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Abstract

The “moduli space” of stability conditions is currently an important ingredient in the framework of
Homological Mirror Symmetry (HMS). It was introduced by T. Bridgeland (2002) as an approach
to mathematical understanding of certain moduli spaces arising in string theory. He assigned to any
triangulated category a complex manifold, whose elements are referred to as Bridgeland stability
conditions. HMS predicts a parallel between dynamical systems and categories whereby the space
of Bridgeland stability conditions is a candidate to play the role of the Teichmiiller space. However,
global information for the stability space is known in only a handful of examples.

Long before HMS (1994), Beilinson et. al. observed patterns in the structure of some triangu-
lated categories which they called exceptional collections (Beilinson’s paper appeared in 1978).

The main motivation for the present work comes from a procedure generating stability conditions
from exceptional collections, described by E. Macri in his paper from 2007.

This thesis explores some aspects of the interplay between the two notions in the title and
unveils novelties for both sides. On the one hand, the findings concerning stability conditions are
new evidences supporting the parallel mentioned above. On the other hand, remarkable relations
between exceptional representations of quivers appear in the thesis.

The work consists of three parts.

In the first part is defined the notion of a o-exceptional collection so that any full o-exceptional
collection (if such exists) generates o, where o denotes a stability condition. The focus here lies
on constructing o-exceptional collections from a given stability condition o on D?(A), where A
is a hereditary, hom-finite category, linear over an algebraically closed field. One difficulty is due
to the Ext-nontrivial couples: exceptional objects X,Y € A with non-vanishing Ezt'(X,Y) and
Ext'(Y,X). A new constraint on the category A, called regularity-preserving, makes this difficulty
manageable. Examples of regularity-preserving categories are demonstrated. Finally, all stability
conditions on the acyclic triangular quiver are shown to be generated by exceptional collections.

The central result in the second part of the thesis is a characterization of the Dynkin /Euclidean/
all other quivers on the language of Bridgeland stability conditions.

The third part continues with the study of the entire space of stability conditions on the acyclic
triangular quiver. The main conclusion here is that this space is contractible. This is the first
example of a quiver @ different from Dynkin and Kronecker quivers for which the stability space on
the derived category of representations of @) is shown to be contractible. It follows that the stability
space on the weighted projective line P!(1,2) is contractible.
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0.1. NOTATIONS AND CONVENTIONS 1

0.1 Some general notations and conventions used throughout the
dissertation

In these notes k is an algebraically closed ﬁeldE] The letters T and A denote always a triangulated
category and an abelian category, respectively, linear over k, the shift functor in 7T is designated by
[1]. Twrite Hom®(X,Y") for Hom(X, Y[i]) and hom®(X,Y") for dimy(Hom(X,Y[i])), where X,Y € 7.

By Ko(7), resp. Ko(A), will be denoted the Grothendieck groups of T, resp. A.

For X,Y € A, writing Hom®(X,Y), I consider X,Y as elements in T = D’(A), i.e. Hom'(X,Y) =
Ext!(X,Y).

For a subset S C Ob(7) the notation (S) C T means the triangulated subcategory of T generated
by S, i. e. the minimal triangulated subcategory containing S

An exceptional object is an object E € T satisfying Hom'(E, E) = 0 for i # 0 and Hom(E, E) =
k. The set of all exceptional objects of A, resp. of D?(A), will be denoted by Aeze, resp. DP(A)ege.

The property that for two X,Y € T hold the vanishings hom!(X,Y) = 0 for any [ € Z will be
denoted by writing just hom*(X,Y) = 0.

An exceptional collection is a sequence & = (Ey, Ea, ..., E,;) C Teg satisfying hom*(E;, E;) =0
forn >4 > j > 1. If in addition we have (€) = T, then € will be called a full exceptional collection.

An exceptional collection (Ey, ..., E,) is said to be Ext-ezceptional if Vi # j Hom="(E;, E;) = 0.

An abelian category A is said to be hereditary, if Ext'(X,Y) = 0 for any X,Y € A and i > 2,
it is said to be of finite length, if it is Artinian and Noterian.

For an object X € D(A) of the form X = X'[j], where X' € A and j € Z, I write deg(X) = j.

For any quiver Q I write I'(Q) for the underlying graph and D?(Q) for D?(Repy(Q)).

Throughout the dissertation the term Dynkin quiver means a quiver @, s. t. I'(Q) is one of the
simply laced Dynkin diagrams A,,,m > 1, D,,,, m > 4, Eg, E7, Eg (see for example [I, p. 32|) and
the term Euclidean quiver means an acyclic quiver @, s. t. I'(Q) is one of the extended Dynkin
diagrams A,,,,m > 1, D,,,, m > 4, Eg, E7, Eg (see for example [I], fig. (4.13)]).

The letter H will denote the upper half plane with the negative real axis included, i. e. H =
{rexp(int) :r >0 and 0<t<1}.

lin some sections algebraically closedness of k is not important, but overall this feature is necessary.



Chapter 1

Introduction

In my PhD thesis, which is in the papers: [17], [I8], [19], [20] are explored some aspects of the
interplay between the two notions of the title. This interplay unveils novelties for both: Bridgeland
stability conditions and exceptional collections.

I give first some words about the two notions in question and about the initial goal.

1.1 Motivation

In 1994 Maxim Kontsevich interpreted a duality coming from physics in a powerful mathematical
framework called Homological Mirror Symmetry (HMS). HMS is now the foundation of a wide range
of contemporary mathematical research. Many authors have demonstrated the interaction of mirror
symmetry and HMS with new and subtle mathematical structures. One of these structures is the
space of stability conditions associated to a triangulated category.

Motivated by M. Douglas’s work [22], [23] in string theory, and especially by the notion of
[I-stability, T. Bridgeland defined in [8] a map:

{ triangulated } Stab { complex } (1.1)

categories manifolds

For a triangulated cateogry T the associated complex manifold Stab(T) is refered to as the space of
stability conditions (or the stability space) on T .

Bridgeland’s manifolds are expected to provide a rigorous understanding of certain moduli spaces
arising in string theory. Furthermore, a parallel between dynamical systems and categories was
established (see Subsection . According to this parallel the stability space plays the role of the
Teichmiiller space. Thus, the study of the topology of the spaces of stability conditions became a
subject of significant importance. These spaces provide a link between: topology, representation
theory, dynamical systems, algebraic geometry, category theory.
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The map is well defined but far from well understood. The problem of describing the
entire Stab(7T) is notoriously difficult (from now on T denotes a triangulated category linear over
an algebraically closed field k).

It is an exercise with Bridgeland’s axioms to show that Stab((E)) = C, where E is an exceptional
object (see Section [0.1] for definition) in 7.

Recall that an exceptional collection is a sequence & = (Ey, E1, ..., E,) of exceptional objects
satisfying hom™(E;, E;) = 0 for i > j. Exceptional collections were introduced by Rudakov, Beilin-
son, Bondal, Kuznetsov et. al. From now on throughout the introduction & = (Ey, E1,..., E,)
denotes an exceptional collection. Some triangulated categories have the form T = (Ey, Es, ..., Ey)
and then (Ey, E1, ..., E,) is said to be a full exceptional collection in T. The question about study-
ing Stab((Ep, E1,...,E,)) (n > 1) seemed to me as a natural next step after having obtained
Stab({E)) = C. This turns out to be not so easy. This study was initiated by E. Macri in [37]. We
proceed further in [I8] and [19] (joint with my advisor Prof. Katzarkov).

Categories which have a decomposition of the form (Ey, E, ..., E,) arise from representations
of quivers. For each acyclic quiver Q the derived category of representations of @ : D’(Repi(Q))
has such a decomposition with n + 1 equal to the number of the vertices of ). I will write just
D*(Q) for this category. In 2012 Stab(D?(Q)) had been studied for some Dynkin quivers and for
Q = K (1), where K(I) is the I-Kronecker quiver (two vertices and [ parallel arrows between them).
Our goal was to give a satisfactory description of D*(Q) for a non-Dynkin quiver with number of
vertices bigger than two and hopefully to prove that Stab(D?(Q)) is contractible.

In July 2014 appeared the papers [12], [49] which clarified all Dynkin quivers. However the results
in [49], [12] do not cover tame representation type quivers, these quivers are beyond the scope of
[49], [12]. “ The natural next case is to consider tame representation type quivers. ... The situation
here is much more complicated:... - new ideas will be required to study the tame representation type
case from the point of view of this paper”[49].

In Chapter 4| of the dissertation, which is the paper [20], is given a new example of a tame
representation type quiver with contractible space of stability conditions.

1.2 Non-semistable exceptional objects in hereditary categories

In this subsection of the introduction I explain some features and the main results of Chapter
This chapter consists of the paper [I8]. The Appendix consists of the paper [19].

Assume that T has a decomposition of the form T = (Ey, F1, ..., E,). E. Macri constructed in
[37] stability conditions on 7T via exceptional collections. Thus we obtain a subset:

stability conditions generated
{ by exceptional collections } < Stab(7). (1.2)
E. Macri, studying Stab(DY(K (1)) in [37], gave an idea for producing an exceptional pair gen-
erating a given stability condition o on D°(K (1)), where K (I) is the I-Kronecker quiver.
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The main goal of Chapter [2]is to find non-trivial examples of T with rank(Ky(T)) > 3, for which
the inclusion is equality, where Ky(7) is the Grothendieck group of T. To that end is defined
the notion of a o-exceptional collection (Definition , so that the full o-exceptional collections
are exactly the exceptional collections which generate o, and then the focus falls on constructing
o-exceptional collections from a given o € Stab(DY(A)), where A is a hereditary, hom-finite, abelian
category. In Chapter [2] are developed some tools for constructing o-exceptional collections of length
at least three in DP(A). These tools are based on the notion of regularity-preserving hereditary
category, introduced in Section to avoid difficulties related to the Ext-nontrivial couples (couples
of exceptional objects in A with Ext!(X,Y) # 0 and Ext!(Y, X) # 0).

1.2.1 Regularity-preserving hereditary category

I explain now in more detail how appeared the notion of a regularity preserving category. By A I
denote a k-linear hom-finite hereditary abelian category and let T = DY(A), o € Stab(7).

By definition each stability condition, in particular the chosen o € Stab(7T), determines a set
of non-zero objects in T (called semi-stable objects) labeled by real numbers (called phases of the
semistable objects). The semi-stable objects correspond to the so called “BPS” branes from string
theory. The set of semi-stable objects will be denoted by o*°.

In Section the non-semistable exceptional objects are divided into two types: o-regular and
o-irregular and a procedure is explained, which produces (at least one) exceptional pair (S, E) with
semistable S from any o-regular object R . This procedure is denoted by R - (S, E). It is the
basic step towards constructing o-exceptional collections and it can not be performed on o-irregular
objects. The irregular objects appear due to the Ext-nontrivial couples.

The o-regular objects in turn are divided into final and non-final as follows. In each relation
R e > (S, F) the first component S is a semistable exceptional object, and the second is not
restricted to be always semistable. If there is such a relation with a non-semistable F, then I refer
to R as a nonfinal o-regular object, otherwise - final (see Definition . The name non-final is
justified, when the category A has a specific property, defined as follows:

Definition 1.1. (Definition ) A hereditary abelian category A will be said to be regularity-
preserving, if for each o € Stab(DY(A)) from the the following data:

R € DY(A) is a o-reqular object; R s (S,E); E ¢ 0°°
it follows that E is a o-regular object as well.

In a regularity-preserving category A the relation - » circumvents the o-irregular objects,
and each non-final o-regular object R generates a long sequence of the form:

R ww (S1, By) 22 By e (S, o) 5% By i (S, B) 22252

proj1I projll projll . (13)
S So S3
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The sequences of the form generated by o-regular objects are the main tool used in Sections
for constructing o-exceptional collections.

To check the property in Definition [1.1]is not an easy task. If A has no Ext-nontrivial couples,
then o-irregular objects do not appear for any o and A is regularity preserving (Lemma.

It follows from [37, Lemma 4.1] that there are no Ext-nontrivial couples in Repy (K (l)) and
hence Repy(K(1)) is an example of regularity preserving category (see Appendix [2.C.1).

It is shown in Appendix that for any Dynkin quiver @ the category Repy(Q) has no Ext-
nontrivial couples, hence Repy(Q) is regularity preserving as well. Appendix consists of the
paper [19].

