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1 Introduction

1.1 Abstract

Spaces of so-called "ultra-differentiable functions” are special sub-classes of all smooth
functions £ with certain growing conditions on all their derivatives. Such classes are
usually defined by using either weight sequences M = (M,), or a weight functions
w and one can distinguish between classes of Roumieu-type Eqppy resp. &g,y and of
Beurling-type Ery resp. &)

In [21], [23] and finally in [22] my PhD-Advisor A. Kriegl, A. Rainer and P. W. Michor
were able to introduce a "convenient setting” for ultradifferentiable classes defined by
certain weight sequences M: More precisely they succeeded to transfer the results from
[20] for the smooth case first to non-quasi-analytic classes of Roumieu-type, in the
second paper to certain quasi-analytic classes of Roumieu-type (which can be written as
intersection of non-quasi-analytic classes), and finally in the third paper to the general
case, i.e. to both non-quasi- and quasi-analytic classes of Roumieu- and Beurling-type.

The main goal of this PhD-Thesis is to extend and generalize these results and notations
to other classes of ultradifferentiable functions. More precisely we will extend them to
classes & pyqy resp. €y defined by a weight matrix M, and as particular cases one can
describe the classes defined by w or by a (single) sequence M simultaneously.

We give now a brief summary of the structure of this PhD-Thesis:

First, after introducing and recalling important definitions and conditions, we will
study systematically several properties for a weight function w in detail. After that,
we are going to study the most important technique and new idea in this work: To
each w we can associate a weight matrix M = {M' : ] > 0}, i.e. a family of weight
sequences with parameter [ > 0. We will prove new versions of a comparison theorem
resp. new representations for &,y and &, by using these sequences M ! with the
following consequence: We can define now classes of ultra-diff. functions by using a
weight matrix M abstractly, and then this definition is a common generalization of
defining them by using w or a (single) sequence M. But we will also show that by
using M one can describe in fact really new classes which can neither be described by
a sequence M nor by a function w.

In the next step we introduce several new conditions on M and study the behavior and
properties of these new classes £ () resp. &) in detail. Moreover we will characterize
closedness under composition and some further stability properties of £{ ) resp. &y
in terms of conditions on the weight matrix M.

Using these tools together with diagonal techniques we are able to extend the results
of [21], [23] and [22] to this much more general situation, where the classes are defined
by a weight matrix M.
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The author of this PhD-Thesis was supported by FWF-project P23028-N13, with title
"Exponential Laws for Classes of Denjoy-Carleman Differentiable Mappings”.

1.2 Zusammenfassung

Réaume sogenannter "ultra-differenzierbarer Funktionen” sind spezielle Teilklassen aller
glatten Funktionen &£, deren Ableitungen alle gewisse Wachstumseigenschaften erfiillen.
Solche Klassen werden in der Literatur entweder durch eine Gewichtsfolge M = (M),
oder durch eine Gewichtsfunktion w definiert und man kann immer zwischen dem
Roumieu-Typ Eqpry bzw. &,y und dem Beurling-Typ ) bzw. () unterscheiden.

In [21], [23] und schlieflich in [22] ist es meinem Betreuer A. Kriegl, A. Rainer und
P. W. Michor gemeinsam gelungen, ein sogenanntes ’convenient setting” fir ultra-
differenzierbare Funktionenklassen zu entwickeln, welche mittels bestimmter Gewichts-
folgen M definiert sind. Zuerst haben sie die wichtigen Resultate der Klasse aller
glatten Funktionen in [20] auf nicht-quasi-analytische Klassen vom Roumieu-Typ tiber-
tragen, im zweiten Paper auf bestimmte quasi-analytische Klassen vom Roumieu-Typ
(welche eine Darstellung als Durchschnitt nicht-quasi-analytischer Klassen besitzen).
Schlieflich ist es ihnen im dritten Paper gelungen, die Resultate auf den allgemeinen
Fall zu iibertragen: Auf Klassen ultra-differenzierbarer Funktionen vom Roumieu- und
vom Beurling-Typ, welche sowohl quasi- als auch nicht-quasi-analytisch sind.

Das Hauptziel dieser Arbeit ist es gewesen, all diese Ergebnisse und Beweise auch auf
andere Klassen ultra-differenzierbarer Funktionen zu iibertragen bzw. zu verallgemein-
ern. Wir werden das “convenient setting” auf Klassen &qpy bzw. &(uq) Ubertragen,
welche mittels einer sogennanten Gewichts-Matrix M definiert werden. Verwendet
man namlich diese Notation so kann man sowohl Klassen welche iiber eine Folge M als
auch iiber eine Funktion w definiert werden gleichzeitig beschreiben.

Wir geben nun einen kurzen strukturellen Uberblick iiber die vorliegende Arbeit:

Zu Beginn, nachdem wir die wichtigsten (bekannten) Definitionen und Eigenschaften
wiederholen, werden wir systematisch die wichtigen Bedingungen fiir eine Gewichts-
funktion w untersuchen. Danach werden wir eine neue Methodik und die zentrale
neue Idee in dieser Arbeit studieren: Zu jeder Gewichtsfunktion w kénnen wir eine
Gewichtsmatrix M = {M! : | > 0} konstruieren, also eine Familie von Gewichtsfol-
gen mit einem Parameter [ > 0. Mit Hilfe dieses neuen Konzepts und der Folgen M’
werden wir neue Versionen von Vergleichsresultaten bzw. neue Darstellungen fiir die
Klassen £,y und &) beweisen, mit der folgenden Konsequenz: Man kann nun Klassen
ultra-differenzierbarer Funktionen abstrakt mittels einer Gewichtsmatrix M definieren,
und dann ist diese neue Definition eine gemeinsame Verallgemeinerung der Definition
durch eine Gewichtsfunktion w und durch eine (einzelne) Gewichtsfolge M. Aber wir
werden zeigen, dass mittels dieser neuen Methode auch neue Klassen beschrieben wer-
den konnen, welche weder durch eine einzelne Folge M noch durch eine Funktion w
beschrieben werden kénnen.

Im néchsten Schritt werden wir Eigenschaften von Gewichts-Matrizen M einfiihren
und diese sowie die Eigenschaften und neue Phinomene der neuen Klassen &) bzw.
Em) genau studieren. Weiters werden wir die Abgeschlossenheit unter Komposition
und einige weitere wichtige Stabilitdtseigenschaften der Klassen &y ) bzw. £y durch
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Eigenschaften der Gewichts-Matrix M charakterisieren.

Mit dieser entwickelten Theorie und mit Hilfe von Diagonalargumenten konnen wir
nun die Resultate von [21], [23] und [22] auf diese neue Situation verallgemeinern, wo
die Klassen ultra-differenzierbarer Funktionen durch eine Gewichts-Matrix M definiert
sind.

Der Autor dieser Arbeit wurde durch das FWF-Projekt P23028-N13, mit dem Titel
"Exponential Laws for Classes of Denjoy-Carleman Differentiable Mappings”, finanziert.
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2 Basic definitions

2.1 General notation

Throughout the whole PhD-thesis we will use the following notation: We denote by
& the class of smooth functions, C¥ the class of all real analytic functions and H the
class of all holomorphic functions. We will write Ny = {1,2,...} and N =Ny, U{0}.
Moreover we put Rsg := {z € R: z > 0}, i.e. the set of all positive real numbers. For
a = (aq,...,a,) € N we use the usual multi-index notation, write a! := a1!...a,!,
la| == oy + -+ + ay and for z = (x1,...,2,) € R" we set 2@ := 27" - - 28". We also
put 9% := 9{'' - - - 9% and we denote by %) the k-th order Fréchet derivative of f. Let
Eq,...,E; and F be topological vector spaces, then L(E; X --- x E, F') is the space
of all bounded k-linear mappings £y X --- x B, — F. If E=FE; fori =1,... k, then
we write L¥(E, F). The natural logarithm will always be denoted by log.

2.2 Weight functions

A function w : [0,00) — [0,00) (sometimes w is extended to an even function on R, by
w(—z) = w(x) for € [0,00)) is called a weight function if we assume that

(wp) w is continuous, on [0,00) increasing, w(z) = 0 for x € [0,1] (w.lo.g.) and
lim, 0o w(z) = 400.

Moreover we consider the following conditions:

(w1) w(2t) = O(w(t)) as t — 400, i.e. limsup, .. L:((Qtt)) < +o0.

w(t)

(w2) w(t) = O(t) as t — oo, i.e. limsup, ., 5+ < +oo.

(ws) log(t) = o(w(t)) as t — 400, i.e. limy oo 8D = 0 (¢ limy o0 o155 = 0).

(W) Y it — w(eh) is a convex function on R.

w(t)

(ws) w(t) = o(t) as t — +oo, i.e. limy_ oo X2 =0.

(wg) IH>1Vt>0: 2 -w(t) <w(H-t)+ H,ie. limsup,_, w?)g?t) <

N[

(wr) IH>03C>0Vt>0:w(t?) <C -w(H - t)+C.

dt<+oo

(wna) [ Rdt < 00 & [(° W

We define the set

W :={w:[0,00) — [0,00) : w has|(wo)lf (ws)ll (wa)[}
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The function ¢, in condition is increasing by definition and by |(w4)| convex on
[0,00). By |(ws3)| we have 0 = lim;_,0 lzg(g) = lim, .o @ finally by |(wo)| also
©w(0) = 0 holds. Hence, by [, 1.3. Remark|, we can define the Legendre-Fenchel-

Young-conjugate @, via

T

oo (@) = sup(z -y — pu(y)),
y=>0
which is a convex increasing function, ¢ (0) = 0, ¢’* = ¢, and furthermore

Pw(T)

limg oo =y = 0. Finally, by [5] 1.5. Lemmal, the functions z +— 2= resp. z

©5 ()
%(I) are increasing on [0, +00).
We summarize: Conditions |(wp)), [(w3)| and |(w4)| together guarantee nice properties
for the function ¢, and its Legendre-Fenchel-Young conjugate ¢f. Note: Because w
vanishes on [0, 1] we have that ¢, vanishes on (—o0,0] and so in the definition of the
conjugate we get sup,>( = sup,cg. For more details about these conditions and
0. 1.2

All other properties will be studied in detail below, a short summary: and are
certain growth conditions and they imply strong inequalities, which will be used several
times. and guarantee, that the real-analytic functions are contained in the
considered Roumieu- resp. Beurling-space. is called the non-quasi-analyticity-
condition. For w with additionally |(w;)| and |[(wnq)| it was shown in [5], that the
classes of ultradifferentiable functions defined by w (for the definition see in the next
section) contain functions with compact support! In [5, 4.4. Proposition|, the convexity
of ¢}, together with property was used to show that such classes defined by w are
closed under pointwise multiplication.

All these conditions have already been introduced in the literature, but condition
seems to be new.

For two weight functions wy,ws €W we write

w1 S we & wa(t) = O(wi(t)),t — +o0

w1 ~ wr e wi I wa, w Jwy

w1 < wg & wa(t) = o(wi(t)),t — 400

2.3 Weight sequences

A weight sequence M = (M), € R§O is a sequence of positive real numbers. We
introduce also the sequences m = (my)r and p = (ug)x defined by my := % and

Wi = %, 1o = 1. So alternatively we have My = Hf:o ;. The sequence M is
called normalized if 1 = My < M; holds.

(1) M is called weakly log. convex if
(IC) = VjeN: Mf < Mj—l 'Mj+1

which means that the set above the graph {(j,log(M;)) : j € N} is a convex set in
R? and this condition is equivalent to the fact that the sequence y is increasing. M is
called strongly log. conver, if

(sle) & VjeN: mj2 <mj_1-mjqr.
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We recall the following well-known facts: If M is weakly log. convex and My = 1, then
(alg) = IC>1V ke N: M;- My < CIF. M

holds with C' = 1 and moreover the mapping j +— (Mj)l/j is increasing (see e.g.
[38, Lemma 2.0.4, Lemma 2.0.6]). More general, if M is weakly log. convex and
My # 1, then the mentioned proofs show M; - My, < My - Mjyy, for all j,k € N and
(M)Y* < (Mg - Myy1)Y D for k > 1. But since in this case (ug)y is increasing and
(My)YF < (Myyp )V D o My, - (My)VE = (M) BH/E < My yy © pg - g = My <
(1154+1)" also for My # 1 the mapping j — (M;)'/7 is increasing.

implies and if M is weakly log. convex and normalized, then pp > 1 for all

k € N, hence M is automatically increasing.

In this context sometimes regularizations of M are used, see e.g. [15, Theorem 1.3.8.]
for their importance: First we introduce

M= (M), M= <inf{(Mj)1/J Lj> k}> fork>1, M =1,

so the sequence ((Ml;)l/k>k is the increasing minorant of the sequence ((Mj)Y/*),. If

k > (Mj,)Y/* is increasing and Mo = 1 (w.l.o.g.), then M, = M; follows for all k € N.
Second we define

MY = (M), M= inf {(M) 7 (M) T < j <k <l <1},

the (weakly) log. convex minorant of M. If M is log. convex, then M = M holds.
Furthermore we point out: If one starts with M and obtains the sequence m = (my) by
my = %, then we can derive m!°, the log. convex minorant of the sequence m. Since
m!° is log. convex, also the sequence (k:!-m}cc)k is log. convex with k!-m!® < kl-my = M,
for each k. This shows M) > k! - ml¢ and analogously M} > (k!)'/F . mi (note that
EIVE < (k4 D)IVED o kL gIVE < (k4 1) < kVE <E+1 ok < (K+1)F). If
m is log. convex, then M too and we obtain equality. But in general we cannot have
equality: If e.g. M islog. convex but m not, then we would get m; = % = AZ’:“C = m}cc,
a contradiction (and analogously for M1, m!).

Except these both cases in the literature there are mentioned several more regular-
izations, which we don’t need necessarily. For their importance (characterization of
equality of ultradiff. function classes in terms of properties of weight sequences), the
precise technique of regularizing a weight sequence and more details we refer to [7], [8]
and [25], see also [39] and [35].

(2) M satisfies moderate growth if

itk
< M1 >1/(J+ ) e

= ryra———
(mg) :< sup M, - My

J.k>1
which means that

I3C>1V 45,k eN: My <CIR. M- M.

Since 1 < (]J]“k) < 27tk we can replace in the condition above M also by m. Sometimes
instead of moderate growth the following equivalent condition is used

(udo) :=3C1,C2>1VpeN: M, < CyC’g-OIglqigqu-Mp,q,
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which is also known as stability under applying ultradifferential operators. A weaker
condition than moderate growth is derivation closedness:

(de) . 3C>1VjeN: My <O/t M
(3) M satisfies condition (f3), if

(B3) = IQeN: liminf 29 > 1.
p—o0 LU

A stronger condition than (33) is (1) (introduced in [33]), which means

(61) & 3QeN: liminf 29 > .

(4) M is called non-quasi-analytic, if
oo oo 1
—1
= — <+
M,

otherwise M is called quasi-analytic. A stronger condition is strong non-quasi-analyticity,
which means

. = (G+1)-M;
sng) e 3C>1VjeN: <c. M7
(snq) ;Mkﬂ M

If M is weakly log. convex, then one can show directly by using Carleman’s inequality
(see e.g. |38, Proposition 4.1.7]):

Z—<+oo<:>z 1/p +o0.

1 Hp

(5) For two arbitrary weight sequences M = (M), and N = (N,), we write M < N if
and only if M, < N, holds for all p € N. Moreover we define

. M.\ /P
M<N:& 301,0221Vj€N:MjSCQ'C{'Nj<:> sup <p> < 400

PEN>Q p

and we call the sequences equivalent and write

M~ N = MIN,NIM.

Furthermore we will write

1/p
M<JN: Vh>03C,>21VjeN: M; <C)- I N; <= lim <Mp> = 0.
p—00 Np
In the literature sometimes one can find the following numbers for these conditions
(introduced by [16]): Weakly log. convexity is called (M1), closedness under taking
derivatives (M2)', moderate growth (M2), non-quasi-analyticity (M3)" and strong non-
quasi-analyticity (M3).

Some properties for weight sequences are very basic and so we introduce for convenience
the following set:

LC:={M € RY: M is normalized, weakly log. convex, klirn (M;)Y* = +o0}.
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2.4 Spaces of ultradiff. functions defined by a weight
sequence M resp. a weight function w

Let n,m € N5g, let U C R™ be a non-empty open set and we denote by (U, R™) the

space of all smooth functions f : U — R™ and write £(U) instead of £(U,R). There

are several ways to define spaces of ultradifferentiable functions and basically one can

distinguish in each way between the Roumieu- and the Beurling-type.

First we can introduce them by using a weight function w €] The Roumieu-type
space is defined by

Ep(UR™) :=={f € EWU,R™): VK CU compact 31> 0: [ fllwrs < +oo}
and the Beurling-type space by

Ewy(UR™) :={f € EWU,R™): VK CU compact VI >0: | fllox; < +oo},
where we have put

Hf(k)(m)HLk(R“ R™)
w = su . 2.4.1
”f” Kl kGN,QUPéK exp(% . QO:Z(Z . k)) ( )

and f*)(z) denotes the k-th order Fréchet derivative at x. For compact sets K with
smooth boundary the space

Eo (K, R™) :={f € E(K,R™) || fllw,x < +o0}

is Banach. For I3 < [y we obtain the bounded canonical inclusion mapping 7, g, :
Euwiy (K, R™) — &, 1,(K,R™) and we have the topological vector space representations

£y (UR™) = lim lim &, (K, R™) = lim (K, R™) (2.4.2)
KCU >0 KCU
resp.
Ewy(UR™) = lim lim £, (K, R™) = lim &, (K,R™), (2.4.3)
KCU >0 KCU

where the limits run over all compact sets K C U and [ > 0.
Similarly we introduce such classes by using an arbitrary weight sequence M = (My,)y €
R§O as follows: First again the Roumieu-type

En(U,R™) :={f € E(U,R™): VK CU compact 3h > 0: || fllar,xn < +o0}
and the Beurling-type-space by
Ean(U,R™) :={f € EU,R™): VK CU compact V h >0: [ fllaxn<-+oc},

where we have put

||f(k) (z) ||Lk(Rn,Rm)

sup 2.4.4
keN,zeK hk - My, ( )

LAl pc =

For compact sets K with smooth boundary the space

Emn(KR™) = {f € E(K,R™) : || fllar,xn < +o0}
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is Banach. For h; < ho we obtain the bounded canonical inclusion mapping tp, p, :
Enpy (KGR™) — Eppp, (K, R™) and we have the topological vector space representa-
tions

Epy(U,R™) = lim lim &y (K, R™) = lim Eqpy (K, R™) (2.4.5)
KCU h>0 KCU
resp.
Eon(U,R™) = lim lim Eyp (K, R™) = lim (K, R™), (2.4.6)
KCU h>0 KCU

where the limits run over all compact sets K C U and h > 0.

Convention: Let x € {M,w}, then for convenience we will write &, if either £,y or
E(x) 1s considered, but not mixing the cases if statements involve more than one &

symbol. We will write £,)(U) instead of £,j(U,R).
Observations:

(1) It’s no restriction that all occurring limits are countable: Consider a countable
exhaustion (K;)jen of U and in the Roumieu-cases one can restrict to I,h € N,
in the Beurling-cases to l/, h' e N with [ := % resp. h = %

(2) By definition N implies Eppy C Eqny resp. for the Beurling-case, MEl N
implies E{M} - E(N)

(3) The inclusion &£, C &y, is clearly satisfied for x € {M,w}.

(4) We can replace a sequence M = (My); by (C* - My)y, for any C > 0 without
changing the associated function space &5 Moreover we can assume w.l.o.g.
1 = My < M; (normalization) for the defining weight sequence: We can replace

a sequence M = (Mjy)i by (%’S)k and assume that C'-h > ﬁl without changing

the associated function space &(py).

(5) See also the remark in [21], 2.8.]: In the above description of the steps Eps (K, R™)
resp. &,(K,R™) instead of compact sets K with smooth boundary one can also
consider open K C U with K compact in U resp. one can work with Whitney
jets on compact K (e.g. in [4]).

For the Beurling cases in both definitions we obtain a Fréchet-space, because here we
take the seminorms || - Hw,Kj,l/l resp. || HM,Kj’l/h for I, h € N5 and an exhaustion of U
with countably many compact sets K;. In [3, Proposition 4.9.] it is shown for w

with and that it is in fact a nuclear Fréchet-space.

For the Roumieu-cases we take again a countable exhaustion (K;) ey of U with compact
sets and for the inductive limit we can also reduce to [, h € N+, so one has a countable
inductive limit with continuous (bounded) inclusions.

lim &, (K, R™) resp. lim Epp(K,R™) are clearly (LF)-spaces (more precisely (LB)-
>0 h>0

spaces), hence webbed because a (LF')-space is a quotient of a countable direct sum of

Fréchet-spaces. Furthermore they are ultrabornological, hence bornological and bar-
reled.
For an arbitrary weight sequence M € R§O the space lim £ My (K R™) is a Silva-sapce,

h>0
i.e. a countable inductive limit of Banach-spaces with compact connecting mappings,

see e.g. |16 Proposition 2.2], [38, Lemma 3.1.8].
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2.4 Spaces of ultradiff. functions defined by a weight sequence M resp. a weight function w

>0
1 > 0 there exists I3 > 0, I > [1, such that the mapping

We show: For w with [(wy)| the space lim &, (K, R™) is a Silva-space: It suffices

to prove that for a
L EM1171(K’ Rm) — 5M1271(K, Rm)

is compact, where we have put M]l = exp(% <X (1)) for I > 0 and j € N. (For more
details concerning this definition we refer to the fifth chapter below!) For this consider

Epm 1 (K R™) — &y hl(K7 R™) = &y hQ(K7 R™) — Eypy 1 (K, R™).
k] L1 k] L2 k] L3 k]

The first inclusion holds for all A; > 1, the second for ho > hy and finally the third by
below (see also below): hf - M,il <C- M,lf is satisfied for all £ € N if we
put lo = L? -3 and s € N chosen minimal with exp(s) > hs.

We put now ¢ := 13 0 19 0 t1, the mappings 11 and ¢3 are clearly bounded mappings
(between Banach spaces), for hy > h; the mapping to is compact (again by [16, Propo-
sition 2.2|, [38, Lemma 3.1.8]). Hence by the ideal property of compact mappings also
L is compact.

Finally for U C R" non-empty open we can define ultradiff. functions classes defined
by global estimates (no compact set K C U is involved) as follows:

giofal(U’ R™) :={f € EU,R™): 31> 0| fllows < +oo}

resp.
P qﬁbal(U’ R™) :={f € E{U,R™): ¥1> 0| fllows < +oo}

and
g{g}&?al(U’ R™) :={f € EU,R™): Ih >0 ||fllarvn < +o0}

resp.

S(gjgg’al(U, R™) :={f € EWU,R™): Yh >0 |fllaevn < +00},

where || f||«v,« denotes the semi-norms from (2.4.1)) resp. (2.4.4) where "supycy zex”
is replaced by ”SHPkeN,er”-

Remark 2.4.1. During this PhD-Thesis we will deal with classes of ultradiff. functions
which are defined locally. But it turns out that many important theorems are also valid
for globally defined classes. More precisely we point out:

(2) In many proofs we will deal with certain inequalities concerning only the denom-

inator of the quotient in the defining semi-norms (2.4.1) resp. (2.4.4). So in

the numerator there we can use instead of fr := sup,eck pen also the sequence
Tk = SUPzeU,keN-

(13) In globally defined Roumieu-type classes introduced by (at least) weakly log. convex
weight sequences M we still can find the important functions 0y € 5{%1\(/)[};&1(]1%,]1%)

resp. Oy € 53\3‘3&1(1[%,@) from |(chf)| resp. (2.4.7) below.

(#i7) Note that for globally defined classes the above top. vector space representations
(2.4.2), (2.4.3), (2.4.5) and (2.4.6)) become more easier since no projective limit
over all compact sets K C U 1is involved.

11



2 Basic definitions

More general for formal calculations also the following abstract spaces of sequences of
positive real numbers can be considered:

Farn = {(fk)keR§0:30>o:VkeN:|fk|gc.h’f.Mk}

with
Fiuy o= U Fun  Fouy = ﬂ FM,h
h>0 h>0
resp.

1
j:w,l = {(fk)kERIEO:HC>O:VkEN:’fMSC-exp(l-(pj_,(l-k))}

with

f{w} = Ufw,l f(w) = ﬂfw,l-

>0 leA

We recall now some important facts and consequences if the weight sequence M is
weakly log. convex, i.e. satisfies |(lc)|is satisfied:

(1) We can find in such classes special functions:

(chf) 30y € ELT(RR) :V j €N ‘95\9(0)‘ > M.

Sometimes in the literature such a function is called a characteristic function, see
e.g. [39]. We recall the exphclt construction: First consider the complex-valued

function O (t) == > o2 07 k -exp(2v/—1pugt) with py = Ll, see [40, Theorem
1]. We obtain 0y € S?Egal(R C) and moreover

VieN: 69(0) = (V=1 -s;, s .fZMk @)™ > M, (247)
k=0 J:k

hence ‘5@( )’ > M; for all j € N. We also get by definition ‘5%)(1‘,)‘ <s5 =
’9(] ‘ for all j € N and ¢ € R, hence ||0/]jo = ‘GM
Oy = ~§)%(9M) + 3(0yy), see also [38, 3.1.2. Proposition|. More precisely we
get ]?R(GM)(J (0)| = s; for even j and |R(6),)9)(0)| = 0 for odd 7, analogously
1S(01)9(0)| = s; for odd j and |S(fxr))(0)] = 0 for even j. Finally in [38,

3.1.2. Proposition| it is also pointed out that the Beurling-class S(gjf’[l))al(]l% R)
cannot contain such a characteristic function 6,;.

. We can put now

(71) Using such characteristic functions one is able to prove: Let M be a weakly
log. convex sequence, then N < &y C Eqny, for a proof see e.g. [38,
Theorem 3.1.3].

To obtain this equivalence also for the Beurling-case one has to assume that
M and then one can apply the second chapter in [6].

Precisely the same argument as in [38, Theorem 3.1.3] can be used to prove the
following: Let M be a weakly log. convex sequence, then MEl N <= &y C
g(N).

We point out: In all equivalences above to prove <= we need only the assumption
E(R,R) C En(R,R) resp. £y (R, R) C &y (R, R).

12



2.4 Spaces of ultradiff. functions defined by a weight sequence M resp. a weight function w

(7it) The classes Erary resp. Eypy are closed under pointwise multiplication, in fact we
need only condition |(alg)| (see e.g. [38, Proposition 2.0.8]).

(tv) The Denjoy-Carleman (see e.g. |36 19.11 Theorem]| or [I5, Theorem 1.3.8.]) tells
us that condition is satisfied, if and only if &}y contains functions with
compact support (&[y-test functions).

We call a class &), x € {M,w}, not quasi-analytic if &4 contains functions with
compact support, otherwise we will call it quasi-analytic. So (iii) above precisely
means that if M is a weight sequence with then @I holds if and only if &y is
not quasi-analytic. Recall: In the third chapter in [5], it was shown that for w g W)

with and both classes £,y and &) are not quasi-analytic.

13



2 Basic definitions
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3 Properties of weight functions -
consequences and relations

The aim of this chapter is to study all introduced conditions of a function w € W] in
detail. This chapter has to be understood as a preparation for the fifth chapter below,
where we transfer conditions from a function w to conditions of it’s associated weight
matriz M.

3.1 Remarks about the convexity condition (w,)

We study the precise meaning of For this we recall the history of ultradiff.
classes defined by weight functions w (for a good and short survey see also e.g. the
introductions in [5] and [4]). First for a smooth function f (with compact support) the
decay property of its Fourier transform f was analyzed and it was weighted with terms
exp(l-w(-)) with I > 0 (see e.g. [34] and [5]). For this definition property |(w4)| was not
used necessarily (as in [34]). In [, 3.3 Lemma, 3.4. Proposition| the ”old” definitions
were transformed (for non-quasi-analytic weights) into the "new” now frequently used
definitions, where all derivatives of f occur and are weighted with terms exp(—I-¢% (7))
with [ > 0. Finally in the fourth chapter in [5] the general classes were introduced and
studied (as above in section 2.4., see [2.4.2f resp. [2.4.3]).

Now for the important characterizing results [5, 3.3 Lemma, 3.4. Proposition| |(w,)| was
needed: In the proof there ¢ = ¢, was used which can be only satisfied if the function
pw itself is convex. So this condition is necessary that the new definitions using the
Legendre-Fenchel-Young-conjugate are generalizations of the older ones (on the other
hand in [5] the sub-additivity for w, which was always assumed in the previous papers,
was replaced by the more general condition |(wy)]).

Nevertheless the function ¢ is convex in any case, we summarize the whole situation
in the following lemma:

Lemma 3.1.1. Let w : [0,00) — [0,00) be a function with properties and [(ws3)]
Then we obtain: Forx > 0 we get ¢7,(x) = sup,>o{zy—9¢w(y)}, the function x — ¢} ()

is well-defined, increasing, convez, ¢} (0) =0 and the mapping x — %@) 1S increasing
and tending to infinity for x — oo. Finally ©5F < @, holds with equality if and only if
condition holds in addition.

Proof. Since by assumption w(z) = 0 for z € [0, 1], we get ¢(z) = w(exp(z)) = 0 for

T € (—00,0], hence ¢, () := sup,er{ry — Yu(y)} = sup,>{ry — ¢u(y)}. Since
holds, i.e. —%—~ — 0 for y — 0, we see that ¢ (z) is finite for any x > 0. Moreover

o (y)
©5(0) = sup,>op{—wu(y)} = 0, because w is increasing and ¢, (0) = w(exp(0)) =
w(1) = 0. All further statements are satisfied by definition and convexity. O

Remark 3.1.2. (i) The main problem of property is the following: It is not
stable w.r.t. relation [~ since it is a convexity condition.
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3 Properties of weight functions - consequences and relations

(ii) During this whole PhD-thesis, except the cases where it is mentioned explicitly,

we will deal with weight functions in the set S0 we assume (the
assumptions in and also [(w4)]

(iii) As a general statement we can say: In this chapter 3 and also in chapter 5
below we are going to transfer the introduced increasing conditions from w first
to @, then to ¢* and finally to the (family of) sequences M' := (M]l-)j, M]l =
exp(7 - ¢4 (L - §)) which will be considered and studied in chapter 5. For this
approach, transferring conditions from w to it’s associated weight matriz M, only
the assumptions from are needed for w, so and . More precisely
we only need the convezity and increasing properties for the mapping t — ¢ (t)
there. Also the first part of the comparison theorem[6.2.1) resp. [6.2.6] are valid.

(iv) But is in fact needed, if one wants to prove characterization results (e.g.
for property in for property m for relation |~| in and
: More precisely it is necessary if one wants to transfer properties of the
associated weight matric M to w, for this we have to consider in the proofs the
"double conjugate” pF and we really need ©XF = ¢,,.

(v) A problem could also be if one has to deal with explicit properties of the associated

weight matrices. If one has two functions, w and o with Only and
(the assumptions in and assume o. Then the proof in shows

&) = o) and the proof of@ shows the equivalence of the associated weight
matrices. Then properties for the weight matriz associated to o can be transferred
to the weight matrix associated to w, in this situation one is able to apply the
characterizing results to obtain the desired properties for w. Finally, by[3.2.9 and
W~ o, we can transfer the property from w also to the weight o.

3.2 Equivalence of weight functions

Recall: For two weight functions wy and wy we write wi <Jws if we(t) = O(wi(t)) (for
t — oo) and we call two weights equivalent and write wl woy if wl w9 and w w1.
The following result is well-known, it was mentioned e.g. in [5, 3.2. Remark|. For
convenience of the reader we give the full proof:

Lemma 3.2.1. Let wy,ws E@ be given, if w1 wa, then we get Eqy,y C Efuyy TeESP.
Ewr) € Ewy)- If wl wa, then Eq,y = Equyy and E,y) = Euy), S0 one can change to
an equivalent weight, without changing the associated function space of Roumieu- and
Beurling-type.

Proof. w1 wsy implies the existence of a constant C' > 1 such that wa(t) < C-wy(t)+C
for all ¢ > 0. Thus we obtain for the function ¢, also ¢, (t) < C - ¢y, (t) + C for all
t € R and so we can estimate:

X
0w, (y) £ C - (y) +C = C-sup{—~y—s0w1(y)} < Sg}g{my—ww(y)HC
Y=z

y>0 \C
* J; *
— O, (6) < @t (x) + C.

The second implication above is by definition clearly an equivalence, but for the first one
the converse conclusion is not true because the supremum can be attained at different
values. Similarly one gets D -], (%) < @5, (x)+ D for all z > 0 and a constant D > 1
if one assumes wo <|wy. O

16



3.2 Equivalence of weight functions

"Good and nice” conditions and assumptions on a weight w shall be stable w.r.t the
relation SO wWe summarize:

Lemma 3.2.2. Let w: [0,00) — [0,00) be a continuous increasing function with

limy 00 w(x) = +00.

Then properties[(wi)|[ (w2l (ws)ll (ws)], [(we)] and [(wr)| are stable under relation|~} More-
over property w(z) = 0 for z € [0,1] in|(wo)| can be assumed w.lo.g.

Proof. Properties and are clearly stable w.r.t. relation |~ (follows

by definition). For we point out: Assume that 7 satisfies and o, then
o also satisfies For all ¢ > 0 on the one hand we have 7(2t) < C' - 7(t) + C <

C-Ci-0(t)+C-C1+C, on the other hand C% -0(2t)—1 < 7(2t). Hence combining these
two inequalities we get o(2t) < C-Cy-Cq-0(t)+C-C1-Co+C-Co+Cy=D-o(t)+ D
for all t > 0.

For the stability of property we point out: Assume that 7 has and T.
Then recall : By iterating property we get that for each n € N and t > 0
we obtain 2" - 7(t) < 7(H™ - t) + (2" — 1) - H. By the equivalence of ~] 7 we have that
there exist constants C; > 1 and Cs > 0 large enough such that for all t > 0 we obtain
C% c7(t) — Cy < o(t) < Cy - 7(t) + Co. Then take n € N minimal such that C7 < 2" is
satisfied, and with this special choice we obtain for all ¢ > 0:

1

— -7(Hy-t)+ Hy +2-Cy
Cq

2.0(t)<2-C1-7(t)+2-Cy <
—

()
SO’(Hl-t)—i-Hg—f—?)-CgSU(Hg't)—f—Hg.

(%) holds because 2 - C? - 7(t) < 22nFL. 7(t) < 7(H* L . t) + (22"t — 1) - H, hence
2-Cy-7(t) < & m(Hy - t) + Hy for all t > 0.

Condition : Assume that 7 has and let o with 7. Then on the one
hand 7(t?) < C-7(H -t)+ C < By - C-0(H -t) + By + C and on the other hand

B% - 0(t?) — By < 7(t?) for constants By, By > 1 large enough and all ¢ > 0. By
combining both inequalities we obtain for o:
O'(tQ) SB%OO’(Ht)—FQBQBl—{—CBl

We finally remark: The assumption w(z) = 0 for all z € [0,1] can be assumed w.l.o.g.
If w is given with all assumptions of except w(1) = a > 0, then we can replace w by
the weight o defined via o(x) := w(x)—a for all z > 1 and o(x) = 0 for x € [0,1]. Then
o satisfies of course and of ~w, because lim,_oo w(z) = limy_oo () = +00. O

Note: A weight w is in general not equivalent to the weight o defined by o(z) =
w(z + a) for some a > 0. w is clear, but for the converse direction one would need
property for w, in fact we use (3.3.1) and calculate as follows:

or) wta) _ w@ ) _ Lw@ Xl L YL
wlr)  wx) \S/ w(z) \S/ w(z) =L w(z)
() (3.3.1) oo

(%) holds for z > %: Take n € N minimal such that a < 2" is satisfied, then

x+a§x—|—2”and:c+2”§2”-x<:>2"§x-(2”—1)<:>%§33.
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3 Properties of weight functions - consequences and relations

3.3 Important consequences from (w;)

Property is much more general than sub-additivity for w and has important con-
sequences. It can be stated in two different (equivalent) ways: First we can say that
there exists a constant C' > 1 and ¢y > 0, such that w(2t) < C'-w(¢) holds for all ¢ > ¢,
(w.l.o.g. can take to = 1)! Iterating this estimate we get w(2* -t) < C¥ - w(t) for all
t>tgand k € N.

The second equivalent formulation is:
IL>1Vt>0:w(2t) <L -w(t)+ L,

and by iterating this inequality we can prove:
n .
VneN: w@ -t) < L' w(t)+ Y L. (3.3.1)
i=1

For n = 1 there is nothing to show, for n +— n+1 we get: w(2"*1-t) < L-w(2"-t)+L <
L-(L" o)+ L)+ L=L"" o)+ S0 L+ L

Both conditions are equivalent since lim;_,o, w(t) = 400, but with the second method
we obtain very important formulas for ¢],. Let w , then we get (w is increasing):

exp(1) >

pu(y +1) =wlexp(y +1)) = w(exp(y) - exp(l)) = w (2 2 exp(y)

SL-<1+w(;}${S()y)>> S L+ enm)
25 <2evexp(1)<4
<L-(14+L-(1+w(exp(y)))) = L+ L*+ L* - w(exp(y)) < L1 - (1 + w(exp(y)))

=Li-(1+¢u(y),

where we have put Ly = L? + L= L(L + 1) > L.

So we have shown, that ¢, (y) < Ly - (1 + ¢u(y — 1)) for a constant L; > 1 and all
y € R. Since Ly > L clearly w(2t) < Ly - (1 + w(t)) for all ¢ > 0 is satisfied (so is
still satisfied for the constant L;), then denote in the following this constant L; again
by L.

The next proposition is very important, we will use it to prove important inequalities
and for the convenience of the reader we will prove it in detail. In the literature it
has already been used several times (e.g. in [I0]), and in [I0, Proposition 2.1.] it is
mentioned that a proof of it can be found in [I3] 1.1.18.].

Proposition 3.3.1. Let w be given with additionally condition . Then

JL>1VA>0VseNdIu>0VneN: A'%Z(%)‘FTL'SS#‘@Z <Z>+,u-ZLi
i=1

(3.3.2)
1s satisfied.

Proof. First we show that there exists a constant L > 1 such that for all x > 0 we get

L-gy(x)+ Lz <¢l(L-z)+ L. (3.3.3)
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3.3 Important consequences from (w1)

This holds by the following calculation:

@Z(L-l‘)=Sup{(L-l‘)-y—cpw(y):yZO}ZL'Sup{:v-y—i-%(y):yz(}}

>L-sup{z-y—(1+@u(y—1)):y>0t>L-sup{z-y— (1+pu(y—1)):y>1}
=L-sup{z-(y—1)+o—-1-pu,(y—1):y =1}
=L-x—L+L-sup{z-(y—1)—p,(y—1):y>1}=L-x— L+ L-¢, (x).

We summarize: |[(wgyp)| =1 (w1)[= (3.3.3) holds, where denotes the sub-additivity
condition which will be studied in detail below.
We prove by induction:

S
dL>1:VseN: Vx>0: Ls-goi)(a:)—i—s-Ls-xS@Z(Ls-m)—i—ZLi,
i=1

and one can take for the constant L > 1 above the constant which appears in

The case s = 1 is precisely inequality (3.3.3]).
The case s — s+ 1: By multiplying the inequality for the case s (I.LH.) with L > 1 we
get L5t - o (v) + s+ Lt o < L. (L° - ) + 351, L. Using now the case s = 1

for the point L® - x, then we can estimate L - ¢} (L°-z) < L+ @ (L5t - 2) — Lst! . o,
Combining these two inequalities we get:

s+1 s+1
Lgh(@)+ s L e S Lo (La)+ Y LIS L4 @I o) — L o+ Y L
=2 =2
s+1

= L) s LT+ LT <o (LT ) + ) LY
=1

Let A > 0, then we use this formula for the point x = %, n € N arbitrary, and
put p = % > 0, s € N arbitrary. Clearly p < A and we get: L° = %, r =3,
5~L5~x:s-n-% = £ and L5~x:n-% = 2 With this special choice we have

shown (after multiplying the inequality with p > 0!):

AL>1VA>0VseNIu>0VneN: \-¢ (§)+n-8§,u'goz, <Z>+,u-2Li.
i=1

O]

Remarks:

(i) The proof of the previous proposition shows that in (3.3.2)) one can replace "V A >

OVseNdu>0"alsoby"Vu>0VseNIA> 0" because there is a unique

correspondence between A and p, which is given by p = %

(74) This inequality is used in [10} §2] to prove closedness under composition for classes
of ultradifferentiable functions defined by (non-quasi-analytic) weight functions
w.

(vi1) If we divide (3.3.2)) by n € N5 then this implies:

1 1

AL>1Vm>0VseN3Il(=L°-m): liminf—- ¢l (lp)— — - pl(mp) > s.
p—oo Ip mp

(3.3.4)
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3 Properties of weight functions - consequences and relations

With an analogous calculation as before we will prove in[0.3.8| the following generaliza-
tion which will be needed there:

Proposition 3.3.2. Let a family of functions {o; : | € A} be given, where A a partially
ordered index set and such that each oy N Assume now that for all | € A there
ezists n € A with 0,(2t) = O(oy(t)) for t — oo, which means that for each | € A there
erists n € A (n < 1) and a constant L > 1 such that o,(2t) < L - (1 + oy(t)) for all
t > 0. Then we obtain

VieAVseNdIneAIL>1Va>0VjeN:
1, , S Lt 1 . s .
€xp (a ‘ ‘Pal(aj)> ~exp(s)’ < exp (Lsa> " €xp <LS T g, (L -a-])> :

If for all l € A there exists n € A with o(2t) = O(on(t)) for t — oo, then we get an
analogously result ("Beurling-type”).

If each o has then clearly the previous proposition is satisfied for both cases with
the choice [ = n.

3.4 Important consequences from (wg)

For the second comparison result [4, 16. Corollary|, the following condition was the
important characterizing one

(wg): AH>1:Vt>0: 2 -w(t) <w(H-t)+ H,

which means 3 H > 1 : limsup,_,., % < % for w . Furthermore this condition

is equivalent to 3 H > 1: Ftg >0Vt >ty : 2 w(t) < w(Ht) (since w(t) — oo
for t — o0) and so is not condition w(t) = O(w(2t)) for t — oo, which means

lim sup,_,., <%~ < 0o (and which is always satisfied, because w is increasing)!

w(2t)
We point out: H. Komatsu has shown in [I6, Proposition 3.6] that if M then
property for the associated function wy; (for the definition see (4.0.1) below) is

equivalent to the fact, that M satisfies |(mg)|

Assume that is satisfied for 0 < H < 1. W.l.o.g. we can assume that w(t) = 0
for 0 < t < t9. Let now t; > to be arbitrary but fixed and put w(t;) = ¢ > 0.
Hence 2" - w(t1) = 2™ - ¢ > 0 and there exists N € N depending on t;, tg and H
such that HY -t; < tg, which means w(H™ - t;) = 0 for all n > N. This implies now
2".¢c< (2" —1)- H for all n > N and so
<1 Mooty ]

o H = 2n.H ‘T H- 2n
for all n > N. Thus w(t;) = ¢ < 1 and so w(t) < 1 for all ¢ > 0 (if #; is tending to
infinity, then N has to tend to infinity) which cannot hold for w .

We show now

Proposition 3.4.1. Assume that w § W, satisfies additionally . Then we obtain:
dJH>1VI>0YVneNdm>0(m=45 <[)VpeN:

'goff)(m~p)+n‘p-log(H)+(;—;)-H. (3.4.1)

1 1
Z oM (l- < =

20



3.4 Important consequences from (wg)

Proof. By iterating we get
2" w(t) <wH"-t)+(2"-1)-H (3.4.2)

for all £ > 0 and n € N: For n = 1 there is nothing to show and for n — n + 1 we
calculate:

I.H. (we))

2-wH" Y t)+2-2" 1 -1). H < wH"-t)+H+2"-H-2-H
~~

We transfer now condition to a condition for the function ¢: For this we divide
by 2 and replace H -t by ¢ to get w(&) < 3 -w(t)+ &. Furthermore write H = exp(h),

so h =1log(H) > 0, to get w (gppéz))) < 1 - w(exp(s)) + &, hence

1 H

5 : QOW(S) + ?

and we have this for all s € R < ¢t > 0. Now apply the Legendre-Fenchel-Young-
conjugate on both sides at the point x > 0:

The left hand side gives, if we put y' =y — h:

u(s—h) <

sup{z-y—pu(y—h)} = sup{z-y —pu(y ) }+ha = sup{z-y —¢u(y )} +ha = ¢} (z)+hw,
yeR ¥ €R y' >0

and the right hand side gives

|

sup {w Y — % Pu(y) — I;} = % ‘ Zglg{(%) Y —pu(y)} —

Combining both sides we obtain:
dH>1V2>0:¢,22) <2 -¢5(z)+2 -x-log(H)+ H.
Using this we can prove now by induction:
dJH>1VneNVz>0: ¢ (2"x) <2"¢l(x)+n-2"x-log(H)+(2"—1)-H. (3.4.3)

The case n =1 is satisfied by the calculation before. Now n +— n + 1:

Oh(2-2"x) < 2.5 (2" - x) + 2" x - log(H) + H

< vl () 42-n-2" x-log(H) +2- (2" —1)- H + 2" .2 log(H) + H

I.H.

="t o (@) + (n+1)-2  xlog(H) + (2" -2+ 1) - H.
We consider (3.4.3]) and put in this equation x = m-p, p € N, m > 0, and [ = 2"-m > m,
then 2" -x =2"-m-p=1-p. Thus

l l
“(1op) < — " (m - 1-p-log(H 2 _1)-H
wu(l p)_m oo(m-p)+n-1-p-log( )+<m > ,

and if we divide both sides by [ > 0, then we have (for [ = 2" - m):
JH>1V1>0VneNIm>0m=4 <)VpeN:

1 1
-cp:‘u(m'p)+n-p-log(H)+<m—l> - H.

1
— . 0oM(l- < =
w0 p)_m
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3 Properties of weight functions - consequences and relations

Remarks:

(i) The proof above shows that in (3.4.1)) the expression VI >0V n € N3Im > 0’
can be also replaced by "V m > 0V n € N 31 > 07, because there is a unique
correspondence between [ and m which is given by [ = 2™ - m.

(73) If we divide both sides in (3.4.1)) by p € N5, then this turns into

1 1
dJH>1VI>0VneN3ImeN: limsup —¢(I-p)——-¢5,(m-p) < n-log(H).
p—oo Ip mp
(3.4.4)

3.5 Important consequences from (w-) and (ws)

With condition [(wy)] has the following meaning: It is known (see e.g. [4]) that the
classical Gevrey classes Egs] of parameters s > 1 defined by the sequences G* := (p!*),
are equal to the classes £}, by using the weight functions ws(t) = t1/5. Thus the class
of real analytic functions C* is exactly £fiqy (using the case s = 1).

Hence condition means that id <|w holds and so Egqy € gy resp. Eiay C Ewy)-
This tells us that the real-analytic functions are contained in the Roumieu-class &y,
resp. restrictions of entire functions in the Beurling-class &.

Sometimes for the Beurling-case conditionis considered and which is much stronger
than This condition means precisely idElw and has the following meaning:

Lemma 3.5.1. Let w,o W, then we obtain:
(1) Ifa@a, then the following inclusion holds: Eqyy C &)

(2) Ifw has additionally then the class of real-analytic functions C¥ is contained
in the Beurling-class, so Egiqy C -

Proof. (1) First condition o(t) = o(w(t)) for t — oo means
1
VC>03Dc>0Vt>0:0(t) §C~w(t)+DC<:>5-0(t)—— < w(t),

. . . D
which implies & - ¢, (t) — 2¢ < @y (t). .
Applying now the conjugate-operator we get (% 0o (1) — 7 ) (x) > @i (x) and the
left hand side of this equation gives for all x > 0:

(&00-22) @=sw{ou(Grontn - )} = B4 5wt

Thus this condition turns into:

1 D
v0>03DC>ovxzo:¢;(x)ga(p;;(c.x)Jr?C,

and this implies immediately the desired inclusion.

(2) This is an immediate consequence of (1): condition means now that Eqy C
g(w) O
Conditions and imply important inequalities (where we put 0° = 1):
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3.6 Important consequences of (wr)

Lemma 3.5.2. Let w §W, then we obtain:
(1) If w satisfies also and [(wa)], then

1
3C>03D>0Vz>0: :L‘ng-exp<C-<pZ,(C-x)). (3.5.1)

(2) If w satisfies also and [(ws)], then

1
VC>03Dc>0Vx>0: a:xSDc-exp<C-<pZ(C-x)>. (3.5.2)

Proof. For the weight w(t) = ¢t we have ¢, (t) = exp(t), so define for z,y > 0 the
function f,(y) = x -y — exp(y), then f.(y) = z — exp(y) = 0 < y = log(z). Hence
fz(log(z)) =z -log(z) — z = ¢} (x) for all z > 0 and so |(ws)| turns into

VC>03dDc>0Vz>0:

1 D D 1
x-log(z) < x+6-w2(0'x)+7c < 2% <exp <C> -exp(z) - exp <C : @Z(Cx)) ,

C C
(3.5.3)
while means that

D 1
3C>03D>0Vx>0: z" <exp <C> -exp(z) - exp (C-¢Z(C-x)) . (3.5.4)
We use now property more precisely consequence (3.3.2)): We have

exp(a) -exp (G 2(C ) ) —ep (54 & oi(C o)

— exp (011 (01 O (01 : i))) < exp (61,1) - exp (61*1 (g5 (Ch 'ﬂf))> :

with C; = L -C > C, where L > 1 is the constant appearing in So gives by
(13.5.4)

1
3C>03D>0Vz>0: :L"ng-eXp<C-<pZ(C-x)>,
and propertyimplies by (3.5.3))
1
VC>03Dc>0Vz>0: mngC-exp<C-<pZ(C-x)>.

Remark: (3.5.1) and (3.5.2]) are often used for the case where z > 0 is replaced by
n €N (e.g. in [I]). O

3.6 Important consequences of (wy)
Next we study condition which seems to be new in the literature:
Lemma 3.6.1. Let w § W, if w satisfies also

(wr) 2 IH>03C>0Vt>0:w(t?) <C-w(H-t)+C,
then there exist C, H > 0 such that for all x > 0 we get

x

C -l (%) S@Z(2>+log(H)-x+C.
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3 Properties of weight functions - consequences and relations

Proof. First we translate into a property for the function ¢, = w o exp: Put
t = exp(s), then t? = exp(2s) and for h = log(H) we get H -t = exp(log(H)) -exp(s) =
exp(h + s) and see that means ¢, (2s) < C - ¢,(h+ s) + C. Now we calculate the
function ¢}, so apply the Legendre-Fenchel- Young-conjugate on both sides. For x > 0
the left hand side gives

(o(2))"(e) = suplar-y = @ (20)} = sup {5v-et)}=e(5)

where we have put y/ = 2y. For the right hand side we get:

(C-pu(h+-)+C)(x) = SU£{1’ y—C-pu(h+y)—C}
ye

:C-sup{f-(z—h)—cpw(z)}—C:C-Sup{%-z—gow(z)}—h-x—C

zeR (C 2€R
—C-iglg{g-z—ww(z)}—h-x—C—C’-goi(é)—h'x—C,

where we have put z := h + y.
Hence we have transformed into a condition for ¢}: There exist C;, H > 0 such
that for all z > 0 we get

C- g (%) <o (g) +log(H) -z + C. (3.6.1)

O]

3.7 Non-quasi-analyticity for w

Recall: A weight function w is called a mon quasi-analytic weight if it satisfies

, > w(t) > w(t)
(wnq).<:>/1 2 dt<oo<:>/1 1+t2dt<oo’

otherwise it ;s called quasi-analytic. For the equivalence above we remark that for ¢t > 1
we have HTt < t? < 1+ t2. From the definition it’s clear, that m is stable w.r.t.
equivalence [~| of weight functions.

A stronger condition than is

(Weng) 1 3C >0 Vy>():/ w(y - 1)
1

t2

dt <C-w(y)+C,

because by assuming for the particular value y = 1, we get floo %dt <C-
w(l) + C < 4+o00. A further consequence is: If w is only assumed to be an increasing

continuous function, then implies because for all t > 1 we have:

w is incr.

thus lim;_ oo th) =0.

In 5, Chapters 2,3 it is shown that for w With and there exist functions

with compact support in the Beurling-class &, (and hence in the Roumieu-class E{w}),
so both classes are not quasi-analytic.
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3.8 Sub-additivity for w

3.8 Sub-additivity for w

Instead of sometimes it is assumed that w is sub-additive:
(Wsup) & w(t+s) <w(t)+w(s) Vs,t>0

which implies w(2t) = w(t+t) < 2-w(t) for all t > 0 and so clearly [(w1)] If one assumes
w.l.o.g. w(t) =0 for 0 <t < ty, then one has only for all £, s > tg.

We prove now the following very useful result about convex resp. concave functions:

Lemma 3.8.1. (1) If f : [0,400) — [0,+00) is a positive, concave function, which
satisfies f(0) > 0, then f is already sub-additive on [0, +00).

(2) If f : [0,400) — [0,400) is convex and additionally f(0) = 0, then f(x)+ f(y) <
flx+y) for all z,y > 0.

Proof. (1) Take z > 0 arbitrary and y = 0, then for all 1 > ¢ > 0 we get

flt-z) = ft-a+ (Q=1)-0) 2t f(z) + 1 -1)- f(0) >t f(2),
>0

hence f(z)+ f(y) = f((z+y) - 7))+ f((@e+y)-25) = 75 fle+ty)+ 25 fla+y) =

S fw+y) = f(x+y) forall 2,y > 0.

(2) As above consider the case y = 0, then f(t-z) = f(t-z+(1—1¢)-0) <t- f(x)+
(1—1t)-f(0)=t- f(z) forallz > 0and 0 <t < 1. So for all z,y > 0 we get:
~~

=0

f(w)+f(y)=f<(x+y)-$iy>+f<(x+y).xiy>

s T+ S ey = S+ y),

IN

As a special case (2) holds for the function ¢}, whenever we have w more precisely
whenever w satisfies [(wp)| and |(w3)| - see [3.1.1) and |3.1.2| for more details!

In [II, Lemma 3.3.] it is shown that implies for the sequence (mé)j, mé =
exp( 705 (1)
i

, the following inequality:

Vi k€NVI>0: mh-mj <ml,, (3.8.1)
which is exactly for the sequence m! with C' = 1. This result is also used in
[10, Proposition 2.1.] to prove closedness under composition for classes defined by
(non-quasi-analytic) weight functions w.

For convenience of the reader we give the important proof of (3.8.1]) in detail:

Lemma 3.8.2. Assume that w W is a sub-additive weight, then we get

Vi k€NVI>0: m)-mj <m),.
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3 Properties of weight functions - consequences and relations

Proof. First we calculate for fixed [ > 0 and j € N:
1, 1 .
exp <l KR l)> = exp <l ssup{(j - 1) -y —pu(y) 1y = 0}>
. 1 ‘ 1
= exp (sup {j Y=g ow(y) 1y > 0}) = exp (sup {] -log(s) — 7 cw(s):s > 1})
. 1 1
:sup{exp(j-log()—l w( ) s>1}—sup{s] exp< 7 w(s)):le}
. 1
= sup {83 - exp <_l -w(s)) s> 0}

where we have put y = log(s) and the last equality holds if w(s) =0 for 0 < s <1
(w.lo.g). Note that s/ <1 for s € [0,1] and all j € N. Using this we get

sup,>{s’ - exp(—7 - w(s))} _ sup; s {t* - exp(—1 - w(t))}
il Rl

< sl .tk ( 1 ( +t)>< 1 (s + 1)+ ( 1 ( +t)>
Sup — cexp | —= - w(s < — - sup (s cexp [ —= - w(s
_st>pl]"k! P l (+k)! st>pl P l

mb -l —

The first inequality holds by the calculation above and because w(s+t) < w(s)~+w(t) for

all 5,¢ > 1. The second inequality holds because we have (s 4 )7+F = S/ ¥ (THFY st
t9+k= hence for i = j < j+k we get in the sum the term (]J;k) )tk = (H:,) stk O
A similar computation as in [3.8.2] gives the following result:

Lemma 3.8.3. Assume that w W] is sub-additive, then we obtain

Vi k€NVI>0: mh-mj <mi mi, . (3.8.2)

sup{s’-exp(— % ‘w(s)):s>1
j!

}foreachjENandl>0.

Proof. As seen in |3.8.2[ we get mé =

So for we have to show
sup{s’ - exp(—% cw(s)):s>1} ' sup{t* - exp(—+ - w(t)) : t > 1}
4! k!
1 bj+k—1- — b b>1

We have to show that for each chosen s,t > 1 we can find a,b > 1 with

otk k=1,
v (3@ +0)) - 5 < P e (1wl o) ).

This is satisfied, since for arbitrary given s,t > 1 and j,k € Ny on the left hand
side the choice a = b := s + t on the right hand is sufficient. On the one hand
% .57 -tk < (s 4 t)7T* holds again clearly by the binomial formula, on the other
hand exp(z; - (w(a) + w(b))) = exp(F - w(s +t)) < exp(7 - (w(s) + w(t))) by the sub-
additivity of w. O
We introduce now the following new properties for w, which are very closely related to
the sub-additivity:

w(A-t)
li < 3.8.3
suplimsup =70 < o0 (383)
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3.8 Sub-additivity for w

which is precisely condition (aq) in |34, 1.1. Proposition| and
(wy): ID>0:3t>0:VA>1:Vt>tg:wA-t) < D- X w(t). (3.8.4)

We recall: Condition was used in the literature several times (e.g. in [I0] and
in [I]), and it is precisely condition (cp) in [10, §2,83] where it played the key-role
there to characterize closedness under composition for function spaces introduced by a
non-quasi-analytic weight function w, see [10, 3.8. Theorem].

On the one hand condition implies clearly . The converse implication is
not true in general: For this we consider the weight w(t) := log(t) - ¢ for ¢ > 1 and
w(t) =0 for t € [0,1]. It’s clear that w holds, moreover and but not
and We have for A > 1, t > 1:

w(A-t)  log(A) 4 log(t)

Aw(t) log(t)
This expression is monotone decreasing in ¢t and satisfies lim;_, o % =1 for

arbitrary A > 1, which proves condition (3.8.3). But|(w;/) q cannot hold: For this remark
log(A

that limy o % = 400 for any t > 1 and lo;g’g <D & X<tPlfor

some fixed D > 1. Hence for increasing A we also have to increase ¢ to dominate the
quotient by a fixed constant.

The following result was also mentioned several times in the literature (e.g. in [10] and
in [I]), we prove it in detail:

Lemma 3.8.4. Assume that w : [0,00) — [0,00) is a continuous increasing function.
Then w satisfies property if and only if there exists a sub-additive function o :
[0,00) — [0, 00) with a. All possible further properties for w except the convexity
condition (if w # o) can be transferred to o automatically.

Proof. Assume that there exists an equivalent weight o, which is sub-additive. By
the equivalence there exist constants Dy, Dy > 1 such that w(t) < Dy -0o(t) and o(t) <
Dy - w(t) for all t > tg, tp > 0 sufficiently large. First take A € N5 arbitrary, then for
all t >ty we get
w(A-t)

< Dl'O'()\-t)SDl')\'O'(t) < Dl‘DQ')\'W(t),
<~ <

J

because o is sub-additive.
If A > 1is an arbitrary real number, then we choose n = ny € Nsuch that n < A < n+1.
Hence for arbitrary ¢ > tg we have

wA-t)<w(n+1)-t) <Dy-Dy-(n+1) w(t) <(2-D1-Dy) -\ w(t),

(A1) < w(( )-t) <Dy Dy ( ) w(t) < (2-D1-Dy) (t)
=,

because 2 - A > n + 1 and since by assumption 2- A>2-nandn+1<2-n<1<n.
Note that the constant C] is independent of A, it depends only on D; and Dy which

means only on w and ¢ and the estimate holds for all ¢ > ty. Thus is satisfied for
w.

For the converse direction we point out that in [32], Lemma 1| the following is shown:
If for a continuous function f : [0,00) — [0, 00) there exists a constant C' > 0 such that

£(s) < C - max {1, ;} 10 (3.8.5)
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3 Properties of weight functions - consequences and relations

for all s and ¢ (so C' doesn’t depend on s and t), then f is equivalent (w.r.t. relation
to its least concave majorant F'. If we assume that w has now property m (w;/)} then
we put s:=A-t >t and w satisfies (3.8.5)) for all t > tg, so w is equivalent to its least
concave majorant, denote it by . By the ﬁrst part of 3.8.1] a positive concave function
f, which satisfies f(0) > 0, is automatically sub-additive.

All further additional conditions except the convexity condition for the function
t — ¢, (t) = o(exp(t)) can be transferred from w to o by automatically.
O

We close this section with the following very important remark:

Remark 3.8.5. The possible loss of [(wa)] for the sub-additive weight o (if 0 # w)
does not effect the important characterizing theorem[8.7.4), more precisely the proofs of
(3.8.1), |5.1.2 and |8.7.1| stay valid for functions o with only |(wo)| and |(w3)l, see |3.1.1]
and [3.1.3 for more details.

3.9 Algebraic structure on the set of all weight functions
We show in this section:

Proposition 3.9.1. The set of all weight functions is a commutative semi-group w.r.t.
pointwise addition and as neutral element we get the zero-function 6.

For the zero-function we point out: By definition ¢g(x) = 0 for all z, hence ¢j(z) = +o0
for all x and so this weight leads to the class of all smooth functions £.

The function w(z) = +oo for all x > 0 leads to the trivial space {0}, since ¢, (z) = —c0
for all x.

If both weights w; and wo satisfy , then also w3 := w1 +wy. We have w3(0) = 0, and
it is clearly a continuous and increasing function on [0, +00), lim, o w3(z) = +00 and
ws(z) =0 for all x € [0,1] w.l.o.g. Furthermore we get max{w;(x),wa(z)} < w3(z) <

2 - max{w (), ws(z)} for all x > 0.

If wi(2t) < C-wi(t) + C and we(2t) < D - wo(t) + D for all t > 0, then
w3(2t) = w1 (2t) +wa(2t) < C-wi(t)+D-wa(t)+C+D < max{C,D} -w3(t) +C+D <
(C+ D) -ws(t)+ (C+ D). If w; and wa both satisfy then ws, too.

(wo)f Similarly we get ws(t) < (C+ D) -t + (C + D).

log(t) log(t)
(ws)r Holds, because Ef(t) < max{w‘i%t)’w(t)}.

(wq)f Clearly we have @, (t) = ws(exp(t)) = wi(exp(t)) +wa(exp(t)) = Vuy (t) + Puws, (t),
and the sum of two convex functions is still convex.

(w5) wgt(t) < 2-max{w1t(t),w2(t)}

— 0 for t — +4o00.

If both wy and wo satisfy then ws, too: Let wy satisfy for the constant H; > 1
and wy for the constant Hy > 1. Then 2 - w3(t) =2 - wi(t) + 2 - wo(t) < wi(Hy - t) +
Hy +wy(Hy-t)+ Hy < ws(max{Hi, Ha} -t)+ Hi1+ Hy < w3((H1+ H2)-t)+ (H1 + H2)
for all t > 0, because both weight functions are increasing. A similar calculation shows

this also for condition

If both wy and wo satisfy (wan) then w3, too, in particular we have f o w3(y Y dt =

7o elyt) gy [0 29 g < Oy (y) +C 4 D-waly)+D < max{C, D}-ws(y )+C+D <
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3.10 An explicit example of a weight function

(C+ D) -ws(y) + (C+ D) for all y > 0. The same is clearly true for by the

linearity of the integral.

If both wy and wo satisfy then ws, too: Let w; satisfy for the constant D;
and all t > t(l) and woy for the constant Do and all ¢ > t%, then for arbitrary A > 1 we
have w3(\ - t) < max{Dy, Do} - A - ws(t) for all ¢ > t§ := max{t},t3} > 0 and so ws is
still equivalent to a sub-additive weight function.

3.10 An explicit example of a weight function
An important concrete example for a weight function is
ws(t) := max{0, log(t)*},

where s > 1 is a real parameter and one can extend this weight to ¢ € R by putting
ws(t) = max{0,log(|t|)*}. It was mentioned in [4, 20. Example| that this weight
defines function classes &, for which we cannot find a weight sequence M (with several
properties), such that the considered function spaces coincide, i.e. &y, = &y is not
possible and so one gets really new function classes. We prove in this section:

Proposition 3.10.1. Each function ws, s > 1, satisfies ws G W, [(w1)} [(w2)l, |(ws))

(@)} [@ang]] and @)} but NOT [(wg)]

Proof. This weight function is equivalent (w.r.t. to the sub-additive weight

ws(t) = log(1 + |¢|)®, for this use the rule of de I’Hopital: 101%)551(;32)5 = (loli(gl(;t)>s
log(1+t)

and lim— o log(t) limg 4 oo li-i-t =1
More precisely wy satisfies for all s > 1 by direct calculation: For all A > 1 and
t > 1 we have

log(A-1)* _ (log(A) +log(t)* _ 1 <log(A> N 1>8 _ ( log(3) ! )

A-log(t)s A - log(t)® o \og(t) /s - log(t) s

Note that 22X () for t — 0o and each > 1 fixed resp. also for A — oo and each

A1/s.Jog(t)
t > 1 (use de I’Hopital to get limy_, oo k;\gl(/’:) = limy_ oo s_l)‘)\% = s-limy_ 00 # =0).

ws(z) = 0 for x € [0,1] for all s > 1, and it is clearly an even (if it is extend to R),

increasing (on [0, 00)) and continuous function with lim;_, . ws(t) = oo.
. 1 . _

(w3) hmt—»oo % = hmt—»oo lOg(t)S !

(Wa)k Quw, (t) = ws(exp(t)) = t° for all s > 1 and ¢ > 0, hence a convex function.

So we have shown wy and it satisfies for any s > 1.

= 00, because s —1 > 0 (here we need s > 1!)

Moreover wg, (t) < ws,(t) for all ¢ if and only if 51 < s9 and also wg, (t) = o(ws, (t)) for
t — oo if 51 < s9. So wS2E ws, holds which means 5{w32} C S(wSI).

We have log(2t)* = (log(2) + log(t))* = >"7_, (7) log(t)* - log(2)*~* < C - log(t)*

is satisfied for ¢ > 1 for a constant C' (the parameter s is fixed!). Alternatively we see,

that °Z)((2tt)) = lﬁig((ztg)j = <log(120)£3)g(t)>s = (1 + 11?2(5)))5 which tends to 1 for t — oo for

all s > 1.
(log(t))* < C-t+ C holds for all s > 1 for a constant C' > 1 (depending on s).
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3 Properties of weight functions - consequences and relations

ws satisfies the stronger property for all s > 1, too: Consider limy_, 4 ws(®) _

t
limy 4 o0 loggt)‘ , then by the rule of de [’Hopital this expression is equal to

s—1, . s—1 . . .
limy 4 o6 M =s-limy 400 %. Either s—1 < 0, then the limes is equal to

0, or we can iterate the procedure: For all s > 1, there exists a ks such that s—k;—1 < 0,
log(t)*~*s—1
- =

hence the limes above is equal to s+ (s —1)...(s — kg) - limy— 4 &

ws satisfies for all s > 1, because by [29, 1.3. Proposition| condition

is equivalent to the existence of a constant K > 1 such that limsup,_ ., “’5}% =

lim sup;_, o w < K, which is clearly satisfied, because, as above, the left

hand side tends to 1 for arbitrary K > 1 if ¢ — oo.

But ws doesn’t satisfy the important comparison condition for any s > 1: Assume
that there would exist some constant H > 1 with 2 - log(¢)® < (log(H -t))* + H for all

t >0, then 2 < (1 + lff;g)))s + (logI({t))S should be satisfied for all ¢ > 0. But for t — oo

the right hand side tends to 1 for any s > 1 (and any H > 1), a contradiction.

Finally we prove property for each w,: For t > 1 we get 2°-log(t)® < C- (log(H) +
log(t))® + C, which is clearly satisfied (e.g. take H =1 and C = 2°).

So let s > 1 be arbitrary but fixed, we calculate as follows: For ¢ > 0 we get ¢, (t) =

ws(exp(t)) = (log(exp(t)))® = t°. Thus ¢ (z) = sup{z -y —pu.(y) : y > 0} =
>1

sup{z-y—y®:y > 0} and put f,s(y) :=z-y—y®°. Since s > 1, limy 4o fr,s(y) = —00

and we calculate the maximal point.

f;’s(y) =z—s5-y° ! soy= (f)l/(s_l) is the critical point, with other words

s@Z.g(x):fx,s((f)“):x.(i)sl<¢;f>s‘g1:xssl.< L 31_>

S§s—1

n'g

=:R(s)

We point out that R(s) > 0 < s® > s which holds for all s > 1. Furthermore

1
1 Ss
R(s) = —— — — 1, for s — +o0.
S§s—1 S
7
—1

We point out that ¢ = -*5 is the dual index related to s > 1, because %—I—% = % —i—% =
1! From now on let s > 1 be arbitrary but fixed, then we introduce the family of weight
sequences with the parameter [ > 0 (see the fifth chapter below for more details):

1, 1 s
M]l) = exp (l -, (1 p)) = exp (lsfl cpsT - R(s)) (3.10.1)

for all p € N and note that 23 — 1 = ﬁ Hence for each [ > 0 we get MOZ =1, the

sequence (M]lp)p is weakly log. convex (since p — log(M]lD) is convex) and furthermore

1 1
(M]l,)l/p = exp (lE -ps1 - R(s)) — +oo for p — +o0.
Since w; satisfies we get by the first part of that on the one hand also each
associated function wj, satisfies and on the other hand (by using Komatsu’s
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3.10 An explicit example of a weight function

version of the Denjoy-Carleman-Theorem [I6, Lemma 4.1.]) that each M' has
i.e. it is a non quasi-analytic weight sequence.

(M}), satisfies for each [ > 0 condition |(33)| which means:

l

(B3): IQEN: liminfLC?j > 1, (3.10.2)
jooo
1
where we have put ué = MA;[]' .
j—1

If x — ¥ (x) is C!, then for any Q € N, Q > 2 and all j € N:

/

e(QF) — o5(Qi — 1) — (@5 () — 950 — 1)) > @5 (QF — 1) — & (5).
In fact we have

l

H j S— \S/(S— . S/(S— +S/(S— . S/(S—
%:exp R(s) -1Y/( 1>.<<Qj) /=1 _(Qj — 1)¥/(=1) _ js/(s=1) 4 (5 — 1)/ 1)) 1
J R

>0

for a @ € N depending on s. This holds, since for -*5 > 1 we look at f(z) := xs/(s=1)

with f'(z) = ] s/l = =1 2"/~ Note that —- > 0 and so we have
lim, . yoo f (QF — 1) — f(j) = +oo for any Q > 2. Note that in fact (n - z)'/ — 2!/ =
M/t gt/ — g/ = g/t (pl/t — 1) — 400 for & — 400 and for all I > 0 and all n € N,
n > 2. More precisely this shows also that (Mll,)p satisfies stronger condition (see
[33]) for each I > 0, too:

l

(B): 3QENQ>2): liminf "% > . (3.10.3)
Jooo

For each I > 0 the sequence (le,)p doesn’t have , we can show this using two

different arguments: First we can use the second part of to conclude, that M'
cannot have moderate growth because ws doesn’t satisfy

Second we prove non moderate growth by direct calculation:

M, 1/(j+Fk) . . 1/(j+k)
(MZJ-J;W> - (exp (R(S) NG (Q I G R IC ks/(s—l))))
J k

1
_ =1L (s =) s/(s—1) _ ps/(s—1)
exp (R(s) ! o ((]—i—k) j k ))

js/(s=1)  ps/(s—1)
— V6D G gy Y _ )
exp <R<s> G+ T

In the above expression one has to take the supremum over all (j, k) € N2\{0, 0}, but
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3 Properties of weight functions - consequences and relations

consider now the special case j = k (the diagonal), then we get

-s/(s—1) -s/(s—1)
exp (R(S) . ll/(s—l) . ((Qj)l/(s_l) o J . _ J ‘ ))

2j 24
i1/(s—1) 1/(s—1)
2 2
= exp <R(S) /(=1 <(2j)1/(s—1) _ j1/($_1))>
=exp | R(s) J1/(s=1) jl/(s—l) ) (21/(5_1) Y
S~~~ — NS
>0 —4-00, for j——4o00 S0oe>1

Nevertheless we have will show in (inequality (5.1.2)) that both &, and &
are closedness under taking derivatives, more precisely the so called matrix generalized

moderate-growth conditions of Roumieu- resp. Beurling-type are satisfied:
(Mmg) :VI€ATINEANIC >1V ke N: M, <CIF. M. My

(Mmg)) :Vne€AIIEATC>1V jkeN: M, <CIHF . MP- M.
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4 Weight function versus associated
function wy,

For an arbitrary weight sequence M := (M),), we define the associated function wys :
R — RU {+o0} by

t|P - M,
wps(t) := suplog <||0> fort >0, war(0) := 0. (4.0.1)
peEN MP

An easy consequence is, that wys is an even, positive (take p = 0) and increasing
function, because wyy(t) > log(t) + log(Mo) — log(M) for all ¢ # 0 holds by definition.
One can see that wys(t) > p - log(t) + log(Mp) — log(M,,) for arbitrary p, hence wyy is

increasing faster than p - log(¢) for any p € N if ¢ — oo (and so limy—,oo wpr(t) = +00):
plog(t)—log(Mp) _

For this take ¢ € N arbitrary, then for all p € N we get lim; o Tog(®) =

% — limy oo lg%égf)) = %. Thus for p > ¢ one gets the desired property!

Property holds, since

wrr(t)  suppenip - log(t) — log(Mp)} {p B log(Mp)} oo

- o log(t)

log(t) log(?) peN

for t — oo, because for each p € N we can find tg € Rs¢ such that for all ¢ > ¢5 we

log(Mp) 2
B > 5o tP? > M,

have p —

If e.g. (M,), is increasing, then wy vanishes for 0 < t < t)7, where t); depends on
M = (M,),: Suppose that wy(t) > 0 for all t > 0, then for a fixed t > 0 (very small)
we would have p-log(t') +log(Mp) > log(M,) < (t')P- My > M, for at least one p € N
(which is depending on t'). Since ¢ > 0 is arbitrary small, this can only hold, if at
least one M, is arbitrary small (for p = 0 we would have tO-My>My=1>1,a
contradiction!). If one assumes (1 =)My < M, for all p, then wys(t) =0 for 0 <t <1,
because then p - log(t) < 0 and log(M,,) — log(Mp) < 0 for all p € N.

For the regularizing algorithm in [25, Chapitre I.| the condition lim,_, MZ}/ P — o0 was
assumed and this is equivalent to % -log(M,) — +o0. It guarantees, that wys(t) < +o00
for all ¢ < 400, because p - log(t) — log(M,) < C; for a constant Cy > 0, all p € N,
p > 1, (and w.lo.g. ¢t > 1), if and only if log(t) — % -log(M,) < %. Since the right
hand side tends to 0 for p — +o00 and since this should hold for all ¢ € R>1, we need
limpaoo% -log(M,) = +o0.

If M = (M,), is weakly log. convex with lim, .., (M,)'/? = oo, then holds auto-
matically by definition. In fact the mapping ¢ — @, (t) = was(exp(t)) = supyen{p -
t —log(M,p)} is a convex function by Mandelbrojt’s formula |25, 1.8.IIL.|: For fixed ¢
the supremum for p — p -t — log(M,,) is attained at p; € N such that p,, <t < pp,+1
is satisfied (and 2 - @, () < @u,, (2t) for all ¢, if M, > 1 for all p).
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4 Weight function versus associated function wys

1/p
Recall: H. Komatsu pointed out in [16, Definition 3.1.], that if the sequence <%§>

is bounded by below by a positive constant, then wjy; is an increasing convex function
in the variable log(¢) and it is increasing faster than log(¢?) for any p € N5 as t — oc.
This condition is clearly satisfied, if (M), is assumed to be weakly log. convex, since

1/p
in this case (M;/ ), is an increasing sequence. If (%) > (C for all p € N and a

constant C' > 0, then %‘; < & and so %TMO < %—'i for all p € N. Hence for |t| < C

the associated function vanishes (and the supremum is attained for p = 0)!

If M € LC] then one has for wys a very useful integral-representation formula:

won(t) = / t “(;)dx, (4.0.2)
w

1

where p(X) :== [{p € N: p, < A}| and pp, == M]:[fl for all p > 1, po := 1. To show this

formula one has to use [25, 1.8.III] and [25, 1.8.V.], see also [38, Lemma 8.2.4] resp.
[38, Proposition 8.2.5]. This integral formula has already been used several times for
important proofs, see e.g. in [16] and [4].

If lim infp_,oo(mp)l/p > ¢ > 0 with m, := %, then by using Stirling’s formula (p! ~

p
(ﬁh)) -+/27p) we see that this is equivalent to the following condition

301,02>0Vp€N:(Cl'(p-l-l))pSCQ'Mp, (403)

which should be compared with condition (MO0) in [4]. We can use this condition and
the same proof as in [4, 12. Lemma (iv) = (v)| to show property for wpys.
If the stronger condition limpﬁoo(mp)l/P = 400 holds then this is equivalent to

\V/C]_>OEICQ>O\V/p€N:(Cl'(p+1))p§CQ’Mp. (4.0.4)

The analogous proof as in [4, 12. Lemma (iv) = (v)| shows that this condition implies

property |(ws )| for wpys.
We summarize our observations:

Lemma 4.0.2. Let M = (M,), be a sequence with M € LC| Then the associated
function wyy is an element of PV}

If in addition liminf(mp)l/p > 0 holds, then for wpr is walid. If in addition
lim(m,,) /P = 400 holds, then we also getfor Wi

The next theorem is very important, it gives a connection between a weight function
w and the associated function wj; of a weight sequence M, which is defined via the
weight w:

Theorem 4.0.3. Let w be given, then wM holds for the sequence M = (M,),
defined by (M, =)M, := exp(p(p)), for all p € N.

Important Remark: The proof of this theorem doesn’t hold if we only assume conditions

and for w.
Proof. By the properties for w we see, that M = (M,), is weakly log. convex (the
function (p — log(M,) = ¢.(p) is convex), My = 1 and M;/p — 400 for p — 400
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because MI}/ P— exp(% - (p)). We point out, that by the integral representation

formula wys vanishes on [0, 1], where g = % > 1. Hence we can restrict on ¢ >
and first we get:

wu(t) = sup(p-log(t) —log(My)) = sup (p - log(t) — ¥, (p))

Def. of wys pEN peN
< sup (w-log(t) — ¢, (x)) = vy, (log(t))

= ¥u(log(t)) = wlexp(log(t))) = w(t).

wdW

If would be not valid then we would only get ¢} (log(t)) < ¢, (log(t)) in the
previous estimate. But to prove the converse direction w(t) = O(w ( )) for t — oo,
more precisely we will show w(t) < 2-wp(t) for all £ > o = > 11, we are going to

M
compare sup,,cy (p - log(t) — ¢(p)) with sup, (z - log(t) — @3 (x)) = 7 (log(t)) and
so we need really equality, i.e. ¢, has to be convex.

Mo

By Mandelbrojt’s formula [25] 1.8.I11.| for the associated function the supremum for
p > p-log(t) — ¢l (p) for fixed t is attained at p; € N such that log(u,,) < log(t) <
~——

log(Mp)
log(fip,+1) € pp, <t < pp,4+1 is satisfied. Furthermore p — p-log(t) — ¢%(p) is a
concave function for all ¢ > 1 (because p — ¢%(p) is convex) and it’s the restriction
of the function f; : & — z - log(t) — ¢’ (z) (which is concave for all t > 1, too) to all
positive integers.

To get l wp we have to show now sup;s % < +0o0.

For z > 0 we have @ = log(t) — %(z), hence lim, @ = —oo forallt > 0. Or
with other words: x +— f;(z) is decreasing faster than lin. decr. for arbitrary ¢t > 0.

First we show that the supremum of p — p-log(t) — ¢, (p) is not attained (only) at
~——

log(Mp)

p =0 for all t > p1: For p =0 we get 0 - log(t) — log(Mp) = log(1) = 0 and because
for p = 1 we have log(t) — log(M;) = log(t) — ¢k (1), this value is larger than 0 (or
equal to 0) if and only if log(t) > ¢! (1) & t > exp(¢i(1)) = M; = Ml = pp. If
we need, that the value at p = 2 is larger or equal than the value at p = 1 we need
2log(t) —log(Ms) > log(t) —log(M7) < log(t) > log( MQ) St > M2 = pg. Since (M),
is weakly log. convex, the sequence (i), is increasing, hence for t > o > uy the
supremum is not attained (only) at p = 1 and p = 0. So in the following calculation
we consider only ¢ > uo!

Next we show that the supremum of x — f;(x), where > 0, has to attain either at p,
or between p; and p; + 1 resp. at p; or between p; — 1 and p;: Otherwise assume that
the supremum would be attained at z; for x;y > p;+1 (resp. x; < p; — 1), then, since f;
is concave, all points f;(x) such that x € [p;, x4] (resp. x € [z, p¢]) have to lie above the
line which is connecting fi(p¢) and fi(x¢). But fi(pr +1) < fe(pe), fe(pe + 1) < fe(@:)

(vesp. fi(pe — 1) < filpe), felpe — 1) < fi(we)), hence fi(pe + 1) resp. fi(pr — 1) lies
below this line! A contradiction to the concavity of f!

We point out, that f;(0) =0 for all ¢ > 0 (¢}(0) = 0), and proceed now as follows: We
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4 Weight function versus associated function wys

distinguish two cases, first assume that the supremum of x — fi(z) for z € [0, +00)
is attained at x;, where we have p; < xy < py + 1. Consider now the connecting line
between (0,0) and (p¢, fi(p¢)) which is given by the equation Z — M -T. Then f(xy)

has to lie below this line, otherwise we would have fi(z;) > f tl()p ) - x¢. But this would

imply that fi(z¢) - pr > fi(pt) - x¢, and so finally ft(ft) pt > fe(pt). But T — %fft) T
is nothing else but the straight line passing through (0,0) and (z¢, fi(x¢)), and the
previous inequality implies, that the point f;(p;) would lie below this line. But this is a
contradiction to the concavity of f; (the points 0 and f;(z;) lie on the concave curvel!).

