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Abbreviations

AL  activity list

SRCPSP single-mode resource-constrained project scheduling problem
MRCPSP multi-mode resource-constrained project scheduling problem
MRCMPSP multi-mode resource-constrained multi-project scheduling problem
RCPSP resource-constrained project scheduling problem
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2 Abbreviations

BCl bound change index

NPV net present value

RPC resource-profile cost

LCG lazy clause generation

MPV minimal processing version

SSGS serial schedule generation scheme

BCP backtracking with constraint propagation
TP timetable propagation

UP  unit propagation

CA  conflict analysis

UIP unique implication point

VSIDS variable state independent decaying sum
EF  edge finding

DPLL Davis—Putnam-Logemann-Loveland

ER energetic reasoning



Chapter 1

Introduction

The aim of resource-constrained project scheduling (RCPS) is to assign starting
times to a number of jobs subject to precedence and resource constraints such that
a project related objective is optimized. RCPS belongs to the operational level of
project management [43]. In practice it is important to avoid the "escalation" of
a project "in time and budget" (cf. [43, p.27]). The approaches of commercial
software packages to tackle project scheduling problems are based on simple priority
rules [43]. The application of the latter can lead to highly suboptimal solutions
for the underlying problem class. Moreover, for more complex problem variants
it can even be hard to find feasible solutions with these techniques. Thus, it is
important to investigate more sophisticated approaches for RCPS to overcome the
above disadvantages.

Variants of the RCPSP arise in a wide range of applications [36]. Scientific RCPS
techniques are e.g. applied to plan the production and engineering in the automotive
industry [9], to schedule IT projects [40] and to schedule the outbound baggage at
international airports (see [30]).

In this dissertation, the main research topic is the implementation and analysis
of new exact approaches combining CP and SAT Solving techniques for the SRCPSP
and the MRCPSP with SPRs and GPRs. These problems are known to be highly
complex combinatorial optimization problems (COPs).

Exact approaches for COPs find the optimal solution w.r.t. a certain objective
function and prove its optimality for a finite input within a finite number of iter-
ations. The main bottleneck of exact approaches is the high computational time,
they need for the solution of large instances of complex COPs. Therefore, in prac-
tice heuristics are preferred to find good solutions in acceptable computational times
without proving their optimality.

Nevertheless, exact approaches are of high relevance, as they evaluate lower and
upper bounds for the underlying problem and thus can provide a quality measure for
problem-specific heuristics. Moreover, they can be applied for the solution of sub-
problems in hybrid metaheuristics [14] to tackle larger problem instances in practice.

3



4 Chapter 1. Introduction

1.1 Solution approaches

Exact algorithms for variants of the SRCPSP can be divided into procedures applying
general and procedures applying specialized solution concepts. These algorithms are
on both sides Branch and Bound (BaB)-based at which the rules for branching,
bounding, backtracking and the fathoming of nodes differ. Thereby, the specialized
algorithms integrate principles specially tailored to the variant of the SRCPSP at
hand. On the other hand, the general solution procedures employ a mixture of
concepts from CP, SAT Solving and Mixed-Integer Programming (MIP) which are
generalizable to other problem classes.

The state-of-the-art specialized algorithms for the SRCPSP with SPRs and the
aim of makespan minimization are among others the ones by Demeulemeester and
Herroelen [25] and Sprecher [79] whereas the latter works with a significantly lower
memory usage'.

Recently, it has turned out that also SAT Solving techniques can be successfully
applied for the solution of variants of the SRCPSP. Horbach [44] proposes a stan-
dalone SAT Solving approach for the SRCPSP with SPRs and the aim of makespan
minimization which is based on minimal forbidden sets. His extensive computational
experiments show that his approach is highly competitive to chosen exact algorithms
considered as state-of-the-art in the literature. Furthermore, his approach outper-
forms all of them on certain instance sets from the PSPLIB [50].

Moreover, the experiments of Schutt et al. |76, 77, 75| show, that the combination
of CP and SAT Solving techniques leads to additional improvements. They applied
lazy clause generation (LCG) (a BaB approach integrating CP and SAT solving
techniques [28]) to the SRCPSP with SPRs and GPRs and the aim of makespan
minimization, and to the SRCPSP with SPRs and discounted cash flows, respectively.
Their computational results show that LCG is at the moment the best exact approach
for the latter variants of the SRCPSP.

Berthold et al. [11] additionally integrate MIP techniques for the solution of the
SRCPSP with SPRs and the aim of makespan minimization. It turns out, that their
combination of CP, SAT Solving and MIP techniques is inferior to LCG regarding
solution time and quality. Nevertheless, an improvement of the lower bounds for
some instances from the literature is reported.

Regarding exact approaches for the SRCPSP with SPRs, it is also important to
mention the work of Koné et al. [51]. They compare different MIP formulations for
the latter problem and test their efficiency with a state-of-the-art MIP solver.

An overview on heuristic approaches for the SRCPSP with SPRs and GPRs is
given in [49] or [3], and [77], respectively.

Specialized exact approaches for the MRCPSP with SPRs have been summarized
and tested by Hartmann and Drexl [37], whereas they conclude that the approach
of Sprecher and Drexl [81] is the exact method of choice. The most recent exact

'Detailed surveys on exact algorithms for the SRCPSP are given by Demeulemeester and Her-
roelen [26] and Brucker and Knust [16].
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algorithm of Zhu et al. [92] outperforms the latter approach. They implemented
a Branch-and-Cut procedure with a preprocessing and a heuristic step to generate
good upper bounds as an input for their algorithm.

A recent survey on heuristic approaches for the MRCPSP with SPRs and a de-
tailed experimental evaluation is given by [87]. Their computational experiments
show that the scatter search procedure of Van Peteghem and Vanhoucke [86] pro-
duces the best results. In this context, it is also important to mention the approach
of Coelho and Vanhoucke [18] as they combine SAT solving techniques with a meta-
heuristic for the SRCPSP to solve the MRCPSP with SPRs.

De Reyck and Herroelen |24| were the first to consider the MRCPSP with GPRs.
Thereafter, Heilmann [39] developed an exact approach for the latter problem, which
is to our knowledge at the moment still state-of-the-art. He proposed a specialized
BaB-algorithm based on the solution of a "minimal problem instance" and branched
on the mode alternative or renewable resource conflict resolution which is the hardest
w.r.t. a specific measure. Lower bounds for the MRCPSP with GPRs have been
evaluated by Brucker and Knust [15].

The procedure of Ballestin et al. [7], a combination of simulated annealing and
an evolutionary algorithm, and the tabu search approach of Nonobe and Ibaraki [61]
are state-of-the-art heuristics for the MRCPSP with GPRs.

1.2 Structure of the thesis

This dissertation begins with two introductory chapters to provide the basics about
the RCPSP and the theory of CP and SAT Solving to the reader.

Chapter 2 contains a problem description and classification of RCPSP variants
relevant for this dissertation. Moreover, it discusses computational complexity
results and well-known preprocessing techniques from the literature. The chap-
ter ends with an example for the MRCPSP with GPRs and a possible solution
of the latter.

Chapter 3 outlines the theory of CP and SAT Solving. Furthermore, it describes
how these two solution principles can be combined to tackle RCPSP instances.

After the introductory part, we summarize our contribution to the research area
of project scheduling.

Chapter 4 discusses a factor leading to a significant performance variability in re-
cent CP-SAT approaches for the SRCPSP with SPRs. We detected a great
variation in the efficiency of these algorithms depending on the predefined
search space given through the initial variable domains. Moreover, the search
space leading to the best results is in most cases not the one defined through
the smallest variable domains. A detailed computational analysis of this effect
is presented, also w.r.t. an explanation of the latter observation. Furthermore,
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as the variation of the predefined search space has highly positive effects on
the efficiency of the analyzed algorithms, we develop a parallel procedure to
take advantage of these effects.

The main contribution of this thesis is the extension of state-of-the-art CP-SAT
approaches for the SRCPSP to the MRCPSP.

Chapter 5 proposes three CP models for the MRCPSP with SPRs which can be for-
mulated in optimization frameworks that integrate an exact solution approach
combining CP and SAT Solving techniques. For one modeling formulation, we
implemented a new global constraint cumulativemm within SCIP [2] specially
tailored to renewable resources in the context of multi-mode jobs. The best
of our solution approaches outperforms the state-of-the-art exact approach of
Zhu et al. [92]. Moreover, we close (find the optimal solution and prove its
optimality for) 324 open problem instances from the literature.

Chapter 6 proposes new CP-SAT bagsed modeling and solution approaches for the
MRCPSP with GPRs extending the ones presented in Chapter 5. Therefore, we
implemented two new constraint handlers sprecedencemm and gprecedencemm
for SCIP. They guarantee feasibility w.r.t. SPRs and GPRs in the context of
multi-mode activities, respectively. Furthermore, they capture domain prop-
agation and explanation generation algorithms for the latter problem charac-
teristics. We show how our SCIP-models can be strengthened by integrating
sprecedencemm and gprecedencemm, i.e. by adding problem-specific knowl-
edge about precedence relations. With our best performing solution approach,
we close 289 open instances and improve the best known makespan for 271
instances from the literature.

Chapter 7 shows how easily our modeling and solution concepts can be extended
to more complex problem classes. In this chapter, we present a SCIP-model
for the MRCMPSP with SPRs which extends our model for the MRCPSP with
SPRs. This chapter was motivated by the MISTA 2013 challenge [90] where
the aim was to solve instances of the latter problem in an efficient way. Small
challenge instances can be solved exactly with SCIP. To tackle larger problem
instances, we propose a local search method based on the iterative solution of
subproblems by SCIP. Overall, our solution procedure was ranked ninth among
all competition participants.

The dissertation ends with a conclusion on the obtained results and a discussion
of further research topics.



Chapter 2

The RCPSP

2.1 Problem description

In [17], the classification scheme for machine scheduling [35] and resource-constrained
machine scheduling [13] was extended to classify variants of the RCPSP. In the fol-
lowing, we introduce the problems tackled in this dissertation based on a modified
version of the [«|B]v]-classification scheme in [17]. In this context, «, 5 and ~y char-
acterize the project and resource environment, the jobs, and the objective function,
respectively.

Note that, we only discuss the characteristics of project scheduling problems
important for our applications. For other possible variants the reader is referred to
the survey of Hartmann and Briskorn [36].

2.1.1 Project and resource environment

By integrating the abbreviation PS into the a-classification, it is specified, that
variants of the RCPSP are considered.

The classical RCPSP integrates a set of renewable resources R = {1,...,p,}
and a set of nonrenewable resources N = {1,...,p,}. A limited capacity Cf of
the renewable resource r € R is available in every time interval [t,t 4+ 1] of the
planning horizon. In practice, this can i.e. correspond to a fixed number of workers
or machines available in every time period of the planning horizon. C} denotes
the available amount of the nonrenewable resource r € N for the complete project
planning horizon [0, 7[. A fixed budget or an amount of raw material for the project
can be an example of a nonrenewable resource in practice.

For the classification of the resource environment, the notation res”n;, ng, ng and
resri, ro, 3 is used to denote nonrenewable and renewable resources, respectively.
The specification of numbers 1 € N and ro, r3 € R means that we consider a
problem with |R| = 7 renewable resources with the capacity ro = Cf, Vr € R and
each activity consumes at most r3 units of every renewable resource.

7



8 Chapter 2. The RCPSP

If r1,79 or rg is substituted by -, we consider the problem where the respective
parameter is arbitrary, i.e. it is defined by the input. If r3 is replaced by -, we
omit it in the classification. Similarly if ro and r3, or r1 and ro and r3 are all re-
placed by -, we leave out all the respective parameters. For example, if we consider
a project scheduling problem with p, renewable resources, where the renewable re-
source capacities and the resource consumption of the activities are part of the input,
« corresponds to PS, resPr. Nonrenewable resources are denoted in a similar way. If
selecting the resource amount is part of the decision, we add oo to the a-classification.

2.1.2 Job characteristics

A project consists of a set of activities or jobs J = {1,...,n}. We only consider
problems where the jobs cannot be preempted. So once a job is started, it cannot be
stopped before reaching its complete duration and rescheduled later. If preemption
is allowed we insert pmin for 5.

In real-life projects, there are often various alternatives (modes) in which the
activities can be processed. This corresponds to tradeoffs between processing time
and resource consumption (time-resource) and tradeoffs between the consumption
of different resources (resource-resource) for an activity [27]. Consider for example
the activity "Debugging of a plugin" in the project "Development of a new soft-
ware". If two specialists process the activity, it will approximately take two weeks.
Alternatively, if one specialist and three qualified interns are assigned, they will
approximately debug for three weeks. This reflects the modes and the alternative
duration and resource consumption of an activity.

In this case, we introduce a set of alternatives or modes M; = {1,...,m;} for the
processing of job i € J,. If there is at least one job i € J with |M;| > 1, a multi-mode
problem is considered and we add MM to the S—classification. Otherwise, in case
of a single-mode problem, the latter characterization is omitted.

Every multi-mode job’s duration d;, nonrenewable and renewable resource con-
sumption ¢, and cf , of resource r equals the duration d;; and resource consump-
tion ¢/, . and cf’,” éorresponding to the mode k € M; chosen for job ¢. Note, that
the consideration of nonrenewable resources is only relevant in a multi-mode sit-
uation. In concrete, for variants of the SRCPSP, it can be checked beforehand,
if Yescl, < CY r € N, ie if the nonrenewable resource capacities are re-
spected by the input data. Thus, w.l.o.g. for variants of the SRCPSP, the notation
res” ni,ns,n3 can be omitted.

In this dissertation, we only consider deterministic durations. In case, the du-
rations are stochastic, we add d; = stoch to the S—classification. In addition, we
assume that all parameters concerning the durations and resource consumptions are
part of the input. If for example the special case would be considered, where all
duration are equal to one, the notation d; = 1 is inserted.

Note, that ¢}, , corresponds to the consumption of job i of the nonrenewable
resource r € N if i)rocessed in mode k. lLe. if we choose mode k for job 4, after its
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processing C} — Ci g, Units remain of the resource r € N for the complete project.
CZ ko denotes the renewable resource consumption of job ¢ in mode k from resource
r € R per period of its processing time.

Schedules for a project often have to comply with precedence relations between
the jobs. For non-preemptive jobs, we distinguish between SPRs and GPRs. denoted
by prec and temp in the f—classification. A SPR (7, j) between the single-mode jobs
i and j forces job j to start after the end of job ¢. If s; and s; are the starting times
of job 7 and j, respectively, the following equation has to be fulfilled:

si +di < 55

With GPRs, more general situations can be modeled. Every GPR (i, ) comes with
a so-called minimal or mazimal timelag d;’;" or ;" dependent on both jobs in the
precedence relation. In case of a minimal timelag d;;", job j must start atter job ¢
has been processed for ;" time units, i.e.:

si+di;" < sj

With a maximal timelag d;‘ff"

cessed for d;”™ time units, l.e.:
I

at hand, job j must start before job ¢ has been pro-

S; —l—d?ffx > 5j = Sj — dﬁljax <s;

Thus, we can transform every GPR (i, j) with the maximal timelag d;’ >0 to the
GPR (j,4) with the minimal timelag —d;"*. Hence, w.l.o.g. it is sufficient to only
consider GPRs with possibly negative minimal timelags 0; ;. Additionally, every type
of precedence relation between non-preemptive jobs (start-start, start-finish, finish-
start and finish-finish) can be transformed to an instance with GPRs and possibly
negative timelags 0; ; [10]. Consequently, with problems of the type temp in the
B—classification, one can model quite general situations in practice.

Let us now again look at the above example project "Development of a new
software" to illustrate a practical application of maximal time lags. Assume that a
specialist from another company has to process the activity "Development of plugin
X" and he is only available until a certain deadline after its completion. Then, the
successor activity "Integration of plugin X into software" should be completed before
the availability deadline of the specialist. This can be modelled by a maximal time
lag between the predecessor and successor activity.

In case of a multi-mode instance, we have minimal timelags d; j; € R for every
GPR (i,j) and the respective modes k € M; and | € M;. Hence, in this situation,
the timelags do not only depend on the jobs in the precedence relation but also on
the mode &k and [ chosen for the job i and j, respectively.

The precedence graph can be visualized through a so-called Activity-on-Node
(AoN) network. For single-mode problems the nodes correspond to jobs. The arcs
connect nodes for jobs which form a precedence relation. Furthermore, the arcs
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012,11 @

01,2,1,2

Figure 2.1: Example: GPR between multi-mode jobs

are weighted by d; and 0; ; for SPRs and GPRs, respectively. With a multi-mode
instance at hand, the nodes correspond to job-mode combinations i;k. Two nodes
are connected if a precedence relation has to be respected between the corresponding
jobs. Moreover, the arc weights are the durations d; j, or the minimal timelags 0; j x

in case of SPRs and GPRs, respectively (See Fig. 2.1).

In the following, we will use a set of successors G; covering all jobs j € J forming
a precedence relation with job ¢ for the formulation of the precedence constraints.
Moreover, for the sake of simplicity we assume, that the durations d; ; and renewable
resource consumptions cip b Cf are natural numbers for alli € J, k € M; and r € R,
and that the minimal tifnélags i j k1 are integers for all 4,7 € J and the respective
modes k and [. All the presented approaches in this dissertation can be generalized
to the case where the problem parameters are element of Q or R. In every case, all
the approaches have to cope with numerical issues.

2.1.3 Objective functions

Well-known objective functions in the context of project scheduling, similar to the
ones in machine scheduling, are the project duration or makespan Dy,,x, the max-
imum lateness Liqq of the jobs, the weighted completion time >, ;w; - (s; + d;)
etc.. Note, that if we omit the parameter v in the classification, we only consider
the problem of finding a feasible schedule w.r.t. the given «- and (-classification.
Further objective functions like for example the net present value (NPV), or the
resource-profile cost (RPC) have also been extensively studied in the literature [36].
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The net present value is defined as

NPV =Y "Cf . it (2.1)
jeJ

A constant C]f € R is assigned to every job j. C’jf is discounted with the rate
0 < p < 1 depending on the completion time s; 4 d; of job j. p can for example
integrate an inflation rate.

A constant C']f < 0 corresponds to a cost, i.e. we have to pay an amount of

money at the completion of the job j (cash outflow) and C]f > 0 corresponds to
a revenue, i.e. we receive money at its completion (cash inflow). With the NPV,
the present value of ij when finishing job j at time s; 4 d; is approximated. The

present value of the amount ]C’]f | decreases with an increasing completion time ¢.
Roughly speaking, if a job is associated with a cash inflow (outflow), one would try
to complete it as soon (late) as possible. The aim is to maximize the NPV, i.e. to
maximize the total present value over all jobs.

The RPC, which has to be minimized, is given as follows:

RPC =) K, f(k(s,0), ..., k(s, T — 1)) (2.2)
reR

K, is a cost associated with the renewable resource r € R and T € N is an upper
bound on the project duration.

k,(s,t) is defined as the resource usage of resource r in the schedule s € R™ in
the time interval [t,¢ + 1[. The function f:R? — R assigns a value to the resource
profile (k,(s,0),...,k.(s,T — 1)).

If the RPC is considered as objective, apart from adding the latter abbreviation
to the y-classification, « integrates oo to denote that determining the resource usage
is part of the decision. Project scheduling problems integrating RPC are also known
as resource leveling problems [58]. For example the project scheduling problem,
where f(...) corresponds to max,c o, . 7—1} kr(s, 1), is called the resource investment
problem.

In this dissertation, we mainly consider the project makespan Dy =
max;e j(s; + d;) as objective. In this situation, it is convenient to introduce dummy
jobs 0 and n + 1 and insert them to the set J. The dummy jobs are used to guar-
antee that the project starts at time point > 0 and to model the project end. For
multi-mode problems, the dummy jobs j € {0, + 1} can only be processed in one
mode with dj; =0 and ¢}, ., =0, r € N(c},, =0, r € R).

Furthermore, we have to assure that no job starts before job 0 and ends after the
start of job n+4 1. Therefore, for problems with SPRs we introduce a new precedence
relation (0,7) with the timelags 0 for every job-mode combination j;k if job j has
no predecessor. Moreover, if job ¢ has no successor, we introduce the precedence
relation (4,n + 1) with the positive timelags d; i, k € M;.
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In the presence of GPRs more care has to be taken. In this case, we introduce
a new precedence relation (0,7) with the timelags dpj1; = 0 for every job j and
the corresponding modes | € M;. Moreover, we define a new precedence relation
(i,m 4+ 1) with the non-negative timelags 6; ,1+1%1 = d; ) for every job i and the
corresponding modes k € M;.

After the addition of the above data, minimizing Dy is equal to minimizing the
starting time of s,41. Note, that the introduction of dummy jobs for single-mode
problem instances is based on the same principles .

In this dissertation, we mainly focus on exact solution approaches
for the problems [PS,res”|prec|Dmax], [PS,res’,res’|MM,prec|Dpyax] and
[PS,resP,res”| MM, temp|Dpax|. As they all integrate the same objective function,
we will denote them in the following as the SRCPSP with SPRs, and the MRCPSP
with SPRs and GPRs, respectively.

2.2 General problem formulation

The most general problem considered in this dissertation is the MRCPSP with GPRs.
In the following, we only provide a problem formulation for the above problem, as
all other analyzed problems are special cases of the latter.

Note, that we assume that for the following model, all the parameters, sets and
variables have been updated w.r.t. the principles applied in the last section for the
introduction of the dummy jobs 0 and n + 1.

With the notation from the last section and the integral decision variables s; and
x; corresponding to the starting time and the mode choice of job i € J, respectively,
the MRCPSP with GPRs can be formulated as follows:

min = Sp41 (2.3)
s.t. Si + (51‘7]'7%@]. < sy, VieJ Vje Gj (2.4)
> &, <Cl VreN (2.5)
jeJ
> & SCP VEZ0Vr € R
JEA()
Aty ={jeJ:t—dj,; +1<s;<t}, VteN (2.6)

s;eN, VjeJ
ijMj, ViedJ

Our aim is the minimization of the makespan Dyax. This is equal to minimizing the
starting time sy,41.

(2.4) model GPRs for the multi-mode jobs. The successor job j € &; must start
after the starting time of job ¢ plus the possibly negative minimal timelag 0; j z; «;
which depends on the modes x; and x; chosen for the respective jobs. In case of
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SPRs, it holds that:
Sijaiae; = dia;, Vi€ J, j€EG, (2.9)

In other words, in the context of SPRs, the minimal timelags which have to be
respected for the precedence relation (4, j) only depend on the duration d; 4, of the
mode in which ¢ is processed.

(2.5) guarantees that the total nonrenewable resource consumption of r € N does
not exceed the available capacity CY.

With (2.6), we model the renewable resource constraints. We have to respect the
limit of Cf units for all r € R in every time interval [t,¢ + 1[, ¢ € N. The total
consumption of the renewable resource r € R over all jobs j € A(t), i.e. active in
the time interval [¢,¢ + 1], must not exceed CF. Note, that this formulation would
lead to an infinite number of constraints, but we can restrict ourselves to values
t € {0,..., Tmax — 1}, where:

Tinax = »_max{max{d;y : k € M;}, max{5; jx,: j € &;, k € M;, 1 € M;}},
ieJ
(2.10)
This is due to the fact, that if an optimal solution s* for the above problem exists,
it holds that s}, < Thax. Clearly, Tinax is also an upper bound for the variables
Si, © € J.

Note, that if we omit the mode choice, i.e. the variables z; in (2.8), and the
respective indices in all parameters of the model, we obtain the SRCPSP with GPRs
and as a special case the SRCPSP with SPRs.

The above mathematical formulation is not directly transferable to a MIP or CP
solver. Firstly, it contains variables as indices of parameters. This modeling tech-
nique is usually not available in MIP solvers but normally in CP modeling languages
like e.g. in Zinc [54] or JaCoP [46] (See also Chapter 5). Secondly, in (2.6), we sum
over all j € A(t). The set A(t) itself depends on the variables s; and x;. This adds
nonlinearity to the model and can usually only be tackled by transformations.

The well-known MIP-formulation (See e.g. [50]) of the MRCPSP with GPRs is
based on the ideas of Pritsker et al. [65]. They were the first to provide an efficient
binary integer programming formulation for project scheduling problems which is
extendable to model the above problem.

In the Chapters 4, 5 and 6, we show how the formulation of the SRCPSP with
SPRs, the MRCPSP with SPRs and the MRCPSP with GPRs can be realized in
selected CP-modeling languages.

2.3 Complexity results

The MRCPSP with GPRs can be divided into a mode-assignment and a single-mode
scheduling step [18]. The mode-assignment step is given through the feasibility
problem with the constraint (2.5) and the variables z; € M;. Thus, we have to
find processing modes for every job j € J such that the capacity limits of the
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nonrenewable resources r € N are not exceeded. With a feasible mode-assignment
% at hand, one has to solve a SRCPSP instance with GPRs or as a special case
the SRCPSP with SPRs. The complete problem consists of finding a feasible mode-
assignment at which the minimal makespan of the resulting SRCPSP is not larger
than the minimal makespan detected for any other feasible mode-assignment.

Kolisch and Drexl [48] introduced a polynomial reduction from the knapsack
problem, known to be AN'P-complete [33], to the mode-assignment problem with
|N| > 2 nonrenewable resources and |M;| > 2, Vj € J\{0,n + 1}. Hence, with the
latter input already the mode-assignment step is N'P-complete.