1.2.2 In search for the equality:

{ stab. cond. generated

= ) > 3.
by exceptional collections } Stab(T)  with  rank(Ko(7)) = 3

o
The only affine acyclic quiver with three vertices is @1 = 7 X and it is natural to try

to apply the methods from Sections , , to it. Howevel(3 Repk(Q?) has one Ext-nontrivial
couple.

It is shown in Subsection that in the case when A has Ext-nontrivial couples certain
conditions on these couples, called RP property 1 and RP property 2 (see Definition imply
regularity-preserving. After a detailed study of the exceptional objects of the quiver )1 in Section
it turns out that these relations do hold in Repg(Q1). Analogous procedure is carried out also
successfully for the quiver Q)2 shown on figure (here are two Ext-nontrivial couples).

Having shown that Repy(Q1) is regularity preserving, the newly obtained methods for con-
structing o-triples are applied to the case A = Repi(Q1) in Section leading to the following
result:

Theorem 1.2. For each o € Stab(D%(Q1)) there exists a full o-exceptional collection.

Thus, all stability conditions on D?(Q1) are generated by exceptional collections and (1.2)) is
equality for T = D?(Q;). This implies that Stab(D%(Q1)) is connected ( Corollary [2.82).

1.3 Density of phases

In a joint work [I7] with Haiden, Katzarkov, Kontsevich, following results and ideas in [10], [25],
[33], we studied questions motivated by the classical theory of dynamical systems in the context
of triangulated categories. [17, Section 3| is based on the interplay between exceptional collections
and Bridgeland stability conditions. Chapter [3] of the dissertation is a slightly improved version of
[17, Section 3|. Here I explain features of Chapter
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For any triangulated category T and o € Stab(7) by P, will be denoted the subset of the unit
circle S' obtained by projecting the phases of semi-stable objects to the unit circle S! via exp(ir_)
(see Definition [3.1]).

In [I7] we searched for a categorical analogue of the density of the set of slopes of closed geodesics
on a Riemann surface. This is done in [I7, section 3|, where the focus falls on constructing stability
conditions for which the set P, is dense in a non-trivial arc of the circle. As a result was obtained
the following characterization of the map (I.I)), when restricted to categories of the form D®(Q):

Dynkin quivers P, is always finite
Euclidean quivers P, is either finite or has exactly two limit points (1.4)
All other acyclic quivers | P, is dense in an arc for a family of stability conditions

where by Euclidean quiver I mean an acyclic quiver, whose underlying graph is an extended Dynkin
diagram. When k = C, the table holds after removing “acyclic” in the third row.

Table is the main result of Chapter

The first and the second row in table are Lemma and Corollary , they follow
quickly by the axioms of Bridgeland stability conditions.

In Section [3:4] is shown how to construct stability conditions o for which P, satisfies the density
property in the third row or the two limit points property on the second raw of the table with the
help of Kronecker pairs. An exceptional pair (E, F) in T is an I-Kronecker pair if hom="(E, F) = 0,
and hom!(E, F) = | (Definition . Theorem and its corollaries use [-Kronecker pairs with
[ > 3 to obtain density and with [ = 2 to obtain two limit points. Results and ideas in [34], [37],
and in Chapter [2] are useful for the proof of Theorem [3.24] and its corollaries in Section [3.4]

Another result which proves the third row in table is:

In all acyclic quivers different from Dynkin and Fuclidean there exist l-Kronecker pairs with
| > 3 (Proposition[3.31)).

On the other hand the first and the second rows of table together with Theorem imply
the following:

For any Dynkin or Euclidean quiver @, any exceptional pair (E1, E3) in Db(Q) satisfies
dimy (Hom'(Ey, Fy)) < 3 for all i, in particular only 1- and 2-Kronecker pairs can appear in D°(Q)

(Corollary .

Lemmasays that for each Euclidean quiver Q there exists a 2-Kronecker pair in D?(Repy(Q)).
This fact with the help of Theorem [3.24] imply that:

Any Euclidean quiver Q has a family of stability conditions o on D(Repr(Q)), s. t. P, has
exactly two limit points of the type {p, —p} ( Proposition .

Further examples of density of phases (see Section are on P! x P!, P* n > 2 and their
blow ups and on any smooth projective variety X, such that D?(Coh(X)) is generated by a strong
exceptional collection of length three.

The last Section contains several questions related to the content of Chapter
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1.4 Bridgeland stability conditions on the acyclic triangular quiver

The last Chapter {4 of the dissertation consists of the paper [20]. In [20] we use Theorem to
prove: the space Stab(D?(Q1)) is a contractible (and in particular connected) manifold (Theorem
. This is the first example of a quiver ) different from Dynkin and Kronecker quivers for
which Stab(D’(Repy(Q))) is shown to be contractible. I give here some details about the structure
of Stab(D?(Repy(Q1))). Let us fix T = D?(Rep(Q1)).

The braid group on two strings Bs =2 Z acts on the set of equivalence classes of 2-Kronecker pairs.
In Subsection [£.4.1] are described the orbits of this action on the 2-Kronecker pairs. There are two
such orbits and in terms of our notations they are {(a™,a™ 1 [—1])};mez and {(0™, 6™ H—1])} ez

It turns out that the exceptional objects of D(Q1) can be grouped as follows {a™},ez U
{M, M'}U{b"} ez, where {M, M’} C Repi(Q1) is the unique Ext-nontrivial couple of Repy(Q1).

Let T8t and ‘th be the stability conditions generated by the exceptional triples containing a
subsequence of the from (a™[p],a™*[q]) and (b™[p],b™ 1 [q]) for some m,p,q € Z, respectively.
Theorem|1.2lamounts to the equality (see Section |4.5) Stab(D?(Q1)) = TtU(_, M, Yu(_,M’', U
st where (_, M, _)U(_,M’, ) denotes the set of stability conditions generated by triples of the
form (A, M|[p],C) or (A, M'[p],C) with p € Z (these turn out to be the triples (A, B, C) for which
hom’(A, B) < 1, hom*(A, C) < 1, hom*(B,C) < 1 for all i € Z).

The main steps in the proof of Theorem are as follows. Section [4.6| contains the proof that
T NIt = 0. It is shown in Section that 5t and Tt are contractible. In Section [4.8|the subsets
5! and T3' are connected by (_,M, )U(_,M’, ) and it is shown that in this procedure the
contractibility is preserved.

1.5 Weighted projective lines

The quivers Q1, Q2 (shown in figure (2.2)) are special cases of the quivers depicted in the beginning
of [27), Section 4] (see also |21, Section 4]). Geigle and Lenzing have constructed in [27] equivalences
between triangulated categories:

D(coh(P*(1,2))) = D*(Repr(Q1))  DP(coh(P1(2,2))) = D*(Repi(Q2)), (1.5)

where P1(1,2) and P*(2,2) are the weighted projective lines of weight (1,2) and (2, 2), respectivley,
and coh(PP!(1,2)), coh(IP(2,2)) are the categories of coherent sheaves as defined in [27], Section 1].
The equivalences can be found in [27, Subsection 5.4.1].

Thus, the results for D°(Repp(Q1)) and D°(Repr(Q2)) obtained in this thesis are also results
for D®(coh(P'(1,2))) and D’(coh(P*(2,2))). In particular, Theorem [4.1| implies that

Corollary 1.3. The space Stab(D’(coh(P'(1,2)))) is a contractible manifold.



Chapter 2

Non-semistable exceptional objects in
hereditary categories

2.1 Introduction

Bridgeland’s axioms imply{'| that Stab((E)) = C for an exceptional object E in T. The guiding mo-
tivation of this chapter is the study of Stab((E1, E», ..., Ey)), where (E1, ..., E,) is an exceptional
collection in T and n > 2. This study was initiated by E. Macri in [37]. Here, we proceed further.
J. Collins and A. Polishchuk defined and studied in [I4] a gluing procedure for Bridgeland
stability conditions in the situation when T has a semiorthogonal decomposition T = (A;, As).

1.1. T. Bridgeland constructed a stability condition o € Stab(T) from a bounded t-structure A C T
and a stability functionﬂ Z : Ko(A) — C satisfying certain restrictions. Keeping A fixed and varying
Z produces a family of stability conditions, which we denote by H# C Stab(7). E. Macri proved
in [37, Lemma 3.14], using results of [2], that the extension closure A¢ of a full Ext-exceptional
collectio & = (Fo,E1,...,E,) in T is a heart of a bounded t-structure, and for each o € H*#¢
the objects Ey, F1, ..., E, are o-stable with phases in (0, 1]@ Motivated by this result, for a given
o € Stab(T) we define a o-exceptional collection(Definition as an Ext-exceptional collection
&€ = (Eo, Er,...,Ey),s. t. the objects { E;}" , are o-semistable, and {¢(E;)}!, C (t,t+1) for some
t € R . It follows easily from [37, Lemmas 3.14, 3.16] that for any full Ext-exceptional collection &
. . .. . -5+

the set {o € Stab(7T): € is o-exceptional} coincides w1t H4e - GL (2, R)(Corollary .

E. Macri, studying Stab(D°(K(1)) in [37], gave an idea for producing a o-exceptional pair in

'Recall that for a subset S C Ob(T) we denote by (S) C T the triangulated subcategory of T generated by S.
Le. Z is homomorphism Ko(A) Z., C,s. t. Z(X) e H={rexp(int) : 7 >0 and 0<t <1} for X € A\ {0}.
3Recall that an exceptional collection & = (Ey, ..., E,) is said to be Ext-exceptional if Vi # j Hom=C(FE;, E;) = 0.
4Furthermore, Ae is artinian and noetherian, and its simple objects are €.

Recall that Stab(T) carries a right action by éf+(2, R).
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DY(K (1)) from a non-semistable exceptional object, where K (I) is the [-Kronecker quiver.
Throughout sections [2.4] are developed tools for constructing o-exceptional
collections of length at least three in DY(A), where A is a hereditary hom-finite abelian category.
Combining them with the findings of Section about Repy(Q1) we prove in Section the
following theorem:
[©]

Theorem 2.1. Let Q1 be the quiver / .- Let k be an algebraically closed field. For each

O ——— O

o € Stab(D°(Repi(Q1))) there exists a full o-exceptional collection.

Theorem [2.1|is one novelty of this chapterﬁ In particular, it implies that Stab(D’(Repr(Q1)))
is connected (Corollary .

The K (I)-analogue of Theorem [2.1 Lemma [2.147) is already treated by E. Macri in [37, Lemma
4.2 on p.10]. For the sake of completeness, we add a proof of this analogue in Appendix

The proof of Theorem is more complicated than of its K (/)-analogue not only because the
full collections are triples instead of pairs, but also due to the presence of Ext-nontrivial couplesﬂ in
Repp(Q1). We circumvent this difficulty by observing remarkable patterns, which the Ext-nontrivial
couples obey. These patterns and the notion of reqularity-preserving hereditary category, which they
imply, are other novelties of the chapter.

1.2. We explain now the organization of the chapter and give details about the intermediate results.

Here, by A we denote a k-linear hom-finite hereditary abelian category, where k is an alge-
braically closed field, and we denote D°(A) by 7.

In Section we analyze the following data: an exceptional object E € DP(A), which is not
o-semistable for a given stability condition o € Stab(7T). Macri initiated such an analysis in [37,
p.10].

We end up in Section with a distinguished triangle, denoted by alg(FE), which satisfies one of
five possible lists of properties, named C1,C2,C3,B1,B2. If the resulting list is one of C1,C2

or C3, then we say that the object E is o-regular, otherwise - o-irreqular. The triangle alg(R) =
U R
Y~ ¥ of a o-regular R has the feature that for any indecomposable components S and E

v
of V and U, respectively, the pair (S, E) is exceptional with semistable first element S. We denote

this relation between a o-regular object R and the exceptional pair (S, E) by R - . > (S, E), where
X contains further information as explained in Section [2.5] This feature is not available in the
irregular cases B1 and B2, and the obstruction to obtaining it are the Ext-nontrivial couples. Such
couples exist in Repg(Q1) and Repp(Q2), as shown in Section Essential part of our efforts
concerns the Ext-nontrivial couples. It follows from [37, Lemma 4.1] that there are no such couples

in Repy(K (1)) (Appendix [2.C.1)).