Hence we have shown that fi(z;) < ft(p t) . % for all T between x; and p; + 1. The
fe(pe)
bt

maximal point of the line T — - Z on this interval is clearly attained at p; + 1, so

fi(zt) < ft(pt) “(pe +1) = filpe) + %. Hence

ft(ﬂft) ft(Pt) + % _ l
fi(pe) = fi(pe) _1+Pt <2 Vi

Now consider the case, where the supremum is attained at z;, where we have p; — 1 <
x¢ < pt. Consider again the connecting line between (0, 0) and (p;—1, f¢(p:—1)) which is
given by the equation T — ML:ll) -T. Then f(z;) has to lie below this line, otherwise we

would have fi(z¢) > ft](ft 11) -z¢. But this would imply that fi(x¢)-(pe—1) > fi(pr—1)-4,

and so finally ft(xt) “(pr—1) > filpr — 1). But T — %‘ft) - T is nothing else but the
straight line pabsmg through (0,0) and (x¢, fi(z¢)), and the previous inequality implies,
that the point fi(p; — 1) would lie below this line. But this is a contradiction to the
concavity of f; (the points 0 and fi(x;) lie on the concave curve!).

fe(pe—1)
) < o

ft(pe—1)
pe—1

so fi(xy) < ft(pt 1) e < ft(p’) - p¢ by the definition of p;. Hence

Thus we have shown that f;(z; - T for all T between z; and p;. The

maximal point of the line T — - T on this interval is clearly attained at py,

( ) Dt
<2, Vt> po,
o) S 1 K2

because for the last inequality we need pfjl <2&p <2p—2 < 2 < pg, and this
holds for ¢ > o as pointed out before, hence the theorem is shown! O

We can summarize the previous result: wys(t) < w(t) for all t > py and w(t) < 2-wps(t)
for all ¢t > ps holds, this is equivalent to the existence of constants C'y,Co > 1 such
that wp(t) < C1 - (w(t) + 1) and w(t) < Cy - (wap(t) + 1) for all £ > 0 because
limy oo w(t) = limy—, 00 wps (t) = +00!

An immediate consequence of is the following:

Corollary 4.0.4. If w then Eqy v = Eqwy e8P Ewyy) = Ew), where M = (Mp),
with My, := exp(¢5(p)).

Proof. By we get whr, since M is normalized and M € LC] the associated
function satisfies wy and properties and are always satisfied by definition

(see 4.0.2)), so we can use now O

36



Proposition 4.0.5. Let M and N be two weight sequences with M, N € LC| Then we
get:

(1) Assume that wyy satisfies also conditz’on then N — w WN .

(2) Assume that N satisfies additionally condition moderate growth|[(mg)| then wa[ =
|wM - M.

Proof. (1) N means that there exists a constant D > 0 such that M, < DP - N,
for all p € N. Thus we get for all ¢t > 0:

w(t) = ilelg(p -log(t) — log(My)) = 225@ -log(t) — log(D? - Np))

= st o)) b = (7).
log(t/D)

This calculation tells us: wy (&) < wwm(t) or equivalently wy(t) < wy(Dt) for all
t > 0, hence wy(t) = O(wp(Dt)). Since wys has by assumption there exists a
constant C' > 1, such that wys(2t) < C-wp(t)+C for all t > 0. An iterated application
ofm (see (3.3.1)) leads to wys (2" - ) < C™ - wyr(t) + C for a constant C' > 1 and
all ¢ > 0. Choose now n € N minimal such that D < 2", hence wy(t) < wp (D -t) <
wir (27 1) < C™ - wy(t) + C for all t > 0, and so wy () = O(war(t)).

(2) Because M and N both are assumed to be weakly log. convex we can use [16]
Proposition 3.2.] to obtain for all p € N:
M, & N, i
=sup ————, resp. =sup ————.

P im0 explwm (1)) P 0 exp(wn(t))

By assumption we have wys(t) = O(wn(t)), hence there exists a constant C; > 1 such
that wys(t) < C1-wn(t)+ Cy for all t > 0. Furthermore by condition moderate growth
for N = (N,), we obtain by [16], Proposition 3.6.] that propertyfor wy holds.
So there exists a constant H > 1 such that for all ¢ > 0 we get 2-wn(t) < wn(Ht)+H.
We can estimate for all p € N as follows:

P P 1 124

M, =sup—— > su = - su
PN exp(war(t)) = 12b exp(Cr-wn(t) + C1)  exp(Ch)  1ob exp(Ch - wi (t))
W N
tp
> - su
-~ e(C) >0 exp(wy (H™) + (2" — 1) - H)

1 tP
= - su

exp(C1 + (27— 1) H) 150 explwy (H™))

; < 1 >p g
— =) sup ——m—
t\/-t’ exp(C1 + (2" —1)-H) H" t>g exp(wn(t))
— g7

~ exp(Cy + (in “1)-H) (]{1n>p - Np.

(%) is satisfied, because an iterated application of |(wg)| (see (3.4.2)) gives C - wn(t) <
2" - wn(t) < wy(H™-t)+ (2" — 1) - H for n € N chosen minimal such that C; < 2"
holds. This shows now N =<| M. O
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4 Weight function versus associated function wys
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5 The weight matrix M associated to a
given weight function w

5.1 Definitions and basic properties for M

A new technique and a central idea of this work is the following: To a given weight
function w = we associate a matriz/family of weight sequences M := {M! = (MJZ)J :
[ > 0} by setting

[ l
M M;

1
M= . (l-g L= 2 L= J
j exp <l SDW( ])> m] ]' 'u] 7\1]{_1

for j € N and [ > 0 (which plays the role of a parameter). Recall: For [ =1 we obtain
the sequence, which is considered in the previous chapter in £.0.3] and which was used
in the second comparison theorem in [4, 16. Corollary| (with a misprint in assertion
(3) there)!

The goal of this section is to transfer properties of w into properties of the associated
matrix M = {M'! = (MJI)J : 1 > 0} (by using the derived results from the previous
chapters), and these conditions can be assumed axiomatically for abstract matrices.
Note that for this approach we only need properties and for w and not
necessarily the convexity condition since we only use the convexity resp. increasing

properties for the mapping ¢, see and for more details.
We are going to summarize now properties for M and start with the following lemma:

Lemma 5.1.1. Let w then M! for each I > 0. So each sequence M'
18 increasing, normalized (M{ > M[l) = 1), weakly log. convex and (Mjl-)l/j — oo for
j — oo.

Moreover we have MJZ»1 < Mjl-2 & mé»l < mé? forallj € N and 0 <1y <ls.

Proof. (M Jl) ;j is an increasing sequence for each [ > 0, because

I, . w/ I .1 .
My 2 M o (7 (L0 G4 D) = 6209)) 21 LGHD) 2 9Lt Vi €N

and this holds because = +— ¢ () is an increasing function. Moreover we have M} =

exp(% . (702‘](0)) = exp(()) =1 for all { > 0!

M is weakly log. convex for each [ > 0. First because the sequence ! = (,uz) j» defined

I MEo .
by p; = MTJl’ is increasing:

phir = s s oxp (000 G+ D) =000 ) Z e (7 (6L 0) = o2t G = 1))

S ep(l-(G+1) =—eo-J) 2 eol-j) —eo-(G—1))
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5 The weight matrix M associated to a given weight function w

holds for all j € N, because z — ¢} (x) is an increasing and convex function (faster
than linear incr.). A second possibility to see the log. convexity is, that the mapping
Jjr log(Ml) =7 -¢5(l- ) is a convex function for each [ > 0 fixed.

We have (Ml)l/J — 400, for j — oo, because (Ml)l/] = exp( X (l7)). By definition
we immediately get that (M]’-")l/J = M

Finally for M]l-1 Ml2 for 0 < l1 < ly and all j € N we point out, that this condition
is equivalent to H <pw(l1 j) < l ~ o5 (la - j). If j = 0 then we have clearly equality
(pr(0) = 0), if j > 0 we can divide the equation by j and then we use the fact that
the mapping x — %@) is increasing. O

Some immediate consequences of [5.1.1}

(i) M]l.1 < M]l? for 0 < I3 < Iy and all j € N has the consequence, that one can
restrict in the Roumieu-case in in the semi-norms || - ||, & introduced in
to I € Nyg. In the Beurling-case in one has to consider all [ > 0
and the small numbers 0 < I < 1 are important. Hence in this case in the defining
seminorms || - [|,, s the number I > 0 can be exchanged by 7, I € N5, and so we
obtain countable many seminorms in both cases! - For the more general situation

of arbitrary weight matrices M see also [7.3.1], [7.3.5] [7.3.2] and [7.3.6] below.

(ii) Since each M' is weakly log. convex, we obtain for each I > 0 a characteristic
function 6, = 6; (see |(chf)| above).

Lemma 5.1.2. Let w W], then we get the following two very important inequalities
for the sequences M'. For all j,k € N and ni,ny > 0 we have

M- My < My, (5.1.1)
where we have put | := max{ni,na} and for all j,k € N and | > 0 we get

Ml < M- ME. (5.1.2)
Important Remarks:

(1) The second inequality (5.1.2)) has an important consequence: For w each
space &, is automatically closed under taking derivatives. Furthermore it implies
2 2l
mi’.

ik ST

(7i) We point out that for the proofs of [5.1.1] u and |5 we only need properties m
and m for w and not necessarily |(w4)} since only the convexity for the mapping

x — @, is used, see and for more details.

clearly by definition also m!

Proof. Since ¢, is convex, ‘pZ(x) is 1ncreas1ng and 05 (0) =0, we get ¢ (z) + ¢ (y) <

©f (x +y) for all z,y > 0 by - So for we calculate: -
M ! M ?= exp Sow(nl ]) * €XpP n72 ' Sow(nQ ' k)

< exp (} 003)) e (7 200) ) = exp (7 (6500 + 020D

(1
< exp

~|

ol k:))) M,
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5.1 Definitions and basic properties for M

For we point out: We use the convexity of ¢, because a convex-combination
between the points 2j and 21k for t = 1 leads to }-¢}, (Lj+1k) < 507 (2Lj)+ 355 (2Lk)
and so

1 L, . 1, 1,
M = exp (l L+ k))) < exp <2l : %(2l.7)> - exp <2l : %(2”6)) = M} M.

Finally (5.1.2)) shows for the case k = 1 and j € N arbitrary, that the function spaces

are always closed under taking derivatives: MJ 1 <Dy szl hold for all j € N and

each [ > 0, where have put D; := M3 = exp(zl or(20)). O

Lemma 5.1.3. Let w then for each | > 0 we get w wypt, hence Eqy =
5{wl} = E{WMZ} Tesp. 5(w) = 5(wl) = 5(le), where wl(a:) = wa)

Moreover we have the following equivalences:

(1) (a) w satisfies additionally [(wnq)|
(b) M! is non-quasi-analytic for each I > 0.
(¢) M is non-quasi-analytic for some [ > 0.

(2) (a) w satisfies additionally|(we)|
(b) M! satisfies moderate growthfor each | > 0
(c) M satisfies moderate growth for some [ > 0.

Proof. We are going to use so we really need w V] As shown in we have
wyri[~w. For each I > 0 and all z > 0 we get:

%-wiﬁ(l-m) = }-zg%{(l-:v) Y —ou(y)} = sup {x-y— % : sow(y)} = ¢y, (2),

where we have put wj(z) = w(x for all # > 0 and [ > 0. Note that ¢,,(z) =
wi(exp(z)) = L) = 1. o (z )holds

So exp(y, (7)) = M; L and clearly w w and w; § W|holds for each [ > 0. Hence we can
apply [£.0.3] to the Welght w; and the associated function wy;i to obtain the equivalences

W[ WA @
for each I > 0. By [3:2.] this implies immediately that for each | > 0 we have now
Ewp = Sy 18P Ew) = Ewy):

(1) (a) = (b) Since is stable w.r.t. [~ we get: If w with then also
wyp has for each { > 0. Hence by Komatsu’s version of the D.-C.-Theorem [16],
Lemma 4.1] the sequence M! is non-quasi-analytic for each I > 0, too!

(b) = (c) is obvious.

(¢) = (a) If there exists a number lg > 0 such that M is non quasi-analytic, then again
by |16, Lemma 4.1| the associated function w,i, has property Since w Mz wpn

for all n,l > 0 we get for wyp and wy for each I > 0. Then use again [16, Lemma
4.1] to see, that M! has for each [ > 0!

(2) (a) = (b) If w W] with [(we)} then wy; has also [(we)] for each I > 0, because [(we)|
is stable under . by 3.2.2l So the sequences M satlsfy addltlonally moderate growth

- for each [ > 0, which holds now by [16, Proposition 3.6]!
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5 The weight matrix M associated to a given weight function w

(b) = (c) is clear.

(c) = (a) If there exists a number /; > 0 such that M has moderate growth
then by [16, Proposition 3.6] the associated function w1, has By the equivalence
it follows immediately that w,; and w; satisfy now for each I > 0, and so by
[16, Proposition 3.6] once again we obtain that M! has moderate growth for each
[ >0, too. O

Lemma 5.1.4. Let w (W, then we obtain:

(1) Pmperty holds if and only if for all C1 > 0 and Iy > 0 there exist lo,Cy > 0
(resp. also for all lo > 0 and Cy > 0 there exist l1,Cy > 0) such that

C{ M < Cy-MP? (5.1.3)

holds for all j € N. More precisely [(w1)| implies (5.1.3) for lo = L* - Iy, where
s € N is chosen minimal such that exp(s) > Ci is satisfied, and L > 1 the

constant appearing in property .

(2) If in addition holds, then we obtain that for all | > 0 and all n € N there
exists l, = 2% < 1 and constants C,h > 0 such that for all j € N we obtain

Ml <C-W - My (5.1.4)
More precisely the estimate holds for the choice h = H™ and C = exp ((i — %) . H)

Remark: For (=) in (1) and (2) we only need and for w.

Proof. (1) (=): Follows immediately by , apply the function exp to that
inequality and use the previous definitions.

(«<): If is satisfied, then for all C; > 0 and I; > 0 there exist Iy, Co > 0 (resp.
for all I > 0 and C7; > 0 there exist l1,C2 > 0) such that for all j € N we have

J .
1&2 < 1\5%1 Hence by multiplying with ¢/ > 0 for any j € N and applying log we get
J J
Cy-t)7 j
Wtz (C1 - t) = sup;ey log ((1\/111_2) > < Oy - supjey log <1\511> = Cy - wy (1).
J J

So for all ¢ > 0 we have w1, (C1 - t) < Ca - wyp, (t). Since C was arbitrary (in both

cases), consider C; = 2 and use (gives W] ~wyp for each [) to get for w.

(2) Follows by applying the function exp to (3.4.1)) and by definition of the sequences
M. O

5.2 Important consequences of property (wg)

In this section we will characterize propertyin terms of properties for the associated
matrix M. The first proposition shows, that one can get property if all spaces
&y coincide:

Proposition 5.2.1. Let w and assume Eppy = Epym) for each l,m > 0. Then w
satisfies also condition .

Remark: For the proof of this proposition we really need w €]
Proof. First we consider the Roumieu-case: By assumption Eqppy = Eqpmy for each

I,m > 0. Because the sequences M' are weakly log. convex and normalized for each
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5.2 Important consequences of property (wg)

I > 0, the equality of the spaces implies M l M™ which means in particular M| <| M™
and M M for each I,m > 0 (see e.g. [38, Theorem 3.1.3], which follows by [40,
Theorem 1]).

This means now: There exist constants C7,Cs > 0 such that for all p € N we have
M} < C7- MJ" and M)™ < CF - Ml for each I,m > 0 fixed. We summarize this in the
following equation:

1 1
Viim>03D>0VpeN: T'QOZ)(lp)Sp-D—i—%-gOZ(mp). (5.2.1)

(5.2.1)) is a quite strong condition: Dividing both sides by p > 1 yields to the fact that
for all I,m > 0 there exists a constant D > 0 with % i (Ip) — %p - (mp) < D for
all p > 1, so

1 1
Vi,m>0: limsup— - ¢’ (lp) — — - ©* (mp) < +oc0.
msup - @, (Ip) mp ¢ (mp)

Replace now in (5.2.1)) "for all p € N” by "for all y > 0", then we can calculate for
I,m > 0 arbitrary but fixed as follows:

(:0209) @ =swpfaey— 700} = sl -t}

y=>0 y>0

\:,/;-sup{(w'l)'%_@:;(y)} Z%-wi*(xb%%(ﬂf)

!
>
y=ty Y32°

Similarly we calculate for (-D + L - cpfu(m))*

(D42 eiom) @ =swp e =D)L aim )}

y=>0
1 y/ * / 1 *k
:E'S};p{(x—D)-m-E—%;(y)}:E'S%(x—D)
y >0
1
:E'Sow(x_D%

where we have put ¢ :=m - y. Then we use [4.0.3: We have wy,(t) < 2wy (t) for all
t > p3* and each m > 0. Recall the notation: M;" = exp(L - o7 (mp)) = exp(f, (p))

where we have set wy,(t) = % by So we have for z — D > log(u3"), where we

have put as usual p'"* = 15—
J j—1

1 1, 1,
l-%(w)Zsup{:v-y—l-%(l-y)}zsup{fv-p—l-%(l-p)}

y>0 peN
1, 1 i}
> supsx-p—p-D——- @, (mp) 25 supyzoy—y-D—— e, (my)
peEN m y=>0
(5.2.1)
1
:%'S%(m_D)-

Hence we have shown: Consider a pair (I,m) arbitrary but fixed, then there exist
constants D1, Dy > 0 with
T @u(®) > 5= pu(z — Dy) for x > log(u3') + Dy and
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5 The weight matrix M associated to a given weight function w

L 0,(z) > 3 - pu(x — Dy) for all z > log(uh) + Da.

Since ¢, () = w(exp(z)), we have }-w(e”) > ﬁ-w(e(x_Dl)) = w(%) = ﬁw(g—l)
if we put C1 = exp(D;) > 1 and analogously for Ds.
1wy > = cw(d) for all y > Cy - pg (note: y = exp(x) >
exp(Dy + log(ug")) = exp(D1) - 1) and we summarize again:

Hence we have

Y 2m Y 21
Vim>03C,C > 1 w(cl) ;i w(y) and w<02> m w(y), (5.2.2)

where the first inequality holds for all y > ' - 5" and the second one for all y > Cs- ,ulz.

So take for example m = 4[ in the second inequality, then §; = 2 and 2 w(c%) <w(y)

for a constant Cy > 1 and all y > Cs - ub, or equivalently 2 - w(y) < w(Cq-y) for all

y/ > ub with y/ = C% This implies clearly condition m for w.

In fact it’s sufficient to take m > 2I, then the second inequality of (5.2.2) yields
57 - w(y) < w(C2-y). Since 57 > 1 we can iterate this inequality, so for n € N minimal
with (%)n > 2 we get 2 w(y) < (%)n w(y) < w(CF - y), which holds for all y > b
and we still get property for w.

The Beurling-case: For this we use the second chapter in [6] to obtain that & p) =
Evmy implies M ~| M™ for each [,m > 0 and we obtain again (5.2.1)! Then use the

previous proof for the Roumieu-case.
Note that by assumption (see [5.1.1)) each sequence M’ , so all assumptions in [6]
are satisfied! O

(the second part (5.1.4]) there) and together give the following impor-

tant characterization:

Proposition 5.2.2. Let w §W] then the following are equivalent:

(1) w has additionally [(we))
(2) S[le} = (‘:[Mlz] is valid for all ly,ly >0

(3) MU~ M" for all l1,15 > 0

(4) M" has moderate growthfor some/for each 1 > 0.

Proof. (1) = (2) Let l; < lo, then by we see that we have always Mt < M2,
hence &7 € &Eppyia)- On the other hand we can use (5.1.4): Choose n € N minimal

with 2 <1y, then €,y < Eppiz/zmy S Epyiny and (2) holds.

(2) = (1) Is exactly
(2) < (3) Holds by [38, Theorem 3.1.3] and [40, Theorem 1| for the Roumieu-case and

by the second chapter in [6] for the Beurling-case. Note that by we have M!
for each [ > 0 and so the necessary assumptions are satisfied for both cases as pointed
out before.

(1) & (4) Holds by O
By using [5.2.2] we obtain the following corollary:
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5.3 Consequences of (we) and (ws)

Corollary 5.2.3. Let w if doesn’t hold then for each I > 0 there ezists
m > 0 with m <1 (resp. for each m > 0 there exists a number I > 0 with | > m) such

that y

1 p

sup (pr> = +o0 (5.2.3)
p>1 \ M ’

or equivalently Epm) & Eppy-

Proof. Assume that doesn’t hold but such that there exists lp > 0 with &ppm) =
5[ Mlo] for each m < ly. But then we can compute as in | instead "for each I,m > ("
use now "for each m > 0 with 0 < m < ly, and then ([5.2.2)) is satisfied for each m > 0
with 0 < m < ly, and we would still get property for w (e.g. take m = IZO in the
first inequality of ), which is a contradiction!

Hence is now satisfied for [ = 4m, because Eym) C Eppy- O

To obtain property we prove the following:

Proposition 5.2.4. Let w EIE and assume Epp) = |y for each 1 > 0 and additionally
now

1 1
Am>031>0(m>1): liminf — -] — — ¢, (lp) > 0. 52.4
m (m>1): Hminf = ol (mp) = 7 0o (p) (5.2.4)

Then w satisfies also property .

Proof. By (5.2.4)) for such I, m > 0 inequality (5.2.1]) holds also for 0 < C; < 1 where
D :=1log(Cy): We get 1 - ¢ (Ip) < p-log(Cy) + & - 7 (mp), then divide both sides by
p > 1 (p =0 is clearly satisfied for all C; > 0!), hence
0< ~log(Ch) < — - @ (mp) — - 1, (1p)
p— O —_— m —_— — .

g\l1) = mp P\Mp lp Puw D
We point out: This condition is weaker than (3.3.2]), which was a consequence of
property because in (3.3.2) on the right hand side a term with s € N occurs.
But ([5.2.4) is not satisfied automatically for each w because in this case %(z) is
increasing and tending to infinity for x — 400, but in the limit the difference can be
equal to zero.

We show: Condition is satisfied. For this we put for I, m > 0 coming from (|5.2.4))
now in (5.2.2) C' = 22 > 1, then w(y) < C - w(C; - y) for all y > Cy - pf'. An iterated
application yields w(y) < C™ - w(C} - y) < C™ - w(}) for n € N minimal, such that
Cr <3 O

5.3 Consequences of (wy) and (ws)

Let two weight functions o, 7 be given, then we can translate both relations [<] and
[<] into properties for their associated weight matrices, in this section we don’t need

necessarily condition for w, only and . More precisely we prove the

following lemma:

Lemma 5.3.1. Let o, 7 be given and denote the associated matrices by M]l =
exp(7 - @5 (lj)) and le. := exp(} - p5(l5)). Then we obtain the following:
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5 The weight matrix M associated to a given weight function w

(a) ]fa then there exists a constant C > 1 such that for all 1 > 0 we can find a
constant Cy; > 1 such that 3
N/ <&M (5.3.1)

holds for all j € N.
(5.3.1) implies N{=HM (resp. MM ):

(i) For each 1 > 0 we can find n > 0 (resp. for each n > 0 there exists | > 0)
such that N M™ or equivalently

(ii) For each l > 0 we can find n > 0 (resp. for each n > 0 there exists | > 0)
such that Eniy C Eppyny.

If o has additionally property|(wy)| then (i) < (ii) implies that for each | > 0 we
can find n > 0 and C > 1 (resp. for each n > 0 there exists | > 0 and C > 1)
such that

l n

for all j € N.

(b) [f@a, then for all C > 0 and all I > 0 there exists a constant Dc,l > 1 with
N} < D¢y - M (5.3.3)
for all j € N. If T has additionally then this implies now /\@M

(1) N11|E| M" for each ly,lz > 0 or equivalently
(ZZ) S{Nll} - E(Mlz) for all l1,1ls > 0.

The converse direction that (i) < (ii) implies (5.3.3)) is always true.

Proof. (a) First (i) = (i) is clear by definition, for (i) = (i) we use in the Roumieu-
case [38, Theorem 3.1.3] and [40, Theorem 1], in the Beurling-case the arguments given
in [6] (note that each sequence M’ and so satisfies the required assumptions
there).

We prove that o implies (5.3.1)), and for this we use o implies that there

exists a constant C' > 1 such that for all x > 0 we get C - 0 (&) < ¢;(x) + C. Then
let I > 0 and j € N be arbitrary, we use this inequality now for the case x =1 - j and
moreover divide it by [ > 0 to obtain

c (i _ 1 , . C

oo (L) <2 grg) + 2

P <c> < 7 ¢ely) + 5

To this inequality we apply the exponential function and so we have shown (5.3.1)) with
C) = exp(%) (note: C; — oo for [ — 0).

(5.3.1) implies clearly (i), (¢) implies (5.3.2)) if o satisfies in addition We can
absorb by (3.3.2]) (see[5.1.4[and (5.1.3])) the exponential growth on the right hand side

to obtain (/5.3.1]).

(b) (i) & (ii): First N4 <{ M for all I1,ls > 0 implies immediately Eniny € Eptay-
Conversely, if Eyi1y © E(pi2), then similarly as in [38, Theorem 3.1.3] and [40, Theorem
1] (for each I; > 0 there exists a characteristic function 6, by|(chf))), we get N ll@ Mt
for all 11,15 > 0.
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5.4 Consequences of (wr)

Now assume that 7 <]o. Then for all C' > 0 there exists a constant Do > 1 such that
pi(z) < & pi(C ) + % for all z > 0 holds by the calculation in m We use
again this inequality for x = [ - j, divide it by [ > 0 and finally apply the exponential
function to show (5.3.3) for the constant D¢y = exp(%).

Then we have to for 7 to obtain for all k € N (for h > 1 large): h* - N]il <
Dy, - N,é < Dy, - DC,Z . M,?l. The number [ depends on I; and h and will be much
larger than [ (see (3.3.2) (see[5.1.4]and (5.1.3)), but by (5.3.3)we can choose C' > 0 in
such a way that C' - [ = ls for some given Iy (small). Hence we have shown N ll@ M
for all I1,1lo > 0.

N ll@ M implies clearly , more precisely we can take h = 1. ]

We use this result for the weight o = id to obtain:

Lemma 5.3.2. Let w W, then

(1) If w has also and[(wz)|, then for all 1 > 0 there exists D; > 0 such that for
all 7 € N we obtain A
7 < Dy~ Mj.

(2) If w has also and [(ws)], then for all 1 >0, all 1 > D > 0 small and for all
j € N we obtain

j]SD'MJ.

Proof. We use (3.5.1) resp. (3.5.2) for x =1-j, 1> 0 and j € N arbitrary, and take
the [-th root to obtain the desired properties directly. ]

An immediate consequence of the previous lemma together with Stirling’s formula is
the following:

(1) For w with and we get

VI>0: liminf(mb)"/* > o0,

k—o00

hence each space £y contains the class of all real analytic functions.

(2) For w with and we get

VI>0: liminf(mi)"* = 400,

k—o00

hence each space &1y contains the class of all real analytic functions.

5.4 Consequences of (wr)

Lemma 5.4.1. Let w then property holds if and only if
VIi>03C>03n>1VjeN: My; <C7- M}

or alternatively
Vn>03C>031l<nVjeN: M <C’ M}

This implies that then for all 1 > 0 there exists n > 0 (resp. for all n > 0 there exists

1\ 1/p
[ >0) with M’H M™ and so limy, (%)
p

47



5 The weight matrix M associated to a given weight function w

Remark: For (=) we don’t need necessarily property .

Proof. (=) Recall that in we have shown (3.6.1): There exist C, H > 0 such
that for all z > 0 we get

C -l <%) <@l (g) +log(H) -z +C.

Now we use this inequality for x = 2[5, [ > 0 and j € N to obtain after dividing by [
the following: & gpw(mj) < 1-05(l5) + 25 -log(H) + % Finally we apply the function
exp to see:

C .
3C,H>0: Vl>0VjEN:Mé§C§exp<l)-(HQ)J.MJZ-.

(<) Conversely assume that one of the properties is satisfied, then after applying log
we obtain for all j € N:

7 Pu(2l)) < j-log(C) + — - (nj).
Now proceed by standard arguments: Replace j € N by y > 0 and apply the Legendre-
Fenchel-Young-conjugate to both sides for x > 0. The left hand side gives

(} . (p;;(m.))* () = sup {:cy - % : ¢2(2ly)} -~ % - Sup {z;z - 9033('2)}

y>0 z>0

:1'803* (f) :%.w(\/e?)

l 2
and the right hand side

<- log(C) + % : @Z(n-))* (z) = sup {wy —ylog(C) — % pu(n y)}

y=>0

L {Z@—log(C)n -2} =

n z>o0

g~ og(C) =

S|

We summarize:

1ot =sup oy = g | = sup o - -z}
! y>0 ! jEN l
> sup {xj —jlog(C) — = (nj)} > = osup {xy - 10g(C) — ~ - ¢ (ny)}
jEN n “ ~~ 2 y>0 n v
()
1 e’
2e(0)
() holds again by [4.0.3| and [5.1.3} w, = + o.. wpn, note that we have wn(t)
2wy (t) for all t > %n = p%. Hence for ° p(x) > piy we have shown w(&) < % -w(Ve),

where we have put ¢t := exp(x) and we are done

So we shown the equivalence, for the last argument use now ' for j = k: Let
ni,no > 0 be arbitrary but fixed, then M;.“ . M]m < MQTL;’ <Cy-CY- Mjm for ng =
max{ni,n2} and ngy = C - ng. Hence the sequence L;”’m = M;-“ . M;LQ satisfies
L"l’”2 M™ but by definition M”llzl L™ for i =1,2. ]
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5.5 Remarks about strong log. convexity

Remarks:

(i) By property implies that for all [ > 0 there exists m > 0 (or for all
m > 0 there exists [ > 0) with M"‘E M" and so Evmy € Epy- Hence by
fech

(5.2.3) and [5.2.2] we see, that is an obstruction to property

(i7) As we have shown in [3.10.1} the weight function ws = max{0,log(t)*} doesn’t
satisfy for any s > 1, but holds.

(731) An iterated application of gives the following: We can estimate a “chain”
of weight sequences by a single sequence. More precisely for all i € N5 and all
l1,...,l; > 0 there exists some n > 0 such that M]l.1 . M]l’ < Cj-Mj” holds for all
j € N for a constant C' > 1 (and also with "Beurling-type-order” of quantifiers).

5.5 Remarks about strong log. convexity

As shown in each sequence M! is weakly log. convex. What about strong log.
1

L ;L ML 0
convexity, i.e. that the sequence my = i s log. convex!

As shown above in (3.8.1]) for sub-additive w = each sequence m! satisfies mz. mb <
mé 4 forall I >0 and j, k € N. This is not strong log. convexity directly, but a weaker

condition (see e.g. [38, Lemma 2.0.6.]).

For strong log. convexity one would need (m§)2 < méfl-mé- 41 forall j > 1 (for a certain
[ > 0). Recall the identity M]l = exp(F - 05 (L-§)) = supgs 1 {s? - exp(—1 - w(s))} (used
in the proof of (3.8.1)) and introduce the function f;; by f;.(s) := s7 - exp(—+ - w(s)),
j > 1and ! > 0. We study this function on [1,400) (or even on [0,+00), because
w(s) =0 for s € [0,1] and s < 1 for all s € [0,1] and j > 1).

We are searching for the point sg, where the supremum of f;; is attained! We differ-
entiate: f;l(S) =j-si 1 exp(—7 - w(s)) + 7 -exp(—F - w(s)) (—+ -w'(s)). So the first
derivative vanishes either for s = 0 (which is not the interesting case), otherwise divide
the equation by s7=! > 0 and exp(—7 -w(s)) > 0 to obtain now j— % -w'(s) = 0. Hence
we are searching for s € [0, +00), such that the equation j -1 = s - w'(s) holds (where
we have assumed throughout this calculation that w should be at least C1).

Ezample: For w(s) = s*, 0 < a < 1, (which leads to the Gevrey-classes with index 1)

Jt
«

1/a
we need jl = s-a-s*"!, hence for sy = ( ) . So at this point the supremum is

attained and f;;(s0) = (jal)ﬂ'/a ] exp(—% - w(so)) = (%y'/a ' exp(—%) _ (ﬁ)j/a'

5.6 Limits of sequences M
In all previous calculations we have assumed 0 < I < 400 for the parameter . In this

section we will study the limit cases [ — 0 resp. | — +o00. First we point out: Let
w €W, then for each p € N5 arbitrary but fixed we have

1
+o0o . 1 L _ _
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5 The weight matrix M associated to a given weight function w

and M = limy_, o exp (7 - ¢5(0)) = lim;_ oo exp(0) = 1. In this calculation we
have only used the standard properties of ¥, see [5, 1.3. Remark, 1.5. Lemma).
On the other side assume that ¢ is C! (can be done w.lo.g. by [5, Lemma 1.7.]).
Then

Lo pu(l-p) = ¢, (0 ©u(m) — 950
Mll,—exp<'g0w(l-p)>—exp< w( ) w() = exp|p- w( ) w() ,

l l m—0
lp=m

hence for all p € N:

3 o=ty M} =l exp (- F =) o) 0) = (expl(e2) )
(5.6.1)

It’s clear, that MO = (Mg)p is again an increasing sequence and furthermore weakly
log. convex, because the function p — log(MI?) = p-(¢5) (0) is clearly convex. Since
©* is an increasing function, we have (¢*) (0) > 0, hence Mg > exp(p-0) =1 for all
p e N.

Ezample: p*(z) = 2°/¢~D s> 1, then M,f> = 400 and MS = exp(p-0) =1 for all
p € N. The same holds for the function ¢} (x) = 22 - log(x) for > 1 and ¢*(z) = 0
for 0 <z <1.

5.7 Spaces of few functions &) resp. &)

Let w then on non-empty open subsets U C R" we can define the space &((,))(U)
by

1
VK CUcompact 3C >0VI>0Vze KVaeN": ‘f(o‘)(x)’ < C-exp (l-wa(l]a])) :
One can see immediately: &) C &) C &) and a function f belongs to &)
if it is in the Beurling class &, and for the occurring constants C; > 0 we have
sup;~o C; < +00.

But MY < M" whenever I; < 5 and by (5.6.1]) above we have MS = (exp((goj,),(())))p.

/ laf
Hence ‘f(a) (x)| < C- (exp((gpi) (0))) should also hold and we see, that f must
belong to the real-analytic functions, because we can take ¢ := exp((¢*) (0)) now and
0 > exp(0) = 1 by the properties of (¢*)". So we have shown Ew)) € Eqiay (recall:
the real analytic functions have the weight w(t) = t!), hence the spaces £((,)) are really
small. If one assumes additionally for w, then one has &(,)) € Eay € €y C Eqy-

The space £((,)) contains not many functions, but it is still infinite dimensional, because
it contains all polynomials. Furthermore the functions exp, sin and cos are always
elements of &(,)). If (¢%)'(0) = 0 like in the example above, then we have |f(0‘) (x)‘ <C
for all & € N, and the constant C' is depending only on K. So we see: The polynomials,
exp and sin are in £,y too, but for a > 1 arbitrary we have (exp(ax))®) = a¥ - exp(z),
and so the function z — exp(ax) is not an element of £,y anymore and similarly for

z — sin(az) (resp. take a > exp((¢*) (0)) in the more general case).

One can use the same proof as in [5, 4.4 Proposition| to show, that for w with
the class (. is closed under pointwise multiplication.
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5.7 Spaces of few functions &) resp. &)

Difference to the weight sequence case: Also for weight sequences M = (M,), one can
consider for non-empty open subsets U C R" the spaces £(y))(U) defined by

VK CU compact3C >0Vh>0Vze KVaeN: (f@l)(:c)) < C-h*. M,
But in this case in the estimate C depends again only on the compact set K, not on

h > 0 and p € N. In particular (one dimensional case) for k = 1 we have ‘ f (:z:)‘ <

C - h- M for all h > 0, hence sup,¢ g ’f/(m)’ =0 for all K C U compact (and also for

all higher derivatives). For k = 0 one obtains |f(z)| < C- Mo, hence &) (U) consists
of all constant functions on U. So this space is only one-dimensional and an immediate
consequence is &)y # E((ar))-
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5 The weight matrix M associated to a given weight function w
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6 A new version of the comparison
theorem

6.1 Introduction and first observations

The aim of this chapter is the following: We use the sequences M' introduced in the
previous chapter and prove new comparison results for classes of ultradifferentiable
functions defined by weight sequences M and weight functions w. These comparison
theorems will motivate the definition of classes of ultradifferentiable functions defined
by a weight matrix M in the following chapter below.

(i) All results in this chapter are also valid for globally defined classes by modification
of the proofs, see [2.4.1]

(73) For the first part of and we don’t need necessarily property see
[B.1.1] and B.1.2] for more details.

Recall the definitions of such classes: For compact sets K with smooth boundary the
space

Eui(K) = {f € £(K) : ||fllw,r1 < +00}
. Hf(m(x)”[/k(Rn‘R) (k)
is a Banach-space, where ||f|lo,x = SuPgen zek o (o ) and f\")(x) denotes
(L (I

the k-th order Fréchet derivative of f at x. Moreover we have the following represen-
tations as locally convex vector spaces:
Eroy(U) = lim lim &, ;(K) = lim ) (K)
KCU [>0 KCU
resp.
Ew)(U) = lim lim &, (K) = lim &, (K),
KCU >0 KCU
where the limits run over all compact sets K C U and [ > 0.
For the weight sequence case the situation is analogous: For compact sets K with
smooth boundary the space

Evn(K) :={f € E(K) : [|fllmrn < +o0}

. 1F®) @) | Lk e .
is a Banach-space, || f||ar,x,n = SUDgen zex WM and we have the topological

vector space representations
Epny(U) = lim lim Eyyp(K) = lim Eppy (K)
KCU h>0 KCU

resp.
Ean(U) = lim lim Eyp(K) = lim €y (K),
KCU h>0 KCU

where the limits run over all compact sets K C U and h > 0.

We start with some easy observations:
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6 A new version of the comparison theorem

Lemma 6.1.1. Let w W, then on each compact subset K C R™ we get

Ery(K) S lim Egppy (K)
>0

and for U C R"™ non-empty open we get

lim & 1) (U) € €y (U) € lim Eqpy (U).
leA >0

All inclusions are continuous.

Proof. For the first part: If f € £, (K), then there exist C,1 > 0, with |f(@)(z)| <
C - M|la| for all @« € N" and z € K. Then clearly f € Epy(K) with C > 0 and
h =1 in the defining estimate on K and more precisely in the loc. convex vector space
representations we get &, (K) C Eyp 1(K) for each K compact and [ > 0. We can
restrict of course the limit(s) to | € N5 and we will show in that if we assume
additionally then the converse inclusion also holds.

For the second part: If f € £¢,)(U), then on an arbitrary but fixed compact set K C U

the defining estimate holds in such a way that for all [ > 0 there exists C; > 0, such that

()| < Cp - M|la| for all « € N* and x € K C U. Hence f € Eppy(K) for all 1 >0

with C; > 0 and h = 1, so more precisely f € lim &y (U) and () (U) C lim Epppy (U)
leA leA

for each U C R" non-empty open.

If f € lim £ p)(U), then for each I > 0 and each h > 0 there exists a constant Cy, > 0
leA
such that sup,cg |f(@(x)] < Cyp - Bl 'M|la| holds for all @ € N", where K C U

is an arbitrary but fixed compact set. Hence for the choice h = 1 we obtain clearly
fe g(w)(U )

We will show in [6.2.6] that for the first inclusion in fact equality is satisfied, if we have
property for w too. For the second inclusion the converse inclusion ”2”
cannot be true in general, because if holds then Eqprmy = Egppy for all m,1 >0
and so we would get £,y = E,). But we will show in @ that if w Eerl satisfies

in addition and (then cannot be satisfied), we have equality instead of

both inclusions.
Of course we can restrict the intersections to all I’ := %, I' € Nyo. O

6.2 First central result

In this section we will prove the following important theorem:

Theorem 6.2.1. Let w be given such that conditions and are satisfied.
Then we get:

(1) Enm(U) = €y (U) holds for each I >0 and for all U C R™ non-empty open sets
as locally convex vector spaces.

(2) Moreover in this situation for each I > 0 the following holds: w Wt
where wy(z) = %, and so as locally convex vector spaces we get Epu(U) =

EunU) = S[WMZ](U) again for all U C R™ non-empty open.

o4



6.2 First central result

M! for each I > 0 and each function wyp,w; with additionally
and .

Finally M M™ holds for all I,m > 0 and M' satisfies moderate growth
hence also closedness under taking derivatives for each 1 > 0.

(3) Letw be as in (1) with additionally condition|(ws)| then for eachl > 0 the sequence

M satisfies also liminf,_ o (m )1/p > 0 with m % or equivalently (by using
Stirling’s formula)
3C,D>0VpeN: (C-(p+1))<D-M, (6.2.1)

which should be also compared with condition (MO) in [{]. Moreover condition
holds also for each sequence M' separately. Finally for each 1 > 0 we have
that the functions w; and wy; have condition |(we), too.

If w is as in (1) with additionally condz'tion then for each l > 0 the sequence
M satisfies also limpﬁoo(mé)l/P = 400 or equivalently

VC1>03C>0YpeN:(Cr-(p+1))P <Cy- M. (6.2.2)

In this case for each | > 0 we have that the functions w; and wy; have condition

(ws)], too.

(4) Let w be like in (1) with additionally property|(wng)l Then the sequences MY have
f07" each | > 0, too.

We split the proof of Theorem [6.2.1] in several statements and start with the first one:

Lemma 6.2.2. Assume that w satisfies . Then for allm > 0 and each K C U
compact the inclusion E,m(K) C Eyp gn(K) holds, where n € N is chosen minimal,
such that m < 2" and H > 1 is the constant coming from .

Proof. Let m > 0 be arbitrary but fixed and estimate as follows:

e (5 s2tm- ) =eitn 0" = ()

(x
4 tI

=Sup————7- =SUp—————— < ,
120 exp(w(®) /™ 10 exp(5; - w(t)) (_)

I
sup
t>0 exp(w(Cpy, - t) — Dﬁm)

€ Dm S t e Dm . ’ S t]

—exp | =) . sup— — —  ex \~ ) Sup——— %

P\ tzg exp(w(Cpy, - 1)) ~ P\ Cm tzg exp(w(t))
@

t—
D 1)’ _
= eXp (rrT) : (Cm> -exp (¢, (7)) -
~— =M
—hJ J
The second equality (x) holds for arbitrary m > 0 because:

su = exp ( sup (m - log(t) — w(t = exp|sup(m- -z —wlexp(x
sup s = e (sup - ol <>>) < o (sup -2 = wexpa)))
= exp (sup m-x— g,z ) <sup m-z— g,z ))> = exp (g (m)) .
z€R x>0
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6 A new version of the comparison theorem

For (#%) we point out: One would need that for all m > 0 there exist constants
Cin, Dy > 0 such that for all £ > 0 we get:

W(Con 1) — % Dy < % cw(t) < m - w(Con - ) < w(t) + Don. (6.2.3)

If 0 < m < 1, then clearly m - w(t) < w(t) for all ¢ > 0, hence in this situation the
choice Cy,, =1 and D,,, = 0 is sufficient for (6.2.3)).

But for m > 1 (in fact m € Ny for the Roumieu-case) we need property An
iterated application of |(wg)| (see (3.4.2))) implies that for all n € N and ¢ > 0 we get
2" w(t) <w(H™-t)+ (2" — 1) - H for a constant H > 1. So take n € N minimal such
that m < 2" holds and put for this n now Cy, = g, then m - w(Cp, - 1) = m-w( ) <
2" w(#4=) < w(t)+ (2" — 1) - H. Then take D,, = (2" — 1) - H and we have shown
(6.2.3).

In terms of the corresponding locally convex vector space representations we have now
for all m > 0 and each K C U compact the inclusion

5w,m(K) - ng,%(K) = 8M1,H”(K)7

where n € N is chosen minimal, such that m < 2™ and H > 1 is the constant coming

from |(wg)|

Finally recall that Mj1 < M]l for all j € N and each I > 1 (by , hence 1y (U) C
E{Ml}(U) for [ Z 1.

In fact we have shown now that &, (U) C £,y (U) C Erpuy(U) holds for all 1 > 1 with
continuous inclusion. For the analogously inclusion in the Beurling-case we need the
following result:

Lemma 6.2.3. Let w withm then for 0 < m <1 and each K C U compact
we obtain the inclusion E,m(K) C Eyp. L (K), where n € N is chosen mazimal, such

that L™ < %, and L > 1 is the constant whzch appears mm

Proof. It sufficient to show &,)(U) C &1)(U) and of course one can use the estimate
in (holds for all m > 0). But we have to show now , assuming 0 < m < 1,
for all h > 0, in fact for 0 < h < 1 small. So we cannot proceed as in [6.2.2] because
there the choice n = 0 with h = & = H" =1 is sufficient.

For one would need w(Cm 1) < wit) + Dﬁm for all ¢ > 0. An iterated application

m

of property for w (see (3.3.1)) gives w(2™-¢t) < L™ - w(t) + Z L for all n € N

and ¢t > 0. Hence take n € N maxunal such that L™ < 1 S m < holds form — 0
small, and so for this chosen n and 0 < m <1 we get

L'IL

w(2nt)§Ln +ZL1 +ZL1 Z’L 1Lz‘

m

Thus the choice C}, := 2™ and D,,, := Zf‘:l L is sufficient for this calculation and we
summarize: One can let C,,, — +oo for m — 0 & n — +o0.

So, if w With additionally then £y (U) C Enny(U) C Eny(U) for all 1 > 1,

and in terms of the corresponding topological vector space representation for 0 < m <1
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6.2 First central result

and each K C U compact we get
Eom(K) C 5M17%(K) = 5M172%(K),

where n € N is chosen maximal, such that L™ < %, and L > 1 is the constant from

(w1) 0
shows that £,)(U) C Ey(U) is valid with continuous inclusion for all I > 1 and
each U C R™ non-empty and open.

Now we are going to prove the third step:

Lemma 6.2.4. Let w with . Then for each m,h > 0 and each K C U
compact we have Eppm p(K) C Eym.1s(K), where s € N is chosen minimal, such that
exp(s) > h and L > 1 is the constant from .

Proof. First recall that for w € W] we have by for each K C U compact set
the inclusion &,y (K) C im&yypy (K) = lim &y (K). Consider f € Eqpymy(U), then
>0 leN
on an arbitrary but fixed compact set K §>OU we have that there exist C,h > 0 with
[f@ (@) < C-hlel- M = C - Rl exp(5; - ¢l (m - |a])) for all @ € N™. Put |a| = k,
then we estimate for all £k € N as follows. Use and take s € N minimal, such
that exp(s) > h (for h € N), thus exp(sk) > h* for all £ € N. Furthermore replace in
B32) n—k, A Landsop=-—2-=1(son=L"m>m). Thus for all k € N

m-L3 n
we obtain:

1 1
C’-hk-M,g”:C"hk-exp(m-wZ(m-k)) gC’-exp(skz—{—m-@Z(mk))

1 . 1 L
< C-exp(m'Ls-gow(k-m-Ls)—i—m_Ls-ZLl)
=1
=Crexp | 2 exp (s - pulk-m
=Cy - MM

The appearing constant C7 > 0 depends now on L > 1 from on C,h > 0 and
m > 0. More precisely one has in the locally convex vector space representations (can
take h € N5g):

5Mm7h(K) - gw,mLS (K)
for each K C U compact, where s € N is chosen minimal, such that exp(s) > h. ]
shows now Emy(U) C Eqpymy(U) C €y (U) with continuous inclusion for each

m > 0 and U C R" non-empty open. In particular we have now together with [6.1.1] for
each K C U compact set the representation

Ey(K) = lim Eppy (K) = lim Eqppy (K).

>0 1eNs
Similarly as before, this calculation is too weak to obtain Epmy(U) C &) (U) for
an arbitrary m > 0, because therefore one would need the estimate in for all
L?-m > 0, assuming 0 < h < 1 small. But in this case in the calculation above the
choice s = 0 would sufficient, because exp(0) =1 > h for all 0 < h < 1 small and so
L% . m = m will not become arbitrary small! To obtain the desired inclusion we need
the last lemma:
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6 A new version of the comparison theorem

Lemma 6.2.5. Let w with[(we)} Then for each m > 0 (for 0 < h <1 small) and
each K C U compact Eppm j(K) C &, myon (K) holds, where n € N is chosen mazimal,
such that % > h and H > 1 is the constant from /

Proof. As shown, [(wg)| implies condition (3.4.1):
JH>1YI>0VneNIm>0m=4 <l)VpeN:

1

11
7-¢Z(l-p)é

L)+ p-log() + (4 ) B

1
m
Then we proceed as follows: Take n € N maximal, such that exp(—nlog(H)) > h <
% > h for 0 < h < 1 small, so exp(—nklog(H)) > h* for all k € N and then we get
for all k € N:

1 1
c-hk.M,i:c-hk-exp<l-@Z(z-k)> §C’-exp<—n-k-log(H)+l-@Z(l-k))

L

1 1 1
< C’-exp<(—>'H> ~exp<-g0::(m‘k:)> =Co- M" = Co - M".
m 1 m

We point out: The constant C'y > 0 depends only on C;h > 0, [ > 0 and the constant
H > 1, which appears in (w6)¥ If h — 0, then n — 400, hence m = 2% — 0 and
so Enpy € &y for all 1 > 0. In the locally convex vector space representations (for

0 < h < 1 small) we have for each K C U compact now

5Ml,h(K) CEuym(K)=E, 1 (K),

- ’ W,5n

where n € N is chosen maximal such that % > h holds! O

In fact shows Eyymy(U) C €, (U) with continuous inclusion for each m > 0 and
each U C R" non-empty open.

We can now prove the first point of |6.2.1¢ [6.2.2| - [6.2.5| together imply &y (U) =
Ewy(U) resp. Eqpy(U) = &, (U) as locally convex vector spaces for all [ > 1. To
obtain this identity for 0 <! < 1 we use now [5.2.2]

For the second part we use |5.1.1| resp. |5.1.3[ and also Note that properties |(w1)]
and are stable under [~| (see .

Since all sequences M! are weakly log. convex, by [40, Theorem 1] and [38, Theorem
3.1.3] and the first part of the theorem we finally obtain M M™ for all I,m > 0.
Since wy has |(we)| for each I > 0, we can use [16, Proposition 3.6.] and this implies
moderate grow for M.

Thus M! satisfies also closedness under taking derivatives @ but one can prove this

property directly: As pointed out in (a consequence of (5.1.2)), the class &, is
always closed under taking derivatives, hence by the first part of the theorem also &1y

for each [ > 0. So fix I > 0 and use again [40, Theorem 1] for the sequence M! (see

(chf))): There exists a function §; = 0, € Efﬁ??l(R,R) with |0l(])(0)| > M]l forall j € N.

; (i .
On the other side there exist C, h > 0 such that [\ (0) = |6, 7~V (0)| < C-W=1-M!_ .

Let us now consider the third part: To prove for M! we proceed similarly as in |4,
12. Lemma] (1) = (2) for the sequence M’ for each [ > 0, more precisely we use some
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6.2 First central result

facts of [24]. In the following let 5(2*73 (R) denotes the space of all 27-periodic functions
of Beurling-type, x € {w, M }.

First we point out that [24, 3.1. Theorem| (d) = (c), which we will have to use, holds
for each M! separately: M’ and moreover, by the second part of also
derivation closedness is satisfied for each M!. So the general assumptions in [24]
are satisfied for each M.

We consider in [24] 3.1. Theorem| (a), (b) and (d) only the periodic case 5(2]\7;[) (R) and
to show (d) = (c¢) we use (d) = (a) = (b), which are clearly satisfied, and finally
(b) = (c) there. For the last implication for the 2m-periodic Beurling-case only [24]
1.2. Lemma] is then used.

We prove now condition (d) in [24, 3.1. Theorem|: By the first point of we
obtain &)(U) = E)(U) for each I > 0 and each U C R" non-empty and open,
hence by the same sheaf-argument which was also used in [4, 14. Theorem| (2) = (3)
we get 5(2]\721 (R) = 5(2:;) (R) for each [ > 0. Moreover, because w satisfies additionally

condition the space &(,)(U) contains restrictions of entire functions (see (3.2.1)),

hence we can use 28, 3.8. Corollary] to see that 5(25) (R) is isomorphic to a power series

space of infinite type (see also [4, 11. Lemma (b)]). Thus SE&Z)(R) is isomorphic (via

Fourier-series-expansion) to a power series space of infinite type, hence (d) in [24] 3.1.
Theorem|. By (d) = (¢) we obtain property for M! for each I > 0.

With this technique one can prove in this case property moderate growth |(mg)| di-
rectly: For this use now [4, 13. Proposition| (2) = (3). As mentioned before we have

5(2]\”41)(R) = S(Zu’f) (R) for each I > 0, which implies by [4, 11. Lemma| a growing condition

for w1, more precisely

The third part: We see that the additional assumption implies by the second part
of [6.2.1] that w; and wy, satisfy now condition for each [ > 0, too (this condition
is stable w.r.t. . By resp. (3.5.4), where > 0 is replaced by p € N, we see
that p? < D - leJ holds for a number [ > 0 a constant D > 0 and all p € N. So we have

shown property (6.2.1) and this condition implies by [4, 12. Lemma (4) = (5)] also
for wy (see also [4.0.2)). Moreover by the second part M M™ for all [,m > 0,

thus we obtain property (6.2.1)) for each M! since this condition is clearly stable w.r.t.
=l
Precisely the same arguments can be applied if we have the stronger assumption

on w, we have to use (3.5.2)) resp. (3.5.3)) and get (6.2.2]).

The fourth part is a consequence of so the first comparison theorem is shown!

We can also show now the following result, which summarizes the representation for
both classes for w with and condition is not necessarily satisfied. This
is related to [6.1.1] and [6.2.4

Proposition 6.2.6. Let w be given with . Then for compact sets K C R™
resp. non-empty open sets U C R™ we have the representations

>0 >0

Of course one can restrict the inductive limit to all | € Nsg resp. the projective limit
to alll' € Nug with I = 1.
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6 A new version of the comparison theorem

Proof. The representation for the Roumieu case was already shown in [6.1.1] and [6.2-4]
For the Beurling case we have shown (o €y (U) C E,)(U) in by assuming

only w WM

On the other hand assume f € &,)(U), which means that for all [ > 0 we can find a
constant C; > 0 such that sup,cj |f(@)(2)] < C; - M|la‘ holds for all @ € N on each
compact set K C U. Fix now a compact set K and since we have assumed we get
i - M < Cp - M for all large h > 1. So we summarize: Cy- M! < Cp- Cp, - 35 - MY,
where [y = L*-1, s € N chosen minimal such that exp(s) > h and L > 1 is the constant
appearing in Hence we get also f € (1,50 &) (U).

O

An immediate consequence of together with is now the following:

Corollary 6.2.7. Ifw has additionally and then on each compact set

K CR" and U C R"™ non-empty open we have the following representations:

>0 >0 >0 >0

The next corollary proves the converse direction of the third chapter in [5]:

Corollary 6.2.8. Let w be given with . If there exists a function f in gy

resp. &,y with compact support, i.e. the classes are not quasi-analytic, then w satisfies
property [(wnq )} too.

Proof. We use and consider the Roumieu-case: If we have a function f with
compact support K, then we can conclude that there exists a number [j > 0 such
that f € S{ Mo} with compact support K. So 8{ Mlo} 1S not quasi-analytic and by

the classical D.-C.-Theorem for weight sequences we have Zp>1 75 < too, le.

1
(22?)
condition I(n_q)| for the sequence M. Now use Komatsu’s version of the D.-C.-Theorem
[16, Lemma 4.1] and 5.1.3} hence all sequences M' are not quasi-analytic and wy; and
wy satisfy for each [ > 0. In particular w itself is not quasi-analytic, i.e. condition
is satisfied.

For the Beurling-case we proceed analogously (the function f is an element of the
intersection of all spaces £ ypy). O]

The following Corollary is a consequence of [6.2.1] and [5.2.2}

Corollary 6.2.9. Let w with . Then the following are equivalent:

(1) w satisfies additionally [(we)}
(2) &) = &y for each 1> 0.

(3) M' satisfies condition moderate growth for each/for some 1 > 0.

Proof. (1) = (2) holds by the first part of
(2) = (1) By assumption we have &y = Eqprny all [,n > 0 resp. for the Beurling-
case, hence we can use to get property too. Note that for this implication

property is not necessary.
(1) & (3) Follows immediately by [5.2.2 resp. [5.1.3] O

An important consequence of and is now the following:
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Corollary 6.2.10. Letw be given with|(wy). Then in the Beurling-class E(gjgbal(R, R)
there doesn’t exist functions 0 as considered in |(chf), more precisely there doesn’t exist

0 c Sagbal(R,R) such that for any I > 0 we can have ]9(j)(0)] > Mjl for all j € N.

—

Proof. Assume that there would exist a function 6 € Eac;bal(R,R) with [9()(0)| > Mjl
for some [ > 0 and all j € N. Then for each i > 0 there would exist a constant
C; > 0 such that sup,c |0V (x)] < C; - MJZ for all j € N and K C R compact. Both
inequalities together would finally imply

I\ /3
<MJ> <o,
M;

We distinguish now two cases: First, if w doesn’t satisfy condition , we use m
to obtain a contradiction: The left hand side above is unbounded for some 7 < [ for
j — 00, one can take for this argument e.g. ¢ = é. But the right hand side tends to 1
for 7 — oo which gives a contradiction.

On the other hand, if is satisfied for w in addition, then Theorem is valid,
hence &) = &y for each I > 0. But now we are in the "single weight sequence
situation”: Bach M! is weakly log. convex and the space E(g]l\?[?)al(R, R) doesn’t contain
such functions 6 (as mentioned in [38, Proposition 3.1.2]). O

We close this section with the following obbervation

Let w with and put now ws(x) 1= 35 - w(x) (1n the notation of- Then

we have by the same calculation as in [5.1.3 - for all x >

PL0) =suple -y a0 2 0 =sup {5 ) sy 2 0
=§~sup{<2x>-y—m )iy 0} =3 (20)

Of course one can iterate this procedure, we denote wan(z) := 55 - w(x) and so

n)! 1 * . 1 * n i "
M]() = exp <l@w27l(l])):exp<2nl§0w((2 l)])):M]Z l

for each n € N (w1 = w). Clearly for each n € N we have that wgnw and won
with property . We can use to obtain on each compact set K C R" and
U C R"™ non-empty open the following representations as locally convex vector spaces
for each n € N:

tg gty () = Equp (K) = Epwyny (1) = B &y ()

>0 >0
resp.
liil g(Ml)(U) = g(w)(U) = g(wgn)(U) = lln g(M(n)l)(U)‘

>0 >0

6.3 Second central result

Lemma 6.3.1. Let w W) be given, then we obtain the following properties:

(1) Assume now that there exists lo > 0 such that M' satisfies moderate growth ,
Then w and for each I > 0 the functions w; and w1 have property and each
sequence M' has property moderate growth .
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(2) Assume that there exists l1 > 0 such that M" satisfies condition . Then w
and for each I > 0 the functions w; and wyp have property .

(3) If both (1) and (2) are satisfied, then the first two points of the comparison theorem
(621 are valid.

(4) If both (1) and (2) are satisfied and assume additionally that there exists lo > 0
such that M" satisfies (6.2.1). Then w and for each | > 0 the functions w; and
wyst have property and so also the third part of|6.2.1] is valid, hence M* has

for each | > 0, too.

Proof. (1) This item was already shown in

(2) By assumption there exists [; > 0 such that condition holds for M. Be-
cause M" is also by the assumptions on w normalized, weakly log. convex and
limj_m(M]lAl)l/j = 400 we can use [4, 12. Lemmal| (2) = (3) = (4), which im-
plies now property for wy,. Hence again by we see that w; and w, ;i have
for each [ > 0, too.

(3) If both (1) and (2) are satisfied, then the weight function w satisfies all assumptions,
which were used in the proofs of the first two parts of [6.2.1]
(4) By the first two parts of we obtain MY ~| M™ for all I,m > 0, hence each M’

has property (6.2.1]), since this condition is stable w.r.t. We use now to obtain
property for each wj;i and so also for w and w;. So also the third part of is
valid, hence condition for each sequence M follows. O

The following theorem is the converse statement related to [6.2.1}

Theorem 6.3.2. Let M be a given sequence of positive real numbers such that M € LC|

and furthermore conditions|(33)| and moderate growth |(mg)| are satisfied.
Then we get the following properties:

(1) wy with [(w1)] and [(we)}
(2) We get E,y)(U) = Eny(U) = Eny(U) for each 1 > 0 and U C R™ non-empty

open as locally convex vector spaces, where N' = (Nll))p s defined by NZZ) =
exp(% k., (Up)) for all p € N and each | > 0.

Moreover N' = M, N! N has moderate growthfor each | > 0, hence
closedness under taking deriwatives [(dc)], and wyi[ ~Mwn. We get wyi W] with

and finally Nl holds for each 1 > 0.

(3) If M satisfies additionally condition (6.2.1)), i.e.

lim inf (m,) /7 > 0,

p—00

which implies lim,_, oo M;/p = 400, then the functions wyr and wpi have addi-
tionally property. Furthermore each sequence N satisfies also condz’tz’on

and (6.2.1)). If M satisfies the stronger condition (6.2.2)), i.e.

lim (m,)Y? = oo,
p—00

then the functions wyr and wpi have additionally property and each N has
(16.2.2]).
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(4) If M is not—quasi-analytic then each sequence N* is not-quasi-analytic
and wyt has propertyfor each 1 > 0, too.

Proof. (1) By assumptions on the weight sequence M it follows that wps (see
[4.0.2). We use [4, 12. Lemma] (2) = (3) = (4) to get by condition [(35)] Since
M has additionally moderate growth the function wy, satisfies now by [16]
Proposition 3.6], too.

(2) By (1) we see that we can take w = wys in Theorem so by the first two parts
we obtain: &p,,,)(U) = Eny(U) for each I > 0 and U C R™ non-empty open, where
we have put N[l) := exp( - ¢, (Ip)). Each sequence N is now normalized, weakly log.
convex, limpﬂoo(N]l,)l/p = +o00. Since M is weakly log. convex and normalized, we
have for all p € N

M, = v _ * . Nl

p= 2121]'6) m = exp(y},, (p)) =: Ny,

where the first equality holds by [16, Proposition 3.2] and the second by the same
calculation as infor wy instead of w. Thus we obtain &y = En1y = Ewy,) = Eny
for each [ > 0. This implies finally N for each | > 0 because all occurring
weight sequences satisfy the necessary conditions (we can use [38, Theorem 3.1.3],
a consequence of [40l Theorem 1], resp. [6]). Since for M it was assumed to have
moderate growth cach N' satisfies this condition, too (recall: property moderate
growth is stable under .
We have wpn for each [ > 0 by the properties of the sequences N' (see 4.0.2)).
By (again for wys instead of w there) we have wyi ~| was for each I > 0, thus
condition for each wy: is satisfied. As mentioned above N! has moderate growth

(mg)| for each [ > 0, hence holds for each wp: again by |16, Proposition 3.6].

(3) Finally for the third part we proceed similarly as in the third part of First, by
assumption is satisfied for M hence by we see hat wps has now additionally
By the second part of this theorem we see that wNz wyr, thus wy satisfies now
condition for each [ > 0, too.

We use [4 12. Lemma] (1) = (2) for the sequence N’ for each I > 0. First we point out
that |24, 3.1. Theorem| (d) = (c) holds for each N': Recall that each N' is normalized,
weakly log. convex, (N 4)1/ J — 400 for j — oo and finally, by the second part also
derivation closedness [(dc)|is satisfied!

By the second point we obtain & iy (U) = E,,)(U) for each I > 0 and each U C R"
non-empty and open, hence again by the sheaf-argument which was also used in [4, 14.
Theorem| (2) = (3) we get 5(2]7\;1 (R) = S(QJM)(R) for each [ > 0.

Because wy satisfies condition the space &,,,)(U) contains the entire functions
(see , hence we can use |28 3.8. Corollary| to see, that E(QJM)(R), and so 5(2]’\;1)(]1%),
is isomorphic (via Fourier-series-expansion) to a power series space of infinite type. So
by [24], 3.1. Theorem| (d) = (c¢) we obtain propertyfor N for each I > 0. Property
for each N' follows now by the same argument as for the third part in for

the weight wjs instead of w. If holds then proceed analogously.

(4) Since M is not-quasi-analytic we get by |16, Lemma 4.1] that wys has
In (2) we have shown wyi ~|was for each I > 0 and so we get for wyu, too. That
each N' is not-quasi-analytic can be seen either by N' which is shown in (2) or
again by [16] Lemma 4.1]. O
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6 A new version of the comparison theorem

6.4 Final statements concerning the comparison results

To each sequence M we can associate the function wys. If M € LC| then wyy
(see 4.0.2)) and so one can consider M + wys +— N! for I > 0, where we have put
Nll) = exp(} - ©5,,(Ip)). One has, by using [16, 3.2. Proposition]| as in m the
following formula:

»

M, =sup ———— = exp(p =: N}
p tZE) eXp(wM(t)) p(SDwM (p)) p

But by we see: N1 = N! for each I > 0 holds if and only if wy; has

and this is equivalent to moderate growth for M (use [16], 3.6. Proposition]). So
condition for M is really necessary for the “stability” in the sense that all M are
equivalent w.r.t.

Moreover N doesn’t imply necessarily that w wy holds and also the converse
direction is in general not clear (see for more details).

On the other hand to each weight function w €W we can associate a family of weight
sequences M via M := exp($ - ¢4 (Ip)). For w g W| we have M' for each [ > 0
by using If I > 0 is arbitrary but fixed one can consider now w — M — w1,

and by we obtain «f ~wyi.
But by |5.2.2| we see, that ]W1 M for all Iy, 1y > 0 if and only if w has property
too.

In the rest of this section each equality between classes of ultradifferentiable functions
should be understood on the level of locally convex vector spaces. We recall also the
definition of the set of sequences

LC:={N € RY,: N is normalized, weakly log. convex, klim (Np)Y* = 400}
— 0

and prove the following important characterizing result:

Theorem 6.4.1. Let w be given with and denote by M'! the sequences
M} = exp( - ¢5(15)), 1 > 0 and j € N. TFAE:

(1) There exists N € LC| with &) = Eny-
(i1) w has also property[(we)]
11t) There exists N  LC| such that for each I > 0 we have E i = Eny or equivalently
(M) [N]
M.
Moreover in this situation we have now

(a) &Ny = € = Ey for each | > 0, N and each M?' satisfies moderate growth
too.

So one can replace (up to equivalence w.r.t. in (i) the sequence N by some
M.

(b) Ifw hasin addition th?n lim inf, (1) /7 > 0 and lim infp_,oo(mé)l/P > 0,
for ny = % and mi, = %. Finally N and each M have in addition property
and we obtain &,y = EN) = E) = Eppy for each 1 > 0, where wy denotes
the associated function of N.
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Proof.
(i) = (ii) Let N € LC|with &,(R) = &nj(R) and distinguish between the Roumieu-
and the Beurling-case.

The Roumieu-case (see e.g. [38, Theorem 3.1.3]): By using characteristic functions

0, € E{g}&?il(R,R) - 5{%0;)&1(]1%,]1%) (see |(chf)) we get M N for each I > 0. On the

other side we use a characteristic function 0y € Ef]l\(;l})al(R, R) to obtain Mo for
some [y > 0 and together now Mlo is satisfied.

For the Beurling-case we use the arguments from the second chapter in [6] and the
analogously proof of see also remark Note that both spaces £y (R, R) and
Ew)(R,R) are Fréchet-spaces and N, M!
are satisfied. Hence we have shown also
But more precisely we have now M l M lO N resp. M M ll N, so 8{ My ©
Eqartoy resp- Enpty € €y, for each 1> 0.

We show now: This implies already condition Assume that is not satisfied,
then by we would get for the choice I = 4l resp. | = 411 that &y & Euyy
resp. iy & €ty holds. But this is a contradiction!

So w has to satisfy also property and the comparison theorem is valid. By
the first part of this theorem &, = 5[Mq holds for each [ > 0, by the second part

Ml M™ for all [,n > 0. Since now &y = E)y) = &) for each I > 0 we obtain also
M ~|N (as already shown above).

Finally N has to satisfy moderate growth |[(mg), because by the second part of

the sequences M! have moderate growth and this property is clearly stable w.r.t.
relation

(44) = (i) If w has in addition |(ws)| then by the first part ofwe get &) = Epyy for
each | > 0. So we can put N = M for some [ > 0 and more precisely ENY = &) =
for N g LC|is equivalent to M for each [ > 0: This follows by [38, Theorem 3.1.3]
resp. in the Beurling-case by the second chapter in [6], because M! for each [ > 0
by

(i) = (i1): Bach M! satisfies moderate growth by By (7) and the first
part of we have &) = &) = 1), hence M|~ N for each [ > 0 and this finally
implies |(mg)| for N since this condition is clearly stable w.r.t.

i4i) = (11): By assumption ]\/[l1 M for all 1,1l > 0 holds, hence w has property
by 5.2.2

—~

—
8
=
—1
ot

(a) Holds by the above arguments.
(b) If w has now in addition property then we can use also the third part of

l
and so we get condition |(3) and lim infp_,oo(mé)l/P > 0, with mé = %, for each M.

Since we have already shown M!, we also get lim inquoo(np)l/P > 0 for ny, := %.

By item (i) above we can use the proof of the third part of also to derive property

for N.
For the last property we show wpn: On the one hand w has by assumption,

hence by we get for wy for each [ > 0. On the other hand condition |(33)]
implies |(wy )| for wy (see [4, 12. Lemmal (2) = (3) = (4)). Moreover we have already

shown M and so we can use the first part of to obtain w wyn for each
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6 A new version of the comparison theorem

I > 0. This implies finally wn| ~| wypp[ ~| w where the second equivalence holds by
613l O

As an immediate consequence of the previous theorem we obtain:

Corollary 6.4.2. Let w be given with then the following conditions are
equivalent:

(1) There exists a sequence N with Ey = Erny and ) = E(ny-
(1) There exists a sequence N with Eqyy = Eny-
111) There exists a sequence N € LC| with £,y = Eny-

(w) (N)

Proof. (i) = (ii), (i7i) are clear, (i7), (¢i4) = (i) holds by the proof of O
In the following theorem we don’t start with a weight function w as in but with
a weight sequence V:

Theorem 6.4.3. Let N with property|(5s)| be given, then the following conditions

are equivalent:
(1) There exists a weight function w with such that &, = &) holds.
(ii) N satisfies moderate growth |(mg), too.

(iii) Ey) = Eny holds for the associated function wy of N.
Moreover we get in this situation:

(a) w,wn both satisfy also properties and [(we)]
(b) wN.

() En) = €Ny = E) = Ey for each 1> 0, where MJZ = exp(7 - ¢} (14)). Finally
Ml for all 1 > 0 and each M' has moderate gmwth too.

Nyp

(d) If we assume that N satisfies in addition liminf, . (n,)"/P > 0, with n, = o

then for w,wyn we get also property and each M' has too.

Proof. (i) = (ii) Holds by (i) = (ii) in[6.4.1] (also with weaker assumptions on N).
(1) = (i4i) The sequence N satisfies by assumption all properties of [6.3.2, Hence by
the first two parts there we have wy and properties for wy. Finally
il = En holds.

[wn] (V]
(731) = (¢) Holds with the choice w = wy.

(a) By item (i) and (i) = (i7) in the weight w has also property [(we)]

(b) For I > 0 and j € N we put MJZ = exp(7 - ¢5(15)). On the one hand w has |(wy)
by assumption, hence by we get for wyn for each I > 0. On the other hand
condition |(3)| implies for wy (see [4, 12. Lemma| (2) = (3) = (4)). Moreover,

since w satisfies all necessary assumptions, by the first two parts of we have for
each [ > 0 that &) = . Ml and M! has moderate growth too.

Hence by the first part of [£.0.5] we obtain wn{~]wyy: for each I > 0, and so wa| ~wy[~]
|w where the second equivalence holds by [5.1.3

(¢) Is now obvious.
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(d) Tf also liminf, o (n,)"/P > 0 holds, then by the third part of we get for
wy, too. Thus by wyn we get property for w. Finally can use the third part
of 16.2.1] to get |(33)| for each sequence M. O

Again as above we formulate an immediate consequence:

Corollary 6.4.4. Let N with |((3)], then the following conditions are equivalent:

(i) There ezists a weight function w with such that £,y = Eny and
S(w) = S(N) holds.

(13) There exists a weight function w with such that .y = Eqny holds.
(tit) There exists a weight function w with such that &, = &y holds.

Proof. (i) = (ii), (¢ii) are clear, (i), (#4i) = () holds by the proof of O

We are going to formulate and prove some further consequences:

Proposition 6.4.5. Let N € LC| be given and assume that there exists a weight function
w g W with and a number | > 0 such that &Ny = &gy, where we have put of
course M]l = exp(% o (19))-

Then we obtain the following equivalences:

(Z 8 ]

(11) w satisfies additionally condztzon

(1v

)
)
(i4i) N satisfies moderate growth [(mg)] too.
) € Eyy Jor each 1> 0.
)

(v N.Ml for each 1 > 0.

Proof. (ii) = (iii), (iv), (v) We use [5.2.2} [(we)| is equivalent to Mll. | ~| M2 for all
l1,l2 > 0 and to moderate growth K%l for each sequence M!. Note that by assumption
N.Ml for some [ > 0 and moderate growth is stable w.r.t.

(iv) < (v) is clear (since each occurring sequence satisfies the necessary conditions).
(v) = (zz) (zm) is clear, because by assumption Mll. | ~| M" for all I1,l; > 0 and so
again by [b we get m (wg )| and moderate growth for each M!, hence also for N itself,
too.

(é4i) = (ii) If N has moderate growth [(mg)| and by assumption &y = &y holds for
some ! > 0, then N.Ml Hence M! has moderate growth too, and by [16] 3.6.
Proposition| we get |(ws) m for wyp and so by 5.1.3] n we get [(we) m for w.

(i) < (i7) This is exactly O

Proposition 6.4.6. Let N € LC| with condition [(B3)| be given and let w € W] with
additionally property |(w ( 1} If we write again M = exp( <X (1)) then the following
conditions are equivalent:

(@) Eoy) = -
(b) For each I > 0 we get wn[~wy.

Moreover in this situation we obtain the following equivalences:
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6 A new version of the comparison theorem

(¢) w has also property|(ws)]
(d) N has also moderate growth [(mg)|
(e)

)

e N.Ml for each 1 > 0.
(f g[wN <5‘[w] = 5[Mz] = E[N} for each | > 0.

Proof. (a) = (b) By and the assumptions on N we see, that wy By [,
12. Lemma (i7) = (iv)] we get also for wy. Hence, by (Roumieu-case) resp.
(Beurling-case - for this condition for w and wy is not needed necessarily!)
we obtain wa{ ~w. By we finally get o ~wyn for each [ > 0.

(b) = (a) Again by we have uf ~wyp for each | > 0 and so wn[~w

(c) < (d) We have wp] ~|w and so we get: If (¢) holds, then the function wy has also

(by this condition is stable w.r.t and so moderate growth |(mg)| for N
holds by [16] 3.6. Proposition|. If (d) is valid, condition |(mg)| for N implies by [16, 3.6.

Proposition| also for wy. Hence w has also

(f) = (e) is clear by the third equality (each occurring sequence satisfies the necessary
conditions).

(f) = (¢) The third equality implies also Ml1 M for all l1,1 > 0, hence by
we get [(we) m for w.

(e) = (¢) This implies again Mll. |~ M for all 1,1 > 0.

(c) = (e), (f) We can use the first part of[6.2.1] which gives the second equality in ( f ).

By the second part of 6.2.1] H each sequence M! satisfies now also moderate growth |(m
Since we have moderate growth for N (by (d)) and wn| ~ wyp for each I > 0 (by (b)
above) we can use the second part of to obtain M for each [ > 0, hence (e).
Finally this shows also the third equality in (f). O
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6.5 5[0] = 5[7_] S o0~T

6.5 g[a] = 5[7.] S o0~T

In this section we will prove that for weights w with additionally our equiv-
alence relation for weights [~ characterizes equality of the associated function spaces
&l
(¢) The results in this section are still valid for globally defined classes by obvious
modifications of the proofs (see [2.4.1]).

(74) For the proofs in this section we will need w More precisely condition

which guarantees ¢ = ¢, is really necessary, see also and for more
details.

We will distinguish between the Roumieu- and the Beurling-case and first we start now
with the Roumieu-case.

Proposition 6.5.1. Assume that 7,0 W] are given and furthermore o should satisfy

. Then we obtain:
(7) IfT, then Eryy C Eqry-
(i) If €1 (R,R) C &1 (R, R), then of 7.

Proof. (i) As shown in|(3.2.1} 7' implies £y C &7 and for this direction we don’t
need property for o.

(ii) Now the converse direction: Assume &£, (R,R) C &3 (R,R).
Then we can use property because M' is weakly log. convex for each [ > 0.

Take m > 0 arbitrary but fixed and consider the function 6,, € E{g}\oﬁfﬁ (R,R) for

M = exp(= - ¢5(myj)). Then M < |9§%)(0)| for all j € N, but since we have also
(w1)|for o we can use [6.2.4]to get 6, € Sfﬁk:fi(R,R) C & (R,R) C &L (R R).
So there exist C,[ > 0 such that for all j € N we get |0,(£) (0)] < C-exp (7 - ¢i(lj)) and

we sumimarize:

1 1
dm>03C,1>0VjeN: . or(myj) <log(C) + 7 ©x(19). (6.5.1)

If one replaces in (6.5.1]) "for all j € N” by "for all y > 0", then we can apply in (6.5.1))

the Legendre-Fenchel-Young-conjugate and calculate as follows:

<1'%03(m')) () = — -sup{(am) -y — &5 (m - 1)) = L supfa-y - b))
m m  4>0 y,:y.mm y' >0
= L= L = TR,

Similarly we get (log(C) + 3 - (1)) (z) = M —log(C') and we use again m
to get

A _ L upf(wm) -y - gim )} = = - sup{(am) - p— g (m - p)}

m m y>0 m peEN
1
> — .o (Ip) b —log(C) > = — ot (ly) S =1
> 225{‘” P sof(p)} og(C) > 5 Zgrg{w v %(y)} og
i3
_ T(exp(z))
5 log(C),
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1
where this calculation holds for all x > log(v4), with v/ := %
1

exp(7 - ¢i(lp)). Recall and also We have 7;(t) < 2 - wyi(t) for all t > v}
and Nzl, = exp(} - pi(lp)) = exp(¢7, (p)), where we have put 7(t) = # for each [ > 0.
If we put y = exp(x), then we obtain:

and we have set Nll) =

1 1 2
Im>03C,1>0Yy>vh: %-U(y) > 2—l-7'(y)—10g(0) < 1(y) < %-U(y)—l—Ql-log(C),

hence 7(t) = O(o(t)) for t — oo. O

Now we prove the same result for the Beurling-case:

Proposition 6.5.2. Let 7,0 W] be given, then we get:

(Z) [fT, then 5(0) - 5(7)
(ZZ) [f g(g) (R, R) - g(.,.) (R, R), then 0 T.

Remark 6.5.3. To prove (ii) we use the same trick and technique as introduce in
the second chapter in [6]. There in the original proof the (complex-valued) func-
tions fy(x) = exp(itz) for € R and t > 0 were considered. Note that f; €

£8P R, C) for any w § W] and t > 0 because sup,eq |[{(2)] = 5 and by[p.1.1

we have limy_.oo (M})V/*F = 400 for each 1 > 0. )
Instead of these functions we also can consider the real-valued functions fi(x) =

sin(tz)+cos(tz) for x € R andt > 0 with sup,cp ]ft(k) (z)| < 2tF, thus f; € S(gulj(;bal(R, R)
for any w and finally |ﬂ(k)(0)| =t for each k € N.

Proof. (i) As mentioned above, 0 implies £(,) C &1).
(ii) Now the converse direction: Assume £,)(R,R) C &) (R, R) and to prove this item
we use now remark [6.5.3]

We put M]l = exp(7 - ¢5(lj)) and N]l- := exp(7 - ¢%(lj)) and we have o) (R,R) C
Er (R, R) with continuous inclusion by the closed graph theorem - note that all oc-
curring spaces are Fréchet in this situation because there are only countable many
semi-norms (see ) The continuity of the inclusion mapping implies: For each
compact interval I C R and all Iy > 0 there exist numbers C,lo > 0 and another
compact interval J C R with

(k) (k)
wp O V@I
el keN Nkl zeJkeN Mk?

for all f € £4)(R,R).
We apply this now to a compact interval I containing the point 0 and the functions
fi(x) :=sin(tz) + cos(tx) for x € R and ¢ > 0. So the previous inequality yields

+k 75 g F(k) 7 (k) 1k
keN N;'  keN N/ zelkeN N velkeN  M;? keN M2
and so
tk tk
ilelg Vi <2C- ?ég e <= exp(wpiy (1)) < 2C - exp(wy i, (1))
k k
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holds for all ¢ > 1. After applying log to this inequality we can use which
shows wy[ ~| 7 and wym[ ~] o for all [,n > 0, and implies 7(t) = O(o(t)) for t — oo.
Alternatively the above inequality implies (by using [16, 3.2. Proposition]):

Vii>03D,ls>0vkeN: MP?<D-N}.

Then apply log to this inequality and by the definition of the sequences get immediately
again (6.5.1) and then use the proof of the above Roumieu-case. O

The previous results imply the following corollary:

Corollary 6.5.4. Let w be given with and (so the assumptions of|6.2.1
(1) and (2) are satisfied), and assume that o W\ is another weight function with|(wy)]

Then we obtain 5[0] — 5M = 5[Ml] (for some/each 1 > 0) if and only if O‘E T 18
satisfied.

In the last result we are going to mix the Roumieu- with the Beurling-case:

Proposition 6.5.5. Assume that two weights 7,0 V)] are given, such that o has in

addition . Then we get:
(7) O‘ET implies Eqgy C E(7).
(i) If £} (R,R) C &) (R, R), then of <[ .

Proof. (i) If we have 0@7’, ie. 7(t) = o(a(t)) for t — +oo, then £,y C &) holds
by

(i1) Now the converse direction: Assume &, (R,R) C &, )(R,R) and proceed analo-
gously as in the proof of the previous proposition [6.5.1

We use again characteristic functions: Take m > 0 arbitrary but fixed and consider

(see|(chf))) the function 6, € 5%??3;(1@,]1%) for M := exp(Z - % (mj)). Then M <

|9££)(0)| for all 7 € N, but since we have also for 0 we can use to get

Om € EETmY (R, R) C E(y (R, R) € £ (R, R).

