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Introduction

Arithmetic subgroups of SL2(k), k a number field

Let k be an algebraic number field with ring of integers Ok and let G be a linear

algebraic group over k. So roughly speaking there exists a finite set of polynomial

equations with coefficients in k, whose set of solutions in k is a subgroup G(k) of

GLn(k). A subgroup Γ of G(k) is called arithmetic, if it is commensurable with

G(k) ∩ GLn(Ok) =: G(Ok), i.e. if Γ ∩ G(Ok) has finite index in both groups.

This notion includes classical groups such as SL2(Z) in the special linear group

SL2(Q), or more generally, SLn(Ok) in SLn(k). Further examples include con-

gruence subgroups, which are subgroups of G(Ok) containing groups of the form

Γ(q) = {γ ∈ G(Ok) : γ ≡ 1 mod q} for some ideal q in Ok.
An arithmetic subgroup Γ ⊂ SL2(Z) of the algebraic Q-group SL2/Q oper-

ates via right multiplication on SL2(R), and consequently on the symmetric space

X = SO2(R)\SL2(R), the two dimensional hyperbolic space. It is well known that

X ∼= H2, the Poincaré upper half plane. Note that SO2(R) is a maximal compact

subgroup in SL2(R). The space X/Γ ∼= H2/Γ is a Riemannian surface, which is

noncompact but has finite volume. In fact H2/SL2(Z) can be identified with a

moduli space of certain elliptic curves (see [BJ06] and [Leh64, Ch. 1A, 1B]).

Let k be a number field and let r1, respectively r2, be the number of real,

respectively complex, places of k. Then G = SL2/k is a linear algebraic group

defined over k. The Weil restriction of scalars Resk/QG of G is an algebraic Q-

group, whose set of real points Resk/QG(R) =: G∞ is a Lie group isomorphic to

SL2(R)r1 × SL2(C)r2 . An arithmetic subgroup Γ of SL2(k) acts on G∞ and thus

on the associated symmetric space X = K\G∞ = Hr12 × H
r2
3 where K is a max-

imal compact subgroup of G∞ and H3 = (SU2\SL2(C)) is the three dimensional

hyperbolic space. The latter action is properly discontinuous.

The arithmetic subgroups Γ ⊂ SL2(Ok) and the corresponding quotient

spaces X/Γ are extensively studied. If k is totally real, SL2(Ok) is called the

Hilbert modular group and the corresponding quotients X/Γ are Hilbert modu-
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lar varieties. If Γ is torsion-free the manifolds X/Γ can be viewed as the complex

points of quasi-projective algebraic varieties, allowing one to use algebraic geometry

in the investigation (compare [vdG88, Sec. II.7]).

Compactification of X/Γ. It is a classical result that H2/SL2(Z), respectively

H2/Γ for an arithmetic subgroup Γ ⊂ SL2(Z), can be compactified by adding finitely

many points, the cusps. This might have been known as early as 1880 by Poincaré,

though he did not mention it explicitly (see [BJ06] and [Leh64, Ch. 1]). More

specifically, instead of adjoining the full boundary R∪{∞} of H2 one adds only the

rational boundary points Q∪ {∞}. The Γ-action extends to a continuous action on

H2 ∪Q ∪ {∞} =: H∗2 and the quotient H∗2/Γ = H2/Γ ∪ {cusps} is compact.

This construction can be extended to arithmetic subgroups Γ ⊂ SL2(Ok). If

k is totally real of degree d, then the points added to X = Hd2 are precisely k∪{∞},
where k is mapped into the boundary Rd ∪ {∞} using the different embeddings

k ↪→ R. The group Γ acts on this extended space (Hd2)∗ and the quotient space

(Hd2)∗/Γ = Hd2/Γ∪{cusps} is compact. It was first shown by Siegel in [Sie61, Prop.

20] that the number of cusps which are added to compactify X/SL2(Ok) equals hk,

the class number of the number field k.

Since X is contractible, X/Γ is an Eilenberg-MacLane space K(Γ, 1), i.e. the

fundamental group of X/Γ equals Γ while all higher homotopy groups are trivial.

Thus the cohomology of Γ is isomorphic to the cohomology of X/Γ.

If the space X/Γ is compact, it is homotopic to a finite CW-complex, which

simplifies the study of the cohomology groups and implies certain finiteness prop-

erties of Γ, e.g. that Γ is finitely presented. If X/Γ is not compact, which is the

case we are dealing with, a possible option to obtain a K(Γ, 1) space, which is a

finite CW-complex, is to compactify X/Γ such that the inclusion X/Γ ↪→ X/Γ is a

homotopy equivalence. However the inclusion X/Γ into the compact space (Hd2)∗/Γ

is not a homotopy equivalence and the cohomology groups of the two respective

spaces are not equal. In some sense, this classical compactification is too small to

serve this purpose (see [BJ06, Sec. .1.6]).

This problem was resolved in full generality when Borel and Serre ([BS73])

introduced a different compactification of X/Γ, the Borel-Serre compactification.

This compactification is obtained as follows: Let Γ be an arithmetic subgroup of a

linear algebraic reductive k-group G. It acts on a homogeneous space X, which is

defined by the Lie group Resk/Q(G)(R) = G∞. If the k-rank rkk(G) is at least 1 one

shows that X/Γ is not compact. The Borel-Serre compactification X/Γ of X/Γ is

obtained by first adjoining infinitely many faces e(P ) to the space X, one for each
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proper parabolic k-subgroup P of G. The action of Γ on X can be extended to

X, and Γ permutes the e(P ). The image of e(P ) in X/Γ is denoted by e′(P ) and

one shows that the e′(P ) correspond to the Γ-conjugacy classes of proper parabolic

subgroups of G. We call the number of e′(P ) in X/Γ the cusp number c(Γ) of Γ.

The boundary - the case SL2(Ok). For G = SL2/Q and X = H2, the space

X is the union of X and of countably many lines, one for each rational point on

the boundary of H2. The quotient X/Γ is a compact surface, whose boundary

consists of finitely many circles, one for each Γ-conjugacy class of minimal parabolic

subgroups of G. The points, which are classically added, are here blown up to lines,

and thus one obtains a space on which Γ still acts properly (compare [BS73]).

The long exact sequence in cohomology attached to the pair (X/Γ, ∂X/Γ)

allows one to relate the cohomology of the boundary ∂X/Γ to the cohomology of

X/Γ, and thus to the cohomology of Γ. Therefore, a study of the structure of the

boundary components is necessary. For G = SL2/k and Γ ⊂ SL2(Ok) torsion-free,

Harder showed in [Har75] that a connected component of the boundary of X/Γ has

the structure of a torus bundle π : e′(P ) → T r1+r2−1, whose fiber is a torus T d of

dimension d = [k : Q] = r1 + 2r2. The connected components of the boundary of

the Borel-Serre compactification correspond to the cusps classically added, hence

for Γ = SL2(Ok), the number of boundary components equals hk, the class number

of k.

Arithmetic subgroups of SL2(D), D a quaternion division algebra

The main objective of this thesis is to extend some of these classical results to

quaternion division algebras D defined over a number field k. More precisely, let G =

SL2(D) be the linear algebraic k-group of 2×2 matrices with entries in D of reduced

norm nrdM2(D)/k equal to 1. Any arithmetic subgroup Γ in SL2(D) acts on the ho-

mogeneous space X associated to the ambient Lie group G∞ = (Resk/QSL2(D))(R).

We study the Borel-Serre compactification of X/Γ in this case. In particular we are

interested in the number of boundary components arising. This is called the cusp

number of Γ and equals the number of Γ-conjugacy classes of proper parabolic k-

subgroups of G. Our objective is to see how this is related to the arithmetic of

D.

Let Λ be a maximal order in D. Then Λ gives rise to an arithmetic subgroup

SL2(Λ) in SL2(D), which is a natural generalization of SL2(Ok) in SL2(k). Let

LF1(Λ) denote the set of isomorphism classes of left Λ-ideals. Then LF1(Λ) is finite
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and its cardinality, denoted by hD, is independent of the choice of maximal order Λ

in D. If D = k, then LF1(Ok) equals the ideal class group of Ok.
At this point we split our investigation in two major parts (for more details

on central simple algebras see [Rei03, Ch. 8]):

(td) Our main case of interest is that D is totally definite, i.e. Dv
∼= H, the Hamil-

tonian quaternions, for all infinite places v of k. This implies that k is totally

real, i.e. k has no complex places. For orders Λ in totally definite quater-

nion algebras we obtain a rather intriguing description of the cusp number of

SL2(Λ) in terms of various invariants attached to all maximal orders of D.

(ntd) If D is not totally definite, Dv 6∼= H for at least one finite place v of k. The

description of the cusp number of SL2(Λ) is rather short in this case, so we

will start with it.

The case (ntd): Suppose D is not totally definite. Then LF1(Λ) is a group, which

is isomorphic to the ray class group Cl(Ok)D. The latter is the quotient of the set

of fractional ideals I(k) of Ok by the principal ideals generated by kD = nrd(D∗).

Using the strong approximation property of SL1(D) = ker(nrdD/k) one shows that

the cusp number of SL2(Λ) equals the class number of D, i.e.

c(SL2(Λ)) = hD

for any maximal order Λ of D (see Lemma 5.1). So in particular the cusp number

c(SL2(Λ)) is independent of the choice of maximal order Λ of D.

More generally this calculation holds for any finite dimensional central divi-

sion algebra D over k, which is not totally definite. The constant hD can in fact be

calculated using solely the class number hk of k, the unit group O∗k and the behavior

of D at the infinite places v of k.

These results can be generalized: An order Λ in D defines an arithmetic

subgroup SLn(Λ) of SLn(D). In this thesis I have calculated the cusp number of

SLn(Λ) in SLn(D), for D not totally definite. More precisely (see Theorem 6.1):

Theorem. Let D be a central division algebra over k, such that D is not totally

definite. Let Λ be a maximal order in D. Then the cusp number of SLn(Λ) equals

c(SLn(Λ)) = (1 + hD)n−1 − 1.

In particular this holds for D = k.
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The topological structure of a boundary component e′(P ) is another impor-

tant aspect in the strudy of the boundary of the Bore-Serre compactification of X/Γ.

Suppose that k is totally real. Let s denote the number of infinite places v of k,

where D is split, i.e. Dv
∼= M2(R), and let r denote the number of ramified places

of k, i.e. Dv
∼= H. So s+ r = d = [k : Q].

Let ΓT ⊂ Γ ⊂ SL2(Λ) be the group of diagonal matrices in Γ. Then we show

(see Theorem 7.2):

Theorem. Let D be a quaternion division algebra over k and let Λ be an order in

D. Let Γ be a torsion-free subgroup of SL2(Λ) and let Λ1
Γ be the subgroup of reduced

norm one elements which appear on the diagonal of ΓT . Then the quotient map

P → P/RuP induces a fibration π : e′(P ) → YT on a boundary component e′(P ).

This is a fiber bundle whose base space is diffeomorphic to T d−1× (Hs2/Λ1
Γ)2 and the

fiber is the torus T 4d.

Here as usual, H2 denotes the upper half plane. It is well known that Hs2/Λ1

is compact, hence so is Hs2/Λ1
Γ. This theorem is also valid for D totally definite.

Then s = 0 and the base space is simply the torus T d−1.

The case (td): Now suppose that D is a totally definite quaternion algebra over

k. Let Λ be a maximal order in D. We see that the set of isomorphism classes of

left Λ-ideals LF1(Λ) is not a group in general.

However we can remedy the situation by introducing a weaker concept,

namely the notion of stable isomorphism: two left Λ-ideals M , N are called sta-

ble isomorphic if M ⊕ Λ ∼= N ⊕ Λ as left Λ-modules. It is clear that isomorphic

ideals are stable isomorphic, but the converse may not hold. The stable isomor-

phism class of a left Λ-ideal M is denoted by (M). The set of stable isomorphism

classes Cl(Λ) is an abelian group, its unity element is given by (Λ). One shows that

Cl(Λ) ∼= Cl(Ok)+ as groups, where Cl(Ok)+ denotes the narrow class group of Ok.
More precisely Cl(Ok)+ is the quotient of I(k), the fractional ideals of Ok, by the

principal ideals generated by the totally positive elements k+ in k∗.

We have a natural projection LF1(Λ) → Cl(Λ), mapping an ideal M to its

stable isomorphism class (M). A left Λ-ideal M is called stable locally free if it is

in the kernel of this map, i.e. if M ⊕ Λ ∼= Λ ⊕ Λ as Λ-modules. The number of

isomorphism classes of stable locally free left Λ-ideals is denoted by sΛ and depends

on Λ.

We set O+
k = Ok ∩ k+. Then nrd(Λ∗) is a finite index subgroup of (O+

k )∗

and we set oΛ = [(O+
k )∗ : nrd(Λ∗)]. For any two maximal orders Λ1,Λ2 we define

5



oΛ1,Λ2 = [(O+
k )∗ : (nrd(Λ∗1) nrd(Λ∗2))]. We further define

rΛ =
∑

Γ

oΓ

where the sum runs over all right orders of isomorphism classes of stable locally free

left Λ-ideals, so there are sΛ many terms. To make this a little more transparent

note that the invariant rΛ measures two things:

- how much Λ fails to have the cancellation property, meaning that stable iso-

morphic Λ-ideals are in fact isomorphic,

- how nrd : ∆∗ → (O+
k )∗ fails to be surjective for the maximal orders ∆ of D,

which are right orders of the stable locally free left Λ-ideals.

Given a second maximal order ∆, we define rΛ,∆ =
∑
Γ

oΓ,∆. Let HΛ be cardinality

of the set of isomorphism classes of two-sided Λ-ideals in D. Then we show (see

Theorem 5.6):

Theorem. Let Λ be a maximal order in a totally definite quaternion algebra D over

a necessarily totally real number field k. Then the cusp number of SL2(Λ) equals∑
Γ

HΓ · rΓ,Γ,

where the sum runs over all isomorphism classes of maximal orders Γ of D. In

particular the cusp number c(SL2(Λ)) is independent of the choice of maximal order

in D.

More specifically, let k be a number field such that h+
k = hk = 1, for in-

stance k = Q, Q(
√

2), Q(
√

5) . . . and let Λ be a maximal order in a totally definite

quaternion algebra over k. It follows easily (see Corollary 5.2) that

c(SL2(Λ)) = h2
D

for all maximal orders Λ of D. This has also been shown for k = Q in [KO90], using

a completely different method.

In general it is clear that c(SL2(Λ)) ≥ hD holds. Above we have already seen

examples where c(SL2(Λ)) = hD (take D not totally definite) or c(SL2(Λ)) = h2
D.

It is interesting to see that other values can be taken as well. In this thesis we give

various explicit examples where h2
D > c(SL2(Λ)) > hD, the most intriguing is the

following:
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Example. Let k = Q(
√

219), then Cl(Ok) ∼= Z/4Z, and the fundamental unit

e = 74 + 5
√

219 of O∗k is totally positive, hence h+
k = 8. Let D be the quaternion

algebra Q(−1,−1 |Q(
√

219)). It is a totally definite quaternion algebra, having 84

isomorphism classes of maximal orders. Each maximal order Λ has, up to isomor-

phism, 296 left Λ-ideals, hence hD = 296. Depending on the order Λ we obtain

sΛ = 35, 37 or 39 as actual values. The field k is quadratic, hence oΛ = 1 or 2,

depending on whether nrd : Λ∗ → (O+
k )∗ is surjective or not. The constants rΛ,∆

range between 35 and 70 for maximal orders Λ, ∆ in D. Altogether one obtains:

c(SL2(Λ)) = 17 712

for any maximal order Λ in D.

Description of the chapters

This thesis is organized as follows:

In the first chapter we state the basic properties of central simple algebras

D over an algebraic number field. We introduce the group of ideles D∗A over D and

give an adelic description of the isomorphism classes of left-ideals of an order Λ in

D. Further we describe the class group and the unit group of an order.

In chapter 2 we give a short introduction to linear algebraic groups defined

over number fields k. In particular we define the linear algebraic k-group SLn(D)

and state its most important properties.

In chapter 3 we give an overview of the Borel-Serre compactification of a ho-

mogeneous space X modulo an arithmetic subgroup Γ of a reductive linear algebraic

k-group G. In particular one will see that the number of faces e′(P ) adjoined to

X/Γ equals the number of Γ-conjugacy classes of proper parabolic k-subgroups of

G, the cusp number of Γ.

In chapter 4 we show that the number of SL2(Λ) conjugacy classes of a proper

parabolic subgroups P of SL2(D) equals the class number of the Levi-component

T of P . This gives an adelic description of the cusp number of SL2(Λ), and more

generally of SLn(Λ).

Chapter 5 is the main part of this thesis. We calculate the cusp number of

SL2(Λ) and show how it corresponds to various invariants of D and of all maximal

orders of D. In particular we show that c(SL2(Λ)) is independent of the choice

of maximal order Λ in D. Further we give a couple of explicit examples, among
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them the calculation of the cusp number of SL2(Λ) for a maximal order Λ in the

quaternion algebra Q(−1,−1 |Q(
√

219)).

In chapter 6 we describe the parabolic subgroups of SLn(D) and calculate

the cusp number of SLn(Λ) in SLn(D), for D not totally definite. We further give

an adelic description of the cusp number of GLn(Λ) in GLn(D). We again calculate

c(GLn(Λ)) explicitly, for a maximal order Λ in a not totally definite division algebra

D. We also give c(GL2(Λ)), for a maximal order Λ in a totally definite quaternion

algebra D.

In chapter 7 we describe the boundary components corresponding to parabolic

subgroups in SL2(k), and later in SL2(D), for a quaternion division algebra D over

a totally real number field k. We also describe the cohomology Hq(e′(P ),C) of a

boundary component.
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Chapter 1

Central simple algebras

In this chapter we give a short introduction on central simple algebras D over

algebraic number fields k. We will define orders and the ring of adeles DA of an

algebra. Then we give an adelic description of the isomorphism classes of ideals of

an order Λ. More precisely these classes correspond to the finite set of double-cosets

UΛ\D∗A/D∗

where UΛ is a certain subgroup of idele group D∗A depending on Λ. With this

description at hand we introduce the class group Cl(Λ) of an order Λ, which is a

generalization of the ideal class group Cl(Ok) of the ring of integers Ok in k. Finally

we describe the unit group of a maximal order in D, paying particular attention to

the units of orders in totally definite quaternion algebras. More details can be found

in [Rei03] and [Frf75].

1.1 Basic definitions

Let k be an algebraic number field and let D be a finite dimensional algebra over k.

We assume that D is simple, i.e. D contains no non-trivial two-sided ideal, and that

D is central over k. So the center of D equals the number field k. A division algebra

is an algebra having the property that every nonzero element has a multiplicative

inverse. We will mostly be working with division algebras D. Every division algebra

over Q is automatically simple and has an algebraic number field as its center. Every

algebra we consider will be finite dimensional, and is defined over a number field or

over the completion of a number field.

For a central simple algebra D over a field k the reduced norm, respectively

reduced trace, of D over k is denoted by nrdD/k, respectively trD/k. If there is no
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risk of confusion we will omit the subscript D/k and simply write nrd or tr. More

precisely, let L be a splitting field of D, i.e. let L be a field containing k such that

D ⊗ L ∼= Mn(L)

for some n ∈ N. Let φ be an isomorphism φ : D⊗L→̃Mn(L) and let i : D ↪→ D⊗L
be the natural embedding. Then

nrd(d) := det(φ(i(d))).

One shows that nrd : D → k is independent of the choice of splitting field L and

isomorphism φ. Analogously tr is defined by

tr(d) = Tr(φ(i(d)))

and one proves similarly, that it does not depend on L or φ.

Example 1. Quaternion Algebras: A quaternion algebra Q over a field k is

a central simple algebra over k of dimension [Q : k] = 4 having a basis, denoted by

1, i, j, ij such that the multiplication rules are given by

i2 = a, j2 = b, ij = −ji

for some nonzero a, b ∈ k. We will denote this (uniquely determined) algebra by

Q(a, b | k). We define the conjugation x 7→ x by the following: if x = x0 + x1i +

x2j+x3ij for x0, . . . , x3 ∈ k then x = x0−x1i−x2j−x3ij. The reduced norm and

trace are given by:

nrd(x0 + x1i+ x2j + x3ij) = x · x = x2
0 − ax2

1 − bx2
2 + abx2

3

tr(x0 + x1i+ x2j + x3ij) = x+ x = 2x0

for x0, . . . , x3 ∈ k. Exactly two cases can occur:

• Q(a, b | k) is a division algebra over k.

• Q(a, b | k) is isomorphic to the matrix algebra M2(k).

Whether Q(a, b | k) is a division algebra or not depends on the parameters a, b. More

precisely one shows that Q(a, b | k) is not a division algebra if and only if there exists

a nontrivial element x ∈ Q(a, b | k) with nrd(x) = 0.
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One of the most important examples we consider is the Hamiltonian quater-

nion algebra H = Q(−1,−1 |R). It is a division algebra, in fact the only finite

dimensional non-commutative division algebra over R.

Let us now fix some notation. For a number field k let Ok denote the ring of

integers in k. Let Vk, or simply V , be the set of places of k, and let V∞ (resp. Vf ) be

the set of infinite (resp. finite) places of k. The infinite places of k are determined

by the distinct embeddings of k ↪→ C. We will not distinguish between a place

v ∈ V∞ and the corresponding embedding k ↪→ C. If an infinite place corresponds

to a real embedding k ↪→ R it is called real, otherwise we call it complex. For any

v ∈ V let kv be the completion of k with respect to the valuation | |v corresponding

to v. Every valuation corresponding to a place is assumed to be normalized.

For a finite place v ∈ Vf let Ov be the completion of Ok with respect to v.

So Ov = {x ∈ kv : |x|v ≤ 1}. Then Ov is a local ring, its unique maximal ideal is

given by pv = {x ∈ Ov : |x|v < 1} and its unit group is O∗v = {x ∈ Ov : |x|v = 1}.
Let Ak be the ring of adeles over k. It is the restricted direct product of the

(additive) groups kv with respect to Ov. Then Ak is a locally compact ring. We

will also give a different description using direct limits: for a finite set of places S

containing all infinite places of k define

Ak(S) :=
∏
v∈S

kv ×
∏
v 6∈S
Ov.

We define multiplication and addition component wise. With the product topology

the ring Ak(S) is locally compact. Let S′ be another finite set containing S. Then

Ak(S) ⊂ Ak(S′) and the topology of Ak(S) coincides with the topology induced by

Ak(S′). The ring of adeles Ak can then be defined to be the direct limit of the rings

Ak(S), for S as above. We define the topology on Ak by prescribing, that for each

set S the subring Ak(S) is open. We get a fundamental system of neighborhoods

of 0 by taking a system of neighborhoods in any of the sets Ak(S). This definition

induces the same topology as the restricted direct product.

We write A∗k for the group of ideles, with its usual topology. So A∗k is the

restricted direct product of the groups k∗v with respect to O∗v . Note that this is not

the topology induced by Ak, for A∗k is not a topological group with respect to the

topology induced by Ak. We will view k as being diagonally embedded into Ak and

similarly k∗ ↪→ A∗k. We will not distinguish between k, resp. k∗, and its image under

the embedding.

