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Abstract

The subject of this thesis is the rigorous construction of quantum field theoretic mod-
els with nontrivial interaction. For this task techniques available in the framework of
Algebraic Quantum Field Theory are applied and two different approaches are discussed.

On the one hand, an inverse scattering problem is considered. A given scattering
matrix is thereby taken as the starting point of the construction. In two spacetime di-
mensions one may work with factorizing scattering matrices which exhibit a simple struc-
ture. The particle spectrum taken into account involves an arbitrary number of massive
particle species which transform under some global gauge group. It is a known fact that
auxiliary fields with weakened localization, namely in wedges, can be constructed. In
the main part of this thesis the more involved transition to local theories is shown by
means of operator algebraic methods. Concretely, we make use of the so-called modular
nuclearity condition. To this end, we investigate certain maps from the wedge algebras,
generated by the auxiliary fields, to the considered Hilbert space. Under a very plausible
conjecture it is shown that these maps are nuclear, which implies the nontriviality of
algebras associated with bounded regions in the sense that the Reeh-Schlieder property
holds. This construction method yields a large class of integrable models with factorizing
S-matrices in two spacetime dimensions, complying with localization in bounded regions
above a minimal size. The constructed family contains, for example, the multifaceted
O(N)-invariant nonlinear o-models.

On the other hand, deformation techniques constitute a method of construction which
may be applied in arbitrary spacetime dimensions. This approach starts from a known
quantum field theoretic model which is subjected to a certain modification. Here, con-
cretely, the model of a scalar massive Fermion was deformed. It is shown that the
correspondingly emerging models are based on fields with weakened localization prop-
erties again with regard to wedges. Due to this remnant of locality scattering theory
can be applied and the two-particle S-matrix can be computed. The resulting scattering
matrix depends on the deformation and has a very simple structure, not allowing for
particle production nor momentum transfer in scattering processes. However, it differs
from the S-matrix of the initial model. By restricting the spacetime dimension to two, it
is shown that the considered deformation method yields a large class of integrable mod-
els with factorizing S-matrices which, moreover, comply with localization in bounded
regions above a minimal size. Among the integrable models arising by deformation is
the famous Sinh-Gordon model.



Zusammenfassung

Gegenstand dieser Arbeit ist die rigorose Konstruktion von quantenfeldtheoretischen
Modellen mit nicht-trivialer Wechselwirkung. Dazu werden Techniken aus dem Rah-
men der Algebraischen Quantenfeldtheorie angewandt und zwei verschiedene Verfahren
diskutiert.

Zum einen wird ein inverses Streuproblem betrachtet. Dabei ist eine vorgegebene
Streumatrix der Ausgangspunkt der Konstruktion. In zwei Raum-Zeit-Dimensionen kann
dazu mit faktorisierenden Streumatrizen, welche eine einfache Struktur aufweisen, gear-
beitet werden. Das betrachtete Teilchenspektrum schliefst eine beliebige Zahl an massiven
Teilchensorten ein, welche sich unter einer beliebigen globalen Eichgruppe transformieren.
Wie bekannt, konnen Hilfsfelder mit abgeschwichter Lokalisierung, und zwar in Keilge-
bieten, konstruiert werden. Im Hauptteil dieser Arbeit wird der weitaus aufwendigere
Ubergang zu lokalen Theorien unter Verwendung von operatoralgebraischen Methoden
gezeigt. Konkret wird die sogenannte modulare Nuklearitdtsbedingung herangezogen.
Dazu werden gewisse Abbildungen von der aus den Hilfsfeldern generierten Keilalgebra in
den betrachteten Hilbertraum untersucht. Es wird unter einer sehr plausiblen Vermutung
gezeigt, dass diese Abbildungen nuklear sind. Dieser Sachverhalt wiederum impliziert
die Nichttrivialitdt von Algebren, welche mit beschréinkten Gebieten assoziiert werden,
in dem Sinne, dass die Reeh-Schlieder Eigenschaft gilt. Dieses Konstruktionsverfahren
fiihrt zu einer groften Klasse von integrablen Modellen mit faktorisierenden S-Matrizen
in zwei Raumzeit-Dimensionen, welche mit Lokalisierung in beschrénkten Gebieten ober-
halb einer Mindestgrofie kompatibel sind. In die konstruierte Klasse fallen beispielsweise
die facettenreichen O(N)-invarianten nicht-linearen o-Modelle.

Zum anderen stellen Deformationsverfahren eine Konstruktionsmethode dar, welche
in beliebigen Raumzeit-Dimensionen anwendbar ist. In diesem Zugang wird ein bekan-
ntes quantenfeldtheoretisches Modell als Ausgangspunkt betrachtet, welches einer gewis-
sen Modifikation unterzogen wird. Konkret wurde hier das Modell eines skalaren mas-
siven Fermions deformiert. Es wird gezeigt, dass die entsprechend hervorgehenden Mod-
elle auf Feldern mit abgeschwichten Lokalisierungseigenschaften, wiederum in Bezug auf
Keile, basieren. Aufgrund dieser Restlokalitdt kann Streutheorie angewendet und die
Zwei-Teilchen-S-Matrix bestimmt werden. Die resultierende Streumatrix ist abhingig
von der Deformation und hat eine sehr einfache Struktur, welche keine Teilchenerzeugung
oder Impulsiibertrag in Stokprozessen zuldsst. Sie unterscheidet sich jedoch von jener
des Ausgangsmodells. In Einschriankung auf zwei Raumzeit-Dimensionen wird gezeigt,
dass die betrachtete Deformationsmethode zu einer grofen Klasse von integrablen Mod-
ellen mit faktorisierenden S-Matrizen fiihrt, welche dariiber hinaus im Einklang mit
Lokalisierung in beschriankten Gebieten oberhalb einer Mindestgrofe sind. Zu den aus
der Deformation hervorgehenden integrablen Modellen z&hlt beispielsweise das renom-
mierte Sinh-Gordon Modell.



Chapter 1

Introduction

The quest for a consistent description of high energy particle physics led to the develop-
ment of quantum field theory. From its beginnings in the first half of the 20th century to
the present day quantum field theory as the unification of quantum mechanics and spe-
cial relativity has asserted itself as the most successful theory for explaining the observed
microscopic phenomena. In the scope of perturbative calculations, numerical predictions
of the theory are in excellent agreement with the experiments. Nevertheless, one is faced
with serious difficulties when seeking for a mathematically rigorous construction of an
interacting quantum field theory model compatible with relativistic covariance, positivity
of the energy and causality, i.e. locality. This problem has been attacked by theoretical
physicists from various directions. For instance, in the framework of constructive quan-
tum field theory [72, 86] nontrivial models complying with the axiomatic approaches to
quantum field theory, formulated by Wightman [139, 89] and Haag and Kastler [5, 78]
respectively, were constructed in two and three spacetime dimensions. Thereby, Hamilto-
nian strategies, given by Jaffe [85] and Lanford [94] respectively, and a functional integral
approach, developed by Symanvzik [140], proved successful in renormalizing certain mod-
els defined in terms of a Lagrangian in a rigorous way. Despite these achievements,
results in four spacetime dimensions are still missing.

Many interesting models with polynomial self-interaction in two spacetime dimen-
sions constructed earlier by methods of constructive quantum field theory arose in a
very recent approach developed by Barata, Jikel and Mund [14]. Tt is based on Tomita-
Takesaki theory [142, 143] and, hence, does not rely on any Lagrangian formulation.

Other methods that have proven to be useful in the construction of particularly
two-dimensional quantum field theories without recourse to Lagrangians or perturbation
theory are due to inverse scattering techniques. In the so-called bootstrap form-factor
program models are defined in terms of a given scattering matrix. To this end, particu-
larly factorizing collision operators are taken into account due to their simple structure
and since they can be specified explicitly. Such S-matrices are known to appear in the
context of integrable models like the Sinh-Gordon or the O(N)-invariant sigma models
[1].

In the form factor program one aims at calculating the Wightman n-point functions
of a theory associated with a given factorizing S-matrix. For this task, matrix elements
of local field operators in scattering states, called form factors, are investigated. The

3



4 Chapter 1. Introduction

special form of the considered scattering operator as well as the assumed properties of
the local fields such as locality or covariance yield a number of constraints on the form
factors. Their explicit computation can be achieved by solving these conditions, which
was, indeed, established for many models [8].

The Wightman n-point functions of local fields are then given by infinite series of
integrals over form factors. The difficulty, thereby, is to control the convergence of these
sums. Although this is possible in a few special cases [7], this problem remains open to
a large extent.

More recent inverse scattering techniques yield a large class of integrable models in
two spacetime dimensions [100]. This approach takes place in the algebraic framework
of quantum field theory [78]. It is based on the possibility of explicitly constructing
quantum fields with weakened localization properties by exploiting the crossing symmetry
of the scattering matrix [132], again considered to be of factorizing type. These auxiliary
objects are localized in Minkowski space in wedge shaped regions and are referred to
as polarization-free generators due to their simple momentum-space properties. Starting
from the construction of these wedge-local operators, one can prove the ezistence of local
fields by making use of certain operator-algebraic techniques [40]. This procedure has
been carried out in the case of a particle spectrum consisting only of a single species of
neutral massive particles by Lechner in [100, 95]. The constructed models are integrable
and asymptotically complete, hence solve the inverse scattering problem. Among them
are the Sinh-Gordon model and the scaling Ising model, which are usually realized in
terms of a Lagrangian. More interestingly, however, this nonperturbative construction
yields a large class of integrable models to which a Lagrangian formulation is not known.

On the other hand, interesting models such as the O(N)-invariant nonlinear sigma
models, which describe a single species of neutral massive particles with an internal
degree of freedom and are accessible by perturbative renormalization in 1+ 1 dimensions
[1], do not fit into the framework of the latter approach. This is due to the simple particle
spectrum considered, consisting of just one species of neutral massive particles without
any internal degree of freedom. In view of the achievements of [100, 95| for this special
situation, it is, therefore, natural to raise the question whether the employed methods
can be generalized to the case of more general particle spectra, opening up the possibility
to construct, for instance, the O(N) nonlinear o-models in a rigorous way for the first
time. In this thesis we look into this important issue. We take, in particular, a particle
spectrum into account which involves an arbitrary number of massive particle species
which transform under some global gauge group. The starting point of the construction
of local theories is a scattering matriz which factorizes into a product of a number of
two-particle S-matrices, i.e. which is of factorizing type. In a paper by Lechner and
Schiitzenhofer [102] the first intermediate step of constructing wedge-local field algebras
by means of auxiliary quantum fields was shown to be feasible for the considered setting.
The second more involved step, the transition to local algebras associated with bounded
regions in Minkowski space, such as double cones, on the other hand, shall be discussed
in this thesis.

Since in 1 + 1 dimensions double cones are intersections of two opposite wedges,
it can be inferred that the local algebras are obtained by intersecting wedge algebras.



However, it is not straightforward to decide whether or not these intersections are trivial.
Fortunately, there are powerful tools available in the operator-algebraic framework of
quantum field theory which allow for the clarification of this problem. We shall argue
that the so-called modular nuclearity condition, requiring the nuclearity of certain maps,
is best suited for our purposes. Its verification implies the cyclicity of the vacuum for
the local algebras, and, hence, their nontriviality. To establish this result, we shall
proceed similarly as in the special case considered in [100] where the modular nuclearity
condition also played a crucial role. Unfortunately, we discovered in the last stages
of this thesis a mistake in the proof of [100, Proposition 4.4 b)]. As a consequence
the main results of [100], namely Theorems 5.6 and 5.8, do not hold true by the applied
arguments. However, there has been progress in reestablishing the claimed verification of
the modular nuclearity condition. In fact as shown in [95], Theorem 5.8 can presently be
proven in a weaker sense, namely such that the arising models comply with localization in
bounded regions above a minimal size'. The techniques leading to this great result can,
nevertheless, be applied only to a certain class of models with factorizing S-matrices. A
much larger family of models was, originally, covered by Theorem 5.6 which so far could
not be repaired.

These problems also reflect in the more general situation of a richer particle spectrum
considered here. For the proof of the modular nuclearity condition we shall, namely, rely
on the existence of a certain map for which we have plausible arguments but have no
complete proof yet. However, we emphasize that due to the results obtained so far with
regard to this mapping there is strong indication for the establishment of a complete
proof in the near future, in particular, in connection with the O(N)-invariant nonlinear

o-models.

The rigorous construction methods presented by the previous discussion do not give
any results in spacetime dimensions greater than three. In the context of recently de-
veloped deformation procedures |74, 41|, however, generalizations of the latter inverse
scattering approach to higher dimensions are, indeed, possible as the analysis of [101]
shows. The strategy, thereby, is to start from a well-known model and modify it in a suit-
able way such that the basic properties of quantum field theory like locality or covariance
are preserved. The deformation techniques allow for the nonperturbative construction of
new quantum field theoretic models with nontrivial interaction. The corresponding field
operators are not localized in bounded regions but are wedge-local. Due to this remnant
of locality, scattering theory can be applied and the two-particle scattering matrix can
consistently be determined [23]. The structure of the resulting scattering operator is very
simple. It does not allow for particle creation or momentum transfer in collision processes
of particles. However, the great achievement of this approach is that a deformation of a
trivial, i.e. interaction-free, theory on d > 2-dimensional spacetime gives rise to a theory
which admits nontrivial scattering as already first examples show [74, 43].

In the original version of the corresponding theorem the localization regions were of arbitrary size.
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Building on these achievements, in the second part of this thesis we are concerned
with the construction of new nontrivial models in higher spacetime dimensions by means
of deformations schemes.

Thus, in this thesis we are, on the one hand, concerned with the rigorous construc-
tion of local theories on two-dimensional Minkowski space, by applying inverse scattering
methods. On the other hand, we are interested in constructing models in higher dimen-
sions by means of deformation procedures.

This thesis is organized as follows. In the next chapter we introduce the general
framework. This enables us simultaneously to present the notation used throughout the
thesis and to recall the basic concepts of Algebraic Quantum Field Theory necessary for
our purposes.

In Chapter 3 we are concerned with the rigorous construction of nontrivial quan-
tum field theoretical models in two spacetime dimensions by means of inverse scattering
techniques. We start by clarifying the considered particle spectra which involve several
massive particle species carrying arbitrary charges and collect further notation. More-
over, we specify the properties of a factorizing S-matrix, which is the starting point of
our construction, and introduce a convenient Hilbert space. The subsequent section in
that chapter deals with the construction of local quantum field theoretic models. To this
end, we first review the results on the wedge-local auxiliary fields obtained in [102| and
the wedge-local algebras they generate. Next, we prove that the Bisognano-Wichmann
property holds true in our setting, constituting an important step with regard to the ver-
ification of the modular nuclearity condition. Having established this result, we discuss
the transition from wedge-local to local algebras. We further introduce the modular nu-
clearity condition and clarify its significance for our approach. The main part of Chapter
3 is concerned with the verification of this condition, which can be established under a
very plausible conjecture, implying the existence of local fields in the constructed models.
In the last sections to that chapter the physical properties including asymptotic com-
pleteness, already shown to hold true in [102], of the constructed models are discussed,
and concrete examples are illustrated. The most prominent models fitting in this in-
verse scattering approach are the O(N)-invariant nonlinear o-models to which we devote
Chapter 4.

In Chapter 5, on the other hand, we construct nontrivial models via deformation
methods in d > 2 spacetime dimensions. To this end, we first introduce this approach
by reviewing its development. This presentation is followed by specifying the particular
model, namely that of a scalar massive Fermion, which constitutes the starting point of
our construction. Its deformation is carried out and the properties of the emerging models
are discussed. The construction gives rise to theories based on wedge-local fields which
constitute examples of so-called tempered polarization-free generators. This property
allows for the consistent computation of the two-particle scattering matrix which is shown
to differ from the one of the initial, undeformed model in a nontrivial way and depends,
furthermore, on the deformation. Due to its simple form the effects of the deformation
can only be uncovered in special arrangements such as time delay experiments, however,
effects like momentum transfer or particle production cannot be expected to be found in
the deformed models.



In Chapter 6 we investigate the deformed models in the special case of two spacetime
dimensions. We shall show that under this restriction the deformation of a scalar massive
Fermion does not only give rise to a wedge-local model but also to certain local theo-
ries, complying with localization in bounded regions above a minimal size, constructed
previously by inverse scattering methods. This result establishes, thereby, a connection
between the two construction approaches presented in this thesis.

The family of integrable models with factorizing S-matrices emerging by the applied
deformation procedures contains, in particular, the famous Sinh-Gordon model.

Finally, we shall discuss our findings and open questions in Chapter 7, including an
outlook. This completes the main text.

Appendix A collects auxiliary results needed, in particular, in Chapter 3. Appendix
B, on the other hand, covers some mathematical background material.

Most of the content of Chapters 5 and 6 has been published in [3].






Chapter 2

Preliminaries

In this thesis we use the system of units in which the speed of light ¢ as well as Planck’s

constant A are set to be equal to one.

2.1 Minkowski Spacetime

To set the stage, in this section we collect the basic notations and conventions regarding
geometrical aspects that shall be used throughout this thesis.

The considered spacetime is the Minkowskian of d > 2 dimensions with coordinates
r = (29,7) € R x R¥™! equipped with the metric

d—1
x-y:xoyo—f*:xoyo—inyi, Ve, y € RY. (2.1)
i=1

Minkowski spacetime is divided into subregions called spacelike, timelike and lightlike
according to x - x < 0, x-x > 0, and x - ¢ = 0 respectively. The group of isometries is
given by the Poincaré group P. It is the semidirect product R? x £ with R? corresponding
to the spacetime translations and £ the full homogeneous Lorentz group. Respectively,

(a,A) - (d/,A') = (a+ Ad', AN, a,d eRY AN € L. (2.2)
Moreover, P is simply connected and admits a splitting into connected components
P=PlupPtuPLuP, (2.3)

where 731 denotes the proper orthochronous part, consisting of elements g which preserve
time orientation, symbolized by 1, and for which det g = 41, represented by the sign +.
Correspondingly, | stands for group elements changing time orientation and the sign —
for those with determinant —1. For the following purposes the proper part Py = 771 UPi
shall be of main concern.
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2.1.1 Wedges and Double Cones

In this thesis certain regions in R? are of special interest and are introduced in this
section. We agree upon the convention to work with open regions only. Denoting by
R’ the spacelike (causal) complement of % C R?, defined as the interior of the set
{z € RY: (z —y)? < 0, Vy € R}, then N is said to be causally complete if and only
if R = R". Of great importance is a particular class of causally complete subregions of
Minkowski space, namely so-called wedges. Each wedge is a Poincaré transform of

Wg:={z eR?: 2z > |zo|}, (2.4)

referred to as the right wedge with causal complement Wy, = —Wg =: W, also called
the left wedge. The set of all wedges is denoted by W = PWpg. Note that the boost

cosh(2wt) sinh(27t) 0 ... 0
sinh(27t) cosh(27t) 0 ... O

Aw, Rt — Aw,(t) := 0 0 1 0] ech (2.5)
0 0 0 1

preserves the wedge Wg. Moreover, the reflection across the edge of Wpg, denoted by
Jwyr € P4, acts according to

jWR(ajo, Ti,. .. ,l'd—l) = (—:L’o, —Z1,... ,l’d_l). (2.6)

Of further interest are certain bounded regions in R?, namely open double cones O. A
double cone is defined to be the intersection of the causal future of a point z with the

causal past of a point y to the future of x. In other words, a double cone is a non-empty

time

space

FIGURE 2.1: Three-dimensional illustration of a forward lightcone (left), backward
lightcone (middle) and a double cone (right).

intersection of a forward lightcone V. with a backward lightcone V=, ie. V¥ NV,
with y € V7. On the other hand, double cones arise also from a suitable intersection of
wedges, namely

o= (1w, Wew. (2.7)
wo0
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Moreover, the set W is causally separating for double cones. That is, for every pair of
spacelike separated double cones O; and O; there exists a W € W, such that

O CW C Os. (2.8)
For further purposes, we shall denote the set of all double cones by &'.

2.1.2 1+ 1 Dimensions

At several places we shall restrict our attention to two spacetime dimensions. To this
end, we may specialize the notions just introduced to this setting.
In case d = 2 the set W consists of translates of either Wg or Wy, that is,

W={W,+z:xecR}IU{Wg+a2:xcR*. (2.9)

Note that both Wg and Wy, are invariant under the action of the boosts (2.5).

20

WL WR

FIGURE 2.2: The left and the right wedge.

The definition of double cones, stated above for d > 2, is in two spacetime dimensions
equivalently formulated as the non-empty intersection of a right wedge with a left wedge.

More precisely,
Opy=Wr+a)N(Wr+y), y—z€Wpg (2.10)

WL +y Wr+z

Ow,y y CCl

FIGURE 2.3: A double cone as the intersection of wedges in two spacetime dimensions.
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2.2 Algebraic Approach to Quantum Field Theory

Algebraic Quantum Field Theory [5, 78, 80, 82|, synonymously Local Quantum Physics,
was originally proposed by Rudolf Haag |76, 77| in the mid 1950’s as a concept by
which scattering of particles can be understood as a consequence of the principle of
locality, an expression of Einstein causality in relativistic quantum theory. Later on, a
mathematically precise description was established by Araki, Haag and Kastler. The
main mathematical methods underlying local quantum physics arise from the theory of
operator algebras which are at the basis of this approach. Specifically, a net of operator
algebras, i.e. a family of operator algebras labeled by regions of spacetime, is of central
significance. For our purposes the focus is on Minkowski space R? d > 2. However,
the formalism of Algebraic Quantum Field Theory can also be applied to many other
spacetimes.

We refrain from giving a detailed introduction to this topic and rather limit ourselves
to notions and concepts necessary for our purposes. The references cited above provide
a thorough overview for further reading.

A model in local quantum physics is characterized by a family of algebras F(O),
generated by operators which are localized in the spacetime region © C R? and act on
a separable Hilbert space J#. The algebras F(O) C B(%) are taken to be x-algebras
that are closed in the weak operator topology, that is, they are von Neumann algebras.
The correspondence

R > O w— F(O) c B(#), (2.11)

together with the requirement of
i) Isotony: F(O1) C F(O7) if O C Oq,

constitutes a field net. The C*-inductive limit for O — R? of this directed system of von
Neumann algebras is called the quasilocal field algebra F, [90].

Besides the von Neumann algebras F(O), we have a unitary, strongly continuous
representation U of the identity component of the Poincaré group 731 acting on 7,
which satisfies the

i) Spectrum condition: The joint spectrum of the energy-momentum operators P =
(P°, P), the generators of the translations U(a, 1) := U(a) = €7, is restricted to
the closed forward light cone V., = {p € R?: p° > [p]}.

The action of the relativistic symmetries on the net {F(O)}pcra is further required to

incorporate
iii) Covariance: o, 0)(F(0)) = U(a,A)F(O)U(a, )™ = F(AO+a), (a,A) € 771,
where AO +a = {Az +a:z € O} and 0, ) denotes the automorphisms of F induced
by U.
Additionally, we assume the existence of a compact Lie group G (the gauge group)

and a faithful, strongly continuous unitary representation V' of it which induces auto-
morphisms oy, g € G, of F

V(g)AV(g) ™ = ay(A), AeF. (2.12)
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The representations U and V commute and the a4 are assumed to respect the local
structure, that is

iv) Inner symmetry: The automorphisms «, leave each F(O) globally fixed, i.e.
) y y p g g y :

ay(F(0)) = F(O), VgeQG. (2.13)

In the center of G a Bose-Fermi operator k of order 2 is assumed to exist, giving rise
to a decomposition of A € F(O) into a bosonic (+) and a fermionic (—) part, i.e.
A=A + A_, where
As ::%(Aiak.(A)). (2.14)
Thereby A, is even whereas A_ is odd under the adjoint action of the unitary operator
V (k) which further fulfills V (k) = V(k)* = V(k)~ L.
The principle of causality, the relativistic prohibition of the existence of superluminal
signals, is implemented in the framework by demanding for A € F(O;) and B € F(O2)

Ay, By]=[A.,B_]=[A_,B,]={A_,B_}=0, if O;C O, (2.15)

Introducing the twist operation

F(O) = ZF(0)Z*, (2.16)
with
1+iV(k)
Zi= =0 (2.17)

then the locality postulate (2.15) can equivalently be formulated in the following way.

v) Twisted locality:
F(O) C F(0), if O1C O, (2.18)

where F(O)’ denotes the commutant of F(O), i.e.
F(O) :={BeB(#): [A,B]=0, VA€ F(O)}. (2.19)
As can be easily verified, see also [71], we have
F(O)* = F(0), (2.20)
since Z2 = V(k), and, moreover,
F(O)" = F(0)", (2.21)

as a consequence of the unitarity of Z. A sharpened version of the locality condition is
that of twisted Haag duality
F(O) =F(O, (2.22)
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which is particularly known to hold [19] if the region O in (2.22) is a wedge and the net
is generated by finite-component Wightman fields [139]. In general, however, this is not
the case for bounded regions.

The field net {F(O)}pera contains, in particular, a subnet {A(O)}pera of local
observables. Each A(QO) is defined as the set of fixed points under the action of the
global gauge group G, that is,

AO) = FO)NV(G)
— {Be F(O):a,B)=B,VgeG}. (2.23)

Hence the observable algebra fulfills (untwisted) locality. Moreover, the self-adjoint el-
ements of A(Q) are local relative to the fields, that is, A(O;) and F(Oz) commute
element-wise if O; C Of. They further correspond to physical properties of the sys-
tem which may be measured in O. Note that in the theory of superselection sectors
[55, 56, 58| the initial point is the net of observables whereas the gauge group and the
field net are derived objects.

Furthermore, there exists a U- and V-invariant, normalized vector 2 € ¢, the
physical vacuum state which is unique up to a phase factor. One demands

vi) Cyclicity of the vacuum: Uo F(O)$2 is dense in 2.

If the field net {F(O)}pera is generated by Wightman fields then  is a cyclic vector
for every single field algebra F(O) with O C R? being open (Reeh-Schlieder Theorem).
This, however, cannot always be expected for nets that are defined without association
to Wightman fields. In general, the generation of the algebras F(O) from quantum field
operators is a nontrivial problem, cf. e.g. [61, 26]. Nevertheless, under the additional
assumption of weak additivity, that is

" "

U Foo+2)] ={ |J Fo)

zeRd OCR4

for every fixed open set Op, which particularly is fulfilled if the net {F(O)}pcra emerges
from Wightman fields, the Reeh-Schlieder Theorem can be proven to hold also in a more
general context, see e.g. [5, 148]. That is, under the assumption of weak additivity, we
have

FO)Q =72, O c R open. (2.24)
For regions O with non-empty causal complement @) it then follows from the Reeh-
Schlieder property that the vacuum €2 is a separating vector of F(Q) for every O, i.e.
AQ =0 for A € F(O) implies A = 0.

The factorial decomposition of the representation V' of the gauge group G splits the
Hilbert space . into a direct sum of orthogonal subspaces /. The reduced unitary
representation Ve of G on J# is for each { factorial, that is, the von Neumann algebra
generated by the operators {V(g)|x : g € G} is a factor. V¢ decomposes further (in
general non-uniquely) into a direct sum of unitarily equivalent irreducible representations
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of G. The character £ hence corresponds to a unitary equivalence class of irreducible
representations contained in V and is in one-to-one correspondence with the charge
quantum numbers. The subspace J#, also referred to as (charge) sector, is generated
by those vectors in ¢ which transform according to this equivalence class £. So, the
factorial decomposition of V' is given by

H =P A, (2.25)
ey

with ¥ the set of equivalence classes of irreducible unitary representations contained in
V.

From a physical point of view the above assumed structure, regarding gauge invari-
ance of the first kind, does not capture all superselection sectors if long-range forces are
present. In Quantum Electrodynamics, for instance, we may have to take a finer decom-
position labeled by “infrared clouds” [34] into account. Our assumptions are, however,
consistent and sufficient in a theory with only short-range interaction.

The remarkable feature of the present approach is that the full physical interpretation
of a theory is encoded in the corresponding net O — F(O) of algebras, complying with
the above conditions. In order to analyze e.g. the particle spectrum or collision cross
sections, no further specification of operators in F(O) is necessary aside from their
localization.

Throughout this thesis we shall refer to a net O — F(O) satisfying the properties
i), iii), iv), v) and vi) as local field net on R%. With regard to measurements, local-
ization regions are preferably bounded. Hence, in the following we shall be particularly
interested in algebras associated with compact regions, such as double cones, and refer
to them as local algebras. Correspondingly, their elements shall be called local operators.






Chapter 3

Inverse Scattering Approach

In this chapter we are concerned with the explicit construction of nontrivial quantum
field theoretic models with particle spectra that contain several massive particle species
carrying arbitrary charges. The construction takes place within the framework of Lo-
cal Quantum Physics and is formulated as an inverse scattering problem. The starting
point is, therefore, a prescribed S-matrix which in general can be a rather complicated
object. In spacetime dimensions greater than two no-go theorems [2, 46] imply that sim-
plifications such as the exclusion of particle production from scattering processes result
in the triviality of the S-matrix. In two spacetime dimensions, however, there do exist
“manageable” S-matrices describing nontrivial interaction, namely those of factorizing
type. The factorization of the multi-particle S-matrix into the product of a number of
two-particle ones provides a drastic simplification we shall take advantage of. In this
chapter the spacetime dimension is, therefore, restricted to two.

Considering a factorizing S-matrix as given, the first step is to construct wedge-local
field algebras by means of auxiliary quantum fields. This task was already carried out in
[102] and shall be reviewed in the following. In a second, more involved step we discuss
the possibility of proceeding from these algebras, corresponding to infinitely expanded
regions, to a net of local field algebras that are associated with bounded regions in
Minkowski spacetime.

The techniques applied in that procedure result from an analysis that benefits, first
of all, from the fact that wedge algebras are thoroughly studied objects in Algebraic
Quantum Field Theory. This is, in particular, due to the interpretation of their modular
operators as unitary representations of specific Poincaré transformations [18, 19, 25, 38].
Based upon this geometric action, families of wedge algebras can be constructed in
an algebraic framework [32, 115]. It was, however, Bert Schroer’s fundamental insight
[131, 132] that wedge algebras, complying with the principle of locality, also arise in a
setting were a factorizing S-matrix in two spacetime dimensions is taken as the starting
point of the construction, initiating thereby an interesting development. A complete
construction of these algebras for a simple class of S-matrices was established in [96].
The transition from field operators localized in wedges to such localized in compact
spacetime regions, e.g. double cones, is a rather complicated task. Since any double cone
in two dimensions can be obtained by a suitable intersection of wedges, the desired local
operators are necessarily elements of the intersection of wedge algebras. The difficulty

17
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now is to prove the nontriviality of these intersections. Buchholz and Lechner derived
in [40] a simple condition, referred to as the modular nuclearity condition, by means
of which the nontriviality of the double cone algebras can be inferred. At the basis of
their investigation is the analysis of spectral properties of the modular operators, which
replaces the algebraic problem of checking locality by computing relative commutants
[133]. Their arguments are closely linked to the so-called split property of wedge algebras.
In fact, the modular nuclearity condition implies the split property for wedges which in
turn yields the cyclicity of the vacuum for the local algebras, i.e. the nontriviality of the
intersections mentioned above. Thus, in order to prove that the inverse scattering point
of view we pursue here gives rise to nontrivial local theories, we shall make use of this
powerful condition by verifying it for the models at hand. This task does, however, rely
on a certain conjecture which at the moment has only been shown to hold true in model
theories with certain scalar valued S-matrices [100, 95].

This chapter is organized as follows. In the first section we specify the particle spec-
trum of the models to be constructed and collect some notation. Then the properties of
a factorizing S-matrix, which is taken as an input for our construction, are specified. We
continue our preparations by constructing a convenient Hilbert space. The subsequent
section is concerned with the construction of local quantum field theoretic models by
verifying the modular nuclearity condition under a certain conjecture. That section is
followed by a discussion of the physical properties of the constructed models and concrete
examples are illustrated. The most prominent models fitting in this inverse scattering
approach are the O(N)-invariant nonlinear o-models to which we devote Chapter 4.

