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Abstract

Pair creation by spontaneous parametric down-conversion (SPDC) has become a reliable source for single photon
states, used in many kinds of quantum-related experiments and real-life applications. In order to be spectrally
pure, the two photons within a generated pair should be as frequency-uncorrelated as possible. For this purpose
most experiments use narrow bandpass filters, having to put up with a drastic decrease in count rates. This the-
sis discusses (theoretically and by numerical evaluation) how to engineer a setup such that the SPDC-generated
quantum states are intrinsically pure. Using pulsed pump lasers and periodically poled crystals this approach
makes bandpass filtering obsolete and allows for significantly higher output intensities and therefore count rates
in the detectors.

Die Paarerzeugung mittels spontaner parametrischer Downconversion (SPDC) hat sich zu einer verlisslichen
Quelle fiir Single-Photon-Zusténde entwickelt, die in zahlreichen Quanten-basierten Experimenten und Anwen-
dungen zum Einsatz kommt. Um spektrale Reinheit zu gewahrleisten, sollten die beiden Photonen eines Paares
moglichst Frequenz-unkorreliert sein. Zu diesem Zweck setzen die meisten Experimente schmale Bandpassfilter
ein, nehmen dafiir aber eine drastische Verminderung der Zahlraten in Kauf. Die vorliegende Arbeit untersucht
(sowohl theoretisch als auch durch numerische Berechnungen) wie ein Aufbau beschaffen sein muss, sodass die
durch SPDC erzeugten Quantenzustande an sich rein sind. Unter Verwendung von gepulsten Pumplasern und
periodisch gepolten Kristallen macht dieser Zugang den Einsatz von Bandpassfiltern obsolet und ermoglicht
dadurch deutlich héhere Output-Intensitiaten, also Zahlraten in den Detektoren.
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Introduction

The last decades have brought up a number of intriguing quantum mysteries which accomplished their transi-
tion from thought experiments to actual phenomena successfully observed in a lab. Now, at the dawn of the
21st century, we are about to submit these quantum phenomena to a second transition by exporting them from
scientific labs to actual real-life applications. The concepts of quantum superposition, uncertainty principle,
entanglement, no-cloning theorem and others have opened a wide range of possible applications challenging
human creativity and ingenuity. These range from quantum information and computation (teleportation [4],
entanglement swapping [22], dense coding [3], Deutsch-Jozsa algorithm [7] etc.) to—certainly most developed
in the sense of industrial usability—quantum key distribution (QKD) which underwent a fast development from
its theoretical birth [2] to experimental proof [24, 27].

No matter whether the setup relies on quantum entanglement, single-photon heralding or quantum interfer-
ence—for successful realisation of quantum based experiments and applications the generation of indistin-
guishable single photons is a crucial task in any quantum lab. Quantum entanglement is undermined by any
distinguishing information that the photons carry; at heralding, when a photon pair is spectrally correlated,
the detection of one twin will project the other one into a mixed state, making it useless for almost any kind
of further quantum processing; also quantum interference is intrinsically related to state purity and indistin-
guishability of the photons arriving at a beamsplitter.

For generation of single photon states spontaneous parametric down-conversion (SPDC) has become the method
of choice. A non-linear crystal is impinged by a pump laser whereupon a certain portion of pump photons (usu-
ally between 1071° to 107°) decays into two daughter photons, usually referred to as signal and idler. The
three photons, pump, signal and idler, obey energy conservation

Wp = Ws + w;

and can, depending on the type of down-conversion, be polarisation-degenerate or polarised orthogonally to each
other. The production of single photons in pairs offers major advantages; firstly it is the most common way
to create entangled quanta, secondly it allows for heralding single photons by detection of their respective twins.

In order to allow for a positive energy transfer from pump to daughter fields throughout the crystal, thus
to prevent the three waves to interfere destructively, pump, signal and idler have to meet the phase-matching
condition

k, =k, + ki,

which in some cases can be achieved by tuning the impinging angle of the pump beam, a technique called
birefringent phase-matching (BPM). Another method, already proposed in the early nineteen-sixties [1], uses a
change of the crystal’s non-linearity coefficient in multiples of a certain longitudinal constant A in order to reset
the phase mismatch periodically and permit the output intensity to increase together with the crystal length.
This method is referred to as quasi-phase-matching (QPM). For any kind of collinear three-wave mixing it is
possible to manufacture a non-linear crystal to meet the quasi-phase-match condition

2

kp=Fks+ ki + A

m,
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where m may be a positive or negative odd integer. Even though both phase-matching techniques, BPM and
QPM, will be discussed in detail, this thesis sets the focus on the latter.

The process of SPDC is in principle determined by two functions: the pump envelope amplitude 1(w,) and
the phase-matching amplitude ¥ (ws,w;). While p describes the spectrum of the pump laser, ¢ determines
which wavelength configurations are supported for a given SPDC type, non-linear crystal and temperature.
The product of the two is the joint spectral amplitude

flws,wi) = p(ws + wi)(ws, wi)

which uniquely determines the intensity, frequency spectrum and spectral purity of the output radiation. The
quantum amplitude for SPDC can be represented as

k%) :/\/’/ / flws,wi)alal dw, dw; [0),
0 0

where A is a normalisation constant and al , are the quantum creation operators of the generated photons. As
outlined in this thesis, signal and idler single photon states can be considered pure if the joint spectral amplitude
is separable, i.e. if f(ws,w;) = fs(ws)fi(w;), thus making the SPDC amplitude separable as well:

‘\I/> :N/o fs(ws)al dws/o fi(wi)a;L dw; ‘0>

In order to achieve a separable SPDC amplitude (or in other words frequency-uncorrelated daughter photons)
most experiments make use of narrow bandpass filters in both signal and idler channels but therefore have to
tolerate a significant loss of output intensity, i.e. a decrease in single photon count rates. In recent years a
new approach has come up which bypasses the need for spectral filtering by engineering a priori separable,
i.e. intrinsically pure, single photon states. The degree of entanglement can be described by the Schmidt num-
ber K whose inverse delivers the spectral purity P of the output single photon states. While the postulates
of quantum mechanics, combined with numerical mathematics, show how to evaluate the degree of purity of
down-converted photons [8, 21, 28], first experimental tests yielded promising results [15, 16, 12, 14]. This thesis
investigates phase-matching conditions and state purity of all types of down-conversion in all common wave-
length regimes and in two kinds of periodically poled crystals, lithium niobate (ppLN) and potassium titanyl
phosphate (ppKTP).

This thesis is structured as follows: Chapter 1 introduces fundamental concepts of electromagnetism and optics,
required to describe a non-linear process like SPDC; these include birefringence, optical dispersion and the
non-linear polarisation vector. In Chapter 2 we derive the amplitude and intensity for SPDC in both a semi-
classical and a fully quantum-mechanical way. Chapter 3 presents the basic concept and different techniques of
phase-matching in a non-linear crystal. Chapter 4 introduces the quantum-mechanical concepts of entanglement
and factorability and their implications on state mixedness and purity. Furthermore it shows how the degree of
entanglement and state purity in an SPDC process can be investigated numerically. These methods were used
for examination of a large number of SPDC setups, the results of which are presented in Chapter 5.



Chapter 1

Electrodynamical and Optical
Prerequisites

For later examinations of non-linear processes and phase-matching it will be helpful to establish some basic
concepts of linear and non-linear optics. After introducing Maxwell’s equations in matter we investigate the
wavelength-dependence of the refractive index n (dispersion), determined by the Sellmeier equations. Further-
more we examine how the refractive index depends on the radiation’s polarisation and its propagation direction
(birefringence). Therefore we derive the angle-dependence of n from Maxwell’s equations. The chapter concludes
with an introduction of the non-linear polarisation vector which holds responsible for any kind of non-linear
process such as spontaneous parametric down-conversion.

1.1 Maxwell’s Equations in Matter

In vacuum all electrodynamic phenomena can be described by the electric field E(r, t) and magnetic field B(r, t),
which are related to each other by Maxwell’s equation for vacuum. However, within matter the material’s
properties have to be taken into account, hence the definition of two additional fields, D and H, where

D=cE+P
= ¢ E+ ¢ xE (1.1)

is the electric displacement with ¢y being the vacuum permittivity constant, P the medium’s polarisation and
x the electric susceptibility tensor and

H= iB -M (1.2)
Ho

is the magnetic field strength with pg being the magnetic permeability of free space and M representing the
magnetisation vector of the medium. In this thesis we are dealing exclusively with non-magnetic media, which
simplifies the magnetic field strength to

1
H-=—B. 1.3
Mo ( )

The four fields obey Mazwell’s equations in matter:

V-D = py, (1.4a)
0B

E=—— 1.4b

V x ETR (1.4b)

V-B=0, (1.4c)

VxH=j +2 (1.4d)

ot’
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where py and j; are the free charge and current density, respectively.

All these fields can be described in the common way, by a real amplitude and a complex phase, e.g.:

E = Egel(-witkn), (1.5)
If we only consider the real part, then the above expression becomes

E = Ej cos(—wt + kr). (1.6)
For later use it will be convenient to describe the real electric field by the complex amplitude A = Eqe*?:

E= 1 (Aei(fthrkr) + A*e*i(*wﬂrkl‘))
2

1 .
= iAez(*‘”Hkr) +c.c., (1.7)

where we added the complex conjugate to ensure the field to remain real-valued.

1.2 Dispersion and Birefringence

The index of refraction of an optical medium is one its most crucial properties. It holds responsible for the
refraction angle of a ray entering from one medium into another, as well as for a wave’s group velocity and
wavevector k = (27n/A)k. Usually the refractive index inside a medium depends not only on the radiation’s
wavelength (dispersion) but also on its polarisation and the direction towards which it is propagating. The
dispersion relation of a medium is described by the respective Sellmeier equations, which in their most common
form look like follows:

AN AN
N _—B? ' X_B%

n(A) = A + (1.8)
The Sellmeier coefficients A and B are determined experimentally. Depending on the material that they are
describing, the Sellmeier equations can have different representations than the one above, containing more (or
less) coefficients and, as the case may be, temperature dependent terms. In non-isotropic optical media the
Sellmeier coefficients themselves depend on the radiation’s polarisation with respect to the medium’s principal
axes. In the most general case there is a different equation for n., n, and n, respectively. If a crystal has three
different indices (n, # ny # n.), it is referred to as a biazial crystal. When two of the principal axes carry the
same index for all A (by convention n, = n,) then we speak of a uniazial crystal.

Using the definition D = ¢yE + P, the linear polarisation P = eox(VE and the identity n? = 1 + xV) we
can write the electric displacement as*

D = ¢ (1 + xE
= ¢n’E (1.9)

This relation is only true for isotropic media, where n, = n, = n,. Since we have to allow for different indices
with respect to the principal axes, we rewrite the above equation in matrix form:

nz 0 0
D=¢ |0 ni 0]|E (1.10)
0 0 n?

The definition of the permittivity tensor e

*For the following derivations cf. [25], p. 23 ff.
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nz 0 0
e=e |0 ni 0 (1.11)
0 0 n?

simplifies the expression for the electric displacement:

D = E. (1.12)

Since € is a diagonal matrix, we can easily find its inverse in order to solve the above equation for E:

E=—| 0 n;2 0 |D. (1.13)
0

. 1 ’
E' = —D'. (1.14)
€on;

When we take the curl of Maxwell’s equation (1.4b) we obtain

VX(VXE):—%(VXB)

0
5 (V x poH)

9°D

= 05 (1.15)

where we used (1.3) in the second and (1.4d) in the third line (assuming jo = 0 in a dielectric). Straightforward
calculation yield that V x E = ik x E and that V x (ik x E) = i’k x (k x E). Moreover 9;D = —iwD, so we
get

k x (k x E) = —w?oD. (1.16)

This equation can be simplified when we use the relation k = (nw/c)k:

" kx(kxE)=—uD. (1.17)
Moreover, using the well known vector identity a x (b x ¢) = (a-¢c)b — (a - b)c we obtain

n2 ~

= ((k E)k - E) = —4oD. (1.18)
Rewriting this equation in component form yields

n® /- i i i

> ((k E)s — E ) = —poD', (1.19)
where s’ are the components of the unit wavevector such that k = s™% + s¥y + s*z. We rearrange (1.19) and
use (1.14) to replace E':
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2

i_ N i i
D= (E (k E)s)
U (k- E)s' (1.20)
© poc? \ eon? ’ '

where n is the refractive index corresponding to a certain wave k and doesn’t—in general—coincide with n;,
the index corresponding to a polarisation along one of the crystal’s principal axes. We now solve the above
expression for D' and get

72/ (o) (k- B)s’
n?/(uoc?eon?) — 1
 1/(eon?) = poc? /n?
B (k- E)s'

= o — 1)

where we used poeoc? = 1 in the last line. Writing out all three components of D we obtain

D' =

(1.21)

x z

k-E S ‘1t sY - s N
= X Z | .
o \1/n2 —1/n2" " 1/n2 —1/n2> " 1/n2 —1/n?

(1.22)

We multiply both sides of the above equation with the unit vector k and use k-D = 0 to arrive at the expression

(s%)2 (s¥)2 (s%)2 -
1/n2 —1/n? + 1/n2 —1/n? + 1/n2 —1/n? =0. (1.23)

The above equation is called Fresnel’s equation, and it delivers the refractive index of any plane wave with
respective polarisation inside a medium, provided the indices n,, n, and n, are known by virtue of the Sellmeier
equations. We can obtain a little more insight, when we multiply Fresnel’s equation with (1/n2 —1/n?)(1/n? —

1/n?)(1/n2 = 1/n?):

Go3) G ) a-2) G 3o -3) (- 3o
(1.24)

Consider now a plane wave propagating, say, in the xy-plane. In this case k* = s* = 0 and Fresnel’s equation
simplifies to

(-3 3)er- (- 2]

An obvious solution to this equation is n = n,. It is important to note that this solution satisfies Fresnel’s equa-
tion regardless of the wave’s orientation within the plane, i.e. for any s, and s,. A second—non-trivial-—solution
can be found in

=0
ng + n2 n?
(s7)? (V) 1
= t o (1.26)
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In polar coordinates the unit vector components of k are described as follows:

& = cos, (1.27a)
sY = sin g, (1.27b)

where ¢ is here the angle enclosed by k and the x-axis. Reinserting these expressions into (1.26) yields

1 cos? sin®
=+ L (1.28)
Yy T

This equation is only valid in the special case of a plane wave propagating in the xy-plane. However, an
analogous expression can be obtained for the other two principle planes. So we found that for propagation
in any principle plane there are always two refractive indices n which solve the Fresnel’s equation: an angle-
independent one and an angle-dependent one. The first one is usually referred to as the ordinary index n,
whereas the latter—angle-dependent—one is called extraordinary index n.. Coherently, a plane wave polarised
along the the ordinary (extraordinary) axis is called ordinary (extraordinary) beam, or briefly o-ray (e-ray).
Although in Equation (1.28) n is written in terms of the angle with respect to the z-axis, it is common to
express n. in terms of the angle with respect to the crystal’s optic azis (by convention the z-axis):

1 20 sin?0
— _ COS2 + SlIl2 . (129)
ne nO nZ

The optic axis is the axis along which o- and e-rays carry the same refractive index: As seen in the above equation,
for a wave propagating along the optic axis z, i.e. § = 0, the ordinary and extraordinary index coincide. Since
both, n, and n., are expressed in terms of the principal indices n,, n, and n, which are evaluated by the
(wavelength- and temperature-dependent) Sellmeier equations, they are of course still functions of A and T

ol

Ne Mo Ne Mo

(a) (b)

Figure 1.1: Illustration of birefringence within a non-linear crystal. The light grey plane in Figure (a) is the plane
spanned by the wavevector and the optic axis. When 6 is varied the o-ray’s polarisation remains orthogonal to the
plane whereas the polarisation of the e-ray changes its orientation with respect to the optic axis, thus carrying an
angle dependent refraction index, as depicted in Figure (b). Both figures from [20].
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no = no(N,T), (1.30a)
ne = ne(\, 0,T). (1.30b)

In order to determine ordinary and extraordinary polarisation we follow a simple procedure: Consider a plane
spanned by the k-vector and the crystal’s optic axis. Polarisation orthogonal to this plane will not change
its orientation when the orientation of k within the plane varies, therefore it is ordinary; on the other hand
polarisation within the plane will vary its orientation together with k, therefore it’s angle-dependent and thus
extraordinary (Figure 1.1).

Going back to Equation (1.10), we see that within anisotropic media E and D are in general not parallel.
When the field’s polarisation coincides with one of the principle axes, then E = E? = ¢yn?D*® and D actu-
ally are parallel. This is the case for ordinary rays, where the polarisation—and thus the E-field—is oriented
towards a principle axis, regardless of the direction of k within the plane (assuming propagation within one
of the principle planes). For extraordinary waves however the direction of the E-field varies with the wave’s
propagation direction within the plane and therefore E can in general not be represented by a scalar any more.
To summarise: In isotropic media (n, = n, = n,) E and D are always parallel to each other; in birefringent
media we distinguish between ordinary rays, where E and D are parallel, and extraordinary where they are not.

1.3 The Non-Linear Polarisation Vector

In its most general form the polarisation vector inside a medium which is excited by a field E is

P = eox(l)E + e()><(2)E2 + eox(g’)E3 .

0 Y ME (1.31)
n=1,2,3,...

where (™ are the terms of the non-linear electric susceptibility corresponding to the respective power of the
electric field. This expression arises when we use the linear expression

P =¢xE. (1.32)

and expand the susceptibility tensor in powers of E:

=D 4 DB+ OB 4 WOES (1.33)

For small fields higher orders of E become negligible, therefore x ~ (), and we are left with a linear dependence
of polarisation versus electric field:

P = ¢xVE. (1.34)

where y() is a scalar. The above relation is valid in all phenomena of linear optics. For sufficiently big fields
however, the higher order terms come into play. The very most of relevant optical phenomena and applications
involve susceptibilities up to x(3). In this thesis we focus on the non-linear process called spontaneous parametric
down-conversion (SPDC), which is a x®-process.

1.4 Summary

Electromagnetic radiation within a medium is subjected to a certain refractive index which not only depends
on the radiation’s wavelength and the temperature but—in case of extraordinary polarisation—also on its
propagation direction with respect to the crystal’s optic axis:

Ne = no()‘vT)7
Nne = ne(A, 0, 7).



1.4. Summary

The polarisation P of a medium excited by an electric field depends on the electric field and on the material’s
susceptibility tensor y. Materials which carry a susceptibility of order higher than one are referred to as
non-linear media. In this thesis we will neglect orders greater than two, so the polarisation vector reads

P= on(l)E + 60X(2)E2.






Chapter 2

Spontaneous Parametric
Down-Conversion

After a brief qualitative description of spontaneous parametric down-conversion (SPDC) we derive the amplitude
of this process as well as the intensity of the output radiation quantitatively in both a semi-classical and a
quantum-mechanical way. In the semi-classical approach we will use Maxwell’s equations to derive the amplitude
and intensity of difference frequency generation (DFG) and then slightly adapt the result to the case of SPDC.
In our quantum-mechanical derivation we will establish the Hamiltonian for SPDC and obtain the wavefunction
by action of the time-evolution operator on a vacuum state. At the end we will compare the results of the two
derivations and outline the most important properties of the derived expressions.

2.1 Fundamentals

At spontaneous parametric down-conversion a photon decays into two daughter photons by interaction with a
non-linear optical medium (Figure 2.1). The frequencies of the three interacting photons have to obey energy
conservation:

wp = Ws + Wy, (2.1)

where the subscripts p, s and i represent the traditional terminology pump for the initial photon, and signal
and idler for the two daughter photons. Regarding the polarisation state (ordinary or extraordinary) of the
three fields we distinguish three different types of down-conversion: type 0, I and II. In type 0 and type I
down-conversion signal and idler are polarisation-degenerate:

Type0: o —o0+0, e—e+e, (2.2a)
Typel: o—e+e, e—0+o, (2.2b)

where at type II they are orthogonally polarised:

Ws

Wi

Figure 2.1: Schematic of SPDC. A photon with high energy w, decays into two lower-energetic photons ws and w;
by interaction with a non-linear medium.

11
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Typell: o—o0+4+e, e—o0+e. (2.3)
Type IT down-conversion is the default method for production of polarisation-entangled photons.

The most common non-linear crystals used in the lab for SPDC are barium borate (BaB,O,, or briefly BBO),
potassium dihydrogen phosphate (KH,PO,, KDP), lithium niobate (LiNbOg, LN) and potassium titanyl phos-
phate (KTiOPO,, KTP). Some properties of the latter two can be found in Appendix A.

2.2 Semi-Classical Description

SPDC is a quantum-mechanical process where there is only one input field present which decays spontaneously
into two fields. Therefore it cannot be fully described by the classical arsenal of non-linear optics since a non-
linear polarisation requires at least two inputs. This section provides a semi-classical derivation of the SPDC
amplitude: First we will describe a slightly different y(®)-process called difference frequency generation (DFG),
a process which requires two input fields (say pump and idler). After derivation of the DFG intensity we
will approximate the idler intensity by vacuum fluctuations inside the crystal, which shall imitate the required
second input field in a quantum-mechanical way (Figure 2.2). A purely quantum-mechanical approach will be
provided in the subsequent section.

