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Abstract

We introduce the ¢,t-Catalan numbers as the bivariate generating polynomials of two
statistics on Dyck paths. We discuss some of their properties from a combinatorial point
of view, e.g. a description by means of different statistics, a recursion, specialisations,
and a possible generalisation to parking functions. We then use the fact that the g, t-
Catalan numbers are symmetric in ¢ and ¢ to count the partitions of n with k diagonal
inversions, and certain classes of “long” Dyck paths.

We proceed to shed some light on the role the ¢, ¢t-Catalan numbers play in related
fields like the representation theory of &,, and the theory of symmetric functions and
Macdonald polynomials. The final aim is to present a formula for the ¢, t-Catalan num-
bers in terms of a sum of rational functions in ¢ and ¢ indexed by integer partitions. We
collect and motivate all the results that contribute to the proof of this equality, and do
a good deal of the work in detail.

This result can be interpreted in different ways. Depending on the starting point,
it is either a proof that the ¢, t-Catalan numbers are symmetric in ¢ and ¢, or that the
sum of rational functions is a polynomial with non-negative integer coefficients, i.e., lies
in NJg, t]. Moreover, it provides a combinatorial interpretation for the Hilbert series of a
bigraded representation of the symmetric group which can be regarded as the alternating
component of the space of diagonal harmonics.

Zusammenfassung

Wir definieren die g, t-Catalan-Zahlen als bivariate erzeugende Polynome zweier Statis-
tiken auf Dyck-Pfaden. Wir besprechen einige ihrer Eigenschaften von einem kom-
binatorischen Standpunkt aus gesehen, zum Beispiel eine Beschreibung durch weitere
Statistiken, eine Rekursion, Spezialisierungen und eine mogliche Verallgemeinerung auf
Parkfunktionen. Wir verwenden die Symmetrie der ¢, t-Catalan-Zahlen in den Variablen
g und t, um die Partitionen von n mit k£ Diagonalinversionen und bestimmte Klassen
von ”‘langen”’ Dyck-Pfaden abzuzéhlen.

Anschlielend beleuchten wir die Rolle, die die ¢, t-Catalan-Zahlen in verwandten Ge-
bieten, wie der Darstellungstheorie von &,, oder der Theorie symmetrischer Funktionen
und Macdonald-Polynomen, spielen. Das abschlieende Ziel ist, die g, t-Catalan-Zahlen
als Summe von rationalen Funktionen in ¢ und ¢, die durch Zahlpartitionen indiziert
sind, darzustellen. Wir sammeln und motivieren alle zum Beweis dieser Identitat beitra-
genden Resultate und erledigen einen guten Teil der Arbeit im Detail.

Das Ergebnis kann unterschiedlich interpretiert werden. In Abhéangigkeit vom Stand-
punkt zeigt es entweder, dass die ¢, t-Catalan-Zahlen symmetrisch in ¢ und ¢ sind, oder
dass die Summe der rationalen Funktionen ein Polynom mit nicht negativen ganzzahli-
gen Koeffizienten ist, also in N[q, ] liegt. AuBlerdem ermdglicht es eine kombinatorische
Beschreibung der Hilbertreihe einer bigraduierten Darstellung der symmetrischen Gruppe,
die als alternierende Komponente des Raumes der diagonalharmonischen Polynome
angesehen werden kann.
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1 OUTLINE 1

1 Outline

A little bit further down the line, in Section [2| we will fix some notation about the basic
combinatorial objects we will encounter, that is, permutations and integer partitions.
In addition, we introduce the concept of g-generalisation on the basis of g¢-binomial
coefficients and the g-Pochhammer symbol. We will wind up this chapter by proving a
g-analogue of Taylor’s Theorem.

In Section [3| we shall discuss statistics on lattice paths, and Dyck paths in particular.
In this way we will define the ¢,t-Catalan numbers. We will investigate some of their
properties and possible generalisations based on combinatorial manipulations. Most of
the result presented in this section can be found in Haglund’s book [9]. Towards the
end, some of the author’s own ideas are stated.

In Section [4] we will outline our strategy of attacking the symmetry theorem. We
will proceed to recall some basic notions about algebras, representations, polynomial
rings and invariant spaces. In particular, we cite the important structural theorems like
Schur’s Lemma, the Artin—Wedderburn-Theorem and Maschke’s Theorem, which allow
a characterisation of the irreducible representations of finite groups. We also give a short
introduction to character theory and its role in the representation theory of finite groups.
These results can be found in most standard textbooks on representation theory, e.g.
[7.

In Section [5| we put the theory to use and survey the symmetric group in detail. The
first part outlines the construction of the irreducible characters of the symmetric group
following Fulton and Harris [3]. Afterwards, we turn our attention to group actions of
permutations on polynomial rings. We define the rings of invariants and coinvariants
for the classical action via permutation of variables as well as the diagonal action on
polynomials in two sets of variables. We prove some results on their basic structure
and conclude the section by moving forwards to formal power series in infinitely many
variables.

In Section [6] we will introduce the notion of plethystic calculus which is essential to
the modern approach to the theory of symmetric functions. We introduce the plethystic
substitution of symmetric functions in the language of algebra homomorphisms, leaning
on Loehr and Remmel’s approach in [I3]. The second part of this section is dedicated
to the discussion of Schur functions. These results are mainly taken from Macdonald’s
book [15].

In Section [7] we will dare to make the step from the rationals to a field of rational
functions in ¢ and t. We introduce the Macdonald polynomials which generalise the Schur
functions. In this context we will also be able to provide the necessary background to
the rational functions which appear in the proof of the symmetry problem. Again most
of the results can be found in Macdonald’s work [15, [16]. We proceed to develop the
necessary tools to give the proof in Section This involves so called Pieri formulas
which provide information about the coefficients arising when expanding a symmetric
function into a linear combination of either Schur functions or Macdonald polynomials.
Finally, we show how the equality indicated in the abstract is obtained from the collected
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results. In the last two sections we will depend on the article of Haglund and Garsia [4]
and related works.

2 A g-Introduction

Throughout this thesis N = {0,1,2,...} denotes the non-negative integers. For i and j
being any two numbers, partitions, etc. we denote the Kronecker delta by

1 ifi=j
055 1= ’
I {0 else.

Let n € N, then the symmetric group on n letters &, is the group of all bijections
o:{1,...,n} = {1,...,n} together with composition. Its elements are called permuta-
tions of n, and are sometimes represented by the word o = o7 --- 0, where o; := o(i)
for 1 <+i <mn. It is well known that the number of permutations in &,, is given by n!.

A sequence A\ = (A1, A2, A3,...) of natural numbers is called a partition of n, also
denoted by A F n, if A; > A\iyq for all ¢ € N and |\ := Y2, \; = n. The elements of
the sequence are called the parts or the summands of the partition. The length of the
partition [(A) is defined to be number of positive parts which is clearly finite. We denote
the set of partitions of n with length at most k by IT¥, and the set of all partitions of n
by II,, = II}

The cardinalities of the sets II,, are called partition numbers (sequence A000041 in
OEIS [I8]). Let us denote the number of partitions in IT¥ — IT¥~1 of length exactly k
by 7(n, k). Then we note that |[IT¥| = 7(n + k, k). The cardinalities of the more refined
sets IIF constitute sequence A026820 in OEIS [I8]. We can compute these numbers
exploiting the recursion [IIF| = [TT5~Y| 4 7 (n, k) = [T~ 4+ [1IF_, | for n >k > 1.

The Young diagram of a partition A which we denote by Y () is the set of all pairs
(i,4) € Z? such that 1 <4 <[()\) and 1 < j < \;. The elements = € Y/(\) are called the
cells of the diagram. We notice that a finite set of positive cells Y C Zi corresponds
to a partition if and only if it contains all cells of the form (i, ;') where 1 < i’ < 4,
1<j <jforal (i,j) €Y.

There are equally adequate concepts for visualising the Young diagram of a partition.
Throughout this paper we adopt the English convention. Here, the cells are arranged
like the entries of a matrix, that is, the pair (¢, 7) is the cell in the i-th row and the j-th
column (see [Figure 1).

The conjugate of a partition A is defined as the partition corresponding to the Young
diagram Y’ := {(4,4) : (i,7) € Y(\)}, and is denoted by X'. By virtue of the map A — N
it becomes clear that the number of partitions of n with at most k parts equals the
number of partitions of n where every part is at most k. To give an additional example
for what can be seen using Young diagrams, we remark that the number of partitions of
n whose positive parts are odd and distinct equals the number of partitions of n invariant
under conjugation. To see this, let A = ) and p; be the number of cells in the first row
or in the first column of A. Then p; is odd or equals zero. Now, let ps be the number
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A=(6,4,3,3,1,1,1) N =(7,4,4,2,1,1)
[ | [ [ ]

Figure 1: The Young diagram of a partition A of 19 with 7 parts, and its conjugate \'.

of cells in the second row of A\ weakly to the right of (2,2) plus the number of cells the
second column of \ weakly below (2,2). Then pus is odd and strictly smaller than puq, or
w2 = 0. The partition u = (u1, po, ... ) has the claimed properties.

We define three different orders on partitions. The lexicographical order is defined
as A <jex i if and only if the first non-vanishing difference A; — u; is negative. Secondly,
we define the natural order as A < p if and only if A\ +--- + X\; < 1 + -+ + p; for
all © € N. Lastly, the inclusion order is given by A C p if and only if Y (A) C Y(u), or
equivalently, if A\; < p; for all ¢ € N. The natural order is a partial order including the
ordering via inclusion, i.e. A C p implies A < u. The lexicographical order is a total
order (even a well-order) that includes the natural order. That is A < p already implies
A <jex . Considering the partitions in [Figure 1] we have A < X, thus also A <jex A, but
not A C \.

One of the most basic problems in combinatorics is the enumeration of combinatorial
objects of a given size (such as permutations of n, partitions of n, etc...). However,
some ways to count are more refined than others. Consider the following statistics on
the symmetric group &,,. The inversion number of a permutation is defined as

inv(o) :=|{(i,5) : 1 <i<j<n, o(i) > o))}

where each such pair (i,7) is called an inversion of o. The sign of a permutation is
defined as sgn(o) := (—1)"™¥(?), Furthermore, a number 1 < i < n— 1 is called a descent
of 0 if 0(i) > (i + 1). The Major index of a permutation is the sum of all descents

maj(o) := Z i.
1<i<n—1,0(i)>0(i+1)

Now, if we wish to count permutations, that means we want to find a closed form of

)R (21)

O’GGn

Indeed, as we mentioned above, n! is a satisfiably closed form in this case. But might it



2 A ¢-INTRODUCTION 4

not be better to find a closed form of one of the two generating functions

gsa) =Y d™ Gng)= ) ™ 7 (2.2)

ce6, ceS,

Clearly g(n;1) = n!, thus each sum in contains strictly more information than
the sum in (2.I). In this sense the generating function g(n;q) € Ng| generalises n!
to a polynomial in ¢g. Given that the generalisation retains some (recursive, arithmetic,
algebraic) property of the original, we call such a polynomial a g-analogue. For example,
in the case of the factorial we would hope that g(n; ¢) fulfills some recursion similar to the
simple n!(n+1) = (n+ 1)!. Of course this is no mathematically exact definition. There
might be more than one possibility to generalise an expression, and it is not necessarily
clear which one is better suited. For example G(n;q) might turn out to resemble the
factorial more closely (it will not!). In order to handle notions like “closed form” or
“retain properties” at least a little bit better, some definitions are needed. For k,n € N
we define

n—l_l_qn

nlg=1dgt 4" = (2.3)
nlgd==]]lnle =0+ 0+q+¢) - L+g+---+q"), (2.4)
i=1
n+k] [tk 1y (- g
{ k L" e L (25)

The symbols in this definition are called the g-integer, the g-factorial, and the g-binomial
coefficient for obvious reasons. We are now able to summarise the example above in a
theorem due to MacMahon who introduced the Major index [17].

Theorem 2.1. Let n € N. Then we have the identities

Z qil’lV(O') _ Z qmaj(d) = [n}ql .

ceS, ceS,

Proof. We apply induction on n. The case n =1 is trivial for both statistics.

Let 0 =01+ 0opt1 € Spy1.- We define a permutation & € G,, by deleting the letter
n + 1 in the word o. Clearly, this maps n + 1 permutations to the same image, and the
inversions of o are just the inversions of 6 plus inversions of the form (i,n + 1). Thus,
inv(o) = inv(6) + ¢ if and only if o(n 4+ 1) = n+ 1 — 4. Using the induction hypothesis
we conclude that

ST @™ = 3 YO (14 g+ q”) = Iyl + 1] = [0+ 1],
0€Gn41 6eG,

To prove the second claim it suffices to show that for each 7 € &,, and each 0 < ¢ < n
there is a permutation o € &,,4; such that 7 = ¢ and maj(o) — maj(7) = i. Therefore,
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let 7 =71 ---7, € G, have k descents at the positions 1 < j; < --- < jr <n—1, and
denote by 7(m) € &,41 the permutation obtained by inserting the letter n 4+ 1 at the
m-th position.

We have maj(7(n + 1)) = maj(7). If m = j; + 1 for some 1 < | < k we have
maj(r(m)) —maj(t) = k—1+1. If 1 < m < j; then maj(r(m)) — maj(r) takes the
values k + 1,...,51 + k. Similarly, if j; + 2 < m < ji41 then maj(7(m)) — maj(r)
takes the values j; +2+k —1,... 5111 + k — [. Finally, if jx +2 < m < n, we have
maj(7(m)) — maj(r) = m. Since all possibilities are exhausted, the claim follows as
above. |

Hence, we do have g(n; ¢)[n+1], = g(n+1, ¢) which generalises the recursion satisfied
by the ordinary factorial in a natural way. also implies that the Major
index and the inversion number are equidistributed over the permutations of n. The next
thematic step is to consider the bivariate generating function » e, g™ (@)gmai(o) If thig
polynomial is symmetric in ¢ and ¢ there must be a bijection ¢ : G,, — &,, interchanging
the two statistics. Indeed, Foata and Schiitzenberger were able to construct an involution
with this property in [2].

Of course the problem can be posed the other way around: If a polynomial with
non-negative integer coefficients appears in say representation theory or some other
abstract branch of mathematics, it is natural to ask for a set of combinatorial objects
and a statistic such that the polynomial is the generating function of the combinatorial
objects with respect to this statistic. Thus, the question then becomes to find a natural
way to realise the said polynomial.

Another useful definition is the ¢-Pochhammer symbol given by

(zq)k=(1-2)(1-qz) - (1-¢""2)

when k£ > 1, and (z;q)o := 1. Here z denotes another variable over Q. Using the
Pochhammer symbol we may rewrite our previous definitions as

(@ On [n + k} _ ("o

[n]q! = 1 _ :
(1-1q) k (@ D

(2.6)

Upon investigation one will discover that the class of g-analogues is surprisingly large.
There is g-integration and there are g-analogues of the important analytic functions such
as cosine and Gamma-function originating in the theory of hypergeometric series. The
close connection to combinatorics is hinted at in Concluding this intro-
duction we give one more example which could be considered a g-analogue of Taylor’s
Theorem approximating functions (polynomials) by their higher derivatives.

Let K = Q(q), and f(z) € K|z] be a polynomial in z whose coefficients are rational
functions in q. We define the q-difference operator as

5,f(z) = L) = SE/D). (2.7)

z
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In the proof of the following theorem we will need the fact that the set {(z;¢)x : k € N}
is a K-basis of K[z]. This is true since it contains exactly one polynomial of degree k
for each k € N.

Theorem 2.2. Let K = Q(q) and f(z) € K[z]. Then f(z) has the g-Taylor
expansion in terms of the basis {(z;q)i : k € N} given by
z:1>'

[e.9] m

(d7(2)

G Dm

Proof. We compute

(0 — (/e _1- 4"

1Q)k—1- 2.8
> q zvq)k 1 ( )

5q(ZSQ)k =

Thus, for all m € N

q
0 if k £ m.

z=1

bg" (23 Q)

(‘1§Q)k if b =
{ oo nEET (2.9)

But then, applying ;" to both sides of f(z) = > reo fr (2;9)k and letting z = 1 yields

3 Dyck Paths and the Catalan Numbers

In this section we will review the combinatorial approach to the g, t-Catalan numbers. As
mentioned before, Dyck paths are the suitable combinatorial objects to study them. The
main theorem in this regard is[Theorem 3.5|which we prove at full length. The symmetry
theorem is stated accordingly. Since there is no known combinatorial
proof of the symmetry, we will conclude this section by mentioning some continuative
topics in this field.

Let n € N, a,b € Z? and S C Z? be a finite subset. A lattice path of length n from a
to b with steps in S is a finite sequence (xq, ..., z,) of points z; € Z? such that zo = a,
Tp =band x; —x;—1 € S for all ¢ = 1,...,n. The points a and b are called starting
point and end point of the path, respectively. The set S is called the set of steps. Let
us denote the set of all such paths by L, o.

Alternatively, letting s; := x; —x;_1 every path in L] , 4 is represented by a sequence
($1,...,n) of steps s; € S such that Y7 | s, =b—a. Tfl{ls, we may identify £, ¢ with
a subset of S™, and in particular, EZJ% g is always finite. Furthermore, if we let ¢, d € 72
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then the sets L7, ¢ and L, ¢ are in natural bijection whenever b —a = d — c. If we
are only interested in countiﬁg paths we will therefore assume w.l.o.g. that the starting
point equals the origin (0,0), and write £} ¢ in that case.