3.1 Framework

The starting point of our construction is the specification of a certain particle spec-
trum. This task benefits from Wigner’s pioneering analysis of relativistic symmetries
in quantum theory [147], which was undertaken in 1939. Accordingly, any relativistic
formulation of quantum theory should at least involve a Hilbert space S of state vec-
tors and a unitary representation U of the proper, orthochronous Poincaré group 731
on J€. Irreducible positive energy representations were thereby identified by Wigner
with relativistic particle states corresponding to a certain mass and spin. Recall that
a positive energy representation is one that complies with the stability requirement of
positive energy in all Lorentz frames, implying that the joint spectrum of the generators
P = (P° P') of the representation U(a,1) := U(a) = €'7*® of the translations is con-
tained in the closed forward light cone V = {p € R?: p° > |p!|}. The observables P°,
the energy, and P!, the momentum, give rise to the mass operator M = [(P9)2—(P")?]'/?
which in a specific irreducible positive energy representation of 771 has a sharp eigen-
value. Fixing the mass spectrum of the theory, therefore, amounts to choosing a certain
unitary equivalence class of the representation U. The choice of the representation space
€, on the other hand, is to a large extent solely a matter of convenience.

By using this usual description of particles, we exclude theories in which long-range
forces are present. For those theories allow for particles whose mass fluctuates due to the
presence of other excitations and therefore cannot be described by eigenstates of the mass
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operator. A particular example for such a theory constitutes quantum electrodynamics
where charged particles are inevitably accompanied by soft photons [130].

Concretely, we specify the single particle mass and charge spectra of the models to be
constructed as follows. First of all, we consider a compact Lie group as the global gauge
group G. Equivalence classes ¢ of unitary irreducible representations of G are in one-to-
one correspondence with the charge quantum numbers. We shall here be concerned with
a finite subset Q of such quantum numbers. For the sake of concreteness, the analysis
is restricted to massive stable theories, which is the case if the restriction of the mass
operator to each sector has positive isolated eigenvalues. For simplicity, we limit the
number of isolated mass shells in each sector to one, that is, to each charge ¢ there is
exactly one mass m(q) > 0. Our results, however, can be shown to hold also if finitely
many isolated mass values are considered in each sector. The mass gap of the theory,
i.e. min{m(q) > 0: g € Q}, shall be denoted by m..

Since we are working on two-dimensional Minkowski space, we may parameterize the
upper mass shell H;L(q) = {((p*> + m(q)®)"/?,p) : p € R} by the rapidity 6, that is

cosh 6
Pm(q)(0) :==m(q) (Sinh9> ,  OeR (3.1)

The one-particle Hilbert space 4 can, therefore, be identified with L?(R, df) ® K, where
K is a D-dimensional Hilbert space with D < co. In particular, 5 decomposes into
subspaces of fixed charge ¢ € Q and mass m(q), namely

4 =@ LR, df) @ K. (3.2)
qeQ

The spacetime symmetries, i.e. the proper orthochronous Poincaré group PT, act on JA
by means of the unitary, strongly continuous representation

Ur(a,t) == P (Ui (a.t) @idi,),  (a,t) € PL, (3.3)
qeQ

which satisfies the relativistic spectrum condition. In particular, Uj 4 (a,t) is irre-
ducible and we have

(Ut () (@, )0) (0) = ePm@ @49 — 27t), Y e L2(R,d0) @ K,. (3.4)

Recall that in two spacetime dimensions it is convenient to consider pairs (a,t) € P_T_
consisting of a translation a € R? and a boost A(t) with rapidity ¢ € R, i.e.

[ cosh(2nt) sinh(27t)
Alt) = < sinh(27t) cosh(27t) ) ' (8:5)

The global gauge group G, on the other hand, is represented on 4 by unitaries

Vi(g) :== @ (idr2r,a0) © Vig(9)) g€aq, (3.6)
qeQ
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and acts on Ky via the irreducible representation Vi 4. It is further obvious that V; com-

mutes with Uj.

It will be useful to consider an orthonormal basis for each K. Then their direct sum,
denoted by {e® : a« = 1,..., D}, constitutes an orthonormal basis in K. Each index « thus
corresponds to a certain charge gj,) and mass mq) := m(q[a]), and 0 — ¥*(0) denotes
the respective component of a vector ¢y € 4. With regard to charge conjugation, the
involution « — @, corresponding to a permutation of {1,..., D}, such that da = ]
does the job.

Furthermore, let (-, -) denote the scalar product in K. We define for vectors v € K®"
and tensors M : K&™ — K®" m,n € N,

PO On (eal R ® 60‘”’ U) (37)
Ma1 gﬁ: = (6a1®...®ean,M661®-"®65m). (38)

Then, for M : K& — K& and N : K& — K®™ [ € N,
(M-N)glogr = Y Myt Ngge. (3.9)
Ve Am

Moreover, for M € B(K®?) and n > 2 a useful notation will be
Mn,k =11 OM® 1,1, k=1,...,n—1, (310)

where 1; denotes the identity on K% and M, € B(K®™). We, further, represent a
tensor M € B(K®™, K#") by means of the basis tensors e* @---®e*" @ej @ @ej |
namely

M = EMO“ el ®-- Qe e ®--Vep (3.11)

where {eg :B=1,...,D} is the dual basis of {¢” : 3 =1,...,D} and a := (ay,..., ).
Using this notation we introduce for 1 < k,I < m the following operation
Trk 'B(/C®m /C®n) N B(/C®(m_2),/C®n),

15 ,Bm air ... Qn
M = 25 g l+l M ; ﬁk Bm—l+l---67n (312)
7B

><eal®...®ean®621®...€/§k®...®ez§m ®...®62§m7

—I+1

where the hat indicates omission of the corresponding factors. The symbol Tr*; shall
not be confused with the conventional trace, denoted by Tr, of a tensor which yields a
scalar quantity. The presence of the indices k and [ stresses this fact. We further define

T () = Ty (T, (o (TR ) ) (3.13)

for suitable k;,l; and M.
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For later purposes, we agree upon the following convention. Namely, considering some
sequence {b; }1<k<n, n € N, of arbitrary algebraic objects by not necessarily commuting,
then

[Toe:=01-b2bos- b (3.14)
k=1

We shall use this convention of ordered products throughout this thesis without further

mentioning.

By second quantization, we have natural representations U:= 4> I U{gn of 771 and
Vi=@:°, V2" of G on the unsymmetrized Fock space

H =@ A" ~ PLPR, d"0) @ KO (3.15)
n=0 n=0

over the single particle space J#. In particular, we have for ¥ € H

(a4

(ﬁ(a,t)xp) (0) = ¢ == P O Cge g _or g —ont),  (at) € PL. (3.16)

n

As A is quite a large space, one, usually, chooses to work on an appropriate subspace
of it. Standard, well-known examples of subspaces are the totally symmetric Bose Fock
space T = @02 (L*(R™,d"0) ® K®")T or the totally antisymmetric Fermi Fock space
A~ = @y o(LA(R™,d™0) ® K®")~, where the + denotes total symmetrization and —
total antisymmetrization respectively. The analysis of [98, 100], however, suggests that
for our purposes a more convenient choice is a subspace with a symmetrization which is

obtained by means of a factorizing S-matrix, an essential input to our construction.

3.2 Factorizing S-Matrices in Two Dimensions

To begin with, we first recall the basic formalism of the S-matrix theory, see e.g. [83, 5].

Considering a particle spectrum as described in the previous section, Haag-Ruelle-
Hepp scattering theory [5, 81] reconciled with the charge structure being present [56]
can be applied and multiparticle collision states can be computed'. Assuming for the
sake of clarity for the moment that the theory under consideration is purely bosonic,
then, there are isometries Wi, and Wiy, the generalized Mgller operators, which map
the Bose Fock space T onto certain subspaces %, Jout Of the full Hilbert space ¢ of
the theory. The spaces J#, and %, are generated by vectors which can be interpreted
as in-, respectively, outgoing configurations of noninteracting particles. The S-matrix S
is now introduced as the operator S .= WinWout * : 7wt — F4n that maps outgoing into

incoming scattering states. It is often, however, convenient to define the S-matrix as an

!Note that the assumption of isolated mass shells in each sector is not necessary for this task, for
there are methods [62] by means of which scattering states can be calculated also for more general mass
spectra.



22 Chapter 3. Inverse Scattering Approach

operator on T, that is, to consider
S = Weoyt Wiy : T — T, (3.17)

Note that we have S = Wout *Win = Win * S Win = Wout * S Wous.

If all states in the physical Hilbert space 5 can be interpreted as configurations of
particles, i.e. &, = oy = F, the theory has the property of asymptotic completeness.
In this case the operator S is unitary on 1 and Sis on respectively.

The problem of a complete particle interpretation in relativistic quantum field theory
is a matter of active research, see e.g. [65, 64, 63]. Due to several conceptual and technical
difficulties, the only non-trivial class of models known to be asymptotically complete are
two-dimensional theories with factorizing S-matrices [100, 144]. In fact, as is shown in
[102] under a certain assumption, see also Section 3.5, the models to be constructed here
do also belong to this class if a certain conjecture, to be specified later on, holds true.

Considering T = @y ((L*(R™,d"0) @ K®™)T as above, we find for the S-matrix

elements

_ n m g/ .o . /
(T,S ) = Z_O/d a/d 0 (\pn(e),sn,m(e,e) @m(o))mn, (3.18)
where 6 := (61,...,0,), and ¥,, € Z" and ®,, € H,I are the wavefunctions of the re-

spective asymptotic states. The kernels S, , are tempered distributions on . (R"*™) ®
K&M+m)  Their form is determined by constraints such as energy-momentum conserva-
tion or covariance. Further properties like crossing symmetry and hermitian analyticity,
which are related to the analytic features of the collision operator [66, 84|, restrict, in
particular, the structure of the two-particle S-matrix elements Ss2. In fact, these two-
particle kernels are thoroughly studies objects in the literature, see e.g. [59, 66, 84]. On
the other hand, due to their general complexity less is known about the higher S-matrix
elements Sy, m, n,m > 2. As already mentioned in the introduction to this chapter,
imposing certain simplifications on the S-matrix necessarily leads to its triviality at least
in spacetime dimensions greater than two. This follows from several no-go theorems. For
instance, if only elastic scattering is required, i.e. Sy, = 0 for n # m, then it can be
proven that in such a theory there is no interaction at all [2]. As shown by Coleman and
Mandula in 1967 [46], the S-matrix has also to be trivial if there are conserved quantities
in scattering processes which transform as higher Lorentz tensors. These triviality theo-
rems, however, do not apply in 1+ 1 dimensions where “simple” but nontrivial S-matrices
exist. Collision operators of this type have first been discovered in a nonrelativistic set-
ting where the scattering of particles, interacting through a -potential, was considered
[16, 108]. They further were found to appear in quantized versions of completely inte-
grable classical field theories such as the O(V)-invariant nonlinear o-models [149, 150].
Since completely integrable models admit an infinite number of conservation laws, the
dynamics is severely restricted. The particle number is, in particular, a conserved quan-
tity in scattering processes, even though the dynamics is fully relativistic. The structure
of the collision operator of such a theory is, clearly, limited to a large extent. In fact,
the S-matrix has to be consistent with [59]
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e no particle production, i.e. Sy, = 0 for n # m,
e factorization of the kernels S, ,, into a product of Sz 2 kernels,

e equality of the sets of incoming and outgoing rapidities, i.e.
Snn(01, ..., 0p;01,...,0,) =0 unless {61,...,0,} ={61,...,0,},

e no interaction of particles with different masses.

Due to the second property, scattering operators complying with these special properties
are called factorizing S-matrices. It is, then, natural to focus the attention on the two-
particle collision operator. The energy-momentum conservation law for scattering process
of two incoming particles of types «, f with rapidities 61,62 and two outgoing particles
7,0 with rapidities 0], 05 yields the appearance of the following delta distributions in

o ]' (0%
(S2.2)25 (61, 02; 0, 05) = 5 (8(01 = 01)5(02 = 05) + 6(01 — 03)5(02 — 1)) S (61, 02)%,

S2(01,02)°F ={ gi%wl‘@’ no

5y (03 — 01), 0y > 0.
(3.19)
By Lorentz invariance, the scattering amplitude S(|6|) depends only on the difference
of rapidities 8 = 6; — 0. Furthermore, standard S-matrix features, such as unitarity,
covariance or the Yang-Baxter equation restrict the structure of S. We shall in the
following be mainly concerned with this quantity. It is, therefore, convenient to refer
to it as S-matrix for short. With regard to the position of the indices of S, different

conventions appear throughout the literature. Our choice is the same as in [102].

The particular set S of S-matrices which are at the basis of the present construction

of nontrivial models is specified in the subsequent definition.

Definition 3.1. A continuous bounded function S : {( € C: 0 <Im( < 7} — B(K®K),
analytic in {¢ € C : 0 < Im({ < =}, is referred to as S-matrix if for 6,6’ € R and
a,B,7,0 € {1,..., D} the following properties are fulfilled:

1.) Unitarity:
2.) Hermitian analyticity:

3.) Yang-Baxter equation:

(S(0) ®11)(11® S0 +0))(S(0) @ 11) = (11 @ S(0))(S(O +0') ® 11)(11 ® S(0)).
4.) Crossing symmetry: -
S (im — 0) = Si5(0).
5.) PCT invariance:

SHOE sg(e).
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6.) Translational invariance?:

S%B(G) =0 if Miq) #+ m or  myg # M-
7.) Gauge invariance:
[5(0),Vi(g) @ Vi(g)] =0  geG.

The set S has so far been explicitly determined only for a class of neutral particles
with the same mass m > 0 [98]. In this case the Yang-Baxter equation, translational
invariance and gauge invariance are trivially fulfilled. Apart from this scalar case, other
special solutions for the set of constraints 3.1 were found for e.g. O(IN) o-models |1, 149].

In conclusion, we may point out that, despite the severe limitations on the interac-
tion in models governed by factorizing S-matrices, there do exist observable effects in
scattering processes. In particular, the nonconstant nature of the phase shift of S gives
rise to the appearance of time delays.

3.3 S-Symmetric Fock Space

As indicated earlier, for our purposes it is practical to choose the Hilbert space of the the-
ory to be S-symmetric. Such a Fock space is constructed by introducing an S-dependent
action D, of the permutation group &,, of n elements on %”1®” [98]. That is, we put

(Dn(Tk)‘lin) (91, R ,Qn) = S(9k+1 - ek)mk‘l/n(el, coes Ok, 0k, Gn), v, € jfl®n,
(3.20)
with 7, € 6, £k = 1,...,n — 1, being the transposition that exchanges k£ and k + 1.
Accordingly, for arbitrary permutations m € G,, there exists a unitary tensor S : R" —
U(K®™) such that

Obviously, S7¥(0) = S(Ok+1 — Ok)nk holds. Due to the properties of the S-matrix,
particularly due to the features 1.) to 3.) in Definition 3.1, we have

Lemma 3.2 (|103]). D, is a unitary representation of the permutation group &, on

Rn
S

Moreover, the mean over D,,,

P, ::% > Du(m), (3.22)

’ 7T€6n

2 Although not obvious at first sight, this is, indeed, the right condition for translational invariance
of S. It becomes obvious by taking the action of the translations, cf. (3.16), and (3.20) stated below
into account.



3.3. S-Symmetric Fock Space 25

is the orthogonal projection onto the D,-invariant subspace of %" [98]. The S-
symmetrized Fock space 2 over 7] is then defined by

H=Ca@Dt, =PI, (3.23)

n=1

where C consists of multiples of the vacuum vector Q. Thus, vectors ¥,, € J7;, satisty

WE(0) = Sgrt Ogr — O) Wy 1RO () g O, 0), (3.24)

where @ = (a,...,ay) and 8 = (0,...,60,). Note that the summation convention is
used in (3.24) and in the following. Moreover, for elements ¥ = (o, Uy,...) € I we

have [|U]|2 =32 ) [d"OW2(0)¥2(0) < oo.
For further purposes we introduce the particle number operator N on JZ by

(NU),, :==nV,, (3.25)

for vectors with > n?||¥,||? < oo, and refer to the dense subspace D C J#, consisting of

terminating sequences (Wo, ¥q,...,¥,,0,...), as the subspace of finite particle number.
We denote the restrictions of the representations U = D U™ of PJTr and V =

Do, Vi of G on the unsymmetrized Fock space A, (3.15), to the subspace S by

U:= l{ﬂf, V= ‘7‘% (3.26)

Clearly, U is a strongly continuous positive energy representation of 791, with up to a
phase unique invariant unit vector €2, legitimizing thereby the interpretation of the latter
as the physical vacuum state. The PCT operator J on 7 is further defined by

(JU)(6) := TG L (G,,....0), €A (3.27)

It is the antiunitary involution which extends U to a representation of the proper Poincaré
group P4 as stated in the following Lemma.

Lemma 3.3. [13/] The operator J is an antiunitary involution. Moreover, let j(x) = —x
be the space-time reflection defined in (2.6). Then, the assignment

U@)=J (3.28)

extends U to a representation of the proper Poincaré group Py on JC.

The PCT operator J further commutes with the representation V' as shown in [102,
Lemma 2.3.]. For our purposes it is not relevant to extend U to the full Poincaré group
P. This is related to the fact that we shall not construct models with S-matrices being

invariant under the symmetries of parity and time reflection separately.

Lemma 3.4. Let n € N, then PCT invariance and crossing symmetry of the S-matriz
yield
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a)
b aean o, By
[H 5(9k)n,k] = [H S(Qk)nm_k] ., 1<a<b<n-—1, (329
k=a B1...8n k=b Qn...00
and
b)
n a1...0n41 n En~--g1a1
[H S(im — 9k)n+1,k] = H 5(9k)n+1,n+1k] ; (3.30)
k=1 Br--Bn+1 k=1 Bn+1@ny1...a2
respectively.

Proof. Considering first part a), we proceed by induction in b with a fixed. Then, for
the base case b = a the identity

[S@)nal35 = [S(O)nm—alar 2
holds, since

(JDp(75)¥5)* (6)

Op—j4+10n—j 7""'an'ﬁn—' O
— Sg ]v%lav+1j<9n_j —Hn_j+1)\11$: J J+1 al(en,...,en_j,ﬁn_jﬂ,...,91)
n—jFn—j
n—j&n—j annnEn, 'B,L7 ; L
= Sgn,jflgnjfjl (Hn*jJrl - enfj)\ljn ’ I+ 1(071, . ,anj, 9n7j+1a e 01)

= (Dn(Tn—j)J\I/n)a (),

with ¥, € J4%", yields

Qn,...Q1

(S(e)n,j):':;: - (S(e)n,n_j)ﬂ""ﬂl, j=1,....n—1 (3.31)

Turning now to the inductive step b — b+ 1, we compute

aq...0n

b+1 a...0n b
[H S(ek)n,k] = [H S(ek)n,k] [S(‘gb“)"vb+1]g’11'.’.'.§ﬁnn ’
k=a B1...6n k=a &1...6n
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which by the inductive hypothesis and by (3.31) becomes

aj...ap

bt1
[H S(ek)n,k]
k=a

B1...6n

Qp...01
_ _ a En"'gl
[S(0b+1)n n—b— l]gn::gl H S(ek)n n—k]
k=b Qn...01
a Bngl
H S(ek)n,nk] )
k=b+1 T @1

proving statement a). In order to show part b), we also proceed by induction, namely
in n. For n = 1 the claim follows directly from the crossing symmetry of the S-matrix.

Letting n — n + 1, gives
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On the dense subspace D C 7 of vectors with finite particle number we define cre-
ation and annihilation operators z1(6), z(#) in the sense of operator-valued distributions.

To this end, recall their unsymmetrized counterparts af(¢),

a(yp), ¢ € JA4, on j{’: subject

to
Al @ @Yy = VAtle@Y1® @y,  1,..., 0, €4, (3.32)
a(@)% & "®¢n = \/ﬁ<%¢1>¢2®---®¢n, a(go)ﬂ :=0. (3'33)

Linear and continuous extension yields densely defined operators which on the subspace
of finite particle number fulfill a(p)* D a'(¢). Their projections onto the S-symmetrized
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JC give rise to
o) =Pal(p)P,  2(p)=Pulp)P, €M, (3.34)

by means of the orthogonal projection P : A — #. We relate to these operators the
distributions z\,(#) and z4(6) by

Z(p) = / oz (0)e™(0),  z(p) = / df 2o (0) > (6). (3.35)

Proposition 3.5 ([102]). Let ¢ € 54 and ¥ € D.

i) The operators 21(p) and z(p) act explicitly according to

()3 (0) = Va+ 1 [ a0, (0, 6), (3.362)
1 < R
T - ok
(') (0= \/ﬁkz_lsn (8) (#(00) @ W 161, 0., 6) ) (3.36D)
z(p)2 =0, <ZT(<,0)\IJ) =0, (3.36¢)
0
where oy = Tp_1Tp—2 - T1 € &, with o1 := id and ék denotes omission of the

variable 0.

i)
2(9)* D 21(y) (3.37)

iii)
()T < el INY2E], 12T (@)@ < Jlell [V +1)1/2w], (3.38)
with N the particle number operator (3.25).

i) The distributional kernels z);(Q) and z(0) satisfy

2a(0)25(0) = SPH0 —0)2(0)2(0), (3.39a)
A0)250) = SI50 0200200, (3.39b)
Z(0)2h(0") = S57(0' = 0)21(0)25(0) + 5°P5(0 — 0/) - 1. (3.39¢)

Note that the operators zf(p) and z(p) are in general unbounded. Boundedness,
however, follows in case of a constant S-matrix S%ﬁ (0) = —55“55 . In fact, the exchange
relations stated under item iv) in the previous proposition coincide for such an S-matrix
with the canonical anticommutation relations (CAR). Similarly, one recovers the canon-
ical commutation relations (CCR) if S%B 0) = +636L§ . For generic S-matrices the oper-
ators 27 (¢), z(p) form a representation of the so-called Zamolodchikov-Faddeev algebra
[150], commonly used in the context of integrable quantum field theories, see e.g. [136].
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3.4 Construction of Models with Factorizing S-Matrices

3.4.1 Wedge-Local Fields

The preparations made in the previous sections allow for the explicit construction of
wedge local fields as shown in [102]. These auxiliary operators play an important role in
our analysis on the existence of local fields in the present approach. We shall, therefore,
review in this section those results which are of particular interest for our purposes.

Motivated by the free theory with S-matrix 5%3 0) = —1—5,‘;‘55 , one introduces by
means of the creation and annihilation operators zf(p) and z(y), defined in (3.34), for
theories with a given S € § a field on D via

o(f) =21 (M) +2(Jf7), [feSLR)K, (3.40)
where
FEAO) = F(Epmyy (0) = % / A2z P DT gy g er. (3.41)

Since, obviously, f* € L?(R,df) for f* € .#(R?), the functions f* may be considered
as vectors in 4. The operators (3.40) are related to the distributions

ba(x) = / d9 (z;(e) Pt DT 4 (9) e P W), (3.42)

by
d)(f):/dean(x)fa(x), fe R K. (3.43)

It is, furthermore, useful to introduce a second auxiliary field, given by
O f) =TT+ T2(f7)],  feLR)K. (3.44)

The following theorem establishes most of the well-known properties of Wightman fields
for ¢ and ¢'. However, as stated below, these fields are in general nonlocal. Nevertheless,
they can be interpreted as being localized in wedge regions W C R?, cf. Section 2.1.2. A
mathematical motivation for this interpretation is the crossing symmetry of the S-matrix
as it is reminiscent of the Kubo-Martin-Schwinger (KMS) condition for the vacuum state
on an algebra of wedge-local observables with respect to the boost group. In fact, the
relation stated under item wviii) in the subsequent theorem depends severely on the
crossing symmetry of the S-matrix.

Theorem 3.6 ([102]). Let f € S(R*) ® K and ¥ € D.

i) The map [+ &(f)V is linear and continuous.

it) Define (f*)*(z) := f*(x), then

o(f)" 2 o(f7). (3.45)
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i11) Each vector in D is entire analytic for ¢(f). If f = f*, then ¢(f) is essentially
self-adjoint on D.

w) ¢(f) transforms covariantly under PI_ and G, that is,

U, )o(N)U(a,) 7" = 6(fan):  Fan(@) = F(AB) ™ (z —a)), (a,t) € P,
V(g)e(HV(g™h) =o(Vi(9)f),  (Vile)f)(@) :==Vi(9)f(z), geG.

(3.46)
v) Let j(z) := —z, then
vi) For any open set O C R?, the subspace

Do = span{d(f1) - d(fn)Q2: f1,.. ., fn € L(O) @K, n € No} (3.48)

is dense in J€. That is, Q is cyclic for the field ¢.
vii) The field ¢ is local if and only if S5y () = 6265 .

Statements i) — iv) and vi),vii) hold also true if ¢ is replaced by ¢'. Let, moreover,

feSWr+a)®K, g€ S (WL +a)®K and a € R?, then

vi4i)
[¢/(f)7 gb(g)]‘l’ =0, v eD, (3'49)

that s, the fields ¢ and ¢', are relatively wedge-local.

The properties stated in the previous theorem allow for interpreting the auxiliary
fields ¢ and ¢’ as being localized in wedges. One can, namely, assign ¢(g) to the localiza-
tion region (W +supp g)” and ¢'(f) to the localization region (Wg + supp f)” in agree-
ment with covariance and causality by properties iv) and viii) of Theorem 3.6. Thereby,
(Wg + supp f)” is the smallest right wedge that contains suppf which, on the other
hand, is defined as the smallest subset of R? containing suppf, for all a € {1,..., D}.
Building on these wedge-local fields ¢ and ¢’, we now aim at proving the existence of a
local quantum field theory with S-matrix S. To this end, it is advantageous to employ an
operator-algebraic formulation of the already constructed models. This is due to certain
techniques available in the algebraic framework which lead to a practical way for check-
ing locality. In particular, the so-called modular nuclearity condition, as introduced later
on, is of essential importance in the present analysis.

An algebraic description of the models at hand is obtained by considering the von
Neumann algebras generated by ¢ and ¢, i.e. with z € R?

FWp+2) = {20 f=fc (W, +2)2K), (3.50a)
FWr+z) = {9D.f=f"c s Wp+z)oKk} (3.50D)
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This definition and the properties of the fields ¢ and ¢’ yield

Proposition 3.7 ([102]). Let S € S and F(W), W € W, be defined as in (3.50). Then,
{FW)}wew is alocal field net, cf. Section 2.2, of von Newmann algebras, transforming
covariantly under the adjoint action of the extended representation U, cf. Lemma 3.3,
of the proper Poincaré group Py. Furthermore, locality is fulfilled (without twisting) and
the vacuum vector Q) is cyclic and separating for each F(W), W € W.

This result opens up the possibility to employ the powerful methods available in the
context of Algebraic Quantum Field Theory as explained in the subsequent sections.

Note that, due to the fact that the net {F(W)}wew constructed by means of the
auxiliary fields ¢ and ¢’ satisfies locality without twisting, we are dealing here with a
purely bosonic theory. This is a particular consequence of the commutativity of the
fields ¢ and ¢ at spacelike distances. It is, in principle, possible to include Fermi fields
in the framework by constructing anticommuting auxiliary objects. We do, however, not
discuss this case here.

We remark further that ¢ and ¢’ constitute examples of so-called temperate polar-
ization-free generators [132, 23]. This fact was shown in [134, Theorem 4.5.] and is due
to the following properties. First, these fields generate only single particle states when
applied to the vacuum €. Second, they are localized in wedges. Last, ¢ and ¢ admit
a certain continuous and bounded behavior with regard to Poincaré transformations.
We shall come back to this topic in Chapter 5 where such operators will be used to
compute two-particle scattering amplitudes in Haag-Ruelle collision theory. For the
present context such a calculation was done in [134].

3.4.2 The Bisognano-Wichmann Property

The cyclicity and separability of the vacuum Q for F(W), W € W, established in
Proposition 3.7, allows for the application of the Tomita-Takesaki theory [142, 143].
Considering, in particular, the pair (F(Wg), ), we denote by A® ¢t € R, and J the
associated modular unitaries and modular conjugation respectively. Whereas the adjoint
action of the modular group A% leaves the algebra F(Wg) invariant, the antiunitary
involution J maps the algebra into its commutant F (Wg)'. Bisognano and Wichmann
showed that these operators have a geometric interpretation if the algebra F(Wg) is
generated by Wightman fields [18, 19]. Namely, the modular group coincides with the
representation of the Lorentz-boosts of the wedge and the modular conjugation is related
to the PCT operator J. With regard to our intension to make use of the modular
nuclearity condition which involves the maps (3.71) below and, in particular, the modular
operator A, it is desirable to prove these remarkable features also in the present context.
As stated in the subsequent Proposition 3.8, it turns out that this is indeed the case.
Before presenting the corresponding results, we recall [18] that if f € .7(R?) ® K
has compact support in Wg then f™ € J4 lies in the domain of the positive self-adjoint

operator U(0, %) and

(U0, 5)f)O) = fH(0—im)=f (). (3.51)
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Moreover, since (f*)%(x) = f%(z), we have
(Jf5)(O) = (f)T(0). (3.52)
Thus, for compactly supported f € . (Wg) @ K,

JU(0,5)¢' (/)2 =JU(0,5)fF = (f)" =¢(f)2=¢'(/)" 2= 8¢ (/)2 (3.53)

with S being the Tomita operator of the pair (F(Wg), ), with polar decomposition
S = JAY2. This calculation already suggests a one particle version of the Bisognano-
Wichmann property which, as shown below, indeed holds true.

Proposition 3.8. Let {F(W)}wew be the net of von Neumann algebras defined in
(3.50). Then,

i) the Bisognano- Wichmann property holds, that is, the modular operator A and modular

conjugation J associated with the pair (F(Wg),Q) are given by

A% = U(0,—t), tER, (3.54)
J = (3.55)

ii) moreover, Haag-duality,
FW) = F(W'), Wew, (3.56)

holds.

Proof. We start the proof by showing that the operator A := ¢/(f), with f € S/ (Wg)®K
of compact support, is affiliated with F(Wg). To this end, consider ¥y € D, ¥ € dom A
and g € S (Wp) ® K with ¢ = g*. Using the property that any vector in D is an
analytic vector for ¢'(f) and ¢(g) [102] it follows that Wy and A*¥( are analytic vectors
for B := @ because the particle number is only finitely changed by A*. Moreover, we
have [102]

[A*,B"|p =0,  Vpe N. (3.57)

Therefore,

(T, ePAv) =5 %(A*BP\IJO, =" %(BPA*\IIO, U) = (U, AcBU),  (3.58)
p=0"" p=0""

which implies e!PA¥ = AP since D C  is dense. This relation still holds if one
replaces ¢? by any element in the *-algebra A generated by €i9(9) with ge SWgp)®K
and g = ¢g*. However, any D' € F(Wg)' is a weak limit of a sequence D] € A and
the identity D], AV = AD) ¥ is preserved under weak limits. Thus, A is affiliated with
F(Wg).

Since A is a closed, densely defined unbounded operator between Hilbert spaces, it
has a unique polar decomposition A = Y|A|. Due to the affiliation of A with F(Wg),
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we have Y, E,|A| € F(Wg), n € N, where E,, are the spectral projections of |A| onto
the spectrum in the interval [0,n]. Consider further the Tomita operator S of the pair
(F(Wg),Q). Then it follows from SYE,|A|Q? = |A|E,Y*Q, the strong convergence
E,, — 1 asn — oo and the closedness of S that A€ isin the domain of S and SAQ = A*Q.
As dom A'/2 = dom S, AQ is also in the domain of A'/2. By the same arguments also
AFQ with any F € F(Wg) is in the domain of S and Al/2 respectively.

By modular theory, the Tomita operator of the pair (F(Wg)’,Q) is S*. Using the
same arguments as above, one can show that the operator ¢(f’), with f’ € S W)oK
of compact support, is affiliated with F(Wg)" and S*¢(f)Q = &(f')*Q.

Next, we prove the statement on the modular operator. It follows from Equation
(3.53) that

sl cSEW, (3.59)

geo

where Sgleo = JU(0, %)E(l) and EM is the projection onto 4. To prove (3.59), define
Dy == {¥esAq:¥=¢(f)Q supp f € Wg compact} which is dense in J4. In [32]
it is shown that Sgleo is a closed operator which is densely defined on 4. Moreover,
dom Sj., = dom U (0, 1) = K +iK, where K is a real subspace of 5. Clearly, we have
Dy C dom Sge,. Therefore, there exist sequences {hn},>1 and {kn}, >, with hy, k, € Do
corresponding to real functions f = f*, which converge to h, k € K such that h,, +ik, —
h + ik € dom Séeo. In particular, Séeo(hn + ikn) = hy — iky, —= h — ik, which by the
closedness of S, gives Sgo,(h + ik) = h —ik. Thus, from (3.53), the closedness of S
and the fact that Sf+ = f* for f* = f it follows that Sge,(h + ik) = S(h + ik), for all
h + ik € dom Sgq,, proving (3.59).

