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Abstract

In this thesis I describe a setup to treat effects of heavy flavors in deep inelastic scattering (DIS)
using soft-collinear effective theory (SCET), both in the classical DIS region where 1 — z ~ O(1)
and the endpoint region z — 1. The structure functions can be factorized into non-perturbative
matrix elements of operators in the effective theory which correspond to the standard QCD parton
distribution functions (PDFs) and Wilson coefficients encoding the hard interactions. In the classical
region the renormalization of the effective theory operators leads to the usual DGLAP evolution for
the PDFs. Two different schemes for including effects of a heavy flavor with mass m > Aqcp, a
fixed flavor number (FFN) and a variable flavor number (VFN) scheme, are discussed. These are
well-known in the QCD literature but are formulated here for DIS for the first time in an effective
theory language. The FFN scheme is appropriate if the mass is larger or of the order of the hard
scale (which is given by the momentum transfer Q? in the process), whereas in the VFN scheme the
evolution of a new perturbatively generated PDF for the heavy flavor introduced at the mass scale
resums logarithms of the ratio of the hard scale over the mass scale and therefore provides a setup
that is applicable even if m? < Q2. In the endpoint region a factorization theorem separating the
physics at the hard scale, the jet scale, given by the invariant mass of the hadronic final state, and
the scale Aqcp is derived in SCET, which allows for the resummation of logarithms of 1 — = that
become large in that region. This was done for the first time for massive quark production in DIS.
Finally a numerical analysis is performed to estimate the effects of the massive calculation compared
to the massless one.

Zusammenfassung

In dieser Arbeit beschreibe ich eine Methode um die Effekte von schweren Quarks in tief-inelastischer
Streuung (DIS) mithilfe von Soft-Collinear Effective Theory (SCET) zu behandeln, sowohl in der
klassischen DIS Region 1 —z ~ O(1) als auch in der Endpunktregion x — 1. Die Strukturfunktionen
konnen faktorisiert werden in nicht-perturbative Matrixelemente von Operatoren in der effektiven
Theorie, welche den iiblichen QCD Partonverteilungsfunktionen (PDFs) entsprechen, und Wilson
Koeffizienten welche die harte Wechselwirkung beschreiben. In der klassischen Region ergibt die
Renormierung der Operatoren in der effektiven Theorie die iibliche DGLAP Evolution fiir die PDFs.
Es werden zwei verschieden Schemen zur Einbindung von schweren Quarks mit Masse m > Aqcp
diskutiert, ein “fixed flavor number” (FFN) und ein “variable flavor number” (VFN) Schema. Diese
sind in der QCD Literatur bekannt, werden hier jedoch zum ersten Mal fiir DIS mit Hilfe von effektiven
Theorien formuliert. Das FFN Schema ist anwendbar wenn die Masse grofler oder von der Ordnung
der harten Skala ist (welche durch den Impulsiibertrag Q* im Prozess gegeben ist), wihrend im VFN
Schema in der Evolution einer neuen, perturbativ an der Massenskala generierten PDF fiir das schwere
Quark Logarithmen, die das Verhétlnis der harten Sakla und der Massenskala beinhalten, resummiert
werden. Daher liefert das VFN Schema, ein Setup welches auch fiir den Fall m? < Q2 anwenbar ist. In
der Endpunktregion wird ein Faktorisierungstheorem in SCET hergeleitet welches die Physik an der
harten Skala, der Jetskala, gegeben durch die invariante Masse des hadronischen Endzustandes, und
der Skala Aqcp trennt und das Resummieren von Logarithmen von 1 — z erlaubt, welche in dieser
Region grof werden. Dies wurde zum ersten Mal fiir schwere Quark Produktion in DIS abgeleitet. In
einer numerischen Analyse werden die Effekte der massiven Rechnung mit der masselosen verglichen.
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1 INTRODUCTION

1 Introduction

In the era of the search for new physics at hadron colliders high precision in our understanding of strong
interaction is an import factor for success in currently running and future experiments. Therefore a lot
of effort has been made to reduce theoretical uncertainties in the predictions of QCD and determination
of its fundamental parameters. One essential ingredient for understanding processes with hadrons in the
initial state are parton distribution functions (PDFs), which have to be fitted to experimental data.
The process that is mainly used for extracting PDFs from experiment is deep inelastic scattering (DIS)
where one has to deal with only one hadron in the initial state. All common PDF sets like MSTW |[1] or
CTEQ10 [2] rely heavily on fits to DIS data.

For higher precision in the determination of PDFs and the analysis of processes at hadron colliders the
effects of heavy quarks can not be neglected in the perturbative calculations. One challenge arising in
these calculations is that if there is a large hierarchy between the mass and the hard scale Q2 in the
process, large logarithms of the ratio of these scales will weaken the convergence of the perturbative
expansion when choosing an inappropriate scheme of including different numbers of active flavors. A
scheme with ny light active flavors not including the heavy quark in the RG evolution for PDFs and

couplings is applicable in the regime where m? > Q2 because the massive flavor decouples in the limit

Gz — 0, but leads to large uncanceled logarithms of ’5—2 in the case where m? < Q2. On the other

hand a scheme with n; light plus one heavy active flavors provides the correct limit for g—j — 0 and is

therefore suitable when m? < @Q2, but is inappropriate for m? > Q? because the heavy quark does not
decouple properly.

In the early 1990s the so called ACOT scheme [3|4] was developed to systematically include heavy flavors
with an arbitrary scaling of the mass relative to the hard scale by smoothly combining these two schemes.
In this scheme a change from a description with PDFs for n; light flavors to one with ny light plus one
heavy flavor is made at the mass scale by reshuffling terms containing mass singularities from nearly
on-shell fluctuations from the hard Wilson coefficients into a new PDF for the heavy flavor. With the
change between the two schemes at the mass scale the ACOT scheme provides a setup that is applicable
for an arbitrary ratio of the mass and the hard scale (as long as both can still be treated perturbatively).
Since then various similar schemes in the same spirit have been proposed for including effects of massive
flavors, see for example Ref. [5] for a review.

From a more modern point of view these “variable flavor number schemes” can be associated to the
use of different effective field theories in the different regimes, where the heavy particles are integrated
out at their respective mass scale and do not contribute in the RG evolution below that scale. The
appropriate effective field theory of QCD that is designed to deal with collimated hadronic objects, like
we have for DIS in the initial state when using the Breit frame or also in the final state in the end-
point region  — 1, is soft-collinear effective theory (SCET) [6H9]. It allows for deriving factorization
theorems for high energetic hadronic processes and for defining the PDF's as non-perturbative matrix ele-
ments of operators in the effective theory |10] analogous to the QCD operator definition of PDFs [11}/12].
SCET can not only be used to factorize the structure functions into Wilson coefficients and PDFs and
to provide a systematic way for including or integrating out massive flavors, but also to resum large log-
arithms that arise in the jet limit of the hadronic final state when its invariant mass reaches its minimum.

In Sec. 2] we start with a brief review of soft-collinear effective theory.

The effective field theory setup for DIS with massless quarks is described in Sec. In Sec. the
kinematics of DIS with massless quarks, the cross section and the definition of the form factors are sum-
marized. In Sec. we will show how SCET can be used to separate non-perturbative and perturbative
physics to factorize the form factors into matrix elements of SCET operators and hard Wilson coefficients
and that these non-perturbative matrix elements correspond to the well known QCD parton distribution
functions. In Sec. this effective field theory setup is used to determine the matching coefficients at
O(a;) by calculating the relevant 1-loop diagrams in QCD with massless quarks. Finally in Sec. the
renormalization of the PDFs leads to the standard DGLAP equations that allow for the evolution of the
PDFs from one energy scale to another.

The effects of a massive quark are investigated in Sec.[d In Sec. [I.1] the changes in the kinematics due
to the mass of the initial state parton are discussed. In Sec. [£.2) a fixed flavor number scheme is used
to include a heavy flavor with mass m > Aqcp. The relevant QCD 1-loop diagrams will be calculated
with massive quarks on the internal lines and it will be shown that the matching coefficients that are
obtained in that way do not lead to the correct massless limit because of uncanceled logarithms of ’5—;
This problem can be solved by using a variable flavor number scheme where the number of active flavors
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in the RG evolution is changed at the mass threshold to resum those logarithms in the evolution of a new
PDF for the heavy flavor which directly leads to the ACOT scheme for DIS, as described in Sec. The
QCD and SCET diagrams with massive quarks are calculated to find the hard matching coefficients and
the threshold corrections that arise in the change from a theory with ny flavors to a theory with ny +1
flavors to O(a,) and to check that this new approach reproduces the known QCD results for the ACOT
scheme. We show explicitly that the hard matching coefficients in the VFN scheme have the correct
massless limit.

In Sec. [5| we will discuss DIS in the endpoint region z — 1 where logarithms of 1 — x in the matching
coefficients become large and can spoil the perturbative expansion. To avoid this the effective field theory
setup can be extended by introducing a jet function at the scale p; = @+/1 — x and a factorization
theorem that factorizes the form factor into a hard function, a jet function and the PDF is derived in
Sec. and the hard and the massive jet function are calculated to O(as). In Sec. and Sec. the
evolution kernels are calculated to LL approximation and consistency relations for the evolution kernels
and anomalous dimensions are checked explicitly.

In Sec. [6] a numerical analysis is performed to compare the fixed order results with the results with NLL
and NNLL resummation for large =, both in the massless and the massive case, with @ = 30 GeV and
@ = 5 GeV and the masses of the bottom and the charm quark.
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2 Soft-Collinear Effective Theory

Soft-Collinear Effective Theory (SCET) [6H10] is an effective field theory of QCD applicable for highly
boosted quarks and gluons interacting among each other and with soft gluons and is therefore the right
effective theory to describe jets, objects consisting of high energetic and narrowly collimated hadrons. It
achieves a systematic separation of different energy scales involved in a process and allows for deriving
factorization theorems that can be used to resum large logarithms of ratios of the different scales that
could spoil the perturbative expansion. SCET has a wide range of use, from the decay of heavy to light
particles to high energetic processes in particle colliders.

2.1 Power Counting in SCET

We start by introducing light-cone coordinates that will be useful for the separation of different modes
in the effective theory. We define the lightlike vectors

n* = (1,0,0,—1), n* = (1,0,0,1), (2.1)

that fulfill the relations n-n = n-n = 0 and n-n = 2. Every four-vector can be decomposed into
light-cone components p™ and p~ and perpendicular components p

no_ 7”7M +ﬁ7# iz 2 _ ot 2 29
Pr=pT T p =p"p —Ipil, (2.2)
where p™ =n-p and p~ =7+ p. In d dimensions the vector p| is d —2 dimensionalﬂ The same notation

can also be used for gamma matrices and the metric tensor, so that

nHt nH
Vo=t =iy iy Vi =d—2 (2.3)
v L, EnY ntnY v
g =g - = 5 g g, =d—2 (2.4)

We can now distinguish different modes according to the scaling of their components with respect to the
expansion parameter A < 1 of the effective theory, Fig.

hard:  (p},py,py) ~ Q(1,1,1) P~ Q°
n-coll.:  (p},py o) ~ QA% 1, ) ph~ QN
n-coll.:  (pf,p=,pe) ~ Q(1,A\%\) P2~ Q°N?
usoft: (Dl Pis Pus) ~ QA% A%, A7) Phs ~ QN (2.5)

The n- and n-coll. modes describe 2 back to back jets, which is the situation that we will encounter for

P+

Q
T [E——

. h
i .
N
- G -~

T = - - - _ _ ~ Q:E )\4
QN Q P~

Figure 1: Modes in SCETy in the p*tp~ plane. Hard modes with off-shellness ~ Q? are integrated out,
the relevant modes in the effective theory are collinear and usoft with off-shellness ~ @?)\2 and ~ QZ\*
respectively.

INote that \pi| denotes the square of the three vector, i.e. \pi| = —p‘j_pj > 0.
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DIS in the Breit frame for £ — 1. The Breit frame is the frame where no energy is transferred between
the two scattering particles (the electron and the proton in the case of DIS). Here the initial state will be
a n-coll. particle that scatters off the virtual photon with momentum @ to become an outgoing 7-coll.
particle. So the hadronic initial and final state in DIS for  — 1 in this particular frame can be described
by two back to back jets, one incoming and one outgoing. For more jets in different directions one would
have to introduce more lightlike vectors n; but this is not necessary for DIS with one initial and one final
state jet that are back to back. From the scaling of the momenta in one can immediately see that
the typical off-shellness p? is not conserved in an interaction between collinear particles along different
light-cone directions or with hard modes, but it is conserved if a n(fi)-coll. particle interacts with another
n(n)-coll. particle or a ultra-soft (usoft) one. These interactions between collinear and usoft particles are
the ones that will appear in the Lagrangian of the effective theory when hard modes with off-shellness
~ Q? are integrated out.

The above setup with collinear and usoft modes is called SCET;, a different version of SCET with
the usoft modes replaced by soft ones with the counting

soft: (pj,ps_,pﬁ) ~ QN AN, pi ~ Q)2 (2.6)

is called SCETyy. In SCETy; there is no direct interaction between collinear and soft particles because
(P +ps) ~ Q(A, 1, ) and therefore (p,, +ps)? ~ QX > Q?)\2. Instead of matching SCETyy directly onto
QCD it is easier to perform the matching in two steps, as shown in Ref. [13|: First SCET] is matched
onto QCD. The expansion parameter of SCET] is A\; and the relevant modes are usoft at the scale Q\?
and hard-collinear (hc) at the scale Q\; with the usual SCET; counting as in Eq. and Fig. [l Then
in the second step SCETy; with the expansion parameter A\;; = A2 is matched onto SCET; by integrating
out the hc modes at the scale Qv/A;; to be left with the low-energy degrees of freedom with soft (the
usofts from SCET] in the first step) and collinear modes, both at the scale @Ay, see Fig.

~ Q?

~ Q%)
QN \‘~~@__ ~ Q2N

; ; =
0N Qx Q P

Figure 2: Modes in SCET};. In the two step matching procedure hard modes are integrated out at Q2 in
the matching QCD—SCET]. In the second step hard collinear modes at Q?)\;; are integrated out in the
matching SCET;—SCETy;. The remaining degrees of freedom are soft and collinear, both at the scale

QA7

SCETY; is the appropriate effective field theory for DIS in the Breit frame because the incoming initial
state jet is at the typical hadronic scale Aqcp which is also the scale of the soft fluctuations. In the
endpoint region x — 1 where also a final state jet is produced, this final state jet will be at a higher scale
and has therefore to be described by hard collinear modes that will be integrated out in the matching
SCET; — SCETyy, see Sec. [f

2.2 SCET Fields and Lagrangian

Here we show the construction of the SCET Lagrangian for n-coll. fields, for particles along any other
light-cone direction it can be obtained in exactly the same way. We start with a fermion field ¢ (x) that
that can be decomposed as

Y(@) =97 (@) + ¢ () (2.7)
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with
t(z) = / (;17:))3 6(p2)@(p0)2u(p, s)a(p, s)e” 7%, (2.8)
4
0@) = [ e 60RO X vl )8 ) (29)

S

v and v are particle and anti-particle spinors, a destroys a particle and b creates an anti-particle.
The short distance fluctuations can be removed by assigning a collinear scaling to the momentum
p~ Q(N2,1,)) and split it into a large label 5" = p~ %~ + p/{ and small residual momentum k* ~ QA2
i.e. the full four-momentum is the sum of a large label momentum and a suppressed residual momentum
pt = p* + kH*. With this separation the fields can be written as

() =) TPl (), (2.10)
B0

DT (@) =) ety (), (2.11)
B0

where the residual fields ¢iﬁ(3:) contain only long distance fluctuations, i.e. auw;ﬁ(x) ~ A2. They have
the form

UE@) = 007) [ Gz S5 = 172) 3 ulk. shalk e, (212)
4
@) =067) [ oz 805~ 1721) 3 wlk s e (213)

S

So the field ¢(z) can be written as
P(x) = e Py, 5(x) (2.14)
p#0

where the residual field v, 5(z) is defined as

Un (@) = Ut 5(2) + by, ()
=O(p ), 5(x) +O(=p )by, _5(). (2.15)

The Theta functions in the second line are just the ones from Eqs. and written out explicitly
once more to emphasize that fields with positive(negative) labels only contribute to particle(anti-particle)
propagation. The zero-bin p* = 0 is excluded in the sum to avoid double counting because if the label
is zero it is no longer a collinear but a usoft particle. Technically this is achieved in loop calculations
by zero-bin subtractions [14] where the same diagram with a usoft counting for the collinear gluon loop
momentum is subtracted to cancel the zero-bin from the collinear diagrams. The projection operators

_ g
Po="17, P=", (2.16)

can be used to project onto different components of the field ¢y, 3

En,i) = Pn"/)n,in én,f) = Pﬁwn,{) (217)

Because 77t = n? = 0 we find
1hén =0 §:n¢ =0 (2.18)
Jén =0 Ealh =0 (2.19)

We start form the massless fermion part of the QCD Lagrangian

L,.qcp = VilDy, (2.20)



2 SOFT-COLLINEAR EFFECTIVE THEORY

with the covariant derivative in the form iD, = i0, + gA#E| Using the above definitions when writing

Pla) = X, e7 P (En () + &n.5(x)) for the quark fields yields (here we drop the tilde on the label, and
from here on a sum over all labels is implicit whenever there is a label on a field)

7ﬁ(p* +iD ),

Lq — ei(plfp)ib €n7p/%iD+£n,p + én,p/§

t e (P, iDL e+ ey (B D )| (2.21)

The minus and perp. components of the label scale like A° and A! respectively, but the derivative in D
acting on the collinear field scales like A\? (because these fields only contain residual momenta that are
not in the label), so in the last three terms these derivatives are suppressed relative to the large label
components and can be dropped. This implies that the field én is not dynamical and can be removed by
applying the equation of motion for this field

B o +iD Yoy = —(p, +iD, )eny

2
=Z(p_ +iD7 ),y = (p, + iwl)ggn,p. (2.22)

This leads to the Lagrangian in the form
L,=e@Peg Dt 4 (p, +iD)p~ +iD7) N (p, +i.) %gn,p. (2.23)

Also the gluon fields can be split in a collinear part by pulling out the large labels explicitly and a usoft
gluon field
At(z) = Al (2) + e AL (o), (2.24)

where again all derivatives acting on the fields are now suppressed as A2. The usoft and the collinear
gluon fields satisfy the same scaling as their respective momenta, i.e.

(Afs Agys Ay) ~ (W2 0%,0%), (2.25)
(AF AL AR) ~ (A1), (2.26)

Using this in the Lagrangian above and neglecting all terms that are not leading in A gives
‘Cq :ei(p’_P)Ign’p/ 18+ + gA:s 4 ge_iqu:ﬂ

(p, +id, + ge—iquth)(p‘ 007+ ge AL )THp, +id, + ge—iquiq)] %gmp, (2.27)

The term in the middle can be expanded

— L o— —igr A— \—1 _ . —9g —iqxT f— " 1
(p™ +1i0” +ge A, ) Z(p_+ia_e An,q) e R (2.28)

n=0

The derivatives acting on the collinear fields A are suppressed as A%, but the derivatives acting on
the exponential functions pick up a label momentum ¢~ that is of order A°. So the sum gives an
infinite number of terms that are not suppressed in the power counting and give rise to interaction terms

between collinear quarks and an arbitrary number of gluons, each one order higher in the coupling g. In

2If there is no color index on a gluon field this means that the contraction with the SU(3) generators is implicit, i.e.
Ay = AATA
1
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g%). Then the Lagrangian is

y

the derivation of the Feynman rules we will only keep terms up to O(

Ly :ei(p/_p)x5"7p'g(ia+p_ |p | gn,p + ez(p p)xg n,p’ gAuS an,p
+ ei(p’—p—q)xgn’p,g Ar-sl- + AnﬁipL @L + gﬁA nq (3’j¢ + gL)pi %gn,p
4 p p+q (p=+q)p
o _ 2 (p, +d, +71)4 ALp
ez(p 7p7q77"):1:£np/97 Ai Ai A 1 1 1 nr  “ng J_A,
) (p_—i-r_) n,q 7 n,r n,q p-+q +r - n,r

+(p +gJ_+}‘J_)pJ_A7 A-

(p +q 4o ) n,q4 in,r ?fn,p""o(gg) (229)

(Here and in the rest of this work all gluon momenta are incoming). The exponential function just states

the conservation of label momentum so we can write

_gnpzi(a—'— B |pJ_D 5np+£npgAIs,§£np

Aip_ppj_ + plAnyp’fp . prL np p] ﬁgn,p

+

+£”Pg np —-p P p/— p/—p—
g zﬁ A, Auap
— Y17 np'—p—gq n,qf |
+€n7p (p ) A 7qAnp —-p—q A P B P A n,p'—p—q
P PLo— 4
p/{pl—An aAnp—p—q 57%17"‘0(93)- (2.30)

From this one can easily read off the Feynman rules, Fig.

