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1 INTRODUCTION

1 Introduction

The phenomenon of dark matter remains one of the challenging mysteries of cosmology.
Discrepancies between astronomical observations and calculated predictions gave rise to
the idea of a new kind of matter that neither absorbs nor emits electromagnetic radiation
up to a measurable level and, therefore, hasn’t been detected yet.

One of the above mentioned discrepancies is the fact that the sum of all matter observed
within clusters of galaxies would not be sufficient to let them stay bound. Another dis-
crepancy lies within the behaviour of the rotation curves of spiral galaxies which is the
discrepancy we will focus on in this work.

Calculations predicted that the speed of rotation in the inner regions of the spiral galaxy
would rise linearly with the radius and eventually would reach a maximum. At that
point the rotational velocity would start decreasing with increasing value of the radius.
Observations could not confirm the latter prediction. On the contrary, the observations
showed that after having reached the maximum the rotational velocity remained remark-
ably constant up to very large radii.[2]

A possible explanation for clusters of galaxies staying bound as well as for the anomalous
rotation curves could be the existence of a yet undetected dark matter.

Another example that suggests the existence of dark matter is given by the arrangement
of the peaks in the power spectrum of the cosmic microwave background anisotropies.
The peaks origin in acoustic oscillations in the photon-baryon plasma in the early uni-
verse, resulting from an interplay of gravitation and radiation pressure. Naturally, dark
matter does not interact with any kind of radiation but it interacts through gravity and,
thereby, has a measurable effect on acoustic oscillations.

The first peak of the power spectrum gives informations on the curvature of the universe,
i.e. that the universe is approximately spatially flat. From the peak-hight relationship
between the second and the third peak we can derive the matter - dark matter ratio.

The Friedmann universe with the Friedmann-Lematre-Robertson-Walker metric:

dr?
1 — kr?

ds* = ggdxidz® = —dt® + R%(t) ( + 7“2dQ2) , (1)
where R(t) is the cosmological scale factor and k = (—1,0, 1) a constant representing the
curvature, is regarded as the standard model of cosmology. Note that we set the speed
of light ¢ equal to one.
(1) is in accordance with the cosmological principle requiring that the universe is homo-
geneous and isotropic.

The Friedmann model is based on the Friedmann equations and the equation of state
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with one of the two Friedmann equations reading

R2(t) + k

TR

=Kkpu+ A (2)
with k = 87G, G being the gravitational constant and A the cosmological constant.
If & > 0 it follows that [7]

R2(t) + k A R2(t)

=3 2
ot =5 paye ~ M TP R0k

= Uerit (3)

with perit constituting the critical value between an open and a closed universe and fio4
being the total energy density. Introducing the Hubble constant H = % the critical

energy density reads
3H?
Herit = % (4)
According the power spectrum mentioned above the energy density o4 approximately

equals the critical energy density pcrit and, therefore, we conclude that the universe is

approximately spatially flat.

cri

The density parameter 2 = ,’jm_”t is composed of four density contributions: [7]
Q=Q, +Qx +Q,+Q,

where (24 is the dark energy density parameter, €2, and €2, the neutrino and photon
density parameter and 2, = Q + Qpps the matter density parameter consisting of the
baryonic and dark matter density parameters €, and Qpys, respectively. Dark energy
and dark matter combined provide the main contribution to the energy density parameter
with Qp = 0.75 and Qpjps = 0.2, respectively. The baryonic contribution only amounts
to 0.04, while the photon and neutrino contributions are negligible.

There are several theories giving explanations on the origin of dark matter which can be

categorised into three groups: [9], [8]
e hot dark matter (HDM)
e cold dark matter (CDM)
e warm dark matter (WDM)

HDM: hot dark matter is considered to be relativistic at their decoupling from plasma.
The theory predicts a ”top-bottom” structure formation of the universe in which large
superclusters were formed, first resembling a flat pancake, which subsequently collapsed.
However, this scenario is not supported by observations.

CDM: in this theory the particles were non-relativistic when decoupled from hot plasma.
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1 INTRODUCTION

The structure formation predicted by this theory is the so-called ”bottom-up” scenario.
In this theory, the structure formation starts with small objects, which collapse due to
gravity, merging to more massive objects. Unlike the scenario predicted by HDM the
"bottom-up” scenario is in accordance with observations. [8]

There are several candidates for a dark matter particle with the most prominent one
being the WIMP (weakly interacting massive particle) theory predicting that the dark
matter consists of particles only interacting through gravity and the weak force.

Other possible candidates for DM are axions being light pseudoscalar bosons or MA-
CHOs (massive compact halo object), which are objects consisting of baryonic matter
such as brown dwarfs. MACHOs emit little or no radiation and are therefore hard to
detect. However, MACHOs act as gravitational microlenses when being located exactly
in front of a star [9]. Nevertheless, a purely baryonic dark matter can be excluded for
reasons given by primordial nucleosynthesis.

There are, as well, supersymmetric particles such as the neutralino, which meet the re-
quirements for a dark matter particle.

WDM: warm dark matter is a mixture of cold dark matter and hot dark matter. De-
pending on its composition of hot and cold dark matter the theory of warm dark matter
provides either the ”bottom-up” or the ”top-bottom” scenario.

In this work we shall focus on a less known theory describing a gravitational field similar
to the field attributed to dark matter being generated by a torsion field.

In the last decades there has been an increasing interest of a generalisation of General
Relativity involving torsion. Especially in the 1970s the concept of torsion in a theory
of gravitation gained a great deal of attention ( see [3] - [6] for a representative sample)
and has, thus, been extensively elaborated.

The current work builds up on a recently published paper by Hubert Bray that explains
the phenomenon of dark matter by introducing torsion to a 4 dimensional space-time.
The simulations described in the work of Hubert Bray provide rotational curves which
resemble the actually observed ones and, thus, seem to be an interesting approach for
further investigations into the field of dark matter.

This work aims to provide a potential approach to detect the torsion field proposed in

the work [1] of Hubert Bray.






2 A DARK MATTER MODEL GENERATED BY INTRODUCING TORSION
INTO THE 4 DIMENSIONAL SPACE-TIME

2 A Dark Matter Model Generated by Introducing
Torsion into the 4 Dimensional Space-Time

The model adapted in this section is based on the paper ”On Dark Matter, Spiral Galax-
ies, and the Axioms of General Relativity” from Hubert L. Bray [1]. In the next section
potential interactions between the dark matter model - in particular its field originated
from the added torsion - and the polarization vector will be analysed.

But first we may start with a brief introduction to the dark matter model based on [1].

2.1 The axioms

In [1] the author approaches General Relativity in an axiomatic way introducing two

axioms in relation to the well known GR.

Axiom 1 Let N be a manifold with metric g of signature (— + ++) and connection T' |
smooth, which is both Hausdorff and second countable. The metric g and the connection

I' are assumed smooth as well.

Definition 1 Let ® : Q € N — R?* be a coordinate chart, let {0;}, 0 < i < 3 be the
associated basis of tangent vector fields and g;; = ¢(0;,0;) and I';ji = g(Vp,0;,0k) the

coefficients of the metric g and the connection T.

From now on all calculations will be done in the coordinate chart ®.

Definition 2 Let M = {g;;} and C = {1} and M’ ={g;; 1} and C' = {Ti;x,} be the

components of the metric and the connection and all the first derivatives.

Definition 3 Let Quady ({z4}) = Za’ﬁ FB(Y)zaxp be the quadratic expression of the
{x,} with coefficients in Y for some functions {F*P}.

Axiom 2 For all coordinate charts ® : Q — R* and open sets U, whose closure is

compact and within the interior of Q, (gij,ijk) is a critical point of the functional
Fey = / QUCLdM(M/ uUMUC'U C)dVga (5)
(V)

with respect to smooth variations of the metric and connection compactly supported in U,
for some fized quadratic functional Quady; with coefficients in M. The functional Fgr
18 invariant under diffeomorphism transformations in order to meet the requirement of

the principle of general covariance.



2.2 Does the second axiom include GR?

The first axiom determines the fundamental conditions in which the theory is em-
bedded, whereas the second axiom restricts the dynamics, which is more general than in
GR. In particular, the connection is not necessarily taken to be the standard Levi-Civita
connection but, in general, a connection on the tangent bundle of space-time independent
of the metric g;;.

As this is a very general approach, we may find suitable restrictions for the general
connection, so that, as a result, the connection can be expressed as a superposition of
a metric-independent and a metric-dependent part. In particular, in (5) the standard
Levi-Civita-connection is a linear expression in elements of the set M’ whereas C and C’

are considered to be metric-independent.

2.2 Does the second axiom include GR?

If the quadratic expression in (5) is reduced to Quady (M’), it yields the vacuum Einstein
equations. The variation of Quady (M’ U M), however, yields the vacuum Einstein
equations with cosmological constant.

Note that we set the speed of light ¢ equal to one, unless noted otherwise.

2.2.1 Example Quad (M)

We may verify the examples given:

It needs to be shown that in the first case

F<I>(U) = o) QuadM(M') dVR4 (6)

reproduces the Einstein-Hilbert action

Hywy(gij) = Rlg|* dVga (7)
@(U)

yielding the Euler-Lagrange equations G;; = 0 better known as the vacuum Einstein
equations, with G;; = R;j — %gin and |g| = | det([gi;])]-

For our calculations we may use the curvature tensor R" the Ricci tensor R;; and the

ikj>

scalar curvature R defined as follows

R =T e = Tk £ T T i = T T i (8)
R, :=R",,,. and (9)
R := ¢"*Ry.. (10)
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Let us now express the scalar curvature R in terms of the metric g;;:

R :(gijgkl - gikgjl)gij,kl + 9ij,k9ab,c )
11

(igzag]cgkb _ Zgw,g_]bgk:c + gzagjkgbc + 1gz_]gabgkc _ gzjgacgkb)

Inserting (11) into (7) and using the metric volume form dV = |g|2dVga, the identities

97 = =997 gavr. and [g| 1 = |g|g™" Gmn.1 give:

/RdV:/ ((g”g“fgikgjl)gij,klglé) dViga
U () N/

l
_ / |:gij,k <gu,lgkl + gljgk{l o gm,zg]l o gzkg] p + 2gabgab)l)
o(U)

o Zgw,g_]bgk:c_’_ 5gzag]cgk:b +gzag]kgbc+ Zgzjgabgk:c _gugacgk:b] |g‘%dVR4

(12)

and via the divergence theorem the functional can be expressed as
ij ik _j 1
/ RdV :/ (999" — g% ¢ gij k11912 d Aoy +/ Gij kGab.c
U a(®(U)) ()

(4gzagjbgkc + gz]gkagcb _ 1gzggabgkc + 5gz]gacgkb + gzagjkgbc (13)

—g"* g g — ;g“g’bgkb> 9|2 dVia

where v; is the outward pointing unit normal field of the boundary d®(U) in the R*
coordinate chart.
Equation (13) displays the Einstein-Hilbert action in terms of the metric g;;. Recalling

Axiom 2 it is obvious that the Einstein-Hilbert action takes the form of
/ RdV :/ Quadyr(M')dVgs + boundary term, (14)
U o(U)

where

M = {gij} and M’ = {gij,k}

2.2.2 Example Quady (M U M')

Since the expression Quady (M) = gijgr (9% g*') = 16 gives a constant, it can be ab-
sorbed into any other constant, in our case, into the cosmological constant A. Thus,
Quady (M U M) yields the Lagrangian R — 2A from which we obtain the vacuum Ein-

stein equations with cosmological constant.



2.3 Derivation of the Einstein-Klein-Gordon Equations with Cosmological Constant
from Axiom 2

2.3 Derivation of the Einstein-Klein-Gordon Equations with Cos-

mological Constant from Axiom 2

We may derive the Einstein-Klein-Gordon equations from the generalised connection I';

introduced by Axiom 1.

2.3.1 The general connection I';;; and its Quady/(C UC’) part

Summarising the author’s approach [1], he uses a general connection in order to derive
new features which possibly explain the phenomenon of dark matter. We begin our

calculation by analysing the difference tensor D, ;5 denoted as

Diji, = Ui — Diji, (15)

being the difference between the general connection I';;;, and the Levi-Civita connection

I'yji defined as
_ 1
Lijr = 3 (Gijke + Gikj — Gjk,i) - (16)

Recall that Axiom 2 restricts the functional in the following way:

Fq>(U) = QuadM(M’ uUMuUC'U C)dVR4 (17)
(V)
with M = {gi;} and C = {T'i;r} and M’ = {gi; x} and C" = {Tijx}.
In the previous section we assigned (R — 2A)|g|2 to Quady (M’ U M) at least up to

boundary terms.

We now turn to Quadys (C' U C) starting with Quady, (C):

We split the general connection into I';j = Djji + f‘ijk. The Levi-Civita connection
fijk, consisting of derivatives of the metric, is to be understood as an element of the set
{M’}. As ;) is not a tensor, any crossterm, that we obtain squaring I';;x, is excluded
due to the requirement of diffeomorphism invariance for the functional Fg ).

But before we proceed to determine the quadratic form of Dyjj, we first need to analyse
Quady (C'):

The expression Quady,; (Djjr,1) or Quady,,(D;jr;), whereby the comma denotes the
derivative with respect to 2! and the semicolon denotes the covariant derivative with
respect to 2!, is not allowed by Axiom 2. Taking the derivative with respect to 2! of D
and squaring this expression will result in quadratic terms of second derivatives of the

metric and therefore, it is not allowed by Axiom 2. Taking the covariant derivative with

the Levi-Civita connection violates Axiom 2 as f‘ijk already contains derivatives of the
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metric g;;. Even the covariant derivative with the general connection I';;; is not allowed
by the Axiom 2 as it would result in terms like I'® jkDaki, which, being squared, would
violate the restrictions of the Axiom 2.
To satisfy constraints like those mentioned above, we may consider the torsion part of
Dy

Tijk = Diji. — Di; (18)

which is antisymmetric with respect to the last two indices. Thus, all parts of the equation

(18) containing T;jx cancel:

Tijr = Diji — Dixj (19)
= (Tijk — Tiji) — Cinj — Tinyj) (20)
=T — Lixj (21)

Keeping in mind that the exterior derivative of a 3-form meets the requirements of Axiom

2, we may define the totally antisymmetric part of I';:

1
Yijk = g(njk + T + Thij) (22)

1
= E(Fijk — Dk + Tji — Tjir + Trij — Tiji) (23)
We now consider the exterior derivative of ;1

(dY)ijht = Vikti — Yrli,j + Vij,k — Vijhil (24)

which does not contain any derivative of the metric and, thereby, satisfies the require-
ments of Axiom 2.

Hence, the functional yields

F3.0(gij,Tiji) = /

C
(R — 24 = 2|2 — Quad,, (Dijk)) % (25)
U

with the constant cs.

[1] contains an important conjecture, which, however, remains unproven:

Conjecture 1 All functionals for which there exists a smooth metric and smooth con-

nection which satisfy Axiom 2 with that functional are of the form of equation (25).

We now determine the quadratic form Quad;(C). Since (25) only contains a kinetic
term for 7,1, only the variation of the totally antisymmetric part of D;jj, which is v;jx,

gives non-trivial field equations. In other words, the symmetric part of D;;; turns out
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to be zero. Therefore, we may only consider the quadratic form of ~;;.