Now, to discuss the complexity of the single-mode scheduling step, let us consider
the optimization problem (2.3), s.t. (2.4) and (2.6) with the variables (2.7) and
the feasible mode-assignment X at hand. W.l.o.g. we can omit all indices T; €
M; concerning the mode choice. As mentioned above, the resulting problem is the
SRCPSP with GPRs, and in the special case §; ; = d; the SRCPSP with SPRs. The
problem [PS,res’1,1,1|d; = 1,prec|Dmax| is a special case of the SRCPSP with
SPRs with only one renewable resource with capacity one and where all jobs consume
at most one unit of the resource and are of duration one. By a pseudopolynomial
reduction [33] from the strongly N'P-hard 3-Partition-Problem, it follows that the
latter problem ([PS,res’1,1,1|d; = 1, prec|Dmax|) is N'P-hard in the strong sense
(See [33] and [13]).

The decision version of the latter problem, where a schedule for
[PS,resf1,1,1|d; = 1,prec] has to be found such that Dpax < T for an arbitrary
T is transformable to the special case [PS,res”1,1,1|d; = 1,temp] of the feasibility
problem of the SRCPSP with GPRs [10]. As this is a pseudopolynomial transfor-
mation [33] from a strongly N'P-hard problem, we can conclude that already the
problem of finding a feasible schedule for the SRCPSP with GPRs is AN'P-hard in
the strong sense. In contrast, a feasible solution for the SRCPSP with SPRs can be
found in polynomial time e.g. by the serial schedule generation scheme (SSGS) [6].

Another important complexity result was deduced by Schwindt [78]|. He proposed
a pseudopolynomial transformation from the partially ordered knapsack problem
[33] to the problem of finding a feasible solution for the resource relaxation of the
MRCPSP with GPRs, i.e. to the problem of finding mode-assignments z; € M;
such that (2.4) is fulfilled. Hence, he showed that this problem is AN'P-complete in
the strong sense. Note, that the resource relaxation of the SRCPSP with SPRs and
GPRs can be solved in polynomial time by longest path algorithms (See also Sect.
2.4).

2.4 Preprocessing techniques

In the following, we describe standard preprocessing techniques for the MRCPSP
with GPRs from the literature which can also be found in [82] or [16]. These tech-
niques can be divided into procedures eliminating modes and nonrenewable resources,
and procedures deducing lower and upper bounds for the starting time variables s;.
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Firstly, we consider principles for the elimination of modes and nonrenewable
resources. Note, that the different names for the eliminated parameters are the same
as in [82].

In the first step, we can delete modes from the problem instance which are non-
erecutable w.r.t. renewable and nonrenewable resources. A mode m € M; is non-
executable w.r.t. the renewable resource r € R, if

. >CP

i,m,r

and non-executable w.r.t. the nonrenewable resource r € N, if

Gyt D, min{dy, k€ M} > O,
VISAR LY,

Clearly, if there is one job with only non-executable modes, the respective problem
instance is infeasible.

In the second step, we remove redundant nonrenewable resources. A nonrenew-
able resource is redundant, if

Zmax{c;k’r ke M;} <CY.
jedJ

Note, that non-executable modes and redundant nonrenewable resources can be
eliminated as this does not change the set of feasible solutions for the MRCPSP with
GPRs.

The third step consists of eliminating inefficient modes. A mode m € M; is
defined as inefficient, if there exists another mode m’ € M; such that,

di,m’ < di,m
c? <cf Vr € R

i,m/;r — Ti,m,r’
CZm’,T < Cma VT EN
If an optimal solution of an instance exists, the removal of inefficient modes does not
lead to a change of the optimal makespan.

Note, that after the elimination of inefficient modes, we go back to the third step,
as possibly new nonrenewable resources r € N can be removed.

The complete procedure is summarized in Algorithm 1.

After the application of Algorithm 1, we try to deduce new lower and upper
bounds for the starting time variables s;. Therefore we assume that an upper bound
T for the project makespan is known. This can be the project makespan of a known
feasible solution which was for example determined by a heuristic or Tiax from (2.10).

With the above information at hand, the initial domains of the variables s;, i.e.
the lower bounds lb(s;) and upper bounds ub(s;) can be computed as follows (See
also [16]).
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Input: Mode sets M;, j € J and nonrenewable resource set N
Output: New mode sets M]’ C M;, j € J and nonrenewable resource set
N' CN
1 VjeJ, M« Mj; N'+ Nj
2 Remove non-executable modes w.r.t. renewable resources from M j’ for all
JeJ;
3 Remove non-executable modes w.r.t. nonrenewable resources from M ]’ for all
JjeJ;

Remove redundant nonrenewable resources from N'.;
Find the set B; of inefficient modes in M; for all j € J;

10 Vi € J, Mj < M\ Bj;
11 until (VjeJ : Bj=0)vVN =
12 return M}, j € J and N’

4 if 3je€J: M;=10then

5 return Instance infeasible
6 end

7 repeat

8

9

Algorithm 1: Preprocessing: Elimination of modes and nonrenewable re-
sources

In the presence of GPRs, we firstly determine the minimum timelag (Slmﬂ»in for all
precedence relations (i, j):

Smin — i Sii 2.11
0= peiminy AGigead (2.11)

Then, we generate a graph based on the precedence relations (i,j) with the arc
weights 6;“3“.

We solve two longest path problems in the above graph with a procedure similar
to the Bellman-Ford algorithm to determine the longest path P(0,4) from the dummy
node 0 to every node ¢ and the longest path P(i,n + 1) from every node i to the
dummy node n+1 unless the underlying MRCPSP instance is infeasible. If a negative
cycle is found, the latter is the case. Otherwise, we can set [b(s;) to the length
[(P(0,4)) of the longest path from 0 to ¢ in the precedence network. ub(s;) can be
set to T —I(P(i,n + 1)).

As the dummy nodes 0 and n+1 represent the start and the end of the project (See
Sect 2.1.3), it must hold that I(P(0,7)) > 0 and [(P(i,n+1)) > mingep, {d;r}. Note
that with SPRs we can use the more efficient forward-backward recursion procedure
[16] to compute Ib(s;) and ub(s;).

In the mathematical models for the MRCPSP with SPRs and GPRs in Chapt. 5
and Chapt. 6, we assume, that the parameters are those obtained after the applica-
tion of the above preprocessing techniques.
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(di,kycf,kaﬂlil,k) (dj,LvC;),laClj/,l)
84,4,k

1; k @

Figure 2.2: AoN network for example

2.5 An example for the MRCPSP with GPRs

Fig. 2.2 visualizes the precedence network for a small instance of the MRCPSP
with GPRs with five jobs and two dummy jobs. For this example, we consider one
renewable resource (machines) and one nonrenewable resource (a project budget)
with maximal capacities C*? = 3 and C¥ = 10, respectively.

The nodes correspond to all possible job-mode combinations and an arc is drawn
between two nodes if there is a precedence relation between the jobs in the respective
nodes!.

Firstly, we apply the preprocessing procedures of the last section. Alg. 1 leads to
the result, that the job-mode combinations 1;2; 3;1, 4;2 and 5;2 are non-executable
w.r.t. the nonrenewable resources, i.e. these job-mode combinations cannot be
included in a feasible schedule with a budget of 10 units. Moreover, the job-mode
combination 2;2 is ineflicient, i.e. the removal of 2;2 does not lead to an increase of
the optimal makespan.

!Note, that in the general version of the MRCPSP with GPRs we would have to connect the
dummy node 0 to every job j € J and every job j € J to the dummy job 6 to correctly model the
start and end of the project. Because of the special structure in this example, this is not necessary
and for the sake of simplicity, we only connect 0 to the jobs with no predecessors and the jobs with
no successors to 6.
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Figure 2.3: AoN network for the resulting SRCPSP

As now, every job can only be processed in one mode and the timelag on the arc
leaving a job corresponds to the duration of the respective job, we are confronted
with an instance of the SRCPSP with SPRs (see Fig. 2.3).

An ordered list £ of jobs, which fulfills

If LIm] € &) = n<m

is called a precedence-feasible activity list (AL) [16]. The SSGS constructs feasible
schedules for the SRCPSP with SPRs from precedence-feasible ALs [16].

The principle of the SSGS is simple: Iterate through £ in ascending index order
and schedule the respective activities at the earliest point in time such that the
resulting schedule is resource and precedence feasible.

For the example of Fig. 2.3, we can determine 30 different precedence-feasible
ALs. Let us for example consider the AL £ = (0,3,1,2,4,5,6). If we apply the
SSGS to £ we obtain the feasible schedule visualized in Fig. 2.4 with the makespan
Dyax = 6.

The makespan for our example project cannot be shorter than

P .
died Cik " ‘ﬂ

LB, = { Cr

Thus, LB; = 6 is a lower bound on the makespan [16] and our schedule is by chance
optimal.

Note, that in our example, we added two simplifications to the MRCPSP with
GPRs. Firstly, there is only one nonrenewable resource, in which case finding a feasi-
ble mode assignment s.t. nonrenewable resource constraints is solvable in polynomial
time. Secondly, the AoN network is acyclic. In this case, there is a polynomial time
algorithm for the feasibility problem of the SRCPSP with GPRs [59] and of the
resource relaxation of the MRCPSP with GPRs.
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Chapter 3

CP and SAT Solving for the
RCPSP

3.1 Introduction to CP

The following section shall give a short overview over the theory of CP. It is mostly
based on the books of Apt [5], Baptiste et al. [8] and Rossi et al. [66]. This section
does not tackle the theory of CP in complete, i.e. the intent is to only provide the
necessary basics to the reader.

3.1.1 Preliminaries

One can apply CP techniques to solve a constraint satisfaction problem (CSP) or a
constraint optimization problem (COP).

A COP (CSP) is defined on a finite set of variables X = {z1,...,2,} with
the domains D, ..., Dy, and on a set of constraints C = {Cy(X%) : k =1...,p}
containing variables from the sets X with the index set I:

Xk:{xjijEIk}gX7 ]{::1,...,]).

More precisely, a constraint C(X}) is a subset of the Cartesian product [[.., Dj.

J€li
Definition 3.1.1. Let X be a finite set of variables with the domain set D =
{D1,...,Dy}. Moreover, let C be a finite set of constraints. With an objective
function o : D1 X -+ X Dy, — R to be minimized or mazimized, we call the tuple
P = (0,X,D,C) a COP. If the problem P comes without an objective function, we
call P=(X,D,C) a CSP.

In this dissertation, we assume w.l.o.g. that P is a minimization problem. More-
over, we restrict ourselves to finite integer domains Dy = {lb(xg), ..., ub(xg)}. Note,
that one can also tackle domains consisting of real values with CP concepts [5].

A vector a = (ay,...,a,) containing an assignment of the variables xp,k €
{1,...,n} to the values aj € Dy, is called a feasible solution of the COP (CSP) P, if

21
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(aj)jer, € Ck(Xk), Yk =1,...,p. Moreover, if o(a) < o(a’) for all feasible solutions
a’, a is an optimal solution of the COP P.

Note, that constraints can be stated explicitly by providing a concrete set of
assignments By C [] jel D; or implicitly by giving a formula on certain variables
which has to be fulfilled, e.g. (z1)% + (22)3 = (23)3, z; € {1,...,n}, Vi=1,2,3.

In the context of CSPs, it is also important to define the notion of local and
global consistency:

Definition 3.1.2. Consistency

1. A CSPP = (X,D,C) is globally consistent, if there exists a feasible solution
to P.

2. A CSP P = (X,D,C) is locally consistent w.r.t. the subset C' C C, if
P’ = (X,D,C') is globally consistent.

3. The constraint Cy(Xy) is called locally consistent, if P = (X,D,C) is
locally consistent w.r.t. the subset C' = {C(Xk)}.

4. A CSP P = (X,D,C) is inconsistent, if no feasible solution of P exists.

CP solvers apply constraint propagation algorithms to decide about the consis-
tency status of a CSP. A constraint propagation algorithm prop : D — D' =
{D},..., D)} transforms P = (X,D,C) into P’ = (X, D’,C) such that

prop(Dy) = D;, C Dg,Vk =1,...,n.

Moreover, it holds that, if a is a feasible solution to P, then a is a feasible solution
to P’. The aim is to obtain a problem P’ = (X, D’,C), from which we can deduce a
feasible solution of P or show that no such solution exists. Thus, constraint propaga-
tion algorithms try to prove global consistency or inconsistency of a CSP. Note, that
if a constraint propagation algorithm obtains a problem P’ such that there exists a
ke{l,...,n} with D}, = (), we can deduce the inconsistency of the CSP P.

Finding a feasible solution of a CSP is N'P-complete, as a CSP is a generaliza-
tion of the SAT-problem [33]. Thus, it is unlikely that there is an efficient constraint
propagation algorithm, which decides about global consistency or inconsistency of
a CSP [1|. Therefore, in general constraint propagation algorithms aim at trans-
forming a CSP into an equivalent version from which one can decide about the local
consistency of the original CSP.

There are different notions of consistency w.r.t. constraints from which one can
deduce local consistency. For example, constraint propagation algorithms can lead
to hyper-arc consistency or bound consistency of a constraint.
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Definition 3.1.3.

1. A constraint Ci(Xy) is hyper-arc consistent, if for allj € Iy, and all a{ € Dy,
there exists a vector a = (a;)ier, € Cp(Xg) with aj = aj.

2. A constraint Cy(Xy) is bound consistent, if for all j € I and all a{ €
{Ib(;), ub(x;)}, there exists a vector a = (a;)ier, € Cr(Xg) with aj = aj .

Note, that hyper-arc consistency is a stronger condition than bound consistency,
as {lb(l‘]),ub(l’])} - Dj.

Clearly, if a constraint is hyper-arc consistent or bound consistent, the CSP with
only the latter constraint is globally consistent. However, hyper-arc consistency or
bound consistency of every constraint of a CSP does not lead to global consistency of
the latter. Note, that there exist numerous other consistency notions for constraints
(see [5]).

Example 3.1.1. Constraint propagation to obtain hyper-arc (bound) con-
sistency

Consider a CSP with the variables x1 € {1,2,3,4} and zo € {1,2,3} and the con-
straint

x1 = dy,, whered = (d1,ds,ds) = (3,4,5).

The above constraint is also known as the element-constraint in the CP community
[85], as the variable x is equal to xo — th element of the vector d.

A constraint propagation algorithm which firstly updates the domain of x1 to D1N
{ds, s 22 € {1,2,3}}, i.e. to {3,4} and then Dy to {xo : x5 € {1,2,3} Ad,, € {3,4}},
i.e. to {1,2}, leads to hyper-arc consistency (and clearly also bound consistency) of
the above constraint.

As mentioned above, it is unlikely to efficiently decide about global consistency
or inconsistency of a CSP solely by constraint propagation. Therefore, CP solvers
apply a combination of search and constraint propagation. Backtracking search in
combination with constraint propagation is a well-known algorithm to solve a CSP
(see Algorithm 2).

The idea of backtracking with constraint propagation (BCP) is straightforward.
In one iteration of the repeat-loop starting in line 3, the first element is taken from
a list of nodes L at which a node corresponds to a subproblem P2t of P. Firstly,
a constraint propagation algorithm prop updates the variable domains in D?°t. If
there exists one variable with empty domain in D** after propagation, we continue
with the next iteration of the repeat-loop or leave the repeat-loop. If the domains
of all variables only consist of one variable, the respective solution a is tested. If a
is feasible, a is returned and the algorithm is aborted. Otherwise, we proceed with
the next iteration of the repeat-loop. If there exists at least one variable with at
least two values in D2, we choose one of these variable z; and split the integer
domain w.r.t. the value v; € D", In the next iteration of the repeat-loop, the
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Input: CSP P = (X, D,().
Output: Feasible solution a or Instance infeasible (no solution exists).
L+ 0;
Append P to L;
repeat

pact « L[0];
Remove L[0] from L;
Ppact — p?"Op(DaCt);
if 32, € X : D =( then
‘ continue;
end
if Vo, € X : D* = {a;} then
if a=(a1,...,a,) is a feasible solution. then
‘ return a;
else
‘ continue;
end
end

Choose unassigned variable z; in P2 = (X, D% C) and value v; € D;

DI {Ib(DeY, .. vi}; DI {v 41, ... ub(DE) Y,

Prepend P? = (X, D2 C) to L ; Prepend P! = (X, D1 C) to L;
until L = (;
return Instance infeasible

Algorithm 2: Backtracking with constraint propagation
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problem D" with the new domain D}) = {Ib(D$), ... ,v;} is considered, as PZ-CLCt’l
is prepended to L after Pfcm (see line 19 in Algorithm 2). Algorithm 2 terminates
by returning a feasible solution or by returning that the instance P is infeasible.

In our presentation of BCP, we choose a branching strategy known as domain
splitting |66] (see line 17 in Algorithm 2). Other strategies for creating new choice
points in the search tree are 2-way or d-way branching [66]. 2-way branching creates
two new nodes from the incumbent node by selecting a value v; from the domain of
the chosen variable x; and adding the constraint x; = v; to P2 in the first node
and the constraint x; # v; to the second node. d-way branching (also known as
enumeration) creates | D?*| new choice points by successively adding the constraints
x; = v; for all v; € D" to P***. Hwang and Mitchell [45] show that 2-way branching
is strictly more powerful than d-way branching. It can be easily seen that d-way
branching can be imitated by 2-way branching without a significant loss of efficiency.
To prove their claim, the authors show that the claim exchanging 2-way with d-way
in the last statement is not true. In addition, Van Hentenryck [84] compares the
d-way branching strategy to the domain splitting strategy.

To decide about the selection of the unassigned variable and a corresponding
domain value, CP solvers apply wariable and walue ordering heuristics. Different
variants for ordering the variables and respective domain values are discussed in
[66]. One example for a technique for variable and value selection is to choose the
unassigned variable with the smallest domain and then the first value of the associ-
ated variable domain. In Sect. 3.2 and Sect. 3.3, we discuss a more sophisticated
variable and value ordering heuristics which has turned out to be efficient in SAT
solving and also in the context of the RCPSP.

BCP explores the search tree with a depth-first search strategy. This is due
to the fact, that in the repeat-loop, the algorithm always selects a node from the
currently maximal depth level in the search tree based on the variable and value
ordering heuristic.

Limited discrepancy search is another technique for the search tree exploration
which differs from the depth-first search principle [38]. With this technique, it can
be the case that a node from a depth level m can be processed before a node from
the depth level n, where m < n. Harvey and Ginsberg [38] theoretically and experi-
mentally show, that limited discrepancy search is a more effective way to explore the
search tree in the context of globally consistent CSPs compared to the depth-first
search strategy used in BCP.

BCP leads to a conflict or dead end, if both choice points arising from a node
lead to inconsistent CSPs; i.e. if one of the conditions in lines 7 and 13 of Algorithm
2 is true for both choice points. In case of a conflict, Algorithm 2 backtracks from
at node a the depth level m to a node at the depth level m — 1. Hence, it backtracks
chromologically. In some cases, it can be possible to backtrack from the depth level
m to the depth level n, where n < m —1, i.e. to backtrack non-chronologically. This
technique is also known as backjumping [66]. We will discuss backjumping in the
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context of SAT solving in Sect. 3.2 and in the context of an exact solution method
for the RCPSP in Sect. 3.3.

BaB algorithms with constraint propagation can be applied to find an optimal
solution of a COP (see Algorithm 3). The principle of BaB with constraint prop-
agation is similar to the BaB algorithm implemented in MIP solvers introduced by
Dakin [21].

The node with the highest priority is selected from the list L (see line 6 in Algo-
rithm 3). Achterberg [2] summarizes and evaluates different strategies for calculating
the priority of a node in the context of MIP. These are based on the objective value
of the linear programming relaxation of the MIP formulation stored in a node. His
proposed node selection strategies can be generalized for the application in a BaB
algorithm with constraint propagation.

Therefore, a lower bounding function bound® : 2P1>*Pn 4 R depending on the
objective function o has to be given, where 2P1%XDPn represents the power set of
Dy x -+- x Dy. bound® has to fulfill the following two conditions:

Fy C Fy = bound®(Fy) > bound’(F») (3.1)
bound’(F1) < o(x),Vz € Fy

bound® is also applied to decide if a node can be pruned (see line 21 in Algorithm 3).

Moreover, every time a better solution is found, we add a constraint to the
constraint set C, forcing the objective value of new solutions to be better than or
equal to the best known value o(a*) (see line 15 in Algorithm 3). Note, that the
underlying CP solver has to provide a mechanism for the handling of the added
constraint on the objective function.

In many applications the objective function can be modeled as a linear combi-
nation of the decision variables o(x) = p1 - 21 + -+ + pn - . In this case, we can
define bound® as follows:

bound®(D x - x D) = py -2t 4+ 4 py, - 212

(DoY), if > 0
b _ A k =
where 2" = { ub(D{),  else

This is a correct lower bounding function for the above objective function, as it fulfills
(3.1) and (3.2).

Moreover in this case, the constraint uy - x1 4+ -+ + pin, - , < o(a*) can be added
to the constraint set. A constraint propagation algorithm on the above constraint
can deduce the following upper bound update:

: act a*_zi;ﬁk “j'mé'b 1 >
ub(Dgety Tn {“b(Dk ); {uk » i =0 (3.3)
ub(D{), else
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Input: COP P = (0, X, D,C).
Output: Optimal solution a* or Instance infeasible (no solution exists).

1 L« 0;

2 o(a*) < oc;

3 Calculate priority prio of node P;

4 Append (pTiO,P) to L // Elements of L sorted by descending prio of nodes;
5 repeat

6 Pact « (L. first).value;

7 Remove L. first from L;

8 Ppact Y pTOp(DaCt);

9 if 32, € X : D> = then

10 ‘ continue;

11 end

12 | if Vo, € X: D ={q;} then

13 if (a=(a1,...,an) is a feasible solution) N (o(a) < o(a*)) then

14 a* + a;

15 C + CU{o(x) <o(a*)};

16 continue;

17 else

18 ‘ continue;

19 end
20 end
21 if bound®(D$ x --- x D) > o(a*) then
22 ‘ continue;
23 end
24 | Choose unassigned variable z; in P> = (X, D" () and value v; € D&;
25 | DUl {I(DEY), .. v} DI e {up+ 1, ub(DS));
26 Calculate prio; and prios for P! = (X, D! C) and P? = (X, D2, C);
27 Add (prioy, P') and (prioz, P?) to L;
28 until L = (;

N
©

if o(a*) = oo then

‘ return Instance infeasible
else

‘ return a*

end

W oW W W
W N = O

Algorithm 3: BaB with constraint propagation
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Moreover, it can deduce the following lower bound update:

act a* =3 it My 4P .
lb(DgCt) - max {lb(Dk ) {WJ } , ifuk <0 (3.4)
Ib(Dg), else

w [ ub(D), if g, >0
where zj { (DI, else

If the domains of all variables z;, € X are updated based on (3.3) and (3.4),
this leads to bound consistency of the constraint on the objective function or to
inconsistency of the latter.

Achterberg [1| describes an efficient procedure for updating the domains based
on (3.3) and (3.4) in the course of the BaB algorithm without having to recalculate
the complete term on the right hand side of (3.3) and (3.4) in every node of the BaB
tree and to only consider situations, where there is a possibility of an update. He also
proposes strategies to avoid numerical errors, which can appear if the coefficients uy
are real numbers.

3.1.2 CP for scheduling problems

Standard CP solvers offer the possibility to model complicated problem specific struc-
tures by global constraints [5]. Informally speaking, a problem structure which is nor-
mally expressed by a number of e.g. linear constraints is captured in one expression.
Bessiére and Van Hentenryck [12] provide a formal definition of global constraints.

cumulative is a well-known global constraint for the modeling of renewable re-
sources in the context of scheduling problems [4]. In case of a SRCPSP, we can
model the renewable resource constraints (2.6) by the following linear constraints
[50]:

S =1, ieJ (3.5)
te{lb(s;),...,ub(s;)}
min{¢ ; ub(s;)}

Z Z o Yir <CLLVE=0,..., T -1, VreR (3.6)
1€J s=max{t—d;+1; Ib(s;)}

_ {0,1}, if ¢t € {Ib(s;),...,ub(s;)} ]
Yir © { 0}, te{0,.. TY\{ib(si),...,ub(sp)} " €T BT

With the binary decision variables y;;, ¢ = 0,...,T, the starting time of job ¢ is
modeled, i.e. y;; is equal to one if job 7 starts at time ¢ and zero else.

CP solvers like e.g. Gecode [34] provide the possibility to model renewable re-
source constraints (2.6) in a more compact way through cumulative:

cumulative(s,d,c?,CF), VreR

)
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In the above formulation, the usage of |n+2|- (ub(s;) —Ib(s;) + 1) binary variables is
omitted, i.e. we can directly use the integer variables s; € {Ib(s;),...,ub(s;)}. Fur-
thermore, there are only |R| cumulative constraints to model renewable resources,
whereas (3.6) integrates |R| - T linear constraints.

Besides a feasibility check w.r.t. (2.6) (without the index x; in case of the SR-
CPSP), cumulative integrates specialized constraint propagation algorithms like e.g.
TP and edge finding (EF) [8]. These algorithms lead to stronger domain reductions
compared to propagating every linear constraint from (3.5) - (3.6) separately.

If the deadline T is arbitrary, the problem of finding a feasible schedule w.r.t.
the renewable resource constraints with s,,1 < T is already N'P-complete for the
single mode case with |R| =1 [73]. Thus, it is unlikely that there exists an efficient
constraint propagation algorithm which obtains hyper-arc or bound consistency of
cumulative. TP and EF are all polynomial constraint propagation algorithms and
maintain a weaker level of local consistency.

TP works with compulsory parts cp; of the jobs j € J [74]:

(3.8)

cp; = { {ub(sj), ey lb(Sj) + dj — 1} , if lb(Sj) + dj > ub(sj)

0, else

If ¢pj # 0, we can conclude that job j is surely processed in every time interval
[t,t + 1[, where t € cp;.

