + 2P — ) 2 (v = x + 2% — )T Byl —x 427 — )

. X 1 . ,
= (g + Bk (x? —xp))" (x —xP) + i(x—xﬂp)TBk(x—xCp) +¢
1 -4
=p o+ ipTBkP +¢,
where { is a constant,
By =7 Bz, (2.92)

1s the reduced Hessian matrix, and

1= Z5 (g + Br(xP — xz))
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represents the projected gradient of the my, at x; onto the subspace of free variables.
By using (2.91)) and (2.72) the projected gradient r; can be rewritten as

ry = ZZ (gk + O)k(xcP —xk) — UkaW), (2.93)

where the vector w has been already computed while computing the generalized
Cauchy point. Now we can transform (2.58)) to the following problem

1 74
minimize my(p) := EpTka +rip (2.94)
subjectto [ —x;¥ <p; <u;—xi", i€ .F. (2.95)

As we have mentioned to solve the above problem, we ignore the bound con-
straints (2.95)) and solve the unconstrained problem (2.94), which is done by

=B . (2.96)

Since the limited memory BFGS matrix By is a small-rank correction of a diag-
onal matrix, for computing B,:] we can apply the Sherman-Morrison-Woodbury
formula, In particular, by using we can express the reduced Hessian matrix
Bas

B=wl-Z"UNU"Z),

where the subscript k of the outer iteration is dropped for simplicity. By using
Sherman-Morrison-Woodbury formula we obtain

A

1.1 1 1
B '=_—1+—7"v(—-—NU"zZ"U)"'NUTZ—.
w w w Q]

By substituting above expression in (2.96), the solution of unconstrained problem
can computed by

11 1
pl=_rt EZTU(I — 5NUTZZTU)—UVUTZr. (2.97)

Once the Newton direction p* has been computed, we impose the bound con-
straints (2.95)) which is done by setting

pri=a*p, (2.98)
where the positive number o* is defined by
a*=max{a:a <1, L—x"<ap!<u—x" ieF}. (2.99)
Thus, we can express the approximated solution X of (2.58)) as

] {xf" ifi¢ F

Xi = 2.100
l x;P+(Zp*)i ifie 7. ( )
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Algorithm 2.6.2. (Direct Primal method)
Given x,l,u,g,w and B = wl +UNUT .(Note that the subscript k for the outer
iteration have been omitted for simplicity)

Step 1: (Computing NUT Zr)
Compute
Zr:=277Z" (g + o(x? —x) — UNw)
v:i=U"Zr
v:=Nv
Step 2: (Computing M :=1— +NUTZZTU)
Set
1
M:=—NU"zZ"U
(0]
M:=1-NM

Step 3: (Computing the Newton direction p")
Compute

vi=M"ly
1 1
“i=—(=r+—Z'U
p ( ) V)
Step 4: (Imposing the bound constraints (2.93))
Compute

a =max{o:a <1, L—x"<ap!<u—x" ieF}

Y

p* = a*pu
X = X;p ifi ¢ 7
P+ (Zip*)i  ifie Z.

A Primal Conjugate Gradient Type Method

Another approach for approximating the solution of (2.38) is to solve the positive
definite linear system
Bt =—r, (2.101)

iteratively, by applying the conjugate gradient method. Similar to [2.5.3]the algo-
rithm terminates whenever one the following conditions is satisfied:
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e One or more of the bound constraints (2.95)) is violated.

e The residual in the conjugate gradient method is smaller than
O :=min(0.1,+/||re|)]| 7kl - (2.102)

It should be mentioned that since the limited memory BFGS matrix By is positive
definite and also all of its eigenvalues are almost identical, it is suitable to use the
conjugate gradient method.

Algorithm 2.6.3. (Conjugate Gradient Method)
Givenx,l,u,g,w,B= ol +UNUT ,and § from .102)).(Note that the subscript
k of the outer iteration have been omitted for simplicity)

Step 0: (Initialization.)

Set
d:=0,
P:=7"(g+ o(x? —x) —UNw),
p:—r,
p1:=1,
pr =7,

Step 1: (Test for required accuracy)
If pr < 82, go to step 3.

Step 2: (Conjugate gradient iterations)

Set
B 5:P2/P17
ﬁ:: _f+ﬁpA7
$:=Bp,

o :=max{a:l; <X’ +di+ap; <u},
0 :=pa2/p" 9.
If oo > oy, setd :=d+ o p and go to step 3.

Otherwise, reset

d:=d+ap,
Fi=7r+ oy,
p1:= P2,
P2 = f'T”;?

and return step 1.
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Step 3: (Termination of conjugate gradient algorithm)
Setfori=1,...,n

_ xfp ifi¢ 7
(xk+1>i = cp o o
'+ (Zid);  ifie F.

A Dual Method

In practice, it is usually observed that the number of active variables is small in
comparison to the dimension of the problem. Thus, it should be appropriate to deal
with active bounds by corresponding Lagrange multipliers. This kind of methods
is referred to as a dual method. We consider the point x € R" of form

X=X+ p,

where x; + p is restricted to lie on the subspace of free variables at x°?. Which is
done by enforcing the condition

LIp=LI'(x? -x), (2.103)

where L, is a matrix whose columns are unit vectors which constitute a basis for
the subspace of active variables at x°. In addition, we have

LIz, =0, LiLl+zzl =1

Now by stetting
bk = L]{ (xCp — xk),

we form the following subspace problem

1
minimize gl p+ 3 p'Bip (2.104)
subjectto L] p=by (2.105)

[ <xi+p<u. (2.106)