Based on our last considerations, the action functional can be expressed as

C3 Cy
Fau(giTin) = [ (R=28 2 = Zhl) av. (26)

U

|7|? can be expressed more conveniently using
!
Vijk = €ijk Ul (27)

thereby replacing the 3-form +;; by a 1-form v;.

Thus, the squared norms |y|? and |dy|? can be expressed as
? = —6lv]* and |dy]* = —24(V;0")? (28)

where the minus sign is due to the Lorentzian signature of the metric.

Inserting (28) into (26) yields

Fp (g, v") :/ (R—2A+ c3(Viv')? + es|v|?) dV (29)
U
= ( )W(gijvgij’kvvivvi,j) V |g|dVR4' (30)
DU

2.3.2 Variation of the action functional and the Einstein-Klein-Gordon equa-

tion

Unlike most of the authors dealing with the subject of General Relativity the author
of [1] decides to vary dg;; instead of dg”/. For a couple of reasons I decided to use the
familiar variation dg*, mostly because the variation results in the covariant Einstein-
Klein-Gordon equations and additionally turns out to be easier to calculate.

The variation of the Lagrangian W (g”}gij’,€7 v, v%) takes the form:
ow (gij,gi{kwi,vi,j) =4 ((R — 2A)\/@)) +9 ((03(121';1-)2 + C4vivi) \/E) (31)

where 5W(gij,gij,k) =9 ((R — 2A)\/|g|)) leads, up to boundary terms, to the familiar

Einstein equations with cosmological constant A [11]:

Gij + gijA =0

We will now turn to the additional terms we obtain from varying the second term on the
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right hand side of (31):

) ((c;;(vi;i)z + cwivi) VI |) =
, , 1 1. o
cs20'; (5 (v"3) + 50 (9™ gima) v' + 5 g“”gim,z%l) Vgl + 1 6gij v'v7\/]g]

+ cg2v; 0v'/|g] — B lg| gim 6g"™ (03(112;1»)2 + 641)1111') (32)

The variation with respect to v* yields

234/ |g| vt vt + 2eqn/|g| vi 6vP =0
il 3t

= (—c;wl;l;i + C4’Ui) vt =0

= oy, = Z—ivi (33)
implying
. 1 . ]
S(v';) + igzmgim)lévl = (0v"), (34)

Considering the variation with respect to the metric g;,,, we see that

§ (9" gima) = 69" Gimy + 9" 0Gima = 69" Gimy — (giagmbégab)’l
= 59im9im,l - 59ai9a¢,l - 6gabgab,l - gab(;gab,l

= —69"" Gimy — 5gim,z Gim = — (6™ gim)J = — (69" gim);l (35)

llSng 6gzm = —Gia 9mb 5gab.

Further on, rearranging the term of equation (32) containing (35) gives

—C3 ’Uj;j (59”" gim);l Ul\/ gl = — <C3 ’Uj;j 59im Gim vt |9\)_l
+esv? 0l 89" gim /9] + esv” 01 59" gim /9]

. 2 . .
=t (“] ;j) 89" gim /19| + ca 0" 6™ gim /19 (36)

using equation (33).

Substituting the respective results into equation (32) yields

SN2 _ _
gl e (U] ;j) Gim 69" + V/|glca v'vy Gim 66" — /| 9] vivim 5g™
L J 2 l im
-Vl 5 9im | C3 (v ;j) + gty ) g (37)
1 N }
=Vl <C4’Uﬂ)m + By Gim <03 (U] ;j) + C4Ul’Ul>) og'™ (38)
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Consequently, the variation (31) results in

1 N
~Gim = gim = cavivm + 5 (03 (vj ;j> + 04vlvz) Gim =0 (39)
1 i \2 .
= Gim + gimA = —cavivm + 5 | €3 (v ;j) + cav'vp | Gim (40)

Lest the dominant energy condition, which is defined as T**u; being future-directed or
null for all future-directed timelike uy, where T is the stress-energy tensor, is violated
[13], it is essential that cg, ¢4 > 0. Moreover, considering (33) we define ¢3 # 0 in order to
obtain a nontrivial equation for v;. Based on physical considerations ¢4 # 0 is required
in order to reduce the degrees of freedom of the vector field v*.

Let us return to the dominant energy condition:

Usually the stress-energy tensor describes the density and current density of energy and

momentum in space-time. It is contained in the Einstein field equations

G = —rTi, (41)

with k = 8Z4G and G being the gravitational constant, and is identified with the source

of the gravitational field.
In the present calculation we notice the absence of matter but, nevertheless, we may

define an effective stress-energy tensor by the right hand side of equation (40):
ab a 1 a \2 l ab
T = = |cgv™0” — 3 (e3(v®.0)% 4 cav'vr) g (42)

Without loss of generality, we define the future-directed timelike vector up as up =

(=1,0,0,0). Hence, we need to show that

1
_G a0 4 (s (v®.0)? + cavtvr) g
o ;

Tab _ _TaO _
o 2K

is a future-directed timelike vector:

1 1

TaOTCO _ -

Yac 2 B

1 2. .¢,.0, 0 0,0 a \2 a 1 a \2 a\% 00
= ? CRUV VU — 4V <03 (v ;a) —+ C4V4V ) + Z (03 (v ;a) + CcqV4V ) g

1
(cwcvo -3 (Cg(’l)a;a)2 + 04vlvl) (52) (Cw%o - (03(v“;a)2 + cwlvz) QCO)

C4C3 a 2 1 a 2 a ?
= —?’UOUO (U ;a) + @ (CS (U ;a) + c4vqv ) 900 <0 (43)

Note that ¢ < 0.
Having proven our claim that the dominant energy condition is not violated, it follows

that the right hand side of (40) may as well be identified with the source of the gravi-
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tational field of GR. Thus, we relate our results to the behaviour commonly associated
with dark matter.

Recall that we set the speed of light ¢ = 1. Furthermore, we shall set the gravitational
constant G equal to one and, thus, we obtain x = 8.

With the intention to eventually derive the Klein-Gordon equation from (33), we define

_ (¢ : i
r=(2) (14)

By means of (33), v; can be expressed as follows:

a new function f:

v = <C3> fu (45)

Substituting (44) and (45) into (40) yields:

Gik + Agir, = —c3 <f,i fe— % (glmf,lf,m + Zf2> gik) (46)
O,f = 'f (47)

where O, is the d’Alembert operator with respect to the Lorentzian metric g;,. Note,
that we carried out an integration in order to obtain the Klein-Gordon equation and that
although (47) is not implied by (33), (47) implies (33).

As a result of the equations (27) and (44), the connection takes the form

1/2
c —
Ly = (;) (*f1)ijk + Tiji (48)

where * is the Hodge-operator (xf;)ijx = eijklfJ.

It is noteworthy with regard to (48) and (46) that if the scalar field f is zero the connection
is reduced to the Levi-Civita connection and the Einstein equations turn into the known
vacuum field equations.

Furthermore, we may introduce the new constants T and ¢, defined as

2—4 = T2 and Cq = 167TE4 (49)
3

so that (46) and (47) can be written as

G+ Agin = —87 (2f itk _ <gsz fm | f2> gik) (50)

T2 T2
O,f = T2f (51)
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where f is a scalar field representing the dark matter and Y is a new fundamental constant
whose value will be estimated later on. The constant ¢4 has been absorbed into the scalar
field f.

Checking the dimensions of f, T and ¢4 we have (L denoting the length)

(1] =

1
T [¢4] = dimensionless. (52)

Thus, the dimension [%] of (48) meets the requirement for a connection.

Equation (51) is, in fact, not a Klein-Gordon equation in the quantum mechanical sense,
because neither the constant T is a mass, nor does it contain Planck’s constant. Paper
[1] contains quantum mechanical reflections on the boson star case where the scalar field
f is the wave function for very light bosons with masses of the order 10=23eV [12]. The
constant T that replaces the mass term in (51) is related to the Compton wavelength A

in the following way:

27 h
A= — = — =~ 13light 53
= ightyears (53)
(if m = 10723eV, then T ~ m) However, our considerations are purely geomet-

rically motivated exemplified by f being a real-valued scalar field and not a probability
density, therefore, in this section we will not deal with the subject of quantum mechanics

any further.

2.4 The Scalar Field f and the Correlation to Spiral Galaxies

Next, we try to identify a potential link between the scalar field f and the structure of
spiral galaxies. We simplify (46) by approximating the cosmological constant with zero
due to its sufficiently small value on the galactic scale, for example when compared to
T. Consequently, the Einstein-Klein-Gordon equations read

. Im
G = —sr (250 — (T4 s p2) g, ) 69

Ogf =T%f (55)

with ¢4 being absorbed by f.

The equations yield, as a trivial solution, the Minkowski space-time provided that the
scalar field is zero. Furthermore, every vacuum solution of the Einstein equations is a
solution of (54) with the trivial solution of (55). Unfortunately, most of the solutions,
both complex and real, are unstable [1]. There are, however, static solutions for complex

scalar fields [1], yet in this classical context we only consider real scalar fields. Therefore,

10
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we combine a stable ”ground state” solution with real higher order solutions in order to,
eventually, obtain dynamic spherically symmetric solutions which are stable [1]. We may
note that the galaxies discussed here have a higher probability of being stable if dark

matter halos have angular momentum, yet this remains an assumption [1].

2.4.1 Solutions to the Klein-Gordon equation in Minkowski space-time

In Minkowski space-time the Klein-Gordon equation (51) yields

82
(_8752 + Ax> f="%, (56)

where A, is the standard Laplacian on R3. An appropriate ansatz for the solution is
factorising it into functions solely dependent on r, ¢, # and t. The angular part has to

be a spherical harmonic. We opt for the ansatz:
f= Z Ay coswt - Y, (0,0) - ™ - fun(r). (57)
n

Substituting (57) into (56), we obtain

2(n+1)

fon(r) + fon(r) = (T2 = w?) fuu(r). (58)

We impose f, ,(0) = 0 as boundary condition. Note that an overall normalisation has
not yet been specified. The boundary condition excludes a source at the origin. In
equation (58) we neglect the term "("_T# fum(r). Since it decreases by the factor
its contribution to the solution is negligible.

The choice of coswt is arbitrary as using sinwt instead also yields solutions to (56). In

fact both coswt and sinwt are necessary in order to get a complete basis of solutions.

2.4.2 Solutions to the Klein-Gordon equation in a spherically symmetric

static space-time

We may approximate the spherically symmetric static space-time metric as
ds® = =V (r)?dt* + V(r)"2(da® + dy* + dz?) (59)

where V(r)?2 = 1+ 2V(r) in the first post-Newtonian approximation with V(r) the
Newtonian potential and V(r) is to be understood as ”potential well” of the galaxy’s

mass distribution.

11
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Consequently, (58) reads

2
VR (100 + X, 0) = (P ) a0
Since the dark matter distribution is known to be approximately spherically symmetric,
we approximate the space-time metric as spherically symmetric and static. The general
spherically symmetric case differs in some respects from the Minkowskian one:
In Minkowski space-time " f,, ,(r) always decays as a sine or cosine divided by r. The
energy density decays with the square of r™ f,, ,(r). Consequently, the solutions in this
case have no finite total energy. However, in the general spherically symmetric case,
there are solutions, which, for w small enough, display an exponential decay [1]. It
is also possible to find solutions similar to those in Minkowski space-time, but we are
only interested in those solutions that decay exponentially for small w. Although for
most values of w the solutions are exponentially increasing, there is also a discrete set
of values of w that displays an exponentially decreasing behaviour. Consequently, the
energy density is exponentially decaying, thus resulting in a finite total energy.

The exponential behaviour is determined by the following term:

(T2 - V"(J)) . (61)

If this term is negative, (60) becomes an equation of the form A f, (r) + B M =
—C fun(r), where C > 0. Solutions to this differential equation are characterised by
oscillation. On the other hand, if (61) is positive, the equation takes the form A f7, (r)+
B M = +C f,n(r) and its solutions display an exponential behaviour.

At this point we may compare our results to those corresponding to bound states in one-
dimensional potential wells in quantum mechanics. Though we are looking at a different
branch of physics the mathematical and, to a certain extent, the physical background is
quite similar. We consider the time-independent Schrodinger equation with a piecewise

constant potential energy function V,, (z).

Consider a symmetric square potential well of depth V[, and width 2a:

0, for—a<z<a
Vpuw (@) =

Vo, for |z|>a

Then, the corresponding Schrodinger equation reads
n? d
+ Vow(2) ) ¢(x) = E¢(x) (62)

 2mda?

12
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where £ is the reduced Planck constant, m the particle mass, ¢(z) the Schrodinger wave
function and E the energy of the particle moving along the x-axis, where F < 0 is
required in order to obtain a bound state. Recall that —V; < E.

Both equations (62) and (60) give oscillating as well as exponentially decaying solutions
by virtue of the change of signs on the right side of the equations (62) and (60), more
precisely the terms (E — Vj,(x)) and <T2 - ﬁ:)g), respectively. It is worth mentioning,
that in any case V(r) and Vj,,(r) are responsible for this change of signs, though both
cases are physically distinct. The finite square potential well is a quantum mechanical
concept usually applied to atomic scales whereas the solutions of (60) apply to galactic
scales.

We may return to the dark matter model:

The values for T and w have not yet been determined. However, as we try to find a
solution which oscillates for small » and decays for large r, the behaviour of the potential
V(r), particularly ﬁ:)% will be of importance.

Hence, in order to obtain solutions with the properties just mentioned, we must choose
w within the range

TV(0)<w<T lim V(r) (63)

r—00

There will be a discrete set of admissible values of w in the interval defined by (63).
The value of w determines the size of a galaxy, if the energy-momentum distribution is
interpreted in this way. We may explain this further:

To begin with, we introduce a new quantity Rad(f. (7)), which denotes the value of

2

r at which the right hand side of equation (60) equals zero, that is (T2 — W) =0,
(tacitly, we have excluded the trivial case where f,, ,(r) = 0). We assume that V(r) is an
increasing function of r derived from a positive matter density. Thus, Vr > Rad(f, » (7)),
the bound solutions of equation (60) display a rapid exponential decay whereas Vr <
Rad(f.n(r)) the solutions oscillate. The quantity Rad(fw (7)) gives an idea of the size
of the galaxy since Rad(f, »(r)) is the crucial value which marks the beginning of the
exponential decay. We may identify Rad(f, ,(r)) with the radius of the galaxy, (though
the galaxy does not abruptly end at r > Rad(f. (7)) but the energy-momentum tensor
displays a fast exponential decay, as described above).

Let us return to our previous statement and analyse the correlation between w and the
size of the galaxy.

Again, we take a look at the term (T2 — %) taken from the right hand side of (60).
If w~ Tlim, ,o V(r), we obtain Rad(f, n(r)) — oco. If, however, we choose a smaller

value of w, Rad(f. (1)) takes a smaller value which in turn leads to a smaller galaxy.

Moreover, provided that V (r) is sufficiently asymptotic to A — % at infinity with A and

13
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B being two constants, there is an infinite number of discrete values of w for V' (r) and
for each n which give finite energy.