2.2.1 Difference Frequency Generation
In DFG two input fields with frequencies w; and ws interact in a y(¥-medium to create three photons in the
output—two with frequency ws and one with w3z = w; — wa:

hwy + hws — hws + hws + hws, (24)
where energy conservation is obviously implied: wy = ws + w3 = ws + (w1 — w2). So by DFG one of the input
fields (with frequency ws) is amplified, which we will here denote as the idler field. Accordingly we associate wq

to the pump field and w3 to the signal field. Say we use DFG with pump and idler as input fields in order to
create a signal beam on the output, described by the electric field

1 .
E(ws) = EASe"(_“SHkSr) + c.c. (2.5)
Without loss of generality we set the coordinate system such that the beam propagates along the z-axis, so we

are able to omit the vectors and rewrite the above expression in terms of scalars:

Wj Wg RN Ws Wg

Figure 2.2: Comparison of difference frequency generation and spontaneous parametric down-conversion. At (a)
DFG two (sufficiently strong) classical fields mix within a non-linear medium to amplify the lower-energetic input
and create an additional field carrying the frequency difference of the input fields: ws = wp — w;. After derivation
of the DFG amplitude we will approximate the idler input with vacuum fluctuations (b) to obtain the amplitude
for SPDC.
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2.2. Semi-Classical Description

1 )
E(ws) = QASeZ(*wsHksz) +c.c. (2.6)

For DFG we consider a polarisation vector up to second order:

P = coxVE + oy P E?, (2.7)

which is actually a composition of a linear and non-linear polarisation term:

P =P 4 PO, (2.8)

The linear term can also be written as

1 .
P(l) = §€0X(1)A62(7wt+kr) + c.c. (29)

Specified towards our process of interest, namely a difference frequency generation of a signal beam, the above
expression reads

1 .
P(l)(ws) = §eox(1)Asei(7“St+ksr) +c.c., (2.10)

or if we consider again propagation along the z-axis

1 .
P(l)(ws) = ieox(l)Asez(_“’SHksz) + c.c. (2.11)
The total non-linear polarisation inside the crystal is

P = eoxEZ,, (2.12)

where Ey.; is a superposition of all three involved fields:

Eiot = E(wp) + E(ws) + E(w;)

1 . . .
_ 5 (Apez(—wpt+kpr) +Asez(—wst+ksr) +Aiez(—w7~,t+k,~,r)) + c.c. (2.13)

So (2.12) becomes

1 ) ) ) 2
P2 = 60X<2>1 (Apa<—%t+kﬂ> + A eflmwsttlar) A ei(-witthan) c.c.) : (2.14)

We are interested in the non-linear polarisation of the signal field P(?) (ws). Squaring out the above equation
we find the only terms corresponding to the frequency ws to be

A AL il lio—ialn) 4 A A o=il—lop—wilt+lio —lilr)

—A, Al kin) | A;Aie—i(—w§t+[kp—ki]r) (2.15)
Therefore, extracting P(® (w,) out of P2}, we obtain
1 A
P (w,) = 1eox<2>A,,A;-*e“*wﬁt*[krki]f) +c.c. (2.16)

13



CHAPTER 2. SPONTANEOUS PARAMETRIC DOWN-CONVERSION

This can be rewritten in terms of the effective non-linear coefficient d.g which is a scalar component of the
susceptibility tensor depending on the crystal’s properties and the angle of the field’s polarisation with respect
to the crystal. Replacement of y(?) /4 with dog yields

PP (w,) = eodegA,Afe!Cwrttlo—kilr) ¢ ¢ (2.17)

If we assume the collinear case, where pump, signal and idler are propagating in the same (by convention in z-)
direction we can again omit the vectors and obtain the scalar equation:

PP (w,) = eodegApAfe!Terttlho=hilz) 4 ¢ ¢ (2.18)

So the total signal polarisation is

1 . .
P(ws) = ieox(l)Ase’(f‘”SHksz) + €odo Ap At et TwstHlho—hilz) ¢ (2.19)

Like in Section 1.2 we take the curl of Maxwell’s equation (1.4b):*

9’°D
VX (VXE)=—uy—5, 2.20
x (V x E) Ho o2 ( )
and use a well known property of the rotation operator to write
9 9’D

Since we are only considering non-conductive material, we can be sure that our optical medium doesn’t carry
free charges py, so by Maxwell’s equation (1.4a) we see that V-D = 0. Considering isotropic media and o-rays in
birefringent materials, where E is by Equation (1.9) just a scalar multiple of D, the E-field is as well divergence
free: V- E = 0. In the following derivations we will assume weak birefringence, such that E and D are to a
good approximation parallel and therefore V - E &~ 0 even for e-rays. After these considerations what we are
left with is

0’D

V2E = Mo (2.22)

When we replace D by its definition (1.1) we obtain
0’E o*P

VQE = MOGOW + MOW, (223)
or, since our process is assumed to be one-dimensional,

0? 0’FE o*pP

92t =t gm tho G (224
Inserting Equation (2.6) the left hand side becomes

0? 1 L OAs  OPAN .

@E(ws) =3 (—kﬁAs + 2iks = + ) eil-wstthsz) (2.25)

We use the slowly varying envelope approrimation and assume a small change of A with respect to propagation
in k-direction. This implies that higher order derivatives can be neglected since |02 A| < |kd,A|. So we are left
with the simplified expression

*For the following derivations cf. [25], p. 86 fI.
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2.2. Semi-Classical Description

0? 1 o 0As\ i_w R

@E(Ws) = 5 (—k'gAs + Q’Lks 02 ) € ( sttks ) (226)
Using (2.6) and (2.19) the derivatives on the right hand side of (2.24) are

82 2 1 i(—wst+ksz)

@E(ws) = —wsiASe , (2.27a)

> 2 (L )y i(—watth2) v i(—wot+[kp—ki]2)

ﬁP(ws) = —w; 56()){ Age ST o eodenApAie st =l . (2.27b)
Putting all these derivatives together in (2.24) we obtain

A iksz Ws x ilkp—k;)z
inp— e ——degApAje’"™ (2.28)

where we used pgeg = 1/¢? as well as 14+ x) = n? and k = wn/c. For further simplification we introduce the

phase mismatch vector

Ak = ky — ks — k.

So we obtain

0A w ,
2 =i —dg A, AL ek,
0z NgC

This is an ordinary differential equation which can be integrated over:

L
Ay =i g A, A / k2
0

NsC

Evaluating the integral yields

Ak i

1 . e
_ ezAkL/2

Ak 7

_ 2 inkrse g (ARL
= Ake S111 9 .

L iAkL
; 1 e -1
/ PRANCY
0

iARL/2 _ ,—iAkL/2

Therefore

. 2w . i . [ AkL
AS = Zmdeﬂ‘ApAi (& AkL/2 S <2> .

This expression can be simplified when we rearrange it as follows:

,sin(AkL/2)

_ ;Y * JIAKL/
A =i L, Afe AELTS

and express it in terms of the sinc function®, yielding the final expression:

*sinc(z) = sin(z)/z and sinc(0) = 1.
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CHAPTER 2. SPONTANEOUS PARAMETRIC DOWN-CONVERSION

A—Z

LdeffA AretARE/ 2 gine (A;L) . (2.35)

nsc

As we seek for high DFG efficiency we are interested in the intensity of the generated signal and idler fields.
Using the relation

n 2
= 2.36
Q,uocl | ( )
we obtain the intensity of the signal field:
n 2 AEkL
I, = Y ( | Ap||Ai ) sinc (2)
AEkL
= WLQdQH\AM | A;]? sinc? <2) : (2.37)
To express the amplitudes in term of intensity, |A|?> = 2upcl /n, offers a little more insight:
w? 43P, AkL
I, = —=5 - [2d%;-° inc? [ —— 2.38
T gnac eff s sinc 5 , ( )
which can be simplified to
2 AEL
I, = Hows 0¥ 122,11, sine (k> . (2.39)
NpNsN;C 2

Little surprising, the intensity of the produced radiation depends linearly on the intensities of the two input
fields, pump and idler. The more significant observation however is the intensity’s dependence on the wavevector
mismatch Ak which will be discussed at the end of this chapter.

2.2.2 Spontaneous Parametric Down-Conversion

In contrast to the above derivation of DFG, the process of SPDC cannot be described purely classically, since
it doesn’t proceed through mixing of two input fields but rather by spontaneous decay of only one input field.
However, using a semi-classical approach we can recycle the description of DFG for our purposes. In order
to do so we assume the presence of the a second auxiliary input field, additionally to the pump field. We
denote this second input as idler radiation, whose origin are vacuum fluctuations and therefore purely quantum-
mechanical. In order to describe the idler field quantum-mechanically we need to replace the classical description
of the electric field by the quantum-mechanical field operator E(r,t), given by [19]*

_ —wit+kr) —l(—wkt+kr)) dw
Z/ \ ZEOnVQ oL i)

= / (a(k qye! ORI gl el wkt“‘r)) dw, (2.40)
0

where £ = (hw/(2¢onVg))'/?, Vg is the quantised volume and azk o) a0d a(g,q) are the well known ladder
operators which create and annihilate a photon with momentum k and polarisation « respectively. Also note

*For the sake of concise notation, and in order to avoid confusion with unit vectors (e.g. E), we abstain from a distinguished
notation for quantum-mechanical operators. In this section as well as in the following ones the electric field E as well as the ladder
operators at and a and the Hamiltonian H are—if not denoted specifically as classical—all understood as operators and not as
scalar or vector objects.
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2.2. Semi-Classical Description

that the refractive index n and the wavevector k are of course functions of the frequency w. For a monochromatic
plane wave the integration over w can be omitted:

E(w) = i€ (a (€D gt )€—i<—wkt+kr>) 7 (2.41)

Comparison of the above electric field operator with the classical expression for the electric field

1
)

shows that the idler amplitude A} can be quantised as follows:

E(w) <Aei(7wt+kr) + A*efi(fthrkr)) (242)

A’ Hf%&azk o, 0)
=-2i&; |(k, @);) , (2.43)

where |0) describes the vacuum state and |(k, «);) a single photon (idler) state with wavevector k and polarisation
«. In case of propagation along the z axis the amplitude simplifies to

A; ——2i&al,. ) 10)

—2i& |(K*, a);) . (2.44)

We obtain the intensity of the idler vacuum fluctuation by Equation (2.36)*:

n;
IivaC: : _252 kz> i kz7 i
e = g 2iE[? ()l (17, )
2 .
_ n1827 (2.45)
Hoc€

or if we write out the factor &;

2n;  hw;
WZGOniVQ
o ﬁwic

= Vo

Ii,vac -

(2.46)

where we used again 1/(uoeo) = ¢?. Inserting the input intensity of idler radiation into (2.39) we obtain the

semi-classically (SC) derived intensity of signal radiation generated by parametric down-conversion:

2p10w? . AkL
Issc = WL2dgﬂJpIi,vac sinc? (2
2p10w? ; AkL
NpNsNiC VQ 2
which leads to the final expression
2//40%2&)1' 2 9 .o (AL
Iy g0 = ——=—L*d41 — . 2.4
,SC npnanVQ off {p SINC D) ( 8)

In the following section we will compare this result with a fully quantum-mechanical derivation of the signal
amplitude.

*Note that I; vac only describes the intensity of the vacuum fluctuations that we approximate as input to stimulate PDC and
should therefore not be confused with the idler output intensity I; that we observe with our detectors.
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CHAPTER 2. SPONTANEOUS PARAMETRIC DOWN-CONVERSION

2.3 Quantum-Mechanical Description

As seen in the previous section, the quantum-mechanical electric field operator is described by*

_ —wit+kr) —z(—wkt-i-kr)) dw
Z/ “ 2€Oan a(k, )e (k )€

_ /O ( Ake,)€ z(—wkt+kr) a}‘k a) —1(—wkt+kr> dw. (249)

In order to simplify notation we rewrite this expression in terms of a positive and negative frequency part:

E=E"+E", (2.50)
where
ET =i / Sa(kya)ei(*‘“k”kr) dw, (2.51a)
0
B-=—if Ealy e T du, (2.51b)

The Hamiltonian for SPDC, a second order non-linear process, where a pump photon gets annihilated whereas
a signal and an idler photon get created, is described by

H = ¢oy? / E'E;E; d’r+H.c. (2.52)
14

We consider now a pump source with certain spectral pump envelope amplitude, in most cases approximated by
a Gaussian frequency spectrum

) = oxp (2ol ). (2.53)

where wy, ¢ is the centre frequency and Aw, is the width of the spectrum. The presence of a certain spectral width
of the pump source allows for infinitely many frequency combinations, only restricted by energy conservation
wp = ws + w; and weighted by the pump amplitude (2.53). The pump field, typically a high power laser beam,
can be assumed strong enough to be treated classically. So we replace the quantum-mechanical operator E;{ by
the classical field

p

Ef = A, / (o) et Gy (2.54)
0

Insertion of B}, E; and E; in the Hamiltonian (2.52) then yields

amwa | [ [ s

« ez —wpt+kpr) 71( wit+k; r)efz( wsttks r)ala dew dws dw; d31‘+H c., (255)

where al = aIk o). and analogous for aJr We assume a sufficiently narrow spectrum of the pump field, such that

the coeflicients & and &; only vary slowly in the range of p(w,) and can therefore in good approximation be
taken out of the integral. This and the definitions of Ak =k, — k, — k; and Aw = w), — ws — w; simplify the
expression to

*For the following derivations cf. [20], p. 40 ff.

18



2.3. Quantum-Mechanical Description

H= 60X(2)Ap5551/ / / / pi(wp)e ARGt T ) dw, dw; dPr + Hec.
vJo Jo Jo
= C/ / / / u(wp)e*m“’temkralaj dw, dws dw; d*r + H.c., (2.56)
vJo Jo Jo

with C = eox(2)Ap855i. Having the proper Hamiltonian we can obtain the amplitude for SPDC by

W) = e /PIZH A gy (2.57)

which is in first order expansion

W) = (1;/ Hdt> 10)
=10) — ﬁC/ / / / / p(wy)e Bt ARt ot du ) dw, dw; d°r dt, (2.58)
—cJvJo Jo Jo

Note that the hermitian conjugate term of the Hamiltonian vanished by action of annihilation operators on the
vacuum: a|0) = 0. The time integral over exp(—iAwt) yields a delta function:

/ =1t gt — §(Aw), (2.59)

— 00

implying—Ilittle surprising—conservation of energy:

Wp = ws + wi, (2.60)

which makes the integration over dw, a trivial task. So the amplitude reads

o>—3c// / p(ws + wi)e ™ alal dw, dw; dr|0)

=0) — fC/ / / (ws + w;)etkeT g iksT g ikir T was dw; d°r |0) (2.61)

with the restriction k, = k(w,) = k(ws + w;). For the sake of simplicity we regard a collinear approximation
where all waves are propagating in z-direction and the transverse wavevector mismatch disappears (Ak* =
AkY = 0), yielding the amplitude

. L o0 00
|¥) =10) — %C/ / / p(ws + wi)emk'zaiaj dws dw; dz0) , (2.62)
o Jo Jo

where L is again the crystal length. The result of the space integral is well known from the previous section:

L
, 2 AkL
/O ezAkde AkezAkL/Q sin ( 5 )
, AkL
= Le"AFL/2 gine <2> . (2.63)
By insertion back into the amplitude we obtain

|¥) = |0) — %CL/ / (ws + w;)e" AR/ 2 sine (S) ala;r dws dw; |0) , (2.64)
o Jo
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CHAPTER 2. SPONTANEOUS PARAMETRIC DOWN-CONVERSION

or if we unwrap the factor C again

; ROl e ’ AkL
| W) = |0) — %eox(z)Apé’s&L/ / wlws + wi)em“/2 sinc (2) alaj dws dw; 0) .
o Jo

(2.65)

In order to compare the above result with our semi-classical derivation where we considered only monochromatic
in- and output, we omit the integration over frequency and neglect the vacuum part:

i [ h2wsw; ; . AkL
‘\II> = 4ﬁdeﬁ’X(2)Ap m[xe AkL/2 simc (2) alaz |0> s (266)
0ltsNiVy

where we used x(?) = 4dg and € = (hw/(2¢9nVg))'/?. The quantum-mechanical (QM) intensity of the output
(say signal) radiation is given by the scalar product of the wavefunction with itself:

hwswi . AkL
Isqm = (¥|0) = nsmvé L2d§ﬂ¢|Ap\251n02 (2) ) (2.67)
Using |A|? = (2uoc/n)I we obtain
2uphwswic o o . o (AKL
I = ———— L] — . 2.68
= e Ll sind” (= (2.68)
Back in Section 2.2 we found the semi-classically derived result for signal intensity I sc to be
2/10@.4]2&},‘ 2 19 . 92 AkL
Iy s = ——=—L*d1 — . 2.69
80 = iV L denlpsine” { =5 (2.69)
Comparison with our quantum-mechanical result (2.68) yields
ws Vi
Lsc = TQL,.,QM. (2.70)
We rearrange the distinguishing factor to arrive at
sVo 2mvs Ve 2nV Voks
Ys¥ _ ZMWsVQ _ ZmVQ _ VQFs (2.71)
c c As Ng
The quantised wavevector in a one-dimensional case is, by restrictions of field quantisation,
2tm
k=", (2.72)
Vo
where m is a positive integer. Assuming m = 1 and inserting & in (2.71) we obtain
Voks 2
TQFs _ 2T (2.73)
Ng Ng

We see that the factor (2.73) which distinguishes our semi-classical and quantum result is a dimension-less
number with the order of magnitude ~ 1. We can therefore safely claim that the both results coincide in very
good approximation:
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j , ﬁ \

a0 . | -
1T/ \ : I :
4\ : [

0
Ak [am™] x10° Ak [pm) s’ Ak Jum™] w0’
(a) L =5mm (b) L =20mm (¢) L =35mm

Figure 2.3: Illustration of how the crystal length L influences the phase-matching tolerance. The plots depict
SPDC-intensity with respect to phase mismatch for crystals of (a) 5mm, (b) 20 mm and (c) 35 mm length.

I sc = Is qu. (2.74)

The most crucial feature of the expression for the output intensity (2.68) is its dependence on the wavevector
mismatch Ak. Since sinc(z) < 1 and sinc(0) = 1, maximum intensity can be achieved if Ak = 0 or equivalently

kp = ks + ki (2.75)

This not only true in the collinear case that we are investigating, but for any three wave process with arbitrary
propagation direction of the respective waves. So in the most general form maximal SPDC- (and also DFG-)
efficiency can be achieved if and only if Ak = 0, that is

k, =k, +k;. (2.76)

This can also be understood in terms of the coherence length L. which is defined as the length along which
there is a positive energy transfer from the input to the output fields: The function sin?(Akz/2) (and hence the
output intensity) will grow together with propagation length z until the argument of the sine arrives at 7/2. So
there is a positive energy transfer from input to output as long as Akz is smaller than w. Thus the coherence
length is

T
AES
So a monotonous growth of the output intensity can be achieved if L. becomes infinite, i.e. when Ak approaches
zero. Techniques to eliminate Ak in order to maximise efficiency can be summarised by the term phase-matching
and will be discussed in the next chapter. Note also that the intensity is proportional to L? which may incite to
use very long crystals. The downside however is that due to the factor AkL in the sinc-function a long crystal
makes the phase-matching tolerance smaller: the larger the length L the quicker will the function sinc?(AkL/2)
decrease when Ak deviates from zero (Figure 2.3).

L. (2.77)

2.4 Summary

As derived in two different fashions the output intensity of SPDC (as well as of any other three-wave mixing
process) is proportional to L? sinc? (AKkL/2). Therefore, for a given crystal length L, the intensity is maximal
when the phase-matching condition is met:

Ak =k, —k, —k; = 0.

Under this condition the coherence length of the process will approach infinity thus allowing for continuous
energy transfer from pump to daughter fields, i.e. a monotonous growth of output intensity throughout the
interaction length. A longer crystal length L will increase the output intensity quadratically but will cause a
more drastic loss when Ak deviates from zero.
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Chapter 3

Phase-Matching

As seen in the previous chapter, maximal intensity is achieved when the phase mismatch is zero. This chapter
introduces and compares the two main techniques to arrive at this condition: birefringent phase-matching
(BPM), which makes use of the angle-dependent extraordinary index, and quasi-phase-matching (QPM) in which
crystals with layers of periodically changing non-linearity deg are used in order to reset the phase mismatch in
multiples of the coherence length.

3.1 Fundamentals

Whereas for any three wave process energy conservation implies automatically

wp =ws +w; and (3.1a)
1 1 1

S 3.1b
N N (3.1b)

the phase-matching condition (2.76) can not be trivially achieved. The reason is that in a medium the wavevector
doesn’t exclusively depend on the wavelength but additionally on the refractive index:

_ 27N -

k= 0k, (3.2)

where for dispersive media the refractive index itself is a function of the wavelength and—in case of extraordinary
beams—of the propagation direction:

Figure 3.1: Schematic of (a,b) non-collinear and (c,d) collinear three-wave mixing. The figures on the left depict a
wavevector mismatch whereas in the figures on the right side the mismatch Ak is zero, representing a phase-matched
process.
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CHAPTER 3. PHASE-MATCHING

o = No(A, T, (3.3a)
ne = ne(A, 0, T). (3.3b)

Figure 3.1 graphically compares down-conversions where phase-matching is achieved and not achieved. In order
to eliminate Ak it is sometimes possible to cut and then place the non-linear crystal such that the pump beam
impinges the crystal in the exact angle 6 which allows for the relation k, — ks — k; = 0. This technique is
referred to as birefringent phase-matching. In the case of collinear three-wave mixing the phase mismatch can
be compensated for by an additional term in the equation: k, — ks —k; —27mm/A = 0, where m is an odd integer
and A is a periodicity constant in multiples of which the crystal’s effective non-linearity switches its sign. This
technique using periodically poled crystals is called quasi-phase-matching.