5In other words, this theorem says that all the stability conditions on D®(Repy(Q1)) are generated by exceptional
collections.
"These are couples of exceptional objects X, Y with Ext!(X,Y) # 0, Ext!(Y, X) # 0(Definition [2.48)).
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Thus, in Sections [2:4] 2.5 from each o-regular exceptional object R we obtain at least one excep-

tional pair (S, E') with R - (S, E). The first component S in such a pair is always semistable. If
the second component F is not semistable, which is possible iff R is non-final as defined in Definition
then it is natural to ask: Is F a o-regular exceptional object?

Motivated by this question, we introduce in Section [2.6] certain conditions on the Ext-nontrivial
couples of A, which we call RP property 1 and RP property 2 (Subsection , and using them
we give a positive answer. We say that A is a reqularity-preserving category(Definition , when
the answer is positive. RP properties 1, 2 themselves are not important for the rest of this chapter,
but that A is regularity-preserving, which follows from them.

Whence, in regularity-preserving category A the relation - > circumvents the irregular
objects, and each non-final o-regular object R generates a long sequenceﬁ of the form:

X1 . Xo . X3 .
R s (S1, By) 5% By e (S, By) 0 By e (S5, E3) % .
pTOle pTOle prole . (2.1)
S1 So S3
In such a sequence, which we call an R-sequence, the exceptional objects S7,So, ... are all semistable,

and furthermore, if F, is final for some n, then, by the very definition of a final object(Definition
[2.46)), the pair (S;41, Epq1) is semistable and exceptional.

In Section 2.7 we proceed further in direction o-exceptional collections by refining on the phases
and the degrees of {S;}, and showing various situations, in which the vanishings Hom*(.S;, S1) =
Hom*(E;,S1) = 0 hold for ¢ > 1. However, these vanishings do not hold in each R-sequence.
Nevertheless, we show that starting from any o-regular R through any R-sequence we reach a final
o-regular object F,, for some n > 1.

After a careful examination of the final o-regular objects, in Section [2.8] we find that an ex-
ceptional pair (S, E) produced from such an object is not only semistable, but also (S, E[—1]) is
a o-exceptional pair for some i > 0 (e.g., a situation as: ¢(S5) = ¢(F), Hom(S, E) # 0 cannot
happen).

The proofs in Sections 2.7 and [2.8| are facilitated by the use of a function 6, : Ob(T) — N(ina/=)|
introduced in subsection[2.3.2] For an object X € Ob(T) the function 0,(X) : 055,/ =— N indicates
(with multiplicities) the indecomposable components of the Harder-Narasimhan factors of X. The
relation R - - > (S, E) implies 0,(F) < 0,(R) and 6,(R)(S) > 0. This feature gives an upper bound
of the lengths of all R-sequences with a fixed R. It also plays a role in avoiding some situations as
the mentioned in the end of the previous paragraph.

In Section we obtain tables with dimensions of Hom(X,Y), Ext}(X,Y) for any two excep-
tional objects X,Y of the categories Repi(Q1), Repr(Q2), and observe that one of these always
vanishes. RP property 1 and RP property 2 follow by a careful analysis of these tables. For the

8By “long” we mean that it has at least two steps. This sequence is not uniquely determined by R.
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Ext-nontrivial couples of the quiver Q)1 we observe an additional pattern: Corollary 2.8 which helps
us further to avoid the irregular cases. We refer to it as the additional RP property. It does not
hold in @s. In the end of Subsection we obtain the lists of all exceptional pairs and triples
in Repi(Q1). In Section is shown that for each Dynkin quiver @ there are no Ext-nontrivial
couples in Repg(Q), hence Repy(Q) is regularity preserving.

The results before Section contain the implications (the first is due to regularity-preserving):
o-regular object = final o-regular object = o-exceptional pair (Corollary and Remark .

In Sectionwe develop various criteria for existence of o-exceptional triples in Db(A), assuming
that the exceptional objects of A obey the global properties observed for Repy(Q1) in Section
It is shown that any non-final C2 or C3 object induces such a triple. Thus, if R is a C2 or C3
object, then any R-sequence of length two produces a g-exceptional triple. If R is a C1 object,
then our results imply that any R-sequence of length three is enough, but for length less or equal
to two - only under special circumstances (Lemmas , Corollary .
If R is a final o-regular object, then we have no long R-sequences, they are all of length one and
each of them induces a o-exceptional pair. To obtain a o-triple in this case we apply two ideas. The
first is to combine the pairs coming from different R-sequences, which leads to the result that a final
o-regular object R whose Harder-Narasimhan filtration differs from alg(R) induces a o-exceptional
triple. The other idea is to utilize the infimum ¢,,;, and the supremum ¢,,., of the set of phases
of semistable exceptional objects in A. More precisely, we show that a relation R s (S[1], E)
with a final C3 object R € A and ¢(S) > @min induces a o-triple(Corollary . There is an
analogous criterion using a final C2 object R € A and ¢, shown in Corollary but there
is not an analogue for final C1 objects (Lemma uses a non-final C1 object and in different
setting). When ¢maz — @min > 1, we show that, if (Spin, E, Smaz) 1s an exceptional triple in A with
Smin € P(dmin) and Spazr € P(Pmax), then non-semistability of £ (no matter regular or irregular)
implies a o-exceptional triple. The last is widely used in Subsection

The criteria obtained in Section [2.9] combined with the lists of the exceptional pairs and the
exceptional triples of Repy(Q1) at our disposal (due to Section turn out to be enough for the
proof of the main Theorem [2.1] which is demonstrated in Section The locally finiteness of the
stability condition o € Stab(T) plays an important role as well. The proof is divided into two steps:
¢maz - ¢m1n > 1 and Qbmaa: - d)mm <1

1.3. In the next Chapter[3]is shown that any connected quiver ), which is neither affine nor Dynkin,
has a family of stability conditions with phases which are dense in an arc (Proposition |3.29). The
proof of this fact relies on extendability, as defined in Definition of certain stability conditions
on a subcategory of D(Q) to the entire D?(Q) (the precise setting is described right after Theorem
[3.24)). In Subsection we comment on the stability conditions constructed by E. Macri [37] via
exceptional collections. By slightly modifying the statement of [37, Proposition 3.17] and refining
its proof is obtained Proposition which provides the extendability needed in next chapter for

9The precise assumptions are specified after Lemma W
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the proof of Proposition [3.:29]

1.4. Tt is known [I5] that the Braid group acts transitively on the full exceptional collections of
Repi(Q1). This action is not free (Remark [2.13]).

1.5. We expect that there is a proof of Theorem governed by a general principle related to
the notion of a regularity-preserving hereditary category (Definition . RP property 1 and RP
property 2 are our method to prove regualrity-preserving. The fact that they hold not only in
Repi(Q1), but also in Repy(Q2) (Corollary seems to be a trace of a larger unexplored picture.
In Appendixwe show that Repy(Q) is regularity preserving for any Dynkin quiver (). We expect
that there are further non-trivial examples of regularity-preserving categories.

We do not give an answer to the question: is there a o-exceptional quadruple for each o €
Stab(D?(Q2)) (the Qs-analogue of Theorem [2.1). Repy(Q2) is regularity-preserving, and the re-
sults of Sections , and Subsection hold for Repy(Q2) entirely. These are clues for a
positive answer(see especially Corollary . In section we give the dimensions of Hom(X,Y),
Ext!(X,Y) for any two exceptional objects X,Y in Q2 as well. This lays a ground for working on
the @2-analogue of Theorem

2.2 On the Ext-nontrivial couples of some hereditary categories

In Sections 2.6] 2.7] 2.8} 2.9] we treat hereditary abelian categories whose exceptional objects are
supposed to obey specific pairwise relations. In this section we give examples of such categories.

2.2.1 The categories

For any finite quiver Q and an algebraically closed field k we denote the category of k-representations
of @ by Rep(Q). It is well known that Repy(Q) is a hom-finite hereditary k-linear abelian category
(see e. g. [16]).

In this section we compute the dimensions of Hom(X,Y), Ext!(X,Y) for any two exceptional
objects X,Y in the following quivers:

Qi= 7 Q2 =1

The obtained information reveals some patterns, which are of importance for the rest of this chapter.

More precisely, Corollary (a) claims that Repy(Q1) and Repy(Q2) have RP property 1 and
RP property 2(see subsection for definition). These properties ensure that Repy(Q1) and
Repi(Q2) are regularity-preserving(Definition Proposition [2.52)), which is of primary impor-
tance for Sections [2.7] 2.9

In the end of Section and in Section the property that for any two exceptional objects
X,Y at most one of the spaces Hom(X,Y), Ext!(X,Y) is nonzero plays an important role. Corollary
(b) asserts that this property holds for both the quivers @1, Q2.

—

(2.2)

—

o — 0O
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For Q1 we observe the additional RP property(see Corollary , used in Subsection In
the end we obtain the lists of exceptional pairs and exceptional triples in Repy(Q1), which are widely
used in Section 2.101

We give now more details.

2.2.2 The dimensions hom(X,Y) hom'(X,Y) for X,Y € Repp(Q;)ezc and i € {1,2}

k,our ., k,ae
For a representation p = t t e Repi(Q2), where ap, a—, ey, . € N, we denote its di-

L o Lo N

" = p € Repi(Q1) we denote

Amid

k
mension vector by dim(p) = (ap, a—, a4, ) and for el
ko ———
dim(p) = (, mid, @e). The Euler forms (see (3.4) for definition) of Q1, Q2 are:

/ / / ! / ! / / !
(o, iy e, (s Apigy L)) = O, + Qmid Qg + el — QAL — Qpiq — Cmid Ol

/ / / /
Y oo, +oa_a_ + oapoy + Qe
<(ab,a_,a+,ae), (ab7a77a+7ae)> = —/i_ / l} e, .

—0pQly — OpQ — Al — A,

Recall(see page 8 in [16]) that for any p, p’ € Repi(Q) we have the formula

hom(p, p') — hom' (p, p') = (dim(p), dim(p')) . (2.3)

In particular, it follows that if p € Repr(Q) is an exceptional object, then (dim(p),dim(p)) = 1.
The vectors satisfying this equality are called real roots(see |16 p. 17]). For example, one can show
that the real roots of @1 are (m + 1,m,m),(m,m + 1,m+ 1), (m,m,m + 1), (m+ 1,m + 1,m),
(m+1,m,m+1), (mym+1,m), m > 0. The imaginary rootﬂ of @1, are (m, m,m), m > 1. Not
every real root is a dimension vector of an exceptional representation. More precisely:

Lemma 2.2. Letm > 1. If (ap, i, @) € {(m~+1,m,m+1), (m, m+1,m)}nen, then (ap, Gmid, )
is mot dimension vector of any exceptional representation in Repr(Q1). If (ap,a—, a4, ae) €
{(m,m + 1,m,m), (mym,m+1,m), (im+1,mm+1,m+1), (m+1,m-+1,mm+ 1)}uen,
then (ap, a—, aey, ) is not dimension vector of any exceptional representation in Repy(Q2).

Sketch of proof. For the proof of this lemma one can use (see |16, Lemma 1 on page 13|) that
a representation p € Repy(Q;) is without self-extensions iff dim(0,) = dim(Repy(Q;)), where O, is
the orbit of p in Repy(Q;) as defined in [16, page 11,12]. Using this argument, it can be shown that
any representation without self-extensions with dimension vector among the listed in the lemma is
decomposable. O

Tmaginary root is a vector p with (dim(p), dim(p)) < 0.
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Now we classify the exceptional objects on Repy(Q1), Repr(Q2)(Propositions and 2.4). In
these propositions we use the following notations for any m > 1:

L N R i L AT VA U LN KON AU
WT(alaG% L) 7amaam+l) - (a17a2) R 7am) ﬂj—n(alaa27 L) uam’am+1) - (CLQ, [ 7amuam+1)
Jr(ar,a2,. .. am) = (a1, a2,. .., am,0) J™(ar, a2, ... am) = (0,a1,...,am).