The phenomenon is essentially identical with quantum mechanical energy quantization
in a potential with similar behaviour for r — oo.

Without loss of generality we may choose V(0) = 1. In addition we set V(r) =1+,
where € > 0, since we operate within the weak field limit of general relativity. We already
argued that the right hand side of (40) can be identified with a source of a gravitational
field of General Relativity. In consequence, the scalar field f contributes to the potential
V(r). Choosing V(r) in this way is therefore only the first approximation to a self-
consistent solution. Note that for now we do not determine the potential energy function
V(r) any further.

Now, we may compare the solutions of equation (58) and (60) by choosing solutions with
the same value of w. For small r the solutions of (58) and (60) will be very similar
because V(0) = 1. For increasing values of r the solution of (60) decreases faster than
the Minkowski space-time solution. Moreover, at r = Rad(f, »(r)) the solution of (60)
stops oscillating and begins to decay exponentially.

Having explored the properties of the solutions of (58) and (60) we shall now formulate
a convenient approximation for these solutions in a spherically symmetric potential well:
For r < Rad(f,n(r)), we may take the Minkowski-spacetime solution, while at r =
Rad(fn(r)) the solutions are cut off and for r > Rad(f, »(r)) the solutions are set
equal to zero.

This approximation retains all crucial features of the spherically symmetric solutions and
displays the solutions of (60) in a qualitatively correct way.

Note that because of the lack of further knowledge of V (), we are not able to determine

the value of Rad(f, »(r)) via (60). Thus, we are left to choose Rad(f, »(r)) and w.

Three approximations. The author of [1] emphasises three important approxima-

tions:

e We approximate the solutions in a spherically symmetric potential well with solu-

tions in the Minkowski space-time which we arbitrarily cut off at some radius.

e The exact solutions in a spherically symmetric potential well are still approxima-
tions, since the dark matter density in the rotating dark matter model we are
studying here is not spherically symmetric distributed, although it can be approx-

imated as such.

e It has not yet been shown that there even exist solutions to the full Einstein-Klein-

Gordon equations which qualitatively accord with these assumptions.
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We proceed to find a solution of equation (55) using the ansatz (57):

ft,r,0,0) = Ay cos (wt) Yy m (0, 9)r" fu, n(r)

where n € N, |m| <n and Y, (0, ¢) is the spherical harmonic of degree (n,m).

In the previous section we analysed the differential equation, which determines f,, (7).
Now we shall turn to the spherical harmonics of the ansatz (57). It is obvious that any
Y. m (60, ¢) solves equation (55). It is up to us to determine those Y, ,,, (0, ¢), which can
be excluded due to physical considerations and finally come up with a solution of (55)
displaying a reasonable dark matter distribution.

To begin with, we may list all spherical harmonics up to degree 2. We shall later explain

why we do not consider any Y, ,,, with n > 2.
L %,0(97 ¢) = ﬁ

o Yi0(0,0) = ,/%COSQ, Y1,41(0,9) = :F\/%sint?eiw

o Yo,(0,0) = \/% (3cos?0 —1), Ya11(0,0) =Fy/ 22 sinfcosfet?,
Yo 12(0,¢) = \/;;ErsinQ g et2i®

where ¢ € [0,27) and 6 € [0, 7].
It turns out that any Y, ,,,(0, ¢) with the exception of ¥j (0, ¢) and Ys 12(6, ¢), have
to be excluded as they do not preserve the center of mass at the origin or must be
excluded due to reasons of stability. To elaborate the argument given above, we analyse
the functions Y}, ,,, (0, ¢)r" fo,., () appearing in (57):
for simplicity, we denote g, m (7,0, ¢) = Yo m (60, @)™ fo,, n(7) so that the ansatz (57) can
be expressed as f(t,r,0,¢) = A, cos (wut)g(r, 8, d).
Recall the common representation of spherical harmonics displaying the positive and
negative regions of the real part of Y;, ,,,(0,#) mapped on the unit sphere. We shall
denote the positive region by A and the negative region by B. Any spherical harmonic
o cos 0 (namely Y] o(¢, ) and Y2 +1(¢, 0)) equals zero along the equator and can therefore
be excluded due to reasons of stability. A similar argument holds for Y3 o(¢,6), which
can be excluded due to the two zeros of 3cos? 0 — 1 for 6 € [0, 7).
Next, we consider Y] 11(6, ¢). Without loss of generality we may focus only on Y7 1(¢, ¢).
We consider a straight line ¥ embedded in the § = 7/2-plane and containing the origin.
The line ¥ intersects the unit sphere either in the negatively valued region B and the
positively valued region A or intersects at the points where Y7 1 = 0, but the latter case
is not of interest here. Without loss of generality we choose the line € to intersect the

unit sphere at ¢ = 0 in region A and at ¢ = 7 in region B. Next we consider g1,1(r, 0, @)
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along the line 4. In region A, g1:1(r,0 = 5,6 = 0) gives r f,, 1(r), but in region B
g11(r,0 = 5,6 =) gives: —r f,, 1(7).

In order to prove that Y7 1 (6, ¢) has to be excluded we refer to the two spherical harmonics
Yo.0(0,¢) and Y3 12(0, ¢), we have mentioned before.

According to the ansatz (57) and the argument given above, g, (.0, ¢) equals

In<2jm|<n (1,0, 0) = fuoo(r) + 1 fur 1(r)Y1,1(0, @) + 12 fu, 2(1)Ya,£2(6, ) (64)

It suffices to only take the first two terms of (64) into account. Again, we observe the
expression gn<1 m|<n (7,0, ) = fuo,0(r) +7 fu,,1(r)Y1,1(0, ¢) along the line €. In region
A,

gngl,\m\gn(ra 0= gv (b = 0) = fwo,()(’r) + wal,l(r)a (65)

yet in region B the expression gives

gn§1,|m\§n((r7 0= gv ¢ = 7T) = fwo,O(T) - wal,l(r)' (66)

In order to get the energy density we have to square

Z Z Anrnfwn,n(r)yn,m(gv ¢).
n |ml<n
Due to the mixed terms we obtain when squaring (65) and (66), the centre of mass is
not preserved at the origin if solutions of degree n = 1 are taken into account.

Thus, the ansatz (57) yields
f = Ao cos (wot) fu,,0(r) + Az cos (wat — 2¢) sin® (9)7"2]”&,2’2(7") (67)

In (67) higher degree solutions, i.e. solutions of order 3 and higher, are not included.
Any higher degree solutions are assumed to be small enough to be approximated by zero.
Consequently, in the present case we consider a 180° rotational symmetry with rigidly
rotating densities (somewhat resembling a spoke). If the two density peaks caused by
the second degree solution (particularly by cos (—2«)) are applied on a number of test
particles the outcome resembles the appearance of a two armed spiral galaxy. If we take
higher degree solutions into account, this will result in different rotational symmetries,
for example 120°, pertaining to three or more spiral arms.

In [1] the Einstein-Klein-Gordon equations (50) (51) are solved numerically in a fixed
spherically symmetric potential well and compared to the approximation in (67). The

data of the numerically solved solution is based on the Milky Way Galaxy. We obtain
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an oscillating and decaying scalar field which rotates with a certain angular velocity
and, compared to the solution derived in the previous section, the approximation (67) is
sufficient for our purpose. For further information see [1].

We may define the angle « as

a—¢—<w2_w0>t (68)

to clearly identify the rotation of the dark matter distribution. Hence, equation (67)
reads

f = Agcos (wWot) fuo.0(r) + Az cos (wot — 2a) sin? (0) 72 £, 2(r). (69)

Via inequality (63) we conclude that |ws — wg| has to be very small, therefore, «(t)
describes a very slow rotation. For a constant « the solution (69) gives a fixed interference
pattern since both the terms are oscillating in time with the same frequency wy. But in

fact the interference pattern is rotating according to the formula

Bron(t) = (“’2 ;wo) t (70)

with period
47

Tpy = o0 (71)
2.4.3 Energy density upys
The energy density ppas is obtained from equation (50):
1 folfo 9" fifm e
WDM = — gGoo =275 < 12 + /%) 900 (72)
Jofo —fofo+ 9" fuly
R - / T BV 1L f2) (—1) (73)
1 v
:ﬁ(f,Of,O‘Fgu ,,uf,l/)+f2 (74)
2
~ @) e (75)

where 4 runs over values (0,1,2,3) and p, v over (1,2,3). In (75) ¢"f .f. is neglected
due to the long wavelength approximation we assume.

Inserting cos (wot — 2a) = cos wot cos 2a + sin wyt sin 2« into (69) yields

f =cos (wot) [Ag fue,o(r) + Az cos (2a) sin? ()7 fu 2(r)]
+ sin (wot) Az sin (2a) sin? (0)r% f,,, 2 (76)
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Now substituting (76) into (75) we obtain the following equations:

. (L;)Q;

2
(?) :% (—wo sin (wot) [...] + wo cos (wot) [...])? (77)
:%(wg sin? (wot) [...]° — 2wd sin (wot) cos (wot) [...] [--]
+ w2 cos? (wot) [.-]) (78)

We have assumed V(r) & 1, so that the inequality (63) simplifies to wy = T & wo

and equation (78) to

(f’0>2 = sin? (wot) [...]> — 2sin (wot) cos (wot) [...] [..] + cos? (wot) [..]>  (79)
T

o [

f? =cos? (wot) [Aofwmo(r) + Aj cos (2a) sin? (9)7"2‘](‘“;272 (7“)] 2
+ 2sin (wot) cos (wot) [Ao fu,0(r) + Az cos (2a) sin® (9)7“2fw2,2(7")]

2

[A2 sin (2a) sin® (0)r® f.,, 2] + sin® (wot) [As sin (2a) sin® (0)r° f, 2]”  (80)

)2
® DM = (TO) + f*

ppar =(sin® (wot) + cos? (Wot)) [Ao fu,0(r) + Az cos (2a) sin? (B)r% f,, 2(r)]
+ (cos? (wot) + sin (wot)) [As sin (2a) sin? (6)r2 f.,, 5] (81)
— [AoLun.0(r) + As cos (2a) sin® (0)r2 £, o(r)]
+ [Ag sin (2a) sin? (0)r2 f.,, 0] (82)

:Ag 2 (r) —i—A% sin? (9)r4 2 (r)

(.d(),O w2,2

+ 2A0A2 COS (20&) Sin2 (Q)Tszo,Ofqu,Q(r) (83)

Because of the inequality (63) and assuming V(r) = 1 we can consider a to be approxi-
mately fixed in time.

Note that the energy density is not oscillating in time, but the components of the pressure
po being the diagonal elements of the effective stress-energy tensor are. Nevertheless, on
average the pressure p, yields zero and, therefore, (42) can be considered as the stress-
energy tensor of dust.

Since spherical harmonics defined on the unit sphere are restrictions of harmonic poly-
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nomials of the same degree, we may substitute them.

Decomposing (83) into spherical harmonics yields:
o r2cos2asin? 0 = (x2 — y2) cos 2a

o risintf = (r2 — 22)% = 24 — 29222 4

= 1%—5(3524 —30r22% + 3r) — %T2(322 —r?) + %r‘l -1

Note that cos (2a) sin? (8) = cos (2¢ — 2¢ret) sin? (6) is a second degree rotated spherical
harmonic.

Hence, (83) can be written as follows:

upy = Up(r) + Ua(r) (322 — r?) + Uy(r)(352* — 30222 4 3r%)

+ U, (r)(cos (2a) (r? — 2%)) (84)

where

56
Uo(r) = Af fun0(r)* + T%A§7“4fwz,2(7“)2 (85)
40
Us(r) = = 25 A3 fo 2(r)? (56)
3
Uy(r) = ﬁf‘@fum(r)z (87)
Ua(r) =240 A2 fuo 0(7) fu 2(r) (88)
2.4.4 Gravitational potential of upys
Solving the Poisson equation
AmV:47THJDM (89)

results in a Newtonian potential for the dark matter density pppys for each value of ¢.
Since the dark matter scalar field’s rotation is very small, the group velocity is much
less than the speed of light and the Newtonian approximation seems adequate for our

purpose. For this calculation we may choose a similar ansatz as we did in (57):

A, (Z War) - 17 - ¥, (6, ¢>) =3 (WJ(r) + WWM)T"W, ) (90)

r
n

where Y, is a spherical harmonic of degree n.

Note that we neglect the term o % since its contribution to the solution is negligible.

(ct. (58))
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Obviously, the solution takes the form

v
~Wo(r) + Wa(r)(322 — r?) + Wa(r)(352* — 302%r% + 3r*)

4
+ Wa(r)(cos (20) (r? — 22)) (91)
where
Wi+ 2wy = 0, (92)

with boundary conditions W}, (0) = 0 and lim,_,o, W,, being finite and with U, (r) given
by (85) - (88). Note that we can still multiply any solution W, (r) by a constant without
violating the boundary conditions.

We may now focus on the range
Rad(fun(r)) <r < oo.

To approximate the spherically symmetric solutions in a potential well, we decided to cut
off the Minkowski space solutions at r = Rad(f,, »(r)). Therefore, we get the following
differential equation for r > Rad(f, »(r)):

n 2(n+1)

Wi + 2w =0 (93)
with the admissible solution
k
Wh(r) = Tl (94)

with k being a constant.

The solution is, as expected, decreasing and converges to zero for r — oo.

2.5 Simulations

In [1] several simulations were performed, which apply the potential function V' derived
from the dark matter distribution to a number of test particles. The computation of
V' is based on the approach that the dark matter distribution can be interpreted as a
source of a gravitational field via equation (40), as already shown. The outcome of these
simulations resemble the appearance of spiral galaxies and elliptical galaxies, respectively.
In addition, we are able to compute rotation curves, which look similar to those of the
spiral galaxies.

We may focus on ”Spiral Galaxy Simulation # 1”7. Its data is, as far as possible, based

on NGC1300, a barred spiral galaxy of type SBbc.
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In the beginning of the simulation, the test particles are in circular motion distributed
according to the formula N(r) = Noe™"/" where 7,4 is called the disc scale length of the
galaxy and Ny the number of particles at » = 0. As 25 million years elapse, the test
particles form a two armed spiral galaxy due to the not exactly spherically symmetric
potential V.

Comparison with realistic rotation curves suggests the following choice of constants:
o Rad(f, n(r)) = 75000Ly
o Ay =1272- /Gy and Ay = —1648 - \/Gy7*
e, =86-10713

e the spatial wavelengths
Ao = 2000ly and Mg = 19901y (95)

defined as
2T

Vwi/e? — T2

o Tpyr = 25000000y and Tiota1 = 50000000

Ak =

® TNparticle = 5000
e dr = lly and dt = 1000y

where dr is the spatial stepsize, dt the stepsize in time, nparticle the number of test par-
ticles, Rad(fw,n(r)) the radius of the galaxy, A, the amplitudes of the solutions f,, »(r),
¢4 a constant (49), Ths the period of rotation of the dark matter distribution, and Tiotal
the total time of the simulation.

Note that the speed of light ¢ and other constants are no longer set equal to one. Nev-
ertheless, since we choose the units lightyears ly and years y, the speed of light becomes
c= 1%. Thus, in further calculations we omit c.