3.2 Birefringent Phase-Matching

The wavevector mismatch can be written as

Do, — ”il}i) . (3.4)

Ny ~
Ak =27 ( 22k —
”(Ap’” s X

Even if the three beams propagate in different directions, we can set the coordinate system such that they
all propagate within one single plane. Therefore it’s sufficient to describe the involved wavevectors as two-
dimensional objects. Say, all waves propagate in the xz-plane then the wavevectors can be written as

K= (Z) , (3.5)

and same goes for the phase mismatch:

Ak = (ﬁ’;) . (3.6)

For small pump beam divergence we can assume k¥ ~ —k7, so only the longitudinal component contributes to
the phase mismatch vector:*

Ak ~ AK®. (3.7)

Assuming the pump beam to propagate in z-direction, i.e. k, = k, = k; we can express the phase mismatch as

AR = hy — k= kF = ky — /R~ (RD)? — /K2 — (k)2 (3.8)

When ¢y is the scattering angle of the signal with respect to the pump beam, then this can be reexpressed using

p2_ MM YR ng
k? — (k%) = v ﬁsm2 s = F(1 —sin? ¢) = 2 cos? ¢ (3.9a)
and
p2_ g n; Agn
ki — (k)* = v ﬁsm2 O = 2 (1 22 sin? ¢S> . (3.9b)

*For the following derivations cf. [5].
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3.2. Birefringent Phase-Matching

Reinserting these expressions as well as k, = 2mn, /A, yields

; n Ng n; A2n2
AKk* =27 (/\: — 3, o ¢s — N 1- N2 sin? qSS) , (3.10)

where each refractive index depends on the respective wavelength and—in case of extraordinary polarisation—on
the angle of the beam with respect to the optic axis:

1 cos?f sin?6
e ny nopt

For collinear SPDC § is just the pump beam’s angle: 6, = 6, = ;. For non-collinear SPDC the scattering angle
has to be taken into account: 6,,; = 0, + ¢,/;- In the collinear case, where the scattering angles ¢, = ¢; = 0,
Equation (3.10) simplifies to

N ("” s ”> . (3.12)

However in both—collinear and non-collinear—cases Equation (3.10) is highly angle-dependent (as long as there
is extraordinary polarisation involved). So in order to achieve BPM we have to express the phase mismatch
as a function of the angle, Ak*(), evaluate numerically where this function has its root (see Figure 3.3 for an
example) and finally cut the crystal accordingly such that the pump beam impinges at the desired angle.

Figure 3.2: Geometry of birefringent scattering. In our derivations we simplify the (a) general case to (b) an
approximation where only the longitudinal component of the wavevector mismatch contributes.
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Figure 3.3: Example for numerical determination of the phase-matching angle 0:

(e

45 49

type I down-conversion

— o0 + o) from 780nm to 1064nm and 2922nm in lithium niobate. Figure (a) shows the wavevector

mismatch as a function of 6; Figure (b) shows the sinc2-shaped intensity of the signal radiation with respect to 6.
Both figures indicate that for this specific setup phase-matching is achieved at 6 =~ 47°.
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Figure 3.4: Three examples for birefringent phase-matching: The left column describes type I down-conversion
from 780 nm to 1064 nm and 2922 nm in LN; the middle column describes type I down-conversion from 405 nm to
two times 810 nm in KTP; the right column describes type II down-conversion from 405 nm to two times 810 nm
in BBO. Figures (a,b,c) show the intensity versus phase-match angle and signal wavelength; Figures (d,e,f) show
the intensity with respect to wavelength and scattering angle ¢.

26



3.3. Quasi-Phase-Matching

3.3 Quasi-Phase-Matching

While for certain processes birefringent phase-matching cannot be achieved within the range of the tuning angle
6 = [0, /2], quasi-phase-matching offers a more flexible approach. The idea is to reset the group velocity mis-
match of primary and secondary fields by periodically reversing the non-linearity within the crystal, i.e. changing
the sign of deg. This can be achieved by electric field poling of ferroelectric crystals. In this technique electrical
contacts are applied in a periodic pattern on the crystal surface. When sufficiently high voltage is applied the
domains under the contacts flip their poling permanently whereas the rest of the crystal remains unchanged.
The most common materials used for quasi-phase-matching are periodically poled lithium niobate (ppLN) and
potassium titanyl phosphate (ppKTP). Some properties of these crystals can be found in Appendix A.

To understand the idea of quasi-phase-matching (QPM) we have a look at Equation (2.33) which shows that
the signal amplitude of difference frequency generation after a certain interaction length z is proportional to
the product of the effective non-linearity and the sine of Akz/2:

A
A, o degrsin ( §Z> . (3.13)

In order to achieve maximum output intensity we want the signal amplitude to grow monotonously over the
whole length of the crystal. In other words, we want the derivative of Ay with respect to the length z to be
positive for all values of z:

0A, Akz\ !
—_— . .14
5 & deg COS ( 5 ) >0 (3.14)

As soon as z exceeds the coherence length L. = 7/Ak the cosine becomes negative and so does the derivative
0,As. The cosine will not become positive again before the propagation length z reaches 3L.. So in order for
the amplitude to keep growing, the sign of deg is switched periodically at odd multiples of L.

To describe the requirements for QPM more quantitatively we go back to the differential equation which
describes the amplitude of the signal amplitude of DFG, which is—analogous to (2.30)—*

0A w Ak

8,25 = zn—:cdeg(z)ApA;»kez z. (3.15)
The major difference to our derivation in Section 2.2 is that the effective non-linearity is now a function of space
and has to be included in the integral:

L
Ay =22 A A / degp(2)e 22 dz. (3.16)
0

NnsC

The function d(z) is of rectangular shape with periodicity constant A, and it can be represented by the Fourier
series:

- 2 : mm —1(2mm z
deﬂ‘(Z) = ‘deff| Z % Sin (7) e (2 /8 . (317)
The definitions of
2
Ky, = Xﬂm (3.18)
and
O = 2 sin (M) (3.19)
™ 2

*For the following derivations cf. [25], p. 120 ff.
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simplify the expression to:

dest(2) = |degt] Y Crne™m2. (3.20)

Inserting this function in (3.16) yields

L
w .
. . Ws d, A, A* z :Cm z(Akrfkm)Zd 3.21
A= Z’I’LSC| ff| P /O ¢ % ( )

where everything which is not explicitly z-dependent was taken out of the integral. For the sake of a compact
notation we introduce another definition:

Ak = Ak — kyp,. (3.22)

The solution to the integral in

L
o
. . Ws . * Ak 2 2
Ay = z—nsc|d il ApA; gm C’m/o e dz, (3.23)

is well known from Section 2.2. Analogously to (2.35) we obtain

As =1

Ws * ik, L/2 AmeL
nscL|deﬁ\ApAi %: Cne sinc ( 5 . (3.24)

As before, the intensity is proportional to the amplitude squared:

N
I, o |A* < L?sinc? ( 5 ) . (3.25)

Again, maximum conversion efficiency can be achieved when the sinc function gets equal to one, i.e. when
Ak, = 0. So in our phase-matching ambitions we will strive for

—h—l A |-:—

phetatititatt

oo OO0
OO

&

Figure 3.5: Schematic of a periodically poled crystal. The sign of the effective non-linearity is changed in multiples
of A in order to reset the phase mismatch periodically. Figure from [26].
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- 2
Ak = Ak — kyy = Ak — %m = 0. (3.26)

Remembering the definition Ak = k, — ks — k;, the quasi-phase-matching condition becomes

~ n n T m
Al =2n (D2 D T T g 2
™ ”(Ap VDY A> 0 (3.27)

In contrast to birefringent phase-matching, where the impinging angle of the pump with respect to the crystal’s
optic axis is tuned, quasi-phase-matching works by tuning of the crystal’s periodicity A. A rearrangement of
(3.26) yields

21
A= Apm (3.28)
Since the Sellmeier equations and—due to thermal expansion—also the periodicity constant carry a temperature
dependence, the entire phase-matching process is highly temperature-dependent. This can be used to compen-
sate for small deviations from the optimal crystal periodicity by adjusting the temperature accordingly. This
method is referred to as temperature-tuning. Examples for the temperature-dependence of the phase mismatch,
the output intensity and frequencies are illustrated in Figures 3.7 and 3.8.

The non-linearity (3.17) is written in its most general form. However, regarding only cases in which the
QPM condition (3.28) is fulfilled, we can actually omit the summation over m, since for a certain A and Ak
there is only one m to fulfil this equation. The non-linearity then simplifies to

2 .
des() = |dest| —— sin (?) e i2mm/N)z, (3.29)

and accordingly do the respective amplitudes for signal and idler. Equation (3.28) shows that the periodicity
has to shrink when the wavevector mismatch grows. Today’s techniques allow for a poling periodicity down
to roughly 5pum. If a large Ak requires a periodicity which is too small to be manufactured properly, then
phase-matching can still be achieved by raising the order m and thus increasing the required A by the same
factor. Any QPM order higher than one, however, will by Equation (3.29) decrease the effective non-linearity
and therefore the resulting intensity. Also note that the function sin(mm/2) in (3.29) only allows for odd integers
m.
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Figure 3.6: Example for numerical determination of the crystal periodicity A: type 0 down-conversion (¢ — e + e€)
from 1064 nm to 1550 nm and 3393.4 nm in lithium niobate. Figure (a) shows the wavevector mismatch as a function
of A; Figure (b) shows the sinc2-shaped output intensity with respect to A. Both figures indicate that for this
specific setup phase-matching is achieved at A ~ 30 pm.
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Figure 3.7: Illustration of temperature-tuning: This example discusses the same down-conversion process as in
Figure 3.6. The periodicity was set to 30um. Figure (a) shows the wavevector mismatch as a function of T}
Figure (b) shows the output intensity with respect to T'. Both figures indicate that for this specific setup phase-
matching is achieved at T = 41 °C.
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Figure 3.8: Examples for the temperature dependence of the output wavelengths A\s and \;. For a fixed pump
wavelength and crystal periodicity the setup allows for phase-matching of only specific output wavelengths. Fig-
ure (a) describes type 0 down-conversion 1064nm — 1550 nm + 3393.4nm in LN; Figure (b) describes type II
SPDC 775nm — 1550 nm + 1550 nm in KTP.

3.4 Summary

In order to achieve birefringent phase-matching the angle of the pump beam with respect to the crystal’s
optic axis is tuned. The phase-matching condition is met where the function Ak(6) has its zero-point. The
disadvantage of BPM is clearly the limited range of angle-tuning, since there is often no 6 between 0 and 90°
which allows for phase-matching. At the quasi-phase-matching technique we choose the crystal’s periodicity A
such that the condition

- 2
Akm:Ak—Xﬂm:O

is fulfilled. The technique of QPM is insofar more flexible than BPM as for any collinear three-wave mixing
there exists a A which allows for the above relation to be met. Both functions, Ak(#) and Ak,,(A) are evaluated
numerically using the respective temperature-dependent Sellmeier equations and—in case of BPM—the angle-
dependant expression for extraordinary indices.
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Chapter 4

Entanglement, Factorability and Purity

In order to observe quantum interference, crucial to any kind of quantum-based experiment or application, the
photons arriving at the beamsplitter need to be indistinguishable and pure. Quantitatively this can be pointed
out by the expression for the visibility of Hong-Ou-Mandel interference [13] which reads [21]

_Pit+Pa—|p1 - p2l?

|4
2 )

(4.1)

where P is the purity and p the density operator of the two respective single photon states. Obviously the
visibility equals one only if the two incident states are pure (P; = P> = 1) and indistinguishable (p1 = p2).
Spontaneous parametric down-conversion is a popular source of single photon states and the fact that the pho-
tons are generated in pairs makes it a convenient tool for single photon heralding, a process where detection of
one photon predicts the arrival of another one: Say two photons, a signal and an idler, are produced by SPDC.
The photons are brought into different spatial modes, e.g. by birefringent scattering or, in case of collinear
SPDC, by a polarising beamsplitter. The photons propagating along one of the two paths are collected by a
detector, which, whenever triggered, heralds the presence of another photon in the other spatial mode. If the
initial bipartite state |¥) is entangled in frequency space and the idler photon is detected (by a detector which
cannot resolve its frequency), the heralded signal photon is projected into a mixed state (as derived below within
this chapter). The only way to avoid the nuisance of a mixed single photon state is to make the bipartite state
separable—either by use of narrow bandpass filters or by engineering |¥) such that it is a priori separable in
frequency space.

In this chapter we briefly introduce the concepts of state purity and mixedness and derive in which way quantum
entanglement of a bipartite state affects the purity of the respective single photon states. Then we show how the
state purity of the signal and idler single states, i.e. the degree of separability of the SPDC wavefunction |¥),
can be evaluated numerically. We demonstrate how intrinsically pure quantum states can be achieved in the
lab and conclude with a brief discussion how the relation of pump pulse duration and crystal length influences
the visibility of Hong-Ou-Mandel interference in the experiment.
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Pump
pulse Nonlinear

crystal

Heralding

Photon detector

Polarising

beamsplitter
P Single photon

Figure 4.1: Schematic of photon heralding. A polarising beamsplitter separates a photon pair whereupon one
photon triggers the detector and therefore predicts the presence of a photon in the other spacial mode. Figure from
[20].

4.1 Pure and Mixed States

In quantum mechanics a pure state is defined as a state which can be described by a single ket-vector, e.g. |¥).
This state can also be expressed by the density operator

p= ) (¥]. (4.2)
A mixed state is an ensemble of pure states |¥;), each weighted by a probability p;:

p= ij 1) (@51, (4.3)

where Y ;pj = 1. To determine the degree of a state’s purity P we take the trace of the square of the density
operator:

P =Tr(p?) = Zp?. (4.4)

Clearly P is only equal to one if there is only one non-vanishing probability coefficient p; = 1, thus allowing the
state to be represented like in Equation (4.2). On the contrary, if there are many terms in (4.4) each p; will
approach zero and so will the purity P.

Any pure state which is a composite of two subsystems A and B can be written as

O) =D ciklds), @ 1Bk)p - (4.5)
7 k

It is however possible to express a composite bipartite system in terms of a shared complete set of orthonormal
basis states:

) :Z\/)Tj|aj>A®|ﬂj>B7 (4.6)
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4.1. Pure and Mixed States

which is known as the Schmidt decomposition of the state |¥). The vectors |a;) , and [B;) 5 are the so-called
Schmidt modes of the respective subsystems, and A; are the Schmidt coefficients which add up to one: Zj Aj =1
The pairs |aj) 4 ® [8;) 5 form a complete set of basis states of the total system. The Schmidt decomposition
provides an intuitive measurement of entanglement within a pure state: If the state is entangled, then there
is more than just one term present in (4.6). The number of Schmidt modes with non-vanishing coefficients \;
is sometimes used to describe the degree of entanglement of a state. A more illuminative measure is however
provided by the Schmidt number K, defined as [8]

1
=%

which not only takes the number of coefficients A; into account but also their magnitude.

K (4.7)

The density operator of the state (4.6) is

p =35 VA lag) ® 18;) (anl @ (Bl
7 k
=3 VA lay) {axl @ 18;) (Bl (4.8)
7 k

The density operator of one of the subsystems can be obtained by tracing out the respective other one, e.g.:

l

=S50S VA lag) (anl @ (BilB;) (Bl Br)
L7 k
=333 VA ) (an] © 696K
L j k
=2 lag) agl, 0o

pa=Y (Bl DD VAAklag) (el @ 165) (Bul | 158
7k

where we used the orthonormality of the basis states |3;). So in other words, the quantum state of a subsystem
is given by the partial trace of the total state p = |¥) (¥| over the respective other subsystem:

pa=Trgp, (4.10a)
pB = Trap. (4.10b)

Equation (4.9) shows that the trace over a subsystem’s squared density operator is just the sum of the squares
of the Schmidt coefficients \;:

Te(ph) = Te(ph) = 3 A%, (4.11)

Comparing the above expression with (4.7) yields

K=y = s, (4.12)

or equivalently
1 2
Pa=Pp=— = § A2 (4.13)

35
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As we can see, the purity of the single photon states is, little surprising, proportional to the inverse degree
of entanglement of the total state. A bipartite state |¥) can be factorised if and only if there is only one
non-vanishing pair of Schmidt modes:

V) = |a) ®|B) (4.14)

Since in the above case there is only one Schmidt coefficient A = 1, the Schmidt number itself becomes K =1
yielding maximum purity P4 = P = 1. An equivalent result can be obtained by another observation of (4.9):
Tracing over one subsystem projects the other subsystem into a mixed state (even of course if the total initial
state p = |¥) (¥| was pure). Experimentally this is the case when a frequency-correlated photon pair is used for
heralding. The detection of one photon traces the other subsystem out, projecting it into a mixed state. The
only case in which p4 in (4.9) can be pure, is when there is only one non-vanishing Schmidt coefficient, hence
when the total state was separable in the first place.

4.2 Factorability of the SPDC Amplitude

Back in Section 2.3 we found the amplitude for SPDC to be

~ ; o[ . AEkL
|U) = |0) — %eoX(Q)ApES&;L/ / (ws 4 w;)e A2 sine <2) aiag dws dw; |0)
o Jo
0+ N [ [ e+ wdnalel do du 0), (415)

where N is a normalisation constant that contains all the prefactors and v (ws,w;) is the phase-matching am-
plitude

Y(ws, w;) = e"AFE2 gine <A2kL> . (4.16)

Since we are only interested in pair coincidences where the detection of one photon heralds the presence of its
twin, we can just as well ignore the vacuum part of the SPDC amplitude. Moreover, the amplitude can be
rewritten in terms of the joint spectral amplitude (JSA), defined as

flws,wi) = plws + wi)h(ws, wi), (4.17)

yielding the final expression

|0) :./\//C>O /00 flws,wi)alal dw, dw; |0). (4.18)
o Jo

This clearly represents a pure state. This doesn’t mean of course that the single photon states of signal and
idler are pure themselves. As seen in the previous section, the purity of the single photon states can be obtained
by tracing over the square of the respective density operator:

P, = Tr(p?) = Z)@ (4.19a)
j

Py = Tr(p?) = Z)‘?’ (4.19b)
j

where A; are the mutual Schmidt coefficients and, according to above,
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pPs = Tr; 0, (4203)
pi = Trg p. (4.20b)

As mentioned above, pure single photon states require a bipartite state |¥) which is separable in frequency
space. In this case the joint spectral amplitude could be factorised

f(w87wi) = fs(ws)fi(wi)a (421)

so Equation (4.18) can be written as

W) =N /0 fs(ws)al dw, /O filw)a! dw; |0). (4.22)

Thus, in order to obtain high purity in the single photon states, we are interested in making f(ws,w;) as
factorable as possible. However, the correlations of ws and w; in the joint spectral amplitude f(ws,w;) do
indicate a frequency entanglement of signal and idler photons. In order to investigate the entanglement of the
SPDC-amplitude |¥)—a pure bipartite state—we would like to express it in terms of a Schmidt decomposition:

) = Z VA Isi) @ iz) (4.23)

with Schmitdt modes |s;) and |i;), representing the respective subsystems, signal and idler. When a state
or an amplitude cannot be Schmidt-decomposed analytically (as it is the case for the JSA f(ws,w;)), we can
still perform a Schmidt decomposition with numerical means using the singular value decomposition (SVD)
[8, 21, 28, 6]. Therefore we first split the relevant range of signal and idler frequencies into discrete values wg
and w; . Then we express the state as a sum over all possible combinations of signal and idler eigenfunctions,
|3 ) and |in>, weighted by their respective joint amplitude f(ws,m,w; ) each of which is calculated numerically:

‘\II> = ZZ f(ws,mvwi,n) |§m> & |5n> . (424)

The amplitudes f(ws,m,win) can be understood as components of an M x N-matrix F, of which each row
(column) represents a particular discretised signal (idler) frequency:

f(ws,mvwi,n) = <§m‘]:|gn> = <Zn|]:T|§m> (4.25)

FF' is the partial trace of the total state over the idler subsystem, which is in turn just the definition of the
reduced density operator of the signal subsystem:

FFV =3 (inlplin) = ps. (4.26a)

n

Analogously FTF represents just the opposite:

]:T]: = Z <Sm|p|5m> = Pi- (426b)

We now express the respective amplitudes f(wsg m,w; ») in (4.24) as components of F and obtain

[O) =N F [5m) @ [in) - (4.27)

m
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The SVD allows us to decompose any matrix into two unitary matrices U and V1 and a diagonal matrix D,
such that

F=UDVT, (4.28)

where the columns of U represent the eigenvectors of FFT = p, and the columns of V (or rows of V1) are the
eigenvectors of F'F = p;. The entries in D are real, positive, appear in descending order on the diagonal and
represent the eigenvalues of the eigenvectors described by the columns of U and V:

FFU™ = q;u™, (4.29a)
FIFVm = d,vmi = d; (V)™ (4.29D)

where d; = D77 are just the coefficients of the diagonal matrix. It is important to note that the jth column of
U and the jth row of V1 are associated with the same eigenvalue d;, i.e. the columns of U and V have a shared
spectrum. We now replace F by its SVD representation, so (4.27) becomes

0) =303 DV ™ [5) © [in)
=333 UmDI (V) ) & fin)

=24 <Z um |§m>> ® (Z (v |5n>> : (4.30)

n

So we expressed the state |¥) in terms of a complete set of basis states, each weighted by a coefficient d;.
As long as the squares of the coefficients sum up to one, this is just the unique expression for the Schmidt
decomposition of |¥). So after D has been normalised such that /Tr(D?) = 1 we can identify its entries with
the Schmidt coefficients: d; = \/E . Furthermore we define

|55 =Y U™ |5m) (4.31a)

i) = >0 (V1" [in) (4.31b)

n

yielding the desired expression (4.23). The purity of ps and p; can then be easily obtained by Equation (4.19).