Similar to other approaches in this section first we solve this problem without
considering the bound constraints (2.106)). This is done by writing the optimality
conditions

gk+Bp" + L =0, (2.107)
LI'p* =by. (2.108)
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for (2.104)-(2.105)), and multiplying (2.107) by L,{Hk from the right-hand-side,

where Hj represents the inverse of By. This yields
LT Hygi + LI P*+ LT HyLu* =0,
by using (2.108) we obtain
(LT HLy)uw* = —L] Hygi — by. (2.109)

Since Ly is a full rank matrix and whose columns are unit vectors, L] HiL! is
a principal sub-matrix of Hy;. Hence we can determine u* by solving (2.109).
Furthermore, since H is limited memory BFGS matrix and L,{Lk = [, we can
again use the Sherman-Morrison-Woodbury formula to solve the linear system

(2.109). To see this, we have
1 N
L{ HilLy = ol (LLO) (N L)
By using the Sherman-Morrison-Woodbury formula we obtain
(LFH L) ™ = okl — opLF O (I + aoxN O LI 0) 7' NGO L. (2.110)

Once u* has been determined, we compute p* by solving the linear system

Byp® = —Lilt* — g (2.111)
Finally, the approximated solution X of (2.58]) is computed by
X=xP+o*(x+p* —xP), (2.112)

where the positive number a* is defined by

af =max{a:li—x" <o((x)i+pf —xF) <uj—xiF,ie F}.  (2.113)

i
Algorithm 2.6.4. (Dual Method)
Given x,l,u,g,w,H = L1+ UNU.T and we define n.; the number of active
variables at x°P, In other words,

Ne = |/ (xP 1 u)|.
(Note that the subscript k of the outer iteration have been omitted for simplicity)

Step 1: Ifn, =0, Compute

and go to step 5
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Step 2: (Computing the right-hand-side of (2.109))
Compute

v:=0Tg
v:i=Mu
q =LT0v

1
g:=——L"g—q—b

Step 3: (Computing 1W*)
Reset
u:=0U"Lg

Form M = (I1+oNUTLLTU) as follows

M:=oU"LL"D
M:=I1+NM
Compute
u:=M 'Nu
u = ’LTOu
P = —og+pt
Step 4: (Computing p*)
Compute
u:=0TLu*
u:=~Nu+v

* 1 * &
pri= _E(L“ +g)+Uu

Step 5: Compute

o =max{a: i —x;" < o((x)i+p; —x") <uj—x"ie F},

i

and set
X=xP4+o* (x4 p*—xP)
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2.6.5 The Algorithm for L-BFGS-B

Now, at this moment we can summarize the L-BFGS-B method in to an algorithm.
Similar to we use

PP — gi] — xpe||loo < 1072 (2.114)
as the termination condition.
Algorithm 2.6.5. (L-BFGS-B)

Step 0: (Initialization)
Choose an initial point xo, and an integer r to be the number of limited mem-
ory corrections stored. Define the initial limited memory Hessian matrix By
to be identity. Set
k:=0
Step 1: (Test for convergence)
If the condition (2.114) is satisfied, stop

Step 2: (Computing the generalized Cauchy point)
Compute x°P by algorithm
Step 3: (Computing the descent direction)

Use one of the methods described in including the directed primal
method, the conjugate gradient method or the dual method, to determine
the approximated solution Xi.1 of (2.38). Then set

Dk = X1 — Xx

Step 4: (Line search iteration)

Implement a line search iteration along the direction py, with respect to the
bound constraints, to determine the step length oy, and set

Xk+1 = Xk + O Pk

Note that the line search starts with the unit as the initial value and satisfies

the strong Wolfe conditions 2.61) and [2.64) with 11 = 10~* and » = 0.9.

Step 5: (Updating gradient)
Set
gkr1:= V(1)
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Step 6: If y; and sy satisfy the condition 2.82)) with eps = 2.2 x 10716, add the
vectors yi and sy to the correction matrices Sy and Yy.

If both of the matrices Sy and Yy have more than r update columns, remove
the oldest columns from both of them.

Step 7: (Updating limited memory BFGS)
Update S,{Sk, YkTYk,Ck and Qy, and set

Yk
Vi Sk
Step 8: (Loop)
Reset
k:=k+1,

and go to step 1
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Chapter 3

A New Quasi Newton Method for
Bound Constrained problems

3.1 Introduction

In this chapter we introduce a new approach [24]] to solve the bound constrained
problem (I.1)). Our proposed method is an active set method that uses a combi-
nation of the steepest descent directions and quasi Newton directions to identify
the optimal active bound constraints. Once the optimal set of active variables
has been identified, these variables are fixed at their bounds and the problem is
reduced to a smaller problem over the subspace of free variables. This reduced
problem is solved by performing the bent line search method along the quasi New-
ton direction. Particularly, the quasi Newton direction is computed by help of the
limited memory symmetric rank-one matrix. As it is known the SR1 matrices are
not necessarily positive definite, consequently, the quasi-Newton direction need
not be a descent direction. In such a case, we regularize this direction so that it
will become a descent direction. The convergence theory of the algorithm is also
provided.

3.2 Bent line Searches

In this subsection, we give a description of a line search approach for the case of
bound constrained optimization problems

minimize f(x)
. 3.1
subjectto [ <x<u

In general, a line search method generates a descent sequence of feasible points
which is constructed at each iterate x; by choosing a search direction py satisfying
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A New Quasi Newton Method for Bound Constrained problems

the descent condition
g pr <0, (3.2)

and a corresponding search path x; 4+ opy for o > 0. Then the positive parameter
0 is chosen in such a way that x; | := x; 4 o py. satisfies the condition

1) < f(x), (3.3)

where the positive parameter ¢ is referred to as step-length.

From now on throughout this chapter, we drop the subscript k of the outer
iteration for simplicity. Therefore, x, g, and p represent x;, g; and py, and we write
X for x4 1. Given a current iterate x, we call a component x; and the corresponding
index i active if either x; = [; or x; = u;. Otherwise, if x; € (I;,u;), we call the ith
component and its corresponding index nonactice or free. In the case of bound
constrained optimization problems, a search direction p must be also a feasible
direction at x in addition to satisfy the descent condition.