To show the opposite inclusion, namely SEM ¢ Sgleo, note that E1) = qug En,,
where the Ej, , ¢ € Q, are spectral projections of the mass operator VP2, By a theorem
of Borchers [24] the modular group A¥ and modular conjugation J have geometrically the
correct commutation relations with the translations, which is a crucial step towards the
Bisognano-Wichmann property. In particular, the exchange relations of A* and J with
the mass operator v P2 imply that S commutes with v P2 and consequently with E(1)3
[115]. We proceed by defining S(Wp) := JSJ and Sg.o(Wg) = JSseJ respectively.
Then, it follows from locality! and modular theory® that S C S(Wp)*. Since S(W})

commutes with E(!) we have together with Equation (3.59)
SEW C (S(WR)EW)* C Speo(Wh)* = Sgeos (3.60)

where the last equality follows from JU(0,%) = U(0,—%)J by the anti-unitarity of J.
Thus, we have shown

SEW = jU(0, 1) EW, (3.61)

As the polar decomposition of a closed operator is unique and S is closed, we obtain from
(3.61) a one particle version of the Bisognano-Wichmann theorem, namely AY/2E(1) =

3Since E® : dom S — dom S, E® and S commute strongly on vectors in dom S.

‘F(Wr) C F(Wg)'

°If Sy is the Tomita operator of the pair (F(W),Q), then Sj is the Tomita operator corresponding
to (F(W)', Q).
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U0, H)EW and JEW = JEW. In particular, we have
A*ED =y, -t)EW,  JEW = JEW, (3.62)

This result can now be used to prove the equality of the modular operator A* with
U(0,—t). To this end, define L(t) := U(0, —t)A~" t € R, and ¢,(f) := L(t)¢/(f)L(t)~*
with f € .7 (Wg) ® K of compact support. Since L(t)F(Wg)L(t)™' ¢ F(Wr), &,(f)
is affiliated with F(Wg) because A = ¢/(f) is. Hence, ¢,(f) commutes with elements
in F(Wg)'. Making use of the preceding result (3.62) and L(t)~!Q = Q we have with

Ae F(WR)

(A=A (f)Q=ALt) (/)2 =ALKEDY ()2 = A'¢ (/)2 = ¢/ (f)A'Q,
since ¢'(f)Q € 4. That is,
B1(f) —d(fHAQ=0, A eF(Wr), (3.63)

for any f as above. We will show below that F(Wg)'Q2 is a core for ¢'(f) and ¢,(f),
giving the result ¢/(f) = ¢}(f). Hence U(0, —t)A~% acts trivially on F(Wpg) and since
Q is cyclic for F(Wg), it follows that U (0, —t)A~% =1, ¢t € R.

Similarly, one proves the equality of the modular conjugation J with the TCP op-
erator J. Firstly, we have JF(Wg)J = F(Wg)" by modular theory and secondly
JFWg)J = F(Wr) by definition. Moreover, for an arbitrary wedge W we have
F(W") € F(W)"[102]. Therefore, it is obvious that JJF(Wg)(JJ)~! C F(Wg). Hence,
the operator ¢/;(f) := I¢/(f)I~! with I := JJ and f € ¥ (Wg) ® K is affiliated with
F(WEg). By the same arguments as above we find

(@7(f) —d'(fHAa=0, A e F(Wg). (3.64)

We will show below that F(Wg)'Q is also a core for ¢/;(f), which implies ¢7(f) = ¢'(f)
and consequently I = 1. Haag-duality, statement i7), then follows easily from F(Wg) =
JF(Wg)J = JF(Wg)J = F(W;) and covariance.

In order to prove that F (W) is a core for the operators ¢'(f), ¢ (f), and ¢}(f) we
use the particle number bounds (3.38) and consider Py, the positive generator of time
translations, i.e. we have the following inequalities

el < (FF+1 ) IV + DY), veD (3.65)

mo(N +1) < Py+mol, (3.66)

with mo > 0 the mass gap of the theory. Therefore, for ¥ € D N Dp,, where Dp, is the
domain of Py, we have

16/ (Y]] < ma 21N+ 117 I (P + mel) V20 (3.67)

Using standard arguments it follows from this estimate that any core for Py is also a core
for ¢'(f). Since I and L also commute with all translations and therefore in particular
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with the time translations, this property is also true for ¢ (f) and ¢,(f). The remaining
part is to show that F(Wp)Q2N Dp, is a core for Fy. To this end, note that F (W) is
mapped into itself by all translations U(y) with y € Wr. Moreover, let h be some test
function such that supph C Wy, then, since € is invariant under translations, we have
h(P)F(W5)Q € F(W)Q N Dp, with h(P) = [ dyh(y)U(y). However, there exist test
functions h such that h(P) is invertible, i.e. Ker(h(P)) = {0}, and hence F(W.)Q2NDp,
is not empty. Therefore, we have (Py %+ i)h(P)F (W) C (P £4)(F(WL)QN Dp,) and
as F(Wr)Q is dense in .2 also the intersection F(Wp)2 N Dp, is dense. This proves
that Py is essentially self-adjoint on F(Wp )N Dp, [125, Cor. to Thm. VIIL.3| which
therefore is a core for Py. This finishes the proof. O

Note that in case dim IC = 1, the Poincaré group acts irreducibly on J# and, there-
fore, the Bisognano-Wichmann property can be verified without establishing first a single
particle version [40]. It is, however, an important intermediate step in the situation of a
richer particle spectrum, with dim K > 1, where this irreducibility feature is no longer

present.

3.4.3 From Wedge-Local to Local Algebras - The Modular Nuclearity
Condition

In the previous discussion we introduced certain models in terms of wedge-local quantum
fields ¢, ¢’ and proceeded to the corresponding von Neumann algebras F(W), W € W,
(3.50) they generate. In local quantum physics, however, we are interested in local field
algebras F(0O), associated with bounded regions O C R%. In order to proceed from the
wedge algebras to a net of local algebras, we first notice that the causal complement of

a double cone
Opy=Wr+z)N(Wr+y), y—xzeWg, (3.68)

consists of the two disconnected components Wi 4+ & and Wg + y, cf. Figure 2.3. Con-
sidering an operator A € B(J) associated to the region O, ,, then causality requires
that operations in O; , = (W, +z) U (Wg +y) do not influence A and, therefore, it has
to commute with all operators in F(Wp + z) and F(Wg + y). Consequently, A belongs
to the von Neumann algebra

F(Opy) = (FWL+2)VFWr+y) =FWL+2) NFWg+y), (3.69)

which, with regard to compatibility with locality, actually is the maximal possible choice.
Recall that F(Wy+z)VF(Wg+y) = (F(Wr +2) UF(Wg +1v))” denotes the smallest
von Neumann algebra containing both F(Wp, + z) and F(Wg + y). Definition (3.69)
extends to arbitrary bounded open regions 98 C R? by additivity, that is,

F®):= \/ F), (3.70)
RODOe0
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where ¢ := {O,, : y — x € Wg} denotes the set of all double cones in R?. This
construction indeed yields a local net {F(O)}pcre which inherits its basic properties
from those of the wedge algebras (3.50). More precisely, the following results hold true.

Proposition 3.9. Consider the algebras F(O) defined in (3.69, 3.70). Then, for bounded
open 01,0y C R? we have

e isotony: F(O1) C F(O2) for O1 C Oy,
e covariance: U(a,t)F(O)U(a,t)"t = F(A})O + a), (a,t) € P4,
o gauge symmetry: V() F(O)V(g)™ = F(0), g € G,
e locality: F(O1) C F(O2) for O1 C O,
that is, {F(O)}ocrz is a local net of von Neumann algebras.

A similar result was proven for the special case of a particle spectrum with only one
type of neutral massive particles, i.e. in case the dimension of K is restricted to one. The
proof of Proposition 3.9 requires, in fact, only trivial adjustments. For the convenience
of the reader we, nevertheless, give a complete proof.

Proof. Let Oy, 4y, C Oy, 4, be an inclusion of double cones. Then, we have Wg 4 y2 C
Wgr+y1 and W 4+ xo C Wr, + z1. Hence,

F(Opyyy) =FWL +21) NFWr+y1) CFWL+22) NF(Wr+y2) = F(Ouyys)s

implying together with Definition (3.70) isotony, i.e. the map O — F(O) is a net of von
Neumann algebras.
With regard to the covariance claim, let O, , € ¢ and g € P. Then,

U(9)F(Ou)U(9)™ = U(Q)FWL+2)U(9) * NU(g)F(Wr+y)Ulg)™"
FlgWr + ) N F(g(Wr +y))’
= F(gO).

Taking again Definition (3.70) into account, the covariance property follows. In an
analogous manner, the transformation behavior under inner symmetries g € G follows
directly from definition.

It remains to show locality. To this end, we consider two spacelike separated double
cones Oy, 4 C O, .- In this case, we have either Oy, ,, C Wgr+y2 and F(Oy, 4,) C
FWr +y2), or Og, 4, C Wi+ 29 and F(Oy, 4,) C F(Wr + x2). Since F(Opy ) =
(FWL +22) VF(Wg + y2))’, we have F(Oy, 41) C F(Osyy,)- By the same argument,
the locality property carries over to arbitrary spacelike separated bounded regions $R; C
R,. O

The constructed net of local field algebras F(QO) characterizes the model theory as-
sociated to the S-matrix .S, initially taken into account. Thereby, the problem of finding
explicit expressions for local quantum fields underlying the model is circumvented. In
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the present approach these operators are, namely, rather defined in an indirect manner
as elements of the intersections (3.69). The interesting question on the concrete form
of the local fields was looked into by Bostelmann and Cadamuro [45, 27, 28, 29]. Their
analysis, however, is restricted to the scalar case, i.e. to a particle spectrum consisting of
only a single type of neutral massive particles. It is based on a certain series expansion
which is a generalization of Araki’s expansion of bounded operators on Fock space in
case of the free field theory [4] to integrable models in 1 4+ 1 dimensions. Localization
properties of these operators, represented by a series, then reflect in analyticity features
of certain expansion coefficients. The characterization of the local observables in terms
of the latter was carried out in [28]. An explicit construction of local operators within
this approach was thereby given for a model with scalar S-matrix S = —1 [45].

In this thesis we are concerned with showing the ezistence of local quantum fields
in a model with scattering operator determined by S € §. This is the case if the local
algebras F(O) do not consist only of multiples of the identity, that is, if the intersections
of wedge algebras (3.69) are nontrivial, and if further the Reeh-Schlieder property holds.
Namely, in case the local algebras F(QO), corresponding to these intersections, have the
vacuum ) as a cyclic vector®, their nontriviality and, in particular, the existence of a
local field theory is implied.

In order to check the validity of the Reeh-Schlieder property for bounded regions,
we benefit from a model-independent analysis carried out in [40] and [100] respectively
where the maps

[1]

(z) : F(Wg) = 2,  E(x)A:= AYU(z2)AQ, e Wg, (3.71)

are of central significance. Building on an earlier result by Buchholz, d’Antoni and Longo
[36] for an inclusion of von Neumann factors on a Hilbert space, the nuclearity’ of the
maps (3.71) for any x € Wg can be shown to imply that the net F (3.50) satisfies the
(distal) split property for wedges [40], a powerful feature as shall be explained in more
detail in the sequel. Recall first from [113] that a local field net F is said to have the split
property for wedges if the inclusion F(W;) C F(Wa), Wi, Wy € W, is split whenever
the closure of W is contained in the interior of Wy (in symbols W; CC W3). The notion
“distal” refers to split inclusions for pairs of regions W; and W with a sufficiently large
inner distance. The split property [57] of the inclusion F(W;) C F(Wa) thereby means
that there exists a type I factor N such that

FW1) C N C F(Wy).

It further corresponds to a form of statistical independence between F(W7) and F(Wa)'.
In particular, if (W) and F(Ws) are factors and if there exists a cyclic and separating
vector for F(W7), F(W2) and the relative commutant F(W7) N F(Ws) then [49, 57]
the split property of the inclusion F(W;) C F(Ws) for Wi CC Wa is equivalent to
the existence of a unitary T : 7 —  ® s implementing an isomorphism between

5In local theories with gauge charges [39] the observable, gauge invariant subalgebras A(O) of F(O)
would have € as a cyclic vector on the charge zero subspace.
"Appendix B provides supporting material with regard to nuclear maps.
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.F(Wl) V F(Wg)/ and .F(Wl) & ]:(WQ)/,
TAlAIQT* =A® AIQ, A € ]'-(Wl), AIQ S ]'-(W2>/.

Indeed, by a result established in [105, 60] the wedge algebras F(W), W € W, are
factors of type III; according to the classification of Connes [47]. Moreover, as shown
in [40] the second requirement yielding the above isomorphism is also met. These facts
imply a rather simple structure of the local algebras, since F(W| N Wa) = F(W{) N
F(Ws) = (F(W7) v F(W2)") can be realized as a tensor product of wedge algebras,
namely F(W/{) @ F(Wa), on S @ S, provided the inclusion F(W7) C F(Ws) is split
for W1 CC Wa. In addition, the nontriviality of F(W{ N Wa) can be inferred.

The split property for wedges implies further that the double cone algebras F(O),
O € 0, (3.69) are isomorphic to the hyperfinite type III; factor [40]. Moreover, it follows
that the set of cyclic and separating vectors for the local algebras is a dense G set in ‘H
[52]. Although a priori not obvious, the analysis of [100] shows that the vacuum vector
Q) does also belong to this set, establishing the Reeh-Schlieder property for double cones.

The significance of the split property for our construction is, therefore, made clear
and one may look for a convenient method to prove this feature for wedge algebras. As
indicated above the modular nuclearity condition, i.e. the requirement of the nuclearity
of the maps (3.71), for instance, implies the split property. There are, however, other
possible approaches, e.g. [33, 37, 44]. Nevertheless, in the present context the maps =(z)
take a concrete form by the Bisognano-Wichmann theorem, constituting an advantage
in the investigation of their properties. In addition, by taking the modular nuclearity
condition into account, we do not have to be concerned with the construction of interpo-
lation type I factors, as is the case in a direct verification of the split property. A strong
indication for choosing the modular nuclearity condition as the best suited method for
our purposes provides the scalar case, discussed in [100, 95|, where this condition was
successfully verified®. Due to these considerations, in Section 3.4.4 we aim at verifying
the nuclearity of the maps Z(z) for the models at hand. The implications we shall draw

from the fulfillment of this property are summarized in the following theorem.

Theorem 3.10 ([40, 100]). Let the modular nuclearity condition be satisfied, i.e. assume
the maps Z(x) (3.71) are nuclear for v € Wg. Then, the inclusion F(Wr+x) C F(Wg)
is (distal) split. Moreover, for O, € O,

e F(Oo) is isomorphic to the hyperfinite type I1I; factor,
e F(Opy) has the vacuum Q as a cyclic vector.

Clearly, since any double cone Oy 3, b—a € Wg, can be transformed to Op ; by a boost
and a translation, the above stated results corresponding to Qg , also hold for F(O, ;) by
covariance. By analogous arguments it also follows that the net F has the (distal) split
property for wedges. In addition, further features such as Haag duality for double cones

8As we noticed in the last stages of this thesis, the construction carried out in [100] is, in fact,
incomplete. Fortunately by Erratum [95], the arguments can partially, however presently not to the full
extent, be repaired. The reestablishment of the previously claimed results is currently being investigated.
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or weak additivity [100, 113] may be inferred from the modular nuclearity condition.
Since we are mainly interested in the Reeh-Schlieder property we do not discuss these
consequences in more detail. However, we note that the modular nuclearity condition,
and hence the split property, implies the compactness of the global gauge group G [57,
Theorem 3.1].

3.4.4 Verifying The Modular Nuclearity Condition

In the previous section we discussed powerful techniques available in the literature by
means of which the existence of local interacting models with prescribed S-matrix S € S
may be proven. As explained above the verification of the nuclearity of the maps Z(z)
(3.71) is thereby of central significance. The strategy followed here for this task is moti-
vated by a similar construction carried out for the case of a particle spectrum consisting
of only a single species of neutral massive particles [98, 100]. However, the results ob-
tained in this special case, dealing, in particular, only with scalar-valued S-matrices, do
not generalize readily to the present setting of a richer particle spectrum. Nevertheless,
our analysis shall show that the methods of the scalar case turn out to be effective also
in the situation at hand, at least to a great extent.

We start our investigation of the maps Z(x) (3.71) by decomposing them into a series

(o.9)

E(x) =Y En(x), (3.72)

n=0

where, since A/ and U(z) commute with the particle number operator N,

En(x) : F(WR) = S, En(2)A = P,E(2)A = AU (2)(AQ),,  z€ Wk,
(3.73)
with (AQQ), := P,AQ € J¢,, n € Ng. For Z(z) to be nuclear we have to prove that all

=, (x) are nuclear with summable nuclear norms

> lEn(@)|lr < oo (3.74)
n=0

Namely, in that case (3.72) converges in nuclear norm, which, therefore, yields that Z(z)
is in the Banach space (N (F(Wg), ), | - |/1) of nuclear maps.

A great facilitation in the analysis of the nuclearity of the maps Z(x) is provided by
the Bisognano-Wichmann property. For it allows for a concrete formulation of the rather
abstract modular nuclearity condition. In particular, it follows from Proposition 3.8 that
the functions Z,,(x)A have in terms of analytic continuation the concrete form

(En(m)A)"‘(O) _ H em[ak](;tosinth—zl cosh0y) (AQ)Z‘(Ql _ %T’ e, On — %) (3_75)
k=1
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A further simplification is obtained by the obvious fact that for y € Wg there exists a

t € R such that
ht sinht 0 0 0
comt st (1) (0 (0} g
sinht cosht Y Y S

Since the modular operator A of (F(Wg),2) commutes with the boosts U(0,¢) and in
view of the invariance of Q as well as F(Wpg) under these unitaries, nuclearity of Z(0, s)
would imply that Z(y) was also a nuclear map with the same nuclear norm. Thus,

without loss of generality, we shall from now on consider =(z) = Z(0,s) := Z(s) with
s > 0, giving
(En(5)A)*(0) = [ e ™o (AQ)2(0r — T,..., 0, — ). (3.76)
k=1

As indicated above this concrete form suggests that the properties of the maps Z(s) may
be deduced from analytic features of the functions (AQ)%, A € F(Wg). In order to
derive information about their analytic structure, we may make use of their localization.

To this end, we consider the time zero fields of ¢, namely
apa(xl) =V 27T¢Q(O,ZL'1), 7Ta($1> = v27r(30¢)a(0,x1), r1 € R, (377)

understood in the sense of operator-valued distributions. For test functions f € .7 (R) ® K,
we have with regard to the Definition (3.40) of ¢

o(f) = () +2(1), (3.78)
i (zT(wf) - z(wa_)) , (3.79)

where f®(0) := fa(m[a} sinh 0), f*(0) := fa(—m[a] sinh §), and
(w (I))(ll (0) = a)[a}(e) (19?((9)7 Wia) ((9) =My cosh 6, ®ecD, C 4. (380)

The operators ¢(f) and 7(f) are well-defined on D C JZ, the subspace of finite particle
number. Moreover, p(f*) C o(f)*, 7(f*) C «(f)* and by analogous arguments to those
yielding (3.49) one can prove that for A € F(Wg) and supp f C R_

[o(f), A]¥ =0, [m(f), A]¥ =0, v eD. (3.81)

By means of the locality properties of A € F(Wg), a certain Hardy space structure
can be established, as shown below. That is, we may come across analytic functions
h® : Te — C in a Hardy space H?(7¢), where T¢ := R® 4+ iC C C" is a tube based on an
open convex domain C C R™. For each A € C the maps hy : @ — h(0 + i) are elements
of L?(R") ® K®" with finite norms denoted by || - ||2. Correspondingly, their finite Hardy
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norms are given by
1/2

IA]| := sup ||z = sup Z/d”0|ho‘(0+i)\)|2 < 0. (3.82)
AeC ree \ "o g

In Appendix B.2 some useful properties concerning Hardy spaces on tube domains are
collected.
For further purposes, let S(a,b) denote a certain open strip region in the complex
plane, namely
S(a,b):={Ce€C:a<Im( <b}. (3.83)

Based on the localization of A in the right wedge, we obtain the following generalization
of a result established in the scalar case [100].

Lemma 3.11. Consider for A € F(Wg), ni,n2 € No, and ¥; € Hy,, i = 1,2, the
functionals K, KT : #(R)® K — C

K(f) = (U1, [2(f), AlWa),  KT(f) == (W1, [ (f), A]W2), (3.84)

with f(0) := fa(m[a] sinh@). Then, there exists a function K € H?(S(—m,0)) ® K

whose boundary values satisfy

KD =Y [ Rka@F0), K== [dkso-imfe).  (35)
and whose Hardy norm is bounded by

VED < (01 + 1D)Y2 4 (na + 1)) 0] w211 4]. (3.:86)

Proof. Firstly, with regard to the particle number bounds (3.38) and the Cauchy-Schwarz
inequality, we have

K| < I8 AwlAw] + 147w 12(f) s
< (Vi F T+ i) [ 4] £
K| < (Vi + Vi 1) el Al £

That is, by application of Riesz’ Lemma [125, Theorem I1.4], it follows that the distribu-
tions K and KT are given by integration against functions in .74 = L*(R) ® K denoted
by K# € {K, KT}. Their norms are bounded by

IK#]la < (V1 + T+ Vg + 1) || W[ W2 || Al (3.87)

Next, we show by means of the time zero fields (3.78) the claimed analytic structure. To
this end, consider the functionals Ky : .(R) ® K — C,

K_(f) = (U1, [0(f), AlW2), Ky (f) = (U, [7(f), A]¥2), (3.88)
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which are related to K# via

(p(f*) +im(w 1), (3.89)

) = < (e(f) —im(w ) (3.90)

N = DN

Note that f:a(ﬁ) = (Jf_)*(0). Moreover, since K. vanishes for supp f C R_ it follows
that supp K+ C Ry. Thus, there exist functions p — IN(i(p) which are analytic in the
lower half plane and have polynomial bounds at the real boundary and at infinity such
that the Fourier transforms of Ky are their distributional boundary values [124, Thm.
[X.16]. Taking into account that sinh maps the strip S(—m,0) to the lower half plane,
we have that

Ky o(8) = I~(+’a(m[a] sinh 6), K_o(0) := Mo cosh@f(,,a(m[a] sinhd), (3.91)

are analytic in this strip. Hence, it follows that

KD = 5 (K- 4K ) = 5 [ do (Boae) + o) Rel®) 7700
= 5 [0 (Boato) + iKa0) F2(0) = [ 0 Ra(0)(6)

and
foa 1 R 1 . . o
K1) =5 (K1) = iKa ') = 5 [ a0 (Roal-0) = iRra(-6)) F2(6)

— [aski o5 0.
respectively. These equations, moreover, yield
Ral0) = 3 (Roal®) + iR o), K30 = 3 (Koal-0) ~iK1a(-6)), (3.92)

and, thus, the analyticity of 8 — K4 (6) in the strip S(—,0). Furthermore, it follows
that the boundary values of K4 also exist as functions in L?(R)®K. Since K o(0—in) =
+K4 o(—0) for § € R by (3.91), we have K} (0) = —Kgx(0 — ir).

It, therefore, remains to prove that the function K is an element of the Hardy space
H?(S(—m,0)) ® K. For that purpose, we consider K&S)(C) = eSS C R (¢, with
s > 0, which clearly is analytic in the strip S(—m,0). The identity

(S 1 — i y . ey .
K ia(e)‘ = S eSO | (0 —iA) + K (0 — iN) (3.93)

vields that K € L*(R) for all A € [0, 7] and s > 0, since 6 —+ K (6 —i)) is bounded
by polynomials in coshé for § — oo and 0 < A < 7. Noting that HIA((S(;)_WHQ = Hffé‘;)_ﬁHg
and with regard to (3.87), the three lines theorem may be applied and we arrive at

IE9) s < (Vor + 1+ Vog + 1) ||| T |A],  0< A< (3.94)
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Since (3.93) is monotonically increasing for s — 0, it follows that the uniform bound
(3.94) holds also for K_ = K, with 0 < A < x. Thus,

K e l(S(-m0) 0Kk, K] < ((m+ D"+ (no+ 1M) 1] ] 4]
1
Putting ¥y = ¥y = Q in (3.84), we have
/ d0Fu(0)Ka(0) = (9, 2()AD) = (f, AQ) = / 06 7o (6)(AQ)(6), (3.95)

which implies that the single particle functions corresponding to operators localized in
W are boundary values of functions in H?(S(—m,0)) ® K with norms [|(AQ)]| < 2|/ 4]
In this special case, however, it is obvious that the bound can actually be improved to
l(AQ)] < 4],

From this observation one can infer that the map =;(s) is nuclear. Namely, it is
possible to consider Z(s) as the composition of two maps denoted by T; and X;(s) as
the following diagram explains.

F(Wr)

%

H2(S(—7m,0) @K

[1]

1(s)

Xl (S)

The map Y3 from F(Wg) to H?(S(—m,0))®K acts according to Y1 A := (AQ);, whereas
X1(s) : H3(S(—7,0)) ® K — A according to (AQ); + Z1(s)A. We have already shown
that T1 is bounded as a linear map between the Banach spaces (F(Wr), || - [[5(#)) and
(H2(S(—m,0))®K, ||-]). Comparing with Equation (3.76) we find for X1 (s) the following
explicit action

(X1(s)h)*(0) := e~ " ™a1 oShOpe (g — ix), (3.96)

Since any h® € H?(S(—m,0)) is an analytic function which, moreover, has the property
that hy(6) — 0 uniform in A for |#] — oo if —7 < XA < 0, and that h) converges in the
norm topology of L?(R) as A approaches the boundary of S(—,0), cf. Appendix B.2,
we may consider its Cauchy integral over a closed curve v around the point 6§ — % and
then deform 7 to the boundary of the strip S(—m,0). This gives the identity

app_imy L [ h¢) 1 (RO —ir) ()
h (6 2)—2mj£dCC,_(9_i§)—2m/Rd0 <91_9_m 9,_9+i§>.(3.97)

2

Introducing integral operators Ts 4 on L*(R) ® K defined by the kernels

. 1 e~ M) cosh 6
TL(0,0) = ==

5 —_—, (3.98)
’ g -0
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we obtain )

2
It can be shown [98, Appendix B.2] that T 4 are trace class operators on L?(R) ® K for
any s > 0, with trace norms [|T, 1|1 < DHTS[?‘i"}Hl < (8, Mq,] = Mo) < 00, cf. (B.6).
The boundedness of the maps hq — hoo and hq = h_y o from H?(S(—m,0)) to L*(R),

with norms not exceeding one, implies that

(X1(8)h)(6) = = (T — h_y — Tusho)"(0). (3.99)

[ X1(s)][1 < c(s,m0), (3.100)

resulting in the nuclearity of Z;(s), cf. Lemma B.2.

Lemma 3.12. In a model with S-matriz S € S the map =Zi(s) : F(Wg) — 54, A —
AYAU(5)(AQ)1, s := (0,5), is nuclear for any s > 0.

In order to prove nuclearity of the maps =,(s) with n > 1, we may proceed in the
same manner as in the case n = 1. Therefore, we start with the investigation of analytic
and boundedness properties of (AQ)%, n > 1, by means of Lemma 3.11. Since

Val (AQ)7(0) = (=L, (61) - 2L, (02)0, AQ) = (2L, (62) -+ - 2L (02)22, [20, (61), AQ),

Lemma 3.11 yields for A € F(Wg) analyticity of the expression above in the variable 6;
in the strip S(—m,0), with boundary value at Im(#;) = —m given by

(2, (02) -+ 2, (0)9,[A, 2L (61)])

Y Yo

= (2, (02) -+ 2L, (02)Q, A2L (00)9) — (2, (01)2], (02) -~ 2L, (0n)2, AQ).  (3.101)
This calculation suggests the general analysis of matrix elements of the form
2y i) - 2L, (0)Q, AL (0) -2 (00)0), A e F(Wa),

and, in particular, the investigation of “contracted” matrix elements, corresponding to the
second term in Equation (3.101). These contractions between the variables x11,...,0,
and 0, ..., 601 on the respective sides of the scalar product result from repeated applica-
tion of the exchange relations (3.39).

For the description of such contracted matrix elements we adopt the notation in-
troduced in [98], as follows. The set of contractions %, is defined to be the power
set of {k+1,...,n} x {1,...,k}, with integers 0 < k < n, hence 6,0 = €nn = 0.
Furthermore, a contraction C' € €, is parametrized by

e an ordered set of “right” indices 1 <r; <--- < g <k,
e an unordered set of pairwise different “left” indices k +1 <1y,...,ljc) < n, and
e 3 permutation of {ll, el Z‘C|},

giving pairs (l;,7;) € C. The index |C| < min{k,n — k} denotes the length of the

contraction, i.e. the number of pairs.
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With these notations we define for a C' € €, 1, the corresponding contracted matrix
element as follows

<A>(ék:+1 Lapay ! (91,.77A-,9k79k+17"?"9”)

= (2l (Beyr) -+ 2 (0)0, AZL (8 -1 2L (00)9), (3.102)

where the symbols [ and 7 indicate the omission of 216y, 21(6y,), /1, and 0, . with
i = 1,...,]C|. Note, in particular, the order of the indices. Having regard to the
particle number bounds (3.38) and A being a bounded operator, the contracted matrix
elements (3.102) are well-defined tempered distributions on . (R*2IC1) @ K£®M=2CD  In
particular, for functions F € L?(R*F~I¢N @ K®(—=F=ICD) and G € L2 (RFICN) @ L& k-IC])
we find by means of the Cauchy-Schwarz inequality the bounds

(A (FRG)| = )/d"_QC'H(MG)(m,<A)C(9))’
- )/dn_QC|QZ(F®G)a(9) <A>%(Q)‘ (3.103)

< V(= k= [CDWV (k= [CDUIFIIGI A

Note that 6 and « are (n — 2|C|)-tuples.
Returning now to our example (3.101) we have, in particular,

(24, (02) - 28, (02)9, [4, 2L (01)]))

n -1
= (21, (82) - 2L, (092, AL (01)Q) — 37 6(6, — 61)6E-1 5016 H sa:flﬁm(el —6,)
=2
x (2, (02) - 2f  (011)2,,, (Oi1) - 2L, (0,)9, AQ)
(—1)/€158(8) 82 (8) (A% (0), (3.104)

i

C

where the exchange relations (3.39) were used and the factors 5%’ and S’g, are short
hand for the product of the delta distribution with the Kronecker deltas and the product
of S-matrices respectively. We shall in the following refer to such kernels as completely
contracted matrix elements and denote them by (A){°} for the case k = 1. Since we are
interested in investigating analytic and boundedness properties of (AQ)%, n > 1, we have
to consider general 0 < k < n. From the computation performed above it is obvious that,
in contrast to the single particle case, the underlying S-matrix has an important impact
on the analytic structure, and hence on the nuclearity properties of the maps =,(s). It
turns out that it is necessary to restrict to a certain subclass Sg C S of S-matrices, in
order to establish the desired result’. We define the subfamily Sy as follows.

9This intermediate step was also necessary in the special case of scalar field theories [100].
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Definition 3.13. The subset Sy C & consists of those S-matrices which extend to
bounded and analytic functions on enlarged strips S(—«, 7+ k), with 0 < k < k(5) and

k(S) :=max{Im6 : 0 € S(0, 5), det S(#) # 0}. (3.105)
Furthermore, these S-matrices satisfy
||S]x == sup{||S(Q)|| : ¢ € S(—k, 7T+ K)} < o0, 0 <k < K(S). (3.106)

The family Sy is referred to as the set of regular S-matrices.

Note that regular S-matrices are smooth on the real line and [0y 5(0)|| < ¢, for all
0 € R, n € Ng and constants c,, depending on S, as can be derived by application of
Cauchy’s integral formula.