So for all I > 0 there exists C; > 0 such that for all j € N we get \9%)(0)\ < Cp-exp(}-
©%(l7)). More precisely we get now:

1 1
Im>0VI>03C >0V jeN: —.p)(mj) <log(C)) + 7 - ¢r(li).  (6:52)

Analogously as before we replace in (6.5.2)) "for all j € N” by "for all y > 0", then

we can apply the Legendre-Fenchel- Young-conjugate and calculate as follows: The left

hand side gives again
L. "o olexp(x))
(5 bt (@) = 2D,

and the right hand side turns into (log(C;) + 1 - ¢%(1-))" (z) = M —log(Cj). Then
we use once again [£.0.3] to get

o(exp(z)) _ 7(exp(z))
> —1 5.
where this calculation holds for all x > log(yé), with Vé = % and we have set again
1

NL = exp($ - ¢=(Ip)). We get 7(t) < 2 wpe(t) for all ¢ > v and in the Beurling-case
we are interested in [ small, so 0 < < 1.
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6 A new version of the comparison theorem

If we put y = exp(z), then we obtain:

Im>0YI>03C>0Vy>uk:
1 1 2l
—-o(y) > 5 -7(y) —1log(Cy) & 7(y) < E-U(y)Jr?l-log(Cz),

m

hence 7(y) = o(o(y)) for y — 400 follows.
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7 Spaces of ultradifferentiable functions
defined by a weight matrix

7.1 Introduction and motivation

Recall: Let w , then we can introduce a family of sequences {M' : [ € Ryg} by
M} = exp (7 -5 (1)).
We have shown in that for w with additionally property the represen-

tation

Eroy(K) =lm Eppy (K) = lim Eppy (K)
>0 leNs

holds for all K compact (arbitrary but fixed). Recall: The inclusion ”C” holds by
also without property [(wi)l By the first part of we get for the Beurling-space

>0 >0

for all non-empty open sets U and furthermore, again by we have £ (U) C

>0
As pointed out there, the converse inclusion cannot be true in general, one would need

the following: For arbitrary but fixed I € Ny and h > 0 the inequality h* - M,i <
Cr, - M* should be satisfied for all & € N and (important!) all m > 0. But e.g.
if the comparison theorem is valid then one would get by the first part there
Ew) = &y, a contradiction. More precisely @I shows that for w = with
we have E,)(U) C Eppy(U) for all I > 1 and each U non-empty open. But for the

converse direction one would need property see [6.2.5]

Main technique and a new idea: We are going to generalize this situation/definitions to
an abstract family of weight sequences, a so-called weight matriz M := {M' € Rlio 1l e
A}, where A is a directed partially ordered set (and [ plays the role of a parameter). By
using this new method we can describe classes defined by a single weight sequence M
("constant matrices”) and by a weight function w simultaneously but also more classes,
see [[.3.3] for more details.

7.2 Most general definitions and conditions

In this section we are going to introduce several important conditions of weight matrices,
which we will have to use in the chapters below frequently. For these definitions we are
considering the most general situation: Let M be an arbitrary (large - uncountable)
set of weight sequences (for an important example see e.g. the definition [23] 1.5.]),
then for n,m € Nyg, U C R™ non-empty and open, and for all K C U compact we put
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7 Spaces of ultradifferentiable functions defined by a weight matrix

Epg (K R™) = | EppER™)  EpgUR™ = (] | €unKR™)
MeM KCU MeM
(7.2.1)
and
EpyER™) = () Ean(ER™)  Epy(UR™) == ) Ean(UR™). (7.2.2)
MeM MeM

We are going to introduce now some conditions on a weight matrix in detail. First put
m° := (my), defined by

my, 1= max{mj May  May & O €N>07z]:ai :kz}, (mo)° =1,
i=1
with my = % Now consider the following conditions of Roumieu-type:
(M) YNLN2 e MIMeM: NLUN2<M
(Ma)) VM EMIC>0INeMVjeN: My <O/ N;
(Mimgy) VM e M3C>03N N> e MV jkeN: My, <CItF.Nj - N2
(Myagy) YNLN2€MIC>03MeMVY jkeN: NN - NE<CItF. My,
(M) VC>0VMeMID>0INeMVEkeN:CF M, <D- N
(Mygr}) VMEMEINGM:]WEN

1/k
(M{strict}) VMeMINeM: SUDLeN- (%’Z) = 400
(Mding)) VM €M IC>0IN €MV jeN: My <IN

(M{FdB}) VMeMINeM :mn,
for m = (mg)k, n = (ng)x with my := % resp. ny = %

We will also write N := M{FdB},

Analogously we introduce the Beurling-type-conditions:
(M) VNLN2e MIMeM: M <N N?
(M) YNEMIC>0IMeMVYjeN: M, <Citt.N
(M(mg)) VNLN?€e M3IC>03M e MV jkeN: My, <CitF. NI NP
(Mag) VM e M3IC>03 N N2 e MV j,k e N: Nj - NZ <CItF. M,
Mq) VC>0YNeMID>0IMeMVEkeN:Ck- M, <D- Ny
(M@pr) YM e M3INeM:NM

" )l/k

(Mstrict)) VM € MIN € M @ supgen., (N—: = 100
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7.2 Most general definitions and conditions

(Mdiag)) YN EMIC>03IMeMVYjeN: My <CV- N
(M(FdB)) VNEMHMEMITTLTZ.
We will also write M := NFdB),

Conventions: We will write (M) for either (My,y) or (M(,)) but not mixing the
cases if statements involve more than one (Mj,)) symbol. We will call a matrix M
constant, if M = {M} or more generally if N for all M, N € M is satisfied.

If one has two matrices M and N, then we introduce the relations , as follows:
First write

M{=ZIN VM eMINeNIC>0VjeN: M; <C’-Nj.

It means that for each sequence M € M we can find N € N with N and so
Emy € &y It then of course Eqpqy C Epny holds. Analogously deﬁneby

M(E=N & VNeNIMeMIC>0YjeN:M; <C?-Nj.

It means that for each N € N we can find M € M with N and so &y € Eny-
Hence this condition implies Eng) C Enry-

We write
M{RIN s MIZIV MZIM
M(RIN = MEM.

Finally we introduce the (not reflexive!) relation |§| as follows:

MaAN :&eVMeMVNeN: M[dN

resp.

or equivalently
VMeMYNENYL>03C>0VjeN: M;<C-H N

Hence M [N implies Egngy C Eny-
One can also consider the following condition:

M(=IN 3 MeMINeN: M[I|N

which is weaker than and and implies E gy C Eppy
In this context we introduce also (write my, := J&):
(Mycey) 3M € M : liminfj_oo(mi)/* >0 < I M e M: (6.2.1) is valid
(My) Y M € M : liminfy_oo(mp)/% >0 <= VM c M: (6.2.1) is valid
(M(cey) VM € M & limyoo(mp) V¥ = 400 <= VM € M : (6.2.2) is valid

If holds then the class of real-analytic-functions is contained in Egpgy, if
then the real-analytic functions are contained in &) If [(My)| is satis-
fied, then the restrictions of entire functions are contained in & ). Of course (M)
implies

Recall [35, 2.15. Theorem]|: If holds we can replace in the definition for the
class Eq gy the matrix M by M, where M € M — € M. If|(Mcw))| holds the
same can be done for the Beurling-case & vy
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7 Spaces of ultradifferentiable functions defined by a weight matrix

7.3 One parameter weight matrices and basic definitions

From now on, except the cases where it is mentioned explicitly, we will restrict ourselves
to the following case: Let the weight matrix M be given by

M:={M eRY,: 1A},

where A is a partially ordered set (e.g. A = R as the most important example) and

l
P

M! M! . . .
we put also m: := - and ué := —*—. So in this situation M can be regarded as a one

=
parameter family of weight sequences M!. Nevertheless in some cases it is important to
consider more general "large matrices” and the conditions in the most general sense of
the previous section, e.g. for certain important projective representations for Roumieu-

classes - see [23] and also chapter 11 below.

Conventions:

(1) In this special situation we replace in each condition in the previous section M
by M!, N by M™ and N* by M™ for i = 1,2. E.g. in|M me})| We replace
"N M € M’ by V1€ AN and "I N',N?2 € M” by "I ny,ny € A7 resp. for all
other conditions.

(2) If A =Rsq resp. A =Ny (as the most important examples) then R<q resp. N5
is always regarded with its natural order <.

Definition 7.3.1. Notation: We call the matric M arbitrary, if
(M) e YieA: M is normalized, increasing, M < M™ forl; <.
We call an arbitrary matric M standard log. convez, if
(Mse) 2= (M) and¥ 1 e A: M

i.e. for eachl € A the sequence M! is (weakly) log. convex and limj_,oo(M]l.)l/j = +o0.

Let w then the associated matrix M defined by M; = exp (% . gpz,(lj)) is by
always a standard log. convex matrix, so |(Msgc)| holds (in fact we only need |(wp)| and

for w).

For arbitrary weight matrices M, i.e. we introduce the ultradifferentiable function
classes defined by a weight matrix of Roumieu- resp. Beurling-type &gy resp. &y
as follows:

Let n,m € Nyg, let U C R™ be non-empty and open, for all K C U compact we put

Epng (K R™) = EnmER™)  EngUR™) = () | Epmy (K R™) (7.3.1)

leA KCU leA
and
Eoy (K, R™) == (Y Ey (K, R™) Eay(UR™) o= () Euy (UR™). (7.3.2)
leA leA

For compact sets K with smooth boundary we introduce the Banach-space

EMJJL(K, Rm) = {f S 5(K, Rm) : Hf”M,K,l,h < —f—OO}, (7.3.3)

76



7.3 One parameter weight matrices and basic definitions

where we have set

||f(k) (l‘)HLk(Rn,Rm
[ fllat i 0h i=  sup

)
= . 7.3.4
keENzEK Bk . M,lc ||f||Ml,K,h ( )

With this definition one has the topological representation for a compact set K C R™
(with smooth boundary):

K,R™):= 1 li K,R™) = 1 li K,R™
g{M}( ) ) HIIIGHA thH>lO EM,l,h( ) ) lerél/\ thn>10 5Ml,h( ) )7

and so for U C R™ non-empty open

5{M}(U7 Rm) = lim h_II)l h_rI)l EMJ’h(K, Rm) = lim lim h_rI)l EMZJL(K, Rm) (7.3.5)

Similarly we get for the Beurling-case

Ea(U,R™) := lim lim lim Epgy (K, R™) = lim lim lim &y, (K, R™). (7.3.6)
KCU leN h>0 KCU leA h>0

In the above description of the steps Eaq 4 (K, R™) instead of compact sets K with
smooth boundary one can also consider open K C U with K compact in U resp. one
can work with Whitney jets on compact K.

Finally for U C R™ non-empty open we can also define such classes by global estimates
(no compact set K C U is involved) as follows:

EENG(UR™) :={f € EWU,R™): IL€ATh>0: [|f|muin < +00}

resp.

EENUR™) :={f € EWU,R™) : VI€AYh>O0||f|pmuin < +00},
where || f|| pm,0,1,n denotes the semi-norm from (7.3.4) and "supyey ¢ there is replaced
by "Supgen yep’- Similarly as in for the single weight sequence- resp. weight
function case we point out:

Remark 7.3.2. We will always deal with classes of ultradiff. functions which are
defined locally, but it turns out that many important theorems below are also valid for
globally defined classes. More precisely we point out:

(i) In many proofs we will deal with certain inequalities concerning only the denom-
inator of the quotient in the defining semi-norm (7.3.4]). So in the numerator
there we can use instead of fr := sup,ck pen also the sequence fy := Sup,cp pen-

(13) In globally defined classes introduced by |(Ms.)| weight matrices we still can find
the important functions Oy € Sfﬁ)}al(R,R) resp. Oy € S{gﬁb}al(R,(C) from |(chf)
resp. (2.4.7)), see also the remark below.

(ii7) Note that for globally defined classes the top. vector space representations ([7.3.5))
resp. ((7.3.6) become more easier since no projective limit over all compact sets
K C U s involved.
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7 Spaces of ultradifferentiable functions defined by a weight matrix

For formal calculations one can deal also with the following abstract spaces of sequences
of positive real numbers:

Friin = {(fk)keR§0:30>o:\7keN;yfk|gc.hk-M,g}
with

For= U Frmun= U Fur Fon= ) Frmur= [) Fann
leA,h>0 leA,h>0 leAN,h>0 leA,h>0

Convention: We will write £y if we consider either £y or Euy) but not mixing the
cases if statements involve more than one &g symbol resp. the same for Fjp. We
will write E x4 (U) instead of Evq(U, R).

Since M' < M™ for | < n by assumption we have the following: If e.g. A = Rsq,
then all occurring limits are countable. In the Roumieu-case we can restrict ourselves
to A = Ny; take then a countable exhaustion with compact sets (Kj);cn of U, take
heNandl e A.

In the Beurling-case we take again a countable exhaustion of U, moreover h = hil,
h1 € Nyg and | = %, l1 € Nxo. In fact E g (U, R™) is then a Fréchet-space. We will
study the topology of these spaces in detail in [0.1.1] below.

Recall some known facts for weight matrices (the assumption lim;_ o (M Jl.)l/ J =
400 is not needed necessarily):

(i) BEach sequence M satisfies Mjl ML < M]l-Jrk
with C' = 1, and the mapping j — (M]l.)l/j is increasing (for proofs see e.g. [38]
Lemma 2.0.4, Lemma 2.0.6]).

for all j,k € N, i.e. condition |(alg)

(i4) Each class Erypy resp. Epyry is closed under pointwise multiplication (see e.g.
[38, Proposition 2.0.8]).

(7i1) Recall |(chf)| resp. (2.4.7): For each I € A there exists a characteristic function
0 := 0, € SgIObal(R,R) C gglObal(]R,]R) with |‘9l(j)(0)| > MJZ resp. él = éMl S

{1 M)
8 (R, C) € EF0 (R, €) with |7(0)] > M] for all j € Nand ;) = (v/=T)J-

sé-, with sé- =300 g ML (2ub )R > Mjl for arbitrary [ € A and j € N.

In the next step we study the introduced conditions of the last section for M = {M! :
I € A} in detail. Recall: We can replace in each condition there M by M!, N by M"
and N* by M™ fori=1,2.

First observations: For arbitrary matrices, i.e. [[M)], we can assume w.l.o.g. n; = ng

inresp. and in|(./\/l{a1g )|resp. |(M(a1g))|, since we have M! < M™ for

I < n. Moreover both conditions |(M gy )| and [(M g )| are satisfied automatically.

If M is an arbitrary matrix, i.e. together with condition (M|q), then the
space & is automatically closed under taking derivatives. If M is a weight
matrix, then by [38, Theorem 3.1.3] (Roumieu-case) and [6] (Beurling-case) also the
converse conclusion is valid. Of course both &y and £y are also closed under

taking derivatives, if one assumes that each sequence M’ satisfies closedness under
taking derivatives (and which implies both (M4} )| and (M qc)))-

Clearly (M|y,)) implies (M|qq) for the special case k = 1, |(M g} )| resp. (M) )| are
called the matrix generalized moderate growth conditions of Roumieu- resp. Beurling-
type. They will play the key-role in the proof of Cartesian closedness for classes of
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7.3 One parameter weight matrices and basic definitions

ultradifferentiable functions defined by a weight matrix and they are very important
in general. Condition (Mgmg)) in the most general situation in the previous section
should be also compared with [23], 1.6. Theorem (3)].

If Misa weight matrix, then both |(M,je) )| and (M e )| are clearly satisfied
for the choice ny = ny = I. Condition (M) implies the fact that &y is closed
under pointwise multiplication (e.g. see [38, Proposition 2.0.8]).

For a weight matrix condition [(Mgrict} )| T€SP- [(M (strict) )| means now that for
all ny € A we can find a number ny € A (resp. for all ny € A there exists n; € A) such
that i) © Egne) holds. For this use [38, Theorem 3.1.3] and [40, Theorem 1]) resp.
for the Beurling case use the second chapter in [6].

Of course we can iterate resp. and obtain an increasing (resp.
decreasing) “chain” of indices nj,ng,ng,.... These conditions have the consequence
that the spaces Eqaqy resp. £ ) cannot be described by a single weight sequence, see
also below. If they are satisfied we will say that the matrix M is not constant.
Otherwise, if M = {M} or more general if M = {M':1 € A} and Ml1 M for all
l1,lo € A, we will call the matrix constant.

The meaning and importance of is, that the Roumieu-tpye-matrix-space & vy
can also be written as the intersection of the Beurling spaces & . If [(Mpr) )| is sat-
isfied, then the Beurling-type-matrix-space &) can also be written as the intersection
of the Roumieu spaces £ Mty It’s clear, that constant weight matrices never can satisfy
|(Mpry)|resp. |(MzR))
For more details and general consequences and effects of these conditions on the topo-
logical vector space description see below.

For arbitrary weight matrices (Mpg)) implies (Misyicq)), for weight matrices
we also have that (Mgi.e)) implies (Mgg)): One gets Mjl : MJZ < Méj <CI. M for a

l

i\ VI 1/j
constant C' > 1, then <M¥L> <(C- <J\}l> — 0, hence M M™.
J J

Conditions (M pqpy)| and [(M ggp))| and their consequences will be studied in detail
below, see [8.3.1] [8.3.5] [8.6.1] They characterize very important stability properties for
the associated function spaces.

We summarize now the consequences if the weight matrix M = {M! : [ > 0} is coming
from a weight w defined by Mjl = exp(} - ¢}(1j)). Of course the introduced
conditions in the previous section were motivated by the results of the fifth chapter,
were we have transformed properties of w into properties of M. First, as pointed out
before, M is automatically a |[(Mg. )| weight matrix and moreover we get:

(1) Both conditions|(M gy )| and |(M g )| are satisfied automatically by [5.1.1, Condi-

tions (M mgy )| resp. (M mg))[ and [(M a1 )| resp. [((Maig))| are satisfied by |5.1.2
In [(Mmgy)| resp. |(M(g))| We can take ny = ng = 2I, C' = 1, and in |(My,),

resp. (M ai) )| choose [ = max{ny,n2} and again C' = 1.

(2) If one assumes in addition that is valid, then |[(My,y)|and [(M )| hold: We
use (3.3.2), then we get in both conditions n = L*® - [, where L > 1 comes from
property and s € N is chosen minimal such that exp(s) > C (see also the

proof of (5.1.3)).
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7 Spaces of ultradifferentiable functions defined by a weight matrix

(3) Both conditions |(Mgict} )| resp. [(Mstrict) )| hold if and only if m is not sat-
isfied, see [0.2.2l We can take ni = 4no by |5.2.3| and moreover in this case the
assumptions of the comparison theorem [6.2.1] are violated.

(4) If additionally [(w7)] holds, then both conditions [(Mdiagy )| and [(M (qiag) )| are sat-
isfied and they imply [((MgRr} )| resp. [(Msr))|- see|5.4.1| for more details.

(5) Let 7,0 with [(w)|and denote the associated matrices by M, N. Now recall

5.3.1] and the consequences there: If 7 <| o, then both M{=JWV and M{ZJWV

hold (and so the weaker condition [(<}] too). Moreover, if 7 <| o, then M <N

is valid.

(6) Finally we recall By using Stirlings formula we see that the first part there
has the meaning that if the matrix is obtained by a weight function w €] with
[(wy)] and [(w2)] then [(My)|is satisfied. The second part means, that for w

with [(w1 )] and condition holds.

The next statements are partially based on joint work with Armin Rainer, see [35,
4.6. Proposition| for complete proofs: If both M and N are weight matrices
with A = R<( then our relations , @ and are characterized in terms of
inclusions of the associated function spaces:

(1) Epn(R,R) € Epny (R, R) implies , for this we have to use again [38,
Theorem 3.1.3] and [40, Theorem 1] see also the proof of

(i) Ea(R,R) € Eny(R,R) implies , for this we can use the proof of [6]
(both spaces are Fréchet by assumptlon on A), see also the proof of

(ii1) Eay(R,R) C E (R, R) implies also /\/@N, again by [38, Theorem 3.1.3] and
[40, Theorem 1], see also the above proof of

(iv) Finally (R, R) C Erary (R, R) implies also , see [35, 4.6. Proposition
(3)] for more details. Note that by assumption £ x¢) (R, R) is a Fréchet-space and
&y (R, R) is a countable projective limit of Silva-spaces, see (2)(a) in below
for more details.

We close this section with the following statement which shows that by using the
very general definitions of weight matrices one is able to describe classes of ultradiff.
functions which can be described neither by a single weight sequence M nor by a weight
function w. The result is based on joint work with Armin Rainer, see also |35, 5.19.,
5.22. Theorem, 5.25. Remark|. Recall: For shortness we have put &,j(R) := &,4(R, R)
for x € {M,w, M}.

Proposition 7.3.3. There exist weight matriz spaces Eqpqy (R) resp. Eag)(R), which
don’t coincide with Eyn (R), En(R), Equy(R), Ewy(R) for any single weight sequence
N and any single weight function w with .

Proof. Consider a weight matrix M = {M" : | > 0} with [(Mc«))| and with

the following properties:
(1) each sequence M' has moderate growth
(2) M' are pairwise not equivalent (w.r.t.
(3) condition is satisfied for each sequence M.
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7.3 One parameter weight matrices and basic definitions

An explicit example for such a weight matrix is the so-called Gevrey-matriz
G = {G" = (pl*)pys > 1)

and the associated function spaces are denoted by &gy resp. &), see also [35, 5.22.
Theorem]|.

We prove analogously as in First we consider a weight sequence N such that
Em(R) = En(R) holds and N is at least weakly log. convex and limy o (Ng) VP =
+00. The Roumieu-case (see e.g. [38, Theorem 3.1.3]): Using characteristic functions

0, € 5?11‘?[??1(}1%, R) C E?ﬁﬁal(R, R), see|(chf)| we get Ml N for each ! € A. On the other

side we use a characteristic function fy € S{g}\?l})al(R,R) to obtain M for some
lp € A and together now Mo is satisfied. For the Beurling-case we use the second
chapter in [6] and the matrix-generalization of [6.5.2 see also [35 4.6. Proposition].
(Note that A = R+, hence & () (R, R) is a Fréchet-space). This proves M" for

some [; € A. But then we get for the Beurling-case:

En(R) = Enp®) = [ Eam (R) S Epny(R) = Ev)(R)
leA

which gives a contradiction. Note that the inclusion is really strict, because the se-
quences are pair-wise non-equivalent.
For the Roumieu-case consider a compact set K C R and so we have:

Envi(R) =Epg®) = () €)= () U Emy (B)
KCR KCRIEA

o U N € E) = U Enm®) 2 Epoy(R) = Evy(R)
leA KCR leA

which gives again a contradiction (as above the inclusion is strict).

Finally note that by condition both classes Ex4(R) contain the real analytic
functions C¥(R) and so the case for a general weight sequence N follows by [35], 2.15.
Theorem]|.

Assume now that there exists a weight function w which satisfies and such
that Eng(R) = & (R) = E(R), where we denote by N the matrix associated to
w, which is given by Nzl, = exp(% -5 (lp)) for I > 0 and p € N. Recall: The second
equality holds by [6.2.6]

Since N is automatically a weight matrix by we get MEEH/\/ resp.

W (see proofs of and [6.5.2)).
implies, that for each l; there exists lo with M ll N'2 and for each I3 there

exists [4 such that Nl3 M4, Note that wy: by [5.1.1| and [4.0.2] moreover by
we have w i for each [ > 0, hence property for wpt holds, too.

We recall now the first two items of [6.3.2} By [£.0.2] and assumption on M we have
Wl Since in addition each sequence M satisfies we can use (2) = (4) in
[4, 12. Lemmal to obtain for each wy i, too.

Each sequence M! satisfies also moderate growth , hence each w,;; has too
(by |16l 3.6. Proposition|). Thus each wj: satisfies the assumptions of (1) in and
we get for each [ > 0:

€, (R) = Eny(R).
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7 Spaces of ultradifferentiable functions defined by a weight matrix

So we have that for each [y there exist ls, 3 such that NV ll M 12 N's_ which implies
g[Nll](R) < 5[Mlz](R) = g[w }(R) < 5[Nl3](R)'

Now we use again the proofs of in the Roumieu- and in the Beurling-case to
obtain in both cases wy,[~]w. But this would imply

Enrz)(R) = & 1(R) = E(R) = Evg (R)

M2

which is a contradiction in both cases to our assumption (2): The sequences M' are
pair-wise not equivalent.

For the remaining cases we point out: If IV is a weight sequence which is at least weakly
log. convex and limk_wo(Nk)l/k = 400, then g{M}(R) = S(N)(R) and S{M}(R) =
g(w) (R) resp. £ M)(R) = S{N} (R) and g(M)(R) = 5{w} (R) would imply ,/\AE
resp. M|(=Z}HW] <| M, which is impossible.

Of course N should denote here either {N} or {N': N} := exp(+ - @5 (Ip), 1> 0,p €
N}, in both cases one gets weight matrices. For the general single sequence
case N = {N} we use again [35] 2.15. Theorem]| together with property as
before. O

7.4 Non-quasi-analyticity for ultradifferentiable function
spaces defined by a weight matrix

Let M be an arbitrary (large) set of weight sequences. We call M Roumieu-non-quasi-
analytic if

(Mingy) % Eay contains functions with compact support
and we call it Beurling-non-quasi-analytic if
(Mng)) & &y contains functions with compact support,

where the spaces can be considered in the most general notation resp. .
Otherwise we call the weight matrix M Roumieu- resp. Beurling-quasi-analytic.

An immediate consequence is of course that implies (My,q1)} Now we for-
mulate the following easy consequence of the important Denjoy-Carleman-Theorem for
the single weight sequence case (see e.g. [I5, Theorem 1.3.8.] or [36] 19.11 Theorem]):

Lemma 7.4.1. Let M be an arbitrary set of weight sequences such that each M € M 1is
weakly log. convex (which includes the case where M = {M': 1 € A} is a weight
matriz), let U C R™ be a non-empty open subset, then the following are equivalent:
E{M}(U, R) contains functions with compact support, i.e. holds, if and only if
there exists a sequence M € M (resp. there exists an index lo € A) such that M (resp.
M) is not quasi-analytic, i.e. has property .

Proof. On the one hand, if some M € M is not quasi-analytic then, by the well-known
Denjoy-Carleman-theorem, the class pry contains functions with compact support,
and so &y}, too.

On the other hand let U € R™ be non-empty open and assume that &y (U, R) contains
a function f with compact support K C U. Then there exist some C,h > 0 and
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M € M such that sup,¢f | £ (z)| < C - bl - M, for all o € N™. Since this estimate
is clearly valid also on whole U, we have f € &) (U,R) and then, again by the Denjoy-
Carleman-theorem, the sequence M is not quasi-analytic, i.e. has property |(nq) O

We summarize some further remarks for the non-quasi-analyticity of ultradifferentiable
function classes defined by weight matrices. For this let M be now always an arbitrary
set of weakly log. convex weight sequences (includes for M = {M': 1 € A} the
weight matrices).

(i) Even if each M € M is not quasi-analytic, i.e. holds, we cannot conclude
that M has Note that the intersection of a large set of non-quasi-
analytic classes can be quasi-analytic, see e.g. [23] but also below. But
maybe the intersection of non-quasi-analytic classes is again non-quasi-analytic
if the matrix is given by a one parameter family M = {M! : 1 € A}. This is true
if the matrix is obtained by a weight function w, see also item (v) below.

(ii) Both conditions |(Mnqy)| and |(M(yq))| are clearly satisfied, if we assume that
there exists a (at least) weakly log. convex and non quasi-analytic sequence N
with M for each M € M. In this case immediately all M are then not

quasi-analytic [(nq)} too.

(737) On the other hand M is both Roumieu- and Beurling-quasi-analytic, so both
[(Mngy)|and [(Mnq) )| are not satisfied, if e.g. there exists a (at least) weakly log.
convex and quasi-analytic sequence N with N for each M € M. In this
case all M € M are then quasi-analytic, i.e. doesn’t satisfy |(nq)) too.

(iv) If M is constant, i.e. M = {M?}, or more general if M[~| N for each M, N € M,

then the Denjoy-Carleman-theorem states that if and only if

and both conditions are equivalent to the fact that each sequence M € M is

not-quasi-analytic, i.e. [(nq)

(v) Let w be given with properties and Then the associated weight
matrix M defined by M]l = exp(7 - ¢5(17)) (which is automatically [(Ms)| by
has both conditions |(M,q))| and [(M,q3)} More precisely in the second
and third chapter in [5] it is shown that in this case now both classes £,y and
&(.) contain functions with compact support. Moreover by the first part of @
each sequence M! is then not quasi-analytic too.
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8 Characterization of stability properties
for the classes &)y,

8.1 The general &£ -case - introduction

The results in this chapter are partially based on joint work with Armin Rainer, see
[35].
We start with the following definition:

Definition 8.1.1. Let A be a sub-class of smooth functions, then

(1) A is called closed under composition, if for each f,g € A we have fog € A,
wherever the composition is defined.

(2) A is called closed under inversion, if for each f € A with f(x) # 0 for all x it
follows that % € A, too.

(3) A is called holomorphically closed, if h € H(C) and f € A imply ho f € A.
(4) A is called analytically closed, if h € C¥ and f € A imply ho f € A.

(5) A is called closed under solving ODE’s, if the initial value problem wl(t) =
ft,z(t), ©(0) = xo, with f € A implies already x € A, wherever the smooth
solution x exists.

The aim of this chapter and general remarks:

(1) We are going to characterize for aweight matrix M with index set A = R+
these introduced closedness properties for A = &4 in terms of properties of the
weight matrix M. Moreover we are also going to characterize the & q-inverse
and & rq-implicit function theorem.

(2) For convenience we will work in the proofs with Fréchet-derivatives. Recall:
f®)(x) is the k-th order Fréchet-derivative of f at x and we denote the norm
of it by || f¥) (@) ||+ (B,F), where E, F are (finite-dimensional) Banach-spaces.

(3) All statements in this chapter are formulated for locally defined classes, but they
are also valid for globally defined classes by obvious modifications of the proofs

below, see

(4) The strategy in this chapter for the proof of the main characterizing theorem is
the following: First we will generalize the proofs of the different steps from the
constant weight matrix case M = {M} to the more general (also non-constant)
one and afterwards we put all the different results together.

(5) We summarize the literature of proofs for the different steps in the case M =
{M}: For closedness under composition see e.g. [2, Theorem 4.7.]; closedness
under inversion for the Roumieu-case was treated in [37] and in [39] (see also

85



8 Characterization of stability properties for the classes Enq

for analytically closedness there), for the Beurling-case in [6]; closedness under
solving ODE’s was considered in [I9] (for both cases) and in [42] (only for the
Roumieu-case); the inverse/implicit function theorem can be found in [I8] (for
both cases) and in [4I] (only for the Roumieu-case). For closedness under compo-
sition for the classes &), defined by non-quasi-analytic weight functions w e@

with we refer to [10].

8.2 Definitions and first observations

First we have the following result which is clear by the structure of the considered
function classes:

Lemma 8.2.1. Assume that M is an arbitrary weight matriz, i.e. (M), and such that
each sequence m! is (strongly) log. convez, i.e. |(slc)l Then both classes Eimy and E
are closed under composition.

Proof. Since the sequences m! are log. convex for each [ € A, it is well-known that

the classes Eqppiy resp. €y are closed under composition for each I € A (see e.g. [2,
Theorem 4.7.]). Now recall the structure and definition of weight matrix spaces (see

tesp. (730)).

The converse implication is not true in general, it doesn’t hold already for the case
M = {M}, see the counter example in [35] 3.3.-3.6.]). O

We recall now some definitions for weight sequences: A sequence M = (M), of positive
real numbers has the Faa-di- Bruno-property, if

(FdB) := mI = m,

where we have put m® = (mg)x with my, := max{m;-mq, -~ mq, : a; € N5, 22:1 o =
k}, mg := 1 and finally m; := % This property is clearly stable w.r.t. and it’s
well-known that strong log. convexity |(slc)| implies [(FdB)| see e.g. [21) 2.9. Lemmal.
Note that is not stable w.r.t. since it is a convexity condition. A sequence
M = (Mj); is said to be almost increasing, if

3C>1M;<C-M, VjkeNwithj <k.

Of course this condition implies immediately M; < C' - M;1; for a constant C' and
each j € N, but the converse implication is not true except the case C' =1, i.e. if the
sequence M is increasing.

For this chapter we will need the following condition:

(al) ;& 3C>1V1<j<k: (m)" <C-(my)/*

and |(ai)| means exactly that the sequence (m]l/ 7 ); is almost increasing. If the mapping

j— (mj)l/ J is increasing, this property holds clearly with C = 1. We point out that

is stable w.r.t. relation Assume condition for M, consider M and let
1 < j <k be given, then (n;)'/7 < Cy - (m;)7 < Cy-C - (mgp)V/* < Cy-C-Cy- (ng)'/*
holds for some constants C7,Co > 1.

We introduce the following condition on a weight matrix M (in the most general sense):

(MQ)Z@ VMEME|D>0Vj,k€N2mj-mk§D'mj+k,
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with
77\v/ l

- see

w EI W) via M]l := exp(F - ¢} (15)) (in fact we need only properties (w0)| and |(w3) for w

8.2 Definitions and first observations

my = % If M = {M!:1 € A}, then replace m by m! and "V M € M” by
€ A" If the weight matrix M = {M" : | > 0} is obtained by a weight function

3.8.5)), then |(M,)|is satisfied with D = 1 whenever w is sub-additive (see (3.8.1))

and [3.8.2). Some brief remarks on condition (M, )

(1)

(2)

In |10, § 2,3] it was shown that for w with and which satisfies
property (i.e. w is equivalent to a sub-additive weight - see|3.8.4)), then the

classes &,y and &) both are closed under composition.

Property implies immediately that for all [ € A there exists a constant
D > 0 such that for all j,k € N we have also M]l . M,é <D- M]l‘+kv hence both
[(Maigy)| and [((Mae))} On the other hand, if (Mi,)g) holds, then for all I € A
there exist n € A and C' > 1 (resp. for all n € A there exist [ € A and C > 1)
such that mé- . mgc < itk mi for all j,k € N. But this is too weak to obtain
M.,)}, since we have exponential increase on the right hand side. Even if M is
a |(Msc)| weight matrix, then we get M]l M < M]l.+k for all [ € A and j,k € N,
which is again too weak.

Since mt = M! > 1 for each | € A we can consider in the case k =1, then
we obtain mé < mé . ml1 <D- mé-_H. So for all I € A there exists D > 0 such

that mé < D‘mé+1 for all j € N.

If is satisfied with C' = 1 for each sequence m!, i.e. if the mapping k —
(mﬁc)l/ k is increasing, then property |(M,)| holds with D = 1: For arbitrary
J,k > 1 we have (mé-)l/j < (mé-Jrk)l/(j”k), (mh)Vk < (m§+k)1/(j+k), hence

l l l i/ (G+k l k/(G+k) —_ 51

The remaining cases (j = k = 0, j = 0, k arb. resp. j arb. and k = 0) are
obvious by normalization.

This proof doesn’t hold for C' > 1, because then we would get D = Ct* and so
exponential growth in j, k.

Finally (3) in[8.2.3|below shows: Even if we assume that [[M,)| holds with D = 1,
then we only get .@' for each sequence m! separately with C' > 1 (by using
Stirling’s formula).

Moreover we recall for M = {M!: 1 € A}:

and

whic

(Migey) & VI€EAINEAIC >0V jeN: M}, <O/t Mp

(Me) & VneAIIeAIC>0VjeN: M, <CIH. M
h follow immediately for matrices obtained from w by (5.1.2) in The

matriz generalized Faa-di- Bruno-formulas of Roumieu- resp. Beurling-type for a weight
matrix M are defined as follows:

(Mrapy) i VI€AIn€EAIC>0VEEN: (m!) <CFmj

(Mpap) 14 Yn€AIIEAIC>0VkeN: (ml)chk-mg
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8 Characterization of stability properties for the classes Enq

where we put (m'); := max{mé- -ml, - mlaj Doy € N>0,Zg:1 a; =k}, (mh)§ = 1.
Finally we have to introduce new important conditions, the matrix generalizations of
of Roumieu- resp. Beurling-type in the most general sense:

(Mpay) & VM eMINEMIH>0: (mg)/19<H-(n,)/?, 1< q<p,

(M) & YNeEMIMeMIH>0: (m)/1<H-(n,)/P, 1<q<p,

where we have put my := %, ng = % It’s obvious that if ((m;)'/7); is almost
increasing for each M € M, then both [(My,)| and [(M ) )| are satisfied. If M =
{M'":1 € A} then replace e.g. in the first condition m by m! and n by m™, ”V M € M”
by V1€ A’ and ’I N € M” by "In € A"

relation [~]. For example assume for the matriz M and let N with {~}V.
So for each N' € N there erists M 6 M wzth N[ M & n[ <] m' and for each
M? € M there exists N*> € N with m n?. Solet 1 < q < p be given and then
% (né)l/q < (mé)l/q <H- (mf,)l/p <H-(CP-n )1/p =HC(n )l/p holds, i.e. |(Myap)
for the matriz N

Remark 8.2.2. We point out that (M ai])s (Mirap)) and (Maiy)) are stable w.r.t.

We connect all these conditions in the following preparation result, and for this recall
the last important condition in this chapter:
(M) & V1€ A: liminf(m})/7 > 0.
j—o0

Condition has the consequence that H(C") C £¢,y(U) for all U C R", i.e. the
restrictions of entire functions belong already to the class (). It is satisfied for a
matrix coming from w with and see for this the first part of and
use Stirlings formula. If |(Myy)|is satisfied, we can assume that for all j € N5y we have
(mé»)l/j > C; > 0 for a (small) constant C; depending on I € A (put C; := inf(m )1/] >
0).

Lemma 8.2.3. Let M := {M! € RY, : | € A} be an arbitrary weight matriz, i.e. (./\/l)
and assume that for eachl € A there exists a constant H > 1 with (Mjl-)l/j < H-(My)

forall1 <5 <k, i.e. each sequence <(Mjl-)1/j> _is almost increasing (this assumption
j

is only needed for (3), (4)). Then we obtain the following implications:

(1) (Mia)) = (Mrap))-
(2) (M[al) (Mia)) = (Mipap))-
(3)
(4)

propertym (ai)| holds for each sequence m!.
4) (Mpap) (M= (M)

Proof. We prove this lemma for the Roumieu-case, the Beurling-case is completely
analogous.
(1) First we use property hence for each [ € A there exist n € A and C' > 0

such that mé 41 < Citl -mj holds for all j € N. This implies immediately mlaZ < C%i.

l l

a,_1 for i =1,...,7, hence my, ---my <Ck-m

n

My, —1 o—1°"" ij_l. Now use propgrty
(M,)| (iterated application) to obtaln ma1 L mgj_l < pi—1 .mgl+...+aj_j — pi-1.
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mj._. for a constant D > 0 depending on n € A. By applying once again properties
[((Mqcy)| and (M, )| we finally obtain

<CkD31(JJ 1mk]<C'kD]1C’]Dmmk]

< CF.Di- 1-C]-D-D-mk <CF.my,
hence is satisfied.
(2) Let in the following a1,...,a; € Nyg, j > 1, with a1 +--- + a; = k. Then first
property implies that for all [ € A there exists n € A and H > 0 with

l l a1+ tog n\aq/k n\a,;/k k n
mal...majSH J(mk) / (mk) J/ SH .mk'

But since mf) = 1 for each | € A this estimate holds also for the cases if a; = 0
for some 1 < i < jand if oy = -+ = @j = 0 (and so kK = 0). Furthermore by
property we get that for all [ € A we can find C > 0 and n € A such that
mh-ml, - 'mij <mb - Corttemn myg, _1. So we can estimate as follows:
l l l l k l k k k
< HY -m}s.

We have put ny = max{ni,!} and in the last step we have used again So we

have shown

(3) Let n € A be arbitrary but from now on fixed. We iterate condition for the
choice j = k € N5 to obtain for all [ € N5 the estimate (m?)l =mj---ml} < Dl-mg».
Take now the [j-th root, put k& = [j and then we get (m?)l/j < DYi. (mZ)l/k.

More general, we consider for some j < k a number [ € N such that j-l <k < (I+1)-j
and then, since (M]n)l/j < H - (MJ)Y* for a constant H > 1 and all 1 < j < k we get

(by using Stirling’s formula):

n 1 c . C 1/
(k!'mk)l/kzﬁ ((1g)!- )l/(m ﬁ'(lj) (m )1/ T SRS

which proves the claim.

(4) We use inthe case @y = -+ = qq = j to obtain mf - mj---mj =
my - (m;”)l <CY. m?] for x,y € A related via |(Mpgpy)} Then take the [j-th root to
obtain (m§)Y ). (m?)1/7 < C. (m%’j)l/(lj) and so the desired property for k = [j. Note
that by property |(My)| there exists a constant C, < 1 depending only on = € A such
that (m¥)Y/) > C, > 0 for all j,I € N5q. Now proceed as above again for the general
case: For some j < k we take [ € N with j-1 <k < (I+1)-j and then similarly as in
(3) we get (again by using Stirling’s formula):

1 Y I+1 Ny
(k) > L (@) mf) V) > Cy - (1) - ()P = €y LED s,
hence (M, ) O
Very similar to (M, )| resp. (M ay))| are the following conditions:

(Mairy) & YMEMINeMIH>0: (mg) /@Y < H-(n,)/P7V 2 < g <p,
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(Meig) & YNEMIMeMIH>0: (mg)/ 0V < H- ()P, 2<q<p,

where nj, := %, my = % Again, if M = {M' : 1 € A} then replace e.g. in the
first condition m by m! and n by m™, "V M € M” by "V 1 € A” and "3 N € M” by
"I n € A”. Note that H. Komatsu has used in [19] resp. [18] condition

(aig) = IH >0: (mq)l/(q_l) <H-(mp)VP Y 2<qg<p

for m, = % to prove for the single weight sequence Roumieu case Eqypy closed-
ness under solving ODE’s resp. the &gy -inverse/implicit function theorem. For the
Beurling-case &) he assumed additional assumptions on M.

We have the following result:

Lemma 8.2.4. Let M := {M! € RY : I € A} be an arbitrary weight matriz, i.e. |(M)
with @ Then we obtain (M) = (Maq)), which was already mentioned in [18]
for the case M = {M}.

If in addition M is a weight matriz and condition (M|giag)) holds, then we have
(<), too.

Proof. First recall: Property M is satisfied, hence infjﬁoo(mé)l/ I >C; >0 for
each ! € A, C; < 1 small depends only on [ and note that maybe C; — 0 for [ decreasing.

(./\/l[aiK]) = (My): We distinguish three cases. First, for 2 < ¢ < p, we estimate as

follows:
mé - my (¢=1)/(p=1) _ mj (¢=1)/(p—1) o/
Ho-1.ci™t = \ce! ch "

n\ q/p
< <ZL§> O/ 1) < Cl’,‘% ) (mg)q/p'

The first inequality holds by (M|,i,]), the second because 1 < ™5 for each p and

cn
g%i < % < ¢ < p. Finally take the ¢-th root.
If 1 = q = p, then for (M,;)) nothing is to prove. Finally, if 1 = ¢ and 2 = p we need
M =ml < H-(mH)V? o 2. (MH? < H? - M}, which can be achieved by choosing

the constant H > 1 large enough.

(M) = (Mai,): By assumption we have m, < HY- (mé)q/p for a constant H > 1
and all 1 < g < p. Since M is a weight matrix, we have M]l . M,f/, < M]l-+k for
all 5,k € Nand [ € A, hence mé omy, < 20tk m§'+k holds. Moreover (M|gjag)) means
(25)!- mZQj = Méj <CI. M3 = Ci -4 m with the corresponding order of quantifiers
for the indices, hence méj < (7 m; is satisfied. Using these remarks we can estimate
as follows for 2 < ¢ < p:

mfl _ <mg>q/p B <mg>2.(q1)/(p1) B (1)2p(q1)/(p1) ‘ ((mn)2)(q71)/(p71)
Ha-Cf — \ CF -\ C? —\c, P

1\ 2pla=1)/(p—1) ) (@-1)/(-1)
< <Cn> '(2p'm2p)q d

1\ 2p(e=1)/(p=1) )
< <C> (2% . DP. m;u)(qfl)/(wl) < HI .(mgl)(qfl)/(pfl)‘
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for some constant H; > 0 large enough. The first inequality holds by assumption, the

second since % < % < 2p—q < p-qholds clearly for all 2 < g < pand 1 < g—g for
each p. Finally we have to take the (¢ — 1)-th root to get (Mai,)- O

Remark 8.2.5. (i) Conditions|(Maqiagy )| and|(M giag))| are quite strong conditions,
nevertheless they are both satisfied for a matriz associated to a weight function

w with [(wr)] (see[5.4.1).

(43) T. Yamanaka has shown in [{1] the Eqpry-implicit/inverse function theorem, where
he used only . Moreover in [{2] he was able to prove closedness under solving
ODE’s for Eqpry assuming @ But in fact Yamanaka worked in his both pa-
pers with the class Eqyy, where he used the translated sequence (Mp—1)p>0 - see
inequality (1.4) in [42] - and where we have put Ny, := M, _1. Then we get

T (Nq+1>1/q <H-<Np+1>1/p<:> ( N, >1/(q1) <H-< N, )1/(171)
- q! - p! (¢ —1)! - (p—1)! ’

for 2 < q < p, which implies|(aig )| for the sequence n, := %, because

(q— 1)1V g1/(a=1)
(p— )/ D = pii/e1)

o /=) < U/, (8.2.1)

Note that the types a{My} and B{M,} introduced in [{2] coincide, if condition
is satisfied. More precisely, in our notation, we have then &y = &Ny

(7i1) So, in the general weight matriz case, we will have to use conditions i./\/l{dc} )| resp.
(Mqe))} Because then we can assume (M sy )| resp. ((Mas) )| for the translated

matric M? = {M, : M' € M}, ML, := (M, ), and obtain (M, y)| resp.
for the original matriz M. Finally, by (Miqa.)), we get Epg = Eppas
M still has (Miae)) and so we can work also with the matriz M. More precisely

by definition we obtain immediately that implies d and

implies M|(=)M¢.
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8.3 Characterization of closedness under composition

With the introduced notation and conditions we can prove the first important theorem
(see also [35], 3.1. Proposition]| for the constant matrix case M = {M}):

Theorem 8.3.1. Let M be an arbitrary weight matriz, i.e. |(M)|, then we get:
(a) If condition is satisfied, then Eqpqy is closed under composition.

b) [f is satisfied, then Epq) is closed under composition.

Proof. (a) As pointed out at the beginning of this chapter we use Fréchet-derivatives
and so we get: Let E, F,G be (finite-dimensional) Banach-spaces, U C E and V C F
be open subsets. Assume now that we have f € g (V,G) and g € Epnp (U, V).
Let K C U be a compact subset, then there exist C1,hqy > 0 and I; € A such that
Hf(k)(y)HLk(Rc;) <Cp-hf- M,il =Cp-hb -k m? for all y € g(K) and k € N (means
I fllMog(),0,p < +00). Furthermore there exist Ca,hg > 0 and lp € A such that
Hg(k)(x)HLk(EF) < Cy-hb- M,lf = Cy-hb - k! mﬁf for all x € K and k € N (means
gl K 1p,he < +00). We estimate now as follows, where the sum below is taken over
all multi-indices o = (o, ..., ;) € (Nsg)? with ag + -+ o = k:

I1(f 0 9)™ (@) k8.0 Zi: > 1F 9 (9@ Lire) H lg'“) (= Hm (B,F)

Rl | !
1 a=(a1,...,a;)€(N>g)J i=1

k J
S R RCR | R

J=1 a=(au1,...,a;)€(N>0)J

k J
S Z Z Clh]lmél_[Cthbmih
(%) J=1 a=(a1,...,a;)€(N>q)J =1
) .
=C'1-hl§-z Z (hl‘CQ)j'mé"Hmfxi
J=la=(o1,...,a;)€(N>0)J i=1
= Cyohi- ) > my, - (h1 - Co - DY
J=1 a=(ai,...,e;)€(N>0)J
bk—1 bk—1
=Cy - hE-mi - ~ U )(h1 - Cy- DY = (C1CoDhy) - hE - mi. - ) (mCeD) !
12mk;j_1>(12 )} = (C1Ca 1)2mk;<]~_1)<12)
= (Clchhl) hg (1 + thQD) }C < (Clchhl) . (hg . (1 + thgD))k . mZ
(x) holds for I := max{li,l2} and so we have shown | f o g||m,k,in; < +00 with

hg :=hy - (1 + h1CoD).

(b) We can use for the Beurling-case precisely the same estimate as in the above
Roumieu-case, of course we use instead of (M pqp1)l For arbitrary ¢ € A and
t > 0 (both small) we choose s > 0 in such a way that ¢ = /s + s holds and put then
he := /s and hy := C\[ It follows that ho- (14+h1CoD)) = /s-(1++/s) =/s+s =1t
and so we have shown || f o g||m, x50 < +00. O
Remark: The proof of Theorem still holds if M is an arbitrary (large) set of
sequences and &y resp. Eq gy are considered like in the most general definition




8.3 Characterization of closedness under composition

resp. ([7.2.1)) with the following assumptions on M: We have to assume and
in the Beurling- resp. |(Mpgp} )| and |(Mgy)|in the Roumieu-case.

We concentrate now on the Roumieu-case, the next result is analogous to [39, Theorem
2, Theorem 3|, see also |35, 4.9. Theorem)|:

Lemma 8.3.2. Let M be a weight matriz with additionally conditions
and ((Myacy)l Then the following statements are equivalent:

(1) Egay is closed under composition.
(2) Eaqy is holomorphically resp. analytically closed.

(3) Eqamy is inverse closed.
(4) Property holds.
(5) Property holds.

Pmperty is only needed for (1) = (2), only for (4) = (5).

Proof. (1) = (2) By property the class of all real analytic function C* is
contained in &y, so (2) holds by closedness under composition as assumed for the

class gy

(2) = (3) is clearly satisfied since z — 1

for z # 0.
(3) = (4) To prove this implication we use the technique as in [39, Theorem 1,
(¢) = (a)]: By assumption for each | € A we can find a characteristic function

6, € S{g]l\(/)ﬁ?l(R C) C 5?}\(1}?1(]1% C) with 9(])( 0) = (V-1)7 - sg- and sé- > MJZ for all

J € N (see (2.4.7)). Solet | € A be arbitrary but from now on fixed, since ||675H90 < 400
we can choose a real number H such that H > 1+ HG;HOO holds. Then H — ||6;]|cc > 1,
so H — 0; doesn’t vanish (on R) and moreover H — 91 € Sfﬁb}al(R C). Hence by as-

€ Ea(R,C). If we write

is a holomorphic (resp. real-analytic) mapping

sumption (inverse closedness) we also have z +— m
—Y

P(x) = Hfél(z) we can find an index n € A and numbers C, h > 0 such that

191 A (=110 < C.

Then use the Fad:di—Bruno-formula for the composed function x — (x), more pre-
cisely x — (H — 0)(z)) — at the point x = 0 as follows: For any k > 1 we

L
H—0;(z)’
get

T Ry
j=1 a1++a;j=k,a;EN>g (H_HZ(O))j+1 i=1 Hai'_/
(VD) (i)

k J l
_ —1\k . 1 . Sa;
— (v=I) z; S wmagy U

=1 ay+-+a;=k,a;€EN>g
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8 Characterization of stability properties for the classes Enq

So we obtain:

| r 1 J sl
C-hFmp > :Z Z mnaai
Jj=1 ai+--+o;=Fk,0;EN>o ( - l( )) P
k j l ;
1 M, 1 l
> _ : . i > _ ) mb
= Z Z (H — 91(0))]4-1 E o) (H _ 91(0))k+1 H o

Jj=1 a1 +--+a;=k,a;EN>o

Note: The last inequality holds, since ;(0) = sh>M!=1and H — 6:(0) > 1, so each
occurring summand is a positive real number.

If oy = -+ = a; = p > 1, then we have shown (mi,)j < Cp- h{p - my,; and so
(mé)l/p <Csy- (mgj)l/(pj), the desired property for j and k = jp. For the more general
case 1 < p < k we choose j € N with jp < k < (j + 1)p and proceed as in the above
proof for (3) resp. (4) in (the mapping k + (M})'/* is increasing for each [ € A
by assumption).

(4) = (5) By assumption we have property hence by (2) in we get
(M rapy )l

MT}HS is exactly (a) in[8.3.1] O
By using the same trick as in (3) = (4) in we can prove:

Lemma 8.3.3. Let M be a weight matriz with and assume that the
class Eqpyy is closed under solving ODE’s. Then condition is satisfied.

Proof. By assumption for each [ € A there exists a characteristic function 6; €

Efﬁ?;l(R C) C 5%}{1(]0}&1(1&,@) (see [2.4.7)), so |Gl(j)(0)| > M]l for all 7 € N. We consider

now the following ODE:
z'(t) = 6,(t) - 22(t), z(0) = zo > 0.

Since (M qc1 )| holds we see that the right hand side belongs to Expgy (R?, C) (in variables
z,t € R). This ODE has the solution z(t) = with the constant C' = -~ + 6;(0).

i o 9()
We want to have C' > 1 + [|0;||oo, SO We choose now z( in the ODE small enough to

have x¢ < W 1. By assumption (closedness under solving ODE’s) also
l
1

the solution t — AT is now an element of class & (R, (C) and finally we proceed
l

)+C
analogously as in (3) = (4) in|8.3.2 to obtain property O

More general we are able to prove for both cases simultaneously:

Lemma 8.3.4. Let M be a weight matriz with A = Rso and (Mq.)). Assume
that the class Epqg is closed under solving ODE’s. Then &g is inverse closed and
consequently condition (M) is satisfied.

Proof. Let f € Erq(R,R) be given, such that f(x) # 0 for all z € R and put g :=
Then ¢ = % holds and so ¢ satisfies the following ODE

=

F(t)=—f 1) 220, 2(0) = .

Since &} is derivation closed by (Mq)), we see that the right hand side belongs to
class Erq), hence by closedness under solving ODE’s the solution g = %, too.
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8.3 Characterization of closedness under composition

In the Roumieu-case property [(M_,iy)|follows from (3) = (1) in in the Beurling-
case property follows from O

We concentrate now on the Beurling-case £ 1) and we start with the following theorem
(see also [35] 4.11. Theorem]):

Theorem 8.3.5. Let M be a |(Mgc)Fweight matriz with A = Rsg and properties
[(Mdc))| and (M), then the following are equivalent:

(1
(2

Emy is closed under composition.
Emy s holomorphically closed.

(3

Condition 1s satisfied.
(4) Condition is satisfied.

Remark: Condition will be used only for (1) = (2), only for (3) = (4)
and A = Ry only for (2) = (3).

Proof. (1) = (2) Holds clearly by condition [(M1)} since the restrictions of entire
functions are contained in &)

)
)
)
)

(2) = (3) We use for this a trick, which is mentioned on [10, page 405|: By assumption
we have A = Ry and by the space E vy (R, C) is now a Fréchet-Algebra which is
holomorphically closed. So we can use [6l, 4.1. Theorem (f) = (a)] and [30, Theorem 1|
to obtain: &) (R, C) is also a locally m-convex algebra, i.e. there exists an equivalent
system of semi-norms (g, )nen such that ¢,(f™) < (gn(f))™ for all n,m € N and
[ € Emy(R,C). Then for each x € A and h > 0 there exist numbers C, B, a, hy > 0,
n € N, and finally an index y € A such that for all f € &) (R, C) and for all m € N

we obtain:

™ I -1aen S C-aa(f™) SC-au(f)™ <C-B™ % aa)yny - (8:31)

where the first and the third inequality hold by the equivalence of the semi-norm-
systems, the second inequality holds by the multiplicativity of the system (g,),. We
apply this estimate now (as in [I0, page 405| resp. [0 4.1. Theorem (b) = (c)]) to the
function fi(s) = exp(its), s € R, ¢t > 0 and for h = 1. Hence ft(l)(s) = (it)! - exp(its) =
(it) - fi(s) and similarly we get (") (s) = (itm) - exp(itms).

Note that lim;_. (Mjl-)l/j = 400 (which holds for |( My )| weight matrices by definition)
for all [ € A is sufficient to have f; € S(M)(R,(C' for all £ > 0. With this choice we
obtain for all m € N:

sup (tm)l = sup M — ”me
1eN Mlx s€[—1,1],leN Mlx t M, [-1,1],z,1
l

<C Bl c.p 760
= Tt —a,a =L : sup

M;[~a,al,y,n sel-aalleN hll . Mly

t! m

oo (st )

Hence by definition of the weight sequences M® and the associated function this trans-

lates into: .
t
exp(ware(tm)) < C- B™ - exp (wMy (h)> |
1
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8 Characterization of stability properties for the classes Enq

Let j < k and assume that k = j - [ for some [ € N. Then we obtain by above:

1 ) T 1))
<o (ol ()

for a constant D > 0, and finally by using [16, Proposition 3.2.]

t t
(ME)V* = sup > sup ,
>0 (exp(wMz(t)))l/k >0 (exp(wMy(ﬁ))) 1/4
lhl S . @

= — -sup ;

D >0 (explwys(s))) D

where we have put s := ﬁ

In the general case we proceed as for (3) resp. (4) in Consider for j < k a
number [ € Nyg with jl < k < (I +1)j. Since each M? is log. convex the mapping
k— (M,f)l/k is increasing and so we get:

>
- D

hi(l+1)

z\1/k xz\1/(jl
(M) E > (Mj) /Gh 2D

. (My)l/j >

Ui
! (MY,

J

In the last step we have to use Stirling’s formula and get that there exists a constant
A > 1 such that (m?j)l/j < A (mf)V*, for j <k, this is property (Map))

(3) = (4) Since we have assumed [(M 4.))| we can use (2) in .
(4) = (1) Is exactly (b) in|8.3.1} O

Another application of the trick used in (2) = (3) in the previous result gives the
following;:

Lemma 8.3.6. Let M be a weight matriz with A = R and assume that E xy)
1s tnwverse closed. Then property is satisfied.

Proof. The proof is inspired by [6l 5.2. Proposition| and completely analogous.
We write in the following A := & (R,C) and denote by B.A the sub-algebra of
A consisting of the bounded functions of A. We endow B.A with the topology gen-
erated by all semi-norms || - || am1,x,1,, together with the single norm || - ||p defined by
lfllz := sup{|f(x)| : € R}. The space BA is a Fréchet-algebra (note that A is a
Fréchet-Algebra, because A = R).

By assumption A is inverse-closed and the invertible functions of B.A are such functions,
which are bounded below, i.e. |f(z)] > ¢ > 0 for all z € R. For such a function f
and some g with [|f —g|p < § we obtain [c —|lg[|s] <[|[f]lz — llglsl < If —9gllz <3
which implies |g(x)| > § > 0 and so g is invertible, too. Hence the set of invertible
functions in B.A is open and so, by the same argument as given in [6 5.2. Proposition|
we use [43, Theorem 13.17], hence the algebra BA is locally m-conve.

Now we have, as for in (2) = (3) in that for each x € A and h > 0 there
exist numbers C, B > 0 and a semi-norm p such that for all f € BA and for all m € N

we obtain (as in inequality (8.3.1))):

HmeM,[—l,l],ac,h <C-B"™-p(f)", (8.3.2)
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8.3 Characterization of closedness under composition

where p is either a semi-norm H-HM’[fa’a]’y’hl for some a,h; > 0andy € A,orp= || B-
Of course we apply this inequality again to the functions f;(s) := exp(its) for t,s € R

. i
and since we have ||fi|lp =1 < Hft”/\/l,[fa,a],y,hl = SuplENhlfiMly = eXp(wMy(h%)) for
any t, we can replace in (8.3.2)) the semi-norm p in any case by some ||

||./Vl —a,al,y,h1"
Then proceed analogously as in (2) = (3) in to obtain property O
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8 Characterization of stability properties for the classes Enq

8.4 The &y -inverse/implicit function theorem

The next step is to prove the & M]—inverse/ implicit function theorem. The strategy
will be to prove the &y -inverse function theorem, the & -implicit function theorem
follows then by standard techniques. More precisely we will generalize [41] also to the
non-constant weight matrix case.

Theorem 8.4.1. Let M := {M":1 &€ A} be aweight matriz.
1) If holds and then the Enqy-inverse/implicit function theorem

1s valid.

2 )| holds an and finally wy ), then the -tnverse/implicit
If|(Map) )| hold d{(Mge d finally|(Mc hen the E aq) [

function theorem is valid.

Proof. We will follow and generalize the proof of [41], there global classes (estimates)
are considered. We will prove a matrix version of it with local estimates. First we will
have to recall the Lagrange expansion theorem: Let the equation

y=a+z-¢(y) (8.4.1)

be given, where ¢ is analytic around the point a € R. We denote by v : z — vy
the solution of , which is analytic by the classical implicit function theorem.
Furthermore let f be a smooth function, which is analytic around a, too, then we
obtain the following formula for n > 1:

(n—1)

(Fen™©=(¢"-1)" (@
A proof of this formula can be found in [14, Chapitre IX., no. 195, p. 481-484|.

Now we are able to prove a matrix version of [41, Theorem 2| and we have to distinguish
between the Roumieu- and the Beurling-case! In the following let E and F' always be
real Banach-spaces, U C F and V' C F open subsets and f : U — V an infinitely
differentiable function.

The Roumieu-case: We assume that f € £ g and for a point zg € U we assume that
(f'(x0))~! € L(F; E) exists. By the inverse mapping theorem for smooth functions we
know: There exist Uy, Vjy open subsets in E resp. F' such that we have g € Uy C U
resp. f(xg) € Vo CV,and f: Uy — Vjp is a E-diffeomorphism. So it remains to prove
that on Vg we have f~1 € Ermy, too.

Let g := f~1: Vj — Ug and let a € Uy, K C Uy compact be fixed with a € K C U.
Put b:= f(a) and S := f'(a), T := S~! = ¢'(b). Furthermore we put for z € Up:

¢(z) =z — (T o f)(x).

Hence, for y € Vp, we have g(y) = T(y) + g(y ) T(y

) =T(y )+9( )= (To f)g(y) =
T(y) + (¢ 0 g)(y). Then we remark, that ¢'(a) = id —
) (b

(T )():id —ToS =0,
T. For p > 2 we can use the
(b

)

thus g'(0) = T+ ¢'(g(b)) - ¢ (b) = T+ ¢'(a) - g (b)

Faa-di-Bruno-formula to get a recursion formula for g

P 4 p—j+1 g(l b) q;
¢ (b) = sym p!.z¢(ﬂ)(a). Z H ( ) , (8.4.2)

Jj=2 lgl=7.llqll=p =1
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8.4 The & py-inverse/implicit function theorem

where sym denotes the symmetrization of a multi-linear operator and for ¢ = (¢1,...,¢p—j+1) €
NP=I+1 we have set |q] := g1+ -+ qp—jt1 resp. |lgll :== q1+2q2+- -+ (p—J+1)gp—j11

(for a proof of this formula see e.g. [4I, Theorem 1]). So we immediately get the
following estimate:

ri llg ILirE B
9% ®)lo ) <p'2|\¢ Moee > 1 (,”) .

lal=4,llgll=p =1
(8.4.3)

By assumption f € Eay = Epqay holds where ME = (ML, MY e M}, ML, =
(M,i+1)k (note that |(Myqe )| is assumed), hence for all compact sets K C Uy there
exist C,h > 0 and I € A such that for all z € K and j > 1 we get

Hf(j)(iU)HLJ(E;F) <C-WThMj,
and finally for 7 > 2

169 (@) | 2y = 1T o FOY @) i) < C - Tl perim - h - ML,

In the following let the compact set K with a € K C Uy be fixed and C,h > 0,
I € A be given by f by the above estimates. Moreover introduce the constant A >

max {Hg(b)HE, ||g/(b)HL(F;E)} and for N € N, N > 2, we define for ¢t € R the following

sum:
hi—1 Ml .
Yn(t)=C-A- Z =1
_ahl
Now consider the equation s = ¢ wj‘\’ ® and we want to solve it with respect to the

¢ - s/ and consider now the equation

variable t. Therefore we put g (s) := > 21 €

5= M for s € R near 0, more precisely we have set gh(s) =t for all small

S.

For this we apply the Lagrange expansion theorem as follows: We put f :=id, z := s,
- - L A _t : : . _ :
y:=1t, a:=0and p(t) = —Aw s which is analytic near t = 0. Then (8.4.1) is

t
satisfied and we obtain for n > 1:

Tt (2 (A

asn
Hence the coefficients cé, 1 > 1, in the above series can be expressed in the following

way:
1 [ < A )
C; = = -
Coal \dt 1=l (t)/t =0

On the other side we see that g (s) = A - s+ (¥ o gi)(s), hence for 2 < p < N we
can use again the Faa-di- Bruno-formula to obtain

t=0

(8.4.4)

; : L gl
Jj=2 lgl=4llqll=p =1

p ' p—j+1 1 \(i) Qi
GO =p! - Y w0 > ] 1-<(9N).(0)> . (8.4.5)
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8 Characterization of stability properties for the classes Enq

Since for all i € N5 we get (gﬁv)(i) (0) = 4! cl and for 2 < j < N we have ()7 (0) =
C-A- WL, M]l-f1 (and (4))(0) = 0 for j > N) it follows that for 2 < p < N we
obtain

P p—j+1
(gfv)(p)(o)ZP!'ZC'A'hJ_I'MJI'_y Z H
j=2 la|=j,llal=p =1

For 2 < i < N we show now for the coefficients cé, which are all positive real numbers,
the following estimate:

n

. M
(VieA)3IneAIH>1: ¢t < AAA(CAh +1)Hh)' "t ;'_1’ (8.4.6)

where n € A and H > 1 are related to given [ € A via property To do so we
are going to calculate for 2 < ¢ < N in the following way:

Az di—l o i—1 Ml 5\ ¢
I - A- r i r
O<aZor i\ dtit (Z (C ;:1 (r+1)! (ht) >

(1) s=0 t=0
Ai [ gl (& izl g \ "’
< .| == A- " . (ht)"
i (i (S (e B3 er) ) )L
A dgi-1 [ & 00 M, 1/(i—1) T\ S\ °
< i\ a1 (;) (CA ' Zl (H ((i — 1)!) ht —o
(M) = r= =
. . . r+s i
A d—1 [& s [(r+s—1 M, 1/Gi-1)
= | (;“"‘” 2( " )(H i) o
2) =0

Al Ji—1 o0 , M 1/(i—1) r
G A (CA-1)" .| H. -1 i
NPT e ,ZOC (CA+1) ( ((i - 1)!> ht

i i—1 _ M
Sé- d <z+r )((C’A+1)-H—(. -1

7! dti-1 D 3
f/%' <2Z__12) C((CA+1)- (HR))™ - (i — 1)!- (Zf\ﬁf"_ll)'

<A 4L (CA+1) - (HR))E. ;;1

Recall that the number H in the above calculation is precisely the constant appearing
ez

For (1) we have used geometric series expansion and (8 . Furthermore we remember:
If 2 <i < N, then (¢4)D(0)=C-A-h~1. M, holds and because we consider the
(i — 1)*-derivative on the right hand side above at the point t = 0, we can break off
the summation over the index r at ¢ — 1.

For (2) we have put 7 :=r + s.

(3) follows, because only the term for r = 1i—1 survives. Finally the last inequality
holds, because 41 = 2272 = 21':—02 (Zika) > (25_712)
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8.4 The & py-inverse/implicit function theorem

In the next step we want to compare Hg(p)(b)HLp(F;E) with (gh)®(0) for 1 < p < N.
First we have (g4) (0) = ¢, = A (use i = 1 in (8:4.4)) and so we see:

Hg/(b)HL(F;E) =Tlprp < A= (g) (0). (8.4.7)
For 2 < p < N we have (¢4,)P(0)=C - A-hP~! Ml _; and so
6% (@)l o (i) < C-IT || sy B2 My_y < C-A-hP~H My = (¥y)P)(0). (8.4.8)

Finally we get by induction the following estimate for 2 < p < N:

l _ l -1 n
l9® (O) | Lo (1 < (g5)"(0) = pl-d, < A4A(CA+1)HR)P'-M,
®43),ELH) E47).B43)
But N € N, N > 2, was chosen arbitrary, hence for all p > 2 we obtain:
”g(p)(b)HLP(F;E) < A(4A(CA+1)Hh)P~ 1

Because ||g(b)||g < A resp. Hg/(b)HL(F;E) = |T|lz(r:p) < A we have shown: g € Eqppy.

In fact we have shown now the & rqy-inverse function theorem and we immediately get
also the Eppry-implicit function theorem: For this we apply the & pqy-tnverse function
theorem to the inverse of the mapping (z,y) — (z, f(z,y)) for f € Euqy-

The Beurling-case: One cannot transfer the proof of the Roumieu-case directly, because
we are interested in small h > 0 and the constant C}, is depending on h. For h — 0 we
have Cj, — oo and so 4A(CrA + 1)Hh will not become arbitrary small. To avoid this
problem we modify the Roumieu-case proof at several steps and we use an analogous
trick as used for the proof of the (single weight sequence) Beurling-case in [18].

First we point out that by: Mqge))| we have Evg) = Epyay.-

We use the same notation for f, T and g as in the Roumieu-case. Let h >0 and [ € A
be arbitrary (small) but from now on fixed. By assumption there exist a constant
Ci, > 0 (large) such that for j > 2

. 4 B\ .
169 @iy = 1T 0 PN @l < Cun- ITuarey (5 ) w7 M

Then choose p; ;, € N large enough such that Cjj, - 2;,% < 1 holds. With this choice we
immediately get

169 (@) L) < Cuon - 1Tl ey - W1 My for 2 <5 < pi,
169 (@) | iy < | Tl ey - W~ - My for j > pup.
In the next step we put (for sufficiently large N depending on [ and h)

PLr pi—t. Ml .
Ui (t) == Crp- A Z I+ A Z — =,

J=pi,nt+1

where A > max{|g(b)||z,|l¢g (b)|| £} is the constant as in the Roumieu-case.

Now, as in the Roumieu-case, we apply Lagrange expansion theorem for the equation

s = % and introduce again gh.. Note that (&)U (0) = Cpp - A-RI~1- AMJZ-_1 for
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8 Characterization of stability properties for the classes Enq

2 <j < (Wh)D(0)=A-mT. ]\4}-_1 for i, < j < N and finally (¥4,)9)(0) =0
for j > N.
For the estimate of the coefficients ¢; we use our additional assumption (M ce )} i.e.

limjﬁoo(mg)l/j = 400 for each [ € A, which has the following consequence : For all
l € A, for each C' > 0 (large) and py € N we can find ig € N large enough such that

C-mh < ((mli)l/i)p

holds for all 1 < p < pg and ¢ > 49. Combining this with property ‘Mgal)’ we obtain
that for each C' > 0 (large) and py € N we can find iy € N large enough such that

C-ml < (H.(mél)l/i)p )

holds for all 1 < p < pg and ¢ > ig, where the indices [,[; € A are related by
with the constant H > 1 there.

Now we apply (x) to C = Cy, and pg = p;,, and calculate for 2 < ¢ < N with i > 4
(so one has to consider N large enough) as follows:

Az difl — i—1 Ml 2\
—_— < (ht)"+ A - —L . (ht)"
0<a=T | g 2230 * T:%:H L
Ai di—l e "\
<o | g ZO CA- Z ‘ (ht)" + A - Zl .
s= r=po+ =
: 4 o o 1/(i-1) ™ %\ ¢
Al dzfl Mll
< i (s ( )!)
e
_— M
— < o1, . =1 1—
ol <ALV (A4 1) (HR)) =3

see Roumieu-case

Hence for given h; > 0 small, we can choose h small enough to have 4A(A+1)Hh < h;.
Recall: (i) (0) = Cpp-A-W71- ML for 2 <j < pyp, (Why)D(0) = A-n~1- ML,
for pj < j < N and finally (¢4,)9(0) = 0 for j > N. Thus, by definition of the
function ¢ we obtain for p € N with 2 <p < N and [ € A small (and N € N suff. large
dep. on [ € A and h > 0) analogously to (8.4.8):

169 ()|l oy < (V) ®P(0). (8.4.9)

Thus we can proceed and estimate as in the Roumieu-case and note that we are only
interested in large N since one can absorb the cases 2 < p <p’, p € N fixed, by a suffi-
Ml

hi-
ciently large constant. Another possibility is to put ¥l (t) := C ;- A- Zp b fjl -t

for N < p;j, (only the first sum in the above definition of 1)4;(¢)) and use then the same
arguments and estimates as before. O
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8.5 Closedness under solving ODE’s

Closedness under solving ODE’s

In the next step we want to prove closedness under solving ODE’s for classes £ and
we first we summarize some remarks:

(4)

(iid)

Proofs of this result for the single weight sequence Roumieu-case can be found e.g.
in [19] or in [42]. In [19] also the single weight sequence Beurling-case was treated,
more precisely [17, Lemma 6] was used to transfer closedness under solving ODE’s
from the Roumieu- to the Beurling-case.

We use in the following the proof of [42] and transfer it to the Roumieu-matrix-
case. If one wants to apply an analogous trick as in [I9] to transfer the proof
from the Roumieu- to the Beurling-type weight matrix case, we would have to
use . But it’s hopeless to get property for the constructed sequences L
there, even if we assume (M|,;) for the matrix M, and similarly for any other
properties (see and the remark there).

The theorem in [42], and so also our general weight-matrix version below,
uses in the assumption for f global estimates on open subsets W C E in
a real Banach space E. But if E = R" for some n € N5 (the finite dimensional
case) then we can replace this assumption by the hypothesis that f in
satisfies the estimates on all compact sets K C W locally. It’s clear that global
estimates imply locally ones. On the other hand, if U C R™ is non-empty open
and f € €[M](U) satisfies locally on all compact sets K C U, then we put

o
W := K (the interior of K) and so f satisfies now ([8.5.2)) (resp. the Beurling-type
inequalities) on the whole open set W and we can use then Theorem [8.5.1]

Now we formulate and prove the main theorem of this section:

Theorem 8.5.1. Let M be a|(Mg.)| weight matriz with index set A = Rs.

(1)

(2)

The Roumieu-case: If additionally properties ((Myqcy)| and [(Myai)| hold, then
Eramy 18 closed under solving ODE’s. More precisely we are going to prove the
following: For real Banach-spaces E1 and Es we consider an infinitely differen-
tiable function f: E1 X R x Eo O W — Eq1, W an open subset, and consider the
mitial value problem

Y (1) = f(a(0). 1.3 55
z(0) = xg, zo € Ey.
If there exist C;h > 0 and an index | € A such that
17090ty Mok gy < C B My (8.5.2)

for all (i,7,k) € N3 and (x,t,\) € W, then the solution x is also an element of
class Expgy wherever it exists.

The Beurling-case: If M has|(Mqgc))| and (M)}, then we get:

(a) If the matrix M is not constant and also property holds (which
cannot be satisfied for a constant matriv M = {M}!), then & ) is closed
under solving ODE’s, too.
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8 Characterization of stability properties for the classes Enq

(b) If the matriz is constant, so M = {M} and if in addition condition
holds, i.e. limy_ oo (my)'/* = 400, my, = %, then Eny = Ery 18 closed
under solving ODE’s, too.

Proof. We prove a "matrix-generalized” result of [42], so we are dealing again with
Fréchet-derivatives.

(1) We can start now with the proof of the Roumieu-case, where we can restrict ourselves
by assumption to A = N5 and recall that by we have Eqngy = Epgay-

Now we formulate our central problem: For this let £, Fs be two real Banach-spaces,
then let f: EF1 Xx R x E5s O W — Ej be an infinitely differentiable function such that:
JIeAIC,h>0V(i,5,k) e N3V (z,t,\) € W :

1709ty Wik sy < O BTTTH My (8:5:3)

Let the following ODE be given:

{x’u) = f(x(t),t,\)

(8.5.4)
z(0) = xg, w0 € Ey.

We remark that defines a more general initial value problem than the ODE in
[19] because we have introduced here an additional parameter \. First we simplify the
above given initial value problem as in the original proof in [42]: Put fi(x(t),t, \, x¢) :=
f(z(t) + xo,t, A) to get

w (t) = fi(z(t), L, A wo)
z(0) = 0.

Then define Yy = (x’g)a Ho= (>‘va) and ﬁnauy g(ya/‘L) = (fl(x,gv Ava)a 1) = (f(CE +
z0,&, A),1). Thus we obtain the following new ODE:

{y' (t) = g(y(t), 1) (8.5.6)
y(0) =0,

where y : R — F; x R =: FEj3 is the unknown function and y € Fs X E; =: E4 is a
parameter. If f satisfies (8.5.3) with respect to (z,t,\), then g satisfies (8.5.3) with

respect to (y, p). If the solution y of (8.5.6)) satisfies (8.5.3]) with respect to (¢, 1), then
the solution x of (8.5.4) satisfies (8.5.3) with respect to (¢, A, zo).

(8.5.5)

From now on assume w.l.o.g. that M! | = M} =1, M! > 2 holds for all [ € A.

Consider the initial value problem , let F5 and E4 be real Banach-spaces, U a
ball of radius R centered at 0 € F5 and let V be an open set of E4. Let g: E3 X E4 D
UxV — Es, (y, 1) — g(y, p), be an infinitely differentiable function with the following
property: 3 C,h > 1 and [ € A = Ny such that for all (4,5) € N and (y,u) € U x V.
we have the estimate

“g(i’j)(y, u)‘ SO My (8.5.7)

L43(E3,E4;E3)

has the following consequences: The function y — ¢(y, ) is bounded in the
norm || - |z, by the constant C' and it is Lipschitz-continuous on U with respect to y
and uniformly for u € V. If [t| < £, then g is bounded by R, so g(y, ) € U. Thus for
each p € V and t € R with [t| < % the classical existence theorem for ODE’s implies
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8.5 Closedness under solving ODE’s

the local existence of a unique solution y where y : R x Ey — E3, (t,u) — y(t,pn), is
defined for [t| < g and p € V. It’s well known that y is infinitely differentiable in
(t, 1), thus to prove theorem we have to estimate the derivatives of y.

More precisely the aim is to prove: There exist constants B, > 0 and an index
n € A = Ny such that for all (¢,u) € Ip x V = [-T,T] x V (for T > 0 small enough
dep. on f) we have

o9 <poetam, 59

LiJ(R,Eq;E3)

for all (i, ;) € N2.

We start now with the proof of and in the first step we estimate y(o’j), j €N
arbitrary.

Let I be a compact interval such that 0 € I and let C(I, E3) be the space of all
continuous functions from I to F3. The space C(I, E3) endowed with the topology
induced by the maximum norm becomes a Banach-spaces and we put C(I,U) :={y €
C(I,Es3) : y(I) C U}. Let (y,u,t) € C(I,U) x V x I, then we define the following
integral

oy, p)(t) = /0 o(y(r), wydr

and obtain a function av: C(I,U) x V' — C(I, E3). Let T' € R be given with 0 < T' < g
and put Iy := [-T,T]. We define the set Bg, g := {y € E3 : |y|lg, < R} and so
By, r =1y € B3 |lyllg, < R} = U. We want to apply Banach’s fiz point theorem to
the mapping a.

Claim: o : C(I7,Bg, r) X V. — C(I1,BEy,R) resp. o : C(I7,U) x V. — C(Ir,U) holds.

Therefore we estimate

t t R
‘/ 9(y(7), p)dr S/ lg(y(T), Wl g, dr < c-h-M . T<C- () = R,
0 Es 0 ~~ C
hence .
(s 1) (D, = H [ stwermir| < (5.9
Es

Claim: « is a contraction map.

If (y, 2, 1) € Byr X Bpy,r x V, then we get by (85.7):
lg(y. 1) = 9(z. )y < C e My |ly — 2l = C - [ly — 2.

Thus for (y, z, ) € C(Ir, Bry r) X C(I1, Br, ) x V and T € R with 0 < T < (C' - h)~!
we can estimate:

oy, w) —alz,wlles <C-h-lly—zlle - T < |ly — 2l 5, (8.5.10)
which proves the claim.

We summarize: By (8.5.10)) « is for T' € R+ small enough a contraction map and by
(8.5.9) it is a self-mapping on C(I7,Bg, r) € C(Ir, E3), which is a closed subset of
a Banach-space. So we can use Banach’s fix point theorem to obtain for each p € V
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a unique function g(u) € C(Ir, Br, r) with a(g(p), 1) = (). This function is the
unique solution of (8.5.6)), for ¢ € It we have y(u)(t) = y(t, 1.

In the next step we estimate the derivatives of «.
Claim: « satisfies (8.5.3]) with respect to the variables y and pu.

For this we have to introduce some further notation: Let v : U x V — LI (E3, Ey; E3)
be a continuous mapping and let y € C(Ip,U), y1,...,y; € C(Ir,E3), u € V and
His -5 pj € By Then for all £ € I we put

P 1) (Y15 - Yis i1y -5 ag) (1) :=/0 Y(T), )W (T), s yil(T); pas - - -, ) d

The integral on the right side is well-defined for all t € I, furthermore we have

P(y7 /’L)(yh e Yy U1, - e M]) € C(ITv E3) and p(y7 /’L) € LZJ(C(IT) E3)) E47 C(ITu E?))) -
L%, We apply this notation to g(’J) and get

t
a(z’])(y,u)(yl,-.-,yi;ul,---,uj)(t)=/0 gD (y(r), ) (W (7)o yi (T)s s - - s prg)dT.
Now we estimate as follows:

Ha(i’j)(y,u)‘ <T- sup (‘g(i’j)(a,b)’
L3 acUbeV

< T-C-hti. M
Li’f(Eg,EAL;Es)}\? b

which proves the claim.
Claim: The solution y of (8.5.6|) satisfies (8.5.8)) in the variable y uniformly in ¢.

Therefore we define now 3(y,u) := y — a(y, ). The fixed point §(u) of « satisfies
clearly B(y(p), ) = 0, hence g(u) is determined via the implicit equation G(y, 1) = 0.
We remark that 510 (y, u) L(C(It, E3),C(It, E3)) =: LM, so it is a linear operator
and 10 (y, ) = idpro —aM9 (y, 4). We have chosen T' < (C - h)~!, hence again by
we get,

Ha(l,O)(y’M)HELO <T-C-h-M<1.

This implies Hﬂ(l’o)(y, ) H{;l,o > 0 and we can compute the inverse operator (69 (y, 1)) ~!
in the Banach-algebra £1'9 as follows:

-1

=3 (a0)

j=0

Because « satisfies (8.5.3)) we obtain that 3 satisfies (8.5.3) with respect to y and p,
too. We can apply now the first part of [8.4.1 which implies the fact that the fixpoint

§(p) shares also property (8.5.3). If y is the solution of (8.5.6), then §(u)(t) = y(t, )
holds for all ¢t € I, which implies that y satisfies in the variable p uniformly in
t. With other words there exist constants A, > 0 and an index [y € A = Nyg such
that for all j € N and (¢, ) € It x V we have

(ﬁ(l’o)(y, u)) = (idm,o —a(l’o)(yyu)>

<A M’1 8.5.11
L ErE n ( )

Hy(o’”(t u)‘
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8.5 Closedness under solving ODE’s

In the next step of the proof we have to estimate y(“9) for i > 1.
For the following computations we assume w.l.o.g. A > max{1,C} and n > max{1, 2h},
where C, h are the constants from ({8.5.7). Furthermore we put

M
Pl ::l'< il

7!

1/(i-1)
) forl € A=Nsg, 1 € N,i > 2.

For such [,7 we define the functions Gé,YZO : R — R for |s| small (the domain of s is

depending on [ and ) in the following way:

Gi(s) :=A-i<pﬁ-n~8>j=A~(1—pi--77~8)_1
=0

<

Vigls)i= A (14 s> @0henes) ) = A (s (1=plog-s) 7 +1).
For k£ € N we obtain

(GO () =A@t (g G =1 G =k 1) @hn-5) ),
j=k

hence (GH®)(0) = A - k! -nF - (pl)* holds.
We introduce now the following ODE:

FWﬂuw—Gmwuw—A+w (8.5.12)

Y(0,0) =Yy (0),

where o will be regarded as a complex parameter.
The strategy of the proof will be to compare y, which is the solution of ({8.5.6)), with

the solution Y;l of (8.5.12)).