Definition 3.2.1. Given a feasible point x, we call the direction vector d feasible
at x if there exists a sufficiently small ¢ > 0 such that x + od is feasible.

The feasibility of p at x requires that

>0 ifxi=1,
pi=t A= 3.4)
Pi S 0 1fx,~ = U;.

If the gradient g = g(x) has a nonzero component g; at a nonactive index i, we can
move from x; along both of the directions 4-g; while remaining within feasible
region. Therefore the value of objective function is reduced by moving from x;
along the direction —g;. However, if x; is active in one of their bounds, only
changes x; in one direction is possible, since by moving from x; along the opposite
direction we would lose the feasibility. Therefore, for an active variable i the
objective function f decreases if we have

gi<0 ifxi:ll-, }

. (3.5)
g >0 ifx;=u;.

In this case, we say the variable x; can be freed from its bound.

As we have mentioned in|[1.2] at a local minimizer x of the bound constrained
optimization problem (I.1]), we have

8red(¥) =0, (3.6)

where g,.4 is the reduced gradient.
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3.2 Bent line Searches

Definition 3.2.2. For an arbitrary feasible point x of the bound constrained opti-
mization problem (1.1)), we call an active bound on x; strongly active if one of the
following conditions is satisfied.

1. gi>0andx; =1,
2. gi <0and x; = u.
Consequently, an active bound called weakly active if it is not strongly active.

While creating a line search method for bound constrained optimization prob-
lems, we face several difficulties. First of all, as we have mentioned, in addition
to being a descent direction the search direction p must be also a feasible direc-
tion. Moreover, the search path must be modified since linear search path may
leave the feasible region. To be more accurate, let p be a search direction and
x4+ ap(a > 0) be the corresponding linear search path, then for an index i the
bound constraint [/;, ;] is violated, provided either p; > 0 and u; < oo, or p; <0
and /; > —oo. To overcome this difficulty, we define the following piecewise linear
Bent line search path

x(a) =Plx+op,l,ul, (3.7)

which is obtained by projecting the linear path x + ap(a > 0) onto the bound
constraints
{xeR": 1 <x<u},

where P/[,,] is a projection defined by
li ifx; <1,
(Plx,lul)i =< u; if x; > u,
x; it l; < x; < uj.
The bent line search path is linear on each interval [o;_1,04] fori=1,...,m+ 1.

Where
O=o0p <oy < - <Oy < Oy =00,

and the break points o, ..., o, belong to the set

i —Xi li — xi
S::{”p.x :pi>O}U{ p.x :p,~<0}\{0,oo}. (3.8)

Proposition 3.2.1. Suppose p is a feasible direction at x for which the following
conditions hold

1. ngedp <0,
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2. pi=0ifeitherxij=1;, gi >0o0rx;i=u;, g <0,

then for sufficiently small o > O the bent search path (3.’])) is feasible, and also we
have f(x(a)) < f(x).

Proof. Due to the definition of the reduced gradient and second condition, it can
easily be shown that

gipi = (greq)ipi  foralli=1,... n.

Hence, we have

8P = 8rear <0.
Since p is a feasible direction, we have x(a) = x+ ap and consequently f(x(a)) =
flx+ap) = f(x)+ag’ p+o(a) if a > 0 is sufficiently small. O

There are many ways to construct a bent line search. According to our con-
vergence theory we need only to impose the following conditions

B1 If S =0 or o < min§, the line search is efficient.
B2 If a > minS, the condition
() < £x) (3.9)
is satisfied.

To implement the bent line search satisfying the above conditions. First, we de-
termine the values of o for which each component reaches its bound along the
chosen search direction p by

5= (uj — x;)/ pi %fpi>0andu,-<oo (3.10)
(I; — xi)/ pi if pj<Oand; > —co
Then we eliminate the duplicate values of &; from the set {@,...,®,} and sort

the remaining elements in an increasing ordered sequence o, 0, ... so that
D=y <o < - < Oy < oo.

Then we start with the first trial value a = o; with j = m. If (3.9) holds we
terminates the line search method and accept o, as the step length. Otherwise,

we replace j by | 4| iteratively until one of the following cases is occurred:

1. Anindex j > 0 is obtained, for which the condition

fx(a)) < f(x)

1s satisfied.
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2. j=0

In the first case, we apply a bisection procedure on the index set to improve index
J until it is determined that there is no neighbouring breakpoint than has a smaller
function value. Then the corresponding breakpoint ¢ is accepted as the step
length. In the second case, the breakpoint search failed. Therefore, we perform
an ordinary line search iteration by using an efficient line search method with
o € (0,04). Note that while performing the bent line search method, the set of
active variables is changed either by dropping some variables when p; # 0 for
some active components, or by adding atleast one variable when a break point is
accepted as a step length.

3.3 Overview of the Algorithm

In the case of bound constrained optimization problems, the choice of the search
direction is a crucial point for proving global convergence of algorithms. There-
fore close attention should be devoted to that. As it is has been mentioned in[1.2]
the zigzagging behaviour is the major cause that makes the algorithms inefficient.
In this situation, algorithms are unable to identify the set of optimal active bound
constraints, therefore, they free and fix the same variable alternatively in a large
number of successive iterations. Indeed, we have no full control over whether the
Bent line search fixes variables, because often the Bent line search is not able to
find a efficient step length o¢ < minS, and consequently accepts a break point as
the step length. Therefore, it remains just one way to prevent the bad zigzagging
behaviour which is to control the conditions under which the variable are freed.