Mostly, we will restrict ourselves to the case S = {(0,1),(1,0)}, where we shall call
N :=(0,1) a North-step and E := (1,0) an East-step. Whenever we do so we will just
write £y instead of Ly g. If b = (n, k), note that the set £ is nonempty if and only if
b € N2 and m = n + k. More precisely, such a path must consist of exactly n East-steps
and k North-steps. To simplify notation further we shall write £; instead of £Z+k, and
ignore the empty cases.

Now, let us turn our attention to Dyck paths, that is, lattice paths from a = (0,0) to
b = (n,n) using only North- and East-steps that do not go below the main diagonal, i.e.
if © = (s1,82,...,8m) € L (nn) then we demand that there are at least as many North-
steps as East-steps in any initial subsequence (s1,...,s;) where 1 < k < 2n. Despite
our previous definition of length, we shall adopt the convention of saying a Dyck path
from the origin to (n,n) has length n. We denote the set of all such Dyck paths by D".
For an example see

Figure 2: All Dyck paths of length four.

We define the n-th Catalan number as C, := %H(%?) Our first well-known result
relates Dyck paths to Catalan numbers:

Proposition 3.1 (i). Let n € N. Then C,, = |D"|, i.e., the number of Dyck paths
of length n is given by the n-th Catalan number.

(ii). Forn > 1 we have the Catalan recursion Cp, = > }_; Cr_1Cp_y.

Proof. We prove claim (i) using the so called reflection principle. Generating all
lattice paths in L, ) is just a matter of distributing k& North-steps over n + k slots,
thus we have |L, )| = ("Zk) Now let z € L(,,) — D" be a path going below the
diagonal. Then we may write x = (y, E, z) where E is the first step below the diagonal
(see . The path y is a Dyck path, say of length d, while z consists of exactly
n — d North-steps and n — d — 1 East-steps. Let ¢ be the map that exchanges N and E.
Then Z := (y, E, ¢(2)) € Lin41,n—1)- Since every path in L, 1,1 crosses the diagonal,
the map = +— Z is a bijection, and we obtain

2n 2n 1 2n
D = — = - = :
| | |£(n,n)| |£(n+1,n—1)| <n> <n _ 1> n+1 < n>
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Figure 3: An example where n =8, d = 3.

To see (ii), let n > 1. We construct a bijection from D™ to the disjoint union Uz;ll DF1x
D"k Any z € D" we may write as = (N, y, E, z) where E is the East-step before x
returns to the diagonal for the first time (see [Figure 4)). Then for some 1 <k <n —1
the paths y and z are Dyck paths of length £ — 1 and n — k respectively, and the map
x + (y, z) is the bijection we were looking for. [ |

(A‘Z\(’ Y, Ev Z)

Figure 4: An example where n = 8 and k = 4.

Our immediate aim is to define a g-analogue of the Catalan numbers, that is, to find a
family of polynomials C),(q) such that C,, (1) = C),, retaining some of the properties of the
Catalan numbers. Indeed, we will demonstrate two natural candidates in[Proposition 3.4|
(which is clearly somewhat in the style of [Proposition 3.1).

First, we have to define some statistics on lattice paths (and Dyck paths in particular)
whose generating polynomials we will consider. Let x € L, ) be represented by its
North- and East-step sequence (s1,...,8,4%). A pair (i,7) where 1 <i<j<n+kis
an inversion of x if s;, = F and s; = N, and a non-inversion if s; = N and s; = E. A
descent of x is a number 1 < ¢ < n + k such that s; = F and s;;+1 = N. We define the
three statistics inv, coinv, maj : L, ) — N as follows

inv(x) := # of inversions (i, j) of z,
coinv(x) := # of non-inversions (i, j) of z,
maj(x) := Z i.
% is a descent

Note that the every 1 x 1-square below the lattice path can be naturally associated with
a non-inversion. Thus, coinv(z) gives the total area below xz. However, we refrain from
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calling this statistic “area” in order to avoid confusion with another slightly different
statistic a little further down the line.

Proposition 3.2. Let n,k € N. Then we have

inv(z) _ coinv(z) __ maj(z) __ n+k
T = YT g - qu_[kL

:Eeﬁ(mk) xGﬁ(n,k) CEGﬁ(mk)

Proof. First, we notice that the map given by (s1,...,Sp+k) = (Sptk,.-.,S1) is an
involution on L, ) interchanging inv and coinv, so we may treat only one of the two.

We prove the statement by induction on n + k. The cases n = 0 or k = 0 are trivial
since there is only one path in each case. Thus, let n > 1 and k£ > 1.

Let x € L, ) and consider how many inversions the last step of z contributes, i.e.,
inversions of the form (i,n + k). If x ends with a North-step, it gives us n inversions,
while there are none if  ends with an East-step. Thus, for f(n, k;q) := Zwéﬁ(n,m g (@)
the induction hypothesis yields

f(n,kiq) = f(n—1,kq) +q"f(n,k — 1;q)
_In+k-1 nin+k—=1 |n+k
P e ] -1,
q q q
Now, let us take a look at the maj statistic: If z ends with an East-step, we have
maj(z) = maj(Z) where & € L,_1 ) is formed by deleting the last step of z. On the
other hand, let 1 < d < k, and consider a path = (s1,...,Sp+k-d-1, E, N,...,N)

ending with exactly d North-steps. Then, for = (s1,...,Sn1%-d-1) € Ln—1,k—a) W€
have maj(z) = maj(z) +n+k —d.

For F(n,k;q) := Zmec( o ¢™2(®) our observations translate into
k
F(n,k;q) = F(n—1,k;q) +¢" Y _¢" "F(n— 1,k —d;q)
d=1

_In+k—-1 nl k-1|n+k—2 n n—1
L e (P e [ 19
q q q q

Finally, using that

n—1 _|n pn+1—-1 n+l—1 |n+l
R A e A R e R
q q q q q

for [ € N, the identity above reduces to

n+k—1 nln+k—1 n+k
w1 e [T,
q q
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We remark that both [Theorem 2.1] and |Proposition 3.2| can be regarded as special
cases of the same theorem about multiset permutations which was already known to
MacMahon [I7].

Identifying the 1 x 1 squares within a n X k rectangle which lie above a lattice path
x € Ly, 1) with the Young diagram of a partition, we obtain a formula for the generating
function of partitions whose Young diagrams are subsets of a fixed rectangle.

Corollary 3.3. Let k,n € N, and let P(n,k) := {\ : X C n*} be the set of all
partitions with at most k parts, and with parts less than or equal to n. Then we have

s o[

AEP(n,k)

Another useful way of describing a Dyck path, apart from the step-sequence (or a
picture) is the sequence of row lengths. That is, a sequence a = (ay,...,ay) of natural
numbers such that a; = 0 and 0 < ;41 < a; + 1 for 1 < i < n —1. To obtain the
sequence of row lengths of a Dyck path x € D™ let a; be the number of 1 X 1 squares in

the i-th row between z and the diagonal (see [Figure 5|).
By means of the row lengths we can define two further statistics area, dinv : D" — N

as

n
area(z) := Z aj,

=1
dinv(z) := ‘{(’L,j) 1<i<j<n, a= aj}}qL
+{(,)):1<i<j<n, a =a;+1}
A pair (i, 7) contributing to dinv is called a diagonal inversion or d-inversion, hence the

name of the statistic. Note that for any Dyck path z € D" we have inv(z)+area(z) = ().
The dinv statistic was suggested by Haiman.

[ ]
L]
O DN DN

Figure 5: A Dyck path = with row lengths (0,1,2,1,2,1), area(z) = 7, and dinv(z) = 7.
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Now we are able to give g-analogues of the Catalan numbers as promised. The
MacMahon q-Catalan numbers are defined as

Bu(g) == Y, ¢™.

zeD"

The Carlitz—Riordan q-Catalan numbers are defined as

Cule) = 3 ¢,

reD"

Proposition 3.4 (i). Let n € N. Then the MacMahon q-Catalan numbers are

given by
> 0 = gt [
ot n+1], [ n .

(ii). For n > 1 the Carlitz—Riordan q-Catalan numbers fulfil the recursion

Cn(Q) = Z qkilckfl(Q)Cnfk(Q)'
k=1

Proof. Let z € L, ) — D" and consider the point z = (21, 22) on r minimizing
z1 among all points with maximal z; — zo, that is, among the points the farthest below
the diagonal (compare to . The path x must have an East-step leading to z.
Moreover, this East-step cannot be directly preceded by a North-step. Thus, we may
construct & € L;,_1,,4+1) by replacing the East-step leading to z by a North-step, and
have maj(z) = maj(z) + 1.

Conversely, given any path & € L(,_1,4+1). By choosing 2z’ = (21, 25) such that
2z is maximal among all points of & with maximal 2] — 2}, and replacing the North-
step that must follow by an East-step, we obtain the original path. Thus, the map
x — T is a bijection between paths in L, ,) going below the diagonal and L, _1 n41)-
[Proposition 3.2| establishes

mai(z 2n 2n 1 2n
Zq j(x) — —q - -
nl, n+1q n+1], | n .

zeD"

To see (ii) let n > 1 and z = (N,y, FE,z) € D™ be decomposed exactly as in

(ii) and If y is a Dyck path of length k£ — 1 then area(z) =
(k — 1) + area(y) + area(z), and the claim follows. [ |

Having found two fine candidates for g-generalisations of the Catalan numbers, we
shall now define a bivariate polynomial that turns out to contain them both

Cn(q,t) - Z qdinv(:r:)tarea(x).

zeDn
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z = (z1,29) = (5,3) 2= (21, 25) = (4,3)

Figure 6: In this example maj(z) =5+ 8 + 10 + 14 while maj(z) =5+ 7+ 10 + 14.

The first fundamental results on these polynomials, called gq,t-Catalan numbers, are
covered in the next theorem which needs one more preparation, namely the bounce
statistic.

Let x € D™ then we construct the bounce path & € D™ of x in the following way:
We start with the empty path, and add as many N-steps as possible without going
above x. Next, we add E-steps until we touch the diagonal. We then add a maximal
number of N-steps without going above x, add E-steps until we reach the diagonal, and
so forth. .. (see . Suppose the bounce path of x returns to the diagonal in the
points (i1,71),..., (ig,iq) for some 1 < d < n. Then the statistic bounce : D" — N is
defined as

d
bounce(x) := Z(n — ij).

j=1

Xz (97 9)

Figure 7: A Dyck path 2 with its bounce path & and bounce(z) = (9—-2)+(9-3)+(9-7) +
(9—-9) =15.

Note that bounce(z) is given by 4 maj(2’) where 4’ is the reversed bounce path of
x. The bounce statistic was first defined by Haglund in [§] in a slightly different form.

Theorem 3.5 (i). There is a bijection ( : D" — D" such that for all x € D™ we
have
(dinv(x), area(x)) = (area(¢(x)), bounce({(z))).
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(ii). Letn,k € N, 1 <k <n—1 and let D} be the set of Dyck paths of length n that
return to the diagonal exactly k times. Then for F(n,k;q,t) := ExeD}; gdinv(@)garea(z) 0
have the recursive formula

n—k
F(n, k;q,t) = q(g)t”*’“zF(n —k,d;q,t) {k+g— 1] :
d=1 q

The bijection ( traces back to an article of Andrews, Krattenthaler, Orsina and Papi
[1] who already defined the bounce path, but did not consider the statistics dinv or
bounce at the time. The recurrence was discovered by Haglund in [§].

Proof (The Bijection). Let x € D" be represented by its row lengths (a1, ..., a,).
Further, let m := maxj<;<n,{a;} be the maximal row length, and let

bj={i:1<i<n,a=j}

for 0 < j < m denote the numbers of rows with a given length.

Now, let 0 < j < m + 1, and define lattice paths y; as follows: Reading the vector
(a1,...,ay) from left to right, whenever we encounter an entry equal to j — 1 we add an
East-step. Whenever we encounter an entry equal to j we add a North-step (compare

to [Figure §).

Ya

2 U3 (88)
1

1 7 (6,9)

3 D

3 (% 3)

: z I ()
1 .

0 ;{/“ L 71)

Figure 8: In this example we have m = 3, b = (1, 3,2, 2).

We see that yg consists of by North-steps, while y,,, 11 consists of b, East-steps. For
all 1 < j < m the path y; starts with an East-step and lies in E(bj,bj+1)- This lets us
define ((z) = (Yo, ¥1,- - -+ Ym+1)-

First of all, {(x) € D™ because every initial subsequence of ((x) contains at least as
many North-steps as East-steps.

Secondly, let us check that ( is a bijection. For every Dyck path z € D™ there is a
unique decomposition into subsequences z = (Yo, Y1 - - - , Ym+1), where m € N depends on
z, such that each y; starts with an East-step and such that the number of East-steps in
y; equals the number of North-steps in y;_1 for all j > 1. Thus, ¢ is bijective because it
is injective.

Next, we show that the bounce path of ((z) returns to the diagonal exactly m + 1
times, namely at the points (Z{;& by, Z{;& by) for j =1,...,m+1. Clearly, the bounce
path of {(z) starts with by North-steps followed by by East-steps. Thus, the first bounce
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point is indeed (bg, bg). Now, we proceed inductively. Assume that there is a bounce

: j=1p -1 ~ : | .
point at (leo bl Y 1 o bl) for some 1 < j < m. Since (yo,...,y;) € E(Z?;& b b))
and because y;41 begins with an E-step, we can add exactly b; North-steps to the bounce
path without exceeding (). But then the next bounce point is (>_7_,bi, > 7_obi) as
claimed.

Thus, we have

bounce(¢(z)) = i (n - Jibl> - i (g:m) - i jb; = area(z).

j=1 1=0 j=1

Finally, we have

area(C (7)) = i <<b2f> + Coinv(yj)> — dinv(z),

=0

where the binomial coefficients correspond to the area of ((x) below its bounce path,
respectively the diagonal inversions of rows of equal length in z, and the terms coinv(y;)
contribute the area between ((z) and its bounce path, respectively the inversions of a
row of length j and a row of length j + 1 in z.

(The Recursion). Let z € D! be represented by its row lengths (a1,...,a,). The
number of a; that equal zero is exactly k. Let & € D" * be the path obtained by reducing
each row length of & by one, and then deleting the negative entries (see . More
precisely, T € Dg_k where d is the number of rows of length one in z.

D L
P
S coinv(yg) =5
01 @ @
0 0 S
0 4 + IR
0o 3 0 0
1 2 3 0
2 2 - 2 0
2 1 1 1
1 0 1 2
4 2 0 1
4 1 1 4
5 1 0 2
2 0 0 3

Figure 9: We have x € D3 mapped to & € D} and y; € L(3.4)-

First, we note that area(z) = area(Z) + n — k since we reduced each non-zero row of
x by one. Secondly, the d-inversions of & correspond to the d-inversions of  which do
not involve rows of length zero. Furthermore, for each pair of distinct rows of x of length
zero there is one d-inversion of z. Thus, dinv(z) = dinv(z) + (g) + & where £ counts the
d-inversion coming from a row of length one occurring before a row of length zero. As
before, we have £ = coinv(y;)
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Now, let @’ = (a},...,al,_,) be the vector of row lengths of & after increasing every
entry by one. To regain x from a’ we have to insert k entries equal to zero, which is
possible before an entry equal to one. Fortunately, all the needed information is encoded
in y1: starting at a} = 1, and following the path y;, whenever we encounter an East-step
in 41 we add a zero before the current entry of a’. Whenever we encounter a North-step
in y; we move to the next entry a that equals one.

Taking into account that y; always begins with an East-step, thus really ranges over
L(j—1,4), the map x — (Z,y1) is a bijection from D} to the disjoint union Uz;f Dg*k X
Lx-1,9)- The claim then follows from [Proposition 3.2 providing that the g-binomial

coefficient arises when ¢®™ () is summed up with y ranging over Lk—1,0)- |

Corollary 3.6. Letn € N.
(i). Then the bijection ¢ yields

C’n(q,t) _ Z qarea(x)tbounce(x).

xeDn

(ii). Furthermore,

Z qdinv(a:) _ Z area(x) __ Z bounce(x

zeD™ zeD™ zeDn"

(iii). For any 1 < k < n let D} denote the set of Dyck paths of length n that start
with exactly k North-steps. Then F(n,k;q,t) = ZzeDg garea(z)gbounce(z) o d e have

the recursion

F(n, kgt Z $ B gnhgrea)ghounces) [k +Z - 1} |
q

d= LyeDn™ k

Another consequence of will be needed later on.

Corollary 3.7. Letn €N, and k, D}, and F(n,k;q,t) be as in (i1),
or alternatively as in |Corollary 3.6| (iii). Then we have

t"Cp(q,t) = F(n+1,1;q,t).
|

The following result is the main motivation for this work. As we have seen in
the generating functions of the statistics area, dinv and bounce are equal. In-
deed, the maps ¢ and (~! provide bijective rules to transform one statistic into another.
However, the g, t-Catalan numbers fulfil a much stronger symmetry property.
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Theorem 3.8. Letn € N. Then the q,t-Catalan numbers are symmetric in q and
t, i.e.

Cr(g,t) = Cu(t, q).

Unfortunately, there is no known bijection ¢ : D" — D" such that area(¢(x)) =
dinv(z) and dinv(p(z)) = area(z). The same goes for area and bounce. In other words,
even though guarantees the existence of such a map, no bijective proof
of the theorem is known to this date. The only proof we do currently know involves
the machinery of symmetric functions and Macdonald polynomials, and is found at the
very end of this paper. It should be mentioned that a bijective explanation of the (from
a combinatorial point of view) surprising symmetry of the C,,(q,t) would be desirable
not only on principle, but it may also shed light on possible decompositions of the
corresponding &,,-module which will be introduced later on.