Using the formula for Ag and A2 (96) and for Tpys (71), we derive the needed values of

wp, wa, and Y as follows:

T (1 1 9 2m
wo= (= — =) ATy — 2 97
°T 2 </\§ A%) Tom 7
L Ap and As differ from the originally given values of the paper [1] (Ao[l] = Ay, = 1). We absorbed

the constant ¢4 (49) into the amplitude A, of fu, n(r) (cf. (50)), while the author of [1], whose interest
is in the computation of the Newtonian potential V', absorbs c4 later when computing V.

21



2.5 Simulations

T 1 1 9 2
=— (= - =27 —_— 98
2 2<)‘§ >‘(2)>C DM+TDM (98)
1/ 27 \? T\ /1 1\? 11
8 Ay 2 (Z2DM — =) —or* =+ = 99
() () Ggw) = (rw) @

The resulting values are
o« Y = 0.0988659§
o wy = 0.0989158;

® Wy = 0.0989163;

2.5.1 Solutions f,, ,(r)

We solve equation (58) for n = 0,2 with the boundary condition that f,, ,(0) is finite. For

simplicity, we define a := |Y2 —w?| = 9.87- 10*6ﬁ and b := |T? —w3| =9.97-1076 (lyl)g.

The differential equation (58) choosing n = 0 yields

£+ 2 7L0(r) = ~afuoft) (100)

with the solution
e—z\/ﬁr ez\/ﬁr
foolr)=c . + C2 _—

(101)

We split the solution in real and imaginary parts as follows

o e—ivar e eivar _ o ® (Var) o isin (y/ar) 4oy S (Var) e isin (var) (102)

r r r r r r
Given the boundary condition, it follows that ¢; + co = 0. As we only take real solutions

into account, we modify the solution to

fuo(r) = sin Var. (103)

r

Next, we solve the differential equation (58) for n = 2:
1" 6 !/
Joo(r) + ;fw,O(r) = —=bfuo(r). (104)

The solution is

3 cos (Vbr) . 3sin (Vbr)
9 (== — sin (Vor) + =2570)
fw,Q( ) :Cl\/; \/g’! br2

r3

.\ \/5(_3si1%\r/57-) — cos (\/I;’I’) + 3c02£;/57'))
Co\| —

3 (105)
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(a) Agfw,0(r) and —A27’2fw72(7’) () ft = 0,r,a = 0,0 = w/2) = Agfuwo(r) +

Figure 1: Figure (a) shows the solution Ao f. 0(r) and —Aar?f, 2(r). In figure (b) we see the
r-dependent part of the scalar field f.

The first term of the r.h.s. of (105) fulfills the boundary condition, whereas with respect
to the second term we find that c; = 0.

Thus, the solution to (58) with n = 2 reads

3 cos (Vbr) . 3 sin (Vbr)
2 (= — sin (Vor) + =557
fuoa(r) = \/; L ’ . (106)

r3

2.5.2 Energy density upy

According to the density parameter

0= Htot

~1, 107
Hecrit ( )

where fior is the total energy density and £t &~ 1072?25 constitutes the crucial value
between an open and a closed universe, the dark matter contribution Qs to the density

parameter amounts to 0.2.[7]

Recall that ppy = —& with k = 3¢ and ke? = 1.87 - 10’27% [11].

K ct
In our case the mass density upys oscillates in space and decreases for increasing values

of r. Therefore, we compute the mean value

1 R 2 ™
KIADM = / / / kppar (r, o, 0) 72 sin(6)drdadd (108)
sJo Jo Jo
1 1
=9.25-10""%— =1.03-107°' —; (109)
ly cm

with Vs being the volume of a sphere with radius R = 750001y, where R is the radius of
the galaxy.
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2.5 Simulations

2 ADM

Thus, for the average energy density divided by ¢ 5 we obtain

DM _ 54910755 (110)
C cm

Note that Qpps denotes the dark matter density parameter of the universe. Thus, we
expect the dark matter density parameter to be increased within a galaxy and conclude
that the value we obtained for % is consistent with the expected value according to

(107).

2.5.3  Wo(r), Wa(r), Wa(r) and Wa(r)

In a previous section we derived the potential function V' using the energy density of
the dark matter distribution and formulated the corresponding Poisson equation. The

potential V' derived is (cf.(91))

V(r,a, z) = Wo(r) + Wa(r) (322 — r?) + Wy(r)(352* — 3022r% + 3r1)

+ Wa(r)(cos (20) (r? — 22). (111)

In order to compute the potential V', we solve the respective differential equations (89)

for W,,(r) starting with n = 0: (cf. (85))

W)+ 2W3(0) = A3 plr)? + o A3 1) (112)
with the solution
8 A2 r A2 r AR 8AZ .
Wo(r) =15 In (7”0> + — 5 91n (7"0) - —Cl (2var) — —Cl (2\/57") (113)
1 4A52 1 [4A32
+ - (4\f sin (Z\fr) 5vor sin (2@7‘)) ) (5[)73) (114)

2
= <5ihfz N (2\”)> e ( s eos (Vi) + gt > e

. fOO cos (r')dr’

T r’

where Ci(r) is the cosine integral defined as Ci(r) =
The boundary condition W,,(Rad(f, »(r))) = 0 determines the constant r¢.
For n = 2 there are two differential equations: (cf. (86), (88))

WY () + W) = — 2oL A3 fun(r)? (116)
WY (r) + W) =240 Aafuso(r) fualr) (117)
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2 A DARK MATTER MODEL GENERATED BY INTRODUCING TORSION
INTO THE 4 DIMENSIONAL SPACE-TIME

107
. . . . .
5000 10000 15000 20000 25000
_10[]
-20
-30
_aol
. . . . Ly s
5000 10000 15000 20000 25000
2
(a) Wo(r) (b) —r*Wa(r)
10°®
. . . . Ly
5000 10000 15000 20000 25000
5[
_10F
_15L

(c) rWa(r)

(d) 3r4Wy(r)

Figure 2: The solutions which give the radial functions of the potential.

with the solution

10142 sin (2\/67“)

+ A2 2 cos (2\/57“) B 2
21bmw

v r521\/537r

A3 4 _4005(2\/57“)
r6 \ 7h2 2w
and
Wa(r) = —2-107""T' [-5,—1.58 - 10~ %ir]| — 2-107'"T [-5, 1.58 -
—3.59613 - 10 ''T" [—5,—6.3 0~%ir] +3.59613 - 10~ ''T' [-5, 6.3 -
~2-107"T [-4, -1.58 - 10~ %ir] — 2-107'T [—4, 1.58 -
+1.44115-107"'T' [-4,—6.3 - 10~ %ir] + 1.44115 - 10~ "'T [4, 6.3 -
~1-107""T [-3,-1.58 - 10 °ir] + 1-107"T [-3, 1.58 -

—1.8214- 107 "°T [-3,-6.3 -

where I'[a, 2] =

0 %r] + 1.8214-10""°T' [-3, 6.3

we already substituted the values of wg, we, Ag, and As.

For n = 4 the differential equation reads: (cf. (87))
10 3
W “w = A2f,
')+ W) = o A3 )

fz dte """ is the upper incomplete Gamma function. For simplicity

(121)
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0.0010
Vimax: Viin
. 0.0008
—2.x107 |
-25x107F 0.0006
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(a) V(r,a,8) with Vinax = V(r,0,7/2) and Vipin = (b) The rotation curve

V(r,m/4,7/2)
Figure 3: Fig. (a) shows the potential V(r,a, ), where Vinax = V(r,a = 0,6 = n/2) and

Viin = V(r,a = 7/4,0 = 7/2) and Fig. (b) the rotation curve based on the data of ”Simulation
# 17 1]

with solution

War) = A3 A3 A2 (cos (2vor) sin(2\/5r)> (122)

— — + =
rr700 162107V 7\ 1407/0° 28Vh

A2 9 19 cos (2v/br) n A3 sin (2v/br)
- = T
r8 \ 280027 28002 192075

(123)

Figure 2 shows the graphs of the different W, (r). Clearly, Wy (r) dominates the potential
function V().

Figure 3a shows the potential (111) for @ = 0 and also for « = %. The potential V'
behaves approximately like Inr caused by Wy (r). For simplicity, the rotation curve is
not obtained by computing the actual velocities of the test particles, but by taking v(r) =
\/m instead, which gives the velocity of the test particles in circular motion in the
spherically symmetric case. Unfortunately, the data of the rotation curve of NGC1300 is
not available. But in comparison to other rotation curves of galaxies similar to NGC1300,
for which the data is known, the rotation curve we derive displays a reasonable behaviour,
namely that the rotation curve is flat from near the centre to the end of the galaxy. Note
that by only using V' to compute the rotation curve, it only accounts for the dark matter

distribution.
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

3 The Effect of Torsion on Spinning Particles

We now turn to the measurable effects of the torsion field with one being the effect the
torsion field has on a spinning particle. We compute the magnitude of the effect and
thereby maybe offer a possibility to experimentally detect the torsion field derived in the
previous section.

In order to analyse the effect torsion has on a spinning particle we may use two different
approaches.

First, we consider a pseudo-classical approach based on [10]. The second approach enters
the field of quantum mechanics where we solve the Dirac equation minimally coupled to

the torsion field.

3.1 Pseudo-classical Approach

We operate within a supersymmetric model where classical spin particles are non-trivially
coupled to the torsion field [10]. Our interest is in the effect torsion has on the polarization
vector

1 .
Si = —§€z‘jklsjkul (124)

where S} is the spin tensor and u! the 4-velocity of the particle. In the supersymmetric
approach the spin tensor Sj is defined as S7% = im¢&I ¢k where the ”spin variable” &' is
an odd Grassmann variable. Note that in the definition of the spin tensor the factor i is
required since the product &7¢* is anti-Hermitian. Thus, solving the equations of motion
for £¢ derived below and inserting the respective results into (124) we are able to analyse

the effect on spinning particles in a torsion field.

3.1.1 Derivation of the pseudo-classical equations of motion for &

We briefly summarise the derivation of the equations of motion for £’ based on [10]:
Free spinning particle:

The supersymmetric Lagrangian for a free spinning particle reads
£ =D (3" ic*€") (125)

with the dot denoting the differentiation w.r.t. a proper time s and m being the mass of
the particle. The x® and the £ are even and odd Grassmann variables, respectively. We
assume the Grassmann algebra to be generated by the four £!. The ”spin variable” &

itself has no physical meaning but the product S¥ = im&‘¢7 being the spin tensor has.
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3.1 Pseudo-classical Approach

The Lagrangian is invariant under the supersymmetry transformations

0x® = €€ and 0&* = ez

with € being a finite anticommuting parameter.

(126)

We introduce an anticommuting evolution parameter § and a ”supercoordinate” X*(s, ).

The Taylor expansion of X%(s,6) about § = 0 gives:

X% s,0) = x%(s) +i6£%(s)

with the supersymmetry transformations (126) now expressed as

0 —0+¢ and s — s — ich.

Furthermore we introduce a supercovariant derivative

—

o ., 0

being form-invariant under the supersymmetry transformations (128).

Using
J 9 :
2yva _ | 2 n - -a 00 — (750 a
DX —<89+1068>(z§ +i01) (m: 9§>
. xa
:i(j7“+i9§“) :iaas
and

/d0:0 and /dﬁ 0=1,

where [ € R, we can rearrange the Lagrangian (125) as follows:
c :%nab (xxb - zgag'b) _ _% / 070 (—j;%b n z'gag'b) 0
_ T -aecb .a-b -fa b -ta - b
— d@nab<—x§—xx9—2§§0—z§x00)

2
m . a AN o m 0X®
:_nabg/dé’ (zx —0¢ ) (ig" + i0i") = —a/dez B

__@ 2va
= 2l/de(DX ) DX,.
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(127)

(128)

(129)

(130)

(131)

(132)

(133)
(134)
(135)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

Particle coupled to the torsion field:

The Lagrangian in a Riemann-Cartan space-time takes the following form:

L=— g /de (9ij (X) D*X'DX7 + Sy (X) DX'DX7DXF) (137)
m Qg s S P amen) ¢f iej
=5 (gvijl’ 7+ igi; (f + I8¢ )5] + Sijk€ fjﬁkfl) (138)

with S;;x being a totally antisymmetric torsion tensor, I, =T +38, % where 7, .
is the Christoffel symbol, and the indices i, j, k,... denote Riemann-Cartan space-time
indices.

From (137) to (138) we used

%

—/degij(X)DQXiDXj = —/d@ (gij(a:) +i99ij7l§l) Za;i

= /de (9i5(z) + i0g:5,€") (m: - og'i) (ig? + i)

(i¢’ + i6i”)

=— /d (95 (%) + i60gi; 16" (f:'cigj —qtqig — zegigﬂ‘)
=gis (@) (#'37 +i€'¢/) +igiu€'i'e!

=gij(x) (i’iij + iéifj) + Z% (gij1 + gjri — girj) €' (139)
=gij (@) (#'9 +i€1€7) +igmi Ty '€'¢? (140)

and

Sijk (X) DX'DXIDX" = (Sij +i0Si8.8") (i€’ +i0i") (ig? +i0i7) (ic* + ifi")
=— i (Sik (867" — &iIEF0 + £¢7370 + 7T €M0) — 8,167 €5 ¢10)

= - / d0Sir (X) DX DXIDX* = i38,,i'¢7€% 4+ Sy €167 ¢x¢L. (141)

Since scalar particles do not couple to torsion, the scalar part (£ =0) alone cannot
determine the supersymmetric Lagrangian in a Riemann-Cartan space-time unlike in
cases when coupling a scalar particle to the electromagnetic field. A factor 3 appears
in the first term of the r.h.s. of equation (141) which comes from the coupling term
involving the third-rank torsion tensor in the supersymmetric Lagrangian (137). Later
we will see that in the quantum mechanical approach the same factor 3 appears due to
the torsion tensor being multiplied by the product of three gamma matrices.