In order to obtain the fast rate of locally convergence, we have to perform
locally steps which are done by means of an efficient unconstrained optimization
method over the subspace of nonactive variables; but this is reasonable only if the
resulting step is not bent. Therefore such a local step is performed whenever in the
previous step no variable has been fixed in one of its bounds. On the other hand, if
in the previous step a new variable was fixed in its bounds, it does not make sense
to perform the local step as the set of active variables is likely to change again.
In such a case we perform a standard step which is done by performing the
bent line search iteration along the steepest descent direction over the subspace of
nonactive variables. The search direction p used in a standard step is negative of
the scaled gradient direction in the subspace of nonactive variables, which consists

of components
—digi ifiel,
= 3.11
pi {0 otherwise , ( )
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where d; are positive scaling numbers of the order of square of typical change in
the ith component, and / consists of indices corresponding the variables which
either are nonactive or can be freed, provided the previous step was a freeing step.
In all other cases I consists only of indices corresponding nonactive variables.

Suppose that in the previous step no variable has been fixed in one of its
bounds, now we have to make a decision between performing a freeing step or
local step. In order to prevent the zigzagging behaviour, first we perform a local
step. Then we check whether a new variable became active. If a variable has been
active, we perform a standard step. After that, again we check whether a active
variable can be freed. If a variable can be free, we do a freeing step. Otherwise,
we repeat the local step again.

while implementing the algorithm, We terminate the algorithm whenever one
of the following conditions are satisfied

1. The norm of reduced gradient (1.4) is sufficiently small.

2. A large number of iterations have been done.

Note that if the first condition is satisfied, the algorithm terminates at a station-
ary point of problem and consequently the first optimality condition holds for this
point.

In order to analyse the convergence of the algorithm, we need to consider
infinity many iterations. Thus, in the following idealized version of the algorithm,
we only terminate the algorithm whenever the reduced gradient is zero.

Algorithm 3.3.1. (Proposed Algorithm)
Step 1: (Initialization)
Given a feasible initial point x° with function value f° and gradient vector
gY. Set
=il <Y <uor(gh,): #0}
Step 2: (Standard step)
If the reduced gradient is zero, Stop
Otherwise, if =0, go to step 4.

Otherwise, Perform the bent line search method along the standard direc-
tion over the subspace of variables corresponding to I to compute the new
x. Set

Ii={i: i <xi <u}.
Then, if some bound have been fixed, repeat step 2
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Step 3: (Local step)
If reduced gradient is zero, stop

Otherwise, perform the bent line search method along the direction deter-
mined by a quasi Newton method over the subspace of variables corre-
sponding to I to compute new x. Set

I:={i: [ <xi <u}.

Then, if a new bound has been fixed, go to step 2.

If no variable can be freed, repeat step 3

Step 4: (Freeing step)
Set
I .= {i 2l < xi <ujor (gred>i 75 0},

and continue with step 2.

The initial point in the first step is either chosen by user, or is given by

0. l; ifl; >0,
v uj ifu; <O,

as the absolutely smallest point x¥ in the feasible region.

3.4 Convergence Analysis

In this section, we derive the global convergence result for our method. To ensure
global convergence, not only the step length must be well chosen but also the
search direction must be well chosen. In particular, additional to be feasible, an
another requirement is imposed on the angle between the search direction and the
steepest descent direction.

Definition 3.4.1. let s, =: x;..1 — X} be the step and py be a descent search direc-
tion, along which xy1 is obtained by performing a line search method. We call
this line search method efficient if at each iteration, it produces a step such that
satisfies the condition

) sl

0<I<k (g7 s1)?

>0, (3.12)
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where ||.|| is an arbitrary norm in R". Equivalently, a line search procedure is
referred to as efficient if there exists an € > 0 such that for all steps 0 < [ < k, we
have

T
S

fior < fi—eSll
571

Efficiency of the line search procedure is one of the key requirements which
is need to be satisfied in order to obtain global convergence of the algorithms in-
volving the line search strategies.

In order to obtain the convergence result, it is required that the sequence of
iterations {x;}; to be bounded. This condition is satisfied whenever for some
index k the level set

{xeF: flx) < fla)}
is bounded, where .7 is the feasible region of (I.I)) consisting of only bound con-
straints. In most applications, this is satisfied for some iterates xy.

In the following convergence result, the degenerate stationary point is the only
case in which the weakly active constraints might pop in and out of the active set
in the zigzagging manner.

Theorem 3.4.1. Let f be continuously differentiable on the feasible region % .
Assume that all search directions p are feasible and also satisfy

pi = 0 if either x; =1;,g; > 0 or x; = u;, g; <0, (3.13)

and the reduced angle condition

T
8rea P _ (3.14)

sup ——— ————— .
18rea () I1] Pl
If the sequence of iteration points {x }\ is bounded then:

(i) The the reduced gradient g,.q(x;) satisfy

égg”gred(xk)H =0. (3.15)

(ii) If the algorithm does not terminate but x; — X for k — oo, then X satisfies the
first order optimality conditions g,.q4(X) = 0, and for all i and sufficiently
large k, we have

(xx)i =% =l if gi(X) > 0,

()i = & = u; if gi(%) < 0. (3.16)
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Note that the condition (3.14) is automatically satisfied for the steepest descent
direction, consequently this condition always holds at the standard step.

Proof. Every thing is trivial when the algorithm terminates at a stationary point;
therefore, we might assume that infinitely many iterations are done. W.l.o.g., we
can assume that /; < u; for all i.

(1) Suppose that the line search is efficient only finitely often then there exists an
integer L such that for all iterations k > L, condition B1 is violated, and con-
sequently the condition B2 is satisfied, in particular, the set of breakpoints
is not empty, and atleast a new bound is fixed. Hence ultimately, at each
iteration some new bounds are fixed. But this means that ultimately, only
step 2 is executed. Since the number of variables 7 is finite and no bound
can be freed in the step 2, this can happen only in a finite number of itera-
tions. This is a contradiction with our assumption.