—emme - =R ----Eoa o =VAGD)

= VA5 (p, 0, q)

Figure 3: Feynman rules for SCET. The dashed line denotes a collinear quark, the gluon with a solid line
in the middle a collinear gluons. Usoft gluons are drawn as a standard gluon line.

Falp) =i 23

Vi, —igTAnug (2.32)

VA (0,0') =igT* |+ ”i T ;;7“ fﬁ;; . u] i (2:33)
VA (0,0, q) =m WY — Vi% My — p;ﬁ,% iy + f,lm n,m]?

(222113514) ) ﬁ %;3’& i — P;j%f ny + f/l? nunyl g (2.34)
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2.3 SCET with Massive Quarks

To include massive collinear quarks in SCET we start form the massive QCD Lagrangian
Ly.qcp = Y(il) —m)yp (2.35)

and assign the scaling m ~ QX to the mass, such that p?> ~ m? ~ Q*)\2, see Ref. [15]. Following the same
steps as in the previous section changes the Lagrangian from Eq. (2.21]) to

Vl(p‘ +iD )enp

L,= i —p)z gmpl %iD"‘fn,p + én,p'§

+ gn,p’ (?l —m+ imL)én,p + émp’ (?L —m+ UDL)fn,p] (2~36)
and the equation of motion for the field é is
e N
(p~ +iD)pnp = (%L +m+ zﬁl)ifn,p. (2.37)
The Lagrangian after removing the field é reads

Ly=eWPog, iDY 4 (p, —m+ i )(p” +iD7) P, +m+ uz)l)] %gw. (2.38)

From this we see that all the changes relative to the massless case are just p |, > Pp—min the left and

p,—p, +min the right term. So the Feynman rules for the vertices can be derived from the massless

ones with the replacement P, p, +m and pl — pl —m, the one for the propagator with p? — p?—m?:

b P~
F,(p, = 2.39
(p,m) S w0 (2.39)
1 /AL /
. gy P Py
VA (p,p/,m) =igT4 |n, + FL ¢ Pl TulL 5
1M( ) g ® p* plf pfp/— H
m Ly 1— — / %
2TATB oy P Py
VAE (0, qym) = o |y — 2k, - L DL g
sH ( ) (pl— _q—) 1% p~ p/— H p/—p— 1%
i m N A g = = . %
—— P =P T (P — P —m)
pp 2
1 1
WPTPTA | L WP AR " ?lj_pj_ﬁ 7
<p—+q—) v op P~ H p/— p/—p_ 2
m —Ls =L = o /o _ ﬁ 241
+ p,_p_ p 7;L ny P 7 ”qununV(pJ_ pJ_ m) 92 ( . )

The usoft gluon vertex is left unchanged.

2.4 Wilson Lines
2.4.1 Collinear Wilson Lines and Gauge Invariant Operators

In full QCD, a n-coll. quark can emit n-coll. gluons before going into the hard interaction. Since the
quark gets pushed far off-shell by this, these propagations of off-shell quarks are integrated out and do
not appear in the effective theory, so there is no interaction between the n- and the 7n-coll. sector in
the SCET Lagrangian. These n-coll. gluons reappear in the matching between the full theory and the
effective theory current as collinear Wilson lines, Fig. To find the correct n-collinear Wilson line,
containing the n-coll. gluons emitted from an n-coll. incoming quark, we write down the full QCD
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Gm
qm—1

. q"!

qm—1

Figure 4: Collinear Wilson line. The contributions from n-coll. gluons emitted from a n-coll. incoming
quark are summed in a n-coll. Wilson line. These collinear Wilson lines appear in external currents in
the matching QCD—SCET, where there is no interaction between n- and n-coll. particles.

expression for the left diagram in Fig. [ and then change to collinear external fields £ and expand in A,
using the SCET power counting for collinear fields (again all gluon momenta are incoming)

i+ d,)
P+ ¢)? +1i0

S g ) 6o (242

6—7F Z(p+ Zi:l ﬁz) (Zg’)/#mA

n o - igytm1tA,
(p+ 2ty @)* +1i0 ( pt)

fim) (

The momentum p* has a n-coll. scaling p* ~ Q(\?,1,)), for the gluon momenta ¢; and for the gluon
fields themselves we use a n-coll. power counting ~ Q(1, A%, \). With that counting the leading order in
A of the expression above is

_ (_g)mnﬂm .nt

ol " Ay o Apy 2.43
S+ - A )R 3 (2.43)

To get all contributions from the 7-coll. gluons coming from the n-coll. quark one also has to include
the sum over the number of final state gluons m as well as the sum over all permutations of the gluons.

Then we can write the SCET current as xz'¢, with the n-coll. jet field x7z = ngﬁ where the n-coll.
Wilson line is

W pa AL (g) o AP (qr). 2.44
n ; p;n q1 + 7/0 (Z;n:l q;. + ZO) (Qm) ((h) ( )

In position space the Wilson line has the form

T

Wi (z) = Pexp {ig /

— 00

dsn - Aﬁ(sn)} , (2.45)

where P denotes the path-ordering operator, i.e. all fields at spacetime points that are run through earlier
in the integration are further to the right. The same can be done for an outgoing n-coll. quark emitting
n-coll. gluons, which leads to a n-coll. Wilson line

Wy L AL (g ) AR (1), (2.46)
%:p;n (a1 — ZO (Zj:l q; — i0) '

o0

Wi (z) = Pexp {ig / dsﬁ-An(sﬁ)} . (2.47)

such that the full SCET current has the form yzI'x, with
Xn = Witn, Xa = Wika. (2.48)

To pull out the large label components from the jet field one has to make sure that the label of the jet field
is the sum of the label of the collinear quark and all gluons. To assure this it is convenient to define the
label operator P* that picks up the labels of the fields it is acting on, i.e. P* ], & p, = (30, P5) [ L &np-
Then the decomposition in large label components and a residual jet field reads

Xn(z) =P 7 (W):fn’p) () = /dw e T (w—P7) (W;{én’p) (z) (2.49)



2 SOFT-COLLINEAR EFFECTIVE THEORY

The collinear Wilson lines are necessary to construct the jet fields x in such a way they are invariant
under collinear gauge transformations U(xz) = i@ @T* " Collinear gauge transformation means that
9,0 () scales like a collinear momentum [7,8]. The physical interpretation of this is that a collinear
gauge transformation leaves a particle within the same jet, i.e. a n(n)-coll. particle is always transformed
into another n(7)-coll. particle under a n(7)-coll. gauge transformation. In the same way the gluonic
operator G*” invariant under collinear gauge transformations can be constructed from collinear Wilson
lines and the field strength tensor G*¥

G = WIGH'W,,. (2.50)
When we write the field strength tensor as GH* = —é [iD!,iDY] and use a n-coll. covariant derivative
D# .
iDll = PH 4 gAl
n
= (P~ +947) 5+ (Ph + 944 L) + 00 (2.51)

and use the fact that, by definition, the covariant derivative along the light-cone acting on a m-coll.
Wilson line is zero, i.e.

iD~ W, =W, P, WliD™ =P~ W], (2.52)
GhY can be written in the form
v i — t:v nt — tsH n” 2
G = - [P~ WliD{ W, ] - - [P~ WliD\ W, ] 5 ) F O(\?). (2.53)

In Sec. we will use the gauge invariant quark and gluon jet fields as basic building blocks for con-

structing the relevant EFT operators. For n-coll. quarks the leading order operator is )’(ng Xn (note that
XnXn 18 zero because of the relations in Eq. (2.18)), for a collinear gluon it has to be some contraction of
G, GE G is O(A?), but ggagﬁ,uﬁaﬁg is O(\?), so the gluon jet field is defined as

Bt =G, = g [P~ WiiD"W,] (2.54)
and the leading order gauge invariant n-coll. gluon operator is
BEB,, , ~ O(\?). (2.55)

2.4.2 Usoft Wilson Lines

M1 Hm—1 Hom, M1 Hm—1 Hom,

qll Qm—ll qml qll Qm—ll q'”l

n coll. 7 coll.
- -—
D D

Figure 5: Usoft Wilson lines for DIS. The contributions from usoft gluons coupling to collinear quarks
can be summed in usoft Wilson lines. For DIS in the Breit frame we have to consider an n-coll. incoming
quark (a) and an 7fi-coll. outgoing quark (b).

The interactions between collinear and usoft particles can be removed from the Lagrangian with the field
redefinitions [9)

€n = Yut© €n — Yatd
An = Y, AOYT An = Y AVY (2.56)

10



2 SOFT-COLLINEAR EFFECTIVE THEORY

With this redefinitions the Lagrangian in terms of these new fields contains no longer interaction terms
between usoft fields and the new collinear fields with the superscript (0). All effects of usoft particles are
encoded in usoft Wilson lines Y,,, Y5 that appear in external currents. The correct Wilson lines for DIS
in the Breit frame with one incoming n-coll. and one outgoing n-coll. (anti-) quark in the current can
be found from the diagrams in Fig. [5[ (plus all permutations).

(—g)™ 1y, .y,
2.2 (a1 +10)...(C7L, ¢f +140)

perm. m
Y, (z) = Pexp {zg/ dsn - Aus(sn)] (2.58)
(—g)™ iy iy
Y = — = AL (gm)-- Al (q1) (2.59)
perm. ; (ql - ZO)"'<Zj:1 qj o ZO)
Ya(x) = Pexp —ig/ dsn - Ays (sn)} (2.60)

11



3 DIS WITH MASSLESS QUARKS

3 Deep Inelastic Scattering with Massless Quarks

The process of “deep inelastic scattering” (DIS) is the scattering of a lepton on a hadron. The term
“inelastic” implies that the kinetic energy of the incoming lepton is not conserved whereas “deep” refers
to the high momentum transfer Q2 in the process. Deep inelastic scattering can be studied with various
kinds of leptons and hadrons, but the standard process is the scattering of a high energetic electron on
a proton. In the following we will only concentrate on unpolarized DIS of a charged lepton on a hadron
and set the lepton and the hadron mass to zero. As a further simplification we will only consider neutral
current DIS with a photon exchange. The process will be studied at leading order in QED and with
one-loop QCD corrections to the hadronic tensor, i.e. at order O(a)O(as).

3.1 Cross Section and Kinematics

The general cross section for a process 1 +2 — 3+ ... is

g =
222 (s,m?,m3) /H ) /k2

with the symmetry factor S for identical particles, the total center of mass energy s and the function
Mz, y,2) = 22 + y? + 22 — 22y — 222 — 2y2z. Here we consider the process e + P — e + X and set the
electron and proton mass to zero, see Fig. [0]

( 2m) 160 (p1 4+ p2 = D k) IMP?, (3.1)

Figure 6: Deep inelastic scattering. An incoming electron with momentum k scatters off a hadron with
momentum P via the exchange of a virtual photon.

1 d3k’ 1 , ,
o= )7 2] ZdHX 2m)* (P-l—k k' —Px)|M| (3.2)

q

> x denotes the sum over all possible hadronic final states and dIlx the integration over the whole
phase space. We want to change to proper variables to get the differential cross section with respect to
Lorentz-invariants, so we use

Q*=—¢* (3.3)
_q
3.4
T= 55 (3.4)
P-q @
3.5
y= P- k: ST (3.5)
Pk 1 dk'|dcos [k'| dmdQQg (3.6)
(2m)3 2|K/| o (27)2 2 (4m)2 '
With this substitution the cross section reads
dzdQ? y? 4
= 2N dllx(2m) 6 (P +q—P 2, .
an)? QQEX: x(2m)%6"™ (P +q — Px)|IM| (3.7)

12



3 DIS WITH MASSLESS QUARKS

The amplitude M for the process at leading order in QED is

M(eP = eX) = a(k’)(—iemwk);§<ie><X|J“<o>|P>

(3.8)

and the spin-averaged square (from here on all matrix elements should be understood as spin-averaged)

is
2(47)2a?

IMP? = 0

Ly (PIT*(0)[X) (X7 (0)| P),
where the leptonic tensor is defined as
Ly = kuk, + kK, — kK gu.
The electromagnetic current for quark fields with flavor ¢ is
T =" Qi -
i
With the definition of the hadronic tensor W#¥

W — % ZdHX(QW)45(4)(q + P — Px)(P|J*(0)|X)(X]|J"(0)|P)
= 417T2X:dHX /d4xei(q+P_PX)””<P|J“(O)|X><X|J”(0)|P>

= 5 D dllx / d'z et (P|J" ()| X)(X|J"(0)| P)
d X

1 .
= — [ d*z "™ (P|J*(x)J" (0)|P)
4
we get the double differential cross section in the form
d?c _Ara

2,2
= L, ,WH,
dzdQ? Qs

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Using the fact of current conservation g, W*" = ¢, W#" = 0 one can write down the most general ansatz

for the hadronic tensoiP}

v _ v _ 4" 2 " v, & 2
Wi = (—g - T M @)+ (P4 L) (P4 ) walo @),
From the expression above we can find the projectors onto Wi and Wa:
Q2
=1
1
Pl = ———(P"PY — Agh PYW,, = Wy,
1 (d . Q)A( g )u 1 12 1
P = gy (@ DPRPY — Ag), P W,y = W,

with d the number of spacetime dimensions. One often defines a longitudinal form factor
Wi, = AW, — W,
v 1 R 3% v
P = ZP‘ P, P W =Wy
With the standard definitions for the form factors
Fl(xa Q2) = Wl(‘ra Q2)a
2y _ @7 2
FQ(‘raQ ) WQ(aj?Q )7

T 2r

FL(xa QQ) = F2($, QQ) - 2.’17F]_(.T}, QQ)a

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)
(3.21)

3 Also an additional term ~ e#**8 P, gs would be consistent with current conservation, but since the leptonic tensor L,

is symmetric in g and v if we consider only vector coupling, this term does not contribute.

13



3 DIS WITH MASSLESS QUARKS

the differential cross section for a massless hadron reads

- Y Py (z, Q2)) . (3.22)

d?o _ 4dra?

dzdQ? ~ QY

(((1 4 DR, Q) +

The definition of the Bjorken variable x in Eq. (3.4)) gives a relation between = and the invariant mass of
the hadronic final state P2 = (P + q)?

2
—q 1
T = = . 3.23
2Pq 11+ 1% (3.23)

In the case where all particles in the final state are collimated in one narrow jet the invariant mass reaches
its minimum and therefore z its maximum. If all particles are massless the limit is P¥ — 0 and = — 1.
If we assume that at least one quark antiquark pair of a heavy flavor with mass m is produced we have
the restraints P)Q( > 4m? and z < 1_‘_4%12, see Sec.

Q2

DIS in the Parton Model

An incoming hadron with four-momentum P* scatters off a virtual photon with momentum ¢*. Here we
assume the hadron to be massless, and choose the Breit-frame, in which the incoming photon transmits
just the momentum @ and no energy. Then the four-momenta of the particles can be decomposed into
light-cone components as following;:

Qn*
pPH==_ .24
=% (3.24)
nt nH
FL = -— —_— p—
q Q5 +Q@ (3.25)

where x ist the Bjorken scaling variable as defined in Eq. (3.4). In the parton model we can interpret
the interaction in Fig. [f] as a free parton inside the hadron that got struck by the photon, see Fig.[7] If

Figure 7: Deep inelastic scattering in the parton model. An incoming electron with momentum k scatters
off a parton with fraction £ of the hardon’s longitudinal momentum. The total final state consists of beam
remnants and hadrons created in the hard interaction.

the parton has the fraction £ of the longitudinal momentum of the hadron and is also considered to be
massless we find

Hu  §Qnt Qnt
pPr==—="— 3.26
xz 2 T 2 ( )
for the parton momentum P with the partonic Bjorken variable
x
T=—, 3.27
¢ (3.27)

14



3 DIS WITH MASSLESS QUARKS

i.e. the Bjorken-x for the incoming parton. At tree-level the amplitude for the hard scattering of a free
incoming parton with & is ~ 6(1 — &), so = £. So the measurable quantity = tells us (at tree-level)
which momentum fraction of the hadron the struck parton was carrying. Even though this is no longer
exactly true beyond tree-level, the requirement that (13 +q)? > 0 assures that & > 2. So in the case
where x — 1 we also have £ — 1, i.e. the parton going into the hard interaction was carrying almost all
of the hadron’s momentum and all the beam remnants are soft.