In the experiment we are only able to measure intensities rather than amplitudes. In our case the intensity is
proportional to the square of the joint spectral amplitude:

F(ws,wi) = [ f(ws, wi) | = (s +wi)th(ws, wi) |, (4.32)

where we denote F(ws,w;) as the joint spectral intensity (JSI). Similar to above we can split the frequencies
up into discrete values ws ., and w;, and construct a matrix F whose components represent the respective
intensities F'(wg m,w; ) for a certain pair of signal and idler frequency. A singular value decomposition delivers
the Schmidt coefficients \; = d? which are squared and then summed over in order to obtain the purity P.

The above discussion shows that for the sake of optimal purity of the single photon states we would like
to make the joint spectral intensity separable. This requires an engineering of the JSI such that K =~ 1, or
equivalently, that signal and idler frequency are as uncorrelated as possible. The correlation of the frequencies
become beautifully apparent in the shape of the JSI when plotted against signal and idler frequency. High
correlation of ws and w; (and therefore low purity) corresponds to an asymmetric shape, whereas low correla-
tion (and therefore high purity) corresponds to a symmetric—i.e. circular—shape of the JSI (see Figure 4.2).
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Figure 4.2: Graphical representation of the JSI in two examples. Figure (a) shows a case where signal and idler
wavelengths are highly (anti-) correlated, resulting in a purity P ~ 0; Figure (b) illustrates a frequency-uncorrelated
down-conversion, represented by a circular JSI with P ~ 1.

In experiment it is common to use bandpass filters in order to get rid of frequency-correlated photon pairs
such that only uncorrelated ones reach the detectors. Trivially spoken, this is equivalent to cutting a circular
shape out of the JSI, discarding photons in frequency ranges which are beyond the circle. Although easy to
implement this method demands a high price to pay, which is of course the drastic loss of intensity due to the
frequency filters. Another approach is to make the initial state |¥) separable such that no filtering is required
in order to reshape the JSI. This—an intrinsically pure SPDC—can be achieved by firstly choosing the right
crystal settings for a desired wavelength configuration (crystal type, poling period, angle adjustment, etc.) and
secondly by mutual matching of the spectral width of the pump source A\, and the crystal’s length L.

4.2.1 Tailoring of the Joint Spectral Intensity

As seen in the previous section, the JSI is the product of the pump intensity |u(ws+w;)|? and the phase-matching
intensity |1(ws,w;)|?. So in order to engineer a state of high spectral purity it is necessary to investigate those
two components closer. The pump spectrum depends primarily on the centre frequency wy o and the spectral
width Aw, or AX,. For pulsed laser sources the spectral width A\, is intrinsically connected to the pulse
duration 7. The mutual relationship of both can be approximated with

[log2 N2
= 4.
T 2 mweAN (4.332)
log2 A2
AN = —==% 4.33b
2 mwer’ ( )

where )\ is the centre wavelength, ¢ is the speed of light and A\ is understood as the Gaussian width of the
pump spectrum (not to be confused the full width at half maximum which is 2y/2log2A)\). The influence of
spectral width/pulse duration on the spectral shape of u is illustrated in Figure 4.3. Note that—apart from
energy conservation, w, = ws + w;—there is no further physics involved in the amplitude p(ws + w;), i.e. it
can be treated independently of the type of phase-matching and down-conversion. On the contrary, the phase-
matching amplitude ¢ (ws,w;) contains the parameters L and Ak which is itself determined by a number of
further parameters: Ak = Ak(n,/s/is Ap/s/is Op/sjis Ty A, der). So 9 does depend strongly on the specific setup.
The crystal length L has a direct impact on the spectral width of the output radiation (Figure 4.4) whereas
the rest of the setup, such as wavelength configuration, down-conversion type and the choice of the crystal,
determine—graphically spoken—the orientation of the phase-matching intensity || (Figure 4.5).

The final shape of the JSI can be understood as the intersection of |u|? and [4|? (Figure 4.6). A circular
shape of the JSI can be achieved when |u|? and |¢|* are angled orthogonally to each other, as illustrated in
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Figure 4.7. Note however that this is only possible in a very limited amount of configurations. Since the spectral
shape of p can only be influenced in its width but not in its orientation, the shape of the JSI depends primarily
on [¢|2, which in the very most cases is not oriented orthogonally to |u|?. Once a setup is found which allows
for roughly orthogonal pump and phase-matching intensities, a circular shape of the JSI can be achieved by
mutual matching of crystal length and spectral pump width (Figures 4.8 and 4.9).
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Figure 4.3: Plots of the pump envelope amplitude u(wp) (first row) and intensity |u(ws + w;)|? (second row) for a

775nm laser. Note that the lower plots are generated only by energy conservation, 1/XA, = 1/As + 1/X;, and are
independent of crystal properties, refractive indices, periodic poling, phase-matching etc.
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Figure 4.4: Illustration of how the crystal length influences the bandwidth of the output. The plots depict the
output intensity |¢(ws,w;)|? vs. signal wavelength \s at fixed idler wavelength \; (first row) and vs. both varying
As and A; (second row). The plots correspond to a crystal length of (a,d) 5mm, (b,e) 15mm and (c,f) 30 mm.
Note that the actual shape of the phase-match intensity plot, i.e. the orientation with respect to the axes, varies
strongly with the specific SPDC process and crystal type (here: type 0: 1064nm — 1550 nm + 3393.4nm in
lithium niobate).
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Figure 4.5: Three examples of the phase-matching intensity |1)(ws,w;)|2. The plots correspond to type 0 SPDC
from 1064nm to 1550 nm and 3393.4nm in LN (first row), type I from 532nm to 810nm and 1550 nm in KTP
(second row) and type II from 775 nm to two times 1550 nm in KTP (third row). The figures within one row are
equivalent to each other, the only difference being range of plotted As and A;. The wavelength regions plotted on
the right are marked by a white square in the respective plot on the left side.
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Figure 4.6: Graphical illustration of the composition of the joint spectral intensity F'(ws,w;). The plots describe a
type IT down-conversion from 775 nm to two times 1550 nm in LN. Figure (a) shows the pump intensity |p(ws+w;)|?;
Figure (b) shows the phase-matching intensity | (ws,w;)|?; Figure (c) depicts how the intersection of both shapes
the JSI; and Figure (d) shows the JSI, F' = |u|?, with spectral shape of signal and idler output.
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Figure 4.7: Illustration of how the graphical orientation of |u|? and |1|? towards each other determines the shape
of the joint spectral intensity. The first row illustrates a type IT down-conversion from 390 nm to two times 780 nm
in LN. We see that if |¢|? and |u|? do not intersect in a finite spectral region but basically overlap, then the output
fields are highly correlated. The lower two rows show the composition of the JSI for type II SPDC from 775 nm
to two times 1550 nm in LN (second row) and KTP (third row). The plots emphasise that in order to achieve a
circular shape of the JSI, the graphical representations of 1|2 and |u|? should be oriented orthogonally to each

other, which is the case in the third row.

44



4.2. Factorability of the SPDC Amplitude

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

A lp [nm]

Figure 4.8: Spectral purity P versus spectral pump width A), and crystal length L for a specific SPDC process
(here: type II, 775 nm — 2 x 1550 nm in KTP). Along the dark red region of P ~ 1 the output varies only in the
spectral width of signal and idler as illustrated in Figure 4.9.
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Figure 4.9: Engineering high purity states. The process is a type II SPDC from 775nm to two times 1550 nm in
KTP. In the first row the spectral width of the pump light A), and the crystal length L do not match which leads
to (b) an oval shape of the JSI and therefore (c) low spectral purity P of the single photon states; this can be
corrected by either by narrowing the spectral pump width (second row) or by using a shorter crystal (third row).
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4.3 Implications on HOM Visibility

Consider the experimental setup illustrated in Figure 4.10, designed to measure Hong-Ou-Mandel (HOM)
interference. Two photon pairs are generated by type II SPDC using laser pulses which—by a 50/50 beamsplit-
ter—were separated into two in order to simultaneously impinge two identical non-linear crystals. Polarising
beamsplitters separate the respective pairs such that the detection of the idler photon heralds the arrival of a
signal photon. When identical signal photons, s4 and sg, arrive simultaneously at the beamsplitter (BS2) one
of them will always be reflected whereas the other one will be transmitted. In other words, they will never be
both reflected or both transmitted, hence the two detectors Det.g and Det.; will not be triggered simultaneously.
This is referred to as the Hong-Ou-Mandel effect.

The visibility of HOM interference depends on the temporal and spectral indistinguishability of the arriv-
ing quanta. As pointed out elaborately earlier in this chapter the pulse duration of the pump laser and the
length of the crystal play a decisive role in the setup. Just as a narrow pump spectrum corresponds to a
long pulse duration, the narrow phase-matching amplitude of a long crystal corresponds to a longer temporal
spread. Short pulses (broad spectrum) travelling through comparatively long crystals (narrow spectrum, broad
temporal amplitude) will generate temporally coherent photon pairs, but their spectral correlation will make
them distinguishable (Figure 4.11 (a)). Contrariwise, long pulses in comparatively short crystals will generate
photon pairs with high spectral coherence but with low temporal concurrence (Figure 4.11 (b)). This scenario
is brought to an extreme when a continuous-wave (CW) laser is used as a pump source for down-conversion. In
this case the photon pairs generated within the crystals are each produced at random times and carry therefore
no temporal correlation at all. Both scenarios mentioned above result in poor HOM visibility. When pulse
duration and crystal length are matched such that the envelope amplitudes of pump and output fields overlap
in the time and frequency picture (Figure 4.12), then the photons carry no more information about their origin
and will interfere at the beamsplitter.

Det. 4

Det.1

Det.o

Det.B

Figure 4.10: Setup of the Hong-Ou-Mandel interference experiment. The pulses of the pump laser are split in half
(BS1) and travel simultaneously through two non-linear crystals, generating photon pairs due to type II spontaneous
parametric down-conversion (SPDCA/B). Polarising beamsplitters (PBS) separate the photons within one pair with
respect to polarisation. The idler photons trigger the heralding detectors (Det. 4 / B), announcing the arrival of a
signal photon at the beamsplitter (BS2). When indistinguishable photons arrive simultaneously at the BS they
will exit together and no coincidence counts will be recorded by the detectors (Det.q/1).
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Figure 4.11: Two examples for unmatched pulse duration and crystal length. In Figure (a) a short pulse (blue)
with broad frequency spectrum travels through a crystal which—due to its extensive length—generates narrow
output spectra (red). In this case the temporal envelope amplitude of the generated pairs overlaps with the one of
the pump laser, thus allowing for temporal coherence and simultaneous arrival at the beamsplitter. However, the
frequency correlation within the photon pairs makes them distinguishable, therefore undermining HOM visibility.
Figure (b) depicts the opposite case where a laser with long pulse duration impinges a short crystal. In this case
the output fields will be spectrally coherent but will in turn be temporally distinguishable.
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Figure 4.12: Two examples of matched pulse duration and crystal length. When the temporal and spectral
envelope amplitudes of pump and output radiation overlap, then the photons arriving at the beamsplitter will be
indistinguishable and simultaneous, thus allowing for high HOM visibility.
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4.4 Summary

The signal and idler single photon states can be considered spectrally pure when the joint spectral amplitude
flws,wi) = p(ws + wi)(ws,w;) of the SPDC process is separable in terms of signal and idler frequency, i.e.
when

flws,wi) = fs(ws) fi(wi)-

The degree of separability can be evaluated by examination of the Schmidt components of the bipartite state
|¥). The Schmidt components can be found by a singular value decomposition of a matrix F whose elements
are the joint spectral amplitudes for discretised signal and idler frequencies: F™" = f(ws,m,w;in). We find that
in order to engineer a separable joint spectral intensity F' = |u1)|? the pump intensity |u|? and the phase-match
intensity |1|? have to be oriented orthogonally to each other, which is only the case for a very limited amount of
SPDC processes, thus submitting the approach of engineering intrinsically pure states to a natural restriction.
The choice of non-linear crystal may influence strongly the way |u|? and [1|? intersect and should therefore
be taken into account. If |u|? and ||? can be oriented orthogonally then a purity P ~ 1 can be achieved by
appropriate choice of crystal length and pulse duration of the pump laser.
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Chapter 5

Numerical Results

We use our self-written program QPMoptics (source code in Appendix B) in order to investigate the phase-
matching conditions, output spectra and state purity of a variety of different SPDC setups. First we examine
the phase-matching conditions of frequency-degenerate SPDC with 390 and 780 nm pump in all kinds of polar-
isation configurations and both kinds of periodically poled crystals, ppKTP and ppLN. Afterwards we focus
on frequency-degenerate type II SPDC with signal and idler in the telecom band, where we compare the per-
formance of the two crystals as well different crystal lengths and pulse durations. Finally we investigate both
crystals for further setups that offer promising opportunities for generation of intrinsically pure quantum states.

5.1 Frequency-degenerate SPDC with 390 nm and 780 nm Pump

In this section we consider quasi phase-matching for the down-conversion processes

e 390nm — 780 nm + 780 nm,
e 780nm — 1560 nm + 1560 nm,

each in all kind of polarisation configurations and in both kinds of periodically poled crystals, KTP and LN.
We find that for most of these processes the joint spectral intensity is highly correlated due to the overlap of
pump envelope intensity |u(ws +w;|? and phase-match intensity | (ws, w;|?, an example of which is depicted in
the first row of Figure 4.7. In these cases the high spectral correlation of signal and idler has to be conquered
by according bandpass filters in both channels. There are however processes which do allow for high spectral
purity without filters, for example a type II down-conversion with signal and idler in the telecom regime. This
process will be discussed in more detail in the next section. Table 5.1 shows the collected poling periodicities A
required for QPM for all types of frequency-degenerated down-conversion with 390 and 780 nm pump in both
crystals at 50 °C. Figures 5.1 and 5.2 depict the phase-matching envelope intensities |u(ws, w;)|? for three kinds
of SPDC in both crystals.
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Figure 5.1: Phase-matching envelope intensities for type 0, I and II SPDC from 390 nm to two times 780 nm in
KTP (first row) and LN (second row). All plots correspond to a crystal length of 8 mm.
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Figure 5.2: Phase-matching envelope intensities for type 0, I and II SPDC from 780 nm to two times 1560 nm in
KTP (first row) and LN (second row). All plots correspond to a crystal length of 8 mm. Here only in the case
of (c) type II SPDC in KTP the orientation of ||? allows for orthogonal intersection with the pump envelope
intensity |u|2. Also note the relatively broad output spectrum of (e) type I SPDC in LN.
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5.1. Frequency-degenerate SPDC with 390 nm and 780 nm Pump

) Poling Periodicity A [pm]
Crystal | - SPDCType  o55m — 9 780um | 780 mm — 2 x 1560um

0 o—o0+o0 2.94 25.00
e—e+te 4.13 32.37

o—e+te 1.76 6.89
KTP I e—o0+4o0 73.98 -13.46
I o—o+te 2.20 10.80
e—o+e 7.82 -46.07

0 o—ro0+o 1.99 16.55
e—e+e 2.34 19.16

o—e+t+e 1.41 6.52
LN I e—o0+o 4.43 -24.57

mle —ro0+e 1.65 9.36
e—o+e 3.06 174.07

Table 5.1: Numerical results for required poling periodicity in frequency-degenerate SPDC with 390 and 780 nm
pump at 7' = 50°C. A minus sign in front of A is supposed to indicate a negative phase mismatch Ak for the
specific process, in which case the QPM order m has to go negative as well (Equation (3.28)). All values of A in this
table correspond to a QPM order of m = +1. Note that for too small A (< 5pm), which cannot be manufactured
properly, m may be raised to an odd integer, thus increasing A by the same factor.
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5.2 Frequency-degenerate Type II SPDC at Telecom Wavelength

For signal and idler at wavelengths in the regime of telecom networks, numerical calculations predict a good
performance (i.e. high spectral purity) in the case of type II down-conversion: e — o + e. In this section
we pick as an example the process from 780 nm to two times 1560 nm at a temperature of 50°C. We present
two different approaches for tailoring a factorable JSI:

e finding the appropriate pump spectrum for a given crystal length (L = 20 and 40 mm; see Table 5.2,
Figures 5.4, 5.5 and 5.6),

e finding the appropriate crystal length for a given pump spectrum (7 = 0.2 and 2 ps; see Table 5.3, Fig-
ures 5.7, 5.8 and 5.9).

All numerical results and graphical representations in this section show that for the sake of high purity output
generation in the frequency-degenerate telecom regime, the crystal KTP (P ~ 1) is clearly more favourable
than LN (P ~ 0.8). Figure 5.3 shows plots of the output’s spectral purity with respect to A\, and L in KTP

and LN respectively.
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Figure 5.3: Purity P versus spectral pump width A\, and crystal length L for frequency-degenerate type II SPDC
with 780 nm pump in (a) KTP and (b) LN. The plots show that for KTP there exist many configurations for which
P ~ 1 whereas with LN a maximal purity of only P ~ 0.8 can be achieved.

[ Crystal | L [mm] [ A\, [nm] [ 7 [ps] | AX\, [om] | AN [om] | P |

KTP 20 0.35 1.086 0.72 0.72 0.992
40 0.17 2.235 0.36 0.36 0.992

LN 20 0.51 0.745 1.79 0.61 0.801
40 0.28 1.357 0.97 0.31 0.801

Table 5.2: Spectral pump width, pulse duration and output spectra for optimal purity assuming crystals with 20
and 40 mm length.

[ Crystal | 7 [ps] [ ANy [om] [ L [mm] [ AX; om] [ ANj[om] [ P |

0.2 1.9 3.6 3.94 3.78 0.998

KTP 2 0.19 36.7 0.41 0.41 0.992
LN 0.2 1.9 5.3 6.47 2.07 0.834
2 0.19 55.3 0.66 0.26 0.801

Table 5.3: Crystal length and output spectra for optimal purity assuming pump pulses of 200 fs and 2 ps duration.
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purity plots (a,c).
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Figure 5.9: Joint spectral intensity and respective purity for (a,b) 7 = 0.2 ps and (¢,d) 7 = 2ps in LN.
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5.3. Other Processes of High Spectral Purity

5.3 Other Processes of High Spectral Purity

Numerical calculations offer some insight in how maximum spectral purity can be achieved for a given type
of down-conversion and periodically poled crystal. By varying the pump wavelength as well as the crystal’s
periodicity, we are able find a pattern which allows us to predict for which wavelength configuration we can
expect pure output states.

In this section we will demonstrate the procedure and present the results for the following cases:

e type II SPDC in lithium niobate,
e type II SPDC in potassium titanyl phosphate,
e type I SPDC in lithium niobate,

e type I SPDC in potassium titanyl phosphate.

5.3.1 Type II SPDC in LN

As seen in Section 5.2 lithium niobate is not the crystal of choice for frequency-degenerate SPDC in the telecom
regime. There is however a variety of phase-matched down-conversion processes which do allow for spectrally
pure output states. The plots in Figure 5.10 show the overlap of pump envelope intensity |u|?> and QPM enve-
lope intensity |4|? for a fixed pump wavelength A, and varying crystal periodicity A. For a certain range of A
the two functions are oriented orthogonally to each other, thus offering the opportunity for an uncorrelated JSI.
For a given pump wavelength the wavelengths of the pure output states depend on the periodicity which allows
only for specific wavelength configurations due to the phase-matching condition; and it is possible to find such
configurations for each pump wavelength between 650 and 1500 nm, as seen in Figure 5.11. (Pump wavelengths
beyond this range can also achieve an uncorrelated JSI, but only with signal or idler wavelength above 5pm
and will therefore not be considered here.)