Let D be a central simple algebra over k. For any place v of k we define the

13



completion of D with respect to v as

Dv := D ⊗k kv.

If D is central simple over k, then Dv is central and simple over kv, and hence there

exists a division algebra Sv, central over kv, such that

Dv = Mκv(Sv)

for some integer κv. The algebra D is called split at the place v if Sv = kv, or in

other words if Dv
∼= Mκv(kv). Otherwise D is called ramified. One can show:

Theorem 1.1 (Thm. 25.7 in [Rei03]). Let D be a central simple algebra over k.

Then D is split for almost all places of k.

Now let v be an infinite place of k. If v is complex, we see that D has to be

split at the place v. If v is real, then Dv is of the form Mκv(R) or Mκv(H). This

leads to the following definition.

Definition 1.1. A central simple k-algebra D is called totally definite quaternion

algebra if every infinite place v of k is ramified in D and if furthermore Dv
∼= H for

each such v.

If D is a totally definite quaternion algebra over k, then k has to be totally

real, i.e. k has no complex places. Further the dimension of D has to be equal to

the dimension of H over R, hence [D : k] = 4. So D is totally definite if and only if

1. the dimension [D : k] equals 4,

2. the field k is totally real and

3. for every infinite place v of k we have Dv
∼= H.

We say that an algebra D satisfies the Eichler condition relative Ok, if D is not

totally definite.

Totally definite quaternion algebras will be rather important in this thesis.

Usually they play the role of exceptions. A lot of theorems and properties, like

cancellation property, strong approximation or properties of the class group, hold

for not totally definite quaternion algebras only.

14



1.2 Orders

Let D be a finite dimensional central simple algebra over a number field k.

Definition 1.2. An Ok-order in the k-algebra D is a subring Λ of D, having the

same unity element as D, which is also a full Ok-lattice in D, i.e. it is a finitely

generated Ok-submodule of D such that k.Λ = D.

If there is no risk of confusion we will write order instead of Ok-order. A

maximal order is an order not contained in any other order. Maximal orders exist.

Using the Theorem of Skolem and Noether one sees that two orders are isomorphic

if and only if they are conjugate by an element of D∗. The unique maximal order

of the number field k is the ring of integers Ok. So orders, in particular maximal

orders, are a natural generalization of Ok. In this thesis we will mainly be interested

in maximal orders, though most of the theorems in this section hold for arbitrary

orders.

Example 2. Let D = Q(−1,−1 |Q). This is a central simple algebra over the

rational numbers Q. Define Λ1 = Z⊕ Zi⊕ Zj ⊕ Zij. Then it is easily seen that Λ1

is an order in D. It is not maximal though. It is contained in the maximal order

Λ2 = Z⊕ Zi⊕ Zj ⊕ Z1+i+j+ij
2 . Any maximal order of D is conjugate to Λ2.

For an order Λ in D we define the completion of Λ at a finite place v of k by

Λv = Λ⊗Ok
Ov.

Note that Λv is an order in Dv. Moreover one shows that Λ is maximal if and only

if Λv is maximal for all finite places v. Let Λ,Γ be two maximal orders. Then

Λv = Γv almost everywhere, i.e. for all but finitely many places v of k. This allows

us to define the ring of adeles of an algebra D as the restricted direct product of the

(additive) groups Dv with respect to the orders Λv. More precisely

DA = {(xv)v ∈
∏
v∈V

Dv : xv ∈ Λv almost everywhere}.

This definition is independent of the choice of maximal order. The additive group

DA is a finite dimensional vector space over Ak and hence locally compact.

We can define the group of ideles of D as the group of units of DA with

its usual topology. This is the topology for which the map x 7→ (x, x−1) is a

homeomorphism of D∗A onto its image in DA ×DA. Equivalently we could define it

as the restricted direct product of the groups D∗v with respect to the unit groups
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Λ∗v. More precisely:

D∗A = {(xv)v ∈
∏
v∈V

D∗v : xv ∈ Λ∗v almost everywhere}.

Again we may embed D, resp. Λ, diagonally into DA and similarly D∗, Λ∗ into D∗A.

We will, as usual, not distinguish between D, resp. D∗, and their images under this

embedding in DA, resp. D∗A.

1.2.1 Algebras over local fields

We will now look at the completions of D in some more detail. Let v be a finite

place of k and let Sv be a central division algebra over kv. One proves ([Rei03, Thm.

12.8]) that Sv contains a unique maximal order, denoted by ∆v, which is given by

∆v = {x ∈ Sv : nrd(x) ∈ Ov}.

Here nrd denotes the reduced norm of Sv over kv. Suppose Dv = Mm(Sv) for some

m ∈ N. We set

Λv = Mm(∆v).

Then Λv is a maximal Ov-order in Dv and any other maximal order is conjugate to

Λv ([Rei03, Thm. 17.3]).

Any two orders are equal almost everywhere, so the definition of DA does

not depend on the choice of order Λ in D. For a fixed order Λ we define a subring

of DA via

DΛ = {a = (av)v ∈ DA : av ∈ Λv for all v ∈ Vf}

=
∏
v∈V∞

Dv ×
∏
v∈Vf

Λv.

We will see later (Theorem 1.3) that DΛ ∩D = Λ. The unit group of DΛ is given

by

UΛ = {u = (uv)v ∈ D∗A : uv ∈ Λ∗v for all v ∈ Vf}

=
∏
v∈V∞

D∗v ×
∏
v∈Vf

Λ∗v.

It follows that UΛ ∩D∗ = Λ∗ and we may view Λ∗ as being embedded diagonally
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into UΛ ⊂ D∗A.

1.2.2 The kernel of the reduced norm map

For every place v of k, the algebra Dv is central and simple over kv, hence it admits

a reduced norm map. These norms nrdDv/kv induce a map, also denoted by nrd,

from DA → Ak via

nrd((dv)v) := (nrdDv/kv(dv))v.

It is clear that nrd is well defined. Indeed let Λ be any maximal order in D.

Then dv ∈ Λv almost everywhere, and hence nrdDv/kv(dv) ∈ nrd(Λv) = Ov almost

everywhere. Let

N1(DA) = {α ∈ DA : nrd(α) = 1}

denote the kernel of nrd : DA → Ak. For any subset R ⊂ DA we define N1(R) =

N1(DA) ∩R. We see at once that N1(DA) = N1(D∗A) and N1(DΛ) = N1(UΛ).

We say that N1(D∗A) has the strong approximation property, if the following

conditions are satisfied:

• Given a finite set S of places of k, including V∞, and for each v ∈ S an open

subgroup Wv ∈ N1(D∗v), then for each α ∈ N1(D∗A) there exists a ∈ N1(D) so

that

– a−1αv ∈Wv for all v ∈ S,

– a ∈ N1(Λ∗v) for all v 6∈ S.

Note that the notion of strong approximation does not depend on the choice of order

Λ. We can always replace Λ by any order spanning D. Eichler’s approximation

theorem states, that if D is not a totally definite quaternion algebra, then N1(D∗A)

has strong approximation.

For a fixed maximal order Λ define nΛ to be the cardinality of the double

quotient

N1(UΛ)\N1(D∗A)/N1(D).

We will see later that nΛ is necessarily finite. Now using strong approximation one

shows:

Theorem 1.2 (Cor. to Lemma 1 in chapter 3 in [Frf75]). If D is not a totally

definite quaternion algebra, nΛ = 1 for any maximal order Λ of D.
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1.3 Ideals of orders

Let D be a central simple algebra over an algebraic number field k and let Λ be an

order in D. A left Λ-ideal M is a left Λ-lattice in D such that kM = D. As Λ is

finitely generated over Ok, a left Λ-ideal is the same as a full Ok-lattice M in D,

such that ΛM ⊂M .

We define right Λ-ideals analogously. In the calculations following, we will

work with left Λ-ideals only, however everything could be done using right Λ-ideals.

Let M be a full Ok-lattice in D, i.e. M is finitely generated as an Ok-module

and kM = D. We define the left order of M as

Ol(M) = {d ∈ D : dM ⊂M}.

Then Ol(M) is an order in D and M is a left Ol(M)-ideal. Likewise we define the

right order Or(M) = {d ∈ D : Md ⊂M}. One can show ([Rei03, Thm. 21.2]) that

Or(M) is maximal if and only if Ol(M) is maximal.

Let v be a finite place of k and let M be an Ok-lattice in D. We define the

completion of M at a place v as

Mv := M ⊗Ok
Ov.

One can show that the Ov-lattices Mv, for v ∈ Vf , determine M uniquely. More

precisely:

Theorem 1.3 (Thm 2, V in [Wei73]). Let M be an Ok-lattice. For every finite

place v of k let Nv be an Ov-lattice in Dv. Then there is a Ok-lattice N in D whose

completion equals Nv for all finite v if and only if Mv = Nv for almost all v. When

that is so there is only one such lattice and it is given by

N =
⋂
v∈Vf

(D ∩Nv).

Let M be a left Λ-ideal in D. One proves that for all finite places v of k,

the left Λv-ideal Mv is principal, i.e. there exists an element αv ∈ Dv such that

Mv = Λvαv. Note that Λ itself is also a left Λ-ideal, so by the theorem above it

follows that Mv = Λv for almost all places v. Consequently for each left Λ-ideal

there exists an idele α ∈ D∗A such that Mv = Λvαv for all finite places v. Contrary

given α ∈ D∗A by the theorem above there exists a uniquely determined Λ-ideal N

in D such that Nv = Λvαv for all finite places v. We will write Λα for this ideal.
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Note that different ideles α, β may induce the same ideal Λα = Λβ. In particular if

β = uα for some u ∈ UΛ then Λα = Λβ.

Definition 1.3. A left Λ-module M (not necessarily contained in D) is called locally

free of rank m if Mv
∼= (Λv)

m for one (all) finite places v of k.

The left Λ-ideals are precisely the locally free rank 1 modules. The set of

isomorphism classes of locally free left Λ-modules of rank n will be denoted by

LFn(Λ). One can show ([Rei03, Thm. 26.4] or [Vig80, Thm. 5.4]) that for any

maximal order Λ the set LF1(Λ) is finite. We will prove later, that its cardinality is

independent of the choice of maximal order in D.

The next theorem helps us to understand the isomorphism classes of left

Λ-ideals using the adelic description given above:

Theorem 1.4 (Thm. 1 in [Frf75]). The locally free left Λ-modules of positive rank

m are precisely those isomorphic to a direct sum

Λα1 ⊕ · · · ⊕ Λαm, αi ∈ D∗A.

Also

Λα1 ⊕ . . .⊕ Λαm ∼= Λβ1 ⊕ . . .⊕ Λβn

are isomorphic as left Λ-modules, if and only if firstly n = m, and secondly

(i) for m = 1, we have α1 ∈ UΛβ1D
∗

(ii) for m > 1, we have in the quotient group UΛN
1(D∗A)D∗\D∗A the equation

UΛN
1(D∗A)D∗(α1 · · ·αm) = UΛN

1(D∗A)D∗(β1 · · ·βm).

Using this theorem we see that a set of representatives {xi}i of double-cosets

UΛ\D∗A/D∗ corresponds to a set of representatives {Λxi}i of isomorphism classes of

left Λ-ideals and vice versa.

An order Λ is maximal, if and only if Λv is maximal for all finite places v of

k. By the description of the local maximal orders and by Theorem 1.3, we see that

for any two maximal orders Λ, Γ there exists α ∈ D∗A such that

Γ = αΛα−1

where αΛα−1 is the unique maximal order such that

(αΛα−1)v = αvΛvα
−1
v
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for all finite places v of k. Equivalently we have

αΛα−1 =
⋂
v∈Vf

αvΛvα
−1
v ∩D.

This leads us to the following definition:

Definition 1.4. Let Λ be an order in a central simple algebra D. An order Γ of D

is in the genus of Λ if there exists α ∈ D∗A such that Γ = αΛα−1.

Evidently, any order in the genus of a maximal order is maximal and any

two maximal orders are in the same genus. We can show:

Theorem 1.5. For any two orders Λ, Γ of D in the same genus the number of left

Λ-ideals equals the number of left Γ-ideals.

Proof. Let α ∈ D∗A be such that Γ = αΛα−1. Let D∗A =
⋃
i
UΛxiD

∗ be a decomposi-

tion of D∗A corresponding to the left Λ-ideals. The map

UΛ\D∗A/D∗ → UΓ\D∗A/D∗

UΛxiD
∗ 7→ UΓαxiD

∗

is well defined. Indeed let uxid be another representative in the class UΛxiD
∗, with

u ∈ UΛ and d ∈ D∗. Then we see that

UΓαuxidD
∗ = αUΛα

−1αuα−1αxidD
∗ = UΓαxiD

∗.

The inverse map is given by “multiplication” with α−1, which is well defined for

the exact same reasons. This proves that the cardinality of the double quotient

UΛ\D∗A/D∗ equals the cardinality of the double quotient UΓ\D∗A/D∗.

Let hD denote the number of isomorphism classes of left Λ-ideals, where Λ

is any maximal order of D. The notation is justified by the previous theorem. It is

usually called the class number of D.

Example 3. Consider the case D = k. Then the unique maximal order is Ok and

LF1(Ok) corresponds to

UOk
\A∗k/k∗.

Let I(k) denote the group of fractional ideals in k. Then we define a map ψ :

UOk
\A∗k → I(k) via

(xv) 7→
∏
p

pap
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where, if v corresponds to the prime ideal p, the integer ap is such that |xv|v = [Ok :

p]ap . Note that in this map we ignore the infinite places completely, as they coincide

for UOk
and A∗k anyway. Under this map k∗ is identified with the set of principal

ideals P (k), which gives us a bijection

UOk
\A∗k/k∗ ↔ I(k)/P (k).

So hD equals the class number hk of k.

One sees that the number of isomorphism classes of maximal orders is finite.

Indeed, for any two maximal orders Λ, Γ in D, the set ΛΓ is a left Λ-ideal and if

Γ and Γ′ are non-isomorphic maximal orders of D, ΛΓ and ΛΓ′ are non-isomorphic

ideals of Λ. The number of isomorphism classes of maximal orders in D is called

the type number of D and will be denoted by tD. We will also say Λ and Γ are of

the same type when Λ and Γ are isomorphic.

The types of maximal orders of D can also be described using a certain

decomposition of D∗A. Let N(DΛ) = {x = (xv)v ∈ D∗A : xvDΛx
−1
v = DΛ} be the

normalizer of DΛ in D∗A. This is not to be confused with N1(DΛ), the subgroup of

reduced norm one elements. Then the isomorphism classes of maximal orders of D

correspond to a decomposition

D∗A =

tD⋃
i=1

N(DΛ)yiD
∗

with yi ∈ D∗A. The corresponding representatives of the isomorphism classes of

maximal orders are given by y−1
i Λyi. Indeed suppose x−1Λx ∼= y−1Λy for two

elements x, y ∈ D∗A. Then there exists d ∈ D∗ such that

d−1x−1Λxd = y−1Λy

so by definition

d−1x−1
v Λvxvd = y−1

v Λvyv

for all finite places v of k. Hence y ∈ N(DΛ)xD∗.

We will often write N(Λ) instead of N(DΛ), as the normalizer contains ex-

actly the elements x ∈ D∗A such that xΛx−1 = Λ. We will describe the normalizer

of a fixed maximal order in some more detail. We are mainly interested in the case

[D : k] = 4, so we will restrict our attention to that.

• If v is an infinite place of k, then (DΛ)v = Dv, hence N(Λ)v = D∗v .
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• If v is finite and Dv is a division algebra, then the unique maximal order of

Dv is

∆v = {x ∈ Dv : nrd(x) ∈ Ov}.

It is evident, as the norm map is multiplicative, that the normalizer of ∆v is

D∗v .

• If v is finite andDv
∼= M2(kv), then Λv is conjugate toM2(Ov). The normalizer

of M2(Ov) is k∗vM2(Ov)∗. So N(Λ)v is conjugate to k∗vM2(Ov)∗.

For a maximal order Λ let HΛ be the number of two-sided Λ-ideals. Then

HΛ is given as the cardinality of the double quotient

UΛ\N(Λ)/(D∗ ∩N(Λ)).

Theorem 1.6. One has

hD =
∑

Λ

HΛ

where Λ runs over all types of maximal orders.

Proof. In this proof we are following [Vig80, Lemme 5.6]. Let D∗A =
tD⋃
i=1

N(Λ)yiD
∗

be a decomposition corresponding to the types of maximal orders. Let Λi = y−1
i Λyi.

Then N(Λi) = y−1
i N(Λ)yi and UΛi = y−1

i UΛyi. Hence N(Λ)yiD
∗ = yiN(Λi)D

∗ and

|UΛ\N(Λ)yiD
∗/D∗| = |UΛi\N(Λi)D

∗/D∗| = |UΛi\N(Λi)/(D
∗ ∩N(Λi))|

The first equality follows from the bijectivity of the map UΛryidD
∗ 7→ UΛirdD

∗,

which is proved similarly as Theorem 1.5. The second equality follows as UΛ ⊂ N(Λ)

for any maximal order. But UΛi\N(Λi)/(D
∗ ∩ N(Λi)) = HΛi which proves our

claim.

1.4 Class groups

Let D be a central simple algebra over an algebraic number field k and let Λ be

a maximal order in D. Let LF1(Λ) denote the set of isomorphism classes of left

Λ-ideals. If D = k is a field and Λ = Ok is its maximal order, then LF1(Λ) carries a

group structure, it is the ideal class group Cl(Ok). We would like to generalize this

to orders in simple algebras.

Let α, β be representatives of double cosets in UΛ\D∗A/D∗ and let Λα, Λβ be

corresponding representatives of left Λ-ideals. Our first attempt could be to define
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a group structure on the isomorphism classes of left Λ-ideals via Λα + Λβ = Λαβ.

However for u ∈ UΛ we see that Λβ = Λuβ, but Λαuβ may not be isomorphic to

Λαβ. To avoid this problem we introduce stable isomorphism classes in LF1(Λ) and

construct a group structure on these new classes.

Definition 1.5. Two left Λ-ideals Λα and Λβ are called stable isomorphic if

Λα⊕ Λ ∼= Λβ ⊕ Λ

as Λ-ideals.

It is clear that two isomorphic ideals are stable isomorphic, but the converse

is false in general.

By Theorem 1.4 we see that Λα and Λβ are stable isomorphic if and only if

α ∈ N1(D∗A)UΛD
∗β. We denote the set of stable isomorphism classes by Cl(Λ) and

write (Λα) for the set of all left Λ-ideals which are stable isomorphic to Λα.

Theorem 1.7. For (Λα), (Λβ) ∈ Cl(Λ) we define

(Λα) + (Λβ) := (Λαβ).

With this addition Cl(Λ) is an abelian group, called the class group of Λ.

Proof. A classical version (without the use of the adelic description) is given in

[Rei03, Thm. 35.5]. An adelic version can be found in [Frf75, Section 2.II].

First we have to show that the addition defined above is well defined. Let

α′ = nudα and β′ = n′u′d′β for n, n′ ∈ N1(D∗A), u, u′ ∈ UΛ and d, d′ ∈ D∗. We

have to show that Λαβ is stable isomorphic to Λα′β′. We will show that α′β′ ∈
N1(D∗A)UΛD

∗αβ holds:

α′β′ =nudαn′u′d′β

=ñuu′dd′αβ

where ñ = nudαn′u′d′α−1(d′)−1d−1(u′)−1u−1 ∈ N1(D∗A). Hence (Λαβ) = (Λα′β′).

The commutativity follows from the fact that βα = (βαβ−1α−1)αβ and (βαβ−1α−1) ∈
N1(D∗A). The neutral element is given by (Λ) and the inverse of (Λα) is (Λα−1).

We have an obvious projection map from LF1(Λ) to Cl(Λ), mapping isomor-

phism classes of left Λ-ideals to stable isomorphism classes. Ideals in the kernel are
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called stable (locally) free. By definition a left Λ-ideal is stable free, if

Λα⊕ Λ ∼= Λ⊕ Λ

and we see further by Theorem 1.4 that Λα is stable free if and only if α ∈
UΛN

1(D∗A)D∗. So in terms of the double quotient UΛ\D∗A/D∗, the stable free ideals

correspond to the double cosets which have a representative in N1(D∗A). Hence the

number of stable free left Λ-ideals is given by the cardinality of the double quotient

UΛ\UΛN
1(D∗A)D∗/D∗

and will be denoted by sΛ.

It is obvious that sΛ and |Cl(Λ)| are finite, as they have to be less than or

equal to hD, which is finite. We have a canonical surjection

N1(UΛ)\N1(D∗A)/N1(D)→ UΛ\UΛN
1(D∗A)D∗/D∗

which shows that sΛ ≤ nΛ. In particular if D is not totally definite, sΛ = 1 for any

maximal order Λ. Note that sΛ = 1 does not imply the injectivity of the projection

map from LF1(Λ) to Cl(Λ).

Definition 1.6. Let Λ be a maximal order in D. Then Λ satisfies the cancellation

property, if the map LF1(Λ) → Cl(Λ) is injective. In other words Λ satisfies the

cancellation property, if for any two left Λ-ideals M and N the relation

M ⊕ Λ ∼= N ⊕ Λ ⇒M ∼= N

holds. In this case isomorphism and stable isomorphism are equivalent.

One can show

Theorem 1.8 (Jacobinski, [Jac68]). Let D be a central simple algebra which is not

totally definite. Then any order in D has the cancellation property.

Proof. If D is not totally definite, then D has the strong approximation property,

so N1(D∗A) = N1(UΛ)N1(D) for any maximal order Λ in D. Let Λ be a maximal

order. We have to prove that for any x ∈ D∗A, the cardinality of

UΛ\UΛxN
1(D∗A)D∗/D∗

equals one. Let Γ = x−1Λx. Define the map φ : UΛ\D∗A/D∗ → UΓ\D∗A/D∗ via

UΛyD
∗ 7→ UΓx

−1yD∗. This is well defined and a bijection, as we have seen in

24



the proof of Theorem 1.5. Then the classes UΛ\UΛxN
1(D∗A)D∗/D∗ are mapped to

UΓ\UΓN
1(D∗A)D∗/D∗. As Γ has the strong approximation property, sΓ = 1 and the

claim follows.

If a maximal order in any central simple algebra D has the cancellation

property, then so does every other maximal order. Further if an order has the

cancellation property, then so does any order containing it. One can show ([Vig76]

and [HM06]), that there are only finitely many totally definite quaternion algebras

D containing maximal orders Λ which have the cancellation property. In fact, if D

is a totally definite quaternion algebra over k and if Λ is a maximal order in D and

has the cancellation property, then [k : Q] ≤ 6. In [HM06] one finds a detailed list of

all totally definite quaternion algebras containing orders which have the cancellation

property.

We will now show that Cl(Λ) is independent of the choice of maximal order

and write down the isomorphism explicitly.

Theorem 1.9. Let D be a central simple algebra and let Λ, Γ be two maximal

orders in D. Then their class groups Cl(Λ) and Cl(Γ) are isomorphic. Further if

Γ = αΛα−1 for α ∈ D∗A the isomorphism is given by (Λx) 7→ (Γαxα−1) = (Γx).