Proposition 2.3. The exceptional objects up to isomorphism in Repy(Q1) are (m =0,1,2,...)

km km+1 km+1
o N e N e 2P

karl - Em km+1
km 0 k
A AN AN
ot 1 g 00—k K D0

Sketch of proof. We showed that the dimension vectors of the exceptional representations are real
roots. The list of real roots is given before Lemma [2.2| and some of them are excluded in Lemma [2.2
Moreover, there is at most one representation without self-extensions of a given dimension vector
up to isomorphism [16, p. 13|. Taking into account these arguments, the proposition follows by
showing that the endomorphism space of each of the listed representations is k (recall also (2.3))).
The computations, which we skip, are reduced to table in Appendix O

Proposition 2.4. The exceptional objects up to isomorphism in Repy(Q2) are(m =0,1,2,...)

k,m 4Id> km km—l—l ﬂ km—H km ﬁri km—&—l km—&—l i km
r—wpl ol oBp—gl Wl oEBp=n] ] Bp—wl el
km—l—l i_, km Lm L—» km+1 km i km km+1 ﬂ km—l—l
Em ﬁ: karl karl li: km km L km karl ﬂ k.m+1
Ef' = IdT - ]dT Eg' = ]dT mldT E7 = WTT WTT Eg' = jrpT jTT
L i*' k,m-i—l k,m-l—l S kM km—&—l Id km—i—l L &» Em
k— 0 0—0 LAY 0— k&
el 1 m<] ] =l | o]
0—0 00—k k——0 k19 k
Sketch of proof. The same as Proposition [2.3 O

Now we compute hom(p, p'), hom?(p, p’) with p, o’ varying throughout the obtained lists.

Proposition 2.5. The dimensions of the vector spaces Hom(X,Y) and Hom! (X,Y) for any pair
of exceptional objects X,Y € Repr(Q1) are contained in the following table:
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—{

hom hom hom hom
0<m<n | (E"ED) 0 n—m-—1|(EYE) |[1+n—m 0
0<n<m | (EJ, EY) 0 m—-—n—1|(E$,Ey) | 1+m—n 0
O<n<m | (B}, E}) 0 m—n—1|(Ey,ER) | 1+m—n 0
0<m<n |(E" E}) 0 n—m-—1|(E},EP) [1+n—m 0
m>0,n>0| (EY", EY) 0 n+m+2| (EY,E") | n+m 0
m>0,n>0| (E]", EY) 0 n+m+1|(EY,E")| n+m 0
0<m<n | (ET"E}) 0 n—m |(EL,E)|[14+n—m 0
0<n<m |(E"E})| m-—-n 0 (E}, ET") 0 m—n—1
0<n<m | (B3, EY) 0 m—n | (EF,El")|14+m—n 0
0<m<n | (EfEF)| n—m 0 (B3, E5") 0 n—m-—1 (2.4)
m>0,n>0|(EY,E}) | 1+n+m 0 (E}, E5") 0 n—+m+2 '
m>0,n>0|(E5E})| n+m 0 (E}, E5Y) 0 n+m+ 2
m>0 | (M,E}P) 0 0 (B, M) 0 1
m>0 | (M,Ey) 0 0 (Ey, M) 1 0
m>0 | (M,E) 0 1 (Ey, M) 0 0
m>0 | (M, E}) 1 0 (B, M) 0 0
m>0 | (M,EP) 1 0 (B, M) 0 0
m>0 | (M, E}) 0 1 (Ey, M) 0 0
m>0 | (M, ED) 0 0 (B, M) 1 0
m>0 | (M, E) 0 0 (B, M) 0 1
(M, M") 0 1 (M', M) 0 1

Sketch of proof. Via computations, which we do not write out here, we obtain hom(p, p) for any
two representations p, p’ taken from Proposition The computations are reduced to determining
the dimensions of some vector spaces of matrices. These spaces and their dimensions are listed in

Appendix[2.Al table (2.109). Having hom(p, p'), the dimension hom®(p, p’) is computed by (2.3). O

Proposition 2.6. The dimensions hom(X,Y") and hom!(X,Y) for any pair of exceptional objects
X,Y € Repi(Q2) are contained in the following table:

T T

hom hom hom hom
0<n<m (ETLET) [1+m—n 0 (ET,ET) 0 m—mn— 1
0<m<n (B3, Ey) [1+n—m 0 (E5, E5") 0 n—m—1
0<m<n (E3",E3) [1+n—m 0 (Ey, E3") 0 n—m—1
0<n<m (B, EY) [1+m—n 0 (EY, EJ) 0 m—n—1
0<m<n (B, El) [1+n—m 0 (EZ, EIM) 0 n—m — 1
0<n<m (Eg, EBf) [1+m—n 0 (Eg, EgY) 0 m—n—1
0<n<m (B, EZ) [1+m—n 0 (E7, E7") 0 m—n—1
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0<m<n (ET", EY) 0 n—m+1 | (Ef,E]") [ n—m+1 0
0<m,0<n | (ET",E}) 0 n+m+1 [ (BEJ,ETY) n+m 0
0<n<m (ET", EF) m—n 0 (Eg, ETY) 0 m—n—1
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Sketch of proof. The table for Repy(Q2) is obtained by the same method as for Repg(Q1). O
The next subsection contains corollaries of the obtained tables.

2.2.3 The Ext-nontrivial couples and their properties

From the table in Proposition we see that the only couple {X,Y} of exceptional objects in
Repi(Q1) satisfying hom!(X,Y) # 0 and hom!(Y, X) # 0 is {M, M’} . We call such a couple
an Ezxt-nontrivial couple (see Definition . By Proposition we see that the Ext-nontrivial
couples in Repy(Q2) are {F,G_}, {F_,G+}.

Corollary concerns both Repy(Q1) and Repi(Q2).

Corollary 2.7. The categories Repr(Q1), Repr(Q2) satisfy the following properties:
(a) RP property 1, RP property 2 (see Definition :

(b) For any two exceptional objects X,Y € Repy(Q;) at most one degree in {hom?(X,Y)}pez is
nonzero, where i € {1,2}.

Proof. Tt follows by a careful case by case check, using the tables in Propositions 2.6 O

The following four corollaries concern only Repy(Q1) and are contained in table ([2.4]).

Corollary 2.8. If {I'\,T's} is an Ext-nontrivial couple in Repy(Q1)(see Definition [2.48), then for
each exceptional object X € Repp(Q1) we have hom?(T';, X) # 0 for some i € {1,2}, p € Z and
hom?(X,TI';) for some j € {1,2}, q € Z.

Corollary 2.9. The exceptional pairs (X,Y) in Repr(Q1) are (m € N):
(BB (B ERY (B EPY) (EpLED) (BLED) (BYES)
(Bf, By (BYLED) (BB (B EPYY) (EYLES) (E7, M) (2.5)
(B3, M) (M,E3") (M,Ey") (M',EY") (M'E3") (E3",M") (EJ",M’).

Using this corollary we obtain the list of the exceptional triples of Repy(Q1), which by [15] are
the full exceptional collections.

Corollary 2.10. The full exceptional collections in Repy(Q1) up to isomorphism are (m € N):

(E?L?Jgin,M) (ETzl,%T,;ET) (Eingl,M, EOZ”)
(E17E27M) (E17E3?E2) (E17M7E3)
(B5*, B3, M) (Ey, B3 EPTY) (B, M, B

(Ey, Ex, EYHY) (B, E5 L M) (B3, M', E3")
(B B, M) (EPTLEPTLER)(BPTL MY BT
(ELECEY)  (BLELM) (BB

(M’E?7E§n ) (M’Ezln ’Ezln) (M7E45E3)
(M’ B B (M ER BT (MY B, E).
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The following corollary is a special case of [15, Lemma 2|. It also follows from Corollary

Corollary 2.11. Let (Ag, A1, A2),(Af, A, AS) be two exceptional triples in Repy(Q1). If A; = Al
Aj; = A} for two different i,5 € {0,1,2}, then Ay = A) for the third k € {0,1,2}.

Remark 2.12. In [17] is shown that any exceptional pair (A, B) in Db(Q) for an acyclic affine
quiver @ satisfies hom'(A, B) < 2. The pairs of Repr(Q1) are listed in Corollary . Equality is
attained in the following pairs: (E{”'H,E{"), (Eg”,E;”H), (E?,Eg”“), (ETH,ET), (EY, EY) =,
(B9, E).

Remark 2.13. From Corollaries[2.10 and we see that the action of the Braid group Bs on the

exceptional collections of Repr(Q1) is not free. We give examples below.

Example of fixed triples by a Braid group element. For any exceptional triple (A, B,C) we
denote here the tm'pleiﬂ (A, Lp(C),B) by L1(A, B,C). We keep in mind also Corollary and
that each exceptional object in D*(Q1) is a shift of an exceptional object in Repy(Q1).

The first row in the list of Corollary[2.10 shows that, up to shifts, we have the equalities
Li(EPE M, By) = (BP+, B, M); LB, B, M) = (Bf B EP); LB, B EpY) =
(BT M, E). Thus, the triple (BT, M, EJ*) is fived by (L1)3. The element (Ly)? is not trivial
in the braid group Bs, since Bs is torsion free.

Acting with Ly on each of the rest rows, except the last two rows, we find the same behavior.

2.3 Preliminaries

Here we comment on Bridgeland’s stability conditions and on Macri’s construction of stability
conditions via exceptional collections.

ss

In Subsectionfor a a Krull-Schmidt category T, we introduce a function Ob(7T) Yo, Nl =),
depending on a stability condition o € Stab(T). It helps us later to encode useful features of the
relation R -+ (S, E) in the simple expressions ,(R) > 0,(E), 0,(R)(S) > 0(see Section [2.5).
Lemma based on the locally finiteness of the elements in Stab(7T), has an important role in
Section [2:10] The simple fact observed in Lemma [2.19] used throughout Sections [2.6]..., 2.10] is
helpful in our study of long R-sequences.

After having recalled Macri’s construction in Subsection we define in the final Subsection
[2.3.4] the notion of a o-exceptional collection.

' Recall that for any exceptional pair (A, B) the exceptional objects L4(B) and Rp(A) are determined by

the triangles La(B) — Hom"(4,B)® A Zas, B; A
(B, Rg(A)) are exceptional pairs.

coevy g -

Hom"(A, B) ® B — Rp(A) and that (La(B), A),
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2.3.1 Krull-Schmidt property. The function 6 : Ob(€) — N(Cina/=)

Let € be an additive category. We denote by C;,4 the set of all indecomposable objects in GE-] We
discuss here the well known Krull Schmidt property.

Definition 2.14. We say that an additive category C has Krull-Schmidt property if for each X €
Ob(C) \ {0} there exists unique up to isomorphism and permutation sequence {X1,Xa,...Xp} in
Gind with X & @?:1 X1

For X € Ob(C) \ {0} with a decomposition X = @, X; as above we denote by Ind(X) the set
{Y eOb@): Y =X, forsomei=1,2,...,n}. If X is a zero object, then Ind(X) = 0.

We will use two simple observations related to this property.

Lemma 2.15. Let A be a hereditary abelian category. If A has Krull-Schmidt property, then D(A)
has Krull-Schmidt property.

Proof. Recall that any object X € DY(A) decomposes as follows X = @, H'(X)[—i] and if X =
@D, Xi[—i] for some collection {X;} C A, then X; = H'(X) for all i. In particular A is a thick
subcategory of Db(A) Now the lemma follows. O

Lemma 2.16. Let C have Krull-Schmidt property. There exists unique function Ob(C) o N(Cina/=)
satisfymgilz]

(a) fY =@, Y inC, then O(Y) =31, 0(Y).
6(X)

(b) For any X € Cipng the function Cnq/ = — N assigns one to the equivalence class containing
X, and zero elsewhere.

Proof. For an object X € Ob(C) with a decomposition X = ;" ; X; as in Definition the

function C;pq/ = 5X), N assigns to each u € C;,q/ = the number #{i : X; € u}. O

2.3.2 Comments on Bridgeland stability conditions. The family {6, : Ob(T) —
N@ina/=) Y} estab()

T. Bridgeland defined in [§] the notion of a locally finite stability condition on a triangulated category
T and equipped the set of all locally finite stability conditions on a given T with a structure of a
complex manifold, this manifold is denoted by Stab(T). The manifold Stab(T) carries a natural

right action by the group a\i+(2, R).