Investigation of Figure 5.11 shows that for a pump source of A\, = 1000 nm we can achieve pure and frequency-
degenerate output states with Ay = A; = 2000nm. Moreover, Figure 5.11 (a) shows that in the case of
Ap = 1064nm the signal wavelength asymptotically approaches 2200 nm as the periodicity A goes to infinity.
This indicates that for type II down-conversion from 1064 nm to 2200 nm and 2060.6 nm with spectrally pure
output states no periodic poling at all is required. The JSI for these processes is depicted in Figure 5.12.
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Figure 5.10: Type II SPDC (e — o + €) in LN; plots of |u|? + [¢|? for fixed A, = 800nm and varying A.
Figures (d,e,f) illustrate that for a given range of A the two functions are oriented orthogonally, allowing for pure
output states. For a given pump wavelength each A determines uniquely the centre wavelength of signal and idler
radiation due to the phase-matching condition.
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Figure 5.11: Signal wavelength versus (a) crystal periodicity A and (b) pump wavelength A, for type II SPDC
(e — o+ e) in LN. Both plots exclusively display configurations which allow for an uncorrelated JSI (provided
matched pump spectrum and crystal length). A negative periodicity in Figure (a) corresponds to QPM order
m = —1. Each coloured line in Figure (a) corresponds to a certain A, as denoted in the graph; we see that
for pump wavelengths between 1000 and 1064 nm the periodicity approaches infinity, thus enabling spectrally
pure output generation without periodic poling. The green line in Figure (b) represents frequency-degenerate
SPDC; its intersection with the blue line at A, = 1000nm illustrates that LN allows for pure output states at
1000 nm — 2 x 2000 nm.
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Figure 5.12: Three examples of pure output state generation by type II down-conversion in LN. Figure (a) cor-
responds to the example shown in Figure 5.10; Figure (b) shows a frequency-degenerate down-conversion; and
Figure (c) shows a case where no periodic poling of the crystal is required (A > 2I).
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5.3.2 Type II SPDC in KTP

Similarly to the previous subsection we scan A, as well as A watching out for orthogonal orientation of the
envelope intensities |u(ws + w;)|? and |1 (ws,w;)|?. We find good opportunities for pure state generation using
pump wavelengths between 500 and 1400 nm; for wavelengths beyond this range signal and/or idler wavelengths
exceed 5pm for which reason we neglect these cases. Figure 5.13 shows which configurations of A,, A; and
A allow for an uncorrelated JSI. Three examples are depicted in Figure 5.14, among them a spectrally pure
down-conversion which doesn’t require periodic poling of the KTP crystal.

T T T T T T T T T T T T T T T T T T T
5000 |- E 5000 |- E
1400 nm —\ |
4500 | e 4500 | L
1350 nm -~ 1300 nm
4000 | e 4000 | L
3500 | 1150 nm e 3500 | | e
= 1100 nm 5 —_ |
[ | 1250 nm ] | i
H 3000 £ 3000 | [
| 1000 nm J 3 L .
< 2500 1064 nm — < 2500 |
950 nm — |
2000 | +—900.nm E 2000 | | PRI
850 nm— ' s P
800 nm f
1500 | 775 nm E 1500 | i 4
+700 nm '
650 nm — '
1000 | 600 nm L 1000 |- H E
350 nm 500 mm L
s L s ) . . L L L L ' ) s L L L L L
-1000  -750  -500 250 0 250 500 750 1000 500 600 700 800 900 1000 1100 1200 1300 1400
A [um] Ap [nm]
(a) (b)

Figure 5.13: Signal wavelength versus (a) crystal periodicity and (b) pump wavelength for type II SPDC (e — o+e)
in KTP. Again, both plots only display configurations which allow for an uncorrelated JSI (provided matched pump
spectrum and crystal length). For pump wavelengths between 1150 and 1250 nm the periodicity approaches infinity,
thus enabling generation of spectrally pure output states without periodic poling. The intersection of the green
line with the blue lines in Figure (b) illustrates that KTP allows for pure output states in the telecom regime.
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Figure 5.14: Three examples of pure output state generation by type II down-conversion in KTP. Figure (b) shows
a frequency-degenerate down-conversion; and Figure (c) shows a case where no periodic poling of the crystal is
required (A > 21).

5.3.3 Type I SPDC in LN

A similar procedure like in the previous subsections was carried out in order to find possible setups for generation
of pure output states by type I down-conversion (¢ — o + o) in lithium niobate. Figure 5.15 shows the
behaviour of the phase-match envelope intensity for a fixed pump and varying periodicity. We find that for
pump wavelengths between 600 and 800 nm LN allows for intrinsically pure polarisation-degenerate SPDC. The
configurations which allow for pure output states are illustrated in Figure 5.16, three of which are depicted as
an example in Figure 5.17.
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Figure 5.15: Type I SPDC (e — o + 0) in LN; plots of |u|? + |4|? for fixed A, = 775nm and varying A.
In Figure (c) the two functions are oriented orthogonally. Similar conditions can be found for any other pump
wavelengths between 600 and 800 nm. Note that due to polarisation-degeneracy in type I SPDC the plots are
symmetric along the 7/4-axis, which means that signal and idler are indistinguishable and their wavelengths can

be interchanged.

65



CHAPTER 5. NUMERICAL RESULTS

T T T T T T T T T T T T T T T T T T
\(xno m
1400 | E 1400 |- \ E
Ae=2x %
1300 | 775 nm E 1300 | . 2 | g
1200 | 750 nm 4 1200 | 4
g g !
£ 1100 p e £ 100 e
- -
< 700 nm <
1000 | & 1000 |- I b
900 650 nm i 200 - i
600 nm
800 E 800 4
.
A \ : A A . . \ : h A . . A . A A .
240 235 230 225 220 215 210 205 200 -19.5 600 625 60 675 700 725 750 775 800
A [um] 7\.p [nm]
(a) (b)
Figure 5.16: Signal wavelength versus (a) crystal periodicity and (b) pump wavelength for intrinsically pure type I
SPDC (e — 0+ 0) in LN. Figure (b) illustrates that no pure frequency-degenerate down-conversion is supported
in this setup since the blue plot lines do not intersect with the green line.
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Figure 5.17: Three examples of pure output state generation by type I down-conversion in LN, picked according to

Figure 5.16.
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5.3.4

Type I SPDC in KTP

Numerical evaluation shows that KTP allows for intrinsically pure polarisation-degenerate SPDC for pump
wavelengths between 475 and 600 nm. The configurations which allow for pure output states are illustrated in

Figure 5.18, three of which are depicted as an example in Figure 5.19.
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Figure 5.18: Signal wavelength versus (a) crystal periodicity and (b) pump wavelength for intrinsically pure type I
SPDC (e — o+ 0) in KTP. Figure (b) illustrates that no pure frequency-degenerate down-conversion is supported

in this setup.
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Figure 5.19: Three examples of pure output state generation by type I down-conversion in KTP, picked according

to Figure 5.18.

5.4 Summary

As seen in this chapter, for frequency-degenerate SPDC in the telecom band periodically poled KTP is clearly
superior to LN when it comes to state purity of signal and idler. We see however that lithium niobate offers
high spectral purity for type II down-conversions 1000nm — 2 x 2000 nm. Furthermore we found that the
type II down-conversions 1064 nm — 2200 nm + 2060.6 nm in LN and 1200nm — 3400 nm + 1854.5nm in
KTP allow for phase-matching and spectral purity without periodic poling of the respective crystals. Moreover
we discovered that both crystals do not support generation of intrinsically pure frequency- and polarisation-
degenerate (type I) single photon states. However LN allows for intrinsic spectral purity at type I SPDC with
one daughter field in the range of 750 to 1450 nm; KTP does the job with one daughter field in the range of 630

to 1050 nm.
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Conclusion

In this thesis we presented how periodically poled crystals pumped by pulsed laser sources can be used to achieve
high spectral purity of SPDC-generated single photon states. Up to now bandpass filters had to be used for this
purpose, bringing the disadvantage of decreasing the count rates drastically. The approach presented in this
thesis aims for tailoring the setup such that the output states are intrinsically pure, therefore making bandpass
filtering obsolete. The technique is based upon mutual matching of crystal length and pulse duration in order
for signal and idler radiation to be spectrally uncorrelated. This is however only possible for a limited amount
of setups; the JSI depends on the mutual relation of pump envelope intensity and phase-matching envelope in-
tensity. The latter depends ultimately on the material’s Sellmeier equations which provide the refractive index
for a given polarisation and wavelength. As it turns out, each crystal allows for generation of intrinsically pure
down-converted photons only in the case of very specific polarisation- and wavelength configurations.

We showed how the state purity of single photons that are generated by SPDC can be determined numeri-
cally by a singular value decomposition of the joint spectral intensity. Using this approach we investigated the
suitability of two periodically poled crystals, lithium niobate (LN) and potassium titanyl phosphate (KTP),
for various kinds of down-conversion processes. This systematic and extensive search for setups which allow
for generation of intrinsically pure quantum states is—to our knowledge—unprecedented so far. This way we
were able not only to confirm the choice of specific crystals in recent experiments but also to find many other
promising setups that were previously unknown.

In particular we found that in the case of frequency-degenerate type II SPDC with signal and idler in the telecom
band KTP is clearly superior to LN in terms of single photon state purity. It turns out however that—according
to our calculations—LN offers high spectral purity in the type II process 1000 nm — 2 x 2000 nm. Moreover
we found that LN and KTP each allow for specific type II down-conversions where phase matching and intrinsic
spectral purity can be achieved even without periodic poling of the crystal. Besides, our evaluations revealed
that both crystals offer many opportunities for pure state generation in the case of type I SPDC (although none
of them is frequency-degenerate).
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Appendix A

Material Properties

A.1 Lithium Niobate, LiNbO,

For lithium niobate (uniaxial: n, = n, = n,, transparency range: 330nm to 5500 nm) we used the following
Sellmeier equations for ordinary [9] and extraordinary [17] index:

0.11775+2.2314 x 107 8F
A2 — (2.1802 x 1072 — 2.9671 x 1078 F)?2
0.100473 + 3.862 x 107 8F
A2 —(0.20692 — 8.9 x 1079F)2
100 4+ 2.657 x 107 °F
A2 — 128.806

+2.1429 x 1078F — 2.7153 x 1072)%,  (A.la)

n2 = 4.9048 +

n? = 5.35583 + +4.629 x 10°"F

—1.5334 x 1072)\2, (A.1b)

where X is the wavelength in micrometers and

F = (T —24.5)(T + 570.5) (A.2)
with temperature 7" in °C.

The components of the non-linearity tensor are [25]

d*? =21pm V™, (A.3a)
d* = —4.35pm V!, (A.3Db)
d* = -272pm V1 (A.3c)

Clearly polarisation along the z-axis allows us to exploit the by far highest non-linearity d33.

In our calculations the thermal expansion coefficients in z-direction were used to correct for temperature de-
pendent fluctuations of crystal length L and poling period A [23]:

Qg0 =133 x107°, (A.4a)

a1 =9.7x1077, (A.4b)
such that

L= Lo (14 azo(T —25) + a1 (T — 25)%) (A.5)

(and similar for A) with 7" in °C.
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A.2 Potassium Titanyl Phosphate, KTiOPO,

For potassium titanyl phosphate (biaxial, transparency range: 350 nm to 4000 nm) the Sellmeier equations for
ny [18] and n, [11] are

0.922 6832

2 =9, —1.384 1072)2 A.
n; 099 30 + T 167695 X102 38408 x 10 , (A.6a)
1.184 312 0.6603)\2
2 =-9212795 —9.68956 x 1073)\2 A.6b
"z + A2 — 5.148 52 x 102 + A2 —100.005 07 ~ ’ ( )

Since theses equations only depend on the wavelength and not on the temperature (n = n()\)), the temperature
dependence is taken into account by an additional term An(A,T) such that [10]

n(A,T) =n(A\) + An(\,T) (A7)
for each principle axis. The temperature dependent portion is defined by

An(\,T) = ni(A\)(T — 25) + na(A\)(T — 25)%, (A.8)
where the temperature is entered in °C and

3

m=0

The components a.,, for respective axis are listed in Table A.1.

The non-linearity tensor has the components [25]

d* =1.95pm V1, (A.10a)
d*? =39pm V1, (A.10b)
d* =153pm VL. (A.10c)

Similar to LiNbO; orientation of the fields along the z-axis gives access to the highest non-linearity term d33.
However in the case of ppKTP numerical QPM calculations often yield a required poling period A lower than
5 pm, which can—with today’s means—hardly be manufactured. So in order to avoid increasing the QPM order
m (and thus decreasing the output intensity) it sometimes turns out to be more advantageous to have the fields
polarised along the y-axis, putting up with a lower effective non-linearity.

In our calculations we used the thermal expansion coefficients [10]

Qg0 =6.7x107", (A.11a)
a1 =11.0x107°. (A.11b)

zZ-axis y-axis
n [10_6] ‘ N9 [10_8] n [10_6] ‘ No [10_8]
ao 9.9587 -1.1882 6.2897 -0.14445
a1 9.9228 10.459 6.3061 2.2244
as | -8.9603 -9.8136 -6.0269 -3.5770
as 4.1010 3.1481 2.6486 1.3470

Table A.1: Temperature coefficients for z and y-axis in KTP [10].

74



Appendix B

Source Code

The program QPMoptics can be executed using GNU Octave and Matlab. Its purpose is to optimise the setup for
production of photon pairs, given a set of input parameters that are entered by the user. The inputs include the
spectral shape of the pump laser, the desired wavelengths of the daughter photons, the type of down-conversion,
the type of non-linear crystal (KTP or LN), the crystal length, the temperature and the poling periodicity. For
each set of input parameters QPMoptics delivers

the crystal periodicity A for a fixed temperature T' required for phase-matching,
or T for a fixed A, required for phase-matching,

the QPM order m,

a plot of the phase mismatch Ak versus A,

a plot of the output intensity I versus A,

a plot of Ak versus T,

a plot of I versus T,

a plot of phase-matched signal and idler wavelength versus temperature,

plots of intensity versus signal (idler) wavelength at fixed pump and idler (signal),
a plot of the pump envelope amplitude p(wp),

a plot of the pump intensity |u(ws + w;)|?,

plots of the phase-matching intensity [ (ws,w;)|?,

plots of the joint spectral intensity F'(ws,w;),

a plot of signal and idler spectra,

spectral widths of signal and idler,

Schmidt number K and purity P of the JSI,

optimal crystal length for highest purity at given pump width,

optimal pump width for highest purity at given crystal length,

a plot of P versus crystal length L,

a plot of P versus pump width A\,

a plot of P versus L and AM,.
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APPENDIX B. SOURCE CODE

The input parameters can be entered by a user interface within the program QPMoptics. Alternatively the
program can read the input data from an external file, named QPMinputs.m. In order to calculate the output
parameters and to draw the plot, QPMoptics accesses a number of external files and functions, all of which
have to be saved in the same folder as QPMoptics itself:

e QPMinputs.m to read input parameters (optional),

e [ffQPM.m: a function which calculates the phase mismatch Ak for a given wavelength configuration,
down-conversion type and crystal using the respective Sellmeier equations,

e fffrootfinder.m: a function which finds the zero point of Ak(A), Ak(T) and Ak()\s) by use of the bisection
method; it accesses fffQPM.m to evaluate the above functions,

o fffpumpspectrum.m: a function to calculate and plot the pump envelope amplitude and intensity. (The

program @QPMoptics by default assumes a Gaussian pump spectrum; it allows however for any spectral
shape of the pump. In case of a non-Gaussian pump source it can be specified within the file fffpumpspec-
trum.m by the user.)

B.1 QPMoptics

clear;
clc;

fprintf(’\n:::::rzrrrrriziis:: WELCOME TO QPMoptics! :::::::::::::::::i:::\m\n\n?)
% the program reads the input parameters from an external file. alternatively the input parameters can be
entered into the program manually:
fprintf (’do you want me to read the input data from file QPMinputs.m...\n...or do you want to enter the data
one by one?\n\n(btw, calculating signal and idler spectra will take quite some time.\nyou can skip it
by entering f for fast.)\n\nhit return key to load data file normally,\nf to load without computing the
output spectra,\nor e to enter the inputs yourself: ’);
readorenter=input (’’,’s’);
if (strcmp(readorenter,’e’)==0)
% calling external file to read input data:
QPMinputs
% manual data input:

elseif (strcmp(readorenter,’e’))

% in case input parameters need to be re-entered after typo:
answer=’c’;

while (strcmp(answer,’c’))

clc

fprintf (’\n________ enter your input parameters_____________________ \n\n’)
oo __ QPM order (default) _____ _ _ _ _ _ _ _ _ _
m=1;

o ____ wavelengths_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ e
lambdap_nm=input (’enter pump wavelength in nm: ’);

lambdas_nm=input (’enter signal wavelength in nm: ’);

% conversion from nm to microns:
lambdap=lambdap_nm./1000;
lambdas=lambdas_nm./1000;
lambdapO=lambdap;

% calculation of idler wavelength by energy conservation:

lambdai=1/(1/lambdap-1/lambdas);

% down conversion type

Type=input (’enter down conversion type (0, I or II): ’ , ’s’);
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52 if (strcmp(Type,’0’))

54 polp=’e’;
55 pols=polp;
56 poli=polp;

58 elseif (strcmp(Type,’I’))

60 polp=input (’enter pump polarisation (o or e): ’> , ’s’);
62 if (strcmp(polp,’0’))

64 pols=’e’;

66 elseif (strcmp(polp,’e’))

68 pols=’0’;

70 end

72 poli=pols;

74 elseif (strcmp(Type,’II’));

76 polp=input (’enter pump polarisation (o or e): ’ , ’s’);
77 pols=input (’enter signal polarisation (o or e): ’ , ’s’);

79 if (strcmp(pols,’o0’))

81 poli=’e’;

83 elseif (strcmp(pols,’e’))
85 poli=’o’;

87 end

89 end

91 pol=[polp,pols,polil;

95 % choose to enter spectral width or pulse duration of pump source:
96 timeorwidth=input (’hit t to enter the pulse duration or return to enter the spectral width: ’, ’s’);

98 if (strcmp(timeorwidth,’t’))
100 tau=input (’enter pulse duration in ps: ’);

102 % calculation of spectral width by pulse duration:
103 Deltalambdap=sqrt (log(2)/2)*lambdap."2./(pi*3e8*tau)*1eb;

105 else

106

107 Deltalambdap_nm=input (’enter spectral width of pump light in nm: ’);
108 Deltalambdap=Deltalambdap_nm./1000;

109

110 tau=sqrt (log(2)/2)*lambdap."2./(pi*3e8*Deltalambdap)*1le6;

111

112 end

113

114 %
115

116 gaussian=input (’is the spectrum of your pump source gaussian? (y or n): ’, ’s’);
117

118 if (strcmp(gaussian,’n’))

119

120 fprintf (’please go to file fffpumpspectrum.m and specify the pump spectrum.\n’)
121

122 end

123

124 %
125

126 crystal=input (’please choose a crystal (KTP or LN): ’, ’s’);

127

128 if (strcmp(crystal,’KTP’))

129

130 % optional choice of ordinary and extraordinary crystal axis (only for KTP):
131 KTPoptax=input(’select optic axis of KTP (z or y): ’ ,’s’);

132

133 else

134

7



APPENDIX B. SOURCE CODE

135 % no choice in case of LN:

136 KTPoptax=’dummy’;

137

138 end

139

140 L_mm=input (’enter crystal length in mm?: ’);

141

142 % conversion from mm to microns:

143 L=L_mm.*1000;

144

145 %

146

147 opt=input (’what would you like to optimise (Lambda or T): ’> , ’s’);

148 if (strcmp(opt,’Lambda’))

149 T=input (’enter a temperature in celsius: ’);

150 Lambda=0; 7 dummy

151 elseif (strcmp(opt,’T’))

152 Lambda=input (’enter a poling periodicity constant in um: ’);

153 T=0; % dummy

154 end

155

156 clc;

157 fprintf (’\n’)

158

159 %

160

161 fprintf (?

162

163 fprintf (’pump, signal and idler wavelength:\nlambda_p = %6.1f nm\nlambda_s = %6.1f nm\nlambda_i = %6.1f
nm\n\n’, lambdap.*1000,lambdas.*1000,lambdai.*1000)

164

165 fprintf (’downconversion:\ntype %s: %s --> %s + %s\n\n’, Type,polp,pols,poli)
166

167 if (strcmp(gaussian,’y’))

168

169 fprintf (’pump spectrum:\ngaussian\n\n’)

170

171 elseif (strcmp(gaussian,’n’))

172

173 fprintf (’pump spectrum:\nspecified at fffpumpspectrum.m\n\n’)
174

175 end

176

177 fprintf (’pulse duration:\n%6.3f ps\n\n’, tau)

178

179 fprintf (’spectral width of pump light:\n%5.2f nm\n\n’, Deltalambdap.*1000)
180

181 fprintf (’crystal:\n%s\n\n’, crystal)

182

183 if (strcmp(crystal,’KTP’))

184

185 fprintf (’optic axis of KTP crystal:\n%s\n\n’, KTPoptax)

186

187 end

188

189 fprintf (’crystal length:\n%4.1f mm\n\n’, L./1000)

190

191 if (strcmp(opt,’Lambda’))

192

193 fprintf (’temperature:\n%4.2f deg C\n\n’, T)

194

195 elseif (strcmp(opt,’T’))

196

197 fprintf (’poling periodicity:\n%6.2f um\n\n’, Lambda)

198

199 end

200

201 fprintf (’parameter to be optimised for QPM:\n%s\n\n’, opt)

202

203 fprintf (’
204

205 answer=input (’enter ¢ to change input parameters or return to proceed: ’, ’s’);
206 end

207

208 end

209

210 % input wavelengths to be handed over to fffQPM (’ps’ = pump and signal):
211 inputWLs=’ps’;

212

213 clc;

214

215 J printing all inputs:

216  fprintf (’\n your input parameters
217



218

219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267

268
269
270
271
272

273
274
275
276
277
278
279
280
281
282
283
284

286
287
288
289
290
291
292
293
294
295
296
297

B.1.