3.2 DIS Factorization in SCET

3.2.1 Factorization of the Hadronic Tensor

The hadronic tensor in Eq. (3.14) can be factorized into non-perturbative matrix elements and Wilson
coefficients describing the hard interaction by using SCET, as shown in Ref. [10]. With the definition

Q2
Wy = el Wy — W, (3.28)
the hadronic tensor can be written in the form
1
WH = —g" Wy + 4(n“ + ) (n¥ + )Wy (3.29)

To project onto W7 and Wp, one can use the projectors in Egs. and . This can be matched
onto SCET operators. Since we constrain ourselves to the classical OPE region where the invariant mass
of the hadronic final state scales like Q?(1 —z)/z ~ @* (unlike the situation in the endpoint region where
we have Q?(1 — z) < Q?, see Sec. the final state is integrated out and we are left with the n-coll.
modes with an invariant mass of order ~ AQQCD in the initial state, which can be described by a n-coll.
jet field while all the hard interaction goes into a Wilson coefficient. The appropriate SCET operators
for an incoming quark with flavor i or a gluon are

0,050, 0, (3.
3

—Tr [BY ,(0) By pr (0)] - (

Note that if the soft-collinear decoupling is made explicit with the field redefinitions shown in Sec.
the usoft Wilson lines cancel to all orders because Y,|Y,, = 1 and therefore only purely n-coll. objects
remain. Following the arguments in Refs. [16] and [17] this also implies that all soft-bin subtractions vanish
and we are not sensitive to any soft physics. The hard interaction is encoded in a Wilson coefficient and
so the matching condition reads

oW
— (ZO + ) (3.32)
Of’g = (P|O"9|P), (3.33)

where j = {1, L} and the sum runs over all active quark flavors and

A (i (i o — oy (6
O = XD, 5 (P P, (0), (3.34)
O = ~Tx[BY,(0)C (P P7) By u(0)] (3.35)

Since all operators are local we neglect the argument from now on, i.e. Xpnp = Xn,p(0). C;q’g) are the
Wilson coeflicients that have to be determined from the matching. First we work out the factorized form
for the matrix elements of the quark operator:

i % i — — %
0 =PI [x, 5P P 1P)
%5

:/dwdw’q@( W )(P| [le (wfpff)5 (W' =P x| 1P). (3.36)
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3 DIS WITH MASSLESS QUARKS

The label operator P acts only to the right, its conjugate P only to the left, both only inside the

brackets. Momentum conservation tells us that P~ = PT between the states and we can rewrite
Sw—=PI)5(w —P7) = 8w —w)§(w —P7). So with C ( )= CJ( )(w w) and
o
Tiyp(©) = (PIRD, S [oP=¢ = P00, ] 1P), (3:37)
JFi/P(g) = —fi/P(—ﬁ) (3.38)
one gets

oW _ / dw O (w) fi/p ( % )

— [ (@it @isyr (=) +O-w)C @ fir (5-))

:/dwew( Yty (1) + P atie (7))

= [awew (cP@ityr (=) - P -)fir (55)) - (3.39)

The splitting into a part ~ ©(w) with positive labels and a part ~ ©(—w) with negative labels already
suggests that one term will depend on the quark and one on the anti-quark content in the hadron (compare
with the splitting of the fermion field into residual quark and anti-quark fields with positive and negative

labels respectively in Eq. - It will be shown in Sec. that fiyp (&) and ﬂ/p(f) are the quark and

anti-quark PDFs in terms of SCET fields. Because of charge conjugation symmetry C( )( )= —Cj(z)(—o.})

and with the redefinition of the hard coefficient C’j( )( )= %HJ@ (;) and the substitution w = P& the

final expression for the matrix elements reads
of = q [ e (%) (el + fr(-€). (3.40)
Next we will do the same for the gluon operator
O = —(PITx Bl ,C& (P, P7) By |P)
- / dwdw! O (w, ') (P|Tr [BY ,8(w — PI)6(&’ — P~)Bo ] |P). (3.41)

Similar steps as for the quark case, including the same argument from momentum conservation to rewrite
the delta distributions and the substitution w = P~¢ lead to

0 =T, (P~)? /d§ £C9 (P (—Tf]13§<PITHr (B}, [6(P™& =P ) Bl IP>) - (3.42)

Since the gluon is its own anti-particle there is no need to split the whole expression into terms with

positive and negative labels and with the substitution C’;g)( ) = 7} SQ Hj(g) (%) and

FuyPl€) = ~ g (PITE [BL, 8(P€ = ) Byl 1P (3.4

where fg/p (&) is the gluon PDF in SCET (see Sec. |3.2.3)), we finally get the factorized form of the matrix
elements for the gluon operator:

o =@ [ Fown? (1) fyr©). (3.4
Eventually the factorized form of the full hadronic tensor is (5 = (1, L)):
Wi ) = 32 (H © (Fige + fiye)) @n®) + (H? @ fyp) (@, 02), (3.45)
with the convolution defined as
won) @t = [ Ea(F2) ) (3.46)
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3 DIS WITH MASSLESS QUARKS

3.2.2 The Quark PDF

We check that the definition of the PDF in SCET in Eq. (3.37)) agrees with the common QCD definition.
The standard QCD definition of the quark PDF is given in Ref. [11] as

1 o _ )

Fupl®) = 5 [ At S PO ) S 7,000 01, (3.47)

with the Wilson line .
U (t7,0) = Pexp {ig/ dsn - A(sﬁ)] . (3.48)

0

To write this in SCET we switch to n-coll. fields

@ (z) = €D(x), (3.49)
Al (z) = Al (). (3.50)

Then the Wilson line Ut (t7,0) in Eq. (3.47) becomes a collinear Wilson line W (tn,0) that can be
decomposed into two Wilson lines going to oo like in Eq. (2.47))

U'(tn,0) — W] (ta,0) = W, (tR) W] (0). (3.51)

Therefore we find the usual SCET jet fields x,, = ngn and the PDF becomes

Fupl€) = 5= [ dte PO S0 1) (3.52)

Pulling out the large label components by writing

X (&) = / dw e §(w — P ) xn p() (3.53)
and using the argument from momentum conservation as in the previous section we find

! /dwdte_z(gp _“’)t<P\X(’) )% [(5(w P~ )an 0)||P). (3.54)

fiyp(€) = o

Note that the field X, ,(z) only depends on residual momenta, i.e. long distance fluctuations, so we can
shift it by applying a residual momentum operator K: , p(x) = e"*5%y,, ,(0)e’®®. Since K ~ A\? while
the other terms in the exponential function, £P~ and w, are all large label components, the residual
momentum can be dropped. This yields

Fipl€) = 5= [ dwte P PIRO,OF [560 - P 0] 1P
— (PO [s(P=e - P2, )] 1P, (3.55)

which is precisely the term we encountered in Eq. (3.37)). The anti-quark PDF is defined as
_ 1 o 4 _
Fyrl€) = 5 [arem e i | Butd ey (000 )] 1)

:—% / dte P H(p| (zﬂ(i)(tﬁ)?UT(m,O)Q/J(i)(o)) |P)
~(fiyr(=€)”
= —fiyp(=9). (3.56)
3.2.3 The Gluon PDF

To see that Eq. (3.43) is indeed the SCET version of the gluon PDF we go back to the Collins-Soper
definition of the gluon PDF (Ref. [11]), which is

1

fg/P(E) = 27T§P_

/ dte T P|GmA(ta)U | 5 (t7, 0)G B4 (0) | P) i, (3.57)
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3 DIS WITH MASSLESS QUARKS

with the gluon field strength tensor Gﬁy = 8#A,‘,4 — 5‘1/Aﬁ + ngBCAEAE and the Wilson line in the
adjoint representation

t
Ul 5(tn,0) = Pexp {zg/ ds7 - AC(sn)T¢ . (3.58)
0 AB

T denotes the generator of SU(3) in the adjoint, and 7¢ in the fundamental representation. When we
change to SCET fields A* — A we get a collinear Wilson line in the adjoint representation Z/{L 5(tn,0) —
WI‘B(tﬁ,O) = WAC(tﬁ)WgB(O). By using the trace relation for the generators in the fundamental
representation Tr [TATP] = Tp64% and WapT? = TPWE, = WITAW, (see Ref. |9]) we can write

Waac(t0)5PWE L (0) = TlfTr [TOTP] Wac (tn)W} 5 (0)

1
= T [Wac () TOTPW 5(0)]
f

= 7Tr [(WATAW,) (tn) (WITPW.,) (0)] - (3.59)
f

So with the definition of the gluon jet field as in Eq. (2.54)
Bl = W]GHATAW,n, (3.60)

we get

A G A ()W (7, 0)G 5 = = T [BL (1) B 0)]

nuB —
= ——/dwe“"tTr (Bl ,(0) [6(w —P7) By (0)]] (3.61)

which leads to the SCET gluon PDF in Eq. (3.43). The covariant derivative in the gluon jet field can
also be split into a perpendicular label operator and a gluon field

iD" =Pl 4 gAl (3.62)

and when using this in B¥ in the gluon PDF Eq. (3.43) and using the fact of momentum conservation,
ie.

(P|[ ... P]|P) =0=(P|[P ...]|P), (3.63)

the SCET gluon PDF can be written in terms of collinear Wilson lines, gluon fields and label operators
as

Joyp(€) =~ (PITe WP + 0l WIIB(P ™€ POWI(PE + oAZ) W) IP). (369

3.3 Hard Matching Coefficients

To find the hard coefficients H;(z, ;?) in Eq. one has to perform the matching between full QCD
and the SCET operators for different partonic initial states |P). Since the hard coefficients encode the
physics above the matching scale and are not sensitive to any physics at lower scales, one can use partons
instead of hadrons as initial states to do the matching calculation and identify the hard coefficients. In the
massless case this is most conveniently done in pure dimensional regularization without any additional IR
regulator because then all effective theory diagrams beyond tree level are scaleless and therefore vanish
in dimensional regularization. This implies that the matching coefficient is just the finite piece of the full
QCD resuhﬂ while the UV divergences of the SCET operators are the same as the IR divergences of the

4Because the matching is between renormalized operators the UV divergences do not enter the matching anyway. Since
the full theory and effective theory must have the same IR divergences (because the effective theory has to reproduce the full
theory at low energies), the IR divergences will cancel in the matching. So only the finite parts contribute to the matching
coefficient.
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3 DIS WITH MASSLESS QUARKS

full theory with a different sig We will also check this result by doing the SCET calculations with an
off-shellness as an IR regulator to see the UV divergences explicitly in Sec. The partonic tensor WH”
can be calculated by taking the imaginary part of the time-ordered product of the currents

o — / dta e (PIT{J" ()" (0)}| P, (3.65)

~ 1 N
W = o Im T, (3.66)

This has the advantage that the time-order matrix elements T can be calculated with usual Feynman
diagrams.

3.3.1 Quark Form Factor

The relevant diagrams to order as with quarks in the initial state are shown in Fig.[8] the matrix elements
are averaged over the spin of the incoming quark. The imaginary part was taken with the relations in

(a) (b) (c) (d)

Figure 8: QCD Diagrams for DIS with Initial Quarks

appendix Here only the calculations for the form factor W, are shown explicitly, the result for Wy will
be given at the end of the section.

Diagram Fig. [Bat
The tree level diagram is

1 i(p+q)

T DX () =i =Y a(p, s)y” ———— u(p, s
(2) 2253 (p, )y TR (p,s)
x 1
e S v Iz
2@2 (1—$+i0) r [ﬁ’}’ (p—"_%)’y ]
2 1 Q°
== = | optp¥ Hq” bp¥ — Z—gM¥ | . 3.67
Qg(l_ﬁio)(pp +P +d" = g > (3.67)
The projection onto Tl(q)’(a) with the projector in Eq. (3.15) yields
P@)(@) N _ prvda)(a) (o — 1
i (z) = P Tffi) ( )(17) T 1_r+40 (3.68)
and taking the imaginary part gives
Im [Tf‘l““) (x)] = 76(1 — ). (3.69)
Diagram Fig. 8D}
Diagram [8b| contains the self energy diagram
& — i (k?)
Tk
5The scaleless integrals are zero in dimensional regularization because they take the form ~ (% — 6111? ), i.e. the UV

and IR divergences are the same just with a different sign. Since we know that the full theory and the effective theory have
the same IR divergences, we therefore also know the UV divergences of the effective theory.
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3 DIS WITH MASSLESS QUARKS

S(K?) = as(1)Cr (

2
"
Log —+—— +1). .
- + Log —5— 0+) (3.70)

So the full diagram is proportional to the tree level result Trv (@)(a)

T (@00 () = Z;Zu(p,S)v”((erg) i(p+ % ((p+q)2)((pg) fu(p, s)

. p+q)*+i0 pra2+i0)
. 2(1—
_ @@ x ¥ (Q ( $>> , (3.71)
x
After projecting onto TfQ)’(b) and taking the imaginary part we find
@0 ] WCr g [ s (1 . 1
m [Tl @)} = R0 - ) | =01 —w) (+Log gy + 1)+ | (3.72)

Diagram Fig.
The diagram in Fig. [8c| contains the vertex correction of the form

% D2

= VH(p1,p2)
P1

d’k Y (P — BV (P, — F)a
2m)d ((k — p1)2 +0)((k — p2)? + i0) (k2 + i0)

By introducing Feynman parameters this can be written as

1 1—z d « _ o —_
Vu(phpQ) :_Siﬂas(u)CFﬁQeA dZA dy/ (gﬂ-];d Y (¢2 k)'y (¢1 k)’ya7 (374)

V¥(p1,p2) = —dimas(p )CF~2E/( (3.73)

(k2 — A)3
i = (1 —y)pY — zph, (3.75)
chy = —ypy + (1 — 2)pap, (3.76)
A =2zyp; -ps — y(1 —y)pi — 2(1 — 2)p3. (3.77)

With this the full diagram takes the form

T @) () = 1% Zﬂ(p, 5)7”%17“(]7,1) + q)u(p, s)
= 222 1= ;+ 0 Tr [py" (B + DV (0,0 + 0)] - (3.78)

The trace projected onto 11, dropping any terms linear in k because they are antisymmetric and vanish
when integrated over, can be reduced to

1 1—2 d 2
P T [py" (p + V" (0,0 + )] =/0 dZ/O dy/(;];ﬁl{ﬁlk“kﬂ (pa(pa +qp) —eiw)
4
Q S [(z =D ((z —1)(e = 2)z — 1) + y(2(1 — €) — 1)] } (3.79)

This reduces the momentum integration to standard integrals

d X ~

[ oy G ~ R0 (3.80)
d 1.8

| o g = 5O 0 s
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3 DIS WITH MASSLESS QUARKS

C = —32’? (‘g;”) (3.82)
A=z2(y—(1—-2z)(1-2)) (3.83)

With ) )
5 (alps +9) ~ Lgus) = L1 - 2e42) (3.54)

the remaining integrals give

qu)7(c)(x) (27)rCF 1—x+20 / dz/ ) [ e )(A_w)_e

+T(1+)[z—D(z—1)(e—2)z—1) +y(2(1 —e — 1)](A— z‘())le]

as(pn)Cr 1 1 9 2 p?
= 14 2xf) — xl* + 226 | 1 + Log — Log—— +4 .
4t (1 -z +1i0) ( 2l) — ol 200 { 1+ %@ " OgQng (3.85)
with ¢ := Log W. Taking the imaginary part yields
C 1 1 Log(1 — z)
100 ()] =W g oyl Z L (50— gy gt o) o (lesl=)
o [ ! (x)} 4 (1-2) € (1=2)+ (1—x)4 + 1—=z i
2 2 2
7 1 1%
-2 1+Log>—51 <4++Log )
(14100 ) gy~ @
2z Log x u?

Diagram Fig. Bd}
Diagram[8d|was calculated by taking the imaginary part before the integration, i.e. applying the Cutkosky
rules and cutting through the internal quark and gluon lines by replacing the denominator of the propa-

gators of the cut lines k2 5 — —2mid(k?)

. d ) )
2Tm [Tuu (q)7(d)} — z/ ((;W];d %Z [ﬂ(p, s)(ig/leTA’ya)(szio)V"i(k + g)w“(kgfio)

x (ig“T " ya)u(p, 8)] (=2m)3((k + 9)*)27((k — p)?)

d
= (2m)%a,(u )CFN*/((;W]; 5((k+q)2)5((k—p)2)m

X Tr [y k" (K + 67" kv - (3.87)

We change to light-cone variables with k# = k=% 4 g+ 2~ ” + k! and

dk (4m)© n _
/ S = TR /dk: Ak dlk? | O (|2 )2 |~ (3.89)
With the further substitution k= = % the delta functions can be rewritten as
2 a?k? + 2 2 2
5((k+9)*)é((k—p)?) = % 5kt — @k S k2] + (1 —2)k? 1+@k (3.89)

so that the k™ and |k? | integrations become trivial. With these replacements for k* and |k, |* the trace
projected onto Ty is

P T [py®fey (K + d)vukva] = 457 (QQ(I — ;’)(1 =9 o1 - (1-2)e) + QQ%(/@?) ) (3.90)
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3 DIS WITH MASSLESS QUARKS

Then the remaining k2 integral reads

B o 2
: @ QG-a)1-9 , 22
/@% 2 ( p + 2051 = (1= 2)e) + o (K)° ). (3.91)
With the substitution k% = —%Qy this can be written as a sum of three Beta functions B(a,b) =
1 a— — T'(a)T' (b
Jo dy (1 —y)etyb=t = HOEE

T

Q2 1—e 1
(%) [wa-n=la-o0-9-20-a-ad+ 20

= (%2) ) (1—2z)1—¢)B(l—¢€,—€) —2(1-(1—2z)e)B(1—€¢,1—€)+22B(1 —¢€,2—¢)). (3.92)

Putting everything together and expanding in € yields the result for the imaginary part of Tl(q)’(d)
. s(1w)C 1 2
Im [Tl(q)’(d)(x)} = %9(1 — ) {—(1 —x) <€ + Log % + Logz — Log(1 — x)) + 1] . (3.93)

Final Result:

For each external leg one has to add é times the on-shell wave function counter term which is 0 in
dimensional regularization for a massless on-shell particle, so the full result for the partonic form factor
for an incoming quark of flavor ¢ is

(1 QZQ (a ) »(¢ >
Wl( )(.T, QQ’ MQ) — %Im |:T1(‘Z) (a) + Tl(q) (b) + 2T1(‘Z) (c) + Tl(q) (d):| (37, Q27/’['2)
1 . 1
= [26(1 —x)+ QTS:A)G(I — ) (—quq(ac) + Cyy(z, Q2,u2)>] Q7. (3.94)
Here P4 is the quark-quark splitting function
3 14 22
P, =Cp | =6(1— —_— 3.95
i) = Cr (560 — )+ 5 ) (3.95)
and the finite parts are
P, (x) u? Log(1l — z) 3 1 9 n?
2 3 = S UANeP/) P SLaRE I, I et <A Sl I R Y G 240
CQQ(xaQa;U') CF( Cr OgQ2+ 1—z N 2(1—33)_,. ( .T) 2+ 3
1 2
— (1 +2)Log(l —z) — 1—';:; Log x + 3). (3.96)

Similar calculations with the projector P/ instead of P{" give the longitudinal form factor WL

g (N)CF

Wéi)(x, Q2 12) = - (1 — z)zQ?>. (3.97)

3.3.2 Gluon Form Factor

The relevant diagrams for the partonic tensor with gluons in the initial state are shown in Fig. [0] Here
the average over polarizationﬂ and color of the initial state gluon is implicit. Again the Cutkosky rules
were used to take the imaginary part before the integration.

Diagram Fig. Dat

d
2M{TW@“”@ﬂ=%—®%f;@g;;g;/k;iﬁ%ﬂ%«k+wﬁﬂ%—pf)

i 2
< A OE )T (177 (0 (1 )

X Tr (kv (F — py Iy (k + "] - (3.98)

6Note that a massless vector boson in d dimensions has not just 2 but (d — 2) degrees of freedom.
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3 DIS WITH MASSLESS QUARKS

Figure 9: QCD Diagrams for DIS with Initial Gluons

The sums and color trace can be solved with >- eé(p)eg (p) = —gapd?P and § 3, Tr [TATH] = Ty,
the rest of the calculation is analogous to the one for the box diagram with quarks in the initial state

T (@):(d) | The delta functions are the same and the spin trace reduces to

P 1 (0~ prafti ] = e (14 ) (3.99)

With the substitution k2 = —%zy the remaining integral is

oolp)Ty (QZE?E%) (1 —z) /01 dyy ' (1—y)'

T(1—e¢)
2eeg \© L(—e)T'(2—e
prerrr (=92 —¢)
= as(p)T 1-— . 1
w07 (g —55) O~ Ire -39 (3.100)
The final result for the imaginary part of 779(*) is
2
Im [Tl(g)’(“)(x)} = %@(1 — ) [—1 — Log % — Logx + Log(1l —z) —1|. (3.101)
Diagram Fig. [9b}
1 1 A’k
2 Im |7 (9):(b) = (=) —— z /7 27)2 2 — )2
m | @] = izg— 352 ] (o ok + )3k~
A B AmB] (; ., ~€\2 i i
Tr |T4T
Xeoc(p)eﬂ (p) I‘[ ] (Zg[t ) (k2+20) ((k+q_p)2+20)
< Te [y (F = p)r” (B + ¢ — P (F + "] - (3.102)
Again we have the same delta functions and with the change to the variables k*,|k% | and y = —Ei; the
spin trace becomes
e —4QY(1 — ) € 2
PETe (B (k= p)v B+ g = phra(k+ ] = ——— |1+ - T« y(1—y)|.
(3.103)
The second propagator is m = —& (liy) and so the last integral is
1
2
d —1—¢ 1— —1—¢ € o —€(1 —qy) ¢
/0 y{y (1-y) +<x(1_x) 1_6>y (I-y) }
€ 2
= B(—¢,—¢€) + <l‘(1—$) - 1_€> B(l—¢€,1—¢). (3.104)
The full result for Im [Tl(g)’(b)] expanded in € is
(9),(0) 1 W
Im [Tlg : (x)} = a,()TrO ~ 2)a(1 ~7) | - +Log o + Logr ~ Log(1 —x) +2| . (3.105)
€
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3 DIS WITH MASSLESS QUARKS

Final Result: .
The full partonic form factor Wj for the gluon is the sum of both diagrams:

(.G ) = 5001 ) (<1 l) + Colin Q2 4) )ZQ (3.106)
) (1, Q% 42) = w@(l -~y ek (3.107)

with the splitting function P,, and finite parts Cyq

Pyg(z) =Ty («* + (1 - 2)?), (3.108)
_ Pyg(2) p
0o (2, Q% 1) =Ty < T, <Log 0 + Log x — Log(1 — x)> —(1- 2:1;)2) . (3.109)

Hard Matching Coefficients

The hard matching coefficients H (0.9) i, Eq. are the finite parts of the partonic form factors W:

HO (@,Q%, 1) = (;au 2+ “Zﬁf)eu DCo . Q1) ) @2 (3.110)
Hg)(z, Q% 1?) = 7048(5736%6(1 —2)zQ?, (3.111)
HO (0, @) = 251 01— )y (0, 0% 2) Y Q2. (3.112)
O (2, Q2 12) = %@(1 —ae(l—2) S QR (3.113)

The functions Cy, and Cy, are defined in Egs. and . The calculations analogous to the
quark case with anti-quarks in the initial state yield exactly the same matching coefficients. Since the
electromagnetic current is conserved under QCD corrections it does not lead to any uncanceled UV
divergences, so all 1 terms in the results for the partonic form factors W, have to be IR divergences.
This implies that these < terms are just the UV divergences of the EFT operators with opposite sign, as
will be shown explicitly i 1n the next section.