As indicated above, the ¢,t-Catalan numbers contain both versions of ¢-Catalan
numbers of [Proposition 3.4| as special values. This result was shown by Haglund in [§].

Theorem 3.9. Let n € N. Then we have Cy(q,1) = Cy(1,q) = Cpn(q), and

(2 Cu(q, ) = [n+11]q Bﬂq

Proof. The first identity is immediate. The second follows by substituting

n i lElg [2n—k —1
¢ F(n kg, 1) = gh-Dm e
1 [n]q n—k q
into the recursion in [Theorem 3.5| (ii), and |Corollary 3.7} For details see [9, Chapter 3
Theorem 3.10 and Corollary 3.10.1]. [ |

For now, we shall investigate a possible extension of our three statistics to labelled
Dyck paths. A vector f = (f1,...,fn) € {1,2,...,n}" is called a parking function of
length n if there exists a permutation o € &, such that f,;) < i for all 1 < < n.
Equivalently, for 1 < i < n, there have to be at least 7 entries of f less than or equal to
1. We denote the set of all parking functions of length n by PF™.

The name “parking function” demands an explanation. Imagine a line of n cars
driving through a lane with n parking places. Each car i prefers to park in the f;-th
spot and behaves as follows: It moves to the f;-th spot and parks if this spot is still
unoccupied. Otherwise, it parks at the next available place. This way all cars get to
park in the lane if and only if f is a parking function.

Proposition 3.10. Let n € N. Then the number of parking functions of length n
is given by (n + 1)"71.

Proof. Let f € {1,...,n+ 1}" be any function, and suppose that n 4+ 1 parking
places are arranged in a cycle. Each car ¢ moves clockwise to its preferred spot f; and
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parks at the first possible spot thereafter. Clearly, every car now finds a place, and
exactly one spot remains unused. Furthermore, f is a parking function of length n if
and only if the unused spot is n + 1. By symmetry this means that one out of every
n + 1 functions is a parking function. |

A labelled Dyck path of length n is a pair (x,0) of a Dyck path x € D™ and a
permutation o € &, such that one condition is fulfilled: If we assign the label o; to the
i-th North step of z, then we demand that successive North-steps that are not separated
by an East-step are assigned increasing labels (see . In this way, in every row
of x we find exactly one label, and (i) is the label of the i-th row.

8
4

(G {{e)}

Figure 10: A Dyck path labelled by the permutation o = 15623748.

Proposition 3.11. Let n € N then there is a bijection 0 from labelled Dyck paths
of length n onto parking functions of n.

Proof. Let (z,0) be a labelled Dyck path, then we define f; to be the column
in which the label i appears. For example, by this rule yields the vector
(1,2,2,6,1,1,4,6). Since x never crosses the diagonal, the resulting f € {1,...,n}"
must be a parking function. |

By virtue of the bijection 8 we will identify PF" with the set of labelled Dyck paths
of length n. We define two statistics area, dinv : PF" — N via

area(z, o) := area(z),
dinv(z, o) = ‘{(i,j) 1<i<j<n, a=aj o)< U(j)}’—i—

+){(z‘,j):1gz’<jgn, a; = aj + 1, a(i)>a(j)} :
where (aq,...,ay,) are the row lengths of x. The labelled Dyck path in has
dinv(x, o) = 542, where the contributing non-inversions of o are (2,7), (2,8), (6,7), (6,8)
and (7,8), and the contributing inversions are (4,6) and (4, 7). Note that dinv(z, o) <
dinv(x) for all labelled Dyck paths, and that for every € D" there is at least one
o € 6, such that we have equality.
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[ ]-]"] ax(z) =4

: Iz)=1
| a\(z) =1
I\(xz)=0

Figure 11: The arm, leg, coarm and coleg of a cell z of the partition A = (6,4, 3,1).

We define the following extension of the g, t-Catalan numbers

Dn(q, t) — Z qdinv(:v,cr)tarea(m,o) ) (3 1)
(z,0)EPF™

There are equivalent combinatorial descriptions of the D, (q,t), for example using the
bounce statistic, however, we shall leave it at the definition. For more details see Chapter
5 of Haglund’s book [9]. It is conjectured, albeit not proven, that the polynomials D,,(q,t)
are symmetric in ¢ and ¢. This would follow from the conjectured fact that D,,(q, t) equals
the bivariate Hilbert series of the &,-module of diagonal harmonics. The conjecture is
due to Haglund and Loehr who defined the polynomials D,,(q,t) in [10]. We will return
to this connection with the Hilbert series at the beginning of the last chapter.

The conclusion to this section contains some of the author’s own observations. Let
n € N, A = n be a partition, and € Y (A) be a cell of the Young diagram of \. We
define the arm of x, denoted by ay(x), as the number of cells in V() in the same row
as = and strictly to the right of x (see . Similarly, we define the leg I)(x), the
coarm a’\(x), and the coleg I} (x) to be the number of cells strictly below, to the left,
and above x respectively.

As in [9] Chapter 3 (3.63)], we define a dinv-statistic on partitions as follows

dinv()) := [{z € Y(A) : li(z) < ax(z) < Ix(z) + 1}

Such a cell x is called a diagonal inversion of \.

We denote the n-th staircase partition by 6, = (n—1,n—2,...,2,1,0). Incidentally,
we notice that dinv(d,) = (Z) There is a natural bijection between Dyck paths of
length n and partitions A C J,. This bijection can be made explicit as A := §, —
(an,an-1,-...,a1), where (ai,...,a,) are the row lengths of the Dyck path in concern.

We call the partition A defined in this way the complement of the Dyck path.

Proposition 3.12. Letn € N, z € D" be a Dyck path and X\ C d,, be the complement
of x. Then we have dinv(z) = dinv()), and area(z) = (3) — |A|.

Proof. The claim about area is trivial. We prove the other claim by induction on
n. The statement is true for n = 1, thus, let n > 2.

Suppose z begins with exactly k& North-steps, and consider the path & € D!
obtained by deleting the first column (see [Figure 12). We have dinv(z) = dinv(z) + &
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where ¢ is the number of inversions involving the k-th row of x. Since these diagonal
inversions correspond bijectively to the diagonal inversions (i,1) in the first column of
Y ()A), the claim follows. [ |

Figure 12: The diagonal inversions of A are marked by points. The red inversions in the first
column of A correspond to the inversions (4, 5), (4,7) and (4, 8) of the fourth row of x.

We define an auxiliary statistic on the Dyck paths D" as

u(z) = <Z> — area(z) — bounce(z).

Clearly, u is never negative which can be seen from the previous proposition together
with (i). Suppose @ is a bijection on D™ exchanging area and bounce, then
@ fixes u. In other words, trying to find such a bijection we can restrict ourselves to
the subsets D;'_, of Dyck paths with u(z) = k. Additionally, we may give bounds for
the number of Dyck paths € D}!_, with fixed bounce(z) = b which are tight when n
is large (compared to k and b). For example, it is easy to verify that there is exactly
one Dyck path z of length n with u(x) = 0 and bounce(x) = i for each n > 1 and
i=0,..., (g) The next theorem makes matters a little more precise.

Proposition 3.13. Let a,b, k € N.
(i). Then there exists an n(a, k) € N such that the number of Dyck paths x of length
n with u(x) = k and area(x) = a coincides for all n € N such that n > n(a, k).

(ii). Furthermore, there exists an N(b,k) € N such that the number of Dyck paths x
of length n with u(x) = k and bounce(x) = b equals w(k +b,b), the number of partitions
of k with length at most b, for alln € N such that n > N (b, k).

Proof. Consider a Dyck path z € D" with u(x) = k and area(r) = a. Assume

(m,m) is not a bounce point of z, then bounce(z) < (}) — n+ m. It follows that

n—m < <;L> — bounce(z) = a + k.

Thus if n > a + k, the first n — a — k points on the diagonal must all be bounce points
of z. In other words, every “long” path z with u(x) = k and area(xz) = a begins with a
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“long” alternating sequence of N and E-steps. Therefore, no additional paths arise as
n grows.

On the other hand, let © € D™ be a Dyck path with u(x) = k and bounce(z) = b.
Suppose that z has at least three distinct bounce points, and let m be minimal such
that (m,m) is a bounce point of x, as in Let A be the complement of x. Since
(m,m) is a bounce point, A has length at least n—m. Since there is at least a third bounce
point between (m, m) and (n,n), we have \; > m+1. Thus, area(z) = (3) —|A\| < (5)—n
and it follows

n < <Z> —area(z) =k+b

Thus, if n > k+b then x has at most two bounce points namely (n—b,n—b) and (n,n).

But then the complement of x is a partition of k 4+ b with length exactly b. |
m é (n,m)
n—m PR _.
— S mm)

Figure 13: A Dyck path with many bounce points has less area.

[Proposition 3.13| can also be stated in terms of “limits” of Dyck paths. For n € N
let wf}) : D" — D" denote the map given by x — (N, E, z), and wq(f) : D" — Dntl
denote the map defined by = +— (N, z, F). Fori=1,2let X be the set of all sequences
(zn)nen where z, € D™ such that there exists an r € N with z,, 11 = @z)ﬁf)(:cn) foralln > r.
Furthermore, let ~ be the equivalence relation on X (#) given by (zn)nen ~ (Yn)nen if
there exists an r € N such that xz,, = y, for all n > r. Now we define the set of limit
Dyck paths of type i as

DO = {[z]. : z € XD},

We denote the limit Dyck paths by & = [(p)n]~. It is intuitive to think of D) as the
union of all Dyck paths starting with at least two North-steps, and of D) as the set of
number partitions.

Lemma 3.14. Let xg and yo be two Dyck paths, and define two sequences by letting
Tpi1 = 1/;,21)(93”) and Yp4+1 = ng) (yn) for all n € N. Then the sequences (u(zy))n,
(area(zy,))n and (dinv(y,))n are constant, and the sequences (u(yn))n and (bounce(y,))n
become stationary.

Proof. We have area(x,41) = area(z,), bounce(x,+i;) = bounce(x,) + n and
area(yn+1) = area(y,) + n. Moreover, dinv(y,+1) = dinv(y,) due to [Proposition 3.12]
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and bounce(yn+1) < bounce(y,), where we have equality whenever y, has only two
bounce points. [ ]
Hence, for Z € DO and § € D@, the limits

u(Z) == lim u(zy), area(Z) := lim area(z,),
n—o0 n—oo

w(y) == lim u(yy,), bounce(y) := lim bounce(y,), dinv(y) := lim dinv(yy).

n—o0 n—oo n—oo

are well defined and finite. [Proposition 3.13| and [Lemma 3.14|suggest that bounce is the
statistic least compatible with the maps @, but it “converges” to the partition length.

Theorem 3.15. Let k € N.

(i). For a € N the number of limit Dyck paths Z of type one such that u(Z) = k and
area(¥) = a equals 7(k + a,a).

(ii). For b € N the number of limit Dyck paths i of type two such that uw(y) = k and
bounce(y) = b equals 7w(k + b, b).

Proof. First, we deduce claim (ii) from [Proposition 3.13|(ii). Denote the set of Dyck
paths z of length n with u(z) = k and bounce(z) = b by S, C D". By |[Proposition 3.13|
we may choose r € N large enough such that |S,| = 7(k + b, b) and 1117(12)(5’”) C Sp41 for
all n > r. Since @b,(f) 2 Sp — Sh41 is injective it is already a bijection for all n > r.

For any limit Dyck path # € D@ we have u(Z) = k and bounce(Z) = b if and only
if there exists an 7’ € N such that z,, € S,, for all n > 7. It follows that each such #
is induced by a sequence defined recursively as x,/1;11 = ¢£,23_i(xr/+i) starting at some
Ty € Spr.

Part (i) follows from (ii) and Let T,, € D™ denote the set of all Dyck
paths x with u(x) = k and area(r) = a. By symmetry we must have |T,,| = |S,]| for
alln € N. By zpﬁf) maps 7T, into T,4+1. Therefore, zb?(zl) is a bijection for

sufficiently large n. But then the claim follows as in (ii). [ |

Another version of does not refer to Dyck paths at all.

Theorem 3.16. Let k,n € N. Then the number of partitions A - n + k such that
dinv(\) = k equals the number of partitions u '+ n + k with length k. In other words,

Z g = Z WeSs

A-n+-k AFn+k

Proof. If X\ is the complement of a Dyck path x then A is also the complement
of ¢£2) (z). Thus, the complement of a limit Dyck path of type two is well defined. By
[Proposition 3.12|and [Lemma 3.14| we have |A| = u(Z)+bounce(Z), and dinv(A) = dinv(Z)
for all Z € D@, Since every partition arises as the complement of a unique limit Dyck
path, we need to count the number of # € D with u(Z) + bounce(Z) = n + k and
dinv(Z) = k.
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Now, recall the bijection ¢, : D™ — D™ from [Theorem 3.5((i). It is not hard to verify
that (11 0 1,11512) = q,pﬁ}) o (. Thus for any sequence (x, ), such that z,,1 = 71153) () for
all n > r, we may define (y,)n := (¢o(2n))n and obtain

Ynt1 = Cny1(Tny1) = Cug1 © 1#7(12) (zn) = 7(11) o (u(Tn) = wé”(yn)-

for large n. Thereby, every limit Dyck path & of type two corresponds to a well defined
limit Dyck path ¢(Z) of type one, and ¢ : D?) — DU is a bijection. Next, we define a
statistic v on D@ by v(%) + dinv(7) = u(¥) + bounce(7). Thus, we now need to count
the limit paths & € D® with dinv(Z) = k and v(Z) = n. Because of the equalities
dinv(Z) = area({(%)) and

v(Z) = u(Z) + bounce(Z) — dinv(Z)

= lim (Z) — area(z,) — bounce(xy) + bounce(x,) — dinv(zy,)

Il
g

(Z) — area(¢()) — bounce(¢(z,))
u(¢(7)),

the theorem reduces to counting the number of limit paths Z € D) of type one such

that area(Z) = k and u(%) = n, and follows from [Theorem 3.15| (i). [ |

The presented proofs of both results, ['heorem 3.15| and [Theorem 3.16| rely on the
symmetry of the ¢, t-Catalan numbers guaranteed by Using only

sition 3.13| the enumeration part in [Theorem 3.15| (i) is reduced to a mere finiteness
statement. However, there is a beautiful bijective proof of due to Loehr

and Warrington [14]. In their paper Loehr and Warrington define a family of statistics
depending on a real parameter each of which has the same distribution on the partitions
of n. The dinv statistic and the partition length arise by letting the real parameter
equal one respectively zero. Loehr and Warrington also remark this connection to the
q, t-Catalan numbers. Whether their bijection can be exploited to find a bijective proof
of the symmetry problem itself remains an interesting question.

That said, computations suggest a stronger version of [Proposition 3.13] That is, we
conjecture that the lower bounds n(a, k) and N (b, k) in [Proposition 3.13|can be replaced
by a uniform bound independent of area and bounce, solely depending on u.

Conjecture 3.17. Let k € N. Then there exists an N(k) € N such that for all
d,n € N, where n > N(k) and 0 < d < (g), the number of Dyck paths x of length n
with u(x) = k and area(z) = d coincides with the number of partitions of k with length
at most min{d, (Z) —k —d}. This is also the number of Dyck paths x of length n with
u(x) = k and bounce(z) = d.

Before we leave our trusted Dyck paths behind in favor of a more algebraic approach
to the ¢, t-Catalen numbers, we shall give an example as to why we believe that
jecture 3.17|is true. Below we find a table for the case n = 10. The number in the i-th
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row and j-th column gives the number of Dyck paths of length ten with u(x) = ¢ and
area(x) = j. As we see, for u(z) =0,1,2,...,7 the Dyck paths behave as predicted. For
u(z) = 8 the numbers are off by one or zero. For u(z) = 9 the numbers are off by zero,
one or three. As u(x) increases further, things become more unclear.
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4 Algebraic Prerequisites

Since the main objective of this work is to explain the proof of our motiva-
tion for the upcoming sections will be the development of the necessary theory. To pro-
vide the reader with a very short outline of this proof, recall the polynomials F'(n, k; g, t)
from the previous section. We have seen in that F(n+ 1, k;q,t) specialises
to Cy(q,t) when k = 1. We will give another function Q(n, k; ¢, t) which fulfils the same

recursion as F'(n, k; q,t) does in [Theorem 3.5 (ii) and which specialises to the following
(at first sight complicated) expression.

/ 2 , , ) ,
(1 - Q)(l - t) (HIEGY( )q u( )tl ( )) H;ey(“)(l _ qa#(l‘)tlu(a})) ery(#) qaﬂ(x)tl,u(x)
ey (@@ = ) [Ty (#0) — g+

D

pukEn
(4.1)

Here HIGY (u) means that the cell z = (1,1) is omitted in the product. To define the
function Q(n, k;q,t) we shall need the terminology of Schur functions and Macdonald
polynomials. The proper setting is a sufficiently generalised ring of symmetric functions.

It is not hard to verify that the transition u — y’ provides the symmetry of in
q and t.

Example 4.1. We want to show that Cs(q,t) equals the expression in (4.1) when
the sum is taken over all partitions of three, that is p € {(1,1,1),(2,1), (3)}. Firstly, we
have

C3(q,t) = ¢ + ¢t + qt + qt*> + 3.