First we are going to solve (8.5.12): We set gl(0) := Yil,o(a) — A + o, then the solution
of (8.5.12)) is given by

1—((1—p}-n-dl(0))> —2-A-plon-t)'/?

pl-n

Yl(t,0) = +A—o.

We prove this by direct calculation: First we compute the initial value

yi(0.0) = L= (L= Pt 0i(0))

tA-o=gio) +A-0=Y(0)
N——~

2
Yilyo(0')7A+cr
Now we compute the derivative with respect to t:
) 2 A (1 em- (o2 —2-A-phop-t) V2
W (o) = ZA P (A—pi-m QZ( ) pin-t)
2-pi-m

A
V=8l dl(@)? —2-A4-p -t
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On the other hand we have
A A

GLYi(t,0)—A+o) = —

1—pl-n-(Yi(t,0) — A+ o) \/(1—195'W'QQ(U))Q—Q'A'Pé'ﬂ.t'

Claim:

dng € AV (t,p) € Ir xV: Hy(o’j)(t,,u)‘

< (9)(0) = () ©9(0,0)

bBak) (8.5.13)

holds for all k> 2 and j € N with 0 < j <k.

First we recall that implies by (8.2.1) (which was already mentioned for the
single weight sequence case in [42] and see (ii), (i77) in for more details) the

following inequality:

M 1/(-1) M 1/(k—1)
VZEAEIneAHH21:< J*) gH.< ’H> for 2<j<k.

J! k!
(8.5.14)
Recall: Since we have A = N+, for given | € A we can take n = H = n := max{n, H}
on the right hand side in [(M {ai})|7 moreover clearly p't > p* holds for i1 > l. So we
can replace in (8.5.14)) on the right hand side n and H by n := max{H,n} and write
in the following again n instead of n. Hence for 2 < j < k we get

l
M]—l

LM\ D/ . ‘ »
jg*S”J ( 2l > = () =) - k) (8.5.15)

Obviously (8.5.15)) is still valid for all £ > 2 and j € Nsg, because for j = 1 in this
case we have 1 = M} < (p?)? = 1. By assumption we have M} > 2 < mb > 1 for each

I € A and so we get by (8.5.14)) for k > 2:

Ml M 1/(k—-1)
We summarize:
M, . .
VieATneNsg: —=b < Y- ) < (R for2<j<k (85.17)
. (85.16)

Moreover (8.5.17)) is still satisfied for all £ > 2 and j € N, because if j = 0, then nothing
is to show and if j = 1, this is exactly (8.5.16]).

By assumption we have A > C and n > 2h, thus by (8.5.17)):

VieAIneNyg: C(2h)Y M _y < And-(pp) 5! = (G (0) for 0<j <k, k>2.
(8.5.18)
For j € N consider (Yklyo)(j)(s) and we get:

Yr)D0) = A jln? - (pp)y =

> A Ml for 1<j<kk>2
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where the indices [,n € A are related via (8.5.14)). Let [:= max{l, [}, then this implies
finally: 3n; € AV (t,pu) € It x V

O]y S A M= OO - 07900, @529
’

for 1 < j <k, k > 2. Note that for the index Iy, which is coming from (8.5.11f), we

have Mt < M! and [ and ny are related via (8.5.14)) resp. (8.5.17) above. ({8.5.19)
is still valid for j = 0 because in this case we have [|y(t, u)| g, < A- - M, =A=

Y,"5(0) =Y.' (0,0) (for arbitrary n; € A and k € N, k > 2), which proves the claim.
Claim: 3ny € AV (t,u) € It x V

Hy("’j) (t, u)‘ <

< (V) (7,0)|rgo fori+j <kk>2,  (85.20)

LH3(R,E4;E3)
and nq is the index arising in (8.5.19)).

To prove this claim first we have to recall some definitions and notations from Ya-
manaka, we refer to section 5 in [42] for more details and complete proofs. Let E and
F' be real Banach spaces, U C E open and g : E D U — F be infinitely differentiable.
Furthermore let V' C R be open and a point b € V be given and let G: R 2DV — R be
a smooth function. Then we write

< GD(b) forallz € U,qg e Nwith0 < ¢ < p.

g << G = Hg(q)(a})‘ Lo <

(U,p,b)

We write

§<Gielg << G
(vavb) (va_lvb)

which is clearly a weaker condition than[g << G| An easy consequence of the Faa-di-
(U,p,b)
Bruno-Formula (8.4.2)) is the following result, see [42, Lemma 5.1.]:

Let Fq, Es and E3 be three real Banach-spaces, Uy C FE; and Us C FEy open and
f:Eys DUy — FEs, g: E1 DU — Uy be two infinitely differentiable mappings. Let
Vi,Vo C R open and F' : Vo — R, G : Vi — V5 be two smooth mappings such that

f << Fland |g < G| holds for a point a € V; with V5 3 b = G(a). Then we obtain

(Uz,p,b) (Ulvpva)

fog<kKK Fo
(U1,p,a@)

Let Ey,...,E, and F be real Banach-spaces, put £ := E; X --- X E, and consider
an open set U C E. Let g : E D U — F be an infinitely differentiable function and
V C R™. Now fix a point a := (ay,...,a,) € V and consider a smooth mapping
G:R" DV —R. Take a = (a1,...,a0),0 = (b1,...,0,) € N, then we write

<<, G = ||gP¥(x <GP forall B,8; <y, 1 <i<n,z e,
I (U,a,a) Hg ( >HLﬂ(E;F) = ( ) B, B < <3<

where LP(E;F) = LPv-fn(Ey,... By F) =2 @ LP(E; F). The letter ¢ in the

definition is standing of course for componentwise. Similarly we write

< G(ﬂ)(a) for all # € N"\{0},6; <y, 1 <i<n,zel.

g <G = Hg(ﬂ)(x)H

(U,o,a) LA(E;F)
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With this notation we can formulate the following result (see [42, Lemma 5.4.]):

Let Ey,...,FE,, F and G be real Banach-spaces. Set F := FE; x --- x FE, and let
Uy C E and Uy C F be two open sets. Let hy : Uj — Uy and hs : Us — G be infinitely
differentiable functions and V3 C R™, V5 C R be two open subsets. Furthermore let
Hy :R" D V; — V, and Hy : Vo — R be two smooth functions and a = (ay,...,a,) €
V1 a point such that b = Hj(a) holds. We assume that for a € N” the following holds:

ho << Holand |hy <. Hi| Then we get:
(U27|a‘7b) (Ulzaaa)

hz o hl <<<<c H2 o H1
(Ur,a,a)

We prove now the claim and first recall that y is a local solution of , hence
smooth by the classical existence theorem for ODE’s and note that implies
fori =0and j < k, kK > 2. In the following let k € N, &k > 2. Suppose now
that aq1,a9 € N are given with a1 < k and a1 + ag = k and that is valid for
all (i,7) € N? with 0 <i < a; and 0 < j < ag. Put in the following a := (ay, a2) and
FEs := E3 x E4. Hence g can be viewed as a Fréchet-infinitely differentiable function
from U x V' C Ej into the space E3. Let z € U x V, z := (y, i), then we denote by g
the p-th Fréchet-derivative of g with respect to the variable z, and we get (polarization
formula)

e

< 2% sup Hg(i’j)(y,u)‘

Lk(Es;E3) — itj=k L4i(E3,E4;E3)

Hence for 0 < j <k and z € U x V we estimate

H gu)(z)‘

< 29.C. K. .M .<2%.0.KW.M ., < (GO
Li(Es;Es) = ¢ j—1 = c -1 = (Gk ) (0)7
(8.5.7)

8.5.18)

where [ and n; are related again via (8.5.14]) resp. . In our introduced notation
this means nothing else but |g << G}'} Now put z(t, u) := (y(t, ), p) and Zi(7,0) =
(UxV,k,0)
Y/(r,0) — A+ 0. Because y(t,u) € Bp, r holds for all t € I+ and p € V, one has
z:Ip xV — U x V, and by componentwise differentiation we see

o)

If i +j > 0, then (Z0)%9)(1,0) = (YH@)(1,0) + o). If 0 < i < g and 0 < j < as,
then (8.5.20)) holds, hence for (i,5) € N2 suchthat 0 <i < a1,0<j<asandi+j >0
we obtain:

Hz(l}j)(t’ M)‘

)

—

< Hy(i’j)(t,u)’

‘ M(m)‘

Livi (R, Ey; B3, Fa Lid(R,E4;Es) ‘

L4I(R,Eq;E3) Eq4

< (Z,’C”)(i’j)(T, 0)|r=o=0 for (t,u) € It x V.

L3 (R,Ey;E3,Ey)

By using again the introduced notation this means exactly [z <. Z;;'} and because we

I xV,0,0)
have already shown g << G."| we get by [42, Lemma 5.4.]: [go z <<, G} 0 Z,'} i.e.
(UxV,k,0) (ITxV,a,0)
(4,9) — lgtyi LI (™ n _
[0, oy = N0 1) s ) < RO OV (7, 0) = A0 =m0
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for (i,j) € N? with 0 < i < o and 0 < j < ap. We remark: y is a solution of
and Y;"' of , so it follows that (8.5.20) holds now for 0 < ¢ < ay + 1 and
0 < j < ag. Thus we have shown that holds for (i,j) € N2 with i 4+ 7 <k and
arbitrary k € N, k > 2.

In the next step of the proof let [ € A be arbitrary but fixed and we are going to
estimate (Y})()(7,0)|,—s—o for i > 1. For this we start to estimate (¥;")“%) (7, 0)|,—
for 1 > 1:

(YOO (7, 0) =0 = —(pln) " (—24pfm)'27 (27 = 1) -+ (271 — i+ 1)(1 — plnel (o) %
= (=)™ (k)M (2A) (=1) (=271 - (i = 1= 271 = pnek (o))

. T(i—271)
_ | i—1 7
= (m)' - (24) Tonl2

(1 — phnol (o)) ~%,

where I'(z) := fooo et t*1dt denotes the Gamma-function. So the last equality holds
because

ri—2Y=@G-1-27Y1rGi-1-27Y=-..=@—-1-27Y... (=271 . (27

and 7¥/2 =T(2 ) =D(-2"' +1) = =271 . T(-271), thus I'(-=271) = —2- 71/2.
Hence we have shown:
; TE—271

o (L= pimdi(0)' ™ (8.5.21)

(V)OO (7,0)|r=0 = (i)' ~" - (24)
foralli e N, ¢ > 1.

We study now the expression (1 —pf,c -n-gfk(a))k%, which appears in (8.5.21)), for 7 € N,
i > 1, in detail. First we see that

L=pi-n-0p(0) =1=pf -1 (Yiglo) = A+ o)
=1-pp-n (A n-o-(1-pp-n-0) ' +4)—A+o)
=l—pp-n-o—A-p-n*o-(1-p,-n-o0)"
So for o € C with |o| small enough we can estimate as follows:
L =pk 0o (@) = 1=pin-lol = A-pin®-Jof - (1= pj-n-|o) 7!
> 1=A-ppn’ ol = A-pp-n’-lof- (1= A pi-n?-|o]) ™

~~
An>1

=1—A-pp-i’-lol =L —A-pl-n’ o)~ + 1.

Now we want to find a sufficient condition for o such that

1= pj,-n-0i(0)] > (8.5.22)

N =

is satisfied. For this we set x := 1 — A - p{ - ? - |o], then by the above calculation
|1—pL-n-ok(c)] >z —2"1+1 holds. Because z —x~14+1>1/2 =222 +2-2> 0 we
are interested in solving the quadratic equation 22? + 2 — 2 = 0. We get the solutions
T1o = %‘/ﬁ, so for x > —1%@ inequality is satisfied. We can take now
z > 2, which means 1 — A-pl -n?-|o| >4/5 < |o| < (5-A-pl, - n*)~L.
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8 Characterization of stability properties for the classes Enq

Now take o € C such that |o] < (5- A - p}, -5?)~* holds and put

wiki:C—=C, wyilo):=(1 —pﬁc e gﬁc(o’))l_%. (8.5.23)
Claim: ‘ } A
VjeN: )wl(f,g’im)‘ <l (2% (8- A pl - n?). (8.5.24)

By (8.5.22) we get |wiki(0)] < 227! and we can use Cauchy’s integral formula to
estimate wl(]k) ;, at the point 0 for j € N in the following way:

@) (o <L‘ . o714
Wz,k,z'( )| < 9 |wi k()] - o] o
Q {o€C:|o|=r}

<@ < gt (227N (8- A Y,
where we have set the radius r := (5- A - pl -n?)~L.

Furthermore for j € N we have 0 < wl(jg ;(0) which holds by it’s Maclaurin series

ezpansion as pointed out in [42].
Claim:
(V) 7(0,0) < 272 7712 (840" ™ - (i 4 )L+ () 7! (8.5.25)

holds for ¢ € N, ¢ > 1. For this we estimate as follows:

. A I'(i — 2’1)
INCR)) _ I Ni—1 (4)
0< ()E(0,0) = (pha)' - 24) - =L wff) (0)
- T(i—27Y) oy .

< [ i—1 i 2i=1 5y, 1, 2\j

< (pen )™ - (24) o1 2 3t (8Apyn”)
(18.5.24)) Spinz
< 930+ =2 =1/2  gi+i . P(; — 2=1) il . (php2)iti—1
<2 T AT D(i=277) 5t (pm”)

=8i+7.2—2

<il=T'(i+1)
<272 772 (8AR?) T (i 4 ) - (ph)T T

which proves (8.5.25). The last inequality in the previous calculation holds because
1 > 1 and we have used 1 < (Zj—]],)' = (ZJ]”), which holds for all 7,5 € N.

With this estimate we can finish the proof: Let £ > 2 and put ¢« + 7 = k in (8.5.25]),
then we obtain

(VO (7,0)lrmgm0 < 272712 (BAR")F - K- (p))F ! < 272 712 (8ANPDF - MY,
(8.5.26)

Ml
For the last equality recall that by definition we have (pfk)k_l =[k-1 —- We use now

this estimate precisely for the index n; coming from (8.5.20)) (instead'of [ arbitrary),
hence for i +j =k, i > 1, we obtain for all (¢,u) € Iy x V:

(i:9) (4 ‘ < (yryig) o
Hy (t: 1) L3 (R, Ea;E3) S~ T O)lr=o0
< 27277 V2 L (8AnPny )t M.
(18.5.26))
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8.5 Closedness under solving ODE’s

But since k € N, k > 2, is arbitrary and we have already shown (8.5.11]) (recall:

I := max{l,/;} and [ and n; were related via (8.5.14) resp. (8.5.17)) we have shown
(8.5.8)) and are done. Note that the case i = 1, j = 0 is satisfied by assumptions (8.5.6))

and (8:5.7).

The Beurling-case:

(2)(a) For this we change the proof of the above Roumieu-case a little bit. First note
that by we have 5( M) = 5( Mdy- Then for E; and FE5 real Banach-spaces we
consider an infinitely differentiable function f: F1 x R x Ey 2 W — FEj such that for
all h > 0 and [ € A there exists a constant Cjj > 0 with

1P @yt M| ik (i sizy) < Ot TR MYy (8:5.27)
for all (7,5, k) € N3 and (z,¢,\) € W. Then consider again the ODE

' (t) = f(a(t),t, ) (8.5.28)
2(0) = zo, 70 € Ey -

and, as in the above Roumieu-case, we simplify it to
(t) = g(y(t

where y : R — E; X R =: Ej3 is the unknown function and y € Fs X F; =: Ey is a
parameter. If f satisfies (8.5.27)) with respect to (z,t, \), then g satisfies (8.5.27)) with
respect to (y, p).

Consider now the initial value problem , let F3 and E4 be real Banach-spaces,
U again a ball of radius R centered at 0 € F3 and let V be an open set of Ey. Let
g:EsxEyDUxXxV — Es, (y,u) — g(y,p), be an infinitely differentiable function
with the following property: For all I € A and h > 0 there exists a constant Cjj, such
that for all (i, ) € N? and (y,u) € U x V we have the estimate

Hgm (v, u)‘

Lii(Es,Eq;Es) < Cup - W™ Mgy (8.5.30)
Note that is much stronger than above and we consider in (8.5.30)) now
the choice | = h = 1 and put C := C7;. For this case we use the arguments of the
Roumieu-case. First the function y — g(y, ) is bounded in the norm || - ||g, by the
constant C' and it is Lipschitz-continuous on U with respect to y and uniformly for
pe V. If|t| < £, then g(y, pn) € U and so for each pn € V and t € R with [t| < £ the
classical existence theorem for ODE’s implies the local existence of a unique solution
y where y : R x By — Es3, (t,u) — y(t, p), is defined for |¢| < g and p € V. It’s well
known that y is infinitely differentiable in (¢, u), thus we have to show in this case:
For all indices n € A and numbers { > 0 there exist a constant B,, ¢ > 0 such that for
all (t,pu) € It xV =[-T,T] x V (T > 0 small dep. on f) the estimate

“y(i’j)(t, u)‘

< Bue - &M ML 8.5.31
Lui(R By Ey) — ¢ S ( )

is satisfied for all (i,j) € N2, Again first we estimate y(©9) j € N arbitrary.
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8 Characterization of stability properties for the classes Enq

Let I be a compact interval such that 0 € I, let (y, u,t) € C(I,U) x V x I and recall
the following integral

oy p)(t) = /O o(y(r), w)dr

to obtain a function o : C(I,U) xV — C(I, E3). Let T € R be given with 0 < T' < % =

% and put I := [T, T]. In the next step we apply again Banach’s fix point theorem

to the mapping «. One shows as in the Roumieu-case that « : C(Ir,Bg,r) X V —
C(Ir,Bgy.r) resp. o : C(Ip,U) x V. — C(I7,U), o is a contraction map. So we can
apply Banach’s fiz point theorem and finally for all [ € A and A > 0 we find a constant
Cy.n > 0 such that for all (i, j) € N* we obtain

(i.9) ‘ < T.Cyb R ML
Ha (y, 1) Livf(Eg,E4;E3)} = Lh itj—1

(8.5.30)

< T- sup {Hg(i’j)(a,b)‘
L0 aclU,beV

So we can show that the solution y of (8.5.29)) satisfies (8.5.27) in the variable p
uniformly in ¢, i.e. for all I € A and h > 0 there exist a constants A;; > 0 such that
for all j € N and (¢, ) € It x V we have (analogously to (8.5.11)) above):

Hy(o’j) (t,u)‘ < Ay h M (8.5.32)

Li(Eg;E3) —

In the next step of the proof we have to estimate y(“9) for i > 1.

First we recall that implies by (8.2.1)) the following inequality:

1 /M7 N\ V6D M 1/(k—1)
Vl€A3n€A3H>1:-< Jl) << kl) for 2<j<k.

H k!
(8.5.33)
Recall: Since we have A = R+, for given [ € A we can replace n and % in by
n := min{n, %} (hence n < n and n < % s H < %) We write again n instead of 7
and put for such related indices [ and n (recall A = R+g)

!
P = L (M.i_l

n 7!

1/(i—1)
> forl € Ryg, i € N,z > 2.

Hence for 2 < j < k we get

i—1)/(k—1
M]n,1 1 ‘ M]lq_l (G-1)/( )
j! ni—1 k!

= (P =) - () (8.5.34)
Obviously (8.5.34)) is still valid for all £ > 2 and j € N5, because for 7 = 1 in this

case we have 1 = M} < (pl)? = 1. By assumption we have M3 > 2 < mj > 1 for each
n € A and so we get by (8.5.33) for k£ > 2:

1/(k—1)
1<M§<l My = p 8.5.35

We summarize:

M . .
VieAIneA: ;-'_1 < L)Y < (L) for2<j<k.  (8.5.36)
(8:5.35)
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8.5 Closedness under solving ODE’s

Moreover (|8.5.36)) is still satisfied for all kK > 2 and j € N, because if 7 = 0, then nothing
is to show and if j = 1, this is exactly (8.5.35]).

In the following computations let [ € A be arbitrary (small) but fixed and A = 1 and
let the indices n and [ be related by . Take now n > 2 = 2h and A,, >
max{1,C,, 1}, where Cy 1 is the constant related to n and h = 1 via resp.
and A,, ; is the constant appearing in for given n > 0 and n € A (both

small).

For [ € A and i € N, i > 2 we define again the functions G, Y], : R — R for |s| small

22 71,0
(the domain of s is depending on [ and 7) in the following way:

Gl(s) = Ang- > (phom-s) = Auy- (L= ph - 9)7!
7=0
Vig(s) i= A (1452 D0k -0+ ) = Apy- (-5 (L= plon- )7 +1).
7=0

So for k € N we obtain again (G})(®)(0) = A,,, - k! - n* - (p})* and recall the ODE

{(Yf)'(ta 0) = GLY(t,0) — Apy + 0) (8.5.37)

Yil((),a) :Yil,o(g)v

1/2
. . 1—((1—pt-n-ot 2_9. Ay poplont
with solution Yil(t, o) = (( = Ql(a);;.n R )
garded as a complex parameter. '

Claim:

+ A,y — o and o will be re-

VIEAY (L)€ Irx Vi [yt )| < (Y )D(0) = (¥)©(0,0)

bBak) (8.5.38)

holds for all k> 2 and 7 € N with 0 < j < k.
By assumption we have A, , > C, 1 and n > 2, thus by (£8.5.30]):

VieAIneA: Cpr 2 MMy < Apyn? - (p}) 5! = (G)P(0) for 0<j <k, k>2.
(8.5.39)
For j € N consider (Y,io)(j)(s) and we get:

(Vi) D(0) = Angy - g1’ - ()71 > Angf - Mjy for 1<5 <k k22
[5.34)
where the indices [, n € A are related via (8.5.33]). This finally implies: V1 € AV (¢, ) €

ITXV:

Hy(o’j)(t, u)‘

< Apg oM< (Y )D(0) = (V)0 5.4
(B o My < (Y)Y (0) = (Y5)™77(0,0), (8.5.40)
(E5-32)

for 1 < j <k, k> 2. Note that the indices [ and n are related via above inequalities

(18.5.33)) resp. (8.5.36)). But (8.5.40) is still valid for j = 0 because in this case we have
ly(t, )l g, < Apyn®- ML, = A, = Y,{fﬁo(O) = Y}(0,0) (for arbitrary [ € A and k € N,

k > 2), which proves the claim.
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8 Characterization of stability properties for the classes Enq

Claim: Y1 € AV (t,u) € I x V :

vt )| < (V)0 (r,0)[rmpmo fori+j <k k>2.  (3541)

L4i(R,Eq;E3)

To prove this claim we use again the definitions and notations from Yamanaka [42], [42,
Lemma 5.1.], [42, Lemma 5.4.] and the induction argument as for the Roumieu-case.
First, or 0 < j <k and z € U x V we have

Hg(j)(z)‘ 97 . Ch1 - Mf_1

<
N~~~

le. |g KL G% for each [ € A. Then we show |z <, Z,lC for each [ € A, and because
(UxV,k,0) (I xV,a,0)
we have already shown g << G| we get by [42, Lemma 5.4.] |g o z << G}, o Z;| for
(UxV,k,0) (Ir % V,a,0)
each [ € A. Thus we have shown that (8.5.41)) holds for (4, j) € N* with i + j < k and
arbitrary k € N, k > 2.

Li(Es;E3)

In the following we write A := A,,,, then we obtain as in the Roumieu-case
r(—271)
27r1/2

for all € N, ¢ > 1. Since A,n > 1 we also get

Vi) O (r,0)lr=0 = ()" - (24)" - (1= phna ()% (8.5.42)

1
L=k n-gi(o)l > 5 (8.5.43)
for |o| < (5-A-pl -n*)~L. For such o € C we introduce again
wigi:C—C, wpilo):=0—p,-n-o(0) % (8.5.44)
and so ‘ ' '
VjeN: )wl(?,ii(O)‘ <l (2571 (8- A pl . n?). (8.5.45)
Using this we finally obtain
(V) (0,0) <272 72 (8A9)™ - (i + )1 - () (8.5.46)

forie N, i>1.
With this estimate we can finish the proof: Let k¥ > 2 and put i + 7 = k in (8.5.46)),
then we obtain

] L, . 8An2\ "
(YD D (7,0 | < 2727 V2 (8AN2YF K- (pl)F L = 27 2.7 1/2.n.<77> M.

n
(8.5.47)
l
For the last equality above recall that by definition we have (p} )1 = (%)k_1 . M,’;( L

Thus for [ arbitrary we obtain for all (¢, ) € It x V (where we put i +j =k, i > 1):

Hy“’” W)! (V) (7,0) | r=a=0

L4 (R,E4;E3)

n (3

¢ I
; <I/\ E<I/\

I3
v
=~
=

SA 2\ +J
02 12 (’7> ML,
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8.5 Closedness under solving ODE’s

But since k € N, k > 2, is arbitrary and we have already shown ([8.5.32]) and finally the
case i = 1, j = 0 is satisfied by assumptions [8.5.29| and [8.5.30| we have ({8.5.31)) and are
done.

More precisely we have shown that the solution y belongs to the intersection of all
Roumieu-classes Eypy. But by our additional assumption m on the weight
matrix M we can use in below, i.e. the Beurling space &) can also be
written as intersection of the Roumieu-classes ¢y

(2)(b) We use the same proof and trick as in [I9] to reduce the Beurling- to the Roumieu-
case. Therefore we have to use Lemma below which is a little variation (resp.
generalization) of [I7, Lemma 6].

First, by assumption on M, we have limknoo(mk)l/k +o00, my, k' , and@hence
Eary = Eey holds with M? = (Mj41)x. As pointed out before in (4), (i42) in
condition for M? translates into for M. Assume now that the right hand
side f in satisfies the Beurling-type estimates for the class &7). We put now
Ap = max{sup{“f (@) (g, ¢, M pabe( rEBym) (@ 6A) €EWE: a+b+c =k} (see
(8.5.2))), hence by definition A@ M follows. Then, by applying [8.5.2) we can ﬁnd now
a sequence N with A < N@M and N has propertym too. So fin satisfies
the Roumieu-type estimates for the class £y and we can use the Rournleu—case (1)
of to conclude that the solution = of (8.5.1)) satisfies the estimates for the class
&N}, too. Finally N@M tells us that = belongs to the class &), too. O

Lemma 8.5.2. Let L be an arbitrary sequence of positive real numbers and let M be a
an arbitrary sequence of positive real numbers weight with additionally limk_,oo(mk)l/k =

400, where my, := % Assume now that ZEM holds. Then there exists a sequence

N with L < M and limy_ o (ng)/* = 400, where ny, := % If M satisfies in
addition property|(aif )| resp. [(ai), then N has[(aig )| resp. [(ai)], too.

Proof. We start as in [I7, Lemma 6] and we introduce a sequence L = (L),
defined by L, := infy~o{C} - kP - M, }, where C}, > 0 is the least real number coming
from relation ]_@ M. By definition we get L < T,El M. Since the infimum is attained

at some h > 0 we obtain )
<J\4—p> < Mp_l Mp“l‘l
N Lp—l Lp+1

Ly

i.e. the sequence (Mp> is log. convex. Now put
p>0

b

M Y =1)

Cp = <Lp> for p > 2,
P

1/
then by [8.5.3| we see that ¢, < (%4—11) " cp+1 holds for p > 2. Since EH M we also
get limy, oo ¢, = +00. We define the sequence N = (Np)p>0 by

1/(p—1) 1/(g—1)
<N|p> = (np)"/P™Y := max {(mp>1/ Cr=1) max {(mQ) 12<q< p} }
p:

Cq

for p > 2 and ng = Ny := Lg, n1 = N1 := L1. Then, by definition we immediately get
M L -
c p Pl == Mp ﬁz; == L
for all p > 2, moreover Ny = Lg and N1 = Ly by deﬁnltlon hence L < N follows.

(for the case ¢ = p in the second maximum) n, >
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8 Characterization of stability properties for the classes Enq

Next we are going to show N[<|M: For p > 2 we get

& 1/(p—1)_ ny 1/(p—1)
M, a mp

B 1 1 (mq)l/(q—l) ey <
T () Ve N ey T, TS ISP

since (m,)/P — oo we also have (m,)Y/®~1) — oo for p — oo and because also
limp_. ¢, = +00 we get that for each € > 0 (small) there exists a natural number ¢,
such that lq < ¢ for all ¢ > g.. Thus we get

C

1/(p-1) 1/(g—1)
np) < max ! C-¢ ! (mq) :2<¢g< <
—-= < ——— C ¢, . 12<q¢<qp<C-¢
<mp (my,) 1/ (2(p—1)) (my) Y/ (P—1) Cq ‘
for p € N sufficiently large enough. C'is precisely the constant coming from since
%gCholdsforQngp.
Mp

Finally we have: By definition (n,)"/®=1 > \/(m,)1/®=1) — 0o for p — oo, so also

(np)Y/P — oo for p — oo and property for n = (ny), follows with constant v/C,
whenever we have this property for m = (m,), with constant C. More precisely we

can use R.5.4] below.

m We proceed as before and consider again the sequence L = (L), defined by

Ly :=infy,50{C}, - h? - M}, where C}, > 0 is the least real number coming from L@ M.

Then put
M.\ /P
Cp = (p) forp > 1,
Ly

. 1/(p+1)
and so (see e.g. [38, Lemma 2.0.4]) we have ¢, < (%?)

TE| M we immediately get lim, ..o ¢, = +00. We define the sequence N = (Np)p>0

by
1/p 1/q
(Np) = (np)l/p != max {(m;D)l/(Qp)amaX {(mq) tl<gx p}}

-cp41 for all p > 1. Since

p! Cq

for p > 1 and ng = Ny := Lg. Then L < N follows as in the previous case by definition.
Relation N[<| M follows by

Np e p ) e 1 1 (mq)l/q
_p — ( =2 — - . 1 <g<
(M) <m P e P e,

and since (m,)'/? — oo for p — 00, limy_, ¢, = +00. For each ¢ > 0 (small) there
exists a natural number ¢, such that é < ¢ for all ¢ > ¢. and so

1/p 1/q
(”p> < max L ,C e, L -(mq) 1<q¢<qgp<C-¢
mp (mp)l/@p) (mp)l/p Cq

for p € N sufficiently large enough. C' is precisely the constant coming from for m,
/
(m) /% & holds for 1 < ¢ < p.

(mp)l/p

since
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8.5 Closedness under solving ODE’s

By definition we have (n,)/? > y/(m,)/? — oo for p — oo and property |(ai)| for
n = (np), follows with constant v/C, whenever we have this property for m = (m,),
with constant C. More precisely we can use again below. ]

Lemma 8.5.3. Let M € R§0 be a sequence of positive real numbers and assume that
M is log. convex. Then for k > 2 we get (M)"/ =1 < (My - My )%, e if My =1
holds then the sequence ((Mk)l/(k_l))k>2 is increasing.

Proof. We prove analogously as in [38, Lemma 2.0.4]: We want to show log(M;) +
log(My41) > k—fl - log(My) for all k > 2, use induction on k. For k = 2 we need
log(My) + log(M3) > 2 -log(Ms), whereas log. convexity implies also 2 - log(Ms) <
log(My) + log(Ms).

k— k+1: Log. convexity and I.H. imply 2 - log(M}) < log(Mp41) + log(My—1) <

log(MkH)+%-1og(Mk)+log(M1), hence log(Mj1)+log(My) > log(Mk)-(2 — %) =
% -log(My).

O

Lemma 8.5.4. Let M', M? € ]R§O be given and assume that both sequences have m
resp. |(alg)| with constants Cy,Ca. Then both sequences Ni = (Ni)i and L = (Lg)g
defined by Ny := max{M}, M?} resp. Ly := min{M}, M?} have property resp.
with constant C = max{C1, Ca}, too.

Proof. We put ny := max{mj,m3} resp. Iy := min{m, m3} for ny := % resp. for
m}%, i = 1,2 and we treat condition

So consider j,k € N with 1 < j < k and we obtain (n;)'/7 = max{(m})l/j, (m?)l/j}.
Assume e.g. that (n;)'/7 = (mjl)l/j holds, then (mjl-)l/j < C1-(mp)Y* and so (nj)'7 =
(mjl-)l/j < Cp-(mp)VE < max{Cy-(m})/*, C - (m2)/*} = Cy - (ny)"/*. The analogous
estimate holds if (n;)'/7 = (m?)l/j with the constant Cy and so N satisfies with
constant C' = max{C, Ca}.

Let 1 < j <k, j,k € N, be given and by definition we get (I)"/* = min{(m})/*, (m?)1/*}.
Now we argue as follows:

Assume that (1;)1/7 = (m})l/j, then byand definition we get (m})l/j < Cy-(mp)V/*
and (m;)l/j < (m?)l/j < Oy - (m?)Y/*. This implies (1;)1/7 < C'- (mi)Y/* for i = 1,2
with again C' = max{C1, Co} and so (1;)'/7 < C - min{(m})V/*, (m2)V/*k} = C - (1) />
Of course the analogous argument holds if we assume that (1;)'/7 = (m?)l/ 7.

For property we prove analogously and consider j, k € N with 2 < j < k. ]

We close this section with the following remarks:

(i) To reduce the proof of the Beurling-case to the Roumieu-case for the single weight

. . » M,
sequence case Komatsu has assumed in [19] the following condition: ST =
mp P

— 00
mp—1

mTZ: — 00 for p — oo, which is needed to apply [I7, Lemma 6]. But
for p — oo implies limy, ., (m,)"/P = 400 (see also remark on page 7 above 2.13.
Lemma in [35]): There exists kg € N with my, > 1 (e.g. m; = 1), and so for
arbitrary large C' > 0 there exists k1 € N with k1 > kg and mg > C - my_; for
all k > k1. Hence, by iteration and after applying k-th root we get (mk)l/k >
(mko)l/k . C1=k/ko > /2 where the last inequality holds for k > 2 - k;. This

shows that our assumption is weaker than Komatsu’s one.
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8 Characterization of stability properties for the classes Enq

(ii) Butife.g. k— (my)'/* is increasing, then also the converse implication holds and
both assumptions are equivalent: We get (mpgy1)Y D) > (mp)V/*F = my .y >
(my)*F+D/E =y (my,)'/%. Hence TRl > (my)/*F — oo for k — oo.

120



8.6 Final characterizing theorem

8.6 Final characterizing theorem

Now we are able to combine all these results of the previous sections to obtain the final
characterizing theorem where the classes ) are considered for functions between
finite dimensional real Banach spaces.

Theorem 8.6.1. (a) The Beurling-case: Let M be a|(Msg.)| weight matriz with A =

R0 and assume conditions|(My)| and|(Mqc))} then the following are equivalent:

(1) &y is closed under composition.
(2) &y is holomorphically closed.
(3) Pmperty holds.

(4) Property holds.

If we assume instead the stronger condition then (1) — (4) are

equivalent to

(5) Emy is closed under inversion.
(6) The Eamq)-inverse function theorem is valid.
(7) The Eamy-implicit function theorem is valid.

If the matriz is constant, i.e. M = {M}, then all conditions (1) — (8) above are
equivalent to

(8) &y is closed under solving ODE’s.

For non-constant matrices we have to assume in addition property (which
is only needed for (3) = (8)), and then all eight conditions are equivalent.

(b) The Roumieu-case: Let M be a|(Msc)| weight matriz with A = Nsg and conditions

[(Mycey ), [(Myacy )b then the following are equivalent:

1) Emy is closed under composition.

2) &ay is holomorphically resp. analytically closed.

(

(2)

(3) Property holds.

(4) Property holds.

(5) Eqaay is closed under inversion.
(6)

(7)

(8)

The Epqy-inverse function theorem holds.
The Epy-tmplicit function theorem holds.
Eramy s closed under solving ODE’s.

Proof. Beurling-case:
Conditions (1) — (4) are equivalent by

(3) =
(6) =

6) Holds by the second part of [8.4.1f here condition |(M )| is used.
(6) y P c
(7) Holds, as remarked in by applying the &£ uq)-inverse function theorem

to the inverse of the mapping (z,y) — (z, f(x,y)).

(7) =

(5) Let f € &gy with f(x) # 0 for all z and consider the implicit equation

f- g—f ;=1

(5) =

holds by [8.3.6] -
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8 Characterization of stability properties for the classes Enq

8) = (5) If & is closed under solving ODE’s, then (5) holds by [8.3.4
(M)
(3) = (8) For the constant weight matrix case M = {M} we have to use and

(2)(b) in for the non-constant case we use part (2)(a) of

Roumaieu-case:

(1) — (5) are equivalent by

(3) = (6) holds by the first part of

6) = (7) holds, as remarked in [8.4.1 by applying the & 1 -inverse function theorem
{M}

o the inverse of the mapping (z,y) — (z, f(x,y)).
(7) = (5) Let f € &gy with f(x) # 0 for all z and consider the implicit equation
frg=f =1L
(8) holds by (1) in[8.5.1]
(5) holds by resp. one can also use to show (8) = (3). O

Final tmportant remarks:

(i) To guarantee all stability properties in the literature often strong log. convexity
(slc)|is assumed. We summarize: proves that strong log. convexity implies
(with H = 1), e.g. [38, Lemma 2.0.4] proves that strong log. convexity
implies (with C' = 1) and finally e.g. in [21I] 2.9. Lemmal it was shown that

implies |(FdB). So strong log. convexity is the strongest condition and is
easy to check, but note:

(74) In |35, 3.3.-3.6.] we have shown by constructing an explicit counterexample M

that |(slc)| is really stronger than |(FdB)| more precisely there is no strong log.
convex weight sequence N with & = &Ny

(iii) As pointed out at the end in [35, 3.6. Example| we have limy_o(mz)* = 400
and so by [35, 2.15. Theorem| we have &y = . Since the constructed
weight M satisfies also [(dc)| finally we can apply [35] 3.2. Theorem| to conclude
that the sequence [M | has both |(FdB)| and |(ai)| but nevertheless we cannot find

any strong log. convex N with &y = 8.

(iv) is as a convexity condition NOT stable w.r.t. relation || but as pointed out

in remark the characterizing conditions [[FdB)| and [(ai)| used in and
also are stable w.r.t. this relation.
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8.7 The case if M is obtained by a weight function w

In this section we study the situation where the weight matrix M is obtained by a
weight function w by M := {M'!: 1> 0} with MJZ = exp(7 - ¢5(l - j)) and put
again mé = %ﬂl

In this "special” case we can show more equivalences in the final theorem [8.6.1] above.
First recall that each w € )V generates by a weight matrix M, in fact
properties |(wp)| and |(w3)| for w are sufficient.

By (1) in @ and it follows, that a sub-additive weight w E!E generates a
weight matrix M, which has both conditions [(Mgqgy )| and (M gqp))} More precisely
we can prove:

Proposition 8.7.1. Let w W] be sub-additive, then we obtain the following inequality:
For each 1 >0 and all k,j > 1 with a1 +--- + o = k we get
l l l

J
mj - Mg, =My, < D k:

More precisely both conditions ((Myragy)| and |(Mas))| are satisfied for the choice
n = 21.

Alternatively we also obtain a Childress-type-inequality: For n > 1 and k; > 1 with
k=" ki andn=>",1i-k; we obtain for eachl>0

! N 1 \kn k !
my, - (mh)* - (mh)f < DF -m2.

Important remark: The proof of this proposition still works if we assume only and

for w, see also and

Proof. First, by the consequence of (5.1.2), we have mlal < Dy mffﬁl for 1 =

1,...,7 where we have put D; := M3 = exp(% . @Z(Ql)), hence mlw1 eml < Dlj .

mill_l e m2lj_ Since w is sub-additive, we can use ((3.8.1)) to obtain mgll ' milj_l <
mill today—j mlC e By applying once again we ﬁnally obtain
Lol l 2l 2l m2
mj-mal---ma]_SDj my_; - m; <DJ my, .
For the Childress-type-inequality we estimate analogously as follows:
l I\k 1 \kn 2l 2 Ykn = 2l pk 20\ k 20 \kn
mk‘(mﬂl“'(mn) <mi - (Dy-mily)* e (Dromyy)' = mi - Dy - (mig)* - (mpy)

21 2
LDf g -l Ly, < mi - DE-mil < Df-my

O

The next result is important for the characterization of the closedeness properties in
terms of a condition for w, see [10} 2.3. Proposition| for only non-quasi-analytic weights
w and also [35], 6.3. Theorem (2) = (3)]:

Lemma 8.7.2. Let w . W| be a weight function with iwli and [(wa) If En (R, C) s
holomorphically closed, then w satisfies in addition |( w]/ , i.e. there exists a sub-additive
weight o with a. | ~| o and o satisfies automatically all properties of w except|(wy)), see

9.8 4}

Proof. Of course the proof is inspired by [10, 2.3. Proposition| and generalizes this
version, so we can prove this statement also for quasi-analytic weights w. Assume by
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8 Characterization of stability properties for the classes Enq

contradiction that is not satisfied, then there exists an increasing sequence of
natural numbers (k) and an increasing sequence of positive real numbers (,,),, with

w(ky - tn) > n? .k, - w(tn) (8.7.1)

for all n € N. We introduce the sequence a = (an)n by a,, := exp(—n - w(t,)) and put
fu(x) :=an - exp(i-t, - z) for z € R. We get |fn ()| = ay, - t, for all j € N and so we
calculate as follows:

1 (@)] d

[follors = sup ——F————= = an - sup —3———
o remjen exp(7 @5(l)) T jen exp(i - (1)

= ap - exp (igg {j log(tn) — % : @Z(W}) = exp(—n - w(tn)) - exp (igg log (;Z))
= exp(-nwlta)) - expnn () < exp (= (n= 7 ) -w(e).

The last inequality holds because wyi(t) < 7 - w(t) = wi(t) for all t > 0 (see and
51.3).

Hence F := {fn : n € N} is a bounded set in £, (R, C) (even in £, (R, C)). Consider
the entire mappings g : z — 2¥, k € N, then G := {gr : k € N} is a bounded set in
E1w}(D,C), where we put D := {z € C : |z| < 1} and identify C = R?. This holds
because we have by that the first part of is valid. Moreover for r < 1 we
set D, := {z € C: |z| < r} and we choose h > 0 large enough such that r + < 1
holds. Then we obtain for arbitrary k£ € N:

(j)

0] (o= (1)
sup ———— <sup|  |Jr"7- =< (r+-) .
jeN,zep, M - ! i<k \J hi h

By assumption we have property hence by we get property |(My)| for the
associated weight matrix M. So the restrictions of holomorphic functions H are con-

tained in &y, which is assumed to be holomorphically closed. Hence we can restrict
the composition operator, which was introduced in 4.12. in [35], in the second factor
to the class H(C,C) of all entire functions. Then by the analogous proof of |35, 4.14.
Claim| we obtain that the set {f¥ : n,k € N} (composition of the set F with G) is
contained and bounded in &3 (R, C). Thus we can find a number [ > 0 such that

K60 kL (tk)
s DI
nkjeN exp(7 @5 (17)  nkjen exp(q - @5 (L))
t, - k)
= sup a” - exp [ suplog ( f:) = sup a® - exp(wy(ty - k))
n,keN jeN M; n,keN

1 1
> su afl-ex <wtn-k‘>:su ex <—n~k-wtn+-wtn-k>.
\"’mkepN Pl ( ) n,ké)N P (tn) 2 ( )

(*

N

(x) holds because 1 - w(t) = wy(t) < 2-wyp(t) for all t > 0 sufficiently large (see again

[[073 and F13)

But this estimate contradicts the above inequality (8.7.1)). O

Remark: Alternatively we can assume in that the class &,y is closed under

composition. In this case we can use [8.3.1] to conclude that property is
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8.7 The case if M is obtained by a weight function w

satisfied for the associated weight matrix M. Then one can use [35, 4.14. Claim]|
directly to obtain that the above set {fff : n,k € N} is contained and bounded in
Ewy (R, C) (see also [35, 6.3. Theorem (2) = (3)]).

In the next step we formulate and prove the same result for the Beurling-case:

Lemma 8.7.3. If w wz’th and assume that &,)(R,C) is holomorphically

closed, then w satisfies too (i.e. w is equivalent to a sub-additive weight function

o which satisfies automatically all properties of w except see :

This result was already mentioned in [I0, page 405|, for convenience of the reader we
are going to give the proof in detail:

Proof. Since by assumption now the Fréchet-Algebra &) (R, C) is holomorphically
closed, we can use [6l 4.1. Theorem (f) = (a)| and [30, Theorem 1| to obtain:
&) (R, C) is a locally m-conver algebra. Thus there exists an equivalent system of multi-
plicative seminorms (g ), on &£, (R, C) and we get: There exist constants C, B,a,k > 0
and n € N such that for all f € £,)(R,C) and for all m € N we obtain:

L™ o0 € C-aa(f™) < C-gn(f)™ < C-B™ - ||f]|

where the first and the third inequality hold by the equivalence of the semi-norm-
systems, the second inequality holds by the multiplicativity of the system (g,)n. We
apply this estimate now (as in [10, page 405] resp. [6, 4.1. Theorem (b) = (c)] to the
function fi(x) = exp(itz), hence ft(l) (z) = (it)! - exp(itz) = (it)" - f;(x) and similarly
we get (f)V(x) = (itm)! - exp(itmz). With this choice we obtain:

m
Wy[fa»a]:k ’

(tm)! |(fm) O (2)] m
SUp ——————~ = T e fmw_ <C-B™- fw—aa
P @) e e el @) 1 e 170
- ‘ft(l)(l“)‘ - y m
=C. . sup =C. - | sup .
ve[—aa)1en exp(1 - @5 (k- 1)) 1en exp(f - 5 (L k)

From this we immediately get exp(wpi(tm)) < C - B™ - (exp(wyx(t)))™ = C - B™ -
exp(m - wyk(t)), where we have used the notation of the associated function and the

family of sequences M*. Now we apply to see that w Ml w and w Mk wg, where
we put wi(t) = % w(t). So there exist constants Ay, A9, B, Bo > 1 such that for all

t > 0 we obtain:

A2 w(tm) m
exp <_A1 + Al) < exp(wpi(tm)) < C - B™-exp(m - wyx(t))

1
§C~Bm-exp<Bl-m-k~w(t)+Bg-m).

Hence after applying the logarithm and multiplication with A; we get:

1
w(tm)§A1-log(0)+A1-m-log(B)+A1-Bg-m+A2—|—A1-B1-%-m-w(t).

This implies immediately condition Divide the inequality by m - w(t) and note
that w(t) — oo for ¢ — oo. Moreover note that the constants C, B, k, Ay, Ay, By, B2 in
the calculation above don’t depend on m. So w is equivalent to a sub-additive weight

function by property O

We combine all these additional results to obtain the following final theorem:
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8 Characterization of stability properties for the classes Enq

Theorem 8.7.4. Letw a weight function with be given. We denote by M :=
{M! = (MJl)J : 1> 0} the associated weight matriz defined by MJZ = exp(F - o5 (L))

(a) The Beurling-case: If w has in addition property then the following proper-
ties are equivalent:
(1) &y is closed under composition.
(2) &y is holomorphically closed.
(3) M has property .
(4) M has property (M rag))}
(5) Property holds.
(6)

M itself or the weight matriz S associated to an equivalent sub-additive
weight function o has property -

If instead the stronger property holds then conditions (1) — (6) are
equivalent to

(7) Ewy is closed under inversion.
(8) The &,)-inverse function theorem is valid.

(9) The &,)-implicit function theorem is valid.

If w satisfies in addition |(wg)l, i.e. the associated weight matriz has the form
M = {M" for some/each | > 0, then all nine conditions above are equivalent to

(10) &) is closed under solving ODE’s.

If w doesn’t satisfy property i.e. the associated matrix is not constant, but

holds (only needed here for (3) = (10)), then also all ten conditions are
equivalent.

(b) The Roumieu-case: If w has in addition then the following are equivalent:

(1) &gy is closed under composition.

(2) &gy is holomorphically resp. analytically closed.

(3) M has property .

(4) M has property ((Mpapy)}

(5) Property holds.

(6) M itself or the weight matriz S associated to an equivalent sub-additive

weight function o has property .

(7) Eqwy is closed under inversion.

(8) The &E,y-inverse function theorem holds

(9)
)

(10) &) is closed under solving ODE’s.

The E,y-implicit function theorem holds.

Before we start with the proof first recall some consequences for the associated weight
matrix M = {M"': 1> 0}:

(1) By the first part of the additional condition implies [(My)| and so
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8.7 The case if M is obtained by a weight function w

(73) By the second part there condition implies

(iii) Both conditions (M 4c} )| and [(Mqc))| are satisfied for each w automatically
by as a consequence of (5.1.2)) there.

(iv) For w condition characterizes if the associated matrix M is constant
or not, see [5.2.2]

(v) For w and we obtain property |(Mgg))} see|5.4.1}

(vi) Let S := {S' = (Sjl-)j : 1 > 0} be the associated weight matrix defined by
Sjl- := exp(7 - % (1 - j)) for the sub-additive weight function w coming from
condition Then properties (M) resp. (Mpgp)) in (3) resp. (4) are
also satisfied for S, see and also Note that is only valid for
sub-additive weights, whereas conditions (M) resp. (Mpqp)) can be also valid
for matrices which are obtained by not sub-additive weights. Nevertheless the
matrices § and M are equivalent w.r.t. both relations and For this
recall also We don’t have necessarily condition for o but this doesn’t
effect the construction and the proofs of the properties of S.

Proof. Beurling-case:

Conditions (1) — (4) are equivalent by

(2) = (5) holds by [8.7.3]

(5) = (6) Condition means that there exists a sub-additive weight o with o
(see[3.8.4). Now we can switch to o and use m

(6) = (3) Holds by (3) of [8.2.3]

(3) = (8) Holds by the second part of here condition is used.

(8) = (9) Holds, as remarked in by applying the £,-inverse function theorem
to the inverse of the mapping (z,y) — (z, f(x,y)).

e
(9) = (7) Let f € &y, with f(z) # 0 for all x and consider the implicit equation
frg=f-F=1

(7) = (3) Holds by [8.3.6]

(10) = (7) If the class &, is closed under solving ODE’s then, by [8.3.4] it is also
inverse-closed and so (7) is satisfied.

(3) = (10) For the constant weight matrix case M = {M'} we have to use and

(2)(b) in for the non-constant case we use part (2)(a) of

Roumieu-case:

(1) — (4) and (7) are all equivalent by
(2) = (5) Holds by By the remark after one can also use (1) = (5).
(5) = (6) Condition means that there exists a sub-additive weight o with o

(see[3.8.4). Now we can switch to o and use m

(6) = (3) Holds by (3) of[8.2.3]

(3) = (8) Holds by the first part of |8.4.1

(8) = (9) Holds, as remarked in |8_4_—1|, by applying the &, -inverse function theorem
to the inverse of the mapping (z,y) — (z, f(x,y)).

(3)
(10) = (3) Holds by alternatively we can also use to show (10) = (7). O
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8 Characterization of stability properties for the classes Enq

As pointed out at the beginning of this chapter we cannot conclude for non-constant
weight matrices M: If &)y satisfies then already for each &y this theorem is
valid. But if the matrix is obtained by special weight functions, then we can also prove
this direction:

Corollary 8.7.5. Let w €W, be a given weight function with and property
in the Roumieu resp. in the Beurling-case. Introduce the matriz S = {S' :

I > 0} associated to the sub-additive weight function a w, Sg = exp(7 - o5 (l - ),
and assume that each sequence S' satisfies condition . Then & resp. &4 salisfy
the closedness properties of [8.7.4) if and only if each &g satisfies|8.0.1}

Proof. If each class S[Sz] satisfies the closedness properties, then clearly & (resp.

g[w]), too.

Conversely, by we obtain property [(M,)| for the weight matrix S associated to
St

the sub-additive weight . By (3) in[8.2.3] each s' = (sé)j, sé- := i, satisfies now |(ai)

By |(w2)| resp. |(ws)| we get liminfy_ oo (s})/* > 0 resp. liminfy_ o (st)Y/* = 400 for

each [ > 0 (see (3.5.4]) resp. (3.5.3))) and since |[(dc)| also holds by assumption for each
h

S! we see that [8.6.1]is valid for each sequence (« constant matrix) S! separately. [

Remarks:

(1) If w satisfies the assumptions in the previous corollary and in addition property
then this new property also holds for ¢ and in this case the corollary is valid
automatically, see [6.2.1] and the above remarks below [8.7.4]

(ii) If each sequence S' € S satisfies but w (and so o) doesn’t satisfy property

then by all occurring sequences S' are not equivalent w.r.t. In
this case we don’t can conclude that also each M! € M, where M is the weight

matrix associated to the function w, satisfies For this recall also and
(12 npid

Compare this corollary also with the explicit weight function ws(t) := max{0,log(¢)*}
for arbitrary s > 2, see the calculations in [3.10.1] and (2) in[9.5.4]
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9 More properties and conditions on
welght matrix spaces

9.1 Topological structure of &y resp. &y

We study now the topological structure of £;x4 and &gy (defined locally!) in detail.
By m it’s clear, that if e.g. A = Rsq, then E v (U), U € R™ non-empty open, is a

Fréchet-space (countable many semi-norms).
In the next proposition we summarize all properties:

Proposition 9.1.1. Let M be an arbitrary matriz, i.e. |(M)], with index set A = Rsg
and let n,m € Nsg. Then for each compact set K C R"™ (with smooth boundary) we

get:
(1) The Beurling-case

(a) We have always

pﬂl l&l ‘S/Vl,l,h(Ka Rm) = m gM,l/n,l/n(K7 Rm)
leA h>0 neNso

(b) If in addition holds, then

pin lln gMJ,h(Kv Rm) = lgn gM’lJ(K? R™).
leA h>0 leA

(¢) If in addition is satisfied, then

leA leA

(2) The Roumieu-case
(a) We always have

lim lim Engpn(K,R™) = lm - Epgnn(K,R™),
IeA h>0 neNZg

(9.1.1)

(9.1.2)

(9.1.3)

(9.1.4)

which is a Silva space, i.e. a countable inductive limit of Banach spaces with
compact connecting mappings. Hence this limit is reqular, complete, webbed

and ultrabornological - see for this e.g. [20, 52.37.].
(b) If in addition property holds, then we get

lim lim Eg,n (K, R™) = lim Epgr (K R™).
IEA h>0 leA

Furthermore also the space h_II)l Em1 (K, R™) is a Silva space.
leA

(9.1.5)
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9 More properties and conditions on weight matrix spaces

(¢) If in addition property is satisfied, then

leA leA

Proof. The Beurling-case:
(a) For this consider

Enmun(BR™) = €, 11K R™) — Enggy (K, R™) (9.1.7)

Yvhere the inclusions are bounded for all I, 1, h, hy > 0 with [:= max{l,h} and Iy, h; >
l.
(b) We consider

Ems,hy (I R™) ” Emsn(K,R™) w Em ity (KR™). (9.1.8)

The mapping ¢1 is bounded for all s € A = Ry and hy < 1, the mapping o is bounded
by : If hg > 1, then g is clearly bounded for ¢t = s. If 0 < hy < 1 small (in
which we are interested in the Beurling-case!), then for each ¢ € A and hy > 0 we
can find an index s € A, s < t and a constant D > 0 such that for all £ € N we get

k
%) Mg < DML
(¢) This holds because tells us that for each I € A we can find n € A with
M"El M, ie. for each | € A we can find n € A such that for each h > 0 there exists
C >0 with M7 <C- hi - M]l for all 7 € N. With other words for all [ € A we can find

l1 € A, such that for each h, hy > 0 the inclusion
Emin (K R™) — Epqn, (K, R™)
is bounded.

The Roumieu-case:

(a) (9.1.4) follows of course also by (9.1.7]) above.

To prove the Silva-space-property we consider

2 gM,S,hl (K7 Rm) L—l) 5M,t,h1 (Ka Rm) L_; SM,t,hQ (Ka Rm)

and point out: ¢1 is bounded for s < ¢ (because then M7 < M/ for all k € N) and ¢
is compact for hy > hy and each t € A (see [16, Proposition 2.2, [38, Lemma 3.1.8]).
Thus the mapping ¢ =: 19 0 ¢7 is compact, too.

(b) Now the proof of (0.1.5): Assume additionally condition we show the
following: For all s € A there exists t € A, s < t, such that the mapping ¢ :
Ems1 (K, R™) — Epg 1 (K, R™) is compact (for K compact set). For this let s € A be
given and we write

L Ems1 (KR™) L—1> Em s .n (KGR™) L—2> EM s,ho (K, R™) L—3> Emen (K,R™).

The first inclusion holds for all h; > 1, the second for he > hy and finally the third by
property |(M )| for some ¢ > s: Because h5 - M} < D- M; is satisfied for all k& € N for
a number t € A which depends on s and ho. We put now ¢ := 13019 011, the mappings
11 and ¢3 are clearly bounded mappings (between Banach spaces), for hy > h; the
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mapping o is compact (again see [16, Proposition 2.2], [38, Lemma 3.1.8]). Hence by
the ideal property of compact mappings also ¢ is compact.

Moreover this calculation shows that

E{M}(U7]Rm) = lﬂl h_H}gM,l,l(Kv Rm)v
KCU leA

where we recall that Epq 1 (K, R™) is the Banach-space, which consists of all functions
Hf(k)(m)HLk(R",]Rm)
My,

f € S(Kv Rm) such that ”f“M,K,lJ ‘= SUPzeK, keN < +00.
(¢) Is analogous to (¢) in the Beurling-case with other order of quantifiers. So for each
l€ A and h >0 we can find [; € A, such that for each A; > 0 the inclusion

Epmn(K,R™) — Engiy ny (K, R™)

is bounded. O

9.2 Diagonal constructions

An important method to transfer proofs from the single weight sequence M case to
the more general (non-constant!) weight matrix case M = {M": 1 € A}, are "diagonal
techniques”. Let M = {M!: 1 € A} be an arbitrary non-constant weight matrix, i.e.
with A = R-y. Now we can consider

(1) i = (in)n>0 a strictly increasing sequence of natural numbers with ig = 0, 7,, — oo
for n — oo,

(2) and an (strictly) increasing function o : N — Ny with lim,,_ a(n) = +o0.

To this given datas we can introduce two different types of weight sequences, which are
associated to a diagonal of M via (i,), and «a as follows:

N]zoum,a,i — Mg(n) for i < k< in+1 (9.2.1)

and .
N]l;eur,a,z — M;/(a(n)) for in <k< ’in+1. (9.2.2)

This technique of "running through a weight matrix along a diagonal” w.r.t. given
datas will be used several times and is very important to transfer proofs of the (single)
weight sequence case to the weight matrix case. Note that in the Roumieu-case we
are interested in large indices | € N+, in the Beurling-case we are interested in small
indices 0 < [ < 1, alternatively [ = ll,, I e Nsog.

Recall: If a sequence M is normalized and log. convex, then the sequence (M jl/ 7, is
increasing and M; - My, < My, for all j,k € N is satisfied (see e.g. [38, Lemma 2.0.4,
Lemma 2.0.6|).

The next result tells us that we can transfer certain properties from the matrix M to
Nroumasi it will be important for the proof of important projective descriptions for the
Roumieu-matrix-case, see|9.4.4| and |11.1.1]

Lemma 9.2.1. Let M be a|(Myg)| weight matriz with A = Nsg, furthermore let i =

(in)n>0, o and N™"™% be given as defined above. Then we get the following:
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9 More properties and conditions on weight matrix spaces

(1) The sequence N4 satisfies automatz’cally with C' =1 and the mapping
§ = (N;)Y7 is increasing.

(2) Nevertheless in general (for non-constant weight matrices!) the sequence N W™
is NOT (weakly) log. conver and as a consequence we see, that |(alg)| is strictly
weaker than weakly log. convexity.

Alternatively we can say: Increasing properties can be transferred to diagonal sequences
of Roumieu-type, but convexity conditions are not well-behaved w.r.t. this construc-
tion.

Proof. (1) Let (in)n and « be given and put for convenience in the following N :=
Nroum,a,i_

By assumption (log. convexity) we have M]l . M,lC < MJl-Jrk for all j,k € Nand | € A,
i.e. condition |(alg)| with C' = 1. Since M} = 1 for each I € A, in |(alg)| the cases
j=k=0and j € N arbitrary, k = 0 (resp. k € N arbitrary, j = 0) are clearly satisfied
for the sequence N. So let j,k > 1 be given and so we can find n(j),n(k) € N with
Zn(]) <j< in(j)—i—l resp. ’Ln(k) <k< in(k)+1~ We get:

Nj N, = M]O‘(”(J)) . Mg(”(k)) < M]& . M]?z < M]@_’_ M]Jfk(J'Hf)) N]+k7

where we have put & := max{a(n(k)),a(n(j))} and for the last estimate we need only
that n(k),n(j) < n(j + k) is satisfied. But this is quite obvious by definition since
n(j + k) € Nxso with i) < J+k <ip(jir)41. Similarly we show that the mapping
j + (N;)/7 is increasing because j (Mjl-)l/j is increasing for each [ € A and so for
7 < k we get:

j a(n(y 1/j a(n(j 1/k a(n(k 1/k
(Nj)l/] — <Mj( (J))) < <Mk( (]))) < (Mk( ( ))) — (Nk)l/k,
note that n(j) < n(k) holds for j < k.

Of course the proof of the first part stays valid if we assume only that M is an arbitrary
weight matrix, i.e. and such that each M! satisfies and the occurring

constants C; there satisfy sup,cp C; < C' < +00. Then N satisfies with C.
Similarly for the second part it’s sufficient to assume only that (]\4])1 T <y (M)YE
for a constant C; > 0 and all 1 < j < k (almost increasing) and sup;cy C; < C < +oo0.
Then we get (N;)'/7 < C - (N)"/* for all 1 < j < k.

(2) Even if M is a weight matrix we can not expect in general (weakly) log.
convexity for such a diagonal sequence NTOW»?,

To illustrate this we construct a counter-example and we consider the Gevrey-matriz
M Jl =(J N, for I € Nsg. Moreover let (i), be an arbitrary strictly increasing sequence
of natural numbers with ig = 0, i, — oo for n — o0, i, — i1 > 2 for each n > 1,
and finally take a = id on N5 and «(0) := 1. On each block [i,,in41) separately the
sequence N := N ig of course weakly log. convex, but between 4,, — 1 and i,, for
n > 2 we get a problem: we would need (MZZ)Q < M;::_ll - M ., and so

in+t
((in)™)? = (i) < ((in = N1 ((in + DN & (i) < (I = 1Y (in +1)"
@(z’n)”-(z’n—l)!g(in+1)”<:>(in—1)!§(Z"+1> ( > <1+ )
)

for each n > 1 and the last expression is dominated by exp(1

a contradiction. O
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9.2 Diagonal constructions

Remark 9.2.2. (i) Note that cannot be transferred to the Beurling-case NPt

because here the index ﬁ 1s decreasing in n.

(1) Another important property fails in general for non-constant weight matri-
ces for the Roumieu-case N™"™%: Eyen if assume that each sequence M' € M
satisfies property we cannot expect that N™""™% has also this property: We
would need that there exists a constant C' > 1 independent of n € N such that
Nrowmsest _ pra(ntl) o iy e nroumasi porge for il p € N.

In+1 tn+1 Zn+171 = Zn+171
Sow we would need that

et 1/(iny1) oD 1/(iny1) A+ 1/(iny1)
c> M;n(:; > J‘;In+1 > A;”H holds and the

a(n) a(n)
in41—1 in41 in41

right hand side can tend to +o0o for n — oo (e.g. this is the case in the previous
example for the Gevrey-matriz).
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9 More properties and conditions on weight matrix spaces

9.3 Stability of the construction of a weight matrix

In this section let M := {M' € RY; :1 € A} always be a weight matrix. So this
includes the cases, where

(1) M ={M} is constant and M and

(7i) M is associated to a given weight function w by MJZ i= exp(} - @5 (1)), see

(more precisely conditions and are sufficient, see and [3.1.2)).

Furthermore we recall the matriz generalized moderate-growth-conditions of Roumieu-
and of Beurling-type, which will play the key-role in the statements below:

(Mmgy) & VIEAInEAIC > 1V jkeN: ML, <CIF. M7 My
(Mmg)) & VneAIIeAIC 21V ke N: Mj,, <C7H. M- M.

If the matrix M is obtained

(1) by a weight function w (again conditions [(wp)| and [(ws3)] would be sufficient),
then in fact both conditions [(M (e} )| and |(M ) )| are satisfied automatically for
n = 2[ - recall (5.1.2)) in|5.1.2|for this, or

(73) if M = {M}, then both conditions are satisfied simultaneously if and only if M
has condition moderate growth |[(mg)]

(iii) Moreover both conditions are clearly satisfied, if M = {M' : [ € A}, all sequences
are pairwise not equivalent and each M! has moderate growth (e.g. the Gevrey-
weight-matrix G = {(j!°); : s > 1}).

Let M :={M':1 € A} be a weight matrix, then by we get that wy

for each [ € A. On the other hand, by to each function w €W we can associate
a weight matrix.

So one could consider the following construction:
M wyp s ME™ o iy s METO2 (9.3.1)

where for [ € A, n; > 0 for all j € N5g and i € N we put

Iiny,..mjer | 1 * . ; bny | _ 1 * ]
M; = exp o P bt (njg1-4) ), M;™ :=exp - @ i (n1 )
resp.

(t) L

W, ling....m; (t) 1= sup log .
MY J EREEE) .
’ peN My

So one obtains a sequence of weight-matrices with an increasing number of indices
("derived weight matrices” w.r.t. the original matrix M).
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9.3 Stability of the construction of a weight matrix

Goal of this section and important remark:

(1) We study the effects of this construction in detail and characterize "it’s stability”,
i.e. that the spaces of ultradifferentiable functions of Roumieu- resp. Beurling-
type defined by the weight matrix M are stable as locally convex vector spaces
under adjoining more and more indices. Or with other words: We will characterize
the situation, in which yields only weight matrices which are equivalent to
M. Tt will turn out, that only in the first step in [0.3.1 adjoining a second
parameter, there can occur a non-stable effect.

(2) All results in this section are also valid for globally defined classes with obvious
modifications of the proofs below, see [7.3.2]

First we are going to prove the following important formula:

Lemma 9.3.1. For each l € A, n € Nyg and i € N we have

M = (ML )Y (9.3.2)
Proof. For this we proceed as follows:
Iin 1 * . 1 .
My"=exp | — g (n]) ) =exp | — -iglg{y (ng) = Pu,, ()}

— exp (sup {(y ) — % o, <y)}> _ qup 5P

y>0 y=>0 exp (% “Pu (y))

. ; 1/n
g7 s I \1/n
= sup = |sup ——— = (M; )
N~ >1exp (% cwyp(s)) (s>0 exp(wMz(s))> (M50
exp(y)=s

where in the last step we have used [I6l 3.2. Proposition|. Note that all steps except
the last one hold also for n > 0 instead of n € N. O

Next we prove an important preparation result which is a generalization of [16, 3.6.
Proposition|) and gives an equivalent description of the matrix-generalized moderate-
growth conditions:

Proposition 9.3.2. Let M be a|(Msy.) weight matriz, then we get

[(Mpng))| = YI€AIH>13n € AVE>0:2 wyn(t) Swpu(HE)+H (9.3.3)

and
[Mmg)| <= VI€EATIH>13In e AVt>0:2-wyn(t) <wyn(Ht) + H (9.34)

Proof. The proof is of course inspired by [16, 3.5. Lemma, 3.6. Prop.|, we use the same
technique and consider the Roumieu-case. The proof of the Beurling-case is completely
analogous (with Beurling-type order of quantifiers)!

First remark that is clearly equivalent to the following condition:

For each [ € A there exists a constant H > 1 and n € A such that for all p € N we get
M}, < HP - ming<q<p MJ - M, =: NJ' - HP.
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9 More properties and conditions on weight matrix spaces

By [16], 3.5. Lemma] we have wyn = 2 - wpm. Then we proceed analogously as in [16,
3.6. Prop.] to get

5 ( ) ( ) | P | P | . HP
cwpyn(t) = wnn(t) = suplog <> = sup log - < suplog <>
peN Ny peN minpg<g<p Mgl : Mg?—q peN M;l;

p

Conversely we obtain by using again [16l 3.2. Proposition| in the first step:

tP tP tP
N!'=sup—— =su > su
PN exp(wna () 10 exp(2-warn () 150 explwy(H 1) + H)
1 tP 1 sP
= -su = - su
exp(H) QE’ exp(wyn (H - t)) >~ HP - exp(H) 5213 exp(wysi(t))
1
= .M.
HP-exp(H) P

Now we are able to prove the first important result:

Theorem 9.3.3. Let M := {M' € RY, : 1 € A} be a weight matriz and
n,m € Nxg. If additionally pmperty holds then for each open non-empty set

U CR™ we get as locally convex vector spaces

Eny(UR™) = lim  lim Epun(K,R™) = lim  lim  Eppin , (K, R™),
KCU IeA,h>0 KCU leA,n,h>0

if additionally property holds then we get as locally convex vector spaces

S(M)(U,Rm) = lin m SMJ’}Z(K,Rm) = th lin ng,n’h(K,Rm).
KCU leA,h>0 KCU leA,n,h>0

Proof. First consider the Roumieu-case: Since we have always (C), because M! =
M5 < MY for each 13,1 € A with I; > [ holds as special case of ([9.3.2), we only need
to show (2). Moreover (9.3.2) above tells us that for I € A, n € Nyg and j € N we
have
Ln _ 11
M = (a1l )

Hence it suffices to prove that
VieAVneNy JzeAIC>1VjeN: (M) <CVMF < ML, <™ (MP)",

which yields Eypin (K, R™) C Eppe,0n(K,R™) = Epge 0. (K, R™) in the correspond-
ing loc. convex vector space representations.

We use now property directly: For each [ € A there exists D > 1 and [ € A
such that (for the case j = k) we have M} i < DY (M;1)2. The desired property follows
now by iterating this estimate n-times.

For the Beurling-case we point out: In this case we have to show (C), since M1 = M!
for each [ € A and so (D) is valid automatically. We have to prove that

VIieAYVn>032€A3C>1VjeN: MF <O/ M
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9.3 Stability of the construction of a weight matrix

which yields Enzn (K, R™) = Eppe o (K, R™) C Eppiin o, (K, R™) in the corresponding
loc. convex vector space representations. So we are interested in n > 0 very small, we
put % = ny € N (for ny large) and then we can estimate for all [ € A and j € N as
follows:

: t tI
M sup > su
t

*

J >0 exp(ng - wyu(t)) \(/ Zg exp(wy, (HF) + (28— 1) - H)

1 i
= - su
exp((2F — 1) - H) " 2b exp(wy, (HF))

=

: < 1 )j ;
— N = ) sup————
\t,;k exp((2f —1)-H) \ H* sz%) exp(wyyi (5))
s=t-

_ 1 ) <1>] . Mh
exp((28—-1)-H) \ H* 7
The first equality holds by the proof of . (%) is satisfied because by assumption
we have property [(M mg) )| Which is equivalent to as shown in An iterated
application of (9.3.4) proves as in that foralll € Awecanfindly € Aand H > 1
such that for all t > 0 we have ny - wyu(t) < 2% - wyn(t) <wyp, (HF 1)+ (28 - 1) - H
where k € N is chosen minimal such that n; < 2* holds.
Hence we have shown: To arbitrary [ € A and n; € N large (so 7% > 0 small) we can

find an index I € A such that M4[ <] Mb1/m holds. O

Theorem [9.3.3] together with the introduced techniques and notations shows now the
following:

(7) If we assume more generally that M is only a [(Msg.)| weight matrix (without
any moderate-growth conditions), then each associated function w;; satisfies
automatically wyn (as mentioned at the beginning of this section - see e.g.
4.0.2). Hence the matrix M! := {M"" : n > 0} satisfies for each I € A separately
both conditions [(M ge1 )| and [(M ey )| automatically, see|5.1.2, So after the first
step in (9.3.1]) the construction is always stable (as locally convex vector spaces)
under adjoining more and more indices.

(73) The construction (9.3.1) and the proofs of (9.3.2)), Proposition and finally
Theorem still hold for "large” (uncountable) weight matrices M in the sense

of definitions ([7.2.1]) resp. (7.2.2) if we assume for the matrix M conditions
|(Many )| resp. (M qy )| and such that each M € M satisfies M

Moreover in the construction (9.3.1) we also get matrices of weight functions and we
have immediately by and the following equivalences:

VlGAV]ENan,,TL]>O (JJMl;nl ..... nj+1le;n1 ,,,,, nj..le. (935)

Hence by this construction is always stable (also in the first step) and we immedi-
ately obtain the following representations as top. vector spaces for all non-empty open
sets U C R™:

Eropg(UR™) = lim  lim &, 4(K,R™) = lim lim &, #(K.R™) (9.3.6)
KCU leA,h>0 KCU leAn,h>0

and

WK, R™), (9.3.7)

Ewp (U, RT) := Tim  lim &, , p(K,R™) = lim  lim &,
KCU leA,h>0 KCU leA,n,h>0

Mlhino
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9 More properties and conditions on weight matrix spaces

where wpg := {wy : I € A} denotes a one-parameter weight matrix of weight functions
in the set
The next aim is to prove the converse statement of Theorem [9.3-3}

Proposition 9.3.4. Let M :={M' e RY :1€ A} bea weight matriz. Assume
that
S{M}(RﬂR) = lin h_II)l ngv",h(Kﬂ R),
KCR leA,n,h>0

then also property holds. Moreover if e.qg. A = Rsg and

Epp(RR) = lim  lim  Eyrn (K, R),
KCR leAn,h>0

then additionally property is satisfied.

Remark: A second formulation of [9.3.4] would be to assume that there exists a com-
pact set K C R such that Eug (K R) = lim Eppn (K, R) resp. Eug (K, R) =
1€An,h>0

liin E Mz,nvh(K ,R) holds. In this case we can use precisely the same proof below, in
leAn,h>0
the Roumieu-case replace the occurring function 6, , by ¢, (t) := 6;,(t — o), in the
Beurling-case the function(s) f; by §:(s) := fi(s — xo) for a point z¢ € K.
Proof. The proof is analogous to above.
First the Roumieu-case: By assumption lim  lim  Eppn (K, R) C Erpgy(R) is sat-

KCR l€A,n,h>0

isfied. Note that each sequence M'" is (weakly) log. convex, hence for each [ € A and

n > 0 there exists a function 6;,, € 5?;3?11} (R,R) with Ml " |9(7 (0)| for each j € N

(see |(chf)). By assumption we get now 6;,, € Efﬁb}al(ﬂ% R) and so we obtain: For all

l; € A and for all n > 0 there exists an index Iy € A such that M7 =] M2 = M2t
We apply log and translate this into the following condition:

1
ViibeAVn>03dn,e AdC>1VjeN: ﬁgoz (nj) Sj-log(C)—i—gonlQ(j).
(9.3.8)
Replace now in (9.3.8]) "for all j € N” by "for all y > 0”, then we can apply on both sides
the Legendre-Fenchel- Young-conjugate (for all x > 0) and calculate as follows: The left

hand side gives

Ml

<i.¢:Mh(nJ>*(x)zsup{w y—-l P, (0 -yi}\i;,;-sup{(w'n)-i-—wZ

>0 ’ Ml
= y =ny v =0
1 o 1 1
= Gl (@) o Py (1) = - wp (exp(a)).

(*)

Note that (x) holds since by |4 we get wy and so ¢ (z) = ¢, (x) for
arbitrary [ € A automatlcally. 11arly we obtain for the right Aﬂ&md side, where we

have put log(C) = D:

()" (z) =sup{(z — D) -y — ¢,

(Dt up LWY=¢ (@ D)

MZQ

= Fga = D) = g exple = D) = oy (2.

C
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9.3 Stability of the construction of a weight matrix

Then we use m (replace there in the proof w by wyi,): We have wy i, = wy i, and
for all x > 0 sufficiently large (z with eXp( ) > (1) we obtain:

1 1 1 .
— - wyp (exp(z)) = sup § = - y— - ¢, , (n-y)p>supqmw- j= P 1y (1)
n yzo ML jEN

1
i—di.D— " Nl > Z . - D — oF
igg{w J=7 D=y, ., 0} =23 igg{x y—y-D—¢ W)}

19-3-8)

1 1 1 exp(x
— 5 0= D) = 5, 0= D) = 5 (R,

Mml2

So start with an arbitrary 3 € A, put (always) n = 4, then we obtain an index lo € A
and a constant C' > 1 such that for all ¢ large enough (put ¢ := exp(z)) we have

2wyt (&) < wypy (t) and so, by (9.3.3), we are done!

The Beurling-case: By assumption, we have (;,cx ) (R,R) C ﬂleA,n>0 Erny (R, R),
and we use now once again the same trick as in the second chapter in [6] resp. in
and|[6.5.3] see also |35, 4.6. Proposition|: Both spaces are Fréchet (because A = R+, we
can restrict the index to %, [ € N5, and all occurring projective limits are countable),
by the closed graph theorem the inclusion is continuous.

Hence for each compact set K1 C R, [ € A, n > 0 and h > 0, there exist C,h; > 0,
l> € A and a compact set Kz C R such that for each f € (¢ Er)(R,R) we obtain

() '
W@ 6y E2@N_ oy,

Sup I = Y
Mj z€K2,jEN h Mj

z€K1,jeN hJ -

We apply this inequality to the following situation: We consider a compact interval
K containing the point 0, put h = 1 and take the functions f;(x) := sin(tx) + cos(tx)

for z € R and ¢t > 0 (see also [6.5.3)). Note that f; € Mica ggIOb)al(R R) for any ¢ > 0,

because limy,_, oo (M, I1/k = 400 for each | € A. In this situation the previous estimate
implies
v 7 0) @) 7 (@)
Sup ———— - =su ! llng sup ,tillnSC- sup jt i
jeN hl - M;" jEN hJ - M; z€K1,jEN W) - M" veKa,jeN by - M?
2tf
< C - sup —
jeN h] - M

and so we have
J I

t
W = exp(wy . (1)) < 2C - exp (leQ (m)) '

By using [16], 3.2. Proposition| this implies

ti t7 h
M b _ = sup > sup

120 exp(wyrna(t)) ~ 20 90 . exp (lez (h%)) " 20

!
Mg,

and so M <] M. We summarize what we have shown so far: For all I; € A and
n > 0 we can find lo € A such that M 12 M4 holds or with other words

1
Vihh e AVn>03leAID>1VieN: ¢  (j) <j-log(D)+ —-¢, , (nj).
o " 939)
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9 More properties and conditions on weight matrix spaces

By the same calculation as in the Roumieu-case we obtain: wj, (t) > QL Wil (%)

for t sufﬁciently large hence for the choice n = % we obtain precisely (9.3.4)). O
We summarize 0.3.3] and [0.3.4

Theorem 9.3.5. Let M be a|(Msg.)| weight matriz, then the construction
Ml = CUMZ = ]\4—1;”1 — le;nl = Ml;n17n2 = ...
1s stable, more precisely it yields equivalent weight matrices, if and only if

(1) in the Roumieu-case property holds for M in addition

(2) in the Beurling-case we have A = Rsg and in addition.

Remark 9.3.6. (1) If the matrix M is obtained by a weight function w then
both conditions |(M gy )| and ((Mme) )| are satisfied automatically for n = 2l (re-
call (5.1.2) in|5.1.4)! If M consists only of one sequence M, then the construction
1s natural, if and only if M has property moderate growth /

(2) Moreover recall the second part of|5.1.5 and|5.2.2: For arbitrary | € A (but from
now on fized) we have M'l’nl MU for all ny,no > 0, if and only if M has
moderate growth /

If Ml’"1 M ™2 for all ny,ny > 0, then wyu has in addition property
which is equivalent to the fact that each sequence MY™, n > 0, has moderate
growth too! But in this case, also M' = M'! has to satisfy moderate
growth.

Conversely, if M' has moderate growth then wyn has property and
so, by wMz wytn for all n > 0, also each wyun has and each M"™ has
moderate growth, too. Finally Ml’”1 MU for all ny,ny > 0 holds.

In the next step we are going to study the classes £ } resp. ) defined by the
matrix of weight functions waq := {wy; : 1 € A} in (9.3.6) resp. 1 i We start with
the following:

Proposition 9.3.7. Let M := {M' e RYj:1 € A} be a weight matriz.
(1) If additionally property holds, then
VieAdneA: wyn(2t) = O(wyu(t)) fort — oc.

More precisely in this case we get the stronger condition that for all I € A and
h > 0 there exists n € A with wym(ht) = O(wyu(t)) fort — co.

(ii) If additionally property holds, then

VIieAVh>03IneA: wyu(ht)=0(wpn(t)) fort — occ.
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9.3 Stability of the construction of a weight matrix

Proof. By we have that for each [ € A and each h > 0 there exists n € A and
D > 0 such that M,lC -h* < D- M7? holds for all k € N. Thus we get immediately after
multiplying this inequality with t* for any ¢ > 0:

(h-t)k tk (h-t)k tk
g =g ) = ) T

Since this holds for all £ € N we get by definition wysm (ht) < wy(t) + Ds.

Of course in the case of we only have to use Beurling-type order of quantifiers.
Compare this proposition and the proof with the first part of in the weight function
case! O

The next result is the "matrix-type-generalization” of [3.3.2}

Proposition 9.3.8. Let a family of functions {oy : [ € A} be given and assume
such that
VieAIneA: 0,(2t) = O(0y(t)), t — o0,

which means that for each | € A there exists n € A and a constant L > 1 such that
on(2t) < L-(1+oy(t)) for allt > 0. Then we obtain

VieAdneAdL>1VseNVa>0VjeN:

1 , S L 1
2ot (ai)) - i< Zii=1 4 ot (L5a- ) ).
exp (a sogl(ay)> exp(s) _exp< . g ) exp (Ls,a Po, (L - a J)>

If
VieAIneA: 02t) =O(on(t)), t— oo,

then we get an analogously result ("Beurling-type™-estimate).
Proof. The proof is of course completely analogous to the proof of (3.3.2)).
First we see that by assumption for all [ € A there exists n € A and L > 1 with

on(4t) < L -oy(t) + L for all ¢ > 0 (iterated application), and so oy, (exp(1) - t) <
on(4t) < L-oy(t) +t. We calculate for all y > 0 (in fact y € R):

Pon(y+1) = on(exp(y + 1)) = on(exp(1) - exp(y)) < L - ai(exp(y)) + L = L - (1 + ¢4, (y)),
Using this we proceed as follows:

1

sOZn(L-x)Zsup{(L-x)-ysoan(y):yzo}:L-Sup{w-yL-%n(y):yEO}

> L-sup{z-y—(1+¢o(y—1)):y=0t>L-sup{z-y— (1+ ¢y —1)):y =1}
=L-sup{z-(y—1)+2x—-—1—ps;y—1):y>1}
= L-z—L+L-sup{z-y —p5(y):y 20y =L-v— L+ Ly, (x),
y'=y—1
which we can summarize:

VieAIneAIL>1Ve>0: L.y, (z)+L-2<L+g, (L-z).