QPMoptics

fprintf (’pump, signal and idler wavelength:\nlambda_p = %6.1f nm\nlambda_s = %6.1f nm\nlambda_i =

nm\n\n’, lambdap.*1000,lambdas.*1000,lambdai.*1000)
fprintf (’downconversion:\ntype %s: %s --> %s + %s\n\n’, Type,polp,pols,poli)
if (strcmp(gaussian,’y’))
fprintf (’pump spectrum:\ngaussian\n\n’)
elseif (strcmp(gaussian,’n’))
fprintf (’pump spectrum:\nspecified at fffpumpspectrum.m\n\n’)
end
fprintf (’pulse duration:\n%6.3f ps\n\n’, tau)
fprintf (’spectral width of pump light:\n%5.2f nm\n\n’, Deltalambdap.*1000)
fprintf (’crystal:\n%s\n\n’, crystal)
if (strcmp(crystal,’KTP’))
fprintf (’optic axis of KTP crystal:\n%s\n\n’, KTPoptax)
end
fprintf (’crystal length:\n%4.1f mm\n\n’, L./1000)
if (strcmp(opt,’Lambda’))
fprintf (’temperature:\n%4.2f deg C\n\n’, T)
elseif (strcmp(opt,’T’))
fprintf (’poling periodicity:\n%6.2f um\n\n’, Lambda)
end

fprintf (’parameter to be optimised for QPM:\n%s\n\n’, opt)

fprintf (’

if (strcmp(opt,’Lambda’))

% find root of Delta_k(Lambda):

%6.1f

[Lambda0 , outrange ,m,Lambdastart ,Lambdaend]=fffrootfinderQPM (opt,lambdap, lambdas ,pol,crystal ,KTPoptax

,Lambda ,T,m) ;

% if root of Lambda is not within specified range:
if (outrange==1)

fprintf (’\nLambda_0 seems to be out of scanned range ([%i,%i] um).\nthis makes all further

calculations pointless!\nyou might wanna check your inputs or adjust the scanning range.\n\

n’, Lambdastart,Lambdaend)
o __ wide range plot of mismatch vs. periodicity____________________________
Lambda_var=1linspace (1,20000,1000) ;
Deltakm=fffQPM(inputWLs ,lambdap,lambdas ,pol,crystal ,KTPoptax,Lambda_var,T,m);
subplot (1,2,1)

plot (Lambda_var ,Deltakm,’linewidth’,2)
x1im ([1,20000])

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2);
grid on;

title ([’\Delta k_m (\Lambda), m=’,num2str(m)],’fontweight’,’bold’,’fontsize’,12)
xlabel (’\Lambda [\mum]’,’fontweight’,’bold’,’fontsize’,12)
ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

Deltakm=fffQPM(inputWLs ,lambdap ,lambdas ,pol,crystal ,KTPoptax,Lambda_var,T,-m);
subplot (1,2,2)

plot (Lambda_var ,Deltakm,’linewidth’,2)
x1im ([1,20000]1)

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2);
grid on;
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298 title ([’\Delta k_m (\Lambda), m=’,num2str(-m)],’fontweight’,’bold’,’fontsize’,12)

299 xlabel (’\Lambda [\mum]’,’fontweight’,’bold’,’fontsize’,12)

300 ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

301

302 return

303

304 end

305

306 answer=’c’;

307

308 % optional change of QPM order m, in case of Lambda < 5um:

309 while (LambdaO<5 && strcmp(answer,’c’))

310

311 fprintf (’\ncrystal periodicity required for QPM:\n%7.3f um\n\n’ ,Lambdal)

312 fprintf (’Lambda_0 is less than 5 um.\nwanna change the QPM order? currently: m=%i.\n’, m)

313

314 answer=input (’enter c¢ if you want to change m, otherwise return: ’ ,’s’);

315

316 if (strcmp(answer,’c’))

317

318 m=input (’enter new QPM order: ’);

319

320 [Lambdal , outrange ,m, Lambdastart ,Lambdaend]=fffrootfinderQPM (opt,lambdap,lambdas ,pol,crystal,
KTPoptax ,Lambda,T,m) ;

321

322 else

323

324 fprintf (°\n’)

325 answer=’nothanks’;

326

327 end

328

329 end

330

331 o ___ phase mismatch vs. periodicity___ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ o _____

332

333 Lambda_var=linspace (Lambda0-Lambda0*0.5,Lambda0+Lambda0*0.5,10000) ;

334

335 Deltakm=fffQPM(inputWLs ,lambdap,lambdas ,pol,crystal ,KTPoptax,Lambda_var ,T,m);

336

337 subplot (2,2,1);

338 plot(Lambda_var,Deltakm,’linewidth’,Q)

339 x1lim ([LambdaO-Lambda0*0.5, LambdaO+Lambda0*0.5])

340 h=get (gcf, ’currentaxes’);

341 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2);

342 grid on;

343 title (’QPM condition’,’fontweight’,’bold’,’fontsize’,12)

344 xlabel (’\Lambda [\mum]’,’fontweight’,’bold’,’fontsize’,12)

345 ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

346

347

348 b __ signal intensity vs. periodicity____ __ _____ _ _ _ _ _ _ _ _ _ _ _ _ _ oo _______

349

350 Deltakm=fffQPM(inputWLs ,lambdap,lambdas,pol,crystal ,KTPoptax,Lambda_var ,T,m);

351

352 I=(sin(Deltakm.*L/2)./(Deltakm.*L/2))."2;

353

354 % figure

355 subplot (2,2,2)

356 plot (Lambda_var ,I,’linewidth’,2)

357 h=get (gcf, ’currentaxes’);

358 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

359 grid on;

360 axis ([Lambda0-0.5,Lambda0+0.5,0,1])

361 title (’output intensity vs. periodicity’,’fontweight’,’bold’,’fontsize’,12)

362 xlabel (’\Lambda [\mum]’,’fontweight’,’bold’,’fontsize’,12)

363 ylabel (’I_{rel}’,’fontweight’,’bold’,’fontsize’ ,12)

364

365 Lambda=Lambda0O; 7% for later use in T-lambda-plot

366

367

368 elseif (strcmp(opt,’T’))

369

370 % find root of Delta_k(T):

371 [TO,outrange ,m,Tstart ,Tend]=fffrootfinderQPM (opt, lambdap,lambdas,pol,crystal ,KTPoptax , Lambda,T,m);

372

373

374 answer2=’c’;

375

376 while (outrange==1)

377

378 fprintf (’\nT_0 seems to be out of scanned range ([%i,%i] deg C).\nthis makes all further

calculations pointless!\nmaybe there is more than just one root within the scanned range.\
nyou might wanna adjust the scanning range or change the QPM order (currently: m=%i).\n’,
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Tstart ,Tend ,m)

379

380 Y/ wide range plot of mismatch vs. temperature____________________________

381

382 T_var=linspace (-270,500,1000) ;

383

384 Deltakm=fffQPM(inputWLs ,lambdap,lambdas ,pol,crystal ,KTPoptax,Lambda,T_var ,m);

385

386 subplot (1,2,1)

387 plot (T_var ,Deltakm,’linewidth’,2)

388 h=get (gcf, ’currentaxes’);

389 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

390 grid on;

391 x1im ([-300,10001)

392 title ([’\Delta k_m (\Lambda), m=’,num2str(m)],’fontweight’,’bold’,’fontsize’,12)

393 xlabel (T [deg C]’,’fontweight’,’bold’,’fontsize’,12)

394 ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

395

396 Deltakm=fffQPM(inputWLs ,lambdap,lambdas ,pol,crystal ,KTPoptax ,Lambda,T_var,-m);

397

398 subplot (1,2,2)

399 plot (T_var ,Deltakm,’linewidth’,2)

400 h=get (gcf, ’currentaxes’);

401 set(h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

402 grid on;

403 x1im ([-300,1000])

404 title ([’\Delta k_m (\Lambda), m=’,num2str(-m)],’fontweight’,’bold’,’fontsize’,12)

405 xlabel (’T [deg C]’,’fontweight’,’bold’,’fontsize’,12)

406 ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

407

408 answer2=input (’enter ¢ to change m or return to quit program: ’ ,’s’);

409

410 if (strcmp(answer2,’c’))

411

412 m=input (’enter new QPM order: ’);

413

414 [TO,outrange ,m,Tstart ,Tend]=fffrootfinderQPM (opt,lambdap, lambdas ,pol,crystal ,KTPoptax ,Lambda
,T,m);

415

416 else

417

418 fprintf (’\n’)

419 return

420

421 end

422

423 end

424

425 o __ phase mismatch vs. temperature_______ __ ____ __ oo __

426

427 T_var=linspace ((T0O-0.75*abs(T0)),(TO+0.75*abs (T0)) ,1000) ;

428

429 Deltakm=fffQPM(inputWLs ,lambdap,lambdas ,pol,crystal ,KTPoptax,Lambda,T_var,m);

430

431 subplot (2,2,1);

432 plot (T_var ,Deltakm,’linewidth’,2)

433 h=get (gcf, ’currentaxes’);

434 set(h,’fontweight’,’bold’, ’fontsize’,9,’linewidth’,2)

435 grid on;

436 x1im ([(T0O-0.75%abs (T0)) ,(TO+0.75%abs (T0))])

437 title (’QPM condition’,’fontweight’,’bold’,’fontsize’,12)

438 xlabel (’T [deg C]’,’fontweight’,’bold’,’fontsize’,12)

439 ylabel (’\Delta k_m [\mum~{-1}]’,’fontweight’,’bold’,’fontsize’,12)

440

441

442 oo ___ signal intensity vs. temperature___________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _____________

443

444 Deltakm=fffQPM(inputWLs ,lambdap, lambdas ,pol,crystal ,KTPoptax,Lambda,T_var,m);

445

446 I=(sin(Deltakm.*L/2)./(Deltakm.*L/2))."2;

447

448 % figure

449 subplot (2,2,2)

450 plot(T_var,I,’linewidth’,2)

451 h=get (gcf, ’currentaxes’);

452 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

453 grid on;

454 axis ([(TO-0.75%abs (T0)),(TO+0.75%abs(T0)) ,0,1])

455 title (’output intensity vs. temperature’,’fontweight’,’bold’,’fontsize’,12)

456 xlabel (’T [deg C]’,’fontweight’,’bold’,’fontsize’,12)

457 ylabel (’I_{rel}’,’fontweight’,’bold’,’fontsize’ ,12)

458

459 T=TO;

460
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end

e print results (I): L_O/T_O, Mm____ __ o e
if (strcmp (opt,’Lambda’))

fprintf (’\ncrystal periodicity required for QPM:\n%7.3f um\n\n’ ,Lambda0)
elseif (strcmp(opt,’T’))

fprintf (’\ntemperature required for QPM:\n%6.2f deg C\n\n’ ,TO)

end

fprintf (’QPM order:\n%i\n\n’ ,m)

P e signal, idler vs. temperature at fixed pump

% set signal wavelength to be optimised by fffrootfinderQPM:
opt=’lambdas’;

Trange=50;
T_var=linspace ((T-Trange) , (T+Trange) ,100) ;

lambdasO=zeros (1,numel (T_var));
lambdaiO=zeros (1,numel (T_var));

for (j=1:numel(T_var))

% find root of Delta_k (lambda_s) for each T
[lambdasO0(j) ,outrange ,m,lambdasstart,lambdasend]=fffrootfinderQPM(opt,lambdap,lambdas,pol,crystal,
KTPoptax ,Lambda,T_var(j),m);

% calculate idler wavelength corresponding to root lambda_s_O:
lambdaiO(j)=1/(1/lambdap-1./lambdas0(j));

end

% figure

subplot (2,2,4)

h=plot(T_var, lambdas0.*1000,T_var,lambdaiO.*1000) ;
set(h(1),’linewidth’,2);

set (h(2),’linewidth’,2);

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)
grid on;

x1im ([(T-Trange) , (T+Trange)])

title(’temperature dependence of signal/idler wavelength at fixed pump’,’fontweight’,’bold’,’fontsize’,12)
xlabel (T [deg C]’,’fontweight’,’bold’,’fontsize’,12)

ylabel (’\lambda [nm]’,’fontweight’,’bold’,’fontsize’,12)

legend(’signal’,’idler’)

o ____ pump SPecCtTUM_ __ _ _ __ o

lambdaprange=0.009;

lambdap_var_free=linspace ((lambdapO-lambdaprange) ,(lambdapO+lambdaprange) ,250); % lambda_p as free
parameter (used only for plot)

% set pump wavelength as input parameter for fffpumpspectrum:
inputWLsPS=’pump’;

% calculate pump amplitude:
mu_pump_plot=fffpumpspectrum(inputWLsPS, lambdap_var_free,blambdas, lambdai, gaussian,blambdapO,Deltalambdap);

% figure
subplot (2,2,3)
plot(lambdap_var_free.*1000,mu_pump_plot,’linewidth’,2)

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)
grid on;

axis ([(lambdapO-lambdaprange) *1000, (lambdapO+lambdaprange)*1000,0,1])
title (’pump spectrum’,’fontweight’,’bold’,’fontsize’,12)

xlabel (’\lambda_p [nm]’,’fontweight’,’bold’,’fontsize’,12)

ylabel (*I_{rel}’,’fontweight’,’bold’,’fontsize’,12)

% range and step size of signal and idler wavelengths:
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543 lambdasrange=0.015;

544  lambdairange=lambdasrange;

545 resolution=200;

546

647 ), create array of values for signal and idler wavelengths used as free parameters for following calculations

548 lambdas_var=linspace ((lambdas-lambdasrange) ,(lambdas+lambdasrange) ,resolution);

549  lambdai_var=linspace ((lambdai-lambdairange) ,(lambdai+lambdairange) ,resolution);

550

551  [xx,yyl=meshgrid(lambdas_var ,lambdai_var);

552

653 J calculation of pump intensity for every pair of signal and idler wavelengths:

554  inputWLsPS=’si’;

555 mu_pump=fffpumpspectrum(inputWLsPS, lambdap,xx,yy,gaussian,lambdap0,Deltalambdap);

556

557

658 ) calculation of phase-mismatch for every pair of signal and idler wavelengths:

559  inputWLs=’si’;

560 [Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,Lambda,T,m);

561

662 ), calculation of crystal length w.r. to temperature:

563 L_of_T=L*(l+alpha*(T-25));

564

665 ) calculation of phase-match intensity for every pair of signal and idler wavelengths:

566 psi_PM=(sin(Deltakm.*L_of_T/2)./(Deltakm.*L_of_T/2));

567

568

569 figure

570

571 %

572

573 J, figure

574  subplot(3,3,1)

575 pcolor (lambdas_var.*1000, lambdai_var.*1000,mu_pump.~2)

576 axis ([(lambdas-lambdasrange),(lambdas+lambdasrange),(lambdai-lambdairange),(lambdai+lambdairange)].*1000, °’
square’)

577 h=get (gcf, ’currentaxes’);

578 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

579 shading(’interp’)

580 title(’pump intensity’,’fontweight’,’bold’,’fontsize’,12)

581 xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’,12)

582 ylabel(’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)

583

584 o ______ PM intensity

585

586 J, figure

587 subplot(3,3,4)

588 pcolor (lambdas_var.*1000, lambdai_var.*1000,psi_PM."2)

589 axis ([(lambdas-lambdasrange),(lambdas+lambdasrange),(lambdai-lambdairange),(lambdai+lambdairange)].*1000, °’
square’)

590 h=get (gcf, ’currentaxes’);

591 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

592 shading(’interp’)

593 title(’QPM intensity’,’fontweight’,’bold’,’fontsize’,12)

594 xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’,12)

595 ylabel(’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)

596

597

598 7

599

600 % figure

601 subplot(3,3,7)

602 pcolor (lambdas_var .*1000,lambdai_var.*1000,mu_pump. 2+psi_PM."2);

603 axis([(lambdas-lambdasrange),(lambdas+lambdasrange),(lambdai-lambdairange),(lambdai+lambdairange)].*1000, °’
square’)

604 h=get (gcf, ’currentaxes’);

605 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

606 shading(’interp’)

607 title(’pump intensity + QPM intensity’,’fontweight’,’bold’,’fontsize’,12)

608 xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’,12)

609 ylabel(’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)

610

611

612

613 7

614

615 lambdasrangeJSI=0.009;

616 lambdairangeJSI=lambdasrangeJSI;

617 resolutionJSI=300;

618

619 lambdas_var=linspace ((lambdas-lambdasrangeJSI),(lambdas+lambdasrangeJSI),resolutionJSI);

620 lambdai_var=linspace ((lambdai-lambdairangeJSI),(lambdai+lambdairangeJSI),resolutionJSI);

621

622 [xx,yyl=meshgrid(lambdas_var ,lambdai_var);

intensity vs. signal and idler WL including pump spectrum
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623

624  inputWLsPS=’si’;

625 mu_pump=fffpumpspectrum(inputWLsPS, lambdap,xx,yy,gaussian,lambdap0,Deltalambdap);
626

627 [Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,Lambda,T,m);

628 L_of_T=L*(1+alpha*(T-25));

629 psi_PM=(sin(Deltakm.*L_of_T/2)./(Deltakm.*L_of_T/2));

630

631 ) calculation of joint spectral intensity for every pair of signal and idler wavelengths:
632 JSI=(mu_pump.*psi_PM)."2;

633

634 J, singular value decomposition of z:

635 [U,D,V_dagger]=svd(JSI);

636

637 /% normalisation of diagonal matrix:

638 D_norm=D/sqrt(trace(D"2));

639

640 ) purity:

641 P=trace(D_norm~4);

642

643 ), schmidt number:

644  K=1/P;

645

646

647 fprintf (’spectral purity of signal and idler:\n%5.3f\n\n’, P)

648

649 fprintf (’schmidt number of joint intensity distribution:\n%5.3f\n\n’, K)

650

651

652 if (strcmp(readorenter,’f’)==0)

653

654 o __ signal and idler spectra_______ _ _ _ _ _ __ __ _ _ _ _ _ _ _ _ _ o _____

655

656 Y/ integration over intensity w.r. to lambda_s for each lambda_i__________

657

658 intensity_vs_signal=zeros(1,numel (lambdas_var));

659

660 for (i=1:numel(lambdas_var))

661

662 % integrate intensity over idler wavelength for fixed signal wavelength:

663 intensity_for_each_idler=0;

664 for (j=1:numel(lambdai_var))

665

666 inputWLsPS=’si’;

667 mu_pump=fffpumpspectrum (inputWLsPS,lambdap, lambdas_var (i),lambdai_var(j),gaussian,lambdapO,

Deltalambdap) ;

668

669 [Deltakm,alphal=fffQPM(inputWLs ,lambdas_var (i),lambdai_var(j),pol,crystal ,KTPoptax,Lambda,T,m);

670 L_of _T=Lx*(1+alpha*(T-25));

671 psi_PM_vs_s=(sin(Deltakm.*L_of_T/2)./(Deltakm.*L_of_T/2));

672

673 JSI_vs_idler=(mu_pump.*psi_PM_vs_s) . 2;

674

675 intensity_for_each_idler = intensity_for_each_idler + JSI_vs_idler;

676

677 end

678

679 intensity_vs_signal(i)=intensity_for_each_idler;

680

681 end

682

683 % evaluation of maximal intensity for rescaling of spectral function:

684 intensity_max_s=max(intensity_vs_signal);

685

686 % rescaling of spectral function to fit into JSI plot:

687 intensity_vs_signal_calibrated_axes=intensity_vs_signal./max(intensity_vs_signal) .*(lambdairangeJSI
.*1000) +(lambdai-lambdairangeJSI) .*1000;

688

689

690 e FWHM _s_ _ _ _ ol

691

692 intensity_minus_halfmax_s = abs(intensity_vs_signal—intensity_max_s./2);

693 intensity_minus_halfmaxl_s = intensity_minus_halfmax_s(1:floor (numel(intensity_minus_halfmax_s)./2));

694 intensity_minus_halfmax2_s = intensity_minus_halfmax_s (numel(intensity_minus_halfmax_s)/2:numel(
intensity_minus_halfmax_s));

695

696 indexl_s = find(intensity_minus_halfmaxl_s == min(intensity_minus_halfmaxl_s));

697 index2_s = find(intensity_minus_halfmax2_s == min(intensity_minus_halfmax2_s));

698 index2_s = index2_s + floor (numel(intensity_minus_halfmax_s)./2);

699

700 lambda_s_FWHMl1=lambdas_var (index1_s);

701 lambda_s_FWHM2=lambdas_var (index2_s);