2the set Cinq does not contain zero objects.
13By “thick” we mean “closed under direct summands”
1By N(€ind/=) we denote the set of functions from Cinda/ = to N with finite support.
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A stability condition on T as a pair (P, Z), where {P(t) }+cr is a family of full additive subcate-
gories and Z : Ky(7T) — C is a group homomorphism satisfying certain axioms. The homomorphism
Z is called central charge. If o = (P, Z) is a locally finite stability condition on a triangulated cate-
gory T, then for each t € R the subcategory P(¢) is an abelian category of finite length (see [9} p. 6]).
Furthermore [8], the short exact sequences in P(t) are exactly these sequences A ——» B ——» (
with A, B,C € P(t), s. t. for some v : C — A[l] the sequence A —» B SN P All] is
a triangle in T. The first lemma in this subsection, used in Section follows from locally
finiteness.

Lemma 2.17. Let 0 = (P,Z) € Stab(7), t € R, A € P(t). For any object X € T denote by
[X] € Ko(T) the corresponding equivalence class in the Grothendieck group Ko(T). Then the set

{[X] € Ko(T) : X € P(t) and there exists a monic arrow X — A in P(t)} (2.6)
is finite.

Proof. Since P(t) is abelian category of finite length, we have a Jordan-Holder filtration for the
given A € P(t)

0 ~ B ~F—...—FE, 1 —FE,=A
I’ ¥ rd
S1 S9 Sn
where F; — E; 11 — S;+1 are short exact sequences in P(t) and Sy, S, ..., S, are simple objects in

P(t). We will show that the set (2.6) is finite by showing that it is a subset of:

m
{Z[Sﬂi)] {1,2,...,m} £ {1,2,...,n}is injective} .
i=1
For any monic arrow X — A in P(¢) we have a Jordan-Holder filtration of X
0 . B v E) ... E E =X
¥ ¥ e (2.7)
S Sy S

where 57,55, ...,S;, are simple objects in P(t), s. t. S = S¢;y,4 = 1,...,m for some injection
£:{1,2,...,m} = {1,2,...,n}. Since E; — Ej | — Sj,, is a short exact sequences in P(t), it is
also a part of a triangle E] — Ej | — S;, | — Ej[1] in T. Hence by (22.7)) it follows [X] = > [Si] =
Z;il[sf(i)]' O

Recall that one of Bridgeland’s axioms [§] is: for any nonzero X € Ob(7T) there exists a diagram
of trianglesﬂ called Harder- Narasimhan filtration:
0 - Ey »FEy— ... —E, 1 ——E, =X
N Mg (2.8)
A1 AQ An

15\Whenever we refer to a collection of three arrows in a triangulated category as to a triangle, we mean a distin-
guished triangle.
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where {A4; € P(t;)},, t1 > ta > --- > t, and A; is non-zero object for any ¢ = 1,...,n (the non-
vanishing condition makes the factors {A4; € P(¢;)}_; unique up to isomorphism). In [§] is used
the notation ¢7 (X) :=t,,, ¢7(X) := t;. The objects in the set are said to be o-semistable
and for a semistable object A we have a unique ts. t. A € P(¢) \ {0}, it is called phase of A and
denoted by ¢7(A) :=t. The objects {A;} in will be called HN factors of X (HN for Harder-
Narasimhan). It is useful to give a name of the minimal HN factor A,,.

Definition 2.18. For any X € T\ {0} we chooscfﬂ a Harder-Narasimhan filtration as in (2.8]).
Having this diagram, we denote the semistable HN factor of minimal phase A,, by o_(X), and the
last triangle Eyp—1 — X —— A, — E,_1[1] by HN_(X). In particular, ¢(o— (X)) = ¢_(X).

In the next Lemma we treat o_(X). We recall first that from ¢(A) > ¢(B) with
semistable A, B it follows hom(A, B) = 0 (another axiom of Bridgeland [8]). This axiom
implies that from ¢_(X) > ¢4 (Y) it follows hom=%(X|Y) = hom=Y(c_(X),Y) = 0. We get
hom=!(s_(X),Y) = 0 in the following situation:

Lemma 2.19. If ¢_(X) > ¢, (Y) and hom='(X,Y) = 0, then hom=!(0_(X),Y) = 0.

Proof. Let HN_(X) = Z — X —» 0_(X) — Z[1]. Then ¢_(Z) > ¢(o_(X)) = ¢_(X) > ¢, (Y).
Hence Hom=Y(Z,Y") = 0. We apply Hom( ,Y[i]) with i < 1 to this triangle and obtain:
0 = Hom(Z[1], Y[i]) - Hom(o_(X),Y[i]) - Hom(X,Y[i]) = 0. The lemma follows. O

In [8] for a slicing P of T and an interval I C R by P(I) is denoted the extension closure of
{P(t)}rer, and P([t,t + 1)), P((¢t,t + 1]) are shown to be hearts of bounded t-structures for any
t € R. If P is a part of a stability condition (P, Z) € Stab(7), then P(¢) is shown to be abelian. The
nonzero objects in the subcategory P(I) are exactly those X € T\ {0}, which satisfy ¢4 (X) € I.

From these facts it follows that P(I) is a thicklﬂ subcategory for any interval I C R:

Lemma 2.20. For any slicing P of a triangulated category T and any interval I C R the category
P(I) is a thick subcategory of T. In particular, if T has Krull-Schmidt property, then P(I) has it.

Proof. In [28] t-structures are defined as pairs of subcategories. For any slicing P and any ¢t € R
the hearts P((¢,t + 1]), P([t,t + 1)) come from the pairs (P((¢, +00)), P((—o0,t + 1])),

(P([t, +00)), P((—o0,t + 1))), respectively, which are bounded t-structures. Let us consider for
example the t-structure (P((¢,+00)), P((—o0,t + 1])). In terms of the notations used in [28] we
denote T=0 = P((¢, +0)), T2 = P((—o0,t + 1]). From the properties of t-structures we know that

XeT = vwweT hom(X,Y)=0; XeT0 < VWeT" hom(Y,X)=0.

Hence T<0 = P((t,+00)), T2 = P((—o0,t + 1]) are thick subcategories. Similarly P([t,+o0)),
P((—o0,t + 1)) are thick. Since for any interval I C R the subcategory P(I) is an intersection of
two subcategories of the considered types, the lemma follows. O

16y the axiom of choice
1"Recall that by “thick” we mean “closed under direct summands”.
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Corollary 2.21. Let X,A,B € T and X = A® B, then for any slicing P of T we have ¢_(X) <
¢—(A) < 04 (A) < 94(X).

Proof. We have X € P([¢—(X), ¢+(X)]). From the previous lemma A, B € P([¢_(X), ¢+(X)]) and
the statement follows. O

Thus, if T has Krull-Schmidt property, then all {P(¢)};cr have it(Lemma [2.20)). From Lemma
we obtain a family of functions {P(t) — NP®ina/#)}, & In Definition elow we build a
single function on Ob(T) from this family of functions, using the HN filtrations. We need first some
notations.

For o = (P, Z) € Stab(T) we denote by 0°° the set of o-semistable objects, i. e.

0% = User®P(t) \ {0}. (2.9)
By o037, we denote the set of all indecomposable semistable objects, i. em
Oind = UterP()ina = 0 N Ting- (2.10)

In (a) of Definition we consider NP(®)ina/=) a5 a subset of N(@ina/=) which is reasonable
since the family {P(¢)inq}ier is pairwise disjoint.

Definition 2.22. Let T have Krull-Schmidt property. Let o = (P, Z) € Stab(7).

We define 0, : Ob(T) — N@iwa/®) as the unique function satisfying the following:

(a) For each t € R the restriction of 0y to P(t) coincides with the function P(t) — N Bina/=)
given by Lemmas [2.20.

(b) For any non-zero X € Ob(T) with a HN ﬁltmtz’oﬂ (2.8) holds the equality 0,(X) =
i1 0o (As).

We use freely that X =Y implies 0,(X) = 6,(Y), X # 0 implies 6,(X) # 0, and 6,(X) < 6,(Y)
implies ¢_(Y) < ¢_(X) < ¢4 (X) < ¢4+ (Y). Another property of 0., to which we refer later, is:

Lemma 2.23. Let ¢p_(X1) > ¢4 (X2). For any triangle X1 — X — Xo — X;[1] we have 6,(X) =
0:(X1) + 05(X2).

Proof. If the HN factors of X1 and X5 are Ay, As, ..., A, and By, Bs, ..., By, respectively, then, us-
ing the octahedral axiom, one can show that the HN factors of X are Ay, Ao, ..., Ay, B1, Bs, ..., Bpy,.
Now the lemma follows from (b) in Definition [2.22] O

The property 0,(X @Y) =60,(X)+0,(Y) for X, Y € P(t) follows from (a) in Lemma To
show this additive property for any two objects X, Y € T we note first:

8Recall that P(t) is thick in T (Lemma [2.20), hence P(t)ina = P(t) N Tina.
9Recall that the collection {4;}7_; of the N factors is determined by X up to isomorphism.
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Lemma 2.24. For any diagram of the type (composed of distinguished triangles):

0- B - + By —» ... — By, B, = X,
AN r’d S r'd Tl e
Ay Az Ay,
where {A; € P(t;)}7_, t1 > ta > -+ > ty,, without the constraint that Ay, As, ..., A, are non-zero

objects, we have 05(X) = > 1 05(4;).

Proof. We can remove all triangles where A; is zero and in the end we obtain the HN filtration of
X, then the equality follows from (b) in Definition and 0,(A;) =0 if A; is a zero object. [

Eld

Given two non-zero objects X1, X2 € Ob(7T), then after inserting triangles of the form *~_ ./

E

to their HN filtrations we can obtain two(i = 1, 2) equally long diagrams with distinguished triangles

- B! = X;,
a4 o
1 2

v

0 - B! BY — ...—~ B |

where {A; € P(tj)}—1,i=1,2and {1 >ty > -+ > t,. Hence, we get a diagram of triangles:

0

v. n—1
-

Bl @ B} Bi® B2 — ...B. | ® B2 X1 ® Xo.
~ Ve v- . e - e
Al @ A3 Al @ A3 AL o A2

We have {AJ1 @ A? € P(tj)}j=1 by the additivity of P(¢;). Using Lemma we obtain: 6,(X; ®
Xo) =374 00 (A; © A%) = > i1 00(A}) + Py 05(A7) = 0,(X1) 4 05(X2), i. e. we proved:

Lemma 2.25. For any pair of objects X1, Xo in T we have: 0,(X1 & Xo) = 0,(X1) + 0,(X2).

The remaining axioms of Bridgeland [§] consist in saying that a stability condition o =
(P, Z) € Stab(7) has the properties: P(¢)[1] = P(¢t + 1) for each ¢t € R, and

X eo™” = Z(X) =r(X) exp(irg(X)), r(X) > 0. (2.11)
We end this subsection by recalling one more result of [8]. We recall first the following definition:

Definition 2.26. Let (A, Ko(A) Z, C) be an abelian category and a stability function on it A
non-zero object X € A is said to be Z-semistable of phase t if every A-monic X' — X satisﬁeﬁ
arg Z(X') < arg Z(X) = wt (if equality is attained only for X' = X then X is said to be stable).

201.e. Z is homomorphism, s. t. Z(X) € H= {rexp(int)jr >0 and 0 <t <1} for X € A, X #0
21For u € H we denote by arg(u) the unique number satisfying arg(u) € (0,1], v = exp(im arg(u)). It is convenient
to set arg(0) = —oo.
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Proposition 2.27 (Proposition 5.3 in [8]). Let A C T be a bounded t-structure in a triangulated

z
category T and Ko(A) — C be a stability function on A with HN property. Then there exists
unique stability conditioﬂ o= (P, Z) on T satisfying:

(a) Z.(X) =Z(X) for X € A;

(b) Fort € (0,1] the objects of P(t) are the Z-semistable objects in A of phase t (as defined in
Definition .
Conversely, for each stability condition o = (P, Z.) on T the subcategory P((0,1]) = A is a heart of
a bounded t-structure of T, the restriction Z = Z, o (Ko(A) = Ko(T)) of Z. to Ko(A) is a stability
function on A with HN property and for t € (0,1] the set of objects of P(t) is the same as in (b).

Definition 2.28. We denote by H* the family of stability conditions on T obtained by (a), (b)
above keeping A fixed and varying Z in the set of all stability functions on A with HN property. In
particular H* 5 (P, Z) — Z|Kky(a) s a bijection between HA and this set.