Therefore, the line search is infinitely often efficient, and by (3.4.1)), there
exists a number § > 0 such that infinitely often

(fe — fer llsel®)
gl sk

Now by (3.13) and definition of the reduced gradient, for each component
i € {1,...,n} we have one of the following cases

> 9. (3.17)

L. grea(xk)i = (&k)i,
(gk)i and (xi); = I,

By (3.13) for the cases 2 and 3 we have

(1)i = ()i = (s1)i = &(pa)i = 0.
Therefore for all cases, geq(xk)i(sk)i = (gk)isi» and by summing over all
i €{1,...,n} we obtain
84Sk = &rea ()i

Since the sequence of iterations {x; }x is bounded and the objective function
f is continuous, the sequence f; := f(xx) is also bounded. Therefore f=
inf f is finite. Moreover, Since we generate a descent sequence, we have
lim f, = f. Hence, after infinitely many iterations satisfying (3.17), we have
( writing —¢ < O for the left hand side of (3.14))

T T
el gl < 5002k _ [8ra00P _ I8ra0)ok] [ Fe= finr
8red 5 7
1Pl 1Pl Ik
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as k — oo, and consequently we have

inf = 0.
Igoﬂgred(xk)ﬂ

(ii) By continuity of the gradient, we have

g = g(%) = lim g.

[—oo
If i is an index for which g; > 0 and (x); = [;, then there exists a number
L" such that (g); > 0 for k > L”, analogously, there exist a number L'
such that (gx); < 0 for all k > L' provided g; < 0 and (x;); = u;. Now
due to the definition of the reduced gradient we have for all iterations
k> L:=max(L L"),

0 if (xk)i = li,
(8rea(xx))i= {0 if (xx)i = u;,
(gx)i otherwise.

By part (i), there is a subsequence of g,.;(x;x) which converges to zero.
Now we show that the active variables (x;); = [; and (x); = u; remain fixed
at their bounds for infinitely many iterations k > L. Since for each active
variable (x); = I;((xx); = u;) we have (gx); > 0((gx)i < 0) for all k > L,
all active variables are strongly active. Therefore, they can not be freed
anymore. This fact implies that (xz); = ;((x); = u;) for all k > L, and
consequently, £ = limy_eo(x);i = [; (£ = limg_o0 (x¢); = u;). Therefore the
conditions (3.16) are satisfied.

From and the definition of the reduced gradient, we conclude that
gred(%) =limg,.4(xx) = 0. Hence the first order optimality condition is sat-
isfied.

]

3.5 Local Step

In this section we are dealing with computation of the search direction in the lo-
cal step of the algorithm As we have mentioned, in order to obtain fast
locally convergence we apply a limited quasi Newton method for unconstrained
optimization problems in the local step. To be more accurate, suppose that while
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performing algorithm [3.3.1} no variable has been fixed after execution of the stan-
dard step and also the feasible point x with 7 := {i : [; < x; < u;} has been de-
termined. Now in local step, the quasi Newton search direction is computed by
solving the following optimization problem

minimize p’ Bp+g' p+ f(x)

3.18
subjectto p; =0, i¢l, (3.18)

where g is the gradient of f at feasible point x, and B is a limited memory SR1
approximation of the Hessian matrix V2 f. Now the problem can be trans-
formed to the following unconstrained problem defined over the subspace of non-
active variables corresponding to the set /

min pTBp+ g7 p, (3.19)
peRrll
where
B:=7"Bz (3.20)
is the reduced Hessian matrix, and
§:=2"¢ (3.21)

represents the projection of the gradient vector g(x) onto the subspace of non-
active variables corresponding to /, and Z is a matrix whose columns are unit
vectors spanning the subspace of nonactive variables corresponding to I. As we
know from general theory of unconstrained optimization, the solution of 1s
computed by

pri=—B""3. (3.22)
Hence the solution of (3.18)) is determined by
pri=2py. (3.23)

Since the matrix B is computed by the limited memory SR1 method, we have
no guarantee that the search direction py is a descent direction. However, from
our convergence result, the search directions p; must satisfy the angle condition
(3.14). In following we will explain, how this search direction is regularized in
order to satisfy the condition in case it fails to hold for (3.23)). First we give
a description about updating the limited memory SR1 matrices.

3.5.1 Limited Memory SR1 Update

Similar to the BFGS matrices, the compact representation of SR1 matrices can
be derived. This compact representation introduced by BYRD, NOCEDAL and
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SCHNABEL [[7] is similar to ones developed for the BEFGS formula, except that
under some conditions it requires less storage. The SR1 matrices are updated at
each iteration k by the following update formula

(& — Besi) vk — Bese) ™

B =B
1 = Bk (V& — Bresi) sk

(3.24)

where
Sk = Xk+1 —Xky Yk = 8k+1 — 8k-

It should be mentioned that the above update is well defined only if

(& — Bisk) s # 0.

In our implementation it has been observed that, the SR1 method does not break
down and performs well if the update is skipped whenever the denominator of
(3.24) is small. In particular, the update formula (3.24)) is applied whenever the
following condition

| (v — Brsi) T skl > 1078 ||| |lyx — Brs | (3.25)

holds. Now we present the compact representation of SR1 matrices by means of
the following theorem.