As the concrete calculation (3.104) already illustrates, certain products of S-matrices
arise. Depending on the contraction C, they can become rather complex. Even though
it is possible to find an explicit formula for these products of S-matrices'®, it is more
convenient to take the underlying action of the permutation group into account. There-
fore, using the notation introduced above, we associate to a contraction C' € 6, the

permutations
IC| IC|
Tp = H Tri—i+1 * Tri—i+2 " Th—i T = H Tlitui—1 " Tlitu;—2 °°° Thk+iy (3107)
i=1 i=1

with 7,/) € &, and where 0 < u; < |C] — 1 is defined by
U 1= card{lj S {ll, .. .,Z|C|} : lj >, 7 < Z}

It should be noted that the products representing 7, and my respectively are understood
as ordered ones, namely in the sense of (3.14). Alternatively, we may use Cauchy’s two
line notation to represent these permutations, that is,

1 e k k+1 o n
7Tp = .~ )
I ... 7 ... kreg .. m k+1 n
(3.108)
1 e kE k+1 e n
™ = -~ y
where 7 and [ indicate the omission of the elements r; and li;i=1,...,]C], respectively.
We further put
TC 1= Tp - Tx. (3.109)

19Unpublished notes by the author.
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Let, moreover, 72 € &, be the permutation moving the element a, 1 < a < n, to b,
1 < b < n, defined by

S|

b—1
b ._
T, = HTj, a < b,
Jj=a

X (3.110)
7= H Tj, a>b.
Jj=a—1
In terms of the two line notation we have
1 a b n
1 1 a+1 b a b+l n ) esb
a—
= (3.111)
1 b a n
, a>b.
1 b—1 a b ... a—1 a+1 n

Then, the permutations (3.107) may be expressed by means of (3.110) as follows

IC| IC|
— k—i+1 _ k+i
T, = | | LA T = | | T s (3.112)
i=1 i=1

with u; as above.
Lemma 3.14. The permutations 7, and my, defined in (3.107), commute.

Proof. The statement can be read off directly from (3.108). Alternatively, with regard
to the explicit expressions (3.107), we note that for transpositions 7, 7; € &y, 4,j =

1,...,n—1, we have 7 - 7; = 7; - 7; in case |t — j| > 1, likewise yielding
Tp T\ =Ty Tp.
0

In the following, we shall consider certain relations between contractions. Of partic-
ular interest in this context is the differentiation between contractions C' € 4, which
do not contract k+ 1, that is, satisfy k+1 ¢ {l1,...,l¢|}, and those which do, i.e. fulfill
k+1€{li,...,ljc|}- The sets corresponding to this distinction of cases are denoted by
©Gn.k and 6, respectively. Their disjoint union %, , LI 6, 1 is the set of all contractions,
namely %, x. Moreover, a contraction C' € %, is always given by C' = CU{(k+1,7)},
where C € €, and r ¢ {r1,... ,7\c|}> and hence |C'| = |C] + 1.

In a similar fashion, contractions C” € %Emkﬂ, contracting k + 1 as a “right” index,

are unions of the form C” = {(I,k+ 1)} UC, with C € % k41, DOt contracting k + 1 as
a right index, and [ ¢ {l1,... ,l@}.

Correspondingly, we denote the above defined permutations associated with e.g. C’
by 7y, my and mer respectively, and use analogous notation in case of C” and C.

Lemma 3.15. Let C € Cfnvk, where %ﬁn,k C bnk denotes the set of contractions C €
Cnk for which k+1 ¢ {l1,...,lic|}, and let (= Cfmk, with (gnk C ©nk the set of
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contractions C' € €, 1, for which k+1 € {l},.. |C’|} such that C' = CU{(k+ 1,7)}
with v ¢ {r1,...,7rc|}, then we have
Ty = Tp-meilr, (3.113)
T = Ty n’gﬂjrg‘ (3.114)
hence,
Tor =mo T Tr,’jﬁjl”é', (3.115)

with v, :=card{r; € {r1,...,nc/} 17 <71}

Proof. We present two alternatives to prove this statement. For both cases we first note

that |C'| = |C] + 1, {7"/1’-~a7“\/c/|} = {rl,...,rv“r,rvrﬂ...,7“|C‘} and {l},..., |C'\} =
{li, ... by, k+1 lur+1,-~,l\c|} with 0 < v, < |C|.
Putting r# = (1] ,...,rré#) e {r;,r}, then, one may simply read off
B 1 k k+1 n
T = 1 ... v ...k r"c,| oo k41 n
B 1 k k+1 n
N 1 ... 7,7 ... k Te| e Tl T Ty .. T1 K+ 1 n

k—uv,

v, - Oimilar arguments apply to my, already proving the claim.

that 7, =m, -

As in the proof of Lemma 3.14 we also want to make this statement plausible with
regard to the explicit expressions of 7, and 7y in terms of transpositions, cf. (3.107).
Since this is a rather lengthy task, the corresponding calculations can be found in Ap-

pendix A.2. O

Lemma 3.16. Let C € ‘fn,kﬂ, where %n7k+1 C Gn+1 denotes the set of contractions
Ce G k+1 for which k+1 ¢ {r,... ,?‘5‘}, and let C" € G pr1, with Cpps1 C Crgr
the set of comi‘factions C’LE Cfnf_ﬂ for which k+1 € {r{,... ,r|”C,,‘}, such that C" =
{(L,k+1)}UC withl ¢ {l1,.. "l\él}’ then we have

k+2+C
mon =g w1, (3.116)

with 0 < w; < |C|, defined by w; :=card{l; € {I1, ... ,T@} 1> 1)

Proof. The contractions C' and C” are first of all linked to each other by the relations
(C" =G+ 1t v} = (T, T b+ 1y and {1, 0 b = (T 1
Therefore, it is straightforward to check that 7, = m5. Moreover, we have

. o ~ k+2+|C‘
T\ = ’ﬂ')\ Tl4u;—1 Tk—|—2+‘C| = TX " 7Tl+ul 5

yielding what is claimed. O

Having discussed certain properties of permutations associated to contractions, we
proceed now to their representations on 4", According to (3.21) we, therefore, have
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for C € 6,1 and 1, € H*"

(Dn (mc)¥n) (0) = 5;°(0) ¥n(67€)

= S7C(0) n(O1, I O, Ory s B By By, O, 1 B)
= Sp (01, ,0k) - ST (Ops1s - - -, 0n) V0 (07C), (3.117)

where @\r /1 stands for the omission of the variables 6, and 6;,, i = 1,...,|C|, respectively.
The last line, on the other hand, holds true since the permutations 7, and 7 act on
separate sets. Depending on the contraction C' at hand, the matrices S,”*(8) € U(K®")
are besides S-matrices composed of Kronecker deltas as well. Extracting this particular

structure, we may express these tensors in the following form

SpP(0) = 1y 1 @8O0, .., 0k) @ 1y g, (3.118)
S0) = 1, @M1, 0c ) @1, 40 | (3.119)
1€, = max{l:i=1,...,|C|}, (3.120)

where SP(0,,,...,0,) € UKDF1HY) and SH(Oxqa, .., 0c, ) € U(K®mex—k) consist of
certain products of S-matrices which appear for the permutations 7, and 7y respectively.
By means of these objects we define the unitaries

SEO) = 1y pir—1®85°(6,,...,601), (3.121)
SL(O) = SA(9k+17 s 70lgax) ® 1n—lgax+k7 (3122)

which clearly commute. For further purposes we state the following shorthand notation
dap = 0(0, — 6y), (3.123)

and define, in addition,
IC| IC|

dc = 1]660 —0r) =[] 0tume- (3.124)
i=1 i=1
Finally, we introduce entirely contracted matrix elements of A € F(Wg) by

n b |C
(A = E (—1)|C\ dc Tr }7ICI [S’L .gE . (1\C| ® (A)e ® 1|C|) ]7 (3.125)
CE%,LJC

understood in the sense of distributions. Here and the following a dot between tensors
is always understood in the sense of (3.9). For the sake of clarity, we omitted the 6-
dependence in (3.125) and we shall do so in the following as well, as long as no confusion
arises. For S € Sy the entirely contracted matrix elements (3.125) exist as tempered
distributions on .(R") ® K®". Namely, since the distributions dc and (A)c act on
different variables, their product is well-defined. Moreover, S € &y is smooth and has
bounded derivatives on the real line. Hence, (4)7°} is well-defined.

The entirely contracted matrix elements turn out to have useful analytic properties
as stated in Lemma 3.20. These properties are based on the following observations.
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Lemma 3.17. Let C € %, ks e satisfying k+1 ¢ {l1,...,ljc|} and C' € %Zn,k, fulfilling
E+1e{l,..., |C’|} such that C" = C' U {(k+ 1,7)} with v & {r1,...,rc|}, then we
have
- 7|C\ L' oR
(50/ T’}” red |:S - S (1|C’| (9] <A>Cl [} 1|C/|):|

I8 ’C T
= 8¢ Oper1 Ty ICIE [SL S-S (Licpe1 @ (A)cuf ety © Licr+1) }7 (3.126)

where S™(0) := 1p_pir—v,—1 ® S (0) ® 1)¢| with S, € U(KEF—ICI=r+ur 1y s defined via

(Dn(ﬂp)Dn ( ]: 1|;(,«J|> %) (9)
— S7(8) - (1,_%1 ® 5:(0) @ Lo 1n)

X (61,0 OO O3 Oy Okt B), (3.127)

with ¥, € %”1@” and vy, :=card{r; € {r1,... ,7“|C|} cri <1l

Proof. Note first that |C'| = |C| + 1 and dcr = d¢dy g+1 is an immediate consequence of
Definition (3.124). Moreover, it follows from Lemma 3.15 that

— k—vyr __ . k7|c‘ . k—vp _ . k+14v,
Tp = Tp  Mp—n, = Tp* Tp—v, T 0] N =T T i140)

Corresponding to these permutations, we have the commuting tensors

S = (Ln—kar—1© %) - (Ln—ktr—0,—1 @ 5, @ Ligy) - (Lnjoj1 © S @ 1, )
st (5A ®1, ¢ +k) (10, ® 8 @ Lyoip-1) 5

max

(3.128)

with S/, S! € U(K®ICIH1=vr) Taking a closer look at the expression
7 . C / /
Ecr == 0¢y TI‘ }C,I [SL SR ( ted & <A>C’/ ® 1‘0/') },

one finds after execution of the trace operation that

n BB 20|

Egron = b (SY - 5T) T (A) o

YN Bre-Br_aicn Vo1

Inserting (3.128) into

Y1V Br--Br_aict Vo1
one comes, in particular, across the factors

(S/)Emn_;,_l...a‘c/l (S,)ﬁl~--n\cl|—1;r )
! Yort1--Ycrp N TV C Vo1
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Since 5] is obtained from

(Da(mx)n) (0) = S (0)-(Du (7553510 ) ) O30 OO O, On),

we have, using the notation introduced in (3.10), that

‘levT‘ Eup+1---€)C7|
(Sl/(a>)avr+1---8|c’| — [ H S(ek—H - 910+1Z_)C|+1_vmc+1_w_i] .

Yor+1--Y|C! | ]
1=1 Yor+1--7 ||
Analogously, one finds
[1C|—vr IR [TCTA
/ nl'"mcl‘*vr _
(Sr(a))ﬂc/‘..ﬁwﬂ - H 5(97’\0|+17i - 6T)|C|+1fvr,i
L =1 Ve Vop+1
[ C|—vr Yvr+1--7C!)
= H S(Grvr-&-i - 0T>|C|+1—Ur,i
L =1

Mol |~y

where in the last line the property (3.29) was used. Hence

(50/ (Sl/(e))5v7-+l...€\cll (S;(e))nl...mc/l—vy- _ (SCI (1‘C/|_DT)EUT+1'..E|cl‘

Yort1--Y|c7)| Tior)Nop+1 =y

which yields

al ... Qnp

ggwl...an _ 50/ (SL/ ) SR/) <A>g1’~-~ﬁn—2|cl‘

’yl...’ylc/‘ﬁ1...ﬁn_mc/lﬁ‘cll...71
al ... Qn

= ¢ (SF - SH.57)

’yl""YU’V‘E”T""'l"'E‘c/lBI"'IBTL—Q‘CI‘E‘Cll"‘g")?"+17v7‘"'71

><(A>gl,"’6"’2‘c".

An immediate consequence of Lemma 3.16 is the following

Corollary 3.18. Let Ce fmkﬂ, i.e. satisfying k+1¢ {r,..., r@} and C" € ‘émkﬂ,
fulfilling k+1 € {r{,... ,7""’0,,‘}, such that C" = {(l,k + 1)} U C with | ¢ {l4,.. "llé\}’
then we have

1,..., c" " 7"
(50// TTL,”,IC//} [SL . SR . (llcr//l ® <A>C// ® IIC//‘)]

e Loo|Cl+1 [oL ol oR _ N ~
— 0 0 Ty IS [SE 8T SR (1 @ () gy @ L) | (3129)



52 Chapter 3. Inverse Scattering Approach

where S'(0) = (1@ ® 5(0) ® 1n,l+k+1,ul> with S; € U(K®l*k*1+“l*‘5|) is defined via

(Dn(wx)Dn (wl’“jj”é‘) %) ()
= 57(0) - (1 @ S1(0) @ Luiy )

0= 101,
X’L/}n(gl,...,9k+1,9’[1,...,9’[‘5‘,61’0k+2’ ! .. lICljen), (3130)
with u; ::card{l~7; S {l~1, e ,ZN@} l: > 1}
Proof. Since by Lemma 3.16 we have m,» = ;5 and my» = 75 - W;ij+|cl, the statement
follows directly. O

In order to prove certain analytic properties of the entirely contracted matrix elements

(A)%O};, we want to proceed as in the single particle case and apply, in particular, Lemma
con

3.11. Fortunately, as shown in Lemma 3.19, <A>n,k can be rewritten in a form which
is best suited for this discussion. To this end, using similar notation as in (3.102), we

introduce the following contracted matrix elements, namely

a Lanar T o
([z41, Al ™ )

T T
= (2l ) 2 (00) [y yy Ori1), Al2L (0k) - 25 (0)9), (3.131)

and

« Lan ol ooy
(I i ()

l T
= (2 Okr2) - 28, (0 1A, 2L Bk 0) 00) - 2L (00, (3.132)

with C' € ‘fnk and C € (gn,kﬂ as before.

Lemma 3.19. Consider ‘fmk C G and ‘émkﬂ C Gn,k+1 as above. Then,

con 1,...,|C
(A = Z (-1)%s¢ T7”17,“7{CI {SL ST (L) @ ([zr41, Al e ® 1i¢y) }’ (3.133)
Ce?fn,k

con . 6 177|6" E E T
A= S ()5 S SR (15 @ (4, le 9 1) | (3.134)

Ce(fn,k-ﬁ—l



3.4. Construction of Models with Factorizing S-Matrices 53

Proof. Since 6,1, = ‘fnk L an,k, where C' € ‘fnﬂk contracts k + 1, we have

(Ayer =3 (-1 Tr e [SL 87 (L @ (A)c ® 1\00}

CG(An.’k
+ > (=)o Teyl HSU ST (Lo ® (A)or @ 1\0/|)]
C/e%;'n,k
1,...,|C
= Y (-)Doemrye I[SL ST (Lo @ (A)c @ 1\Cl)} (3.135)
Ce(}
Z Z 1)I66 6, k11
CG( n,k T;ﬁ?"-
Cl+1 ,
x Tr, L ,iC}H [SL S7-8" - (Liep ® (Aougrsrn © L) }7
where the last equality is due to Lemma 3.17 and r; € {r1,...,7|¢|}. Moreover, since a

contraction € € G, is related to a C € %, by the union ' = C U {(k 4 1,7)} with
r # rj, we have ZCesén,k Sk atr; = 2cved, . and [C] = |C] + 1. On the other hand,
one checks that by repeated application of the exchange relations (3.39) the following
identity holds for C € ‘én’k, namely

([zr+1, Al

k
z Ok+1 T{Trl —|Cl=k+r—v,—1 ® H 5(91 - Hk—i-l)k—\C|+v,-—r+1,i—7‘—wi
r;én 12:72:—]1
a
X (11 @ (A) gty ® 11) } ,
where w; :=card{r; € {ri,...,r¢|} : 7+ 1 < r; < i}. For the sake of clarity, we

only stated the 6-dependence for the occurring S-matrices. Recall further that o =
(a1,...,ap_9c)). With regard to (3.127), the definition of S,.(8), it follows immediately
that

H S k |C|4+vr—r+1i—r—w;*
i=r+1
1T
Hence
(A)e = ([ze+1, AN

(Lneje)—ktr—o—1 ®Sr) - (11 ® (A vy @ 1)

b

k
+ ) Ok {TI"%

r=1
TFT;
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which inserted into (3.135) yields (3.133), since for M € B(K®", K®*) and (1, ® N ® 1) €
B(K®™ K& a,b,m,n,t € N,

M- [1a ® ek (N) @ 11,} = M- [Tr’m s (la® N ® 1,))} (3.136)

- Trk+al+b[M-(1a®N®1b)}, 1< k1<m.

In order to show (3.134), we proceed similarly and find due to 6, 41 = €p k41 U an’k+1,
where C" € ‘fmkﬂ contracts k + 1, that

(Wt = > (Do} [sE 57 (1 9 (A)g @ 1) |

éEcgﬁn,kﬂrl
" 1,. 70// " 7
+ Z ( )‘C |5C” TI‘ ..... IC//H:SL 'SR : (1\0”| ®<A>C”®1|C”|)}7
CNG(K:n,k#»l
_ c +olCl[ oL R .
= 2 D/log T ,,\C|[S 5 (\C|®<A> \CN
66(15;nk+1
- 2 > (1) b
Ceé)nykJrl ll;ék‘lt2

LoolClH+1[ ol ol oR (1 _ N .
<A e [5 S (1\C|+1 @A eugaary @ 1|C|+1> }

(3.137)
where the last equality follows from Corollary 3.18 and [; € {l4,.. ., ll &l }. Moreover, since
a contraction C” € %En k1 1s related to a Ce ‘fmk“ by the union C” = {(l,k+ 1)} U C
with | # lj, we have Z~e<i " > k2D, = ZC,le(gnJH—l and |C"] = |C] + 1. Again,
by repeated application of the exchange relations (3.39), we obtain

<[A,z,t+1]>%

k+2
Z 0114 Try H S(0 )ik V= |Climh—14u—|Cl+t: @ Lnmi—u 4kt 1-10]
= k+2 i=l—1
141, il

X (11 D (A suga iy © 11)

where t; ::card{z} e {ly,... ,7‘5‘} 1< E < [—1}. With regard to (3.130), the definition
of Si(0), we arrive at

k+2

H S0 = 031 k1| Glimk— 14— Gt

i=l—1

il
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Hence
(A2 = (A, 2] )2

n
+ ) Gpyy {TT%

I=k+42

1#l;

]

implying (3.134). O

S1® 1n—l—ul+k+1—\5| ' (11 ® <A>6u{(z,k+1)} ® 11)

Using this result, we now state a certain analyticity property of the completely con-

tracted matrix elements.

Lemma 3.20. Let 0 < k < n, S € S and A € F(Wg), then (A)7°0(01,...,0,)
has an analytic continuation in the variable 01 to the strip S(—m,0). Moreover, at
Im 01 = —m one finds the boundary value

(AT (01, O — iy 0) = (A ) 2" (O, O, - Op). (3.138)

Proof. By Lemma 3.19 we have

n yeeey C
(Ayn = > (D)% ae TG 85 8T (1o @ ([, Ao @ 1)) |
CE%jn,k

with Cfnk C n,k the set of all contractions C' € 6, for which k +1 ¢ {l1,...,l|}-
Considering a single term in this formula, which corresponds to a contraction C € €, x,
it is obvious that the delta distributions appearing in éc do not depend on 6y since C'
does not contract k+1. Due to Lemma 3.11 the matrix element ([zx+1, A])é has analytic

continuation in ;41 to S(—m,0). Its boundary value at Im(6x+1) = — is obtained by re-

placing the commutator [z, (0x+1), A] by [A,z% (0141)], yielding ([4, Zk+1]>ﬁ2 210181
1
)

of S-matrices. With
regard to Definition (3.117) this product contains factors of the form 535 (01, — O41)

The variable 6,1 does further only appear in the product S*(@

which can be analytically continued in 6y into the strip S(—m,0). Due to crossing
symmetry their boundary values are given by S’gg (Ok+1 — 01,). In particular, one may
decompose )y (3.107) according to

IC| IC| IC]
™ = H qu',-i-’uq;—l : Tli—l—ui—Q e Tk}+’i — H Tli—‘rui—l : Tl7;+u7;—2 e Tk?-‘rl-‘ri : H Tk‘-i—j
=1 i=1 j=1
IC]
_ H kit | KHIHIC]
= Tt ka1

Correspondingly, one has

SE0) = (11@ S 0,0 Y@ 1g k) - | TTSO = Oins | -

max max

(3.139)
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with SM\EHL) € 74 (K®max—(*k+1) Taking a closer look at the 6 1-dependent factor in
SE(6), we have

tef IC]
HS(9 — Ors1)n,j = HS = Ok+1) 01415 | @ Lnjo)-1-

Hence, proceeding similarly as in the proof of Lemma 3.17, it follows from

a1...0p Qn B ...ﬁn,
£ (0)= 00 (S0 SMONL s (ke AN

that

(SL SR) . On

MY o1Br-Bn_2ic|V|C|--T1
contains, in particular, the factors
1.8
‘C| |Cl+1

5a1 H S I = 9k+1)\C|+1J [SP(QT“ . Hk)]anfk+7-1...an

Brn—|C|=k+ry -Pn-21c)V|C|-- V1
1
= 7--Yelb

Then, analytic continuation yields at 041 —

c| &1--§|c)+1
a Qn—k4ry--Qn

e Hls (01, = 1 + 17 Cp41,5 R ) A N

J

770181
. « QAn—ftr
= 0g 0c [S7(0r, - 0k)]g )~ 1k+” BusiCTic] T H5(9k+1 —01;)|C14 101 +1-4
=t Bi€ict41--E
= 0c[SP(Ory, .-, 00) @ Ly 51
|C| €1.--Ek—rq+2
X [ Lp—p— |01 ® H S(Ok41 = Or))ic141)C141—5

e B B
J Bn—|C|—k+ry ~-Pn—2|c|P1E|C|+1--E2

due to (3.30). The last line, however, resembles S?, the tensor which results from a

permutation 75 associated to a contraction C e %fmkﬂ, i.e. where k + 1 appears as a
noncontracted “right” index. More precisely, it follows from (3.107) that 75 associated

to C e (fmkﬂ is given by
IC| C|

__ _ k—it1 k+1-|C]
o= H Tri—itl " Thtl—i H TF—itl Thy1 -

However, since C' € (fnk does not contract k 4 1, it can be regarded as an element of

Cfn,kﬂ too. In particular, we have é¢c = 0, IC| = |C], rj=rjand l; = ’z}, j=1,...,|C|.
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Moreover, with regard to (3.139), it is obvious that SA\F+1} = S, Thus, we arrive at

(C;g«l"'an(gl, ceoy Oprr —am, L ,Gn)
~ ~ « ... anpa B2...0 ~ 581
=55 (5(0)-5%(8)) 1 (A e g,
C ( )52"'55’|+1B2"'ﬁ7l2551€6+1"‘£2 k+1 C
with ([A, 2], ))& given by (3.132). Hence
(A (01, ..., Oy — i, ..., On)
- & ~ g...0p Q0

- 3 (-1, { 7 :C: |S50)- $%(0) - (15 (A, 2L, D@ 2 1) |}

éecén,k-kl
= (<A>$§£+1)a2manal (91, e ,Hk_;’_l, ceey Hn),
due to Lemma 3.19. ]

Another important property of completely contracted matrix elements (3.125) is the
following.

Lemma 3.21. Let fi,...,f, € S(R) @K and 0 < X\ <, then

/d”@ (l | fi(6; Yoo ( 91,...79k+1i)\,...,0n)) < 2"Vnl || Al - | | | fill2 -
j=1
(3.140)

Proof. We start by estimating [(4);72 (f1 ® -+ ® fy)| first. So we have

k n
[T T £ 05)
=1 Jj=k+1

Taking the notational convention of Definition (3.102) into account, it follows

HAYR(f1® - ® fa)]
DICt [ are 5
CE( O,k /

< H fa] (S’\ 0)\) 1, lmax)ak+1 . Qn Z;k+1(9k+1) lA Z;n—w\(en)Q’

Sk M --YC|Br+1--Bn—|c]

Br—ic|

k o~
X ’AHfiai(Hi) (Lri—1® 57(0,))5, 67" 7 A () z%l (91)Q> ;
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where 0\ = (0g41,...0,c ) and 0, := (0,,,...0). The symbols 1 and 7 indicate

the omission of ZT(QZ) and 27(6,,) respectively with i = 1,...,|C|. Let, moreover,
0., 79 OryeensOr

0; = (Opsr, *0019,0,), 0 = (61, 719, 0;) and O = (6r,,...,0,,). Then,

after integratlon over the delta distributions and by means of (3.29), we obtain

(AR(L® - @ fo)]
< Z /dClgr
CEG e
n—k=|C| ) + 7
* </d 9 (Tl(&l’ er))'yl"~’Y|C\Bk+1~--/Bn7\C\ Zﬂk+1(0k+1>

<[4 [ d o (1,0m. 0BT () T o0e) |

k—|C]|

zgn_m(ﬁn)Q‘

where
(ﬂ(e/Per))71~-~7|C\5k+1---5n7\c\
n
. 41 [0 7%%
=11 7, , ($enen g )" = "
j=k+1 l;=Yr; Y19 C|Pk+1--Pn—|C|
and

V1Y 01Br—|cl+B1

(T3 (65, 0,) 710 Phmicr i o Hf% ) (300 @ 1,0) T

ar ... oa

The tensor S denotes the PCT transformed version of S7, in accordance with (3.29).
Due to the particle number bounds (3.38) we further find

(AR ®- - ® f)]
< Y ANk [C) & - O

CG%,L k

X

V1570

% H (65,81, -, B_ic)) = (Tr(85, 8,)) - C Pt

< HAHHHfZHQ > Vin—k—ChV k-],

Cecgn k

Hi—c|
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where the last relation follows from the Cauchy-Schwarz inequality and the unitary of

the S-matrix, namely

1/2
= =112
Z /d|0|07‘ H(0?> Bla ceey Bk—\(ﬂ) — (Tr(a"r\a 07“))71‘“7‘0‘6k7‘0|“ﬂl
Hr—|C
717"'77‘0‘

1/2

- /d|C|0T /dk—lolg? Z Z ‘(Tr(e?’OT))’Yln-'Y\C\ka\C\mEl 2
YseY|C) By sBr—c|
1/2
= ([ a<, [ @ log 11,0700 )
12k
= </d|0|9r/dk_|09?||f1(91)®"'®fk(9k)|’2;c®k> =TTl
=1
and, in the same manner,
1/2
2
Z (9/[1 Bk’-i-l? <. 7ﬁn—|C|) = (T‘l(e/[v 07‘))’71---7\0|/3k+1---an|c\ Ky
1Y C
1T 170
i=k+1

The remaining part is to estimate the sum over all contractions. This was already done
in [98]. For the convenience of the reader, we carry out a detailed derivation. To this
end, consider first contractions C' € %, with length |C|. Due to the fact that to each
such C' one associates the |C|-element sets {r1,...,rc|} C{1l,...,k}and {l1,...,]|c|} C

{k+1,...,n}, and a permutation of {1,...,|C|}, there are |C! <C> (";f) contractions
with this length. Furthermore, since |C| < min{k,n—k} and u!v! < (u+v)! for u,v € N,

we have

min{k,n—k} k n—k
CGZMM— — ek —[C! |CZO Vin—k—IChk - [CDtCl! (|C> ( l )
min{k,n—k}
) )
> (o) (e
iy 5 () ()
|C|=0 N=0

—V/nl2k.onk — \/pion,

Hence, we arrive at

(AL @@ fa)| < 2°Val A - [T I £ill2- (3.141)
=1
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The bound (3.141) implies, in particular, that

ne 0u) = [ (AR ©) T[ 57 6)a8,
jk+1
is square-integrable. On the other hand, in view of (3.133), the boundedness of S on
5(0, ) and the bounds found in Lemma 3.11, also 1 — h™5 (Og41) = RO+ ()41 —iN)

is in L2(R) for any 0 < A < 7 and, due to Lemma 3.20, even analytic on S(—m,0). By
application of the three lines theorem, it follows that the bound (3.141) also holds for

\f hOk+1 (O 1 — M)fi?ﬁl(ekﬂ)dekﬂ" -

Lemmata 3.20 and 3.21 yield important properties of the actual objects of interest,
namely the functions (AQ)%. They are connected to contracted matrix elements by

((A)ZB)Y* (0) = (28, (61) -+ 2L, (6,)Q, AQ) = Vn! (AQ)2(6)
((A)em)™ (8) = (Q, Azl (6,) -+ 2L (61)9) (3.142)
=Vl (A Q)R (O, ..., 01) = Vil (JA'Q)X(D),

since €no = énn = 0. Obviously by reapplication of Lemma 3.20, (JA*Q)%(0) =
(A2 A0)2(0) is the boundary value which results from analytic continuation of (AQ)%()
from R™ to R™ — i(m,...,n) along a certain path. Moreover, this boundary value is in
agreement with modular theory which in fact implies analyticity of (AQ) in the center
of rapidity (61 +- - -+6,)/n in the strip S(—m, 0) due to the strong analyticity ¢ — A% AQ
in S (—%, 0). However, it is possible to go beyond this analyticity property. Namely, by
means of Lemma 3.20 one shows, as stated in Corollary 3.22, that (AQ)%(0) has even
an analytic continuation into a certain tube domain, defined by

Tn :=R" —iG,, Gn={AER":m> A >X>---> )\, >0} (3.143)

To simplify the notation, we shall denote both the distribution (AQ) and the corre-
sponding holomorphically continued function by the same symbol.

Corollary 3.22. Consider A € F(Wg), then (AQ)3(0) can be analytically continued
into the tube T,. Further, the distributional boundary value of this analytic function,

found in the limit X — 0 in G, coincides with (AQ)5(0).
Proof. Application of Lemma A.l proves the claim. O

Lemma 3.21, on the other hand, leads to the following result.

Corollary 3.23. For 8 € R" and X € G,, we have

n/2
(a2 - < () DAl (3,144

with
d(X) == min{m — A1, 3(A1 — A2), ..., 2 (Anc1 — An), An k- (3.145)
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Proof. This assertion can be proven along the same lines as in the scalar case [98, Corol-
lary 5.2.6 b)|]. Only minor changes are necessary. For the convenience of the reader we
give a full proof.

Consider f := f1®---® f, with f; € S(R)® K, i = 1,...,n, then Lemma 3.21
implies that at points @ — i\ € T,, with A = (7,..., 7, A\e11,0,...,0), 0 < A\pyq < 7, we
have the following bound

> (a2« £2) (0~ i) | < 24l TT 1551l (3.146)
fe 7=1

It can be shown that this bound holds for arbitrary A € T, [99] and extends to f; €
L?*(R) ® K by continuity.

In order to proceed from (3.146) to pointwise bounds, we observe that the polydisc
D(z1,7) x -+ x D(zy, 1), with center { = 0 — iA € C" and polyradius r = (r,...,r), is
contained in the tube 7, if

T>AN+r, Ap—r>0, AM—r> Ay +r, k=1,...,n—1.

Hence, r < d(X) (3.145) has to be chosen. By a variation on the mean value property of
analytic functions we then have

1
(AQ)7(¢) = () / dgydN, - - / o’ dX, (AQ)%(0' + iX')
o
D(¢1,r) D(Cn,r)
1 n r 7"(/\;@)
= () 11 / N, / de), (AQ)X(0' + 0 + i\ —iX) (3.147)
RS )
= ; / dnA/((AQ)a*(X \ ®"'®X v ))(0—Z>\+2)\,)
(7-”42)71 n (A1) (ML) ’
[—r,r] X"
with 7(X,) :== /r? — (A})? and where X,y ) is the characteristic function of [—r(X}), (X, )].