Remark 2.29. Let A C T be as in the previous definition. If A is an abelian category of finite
length, then any stability function Z : Ko(A) — C satisfies the HN property ([8, Proposition 2.4]).
If in addition A has finitely many, say si,So, ..., Sy, simple objects then all stability conditions in
H* are locally finite. Hence, in this setting we have H* C Stab(T) and bijection HA > (P, Z)
(Z(s1),...,Z(sy)) € H".

2.3.3 On the stability conditions constructed by E. Macri via exceptional col-
lections

E. Macri proved in [37, Lemma 3.14] that the extension closure Ag of a full Ext-exceptional collection
& = (FEy, E1,...,E,) in T is a heart of a bounded t-structure. Furthermore, A¢ is of finite length
and Ey, E1, ..., E, are the simple objects in it. Bridgeland’s Proposition [2:27] produces a family
H#4e < Stab(T) (see Definition .

Definition 2.30. Let € be a full Ext-exceptional collection and let Ae be its extension closure. We
write H® for HA¢ and denote by © C Stab(T) the set obtained by acting on H® with EZ+(2,R).
If T is of finite type, then starting with any full exceptional collection & = (Ey, F1, ..., E,) the
collection E[p] = (Eo[po], E1[pi],-- -, En[pn]) is Ext for some integer vector p = (po,p1,...,Pn) €
Z™*1 and to each such vector corresponds a subset @:S[p] C Stab(7). E. Macri denotes the union of
these open subsets by O¢, and the union of the subsets {Oy¢ : M is a mutation of £} by ¢, i. e.

Q¢ = U O%, C Stab(T); Ye = U Oy (212)
{pezn+1:g[p] is Ext} {&,:M I8 a mutation of &}

221N property for Ko(A) 2+ C is defined in [8] Definition 2.3].
23If A has finite length and finitely many simple objects, then the obtained stability condition o is locally finite.
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Lemma 3.19 in [37] says that ©¢ is an open, connected and simply connected subset of Stab(T),
which implies (see [37, Corollary 3.20]) that, if all iterated mutations of € are regularﬁ then Xg¢ is
an open, connected subset of Stab(7T).

The following proposition ensures extendability of certain stability conditions used in [I7), Section
3]. The statement of Proposition is a slight modification of the first part of [37, Proposition
3.17]. The difference is that in the statement of |37, Proposition 3.17] is claimed that one must take
&ij = (E;, Ej), whereas we take &;; = (E;, Eiq1, ..., Ej). For the sake of clarity, we give a proof of
Proposition [2.31] here.

Proposition 2.31. Let &€ = (Fy, E1, ..., Ey,) be a full Ext-exceptional collection in T. Let 0 < i <
7 < n and denote gij = (Ei7Ez‘+1; .. ,Ej), ‘Tij = <8U> CT. Let H%i Stab(ﬂ'ij), H¢ ¢ Stab(‘J') be
the corresponding families as in Definition [2.30

Then the map m;; : H® — HE4, which assigns to (P,Z) € HE the unique (P',Z') € Hé4 with
{Z'(Ex) = Z(Ek)}i:i, is surjective. For any (P,Z) € HE and (P', Z") € HE4 holds the implication

Wij(:P, Z) = (fP” Z/) = {?/(t) = :P(t) N ‘Tz’j}teR- (2.13)

Proof. Using the definition of H¢, H&4 (Definitions 2.30)), one easily reduces the proof of this
proposition to the following lemma (compare with the proof of [37, Proposition 3.17, p.7]). O]

Lemma 2.32. Let €, &;; be as in Proposition |2.31. Let us denote by A, A;; the extension closures
of € and &;; in T. Then A;j; is an exact Serre subcategory of A. In particular the embedding functor
induces an embedding Ko(A;j) — Ko(A).

Proof. Since both A, A;; are abelian categories ([37, Lemma 3.14| ), if A;; is a Serre subcategory
of A it follows that A;; is an exact subcategory. Whence, it is enough to show that A;; is a Serre
subcategory. Let 0 - By — S — By — 0 be any short exact sequence in A.

Assume that Bi, Bo € A;j. Since A is a heart of bounded t—structurelﬂ in T, the given short
exact sequence is part of a triangle in J. Since A;; is extension closed in T, it follows S € A;;.

Next, assume that S € A;;. We have to show that Bi,By € A;;. By By, B2 € A and the
definition of A, we have diagrams of short exact sequences in A for [ = 1,2(the superscript is a
power of E;):

0 Ul,n Ul,n—l - .. T Ul,l

»

Vs
Efbl,n Epl,nfl Egl,O

n—1

Uip = By
v 1=1,2. (2.14)

From S € A;; it follows Hom* (S, E;) = 0 for | < i and Hom* (£}, S) = 0 for [ > j. Since we have
A-epic arrows S — By, By — Egm and A-monic arrows Egl’” — Bi1, By — S, it follows that

24Here regular means that for 0 < i < n — 1 at most one degree in {Hom?(FE;, E;+1) = 0}pez does not vanish.
25Recall that the short exact sequences in a heart of a t-structure A are exactly those sequences A —» B 4
with A, B,C € A, s. t. for some 7 : C — A[1] the triangle A S Bh o A[1] is distinguished in T.
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p2,0 =0,if 0 <i and p1, =0, if n > j. Now by induction it follows:
P2k = 0 for k < 7, P1k = 0 for k > J- (2.15)

We show bellow that Hom(E}), B2) = 0 for k¥ > j and Hom(By, Ej,) = 0 for k¥ < i. Since there
exist A-monic EX*™ — By and A-epic B — Egl’o, by the diagrams and induction we obtain
pax =0 for k> j, pip =0 for k <i. These vanishings together with imply the lemma.

Having and we can write By € (Ej, Ejt1,...,E,) and By € (Ey, Eq, ..., Ej), hence

Hom*(Bjy, Ex) = Hom*(S, E) = 0 for k < i, Hom*(E}), B;) = Hom*(E}, S) =0 for k > j. (2.16)

From the short exact sequence 0 — By — S — Bs — 0 in A we get a distinguished triangle
By — S — By — Bj[l] in 7. Since we have (2.16)), applying to this triangle Hom(Ey, ) and
Hom(_, E}) we obtain the desired Hom(E}, B2) = 0 for k > j, Hom(By, E);) = 0 for k < i. O

2.3.4 o-exceptional collections

Motivated by the work of E. Macri, discussed in the introduction and in the previous Subsection
[2:3:3] we define:

Definition 2.33. Let 0 = (P, Z) € Stab(T). We call an exceptional collection & = (Ey, E1, ..., Ey)
o-exceptional collection if the following properties hold:

e & is semistable w. r. to o (i. e. all E; are semistable).
e Vi # j hom=(E;, E;) =0 (i. e. this is an Ext-exceptional collection).
o There exists t € R, s. t. {¢(E;)} 1y C (¢, t+1].

The set stability conditions for which € is o-exceptional coincides with ©f = H® - EZ+(2,IR{)
(Definition [2.30)). More precisely, we have:

Corollary 2.34 (of Lemmas 3.14, 3.16 in [37]). Let 0 = (P, Z) € Stab(T). Let & be a full Ext-
exceptional collection in T. Then we have the equivalences:
o€ 0O, = & C P(t,t +1] for somet e R = & is a o-exceptional collection.

Proof. First, note [37, Lemma 3.16| that from {E;}? , C P((¢,t + 1]) it follows Ag = P((t,t + 1]),
and then all {E;}7 , are stable in o, because they are simple in Ag = P((¢,¢+ 1]). Indeed, A¢ and
P((t,t+1]) are both bounded t-structures, therefore the inclusion Ae C P((¢,t+1]) implies equality
Ag = P((t,t + 1]). Whence, if {E;}1_, C P((¢,t + 1]), then & is o-exceptional (see Definition [2.33).

Now the corollary follows from the last part of Bridgeland’s Proposition and the following
comments on the action of af+(2,R). If (P,Z) is obtained by the action with af+(2,R) on
(P, Z), then {P(1(t)) = P(t)}er for some strictly increasing smooth function ¢ : R — R with
P(t+1) = ¥ (t)+1, and hence P(0, 1] = P((0), ¥ (0)+1]. Conversely, for any ¢ € R and any (P, Z) we
can act on it with element in Z:f*@, R), so that the resulting (P, Z) satisfies P(t, t+1] = P(0,1]. O
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Since the exceptional collection € in Definition has finite length, we have:

Remark 2.35. The third condition in Definition s equivalent to each of the following three
conditions:  {¢(E;)}—y C (t,t+1) for somet € R;  {p(E;)} C [t,t+ 1) for some t € R;

max ({6(E:)}) — min ({g(E )}”:o) <1
Furthermore, by Corollary|2.34 we have ©% = {o : max{¢%.(E;)}" — min{¢? (E;)}1, < 1} =
{0: € C0o® and |97 (E;) — qb“( )| <1 fori < j}, thereford™| ©% is an open subset of Stab(T).
One can now easily show that the assignment:

,8 20 = ({‘P’Z) = (|Z(E0)| ye 'a’Z(En)| 7¢0(E0)a" : a¢U(En))

is well defined, and gives a homeomorphism between O and the following simply connected set:

{($07"'1xn7y07"'7yn)6R2(n+1) : xi>07 |y’L_yJ|<1}

From the first part of this remark and Corollary we see that for each o € O we have an open
interval, in which P(x) is trivial (take t € R and € > 0 so that {¢(E;)}I, C (¢, t+1]N(t+e€ t+e+1],
then (t,t + €) is such an interval). In particular(recall also that P(z)[1] = P(xz + 1)), we have:

Remark 2.36. Let & be as in Corollary|2.34, For each o € O the seﬂ P, is not dense in S'.

2.4 Non-semistable exceptional objects in hereditary abelian cate-
gories

In this section is written an algorithm, denoted by alg. In subsection we define the input data
of the algorithm, in subsection 2.4.2] - the data at the output. The rest sections of the text refer

mainly to subsections [2.4.1] and [2.4.2]

2.4.1 Presumptions

For the rest of the chapter A is an abelian hereditary hom-finite category, linear over an algebraically
closed field k‘@ It can be showﬂ that such a category has Krull-Schmidt property(Deﬁnition.
Hence, by Lemma , the derived category D°(A) also satisfies the Krull-Schmidt property. For
brevity, we set T = DY(A). Let o = (P, Z) € Stab(7T) be a stability condition. In this setting by
Definition we obtain the function 6, : Ob(T) — N(oina/=),

The input data of the algorithm alg is a non-semistable w. r. to o exceptional object E € 7.
The output data is a triangle, denoted by alg(E). We distinguish five cases at the output, depending

26For a a fixed nonzero object X € T the functions ¢ — ¢% (X) on the manifold T are continuous
2Tsee Definition for the notation P,

281n all the sectlons . . . . . . 9| the symbol A denotes such a category.

2using some facts for modules over unital associative ring shown around page 302 of [35], see also [36]
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on the features of the triangle alg(E), and denote them by C1, C2, C3, B1, B2. Only one of the
five possible cases can occur at the output, i. e. alg(E) has all the features of exactly one case, say
X €{C1, C2, C3, B1, B2}, and then alg(E) is said to be of type X.

We note two facts, which we keep in mind further.

Remark 2.37. [t can be show@ that, under the given assumptions on A, if X € A;nq satisfies
Ext}(X, X) =0, then Hom(X, X) = k, and hence X is an exceptional object.

Remark 2.38. Since A is a hereditary category, for any two indecomposable A, B € DP(A) with
deg(A) = deg(B) from ¢_(A) > ¢4+ (B) + 1 it follows that Hom*(A, B) = 0.

Another simple observation due to hereditariness, which we will apply throughout, is:

Lemma 2.39. Let A be a hereditary abelian category and let 0 - X =Y — Z — 0 be a short
exact sequence in A. For each W € A hold the following implications:

(a) If hom!(Y, W) = 0, then hom! (X, W) =0
(b) If hom'(W,Y) = 0, then hom' (W, Z) = 0.

Proof. To prove (a) we apply Hom(_, W[1]) to the triangle X — Y — Z — X][1], corresponding to
the given exact sequence. It follows 0 = Hom(Y, W[1]) — Hom(X, W[1]) - Hom(Z[—-1], W[1]) =0,
where the right vanishing is because A is hereditary. In (b) we apply Hom(W, ). O

We could work here with weaker assumptions on A. More precisely:

Remark 2.40. Given that A is a hereditary k-linear abeilan category with Krull Schmidt property
as defined in Definition |2.14), without assuming hom-finiteness and that k is algebraically closed,

then everything in Sections (2.7, (2.6, [27, [2.8, [2-9 remains valid, if we replace “exceptional” by

“pre-exceptional”ﬂ Under such seemingly weaker assumptions on A, we do not have the statement
in Remark[2.37.