Theorem 3.5.1. (Compact Representation of SRI [/, p, 20]) Suppose that the
symmetric matrix By is updated k times by the SR1 formula (3.24) using the pairs
{si, yi}f;ol, and assume that each update is well defined. In another words, we
have (y;—Bjs;)Tsj # 0 forall j=1,...,k— 1. Then the symmetric SRI matrix
By can be expressed as

By = Bo+ (Ve — BoSk)N; ' (Y — BoSi)” (3.26)

where the correction matrices S, Yy, € Rk have the form

Sk :=1[50,---»Sk—1)s  Ye=[o,--- k-1, (3.27)
the matrix
Ny 1= Dy +Cy +C{ — S{ ByS (3.28)
is nonsingular, Cy € R¥* and diagonal matrix Dy, € R¥** are defined by
T e
(Cu)ij = {f)’—ly"l ;ft;;il_se’ (3.29)
Dy :=diag [sgyo, . ,s,{_lyk,l]. (3.30)
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Similar to the limited memory BFGS method described in we can de-
velop the above update formula for the limited memory SR1 matrices. To see this,
the initial matrix By is replaced with a basic matrix BY = @, at the kth iteration,
where @y is positive scaling number or can be computed by

L y]{_l)’k—l

O := —F . (3.31)
Sk—1Yk—1

Moreover, in the case of limited memory the correction matrices Y; and S; contain
only the » most recent correction vectors

S 1= [sk,r,...,sk,l], Yp 1= [ykfr;-“?yk*l]? (3.32)

where r is a fixed integer number. At each iteration, these matrices are updated
by removing the oldest correction pair and inserting the new correction pair. Now
we can express the limited memory SR1 matrices as follows:

By = oxl + UyN, 'U{ (3.33)

where
U :=Y; — a; Sk, (3.34)
Ny =Dy +Ci +C} — &St i, (3.35)

C; and Dy, belong to R™*" and are defined as

T e
Sk—r14iVk—r—14j i>]
C,): ;=4 Tk—r—1+i J 3.36
(Cu)i.j {0 otherwise, (3:30)
Dk = diag [Sz—ryk—r7 e 7s£_1yk—1]- (337)

Note that the matrix N; belongs to R, furthermore, the positive integer r is
chosen to be small. Therefore, the computation of N, is cheap at each iteration.

3.5.2 Computing the Search Direction

Now we are in the position that we can explain how the quasi Newton search
direction is computed in order to satisfy the condition (3.14). As it has been
mentioned before the first quasi Newton direction is computed by solving the
following linear system

Bp=—¢ (3.38)

By using (3.33) and (3.20)), we can rewrite the above linear system as

(@l +ON7'OT)p = -3, (3.39)
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where U := ZTU and [ € R™ is the identity matrix. Note that the subscription
k of the outer iteration is eliminated for simplicity. Now by using (3.39) and
defining vector

h:=N"107p, (3.40)
we have 1 1

p=——g——Uh. 3.41
p 2 o (3.41)

Furthermore, by substituting (3.41) in (3.40) we have

N 1 1 ~

h=N'0"(——g——Uh 3.42
(=58 UM (3.42)

where (3.42) is a linear system containing only an unknown vector 4. By solving
this linear system we have

1/\ AN 1

h=N+—-0T0)""(—=0T7p). 3.43
(V+0T0) (- 07g) (3.43)
Now we can define our search direction as a function of k as follows
1
H(K)=——8—K 3.44
p(K) o8 K (3.44)
where 1
= —Uh.
1 (0]
In our proposed method, first we set k¥ = 1 and test whether the condition
AT A
K
G} (3.45)
1811l ()l

is satisfied for a fixed positive number 6 € (0,1). If it is satisfied then p(1) is
accepted as the search direction in the local step. But if the above condition does
not hold for k¥ = 1, we choose k such that the condition (3.43) will be satisfied for
chosen k.

Now, it remains to show how K is chosen in order to satisfy (3.43)). By substi-
tuting (3.44)) into the condition (3.435) we have

1(1A112 AT
—ollgllF— K& q

028 < -8, (3.46)
181l — 58 — x4l
and consequently
MDA o L,
8l (- +xt) = 11— 8- xqll. (3.47)
I8l () = 1 - g2 xdl
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Now by defining
11 g'q
7= —<—+1<A—)7 (3.48)
s\o gl
we can rewrite as
. 1,
18llz = 18+ xql. (3.49)

Since the both sides the above inequality are nonnegative, we can compute the
squares of them without switching the inequality direction as follows

1 2K

511272 A2 1 220112 N

1817 = —1181P + K gl>+ ¢ (3.50)
By computing k from (3.48)), we obtain

121>
)

K:= (81— -
§Tq

1
» (3.51)

By using (3.50) and (3.51)) and eliminating ||g||*> from the both sides of the in-
equality we have

5112 2

2>t +
- o (87q)?

Now by adding —827? to the both sides of the above inequality we obtain

1 28 1,121l
(1—52)r22—EJF%—S%H(M—E)Z—”‘?Q !‘;” , (3.53)

which can be express as

1 A2 2
(1- 6272 > (5r—6)2<—”‘§2T|(|§l| —1), (3.54)

Since (1 — 82) is positive we can rewrite (3.54)) as

2 5112 2 _ (6T )2
T > (HgH 4l A(g q) > (3.55)
(dr—57 N\ (1-87)(&q)?
which implies that
l _7:51- > A, (3.56)

where

2 2 T
e \/ngu !‘{L'z <T )2>_ 357
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By using (3.56), we have

1
T>(——901)A
(=80,
A
& 1(14+A0) > —,
(0]
&S T> A (3.58)
~ (1+Ad8)w '
By substituting (3.48) into (3.58), we obtain
1/1 g A
(2 4 xE )2 : 3.59
5 (ot a) 2 T avj0 (59
which yields
5T
g'q OA 1 —1
K > —— = 3.60
1Z2 = (1+oMe o (1+oAw (3.60)
and consequently
S Y 3
K‘>< ) fg 0,
“\+a8)0/) g7qg "5 1~
L Jl? sen
o< ( ) if §7¢ < 0.
=\ rado/ g7q "1
In our proposed method, we choose
-1\ élP
K= 3.62
((1+A6)m) &lq’ (3.62)

where A is computed from (3.57). After k¥ has been computed, we define the
search direction as