Proof. Suppose Λx′ and Λx are stable isomorphic. We have to show that in that case

Γαxα−1 and Γαx′α−1 are stable isomorphic. Let u ∈ UΛ, d ∈ D∗ and n ∈ N1(D∗A)

be such that

x′ = nudx.

Then Γαx′α−1 and Γαxα−1 are in the same stable isomorphism class if and only if

αx′α−1 ∈ N1(D∗A)αUΛα
−1D∗αxα−1. Now

αx′α−1 =αnudxα−1

=ñαuα−1dαxα−1

where ñ = αnudα−1d−1αu−1α−1 ∈ N1(D∗A). The inverse map is given by conjuga-

tion with α−1, which is, by the same calculations, well defined. It follows at once

that (Λα) + (Λβ) = (Λαβ) is mapped to (Γαβ) = (Γα) + (Γβ), hence this is a

homomorphism of groups.

1.5 The reduced norm map - narrow class group

Let D be a central simple algebra over k. We want to investigate the image of the

reduced norm map nrd : D → k. It will depend mainly on the completions of D at
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the real places of the algebraic number field k.

One proves:

Theorem 1.10 (Thm. 33.4 in [Rei03]). Let v be a finite place of k and let D be a

central simple k-algebra. Then

nrd(Dv) = kv

except for the special case where kv = R and Dv
∼= Mκv(H). In that case

nrd(Dv) = nrd(H) = R+ = {x ∈ R : x ≥ 0}.

Let x ∈ k. Suppose there exists an element d ∈ D such that nrd(d) = x

then it follows at once that xv = nrdDv/kv(dv) for all places v of k. In particular

xv ∈ nrd(Dv) for all places v of k. This condition is also sufficient. To make this

more precise let R(D) be the set of all infinite (necessarily real) places of k, such

that Dv
∼= Mκv(H) for some κv ∈ N. Then we define

kD := {x ∈ k : σ(x) > 0 for all σ ∈ R(D)}.

If D is totally definite, we will write k+ instead of kD. One can show:

Theorem 1.11 (Hasse-Schilling-Maass, Thm. 33.15 in [Rei03]). Let D be a central

simple algebra over a global field k and let x ∈ k∗. Then x is the reduced norm of

an element of D∗ if and only if x ∈ kD.

This theorem states, that an element x ∈ k∗ is the reduced norm of an

element in D∗ if and only if x is the reduced norm of an element in Dv for every

place v of k.

1.5.1 Reduced norm of an order

Let Λ be a maximal order in D. Then for each finite place v the order Λv is maximal

in Dv. From the description of maximal orders in division algebras over local fields

kv it follows that nrdDv/kv(Λv) = Ov for all finite places v of k. We see at once that

nrd(Λ) ⊂
⋂
v∈Vf

Ov ∩ kD =: ODk .
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If [D : k] = m2 (note that the dimension of a central simple algebra has to be a

square number) then it follows that for x ∈ k ∩ Λ

nrd(x) = xm ∈ O∗k.

Hence by Dirichlet’s Unit Theorem nrd(Λ∗) is a finite index subgroup of O∗k. We

will prove later (Section 5.3) that, if D is not totally definite, we have in fact

nrd(Λ∗) = (ODk )∗.

1.5.2 Reduced norm - class group

Let Cl(Ok) denote the ideal class group of k. By definition Cl(Ok) = I(k)/P (k),

where I(k) is the set of fractional ideals and P (k) is the set of principal ideals of

Ok.
Let k be a number field of degree [k : Q] = r1 + 2r2, where r1 (resp. r2) is

the number of real (resp. complex) places of k. Let the embeddings be ordered as

follows:

• Let σ1, . . . , σs, be the different embeddings of k ↪→ R such that σi ∈ R(D),

• let σs+1, . . . σr1 be the remaining real embeddings and

• let the complex embeddings be ordered as usual.

If D is totally definite, s = n = [k : Q]. An element x ∈ k∗ is in nrd(D∗), if and

only if σi(x) > 0 for i = 1, . . . s. If D is totally definite, and x ∈ kD = nrd(D∗) then

x is called totally positive. Let PD(k) be the group of principal ideals generated by

the elements in kD. Then we can define the ray class group with respect to D as

ClD(Ok) = I(k)/PD(k).

Note that we have a surjective group homomorphism ClD(Ok)→ Cl(Ok), hence the

cardinality hDk of ClD(Ok) is greater or equal to the class number hk of k.

If D is totally definite we will write P+(k), Cl+(Ok), h+
k instead of PD(k),

ClD(Ok), hDk . We will call h+
k the narrow class number of k. We define a map

ψ : k∗ → (Z/2Z)s as follows:

x 7→ (sg(σ1(x)), . . . , sg(σs(x)))

where

sg(t) =

{
1 t < 0

0 t > 0
.
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This map is surjective and ψ(xy) = ψ(x) + ψ(y). By construction, kD is the kernel

of ψ and one gets an induced map ψ : k∗/kD → (Z/2Z)s.

Now we have natural maps:

1→ P (k)/PD(k)→ I(k)/PD(k)→ I(k)/P (k)→ 1

So hDk /hk = |P (k)/PD(k)|. It is easily seen that P (k)/PD(k) = k∗/kDO∗k holds,

hence we have an exact sequence:

1→ O∗k/ODk → k∗/kD → P (k)/PD(k) = k∗/kDO∗k → 1

Now |k∗/kD| = 2s and |O∗k/ODk | = |ψ(O∗k)| = 2m for some m ≤ s. Hence hDk =

2s−mhk.

Example 4. Let k = Q(
√

3). Then O∗k isomorphic to Z by Dirichlet’s Unit

Theorem. It is generated by (2 +
√

3). Now (2 +
√

3) > 0 and (2−
√

3) ≈ 0.26 > 0,

so O∗k = (O∗k)+, showing that h+
k = 2hk = 2

Example 5. Let k = Q(
√

10), then O∗k is generated by (3 +
√

10) and its inverse

is 3−
√

10 ≈ −0.16, so h+
k = hk = 2

Let Cl(Λ) denote the class group of Λ, the group of stable isomorphism classes

of left Λ-ideals. One can prove:

Theorem 1.12 (Swan). Let k be an algebraic number field. Then the reduced norm

map induces an isomorphism

ν : Cl(Λ)→̃ClD(Ok)

where Cl(Λ) is the additive group of stable isomorphism classes of left Λ-ideals in D

and ClD(Ok) is the multiplicative ray class group (mod R(D)), where R(D) is the

set of all infinite places of k which ramify in D.

Here ν(M) is the fractional Ok-ideal generated by nrd(M) = {nrd(m) : m ∈
M}, for a Λ-ideal M . Note that the set nrd(M) is not an ideal per se, as the

reduced norm map does not respect the additive structure of M . We give a short

proof here, using our adelic methods developed so far. A classical version can be

found in [Rei03, Thm. 35.14].
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Proof. Note that

ClD(Ok) =UOk
\A∗k/kD

Cl(Λ) =UΛN
1(D∗A)D∗\D∗A

Then ν is defined by

UΛN
1(D∗A)D∗x 7→ UOk

nrd(x)kD.

This map is clearly well defined and surjective. The injectivity follows from The-

orem 1.10 and the fact that nrd(UΛ) = UOk
by definition. Further as nrd(xy) =

nrd(x) nrd(y) for all x, y ∈ D∗A, we see that ν is an isomorphism of groups.

If D is not totally definite, ν gives a bijection from the isomorphism classes of

left Λ-ideals to ClD(Ok). For arbitrary central simple algebras ν gives us a surjective

map from LF1(Λ) to ClD(Ok), by mapping an isomorphism class of an ideal M to

the ideal nrd(M). The kernel consists of the stable free ideals of Λ.

1.6 The unit group of an order

In this section we describe the structure of the unit group of an order in a central

simple algebra D over an algebraic number field k. We will do a case by case analysis,

first restricting our attention to orders in totally definite quaternion algebras and

then study the general case.

1.6.1 Orders in totally definite quaternion algebras

Let D be a totally definite quaternion over an algebraic number field k of degree n

and let Λ be an order in D. As D is totally definite we see that

D ⊗Q R ∼= H× . . .×H = Hn.

This gives a natural map Λ ↪→ Hn. Let N1(H) be the set of elements in the kernel

of the reduced norm map nrd : H→ R+. Then

N1(H) ∼= SU2

29



where SU2 is the special unitary group given by

SU2 =

{(
x −y
y x

)
∈M2(C) : |x|2 + |y|2 = 1

}
.

Indeed we define a map from H∗ to M2(C) as follows:

x0 + x1i+ x2j + x3ij 7→

(
x0 + x1

√
−1 x2 + x3

√
−1

−x2 + x3

√
−1 x0 − x1

√
−1

)
.

It can be checked directly, that this map is indeed a morphism of groups. On N1(H)

it restricts to an isomorphism to SU2. Now we can show:

Theorem 1.13. Let D be a totally definite quaternion algebra over a number field

k and let Λ be a maximal order in D. Then Λ1, the subgroup of Λ∗ of elements of

reduced norm equal to one, is finite.

Proof. If D is totally definite, then k is totally real. Let D∞ =
∏

v∈V∞
Dv. Then

we see that N1(D∞) = (N1(H))n where n is the degree of the number field k. We

have an isomorphism of groups of N1(H)→̃SU2. Now SU2 is compact, hence so is

N1(D∞). We may embed Λ1 ↪→ D∞ diagonally. Then Λ1 is a discrete subgroup of

N1(D∞) and hence finite.

As Λ1 is finite and every torsion element of Λ∗ has to be contained in Λ1, it

follows that

Λ1 = {x ∈ Λ : nrd(x) = 1 } = {x ∈ Λ : ∃n ∈ N>0 such that xn = 1 }.

For any order Λ, the finite group Λ1 is equal to a finite subgroup of N1(H). So

it suffices to study the possible structures of finite subgroups of H∗ to know the

structure of the finite groups in D, and hence to know the structure of Λ1.

One shows:

Theorem 1.14 (Section 6 in [Cox40]). Each finite subgroup of the real quaternions

H∗ containing {±1} is isomorphic to one of the following groups:

Group Name Presentation

C2n Cyclic 〈a | a2n = 1〉
H4n Binary dihedral 〈a, b | b2n = 1, a2 = bn, aba−1 = b−1〉
E24 Binary tetrahedral 〈a, b, c | a2 = b3 = c3 = abc〉
E48 Binary octahedral 〈a, b, c | a2 = b3 = c4 = abc〉
E120 Binary icosahedral 〈a, b, c | a2 = b3 = c5 = abc〉
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These groups, in particular the exceptional groups E24, E48 and E120 can be

realized as finite subgroups of totally definite quaternion algebras (compare [HM06,

Prop. 3] and [Vig76, Thm. 5 and Prop. 6]).

It is clear thatO∗k is contained in Λ∗, as the unit element 1 has to be contained

in Λ by definition. Further, as the reduced norm map is multiplicative, Λ1 is a normal

subgroup in Λ∗. It follows that Λ∗/(O∗kΛ1) is finite and depends on the image of

nrd(Λ∗) in (O+
k )∗. More precisely

[Λ∗ : O∗kΛ1] = [nrd(Λ∗) : (O∗k)2] =
[(O+

k )∗ : (O2
k)
∗]

[(O+
k )∗ : nrd(Λ∗)]

One can show, that this index is less than or equal to 4. More precisely

Theorem 1.15 (Theorem 6 in [Vig76]). Notation as above. The index [Λ∗ : O∗kΛ1]

equals 1, 2 or 4. Depending on the structure of Λ1 we have:

• Let Λ1 = C2 = {±1}. Then

– [Λ∗ : O∗kΛ1] = 4 if there exist units e1, e2 ∈ Λ∗ such that nrd(ei) 6∈ (k∗)2

and e1e2 = −e2e1.

– [Λ∗ : O∗kΛ1] = 2 if [Λ∗ : O∗kΛ1] < 4 and Λ contains one unit e satisfying

nrd(e) 6∈ (k∗)2.

– [Λ∗ : O∗kΛ1] = 1 else.

• Let Λ1 = C2n = 〈ζ2n〉 with n ≥ 2. Then

– [Λ∗ : O∗kΛ1] = 4 if there exist two units e1, e2 ∈ Λ∗ with e1 ∈ k(ζ2n) such

that nrd(ei) 6∈ (k∗)2 and e2ζene
−1
2 = ζ−1

2n .

– [Λ∗ : O∗kΛ1] = 2 if [Λ∗ : O∗kΛ1] < 4 and there exists e ∈ Λ∗ with nrd(e) 6∈
(k∗)2 satisfying either

∗ e ∈ k(ζ2n)∗ or

∗ eζ2ne
−1 = ζ−1

2n

– [Λ∗ : O∗kΛ1] = 1 else.

• Let Λ1 = H4n = 〈σ4, ζ2n〉. Then

– [Λ∗ : O∗kΛ1] = 2 if there exists e ∈ Λ∗ such that nrd(e) 6∈ (k∗)2 and

e ∈ (1 + σ4)k∗.

– [Λ∗ : O∗kΛ1] = 1 else.

• Let Λ1 = E24. Then
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– [Λ∗ : O∗kΛ1] = 2 if there exists e ∈ Λ∗ with nrd(e) 6∈ (k∗)2 and such that

e ∈ (1 + i)k∗.

– [Λ∗ : O∗kΛ1] = 1 else.

• Let Λ1 = E48 or E120, then [Λ∗ : O∗kΛ1] = 1.

This gives us a fairly well description of the unit group of an order in a totally

definite quaternion algebra. In fact the finite subgroups of the reduced norm one

elements N1(H) have a geometric interpretation. One can show that there is an

exact sequence

1→ {±1} → N1(H)
τ−→ SO3(R)→ 1

where τ sends an elements u ∈ H to the isometry v 7→ u−1vu of R3 ∼= H0. Here

H0 denotes the pure quaternions, H0 = Ri⊕ Rj ⊕ Rij. Then E24 is mapped to the

group of rotations of R3 leaving a regular tetrahedron invariant. Likewise E48 and

E120 correspond to the symmetry groups of a regular octahedron and icosahedron

respectively.

1.6.2 General case

Let Λ be an order in a central simple algebra D, which is not totally definite. We

write kD for the image of the reduced norm map, so kD = nrd(D∗). More precisely

kD = {x ∈ k∗ : σ(x) > 0 for all σ : k ↪→ R such that D ramifies at σ}.

We will write ODk = kD ∩ Ok. Let Λ1 denote the kernel of the reduced norm map

Λ → ODk . We will show later, that nrd(Λ∗) = ODk . This follows from the strong

approximation property. The index [Λ∗ : O∗kΛ1] is finite, hence Λ∗ and O∗kΛ1 are

commensurable, as in the totally definite case. The difficulty of determining the

structure of Λ∗ is concentrated in Λ1. One shows that Λ1 is infinite, unless D is

totally definite or a number field.

There is fairly little known on the structure of Λ1 in general. Among the most

extensively studied are Bianchi groups. These correspond to reduced norm one unit

groups of orders in indefinite quaternion algebras isomorphic to M2(Q(
√
d)) with

d < 0.
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Chapter 2

Linear algebraic groups

In this chapter we will briefly review the most important definitions and properties

of linear algebraic groups defined over algebraic number fields k. We will develop

the necessary background material for the Borel-Serre compactification, which we

explain in chapter 3.

Let D be a central simple division algebra of finite dimension over an alge-

braic number field k. Then Mn(D), the set of n × n matrices with entries in D, is

a central simple algebra, hence it admits a reduced norm map. The kernel of this

reduced norm will be denoted by SLn(D). It is a linear algebraic group defined over

k. The most important properties of this group will be developed in the following

sections.

2.1 Linear algebraic groups

In order to fix notation we will review some definitions and properties of linear alge-

braic groups defined over a field k. We will mainly follow [Bor91]. Every algebraic

group we consider is assumed to be linear. The terms “affine” and “linear” will be

used interchangeably.

A linear algebraic group is an affine algebraic variety G together with

an identity element e ∈ G,

a morphism µ : G×G→ G, denoted by µ(x, y) = xy,

a morphism i : G→ G, denoted by x 7→ x−1

with respect to which G is a group. We call G a k-group if G is a k-variety and µ

and i are defined over k. We denote the connected component of an algebraic group
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G by G0. One shows that G is smooth and that G0 is a normal subgroup of finite

index. The affine ring of G will be denoted by k[G]. Further G is called connected,

if G = G0. Standard examples of algebraic groups are GLn and SLn. It can be

shown ([Bor91, Prop. 1.10]) that any linear algebraic k-group G is k-isomorphic to

a closed subgroup, defined over k, of GLn(C) for some n ∈ N.

Let D be a central simple algebra over k. Then the algebra

D ⊗kMn(k) ∼= Mn(D)

is central and simple over k, hence it admits a reduced norm. Let SLn(D) denote

the kernel of the reduced norm map 1, i.e.

SLn(D) = {X ∈Mn(D) : nrdMn(D)/k(X) = 1}.

In the notation of the previous chapter, we have SLn(D) = N1(Mn(D)). One can

show:

Theorem 2.1. The group SLn(D) of reduced norm 1 elements of Mn(D), n ∈ N,

is an affine algebraic k-group. The group of k-points is given by SLn(D).

An explicit proof of this is given in [Lac05, Satz 3.1.1]. For any central simple

k-algebra L, the set of L-points of SLn(D) is given by

SLn(D)(L) = SLn(D ⊗ L).

We will write SLn(D) for the algebraic group and for its group of k-points, if there

is no risk of confusion.

2.2 Reductive and semi-simple groups

Let G be a linear algebraic group over k. The radical RG of G is the maximal

connected solvable normal subgroup of G. Its unipotent part RuG is called the

unipotent radical. It is the maximal connected unipotent normal subgroup of G.

The group G is called semi-simple (reductive) if RG = {e} (RuG = {e}). Evidently

any semi-simple group is reductive.

1Note that this notation is ambiguous. In this thesis we write SLn(D) for the group of matrices
in Mn(D), having reduce norm nrdMn(D)/k equal to 1. However one could view SLn as an algebraic
group over k and SLn(D) as the group of D points of SLn, for the k-algebras D. As we do not
assume that D is commutative, this can become quite a problem and it may happen, that this is
not well defined. We write SLn(Dv) for SLn(D)(kv) in order to keep our notation simple. We do
the same for subgroups of SLn(D), GLn(D) etc.
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Any reductive k-subgroup of G is contained in a maximal one, a so called

Levi k-subgroup. One shows that any two Levi-subgroups of G are conjugate under

RuG(k) and further that G = L ·RuG for a Levi-subgroup L.

Most of the groups we consider are connected, reductive and defined over an

algebraic number field k. In particular this holds for the group SLn(D), which is in

fact semi-simple.

2.3 Characters and tori

Let G, G′ be two algebraic groups defined over k. Let Mor(G,G′) be the set of alge-

braic group morphisms from G to G′. The maps in Mor(G,G′) are morphisms of al-

gebraic varieties, which are also homomorphisms of groups. Further let Mork(G,G
′)

denote the set of morphisms defined over k. We define the character group of G to

be

X(G) = Mor(G,GL1).

Analogously the group of k-characters is given by

X(G)k = Mork(G,GL1).

For a connected algebraic k-group G we define

0G :=
⋂

χ∈Xk(G)

ker(χ2).

It is a normal k-subgroup of G and its set of real points contains any compact

subgroup of G(R). Further 0G = 0L ·RuG for any Levi k-subgroup L of G.

The charactersX(G) form a subgroup of k[G], where k is the algebraic closure

of k. Likewise X(G)k is a subset of k[G]. We will call G diagonalizable, if X(G)

spans k[G] as a k-module. If X(G)k spans k[G] over k, then G is called split over

k. If G is split over k, G is diagonalizable, as k[G] ∼= k ⊗k k[G].

Theorem 2.2 (Prop. 8.4 in [Bor91]). Let G be a linear algebraic group. Then the

following are equivalent:

1. G is diagonalizable.

2. There exists n ∈ N>0 such that G is isomorphic to a closed subgroup of the

diagonal matrices Tn in GLn.
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An algebraic group G isomorphic to Tn is called an n-dimensional torus. If

the isomorphism is defined over k, G is said to be split over k. By definition, any

torus is split over C.

Let G be a connected linear algebraic k-group. Then it can be shown that

all maximal tori of G are conjugate. One defines the rank, or C-rank, of G to be

the dimension of a (any) maximal torus. Further one shows that all maximal k-split

tori of G are conjugate under G(k). Therefore one defines the k-rank of G to be the

common dimension of these tori. It will be denoted by rkk(G). If the k-rank of G

equals 0, G is called anisotropic over k.

Let us return to our example SLn(D), where D is a central simple algebra

over k. If D is a division algebra, a maximal k-split torus is given by the set of

diagonal matrices in SLn(k) ⊂ SLn(D). In particular

Theorem 2.3. Let D be a division algebra over k. Then rkk(SLn(D)) = n− 1.

2.4 Borel subgroups and parabolic subgroups

Let G be a linear algebraic group. A Borel subgroup of G is a maximal connected

solvable (closed) subgroup of G. Borel subgroups exist and one can show that any

two Borel subgroups of G are conjugate.

A parabolic subgroup P of G is a closed subgroup such that the quotient

G/P is a projective variety. One shows that a closed subgroup P is parabolic if

and only if P contains a Borel subgroup. A parabolic k-subgroup is a parabolic

subgroup defined over k.

The parabolic k-subgroups of G correspond to subsets I of the set of simple

k-roots ∆ with respect to a maximal k-split torus. More precisely, any parabolic

subgroup is conjugate under G(k) to a unique standard rational parabolic subgroup

PI . With this notation, G = P∆ and a minimal parabolic subgroup is given by P∅.

As |∆| = rkk(G) it follows that in a k-rank 1 group, there are, up to conjugacy, two

parabolic k-subgroups, namely a minimal parabolic k-subgroup and G itself.

Let G = SL2(D), where D is a central simple division algebra over an al-

gebraic number field k. The k-rank of G equals 1, hence G contains exactly one

conjugacy class of non-trivial parabolic k-subgroups. A representative of this class

is given by

P (D) =

{(
d1 d2

d3

)
⊂ SL2(D)

}
.

The set of diagonal-matrices in SL2(D), which we denote by T (D), is a Levi-
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subgroup of P (D). The unipotent radical of P is given by

RuP (D) =

{(
1 d

1

)
⊂ SL2(D)

}
.

37



Chapter 3

Borel - Serre compactification

Let G be a connected reductive algebraic group over a number field k and let Γ

be an arithmetic subgroup of G. If Γ is torsion-free then Γ operates properly and

freely on a homogeneous space X associated an ambient Lie group G∞. In general,

the space X/Γ is not compact. It has a natural compactification, the Borel-Serre

compactification, which is obtained by adjoining finitely many so-called “corners”

to the space. We will start this chapter by developing some necessary background

material and continue by explaining this compactification in more detail. Most of

the material can be found in [BJ06], [BS73] and [Sch10].