On the one hand, TP can detect an inconsistency, i.e. a time point ¢, at which
there is a violation of the renewable resource capacity of r € R:

Yo o> (3.9)

Jitk€Ecp;

An efficient algorithm for the inconsistency check can be implemented with a
time complexity of O(].J|-log(]J])) with data structures called resource profiles® [73].
If no inconsistency is detected, TP tries to deduce lower and upper bound up-
dates. If for job i € J there is a time point Ib(s;) < t* < Ib(s;) + d; — 1 such
that
o+ D > (3.10)
JFut*Ecp;
it follows, that s; must be greater than t*, i.e. we can update lb(s;) < t* + 1.

This procedure can be repeated until there is a time point [b(s;) < t* = tyax <
Ib(s;) + d; — 1 which either fulfills (3.10) and

Vi tmax + 1 <t < tmax + di o+ D) &.<cr (311
Jj#itEcp;
and  tmax < ub(s;) (3.12)

'These are also known as eventlists [6].
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or (3.10) and tmax > ub(s;). In the first case, tyax+1 is the best possible lower bound
for job i deducible by TP. In the second case, TP again found an inconsistency. Note,
that TP applies a symmetric procedure to process upper bound updates.

An efficient TP algorithm for the deduction of possible domain updates for all
jobs j € J, can be implemented with a time complexity of O(]J|?) again using
resource profiles [73].

EF applies reasoning based on the energy e; = d; - ¢£_ of the jobs i € J w.r.t. the
renewable resource r € R. Therefore, let ¥ C J be a set of jobs and let (), ub(¥)
and ey be defined as follows:

Ib(V) = min{lb(s;)}

€W
V) = i i
ub(W) riré%x{ub(s )+di}
ey = Z €;
1evw

A SRCPSP instance is energy-feasible w.r.t. resource r € R, if:
VU CJ: ey < (ub(l)—1b(T))-C~.

Note, that if a SRCPSP instance is resource-feasible w.r.t. r € R, i.e. it fulfills (2.6),
it is also energy-feasible but the converse does not hold.
Hence, the following theorem can be stated [8]:

Theorem 3.1.1. If there exists a job i € J and a set W C J\{i}, such that:
(ub(®) — (¥ U {i})) - CF < equqsy. (3.13)
then all jobs j € U have to end before the end of job i.

Assume now, that we found a job i and a set ¥ fulfilling the above theorem.
Moreover, let rest(¥, i) be defined as follows:

rest(V,i) = ey — (CF —¢f,) - (ub(¥) — Ib(W)).

Informally speaking, rest(¥,) is the energy consumed by the jobs j € ¥ which is
above or below the rectangle with the area (CF —¢f,.) - (ub(¥) — Ib(¥)).

If rest(¥,7) > 0, there are at least [rest(¥,4)/c | time points in the interval
[1b(V), ub(V)[ at which job ¢ cannot be processed. One can see, that in the above
case job i cannot start at any time point ¢ € {Ib(s;), ..., b(¥)+ [rest(¥,q)/c 1 —1}
as this would lead to a violation of Theorem 3.1.1 or a resource overload. ’Hence,
Ib(s;) can be updated to Ib(¥) + [rest(¥,i)/cf, 1.

If all jobs 7 € ¥ must end before the end of 4, then also all jobs j € ¥/ C ¥ must
end before the end of i. Moreover, there can be different sets ¥ C J\{i}, fulfilling
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(3.13). An EF algorithm deduces the maximal possible lower bound update for every
job i € J, i.e. it computes:

W (si) = \IlQJ\{i}:{Iln%ﬁﬁlls (3.13) \Iﬂgq/:%%g(\y',z‘)>o{lb(\1ﬂ) + [rest(¥,9)/c 1} (3.14)

Note that similar updates can be deduced for ub(s;), if we “invert” the instance,
i.e. maximal ending times ub(s;)+d; are converted to minimal starting times Ib(s;) =
T — (ub(s;)+d;) and minimal starting times [b(s;) to maximal ending times ub’(s;) +

Baptiste et al. [8] propose an EF algorithm with a worst case time complexity
O(]J|?). Mercier and Van Hentenryck [55] show, that this algorithm is incomplete,
i.e. it does not compute the maximal possible lower bound w.r.t. (3.14). They also
provide a complete EF algorithm running in O(|J|? - k) where k < |J| is the number
of different values in {¢f,...,ch,} for r € R. Vilim [88] improves the worst case
time complexity to O(|J| - log(|J|) - k).

Baptiste et al. [8] theoretically compare many different propagation algorithms
for cumulative. Nothing can be said about TP being stronger than EF or vice versa.
However, they show that both TP and EF are weaker than energetic reasoning |8,
p.67] which has a worst case time complexity of O(|J|3).

The following two examples show possible deductions based on EF and TP, and
that neither of the two are better than the other one.

Example 3.1.2. EF is not stronger than TP
One renewable resource with a mazimal capacity CP = 2 and two jobs with the
following input are given:

(domain(s1),dr,c]) = ({3,4,5},2,1)
(domain(ss), da, b)) = ({2,3,4},3,2)

The compulsory part of job 2 cpa = {4}. As lb(s1) +di = 3+ 2 > 4, starting job 1
at its lower bound would lead to a resource conflict at the time point te, = 4. As
tmaz fulfills (8.10), (8.11) and (3.12), tmaz + 1 = 5 is the maximal possible lower
bound for job 1 deducible by TP. The respective lower bound update is visualized in
Fig. 3.1.

EF does not lead to a lower bound update of job 1, as

(ub({2}) — Ib({1,2})) - 2>2-1+3-2

Hence, both jobs 1 and 2 fit in the respective rectangle (see Fig. 3.2). Thus, there is
no set U for job 1 fulfilling the condition of Theorem 3.1.1, which is necessary for a
lower bound update of job 1 based on EF.
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resource usage

Update 1b(s1)

cr=21

Cp3

9 3 4 5 time horizon

Figure 3.1: Example 3.1.2, TP

resource usage

cr=2+

2 7 time horizon

1b({1,2}) ub({2})

Figure 3.2: Example 3.1.2, EF, Theorem 3.1.1 not applicable for job 1
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resource usage

cr =2+

Cp2 Cp1

9 6 3 time horizon

Figure 3.3: Example 3.1.3: TP, compulsory parts

resource usage

CPr=2+4+ ————e - ‘

1 4 6 7 10 time horizon

Figure 3.4: Example 3.1.3, EF, Theorem 3.1.1 applies for job 1

Example 3.1.3. TP s not stronger than EF
One renewable resource with the mazimal capacity CP = 2 and three jobs with the
following input are given:

(domain(s1),dr,c)) = ({1,...,6},7,1)
(domain(sz), da, b)) = ({1,2},5,1)
(domain(ss),ds,cs) = ({1,...,4},3,1)

Job 1, job 2 and job 3 have the compulsory parts cpy = {6,7}, cpa = {2,...,5}
and cps = 0, respectively (see Fig. 3.3). TP does not lead to a lower bound update of
job 1, as it can be scheduled at its lower bound without causing a resource violation.

EF can possibly deduce a lower bound update, as condition (3.13) of Theorem
3.1.1 is fulfilled for job 1 and ¥ = {2,3} (see also Fig. 3.4):

3
(ub({2,3}) — Ib({1,2,3})) - C* =12 < 15 =Y "/ - d;.

7
i=1
As rest({2,3},1) =2 > 0, it holds, that the starting time of job 1 must be greater
than or equal to three (see Fig. 3.5). One can verify that this is the mazimal possible
lower bound for job 1 which can be deduced by EF, i.e. 1b™*(s1) = 3.
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Update Ib(s1)

resource usage /
Cr =21

rest({2,3},1) 1

(ub({2,3} —1b({2,3})- (2—-1)

1 3 7 10 time horizon

Figure 3.5: Example 3.1.3, EF, Lower bound update based on (3.14)

Vilim [89] proposes an algorithm combining TP and EF which is stronger than
EF but still weaker than energetic reasoning. TP, EF and the combination of both
are the most widely used constraint propagation rules for cumulative, as they have
a lower worst case time complexity compared to energetic reasoning.

3.2 Introduction to SAT Solving
The SAT problem can be defined as follows:

Definition 3.2.1. Find an assignment for the boolean variables x; € {0,1},i =
1,...,n, such that a given conjunction of clauses (disjunctions) consisting of the
literals x; or —x; is true or prove that no such assignment ezists.

The conjunction B under consideration can be written as follows:

B=D;A---AD,,
where ®, =Ifv---VIFE Vk=1,...,p,

(R

Jie{l,...,n} : Fefa,—a}, Vi=1,... 0 VE=1,...,p,
x; € {0,1},i=1,...,n.

The SAT-problem was the first problem proven to be N'P-complete [33]. By
a polynomial transformation of the SAT problem to the 3-SAT-problem, the SAT
problem consisting of clauses with up to three literals, it can be shown that even this
rather small SAT problem is already NP-complete [33].

Davis and Putnam [22] were the first to propose a solution approach for the SAT
problem. The refined version of the latter approach proposed by Davis, Logemann,
and Loveland [23] is known as the Davis—Putnam-Logemann-Loveland (DPLL) al-
gorithm. The DPLL algorithm is a backtracking algorithm similar to Algorithm 2
in the context of CP solving. In every iteration, it creates two new choice points
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by choosing an unassigned variable z; and assigning it to 0 (false) and 1 (true)
successively (see line 17 in Algorithm 2).

The propagator prop(...) (see line 6 in Algorithm 2) applies unit propagation
(UP). UP processes the following update for the clauses Dy, k=1,...,p:

@je{l..,i}: ViF=0)=1f=1 (3.15)
t#j

An efficient implementation of UP can be realized by the integration of the two
watched literal scheme [56]. An advantage of this procedure is that clauses do not
have to be checked for every assignment of its literals but only when one of the two
watched literals is assigned to zero. Another advantage is that the watched literals do
not have to be changed when the DPLL algorithm backtracks [1]. The experiments
of Moskewicz et al. [56] show that the integration of the two watched literal scheme
for the implementation of UP can lead to significant performance improvements
compared to other state-of-the-art implementations at that time.

The DPLL algorithm additionally applies pure literal elimination. If there exists a
boolean variable x; such that there are no pairs of literals lfll , lf; € {x;, i}, k1 # ko
with lfll = ﬂlé?j, the clauses containing literals [ € {z;, ~x;} can be eliminated. This
is due to the fact, that we can always find an assignment for the respective variable
x; such that the clauses containing xz; are true.

Modern SAT solvers are based on the DPLL algorithm in combination with
conflict analysis (CA) techniques (see [53] and [91]). A conflict occurs if through
UP a clause ©, becomes false, i.e. [fV---VIZ =0.

The CA mechanism tries to find new clauses for the SAT problem based on the
conflict at hand. These new clauses can possibly prune nodes of the search tree in
later iterations. Furthermore, CA can deduce backjumps, i.e. with CA, the DPLL
algorithm becomes a non-chronological backtracking procedure. The principles of
CA are outlined in Sect. 3.2.1. Our description of CA is mainly based on the
publications of Marques-Silva and Sakallah [53], Zhang et al. [91], Achterberg [1]
and Schutt [73].

Another important part of the DPLL algorithm is the choice of the boolean
variable and respective value based on which the search continues. Modern SAT
solvers apply a conflict driven variable and value selection strategy [56]. Moreover,
periodical restarts of the SAT solver with information from the previous run have
turned out to be efficient [56]. We discuss the concepts of conflict driven search and
restarts in Sect. 3.2.2.

There exist many different implementations of SAT solvers, which differ in the
CA procedures and the search strategies. Zhang et al. [91] experimentally evaluate
various implementations.

3.2.1 Conflict Analysis

Every time the DPLL algorithm detects a conflict, the CA mechanism is initialized by
building up a conflict graph G = (N, E). Thenodes N C {z1,...,Zn, T1,...,Zp U
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{k} of the directed graph G correspond to the literals involved in the conflict and
the conflict » itself. An arc e = (=¥, l;“) € E is drawn between the literals —I* and
l;?, if UP applied to the clause D}, led to the deduction lé? =1 and

(\ vk =0

t#s,]

was the reason for the deduction (see 3.15). Moreover, an arc e = (=l%, k) € E is
drawn from —[7 to the conflict node &, it I7" is an element of the conflict clause D,

ie.
Vv =o.
t#j

Moreover, we distinguish between branching nodes (literals), i.e. nodes which were
assigned because of a branching decision and deduction nodes, i.e. nodes which were
assigned because of a deduction based on UP.

Every node also integrates information about the decision level, i.e. the depth
level in the search tree, where the respective literal was assigned.

For the deduction of a conflict clause the node set is partitioned into two sets IV,
and N, with N, UN, = N and N, N N, = (). N, contains all branching nodes and
N, contains the conflict node. We can deduce the following conflict clause ® for the
problem at hand from the set K = {l, € N, : 3. € N, with (I,,1.) € E}:

2=\ I

lreK

If the clause ® is false in an iteration of the DPLL algorithm, this will again lead
to the conflict k. In general, every partition of the node set into a set containing
the branching nodes and a set containing the conflict node leads to a conflict clause.
State-of-the-art SAT solvers determine the conflict clause based on an unique impli-
cation point defined as follows (see also [53], [91] and [1]):

Definition 3.2.2. unique implication point (UIP)

A literal | in the conflict graph G assigned in the decision level d of the search tree is
a UIP, if every path from the decision nodes at decision level d to the conflict node
leads through 1 or through an UIP at a decision level d' > d.

If every literal which was assigned after the UIP is added to the set N, and the
other literals are added to the set IV, we call the conflict clause derived from the
partition {N,, N.} a UIP clause. The experiments of Zhang et al. [91] on benchmark
problems from microprocessor formal verification and bounded model checking show
that the addition of the clause derived from the 1-UIP outperforms approaches using
other UIP clauses or other conflict clause generation techniques. In this context, the
1-UIP is the UIP on the highest decision level which is closest to the conflict node k.

To apply non-chronological backtracking, the CA mechanism also generates 1-
UIP reconvergence clauses [1|. Therefore, assume that [} is the 1-UIP and d is the
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respective decision level. 1-UIP reconvergence clauses are based on a partition of the
node set N into N, which contains all branching nodes and V. which contains [J; but
not necessarily . Nodes which are on the frontier of N, i.e. in the set R = {l, €
N, : 3l. € N, with (I;,1.) € E} define the respective 1-UIP reconvergence clause
R as follows:
"=\ -l Vvi
lreR

Note that the 1-UIP reconvergence clause fR is also called a clause not involving
a conflict [91] as here the set N, may not contain the conflict node . In contrast to
that, x must always be an element of the set N, in a partition {N,, N.} leading to
a conflict clause.

We now consider a special 1-UIP reconvergence clause derived from the partition
of N into the sets N, and N, which can be useful for non-chronological backtracking.
Assume therefore, that lfl is the branching node on the decision level d. Firstly, we
add ZZ to N, and the 1-UIP Iy to N.. All nodes coming after ZZ on the paths
connecting lg with the 1-UIP % are inserted into the set N, and the remaining
nodes in the set N,. The respective 1-UIP reconvergence clause 98 only contains
the branching node lfl in the form —|lg from the current decision level d. The other
literals of R are all of smaller decision levels.

After the deduction of the 1-UIP conflict clause and the special 1-UIP recon-
vergence clause R, the CA mechanism is initialized again with the latter clauses.
The branching decisions made at smaller decision levels which were involved in the
conflict x together with the two new clauses will lead to the deductions that [ = 0
and lg = 0. If these new deductions together with the clause database again lead
to a conflict, the DPLL algorithm can backtrack to the decision level d’ < d where
the last branching decision was made which led to the conflict x. If ' < d — 1, the
backtracking move is a real backjump, as in contrast to standard backtracking, we
resume the algorithm at a decision level which is more than one unit smaller than
the current decision level.

With the following example, we aim at illustrating the theoretical concepts from
above. It is inspired by the example of Marques-Silva and Sakallah [53].
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Example 3.2.1. Conflict analysis (clause learning and non-chronological
backtracking)
The following SAT problem is given:

D1 =21V Iy Do =21 VagVaer
D3 =19V a3V Iy D4 =14 VsV g
D5 = x4 VgV T10 D = x5 V g

D7 = —~xg V ~x10 Dg = x11 V 27

Do =11 V12 Dio =21 Vg VT2
D11 =11V "x9 D12 = w11 V5 V 26
x; € {0,1}, Vi=1,...,n

As indicated by the dots, the problem also consists of other clauses and variables. We
assume, that these are independent of the clauses written above, i.e. they integrate
different variables x;, where i # 1,...,12.

The DPLL algorithm makes the following branching decisions:

o 13 = 1 at decision level 1
o 211 = 0 at decision level 2

o At decision level 8 a variable x;, 1 # 1,...,12 from the remaining problem is
chosen

e 11 =1 at decision level J

At decision level 4, a conflict Kk is detected by UP leading to the conflict graph
visualized in Fig. 3.6. Note that the branching decision at level 3 has no effect
on the conflict graph, as the remaining problem consists of clauses independent of
@1, ... ,@12.

x4 15 the 1-UIP, 1.e. the UIP on the highest decision level 4 which is nearest to
the conflict k. If we add all literals which were assigned after x4 to the set N, and the
remaining nodes to the set N,., we obtain the 1-UIP conflict clause € = x9gVx19Vx4.
This clause is added to our problem.

Furthermore, from the partition given by N. = {x2,x3, 24} and the set N, con-
sisting of the remaining nodes, we obtain the 1-UIP reconvergence clause SR = —x1 V
x7 V x4, This clause is also added to our problem.

The re-evaluation of the branching decisions at the levels 1 and 2 again leads to
a conflict with the conflict graph given in Fig. 3.7. Thus, both branching decisions
x1 =1 and x1 = 0 af level 4 lead to a conflict and all relevant branching decisions
have been made at levels smaller than 3. Hence, instead of continuing with the negated
assignment at the decision level 3 as in standard backtracking, the DPLL algorithm
can continue with the assignment x11 = 1 at the decision level 2.
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decision level = 1

9/1)%38 Qx decision level = 2

................................................. decision level = 3

D, 1-UIP reconvergence clause:
@ P —x1 VIV
3 ® @

3

@//

T4 decision level = 4

1-UIP conflict clause:
Tg V 219V 24

@ @
o 5,/
B

Figure 3.6: Clause learning based on the 1-UIP x4
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0, decision level = 1

211

¢ @ﬁg QR decision level = 2
CS (@2)

.

Figure 3.7: Deductions for non-chronological backtracking
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3.2.2 Conflict-based variable-value selection strategies and restarts

A well-known variable and value selection strategy for the DPLL algorithm is the
variable state independent decaying sum (VSIDS) decision heuristic proposed by
Moskewicz et al. [56]. To realize this strategy, the SAT solver maintains conflict
counters k’? and kzl for every variable z; and its respective values 0 and 1 which are
initialized with zero.

Whenever a literal appears in a conflict clause, the counter of the respective
variable-value combination is increased by one. For example, if the literal —z; is part
of a conflict clause, the counter kY for the assignment z; = 0 becomes kY + 1. The
DPLL algorithm selects the unassigned variable and assignment with the highest
counter. Ties can be broken by arbitrary strategies. After a predefined period the
counters are decreased by a certain factor.

The motivation of this decision heuristic is to fulfill newly generated conflict
clauses, i.e. to drive the search away from conflicts. Therefore, the counter of older
conflict clauses is also periodically decreased.

Restarting the DPLL algorithm is also a commonly applied technique of SAT
solvers. Therefore, the solution process is periodically stopped, i.e. all assignments
are undone, and restarted with the conflict clauses and counters from the previous
run. The intuition behind this strategy is that in the new run, the SAT solver
has potentially more information about literals involved in conflicts. Therefore, the
DPLL algorithm can possibly circumvent conflict-prone decisions earlier in the search
tree.

The benchmark results of Moskewicz et al. [56] show, that a SAT solver inte-
grating the VSIDS decision heuristic together with restarts and the two watched
literal scheme produces on average significantly better results compared to other
then state-of-the-art implementations, especially on hard SAT instances.

3.3 Combination of CP and SAT techniques to solve the
RCPSP

The BaB algorithm with constraint propagation (see Sect. 3.1) applied in CP solvers
can be enhanced by SAT solving techniques, i.e. a CA mechanism, a conflict-based
variable-value selection strategies and restarts. The generation of conflict clauses in
the context of CP is also known as nogood recording [66].

Two recent optimization frameworks, SCIP [2| and G12 [83], provide a BaB algo-
rithm which combines CP and SAT solving techniques. LCG [62], an exact CP-SAT
hybrid integrated into G12, has turned out to be highly efficient for variants of the
SRCPSP, i.e. the SRCPSP with SPRs and GPRs and the aim of makespan mini-
mization and the SRCPSP with SPRs and the aim of net present value maximization
(see [74], [77] and [75]).

The main approaches used in this dissertation, i.e. LCG and a SCIP-approach
are described in Sect. 3.3.1 and 3.3.2, respectively.
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3.3.1 Lazy clause generation

LCG was firstly proposed by Ohrimenko et al. [62] and then re-engineered by Feydy
and Stuckey [28]. This solution procedure combines a BaB algorithm with constraint
propagation and a SAT solver.

Therefore, the domains {lb(s;),...,ub(s;)} of every variable s; are encoded by
2 - (ub(s;) — lb(si)) + 1 boolean variables in the SAT solver:

[s; =t] : t=1b(s;),...,ub(s;)
[s; <t]: t=1b(s;),...,ub(s;)

The variables are true (1) if the respective equations are fulfilled in the recent
state of the BaB algorithm and false (0) otherwise. Moreover, clauses have to be
defined in the SAT solver about domain based reasoning:

[[Si = lb(sz)]] — [[Si < lb(SZ)]]

[si =ub(s;)] <=  —[si < ub(si)—1]
[si=t] <= [si <t]A-[si <t—1], te{lb(s;)—1,...,ub(si)}
[si <t] = [si <t+1], t € {lb(s;),...,ub(s;) — 1}

Furthermore, an assignment of boolean variables in the course of the solution
process can be converted back to a domain of a variable s;, i.e. domain(s;) consists
of the values t € {lb(s;),...,ub(s;)} for which

[si: = t] is true,
or [s; < t'] with ¢/ >t is true,
or —[s; < t'] with ¢ <t is true.

To integrate clause learning, the constraint propagation algorithms have to pro-
vide ezplanations for their processed domain reductions. These are given as clauses
to the SAT solvers.

If for example cumulative captures TP and EF, it can explain the reasons for
inconsistencies or domain reductions in various different ways, for example with a
naie explanation or a bound widening explanation (see also [74] and [72]). An
explanation for an inconsistency at the time point ¢, w.r.t. the renewable resource
r € R detected through TP (see (3.9)) is given as follows:

/\ E; = false (3.16)
Jitk€cp;

(5.35) can be divided into the sub-explanations Ej for every job participating in the
conflict, i.e. having its compulsory part at time t,. In a naive explanation, F; is
given as follows:

Ej = [lb(sj) < s;] A [s5 < ub(sy)] (3.17)
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In this context (b(s;) and ub(s;) are the lower and upper bounds of the variable s;
at the time the conflict was detected.
In the bound widening explanation E; is substituted by:

Bj= [te—dj+1<s;]A[s; <t] (3.18)

Note, that the bound widening explanation is potentially stronger than the naive
explanation, as t, — d; +1 < Ib(s;) and ub(s;) < .

It is reasonable to create an explanation for the inconsistency with a minimum
number of jobs j € J with ¢, € cp; as this leads to a conflict graph with a small
number of nodes [72]. Finding the explanation (3.16) with the minimum number
of jobs can be done with a time complexity of (O(|J| - log(|J]))) by sorting the

jobs j € J with ¢, € cp; in non-increasing order of cﬁr [72]. Jobs ji,...,jk are

added to the explanation (3.16) based on this sorting until S35 i > Cr +1and
k—1

Zl:l CJpLT < CY.

A lower bound update of job i from [b(s;) to tmax deduced by TP (see Sect. 3.1.2)
w.r.t. resource r € R is processed and explained in a stepwise manner based on the
time points tg,...,ts with

t() = lb(sl) (3.19)
ts = tmax (3.20)
tr — -1 < di, Vil = 1,...,5 (3.21)
Yo &> -, Vi=1,...,s (3.22)
j:tlfIEij
In general, many different alternatives for the selection of the time points t,...,ts

and the jobs j with ¢; — 1 € cp; exist. The selection of jobs and time points only
has to fulfill conditions (3.19) - (3.22). In this context, Schulz [72] shows, that it
is strongly N'P-hard to find time points to, ..., ts fulfilling (3.19) - (3.21) and jobs
J € J fulfilling (3.22) such that the total number of jobs involved in at least one of
the s inequalities in (3.22) is minimized.

s explanations Ellb are generated based on the selected time points. These are of
the following form:

Et=ta<s]n N E=[u<s] Vi=1,..,s (3.23)
j:tlflecpj

Again, one can distinguish between naive or bound widening explanations as in
(3.17), i.e. Ej in (3.23) can be given by:

E}qaive = [ib(s;) < s5] A [sj < ub(sj)]
or EM = [t—d;i<s]Als;<t—1]

Heinz and Schulz [41] and Schutt et al. [74] provide and evaluate heuristic rules
for the choice of the time points tg,...,ts. Note, that after the choice of the time
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points, we can again determine the explanation El”’ which involves the minimum
number of jobs having their compulsory parts in the time interval [t; — 1,¢;[ by a
similar principle as in the inconsistency case. Upper bound updates can be explained
in a symmetric way.