Since the determinant g of the metric is assumed to be an element of the multiplicative
group of invertible even Grassmann numbers we can introduce the inverse g/ of the metric
tensor g;; used from (139) to (140). Furthermore we note that due to the supersymmetry

transformations (126) the odd Grassmann variables &7 transform as vectors and, thus,
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3.1 Pseudo-classical Approach

the Lagrangian is a scalar under general coordinate transformation.
The variation of the Lagrangian (138) with respect to the metric g;; and the ”spin

variable” ¢7 yields

. i .. { D . 1 Ay, o T
it =T alak + 5R i EEr — 39 V1S opg,r E°EPEIE (142)

£ =—T" i7" — 2ig™" S0 EmE"E° (143)

with Riklm being the curvature tensor with respect to the connection I 4 and V denoting
the Christoffel covariant derivative.
We may focus on the latter equation:

the Euler-Lagrange equation reads

<= <~
0 d ., 0
— — —L— = 144
—
i_‘,,'ij ia: [P o (engd _ cdgn o gled ek gl
ﬁ(‘?gu =19;;£"0), + 191" 0T (f 0 —& (5u) + 8k, 876,

— SijhaE IS 4 Sy afieRel 6T — SijpaieRelSE

:igiuéi + Z‘giu2]-cwlmnftm£n - igun,mi'mfn + 4S[ijk,u]£i£j£k (145)
because

Zgij]-—wmnxm (gnéi - §j53) = igiuglk (gkm,n + gkn,m - gmn,k) HUmfn
)

2gijgil (glm7u + Glum — gum,l) xmgj

i

2 (gum,n + gun,m - gmn,u - gnm,u — Ynu,m + gum,n) xmfn

=1 (gum,n - gmn,u) xmfn =1 (gum,n + Gun,m — gmn,u) xmgn - Zgun,mxmgn

=2iCumnd™E" — iGun.m@™E™ = 2igi, L™ E" — iGun,ma™E" (146)
and

1953 & (€703 — €167) = i (Smmu€™ = Smuj€) @™ = 2iSymna”.  (147)
Moreover we obtain

L = (igy €98 = igujmd™E + igu €. (148)

d.9 d
ds~ gu ds

30



3 THE EFFECT OF TORSION ON SPINNING PARTICLES

Thus,
— “
0 d , 0 . .
L— — —L— =igiu&" +19i21",,,,"E" — iGun,ma™E" 149
+ 4S5k, E E EF + igusmi ™ + igu; €& (150)
=120 €’ + igi 20", €™ + A4Sy E € = 0 (151)
= &= = I d"E — g 25, €'E € (152)
Returning to our case we have

Thus, the equations of motion (152) read
§' = Il €" — 2ig" yj1,mE €€ (154)

with fijk =T% + 37,

For simplicity we assume the space-time to be flat and hence fijk = 0 since we are only
interested in the effect caused by torsion.

Recall that in the previous section we related the torsion tensor to the derivative of the
scalar field f in the following way (48):

1
Yijk = ?Eijklf,l. (155)

The scalar field f is defined as
f = Ag cos(wot) fo(r) — Ag cos(wot — 2a)r2 fo(r) sin? 6, (156)

where a € [0,27), 6 € [0,7], r € RT and fo(r) as well as fo(r) are oscillating functions
of r ((103), (106)):

and fo(r) =14/— Vor

T r3

fo(r) =

sin(y/ar) 5 —3cos(vbr) _ sin(v/br) + %ﬁf’) -
.

Since the trigonometrical functions appearing in the scalar field f combine into spherical
harmonics, we can easily change f from spherical to Cartesian coordinates, which sim-
plifies future calculations.

Thus we may start with rearranging the cosine of the second part of the right hand side
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3.1 Pseudo-classical Approach

of equation (156):

cos(wot — 2a) 72 sin? @ = [cos(wot) cos(—2a) — sin(wot) sin(—2a)] r?sin?6
= [cos(wot) (cos® a — sin® &) + sin(wot) (2 cos asina) | 72 sin® @

= cos(wot) (z° — y?) + sin(wot) (2zy) (158)
with

T = rcosasinf
y =rsinasinf

z =rcosb, (159)

where z,y, z € Ry.

Hence, the scalar field f expressed in Cartesian coordinates is

f(t,2,y,2) = Ag cos(wot) fo(z,y, z) — As [cos(wot) (z° — y?) + sin(wot)2zy] fo(z,y, 2).

(160)
We have denoted fi(z,y, z) = fi(r(z,y, z)) by the same symbol f;.
The first and second derivatives of the scalar field f are:
fo == Agsin(wot)wo fo(z,y, 2) — Az [—sin(wot)wo (22 — y?)
+ cos(wot)wo2zy] f2(z, Yy, 2) (161)
fi1 =Ag cos(wot) fo1(z,y,2) — Az [COS(th) (2% = 9?) fa(z,9.2)) |
+sin(wot) (2zy fo(, v, z))’l] (162)
Fa =Ag cos(wot) fo.(x,y, 2) — As [cos(wot) (2% ) fola,y.2))
+sin(wot) (22yf2(2, 9, 2)) 5| (163)
[z =Ag cos(wot) fo3(2,y, 2) — Az [cos(wot) (z* — ¢?)
+sin(wot)22y] f2,3(z, y, 2) (164)
Fo0 = — Ag cos(wot)wi fol@,y, 2) + Az [cos(wot)wi (2? — y?)
+sin(wot)wp 22y fo(z,y, 2) (165)

fa1 =Ao cos(wot) fo,11(w,y, 2) — Az [cos(wot) [2f2(,y, 2) + 42 f21(2,y, 2)

+(22 — y?) faa1(z, y, 2)] + sin(wot) [Ayfo1 (2, y, 2) + 22y for1(z,y,2)] ] (166)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

f22 =Ag cos(wot) fo,20(,y, 2) — Az [cos(wot) [—2f2(x,y, 2) — 4y fa o

+ (22 — y*) fa.za | + sin(wot) [4z fo.2(, ¥, 2) + 22y f2.20 (7, Y, 2)] ] (167)
£33 =Ao cos(wot) fo.33(2,y, 2) — Az [Cos(wot) (mQ — y2)
+ sin(wot)2zy] f2.33(x, y, 2). (168)

3.1.2 Co-moving Particle

We now consider a particle co-moving with the spoke of the torsion field of the galaxy,
which we have derived in the last section. Instead of assuming the particle and the spoke
to be in motion we take both of them to be at rest. Recall that we already set a(t) =~ «
since the rotation of the spoke is very small.

Thus, w.l.o.g. we choose 2/ = (1,0,0,0). As ’yijk is totally antisymmetric, equation (154)

yields

SO = - 21’77007[04,@"/,0]50‘55{\/
1 N
=27 (Vap),0 = Vapo)y + Vanol,p — V(0],0) §7€7€7

)
=5 (fYQB’Y,O - ’70(,80,'7 + ’70470,[3 - '7,8')/0,0() gagﬁg’y

2
= o (s 00 = €ae” Fr  Cana T35 — €30 Fra ) E76°7
=- % (=foo+ fi1+ faz + fa3)£1€2¢ (169)
£ == 3% 8% — 2in €' EF
=~ 37%05 €° — e FanE O, (170)

where the Greek letters run over the three spatial coordinates (1,2, 3).

Note that since £'¢7 = —£7€7 we obtain

eaﬁyofpo{afﬁgy =195 006 €€ + €139 F,006°61 €% + €313 fL0067€ €
931" F,0067E°E + €319 f,006°E1 €% + €301" f 006763

= — 69% 006 €%6% = 61 00 €267 (171)

We position the particle on the spoke of the torsion field: Z = (z,0,0).
Therefore, we find that foo = fo,3 = fa2 = f2,3=0.

Thus, the components of the torsion tensor 7,03 and the second derivatives of f are

—:Az |:$2f2,1(f)

® Y302 = —7203 = /1 = 7 cos(wot) (Aofo,l(f) q—&—qufﬂf)])

x

= cos(wot)%
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—1

2.x107f e
7L ;o\ ,
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T 2000, 4000 7 6000 ~ - 8000~
7R | / 4
_ . 1x107 ., e
Figure 4: The figure displays the ;. 107h
functions h(Z) and j(¥) along the 5,107}
spoke of the torsion field. v
® Y103 = =301 = ¥ f2 = — 5 Az sin(wot)2Z f2(Z) = — sin(wot) %
1
® 7201 = —7102 = Tf,3 =0
e foo = —Agcos(wot)w? fo(ZT) + Az cos(wot)wd? fo(F) = — cos(wot)wgcig

e f11 = Agcos(wot) fo,11(%)

e Aq COS(L«)Ot) |:41‘f2’1 (f) ) -l;2f2 (.’i"):|

IT=T

+ 22 fo11(Z)
73

x

= cos(wot) = h1(Z)

o[22 = Agcos(wot) fo,22(%)

] —:Ag cos(wot) {—2f2 (Z) + 2% f2,22(7)

r=x

° f,33 = Ay COS(OJot)fo’ggg(f) — Ay COS(Wot).’E2f2’33({f)

=T

where .
b= h(7), h(@) = % (Aofor(F) — Ay [ for (7) + 20£(3)]) (172)
§= (@), (@) = 2 As20 () and (173)
d=d(@), d7) = % (Aofo(@) — Asa® fo()) . (174)

In order to choose the most convenient value for Z, we take a closer look at the scalar
field f along its spoke. Figure 4 shows that on average |h| ~ 10?|j| along the torsion

field’s spoke starting from the value r =~ 4000ly with r = /22 +y2 + 22. Since the
radius of the galaxy we are looking at is 75000ly, we do not take values of r < 4000ly

into consideration and neglect j for r > 4000ly.

To maximise the effect we take Z = 4915ly as that is a maximum of the function h(Z).

Eventually, equations (169) and (170) give:

0 =- % (=foo+ fa1+ foz + fa3) £1€%€°

= —icos(wot)k £1€2€3 (175)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

21 s
£ =—3 (Y1 +710:8%) — Tnue[ijkl\ fun€eier

_ % (=Ffo0 + f11+ foz + fa3)€0€%¢3

= — i cos(wot)k £0€2¢3 (176)
. ) 2 .y
52 == (’720151 +’7203§3) - %77226[¢jkl|f,l|2]flfjfk

Z%fﬁfg + % (=foo+ far + foo + f33)€°6°¢°

= cos(wot) (h + ik £°¢") €3 (177)

. 2 o
£ ==3 (Y0l +708%) - ¥7733€[ijkl\ fus€eiek

== 208 2 (Foot fut ot ) €6€
= — cos(wot) (h + ik £°¢") €2, (178)
where
% (—f00+ fa1+ f22 + f33) = cos(wot) (Wch- aq1(%) o
+ % (Aofo,m(f) q—jAz <—2f2(5) + 72 o, 20(T) ) q))
+ % (Aofo,33(f) ﬂ*jAzfzfz,s:s(f) ) 4)) = cos(wot )k (179)
‘We choose the ansatz
§ =1 (D& 404" 1o (DEEDES, (180)

where €' = £™(0) and p*,, (¢) as well as ¢°,,,,,,(t) are arbitrary tensors with p?, (0) = &°,,
and ¢*,,,,,(0) = 0, respectively.
We differentiate the ansatz (180) with respect to the time ¢ and compare its coefficients

with those of the differential equation (175):

SO = pomggl + Zqomnog(?)nfgé-g (181)

:>p0m =0 = pomé(?)n = const. (182)

Note that the implication does not hold if e.g. &) oc £363€3. This and similar relations
will henceforth be excluded.

Thus we claim that

€% = €0 +i0°n0€0 €0 €0 - (183)

Analogously we assume

€' =& +1iq 4, EGE0EG- (184)
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Next we compute the product £%¢1:

5061 :é-gg(l) + ggiqlabcggggf(c] + g(l)zqomnog()nfggg
=€ + £01Q1606060 + §01Q2806060 = €080 +1(Q1 — Q2) §060€580.  (185)
with @Q; being scalar functions of the time ¢ and £Jq',, .£3€5£5 = Q160656343 due to the

identity €56 = —£)¢5.
Substituting (185) into the differential equations (177) and (178) yields

€2 = cos(wot) (h + ik [£0€} + (Q1 — Q2) £06563€3]) €°

= cos(wot) (h + ik&J&5) € (186)
£ = — cos(wot) (h + ik [£065 + (Q1 — Q2) £0663€0]) €
= — cos(wot) (h +1ik&&)) & (187)

or

) 2
(;) = cos(wot) (h +ik&)&Y) (01 (1)) (;) . (188)
The solution is

52 ! / ' (T 1. 1 0 1 §2
(53) = exp (/0 cos(wot')dt' (h + ik&OE)) (_1 O)) (523) . (189)

Carrying out the integration

t . "
/ cos(wopt’)dt' = sin(wo ), (190)
0 wo
the exponential function in (189) gives:
sin(wot) = .01
exp Tn (h + zkfofo) J (191)
0 1
with J = .
-1 0
Using the identity
v = (V':[])n = n V2n — n V2n+1
= =1 -1 J -1t 192
¢ T; al 7;0( Vet ;)( G (192)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

with J? = —1 and v = Sm(‘”ot (h+ ik€)ES), we expand (191) into a series.

Due to €563 = —£3€9 the exponentlatlon of the scalar v yields:
. ¢ B B n -n ¢ B _ _
0

Thus, defining G(t) = w, the series expansion of the exponential function yields

o0 ﬁQn(t) (BQn + 227’177/2”_1]}58&%)

e =1 ;(—1)” (2n)!

00 n52n+1(t) (ﬁ2n+1 +i(2n + 1)712”/558&%)
+JIT;O(*1) (2n + 1)!

= L [BoOR™ g Rz
=13 (=) l I O =

0o . (B(t)h)%ﬁ‘l .62n+1(t)ﬁ2n]2.5061
2 [ (2n+1)! (2n)! =

)
=1 [cos(B(t)h) — isin(B(t)h)B(t)kEEs ]
+J [sin(B(t)h) + i cos(B(H)h)B()kEE ] (194)

and, eventually, the solutions to (186) and (187) read

= [cos(B(t)h) — isin(B(1)h)B(t)kEGES] €5
+ [sin(B(t)h) + i cos(B(t)h) B(t)REIES] &6, (195)
— [sin(B(t)h) + i cos(B()h) B(t)kEIES] &6
+ [cos(B(t)h) — isin(B(t)h) B(t)REIEH] &3 (196)

Next, we turn to the differential equations (175) and (176):

using

§2¢* = [cos(B(t)h) — isin(B(1)h) B(HREE ] &

- [cos(B(t)h) — isin(B(t)h)B(1)kEYES] &
— [sin(B(t)h) + i cos(B(t)h) B(t)kEYE] &6
- [sin(B(t)R) + icos(B(t)h) B(t)kEDES ] €6

= (cos®(B(t)R) + sin®(B(t)h)) &5€5
— i cos(B(t)h) sin(B(t)h)B(1)k [€0€56067 + €56060 €0
+ESERERES + £06563¢3]

=633 (197)
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3.1 Pseudo-classical Approach

the equations read

€% = — i cos(wot) ket e2el (198)

£ = — i cos(wot)keE2E2€3. (199)

or, in matrix representation,

(éo) = —icos(wot)kE2ED (0 1) (50) (200)
61 1 0 gl

with the solution being

0 0
(5 ) = exp (—i /t cos(wot')dt' ke2€3 (0 1)) (50) : (201)
¢! 0 L0 &

Due to the nilpotency of the product £2£3 the series expansion of the exponential function

appearing in (201) yields

exp (z‘Sin(WOt) 15535313) _q oSt peo g (202)
wo wo
0 1
with B = .
10
Thus, the solution (201) reads
& = 8 - petenel - b —ip(nicietel (203)
¢ =g - geae - q iR (204)
0

The results above enable us to compute the spin tensor S¥ = img&?¢?. The respective

components read

SO =ime®¢t = im (€5 — iB()k&ETET] [€o — iB()EETES]
=im&)&y = SO (205)
S92 =im®€? = im [ — iB()k&GEE] [(cos(B(t)h) — isin(B(t)h)kERES) €
+ (sin(B(t)h) + i cos(B(1)h)kEYES ) €6
=im [cos(B(t)h)E0ES + sin(B(t)h)E0ET]
= cos(B(t)h)S? + sin(B(t)h) S (206)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

§9 =img®¢* = im [€ — iB(k&ETED] [(cos(B()h) — isin(B()h)kEYES) &
— (sin(B(t)h) + i cos(B()R)kEYES ) &3]
=im [cos(B()h)EYSH — sin(B(t)h) &3]
= cos(B(t)h)S¢” — sin(B(1)h) Sy’ (207)
S'2 =img'€? = im [ — iB(t)kEEGES ] [(cos(B(t)h) — isin(B(t)h)kEgEs ) &5
+ (sin(B(t)h) + i cos(B(H)h)kEE) &7
=im [cos(B(t)h)E4ES + sin(B(t)h)&HE0]
= cos(B(t)h)S5* + sin(B(1)h) S5 (208)
S =imé'€® = im (& — iB(t)kEGETES] [(cos(B(t)R) — isin(B(t)h)REYES ) &6
— (sin(B(t)h) + i cos(B()R)REIES) &3]
=im [cos(B()h)&5&5 — sin(B(6)h)E5€3]
— cos(B(t)h) 55" — sin(B(t)h) S5 (209)

%3 =img2¢3 = im&ed = S2B. (210)

Note that the same solution for S% would have been obtained if we have neglected the

cubic terms in the equations of motion (169) and (170) from the outset.