We show now:

VIeAIneAIL>1VseNVa>0: L*gh(x)+s L a <) (L5a)+ ) L.
=1
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9 More properties and conditions on weight matrix spaces

We prove by induction: The case s = 1 is precisely the above estimate, for s — s + 1
we calculate as follows: We multiply the inequality for s with L > 1 (sufficiently large
depending on s and [) to obtain (using again the previous estimate):

s+1 s+1
LHgh (@) s LY e <Logp (L8-2)+ ) L' <g; (I 2)+ L1 o4 ) L
=2 =2
s+1

— It (@) s I L e <) (L —I—ZLZ

Finally put in the above inequality x = a-j for j € N and a > 0 a positive real number,
then divide by L® - a and finally apply the exponential function to get

VieAdneAdJL>1VseNVa>0VjeN:

1 , So Lt 1
Z .0  (ai) ) - J < =17 ), . oF S.a-1) ).
exp (a %l(aj)) exp(s) _exp< [ > exp (Ls_a ©o, (L7 - a J))
O

Remark: If each wy; has then clearly Proposition is satisfied for both cases
with the choice | = n.
Propositions [0.3.7 and [9.3.8] together give immediately the following corollary:

Corollary 9.3.9. Let M = {M' € RY  : | € A} be a weight matriz with
additionally property then we obtain the following inequality:

VIieAIneAVh>0YaeNID>03beNVjeN: MM 1/ <D-M"™
(9.3.10)
If additionally property holds, then we obtain the following inequality:

¥YneAIIEAVA>0Yb>03D>03a>07jeN: M hi <D M".
(9.3.11)

Now recall our definitions for all non-empty open sets U C R™ (see also (9.3.6) and
©37):

EoryUR™) = lim  lim &, , w(K,R™), €, (U,R™) = lim lim &, , 5(K,R™)
KCU lEA h>0 KCU leA,h>0

and so we obtain the following:

Theorem 9.3.10. Let M = {M' € RYj : 1 € A} be a weight matriz, let

n,m € Nsg and U a non-empty open set in R™. In this situation we obtain:
(1) If M has addz’tionally then we get as locally convex vector spaces

S{WM}(U,R"L) = 1&“ hLQ ng;n’h(K, Rm)
KCUleA,n,h>0

(ii) If additionally the Beurling-type condition is satisfied, then we have as
locally convex vector spaces

g(wM)(UaRm) = lﬂl lﬂl SMl;n7h(K,Rm).
KCU leAn,h>0

Proof. For the Roumieu-case we use ((9.3.10)), for the Beurling-case (9.3.11)). O
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9.3 Stability of the construction of a weight matrix

We summarize the whole situation in the following important result:

Theorem 9.3.11. Let M = {M' € RY, : I € A} be a weight matriz, let
n,m € Nsg and U be a non-empty open set in R™. Then the following is satisfied:

(i) If M satisfies additionally both conditions |(Myry)| and (Mg )|, then we get as

locally convex vector spaces

Eny(UR™) = Eqyp iy (UR™).

(ii) If additionally the Beurling-type conditions |(My,))| and (M wmg))| are satisfied,
then we have

5(M)(U, R™) = g(wM)(U, R™).

With other words both matrices M := {M":1 € A} and wpq := {wyp : | € A} generate
the same space of ultradifferentiable functions.

Proof. Holds now by applying our Theorems [9.3.3] and [9.3.10] ]

Remarks:

(1) If the matrix M is obtained by a weight function w with then theorem

9.3.11]is valid (for both cases) with &, ] = &j: Note that Theorem [9.3.10/holds
since by each associated function wy has and more precisely all

associated functions are equivalent.

(2) Theorem|9.3.11}holds also for the "Gevrey-sequence-matrix” G := {(p!*), : s > 1}!

(3) If Theorem is valid we can replace the given weight matrix M also by
wp, consisting of the associated functions wjy of the sequences M Le M. If all
associated functions are equivalent (as in the weight function case - recall ,
then the new matrix-space consists only of one function, but in general we don’t
have this property! Nevertheless we obtain the following:

Corollary 9.3.12. If Theorem|9.5.11|is valid, then we can replace some/all functions
wyst by equivalent ones (w.r.t. without changing the associated function space (for
both types).

Assume now that Theoremis valid and let N := {M!" € RY : (I,n) € AxR=¢}
be the matrix consisting of the above defined sequences M'". If each wy, is sub-
additive, then first holds for the matrix M itself by the same proof as in m
for the function wy; instead of w and [ = 1 in the proof there. Note that we have
MUY = M (recall (9.3:2)). Furthermoreholds for each sub-matrix M! := {Mb" .
n € Ryo}: We use again lm and w1 instead of w, for arbitrary [ € A. So each M!
has both properties (M gqpy )| and |(M rgp))| (see(8.7.1)), we obtain e.g. closedness under
composition by [8.3.1] for each space S[le]! This implies of course that £y is closed
under composition, too. For the full version of @I for each £, 1, we would have to
assume additional assumptions on each wy .

If each wyi satisfies (equivalent to a sub-additive weight), then we can change
to an equivalent family o; with wyp[ ~ oy for each I € A and such that each oy is
sub-additive. The derived weight matrix S := {S"" € RY : (I,n) € A x R>¢} defined

by S]l-’n = exp(% ~p5 (nj)) is equivalent to the matrix A, more precisely Ml and
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9 More properties and conditions on weight matrix spaces

Ml for each [ € A, where 8 := {S" : n € Ry} (seel5.3.1)) and |(M, )| is satisfied
for each sub-matrix S', I € A, separately.

But the converse implication is not true in general: In the case if some/each wji is not
equivalent to a sub-additive weight function this doesn’t apply necessarily that &,
is not closed under composition, because in general the associated functions w,; are
not equivalent. One would need e.g. that wy,u[~wyu, for each Iyl € A - like if the
matrix M is obtained by a weight function w (see !

Related to this question we formulate an immediate consequence of the second part of
4.0.0l

Lemma 9.3.13. Let M = {M! : ] € A} be a weight matriz, such that each
sequence M satisfies property moderate growth but M M™ doesn’t hold for
any l,n € A (e.g. the Gevrey-sequences M]f, = (p%, I > 1). Then the associated
functions wyn are pairwise not equivalent.

9.4 Connection between classes of Roumieu- and
Beurling-type defined by a weight matrix

The goal of this section is the following: We prove a more general matrix-version of [35]
2.12. Proposition|, so we want to obtain a inductive representation for the Beurling-
case and a projective representation for the Roumieu-case. More precisely we want
to write the space £ o) as union of classes ) and the space &y as intersection of
classes &7). Such representations (as vector spaces) can be useful to transfer proofs
and techniques from one case to the other.

First we consider the Beurling-case and for this we prove a more general matrix-version

of [35, 2.3. Lemmal, compare this also with ((10.6.6)) below:

Lemma 9.4.1. Let M := {M! : 1 € A = Ry} be an arbitrary weight matriz, i.e.
(M), and assume that there exists an arbitrary sequence of positive real numbers L
with I[<| M" for all 1 € A.

(1) Then there exist sequences P', P? with [@Pllg PE M for each | € A.

(2) If moreover we have that k — (M})Y* is increasing and (M})/* — oo for
k — oo for each l € A (if M s a weight matrix, then these conditions are
satisfied by definition!), then there exist sequences P! and P? with (P,i)l/k — 00
for k — oo, 1 = 1,2, and such that L < P1E| P2E| M for each | € A.

Proof. (1) We construct the sequence P': By assumption l@ M holds for each I € A
which precisely means:

V1€ AV h>0 (bothsmall) 3Dy >0 (large) Vk €N: Ly, < Dyy - - M} ()

In (x) we put h =1 = % for n € N5 and let D/, 1/, be the minimal constant such
that this inequality is satisfied! In the following we identify the constant D, 1/, with
C,, and note that the so obtained sequence (C,,),, is increasing in n and we can assume
Cp > 1 for all n. Let A > 1 be an arbitrary real number (can be chosen very large) but
from now on fixed, then for each n > 1 there exists a minimal number j, € Nyg with
(C,)Yn) < A and we can assume that (j,)n>1 is a strictly increasing sequence in n.
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9.4 Connection between classes of Roumieu- and Beurling-type defined by a weight matrix

Then define the sequence P! = (le)j as follows: We set le =/Lj- Mjl/n for j e N

with j, < j < jpy1, n > 1, and le = /L; -Mj1 for 0 < j < j1.
We show [@Plz For j € N with j, < j < jny1, n > 1, we obtain:

1/ 1/d 1/(2)
Lj — VL _ (L < (Cn)l/(%).i < (C’n)l/(an).L < Q
P! 1/n M ~~ N v T o/n’
J M; j (*)

which tends to 0 for j — co & n — oc.

We show now P1|E| M for each [ € A. Let I € A be given but fixed (consider 0 < 1 < 1
very small), then for j € N with j,, < j < j,41 large enough such that (at least) % <l
holds we estimate as follows:

s 1/ T\ V9 1/(25) N\ 1/(2)
1 a ! !
M! M! M M; M;

—0 for j—oo0 =1

because [@M ! for each | € A by assumption.
To construct now the sequence P? we replace in the previous construction and definition
the sequence L by P! (which can be done since we have shown Plg M for each [ € A).

(b) We start with the construction of the sequence P'. By assumption the map k

MYk is increasing and moreover (MLY% — 0o if k — oo for each I € A = Rsy, so
k k

we obtain the following:

V1eAVCeNsgIheeN: (M, )/*)>C (i)

We put [ := % and C':=n for n € N5¢ and identify ky, ,, with k. Since the mapping
k — (M})!* is increasing for each [ € A we see that if (xx) is satisfied for k, (with n
fixed), then also for all k > k,,. So we can arrange the sequence (ky)n>1 in such a way
that we obtain a strictly increasing sequence.

Put Pk1 = max{ Mé/n,Lk} for k € N with k, < k < kp11, and for 0 < k < k1 we

put P} := max{ Mg,Lk}.

Then of course P! > L holds by definition.

In the next step we show P1|E| M for each I € A. Let [ € A = R-q be given but fixed
(consider 1 > [ > 0 very small), then for k large enough with k, < k < k41 with at
least % < [ we estimate as follows:

1/k 1/k

piy V/k Mé/" Ly 1/k M]lC Ly 1/k
k

— = max N == < max | —

M} M} M} M}

o\ /k
= max {(M,lg)_l/(%)’ <]\4kl> } — 0,
k

for kK — oo because by assumption (M,i)l/k — oo for k — oo and llE' M for each
leA.
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9 More properties and conditions on weight matrix spaces

Define the sequence P? via Pj2 = \/le . Mjl/n for j € N with j, < j < jng1, n > 1,
and Pj2 =, /le . Mj1 for 0 < j < j1 analogously like the sequence P! in (a) (note that
we have already shown P1|E| M for each [ € A).

n\ 1/ (kn)
Finally we have by (xx) and definition that (Pkln)l/(k") > (M;T{ ) > \/n — o

for n — oco. Since for k with k, < k < kj,4+1 the mapping k — (M,i/n)l/k is increasing
(for each n > 0 separately but fixed) we have (P})'/* — oo for k — co. By Pl@ P?
we have also limkHOO(P,f)l/k = +o00. O

Remark 9.4.2. Of course we can replace in the above formulation of the theorem and
l
the proof M,i by mfg = %7 Ly by I, := %c

We use to prove the following

Proposition 9.4.3. Let M := {M':1 € A = R} be an arbitrary weight matriz, i.e.
(M|, then we obtain the following inductive representation (as vector spaces) for all
n,m € Nyg and K CR"™ compact:

EmyER™) = | EyE,R™) = | €u) (K, R™).
gm gm

If moreover k — (M})Y* is increasing and (ML)Y/* — oo for k — oo for each | € A
(e.g. if M is a weight matriz), then we can restrict the unions to sequences L
with IEM and (Ly,)"* — oo for k — co.

Proof. Inclusions (D) are clear by definition.

Conversely for (C): Let f € &g (K,R™), then define the (arbitrary) sequence of
positive numbers Ly := sup,eg || f*) ()|l Lk (mn mmy, and by definition [E M?" holds
now for all [ € A. We use (1) of to conclude that there exist sequences P!, P
with [EPIE P@ M for each I € A, hence f € Epry (K, R™) and f € Epoy (K, R™).
If the additional assumptions on M are valid, then by (2) of we get also (P,f;)l/ ks
oo for k — 00,7 =1,2. O
Next we study the Roumieu-matrix-case:

Proposition 9.4.4. Let M := {M':1 € A = Nsq} be an arbitrary weight matriz, i.e.

(M)], then we obtain the following projective representation (as vector spaces) for all
n,m € Nsg, U CR" non-empty open:

EmyUR™) = () EUR™ = () Euy(UR™).
MLL MLL

Moreover we get in this situation for M:

(a) If we assume in addition that there exists an index lp € A with lim infjﬁoo(ml.o)l/j >

0, i.e. condition then we can replace the matrizc M by M€ .= | :

I € A}, where denotes the weakly log. convex minorant of M', and the
intersections on the right hand side can be restricted to all weakly log. convex

sequences L with /\/@L, (L)% — oo for k — oo.
(b) If k — (M,i)l/k is increasing for each |l € A (e.g. satisfied for M a weight

matriz automatically), then we can restrict the intersections also to all weakly log.
convex weight sequences L with M|E|L and (Lk)l/k — o0 for k — oo.
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9.4 Connection between classes of Roumieu- and Beurling-type defined by a weight matrix

Proof. We prove a matrix-version of [22, 2.4. Theorem| and proceed as follows:
Recall that /\/@L means M @L for each [ € A, hence

5{M}(U, Rm) - ﬂ/\/@L 5(L)(U, Rm) - ﬂ/\/@L S{L}(U, Rm) holds by definition.

For the converse direction we show Eqng (U, R™) 2 (g Eqry(U,R™). Let f ¢
Eamy (U, R™), so there exists some compact set K C U such that for all [ € A = Ny

and C' > 0 there exists jic with fj; . > Ccine . M]l-lc, where we have put fi :=
SUP ek Hf(k) (x)HLk(Rn RmY: We choose now C' =1 =n € Ny and identify j, , with jy,

to obtain a strictly increasing sequence (jy,), with:

f 1/(jn)
(MJ;; > > n, (9.4.1)

Jn

for all n € N5o. We show now that there exists a weight sequence L with M[<| L and
such that f ¢ &y (U, R™).

We proceed now similarly as in |22, 2.4. Theorem|: W.l.o.g. we have j; > 0, and we
consider (for n > 1) the sequences (n), and e.g. (n~'/?),. Now introduce the sequence

B = (Bn)n via

1 f; 1/(4n)
Jn
=—— > 9.4.2
for n — oo and clearly 3, > 1 for all n > 1. We pass now to a subsequence «y of 3 with
additional property v,41 > "

In the next step we define the piecewise affine function ¢ as follows:

Put ¢(0) = 0 and ¢(j) = jn - log(yn) for j = jn, n > 1. For j € N with j, < j < jn+1,
n > 1 the function ¢ should be the affine line connecting the points (jn, jn - log(Vn))
and (Jn+1,Jn+1 - log(yn+1)). More precisely, this affine straight line is given by

N jn+1 . 10g(7n+1) - jn : IOg(’Yn) jn+1 : ]n ) 10g(7n/7n+1)

9n T : : (T —Jn)+Jn1log(yn) = dp-z+ : ;
In+1 — Jn In+1 — JIn

=:dn, =:cp

and so for j with j, < j < jn+1 we put ¢(j) = gn(j) where n > 1. Finally for 0 < j < j;
we put ¢(j) = j - log(71)-

The first observation is that ¢, < 0 for all n and moreover the sequence (dy)p>1 is
increasing, because

) < dy = Jn+1 - IOg('Yn-i-l) — Jn - IOg(’Vn) < Jn+1

- . < - . ) < M
In+1 — Jn In+1 — Jn

: 10g(7n+1 ;

log(7n+1 = -
In+1 — In

S 10g(’7n+2)

by the choice of the sub-sequence . Finally dy, the slope on [0, j1] is given by dy =

log(v1) and so dy < log(v2) < dj. This implies that n — d, is increasing, hence

é(z)
x

¢ : R>g — R>( is a convex function. Because ¢, < 0 the mapping = +— is

increasing.

Define now the weight sequence L = (L;);, or with other words the (constant) weight
matrix £ := {L} (consisting only of this sequence L) via

Lj := exp(o(j)) - Mj
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9 More properties and conditions on weight matrix spaces

for j € N with j, < j < jny1, n > 1, and L; = exp(¢(j)) - ]\/.I'j1 for 0 < j < j1.
We show M@L for each [ € A: We have for arbitrary [ € A = N5 (large):

M 1/(jn) 1 M 1/(jn)
Jn - . Jn
(Lz’n> Jn <M>
—_——

—0

<1

which holds for I < n (since then M! < M™) and because 7,, — 0o for n — co. Because
@ is increasing and Pln) log(y,,) — oo for n — oo we are done.

the mapping j — 5

It remains to show, that f ¢ &y (U, R™):

j 1/(jn) 1/(n)
(fn)l/(]")_(fjn) 1 _(f%) LI
L;, My exp (222) — \ M, Tn

J

for n — oo by the definition of the sequences v and (.

Unfortunately the second part of shows the following for non-constant weight
matrices M: By using the above proof we cannot expect that the sequence L is weakly
log. convex, even if each M! is assumed to be weakly log. convex (in the constant case
this can be done, see the proof of [22] 2.4. Theorem|). To obtain weakly log. convexity
for L one can either assume additional properties (see (a)) or change the above proof

(see (b)).

(a) If we assume in addition for the weight matrix M that there exists an index Iy € A

with lim infj_,oo(M]l.o)l/j > ¢ > 0, then also lim infj_m(M;)l/j > ¢ for all [ > [y and

o)
J

in this situation lim; ., (L;)/7 = +oc holds automatically: Recall that j — is

increasing and 2ln)

s = log(n) — oo for n — oc.

Mo

The same argument stays valid if we replace M by ml = (mé-O )js mé.o = j—]!, and L
. . M7

by I = (lj);, l; = %, because [; = % = exp(¢(j)) - 5t~ = exp(@(j)) - m} then holds

for j € N with j, < j < jnt1. Now we can use [35, 2.15. Theorem| to conclude that

we can replace L and each M! by it’s (weakly) log. convex minorant without changing

the associated function space.

(b) We start with the same proof as above and use again the sequence (3 defined in

B via
1/(jn)
_ 1 fin

. M"L
But now pass to a subsequence v of § with additional property v,+1 > " - Mnj_”l .
Jn—1

In the next step we define the piecewise affine function ¢ as follows:

Put ¢(0) = log(Mjll) > log(M3) = 0 and ¢(j) = jn - log(yn) + log(M7!) for j = jn,
n > 1. For j € N with j, < j < jn+1 the function ¢ should be the affine line connecting
the points (jn, jn - log(vn) +1og(M]!)) and (Jnt1, Jnt+1 - 1og(Vn+1) + log(M;;i)). More
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9.4 Connection between classes of Roumieu- and Beurling-type defined by a weight matrix

precisely, this affine straight line is given by

Jn+1 - log(')/n-i-l) —Jn- IOg(’Yn) + IOg(M;'::i) - log<MjT;)
jnJrl —Jn

gn i T (2 = Jjin)

+ Jn - log(vn) + log(M])
Jn+1 * Jn - 1og(Vn/Yn41) + Jnt1 - log(MgZ) —Jn- IOg(Mﬁ:j)
Jn+1 = Jn

=dn T

=:icp

and so for j with j, < j < jn+1 we put ¢(j) = gn(j) where n > 1. Finally for j € N
with 0 < j < j1 we put ¢(j) = j - log(y1) —l—log(Mjll).

The sequence (dy,)n>1 is increasing, because

log(7m 1) < 221 108(Yn+1) = Jn - 10g(m)
In+1 — JIn

- Jn+1 - log(vnt1) = Jn - log(n) + log(MjTi /M]Z)

B jn—i—l - ]n

< Jn+1 - 10g(nt1) + IOg(M]Zi/Mﬂ) < log(Vn+2)

- - S — < 10g(7n+2)
In+1 — In In+1 — In

<dp

by the choice of the sub-sequence ~. Finally dy, the slope on [0, j1] is given by dy =
log(~1) and so dp < log(v2) < d;. This implies that n — d, is increasing, hence
¢ :R>9 — R is a convex function.

Moreover ¢, <0 < log(Mjll) for each n > 1, because log(VZ—L) < 0 and

s Tog(M)) — ju - log(M1) < 0 —— -log(My.) < = log(Mj.1})

N (M]T:L)l/]n < (Mj"::i)l/jn-&-l,

which holds because k +— (Mli)l/k is increasing for each [ € A separately and M > M2
for I1 > Is.

Define now the weight sequence L = (L;);, or with other words the (constant) weight
matrix £ := {L} (consisting only of this sequence L) via

Lj := exp(¢(j)).

Observations: ¢ is a convex mapping and so L is a (weakly) log. convex sequence.

Since ¢, < 0 for all n > 1 we see that j — %]) is increasing on [j1,+00). For j = jp,

n > 1, we obtain Lj, = exp(¢(jn)) = N M2, hence (L)Y = exp(%) =

n

1/jn
’yn<M;;) — oo for n — oc.

We show M l@ L for each | € A: For arbitrary [ € A = N5 (very large but fixed) we

get:
_Jn - — .
<Ljn> n <M>
~—_—————

—0
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9 More properties and conditions on weight matrix spaces

which holds for I < n (since then M! < M™) and because 7, — oo for n — oo.

Note that % = log(vn) + log(j%") = log(vn) + log((MﬁL)l/jn) — o0 for n — oo and
j— 20) g increasing on [j1, +00).

J
Finally this implies immediately also (Lj)l/ J — oo for j — oo.

-\ 1/(n) N\ Y(Gn)
It remains to show f & &y (U, R™): (iJT") " ({j—lﬁ) " % — oo for n — o0
n n n

by the definition of the sequences v and 3.

Important remarks:

(7) In (b) in we have assumed that k — (M!)'/* is increasing for each [ € A.
Note that this condition implies immediately for each sequence M' with
c=1 separ;xtely, ie. M]l ; M,lC < M]l.+k for all j,k € N For arbitrary j, k > 1 we
have (M})l/J < (M;_Fk)l/(ﬁk), (M})MVE < (M];+k)1/(]+k)7 hence

M- My < (M )P/ UR (M )FIOHR) =

The remaining cases (j = k = 0, j = 0, k arb. resp. j arb. and k = 0) are
obvious by normalization. Recall: |(alg)|for each M tells us that each class Enm
separately is closed under pointwise multiplication.

(ii) Moreover generalizes [I, 4.6. Corollary| to the more general weight matrix
situation. [I, 4.6. Corollary| proves the previous result if M is obtained by a

weight function w with For this recall |6.2.6{ and (5.3.3)) in [5.3.1}

9.5 Embedding of £y into the Gevrey-matrix-space fails

In this section let M be again always aweight matrix. We introduce some defini-
tions (see [26, § 1]): An arbitrary sequence of positive real numbers M = (M});, satisfies
moderate growth (also called stability under ultradifferential operators, or "separativity
condition” in [26]), if

(mg):= IC> 1V ke N: My <CF. M- M,
it satisfies weak moderate growth (or "weak separativity” introduced in [26]), if
(wmg) 1 IN = (Np)y 3C > 1V j,k € N: Mjp < C7 - M- Ny,
and finally recall derivation closedness
(de) & 3C > 1V jeN: My <OV M.

The last condition is called “differentiability condition” (D) in [26] with a misprint
there. By putting Ny, := C* - M), we see that implies and the case k =1
in implies clearly .

The following definitions and notations are motivated by [26]. Note that in this paper
all considered weight sequences M are assumed to belong to and M for each
[ € A by definition if M is assumed to be a weight matrix. We denote by

G:={C" = (p!"): 1> 1},
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9.5 Embedding of £ gy into the Gevrey-matrix-space fails

the so-called Gevrey-weight-matriz. We put in the following al, := log(M!) and by
assumption (see e.g. [4.0.2]) we can introduce the function

Hy(t) :==sup{n -t —al}, Hi(log(t)) = wyu(t) for t > 1.
neN

Note that by normalization we have M} < M! for each I € A, hence wy;(t) = 0 for

0<t<1 (seeeg (4.0.2)) and so H|(_, = 0. Since M]l = Sup;>q m holds

by [16], 3.2. Proposition|, we get

a; = log(Mj) = Sthl){j-log(t)—le 0} = = Sglg{j-s—ww (exp(s))} = Sgg{j-S—Hz(S)}-
- s=log(t) 5= 5=

In the above calculation we can also take sup,~( and sup,cg. With this preparation
we obtain the following theorem (for the analogous result see |26, Theorem 1|):

Theorem 9.5.1. Let M be a|(Ms.)| weight matriz, then the following conditions are

equivalent:
(1) M satisfies condition
(i) VIeAIne AIC>1VjeN: My, <C% - (M})?,

l_72”r_1,
(i) Vie AdneA: supjeN%’jaJ < +o00,

(tv) Condition (9.3.3) is satisfied,
(v) VieAdIneAIC>0: VteR:2-H,(t) < H((t+C)+C.

Proof. (i) < (iv) is already shown in[9.3.2]

(i) = (di) is clear: Take j =k in to get (i¢) for all j € N.

(7i) < (vit): We apply log to Méj <C¥. (]\43”)2 and see that ale <(2j)-Ci+2-af,
and also the converse direction by applying exp.

(iv) < (v) This holds by definition - recall wy.(t) = H;(log(t)) for t > 1 (in fact
for t > 0) and each [ € A, hence 2 - wymn(t) < wyu(H -t)+ H < 2 - Hy(log(t)) <
Hi(log(H) + log(t)) + H for all t > 0.

(v) = (i4i) By the above calculation we have:

ab; = sup{(2j) - s — Hi(s)} < sup{(2)) -5 — 2 Hy(s — C) + O}
seR seR

=2-sup{j s — Hu(s — C)} + C =2jC +2 - sup{j-s — Hy(s
5>0 s eR

=2jC +2a} + C,

)}-¢C

! L. —2qn
where we have put s := s — C. So we have shown that for all j € N we get % <
2C + %, hence (i77) is satisfied.

(13) = (v) Similarly we calculate as follows:
H(t) = sup{j - — b} > sup{(2j) - ¢ — ab;} > sup{(2j) - ¢ — 2jC — 2a;}
JEN JEN JEN
=2-sup{j - (t—C) —aj} =2 Hy(t-C).
JEN
The first inequality holds, because we consider only even positive integers 2n. O

If we assume some further properties for M, then we can prove also some more useful
equivalences for (analogous result to Appendix B in [20]):
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9 More properties and conditions on weight matrix spaces

Theorem 9.5.2. Let M be a weight matriz with addz’tionally and put

ay :=al_, —al, =log(M} ) —log(M}) = log

k+1

= log(pil, 1), then the following

conditions are equivalent:

(i) M satisfies condition (Mg )

(i) vz6A3n6A3021VjeN:M§j§C2j-(Mn)2<:>“lﬁ 4 4 log(C),
(iii) VIeAIne AIC>1VjeN:dy <al+C

(lv) VieAdne A3IC>1VjeN:a;
(v) VieAIneAIC>1VjkeNVi<k:a,, <i-ap+al+(i+j)-C.

Note that for matrices obtained by a weight function w € W, condition is
satisfied automatically by in m and condition (M giagy )| holds, if and only if
propertyis satisfied, seew Note that [(M [diag}) implies condition (7i) (because
M} > 1 for each n € A and j € N).

Proof. (i) < (ii) was already shown in Theorem

(1) = (v) We use for this 1mpllcat10n an estlmate Wthh will be used again in the

implications below: Since M is a (M )| weight matrix, we have for each [ € A and

j € N the following inequality: ]J < a & al <j-(d ajyq — aé) =7 a] —j- aJ &
l l
(j+1)-ay <j-di, & " S Jﬁf & (Ml)l/J < (M}, YUY Moreover this implies

also that the mapping j — a log(uj 41) is increasing for each | € A and so we are
done.

For the next steps we use inequality (B.1) in Appendix B in [26] for each [ € A
separately:

25—
Z =ab; —a} < j-ab; (9.5.1)

holds for all j € N (because by log. convexity j — a’

; is increasing).
(73) = (iv) This holds by the following estimate

dl ! ! o o™

a s a
Sﬁfi ﬁ<7.3+2.10g(0)§4+01_
J

J J J J

For the first inequality we have used the first part of - the second inequality
holds since a] log(M 1y > 0 for all 1,j. The third inequality holds by assumption
property (i7) and for the fourth we finally first have used the log. convexity and then

~

2-a <ay; <ai'+j-C.

iv) = (it) By log. convex1ty we obtain a/ 2j) - ak . and by assumption (iv) we get
23 27

(27)-a ] < (2j) - (2%7 + C) = ay; + (2j) - C. So we can estimate as follows:
G B oY
275 — 25

where for the the second inequality we need ag; < 2- a”1 +(2j) - C and this holds again
by (M{diag)) (need here in fact only Mg, < exp(C)% (M"l) Cy=C+0).
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9.5 Embedding of £ gy into the Gevrey-matrix-space fails

(1ii) = (i1) We get

l n n n ni
Ao ; QAo a' al - .
Aoy <ar+c<E_Lyo<Hro<dqa.
2j J J J J

The first inequality holds by log. convexity, the second by assumption (i), the third

by the first part of (9.5.1]), finally the last inequality is exactly again.
(iv) = (i17) We get

n ni

i<y o<Y Loi<amtc
S R e A

The first inequality holds by assumption (iv), the second by (i7) < (iv) and finally the
third is again exactly obtained by log. convexity.

(v) = (i7) In (v) we take i = j = k, then we obtain aZQj <n-aj+aj+(2j)-C. Hence
we have

l ~n n n n n n n1
as; _ay - aj ay; ay - aj ay; aj
— <=4+ =4+(C<L —=—-—=4+=4+C=—"=+C< —=—+C.
2j_2+2j+ — 2 2j+2j+ 2j+ _j+1
The second inequality holds by the first part of (9.5.1)), the second by (need
here again in fact only Mg} < exp(C)% - (M}“)Q, C1=C+0). O

Analogously we can formulate (with the same proof as in Theorem and "Beurling-
type-order” of quantifiers):

Theorem 9.5.3. Let M be a|(Ms.)| weight matriz, then the following conditions are

equivalent:

(1) M satisfies condition
(i) Vne A3le AIC>1VjeN: My, <C% - (M})?,

L —2q7
(tit) Yne AIleA: supjeN%Jj Y < oo,

(tv) Condition (9.3.4) is satisfied,
(v) VneA3leAIC>0: VteR:2-H,(t) < H((t+C)+C.

By using Theorem the aim would be to prove an analogous result to [26, Theorem
2] where the following was shown: If M is a (weakly) log. convex weight sequence with
lim; o (M;)'/7 = +o0 and property then there exists s > 1 with Eqpry C sy
- The general weight matrix-type result would be: If M is a weight matrix with

then

VIEAIt>13Th>0VjeN: M <n . jI (9.5.2)

or alternatively VI e Adt >1: M G'. This would mean that Ermy C Epgy is
satisfied.

But for non-constant weight matrices we have the following very important counterez-
ample:

Example 9.5.4. There exist (non-constant) weight matrices M = {M": 1 € A}

with additionally property (and so , but such that Egv C Eqpmy-

Moreover we can obtain the following properties:
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9 More properties and conditions on weight matrix spaces

that both |(M g )| and |(Myqey)| don’t hold. Moreover each M' doesn’t satisfy
[(mg)} [((wmg)] and |(dc)}

Proof. (1) Put M! := I¥* for I,k € N, | > 2 (sequence M? was already considered in
[21, 5.4. Example|). Then immediately M" < M" for I; < I, each sequence M' is
clearly normalized and log. convex (k — log(M!) = k? - log(l) is convex) and of course
limkﬂoo(M,i)l/k = limy_. I¥ = +o00 for each [ > 2. So we have shown property |(Msg.)
and moreover also condition is satisfied: For given [ € N, [ > 2, we can take
e.g. n:=[? and then we have for all j,k € N:

R [ Vi IAR VL0 V7 R A () Ll & A L s

— 2k < lk2+j2 oel1< lk2+j272jk _ l(kfj)Q_

On the other hand apply log to (9:5.2) and we have for al = log(M}) = k? -log(l) and
each [ > 2
a . k-log(l)

1' _— = _— =
P T Tog(k) ko Tog(k) %

so for G' := (j!'); we get get G M! for any [ > 2 and t > 1. But the converse

relation M| <| G cannot be valid for any [ > 2, ¢t > 1, since limj_., %%Uf) = 0. Hence
k

we have shown &gy C Eqpq). Note that all occurring sequences G*' and M' are weakly

log. convex and compare this calculation with (i) < (7 ) in [26, Theorem 2|. Moreover
note that by Stirling’s formula we have log(j!®) ~ (js) - log(j)-

Each sequence M! doesn’t have [(mg)f For moderate growth M]l'-l—k < CItE. M]l . M,lg
should be satisfied for a constant C' > 0 and all j,k € N. But for the special choice
j = k (compare this with condition (3) in |26l Theorem 1]|) we get for the left hand side
ML, = 1** and for the right hand side (M})? = 12 hence for each | > 2 we obtain

1/(2k)
( Mék > _2k2/(2K)
(Mp)?

¥ —

for k — oco. But also cannot be satisfied, for this we check that condition (')
in |26l Theorem 4| doesn’t hold:

at log(M! 2 oe(l
J J J

doesn’t tend to 0 for j — oo for all [ > 2.
But this shows automatically that is satisfied since condition (’y/) in [26, Theorem

[ll~
5] holds: 5% is bounded for j — oo for each [ > 2.

(2), (3) Let the matrix M = {M! : [ > 0} be given by M]l = exp(I/(=1.j5/(5=1. R(5)),
R(s) = (Sl/(ls—l) - ss/(13—1)>’ obtained by the weight function ws(z) := max{0,log(x)*}

for s > 1 a real parameter (see the above section 1.10. for the precise calculation).
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9.5 Embedding of £ gy into the Gevrey-matrix-space fails

Since M is obtained by a weight function it is always a [(Msc) Weight matrix (see
5.1.1) and moreover we get by convexity of the function <pw property (with

the choice C' =1 and n = 2[ - see ((5.1.2)) m. But [(mg)| cannot be satlsﬁed for

any sequence M', because w doesn’t satisfy (see the second part of |5.1.3 - or by
direct calculation (see above section 1.10. for more details). These arguments hold for
any parameter s > 1.

Analogously we get as above in (1):

l l l S— :s/(8s— o S—
| aj _ llog(Mj.) _ rog(Mj.) _ 11/(s—1) ..] /( '1).3(5) :ll/(s_l)-R(S)- G/ '1)
j-log(j)  j-log(j)  Jj-log(y) j - log(j) log(j)
W
—00, J—00
because by de I’'Hopital we have lim;_, % = lim;_ ﬁ . % = % .

lim; oo j/6~Y = 400. This calculation shows that for all I > 0 and ¢t > 1 we get
G‘i Ml but M =<|G* cannot be satisfied for any ¢ > 1 and [ > 0.
Similarly as before we use now the characterizations in [26], Theorems 4,5] and we
calculate:

! l 1) es/(s—
ﬁ _ log(Mj) _ ll/(S 1) ']S/(S 1) R(S) _ R( ) ll/(s 1) (2 s)/(s— 1)

J? J? J?

If s > 2, then the expression is bounded for j — oo and all [ > 0 but doesn’t tend to 0,
hence each M satisfies [(dc)| but not [(wmg)l If s > 2, then in fact the expression tends
to 0, hence each M! satisfies both |(dc)| and |(wmg)|

But if 1 < s < 2, then the above expression tends to +oo for 5 — oo for each [ > 0,
hence each sequence M satisfies neither |(dc)| nor |(wmg)|

(4) Let M :={M':1 € N,l > 2} with M} := I¥" for k > 1 and M} = 1. Of course M
is a weight matrix, furthermore we have immediately for all [ > 2

log(M}) 47 -log(l)
j-log(j)  j-log(j)

Vi
log(j)

— 00, for j — oo,

= log(l) -
which shows £(gy C £y and similarly

]og(Ml) jj*2
2 L= log(1) - .
J log()

— o0, forj — oo

which shows, using again [26] Theorems 4,5|, that neither [(wmg)| nor |(dc)| can be
satisfied.

But now, for property we proceed as follows: Let [ € N, [ > 2, be arbitrary
but fixed and then for each n € N we can find a constant C > 0 such that C -l > n
and so M1 > M"™. We obtain:

Méj 1/(29) l(2j)2j 1/(27) l22j,j2j 1/(29) l22j,j2j 1/(27)
(1 2 o e ) Z\co
i1

j2:49-(2297 15 -1) 1/(25) (UL 1) j22971 -1 7’
- C2 7 B C e
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9 More properties and conditions on weight matrix spaces

for j — oo, hence cannot be satisfied because (ii) in is violated. But
clearly for n = [ and C' = 1 in the previous calculation we see that also cannot
be satisfied for any M* [ > 2.

Analogously we proceed for Let I € N, I > 2, be arbitrary but fixed and
assume that we could find some (very large) n > [ and a constant C' > 1 with M. ,i 1=
J(k+D)EFD < C*.n** for all k € N. But for arbitrary n > [ we can find a number A € N
such that n < A - and so we would get

(1) D < k. (A- l)kk — (kD (k1) /(KF) 1 < CYEEY) 4

o (/B =1 < o1/(BRY) | 4

Finally note that (1 + %)k (k4 1) — 400 and so we obtain a contradiction. O

Remark 9.5.5. (i) Ezample is very important in the following sense: The
embedding-result by Matsumoto cannot be transferred to the non-constant matrix-
case! The reason: The matrixz generalized moderate-growth-condition of Roumieu-
type (Mmg))| for M = {M" : 1 € A} is much more general than assuming
moderate growth|(mg)|) itself for some/each sequence M.

(1) By [20, Theorem 2] for each constant weight matriv M = {M}, we
have that if |(mg)| holds then there exists s > 1 with Eppy C Ergsy. So be-
yond Gevrey sequence spaces we cannotl expect property which would be
necessary,/convenient to introduce a theory of pseudo-differential operators of ul-
tradifferential classes, see remarks in [27, §1].

(#i7) But example shows, that also beyond the Gevrey-matriz of Roumieu-type

Ergy there exist non-constant ight matrices M with property

(and each M' € M doesn’t have . So it seems possible that one can use
property and transfer the theory/proofs of [27] to the general weight

matriz case (also to classes beyond the Gevrey-matriz space E(gy).
By using Theorem[0.5.1] (i) < (i) we can also show: There exist [[Mj.)| weight matrices
with arbitrary large sequences M' and satisfying [(M meg})}  For this we start with
M = I¥ from above (for I,k € N, I > 2) and put exp(M}) := exp(lkz). We can
iterate this procedure and write exp?(M}) := exp(exp’~}(M})) for i € N, where exp’ =
expo---oexp, exp’ = id.
—_——

i—times
Let now i € N be given with i > 1, we show that for each i the matrix (exp’(M})); rene
satisfies condition [(M g1 )| with the choice n := I*. It suffices to prove (i) in Theorem

[0.5.1) and we get by applying log:
exp! (M4)) < (exp! (M}")* & exp' ™} (M) < 2 exp ™1 (M),
But this holds by induction on i: For i = 1 we get
ML, < MP < Ml < MY < 120 < (19 & 129 < %
and for 7 — 4 + 1 this inequality stays valid by applying exp to Mék resp. M, ,lf.

The matrix obtained by M,i := [¥* has some other special properties: First each se-

ML
quence m!, m}, := S, is log. convex (so |(slc)| holds for each sequence m!):

2k k=12 kD e ) k+1
N2 ol < ) 2k < 2k242 <2
(mg)” < my_y Me+1 7 712 U] (k+1)!(:) i = <l S <1
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and the last inequality holds for all £ > 1 and [ > 2, because then % < 2 < 2
Moreover holds, because for given h > 0 and [ € N, [ > 2, we can put
H := max{h,l} and then for all £ > 1 we get hk’-M/,l'C — kR < HE . qF — [k +k <
H2 = (HQ)kQ. Hence m holds if we choose n = H?2.

Another nice property is that for each l1,lo € N we can find n € N with M,il -M,lf =M}
for all k£ € N, because take clearly n :=1[; - ls.

Conversely we have the following:

Proposition 9.5.6. Let M := {M': 1 € A} be a weight matriz and assume
that Egpgy C Eqgy holds. Then already each “derived multi-index weight matriz” from
M in the sense of construction (9.3.1)) shares this property.

Proof. First recall : For each | € A and ¢ € N and n € N5y we obtain
Mil’n = (M! )/ So (since M! is weakly log. convex) for each | € A there exists t; > 1
with M| <|G". Hence M]l < h{ - (41! for a number h; > 0 and all j € N, and so we
get of course (M} )™ < hi - ((in)))%/" for all I € A and i € N and n € Nx.

Let n € Nyg be arbitrary but from now on fixed, we choose k¥ € N minimal such that
n < 2% holds and then for all i € N we have ((2Fi))t < 4fiei . 12" where for k > 2
we have put ¢ = 2571 +2.¢,_1, ¢; = 1. This holds by iteration and moderate growth
for each sequence 4%, more precisely (2:)!% < 2% . (§)12h = 4 . (§)12% and so
(2Rt = ((2- 2 L))t < 42" hite L ((2F1§)1)20 (see also the remark below this proof).
Hence for each I € A and 7 € N and n € N5 we get:

M — (MY < hi - ((in)))1/™ < hi - ((i2k)1yt/m < hi . glerit)/n1(25) /n

1

= (hy - 4lewt)/myi - y(@Fa)/n,

which shows precisely that M l’ G*)/n for k € N chosen minimal such that n < 2k
holds. O

Conclusion: If the original weight matrix is contained in the Gevrey-matrix, then also
each "derived multi-index-matrix” defined by construction (9.3.1)). For this implication
we don’t need necessarily property for M, the inclusion holds by the special
structure of the the Gevrey-matrix G: Each sequence G* € G has moderate growth
and furthermore for each t1,fo > 1 there exists t3 > 1 resp. also for each t3,t5 > 1
there exists t; > 1 such that G;l -G;Q = G§3 for all j € N.

Remark about the recursion and the precise structure of the sequence (c)y in m
We have ¢, = 2571 42¢;,_1 and ¢,_1 = 28724 2¢4_o, hence after multiplying the second
equation by 2 we obtain: ¢ — 2cp_1 = 2k=1 4 9¢1 1 — 2F=1 — 4¢p_ 5, hence for k > 2
we have bk = 4bk_1 — 4bk_2 and bo e 1, bl = 4 with bk = Ck+41-

This new (linear) recursive definition gives for the formal power series A(z) := 3, < bi-
2F the equation A(z) — 4z — 1 = 42(A(2) — 1) — 422A4(2) & A(2)(42%2 — 4z + 1) =
1 & Az) = ﬁ = > k>olk + 1)2¥2%. This means that for all & > 0 we have
b = (k4 1)2%, hence ¢ = k287! for all k > 1.

We close this section with some concrete examples for [0.5.6}

Proposition 9.5.7. There exist non—constant weight matrices M = {M' : 1 €
A} such that Egpgy C Eqgy and with the following properties:
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(1) Each sequence M satisfies .
(2) Condition|(Mpgy)| holds for M but each sequence M' doesn’t satisfy [(mg)|

(3) Each sequence M' doesn’t have and also |(M g1 )| is not satisfied.

Nevertheless in all three examples each M' has properties |(wmg)| and |(dc)|

Proof. (1) Let 1 > 2, we put M} = M! = M. := 1, for k > 3 we put M]lC ;= [Flog(log(k))
Then each M! is log. convex, because k — log(M}) = k - log(log(k)) - log(l) is convex

My — ML > b =1 & [3080053) > 1 & 3log(log(3)) > 0 & 3 >

- —
(note that ps = M=

exp(1)).
Normalization and Mjl.1 < M]l? for I; < ls and all j € N is clear, moreover limjﬁoo(MJl.)l/j =
lim o 180980)) = 400 for each [ > 2. Hence M := {M': 1> 2} is a weight

matrix.
Finally we obtain for all [ > 2

log(Mj) _ j -log(log()) -log() _ ) To(log(5))

j - log(j) j - log(j) log(j)
—0,j—00
which holds again by the rule of de I’Hopital: log(log(z)) = 10g1(x) -1 hence lim; .o % -
. 1/(log(5)1/5 _ 1 1
lim;j 0 % = lim; . o2) = 0.

This shows that for each [ > 2 we can find some ¢; > 1 with M G, but the converse
implication G =< M! doesn’t hold for any ¢ > 1 and | > 2.

Moreover, each sequence M’ satisfies we check for this that condition (3) in |26,
Theorem 1| holds:

1N 1/(2k) k-log(log(2k)) \ 1/ (2F)
<(M?I;2> N <l22klg((lg((2k))))) - (l%(log(log(%))_log(log(k)))1/(%)
M} [2k-log(log

_ Jlog(log(2k)/log(k)) _, log(1) — ;0 _ 1

log(2k) 1+ log(2)

for k — 00, because Tog(h) = gl 1 for k — oo.

(2) Consider the matrix M := {M! : | > 2} defined as follows: First consider the
k
sequence by, := 22" for k € N. If j € Nis given with by < j < bg41, then we put

Mt = loson(be) j3108(2" log(2)) _ 1j+(2" log(2)+log(log(2))

and M} = M} = M} = M} = 1. Remark: If by < j < by, so if 4 < j < 16, we have
M]l. — lj~(10g(2)+10g(10g(2))) > 1.

By definition it’s now clear, that M is a weight matrix.

We show &gy © Eqgy: Let | > 2 be arbitrary but fixed, then for j € N with by < j <
br+1, k € N, we obtain:

log(M}) j - (2" -log(2) + log(log(2)) _ 2 -log(2)  log(log(2))
7 log(y) — 80 j 1og() =tos)- (T gt )
28 -log(2) | log(log(2))\ _ [ 2F-log(2) | log(log(2))

Slog(”( log(by) | log(by) >_10g(l) (22’“-10g(2)+22k-10g(2)>'
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The last expression tends now to 0 for j — oo (so for k — oo). Similarly we get
log(MJl-) = 0(j?) for j — oo, hence by the characterizing results [26, Theorems 4,5]

both conditions |(wmg)| and |(dc)| are satisfied for each sequence M' separately.

cannot be satisfied for any M’ I > 2: For this we consider the sub-sequence (ji.)x
with ji := bx1 — 1 for each k € N and so ji < bpy1 < 25, < b2 for each k € N. With
this choice we have

1 1/(25k) (2k+10 oe(lo 1/(25k)
(\42.“: _ l2.7k (2 iR g(2)+log(log(2)) . l(2k+1_2k).]0g(2) o l2k~10g(2) s 400
= —— = =
(A[]lk)Q 27k (2% log(2)+log(log(2))

for k — oo.

To prove property we distinguish two cases: For given j € N with b, <
J < bgyp either by < 25 < bpyq or bpy1 < 25 < bgyo holds: For this note that
J < bpy1 & 25 < 2bgy1 and 2bgq < bpgo for any k € N. If by < j < 25 < bg41, then
by definition Méj = (M ;)2 holds and the desired property is satisfied for n = [. For
the second case, if by11 < 25 < bgyo, then we put n := [? and obtain

Méj 1/(25) l2j'(2k+1-10g(2)+log(log(2)) 1/(29)
W B (12)23+(2% log(2)+log(log(2))

_ l2k+1-log(2)+log(log(2))—2k+1~10g(2)—2~log(log(2)) _ l—log(log(2)).

So we have shown condition (i7) in Theorem [9.5.1| and for a given number [ > 2 with
the choice n := [? we have shown |(M me})|in any case.

(3) Consider the matrix M := {M! : | > 2} defined as follows: First consider the
k

2
sequence by, 1= 22* , for k € N. If now j € N is given with by < j < bg41, then we put
k
M! = Floslios(vn) — 13108(22” log(2) _ 1j+(22" log(2)+log(lo(2))

and put also M} = M} = ... = M!; =1 (note: by = 2* = 16).

By definition it’s clear, that M is a weight matrix.

Emy & Eqgy follows as in (2) above: Let [ > 2 be arbitrary but fixed, then for j € N
with by < j < bgy1 we see that

log(M]l-) e J- (22k -log(2) + log(log(2)) ‘ 22" -log(2) | log(log(2))
jlog(y) Y j 1080 = losll) ( logl) T log()) )
ou(l) . [ £ 108(2) | loglog2) _\ v (2% -log(2)  log(log(2))
< log(l) < log(by.) * log (br.) ) = log(!) (222k -log(2) i 922" ~log(2)> '

The last expression tends very fast to 0 for j — oo (so for k — o0). Similarly log(Mjl-) =

0(j?) for j — oo, hence by [26, Theorems 4,5] both conditions |(wmg)| and |(dc)| are
satisfied for each M.

But now we prove that condition cannot be satisfied: We prove that condition
(7i) in Theorem doesn’t hold. For this we proceed as follows: Let [ € N, [ > 2,
be arbitrary but from now on fixed, then for each n € N (large) we can find a constant
C > 0 such that ¢ > n and so M > M™. Now consider as in (2) the sub-sequence
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9 More properties and conditions on weight matrix spaces

(jk )k defined by ji := br41 — 1 for each k € N and so ji < bgy1 < 2jx < bp4o for each
k € N. Then we obtain:

Ml \ YO (e tos@ostos@n \ /22 tog(a)ogtogtan) |
_ >
(M7 )? n2ik-(22" log(2)+log(log(2))) ~ \ 1C2)k (22" log(2)+log (log(2)))

1(22%)%-10g(2)+log(log(2)~ C+(22" -log(2) +Hog(log(2))) _ 72° log(2)-(22" ~C) | Jlog(log(2))-(1-C)

The last expression tends very fast to +o0o for & — +o0, note that log(log(2)) < 0.
Clearly the same argument for n =1 and C' = 1 in the previous calculation shows that
cannot be satisfied for any M!, [ > 2. O

9.6 Stability under applying ultradifferential operators

Recall: If M = {M!:1 € A} is a weight matrix, then both classes £,y and
Emy are automatically closed under pointwise multiplication (more precisely already

each class 7). Moreover we have resp. if and only if the classes

Eqamy resp. Enyy are closed under taking derivatives. Hence the classes defined by a
(M. )| weight matrix with this additional property are differential algebras.
The goal of this section and important remark:

(1) If we assume instead (Mq) the stronger condition (M|y,)) then we are going
to have closedness w.r.t. more general types of differential operators, too.

(2) For the constant weight matrices M = {M} item (1) is already known and for
this condition |[(udo)|is used which is equivalent to moderate growth |(mg)|

(3) All results in the section are also valid for globally defined classes and globally

conditions resp. with obvious modification of the proofs and
ark [7.3.2]

definitions below, see rem

An wultradifferential operator of Egpqy- resp. of Engy-type is a differential operator of
the form P(0) := Y cpn @a(2)0, where each a, : R" — C is a smooth function and
with the following growth conditions:

(Myudoy) & VK CR" comp. VI€AVL>03C>0: Va,8eN":

Llot8]
()
sup )aa x)‘ <C-
reK ( M\loz|

resp.

(Mudo)) & VK CR" comp. 3/ € AFL>03C>0: Vo, € N":
Ila+8l
M,

sup ‘a((f)(x)‘ <C

1
rzeK o]

An immediate consequence is of course (M a0} )F|(Mudo))} In the special case for
constant weight matrices M = {M} and if each a, is a complex constant, then for
8 = 0 we obtain the well-known classical definition of ultradifferential operators which
was used and mentioned in the literature several times.
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9.6 Stability under applying ultradifferential operators

Note: If P(9) is a UDO of & xqy-type and , i.e. for all N € N there exists
MY € M with N M", then P(9) is also a UDO of Eny-type. The analogous
situation holds for the Beurling-case where M and N are related via N|(=)

Examples:

(1) Consider a; = A - % for arbitrary constants A, B > 0 and some arbitrary

J .
lo € A. Then P(9) := 3 72 a; - & satisfies clearly |(Myq0))b but not [(Myudo})

(2) Let A = N5 and consider a; := A- RYZh where A > 0 is an arbitrary constant
M

and (k;); be an increasing sequence of natural numbers with lim;_.. k; = +o0,

then P(0) 1= > 22 a; - 0 satisfies |(M,q0})| (differential operator associated to

a diagonal of the matrix M!).
We are going to prove now the following:

Proposition 9.6.1. Let M = {M":1 € A} be an arbitrary weight matriz, i.e. .

(1) If additionally is satisfied, then Eqpqy is closed under applying ultradif-
Jerential operators of Expqy-type with constant coefficients.

(2) If additionally m is satisfied, then Epq) 1s closed under applying ultraduf-
ferential operators of E aqy-type with constant coefficients.

In both cases P(0) is a bounded operator, more precisely we obtain in the topological
vector space representation: For each | € A and h > 0 we have P(0)(Enmn(K,R)) C
Emnnp (K, R), wherel and n are related by condz'tion and D comes also from
this condition. The analogous situation is valid for the Beurling-case, where the indices

[ and n are related by .

Proof. For both cases we consider the following estimate: Let a compact set K C R"
and a € N" be given but from now on fixed, then take a function f € &gy resp.
J € E - On this compact set K we obtain for the summand a, - 9%, which occurs in
P(0) and which we apply to f, the following estimate:

e
sup |(aq - 0° ) ()] = sup |aq - fOH @) < O T OBl
zeK zeK ] ——

<Dla+Bl. M M
= [a] 7718

gC-Cl-(L'h-D)W'-(h-D)|5|-M|%|.

Now distinguish between both cases:

(1) In the Roumieu-case we have to choose C1,h > 0 and | € A sufficiently large
(depending on the given function f and compact set K), from this choice we obtain
an index n € A and a constant D > 0 coming from According to this given
data we use property : We apply this condition exactly for this index n and
we take L > 0 small enough to guarantee L - h- D < 1, because then the infinite sum
over a € N” is converging.

(2) In the Beurling-case the situation is analogous: First we point out that if
holds for a certain index Iy € A, then also for all I < ly. To a given n € A (small) we
obtain by property an index [ € A and a constant D > 0 (and since we are only
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9 More properties and conditions on weight matrix spaces

interested in small indices we can assume that n is compatible with the index coming
from property [(M yq40)))- Furthermore we get by this property constants C, L > 0 and
according to this data we can choose h > 0 sufficiently small to get L-h-D < 1 and
h-D < k' for h' small. Finally the constant C, is now depending on n and h. O

If we consider the more general situation in (M g,q401 )| resp. (M (udo))b Where the coeffi-
cients of the ultradifferential operator are non-constant smooth functions, then we can

prove the following result:

Proposition 9.6.2. Let M = {M':1 € A} be an arbitrary weight matriz, i.e. .

If additionally (M mer )| is satisfied, then & 1s closed under applying ultradif-
{M}
ferential operators of Eramy -type.

(2) If additionally is satisfied and P(0) is an ultradifferential operator of
E(m)-type, then

[ €&mU) = P(O)(f) € lim Epy (U)
leA

holds for each non-empty open set U C R™.

Also here in both cases P(0) is a bounded operator, more precisely we obtain in the topo-

logical vector space representation: For eachl € A and h > 0 we have P(9)(Eam n(K,R)) C
Eppn i G R), where L and n are related by condition andh = (1+%)-L-h-D.
D comes also from condition and L from ((Mao} )| chosen mazimal such that

LhD < 1. The analogous situation is valid for the Beurling-case, where the indices [

and n are related by .

Proof. For both cases we obtain the following estimate: Let a compact set K C R"
and o € N" be given but from now on fixed, take a function f € &) resp. f € E ).
Then we obtain for each 5 € N™ on K for the summand a,(x)0“ occurring in P(0)
and which we apply to f the following estimate:

sup |(aq - 0 )P ()| = sup

NC
sup (e 5)

Il
. . RletB=l . afl
<z( Yo B el

Ial

< sup Z ()] |

mGK

B

B rlal . rhl . pletBl . -l . !
50-01-2<VL Ll pletBl. p=h Mn' M, g

,.7:0 |Oé‘
SD\OH-M.MT; Mn

lal M5
< (C'CI)'(h-D)W"(L-h-D)W.Ml%‘ i(ﬂ) <2>Ivl

v=0 v
L 18I ol
S(C‘Cﬁ)'((l—i-h)-L‘h.D) -(L'h'D)O‘-M‘%.
The arguments are now precisely the same as in In the Roumieu-case we have

to take L small enough (by to guarantee L - h - D < 1, in the Beurling-case

we have to take h small enough. But note that in the Beurling-case we cannot reach
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9.6 Stability under applying ultradifferential operators

that the expression (1 + %) - L -h-D becomes arbitrary small for h — 0. So we get

only P(9)(f) € im &y, (U) 2 lim Epyny(U) =: Eaq) (U) for each non-empty open set
leA leA

UCR"™

For non-constant matrices: If we are in the (natural) situation where above we have =
instead of 2, then &) is closed under applying ultradifferential operators of £ x)-type
in the most general sense. For this we assume condition see (1)(c) in
If the weight matrix M = {M' : [ > 0} is coming from a weight function w € W| with
then we have to assume in addition to guarantee this desired property, see
b41l
Finally note that condition never can’t be satisfied for constant matrices
M = {M}, because the relation |[<|is not reflexive. For constant matrices M = {M}
we only get P(9)(f) € lim Epy(U) = Epny (U). O
leA
Remark: If M is an arbitrary (large) set of weight sequences and if we consider the
classes Eq gy Tesp. €y in the most general situation defined in resp. ,
then we get: and stay valid if each M € M is assumed to be increasing and
if we have conditions resp. for M, too. Of course conditions (Mqo))
and (M) are also considered in the most general sense (e.g. replace "for all [ € A”
by “for all M € M”).
If in the Roumieu-case condition is not satisfied we are still able to prove the
following more general result:

Lemma 9.6.3. Let M = {M': 1 € A} be an arbitrary weight matriz, i.e. and
assume the following condition for the matriz M:

(Mwmg}) : VIEAINEAIC>1IR = (R Vi keN: M, <CItF.MP-R],

where R is some (large weakly log. convex) weight sequence and this condition is the

matriz-generalization of property ((wmg)| introduced in [26, § 1].
Then a ultrdifferential operator P(9) of Eqpy-type maps the class Eqpqy into the class

Erry, where R := {R!:1 € A}, and it is again a bounded operator.

Note that is much more general than .

Proof. The proof follows immediately by the same calculations and estimates as in

[0.6.1] resp. [9.6.2] e.g. we have

I led
sup ’(aa 9o f) B (;v)‘ = sup |aq - f10) (x)) <C. T Cy - hlothl. M\la+ﬁ|
zeK zeK |l ~—
SDIa+m'M\Z|‘RfBI

gC-C’l‘(L-h-D)W-(h-D)W-Rfﬁl.

O

In the next step we are going to prove now the converse direction for the Roumieu-case:

Proposition 9.6.4. Let M = {M': 1€ A} be a weight matriz with A = Nsg.
If the space Epy (R, C) is closed under applying ultradifferential operators of E aqy -type
with constant coefficients, then additionally condition 1s satisfied for M.

Proof. We prove that implies the fact that the class £y cannot be closed
under applying ultradifferential operators of £;)-type. The technique of this proof

should be also compared with [I0.10.7]
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9 More properties and conditions on weight matrix spaces

Before we start with the proof we show the following claim: Ultradifferential operators
P(0) of & pqy-type are well-defined on &g vy, more precisely we prove P(9)(Eqmy) C €.
So let f € &gy be given, then P(9)(f)(x) = > enn ao(x)f(@(x) and we estimate
analogously as in [9.6.1] resp. [9.6.2] on an arbitrary but fixed compact set K C R for a
fixed summand a,(z) - £ () (and the case 8 = 0) as follows:

(o) Ll ol | of . Ml
sup [aa(r) - f° ()(<c T Cue Rl My = Gy (L)l
x o] o]

The index [ and h > 0 (both large) are depending on f and K, but according to this
given data we choose by the constant L small enough to guarantee L-h < 1
and the index n € A large enough (at least n = I) to get ; 'a‘ < 1 for all @« € N™.

I al
Hence the sum is absolutely convergent and we are done. The same estimate still holds

for the Beurling-case: Here we get by a constant L (large) and an index n
(small) and we to choose h > 0 small enough to guarantee L-h < 1 and | € A small to
get at least [ = n.

Now means:

JleAVneAVC >13j,0,knc €N M

jn,C"‘kn,C . n . n
> C M]n’C Mkn,c

C+k‘n C

Since by assumption we have A = N5 we can consider the case n = C € N5g above
and identify jy, < jn resp. kpn < kp. The sequence (j,)n,>1 is increasing with
jn — 00 for n — oo and k, > 1 for all n € Nyg.

We prove by contradiction: Assume now that the class &y (R, C) would be closed
under applying ultradifferential operators of Eq-type P(0) := ijo a;07, then for
each function f € &3 (R, C) we would have: For each compact set K C R there would
exist C1,Cy > 0 and I; € A such that for each k£ € N:

sup (PO (@) < cr-ch-mp. (9.6.1)

We apply this situation to our special function 6; € Efﬁb}al(ﬂ% C) with 0( )(0) (V=1)7-
st 82 = 3000 g ME(2ub )i > MJl for all j € N and ‘91( )( )‘ < Sj = ‘91(])( )’ for all

]7
j€NandteR (see (2.4.7)). The arising index [ is precisely the index coming from
Moreover we introduce an UDO of & x-type (with constant coefficients)
as follows: Let A > 0 be an arbitrary but fixed real constant, for j = j, we put

bj == JMn,fOI“]ENWIth]n<]<]n+1 we put b; := bj, andf0r0<]<]1 we put
bj = bj,. A second UDO of &y -type is obtained by putting a; := (v/—1 )37 - b; and
so clearly |a;j| = |bj| = b; for all j € N.

By hypothesis we have (9.6.1) with £ = 0 and we get for a compact set K containing
the point 0 and the UDO P(9) := 372 a; - o

C1 = sup [P)(A)(1)] = | P@)E)O)] = |3 a5 870) =[S (V=D¥ b+ 47(0)
teK 7=0 7=0 :(\/—7\’1)151.
S DU SR TS SN TlE)
Jj=0 j=0 j=0
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9.6 Stability under applying ultradifferential operators

The last inequality holds for arbitrary = € R and since |a;| = |b;| = b; for all j € N we
have shown that in this situation the sum 222, a; - 9~l(])(93) = P()(0;)(z) is absolutely
convergent for any € R and so we can interchange summation and differentiation.
Now we can estimate on a compact set K containing the point 0 for each k, > 1,
nec N>0:

sup |(P(9)(8) ) (0)] = |(P(@)(8) ) (0)] = |3 0,07 (0)
7=0

oo ) . kn . oo o0
=YD T 0) | = (VDR S s | = Db s,
=(ﬁ)jv+’“ns§+kn =0 =0
=z ij Mg, > bj, Mg > by, R ME MY

‘]:0 ]:]n M mg
A

LA ke g M — Ak T
= SR M M = A M
In

Note that each term b; - M Jl 4k, 1s a strict positive real number, so this estimate holds
for arbitrary n > 1. But by assumption this would imply for each n > 1:

1/kn
A 1/kn n M
]Cn n n l kn
At ooy = (G g () st

for some constants C7,Cy > 1 and an index l; € A which gives a contradiction for
n — oo (note that M;' > M,il for each k € N whenever n > [y). O

We close this section with the following summary: Let M = {M':1 € A} be always a
weight matrix and P(9) a ultradifferential operator of E; - resp. € aq)-type.

() P(3): Epg — €.

(73) If M has in addition then P(0) : &y — Eqry for some (larger)
(M. )| weight matrix R which depends on the given matrix M and is related to

i via
(iii) If M has in addition (M|yg)) and P(0) is an UDO for the particular case with
constant coeff., then P(9) : Eng — Engy-

(fv) If M has in addition (M|,)) and P(0) is a general UDO for the particular case,
then P(a) : 5{/\4} — 5{/\/1} and P(a) : S(M) — lln E{Ml} 2 5(/\/1) (See 9.6.2]).
leA
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9 More properties and conditions on weight matrix spaces

9.7 Remarks ad Gelfand-Shilov-spaces

Let M and N be two arbitrary weight matrices, i.e. [(M)] then inspired by the defini-
tions given in [9, Definition 2.1.] we are going to introduce the Gelfand-Shilov-sapces
defined by weight matrices as follows: First the Roumieu-type space

S{MN} —{ngRn) EIChl,h2>O-Elll,lgeA:Voz,ﬂeN":
sup |a ﬁﬁf(m)‘ <c-nltnl Ml NG
z€R™

and similarly one could also consider the Beurling-type space
S(M’N‘)(Rn) = {f eg(R") :Vhi,hs >0V 1,15 € A:JC>0: Va,ﬂ e N"*:

sup xaaﬁf(x))<c hlal hw| Ml1 Nb'}

z€R™

Now we can formulate the analogous result to [9, Theorem 2.3.|:

Theorem 9.7.1. Let M and N be two gwen )| weight matrices. Then we get:

If in addition lim 11r1f;<;_)00(m§C )I/k > 0 for somel € A, where we have put as usual

l )
mf,g = %, nfﬁ = %, and both matrices satisfy condition (M{mg}) then the following

are equivalent:

(1) f€Spmnay-

(ii) There exist constants C,hi, ha > 0 and indices l1,lo € A such that for all o, 5 €
N" we have:

sup |z%- f(z)| < C- h‘lal 'Mllclvl sup
zeR? zER™

8" f(a;)) <c-ny Nl
(ii7) There exist constants C,h1,hg > 0 and indices ly,ly € A such that for all o, 5 €
N" we have:

sup |z f(z)| < C - hlla| MY sup

T€eR™ | EERn 1Bl

& fo|<c-m- N

Remark: The assumption lim infg_, o (m}, - nk)l/ k> 0 for some [ € A is clearly satisfied
if both matrices M and N have

Proof. We use the same proof as in |9, Theorem 2.3.]. First the implications (i) = (i7)
and (i) = (#27) hold by definition of the spaces and the property 8{7/17/} = S My
see [0.7.2] below.

For (ii) = (i) we proceed as follows: We start with the Roumieu-case and estimate as
in the original proof in [9, Theorem 2.3.] (where the L?-norm instead the supremum
norm is used):

o0 @)l = [ (229°(@) 0" fa)da
< () (O) e s@lie 1@l

'y<2a'y<,@
2 2(jal+181—) g I
<c ) Z( >( ) th=e Mg Nigg—sy-
<20 y<A
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9.7 Remarks ad Gelfand-Shilov-spaces

For this estimate we have used integration by parts, the Leibniz rule and the Schwarz
inequality, finally in the last step we have used our assumption (ii) and we can put
h := max{hy, he} and also [ := max{l;,l2}. Now we can estimate as follows:

2a0\ (8 ~!
anf 2 27 2(|a|+|B l l
2°0% f (@) 72 < C2W0ID My Ny D > i( )(7) M N,
N e’

v<2ay<p N Il
<C1(x)

< CR(RH)A D (M, (N )2,

In the first estimate we have used the previous estimate and then recall that by assump-
tion each sequence M resp. N is weakly log. convex. For () we point out: W.l.o.g. we
can assume that [ € A is chosen large enough to guarantee liminfy_, (mk )1/ k> 0.
Finally in the second estimate we have used condition m (the indices [ and I
are related by this condition). Hence we have shown f € S¢aqary-

(ii7) = (i1) First we point out that for arbitrary h > 0 and | € A we obtain that
165 F(&)| < C-hnlA -N‘lﬂ| implies immediately by definition | f(£)] < C-exp (—wNz <%))

(x). So we can estimate as follows where [ € A is the index coming from assumption

(iid):
5| < (271r)” /

(%)

<(Ci-su {§|l2ﬁ|-ex <—w z<‘>>}1/2- ex <—1-w z<m>>d§

s Ch geREL p NG, P 9 "WNELT,
Cy - hlPl 2|5\>1/2 / exp< % le<’§‘>>d§

*k ) "

Cy - WP (N, ||)1/2

exp(iat) - € f(9)]d < O / €71 exp <“"Nl (ED)CM

“(u

IN

<
~—

The first inequality is exactly the Fourier-inversion-formula. For (xx) we have used the
fact that each occurring weight sequence is an element of the set [CC} hence we can
apply [16, Proposition 3.2.]. Moreover note that the integral is finite by O

In order to finish the proof of the previous result we have to show S{/M,T/} = Sivmy
and we formulate the following lemma;:

Lemma 9.7.2. Let M and N be two m weight matrices with property m
Then Sy N}(R R) C Spa (R, R) is satisfied.

Proof. The following proof was communicated by Armin Rainer for the case if both
weight matrices are constant. Let g € Sy nry (R, R), then first partial integration gives

P
‘g) g\ (g)‘ < (2m)aP. Z % (p g k:) /R ’xquJrkg(k) (z)|de,

k=0
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9 More properties and conditions on weight matrix spaces

hence
D | q) C - 2 q - p‘ hq p+k+2 Ml1 hk Nl2 1 d
< ) = N2 | ——dx
‘5 ‘ kZ::O l(p k> q—p+k+2 2 k /R(1+|33|)2
2 p! ! 1
q Lt hq+k+2 Mh le /daz
o S L) a8
2h3
+ l 1
<C-(4m)? hquqj_2 NQ-h T

where we have put h := max{hy, ho} and w.l.o.g. h; > 1 for i = 1,2. Note that weakly
log. convexity and normalization of each occurring sequence implies that each M! resp.

N' is already increasing. Moreover Zﬁ:o hk = hp; =L for h > 1 and finally we use

property [(Myqc} )| to obtain C' - (47)9 - 4P - ]\411 N]? 2h < Cy-hiP. Ml3 Nl2 O
By using the above Theorem we can also formulate the analogous result to [9,
Corollary 2.4.]:

Corollary 9.7.3. Let M and N be two [(Ms.)| weight matrices. Then we get
If in addition lim infy,_ oo (m!, - nt)Y/* >0 for some 1 € A and both matrices M and N
satisfy condition then the following are equivalent:

(i) f €S-
(ii) There exist C,hy, he > 0 and indices l1,lo € A such that

sup [f ()] - exp(wpn (ha - |2])) <€ sup f(é)‘ ~exp(wyis (b2 - [€])) < C.

zeR” EeRn

Important remarks: Let both matrices M := {M':1 > 0} and N := {N!: 1 > 0} are
coming from weight functions w, o with

(1) To guarantee the assumption liminfy . (m} - nk)/* > 0 for some I > 0 in

Theorem resp. Corollary [9.7.3] we can assume for both weights property
(wo)] (see . All further properties for M resp. N are satisfied automatically,
see [0.1.1] and (]5.1.2|) in5.1.2

(2) But we point out that we cannot replace in (éi) in Corollary the occurring
associated functions wy resp. wyi by w resp. o itself. On the one hand wyp[ ~w
and wyi{~] o for all I > 0 holds by [5.1.3] but nevertheless we would have to absorb
a (large) constant D > 0 in an expression D - w(-) occurring in the exponential
function. Hence we would have to apply an iterated application of |(wg), more

precisely see (3.4.2]), and so we would need also for w (resp. o).

(3) This should be also compared with the results in [31I] (where also the Beurling-
case was treated), more precisely with the characterizing result [31, Theorem
3.1.]. There it was shown that Gelfand-Shilov classes defined by weight functions
coincide with classes defined by (single) weight sequences if and only if the weight
functions are "admissible functions” in the sense of [31, Definition 3.1.]. Condition
(b) there is precisely property in our notation, hence this situation is consis-
tent with Nevertheless this condition is not needed in our previous results
since in our proofs we don’t need necessarily that M ll M" resp. N ll Ntz
holds for all I1,1l5 > 0.
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9.8 Constructing a new matrix by pointwise multiplication of elements of M

9.8 Constructing a new matrix by pointwise multiplication
of elements of M

Let M = {M":1 € A} be an arbitrary weight matrix, i.e. , and we can define the
(two-parameter) matrix £ := {L™"2 : nj,ny € A} by

L™ = MM - M} ni,ng € A

More precisely we can construct new matrices (with more indices) by pointwise multi-
plication of all sequences which belong to M. We write now L" instead of L™" and by
using this notation we obtain the following result:

Lemma 9.8.1. Let M = {M'!:1 € A} be a weight matriz, then we obtain:

(1) If M s a weight matriz, then Eqpmiy C Enimgy holds for i = 1,2 and
the obtained matriz L is again a weight matriz. Moreover one gets the
following representation as vector spaces

oy =UEum € U ummy & U Epmmy = Eumy = €y

leA n1,na€A ni,ne€A neA

If M is in addition not-quasi-analytic of Roumieu-type, i.e. then L has
this property, too.

(2) If M is an arbitrary matriz, i.e. then each property [( M (mg} )H(M strict} )|
and |(M.,)| can be transferred to L (resp. for the Beurling-type-conditions).

(3) If M is an arbitrary matriz, i.e. which satisfies then also L has
property (resp. for [Miarag))-

(4) If M is atri:v with property then both matrices M and L

have also and finally one gets the representation (as vector spaces)

Eny =Uom = U Eummy= U Ewmmy = Em = €1y

leA n1,n2EN n1,na€A neA

ni

1/k
Proof. (1) First we see by definition that (LW’%Q) = W — 0 for k — oo,
k k
so M™[ L™ for each ni,ny € A and of course also M"™< L""2  furthermore

L2 = ["2™M  This implies 5{]\/1%} - g(Lnl,ng) fori=1,2.
Each sequence L™ ™2 is clearly normalized and increasing, furthermore (Lzl’m)l/ k=
Lren2 M M2

(M) E- (M) V¥ — 00 for k — 00, We put g™ = Thiomy = ok ke = pit i

and see immediately: L™ is weakly log. convex and A" > iy for all k € N, for
i=1,2.

For the last equality in the representation above we point out: For arbitrary weight
matrices the inequalities L2 < [™" < ["3:"4 hold by definition for n := max{nj, na}
and all ng,ng € A with n < ng,ng. So we can restrict ourselves to the diagonal L™".

If in addition M is not quasi-analytic, then by there exists some [y € A such that
M has|(nq)l Thus also the matrix £ has (M pnq))
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9 More properties and conditions on weight matrix spaces

(2) Properties [((Mpe)| and (M )| are satisfied for £ if they hold for M. For

property |(M [mg}) we have:

ni,n2 __ ni no
LJ+k Mj+k MJ—Hc

j+-k x v j+k w
< oftteME Moyt MY - My
(Mg}
= (Cy - Co)tH (M- MY) - (MY - M) = C§TF - L9 L

j
and for we get

LYY - L = (M - MY) - (M} - M)

: Ot Ml Ot M = ot L

= j+k L2 4k
[(Maig) )]
If is satisfied for M, then for L, too:

Ok nl,m Ck . M,:” 'MI?Q < D- M]:LS 'Ml?z =D. LZsma'
~—

For property we point out: Let ng,ng € A be arbitrary given, then there

] ] rme 1/k ML ™2 1/k .
exist ny,ng € A with supys; (W) = SUpPE>; (W) = +4o00. This holds,
- k - kM

1/k
since by |(M fstricty )| for M for all ng, ng € A there exist nq,n2 € A with supy>, <M—’%3>
- k

1/k
Supkzl (Mizm> = 4-00.

n1,n2
If property [(M,)| is satisfied for M, then also for £, because put [} := ka! =
N1 rn2
% =mp' - M"* = M"" - m}? to obtain a sequence (I;""*); and for this we get

for each ni,ne € A and all j, k € N the following estimate:

ny,ng gnin2 o oni N1 ) N2 na ni ng  _ 2 gni,n2
T = M2 MO < D emly D M2 = D2

Similarly all these calculations also hold for the Beurling-type-conditions. ' .
(3) For n1,n2 € A arbitrary and all j € N we have Ly ™" = My} - My? < Cf - Cy -
M M"4 = (Cy - Cy) - L"?”n4 by property |(Mdiag}) for M, 50 |(Mgiagy )| still holds
for L (and similarly for |(Mgiag))))-

(4) By assumption on M property for this matrix holds and so we obtain
Lpv™ = M - M2 < C* . My2 for all k € N and a number ng € A. By [(M{giag})
we get M, ”3 < Dk M;** hence by combining both conditions we have now L"1 <
(C?.D)* M"4 for all k € N. This implies S(Lnl nay C© Erpmimay C Epppnay- Furthermore
we have E{Mn i C S(Ln1 m2) for i = 1,2 as seen in (1).

This calculation also shows that both |(My,je1 ) and [(Mgiagy)| together imply now

1/k
(Mstrict) ) Note that in this case L”l’mH M™4 holds and by construction (1]\\/14% ) >

. it

momz 1/k
% . (L]’\“/[l:f) — o0 for k — oo for a constant D > 0 and i = 1,2. Thus Eqymiy #

Emnay for i = 1,2 and so condition for M follows.
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9.8 Constructing a new matrix by pointwise multiplication of elements of M
By (2) we have also for £ and so we obtain the representation as vector

spaces:
E{M} = U 5{Ml} = U g(Lnbnz) - U E{annz} = 5{5}.

leA ni,na€A ni,ng€A
L]

Some remarks if the matrix M = {M" : | > 0} is obtained by a weight function w
via MJZ = exp (} - ¢5(1))):

(i) Both conditions [[M,a1 )] and [(Mgiag )| together imply [(Mgicey)] and so they
are in fact an obstruction to property |(we )} see [5.2.2] and [5.2.3] Hence the com-
parison theorem [6.2.1] cannot be valid in this case.

(i) Property is satisfied for M if w satisfies in addition see and
.41l

(#ii) For the weight function w, = max{0,log(t)*}, s > 1, we get ¢}, (z) = z%/(71
(see the calculation in [3.10.1]) and so condition !Midiagi i holds: After applying
log we obtain ni/(s_l) - 28/(s=1) L gs/(s=1) < 5 1og(C) + n2/(8_1) - 33/ which
holds for some ny > 2% - nq.

As special weight matrices M = {M!: [ € A} one can think about conditions
Vning€A3Ing e AIC>1VjeN: MM M2 =C7 - M

resp.
VngeAEInl,ngEAEIClejGN:M;“~MJ’72:C’J-M]”3.

Recall: For the associated weight matrix obtained by the above weights ws = max{0, log(¢)*},
s> 1, we get

1 * . 1 s
M} = exp <l g, (1 -3)) = exp (lH A 'R(S)) ,

see (13.10.1f) and the calculations in [3.10.1 But this shows that both introduced condi-

s—1
tions are satisfied since we obtain the equation n3 = <n}/(s_1) + né/(s_l)) .
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10 Convenient setting for the
non-quasi-analytic & -case by using
curves

The goal of this chapter is to transfer the proofs and definitions in [21] from the (single)
weight sequence case M = {M} to the more general non-constant weight matrix case
M = {M':1 € A}. A special case are of course the matrices obtained by weight
functions w with and in the first step we want to apply the above comparison
results [6.2.1] resp. [6.3.2] to transfer the proofs of [21] and more general of [22] directly
from the weight sequence case M to the weight function case w.

10.1 Using the comparison theorems for special weight
matrices M obtained by a weight function w

For the non-quasi-analytic Roumieu case Erppy in [21] for the considered weight se-
quence the following conditions were assumed: W.lo.g. mg < m; < My < My,
strong log. convexity |(slc)| (for closedness under composition, solving ODE’s) and
derivation closedness |[(dc)l Furthermore it was assumed that the real analytic func-
tions are (strict) contained in the class &y, which in this situation is equivalent to
1/p
limy oo (mp) /P = 00 & limy, o % = oo. Such a sequence M was called a
"D C-weight-sequence”, see definition [21, p. 3|, which is then automatically increas-
ing. Furthermore throughout this paper it was assumed that (M)), should be non-
quasi-analytic, i.e. |(nq)] For the proof of the Cartesian closedness theorem [21] 5.3.

Theorem|, property moderate growth |[(mg)| played the key role.
So assume now that a weight sequence M is given with
(Z) 1=My<My<=1=myg<m (Wlog),

(77) strong log. convexity, i.e.

p!

1/p
(#1) limp—oo(myp) /P = limp_o (%) — 0,

(tv) strong regularity :<=-| (snq)|and |(mg)|

The last condition (iv) guarantees that |(mg)|and |(nq)| hold, the second implies|(lc)l In
[33, 1.1 Proposition| it was shown, that for weight sequences M, which satisfy |(snq)

and weakly log. convexity |(Ic), the strong non-quasi-analyticity-condition |(snq), which
is called (1) there, is equivalent to [(81)l So we get |(51)| and this condition is much
stronger than |(J3)

First, on the one hand such a sequence M is a "DC-weight-sequence” in the sense of

definition in [21, p. 3] with and |(mg)|
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

On the other hand the third condition (ii7) together with Stirling’s formula, i.e. (p!)}/P ~

exg e (2wp)*/(P) imply that M has also property (6.2.1). Thus all assumptions for

hold, so wps with and finally By the second part of

we have &, 1(U) = &y (U) for all U C R™ non-empty open.

Conclusion: For weight sequences M satisfying (i) — (iv) the comparison theorem m
is valid, there is no difference between the weight function and the weight sequence
case and we can transfer the proofs of [2I] directly to the weight function (with weight

wyr) casel

On the other side we can start with a weight function w which satisfies
and furthermore properties |(wyq)|and |(w,/ )l Hence then the first comparison
theorem is valid: By the first point there we get €1 (U) = & (U) for each I > 0
and U non-empty open, moreover the second part implies M ll M2 for all I1,13 > 0.
The space &, is closed under composition by property see [10, §2,83] or more
general [R.6.1| resp. R.7.4]

Moreover for each I > 0 the sequence M' is normalized, weakly log-convex, limpﬁoo(MIl,)l/ P =
+o00 and holds (see and [5.1.3).

Finally, by the space £,y and so &y contains the real-analytic functions. In
this case we have by the third part of that each M'! has , furthermore
conditions and moderate growth (so also are valid.

If the real analytic functions are really smaller than &¢y = &1y, then limy, o (mi))l/p =
400 holds for each [ > 0. This yields property , hence the £ (M1 }—special—curve—
lemma holds (see and also below).

Attention: A sequence M! is not necessarily a DC-weight-sequence in the sense of [21],
since we don’t have strong log. convexity for M*. But nevertheless each £ (a1} satisfies
(the Roumieu-version of) Theorem |86_1 because &) = &) holds and more precisely
we obtain: By Theorem 8.7.4| (see also the remarks below this result) we get

and [(M ggp))| for the associated matrix M. Since ml1 m'2 for all 11,1y > 0 we see
that holds for each sequence m! separately, see also The further properties
in are satisfied by the assumptions on w, see also the remark below [8.7.4]

So also in this case we can use the proofs of [21] directly for some sequence M!, in the
matrix obtained by w and transfer them to &,).

For the more general proofs of [22], where also quasi-analytic weight sequences and the
Beurling-case were considered, we can skip the non-quasi-analyticity conditions

for M resp. for w.

10.2 A brief introduction into calculus of smooth
mappings beyond Banach spaces

For more details, notation and the complete proofs we refer to the first chapter in [20],
moreover one can find a brief summary also in |21 7. Appendix].

Let E be a locally convex vector space, then a curve ¢ : R — FE is called smooth (always
denoted by &), if all derivatives exist and are continuous (see [20, 1.2. Definition|). The
space of all such curves will be denoted by £(R, E) and one can show that this space
does not depend on the locally convex topology on E, only on its associated bornology
(the system of bounded sets in E), see [20] 1.8. Corollary]|.