Define now x € L?(R") ® K®" such that L?(R") > x© := o) 62‘:)(5 (no summation),
that is, only one component, namely x® := Xr(x,) @ @ Xr(n,), 18 different from zero.
Hence, (3.147) becomes

(AQ)%(0 — i) = (W;)n / d”XZ((AQ)f: * Xa)(o X N (3.148)

(a4

[_T7T}X7L
Then, with regard to (3.146), we obtain

32

m2r

. 2r)" L /2
(o - x| < ER AN TT sw Toopliem = () -4l (149

2
(71'7“ ) j=17 ; <r
By means of Cauchy’s integral formula this bound can be slightly improved. Due to
the boundedness of (AQ)%(0 — i) in 6 € R™ for fixed A € G, by (3.149), namely, the
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corresponding integration contour dD(z1,7) X « -+ X 0D(zg, ) X -+ x dD(zp,r) can be
deformed to - -+ x ((R—i\y —r) U (R—iAp + 7)) x ---. Hence, we have

wn a1 o (AQ) (O — X — ire)
(AQ)2(0 — iA) = ngl---en/d O gy 3190)

Rn

where the sum runs over ¢, = £1. By the same methods used in the derivation of (3.148)
and with regard to (3.146), we arrive at

271
WHAW (3.151)

which yields the claimed bound for r — d(A). O

|(AQ)7(0 —iA)| <

So far we have shown that (AQ)% extends to a bounded and analytic function on the
tube T,. Recalling the concrete action of the maps =, (s) (3.76), it is obvious that the
points 6 —i(3,...,5), @ € R", are of particular interest. Unfortunately, the previous
investigation does not yield the necessary information about the analyticity nor the
boundedness of (AQ)& at these points, in order to prove the modular nuclearity condition
analogously to the one particle case, see Lemma 3.12. This is due to the fact that these

points are only contained in the boundary of 7,. Therefore, an enlargement of this
'3
be accomplished by taking into account that the S-matrix S € Sy under consideration
admits a continuation to the enlarged strip S(—r(S), 7 + k(S5)), with x(S) > 0 as in

domain of analyticity to one involving € — i(F,...,5) is desirable. Indeed, this can

Definition 3.13. The corresponding result on the extension of the analyticity domain is
stated below in Proposition 3.24. The expanded regions are defined by means of the
following sets. Namely, for a > 0 we introduce

Bh(a) ={A€ER":0< A,..., < m, —a< N —N<a, 1 <I<k<n}, (3.152)
as well as the cube Cp(a) + Ar/2 C —Bp(a),

) Cn(a) :==(—=$5,5)"", (3.153)

B}

)\ﬂ/g = (—g, oy
and denote the tube based on this cube by

Ta(a) :=R" +i (Arj2 +Cn(a)) - (3.154)

Proposition 3.24. Let S € Sy and A € F(Wg), then (AQ)S is analytic in the tube
R™ —iB,(k(S5)).

Proof. We follow the proof of the scalar case [98, Proof of Prop. 5.2.7. a)]. To this end,
let 0 € G,,. Then due to Corollary 3.22,

(AQ)n (00) = (AQ)n (00.(1), . 700(71))
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Im (, Im (s Im (o
(=m,0) 0 Im Cl (—m,0) 0 Im Cl (=m,0) 0 Im (1
// // [a /// Ia
,’/ it o
, y y 1 ] s
3 // () // : () I v
7 Any2 ‘ S )'___JI’
(=, —m) (0, —m) (=m,—m) (0, =) (=m,—m) (0, —m)

FIGURE 3.1: Tllustration of the two-dimensional bases —Gs (left), —Bs(a) (middle) and
)\ﬂ-/g + CQ(CL) (right).

is analytic in the permuted tubes R" — iG7, where
Gy =0Gn ={ANER" 17> A\;1) > > Ag) > 0}

Since (AQ), € 4, this vector is invariant under the representation D,, of &,, (3.20).
Hence, we have

(A9Q),, (0) = (Dn(0) (AQ),) (8) = 57(8) - (A2),, (67). (3.155)

The tensor S7(0) consists (up to trivial tensor factors 1) of factors of the form S(0p—6;) €
So, 1 < k,1 < n, which are analytic in the strip S(—«(S), 7 + £(S)). Thus, all S7(0),
o € G, are analytic in the tube R™ 4 i, (k(S)) with

B (k(S9)) :={A€R": —k(S) < A\ — N < k(9), 1 <I<k<n}.

Therefore, both sides of Equation (3.155) admit an analytic continuation. The left
hand side to 7, = R™ — iG,, as before and the right hand side to the tube based on
B, (k(S)) N (—G7). Since convergence to the boundary in the sense of distributions gives
the same value on R™, Epstein’s generalization of the Edge of the Wedge Theorem [68]
can be applied, yielding that (A€), can be analytically continued to the tube based on
the convex closure of

U Bu(s(8) N (=G7).

0’6671

As the convex closure of |J (—G7) is the cube (—m,0)*", (AQ), is analytic in the tube
O’EGn
based on B, (k(S)) N (=m,0)*™ = =B, (k(S)), cf. Figure 3.2, proving the claim. O

Since SZ(0) is a very complicated object, it is not straightforward to derive a formula
for this tensor. For the scalar case, i.e. if dim/C = 1, however, the corresponding
product of S-matrices is explicitly known [100]|. This formula implies, in particular, that
the domain of analyticity may be extended even further, namely to a tube with base
—B,(a), where

Bu(a) :={A€R":0<Al,.... \n<m, Ms—N<a,1<l<k<n}.
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Im (2 Im G2
(_71.70) 0 Im Cl // 0 // Im Cl
il ’// —Ba(k(S /// ///
gz /, 2( ( )) // ’ /—K,(S)
/0'/ /// ° ///
//// _ggl /// ////
4 By(k(S)) ./

(—m,—m) (0, —m) ,’/ /// (0, —m)

FIGURE 3.2: Regions appearing in the proof of Proposition 3.24 for the case n = 2.

Although we conjecture that a similar formula can be found in the more general case
of dimIC > 1, a larger domain of holomorphy is not relevant for the verification of the
nuclearity of the maps Z(s), since the main points of interest 6 + iX\;/,, 6 € R", are
contained in R — i, (k(S)).

With regard to the one particle case, cf. Lemma 3.12, it, therefore, remains to discuss
the boundedness properties of (AQ)Y, in order to derive bounds on the nuclear norms

of E,(s), n > 1. The results established so far yield, in fact, the existence of a map
Ty (s, k(S5)) from F(Wg) into a Hardy space, as the following proposition implies.

Proposition 3.25. Let S € Sy, A € F(Wg), 0 < k(S) < § and s := (0,s), s > 0,
then (A(s)Q)y = (U(Q)AU(Q)Q)TL restricted to the tube 7;('{( )
HQ(E(N—S))) ® K®™ with Hardy norms bounded by

n

n

) is in the Hardy space

3

ICA(s)Qnll < v(s, £(5))™ | Al (3.156)
An adequate choice for v(s,k(S)) is given by

—smeo sin k(.5)
V2e >0, (3.157)
k(S) - (msme sin k(9))1/4

0(s, 5(9)) = [|Sla(s) DV max{l,

Proof. Similarly as in the proof of Lemma E.1 in [95] we first show the validity of the
bound (3.156) in the tube based on the cube CY := (—@ 0)*™. To this end, recall

n

the correspondence (3.142), that is, (AQ)%(0) = \/%@242 (62) - - - 2h, (0,)9, [2a, (61), A]€V).

Hence, by application of Lemma 3.11 it follows that
Ry 1 01— /d92 e dfn (AQ)01O20n () — GN Oo, ..., 0,) fO2 (O, ..., 0)

is in L?(R, df) for any f € L*(R"!) ® K®"! and any 0 < A < m. Moreover, we have
lh—xll2 < || fll2]|Al|.- By the mean value property

Q) = — / df A\ (0 + iN),

D(¢r)
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with D(¢,r) C R— [0, 7] a disc of radius r and center ¢. Hence,

1
W (O < — / d dX |her (6 + i\
D7)
1 « Sy (2
< — / df dX [R* (6 + i)
R+-¢+i[—r,r]
2r
< m!\f\\%IIAHZ,

1/2
yielding |h®1 (01 —i))| < <m> I fll2ll4]l, 61 € R. It, therefore, follows

that for 6, and A fixed the function (0o,...,60,) — (AQ)%(01 — i\, 6a,...,0,) is in
1/2
L?(R"1) with norm bounded by <m) IIA|l. As a next step we may pass

by means of the entire function uif" ;(C) = [r, e " ™enl SIPhCh 6 the “shifted” func-
tion (A(s))2(¢) = ul®(¢) - (AQ)X(¢) with s > 0. Then, in view of sinh(a + ib) =

sinha - cosb+ icosha-sinb, a,b € R we find with e; = (1,0,...,0)
Z/d"@ (A(5)Q)™ (8 — ider)|?
= Z/dale—%m[ansin““h@l /deg.-'dan\(m)g(el — i\, 0, ..., 0,)]2

2 .
< A 2 do —28m, sin A cosh 64
~ mmin{\, 7 — A} 14l Za:/ 1e

2D" 2 —2sm sin A cosh 6
~ ey [ e :
mmin{\, T —
< : ?/l\)n A}||A||2€_25m°Sin)\/d@le_smo sin \0?
mmin{\, T —

2Dn”AH2€—28mosin/\ﬁ .
= B : = CL(S,/\)QD HA||27
mmin{\, 7 — A}y/smo sin A

where we made use of cosh(f1) > 1+ 367. For 0 < A < 7 we, therefore, arrive at
(A(8))n,—re; € L2(R™) ® K&, With regard to analytic continuation in the directions
of the other standard basis vectors ea, ..., e, of R™ we take the S-symmetry of (A(s)$2),
into account. To this end, recall that for 0 < A < (95)

sup [S(O) =1, sup[|S(@+iN)[ <1, sup[|S(O =N < [|S]lxs)-
feR feR 0eR

Moreover, we consider the function
Ck'—)55(91,...,Qk_l,gk,ak_,_l,...,@n), erR, kzl,...,n,

which, clearly, is analytic in the strip —x(S) < Im{x < k(S). An estimate on this
function is obtained by determining the number of (i-dependent factors S in the above
tensor. To this end, recall the fact that any o € &,, can be decomposed (non-uniquely)

into a product of inv(c¢) transpositions 7; € &,,, where inv(o) is the number of pairs (4, j),
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i,j=1,...,n,withi < jand o(¢) > o(j). Therefore, we count that the maximal possible
number of transpositions which involve the element k is n — 1. Hence, the representing
tensor S7(01,...,0k—1,Ck, Ok+1,-..,0,) contains at most n — 1 factors depending on the
variable (. Moreover, each of those factors is bounded by |S][,(g). All the others are
bounded by 1. Hence, it follows for j =2,...,n and 0 < A < k(.5) that

IN

/ d"0 || (A(5)2),, (0 — irej)Fen < IISI2E " / "0 || (A(5)92),, (0 — iXer)|[Een

18120 Vas, )2 D" A%

N

That is, we have, in particular, [[(A($)2)n,—r(s)e;ll2 < |]S||Q(S)a(s,n(S))D”/QHAH, with
j =1,...,n. On the other hand, (A(s)2), € L?*(R") ® K®" with norm bounded by [|A]|.
Since, moreover, the latter function is obtained from its analytic continuation as a strong
limit for imaginary part A — 0, we conclude that for all A in the convex closure of the
points 0, —k(S)e1, ..., —k(S)e, we have the following bound

1A nallz < v(s, KAl v(s,5(S)) = | Slls(s)D"? max{L, a(s, x(S))}.

(3.158)

As CY is contained in the convex closure of (0, —k(S)eq, ..., —#(S)e,), the bound (3.158)
holds, clearly, for all A € C?, establishing the claim for the tube based on CY.

We proceed by considering the tube based on C,” = (—m,...,—m) + (0, HTS))X”

Since (A(s)Q)& = (JA*(s)Q)%, cf. (3.142), it follows, due to [|A*|| = ||A],

n,(— 7,y —) no
immediately that the bound (3.158) also holds for A € C, ™.
It remains to show the validity of (3.158) in the tube E(HSLS)). To this end, note

that the cubes C and C,; ™ (both contained in the analyticity domain of (A(s)Q)%) are

n

connected by the line segment [ from the point (0,...,0) to (—m,...,—m), cf. Figure
3.3. By modular theory we have that ||(A(s)Q2),all2 < ||A] for all X € [. Consequently,

Im ¢

(—m,0) 0 Im Cl

// /ﬁ" [{/(S)

FiGURE 3.3: Cubes appearing in the proof of Proposition 3.25 for the case n = 2.

the bound (3.158) also holds for A in the convex closure of C0 UC,,™ Ul. But the cube
K(S)

Ar/2 + Cal S ) is contained in this region, yielding what is claimed. O

n
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The preceding proposition establishes a generalization of the Hardy space structure
found in the case n = 1. In particular, define

To(s,6(9)) : FWg) = HAT(PE)) @ K&, To(s,m)A = (A(5)Q) , (3.159)

n
then, an immediate consequence of Proposition 3.25 is the following.

Corollary 3.26. Let s > 0, then, the map Y, (s, k), as defined in (3.159), is a bounded
operator between the Banach spaces (F(WRr), || - ||a.w)) and (HQ(%(@)) @ K= -1,
with operator norm complying with

(s, £(S)I < 0(5,K(5))", (3.160)

where v(s, k(S)) is given by (3.157).

Proof. The bound (3.160) on the operator norm of the map Y,(s,x(S5)) is a direct
consequence of (3.156). O

Since we aim at proceeding as in the case n = 1, we consider the maps =Z,(s), n > 1,
as the concatenation of Y, (s, k(S)) and maps X, (s, k(5)), as illustrated by the following

commutative diagram.

The map X, (s, £(S)) : HX(To(22)) @ K& — 7, is defined by

n

(Xn(s,K(8))h)™ (0) := H ¢~ 2 ™Mlay) cosh Ok h*(0 + iXg ), (3.161)
k=1

which, with regard to (3.76), justifies
En(s)A = (Xn(s,k(S)) o Tp(s,k(S))) A, Ae F(Wg). (3.162)

It, thus, remains to investigate the properties of the maps X, (s, x(S)), n > 1. Since
T, (s,k(S5)) is a bounded map, nuclearity of =, (s) would be proven if X, (s,(S)) was
nuclear, cf. Lemma B.2. Indeed, nuclearity holds for X, (s, x(S5)) as stated in the subse-

quent lemma.

Lemma 3.27. For s >0 and 0 < x(S) < 5 the map X, (s, k(S)), as defined in (3.161),
is a nuclear mapping between the Banach spaces (HQ(%(@))@)K@na I-ID and (5%, 1-1])-

n
Its nuclear norm is bounded by

| Xn (s, k(S) |1 < x(s,k(S))™ - n", (3.163)
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where x(s,k(S)) > 0 is monotonously decreasing function of s for fivred k(S), with limits
x(s,k(S)) = 0 for s = oo and x(s,k(S)) = oo for s — 0.

Proof. Consider a closed polydisc Dy, (0 + X, /2) C Tp (“(ns)) with center 8 +iX; /9, 0 €
R™. For h € H?(T, (H(S))) ® K®" we then have by Cauchy’s integral formula

1 - h*(¢)
. d"¢'— ; —
@mi)" Jr,0vin, ) [liey (G — Ok +15)

h*(0 + iy )2) =

where T, (0+iA;2) denotes the distinguished boundary of D, (0 +i)\,/5). Since Cn(@)
is a polyhedron, the last two properties listed in Proposition B.5 can be applied and,
(%)

thus, the contour of integration may be deformed to the boundary of %(”n

). Hence,

we have

n

. 1 €k . x(S)
ha 0 =+ ZAﬂ- = — -0 / dnel ha 0/ +1 Aﬂ- — TE y
( /2) (271'7,)" EE N (Iflzl1 92 — 9k _ 7/52(751') €k> ( ( /2 2 ))

where € = (e1,...,6,), with ey =+1, k=1,...,n
Writing

(87 (67 o .
<a@ﬂ&m%m—¢@ww@um@ (6+iXr).
where un S e My SN G g L; 0) = [n; 0+ i), /5), we have
[ /

(X (8 k(5))h)*(0)

Ao /a(0) g [T : ol )\ g 5(5)
o/ 3 / : _

PZOR /d o (191_11 Qé_ek_iﬁ(s)€k> (“n,s/4 h) (0" +i(Arj2 — 557€))

2n
g =

_ o
= Uy, s/4[1—cos(k(S)/(2n))] (9)
K (S)

n ol - €k exp[— 4sm[a ]COSW(COShOk—&—COShQ )] [e] /
X Z / 6 (;:[1 i 0] 02 o) )“n,s/4sin(n<5)/<2n>>,e(9)

X RO+ i(Agjg — L)),
with u%}le(é’) = uf‘;(sl@l, ... enby). Putting gl*(g) = exp[—zsm[a] COS% cosh ] €
L%*(R) and considering an integral operator R, = PP, R[a] on L?(R) ® K, defined by
the kernels
—sign (b) gl)(6)g!*! (¢")

2mi 0 —60+ib ’

R 0.0) = b R\{0},

we arrive at

Xon(s,k(5)) = an,s/4[1fcos(n(5)/(2n))}Z(R as) @ QR ~<s>>

9,—€1 5, 9,—€n 5,
€

X Up, —s/45in(x(S)/(2n)),e Ekﬁ/r%E’ (3.164)
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with (@ h)(¢) 1= AN (¢)h®(¢) and analogously (un.sch)®(C) = ul™ «(¢)h*(¢). The
s, from H2(T, ("5))) @ K2 to

operator norms of the maps E, .

k(S) _ - h—h
m/27 2, € Arj2— 5,
L*(R™)®K®™ are bounded for any € by one, as follows directly from ||, ) ws) |l < IRl

/27 o
It is, moreover, obvious that the operator norms of the multiplication operat2ors Up,s and

Un,se appearing in (3.164) are also bounded by one. Since Rg Lx(s) are trace class
2n

)

operators on L?(R) ® K, cf. Lemma A.2, we have that Rg’_ﬁ@ ®--® ng_an@ are of
trace class on L?(R") ® K®" for any &1, ...,&, = £1. Thus, thennuclearity of Xn(ns, k(S))
follows.

In order to prove the statement on the nuclear norm, note that Ry;, = ﬁRg_7,bﬁ,
with unitary (Uf)(0) =i - f(—0), f € L2(R) ® K, and g[_a](ﬁ) = glol(—0). Hence, we
have

|R ~(S) ®"'®Rg7_

_ n
grmer £LS) el =R, i

En

Taking into account that the sum ) _ runs over 2" terms, it follows with regard to (A.5)

that
n
) cosh 0)

sm K(S
3

2 o
Xkl < 2R, ol < 2D (520 [ape 5

27k(S)
2n
< n n —
s 2D (27m(5)/d96

S5 cosh 0) "
nn 2_D " 6_% 471' n/2
7k (S) SMeo ’

where we made use of cosh@ > 1 + 62?/2. Hence, the bound on || X,,(s,x(S))||1 is of the
form (3.163). O

A

The results established by the preceding Lemmata, therefore, yield that Z,(s) :
F(Wg) — £, given by (3.162) is nuclear. The nuclearity of Z(s) = Y7, En(s), (3.72),
on the other hand, does not yet follow since [|Z,(s)|1 < n"z(s, x(S))"v (5, x(S))™ is not
summable over n. However, in the special case of dim IC = 1, discussed in [100, 95|, the
nuclearity of Z(s) can be established for a certain class of S-matrices and for values of s
above a certain minimal threshold spi,. This finding relies on a mapping [ : 5 — €~
from the S-symmetric Fock space to the totally antisymmetric Fermi Fock space. In case

the S-matrices are scalar valued such a map can be found quite easily. In fact, one has

Lemma 3.28 ([100]). Let dimK =1 and S € S, :={S € Sy : S(0) = —1}. Then, there
exists an analytic function 6 : S(—k(S),k(S)) — C (the phase shift) such that S({) =
5(0)e2°©) ¢ € S(—r(S),k(S)), fized uniquely by 5(0) = 0. Then, the multiplication

operators corresponding to the functions

Li=1,  L(Q):=1, L= J[ (-"“9), nz2 @316

1<k<i<n

denoted by the same symbols I, fulfill the following.
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K(S)

n

a) Viewed as an operator on H?(T,(=22)), I, is a bounded map with operator norm

n/2
11l < 1S5

b) Viewed as an operator on L*(R™), I,, is a unitary intertwining the representations
D,, and D, (corresponding to S(0) = —1, for all 0 € R) of &,,.. Hence, it maps
the S-symmetric subspace 2, C L*(R™) onto the totally antisymmetric subspace
A C L2(RM).

In the more general situation considered here the derivation of such intertwiners is a
more complicated task, in particular, due to the general noncommutativity of matrices.
Nevertheless, we conjecture that a similar mapping can be obtained in case dim /C > 1.
If, namely, 0 < n < 2 a direct generalization of the above lemma can be stated for
S-matrices of a certain type. More precisely, let F' denote the flip operator, i.e.

F: KKKk, Flu®wv):=v® u, (3.166)

and consider S € §; := {5 € Sy : S(0) = —F} which are of the form

S()=> hi(OM;,  keN, (3.167)

with analytic functions h; : S(—k(S),x(S)) — C and constant, pairwise commuting
matrices M; on K ® KC, appropriately chosen such that S € S5 . In particular, we have
[S(¢1),S(¢2)] = 0 for S(¢;) of the form (3.167). Then, the following can be shown.

Lemma 3.29. Let dim K > 1 and S € Sy, being of the form (3.167). Then, there exists
an analytic function p: S(—k(S), k(S)) = LIK®K)'? (the phase shift matriz) such that
S(¢) = —F - &2 ¢ € S(=k(S), k(S)), which we fix uniquely by p(0) = 0. Moreover,
the multiplication operators corresponding to the functions

To:=1, Ti(Q):=1, Ir((,() = —ePC) (3.168)

denoted by the same symbols T,,, n = 0,1,2, fulfill the following.

a) Viewed as an operator on HQ(%(@)) ®@ K®" T,, n=0,1,2, is a bounded map

n

with operator norm ||Z,|| < HSH:(;)
b) Viewed as an operator on L*(R") ® K®", T,, n = 0,1,2, is a unitary intertwining
the representations D,, and D, (corresponding to S(0) = —F, for all 6 € R) of
&,. Hence, it maps the S-symmetric subspace 7%, C L*>(R™) @ K®™ onto the totally

antisymmetric subspace S, C L*(R") ® K&,

Proof. We first prove the statement on the analyticity of p. Due to the assumed form
of the S-matrices, this can be done by means of an argument stated for scalar valued

"This is, indeed, the correct bound with regard to the tube 7:1(“(715)

Ar/24+Cn( ”ns) ), as can be shown in a straightforward manner by means of the Malgrange Zerner theorem
[69]. It does, however, not apply when considering the tube based on A: s + Cn(k(S)), as claimed in
[100].

121 inear operators on K ® K.

) based on the “shrinking” cube
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functions [48, Corollary 6.17]. Namely, since S € S; is analytic and invertible in the
strip S(—k(9), k(S)), also S7! . S is analytic on this strip. Hence, it has a primitive
on S(—k(S5),k(S)) which we denote by p;. To prove this, one may proceed exactly as
in the proof of [48, Corollary 6.16] formulated for scalar valued functions. The main
ingredient thereby is Cauchy’s theorem which implies that p;(¢) := fV(S*1 -S"), where
is a rectifiable curve from some fixed point a € S(—k(S5), k(5)) to ¢ € S(—~r(S5), k(5)), is
a well-defined function from S(—~x(S), k(5)) to LIK®K). The fact that p; is a primitive
of §1. 5 follows then simply by determining p}.

Defining, next, H({) := expp1(¢), then H is analytic and invertible. Therefore,
S - H~!is analytic and has the following derivative S’ - H=* + S - (H~!)". But in view
of the special choice (3.167), (H~!) = —S~!. 8. H~1 yielding that S- H~! is a
constant matrix c for all ( € S(—«(S5),x(S5)). That is, S({) = ¢ - exppi1(¢). By letting
2ip(¢) = p1(¢) + ¢ with some suitable ¢/, we may choose p(0) = 0, yielding the first
claim.

Item a) is a direct consequence of the analyticity of p and the definition of Z,,
n=0,1,2, (3.168).

To show b), we first prove the unitarity feature. Hence, we have to show that p(6)* =
p(0). To this end, note that from the properties of the S-matrix S(0) = —F - e2iP(0) we
obtain p(0)* = p(0)+ 7k 1a, k € Z. But p(0)* = p(0) = 0 and both p* and p are analytic.
Hence, their difference is also an analytic function, implying k£ = 0.

To see the intertwining property, we consider W5 € L?(R?) ® K¥? and compute

(ToDa(11)W3) (01,05) = —e01702) . 5(0y —6,) - Wy(6s,6,)

eiP(01=02) | . 2ip(02—01) Uy (62,01).

With regard to the properties of S, we have p(—0) = —p(#). Moreover, [F, p(8)*] =0
for all k> 0 due to the special form (3.167) of S(8) = —Fe**(®). Hence,

(Zo Do (1)) (01,05) = eiP(01=02) | . 2ip(02—01) Uy (o, 61)
= (=F) - (=e?%270)) .Uy (0,,6,)
= (D3 (11)Z2V3) (61,06-),

proving the intertwining property, and Zy : 5% — J4, . O

Although this result can at the moment be verified only for 0 < n < 2 there is
evidence that Lemma 3.29 can be generalized to n € Ng. Considering, namely, the
simplices

Yr={0€R" :0,q)< - <Ormy} T € Gy,

then, the multiplication operators corresponding to the functions
7,.(0) := (—1)¥&MFT . g7(9)"!, G ex,, (3.169)

are easily seen to be unitaries intertwining the representations D, and D, of G, on
U, = by taking into account 8 € X, if and only if ™ € ¥;;. Here the tensors F; have
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the components (F)7)5 = 5%;(” = '52:@)‘ These intertwiners are, however, not suited for
our purposes since they are in general not continuous. Nevertheless, due the possibility to
construct such objects and with regard to Lemma 3.29 there is strong indication for the
validity of the following conjecture which restricts to the minimal assumptions necessary

with regard to the nuclearity of the map Z(s), (3.72).

Conjecture 1. Let S € S, . Then, there exist multiplication operators I,,, n € No, which
intertwine the representations Dy, and D, of &,, and, moreover, have the following

properties.

a) I, is a bounded operator on H%%(M))@K@”, For the operator norm we further

n
have ||Z,|| <™ with some constant v > 0 not depending on n.

b) (Z,) L > Ian, = (In)*lf)\ﬁ/2 € S is bounded with operator norm ||(Z,) 7| <
m

'™, where the constant ' > 0 does not depend on n.

In spite of the strong indications speaking for the validity of Conjecture 1, there is
still the possibility to circumvent this assumption by improving the nuclearity estimates
on the maps =,(s). For instance, in case one can show that there exists a bounded
operator from the wedge algebras into a Hardy space based on a cube with fized side
length independent of n (in contrast to the present situation where we are dealing with
cubes shrinking like %) with operator norm growing at most exponentially in n'?, then
the verification of the modular nuclearity condition would be possible by the applied
techniques even for the whole class Sy of regular S-matrices. Other improvements may
be achieved by taking the underlying S-symmetry of the functions in the Hilbert space
J into account. The nuclearity estimates are in principle, namely, derived on the
unsymmetrized Fock space S

Note, moreover, that the above discussion resulting in Conjecture 1 applies analo-
gously to S-matrices S € S := {S € Sy : S(0) = +F}, hence, corresponding to maps
It . # — . Since in Lagrangian field theory no interacting model is known to
fall into this class and since we do not yet have an argument for verifying the modular
nuclearity condition in this case (not even for dim I = 1), we specialized to the family
Sy - In particular, the O(N)-invariant nonlinear sigma-models fall into that class, cf.
Chapter 4.

Theorem 3.30. Consider a model theory associated with a regular S-matriz S € S .
Suppose further Conjecture 1 holds true. Then, there exists a value Spmin < 00 such that
=Z(s) : F(WR) — S is nuclear for all s > Spmin- Thus, in these models the corresponding
local algebras F(Oyy) = F(Wr +x) N F(Wr + y) have Q as a cyclic vector, for each
double cone Oy y = (Wg+z) N (WL +y) withy —x € Wg and —(y — x)* > s2

min’

Proof. Since E,,(s) = Xp(s,k(5)) o Tu(s, w(S)), with 0 < x(S) < §, we have that Z,,(s)
is nuclear with nuclear norm bounded by

1201 < 1Tals, W] - 1 X, W) < m"0(5, K(S)) (s, K(S))". (3.170)

2
13Presently, we can prove the existence of such an operator with operator norm bounded by a” for
some constant o > 1.
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To show nuclearity of Z(s) = > 2 Ey(s), we make use of the map Z := @, ,Z,

H — A~ and consider Z,(s) as the concatenation

(Zn)

— i,
(3.171)

where X (s,k(95)) acts in the same way as X, (s, (5)). It further can be expressed as

Xn(s,k(9))in (3.164) and is, thus, nuclear too. Hence, we have with h™ € HE(%(@))@

K®" and the notation used in the proof of Lemma 3.27

FWr) Y BT (U)K I B2 (T, (M) wicen )

n

-

n

X’; (57 ’{(S))h_ = an,s/4[1—cos(,‘f(S)/(Qn))] Z (Rg’751% Q- Rg e K(S))
€

) n o

X Up, s /4sin(x(S)/(2n)),e h;ﬂ/rﬁe

e Z(Z‘%fsl%@..'(gz,ffn 2n>hﬂ,/2—ﬂg7

€

where

— D (1)
Zg, e = un,s/4[1—cos(n(5’)/(2n))]Rg775%un,—s/4sin(f€(5)/(2n))76'

Here af}i and ugll?gg are the multiplication operators u, s, respectively, u, . restricted
to L2(R)® K. For the nuclear norm of X,, (s, x(S5)), on the other hand, we find a sharper
bound, due to the Pauli principle. Namely, consider the positive trace class operator
. 1/2 s

Z,p = (Zg,bZ;bJrZ Wz b) b= 58 it (| Zayllt < 201Zgslh < 20|Rgsl 93],

for g as above, and choose an orthonormal basis {1, of L2(R) ® K which consists of

eigenvectors ¥ of Eg,b. Denoting the corresponding eigenvalues by A > 0, we have

Zoof = 020 Me(p, A0k, [ € L2R) @K, and || Zgplhi = 3052, Ak < 00. On 2, the

vectors

k = \/* Z Slgn /lzZ)O' kl : ® ¢U(kn)

O'EGn

form an orthonormal basis if k1 < ko < --- < ky,, k1,...,k, € N. Hence, it follows

X, (s,k(S))h™ = Z (Z n<s) QL (S)) h; /27,{(5)
€ T 2

g,—¢€1 9,—€n 2n €
= z* z* v h7 \I’f
= (2" ) @@L s Yy, £(), )
€ k‘1<"'<k‘n 9 175, 9,—€n 2n /2

For the nuclear norm of X, (s, k(S)) we, therefore, find with Hh; xs), I <Ih|l
/2=

2n

X, (s k(SN <D > 1Z) s @ @20 ws) Uil
e ky<-<kn ’ 2n SN op
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Taking into account that
/N o/ /|
H 97_51% gv_gn% k”

- <\IJ’;’ 297_61%2.;7—5 ws) @ ®Z ws) 2 5) \IJID

_g, BS) K (
130" 970 9mEn

. 2 2
Z ws)| Q- ® ‘llk>

95 72n
=122 Vi I,

’ 2n

< (¥,

7
9,555

we arrive at

_ on
X, (s, k(S))|l1 < 2" Z Aky - Ak, < - Z Aoy - Ak,
ky o<k " kr e

ISP 4n
= — n < n
il Zg o7 < IR ws [IT-

With regard to (3.171) and the assumptions stated in Conjecture 1, therefore, the fol-
lowing sharper bound compared to (3.170) holds true

Z0)lh < 2 (297 03 5(8) (5, m(5) " <

< o= (2677 v(5,5(8) a5, 5(5)) "

(3.172)
where we made use of Stirling’s formula, i.e. n! > v/2mnn"e™". Due to the monotonous
convergence of v(3,k(S)) - (s, k(S5)) to zero as s — oo, there exists a value sy < 00
such that

oo _ o 1 , . n
n}% I1Zn(s)]1 < nzo\/%(%w u(3,5(S)) (s, 5(S)) ) < o0, (3.173)

for all s > smyin. Therefore, the series Y 2 Ey(s) converges in nuclear norm to =(s),
implying the nuclearity of the map Z(s), since (N (F(Wg), ), | - ||1) is a Banach space.
Correspondingly, it follows from Theorem 3.10 that the algebras F(Ogs), s := (0,s),

$ > Smin, have 2 as a cyclic vector, i.e. the Reeh-Schlieder property holds. The respective
2

statement for double cones Oy, with y —x € Wg and —(y — x)% > 2, is obtained by

covariance. O

Starting from a certain family of factorizing S-matrices, the corresponding model
theories were constructed. Theorem 3.30 states the existence of local quantum fields
in these models under a very plausible conjecture. The fields are localized in bounded
regions which, however, cannot be chosen arbitrarily small but have of a minimal “rel-
ativistic size”. This minimal diameter depends on the S-matrix at hand as well as the
mass gap Mo of the theory, and manifests itself through the length smiy. There is reason
to believe that a minimal localization length, namely the Planck length Ip ~ 1073°m,
exists in theories combining general relativity and quantum theory. However, the occur-
rence of the length sy in our approach has no physical motivation and is assumed to
be a by-product of the various estimates. Indeed, considering as an instructive example
the well-studied model of the scalar free Bose field with constant S-matrix S = +1, cf.
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[89, 4], with regard to the modular nuclearity condition, then this requirement can be
verified by an alternative argument for arbitrary s > 0 as shown in [40]. The alternative
strategy yielding this result relies to a large extent on the analysis of nuclear maps on
the Bose Fock space developed by Buchholz and Wichmann [44] and can, unfortunately,
not be carried over to more general situations.