On the other hand, the three summands corresponding to (1,1,1), (2,1) and (3) respec-
tively are

(1—q)(1—t) (P22 (L =)L =)L+t +12)  B1—1)(1 +t+12)

I-)A-)A -t -gt—q)1—q) A=t —q)(t—q)
(1—q)(1—1t) ("FHO0H0+ )2 (1 — ) (1 =) (1 +q+1) P21 +q+1)
(—t)A -1 -t)(t - ¢*)(1 —q)(t —q) C(g—t)(t—¢?)

(1-q)1—1) ("7’ 1 -1 =AU +a+¢*) _ 1 -g)(1+q+¢)
(@ =t)(g =1 -1 -¢*)(1-¢*)(1-9g) (=g —1)(1—¢%)

Indeed, they sum up to

+6 P21+ q+ 1) 4
t-q)t*—q) (@—*)(t-a¢*) (¢—1t)(¢*—1)
_ @ -+ PP+ g+ D) —q) —°(° — )
(t—q)** —q)(¢*> - 1)
_ (=)t = a)(¢® = )(¢® + Pt + gt +qt* +1%)
B (t—a)(t* —q)(¢*> — 1) '
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We notice that the partition (2,1) is self-conjugated and that the corresponding sum-
mand is symmetric in ¢ ant ¢. Similarly, if we exchange ¢ and t in the summand corre-
sponding to (1,1,1) we obtain the summand corresponding to its conjugated partition
(3). O

Our strategy is mapped out as follows: We shall study basic notions about the
structure of symmetric polynomials (Section [5). We define Schur functions and survey
their properties (Section @ We will replace symmetric polynomials by power series in
(multiple sets of) infinitely many variables over a field of rational functions in ¢ and t,
and substitute Schur functions by Macdonald polynomials (Section . At this point we
will need some specific preparatory results, and can finally turn to the proof in Section [§|

We start out by recalling some facts about groups and rings acting on other sets.
Our benefits of recalling these concepts are twofold. First of all, the proof we aspire
relies heavily on the theory of symmetric polynomials which are defined as the subring
of polynomials invariant under the canonic action of the symmetric group. Secondly, the
polynomials Cy,(gq,t) and D,(q,t) introduced above are known, respectively conjectured,
to have close connections to a different representation of the symmetric group.

Let G be a group and X an arbitrary set. The set &Gx of all bijections from X to
X is a group with respect to composition. A group action of G on X is an outer binary
operation @ : G x X — X such that ge (hexz) = (gh)ex, and eex =z for all g,h € G
and z € X. Here e denotes the neutral element of G. Equivalently, a group action is a
group homomorphism ¢ : G — Sx. To see this, let g @ z := ¢(g)(x), and the required
conditions are fulfilled.

The stabilizer group of x € X is defined to be G, := {g € G : gex = x} and is, in fact,
a subgroup of G. The orbit of an element z under G is defined as Geoz := {gex : g € G}.
The orbits of two elements z,y € X are either equal or disjoint. Hence, X equals the
disjoint union of its orbits. We call x € X a fized point under the action of G if
G e 2 = {x}. The set of all fixed points is denoted by X. A subset Y of X is called
G-stable or invariant if GeY :={gey:g € G,y € Y} CY. For example, X is always
invariant and {z} is invariant if x is a fixed point.

Now, let R be a ring with unity, and M an Abelian group. The set End(M) of
group endomorphisms on M is a ring via pointwise addition, and multiplication given
by composition. We say M is an R-(left) module if there is an outer binary operation
e : R x M — M which is distributive with respect to addition in R and in M, and is
compatible with the multiplication in R. That is, we demand (r+s)em =rem+sem
and re (m+mn) =rem-+ren forall r,s € Rand m,n € M, and 1 e m = m and
(rs)em =re(sem) for all r,s € R and m € M. Equivalently, the module structure is
given by a ring homomorphism ¢ : R — End(M) mapping 1 € R to the identity id;.

A subgroup N of M is called R-submodule if it is R-stable. For example, let [, : R —
R, s +— rs, denote the left translation by r € R on R, and regard (R, +) as an R-module
via the map R — End(R, +), r + [,. Then an additive subgroup of R is a submodule if
and only if it is a left ideal. An R-module M is called simple if its only R-submodules
are the trivial ones, namely {0} and M itself. An R-module is called semisimple if it
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is the direct sum of simple R-modules. For any field K, a K-module is just a K-vector
space which is simple if and only if it has dimension one. On the other hand, this means
that every K-module is semisimple. A ring R is called semisimple if it is semisimple as
an R-module via the canonical module structure given by left multiplication.

Now, let R be a commutative ring with unity, and A a ring with unity. We say A is
an algebra over R if the additive group (A, +) is an R-module which is also compatible
with the multiplication on A, i.e., r e (ab) = (rea)b = a(reb) for all r € R and a,b € A.
Equivalently, let Z(A) := {a € A : ab = ba Vb € A} denote the center of A, then the
structure of an R-algebra is given by a ring homomorphism ¢ : R — Z(A) mapping
the multiplicative identity in R to the multiplicative identity in A. If ¢ is injective, it
is usual to identify R with ¢(R) C A and thus write ra instead of r e a = ¢(r)a. For
example this is the case whenever R is a field.

Let K be a field and G a finite group. A K-representation of G is a linear group
action of G on a K-vector space V, i.e., a group homomorphism p: G — Autg (V).

The dimension of V' is also called the degree of the representation (p, V). If V is
finite dimensional, say dimg (V) = n, then p(G) < Gl(n, K) can also be viewed as a
linear group. In this case p is sometimes called a matriz representation of G. Two
representations (p, V) and (p/, V') are isomorphic if there exists a linear isomorphism
¢ : V — V' such that p'(g) o p = pop(g) for all g € G. A representation (p, V) is called
irreducible if the only G-invariant linear subspaces of V are {0} and V itself.

We recall that a module over a field K is just a K-vector space, thus an algebra over
K is a vector space with a K-linear multiplication. With that in mind we define the
group algebra of G over K, denoted by K G, to be the vector space over K with basis G
with multiplication defined as the bilinear extension of the multiplication in G. That is,

(Z agg> <Z bhh> = > agbu(gh) =) <Z agh_lbh>g.

geG hed g9,heG geG “heG

It is easy to check that any K-representation (p, V') of G corresponds to a KG-module
structure on the additive group of V' via the natural homomorphism of the K-algebras

KG and Endg (V)
Z Ggg — Z agp(g)-
geG geG

Sometimes a K-algebra homomorphism ¢ : A — Endg (V) is also called a K-algebra
representation of A. Furthermore, we note that irreducible representations correspond
to simple K G-modules.

It is convenient to establish many theorems in representation theory by exploiting
this analogy, and making use of the theory of semisimple rings. This strategy is founded
in Maschke’s Theorem.

Theorem 4.2 (Maschke). Let G be a finite group and K a field such that the
characteristic of K does not divide the order of G. Then the group algebra KG is a
semisimple K -algebra.
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The structure of semisimple rings is given by the following two results:

Theorem 4.3 (Schur). Let R be a ring with unity, and M and N simple R-
modules.

(i). Then Endgr(M) is a division ring.
(ii). Furthermore, Homp(M, N) = {0} unless M = N are isomorphic as R-modules

Theorem 4.4 (Artin, Wedderburn). Let R be a semisimple ring. Then there
exist natural numbers ny, ..., ng and division rings D1, ..., Ds such that R is isomorphic
to the direct sum of matriz rings

R= @ Mat(ni, Dl)
i=1

The proof of relies on [Theorem 4.3| and several results on semisimple

rings which are not too laborious to verify. Firstly, a ring R is semisimple if and only if
all R-modules are semisimple. All simple R-modules can be shown to be isomorphic to
a minimal R-left ideal. Moreover, there are only finitely many isomorphic classes of left
ideals of R, and R is the direct sum finitely many minimal left ideals of R.

The D; in correspond to the R-module endomorphism rings of a system
of representatives of the isomorphic classes of simple R-modules. These are division
rings due to (i). In particular, the number s gives the number isomorphic
classes of simple R-modules, and the numbers n; give the multiplicity of an isomorphic
class in the decomposition of R.

Combining these results we obtain the Fundamental Theorem for representations of
finite groups.

Theorem 4.5. Let G be a finite group and K a field such that the characteristic
of K does not divide the order of G.

(i). Then there exist only finitely many isomorphic classes of irreducible K -represen-
tations of G.

(ii). Ewery irreducible K -representation of G has finite degree.

(iii). Furthermore, we have complete reducibility, i.e., each K-representation of G
18 a direct sum of irreducible representations.

(iv). The decomposition of (iii) is unique. More precisely, let (p,V') be a finite
dimensional K-representation of G, and (p;,V;) be a system of representatives of the
isomorphic classes of irreducible K -representations of G, wherei =1,...,s. Then there
exist unique non-negative integers my, ..., ms such that

(0.V) = P B (i, ).

i=1 j=1
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The numbers m; in the point (iv) of [Theorem 4.5/ are called the multiplicities of the
irreducible representations (p;, Vi) in (p, V).

One possible way to “label” the isomorphic classes of irreducible representations of
a finite group over a suitable field are the irreducible characters. We shall now give an
outline of the beginnings of character theory.

Let G be a finite group and K a field. The character of a K-representation (p, V)
of G is defined to be the map x, : G — K defined by g — trx(p(g)), that is, the
trace of the linear operator p(g). The character of an irreducible representation is called
irreducible character. Clearly, the characters of G' are constant on each conjugacy class
of G. Furthermore, x, = x, whenever (p,V) = (p',V’).

Let us consider the case where K is algebraically closed. As above, a closer look at
the group algebra is serviceable. Since K G is a finite dimensional K-algebra, so are the
division rings D; in But the only finite dimensional division algebra over
an algebraically closed field K is K itself. Thus, we have

S
KG = PHMat(n;, K)
i=1

for suitable n; € N. The center of a matrix ring over a field K is well known to be
isomorphic to K. Hence, the center of the group algebra Z(KG) is a K-vector space of
dimension s, where s equals the number of irreducible K-representations of G.

Let C(G, K) be the K-algebra of class functions on G, that is, all functions f : G —
K that are constant on each conjugacy class of G. Clearly, C(G, K) contains the K-
characters of G. Let R(G, K) denote the subalgebra of C'(G, K') spanned by irreducible
characters.

There is a natural K-algebra homomorphism from C(G, K) to KG given by

f=Y flo)g. (4.2)
geG
We define a bilinear form (.,.), : Z(KG) x Z(KG) — K via
< Z aqg, Z bgg> — Z agbg-1. (4.3)
geG geG geqG

By virtue of the map (4.2)) this bilinear form defines an inner product on R(G, K).

Theorem 4.6. Let G be a finite group and K an algebraically closed field such that
the characteristic does not divide the order of G.

(i). The number of conjugacy classes of G equals the number of isomorphic classes of
irreducible K-representations of G. Furthermore, let Cq,...,Cs be the conjugacy classes

of G. Then the set
{Zg:lgigs}
geC;
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is a K-basis of Z(KQG).
(ii). Let x1,-..,xs be the irreducible K-characters of G. Then the set

{in(g)gzlsigs}

geG

is a K-basis of Z(KG) that is orthonormal with respect to (4.3)).

(iii). The K-representations of G of finite degree are determined up to isomorphism
by their character. More precisely, let (p, V') be a finite dimensional representation with
character x. Then the multiplicity of an irreducible representation (p;, Vi) in (p, V) is

given by (x,xi) fori=1,...,s.

Note that by [Theorem 4.6|the map (4.2) induces a linear isomorphism from R(G, K)
to Z(KG). The regular K -representation of a group G is KG regarded as a K G-module

via left multiplication. The corresponding character x,eg is called the regular character.
By earlier remarks we have xyeg = > .5 dimg (V;)x;, where x; is the character of the
irreducible representation V;.

We shall be working with polynomial rings and graded rings. Therefore, let R be
commutative ring with unity. A commutative R-algebra is an algebra A over R that is
a commutative ring.

Given a (countable) set X, the polynomial ring over R with variables X, denoted
by R[X], can be defined as the commutative algebra over R generated by X fulfilling
the following universal mapping property: For any commutative R-algebra A and map
f + X — A there exists a unique ring homomorphism ¢ : R[X] — A such that both
triangles in the following diagram commute.

¢ L
R R[X]R[X] X

N

We will make exhaustive use of the universal mapping property of polynomial rings in
our introduction of the plethystic substitution in Section [6] A ring A is called graded if

it can be decomposed as
o0
A=A
k=0

such that a + b € A* for all a,b € A* and ab € A**! for all a« € A* and b € A'. Each
additive subgroup AF is called the group of homogeneous elements of degree k.

An R-algebra A is called graded algebra if it is a graded ring, and the homogeneous
subgroups A* are stable, i.e. RA* C A*. In that case A* is an R-submodule of A. For
example the polynomial ring R[X] is a graded R-algebra by virtue of the usual degree
of polynomials.
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Let K be a field and G a group. A K-representation (p, V) of G is called graded
if V is a graded K-algebra and the homogeneous subspaces V¥ are invariant under the
action of G. If V is a graded K-algebra such that every homogeneous subspace has finite
dimension over K, we define its Hilbert series as

Hilbg (V1) Zdlm[{ (VF)ik

This series, which is also called Hilbert-Poincaré series, fulfils the following elementary
properties.

Proposition 4.7. Let K be a field, and V and W be two graded K-algebras such
that the series Hilbg (V';t) and Hilbg (W;t) exist.

(i). Then we have

Hilby (V @ W) = Hilbg (V3 1) + Hilbg (W 1),
Hilbg (V @k W;t) = Hilbg (V5 t) Hilbg (W5 t).

(ii). Suppose that V = Klxy,...,xy,] is generated by algebraically independent ele-
ments x; of degree d; wherei=1,...,n. Then

n

Hilbg (V;t) =

Another concept we will encounter is the inverse limit, or projective limit, of an
ordered family of rings. An inverse system of rings is a sequence (R;);cn of rings together
with surjective ring homomorphisms ¢, : R, — R,, called projections for all pairs
m,n € N such that m < n. The inverse limit of such a system is given as the subset

lim R; CHR {(ri)ien : 1 € R}

€N

of their Cartesian product consisting of all sequences (r;)ien satisfying ¢ n () = rm
for all m < n. It can be shown that this subset is closed under componentwise addition
and multiplication. The maps ¢, : T&nRi — R, given by (7;);en — 7y, are called canonic
projections.

Alternatively the inverse limit is defined as the ring R together with canonic pro-
jections ¢, : R — R, for n € N such that the following universal mapping property is
satisfied: For every ring S and surjective homomorphisms v, : S — R, such that the
left hand side of the diagram below commutes for all m < n, there exists a unique ring
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homomorphism 1) : § — R such that the right side of diagram commutes for all m < n.

S

Pn Ym

More generally, the above definition could be extended to the case where N is replaced
by an arbitrary partially ordered set. However, this will not be needed in our subsequent
considerations.

We conclude this section with a very general result on the representations of finite
reflection groups. A module M over a ring R is called free if M is isomorphic as an
R-module to a direct sum of copies of R.

Theorem 4.8 (Chevalley, Shephard, Todd). Let G be finite a group, and (p, V')
a complez representation of G such that {vi,...,v,} is a basis of V. Then the following
are equivalent.

(i). The group p(G) < Gl(n,C) is generated by reflections.

(ii). The algebra Clvy,...,v,]¢ of invariants is isomorphic (as a C-algebra) to a
polynomial algebra over C.

(iii). The algebra Clvy, ..., v,] is a free module over Cluy, ..., v,]°.

5 Symmetric Functions and Tableaux

We have already been referring to symmetric functions on a few occasions. After present-
ing some facts about Young tableaux and their connection to the irreducible characters
of the symmetric group, it will be time to give the ring of symmetric functions a proper
introduction. The main part of this section will be dedicated to this goal. From this point
onwards symmetric functions will remain a constant companion and various families of

symmetric functions will be the central objects in the proof of

Let n € N, 0 € &,, be a permutation, and A a partition or a vector with n or more
entries. We define

o-Ai= ()\0(1), ce 7)\0(71))

The map A — o - A is an injection from the set II,, to N for each ¢ € &,,. We call
the map thus given by the identity permutation the natural embedding, and we will
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occasionally identify a partition A - n with its image id -\ € N”. Clearly, this rule also
defines an &,, action on the set N” preserving the sum vectors. Moreover, each orbit
contains exactly one vector with decreasing entries. Let w € N" then we denote the
partition corresponding to the decreasing vector in the orbit &, - w by w.

Now, let A - n be a partition. A semistandard Young tableau of shape A is a map
T from the Young diagram of A to the natural numbers {1,...,n}, increasing weakly
along rows, i.e. T(i,7) < T(i+ 1,j), and strictly along columns, T'(i,j) < T(i,j + 1)
(see . Let w; denote the cardinality of T7'(i) for i = 1,...,n then w =
(w1, ...,wy,) € N" is called the weight of the tableau T. The set of all semistandard
Young tableaux of shape A is denoted by SSYT()). For any given vector w € N” the
subset of all tableaux with shape A and weight w is denoted by SSYT (A, w). A standard
Young tableau is a tableau with weight equal to 1" := (1,...,1) € N*. We denote the
set of all standard Young tableaux of shape A by SYT(A).