3.4 Renormalization of the PDF's

The EFT operators need to be renormalized when performing calculations beyond tree level. The corre-
sponding UV divergences can be obtained in a purely partonic computation since the high energy physics
is not sensitive to the structure of the IR physics. So we have to identify the UV divergences of the
matrix elements f;/; = (j| fi|j), where the index j can stand for a quark or anti-quark of any active flavor
or a gluon. The bare PDFs f?(z) have to be rewritten in terms of the renormalized PDFs f;(z, u?) and
the counter terms Z;;(z,u?). The matrix Z(z, u?) will not be diagonal beyond leading order, so there
will be a mixing between the PDF's

@)=Y (Zi;® f;) (x). (3.114)

J
3.4.1 Calculation of SCET Diagrams

First we calculate f; /Z(Jc ©?), the bare partonic quark PDF with the same flavor in the initial state. From
Eq. - we find the expression for f;/; with an incoming quark with momentum p

9.9 = (WIS, [507e - P td, ]l (3113)

The relevant diagrams to order ay are shown in Fig.

24



3 DIS WITH MASSLESS QUARKS

® ®
/ \ / \ / \
/ \ / \ / \
/ \ / \ \ / \
/ \ T \ /
/ \ / \ \ / \
/ \ / \ \ / \
/ \ / \ / \ / \
/ \ / \ / \ / \
/ N/ N/ N/ \
(a) (b) (c) (d)
Figure 10: SCET Diagrams for f;/;
Diagram Fig.
At tree level we have
Fl© =ope—p Zun P, s un (p,5)
= 4]75(1 — &) Tr[gip]
=4(1-¢). (3.116)
Diagram Fig. [I0b}
d .
W _ [k s - UL o) 1A, ) B (1) L (R)VA (1
1= [ a0 €K gy TV R ) RV ),
(3.117)
where F, (k) and V.2 (p are the fermion propagator and the collinear-collinear vertex in SCET respec—
tively (see E(]b i . Since We choose the light-cone axis n along the incoming quark, p/| = 0.
For a massless on-shell quark with pTp~ = p? = 0 this would give a scaleless integral which is zero in

dimensional regularization, but to see the UV divergences explicitly we use an off-shellness p? > 0 as an
IR regulator. After carrying out all the spin traces we get

d?k _ _ k%

(27) (k% +i0)2 ((p k)% +i0)
and using Eq. (3.88)), performing the k= integration with the delta distribution and substituting kT = zp™
yields

s (11) Cr(p2e72) (1 =€) [ > 1
= (Z)Qlf((lu_e )() 2()2 J / d|k? | |ki|176/ dz - - )
g Np 0 o (-Gl zO) (= e-1 - +i0)
(3.119)
If £ > 1 or £ < 0 all three poles lie below or above the real axis and the integral is zero. Only if 0 < £ < 1

we have a double pole below and a single pole above the real axis and can close the contour in either the
positive or the negative imaginary half-plane to get

F€) = 8ima (w)Cr(1 - )ip~ / (3.118)

| e ! (e — &) 2TPS_(31)
= (e i) (- e -1 - S+ a0) (KLl - p2e( =€)
The remaining |k? | integral gives
00 |k2 ‘1—6 - .
| gy = (- 9T - O - ) (3.121)
and so the final result for the diagram is
e 208\
10 = =% o000 - 01 -9 - 10 (fer—g )
2
- %@(5)@(1 —H(1-¢) (1 + Log _Lpz — Log& — Log(1 — &) — 2) . (3.122)
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3 DIS WITH MASSLESS QUARKS

Diagram Fig.

For this diagram we have to distinguish two cases because we can connect the gluon either to the left
Wilson line W,, or the right Wilson line W, Fig. This gives a different sign because of the complex
conjugation in the Wilson line, but also the label operator in Eq. (3.115)), acting only on the right jet
field, picks up different momenta.

~dp§—p7)

Figure 11: Different Wilson lines for diagram The label operator in the delta distribution picks out
different momenta depending on to which Wilson line the gluon is attached.

© o [ 4% D —i gTAficr
% 5 S (0, ) E BV (K (0, 5). (3.123)

The kT and the |k? | integrations are equivalent to the integrals in the previous diagram, the k™~ integration
can be done with the delta distribution 6(p~¢ — k~) for the one term and with a reduction to a Beta

function: B(z,y) = fol dtt*= 11 —t)v—1 = FF(@)E%) for the other one

re2-— e)F(—e)(S

7)) = 2 (“ ) 6(6)0(1 - ¢) (su—e)—l—e— (1_@). (3.124)

2 —ng F(2 — 26)
To expand the term £(1 — £)717¢ one can use Eq. to get
(¢) o as(,u')CF . 1 ,LL2 > ( _ 1 _ )
firi(€) = T — 0()e(1 5)( <€ + Log T 6(1-¢)+ -9, 1
+6(1—¢) (2 - ”2> - <L°g(1§)) + Log(1 — g)). (3.125)
6 ¢ ),

The diagram in Fig. gives the same result as the one in Fig. For each external leg we have to
add % times the wave function counter term times the tree level diagram. The counter term is the same
as for full QCD, but here it is not zero as in the last section because of the IR regulator p? # 0, but has

the form o )
s 1
_alOr (1 g 1 (3.126)
4m € —p?

and so the bare quark-quark PDF to order oy is

(e ? aq 2
flg)/q(€7/,62) =0(1-¢+ a(;)rF< (1 + Log /;2£> PTEE) +6(1—¢) (; _ 773)

_2<L0g(1—f)> +(1+5)Log(1_g)_2(1_§)>. (3.127)
& /4

From this result we find the UV divergence to be

—
»;U
2
—~
o
~

g (1
2 e

(3.128)
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3 DIS WITH MASSLESS QUARKS

which is indeed just the IR divergence of the full theory result with a different sign (the factor % just
results from a different normalization of the SCET operators).

Diagram Fig.
The order oy diagram for the quark PDF with a gluon in the initial state f;/, is shown in Fig. It

Figure 12: SCET Diagram for f;/,

gives the expression

f@-/g@):/%( ek Z >k

col.

< (“1)Tx [V#v/*(k,k —p)Fn<k>§Fn<k>vs’B<k ) F(k —p>] L (3129)

with the trace over color and spin. After performing all traces and sums we get

mimt [ e 2] v,
Fin) = =13 [ 550006~k )t vy (e 7))

(3.130)
Again the k™ integral and the k™ and |k? | integrals are analogous to diagram Fig. [L0b} and so we find
for the bare quark-gluon PDF

0 s asTf B . M267E € . B
_as(w)Ty 1 o I — Loe(l — &) — Lo Pyy(£) _
== <<€ +L g—_p2 Log(1—¢)—L g{) 7Tf 1) . (3.131)

Again the UV divergence
as(p) Pog(§)

2 €

(3.132)

is the same as the IR divergence in the full theory calculation up to a minus sign. The results for f,/,
and f,/4 agree with Ref. [16].

gluon PDF tree level:
For the gluon PDF with an incoming gluon with momentum p we have to evaluate

p &
- Tyg?

fg/g(f) =

5 ()| Tx WP + g A} )Wal[6(p™€ = PT)WH(Py + g A, )Walll lg(p)).  (3.133)

Since we choose the light-cone axis along the incoming momentum p* we have p// = 0 and therefore the
perp. momentum operator P/ will always give zero at tree level. So the tree level expression is just

RS

7 (g(p)|Tx [AL [5(p=& —P)AL]] |9(p)) g0, (3.134)

Again the matrix element is averaged over polarization and color so we get

00 = =730 - 5 g TPt o 147

col.

=6(1-¢). (3.135)
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3 DIS WITH MASSLESS QUARKS

Figure 13: SCET Diagram for f,/;

Diagram Fig. [I3}
For the gluon-quark PDF f,/; at order a5 we have to consider four different terms

i) = 4= << WITx [gA%, [50€ ~ P )gAL]] litw) (1)
(i(p) | Tx [[PEW,] [8(p=& = P7)Py W] ] fi(p)) (1)
(i(p)| T [[PYW3] [6(p=€ = P7)g AL li(p)) (I11)
(i(p)|Tx [gAL | [6(p=& = P7)PrWa]] Ii(p)>>~ (V) (3.136)
The first gives term gives
Gy )3 S ) Fulp — RV, (0,0 — KJun(p, )01
o T, (277)(1 n(Ds 8)Vii(p =k, p) Fu(p o (DD n(p,5)g"
. 2
x (M) Tv [TAT?]
_(1—=¢¢
=T ¢ A, (3.137)
where A is the integral
Qs ~9 d’k _ _ |k \
s(n)C 1 2
= %@(5)6(1 -1 -9 (6 + Log —1;92{ —Log(1-¢) — 1) . (3.138)
The second term contains the same integral
,é. dd
5 © = -T2 | @y ® Zun )Vl (p = kD) Fu(p = D)V, (0,0 = k)un(p, s)
. 2
—? —gn* - 1 AmB
x<k2+i0> (—k*—zO)(k )kp( by )T (1477
= 2(15_ €)A, (3.139)
as well as the third term
ey = 2 [ A% g Zu kD) Fap — KV (. 5)
o/ Try (%)d n (05 8)V,i (0 =k, p) Fu(p — K)V,, un(p,
. 2
—? 9” AmB
= A. (3.140)
Because the i0 prescription in the Wilson lines does not matter in these integrals, fg /i fg(f'fl Putting

all four terms together gives the bare gluon-quark PDF at order oy

as(u)Cr
2T

2

001 -9 ((++Log L~ Loat1-9)

Py(§)  2€Q1-¢ 1)
Cr 3

_z?/q(ga MQ) =
(3.141)
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3 DIS WITH MASSLESS QUARKS

The splitting function P4 is
1+(1-¢)7?

P, gq(f ) = CFT'
So far we have calculated three of the four splitting functions as the coefficients of the UV divergences of
SCET operators to order . To get the remaining one P4 in the same way one would have to calculate
the UV divergences of the gluon PDF with gluons in the initial state. We have not done this calculation,
it can be found for example in Ref. |18]. The leading order gluon-gluon splitting function is

1 1-¢ 11C4 — 4ns Ty

Puo©) =20 (g + T + €= 1) +a - 9P

(3.142)

(3.143)

3.4.2 Renormalization and Evolution

As shown above, in dimensional regularization the matrix elements for the bare PDF operators up to
order «s have the form

0 as (1) Pz‘(jO) @) | 2
Here the = are only UV divergences, i.e. any IR divergences have already been regularized by the off-
shellness p # 0. With this the counter terms and the running of the PDFs can be determined from
Eq. m In the MS-scheme only the % terms are absorbed into the counter terms, which yields

2 os (1) Pi(ap) () 2
Zij (@, 1) = 0,56(1 — &) + = = O(1 — &) —+—— + 0(ay). (3.145)
Solving the equation
- %g;ﬂfio(m) = ;deguz(Zij ® fj)(x, p*) (3.146)
for the derivative of f;(z, u?) gives the usual DGLAP equations
dLog? Jilww®) = %:) Z (P ® f;) (z,1°). (3.147)

J

This implies that the PDFs are evolved from a scale u3 to p? in a convolution with an evolution kernel
Uz, u?, p2) that mixes the different PDFs

Filw,u?) =Y (Ui () @ f;) (, 1) Z/ ( W uo> 156, 1). (3.148)

J
The DGLAP equations can in general not be solved analytically but only with numerical methods, either
in x-space or in Mellin space where the convolution is disentangled to become a multiplication of two

n
functions. The splitting functions Pj;(z) =3, (0‘2—(:)) Pl(]")(x) can be calculated perturbatively order

by order in «s.
It is important to notice that the results of the calculations in Sec. would not change if we replaced
a quark by its corresponding anti-quark. Also the flavor of the quark does not play a role because a
gluon does not distinguish different quark flavors. This implies that some of the splitting functions in
Eq. (3.147)) are actually the same:

Py = Pag Pyg = Pyg
qu/ = qu/ qu = qu (3149)
This fact can be used to find suitable linear combinations of the quark PDFs such that the mixing is
reduced to a 2 x 2 matrix. We define the non-singlet PDF's (¢, j for any quark flavor)

fasy=ER) -+ hH) (3.150)
ny
s =Y (fi—f) (3.151)

%

29



3 DIS WITH MASSLESS QUARKS

and the singlet PDF

nf
L= (fi+ ) (3.152)
such that all non-singlet PDF's evolve without any mixing
d + 2 s (1) + + 9
o TNsa(e ) = “5 1 (P © i) (oo08) (3.153)
d as(p)
dLog? Ius(wsn?) = =5 = (Prs @ fs) (@, 1%) (3.154)

while the singlet PDF mixes with the gluon PDF. The evolution of the singlet and non-singlet PDF's are
discussed in great detail in Refs. [19,[20]. At O(«s) this simplifies even more since we do not see any

flavor changing, which implies that
) (3.155)

The evolution of the singlet and the gluon PDF takes the form

[ d <E>]($M2)= Py 2ngPy) ®(2>
dLogu? \ fy ’ 2an!§2) 2% fq

The leading order splitting functions PV are given in Eqs. (3.95)),(3-108),(3.142), (3.143).

Pﬁszplzl/szpq(g

(z, p?). (3.156)
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4 HEAVY FLAVOR PRODUCTION IN DIS

4 Heavy Flavor Production in Deep Inelastic Scattering

We will now add an additional quark flavor with mass m and work out the corrections we get compared
to the massless case. This can be done in different schemes, namely a fixed flavor number (FFN) scheme
and a variable flavor number (VEN) scheme. Here it is assumed that the mass m is above the scale Aqcp
and can be treated perturbatively. The FFN scheme will give a good description in the case where Q?
is of the order of the mass threshold or smaller and gives the decoupling limit for m? > @Q?, but suffers
from large logarithms Log g—j in the case where m? < Q2. These logs can be resummed in a VFN scheme

in the evolution of a new PDF for the heavy quark that is introduced at a scale 2, ~ m2. The VFN
scheme agrees with the FFN scheme for m? > Q?, but because of the log resummation it is also able to
deal with the case where the scale Q2 is much greater than m? and it provides the correct massless limit
for g—; rightarrow0 due to the cancellation of IR sensitive contributions in the matching.

4.1 Kinematics and Rescaling

In the VFN scheme a new PDF for a heavy quark is introduced, so we need to perform the matching on
the parton level with a massive initial state (see Sec. . In the case where the parton going into the
hard interaction has a mass m the kinematics change a little bit compared to the massless case discussed
in Sec. To fulfill the on-shell relation P2 = m? and maintain the definition of the (partonic) Bjorken

variable P - q= %j the parton momentum has to be

A#:QTL“ anﬁ“ 2%

@, n nN= ———. (4.1)
n 2 Q 2 1 + /1 + 4772222132
If ¢ is again the longitudinal momentum fraction, i.e. P~ = £P~, we find at tree level, where # = 1, the

relation between the Bjorken variable and the momentum fraction to be z = 2 =&. So in the case

1y /1+42
of a massive parton the tree-level relation is no longer just z = £ but is rescaled by a factor depending

R I44/144m5
on the parton mass. The restriction (P + ¢)? > m? leads to £ > fczzx, so again for x — 1 we
also have { — 1. The mass of the initial state also changes the form of the convolution in the matching
condition Eq. (3.45). The convolution for an arbitrary mass of the initial state with momentum P was

of the form
JEn( o

For a massless parton we had P~ = % which lead to the matching condition in Eq. (3.45)). For a massive
quark in the initial state we have to use Eq. (4.1)), i.e. P = %, so the matching condition becomes
WP 1) =3 (D @ (i + Fi) (0.63) + (HE @ fop) (048, (4.3)

(3

where the argument of the convolution is now the variable 7 instead of Z. This rescaling only depends
on the mass of the initial state, so the matching for massless partons or the convolution with the PDF's
for the (massless) hadron are not changed. Note that the rescaling only affects the convolution in the
matching (because here the light-cone component P~ explicitly enters the argument of the convolution)
but has no effect on the renormalization of the PDFs. Also the projectors in Egs. have
to be changed for the partonic tensor with a massive quark. The factor A is shifted to A — m? + %
because of the mass of the initial state. Since we sill consider the hadron to be massless the definition of
the hadronic form factors in Egs. — and the form of the cross section Eq. as well as the

convolution in the factorized form of the full hadronic tensor is not changed.