3.1 Arithmetic groups and quotients

Let V be a finite dimensional C-vector space endowed with a Q-structure. So by

definition there exists a Q-vector space VQ, with dimQ VQ = dimC V such that

VQ ⊗C C is isomorphic to V . Let G be a rational subgroup of GL(V ) and let Λ be

a lattice in VQ. We define the group of Λ-units of G as

GΛ = {g ∈ G(Q) : gΛ = Λ}.

A subgroup Γ ⊂ G(Q) is called arithmetic, or arithmetically defined, if there exists

a lattice Λ in VQ such that Γ and GΛ are commensurable, i.e. the intersection Γ∩GΛ

has finite index in both groups. Note that the Λ-units GΛ are precisely the elements

in G, which have integral coefficients with respect to a basis induced by Λ.

The definition of arithmetic subgroups only depends on the structure of the

group G. In particular it is independent of the choice of representation of G in

GL(V ).

We could replace our field of definition Q by an arbitrary algebraic number
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field k of degree n over Q, and Z by the ring of integers Ok of k. So for an algebraic

k-group G ⊂ GLn(C) for some n ∈ N, we define a subgroup Γ to be arithmetic if

it is commensurable with G(Ok), the subgroup of G(k) whose coefficients are in Ok
and whose determinant is in O∗k. Doing so, one does not obtain any new groups. We

can reduce groups defined over k to groups defined over Q using the so-called Weil

restriction of scalars. Details can be found in [Sch10, App. C] and [Oes84, App. 3].

The homogeneous space X

Let G be a linear algebraic group defined over an algebraic number field k. Let V∞

be the set of infinite places of k. We choose a fixed embedding G ↪→ GLn(C) for

some n ∈ N. Let G(Ok) be as above. Further we assume that G is reductive and

connected. For every v ∈ V∞ we have a corresponding embedding σv : k ↪→ C. Then

kv = R or C, depending on the embedding σv.

Suppose G is defined by a set of polynomials J with coefficients in k. Then

Gσv is the algebraic group defined by the set of polynomials obtained by applying

σv to the coefficients of all the polynomials in J . This is again an algebraic group.

We write Gv = Gσv(kv) for all v ∈ V∞ and define

G∞ :=
∏
v∈V∞

Gv.

Let G′ =Resk/QG be the Weil restriction of scalars obtained from G. Then G∞ =

G′(R), the group of real points of G′. We can embed G(k) in G∞ diagonally using

the maps σv. We will not distinguish between G(k) and its image in G∞. If Γ is an

arithmetic subgroup of G, then Γ is discrete in G∞.

For v ∈ V∞, Gv has finitely many connected components. In each Gv we

can find a maximal compact subgroup Kv and any two maximal compact subgroups

are conjugate. So for an infinite place v, the quotient Xv := Kv\Gv can be viewed

as the space of maximal compact subgroups of Gv. Note that Xv is diffeomorphic

to Rd(Gv), where d(Gv) = dim(Gv) − dim(Kv), hence Xv is contractible. If G is

semi-simple, Xv is the symmetric space associated to Gv. We define

X :=
∏
v∈V∞

Xv

and we set d(G) =
∑

v∈V∞
d(Gv).

Let Γ be an arithmetic subgroup of G. Then Γ acts properly discontinuously

on the space X. So for any given compact subset C in X the set {γ ∈ Γ : γC ∩C 6=

39



∅ } is finite. In particular, the stabilizers of points are finite subgroups of Γ. Hence,

if Γ is torsion-free, the action of Γ on X is free. In this case the quotient X/Γ has

the structure of a smooth manifold. As X is contractible and Γ acts freely on X, the

space X/Γ is an Eilenberg-MacLane Space K(Γ, 1). In other words the fundamental

group of X/Γ equals Γ and all higher homotopy groups are trivial. In particular

one can identify the cohomology of X/Γ with the cohomology of Γ. This will be

explained in more detail in section 3.3.

3.2 Borel-Serre compactification

Let G be a linear algebraic group over Q, let Γ be an arithmetic subgroup of G and

let X be the quotient space defined as above. For the sake of simplicity we will

assume that G is connected and reductive, and that the center of G is anisotropic

over Q. This is always satisfied if G is semi-simple. We will only study groups of

this form here. However the construction can be done in greater generality.

If rkk(G) > 0, then X/Γ is not compact. It admits a natural compactification

X/Γ, the so called Borel-Serre compactification (compare [BS73]). If Γ is torsion-

free, X/Γ is a compact manifold with boundary, which is homotopically equivalent

to its interior X/Γ.

The compactification is obtained by first enlarging the space X to a space X

by adjoining infinitely many faces e(P ). This construction involves the Q-structure

of X, but is independent of the arithmetic group Γ. The group G(Q), and hence

Γ acts on X and permutes the faces e(P ) of X. One obtains the compact space

X/Γ = X/Γ.

We will explain this construction in more detail.

3.2.1 The space X

Let P be a parabolic Q-subgroup of G and let UP denote its unipotent radical. Let

κ : P → P/UP = LP be the canonical projection and let SP denote a maximal

central Q-split torus in P/UP . Let AP denote the identity component of the group

of real points of SP , i.e. AP = SP (R)0. It is often called the split component of SP .

Note that

LP (R) = AP · 0LP (R)

as a semi-direct product ([BS73, Prop. 1.2]) , where 0LP =
⋂

χ∈Xk(LP )

kerχ2 is defined

as in section 2.3.
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Let K be a maximal compact subgroup of G(R) and let θK = θ denote the

Cartan involution corresponding to K. Then P (R) contains one and only one Levi-

subgroup LP,K of P (R), which is stable under θ ([BS73, Cor. 1.9]). The projection

κ : LP,K → P (R)/UP (R) = LP (R) yields an isomorphism of R groups. Using the

inverse map, we obtain subgroups AP,K and 0LP,K of LP,K . Note that they are

not necessarily defined over Q. However for each P one can choose K such that the

groups AP,K , 0LP,K and LP,K are defined over Q and such that κ−1 is a rational map

([BJ06, Prop. III.1.11]). We obtain the so-called rational Langlands-decomposition

of P (R):

P (R) = UP (R) ·AP,K · 0LP,K .

Using the Iwasawa-decomposition we have G(R) = K · P (R), hence we see

that

X = KP \P (R)

where KP = K ∩ P (R) is a maximal compact subgroup of P (R). It is contained in

the unique θ-stable Levi-subgroup LP,K of P (R), so the center of LP,K commutes

with KP and acts (from the left) on the space X. By identifying AP with AP,K via

κ we obtain an action (from the left) of AP on X. This is the geodesic action of

Borel and Serre, defined as in [BS73, Chapter 3]. It can be shown that this action is

independent of the choice of maximal compact subgroup K ([BS73, Lemma 3.2]), so

we may drop the subscript K, and simply consider the action of AP on X. It may

happen, that different parabolic Q-groups P , Q have the same split components AP ,

AQ. However the geodesic action depends crucially on the parabolic group. We will

give a short example:

Example 6. Let G = SL2/Q, then K = SO2(R) is a maximal compact subgroup

of G(R). Let P , resp. Q, be the group of upper, resp. lower, triangular matrices in

G. Then

AP = AQ =

{(
x

x−1

)
: x ∈ R+

}
.

Let H2 be the upper half plane. Then K\G(R) can be identified with H2. One can

calculate explicitly that the orbits of AP are vertical lines, while the orbits of AQ

are half-circles with one end-point in 0 and the other end on the boundary of H2.

We see that AP ∼= (R+)r, where r denotes the parabolic rank of P . The

closure of AP in Rr equals the corner Rr≥0. We denote it by AP . Clearly the left

multiplication of AP on itself extends to an action of AP on Rr≥0. Further AP is

preserved under this action. Let XP,K = KP \0LP,K denote the boundary symmetric

space associated with P . The space X is a principal AP -bundle over UP (R) · XP
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under this geodesic action of AP . We define the corner X(P ) associated to P by

X(P ) = AP ×AP
X

which can be identified with UP (R) ·XP · AP . As UP (R) and XP are real analytic

manifolds and AP ∼= Rr≥0 is a corner, it follows that X(P ) is a real analytic manifold

with corners. It contains X as an open subset. One can show ([BJ06, Prop. III.5.5]),

that the real analytic structure onX(P ) is canonical in the sense that it only depends

on the geodesic action of AP on X. We set

e(P ) = AP \X.

Then we see that e(P ) corresponds to the corner {oP }×AP
X in X(P ), where oP is

the corner point in AP = Rr≥0. This is called the Borel-Serre boundary component.

We will study it in the following chapters.

It can be shown, that X(P ) can be decomposed as

X(P ) = X ∪
∐
P⊂Q

e(Q)

where Q runs over all non-trivial parabolic Q-subgroups of G containing P . In

particular, if the Q-rank of G equals one, we have X(P ) = X ∪ e(P ), as any two

non-trivial parabolic Q-groups are conjugate over G(Q). In general X is the disjoint

union of the sets e(P ), where P runs over all parabolic Q-subgroups of G, including

e(G) = X. Given two parabolic Q-subgroups P , Q, we have X(P )∩X(Q) = X(R),

where R is the smallest parabolic Q subgroup of G, containing both P and Q. In

particular if rkQ(G) = 1 we see that X(P ) ∩ X(Q) = X(G) = X for any two

parabolic Q-groups P 6= Q. There exists a uniquely determined structure of a

manifold with corners on X such that for any parabolic Q-subgroup P , X(P ) is an

open submanifold with corners in X.

3.2.2 The space X/Γ

The natural action of G(Q) (and hence of any arithmetic subgroup Γ) on X can be

extended to X. This extended action preserves the structure of X as a manifold

with corners. In particular it permutes the faces e(P ).

The quotient X/Γ is a compact manifold with corners (see [BS73, Thm.

9.3]). Let e′(P ) denote the image of e(P ) under the natural projection X → X/Γ.

One proves ([BS73, Prop. 9.4]) that e′(P ) = e(P )/(Γ ∩ P ) and further that for two
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parabolic subgroups P , Q, the corners e′(P ) and e′(Q) have non-trivial intersection

(and hence are in fact equal) if and only if P and Q are conjugate under Γ. It can

be shown that the set of Γ-conjugacy classes of Q-parabolic subgroups is finite. The

boundary of X/Γ is the disjoint union of finitely many faces e′(P ), one for each

Γ-conjugacy class of proper parabolic Q-subgroups. The number of e′(P ) in X/Γ is

called the cusp number of Γ and will be denoted by c(Γ).

3.3 Cohomology of arithmetic groups

Let G be a reductive connected algebraic group defined over k and let Γ be a torsion-

free arithmetic subgroup of G. A topological space Y is called a K(Γ, 1)-space or an

Eilenberg-MacLane space of type (Γ, 1) if π1(Y ) = Γ and πi(Y ) = {1} for i ≥ 2. It

can be proved that its cohomology (or homology) is isomorphic to the cohomology

of Γ. More precisely let E be a Γ-module and let Ẽ denote the corresponding local

system on Y . Then there is a canonical isomorphism

Hq(Γ, E) = Hq(Y, Ẽ)

for any q ∈ N.

Let K be a maximal compact subgroup of G∞, defined as above. Then

X = K\G∞ is contractible, hence it is the universal cover of K\G∞/Γ. So K\G∞/Γ
is a K(Γ, 1) space. One shows that the inclusion X/Γ into the Borel-Serre compact-

ification X/Γ is a homotopy equivalence. This allows us to use the long exact

cohomology-sequence for the pair (X/Γ, ∂X/Γ), where ∂X/Γ denotes the boundary

of X/Γ, to study the cohomology of Γ. We have the exact sequence

. . .→ Hq(X/Γ, ∂X/Γ, Ẽ)→ Hq(Γ, E)
r−→ Hq(∂X/Γ, Ẽ)→ Hq+1(X/Γ, ∂X/Γ, Ẽ)→ . . .

for a Γ-module E.

This sequence is a helpful tool in the analysis of Hq(Γ). It allows us to split

the investigation of Hq(Γ) into two parts:

• the interior cohomology, which is defined as the kernel of the restriction map

r : Hq(X/Γ)→ Hq(∂X/Γ). It is usually denoted by Hq
! (X/Γ).

• the cohomology at infinity, which is defined as the complement of the interior

cohomology. The cohomology of infinity encodes all those phenomena in the

cohomology that are due the to non-compactness of X/Γ.
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Chapter 4

Cusp numbers

Let D be a central simple division algebra of finite dimension over an algebraic

number field k. Let Λ be a maximal order in D. Then SLn(Λ) is an arithmetic

subgroup of SLn(D), the group of n×n matrices of reduced norm nrdMn(D)/k equal

to 1. In this chapter we give an adelic description of the number of faces e′(P ),

which are added to X/SLn(Λ) to obtain the Borel-Serre compactification X/Γ.

This number equals the number of SLn(Λ)-conjugacy classes of proper parabolic

k-subgroups of SLn(D) and is called the cusp number c(SLn(Λ)) of the arithmetic

subgroup SLn(Λ).

We show that the number of SLn(Λ)-conjugacy classes of parabolic sub-

groups of level P equals the class number of P with respect to a lattice induced by

Λ. So we prove that there is a bijection

P (DΛ)\P (DA)/P (D)←→ SLn(Λ)\SLn(D)/P (D).

Then we can calculate the class number of a parabolic subgroup using its Levi-

component. In particular for the minimal parabolic subgroup P of SLn(D) we prove

that the class number of P and the class number of its Levi-component T coincide.

The construction covers the case of the unique, up to conjugacy, proper parabolic

subgroup of SL2(D). We use this description in the next chapter to determine the

cusp number of SL2(Λ).

4.1 Class numbers of algebraic groups

In this section we introduce the class number of an algebraic group defined over an

algebraic number field k and state some basic properties. We are mainly following

[Bor63] and chapter 5 and 8 in [PR94].
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Let k be an algebraic number field and let Ok be its ring of integers. We

define

AOk
=
∏
v∈V∞

kv ×
∏
v∈Vf

Ov

and we denote its unit group by UOk
. The ring AOk

⊂ Ak is sometimes called the

group of integral adeles. Keep in mind that the class number of k is equal to the

cardinality of the double quotient

UOk
\A∗k/k∗.

Now let G be a linear algebraic group defined over k. Suppose that we have

a fixed embedding ϕ : G ↪→ GLr for some r ∈ N. Let L be an Ok-lattice in kr.

Then the group of L-units is defined as

GL = {g ∈ G(k) : gL = L}.

Using this group we can define a subgroup of G(Ak) as:

G(AOk
)L =

∏
v∈V∞

G(kv)×
∏
v∈Vf

GL(kv).

Note that by definition GL(kv) = {X ∈ G(kv) : XLv = Lv}. The elements in

GL(kv) are precisely those in G(kv) ⊂ GLr(kv), which are given by a matrix in

GLr(Ov) with respect to a base determined by the lattice Lv.

Definition 4.1. The class number of an algebraic group G with respect to the lattice

L is defined as

cl(L,G) = |G(AOk
)L\G(Ak)/G(k)|.

This class number may depend on the lattice L and on the embedding ϕ:G→
GLr. If the reference to a lattice is clear we will simply write cl(G).

The class number of an algebraic group is finite ([PR94, Thm. 5.1]). A

unipotent group has class number equal to 1 for any embedding chosen.

Let G = TU be a semi-direct product of two subgroups T and U , with U

unipotent and normal in G. One shows ([Bor63, Prop. 2.7]) that cl(G) ≤ cl(T ).

More precisely for any disjoint union

T (Ak) =

cl(T )⋃
j=1

T (AOk
)tjT (k)
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with tj ∈ T (Ak) for 1 ≤ j ≤ cl(T ), one obtains

G(Ak) =

cl(T )⋃
j=1

G(AOk
)tjG(k).

However this union may not be disjoint.

Let D be a finite dimensional central division algebra over k. Let G =

SLn(D), the algebraic group of reduced norm 1 matrices in Mn(D) with its natural

representation fixed. We write SLn(DA) for G(Ak). Let Λ be a maximal order in

D. Then by definition

SLn(DA) = {X = (Xv)v ∈Mn(DA) : nrdMn(Dv)/kv(Xv) = 1 for all v ∈ V

and Xv ∈Mn(Λv) almost everywhere}.

Note that SLn(DA) does not depend on the maximal order Λ chosen. Let P be a

parabolic subgroup of SLn(D). We fix a maximal order Λ in D and write

cl(Λ, P ) := |P (DΛ)\P (DA)/P (D)|.

To be precise, with the notation previously introduced, we should write L(Λ) for

the lattice induced by Λn in kr for some r ∈ N. However for the sake of simplicity

we will simply write cl(Λ, P ).

4.2 From cusp numbers to class numbers

Let k be an algebraic number field. Let v be a finite place of k and let Dv be a

central division algebra over kv. Its unique maximal order ∆v is given by {x ∈
Dv : nrd(x) ∈ Ov}. Let PG(Dv) denote the group of upper triangular matrices in

GLn(Dv).

Lemma 4.1. Let ∆v be the unique maximal order in Dv. Then

GLn(Dv) = GLn(∆v)PG(Dv).

Proof. We are following [Bum97, Prop. 4.5.2], where the lemma is proved for Dv =

kv. We prove this by induction on n. It is clear for n = 1. Now let g ∈ GLn(Dv).

We have to find k0 ∈ GLn(∆v) such that k0g is upper triangular. Our first step

is to find k1 in GLn(∆v) such that k1g has zeroes in the first column, except for
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the first entry on the main diagonal. Let

( x1

...
xn

)
be the first column in g and

let us assume that |nrd(xn)|v is maximal. If not, we simply use a permutation

matrix, for any permutation matrix is contained in GLn(∆v). Then xix
−1
n ∈ ∆v as

| nrd(xix
−1
n )|v ≤ 1 by our assumption on xn. We set

k1 :=



1
...

...

1 −x3x
−1
n

1 0 −x2x
−1
n

1 0 0 . . . −x1x
−1
n



Then k1g is of the form

(
∗ · · ·
0 g1

)
with g1 ∈ GLn−1(Dv). By induction we find

k2 ∈ GLn−1(∆v) such that k2g1 is upper triangular. Now setting

k0 =

(
1 0

0 k2

)
· k1

we obtain the required matrix.

Now let PS(Dv) denote the group of upper triangular matrices in SLn(Dv).

We show:

Lemma 4.2. Let ∆v be the unique maximal order in the division algebra Dv. Then

SLn(Dv) = SLn(∆v)PS(Dv).

Proof. The map nrdMn(Dv)/kv :PG(Dv)→ k∗v is surjective, henceGLn(Dv) = SLn(∆v)·
PG(Dv). The natural map

SLn(∆v)\SLn(Dv)/PS(Dv)→ SLn(∆v)\GLn(Dv)/PG(Dv)

is well defined. We see at once that it is injective. This proves our claim.

Let D be a finite dimensional division algebra over k with maximal order

Λ. Any parabolic subgroup of SLn(D) is conjugate to one containing the minimal

parabolic subgroup PS(D) of upper triangular matrices. We explain this in some

more detail in Section 6.1.1.

Let Dv, resp. Λv, be the completion of D, resp. Λ, at the finite place v of

k. Then Dv
∼= Mr(Sv) for some division algebra Sv over kv and Λv is conjugate to
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Mr(∆v), where ∆v is the unique maximal order in Sv. Then it follows at once that:

GLn(Dv) = GLnr(Sv) = GLn(Mr(∆v))PG(Sv) = GLn(Λv)PG(Dv)

SLn(Dv) = SLn(Λv)PS(Dv).

Theorem 4.1. Let P be a parabolic subgroup in SLn(D), for n ≥ 2, and let Λ be a

maximal order. Then |SLn(Λ)\SLn(D)/P (D)| is equal to cl(Λ, P ).

Proof. We are following [Lac05, Lemma 4.4.6], where the equality is proved for the

minimal parabolic k-subgroup P in SL2(D). This theorem holds more generally,

see [Bor63, Prop. 7.5]. Let ψ1 be the natural map defined by

SLn(Λ)\SLn(D)/P (D)→ SLn(DΛ)\SLn(DA)/P (D)

SLn(Λ)xP (D) 7→ SLn(DΛ)xP (D).

It is well defined and injective. Indeed if x, y ∈ SLn(D) satisfy

x ∈ SLn(DΛ)yP (D)

it follows at once that x ∈ SLn(Λ)yP (D), as DΛ ∩ D = Λ. Further the central

simple algebra Mn(D) is not totally definite, hence it has the strong approximation

property

SLn(DA) = SLn(DΛ)SLn(D).

So ψ1 is a bijection.

For all finite places v of k we have shown that

SLn(Dv) = SLn(Λv)P (Dv).

Hence the representatives of SLn(DΛ)\SLn(DA)/P (D) can be chosen in P (DA).

This shows that the map

P (DΛ)\P (DA)/P (D)→ SLn(DΛ)\SLn(DA)/P (D)

P (DΛ)xP (D) 7→ SLn(DΛ)xP (D)

is surjective. It is clear that it is injective as well, which proves our claim.

Let T (D) denote the group of diagonal matrices in the minimal parabolic

subgroup PS(D) of SLn(D). We show:
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Theorem 4.2. Let D be a division algebra with maximal order Λ. Then

cl(Λ, T (D)) = cl(Λ, PS(D)).

Proof. We already know that cl(Λ, PS(D)) ≤ cl(Λ, T (D)). It remains for us to show

that if t, t′ ∈ T (D), the relation t′ ∈ PS(DΛ)tPS(D) implies t′ ∈ T (DΛ)tT (D).

Suppose
t′1

. . .

t′n

 =


p1 ∗ ∗

. . . ∗
pn

 ·

t1

. . .

tn

 ·

d1 ∗ ∗

. . . ∗
dn


Here pi ∈ UΛ and di ∈ D∗ for 1 ≤ i ≤ n by definition. Then it follows that

t′1
. . .

t′n

 =


p1t1d1

. . .

pntndn


Now as

nrdMn(D)/k



x1 ∗ ∗

. . . ∗
xn


 =

n∏
i=1

nrdDv/kv(xi)

we see that


p1

. . .

pn

 ∈ T (DΛ) and


d1

. . .

dn

 ∈ T (D). This finishes the

proof.

In particular we see that:

Theorem 4.3. Let T be a Levi-subgroup of a minimal parabolic subgroup of SL2(D).

Then the cusp number c(SL2(Λ)) of SL2(Λ) equals cl(Λ, T ) = |T (UΛ)\T (D∗A)/T (D∗)|.

We will calculate this constant explicitly in the next chapter.
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Chapter 5

The cusp number of SL2(Λ)

Let D be a finite dimensional central division algebra over an algebraic number field

k. Let Λ be a maximal order in D. We are now going to calculate the number

of boundary components arising in the Borel-Serre compactification of the homoge-

neous space attached to SL2(D) under the action of the arithmetic group SL2(Λ).

This is the cusp number of SL2(Λ), which we denote by c(SL2(Λ)). It equals the

number of SL2(Λ)-conjugacy classes of proper parabolic k-subgroups of SL2(D). If

D is a field, i.e. D = k it is well known ([Sie61, Prop. 20]) that the cusp number

c(SL2(Ok)) of SL2(Ok) equals the class number hk of k.