Example 3.3.1. Explanations for TP Assume that we are in the situation of
Example 3.1.2. With the time points tg = 3 and t1 = 4, the naive explanation for
the lower bound change of job 1 from 3 to 5 is as follows:

[[3 < 81ﬂ A ([[2 < 82]] A [[32 < 4]]) - [[5 < 81]]. (3.24)

In this case, the naive explanation is equivalent to the bound widening explanation
aslb(s2) =2=4—-3+1=t; —dy+ 1 and ub(sy) =4 =1;.

A lower bound update of the variable s; deduced by EF can again be explained
in a naive way or in a stronger way which applies bound widening [74]. Therefore let
U C J\{i} be a set fulfilling (3.13) and ¥’ C ¥ be a set with rest(¥’,i) > 0. The
naive explanation for the update of Ib(s;) to Ib*(s;) = Ib(V') + [rest(V',4)/c}, ] is as
follows:

[b(si) < sl A\ [1b(s5) < s3] A [s5 < ub(s;)] == [16°(s) < s4]
JjEV
Using bound widening the naive explanation from above can be strengthened as
follows:

[b(si) < sl A\ [I6(R) < 55+ dj <ub(D)] A\ [ID(Y) < 55+ dj < ub(T)]
JEW\{w} jew
— [[lb*(sl) < Sz’]]

Example 3.3.2. Explanations for EF

In Ezample 3.1.3 the lower bound of job 1 is updated to 1b™**(s1) = 3. The update
is based on the set of jobs U(¥') = {2,3}. Therefore the naive explanation is as
follows:

[1<si]A(L<sa] As2<2])A([L< s3] Alss <4]) = [3 < s1]

Again, the bound widening explanation is equal to the naive explanation from above.
If e.g. the upper bound of job 2 ub(s2) is equal to one, this would lead to the same
lower bound update of job 1, but the bound widening explanation would be stronger
than the naive explanation, because then ub(s2) =1 < 2 = ub({2,3}) — da = 2.

State-of-the-art EF algorithms as proposed in [88] and [55] do not compute the
sets ¥ and ¥’ for which [0™*(s;) in (3.14) is attained, explicitly. To store informa-
tion about the sets ¥ and ¥’ during the EF algorithms, Schutt et al. [74] extend the
state-of-the-art EF algorithms which leads to an increase in complexity by a factor
of |J].
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In the SCIP-approach of [72] the values Ib(¥’), ub(V’), Ib(¥) and ub(¥) are stored
in the course of the EF algorithm. Hence, in case the lower bound update of s; to
Ib™a(s;) is part of explanations leading to a conflict, the latter information can be
accessed to compute the sets ¥ and W’. More precisely, ¥ and ¥’ consist of jobs j
with 16(¥) < s;j+d; < ub(¥) and 1b(V') < sj +d; < ub(¥’) respectively at the time
the propagation took place.

The explanations generated by the global constraints are given as clauses to the
SAT solver. The boolean literals on the left hand side of the explanation, i.e. before
—, are assigned to 1 (#rue). Thus, the SAT solver deduces by UP, that also the
literal on the right hand side of the explanation, i.e. after =, must be true. In
case of a conflict, the CA techniques of the SAT solver computes nogoods based on
the resulting conflict graph?. These nogoods are added to the clause database of
the SAT solver to possibly deduce new domain reductions or cutoffs in the BaB tree.
Note, that in the current implementation of LCG described in [28], non-chronological
backtracking is not supported.

Furthermore, the conflict statistics of the SAT solver guide the branching de-
cisions in the BaB algorithm. More precisely, the variable-value combination with
the highest conflict counter is chosen, i.e. if the literal [y < t*] has the highest
conflict counter, two new nodes are created, where y <t* or y >t*+ 1. In other
words, LCG integrates the VSIDS branching heuristic. The computational experi-
ments of Schutt et al. [74] and Schutt et al. [77] on SRCPSP instances with SPRs
and GPRs respectively show the benefit of a conflict-driven search strategy with
periodical restarts over a scheduling-specific search strategy.

3.3.2 The optimization framework SCIP

The optimization framework SCIP integrates solution techniques from CP, MIP and
SAT solving and combines them in a Branch and Bound (BaB)-algorithm with pre-
processing [1|. In addition, it can be used as a standalone CP, MIP and SAT solver.
Moreover, the user can influence the SCIP-intern solution procedure by adding new
constraint handlers (i.e. global constraints), primal heuristics, cutting plane tech-
niques, branching rules etc. [2].

The constraint handler cumulative was introduced by Berthold et al. [11] for
SCIP. This constraint handler captures TP and EF algorithms with a connection to
the SCIP-intern CA mechanism through explanation generation. The explanation
generation principles are described in [72]. These are similar to the ones introduced
in Sect. 3.3.1.

SCIP also integrates a conflict-driven branching rule called inference branching
[1]. The latter integrates ideas from the VSIDS decision heuristic. Because of the
functionality provided by SCIP, one can apply this tool to solve the SRCPSP with

2An good example for the CA process in the context of LCG for the SRCPSP can be found in
[77].
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an approach similar to LCG. Computational experiments testing the solution of the
SRCPSP with SPRs with SCIP are summarized in Sect. 4.3.

An important difference between the solution approach of SCIP and LCG, which
is usable via G12, is the principle of the solver-intern CA mechanism. LCG generates
explanations and adds them to the SAT solver every time a global constraint deduces
a bound update or a conflict. In SCIP, the CA mechanism is initialized only when a
conflict is detected by a constraint handler. After the initialization, the CA mecha-
nism searches for variables and respective bounds which are involved in the conflict.
If a new bound of a variable derived by a certain constraint handler is involved in
a conflict and the respective constraint handler integrates explanation generation,
the CA mechanism uses this explanation of the bound update to generate a conflict
graph. If the conflict graph is fully initialized, the CA mechanism searches for no
goods and backjumps. Informally speaking, in LCG the conflict graph is constructed
in a forward manner, whereas the conflict graph in SCIP is generated in a backward
manner. Advantages and disadvantages of the conflict graph construction strategies
are discussed in [41].

In this context, it is also important to note, that SCIP is the first solver to
integrate CA in the context of MIP, i.e. it incorporates conflict learning based on
infeasible linear programming relaxations [1].

3.3.3 Conclusion on optimization frameworks

To conclude, there are two important optimization frameworks relevant in this dis-
sertation, which incorporate solution principles from CP and SAT solving, namely
SCIP and G12. SCIP offers more flexibility to the user, as there is e.g. the possibil-
ity to implement new constraint handlers for specific problem characteristics and to
directly influence the solution algorithm. In G12, the user can only use the existing
global constraints to formulate a problem at hand in the modeling language Zinc (see
|54]). However, it is possible to choose between different exact solution algorithms
including LCG, the state-of-the-art exact approach for variants of the SRCPSP.



Chapter 4

Performance variability of
CP-SAT solvers for the RCPSP

In this chapter we analyze the effect of the predefined search space on recent exact
CP-SAT algorithms for the SRCPSP with SPRs. Firstly, Sect. 4.1 provides a well-
known CP model for the SRCPSP with SPRs on which our evaluation is based.
For our computational experiments, we use the optimization frameworks SCIP [2]
and G12 [83], i.e. solvers which provide a solution procedure combining CP and
SAT Solving techniques (see Sect. 3.3). Secondly, Sect. 4.2 presents the procedure
to construct the predefined search space and describes our parallel algorithm to
benefit from the performance variability which results from varying the initial search
space. Finally, Sect. 4.3 shows the architecture and results of our computational
experiments on instances with 60 jobs. Thereby, Sect. 4.3.1 emphasizes the effect
of the predefined search space on the analyzed exact algorithms and Sect. 4.3.2
shows a comparison of our parallel procedure to recent exact algorithms. Finally,
in Sect. 4.3.3 we explain the observed effect on the basis of further computational
experiments. The chapter ends with a conclusion derived from the obtained results.

4.1 A CP model for the SRCPSP with SPRs

Using the integer variables s; for the modeling of the starting time of job j, the
SRCPSP with SPRs can be modeled as follows in chosen CP modeling languages:

min Sn+t1 (4.1)
s.t. si+d; <55 VjiesS,Vied (4.2)
cumulative(s,d,cy,C?) Vr=1,...,m (4.3)
s;€{0,...,T}, Vi€ J (4.4)

Our aim is the minimization of the makespan which equals the starting time s,,41
of the dummy job n + 1 (see Sect. 2.1.3). Moreover, T" is a known upper bound on
the project makespan s,11 and can e.g. be set to >, ;d;.

47
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For the formulation of the resource constraints, we use the CP scheduling con-
straint cumulative (see also Sect. 3.1.2). This constraint guarantees resource feasi-
bility for a certain resource r =1,...,m:

Yoo &,<Ch Vte0,...,T—1 (4.5)
Jj€J,5;<t<s;+d;

Thus, the complete usage of resource r in time period [¢t,t + 1], 0 < ¢ < T — 1 must
not exceed the maximal capacity C¥.

If we implement the model within SCIP or G12, the cumulative-constraint cap-
tures scheduling-specific propagation and explanation generation algorithms (see
Sect. 3.3).

4.2 Activity List Preprocessing and Independent Parallel
Solution

In the computational experiments of Sect. 4.3, we analyze the effect of the pre-
defined variable domains on the behavior of recent exact algorithms. Before that,
this section outlines our parallel procedure to exploit the positive effect of varying
initial domains on the outcome of the exact algorithms. As the preprocessing step
of our procedure mainly consists of the random generation of a number of prece-
dence feasible permutations of jobs, i.e. activity lists (see Sect. 2.5), we call it AL
preprocessing.

To reduce the search space, one can define feasible lower and upper bounds Ib(s;)
and ub(s;) for the starting times (see also Sect. Sect. 2.4). Given an upper bound
(UB) on the makespan s,,41, which is the starting time of the dummy job n+ 1, one
can determine Ib(s;)(ub(s;)) by forward (backward) recursion (FBR) [16]:

Ib(sg) = 0; Ib(sj) = grel%x{lb(si) +d;}, jeJ—{0} (4.6)

ub(sp41) = UB;  ub(s;) = ?g}gn {ub(s;) —d;}, jeJ—{n+1} (4.7)

The above procedure for determining feasible domains for the variables s; is only
based on the precedence constraints (4.2). Thus, [b(s;) is the maximum of the
earliest finishing times of the direct predecessors P; of job j and the latest finishing
time is the minimum of the latest starting times of the direct successors S; of j.
Once having determined 1b(s;), ub(s;) for an upper bound UB by (4.6) and (4.7),

16/ (s;), ub(s;) can be easily evaluated for another feasible upper bound UB':
lb/(Sj) = lb(Sj) (4.8)
ub'(s;) = ub(s;) — (UB—UB") (4.9)

Firstly, via the AL preprocessing step, we generate a number of feasible upper
bounds UBq,...,UB;. Afterwards, the upper bounds UBy, k € 1,...,[ are used for
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the determination of 1b¥(s;) (ub®(s;)) by (4.6)-(4.9). Finally, for every k € 1,...,1,
we define the CP-model RCPSP* of Sect. 4.1 with the variable domains Dé? =
{1b%(s;), ..., ub®(s;)} and solve the models RCPSP*, k € 1,...,1 independently on
[ different processors by the solver tools implementing the general exact solution
procedures described in Sect. 4.1.
For the generation of feasible upper bounds UBy,..., UB;, we first determine Ib(so)
and ub(so) based on the trivial upper bound UBg = >_,.;d;. Then we generate a
number of ALs by a randomized version of the minimum latest finishing time priority
rule (MINLFT).

Given a set of eligible activities E, (i.e. activities for which all predecessors
have already been inserted in the current AL), we randomly choose the next activity
Ju € By for the insertion with the following probability (see also [80]):

L Wma¥ep, {ub(sy) + di} — (ub(s;,) +dj,)
P = 5 e (maxgep, {ub(sy) + di} — (ub(s.) + d))

(4.10)

After having generated an AL Ax = (jo,...,Jn+1), We can generate a feasible
upper bound UBy, with the SSGS (see [47] and Sect. 2.5). Thereby, SSGS takes the
activities j,, v = 0,...,n + 1 from Aj in the given order and schedules them at
the earliest point in time such that resource and precedence feasibility is guaranteed.
This procedure can be implemented with a running time of O(n? m) (see [6] or [16]),
where m is the number of resources. Finally, we obtain UBy = s¥ ;.

It has to be mentioned that two different AL can lead to the same upper bound
UB. Clearly, for the generation of the domains Df = {Ib*(s;), ..., ubk(s;)} we only
consider UBs with UBy # UBg, Vk, s with k # s.

Fig. 4.1 again summarizes our AL preprocessing and parallel exact solution
procedure (ALPaPES). For the results presented in Sect. 4.3.1 we omit Step 2b),
i.e. we wait for the results of every processor such that the advantage of the parallel
solving runs with different domains Df can be shown.

4.3 Computational Experiments

The following section summarizes the computational results of the ALPaPES proce-
dure of Sect. 4.2. Thereby, the results are based on evaluations with the 480 60-job
instances of the PSPLIB introduced by Kolisch and Sprecher [50].

On the one hand, we want to show that our procedure can improve recent gen-
eral exact algorithms. Therefore, we compare our results to the LCG and the
SCIP approach (see Sect. 4.3.2). On the other hand, we want to show the pos-
itive effect of generating more AL and using more processors (see Sect. 4.3.1).

'"We also carried out evaluations on the 90- and 120-job instances from the PSPLIB which are
beyond the scope of this dissertation. These experiments reinforce the results of the following
sections.
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Input Parameters: Number p of ALs to generate and time limit L
Step 1: AL Preprocessing

a Randomly generate p feasible ALs based on a fixed priority rule (see e.g.
(4.10)).

b Apply the SSGS to the ALs to obtain [ different upper bounds UB4,..., UB;
on the makespan.
¢ Determine the domains D;‘-" forall j € Jand k=1,...,1 based on (4.8) and

4.9) with 18%(s;) and ub®(s;) calculated from UBy = > _._, d; in Step la.
J J jeJ j

Step 2: Parallel exact solution
a Solve the models RCPSP* defined by the domains Df,j € J by a general
exact solution procedure on processor k£ with the time limit L.

b Stop the solution process on all processors with k # u as soon as the first
model RCPSP* is solved optimally or stop after the time limit L has
elapsed.

-----

Figure 4.1: AL preprocessing and parallel exact solution (ALPaPES)
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Also in Sect. 4.3.1, we computationally verify that the best results of our ap-
proach are mostly not achieved through the smallest search space determined through
UB* = mingeqy,. 1) {UBg}. The experiments of Sect. 4.3.3 give an explanation for
the observed effect.

The experiments were carried out on the Vienna Scientific Cluster. Thereby,
the cluster nodes integrate a X86-64 architecture running under GNU/Linux with
Intel(R) Xeon(R) X5650 processors of 2,66GHz and with 24GB RAM. The experi-
ments with SCIP were carried out with version 3.0.0 and the additional branching
rule presented in Sect. 4.3.2 which was implemented by the SCIP team.

For the experiments with LCG we used the G12 Constraint Programming Plat-
form (see [83]) (version 2.0.0) provided by the NICTA research group. Thereby, we
used the Zinc-modeling language with a mapping to the gl2 fdx LCG solver which
uses MiniSat as the underlying SAT-Solver. A time limit L = 600s was used for the
solver runs as in the LCG-approach of [74]. For both, the SCIP and the G12 runs,
we implemented the CP-model presented in Sect. 4.1 with different variable domains
obtained through the UBs.

For the parallel SCIP runs, we used Open MPI 1.4.3 (see [32]) in combination
with the C++-programming language. The parallel G12 runs were carried out with
the Python-module mpidpy (see [57]) in combination with the Python programming
language.

4.3.1 Positive Effects through the Generation of more Activity Lists

For the following experiments, we generated a maximum of 40 AL for each of the
480 60-job instances which lead to an average and maximum number of 9.16 and 24
different UBs, i.e. processors used for the parallel solving runs.

The results of our ALPaPES procedure on all 480 60-job instances from the
PSPLIB can be found in the Tables 4.1 and 4.2. There, we can see

1. the number of instances solved to optimality (# opt)

2. the number of times we reached the best known solution from the PSPLIB (#
best)

3. the average solution time (in seconds)

4. the average solution time on the instances solved to optimality (and solved to
optimality in the 40 AL setting)

5. the average relative gap w.r.t. the best known solutions (PSPLIB) (%)

6. the average gap w.r.t. the critical path lower bound (%)?

2Given through the length of the longest path in the successor-predecessor network.
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when generating 1, 4 and 40 AL and when we use the lowest UB given through the
40 generated AL (Lowest UBM) for the solver runs. Thereby, the solution time is
the CPU-time measured by SCIP and G12.

The measurements regarding 1, 4 and 40 AL correspond to the best results ob-
tained by SCIP or G12 on the respective number of processors.

Table 4.1: Comparison on all 480 instances (SCIP)

Measurements # AL Lowest
SCIP 1 4 40 UBM
7 opt 420 421 125 423
# best (PSPLIB) 425 430 434 425
avg.sol.time (all Inst.) 80.82 79.11 74.42 79.79
avg.sol.time opt.(opt.comp.) | 6.65 (13.63) | 6.12 (11.70) | 6.40 | 9.67 (12.47)
avg.gap (best) 0.61 0.51 0.37 0.59
avg.gap (crit. path LB) 11.34 11.20 11.00 11.32
Table 4.2: Comparison on all 480 instances (G12)
Measurements # AL Lowest
G12 1 4 40 UBM
# opt 430 430 430 429
# best (PSPLIB) 433 433 442 435
avg.sol.time (all Inst.) 68.97 67.70 66.79 69.94
avg.sol.time opt.(opt.comp.) | 7.22 (7.22) | 5.81 (5.81) | 4.79 | 6.92 (8.30)
avg.gap (best) 0.42 0.30 0.21 0.46
avg.gap (crit. path LB) 11.06 10.87 10.71 11.12

We can observe the following from the Tables 4.1 and 4.2:

# opt (best) The results for the SCIP runs show that it is better to generate more

AL and use more processors. We can solve 5 more instances to optimality and
we attain 9 more best known solutions compared to using only 1 AL. Moreover,
we can see that the results with 40 AL outperform the results when using the
lowest UB. Nevertheless, regarding # opt, performing the SCIP runs with the
lowest upper bounds should be preferred to running our ALPaPES procedure
with 1 or 4 AL.

When we regard the results of the G12 runs, we can observe nearly the same
regarding # best. The best known results are attained 9 times more often than
when we use only 1 AL.

Regarding # opt it does not make any difference to use 1,4 or 40 processors.
We can solve 5 more instances to optimality than with SCIP. Surprisingly,
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Table 4.3: Sol.time comparison on the non-easy instances

Measurements # AL Lowest
SCIP 1 4 40 | UBM
avg.sol.time 125.63 | 107.92 | 58.97 | 114.96
max.diff sol.time (40 AL) | 596.37 | 446.01 - 465.68
Measurements # AL Lowest
G12 1 4 40 | UBM
avg.sol.time 46.29 | 37.03 | 30.28 03.59
max.diff sol.time (40 AL) | 197.65 | 79.92 - 492.85

when using only 1 randomly generated AL, we can solve 1 more instance to
optimality than with the lowest of the 40 UB.

Solution Time Regarding the average solution time for all instances and the in-
stances solved to optimality, we can see that the setting with 40 AL clearly
outperforms all other settings both in the SCIP and G12 runs. Moreover, in
the setting with the lowest UB, the average solution time is &~ 2 times higher
than in the SCIP runs with 40 AL on the 425 instances solved to optimality.
In the G12 runs, this factor is =~ 1.7. Moreover, the second worst and the worst
average results are obtained in the setting with the lowest UB for SCIP and
G12, respectively.

Gap Again, for the SCIP and the G12 runs, the best results can be detected in the 40
AL setting. In the G12 runs, the worst and in the SCIP runs the second worst
results are obtained with the lowest UB. Moreover, when generating 40 AL
and applying our ALPaPES procedure with G12 (SCIP), we obtain a ~ 50%
(40%) better relative gap w.r.t. the best known solution from the PSPLIB.

In the above evaluations the use of several processors seems to have only a little
effect on the average solution time w.r.t. all 480 instances. This is due to the fact,
that a great percentage of the 480 60-job instances can be considered as easy, i.e.
they can be solved by SCIP or G12 in less than 1 second. To emphasize the gain of
using more processors regarding solution time, we excluded easy instances from our
evaluations, i.e. instances where the maximal solution time of all processors in the
40 AL setting is smaller than 1 second for the used solver.

With SCIP, we could eliminate 379 and with G12, we could eliminate 365 in-
stances. The following tables and figures are based on the remaining 101 and 115
instances, respectively.

Table 4.3 shows the results regarding solution time on the 46 and 65 non-easy
instances which can be solved to optimality by SCIP and G12, respectively. There,
the gain of generating more AL and the parallel solution becomes even clearer. We
obtain an average improvement of 66.7s and 16.0s in the 40 AL setting compared to



o4 Chapter 4. Performance variability of CP-SAT solvers for the RCPSP

Table 4.4: Gap comparison on the open instances

Measurements SCIP # AL Lowest
(best PSPLIB) 1 4 40 | UBM
avg.gap 0.23 | 4.46 | 3.38 5.13
max.dist gap 179 | 179 | 14.3 174
Measurements G12 (best # AL Lowest
PSPLIB) 1 4 | 40 | UBM
avg.gap 40 | 28|19 4.3
max.dist gap 149 | 74| 5.2 9.8

the setting with 1 AL with SCIP and G12, respectively. The lowest UBM setting
leads to the worst results with G12. In this setting, the average solution time is
by 56.0s and 23.3s higher than in the best setting (40 AL) with SCIP and G12,
respectively. Additionally, we can achieve a maximal improvement in solution time
of 596.37s and 492.85s with SCIP and G12, respectively when using the best found
search space? for the solver runs.

Table 4.4 shows the results regarding the average gap to the best known solutions
for the 55 and 50 instances which could not be solved to optimality by SCIP and
G12, respectively. We can see that in the 40 AL setting, we can reduce the maximum
relative gap by 3.6% and 9.7% with SCIP and G12, respectively.

Finally, we want to show the versatile distribution of the relative difference of the
UBs leading to the best results (UBZ!, k € K) w.r.t. the lowest of the 40 UBs
(UBj, k € K) for the set of non-easy instances w.r.t. SCIP (K = {1,...,101}) and
G12 (K ={1,...,115}):

UB;“*' — UB;,

ABest —
F UB;

(4.11)

The histograms in Fig. 4.2 and 4.3 plot Hk eK:a< AkBQSt < b}} for different
values @ > 0 and b < 0.30 for SCIP and G12.

The best found search space comes from Afe“"t—values in a range of 0—26.0% and
0—20.1% w.r.t. the lowest UB of the considered instance for the SCIP and G12 runs.
Thus, it is not worthwhile to consider UBs with UB; > 1.26 - UB; for an instance !
for the solver runs with the 60 jobs instances. Moreover, for a great portion (76%
and 82%) of the instances, APt lies within the range of 0 — 10%. However, in most
cases (70% and 78%), the smallest AP¢ does not lead to the best solver runs.

The above evaluations clearly show the gain of generating more AL and therefore
using more processors. In the 40 AL settings, we achieved the best results. More-
over, the efficiency of the applied exact solving algorithm strongly depends on the
predefined search space given through the UBs. By taking the best found search

3This search space is given through the variable domains leading to the best results on a pro-
Ccessor.
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space (40 AL setting) which is in most cases not given through the lowest UB, we
achieve a great improvement regarding the average solution time and the relative
gap to the best known solutions. This also emphasizes the increase in efficiency of
our ALPaPES procedure through the use of more processors.

4.3.2 Comparisons to Recent General Exact Approaches

In this section, we compare the results of our ALPaPES procedure with recent exact
algorithms whose principles are described in Sect. 4.1. At first, we compare our
ALPaPES procedure with 40 AL using SCIP (ALPaPES-SCIP) with the state-of-
the-art SCIP approach of [11] (SCIPN) in Table 4.5.

The enormous improvement of ALPaPES-SCIP compared to SCIPN concerning
solution time and quality is due to the following aspects:

1. The MIP techniques applied in the cumulative-constraint have a rather high
computational overhead compared to their impact on the dual bound. When
switching off all MIP-Plugins in SCIP and using SCIP as a standalone CP+SAT
Solver, additional evaluations show that # opt can be increased by 12 compared
to SCIPN.

2. By a new conflict-driven branching rule in combination with SCIP 3.0.0 # opt
can be increased by 17. In all existing SCIP versions, the conflict statistics used
by the inference branching rule (see [1]) are only connected to the variables s;
but not to their domains. The variable s; with the highest conflict-based score
is chosen and the following two branches are created (if the domain of s; has
more than one value):

5 < {WJ 5> V’(S);“b(S)J 11 (4.12)

The new conflict-driven branching rule which we applied for our experiments
integrates conflict statistics based on variables and domains. Thereby, the
conflict-based score is measured and updated for every boolean variable

[si <t], [si > t] with Ib(s;) <t < ub(s;). Branching is applied based on the
boolean variable with the highest score.

3. Finally, our ALPaPES procedure leads to the improvement which is described
in Sect. 4.3.1. This improvement can be achieved through generating a number
of different UBs as input for parallel SCIP runs instead of using only 1 run with
a random UB.

Finally, in Table 4.6 our ALPaPES procedure with 40 AL using G12 (ALPaPES-G12)
is compared to the best G12 approach (G12NRg) given by [74]*.

“Note that [74] used LCG via the Mercury programming language, not by a call of the g12 fdx
LCG solver via the Zinc modeling language like in our case.



56 Chapter 4. Performance variability of CP-SAT solvers for the RCPSP

Thereby, G12NRg is a LCG-approach with restarts of the VSIDS search of the
underlying SAT solver and with explanations obtained through the timetable prop-
agation algorithm of the cumulative-constraint.