4.2 Fixed Flavor Number Scheme

In a FFN scheme it is straight forward to include the effects of an additional heavy flavor. We just stick
to the same effective theory setup with PDFs for n; light flavors like before, but add one additional
heavy quark flavor in the full theory calculations. At O(as) this only gives two new diagrams of the
type of Fig. 0] with massive quarks for the internal lines. On the side of the effective theory operators
nothing changes at all, because modes with p? ~ m? ~ Q2 would be considered as hard in the SCET
power counting and are therefore integrated out. So all effects of the new heavy quark go into the hard
coefficients.
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4 HEAVY FLAVOR PRODUCTION IN DIS

4.2.1 QCD Calculations

The diagrams in Fig. [0] with massive quarks were calculated by using the Mathematica package FeynCalc
[21] that does the Passarino-Veltman reduction to standard scalar integrals automatically. The result in
terms of these integrals is

7(9) 2,02 2y _ —os (1) Ty
’ s

lgm(x7Q y T ) <_7Z2ij ;) b2+ (Z;j(l_2x)m_2x — 6) b3

m2
+<(x1)x1>b4+x< 2x+x+1)b5

QQ
2 2 _
mC2+Q<gg($2)+1>C3+Q2<Q(3 22) + 1233496)04
4o - —x—1
+Q4<Qgi gi)d2+Q4<xQ +2Qx * >d3 20 (44

T(Q (x QQ )_ _O[SETM)TJC

|
( 2x Q2—3>b2—|—(2x(1—2x)Q2—4 -|-3>b

2
—2z(1 — x)by + 2z <2mQ2 +z+ 1) bs

— 1) c3 — 4wm2041 Q.. (4.5)

2
Q2

The n-point functions {b, ¢, d}; are given in appendix [C| Ounly b4, ¢4, d2 and d3 have a non-vanishing
imaginary part (see appendix

+ %2 ((6x+2)

T 1—s
Im[cy] = 7© (wQ - x) @Log <1 T ) ,
1 sz(l —x)
Im[dﬂ =710 <u)2 - ZL’) m2Q2 5
1 —272 1—s
Im[ds] = 7© (11)2 - m) o Log (1 T s) , (4.6)
where w and s are
4m? 4m2x
= —_— = _—. 4
w 1+ o7 s 1 0 =) (4.7)

This gives the final result for the massive part of the gluon form factor
. 1
W0 QP 1) = Lt 10
’ 27
()T 1
_ %WTy g ( _ x)

47 w2

Log ij) (P’f;;:”) +dap (1 Q:Ep:v))

+4szx(1—2x)(1—p) —s Qfm (4.8)

. 1
W}j?)n(x, Q*m? u?) = > Im [ZJ-E'?B,L]
as(WTyg (L _ o™ 1+s _ 2
(C) z|z| —2x—Log T +s(1—2)|Q5,- (4.9)

The splitting function P,, was defined in Eq. (3.108).
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4 HEAVY FLAVOR PRODUCTION IN DIS

4.2.2 Matching

To find the corrections Hj,, to the hard coefficients we have to do the matching at the scale p?. All
contributions from massless quarks are the same as in the previous section, so we just write the new
terms we get from the heavy quark

Wi (2, Q2 m?, i) = 3 (HD, 1@ figa) (@, 1) + (HE, 2 ® fyra) (2,08%), (4.10)

(2

Again j denotes the form factor, j = {1, L}, a can stand for any initial state parton, so a light (anti-)
quark or a gluon, and the sum 4 runs over all light (anti-) quark flavors. The subscript m should remind us
that these are just the contributions from the massive quark, the subscript F' that these are the matching
coefficients in the FFN scheme. If we insert the leading order results for the partonic PDFs

£ ) = 6,01 — ),

£ (@) =601 2),

F)@) =0,

FOl ) =0 (4.11)

and use that W(a) " — 0 and W(Z) (1) — 0 we find that the only non zero contribution is from the gluon
coefficient at O(as) This is because at O(as) we do not see any flavor changing so there is no mixing
between the contributions from different quark flavors. So on a hadronic target P the fixed flavor number
result for W; with one massive quark reads

Wi @, 1) = W@, i®) + (HE, 5 © fy/p ) (2,0%) + O(02), (4.12)

where H (g n)@ P= W(g from Egs. . and W) s just the massless result without the heavy

7,m=0

quark. In the limit 82 — 0 the longitudinal coefficient H’ (g) " F reduces to the massless coefficient
Eq. (3.107)), but one import thing to notice is that for the coefﬁment Hl(?gLF the limit 2 @ — 0 contains

logarithmic singularities of the form Log 6—2

HE) p(2,Q% m?, 12 —O‘S(Ll‘jT)Tf@(l — ) rq;(x) <Lo Qj Log <1xx>> +(1- 2x)2] .

m2—0 f
(4.13)
This tells us that we get a large logarithm if m? < Q2 and the FFN scheme is not a good choice in that
case. This is resolved by the use of a VFN scheme, as will be shown in the next section.

4.3 Variable Flavor Number Scheme

Another way to include the effects of a heavy flavor with mass m is to use a variable flavor number
scheme, as was first proposed for DIS by Aivazis et al. [3,/4]. Here two different effective theories are
used, one with ny light flavors for y? < m?, and one with ny light plus 1 heavy flavor for p? > m?. At
the scale 2, ~ m? the two theories have to be matched which will give a PDF for the heavy quark in the
ns + 1 theory. So for u? > m? one has to run the PDFs (and also ;) with nf + 1 instead of ny flavors,
see Fig. [I4a] In the case where the mass is above the hard scale the threshold is not crossed at all and
so the VFN scheme simply reduces to the FFN scheme, see Fig.

In the VFN scheme (scenario I) the form factor W is written as

l n 1 n
w= 3> B () @ U (s i) © A () @ UL (i, 1) @ filpg).  (4.14)
=2, Q g ii="a"g

Here Hy are the hard matching coefficients in the VEN scheme (whereas the matching coefficients in the
FFN scheme were denoted as Hr) that will be determined in Sec. The indices 4, j run over light
(anti-) quark flavors and the gluon, k, ! also include the heavy (anti-) quark. The matching coefficients in
A(pim) relate the PDFs in the two theories to each other (see Sec.[£.3.4)), the evolution kernels U (4, po)
run the PDF's from the scale pg to u. The evolution of the new heavy quark PDF from the scale p,,, = g
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4 HEAVY FLAVOR PRODUCTION IN DIS

A ny

iy~ Aaeo - = = () - - -

(a) Scenario I (b) Scenario II

Figure 14: Variable flavor number scheme. In scenario I (left), where the mass is between Agcp and the
hard scale, the PDFs are run from their natural scale Aqcp to the matching scale p,, where they are
matched onto a theory with ny + 1 flavors. The threshold corrections in A relate the PDFs in the two
theories with each other. From p,, to the hard scale the PDFs are run with n; + 1 flavors. In scenario
IT (right) the mass is above the hard scale. Here the threshold is never crossed in the evolution and the
PDFs are run from Aqcp to the hard scale with ny flavors. All effects of the massive flavor are in the
hard coefficients.

will eventually resum the logarithms Log g—; that appeared in Eq. . To find the hard coefficients
in the VFN scheme Hy we have to perform the matching between SCET and QCD again, this time also
allowing for a heavy quark in the initial state in the ny +1 theory. All diagrams with light quarks and the
contributions from the heavy quark to the one loop diagrams with gluons in the initial state have already
been computed in the last sections, to get all necessary matching coefficients in the ny 4 1 theory also

the partonic QCD form factor for a heavy quark Wj(Q) (capital @ for a heavy quark) and the partonic
PDFs fqg/q and fg/4 need to be calculated (at O(as) there is no flavor changing between heavy and light
quarks).

4.3.1 QCD Calculations

The diagrams in Fig. [§] plus one additional with a mass counter term on the internal line have to be
calculated again, this time with a massive quark in the initial state. Again this was done by using the
Mathematica package FeynCalc to perform the tensor reduction for the integrals. The relevant n-point
function can be found in appendix[C] The wave function counter term for the external legs in the on-shell
scheme and the mass counter term in the MS scheme are

s(u)Cr (3 2
5295 = _ S \WITE (573 £ <6+3Log::b2+4), (4.15)
5@F:_§§%§E, (4.16)

For a shorter notation we use the abbreviations

/ 4m? 4m2z2 w—1
w = 1—"—@, T i= 1+ Q2 5 u = r-i—]_ (417)
Diagram Fig.

The tree-level result is

m2
T(Q)’(a)(:c) _ 1 2gzr(x(2¢ =3) +1) +e—1 . (118)
! (1 —x +10) (1 —e)r2
The imaginary part is independent of the mass and just leads to the massless result
Im [TI(Q)’(“) (m)} =mé(l —x). (4.19)
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4 HEAVY FLAVOR PRODUCTION IN DIS

Mass Counter Term:
The diagram with the mass counter term on the internal quark line yields

~(Q),(ac) MS 1 2¢ — 3 1 1 1
T 2—5Z - = — . 4.2
e (“‘“io)ﬁ L—e <(1—x+z’0) 2) T o= (4:20)

The imaginary part is

Im [Tf@’(%)(x)} QW@ 5ZNS (34 €)0(1 — ) + (1 — ). (4.21)

Diagram Fig. [Bb}
The diagram in terms of the scalar integrals in appendix [C] reads

~(Q), (b s (p)Cre®
Tl(Q) ( )(x) _ .
A (1 et %z) r2T(2 — €)

1_6<28§w2(1—6) 82 (5e — 6) + 227 (e — 2) — e +1

Q? (1—%‘—&—2’0)2Jr 1—2+410

m2
+ ——[2%(4e — 6) 4 2z + € + 1]

Q2
4
+ Tl 3(12 — 8¢) + 2%(24 — 16¢) + (32 — 24€) + 40 — 32¢] | ay
Brw?(1— ) 43—;‘(6—56)+g—§e+e—1
(1 —x+10)2 (1—x+140)
@ 23(24 — 16¢€) + 22(48 — 32¢) + (64 — 48¢) + 80 — 64¢]
4
+ 84 (2% (—862 + 36¢ — 36) + 22(16¢ — 24) + 2(12¢ — 8) + 8¢ — 4]
2
+ %[aﬁ (—4€* +10e — 6) + = (—2€* + 8¢ — 10) + 4e — 4] — (1 — e)2> bG] . (4.22)

The imaginary part can be found with the relations in appendix [B] The result expanded in € is

m [1{ 0 (@)] =“‘“(")CF@<1_as>{ (95 +3) 0w 3500 -a)

2 €
1 mQ[ ]
R — 3Log——|—4 y(1l—=z
0o @ =)
m2 1 2 m2 2
—{ 92+2>Log2—2L0gQ2+15Q2} 0(1—x)

822 (32 + 1)2° + 455 (2(11 — 92) + 4)2% + 22 (2(6 — 112) + 7)z — 5(x — 1) }

2 (1 -+ Q2x>2r2
(4.23)
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Diagram Fig.
~(Q),(0) as(p)Cre®
T S Ao/ Ak it
! () 22T (2 —€)
(1-Oz(Zrre+1)+1) 11— Bz —¢)
— 2 ay + -
Qz(l—x—i—%x) (I -z +1i0)
Am 2 (222(2 — 1) + 2 —2) +1) — (1 — e)(22(1 + €) + 1)
+ Q
2(1 — z +10)

by

3

w2(1+g—j—e)
(1 —x+10)

—420x (2% + 2+ 1) + Bra® (4% — 26+ 2) + 2%(4e — 6) + x(de — 5) — 4]

+ ¢ m2
l—x—l—@x
g—j[x3(4—462)+x2(462—56+3)+x(62—2)+46—5]—(1—33)(1—62) )
+ -
lforg—;x 6
—r2e(2mx + 1) + T (1 + 2) {43:("1—2(23: -1+ 1) - 1} +1
+@Q? © ¢ < es). (4.24)
(1—x+10)

Except for the term with c¢5 it is again straight forward to get the imaginary parts with the relations
given in appendix [Bl The term proportional to #‘;10 can be split in a singular and a non-singular part

Cs C5,2—1 C5 — C5,31

= 4.25
1—x2+4+i0 1—2+140 1l—z (4.25)
so that the imaginary part is
Im 5| _qm | _Cmemt Im [¢5] — Im [c5,51] . (4.26)
1—2+10 1—2+10 1—=x
Only one of the dilogarithms in ¢5 has a non-zero imaginary part and so we have
xm (r+1)(r+2z-1)
I =L 4.27
m [es] 2 Og((r—l)(r—2x+1) ’ (1.27)
21
Im [c5.051] = [Im [05}LH1 = gralosw (4.28)
¢5 in the limit ¢ — 1 is
1 . w2 (w1 (w1
Chps1 = u [— 2Logu Log(—(1 — z) —i0) — 5 Lisy (210) + Liy (Qw)
+ Li (ug) + Logu 1 Logu + Log 20? (4.29)
? 2 w+l))| '
From this we find the imaginary part of the full term in question to be
cs T 1 o fw—1 (w41 . 9
I = 2L D ——— L —Lig(—— | —L
m[l—x—kio} ng[ Ogu(l—x)++<12<2w> 12(211)) 12(U)
1 23 2
—L - L L — |6(1 —
ogu(2 ogu+ Og<w+1))+6> (1—x)
) (r+1)(r+2z—1)
= Log (m) + 2Logu
_ - . (4.30)
-
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Then the imaginary part for the full diagram is

Os (H)OF

o1 - x){ié(l )

12
+ { Log — — 3w Logu —
m

1 2
+ Logu (—Logu + 3 Log %

B 2(1+w?)Logu 1

2
— Log(w3)) + %

T+w?| . [(w-—1 . /9 (w1
L -L —Lig [ ——
w [ 12( 2w ) 2 (u) 12< 2w )

}(5(1 — )

2(1 4+ w?) Logu + “£Log (M)

(r—1)(r—2z+1)

w (1—90)_%+

w(l —x)

(r—=1)(r—2z+1)

+

(1 _ 7,2) (T2(2x +1)+z— 1) Log (W)

2132

21 ( 4m0 8 1 (e — d)a + Dz + 2 (4o —

5)(:1:+1)x—|—1)+:c—1)}

+ 2
(1—x+Q2x) 72
(4.31)
Diagram Fig.
F@(d) oy _ Qs (1) CpeT®
n (z) = 27r2T(2 — ¢)
22(1—€)(2%;x +1 2
x[ ( )& )a1+(1—e)(2”12332(26—1)—1—6—1)171
Q2(1—x+Q2x> Q
2r2(1 — €)? m? m? 2—€ ,
+<26—3+2Qg$)b2+ (1*2@76)+1+26_3T b3
222 — 3z + 1 A e
+a(e—1)| ———+2z+ bs +m? | 17(1=26) + 1 |1
l—a+ G e—1
(e—1)%(e—1+ 2"’*2)7"2 m? m?
2 Q _ 0
+2Q ( 2% _3 Q2x(1+4Q2x> €3
Q2 oM 241 (2 —1)—2 1 1—e)?
L& @x 24 (o) (sle— e 1)=2)) + (1 —2)(1 - O? |5
2

+2m?Q? (222(—1—&-2334—362(1_26)) —e+1>d1 : (4.32)

The imaginary part of this is

1

O‘S(N)CF
(I—=)4

m {Tl(Q%(d) (x)} _ 5

@(1—1;){15(1_3;)_2

2 m2 1+’LU2

{Log H Log u] 5(1 - z)

(r—1)(r—2z+1)

_|_

(r* —r*((x — 3)z +3) —2® — 2 +2) Log (M)

2r3x

48—2@ + 1D + QB—ij (5 —42?) + 28—;@ -

+
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2)(x —1)(z 4+ 2)z + (2® — 32+ 2) }
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Final Result:
The final result for the partonic form factor for a massive quark WI(Q) including the wave function counter
terms for the external legs is

as(p)Cr

. 1
Wi (. Q% m? 1) =50(1 ) + ==

12
0(1—x) —5’1—x [3L0g2+4}
m
m2 12
0(1 —x) —2—3Q <4—|—3Log >—|—4LogQ—3wLogu

1+ w? w—1 w+1 9 2
i, (vt Li, (21 Li T
* w < 12(2w)+12<2w>+12(u)+6

1 2
+Logu(Logw3 + Logu — §Log% — 1))

1 2
24 tw Logu]
w

1)) ((1 —2)(9 — 6z — 22%) + 2%(1 —2)x(17 + 5z — 102?)

+
2r2(1 4+ x(g—j —

mi m6

+ 4@1 (10 4+ 3z — 332?%) + 16@1: (1+ z))

(r4+1)(r+2z—1)

Log ((r—l)(r—2w+1)
2r3(1 — x)x?

)(—1—|—4x(1—x+x2)+r2(2—4x+5x2

—223(2 4+ w) + x*) + (=1 + ;v2)> - é Logu}. (4.34)

All TR divergences have been regularized by the mass. The mass singularities in Wl(Q) for g‘—; — 0 will

be canceled by the SCET subtractions to yield the correct finite massless limit for H 1(%) (see Sec. .

4.3.2 SCET Calculations

We have to calculate the diagrams in Fig. again, this time with a massive quark. The mass does not
enter the tree level calculation, so Fig. is again just 6(1 — &).

Diagram Fig.

(b _ dk _ _ —1
fQ/Q(g)_/ a0 ek )(p—k)2+i0

X ;zszun(p, S)V"’“’A(p,k,m)Fn(k‘,m)Zi F.(k, m) (k‘ p,m)un(p,s), (4.35)

with the massive propagator and vertex F, (k,m) and Vn“}#(k, p,m) from Sec. This yields
d'k 1

——0(p € — k™

(2m)d =¢ )(k2 —m?+1i0)*((p — k) + 10)

(2 B2 2B o gp)). s

F)ol€) = —simau(u)Crity™ [

With the change to light-cone coordinates and the further substitution to dimensionless integration
variables |k? | = wptp~, kT = ypT and k= = zp~ and the on-shell condition p*p~ = m? this simplifies
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to

1o =

—ios()Cr [ pu2e’®\ ¢ O(w)w™e
g () [ wswst =0

X le —(1=e)(1—-2)*=(1-euw|. (4.37)

The z integration is trivial, the y integration can be solved by contour integration

o0 1 21— ) -
/_Oody WE—w 1T 0PGE 1) € wili®)  @ia_grp ft-0 (158

and the remaining w integral is

[ = (90— 1 )
: (0t (1- 622

= -T(l(1—€) (1—-&)72—e(1+)(1—&)2%).

(4.39)
Therefore the full expression reads

ﬂze'YE

0 = =000 -6

o ) M@= -7 ). @

m2

One can use Eq. (A.3)) to expand the last term

+ O(€?)

2\(1 71726:71 2 . c 2 1
(1+E)(1-¢) S+ =8+ 14 €) g

LI 5) +O(é%) (4.41)
+

= —5(1—5)4—6(2(1_5)

and so the final result is

1) = W% o001 - f)( (F+ioelr)60-g+1-9 -2
— 21— &)Log(l —€) + £+ 1). (4.42)
Diagram Fig. [[0c
15100 = [ o (€ ~p7) = 80m€ k) o
X % > i (p, ) Fu(k, m)V,i, (p, by m)un (p, s). (4.43)

All mass dependent terms in the vertex VHA (p, k,m) do not survive the contraction with 7* in the n-coll.
Wilson line and so the only contribution from the mass is in the propagator F,,(k,m). With the same
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substitutions as for the previous diagram we get

0 Ze7e N w)w ™z
5)a©) = 47721551)3'};) <Nm2 ) /dzdw (6(1—¢€)—d6(z =€) %

> 1
X/—oody(?J(Z*1)+1fsz+z'())(yz—17w+z‘()) (4.44)

:27ri@(z)@(lfz)m
_ a(w)Cr [pPer® E/l N sl z
— O (2] [ s -9 - ot - )
oo w*ﬁ
=I'(e)I'(1—¢)(1—2z)2¢
_as(W)Cr ((pPer=\*
27 ( m? T(e)
1 1
X /dz&(z—g)z(l—z)_1_26—(5(1—§)/ dzz(1 — 2)7 1% (4.46)
0 0
=0(£)O(1-£)E(1—-£)~1-2¢ =B(2,-26)= 55
_ as(m)Cr _ prerm\ Covle2e sy gy L(=26)
=200 00 -0 (M5 ) 1o (s0-97 a0 - 9 os ) (D)
The term (1 — ¢)~172¢ can be expanded with Eq. (A.3)) and the full result for fc(;/)Q is
(@ (¢ @s(W)Cr ol (L ” PSS S
500 = =000 o) (;+Lorty) (50-0+ g=g- -1

_ o (Les1—=9) _ ou(l —
2( ¢ >++25(1 ¢) 4+ 2Log(1 g)). (4.48)

From the wave function counter term we get an additional term 6(1—¢ )5Z$S and so the bare quark-quark
PDF for a massive flavor is

as(u)Cr
2T

13 o (6m? %) = 6(1 - )+ 0(6)0(1 - ¢)

1 12\ Pyq(§)
(e—s—Logm2> ‘gF +26(1-¢)

g 1 _4<Log(1—£)

-0, ¢ . (4.49)

) +2(1+&Log(1 —&) +&+1
JF

The splitting function P, is given in Eq. (3.95). The UV divergences are not related to a low-energy
scale like the mass and are therefore the same as for a massless quark, so in the MS renormalization
scheme the new heavy quark PDF contributes to the DGLAP evolution just like an additional massless
flavor.