Therefore, the polarization vector S; = f%eijlejkul (124) for a particle at rest reads:

So=— %GOjkOSijO =0 (211)
Sp=— %61;‘1@05ij0 = —% (€12305%° + €13205%%) = 5%

—im3€d = (S1), (212)
Sy = — %emosg‘kuo _ _% (e21305™ + €3105°1) = !

=im [cos(B(t)h)E5ES — sin(B(6)h)E5E0]

= cos(B(t)h) (S2), +sin(B(t)h) (S3), (213)
S3=— %@;jkOSjkuo = —% (€31205" + €32105%") = S

=im [cos(B(t))€€5 + sin(B(t)h)EoE7 ]

— cos(B(t)h) (Sa)g — sin(B(1)R) (Sa), - (214)

Evidently the torsion field causes the spatial polarization vector S, to rotate about the
z-axis. The rotation axis points in the same direction as the spatial gradient of the scalar
field f. Since the argument of the trigonometric function 3(t)h is an oscillating function of

t, the angular velocity changes over time. ((t)h takes values from hJ3 (ﬁ) = -83-107"
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3.1 Pseudo-classical Approach

to hf3 (%) = 8.3-1077 with periodicity Ty = 27 /wo = 63.5y. We notice that whenever
B(t)h changes its sign the rotation axis gets reversed resulting in a change of the sense
of rotation every 31.75 years.

As already noted the nonlinear terms appearing in the solutions (195), (196), (203) and
(204) do not contribute to the spin tensor and, consequently, they do not contribute to
the polarization vector.

Next, we compute the amplitude of the rotation of the polarization vector:

previously we saw that the argument hj3(t) of the trigonometrical functions appearing
in (213) as well as in (214) takes values only from —8.3 - 1077 to 8.3 -1077. Thus, the
resulting rotation about the z-axis is very small and we can approximate the cosine and

sine as follows:

cos (f’m(“"ot)) ~1-g <hsm(°"0t)>2 (215)

wo wo
(S0 st 210
Wo wo

The maximal amplitude of the rotation is reached at t = m/2wy:

Sy = (1—107"3) (S2), — 831077 (S3), (217)

Sy =(1-107")(83), + 831077 (S2), (218)

3.1.3 Radially moving particle

Recall that on solving equation (89) we derived a Newtonian potential for the dark matter
density pppys. Operating within the Newtonian limit it is consistent to approximate a
geodesic by a radial trajectory along the spoke of the torsion field.

We choose the 4-velocity of the particle to be &' = ‘% = dditi% = 7,(1,v,0,0), where s
denotes the proper time of the moving particle and ~, = 1/ V1—02.

As previously noted, the torsion field is related to the derivative of the scalar field f
(vijk = € .1 (48)), which, expressed in Cartesian coordinates, is given by (161) -
(164). Since the particle is moving along the spoke, we have y = z = 0.

Recall that, due to its time oscillation, the torsion field changes its sign every 31.75y.
Therefore, we may focus on this particular period.

The wavelength Ay, (95) of the spatial oscillation of the gradient f ;, which is given by the
functions h(Z) (172), j(¥) (173) and d(&) (174),is Ay, ~ 2000ly. Hence, even for the case
of a particle with velocity v = 1 it is consistent to approximate the spatial oscillations
h(Z), j(Z) and d(Z) by setting h(Z) = h(Z) = h, j(¥) = j(Z) = j and d(¥) = d(Z) = d
with 7 = (%,0,0).
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

Thus, using (172), (173) and (174) the gradient of the scalar field f (164) reads

fo= —sin(wot)wo%r (219)
f71 = cos(wot)% (220)
fo= —s,in(wot)%T ~ 0 for > 4000ly (221)
f3=0 (222)
Hence, using (169) and (170) the equations of motion (154) read
€0 = =37, (V108" + volgvf?’) — 21,087 €5¢!
= I (fa€ — faf®) = 2t (~foo + for + faz + Fi) €€°€°
7? (= foo+ fa1+ for + f53) E1€2€° (223)
€' = =37 (v'028” + 7"03&?) — 2i77“7jkz pelehet
0 (o 1o8%) S (—foo fon o+ F5s) €267
—? (= foo+ fn + Fan+ f3) €367 (224)

& = =37, (Vo1& + 77038 + 7 10vE" +77130€%) — 200 a2 €7 €€

3% (fag' — f18° — fsvfo — [ov€®) + ﬁ (—=fo0+ f11+ foo + fa3) €061
3%

(f1+ fov) €+ ( foo+f11+f22+f33)§05 ¢ (225)

£ =37, (VP& +7 0252 + 72 100E% + 7P gvE") — 2ig¥ (1 587 R

3N
0 (faf 4 Fa8 4 FovE® + F20E%) = 20 (~foo + far + Fon + £58) €6
3
0 (ot Fo) € = S (oo + fur + fon + Fss) €667, (226)
where 51 d¢?/ds with s being approximately the proper time. Thus, ((;S(t)) = ddii % =

g
Substituting the constants h, d, and k defined in (172), (174) and (179) in equations
(223) - (226) gives

€0 =7, = —i cos(wot)kE' €3¢ (227)
€' =7€" = —i cos(wot) k€3¢ (228)
€% =7, = 7, [cos(wot)h— sin(wot )wodv] £+ i cos(wot)kEPE € (229)
&8 =1 = —v, [cos(wot)h— sin(wot)wodv] €2~ i cos(wot)kE & 2. (230)
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The equations of motion take the same form as they do in the case of a particle at rest
except for some additional terms involving the velocity v.

The fact that the Grassmann variables £¢ appear in the same order in (227) - (230) as
they do in (175) - (178) enables us to solve the equations (227) - (230) using the ansatz
(180). Therefore, when computing the spin tensor S% = im&'¢7 all nonlinear terms ap-
pearing in the solutions & cancel.

So, being only interested in the effect torsion has on the polarization vector S; =
—%eijklsjkul, with S7% being the spin tensor and u! being the 4-velocity of the par-
ticle, we may neglect any nonlinear term in the equations of motion (227) - (230).
Thus, equations (227) - (230) read

€0=0 231

gt=0 232

% = [cos(wot)fz — sin(wot)wociv} I3

(231)
(232)
(233)
(234)

8 =— [Cos(wot)ﬁ — sin(wot)wodv] &. 234

In matrix representation the equations (233) and (234) read:

12 2
2/3 = [cos(wot)ﬁ—sin(wot)wociv} _01 (1) 23 (235)

with the solution being

2

53

0 1 2

(236)
-1 0 3

¢
= exp / [cos(wot")h — sin(wot’ )wodv] dt’
0

Analogously to the case of a particle at rest we expand the exponential function in

equation (236) into a series using the identity

ewzi(w)”:ﬂi( ¢>2" +3 i n O (237)

n=0 n! n=0 2n + 1)
= L1 cos(¢) + Jsin(¢) (238)
. 0 1 t o ] .
with J = and ¢ = [ [cos(wot’)h — sin(wot')wodv] dt’ and obtain:
-1 0

2 : 2
£ _ [ cos o(t)  sing(t) ol (239)

IS —sing(t) cos¢(t) B
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

The integration gives:

o(t) = /0 [cos(wot")h — sin(wot)wodv] dt’ (240)
= BM + vd(cos(wot) — 1) (241)
wo

In comparison with the case of a particle at rest we see that £ undergoes an additional
rotation caused by fo. Let us consider a simplified case where h = 0 and, thus, fi=
(f,Ov 07 01 0)

The equations of motion (154) read

£ =3y, (ViOkfk + UViufl) ) (242)

where we neglected the nonlinear terms. Since the torsion tensor is related to the scalar
field via ;5 o eijkl f.1, all but the components v,3y equal zero where «, 3, v run over
the three spatial components (1,2, 3).

Thus, (242) reduces to

£ = 4,6 = —3U'yv'yaw§5. (243)

Due to the totally antisymmetric character of .3, we obtain:

¢ =307 56" =0 (244)
£7 = ~307%56" = 2 fof® (245)
€% = —307a? = 20 ol (246)
with the solutions
¢! = const. (247)
€% = cos (vd (cos(wot) — 1)) & + sin (vd (cos(wot) — 1)) & (248)
¢* = —sin (vd (cos(wot) — 1)) & + cos (vd (cos(wot) — 1)) & . (249)

Thus, the rotation axis is identical to the direction of motion of the particle. If v = 0 this
effect vanishes. Hence we conclude that the rotation in (239) is a superposition of two
rotations with one being caused by the spatial component and the other one by the time
component of the gradient of the scalar field f. Since in (239) the rotation axes of both
rotations, namely, the direction of motion and the spatial gradient of the scalar field f,
coincide, we obtain two rotations about the same axis. As the plane of rotation is per-

pendicular to the direction of motion we do not expect to find special relativistic effects
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like Lorentz contractions. For a particle that is moving along the y-axis the rotation axes
point in different directions. The resulting plane of rotation is no longer perpendicular
to the direction of motion and, thus, due to special relativistic length-contraction, the

rotation appears elliptic.

The spin tensor S¥ = im&i&d is obtained analogously to the case of the particle at

rest ((205) - (210)):

SO =imédés = Sg* (250)
892 =im [cos ¢(1)€0€7 + sin ¢(1)E0&5] = cos B(t).Sg? + sin ¢(t)Sp° (251)
8% =im [cos ¢(1)€0€5 — sin ¢(1)E0ET] = cos () Sg° — sin (1) Sy (252)
S'? =im [cos ¢(1)€565 + sin @155 = cos B(t)Sg? + sin ¢(t) Sp° (253)
S12 —im [cos G(HERES — sin ()ELER] = cos B — sinp()SI2 (254)
5% =im&ges = S5°. (255)
Hence the polarization vector S; = —Gijlejkul reads
So =— %GijSijl = —3602315230% - %603215320% = —v7,58° = (S0), (256)
S1=— %Gukosﬂcuo = —361230523% - %61320532% = %533 = (51)0 (257)
Sy = — %€2jk05jkuo - %leﬂsjkul
=- % (21305 + €23109%") 70 — % (€2031.5% + €23015%°) vy,
= — Y [cos ¢(1)S5” — sin ¢(1)S5? — v (cos §(t)S5° — sin §(t) 557 |
=7, [cos p(t) (—S5° +vS0?) + sinp(t) (S§? — v55?) ]
= cos ¢(t) (S2)o +sin ¢(t) (Ss)q (258)
S3 = — %stkogjkuo - %%jklsjkul
=- % (€31205"% + €32105%") 0 — % (€30215%% + €32015%°) vy
=7, [cos ¢(t) 5% + sin ¢() S5 — v (cos ¢() S0 + sin ¢(2)S§?) ]
1, [eos 6(t) (532 — vSY?) — sin 6(t) (~S4* + vSg?)]
= cos (t) (S3) — sin d(t) (S2)g (259)

with u! = v,(1,v,0,0) being the 4-velocity of the particle.
(82)g = 7w (=S¢ +v5§?) and (S3), = 7o (542 — vS0?) consist of two terms with one
being proportional to the velocity v. This is due to the fact that a moving particle is

subject to two rotations, where one corresponds to the rotation a particle at rest under-
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Figure 5: The functions h(Z)/wo and vd(Z) displayed in z-direction for different velocities. Note
that the oscillations in time have been neglected.

goes and the other one is the additional rotation a moving particle experiences.

As we expected, the polarization vector undergoes a rotation about the z-axis. The
rotation is very small and changes the direction whenever ¢ changes its sign. Note that
in comparison with the case of the particle at rest, the argument of the trigonometrical
functions ¢(t) in (258) and (259) is extended to ¢(t) = hfB + vd(cos(wot) — 1), where
hf3(t) is the argument of the sine and cosine in (213) and (214).

Before substituting numbers in ¢(t) we have to reconsider our choice of & with the aim
of maximising the amplitude of the rotation. Recall that we neglected the spatial oscil-
lations of h(¥) and d(Z) by setting h(Z) = h(Z) = h and d(¥) = d(¥) = d, respectively.
Since both the time and the spatial oscillations, the latter ones being reduced to the
constants h and d, appear in the argument ¢(t) of the trigonometrical functions in the
solution (239), we need to find a T so that |A¢| = |(t2) — ¢(t1)| is maximised, where
t1 and to are values of the time ¢ yielding two consecutive extrema of ¢(t), one of them
being a maximum and one a minimum.

We first consider the spatial oscillations h(Z) and d(Z):

figure 5 shows that the spatial oscillations of h(Z) and d(#) do not run in parallel.
Furthermore, we see that for velocities v > 4 - 1072 on average |vd| > |h/wo| and for
v < 4-1072 on average |vd| < |h/wo|. Thus, the optimal choice of Z depends on the
respective velocity v.

For velocities v < 4-1072 we take the same value for Z as we did in the case of a particle at

45



3.1 Pseudo-classical Approach

rest. For v = 4-10~2 we must not choose a maximum of one of the two functions as they
are phase-shifted by nearly /2. Instead we choose T = 3 (Zp(z),... + Ta(@)ma.) = 5177y
where h(Z)maee and d(Z)mq, are maxima of h(Z) and d(Z), respectively.

For velocities v > 4 - 1072 we choose Z = 4431ly being a maximum of the function h(Z).

Next we choose the values ¢ and to of the time ¢ yielding consecutive extrema of the

function ¢(¢).

A sin(wot)
wo

ranges from— 2= to w;ho and vd (cos(wot) — 1) from —2vd to 0 the choice of

Since o

t1 and to also depends on the respective velocity of the particle.

For v < 4 -1072 we choose t; = 2”70 and to = 237”0 For v = 4 -10~2 we see that
lvd| ~ |h/wo|, thus, we choose t1 = 77~ and t5 = 3 (2‘37”0 + wlo) = 57”0 giving a maximum
and a minimum, respectively, of the function ¢(t).