The average solution time of ALPaPES-G12 is approximately the same compared
to G12NRg. The gain of ALPaPES-G12 can be detected when we analyze the ob-
tained solution quality. In nearly the same time we reach 442 best known solutions
compared to the 436 best known solutions of G12NRg. Moreover, we can decrease
the average distance to the best known solutions w.r.t. the open instances by 1.46
units.

Allin all, with our ALPaPES procedure we clearly outperform the state-of-the-art
SCIP approach of Berthold et al. [11] and we are competitive with the state-of-the-
art exact approach of [74] and even improve it w.r.t. the obtained solution quality.

4.3.3 Effect of a different branching rule

In the following, we present the results of a more simple branching rule in combination
with the solver G12 to computationally explain the above effect.

This rule chooses an (unassigned) variable based on a fixed order and creates a
new branch by setting the variable to its actual lower bound. The results are outlined
in Table 4.7.

We can see that the use of this branching rule leads to clearly inferior results
regarding solution time and quality. Only 397 instances can be solved to optimality
compared to the 430 instances when using the VSIDS decision heuristic. Moreover,
in most cases (= 80%) the lowest UB setting leads to the best results (see Fig. 4.4).

Firstly, we can conclude that the VSIDS decision heuristic is a key factor leading to
the efficiency of the LCG-approach. Moreover, we can not observe a similar variation
in the outcome of the LCG approach as with the VSIDS decision heuristic. Thus,
the observed variation in the exact algorithms can be explained by the effect of the
predefined variable domains on the branching decisions obtained through VSIDS.
Variations in the UBs of the variable domains can lead to different values in the
conflict statistics. At a point in the BaB tree this can lead to completely different
decisions for different initial domains. Varying decisions can infer a more successful
exploration of the search space, i.e. an optimal solution can be found earlier or
stronger nogoods or greater backjumps can be deduced. Both cases can lead to an
improvement in solution time and quality and thus to a better outcome with a higher
UB as input.

4.4 Conclusion

We have analyzed the effect of the predefined search space on the behavior of recent
exact algorithms for the SRCPSP with SPRs (see [11] and [74]). Moreover, we have



4.4. Conclusion o7

developed a simple parallel solving procedure to take advantage of the positive effects
found in our investigation.

Our computational results show, that the efficiency of the applied solvers (SCIP
and G12) strongly depends on the predefined variable domains which define the
search space. We observed variations in solution times of 582s and an increase of the
maximal gap to the best known solution by 9.7% when a “bad” predefined search
space is used for the solver runs. Moreover, the predefined search space leading to the
best performance of the underlying solver was rarely given by the variable domains
determined through the lowest UB.

Furthermore, we computationally verified that the above effect is mostly due to
the influence of the initial variable domains on the branching decisions based on
VSIDS. Varying initial domains can lead to completely different conflict statistics
which guide the path in the BaB search tree. Thus, larger initial variable domains
can lead to a more successful exploration of the search space, i.e. the exact algorithm
is able to find the optimal solution earlier or to derive stronger nogoods or greater
backjumps. As it is hard to predict the effect of the predefined search space on the
branching decisions in advance, parallel computing was our method of choice. We
developed a simple parallel procedure (ALPaPES) to take advantage of the positive
dimensions of the measured effect. This procedure consists of running an exact
algorithm on the same instance with different predefined upper bounds on different
processors. Thereby, the best result of all used processors determines the outcome
of our procedure. The gain of our procedure is clearly due to the use of parallel
computing. Sequential testing of the generated UBs would not be efficient.

By our ALPaPES procedure with SCIP as the underlying solver, we can signifi-
cantly outperform the state-of-the-art SCIP approach of [11] on the 60-job instances
of the PSPLIB. We decrease the average solution time by nearly 92% and solve 34
more instances to optimality.

Furthermore, when using G12 as the underlying solver, we are competitive with
the state-of-the-art exact approach of [74] considering solution time and even out-
perform this approach w.r.t. solution quality. With our approach we reach the best
known solutions on the 60-job instances from the PSPLIB in 6 more cases and we
decrease the average distance to the UBs of the PSPLIB by 1.46 units.

An interesting future direction is a theoretical analysis of the observed effect.
The main question to pose is if there is a possibility for the exploitation of the
effect without the use of parallel computing. Another point is the analysis of other
initial factors influencing the exact algorithms and to exploit them in a parallel
environment.
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Table 4.5: Comparison with recent exact approaches

avg.sol.time (480) avg.s.t. (opt.) Fopt Fbest
SCIPN 892.10 358.60 391 401

ALPaPES-SCIP 74.42 6.40 425 434
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4.4. Conclusion
Table 4.6: Comparison with recent exact approaches
avg.s.t.(480) avg.s.t. (opt.) #opt #best avg.dist.b.
G12NRg 66.01 4.01 430 436 3.7
ALPaPES-G12 66.79 4.79 430 442 2.24

Table 4.7: Results with the branching rule: Smallest variable index, smallest domain

value

# AL Lowest
G12 1 4 40 UBM
7 opt 393 394 397 395
# best (PSPLIB) 393 394 397 395
avg.sol.time (all Inst.) 112.0 111.21 110.24 111.46
avg.sol.time opt.(opt.comp.) | 3.97 (9.97) | 4.52 (9.03) | 7.84 | 6.34 (9.33)
avg.gap (best) 3.94 4.04 3.11 3.18
avg.gap (crit. path LB) 17.5 16.3 15.0 15.1
100 T
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Figure 4.4: Distribution of AkBGSt for the new branching rule







Chapter 5

CP-SAT approaches for the
MRCPSP with SPRs

In this chapter, extensions of the state-of-the-art CP-SAT approaches for the SR-
CPSP with SPRs are proposed with which multi-mode instances of the latter problem
can be solved in an efficient way. Sect. 5.1 introduces three problem formulations in
optimization frameworks which support the solution by a BaB algorithm integrat-
ing CP and SAT techniques. One of these models integrates cumulativemm, a new
constraint handler which we implemented within SCIP. In Sect. 5.2, we describe
the principles of the latter. Sect. 5.3 discusses the results of our computational
experiments and draws a comparison to the state-of-the-art exact approach for the
MRCPSP with SPRs of Zhu et al. [92]. The chapter ends with a conclusion derived
from the obtained results.

5.1 G12- and SCIP-models for the MRCPSP with SPRs

In the following, we present three CP-models for the MRCPSP with SPRs in the
optimization frameworks G12 and SCIP (see Sect. 3.3). Sect. 5.1.1 contains one
model which can be used within the Zinc-modeling language [54]| which is supported
by G12 and Sect. 5.1.2 describes two models which can be implemented within SCIP.

5.1.1 A formulation for the Zinc-modeling language
For the modeling of the starting time of job i and the mode assignment of job i, we
use the integer variables s; and z;, respectively. With the latter variables and the

notation of Sect. 2.1, the MRCPSP with SPRs can be formulated as follows in the

61
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CP-modeling language Zinc:

min = S$p41 (5.1)
st si+dig <sj, VjeEG,Vield
Y s <Cr, WreN (5.3)
icJ
cumulative(s,d,c”,Cf), VreR (5.4)
sj € {lb(sj),...,ub(s;)}, VjeJ (5.5)

rj€M;, VjeJ

where

[sj ] € J] (5.7)
[dj,xj 1 J € J]
[ . jel

JZj,T

S
d
c’

The dummy job n+1 represents the end of the project, i.e. minimizing the makespan
is equal to minimizing s, 11 (see 2.1.3 for the detailed characteristics of a dummy job).
Furthermore, as a preprocessing step we can remove special mode combinations and
deduce the lower and upper bounds Ib(s;) and ub(s;) for the starting time variables
in (5.5 (see Sect. 2.4).

(5.2) are multi-mode precedence constraints. With (5.3) and (5.4), we assure
that the available capacities of the nonrenewable and renewable resources are not ex-
ceeded. Hereby, in (5.4) we use the scheduling specific global constraint cumulative
(see also Sect. 3.1.2)%.

To apply this constraint for the MRCPSP with SPRs, we introduce the variable
vectors s, d and ¢ in (5.7) - (5.9). In the above formulation, variables appear in
the indices of parameters, like e.g. in d;,,. This modeling technique can only be
applied if the respective solver supports the global element-constraint introduced by
Van Hentenryck and Carillon [85].

In general, the element-constraint has the following form (see also Example 3.1.1
in Sect. 3.1.1):

element(y, X, 2) (5.10)

(5.10) guarantees, that the y-th element of the variable (or parameter) vector x equals
the variable z, i.e. x, = 2. Clearly, if x has n entries, it must hold that y <n — 1 if
zero is the first index. Propagation algorithms captured by the element-constraint
can infer domain updates for the variable z in case of domain updates of y or of the
entries x; of x and vice versa.

'Details regarding the implementation of this constraint in G12 can be found in Schutt [73].
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P

i, re internally transformed to

In the case of our model, the terms d; ,, and ¢
new variables d, c;’j » and ¢, by posting the following constraints:

element(z;,[d; ) : k € M;),d}) (5.11)
element(x;, [c}, . & k€ Mi,¢l), VreR (5.12)
element(zy, [cfy, : k€ M, ¢), VreN (5.13)

Thus, in our application, after a transformation of the respective solver only the
variables d’i and c;p ,» are used in the cumulative-constraint.

5.1.2 Formulations for SCIP

SCIP provides the optcumulative-constraint introduced by Heinz et al. [42] to model
renewable resource constraints in the context of multi-mode jobs. However, to apply
the above constraint for the MRCPSP, we have to introduce integer starting time
variables s; j, for every job ¢ and mode k and the binary variables x; j for the mode
assignment of job ¢. Note, that the mode-assignment is modeled by binary variables
as SCIP does not support the element-constraint.

With the latter variables and the notation of Sect. 2.1, the MRCPSP can be
formulated as follows in SCIP with the optcumulative-constraint:

min Sn+1,1 (5.14)
sty mp=1, VielJ (5.15)
keM;

Sik +dig - Tik < S5,

Vi€ 6;,VieJ Vke M;, Vle M; (5.16)
DY ik <CL VreN (5.17)
icJ keM;
optcumulative(s,x,d,¢",C?), VreR (5.18)
sik € {lb(sjk),...,ub(sjk)}, Vi€ J, kel (5.19)
z;r€40,1}, VjelJ ke M; (5.20)
where
s=s'0... 08" where s}, = s; 1, Yk € M;, i € J (5.21)
x=x"0---ox"" where x}, = z;, Vk € M;, i € J (5.22)
d=d%---0d"™, where dj, =d;, Vk€ M;, i€ J (5.23)
c"=c" o0 where CZ,’T = cﬁkﬂ,,Vk eM;,icJreRr (5.24)

To guarantee a correct input for optcumulative we have to use the variable
vectors § and X and the parameter vectors d and ¢” which are given in (5.21)-(5.24).



64 Chapter 5. CP-SAT approaches for the MRCPSP with SPRs

In this context, the operator o is defined as the concatenation of two vectors, whereas
the vector ¢ = a o b is obtained by appending the elements of b coordinate-wise to
a.

Again, we minimize the starting time s,41,; of the dummy job n + 1, which
can only be processed in mode 1. With (5.15), (5.16) and (5.17), we formulate the
uniqueness of the mode-assignments, the multi-mode precedence constraints and the
nonrenewable resource constraints, respectively. (5.18) guarantees that the maximal
capacities of the renewable resources are not exceeded.

The above SCIP-formulation has two major disadvantages.

Firstly, we have to introduce starting time variables for every job-mode combi-
nation (i,k), i € J, k € M.

The second disadvantage has to do with the implementation of the optcumu-
lative-constraint (see Heinz et al. [42]). The domain propagation step and the
inconsistency check for a variable s;,, in the optcumulative-constraint only con-
siders variables s;,j # ¢ for which x;, = 1 in the recent node of the BaB-tree.
However, also variables s;,j # i, where the mode-assignment has not been done
yet, can be considered for the domain propagation and the inconsistency check of a
variable s; p,.

To overcome the above disadvantages, we aimed at implementing a new global
constraint cumulativemm for SCIP to be able to apply a more general form of domain
propagation and explanation generation for renewable resources in the context of
multi-mode jobs where we only have to introduce starting time variables s; for every
job j € J. The principles of the cumulativemm-constraint are outlined in Sect. 5.2.

With our new constraint and again binary variables x; . for the mode-assignment,
we formulate the MRCPSP with SPRs as follows in SCIP:

min = Sp41 (5.25)
st. Y wip=1, VielJ (5.26)
keM;
sit > dig-mip<s5, VjEG,Vie ] (5.27)
keM;
SN dppwin <CL VreN (5.28)
icJ keM;
cumulativemm(s,%,d,c", C?), Vr € R (5.29)
S; € {lb(Sj), e ub(sj)}, Vied, ke Mj (5.30)
Tk € {0, 1}, Vield ke Mj (5.31)

5.2 Principles of the cumulativemm-constraint

With our cumulativemm-constraint, one can model renewable resource constraints
for multi-mode jobs. The main ingredients of the cumulativemm-constraint are a
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feasibility check and functions for preprocessing (see 2.4), constraint propagation
and explanation generation (see Sect. 5.2.1 and 5.2.2) for a certain resource r € R.
Our constraint enforces feasibility w.r.t. the renewable resource r € R:

Z Cimr <CP, Vte{l,...,T}

jEJ, me]V[j: t*djmerlSS]'St AN $j7m=1

The other constraints in the SCIP-model of the MRCPSP with SPRs are modeled
by the SCIP-intern constraint handler for linear constraints and can therefore be
handled by the SCIP-intern solution principles.

The constraint propagation procedure consists of a redundancy check and a do-
main reduction step. We firstly check the multi-mode data for redundancy in the
current node of the BaB tree. In concrete, if we assume the maximal mode duration,
the maximal resource consumption and the maximal processing interval for every job
J € J in the current node and the underlying schedule is feasible w.r.t. the renewable
resource r € R, we can locally remove our constraint from the solution procedure.
This is due to the fact, that in the above case, it cannot be violated anymore in the
succeeding branches of the BaB tree.

The domain reduction step is mainly based on the calculation of a minimal prob-
lem instance (MPI) (see Heilmann [39]) in every processed node of the BaB tree, i.e.
the transformation of the multi-mode data to a single-mode representative.

We assume that the uniqueness of the mode-assignments can still be fulfilled in
the succeeding nodes of the BaB tree, i.e. it is not the case, that:

JieJ: (ke M;: Ib(ziy) = 1}] > 2
ordicJ: Vke M;: ub(z;r) =0

If one of the above cases is present, we cut off the current node of the BaB tree and
initialize the SCIP-intern CA and we do not apply our propagation algorithms.
Otherwise, we calculate a minimal processing version MPV,, =

(domain(sj);d?ﬁ“;cﬁn) for every job j € J and renewable resource r € R as
follows:
i = ]%1}‘21] {dj : ub(z;y) >0} (5.32)
emin min {cﬁk’r Cub( ) > 0} (5.33)

In (5.32) and (5.33), we calculate the minimal duration and resource consumption
of resource r € R w.r.t. the modes which have not been excluded (ub(x;j; > 0) in
the recent node of the BaB tree.

With the MPT at hand, we can apply standard constraint propagation algorithms
for renewable resources like e.g. TP and EF (see Sect. 3.1.2). Our current imple-
mentation of the cumulativemm-constraint only integrates TP.
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In case of the MRCPSP, the compulsory part c¢p; of a job j (see also Sect. 3.1.2)
is defined as follows:

o, :{ {ub(sj),...,zz)(sj)ergﬂn—1}, i Ub(s) + ™ > ublsg) 5 o
0, else

Example 5.2.1. TP for multi-mode jobs Assume that in the course of the BaB-
algorithm of SCIP and after the redundancy check, our constraint propagation pro-
cedure has the following input:

(domain(s), domain(zy,1),d11, ¢} ;1) = ({3,4,5},{0,1},2,1)
(domain(s;), domain(z12), d1 2, 0’1)’271) = ({3,4,5},{0,1},3,2)
(domain(SQ),domain(xgyl),dg,l,657171) = ({2,3,4},{1},3,2)

The mazimal capacity of the renewable resource 1, CY = 2. We can see that job 2 is

processed in mode 1, as xo1 = 1. Thus, dj*" = 3 and cg’?{" = 2. Moreover, job 2
is surely processed at the time point 4, as its compulsory part cpy = {4}. Next, we
consider job 1 with di""™ = 2 and ¢/{" = 1. cp1 = 0 but we can deduce a domain

update. As Ib(s1) +d7"™ = 3+ 2 > 4, starting job 1 at its lower bound would lead to
a resource conflict at the time point 4. The TP algorithm will find the largest time
point t1 — 1 = 4 such that the capacity is violated (2 + 1 > 2). After that 1b(s1)
would be updated to t1 = 5 which equals ub(s1) and a new compulsory part of job 1
cp1 = {5,6} is evaluated.

Note, that the principles of our constraint propagation procedure are standard
techniques. These are applied in a similar way in CP solvers like e.g. JaCoP [46]
which provide the cumulative-constraint supporting variable durations and resource
consumptions for every job.

The idea of integrating explanation generation, i.e. of processing reasons for the
deduced domain reductions or inconsistencies to a SAT solving mechanism is rather
new. To our knowledge, there are only two optimization frameworks integrating this
feature, i.e. SCIP and G12.

Schutt [73] describes principles for explanation generation in the context of jobs
having variable durations and resource consumptions. These explanation generation
techniques are integrated in the cumulative-constraint provided by the G12. In
our cumulativemm-constraint, we explain the reasons for the domain reductions or
inconsistencies in a different way. In the next two sections we introduce our strategy
for explanation generation and compare it to the strategy of Schutt [73].

5.2.1 Explanations for TP with multi-mode jobs

In order to integrate our constraint into the SCIP-intern CA mechanism, we have to
provide functions for the cumulativemm-constraint which derive explanations for the
inconsistencies or domain updates detected by the TP algorithm. In addition to the
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Boolean literals integrating s; (see Sect. 3.3.1), the explanations of cumulativemm
also consist of [z = 0].

Assume now, the TP algorithm found an inconsistency because of the jobs having
their compulsory parts cp; (see (5.34)) at time ¢,, and cause a resource violation:

min P
> Git >

Jitk€cp;

Then, our constraint handler derives the following explanation:

/\ E; = false (5.35)

Jitk€cp;

(5.35) can be divided into the sub-explanations Ej for every job participating in the
conflict:

Ej= [ta—d™ +1<s;]A[s; <t

A A [jm = 0] (5.36)

mmeM; and ub(x;,m)=0

E; is correct as in a situation, where the variables s; and x;,, have bounds as in
(5.36), the compulsory parts cp; of the involved jobs would again include the time
point ¢, and this would again lead to a resource violation. Note, that d;”m and c;”Tm
are calculated by (5.32) and (5.33), respectively.

In addition to explanations for inconsistencies, our constraint handler also pro-
cesses explanations for domain updates deduced by our TP algorithm to the SCIP-
intern CA mechanism. SCIP stores information about the time the bound changes
took place and about the constraints which processed the domain updates through a
so-called bound change index (BCI). In the course of the BaB-algorithm, the SCIP-
intern CA can ask our constraint handler for an explanation of the new lower bound
Ib*(s;) of job i at the BCI b, if it was deduced by the cumulativemm-constraint.

Therefore, we introduce the time point ¢ = 1b*(s;) — 1. Jobs j € J\{i} with
compulsory parts cpg? where t € cpé’- such that:

min,b min,b o
e D D ¢
Jj#itEcp;

were responsible for the bound change at the BCI b. Additionally the lower bound
Ib(s;) of job i has to exceed a certain value for the domain update. The complete
explanation consists of two clauses e; and f, where e; contains the minimal lower
bound of s; and f the compulsory parts cpg of jobs j # i with t € cpg’-. e; 1s given as
follows:

ei= [t—d"™P+1<s] A A [Zim = 0]
m:meM; and ub(xzm):(]
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The clause f is as follows:

f= A E;

jii#i and tecp?

where Ej is given through a small variation of (5.36). We replace t, by t, d;-ni“ by
d}nin’b and ub(zj ) by ub®(z;,,). Thus, we evaluate the latter values for the given
BCI b. The complete explanation for the bound change Ib(s;) — 1b*(s;) is given
through:

eNf—= [[lb*(sz) < SZ']] (5.37)

The argument for the correctness of the above explanation is the same as in the
inconsistency case. Note, that the explanation (5.37) depends on the BCT b.
In our TP algorithm we process the bound changes in a pointwise manner, i.e. we
guarantee that b*(s;) — Ib(s;) < d;m"’b. With this, we want to imitate the pointwise
explanations proposed by Schutt et al. [74]. The explanations for the upper bound
changes are processed in a symmetric way.

The following example illustrates a possible outcome of our explanation genera-
tion procedure.

Example 5.2.2. Firstly, we extend Erample 5.2.1 by another job with two modes
and the following input:

(domain(sz), domain(zs1),ds1, ¢4, ) = ({5},{1},2,2)

Note, that there is a resource conflict at time point t, = 6, as 6 € cp1 N cp3 and
11(=2) + (= 1) > 2. The explanation for this inconsistency is as follows:

([5<si]Als1 <6])A([6 < s3] Alsz <6]AJxz2=0]) = false (5.38)

Note, that job 3 is processed in mode 1 and for job 1 it holds, that ub(zy ) > 0, Vk €
M. After the initialization of the SCIP-intern CA, SCIP asks our constraint handler
for the reason of the lower bound change of s1 from 3 to 5 from Example 5.2.1, i.e.
an explanation for the literal [5 < s1].

Qur constraint handler gives the following explanation:

[[3 < 81]] VAN ([[3 < 82]] VAN [[82 < 4]] A [[ZL‘QQ = 0]]) - [[5 < 81]] (5.39)

Every boolean literal from (5.38) and (5.39) is added as a new node to the SCIP-
wntern conflict graph. Moreover, an arc is constructed from every boolean literal of
the left-hand side of the explanation to the boolean literal on the right-hand side.

5.2.2 Comparison to other explanation generation techniques and
possible improvements

Schutt [73, p.96] also introduces explanations for the cumulative-constraint where
the durations and the resource consumptions of the jobs can be variables. In our
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G12-model of Sect. 5.1, we use this constraint with the duration vector d and the
resource consumption vector ¢ to model the resource constraint for the renewable
resource r € R. After the transformation given by (5.11) and (5.12), the G12 solution
approach will only use the variable vectors d’ and ¢ in the cumulative-constraint.
These are connected to the original durations and resource consumptions by the
element-constraint (see (5.11) and (5.12)).

With our notation, the preliminary version of the explanations for a lower bound
update of s; to 1b*(s;) applied in the cumulative-constraint (see Schutt |73, p.96])
are as follows (at the BCI b):

[10*(si) — 16°(d;) < s AI°(df) < i [ A[I0°(,) < A

A [16% (i) — W6 (d}) < s;] A sy < 1b%(si) — 1] ATI°(d) < df ] A
j:g#i and teep!
A [°(cr) <P ] = [Ib*(si) < si (5.40)

j:i#i and tecpt

Schutt [73] notes, that these explanations can be strengthened by choosing differ-
ent values ¢; and [; instead of [b°(d}) and lbb(c;,p "), respectively. For example consider
the case where the domain of d, is internally encoded as a range of consecutive values
but the set D; = {d;m, m € M;} consists of nonconsecutive values and it holds that
1°(d}) ¢ D;. Then, by using ¢ = min{d;;m : dim > b°(d})}, the explanation (5.40)
can be strengthened. Schutt [73] specifies the values ¢; and [; which lead to the
strongest explanations.

In our explanation for a domain update (see (5.37)), we omit the part where the
resource consumptions of the involved jobs are explained as in (5.40). This is due
to the fact, that as soon as certain modes are excluded, we can reason about the
minimal duration d™" and the minimal resource consumption c?}rm. Thus we do not
have to introduce explanations for both durations and resource consumptions. This
can be an advantage compared to the explanations of Schutt [73].

Assume therefore, that we are in a situation in a node ¢ of the BaB tree where
the input is the same for both algorithms, and both algorithms already generated
the explanations (5.37) and (5.40), respectively at node b with the same set of jobs
Jexp involved in both explanations. Additionally,

min,b .
4 = 160(d)), Vi € Joxp (5.41)
min,b .
cj,r = lbb(c;{)r)v vj € Jexp (542)

Moreover, the left hand side of (5.37) is true at node ¢ and
Ik € Jexp: ty € Py ANIB(L,) > I0°(L) (5.43)

whereat the first two lines of (5.40) are true. As (5.37) is true, our algorithm will
immediately deduce [b*(s;) < s;.
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Because of (5.43), the G12-algorithm will not immediately deduce the latter lower
bound update. As the first two lines of (5.40) are true and (5.41) and (5.42) hold,
we can conclude that

xj € M;’ ={m:m € M; and ub(w?—jm) > 0}, Vi € Joxp (5.44)

and thus ()’ ) < ¢/, i.e. lbc(ck ) can be updated to 1b°(c}’,). Now, the complete
left hand side of (5. 40) is true and the G12-algorithm will also deduce 1b*(s;) < s;.

The update of 1b°(xy) outlined in (5.44) and the update of lbc(ck ) have to be
processed by the element-constraints (5.11) and (5.12) in the G12-algorithm before
the explanation (5.40) leads to the update of 1b*(s;). As this update happens imme-
diately with our explanation (5.37), there are cases where our explanation generation
strategy can lead to time savings.

Our explanations can also be strengthened.