Diagram Fig. [I2}
To get fg/4 the diagram in Fig. [12{ needs to be calculated with massive internal quarks

d
o) = [ 52 807~ K ) 5 3§ et
pol.

col.

x (—1)Tr [V#”“(h k —p,m)F,(k, m)%Fn(k, m)V."B(k —p,p,m)F,(k —p,m)| . (4.50)
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Performing all sums and traces gives

—i8mavs (1) Ty ~26/ d?k e - 1
1—e 2n? P ) e T 0 (= R = - 0)
A=)+ 2k~ (k~ —p7)| +m* (1= €)(p7)?

k= —p~

L Tty (e - Ou)u

Tl —or(l—o \ m2 dydzdwo(z = &) o 02— 1) —w = 1+ 0)
" w2(l—2)z—14+¢) —1+4¢€

(4.51)

— (4.52)

The z integration is again trivial and the for the y and w integrations one finds

o0 1 2mi(1 — €)
d =— 0(£)O(1 - 4.53
/700 y(yz—w—1+i0)2(y(z—1)—u)—1+i0) (14+w)? (£)01 =), (4.53)
Toow (w1 - -1+ —1+¢) . (g2 a2
/0 dw w2 =TTl —e)(1 —e)(&* + (1 —-€)7). (4.54)
So the bare quark-gluon PDF for a heavy quark is
0 o oy _ as(p)Ty _ 1 lﬁ Pyg(§)

Fyo(m® %) = SO0 ) (4 Tog 5 ) (4.55)

with the splitting function P4 as in Eq. (3.108]).

4.3.3 Matching at the Hard Scale

At the matching scale u? ~ Q2 we have to match the effective theory operators onto the full theory
results. The contributions from the massless flavors will be the same as in Sec. [3.3] so again we just write
down the corrections due to the massive quark. The matching condition readq’|

Wim (@, 1) = (HJ(-QV) ® f@) (n,1?) + (H](g,iv ® fg) (n, 12), (4.56)
where 7 is defined as in Eq. (4.1)) with the mass m of the initial state. Here the convolution on the right
hand side of Eq. (4.56) is rescaled by using the variable n instead of & because for a massive initial the
matching condition is changed compared to the massless case, see Sec. If we have a massless particle
in the initial state the rescaling variable n reduces to x. As initial states we can use a massive quark or a

gluon (because there is no flavor changing at O(a;) a massless quark can not contribute to heavy flavor
production) which yields

Wi (@, 1i2) = (HD @ fasy) (02) + (HO v @ fosq) (2. 12). (4.58)

Here we have used the rescaling variable 7 for the massive quark and x for the massless gluon. This gives
the tree level matching coefficients

R 1 w—1 w—1

2D () = WO (2) = g0 —a)= "z - | (4.59)
ez 2

HEOD (@) = W9 Oz) =0, (4.60)

where w was defined in Eq. (4.17). One could just use the result for H 5%) in this form but it would be
more convenient to have the delta distribution in the form ~ §(1 — 7) because this is the identity operator
with respect to the convolution. So we define the new function H as

- w—1 1~
HD ) = wH Q) ( = n> , HQ () = —HY (x(n)), (4.61)
Q2

"Because we only work at O(as) we do not see any flavor changing and therefore do not get any corrections to the light
quark coefficients of the form H](Zgn ® fi

41



4 HEAVY FLAVOR PRODUCTION IN DIS

with the rescaling variable
n(w + 1)

X(n) == (4.62)
Then we can switch form Hl(QV? (n) to iﬁl(%) (x(n)) in the convolution:
1 ~
(# @ fo) ) = — (A @ fa) (). (4.63)

This additional rescaling from H (1) to H(x(n)) does not change the result but it allows to write the

leading order matching coefficient for the heavy quark as
= (0).(0 1
000 = 550 - ), (4.64)

which has the delta distribution in the form we wanted to have it and looks the same as for the massless
case. At order a, the quark coefficient takes the form

~ 1
HD M () = w0 (@) = 315 (x(m)

(@1 o 1(Q),(1) 2x Lo
= H,; () = wWy <1—|—w+x2(l—w)> ~3 Q/Q(x) (4.65)

and the gluon coefficient is

1
H Y @) = WD @) = 515, (x(@): (4.66)

7m5

The rescaling of the distributions with the function g(x) = #ﬂﬁ(l_w) gives

1 1 1 (w—1)(1+w+wz)
I-g@), w ((1 —oy, POt weswt S T ) ! (4.67)
(1~ g(a)) = 001~ z), (4.68)
5 (1= g(z)) = % (5'(1 _ o)+ ”“’TWM - x)> . (4.69)

The result for Hﬁ)(m) agrees with Ref. [22].

4.3.4 Matching at the Mass Scale

At the scale 2, ~ m? we change from an effective theory with n flavors to one with ny + 1 flavors. So
at uZ, we have to perform a matching between the two theories to find out how the PDFs in the ny and
ny + 1 flavor theories are related. Also the running of the coupling a,(ui) has to be changed from ny to
ny + 1 flavors at p2,. At the matching scale y2, the PDFs in the two theories have to be the same, so
the matching condition is

@ @ i?) =D (Aai @ f17) (@, 1%) + (Aag @ f37) (2, 182). (4.70)

%

The index a can stand for any light (anti-) quark i, a gluon g or a heavy (anti-) quark . The index i
is just for light flavors. So A(z,u?) is a (2(ny + 1) + 1) x (2ny + 1) matrix of matching coefficients. As
initial state for the matching we can use any light flavor j or a gluon. Because there is no flavor changing
at order a; the light quark PDFs do not get any contribution from the heavy flavor. The only other non
zero coefficients are Agy and Ayq. These can be found from the matching conditions

ne+1 n
fole (@n®) = (AQg ® fg/fg) (x, %), (4.71)
ny+1 ne
fy/fg+ (2, 1%) = (Agy ® fg/g) (, ?). (4.72)
We know from Sec. that fy/q(z, 4?) = 6(1 — 2) + O(a,) and so the first condition yields

Aqg(m, 1?) = foi 1 (@, 4?) + O(a?). (4.73)
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4 HEAVY FLAVOR PRODUCTION IN DIS

In the ny + 1 theory there is one quark flavor more that contributes in the gluon wave function renor-
malization in f:/f;_l compared to f:/fg, ie.

f;/fg+1(:c, ) = fol (@, u?) —6(1 - x)%Log :TZ + O(a?). (4.74)
Eventually we get

Ayj(x,m?, p?) = 6356(1 — x) + O(al),

Agi(w,m®, 1%) = Aig(, %) = Aqi(a,1*) = 0+ O(a3),

Aty =501 =) (1 W 0g 12 1 o),

2
L
m2

I
Agg(z,m?, 12) = Ay (x, 12 _ Wy pO) ) 4 0(a? 475
Qg\L, M) = AQe\Ts [ ) - o 0og qg (ZC) (as) ( . )

for the matching coefficients and therefore
F @ 0?) = £ (i) + O(ad),

n n ag’ (u)T 2
P ) = 1 ) (1 S g 1) o),

0N

1o wa?) = Jo T ) = = og;% (PO @ £57) (2. 0%) + O(a2) (4.76)

for the PDFs. To avoid any large logarithms in the matching one should set u2, ~ m?2. With pu2, = m?

all PDFs are continuous at the matching scale at O(a). This is no longer true at O(a?), when there is a
discontinuity even if the matching scale is exactly at the mass scale. The matching coefficients to O(a?)
can be found in Ref. |23]E|

4.3.5 Massless Limit
For the gluon coefficient Hff’r)n’v(m) it is straightforward to get the correct massless limit. Eq. (4.66))
reduces to

(9) () — (gr)n’ x _1 g\ T
e F(_)O‘sﬁff:(/1(_)w) [P() (L 0g 53 & —Log (H» i 23?)2} . o
4 T @ ’

m2—0 e f

The Logffl—z in fg/, cancels the m? dependence in the Logg—z that we encountered in the massless
limit in the FFN scheme. This gives the correct massless limit for the hard gluon coefficient (compare
Eq.). The large logs that arose in the limit m? < Q? disappeared from the matching coefficient,
they are resummed in the evolution of the heavy quark PDF.

To find the massless limit for the quark coefficient H; (Q) we have to work a little bit harder. Some
of the terms that are non-distributive for finite m give rise to new distributions in x in the limit & Q2 — 0.
We start from the QCD term W(Q) and split it into terms with and without distributions

W9 (@) = WDy (@) + WD e (@) (4.78)

non—dist.

For Wl(%fst the limit m? — 0 can be taken without any problems and yields

. as(pn)C m?
Wl(,?h)st(x) m % [6(1 - ) < 2 - LOg Q2 JrLOg QQ) -

ﬁ (1 + Log gi) +0 <gz) (4.79)

8Note that there is a typo in the Arxiv version of Ref. [23] in the coefficient Ap, (Ag, in our notation). It is fixed in
the journal version.
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4 HEAVY FLAVOR PRODUCTION IN DIS

The distributions that are hidden in Wl(gon dist. i the limit m? — 0 can be identified by integration

over an infinitesimal interval around 1 as shown in Egs. m m The integration with the full
integrand W1( nzm gist. €xpanded for m? — 0 is hard to perform, but because the integration is only in an

infinitesimal interval around = = 1 one can expand for (1 —z) ~ @ — 0 instead of just m? — 0 because
only the singular parts give rise to distributionsﬂ

W) (2) ————— WD (@) + WD (), (4.80)

1,non—dist. 1,ns
(1- $)~—2—)0

r m2
2L0g< Q7 2>
5 s 1- fp—
W@ (z) = 2l G e/ (481)
’ 4m 2(1 -z + )2 1—z
a.(1)C - 14 22 2 2
Wl(ci)s( )= (573 L - ;ri Logz + (1 +x) <L0g(1—x)—|—Log$2ﬂ —|—(9<Z;2>. (4.82)

The singular part Wl(g) can now be integrated to get

/1 dr W@ (z) = 2WCr
1-06

1 2
— — L L
dn <2+ 3 + Og Q? + og Q2>+

+OU+O<2> (4.83)

Log5< + 2Log Q2> —Log?é

Q2
= [ne dist](;v)—M —6(1 —x) 1—&-i)-i-lLo —&-Lo2m—2
WS = T 9 T3 T e TS o2
1 1 m? Log(1 — x)
—— (= +2Log = | - 2| ————= . 4.84
i arege) 2 (MU5T) | o
The full expression for the correct massless limit of WI(Q) is then the sum of Eqs. (4.79),(4.82) and (4.84))
Wi @) —— Wi () + W{TL(x) + lew-dist ) ()
m2—0 m2—0
_ 2
S [ () L (T, )
47 11—z + (=2)4 Q
5 w2 3 2
—0(1 — — + =-Lo 4
a( x)(2+3+ gQ2>+ +z
1+ 22 m? m?
- L 1 Log(1 — Log — — . 4.
T ogx + ( —|—x)(og( x) + ogQ2) O<Q2) (4.85)

After subtracting % times the SCET result for fg,0 Eq. (4.49) we get

) as(1)Cr Pq(x) u? Log(1 — x) 3 1
H - Log o po(=5-—"Y) 2 -
1v (@) m2—0 4 Cr o8 Q? * L- o 2(-a)y
2 1 2
— (1 —x) <7; + Z) —(1+2)Log(l — ) — t“; Logz +3|, (4.86)

which is just the massless result from Eq. (3.96). So again we do not have any problems with large logs
of 8—; in the matching coefficient in the VFN scheme and find the correct massless limit.

9This means we set Q2 = a(1 — z) with a dummy variable a, expand for  — 1 and keep only the singular terms and
m2

then substitute back with a = Q2<1_1),
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5 DIS IN THE ENDPOINT REGION

5 Deep Inelastic Scattering in the Endpoint Region

In the previous sections it was shown how a VFN scheme can be used to resum logs of the form Log g—z
Another possible source of large logarithms are the ones of the form Log(1 — x) that appear in the limit
x — 1 in the hard matching coefficients. The origin of these logarithms can be understood if we take
a look at the scales involved in the problem: so far we have considered the hard scale ~ @2, the scale
of the PDFs ~ A(?QCD and the mass m?. Another scale is the invariant mass of the hadronic final state
P)2( _ Q-

———. If z is not too close to 1 this is of the same order as the hard scale, but in the kinematic
endpoint region where x — 1 all outgoing hadrons are collimated in one jet with small invariant mass
that introduces the jet scale ~ Q?(1 — z) < Q2. The logarithms containing the ratio of the hard scale
over the jet scale are just these logs of the form Log(1 — z) that can spoil the perturbative expansion for
large z. To resum these logarithms the factorization theorem has to be modified by introducing a new
jet function that describes the outgoing jet and has the natural scale u% ~ Q?(1 — z). This factorization
theorem assumes a large hierarchy between the hard, jet and PDF scale, i.e. Q%> Q%*(1 —x) > AéCD
and it is easiest, but not necessary, to assume (1 — x) ~ Aqep - This choice also defines when 2 should
be considered as “large”. So the factorization theorem will consist of a hard function H describing the
hard interaction at the hard scale p2;, ~ @2, a jet function .J; for the outgoing fi-coll. hadronic jet at
p% ~ Q*(1 — x) and the PDF f at the scale pfc ~Q*(1—12)?~ A(QQCD7 Fig As will be shown in
Sec. in this setup the PDF contains not only n-coll. but also soft physics. Since the collinear sector

P+
I
| ; !
| ! \
Q! ’
1
! « o
\ \ ~ . ~ V4
\ \
\ \
\ \
\ N\
\ N
N\ ~ ~ -
A2
o — -~ Nyop
Q- a) Q P~

Figure 15: Scales of the PDF, hard and jet function for z — 1. The hard and jet function are at the
scales Q and @+/1 — x respectively. The natural scale for the PDF is again Aqcp, but the PDF is not
purely n-coll. but also contains soft physics.

of the initial state is at the same invariant mass ~ Aqcp as the soft one this is a typical SCETy; setup.
In the derivation of the factorization theorem the two step matching procedure QCD—SCET;—SCETYy,
as briefly discussed in Sec. will be applied.

5.1 Factorization Theorem

DIS in the endpoint region has been studied by using the SCET approach for massless quarks for exam-
ple in Refs. [24-27]. We will rederive the factorization theorem for DIS for # — 1 following the steps in
Ref. [28] where it was derived for eTe™ — 2 Jets with the appropriate changes in the initial and final
state to account for the differences between DIS and eTe™ and the additional matching from SCET
onto SCET], which will be just a renaming from usoft to soft fields. Here we will again consider only the
contributions due to the massive quark to the total form factor.

We start from the definition of the hadronic tensor W#** as in Eq. (3.12))

WH = % ;/d‘lz % (P|JHT(2)| X)(X]JY (0)|P). (5.1)
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5 DIS IN THE ENDPOINT REGION

The electromagnetic current can be replaced by a current of SCET fields. We make the soft-collinear
decoupling explicit by the field redefinitions shown in Sec.

TH(x) = O, Q)X (@)1 Xn (), (5.2)
Xn(@) = Yo(2)x O (2), (5.3)
Xn(z) = Ya()xy (x). (5.4)

The hard Wilson coefficient C'(u, @) can be determined from matching the SCET current onto QCD. If
we write out the contractions over spin and color indices explicitly (letters i-1 for spin and letters a-d for
color), we get

2
e < (SRS [ atzee PO Yatend? ()0 (X1 OF {07 Y0 01
= CEIEST [at=eo b (W @rien ) e e1x)
< XRFOYI0) (v Y002 ) 1P (55)

The initial state contains only n-coll. particles, the final state only soft and 7-coll. particles. This can be
seen if we split the final state momentum into light-cone components: P = P* + ¢ = Q(l Qi-2) "“ Q““

In the endpoint region we have (1 —x) ~ AQQCD and so the plus and minus components scale hke Py ~Q

and Py ~ Aqcp, which allows for n-coll. and soft but not for n-coll. modes. So the initial and final
states can be factorized into these three sectors as

For our purposes it is not necessary to split the PDF in a collinear and a soft function, so we do not need
distinguish between the n-coll. and soft states and define

|Xn,8> = |X5)|0n), |Pn78> = |05) | Pn)- (5.7)

2
W — |O(,L:;Q)| Z/d4zeiqz
™
X

X (Pl (XY 94) V2 )Xo )X V0) (1 Ya 0D ) P

< {0a I ()1 Xa) (Xa X (0)]07) 03k851. (5.8)

Color conservation implies x| X)(X|y¢ = f\}?é x| X)(X|x/ and applying the SCET version of the Fierz
relation d;,05 = % (%) (%) yields
ij lk

we = (SO | et 3 PR Y Y (Y Oy Y OV O) P

X 3 IO ) ) (G 0010, (59)
Xa

with the trace over color and spin. Here we have used the fact that the sum over all n-coll. and soft
states gives a full set of states in the n-coll. and soft sector, i.e.

Z |Xn,s><Xn,s‘ = 1n,s~ (510)

To project the hadronic tensor onto Wi we use the projector one can find from Eq. (3.29)

1 v 1 b, _ 1
dgu,z/WM mgiylyuiry =5 (511)

Wi = 2 2
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5 DIS IN THE ENDPOINT REGION

Acting with the longitudinal projector P} ~ n#n” on WH gives zero, so the longitudinal form factor
W, vanishes in the limit x — 1. So we finally get

Wi = W/d4zezqur( ns\xn (z )YnT( Yx (z)gifg(o)yn(o)xgo)(0)|pn7s>
x ZTr (0 |2N X ()| Xa) (Xal 6 (0)107), (5.12)
Wi =0. (5.13)

With the jet function defined as in Ref. [2§]

1 .
@ =) = oot i [ atser o, | SO G on] )| a0
with m the mass of the heavy quark, the fi-coll. matrix element can be expressed in terms of the jet
function

ZTr<oﬁ|2iMx;°)<z>|Xﬁ><X X9 (0)[0,) = 2Q5(= )5 (2. / dr~ e T I (Qr — m?m?). (5.15)

The remaining matrix element contains soft and collinear physics at the soft scale Q(1 — x) (see Fig.
and is therefore a SCETy; object. The matching from SCET}; onto SCET] is trivial for DIS since every
matrix element in SCET| matches onto a corresponding matrix element in SCETy; with the replacement
Yn — Sa, Y, — 5, where S is a soft Wilson line containing soft gluons A# instead of usoft ones, i.e.
no non-trivial matching coefficients have to be considered. So the only change in the matching is the
renaming from usoft to soft Wilson lines and that the n-coll. operators are now defined with soft-bin
subtractions instead of zero-bin subtractions. Soft-bin subtraction means that diagrams with a soft
counting (instead of usoft for zero-bins) for the internal loop momenta are subtracted from the collinear
diagrams to avoid double counting with the soft degrees of freedom. We write the n-coll./soft matrix
element as
AN | - ep— =t

0 mSLG s M ESH O8O0 = P [aee 0. 319
It will be shown in Sec. that f(&) corresponds to the PDF in the limit £ — 1. The hard function
H(Q? u?) is just the square of the current Wilson coefficient |C(u, Q)[?. With these definitions the
contribution from a massive quark to W for a massless hadron has the form

<Pns

Wi (z, Q% m?) = 16213‘?1(622,#2)/(15 Ja (Qlg~ +&6P7) —m?,m?, i) f(&, 11°)

2 d m2
=Gty [ § i (@ -1 Ttd) fend). 6an)
To get the convolution in a more convenient form one can define
3(x) = g(1 - x) (5.18)

for any function w1th a hat We can expand this for x — 1. Because of kinematic restraints we also have
82 < iz g5 @ ~ (1 —x)]'°| After performing the expansion the factorized form of W7 is

4z
2 2 .
Wi, Q%) = TH@ ) [ (@ (1= 0) ¢ TP DfE). (319)
For a massless quark this reduces to
2 A
Wi, Q) = THQ ) [ A T(QH(1 —2) ~ D€ 1), (5.20)

where J; (s, 1?) is the massless jet function. This agrees with Refs. [25,27]. So in the case where the
mass is above the jet scale the only difference between the massless and the massive case is a shift in the
convolution and the change to the massive jet function.