In the previous chapter we proved that there is a bijection between the set of

SL2(Λ)-conjugacy classes of parabolic k-subgroups of SL2(D) and the class number

of the Levi-subgroup T of a minimal parabolic subgroup P in SL2(D). Using this

approach we show that, if D is not a totally definite quaternion algebra, c(SL2(Λ)) =

hD, the class number of D.

However the calculation of the cusp number of SL2(Λ) for a maximal order

Λ in a totally definite quaternion algebra is much more difficult. It involves certain

invariants of all maximal orders of D, which measure for instance how much the

orders fail to have the cancellation property. A large part of this chapter is dedicated

to this calculation. We start that part with some special cases, assuming for instance

that the reduced norm map of the unit groups of all maximal orders to the group

of totally positive units (O∗k)+ is surjective. Afterward we give the final formula

for totally definite quaternion algebras over arbitrary totally real number fields and

show that the cusp number is independent of the choice of maximal order in D. At

last we provide some explicit examples of calculations of cusp numbers c(SL2(Λ))

for maximal orders Λ in totally definite quaternion algebras.
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5.1 Cusps

For now and for the rest of this chapter let D be a finite dimensional central division

algebra over an algebraic number field k. Let Λ be a maximal order in D. It defines

an arithmetic group SL2(Λ) in the algebraic k-group SL2(D). We are interested

in the number of boundary components arising in the Borel-Serre-compactification

of the homogeneous space attached to SL2(D) under the action of SL2(Λ). This

number equals the number of SL2(Λ)-conjugacy classes of (proper) parabolic k-

subgroups of SL2(D) and will be denoted by c(SL2(Λ)).

The group SL2(D) contains a minimal parabolic subgroup P (D) of upper

triangular matrices. It is the unique (up to conjugacy) proper parabolic k-subgroup

of SL2(D). So

c(SL2(Λ)) = |SL2(Λ)\SL2(D)/P (D)|.

In the previous chapter (Theorem 4.3) we have further proved that c(SL2(Λ)) =

cl(Λ, T ), where T denotes the Levi-subgroup of diagonal matrices in P (D), i.e.

T (D∗) =

{(
x

y

)
∈M2(D) : nrd(xy) = 1

}
.

So our aim is to calculate the cardinality of

T (UΛ)\T (D∗A)/T (D∗)

for a maximal order Λ in D.

5.2 Upper and lower bound

Let D be a central division algebra over an algebraic number field k. Let Λ be a

maximal order in D. In this section we will give an upper and a lower bound for the

cusp number c(SL2(Λ)). We will use the adelic description of the previous section.

We will further show that for a large class of division algebras those bounds are

equal. However, in general the cusp number may be different from both of these

bounds.

For α ∈ D∗A let Λα be the unique left Λ-ideal in D, such that for all finite

places v of k,

(Λα)v = Λvαv.

We have seen (Theorem 1.3), that the ideal Λα is well defined. The isomorphism
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classes {Λx1, . . . ,ΛxhD} of left Λ-ideals correspond to the decomposition of D∗A given

by

D∗A =

hD⋃
i=1

UΛxiD
∗

for some xi ∈ D∗A, 1 ≤ i ≤ hD. For any maximal order Λ in D we define sΛ as

sΛ =
∣∣UΛ\UΛN

1(D∗A)D∗/D∗
∣∣ .

This is the cardinality of the kernel of the natural projection LF1(Λ) → Cl(Λ)

mapping isomorphism classes of left Λ-ideals to stable isomorphism classes. Further

let nΛ be defined by

nΛ =
∣∣N1(UΛ)\N1(D∗A)/N1(D)

∣∣ .
Note that nΛ = cl(Λ, N1(D)) in the notation of the previous chapter. Hence both

sΛ and nΛ are finite. One shows:

Theorem 5.1. Let D∗A =
hD⋃
i=1

UΛxiD
∗ be a decomposition of D∗A corresponding to a

set of representatives of left Λ-ideal classes. Then

hD∑
i=1

sxiΛx−1
i
≤ c(SL2(Λ)) ≤

hD∑
i=1

nxiΛx−1
i
.

Proof. This can also be found in [Lac05, Satz 5.3.1]. For the sake of simplicity we

will write [x] for the double coset UΛxD
∗ in D∗A. Further we write [x, y] for the

double coset T (UΛ) ( x y )T (D∗) in T (D∗A). Note that nrd(xy) = 1 holds. So in

particular y ∈ x−1N1(D∗A) = N1(D∗A)x−1.

Let φ denote the projection T (UΛ)\T (D∗A)/T (D∗) to UΛ\D∗A/D∗ given by

T (UΛ)

(
x

y

)
T (D∗) 7→ UΛxD

∗.

This may also be written as [x, y] 7→ [x]. The map φ is well defined and surjective.

It is clear that

c(SL2(Λ)) =

hD∑
i=1

∣∣φ−1([xi])
∣∣ ,

hence we will investigate for each class [xi] the cardinality of the fiber φ−1([xi]) to

get a description of c(SL2(Λ)).

Note that for each class [x, y] in φ−1([xi]) there exists an element n ∈ N1(D∗A)

such that [x, y] = [xi, x
−1
i n]. This follows easily from the definitions. Further if
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[xi, x
−1
i n] = [xi, x

−1
i n′] we see at once that n ∈ xiUΛx

−1
i n′D∗. Now xiUΛx

−1
i =

UxiΛx−1
i

, hence

sxiΛx−1
i
≤
∣∣φ−1([xi])

∣∣ .
On the other hand, if n ∈ xiN1(UΛ)x−1

i n′N1(D∗), then clearly [xi, x
−1
i n] =

[xi, x
−1
i n′], so ∣∣φ−1([xi])

∣∣ ≤ nxiΛx−1
i
.

Let us suppose that D is not a totally definite quaternion algebra. Then

Theorem 1.2 states that nΛ = 1 for any maximal order Λ of D. This shows:

Lemma 5.1. If D is not a totally definite quaternion algebra, then

c(SL2(Λ)) = hD = hDk

for any maximal order Λ in D.

Any number field is a division algebra over itself. Also note that if D = k,

hD equals the class number hk of k. So as a special case we obtain:

Corollary 5.1. Let k be a number field. Then the cusp number of SL2(Ok) is hk.

We have solved the cusp number problem for a large class of division algebras.

What is still needed is a formula for totally definite quaternion algebras D. It has

been shown ([KO90, Satz 2.1]), that for any maximal order Λ in a totally definite

quaternion algebra D over Q the cusp number of SL2(Λ) equals the square of the

class number hD of D, i.e.

c(SL2(Λ)) = h2
D.

In the following sections we will calculate the cusp number of a maximal order in a

totally definite quaternion algebra over an arbitrary number field k. From now on

we will assume that D is totally definite.

5.2.1 The lower bound

Let D be a totally definite quaternion algebra over an algebraic number field k and

let Λ be a maximal order. Let
hD⋃
i=1

UΛxiD
∗

be the decomposition of D∗A corresponding to the isomorphism classes of left Λ-

ideals with xi ∈ D∗A for 1 ≤ i ≤ hD. We denote the double coset UΛxiD
∗ by [xi].
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Note that the isomorphism class of the Λ-ideal Λxi is uniquely determined by [xi].

Hence the isomorphism class of its right order x−1
i Λxi is uniquely determined by

[xi]. However this may not hold for the isomorphism class of xiΛx
−1
i . Due to the

non-commutativity of D∗A, it is not clear whether [xi] 6= [xj ] implies [x−1
i ] 6= [x−1

j ]

or not. So in fact the sum
hD∑
i=1

sxiΛx−1
i

might depend on the choice of representatives

xi. We prove that this is not the case.

So far we have interpreted s as an invariant of a maximal order (more pre-

cisely of the isomorphism class of an order), i.e. as a map from the set of types of

maximal orders to N defined in the obvious way by

s(Λ) = sΛ = |UΛ\UΛN
1(D∗A)D∗/D∗|.

An isomorphism class of left Λ-ideals determines, via its right order, a type of

maximal order. So we may define a map, denoted by s again, from LF1(Λ)→ N via

s(Λα) = sα−1Λα

for α ∈ D∗A.

We have a projection from LF1 to the class group Cl(Λ) of Λ, the set of stable

isomorphism classes of left Λ-ideals. We will now show that s factorizes through a

map on Cl(Λ).

Lemma 5.2. If Λα and Λβ are stable isomorphic left Λ-ideals in D, then sα−1Λα =

sβ−1Λβ.

Proof. We know that Λα and Λβ are stable isomorphic if and only if α ∈ UΛN
1(D∗A)D∗β

by Theorem 1.4, which holds if and only if Λαβ−1 is stable locally free. So we may

restrict our attention to the case β = 1.

For a fixed α ∈ UΛN
1(D∗A)D∗ define a map

Uα−1Λα\Uα−1ΛαN
1(D∗A)D∗/D∗ → UΛ\UΛN

1(D∗A)D∗/D∗

Uα−1ΛαnD
∗ 7→ UΛαnD

∗.

Now α = un′d for some u ∈ UΛ, n
′ ∈ N1(D∗A) and d ∈ D∗, hence

UΛαnD
∗ = UΛun

′dnd−1dD∗ = UΛn
′ndD∗

where nd = dnd−1. So αn ∈ UΛN
1(D∗A)D∗, as required. It is well defined, for let
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α−1unαndn be another representative of Uα−1ΛαnD
∗. Then

Uα−1Λαα
−1unαndnD

∗ 7→ UΛαα
−1unαndnD

∗ = UΛαnD
∗.

One shows analogously that the inverse given by “multiplication” with α−1

is well defined. This proves our claim.

Let (Λα) denote the stable isomorphism class of Λα. The set of all stable

isomorphism classes of left Λ-ideals forms a commutative group Cl(Λ), with addition

given by

(Λα) + (Λβ) = (Λαβ).

The neutral element is (Λ). Now for any u ∈ UΛ we have

(Λα) = (Λα) + (Λ) = (Λα) + (Λu) = (Λαu).

Theorem 5.2. Let {xi}i=1,...hD be a set of representatives in D∗A of double cosets

of UΛ\D∗A/D∗. Then the sum S(Λ) =
hD∑
i=1

sxiΛx−1
i

is independent of the choice of

representatives xi.

Proof. Elements in D∗ induce a (global) conjugation of the order, which is an iso-

morphism. This does not influence the invariant sxiΛx−1
i

. The order xiΛx
−1
i is

defined as the right order of the ideal Λx−1
i . Replacing xi by uxi, for some u ∈ UΛ,

gives the ideal Λx−1
i u−1, which is, as we have seen above, stable isomorphic to Λx−1

i .

Hence by Lemma 5.2, sxiΛx−1
i

is well defined.

5.2.2 The choice of maximal order

Let D be a totally definite quaternion algebra over k. In the above formula for the

lower bound we see that we have to deal with a kind of inversion on the left Λ-ideals.

More precisely for an ideal Λx we have to find the right order of Λx−1. We have

seen above that it is in fact enough, to invert the class (Λx) and give one of the

possible right orders. In fact all orders nxΛx−1n−1, for n ∈ N1(D∗A) have the same

invariant sxΛx−1 .

Definition 5.1. Two maximal orders Λ, Γ are called stable isomorphic if there

exists an element n ∈ N1(D∗A) such that Γ is isomorphic to nΛn−1.

We can introduce stable isomorphism classes on the set of isomorphism

classes of maximal orders, which we denote by [Λ]. The number of stable iso-

morphism classes of maximal orders is denoted by sD. We have seen above (Lemma
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5.2) that two stable isomorphic orders Λ, Γ satisfy sΛ = sΓ. One shows analogously

that nΛ = nΓ holds as well.

We see at once that if two left Λ-ideals are stable isomorphic, then so are

their right orders. The number of stable isomorphism classes of left Λ-ideals equals

h+
k , so in particular we see that sD ≤ h+

k . However we may find ideals I, J , having

stable isomorphic right orders, without being stable isomorphic, e.g. if x ∈ D∗A is in

the normalizer of DΛ, then xΛx−1 = Λ. However there is no reason why x should

be in N1(D∗A), respectively why Λx−1 and Λ should be stable isomorphic as ideals.

For a maximal order Λ we can describe its normalizer N(Λ) := N(DΛ) ⊂ D∗A
quite accurately:

- If v ∈ V∞ we have N(Λ)v = H∗.

- If v ∈ Vf and D is ramified at v, then Λv is equal to the unique maximal order

∆ = {x ∈ Dv : nrd(xv) ∈ Ov}.

Its normalizer is D∗v .

- If v ∈ Vf and Dv is split at v, then Λv is conjugate to M2(Ov). Its normalizer

equals k∗Λ∗v.

We denote by V r
f the set of finite places v of k, where Dv is a division algebra,

and further by V s
f the finite places v of k, where Dv

∼= M2(kv). Then we see

nrd(N(Λ)) =
∏
v∈V∞

R+ ×
∏
v∈V r

f

k∗v ×
∏
v∈V s

f

O∗v · k2
v

where k2
v is the set of squares in k∗v . Note that nrd(N(Λ)) is independent of the

choice of maximal order Λ.

It follows that for any x ∈ D∗A,

x2 ∈ N(Λ)N1(D∗A).

So in particular note that [x2Λx−2] = [Λ] and hence

[xΛx−1] = [x−1Λx]

for any maximal order Λ and x ∈ D∗A. This implies that sD = |Cl(Ok)+/(Cl(Ok)+)2|,
where (Cl(Ok)+)2 is the group of squares in Cl(Ok)+. We show:

56



Lemma 5.3. The sum S(Λ) =
hD∑
i=1

sxiΛx−1
i

is equal to

hD∑
i=1

sx−1
i Λxi

=
∑

Γ

HΓsΓ

where the sum on the right hand side runs over all maximal orders of D. In partic-

ular S(Λ) is independent of the choice of maximal order Λ in D.

Proof. We have already seen that
hD∑
i=1

sxiΛx−1
i

=
hD∑
i=1

sx−1
i Λxi

holds. Note that HΓ is

the number of two-sided Γ-ideals. In particular the number of left Λ-ideals, whose

right order is Γ, equals HΓ. So the equality follows. We see at once that S(Λ) = S(Γ)

for all maximal orders Λ, Γ in D.

5.2.3 The case hk = h+
k

To motivate the general theorem at the end of this chapter, we will now give an

explicit formula for c(SL2(Λ)) for a maximal order Λ in a totally definite quaternion

algebra D over a number fields k, satisfying hk = h+
k . This already solves the cusp

number problem for a large class of totally definite quaternion algebras over algebraic

number fields. As usual, we assume that D is totally definite, so k is totally real.

First we need the following lemma:

Lemma 5.4. If hk = h+
k then (O∗k)+ = (O∗k)2.

Proof. Denote by σ1, . . . σn the different embeddings k ↪→ R, where n = [k : Q].

Let {e1, . . . en−1} be a set of fundamental units in O∗k, chosen such that σn(ei) > 0

for i = 1, . . . n− 1 (this is always possible, we can multiply with (−1) if necessary).

Define ψ : O∗k → (Z/2Z)n−1 via

ψ(e) = (sg(σ1(e)), . . . , sg(σn−1(e))) ⊂ (Z/2Z)n−1

for any element e in O∗k with σn(e) > 0.

Here sg : R∗ → {0, 1} is defined by

sg(t) =

{
1 t < 0

0 t > 0
.

Then hk = h+
k holds, if and only if ψ is surjective. We clearly have ψ(xy) =

ψ(x) + ψ(y) for all x, y ∈ O∗k.
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Now suppose
n−1∏
i=1

erii is totally positive. This is the case if and only if

ψ

(
n−1∏
i=1

erii

)
=

n−1∑
i=1

riψ(ei) = 0.

Now ψ is surjective if and only if the elements ψ(e1), . . . ψ(en−1) form a basis of

(Z/2Z)n−1. Any nontrivial relation of the above form forces a linear dependence of

the ψ(e1), . . . , ψ(en−1) in the vector space (Z/2Z)n−1, which is a contradiction. So

all ri must be even and the result is established.

Theorem 5.3. Let D be a totally definite quaternion algebra over a number field

k. If hk = h+
k then c(SL2(Λ)) =

hD∑
i=1

sxiΛx−1
i

= S(Λ) for any maximal order Λ. In

particular the cusp number is independent of the choice of maximal order Λ in D.

Proof. Let D∗A =
hD⋃
i=1

UΛxiD
∗ be a decomposition of D∗A corresponding to the iso-

morphism classes of left Λ-ideals and let φ denote the projection map [x, y] 7→ [x],

as in the proof of Theorem 5.1.

We will prove that for all n, n′ ∈ N1(D∗A) if x−1
i n′ ∈ UΛx

−1
i nD∗, i.e. x−1

i n′ =

ux−1
i nd for some u ∈ UΛ, d ∈ D∗, there exist nu ∈ N1(UΛ) and nd ∈ N1(D) such

that

xi = nuu
−1xid

−1nd.

In other words we will prove that the cardinality of the fiber φ−1([xi]) equals sxiΛx−1
i

.

Suppose n′ = xiux
−1
i nd for some u ∈ UΛ, d ∈ D∗. Then nrd(ud) = 1. On the

other hand nrd(uv) ∈ O∗v for all finite places v and nrd(d) ∈ (k∗)+. Hence nrd(d) ∈
(O∗k)+. By the lemma above, (O∗k)+ = (O∗k)2, hence there exists a unit e ∈ O∗k such

that nrd(ed) = 1. Then nrd(ue−1) = 1. Let nd ∈ N1(D) and nu ∈ N1(UΛ) be such

that d−1 = end and u−1 = nue
−1. Then

x−1
i N1(UΛ)u−1xid

−1N1(D) = x−1
i N1(UΛ)nue

−1xiendN
1(D).

As e ∈ k∗ commutes with every element in D∗A the claim follows.

Corollary 5.2. Let D be a totally definite quaternion algebra over an algebraic

number field k and let Λ be a maximal order in D. If h+
k = 1, then c(SL2(Λ)) = h2

D.

Proof. If h+
k = 1 then hk = 1 = h+

k so we may apply the previous theorem. Then

h+
k = 1 implies that the class group Cl(D) of D is trivial, so sΛ = hD for all maximal
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orders Λ.

Note that if hk = h+
k , the upper and lower bound of Theorem 5.1 coincide:

Lemma 5.5. Let D be a totally definite quaternion algebra over an algebraic number

field k satisfying hk = h+
k . Then for any maximal order Λ in D the equality

sΛ = nΛ

holds.

Proof. Let τ : N1(UΛ)\N1(D∗A)/N1(D)→ UΛ\UΛN
1(D∗A)D∗/D∗ be defined as

N1(UΛ)nN1(D) 7→ UΛnD
∗.

Then τ is well defined and surjective. We will show that τ is injective: Suppose

n′ = und for u ∈ UΛ, d ∈ D∗. Then nrd(ud) = 1, hence nrd(d) ∈ (k+)∗ ∩ UOk
=

(O+
k )∗ = (O∗k)2. There exists e ∈ O∗k such that e2 = nrd(d). In other words

d ∈ e ·N1(D). A similar argument gives u ∈ N1(UΛ)e−1. Now O∗k commutes with

D∗A, hence n′ = und = nue
−1nend = nunnd for some nu ∈ N1(UΛ), nd ∈ N1(D). So

τ is injective.

Example 7. Let k be the real quadratic field Q(
√

10). Then by Dirichlet’s Unit

Theorem O∗k is a free Z-module of rank 1. It can be generated by e = 3+
√

10. Note

that e is not totally positive, hence h+
k = hk = 2. Let D = Q(−1,−1|k). Using the

computer algebra system Magma we see that D has exactly four types of maximal

orders given by:

Λ1 =〈1, 1 + i,

√
10

2
(1 + i), 1 + j,

√
10

2
(1 + j),

1

2
(1 + i+ j + ij)〉

Λ2 =〈1, i, 1

2
(
√

10 + i+ j),
1

2
(1 +

√
10i+ ij)〉

Λ3 =〈1, 1

2
(2 +

√
10 + (1 + 2

√
10)i+ j),

8−
√

10

4
(2 +

√
10 + (1 + 2

√
10)i+ j),

1

2
(1 + (2 +

√
10)i+ ij), (8 + 9

√
10)i,

√
10i〉

Λ4 =〈1, 2i, 1

2
(2 +

√
10 + (2

√
10− 3)i+ j),

10−
√

10

4
(2 +

√
10 + (2

√
10− 3)i+ j),

1

2
(2 +

√
10 +

1

2
(8 + 3

√
10)i+

1

2

√
10j + ij),

10 + 5
√

10

4
(2 +

√
10 +

1

2
(8 + 3

√
10)i+

1

2

√
10j + ij)〉
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Further, each maximal order is its unique two-sided ideal, hence hD = 4. Some easy

calculations show that sΛi = 2 for i = 1, . . . 4. Hence by the above theorem we see

that

c(SL2(Λ)) = 8.

Note that we have now found an example with c(SL2(Λ)) 6= hD, h
2
D.

5.2.4 Surjective norms

Let D be a totally definite quaternion algebra over an algebraic number field k. Let

{xi}i=1,...,hD be a set of representatives of double cosets UΛ\D∗A/D∗ in D∗A. We will

now prove a generalization of Theorem 5.3.

Theorem 5.4. If nrd(Λ∗) = (O∗k)+ for all maximal orders Λ in D then c(SL2(Λ)) =
hD∑
i=1

sxiΛx−1
i

= S(Λ). The cusp number c(SL2(Λ)) is independent of the choice of

maximal order Λ in D.

Proof. We use the same notation as in the proof of Theorem 5.1. We want to show

that |φ−1([xi])| = sxiΛx−1
i

for 1 ≤ i ≤ hD.

Suppose n = xiux
−1
i n′u for some u ∈ UΛ, d ∈ D∗. We need to find nu ∈

N1(UΛ), nd ∈ N1(D) such that(
xi

x−1
i n

)
=

(
u−1nu

u

)
·

(
xi

x−1
i n′

)
·

(
d−1nd

d

)
.

By construction we have nrd(ud) = 1. On the other hand nrd(uv) ∈ O∗v for all finite

places v and nrd(d) ∈ (k∗)+. Hence nrd(u),nrd(d) ∈ (k∗)+ ∩
⋂
v∈Vf
O∗v = (O∗k)+.

We have assumed that nrd(Γ∗) = (O∗k)+ for any maximal order Γ of D. Hence

there exists an element λ in the unit group of the maximal order x−1
i Λxi such that

nrd(λ−1) = nrd(d). Therefore dλ ∈ N1(D). Say d = λ−1nd. Further xiλx
−1
i ∈ UΛ

hence u can be written as u = nuxiλx
−1
i for some nu ∈ N1(UΛ). Using the first line

of the equation above, it remains to show that

xi ∈ N1(UΛ)nuxiλx
−1
i xiλ

−1ndN
1(D)

or equivalently that

1 ∈ N1(Ux−1
i Λxi

)N1(D)

which is trivial. This proves the claim.
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Remark In this proof we have actually shown that nΛ = sΛ.