2.4.2 The cases

Here we explain the features of each of the five cases C1, C2, C3, B1, B2 occurring at the output
of alg. The other subsections of 2.4] contain the algorithm.

Let £ € T be a non-semistable w. r. to ¢ exceptional object. We recall that the meaning of
the notation deg(F), used here, is explained in tSection before the introduction. The properties
(a),(b),(c) below are common features of alg(E) for all the cases, property (d) is common for C1,
C2, C3:

30hy adapting the proof of this fact for quivers, given on [I6] p. 9,10], to A ‘
31By Pre-exceptional object we mean an indecomposable object X € T with Hom®*(X,X) = 0 for i # 0. Pre-
exceptional collection is a sequence of pre-exceptional objects (E1, Ea, ..., E,) with Hom*(E;, E;) = 0 for ¢ > j.
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U E
alg(E) = 7~ V/ UeT,Veo® U#0,V #0, where: (2.17)

in particular for any S € Ind(V), E' € Ind(U) the pair (S, E’) is exceptional with S € o5¢.

We give now the complete lists of properties. For simplicity we assume that £ € A, i. e.

deg(F) = 0, for other degrees everything is shifted with the corresponding number.
A E
C1. The triangle is of the form alg(E) = “~_ with the properties:
B

C1.1 {A,B}C A, A#0, B#0, hom!(A, A) = hom!(B, B) = hom*(A, B) = 0,

C1.2 B is the zero degree component of o_(E), in particular B is semistable of phase ¢_(E),
C1.3 0,(A) < 0,(E) = ¢_(A) > ¢_(E),
C1.4 anyT € Ind(A) satisfies hom' (B, T) # 0.

C2. The triangle is of the form

Ay @ Ag[—1] E
alg(E) = ../ (2.18)
"B
with the properties:

C2.1 {A,As, B} C A, Ay # 0, B # 0, Ay is a proper sub-object(in A) of E, hom!(As, Ay) =
homl(Al, Al) = hOm*(Al, B) == hOm*(AQ, B) = hOm*(Al, AQ) = 0,

C2.2 B is the zero degree component of o_(E), in particular B is semistable of phase ¢_(E),
C2.3 0,(A1) + 0,(A2][—1]) < 0,(E), in particular ¢_(A1) > ¢_(E) and ¢_(Az[—1]) > ¢_(E),
325_(E) is defined in Definition m

33We write f < g for two functions f,g € N(Zina/=) if f(u) < g(u) for some u € o}/ =.
34Note below that in cases C3, B2 we have proper inequality ¢_ (U) > (V).
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C3.

C3.1
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C3.3

B1.

B1.1

B1.2
B1.3

B1.

B2.

B2.1
B2.2

B2.3
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any I' € Ind(A;) satisfies hom(B,T'[1]) # 0, any ' € Ind(As) satisfies the three conditions:
hom(B,T') # 0, hom(T', E[1]) # 0, hom(E,T'[1]) = 0.

A E
The triangle is of the form alg(E) = . ¥ with the properties:
B1]

{A,BYCA, A#0, B#0, hom'(A, A) = hom!(B, B) = hom*(A, B) =0,
alg(E) = HN_(E), hence 0,(A) < 0,(E) and ¢p_(A) > ¢_(E) = ¢(B) + 1,

any T' € Ind(B) satisfies hom!(E,T) # 0 and hom!(I', E) = 0, any T € Ind(A) satisfies
hom(B,T') # 0 and hom(T", E') # 0.

Ay @ Ag[—1] E
The triangle is of the form alg(E) = AR »/  with the properties:

B

{A1,A9, B} C A, Ay #0, B #0, hom!(Ay, A3) = hom'(A1, A;) = hom*(A2,B) =0, 4 is a
proper subobject(in A) of E,

B is the zero degree component of o_(E), in particular B is semistable of phase ¢_(E),
0,(A1) + 0,(A2[—1]) < 0,(E), in particular p_ (A1) > ¢_(F) and ¢_(A2[-1]) > ¢_(E),
there exists T € Ind(A) with hom!(I', E) # 0, hom!(E,T) # Oﬁ

A E
The triangle is of the form alg(E) = 7>« ¥ with the properties:
B1]

{A,B}C A, A#0, B+#0, hom'(B, B) = hom*(A, B) =0,
alg(E) = HN_(E), hence 0,(A) < 0,(E) and ¢p_(A) > ¢_(E) = ¢(B) + 1,

there exists T € B with hom' (', E) # 0, hom! (E,T") # 0.@

35A comparison with C2.4 shows that B1 and C2 cannot appear together.
36 A comparison with C3.3 shows that B2 and C3 cannot appear together.
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2.4.3 The last HN triangle

Now we start explaining alg.

Let E € Acye, E ¢ 0°°. Macri initiated in [37, p. 10] an analysis of the last HN triangle of F,
when E € Repy(K(1)). The arguments on [37, p. 10] are used here in formulas (2.20), (2:21), and
in the derivation of the vanishings C3.1(Subsection .

Consider the last HN triangle HN_ (E)(see Definition [2.18)):

IN_(E) = X —— E 1 o_(B) — x]1], 0_(X) > d(o_(E)) = 6_(E).  (2.19)

Lemma 2.41. The triangle HN_(E) is of the form (with By, By € A):

X ——E-LBioBil] — X[1], ¢-(X)>¢(Bo) = (B1) +1=0_(E), (2.20)
hom="(X, By) = hom=(X, By[1]) = 0 (2.21)
05 (F) = 0,(X) + 0,(Bo) + 0,(B1[1]). (2.22)

For any i € {0,1}, ' € Ind(B;) the component of f to I'[i] is non-zero and hom(E,T'[i]) # 0.
Any T € Ind(X) satisfies hom(I', E) # 0 and hom(By @ B1[1],T'[1]) # 0.

Proof. We show first that for each I' € Ind(o_(E)) the component of f from E to I' is non-zero.
Indeed, suppose that for some I' € Ind(o_(FE)) this component vanishes, then by the Krull-
Schmidt property we can write o_(E) =U @ T, and f is of the form: f = (f': E—U)& (0 = TI).

After summing the triangles X' —— F AN N X'N] and T[-1] —> 0 —— T ——T

we obtain a triangle X' @ I'[-1] — E R o_(E) — X'[1] ®T (recall that E # 0%, hence X’ #

0). From it follows that X’ @ I'[-1] = X. From Corollary we see that ¢_(X') >
¢—(X) > ¢_(E) = ¢(U). By this inequality and the uniqueness of the HN filtration of E we deduce
that o_(E) 2 U, i. e. U@ =2 U, which contradicts the Krull-Schmidt property.

Thus, for each I' € Ind(c_(F)) the component of f to I' is non-zero and hom(E,I') # 0. Now
the triangle (2.19) reduces to (2.20), since A is hereditary. From ¢_(X) > ¢(B;li]) (: = 0,1) it
follows (2.21)). Applying Lemmas [2.23] [2.25] to (2.20) we obtain (2.22). It remains to prove the last
property.

Suppose that hom(I', E) = 0 for some I' € Ind(X). Then we can represent X — E as a direct
sum (U — E) @ (I' — 0). By the triangle we get Y/ & T'[1] 2 o_(FE), where Y is the cone of
U — E. From Corollary 2.21] we see ¢_(U) > ¢_(X) > ¢_(E) = ¢(Y). Since ¢_(U) > ¢_(E), we
have U % E and Y’ # 0. It follows that HN_(E) = U — E — Y’ — U[1]. Therefore X 2 U, i.
e. U ' 2 U, which contradicts the Krull-Schmidt property.

Suppose that for some I' € Ind(X) we have hom(By® B1[1],I'[1]) = 0, then by similar arguments
we get B = E' @ T, and hence I' 2 E (since E is indecomposable), which contradicts ¢_(T") >
¢—(X) > ¢_(F). The lemma is proved. O
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By f; will be denoted the component of f to Bj[i](see (2.20))), i. e. we have commutative
diagrams (the right arrow is the projection)

E L Bye B[]
14 | i€ {0,1}. (2.23)

E - B

The algorithm alg tests now the condition By = 0.

244 IfBy=0

This condition leads to one of the cases C3, B2 depending on the outcome of one test. Since
By = 0, the triangle is reduced to a short exact sequence 0 — By — X — E — 0, and
X € Ob(A). Hence is now the same as hom™*(X, B;) = 0, which by Lemma (a) and
the given exact sequence implies hom!(By, B;) = 0. By Lemma any I' € Ind(B;) satisfies
hom(E,T'[1]) # 0. Therefore, if hom(T', E[1]) # 0 for some I € Ind(By), then the triangle:

X E
HN_(E)= . ' (2.24)
Bi[1]
satisfies B2.1, B2.2, B2.3 (with A = X, B = By). By setting alg(F) to (2.24) we get B2.
It remains to consider the case when hom(I', E[1]) = 0 for each I' € Ind(B;), i. e.

hom(Bj, E[1]) = 0. (2.25)

Setting again alg(E) to (2.24)(with X replaced by A, Bj replaced by B) we obtain the property
C3.2 immediately. The property C3.3 follows from Lemma [2.41] We have already all the features
of C3.1 except the vanishing hom! (X, X) = 0.

The vanishing hom! (X, X) = 0 follows from ([2-25), since the triangle and Hom(X, ) give
an exact sequence Hom!(X, B;) — Hom!(X, X) — Hom!(X, E), where the left and the right terms
vanish. The vanishing Hom!(X, B;) = 0 is already shown (before (2.24)). The other vanishing
hom'(X, E) = 0 follows from (2:25), hom'(E, E) = 0, and Hom(_, E[1]) applied to the same
triangle.

Thus, alg(E) is of type C3.

2.4.5 If By#0

Under this condition we obtain one of the cases C1, C2, B1 at the output depending on the
outcomes of additional tests.
By Lemma we have fy # 0. Let us take kernel and cokernel of fy in A:

coker(fo)

A, Bl g o, gy As. (2.26)
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Since fo # 0, ker(fo) is a proper subobject of E. Let E =5 Bj imlfo) By be a decomposition of fj

in A, where ey is A-epic and im(fy) is A-monic. In particular, we have an exact sequence in A

ker(

0 A ) g o g Ly, (2.27)

The next step of the algorithm alg is to test the condition Ao = 0. We show first some preliminary
facts, which do not depend on the vanishing of As.

Preliminary facts

These facts are (2.28),(2.29),(2.30), (2.31), and Lemma
The equalities below will help us later to obtain C1.1, when Ay = 0, and C2.1, when Ay # 0:

hOIIl1 (Al, Al) = hOHl1 (AQ, Ag) =0 (228)
hOHl(Al, Bo) = hom*(Ag, Bo) =0 (229)
hom!(A;, E) = hom(Ay, A3) =0 (2.30)

The inequality ensures C1.3 and C2.3, and Lemma ensures C1.4 and half of C2.4.
05(A1) + 0,(A2[—1]) < 0,(E). (2.31)
To show these facts we start by recalling that the triangle in T containing fy is
E L By — C(fy) — E[] (2.32)

where C(fy) is the cochain complex (By is in degree 0)

. 0 E fo

- By 0—— ... (2.33)

00— F —F
and the non-trivial part of the cochain maps By — C(fy) — E[1] is ¥ ¥ Y.
By — By — 0

Since A is hereditary, we have C(fo) = @, H'(C(fo))[—1i], which we can reduce by (2.26]) and (2.33)

to
C(fo) = Ai[l] @ As. (2.34)

Since we have the commutative diagram (2.23|) with ¢ = 0, by the 3 x 3 lemma in triangulated
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categories [2, Proposition 1.1.11] we can put the triangles (2.20]), (2.32)) in a diagram

E L+ Bye Bi[1] — X[1] — E[1]
1d l | 1d]
- . B - C(fo) — E[1]
l o] | i
0 B1[2] cY 0
R
E[1] = By[l] @ By[2] — X[2] — E[1]

where X[1] — C(fo) — Y — X|[2]; 0 — B1[2] — Y — 0 are distinguished triangles. Hence
Y = Bj[2] and we obtain a distinguished triangle

X — C(fo)[-1] — B[] — X[1]. (2.35)

The vanishings (2.28)),(2-29),(2.30) will be obtained from triangles (2.35),(2.32)), and the exact se-
quence (2.27).