10This is because at O(as) there is only real radiation of massive quarks. At higher orders one would of course also have
to consider virtual effects that are not restraint by kinematics so that different scenarios where the mass scale lies differently
relative to the other scales could arise.
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5 DIS IN THE ENDPOINT REGION

5.1.1 PDF / Soft Function

We have to check how the PDF in (3.47)) looks like in terms of SCET fields in the case £ — 1. The Wilson
line in the PDF is separated over a distance ¢ ~ ﬁ and therefore only fluctuations over a length

scale t, i.e. with momenta > 1 = (1 — ¢)P~ can contribute in that Wilson line. In Sec where we

~ %
assumed £ to be not too close to 1, only collinear gluon fields showed up but in the case £ — 1 also soft
gluons contribute in that Wilson line. So when we change to SCET] fields we have to write

D () = (), (5.21)
At (z) = A (z) + AM(z). (5.22)

The Wilson line Ut can be decomposed into two usoft and two collinear Wilson lines
Ut (tin, 0) — W, (tn) Yz (t0) Y, (0)W(0), (5.23)
which leads to

=5 | At PPy 0 (07) Y (670) TV (0 (0)| P, (5.24)

2T 2
After the soft-collinear decoupling in SCET;| and matching onto SCETy; the final SCET]; object that
corresponds to the PDF in the endpoint region is

56 = 5 [ dte S B KO SR Sa (1) § SLO)S. NP 0P 620

which results in the expression for the n-coll. matrix element we gave in Eq. . The PDF can also
be split in a collinear part and a soft function by splitting the initial state into a n-coll. and a soft
sector [P, s) = |P,,05). When we pull out the labels from the jet fields (W,I¢,) and use the fact of label
conservation, i.e. §(w —PT7)J(w' —P7) = §(w' — w)d(w — P~), we get

1

1€ =5 / dt dw e P E-w)t

X (P, 04| (£n WS S5) (m)% [5@ —P) (sgsnw,[gn,p,) (0)} 1P, 0,). (5.26)

To shift the residual fields from tn to 0 we can use the residual momentum operator K, since for any
residual field ¢, ,(7) we have ¢,, ,(z) = X% ¢,, ,(0)e~"5%. The initial state is purely n-coll. and contains

no residual momentum, so (P,,0,[e’X ¢ = (P,,0,].

1 -
= — _’L(P E_W"‘k)t
7€) =5 / dt dw dk e

< (P 0] (EnpWaS]52) O[3k~ K)ot~ P7) (518, W 6w, ) (0)] 1P 0.)

/ dk (P, 04] (60 p W S1.S5) (0)§ [5(k ~K)S(PE+k—P7) (sgsnwggn,p,) (0)} 1P,,0,).

(5.27)

The residual momenta of the collinear fields scale like A? while that in the soft Wilson lines are ~ X, so
we can neglect the action of the residual momentum operator on the collinear fields and split the whole
matrix element in a collinear and a soft part

where the soft function S is
S(k) = (0.1 (515,) " © [566 — £7) (875.) ©)] po.). (5.29)

Now we have a look at the momenta that appear in the collinear matrix element. P~ and P are both
label momenta, of order A\ while % is a soft momentum that scales as A!. As a consistency check we first
go back to the case where 1 — x < 1. In this case we can drop k in the collinear part and get

FE) = (Pal (60, W) 005 [5(P€ = P) (Wea) 0] 1P2) [ as(h)
= (Pl (G W2) (002 [50P€ ~P) (Wiew) 0)] 1P, (5.30)
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5 DIS IN THE ENDPOINT REGION

which is indeed the form of the PDF we have already used in Sec. 3] and [dl But in the endpoint region
this is not the correct expansion, because since (P~¢ — P~) ~ Q(1 — x) this is no longer leading for
z — 1 where (1 — z) ~ A. In this case we can reorganize the terms in the delta distribution into labels
and suppressed residual momenta and use the fact that these are separately conserved in SCET

SPE+k-P)=8(P"—P +k—P (1-€) »dp p 6(k-P (1-8). (531
label residual

Then the full PDF is split into a collinear PDF f,, and the soft function S

f©) = faS(P~(1-¢)), (5.32)

where the collinear PDF is just the local collinear matrix element

Fu = (Pl G2 % oo 5 (WiE) O] 1P (5.59)

This form of splitting the PDF into a soft function and a collinear part agrees with reference Ref. [27],
another form is given Ref. [26]. The factorization theorem then consists of four different functions: a
hard, jet and soft function and the collinear PDF, Fig.

Q l m?2

Wile,m?,Q2) = SHIQ ) Fule®) [t (QP(0-2) - - QQ),mw) S(Lu?). (539

o

N
Q1) @ N
S Te--- ~Q(1-2)

~

‘\EQ(TD = S~ p
Q7 ~-C/n — - N‘\%Z(‘D

Q0 —a) Q P~

Figure 16: Scales of the collinear PDF, hard, jet and soft function. Here the PDF is split into a collinear
part f, and a soft function S, both at the scale Aqcp. fr is purely n-coll. while S contains all the soft
contributions.

The advantage of the form of the PDF in Eq. (5.32)) over the one in Eq. (5.25) is that the separation of
collinear and soft modes that are at the same scale allows for the resummation of rapidity logarithms
that appear in the matching conditions for the PDF's as logs of (1 — z), see for example Ref. |27].

One import thing to notice about the PDFs in the limit x — 1 is that all off-diagonal elements of
the matrix of splitting functions P;; are suppressed and only the flavor diagonal part F;; is leading in the
power counting for x — 1. This can be understood from the SCET setup: we consider a particle with
label P~ in the initial state that splits into a particle with longitudinal momentum fraction £ that goes
into the hard interaction and a second particle, Fig. [I7] = — 1 implies that the parton that enters the
hard interaction was carrying almost all of the initial state’s momentum, i.e. & — 1. This implies that
the second particle in the splitting with the light-cone component (1 —&)P~ has to be soft. In the SCET
Lagrangian there is an interaction term between collinear quarks and usoft gluons at leading order in the
power counting, allowing for the splitting in Fig. [[7a] but interactions with soft quarks are suppressed
and so we do not see the splitting of a collinear gluon in a collinear and a soft quark, Fig. [[7D] at leading
order in A. This can be checked explicitly by expanding the splitting functions for x — 1 and keeping
only the leading singular terms. So there is no more mixing between the PDFs and every PDF evolves
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Figure 17: Splitting of a collinear particle into a collinear and a soft particle. The process on the right
side is suppressed relatively to the process on the left side.

according to its own RGE with the corresponding anomalous dimension
L) = (v f) (- w?) (5.35)
dLog p2 ’ f BaNe ’
Here the convolution with a hat & is defined as

(95h) (o.4%) = [ d€gler = €2 (e ). (5.36)

To see that the convolution ® of the form in Eq. (3.46)) simplifies to the linear convolution ® in Eq. (5.36)
in the limit x — 1 we switch to the hatted functions §(z) := ¢g(1 — x) and substitute the integration

variable € — 1 — &:
wen@=[ Eo(%)no
e
(e o

When we expand for x — 1 the integration limits tell us we can simultaneously expand for é — 0 which
yields

e~ T agg (-0 - €)d) = (980) 1 - o) (5.38)

The anomalous dimension of the quark PDF ~;(x) is just the quark-quark splitting function Py(1 — )

in the limit ¢ — 1
1
4 () + 36(37)] . (5.39)
)+

This also implies that if a PDF is zero at one scale, it remains zero at any scale. Since all matching
coefficients A;; between different partons are also subleading for z — 1 (for the same reasons as the
splitting functions), no heavy quark PDF is generated perturbatively in the matching or the evolution at
leading order in the power counting.

Qg (M)CF

vz, p?) = o

5.1.2 Jet Function

As was argued in the previous section the heavy quark PDF is suppressed in the power counting, so no per-
turbatively generated heavy quark will enter the hard interaction and all contributions from heavy flavors
are due to secondary effects. Nevertheless we will consider the jet function for a primary massive quark as
was done in Ref. [29], which can be thought of as an intrinsic, non-perturbative constituent of the hadron.

To calculate the jet function J5 defined in Eq. (5.14]) we define the function J
g — ) = [ atzer = ST e o) o) (5.40)
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so that the relation between J; and J is

Ja(s,m?) = Im [¢7 (s, m?)] (5.41)

1
QTFQNC

The tree level contribution to J is

(5.42)
with pt = Q and s := p? — m? + 0. The relevant diagrams for J at order a, are shown in Fig.

Diagram Fig. [I8at

dk e TAnH
g :/( e —Tr [ﬁFn(p,

—1

om)d k+ —pt +40 |2 mn @ +1i0
+ dk kT
— 8, Cpji* L ——Tr hiyigigt / ; : — .
p? —m2 +1i0 2222 (2m)4 (k2 —m?2 +i0)((k — p)? +i0)(k*T — pt +40)
(5.43)
The trace over color and spin reduces to Tr [%%%%} = 2N¢ and after changing to light-cone variables

the £~ integral can be solved by contour integration

NewCr (w2 T
= ———— [ dktd|&?
2121 (1 —¢€) (i7e7) p? —m?2 +40 kLl pt 440

_ 1
X/dk (kTk= — k1| —m? +i0)((k~ — p~)(*—p*) — [k | +140) -

2ri0(kH)e(pt—kt)
Tp kTt —p ) +[R2 [pt—m2 (kT —pT)

(5.44)

Here the 40 is absorbed into p~, i.e. p~ — p~ +i0. The |k? | integral is

/ d‘k ‘ |]€2‘_€
o PR (KT —p) (kT —m?)

= (")~ )(p" — k)7 (m? —pTkT) 7" (5.45)

With the substitutions p™ = Q, z = 2—1 and s = p? — m? 4 i0 the remaining integral has the form

YE 2 -
NeosCr Q) (12 )/dzl—z (1) (5.46)

™ S S

(- s 2
=% S F1 (e,—e,Q—e, Lo )
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oF'1 is the Gauss hypergeometric function. To expand the hypergeometric function the Mathematica
package HypExp [30] was used, the full result expanded in € is

.C 1 Log & 2 2 2 4 2 2
J(a)()——cha FQ<€2+g‘(’+2+4+Logm<Logs+_:l —fLogm—— m >

s € 2 —s s+ m?

1 2 -
+ = 5 Log + Log — —Liy <m§> > . (5.47)

The diagram in Fig. is the same as the one in Fig. but with a different sign on the i0 in the
Wilson line. Since this never enters the contour integration for the £~ integral the result is the same as

in Eq. (5.47).
Diagram Fig.

¢ —i
79 = [ ot o | B IV ) o (b )V ) )

=167 (1) CrpNe® Q? / d? 1
N 52 2m)d ((p — k)2 +10) (k%2 — m? +10)

x {szg_ 2 (1k_f) (ki +m? (1 - (Igj)))} . (5.48)

The term in brackets can be written in a more convenient form with the relation

oy 26T s (BF)?

(5.49)

and then reads

(1¢_g €) {_ 2mi(3; e <2pu _ ; ) K — %(lg _ mQ)} , (5.50)

With this the full diagram reduces to three different integrals

() _ —16mas(W)CrNeQ(1 —¢) [ 2m*(2 —¢) s N
T 52 [ (1—¢) ht (21)“ 0 u) 15 QI3] : (5.51)
¢ d?k 1
Li=p / (2m)? ((p — k)? +i0)(k? — m? +i0)’ (5.52)
o ~2e ddk' kM
b= / (2m) ((p — k)2 +i0)(k2 — m2 +40)’ (5.53)
o [ d% 1
= / 2m)d ((p— k)2 +i0)k+ (5.54)

It is not necessary to calculate I3 since this term will be canceled by the tadpole diagram Fig. [I8dl I;
and T4 can be solved by using standard methods

2
; 2 vE \ € 2F1(1—e,e,2—e7s+sm)
Z(“f)m>

I =
YT Am2 U =s 1—ce¢
i 2 m2
= (i + Log = e 5 Log — + O(e), (5.55)
s+m2
i eﬂ,E s+m2 2F1( — €63 —€ )
2 =F (4m)> ( 9 “o s ) 2—c¢€
. L m2  2s+ 3m?
:ﬂMﬂ[+M§_@MM2%ﬂ+sﬂﬂ]O@ (5.36)
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The final result for diagram Fig. is

; 2 4 2 2
g _ia(WCrNe @ l(ﬁm2 —s) <1 + Log i) + <m - 7) Log "

2 52 s+m?2 \ s +m? -
4
s+m
167as () CrNc@Q?(1 —
4 1670 (WCrNeQ (L =) (5.57)

52

Diagram Fig.
The tadpole diagram is

—1

1 [ d%
j(d) = 7/ Tr |:¢Fn(p7 m)VfﬁfA(papa k)Fﬁ(pa m):| 7.2 | N

2 (27T)d 2 k2 +40
_ 8may(W)CrNc(1 — ) i*Q* / d’k ! ( 1 + 1 )
2 (2m)d (k2 +i0) \pT — kT ' pt+k+
16mas(n)CrNe(1 — €)ii2Q? d’k 1
- 52 / (2m)¢ ((p — k)? +i0)k*
o 16was(u>0f;évc@2(1 —9 1, (5.58)

This exactly cancels the corresponding term in the result for the self energy diagram Eq. (5.57)).
Because n - n = 0 diagram Fig. is zero.

Diagram Fig.
The diagram with the mass counter term is

Ay | g _p2m ]
JY) =Tr 2}f“n(p,m)( 22p+m52m)Fn(p7m)

= 4im2NcgéZm, (5.59)
where 67, is the mass counter term in the chosen renormalization scheme. Here we always use the MS

scheme, 6ZMS is given in Eq. (d.16).

Final Result:
The final result for J is the sum of all diagrams

J = j(tr%) + Qj(a) + j(C) + j(d) + j(f)

1 1 2m?2§ Crlf{4 1 2 2
:—iQWNcQ{[—— m7om (1) F<2+(3+4Log“>+2Log2“
v € € —S —S

s 52 4T s

2 2 2 2 2(m2 1+ 92
+3L0g'u—+Logm— —2L0gm—+4Logm +s  mi(m®+2s)
—s —s -5 (s +m?2)?

}. (5.60)

Here dm is the difference between the on-shell mass counter term 6Z9° to whatever other mass renor-
malization scheme one might choose, i.e. 6, = §Z,, —§Z95. When using the MS scheme we have

P S 2
4Liz — m2+s+8+7r>

_ 2
oMS — w (3 Log% + 4) +O(a?). (5.61)

The bare one loop jet function J2(s) is the imaginary part of the expression in curly brackets. The
relations to take the imaginary part and rewrite the plus distributions are given in appendix [A] and
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The result is

2Log 5
J0(s,m?) = 8(s) — 2m2omo’(s) + 2WCE g | 8 (2852 ) 4
4 MQ S N 2

4 3 2 2 2
+4(s) <62+6+2L0g2:ﬂb2—L0g7{;2+8—g>

S E _ gLog (1 + %) 1 . (5.62)

(s +m?

This agrees with Ref. [29]. To renormalize the jet function the divergences are absorbed into a counter
term

J(s) = (Z;&T5) (s, 142), (5.63)

Since we only consider the contribution to heavy flavor production the jet scale is always above the
mass scale so the heavy flavor is contributing to the RG evolution of the jet function. We use MS
renormalization and absorb the the divergences into a counter term Z;

Zy(s,1%) = d(s) + % [—412 <f)+ +5(s) (4 " 3)

” (5.64)

The anomalous dimension is

. dz
Vs, p?) = — (ZJ1®‘]2) (s, %)

5.1.3 Hard Function

The hard function H(Q?, u?) = |C(u, Q)|? is obtained from matching the QCD electromagnetic current
J# = gy*q onto the SCET current C'(p, Q) XnY"Xn. Another way to get the hard function is to compare

the hard coefficient H f%), calculated in Sec. and the jet function J; in the limit + — 1. At fixed
order, i.e. without resummation of logs in the evolution of the jet function, the factorization theorem for
x — 1 and the factorization in the generic case have to agree in the limit z — 1, i.e.

/ € H{D (&, 1) fo/p (X(:)»lﬁ)

2(1+ %)
el / dg H{{) (&, 1%) fo <§Q’M2>

— /dgH“”(é p) (1 - ) - gi —&u?)

! 2 £
L %H 2,M2)/dg Jn(Q%&, 1) f((1 — ) —

m2
Q

The steps to get from the “DIS convolution” to the linear convolution are the same as displayed in
Eq. (5.37). Note that in the third line we made the substitution £ — 1 — &, so here we have to consider

the limit & — O from now on. Here the hard and jet function and the hard coefficient Hl(Q) are all
evaluated at the same scale. So the hard function can be determined form the relation

Q2

- §>/~}'2)' (565)

H{ (€ 1%) = SHQ 1) T (Q%, 1) + ON) (5.66)
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with the scaling £ ~ B3 ~ (1 —2z) ~ Ain fII(C%,) and J5. The leading order in A is

s(u)C 2
) =§6<5>+% 516 (1§ Lo 5 o 204 10w )

1 2 2 L g
_2<§)+ <1+LogQ2 +Logg2> —|—4( ogg >+

—4Log (1+ %)

£+”7L2 O
o + O(\Y), (5.67)
2 1
L (@en?) = 500
s(u)C 3 u? 1 2
+$ 5(§)<4+Log Q2+ LogQ2+Log Q2+ LogZ)

1 2 Log¢
_2(£>+(1+LogQ2+Loggz>+4( Ofg )+

Q%
5% ] (5.68)
The only difference is in the term ~ O‘ZEF 0(¢) and so the hard function has to be
CF 2 ‘u2
2 2 =14 WO (6 T oy —6Log — | . 5.69
H(Q? pu?) = 14 TE ppn +3 og? Q2 %% 53 (5.69)

This result agrees with Ref. |24], where the current matching for DIS was done explicitly and because
of crossing symmetry with Ref. [29], where it was done for eTe™ — hadrons, with the replacement
Q? — —Q*. The anomalous dimension can be derived from Eq. (5.69))

2
i (Q% ) = % [4L g% - 6} (5.70)

5.2 Evolution Kernels

In the previous sections the anomalous dimensions for the hard and jet function and the PDF were
derived. In this section it will be shown how the evolution kernels can be obtained from those. The
anomalous dimensions of the jet function and PDF are of the form

2 1 d
W p) = Tl (‘;)+ o), (5.71)

where d is the dimension of the variable y, so we have d = 2 for the jet function and d = 0 for the PDFs.
The cusp and non-cusp anomalous dimensions are series in o

o] = 2 s (2ld) v, o) = 2 > (Z) e e

We want to find the evolution kernel U(y, u1, po) for an arbitrary function g that fulfills the RGE

dg(y. 1) -
dLog 12 = (7(/12)@99(,“2)) (v), (5.73)
i.e. the function that evolves g from a scale ug to the scale
9y, 1) = (U, po)®g(3)) ()- (5.74)
First we change to Fourier space, which disentangles the convolutions
dglz,p@?) _ . .
W = ’Y(Zaﬂz)g(z#z)' (5.75)
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The Fourier transform of the plus distribution is given in appendix [A] The anomalous dimension in
Fourier space reads

- ) d 2
Az, #%) = ~Te,] Log(ize" ) — 5 Tlas] Log jj— +9[as). (5.76)

The evolution kernel can be obtained from the equation

~ Log 2
Uz, 1, o) = exp / dLog u* 5(z, )
L

og uj
= (ize’YEug)‘”(’“’“")eK(’“’“O), (5.77)
with the functions w and K defined as
Log 113 )
wliwo) = = [ dLog i Tla) (5.78)
Log u}

Log 13 ) d 2
Kipro) = [ dLog (—Qrm Log’ + v[as]> . (5.79)

Log p2 Ho

Performing the inverse Fourier transform yields

K (p1,p0) (ove)@(H100) 1 d(14w(p1,m0))
¢ (e7%) (”0 . (5.80)
+

U =
(yvﬂlvﬂ()) F(*W(,Ufla,uo)) Mg lerw(Ml,,uo)

To solve the integrals one can use the RGE for the coupling

da,(p) as(p)? as()\" 4
QLog 2 = Ble] Blag) = — > ( ) B (5.81)

to change the integration variable from Log 2 to o
Log pi3 as(p1) 1
/ dLog p? — day ——. (5.82)
Log i3 o (o) Blevs]
With this substitution the integrals in w and K take the form

as(p1) o]
w(pr, po) = —/ dag ——> (5.83)
as(po) /B[QS]

(k1) 1 d o , 1
K(py,po) = /as(;m) dag o] <2F[ozs] /as(uo) day o] Jr'y[oz‘g]) . (5.84)

The integrands can be expanded in s, the leading order gives the factors for leading log (LL) resumma-
tion:

70 posp) 1
LL
R T
BO Jarwoy @
T
= W Log T(ILL:[’ ,U'O)’ (585)
2dpT(O) poslin) o
KE i) =~ [ Cda— [ dal s
B2 Jasu) W Jasuo) O
2drT(©)
= m( — 14 (g1, po) — r(p1, po) LOgT(Ml’MO))7 (5.86)
where r(u1, po) is the ratio
(ks po) = as(,ul)_ (5.87)
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The expanded form of w and K up to N®LL can be found for example in the appendix of Ref. [31]
Since the hard function is local it is not necessary to go to Fourier space. Its anomalous dimension has

the form ,

0
7H(Q27 /1*2) = FH[as] LOg @ +YH [as] (588)
and calculations analogous to the ones above yield
N2 wr (K1,40)
Ur(Q, pu1, p1g) = e (k0 (Q%> , (5.89)
with
Log pi3 )
o) = [ dLog e Tala, (590)
og 113
Log p? 112
Kuluaopo) = [ avogy (Talau]Log %y +mfa). (5.91)
Log p2 Ho

The solutions for wy and Kpy can therefore be obtained from the solutions for w and K in Egs
and with the replacement I'[a;] — —I'g[as] in w and Tlog] — — 2T g[ag], v[as] = vrlos] in K.
The leading order coefficients for the cusp and non-cusp anomalous dimensions for the hard function, jet
function and PDF, as calculated in the last sections, are summarized in Tab. [I}

‘ r© 5O
Cr Cr_

hard -4 -6
jet -4 3

PDF 4 3

Table 1: Leading order anomalous dimensions for the hard function, jet function and PDF.