Example 8. Let k = Q(
√

3), then 2 +
√

3 is the fundamental unit of O∗k and so

h+
k = 2 and hk = 1. Let D = Q(−1,−1|k). There are two types of maximal orders

given by

Λ1 =〈1, i, 1

2
(
√

3i+ j),
1

2
(
√

3 + ij)〉

Λ2 =〈1, (1 +
√

3)i,
1

4
(1 +

√
3)(2−

√
3i+ j),

1

2
(2 +

√
3i+ ij)〉

Further we have hD = 2 and we see that

nrd(i+
1

2
(
√

3i+ j)) =

(
1 +

√
3

2

)2

+
1

4
= 2 +

√
3

nrd

(
1

4
(1 +

√
3)(2−

√
3i+ j)

)
=

2 +
√

3

8
(4 + 3 + 1) = 2 +

√
3

Hence nrd(Λ∗i ) = (O∗k)+ for i = 1, 2. The fact that the reduced norm map maps to

O∗k shows that those elements are units. Using that the map nrd :LF1(Λ)→ Cl(Ok)+

has to be surjective, we see that sΛi = 1 for i = 1, 2. This gives

c(SL2(Λ1)) = c(SL2(Λ2)) = 2

and we also see that both orders have the cancellation property.

5.3 General result

Let Λ be a maximal order in a totally definite quaternion algebra D over a totally

real number field k. Let {xi}i=1,...,hD be a set of representatives of double cosets in

D∗A such that D∗A =
hD⋃
i=1

UΛxiD
∗. For any maximal order Λ we set

OΛ = (O+
k )∗/nrd(Λ∗).

This is a finite group, as O∗k ⊂ Λ∗. We denote its cardinality by oΛ. Let Γ be

another maximal order in D. We set

oΛ,Γ := [(O+
k )∗ : (nrd(Λ∗) · nrd(Γ∗))].
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It is clear that oΛ,Γ ≤ oΛ.

For any maximal order Λ in D, let nΛ,j be a set of representatives of the

double cosets UΛ\UΛN
1(D∗A)D∗/D∗. For the sake of simplicity we write

ni,j := nxiΛx−1
i ,j .

Now we are able to show:

Theorem 5.5. The cusp number of SL2(Λ) for a maximal order Λ in a totally

definite quaternion algebra D equals

c(SL2(Λ)) =

hD∑
i=1

s
xiΛx−1

i∑
j=1

ox−1
i Λxi,n

−1
i,j xiΛx

−1
i ni,j

. (◦)

Proof. We use the same notation as in the proof of Theorem 5.1. Let n ∈ N1(D∗A)

be fixed. Given n′ in the class xiUΛx
−1
i nD∗ of n, we want to determine whether

[xi, x
−1
i n′] = [xi, x

−1
i n]. Every n′ in xiUΛx

−1
i nD∗ can be written in the form n′ =

xiux
−1
i nd′, with u ∈ UΛ, d ∈ D∗, satisfying nrd(ud) = 1. Now n and n′ determine

the same class if and only if

(
xi

x−1
i (xiux

−1
i nd)

)
∈

(
u−1N1(UΛ)

u

)(
xi

x−1
i n

)(
N1(D∗)d−1

d

)
.

This holds, if and only if

1 ∈ (x−1
i u−1xi)x

−1
i N1(UΛ)xiN

1(D∗)d−1,

which is true if and only if

x−1
i uxid ∈ N1(Ux−1

i Λxi
)N1(D∗).

This implies that, up to an element in N1(D∗), d is contained in Ux−1
i Λxi

∩D∗, so,

in particular, nrd(d) ∈ nrd((x−1
i Λxi)

∗).

More generally one sees that for u, u′ ∈ UΛ, d, d′ ∈ D∗ the classes [xi, x
−1
i (xiux

−1
i nd)]

and [xi, x
−1
i (xiu

′x−1
i nd′)] are equal if and only if

nrd(d−1d′) ∈ nrd((x−1
i Λxi)

∗).

So the two classes coincide, if and only if nrd(d) and nrd(d′) are in the same class

62



in OΛ.

However one has to be very careful here. Suppose y ∈ nrd(n−1xiΛx
−1
i n)∗,

with λ ∈ (n−1xiΛx
−1
i n)∗ such that nrd(λ) = x. Then u = nλn−1 ∈ UxiΛx−1

i
and so

u−1nλ = n

even though there is no way to decide, whether or not y ∈ nrd(x−1
i Λxi)

∗. It is

also evident that if n = und, for some u ∈ xiUΛx
−1
i , d ∈ D∗, it follows that d ∈

(n−1xiΛx
−1
i n)∗, so only elements in nrd((n−1xiΛx

−1
i n)∗) can appear additionally.

Let ni,j be a set of representatives of UxiΛx−1
i
\UxiΛx−1

i
N1(D∗A)D∗/D∗ in

N1(D∗A). Then we have just seen that

φ−1([xi]) =

s
xiΛx−1

i∑
j=1

ox−1
i Λxi,n

−1
i,j xiΛx

−1
i ni,j

.

It is easy to see that ox−1
i Λxi,n

−1
i,j xiΛx

−1
i ni,j

is independent of the choice of represen-

tatives ni,j , but this is not clear for the choice of xi. However in the course of

the proof that sxiΛx−1
i

is independent of the choice of representatives, we gave an

explicit bijection between the double cosets. So a different choice of xi shuffles the

representatives ni,j and the above sum is independent of all choices made. This

proves our claim.

We will now give a different description of OΛ. It implies that oΛ ≤ nΛ.

Lemma 5.6. There is a bijection between OΛ and N1(UΛ)\N1(UΛD
∗)/N1(D).

Proof. We define a map ψ from OΛ to N1(UΛ)\N1(UΛD
∗)/N1(D) as follows: let x

be a representative of a class of OΛ. As x ∈ k+−{0} there exists an element d ∈ D∗

such that nrd(d) = x and further as x−1 ∈ O∗v for all finite places v, there exists an

element u ∈ UΛ such that nrd(u) = x−1. Set ψ(x) = N1(UΛ)udN1(D). We have to

prove that ψ is well defined.

First, ψ(x) is independent of the choice of u, d: Let d′ ∈ D∗ another element such

that nrd(d) = nrd(d′) = x. Then d(d′)−1 ∈ N1(D) and there exists nd ∈ N1(D)

such that d′ = dnd. Similarly for u, u′ ∈ UΛ with nrd(u) = nrd(u′) = x−1 we find

nu ∈ N1(UΛ) such that u′ = nuu. Then

N1(UΛ)u′d′N1(D) = N1(UΛ)nuudndN
1(D) = N1(UΛ)udN1(D)
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and the claim follows.

Second, ψ(x) is independent of the choice of representative x in the class x nrd(Λ∗):

Let y ∈ nrd(Λ∗) and let λ ∈ Λ∗ be such that nrd(λ) = y. Let d ∈ D∗ be such that

nrd(d) = x and u ∈ UΛ such that nrd(u) = x−1. Then λd ∈ D∗ and nrd(dλ) = xy,

likewise uλ−1 ∈ UΛ and nrd(λ−1u) = y−1x−1. Hence

ψ(xy) = N1(UΛ)uλ−1λdN1(D) = ψ(x).

We define an inverse map ψ−1 to ψ by setting ψ−1(ud) = nrd(d). We have

to show that ψ−1 is well defined. Suppose we have another representative in

N1(UΛ)udN1(D), so there is an equality u′d′ = ud for some u′ ∈ UΛ, d′ ∈ D∗.

Then

(u′)−1u = d′d−1 ∈ UΛ ∩D∗ = Λ∗

Therefore nrd(d′) ∈ nrd(d) nrd(Λ∗) and the claim follows.

Remark If D is not totally definite, then we know that N1(D∗A) = N1(UΛ)N1(D)

for any maximal order Λ. In particular by adjusting the lemma above one shows

that for any maximal order Λ of D we have

nrd(Λ∗) = (O∗k) ∩ nrd(D∗).

So for every unit x ∈ (O∗k)D = O∗k ∩ kD and every maximal order Λ there exists

λ ∈ Λ∗ such that nrd(λ) = x.

Remark The above formula is also valid for central simple algebras D, which are

not totally definite. Indeed by the remark above, oΛ,Γ = 1 for any two maximal

orders in D and every order Λ has the cancellation property, so sΛ = 1. This gives

again the formula c(SL2(Λ)) = hD.

This general formula (◦) in Theorem 5.5 looks rather complicated. Further

it is not clear, whether c(SL2(Λ)) is independent of the choice of maximal order. In

order to simplify the formula, we introduce some more notation. Let

rΛ =
∑

Γ

oΓ

where the sum runs over all right orders of isomorphism classes of stable locally free

left Λ-ideals, so there are sΛ many terms. More precisely if n1, . . . nsΛ is a set of
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representatives of UΛ\UΛN
1(D∗A)D∗/D∗ then

rΛ =

sΛ∑
i=1

on−1
i Λni

.

It is clear that if Λ and Γ are stable isomorphic, then rΛ = rΓ. For any maximal

order ∆ , we set

r∆,Λ =
∑

Γ

o∆,Γ.

We have just shown that:

Theorem 5.6. Let x1, . . . xhD ∈ D∗A be a set of representatives of UΛ\D∗A/D∗. Let

Λ be a maximal order in D. The cusp number of SL2(Λ) for a maximal order Λ is

given by

c(SL2(Λ)) =

hD∑
i=1

rx−1
i Λxi,x

−1
i Λxi

=
∑

Γ

HΓrΓ,Γ.

Here the sum on the right hand side runs over all maximal orders Γ of D. In

particular for any two maximal orders Λ1, Λ2 in D we have

c(SL2(Λ1)) = c(SL2(Λ2)),

so the cusp number is independent of the choice of maximal order in D.

Proof. We have already shown that

c(SL2(Λ)) =

hD∑
i=1

rxiΛx−1
i ,x−1

i Λxi

and by the argumentation above, xiΛx
−1
i and x−1

i Λxi are stable isomorphic. This

proves the first equality. Each order Γ is the right order of exactly HΓ left Λ-ideals,

hence it appears exactly HΓ-many times in the sum. This shows the second equality.

The last assumption is now obvious.

Note that in general c(SL2(Λ)) may be different from the upper and the

lower bound given in Theorem 5.1. Indeed, one shows:

Theorem 5.7. Let Λ be a maximal order in a totally definite quaternion algebra D

over an algebraic number field k. Let {ni}i=1,...,sΛ be a set of representatives of the
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double quotient UΛ\UΛN
1(D∗A)D∗/D∗ in N1(D∗A). Then

nΛ =

sΛ∑
i=1

on−1
i Λni

= rΛ.

Proof. Let φ denote the natural map

N1(UΛ)\N1(D∗A)/N1(D∗)→ UΛ\UΛN
1(D∗A)D∗/D∗

N1(UΛ)nN1(D∗) 7→ UΛnD
∗

Let, as usual, [n] denote the class UΛnD
∗ in UΛ\UΛN

1(D∗A)D∗/D∗. It is clear that

nΛ =
sΛ∑
i=1
|φ−1([ni])|, so we calculate the cardinality of each fiber φ−1([ni]).

Let n ∈ N1(D∗A) be a representative of a double coset N1(UΛ)nN1(D∗) in

N1(UΛ)\N1(D∗A)/N1(D∗). Then n ∈ φ−1([ni]) if and only if there exist u ∈ UΛ, d ∈
D∗ such that n = unid. We see that N1(UΛ)nN1(D∗) = N1(UΛ)niN

1(D∗) if and

only if

unid ∈ N1(UΛ)niN
1(D∗)

which holds if and only if

n−1
i unid ∈ N1(Un−1

i Λni
)N1(D).

This is true if and only if nrd(d) ∈ nrd((n−1
i Λni)

∗). If u′nid
′ is a different choice of

elements, with u′ ∈ UΛ, d
′ ∈ D∗ satisfying u′nid

′ = n = unid, it follows that

(d(d′)−1) = n−1
i u−1u′ni ∈ Un−1

i Λni
∩D∗ = (n−1

i Λni)
∗.

This proves our claim.

5.4 Examples

In this section we will give some examples of cusp numbers c(SL2(Λ)) for a maximal

order Λ in a totally definite quaternion algebra. We have calculated them, using the

computer algebra systems Magma, Sage and Mathematica. The first example can

be done using Mathematica only, if the generators of the ideals are known.

Isomorphism classes of maximal orders, left ideal classes and norms of ideals

are calculated using the computer algebra system Magma. To find the generator of

a principal ideal, we have used Sage.
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5.4.1 The algebra Q(−1,−1|Q(
√

6))

Let k = Q(
√

6). The ring of integers Ok is a principal ideal domain, hence hk = 1.

A fundamental unit of O∗k is given by

e = 5 + 2
√

6

which is totally positive. Hence the narrow class number of k equals h+
k = 2. Let

D = Q(−1,−1 | k). It can be shown, using Magma, that D has three types of

maximal orders given by:

Λ1 = 〈1, 1

2
(2 +

√
6)(1 + i),

1

2
(2 +

√
6)(1 + j),

1

2
(1 + i+ j + ij)〉

Λ2 = 〈1, i, 1

2
(
√

6 + i+ j),
1

2
(1 +

√
6i+ ij)〉

Λ3 = 〈1, (2 +
√

6)i,
1

4
(2 +

√
6)(
√

6 + i+ j),
1

2
(1 +

√
6i+ ij)〉

We will first show that 5 + 2
√

6 is contained in nrd(Λ∗i ) and thus oΛi = 1 for

i = 1, 2, 3. Indeed for Λ1 we have

nrd

(
1

2
(2 +

√
6)(1 + j)

)
=

1

2
(4 + 4

√
6 + 6) = 5 + 2

√
6.

For Λ2 we see

nrd

(
(3 +

√
6)i+ (−2−

√
6)

1

2
(1 +

√
6i+ ij)

)
=

=

(
−2−

√
6

2

)2

+

(
3 +
√

6 +
√

6
−2−

√
6

2

)2

+

(
−2−

√
6

2

)2

= 2

(
4 + 4

√
6 + 6

4

)
+

(
6 + 2

√
6− 2

√
6− 6

2

)2

= 5 + 2
√

6.

For Λ3 note that

nrd

(
1

4
(2 +

√
6)(
√

6 + i+ j)

)
=

1

16
(4 + 4

√
6 + 6)(6 + 1 + 1) = 5 + 2

√
6.

It remains to calculate sΛi . We have hD = 3 hence the left ideal classes of an order

Λ are given by ΛΛ1, ΛΛ2 and ΛΛ3. It can be shown explicitly (using Magma or

Mathematica) that one obtains the following table
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Order ideal in D ideal in k

Λ1 Λ1 (1)

Λ1Λ2

(
1 +

√
6

2

)
Λ1Λ3

(
1
2

)
Λ2 Λ2Λ1

(
1 +

√
6

2

)
Λ2 (1)

Λ2Λ3

(
1 +

√
6

2

)
Λ3 Λ3Λ1

(
1
2

)
Λ3Λ2

(
1 +

√
6

2

)
Λ3 (1)

Hence

sΛ1 = 2

sΛ2 = 1

sΛ3 = 2

This shows that

c(SL2(Λ1)) = c(SL2(Λ2)) = c(SL2(Λ3)) = 5.

This is our first example of a cusp number c(SL2(Λ)) which is not an integral

multiple of the class number hD.

5.4.2 The algebra Q(−1,−1|Q(
√

219))

This example is calculated using a student version of the computer algebra system

Magma. Some parts of the calculation are done with Sage. This subsection is

organized as follows: We first give the general background information. Then we

will explain in some detail how the calculations, resp. what kind of calculations, we

have done and give the results. At the end we will write down the explicit source

code for Magma.

Background

Let k = Q(
√

219). The integer 219 = 3 · 73 is the smallest positive number having

the following two properties:

68



1. The class group of Ok does not have exponent 2, so there is more than one

stable isomorphism class of maximal orders.

2. The class number hk is not equal to the narrow class number h+
k , so that the

upper and lower bound do not necessarily coincide.

This integer 219 is found using Mathematica. Calculating

For [i = 1, i < 500, i++,

If[NumberFieldClassNumber[Sqrt[i]] >= 4, Print[i] Abort[],]]

and adapting the lower bound, we search for integers z such that the class number

of Q(
√
z) is greater or equal to 4. Then we check using

NumberFieldFundamentalUnits[Sqrt[z]]

whether the fundamental unit is totally positive or not. After that we use Magma

P<x> := PolynomialRing(Rationals());

F<b> := NumberField(x^2-219);

O:=MaximalOrder(F);

ClassGroup(O);

to calculate the class group of the field.

The class group of Q(
√

219) is isomorphic to Z/4Z. The fundamental unit

of Ok is given by

e = 74 + 5
√

219

and 74− 5
√

219 ≈ 0.006757, hence e is totally positive. Therefore the narrow class

group of Ok is isomorphic to G = Z/4Z × Z/2Z and there are 4 = [G : G2] stable

isomorphism classes of maximal orders in D.

Calculations

In this section we will use the same notation as in the code later on. Let D =

Q(−1,−1 | k). Then D is a totally definite quaternion algebra. It has 84 types of

maximal orders, which we denote by L[1], . . . L[84].

For the sake of simplicity we write oi := oL[i] for the index (O+
k )∗/(nrd(Λ∗)).

Each oi is either equal to 1 or 2. Using the Magma-command Units and applying

the norm map to these elements we obtain a list os calculating the invariants. In

this notation we have os[i] = oi.
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We will write S = L[1], this is the first maximal order calculated. The

remaining L[i] are found using the left S-ideal classes. Any maximal order has 296

left ideal classes. The left ideal classes of S are denoted ideals[1], . . . ideals[296].

Two maximal orders Λ,Γ are called stable isomorphic, if there exists an

n ∈ N1(D∗A) with Γ = nΛn−1. It is clear that stable isomorphism is an equivalence

relation on the isomorphism classes of maximal orders. To calculate the stable

isomorphism classes we use the function called Norc. It calculates for an order L[i]

(respectively the left ideal classes of an order) the right orders (with multiplicity)

of the stable locally free ideal classes. We see that we have exactly 4 = h+
k /2 stable

isomorphism classes of maximal orders which are

{L[1], L[2], . . . , L[21]}

{L[22], L[23], . . . , L[42]}

{L[43], L[44], . . . , L[63]}

{L[64], L[65], . . . , L[84]}

This is done as follows: Using Magma we calculate the norm of a left ideal

class and check, whether it is a principal ideal or not. We now have to find out,

whether the generator of a given principal ideal is totally positive or not. Unfor-

tunately we could not find an appropriate Magma-command, calculating a single

generator of a given principal ideal. However only a short list of principal ideals

appears as the norm of a left ideal of a maximal order. Using the program Sage,

we calculated the generators of these few ideals (9 in total, not counting integral

multiples) via the command

k.<a>=NumberField(x^2-219)

O=k.maximal_order()

I=O.ideal(32+3527936 *a, 12500000*a)

I.gens_reduced()

We define two lists of ideals, which we call totpos resp. notpos, accordingly whether

the generators are totally positive or not. Then we use Magma and list the right

order (respectively its index) of the ideals, having their norm in in the list totpos.

If an ideal is principal and in neither list, it appears in the output as well and we

can check it separately.

In adelic notation this is what happens: Let ni be a set of representatives of

UΛ\UΛN
1(D∗A)D∗/D∗. Then the function Norc lists the orders (respectively their
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indexes) n−1
i Λni and gives sΛ. We see:

i sL[i]

1, . . . 21 37

22, . . . 42 37

43, . . . 63 35

64, . . . 84 39

We set

R1 := Norc(ideals)

R2 := Norc(LeftIdealClasses(L[22]))

R3 := Norc(LeftIdealClasses(L[43]))

R4 := Norc(LeftIdealClasses(L[64]))

and define

rl,j :=
∑

L[i]∈Rj

ol,i

where the sum respects multiplicities and j = 1, . . . 4. Note that ol,i = oL[l],L[i] for

the sake of simplicity. We calculate:

ri,1 =

{
37 for oi = 1

66 for oi = 2

ri,2 =

{
37 for oi = 1

66 for oi = 2

ri,3 =

{
35 for oi = 1

62 for oi = 2

ri,4 =

{
39 for oi = 1

70 for oi = 2

The cusp number is then calculated using the function cusps. It equals

c(SL2(L[i])) = 17 712

for i = 1, . . . 84.

We have also calculated the upper and lower bound of Theorem 5.1. In adelic
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notation we have

296∑
i=1

sxiΛx−1
i

= 10 968

296∑
i=1

nxiΛx−1
i

= 19 568.

So the cusp number is different from the upper and the lower bound given in The-

orem 5.1.

Source code

We define the number field and D:

P<x> := PolynomialRing(Rationals());

F<b> := NumberField(x^2-219);

O:=MaximalOrder(F);

A<x,y,z> := QuaternionAlgebra< F | -1, -1 >;

S:=MaximalOrder(A);

Then we calculate the left ideal classes of S and the isomorphism classes of

the maximal orders.

ideals:= LeftIdealClasses(S);

#ideals;

R:=AssociativeArray();

for x := 1 to #ideals by 1 do

R[x]:=RightOrder(ideals[x]);

end for;

L:=[*S*];

for j:=1 to #ideals by 1 do

T := function(n, j)

if n le 0 then

return true;

else

return $$(n-1, j) and not IsIsomorphic(L[n], R[j]);

end if;

end function;
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if T(#L, j) then

L:=L cat [*R[j]*];

else

end if;

end for;

#L;

These are the lists totpos and notpos, needed in the calculation of the stable

isomorphism classes.