2 2 23 2 3 4
3 3 4
4 4 B)

Tt W N —
= DN
= DN
Tt W DN
=~ W N =
ISV )

1
2
3
4

[ N
Ot DN~

Figure 14: All semistandard Young tableaux of shape A = (4,2,2,1) with weight w =
(1,2,2,2,1). The Kostka number K 4 equals six.

Proposition 5.1. Letn € N, A b n be a partition, w € N*, and 0 € &,, be a
permutation. Then the sets SSYT (A, w) and SSYT(\, 0 - w) have equal cardinality.

Proof. It suffices to consider transpositions o = (i,7 + 1). We construct a bijection
from SSYT (A, w) to SSYT(A, (4,7 + 1) - w) as follows. Let T' € SSYT(A\,w) and S :=
TG UT (i +1) CY(N\). We define T'(z) := T'(z) if ¢ S, or if € S and there is
another cell y € S in the same column as x. If x is the only cell of its column that lies
in § we change its label from i to ¢ + 1 or from ¢ + 1 to 4 respectively. Afterwards we
rearrange the labels in each row such that we have weakly increasing labels to obtain
a tableau 7' € SSYT(X, (i,i + 1) - w) (see . The map T — T is clearly an
involution. ]

We may therefore define the Kostka numbers K, as the cardinality of SSYT (A, w),
where w is any permutation of p.

The symmetric group &,, acts naturally on the set {1,...,n} by o -i := (i) which
is the very definition of a permutation. Now, let ¢ € &, be a permutation. A cycle
of o is a directed graph (V, E') where the vertex set V' C {1,...,n} is an orbit, and an
oriented edge (i,7) € E is drawn if and only if o(:¢) = j. Clearly, o is fully determined
by the union of its cycles. The cardinality of a cycle is defined to be the cardinality of
its orbit.
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(GVRN)

=~ QO DO —
O DO —

Figure 15: A tableau T € SSYT(\, w), and its pendant 7 € SSYT(X, (23) - w). The red labels
remain unchanged while the blue labels are inverted.

Let the cycle type of o be the partition z(o) = (A1, A2, ...) F n such that the positive
parts A; corresponds to the cardinalities of the cycles of 0. For example the permutation
18362457 = (2578)(46) € &g has cycle type (4,2,1,1).

Given a partition X let m; denote the number of parts of A equal to i. We define the

important quantity
1A

Zy = Hzml my!.
i=1

Proposition 5.2. Letn € N, and A\ b n be a partition. Then the number of
permutations o € &, with cycle type A is given by

n!

ZX

Proof. Consider the following arrangements of n positions

(e O e e (),

where there are m; cycles of length ¢ such that each cycle corresponds to a part of A.
Clearly, every assignment of the letters {1,...,n} to these spots produces a permutation
o of the cycle type A\. However, two placements result in the same o if we permutate
cycles of the same length. Thus, we have to divide n! by m;! for each 1 < i < n.
Furthermore, for each individual cycle a shift to the left of each label does not change
o. Hence, we also need to divide by the length of each cycle. The claim follows. |

A well known result in the group theory of &, implies that its conjugacy classes are
naturally indexed by the set of partitions of n.

Theorem 5.3. Letn € N and 0,7 € &,, be two permutations. Then o and T are
conjugate to each other if and only if they have the same cycle type.

By this means that also the irreducible complex characters of the sym-
metric group are index by partitions. While in general it is not always possible to make
the correspondence between irreducible characters and conjugacy classes of a finite group
explicit, this is known for the symmetric group &,,.
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Let X be a partition of n, and let T € SYT(\). We define two subgroups of &,, as

Gr = {O‘ € 6, : the sets {T'(¢,7) : j =1,...,\;} are invariant under o for all Z}
Hrp = {a € &, : the sets {T(i,j) : i =1,...,\}} are invariant under o for all j.}

The group G leaves the columns of 7" invariant, while Hp leaves the rows of T" invariant.
We remark that the groups G, and G, are isomorphic if 77 and 75 are standard tableau
of the same shape. The same is true for the groups Hy, and Hrp,.

Next we define three elements of the group algebra C&,, as

ar = Z o, br .= Z sgn(o)o, cr = arbr.

oeGr o€EHT

The cp are called the Young symmetrizers, and allow us to construct the irreducible
complex representations of the symmetric groups in the following way:

Theorem 5.4. Letn € N, A n be a partition, and T € SYT(N).
(i). The element cr is a scalar multiple of an idempotent element in CS,,.
(ii). The vector space Vp := CS&ep < CS,, is an irreducible representation.

(iii). Let u - n be another partition and T € SYT(u). Then the two representations
Vr and Vi obtained in this way are isomorphic if and only if the tableauz T' and T have
the same shape, i.e. A = p.

A proof can be found in [3, Chapter 4].

Example 5.5. Let A = 1" and px = (n). Then the cardinalities of SYT(\) = {T'} and
SYT(n) = {T"} equal one. We have Gp = &,,, Hy = {id}, Gp» = {id}, and Hp» = &,

thus
or = Z 9 e = Z sgn(g)g.

We obtain the two one-dimensional complex representations of &,,, called the trivial
representation Vp and the alternating representation V. O

From the last point of it follows that all irreducible complex represen-
tations of &,, are isomorphic to a V for some tableau T' by exhaustion. It also provides
a natural correspondence between partitions in II,, and the irreducible characters of &,,.
Furthermore, we remark that the Young symmetrizer of a tableau has integer coefficients
with respect to the canonical basis &,,, and all complex irreducible representations can
be constructed over the rationals.

Let X := {x1,29,x3,...} be an infinite set of variables, and for n € N set X,, :=
{z1,...,2,}. Let & € N, then we use the multi-index notation

a

% =t xgn

n
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The symmetric group &,, acts on the ring Z[X,,] via permutation of variables. That is,
for f(z1,...,2,) € Z[X,] and 0 € &,, we define

o f(@1,. o 2n) = f(T1)s s Tomn))- (5.1)

Alternatively, this action can be obtained as the Z-linear extension of the action defined
on monomials by o -z% := 7%, A polynomial f € Z[X,] is called symmetricif f =o- f
for all permutations o € &,,. Let A,, := Z[X,,]®" denote the set of symmetric polynomials
in n variables. It is easy to confirm that A, is a ring, also called the ring of symmetric
functions or the ring of invariants of the symmetric group. Since permutation of variables
does not affect the degree of a polynomial, a polynomial is symmetric if and only if each
of its homogeneous components is symmetric. In other words, A,, is a graded subring of
Z[X,)], and we denote by
AF = A, NZ[X,]F

the space of homogeneous symmetric functions in n variables of degree k.
As a first example, we note that for any f € Z[X,] the averaged polynomial

Y o-feh,

UEGn

is symmetric.

The ring Z[X,,] becomes a Z[X,]-module either via left multiplication or via partial
differentiation given by

0f(g) ==Y fa%g (5.2)

aeN"™

where f,g € Z[X,], and f = Y cyn faz®. Equivalently, in the language of ring ho-
momorphisms, the module structure is given as the unique extension of the injection
X, = End(Z[X,)), ;i — 8%1 to a ring homomorphism on Z[X,,].

The ring of coinvariants, which is also called the ring of harmonic polynomials, is

defined as
Hy = {g € Z[Xy,] : 0f(g) =0 for all f € A}

where A} = @2, AE is the ring of all symmetric polynomials with vanishing constant
term. Since g € H, if and only if all its homogeneous components are in H,, the
harmonic polynomials again form a graded subring of Z[X,,].

Now, let R be a ring that such that the elements z; € X, are algebraically indepen-
dent over R. Then the action naturally extends to R[X,] = Z[X,] ® R. In analogy
to the above, we define A, g = A, ® R as the graded R-algebra of symmetric functions
with coefficients in R, and we denote the homogeneous subgroups by A];; r- Moreover,
we define an R[X,,]-module structure on R[X,] itself, by extending 8%(3;]) =J;j toa
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homomorphism of R-algebras 8 : R[X,,] = Endg(R[X,]), f — Of asin (5.2). We obtain
the ring of coinvariants H, r = H, ® R with coefficients in R. Again, H,, r is a graded
R-subalgebra of R[X,].

In the case where R = K is a field, K[X,,] is a graded K-representation of &,,, and
50 is Hp K-

First, we are going to explore bases for A, and H,,. Let £ € N and A - k a partition
with at most n parts. We define the monomial symmetric functions in n variables as

M A(T1,. .., Ty) = Z .

a€EGy A

Clearly m,, » € AX. Furthermore, since every polynomial in Z[X,,] is the sum of mono-
mials, the set {my, : A k,[(\) < n} is a Z-basis of AE.
For 0 < k < n we define the elementary symmetric functions in n variables as

enk(z1,...,2n) = Z % = Z Tiy - T

€S, -1k 1<ii < <ip<n

where 1% denotes the partition consisting of k parts equal to one. Clearly, €n,k lies in
A%, Furthermore, let A,, denote the n-th Vandermonde determinant

Ap(er,.wn) =[] (@i—a)) = det(@] icijen.

1<i<j<n

The Vandermonde determinant plays an important role in the description of a set of
polynomials closely related to the symmetric ones. A polynomial f € Z[X,] is called
alternating or anti-symmetric if for all o € &,, we have

o-f=sgn(o)f.

Lemma 5.6. Letn € N and f € Z[X,]. Then f is alternating if and only if
f = Ang for some symmetric polynomial g € A,,.

Proof. First, notice that a permutation of the variables of A, (z1,...,z,) corre-
sponds to a permutation of the rows of the matrix (333_1)1§z',j§n- Thus, 0-A,, = sgn(o)A,
for all o € &,, due to the alternating property of determinants.

Now, let f be alternating and (i, j) € &,, be a transposition. Then

a:i:zj> = ((17]) ’ f)

Thus, x; must be a zero of f regarded as a polynomial in z;, and consequently z; — x;
divides f. Therefore, also A,, divides f. Since f/A, is clearly symmetric, the lemma
follows. |

The sum of two alternating polynomials is again alternating. Hence, by
the alternating polynomials form a A,-module generated by A,,. We shall now state some

Flarea, = (i) (1 ——f

Ti=Tj $i:$j.
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major results on the ring of symmetric polynomials involving the elementary symmetric
functions defined above.

Theorem 5.7 (Fundamental Theorem of Symmetric Functions). Letn € N.
Then the following hold:

(i). The elementary symmetric functions {enr, : 1 < k < n} are algebraically inde-
pendent over Z (or C) and generate A,, (respectively Ay c) as an algebra.
(ii). We have H,c = C[Xn}/AJF(Cf and the set of partial derivatives of A, is a
n,
C-basis for Hyc.
(iii). The symmetric functions Ay, c act freely on C[X,] via multiplication, and the

multiplication map Ay c @ Hpc = C[Xy,], f® g — fg is a linear isomorphism.
The result can be found in [7, Chapter 5, Theorems 5.1.3, 5.1.4, and 5.1.8].

Example 5.8 (i). Let n =3 and \ := (4,2,1). We indicate how
ms\ = x%x%azg + x‘llﬂzgx% + x%x%xg + x%xgazg + xlxgxg + xlxga:g
can be expressed as a polynomial in the generators
€31 =21+ T2+ x3, €32 =x1T2+ T1T3+ Tax3, €33 = T1T2T3.

The lexicographically largest (or dominant) monomial of mg y is :z:‘lla:%:rg. We approxi-
mate mg ) by 8%)163’26373 which has the same dominant monimial. Thus, the difference
ms\ — 6%163’263,3 has a lexicographically smaller dominant term than ms ). Applying
induction we obtain an algorithm which yields the desired polynoimal.

(ii). Let us verify that A,, is indeed a harmonic polynomial. To do so, we will make
use of Let f € A)} be symmetric with vanishing constant term and o € &,
a permutation. Then

o-0f(Ap) =0(c- f)(o-Ap) =0f(sgn(o)A,) =sgn(o)df(Ay).

Thus, 0f(A,) is alternating and divisible by A,,. However, since f has no constant term,
the degree of Of(A,,) is strictly less than the degree of A,,. It follows that df(A,) =0
as required.

Clearly, also all partial derivatives of A,, must be harmonic as a consequence. The
fact that these polynomials already form a basis of H,, ¢ can be seen through a dimension

argument provided by [Theorem 5.7] (iii). O

Note that is a special case of where G = &,,. Using
[Proposition 4.7| we obtain the Hilbert series of H,, c.

Corollary 5.9. Let n € N. Then the dimensions of the homogeneous subspaces of
the ring of coinvariants are given by

n

Hilbe(Hnciq) = [ |

k=1

1—qk
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In particular, [Corollary 5.9 implies dimc(H,, c) = n!. Moreover, we have the follow-

ing.

Theorem 5.10. Let n € N. Then the harmonic polynomials H,, c and the regular
representation CS,, are isomorphic as representations of the symmetric group.

Thereby, we have found a graded version of the regular representation of &,,.
Returning our attention to A, for k € N we define the complete homogeneous sym-
metric functions in n variables as

P := Z M -

A=k

Proposition 5.11. Let k,n € N such that k > 1. Then we have the following
relations between the elementary and the complete homogeneous symmetric functions

n

> (=Depibpp—i =0. (5.3)

1=0

Note that here and afterwards we let e, o = h,0 = 1 and treat e, ; and h,, j as zero
if k£ <0.

Proof. The claim follows from the identity 1 = E,(t)H,(—t) for the generating
functions
oo n 1
— k _
k=0 i=1
n n

En(t) = ennth = [J(1 +xit).

k=0 i=1

|

Let w : A, = A, be the endomorphism of graded rings such that w(e, ;) = hy for

k=1,...,n. Then by the symmetry of (5.3)) the map w must be an involution, and thus
an automorphism.

Corollary 5.12. Letn € N. Then the complete homogeneous functions {hyj : 1 <
k <n} are algebraically independent over Z and generate A, as an algebra.
|

Given a partition A - k& such that each part is less than or equal to n, we define

k k
hn,)\ = H hn,)\N Enp )\ 1= H En ;-
=1 =1
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Then (i) and |Corollary 5.12| have another consequence.

Corollary 5.13. Let k,n € N. Then the sets {e,x : N € II}} and {hyx : X € II}'}
are Z-bases for AX.
]

For k > 1 the power-sum symmetric functions in n variables are defined as

n
pn,k = Z xfa
i=1
and for any partition A F k let
100
Pn X = Hpn,)\i'
i=1

These polynomials are connected to the elementary and complete homogeneous sym-
metric functions by means of the so called Newton identities.

Proposition 5.14. Let k,n € N such that 1 < k <n. Then we have

1
hn,k = Z gpn,/\a

A=k
—1)k—1N)
enp =3 T
Py A
Proof. The claims will follow from P,(—t) = Ea) and P, (t) = Ha) espectivel
. n = E.()° n = H.0) p Y
where
— k=1 _ k1, _ i

and differentiation is with respect to the variable ¢t. Formal integration yields

00 k oo 0o 00
Hn(t) = exp (an,k%> = H ( Z mllkmpnm,ktkm> - Z Z Zl)\p)\tn-
k=1 '

k=1 m=0 n=0 \Fn

The second claim is shown by similar computations. |

Corollary 5.15. Letn € N. Then we have the following:

(i). The power-sum symmetric functions {p1,...,pn} are algebraically independent
over Q and generate A, g as a Q-algebra.

(ii). The set {pp: N € II}} is a Q-basis for the homogeneous space AZ,Q'

(iii). Let X be a partition, then the involution w sends py to (—1)A=tNp, .
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Example 5.16. First, let us understand why the condition on X" in claim (ii) above
is apropriate even though p,, j is defined for all £ € N in contrast to e, . For n = 2 we
easily compute

1

3 1 3
D2,3) = 3 + 5 = 5(3«“% + a3) (21 + 2) — 5(551 +a2)° = 5P2.21) ~ 3P2,1.11):

However, the relation
3 1

Pn,(3) = §pn,(2,1) - gpn,(l,l,l)

does not hold for all n > 3 since more mixed terms arise.
Secondly, notice that the p,x do not form a Z-basis of A,,. As we have seen in
[Proposition 5.14] or even in our little example, rational coefficients are indeed needed. [J

Having found three important sets of generators for the ring of symmetric functions,
let us go one step further. Since constantly paying attention to the number of variables
is somewhat wearisome, it will be desirable to eliminate the problem by introducing
infinitely many variables. In light of let us define the ring of abstract
symmetric functions as A := Q[{pr : kK > 1}]. We call the variables p; the abstract
power-sum symmetric functions.