702

703 FWHM_s=lambda_s_FWHM2-lambda_s_FWHM1;
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704

705 Deltalambdas=FWHM_s/(2xsqrt (2*x1log(2)));

706

707

708

709 e integration over intensity w.r. to lambda_s for each lambda_i__________

710

711 intensity_vs_idler=zeros (1,numel (lambdai_var));

712

713 for (i=1:numel(lambdai_var))

714

715 intensity_for_each_signal=0;

716 for (j=1:numel(lambdas_var))

717

718 inputWLsPS=’si’;

719 mu_pump=fffpumpspectrum (inputWLsPS,lambdap,lambdas_var (i),lambdai_var(j),gaussian,lambdapO,

Deltalambdap) ;

720

721 [Deltakm,alphal=fffQPM(inputWLs ,lambdas_var (j),lambdai_var (i) ,pol,crystal ,KTPoptax,Lambda,T,m);

722 L_of_T=L*(1+alpha*(T-25));

723 psi_PM_vs_i=(sin(Deltakm.*L_of_T/2)./(Deltakm.*xL_of_T/2));

724

725 JSI_vs_signal=(mu_pump.*psi_PM_vs_i) . 2;

726

727 intensity_for_each_signal = intensity_for_each_signal + JSI_vs_signal;

728

729 end

730

731 intensity_vs_idler(i)=intensity_for_each_signal;

732

733 end

734

735 intensity_max_i=max (intensity_vs_idler);

736

737 intensity_vs_idler_calibrated_axes=intensity_vs_idler./max(intensity_vs_idler) .*(lambdasrangeJSI.*1000)
+(1ambdas—lambdasrangeJSI).*1000;

738

739

740 o __ FWHM i _ o

741

742 intensity_minus_halfmax_i = abs(intensity_vs_idler-intensity_max_i./2);

743 intensity_minus_halfmaxl_i = intensity_minus_halfmax_i(1l:floor (numel(intensity_minus_halfmax_i)./2));

744 intensity_minus_halfmax2_i = intensity_minus_halfmax_i(numel(intensity_minus_halfmax_i)/2:numel(
intensity_minus_halfmax_i));

745

746 index1_i = find(intensity_minus_halfmax1l_i == min(intensity_minus_halfmax1_i));

747 index2_i = find(intensity_minus_halfmax2_i == min(intensity_minus_halfmax2_1i));

748 index2_i = index2_i + floor (numel(intensity_minus_halfmax_i)./2);

749

750 lambda_i_FWHM1=1lambdas_var (index1_i);

751 lambda_i_FWHM2=1lambdas_var (index2_i);

752

753 FWHM_i=lambda_i_FWHM2-lambda_i_FWHM1;

754

755 Deltalambdai=FWHM_i/(2*sqrt (2*xlog(2)));

756

757 o ___ print results (II): signal and idler widths____________________________

758

759 fprintf (’FWHM and gaussian width of signal spectrum:\n%5.2f nm, %5.2f nm\n\n’ ,FWHM_s.*1000,Deltalambdas
.*1000)

760

761 fprintf (’FWHM and gaussian width of idler spectrum:\n%5.2f nm, %5.2f nm\n\n’ ,FWHM_i.*1000,Deltalambdai
.*1000)

762

763 end

764

765 o ____ joint spectral intemnsity_ __ _ _ _ ___ _ _ _ _ _ _ _ _ e

766

767 % figure

768 subplot (1,2,2)

769 pcolor (lambdas_var.*1000, lambdai_var .*1000, JSI)

770  colorbar ();

771 axis ([(lambdas-lambdasrangeJSI),(lambdas+lambdasrangeJSI),(lambdai-lambdairangeJSI),(lambdai+lambdairangeJSI
)].%1000, ’square’)

772  h=get (gcf, ’currentaxes’);

773 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

774 shading(’interp’)

775 title(’joint spectral intensity’,’fontweight’,’bold’,’fontsize’,12)

776 xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’ ,12)

777 ylabel(’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)

778

779

780 if (strcmp(readorenter,’f’)==0)

781
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hold on;

h=plot(1ambdas_var.*1000,intensity_vs_signal_calibrated_axes,’w’,intensity_vs_idler_calibrated_axes,
lambdai_var.*1000,’w’);

set(h(1),’linewidth’,2);

set (h(2),’linewidth’,2);

hold off;

end

fprintf (’\ni can offer more plots, if you want:\n\nfigure a:\n(1) intensity vs. signal and idler wavelength
at fixed monochromatic pump,\n(2) a wide range plot of the QPM intensity band for varying pump,\n(3)
and a 3D plot of the QPM spectrum.\n\nfigure b:\n(1) purity vs. pump width,\n(2) purity vs. crystal
length,\n(3) purity vs. pump width and crystal length.\n\nenter a to see figure a,\nb to see figure b,\
nab to see both figures,\nor return to end program: ’);

moreplots=input(’’, ’s’);

fprintf (’\n’)

if (strcmp(moreplots,’a’) || strcmp(moreplots,’ab’))
figure
Y/ 3D plot of JSI_ _ _ _ _ e
% figure

subplot (2,2,2);

surf (lambdas_var .*1000, lambdai_var.*1000, JSI)

axis ([(lambdas-lambdasrangeJSI),(lambdas+lambdasrangeJSI),(lambdai-lambdairangeJSI),(lambdai+
lambdairangeJSI)].*1000, ’square’)

h=get (gcf, ’currentaxes’);

set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

shading (’interp’)

title(’joint spectral intensity’,’fontweight’,’bold’,’fontsize’,12)

xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’,12)

ylabel (’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’ ,12)

zlabel (’I_{rel}’,’fontweight’,’bold’,’fontsize’,12)

b ____ intensity vs. signal and idler wavelength at fixed pump________________
lambdasrange=0.016;
lambdairange=lambdasrange;

lambdas_var=1linspace ((lambdas-lambdasrange) ,(lambdas+lambdasrange) ,400);
lambdai_var=1linspace ((lambdai-lambdairange) ,(lambdai+lambdairange) ,400);

inputWLs=’ps’;
Deltakm=ffoPM(inputWLs,lambdap,lambdas_var,pol,crystal,KTPoptax,Lambda,T,m);
Is=(sin(Deltakm.*L/2)./(Deltakm.*L/2))."2;

inputWLs=’pi’;
Deltakm=fffQPM (inputWLs ,lambdap,lambdai_var ,pol,crystal ,KTPoptax,Lambda,T,m);
Ii=(sin(Deltakm.*L/2)./(Deltakm.*L/2))."2;

% figure

subplot (2,2,3);

plot (lambdas_var.*1000,Is,’linewidth’,2)

axis ([(lambdas-lambdasrange) .*1000, (lambdas+lambdasrange) .*1000,0,1])

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)
grid on;

title(’intesity vs. \lambda_s at fixed \lambda_p and \lambda_i’,’fontweight’,’bold’,’fontsize’,12)
xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’ ,12)
ylabel (’I_{rel}’,’fontweight’,’bold’,’fontsize’ ,12)

% figure

subplot (2,2,4);

plot (lambdai_var .*1000,Ii,’linewidth’,2)

axis ([(lambdai-lambdairange) .*1000, (lambdai+lambdairange) .*1000,0,1])

h=get (gcf, ’currentaxes’);
set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)
grid on;

title(’intesity vs. \lambda_i at fixed \lambda_p and \lambda_s’,’fontweight’,’bold’,’fontsize’,12)
xlabel (’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)
ylabel (’I_{rel}’,’fontweight’,’bold’,’fontsize’,12)
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o ___ intensity vs. signal and idler wavelengths - wide range________________
lambdasrange=5;

lambdairange=lambdasrange;

resolution=300;

lambdas_var=1linspace ((lambdap+0.1) ,lambdasrange ,resolution);
lambdai_var=linspace ((lambdap+0.1) ,lambdairange ,resolution);

[xx,yyl=meshgrid(lambdas_var ,lambdai_var);

inputWLs=’si’;

[Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,Lambda,T,m);
L_of_T=L*(1+alpha*(T-25));
psi_PM=(sin(Deltakm.*L_of_T/2)./(Deltakm.*L_of_T/2));

% figure

subplot (2,2,1)

pcolor (lambdas_var.*1000, lambdai_var .*1000,psi_PM."2);

axis ([(lambdap+0.1) ,(lambdasrange) ,(lambdap+0.1) ,(lambdairange)].*1000, ’square’)
h=get (gcf, ’currentaxes’);

set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

shading (’interp’)

title (’QPM intensity’,’fontweight’,’bold’,’fontsize’,12)

xlabel (’\lambda_s [nm]’,’fontweight’,’bold’,’fontsize’ ,12)

ylabel (’\lambda_i [nm]’,’fontweight’,’bold’,’fontsize’,12)

end
if (strcmp(moreplots,’b’) || strcmp(moreplots,’ab’))
figure
o ___ purity plot_ _ _ _ _ e

resolutionPurity=100;

lambdas_var=linspace ((lambdas-lambdasrangeJSI),(lambdas+lambdasrangeJSI),resolutionPurity);
lambdai_var=linspace ((lambdai-lambdairangeJSI),(lambdai+lambdairangeJSI),resolutionPurity);

[xx,yyl=meshgrid(lambdas_var ,lambdai_var);
inputWLs=’si’;

L_min=1000;

L_max=50000;
L_var=linspace(L_min,L_max,resolutionPurity);
Deltalambdap_min=0.00001;

Deltalambdap_max=0.005;
Deltalambdap_var=linspace(Deltalambdap_min,Deltalambdap_max,resolutionPurity);

o ___ purity vs. crystal length for fixed pump width_________________________
P_of_L=zeros(1,numel (L_var));

for (i=1:numel(L_var))

inputWLsPS=’si’;
mu_pump=fffpumpspectrum (inputWLsPS, lambdap ,xx,yy,gaussian,lambdap0,Deltalambdap);

[Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,6 Lambda,T,m);
L_var(i)=L_var (i) .*(1+alpha.*(T-25));
psi_PM=(sin(Deltakm.*L_var(i)/2)./(Deltakm.*L_var(i)/2));
JSI=(mu_pump.*psi_PM)."2;

[U,D,V_dagger]l=svd(JSI);
D_norm=D./sqrt(trace(D"2));

P_of_L(i)=trace(D_norm~4);
end

% find index of L_var, for which P is maximal:
index_L_P_max = find(P_of_L==max(P_of_L));

% find L_var, for which P is maximal:
L_for_P_max_mm = L_var(index_L_P_max)./1000;

% maximal P for fixed width and varying length:
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944 P_of_L_max = P_of_L(index_L_P_max);

945

946

947 xdummyOto1l = 0:0.1:1;

948 constant_L = (xdummyOtol-xdummyOtol)+L_of_T./1000;

949 constant_L_opt = (xdummyOtol—xdummyOtol)+L_for_P_max_mm;

950

951 % figure

952 subplot (2,2,1)

953 h=plot(L_var./1000,P_of_L,constant_L,xdummyOtol,’-’,constant_L_opt,xdummyOtol,’-’);

954 set(h(1),’linewidth’,2);

955 grid on;

956 axis ([L_min./1000,L_max./1000,0,1])

957 h=get (gcf, ’currentaxes’);

958 set (h, ’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

959 title ([’purity vs. crystal length at \Delta \lambda_p=’, num2str(Deltalambdap*1000) ,’ nm’],’fontweight’
,’bold’,’fontsize’ ,12)

960 xlabel (’L [mm]’,’fontweight’,’bold’,’fontsize’ ,12)

961 ylabel (’P’,’fontweight’,’bold’,’fontsize’,12)

962 legend(’P’,’current L’,’optimal L’)

963

964

965

966 b ___ purity vs. pump width for fixed crystal length___________ _ _ ____________

967

968 P_of_D=numel (1,numel (Deltalambdap_var));

969 for (i=1:numel(Deltalambdap_var))

970

971 inputWLsPS=’si’;

972 mu_pump=fffpumpspectrum (inputWLsPS, lambdap,xx,yy,gaussian,lambdap0,Deltalambdap_var(i));

973

974 [Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,6Lambda,T,m);

975 L_of _T=L.*(l1+alpha.*(T-25));

976 psi_PM=(sin(Deltakm.*L_of_T/2)./(Deltakm.*L_of_T/2));

977

978 JSI=(mu_pump.*psi_PM) . 2;

979

980 [U,D,V_dagger]l=svd(JSI);

981 D_norm=D./sqrt (trace(D"2));

982

983 P_of_D(i)=trace(D_norm~4);

984

985 end

986

987 % find index of Deltalambdap_var, for which P is maximal:

988 index_D_P_max = find(P_of_D==max(P_of_D));

989

990 % find Deltalambdap_var, for which P is maximal:

991 D_for_P_max_nm = Deltalambdap_var (index_D_P_max) .*1000;

992

993 % maximal P for fixed length and varying width:

994 P_of_D_max = P_of_D(index_D_P_max);

995

996 % translate width for maximal P into pulse duration:

997 tau_for_P_max=sqrt(log(2)/2)*lambdap0."2./(pi*3e8*D_for_P_max_nm)*1e9;

998

999

1000 constant_D = (xdummyOtol-xdummyOtol)+Deltalambdap.*1000;

1001 constant_D_opt = (xdummyOtol—xdummyOtol)+D_for_P_max_nm;

1002

1003 % figure

1004 subplot (2,2,3)

1005 h=plot(Deltalambdap_var .*1000,P_of_D,constant_D,xdummyOtol,’-’,constant_D_opt ,xdummyOtol,’-’);

1006 set(h(1),’linewidth’,2);

1007 grid on;

1008 axis ([Deltalambdap_min.*1000,Deltalambdap_max.*1000,0,1])

1009 h=get (gcf, ’currentaxes’);

1010 set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

1011 title ([’purity vs. pump width at Lambda=’, num2str(L_mm) ,’ mm’],’fontweight’,’bold’,’fontsize’,12)

1012 xlabel (’\Delta \lambda_p [nm]’,’fontweight’,’bold’,’fontsize’,12)

1013 ylabel (’P’,’fontweight’,’bold’,’fontsize’,12)

1014 legend (’P’,’ current \Delta \lambda_p’,’optimal \Delta \lambda_p’)

1015

1016

1017 fprintf (’crystal length for best purity at pump width %5.2f nm/pulse duration %6.3f ps:\n%4.1f mm (P
=%5.3f)\n\n’, Deltalambdap*1000,tau,L_for_P_max_mm,P_of_L_max)

1018

1019 fprintf (’pump width and pulse duration for best purity at crystal length %4.1f mm:\n%5.2f nm, %6.3f ps (
P=%5.3f)\n\n’, L_mm,D_for_P_max_nm,tau_for_P_max,P_of_D_max)

1020

1021

1022 /S purity vs. pump width and crystal length______ _ _ _ _ _ _ __ _ _ _ _ _ ____________

1023

1024
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for (i=1:numel(Deltalambdap_var))
for (j=1:numel(L_var))

inputWLsPS=’si’;

mu_pump=fffpumpspectrum(inputWLsPS, lambdap,xx,yy,gaussian,lambdap0O,Deltalambdap_var(i));

[Deltakm,alphal=fffQPM(inputWLs ,xx,yy,pol,crystal ,KTPoptax,6 Lambda,T,m);
L_var (j)=L_var(j) .*(1+alpha.*(T-25));
psi_PM=(sin(Deltakm.*L_var(j)/2)./(Deltakm.*L_var(j)/2));

JSI=(mu_pump.*psi_PM)."2;

[U,D,V_dagger]l=svd (JSI);
D_norm=D./sqrt (trace(D"2))

P(i,j)=trace(D_norm~4);
end
end

% figure
subplot (1,2,2)

H

pcolor(Deltalambdap_var.*1000,L_var./1000,P)

colorbar ();

axis ([Deltalambdap_min.*1000,Deltalambdap_max.*1000,L_min./1000,L_max./1000],

h=get (gcf, ’currentaxes’);

set (h,’fontweight’,’bold’,’fontsize’,9,’linewidth’,2)

shading (’interp’)

title(’purity vs. pump width and crystal length’,’fontweight’,’bold’,’fontsize’,12)
xlabel (’\Delta \lambda_p [nm]’,’fontweight’,’bold’,’fontsize’,12)
ylabel (’L [mm]’,’fontweight’,’bold’,’fontsize’,12)

hold on;

constant_L=(Deltalambdap_var-Deltalambdap_var)+L_of_T./1000;
constant_D=(L_var-L_var)+Deltalambdap.*1000;

plot(Deltalambdap_var.*1000,constant_L,’—w’,constant_D,L_var./lOOO,’—w’)

axis ([Deltalambdap_min.*1000,Deltalambdap_max.*1000,L_min./1000,L_max./1000],

hold off;

end

B.2 QPMinputs

hhhththhhhhhhhhh% ENTER YOUR INPUT PARAMETERS

lambdap_nm=775;
lambdas_nm=2*lambdap_nm;

Tt Tl totoTolo s Tl To o totoToTo o % T o T

YN Y YA

o ____ gaussian pump? (’y’ or ’n’) __ _ o e
gaussian=’y
b ____ choose pulse duration (’t’) or gaussian width (°w’) as dinput___________
timeorwidth="t’;
o __ pulse duration [ps] _____ ___ _ _ _ _ __ e ___
tau=0.25;
o ___ spectral width of pump [nm]_______ __ __ __ __ __ _ _ o _____
Deltalambdap_nm=1.5;
o ____ crystal type (PKTP’ or °LN’) __ _ _ __ _ _ o e

crystal="KTP’;
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o ___ KTP optic axis (’z’ or ’y’)

e crystal length [mm]
L_mm=4.6;
/U parameter to be optimised for QPM (’Lambda’

o temperature [deg C]

Dbl lolo o loto ettt toahtoto o to et totolo et totolon ot totoTo e et toto To e toto To o %o to To To oo %o to to To o o %o To o To T o e o o o

lambdap=lambdap_nm./1000;
lambdas=lambdas_nm./1000;
lambdapO=1lambdap;

if (strcmp(timeorwidth,’t’))

Deltalambdap=sqrt (log(2)/2)*lambdap."2./(pi*3e8*tau)*1e6;

else

Deltalambdap=Deltalambdap_nm./1000;

tau=sqrt (log(2)/2)*lambdap."2./(pi*3e8xDeltalambdap)*1e6;

end
L=L_mm.*1000;
lambdai=1/(1/lambdap-1/lambdas) ;

pol=[polp,pols,polil;

if (strcmp(pol,[’0’,’0’,’0’]) || strcmp(pol,[’e’,’e’,’e’]))
Type=’0"’;

elseif (strcmp(pol,[’0’,’e’,’e’]) || strcmp(pol,[’e’,’0’,%0’1))
Type="1";

elseif (strcmp(pol,[’0’,’0%,’e’]) || strcmp(pol,[’0’,’e’,%0’])

e’,’e’,’0’1))
Type="1I1";

end

B.3 fffQPM

strcmp (pol,[’e’,

100

,’e’])

function [Deltakm,alphal] = fffQPM(inputWLs,b lambdal, lambda2,pol,crystal,KTPoptax,b Lambda,T,m)

if (strcmp (inputWLs,’ps’))

lambdap=lambdal;
lambdas=lambda2;

lambdai=1./(1./lambdap-1./lambdas);

elseif (strcmp(inputWLs,’pi’))
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lambdap=lambdal;
lambdai=lambda?2;

lambdas=1./(1./lambdap-1./lambdai);

elseif (strcmp (inputWLs,’si’))

lambdas=1lambdal;
lambdai=lambda2;

lambdap=1./(1./lambdas+1./lambdai);

end

lambdal=lambdap;
lambda2=1lambdas;
lambda3=1lambdai;

% reference temperature:
TR=25;

if (strcmp(crystal,’LN’))

A1z=5.35583;
A2z=0.100473;
A3z=0.20692;
A4z=100;
A5z=128.806;
A6z=1.5334e-2;
B1z=4.629e-7;
B2z=3.862e-8;
B3z=0.89e-8;
B4z=2.657e-5;

Aly=4.9048;
A2y=0.11775;
A3y=0.21802;
Ady=0;

A5y=0;
ABy=0.027153;
Bly=2.1429e-8;
B2y=2.2314e-8;
B3y=2.9671e-8;
B4y=0;

% thermal extension coefficients in x-direction:

alpha0=13.3e-6;
alphal=9.7e-9;

% temperature parameter:
F=fffF(T);

% k chosen to propagate along x-axis

% ==> n_ord=n_y (=n_x)
% ==> n_opt=n_z

nordl=fffsellmeierLN (lambdal ,Aly,A2y,A3y,Ady,Aby,A6y,Bly,B2y,B3y,B4y,F);

% mnotation: "nordl" --> refractive index along ordinary axis for wavelength lambda_1

nopti=fffsellmeierLN(lambdal ,Alz ,A2z,A3z,A4z ,A5z,A6z,Blz,B2z,B3z,B4z,F);
% motation: "mnoptl" --> index along optic

nord2=fffsellmeierLN(lambda2,Aly,A2y,A3y,Ad4y,A5y,A6y,Bly,B2y,B3y,B4y,F);
nopt2=fffsellmeierLN(lambda2,Alz,A2z,A3z,A4z ,A5z,A6z,B1z,B2z,B3z,B4z,F);

nord3=fffsellmeierLN(lambda3 ,Aly,A2y,A3y,Ady,A5y,A6y,Bly,B2y,B3y,B4y,F);
nopt3=fffsellmeierLN (lambda3,Alz,A2z,A3z,A4z,A5z,A6z,B1z,B2z,B3z,B4z,F);

elseif (strcmp(crystal,’KTP’))

% koenig and wong, 2004

A1y=2.09930;
A2y=0.922683;
A3y=0.0467695;
Ady=0;

A5y=0;
A6y=0.0138408;

% % fan, huang et al.,
% Aly=2.19229;
% A2y=0.83547;
% A3y=0.04970;

1987

(due to QPM considerations)
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97 % Ad4y=0;

98 % ABy=0;

99 % A6y=0.01621;

100

101 % fradkin, arie et al., 1999

102 A1z=2.12725;

103 A2z=1.18431;

104 A3z=5.14852e-2;

105 A4z=0.6603;

106 A5z=100.00507;

107 A6z=9.68956e-3;

108

109 ayl10=6.2897e-6;

110 % mnotation: "ay10" --> a0 component for nl in y direction

111

112 ay11=6.3061e-6;

113 ayl12=-6.0629e-6;

114 ayl13=2.6486¢e-6;

115

116 ay20=-0.14445e-8;

117 ay21=2.2244e-8;

118 ay22=-3.5770e-8;

119 ay23=1.3470e-8;

120

121 az10=9.9587e-6;

122 az11=9.9228e-6;

123 az12=-8.9603e-6;

124 az13=4.1010e-6;

125

126 az20=-1.1882e-8;

127 az21=10.459e-8;

128 az22=-9.8136e-8;

129 az23=3.1481e-8;

130

131 % thermal extension coefficients in x-direction:

132 alpha0=6.7e-6;

133 alphal=11e-9;

134

135 if (strcmp (KTPoptax,’y’))

136

137 % k chosen to propagate along x-axis

138 % ==> n_ord=n_z (although higher non-linearity for n_ext=n_z!! --> would result in too small L,
therefore higher QPM order.)