I0:=ideal<O| 1*O.1>;

I1:=ideal< O| 2*O.1+220496 *O.2, 781250*O.2>;

I2:=ideal < O| O.1+248*O.2, 625*O.2>;

I7:=ideal< O| 16*O.1+2295513968*O.2, 3906250000*O.2>;

I9:=ideal< O| 32*O.1+3527936 *O.2, 12500000*O.2>;

I8:=ideal< O| 8*O.1+16772756984*O.2, 97656250000*O.2>;

I3:=ideal<O| O.1+23*O.2, 50*O.2>;

I4:=ideal< O| 2*O.1+1746*O.2, 625000*O.2>;

I5:=ideal<O| 8*O.1+54006984*O.2, 156250000*O.2>;

I6:=ideal<O| 1*O.1+873*O.2, 31250*O.2>;

In1:=ideal<O| 32*O.1+27936 *O.2, 1000000*O.2>;

totpos:=[*I1, 2*I1, 4*I1, 8*I1, I2, 2*I2, 4*I2, 8*I2, 16*I2, I0,

2*I0, 4*I0, I7, 2*I7, 4*I7, I9, 2*I9 *];

notpos:=[* I3, 2*I3, 4*I3, 8*I3, 16*I3, I4, 2*I4, 4*I4, 8*I4, I5,

2*I5, 4*I5, I6, 2*I6, 4*I6, In1, 2*In1, I8, 2*I8, 4*I8, 8*I8 *];

The ideals are equal to:

J1:=ideal<O| -42*O.2+1396*O.1>;

J2:=ideal<O| 121*O.1+8*O.2>;

J7:=ideal<O| 762656*O.1+48688*O.2>;

J9:=ideal<O| 672*O.2- 22336*O.1>;
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J8:=ideal<O| 64856*O.2 + 374072*O.1>;

J3:=ideal<O| 13*O.1-O.2>;

J4:=ideal<O| 34*O.2 + 358*O.1>;

J5:=ideal<O| -7768*O.2 + 109384*O.1>;

J6:=ideal<O|17*O.2 + 179*O.1>;

Jn1:=ideal<O| 544*O.2 + 5728*O.1>;

The stable isomorphism classes are calculated:

findod:=function(T, i)

c:=1;

repeat

if not IsIsomorphic(L[c], RightOrder(T[i])) then

c:=c+1;

else break;

end if;

until false;

return c ;

end function;

inside :=function (S, i)

c:=1;

repeat

if c le #S and not S[c] eq i then

c:=c+1;

else break;

end if;

until false;

return c le #S ;

end function;

Norc:=function(S);

Y:=[* *];

X:=[* *];

c:=0;

for i:=1 to #S by 1 do

if IsPrincipal(Norm(S[i])) then

if inside( totpos, Norm(S[i])) then
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X := X cat [* findod(S,i) *];

c:=c+1;

elif not inside(notpos, Norm(S[i])) then

Y := Y cat [*i, Norm(S[i])*];

end if;

end if;

end for;

return [* c, X, Y*];

end function;

R1:=Norc(ideals);

R1;

R2:=Norc(LeftIdealClasses(L[23]));

R2;

R3:=Norc(LeftIdealClasses(L[43]));

R3;

R4:=Norc(LeftIdealClasses(L[64]));

R4;

The output is:

> R1:=Norc(ideals);

> R1;

[* 37, [* 2, 3, 4, 4, 5, 6, 6, 7, 7, 8, 8, 9, 9, 10,

11, 10, 11, 12, 12, 13, 13, 2, 1, 14, 14, 15, 16, 15,

16, 17, 18, 17, 19, 20, 21, 20, 21 *], [* *] *]

> R2:=Norc(LeftIdealClasses(L[23]));

> R2;

[* 37, [* 22, 23, 24, 24, 36, 36, 38, 34, 34, 33, 33,

26, 38, 28, 32, 42, 42, 28, 29, 37, 37, 41, 41, 40,

40, 22, 30, 23, 35, 35, 27, 25, 25, 30, 39, 31, 39 *], [* *] *]

> R3:=Norc(LeftIdealClasses(L[43]));

> R3;

[* 35, [* 54, 59, 43, 50, 43, 55, 51, 51, 44, 44, 53,

52, 53, 58, 58, 57, 57, 52, 61, 63, 63, 48, 60, 48,

56, 56, 54, 46, 46, 47, 47, 62, 45, 45, 49 *], [* *] *]

> R4:=Norc(LeftIdealClasses(L[64]));

> R4;

[* 39, [* 70, 84, 64, 71, 82, 82, 64, 76, 76, 81, 81,
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79, 70, 79, 80, 75, 80, 75, 68, 68, 78, 78, 83, 83, 65,

67, 65, 67, 72, 69, 69, 73, 73, 77, 77, 66, 66, 74, 71 *], [* *] *]

This gives the invariants oi as a list os.

no:=function(M);

X:=[* *];

for i:=1 to #Units(M) do

X := X cat [* Norm(Units(M)[i]) *];

end for;

return X;

end function;

os:=[* *];

for i:=1 to #L by 1 do

if inside(no(L[i]), 74-5*b) or inside(no(L[i]), 74+5*b) then

os:=os cat [* 1*];

elif not inside(no(L[i]), 74-5*b) then

os:=os cat [* 2*];

end if;

end for;

We have as output:

> os;

[* 2, 2, 1, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 1, 2, 2, 1, 2, 2,

2, 1, 2, 2, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 2, 2, 1, 2, 2, 1,

2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1,

2, 2, 2, 1, 2, 1, 2 *]

The calculation of ri,j , if oi = 2, note that ri,j = sL[j] if oi = 1:

r1b:= 0;

for i:=1 to #R1[2] by 1 do

r1b:=r1b+ os[R1[2][i]];

end for;

r1b;

r2b:= 0;

for i:=1 to #R2[2] by 1 do
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r2b:=r2b+ os[R2[2][i]];

end for;

r2b;

r3b:= 0;

for i:=1 to #R3[2] by 1 do

r3b:=r3b+ os[R3[2][i]];

end for;

r3b;

r4b:= 0;

for i:=1 to #R4[2] by 1 do

r4b:=r4b+ os[R4[2][i]];

end for;

r4b;

And finally the function cusps:

cusps:=function(S);

cusp:=0;

for d:=1 to #S by 1 do

i:=findod(S, d);

if i le 42 then

if os[i] eq 1 then

cusp:=cusp + 37;

elif os[i] eq 2 then

cusp:= cusp + 66;

end if;

elif i le 63 and 43 le i then

if os[i] eq 1 then

cusp:= cusp +35;

elif os[i] eq 2 then

cusp:= cusp + 62;

end if;

elif 64 le i then

if os[i] eq 1 then

cusp:= cusp + 39;

elif os[i] eq 2 then

cusp:= cusp + 70;
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end if;

end if;

end for;

return cusp;

end function;
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Chapter 6

Further calculations of cusp

numbers

Let D be a finite dimensional central division algebra over an algebraic number field

k. Let Λ be a maximal order in D. In the previous chapter we have calculated

the cusp number of SL2(Λ), which equals the number of boundary components of

the Borel-Serre compactification of X/SL2(Λ), where X is the homogeneous space

associated to SL2(D). The cusp number of SL2(Λ) coincides with the number of

SL2(Λ)-conjugacy classes of proper parabolic k-subgroups of SL2(D) and is denoted

by c(SL2(Λ)). We will now extend these results to calculate the cusp number of

SLn(Λ). More precisely we will calculate the number of SLn(Λ)-conjugacy classes

of all proper parabolic k-subgroups of SLn(D). We will handle the case of a totally

definite quaternion algebras separately at the end of the section.

We will furthermore calculate the cusp number of GLn(Λ), by developing an

adelic description of it first. We will also determine the cusp number of GL2(Λ), for

a maximal order Λ in a totally definite quaternion algebra.

6.1 The group SLn(D)

Let D be a finite dimensional central simple division algebra over an algebraic num-

ber field k and assume that D is not totally definite. Let Λ be a maximal order

in D. In this section we determine the parabolic k-subgroups of SLn(D) and their

Levi-components. Then we calculate the cusp number of SLn(Λ) in SLn(D). First

we need the following lemma:

Lemma 6.1. Let D be a central simple division algebra over k which is not totally

definite and let n ∈ N. Then cl(GLn(D)) equals the class number hD of D.
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Proof. In [Bor63, Prop. 2.2] this is proved for D = k by different means. We see

that cl(SLn(D)) = 1, which follows from the strong approximation property of the

central simple algebra Mn(D).

Let Λ be a maximal order in D and let f be a map defined by

GLn(DΛ)\GLn(DA)/GLn(D)→ UOk
\A∗k/kD

GLn(DΛ)XGLn(D) 7→ UOk
nrdMn(D)/k(X)kD

where kD = nrd(D)∗. Further note that |UOk
\A∗k/kD| = hDk = hD. Then f is

clearly well defined and surjective. We will show that it is injective. Indeed suppose

nrdMn(D)/k(Y ) = uk nrdMn(D)/k(X)t with uk ∈ UOk
, t ∈ kD. Then there exists

u ∈ UΛ, d ∈ D∗ such that nrd(u) = uk and nrd(d) = t. We see that

( u
1

. . .
1

)
∈

GLn(DΛ) and

( d
1

. . .
1

)
∈ GLn(D), hence we may assume that nrdMn(D)/k(Y ) =

nrdMn(D)/k(X) = x ∈ A∗k.
Then Y −1Mn(Λ)Y is a maximal order in the central simple algebra Mn(D)

and Mn(D) has the strong approximation property, hence

SLn(DA) = Y −1SLn(DΛ)Y SLn(D).

Now by construction Y −1X ∈ SLn(DA) = Y −1SLn(DΛ)Y SLn(D) and so X ∈
SLn(DΛ)Y SLn(D). Hence f is injective.

6.1.1 The parabolic subgroups of SLn(D)

The set of diagonal matrices with entries in k is a maximal k-split torus S in SLn(D),

i.e. S is given by

S =



x1

. . .

xn

 ∈Mn(k) :

n∏
i=1

nrd(xi) = 1

 .

It is of dimension n − 1 (compare to [Bor91, Sec. 23.2]). A set of simple roots of

S is given by ∆ = {ei − ei+1 : 1 ≤ i ≤ n − 1 }, where ei

(( x1

. . .
xn

))
= xi. Let

Φ be the set of all roots, Φ+ be the set of all positive roots of S. For any α ∈ Φ,

the corresponding root space is denoted by gα. We set n =
⊕

α∈Φ+

gα and let N be

the corresponding subgroup in SLn(D). It is the group of strictly (with 1 on the
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main diagonal) upper triangular matrices. Then a minimal parabolic k-subgroup of

SLn(D) is given by P (D) = Z(S)N , the group of upper triangular matrices (with

arbitrary entries on the diagonal) in SLn(D). Here Z(S) denotes the centralizer of

S in SLn(D).

Let I ⊂ ∆ be a proper subset. We set SI = {X ∈ S : α(X) = 1 ∀α ∈ S }.
Then PI = Z(SI)N is a parabolic subgroup of SLn(D) containing P (D) = Z(S)N .

It is called a standard parabolic subgroup of SLn(D). Any proper parabolic k-

subgroup is conjugate to some PI , and PI = PJ if and only if I = J .

6.1.2 The cusp number of SLn(Λ)

Let D be a central simple division algebra, which is not totally definite. Let PI be

a standard parabolic subgroup. Its Levi-component TI consists of block-diagonal

matrices, the size of the blocks depends on the roots in I. Now we show:

Theorem 6.1. The cusp number of SLn(Λ), for n ≥ 2 equals

c(SLn(Λ)) =
n∑
j=2

(
n− 1

j − 1

)
hj−1
D = (1 + hD)n−1 − 1.

Proof. Theorem 4.1 shows that the number of SLn(Λ)-conjugacy classes of k-parabolic

subgroups of level PI (i.e. parabolic subgroups which are conjugate to PI over

SLn(D)) equals the class number cl(Λ, PI) of PI . It follows easily from the descrip-

tion of PI that cl(Λ, PI) = cl(Λ, TI). So let T be a Levi-subgroup of a standard

parabolic subgroup of SLn(D). Then T (DA) consists of block diagonal matrices of

the form 
A1

. . .

Aj


with Ai ∈ GLni(DA) for 1 ≤ i ≤ j and such that

j∑
i=1

ni = n and
j∏
i=1

nrd(Ai) = 1.

We will first show that in this case the class number cl(Λ, T ) equals hj−1
D . Let φ be

defined as
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T (DΛ)\T (DA)/T (D)→
j−1∏
i=1

GLni(DΛ)\GLni(DA)/GLni(D)

T (DΛ)


A1

. . .

Aj

T (D) 7→
j−1∏
i=1

GLni(DΛ)AiGLni(D)

It is well defined and easily seen to be surjective. Every class in the pre-image of φ

of
j−1∏
i=1

GLni(DΛ)AiGLni(D) has a representative of the form


A1

. . .

Aj−1

B



for some B ∈ GLnj (DA) satisfying nrd(B)−1 =
j−1∏
i=1

nrd(Ai). Suppose B′ is an-

other such matrix. The algebra Mnj (D) be the central and simple algebra and

the conjugates of Mnj (Λ) are maximal orders in Mnj (D). In particular, the order

B−1Mnj (Λ)B is also maximal. By our assumption on D, SLnj (D) has the strong

approximation property and we obtain:

SLnj (DA) = B−1SLnj (DΛ)B SLnj (D).

NowB−1B′ ∈ SLnj (DA) = B−1SLnj (DΛ)BSLnj (D) and soB′ ∈ SLnj (DΛ)BSLnj (D)

and φ is a bijection.

The number of parabolic subgroups P (up to conjugation) with Levi-subgroups

T consisting of exactly j blocks equals
(
n−1
j−1

)
. This gives the formula.

Any number field is a central division algebra over itself, which is not totally

definite. So in particular we obtain:

Corollary 6.1. The cusp number of SLn(Ok), for n ≥ 2 equals

c(SLn(Ok)) =

n∑
j=2

(
n− 1

j − 1

)
hj−1
k = (1 + hk)

n−1 − 1.

Remark Some parts of the above construction hold for totally definite quaternion
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algebras as well. In particular the description of the parabolic subgroups and their

Levi-components does not change. However, there are differences:

• If D is totally definite, then cl(GLn(D)) = h+
k , for n ≥ 2 while cl(GL1(D)) =

hD.

• Let P be the minimal parabolic subgroup of upper triangular matrices with

Levi-subgroup Tn. For n = 2 the calculation of the class number of the

Levi-component T2 already proved to be quite involved. For greater n the

calculation of cl(Λ, Tn) will involve not only orders of the form xΛx−1 but also

the orders (xi1 · · ·xin−1)Λ(xi1 · · ·xin−1)−1, for some x, xi ∈ D∗A representing

left Λ-ideal classes.

• Let P be a parabolic subgroup of SLn(D), which is not conjugate to the

minimal parabolic subgroup. Let T be its Levi-subgroup. Then the class

number of T equals (h+
k )j1−1(hD)j2 , where j1 is the number of blocks of size

larger than 1 and j2 is the number of blocks of size equal to 1. This makes

writing down a nice formula for the cusp number considerably more difficult.

For instance for n = 4 the cusp number of SL4(Λ), for a maximal order Λ

equals

2h+
k + hD + 3(h+

k )2hD + cl(Λ, T4).

Here T4 denotes a Levi-component of the minimal parabolic subgroup of

SL4(D).

6.2 The group GLn(D)

Let D be a finite dimensional central simple division algebra over k and let Λ be a

maximal order in D. In this section we calculate the number of GLn(Λ)-conjugacy

classes of proper parabolic k-subgroups of GLn(D). This is the cusp number of

GLn(Λ) and will be denoted by c(GLn(Λ)).

6.2.1 The cusp number of GLn(Λ)

A maximal k-split torus in GLn(D) is given by the set of diagonal matrices

S =



x1

. . .

xn

 ∈Mn(k) : xi ∈ k∗ for 1 ≤ i ≤ n

 .
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It is of dimension n. One sees (analogously to Section 6.1.1) that the group Pn(D)

of upper triangular matrices in GLn(D) is a minimal parabolic k-subgroup. It

follows easily that the class number of a standard parabolic subgroup P equals the

class number of its Levi-subgroup T . The Levi-subgroups consist of block diagonal

matrices, as above.

We first need to show:

Theorem 6.2. Let P (D) be a parabolic subgroup of GLn(D) for n ≥ 2. Then there

is a bijection

GLn(Λ)\GLn(D)/P (D)→ T (DΛ)\T (DΛ)TS(DA)T (D)/T (D)

where T (D) is the Levi-component of P (D) and TS(D) = T (D) ∩ SLn(D).

Proof. A proof for the case n = 2, and P the minimal parabolic subgroup of GL2(D)

is given in [Lac05, Lemma 6.1.1]. Let φ1 be the natural projection

GLn(Λ)\GLn(D)/P (D)→ GLn(DΛ)\GLn(DA)/P (D)

GLn(Λ)X P (D) 7→ GLn(DΛ)X P (D).

Then φ1 is well defined and easily seen to be injective. We will show that the image

of φ1 consists of those classes having a representative in SLn(DA). For the sake of

simplicity we write

F := GLn(DΛ)\GLn(DΛ)SLn(DA)P (D)/P (D).

As nrd(P (D)) = nrd(GLn(D)), it follows that im(φ1) ⊂ F . Now suppose that X ∈
SLn(DA) is a representative of a class in F . As SLn(D) has the strong approxima-

tion property it follows that X ∈ SLn(DΛ)SLn(D). So the class GLn(DΛ)X P (D)

has a representative in SLn(D), hence it is in the image of φ1.

Now we define φ2 as the natural map

P (DΛ)\P (DA)/P (D)→ GLn(DΛ)\GLn(DA)/P (D)

P (DΛ)X P (D) 7→ GLn(DΛ)X P (D).

Then we see at once that φ2 is well defined and injective. We have proved earlier

in Section 4.2 that GLn(Dv) = GLn(Λv)P (Dv) holds for every finite place v of k.

This shows that φ2 is a bijection. By construction φ−1
2 (F ) consists of the classes in
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P (DΛ)\P (DA)/P (D) having a representative in SLn(DA) ∩ P (DA).

We know that the representatives of the classes in P (DΛ)\P (DA)/P (D) can

be chosen in T (DA), where T (D) is the Levi-component of P (D). So we have a

bijection φ3 :

T (DΛ)\T (DA)/T (D)→ P (DΛ)\P (DA)/P (D)

T (DΛ)X T (D) 7→ P (DΛ)X P (D).

It is clear that φ−1
3 (φ−1

2 (F )) consists of those classes having a representative in

SLn(DA). This proves our claim.

We are now ready to show:

Theorem 6.3. Let D be a central simple division algebra over an algebraic number

field k which is not totally definite. Let n ≥ 2. Then the cusp number of GLn(Λ)

equals

c(GLn(Λ)) =
n∑
j=2

(
n− 1

j − 1

)
hj−1
D = (1 + hD)n−1 − 1.

Proof. Let P (D) be a standard parabolic k-subgroup of GLn(D). Let T (D) be

its Levi-component. We have shown above that the number of GLn(Λ)-conjugacy

classes of P (D) equals the cardinality of the double quotient

T (DΛ)\T (DΛ)TS(DA)T (D)/T (D)

where TS(D) = T (D) ∩ SLn(D). Then TS(DA) consists of block diagonal matrices

of the form 
A1

. . .

Aj


with Ai ∈ GLni(DA) for i = 1, . . . j. Furthermore

j∑
i=1

ni = n and
n∏
i=1

nrd(Ai) = 1

holds. We define a map φ via

T (DΛ)\T (DA)/T (D)→
j−1∏
i=1

GLni(DΛ)\GLni(DA)/GLni(D)

T (DΛ)


A1

. . .

Aj

T (D) 7→
j−1∏
i=1

GLni(DΛ)AiGLni(D)
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Then it is easily seen that φ is well defined and surjective. The restriction of φ

to T (DΛ)\T (DΛ)TS(DA)T (D)/T (D) is injective, which follows from the strong ap-

proximation property of SLnj (D) (compare to the proof of Theorem 6.1). Hence

|T (DΛ)\T (DΛ)TS(DA)T (D)/T (D)| = hj−1
D . The number of parabolic subgroups

with Levi-components consisting of exactly j blocks equals
(
n−1
j−1

)
. This proves our

claim.

In the above proof we have assumed thatD is not a totally definite quaternion

algebra. The main problem with D being totally definite arises with the minimal

parabolic k-subgroup of upper triangular matrices. This becomes apparent when

studying the case n = 2:

Theorem 6.4. Let D be a totally definite quaternion algebra over a necessarily

totally real algebraic number field k and let Λ be a maximal order in D. Then the

cusp number of GL2(Λ) equals

c(GL2(Λ)) =
∑

Γ

HΓsΓ.

Here the sum runs over all maximal orders Γ of D. In particular c(GL2(Λ)) is

independent of the choice of maximal order Λ.

Proof. Let T (D), resp. TS(D), be the group of diagonal matrices in GL2(D), resp.

SL2(D). By Theorem 6.2 we have to calculate the cardinality of the double quotient

T (UΛ)\T (UΛ)TS(D∗A)T (D∗)/T (D∗).

Let φ be the projection map defined by

T (UΛ)\T (UΛ)TS(D∗A)T (D∗)/T (D∗)→ UΛ\D∗A/D∗

T (UΛ)

(
t1

t2

)
T (D∗) 7→ UΛt1D

∗.

It is well defined and surjective. Let x1, . . . , xhD be a set of representatives of

the classes in UΛ\D∗A/D∗. We denote the class UΛxiD
∗ by [xi]. Further we write

[t1, t2] for the class T (UΛ)

(
t1

t2

)
T (D∗). We have to study the cardinality of

φ−1([xi]). Each class in φ−1([xi]) has a representative of the form

(
xi

x−1
i n

)
for
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some n ∈ N1(D∗A).

If [xi, x
−1
i n] = [xi, x

−1
i n′], then by definition n′ ∈ xiUΛx

−1
i nD∗. On the

contrary, if n′ = xiux
−1
i nd for some u ∈ UΛ and d ∈ D∗, then(

xi

x−1
i n

)
=

(
1

u

)(
xi

x−1
i n′

)(
1

d

)
.

Hence [xi, x
−1
i n] = [xi, x

−1
i n′]. This shows that |φ−1([xi])| = sxiΛx−1

i
.

We have seen already (Lemma 5.3) that

hD∑
i=1

sxiΛx−1
i

=

hD∑
i=1

sx−1
i Λxi

=
∑

Γ

HΓsΓ.

Hence c(GL2(Λ)) is independent of the choice of maximal order Λ in D. This finishes

the proof.
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Chapter 7

Boundary components

Let k be an algebraic number field of degree n = [k : Q]. Let r1, resp. r2, be the

number of real, resp. complex, places of k, so that n = r1 + 2r2.

In the first section we will describe the structure of the boundary components

of the Borel-Serre compactification of X/Γ, where X is the homogeneous space

associated to SL2(k) and Γ is a torsion-free arithmetic subgroup in SL2(Ok). We

will see that the natural projection P → P/RuP of a parabolic subgroup to its

Levi-quotient induces a fibration of the boundary component Y corresponding to

P . More precisely Y has the structure of a torus bundle, whose base space equals

T r1+r2−1 and whose fiber is Tn. We are closely following chapter 1 in [Har75].

Now suppose that k is totally real and let D be quaternion division algebra

over k. The natural projection P → P/RuP of a parabolic subgroup to its Levi-

quotient induces again a fibration of the boundary component Y corresponding to

P . More precisely, we show that Y is a torus bundle with fiber the torus T 4n.

The base space is the product of a torus Tn−1 of dimension n − 1 and a compact

space. This compact space corresponds to the infinite places of k with D split. In

particular, if D is totally definite, the base space equals the torus Tn−1. This allows

us to study the cohomology of Y in some detail.

7.1 Boundary components for D = k

Let k be an algebraic number field over Q of degree n and let Ok be its ring of

integers. Let σi : k ↪→ C, 1 ≤ i ≤ n be the distinct embeddings of k into C.

Among these embeddings some factor through k → R. Let σ1, ..., σr1 denote the real

embeddings k → R. Given one of the remaining embeddings σ : k → C, σ(k) 6⊂ R,
to be called imaginary, there is the conjugate one σ̄ : k → C, defined by x 7→ σ(x),
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where z̄ denotes the usual complex conjugation of the complex number z. Then the

number of imaginary embeddings is even and we denote it by 2r2. We number the

n = r1 + 2r2 embeddings σi : k → C , i = 1, ..., n in such a way that, as above, σi is

real for 1 ≤ i ≤ r1, and σr1+i = σr1+i+r2 for 1 ≤ i ≤ r2.