Example 5.2.3. Consider a job 1 with the following input at the current node:
({0},2,2)

(domain(x172), d172, cll),Z,l) = ({0}, 3, 3)
(domain(ml,g), d1,37 CIIJ,S,I) = ({1}7 47 3)

(domain(z1,1),d1 1, 0[1),1,1)

Assume that our TP algorithm would detect an inconsistency at the time point 4 and
job 1 is involved in the latter inconsistency, i.e. 4 € cpy. As d™ = 4, the part of
the explanation containing job 1 is as follows:

[[1 < 81]] VAN [[81 < 4ﬂ A\ [[1‘171 = 0]] VAN [[56172 = 0]]
If the global domain of s1 equals {2,...,6}, we can strengthen the explanation as

[1 < s1] is globally true,
[x1,1 =0] Az12=0] = [z11 = 0],
[x1,1 =0] A s1 <A4] = 4 ¢ cpy,

o _ P
€121 =C131"

Thus, we can use the following stronger explanation for the compulsory part of job
1:
[[81 < 4ﬂ A [[1‘1’1 = 0]]

Motivated by the above example, assume that job 7 is part of the job set Joyp in-
volved in the explanation (5.37) w.r.t. time point t. Moreover, let [b9(s;) be its global
lower bound. We can possibly strengthen the explanation (5.37) by strengthening
the part of the explanation integrating job ¢ € Jexp.

This can done in two steps:

Firstly, if t — d™ + 1 < [b9(s;), omit [t — ™™ + 1 < s;].
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Set dM :«+— min{d™", ¢ — [b9(s;) + 1}.
Secondly, we determine the set B consisting of the modes m € M; which fulfill:

dism > d0 (5.45)
N D DG ey e (5.46)
j€Jexp\{i}

Now, we can substitute

/\ [[xi,m = 0]

m:meM; and ub(z? , )=0

/\ [[xi,m = 0]

m:m€EM;\Bf

Because of the evaluation of d™" and cgﬂ“ in (5.32) and (5.33) and because of (5.45)
and (5.46) it holds that

M\B; C {m:m € M; and ub(z;,) = 0}

Thus, the part of the explanation (5.37) integrating job 4 is possibly stronger. Finally,
we update c’gl?fn «—min{c! :m € Bf}. After the latter update, we continue with
the next non-processed job.

5.3 Computational experiments

The three CP models from Sect. 5.1 were solved on the Vienna Scientific Cluster
(VSC). Details about the system architecture can be found in Sect. 4.3.

For the solution of the models from Sect. 5.1.1, we used the G12 Constraint Pro-
gramming Platform [31] 2.0.0 provided by the NICTA research team [60]. Thereby,
we formulated the models in Zinc and solved them by the LCG-plugin g12_fdx.
For the implementation of the constraint handler cumulativemm and the formulation
and solution of the SCIP-models of Sect. 5.1.2, we used SCIP 3.1.0 in combination
with the programming languages C/C++. We set the parameters in SCIP such that
feasibility is detected fast (with SCIP_PARAMEMPHASIS_FEASIBILITY). Furthermore,
we impose a memory limit of 2GB RAM for instances with less than 100 jobs and of
3GB for the 100-job instances.

The three CP-models are denoted by the following abbreviations:

G12 The model from Sect. 5.1.1 formulated in Zinc.

SCIPopt The SCIP-model of Sect. 5.1.2 integrating the existing optcumulative-
constraint.
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SCIP The SCIP-model of Sect. 5.1.2 integrating our cumulativemm-
constraint.

Moreover, for every model we distinguish two solution approaches which differ in the
generation of the initial domains:

Max The initial domains of the starting time variables are evaluated by forward
(backward) recursion based on the upper bound Tiyax given in (2.10).

Best The initial domains are generated based on twelve different upper bounds
Ti,...,T19 where T equals the best known upper bound from the literature
and T} =T;_1+4, Vi =2,...,12. A model is run on the processor [ =1,...,12
with initial domains based on 7;. Hence, in this case we apply a parallel ap-
proach which applies twelve processors. In the end, we take the best results
w.r.t. all twelve processors.

Preliminary experiments have shown that like in Sect. 4 varying the initial do-
mains based on different upper bounds on the makespan also leads to a performance
variability of the CP-SAT approaches for the MRCPSP with SPRs. With the parallel
approach, we want to take advantage of this performance variability as proposed in
Sect. 4.

All in all, we compare six different solution approaches to the state-of-the-art
exact approach (Branch-and-Cut) of Zhu et al. [92] for the MRCPSP with SPRs
(MMBAC). All approaches are tested on the 554 and 552 feasible instances with 20 and
30 jobs from the PSPLIB (Kolisch and Sprecher [50]) (J20mm and J30mm). More-
over, we evaluate the approaches which apply our constraint handler (SCIPMax and
SCIPBest) on the new 540 MRCPSP-instances with 50 and 100 jobs (MMLIB50 and
MMLIB100) provided by the Operations Research and Scheduling research group of
the University of Ghent [64]. For instances with 20, 30, 50 and 100 jobs, we abort
the solution process after a time limit of 1200s, 2400s, 5400s and 7200s, respectively.
To assure a fair comparison to the approach of Zhu et al. [92], we used time limits
which are 2/3 of their time limits for the 20- and 30-job instances, as their processor
is & 1.5 times slower than ours.

We compare the different approaches based on the following measurements:

#feas Number of instances where a feasible solution could be found within the
given time limit.

#opt Number of instances solved to optimality within the given time limit.

#best Number of solutions whose makespan equals or improves the best known
makespan from the literature.

tiot Average solution times for all instances (we take the minimal solution times of
all processors for one instance in the parallel approach).
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Gopt(%) The average optimality gap evaluated by SCIP for the instances where a
feasible solution was found (we take the optimality gap of the processor which
found the best makespan in the parallel approach).

#Imp Number of instances where we could improve the best known makespan from
the literature.

Table 5.1 shows the results for our models and the state-of-the-art exact approach
of Zhu et al. [92] (MMBAC) on the J20mm instances. For these instances MMBAC outper-
forms all of our single-core approaches (G12Max, SCIPMax and SCIPoptMax) as they
can solve all feasible instances to optimality. Nevertheless, G12Max is highly compet-
itive to the approach of Zhu et al. [92]. The parallel approach G12Best outperforms
the state-of-the-art exact approach from the literature. We can also solve all feasible
instances to optimality, but MMBAC is three times slower.

Furthermore, the SCIP-approaches using our cumulativemm-constraint signifi-
cantly outperform the SCIP-approaches integrating the existing optcumulative-
constraint. With SCIPBest we can solve 40 more instances to optimality and are
on average approximately five times as fast as SCIPoptBest. Moreover, SCIPBest is
competitive to MMBAC and G12Best.

#feas #opt #best tiot Gopt(%) #Imp

G12Max 054 552 554 20.58 0.05 0
G12Best 554 554 554 10.39 0.0 0
SCIPMax 054 047 950 33.96 0.32 0
SCIPBest 554 552 554 22.74 0.07 0
SCIPoptMax 054 004 ol9  130.37 3.16 0
SCIPoptBest 554 512 543  113.66 2.85 0

MMBAC 054 054 954 32.06 0 -

Table 5.1: Results on the 20-job instances

Table 5.2 shows the results for the J30mm instances. Here, we can already solve
9 more instances to optimality than MMBAC with the single-core approach G12Max.
Moreover, G12Max is almost two times faster than MMBAC. The parallel approach
G12Best significantly outperforms MMBAC both regarding average solution times and
solution quality. Again, SCIPBest (SCIPMax) is considerably better than SCIPoptBest
(SCIPoptMax). We can solve 36 (44) more instances to optimality and are ~ 42%
(43%) faster.

As the Branch-and-Cut approach of Zhu et al. [92] is based on a MIP formulation
of the MRCPSP, it is highly dependent of a starting solution with a small makespan
to reduce the number of binary variables. They use starting solutions computed
by a problem specific heuristic whose makespan on average only deviates by 2.18%
from the best known makespans of the PSPLIB. An advantage of our SCIP- and
(12 approaches is that they still produce good results with the relatively high upper
bound Ti.x as input.



74 Chapter 5. CP-SAT approaches for the MRCPSP with SPRs

#feas #opt #best tiot Gopt(%) #Imp

G12Max 552 515 521 212.44 2.59 0
G12Best 552 521 537 180.5 1.97
SCIPMax 552 500 508  259.71 3.37
SCIPBest 552 504 517 232.95 2.96
SCIPoptMax 552 456 470 452.46 8.15
SCIPoptBest 552 468 480  401.74 7.29
MMBAC 552 506 529  393.13 - -

o O O O O

Table 5.2: Results on the 30-job instances

Tables 5.3 and 5.4 contain the results for the runs with the 50- and 100-job
instances, respectively. To our knowledge, these have not been solved exactly before.
For these instance sets, the approaches integrating the best SCIP model significantly
outperform the approaches integrating the G12-model.

We can solve approx. 78% of the 50-job instances and 63% of the 100-job in-
stances to optimality within the given time limits with SCIPBest. Moreover, we
improved the best known makespans of 70 instances with 50 jobs and 106 instances
with 100 jobs. These makespans were reported by the Operations Research and
Scheduling research group of the University of Ghent [64] and were evaluated in the
course of the experiments described by Van Peteghem and Vanhoucke [87].

#feas #opt #best tiot Gopt(%) #Imp
SCIPMax 540 405 422 1409.69 17.73 59
SCIPBest 540 420 445  1252.25 9.86 70
G12Max 532 363 383 1952.36 11.04 61
G12Best 539 367 420 1861.9 8.86 68

Table 5.3: Results on the 50-job instances

#feas #opt #best Lot Gopt (%) #Imp
SCIPMax 518 312 328  3127.93 327.42 98
SCIPBest 535 338 353  2740.31 33.4 106
G12Max 219 150 160  5963.62 8.77 25
G12Best 404 245 270 5255.9 12.82 52

Table 5.4: Results on the 100-job instances

5.4 Conclusion

In this chapter, we introduced a generalization of the exact CP-SAT approaches for
the SRCPSP with SPRs to the MRCPSP with SPRs. This generalization can on
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the one hand be achieved on the modeling level. We introduced formulations of the
MRCPSP with SPRs in optimization frameworks (G12 and SCIP) which integrate
a BaB-algorithm in combination with CP and SAT techniques. One formulation
is usable via the Zinc modeling language which supports the solution of models by
LCG, the state-of-the-art exact approach for variants of the SRCPSP with SPRs.
Moreover, we proposed two formulations for the optimization framework SCIP. One
of the latter is based on our new constraint handler called cumulativemm and the
other one on the existing optcumulative-constraint introduced by Heinz et al. [42].

The computational experiments show that for the 20- and 30-job instances at least
one of our proposed approaches can outperform the state-of-the-art exact algorithm
of Zhu et al. [92] for the MRCPSP with SPRs. Our parallel G12-algorithm is almost
three times faster than their approach on the 20-job instances. Moreover, on the 30-
job instances already our single-core approach using a trivial upper bound as input
for the G12-algorithm can solve 9 more instances to optimality and is almost two
times faster. A clear advantage of our approaches is that they also produce good
results when large upper bounds are used as input. In contrast, the quality of the
approach of Zhu et al. [92] is highly dependent on small UBs as input to reduce the
initial number of variables.

Moreover, the SCIP-approaches which apply our cumulativemm-constraint are
significantly better than the SCIP-approaches integrating the existing optcumula-
tive-constraint. For the 20- and 30-job instances, we could solve 40 and 36 more
problem instances to optimality in approximately five and two times smaller average
solution times, respectively.

Furthermore, we are the first to exactly solve new instances of the MRCPSP
with SPRs with 50 and 100 jobs from the literature. In contrast to the 20- and
30-job instances, the SCIP approaches integrating cumulativemm are significantly
better than the G12 solution approaches on these instance sets. The best performing
SCIP approach solves approx. 78% of the 50-jobs instances and 63% of the 100-
jobs instances to optimality within the time limit of 5400s and 7200s, respectively.
Moreover, we could improve the best known makespans evaluated by the heuristic
approaches presented by Van Peteghem and Vanhoucke [87] for 70 and 106 instances
with 50 and 100 jobs, respectively.






Chapter 6

CP-SAT approaches for the
MRCPSP with GPRs

6.1 Introduction

The following chapter proposes extensions of the CP-SAT approaches from Chapt.
5 to solve the MRCPSP with GPRs. In Sect. 6.2, we formulate the MRCPSP
with GPRs in SCIP and show how our model can be strengthened by the inte-
gration of linear constraints, sprecedencemm and gprecedencemm. sprecedencemm
and gprecedencemm are two new constraint handler which integrate problem-specific
propagation and explanation generation algorithms based on SPRs and GPRs in the
context of multi-mode activities. In Sect. 6.3 and 6.4, we present the key principles
of our new global constraints sprecedencemm and gprecedencemm, respectively. In
Sect. 6.5 the different SCIP-models are computationally evaluated and the chapter
ends with a conclusion on the obtained results in Sect. 6.6.

6.2 A SCIP-model for the MRCPSP with GPRs

For the modeling of the starting time of job ¢ and the mode assignment of job ¢,
we use the integer variables s; and the binary variables z; ;, respectively. With the

77



78 Chapter 6. CP-SAT approaches for the MRCPSP with GPRs

notation of Sect. 2.1, the MRCPSP with GPRs can be formulated as follows in SCIP:

min Sp+1 (6.1)
s.t. Z Tk = 1, Vield (62)
keM;
DD ke ik <CY, VreN (6.3)
i€J keM;

— (I =zip) M+ s+ 6500 <55+ (1 —xj) M,

Vi€ 6, VieJ Vke M;, Vle M; (6.4)
cumulativemm(s, x,d,c",CF), VreR (6.5)
s; € {lb(sj),...,ub(s;)},VjeJ (6.6)
Tk € {0, 1}, Vield ke Mj (67)
where
s = Oicys’, where s" =[s;], i € J (6.8)
X = Qiein, where xz =2k, VREM;, i€J (6.9)
d = Qicyd’, where dj, =d; i, Vk € M;, i € J (6.10)
" = Oiesc™, where ¢ =l Vke M; i€ JreR (6.11)

In the above model, we use the variable vectors s and x and the parameter vectors
d and c¢” which are given in (6.8)-(6.11). In this context, the operator o is defined
as in Sect. 5.1.2.

With (6.2) and (6.3), we assure the uniqueness of the mode-assignments and
formulate the nonrenewable resource constraints, respectively. With (6.4), we model
GPRs between multi-mode jobs. With a sufficiently big constant M, the constraint
only becomes binding for the variables s; and s;, if z;, =1 and x;; = 1.

In (6.5), we apply cumulativemm as in Sect. 5.1.2 to model renewable resource
constraints for multi-mode jobs.

To reduce the initial search space for the solution algorithm, again lower bounds
Ib(s;) and upper bounds ub(s;) are computed for s; as proposed in Sect. 2.4.

6.2.1 Strengthening of the mathematical formulation

In the following, we propose three variants for the strengthening of the above formu-
lation of the MRCPSP with GPRs. Firstly, the above model can be strengthened by
the addition of the linear constraints:

sit Y diy-wip<s;, Vji€G,VielJ (6.12)
keM;

where ik jeg}}gMj{ z,J,k,l} ( )
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The model (5.14) - (5.20) is equivalent to the model (5.14) - (5.20) with (6.12).
However, the latter model has a potentially stronger LP-relaxation and leads to an
improvement of the propagation algorithms w.r.t. the variables s; in the course of
the solution algorithm.

For the second and third strengthening variant, we implemented two new con-
straint handlers for SCIP, namely sprecedencemm and gprecedencemm, which can
be used for the modeling of SPRs and GPRs in the context of multi-mode activities,
respectively.

One can model SPRs as follows:

sprecedencemn(s,x,d, &) (6.14)

Thereby, the input is defined by (5.7) - (6.10) and the vector & which contains the
successor sets G; for every activity q.
sprecedencemm guarantees feasibility w.r.t. the following formula:

If.T@k =1=s3+ di,k < sj, Vi e G, Vie JVk e M, (615)

Moreover, it also captures propagation and explanation generation algorithms for
SPRs in the context of multi-mode activities (see Sect. 6.3).

sprecedencemm can also be applied in the context of GPRs to strengthen the
model (5.14) - (5.20). Therefore, we substitute the vector d in (6.14) by

d* = Osegd; (6.16)

where d contains the values d} ., Vk € M; defined in (6.13). In other words, we add
the constraint
sprecedencemn(s, x,d*, S) (6.17)

to the model (5.14) - (5.20).

Example 6.2.1. For an illustration of the input needed for the constraint (6.17), we
stick to the data introduced in the example of Sect. 2.5. We restrict ourselves to the
data that has to be collected w.r.t. the precedence relation (1,4).

For this strengthening variant, we have to determine the duration vector d* for
sprecedencemm.

Therefore, we firstly determine the minimal time lags d ,, k € {1,2} w.r.t. all
modes of the successor 4: ’

* *k
11 =5, djo=—6,

i.e. we obtain the vector df = [—5, —6].

The computation of dj ., k € {1,2} for the remaining jobs j € {0,2,3,4,5,6,7}
18 stmalar.

The vectors df, i € {0,...,7} are then concatenated to the vector d* and used
as input for sprecedencemm. Note, that if an activity j would have more than one
successor, we would have to determine d ., k € {1,2} w.r.t. all successors and all
the respective modes. The generation of the vectors s, x and & 1is straightforward.
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Again, the formulation (5.14) - (5.20) is equivalent to the formulation (5.14)
- (5.20) with (6.17). However, as sprecedencemm captures problem-specific prop-
agation and explanation generation algorithms, the addition of (6.17) potentially
enhances the overall solution procedure applied by SCIP.

The second strengthening variant with (6.17) has an advantage over the first
strengthening variant with (6.12). In contrast to the constraint handler of SCIP
which manages linear constraints [1], and thus (6.12), the propagation and explana-
tion generation algorithms of sprecedencemm integrate the knowledge that exactly
one mode has to be chosen for every activity (see Sect. 6.3). This potentially leads
to stronger domain reductions.

GPRs can be modeled by gprecedencemm in the following way:

gprecedencemn(s,x,d,S), (6.18)
where 6 = Qicsjes; 0", (6.19)
and 6i’j = OkGMi [5i,j,k‘,l 1 le Mj], 1 E J, j € G;

gprecedencemm guarantees feasibility w.r.t. the following formula:

If Tk = 1and Tj1 = 1= s+ 51'73'7]{71 < Sjs
Vj € &;,Vi € J,Vk € M;, VI € M,

Furthermore, it extends the propagation and explanation generation algorithms of
sprecedencemn for the application to GPRs in the context of multi-mode activities
(see Sect. 6.4).

In the third strengthening variant, we add (6.18) to the formulation (5.14) -
(5.20). The constraint (6.18) is stronger than (6.17) and (6.12). Firstly, this is
due to the fact, that (6.17) and (6.12) can lead to infeasible solutions w.r.t. GPRs,
whereas (6.18) guarantees feasibility w.r.t. GPRs. Moreover, as outlined in Sect.
6.4, the propagation algorithms implemented in gprecedencemm are also stronger
than the ones of sprecedencemm and the linear constraint handler of SCIP when
applied to the special case of GPRs in the context of multi-mode activities.

Example 6.2.2. Again, we use the data introduced in example of Sect. 2.5 to illus-
trate the input needed for the constraint (6.18).

In the strengthening variant with gprecedencemm, the vector & has to be deter-
mined (see (6.19)).

Therefore, we firstly construct the vector 8%* for the precedence relation (1,4):

612 =1[2,-5]0[-6,8] = [2, -5, —6,8]

In total, we have to generate the vector 8 for every precedence relation (i,7) and
then concatenate these vectors to obtain the vector §.
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6.3 Key Principles of sprecedencemm

Before sprecedencemm applies its domain propagation and explanation generation
algorithms, it determines an MPI (similar to [39] and cumulativemm in Sect. 5.2)
depending on the domains of the variables z; ;, in the current node of the BaB tree.

Again, we only integrate activity-mode combinations (i, k) with ub(z; ;) > 0 in
the evaluation of the MPL. If ub(z;x) = 0, i.e. x;r = 0, mode k cannot be chosen
anymore in the succeeding nodes of the BaB tree. Thus, the respective data for mode
k can be excluded in the succeeding nodes.

For sprecedencemm we only need a representative duration df“m for every activity
1 given as follows:

which is used for the domain propagation and explanation generation algorithms in
Sect. 6.3.1 and 6.3.2.

As already pointed out in Sect. 5.2, the calculation of an MPI is an important
step to solve the MRCPSP as the multi-mode data is transformed to a single-mode
equivalent. Thus, one can apply well-known techniques for the SRCPSP to solve the
MRCPSP. The idea to calculate an MPI is a standard technique to tackle MRCPSP
instances and is also, e.g., proposed by Brucker and Knust [16].

6.3.1 Domain Propagation

After the calculation of @™ from (6.20) for every activity ¢ € J in the current node
of the BaB tree, we iterate through all activity pairs (4, 7), where j € &; and try to
propagate the domains of ¢ and j or detect inconsistencies.

Therefore, we compute the following values in the current node:

* _ 11l/o. min
15} = 1 (s5) + ™ (6.21)
bl = ubl(s;) — A" (6.22)

Ib!(s;) and ubl(s;) correspond to the local lower and upper bound of s;.
An inconsistency is present, if:

105 > ubl(s;), (6.23)

i.e. it is impossible to fulfill the precedence relations (7, 7) in the succeeding nodes
of the BaB tree and we can cutoff the current node.
Otherwise, we try to update the domains of the variable s; and s; as follows:

If b > 1b'(s;) + 1b'(s;) « 10 (6.24)
If ubf < ubl(s;) : ub(s;) « ub} (6.25)
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6.3.2 Explanation Generation

To benefit from the SCIP-intern CA mechanism as in the case of the constraint
handler cumulativemm, we have to explain inconsistencies (6.23) and domain updates
(see (6.24) and (6.25)) detected by sprecedencemm.

Now assume, that (7, j) is a precedence relation for which (6.23) holds at the BCI
¢ (see also Sect. 5.2.1). For the explanation of the latter inconsistency, we determine
A from (6.20), 167 from (6.21) and the sets Uf for the time point ¢ as follows:

Uf ={m:m € M; and ub(z;,,) > 0}. (6.26)

The reasons for the inconsistency are the bounds of the variables s; and s; and the
duration d;"™ at the BCI e:

[si > 7 —d™ ] A N\ [wim =01 | Als; <167 —1] (6.27)

In other words, if (6.27) becomes true because of the domains of the variables
si, sj and x; 1, k € M; in a node of the BaB tree, SCIP knows that this leads to an
inconsistency and prunes the current node of the BaB tree.

Furthermore, the CA mechanism of SCIP also asks for explanations of bound
changes which were processed through sprecedencemm. In concrete, we have to
provide an explanation for the new lower bound lb;’e of the variable s; at the BCl e
to the SCIP-intern CA mechanism.

Therefore, we assume that the precedence relation (i,7) led to the latter lower
bound update.

Then the explanation is as follows:

[si > 657° —d™™ ] A N [wim =0] = [s; > 1b]°] (6.28)
meM\U¢

(6.28) contains the minimum lower bound of the variable s; and its necessary duration
value of at least d?ln’e units which in combination leads to the lower bound update
of Sj.

Furthermore, we have to provide explanations for the upper bound change of a
variable s; from ub®(s;) to ub;* at the BCI e to the SCIP-intern CA mechanism (see
(6.25)).

Again, we assume that the precedence relation (i,7) led to the upper bound
change of s;.

This domain update can be explained as follows:

[sj wbf + ™ T A N [rim=0] = [si<ub]]  (6:29)
meM;\U§
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All explanations (6.27), (6.28) and (6.29) can be transformed to possibly stronger
explanations. Assume therefore, that [b(s;) and ub(s;) are the global lower and upper
bounds of the variable s;.

Firstly, if one of the inequalities

b7 —1 > ub(s;),
17 — ™ < Ib(s;),
17 — "™ < Ib(s;) or
ub?® + d™™° > ub(s;)
is fulfilled, we can omit the respective literal in (6.27), (6.28) or (6.29). This is due

to the fact that it is globally true in the above case.
Secondly, we can determine the sets:

Bi ={m:m e M; and d;, > d"™"} t =c,e,

i,new
where  d\0 = min{ub(s;); 0] — 1} — max{1b] — d;"™ 1b(s)} + 1,
e = 167 — max{Ib7¢ — "™ 1b(s;)},
or dinlig‘; = min{ub(s;); ub;“ + d?in’e} — ub ‘.

We can replace

N [zim =0],t=ce (6.30)
by

N\ [zim =0],t=ce. (6.31)
Because of the evaluation of d™™" through (6.20) and as d™™" > @™ it holds
that:

Ul C B!, vt =ce.

Thus, in the case that U! C B! for t = c or t = e, (6.31) contains less literals than
(6.30) and is therefore stronger.

6.4 Key Principles of gprecedencemm

The propagation rules for the starting time variables s; and s; belonging to the
precedence relation (i,7) are similar to the ones outlined in Sect. 6.3.1 for sprece-
dencemm, with the only difference that d?in has to be substituted by 53}1“ given as
follows:

5?17;11 = ke]\%,ilréMj {5i,j,k,l : ub(xi,k) >0A ub(xﬂ) > 0}.
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In concrete, we consider all possible minimal time lags belonging to the prece-
dence relation (7,7) in the current node of the BaB tree. If e.g. it holds that
ub(x; ) = 0 or ub(x;;) = 0 for a special mode combination (k,1), k € M;, | € M;,
the respective minimal time lag d; ; x; cannot occur for (4, j) in the nodes succeeding
the recent node of the BaB tree and is thus not considered in (6.4).