For v > 4-1072 we choose t; = 0 and t; = = giving a maximum and a minimum
wo ’

respectively, of the function cos(wgt) — 1.

e v=10"%

7 =4915ly, t; = 5= and tp = 2%

20.}0 :

d(t1) = —8.3053 - 10~ 7 sin(wot1) + 4 - 10~ (cos(woty) — 1)
= —8.3053-1077 = —¢(t2) (260)
|A¢| = 1.6617-1076 (261)

e v=4-10"2
T =51771ly, t; = ﬁ and to = 2T

40.)0 :

P(t1) = —5.7693 - 10~ 7 sin(wot1) — 6.3547 - 10~ 7 (cos(woty) — 1)

=-22183-107" (262)
P(ta) = 1.49277-107° (263)
|Ap| = 1.71459 - 10~° (264)

e v =0.99:
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.’f:44311y, tl =0 and t2: T

wi():
¢(t1) ~0 (265)
B(tz) = — 1.4 - 10"V sin(wotz) + 2.874576 - 10~° (cos(wota) — 1)

= —5.749153 - 10~° (266)

|A¢| =5.749153 - 10~° (267)

47



3.2 Dirac Equation Minimally Coupled to the Torsion Field

3.2 Dirac Equation Minimally Coupled to the Torsion Field

In this section we turn to the quantum mechanical approach where we solve the Dirac
equation minimally coupled to the torsion field v;;.
For simplicity, we change the signature of the metric from (—, +,+,+) to (+,—, —, —).

In Minkowski space-time the Dirac equation reads
ihy O = ma, (268)

where 1) is a Dirac spinor, i is the reduced Planck constant and 4’ are the gamma

matrices satisfying the relation

{+*.4'} = 20", (269)

where the curly brackets denote the anticommutator.

We choose the following representation for the gamma matrices:

A0 = , ¥ = (270)

with 1 being the 2 x 2 unit matrix, c® being the Pauli matrices and with the index «
running over the three spatial coordinates (1,2, 3).

Recall that since we choose the units lightyears [y and years y the speed of light ¢ equals
one.

In order to minimally couple the Dirac equation to the torsion field we need to find the
covariant derivative for spinors.

It is necessary to introduce an anholonomic tangent space basis called tetrad field [3],[14]:
Due to the Equivalence Principle we can erect a local orthonormal frame at any point of
space-time. The orthonormal frame comprises four mutually orthonormal tangent vectors
h,} with the upper index denoting the component of the vector w.r.t. a coordinate basis
and the lower index denoted by letters from the beginning of the alphabet indicating the

respective vector. The tetrads b, fulfill the following relations:

9ij by by = nay (271)

Nab hi® by = gij, (272)

where g;; denotes the metric tensor of the Riemann-Cartan space-time and 7, the metric
tensor of the Minkowski space-time.
The h,* are the components of the dual basis obtained from k. by raising the tangent

space indices with 7% and lower the indices 4, j, k... by Jij-
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Under a general coordinate transformation the Dirac spinor v transforms like a scalar
v (@*) = v (@) = v (=" (2)). (273)

However, under a Lorentz transformation of the tetrads v transforms according to the

Dirac spinor representation of the Lorentz group
W (27) = o' (2%) = e 3 )y (29) = 5 (M) 9 (27), (274)

where A = =" (#*)Mav ig 5 standard Lorentz transformation and My, = —My, are
the six generators of the Lorentz group. In the Dirac representation S (Mgyy) = Yap =
% [Vas b], where the square brackets denote the commutator of the gamma matrices.
We may focus on the latter equation.

In analogy to gauge theories we seek a covariant derivative that fulfills
(S (A (=) %), =S (A=)t (275)

under a local Lorentz transformation A (z).

The covariant derivative that meets the requirement (275) reads [11]

Di =0, + T = 0+ 55" Tiap = 0, — 52 (276)
1 a j m
—0; + 5 (v, 4] W, (Mo = T hom) (277)

where I'™,; denotes the holonomic Riemann-Cartan connection.

We may now return to the Minkowski space-time with torsion:

note that in this case the tetrad may be chosen as holonomic: h = 4§,

Hence the covariant derivative (277) of a spinor 1 is
Yy = — 3 Vidk [V, "] ¥, (278)

where 7,1 is the torsion tensor.

Thus, replacing 1 ; by v¥.; the Dirac equation (268) reads

ihy' <8i - é%‘jk [’Yj,’yk]) =ma. (279)
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Schrodinger form of the Dirac equation:

Recall that the torsion field ;; is related to the derivative of the scalar field f (48):

1
Yijk = _?ijlf,l- (280)

A minus sign has been added due to the change of signature.

In order to obtain the Schrodinger form of the Dirac equation we may rearrange (279)

as follows:
g 1 ik
iy (95 — g%’jk (77, 7*] ) =m| v =0 (281)
& (Zf‘w di — %gw ik — m) Y =0 (282)
& (ZW@ + €™ Fny' Y ) Y =0 (283)
o ig O 5 _
& (@hv i 2T f,w ot m) Y =0 (284)
. 0 . e 3h 1.5
S iy 0p) = | —thy* 04 + ff,m v 4+m | (285)
& ihdg = <ih7 Y200 + —moylyf’ +mry > W, (286)
because

i ™ Fm YY" =6 (1% fo€r2307' vy + 0 f1€02317° (287)
+1%2 f.2e01327° 77 + 1% £ 3€01237°712) = 6 (—f.07°7 v 2R (288)
+F17 Y'Y = £ + £37P 0 YP) (289)

=i6f1v'°, (290)

0,1~2-3 —

NP = iy Oyla2y , where 1 is the 2 x 2 unit matrix, and the Greek letters

denote the three spatial Cartesian coordinates.

3.2.1 Co-moving Particle

We consider a particle located on the spoke of the torsion field as we did in the quasi-
classical approach. Since the spoke is rotating very slowly, we assume the spoke to be at
rest and the 3-momentum of the particle to equal zero.

Recall that we neglected f o for z > 40001y as in this region its contribution to the torsion
field is very small compared to fo and f ;.

Note that f3(Z)| =0.

=z
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

As in the pseudo-classical approach we neglect the spatial oscillations given by the func-
tions h(#) (172) and d(¥) (174) by setting h(Z) = h(Z) = h and d(7) = d(7) = d,
respectively.

Due to the appearance of Pauli matrices in the gamma matrices we may, for simplicity,
rotate our coordinate system so that the spoke of the torsion field coincides with the
z-axis:

r-axis — Z-axis, y-axis — f-axis and the z-axis — g-axis, where &, § and Z denote the
rotated coordinates.

Thus, f1(t,z,y,2) = f3(t,2,9,2) = f 5.

Therefore the Dirac equation in Schrodinger form resulting from (286) reads

, o 3h ;
ihdotp = <—Zﬁ7°7 Do+ g (fm5 + f,37°7375) + mvo) Y (291)
or i) = (—ifn 420, + S0 54 fainln? 0
bt = | =" 0a + 55 (Lo + [3iv' 77 ) +my” | ¥ (292)

In the case of a particle with vanishing 3-momentum equation (292) reduces to
i RO, _ i 5 s 1.2 0
hdot = | 5 (for” +if sy’ 77 ) +my” | . (293)

Since f 3 depends on the time ¢ we have to modify the free solution given by
b = e P (294)

where v and v are both normalised 2-components vectors and E denotes the energy, by
replacing the product Et by E(t) = ftto E(t')dt'. We call E(t) the local energy.
Thus, the solution (294) reads

P = e HEW, (295)
v
Substituting (295) in (293) yields
3h e 13
Et)) = — (f70fy5 + zfg’yl’yQ) ¥ +1"map (296)
27
3h . i s
(—E(t) + o (f}oﬁyS + Zf’g’yl’}g) + Vom) =0 (297)
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3.2 Dirac Equation Minimally Coupled to the Torsion Field

and in matrix representation

m+cfs—E 0 cfo 0
0 m—cfs—E 0 cfo
cfo 0 -m+cfs—F 0
0 cfo 0 -m—cfs—F
with the constant ¢ = %
Thus, we obtain
(m +cfs— E) up +cfovy =0
(m — Cf’g — E) U + Cf’()/UQ =0
cfour + (fm +cfs— E) vy =0
cfous + (—m —cfs— E) ve = 0.
We rearrange (299)
m+cfs—F
V] = -
cfo
and substitute the equation above into (301):
m+cfs—FE
Cfﬁo’ul — (—m + nyg — E) (:.;13114 =0
0

<:>C2f7% — (—m+cf73 —E) (m—|—cf73 —E) =0

@ch% — (Cf,g — E)2 +m2=0
= By =cf 3+ /A2 f3 +m?
I - ho 2
=3 cos(wot)h + 3 sin(wot)d | + m?
B3 =cfz—\/2fy+m?

I - B 2
=3 cos(wot)h — B sin(wot)d | + m2.

Uy
U2

= (),
U1

V2

The vectors u and v corresponding to the local energies F1 and E3 read:

1 cfo
m (& 2 m
ugy = N . . vy = N, +4/c2fH+m?
0
_ cfo
m C 2 m
u@) =Ny [ VLT g = N
0
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(298)

(303)

(304)

(305)
(306)
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(308)

(309)

(310)
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

with

1 m+ /m? + 2 [}
N1,3=% . (313)
\/m2 +my/m? 42+ 2 f3

and the normalization condition 1) = 1 with ¥ = 9T7? and 1 being the adjoint of .

Analogously we rearrange equation (300) and substitute it into (302) obtaining

Ey = —cf 3+ /2 f} +m? (314)

= —g cos(wot)h + \/(g sin(wot)d> + m? (315)

Ey= —cf3— /2 f}+m? (316)

- _g cos(wot)h — \/ (g sin(wot)d> +m? (317)

with
0 0
’LL(Q) = NQ 5 ’U(Q) = NQ cf.o 5 (318)
1 m+ c2f%+m2
0 0
way=Na| 4, s vy =Ny (319)
mA-/c? f5+m? 1
and

N24

)

1 m+,/m2—|—02f7%
\/m2 + my/m? —|—02f’20 +02f)20

The solutions
g = [ | ek, (321)
U(k)
k = 1,2,3,4, form an orthonormal basis. The spinors 1, and ¥y with the positive
local energies F; and FEs, respectively, are particle solutions whereas 13 and ¢4 with the
negative local energies F3 and FEy, respectively, are antiparticle solutions.
The solutions 1)1 3 and 13 4 are polarised in the z and the —z direction, respectively.

We may point out the analogy to a spinning particle in a static magnetic field:

We consider the time independent Schrodinger equation for a spin—% particle at rest in
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3.2 Dirac Equation Minimally Coupled to the Torsion Field

a constant magnetic field B = (0,0, By) [16]:
E¢=H¢, (322)

where H = —ﬁ 5 = —%’yBoog denotes the Hamilton operator with the spin magnetic
moment ﬁ = 'y%&' and ~ denoting the gyromagnetic coefficient.
A basis of solutions is

1 0
¢ = . e 7 and ¢y = , et (323)

with F; = —%’yFLBO and Fy = %’yhBo.
We consider an arbitrary state ¢(t) = ag; + S¢2 with |a|?+|B|?> = 1. The time evolution

of ¢ gives
LY B 0) iyt
o(t) =« e27"0t 4+ 5 e 27"0 (324)
0 1
=« e 2t + 3 ezwLt (325)
0 1
with
1 1
= —7Bo (327)

denoting the Larmor frequency.

The expectation value of ji reads

(fiz) =2hyaf cos(wrt) (328)
(fty) =2hyafsin(wrt) (329)
(=) =0 (330)

with (fiy) = Gfir¢.

Thus, the spin magnetic moment precesses about the z-axis with the angular velocity
wr. If AE > 0 the spin magnetic moment precesses with a mathematically positive sense
of rotation and if AE < 0 with a mathematically negative sense of rotation.

Classically, a spinning particle in a constant magnetic field is subject to a torque M =

s X E, where jis denotes the spin magnetic moment and B the magnetic field. The
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

potential energy corresponding to the torque reads E,o; = —[jsg. Hence, the particle
tends to orient its spin parallel to the magnetic field resulting in a precession about the
axis parallel to the direction of the magnetic field. [15]

In order to obtain the precession frequency in the case of a spinning particle in the
torsion field we compute the expectations value of the polarization vector in the Dirac

representation given by

Sh=7"". (331)
Let us consider the state
1 0
1 1 N1 0 _l¢ N2 1 _Lg
V=—"7=1+ == —= e R f — e ne (332)
VARV Ao I 2| o
0 V2

Note that v; = vo = v and, therefore, Ny = Ny = N.
The expectation value <Sf3> = pSHy with ¢ = 40 yields:

T T
1 v 0 0
N2 0 0 N2 1 v 2
(s9) =2 A - (333)
2 v _1 2 0 O 1 + v
0 0 —v -1
T T
1 1 0 0
2 , 2 v
Sy MO e N e (330
2 | _, —v 210 0
0 0 —v) \-v
2 .
:N7 (1 + v2) (e%(&—&) + e_%(gl_&))] = coS (51 ;52) (335)
=cos(ay,), (336)
T T
1 -1 0 0
) . SN2 )
52y OO e VRPN e ()
2 v v ol o 0
0 0 v \-v
= — % (6%(51752) _ 6*%(51*52)) — sin (61 h€2> (338)
=sin(ay) and (339)
(Sh) =0 (340)
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3.2 Dirac Equation Minimally Coupled to the Torsion Field

with af, = 51;552

The expectation value (333) of S, differs from the result (211) in the pseudo-classical
approach. This is due to the fact that the polarization vector in the Dirac representation
is not an exact quantum mechanical analogue to the polarization vector in the pseudo-

classical approach.

The Larmor frequency reads

_dOéL - E1 — E2
S dt Ok
— sin(wot)

wr, = hcos(wopt) and (341)

The phase aj, being the negative phase difference between the solutions ; and 15 is
identical to the negative classical rotation angle h3(t) of the polarization vector in the
pseudo-classical approach ((213), (214)).

The polarization vector S, precesses with mathematically positive sense of rotation and
therefore with the opposite sense of rotation than the polarization vector does in the
quasi-classical approach. The reason for the sign difference is still an open question to

us.

In the Dirac representation the gamma matrices 7 represent the analogue to ”spin vari-
able” ¢% in the pseudo-classical approach. We may compare the expectation value <’yz>
to the solution of the equations of motion of ¢¢ (152) in the pseudo-classical approach:
we consider the state ¥ = %wl + %wg.

The expectation values read

T T
1 1 0 0
N2| O 0 N2 | 1 1
2 |- —v 2 0 0
0 0 —v —v
T T
1 v 0 0
2 _ 2 :
i 0| ie—en V2| 1 Gl YOS (344)
2 | |1 2 1o 0
0 0 —v -1
:721) (eﬁ(gl—&) + 6—5(51—52)) =1 +UU2 cos <£1 7 52) (345)
2
=1 +v 5 COS (346)
v
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

T T
1 —v 0 0
2 ) SN2
() _iN? 0 O | e N7 1 Vo ekeen (347)
2 —v 1 2 0 0
0 0 —v -1
-N2 ; i 2 g — 5
__ ZTQU (eﬂerez) _ efﬂsﬁsa)) = +”v2 sin < L - 2) (348)
2
:14_70“2 sin o7, and (349)
(y*) =0. (350)

The expectation values of the 4% display a rotation in a mathematically positive sense,
whereas the results in the pseudo-classical approach display a rotation in a mathemati-

cally negative sense.