Moreover we define:
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10.3 Basic definitions

(i) The c¢*-topology on FE is the final topology w.r.t. all smooth curves ¢: R — F
and it’s open sets will be denoted by c¢*-open (see |20} 2.12. Definition]). This
topology is studied in detail in the fourth section in the first chapter in [20].

(13) E is called convenient, if E is ¢*-complete. In [20, 2.14. Theorem]| this notation
is characterized by seven different equivalent conditions, e.g. E is convenient if
and only if

E is Mackey-complete (¢*°-completeness is a bornological concept), resp.
¢ : R — FE is smooth if and only if @ o c: R — R is smooth for all « € E*, resp.

the space Ep is Banach w.r.t. the Minkowski-functional || - ||p for each closed
bounded absolutely convex set B C E.

(797) In [20), 3.7. Lemma] it is shown that E is convenient, if and only if £(R, E) is
convenient.

Let E and F be convenient vector spaces and U C E be ¢*°-open. A mapping f :
E DU — F (defined on U) is called smooth, if it maps smooth curves in U to smooth
curves in F'. The space of all such smooth mappings is denoted by £(U, F') with the
initial topology w.r.t. all mappings ¢* : E(U, F) — E(R, F) for each ¢ € E(R,U) (see
[20, 3.11. Definition]).

A central result of this calculus is called Cartesian closedness, see |20} 3.12. Theorem]:

Theorem 10.2.1. Let E, F' and G be convenient vector spaces, U C E and V C F be
c*-open.

Then a mapping f: U XV — G is €, if and only if it’s canonically associated mapping
fV U — E(V,Q) exists and is €.

In [20, 3.14. Corollary]| it is pointed out that this concept of smooth mappings is a
generalization of the usual definition of smooth mappings on open sets in R".

Another central result is the uniform-boundedness-principle - UBP - see [20}, 5.18. The-
orem]:

Theorem 10.2.2. Let E;, 1 <1 < n, be convenient vector spaces and F' be a locally
convex vector space. Then the bornology on the space L(FE1, ..., En; F) consists of all
pointwise bounded sets.

Alternatively we can say: A mapping into the space L(E1, ..., Ey; F) is smooth if and
only if all composites with evaluations at points in E1 x --- X E, are smooth.

10.3 Basic definitions

Let M := {M' € RY : 1 € A} be an arbitrary weight matrix, i.e. (M)} The following
definitions are of course inspired by [21, 3.1. Definition|. A smooth curve ¢: R — E,
where F is a convenient vector space, is called (weakly) Eramy, if for each continuous
linear functional a@ € E* the curve aoc : R — R is of class £y, which means
that for each @ € E* and each compact set there exists [ € A and h > 0 such that

{(O‘Z‘,?# ckeNzxe K} is a bounded set in R. Attention: The index [ € A is also
k

depending on the linear functional «, in [21, 3.1. Definition| such an index of course
doesn’t occur!
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

The curve c¢: R — E is called strongly Eqpqy if ¢ is smooth and for all K C R compact

there exist [ € A and h > 0 such that {2(:)]%) ckeNzxe K} is a bounded set in E.
k
c<k)(x)

hk-M}

If ¢ is smooth and there exist [ € A and h > 0 such that {
bounded set in E, then we call ¢ strongly uniform Eqpqy.

:kEN,xGR}isa

Remarks:
(1) If A =Ns( we can take in both above definitions [ = h € N+.

(74) One could also consider the definitions where M is an arbitrary set of weight
sequences and where we have to replace above 31 € A” by "3 M € M”.

(7i7) Let w be given with and furthermore property . If we would

define that a curve ¢ : R — E with compact support is £y if and only if a o c
is &,y in the sense of [5, 3.1. Definition| (by using the decay property of it’s
Fourier transform) for each & € E*, then we see as in the third chapter in [5] that
this means that « o ¢ satisfies the global estimates using the sequences M' from
chapter 5. By using the new comparison theorems (see and the introduced
notations we see that this means that c is already weakly .y as defined above.

Let U be a c¢*-open subset of a convenient vector space E and let F' be another
convenient vector space. A mapping f: U — F'is then called £y, if f is smooth in
"the convenient sense”, i.e. f maps smooth curves in U to smooth curves in F' (see [20),
3.11. Definition|), and if f o c is a Epqy-curve in F for every Egpqy-curve ¢ in U. We
denote this structure by £y} curves SO

Emy,curve(Us F1) = {fe&UF):YaeF'Vce Emy(RU): aofoce E{M}(R,R)}.
(10.3.1)

An immediate consequence of the definitions is: The composition of E{ x4} curve-mappings

is again a &y curve-mapping. The space & MLCUWE(U, F) is equipped with the initial

locally convex structure w.r.t. the mappings

5{M},curve(cra)
5{M},Curve(Ua F) -
fraofoc, ae F*andce Euy(R,U). The space E (R, R), for the definition
see ([7.3.1)), carries the "usual” locally convex topology defined in ([7.3.5). We show now
(for the constant matrix case M = {M} already mentioned in [21]):

Eopny (R, R), (10.3.2)

Lemma 10.3.1. Let M be an arbitrary weight matriz, i.e. (M), let E, F be convenient
vector spaces and U C E be c>-open, then the space S{M},Curve(U, F) is convenient,
too.

Proof. First we point out that the space Hces{M}(R,U),aeF* Eiamy (R, R) is convenient.
This holds because by (2)(a) in @ for K C R compact the space (K, R) is a
Silva-space, hence complete (see |20, 52.37.]) and so also ¢>°-complete, i.e. convenient.
Eimy (R, R) is the (countable) projective limit of ¢>°-complete spaces, hence by [20, 2.15.
Theorem)]) it is ¢*°-complete, too. And this implies finally also the ¢*°-completeness of

HCE&{M} (R,U),(IEF* g{M} (R7 R)

To prove the lemma we show now: &y curve(U, F) is ¢>-closed in the product
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10.3 Basic definitions

HCES{M}(R,U),QGF* E{M},curve(Ra R)
For this we consider in the following the canonical embedding
v Epyeurve(U, F) — Hceg{M}(R,U),aeF* Emy(R,R) and the projection mappings
Preq HCGE{M}(R,U),QGF* S{M}(Rv R) - g{M}(RvR)ﬂ hence S{M},curve(cv a) = Prcq 0L
Let (fn)n be a sequence in Eqaqy curve(U, F') and assume that ¢(fn) — § = (Je,a)ca
is Mackey-convergent, where g € HCEE{M}(R7U)7a€F* Emy(R,R) and i(fr) = (a0 fno
€)e,a- This means that there exists a sequence (i), with p, — oo for n — oo and
{ttn - (t(fr) —g) : n € N} is bounded in HCEE{M}(R,U),aGF* Eny(R,R), or {puy, - (o fr0
¢ = Gea) : m € N} is bounded in &y (R, R).
We have to show that g € ¢ (g{M},curve(Ua F)) holds and first we put
a(g(z)) == Geonsts,a(0) := lim,_oo(a o f, 0¢)(0) for all & € F* and = € U, where
¢ = const,. Hence the mapping g(x) : F* — R, a — a(g(x)), is linear, so g(x) € [[« R
and more precisely g(z) is an element of the bi-dual of F for each € U. The canonical
embedding ¢ : F' < [] ;. R is bornological and, because F' is assumed to be convenient,
also §(F) is ¢>-closed. Since (f, 0c)(0) € F holds for each n € N, Mackey-convergence
implies pointwise convergence and §(F') is Mackey-complete. Finally, by definition of
the mapping g we finally obtain g(z) € F', too.
Now prove § € ¢ (E{M}@urve(U, F)), we show t(g) = g. For this we take a curve
c € Eamy(R,U) and o € F* and we show that Geonsty 0) = Je,a(t) holds for each ¢.
On the one hand we have g o (t) := lim, oo (@ o fy © ¢)(t), whereas on the other hand
a(g(c(t)) = Geonst.y,a(0) = limy_oo(a 0 fn 0 consty(s)(0) = limp_oo(ar o fr, 0 ¢)(t)
holds.

O

Analogously we could also define weakly and strongly &£ aq-curves, replace in the
Roumieu-case definition “there exists [ € A” by "for all [ € A (resp. for all M € M in
the most general sense) and "there exists h > 0” by "for all A > 0”. Then we could put

EMycurve U, F) :={f € E(U,F): Vae F*VeceEpR,U): aofoceEuy(R,R)}.
(10.3.3)

So by definition the composition of E r) curve-mappings is again a & uy) curve-Mapping.
The space Eayy,curve(U, F) is equipped with the initial locally convex structure w.r.t.
the mappings

E(M),curve (6:a)
S(M),Curve(Ua F) - E(M) (R7R)a (1034)
[ aofoc ac F"and c € Ep(R,U). The space E (R, R), for the defi-
nition see , carries the “usual” locally convex topology defined in and
EM),curve (U, F) is also convenient by the analogous proof as in .

Important remarks:

(1) If M satisfies the assumptions of [10.6.2| and [8.3.1} then the structure &y curve
is a generalization of the classical definitions (on the level of Banach-spaces), for
this see below. More precisely, to guarantee this conditions, we have to
assume that M is a weight matrix with index set A = Ny and addition-
ally propert@ (so closedness under composition is valid) and the
assumption ([10.6.4) for the &y rqy-special-curve lemma which has the con-

sequence that Roumieu-non-quasi-analyticity, i.e. condition is satisfied.

(2) We point out: Even if F is a Banach-space the topology on & (R, E) ob-
tained by the classical definition doesn’t coincide with the topology obtained
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

by the above definition. For this consider T" — &y (R, E), where T' denotes
the sub-space of all constant functions (curves). Then the initial topology with
respect to all continuous linear functionals o € E* restricted to T yields the

weak topology, whereas the topology generated by the semi-norms ||c||a,x,0,n ==

(k) .
SUD,c K keN % yields the norm topology.
’ Mk

(3) In the Beurling-case & aq) curve it’s not clear if this concept/definition is a gener-
alization of the classical definition, since we don’t have [10.7.1] even for the case
M = {M}. So in nearly all results of this chapter we will concentrate on the
Roumieu-case £y} curve Put in some results it’s easy to transfer the proofs from
the Roumieu- also to the Beurling-case.

10.4 Compare the different definitions of
ultra-differentiable curves

First we obtain for the Beurling-case the following result:

Lemma 10.4.1. Let M be an arbitrary matriz, i.e. (M), then in the Beurling-case
Emy there is mo difference between strongly and weakly E aq)-curves, both definitions
coincide.

Proof. A smooth curve ¢ : R — F into a locally convex vector space E is weakly
E(my, if and only if for all continuous linear functionals a € E*, for all K C R com-

pact, all [ € A and each h > 0 the set {%ﬁm x e K ke N} is bounded in R.
k

This is equivalent that for all K C R, all [l € A, all h > 0 and all « € E* the set
k
«@ ({C( o) . e K,k e N}) is bounded in R ((avo ¢)®) = a0 ¢®)), and this is equiv-

hk-M!
alent to: For all K € R and all Il € A, h > 0 the set {2(:)]5’? rxe Kk EN} is
k
bounded in E. The last expression is now exactly the condition for ¢ to be a strongly
E(my-curve. O

Furthermore the proof of shows that a curve ¢ : R — E'is & if and only if ¢
is Epry for each I € A in the sense of [21, 3.1.Definition| (with "for all ¢ > 07 instead
of "there exists o > 07). Moreover it holds also for the case where M is an arbitrary
set of sequences and we replace "for all [ € A” by "for all M € M”.

The next result is analogous to |21}, 3.3. Lemmal:

Lemma 10.4.2. Let M be an arbitrary matriz, i.e. , Let E be a convenient vector
space such that there exists a Baire-vector-space-topology on the dual E* for which the
point evaluations ev, are continuous for all x € F.

Then a curve ¢ : R — E is weakly Epqy if and only if ¢ is strongly Eqpqy -

Proof. Let ¢ be &gy and K a compact set in R, so consider for h,C' > 0 and [ € A
the sets

(a0 )P ()]

Aphc = {a eE”: Y

gC,VkeN,xeK}.

These sets are closed in E* for the Baire-topology and Ul,h,C A n,c = E* holds. Then,
by the Baire-property of E*, there exist g € A, hg,Cyp > 0 such that the interior
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10.4 Compare the different definitions of ultra-differentiable curves

AE’O ho.Co = U 18 non-empty! Let ag € U, then for each o € E* there exists € > 0, such

that weget e-a€elU —aqyse-atageU.

Thus for all x € K and k € N we get

2-Cy
€

(@0 ®@) < 2 (I((e - 0) +a0) 0 )W (@) + (a0 0 ) a)]) <

k lo

This implies: The set { c(k)(ﬁ) keNze K } is weakly bounded (in E'), hence bounded.

hE-MO
O

Compare all definitions - important remarks
In the following let M = {M" : 1 € A} always be an arbitrary weight matrix, i.e.

First we see by definition that a curve ¢ : R — E is strongly uniform &y if and
only if there exists an index [ € A such that ¢ is strongly uniform &ppy in the sense
of |21, 3.1. Definition|. - The reason for this is that no o € F* and no compact set
K C R is involved. But for weakly and strongly curves one has to be careful, since
linear functionals o and compact sets K occur and they are depending on the index
[ € A. We summarize the situation:

(1) Ad weakly curves:

(a) By definition ¢ : R — E is (weakly) &,y means that for each a € E* we
have aoc € Epgy (R, R), more precisely: For each v € £* and each compact
set K C R we can find an index [ € A and a number h > 0 such that

«aoc (k)_x . .
{%M}f) ckeNze K} is bounded (in R).

(b) If ¢ is (weakly) Efppy for some I € A in the sense of [21, 3.1. Definition]
then for this [ and all « € E* we obtain that o o ¢ has to be in the class
Epny(R,R). More precisely: There exists an index [ € A such that for each
a € E* and each compact K in R there exists a number h > 0 such that

{%ﬁf/[)l@) ckeNyzxe K} is bounded (in R). Hence the quantifiers are in
k
different order than in (a) above. In fact the index I € A depends in the

E{amy-definition now on the chosen functional o and compact set K.

So obviously (b) = (a) holds. If we have for the matrix M ll M2 for each
l1,lo € A (constant matrix case), then also (a) = (b) holds since in this situation

"3l € A3 h >0 is equivalent to "V I € A 3 h > 07 and then we can interchange
the all-quantifiers in (a).

(2) Ad strongly curves:

(a) Acurvec:R — Fisstrongly &y if for each compact set K there exists an

index [ € A and a number h > 0 such that the set {i:)jfjl) ckeNze K}
k

is bounded (in F), whereas
(b) the curve c is strongly £y for some I € A in the sense of [21], 3.1. Defini-
tion|, if for each compact set K there exists a number h > 0 such that the

set {2(:)1%) keNz e K} is bounded (in E).
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

So again we have changed quantifiers because in (a) the index [ depends on the
compact set K and (b) = (a) holds always. The converse direction is true if
Ml1 M" for each l1,l € A as above. Moreover we obtain here (b) = (a)
if the curve c is defined on one fixed compact set K C R, because in this case
in both definitions "for each K compact” does not occur, hence the definitions
coincide (localized version). In fact this holds if ¢ is a curve with compact support
(possible only in non-quasi-analytic classes!).

We summarize: The introduced structures in (a) and (b) in (1) resp. (2) are
generalizations of the original definition of strongly resp. weakly curves in [21],
3.1. Definition] in the case for a constant matrix M = {M} (or more general if all
occurring sequences in the matrix are equivalent, i.e. M ll M forall ly,15 € A).
Another possibility, which is a generalization too, would be the following: In the
case A = N5 we can say that a curve ¢ : R — FE is

called (weakly) g’{ my if for each @ € E* and K C R compact there exists a

oc)(k) . .
number A > 0 such that the set {(o‘hi)iMk(x) ckeNzxe K} is bounded in F,
k
and a similar definition for strongly 5{ my-curves. Of course we could replace the
term M} above also by M;*, where (1), is a sequence of natural numbers with

rp — oo for k — oo ("concept of diagonals of a weight matrix”).

(3) For a given matrix M := {M'! : | € A} it could sometimes also be important
to extend the argumentation to a strictly larger matrix N := {N': [ € A} with
/V@N , which means M lEl N™ for each I,n € A, because then we obtain: If
a curve ¢ : R — FE is weakly /strongly Ermy, then it is of course weakly /strongly
Einry- But more precisely the curve c is already weakly/strongly €;yny for each
n € A in the sense of [21] 3.1. Definition]| - in fact for this we need "only” M N™
for each | € A and each n € A:

VKIh>03leA=VEKIh>0VneA=VEKVYVneATIh>0=>Vne
AVK3Ih>O0.

By the previous summary we see that it’s important to study the situation where
M = {M'": 1 € A} is not-constant, i.e. condition |(M gictr)| for M is satisfied. We
prove now the following important result:

Proposition 10.4.3. Let M = {M"':1 € A} be a weight matriz with a countable
index set A = Nsg and such that condition 1s satisfied.

Then there exist locally convexr vector spaces E and curves ¢ : R — E which are weakly
Eqamy but for any index [ € A the curve ¢ is neither strongly nor weakly & } (in the

sense of [21, 3.1. Definition]).

{Mm?

Proof. By assumption and we have that for each [ € A we can find another
index I, Iy > [, such that S{Mz} C S{le}. Of course for this {; we can find an index
lo > 1 with E{le} - E{MIQ} and so on.

So let I € A be arbitrary but from now on fixed and set £ = RY. Consider a curve
c: R = RY ¢(t) = (¢;(t))ieny = (co(t),ci(t),...), with the following property: Put
lop = I, the curve cqy is strongly E{Mz}, and each curve ¢;, where ¢ > 0, is E{Mli}' But
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10.4 Compare the different definitions of ultra-differentiable curves

Cit+1, where ¢ > 0, is not S{Mli} in the sense of |21, 3.1. Definition| and the "chain” of
indices (/;);>0 is coming from property as explained before.

We show now: The curve c is weakly £y but there doesn’t exist any number leA
such that c is strongly £ (i}
Each continuous linear functional a € (RN)* = R®™ only depends on finitely many
coordinates. So for each o € R there exists a maximal coordinate ¢ € N: For this
note that M! < Mu < M2 < ... < Ml and among these coordinates we can find a
maximal h > 0 in the occurring quotients. Then for this index I/; and maximal A > 0
we have a o ¢ € E 3 (R,R), hence ¢ is weakly Eqaqy-

Assume that there would exist a number [ € A such that ¢ is strongly & (i} By

assumption lim; .o l; = +oo (because l; 41 > li)7~ hence for this index [ € A we can find
a number (coordinate) ig € N with I; > I;, > [ for all i > i5. But then we obtain a

contradiction: Since £ (M1} c¢ we have that all curves ¢;,41 are not € d

{a'i0} {arfioy> &1

so not strongly £ for any k > 1.

{mty

If there would exist a number [ € A such that ¢ is weakly & then for each v € R

{Mly
we would get that aoc € S{M;} (R,R). But to the given [ € A we choose a linear
functional o depending on at least ¢p + 1 many coordinates where [;, > [ to obtain also
a contradiction. O
Moreover shows: If we assume that ¢ is defined only on one fixed compact set
K (e.g. if ¢ has compact support K C R), then in general we have weakly Emy-
curves, which are not strongly. A similar result with curves defined on whole R and
without using condition is the following result, which is analogous to |21,
3.2. Example]:

Proposition 10.4.4. Let M = {M":1 € A} be a weight matriz with a countable
index set A = Nso, then there are weakly Eqpqy-curves, which are not strongly Egaqy -

Proof. By assumption we see that for each [ € A there exists a function 6; €
Sg]l&?al(}R,R) C szb}al(R,R) such that ]91(‘7)(0)] > M]l for all j € N and [ € A, see
Now we follow [21} 3.2. Example]:

F bl e A the set 4% O
or eac - e se th;i

K C R, which contains the point 0, and each 0 < hg < 1 separately. This holds since

(k)

(% 0 .

|hlk ]\(4[” > —hlk — 00 for k — oo. We consider now the curve
0"k 0

keNte K } is unbounded for any compact set

c:R—=RYY o) = (et)n) mpenxa, oy :=0(n-t) forn €N, 1 € A,

and we show that this curve is weakly &4}, but not strongly.

The curve is weakly &4y, since each a € (RVN)* — RINXN) depends only on finitely
many coordinates and we can choose h > 0 and [ € A large enough (depending on «).
On the other side assume by contradiction that for each compact set L C R we can

find A > 0 and [ € A such that the set {Z(:)]\(ﬁ te L ke N} is bounded. So consider
k

a compact neighborhood L of the point 0, an arbitrary number A > 0 and an arbitrary

index Iy € A, then the set {}:}ik]);l)o cte Lk e N} has (n,[)-th coordinate unbounded
)

ifn-h0>h<:>Z—Z>h%forsomeﬁxed0<ho<landwichZZO,soMlo§Ml.
0
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

More precisely the (n,l)-th coordinate (at the point ¢ = 0) gives:

k. 1pk) (k) (k)
R OISO I

hk.MP T k.M T hE- M) T R

and finally the last expression tends to infinity for £ — oo. O

The next result is analogous to [22] 4.6. Example], it shows that the additional assump-
tion about the Baire-vector-space-topology on the dual in cannot be dropped:

Lemma 10.4.5. Let M = {M":1 € A} be a weight matrix with the assumptions
from i.e. a countable index set A = Ny, moreovermﬂ (for closedness
under composition) and finally the assumption in|10.6.4 below (which implies Roumieu-
non-quasi-analyticity, i.e. .

Then there exist locally convex vector spaces E and functions f : R> — E which are
E{ M}, curves but there is no reasonable topology on 5{M}(R, E) such that the associated
mapping ¥ : R — E (R, E) is strong Eppgy-

For a reasonable topology” on & (R, E) we assume only that all point-evaluations
evi 1 Epy (R, E) — E are bounded linear mappings.

Proof. Consider f : R? — RY>0 defined by f(s,t) := (6;(s - t))ien, 0; € S{g}\(}?il(R, R)

with |01(k) (0)] > M| for all k € N (see |(chf)). The mapping f is clearly E{ My curves
since we have by our assumptions Theorem [10.7.1] and so the structure &y curve 15 @
generalization of the finite dimensional definitions. Moreover pr; of oc is &y for each

i € Ny and each linear functional on RN>0 depends only on finitely many coordinates.
If fV¥:R— E{M}(R,RN>0) would be strong Egaqy, then there would exist h > 0 and

some 1 € A such that the set
(fM®(0)
{ e R :keN

would be bounded in & M}(R, RN>0). But if we apply the bounded linear function ev;
for t = 2h then we get

ERGIOED ((%)’f - re}’f)(ow) . <2k . M,@)
ht- My W - Myt leA - My leA.

Finally the coordinates are unbounded for k — oo whenever [ > n. O

10.5 Elimination of existence quantifiers in the definition

In this section we are going to study one of the most important techniques in this
work: We want to prove projective representations for the Roumieu-matrix class £ vy
by using abstract families of sequences of positive real numbers. This technique is very
important since we want to get rid of both existence quantifiers in the definitions (more
precisely in the above definition for £ -curves ¢ : R — E). So we want to show an
analogous result to |21, 3.4. Lemmal (resp. [22, 4.8. Lemmal). Furthermore we are
going to prove also analogous results for the Beurling-matrix-case &y (see also [22]
4.7. Lemma|). To do so we will have to prove important variations resp. generalizations
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10.5 Elimination of existence quantifiers in the definition of £ x4y

of |20, 9.2. Lemma| (for the Roumieu-case) and for the Lemma between 4.7. Lemma
and 4.8. Lemma on page 17 in [22] (for the Beurling-case).

First we start with some definitions because we have to introduce several classes of
sequences of positive real numbers. For all sequences which we will consider it’s no
restriction to assume ro = 1 resp. sp = 1 (normalization).

Reoum := {1 = (re)r € RYy : 7y, - tF — 0 for k — oo for each t > 0}
7-‘)'roum,sub = {’F = (rk)k € Rroum : Ti+k <rg- Ty Vi ke N}>
Rbeur := {r = (rp)x € Rlio 7y - tF — 0 for k — oo for some ¢ > 0},

Rbeur,sub = {T = (rk:)k: € Roeur : itk <7rg- T4 Vi ke N}

Moreover we introduce (recall the definition m} := ]\;[—,’l“ for all k € Nand [ € A):

JM = {s=(sp)r €RY :VIE€AIC >0V keN: s, -ml <CF},

roum

S mras = {5 = (s1)k € [istm: 38 € [MnID>0VEkeN: s, < D" (50)i},

roum

M

where for a sequence s € [;7,,, we have put

(80)k = min{s; - 80y -~ Sa, @ € Nsg,o1 +---+aj =k} (8,)0:= 1.

Similarly we can introduce the Beurling-type-sets:

S = {(sp)r €RYy:31€ATC; >0V EkeN: s, -ml <CF},

fé\élur,FdB = {(Sk)k € f’tj)\e/lur rdse fg\g‘ur ID>0VkeN:s, < Dk ’ (‘§0)k5}

All these sets are stable w.r.t. mappings (rj)x +— (B* - r3)x for each B > 0, for
and we point out that one has to replace then t by %.

First we can show a "localized version” of |21, 3.4. Lemmal, which has the following
form:

Proposition 10.5.1. Let M = {M':1 € A} be an arbitrary weight matriz, i.e.

and let ¢ : R — E with E a Banach-space, then the following assertions are equivalent:

(1) cis Epagy-

(2) For each compact set K C R there exists | € A such that for each sequence

(T )k the set

&) (q) -
{W:aeK,keN}
Mk

is bounded in E .
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

(3) For each compact set K C R there exists | € A such that for each sequence
(7%)k € Rroum,sub| there ezists a number € > 0 such that the set

K (a) . r. .k

{W acKohe N}
My

1s bounded in E.

Proof. (1) = (2): Let ¢ be &y, take an arbitrary but fixed compact set K C R the
index [ € A large enough (depending on ¢ and chosen K') and consider an arbitrary
sequence (7)) Then we can estimate for A > 0 sufficiently large (where we

use (10.4.2]):

CalT N N PECTOY
]

where a € K.

(2) = (3): Takee = 1.

(3) = (1): Let K C R be an arbitrary but fixed compact set and we put ap =

c®)(a)
k

, where [ € A depends on K and ¢ and is the index coming from (3).

Like as in [21], 3.4. Lemma| we can use [20} 9.2.(4) = (1)]: Then there exists a number
h > 0 such that supycy % < +00. Since K was arbitrary we have that c is £y (With
both [ € A and h > 0 depending on the given compact set K).

To eliminate also the second existence quantifier we are going to show two versions, a
"weak version” which will be used in combination with property for M and
a ’strong version” for more general weight matrices M. We start with the weak version
and prove the following generalized variation of |20, 9.2. Lemmal:

Lemma 10.5.2. Let M = {M':1 € A} be am wezght matmx with A N>0 and
property|(Mrqagy)} For a given formal power series 3 ak Zk>0 Y -t* with

real coefficients ak = W (& b = ak . Mli = ak - k! -mk) the following condztzons are
k

equivalent:

(1) There exists an index | € A such that the series Y o ak - t* has positive radius
of convergence.

(2) > k>0 bk';’f'sk converges absolutely for all sequences (ry)k and (sg)k €
%

by TSk
k!

(3) The sequence ( is bounded for all sequences (1k)r & Rroum| and (sk)i €

| iciml
(4) For each sequence (i) and for each sequence (s)x there

exists a number € > 0 such that b‘“];i’?sk . ek’)k s bounded.

Proof. (1) = (2): For the given series (with [ € A coming from (1)) and arbitrary
sequences (1) and (sg)r as considered in (2) we can write

b o) k
g kTR Ok Tk 5k _ E ak mk T SE = E (afk-tk) (s - mk < E ak tk )T ( > ,
W t
k>0 E>0 k>0 —or k>0
=4

—0,for k—o0
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10.5 Elimination of existence quantifiers in the definition of £ x4y

hence the first sum converges for ¢ > 0 sufficiently small.
(2) = (3) = (4) are clearly satisfied.

(4) = (1): We prove by contradiction - assume that each series Y, 5 ak - t* would have

radius of convergence 0. So we would get >~ |al|- (#)k = +4o0 for each n € Ny
and each | € A = N5(. Consider now the case n = [ (the diagonal!) and then we can
find an increasing sequence (ky,)n,>0 with ko = 1, lim,,_,o kn, = 400 such that

kn—1 1\ *
VneNso: "el—= | > 1.
n >0 Z || <n2> =

k=kn—1
We put now

1 k

T = <2> for k1 <k<k,—1,n € Ny,
n

and show (ry)x For k,,—1 < k < k, — 1 by definition r-th = (%)k, and so

rp-tF — 0 for k — oo and all t > 0. Clearly (r); is also log. sub-additive. In addition

one can see that (\/7g)k and this has the following consequence: For all
€ > 0 there exists k. € N such that for all & > k. we get /r - Eik <1le /rp <&k

Since we have assumed property the following holds: For each I € A we
can find I1 € A, Iy > [, such that (m!)° < mh is satisfied, with (m!)° := max{mé .
mh, -"mlaj ta; € Nog,oq + -+ aj = k}, (mh)° := 1. Since mh < m® for I < Iy
we can associate to each [ € A the index min(l) := min{n € A : (m')°> < m"}. Because
(m')° < (m'2)° for I; < I, we also have min(l;) < min(ls) and lim;_, ., min(l) = +oo.
On the other hand we can define max(n) := max{l € A : min(l) < n}, which is
well-defined (since clearly min(0) = 0), max(n;) < max(ng) for n; < ng and finally
lim,, oo max(n) = +oo.

With this preparation we are able to define the sequence s = (si)x as follows: Put
S = %, where n(k) = n for k-1 < k < k, — 1. We show (si)r 4 fr/(\;llmFdB
mk ’

l T
My M,

Take some arbitrary [ € A, for k, 1 < k < k, — 1 we get s - mé/, = W = W

. M! .
and for all £ € N we can estimate MT&) < C’l]’C with some constant C; > 0, because

k
limg_,oo n(k) = 4+o00. This proves (si)x . Define

1
Gpim ———— for kp o <k<hy—1,
mmax(n(k))

k
and then we can find a constant D; > 0 such that §; - mgc < DF for each | € A and
k € N because limy_,, max(n(k)) = 4+oo. This proves (S d fE;EmL too. But for
a1+ -+ + oj = k we obtain for k € N with &, 1 <k <k, — 1:

1
k
Sk = n(k SCh ’ max(n(k max(n(k max(n(k
@ ) ) ()
1
<C.hE. —C.he.s..6 .5
<C-h max(n(]’)).mmlax(n(al))'”mmax(n(aj)) C-h S5 Say Saj)
i « o
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which precisely shows 3o. The first inequality holds by and the definition
of the function max, the second inequality because j,aq,...,a; < k. Moreover the
following holds:

bk - 11 - s = |0k - 7 - sk 7"1« Sk R F
D= > =2 > lal- > 1=+,
k>1 n>1 k=ky_1 n>1k=kn_1 n>1

because by definition we have % -8 = % = |a}| for ky—1 < k < kp — 1, recall:

n(k) =n for k € [kn_1, kn — 1].

Finally we show that the sequence (% JTE Sk (2 5)k>k cannot be bounded for any
€ > 0. First we get

b b b
Z'k";'-\/ﬁ's;«a’“z Z',j"\/ﬁ‘s;«,é’“,z Z';ﬁ'”‘sk:*o‘)'

k>1 k>ke >/ k>ke

If the sequence would be bounded for some ¢, then for all £ € N we would get % /Th -
sp-ekh < & or» hence Zk>0 “;C,l Tk - S - eF < Ekzo 2% = 2C, a contradiction. O
We use [10.5.2] to show the following important characterization:

Proposition 10.5.3. Let M = {M':1 € A} be a matriz with index-set A = Nsq

and pmperty and let ¢ : R — E be a curve with E a Banach-space. Then the
following conditions are equivalent:

(1) c s 8{/\/1}
(2) For each compact set K C R, for each sequence (ry)g and for each

sequence (Sg)k the set
(k)
{c (a) -rk-sk:aeK,k:EN}

k!
1s bounded in E.

(3) For each compact set K C R, for each sequence (i) and moreover

for each sequence (sk)g there exists a number € > 0 such that the set

(k)
{CIC@~Tk-Sk'6kia€K,kEN}

18 bounded in E.

Proof. (1) = (2): Let ¢ be aqy, then we can estimate as follows (where we use

10.4.9):

C(k)(a)
k' -ml - hk
k E

‘rkhk)skmig ’rk((}lh)k’
N——

Sclk —0

fora € K, 1 € A and h > 0 large enough (depending on K and f) and for arbitrary
sequences (1) and (sg)r as considered in (2).
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10.5 Elimination of existence quantifiers in the definition of £ x4y

(2) = (3): Take e = 1.

(3) = (1): For this we use the previous result more precisely (4) = (1) - Let
K C R be an arbitrary compact set but fixed and we put by := sup,cg Hc(k) (x)HE
Then there exists a number A > 0 and [ € A such that sup,cy % < +o00, hence c is
by definition E(pqy. t
With this preparation we are able to prove the very important analogous result to [21]
3.5. Lemmal]:

Proposition 10.5.4. Let M = {M':1 € A} be a weight matriz with index set
A =Ny and let B be a convenient vector space and finally let B be a family
of bounded linear functionals on E which together can detect bounded sets, which means
that B C E is bounded in E if and only if a(B) is bounded in R for all o € B.

Then we obtain: A curve ¢ : R — E is Epqy if and only if aoc: R — R us Eqpygy for
all « € B.

Proof. Recall, as in the original proof in |21, 3.5. Lemmal, that for smooth curves
this holds by [20, 2.1, 2.11]. Now use (1) < (2) in [10.5.3| to obtain: For o« € E* the
mapping « o ¢ is Epqy if and only if for all sets K in R compact the set

(k)
{(ozock)‘ (a) -rk-sk:aEK,keN}

is bounded in R for each sequence (rg)g and for each sequence (sp)r €

. And this is equivalent to the fact that for each compact K the set

C(k,i!(a) rp-spiac€ K ke N} is bounded in F for all sequences (7g)x € Rroump (Sk)k €

M
| Jroum, )

Finally we can replace in the above equivalences E* by B, because B detects bounded
sets. O

Important remark: [10.5.4] shows, that we can replace E* in the definition of (weak)
Erpmy-curves also by E', the space of all bounded linear functionals on E.

We will need in the "weak version” as shown before for the proof of there
condition will play the key-role (closedness under composition!). But for
some general applications the following ”strong version” is sufficient, more precisely
condition is not needed necessarily and we obtain projective representations
for more general classes of weight matrices M. For this we have to introduce the
following families of positive real numbers:

SM = {(sp)r €ERY):VIECATC >0V EEN: s - M) <CF}
Sitimsub = {(k)k € Stoum : 3D >0V j,k €Nt sjy < D-sj-sp}

Sroum roum,sub

C > 0 and |Set | [22 L We have that (sg)y if and only if (k! - sg)g

Moreover, if one assumes for a (Mg )| weight matrix M e.g. in addition property
(related to property if the matrix is obtained by a weight function w

- see [5.4.1)), then is also stable w.r.t. mappings sg +— M/,lc - s for each | € A.
This holds, because we estimate M]il -M,lf < Mé‘z < %k . M,i“ for all £ € N with
l3 = max{ll, l2}

Clearly both| M |and |SM |are stable w.r.t. the mappings s; — C¥ - s;, for each
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By using these new families of sequences we can reformulate [10.5.2] without the addi-

tional assumption (M pqp) )}

Lemma 10.5.5. Let M = {M':1 € A} be a weight matriz with A = Nsq. For
a given formal power series Y ;- ai: k= > k>0 -t* with real coefficients aﬁc = %

- - k k
the following conditions are equivalent:

(1) There exists an index | € A such that the series Y ;o ak - t* has positive radius
of convergence.

(2) Y opsobr -7k - Sk converges absolutely for all sequences (1) and (sg)k €

(Sl
(3) The sequence (by -7y - i)k is bounded for all sequences (1) € Rroum| and (si)k €

i
[ Sttt u}
(4) For each sequence (T)x and for each sequence (sg)x there

exists a number € > 0 such that (by - ry - sg - ak)k 18 bounded.

If M is only assumed to be an arbitrary weight matriz, i.e. [[M)], then we obtain the
same equivalences where in conditions (3) and (4) we replace the set|8r/(\)’lllm Sub| by|3r/(\;l‘1m.

Proof. The proof for (1) = (2) = (3) = (4) is completely analogous as in [10.5.2} for

(4) = (1) we prove again by contradiction for the same sequence r = (ry)x, and for

s = (sk)x we put s := ﬁ if k1 < k <k, — 1. In the case if M is|(Msc)| to prove
k

. . A f .
the correct properties for s, i.e. s we use and so we need in this case

only M]l . M,é < M]l‘-i-k; for each j,k € N and [ € A and M! < M™ for I < n, but this

holds by assumption on M (each sequence M' is (weakly) log. convex). If M is only
assumed to be an arbitrary weight matrix, then s is clear by definition. Note
that lim,, .o k,, = +00 holds. ]

By using this result we can prove new versions of resp. [10.5.4]

Proposition 10.5.6. Let M = {M': ] € A} be a matriz with index-set A = Nsg
and let ¢ : R — F be a curve with E a Banach-space, then the following conditions are
equivalent:

(1) cis Epmy-
(2) For each compact set K C R, for each sequence (ry)g and for each

sequence (Sg)k the set
{c(k)(a) ‘rp-spra€ K ke N}
1s bounded in E .

(3) For each compact set K C R, for each sequence (ry)x and moreover
for each sequence (si)k there exists a number € > 0 such that the set

{c(k)(a)-rk-sk-sk:aeK,keN}

1s bounded in E.
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If M is only assumed to be an arbitrary weight matriz, i.e. [[M)|, then we obtain the
same equivalences where in condition (3) we replace the set |Smum sub| by|

roum|

Proof. (1) = (2): Let c be & pqy, then we can estimate as follows (where we use

10.4.2):

) (a)

|1
Ml hk

s =
E

)Tk-hk‘-sk-M,lg < ‘rk'(Cl-h)k‘
S—— -

for a € K, 1l € A and h > 0 sufficiently large (depending on K and f) and arbitrary
sequences (1) and (sg)r as considered in (2).

(2) = (3): Take e = 1.

(3) = (1): For this we use the previous result more precisely (4) = (1)
- Let K be an arbitrary compact set in R but from now on fixed, then we put
bi = Sup,cx Hc(k)(x)HE Hence there exists a number A > 0 and [ € A such that

SUPLeN % < +00, hence ¢ is by definition &gy O
By using [10.5.6] instead of [I0.5.3] we can immediately prove:

Proposition 10.5.7. Let M = {M':1 € A} be an arbitrary weight matriz, i.e.
resp. a weight matriz, with index set A = Nsg, let E be a convenient vector
space and finally let B be a family of bounded linear functionals on E which together
can detect bounded sets (B C E is bounded in E if and only if a(B) is bounded in R
for all « € B). Then we obtain: A curve c: R — E is Epgy if and only if aoc: R — R
is Eay Jor all a € B.

Now we prove analogous results for the Beurling-case, we start again with the "weak
version” where we have to assume in addition property m (for closedness under
composition!). We will need the "weak version” for the proof of [12.2.8] (see also
below), but for many general applications is not needed and so we will also
study the "strong version”.

Lemma 10.5.8. Let M = {M!:1 € A} be a weight matriz with A = Rso and

additionally (Mrqg))} For a given formal power series Y ;. afe Stk = > k>0 f/l—’z -tk

with real coefficients ai = J\b/T]z the following conditions are equivalent:

(1) The series ) p~q al - t* has infinite radius of convergence for each I € A.

(2) For each sequence (T)i and moreover for each sequence (sg)r €

fé\e/‘ur rap| the sequence (% T S OF i is bounded for each number § > 0.

Proof. (1) = (2): Let (rg)r and (si)x be given sequences as considered in (2), then

5-C\*
Zk' T Sg - OF —Zak mk sg) - (rg - t () <Zak rk tk < " l)
k>0 k>0 k>0

_C

is absolutely convergent for each 0 > 0, where [ € A was chosen such that s, mi; < Clk
holds for all £ € N. The index is depending on (sg)x and ¢ > 0 was chosen in
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such a way that ry -t* — 0 for k — oo since () € Rbeur,subt Hence (% T S) 5k)k
is bounded for each § > 0.

(2) = (1): We prove by contradiction - assume that there would exist an index [ € A
such that the series ;- al - t* would have finite radius of convergence. Then there
would exist a number h > 0 such that Y, |al| - n* = +oo for each n > h. Put now

T = # for some n > h and s, := mil

r = (k) is clearly an element in [Ryeur subl

For s = (si)r we point out: By e have that for all [ € A there exists I; € A,
Iy <1, and D > 0 such that for all a; + --- 4+ oj = k we obtain

1 1 L A
sk::—ZSDk- i 7 7 = 8j Say t Say-
m mi -ma, -+ Ma, !
k 5 (e%1 (o7
But it’s clear that the sequence s; := %1 belongs to fé\e’lur hence s 4 fé\e/‘ur rap| and
m.. )
J

so both r = (r;)r and s = (si)i are sequences as considered in (2). But then, by
hypothesis, there would exist a constant C' > 0 such that for all £ € N we would get:

b b
> kfﬁ-sk-rk-@n%k: o i ; 1 (2n2)F =al vy o n? 28 =al onb 2k
Hence ) ;- lat|-n* < C- 2 k>0 2% = 2C, a contradiction! O

We use the previous result to show the following important characterization:

Proposition 10.5.9. Let M = {M':1 € A} be a weight matriz with A = R<q
and additionally . Let ¢ : R — FE be a curve and E be a Banach-space, then
the following conditions are equivalent:

(1) c 18 S(M)
(2) For each compact set K C R, for each sequence (r)k and for each

sequence (Sg)g the set

(k)
{C (a)‘rk'sk:aEK,keN}

k!
is bounded in E.

(3) For each compact set K C R, for each sequence (ry)k and moreover

for each sequence (si)g the set

(k)
{Cklw)-rk-skﬁk:aEK,keN}

is bounded in E for each number § > 0.

Proof. (1) = (2): Let ¢ be & vy and (%), (sk)k given by (2), then we can estimate
as follows (where we use [10.4.1)):

(k) (k) (k)

C a C a C a

o ) STk - Sk — kjll()hk ‘Tk hk’ - Sk mk < I (h)k . ‘Tk . (Clh)k’
! 5 ! mk B Solk k E \—_}/—/0
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for a € K. We have chosen [ € A depending on given (sg)x such that sy, - mﬁc <
CF and h > 0 depending on given () such that ry, - (Ch)* — 0 for k — oo.
(2) = (3): Replace in (2) the sequence (ry)x by (7% - 6%)x.

(3) = (1): For this we use the previous result (2) = (1) - Let K in R be
an arbitrary compact set but from now on fixed and we put by := sup,cx Hc(k) (x)H I’
Then for each h > 0 and each I € A we have that sup,cy % < 400, hence c is by
definition &(py). t
We formulate and prove now analogously as in the Roumieu-case the “strong version”.
For this first we introduce the families

SML ={(r €RY,:F1€ATC >0V EkeN: s, - M) <CF}

Sﬁ\gurysub ={(sk)k € Sbewr : 3D >0V 5,k €N:sj1p, < D-sj- s}

We clearly have again that both classes are stable w.r.t. mappings s, — C* - s;, for

arbitrary C' > 0 and moreover and s if and only if (k! - sg) is an
element of

By working with these new families of sequences we can skip condition in the
previous results and get the following variation:

Lemma 10.5.10. Let M = {M'!: 1 € A} be a|(Ms.)| weight matriz with A = Rsq. For

a given formal power series Y .~ af,c k= Y k>0 l -tF with real coefficients aﬁc = %
- - k k

the following conditions are equivalent:
1) The series al - t* has infinite radius of convergence for each l € A.
E>0 Yk )

(2) For each sequence (74)k € Rbeursub| and moreover for each sequence (sp)i €

the sequence (by - 1k - S - 6" )k 1s bounded for each number 6 > 0.

If M is only assumed to be an arbitrary weight matriz, i.e. [[M)|, then we obtain the

same equivalence where in condition (2) we replace the set |81£>/111m beur| by é\gur|.

Proof. The proof of [10.5.10| is precisely the same as for [10.5.8] in (2) = (1) we put
S 1= ﬁ (where [ € A is the index as in (2) = (1) in[10.5.8|arising by the contradiction
k

argument).

Hence (sk)k = holds whenever M is again by weak log. convexity for
the sequence M*. If M is only assumed to be arbitrary, i.e. then by definition

(sk)k holds immediately. O

So we are able to prove a strong (more general) version of [10.5.9;

Proposition 10.5.11. Let M = {M':1 € A} be a weight matriz with A = Ry,
let ¢ : R — FE be a curve and E be a Banach-space. Then the following conditions are
equivalent:

(1) cis E -
(2) For each compact set K in R, for each sequence (rg)r € Ruew| and for each

sequence (Sg)g the set
{c(k)(a) ‘rp-spia € K k€ N}

is bounded in E.
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

(3) For each compact set K in R, for each sequence (ry) and moreover

for each sequence (si)g the set
{c(k)(a)-rk-sk-dk ra € K,k € N}
s bounded in E for each number § > 0.

If M is only assumed to be an arbitrary weight matriz, i.e. [[M)], then we obtain the

same equivalences where in condition (3) we replace the set |51£)/111m beur| by |S{)\gur.

Proof. (1) = (2): Let ¢ be ) and (%), (sk)x as considered in (2), then we can
estimate as follows (where we use [10.4.1)):

(k) (k)
@)1y, spl| = |5 (@) | e hF| s ML < || S @l r - (Cih)*
B | MRk —— M| ]
k- E o k- E -
=Y —

for a € K. We have chosen [ € A depending on given (si)g such that sy, - M,i <
CF and h > 0 depending on given () such that 7y - (Ch)¥ — 0 for k — oo.
(2) = (3): Replace in (2) the sequence (ry) by (7% - 6%)g.

(3) = (1): For this we use the previous result (2) = (1) - Let K in R be
an arbitrary compact set but from now on fixed and we put by := sup,cx Hc(k) (x)H I’
Then for each h > 0 and each I € A we have that sup,cy ﬁ < 400, hence c is by
definition 5(/\4) O

We close this section with the following important remark:

Remark 10.5.12. (i) The assumption that the weight matric M = {M' : 1 € A}
is a standard log. conver weight matriz, i.e. |(Msgc), is not very strong but in

fact even this assumption can be skipped in [10.5.5], [10.5.6, [10.5.7, [10.5.10 and
0511

(ii) As we have seen in the proofs it’s sufficient to assume that M is an arbitrary

weight matrix, i.e. holds. The advantage is that we can formulate
also without the assumption that the matriz is|(Msgc )/

(7it) More general one can say that the more assumptions we have for the matriz M,
the more special projective representations for the associated function class of
Roumieu-type Egpqy are available. The choice of the “right description” depends
now on the particular application in the proofs of the theorems.
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10.6 Special curve lemma for the non-quasi-analytic & pqj-case

10.6 Special curve lemma for the non-quasi-analytic
Em-case

The goal of this section is to transfer the special-curve-lemma [21], 3.6. Lemma] to the
general (also not constant) weight matrix-case £|x. We will formulate the main result
in this section in the most general setting, where M is an arbitrary (very large) set of
weight sequences, because we will have to use it in Chapter 11 below where such large
matrices will be considered. So the classes gy resp. €y Will be considered in the
most general definition resp. .

First we start with a preparation result which deals with an explicit construction of
certain weight sequences:

Lemma 10.6.1. Let M be a weakly log. convex and non-quasi-analytic, i.e. m (nq)| holds,
weight sequence with additional llmkaoo(mk)l/k +00. Then there exists a non-quasi-
analytic weakly log. convexr sequence N with N|E|M and finally 1ir]r1kHoo(7”Lk)1/lC 400
(where we have put my, := % and ny, = %)

Proof. Take f € &) (R,R) with compact support (exists by the Denjoy-Carleman-
Theorem - see e.g. [38, Chapter 4] for a collection of different proofs) to obtain a
sequence Ly := sup,cp |f®) ()], where K := supp(f). Then, by definition, we get
I <M and use [35, 2.3. Lemma] to obtain sequences N and P, with L < NEPEM
and finally hmk_,oo(nk)l/k = 1lmk_>oo(pk)1/k + oo for ny 1= ]Z, s Dk %.

By the second part of [35, 2.15. Theorem| we get f € Ep)(R,R) = SE(R R),
where [P°| denotes the weakly log. convex minorant of P and the Denjoy-Carleman-
Theorem in [I5, Theorem 1.3.8.] implies that satisfies property i.e. is not
quasi-analytic. Moreover < @ M and because C* C Epy = 5 we finally

lc l/k‘
get limy_, o (IZ—’“, = +00. Note that the inclusion is strict because the class & p)
doesn’t coincide with C¥ since f € &p) (R,R)\C¥(R, R) (the real-analytic functions are
quasi-analytic!). O

Remark: If a Welght matrix M = {M": ] > 0} is obtained by a weight function w --
by M! = exp( ¥ (17)), where w should satisfy additionally Condltlons m, ws) and

then the assumptions of Lemma [10. 6 1| are satisfied for any sequence M*. More

precisely we can use the second part of [5.3.2] to see that hmkaoo(mk)l/ k = 400 holds

!
for all I > 0, where mgc = % and in fact property |(Mcw))| holds, moreover by the
first part of we see that each M! has property (nq)}

Inspired by [10.6.1] we can introduce now important conditions: From now on let M
be an arbitrary set of weight sequences, such that each M € M is weakly log. convex
(which includes the case where M := {M'! : 1 € A} is assumed to be a weight
matrix). It will turn out that the results in this section are valid in this most general
case and we introduce now several conditions on M.
First

IMeM: klir{:o(mk)l/k = 400, (10.6.1)
with my = % and M is not quasi-analytic, i.e. has property |(nq)l This condition is
equivalent to

IMeMINeRY: N <M, (10.6.2)

such that N should be weakly log. convex, non-quasi-analytic and limkaoo(nk)l/ k=
+oo with ny := % (10.6.1) = (10.6.2) holds clearly for N = M. Conversely (10.6.2)
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

implies immediately limkﬂoo(mk)l/ k — 400 and moreover M is non-quasi-analytic
(nq)} since N has this condition by assumption.

Alternatively one can assume
IM e MINeRYy: MM, (10.6.3)

such that N should be weakly log. convex, non-quasi-analytic and limkﬂoo(nk)l/ k=
+o00. Of course we have (10.6.3) = (10.6.2)), but, by we also have (10.6.1) =
. So in fact all three conditions are equivalent and they have the consequence
that M is Roumieu-non-quasi-analytic, i.e. holds and the space &y defined
in contains functions with compact support.

To prove the special curve-lemma for the Roumieu-case it’s sufficient to assume the
following weaker condition:

IM e M3INeRY: NqM, (10.6.4)

such that N should be only normalized, weakly log. convex and non-quasi-analytic.
This implies too. If M = {M!: 1 € A}, then in each condition above we
replace "3 M € M” by "3y € A”.

A little bit different is the situation in the Beurling-case, we introduce:
INeRY, VM eM: NHM, (10.6.5)

such that N should be weakly log. convex, non-quasi-analytic and limy_.(ng)/* =
400 with ng := % Alternatively one can assume

INeRY VM eM: NqM, (10.6.6)

such that N should be weakly log. convex, non-quasi-analytic and limk_,oo(nk)l/ k—

+00. Of course we have (10.6.6) = (10.6.5)), and, by [L0.6.1] we obtain also (10.6.5)) =
(10.6.6). So in fact both conditions are equivalent and they imply Beurling-non-quasi-

analyticity, i.e. for M and the space £y defined in contains functions
with compact support.

To prove the special-curve-lemma for the Beurling-case it’s sufficient to assume the
following, by weaker condition

JP,NeRY VM eM: HNHM, (10.6.7)

and such that N' should be only normalized, weakly log. convex and non-quasi-
analytic. This condition implies too. If M = {M' : 1 € A}, then in each
condition above we replace V M € M” by "V 1 € A”.

Finally we point out: implies and implies , hence the
Beurling-type-conditions imply the Roumieu-type-conditions.

With this preparation we are able to formulate and prove now the & xq3- resp. )~
version of the special-curve-lemma.

Recall notation: A sequence (z,,), in a locally convex vector space E is called Mackey-
convergent to a point x, if there exists an increasing sequence of positive real numbers
(An)n with limy,_,o0 Ay, = 400 such that (A, - (x,, — x)),, is bounded. If the sequence
A= (A\p)n is fixed, then (), is called A-converging.
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Proposition 10.6.2. Let M be a an arbitrary set of weakly log. convexr weight se-
quences and assume that additionally 1s valid.

Then there exist sequences of real numbers (Ag)r with Ay — 0, (tg)r with tx — teo
and (s ) with si > 0, with the following property: For (%)-canvergmg sequences (Tn)n
and (vp)n in a convenient vector space E, there exists a strongly uniform E{M}—curve
c:R— E with c(ty, +1t) = xp + 1t - vy for [t| < sp.

If we have the stronger condition then we obtain also a strongly uniform Eaq)-

curve.

Remarks: More precisely in [10.6.2] one has

() in the Roumieu-case a strongly uniform &;ppy-curve ¢, where M € M is precisely

the sequence from ((10.6.4)),

(i) in the Beurling-case a strongly uniform & y)-curve ¢, where N is precisely the

sequence from (10.6.7)).

Proof. The Roumieu-case: We have , so we can replace in the original proof of
[21, 3.6. Lemma] the sequence (k!- My) by the sequence (N ), the sequence (k!- M)y,
by (M )k coming from and obtain a uniform strong &;yp-curve ¢, which is then
clearly &gy

The Beurling-case: If we assume , then replace in the original proof of |21, 3.6.
Lemma] the sequence (k! M}), by the sequence (Py)r and the sequence (k! - My)x by
(Nk)x coming from and obtain a uniform strong & y)-curve ¢, which is then
clearly &) for all M € M and so finally & ).

We remark: In the proof of [2I, 3.6. Lemmal it was used that the sequence M is
increasing. But in fact we need only that the sequence (k! My)r = (Ng)x is increasing
(which follows by weakly log. convexity and normalization), because we estimate in the

proof by k- (k—1)!-Mj_1 = k-Nj_; < 2F-N;, for all k£ > 1 and so one has the estimate

_ _ 5 1
c®)(t) € C-3-T7%.(20)* Ni- B in the Roumieu and ¢ (t) C C - g .= .T7F.(20)F-Ny-B
—t

=Le
in the Beurling-case (since we are interested in ¢ > 1 in the Roumieu and in 0 < p < 1

in the Beurling-case). O
Note that for the proof of[10.6.2| we have to use the analogous result to [21], 3.7. Lemmal]:

Lemma 10.6.3. Let c: R\{0} — E be a strongly Eq-curve, which should mean that
¢ is smooth and for all bounded K C R\{0} there exists M € M and h > 0 (resp. for
all M € M and all h > 0) such that we have that

k)
{c(@:keNxeK}

hE - M,
is a bounded set in E. Then c has a unique extension to a strongly &g -curve on R.

Proof. The curve ¢ has a unique extension to a smooth curve by [20} 2.9.], the strong
& mp-condition extends by continuity. O

The next corollary is analogous to [21), 3.8. Corollary|:
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Lemma 10.6.4. Let M be a weight matriz with the same assumptions as in [10.6.2
(for the particular case). Furthermore let E be a locally convex vector space, then

1) The final topology on E with respect to all strongly E pq-curves coincides with the
(M]
Mackey-closure-topology.

(2) E is convenient, if and only if for any strongly & g -curve ¢ : R — E there exists
a strongly Epq-curve c1 : R — E with cll = c (existence of anti-derivatives!).

Proof. (1) This holds by the & M}—special—curve—lemma@ which we can use by the
assumptions on M. More precisely proves that the final topologies generated by
all Mackey-converging sequences and by all & q-curves coincide.

(2) We proceed as in (2) in [21 3.8. Corollary|: To prove that E is convenient we show
that E is ¢*°-closed in its completion. Let (x,), be a Mackey-convergent sequence in the
completion of E with z,, — x4 for n — co. By there exists a stronlgy uniform
Epmp-curve ¢ in the completion which passes in finite time through a sub-sequence of
(n)n With velocity 0. The proof in [2I, 3.6. Lemma| shows that the derivatives c(*)(t)
are multiples of the z,, hence are elements of E. Then ¢ is a Emp-curve and the

anti-derivative ¢ of ¢ lies in E by assumption. So 2o € ¢(R) C E and E is ¢™-closed.

Conversely, if E is convenient, then by |20, 2.14. Theorem| every smooth curve ¢ has
a smooth anti-derivative ¢; in E (so ¢; = ¢). We can estimate for each M € M and
h > 0 as follows:

A My e 1 P
hk+1-Mk+1 h- M1 hk-Mkih-Ml hk-Mk’

which holds since by assumption each M € M is (weakly) log. convex and so M- M, <
My, for all j,k € N. So if ¢ is (strongly) Erq), then c1, too. O

We compare now the introduced conditions for an abstract weight matrix M with
known facts for the special case where the weight matrix M := {M! : [ > 0} is
obtained by a weight function w by Mjl = exp(7 - (1))

First recall |5, 1.6. Lemmal: Let w be given with properties and then

there exists another weight function o with the same properties as w and moreover
w=o0(c(t)) for t — oo (i.e. o@w) and so &;,) C &,- Note: Condition for w is
not necessary to construct o, but if we have this additional condition we can transfer
it to o, too.

For such weight functions o,w we denote the associated weight sequences by N; =
exp(7 - @5 (lj)) resp. M]l = exp(7 - ¥5(1j)) and get the associated weight matrices
N :={N':1>0} resp. M :={M":1>0}. Bywe see that N11|E|Ml2 holds for
each Iy, 1y > 0, this means exactly M <| M.

By the first part of both matrices M and N satisfy [(M )| and [(Mq,))} too.
By and we obtain that all occurring sequences M' and N' are weakly log.
convex and not-quasi-analytic

We summarize: For a given weight function w with properties and we
consider the associated weight matrix M and can construct explicitly a new weight o
with associated weight matrix A/. For these two weight matrices we obtain condition
(10.6.4)), in fact here we have not only a single sequence N but a whole new weight
matrix A := {N':1 > 0}, consisting only of sequences N' with the required relation of
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(10.6.4). To obtain the stronger condition (10.6.7)) for the Beurling-case we can repeat

this procedure, i.e. switch to a function 7 with o = o(7(t)) for t — oc.

Note: In the third chapter in [5] it was shown that for weight functions w with
properties |(w1 )| and [(wnq)| both classes £,y and &) contain functions with compact
support, i.e. they are not quasi-analytic.

Moreover we recall and the consequences: If w is given with and
finally then by applying we get: For all [ > 0 we can find m; > 0 (with

my
my > 1) such that M <| M™ and so lim_.o <

is satisfied for the sequence N = M! (each sequence M'! is not-quasi-analytic
and weakly log. convex) and we can take then [y with some Iy > m;. Hence we see:
The desired new sequence N in still belongs to the original given weight matrix
M which is associated to w.

1/k
> = +00. In this case condition

More general we see that these arguments stay valid in the following situation: Condi-
tion (|10.6.4]) always holds for a sequence N € M whenever

(i) M is an arbitrary set of weakly log. convex weight sequences (which includes the

case where M = {M': 1€ A} is a weight matrix),
(13) M satisfies

:VNeMaMeM: NEM

(7i7) There exists at least one sequence M € M which is not quasi-analytic, i.e. |(nq)|

10.7 Testing along strong & -curves and consequences

The next result is analogous to [21], 3.9. Theorem)|:

Theorem 10.7.1. Let M = {M' : 1 € A} be a weight matriz with index set
A = Ny, property|((Myrqgy)| and finally (10.6.4), i.e. the assumption in for the

Roumieu-case hence Roumieu-non-quasi-analyticity . Let U C FE be a c*-open
subset in a convenient vector space E and let F' be a Banach-space. For a mapping
f:U — F the following statements are equivalent:

(1) [ s E{M},curve'
(2) fis Egpmy along strongly Eqpqy-curves.

(3) f is smooth and for each closed bounded absolutely convex subset B in E and each
x € UN Ep there exist r,h,C >0 and l € A such that

I d*(f oip)(a)

<C
hb - M
for alla € UN Ep with |la —x||p <r and all k € N.

Lk(Eg,F)

(4) f is smooth and for each closed bounded absolutely convez subset B in E and each
compact K CU N Eg there exist h,C >0 and l € A such that

' d*(f oip)(a)

<C
hk-M,i

Lk(Eg,F)
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

for alla € K and all k € N.

Some important remarks concerning this result:

(7) In fact the proof of shows that in condition (2) we can restrict ourselves
to all strongly & {Mto}-CUIVeS, where [p € A is precisely the index which arises in
. If we assume the stronger condition , then we can restrict to all
strong & y-curves, where NV is precisely the sequence from . This remark
should be also compared with [23] 2.7. Theorem|.

(7i) The assumptions of the special-curve-lemma [10.6.2| are only needed for (2) = (3),
condition is only needed for (4) = (1).

Proof. (1) = (2) is clear.

For (2) = (3) we proceed as in the original proof (see |21} 3.9. Theorem]|) via contra-
diction. W.l.o.g. let £ = Ep be a Banach-space. For each v € E and = € U there
exists the iterated directional derivative d¥ f(z) since f is E(amy along affine lines. To
show the smoothness of f it is enough to show that d% f(zy,) is bounded for each k € N
and each Mackey convergent sequences (z, ), and (v, ), with v, — 0 by |20, 5.20].
For contradiction assume that there exist k € N and sequences (z,,), and (v, ), with
|dE f(zn)|| — co. We pass to a subsequence and assume that (zy,), and (vy), are (3)-
converging for the sequence (A,)n, which comes from the Efyq-special-curve-lemma.
Then there exists a strong Eqpqy-curve ¢ : R — E with ¢(t+1t,) =z, +t- v, for ¢ near 0
and for each n € N separately and for (t,), coming from the £ xy-special-curve-lemma
But then we get ||(f o ¢)®)(t,)|| = |dF f(zn)|| — oo, which is a contradiction!
Consequently f is smooth.

Assume that there exists x € U such that for all [ € A and r, h,C > 0 there exists
a=a(l,r,h,C) €U and k =k(l,r,h,C) € N with ||a — z|| < r but such that

1" f (@)l Lr () > C - BF - M.
Again, as in the original proof by |20}, 7.13.], we have

k k k
ld” f(a)ll (i, ry < (2€)7 - sup |[dyf(a)]-
[lv]I<1
Then for all A > 0, n € Nyg and [ € A we take r = ﬁ and C' = n. Then there exist
ajnp € U with |lagnp — x| < ﬁ = r and furthermore v, with ||v;, 4| < 1 and
ki n,n € N such that now

(ge)kz,n,h
hFtnn o pf

ki n.h

K
ldy o flagnp)ll >n. (%)

Put K :={ajnpn: 1l € A,n,h € N} U {2}, then K is compact and (%) contradicts now
the following claim similar to the proof in the weight sequence case [21], 3.9. Theorem]:
For all K C E compact there exist numbers C', h > 0 and an index [ € A such that for
all k € Nand z € K we get supj, <1 |dEf(x)|| < C-hF- ML

Otherwise, there would exist a compact subset K C FE such that for all n € Nyg and
all [ € A there are k;,, € N, x;,, € K and vectors v;,, with |[v;,| = 1 such that we
would get

k . 1\ Fntl

l,n

ldv, 5 f (210)ll = My, - </\2> :
n

198



10.7 Testing along strong &y xqy-curves and consequences

where we have put €' = h = /\% and the sequence (A, ), comes from the Ermy-special-

curve-lemma [T0.6.2] Note that by construction in [10.6.2 the sequence (\;); doesn’t
depend on the index [ € A.

In the next step we identify n € Nsg with (n,n) € A x N5 and so we have (for
I =n € Nxg - the diagonal): There exists a strongly (uniform) & py-curve ¢: R — £
with ¢(tp 4+t) = Zp +t- Ay - v, for ¢t near 0 and by the chain-rule we get (f oc)®(t,) =
AR dl f(z,). Thus we have:

1/(kn+1) 1/(kn+1)
(H(f oc><’fn><tn>u> _ (Akn | Hdﬁ:f(ocnw) N

- +oo7
Ml?n Ml?n )\7(’Lkn+2)/(kn+1)

for n — oo which is a contradiction to foc € Eaqy (since n € A is arbitrary!).

(3) = (4): The compact set K can be covered by finitely many balls.

For step (4) = (1) one has to use the Faa-di-Bruno-formula and (in fact the
"strong version” where we have used condition and proceed similarly as in
[21], 3.9. Theorem|. We have to show: focis Efpyygy for each Epqy-curve c: R — E. By
condition (3) in [10.5.3] it’s sufficient to prove: For each compact interval I C R, each

sequence (1) ﬁ Rroum,sub| and each sequence (s)x there exists a number

& > 0 such that the set

(k)
{W-rk-sk-sk:ael,keN}

is bounded in E.

Fix now an arbitrary compact interval I and sequences (r%)r € Rroum,subl and (k)i €

and replace in condition (2) in|10.5.3|the sequence (rkby ri-(2D)F,

where D > 0 is the constant arising in the inequality s < D" - (8,)r (since s €

. Then, by assumption, for each o € E* the set
k

w rp-sk-(2D)Era eIk € N} is bounded in R for all sequences (rg); €

and (sp)k € [l

So the set {C<k]i!(a) rp-sk- (2D rac ke N} is contained in some closed absolutely

convex set B C E. Hence we have that ¢*) : I — FE'p is smooth and so the set

(k)
K = {C kfa) sk (2D)F ra e 1}

is compact in Ep for each k € N separately. So each sequence (z,), in the set

) (a) 1
:{ X 'Tk'Sk:ael,kEN :Uka

keN

has a cluster point in K U{0}: either there is a subsequence in one Ky, or (2D)F-x;, €
Ky, C B for k, — oo, thus =y, — 0 in Ep and K U {0} is compact in Ep.

We use now the Faa-di-Bruno-formula, and recall: Since (rg)x we have

ri+k < 1j -1k for all j,k € N, hence by iteration we obtain ry < roy - ray -+ 7o, for
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

k=a1+---+aj, a; > 1. Moreover we have that for each s we can find a
sequence § with §o.

So we take [ € A and h > 1 large enough (depending on the given function f) and
estimate as follows for alla € I and k € N, k > 1:

Tk - Sk

H (f 0 c)®)(a)
k!

F

Y Y o | (D (.0 35 1690 (@) 57ar8ar 11 870,50,

4! aq! a;!

320 O‘GN]>0722:1 a;=k

<(2D)=*1-(2D) %=1

def(c(a))HLj(EB,F) . L

O'x x

ioml R
Jj=0 CMENJ>O, g:l a;=k ‘7 SC{
<C-hi
1\" 1\* k—1
<c. (1) . o <(C-h-c0. (2 . S RYAS!
<C <2) Z | Z (h-C1)! <(C-h-CY) <2) Z<j—1)(h Cy)
JZDQEN;O, Zzlai:k 720

k
:(C-h-Cl)-G) (14 Cy - h)FL

Note that s = hence 3; -mk < C’{ for a constant C'y > 1 and all j € N. So we

have shown now property (3) in [10.5.3|for ¢ = m and are done. O
The next result is analogous to [21, 3.10. Corollary]:

Corollary 10.7.2. Let M and N be two weight matrices both with the same assump-
tions as in [I10.7.1. Furthermore let E,F be convenient vector spaces and U C E a
c>*-open subset. Then we obtain:

(1) If we have , then Eaycurve(Us ) C Eny curve (U ).

2) If one assumes for the matrix M additionally condition|(Mycwr ), then Egqy(U, F) C
{id}
Emycurve (U, F) C E(U, F), where & denotes the space of all smooth functions and
Eriay = C¥ denotes the space of all real analytic functions.

Proof. The inclusions &y curve(Us F) € Enycurve(U, F) € € hold by more
precisely condition (3) in this theorem is applied to the mappings a o f for all « € F™.
For the second part w.l.o.g. assume F' = R. If f € Eqy (U, F), then for each closed
absolutely convex bounded B C F the mapping foig : UN Ep — R is given by its
locally convergent Taylor-series by [20, 10.1]. Hence condition (3) in is satisfied
for the constant matrix 7 = {(k!)x>0} and so also for all weight matrices M which

satisfy additionally O

Corollary 10.7.3. Let M be a weight matriz with the assumptions as in|10.7.1], then
we obtain:

(1) Multilinear mappings between convenient vector spaces are Ermy,curve if and only
if they are bounded.
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10.7 Testing along strong &y xqy-curves and consequences

(2) If in addition condition holds and f : E 2 U — F is E py curves then
the derivative df : U — L(E,F) is Epycurve and also df :UxE — F is
E{M},curve; where the space L(E,F) of all bounded linear mappings between E
and F s equipped with the topology of uniform convergence on bounded sets.

(3) The chain-rule holds.

Proof.

(1) If f is multilinear and &} curves then it is smooth by and hence bounded
by [20} 5.5. Lemma|. Conversely, if f is multilinear and bounded, then it is smooth by
[20, 5.5. Lemmal. Furthermore f oip is multilinear and continuous and all derivatives
of high order vanish. So condition (3) in is satisfied, hence f is Euy,curve-

(2) f is smooth, so by [20, 5.5. Lemma| the map df : U — L(E, F) exists and it
is smooth, too. Let ¢ : R — U be a (weakly) & 3-curve. We want to show now
that ¢ +— df(c(t)) € L(E,F) is Eny- By [20, 5.18.] it is sufficient to show that
t— c(t) — a(df(c(t)) -v) € Ris &y for each a € F* and v € E. We use now again
and show that z — «a(df (z) - v) satisfies the conditions of this theorem. More
precisely we use condition (3) of applied to aw o f in the following way:

For all B C FE closed, bounded, absolutely convex subset of F, for all z € UNEpg, there
exist r,h,C' > 0 and | € A = N5, such that for all a € UN Ep with |ja — z||p < r and
all k¥ € N we obtain

<C-h¥. M.

Hdk’(aofoig)(a)‘ i

For v € E and B as assumed above and B should contain the vector v, we calculate as
follows for all k£ € N:

Hdk(d(a o f)(:)(v) e iB)(a)‘

< HdkH(aofoiB)(a)’

= Hdk+1(aofoiB)(a)(v,...)‘

: ”UHEB <C- hFFL. Mllc+1

L*(Ep,R Lk(Eg,R)

Lk+1(Ep R)
< C- MRt oM =y BE - M
(3) The chain-rule is valid for all smooth f. O
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

10.8 &¢y3-Uniform-boundedness-principle and
consequences by using curves

We start with the analogous result to |21, 4.1. Theorem|, more precisely it is the
E[M],curve-analogue result to the smooth UBP [20, 5.26. Theorem].

Theorem 10.8.1. Let M := {M! : 1 € A} be an arbitrary matriz, i.e. with
a countable index set A = Nsg. Let E, F,G convenient vector spaces, furthermore let
U C F be c®-open. A linear mapping T : E — Efa) curve(U; G) is bounded if and only
ifevy ol : E — G is bounded for every x € U.

If e.g. A =R, the same statement holds also for the Beurling-case E pq) curve-

Proof. For z € U and a € G* the linear mapping o o evy = Efag) curve(T, @)
EMy,curve(U; G) — R is continuous and so ev, is bounded. Hence we get: If T is
bounded, then ev, o7, too.

Conversely, we assume that ev, o7 is bounded for each x € U. For an arbitrary closed
absolutely convex and bounded subset B C FE consider the Banach-space Ep and
consider for each o € G*, each Epqy-curve ¢ : R — U, t € R and compact set K C R
the analogous diagram as considered in |21, 4.1. Theorem|. Recall: For an arbitrary
weight matrix M, so holds, and U C R"™ non-empty open we have the topological
vector space description

g{M}(Ua]R) = m hLQHLngMZ,h(KJR) = lin hi>n gM",n(KaR)a
KCU leA h>0 KCU neNog

see for more details.

To transfer the original proof [21, 4.1. Theorem| to the Efaqy curve-case, we only need

that limlim &, ,(K,R) is webbed (see the diagram and the arguments in [21, 4.1.

leAh>0
Theorem|). But this is satisfied, since limlim &yp;(K,R) = lim  Eym (K, R) is
leAh>0 n€Nsg

a countable inductive limit of Banach-spaces (a (LB)-space) and all (LF')-spaces are

webbed (see also @ . Thus the UBP is valid for the &y curve-case, since we can

use the closed graph theorem (see e.g. [20, 52.10.]) to get that the mapping Ep —
lim Enmp (K, R) is continuous. This implies the boundedness of 7.

n€N>0

The same proof still works for the Beurling-case & pq) curve: Since the index set can be

chosen to be countable (I = 2,n € Ng), we obtain a Fréchet-space (see (7.3.6) for
more details), which is always webbed. O

In the rest of this section we will prove several important consequences from [10.8.1
and we will concentrate on the Roumieu-case. The next result is analogous to [21], 4.2.
Corollary|:

Corollary 10.8.2. Let M be a weight matriz as considered in[I10.7.1. Then the fol-
lowing properties are satisfied:

(1) For convenient vector spaces E and F', on L(E, F) the following bornologies co-
wncide which are induced by:

(a) The topology of uniform convergence on bounded sets of E.

(b) The topology of pointwise convergence.
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10.8 & pqy-Uniform-boundedness-principle and consequences by using curves

(¢) The embedding L(E,F) C E(E, F).
(d) The embedding L(E, F') C E a3 curve(E, F).

(2) Let E,F,G be convenient vector spaces and U C E be a c™-open subset. A
mapping [ : U X F' — G, which is linear in the second variable is Eqpqy curve o
and only if f¥:U — L(E,G) is well-defined and E{ MY curve-

Proof. (1) The first three topologies on L(E, F') have the same bounded sets as it was
shown in [20, 5.3., 5.18.]. The inclusion E{aq} curve(E, F') — E(E, F) is bounded by the
consequence in the previous section and |20} 5.26.] (smooth UBP).

For the last point (d) we have to show now that L(E, ) — £y curve(E, F) is bounded,
where L(E, F) is endowed with the topology of uniform convergence on bounded sets;

and this holds by the UBP

(2) In the &-case this holds by [21} (7.3.6.)]. If f is €y curve, then consider a curve
¢ : R — U which is assumed to be (weakly) & ry. We prove, that the mapping

t — fY(c(t)) is Eaqy- By 20, 5.18.] and by (note that holds by

assumption) we have to show that ¢t — o (f¥(c(t))(v)) = a (f(c(t),v)) is Egaqy for each
a € G* and v € F. But this is clearly satisfied, because of the definition for f to be

g{./\/l},curve'

Conversely, assume that fY : U — L(F,G) is Efmy,curve: We have to show that

[:UXF — Gis &y curve and to do so we prove property (3) in[10.7.1 for f.
By composing with some o € G* we can assume w.l.o.g. G = R. We use the same

formula as in [21), 4.2. Corollary| and calculate for all & € N as follows:

k
< Hdk(fv)(x)(‘ .- )(wO)HLk(EB,R) + Z Hdkil(fv)(x)HL’C—l(EB,L(FB/ R))
i=1

Hdkf(:c,wo))

Lk(EBXFB/,]R)
k

< Hdk(fv)(x)”Lk(EB,L(FB/R)) Nlwollgr + Z Hdkil(fv)(x)HL’C—l(EB,L(FB/,R))
i—1

k

<C-BF M- lwolly + > C- RN M =CBF M- wolly + k- C-RFTN M
=1

< C-h* M- Jlwoll g +C - Ry - Y My < C - (|lwol g +1) - b5 - M.

First we have used (3) in[10.7.1}for L(ig,R)o f¥ : U — L(Fy,R). Then we have put
hy :=hy - h for h,hy > 1 and [ € A large enough and note that each M! is weakly log.
convex and normalized, hence automatically increasing. O

The next result, which is analogous to [2I, 4.7. Lemmal, doesn’t need condition

necessarily, hence we can use the “strong version” |10.5.6| resp. [10.5.7

Lemma 10.8.3. Let M = {M' : 1 € A} be an arbitrary matriz, i.e. resp.
a [(Msc)| weight matriz, with A = N5 and let E be a convenient vector space. The
flip of variables induces the following vector space isomorphism: L(E,E (R, R)) =
Egmy (R E).

Proof. Let ¢ € En (R, E'), consider for each z € E the curve é&(z) := evyoc €
Emy(R,R). Note that ¢ is a linear and by UBP [10.8.1{ we obtain that ¢ is bounded,

because ev; o = &(t) = evyoc = c(t) € E'.
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Conversely let a € L(E,E (R, R)), then consider for each ¢t € R the associated
linear functional &(t) := evioar € E' = L(E,R). The bornology of E is generated
by B := {ev, : * € E} and moreover ev,od = a(z) = evyoa = a(x) € E g (R, R).

Hence & : R — E' is E(pq by [10.5.7 O

The next result is analogous to [21, 4.8. Lemmal:

Lemma 10.8.4. Let M be a weight matriz as considered in [10.7.1. We denote in the
following with A pq3(R) the c>-closure of the sub-space generated by {ev; : t € R} in
E{M}(R,R)/. Moreover consider the mapping § : R — Ay (R) defined by t +— evy.
Then the following is satisfied:
For every convenient vector space G the Egpqy-curve § induces a bornological isomor-
phism

LAy (R), G) = Eay (R, G).

Proof. A M}(R) is a convenient vector space, because it is a closed subspace in
Enmy (R, ]R),, which is convenient by [10.3.1] Moreover the mapping ¢ introduced above
is & a3+ This holds because for each z € 43 (R, R) we have by definition ev, of = ,
and we can use now the more general version to conclude that 0 is Egagy. This
implies that the mapping 0* : L(Ajuq(R), G) — Ean (R, G) is well-defined and linear.

™ is injective: Each bounded linear mapping Afaq)(R) — G is uniquely determined on
I(R) :={evs : t € R}.

" is surjective: Consider some f € Erp (R, G), then, by definition, avo f € Eqpy (R, R)
for each o € G*. Introduce now f : E{M}(R,R)/ — [« R by ¢ — (¢(ao f))aca, and
this mapping is well-defined, bounded and linear.

evy is mapped to f(evy) = 8(f(t)), where § : G — []g« R denotes the bornological
embedding given by = +— (a0 x)4eg+. This map induces a bounded linear mapping
f i Amy(R) — G with finally f o6 = f, which shows the surjectivity of 4.

But moreover 6* is a bornological isomorphism: Both mappings 6* and (6*)~! are
bounded, which holds by the UBP [10.8.1] and [10.8.2] O

By using these results we can prove the analogous result to [21, 4.9. Corollary]:

Corollary 10.8.5. Let M be a weight matriz as considered in[10.7.1. Then we obtain
the following vector-space-isomorphisms:

(1) ER,Eug (R, R)) = Eppy (R, E(R,R))
(2) C¥(R, Egpgy (R, R)) 2 Eg vy (R, C(R, R))
(3) Eny(R, Epny (R, R)) 2 E vy (R, Epy (R, R)).
Proof. Let X € {&,C%, €y}, then we get:
Epy (R, X(R,R)) = LAy (R), X(R,R)) = X (R, L(Aug (R), R)) = X (R, Eugy (R, R))

The first isomorphism holds by [10.8.4| for G = X (R, R), the third one again for G = R.
For the second isomorphism we have used [10.8.3| for E' = A{ 3 (R) resp. [20, 3.13.4,
5.3., 11.15). 0

We close this section with the analogous result to [2I], 4.10. Theorem|, where for the
proof we will have to use the previous results:
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Theorem 10.8.6. Let M and N be given and both matrices as considered in[10.7.1]
Moreover let E, F be convenient vector spaces and U C E resp. V. C F be c¢*°-open
subsets. Then we obtain the following bornological isomorphisms:

1 g{M},curve U, g{./\f} curve(v F)) = S{N},curve(vv g{./\/l},curve(Ua F))
2 S{M},Curve U, 5(V F)) S(V7 S{N},curve(U7 F))
3 g{M},curve U, CW(V F)) = Cw(v'v E{M},Curve(Ua F))

( )) = loo(Xa S{M},curve(U7 F))

6 S{M},curve U, ﬁlp ( )) = Elpk(X7 g{./\/l},curve(Ua F))
X denotes in (5) resp. (6) a so-called [°-space, i.e. a set together with a bornology
which is induced by a family of real valued functions on X (see [12, 1.2.4]),
resp. a LipF-space (see [19, 1.4.1]). For the definition of the spaces (X, F)
resp. Liph(X, F) we refer to [13, 3.6.1., 4.4.1], for 1°°(X, F) see also [20, 2.15.
Theorem).

(1) (
(2) (
(3) (
(4) Eamycurve(U; LV, F)) = LV, Egpny,curve (U F))
(5) Emy,curve(U,
(6) (

Proof. All mappings and their inverse mappings are given by f — f, where f (z)(y) :=
f(y)(z). All occurring spaces are convenient and satisfy the S-UBP, where S denotes
the set of all point-evaluations (see definitions, resp. [20, 2.14.3, 5.18, 5.24, 5.25,
5.26, 11.11, 11.12] and [12]).

f takes values in the corresponding spaces, because f (x) = evgof. It remains to show
that f itself is of the corresponding class. First note that f — f is bounded, because
we have

(eva o()(f) = eva(f) = f(x) = evaof = (eva)u(f)

and now apply the UBP.

(1), (2) That f is of the appropriate class holds because we compose with appropriate
curves ¢; : R — U, ¢c3 : R — V and functionals o € F* and then we are precisely in

the special (real-valued) case (3) in [10.8.5

(3) We write again X € {£,C¥} and proceed as follows: To show that f is in the
appropriate class, we have to compose with ¢; € £y (R, U) and X (c2, ) : C*(V, F') —
X (R,R) for all a e F*and ¢ € X(R,V).
So by (1) and (2) in [10.8.5} m 5| the mapping

X(Cg,a) ° fo = (E{M},Curve(cha) ofo 02)~: R—-U-— CW(V’ F) - X(R’R)

is Egamy, because the mapping Eqaq curve(C1, @) 0 foca : R =V — E gy curve (U, F) —
Ey (R, R) s X.

(4) In this case f is of the appropriate class since L(U, F) is a ¢-closed subspace of
E{my curve (U, F') which consists of all linear £y curve-appings.

(5), (6) The arguments for the proofs of these items are completely the same as given
in |21}, 4.10. Theorem (5), (6)]. O
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10.9 Some projective descriptions for & curve

The next result is analogous to [21], 4.3. Proposition]:

Proposition 10.9.1. Let M be a weight matrix as considered in[10.7.1], let E and F
be convenient vector spaces and U C E be c*®-open. Then we obtain the bornological
identity
E{M},CUIVS(U7 F) = l&l g{M}(Rv F),
S

where s runs through all strongly E pqy-curves s : R — U and the connecting mappings
are given by g* for all reparametrizations g € Eqagy (R, R) of curves s.