139 % ==> n_opt=n_y

140

141 % n ordinary for wavelength of first photon (T-independent!!):

142 nord_lambdal=fffsellmeierKTP (lambdal ,Alz,A2z,A3z,Ad4z ,A5z,A6z);

143

144 nzll=fffnpoly(azl10,azll,az12,az13,lambdal);

145 nz21=fffnpoly (az20,az21,az22,az23,lambdal);

146 % mnotation: "ny21" --> n2 for first photon polarised in z direction

147

148 % temperature dependent portion of refractive index:

149 Deltani=fffDeltan(nzll,nz21,T,TR);

150

151 % n ordinary for wavelength of 1st photon (T-dependent!!):

152 nordl=nord_lambdal+Deltanli;

153

154 nopt_lambdal=fffsellmeierKTP (lambdal,6 Aly,A2y,A3y,Ady,Aby,A6y);

1565 nyli=fffnpoly(ayl0,ayll,ayi2,ay13,lambdal);

156 ny21=fffnpoly(ay20,ay21,ay22,ay23,lambdal);

157 Deltanl=fffDeltan(nyll,ny21,T,TR);

158 noptl=nopt_lambdal+Deltanl;

159

160 nord_lambda2=fffsellmeierKTP (lambda2 ,Alz,A2z,A3z,Adz A5z ,A62);

161 nz12=fffnpoly(a210,azil,azlﬁ,azl3,1ambda2);

162 nz22=fffnpoly (az20,az21,az22,az23,lambda2);

163 Deltan2=fffDeltan(nzl12,nz22,T,TR);

164 nord2=nord_lambda2+Deltan2;

165

166 nopt_lambda2=fffsellmeierKTP (lambda2,Aly,A2y,A3y,Ady,Aby,A6y);

167 nyl2=fffnpoly(ayl0,ayll,ayl2,ay13,lambda2);

168 ny22=fffnpoly (ay20,ay21,ay22,ay23,lambda2);

169 Deltan2=fffDeltan(nyl2,ny22,T,TR);

170 nopt2=nopt_lambda2+Deltan2;

171

172 nord_lambda3=fffsellmeierKTP (lambda3,Al1z,A2z,A3z,A4z,A5z,A62);

173 nz13=fffnpoly(azl10,azll,az12,az13,lambda3);

174 nz23=fffnpoly (az20,az21,az22,az23,lambda3);

175 Deltan3=fffDeltan(nz13,nz23,T,TR);

176 nord3=nord_lambda3+Deltan3;

177

178 nopt_lambda3=fffsellmeierKTP (lambda3,Aly,A2y,A3y,Ady,Aby,A6y);

179 nyl3=fffnpoly(ayl0,ayll,ayi2,ay13,lambda3);
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ny23=fffnpoly (ay20,ay21,ay22,ay23,lambda3);
Deltan3=fffDeltan(ny13,ny23,T,TR);
nopt3=nopt_lambda3+Deltan3;

elseif (strcmp(KTPoptax,’z’))

% n_ord=n_y
% n_opt=n_z

nord_lambdal=fffsellmeierKTP (lambdal ,6Aly,A2y,A3y,Ady,Aby,A6y);

nyli=fffnpoly(ayl0,ayll,ayl2,ayl13,lambdal);

ny21=fffnpoly(ay20,ay21,ay22,ay23,lambdal);

Deltanli=fffDeltan(nyll,ny21,T,TR);
nordl=nord_lambdal+Deltanl;

nopt_lambdal=fffsellmeierKTP (lambdal ,6Alz,A2z,A3z,A4z,Abz,A62);

nzll=fffnpoly(az10,azll,az12,az13,lambdal);

nz21=fffnpoly (az20,az21,az22,az23,lambdal);

Deltani=fffDeltan(nzill ,nz21,T,TR);
noptl=nopt_lambdal+Deltanl;

nord_lambda2=fffsellmeierKTP (lambda2,Aly,A2y,A3y,Ady,Aby,A6y);

nyl2=fffnpoly(ayl0,ayll,ayl2,ay13,lambda2);

ny22=fffnpoly (ay20,ay21,ay22,ay23,lambda2);

Deltan2=fffDeltan(nyl2,ny22,T,TR);
nord2=nord_lambda2+Deltan2;

nopt_lambda2=fffsellmeierKTP (lambda2 ,Alz,A2z,A3z,A4z,A5z,A62);

nzl2=fffnpoly(azl10,azll,az12,az13,lambda2);

nz22=fffnpoly (az20,az21,az22,az23,lambda2);

Deltan2=fffDeltan(nz12,nz22,T,TR);
nopt2=nopt_lambda2+Deltan2;

nord_lambda3=fffsellmeierKTP (lambda3,Aly,A2y,A3y,Ady,Aby,A6y);

ny13=fffnpoly(ayl0,ayll,ayl2,ayl13,lambda3);

ny23=fffnpoly(ay20,ay21,ay22,ay23,lambda3);

Deltan3=fffDeltan(ny13,ny23,T,TR);
nord3=nord_lambda3+Deltan3;

nopt_1ambda3=fffse11meierKTP(1ambda3,Alz,A22,A3z,A4z,A5z,Aez);

nzl13=fffnpoly(az10,azll,az12,az13,lambda3);

nz23=fffnpoly (az20,az21,az22,az23,lambda3);

Deltan3=fffDeltan(nz13,nz23,T,TR);
nopt3=nopt_lambda3+Deltan3;

end

end

% periodicity including thermal extension:
alpha=alphaO+alphal.*(T-TR);
Lambda=Lambda.*(1+alpha.*(T-TR)) ;

if (strcmp(pol,[’e’,’e’,’e’]))

nl=noptil;
n2=nopt2;
n3=nopt3;

elseif (strcmp(pol,[’0’,%0’,’0%]1))
nl=nordl;

n2=nord?2;
n3=nord3;

elseif (strcmp(pol,[’e’,’0’,’0’]))

nl=noptil;
n2=nord2;
n3=nord3;

elseif (strcmp(pol,[’0’,’e’,’e’]))
nl=nordl;

n2=nopt2;
n3=nopt3;
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264

265 elseif (strcmp(pol,[’e’,’0’,’e’]))
266

267 nl=noptil;

268 n2=nord2;

269 n3=nopt3;

270

271  elseif (strcmp(pol,[’e’,’e’,’0’1))
272

273 nl=noptil;

274 n2=nopt2;

275 n3=nord3;

276

277 elseif (strcmp(pol,[’0’,’07,’e’1))
278

279 nl=nordil;

280 n2=nord?2;

281 n3=nopt3;

282

283 elseif (strcmp(pol,[’0’,’e’,’0’1))
284

285 nl=nordl;

286 n2=nopt2;

287 n3=nord3;

288

289  end

290

291 ), phase mismatch w.o. periodic poling:

292 Deltak=fffDeltak(lambdal,lambda2,lambda3,nl,n2,n3);
293

294 J, phase mismatch including periodic poling:

295 Deltakm=Deltak-2*pi*m./Lambda;

296

297 return

298 end

299

300 e Delta k__ _ _ _ _ _ e
301

302 function [Deltak] = fffDeltak(lambdal,lambda2,lambda3,nl,n2,n3)

303

304 Deltak=2*pix*(nl./lambdal-n2./lambda2-n3./lambda3);

305

306 return

307 end

308

309 o _____ F parameter___ __ __ __ __ __ _ _ e _
310

311  function [F] = fffF(T)

312

313 F=(T-24.5) .*x(T+570.82);

314

315 return

316 end

317

318 o _____ sellmeier equation for LN____ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ o _____
319

320 function [n] = fffsellmeierLN(lambda,Al,A2,A3,A4,A5,A6,B1,B2,B3,B4,F)

321

322 n=(A1+B1*F+(A2+B2*F) ./(lambda."2-(A3-B3*F)."2)+(A4+B4*F)./(lambda. 2-A5)-A6*lambda."2) .7 (1/2);
323
324 return

325 end

326

327 e __ temp. indep. sellmeier equation for KTP______ _ _ _ _ _ _ _ ___ _ _ _ _ ____________
328

329 function [n] = fffsellmeierKTP(lambda ,Al,A2,A3,A4,A5,A6)

330

331 n=(A1+A2./(1-A3./lambda.”2)+A4./(1-A5./1lambda."2)-A6.*lambda."2) . (1/2);
332
333 return

334  end

335

336 o ___ polynomial N__ __ __ __ e
337

338 function [npoly] = fffnpoly(al,al,a2,a3,lambda)

339

340 npoly=a0+al./lambda+a2./lambda.~2+a3./lambda."3;

341

342 return

343  end

344

345 o ______ Delta N _ __ o o e
346

347 function [Deltan] = fffDeltan(n1,n2,T,TR)
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Deltan=n1*(T-TR)+n2*x(T-TR) ."2;

return

end

% sellmeier equations for n_z in LN:

% jundt. temperature-dependent sellmeier equation for the index of refraction, n_e, in congruent lithium
niobate. optics letters, 1997.

% sellmeier equations for n_y in LN:

% edwards and lawrence. a temperature-dependent dispersion equation for congruently grown lithium niobate.
optical and quantum electronics, 1984.

% thermal extension of LN:

% pignatiello, de rosa et al. measurement of the thermal expansion coefficients of ferroelectric crystals by
a moire interferometer. optics communications, 2007.

% sellmeier equation for n_y in KTP:

% koenig and wong. extended phase matching of second-harmonic generation in periodically poled KTiOP04 with
zero group-velocity mismatch. applied physics letters, 2004

% or: sellmeier equation for n_y in KTP:

% fan, huang et al. second harmonic generation and accurate index of refraction measurement in flux-grown
KTi0P04. applied optics, 1987

% sellmeier equation for n_z in KTP:

% fradkin, arie, et al. tunable midinfrared source by difference frequency generation in bulk periodically
poled KTiOP044. applied physics letters, 1999

% temperature dependence (ayl0,..., nyll,..., npoly, Deltan) of KTP indices and thermal extension of KTP:

% emanueli and arie. temperature-dependent dispersion equations for KTiOP04 and KTiOAs04. applied optics,

2003

B.4 fffrootfinderQPM

function [x0,outrange,m,xstart,xend] = fffrootfinderQPM(opt,lambdal,lambda2,pol,crystal ,KTPoptax,bLambda,T,m)

inputWLs=’ps’;

tol=1e-9;

outrange=0;

if (strcmp(opt,’Lambda’) || strcmp(opt,’T’))

if (strcmp(opt,’Lambda’))

xstart = 1;
xend = 20000;
xmid = (xend+xstart)/2;

ystart = fffQPM(inputWLs,b lambdal,lambda2,pol,crystal ,KTPoptax,xstart,T,m);
yend = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,xend,T,m);
ymid = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax ,xmid,T,m);

if (sign(ystart).*sign(yend)~"=-1)
m=-m;
ystart = fffQPM(inputWLs, lambdal,lambda2,pol,crystal ,KTPoptax,xstart,T,m);

yend = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,xend,T,m);
ymid = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,xmid,T,m);

if (sign(ystart) .*sign(yend) "=-1)

outrange=1;

x0=xmid;
m=-m;
return
end
end
i=0;

while (abs(ymid)>tol)
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end

x0=x

i=i+1;

if (sign(ystart).*sign(ymid)==-1)
xend=xmid;

elseif (sign(ymid).*sign(yend)==-1)

xstart=xmid;

end

xmid = (xend+xstart)/2;

ystart = fffQPM(inputWLs,b lambdal,lambda2,pol,crystal ,KTPoptax,xstart,T,m);
yend = fffQPM(inputWLs ,lambdal, lambda2,pol,crystal ,KTPoptax,xend,T,m);
ymid = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,xmid,T,m);
mid;

elseif (strcmp(opt,’T’))

xsta
xend
xmid
ysta
yend
ymid

if (s

end
i=0;

whil

end
x0=x

end

rt = 0;

= 300;

= (xend+xstart)/2;
rt = fffQPM(inputWLs,lambdal, lambda2,pol,crystal ,KTPoptax,Lambda,xstart,m);

= fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,Lambda,xend,m);

= fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,Lambda,xmid,m) ;
ign(ystart) .*sign(yend) "=-1)
m=-m;
ystart = fffQPM(inputWLs,b lambdal,lambda2,pol,crystal ,KTPoptax,xstart,T,m);
yend = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,xend,T,m);
ymid = fffQPM(inputWLs ,lambdal, lambda2,pol,crystal ,KTPoptax,xmid,T,m);
if (sign(ystart).*sign(yend) "=-1)

outrange=1;

x0=xmid;

m=-m;

return

end

e (abs(ymid)>tol)

i=i+1;

if (sign(ystart) .*sign(ymid)==-1)
xend=xmid ;

elseif (sign(ymid).*sign(yend)==-1)

xstart=xmid;

end

xmid = (xend+xstart)/2;

ystart = fffQPM(inputWLs , lambdal,lambda2,pol,crystal ,KTPoptax,Lambda,xstart,m);
yend = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,Lambda,xend,m);
ymid = fffQPM(inputWLs,lambdal,lambda2,pol,crystal ,KTPoptax,Lambda,xmid,m) ;
mid;

elseif (strcmp(opt,’lambdas’))

xsta
xend
xmid

rt =

lambda2-0.05;
lambda2+0.05;
(xend+xstart) /2;
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130

131 ystart f£fQPM (inputWLs ,lambdal ,xstart ,pol,crystal ,KTPoptax,6Lambda,T,m);
132 yend = fffQPM(inputWLs,lambdal,hxend,pol,crystal ,KTPoptax,Lambda,T,m);
133 ymid fffQPM (inputWLs ,lambdal ,xmid,pol,crystal ,KTPoptax ,Lambda,T,m);
134

135 if (sign(ystart).*sign(yend)~"=-1)

136

137 outrange=1;

138 x0=xmid;

139 return

140

141 end

142

143 i=0;

144

145 while (abs(ymid)>tol)

146

147 i=i+l;

148

149 if (sign(ystart) .*sign(ymid)==-1)

150

151 xend=xmid ;

152

153 elseif (sign(ymid) .*sign(yend)==-1)

154

155 xstart=xmid;

156

157 end

158

159 xmid = (xend+xstart)/2;

160 ystart = fffQPM(inputWLs ,b lambdal,xstart,pol,crystal,KTPoptax,Lambda,T,m);
161 yend = fffQPM(inputWLs,lambdal,hxend,pol,crystal ,KTPoptax,Lambda,T,m);
162 ymid = fffQPM(inputWLs,lambdal ,xmid,pol,crystal ,KTPoptax,Lambda,T,m);
163

164 end

165

166 x0=xmid;

167

168 end

169

170

171 return

172 end

B.5 fffpumpspectrum

1 function [mu_pump] = fffpumpspectrum(inputWLsPS,lambdap_var,b lambdas, lambdai,bgaussian,lambdapO,Deltalambdap)

2

3

4 if (strcmp(inputWLsPS,’si’))

5

6 lambdap_var=1./(1./lambdas+1./lambdai);

7

8 end

9

10

11 if (strcmp(gaussian,’y’))

12

13 mu_pump=exp (-(lambdap_var -lambdap0) ."2./(2.*Deltalambdap.”2));

14

15 elseif (strcmp(gaussian,’n’))

16

17 % in order for the calculations to make sense, please express your self-defined pulse shape in terms of
lambdap0 and Deltalambdap and make sure that it’s normalised.

18

19 lambdapOl=1lambdap0+0.0004;

20 lambdap02=1ambdap0-0.0008;

21

22 Deltalambdapl=Deltalambdap*0.1933;

23 Deltalambdap2=Deltalambdap*0.20556;

24

25 mul=exp (-(lambdap_var -lambdap01)."2/(2*xDeltalambdapl~2))*0.72;

26 mu2=exp (-(lambdap_var -lambdap02) ."2/(2xDeltalambdap2°2));

27

28 mu_pump=mul+mu2;

29

30 end

31

32 return

33

34  end
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B.6

bkt h 't h Tt hh s

This program was created with support of the Austrian Institute of Technology,
Feel free to use it,

readmeQPM

Security (AIT, DSS).

for it nor try to sell it.

THANKS FOR USING QPMoptics!

change it,

BT Tt to sttt To ettt o ettt To 'ttt Toh %t o T o

Department Digital Safety and
share and distribute it.

Please do neither pay

The program was developed using GNU octave but it can just as well be executed by Matlab.

If you find a way to improve the program or if you just want to share your opinion,
contact me under fabian.laudenbach.fl@ait.ac.at

Best regards,
Fabian Laudenbach

Dottt tolo oottt loTo et toloTo et toTo To o’

Some remarks on the usage of this program:

Make sure that the following files are all contained in one folder (the prefix
indicates an external function called by

Dbl Tl Tolo e totoTolo et totoToTo o %o toToTo oot toToTo To o o to To To To o o to Yo To To o o %o ¥

please don’t hesitate to

Dbt

H H H H R

QPMoptics.m
QPMinputs.m

fffQPM.m
fffrootfinderQPM.m
fffpumpspectrumQPM.m

’QPMoptics’):

Eff?

in a file’s name

Legend of occurring physical variables:

Some of the calculations within this program are very extensive and consume a lot of computing time.

Note that some calculations only make sense as long as the joint spectral intensity (JSI)
the specified range of signal and idler output,

£

H H HE R

H HEHEHHHEHHEHHEHHHESR

(Unless denoted otherwise (e.
phase mismatch,

lambda_p, lambda_s,
polp, pols, poli

extraordinary)
Type
tau
Deltalambdap
crystal

for lithium niobate)
KTPoptax
L
Lambda
T
m
alpha
Deltakm
Deltalambdas,
mu_pump
psi_PM
I
JSI
K
P

Deltalambdai

spectral width,

lambda_i

lambdas_nm,

pump ,
pump ,

SPDC type (’0°, I’ or

YTI0)

FWHM of laser-pulse duration [ps]
Gaussian width of pump laser spectrum [um]
periodically poled crystal (’KTP’

optic axis of KTP crystal (’z’

crystal length [um]

poling periodicity Lambda [um]

temperature [deg C]
quasi-phase-matching order

thermal expansion coefficient

phase mismatch [um]

or

signal and idler wavelength [um]
signal and idler polarisation (’0’

Gaussian width of signal and idler output [um]

pump envelope amplitude

phase-matching envelope amplitude
phase-matching envelope intensity

joint spectral intensity
Schmidt number

spectral purity of signal and idler output

L_mm),
crystal length,

for ordinary,

e’ for

# the evaluation of the output spectra:

# the evaluation of spectral purity with respect to spectral pump width and crystal length:
abbreviated by increasing the step-size,

especially the case for

started,

file QPMoptics.m

i.e.

can be skipped by entering

£

decreasing the variable

‘reso

for potassium titanyl phosphate, ’LN’
’y’; default: ’y’)
all variables describing a length (wavelength,
periodicity) are understood in micrometers.)
This is

right after the program was

can be

lutionPurity’ in the

i.e.

Otherwise the following problems will occur:

98

is confined within

as long as the JSI doesn’t exceed the plot axes.
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70
71

72
73

B.6. readmeQPM

# The evaluation of the output spectra will produce the error message, "QPMoptics: A(I): index out of
bounds;...".
# The displayed values for Schmidt number and spectral purity will make no sense and should not be taken
seriously.

In order to confine the JSI within the plot, you may increase the signal and idler range by adjusting
the variables ’lambdasrangeJSI’ and ’lambdairangeJSI’.
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