Nevertheless, the result established in Theorem 3.30, namely the existence of com-
pactly localized quantum fields'* complying with the Reeh-Schlieder property, is already
sufficient to investigate collision states. The fact that the localization regions cannot be
chosen arbitrarily small but above a minimal diameter does not give rise to any compli-
cations, since double cones of any size can be spacelike separated simply by translation.
Thus, Haag-Ruelle-Hepp scattering theory can be applied [5, 81| and one may prove
that the models constructed by the methods presented in this chapter solve the inverse
scattering problem. Indeed as shown in [102] under the assumption that the maps Z(s)
are nuclear, the S-matrices of the constructed theories coincide with those initially con-
sidered as starting point, and, moreover, asymptotic completeness can be proven to hold.
We discuss these results, established in [102], in the next section.

3.5 Scattering Operator and Asymptotic Completeness

In this section we summarize the results found in [102, Section 5|, concerning the physical
properties of the models previously constructed. So far we showed'® that our construction
gives rise to a large class of models which comply with all fundamental concepts of
quantum field theory if § € §;. Beyond that one is particularly interested in the
interaction taking place in these models. At the moment it is by no means clear how the
S-matrix .S, which served as the starting point in our approach, is related to the scattering
operator of the respective model. It is, therefore, necessary to derive explicit formulae
for scattering states in order to compute the scattering matrix of the theory at hand. It
will turn out, though, that this operator, which maps outgoing into incoming scattering
states, coincides with the tensor corresponding to S. That is, the construction solves
the inverse scattering problem. Furthermore, the emerging models are asymptotically
complete.

Note that in Section 3.2 we agreed to refer to the scattering amplitude S as S-matrix
for short. Therefore, the operator S : 1 — ' defined in (3.17) and usually declared
as S-matrix shall be referred to as scattering operator.

Since double cones of any size can be spacelike separated by translation, cyclicity
of the vacuum vector €2 for the field algebra F(O), with O above a minimal diameter,
cf. Theorem 3.30, is sufficient in order to compute n-particle scattering states. Lechner
and Schiitzenhofer, however, assume in their analysis [102, Section 5] the nuclearity of
the maps =Z(s) for arbitrary s > 0. This is clearly an unnecessarily strong requirement.

MRecall that these operators are not constructed explicitly but are characterized indirectly as elements
of the local field algebras F(O).
15Under Conjecture 1.
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Nevertheless, keeping in mind that spacelike separation can be achieved in any case, their
results still hold true in this slightly different situation involving the minimal length smin.

For the task of calculating collision states one uses the methods of Haag-Ruelle-Hepp
scattering theory [5, 81] reconciled with the wedge-locality of the fields ¢ [23] and the
charge structure being present [56]. Let us recall the basic ingredients. First af all, one
usually considers quasi-local operators of the form

AQ(gt,m(q)) = /d2xgt,m(q)(x)U($)AqU(x)17 (3.174)

where A, € F(O) is a field operator of definite charge ¢ € Q and gy () € 7 (R?), t €R,
is defined in terms of § € .7(R?) by

1

i (2 m 2
Itm()(¥) = 5 / Ppg(p) el G @?)

1/2] )
e i, (3.175)

If g has support in a sufficiently small neighborhood of some point on the mass shell
H+
m(q)
That is, in this case Aq(gym(q)) creates one particle states of charge g from the vacuum.

in the sector ¢, Aq(gem(g))§2 is an element of L*(R,df) ® K, not depending on ¢.

Moreover,
tlg?t Aq (gt,m(q))qj = Aq (g) "l‘r‘f v, th—>H:lt Aq(gt,m(q))*\P = Aq(g) Ol‘r‘lt* v, (3176)

where A,(g)in and Aq(g)out are the asymptotic creation operators of an incoming, re-
spectively outgoing particle of charge ¢, being in the state A,(g)Q2. The corresponding
annihilation operators are their adjoints A4(g)in and A4(g)out. These asymptotic rela-
tions hold for a certain dense set of scattering states W [5, 81]. However, they can be
extended to all states ¥ with compact energy momentum support due to a result by
Buchholz [35].

In order to compute collision states, one further considers the velocity support of
mass m of g € .7(R?) defined as follows

Vin(g) = {(L (]91)1/2> : (po,p1) € Suppﬁ} (3.177)

p? +m?2

In an analogous manner the velocity support of a vector ¥y , € L3(R,df) ® K, is given
by

V(¥1q) = {(L ( p1 1/2> : (po,p1) € supp \Ifl,q}, (3.178)

p} +m(q)?)
where supp ¥ 4 is the spectral support of ¥y ,. Considering such a single particle vector
U, of charge g as given, then there is always a A € F(O) and a test function g € .%(R?),
whose velocity support is contained in an arbitrary small neighborhood of V(¥ 4), such
that [|44(9)Q2 — ¥y 4|| < e for some € > 0. This is due to the cyclicity of the vacuum
for F(O), with O above a minimal size, implying that there are sufficiently many quasi
local creation operators.
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Recall further that the support of a function g, € #(R?), cf. (3.175), is essen-
tially contained in tV,,(g) for asymptotic times, i.e. for ¢ — +oo, [81]. Namely, let xm,
be a smooth function which is equal to 1 on V,,(g) and vanishes in the complement of
an e-neighborhood V%, (g) of Vi,(g). Then, Gem(x) := xm(x/t)gem(z) is the asymptoti-
cally dominant part of g:,, with support in tV5 (g). That is, for any N € N, we have
[tV (gt.m — Gt.m) — 0 in the topology of .7 (R?) as t — Fo0.

Having recalled the basic ingredients and facts about scattering theory, we may come
now to the main result of Haag-Ruelle-Hepp collision theory adjusted to our setting
[56, 56, 81]. Namely, let field operators Ai,..., A, € F(O), charges ¢1,...,q, € Q
and test functions gi,..., g, € Z(R?), having disjoint velocity supports Vin(a;)(95), 1-€.
supp gj Nsupp gi = 0 for j # k, be given, then

th_{ri A1, (91,tm(q1) " Ansgn (In,tm(gn)) 2 =1 (Y1 X -+ X wn)oi\: (3.179)
exists and, moreover, depends only on 9; := A;,.(g;)Q € L?(R, df) ® Ky, in a linear and
continuous manner. In (3.179) we have used the standard notation for collision states.

To derive explicit formulae for these scattering states, the auxiliary field ¢ may be
taken into account. With regard to its wedge-locality and its affiliation with F(W7p,), one
may follow the analysis of [23]. To this end, we introduce the notion of ordered velocity
supports of say g,g" € .(R?). Namely, V,,(g) is called a precursor of Vy,(¢'), 9 <m ¢’
in symbols, if the set of all difference vectors V,,,(¢') — Vi (g) is contained in {0} x R.
The notations collected so far generalize to test functions f € .7 (R?)@K = D,co Z(R?)®
Kq in a straightforward manner by the decomposition f = @qeg fq- In particular, the
velocity support V(fy) is understood as the union over the velocity supports of mass
m(q) of all the components of f,.

These additional ingredients allow for the statement of the following results which
were established in [102]. For a proof we, therefore, refer the reader to this particular

reference.

Proposition 3.31 ([102]). Let f1,..., fn € L (R?) @K be test functions whose Fourier
transforms f; are supported in the forward light cone, and whose velocity supports are
ordered, 1.e. fi <--- < fn. Then,

(F % X ) g = 0(1) - 0 )2 =Vl Py (i @@ f7),

out

3.180
(F7 5 X ) gy = 0f) - 02 = Vil Py (i @+ @ fF) o

Moreover, the sets of incoming and outgoing n-particle scattering states are total in F¢,.

That s, asymptotic completeness holds.

By means of these explicit formulae for the collision states, the scattering matrix S
can be computed. It is defined as the product of the Mgller operators Wi /oy which map
the totally symmetrized Bose Fock space s = @@, , 7, over J#, spanned by the
asymptotic scattering states, to 7. According to (3.180), these operators are given by

Woutpyj(ffr@"‘@frj)
WP (ff @@ fih)

Py (ff® - ®fr),

(3.181)
P (ffe-—of),
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where P is the orthogonal projection onto £ and f1 < -+ < fn. Wout and Wy, are
obviously well-defined linear operators with dense domains and ranges. Moreover, they
extend to unitaries because

1
vn!

due to the ordering of the supports of the f;r . The product of these Mgller operators

IPF(ffe-afM) =P (ffoaff)I=—=IAI- I

gives the S-Matrix
S = Wou *Win : ST — T,

considered as an operator on the Bose Fock space.

Theorem 3.32 ([102]). The model with S-Matriz S € S, , defined in Section 3.4.3,
solves the inverse scattering problem. That is, the scattering operator S of the model
coincides with the tensor corresponding to S.

This theorem was proven in [102] under the assumption of cyclicity of Q for F(O).
We do not repeat the proof here. However, we emphasize that both this result and the
previous Proposition 3.31 essentially rely on the conclusions which can be drawn from,
respectively are stated in Theorem 3.30 of the previous section.

Theorem 3.32 does not only assure that the above construction solves the inverse
scattering problem but also justifies the heuristic approach to Zamolodchikov’s algebra
in a rigorous way. Namely, by starting from the wedge-local field ¢, in terms of which the
Zamolodchikov operators 2% () obtain a spacetime interpretation, a family of asymptot-
ically complete models emerged, complying with the concept of factorized scattering as
proven by Haag-Ruelle-Hepp scattering theory.

3.6 Examples

To conclude this chapter, we want to give concrete examples of S-matrices S contained
in the set S, . The results obtained above do not rely on an explicit form of S. However,
in order to relate our approach of constructing models within the framework of Algebraic
Quantum Field Theory to the more traditional Lagrangian one, concrete examples are of
particular interest. Of course, the construction presented here gives rise to a large class
of models to which a Lagrangian description or a classical counterpart is not known.
On the other hand, there are indeed important integrable models to which an exact S-
matrix is available also in the Lagrangian setting. These S-matrices are then obtained
by exploiting consgervation laws, by taking symmetries of the quantized theory and ana-
lyticity assumptions into account and by comparing with perturbative results 1, 59, 116].

The first class of examples we want to discuss is the simplest one, namely that of
scalar-valued S-matrices, also referred to as scattering functions. In this case dim /& =1
and the mass spectrum consists of a single mass m > 0 only. That is, we are dealing
with theories which describe a single species of neutral massive particles. For this specific
setting some of the constraints on S € Sy are trivially fulfilled. These are conditions 3.),
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5.), 6.) and 7.) appearing in Definition 3.1. In particular, the non-appearance of the
Yang-Baxter equation simplifies the structure of S significantly. In fact, its general form
can be worked out. Having, first of all, regard to the family S of S-matrices as defined
in 3.1, then we have [98, Proposition 3.2.2]

sinh 8; — sinh ¢
sinh 8 4 sinh ¢

S={¢rr e ] e==+1,a>0, {3} € B}, (3.182)
J

where the set B consists of finite or infinite sequences {;} C C which satisfy
1.) 0< ImpB; < 7,
2.) B; and —f; appear the same (finite) number of times in the sequence {3;},

3.) no subsequence of {#;} has a finite limit,

In case of a = 0 and {f;} being a finite sequence, we obtain the subfamily of regular
scattering functions &g and by choosing the correct sign at zero rapidity we arrive at
Sy - A prominent element in the latter set is the scattering function of the Sinh-Gordon
model which is the integrable model defined by the Lagrangian

m2
Lsnc = 50u0(@)0"0(a) — T cosh (g6(2)). (3.183)

where g € R is the coupling constant. Due to results obtained within perturbation theory,
the scattering function of this model is expected to be [6, 30|

sinh @ — i sin -7 .
Sen(0) = Sits &) (3.184)

. . g
sinh 6 + 4 sin Trig?

Proceeding to the matrix-valued case, i.e. dim/C > 1, another class of examples
is of particular interest, namely that of so-called diagonal solutions'® also regarded in
e.g. [104]. In the corresponding models a spectrum of N € N neutral particles of the
same mass is considered. More precisely, we have = CV, @ = a and Mg = m,

a =1,...,N. Introducing continuous bounded functions wag : S(0,7) — C which are

analytic in S(0,7) and satisfy

wap(0) = wap(8) ™ = wga(—0) = waalir +0), (3.185)
the S-matrix defined by

SD(H)?/S = waﬁ(G)(Sf;ég, (no summation over «, f3), (3.186)

6See [88] for similar solutions emerging in the context of Toda systems.



80 Chapter 3. Inverse Scattering Approach

meets all the requirements of Definition 3.1 and belongs to the set Sp. This follows,
on the one hand, from the constraints on the functions w,g, which ensure the analytic
properties as well as those of unitarity, hermitian analyticity and crossing symmetry.
Due to its special form (3.186), on the other hand, S is a solution of the Yang-Baxter
equation and complies with the conditions of translational-, PCT- and gauge invariance.
Choosing, additionally, wag(0) = —1, we have Sp € S .

Finally, note that the scattering functions, i.e. the scalar-valued S-matrices, discussed
above constitute explicit examples for the functions wyg if we put wag = wga-

The most prominent matrix-valued S-matrices, belonging to the family S; of regular
S-matrices satisfying S(0) = —F, are those corresponding to the O(N)-invariant nonlin-
ear sigma-models in two spacetime dimensions. The above construction which takes place
within the framework of Algebraic Quantum Field Theory is, in fact, the first rigorous
one yielding these interesting and multifaceted models up to a very plausible conjec-
ture. Due to their great importance, particularly in connection with four-dimensional
non-Abelian gauge theories, we want to stress their accessibility within our approach by
devoting to them the next chapter.



Chapter 4

O(N)-Invariant Nonlinear o-Models

In the previous chapter we introduced a method to construct a large class of inte-
grable quantum field theories on two-dimensional Minkowski space by means of operator-
algebraic techniques. The main input into the construction is a factorizing S-matrix.
Concrete models arising within this inverse scattering approach are O(N)-invariant non-
linear o-models to which we devote this chapter.

4.1 General Overview

O(N)-invariant nonlinear sigma-models in two dimensions can be viewed as theoretical
laboratories for studying more realistic theories. They have extensive applications in
experimentally-realizable condensed matter systems due to their integrability, and they
share many common features with four-dimensional non-Abelian gauge theories, such as
(conjectured) asymptotic freedom, instanton solutions or renormalizability. Therefore,
there has been a lot of interest in these models and they have been analyzed from various
points of view.

Classically, the models describe the interaction of (spin) fields ¢ = (¢1, ..., ¢n) which
take values in the (N — 1)-dimensional unit sphere SV~! ie. ¢-¢ = 1. The dynamics

is governed by the action

~ 1
S = 52 /d% O - 0, (4.1)

where ¢ is a dimensionless coupling constant. Indeed, the Lagrangian is that of the
free field, but the mere presence of the constraint ¢ - ¢ = 1 implies interaction. A
remarkable property of these models is that an infinite number of local [123] and nonlocal
[107] classical conservation laws survive quantization. The existence of such conserved
charges in the quantum theory imply the absence of particle production in scattering
processes. Moreover, under the assumption that the theory has a mass gap and the
spectrum consists of one stable O(N)—vector multiplet it is shown in [107] that the two-
particle scattering matrix is (up to CDD ambiguities) the one previously proposed by the
Zamolodchikov brothers [149] for general N > 3. The postulate of a mass gap, however,
is supported by the well-known fact that, in contrast to the O(NV)-symmetry, the scale
invariance of the classical theory is broken after quantization by the conformal anomaly.
The expressions for the factorizing S-matrix have also been verified to O(1/N?) in the
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1/N-expansion [17]. In the special case of the O(3)-model numerical simulations exist
[106], confirming Zamolodchikovs’ result for low energies. In particular, the data was
in accordance with the nonperturbative property that at zero energy the S-matrix is
repulsive, i.e. S(0) = —F. Furthermore, the absence of bound states, assumed in the
construction of the S-matrix, was shown to hold again by means of the 1/N-expansion
[15] and also in a semi-classical approach [13].

In 1976 Brézin, Zinn-Justin and Le Guillou proved in the framework of dimensional
regularization that the O(N) sigma-models are perturbatively renormalizable [31]. How-
ever, this result relies on the introduction of a symmetry breaking term which makes
the theory infrared finite. Nevertheless, Elitzur’s conjecture [67], that O(N)-invariant
correlation functions are infrared finite order by order in perturbation theory, was proven
later on by David [51].

Regarding O(N)-invariant o-models as toy analogues of QCD, one is interested in
the property of asymptotic freedom. Again perturbative results [122] state that the
models under consideration indeed exhibit this feature. However, these perturbative
findings have faced serious objections in the last decades. The existence of superinstanton
solutions in these models were shown to be closely related to the failure of perturbation
theory to produce unique results [118]. This is, of course, only one point of criticism.
In fact, since no rigorous proof for or against asymptotic freedom exists, there is an
on-going controversy concerning this topic and we refer to [135] for an overview about
this discussion.

The obvious necessity of a nonperturbative approach to the O(N) sigma-models led
to the attempt to compute quantities, such as 2-point functions of local operators, within
the form factor program [136, 92|. There one starts from the knowledge of the stable
particle spectrum and their S-matrix. This inverse scattering point of view is indeed a
more convenient concept as it bypasses all the problems related to the quantization of
the classical Lagrangian, perturbation theory and renormalization. For the case N = 3
several form factors are explicitly known [10]. However, the n-point functions are given as
an infinite series of integrals over form factors and one has to investigate its convergence.
Presently, only extrapolating results, based on the explicitly known form factors, suggest
the convergence of this series.

Despite the extensive analysis performed for these QCD toy models, no mathemat-
ically sound description can be found in the literature. However, the Zamolodchikov
S-matrix can be shown to comply with the requirements of Definition 3.1. Hence, a
rigorous construction of O(N > 3)-invariant nonlinear o-models on two-dimensional

Minkowski space can be achieved by means of operator-algebraic techniques.

4.2 Construction in AQFT

In order to make contact with the construction of models carried out in Chapter 3, we
first clarify the particle spectrum of the O(NN) nonlinear o-models. To this end, we shall
use the notation introduced previously.

The theory describes a single species of neutral massive particles with an internal
degree of freedom. The global gauge group G = O(N) acts on K = CV, N > 3, via its
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defining self-conjugate irreducible representation. Hence, we have, in particular, @ = «
and, moreover, my, =m, a =1,..., N.

The derivation of the O(NN) nonlinear o-model S-matrix relies on the existence of a
stable O(NN)-vector multiplet of massive particles with equal masses m. As shown by the
Zamolodchikov brothers [149], by exploiting the O(N)-symmetry, the corresponding S-
matrices can been determined up to CDD ambiguities and the maximal analytic solutions
are of the form

Sn(0)35 = 01(0)556) + 02(0)655,) + 03(6)6557

G (4.2)

= 01(0) P2 + 0(0) (12)27 + o3(0) 2P,

with functions o, : R — C, k = 1,2, 3, given by

" (xh =i )T (= i) T (34w +ig ) T (1+ig)
g9 9
r(%+ ZQi)F(—z'%)r(1+ﬁ+z‘%>r(§+z’%)
om 02(9) (43)
o1(0) = - N—2'z7r—<9’

03(0) = o1(im — 0).

The operator P is a projection on the one-dimensional O(N )-invariant space (CN ® CN)O(N)
given by
1 N
P:CVecV s cVNech, P(u®w) ::N(U,U)Zek®ek, (4.4)
k=1

where {ej}x=1,.. n is some orthonormal basis of CN. The operator F, on the other hand,
is the flip operator introduced earlier in Chapter 3, i.e.

F:cVNecV scVech, Flu®w) :=vQ u. (4.5)

It is straightforward to verify that the operators P, F' and 12 commute and are linearly
independent. In fact, by Theorem 10.1.6 in [73] these operators span the endomorphism
algebra EndO(N)(CN ® CN), consisting of linear transformations on CV @ C¥ which
commute with the group action.

Besides this gauge symmetry the S-matrix (4.2) does further comply with the proper-
ties of unitarity, hermitian analyticity, crossing symmetry, translational-, TCP-invariance
and is a solution of the Yang-Baxter equation. Moreover, it extends to a bounded and
analytic function on the strip {¢ € C: —x < Im( < 7 + K}, where kK = 2%, — ¢ with

N—2
€ > 0. That is, we have

Proposition 4.1 ([102]). The S-matriz Sy defined in (4.2) is an S-matriz in the sense
of Definition 3.1 for the particle spectrum given by G = O(N), Vi =id and m > 0. It
Jurther belongs to the class S of regular S-matrices, satisfying Sy(0) = —F.

The significance of the previous proposition lies in the fact that the results of Theorem
3.30 apply also to the very interesting and multifaceted models considered in this chapter.
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In addition, since Sy (4.2) is of the form (3.167), Lemma 3.29 holds, in particular, for
the models at hand. Thus, in view of the special structure of the S-matrix Sy there
is strong indication for the validity of Conjecture 1 in the present setting. We further
expect that by exploiting the underlying O(N)-symmetry not only Conjecture 1 may be
shown to hold true but also a suitable generalization of Lemma 3.29 to n > 2, involving
unitary intertwiners, is possible.

Concretely, one ansatz for constructing intertwiners is given by reducing the O(N)-
action. This can be done in a straightforward manner. However, already C3 @ C3 @ C3
is not multiplicity free, complicating the diagonalization process of the tensors S, cf.
(3.21), n > 3.

On the other hand, one can take advantage of the well studied structure of the
endomorphism algebra Endo(yy((CY)®") [73] and look for multiplicative intertwiners
which are elements of this algebra. More precisely, for the corresponding functions one

could put
d
T.(0) :== > ai(6)B;, 6 €R", (4.6)
i=1
with scalar-valued «;, 1 = 1,...,d = (227?73; which have to be determined. The operators

B; span Endg N)((CN )®™) and are explicitly known by Theorem 10.1.6 in |73|. Since
Sn is invariant under the action of the group O(NV), the tensors S} are also of the form
(4.6) with appropriate coefficient functions. Moreover, FT is an element of {By,..., Bg}.
Hence, one can easily write down a set of conditions on the functions «; to ensure the

intertwining property
Z,(0) S (0) = (~1)™*"™) FT Z,,(07)

and additional features such as, for instance, unitarity. In view of (3.169) nontrivial
solutions to these requirements exist. What remains open is to show the existence of an
analytic solution which is not clear from the outset. Nevertheless, we expect that this
result can be achieved as we have reduced the problem of investigating matrix-valued
functions to one analyzing scalar-valued functions. In particular, in the case n = 2 the
functions defined by (3.168) can be realized as in (4.6) since the matrix p, related to
the S-matrix by Sy(8) = —F - € is invariant under the action of O(N). Hence, for
n = 2 there do exist analytic coefficient functions «; in agreement with Lemma 3.29.

In conclusion, due to the underlying O(N)-symmetry there are concrete options to
verify Conjecture 1, which are expected to be effective. Hence, up to this very plausible
assumption, our analysis gives rise to the O(N)-invariant nonlinear o-models in a rigorous
way apart from perturbation theory and renormalization. It, moreover, demonstrates the
great potential behind the algebraic approach to quantum field theory.



Chapter 5

Deformations of Quantum Field

Theories

In Chapter 3 we discussed the construction of quantum field theoretic models from an
inverse scattering point of view. Thereby, we restricted our attention to two spacetime
dimensions. The main intention behind this limitation was the possibility to work with
a rather simple class of initial S-matrices, namely those of factorizing type, cf. Sec-
tion 3.2. The properties of the S-matrix, in particular, the crossing symmetry, readily
yield wedge-local auxiliary fields and one may pass to the von Neumann algebras they
generate. Moreover, these fields are examples of temperate polarization-free generators
[132, 23] and, hence, can be used to calculate two-particle scattering amplitudes in Haag-
Ruelle collision theory. One may ask at this point the natural question how to generalize
the described procedure to higher spacetime dimensions. Taking a closer look at the
construction of the wedge-local objects, one notices that the key ingredient giving rise to
the nontrivial models reflects in a “deformed” algebraic structure when compared with
the free field case. This suggests that a potential generalization to d > 2 is achieved
by a certain modification of the free field theory. These considerations benefit from re-
cently developed construction procedures |74, 43, 41|, relying on deformation techniques.
Thereby, one starts from a well-known model which is subjected to a certain modifi-
cation. Building on these first examples of deformations as to be understood here, it
was shown in [101, 3] that the above considerations can, indeed, be implemented. The
applied deformation techniques allow for the nonperturbative construction of new quan-
tum field theoretic models with nontrivial scattering in d > 2 spacetime dimensions.
The corresponding field operators are not localized in bounded regions but are wedge-
local. Due to this remaining localization property, scattering theory can be applied and
the two-particle scattering matrix can be determined [23]. The form of the resulting
scattering operator is very simple. It does not allow for particle creation or momentum
transfer in collision processes of particles. Due to the weakened locality requirements
this simple structure of the scattering operator does not contradict the no-go theorems
[2, 46] discussed in Section 3.2, which are stated for local theories.

The fact that deformation procedures give rise to wedge-local, nontrivial models in a
nonperturbative way attracted attention. After their first appearance in the framework
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of quantum field theories on noncommutative Minkowski space [74], generalizations to
an operator-algebraic setting [43] were developed and go under the name of warped con-
volutions. These particular deformations were considered with regard to Wightman field
theories and related to a modification of the tensor product on the underlying Borchers-
Uhlmann algebra [75]. Further, their connection to Rieffel’s deformation quantization
[127] was investigated in [41]. Deformations by warped convolutions were also applied to
conformal field theories [65] and, moreover, to quantum field theories on curved space-
times [50]. At their basis is the action of the translation group. However, the method of
warped convolutions can be extended to actions of the special conformal group as was
shown in [110] and can also be applied in a nonrelativistic setting [111].

Deformations of a more general nature were later on developed in [101], providing a
generalization of the inverse scattering approach discussed in Chapter 3 to higher space-
time dimensions. The considered techniques give rise to nontrivial wedge-local theories
with particle spectra consisting of only a single species of massive neutral particles. In
two spacetime dimensions the two-particle scattering operators of the models obtained
by these methods fall into a certain subclass of possible S-matrices S € S satisfying the
properties 3.1 required for the inverse scattering approach. This subclass involves only
scattering functions S with value +1 at zero rapidity parameter, i.e. S(0) = 1. We shall
show in this and the subsequent chapter that the more interesting class of models, cor-
responding to S-matrices with S(0) = —1 and not fitting into the deformation scheme of
[101], can be included into the deformation context. Our construction gives, for instance,
rise to the Sinh-Gordon model. The respective results were published in [3].

Similar deformation methods were considered in [121] for constructing wedge-local
fields with anyonic statistics. Further contributions being concerned with deformation
procedures in different contexts are [27, 137, 112].

In this chapter, we shall be concerned with the deformation of the model of a scalar
massive Fermion. Our investigation complements the results of [101] as explained above.
In contrast to the situation existent in [101], the starting point of our analysis, the
undeformed model, is, except in two spacetime dimensions, nonlocal from the outset.
However, remnants of locality can be found as shown in [42].

Moreover, we also comment on the bosonic case. In particular, we point out that the
analysis in [101] relies on unnecessarily restrictive assumptions and that a slightly more
general result can be obtained (see Lemma 5.8 below).

This chapter is organized as follows. We start by reviewing the first examples of
deformations as to be understood here. Then, the model of a scalar massive Fermion is
introduced and its main features are collected. The deformation process is carried out in
Section 5.3, including an analysis of the properties of the deformed model. In particular,
we show that it exhibits nontrivial scattering by computing the two-particle collision
states.

We postpone the discussion of the two-dimensional case to the subsequent Chapter 6
where we associate the deformed model with integrable models and establish a connection

with the construction carried out in Chapter 3.
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5.1 Development and First Examples

In this section we introduce the method of deforming quantum field theoretic models as
an approach to construct new nontrivial models in a nonperturbative way and review its
development.

This recent concept is motivated by the study of quantum field theories on noncom-
mutative Minkowski space [53, 141], where the coordinate operators X, ..., X4-1, d > 2,
satisfy commutation relations of the form

(X, X =iQu - 1, w,v=0,...,d—1,

with @ being a numerical, skew-symmetric (d x d)-matrix. The possibility of transferring
a scalar free field ¢¢ from ordinary Minkowski space to this noncommutative space, as
noticed by Grosse and Lechner [74], constitutes the first example of a deformation as to
be understood in this thesis. The new quantum field ¢¢ arises from a deformation of the
creation and annihilation operators representing the canonical commutation relations
on Fock space. This procedure is @)-dependent and changes the underlying algebraic
structure in a nontrivial way. More precisely, in case of the deformed creation operators
ag(p), for instance, we have the following exchange relations

ag(plag(q) = e_inqazQ (@)ag(p)-

The fields ¢¢g are a priori neither local nor covariant. However, as shown by Grosse
and Lechner in [74], under certain requirements on the matrix @ there does exist a
family of fields ¢¢g being fully Poincaré covariant and fulfilling locality in a weakened
form. The localization regions are in that case wedges, cf. Section 2.1.1. Due to this
remnant of locality scattering theory can be applied and the two-particle S-matrix can
consistently be computed [23]. Explicitly, for the model corresponding to the field ¢g
one finds a nontrivial, Q-dependent scattering matrix of the simple form e @uwd” [74].
Thus, the models emerging from deformation of the scalar free field can be interpreted as
wedge-local, nontrivial quantum field theories on ordinary d > 2-dimensional Minkowski
space.

These compelling results attracted the attention of Buchholz and Summers who gen-
eralized the deformation concept to that effect that a deformation scheme was developed
which can be applied to any quantum field theory in its vacuum representation [43].
Their approach by so-called “warped convolutions” gives rise to a covariant, wedge-local
quantum field theory whose two-particle S-matrix differs likewise from the initial one by
phase factors. Despite the analogue results to [74]| the deformation method by warped
convolutions does not originate from noncommutative spacetime. The starting point of

the analysis is rather constituted by warped convolution integrals of the form

Ag = / T(Qp)AoT(Qp)'dE(p) = (2m) ¢ / / dp dz e~ T (Qp) AT (Qp) ™' T (x).

The definition of this oscillatory integral is nontrivial and demands certain regularity
properties of the operators Ag acting on a Hilbert space. On the latter there is a unitary
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strongly continuous representation T of the translation group (R?% +). dE denotes the
corresponding spectral measure and ) again a skew-symmetric (d X d)-matrix which
takes the role of the deformation parameter.

In [75], in a concrete Wightman setting this generalized deformation procedure was
shown to be related to a twisted tensor product on the underlying Borchers-Uhlmann
algebra .7 of test functions [21, 146]. Introducing, namely, a new product on this algebra
is equivalent to modifying the representing field operators, i.e. deforming ¢g — ¢q.

Shortly after these insights it was shown in [41] that deformations by warped convo-
lutions always constitute a representation of Rieffel’s deformed algebra. Thereby, Rieffel-
deformations are certain alterations of the product in a C*-algebra with a strongly con-
tinuous automorphic action of the translations [127].