To each of these we assign the degree deg(py) := k. We obtain a graded ring A =
@i, A* where each homogeneous subspace AF has a Q-basis given by {py : A F k},

where
oo
bx = HPAZ-
i=1

for any partition A. Furthermore, for n € N we define the evaluation map ¢, : A —
Ang via ¢n(pi) = pni for all & > 1. The evaluation maps are surjective Q-algebra
homomorphisms. Moreover, from it is immediate that for all k,n € N such
that & < n the induced map ¢, : AF — AIZ’Q is an isomorphism of Q-vector spaces. By
virtue of these evaluation maps, each homogeneous subspace of the abstract symmetric
functions is the inverse limit of the spaces of homogeneous symmetric functions in finitely
many indeterminates ordered canonically
AP 2= Tim AT o
neN

This makes A the inverse limit of the rings A,, g in the category of graded rings. However,
note that A is not the inverse limit of the rings A, @ in the category of rings since all
elements of A have finite degree. For example the formal product

oo

[T+

i=1
is not an abstract symmetric function, but it is a limit of symmetric functions in finitely
many variables. Given this knowledge, another way to define abstract symmetric func-
tions is as the graded ring of formal power series in infinitely many variables

A < Q[[X]], (5.4)
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whose degree is bounded and which are invariant under any finite permutation of vari-
ables. Starting from this point of view we might chose to define the abstract power-sum
symmetric functions via their generating function

o x
_ Z;
Pt)i= mt" ™ =) (5.5)
k=1 i=1 v

as in |Proposition 5.14}

Adopting the results from |Proposition 5.14| to the notion of abstract symmetric
functions we define the abstract elementary and homogeneous symmetric functions as

ek ::Z

ARk

—1)k—IN) 1
Lp,\v hi =Y ~ P (5.6)
Ak A

[e.9] o0
(S5 ::He,\i, h)\ Z:Hh,\i.
=0 i=0

Alternatively, in the context of (5.4]), we could also define them via their generating
functions

2\

E(t) = i epth = ﬁ(l + ait), (5.7)
k=0 =1

) =Y mth =] (5.3)
k=0 i=1 ¢

For any field K of characteristic zero such that the set {py, : k£ > 1} of abstract power-
sum symmetric functions is algebraically independent over K, we let A := A® K. All
statements and definitions for A have an analogue for Ax. For example the evaluation
maps ¢, point from Ag to A, k, we can interpret A as a graded subalgebra of K[[X]],
and so on...

We conclude this section with the definition of the so called diagonal action of the
symmetric group. Therefore, let n € N, and consider the ring C[X,,,Y,,]. The symmetric
group G, acts on C[X,,,Y,] via

g - f(xla s Ty Y1y e yn) = f<m0(1)7 ceey xo’(n)7y0'(1)7 s 7ya(n))
In analogy to[Theorem 5.7, the corresponding ring of invariants C[X,,, Y;,]®" is generated

by the polarized power-sums

n
- § k,l
pn,k,l(wla"‘7$nay17'"7yn> T L5 Y
i=1

where k,l € N. The ring of diagonal coinvariants or diagonal harmonics is defined as

DH,, = {f € C[Xp,Yn] : Opnii(f) = 0 for all k,1 € N such that £ +1 > 0}.
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All of the rings C[X,,, Y], C[X,,Y,]®", and DH,, are bigraded with respect to the
polynomial degrees in « and y. The bivariate Hilbert series

Hilbg(DHan, q,t) = Y dime (V) ¢t/
i,j=0

which is in fact a polynomial, has a surprising connection to the generating polynomial of
the statistics area and dinv on parking functions introduced earlier. It is conjectured that
these two polynomials coincide. Furthermore, results due to Haiman together with what
we shall develop in this thesis prove that the bivariate Hilbert series of the subspace of
the diagonal harmonics corresponding to the alternating representation of the symmetric
group is given by the g, #-Catalan numbers. We shall come back to this subject once
more, after establishing some more terminology.

6 Schur Functions and Plethysm

In this section we pursue two goals. First, we will establish the so called plethystic
calculus or plethystic substitution which is an important tool for manipulating symmetric
functions. Simultaneously, we will describe an algebra which is the proper setting to carry
out our proof. Secondly, we will introduce Schur functions and review their connections
to the concepts we have encountered thus far. Most notably, we shall cite the Cauchy
Identity in[Theorem 6.11]and prove a plethystic addition formula for skew Schur functions
in These are important technical tools and will play prominent roles in

the remaining sections.

Let n € N, K be a field of characteristic zero and X = {x1,z2,23,...}, X, =
{z1,..., 2} be sets of variables over K as before. For any vector f = (f1,...,fn) €
K[X,]" of polynomials there is a unique K-algebra endomorphism called the polynomial
substitution of f sending x; to f;. We denote this map by ¢ : K[X,,] — K[X,,], that is

Yr(g(xr, ... xn)) = g(fi(xr, .. 2n), oo fu(T1, .o 20)).

A related albeit different notion exists on the ring of abstract symmetric function Ag.

Theorem 6.1. There exists a unique binary operation A x A — A, (f,g) — feg
on the ring of abstract symmetric functions that fulfills the following three properties:

(P1). For all m,n € N we have p,, ® p, = Pmn.-

(P2). For allm € N the map Ly, : A — A given by Ly, (g) := pm ® g for all g € A is
an algebra homomorphism.

(P3). For all g € A the map Ry : A — A given by Ry(f) :== feg for all f € A is an
algebra homomorphism.

Proof. The existence and uniqueness of the operation follow from the repeated use
of the universal mapping property of polynomial rings. First, for each m € N there
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exists a unique Q-algebra endomorphism L,, : A — A such that (P1) is satisfied for
all n € N. Secondly, for each ¢ € A there exists a unique Q-algebra endomorphism
Ry : A — A such that (P2) is satisfied for each m € N. Thus, the binary operation
defined by f e g := R,(f) for any f,g € A fulfills (P1) — (P3), and is uniquely defined
by these properties. [ |

Example 6.2 (i). We will compute ey, @ (—p;1). The first thing to understand is that
plethysm is defined via power-sums, hence, we need to express the examined function in
terms of the basis {px}. By (5.6) and using (P3) we have

(_1)k—l(>\)

exo(—p) =) > (pr @ (—p1))
Ak
1)k Y
DDl (L
Ak A A
Consequently, using (P2) we obtain
1)k M
R ey | (RNY)
Ak A A
k—I(
CUZ ayov,
IR
1
= (-1 —pa.
Mk A

We conclude that ey e(—p;) = (—1)*hy, due to (5.6). This is a special case of[Theorem 6.6

as we shall see later.

(ii). For general f,g € A we compute f e g as follows: First, express f and g as a
linear combination of the basis given by products of power-sums

F=Ytu 5 9= g,
I v

Then we compute

feg=> full g

i€EN

= nyH Zgu H(pm ’puj>

i€EN v JEN

Z%:qu > oo [ puws | -

ieN \ v  jeN
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where we use (P3), (P2) and (P1) respectively. O

Our next result takes care of the most immediate algebraic properties of the plethystic
substitution. It is associative and has the neutral element p;. Moreover, the power-sum
symmetric functions commutate with all symmetric functions.

Theorem 6.3. Let m,n € N and f,g,h € A. Then the plethysm operation fulfills
the following properties:

On(Pm®g) = dn(g) (", ..., 2)") € Apg (6.1)
DPmeh="hep, (62)
pPieg=g (6.3)
(feg)eh=fe(geh). (6.4)

Proof. First we verify these properties for abstract power-sum symmetric functions.
For any k € N

n(Pm ® Pr) = Gn(Pmk) = wrlnk +oeet x;nk = pn,k(xrlna conTyt) = G (pr) (@], xy).

Since both sides of are Q-algebra homomorphisms that agree on the power-sum
symmetric functions they must be equal. Similarly, follows from the fact that L,
and R, are Q-algebra endomorphisms that agree on all p;. The same argument yields
when we compare L and idy.

For the last claim, we note that for any i, j, k € N we have

pi ® (pj ® p) = pijk. = (Pi ® pj) ® Pk
Since the endomorphisms L; o L; and L;; agree on all p;, the must agree on A, i.e.
pi®(pjeh)=(piep;)eh.
for all h € A. But now the same argument implies that L; o Ry equals Ry o L;, that is
pie(geh)=(peg)eh.

for all g, h € A. Finally, the identity in (6.3) follows by the universal mapping property
applied yet again, implying R4 o Rj, and Rj, o R4 agree on all f € A. |

Example 6.4. Notice that the plethystic substitution is not commutative in general.

In [Example 6.2 we have seen that ey  (—p;1) = (—1)¥h;. However, we now know that
(=p1) e e, = —(p1oey) = —ex.

O

We will need plethysm in a slightly more general setting. Let therefore Y :=
{y1,y2,y3,... } and Y, := {y1, ..., yn} be sets of additional variables, and let K = Q(q, t)
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be the field of rational functions in ¢ and ¢ over the rationals. We shall be working in
the K-algebra

A=A Qr Ax (6.5)

where we distinguish abstract symmetric functions in X and in Y.

In the spirit of [Theorem 6.1| we define a binary operation .[.] : Ax x A — A by
demanding three properties.

(P1’). For all m,n € N and r(q,t) € Q(q,t) we have
pm[ n & 1] = Pmn @ 1, pm[l ®pn] =1 ® pmn, pm[r(%t)] = T(qm7tm)'

(P2’). For any m € N the map L, : A — A given by L,,(g) := pn[g] is a Q-algebra
endomorphism.

(P3’). For any g € A the map Ry : A — A given by Ry(f) := flg] is a K-algebra
homomorphism.

The notation f[g] is read as “plethystic substitution of g in f”. For f € A we denote

flp1 ® 1] = f[X] and f[1 ® p1] = f[Y]. That means, in the sense of [Theorem 6.3]
the map f +— f[X] is the identity on A. If f(x1,x9,...;q,t) € Ak, we write f[X,¢q,t] to
remind us of the fact that f is an abstract symmetric function with coefficients depending
rationally on the variables ¢ and ¢t. However, by (P3’) any term depending only on ¢
and t (in f that is!) are not affected by the plethystic substitution.

Example 6.5 (i). We have

plX]=af +af+af+- =D af,
e.)
(L= =0 -Q@Wi+v5+v5+...) =D (1 -,
=1
o0
Pr[X + Y] = pp[X => (= +u),
i=1
o oo
prXY] = prlXpe[Y] =D 0D afyf,
=1 j=1

) [X]
mle) - S =g T ao -

(ii). In the spirit of [Example 6.2 let us express eg[—X 3] in terms if the complete
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homogeneous symmetric functions.

P S |
_ 1)k i
- Sy g
AFE
tk
= (—1)kq¢hk[X]

O
In analogy to|Corollary 5.15(iii), we define w : A — A to be the involutive Q-algebra

automorphism given by
w(pr) = (=1)" 'pp.

By means of the involution w we obtain a negation rule which expresses f[—g| in terms

of flg].
Theorem 6.6. Letk €N, f € AII“( be homogeneous, and g € A. Then
fl=9) = (=D (@()lg]-

Proof. We recall that the set {py : A - k} is a K-basis of A%.. Hence, using (P3’)
and (P2’) we have

7l=91= (3 fwa) =gl = 3 AT eal-9l
Ak A=k i=1

=S AT -xle) =Y AT wma)ll

Ak i=1 Ak =1
= (—1*> hwe)lg = (D) w(f)[g]
Ak
for suitable f) € K. [ |

If the function g is a polynomial in ¢ and ¢ we can say more.

Theorem 6.7. Letn € N and g= M, + --- + M, € Q|q,t] be the sum of n monic
(over Q) monomials, and f € Ag. Then flg] = f(Mx,..., My), that is the plethysm R,
agrees with the composition Yar, ... ) © Pn of the evaluation map ¢n : Ax — Ap x and
the polynomial substitution ¥y, . ) Ak — An ik sending z; to M.

Proof. Let m € N then

pmlg) = Mi(q™ ™) + -+ Mi(q"t™) = (Mi(q, )™ + -+ + (Mn(q, )™
= pmm(Ml, ey Mn)
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Now, once again the result follows from the fact that both R, and ¢, ar,) © ¢n are
K-algebra homomorphisms that agree on the power-sum symmetric functions. |

The next lemma provides an easy application of above. We shall make
use of it in Section Bl

Lemma 6.8. Let d,k € N. Then the plethystic substitution of % =14+q+---+

¢"=1 into the abstract complete homogeneous symmetric function is given by
1,qk o k‘ + d -1
q

Proof. By and the generating function of the hgj we have

—gk —
hd[llqu ] = hd,k(la q..., qk 1)
k

1
=<td>Hm

=1
B [k+d—1]
= p ,
q

A combinatorial proof using [Proposition 3.2|is also possible. |

Now, let us return to the ring of symmetric functions in n variables A, for one
moment. We will introduce another family of symmetric functions indexed by partitions
called the Schur functions. Arguably Schur functions are the most important family
of symmetric functions due to their connections to both, the representations of the
symmetric group and the polynomial representations of the general linear group.

For k£ < n let A\ F k be a partition and 6, = (n — 1,...,2,1,0) be the staircase
partition. Then we define the Schur function in n variables corresponding to A as

i+,
_det(2” ") 1< j<n
Spa(T1, ..., xpn) = A )
n PRI ) n

: (6.6)

where A, is the Vandermonde determinant. The numerator of the right hand side of
is an alternating polynomial. Recalling m it is therefore the product of
the Vandermonde determinant and a symmetric polynomial. Thus, the Schur function
is a symmetric polynomial as expected. Moreover, we see that the Schur function is
homogeneous since it equals the quotient of homogeneous polynomials. Hence, we have
Sn\ € Aﬁ

The following theorem provides two alternative formulas for the Schur functions
which the reader finds proven in [15, Chapter I (3.4) and (3.5)].

Theorem 6.9. Let n,k € N such that k < n, and let A - k be a partition.
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(i). In terms of the complete homogeneous symmetric functions we have
Snx = det(hn,x—itj)1<ij<n- (6.7)
(ii). In term of the elementary symmetric functions we have

Snj)\ = det(en’A;_i+j)1§i7j§n. (6.8)

Since
Spri (@1, 20, 0) = spa(T1, .., Tn)

whenever |A| < n, the Schur functions in finitely many variables determine a class of
abstract symmetric functions. More precisely, there exists a unique sy € A such that
the evaluation ¢,(sy) equals s,y for each n > |A|. We shall call sy the abstract Schur
function corresponding to A.

We remark that for any vector w € Z" such that w + ¢ has no negative entries,
replacing A\; by w; in defines a symmetric function s,, ,,. However, if not all numbers
w; + 0; are distinct, the resulting determinant is zero. Otherwise, we have s, ,, = £5,.
where w is a partition.

Applying the involution w to respectively we may derive that the set of
Schur functions is mapped onto itself. Moreover, if A consists of a single row or column
we rediscover the elementary and complete homogeneous symmetric functions as special
cases of the Schur fuctions.

Corollary 6.10. Letn € N such that 1 <k <n.
(i). Let A& n be a partition. Then the involution w sends sy to sy.
(ii). For n € N we have sin = e, and ;) = hp. |

Our next aim is to show that the Schur functions form a particularly nice basis of A.
Let A, pu be two partitions. We define a bilinear form (.,.) : A x A by

(Dxs Pu) = 220 - (6.9)

This bilinear form is called the Hall-inner product, and it follows from the definition that
(.,.) is symmetric and positive definite, i.e. is indeed an inner product on A. Moreover,
the basis of power-sum symmetric polynomials is orthogonal with respect to the Hall
inner product. The dual basis is given by {%p,\ : A\F n,n € N}. The involution w is an

isometry, i.e. (f,g) = (w(f),w(g)) for all f,g € A.
Motivated by the computations in the proof of |Proposition 5.14] we define

i=1
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Then we obtain

4,j=

However, we remark that Q € Q[[X]] is a formal power series that does not lie in A.
Hence, the plethystic substitution in the above deduction is best understood as an abuse
of notation. Of course it would be possible to further extend our notion of plethysm to
include power series which are limits of abstract symmetric functions.

Theorem 6.11 (Cauchy Identities). Let n € N. Then the homogeneous part of
Q[XY] of degree 2n is given by

mlxXY] = Yo X2 = S K] = Y siXlslY] (6.10)
A7 A M A

All identities are proven in [I5, Chapter I (4.1), (4.2), and (4.3)].

Lemma 6.12. Let k € N, and let {uy : A\ k} and {v) : A\ F k} be two Q-bases for
A¥. Then these bases are dual with respect to if and only if

he[XY] = ua[X]oaY].
Ak

For a proof see [15, Chapter I (4.6)].

Given the preparations above it is now easy to proof that the Schur functions form
an orthonormal basis of the ring of symmetric functions.

Theorem 6.13 (i). The expansion of Schur functions into a linear combination of
monomial symmetric functions is unit-triangular. That is, let A be a partition then we
have

SA:m)\"‘ch,umu (6.11)
p<A

for suitable ¢, € Q.

(ii). The Schur functions {sx}x form an orthonormal basis of A with respect to the
inner product (6.9)), i.e.

(8x,8u) = W (6.12)

for any two partitions A and p.

(iii). The two properties (i) and (i) uniquely determine the Schur functions.
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Proof. The first part is proven in [16, Chapter 1 (7.2)]. The second part clearly

follows from the first part, [Lemma 6.12] and the Cauchy identity (6.10). The unique-

ness follows from the Gram—Schmidt orthogonalisation process applied to the monomial

symmetric functions. Compare this also to the proof of [Theorem 7.4| (iii). [ |
Corollary 6.14. Let k,n € N such that 1 < k <n. Then the Schur functions in n
variables of degree k form a Z-basis of A*. |
Let
5 oo B [e.e]
QX =[]0 +2) and  QXY]= J] 1+
i=1 ij=1

Applying the involution w with respect to the set of variables X to the identities of
[Theorem 6.11] we obtain another set of identities.

Corollary 6.15 (Dual Cauchy Identities). Let n € N. Then the homogeneous
part of QXY of degree 2n is given by

en[XY] = Z(—l)"_l(k)pA[X]M =Y eXIm\[Y] =) sy[X]sy[Y].  (6.13)
An X An An

By every symmetric function f € A is fully determined by its Schur
coefficients, i.e., (f,sy) where A\ ranges over all partitions. Let A and p be partitions.