Assume now, that all variables s; and z; ;, belonging to the strengthening scenario
with sprecedencemm have the same domains as their counterpart in the strengthening
scenario with gprecedencemm in a node of the BaB tree. Then, it holds, that 531;“ >
d;ﬂin’*. Thus, the propagation algorithms applied for the model with gprecedencemm
potentially lead to stronger domain reductions than the ones applied for the model
with sprecedencemm for an equivalent input.

The explanations generated by gprecedencemm in case of a conflict, a lower or an
upper bound update are also rather similar to the ones generated by sprecedencemm
(see Sect. 6.3.2) except from the fact that we again substitute d™™" by (Sz-nj}m’]f and

furthermore U!,t = ¢, e by U}

ipt=ce where:

U;j = {(k,l) : k € M;,l € M; and ub'(z; ) > 0 Aub’(x;;) >0}, t=c,e.

In total, the explanations of gprecedencemm for a conflict, a lower and an upper
bound update are given by (6.32), (6.33) and (6.34), respectively:

[si > 167 — 5;?;“76]] A /\ ([ = O] V [z, = 0])
(k,l)E(MiXMj)\Uic;j
Als; < lb;f’c — 1] = false (6.32)
[si > 167 — 67T A A (lzix = O] V [zj; = O])
(k,l)E(]\/quXMj)\Uﬁj
= [s; > b} (6.33)
[s; < ubl® + 5] A A (lzix = O] V [0 = 0O])
(kD) E(M;x Mj)\UF
— [s; < ub;] (6.34)

Note, that the concepts introduced in Sect. 6.3.2 to strengthen the explanations
of sprecedencemm can be straightforwardly generalized for the use in gprecedencemm.
6.5 Computational Experiments

As in Sect. 4.3 and 5.3, we carried out our evaluations on the Vienna Scientific
Cluster (VSC). Details about the system architecture can be found in Sect. 4.3.
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For the implementation of the constraint handlers sprecedencemm and gprece-
dencemm, and the formulation and solution of the different models we used SCIP
3.1.1 in combination with the programming languages C/C++! .

We compare four different models denoted by the following abbreviations:

SCIPNoStr denotes the model (5.14) - (5.20), i.e. the model with no strengthening.
SCIPLinStr denotes the model (5.14) - (5.20) with the linear constraint (6.12).
SCIPWeStr denotes the model (5.14) - (5.20) with (6.17)2.

SCIPExStr denotes the model (5.14) - (5.20) with (6.18)3.

Again, as in Sect. 5.3, for every model we distinguish between two solution ap-
proaches, a single-core (Max) and a multi-core (Best) procedure.

In total, we apply eight different solution approaches to 810 benchmark instances
with 30, 50 and 100 activities generated by Schwindt [78]*. Hereby, the solution
process of SCIP was aborted after the time limit of 1h, 2h and 4h, respectively.

Moreover, we compare the two best solution approaches belonging to the best
model to the state-of-the-art exact approach for the MRCPSP with GPRs of Heil-
mann [39] (BABH).

The best known makespans, i.e. upper bounds reported online [63| were com-
puted by BABH and the heuristic approach of Nonobe and Ibaraki [61]. The best
known lower bounds were evaluated by Brucker and Knust [15] and BABH.

We compare our six approaches based on the following measurements:

#feas Number of instances where a feasible solution could be found within the
given time limit.

#opt Number of instances solved to optimality within the given time limit.

#best Number of solutions whose makespan equals or improves the best known
makespan reported online [63].

tiot Average solution time in seconds for all considered instances (we take the min-
imal solution time of all processors for one instance in the parallel approach).

'Note, that for both sprecedencemm and gprecedencemm we implemented the explanation gen-
eration variant which uses the potentially stronger explanations (see Sect. 6.3.2). Preliminary
experiments have shown that this version is slightly better.

2Here, we add sprecedencemm to strengthen our model. Note, that both (6.12) and (6.17) cannot
be used without (6.4) to model GPRs as in this case it is possible to obtain infeasible solutions
w.r.t. GPRs. Therefore, in both scenarios we speak of a "weak" formulation of GPRs.

3 GPRs can be enforced by (6.18) in a valid way, i.e. it can be used in a standalone manner to
model GPRs. Therefore, we speak of an "exact" formulation of GPRs through gprecedencemm.

“These are available online [63].
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Gopt(%) The average optimality gap evaluated by SCIP for the instances where a
feasible solution was found (we take the optimality gap of the processor which
could prove optimality or otherwise could find the best makespan in the parallel
approach).

#Imp Number of instances where we could improve the best known makespan re-
ported online [63].

Table 6.1 shows the results for the 30-activity instances.

With all approaches except SCIPNoStrMax, we can solve all 270 30-activity in-
stances to proven optimality with average solution times smaller than 59s. Moreover,
we can improve the best known makespan for nine instances.

We can see that all strengthening variants lead to a more efficient mathemati-
cal model. In all single-core (multi-core) approaches, SCIPLinStrMax(Best) SCIP-
WeStrMax (Best) and SCIPExStrMax(Best), we observe significantly smaller average
solution times than with SCIPNoPrecMax(Best). Furthermore, with all single-core
approaches except SCIPLinStrMax, we can solve all instances to proven optimality.

The best results are obtained with the model SCIPExStr. SCIPExStrMax(Best)
is on average at least 1.5 times as fast as SCIPWeStrMax(Best) and SCIPLinStr-
Max (Best). This observation is rather intuitive, as (6.18) is stronger than (6.17) and
(6.12) w.r.t. feasibility checking and propagation.

No clear conclusion can be stated about the performance of SCIPWeStr compared
to SCIPLinStr for this instance set. SCIPWeStrBest is on average approximately 5s
faster than SCIPLinStrBest whereas SCIPLinStrMax is on average approximately 6s
faster than SCIPWeStrMax.

#feas Fopt Fbest  tyor  Gopt(%) #Imp

SCIPNoStrMax 270 267 268  169.77 1.44
SCIPNoStrBest 270 270 270 58.61 0.0
SCIPLinStrMax 270 270 270 49.44 0.0
SCIPLinStrBest 270 270 270 20.71 0.0
SCIPWeStrMax 270 270 270 55.66 0.0
SCIPWeStrBest 270 270 270 15.88 0.0
SCIPExStrMax 270 270 270 32.31 0.0
SCIPExStrBest 270 270 270 9.94 0.0

O O© © © © © ©

Table 6.1: 30 Jobs: Results of our approaches

Table 6.2 compares our approaches obtained with the best model SCIPExStr to
the state-of-the-art exact approach BABH w.r.t. #opt for different time limits.

BABH was tested on an Intel Pentium III 800 MHz personal computer with 256
MB SDRAM running under the operating system Windows 2000. To guarantee
a fair comparison w.r.t. the processors used, we decrease the time limits for our
approaches by a factor of approximately 37.7. This factor is based on the values of
both processors documented in an online CPU benchmark [20].
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We can conclude that for this instance set BABH outperforms our approaches.
However, our parallel approach SCIPExStrBest is highly competitive to BABH for the
highest time limit.

0.027s 0.27s 2.7s  27s

SCIPExStrMax 0 0 63 238
SCIPExStrBest 0 44 208 256
1s 10s  100s 1000s

BABH 158 198 238 257

Table 6.2: 30 Jobs: Comparison to BABH [39] w.r.t. #opt

Table 6.3 shows the results for the 50-activity instances. Again, all strengthening
variants lead to a more efficient mathematical formulation. Here, the benefit is even
more significant. For example, with the parallel approach SCIPExStrBest we can
solve 9 more instances to proven optimality and are on average at least three times
as fast as SCIPNoPrecBest.

Moreover, again regarding solution time and quality it is best to implement the
model SCIPExStr which integrates the exact formulation of GPRs through gprece-
dencemm apart from the fact that SCIPExStrMax can solve 2 and 1 less instances to
optimality than SCIPWeStrMax and SCIPLinStrMax, respectively.

Furthermore, for this instance set the model SCIPWeStr should be preferred over
SCIPLinStr.

#feas Fopt Fbest  tir  Gopt(%) #Imp
SCIPNoStrMax 270 243 256  1570.5 16.03 51
SCIPNoStrBest 270 257 269 705.94 4.12 58
SCIPLinStrMax 270 256 265  658.84 2.98 57
SCIPLinStrBest 270 263 270 331.3 1.56 61
SCIPWeStrMax 270 257 265  564.15 2.62 58
SCIPWeStrBest 270 265 269 3154 0.89 62
SCIPExStrMax 270 255 268  540.51 1.03 58
SCIPExStrBest 270 266 270  230.87 0.59 63

Table 6.3: 50 Jobs: Results of our approaches

In Table 6.4, we compare our best approaches SCIPExStrMax and SCIPExStrBest
to BABH on the bO-activity instances. BABH outperforms SCIPExStrMax and
SCIPExStrBest for the first three time limits. However, the single-core approach
SCIPExStrMax and the parallel approach SCIPExStrBest produce better results for
the highest time limit. With SCIPWeStrMax and SCIPWeStrBest, we can solve three
and 37 more instances to optimality than BABH in this scenario, respectively.

The poorer results of our approaches for smaller time limits can be explained by
the initialization phase needed until the SAT Solving techniques of SCIP become
efficient. To deduce strong nogoods and large backjumps, a CA mechanism needs a
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certain amount of information about the problem at hand. That is the more problem-
specific explanations are given to the CA mechanism, the better are its deductions.
Similarly, it takes time until the weights used in the VSIDS-based branching rule
become meaningful. Thus, in the beginning the SCIP solution procedure is in a
learning phase in which it behaves rather poor. After a certain period of time, SCIP
has enough problem-specific information and behaves significantly better, as can be
seen in the Tables 6.2 and 6.4. BABH uses problem-specific nogoods, also known as
dominance rules, and problem-specific branching techniques from the start. Hence,
the latter approach has an advantage for the smaller time limits.

0.027s 0.27s 2.7s 27s

SCIPExStrMax 0 0 0 187
SCIPExStrBest 0 0 83 221
1s 10s  100s 1000s

BABH 43 125 160 1&4

Table 6.4: 50 Jobs: Comparison to BABH [39] w.r.t. #opt

Finally, Table 6.5 shows our results for the 100-activity instances, the instance
set of Schwindt [78] integrating the largest number of activities. Note, that to our
knowledge the exact approach of Heilmann [39] was not tested on these instances.

Again, we can significantly improve the original mathematical model by our
strengthening concepts. As a highlight, we point out that the approach SCIPExStr-
Max solves 160 more instances to optimality than SCIPNoStrMax and is on average
approximately three times as fast.

Moreover, with the parallel approach SCIPExStrBest, we can solve approximately
73% of the instances to optimality with an average solution time of 4006s. Fur-
thermore, we can improve the best known makespans reported online [63] for 199
instances. Only four out of 270 best known solutions had been proven to be opti-
mal before. With SCIPExStrBest, we could find the optimal solution and prove its
optimality for 194 more instances within the predefined time limit of 4h.

In this case, SCIPExStr is clearly the best model. Furthermore, the model SCIP-
WeStr integrating sprecedencemm is significantly better than the model integrating
the linear constraints (6.12). The only bottleneck of the approaches integrating
sprecedencemm and gprecedencemm for this instance set is that they cannot deter-
mine a feasible solution for all instances. Perhaps, the implementation of a problem-
specific primal heuristic for SCIP can overcome this disadvantage.

Detailed benchmark files for the 30-, 50- and 100-activity instances can be found
online [63]. These also integrate our results on the instances, where we could improve
the best known lower or upper bounds. Moreover, the Online Resources 1, 2 and
3 contain the results obtained through SCIPExStrBest for the instances where we
could improve the best known lower bound or makespan documented in the old
benchmark files [63] for the 30-, 50- and 100-activity instances, respectively.
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#feas Htopt F#best tiot Gopt(%)  #Imp
SCIPNoStrMax 270 31 41 13696.5 506.78 22
SCIPNoStrBest 270 103 123 10239.0 394.44 86
SCIPLinStrMax 270 115 126 9903.61 166.11 89
SCIPLinStrBest 270 181 217  5985.62  83.28 175
SCIPWeStrMax 245 157 177 8057.41  51.59 134
SCIPWeStrBest 254 193 226 5220.3 29.27 185
SCIPExStrMax 256 191 224 4486.36  13.96 181
SCIPExStrBest 262 198 241 4005.67  11.27 199

Table 6.5: 100 Jobs: Results of our approaches

6.6 Conclusion

In this chapter, we proposed a generalization of the state-of-the-art exact algorithms
for variants of the SRCPSP to the MRCPSP with GPRs. Our approach is an exten-
sion of an exact solution procedure for the MRCPSP with SPRs which was introduced
in Chapt. 5. The respective SCIP-models could be straightforwardly extended for
the formulation of the MRCPSP with GPRs.

Moreover, we introduced two new global constraints sprecedencemm and gprece-
dencemm with which one can model SPRs and GPRs in the context of multi-mode
activities, respectively. The latter integrate constraint propagation and explanation
generation specially tailored to the above problem characteristics.

We analyzed four different mathematical models for the MRCPSP with GPRs.
The first is the straightforward extension of the best SCTP-model presented in Chapt.
5. The other three models integrate different constraints to potentially strengthen
the original formulation. One integrates linear constraints to obtain a stronger LP-
relaxation. The other two additionally contain sprecedencemm and gprecedencemm
to model GPRs such that problem-specific knowledge is integrated into the solution
process. In two models (SCIPLinStr and SCIPWeStr) the additional constraint is
weaker than in the last model (SCIPExStr) with gprecedencemm. More precisely,
solutions which are feasible w.r.t. the constraint handler gprecedencemm employed
in SCIPExStr, also fulfill the additional constraints added in SCIPLinStr and SCIP-
WeStr, but not vice versa.

Our computational results show, that the proposed strengthening variants signif-
icantly improve the original mathematical formulation on all benchmark sets. The
best model is the one integrating gprecedencemm.

Moreover, one can observe that especially for the 50- and 100-activity instances
it is clearly better to strengthen the original formulation by sprecedencemm and
gprecedencemm than by the linear constraints (6.12). This can be explained by
the fact, that our constraint handlers integrate problem-specific propagation and
explanation generation algorithms. The linear constraint handler of SCIP integrates
more general techniques which potentially lead to smaller search space reductions.
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We also compared a single-core and a parallel solution approach including the best
mode] SCIPExStr to the state-of-the-art exact algorithm of Heilmann [39| (BABH). For
the three smallest imposed time limits, BABH can solve significantly more instances to
optimality. However, if the time limits and instances become larger, we outperform
the latter approach. E.g. for instances with 50 activities we can solve 37 more
instances to optimality within a comparable time limit. This is explained by a
possibly time-consuming learning phase of the SCIP solution procedure until the
CP-SAT techniques become efficient. We assume, that when it comes to closing
hard instances and when larger time limits are allowed, our approach should be
preferred over BABH.

Furthermore, our solution approach is more flexible as the applied models can be
extended or changed and we still can use the solution algorithm provided by SCIP.
In contrast, the extension of the specialized approach of Heilmann [39] might not be
straightforward when a new consideration has to be taken into account.

Our parallel approach is dependent on the makespan of a feasible solution. How-
ever, if there is no feasible solution at hand, our single-core approach can be applied
as it uses a pre-computable upper bound for the makespan as input. Our computa-
tional experiments show that also this relatively high upper bound as input leads to
competitive results.

Furthermore, the results for the 100-activity instances, the test set from the
literature containing the largest problem instances, are highly encouraging. We could
find the optimal solution and prove its optimality for 198 problem instances. To our
knowledge, only the best solutions of four instances were known to be optimal before.
In addition, we could improve the best known makespan for 199 instances.

In summary, we could close 289 open instances and could improve the best known
makespan for 271 instances from the benchmark of Schwindt [78] with our best
performing solution approach.
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A heuristic for the MRCMPSP
with SPRs

For the MISTA competition [90], we implemented a model within SCIP which applies
our constraint handler cumulativemm (see Sect. 5.2) for the modeling and solution
of the MRCMPSP with SPRs with the objective to lexicographically minimize first
the total project delay (TPD) and then the total makespan (TMS). We are able
to solve the competition instances with at most two projects to optimality by the
solution of the model from Sect. 7.1 in less than 15s. For the remaining instances we
implemented a local search algorithmn (see Sect. 7.2) whereas the construction and
improvement step are based on the solution of variations of the model of Sect. 7.1.
The results obtained by the exact and heuristic algorithm can be found in Sect. 7.3.

7.1 A SCIP-model for the MRCMPSP with SPRs

When using our cumulativemm-constraint and the notation provided by the MISTA
competition organizers [90], the MRCMPSP to be considered can be formulated as
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follows within SCIP:

where

and

min  Hyax - (Z Si|Ji|+1,1 — Z(T‘i + CPD;)

iEP i€EP
s.t. Z Tk = 1,
keM; ;
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(7.8)
where sjc’j = Sijk>
(7.9)
where ij = T jk
(7.10)
where de =d;jk
(7.11)
where ri’j’l = rf’j’k’l,
(7.12)
(7.13)
(7.14)
(7.15)
(7.16)
(7.17)

Note that the variables s; ;. represent the starting times of the activity j € J of
project ¢ € P in mode k € M; ; and the variables x; ;. model the processing of the



7.2. Local Search for the MRCMPSP with SPRs 93

activity j € J of project ¢ € P in mode k € M; ;. Hereby, s;| 41,1 are the starting
time variables for the dummy jobs representing the ending of project i € P with
M; g 41 = {1}

The objective function (7.1) consists of a combination of the TPD and the TMS
sg, which is evaluated through (7.4). Thereby, we multiply the TPD with a suffi-
ciently big makespan H,,q, of the complete multi-project instance to guarantee the
lexicographical optimization of the two values.

(7.3) are multi-mode precedence constraints. With (7.5), we assure that the
non-renewable resource limits are not exceeded.

In (7.6) and (7.7), we apply our cumulativemm-constraint to model the resource
constraints for the local and global renewable resources. Thereby, we use the variable
vectors &%, §, X' and %x. In this context, the operator o is defined as in the Sections
5.1 and 6.2.

7.2 Local Search for the MRCMPSP with SPRs

Our local search algorithm consists of a construction and an improvement step. In
the construction step, we firstly try to solve every single project separately with
SCIP with the aim of makespan minimization. After a certain time limit L, we stop
the solution process and store the currently best MRCPSP solutions. Then, we try
to find the best sequence according to which the projects are ordered. For this we
solve a one-machine problem with given release dates and possible preemption with
the aim of minimizing the complete project delay (equivalent to the first term in
(7.1)). From the optimal sequence and the starting times of the solutions of every
single MRCPSP project, we generate a feasible schedule for the MRCMPSP. Based
on this schedule, we generate an activity list, which sorts all MRCMPSP activities
in ascending order of their starting times. After applying the SSGS (see |16, p.144
ff.] and Sect. 2.5) to the latter activity list, we obtain a feasible starting solution for
our local search algorithm.

Our improvement step consists of the search for a new solution in one of the four
following neighborhoods. Two neighborhoods are based on the relaxation of at most
2 projects in the currently best schedule. For the first one we randomly relax 1-2
projects and for the second one we relax 1-2 projects for which the relaxation would
lead to the smallest lower bound on the objective function (7.1).

The third neighborhood is based on the relaxation of a random number of activities
which are scheduled at the end in the incumbent solution.

For the fourth neighborhood we only relax the mode variables in the incumbent
solution. With this neighborhood we try to find a mode-assignment which minimizes
the complete renewable resource energy |8, p.15 ff.|. After having found a new
mode-assignment, we apply the SSGS to the incumbent solution with the new mode-
assignment to obtain a new feasible schedule.

The search for a new schedule in the neighborhoods is based on solving a variation
of the model presented in Sect. 7.1 with SCIP within a given time limit. Note, that
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we store information about the models already solved, so that we do not solve the
same model twice.

If a solution in one of the neighborhoods has a better objective value than the
incumbent solution, we update the best solution. Note that the neighborhoods are
randomly chosen, whereas we assign a higher selection probability to the first two
neighborhoods.

7.3 Results

Our exact and heuristic approach was tested on the Vienna Scientific Cluster (VSC)
(see Sect. 4.3). We implemented our approaches in C/C++ in combination with SCIP
3.0.0.

The Tables 7.1 and 7.2 show the results for the instance sets A and B provided
online by the competition organizers [19]. One can see the average TPD and TMS,
the best TPD and TMS (belonging to the best TPD) based on 10 runs for every
instance. Moreover, the tables contain the total solution times () and the gaps to
the best known solutions (Gpg) for the instance set A. Note, that for the instances
A-1-A-3, we found the optimal solution in less than 158 by solving the model of Sect.
7.1 with SCIP. For the remaining instances, we applied the heuristic algorithm of
Sect. 7.2 with the time limit t;,; = 300s given by the competition organizers. Overall,
our solution procedure was ranked ninth among all competition participants.

More detailed comparisons including all solution approaches are provided by
Wauters et al. [90].

avg. TPD avg. TMS best TPD best TMS t10 (s) Gpr (%)

A1 1.00 23.00 1 23 0.67 0.00
A-2 2.00 41.00 2 41 14.35 0.00
A-3 0.00 50.00 0 50 4.83 0.00
A-4 74.73 54.82 65 45 300 0.00
A-5 208.11 123.44 192 121 300 25.49
A-6 273.90 132.00 221 114 300 50.34
A-7 689.60 208.30 676 204 300 13.42
A-8 433.60 172.80 392 168 300 29.80
A-9 404.20 159.40 370 158 300 65.92
A-10  1313.50 369.80 1286 368 300 32.71

21.77

Table 7.1: Results for the instance set A

7.4 Conclusion

For the MISTA competition 2013 [90], we applied the constraint cumulativemm to
exactly and heuristically solve the MRCMPSP with SPRs. We are able to solve the
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avg. TPD avg. TMS best TPD best TMS {4 ()

B-1 455.60 145.50 441 142 300
B-2 549.10 173.60 920 170 300
B-3 743.80 229.70 727 222 300
B-4  1832.10 328.40 1689 309 300
B-5 1321.90 303.30 1203 289 300
B-6 1290.80 265.80 1222 252 300
B-7  1418.40 297.10 1321 291 300
B-8  3848.90 599.80 3713 604 300
B-9  7600.20 1059.30 6993 1022 300
B-10  3634.70 468.10 3422 466 300

Table 7.2: Results for the instance set B

competition instances with at most two projects to optimality. For the remaining in-
stances, we implemented a local search algorithm which relaxes parts of the complete
problem and tries to solve the remaining problem to optimality with SCIP. With an
increasing number of projects, even the exact solution of the relaxed problems can
take a large amount of time. Thus, we assume a potential for an ample improvement
of the results by relaxing greater parts of the incumbent solutions and optimizing
the relaxed problems by metaheuristics like e.g. genetic algorithms.

This chapter and especially Sect. 7.1 shows, that with SCIP and our constraint
handlers at hand, it is in many cases straightforward to model more complex variants
of the RCPSP, i.e. to generalize the CP-SAT approaches proposed in the preced-
ing chapters to other problem classes which can be found in the area of project
scheduling.






Chapter 8

Conclusion and future research

State-of-the-art exact approaches for variants of the SRCPSP consist of a BaB algo-
rithm combining CP and SAT Solving techniques (see [76], [77] and [75]).

As a first contribution, in Chapt. 4, we provided a detailed computational analy-
sis of the performance variability which can be detected in recent CP-SAT approaches
for the SRCPSP with SPRs. We found out that varying the initial domains based
on different predefined upper bounds leads to a significant variation in the behavior
of state-of-the-art CP-SAT approaches. Moreover, a run with a higher upper bound
can result in better results than a run with a smaller upper bound.

This effect was explained by the differing conflict statistics used for the SAT
Solving based branching heuristics for the different initial domains. When a more
conservative branching heuristic was applied, the above effect could not be observed.
Varying conflict statistics can direct the BaB algorithm to completely different search
paths. Thus, also a run with a high upper bound can lead to excellent results. That
is, also in the latter case, due to beneficial branching decisions a good feasible solution
can be found early, or strong nogoods or large backjumps can be deduced.

As it is hard to predict the search path for a certain upper bound beforehand,
we proposed a parallel approach to exploit the observed effect. The computational
experiments show, that especially for non-easy instances, the parallel approaches
significantly outperform the single-core approaches.

Still, there are many interesting future research directions with regard to the
evaluations in this chapter. Schutt et al. [74] propose an initialization phase for the
conflict statistics in the CP-SAT approach LCG where branching is based on the
SSGS. The aim is, to improve the initial activity counters for the VSIDS branching
heuristic for the problem at hand. It would be interesting to also implement a
problem specific initialization phase of the conflict statistics and to measure the
effect of varying the initial domains in this scenario.

Furthermore, more information should be collected in the course of the solution
algorithm, e.g. the number of nodes, backtracks, detected conflicts etc. should be
measured, to perhaps explain the observed effect in a more detailed way.

97
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Performance variability can also be observed in MIP solvers. Fischetti and
Monaci [29] provide a detailed computational analysis in this context. They dis-
cuss many initial conditions causing performance variability and again propose a
parallel approach to exploit the observed erraticism. Firstly, it would be interesting
to also analyze different initial conditions, not only the initial domains, which lead to
erraticism in the CP-SAT approaches for the RCPSP. For example, these could be
different initial seeds for the SCIP-internal functions which include randomness or
different random orders of the constraints. In addition, an evaluation of the parallel
"bet-and-run" procedure of Fischetti and Monaci [29] in our context is also of great
interest. In general, a more comprehensive literature study about erraticism in CP
or SAT solvers should be considered for further experiments.