Further progress in the direction of more general deformation procedures beyond
warped convolutions and Rieffel-deformations respectively was made by Lechner in [101].
The considered starting point there is the Borchers-Uhlmann algebra . which is sub-
jected to a deformation. The latter is based on linear homeomorphisms p : ¥ — . with
p(1) =1 and p(f)* = p(f*), f € <, which endow . with a family of new products ®,
via

f®p9:=p " p(f)®pl9), f.geL

Requiring a certain compatibility between p and a state w on ., namely

w(f®p9) =w(f®g), fige s, (5.1)

the representation spaces arising from GNS construction are identical for the deformed
and undeformed case, simplifying the analysis. Moreover, assuming that the deformation

maps p act multiplicatively in momentum space, i.e.

p()n P15 30n) = pu(D1s- -3 Pn) - Fu(D1, - n),

the compatibility requirement (5.1) for quasi-free, translationally invariant states w yields
explicit conditions on the functions p, € C>®(R™), n € Ny. The representing operators
arising from GNS construction are in the deformed case again wedge-local and covariant.
The deformed model admits a particle spectrum consisting of only a single species of
massive neutral particles. Moreover, there is nontrivial interaction with two-particle S-
matrix also being of a simple form and not allowing for particle production or momentum
transfer in collision processes. Hence, the constructed models are not physically realistic
in higher spacetime dimensions. However, in case d = 2 this deformation method gives
rise to a large class of wedge-local models discussed in Chapter 3. In fact, if the construc-
tion carried out in [100] can fully be repaired, see also footnote 8, then the described
deformation procedure would yield local integrable quantum field theories with scalar-
valued S-matrices fulfilling the properties of Definition 3.1 and 3.13, [101, Theorem 6.1].
However, one arrives only at a certain subclass, namely S = {S € Sy : S(0) = +1}, of
the explicitly known set Sy C S (3.182).

By combining the presented techniques, in particular, those of [74] and [101], we
shall show in this and the following chapter that the more interesting class of models,
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corresponding to S-matrices in the family Sy = {S € Sy : S(0) = —1}, can also be
obtained by deformation methods.

5.2 The Model of a Scalar Massive Fermion

5.2.1 The Model

This section is devoted to the specification of the model which describes a scalar massive
Fermion. The model at least goes back to the 1960’s and can be found in R. Jost’s book
[89, p. 103] in connection with weak local commutativity of field operators.

In [42], D. Buchholz and S. Summers studied this model in more detail. In particular,
they were interested in the degree of nonlocality of the model and investigated if there
are any remnants of locality which have physical significance. We recall those findings
which are of particular interest for our purposes.

To set the stage, let 7~ denote the antisymmetric Fock space over the one-particle

space 74 of a scalar particle of mass m > 0,
(e @]
H- =P A, Ay =N NI,
n=0

and J% = C consisting of multiples of the vacuum state 2. Here, we use the following

convention

1
()01/\Agpn:ﬁza(ﬂ-)Wﬂ—(l)®®¢ﬂ'(n)’ SO@'E%?
TES,

where o(m) is +1 if the permutation 7 € G, is even and —1 if 7 is odd. Furthermore,

we use the notation
\I/n(Splva(Pn):\/mSOl/\/\SDm ()OZE%

As usual, we introduce creation and annihilation operators a™ () representing the CAR
algebra on the Fock space 27, i.e. for ¢, € J we have

{a*(p),a*(¥)} = 0
{a(p),a(y)} = 0
{a(p),a* (W)} = (o)1,

In the following, we shall identify the one-particle space 4 with L2(R% du(p)) where
d> 2 and

du(p) == w(P)'6(p° —w(@)dp, w(@)=Vp?>+m? m>0, p=@p",p) €R

In this setting, the Fourier transform fof a function f € .7(R9),

f(p) = ml)(im/ddfff(x)eip'ma
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restricted to the positive mass shell H}; = {p = (p°,) € R? : p® = w(p)} is an element
of 74, i.e. f|H$ € 4. We shall, further, use the notation

ry 1 ip-x
f*(p) == f(#p) = (2n)i2 /dd?ﬁ]c(flf)ei >, p € Hy,.
The scalar product in .77, is given by

(@nltbn) = /du(pl)--~du(pn)son(p1,---,pn)wn(pl,-.-,pn)-

The action of the annihilation and creation operators is defined by

(a(e)¥), (p1,...,pn) = Vn+ 1/du(p)90(p)\lfn+1(p,p1, s Dn)s
((L*(SD)\II)” (pla'--,pn) = \}EZ(—l)k—i_l(p(pk)\Iln1(p17"'7ﬁk7"'7pn)5
k=1
a*(9) =, a(p)Q2 =0,

where ¢ € JA, ¥ € 5~ and pi denotes the omission of the variable pg. For further
purposes we introduce the operator-valued distributions a? (p) such that

a(s@)Z/du(p)SO(p)a(p), a* () Z/du(p)so(p)a*(p)-

Their action is given by

(a(P)¥), (p1,---pn) = Vn+1Uu1(p,p1,....pn), (5.2a)
(@ (p)®), (P, pn) = \/15Z(—l)’““w(ﬁ)é(ﬁ—p%)‘lfn_l(pl,.--,ﬁk,---,pn)-
k=1
(5.2b)

The Poincaré group 731 is represented on S~ in the usual manner by the second quan-
tized continuous unitary representation U~ which leaves ) invariant and acts according

to
(U (a, A)T), (p1,....pn) = € Z0=1P00, (A py, L A p,),  (a,A) € PLL (5.3)

The joint spectrum of the generators of the translation group U~ (a, 1) is a subset of the
forward light cone V., i.e. the translation group satisfies the spectral condition. In the
sequel we shall for simplicity omit the index “—” and write U instead.

Proceeding in a standard way, we introduce an operator-valued distribution ¢ :
Z(R%) — B(s#~) which is defined by

o(f) = a*(f*) +a(f). (5.4)
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This field operator obviously satisfies canonical anticommutation relations, in particular,

{6(0).6(@)} = (D) lg™) + (@ 15) - 1.

Furthermore, ¢ is a weak solution of the Klein-Gordon equation, ¢(f)* D ¢(f) and it
transforms covariantly under the adjoint action of the unitary representation U of the

Poincaré group, i.e.

U(a, No(/)U(a,A)™" = ¢(fan),  (a,A) € P,

where fi,a)(2) :== f (A"'(z — a)). Note that neither the anticommutator nor the com-
mutator of two field operators ¢(f) and ¢(g) vanishes for spacelike separated supports
of f and g. This circumstance is consistent with the spin-statistics theorem [89, 139] and
expresses the nonlocality of the field ¢. In fact, considering the corresponding net of von
Neumann algebras {R(O)}pcre, with O being nonempty and open, and where R(O) is
generated by the set of operators

{¢(f) : f € Z(RY), suppf C O},

we have

RWYNRW')=C-1, WeWw,

by [42, Proposition 3.5]. That is, the model at hand is nonlocal in a strong sense.
We now introduce an auxiliary field ¢ : S (RY) — B(A#™)

o(f) = (=N (—)NNIZ = (@ (1) —a(F) (DN, (55)

where N is the particle number operator acting on ¢,  according to N|’%_ =n-1
The field <$ has the same properties as ¢, in particular, it is also nonlocal. It turns out,
however, that the fields ¢ and ¢ are relatively local, i.e. the commutator

[6(£),¢(9)] = ((HFg™) — (@TIF ) (-1, (5.6)

vanishes for spacelike separated supports of the test functions f and g [42]. More pre-
cisely, ((£)*|g"T) — (@) F|fT) equals zero for spacelike separation of the supports of f
and g.

Moreover, we denote by R : O 73((9), O C R% the net generated by the field 0.
In view of the properties of the operators ¢ and (5, we have

Lemma 5.1 ([42]). The nets {R(O)}pcre and {ﬁ(O)}OcRd are Pl—covariant, nonlocal

nets which are relatively local in the sense that
R(O) C R(O) = (—1)NV-DR2R(0Y (—1)NN-1/2,

for any open © C R,
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5.2.2 Modular Structure

The analysis in [42] revealed that the vacuum vector € is cyclic and separating for
the algebras R(W) and R(W), where W is any wedge region. Thus, it is possible to
determine the modular objects associated with the pairs (R(W),Q) and (R(W),Q),
W e W. It turns out that the modular objects corresponding to (R(W),2) and those
corresponding to (R(W),€2) coincide. The modular operator and conjugation are given
by

Aw =U(Aw(i)) and Jw =U(jw) (5.7)
respectively, where Ay (t), t € R, is the one-parameter group of Lorentz boosts which

leave the wedge W invariant and jy is the reflection across the edge of the wedge W.
The operator U(ji) acts according to

and extends the representation U of PJTr to a representation of P,. Moreover, we have
RW) =R(W').

In this setting the modular groups act geometrically correctly as expected from the
Bisognano-Wichmann theorem, but as the model is not local the condition of geometric
modular action [38] is not satisfied, i.e. the modular conjugations do not act geometrically

correctly.

5.2.3 The 2-Dimensional Case

As discussed in Section 3.4.3 there are powerful tools available in Algebraic Quantum
Field Theory which allow for analyzing the content of compactly localized operators in
a model under consideration. The split property of wedge algebras is, thereby, of central
significance and of crucial importance with regard to the modular nuclearity condition.
However, this property cannot hold in more than two spacetime dimensions as can be
inferred from an argument by Araki, cf. [33, Section 2]. Checking locality properties in
a similar manner by means of spectral features of the corresponding modular operators
without having to rely on the split property for wedges is desirable, but such a method
has not been found yet.

By restricting the spacetime dimension to two, it is possible to show that for the
model at hand the modular nuclearity condition can be verified [97]. To this end, first

note that in d = 2 wedge-locality can be implemented by defining

RWr+z) = {o(f): fe S Wr+a)}' (5.9a)

RWp+z) = {o(f): fe S Wr+2x)}', (5.9b)

where 2 € R2. Due to the properties of the fields ¢ and gg it is clear from this definition
that the resulting net {R(W)hwew is wedge-local and transforms covariantly under
Poincaré transformations. In more than two dimensions, however, this approach is not
meaningful because one could rotate Wx into W}, and obtain by covariance an algebra

R(Wp) generated by the field ¢. But as already discussed above [¢(f), ¢(g)] does not
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vanish at spacelike distances. The 2-dimensional case is special because there are no
rotations mapping Wg to W,

In fact, within the 2-dimensional setting induced by Definition (5.9) both the modular
groups and the modular conjugation J act geometrically correctly. Moreover, Haag
duality holds, i.e. R(W) = R(W'), W € W, [40, 98].

As already mentioned above, it can be shown that the local algebras A(O) = ﬁ(W' )N
R(W +z), O =W N(W +z), z € W, are nontrivial and have the vacuum €2 as a cyclic
vector [97]. Moreover, by application of Haag-Ruelle-Hepp scattering theory it turns out
that the covariant and local net A4 describes a Boson with nontrivial scattering operator
S = (—1)NV=1/2_ 1In particular, S is factorizing and corresponds to the two-particle
scattering function S = —1 [98, 100].

5.3 The Deformed Fermionic Model

5.3.1 The Deformation Procedure

We shall work within the framework introduced in Section 5.2.1 and shall consider any
spacetime dimension d > 2. Motivated by the deformation methods presented in [74]
and [101, Chap. 4], our deformation approach involves first of all an operator-valued
function T : R? — B(#~) which is defined by

(Tr()®),, (p1,- - 1) == [ R(@ - pr)Cn(p1, .., pn), (5.10)
k=1

with W € 5~. The function R, hereinafter referred to as the deformation function,
should satisfy the following conditions

Definition 5.2. A deformation function is a continuous function R : R — C such that
the following properties hold:
i)
R(a)™! = R(a)
ii) The Fourier transform Rof Ris a tempered distribution, i.e. R € ', and has

support in R4, implying that R extends to an analytic function on the upper half
plane.

iii) The extension of R to an analytic function on the upper half plane is continuous on
the closure of the latter.

Note that the first property in Definition 5.2 yields that R(a) is a phase factor, that
is, |R(a)| = 1. Therefore, Tr(z) is a unitary operator, i.e. Tr(z)* = Tgr(z)™?, since by
Definition (5.10) we have

Tr(z)* =Tx(z), Tr(z)"' =Tr-1(2).

The requirements ii) on the Fourier transform R of R in Definition 5.2 imply that R
extends to an analytic function on the upper half plane due to Theorem IX.16 in [124].
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In particular, it follows from condition ii) that R is the boundary value in the sense of
" of a function which is holomorphic in the upper half plane and satisfies polynomial
bounds at infinity and at the real boundary. Condition iii) requires that the boundary
value is even obtained in the sense of continuous functions.

Definition (5.10) further leads to the conclusion that for arbitrary deformation func-
tions R and R’ we have

Tr(@)Tr (v) = Trr (2). (5.11)

In addition, we introduce a (d x d)-matrix @ which is skew-symmetric with respect
to the Minkowski inner product on R? and satisfies

A e Ll with AWg =
AQA~! — Q for € ﬁf w.zth Wgr=Wg (5.12)
—Q for Ae Ll with AWR = Wkg.
The most general @) satisfying (5.12) is known to be of the form [74]
0 0 0 k 0 0
k 0 0 0 K 0 - 0
g 5 = 9 513
“=loo0 0 w R 19
0 0 -« 0 00 0 0
for d = 4 and d # 4 respectively and with x,x’ € R. Moreover, we have
_ A T with A —_ !
AQA-! = Q for € Ej w.zth Wgr=Wpg (5.14)
Q for A€ Ll with A\Wp =Wy,

Having introduced the necessary notation, we may now define deformed versions of the
operator-valued distributions a* (p) by

aro(p) := a*(p)Tr(Qp)*, arq(p) == aro(p)" (5.15)

We shall need the commutation relations of a* (p) and Tg(x), which can be computed
very easily. First,
a(p)Tr(z) = R(z - p)Tr(x)a(p), (5.16)

which for z = Qp yields that a(p)Tr(Qp) = R(0)Tr(Qp)a(p) due to the antisymmetry
of the matrix @. Taking adjoints, we find from equation (5.16)

a*(p)Tr(z)* = R(z-p)  Tr(z)*a(p),

respectively
a*(p)Tr(x) = R(z - p) " Tr(x)a* (p). (5.17)
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The deformed creation and annihilation operators, therefore, satisfy the following ex-

change relations for arbitrary @ and @’

Wi = ~ oo @ako) (5.150)
_ _B@4qp)
arqplarq(q) = R(Qp - q) ar,q (q)arq(p), (5.18b)
aRr,Q (P)GE,Q' (q)
« R(Qp-q)

= w(P)o(F— OTr(Qp)Tr(Q'p) a0 (@)aro(p). (5.18¢)

R(Q'q - p)

Thus, as expected, the deformation has changed the underlying algebraic structure.

We may now introduce as usual corresponding field operators using the deformed
creation and annihilation operators. These deformed field operators ¢r g(f) are defined
by

orqQ(f) = dro(f") +aro(f7),  fe LR, (5.19)

where for p € 54

arq(p) = / dup)e(P)arq(p),  apely) = / du(p)e(p)ag,o(p)-

Note that if we set the deformation function R(a) = —1 for all @ € R, the correspondingly
deformed field operators are equal to the auxiliary fields given by Equation (5.5), i.e.

d_1(f) = 3(f)- (5.20)

For R(a) = 1 for all a € R, one recovers the undeformed field ¢ given by (5.4), i.e.
o1(f) = o(f)-

In the same way as in the undeformed case, see Equation (5.5), we may also consider

the auxiliary fields
Sro(f) = (~1)NVTD R o (£ (-)NNI2, (5.21)
Due to (5.11) and (5.20), however, we have
SrQ(f) = 0-ra(f). (5.22)
In particular, in analogy to (5.20) it follows
o-1(f) = o1 (f) = 8(F)- (5.23)

Due to the unitary equivalence

ot (p) = (~)NNDRa# (o) (—)NNDR g e A,



96 Chapter 5. Deformations of QFTs

the operator-valued distributions ai(p) also satisfy canonical anticommutation rela-

tions. Furthermore, it is straightforward to check that
[a(p),a-1(@)] =0,  [a*(p),aZ:(q)] =0 (5.24a)
[a(p), a%1(9)] = {a(p), a*(0)} (D). (5.24b)

5.3.2 Properties of the Deformed Model in d > 2

In the following discussion we are interested in the features of the deformed field operators
or.o(f). To begin with, we investigate domain and hermiticity properties, the Reeh-
Schlieder property and the Klein-Gordon equation. Our results are stated in the following

proposition.

Proposition 5.3. Let R be a deformation function in the sense of Definition 5.2 and let
Q be a (d x d)-matriz which is antisymmetric w.r.t. the Minkowski inner product on R?
and satisfies (5.12) and (5.14). Then the deformed field operators ¢rq(f), f € S (R%),
have the following properties:

a) The dense subspace D~ C A~ of vectors of finite particle number is contained in the
domain Dy of any ¢r,q(f). Moreover, ¢pq(f)D~ C D~ and ¢pro(f)2 = o(f)Q2.

b) For ¥ € D~ we have

orQ(f)V = dro(f)Y, (5.25)
and ¢ro(f) is essentially selfadjoint on D~ for real f € /(RY).

c) ¢rq is a weak solution of the Klein-Gordon equation, i.e.
oro ((O4+m?) f) =0. (5.26)
d) The Reeh-Schlieder property holds: For any nonempty open O C R? the set

Dr,o(0) := span{dr,q(f1) - dro(fn):n € No, f1,..., fn € L(O)} (5.27)

1s dense in JC .

Proof. a) These statements are a direct consequence of the definition of ¢r ¢ (5.19).

b) Since (?)jE = f7 we have orQ(f)*V = dro(f)¥, ¥ € D~. Along the same lines
as [128, Prop. 5.2.3] one can show the essential selfadjointness for real f. In particular,
due to R being a phase factor, we find for ¥,, € 77, the estimate

lor.@(N)all < (IFFI+ 171 IV + 1) 2 0, (5.28)

Therefore, for k € N

8RN Tl < (n+B)YZ (I + 1771 lorQ(f)F " Wall <
(n+ k)2 DY (L 1) 12l
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This yields for arbitrary ¢t € C that

0o k\Ifn 00 k)l 1/2 k
S e lereU ol 5 (“”) 11 1] < oo,
k=0

k! prd n! K

implying that every U € D~ is an analytic vector for ¢ o(f). Since D~ is dense in 2~
and ¢r g(f) is hermitian for real f one can apply Nelson’s theorem [124, Thm. X.39]
and conclude that for real f, ¢rq(f) is essentially selfadjoint on D~.

¢) This follows directly from ((OJ+ mz)f)i = 0.

d) In order to prove this statement we want to make use of the spectrum condition
and show in a standard manner [139] that Dg (O) is dense in S~ if and only if
Dro(R?) C 4~ is dense. Thus, let f; € #(RY), i =1,...,n, with suppf; C Vi, then
Dr.o(R?) contains the vectors

drQ(f1) drQ(fn) = aho(fif) - aho(f)Q = VP, (Dur(fi @@ £1)),

where P is the orthogonal projection from the unsymmetrized %”1@" onto its totally
antisymmetric subspace %, , and D,, g € B(%") is the unitary operator multiplying
with
Dy r(p1,---spn) = H R(Qpr-p)~ "
1<k<i<n

By varying the test functions f; € .(R?) within this setting we obtain dense sets of fit
in JA. Moreover, due to the unitary of D, gr this also leads to a total set of vectors
Dur(ff ® - @ fF) in 54%", implying that under the projection P, this set is total
in 2, . Hence it follows that Dg o(R?) is dense in #~. Application of the standard
Reeh-Schlieder argument, which makes use of the spectrum condition [139], finishes the

proof. O

Furthermore, we are interested in the transformation behavior of the deformed fields
¢Rr, under the adjoint action of the representation U of the Poincaré group Py. We
find the following results.

Lemma 5.4. The operator-valued function Tr(Qp) defined by (5.10) transforms under
the adjoint action of the representation U of Py (5.3), (5.8) according to

U(a, NTr(Qp)U(a, )™ = Tr ((AQA™Y)Ap), (a,A) e Pl (5.292)
Ula, NTr(Qp)U(a, )™ = Tr(— (AQA™Y) Ap)", (a,A) € PL, (5.29b)

where Q s a (d X d)-matriz which is antisymmetric w.r.t. the Minkowski inner product
on R?, satisfying (5.12) and (5.14). Correspondingly, the operator-valued distributions
aﬁQ(p) transform as follows

U(aa A)QE Q(]))U(CL, A)il = eiAp.aaE,AQA—l (Ap)7 (CL, A) € P—T—? (5308“)

U(CL, A)CLE’Q(]))U(CL, A)—l = e—iAp'aa*_ﬁ,AQAfl(_Ap% ((LA) S Pi, (530b)
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Ula, Narg(p)U(e, A)™" = e ™ %aprgr-1(Ap), (a,A) €PL,  (5.31a)
U(a, Naro(p)U(a, A)™ = €% gz, 1 (=Ap), (a,A) €PL. (5.31b)

The smeared field operators ¢rq(f), f € S (RY), (5.19) therefore satisfy

U(avA)¢R7Q(f)U<av A)_l = (bR,AQA*l(f(a,A)): (CL:A) € /PI- (5323“)

U(a, Norg(HU@AN)™ = ¢_groa1(Fan) (@A) ePL, (5.32b)

where fo.p)(x) = f(A7 (z — a)).

Proof. 1f (a,A) € 731 and ¥ € 7, then

(U(av A)Tr(Qp)U((a, A)_llll)n (P1s--spn) = H R(Qp - A_lpk)\l’n(pla <y Dn)

b
Il
—

RAQA"Ap - )V (p1,.. ., n)

I
=

I
—_

I
—

TR<AQA_1AP)\I/)7L (p17 e 7pn)7

proving the first statement. Since U(a, A)a(p)U(a, A)~! = e~#Paq(Ap), it follows for
ar,Q(p)

Ula, A)aro(p)U(a,A)™" = e PTr(AQA™ Ap)a(Ap)

= eiiAp.aaR,AQAfl (Ap).

Analogously, one shows the corresponding statement for a7, Q(p). For (a,A) € Pi one
finds

n

(U(a7 A)TR(QP)U(av A)_llIl)n (pla s apn> = H R(_Qp : A_lpk)\lln(pl, e >pn)
k=1

= (;“R(—AQA_lAp)*‘If)n (P15 Pn)-

Hence, with U(a, A)a(p)U(a, A)~! = e*P%q_;(—Ap) it follows

Ula,Nagg(p)U(a,A)™" = e™PTH(—AQA™ Ap)a_i(—Ap)
= eiAp'aaiﬁ,AQA_l(—Ap).

For ap, (p) one proceeds in the same way. The transformation behavior (5.32) of the
field ¢p g is a direct consequence of Equations (5.30) and (5.31). O

The previous lemma shows that in the deformed model Py-covariance is violated.
The property of Pl—covariance is, however, preserved. To this end, let Zg(Wg) denote
the polynomial algebra of fields generated by all ¢r o(f) with f € #(Wg). It follows
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from the transformation behavior (5.32) that the algebra
Pr(AWE + a) := U(a, N) Pr(Wr)U(a,A)~",  (a,A) € P} (5.33)

is generated by the fields ¢ aga-1(f) with f € S (AWg + a). Moreover, the map
W — Pr(W), W € W, is clearly inclusion preserving and hence defines a net which, in
addition, is Pl—covariant. Note, moreover, that each Zr(W) is a x-algebra by property
b) in Proposition 5.3.

In two spacetime dimensions the deformed theory admits a Py-covariant net if an
additional condition is imposed on the deformation function R, see Section 6.1.

Note that there is a connection between the set of wedges W and the orbit Q =
{AQA~! : A € L£;}. Namely, Q is in one-to-one correspondence with wedges whose
edges contain the origin |74]. The deformation function R, on the other hand, specifies
the kind of deformation that is used.

It is clear that, in general, the properties of the deformed field ¢r g differ from
those of the undeformed field ¢. In particular, ¢ is a bounded operator, whereas ¢r g
is in general not as the exchange relations (5.18) imply. ¢ and ¢g g, however, have in
common that they are both nonlocal fields. The nonlocality of ¢r ¢ can be explicitly seen
by computing the two-particle contribution of the field commutator [¢pr q(f), dr.0(9)]
applied to the vacuum €2, which yields

/ au(p)dn(a) f* ()™ (a) (Rla- Qp)a” (p)a*(a) + R(p- Qa)a"(p)a*(@)) . (5.34)

This expression, however, only vanishes if R(a) = —R(—a), Ya € R. This requirement
may be true for a function that fulfills R(0) = 0, but with regard to Definition 5.2 that
requires |R(a)| = 1 such a deformation function is inadmissible.

Note that in contrast to the deformation of a bosonic model |74, 101], where ¢CCR(f)
S 0(9), e [0 (f), 0k 0(9)] = 0 for supp f C Wg and
suppg C W, ¢r.q(f) is not relatively local to ¢r,_q(g) for supp f C Wg and supp g C

is relatively local to

Wp. In particular, the two-particle contribution of [¢pr o (f), ¢r,—q(9)] applied to the

vacuum reads

2 / dp(p)dp() f* (0)g™ () R(g - Qp)a* (p)a* ()2

which because of Definition 5.2 does not vanish.
Along the lines of the undeformed case, see Equation (5.6), we may consider the

field commutator [$rq(f),or,-@(9)] = [0rQ(f): ¢-r-0(9)] for supp f C Wg and

suppg C Wp. For the investigation of this commutator it is necessary to compute

the corresponding commutation relations of the operators aﬁQ with (f_%R —o- A simple

calculation shows that

larq(p)a—r—-@] =0,  [akqo(p) a’p_q(@)] =0, (5.352)

lar.q(p): a*r_q(a)] = w(B)S(F — O (1) Tr(Qp)Tr(-Qp)", (5.35Db)
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ko (P),a-r-@(q)] = w(B)S(F — (1) Tr(Qp)* Tr(—Qp). (5.35¢)

Proposition 5.5. Let R be a deformation function in the sense of Definition 5.2 and

Q a (d x d)-matriz which is antisymmetric w.r.t. the Minkowski inner product on RY,
satisfying (5.12) and (5.14). If Kk > 0 in (5.13), then the field operators ¢ro(f) (5.19)
and ¢_r,_q(g) are relatively wedge-local to each other, i.e. for f € S (Wg), g € .7 (Wpg)

[0r.Q(f)s P-R,—(9)]¥ =0, veD, (5.36)
holds.

Proof. Since (®, [¢prq(f),p—r—-0(9)]¥), ®,¥ € D™, is a tempered distribution in f and

g, vanishing on C§°(Wg) x C§°(Wp,) implies vanishing on .(Wg) x . (Wp,). Making

use of that property it thus suffices to prove (5.36) for (f,g) € C5°(Wg) x C5°(W5).
Due to the commutation relations (5.35) we have

[PrQ(f); P—R—-Q(9)]¥ = ([aR,Q(fi)aaiR,fQ(g+)} + [CLE,Q(er),a—R,—Q(QT)}) v,

which together with Definition 5.2 yields the following n-particle contribution of this

vector
([PrQ(f): 9-Rr—-Q(9)]¥),, (P1;-- -, Pn)

= (=" (P - @p) —pi - Qp)
—(-1) /dmp) (f HR v r:[l o Or )
U (pt1s---spn). (5.37)

Our task is now to show that this expression vanishes for all pg, k = 1,...,n. Following
the proof of Proposition 3.4 in [74] we may introduce new coordinates:

.. D1
my = y/m?+ p?, pL = (P2;---,Pd—1); URES ATSlnhE-

Thus, in the coordinates (¥, p, ) we have

dd—lﬁ m  cosh
d = = d9d?? =p(9) := i
1(p) o) pi, p=p) 7”ru;1nh19l
1

Correspondingly, we use the following notation

FEW,p1) = f(£p(®)).

According to [74], f~ (Y + i\, p1) is bounded on the strip 0 < A < 7, ¥ € R, due to
suppf C Wpg and analyticity properties of f, f € Cg°(Wg). In particular, f is an
entire analytic function because f has compact support. Moreover, also g™ (9 + i)\, p.),
suppg C W}, = —Wg, is bounded on the strip 0 < A < 7, ¥ € R, and the boundary
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values at A = 7 are given by

f_(ﬁ_‘_iﬂ-apJ_) = f+(197 _pJ_)v g+(ﬁ+i7rapl_) :g_(ﬁv _pJ_) (538)

It remains to study the properties of the functions ¥ — R(Qp(9) - pr)R(—Qp(V) - pk),
k=1,...,n, which appear in (5.37). It follows for 0 < A\ < 7 that

h 0
Im (p(¥ +i\)Q - pr) = kKmsin A C_OS 7. p]l“ >0
sinh 1 Dy

because £ > 0 and both (cosh ), sinh J) and (pg, p,lc) are in the two-dimensional forward
lightcone. Due to Definition 5.2, this implies that the functions

2= R(Qp(2) pr)R(—=Qp(2) -pr),  k=1,....n,

are analytic on the strip S(0,7) = {z =9 +iA € C: 0 < A < 7}. In addition, it also

follows from Definition 5.2 that these functions are continuous on the closure S(0, )
of S(0, ), implying that |R(Qp(z) - pr) R(—Qp(z) - px)| < 1 for z € S(0,7) [129, Thm.
12.9]. Hence, together with the previous discussion it is possible to shift the ¥-integration
in (5.37) from R to R 4 éw. Making use of (5.38), we have

ovat oy TT B2k Qp)
/ du(p)f~(p)g (p)kH1 R(—pr - Qp)

- /dd_2pL /dﬁf‘(ﬁ,m)gﬂﬁ’pﬂ H R]?(—p]];k legfgi)
k=1

_ / d92p | / dofH (0, —p1)g~ (9, —p1) [ ] R]?(_p;k. Q cf]gl(i;jg;)

R(—px - Qp)

_ / ) we~ 0 11 50 00

k=1

Thus,
(PrQ(f): ¢—Rr-0(9]¥), (P1,- .., Pn) =

for supp f C Wg and suppg C Wrp,. O

Corollary 5.6. Let R be o deformation function in the sense of Definition 5.2 and
Q a (d x d)-matriz which is antisymmetric w.r.t. the Minkowski inner product on R?,
satisfying (5.12) and (5.14). If K <0 in (5.18), then the field operators ¢r_q(f) (5.19)
and ¢_rq(g) are relatively wedge-local to each other, i.e. for f € S (Wg), g € & (Wp,)

[or—o(f),d-rR0Q(9)]¥ =0, VeD, (5.39)
holds.

The proof of this statement is analogous to the one of Proposition 5.5.
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Thus, due to the previous results, the properties of the deformed fields ¢ ¢ listed in
Proposition 5.3, particularly feature d), and their transformation behavior, Lemma 5.4,
we have established the following result.

Proposition 5.7. Let R be a deformation function and Q) an admissible matric of the
form (5.13) with & > 0. Then, the nets W +— Pr(W) and W — Z_p(W), W € W,
defined by (5.33), are Pl—covam‘ant, nonlocal nets which are relatively wedge-local in the
sense that

WR(W) C W_R(W,)/, W e Ww. (5.40)

Moreover, the vacuum vector S is cyclic and separating for each PLr(W), W € W.

Proof. All statements are obvious by the above remarks except for the separability of
the vacuum which is implied by its cyclicity and (5.40). O

Note that in contrast to the results in [101] where the deformation of a bosonic model
is investigated, we did not require that the deformation function R satisfies R(a)~! =
R(—a) and R(0) = 1. In particular, the condition R(0) = 1 in [101] results from the
deformation of the underlying Borchers-Uhlmann algebra .. More precisely, recall from
Section 5.1 that in [101] the deformation is based on linear homeomorphisms p : ¥ — .

which act multiplicatively in momentum space, i.e.

P a(p1s - Pn) = pa(prs- s pa) - fa(pr, - pn).

Explicit conditions on the functions p, € C®(R"), n € Ny arise from the compatibility
requirement (5.1) for quasi-free, translationally invariant states w. In particular, it turns
out that the functions p, are determined by the functions ps. The connection to our

deformation approach is then given by setting

p2(p, q) == R(—p - Qq).

The requirements on ps yield, inter alia, R(a)™! = R(—a) and R(0) = 1.

In the approach taken in [101] the fulfillment of the property R(a)™! = R(—a) is
necessary for obtaining wedge-locality and covariance. In contrast to this, we do not
obtain the same result for our deformed fermionic model by imposing this relation, except
in two spacetime dimensions, see Section 6.1. Nevertheless, the requirement R(0) = 1
is redundant for establishing wedge-locality and covariance properties for the deformed
model in both the deformed bosonic and the deformed fermionic case. In particular, one
can perform a deformation as presented in Section 5.3.1 of a bosonic model involving
field operators ¢“CF and arrive at a covariant and wedge-local deformed model involving
deformed field operators qb%%R
R(0) =1 as is the case in [101].