We define the abstract skew Schur functions by letting
<S)V,/S”> = (), 5u50)

for all partitions v. In particular, s Ny = sy for all partitions A\. Note that s A= 0 unless
o
|| + |v| = |A|]. In fact, a stronger statement is true. One can show that s Y equals zero

“w
unless g C A. The next results are on the plethystic calculus of Schur functions which
will be important for proving the main result.

Theorem 6.16. Let A\ and v be partitions such that v C ).

(). Then we have the plethystic negation formula for the abstract skew Schur func-
tions

[X] = (-, (],

S
v, .

(ii). Secondly, we have the plethystic addition formula for the abstract skew Schur
functions

sy, X +Y]= > sy [X]sy, [Y1].
vCuCA
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Proof. The negation formula is a consequence of and
wlsy, [X]) = & X
To prove the addition formula, we start by examining that
=2 sy
v
is equivalent to

_ A
S8y = E S
A

because of the definition of the skew Schur functions. Thus, by the Cauchy identity

(6.10)) we have

oo
1
Yosy XY= su[XsulY]s[Y] = su[Y] [ ] T
I T x’byj
A v 1,7=1
For the moment let Z = {Z1, Z3, Z3, ...} be another set of variables. Then we have
- 1 |
2o Ml inla = 1] 7= U 7= = 2 sl 2]
A 1,j=1 i,j=1 A

Hence,

> sy, [KlsulY] = sx[X +Y].
o
But then, the theorem follows from

ZSA/H[X+Y]SLL[Z]:sA[X+Y+Z]:Zs%[ 1s,[Y +Z] = ZSA/ 5w, [Y]5u[Z].
|

Corollary 6.17. Let A and p be partitions such that A = (n — k,1%) is a hook and
1 is not a hook. Then we have the two specialisations of the Schur functions
sl—g =D "1-q  and  sul—gl=0.
A proof is found in [I5, Chapter I (5.11)].
Corollary 6.18. Letn € N and A Fn be a partition. Then the abstract elementary

symmetric functions and the abstract complete homogeneous symmetric functions fulfil
the following properties

ex[—X] = (— )" ha[X] hal=X] = (=1)"ex[X]
nX +Y] = th ho|X +Y] :Zen[X]en—k[Y]
k=0
en|X =Y = f:(—n"—khk[X]en,k[Y] ho[X —Y] = n (—1)" *er[XThn_r[Y].

k=0 k=0
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The Schur functions have a combinatorial interpretation in terms of Young tableaux.
Let A and p be partitions such that © C A. We define the skew shape or skew diagram
A pasY(N) =Y (u). Let k = |A/u|. A semistandard skew tableau of shape A/ is a map
T : A\/u — N weakly increasing from left to right and strictly increasing from top to
bottom (see . We define the weight w € N¥ by taking w; to be the cardinality
of T71(7). The set of all tableau of skew shape \/u is denoted by SSYT(\/u), and the
subset of tableaux that have a given weight w is denoted by SSYT(\/u, w). A tableau
of skew shape \/p with weight w = 1% is called a standard skew tableau. Finally, the set
of standard skew tableaux of shape A/u is denoted by SYT(\/u).

Figure 16: Three skew tableaux in SSYT(A/u, w) where A = (5,4,2,1,1), p = (3,2,1,1) and
w=(3,2,0,1).

Theorem 6.19. Let k,n € N, and A - n be a partition.

i . FOT’ an artition n T’@Cdll that K)\ denotes the corres ondm Kostka
Yy p 2 S p g
number. Then we have

S\ = E K)\,um,u'
pIA|

(ii). Let u C X be another partition such that |\/p| = k. Then

s K= > ] e

TeSSYT(N/p) cEN/ 1

Proof. The claim can be proven by extending [Theorem 6.16 (ii) to n sets of variables

X™) .= {z,} each consisting of only one variable. For details see [I5, Chapter I (5.12)].
]

Furthermore, the connection between the Schur functions and the representation
theory of G is hidden in their expansion in terms of the power-sum symmetric functions.

Theorem 6.20. For each n € N, and each partition Ak let x» be the irreducible
characters of the symmetric group S,, corresponding to X as described in [Theorem 5.4
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For any partition p = n let x (1) be the value taken at elements in the conjugacy class
corresponding to the cycle type p. Then we have

1
sx=)_ ) _—pu (6.14)
pkEn ®

Proof. Again, we only provide a sketch. The full proof can be found in [15, Chap-

ter I (7.6)].

The proof relies on induced representations and the Frobenius reciprocity for irre-
ducible characters, which we did not introduce in this work. We define the product of
two characters x of G, and p of &, to be the induced character of x x p where G,, x &,
is regarded as a subgroup of &,,,. Thereby, the direct sum R := @, ; R(Sy,,C) be-
comes a graded C-algebra. One then proves the theorem by constructing an isometric

isomorphism ¢ : R — A¢ with respect to the Hall inner product and the inner product
defined on the center of the group algebra Z(CS,,) in (4.3)). [

7 Macdonald Polynomials and the Pieri Formula

Returning to the Q(g, t)-algebra A defined in (6.5), we will now give an introduction
to Macdonald polynomials, a family of (abstract) symmetric functions in X depending
on two parameters ¢ and t that generalises the Schur functions. In the second part of
this section we are going to develop the remaining notation we need for the proof of the
symmetry theorem for the ¢, -Catalan numbers. More presicely, we will define modified
Macdonald polynomials and adapt some of our results about Schur functions to the new
situation.

As before we set K := Q(q,t). First, we define a g, t-generalisation of the Hall scalar

product as (.,.)q¢ : Ak X Ax — K by
1- q/\i 1—¢q
(D, Pu)gr = 2a(q:t)0n,  where  2\(¢,t) == 2y H v APA[T4]
1€N

Clearly, the abstract power-sum symmetric functions again form an orthogonal basis
with respect to this product, which reduces to the Hall inner product of when
q =t. The dual basis is given by {z)(q,t)"!pa}» where X ranges over all partitions.

There is also a ¢, t-analogue of the involution w on Ag defined as the K-algebra
endomorphism induced by

k

_11—g¢q
w‘]ﬂf(pk) = (_1)k ! 1 — tk

Again, w,; reduces to w when we let ¢ = t. Note that w,; = wt_’ql, thus it is not an
involution!

Proposition 7.1. Let f,g € Ax.
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(i). Then we have
(Wt,q(f)>g>q,t = <W(f),g>-

(ii). The map wq; is self-adjoint, i.e.

(Wa,t(f)s 9)gt = (fsw0a,t(9))g,t
|

Just as in the previous section we have a close connection between orthogonality and
Cauchy identities. Let

QLY 1=t] Zm pA _ ﬁ (triyj3 @)

zx (g, t L (23955 @)oo
3,j=1

Lemma 7.2. Letk € N, and let {uy : A\ k} and {vy : A+ k} be two K -bases for
A’;(. Then these bases are dual with respect to the q,t-Hall scalar product if and only if

he[ XY 1=t =1 ZuA
A=k

The proof is similar to that of [Lemma 6.12 and can be found in [I5, Chapter VI (2.7)].

The definition of the Macdonald polynomials is not easily done in an explicit way.
Instead, they will be defined as the eigenvalues of a certain operator on Ag. To this
end, let 4,n € N such that 1 <14 < n. Then we define K-linear operators on K|[X,] by

q,if(xlw"a ) f(xla"'aqxia"'axn))
Tiif(x1,.. . 2n) = f(z1,. ..t ..., 20),

Furthermore, we define an operator D,, : K[X,] — K[X,] by

n:_ZA (Thil, ql_z< I1 tj_;J>Tq (7.1)

i=1 N1<j<n,ij

Theorem 7.3. There exists a K-linear operator E : Agx — A with the following
properties:

(E1). The transformation matriz of E with respect to the basis of monomial sym-
metric functions is triangular. That is, for any partition X we have Em) = ZMSA CauMy
for suitable coefficients cy, € K.

(E2). The operator E is self-adjoint, that is (Ef, g)qt = (f, Eg)q for all f,g € A.

(E3). All eigenvalues of E are distinct, that is cxx # cupu if X # p.
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Proof. The operator I/ can be obtained as the inverse limit of operators Fy, : A, g —
Ay i, where E,, is a slight variation of the operator D), in (7.1)) above. See [15] or [16,
Chapter 1 (11.7)] for details. [ |

Once we assume the existence of such an operator the Macdonald polynomials can
be defined via properties that uniquely determine a family of symmetric functions in
Ag. More precisely, these properties overdetermined the Macdonald polynomials and
the operator E guaranties their existence.

Theorem 7.4 (i). Let E and cy, be as in|Theorem 7.5. For each partition X there
erists a unique abstract symmetric function Py € Ax that has an expansion of the form

Py=m)+ Z de“ (7.2)
pn<A
for suitable dy, € K, and
EP\ = c))\Pi. (7.3)

(ii). The symmetric functions { Py} defined in (i) are orthogonal with respect to the
q,t-Hall scalar product. More precisely,

(Px, Pu) = cxa0xu- (7.4)

(iii). The properties (7.2)) and (7.4) uniquely define a family of abstract symmetric

functions.
Proof. By (E3), the relations dyy = 1, and

(e — cw)dyy, = Z dauCpv A#Fv
r<pu<A

uniquely determine elements dy, € K. But then we may define P\ := > 4N dy,my,, and
use (E1) to compute

EP, = F Z dymy, = Z d Z Cup My

[0 B v<p
=3 (X ) m.
VA N <
= Z <Cw/d)\y + Z d)\uc,uzz> my
v<\ v<pu<A
= eadwm, = cnP.
v<\

Hence, the Py satisfy (7.2)) and ([7.3]).
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It is well known that the eigenvectors to distinct eigenvalues of self-adjoint operators
are orthogonal because

ENPrs Pu)gt = (EPx, Pu)gt = (Px, EP) gt = ¢ Py, Pu)q.t-

Thus, the second claim is a consequence of (E2) and (E3).

To see the last claim, we extend the natural order < on the partitions to a total
order <. Then the Gram—Schmidt orthogonalisation applied to the basis consisting of
the monomial symmetric functions gives the existence and uniqueness of a family of
polynomials {P)\} that are orthogonal such that each P\ only depends on lower
terms with respect to =, i.e.

Py =m) + Z d/\umu-
B=A

Surely the fact that we have an even stronger condition in (7.2) does not alter the
uniqueness. |

The abstract symmetric functions {Py\(X,q,t)}, thus defined are called the Mac-
donald polynomials. When we let ¢ = t the conditions (7.2) and (7.4]) reduce to the
properties determining the Schur functions in

Corollary 7.5 (i). Let k € K. Then the set {P: Ak} is a K-basis of Ak, .
(ii). Let A be a partition. Then we have Py[X;q,q] = sx[X]. |

Moreover, many other important families of symmetric functions can be rediscovered
as special cases of the Macdonald polynomials. Besides the Schur functions, there are
the Hall-Littlewood polynomials, the Zonal polynomials, and Jack symmetric functions,
to name a few (see [16]).

To simplify further notation we shall now fix some terms which arise frequently in
the study of the ring Ax. Let u F k be a partition. We recall that = € Y (u) is a cell in
the Young diagram of y, and that a,(z), a,(v), [,(z) and [}, (z) denote its arm, coarm,
leg and coleg respectively. Then we define

n(p) = Y L), Tu(q,t) = "Wt = T ¢ @i,
z€Y (1) z€Y (1)
Bula,t) = Y. q%@H@ M= [ (- qh@h),
z€Y (1) z€Y (n),x#(1,1)

The attentive reader will remember these functions appearing in . Since we
intend to prove the symmetry of the g,t-Catalan numbers by showing that they equal
the expression in , the following symmetries which are obvious from the above
definitions should be considered a small but important step in the right direction.

T,(q,t) = Tu’<ta q), ,(q,t) = Hu’(t7 q), B.(q,t) = B“/(t, q)
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We also remark that n(u) = ZmEY(u) l,(x) and thus T),(q,t) = HmGY(u) g (@)l ()

Next, we denote by {Qx(X,q,t)}, the basis of Ag that is dual to the Macdonald
polynomials. By that means for every n € N

A-n

Since the Macdonald polynomials are orthogonal, @, (X, g, t) must be a scalar multiple
of Py(X,q,t). We shall denote the arising rational functions by

Cu(‘bt) e H (1-— qa”(z)tl“(w)+1), cL(q,t) — H (1— qal‘(m)+1tlﬂ(x))7

z€Y () €Y (1)

and remark the symmetry c;,(q,t) = c(t, q).

Theorem 7.6. Let u be a partition. Then we have

Q,LL[Xa Qat] = wq,t(Pu’ [X, (Lt]) =

The claim is proven in [15, Chapter VI (5.1) and (6.19)].

For any partition u we define the so called integral form of the Macdonald polyno-
mials as

Ju[Xv Qat] = Cu(Qat)P,u[Xa q, t] = C;L(q7t)QM|:X?q)t]'

The J,, are called integral since Macdonald conjectured that their Schur function expan-
sion

X Q7 Z K)\/J Q7 S)\ (1 - t)]
AF gl

yields coefficients K ,(q,t) € Nlg,t]. This is known as the Macdonald positivity con-
jecture which was proven when Marc Haiman demonstrated the n! conjecture [I1]. Fur-
themore, let us define

H/L[Xaqvt]: 1 ta% ZK)‘“ q,t 3)\ ]
AF|p]

and the modified Macdonald polynomials

u[ X, q,1] ZK/\u ¢, t)s\[X] = tn(u)‘]ﬂ[l—)i/qu 1 = ¢n) ZKA,M(% H)salX].

The following technical results are taken from [5] and will be needed later on.
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Lemma 7.7. Letn € N and p be a partition. Then

Hy[l,q.t] =1,  (HyX,qt],h[X]) =1,  (HuX,q.1],en[X]) = Tplg,t). (7.5)

The polynomials Hy[X, ¢, ] fulfil a version of the (dual) Cauchy Identity. The two
rational functions appearing in it are related to c,(t,q) and cL(q,t) and provide the

transition from the polynomials H u[X, q,t] to a dual basis. We denote them by

ha(g,) == [T (@@ =@+ (g t):= T () — @),
z€Y (1) z€Y (1)

First, note that ﬁu(q, t) and ﬁ;(q, t) form the denominator of (4.1). The observation

h,(q,t) = hy(t,q)

proves the symmetry of (4.1)) in the variables ¢ and ¢t. Secondly, the substitution ¢ — %,

t— % will turn out to be useful on several occasions. The next result is preparatory in
this regard.

Lemma 7.8. Letn € N, and u Fn be a partition. Then we have the identities

(3, b = (-1 ALY, (7.6)
~ ~ i
iD= G-t

z€Y (1)

and
tnTM(q’t)ﬁu(%’ %) = H (qau(x)—au(z)tlu(z)—i-l _ qlu(m)tlu($)+1_lu($)—1)
€Y (u)

= (_1)n H (qlu(w) _ tlu($)+1)

€Y (1)
= (=1)"hu(q, ).
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The last claim follows analogously, or by symmetry

L e et M)
q)*( ) anu’(t7Q) *< ) anM(q,t).

Now, let us return to the modified Macdonald polynomials and the promised Cauchy
identity.

Theorem 7.9. Let n € N. Then we have

XY _ (_1)n—l(u) X qa [Y q, ]

ukn

Proof. The first identity is immediate from By the definition of the
polynomials @,[X, ¢,t] and [Theorem 7.6/ we have

MY = Y R0 0QuY.a. 0 = 3 AT R X, PV 000

pukn pkn H

Now, making the plethystic substitutions X — % and Y — %, and letting ¢ — %

yields
XY B Cu(% )
bl =t = 22 @D

pFn B 8

Pﬂ[lﬁ/t’q’t]PM[%l/ta%t]'

= o =

It is straight forward to verify
t"Me, (g, 1) = (—t)"hu(g,t), "Wl (q,4) = R, (g,1).

Thus, if we apply this to the definition of the modified Macdonald polynomials we obtain

¢ ( 7%) ( %) [X ) ]H [Y> 7t]
g AT BT = G T o TP
_ (_t)nﬁM[Xﬂ q, ]HN[K Q7t].

On the other hand, by the left hand side becomes

h|—t=asti=py ] = ()" w(ha) [a=at=) = (—8)"enla=aii=n )-

Defining yet another scalar product (.,.), : Ax X Ax — K via

(Drs D) = Oxu (1) N 23pa[(1 = @) (1 - 1)), (7.9)
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and combining the Cauchy identity with we obtain the following result.

Corollary 7.10. The two sets

) H,(X,q,t)
{HM(X,QJ)}M? {W}u

are dual bases of Ax with respect to the x-scalar product in (7.9)). |

The *-product has a compatible version of the involution w. For any f € Ag set

() = w(F =)

Lemma 7.11. Let g,h € Ag. Then we have (w*(f),g9)« = {f,g)- [ |

At this point, we define an important linear operator V : Ax — A via its values
taken at the basis of modified Macdonald polynomials, which will play a prominent role
in the proof we aim for.

VHL[X,q,t] :=T,(q,t)Hu[X, q, 1].

We shall see that applying the V-operator to the elementary symmetric function e,, pro-
vides the link between the theory of Macdonald polynomials and the Catalan numbers.

Another powerful tool for the manipulation of Macdonald polynomials is the following
reciprocity. A special case of it will be the starting point of the proof in the next section.

Theorem 7.12 (Koornwinder—Macdonald-Reciprocity).  Let A and p be
partitions. Then we have

‘F[N[u(l - Q)(l B t)B)\(Qvt)aQ7t] _ ﬁk[u(l - Q)(l - t)B,U(q’ t)’%ﬂ )

[Ty (1 — ug @) [acy (1 — ugh @)

For a proof the reader is referred to [6] or [I5, Chapter VI (6.6)].