1
pi=Zp(x) = ~Z( g+ Kq) (3.63)

Now we can summarize the description outlined above into the following algo-
rithm

Algorithm 3.5.1. (Local step)

Step 2: (Initialization)

Given ®,U,N, a fixed number 6 € (0,1) and the gradient g of the current
iterate x. Assume that the set of free variable I at x has been determined.
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Step 1: (Computing p = B—lg)

Set
0 ::é
§:=2"g
U:=2z"U
T:=N+00T0
=-00"¢
h:=T\h
q:=0Uh
pi=-08—¢q

Set
ng = |||
np = 1Al
AT A
If% < &, then go to step 4
Otherwise, set
n:=4¢q
ng = [lq]|
NN
-V nA(1-62)
(o)
K= £
1+A8/ 1
pi=—-08—xq

Step 4: (Computing the search direction)
Set
p=2p
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Chapter 4

Numerical Experiments

4.1 Introduction

In this chapter, we test our proposed algorithm by solving a list of bound con-
strained optimization problems. These problems are selected from CUTEr collec-
tion [14] and most of them are large scale problems. Then, the performance of our
algorithm is demonstrated for different choices of the limited memory parameter
r. Finally, we compare the performance of our algorithm with L-BFGS-B.
Throughout our implementations, we use

118rea(x)]Joo < 1073 4.1)

as the termination condition. Moreover, while performing the bent line search ap-
proach if the break point search fails, we perform the efficient line search by means
of the routine of MORE and THUENTE [23]] which tries to impose the strong Wolfe
conditions. After testing a small number of test problems, we have realized that
the algorithm works well with the choice of 6 = 0.01 for the most of problems,
where 9§ is defined in the angle condition (3.14). All of codes have been written
in MATLAB and we have used the new MATLAB interface of CUTEr testing en-
vironment from http://www.cuter.rl.ac.uk/download.html.

4.2 Numerical Results

First, we have tested our algorithm with different choices of the limited memory
parameter r which represents the number of stored correction pairs in the correc-
tion matrices. Namely, we set r =3, r =5, r = 17 and r = 29. The corresponding
numerical results are represented by table 4.1 where the first column in this table
reveals the names of test problems, the second column represents the dimensions
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4.2 Numerical Results

n of the problems. We record the total run time Time, the number of function
evaluations 7 fe and the number of gradient evaluations nge for each test problem.

Problem

r=>5

r=17

r=29

Time

nge

Time

nge

Time

nfe

nge

Time

nfe

nge

TORSION1

5476

1.962

318

1.313

207

2.225

2049

241

3.685

2062

242

TORSION2

5476

1.884

266

1.222

196

2.034

1780

211

5.246

2786

342

TORSION3

5476

1.221

191

1.119

230

1.206

1092

152

2.700

1487

212

TORSION4

5476

1.144

187

0.666

128

0.928

844

114

3.321

1807

267

TORSIONG6

5476

0.610

97

0.377

70

0.611

514

74

0.643

446

66

BDEXP

5000

0.081

0.015

0.005

2

0.010

2

BQPGASIM

50

0.220

347

64

0.035

43

0.033

173

30

0.040

173

30

JLBRNGA

10000

9.422

8158

853

6.703

569

13.467

6354

671

35.113|10719

1217

LINVERSE

1999

10.479

27162

3187

3.168

810

5.040

9284

842

6.640

8395

740

MCCORMCK

5000

0.408

221

41

0.364

80

0.326

184

34

0.308

168

32

PROBPENL

500

0.436

5

3

0.026

3

0.004

5

3

0.002

5

3

NONSCOMP

5000

0.151

8

4

0.025

4

0.019

8

4

0.006

8

4

OBSTCLAE

10000

9.303

8095

657

4.668

3992

363

8.196

4261

370

13.395| 4682

363

OBSTCLAL

10000

3.728

3144

290

2.973

2569

237

3.647

1946

178

5.330

1821

174

OBSTCLBL

10000

3.696

3016

258

3.611

3022

259

5.011

2663

218

7.445

2644

215

OBSTCLBM

10000

3.265

2683

238

2.439

2036

174

4.721

2461

233

6.831

2350

218

OBSTCLBU

10000

3.811

3197

287

3.696

3120

270

4.441

2372

207

5.655

2033

170

Table 4.1: Results of the algorithmfor various choices of the limited memory param-

eter r

An important observation on the results in table 4.1]is that on these problems
in the case of r = 5 the algorithm works more efficient than in the other cases. In
other word, in the case of r = 5, the algorithm requires less time, function evalua-
tions and gradient evaluations for the most of problems.

In order to analyse the result of table 4.1 we use the performance profile
introduced by DOLAN and MORE [11]]. This performance profile is defined by

number of test problems for which

logy(rpaig) < T

_ 4.2
Parg(7) number of all test problems ’ (4.2)
where 7 > 0, and rpy, is the performance ratio defined by
the time required to solve problem P by algorithm Alg
rpAlg = 4.3)

the shortest time required to solve problem P

Note that, the performance ratio (4.2) can be computed with respect to an ar-
bitrary performance measure, for instance, the number of function evaluations or

65



Numerical Experiments

the number of gradient evaluations. Furthermore, if an algorithm Alg fails to solve
a test problem P, the corresponding performance ratio rpyje is set to be infinity
(or a large number).

The nondecreasing, piecewise constant function py;, : R — [0,1] is the cu-
mulative distribution function for performance ratio. In the performance profiles
the value of p4;,(7) at T = 0 yields the percentage of the test problems for which
the algorithm Alg is the best and the value of ps,(7) for large enough values of
T gives the percentage of the test problems that the algorithm Alg can solve. In
addition, the value of ps;,(7) at T = 1 gives the probability that the algorithm Alg
will win over the rest of algorithms. Therefore, if the number of wins is of our
interest, we need to compare the value of ps;,(1) for all of the algorithms.