In fact, considering a deformation function R, the correspondingly deformed net &r

with deformation functions R not necessarily satisfying

is unitarily equivalent to the net &_g, implying that deformations involving R and
those involving —R are equivalent. In other words, a model resulting from deformation
associated with R is physically indistinguishable from a model arising from deformation
with —R. We summarize this result in the following lemma.
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Lemma 5.8. The net Pg is unitarily equivalent to the net &_g. The unitary Z relating
these two nets is given by

Z = (—1)NI=1/2

)

where N is the particle number operator, i.e. N|=%ﬂ; =n-1.

Proof. Since the unitary Z commutes with all Poincaré transformations, i.e.
[ZaU(g)] :07 Vg€73+,

and satisfies ZQ = Q, the unitary equivalence ZZrZ -1 = Z_p follows. 0

5.3.3 Two-Particle Scattering Operator

In this section we show that the models arising by the deformation procedure presented
in this chapter do indeed differ from the initial one. This circumstance becomes appar-
ent by analyzing the two-particle scattering processes of the deformed models. To this
end, we shall employ similar techniques to those discussed in Section 3.5. We rely, in
particular, on the model-independent analysis of [23] which adapts Haag-Ruelle-Hepp
scattering theory to certain wedge-localized operators, so-called temperate polarization-

free generators.

Lemma 5.9. Let R be a deformation function and Q an admissible matriz (5.13) with
K > 0. Then, the fields pro(f) and ¢_r_o(f), f € S (RY), are temperate polarization-

free generators, that is,

i) ¢+r+o(f) are closable and Q is contained in the domains of ¢+r+q(f) and

¢+r+Q(f)"
i) drr+(f)Q and drpaq(f)*Q are elements of JA,

i) ¢r.o(f) is localized in the wedge (W + supp f)" and ¢_p _q(f) is localized in the
wedge (W, + supp f)"

w) ¢+r+q(f) are temperate in the sense that the functions x — ¢+p+o(f)*U(x)V,

U € D, are strongly continuous and bounded in norm for large x, where e.g.

orQ () € {orq(f), drQ(F)}-

Proof. Statements i) —iii) are direct consequences of the definition of the deformed field
operators ¢+ +q(f), Propositions 5.3 and 5.5. The temperedness property iv) follows,
since [ 62rq(f) (U@ =) || < (I + £ 1) [N + 1)Y2 (U (@)% - 0) | — 0 for
x — 0 with regard to the bound (5.28) and with ¥ € D~. Analogously, one proceeds for
the case of the adjoints. O

Due to these properties of the fields ¢r o(f) and ¢_gr,_q(f) we are in a position to
construct two-particle scattering states. Let us recall how this can be done in the present

situation.
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As in Section 3.5 we introduce for ¢ € R and f € .#(R?) the functions

1 Y it[po—w —ip-x
m/ddpf(p)et[po ()] g—ipz (5.41)

filz) = (27)

The support of f; is essentially contained in ¢V(f) for t — +oo [81]. The set

V() = A{(1,5/w(@) : p € supp [} (5.42)

is the velocity support of f. Furthermore, we choose such test functions f,g € .7(R%)
whose Fourier transforms have compact supports concentrated around points on H..
Analogously as in Section 3.5, shall write f < g whenever V(g) —V(f) is contained in the
interior of Wg. If f < g, respectively g < f, then the regions Wr+tV(g) and Wy +tV(f)
are spacelike separated for t > 0, respectively t < 0.

For asymptotic times the operators ¢ o(g:) and ¢_p _q(f:) are essentially localized
in Wg+tV(g) and W, +tV(f) respectively. In view of the analysis of [23] the following
strong limits, stated in (5.43), exist and constitute asymptotic two-particle collision
states. More precisely, with regard to ¢1r 1o(f)Q = f1, we have

tliglod)R’Q(gt)(b_R’_Q(ft)Q = (9" Xr [Mour, for f=<y, (5.43)
Aim oro(9)o-r-(f)Q = (97 X fD)im, for g=<f. (5.44)

Due to the commutativity of the operators ¢r g(g¢) and ¢_r _q(f¢) for asymptotic times
the scattering states are symmetric, (97 Xr f)injout = (f T XR 97 )injout, as is the case
for a Boson.

In the present setting it is straightforward to compute the above limits. It follows,
namely, from the support properties of f and § that f;" = f*, g = ¢* and f; = 0,

g; = 0. Hence, we arrive at

j
IS
*
—~
~
\_—i_
=

(9" xR [Mow = aRgly for f =g, (5.45)
(gt xr fHin = aEQ(g+)a*(f+)Q, for g < f. (5.46)

Note the dependence on the ordering of the test functions. Considering explicitly f < g,
then, we have

(6" % o = [ ) [ duta)g™ o) (@R @~ o’ (p)a (@)
(5.47)
(6" = [ o) [ du@g* ) (@) (~REQp0) a* )" (@

In order to obtain the S-matrix elements, we consider additional test functions h,k €
(R%) with the same properties as f and g, in particular, f < g and h < k, which yields

<(g+ XR f+)0ut7 (h+ XR k+)in> =

- / dyu(p) / dp()RQp - ) R(—Qp- ) 77 @) PR )k (@) (5.48)
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Hence, the two-particle S-matrix elements of the deformed model differ from the unde-
formed theory, corresponding to R(a) = 1 for all @ € R, in a nontrivial way. They depend,
moreover, on the deformation. We, therefore, conclude that the deformation procedure
carried out in this chapter gives rise to models which are inequivalent from the initial,
undeformed theory. However, since the deformation function R is merely a phase factor,
effects like momentum transfer or particle production in scattering processes cannot be
expected for the present model. On the other hand, specific arrangements such as time
delay experiments can uncover the effects of the deformation. Similar results have, for
instance, been found in the construction approaches by warped convolutions [43, 75| and
the more general one pursued in [101].

Due to the Q-dependence of the two-particle S-matrix elements, cf. (5.48), they are
not fully Lorentz invariant in spacetime dimensions d > 2. This is a consequence of the
properties of the matrix ) which is only invariant under boosts that preserve the wedge
Wg, cf. (5.12) and (5.14). This indicates that when passing on to algebras corresponding
to bounded regions the Reeh-Schlieder property cannot be expected to hold.

The situation is, however, different in d = 1 4+ 1 dimensions where the restricted
Lorentz group El leaves Wpg invariant. As a consequence the deformed S—matrix does
not break the Lorentz symmetry. Since many more interesting features can be observed
for the model at hand in two spacetime dimensions, we devote the next chapter to their

discussion.






Chapter 6

Deformations and Integrable Models

So far we have presented two different methods of constructing nontrivial quantum field
theoretical models. In Chapter 3 we proceeded from an inverse scattering point of view
where a factorizing S-matrix constituted the starting point of our journey. Due to the
simple nature of these scattering matrices we had to restrict the spacetime dimension to
two. In Chapter 5, on the other hand, the deformation procedure served as a useful tool
in constructing nontrivial models in any spacetime dimension d > 2.

In the following sections we associate the models arising in Chapter 5 from deforma-
tion of the model of a scalar massive Fermion with integrable model theories in d = 1+1
dimensions. To this end, we first specialize the framework of the previous chapter to
this special case and establish afterwards a connection with the models constructed in
Chapter 3.

6.1 Deformed Models in 1 + 1 Dimensions

In this section we formulate the deformed model of Section 5.3 on two-dimensional
Minkowski space. For that purpose, recall from Section 2.1.2 that in d = 2 the set
of wedges W consists of two disjoint subsets, namely the translates of Wx (2.4) and the

translates of Wj = —Wpg = Wp. The matrix @ is, moreover, of the form
0 1
=A , A€ER. 6.1
Q ( o ) (6.1)

In analogy to the undeformed case (5.9) we may define for a fixed deformation function
R given by Definition 5.2 and an admissible and fixed matrix @ (6.1) the von Neumann
algebras generated by ¢r g and ¢7§Q, i.e. with z € R?

MWr+z) = {97eW): f=Fc s Wg+ux)}, (6.2a)
MWL +z) = {9 f=Fc oW, +a)}. (6.2b)
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This definition, however, only produces a wedge-local and covariant net W — M(W),
W e W, if the deformation function R additionally fulfills the property

R(a) = R(—a), Va€eR. (6.3)

If, namely, this property holds, the fields d)—RQ( f) are equal to ¢_p _q(f) and wedge-
locality can be inferred from Proposition 5.5. We shall, therefore, assume this relation
in what follows. Due to Lemma 5.4 the net W — M(W), W € W, also transforms
covariantly under the adjoint action of the representation U of P,. In fact, we have

Proposition 6.1. Let R be a deformation function, Q an admissible matriz (6.1) with
A >0 and M(W), W €W, be defined as in (6.2). Then, {M(W)}wew is a local net,
cf. Section 2.2, of von Neumann algebras, transforming covariantly under the adjoint
action of the representation U of the proper Poincaré group P.. Furthermore, locality
is fulfilled (without twisting) and the vacuum vector ) is cyclic and separating for each
MW), WewWw.

Proof. The properties of isotony and covariance are obvious by the above remarks. With
regard to locality, we only have to prove that the commutation relation of Proposition

(

5.5 holds in the stronger sense that also the unitaries e’?7e() and e'?-R.a g), for real

fe S (Wg)and g € (W), commute. To this end, one shows in an analogous manner

as in the proof of Proposition 5.3 part b) that em*RQ(g)\I/, ¥ € D7, is an analytic vector

for ¢ro(f). Thus, for ¥ € D~ we can compute the commutator of the unitaries as
follows

Itk

itna® i re@] g N~
e'PrRQ\) e -R.Q J‘Il_zj!k:!

J,k=0

ora(fY,6_pqle)] ¥,

which due to ¢_7 5(9) = ¢-r,—@(g), Proposition 5.5 and covariance yields the locality
claim.

The cyclicity of the vacuum vector ) for the wedge algebras can be shown by the
following standard argument. Namely, consider real fi,...,f, € Z(Wg) and denote
by E;(t) the spectral projection of the selfadjoint operator m, which corresponds
to spectral values in [~¢,¢]. Then, G;(t) := E;(t)¢ro(fj) € M(Wg) for all t € R.
Moreover, G(t) converges strongly to m on D~ as t — oo. Consequently,
Gi(t) - Gn(t)Q = dro(f1) - drQ(fn)2 for t — oco. Hence, the cyclicity of Q for
M(WEg) can be inferred from Proposition 5.3 d). By an analogous argument involving
the field ¢_% , the cyclicity of 2 for M(Wp) follows. Due to the commutativity of these

algebras () is also separating for them. The statement is then proven by covariance. [

6.2 Integrable Models from Deformation Theory

The properties of the net W +— M(W), W € W, stated in Proposition 6.1 together with
the simple structure of the underlying scattering operator uncovered in Section 5.3.3
suggests that there is a close connection of the models at hand with the model theories
constructed in Chapter 3. In order to analyze this relation, we recall the possibility of
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parameterizing H, with the help of the rapidity 6 € R, i.e. p(6) = m(cosh#,sinh#@), in
case d = 2. Making use of this notation and (6.1), we have

—p(61) - Qp(62) = Am? sinh(6; — 6), 01,02 € R.

We further define
Sy:R—=C,  S\(0):=—R(Mn?*sinh )% (6.4)

Since the entire analytic function sinh maps the strip S(0,7) :={z € C:0<Imz < 7}
onto the upper half plane and since by Definition 5.2 R has an analytic continuation to
the upper half plane, the function Sy, A > 0, extends to an analytic function on the strip
S(0, 7). Moreover, it follows from the requirements on the function R by Definition 5.2

and the properties of sinh that

Sy (0) = —1,  S\(0) = Sx(—0) = Sx(0) "' = S\(0 +im), N OER.

These properties of the function S are familiar from the context of factorizing S-matrices,
cf. Section 3.2, and express the unitarity, hermitian analyticity and crossing symmetry
of the scattering operator S associated with Sy [84, 136]. In addition, the Yang-Baxter
equation is trivially fulfilled because we are considering here only a single species of
particles. Due to these properties the scattering operator S associated with S agrees
with an S-matrix of a completely integrable relativistic quantum field theory [136]. In
particular, we conclude

Lemma 6.2. The function Sy defined in (6.4) constitutes an S-matriz in the sense of
Definition 3.1 for the particle spectrum given by G = {e} and m > 0.

The connection of the model theories constructed in Chapter 3 to the deformation
procedure carried out in Section 5.3.1 and, therefore, to the net {M(W)}ywey may be
clarified by introducing

A A A
2(01)21(02) = Sa(62 — 01)21(62)21(61)
22(01)21(62) = Sa(61 — 62)z](82)20(61) + 6(61 — o) - 1.

That is, z)(0) and zf\(e) form a representation of the Zamolodchikov-Faddeev algebra
[70, 150] with scattering function Sy(6). But this algebraic structure was the starting
point for the construction of models with factorizing S-matrices in Section 3.4. Thereby;,
the auxiliary fields ¢ (z) = fd&(eip(e)'xz;f\(@) + e~ 074, (0)) associated with zf(@),
which are wedge-local polarization-free generators, cf. Section 3.4.1, are at the basis of
the approach. The interesting point here is that these fields appear in the present setting
as a consequence of the deformation of the model given in Section 5.2.1. More precisely,
the fields ¢, coincide with the deformed fields ¢g .
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For the case of S) being a regular scattering function in the sense of Definition
3.13, it was shown in [100, 95| that Theorem 3.30 holds in the present setting without
reference to any conjecture. Hence, the quantum field theory arising from ¢, contains
nontrivial observables localized in bounded open regions @ C R? above a minimal size.
Moreover, besides other standard properties of quantum field theory also the Reeh-
Schlieder property holds. In addition, the S-matrix of the model is found to be the
one determined by the two-particle scattering function Sy [100]. The following theorem
demonstrates the connection of the deformation of a scalar massive Fermion to integrable
models.

Theorem 6.3. Fwvery integrable quantum field theory on two-dimensional Minkowsks
space with scattering function Sy of the form (6.4) can be obtained by deformation of
a scalar massive Fermion in the sense of Section 5.3.1. If further Sy is regular, then
in the deformed theory there exist observables localized in double cones above a minimal
diameter, and the Reeh-Schlieder property holds [100, Theorem E.4].

Note that, since the deformation function R appears quadratically in the definition
of the scattering function Sy (6.4), S\ does not depend on the sign of R. This cir-
cumstance implies physical indistinguishability of correspondingly deformed models, i.e.
models arising from deformation with R and —R, which is in agreement with Lemma 5.8.
Concrete examples of deformation functions R for which Theorem 6.3 applies constitute
the following

S le—a
Ra)=+TT2% =%  Im¢ >0,
(a) JHC’“JFG m (p,

where for each (j, also —(}, is contained in the set of zeros {C1,...,(n}-

In conclusion, we summarize that, when specializing to two spacetime dimensions, the
construction approach by deformation of a scalar massive Fermion gives rise to the model
theories constructed by inverse scattering methods in Chapter 3. The particle spectrum
consists thereby only of a single species of neutral massive particles. Our analysis includes
further the class of integrable models with scattering functions satisfying S\(0) = —1
into the deformation framework. A prominent model arising in this context is the Sinh-
Gordon model, cf. Section 3.6.



Chapter 7

Conclusions and Outlook

The present thesis establishes the construction of nontrivial quantum field theoretical
models in d > 2-dimensional Minkowski space within the framework of Local Quantum
Physics.

Two different approaches are introduced. On the one hand, inverse scattering meth-
ods are applied which give rise to interacting theories in d = 2 spacetime dimensions.
On the other hand, deformation procedures which can be viewed as generalizations of
the latter technique yield nontrivial models in higher, i.e. d > 2, dimensions. In both
cases the simple nature of the underlying scattering operator does not allow for particle
production or momentum transfer in collision processes of particles, however, effects like
time delays can appear.

In the case of the inverse scattering approach we started from a prescribed factorizing,
i.e. purely elastic, collision operator which is determined by its two-particle scattering
amplitude S, called S-matrix for short. The considered particle spectrum involves an
arbitrary finite number of massive particle species which transform under some global
gauge group. Building on recent results concerning the successful construction of a
covariant field net of wedge algebras in this setting, we investigated appropriate inter-
sections of such wedge algebras. Our main interest was to show that the emerging local
algebras, associated with bounded regions in Minkowski space, comply with all basic as-
sumptions of relativistic quantum physics. For this purpose we looked into the important
question whether certain methods, applied earlier for the construction of models with
scalar-valued S-matrices, can be generalized effectively to the more involved framework
at hand. By verifying the modular nuclearity condition we not only succeeded in proving
the existence of a meaningful local theory related to an initial S-matrix S in a certain
family Sy of regular S-matrices, but also answered the above question in a positive way.
The small gap, which however remains in our construction, arises from problems discov-
ered very recently for the scalar case. In view of plausible arguments presented here, we
are certain that a bridge can be built, giving, in particular, rise to the O(N)-invariant
nonlinear o-models in a rigorous way, independent of perturbation theory and renormal-
ization, for the first time. Moreover, by our analysis a large class of integrable models
emerges to which no Lagrangian formulation is known.

These results open up the possibility to generalize the applied methods further to
a larger family of initial S-matrices. For instance, it would be particularly interesting
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to include factorizing S-matrices with poles in the physical sheet in the framework. A
famous representative corresponding to such an S-matrix is the Sine-Gordon model. In
fact, there is an ongoing project by Y. Tanimoto and D. Cadamuro in that direction
and preliminary results concerning the construction of wedge-local fields do already ex-
ist. However, there are still many open questions with regard to the verification of the
modular nuclearity condition.

Generalizations of the inverse scattering techniques to d > 2 spacetime dimensions
can be achieved by deformation procedures. We concretely investigated the deformation
a scalar massive Fermion. The emerging models were shown to be based on wedge-local
temperate polarization-free generators which admit the consistent computation of the
two-particle S-matrix. The latter is shown to depend on the deformation and to differ
from the two-particle scattering operator of the undeformed theory in a nontrivial way.
This implies that the deformed theory is not equivalent to the initial, undeformed one.

Our analysis thereby includes a certain class of integrable quantum field theory mod-
els into the deformation framework in fwo-dimensional Minkowski space. Namely, those
integrable models whose factorizing S-matrices are completely determined by scattering
functions S satisfying S(0) = —1. For example, the scattering function of the Sinh-
Gordon model belongs to this class.

The establishment of locality properties of the deformed model turns out to be a
difficult task as the undeformed model is already nonlocal. In two dimensions, how-
ever, it is possible to achieve wedge-locality by imposing an additional condition on the
deformation function R. Moreover, we show with reference to the inverse scattering ap-
proach that the deformed theory also admits local observables in d = 2 which comply
with localization in bounded regions above a minimal size. Analogous results for higher
dimensions have not been achieved up to now. This problem emerges from the fact that
the split property for wedges enters the stage and is of crucial importance with regard to
the modular nuclearity condition. This property does, however, not hold in more than
two spacetime dimensions and a direct generalization of the applied methods to higher
dimensions is not possible.

On the other hand, relative commutants of wedge algebras are not necessarily trivial
if the split property for wedges does not hold. In fact, this condition is rather strong
with regard to a mere interest in the existence of local fields.

One can also ask if some of the conditions on the deformation function R can be
relaxed. As part of our analysis it turned out that from the physical point of view the
deformed theory does not depend on the sign of the function R. In particular, two
nets arising from deformation with deformation functions R and —R respectively are
unitarily equivalent. This result generalizes the deformation procedure of [101] since in
that work one requires that the function R satisfies the condition R(0) = 1 which by
our result is redundant. Since the latter condition is a consequence of the deformation
of the underlying Borchers-Uhlmann algebra [101], the deformation approach presented
here extends the possibilities for obtaining new models by deformation techniques.

Due to the simple form of the deformation the encountered interaction in the deformed
theory does not involve momentum transfer or particle production. In order to realize

these interactions, a generalization of the deformation techniques themselves is desirable.
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Concrete realizations of this task constitute suitable integral operators which can be
considered in replacement of the multiplication operators Tr used to deform the model
of a scalar massive Fermion. Such operators are, however, much more difficult to cope
with. Thus, there are no satisfactory results available so far.

A successful establishment of such a deformation procedure or the discovery of a
suitable generalization of the modular nuclearity condition to four spacetime dimen-
sions would finally solve the long-standing problem of rigorously constructing interacting
quantum field theories in physical spacetime.






Appendix A

Auxiliary Results

In this appendix we state some general results which have concrete applications, in

particular, in Chapter 3.

A.1 General Results

Lemma A.1l. Let a sequence {bg}to<k<n—1, of tempered distributions on .#(R™) @ K®"
be given. Moreover, let by, have an analytic continuation in the variable xi11 to the strip
S5(0,a), a € RT, in the sense that

lim [ d'@ 62 (@1, zhen iAo 2)g%(@) = bile), g€ SR @K, (AL)

with 0 < X\ < a. Further, its boundary value at Im(xg41) = a is given by

hgl'”a" (.1'1, cey Tt F iaa cee J}n) = hgiianal (%1, ey L1y - >$n)7 (A2)
in the sense of distributions. Then, Yo is the distributional boundary value of a function

analytic in the tube
T =R"+i{yeR": 0<y, < - <ya <y <a}. (A.3)

Proof. We start by considering f € .#(R™). Proceeding by induction in k € {1,...,n},
we next prove that b * f, regarded as a function of z1,...,z; and zp41,...,2, € R
held fixed, is analytic in the tube Tj. Since T3 = S(0,a), the assertion for k = 1 follows
directly from the assumptions of the Lemma. For the inductive step & — k + 1 note
first that the boundary value of (x1,...,25) — (b = f) (z1,...,2,) at Im(z1) = --- =

Im(zx) = a is given by b *T' " (z) which again has an analytic continuation in
Zg+1 to S(0,a). Thus, we may apply the Malgrange Zerner theorem [69] and conclude
that (z1,...,2541) = (b§ * f) (21,...,2y,), can be analytically continued to the convex
closure of

R’“+1+i({(y1,...,yk,0):0<yk <o <yp<alU{(a,...,a,ykt1) 1 0 < ypt1 <a}),
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which agrees with Tj11. Therefore, it follows that b * f is analytic in %, and, since
f is arbitrary, bo is the distributional boundary value of a function analytic in %,, and
denoted by the same symbol. O

Lemma A.2. Let Ryp, = @5:1 R[gag be an integral operator on L>(R)®@ K, dimK = D <

oo, which is defined by the kernels

—sign (b) g(0)g(¢')
omi 0 — 0+ b’

R0.0") = g € L*(R), b e R\{0}. (A.4)

Then, Ry is a positive trace class operator with trace norm bounded by

2
IRyl < DIRE = D2 (A5)
Proof. The assertion can be proven along the same lines as in the scalar case [95, Lemma
E.2]. For the convenience of the reader, and since reference [95] has not been published
yet, we give a full proof.

Note first that Ry, = ﬁRg_,,bﬁ, with unitary (Uf)(0) :=i- f(—0), f € L2(R) ® K,
and g_(0) := g(—0). Due to this unitary equivalence it suffices to consider b > 0.

To show that R, is positive, define Kp(6) := —(27i)~1(6 + ib)~! which has positive
Fourier transform Kj(n) = ©(n)e~". Then, we have with f € L2(R) ® K

D D
(fv Rg,bf> - Z«g ’ fa)aKb *® (g ’ fa)>L2(R) = \/%Z«g ) fa>aE) ’ (g ’ fa)>L2(R) >0,
a=1 a=1
yielding positivity. Since

[ a@e6) g3
211 0—60-+1ib 2rh’

lgll3
2mh 7

claim. O

it follows by [126, Lemma on p.65] that ng is trace class with trace proving the

A.2 An Alternative Proof of Lemma 3.15

We want to present an alternative proof of Lemma 3.15 with regard to the explicit
realization of permutations in terms of transpositions. For the convenience of the reader

we restate the Lemma.

Lemma. Let C € Cémk, where Cénk C Gni denotes the set of contractions C € €, 1, for
which k+1 ¢ {ly,... ,Z‘C|}, and let C' € ‘én,k, with an,k C Gni the set of contractions
C" € Cup for which k+ 1 € {l'l,...,l"cq}, such that C' = CU{(k+ 1,7)} with r ¢
{r1,..., 71}, then we have

_ k—v
My = Tp- 71'7,_”:,
T = Ty ﬂ_k-‘r1+vr

k+1+|C)
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hence,

k—v, k+1+v,

TCr = T C 71'7"_,% : 7Tk+1+|C|’

with v, ==card({r; € {r1,..., 10} : s <71}).

Proof. Note first that |C'| = |C| + 1, {r],... ,r|’o,‘} ={r1,- ;T Ty Tupt1 -+ -5 T} and
{4,..., \IC’l} ={l, .l b+ L lyq1, .-, liop}, with 0 < v < |C|. Using these rela-

tions, we find, with 7oy = 7, - my/,

v, €]
LA [ TR A IR C AR i i B [ [ RO A
i=1 j=vr+1
vr ICI
™ = HTls-l—us—l"'Tk—i-s ) H Tlhitug—1 """ Tht1+4¢
s=1 t=v,+1

In order to prove what is claimed, we make use of the following properties. Namely, for

7 €6, t=1,...,n—1, we have
2 .
T,L‘—Zd,
Ti T =Tj - Ti, for li — 7] > 1, (A.6)
Ti " Tit+l * Ti = Titl " Ti * Tit+1, i=1,...,n—2.

Employing these relations, in particular the last two ones, and due to the fact that

r < ry,41, we reformulate the following partial product appearing for 7,

(Tr—vp "+ Thm1—0,.) - (Trer—(vﬁrl) e Tk—l—(vwrl))

- (T"*”T C Trepg1—or—=2 " Try g1 —vr—1 " Tryp1—vr " Try, g1 —ve+l 7 Tk—l—U'r)
x (TTUT+1_7’T'_1 g1 —Up c Tk—2—ur)

Trop+1—vr (Tr—vp Trvr+1*U'r*2) ) (TT1}7-+17U7‘71 “Tryp41—vr Trv,'+rvr+1)
X (TTUT+1—vr+2 S Th—1-v,) * (Tmﬁrvr “Trypp1—vrt1 - 'Tk:—2—vr)

= (Trur+1—v7- ) Trvr+1—v7-+1) (Tr—v, 'Trvr+1—vr—1)

X (TTU7»+1*'UT ' T7’v,»+1*vr+1 . TT‘1¢,-+1*UT+2 e ka—l_'l)r) : (TT1J'7-+17UT+1 e Tk—Q—'U'r')

(oo 1=t D)1 - - - The(or41)) * (Tr—vy *+* Th—1—0,) 5

where to the blue highlighted transpositions the third relation listed in (A.6) was applied.
Proceeding in this way, we arrive at
IC|

Uy
T = HTn—i—H T Th—i | H Trj—j+1° " Th—j | - (Tr—v, =" Th—1—v,)
=1 J=vr+1

k—1
= ([T7w
i=r
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It remains to establish the corresponding result for my/. To this end, we take a closer

look at the second factor appearing in 7y, namely

|

H Tlidui=1 """ Th+1+i
1=v,r+1

= (Tl 114uer 411" Tht240,) * (Tht14v, * Tht14o,.)

X

X(Th ] * Tht|C])

€I O] —vr
= H Tlitui—1"" " Th4i | - H Th+14|C|—j | »
i=vp+1 j=1

where we made use of the fact that 7'i2 = id. Hence, we have

|C|—vyr
TN = TX - H Te4+14+|C|—5 | »
Jj=1
and
k—1 |C|—vr
TCcr = Tp- H Ti—vp | "X H Th+14|C|—j
i=r j=1
k—1 |C|—vr
_ ) _ k—vr
= Tp-my- Ti—v, | - Tht14|C|—j | = TC Ty
= 7j=1

due to the commutativity of 7, with 7y and by means of (3.110).

(T patun, p2—1 * Tt 34o,) * (Th4240, * Tha240,) < (Tl\c\+U|c|—1

e ‘Tk+1+\c|)

. 7_[_k+1+'ur
k+14|C)’



Appendix B

Background Material

This appendix serves as a glossary for several mathematical topics, relied on in the main
text. We shall refrain from giving proofs, however refer to the respective literature.

B.1 Nuclear Maps

This section provides results concerning nuclear maps which are of crucial importance
in Chapter 3. Complementary material and proofs to the following statements can be
found in e.g. [87, 120].

Definition B.1. Let E and F' be Banach spaces. A mapping T € L(E, F) is called
nuclear if there is a sequence of linear functionals {a,}nen C E* and a sequence of
vectors {yn }nen C F with

o
> lanle« llynllr < oo, (B.1)
n=1
such that -
T(x)=> an(x)yn, z€E. (B.2)
n=1

The nuclear norm of such a linear map is defined by
oo
IT[l1 = inf Y llanm [lynllr, (B.3)
n=1

where the infimum is taken over all possible representations (B.2) of T'.

The sets of nuclear, compact and bounded maps between two Banach spaces F and
F are, further, denoted by N (E, F), # (E, F) and B(E, F) respectively. The properties
collected in Lemma B.2 are frequently used in Section 3.4.4.

Lemma B.2. Let E, F,G, H be Banach spaces. Then, we have
)TN < Ty with T € N(E, F),

ii) N(E,F) C ¥ (E,F),

119
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i) (N(E,F), |- |l1) is a Banach space,
i) for T € N(E,F), By € B(F,G) and By € B(H, E) that BiTBy € N(H,G) and

1B1T Balx < [| Bu ||| T]]1 [| Bl (B-4)

Moreover, let 7€ be a separable Hilbert space. Then,

v) N(H, 7) agrees with the set of trace class operators on F, and further

|Th=Tr|T|, TeN(u ).

By means of a standard argument [126, Theorem XI1.21], the following statement can

be proven.

Lemma B.3. Let T, ; = @aDzl T(Eab] be an integral operator on L*(R)® K, dimK = D <
oo, which is defined by the kernels

efacoshé

[a] /
T 0.0)= —-——
a7b( ’ ) 9/ - 0 Z‘b’

a>0, beR\{0}. (B.5)

Then, T, is of trace class for any a > 0 and b € R\{0} with trace norm bounded by

—a 1\ b ap? 42477
Topli <D TS < D24 784 S ()24 =) 222 T2 (B,
H a,b”l >~ H a,b”l = ™ a1/4 9 + 4a ‘5‘5 ( 6)

This assertion can be proven along the same lines as in the case D = 1 which was
carried out in [98, Appendix B.2]. We only mention that the estimate on the trace norm
of Ty is a direct consequence of the fact that this integral operator may be expressed
as the direct sum @aDzl T where TE;;] acts on L?(R) and is of the form (B.5).

a,b?’

B.2 The Hardy Space H?(7¢, K*")

In this section we collect general results on the Hardy space H? of analytic functions on
tube domains 7¢ with values in a finite dimensional Hilbert space K®" as considered in
Chapter 3. In the literature mainly the case dim /C = 1 is treated. However, the prop-
erties we are interested in generalize directly to vector-valued functions. We, thus, refer
the reader to [138] for a thorough discussion of this topic and further to [98, Appendix
C| for a similar compilation including proofs.

Definition B.4. Consider the tube
Te :=R"+1C, (B.7)

with base C C R™ being open and convex. Further, let K" be a finite dimensional
Hilbert space. Then, we denote by H?(7¢, K®™) the Hardy space consisting of functions
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h:Te — K®" which are analytic in 7¢ and, moreover, satisfy
hy € L*(R™,d"0; K&™), hy : 0 h(0 + i), Aec, (B.8)

as well as

1/2
Al == sup (/ dneuh<9+7;>\)u,%®n) < o0. (B.9)
AeC R7

Noting that H?(7¢, K®") ~ H?*(T¢) ® K" and considering an orthonormal basis
{e*:a=1,...,D=dimK} in K we state the following results.

Proposition B.5.

i) (H?*(Te, K9™), || - ) is @ Banach space.
i) Let h € H*(Te) @ K€", K C C compact and k = 1,....n, then

lim sup |h*(60 4 iX)| =0, (B.10)
|0k|—00 xe K

with 01,...,0k-1,0k+1,...,0, €R.

iii) Let h € H*(Tp,K®") and P be an open polyhedron, that is, the interior of the
convez hull of a finite subset of R™. Then, h can be extended to T such that the
mapping P > X — hy € L?>(R",K®") is continuous.
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