Proof. By [10.7.1] we see that E gy curve(U, F), im Euy (R, F) and lim Eupn (R, F)

S C
coincide as linear spaces, where c in the third limit runs through all weakly & rqy-curves
c:R—-U.
Each (fc)c € lim Eqpugy (R, F) determines a unique function f : U — F as follows: We

put f(z) := (f o const,)(0) with foc = f. for all c € E\3(R,U). Finally, again by
we have that f € Eqaq curve if and only if fo € Epgy for all ¢ € Epg (R, U).

By definition E;pq (R, F) carries the the initial structure w.r.t. ay for all a € F*,
hence we can assume w.l.o.g. F'=R. The identity lim g (R, R) — lim Eppgy (R, R) is

(& S
clearly continuous, the identity in the converse direction is bounded by the UBP [10.8.1

because lim & My (R, R) is convenient as projective limit of convenient spaces. O
S

The following definitions are analogous to |21, 4.5. Definition]:
Let £ and F be two real Banach-spaces and A C F a convex subset. We denote by
E(A, F) the vector space of all sequences (f*)i € [T,cnC(A, LF(E, F)) such that

1
F)(w) — FH(@)(v) = /0 P @+ ty — o)y — xv)dt

is satisfied for all k € N, z,y € A and v € EF.
Let r = (rg)r and s = (sg)r be arbitrary sequences of positive real numbers. We
introduce now the normed spaces

5(5%(?)(14, F):= {f = (fk)k e E(AF): ”fH(S)’(T) < —1—00} ’
where we have put

1f*(a) (v, . . v) |

sk Tk - [loal] - [lok]

1Nl (s),0r) := sup{ :k‘EN,aEA,viGE}.
The space &) () (A, F) is a Banach-space, because it is closed in [*°(N, [*°(A, LF(E,F)))
by the mapping (f*)i +— (k — 5 - 7).

Sk Tk

The next result is analogous to [21], 4.6. Theorem)]:

Theorem 10.9.2. Let M be a weight matriz as considered in[10.7.1, let E and F be
real Banach-spaces and U C E open. Then we obtain the following:

The space S{M}mrve(U, F) is bornologically isomorphic to the following constructions,
so we obtain the same vector space and the same bounded sets:
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10.9 Some projective descriptions for £y, curve

(1) lim lim SM,l,h(WaF)

[
l,h,W

(2) lim lim Enqyn (K, F)
K Lh

(3) lim lim &) () (K, F)
K sr

(4) lm lim Engyp(L, F)
c,l lh

dl

All involved inductive limits are regular, hence bounded sets of these limits are contained
and bounded in some step. In the limits

(i) K runs through all compact convex subsets K C U, ordered by inclusion,
(13) W runs through all open subsets with K C W C U ordered by inclusion,
(797) h € Nsg,l € A(=Nsy),

)

(1v) r runs through all sequences of the set

1
(,R/roum)_1 = {T = (rk)k S Rlio : ; S Rroum} s

(v) s runs through all sequences of the set

1 1
(81:/(\)/1[1m) = {S = (Sk)k € RIEO : g g 81{(\)/111m}7

(vi) c € Epy(R,U) is ordered by reparametrization with g € Eq (R, R) and

(vit) I runs through all compact intervals in R.

Proof. First note that in (1) — (4) we obtain smooth functions f : U — F: In (1) —(3)
they are given by z — fO(x) for appropriately chosen compact set K with z € K,
where f0: K — F. In (4) they are given by x +— f.(t) for the curve ¢ : R — U with
c=const, on [ and f.: I — F.

Smoothness of f follows by testing with & 3-curves, because they factor locally into
some compact set K.

By all representations (1) — (4) describe E{ g} curve(U, F) as vector space.
Obviously the identity is continuous form (1) to (2) and from (2) to (3). The space in
(3) is the projective limit of Banach-spaces and so convenient, the inductive limit in
(1) is a (LB)-space, hence webbed. So we can apply the so called S-UBP [20] 5.24.
Theorem|, where § = {ev, : © € U}, to conclude that the identity from (3) to (1) is
continuous, too.

Hence the representations (1) — (3) yield the same complete bornology on the space
Efmy curve (U ) and satisfy the S-UBP.

In the next step we show that the inductive limits in (1) and (2) both are regular. Take
a bounded set B in such a limit, then B is also bounded in (3). More precisely we have:

Land s € (SM )_1 and

roum

For every compact subset K C U and sequences r € (Ryoum)
for all h,l € N5y we have

sup{ 175 (@) v, - o) keNyaceAv, eE, fe B} < +o0.
sk T floall - [kl
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

So the sequence b := sup {”fk(a)(v—lv’“)” keNaeAv, € E, f€ B} satisfies

l[oa]l- vkl
_ ~1
SUDLeN T:'I;k < +4o0 for each sequence r € (Rroum) Vand s € (S{g/flm) , hence we

can use the same technique as in (2) = (3) = (1) in [10.5.6] to conclude: There exists
ho > 0 and lp € A such that sup,cy < +oo which implies the fact that the set

lo -hk
B is contained and bounded in the step EM lo,ho (B F).

Also the structure in (4) describes the same bornology: The inductive limit in (4) is
regular by the same proof as above for the special case E = R (see (2)(a) in [0.1.1)),
hence the structure in (4) is convenient and we can apply again the S-UBP. O
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10.10 Cartesian closedness for non-quasi-analytic classes E{ a3, curve

10.10 Cartesian closedness for non-quasi-analytic classes
g{/\/l},curve

In this section we are going to prove the central theorem for the convenient setting: By
assuming some special properties for the matrix M = {M! : [ € A} we will show that
the structure Eqaq) curve 18 Cartesian closed, so we generalize |21} 5.3. Theorem] to the
non-constant matrix case. An analogous result is also available for the Beurling-case
E(M),curve: To do so we will use the notation introduced in [21], 5.1.], for convenience of
the reader we will repeat the definitions:

For a subset K C R", a = (aq,...,a,) € N" a linear space F and a mapping
f: K — E we put

R¥) .= {(x0,...,ap) € RFF s oy £ xj for i # j}
K*:={(z',...,2") e Rt x ... x R s (2] .. 2l ) € K for 0 < ij < o}

K@ = Ko n (RO x Rion))

Bitz) =k~ I] —

P
0<j<kg#i ' Y

where x = (zg,...,x) € R*) . Finally we put

(504‘}0(‘,1:1?”"%71) = Z Z 511(x1)ﬁln(xn)f(mzllv7‘%‘?71)

i1=0  ip=0
and we have 6°f = f and 6% = §%" o --- 0 §7"* with
oFgat,. .. a™) = 6% (g(at, .. 2L, 2t a™)(2h).

We start with the analogous result to the Lemma in [21], 5.1.], the proof of our matrix-
generalized result uses completely the same argumentation:

Lemma 10.10.1. Let M = {M" : 1 € A} be an arbitrary matriz, i.e. let U CR"”
be open and E a locally convexr vector space. For a given mapping f : U — E the
following are equivalent:

(1) f U — Eis g{./\/l},curve

(2) For every compact convex subset K C U and every o € E* there exists an index
l € A and a number h > 0 such that the set

{|6ﬂ<aof><x>| BENge K@}

R
hiAt- M,

is bounded in R. So for compact convexr sets K the norm on the Banach-space

Em (K R), introduced in (7.3.3)), is also given by

8P f(x n
HfHﬁEA’K’Lh ;= sup {W :feN"ze K(5>} (10.10.1)

15

An analogous result for the Beurling-case is the following;:
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

Lemma 10.10.2. Let M = {M':1 € A} be an arbitrary matriz, i.e. letU CR"
be open and E a locally convex wvector space. For a given mapping f : U — E the
following are equivalent:

(1) f:U—FEus g(M),curve

(2) For every compact convex subset K C U, continuous linear functional o € E*
and each index | € A and real number h > 0 the set

{W(aof)(x) BN ze K@}

ERY
HiL- M,

1s bounded in R.

The next result is analogous to |21, 5.2. Lemmal and it is of course related to [10.4.2

Lemma 10.10.3. Let M = {M' : 1 € A} be an arbitrary weight matriz, i.e. .
Moreover let E be a convenient vector space such that there exists a Baire-vector-space-
topology on the dual E* for which the point evaluations ev, are continuous for all x € E.
Then for a mapping f : R® — E the following are equivalent:

(1) ao fis Eagy for all a € E7.

(2) For every conver compact subset K C R™ there exists an index | € A and a
number h > 0 such that the set

FO) () . }
< . BeN'zeK
{ WPl - M,

1s bounded in E.

(3) For every conver compact subset K C R™ there exists an index | € A and a
number h > 0 such that the set

{W BeNze K@}

ERwY
hIAL- My,

1s bounded in E.

Proof. (2) = (1) is clear.
(1) = (2): Let K be compact convex set in R™, so consider for [ € A and h,C > 0 the
sets

(a0 f)P ()]

Y
hdL- M

These sets are closed in E* for the Baire-topology and UleA,C,h>0 A p,c = E* holds.
Then, by the Baire-property of E*, there exist [y € A and hg,Cy > 0 such that the
interior Af()’ho,co =: U is non-empty! Let ag € U, then for all &« € E* there exists
€>0,suchthat wegete-aclU—-—aqy<ee-a+ageU.

Thus for all x € K and 8 € N" we get

Al7h701:{a€E*t SC,VﬂGNn,LEGK}.

I
hg - M

@0 P < 2+ (@) +a0) 0 NP (@) + (a0 NP (@) < 22
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10.10 Cartesian closedness for non-quasi-analytic classes E{ a3, curve

This implies: The set { 1) peNze K } is weakly bounded in FE, hence

hy Mg
bounded.
(1) = (3) follows as (1) = (2) and finally (3) = (1) holds by [10.10.1 O

With this notation and the previous preparation results we are able to state and prove
the central theorem, Cartesian closedness for the Roumieu-case Eqaqy curve:

Theorem 10.10.4. Let M = {M': 1 € A} be an arbitrary weight matriz, i.e.

and assume also the following conditions:
(i) A =N,

(i1) [(Mmg

(idi) [(Maig))}

Let Eq,Ey and G be convenient vector spaces and U; C E;, i = 1,2, two c>*-open
subsets. Then we get

S{M},curve(Ul x Us, G) = g{M},curve(Ula g{M},curve(U27 G))

Proof. First recall that for U C R"™ non-empty open we have the topological vector
space representation

Emyp(UR) = lim lim BmEnqn (K, R)
KCU IeR h>0

and in this case by the second part of [9.1.1| the space h_r)n li_n)lEMJ,h(K, R) is a Silva
leA h>0

space.
The following proof is of course related to |21} 5.3. Theorem]|!

First consider the case Uy =Us =G =R. Let f € E{M}(RQ,R), then for all x € R we
have that f¥(z) = f(z,-) € Eng(R,R). To show now: f¥ : R — Erg (R, R) is Epg
and in fact we prove the second condition in for all a € (E gy (R, R))™.

So take a continuous linear functional a € (Eraq) (R, R))*, and such a functional fac-

torizes over some lim h_n)l Emn(L,R) for a compact set L C R. Consider a compact
leN h>0

set K C R, then, since f € S{M}(RQ,R), there exist numbers D, h > 0 and an index

u € A, such that

<
R8I 'MI%\ =

for all 3 € N? and (x,y) € (K x L)®. Write 8 = (31, 32), then we calculate as follows:

0 B2 551
. {%%f@w|}

Br ags . pB2 . aAst
M.Lth BaeNyerL2) ((hy - M3 - hy™ - Mg,

- { 6% (2, )] }S . p”““m}sa

B8 B —B— .
V‘(*) Bo€N,ycL{B2) hll -h22 . C—P1—=02 'M51+52 BoEN,ycL{B2) hll M‘%|

07 f¥ (x)
ot M

1

for h = % -min{hy, ho}, all B; € N and z € K®). Inequality (x) holds with a constant

C > 0 by property !
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

Thus fY : K — Enen, (L, R) is of class Egppsy (with hy > 0) and so a o fY is Eqpypsy,
hence &gy

Converse direction: Assume that f¥ : R — g (R,R) is Eppgy, then f¥ @ R —
lim lim Emun(L,R) is Egpysy for all L C R compact subsets and some s € A depending

leA h>0
on fY. The dual space (h_H)l lim Emn(L,R))* can be equipped with the Baire vector

leA h>0
space topology of the countable limit lim lim Emn(L,R)* of Banach-spaces. Thus, by
leA h>0
10.10.3| the mapping fV : R — lim lim Emn(L,R) is strongly Egpysy (for some s € A).
leA h>0
The space lim lim Enqy (L, R) is countable and moreover regular: By (2)(a) in (9.1.1
leA h>0

the connecting mappings are compact and so this inductive limit is a Silva space, hence
regular (see e.g. |20 52.37.]).
So for all compact subsets K C R there exists h; > 0 such that the bounded set

{aﬁlfv(m) :p1 €Nz € K} is contained and bounded in the step Eaq.pn, (L, R) of

lim lim Enq,n(L,R) for some ¢ € A and hy > 0. Hence for all /1 € N and z € K we

leA h>0
get

0 0

)
B ars
hl Mﬂ M, L.t ho

~ { 03267 £ (,y)| }

R AN T T

3 ¥ (x)

+o00 > D := sup
- M

B1EN,yeK

1 1

M, L,t,ha

> sup { M } .
E_;.)/ﬁQENJ/EL(BQ) hlBl. M‘%|

(%) holds by property|(M .51 )f For all s,¢ € A we can find u € A and a constant C' > 0
such that for all j, k € N we obtain Mj . M}; < CIthk. M;L+k, hence h{ . M]s . h’g . M,i <
CIth - hy - b - MY, < (C-max{hy, ho})7™* - MY, so put in the above calculation
h := C - max{hy, ha}.

Now we prove the general case by categorial reasoning: Given a &} curve-mapping f :
Ui xUs — G, we have to show that [ : U — Euy curve (U2, G) 18 Eguqy curve: Therefore
we remark that every continuous linear functional on &y curve(U2, G) factors over
some step mapping E iy curve(€2, @)+ Eay curve (U2, G) — Egaqy (R, R), where ¢3 is a
Epmy-curve in Uz and o € G*. Then we have to check that €y curve(c2, @) 0 f¥ 0¢y :
R — E 3 (R, R) is Eppgy for every Eppqy-curve ¢; in Up. But since (o fo(cy x ¢2))Y =
E{M} curve(C2, @) 0 f¥ o ¢y this follows from the above £ (R, R)-case.

Conversely, if f¥ : Up — Eapy,curve(U2, G) i Eppmycurves then (o fo (e x )Y =
S{M}purve(cQ,a) ofVoc is E(my for all Eppp-curves ¢; : R — Uy, ¢ : R — Uz and
a € G*. Again by the above &y (R, R)-case f is then £y curve- O

Analogously we can prove Cartesian closedness for the Beurling-case:

Theorem 10.10.5. Let M = {M'! : 1 € A} be an arbitrary weight matriz, i.e.

and assume also the following conditions:
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10.10 Cartesian closedness for non-quasi-analytic classes E{ a3, curve
(1) A =Ry,
(1)
(i) [(Maig))}

Let FEq,FEy and G be convenient vector spaces and U; C E;, i = 1,2, two c>*-open
subsets. Then we obtain:

E(M),curve(Ul X Us, G) = g(M),curve(Ulv g(M),curve(UZ’ G))

Proof. The proof of this theorem should be also compared with the proof of the
Beurling case in [22], 5.2. Theorem|. First we point out that by our assumption on A
the associated function space of Beurling-type is a Fréchet-space.

In the first step we consider again the case U = Uy = G = R. Let f € S(M)(RQ,R),
then for all 2 € R we have that f¥(z) = f(z,-) € (R, R). To show now: fY :
R — Epny(R,R) is Epq). We prove again the second condition in for each
o€ (S(M)(]R, R))*

So take a continuous linear functional v € (Ea¢) (R, R))*, and such a functional fac-
torizes over some lim lim & M (L, R) for a compact set L € R. Consider a compact

leA h>0
set K C R, then, since f € E v (R? R), for all & > 0 and indices u € A there exists a

number D > 0, such that

B
h!B] -Mfé‘ =

for all 3 € N2 and (z,y) € (K x L)<B>. Write 8 = (01, #2), then we calculate as follows:
0 B2 <61
_ sup { ‘52 07 f(z,y)] }
MLithy —P2ENweL) Wy - Mp, - by M,
B B
- e { 0% f (2, y)| } - s {w f<x,y>|} D

(% B2EN,yeL(P2) h?I 'h§2 - CPhp 'Mgﬁ-ﬁz BN yeLif2) hl?! M\%|

0% V(=)
- M

1

=

for h = & -min{hy, ho}, all B; € Nand z € KB Inequality (%) holds with a constant
C > 0 by property

Thus Y : K — Epqh, (L, R) for each t € A and hy > 0 is of class &=y and so ao fY
is sy for each s € A, hence E ).

Converse direction: Assume that fY : R — &y (R,R) is Ey), then fY @ R —
lim @8/\47[7;1(13,1&) is &ty for all compact subsets L C R and each t € A. More

leA h>0
precisely we obtain: For all compact subsets K, L C R, for all hy,ho > 0 and ¢,s €

A the bounded set {W /L eNze K} is contained and bounded in the step
1 ey
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

Emithy (L, R). Hence for all 31 € N and z € K we get

55 1V () ||

B ars
hy Mﬁl M,L,t,ho

B2 s/
C { 05°57" £ (2, )] }

B2EN,yeL(B2) hﬁl M‘S th -be

. {wﬂf(a: y>|}.

(or) P2ENEL() PIPL- Mgy

400> D := sup
A eNyeK

1 WM, L,t,ho

(%x) holds now by property [(M,iq))f For all u € A we can find s, € A and a constant
C > 0 such that for all j, k € N we obtain M]‘?-Mt < C’j+k-M;‘+k, hence h{Mjh’Q“M}é <
CItk bk MY, < (C-max{hy, ho})THE - MY,
h:=C- max{hl, ha}.

so put in the above calculation

Now the general case again by categorial reasoning:

Let a &) curvemapping f : Uy X Uz — G be given, then we have to show that
VU — E M) ,curve (U2, G) 18 Eam) curve:  We remark that every continuous linear
functional on E gy curve(U2, ) factorizes over some step mapping & ) curve(C2, @) :
EM)curve(U2, G) — E (R, R), where cp is a Epgy-curve in Uz and o € G*. Then
we have to check that &) curve(c2,@) 0 f¥ 0 c1 : R — g (R, R) is Epyy for every
Emy-curve cp in Up. But since (a o fo(c1 X €2))Y = Em)curve(C2, @) o f¥ 0 ¢y this
follows from the &) (R, R)-case above.

Conversely, if f¥ : Ui — Eycurve(U2, G) i Eag) curves then (o fo (e X )Y =
EM) curve(C2, @) © fYoc is Emy for all Eppy-curves ¢ : R — Uy, c2 : R — Uy and
a € G*. Again by the £ ) (R, R)-case above, f is then € () curve- O

Important remarks concerning the Cartesian closedness results[10.10.4] and [10.10.5:

1) In{10.10.4fand |10.10.5[ we can replace‘!/\/lialgi ) resp. by the assumption,
that M is a |(Msc)| weight matrix, because then both conditions are satisfied

simultaneously for C' =1 and [ = n.

(2) For the proof we don’t need necessarily that €y} curve T€SP- E(M),curve 1S @ cate-
gory, i.e. closedness under composition. More precisely we don’t need conditions

W resp. m for the proof and in both cases (<) holds also without
assuming |(M g} )| resp. [(Mmg) )}

(3) Unfortunately we don’t have in this version (by using - resp. € uq)-curves)
that the Beurling-case & uq) curve 18 @ generalization of the finite-dimensional case.
Note that we don’t know if in the Beurling-case an analogous result to [10.7.1] is
valid even for the constant matrix case M = {M}.

(4) To guarantee this fact for the Roumieu-case & pqycurve We have to assume in
addition the assumptions of so more precisely we need:

M = {M": 1 € A} should be a m weight matrix with A = Ny, condition
(10.6.4) (for the Eqpqy- spe(nal—curve lemma/|10.6. 2|) [(Mrgpy )| for closedness under

composition (see e.g. , and finally |(M [mg}
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10.10 Cartesian closedness for non-quasi-analytic classes E{ a3, curve

All these required conditions are satisfied if M is obtained by a weight function

w such that w satisfies properties |(w1)}, [(wnq)| and [(w;/ )| (recall
the third chapter in [5] and finally [3.8.4} [8.7.1| and [8.3.1)).

(5) Finally {10.10.4] and [10.10.5[ and the proofs should be also compared with [12.3.2

By applying [10.10.4] we can use now exactly the same proof as for |21, 5.5. Theorem|
to show the following:

Theorem 10.10.6. Assume that M = {M'! : | € A} is an arbitrary weight matriz,
i.e. with a countable index set A = Nsg and moreover properties and

(Mg

Let E, F, F;, F;, G be convenient vector spaces and let U and V' be c¢*°-open subsets.
Then we get

(1) The exponential law
S{M}7curve(U7 5{M},curve(v7 G)) = g{M},curve(U XV, G)

holds, more precisely = holds as a linear Epqy-diffeomorphism of convenient vec-
tor spaces.

The following canonical mappings are Eqaqy curve:
(2) ev: &y curve(U, F) x U — F given by ev(f,x) = f(z).
(3) ins: E — 5{M},Curve(F, E x F) given by ins(x)(y) = (x,y).
(4) ()" &y curve(Us Epay curve (Vs G)) = Eppnycurve (U X V, G).
(5) ()Y : Emycurve(U XV, G) — Eppny curve(Us Emy curve (Vs G))-
6) I1: Hz S{M},Curve(Eia Fi) — g{./\/l},curve (Hz Ei, Hz Fy).
If we have in addition property then we also get:

(7) comp : Eppnycurve (Fs G) X Eppnycurve(Us F) = Egaty curve (U, G).

(8) Exmycurvel(s )

Emy curve (B F1) X Epy curve (B, B) = Epmy curve (Eqmy curve (B, ), Epmy curve (E1, F1)),

which is given by (f,g) — (h+— fohog).

We close this section with the following important example which is analogous to
[21, 5.4. Example| and shows, that condition is really needed for Cartesian
closedness:

Lemma 10.10.7. Let M be a|(Msy.)| weight matriz with index set A = Nsqg and which
doesn’t satisfy condition|(M g1 )} Then there exists an function f € E{M}(R27 C) such

that the associated mapping " : R — Epgy (R, C) ds not Egpgy-

Proof. Since condition doesn’t hold there exists an index x € A such that
for each C' > 0 and each index y € A there exist j,k € N with M7, > Citk. M- M.
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10 Convenient setting for the non-quasi-analytic £ qy-case by using curves

So for this x € A and C =y = n, n € N5, we obtain sequences (j,)n and (ky), with
jn — 0o for n — oo and k,, > 1 for each n € Ny such that

1/ (kntn)
My - Mp =

We consider the linear functional a : Egaq (R, C) — C which is given by

olf) = 3 vy . S0

M™ . nJn ’
n>1 Jn

We show that the functional is bounded: For given f € Erq; (R, C) we choose h > 0
and [ € A large enough (dep. on f) and estimate

f9) FOm ()] ML /Ry N
e e e S (3) = e S i () <

Note that M! < M™ for [ < n and > n>0 ( ) < +oo for each h > 0.
gglobal

We will apply now the functional a to our special function 6, € { Mm}(R C) C
lobal . n(J | o o 00 o T\j— T

EFM} (R,C) with 99)(0) = (V—1) - 87, s7 1= > plo M (2ug) k> M7 for all j € N

and ‘ég(c])(t) < st = ’5;«])(0)‘ for all j € Nand t € R (see (2.4.7)). The index x € A is

precisely the index coming from the negation of

In the next step we define ¥, (s,t) := 0,(s +t) for s,t € R, and so ¢, € Efﬁﬁal(RQ C)

with 9"%)(0,0) = (v=1)# % . s o for all (B, B2) € N,

But we are going to show now: «a o, is not E(my- For this consider h > 0 and [ € A

arbitrary but fixed and calculate as follows:

Q0 V(k)t 1 ) (Jn»)oo
HOé (¢] wC\C/HM,[—l,lLZ,h — sup w Z sup ——— - Z(ﬁ)&]n . #

tel-11)ken  hF-M]} keN hF - ML — M - nin
/ intk | & -
! R A 1 k Stk
— sup——— - | S (V=D)¥ - e N (VAN ML e L
E.pfl . pin k. pfl n . pin
keN h Mk n>1 Mjn n keN h Mk w1 Mjn n
sz T
= sup LI E J”+k > sup 1 Mk Sntkn
o k. ! n _ kn . l n n . o jn
keN " - M, o1 Mjn k\_fner h Mk M Mjn nJ
M M? Jntkn P
> sup — . > sup —/— = +o00.
neNwq hFn - nin . M]{Cn M]” MP T ine, hkn . pin M]l%
O
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10.11 Important summarize - Cartesian closedness versus
conditions (mg) and (Myg))

As already pointed out in |21, 5.4. Example| and which is a special case of our more
general statement Cartesian closedness fails for constant Weight matrices
M = {M} if the sequence M doesn’t satisfy condition moderate growth (note
that moderate growth is related to condition for it’s associated function wys by
[T6, Proposition 3.6.]). But in the non-constant weight matrix case M = {M':1 € A}
where all sequences are assumed to be pair-wise not equivalent, the much more general

condition is sufficient to prove Cartesian closedness.

Recall the important remark [9.5.5} Note that in example [9.5.4] we have constructed
weight matrices M = {M' : | € N,I > 2} such that &gy & Eay, each M!
doesn’t satisfy but nevertheless condition is valid. Moreover the con-

structed weight matrices there, obtained by the weight function(s) ws(t) := max{0, log(¢)*},
s> 1, (seel3.10.1) and M = {(le)kzo : 1 € Nyg,l > 2} satisfy also property (M gqpy)
But in [26, Theorem 2| it was shown that for each constant weight matrix
M = {M} with property there exists s > 1 with Ey C Ergsy- So beyond
Gevrey sequence spaces we cannot expect Cartesian closedness for constant weight

matrices M = {M}, for non-constant matrices this fact is not true and we can prove
Cartesian closedness for larger function classes.

If the matrix M is obtained by a weight function w then both conditions

and hold automatically by (5.1.2)) in

This situation is consistent with [6.4.1; Let w € V| with be given and assume that
there exists a sequence N EIE] with &) = &y as locally convex vector spaces, then
N has to satisfy condition moderate growth |(mg)} too.
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11 Convenient setting for certain
quasi-analytic classes &gy by using
curves

In this chapter we will always consider weight matrices with the following properties

Q= {Ql :leA=Nsg:| (Mg VIeA: Q doesn’t satisfy (nq)} ,

l
and we will also put qfc = % First recall a consequence of Lemma [7.4.1f Each such
weight matrix Q is now Roumieu-quasi-analytic, so is not satisfied and the class

&gy doesn’t contain functions with compact support. The results, the technique and
the methods of the proofs in this chapter are motivated by [23]. The goal of this chapter
is to transfer the proofs in [23] to the quasi-analytic (non constant) weight matrix case,
so we want to derive a convenient setting for such classes by using curves and by using
the proofs for the non-quasi-analytic situation in the previous chapter. Recall that only
for non-quasi-analytic weight matrices the introduced definitions/structures (by using
curves) in the previous chapter are a generalization of the classical definitions (on the
level of R™). To do so we have to prove appropriate projective descriptions for Eroy-

11.1 Projective descriptions for certain quasi-analytic
classes &gy

The aim of this section is to obtain for some classes £{oy a "nice” projective description.
More precisely we are going to prove that some quasi-analytic classes of ultradifferen-
tiable functions defined by such weight matrices Q can be written as intersection of
non-quasi-analytic classes £;ry, where the intersection is taken over some (large) set
of sequences. Note that the central result [[1.1.1] below holds also for globally defined
classes £{gy by obvious modification of the proof there (see(7.3.2)).

First we have to introduce resp. recall some notation. We define the sets

L(Q)w = {L S R§0 ko (Lk)l/k is increasing, £y is not q.a., QL Vne A} ,

1/k
L(Q)s = {L € RIEO L gL(Q)whk— <II;I:> is increasing} .

Remark: For each L € £(Q)|we get automatically limy_o0 (Lx)"/* = +o0 (by Q L)
and L has also for C = 1,ie. Lj-Ly < Ljyy for all j,k € N: For arbitrary
j,k > 1 we have (Lj)l/j < (Ljyi) VU0 (L) VR < (L§.+k)1/(j+k), hence

Lj- Ly < (Ljr)/ U (L) UM = Ly

The remaining cases (j = k =0, j =0, k arb. resp. j arb. and k = 0) are obvious by
normalization. Instead L € L(Q)y|we can also introduce (the little bit smaller set)

L(Q)c = {L € RY, : L is (weakly) log. convex, has|(nq)l Q" <|LVn € A} .
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11 Convenient setting for certain quasi-analytic classes gy by using curves

Some further remarks:
(1) Notation: £(Q), will stand for any of such classes of sequences.

(ii) Note that if L € £(Q)s, L = (Lg)g, then also (C* - Ly), € £(Q), for each
C > 0. But £(Q), is not stable w.r.t. relation [~ because log. convexity and the

1/k
increasing properties k +— (Lk)l/k resp. k +— (%) are not stable w.r.t. this

relation.

(#ii) If |(Mycer)| holds for the matrix Q, then clearly also liminfy_o(Ix)/* > 0,
Iy, := 44, is satisfied for each L € £(Q)s.

(iv) If there exists an index ng € A with limg_00(q;°)*/* = +00, which is weaker than
condition for Q, then limy_o(Ix)"/*¥ = +o00 for each L € £(Q)s,, too.

Recall now the definitions of two regularizations of an arbitrary weight sequence M:
We introduce

M = (M), M) = (mf{( )1/] j > k:}) for k > 1, My =1,

so the sequence ((M;g) 1/k>k is the increasing minorant of the sequence ((Mj)Y/*),. If

k + (Mj)'/* is increasing and Mo = 1 (w.l.o.g.), then My, = M follows for all k € N.
Second we define

_ k—i
MY = (MY, M= inf{(Mj)% (M)TT j<k<lj< z}
the (weakly) log. convex minorant of M. If M is log. convex, then M = M holds.

Now we recall the notation of [23, 1.5. Definition], see also [3]: For each sequence Q'
we introduce the associated sequence

3 i 1 b
Qb =aL-T] (1 - W) ,Ob = 1. (11.1.1)

j=1

We put also (jff = % hence

k
=q.- H < 1/3) =1 (11.1.2)

We summarize several properties for Q':

(1) First we have by definition 0 < Qk < Qk <0< g l < qk for all £ € N and
I € A, moreover 21 < ka qll < qu for all k& € N and (Q?)l/k’ < (Qf)l/’“,
(G )%k < (g2)Y* for all k € Nsg, whenever I; < Iy holds.

(2) See also [23, 1.5. Definition|: We have (ka)l/k (QL Yk H] 1 <1 — 1.>,

@)
(QL )Y+ (@b )Y/ BHD Qs+ -1
hence k(gfc)l/’“ = k(gi)uk : 1_(Q2+1)11/<k+1> - H(lQi)l/’“

(Q‘l )1/(k+1)
(Q§€+1)1/(k+1) =14 (ka)l/k . W

, or also
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11.1 Projective descriptions for certain quasi-analytic classes £{gy

By using this recursion we finally obtain (Ql YWk = (Ql NRAR <1 + Z§:1 W),
j

(@) @DVE o @V
QTP is increasing for each [ € A and G > (Q%)l/k
for all £ € Ny whenever I; < Iy holds.

hence the mapping k —

Finally the previous calculation also shows that the sequence ((Ql )1/ k) is in-
creasing, if and only if (Q})Y* +1 < (@}, )Y/*+D for all k € Ny is satisfied.

See also [23, 1.7. Corollary|: If we assume in addition that the mapping j —

(qé-)l/ J is increasing for each [ € A, where we have put qé» = then w.l.o.g we

_ jl )
can assume that ((ka)l/k)k is increasing for each [ € A.

This holds since (Q§€+1)1/(k+1) —(QYVF = (k4 1)1/ BFD). (q]l€+1)1/(/f+1) _ RN/
(qé)l/k > (qi)l/k . ((k:+ 1)!1/(k+1) _ kgl/k) > q% . ((k+ 1)!1/(k+1) _ kll/k) > q% .
exp(~1) > exp(—1).

Hence we can replace the original weight matrix Q by Q := {Ql (Qk) C:)l =
exp(k) - QL, Q' € Q}, because then each Q' € Q satisfies the same properties as
Q' 5{9} &0y (more precisely E{Ql} = &gy foreach | € A) and we have shown
(@)F 4+ 1< (@)D

( '22)1/19
(Q21)1/k’

. Q2 . .
Let I1 < g, if k — QI is increasing, then the mapping k& —
k

This holds since by remark (2) we have

X X1 <1 X1
(Q;f)l/k _ (Qlc2+1)1/(k+1) - (Qk1+1)1/(k+1) - (Qlc2+1)1/(k+1)

(Q )l/k - (Q?Jrl)l/(k-i-l) (Q?)Uk - (Qf)l/k
& <Q21+1>1/(k+1) _ 1 (Qfﬂ)l/(kﬂ) _ 1
0 @OV @ovET @ @e

(2)

If the sequence § satisfies conditionmthen the sequence ¢!, too. For this let 1
j < k be given, then we get (¢ )1/] <C- (@)Y < (g l-)l/j . szl (1 - (Ql_l)l/i)

S~ A A

) 1
C-(q )1/k Hz 1 (1 (Q;)l/i> = (qé»)l/J <C-(q )1/k Hz =j+1 (1_ (Ql)l/z
NS
<1

Similarly we get: If the mapping k — (q;ﬁ)l/ ¥ is increasing then also the mapping
ke (gh)'*.

We use now this notation and the above remarks to prove an analogous result to 23]
1.6. Theorem, 1.7. Corollary]:

Theorem 11.1.1. Let Q := {Q" : n € A =Nsg :| (M)l Q" quasi-analytic¥ n € A}
be given.
Then we obtain the following properties:

(a)

. /
Assume that the mappings k — (QZ)l/k and k — Egniii/i

n € A resp. for all ni,no € A with n1 < ng. Then we obtain the following
representation (as vector spaces) for allr,s € Nso, U C R" non-empty and open:

EUR) = () EnURY).
LD

are increasing for each
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11 Convenient setting for certain quasi-analytic classes gy by using curves

(b) If Q satisfies the assumptions from (a) and in addition i.e.

dnp e A: h}gnlnf( "O)I/k > 0,

then we can take in (a) the intersection also over all L & L(Q)ic}
c satisfies the assumptions from (a) and we assume that j — (G7)Y7 is in-
(c) If Q satisfies th ptions from (a) and that j — (g)

creasing for each n € A, where g = ?—{, then we can take the intersection also

over all L 4 . But more precisely we can take the intersection over all

1/k
LefL(Q):={LeRYy: ks <€:> is increasing, qL(9)c

and more general over all

L e L(Q)ait:={L¢€ ]RIEO : L has q L(Q)1e]}-
The intersection over all L & an be also considered if we only assume

that each sequence ¢" should satzsfy with sup,cp Cn < D < 400 (where Cp,
are the constants occurring in for the index n € A).

Independently of (a), (b) and (c) we can get additional properties for some of the intro-
duced matrices:

(d) If Q satisfies U\/l{cw} )|, then propertyholds for both matrices and

L(Q)aileh i-e. for arbitrary sequences L', L* € L(Q), there exists a sequence
L€ L(Q), with L < L', L%

(e) If Q satisfies (Mycy)| and [(Myqcy), then both matrices and [£(9Q)ai lc
satisfy condition (Mgdc))7 too. Recall: This condition means in the most general
form

VLeL(Q),IN€ELQL,IC>1:VjeN: Njy <O/t L

Proof. (a) We prove a matrix-version of |23, 1.7. Corollary| and proceed as follows:
First note that £;gy(U,R*) C ﬂLE{L}(U R*) holds by definition (and also for
any L € £(Q)s, where £(Q), denotes any class defined before).

For the converse direction let f ¢ &0y (U, R®), it remains to show now that there exists
a sequence L q E@ 0] iw with f ¢ £13(U,R®). By assumption there exists some compact
set K C U such that for each n € A = N5y we have

£\ *
lim sup ( ) = +00,

k>1 Qk

where we have put fi 1= sup,ck ren H f®)(z) ) We proceed now similarly as in

ok e e
[23, 1.6. Theorem|: Choose an increasing sequence (a;);>1 and a decreasing sequence
(b;)j>1 such that lim; .o a; = +00, limj_ b; = 0 and finally Z]>1 o, < oo

For alln € A = N5 and C > 0 there exists k,, ¢ with fg, . > Chn.c . Q” . We choose
now C' = a; € N5o and n = j and identify k;,; with k; to obtain a strlctly increasing

sequence (k;);j>1 with

i 1/(k;)

(;) > aj, (11.1.3)
Qi
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11.1 Projective descriptions for certain quasi-analytic classes £{gy

fo \ M/ (5) o \ V) Qi 1/(k;)
for all j € N5g. We immediately get b; - <J> =b;- <J> . ( J> >

7 J o7
_ @ @, @
J
bj-aj- % > b; - aj — +oo for j — oo, where we have used (2) in the above remarks.
1
Now we pass to a sub-sequence to get k1 > 1 and to obtain an increasing sequence

1/(k;)
B = (B;); with lim;_, #; = +00, where we have put 1 < 3; :=b; - (CJ;;’) .
kj
Define now the weight sequence L = (L), or with other words the (constant) weight
matrix £ := {L} (consisting only of this sequence L) by

Ly := ﬁfQi

for k € N with kj_1 < k < kj, j > 2, and Ly := BF - Q} for 0 < k < ky. First
observation: We obtain that k +— (L;)'/* is increasing and limj_(Lg)'/* = +oc.
This holds since k ~— (Q1)"/* is increasing by assumption, (Q1)V/* < (QJ)V* for
all k € Nyg and finally (3;); is also increasing by construction. Moreover we have
(ij)l/(kj) =0 (Qij)l/(kf) — 400 for j — oo. But note that the sequence L is in
general not weakly resp. strongly log. convex in the non-constant matrix case, even if
each sequence @ is assumed to be weakly resp. strongly log. convex, see for more
details.

Next we show, that f ¢ £y (U,R?):

_ 1/(kj) 1/(k;)
<fkj>1/("”ﬂ): Tk | :<fk?> ’ Lo
L, By Qi Q1. B b

for j — oo by the definition of the sequence .

For the non-quasi-analyticity of &7y we proceed as follows: For k € N with k;j_1 <
k <kj;, j > 2, we obtain

L) g (@)Y b\ fx, (Q)M*

Thus we get for j > 2:

. 1/(kj) ) ; 1/(k;
\VE (ol i 1 A 1
- - . i . Z _ < —. ! < .
Ly, b; fkj k (Qi)l/k’ =~ b; fkj bj-a;

=kj_1+1 %

kj

k‘:k:]'_l—i-l

=

Note that (x) holds, because by property (2) in the previous remarks we get

kj k,

~ 1 L. '

(QF YY) 2 { _ < (OF YWk |14 _ _ (@] ),
V@ 2 g )~

Since we have shown that k +— (Lj)'/* is increasing, L follows. Moreover

ZjZl ﬁ < +oo holds by construction, hence we have shown » ;-4 %/k < +oo

(L)
and so the second condition of Hérmanders version of the Denjoy-Carleman-theorem
[15, Theorem 1.3.8.] is satisfied. The fourth condition there tells us that the sequence
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11 Convenient setting for certain quasi-analytic classes gy by using curves

the log. convex minorant of L, satisfies property and &;r) is not quasi—

analytlc L.e. contains functions with compact support. More precisely also Egzry 1s

not quasi-analytic and of course E. C &1y, hence f ¢ E.(U R®), too.

Finally we show Q L for each n € A: So let n € A be arbitrary (large) but from
now on fixed. By property (2) in the above remarks we get

Qop\"* 1oy Q7 Wk ko Qr
()-8 (v Tawm) - (B) S (B)

Consider the first summand: Since (Qzl)l/k < (Q?)Uk for ny < ny we get for k € N

1/k 1/k

an\ Lk o 1/k
with k;_1 < k < kj, whenever j > n, the following: (L—:) = (5/@ &) < ﬁi .
J

N
Hence limg_, (%’:) " =0, i.e. Q’BL holds for each n € A.
For the second summand we proceed as follows: From now on let k£ € N be sufficiently
large, more precisely we need at least k > k,_1. Let i € N with k,_1 < i < k, so
there exists some j > n with k;_1 < i < kj. Moreover we have some j; > j with
kj—1 <k <kj. So we get

- 1/i 1/4 1/t . 1/4 < 1/k < 17k
<Q?>/ Y K R U R Y /1 R W :(@k)/
L; B\ O B, \ ¢ B \@QF ) B \ Q¥ Lk
This holds because the sequence (/3;); is increasing by construction and the mapping

noN1/k
k — % is increasing for all n; < ng by assumption. Hence we can estimate as

follows: Since we have already shown Q”El L for each n € A we can find a constant
C,, such that Q™ < Cﬁ - Ly for all K € N and so

k 1/k N 1k kn <o 17k k
S (2) () S (B 2@
= e AL L) @) \La L@y
<Cn
k <o 1/i oo
~ Q”) 1 ~ 1
< Cn+ Z <Z 'TiSQNL Z 1/i°
i a0 L g @Y i (L)Y
:(inl/'”
Finally note that ) > b1+ (T )1/1 < 400 as shown before and so we are done.

(b) By assumption liminfj_(qf)"* > 0 for all n > ng, and since we have shown

Q L for each n € A we also get liminfkqoo(lk)l/k > 0, where I := % So we
can use [35, 2.15. Theorem| to conclude that S.(U R*) = &1 (U, R?), where
denotes again the log. convex minorant of L and satisfies property by the Denjoy-
Carleman-theorem. Since we have shown Q L, we get Egny(R,R) C 1 (R,R) =

Eqrmy (R,R) for each n € A. Now each Q™ and are weakly log. convex, hence
Q for each n follows, too. Hence we can replace L by in the projective
description.

¢) We consider the proof of (a) and for I, := £& we get I, := ¥ - ¢ for k € N wit
W ider th f of d for I := &% Iy == % - ] for k € N with
kj1<k<kjj>2 andl =B} - gy for 0 < k < ky. If we assume that j — ((j}‘)l/j
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11.1 Projective descriptions for certain quasi-analytic classes £{gy

1/k

is increasing, then k — (I;)'/* is also increasing, limy_.o0(Ix)"/* = 400 follows and so

we can show as in (b)

We summarize: In this situation we have now

EpURYC () &nUR)C () &uy(URY) =Eoy(UR).
LEL(Q)ai 1] LeL(Q))

If we assume only that each sequence ¢" should satisfy with sup,cp Cp < D < 400
(where C), are the constants occurring in|(ai)]), then [ = (I;,), satisfies [(ai)] with constant
D.

(d) This item of the proof is of course inspired by [23] 1.6. Theorem (2)], we start

with the first part. For given sequences M, N --.E we define L = (L) by Ly :=
mm{Mk, Ny }. We prove now all desired properties for i.e. we show |L' . m
Q_ | L'°|for all z € A: First Q“‘. | <| L for each 2 € A holds immediately by definition.
Novv proceed as in (a): By our assumption on the matrix Q (property we get
also liminfy_.o(Ix)Y* > 0, where I}, := L . We use [35], 2.15. Theorem| to conclude
that 5-(U R?) = &y (U, R?) and so E{Qz}(R R) C & (R,R) = & ) for
each z € A. But each Q% and |L" . are weakly log. convex, hence Qd for each T
follows, too.
(i4) By definition [L1< L < M, N holds.
(ii7) has property : Since both mappings k — (Mj)'/* and k — (N)/* are
increasing we also have that k — (Lj)'/* is increasing and

1
ZW—Z 1/k+Z 1/k +00.

k>1 1 M, w1 Y,

Hence L and we have shown the second condition of [15, Theorem 1.3.8.]. This
implies that &7y is not quasi-analytic (contains functions with compact support) and

, the log. convex minorant of L, satisfies property

Now we prove the second part: If M, N then we have to show that we can
ﬁndLMw1thL<M N.

For this we put my, := k' Ny = ]Z, and define Iy, := min{my, ng } with l} := %’f or also
equivalently Ly := min{ My, N }. Hence by definition L < M, N follows immediately.
By applying [8.5.4] we obtain that |(ai)| is satisfied for the sequence | = (Ii), too.

We have to prove now .

For this we put Py := min{M. IC,N}:} and first we show |P'¢ E n The mapping
k — (Py)'* is increasing since both mappings k — (M,ic) VE and k (N}CC) Yk are
increasing. Moreover we get

1 1
ZWSZ 1/k+ZWc

k>1 =1 (M) k>1

and the sum is finite because by assumption [M ' N'°| g £(Q))c| holds. So P and
we have shown the second condition of [15, Theorem 1.3.8.], hence &(py is not quasi-
analytic. By definition of P we get Q[ =] P for all 2 € A and by assumption property
is satisfied for Q. Hence by applying once again [35, 2.15. Theorem| we
get S(U, R?) = & py(U,R?) and so E(gey (R, R) C Epy (R, R) = Egpry (R, R) which
proves Q for each « € A. Of course by the D.-C.-Theorem is satisfied for
too, which proves the first claim.

< 400,
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11 Convenient setting for certain quasi-analytic classes gy by using curves

Now by construction we have < P < L and so by definition we get
is the largest log. convex minorant of L), hence d L£(Q), | follows.

(e) Let L § L(Q)1d] (assume w.l.o.g. 1 = Ly < L) be given and put
Nk = Ll . Lk—l for k£ > 1, NQ = 1.

(i) By definition it’s clear that N = (Nj)j is weakly log. convex and it supports L via
property |(Mge))p i-e. Njp1 < CJFL. L; holds for a constant C' > 1 and all j € N. We

have to show now: N €| E{ Q!lcl—
(11) Q N holds for each x € A: Since Q has (Mg )} for all z € A there exist

constants C, D > 1 and another index 2’ such that Qi < Cck. ”,gl_l <Ck.Dk. L, =
(L)~ (CD)* - Ny, for all k > 1.

(7i1) N has property Since L is log. convex, we obtain L < Ly - Log—1 = Noj
for all k € N, moreover by weakly log. convexity of N the mapping k — (N;)'/* is
increasing. Because we have property |[(nq)|for L by assumption we obtain

1 1 1
Z (Ng) 1/ <2 Z (N )1/ (2F) <2 Z (L) /¥ < +o0

k>2 k>1 k>1

which shows property |(nq)| for N, too.

Now the second part of this statement: For L (w.lo.g. assume Ly = Ly = 1)

we put [ = % and then define for n; := %

ng:=Ily_1 < Np=k-Ly_q, fork>1 nyg=Ng:=1.

(i) Of course by definition N supports L via property because Nji1 = (5 +
1)- L; < Citl. L; holds for all j € N with a constant C' > 1.

(ii) Q4 =| N for each x € A follows as in (i4) in the first part of (e): Q¥ < Ck- il_l <
Ck.DF. L1 =k1-(CD)*- Ny < (CD)*- Ny, is valid for all k > 1.

(7i1) We prove now for n: Because for [ is satisfied by assumption, we conclude
as follows: There exists a constant H > 1 such that for all j, k € N with 2 < j < k we
have

()00 = (1, YU < (1 )Y ED = () V),

and this is precisely condition for the sequence n. We can show now, as in the
first part of [8.2.4] that the sequence n has property First by assumption on the
matrix Q (property [((M{c})) we have infjen., (n;)'/7 > C > 0 (and we can assume
from now on C' < 1) and so for 2 < g < p we can estimate as follows:

ng n, \(@=1)/(p-1) np \ (a=1/(p=1) (a=1)/(p—1)
< =\r» L
Ha1.Co—1 — (C’p_1> <Cp) ¢
WP Ag-1/e-1) « L ap
< <C’P) c\ P=h < Yol (np)*.

The first inequality holds by , the second because 1 < % for each p and % <
% & ¢ < p. Finally take the ¢-th root.

If 1 = ¢ = p, then for nothing is to prove. Finally, if 1 = ¢ and 2 = p we need
Ni=n; < (n2)1/2 & 2-(N1)? < Ny&2-L3<2- Ly, so Ly > 1 is sufficient which
holds by assumption (and can be assumed w.l.o.g.).

bS]
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11.1 Projective descriptions for certain quasi-analytic classes £{gy

(iv) It remains to prove For this we introduce the sequence P = (Py)x
by

Po:=L-L¥ | <Ly - Ly <k-Lj_, fork>1, Py:=1.
We show P € £(Q)i} First P is clearly (weakly) log. convex and since by assumption
E 6{ L(Q)1| we get as in (74i) in the first part of (e) property @nqi for P. Finally by
(Mqcy)| for Q we obtain as in (i7) in the first part of () also QY =| P for all z € A.
P is (weakly) log. convex and P < N, hence by definition P <] N'|is satisfied and so

0

Proposition 11.1.2. The projective representations in [11.1.1| hold bornologically as
well.

Proof. The proof is analogous to |22 5.3. Remarks| (proof which doesn’t use the

UBP). By the representations hold as vector spaces.

Let U C R” be non-empty open and K C U an arbitrary compact set, moreover let

n € A =Nyg and h > 0 be given. Then the inclusion g, 4 (K, R%) — &, (K, R?) is

continuous (bounded) for some h; > 0 (depending on n and h) whenever L € £(Q),.

This implies that the inclusion  lim g p(K,R%) — lim &, p, (K, R?) is continuous,
leAR>0 h1>0

hence by definition of the spaces also the inclusion &gy (U, R®) — &1 (U, R?).

Conversely, let B be a bounded set in the space lim & £y (U,R?) where the projective
L
limit is taken over all sequences L € £(Q)s. This means that B has to be bounded in

each space &7y (U, R?).

We have to show now that B is also bounded in &;gy(U,R®), and we can assume
w.l.o.g. that s = 1 (by composing with a bounded linear functional). Let K C U
be an arbitrary compact set and we introduce the sequence b = (by)r by by :=

sup{Hf(k) ($)”Lk(ﬂv R ‘T E K, fe B}. By assumption we get: For each weight se-
quence L € L(Q)« the set B is bounded in &7y(U,R). The proof of shows
b € Nrego), Firy = F(oy and this implies that B is also bounded in &gy (K, R) :=

lim Egn(K,R). Finally, by (7.3.5), the set B is also bounded in Eg)(U,R) =
leA,h>0

KCU
We close this section with the following remark: Theorem [IT.1.1] shows that we can

reach several different projective descriptions for &gy (depending on the assumptions
for Q). But it will turn out in the next sections, where we are going to introduce a
convenient setting for such class by using curves, that the "best” class for our purpose

is Finally we prove for this class the following:

Lemma 11.1.3. Let Q be a weight matriz with the basic assumptions in (11.1.1] and
such that lim infkﬁoo(qlﬁ)l/k > 0 is satisfied for some x € A. Then |L(Q)ai1c| is stable
w.r.t. relation =l

Proof. Let now M be given and consider N with M. First assume
condition for M and let 1 < j < k be given, then (n;)'/7 < Oy - (m;)'/7 <
c,-C- (mk)l/k <C-C-Cy-(ng 1/k holds for some constants C,Cq,Cy > 1 with
ng = % and my = % (see also 8.2.2)). For this part our additional assumption on
the matrix Q is not needed, but now we use it and by applying [35], 2.15. Theorem| we
get 5 =&my =&y = 5, hence E and which shows

0

too.
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11 Convenient setting for certain quasi-analytic classes gy by using curves

11.2 A concrete example for & o,

We want to construct an explicit example for a weight matrix Q satisfying all conditions
in . For this we consider the following recursive construction, see also [23], 1.8.,
1.9.]: We don’t define the matrix Q directly, we start with the associated sequences
Q' defined in (II.I.I). So we introduce the matrix Q := {Q" = (QF)k>0 : n € N5o}
recursively by

QL = kF log(k + exp(1))F fork>1, Q}:=1

and for n > 2 we put
QY = vzfl - (log™(k))* for k > rp, Q= szl for0 <k <k,-—1,

where &, should denote the smallest integer number greater than (expo---oexp)(1)
N———
n—times

and we have put log” :=logo - - o log.

N————

n—times . .

In |23 1.9.] it is pointed out that each sequence Q™ is log. convex, Q)" satisfies
and finally doesn’t satisfy condition By definition clearly all Q™ are pairwise
not equivalent w.r.t. limy 00 (Q7)* ¥ = 400 follows for each n € A and finally the

Sn2\1/k

mapping k — W is increasing for ng > nji. But moreover by induction and [23]
1.8.] we also see, that each sequence ¢" = (¢})x, where ¢! := %, is log. convex (i.e.

condition is satisfied for each n € A separately). Hence the mapping k — (¢ )1/ k

is increasing for each n € A automatically and hmk_wo(ql,c)1/1’C 400 for each n > 2.

Now we can introduce the matrix Q := {Q™ : 2 < n € Ny} by (see item (2) in the
remarks in the previous section)

(@ = (@ 1+Z R

By an iterated application of the chain-rule we get (log") (z) = m, where
=0
logo(x) := z, and so by comparing the corresponding integrals we can find constants
C1,Cy > 1 such that for all k > k,, we get:
, 1
n n
J=FKn J

Hence we obtain
Cs - (Q)V* < (@YF < Cy- (Q)V*

for some constants Cs,Cy > 1 and all k > k,. Thus we have shown Q Q" for each
n € A which implies immediately both Q and Q Finally all assumptions
in (a) — (e) in|11.1.1] are satisfied.

11.3 Convenient setting for some quasi-analytic classes
E1gy by using curves

In this section, to derive a convenient setting for some quasi-analytic classes of Roumieu-
matrix-type &gy, we have to use the proven projective descriptions of the previous
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11.3 Convenient setting for some quasi-analytic classes E{Q} by using curves

section and so we consider from now on always weight matrices

Q:={Q" :n € A=Nyg:[(Mg)l Q" doesn’t satisfy [[nq)|V n € A},
such (a) — (e) in[11.1.1| are satisfied. Instead of we will sometimes also have

to use the little bit stronger condition

dng e A: klirn (q,’;o)l/k = 400, (11.3.1)

which is much weaker than Note that the example of the previous section
satisfies all these assumptions.

We summarize the consequences: For r,s € Nyg and non-empty open U C R" we
obtain (bornologically)

EUR) = (] EuUR)= () &uURY,
LeL(Q)l LL(9Q)ai lc

and by (d) in for both matrices [£(Q)1c| and [£(Q)aj 1c| we get ie.

VLN I € £(Q),ILeL(Q): L<LY LA

By property (e) in|11.1.1| both weight matrices |[£(Q)ic| and [£(Q)ai 1| satisfy also condi-
tion (Mgdc))|> more precisely

VLeL(Q),INEL(Q,IC>1:VjeN: Njyy <O/t L,

By using these properties we are able to prove closedness under composition for the
considered projective structures:

Lemma 11.3.1. Let Q be a weight matriz as assumed at the beginning of this section

(in fact instead of (11.3.1)) is sufficient to prove this result). Then we obtain:
(a) The weight matm’x satisfies property i the most general sense,

which means

Y L {ZIQh3 N O » T3 (1132
where we have put n°® = (ny)g, ng, := max {nj Ny Nay + o € Ny, Zgzl o = k}
and ng =1, finally Iy, := % and ny = % We will also write = N.

(b) In this situation the class Eqqy is closed under composition.

Proof. (a) First we recall: The matrix has clearly always property
more precisely holds for each sequence in |[£(Q)ai1t By assumption we have prop-
erty m for the matrix Q and so we get by (e) in [11.1.1] also property |(M (qc
for the matrix ﬁ(Q)ai,lc} By using (d) in we finally get property |(M gy )| for
L Q ai,lc

So we can prove the desired property as in (2) in In the following put my, := %,
lp == % resp. ng = % To prove let now aq,...,a; € Nsg, j > 1, be given
with aq + - -+ + a; = k. Then first property implies that there exists H > 1 with

oy - Loy, < HOVPH05 (L) P (1) < HE 1y,

for each sequence L But since lp = 1 (w.l.o.g.) this estimate holds also
for the cases if a; = 0 for some 1 < ¢ < jandif oy =--- = a; =0 (and so k = 0).
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11 Convenient setting for certain quasi-analytic classes gy by using curves

Furthermore by property iM(dC)i we get that for all L we can find C' > 1

and M g L(Q)ai1 such that mq, ---mq, < CMFFT% 1, -1y, 1. So we can
estimate as follows:

The first inequality holds now by : We can find a sequence N with

n<lm< N<SL M.

(b) This follows from (a): More precisely by applying property m the proof of
the Beurling-case (b) in Theorem holds and by |11.1.1] we obtain now closedness
under composition for the class &;gy.

Compare this argumentation also with the remark below Theorem [8:3.1] and also with
the fifth remark before Theorem IT.1.11 O

The previous result implies

k k k
i Ny Ny < LMy Moy <L CF gy - lay—1 < HE -1 - Iy < HY - 1.

Corollary 11.3.2. Let Q be a weight matriz as assumed at the beginning of this section,
then part (b) (Roumieu-case) in the important characterizing result is valid, hence
all stability properties there are satisfied.

The next definitions are analogous to [21, 3.1.] and [23, 1.10.] (see there for more
details): Let E and F be convenient vector spaces, let U C E be ¢*°-open, then for

each L we define

Enyeurve (U, F) i ={f : foce &R, F)Vce E(R, U)} (11.3.3)
:{f:aofoceg{L}(R,R)Vceg(R,U), VaeF*}.
(11.3.4)

The space &; L},curve(U’ F) is of course supplied with the initial locally convex structure
induced by all linear mappings €7} curve(¢; @) @ f = a0 foc € &y (R, R), for a € F*

and c € 5(]R, U), so

E(rycurve(U, F) = N {fraofoce&(RR)} (11.3.5)
OéEF*,cESL(FdB) R,U)

and &y L},curve(U’ F) is convenient as ¢*°-closed subspace in the product (see also.
This definition should be compared with [21] 3.1. Definition|: Note that each occurring
weight sequence there was assumed to be strongly log. convex, thus L is valid
automatically (see e.g. [21], 2.9. Lemmal).

For a weight matrix Q as assumed at the beginning of this section we put now

g{Q},curve(U7 F) = m E{L},curve(Ua F)7 (1136)
LeL(Qai,ic]

supplied with the initial locally convex structure and so 5{Q},curve(U , F') is also conve-
nient. By definition we immediately get that the composition of £{gy curve-mappings is
again &(oy curve- By [L1.1.1) and [11.3.7] this definition coincides with the classical one if
both E and F' are finite-dimensional.

We denote by f*) () the k-th-order Fréchet derivative of f at the point z and introduce
also the spaces for arbitrary weight sequences L

Ey (U F):={f €E(WU,F): VBYK CUNEz3h>0:
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11.3 Convenient setting for some quasi-analytic classes 5{9} by using curves

(k)
{f (x})livl,L C V) ckeN, ze K, |vip < 1} is bounded in F'}
- Ly

={fe&U,F): VBY K compact K CUNEg3h>0:

dk
o/ () ckeN, z €K, ||vi]lp <1;is bounded in F'}.
hE - Ly,

B runs through all closed absolutely convex bounded subsets B C E and FEp is the
(complete) vector space generated by B with the associated Minkowski functional
|lvllp :== inf{\ > 0: v € A- B}. K is a compact set in Ep w.r.t. ||-|p. If both
E and F are Banach-spaces, then E?L}(U, F) = &y (U, F) is satisfied, where the latter
space is defined by using jets in [22] 4.1.] and see also for the more general
weight matrix case.

We are going to introduce also the following classes, see the definitions given in [22]

4.3.] (and compare also with (12.1.3), (12.1.4) and below):
E(U,F):={fe&(UF):YaeF* :VB:ao foige&(UpR)}, (11.3.7)

where B is running again through all closed absolutely convex bounded subsets in E and
the mapping ip : Ep — E denotes the inclusion of Ep in E and we write Up := i5' (U).
The initial locally convex structure is now induced by all linear mappings

E{L}(iB,a) : g{L}(U, F)— E{L}(UB,R)7 fraofoip. (11.3.8)

Ey(UF) C Ha,B &1 (Up,R) is a convenient vector space as c*-closed subspaces
in the product: Smoothness can be tested by composing with inclusions Fgp — E
and o € F* as mentioned in |20, 2.14.4, 1.8], see also . Hence we obtain the
representation

EyU.F)={feFY: VaeF*VB:ao foig€ & (UpR)}. (11.3.9)
For a weight matrix Q as defined at the beginning of this section we have now
EaUF) = (] &nUF), (11.3.10)
(») LEL(Q)aic

where (%) holds by the definition of the structure on the left hand side in (12.1.3) and

on the right hand side in ((11.3.7) by applying the characterizing Theorem [11.1.1|to the
spaces &gy (U, R).

First we are going to prove resp. recall some results in [23] for each L resp.
L g L(9Q) | separately.

We start with the following Lemma, see [23], 2.2 Lemmal and [21, 3.4. Lemmal:

Lemma 11.3.3. Let E be a Banach space and ¢ : R — E a smooth curve. Then for
each L € L(Q), the following conditions are equivalent:

(i) The curve c is Epy = EFL}'

(i) For each sequence (r)k € Rroum| and each compact set K C R the set
(k)
{C (a) -Tk:aEK,k:EN}

Ly,

is bounded in E.
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11 Convenient setting for certain quasi-analytic classes gy by using curves

(#i1) For each sequence (ry) and each compact set K C R there ezists
some 6 > 0 such that the set

(k)
{C (a)-rk-ék:aeK,kGN}

Ly,
1s bounded in E.

Proof. We replace in [23] 2.2. Lemma| resp. [21, 3.4. Lemmal] the sequence (k! M)
by L = (Lk)k for L € E(Q)* ]
By using this Lemma we get the following consequence, see |23 2.3. Lemmal and [21],
3.5. Lemmal:

Lemma 11.3.4. Let E be a convenient vector space and S be a family of bounded
linear functionals on E which together detect bounded sets, i.e. B C E is bounded if
and only if a(B) is bounded for all o € S. Then for each L € L(Q), we obtain: A
curve ¢ : R — E is Epy if and only if aoc: R —Ris &y foralla € S.

Proof. We replace in [23] 2.3. Lemma| resp. [21, 3.5. Lemmal the sequence (k!- M)
by L = (L) for L € L(Q),. O

But we get also the following result, see [22], 4.8. Lemma]:

Lemma 11.3.5. Let E, F' be Banach-spaces, U C E open and f : U — F a E-mapping.
Then for each L € L(Q)4 the following are equivalent:

(1) fis Epy = EPpy-
(2) For each compact K C U and for each sequence (ry)k the set

{f(k)(a)(vl, k)
Ly

-’I“k:(IGK,k?€N,||’UiHE§1}

1s bounded in F' .

(3) For each compact set K C U and for each sequence (Tk) there exists
a number € > 0 such that the set

{f(k)(a)(vl,...,vk)
Ly,

-T’k~€k:a€K,/€€N,”wHESl}

18 bounded in F'.

Proof. We replace in [22, 4.8. Lemma| the sequence (k! - M), by L = (Lg) for
L e L(Q),. O

In the next step we reformulate the special-curve-lemma in our new most general setting
(see also 21} 3.6. Lemma], [23] 2.5.] and our abstract matrix-version [10.6.2)):

Proposition 11.3.6. Let Q be a weight matriz as assumed at the beginning of this

section with (11.3.1)).
Then for arbitrary sequences L resp. L we get the following:

There exist sequences of real numbers (Ag)r with Ay — 0, (tg)r with t, — to and (sg)k
with s, > 0, such that for (%)—convergmg sequences (Tp)n and (vyp)n in a convenient
vector space E, there exists a strongly uniform E;py- resp. 5—cume c: R — FE with
c(ty +1) =xp + 1t - vy for |t] < sp.
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11.3 Convenient setting for some quasi-analytic classes 5{9} by using curves

Recall notation: A sequence (), in a locally convex vector space E is called Mackey-
convergent to a point x, if there exists an increasing sequence of positive real numbers
(An)n with lim, o0 A, = 400 such that (A, - (5, — 2)), is bounded. If the sequence
A= (An)n is fixed, then (zy,)y is called A-converging.

lc
Proof. We put I = % and lIC = Lk, , then by our assumptions on Q we get

limy, oo (1) /¥ = 400 resp. limpg_.o0 (llc)l/k = +4oo for each L 4 E(Q)lc resp. L €
M So for an arbitrary sequence L n resp. . Q)lc condltlon
) holds and by Lemma [10.6.1| we can find a non-quasi-analytic weakly log. con-
vex Weight sequence N with Z; <| L resp. and limkéoo(nk)l/k = 400,
ng = % So we can replace in the original proof of the special curve lemma [21], 3.6.
Lemmal the sequence (k!- M), by N = (Ni), and (k! - My)x by L = (L) resp.
= (L) O
With these preparations we can formulate the analogous result to [23, 2.7. Theorem]|
which should be compared also with

Theorem 11.3.7. Let Q be a weight matrixz as assumed at the beginning of this section
with . Let E be a convenient vector space, U C E a c™-open subset, furthermore
let F' be a Banach space and a mapping f : U — F be given.

(a) For each L separately we obtain the following implications (1) = (2) =
(3) = (4) for

1) f €&y curve(U, F), ie. foc€&y(R,F) for each c € E(R, U).

(
(2) floneg : EB 2 UNEp — F is &y for each closed bounded absolutely convex
set B in E.

(3) focis&py forall 5—curves c.
(4) fe&py(UF).
(b) TFAE:

(1) f is &g} .curves i-€. for each L we have f € 1y curve(U, F).
(

2) For each L we have that flung, : Ep 2 UNER — F is &1y for each
closed bounded absolutely convex set B in E.

(3) For each L € L(Q)aic| we have focis Epy for all E -curves c.
(4) For each L € L(Q)ai | we have f € S?L}(U, F).

Proof. (a) For each L separately we prove as in [23] 2.7. Theorem)|.

(1) = (2) Note that Ep — FE' is continuous and linear, hence all £ —curves ¢ into
the Banach-space Eg are also £ into F, and so focis &y by assumption.
(2) = (3) This is clear since for any L € £(Q), we have 5~]{DL} C &1y by definition.

(3) = (4) We are using the most general version of the special curve-lemma[11.3.6} Let
now L be given, arbitrary but from now on fixed. As in the original proof
we assume w.l.o.g. E = Ep, so E is Banach. For each v € E and = € U the iterated
directional derivative d¥ f(z) exists, since f is &(r) along affine lines. To show that f is

smooth we check that d],jn f(xy) is bounded for each k£ € N and each Mackey-convergent
sequences (Zy ), and v, — 0. Assume now that there exists k € N and sequences (x, ),
and (vn)n, with [|d¥ f(z,)|| — +oo for n — oco.
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11 Convenient setting for certain quasi-analytic classes gy by using curves

According to our chosen L m“fe consider now the sequence 1,(FdB) Gl )ai 1Cl

By passing to a subsequence we may assume that (z,), and (v,), are ( )\n) converglng

for the sequence i)\n in coming from the special-curve-lemma [11.3.6[ which we have used
I FdB

for the sequence n So there exists a strongly uniform £ —Curve ¢ (hence
¢ is also strongly uniform 5) in F with ¢(t +t,) = x5, + ¢ - v, for ¢ near 0, and

for (t,), arising in|11.3.6] But then ||(f o c)®)(t,)|| = ||d% f(zn)|| — +oo for n — oo,

a contradiction to our assumption in (3) and consequently f is smooth.

Now assume by contradiction that (4) is violated: Then there would exist a compact

set K C U and some sequence L such that for each n € N there exist
kn, € N, z,, € K and finally v,, with ||v,|| = 1 such that

1 kn+1
i, 1l > L (55)

where we have put C = h = )\% and the sequence (), is coming from the special-

curve-lemma [11.3.6| which we have used again for the sequence By passing
to a subsequence we can assume that the x, are %—converging, and so there exists a

strongly uniform & (@I -curve ¢ (hence c¢ is also strong uniform & ) in B
with ¢(t, +t) = 2p +t- Ay - v, for ¢t near 0. So we have (f o ¢)®)(t,) = k. dé f(an)
which implies

I 2 ) )] OO L S S
Lkn Ly )\%kn"‘m/(kn‘*‘l)

n

for n — oco. But this is a contradiction to our assumption for this sequence L: More
precisely we have shown that f oc € £y is not satisfied but c is a strongly uniform

5 {} -curve.

(b) The implications (1) = (2) = (3) = (4) are valid as before in (a).

So it remains to show (4) = (1): Let L be arbitrary, then we have to show
that the mapping focis £y for each & (LFaBy-curve c. For simplicity of the notation
we write in the following N ::| L(FdB)| E] L£(Q)ai 1C|.

For an arbitrary but fixed L MWe can use now the characterizing result Lemma
By (iii) there it suffices to prove that for each sequence () & and

each compact interval I C R there exists some § > 0 such that the set
{%W rp-0fiael ke N} is bounded.

k

So let now L be given, arbitrary but from now on fixed. Then by (|11.3.2))
n [11.3.7] we have nT=|[ in the notation there.

In the next step we use now |11.3.3| for this particular sequence N (so we consider from
now on &qyy-curves c) and we replace in (i) there the sequence (1) by 2% - 7).
Then for each o € E*, each (74)x and each compact interval I C R the set
k
M-rk'Qk:QGI,kEN is bounded in R.
N
k
Hence the set {%}3") 2Faecl,keN } is contained in some closed absolutely

convex bounded subset B C E. Hence ¢¥) : I — Ep is smooth and the set K :=
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11.3 Convenient setting for some quasi-analytic classes 5{9} by using curves

(k) . . .
{c N( a) rp-2F i a e I} is compact in E for each k € N. So each sequence (z,,), in

) (a) 1
K:{ A wwaeI:LJ?JQ

keN

has a cluster point in & U {0}: either there is a subsequence in one K}, or 2%» . x; €
Ky, C B for k, — o0, hence zg, — 0 in Ep. This shows that K U {0} is compact.

Now we use as in the original proof in |23 2.7. Theorem| property (in the
most general sense) and estimate as follows for a € I and k > 1:

ozz)

(k) @
H(f L>k @ epry oy 18 IILJEB, H”C HB_T
J= 1OcENJ>0,a1+ +a;=k
<C-hJ <27«
k k k
k D k—1Y\,
< DF. J. N S i j—1
= ]2;(]—1)0 O <2> ;(j—1>h
’ - D-(1+n)\"
<C-h-[Z) -+n)1<y 5

k
So we have shown that the set {(focz(:)(a) ' (D-(12+h)> 'Tk} is bounded, note that in

the estimate the sequences L and N are precisely related via ((11.3.2)) and by assumption
fe S{N}(U, F) for this particular sequence N qE(Q)ai71C} O

Remarks:

(i) Note that we don’t have strong log. convexity |(slc)|for each L € £(Q), separately
as in [23] and which can be assumed for the constant weight matrix case M =

M} by [23, 1.6. Theorem| there. [2I, 2.9. Lemmal shows that |(slc)| implies
i

dB)| for each occurring sequence L, so L = LWFdB) g gatisfied automatically.

(7i) But by we cannot expect (strong) log. convexity for L € L£(Q), in the
not constant weight matrix case. It would be sufficient to have for each
L L£(9Q)ai| separately because then by also each space £y, would be
closed under composition. By (2) in we would need condition for each
L but unfortunately this additional condition will not hold in general
in the non-constant matrix case, see also remark

(7i7) To prove this important theorem also for the non-constant weight matrix case
we have to endow the space &1} curve With a little bit different structure, more
precisely we have to test by £ @l} curves instead by £gry-curves. As the proof
of (4) = (1) shows, by using this structure we only need property (in
the most general sense) to prove part (b) of Theorem

We use|11.3.7|to show the analogous result to [23] 2.8. Corollary| (see also(12.5.1 below
for the matrix-type version):

Corollary 11.3.8. Let Q be a weight matrix as in above, let £ and F be con-
venient vector spaces, U C E be c¢*-open and f : U — F be a mapping. Then the
following statements are equivalent:
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11 Convenient setting for certain quasi-analytic classes gy by using curves

(1) f is Ergy,curves i-€. for each L we get that f is E{1) curve-

(2) For each L we get that flung, : Ep 2 UNEp — F is &y for each
closed bounded absolutely convex set B in E.

(3) For each L € L(Q)aic| the mapping f o c is Ery for all E-cumes c.

(4) For each L we get that for each absolutely convex 0-neighborhood
V C F we have wy o f € EFL}(U, Fy), where my : F — Fy denotes the natural

mapping.

Proof. Each of the statements holds for f if and only if it holds for my o f for each
absolutely convex 0-neighborhood V' C F'| and since Fy is a Banach space (F is assumed

to be convenient), we can apply part (b) of Theorem |11.3.7 O
Now recall [22, 4.9. Defintion]:

Definition 11.3.9. Let E be a convenient vector space. A E(py-Banach-plot in E is
a mapping ¢ : D — E, such that ¢ € &y and D = oF denotes the open unit ball in
some Banach-space F.

By using this definition and [11.3.5| we are able to prove now the analogous theorem to
[22, 4.10. Theorem| (note that there the considered weight sequence is assumed to be
strong log. convex, thus L holds):

Theorem 11.3.10. Let Q be a weight matriz as assumed at the beginning of this
section, let U C E be a c™-open subset in a convenient vector space E. Moreover let
F be an arbitrary Banach-space and f : U — F a mapping, then we obtain or each

L € £(Q)aildf
fe S{Q}(U> F)= foce S{L} for all 5 — Banach-plots c.

Proof. Of course we are going to use and proceed analogously as in [22, 4.10.
Theorem| resp. also in (4) = (1) in . We have to show that focis &y for
each &, (FaB) y-Banach-plot ¢: G 2 D — F, where D denotes the open unit ball in an
arbitrary Banach-space G. So, by condition (3) in @ we have to show: For each
compact set K C D and for each sequence (rg)g Gm there exists € > 0 such
that the set

{ (foo)®)(a)(vy, ..., vp)
Ly,

'Tlc'ﬁk3GEK71€€N,||U¢||E§1}

has to be bounded in F'. So let L be arbitrary but from now on fixed and
let |L(FdB)| €| ﬁ(Q)ai,1c| be the sequence coming from . We consider an arbitrary
L") Banach-plot ¢ and replace in (2) in the sequence (rg)x by (2% - r)i €
Then for each o € E* and each compact set K C D the set

(aoc)(k)(a)(vl,...,vk)
{ 7 (FdB) 2" rae KkeN, |ullg <1 (11.3.11)
k

is bounded in R. So the set

()
{C (@ %) ok e Kok e N fulla < 1}

L](€FdB)
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11.3 Convenient setting for some quasi-analytic classes 5{9} by using curves

is contained in some closed absolutely convex bounded subset B of E, hence

(k)
O @lorar 1

7 (FdB) k= ok
k

(11.3.12)

The next arguments are precisely the same as in [22], 4.10. Theorem|: ¢(K) is compact
in Ep since the mapping ¢ : K — Ep is Lipschitzian: For all z,y,€ K we get ¢(z) —

(FdB)

cly) € % B. In the following we estimate for each k € Nsy (where we use
([11.3.2):

H (/2 )(a)

L
k LF(G,F)
(j) H J (i)
v D iy {p 1690@)0s ) - T
< Z Z ' 7 (FdB) H 7 (FdB)
j>0 (XEN]>O7ZZ 1 Q= k ‘7 =1 ai!
<C-hi <4t =1

@5 T e @ 5

320 aENQO,Ez 1 ai=k J
1
(0 (LY

Here we have also used f € &gy = ﬂL &(ry and thus we have shown condition

(3) in[11.3.7] O
By using [11.3.10] we can prove the analogous result to [22 4.11. Theorem]|, see also
U2.2.9¢

Theorem 11.3.11. Let QO be a weight matriz as assumed at the beginning of this
section, let E, F,G be convenient vector spaces, U C E and V C F be c*-open and
f:U—F,g:V—Gwith f(U) CV. Then we obtain:

Iff.g € 5{@}, thengo f € E{Q}.

Proof. By we have to show: For all closed absolutely convex bounded subsets
B C F and for all a € G* the composite aogo foip:Up — R is Ey for each L €
By assumption foip € £{gy and aog € &gy, s0 we can useobtain
the desired result (note that f oip is a £;7-Banach-plot for each L € £(Q)ai,1c) O

By using our definitions resp. projective descriptions in[11.3.3] [I1.3.5] and [11.3.6] we are
also able to prove the £{gy curve-UBP, see [23 2.9. Theorem| resp. [21, 4.1. Theorem|
for the analogous results:

Theorem 11.3.12. Let Q be a weight matriz as assumed at the beginning of this
section, let E, F,G be convenient vector spaces and let U C F be c*-open. A linear
mapping T : E — &0y curve (U, G) is bounded if and only if ev, oT : E — G is bounded
for every x € U.

Proof. First we prove this statement for the class £y curve for each L
separately: For this we can use the proof of [23] 2.9. Theorem| resp. [21], 4.1. Theorem|
directly. We have to replace in the proof £ yn-classes by (1) curve and instead of
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11 Convenient setting for certain quasi-analytic classes gy by using curves

Erany-curves we consider &y ramy)-curves. The &1} ,curve- UBP follows now by using the
projective definition in |D e have £(g} curve (U, G) = ﬂL &Ly eurve(U, G)

and so the structure on £;gy curve (U, G) is initial w.r.t. all inclusions &gy curve(U; G) —
E(} curve(U, G) for all L O

Finally we can prove the following statement (see [23] 7.2. Theorem (1)] and also[12.5.2
below):

Theorem 11.3.13. Let Q be a weight matriz as assumed at the beginning of this section
with , let E and F' be convenient vector spaces and U C E be c>*-open. Then
we obtain the following:

The structure defined in , i.e. €(g}.curveU; ) (the Roumieu-case), and the
structure Ego1 (U, F) defined by Banach plots in (12.1.3), (12.1.4) and (12.1.5)) coincide
as vector spaces with bornology, so

E{Q},curve(Ua F) = 5{Q}(U7 F)

Proof. We obtain as vector spaces

g{Q},curve(U’ F) = ﬂ g{L},Curve(Ua F)~ = E{L}(Ua F)\ — ,g{Q}(U7 F)7
LgL(9Q)ailc (%) LEL(Daiad (*)

where (%) holds as we have already pointed out by the definition of the structure in

(12.1.3) and the characterizing theorem |11.1.1|applied to the spaces gy (Up, R) (where
B is a closed absolutely convex bounded subset of F/, Ug := igl(U )and ip: Ep — FE

denotes the inclusion of Fp in E). The equality (%) in the middle holds as vector

spaces by (1) < (2) in Corollary |11.3.8
Both spaces £{g} curve(U; ) and Eqy (U, F') are convenient and satisfy the UBP w.r.t.

to the set of point evaluations ev, (see [11.3.12| resp. [12.4.1)), hence the identity is a
bornological isomorphism. O

Conclusion: Theorem [11.3.13|shows that the structure £{gy curve(U, F) defined in this
section and the structure gy (U, F') defined in the next chapter (with general proofs for
quasi- and non-quasi-analytic spaces of Roumieu- and Beurling-type) coincide bornolog-

ically. For the proof of Cartesian closedness Theorem [12.3.2| property plays

the key-role and so we summarize: To transfer all proofs of the general setting in the
next chapter, we have to assume for the matrix

Q:={Q" :ne€ A=Nyg:[ (M) Q" quasi-analytic Vn € A}
the following conditions for ¢ := % and where the associated sequences Q™ resp. §"

are defined in m ) resp. m

. n2\1/k
(i) The mappings k +— (Q7)"/* and k — % are increasing for each n € A resp.
for all ny,ne € A with nq < no,
(i) Inp € A: limkﬁm(qzo)l/k = +00, which implies [(Mcwy)
(4i7) which implies
(iv) each sequence ¢" should satisfy with sup,cp Cn < D < +o00 and (), are the
constants occurring in for a certain n € A.

The example which we have constructed in the previous section satisfies all desired
properties.
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12 Convenient setting for the general case
& m) by using Banach plots

The aim of this chapter is to transfer the results from [22] to ultradifferentiable function
classes defined by general (also non-constant) weight matrices M. We will work with
Banach plots instead of curves as used in the previous chapters and then we are able to
prove the important theorems, in particular cartesian closedness, for quasi- and non-
quasi-analytic spaces of ultradifferentiable functions of Roumieu- and Beurling-type
defined by a weight matrix M simultaneously.

12.1 Basic definitions

First recall some definitions of [22], Chapter 3| (see there for more details): Let E, F'
be Banach-spaces, K C FE compact and U C E open. We denote by E(U, F) the space
of arbitrarily often Fréchet differentiable mappings f : U — F and we have f*) : U —
L’S“ym(E , F'), where Lé“ym (E, F) is the space of all symmetric k-linear bounded mappings
Ex---xE—F.
%,_/

k—times
Moreover we have iterated uni-directional derivatives d¥ f(z) € F defined via

&t f(z) = <$>kf(x+tv)lt:o

and the jet-mapping j* : E(U,F) — J*(U,F) := [[1en C(U, L'S“ym( , F')) defined by
Fe ) = (f®)ren
On Lk (E, F) consider the operator-norm on || - || Lk, (E,F) Which is given by

sym
112k, 2y = sup{ILf(vr, .. op)llp < Juille <1, j=1,...,k}.

bym

For an arbitrary subset X C E and an infinite jet f = (f¥)ren we introduce the Taylor
polynomial (Ty"f) : X — LF _(E, F) of order n at the point y as follows:

sym
n

(T ) (@) (o1, ... o) = Z f”k( Y& —y, ...,k —y,v1,...,08).

]'
The remainder is given by

(Ry )M (@) = [ (@) = (T /) (x) = (T7 ) (@) = (T ))F (@)
and so (R f)*(x) € Lk

sym(E I). We put now

£l = sup {75 @)l sy 0 € K}
resp.
IRy £ @) s, 5.
L e Tt
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12 Convenient setting for the general case Enq by using Banach plots

In |22, 3.1.], equation (1), it was shown that for each f € E(U,F) and conver subset
X C U we obtain

< ||J'oo(f)|X”n+k+1' (12.1.1)
We supply €(U, F') with the seminorms f — ||7°°(f)|x||x, where K C U is a compact set

and k € N. If K C F is compact and convez, then we introduce the space E(E 2 K, F)
of Whitney-jets on K by

5%

E(EDK,F):= {f: Jken € [ [ COK, LE (B, F)) < (| flllng < +00V 0k € N}
keN

and we supply these spaces with both seminorms || f|| and ||| f|||» & for k,n € N.
We recall now [22, 3.2. Lemma| (without proof):

Lemma 12.1.1. Let E and F be Banach-spaces and K C E be a compact convex
subset. Then the space E(E O K, F) is a Fréchet-space.

Let M := {M'!:1 € A} be now an arbitrary weight matrix, i.e.
The next definition is analogous to [22] 4.1.]: Let E and F be Banach spaces and
K C FE a compact subset. Then for [ € A and A > 0 we define

Emun(E 2 K F) = { m € H C(K, LI (B, F)) | flltan < +00}7
meN

where

Al [Lf
Hij/l,l,h ‘= max {sup{hk M) :keNy sup P Ml+k+1 ck,neN 5.