The figuresd.1show the performance profile of the algorithm[3.3|based on the
table[d.1] These figures reveal the relatively performance of the algorithm for dif-
ferent setting of the limited memory parameter » with respect to the performance
measures including the number of objective function evaluations, the number of
gradient evaluations and the required time. Furthermore, the relative efficiency
of the algorithm in each case can be directly observed from the figures. In other
word, the higher is the particular curve, the better is the corresponding case for
the algorithm.

As we can see from the figure in the case r = 5 the algorithm has the
most wins, consequently, it has the highest probability for being the optimal solver
when the computational time is compared. However as the figures ,
reveal, the performance of the algorithm is almost the same in all the cases when
the number of function or gradient evaluations is compared. In the case of r =3
and r = 5 updating the Hessian matrix is cheaper than the other cases while in
these cases the algorithm needs more iterations to solve the problem in compari-
son to the cases r = 17 and r = 29. Since in cases r = 19 and r = 29 the updating
Hessian matrix require longer time in comparison to evaluation of the objective
function and gradient, the algorithm has the better performance in the case of
r = 5. Although in case r = 3, updating the Hessian matrix is cheaper than in
the rest of cases, the algorithm needs more iterations to reach the stationary point.
This is due to the fact that in the case r = 3, the limited memory Hessian matrix
is updated by using just the three most recent correction vectors at each iteration.
Therefore, the limited memory Hessian matrix can not be good approximation for
the Hessian matrix and consequently the algorithm performs many iterations to
solve the problem.

In the next part of this chapter we compare the performance of our algorithm in
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4.2 Numerical Results

NFE

(c) Gradient evaluations

Figure 4.1: Performance profiles of the algorithmbased on the table

67



Numerical Experiments

tow cases with L-BFGS-B method described in[2.6l The L-BFGS-B codes is writ-
ten in MATLAB from [6]]. The test functions are the same test function presented
in table we test our algorithm with different bent line search approaches:

Alg 1: The bent line search used in the algorithm performs the bisection proce-
dure to improve the index at each iteration.

Alg 2: The bent line search used in the algorithm does not perform the bisection
procedure.

The figure [4.2] shows the performance profiles of our algorithm in comparison
to L-BFGS-B. As performance measures, we use number of objective function
evaluations (4.2(b)), number of gradient evaluations (4.2(c)), and required com-

putational time (4.2(a)). In figure 4.2(a)| we see that our algorithm in both of
cases dominates L-BFGS-B. This stems from the following facts: first, updating

the limited memory SR-1 matrices is cheaper that updating the limited memory
BFGS matrices. In addition, at each iteration our algorithm needs to solve just a
system of linear equations of order r, while at each iteration the L-BFGS-B al-
gorithm needs to compute the inverse of a 2r X 2r matrix and a linear system of
order r for computing the direction in direct primal method. Finally, after solving
the chosen test functions by these algorithms, we have realized that the L-BFGS-
B needs more iterations compared to both variants of our algorithm. This means
that our algorithm is able to identify the optimal active set of bound constraints
faster.

In contrast to figure as it is illustrated in figure the L-BFGS-B
dominates our algorithms when the number of objective function evaluations is

compared. While performing the bent line search, our algorithm evaluates objec-
tive function at many breakpoints. Specially in the case of large scale problem,
the number of break point is usually large at each iteration. We consider this as a
major drawback of our algorithm.

As we have mentioned before, our algorithms compared to L-BFGS-B need
less iterations to solve most of the chosen test problems. This fact can be eas-
ily observed from figure As we can see from figure the curves
corresponding to Algl and Alg2 are higher than the red curve corresponding to
L-BFGS-B. Moreover, in all of the algorithms, we have only a gradient evaluation
at each iteration.

Now if we consider the two above variants of our algorithm, it can be easily

observed that the Alg2 is faster than Algl with respect to the chosen test functions.
This is due the fact that at each iteration Algl performs many objective function
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4.2 Numerical Results

——=Ag1

Figure 4.2: Performance profiles of the algorithrn compared to L-BFGS-B

(c) Gradient evaluations
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evaluations during the bisection procedure. This consideration is demonstrated by

figure4.2(b)
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Chapter 5

Conclusion and Future Work

In this thesis, we introduced a new quasi Newton method for solving large scale
bound constrained optimization problems. This method contains a number of fea-
tures that make it distinguished from the other algorithms: firstly, we use the com-
bination of the steepest descent directions and quasi Newton directions in order
to find the optimal active variables. Moreover, in order to prevent the zigzagging
behaviour, a new schema for active set method is presented. Lastly, the quasi
Newton direction is computed by limited memory SR-1 matrices. As it is known
the SR1 matrices are not necessarily positive definite. Therefore the quasi New-
ton direction computed by these matrices need not to be a descent direction. In
such case we regularize the direction such that it will be a descent direction. We
reported numerical results of our algorithm applied to a list of bound constrained
problems from CUTEr. In addition, the relative performance of our algorithm
compared to L-BFGS-B have been demonstrated.

Although our proposed algorithm appears to be effective already, there of
some further points to be considered in order to make algorithm more efficient.
As we have mentioned in previous chapter, the bent line search method involved
in our algorithm requires too many objective function evaluations to find the step
length at each iteration. This fact makes our algorithm inefficient in case of large
scale problems. In future work we expect to propose a new bent line search that
requires less function evaluations. Moreover, during the implementation of our
algorithm, we have observed for a few test problems at some iterations the lin-
ear system is ill-conditioned. As further work we would like to equip our
algorithm with a preconditioning method.
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