The Chapters 5 and 6 contain the main contribution of this dissertation, namely
the extension and application of the state-of-the-art CP-SAT approaches to RCPSP
instances with multi-mode jobs. In Chapt. 5, we proposed three modeling formu-
lations for the MRCPSP with SPRs, one for the optimization framework G12 [83]
and two for the optimization framework SCIP [2]|. The latter frameworks both pro-
vide a solution algorithm combining CP and SAT techniques whereat G12 integrates
the state-of-the-art exact algorithm for variants of the SRCPSP, namely lazy clause
generation [28].

For one SCIP-model a new constraint handler cumulativemm was implemented.
The latter captures propagation and explanation generation algorithms specially
tailored to renewable resources in the context of multi-mode jobs. The cumulative
constraint provided by G12 integrates similar techniques [73]| and can be applied to
model MRCPSP instances. However, we discussed cases where our implementation
has an advantage over the implementation in G12.

For every model, we tested two approaches, a single-core approach (Max) and a
parallel approach (Best). Thereby, similar to Chapt. 4, Best takes advantage of
the performance variability triggered by the variation of the initial domains based
on different upper bounds. Our computational experiments show that for the 20-
and 30-job instances from the PSPLIB, the G12-model has the best performance.
Moreover, with both our single-core and parallel solution approach, we significantly
outperform the state-of-the-art exact approach for the MRCPSP with SPRs [92].
The best performing single-core approach, i.e. when the G12-model with initial
domains based on a pre-computable upper bound is solved by LCG, can solve nine
more 30-job instances to proven optimality than the latter approach and is one
average approximately 1.8 times as fast. With the parallel approach, significant
improvements can be obtained compared to the single-core approach. We solve 15
more 30-job instances to proven optimality than Zhu et al. [92] and are on average
2.1 times as fast.

The approaches based on the SCIP-model, integrating our constraint handler
cumulativemm, are highly competitive to the state-of-the-art exact approach of Zhu
et al. [92], but outperformed by the latter on the 20- and 30-job instances.
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Furthermore, we were the first to exactly solve new instances of the MRCPSP
with SPRs with 50 and 100 jobs from the literature |[87]. For these instances, the
solution approaches based on our best SCIP-model should be preferred over the ones
based on the G12-model. In total, we were able to close 324 open 50- and 100-
job instances and improve the best known makespan for 176 of the 50- and 100-job
instances.

The SCIP-model for the MRCPSP with SPRs was straightforwardly generalized
to a formulation of the MRCPSP with GPRs in Chapt. 6. Moreover, in the latter
chapter, we proposed three improved formulations extending the original model of the
MRCPSP with GPRs. One formulation integrates a linear constraint to strengthen
the original model. The other two integrate the constraint handlers sprecedencemm
and gprecedencemm, which we implemented within SCIP. With these, one can model
SPRs and GPRs in the context of multi-mode jobs, respectively. Moreover, they
contain propagation and explanation generation algorithms specially tailored to the
latter problem characteristics.

Regarding the propagation strength, we found out that the application of gprece-
dencemm leads to potentially stronger domain reductions than sprecedencemm and
the latter itself leads to potentially stronger domain reductions than the linear con-
straints when applied for the strengthening of the original formulation. Computa-
tional experiments on instances from the literature [78] supported these findings.
The model integrating gprecedencemm performs significantly better than the other
two strengthening variants. Moreover, adding sprecedencemm should be preferred
over adding the proposed linear constraints to the original formulation.

Again, for every model, we analyzed a single-core solution approach and a par-
allel solution approach, which exploits erraticism which can be detected for varying
initial domains. With both the single-core and the parallel approach integrating the
best performing model, we outperform the state-of-the-art exact algorithm for the
MRCPSP with GPRs [39] on instances with 50 jobs when imposing time limits of
27s. With the single-core and the parallel approach, we can solve three and 37 more
50-job instances to proven optimality within the latter time limit. However, when
rather small time limits are given or if the 30-job instances are considered, the exact
approach of Heilmann [39] should be preferred over our approaches. Nonetheless,
the reader should keep in mind that our approaches are more flexible than the latter
approach when it comes to extensions of the considered problem classes.

Another important contribution of Chapt. 6 is the closing of 289 open instances
with 30, 50 and 100 jobs and the improvement of the best known makespan for 271
instances with our best performing approach.

Chapt. 7 was motivated by the MISTA competition 2013 [90]. It shows the
flexibility of our solution concepts, when one is confronted with more general multi-
mode problem classes. We provide a model for the MRCMPSP with SPRs integrating
our constraint cumulativemm. Small instances could be exactly by the CP-SAT
approaches provided by SCIP. For larger problem instances provided by Wauters
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et al. [90], we applied a local search heuristic which iteratively solves variants of the
original formulation.

The implementation of our constraint handlers cumulativemm, sprecedencemm
and gprecedencemnm can still be strengthened. For example, one could integrate new
propagation and respective explanation generation algorithms into cumulativemm as
at the moment it solely captures TP. The combination of TP and EF proposed by
Vilim [89] has led to improvements compared to using solely TP when implemented
in a CP-SAT context for the SRCPSP with SPRs [76]. Therefore, this should be the
first extension to be tested.

The integration of MIP techniques into our constraint handlers is another in-
teresting future research direction. At the moment our constraints only capture
problem-specific propagation and explanation generation algorithms, i.e. the prob-
lem specific bound updates and cutoffs are only based on the latter techniques. There
is a potential for further improvements by a strengthening of the node-specific LP
relaxation. Therefore, one could think about functions for our constraint handlers
which separate problem-specific cuts for the SCIP-internal solution procedure. A
first step could be the integration of the cutting plane generation principles for the
MRCPSP with SPRs proposed by Zhu et al. [92]. Moreover, different MIP repre-
sentations for renewable resource constraints, SPRs and GPRs could be stored in
the respective constraint handlers and added lazily when a constraint in the lat-
ter representation is violated. It is also worthwhile to test the influence of primal
heuristics which frequently try to construct a feasible solution for the MRCPSP with
SPRs and GPRs in nodes of the BaB tree to possibly improve the global upper
bound. Furthermore, the application of our SCIP-models as the exact plugin in hy-
brid metaheuristics [14] is of interest when one wants to tackle instances arising in
practice.

A further direction for future research is the application of our constraint han-
dlers to model and solve other variants of the RCPSP. In this context, it would be
interesting to evaluate the benefit of integrating a single-mode version of sprece-
dencemm and gprecedencemm for the modeling of the SRCPSP with SPRs and GPRs,
respectively. Furthermore, it would be worthwhile to test the efficiency of a model
for the SRCPSP with discounted cash flows (see Sect. 2.1) which integrates our
constraints. Moreover, it is possible to extend cumulativemm so that the resource
availabilities C¥, k € R can be variables as in the cumulative constraint of G12 [73].
With this extension, one could evaluate models integrating our constraint handlers
for special variants of resource leveling problems (see Sect. 2.1), i.e. the resource
investment problem with SPRs and GPRs.

Various COPs like e.g. timetabling problems, sports league and machine schedul-
ing problems can be formulated as variants of the RCPSP [16]. An analysis about
how the CP-SAT approaches perform in this context would be interesting. In ad-
dition to an evaluation of the performance of CP-SAT approaches for scheduling
problems, they should also be developed and tested for other Operations Research
problems, like e.g. for vehicle routing problems. In general, an extensive computa-
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tional or theoretical study analyzing properties of COPs which positively correlate
with the performance of CP-SAT approaches applied to these COPs would be of
great interest. In concrete, the last topic also aims at answering the question why
state-of-the-art CP-SAT approaches work that good for variants of the RCPSP but
not for different problem classes.

Currently, Lamas Vilches and Demeulemeester [52| proposed a Branch and Cut
algorithm based on minimal forbidden sets to solve the SRCPSP with SPRs and
stochastic activity durations. One could also think of generalizations of our constraint
handlers and especially sprecedencemm in the context of stochastic activity durations
and compare the efficiency of the resulting CP-SAT approaches in combination with
sample average approximation to their Branch and Cut algorithm.

To conclude, the results obtained in this dissertation regarding CP-SAT ap-
proaches for variants of the RCPSP pave the path for a number of fruitful future
research directions.
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Abstract

In practice, project managers are confronted with the problem of assigning starting
times to a number of precedence-related project milestones (activities) so that a cer-
tain project deadline is respected. When the amount of available resources is limited
and the number of activities is large, this is a highly complex task. In the scientific
literature, this issue is known as the resource-constraint project scheduling problem
(RCPSP). Many variants of the RCPSP introducing various problem characteristics
and optimization goals have been considered in the literature.

In this dissertation, the main research topic is the analysis of new exact solu-
tion approaches for the single-mode RCPSP (SRCPSP) and the multi-mode RCPSP
(MRCPSP) with standard precedence relations (SPRs) and generalized precedence
relations (GPRs). More precisely, we only consider solution approaches which pro-
vide the proven optimal solution of the problem at hand on termination. Exact
algorithms are of high relevance when it comes to evaluate the quality of solutions
determined through heuristics.

In the SRCPSP, every job can be processed in one predefined mode. The MR-
CPSP is a generalization of the SRCPSP where every activity can be processed in
multiple modes with varying durations and resource consumptions, i.e. the mode
assignment also becomes part of the problem. If one job can only start after another
job is finished, the latter two jobs are in a SPR. GPRs arise if the minimum gap
between the starting times of two precedence related jobs can be arbitrary (i.e. also
negative). In this situation, also cases can be modeled where one job has to start
before the end of another job. In general, the occurrence of GPRs makes the RCPSP
more complicated.

Recently, Branch and Bound (BaB) algorithms combining Constraint Program-
ming (CP) and Boolean Satisfiability (SAT) Solving techniques have been highly
successful for variants of the SRCPSP. As a first contribution, we analyze these so-
lution approaches w.r.t. performance variability. We vary certain initial conditions
to point out a significant erraticism in the state-of-the-art CP-SAT approaches for
the SRCPSP with SPRs. Moreover, a parallel solution approach is proposed which
takes advantages of this performance variability.

The main contribution is an extension of the success story of the CP-SAT ap-
proaches for the SRCPSP to the MRCPSP with SPRs and GPRs. We provide

and compare various new models of the latter problems in two optimization frame-
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works, which support the solution by a BaB algorithm integrating CP and SAT
techniques. A majority of the models integrate new constraint handlers, namely
cumulativemm, sprecedencemm and gprecedencemm, which we implemented for the
optimization framework SCIP. These constraints offer the possibility to efficiently for-
mulate renewable resource constraints, SPRs and GPRs in the context of multi-mode
jobs. Moreover, they capture constraint propagation and explanation generation al-
gorithms to strengthen the overall solution procedure.

Our best performing solution approaches significantly outperform the state-of-
the-art exact algorithms for these MRCPSP classes on certain benchmark sets from
the literature. Furthermore, we close (find the optimal solution and prove its opti-
mality for) 324 open 50- and 100-job instances of the MRCPSP with SPRs from the
literature. In addition, we improve the best known makespan for 176 instances from
the latter benchmark set. For the MRCPSP with GPRs, 289 open instances with 30,
50 and 100 jobs can be closed through our CP-SAT approaches and we find better
feasible solutions for 271 of these instances. In total, the obtained results are highly
promising.

The dissertation ends with an extensive proposal of future research directions in
the area of CP-SAT approaches for scheduling problems.



Zusammenfassung

In der Praxis sind Projekt Manager oft mit dem Problem konfrontiert, den in Zusam-
menhang stehenden Meilensteinen eines Projekts (auch Vorginge genannt), Start-
zeitpunkte zuzuweisen, sodass eine termingerechte Fertigstellung des Projekts ge-
wihrleistet ist. Wenn die verfiigbaren Ressourcen beschrinkt sind und das Projekt
aus einer grofen Anzahl von Vorgédngen besteht, ist dies eine schwierige Aufgabe.
In der wissenschaftlichen Literatur wird diese Planungsaufgabe das ressourcenbe-
schrinkte Projektplanungsproblem (RCPSP) genannt. Eine Vielzahl von Varianten
des RCPSPs mit unterschiedlichen Problemcharakteristiken und Optimierungszielen
wurde bereits von Forschern betrachtet.

In dieser Dissertation geht es hauptsdchlich um eine Untersuchung von neuen
exakten Algorithmen fiir das RCPSP mit einer und mehreren Ausfilhrungsalter-
nativen (SRCPSP und MRCPSP) und mit Vorrangbeziehungen und allgemeinen
Zeitbeziehungen. Wir betrachten hier Verfahren, deren Ziel es ist, nicht nur eine
moglichst gute Losung zu finden, sondern auch die Optimalitdt der besten gefun-
denen Losung zu beweisen. Die Weiterentwicklung von exakten Algorithmen ist
von groker Bedeutung, da sie ein Qualitidtsmaf fiir die Bewertung von heuristischen
Losungen liefern.

Beim SRCPSP kann jeder Vorgang nur in einer fest vorgegebenen Variante durch-
gefiihrt werden. Wenn die Vorgénge in mehreren Varianten mit unterschiedlichen
Bearbeitungszeiten und einem unterschiedlichen Ressourcenverbrauch durchgefiihrt
werden kdnnen, spricht man von dem MRCPSP. Hier stellt sich also auch die Frage
der Bestimmung einer Ausfithrungsalternative. Auferdem werden Problemklassen
mit Vorrangbeziehungen und allgemeinen Zeitbeziehungen betrachtet. Wenn ein
Vorgang erst nach Ende eines anderen Vorgangs beginnen kann, bezeichnet man
dies als Vorrangbeziehung zwischen den beiden Vorgéngen. Wenn die zu beriick-
sichtigenden Zeitabstinde zwischen den Startzeitpunkten zweier in Zusammenhang
stehender Vorgénge beliebig, also moglicherweise auch negativ, sein konnen, spricht
man von allgemeinen Zeitbeziehungen. Hierbei kénnen auch Fille modelliert werden,
bei denen ein Vorgang vor dem Ende eines anderen Vorgangs beginnen muss. Im
Allgemeinen steigt die Komplexitit des RCPSP, wenn allgemeine Zeitbeziehungen
auftreten.

Erst kiirzlich hat sich herausgestellt, dass Branch and Bound-Verfahren, die
Prinzipien aus der Constraintprogrammierung (CP) und dem SAT-Solving integri-
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eren, sehr gute Ergebnisse bei der Losung von Varianten des SRCPSP erzielen. Der
erste Forschungsbeitrag dieser Dissertation beinhaltet eine Analyse dieser Verfahren
in Bezug auf Unregelméfigkeiten im Losungsverlauf. Wir variieren hierzu spezielle
Anfangszustinde des Problems um diese Unregelméfigkeiten zu veranschaulichen.
Auferdem wird ein Lisungsansatz vorgeschlagen, der auf Konzepten der parallelen
Programmierung basiert, um diese Unregelméfigkeiten auszunutzen.

Der hauptséichliche Forschungsbeitrag dieser Dissertation besteht in der Anwen-
dung und Erweiterung der bestehenden CP-SAT Verfahren, sodass Instanzen des
MRCPSP mit Vorrangbeziehungen und allgemeinen Zeitbeziehungen in effizienter
Weise exakt gelost werden konnen. Hierzu vergleichen wir zahlreiche neue Modelle
des MRCPSP in zwei Optimierungs-Frameworks, die einen Loésungsansatz beste-
hend aus CP und SAT-Solving Techniken bereitstellen. Der Grofsteil dieser Modelle
verwendet neue globale Constraints mit der Bezeichnung cumulativemm, sprece-
dencemm und gprecedencemm, die wir fiir das Optimierungs-Framework SCIP im-
plementiert haben. Diese Konstrukte bieten die Moglichkeit Nebenbedingungen zu
erneuerbaren Ressourcen, Vorrangbeziehungen und allgemeinen Zeitbeziehungen im
Kontext von mehreren Ausfithrungsalternativen in effizienter Weise mathematisch zu
modellieren. Uberdies integrieren sie problemspezifische Propagierungsalgorithmen
und Schnittstellen zum internen SAT-Solving Mechanismus von SCIP. Dies dient der
Verbesserung des Standardlosungsverfahrens von SCIP.

Fiir spezielle Instanzen des MRCPSP mit Vorrangbeziehungen und allgemeinen
Zeitbeziehungen aus der Literatur erzielen wir mit unseren besten Modellen und
zugehdrigen Losungsverfahren bessere Ergebnisse als die besten bekannten exakten
Verfahren fiir diese Problemstellungen. Wir konnten mit unseren Losungsverfahren
324 offene Instanzen des MRCPSP mit Vorrangbeziehungen schliefsen. Unser bestes
Verfahren konnte also fiir diese Instanzen die zuvor nicht bekannte optimale Lésung
finden und die Optimalitit derselben beweisen. Fiir 176 Instanzen des MRCPSP mit
Vorrangbeziehungen aus der Literatur konnten wir die beste bekannte Gesamtpro-
jektdauer verbessern. Des Weiteren konnten wir 289 offene Instanzen des MRCPSP
mit allgemeinen Zeitbeziechungen schliefen und die beste bekannte Gesamtprojek-
tdauer fiir 271 Instanzen verbessern. Insgesamt sind die erzielten Resultate sehr
vielversprechend.

Zum Abschluss der Dissertation liefern wir eine Vielzahl von Vorschlégen fiir
zukiinftige Forschungsthemen im Bereich von CP-SAT Ansétzen fiir Projektpla-
nungsprobleme.



Curriculum Vite

123

Curriculum Vitae

2010 - now, ongoing

2007 — 2010
2004 - 2007
1994 - 2003

Title

Supervisors

Description

August 2010 — now

July 2009 — May 2010

Education

Doctor of Philosophy, University of Vienna, Department of
Business Administration, Austria.

Participation in the PhD-program "Logistics and Operations Manage-
ment", Supervisor: Richard F. Hartl

Master of Science, University of Salzburg, Faculty of Natural
Sciences, Salzburg, passed with distinction.

Master Study of General Mathematics.

Bachelor of Science, University of Salzburg, Faculty of Natural
Sciences, Salzburg, passed with distinction.
Study of Mathematics.

Abitur, Karlsgymnasium Bad Reichenhall, secondary school.

Master thesis

Solving the districting problem by integer programming tech-
niques (in german)
Prof. Wolfgang Schmid, Dr. Giinter Kiechle

Detailed theoretical description of concepts from integer program-
ming and an application of the latter to a districting problem in
the state of Salzburg.

Vocational Experience

University

Research Assistant, University of Vienna, Austria.

Teaching, administration tasks and research for PhD-thesis:

O An Application of Constraint Programming and Boolean Satisfiability
Solving Techniques to Variants of the Resource-Constrained Project
Scheduling Problem

Research-oriented internships

Internship|Master student, Salzburg Research Forschungsge-

sellschaft mbH, Salzburg.

Master thesis project:

O Real-world application: Analysis and optimization of the service
territory design of an industrial partner in the state of Salzburg,
Austria.



124 Curriculum Vite

2007 — 2008 Internship, Briickner Maschinenbau (Mechanical Engineering)

GmbH, Siegsdorf.

Employment in the Department of Research & Development:

O Elaboration of mathematical concepts for the measurement of the
biaxial birefringence of optical films

O Programming the synchronization of a positioning system and the
measurements of a birefringence instrument to automatize the bire-
fringence measurement procedure.

Other

2003 — 2004 Civilian service, Transport service at the Bavarian Red Cross in
Bad Reichenhall.

——  Academical Experience

Teaching Experience
October 2011 — now Bachelor Course "Production and Logistics" (in german):
Supervising Experience
May 2012 — now Supervision of various bachelor theses and co-supervision of two

master theses with the following topics:

O "Adaptive Large Neighborhood Search for the Curriculum-
Based Timetabling Problem", finished in December 2013

O "A comparison of MILP models for the multi-mode resource
constrained project scheduling problem", ongoing.

Reviewing Experience

European Journal of Operational Research, Central European
Journal of Operations Research, ORP3 2012 Conference Papers

Competitions

February 2013 — Participation in the competition of the Multidisciplinary Interna-
August 2013 tional Scheduling Conference (MISTA):
O Optimization of instances of the multi-project multi-mode
RCPSP with the aim of total project delay and makespan
minimization
O Tth-rank in the qualification round
O 9th-rank in the final round.



Curriculum Vite

125

Prizes

April 2014 14th International Conference on Project Management and

[1]

2]

[3]

[4]

[3]

[6]

[7]

Scheduling:
O Submission awarded with the third prize in the Best Student
Paper Competition (See [2] and [10]).

Publications

Conference Presentations

Richard F. Hartl Alexander Schnell. On the efficient modeling of
the MRCPSP with GPRs in the optimization framework SCIP.
In International Conference on Operations Research, Aachen,
Germany, September 2014.

Richard F. Hartl Alexander Schnell. A new CP-SAT approach
for the multi-mode resource-constrained project scheduling prob-
lem (MRCPSP). In 14th International Conference on Project
Management and Scheduling, Munich, Germany, March-April
2014.

Richard F. Hartl Alexander Schnell. On the extension of re-
cent CP-SAT approaches from single-mode to multi-mode jobs
in RCPS. In 2nd International Optimisation Summer School,
Kioloa, Australia, January 2014.

Richard F. Hartl Alexander Schnell. A new exact approach for
the multi-mode resource-constrained project scheduling problem
(MRCPSP). In Young Academic’s Management Science (YAMS),
Salzburg, Austria, December 2013.

Richard F. Hartl Alexander Schnell. A combined CP-SAT-
MIP approach for the multi-mode resource-constrained project
scheduling problem. In International Conference on Operations
Research (GOR), Rotterdam, Netherlands, September 2013.

Alexander Schnell. A hybrid local search algorithm integrating
an exact CP-SAT approach to solve the multi-mode resource-
constrained multi-project scheduling problem. In Multidisci-
plinary International Scheduling Conference: Theory and Appli-
cations (MISTA), Ghent, Belgium, August 2013.

Alexander Schnell. The impact of the predefined search space
on recent exact algorithms for the RCPSP. In 21st International
Symposium on Mathematical Programming, Berlin, Germany,
August 2012.



126

Curriculum Vite

[8]

[9]

[10]

[11]

[12]

[13]

[14]

Alexander Schnell and Richard F. Hartl. A preprocessing pro-
cedure to improve recent exact algorithms for the resource-
constrained project scheduling problem. In 25th European
Conference on Operational Research, Vilnius, Lithuania, July
2012.

Alexander Schnell. A generalized forward-backward improvement
heuristic for the resource-constrained project scheduling problem.
In 2nd Workshop on Young Academics’ Management Science,
Graz, Austria, December 2011.

Working Papers and Publications

Alexander Schnell and Richard F. Hartl. A new CP-SAT approach
for the multi-mode resource-constrained project scheduling prob-
lem (MRCPSP). In Thomas Fliedner, Rainer Kolisch, and Anulark
Naber, editors, Proceedings of the 14th International Conference
on Project Management and Scheduling, pages 214-217, Mu-
nich, Germany, Mar 2014. TUM School of Management.

Alexander Schnell. A hybrid local search algorithm integrating
an exact CP-SAT approach to solve the multi-mode resource-
constrained multi-project scheduling problem. In Proceedings of
the Multidisciplinary International Scheduling Conference: The-
ory and Applications (MISTA), Ghent, Belgium, August 2013.

Alexander Schnell and Richard F. Hartl. On the efficient model-
ing and solution of the multi-mode resource-constrained project
scheduling problem with generalized precedence relations. Work-
ing Paper, submitted for publication, 2014.

Alexander Schnell and Richard F. Hartl. On the generaliza-
tion of constraint programming and boolean satisfiability solving
techniques to schedule a resource-constrained project consisting
of multi-mode jobs. Working Paper, submitted for publication,
2014.

Alexander Schnell and Richard F. Hartl. The effect of the prede-
fined search space on recent exact algorithms for the resource-
constrained project scheduling problem. Working Paper, 2012.



	Abbreviations
	Introduction
	Solution approaches
	Structure of the thesis

	The RCPSP
	Problem description
	Project and resource environment
	Job characteristics
	Objective functions

	General problem formulation
	Complexity results
	Preprocessing techniques
	An example for the MRCPSP with GPRs

	CP and SAT Solving for the RCPSP
	Introduction to CP
	Preliminaries
	CP for scheduling problems

	Introduction to SAT Solving
	Conflict Analysis
	Conflict-based variable-value selection strategies and restarts

	Combination of CP and SAT techniques to solve the RCPSP
	Lazy clause generation
	The optimization framework SCIP
	Conclusion on optimization frameworks


	Performance variability of CP-SAT solvers for the RCPSP
	A CP model for the SRCPSP with SPRs
	Activity List Preprocessing and Independent Parallel Solution
	Computational Experiments
	Positive Effects through the Generation of more Activity Lists
	Comparisons to Recent General Exact Approaches
	Effect of a different branching rule

	Conclusion

	CP-SAT approaches for the MRCPSP with SPRs
	G12- and SCIP-models for the MRCPSP with SPRs
	A formulation for the Zinc-modeling language
	Formulations for SCIP

	Principles of the cumulativemm-constraint
	Explanations for TP with multi-mode jobs
	Comparison to other explanation generation techniques and possible improvements

	Computational experiments
	Conclusion

	CP-SAT approaches for the MRCPSP with GPRs
	Introduction
	A SCIP-model for the MRCPSP with GPRs
	Strengthening of the mathematical formulation

	Key Principles of sprecedencemm
	Domain Propagation
	Explanation Generation

	Key Principles of gprecedencemm
	Computational Experiments
	Conclusion

	A heuristic for the MRCMPSP with SPRs
	A SCIP-model for the MRCMPSP with SPRs
	Local Search for the MRCMPSP with SPRs
	Results
	Conclusion

	Conclusion and future research
	Bibliography
	List of Figures
	List of Tables
	List of Algorithms
	Abstract
	Zusammenfassung
	Curriculum Vitæ