(7.10)

By cancelling the common factor (1 —u)~! in (7.10) and setting u = 1 we obtain
another variation of this result.

Corollary 7.13. Let A and p be partitions. Then

f{ﬂ[(l - Q)(l - t)B/\(CLt)a Q7t] _ EI}\[(]- - Q)(l — t)BM(Qa t)’qvt]
Hu(qvt) Hx\(‘]vt) '

(7.11)
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We now turn our attention to a family of identities that have been named Pieri
formulas because of their resemblance of a result due to Mario Pieri. The original
Pieri formula describes the Schur function expansion of the product of an (abstract)
elementary or complete homogeneous symmetric functions and a Schur function.

Theorem 7.14. Letn € N and A be a partition.
(i). Then we have

SAhn = Z Sps
m

where the sum is taken over all partitions p such that X C u, |u/A| = n and p/X is a
horizontal strip, that is, it has no two cells in the same column.

(ii). Dually, we have

S\€p = E Sps

m

where the sum is taken over all partitions p such that A C u, |p/A = n and p/X is a
vertical strip, i.e., it has no two cells in the same row.

Proof. This can be obtained from [Theorem 6.19l The first claim follows from the
definition of the skew Schur functions via the Hall scalar product and the duality of
the complete homogeneous and the monomial symmetric functions. The second claim
follows as usual by applying the involution w to the first one. |

In the last part of this section we present, for the sake of completeness and without
too many details, some results about generalised Pieri coefficients due to Garsia and
Haglund [4]. These formulas will yield the recursion we need. To begin with, there is a
Pieri formula for the modified Macdonald polynomials H A(X,q,t).

Theorem 7.15. Let k,n € N, and u = n a partition. Then we have

HzEM(tlu(x)+X(x¢B) — (@)X (EB))

[T,y (t@+EEEB) — qax(@)+X(e€B)) Hy[X]

Hy[ X)X 5] =)
A

where the sum is taken over all partitions A\ = n—+k such that p C X\ and X/ is a vertical
strip, B is the union of the columns which contain a cell of \/p and X equals one or
zero depending on whether the argument is true or false.

In [15, Chapter VI (6.7)] a proof is given which is closely connected to that of
Mheorem 7.12

We introduce two kinds of generalised Pieri coefficients for the modified Macdonald
polynomials. For any f € Ag, let f denote the adjoint operator to multiplication by f
with respect to the Hall scalar product. That is, for all g, h € Ax we have

(fg.h) = (g, f*h).
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Now, for any two partitions A, 4 we define CAM , df € K as the coefficients arising in the
expansions

fLI;[)\(X q, ):ZC{;JL_((L )FI (XaQat)’

FHAX, q,1) Z%qa W(X,q,1).

The relation between the two kinds of Pieri coefficients is given by

Proposition 7.16. Let f € Ag, and A and p be partitions. Then we have

}NLN( q, )h’;j/( 7t> iLA(q’t)iLI)\(qvt)‘

Proof. By [Corollary 7.10| and [Lemma 7.11| we have

FL
c>‘—“ —/tlg. B — (YT WV = (B el 7
hyu(q, £y, (q,t) (J7Hy, Hy) = ([T Hy, 0™ Hy) = (Hy, fw™ " Hy)

- R 5 ~ . R d:j;(f)
= (Hy,w* " Nw*(f)H,)) = (Hy,w*(f)H,)\ = = )

h)\ (q7 t)hl)\(Q7 t)

We define the “translation by one” operator 71 : Ax — Ag by
TyfX] = f1X + 1]
Furthermore, we let py[eX] := w(pp[—X]) = (—1)¥px[X], and define a second translation

operator as

T fX] == fIX — .

Lemma 7.17. Let X be a partition. Then we have

o o

§ 1 § 1
= hk y T—E = ek .

k=0 k=0

Proof. It suffices to show that the respective operators have the same effect on the

Schur functions. From [Theorem 6.19| and |[Corollary 6.17] we deduce

A1

Tisy=s\[X+1] = ZS)V(k)[X]'
k=0
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64
By [I'heorem 7.14] we obtain
o
T1 S\ — Z hé‘s -
k=0
The second claim is due to similar arguments. |

The following is a result from [6].
Theorem 7.18. Let u be a partition, and f € Ag. Then we have

<f7 E[M[X + 17Q7ﬂ>* = (vil(f[X - 6]))[(1 - Q)(l - t)BM(Q7t) - 1]

Theorem 7.18 enables the first summation formula for Pieri coefficients in [4, Theo-
rem 3.2].

Theorem 7.19. Let k,n € N, u = n a partition, and f € A]}{ a homogeneous
symmetric function. Then we have

> i = (v ow o T fIX])[(1 — a)(1 — )Bula,t) — 1]

vkEn—k,vCpu

Lemma 7.20. [}, Proposition 3.1]. Let k € N, A\, u = k be partitions, and f € A%,

Suppose f[Xa qat] = Zul—k CV(qat)SV[X] and set f[X7Q7t] = zm—k cu(%v %)SV[X] Then
we have

Tx(q,t) (wf
fL _ 1ag, 1) (whL
C)\M (%’ %) - Tu(q,t)c’\“ (Q7 t)

Let V denote the operator on A defined on the basis consisting of the Schur func-
tions by

Vsyi=(Vsy)| | ;-
q%&,t%t

Lemma 7.21. [/, Proposition 3.3]. We have V=woV~ow.

Theorem 7.22. [/, Theorem 3.3]. Let k,n € N, A - n a partition, and g € A%

homogeneous. Let G[X] := wV (g[%]), then

> e @) Tue ) = Ta@ NG~ A~ DB ) — 1l
pFn—k, uCX

The following is a major result of Garsia and Haglund in [4, Theorem 1.3.].
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Theorem 7.23 (Pieri Summation Formula). Let k,n € N, A - n a partition,
and g € A’}( a homogeneous symmetric function. Then we have

> du(a)Tu(a )T (g,t) = Ta(g, ) (g, 1) (V) [(1 — 9)(1 = ) Bu (g, 1)].
pEntk, p2OA

8 The Proof

In this last section we shall start out by treating some interesting results and conjectures
relating the g,t-Catalan numbers and the polynomials D, (q,t) to the CS,-module of
diagonal harmonics. Afterwards, we will finally turn to the proof of an identity which

implies the symmetry theorem (Theorem 3.8)) as a corollary. The main ingredients are
the Cauchy Identity (Theorem 7.9), the Koornwinder-Macdonald Reciprocity (Theo-|
rem 7.12|) and the results on Pieri coefficients from the last chapter, most prominently

Another tool is the ¢g-Taylor expansion from the very first

section.

Let (V, p) be a graded complex representation of the symmetric group &,, such that
each homogeneous subspace is finite dimensional. We define the Frobenius series of

(V. p) as
Frob(V; q) Zq D (Vi Vs,
k=0 An

where (Vj, Vk) is the multiplicity of the irreducible representation of &,, corresponding
to the partition X in the finite dimensional representation V*. By equating the Schur
coefficient (Frob(V;q), sx) we obtain the Hilbert series of the representation W < V
which is the isotypic component of the irreducible representation V) in V. Furthermore,
it can be shown that the dimension of V) equals the coefficient (sy, hin). Thus,

(Frob(V;q), hin) = Hilbc(V; q).
Given a bigraded representation V = @;?3:0 V¥ we define a bivariate Frobenius series
Frob(V;q,t) : Z ¢ty (Vi Vi)s
4,7=0 AFn

Using methods from algebraic geometry Haiman showed in [12] the following identity
for the bivariate Frobenius series of the space of diagonal harmonics

(T(q,)*(1 = ¢)(1 = ) H,[X, g, ], (g, 1) Bu(q, 1)
Frob(DHp; q,t) = R k . (8.1)
! ; (@, O, (a:1)
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This series has close connections to some of the combinatorial generating functions we
considered in Chapter [3| First, the ¢, t-Catalan numbers correspond to the alternating
component DH;, of the diagonal harmonic polynomials, i.e.

Cn(q,t) = (Frob(DHy; ¢, t), s1n) = Hilbe(DHG,; ¢, t). (82)
We are going to prove

_ (Tu(q,t))Q(l —q)(1— t)H#(Q>t)Bu(Q7t)
Cula) =2 a0, i (0, ) 53

ukn

below, thus (8.2]) will follow assuming (8.1) is given. Secondly, there is a conjectured
combinatorial formula for the Hilbert series of the diagonal harmonics given by the
generalised ¢, t-Catalan numbers defined in (3.1]) using parking functions

D, (q,t) = (Frob(DH,; q,t), hin) = Hilbc(HDy; g, t). (8.4)

Our approach to the proof of (8.3) is to provide a recursive structure of the rational
function

(Ve[ XL, 510) € Q(g, 1)
similar to the recursion in [Theorem 3.5l

We start out with some auxilliary results. The first one is not hard to verify.

Lemma 8.1. Let k € N. Then we have
k
e = STFL )
(—zak =) M gla) 2.
i=0 L'dq
Our next lemma is proven in [I5, Chapter VI (4.8)].

Lemma 8.2. Let k € N and p = (k,0,...) be the partition of k of length one.
Then

Hy[X, q.1] = (¢; )whi[125]- (8:5)

Moreover, we need the following result from [5].

Proposition 8.3. Let u be a partition. Then

H,[X,q,t]

w(Hu[X, %’ i) = T,(q,t)
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We will now use the Macdonald Reciprocity to prove a specialisation taken from [4].

Lemma 8.4. Let k € N, and p be a partition. Then we have

Hu[(1=)(1 = ¢),q.t] = Tu(q, ) hi[(1 — t) Bu(q, )] (1 — ¢¥). (8.7)

Proof. Let A = (k) be the partition of k with one part. It is easily checked that

re1 1—¢
B(k):1+q—|—-~+q = 1_q

Then becomes

HH[(l — t)(l — qk)7Q7t] _ ﬁ(k)[(l - Q)(l - t)Bu(%t)v qat]
I,,(g, 1) (43 k-1

and the claim follows immediately from [ ]

Combining with the Cauchy Identity for the modified Macdonald poly-
nomials we are able to give a first alternative expression for the Schur coefficient of the
Ve,.

and Ty =(1—q)(1—¢%) - 1—¢"") = (¢:Q)r

9

Theorem 8.5. Let k,n € N. Then we have the identities

(Tou(g,1))*T0u(q, )hie[ (1 — ) Byu(g, )]

én L) g0y = (1— g E = = ) .
WVenl X =gl o) = (1 =g )m h#(q,t)h;(q,t) 59
Vh, —q") g k(n—1) 1_ k\(_p\n—k q’t .
(VAo [X 5] 510) = g (1=g")(-1) Em hu(q, )hL(% D

(8.9)

Proof. First we let Y = (1 —#)(1 — ¢*) in [Theorem 7.9|to obtain

k —_ H [X q, ] [(1_t)(1_qk)7%t]
| % hu(a, 1), (g, ) '

k k }NI [quat]n (Qat)hk[(l_t)B (Q7t)]
(1—g")) Efi(q,t)%(q’t) SUAZY (8.10)

Applying the nabla operator and equating the coefficient of s;» on both sides, (8.8))
follows from [Lemma 7.7}
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To deduce , we substitute ¢ — % and t — % in (8.10)), and apply w to both sides.
On the one hand we have

1—(1/q k 1 1— k
w (en[X =l ]) = bl X e 0] = RS =]

On the other hand, using [Lemma 7.8| and [Proposition 8.3 we obtain

11 1 1 1 11
1-(1/q)* 1 WHLX, g e (G DRl = £)Bu(g: )]
w <€n[X 1—(1/q) ]) = (1 qk) ; ilu(l 1)}%(% %)
pkEn
H,[X,q, (g
3 s T RGEh - DBG, )
= Tk 7 n R’ (q,t)
ukn (_1) t"%ﬁ%q,)t)( ) q"%uq(q,t)

Finally, by we have

Al = HBu(E ] = il = DB, ] = (- DFerl(1 - 9B (L, 1]

All this amounts to

hn|X 11__qq ] = q"(k—l)(l _ %)qntn(—l)"_l (_1)k Z ]:I#[Xa Qat]Hu(%t)ek[

q tk

WX 4., (0. Dexl(1 — 1)B,(L 1)
— =Dk _ ) k ~ gt ’
e ; B, O (. )

and the theorem follows by applying the nabla operator and equating the Schur coeffi-
cient as before. [ ]

Theorem 8.6 (A First Recursion).

Let d,n € N such that 1 < d <n. Then we
have

d .
_ 4 dl Ty }:(Tﬂ(q,t))2ﬂu(q,t)el _ 11
t”‘dZMq T q)w hua, ), (4. t) A= 0BG ol 51D

In [4, Chapter 4] this is deduced from [Theorem 8.5 by means of the Pieri summation
formulas in the previous section.

Corollary 8.7. Letd,n € N such that 1 <d <n. Then
Ll o

k n—d .
Z [ﬂq qk”( 1) k<Vh (X q] Sn) = tqd ()(Ven X s ). (8.12)

—-q
k=0
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Proof. This follows immediately after inserting equation from [Theorem 8.5 in
the right hand side of (8.11)) from [Theorem 8.6, We obtain

o th—k k <th[X%],S ">
( )<v€n d[ ] Sqn— d = tn n—d Z |: :| (1 B Qk)qk(”—l)(l _lqk)(_;)n—k
d d ” ke k
|: :| q(2) <th[X%]731">

Our next aim is to simplify the notation by eliminating the sum in the left hand side
of |Corollary 8.7} Recall the g-difference operator 8, defined by f(z) — L(f(2) - f(2/q)).

z
We may rewrite this as

1
5(1 = 7(1 - S‘Z)a

z
where S; denotes the g-shift operator given by f(z) — f(g).

Theorem 8.8. Let d,n € N such that 1 <d <n. Then we have

tn—d d

O3 (Venl X 15]1)| _ = o ¢ (Ven gl X172, 510 a). (8.13)

Proof. First, we notice that for any two partitions u, v and a polynomial f(q,t,z) €
Q(q,t)[z] we have

(V (£, 2)540X]) 5,[X]) = F(a:t,2) (Vs [X], 5, [X]),  and
0 (Flat 2)5ulX1) | = sulX] 60 (a2 .y

It follows that

0q (Ven[X 1=2], 51n)

— (v (odenX 1]

z=1

Since Sy is Q(g,t) linear, and Sq% = %qu, we have

d
5= (20-5)) = 50 S0-a8) (1 *18) = (S a

z

and hence, by
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But then we compute

d - -
_ d i 1-1
§en X 1=2] . =3[ g2 (—1)e, [X 15 /q’l]
=0 - -4q
d - -
_ d i i 11—¢'
=3 15| a¥(—Dienl-x L]
=0 - -4q
d - - i
d q(2) . 1— i
=>4 L)
i=0 L g
and the claim follows from after applying the nabla operator and equating
the coefficient of s1» on both sides. |

As indicated above, we will now use [Theorem 2.2 to derive the desired recursion.

Theorem 8.9 (The Right Recursion). Let k,n € N. Then we have the recursion

Vel o) = 3 10T e . 1)

d=1 q

Proof. Since

we may rewrite (8.14]) as
n
(Veal X2 510) Z

d=1 T4

d

t” 4G (Ve gl X320, 510-a). (8.15)

Since this equality holds for all k£ € N the substitution ¢¥ — z yields

n
81n E

d=1 4

d tnfd
d

d

&) (Ve alX L), 510a). (8.16)

(Ven[X q

which is an equivalent polynomial identity in z of degree n. But now, by
we have

k " d
(Ve X L] 510) = Y (2:9)a

d=1

(5d<ven[x 2], sln>) (8.17)

z=1

(q, q)d

Comparing the coefficients of (z; q)q4 ( ) in the right sides of (8.16]) and (8.17), the claim
follows from [Theorem 8.8 [ ]
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Theorem 8.10. Letn € N. Then

(Ven, sin) = Cyr(q,t).

Proof. By |Corollary 3.7| we have C,(q,t) = t ™" F(n + 1,1;q,t), where the polyno-

mials F'(n, k; q,t) fulfil the recursion

() ek N k+d—1
F(n,kiq.t) = ¢2t"F Y F(n—kdig,t) " :
d=1 q

Now, let Q(n, k;q,t) := q(g)t“_k<V6n_k[X%], Sin—&). Then by [Theorem 8.9| we have

n—k
q(g)t”_k Z Q(n —k,d;q,t) [k + ;l B 1] (8.18)
d=1 q
n—k
= q(g)tn_k Z |:k; * zll B 1:| q(g)tn_k_d<ven—k—d[X 11:qqd]a en—k—d> (819)
d=1 q
= ¢ (Ve k[ XL s104) = Q(n ki, t). (8.20)

Since F' and @ fulfill the same initial conditions F'(n,0;q,t) = Q(n,0;¢,t) = 0y, they
must be equal. But then we have

Cla,t) = Q0+ 1,1;4,1) = (Ven[X], 510).

Theorem 8.11. Letn € N. Then

Cularty = 3 L= D= OTula: 0P, DBu(a:1)

t
ukn BM( ’t)iL,Iu(Q7t)

Proof. This now follows immediately from [I'heorem 8.10|and [Theorem &.5| by letting

=11in (8.8). |

Thus, we have finally succeeded in establishing (8.3). [Theorem 3.8 and equation
(8.2) follow accordingly.
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