Let G = SL2/k be the algebraic k-group of 2 × 2 matrices of determinant

equal to 1. We need to construct the homogeneous space associated to G. Let

v be a finite place of k corresponding to a real or complex embedding σ. Then

Gv := Gσ(kv) is either equal to SL2(R) or SL2(C), depending on whether σ is real

or complex. The group G∞, defined as in section 3.1, is given by

G∞ = SL2(R)r1 × SL2(C)r2 .

Let K be the maximal compact subgroup of G∞ given by

K = SO2(R)r1 × SU r22

where SO2(R) denotes the special orthogonal group in SL2(R) and SU2 is the special

unitary group in SL2(C). Then the homogeneous space X associated to G equals

X = K\G∞ = Hr12 ×H
r2
3

where H2 is the upper half-plane and H3 is the three-dimensional hyperbolic space.

The dimension of X equals

dimX = 2r1 + 3r2.

We want to give a precise description of the structure of a connected compo-

nent of the boundary. Let P denote the set of upper triangular matrices in SL2(k).

Then P is a semi-direct product of the group of diagonal matrices T and its unipo-

tent radical RuP = U , the group of upper triangular matrices with 1 on the main

diagonal. Let α be the positive root, which we extend to P via

α

((
x y

x−1

))
= x2.

Then α induces a homomorphism

α∞ : P∞ = P (k ⊗Q R)→ (k ⊗Q R)∗
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which we compose with the norm homomorphism

| . | : (k ⊗Q R)∗ → (R+)∗.

We can define a map k ↪→ Rr1 × Cr2 via x 7→ (σ1(x), . . . , σr1+r2(x)). Then

the norm map | . | may be defined by

|x| =
r1∏
i=1

xi ·
r2∏

i=r1+1

|xi|2C

where | . |C is the usual complex absolute value.

The composition induces a map

|α| := | . | ◦ α : P∞ → (R+)∗.

Let P∞(1) denote the kernel of |α|. Then we see that

P∞(1) ∩K =

(
±

(
1

1

))r1
×

{(
a

a

)
∈ SU2 : |a|2C = 1

}r2
.

Hence P∞(1) ∩ K = P∞ ∩ K. Let Γ be a torsion-free finite index subgroup of

SL2(Ok). Every element in O∗k has norm equal to ±1, hence P∞(1) ∩ Γ = P∞ ∩ Γ .

A connected component Y of the boundary is diffeomorphic to

Y = K ∩ P∞\P∞(1)/Γ ∩ P∞.

The group P is the semi-direct product of its unipotent radical U and its

Levi-component T = P/U . Then T is a split torus of dimension 1. Let π : P → T

denote the natural projection map. Let KT , resp. ΓT , denote the image of K,

resp. Γ, under π∞ in T∞. Then the natural projection π induces a fibration of the

boundary component with base space

YT = KT \T∞(1)/ΓT

and fiber U∞/(U∞ ∩Γ). Using Dirichlet’s Unit Theorem and that ΓT is torsion-free

we have ΓT ∼= Zr1+r2−1 and further

KT \T∞(1)/ΓT ∼= (S1)r1+r2−1.

90



The induced projection is a locally trivial fibration with fiber

U∞/(U∞ ∩ Γ) ∼= (S1)n

as the structure of U∞ is additive. So we have just proved:

Theorem 7.1 ([Har75]). The fibration π : Y → YT is a torus bundle whose base

space is diffeomorphic to the torus T r of dimension r = r1 + r2 − 1 and whose fiber

is the torus Tn of dimension n = [k : Q].

7.2 Boundary components - general case

Let D be a central simple quaternion division algebra over a totally real algebraic

number field k. Let [k : Q] = r+s, where r denotes the number of infinite places v of

k such that Dv
∼= H = Q(−1,−1|R) and s is the number of places with Dv

∼= M2(R).

Let Λ be a maximal order in D and let Γ be a torsion-free subgroup of SL2(Λ). Let

G = SL2(D) be the linear algebraic k-group of reduced norm one matrices in M2(D).

Then we see

G∞ = SL2(H)r × SL4(R)s.

Let 1, i, j, ij be the standard basis of H. For x = x0 + x1i+ x2j + x3ij ∈ H, where

x0, . . . , x3 ∈ R let x = x0−x1i−x2j−x3ij denote the conjugate of x. The reduced

norm in H can be defined explicitly by nrd(x) = xx. For A ∈M2(H) let

A∗ = A
T

the conjugate transpose of A where A stands for conjugating each matrix entry of

A. Let

Sp(2,H) = {A ∈ SL2(H) : AA∗ = A∗A = 1} .

This is the maximal compact subgroup in SL2(H) and is usually called the unitary

group over the quaternions. In fact ·∗ is the Cartan involution in SL2(H). A

maximal compact subgroup of G∞ is given by

K = Sp(2,H)r × SO4(R)s

and any other maximal compact subgroup is conjugate to K.

Let P be the subgroup of upper triangular matrices in SL2(D). This is a

parabolic k-subgroup of G and any other non-trivial parabolic subgroup is conjugate

to P over G(k). Let U denote the unipotent radical and let T = P/U be the Levi-
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quotient of P . Let α be a character of P given by

α

((
x y

z

))
= nrd(x).

Let | . | be the norm homomorphism defined as in the previous section. The compo-

sition with α gives a map

|α| = | . | ◦ α : P∞ → R∗.

Let P∞(1) be the kernel of |α|. Then

P∞ ∩K =

((
H1

H1

))r
×

((
O2(R)

O2(R)

)
∩ SL4(R)

)s

where O2(R) is the orthogonal group in GL2(R) and H1 is the group of Hamiltonian

quaternions of reduced norm 1. Further it follows that Γ ∩ P∞(1) = Γ ∩ P∞, as

nrd(Λ∗) ⊂ O∗k for any order Λ of D. Hence a connected component Y of the

boundary is given by

Y = K ∩ P∞\P∞(1)/Γ ∩ P∞.

Let π be the natural projection π : P → P/U = T and let KT , resp. ΓT , be the

images of K, resp. Γ, under π. Then π induces a fibration of Y with fiber

U∞/Γ ∩ U∞ ∼= ((H+)r × (M4(R)+)s)/Z4n ∼= (S1)4n

where (H+) is the additive group of Hamiltonian quaternions, respectively (M4(R)+)

is M4(R), viewed as a vector space over R. The base space YT of the fibration is

diffeomorphic to

YT = KT \T∞(1)/ΓT .

The structure of YT depends largely on the structure of ΓT , and thus on D:

Case 1: If s = 0, then D is totally definite. Let ΛΓ be the subgroup of units in Λ∗,

appearing on the diagonal of ΓT . Then Λ1 6⊂ ΛΓ, as Λ1 finite and Γ is by

assumption torsion-free. Hence ΛΓ is commensurable with (O∗k)+. So if Γ sat-

isfies some suitable conditions, we may assume that ΓT is in fact commutative

and isomorphic to a finite index subgroup of O∗k.

Case 2: Now suppose s > 0. Then Λ1 is not finite. However under some suitable

conditions on Γ, we may still assume that set of diagonal entries in ΓT is a
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finite index subgroup of O∗kΛ1. This allows us to consider the structure of ΓT

and the reduced norms of its entries independent from each other. We see that

ΓT is commensurable with O∗k × (Λ1 × Λ1).

In summary we see that ΓT is a finite index subgroup of{
O∗k × (Λ1 × Λ1) if s > 0

O∗k if s = 0

Note that (
H1

H1

)
\

((
H

H

)
∩ SL2(H)

)
∼= R+

and((
O2(R)

O2(R)

)
∩ SL4(R)

)
\

((
GL2(R)

GL2(R)

)
∩ SL4(R)

)
∼= (H2×H2)×R+

where H2 denotes the upper half plane. If s = 0, it follows immediately, that

YT = (R+)r−1/(ΓT ), which is, by Dirichlet’s Unit Theorem, isomorphic to (S1)r−1.

Now suppose s > 0. Let µ1, . . . µs denote the isomorphisms Dv
∼= M2(R),

corresponding to the places v of k, where Dv is split. Then µ = (µ1, . . . , µs) induces

a map from Λ1 → SL2(R)s, hence we have an induced action, from the right, of Λ1

on Hs2. The quotient space Hs2/Λ1 is compact. This was first shown by Käte Hey in

her doctoral thesis 1929. A proof can be found in [Kle00, Thm. 1.1]. Now we see

that the group ΓT acts on the space

(R+)n−1 × (Hs2 ×Hs2)

as follows: an element γ =

(
x

x−1

)(
λ1

λ2

)
∈ ΓT , with x ∈ O∗k and λ1, λ2 ∈ Λ1,

act coordinate-wise independently with (λ1, λ2) on Hs2 × Hs2, while x, respectively

the reduced norm of x, acts on Rn−1. So it follows that

YT ∼= (S1)n−1 × (Hs2/Λ1)2.

All in all we have proved:

Theorem 7.2. Let D be a quaternion division algebra over k and let Λ be a maximal

order in D. Let Γ be a torsion-free subgroup of SL2(Λ) and let Λ1
Γ be the subgroup
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of reduced norm one elements which appear on the diagonal of ΓT . The fibration

π : Y → YT is a fiber bundle whose base space is diffeomorphic to Tn−1× (Hs2/Λ1
Γ)2,

where n = [k : Q] and s is the number of infinite places of k, where D is split. The

fiber is the torus T 4n.

7.3 On the cohomology of the boundary components

In this section we study the cohomology of a boundary component of the Borel-Serre

compactification of X/Γ, where X is the homogeneous space associated to SL2(D)

and Γ is a torsion-free subgroup of SL2(Λ) for a maximal order Λ of D. We will

restrict our attention to the cases D = k or D a totally definite quaternion algebra

over k. These allow a nice description of a boundary component as a torus bundle.

We will again start with the case D = k, following [Har75].

7.3.1 The case D = k

We want to describe the cohomology of a boundary component Y , which we con-

structed in section 7.1. We are again following chapter 1 in [Har75]. The Levi-

decomposition of a parabolic subgroup P of SL2(k) induces a torus bundle structure

π : Y → YT with base space denoted by YT . Let U denote the unipotent radical

of P , and let U∞ be defined as in section 3.1. Then the fiber of the fiber bundle

π : Y → YT is equal to U∞/(U∞ ∩ Γ) ∼= Tn, where n = [k : Q]. The base space YT

is diffeomorphic to a torus T r of dimension r = r1 + r2− 1, where r1, resp. r2 is the

number of real, resp. complex, places of k.

The cohomology ring with coefficients in C of an n-dimensional torus Tn is

given by the exterior algebra
∧∗Cn, so we have:

Hj(U∞/(U∞ ∩ Γ);C) ∼=
∧

j (Cn).

One shows that the spectral sequence arising with the fibration π : Y → YT

degenerates, hence

H∗(Y,C) = H∗(YT ;H∗(U∞/(U∞ ∩ Γ);C)),

so the cohomology of Y equals the cohomology of the base space with coefficients

in the local system induced by the cohomology of the fiber. Furthermore this local

system is constant. A general proof of this is given in [Sch83, Thm. 2.7]. The

endomorphisms induced by the elements of ΓT on Hj(U∞/(U∞ ∩ Γ);C) ∼=
∧j (Cn)
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are semi-simple and commute with one another. This shows:

Theorem 7.3 (Prop. 1 in [Har75]). Let Y be a boundary component. Then

H∗(Y ;C) = H∗((S1)r;C)⊗H∗(U∞/(U∞ ∩ Γ);C)ΓT .

In order to study the cohomology of Y we have to determine the ΓT -invariant

elements of H∗(U∞/U∞ ∩ Γ;C). We may view ΓT as a torsion-free finite index

subgroup of O∗k. The action of ΓT is induced by the adjoint representation. Let

I0 = {σ1, . . . , σr1 , σr1+1, σr1+1, . . . , σr1+r2 , σr1+r2}

be the set of embeddings k ↪→ C, where σ1, . . . , σr1 are the real embeddings of

k ↪→ R. For a subset I ⊂ I0 we define ϕI : k∗ → R∗ via

ϕI(x) :=
∏
σ∈I

σ(x).

For each subset I ⊂ I0 we find a one-dimensional subspace VI generated by an

element vI ∈
∧|I| Cn such that

e.vI = ϕI(e) · vI

for all e ∈ ΓT . Then
∧∗ Cn is a direct sum of these subspaces. We determine the

subsets I ⊂ I0 satisfying ϕI(e) = 1 for all e ∈ ΓT .

Case 1 : Suppose that r1 > 0. Note that if ϕI(e) = 1 it follows ϕI0−I(e) = 1 for all

e ∈ ΓT . Hence we may assume that I contains at least one real embedding.

Let us briefly recall the proof of Dirichlet’s Unit Theorem: Define the map

ψ : O∗k → Rr1+r2 by

x 7→ (log(|σ1(x)|), . . . log(|σr1(x)|), log(|σr1+1(x)|), . . . , log(|σr1+r2(x)|)).

One shows that the image ψ(O∗k) generates a hyperplane H of dimension

r1 + r2 − 1. Hence so does the image of ΓT . If I is a proper subset of I0

and ϕI(e) = 1 for each e ∈ ΓT , then for each a ∈ H ⊂ Rr1+r2 the relation∑
j∈J

aj = 0 holds. Here J denotes the subset of the coordinates of a vector in

Rr1+r2 , corresponding to the embeddings in I. This contradicts the assumption

that H is a hyperplane, unless I = ∅ or I = I0. Therefore we see that

H∗(U∞/U∞ ∩ Γ;C)ΓT = C⊕ Cξ
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where ξ is a generator of Hn(U∞/U∞ ∩ Γ;C) ∼= C.

Case 2: Using the same arguments as above we see that if r1 = 0, we find invariant

elements in dimension 0, r2 and n = 2r2. More precisely, a subset I of I0 =

{σ1, σ1, . . . , σr2 , σr2} is called a half system, if it contains of every pair of

conjugate embeddings σi, σi exactly one. Now if ΓT satisfies some suitable

conditions, it follows that ϕI(e) = 1, for all e ∈ ΓT , and all half systems

I ⊂ I0. Then we see that

Hr2(U∞/U∞ ∩ Γ;C)ΓT =
⊕

I half system

VI .

7.3.2 Totally definite quaternion algebras

Let D be a totally definite quaternion division algebra over a necessarily totally real

algebraic number field k of degree n over Q. Let Λ be a maximal order in D and

let Γ be a torsion-free finite index subgroup of SL2(Λ). Let Y denote a boundary

component arising in the Borel-Serre compactification of the space X/Γ, where X

is the homogeneous space corresponding to SL2(D).

We have seen in section 7.2 that the Levi-decomposition of the parabolic

subgroup corresponding to Y induces a fibration π : Y → YT . The base space of this

fibration equals Tn−1, a torus of dimension n−1, and the fiber is U∞/(U∞∩Γ) ∼= T 4n

a torus of dimension 4n. Applying Theorem 7.3 shows that

H∗(Y ;C) = H∗((S1)n−1;C)⊗H∗(U∞/(U∞ ∩ Γ);C)ΓT .

We will determine the ΓT invariant subspace in H∗(U∞/(U∞ ∩ Γ);C) =∧∗C4n. If D is totally definite, ΓT is a finite index subgroup of O∗k, for we have

assumed that Γ is torsion-free. As above we see that H∗(U∞/(U∞ ∩ Γ);C) =∧∗(U∞ ⊗ C) =
∧∗C4n.

Let

I0 = {σ1, . . . , σn}

be the set of distinct embeddings k ↪→ R. We may choose a basis

{u1
1, u

2
1, u

3
1, u

4
1, u

1
2, . . . , u

4
n−1, u

1
n, u

2
n, u

3
n, u

4
n}

of U∞ such that the action of an element e ∈ ΓT on uji is given by multiplication

with σi(e). This gives rise to a basis of
∧∗ U∞ ⊗ C =

∧∗C4n such that the action

of e ∈ ΓT on an element of this basis is given by some product of the form
∏
σ
σ(e).
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It may happen that some embeddings σ appear more than once in this product. So

the subsets I ⊂ I0 do not describe the action of ΓT accurately.

However let I be a subset of I4
0 , so I may contain an embedding σ ∈ I0 up

to 4 times. Then for each I ⊂ I4
0 there exists a subspace VI ⊂

∧|I|C4n such that

the action of e ∈ ΓT on VI is given by multiplication with

ϕI(e) :=
∏
σ∈I

σ(e).

We have to determine the subsets I ⊂ I4
0 , satisfying ϕI(e) = 1 for all e ∈ ΓT .

A similar argumentation as in the section above, where we considered number fields

with at least one real place, shows that this can only happen for I = ∅, I0, I
2
0 , I

3
0

and I4
0 . The corresponding invariant subspaces VI are contained in

∧0 C4n,
∧nC4n,∧2nC4n,

∧3nC4n and
∧4nC4n. More precisely:

• If I = ∅, the subspace V∅ =
∧0 C4n is one dimensional.

• If I = I0, then VI ⊂
∧nC4n is of dimension 4n. It is generated by the elements

ui11 ∧ . . . ∧ u
in
n

for 1 ≤ il ≤ 4 and 1 ≤ l ≤ n.

• If I = I2
0 , then VI ⊂

∧2nC4n is of dimension
(

4
2

)n
= 6n. It is generated by the

elements

ui11 ∧ u
j1
1 ∧ . . . ∧ u

in
n ∧ ujnn

where 1 ≤ il < jl ≤ 4 for all 1 ≤ l ≤ n.

• If I = I3
0 , then VI ⊂

∧3nC4n is of dimension 4n. It is generated by the

elements

ui11 ∧ u
j1
1 ∧ u

r1
1 ∧ . . . u

in
n ∧ ujnn ∧ urnn

where 1 ≤ il < jl < rl ≤ 4 for all 1 ≤ l ≤ n.

• If I = I4
0 , then VI =

∧4nC4n is one dimensional.

Hence we see that H∗(U∞/U∞ ∩ Γ;C)ΓT is of dimension 2 + 2 · 4n + 6n.

If k = Q, we see at once that H∗(Y ;C) = H∗(U∞/U∞ ∩ Γ;C) =
∧∗(C4).
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Abstract

Let k be an algebraic number field and let D be a finite dimensional central division

algebra over k. The kernel of the reduced norm map nrd :M2(D) → k defines a

linear algebraic k-group G, usually denoted by SL2(D). A maximal order Λ of D

induces an arithmetic subgroup Γ = SL2(Λ) of SL2(D), which presents itself acting

on a homogeneous space X, which is defined by the ambient Lie-group G∞. The

quotient space X/Γ is not compact, but has a natural compactification, due to Borel

and Serre, X/Γ, which is obtained by adjoining finitely many boundary components

e′(P ), one for each Γ-conjugacy class of proper parabolic subgroups P of G.

In the classical commutative case where D = k and Γ = SL2(Ok) the number

of boundary components equals the class number hk of k. A boundary component

has the structure of a torus bundle, whose base space is a torus T r and whose fiber

is a torus T d, where d = [k : Q] = s + 2t and r = s + t− 1, and s, resp. t, denotes

the number of real, resp. complex, places of k.

In the general case of a maximal order Λ in a division algebra D we show

that, if D is not totally definite, the number of boundary components equals hD,

the class number of D. If D is totally definite, this calculation is more involved.

We show that this number c(SL2(Λ)) is independent of the choice of maximal order

Λ in D. If h+
k = 1, we show that c(SL2(Λ)) = h2

D, but we also give examples

such that hD < c(SL2(Λ)) < h2
D. Let D be a quaternion division algebra. The

Levi-decomposition of a parabolic subgroup P of SL2(D) induces the structure of

a torus bundle on the boundary component e′(P ). Its base space is the product of

a torus and, if D is not totally definite, a compact space. Its fiber is a torus T 4d

where d = [k : Q].

We also calculate the cusp number of SLn(Λ) and GLn(Λ), for a maximal

order Λ in D, where D is not totally definite and see that c(SLn(Λ)) = c(GLn(Λ)) =

(1 + hD)n−1 − 1. In particular this holds if D is a number field.
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Zusammenfassung

Sei k ein algebraischer Zahlkörper und sei D eine zentrale Divisionsalgebra endlicher

Dimension über k. Der Kern der reduzierten Norm-Abbildung nrd :M2(D) → k

definiert eine lineare algebraische k-Gruppe G, die im Allgemeinen mit SL2(D)

bezeichnet wird. Eine maximale Ordnung Λ in D induziert eine arithmetische Un-

tergruppe Γ = SL2(Λ) in SL2(D). Diese operiert auf einem homogenen Raum

X, der durch eine Lie-Gruppe, die G zugeordnet ist, definiert wird. Der Quo-

tientenraum X/Γ ist nicht kompakt, kann aber in natürlicher Weise, nach Borel

und Serre, kompaktifiziert werden. Diese Kompaktifizierung X/Γ erhält man, in-

dem man endlich viele Randkomponenten e′(P ) hinzufügt, eine für jede eigentliche

parabolische Untergruppe P von G.

Im klassischen kommutativen Fall mitD = k und Γ = SL2(Ok) ist die Anzahl

dieser Randkomponenten gleich der Klassenzahl hk von k. Eine Randkomponente

hat die Struktur eines Torus-Bündels. Der Basisraum ist ein Torus T r und die Faser

ist der Torus T d, wobei d = [k : Q] = r + 2s und r = r + s− 1. Hier bezeichnen r,

bzw. s, die Anzahl der reellen, bzw. komplexen, Stellen von k.

Wir zeigen in dieser Arbeit dass im allgemeinen Fall einer nicht total defi-

niten Divisionsalgebra D mit maximaler Ordnung Λ die Anzahl dieser Randkom-

ponenten, die wir mit c(SL2(Λ)) bezeichnen, hD ist, wobei hD die Klassenzahl

von D bezeichnet. Ist D total definit so ist die Spitzenzahl c(SL2(Λ)) von ver-

schiedenen Invarianten aller maximalen Ordnungen von D abhängig. Allerdings ist

c(SL2(Λ)) unabhängig von der Wahl der maximalen Ordnung Λ in D. Ist h+
k = 1

so kann man zeigen, das c(SL2(Λ)) = h2
D gilt. Es existieren auch Beispiele so

dass hD < c(SL2(Λ)) < h2
D gilt. Sei nun D eine Quaternionen-Divisionsalgebra

über einem total reellen algebraischen Zahlkörper k. Die Levi-Zerlegung einer

parabolischen Untergruppe P von SL2(D) induziert eine Torusbündel-Struktur auf

der Randkomponente e′(P ). Der Basisraum ist das Produkt eines Torus und, wenn

D nicht total definit ist, eines kompakten Raumes. Die Faser ist ein Torus T 4d wobei

d = [k : Q].
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Des weiteren bestimmen wir die Spitzenzahlen von SLn(Λ) und GLn(Λ)

in SLn(D), bzw. GLn(D), wobei Λ eine maximale Ordnung in einer nicht total

definiten Divisionsalgebra D ist. Wir erhalten c(SLn(Λ)) = c(GLn(Λ)) = (1 +

hD)n−1 − 1. Dies gilt insbesondere wenn D ein Zahlkörper k ist.
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