5.3 Consistency Relations

Because the physical form factor Wi does not depend on the choice of the scale p, the running of the
hard and jet function and the PDF are not independent of each other and a consistency relation between
the anomalous dimensions can be derived.

d 2
0= wwl(xaQ )
2

= % (w(@% 1PYH(Q?, 1?) /ds J(Q%(x — €), 1) f (&, u2)

HQ ) / AEdE' QP (QX(w — & — € 12)T(Q2E 1) (€. 42%)

+H(Q 1) / dede’ J(Q*(z — &), u?)yp (€ — €7, 1) f(€7, u2)>

= 1 (Q%, 1?)d(x) + Q*s(Q%x, 1) + vy (w, n*) = 0 (5.92)
With the anomalous dimensions derived in the previous sections
9 as(n)Cr |3 1
=——— |29 2( - .
Vi, 1) o |20@ 2 Ll (5.93)
2 as(p)Cr 1 |3 S I
= —-—— - - e - 2 I N 4
v(8, 17) o 2 50 e <) (5.94)
Qs CF /1/2
vu(Q%, 1?) = % [—3 —2Log QZ’} : (5.95)

1 Note that there are factors of 2 compared to our results due to different conventions in the definition of w and K and
the series expansion of the beta function.
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it is easy to check that this consistency relation is indeed fulfilled at O(a).

The consistency relation between the hard and jet function and the PDF can also be expressed in terms
of the evolution kernels. The result must be the same whether all functions are evolved to the hard scale
pr or all are evolved down to the scale of the PDFs iy, see Fig. [I9}

“H@ ______ “H'@' iy Yl

Usprr, 1) Up(pms poy)

Figure 19: Consistency relation for the evolution kernels. The physical form factor can not depend on
the choice of u. It must be the same whether all functions are run from their natural scales to the soft
scale py (left) or all are run up to the hard scale py (right).

2 o
Wl (LU, Qz) = %UH(Qv Hf, /’LH)H(Q27 /’L%I) /dgdg, QQUJ(Qz(‘T - g - 5,)’ Hf, :LLJ)J(Q2§7 HQJ)f(£I7 /’L?’)

Q2

SHQ i) [ A6 QU QP — €~ €)ar, i) T QTS € € a1 F (€ 45)

(5.96)
Obviously the first and the second line are the same if
U (Q, g, ) U (Q*(w — € — &) g, pg) = /df/UJ(QQ(x —&—&), nm, p)Up(€ =€), (5.97)
Acting on both sides with [dzU,;(Q*(y — x), s, i) and using that
/de(y—é,uo,ul)U(f—x,m,uz) =U(y — @, o, pi2) Uz, p, p) = 0(x) (5.98)

results in the consistency relation for the evolution kernels in the form

Uf(ﬂfa/% MO) = QQUH(Q7,U/07N)UJ(Q2$7M07M)' (599)

To check this explicitly we go back to Fourier space where the consistency relation reads

. .z
Uf(Z,,u,/,(,()) = UH(QaMOaM)UJ(@vﬂ'OJ’L)' (5100)
: o as(p)
With r := 2 (i0) and
4CF 167TCF
w:= ——Logr, K = r—1—Logr 5.101
Bo o) | ) (3100
Egs. (5.77) and (5.89) give
Log( T (2, 1, uo)) = wLog (ize"®), (5.102)
2
~ A . ‘LL
LOg(UJ(@7MO,M)) = wLog (zze”EQz> + K, (5.103)
12
Log(Un(Q, o, 1)) = —w Log oK (5.104)

so that one can easily see that the evolution kernels indeed fulfill the consistency relation.
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6 Numerical Analysis

For the numerical analysis we follow the massless analysis in Ref. [25]. First we define a K-factor as

2F (2, Q% m?)

(6.1)

where F' 1( Vs just the contribution of a quark with flavor ¢ to the total form factor F; and a dummy PDF
fi that has the form
filw. Q) = (1 - x)* (62)

for large z. The aim of this analysis is to study the effects of resummation for large x and to com-
pare the results for the massless and massive short-distance coefficients. The K-factor in Eq. is
the ratio of the full result to the (massless) tree level result F} (), (1 Q2) = Q2fi(x, Q%) and therefore
shows the effects of higher order terms that are included in the resummed results. The dummy PDF in
Eq. is used as the PDF of a massive quark (for this analysis we do not care whether it is intrin-
sic or generated perturbatively). This PDF is used in the convolution with both the massless and the
massive hard matching coefficients and jet functions to discuss the mass effects that arise solely from
the perturbative calculations. The theoretical errors for the resummed results will be estimated by scale
variation to check whether the effects of the mass in the short-distance coefficients can be neglected or not.

For the fixed order plots we used the results in Eq. and Eq. for the massless and mas-
sive case respectively. The log resummation in the large x limit was performed at NLL and NNLL. Here
we used the factorization theorem as in Eq. where only singular terms are included in the jet and
the hard function. Whenever we speak about resummed results we refer to that, i.e. in contrast to the FO
results there are no non-singular terms included. To which order the anomalous dimensions and matrix
elements are needed for the different resummation schemes is shown in Tab. 2l

NLL NNLL
1N 2-loop 3-loop
YH,J 1-loop 2-loop

matrix elements | tree level 1-loop

Table 2: NLL and NNLL resummation

The matrix elements up to 1-loop are given in Eq. (5.69)) and Eq. -, the 1-loop anomalous dimensions
are shown in Tab. [T} The 2- and 3-loop results for the anomalous dimensions for the hard and jet function
are summarized in the appendix of Ref. [25]|E The matrix elements were expanded together to O(ay),
i.e. the cross terms of order O(a?2) were not included.

The running of a; and the MS-masses was always performed at 4-loop level. We used the values a(myz) =
0.118 with my; = 91.187 GeV for the coupling and 7, (7)) = 4.18 GeV and m.(m.) = 1.275 GeV for the
masses of the bottom and the charm quark respectively. For the hard and the jet scale we used pg = @
and puy = Qv/1 — z. In the analysis at 30 GeV the charm quark was considered to be massless and the
heavy flavor was a bottom quark with mass my, for the analysis at 5 GeV we used the charm quark as the
heavy flavor and the bottom quark was decoupled at 5 GeV so that a 4-flavor running could be used over
the whole range of the jet scale. The plotting range was chosen such that p; > 1 GeV in the massless
case and gy > m in the case with a heavy flavor with mass m. The hard and the jet function were run
to the factorization scale Q% where the PDF is given as in Eq. .

121n Ref. |25] different conventions were used. To relate to our coefficients I'g,; and yg, ;s use:

ri—_r,

F(") -T,

7< M=y
7§ = =]
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K(x,0%m?) K(x,0%m?)
Q=30 GeV, m=0 Q=5GeV, m=0

0.70 0.75 0.80 0.85 0.90 0.95 1.00 0.70 0.75 0.80 0.85 0.90 0.95
X X

Figure 20: Comparison of fixed order and resummed results in the massless case at LO, NLO, NLL and
NNLL for Q=30 GeV and Q=5 GeV.

Let us first analyse the effects or resummation in the massless case. In Fig. [20] the K-factor defined as in
Eq. is plotted for a massless quark. The FO results (LO, NLO) are plotted as solid lines, the results
with log resummation (NLL, NNLL) as dashed lines. The LO result for the K-factor is just 1 because the
the LO result for the form factor is nothing but the PDF f(x) itself. The difference between NLO and
LO becomes large for z — 1 which indicates that higher order terms become more and more important
in that region. We see that the resummed results are much more stable for large z, i.e. there is only a
very small shift from NLL to NNLL that is much smaller than the difference between LO and NLO. This
indicates that the FO results are missing numerically important terms in the expansion whereas these
contributions from large logs at higher orders in « are included in the NLL and NNLL results.

These results can be compared with the plots in Ref. [25] where the same analysis for massless quarks has
been madﬂ We find small deviations from their plots which can be due to slightly different numerical
values and different implementation of the factorization theorenﬂ, but these deviations are much smaller
than our theoretical uncertainties (see Fig. [24).

K(x,0%m?) K(x,0%m?)
Q=30 GeV, m=m; Q=5 GeV, m=m,

0.70 0.75 0.80 0.85 0.90 0.95

Figure 21: Comparison of fixed order and resummed results at LO, NLO, NLL and NNLL for different
values of (Q and m.

In Fig. [21] the results for massive short-distance coefficients are shown. Comparing this with the massless
plots in Fig. it becomes clear that the mass effects are mainly due to the shift in the convolution
fl@) = f(z+ g—z) (or, equivalently, the rescaling f(xz) — f (x(z)) in the FO calculation). This can be
seen from the fact that already the LO and NLL results, where no matrix elements are included, show
a similar behavior as the higher order plots. Even though the argument of the PDF is shifted only by

13Note that we defined the K-factor with the form factor F; while in Ref. |25] it was defined with F>. Since the longitudinal
form factor is F, = 0 in the the limit x — 1 this does not matter for the singular results, but it changes the K-factor for
the FO results.

140ne source of differences is a different choice for the jet scale and the argument in the convolution between jet function

and PDF as @4/ 1=2 in contrast to the fully expanded form Q+/1 — = that we are using in this work, other sources might

x
be for example different values and running of as or cross terms of order a2 in the product of the one-loop matrix elements
that we have not included (both issues are not specified in their work).
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(58&,)2 ~ 0.065 and (Somﬁf ~ 0.02 this small shift leads to a huge deviation in the region (1 —x) < 1
because here the PDF falls off rapidly (as ~ (1 — z)* in the case of our dummy PDF). Again the results
with resummation are much more stable when we go to a higher order compared to the FO results, but
here also the change from LO to NLO is not as large for x — 1 as it was in the massless case, so the

impact of resummation is smaller than for the massless case.

K(x,0%m%) K(x,Q%m?)
Q=30 GeV, m=mb Q=5GeV, m=mc
15F
--° NLL RN --- NLL
10 S N
--- NNLL NN --- NNLL
NI
— Lo ANERN — LO
NI
— NLO 05 AN — NLO
\ AY
\ \
\ \
v
\
. . . . Ly . . . N
0.70 075 0.80 0.85 0.90 0.95 0.70 075 0.80 0.85 0.90

Figure 22: Comparison of fixed order and resummed results at LO, NLO, NLL and NNLL for different
values of Q and m with rescaled K-factor K (x, Q%,m?)

In Fig. 22| the K-factor with a tilde was defined with a different normalization where the argument of the

m2
o(14/1+425
2

PDF is the rescaled variable y(z) = ) as

2R (2, Q2% m?)

R(i)(x,QQ,mQ) - Qsz(X<x),Q2) )

(6.3)

i.e. normalized to the massive FO tree level result for the form factor Qj fi(x(z), @?%). Here the the effects
of the shift/rescaling in the PDF are not as strong as before because they are already considered in the
normalization, but still we get large deviations from the FO tree level result for large x. Again we see
that higher order terms are important or large = and that resummation clearly improves the convergence

when going to higher orders.
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K(x,0>m*), NLL
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Figure 23: Comparison of the uncertainties estimated by variation of the jet scale (colored band) and
hard scale (gray band) for different values of @ and m at NLL (red) and NNLL (blue). The bands are
obtained by varying the jet scale between %Q\/l —x < py < 2Qv1—2x and the hard scale between

3Q < um <2Q.
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The theoretical uncertainties were estimated by varying the hard and the jet scale by a factor 2 about their
canonical values pg = @ and py = Q+/1 — z. All variations for NLL and NNLL are shown separately
in Fig. The scale dependence is larger for Q=5 GeV because all scales are much lower and therefore
the coupling a; is larger. In the massless case the scale dependence introduced by the hard scale is much
smaller than the one from the jet scale, but especially in the massive case it can not be neglected and
so we used Aot = 4 /Aﬁard + Aert as an estimate for the total uncertainty, Fig. The bands are much
broader than one would expect from the very small shift from the NLL to the NNLL result that we
already saw in Fig. and Fig. i.e. the scale variation for NNLL is larger by factor of 2-3 than the
difference between the NLL and NNLL results for the canonical values of the scales (dashed lines), but
the scale variation by a factor 2 yields a more conservative estimate for the theoretical uncertainty.

K(x.Q%.m?) K(x,Q%.m?)
Q=30 GeV, m=0 Q=5GeV, m=0

-—-- NLL
——- NNLL
. . . . . . . . . . .
0.70 0.75 0.80 0.85 0.90 0.95 1.00 0.70 0.75 0.80 0.85 0.90 0.95
X x
K(x,0%m?) K(x,Q%.m?)
Q=30 GeV, m=m,; Q=5 GeV, m=m,
Lar 141
——-- NLL
——- NNLL

Figure 24: Convergence from NLL to NNLL for different values of () and m. The bands are obtained by
combining the uncertainties estimated from jet and hard scale variation in quadrature.

NNLL resummation reduces the scale dependence compared to NLL resummation by a factor 2-5 and we
have good convergence from NLL to NNLL. The small deviations from the results in Ref. [25] that were
mentioned above are also all clearly within these error bands.

Fi(x,Q%m?) Fi(x,0%m?), NLL
Q=30 GeV Q=5GeV
0.007 £ 0,007

0.006 | 0.006 [

0.005 F 0.005

0004 '\ 0004 F

-—- m=0

0.003 | —~ - m=m, 0.003

0.002 0.002

0.001 0.001

0.;5
Figure 25: The massless and massive form factors K (z, Q% m?) f(x, Q%) at NLL.
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Besides considering the K-factor it is also interesting to display the effects for the physically measured form
factor F. Fig. Shows the the form factor F; for a quark with unit charge, i.e. Fy(z) = K(z, Q% m?)f(z, Q?),
with NLL resummation for Q=5 GeV and Q=30 GeV with massless (red) and massive (blue) quarks. We

see that NLL resummation does not seem to be accurate enough to resolve the effects of a massive flavor
compared to the massless calculations, especially for Q=30 GeV and the bottom quark as the heavy
flavor the overlap between the massless and massive results is quite large.

Fi(x,0%m?), NNLL
Q=30 GeV

F (X,Qz,mz), NNLL

Q=5GeV
0.008 |
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I
0.75 0.80 0.85 0.90 0.95 0.75 0.80 0.85 0.90

Figure 26: The massless and massive form factors K (z, @2, m?) f(z, Q%) at NNLL.

In Fig. 26| the form factor Fj is shown with NNLL resummation for massless (red) and massive (blue)
quarks. NNLL resummation reduces the uncertainties such that the massive form factor can be clearly
distinguished from the massless one. Although there is a huge factor between the massive and the massless
result for the K-factor in the region  — 1 (compare Fig. 20| and Fig. [21]), this is strongly suppressed in
the form factor because the PDF falls off rapidly for large x. This implies that it is unlikely to resolve
the mass effects for extremely large x (2 0.95) experimentally in the near future because they are simply
too small, but for regions that are accessible to experiments (up to values of  ~ 0.85) the mass effects
are clearly resolvable.
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7 Conclusions

The goal of this work was to study the effects of heavy flavors in DIS using an effective field theory
approach and to extend this approach from the classical OPE region to the endpoint region x — 1.

The ACOT scheme for DIS was formulated systematically based on EFT methods and the QCD results
at O(as) were reproduced by using the SCET ansatz. These include the 1-loop splitting functions, the
hard matching coefficients and the threshold corrections at the mass scale.

The already existing SCET factorization theorem for DIS in the endpoint region with massless quarks
was extended to the massive case. The building blocks that appear in this factorization theorem like the
hard or the jet function are universal and also appear in other SCET factorization theorems and were
reproduced at O(as).

The effects of the mass in the matching coefficients and of the resummation of large logs in the limit  — 1
compared to the fixed order results were studied numerically. We found that the mass effects become
important for large z and that the resummed results are much more stable when going to higher orders
than the fixed order results. For the results with resummation we have very good convergence from NLL
to NNLL resummation within the theoretical uncertainties estimated by scale variation. The theoretical
uncertainties with NNLL resummation are small enough so that the mass should be resolvable, though
experiments do not provide very precise data for measurements in the large = region so far.

This work was focused on heavy flavor production at O(ay). If one goes to O(a?) this leads to a more
complicated structure because of mixing between different quark flavors in the evolution of the PDF's
and the matching coefficients, but the general framework is the same. If one wants to include also the
effects of secondary massive quarks this yields new threshold corrections in the different functions in the
factorization theorem for x — 1, depending on how the mass scales relatively to the other scales (hard,
jet, soft/PDF) in the process, see Refs. [32,33].

DIS is a good example for studying effects of heavy flavors because one has to deal with only one hadron
in the initial state, but the concepts discussed in this work can also be applied to other processes like e.g.
heavy flavor production in hadron colliders.
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APPENDIX

A Plus Distributions

Definition:
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+
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B Imaginary Parts
reR
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Im [Log*(—(1 — =) + 20)] = 4+270(1 — z)Log(1 — x)

1
1 ] _ /
Log(—(1 —=») —d0)] _ B
Im[ Tp— |~ mO(1 x)(l—x)+
Log®(—(1 — ) —i0)] =3 Log(1 — x)
Im{ Tp——" |~ 35(1 x) —2mO(1 — x) —
I Ly (2 £ i0)] = £70(z - 1) 282
m [Lis(z £140)] = £70(z )
Im [tanh ™" (2 £ i0)] = :I:g@(m -1)
Im [tan™"(2)] =0
“1ys 1 z+1
Im [tan™" (iz)] = §Log ( p— D
real parts: z,y € R
Re [tan " (i(x + i€))] = ;g@(m 1)
1
Re [Log(x + iy)] = sLos(a? + 1)
C n-point Functions
4m? Am22
w = 1+ @ re= 1 QQ
1 Am2x . - dm2z
- _ _
Q*(1—=x) Q*(1+z)

67

),

(B.10)

(B.11)

(B.12)



APPENDIX

divergent n-point functions:
The divergent n-point functions were taken from Ref. [34].
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To get the correct imaginary part set m? — m? — 0.
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finite n-point functions:

The finite n-point functions were calculated by using Feynman parameters and following Ref. |35]
1
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