For open U C E and compact K C U we introduce the space

EMK”L(UF —{ngUF) (f)‘K€5M7l7h(E2K,F)},

f)’KH/Jvt,l,h' But this space is not Hausdorff and for infinite

dimensional F it’s Hausdorff quotient will not always be complete. Note that if K is
also assumed to be convez, then by (12.1.1)) we can take on Enq i 0 (U, F) also the

semi-norm

with semi-norm f — Hjoo

1™ (@) pa (5.F)

f»—>sup{ hn,]\/}l cx e K,ne N, = HfH/J\/tth

Thus we see that Enqx (U, F) = {f € E(U,F) : (||]°O(f)}K||;€);C € Famgun ) with
Frn = {(fk)keRIEO;acm:VkeN;\fkygc-hk.M,i}.

The bounded sets B in Epq x1.4(U, F) are exactly those B C £(U, F) such that (by,)m €
Fmn with by, == sup {Hjoo(f)‘KHm :f € B}.

Let U C E be convex open and K C U be convex compact, then we can define:

Em(E 2K F):= lim Eyun(E2 K, F)
1EA >0
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12.1 Basic definitions

E{M}(E D) K,F) = ll_n)l SM,l,h(E D) K,F)
leN,h>0

and finally
Eng (U, F) = {f € E(WU,F):VE : (f¥|,) € Epn(E D K, F)} .

By [6.2.4] and [6.2.6] we have also for each convex and compact set K now the repre-
sentations &y, (£ 2 K, F) = lim &y (B 2 K, F) = lim Em(E 2 K, F) and

>0 leN>o
E(E 2 K, F) =lim Enpy(E 2 K, F) = lim &, (E 2 K, F). Finally we put
>0 leN>o
5[M](U,F) = @1 5[M](E2K,F), (12.1.2)
KCU

where K runs in the projective limit through all compact and convex subsets of U.
Let M = {M'!:1 € A} be an arbitrary weight matrix, i.e. with (e.g.) A = Rso.
Then we can restrict in both cases to countable many indices, and in fact to a diagonal
of the limit: (£ 2 K, F) = lm Epgi/nn(E 2 K, F) resp. Euy(E 2 K, F) =
TZGN>0

lim Epmpnn(E 2 K, F). Recall that by definition we have the bounded inclusions
HGN>0
EM,l,h(E D) K,F) — gM[[(E D) K,F) —> gM,ll,hl(E 2 K,F) for each l,ll,h,hl >0
with [ := max{l, h} and Iy, h; > [ and compare this with above.
But a very important difference compared to arises: As already mentioned in (3) in
[22] 4.2. Proposition| the space gy (£ 2 K, F) is not a Silva-space for infinite dimen-
sional F, because the connecting mappings in the inductive limit lln Epmuin(E 2

leAh>0

K,F) are not compact any more: The set B := {a € E : |la|| < 1} is bounded
in Empr(E 2 K,R) for each k& > 1. We have |lallp = sup{|a(z)| : z € K} <
sup{||z|| : =z € K}, |lafi = ||| < 1 and ||&||;, = O for each m > 2. Moreover
(Rra)® =0 for n+k > 1 and (R)a)? = a(z — y). But B is not relatively compact in
any Epmpi(E 2 K,R), k > 1, because it is not even pointwise relatively compact in
C(K, L(E,R)). The space E;pqy (£ 2 K, F) will be studied in detail in (3), (4) and (5)
in [[2.1.2 below.

Moreover we introduce now

Emyg(U. F) = lim Eymran(UF)
leMh>0

Emy g (U F) == lim  Enrin(U, F)
IEAR>0
and so
Emyx (U F)={f€&U.F): (i) le)x € Forn }
Emyx (U, F) = {f € EWU, F): (170 e le)x € Frany }

with ]:(M) = ﬂle/\,h>0 fM,l,ha f{/\/l} = UlEA,h>0 ]:M,l,h'

The bounded sets B C &g i (U, F) are exactly those B C E(U, F) for which the
sequence (by,)m, by = sup {Hjoo(f)‘KHm : f € B}, belongs to Fin. Finally we intro-
duce

im Epng (U, F)={f € EWU,F):V K : (5% llm)m € Fiaq} -
KCU
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12 Convenient setting for the general case Enq by using Banach plots

Recall: Let M be an arbitrary weight matrix, i.e. then by the class &
is closed under composition if M has in addition property (M[FdB]), it is closed under
pointwise multiplication if one has in addition property (May)-

The next important proposition is the analogous result to [22, 4.2. Proposition]:

Proposition 12.1.2. Let M be an arbitrary weight matriz, i.e. (M), with A = Rxy.
Then we obtain the following completeness properties:

1) The spaces Exqpn(E 2 K, F) are Banach-spaces.

( ) 14 ML, ) )4

2) The spaces &€ E DO K, F) are Fréchet-spaces.
(M)

(3) The spaces Egpy(E 2 K, F) are compactly regular (LB)-spaces (which means
that compact subsets are contained and compact in some step), so (¢ )-complete,
webbed and ultra-bornological.

(4) The spaces E gy (U, F) and Eqpgy (U, F) are complete.
(5) As locally convex vector spaces we have

Em (U, F) = lim Ep(E 2 K, F) =lim E ), (U, F)

KCU K
resp.
Emp(U F) = lim Epy (B 2 K, F) =lim E vy k(U F).
KCU K

Proof. (1) Let [ € A and h > 0 be given. The injection Epn(E O K, F) —
[Tren C(K, LE (B, F)) is by definition continuous and [],cyC(K, LK, (B, F)) is a
Banach-space. So a Cauchy-sequence (fp), in Epyn(E 2 K, F) has an infinite jet
foo = (fE)k as component-wise limit in [, oy C(K, LY, (E, F)). But this is the limit
also with respect to the finer structure of Eaqn(E 2 K, F): Forn,k € Nfixand x # y
we have that (Rpr)k(a:) converges to (RZfoo)k(:L‘) for p — 0o. We choose e > 0, pp € N
such that || f, — quf/l,l,h < 5 for all p,q > po. For given z,y,n and k we can choose
q > po with
I(Ry fo)* (2) — Ry foo) (@) |k, 2.F)

€
(n+1)!- v <=
hntk+1 . MrlL—l-k—H . Hx _ y”n—H 9
and
1 (@) = fe@)ler mr) e
< —.
h™ . M,ﬁ 2

So we can estimate as follows:

IR f)* () = Ry foo) (@) g, .. .5)

(n + 1)' . sym
hntk+1 . MTlH—k—i—l . ||l' _ y||n+1
<Afo = fullhisn + (n+ 1)1 H(Rqu)k(x) — RZfOO)k(x)HLL?ym(E,F) 3
p — JaliM n s e,
hntk+1 . Mil-i—k—l—l . ||£L‘ _ y||n+1

}w%m < e. Analogously one can show % < ¢, hence ||f, —

Foolldqn < ¢ for all p > po.

and so
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12.1 Basic definitions

(2) Recall: Evg(E 2 K, F) is a Fréchet-space, since it is a countable projective limit

of Banach-spaces (note A = Rso!). We have Epgy(E 2 K, F) == lim  Epn(E 2
leAh>0

K, F) and this projective limit is in fact countable: replace h by n = % and take

N e N, and one can restrict to a countable set [, € A, take e.g. [, := % for n € Nsg.

(3) By assumption on the index set we can assume A = Ny in the Roumieu-case.
We proceed now similarly as in [22, 4.2. Proposition (3)]: To show that the inductive
limit is compactly regular it suffices to show that there exists a sequence of increasing
0-neighborhoods U, € Eppn(E 2 K, F) (set | = h = n) such that for each n € N
there exists m € N with m > n and for which the topologies of Enq pm m(E 2 K, F') and
of Epmpk(E 2 K, F) coincide on U, for all k > m.

In general, for indices I; > ls and positive real numbers hy > hyo we have clearly
by definition || - H‘/]V”l I M/tlz h,- Consider now the e-Ball Ué’h(f) = {g :

llg — f”i/l,l,h < ¢} (and so Ué2’h2 C Uall’h1 for lo < I} and he < h; by definition)
in Epmp(E 2 K, F) and we restrict in the following ourselves to the diagonal where
we put [ = h = n € Ny and identify U™"™ with U".

We show: For arbitrary n € N5 and ng > n; := 2n, for each ¢ > 0 and f € U*(0) we
obtain that there exists a number § > 0 such that Ug?(f) N UT(0) C UM (f).

Since by assumption f € U(0) = U;""(0) we have || f|lo < n®- M resp. |||f]||lap <
ne b, forall a,b € N. Furthermore consider g € U (f)NUT(0) = U™ (f)N
U™ (0), then [lglla < n® - Mg, |Iglllap < n*TH- M, and moreover [lg — flla <
§-ng M2, |lg— flllap < 60§t M2, | for all a,b € N. We estimate similarly
as in [22, 4.2. Proposition (3)] as follows: For given £ > 0 consider N € N (minimal)

N—-1
a1 1
with 55 < § and puté:z&(%) ik

For a > N we have 2% < 2%, < 5 (%), so use triangle-inequality to get

1
lg = Flla < llglla + [ flla < 2-n® Mg =2-nt- My~ 55 < e-nj- Mg <e-nj- M
()

and the last inequality holds since n; = 2n > n and so M' < M}* for all a € N. For
a < N we estimate as follows
n2

M
lg = Flla <8 -ng MP2 Seomf - T <eont <oond M
N

N-1 a
Recall: We have M7 < My and (%) < (m) since a < N and & < 1. M™ >1
2 n2 n2
holds by assumption on M for each n; € A and a € N.
Analogously we can use the same estimates for the seminorms || - |||4 instead of | - ||4

for each a,b € N.

(4) This holds, since the considered spaces are projective limits of complete spaces.
More precisely, in the Beurling-case we have a projective limit of Fréchet-spaces (which
are clearly complete), in the Roumieu-case we have a projective limit of (LB)-spaces,
which are all compactly regular by (3) and so complete, too.

(5) The mapping 7|k : Emrin(U, F) — Epmyn(E 2 K, F) is by definition well-
defined, continuous and linear and it induces mappings Eng x (U, F)) — Epg(E 2
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12 Convenient setting for the general case Enq by using Banach plots

K, F) resp. lim Epg (U, F) — lim Epg(E 2 K, F'), which is injective (for K = {z}
KCU KCU
with x € U).

Conversely, let f¥ € C(K, Lfym(E,F)) be given, such that for each compact set K
there exist [ € A and h > 0 (resp. for each [ € A and each h > 0) we have that
(fE)ken € Emun(E 2 K, F) and such that ff|, = f*|,. We define the infinite jet
(fFYren € J®(U,F) by fk(z) := ffm}(x), and we have now by definition f*| = f&
for each k € N and compact set K.

Claim: f° € (U, F) and (f°)*) = f* for each k € N, which means j°(f°|x) = (fF)x
for all £ € N and compact sets K.

We use induction on k and [20} 5.20.]: It suffices to show d* fO(z) = f*¥(x)(v,...,v) for

each k. For k = 0 there is nothing to prove, for k — 1 +— k we have:

fE x4+ t)(v,...,v) = fF () (v, ...

k—1 £0 _ gk—1¢£0
dﬁfo(a:) = lim dy [ (@ +tv) —dy" f7(x) — lim
t—0 t t—0 t

5 0) _|_fk(;p)(v,...,v) = fk(m)(v,...,v).

Moreover f9 defines an element in lim Eppgy, k (U, F), because for each compact K we
KCU

have fO € Epmrin(UF) = {g € EWUF) : j(9)|lk € Emun(E 2 K, F)} for some

l € Aand h >0 (resp. for each [ € A and each h > 0).

That this bijection induces an isomorphism as locally convex vector spaces follows by

the fact, that the defined seminorm || - ||, xun on the space Enq ki n(U, F) is the

pull-back of the seminorm || - ||f/l7l7h on the space Eaqp(E 2 K, F). O
Let F, F' be convenient vector spaces, U C E be ¢*°-open, then define

Ebyyy (U F) ::{feé’(U,F):VB:VKQUHEB:VZGAVh>O:

{f(k)(x)(vl, )
Y

:{feE(U,F):VB:VKQUHEB:VZGAVh>O:

{dﬁf(x)(vlu )
Rk - M}

ckeNze K, |vlp < 1}is bounded in F}

ckeNxe K, |vlp < l}is bounded in F}

and
Ebvy (U F) ::{fES(U,F):VB:VKgUﬁEB:3[6A3h>0:
/

{ (’“)(az)(vl, ceey V)
hE . M,i

keNzeK, |ulp < 1}is bounded in F}

—{f€&W,F):VB:VKCUNE:31€A3h>0:

k
{d”f(x)(vl’ 5 V) ckeNze K, |vlp < 1}is bounded in F}
R - M}
In the previous definitions B runs through all closed absolutely convex bounded subsets
in E, the set Ep is the vector space generated by B with the Minkowski-functional |- ||
which is in this case (since F is convenient) a complete norm. K runs through all sets
in U N Ep which are compact w.r.t. the norm |- ||g. For both E, F Banach spaces and
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12.1 Basic definitions

U C F open we have E,'[b/\/l](U7 F) = & (U, F), where the latter space is introduced in

[2.1.2).

Now the most important definition:
EmUF):={fe&(UF):YaecF :YB:aofoipec&uUsR)}, (12.1.3)

where B is running again through all closed absolutely convex bounded subsets in E and
the mapping ip : Eg — FE denotes the inclusion of Ep in E and we write Up := iél(U).
The initial locally convex structure is now induced by all linear mappings

g[M](iB,Oé):E[M](U,F)HS[M}(UB,R), f'—>040fOiB. (12.1.4)

EmU, F) C 11,.5EmUs,R) are convenient vector spaces as ¢*-closed subspaces
in the product: Smoothness can be tested by composing with inclusions EFp — FE
and o € F* as mentioned in |20, 2.14.4, 1.8], see also [L1.1.1] Hence we obtain the

representation
EMmUF)={feFY:YaeF*VYB:aofoige uUpR)} (12.1.5)

All definitions here are clearly generalizations of the definitions given in [22] 4.3.] for
the cases if the matrix is constant, i.e. M := {M}, or more general if all occurring
weight sequences are equivalent, so MY ~| M™ for each [,n € A.
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12 Convenient setting for the general case Enq by using Banach plots

12.2 Convenient setting by using Banach-plots

First we will show the following generalization of [22, 4.4. Lemma]:

Lemma 12.2.1. For an arbitrary weight-matric M, i.e. there is no difference
between the spaces Eng) and 58\/{)’ both definitions coincide.

Proof. Let E, F' be convenient vector spaces, U C F a c*-open subset and finally let
f:U — F be £ Then we obtain the following equivalences, where the set B runs
always through the family of all closed absolutely convex bounded subsets in ' and K
runs through all sets in Up which are compact w.r.t. the norm || - || g:

fe&umUF)
—VacF'VBYKCUgVIc€AVh>0:

{(aof)(k)(x)(vl,...,vk)

hk-M,i
«—VBYKCUgVIecAVh>0VacF*:

(k)
o <{f (16}3’51)1],\4]2 , Uk) cxe K keN, | < 1}) is bounded in R

< VBYKCUpVIe€AVh>0:

f(k) (33‘)(111, e ,Uk)
hk . M}

= f € &Ly (U, F).

cx € K, keN,|vlp < 1} is bounded in R

cx € K, keN,|vlp < 1} is bounded in R

O]

But in general we don’t have &z = E?M}' For this we can use e.g. the constant

matrix M := {N} for each, where N is a weakly log. convex sequence and use now
[22, 4.6. Example|. For a more general matrix-version see also [10.4.5

To get Epng = 5[13\/1] in any case ( also for the Roumieu-type) we have to assume
additional assumptions (see also [22), 4.5. Lemmal]):

Lemma 12.2.2. Let M be an arbitrary weight matrix, i.e. let E, F be convenient
vector spaces and let U C E a ¢ -open subset. Assume that there exists a Baire-vector-
space-topology on the dual F* for which the point evaluations ev, are continuous for
allz € F. Then a function f:U — F is Enq tf and only if [ is E[B’M].

Proof. The case ) holds by so consider the case Egpqy:

(<) is clear.

(=) Let B a closed absolutely convex bounded subset of E, furthermore consider a
compact set K in Ug (w.r.t. || - ||p) and introduce the sets

(o /)P (@)(v1,.. ., vp)]
Wk M}

Ao = {QEF*: SC,VkeN,xEK,HviHBgl}.

These sets are closed in £ for the Baire-topology and UleA,h,C>0 A n,c = F* holds.
Then, by the Baire-property of F* there exist Iy € A, hg, Cy > 0 such that the interior
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12.2 Convenient setting by using Banach-plots

o
Ay ho,C, is non-empty! Let oy € Ay, 1., then for all @ € F* there exists € > 0, such

[¢] o
that we get ¢ - € Alo,hmco -y Ee-atap € A107h0700‘
Thus for all z € K, k € N and ||v;||p < 1 we get

(o YFN () (vr,. .., )|

IN
Mm\»a

( e-a)+ ap) f)(k)(:v)I+|(Oéoof)(k)(l")|)
- Coh

<=0 nf- M.

This implies: The set {f()(x)(vl) kEeNzeK,|vl|p < 1} is weakly bounded

(in F'), hence bounded. But since B was arbitrary we get immediately f € ‘S})M} (with
ho > 0 and [y € A. O

We formulate now an analogous result to [22, 4.8. Lemmal, also here we have a "strong”
and a "weak” version. The proofs are completely analogous to [10.5.9] resp. [10.5.6}

Lemma 12.2.3. Let M be a weight matriz with index-set A = N~g and property
. Let E, F be Banach-spaces, U C E open and f : U — F a E-mapping, then

the following are equivalent:

(1) fis Egmy = EPugy-
(2) For each compact set K C U, for each sequence (1) € and each sequence

(sk)r 4 the set

(k)
{f (a)(vi, - -, vk) T sk ra € Kok €N, |uflp < 1}

k!
is bounded in F'.

(3) For each compact set K C U, for each sequence (r},)x € and moreover
for each sequence (s)r € there exists a number ¢ > 0 such that the set

{f(k)(a)(vl,--.,vk)
k!

-rk-sk-sk:aGK,kGN,HviHEgl}

is bounded in F'.

Now the second version:

Lemma 12.2.4. Let M be a weight matriz with index-set A = Nsg. Let E, F
be Banach-spaces, U C E open and f : U — F a E-mapping, then the following are
equivalent:

(1) f s Eppay = EPugy-

(2) For each compact K C U, for each sequence (ry)k and each (sg)r € SEL.
the set

{f(’“)(a)(vh ) Tk skia€ K keN, |uillg < 1}

is bounded in F'.
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12 Convenient setting for the general case Enq by using Banach plots

(3) For each compact set K C U, for each sequence (T)k and moreover
for each sequence (sg)i there exists a number € > 0 such that the set

{f(’“)(a)(vl, ) TR sk-ef rae Kok e N, ||u|lg < 1}
18 bounded in F'.

If M is only assumed to be an arbitrary weight matriz, i.e. [[M)], then we obtain the
same equivalences where in condition (3) we replace the set |S£)’lllm Sub| by |S$/1‘1m|

Note that Eqagy = 5?/\/1} in (1) in|12.2.3| and|12.2.4| holds by |12.2.2] Now we formulate
an analogous result to [22], 4.7. Lemma|, the proofs are completely analogous to [10.5.9
resp. [[05.11}

Lemma 12.2.5. Let M be a [((My.)| weight matriz with A = Rsg and additionally
. Let E, F be Banach-spaces, U C E open and f : U — F be a E-mapping,
then the following are equivalent:

(2) For each compact set K C U, for each sequence (ry)y and for each

(Sk )k the set

(k)
{f(M@“””“wwawaeKmeNmmmsl}

k!
18 bounded in F'.

(3) For each compact set K C U, for each sequence (ry)k (sp)p €
and finally for each number § > 0 the set

(k)
{f (a)(zli:l'?...,vk) 'Tk'Sk'dk2a€K,k‘€N,H’UZ'HE < 1}

1s bounded in F'.

Again the second version of this Beurling-type result is the following:

Lemma 12.2.6. Let M be a|(Msc)| weight matriz with A = Rsg. Let E, F be Banach-
spaces, U C E open and f : U — F be a E-mapping, then the following are equivalent:

(1) f 18 5(/\4) = (c/?M)
(2) For each compact set K C U, for each sequence (r)k and for each

sequence (Sg)k the set
{f(k)(G’)(vlv- . -,Uk) ‘rg-Sgra€ K keN, HUZHE < 1}
1s bounded in F' .

(3) For each compact set K C U, for each sequence (ry)k (sp)r €
and finally for each number § > 0 the set

{f(k)(a)(m,...,vk)‘rk sp 6" rae K keN,|vlg < 1}

1s bounded in F'.
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12.2 Convenient setting by using Banach-plots

If M is only assumed to be an arbitrary weight matriz, i.e. [[M)|, then we obtain the
same equivalences where in condition (3) we replace the set |S][/)\é[ur sub| by |SM

beur|

Note that &) = Ey in (1) in [12.2.5and [12.2.6{ holds by [12.2.1

Definition 12.2.7. Let E be a convenient vector space. A & pq-Banach-plot in E is a
mapping ¢ : D — E such that ¢ € Epq and D = oF denotes the open unit ball in some
Banach-space F.

By using this definition and the previous projective characterizations we can prove now
the analogous theorem to [22], 4.10. Theorem]:

Theorem 12.2.8. Let M be a|(Msg.)| weight matriz with A = Rso and let U C E
be a c*-open subset in a convenient vector space E. Moreover let F' be an arbitrary
Banach-space and f : U — F a mapping, then we obtain:

(a) If M has in addition then f € Enqy implies foc € Epgy for all Epg-
Banach-plots c.

(b) If M has in addition then f € Epgy implies foc € Epngy for all
Eramy-Banach-plots c.

Proof. For the proof we have to consider the "weak versions” [12.2.3| resp. [12.2.5]

(a) First we consider the case &y, for this we use now

We have to show that focis ) for each & uq)-Banach-plot ¢ : G 2 D — E,
where D denotes the open unit ball in an arbitrary Banach-space G. So, by condition

(3) in [12.2.5] we have to show: For each compact set K C D, for each sequence
(re)k € Rbeur,subl and moreover for each sequence (s)j the set

{(f oc)®)(a)(vy, ... vp)

k! 'Tk'Sk'5k1G€K,k¢EN,||Ui”ES1}

has to be bounded in F' for each number 6 > 0. So let the number § > 0, the sequences
(" )k, (Sk)k, and finally a compact (w.l.o.g. convex) set K C D be given, arbitrary but
from now on fixed. Then for each o € E*, by assumption and by applied to the
sequence (ry - (2- D -6)¥);, where the constant D is coming from s, < DF - (5,); (since

(sk)k , the set

{(aoc)(k)(a)(vl,...,vk) T spe (2D 5)E

o cae K keN,|uvle < 1} (12.2.1)

is bounded in R. So the set

{c(k)(a)(vl,...,vk)-rk s, (2-D-6)F

o :aEK,kEN,Hvnggl}
is contained in some closed absolutely convex bounded subset B of E, hence

Ie® (@) r(cmp) - T - 58 - OF 1
! = D)

(12.2.2)

We proceed now as in [22], 4.10. Theorem|. ¢(K) is compact in Ep since the mapping

g
¢ : K — Ep is Lipschitzian: For all z,y,€ K we get c(x) — c(y) € %ﬁzllc - B for
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12 Convenient setting for the general case Enq by using Banach plots

each [ € A. Then we estimate for all § > 0 and k € N, k > 1, as follows where the

sequences s = (s;); and § = (), are related by

i g S - OF

LK (G,F)

(67}

Hf(j)(c(a))HLJ‘(E s 8 ||C(Oéi)(a)||Lai(G7E ) Tay  Sa; - 0
2 2 P F—" al

j=20 aENéO,ZJ-:l o=k =1

1 cee 1 = 1
S@py (2D)%7 ~ (2D)F

1\* Hf(j)(c(“))HLjE F) .
S<2) Z Z i l(B7)'(Sj'm§)
]ZO aeNiO,zz:1 az:k ] m] hfj—/
(+)<C-hi =
1\* k—1 . 1\* o1
S(C-h-Cl)-<2> Z( 1>(h-(3’1)] _(C-h-C’l)-<2> - (14Cy-h)

jz0 M T
k
<c-n-cy (LEGR)

We have to choose [ € A according to the sequence § which arises in fbur FdB

such that §; - mé < C’{ for some constant €y > 0 and all j € N. Since f € &y, we
obtain the estimate (x) with this [ and arbitrary A > 0 for a constant C' = Cjj, and
all 5 € N. Finally we can choose h := (J% and so the expression at the beginning is

bounded by C' = Cy /¢, -

ow we consider the case and here we use [12.2. e recall: By condition
b) N ider th &y and h 12.2.3, Wi 1I: B diti
(3) there it’s sufficient to show that each compact set K C D, for each sequence

(7k)k and moreover for each sequence (si)x = there exists a

number € > 0 such that the set

{ (foo)®(a)(uvr, ... )
!

-Tk-sk'SkICLEK,kEN,|Ui||E§1} (12.2.3)

is bounded in F.
We use the same proof as for the above Beurling-case and replace in (2) in [12.2.3| the
sequence (13)x by ((2D)*-ry)k, where D is the constant arising in s, < D*-(5,) (since

(k)& . Then we take § = 1 in (12.2.1)), in (12.2.2) and in the Lipschitz-

argument. We can use now precisely the same estimate as for the Beurling-case (for

0 = 1) and so we have shown for e = m Note that f € &y, hence
we have to consider [ € A and h > 0 sufficiently large to obtain estimate (x) for some
constant C. According to this chosen index [ € A we can estimate 3; - mé < Y for
a constant C7 and all j € N, since § El frjocuim, which arises in Compare this
calculation with (4) = (1) in [10.7.1} O

By using [12.2.8| we can prove the analogous result to [22, 4.11. Theorem]:

Theorem 12.2.9. Let M be a|(Ms.) weight matriz with A = Rsg. Let E,F,G be
convenient vector spaces, U C E and V C F be ¢*®-open and f: U —- F,g:V — G
with f(U) C V.

(a) If M has in addition then f,g € Eay implies go f € E -
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12.2 Convenient setting by using Banach-plots

(b) If M has in addition then f,g € Egagy implies go f € Egpngy-

Proof. By we have to show: For all closed absolutely convex bounded subsets
B C E and for all @ € G* the composite aogo foip: Up — R is . By assumption
foip €& and aog e &y hold, so we can use the previous result to obtain
the desired implication. Note that f oip is a & -Banach-plot. ]
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12 Convenient setting for the general case Enq by using Banach plots

12.3 Exponential laws for both cases by using Banach plots

First we start with the analogous result to |22, 5.1. Lemmal:

Lemma 12.3.1. Let M be an arbitrary weight matriz, i.e. resp. a|(Mgc)| weight
matriz, with A = Rsg, E a Banach-space and U C E open. Let F be a convenient

vector space and B be family of bounded linear functionals on F' which together detect
bounded sets. Then we have:

fES[M](U,F)ﬁaOfES[M](U,R) VaoaebB.

Recall that by remark [10.5.12] we are able to formulate this result also for arbitrary
weight matrices.

Proof. For &-curves this follows by [20, 2.1., 2.11.|, and so by composing with such
curves for E-mappings f: U — F.

In the Roumieu-case we use now (1) < (2) in to get: For arbitrary o € F™* the
mapping a o f is &gy if and only if for each compact K C U the set

{(aof)(k)(a)(m,...,vk)‘rk cspra€ K keN||v|lp < 1}

is bounded in R for each sequence (7)g and for each sequence (si)x

But this is equivalent to the fact that f: U — F'is £y if for each compact K C U
the set
{f(k)(a)(vl, R ,Uk) ‘rp-sp:a € Kk eN, HleE < 1}

is bounded in F' for each sequence (rg)x and for each sequence (si)k

Because B detects bounded sets we can replace now in the above equivalences F* by
B and obtain the desired equivalence.

For the Beurling-case proceed analogously and use (1) < (2) in [12.2.6] O

Now we are able to prove the central theorem Cartesian closedness for ultradiffer-
entiable function classes defined by general (also non-constant) weight matrices M
analogously to [22] 5.2. Theorem|. The following theorem should be also compared
with [10.10.4] and [10.70.5] and the proofs there.

Theorem 12.3.2. Let M be a weight matriz with A = Rsg (recall: in the
Roumieu-case we can restrict ourselves to A = Nx ), let U; C E; be c¢*-open subsets in
convenient vector spaces E; for i = 1,2 and moreover let F' be also a convenient vector
space. Then we obtain:

(a) If additionally is satisfied, then

fe 5{M}(U1 X UQ,F) — fv S 5{M}(U1,5{M}(U2,F))

(b) If additionally is satisfied, then

fe 6(M)(Ul x Uy, F) <— fV S E(M)(Ul,g(M)(UQ,F)).

Some further important remarks concerning this important theorem:

(4) In both cases (<=) holds also without [(Myg})| resp. [(M mg))}
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12.3 Exponential laws for both cases by using Banach plots
(i) To prove («<=) it’s sufficient to assume that M is arbitrary, i.e. |[(M), and
properties |(M gy )| T€SP. (M (410

(4ii) For the proof we don’t need necessarily that Ejaq resp. Eu is a category
(closedness under composition).

(iv) But in fact if M is a [(Msc)| weight matrix with [(M,ey)] and [(Mpqpy)| resp.
with [(Mg) )| and (M gqp) )} then by this theorem and [12.2.9| the category £y
resp. &) 1s cartesian closed.

Proof. The proof is completely analogous to [22 5.2. Theorem|: First we point out
that already £(Uy xUs, F') = E(Uy, E(Us, F)) holds as shown in [20, 3.12.], so we assume
form now on that all occurring mappings are smooth. Let B C Fy X E3 and B; C F;,
i = 1,2, where B, By, B> run through all closed absolutely convex bounded subsets.
Then we obtain the following equivalences:

ng[M}(leUQ,F)
& VaeF"VB: aofoip e &p((U1 x U2)p,R)
= VOJEF*VBl,Bgi aOfO(Z'B1 X’iBQ) GS[M]((Ul)Bl X (UQ)BQ,R)

where the first equivalence holds by definition and the second because each bound set
B C FE; x Ey is contained in B; x By for some bounded sets B; C FE;. Hence the
inclusion (Ey x E2)p — (E1)p, X (E2)p, is bounded.

On the other side we obtain:

IV € & (U, Epng (Ua, F))
& VB : fYoig, € g[M}((UﬂBl,g[M](UQ,F))
& VaeF* VBl,BQ : 5[M](i32,a) Ofv OZ'B1 € 8[M}((U1)B17g[M]((U2)BgaR))-

The first equivalence holds again by definition, for the second we have to use [12.3.1
and note that the linear mappings & (ip,, @) generate the bornology.

With these preparations we are able to restrict in the following to the special situation
where U; C FE; are open sets in Banach-spaces E; and F = R.

We start now with (=) for both cases:
Let f € Enq(Ur x Uz, R), then clearly fV takes values in the space Enm (U2, R).

First we show that ‘

Claim: Y : Uy — S[M](UQ,R) is & with djfv = (8{f)v

Em(Uz, R) are convenient vector spaces, hence by [20, 5.20.] it suffices to prove that
the iterated unidirectional derivatives dJ f (z) exist, are equal to (9{ f(z,)(v7), and are
separately bounded for x and v in compact subsets. For j = 1 and x,v,y fixed we
consider the smooth curve ¢ : t +— f(z + tv,y). Then, by the fundamental theorem of
calculus, we obtain:

[+ tv) - fY(x)

" (y) — (01)Y (@) (y) (v) = =—~———= = (0)
1 1 1 1

= S C” sr)aras = S 2 X STV v,v)ardas.

_t/o /0 (tsr)drd t/o /Oalf( + tsrv,y) (v, v)drd
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12 Convenient setting for the general case Enq by using Banach plots

(87 )Y (K1)(o(E1 x Ey)) is bounded in (U2, R) and for each compact set Ky C Uy
this expression is Mackey-convergent to 0 in Ejpq(Us, R) for t — 0. Hence d, f"(x)
exists an is equal to 9 f(z,)(v). ‘

Now we use induction with the same argumentation as above for (d,f¥)" : (z,y) —
O f(x,y)(v?) instead of f. So again

(B2(d) V)M (K1) (o(Erx Er)) = (8172 )V (K1)(o(E1), 0(Ey), v, . .. ,v) is bounded, hence

also the separated boundedness of d7, fV(x) follows. So the claim is proved.

We distinguish now between the Roumieu- and the Beurling-case.

The Beurling-case:

We have to show that the mapping fY : Ui — &) (U2, R) is Erg). For the proof
condition |(M )| will play the key-role.

By |12.3.1 it suffices to prove that f¥ : Uy — Epun(E2 2 Ko, R) is 5?/\4) = Em
for each Ko C Us compact, each h > 0 and [ € A = R-(. This holds, because each
a € (Em) (U2, R))* factorizes over Enqyp(E2 2 K2,R) for some Ky, h and I.

So we have to show that for each compact sets K1 C Uy, Ko C Us, each hy,hs > 0 and
each l1,lo € A, the set

{d’“lfv(m)(v%, )
k
Ryt ~M,lﬂ

tax1 € Ki, ki €N, |vjg, < 1} (12.3.1)

is bounded in the space Epq 1, hy (B2 2 K2, R). Equivalently, for all compact sets K, Ko,
for all Ay, hy > 0 and all I1,ly € A the set

ko ok 1 1..2 2
{022011f(331,x2)(211,...,vkl,vl,...,Uk2)
ko k1 lo 5
hs* - hy -]\4,€2 'Mk1

sz € Kiki € N, il < 1i = 1,2

(12.3.2)
is bounded in R. Condition precisely means that for each l1,lo € A we can
find a constant C > 0 and another index n € A such that M;ﬂrk < CItk. M]l.1 -M,lf

holds for all j, k € N.
Let z1 € K1, k1 € N, then we obtain the following estimate:

J
d" Y () (vg, - o))
k1 | l1
M Mkl M, K3,l2,h2
‘3528f1f(:61,x2)(v%,...,v,il;vf,-.-,v;i) ,
= sup a9 € Ko, ko € N [[v||m, <1

k1 pks L ngl
hy' - hy* - My - M2

ko ok
_— ‘822611f(;n1,:c2)(v%,...,vél;v%,...,vé) )
< sup{ CRithRz. cx9 € Ko ko € N |07 ||p, <1

<~ pru L pk2 J k2

b Ttk
ko ok
822811f(x1,a:2)(v%,...,vél;v%,...,1)22) )
< sup N V7 1x9 € Ko, ko €N [[vf|lg, <15 < 400
1 2

where we have put h := & -min{hy, hy}, C is the constant arising in [(M g))| and the
last expression is bounded because f is £ vy by assumption. So for arbitrary hy, hy > 0
and l1,ly € A we can find another index n € A and a number h > 0 such that the
previous estimate is valid. This shows that fV is Emy-
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The Roumieu-case:
By [12.3.1] it suffices to prove that f¥ : U; — lim li_n)lSMh,hQ(Eg D K9, R) is 5?/\/1} -
lo€Aha>0
Eiamy for each compact set Ky C Uz. This holds because each a € (Eqaq(Uz,R))*
factorizes over some lim lim Enqy n, (B2 2 K2, R).

la€Ah2>0
So we have to prove that for all K; C Uy, K9 C Us compact there exist hy > 0 and
some /1 € A such that the set in (12.3.1) is bounded in lim h_n)lé‘M’lQ,hQ(Ez D K9, R).

lo€ANha>0

Equivalently, we have to show that for all Ky, Ko compact there exist hi,hs > 0 and

l1,1l5 € A such that the set in (|12.3.2)) is bounded in R!
We can use now the same estimate as for the above Beurling-case and furthermore use

condition First, because f is £y and by (3) in [12.1.2] we obtain that there

exist some h > 0 and n € A, such that the last set
{ ‘8§2af1 f(wl,xg)(v%,...,vil ;v%,...,viz)‘
sup

k1+ko . Agn
h*1 2Mk1+k2

txg € Ko, ko €N, ||U]2HE2 < 1}

in the above estimate is bounded. For this index n € A we obtain via property
that there exist some other indices l1,lo € A and a constant C' > 0 such that M;ﬂrk <
Citk. M]l-1 . M]lf holds for all j, k € N. So we can put in the estimate now h; := C - h

for i = 1,2 to get, that f¥ is Eqpgy-
Now we start with (<=) for both cases:

Let fY : Ur — Eng(U2,R) be &g Bythe mapping ¥ : Uy — Epg(Uz, R) —
E(U2,R) is &, hence it remains to show that f € Erq (U1 x Uz, R).

The Beurling-case:

For each compact set Ky C Us, each hy > 0 and each Iy € A, the mapping fV :
Ui — Emishy (B2 O Ko, R) is Ef’M) = &m)- More precisely this means that for all
compact sets K1 C Uy, Ky C Us, each hi,he > 0 and each l1,lo € A the set in
(12.3.1) is bounded in Epayy n,(E2 2 K2,R). Because it is contained in the space
EM Ko lo.ha (U2, R) := {f € E(U2,R) : j°(f)|Ks € EMio,hs (B2 2 Ko, R)} with semi-
norm || |4, Kolahy ‘= Hj<"’(f)]K2H/J\/le’h27 it is also bounded in this space and so the
set in is bounded (in R).

We have assumed that M is a weight matrix, hence each M! is (weakly) log.
convex which implies M ]l -M ,lc < M! 4 for all j,k € N. - In fact for the next estimate

=y
property would be sufficient, i.e. for each n € A there exist l1,lo € A and

C > 0 such that M - M;? < CItF. M2, for all j,k € N.
Let z; € K, k1 € N and Hv}HEl, then we estimate as follows:

J
dklfV(xl)(v%’,..,U,il)
400 > hkl -Mll
1 k1 M, K2,l2,h2
ko ak
)822811f(3717x2)(v%7""vlil;v%""’vé) Ky ko €N 2” <1
= sup et ? :
hllcl -h;w ]\411611 M}g ) Y5 1 By
ko 0k
B L S AL ety ] B o3l <1
> sup Fitk T2 € Ko, R € N, US| g S
hki+k2 . MI?ﬁ-kQ ’
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12 Convenient setting for the general case Enq by using Banach plots

where we have put n := max{ly,lo} and h := max{hy,ha} (resp. put h := C -
max{hi, ha}, where n € A and C > 0 are coming from property ). So we
have shown that f is & ).

The Roumieu-case:
For each compact set Ko C Uy the mapping fV : U; — lim lim Eng i, ps (E2 O K9, R)

lo€Aha>0
is Eaqy- By (3) in [12.1.2] the dual space (lhi?mll)n EM o ho (2 2 KQ,R))* can be
2€Ah2>0

equipped with the Baire-vector-space-topology of the countable limit of Banach-spaces
lim lim (SM lo h2(E2 2 KQ,R))*.
— %25

lo€eAha>0

Now we can use[12.2.2 to conclude that the mapping fV : U — h_n)l liL)nEM’l%hg(Eg )
lo€Aho>0

K5, R) is &£

M

By (3) in this inductive limit is countable and compactly regular and so for each
compact set K1 C Uj there exist h; > 0 and [; € A such that the set in is
bounded in Ey, by (E2 2 K2, R) for some hy > 0 and Iy € A. Because it is contained
in the space 5M,K2,lg,h2(U2,R) = {f S 5(U2,R) : joo(f)’KQ S gM,lQ,hQ(EQ D) KQ,R)}
with semi-norm | f||, Kolohy ‘= Hjoo(f)|K2||j/l,l2,h27 it is also bounded in this space
and so the set in is bounded with those given hy, ha,l1,l2 (in R)!

But now we can use the same estimate as in the above Beurling-case (for precisely
those given hy, ha,l1,l2) to conclude that f is £ vqy. We point out: Again alternatively
for the estimate we don’t need necessarily that each sequence is weakly log. convex,

we can also use property |(M,1q) )} O

By using [12.3.2] we can prove now an analogous result to [10.10.6 above (see [22] 5.5.
Corollary]):

Corollary 12.3.3. Let M be a weight matriz with the same properties as assumed in

(for the particular case).
Let E,F, E;, F;,G be convenient vector spaces and let U and V be c*°-open subsets.
Then we get

(1) The exponential law
EmU, Epy(V, G)) = En(U x V, G)

holds, it is a linear Epq)-diffeomorphism of convenient vector spaces.
The following mappings are Enq -

2) ev:Epn(U, F) x U — F given by ev(f,x) = f(x).

3) ins: E — Eun(F, E X F) given by ins(z)(y) = (v,y).

5

(2)

(3)

4) ()" Eu U, EMm (V. G)) = Epg (U x V., G).
(5) ()Y = Ep(U x V,G) = Epqy(U, Epg (V. G)).
(6)

6) I1: 1L Ewg(Es ) — Eng (L B4 11 Fo)-
If the matriz satisfies additionally (M[FdB]): then we also get

(7) comp : E[M](F, G) X E[M](U,F) — E[M](U, G).
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12.4 & pq-uniform boundedness principles and consequences by using Banach plots

(8) S[M}(,) : E[M}(F, Fl) X E[M}(El,E) — S[M](S[M](E, F),E[M}(El,Fl)) which is
gwen by (f,g) — (h— fohog).

We close this section with the following remark: We can prove a matrix-generalization
of [22] 5.4. Example|, so for weight matrices with A = R and such that
is not satisfied the important Theorem doesn’t hold. In the Roumieu-
case this was already shown in [10.10.7} in the Beurling-case we refer to [12.7.5] where
we have to use the projective description of [9.4.4]

12.4 & pq-uniform boundedness principles and
consequences by using Banach plots

In this section we prove the &|,-uniform boundedness principles by using Banach plots
and we will also give some applications and prove immediate consequences. First we
start with our central result which is analogous to [10.8.1] and [22], 6.1. Theorem)|:

Theorem 12.4.1. Let M be an arbitrary matriz, i.e. with A = Rsg (so in
the Roumieu-case we can restrict to the countable index set A = Nsg). Let E, F,G be
convenient vector spaces, furthermore U C F be c*-open. A linear mapping T : E —
Em (U, G) is bounded if and only if ev, oT : E — G is bounded for every x € U.

Proof. (=) Let z € U and a € G* be given, the linear mapping aoev, = & (7, @) :
Em (U, G) — R is continuous and so ev, is bounded. Hence, if 7" is bounded, then
also evy oT'.

(<) We assume that ev, o7 is bounded for each = € U.

By the definition of the space & o (U, ) above (initial structure w.r.t. mappings ip, B
an absolutely convex bounded closed subset in F' and o € G*, see (12.1.3)), it suffices
to prove that T is bounded for the special cases where both E and F' are Banach-spaces
and G = R. But by definition we have that v (U,R) = lim g (F 2 K,R) holds

K
and by item (2) in the space E g (F 2 K,R) is Fréchet, by item (3) in
the space &y (F 2 K,R) is a (LB)-space, hence webbed (by our assumption on Al).
So we can use the closed graph theorem [20, 52.10] in both cases as in the constant
weight matrix case [22, 6.1. Theorem], replace the classes &5 by £ in the diagram
there. O

The next result is analogous to [22), 8.3. Proposition| and [10.7.3| (by using curves):

Proposition 12.4.2. Let M be a an arbitrary weight matriz, i.e. with A = R,
let E and F' be convenient vector spaces and U C E a c*-open subset. Recall notation:
We denote by M® := {M', : M' € M}, with M}, = (M,i+1)k, and then we obtain:

(1) Multilinear mappings between convenient vector spaces are Em) if and only if they
are bounded.

(2) If f: E2U — F is Eu, then the derivative df : U — L(E, F) is Epgay. If M
1s a assumed in addition to be a weight matriz (more precisely condition
(Marg)) would be sufficient), then also d}“ :UXE — F s E pa), where the space
L(E,F) of all bounded linear mappings between E and F is equipped with the
topology of uniform convergence on bounded sets.

(3) The chain-rule holds.
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12 Convenient setting for the general case Enq by using Banach plots

Recall: Note that condition (M|qq)) implies Eng = Epya)-

Proof. (1) We point out: If f is multilinear and &}y, then it is smooth and hence
bounded by [20], 5.5. Lemmal]. Conversely, if f is multilinear and bounded, then it is
smooth by [20, 5.5. Lemmal. Furthermore f oip is multilinear and continuous and all
derivatives of high order vanish. So f is &) by definition.

(2) If f is smooth, so by [20, 3.18.] the map df : U — L(E,F) exists and it is
smooth, too. We have to show now that (df) oip : Up — L(E,F) is & pye for all
closed absolutely convex bounded subsets B C E. By |20} 5.18.] and above it is
sufficient to show that the mapping Ug 3 x — a(df (ip(x))(v)) € R is Epya) for each
a€ E*andv e E.

If ao fis E gy resp. Eayy, then for all B C E closed, bounded, absolutely convex
subset of F, for each compact set K C Up and for some [ € A and some h > 0 (resp.
for each [ € A and each h > 0) we obtain that the set

d* '
H (aofOZB)(a)“Lk(EB7R) ca€ K,keN
hk‘lez

is bounded by some C' > 0. Now for v € E and B as assumed above, v € B, we
calculate as follows for all k € N:

Hdk((L(a,v) o df) o Z'B)(a)‘

= | (e O 0 i)(a)

L*(Ep,R L*(Ep,R)

- Hdkﬂ(aofoz'B)(a)(u,...)\

Lk(Ep,R)

< [¢+ o roin)a) ol < (C by bt

LF1(EgR

This shows that df : U — L(E, F) is & pge. 1f moreover M is in addition assumed to
_

be a weight matrix, then by (2) in
(3) The chain-rule is valid for all smooth f by [20, 3.18.]. O

The next result is analogous to [22] 8.4. Proposition| and to [10.8.2

3| the mapping df : U x E — F is also

Corollary 12.4.3. Let M be a an arbitrary weight matriz, i.e. (M), with A = Rsy.
Then the following properties are satisfied:

(1) For convenient vector spaces E and F', on L(E,F') the following topologies have
the same bounded sets in L(E, F):

(a)

(b) The topology of pointwise convergence.
(¢) The embedding L(E, F) C E(E,F).
(d) The embedding L(E, F) C E g (E, F).

The topology of uniform convergence on bounded sets of E.

(2) If in addition M s a weight matriz (more precisely condition (Mag))
would be sufficient) then we get: Let E,F,G be convenient vector spaces and
U C E be a c™-open subset. A mapping f : U x F — G, which is linear in the
second variable is Enq if and only if f¥ : U — L(E,G) is well-defined and Epq.
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12.4 & pq-uniform boundedness principles and consequences by using Banach plots

Proof. (1) The first three topologies on L(E, F') have the same bounded sets as it was
shown in [20, 5.3., 5.18.]. The inclusion (L, F') — E(E, F') is bounded by
and the inclusion L(E, F') — & (E, F') is bounded by the UBP [12.4.1

(2) In the &-case this holds by [20, 3.12.] (because L(E, F) is closed in E(E, F)). If
[ is € aq), then we have to show now that the mapping fYoipgis & m) into the space
L(F,G) for all absolutely convex bounded sets B C E. By [20, 5.18.] and by [12.3.1] we
have to show that the mapping Up > x — a (fY(ip(z))(v)) = a (f(ip(x),v)) is Eng
for each @ € G* and v € F'. But this is clearly satisfied, because of the definition for f
to be -

Conversely, assume that f¥ : U — L(F,G) is & and we have to show that f :
Ux F — G is Epg. By the first part the inclusion L(F,G) — &y is bounded and
linear, hence also the mapping ¥ : U — Epm(F, G) is Epg- Now we can use (=) in
for both cases to conclude that f : U x F' — G is £y}, the linearity in the second
variable is clear. Note that here for the use of[12.3.2| we don’t need conditions m

resp. (and also W resp. |(Mggp))| is not necessarily needed!). More
precisely we only need conditions |(M [algl) resp. (Mgalgm which are both satisfied
automatically by (weakly) log. convexity of each sequence M' (see remark (i) in
1233, 0
As pointed out after [22, 8.4. Proposition| and similarly as in the proof of we
can show f¥ € Enq(U, L(F,G)) = f € Epg(U x F,G) in (2) inalso without
the use of Cartesian closedness (by assuming the same properties for the matrix
For this we proceed as follows: By composing with some a € G* we can assume w.l.o.g.
G = R. We use the same formula as in [21, 4.2. Corollary] and calculate for all B, B’
closed absolutely convex bounded subsets of E and F', each K C Up compact, x € K
and k € N as follows:

k
< [|d*(fY) (). )(wo)ll Lk (Ey,r) + Z Hdkil(fv)(x)HL’C—l(EB,L(FB/ R))
i=1

Hdkf(x,wo))

Lk(EBXFB/,R)
k

< Hdk(fv)(v’U)”Lk(EB,L(FB,R)) Nlwollgr + Z ||dk_1(fv)($)HLk—l(EB,L(FB,,R))
i—1

k

<C-BF M- lwolly +>C-RFN M =C BE M- w4+ k- C-RETT M
i=1

< C-B* - M- wolly + C-hf - hF - M < C - (lwoll g + 1) - B - Mj.

We have used that L(igy,R)o f¥oip: Up — L(Fg,R) is . Note that each M!

is assumed to be increasing and we have put hg := hy - h, and h; > 2 can be chosen
arbitrary but fixed (because k < 2* for all k € N). This shows that f is E-

The next result is analogous to [22], 8.8. Lemma| and to [10.8.3

Lemma 12.4.4. Let M be an arbitrary weight matriz, i.e. with A = Ryg
and let E, F and G be convenient vector spaces and V. C F be c*-open. Then the
flip of variables induces the following vector space isomorphism: L(E,Eng(V,G)) =
Em(V, L(E,G)).

Proof. Let f € &ng(V,L(E,G)), consider for each z € E the mapping f(2) =
evyof € Epn(V,G). Note that z +— f(x) is a linear mapping and by UBP [12.4.1| we
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12 Convenient setting for the general case Enq by using Banach plots

obtain that f is bounded, because ev,of = f(z) = evyof = f(x) € L(E,Q) for all
zeV.

Conversely let a € L(E, & (V,G)), then consider for each z € V' the associated
linear functional a(z) := ev, oo € L(E, G). By the first part of [12.4.3] the bornology
of L(E,Q) is generated by B := {ev, : x € E} and moreover evyod = a(x) =
evyoa = a(z) € En(V,G). Hence a: V — L(E,G) is E g by [12.3.1] (for [(M)| weight
matrices). O
The next result is analogous to [22] 8.9. Lemmal and

Lemma 12.4.5. Let M be an arbitrary weight matriz, i.e. with A = Ry and
U C E a c®-open subset in a convenient vector space E. We denote in the following
with A\jpq(U) the ¢>-closure of the sub-space generated by {ev, : x € E} in Eng(U, R)".
Moreover consider the mapping 6 : U — Mu(U) defined by x +— ev,. Then the
following is satisfied: For every convenient vector space G the E pq-mapping § induces
a bornological isomorphism

LOwg(U),G) = Epg (U, G).

Proof. Ap\(U) is a convenient vector space, because it is a c¢*-closed subspace in

Em (U, R)’, which is convenient. Moreover the mapping ¢ introduced above is Emy:
This holds because for each z € E x4 (U, R) we have by definition ev, o = x, and we can
use now to conclude that § is &x4 (and by composing with all ip : Up — U).
This implies that the mapping 6* : L(Ajpg(U), G) — Eq(U, G) is well-defined and
linear.

™ is injective: Each bounded linear mapping Ajrq(U) — G is uniquely determined on
0(U) :={evg:x € U}.

™ is surjective: Consider some f € & (U, G), then, by definition, a o f € Ex (U, G)
for each a € G*. Introduce now f : Em (U, R) — [Ig«R by ¢ — (p(a o f))acc, and
this mapping is well-defined, bounded and linear.

ev, is mapped to f(ev,) = §(f(z)), where § : G — [« R denotes the bornological
embedding given by x +— (a0 z)aeg+. This map induces a bounded linear mapping
f: )\[M](U) — G with finally f o = f, which shows the surjectivity of 4.

But moreover 6* is a bornological isomorphism: ¢* and (§*)~! both are bounded, which
holds by the UBP and the first part of [12.4.3 O
By using these results we can prove the analogous result to [22, 8.10. Theorem| resp.

to [L0.8.6l

Theorem 12.4.6. Let both M and N be arbitrary weight matrices, i.e. with
A = Ryg. Moreover let E, F be convenient vector spaces and U C E, V C F, be
c*-open subsets. Then we obtain the following bornological isomorphisms:

(1) Emy (U, Eny (V. F)) = Ey (V. E oy (U, F))
(2) Emy U, Epy (VL F)) = Epy (V. Eay (UL F))
(3) Emy(U, Epany (V) = Epry (V, E oy (U, F))
(4) Epq(U,E(V, F)) = E(V,Epn (U, F))

(5) Em(U,C(V, F)) = C<(V, E (U, F))
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(6) Eng (U, L(V, F)) = L(V, E (U, F))
(7) En(U,I7(X, F)) = 1%°(X, Epq (U, F))

(8) Ep(U, Lip"(X, F)) = Liph(X, Epg (U, F))

where X denotes in (7) resp. (8) a so-called 1°°-space, i.e. a set together with
a bornology which is induced by a family of real valued functions on X (see [12,
1.2.4]), resp. a Lip*-space (see [13, 1.4.1]). For the definition of the spaces
1°(X, F) resp. Liph(X, F) we refer to [13, 3.6.1., 4.4.1].

Proof. All mappings and their inverse mappings are given by f — f, where f(z)(y) :=
f(y)(x). If we write X! and X2 for any of the occurring function spaces, then we have
to show XN (U, X2(V, F)) = X2(V,XY(U, F)).

The fact that f(x2) € X1(U, F) is obviously satisfied, because f(z3) = evy, of : U —
X?%(V,F) — F holds by definition for all 25 € V.

Moreover all occurring spaces are convenient and satisfy the B-uniform-boundedness-
principle, where B denotes the set of all point-evaluations (for & see the above
definitions and the UBP for all other cases we refer to the proof in [22, 8.10.
Theorem|). So the mapping f +— f is bounded and linear in any case, because f —
€Vy, 0€Vy, O f= evy, oevy, of holds by definition and this mapping is bounded and
linear.

It remains to show in any case that f € X2(V,X(U, F)), that f is in fact of the
appropriate class.

(1) — (4): For a € {(M),{M}}, B € {(N),{N}, 00} we obtain the following equiva-

lences:
XU, XP(V,F)) = LOAYU), X5(V, F)) = X°(V, L\Y(U), F)) = X5(V, X*(U, F)).

For the first and the third isomorphism we have used [12.4.5] for the second isomorphism
we have used [12.4.4| resp., if § = oo, also |20} 3.13.4, 5.3.].

(5): Follows by (2) and (3) and note that C*(U, F') = &7} (U, F) holds as vector spaces
with bornology, where 7 is the constant matrix M]l? = (p!)p for each I € A (see e.g. [22]
7.2. Theorem (2)]).

(6): is exactly [12.4.4

(7), (8): The arguments for the proofs of these items are completely the same as in [22]
8.10. Theorem (7),(8)]. O

Finally we use the UBP to prove the analogous to [22] 8.1. Proposition]:

Proposition 12.4.7. Let M and N be arbitrary weight matrices, i.e. (M), both with
A = Rsg. Moreover let E and F be convenient vector spaces and U C FE a c*-open
subset. Then we obtain:

(2) implies Egpn (U, F) C Eny (U, F), implies E ) (U, F) € Ewy (U, F).
(3) MN implies Epgy (U, F) € Eny (U, F).
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12 Convenient setting for the general case Enq by using Banach plots

(4) IfU # 0 and E, F # {0}, then
> CY(U,F) C &y (U, F)

resp.

<~ C¥(U,F) C E(M)(U, F).
All inclusions are bounded.

Proof. All inclusions are valid by the above definitions and moreover they are bounded,
because all occurring vector spaces are convenient and satisfy the UBP[12.4.1|resp. [20,
5.26..

Note that C*(U, F') = ;71 (U, F) holds as vector spaces with bornology, where T is the
constant matrix Mé = (p!), for each I € A (see e.g. |22, 7.2. Theorem (2)]). O

12.5 Comparison of the introduced structures & curve
and &y

In this section we want to compare the introduced different structures. We will have
to use again the UBP but first we are going to prove an analogous result to [23] 2.8.
Corollary|:

Proposition 12.5.1. Let M be as in[10.7.1), let U C E be c¢*-open in a convenient
vector space E, let F' be another convenient vector space and consider f : U — F.
Then the following are equivalent:

(1) fis g{./\/l},curve-
(2) f is Egpmy along strongly Eqaqy -curves.

(3) f is smooth and for each closed bounded absolutely convex subset B in E and each
x € UN Ep there exist r,h,C >0 and l € A such that

for alla € UN Ep with |la —z||p <r and all k € N.

dk(ﬂ'v o f OiB)(CL)

<C
Rk - M}

Lk(Ep,Fy)

(4) f is smooth and for each closed bounded absolutely convex subset B in E and each
compact K C U N Eg there exist h,C' >0 and l € A such that

|

where in (3) and (4) the mapping my : F' — Fy denotes the natural mapping and V C F
1s an absolutely conver 0-neighborhood.

dk(ﬂ'v @) f OiB)((I)
k- M}

<C,
Lk(EB»FV)

Proof. Each item holds for f if and only if it holds for my o f for each absolutely
convex 0-neighborhood V' C F', so we can use now [10.7.1 O

By using [12.5.1| we can prove (see also [22), 7.2. Theorem (1)]):
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Theorem 12.5.2. Let M be a weight matriz as considered in[10.7.1), let E and F be
convenient vector spaces and U C E be c*-open in E. Then we obtain the following:

The structure defined by curves in (10.3.1)) and (10.3.2), denoted by Efay curve(Us F)
(Roumieu-case), and the structure defined by Banach-plots defined in , see also

(12.1.4) and (12.1.5)), coincides as vector spaces with bornology, so

S{M},Curve(Ua F) = g{M}(Ua F)

Proof. First proves that Efag) curve(U, F) and Evgy (U, F) coincide as vector
spaces.

Both spaces £y, curve (U F') and Ep gy (U, F) are convenient and satisfy the UBP w.r.t.
to the set of point evaluations ev,, see [10.8.1| and [12.4.1] This shows that the identity
is a bornological isomorphism. O

12.6 Projective descriptions for both cases

Analogously to the definitions in the previous section 9.1. we can proceed as follows: Let
E and F be Banach-spaces, K C E compact and convex, furthermore let r = () and
s = (sk)r be two arbitrary sequences of positive real numbers. Then we can introduce
the spaces

5(3),(7’)(E 2 K7 F) - { fm € H C K Lg;m )) : HfH{s),(r) < +OO}7
meN

where we have put ||f||é),(r) = max {sup { Wil g ¢ N} , sup {M tk,n € N}}

Tk'Sk Tn+k—1'Sn+k—1
and || f||x and ||| f|||nr are defined as in section 9.1.
If rj, = h* and s = M} for some | € A with M' € M = {M! : | € A} for M
an arbitrary weight matrix, then &) ,)(£ 2 K, F') coincides of course with the space
Emun(E D K, F)in9.1. and analogously to (1) inwe see that £, ) (E 2 K, F)
is a Banach-space.
So we obtain the analogous result to [22, 8.6. Theorem]:

Theorem 12.6.1. Let M be an arbitrary weight matriz, i.e. ((M)|, with A = R, let
E and F be Banach spaces and U C E be an open and convex subset. Then we obtain

Em (U, F) = lim &) (B 2 K, F)
K,s,r

as vector spaces with bornology. In the limit K runs through all compact com;ex subsets

of U, r runs through all sequences of the set (Rbeur) ={r=(rp)reRY,: 1
and finally s runs through all sequences of the set (SM )_1 ={s=(sp)x € R>0 : g €

= beur
| Shewt-

Proof. Asin (5) in @l we see that f € & )(E 2 K, F) is a smooth function
f:U— F. By @ we obtain the desired isomorphism as vector spaces.

The identity from the left to the right is continuous, and the space on the right is a
projective limit of Banach spaces, hence convenient. Moreover & M) (U, F) satisfies the
UBP with respect to the set B := {ev, : & € U}, so the identity is also bounded
from right to left. O

Now we prove the Roumieu-type-version:
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12 Convenient setting for the general case Enq by using Banach plots

Theorem 12.6.2. Let M be an arbitrary weight matriz, i.e. |(M)], with A = Nsq, let
E and F be Banach spaces and U C E be an open and convex subset. Then we obtain

Eg (U, F) = lim &) (B 2 K, F)
K,s,r

as vector spaces with bornology. In the limit K runs again through all compact convex
subsets of U, r runs through all sequences of the set (Rioum) * := {r = (r&)x € RY, :

% and finally s runs through all sequences of the set (Sr/(\)/l‘lm)fl = {s =
(si)k €RYy: 1 &

Proof. We use the same proof as for [12.6.1] but of course we apply instead of
112.2.0l L]

Also in the matrix case situation we can prove the Remark which can be found between
8.7. Theorem and 8.8. Lemma in [22]:

Lemma 12.6.3. We can show that the identity lim &) ) (E 2 K, F) — Eay (U, F)
K,s,r

1s bounded without using the UBP [ﬂﬂ where K runs through all compact conver sets
i U, r runs through the set (Rmum) and finally s runs through the set|(SM

roum

Proof. Let B be a bounded set in lim &, (E 2 K, F). So for each compact convex
K,s,r

set K C U, each r and each s = the set B is bounded in

Esr(E 2 K, F), which means by definition that

SuP{Hf’KH‘({;)(ﬂ : f € B} < +o0.

Because lim &) (1) (E O K, F) consists of infinite jets of smooth functions we can use
K,s,r

equation (3.1.1.) in [22] to estimate again ||| f||/nx by ||f|lntr+1 (defined like above).

So we can consider the sequence

by, := sup{|| flx |l : f € B}

which satisfies now by definition sup,cy &%k < 400 for each r € (Ryoum) |and each

(Stm) | We can use now 5/ (3) = (1) (recall that by |1 2| we don’t need
necessarlly a|(Msc)| weight matrlx) to conclude that there exists an 1ndex le A=Nyg
such that the power series ) 72 al A -tk with ak has positive radius of convergence.

Hence there exists a number A > 0 such that supgey h—lk < +oo for some h > 0 and
this means exactly that the set B is contained and bounded in Exqp(E 2 K, F) for
the obtained index [ € A and h > 0. - And this gives also an independent proof of the
completeness of v} (U, F) and of the regularity of the inductive limit (see (3) and (4)

in[12.1.2). O

12.7 Roumieu-type reduced to the Beurling-type

In this section we give some applications of It turns out that some proofs for
spaces of ultradifferentiable functions defined by weight matrices of Roumieu-type can
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12.7 Roumieu-type reduced to the Beurling-type

be reduced to the Beurling-case by using the following projective description for U C R™
non-empty open:

Enmy (U, R™) = f]fhn@LRm)z r]EugaﬁRm)
ML ML

and the intersections are taken over all arbitrary sequences L with M| L.

If we assume that M is a weight matrix, then we can restrict the intersections to
all weakly log. convex weight sequences L with ME L and (Ly)'/* — oo for k — oo
(see (b) in[0.4.4).

In we have shown this projective description on the level of linear spaces, but we
are able to prove now an analogue result to [22] 8.2. Theorem|:

Theorem 12.7.1. Let M be an arbitrary weight matriz, i.e. |(M), with A = Rsq, let
E and F be convenient vector spaces and U C E be a c*-open subset. Then we obtain
the following projective description for the Roumieu-tpye-space defined by M:

EmUF)= () EuU,F)= () &un U F) (12.7.1)
ML ML

holds as vector spaces with bornology, where the intersection is taken over all arbitrary
sequences L with MEl L. If M is assumed to be a weight matriz, then the inter-
section can be taken over all weakly log. convex sequences L with L, (Lp)Y* — o
for k — oc.

Proof. By the definition of the spaces (composing with ip and a € F*), we can reduce
to the case where both E and F are Banach-spaces. By (5) in[12.1.2]and the definitions
at the beginning of this chapter we can replace in the proof of @ the sequence (fi)x
there by (||7°° f|k||;)x and obtain that all occurring spaces coincide as vector spaces.

Each space is convenient (note that projective limits preserve ¢*°-completeness) and

each space satisfies the UBP [12.4.1] w.r.t. the set of point evaluations: The structure

of lim &pq (U, F') is initial w.r.t. the inclusions lim E g (U, F') — Epyg (U, F) for each
P —

L L
arbitrary sequence with M[ < L. This implies that the identity between any two spaces
is bounded, hence a bornological isomorphism.

If M is assumed to be a weight matrix, then the intersection (projective limit)
can also be taken only over the set of all weakly log. convex sequences L with M| L,
(Lip)Y* — oo for k — oo, because in this case (b) in is valid. O

We give now a second alternative proof of {12.7.1} which doesn’t use[12.4.1| (analogously
to [22, 5.3. Remarks|):

Proof. The spaces in the representation coincide as vector spaces by definition
and 0.4.4]

Let K C E be compact, E and F be Banach spaces and furthermore [ € A and h > 0
be given. Then the inclusion Epqyp(E 2O K, F) — &, (E 2 K, F) is continuous
(bounded) for all h; > 0 whenever /VlEl L holds (recall: this means M lEl L for all
lel).

This implies that the inclusion lim Enn(E 2 K, F) — lim &p,(E 2 K, F)

leA,h>0 h1>0

is continuous, hence by definition of the spaces also the inclusion gy (U, F) —

E(L)(U,F).
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12 Convenient setting for the general case Enq by using Banach plots

Conversely, let B be a bounded set in the space lim Eqry(U, F) in (12.7.1) and the limit

is taken over all sequences L with M[<] L. ThisL means that B has to be bounded in
each space &) (U, F).
We have to show now that B is also bounded in Egaqy (U, F'), and by definition of the
spaces (composition with mapping € (ip, @) we can assume w.lo.g. that E is a
Banach-space and F' = R. Let K C U be an arbitrary compact set and we introduce
the sequence b = (by) by by :=sup {||7°°(f)|x||; : f € B}. By assumption we get: For
each weight sequence L with MEl L the set B is bounded in &) (U, F'). In fact the
proof of shows (since it only deals with a formal series f in the numerator of the
Denjoy-Carleman-quotient) that we have b € [, F(r) = Fyrqy and this implies that B
is also bounded in Eqpgy (U, F) := lim Epq,i0,0(U, F). Finally, by (5) in|12.1.2) the
leA,h>0
set B is also bounded in Epgy (U, F) = lim E gy x (U, F). O
KCU
We can use[12.7.1]for the case if M is a[(Msc)| weight matrix to prove (<=) in the Carte-
stan closedness T heorem for the Roumieu-case by using (<=) for the Beurling-
case (which is the analogous result to [22, 5.3. Remarks|):

Proposition 12.7.2. Let M be a weight matriz with A = Rsg, let U; C E;
for i = 1,2 be c*-open subsets in convenient vector spaces and furthermore F be
convenient, too. Assume we have already shown that f¥ € E1y(Ur, &1y (Ua, F)) implies
f € Eury(Ur x U, F) for each (weakly) log. convex weight sequence L with ./\/El L,

(Li)Y* — 00, then we obtain also the following implication:
fv € 5{M}(U1,5{M}(U2,F)) = fe 5{M}(U1 x Uy, F).

Proof. Let fY € Eng(Ur, Eqay(Us, F)), then f¥ € Eyy(Ur, Ery(Ua, F)) for each
weakly log. convex sequence L with /\/lEl L, (Ly)Y* — oo, holds by 12.7.1l By
assumption this implies now f € &)(U1 x Uz, F), hence again by @ we obtain
fe 5{M}(U1 X UQ,F).

Note that for the proof of fv S 5(5)(U1,5(£)(U2,F)) = f € g(ﬁ)(Ul X UQ,F) in
12.3.2] for (M. )| weight matrices £ with A = R5 we don’t need necessarily property
(Mmg)) O

12.7.1] shows also in an alternative way that:

Corollary 12.7.3. Let M be an arbitrary weight matriz, i.e. ((M)|, with A = R, let

FE and F be convenient vector spaces, U C E c¢*°-open. Then we obtain:

(1) Eny (U, F) is c>-complete.

(2) Let E, F be Banach spaces and K C E be convez and compact. Then the inductive
limit E (B2 K, F) = lim Epun(E 2 K, F) is regular (see (4) in|12.1.2).
leAhR>0

Proof. (1) This holds since by (12.7.1]) we have E(p (U, F) = lim &1y (U, F) as vector
L
spaces with bornology, where the projective limit is taken over all sequences L with

L, and finally lim Emy(U, F) is c>-complete.
L

(2) Is valid by the second proof of [12.7.1 O
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12.7 Roumieu-type reduced to the Beurling-type

With this projective technique we can also give the following independent proof of
the UBP [12.4.1] for the Roumieu-matrix-case, which is the analogue result to [22] 6.2.
Remark]:

Proposition 12.7.4. Let M be an arbitrary weight matriz, i.e. (M), with A = R<q
and assume that the UBP holds for the E)-case. Then the UBP is also
valid for the Epqy-case.

Proof. By [12.7.1)we see that Erq (U, F) = lim 1) (U, F) holds as vector spaces with

L
bornology, and the projective limit is taken over all arbitrary sequences L with M <] L.
The structure of Eqpgy (U, F) is initial w.r.t. the inclusions lim &) (U, F) — &1)(U, F)
L
for each sequence L (with M <|L). O

Finally we prove an analogous result to the second part of [22], 5.4. Example|, see also
110.10.7 which we will have to use:

Proposition 12.7.5. Let M be a weight matriz with A = Rsg and such that
is not satisfied. Then there exists a weakly log. convex sequence N = (N)g
with M N for alll € A and a function f € E(N)(RQ,C) such that f¥ : R —
En)(R,C) 1s not Eyy. Consequently N cannot satisfy condition moderate growth .

Proof. Recall: By (12.7.1) in [12.7.1] we have as vector spaces with bornology

Eqmy(UF) = ﬂ &

where E, F' are convenient, U C FE is ¢®-open and the intersection is taken over all

weakly log. convex sequences L with L, (Lk.)l/ k — o0 for k — oo.
Consider now the function v, € 5?]1\(/)[2&} (R2,C) C Sfﬁb}al(Rz,C) from [10.10.7, where

x € A is precisely the index coming from the violated condition (M yey)l In[10.10.7]
we have shown that 1Y : R — Enmy(R,C) is not Egagy. By [12.7.1] there exist weakly
log. convex sequences N and N? with /\/@Ni, and (Nj)! k' oo for i = 1,2, such
that ¥ : R — En2)(R,C) is not & yy.

As in the original proof of [22] 5.4. Example|, we prove an analogous version of the

Lemma between 5.4. Example and 5.5. Corollary:

Claim: There exists a weakly log. convex sequence N with /\/lElN < Nt i=1, 2

Proof of the claim: Let N := (Ny)j, defined by Ny := min{N}, N2} and put N :

the (weakly) log. convex minorant of N. Hence by deﬁmtlon N <N < N! and
N, i =1,2, so this implies /VIEN. We prove now /\/@N.

For the next step in this proof we have to recall the following definition: For an arbi-

trary sequence P = (Py)i € ]R§0 the globally defined classes of ultradiff. functions of

Roumieu- resp. Beurling-type are given by

Sﬁi?bal(R,R) = {f € E(R,R) (sup ‘f( D € f[P]} )
k

z€R

By the same arguments as mentioned in the original proof of [22] 5.4. Example| we
obtain E5°P (R R) = £8P (R R).

(N) (N)
We have MHN, ie. MBN for each I € A, hence EfypH(R,R) € £ (R,R) =
5(%1\?;3 al(R R) for arbitrary I € A. By assumption (each M' is weakly log. convex) for
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12 Convenient setting for the general case Enq by using Banach plots

each | € A we obtain a function ; € S?E?il(R,R) (see |(chf)) and so M ZB N for all
[ € A follows, i.e. M N.

So the claim is shown and we can continue with the proof of the proposition: Again by
(12.7.1)) we have 1, € En)(R?, C) and the mapping 1y takes values in £ (R, C) and
factorizes over the continuous inclusion £ (R, C) — &2y (R, C). Hence it follows,
that the mapping Y : R — En)(R,C) is not 1y and so also not & .

Finally we point out that by (=) in the first part of the Cartesian closedness theorem
[22, 5.2. Theorem| we get that N cannot satisfy moderate growth O
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12.8 Manifolds of € \q-mappings

12.8 Manifolds of &},-mappings

In this chapter we will always assume the following conditions for the weight matrix
M, they are necessary to develop an infinite dimensional £ -analysis (analogously to
the 9t chapter in [22] where the constant weight matrix case M = {M} was treated):

(1)) Misa weight matrix with A = R5¢ (can restrict in the Roumieu-case to
A =Ny).

(17) in the Roumieu- resp. in the Beurling-case is satisfied. Note
that (Myg]) implies automatically (Mqq)-

(77) The assumptions of Theorem where we have characterized all stability
properties in terms of properties for M: More precisely in the Roumieu-case

assume in addition in the Beurling-case we need in additio
M sr))}

and, for non-constant matrices (more important case!), also property

(7v) A characterizing condition in the characterizing Theorem [8.6.1f So |[(My,;)| in

the Roumieu- resp. in the Beurling-case.

The following definitions are analogous to [22], 9.3.] and [22, 9.4.]:

(i) A Eng-manifold is a smooth manifold such that all chart changings are -
mappings, they are endowed with the topology induced by the c*°-open-topology
on the charts. In an analogous way one can also introduce &y -bundles and
& mp-Lie-groups.

(i) A mapping between &y -manifolds is called &), if it maps Eq-plots (Epq-
mappings from the open unit ball of a Banach space to the domain manifold) to
Emp-plots.

(iii) Let p : E — B be a Epq-vector bundle, the space Erq(B « E) of all Ey-
sections is a convenient vector space induced by

Ep(B — E) — [[ € (ta(Ua), V), s+ pryothe 0 sou’,

where uq 1 B 2 Uy — ua(Ua) € W is a Epyg-atlas for B, modeled on a
convenient vector space W and the mappings 1, : E|y, — Uy X V form a vector
bundle atlas over the charts U, of B.

The next result is analogous to the Lemma before [22, 9.5. Theorem|:

Lemma 12.8.1. Let D be the open unit ball in a Banach space, then the following
holds: A mapping c: D — Eng(B « E) is a Epq-plot if and only if ¢: D x B — E is
Emy-

Proof. By|[12.3.1]and the structure of & (B « E) we can assume that B is ¢>-open
in a convenient vector space W and E' = B x V. Then (B « B xV) = (B, V)
and we can use then Cartesian closedness[12.3.2] O
Let U C E be an open neighborhood of s(B), where s : B — E is a section, and let

q : F' — B be another vector bundle. If B is compact (hence finite-dimensional), then
the set Epq (B « U) of all &y-sections s : B — E with s (B) C U is ¢®-open in the
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12 Convenient setting for the general case Enq by using Banach plots

convenient vector space 5[ M](B — E), because it is open in the coarser compact-open
topology.

An immediate consequence of the previous lemma is now the following: If U C F is an
open neighborhood of s(B), s : B — E a section, and if f : U — F is a fiber respecting
& pm-mapping, where ¢ : F' — B is another vector bundle, then fi : Epq(B « U) —
Epm(B « F) is Epq on the open neighborhood En(B «+ U) of s in Eag(B « E).
The next result is analogous to [22] 9.5. Theorem)|:

Theorem 12.8.2. Let A and B be finite dimensional Epq-manifolds, such that A is
compact and B is equipped with a & pq-Riemannian metric. Then & xq (A, B), the space
of all E aq-mappings A — B is a Erq-manifold modeled on convenient vector spaces
Epm (A — f*T'B) of Enq-sections of pullback bundles along f : A — B. A mapping
c: D — Epm (A, B) is a Epg-plot if and only if ¢: D x A — B is E .-

Proof. By (closedness under solving ODE’s) we get that £y -vector fields have
Em-flows. We apply this to the geodesic spray to obtain a & qj-exponential mapping
exp : T'B DO U — B of the Riemannian metric, defined on a suitable open neighborhood
of the zero section.

By (Eam-inverse function theorem) we get the following: One can assume that U
is chosen in such a way that (7p,exp) : U — B x B is a & m)-diffeomorphism onto an
open neighborhood V' of the diagonal B x B.

The convenient vector space Enq(A « f*I'B) is canonically isomorphic to the space
EM(ATB)y:={h € Ep(A,B) :mpoh = f} (via s (77f) os) and h — (id4, h).

Introduce now
Up i= {9 € Euq(A,B) : (f(2),9(x)) € V¥V w € A}

and uy : Uy — E (A « f*TB), where uz(g)(x) = (:n,exp]?(lx)(g(x))) = (x,((7p,exp) o
(f,9))(x)). Sous:Up — {s € E[M](A — f*TB) : s(A) C f*U = (W*Bf)_l(U)} 1S a
bijection with inverse u;l(s) = expo(npf) o s, where U — B is considered as a fiber
bundle. The set uy(Uy) is c>-open in E (A < f*T'B) for the topology which we
have described before: A is compact and uy is Ex) because it respects Erq-plots as
shown in [2.87]

We consider the atlas (Uf,’LLf)feg[M](AyB) for Erq(A, B). The chart change mappings
are given for s € uy(Ur NUy) C Epy(A < g*T'B) by

! © Tg)*(S),

(ugo ug_l)(s) = (ida, (7B, exp) Lo (f,expo(nhg) 0 5)) = (t/
where 74(z, Yy(2)) := (z,expy(p) Yg(2)))s 79 : 9"TB 2 g*U — (g % idg)~1(V) C A x B,
is a & pq-diffeomorphism which is fiber respecting over A. The chart change uy ou;1 =
(Tf_l 0Tg)« is defined on an open subset and it is also €[4}, because it respects € q-plots
by
For the topology on (A, B) we consider the identification topology from the above
given atlas and with the ¢>-topologies on the modeling spaces &)y (A — f*T'B), which
is finer than the compact-open topology and so Hausdorff.
The equation u oug_1 = (ijl 07y)« shows now that the £\ q-structure does not depend
on the choice of the £ \q-Riemannian metric on B.

The last statement concerning the £ x-plots holds by O

The next result is analogous to [22] 9.6. Lemmal:

270



12.8 Manifolds of € \q-mappings

Lemma 12.8.3. Let Ay, Ay and B be finite dimensional S[M} -manifolds with Ay, Ao
compact. Then the composition

Em (A2, B) X Epg (A, A2) — Epg(Ar, B), (f,g9)— fog

Proof. The composition maps & pq-plots to Erg-plots, hence it is Epy- O

The next result is analogous to [22], 9.7. Example]:

Lemma 12.8.4. Consider another weight matriv N' = {N' : 1 € A} such that
& G Emy, then composition mapping o

En (ST R) x Epg (ST, SY) — Epg (ST R) (f9) — fog

is not En w.r.t. the canonical real analytic manifold structures (where Sl.={zeC:

2| =1}).

Proof. There exists a function f € &g (ST, R)\Ew (S',R) and f can be regarded
as a 2m-periodic function on R. The universal covering space of 5[M](51, S1) consists
of all 2rZ-equivariant mappings in (R, R), i.e. the space of all functions g + idg
for 2m-periodic functions g € Erq. Hence E[M](Sl, S1) is a real analytic manifold and
¢:t— (z — x+1t) induces a real analytic curve ¢ in Erq(S?, S?). But f. o ¢ is not
&N, because

(OFle=o(f o)) (@) _ OFliof(x+1) _ fW(x)

hk - N} hk-NL  hk.N}

is unbounded for k — oo for x in a suitable compact set and for some h > 0,1 € A
resp. for all h > 0, [ € A, because by assumption f ¢ ENT- O

Recall the definitions of relations and [35, 4.6. Proposition|: For N' = {N':
Il € A} and M = {M' : | € A} both weight matrices the strict inclusion
Envy G Eqay s equivalent to the fact that there exists some lp € A such that for
ao )
N

Analogously for the Beurling-case the strict inclusion £y & ) means that there
exists some Iy € A such that for arbitrary [ € A we have 5( N0y & &y, or equivalently

1/k
M;,
Supk€N>0 <NZO ) = +400.
k

The next result is analogous to [22, 9.8. Theorem)]:

arbitrary | € A we have Eyiy C E{Mzo}, or equivalently supyen., = +oo.

Theorem 12.8.5. Let A be a compact Erq-manifold, then the group Diff v (A) of all
Emy-diffeomorphisms of A is an open subset of the Enq-manifold 5[M](A, A). It isa
Emy-regular Enyq-regular Lie-group, i.e. both inversion and composition are Epg. It’s
Lie-algebra consists of all & pq -vector fields on A with the negative of the usual bracket
as Lie bracket. Finally the exponential mapping is Epq and it is not surjective onto
any neighborhood of id 4.

We recall some definitions: A &z -Lie group G with Lie algebra g = T.G is called
Epmpregular (for the E-case see [20, 38.4.]), if
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(1) for each Ejpyq-curve X € E g (R, g) there exists a &y -curve g € (R, G) such
that

9(0) =e
Big(t) = Te(nI) X (t) = X (t) - g(t),
the curve g is uniquely determined by its initial value ¢(0), if it exists.

(2) If we put evol;(X) = ¢(1), where g is the unique solution from above, then
evolg; : Epq(R) — G is required to be &), too.

Proof. First we point out that the group Diff[y(A) is c>-open in & xq(A, A): This
holds because by [20, 43.1.] the £-diffeomorphism-group Diff (A) is ¢>-open in £(A, A)
and by (more precisely the & q-inverse function-theorem) we obtain Diff(5(A) =
Diff(A) N E(A, A).

By @ we see that Diff| ) (A) is a £-manifold and shows that composition
is & pq- We prove now that also the inversion is &y

Let ¢ be a Epq-plot in Diffyq(A), then, by the mapping ¢ : D x A — A
is Epq and (invoc)® : D x A — A satisfies the Banach manifold implicit equation
é(t, (invo)(t,z)) = = for x € A. So we can apply again [8.6.1] (more precisely the
Banach &£pq-implicit function theorem) to see that the mapping (invoc)” is locally
Em) and s0 E - Now, again by the mapping inv oc is a & rq-plot in Diff [ (4),
The Lie-Algebra of Diff oq(A) is the convenient vector space of all &y q-vector fields
on A with the negative of the usual Lie-bracket (see [20] 43.1]).

Diffpq(A) is a Epq-regular £ zq-Lie group: Choose a &y -plot in the space of all &
curves in the Lie-algebra of all £ q-vector fields on A, i.e. ¢: D — Eng(R, Epg(A —
TA)). By the curve c corresponds now to a (D x R)-time-dependent & j-vector

field ¢: D x R x A — TA.

By (closedness under solving ODE’s) we see that & M]—V(ec):tor fields have &y -flows
S

and because A is compact we see that evol”(¢é(s))(t) = Flf
variables.

The exponential mapping is evol” applied to constant curves in the Lie-algebra, so it
consists of flows of autonomous &jpq-vector fields. The exponential mapping is not
surjective onto any & pq-neighborhood of the identity, this follows for A = S L by 20,
43.5]. O

is &0 in all occurring
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