3.2.2 Radially moving particle

We adopt the initial conditions used in the pseudo-classical approach. There, the particle
moved along the spoke of the torsion field with a velocity that was approximated to be
constant.

Furthermore we approximate the spatial oscillations of the torsion field given by the
functions h(F) (172) and d(F) (174) by the constants h(F) = h(F) = h and d(F) = d(Z) =
d, respectively.

As in the case of a particle at rest we rotate our coordinate system so that the spoke of
the torsion field coincides with the 2-axis. Thus, T — 7= (0,0, %).

Since the components of the torsion field are functions of the time ¢ we need to modify the
classical plane-wave solution by replacing the product Et by a time-dependent function
E(t).

The solution to the Dirac equation (292) with constant momentum p = p3 = —p; reads
u i <
)= e~ r(E(H)—pZ) (351)

with E(t) = d€(t)/dt denoting the local energy and u and v being both normalised 2-
components vectors.

Substituting (351) into the Dirac equation (292) gives

5 3h L. i3
<—E +"p + op (f,ov‘r’ + ngvlvz) + 70m> ¥ =0 (352)
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3.2 Dirac Equation Minimally Coupled to the Torsion Field

or, in matrix representation,

m+cfs—E 0 p+cfo 0 Uy
0 m—cfs—F 0 —-p+c U
13 ptcfo =0 (33
p+cfo 0 -m+cfs—FE 0 V1
0 —p+cfo 0 —-m—cfo—FE Vg
: _ 3h
with ¢ = S—T
Thus, we obtain
(m—&—cf’g—E) ur+ (p+efo)v1 =0 (354)
(m — nyg — E) us + (—p + ny()) vy =0 (355)
(p+cfo)ur+ (—m+cfs—E)v1 =0 (356)
(—p+cfo)us+(—m—cfo—E)va=0 (357)
We rearrange equation (354)
m+tcfs—FE
=" 358
. p+cfo " (358)
and substitute the result into equation (356):
m+tcfs—E
_ (= s—F)—2 41 =0 359
(p+ cfo) ur ( m+cfs ) p Uy (359)
& (p+ef)+m?— (~E+cf3)*=0 (360)
=B =cf5+\/m2+(p+cfo) (361)

By =cfs—\/m?+ (p+cfo)’. (362)

The vectors u(1) 3y and v(y),(3) corresponding to the local energies £ and E3 read

cfotp

1
Uy =M L vy =Ny [ Ve ) and (363)
0 0
_ cfotp 1
U@y = N3 m+\/m2+(p+cf,0)2 , V@) = N3 0 (364)
0

with

5 2
M = s ™ Ve o+t (365)
\/m2 —l—m\/m"' (p—&-cf’o)z
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3 THE EFFECT OF TORSION ON SPINNING PARTICLES

Analogously we rearrange equation (355) and substitute it into (357) obtaining

Ey=—cfs+\/(p— cf$0)2 4+ m? (366)
Ey=—cfs—\/(p—cfo)’ +m? (367)
with
0 0
U(Q) = N2 ) R ’[](2) = N2 Cf)o*p and (368)
mAy/m2+(p—cf0)?
0 0
way =Na | cfop , vy =Na ) (369)
m++/m2+(p—cf0)?
and

5 _ 2
Nas= 5 G RUE: ~ (370)
\/m2 +m\/m+ (p— CfxO)Q

The solutions ¢y, corresponding to u), vk via (351) form an orthogonal basis with

respect to the inner product (1,v) = [d3z ¢ (t, %)’ (t,Z). The solutions 1 and 13

are polarised in the z-direction whereas the solutions 5 and 14 are polarised in the
—z-direction.

Thus, the Larmor frequency wp (t) (326) reads

1 1
wL =7 h( 1 2)

- %cf,ﬁ %v m? + (p+cfo)’ - %v m? + (p—cfo)”. (371)

For z = 4431ly giving a maximum of the function d(z) we obtain d = d(Z) = 3.78-10712,
Recall that cfo = %Jcos(wot)wo ~ 107 %kg. In comparison with the rest energy of
an electron F. = m. ~ 1073%g we see that E. > cfo. Thus, we can assume that
m? +p? > | £ 2pcfo+ (cfp)2 | is satisfied.

Therefore, we approximate the last two terms on the r.h.s. of equation (371) as follows:

m2 _|_p2 2 m2 _|_p2

2 £2 2 r2
m%ﬁm““ fo_ m(u 12%elo+

2 3
1 [ £2pcfo+ A3 1 [ £2pcfo+ A%
8 m2 + p2 16 m2 + p2

1 +2pefo+ 2 f? 14p2c2 f2 + dpcB 3 + fAct
_ m2+p2+7 pf,O f,O - Y f,O 9y f,O f,O + (372)

2 Jm2+p? 8 (m? +p?)*
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3.2 Dirac Equation Minimally Coupled to the Torsion Field

using the Taylor series expansion

1 1 1
\/1+x:1+§$—§x2+ﬁx3... for |z| < 1. (373)

Subtracting Fs from FE; gives

2 33 3(pcsf3) +4(pPcf3
AE =2cfs 4 2o P fo | (b 1) (p5 fo) (374)
(m2 +p2)§ <m2 +p2)§ 4(m2 +p2)§
We obtain the following Larmor frequency
3 3 27h? 2
o=t plo Plo (375)

T (m24p2)s 83 (24 p2)3

All terms of order A2 or higher are of quantum mechanical origin and drop out in the

classical limit ## — O:

: 3 3 plo
1 ==fst+==——— 376
pmer = 3f3t oy (m2 + p?)? (876)

With p — y,mv, where v, = 1/v/1 — v2, the Larmor frequency (375) reads

3 3 yemufo 3 Yo f0
t = —T5 - v = 1 J
wi(t) Tf’3 + T my/1+ 202 Tf’3 + [ERIEE
1—v

3 3 3 3
= ?f,g + ke Yo fo = ¥f,3 + ¥Uf,0

= %fz)) + v%f@ = hcos(wot) — vd sin(wpt)wo (377)

Integrating the Larmor frequency wy,(¢) yields

t i B
ar = / wr(t')dt = B% + vsd (cos(wot) — 1). (378)
0 0

In comparison with the pseudo-classical approach we see that the phase & (¢) being the
negative difference of the phases of ¥; and - is equal to the negative rotation angle
o(t) (241) of the polarization vector. As in the case of a particle at rest the precession

frequency displays the opposite sign than in the pseudo-classical approach.
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4 CONCLUSION

4 Conclusion

The thorough analysis of Hubert Bray’s dark matter model [1] reveals that this model is
a valid approach to the topic of dark matter and moreover provides an interesting way
of deriving an effective gravitational field from the torsion field. However, due to the
innovative nature of his approach a number of questions are not dealt with at full depth.
For the purpose of this work we chose to focus on the open question of whether and how
a torsion field had any measurable effect.

Since torsion couples to the spin of a particle we have computed the effect the torsion field
has on a spinning particle using two different approaches. The comparison of the results
provided by either approach displays a sign difference which remains an open question.
Since the results of the quantum mechanical approach are confirmed by another paper
[6] they can be perceived as being valid.

Our approach shows that the torsion field induces the polarization vector to precess
about an axis, where the direction of the axis is determined by the torsion field. Since
the torsion field is oscillating in time the sense of rotation of the polarization vector is
changed every half period. Therefore, the precession results in an oscillatory motion with
deflection given by the angle «y, (342) in case of a particle at rest and by the angle ar,
(378) in case of a moving particle. Thus, the effect is very small and, therefore, hard to
measure. Applying a magnetic field on a spinning particle would potentially magnify this
effect. Further investigations on this potential magnification have not been conducted

by the author.
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5 ABSTRACT

5 Abstract

The current work deals with a possible explanation of the existence of dark matter by
introducing a torsion of space-time and the possibility of detecting this torsion by its
effects on spinnings particles.

In the first part of this work we analyse the cosmological model [1] proposed by H. Bray,
where the author links the phenomenon of dark matter to the existence of a torsion field.
The basic idea of [1] is to derive an extension of General Relativity involving a more gen-
eral connection from particular axioms for the metric and the connection. According to
these axioms the gravitational action functional can only take a specific form. However,
the Einstein-Hilbert action functional remains a part of the extension of GR. Applying
the axioms to the action functional the general connection is reduced to a sum of the
Levi-Civita connection and a totally antisymmetric torsion tensor. Since this torsion
tensor is totally antisymmetric it is dual to a vector field, in this particular case, to the
gradient of a scalar field.

We consider only the vacuum action functional. Its variation leads to Einstein-Klein-
Gordon equations. The mass term in the Klein-Gordon equation corresponds to the
coupling constant for the torsion. The terms involving the scalar field and its gradient
appearing in the Einstein field equations can be interpreted as the effective energy-stress
tensor and can in principle be attributed to dark matter.

We solve the Klein-Gordon equation in a spherically symmetric, static space-time in the
first post-Newtonian approximation assuming a weak potential as first approximation of
a self-consistent solution.

We find that the scalar field satisfying the Klein-Gordon equation is an oscillating func-
tion both in time and space. The interference pattern of the spatial oscillations displays
a slowly rotating maximum, which resembles a spoke. Inserting the energy density con-
tained in the stress-energy tensor into the Poisson equation yields a Newtonian potential.
[1] performs simulations using this Newtonian potential and obtains results resembling a
spiral galaxy.

Based on the cosmological model we investigate the measurable effects of the torsion field
by analysing the behaviour of a particle with spin-1/2 in the torsion field. The polariza-
tion vector of a particle in a torsion field is subject to a torque and hence precesses, as
in the case of a spinning particle in a homogeneous magnetic field.

To compute the precession we choose two different approaches: the first one is the su-
persymmetric approach of [10] that enables us to consistently couple a classical spinning
particle to the torsion field.

We compute the precession for both a particle at rest and a moving particle. In the
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first case a spinning particle in the torsion field precesses about the axis pointing in the
same direction as the spatial gradient of the scalar field. In the second case the particle is
moving and is, therefore, subject to an additional torque involving the time component of
the gradient of the scalar field leading in addition to a precession about an axis pointing
in the direction of motion of the particle.

The second approach is a quantum mechanical one. We solve the Dirac equation min-
imally coupled to the torsion field. We are able to confirm the results obtained in the
pseudo-classical approach with the exception of the sense of rotation of the precession.
This discrepancy between both results remains an open question.

In both cases we come to the conclusion that the precession of the polarization vector
induced by the torsion field results in an oscillatory motion with the deflection of order
of magnitude 107 rad. The sense of rotation of the precession changes every half period

of the time oscillation of the torsion field.
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6 Zusammenfassung

In dieser Arbeit beschéaftigen wir uns mit dem Versuch die Existenz der dunklen Materie
durch eine Raumzeit mit Torsion zu erklaren und untersuchen den Effekt, den diese Tor-
sion auf ein Teilchen mit Spin hat.

Im ersten Teil dieser Arbeit befassen wir uns mit dem kosmologischen Modell [1] von
Hubert Bray, in der das Phenomén der dunklen Materie mit einem Torsionsfeld in
Verbindung gebracht wird. [1] basiert auf der Idee eine Erweiterung der allgemeinen
Relativitdtstheorie mit einer allgemeineren Konnexion aus Axiomen, die sich auf die
Metrik und die Konnexion beziehen, herzuleiten. Diese Axiome fordern eine bestimmte
Form des Gravitationswirkungsfunktionals, in welchem die Einstein-Hilbert Wirkung en-
thalten ist. Die von den Axiomen erlaubte Form des Wirkungsfunktionals reduziert die
allgemeine Konnexion zu der Summe aus der Levi-Civita Konnexion und einem total
antisymmetrischen Torsionstensors. Letzterer ist dual zu einem Vektorfeld, in unserem
Fall zu dem Gradienten des Skalarfeldes.

Zur Einfachheit betrachten wir nur die Vakuumswirkung, deren Variation zu den Einstein-
Klein-Gordon Gleichungen fiihrt. Der Massenterm der Klein-Gordon Gleichung entspricht
der Kopplungskonstante fiir die Torsion. Die Feldgleichungen sind um einige Terme, die
das Skalarfeld und dessen erste Ableitungen enthalten, erweitert. Diese Terme konnen
als effektiver Energie-Impuls Tensor interpretiert und im Prinzip der dunklen Materie
zugeordnet werden.

Wir 16sen die Klein-Gordon Gleichung in einer sphérisch symmetrischen, statischen
Raumzeit in der ersten post-Newtonschen Naherung, wobei wir ein schwaches Potential
als erste Naherung einer selbst-konsistenten Losung annehmen. Das Skalarfeld, welches
die Klein-Gordon Gleichung 16st, ist eine raumlich sowie zeitlich oszillierende Funktion,
deren raumliches Interferenzmuster ein langsam rotierendes, speichenartiges Maximum
zeigt.

Durch Einsetzen der im Energie-Impuls Tensor enthaltene Energiedichte in die Pois-
songleichgung erhalten wir ein Newtonsches Potential, welches sich, wie Simulationen in
[1] zeigen, als Potential fiir Spiralgalaxien eignet.

Aufbauend auf diesen Ergebnissen widmen wir uns messbaren Effekten des Torsions-
feldes, indem wir dessen Einflu auf ein Teilchen mit Spin-1/2 untersuchen. Wie im
Falle eines Teilchens mit Spin im homogenen Magnetfeld erfahrt der Polarisationsvektor
des Teilchens im Torsionsfeld ein Drehmoment und prézidiert.

Zur Berechnung der Prézession wiahlen wir zwei Ansétze: der erste ist ein supersym-
metrischer Ansatz von [10], der es ermdglicht ein klassisches Teilchen konsistent an das

Torsionsfeld zu koppeln. Wir berechnen die Prazession des Polarisationsvektors fiir ein



ruhendes und bewegtes Teilchen: ein ruhendes Teilchen im Torsionsfeld prézidiert um
eine Achse, die in die selbe Richtung zeigt, wie der rdumliche Anteil des Gradienten des
Skalarfeldes. Im Falle des bewegten Teilchens erfihrt der Polarisationsvektor ein weit-
eres Drehmoment, welches von der zeitlichen Komponente des Gradienten des Skalar-
feldes ausgeht und zu einer zusétzlichen Prézession um die Achse fiihrt, die in die Bewe-
gungsrichtung des Teilchens zeigt.

Im zweiten quantenmechanischen Ansatz l6sen wir die Diracgleichung minimal gekoppelt
an das Torsionsfeld. Wir kénnen die Resultate des pseudo-klassischen Ansatzes bis auf
die Prazessionsdrehrichtung bestétigen. Die Diskrepanz zwischen den beiden Resultaten
bleibt bis zuletzt eine offene Frage.

In beiden Féllen kommen wir zu dem Ergebnis, dass die Pézession des Polarisationsvek-
tors, die durch das Torsionsfeld verursacht wird, zu einer oszillierenden Bewegung des Po-
larisationsvektors mit einer Auslenkung von der GréBenordnung 10~%rad fithrt. Dies ist
durch die zeitliche Oszillation des Torsionsfeldes zu erkldaren, da hierdurch die Drehrich-

tung alle halben Schwingungsdauern umgekehrt wird.
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