We apply Hom(—, By) and Hom(—, By[—1]) to and by the result is: Hom(C( fo), Bo[1])
= Hom(C'(fy), By) = 0. These vanishings and imply (2:29). The vanishing hom'(A;, E) = 0
(the first part of ) follows from hom!(E, E) = 0, the exact sequence , and Lemma
(a). Now we can write hom(C(fy), F[2]) = hom(A;[1] @ As, E[2]) = hom'(A;, E) = 0. Having
0 = hom(C(fo), Bo[1]) = hom(C(fo), F[2]), we apply Hom(C(fy), ) to and obtain

0 = Hom(C(fo), Bo[1]) — Hom(C(fo), C(fo)[1]) — Hom(C(fo), E[2]) = 0.

Hence hom(A;[1]® Az, A1[2] @ A2[1]) = 0, which contains (2.28) and the second vanishing in (2.30)).

The next step is to show (2.31)). From Lemma and the triangle (2.35)) we get 0, (C(fo)[—1]) =
0,(X) + 0, (B1[1]). From By # 0 it follows 6,(By) > 0, and hence:

Qa(c(fo)[*l]) = GU(X) + 00(31[1]) < GU(X) + 90(31[1]) + QJ(BO) = HU(E)’

where the last equality is taken from (2.22). Now (2.31) follows from ([2.34]).
Since alg(E) in both the cases A2 = 0 and Az # 0 will be set to (2.32)), the following corollary

ensures C1.4, and part of C2.4.

Lemma 2.42. Fach I' € Ind(C(fo)) = Ind(A1[1] ® A2) satisfies hom(By,T') # 0, and each T' €
Ind(Az) satisfies hom(I", E[1]) # 0.

Proof. Suppose that hom(By,I') = 0 for some I' € Ind(C(fy)) and split C(fy) = U @& T, then
the arrow By — C(fp) in (2.32) can be represented as (By — U) @ (0 — I'). The sum of the
triangle E' — By — U — E'[1] extending By — U and the triangle I'|~1] — 0 — T — T' is
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isomorphic to (2.32)), hence E = E' @ I'[-1]. Since E is exceptional and I' # 0, it follows E' = 0
and E = I'[—1], hence 6,(F) = 0,(I'[-1]) < 0,(C(fo)[—1]) < 05(E), where we used C(fp) =U & T
and the inequality derived before this corollary. Thus, we get a contradiction.

If hom(I', E[1]) = 0 for some I' € Ind(Az), then we can split C(fy) = A1[l]® A2 =V @& T, and
the last arrow in is of the form (V' — E[1]) & (I' — 0). It follows by similar arguments as
above that By 2 U @ T for some U. Therefore hom(As, By) # 0, which contradicts ([2.29)) O

If A, =0

Under this condition we get here a triangle or type C1.
Now fp is epic(see (2.26))) and (2.32)) becomes a short exact sequence

ker(fo) Jo

0—— A, E By —— 0. (2.36)
The triangle alg(E) is set to (2.36), so A = Ay, and B = Bj. From we get 0,(A1) < 0,(F),
which is the same as C1.3. In Lemma we have C1.4, and in - C1.2. It remains to
show C1.1. We have Ay # 0, for otherwise E would be semistable. We have also and ,
therefore we have to show only hom! (A1, By) = 0 = Hom?!(By, By).

By hom' (A, E) = 0 (see (2:30)), the sequence (2.36)), and Lemma (b) we obtain
hom'(Ay, By) = 0. The same lemma and hom!(E, E) = 0 imply hom!(E, By) = 0, hence
Hom(_, By[1]) applied to gives: 0 = Hom(A;[1], Bo[1]) — Hom(By, By[1]) — Hom(E, By[l]) =
0, i. e. hom!'(By, By) = 0.

If Ay # 0.

Under this condition we will obtain either the case C2 or the case B1 depending on the outcome
of one additional test. The triangle alg(E) is set to (2.32)), which by C(fy) = A1[1] ® Az can be

rewritten as:

AL O Ag[—l] FE
alg(E) = .. ¥ (2.37)
By
From Lemma we have hom!(T', E) # 0 for each T' € Ind(Ay). If hom!(E,T') # 0 for some
I’ € Ind(As), then the triangle (2.37) has all the features of the case B1 due to (2.27)), ,
E29). 31).

Thus, it remains to show that if each I" € Ind(As) satisfies hom(E, I'[1]) = 0, in particular
Hom(E, A3[1]) =0 = Hom(E,C(fo)[1]) = Hom(E, A1[2] ® As[1]) =0, (2.38)

then the triangle (2.37)) satisfies C2.1, C2.2, C2.3, C2.4 (with B = By).
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C2.2 is in (2.20)), C2.3 is (2.31]), and C2.4 is contained in (2.38)), Lemma [2.42] It remains to
obtain the vanishings in C2.1, that are not claimed in (2.28]), (2.29)), (2.30]). These vanishings are

hom?! (A, By) = hom!(A;, Ay) = hom*(By, By) = 0. We obtain them in this order below.
The equality (2.38)) together with hom!(FE, E) = 0 and the triangle (2.32)) imply

hom(E, Bo[1]) = 0,

hence by the sequence (2.27) and Lemma we get hom!(Ay, By) = 0. From this vanishing it
follows hom(C'( fo), Bo[2]) = 0 and applying Hom(C(fp), ) to (2.32) we obtain

0 = Hom(C'(fo), Bo[2]) — Hom(C(fo), C(fo)[2]) — Hom(C(fo), E[3]) =0
= 0 = hom(C(fy), C(fo)[2]) = hom(A;[1] & As, A1[3] ® A2[2]) = hom(Ay, As[1]) = 0.

Finally, we apply Hom(_, By[1]) to (2:32): 0 = Hom(C(fo), Bo[l]) — Hom(By, Bo[l]) —
Hom(E, By[1]) = 0, where the left vanishing is contained in (2.29), and the right vanishing is
above.

Now we have already the complete list C2 for alg(FE).

2.5 Some terminology. The relation R--- (S, E)

The terminology introduced here is important for the rest of the dissertation. All definitions in
this section assume a given stability condition o DY(A), which we denote by 0. We divide the
non-semistable exceptional objects into two types: o-regular and o-irregular (Definition and

Remark [2.44]). In turn the o-regular objects are divided into final and non-final (Definition [2.46]).
We refer to C1, C2, C3 as regular cases and to B1, B2 as irregular cases. More precisely:

Definition 2.43. Let E € DY(A)cpe and E ¢ 0°°. If the triangle alg(E) given by section is of
type X, where X is one of C1,C2,C3,B1,B2, then E is said to be an X object w. 7. to o.

The Ct objects(for i = 1,2,3) will be called o-reqular exceptional objects and the Bi objects( for
i =1,2) will be called o-irregular exceptional objectsﬁ

Remark 2.44. In cases C1, C2, C3 the triangle alg(E) satisfies the vanishings in (d) after (2.17)).
It can be shown that some of these vanishings fails in cases B1, B2. Thus, an object E € Tey. \ 0
is o-regular iff alg(E) satisfies these vanishings and o-irreqular iff some of these vanishings fails.

X
We introduce now the relation R - > (S, E). It facilitates the next steps of the exposition.

3THere and in all sections that follow A is as in subsection (2.4.1]).
38In this text the adjectives “o-regular”, “o-irregular” regard either exceptional objects or the cases at the output
of alg. We often omit “exceptional object” after these adjectives, when this is by default. We sometimes omit “o-”,

which is akin to writing semistable instead of o-semistable.



2.5. SOME TERMINOLOGY. THE RELATION R-- (S, E) 37

Definition 2.45. Let R, S, E € D*(A) and let X be one of the symbols C1,C2a,C2b,C3. By the
X
notation R - (S, E) we mean the following data:

e R is a o-reqular exceptional object, in particular alg(R) is of type Ci(i € {1,2,3}),

S eInd(V), E € Ind(U), where (V,U) are the lower and the left vertices of alg(R) in (2.17),

if i € {1,3} and R is a Ci object, then we set X = C1,

if R is a C2 object and E is a component of Ax[—1] in diagram (2.18)), then we set X = C2a,
e if Ris a C2 object and E is a component of Ay in (2.18]), then we set X = C2b.

In the next sections we refer mainly to the following features(explained below) of the pair (S, E):

X
R - (S,E) X € {C1, C2a, C2b, C3}
{S,E} C D"(A)ege, hom*(E,S) =0, deg(E)+ 1> deg(S) > deg(R)

> deg(E) (2.39)
0,(E) <0s(R), Se€0”, 0,(R)(S)>0, ¢ (E)=¢(S5)=0¢(R

). (2.40)

The first two statements in amount to saying that (S, E) is an exceptional pair@ which
is the same as: S, F are indecomposable and hom*(E, S) = hom! (S, S) = hom! (E E) = 0. This
follows from (d) right after and S € Ind(V), E € Ind(U). In (a) right after (2.17) is specified
that V is a direct summand of o_(R), hence by S € Ind(V') and the definition of 6, (Deﬁnltlon
it follows that 6,(R)(S) > 0 and S € o*°. In (b) right after we have specified 0,(U) < 6,(R),
¢»—(U) > ¢(V) = ¢_(R), which by E € Ind(U), S € Ind(V) implies 0,(E) < 0,(R), ¢_(E) >
#(S) = ¢_(R). Thus we obtain (2.40). The degrees of R, S, E are interrelated as shown in the
following table[™| which follows from the very definition of C1,C2a,C2b,C3{"]

X deg(S) — deg(R) | deg(R) — deg(E)
C1, C2b 0 0 o—(E) > ¢(S) (2.41)
C2a 0 +1 o—(E) > ¢(S) '
C3 +1 0 o—(E) > ¢(S)

The inequalities deg(E) + 1 > deg(S) > deg(R) > deg(FE) follow, so (2.39)) is shown completely.
We divide the o-regular objects into final and non-final as follows:

Definition 2.46. If R is a o-regular object and all the indecomposable components of U (in diagram
(2.17) ) are semistable, then R is said to be final, otherwise - non-final.

39In general, this pair is not uniquely determined by R, because we make choices among Ind(U) and Ind(V).
“0Recall that for X € A and j € Z we write deg(X[j]) = 7.
“the description of C1, C2, C3 is in subsection



38 CHAPTER 2. NON-SEMISTABLE EXCEPTIONAL OBJECTS

If R is a non-final regular object then some indecomposable component of U is not semistable.
By regularity this component is also an exceptional object and then we can apply to it alg. Now we
cannot exclude the occurrence of the irregular cases B1, B2, i. e. we cannot exclude the occurrence
of an irregular component of U.

2.6 Regularity-preserving categories. RP prpoerties 1,2

Recall that alg can be applied to any non-semistable exceptional object. Using the terminology
from Section we can say that if R is o-regular and non-final, then from the output data alg(R)
we can extract some number of non-semistable exceptional objects (the non-semistable components
of U in diagram ) The algorithm alg can be applied to any of them again. If the category A
has the property that the cases B1, B2 cannot occur after this second iteration of alg we say that
A is regularity-preserving. More precisely:

Definition 2.47. A hereditary abelian category A will be said to be reqularity-preserving, if for each
o € Stab(D?(A)) from the the following data:

X
R € D°(A) is a o-reqular object; R - (S, E), where X € {C1, C2a, C2b, C3}; E & 5°¢

it follows that E is a o-regular object as well.

In this section we show two restrictions on the exceptional objects, called RP property 1 and
RP property 2, which ensure that A is regularity-preserving.

2.6.1 Ext-nontrivial couples

Looking at the description of B1, B2 (see B1.4, B2.3) we see that in any of these cases occur
couples {L,T'} C A of exceptional objects with hom!(L,T') # 0, hom!(T', L) # 0. Tt is useful to give
a name to such a couple:

Definition 2.48. An Ezt-nontrivial couple is a couple of exceptional objects {L,I'} C Acye, 5. t.
hom!(L,T) # 0 and hom! (", L) # 0.

Trivially coupling object is an exceptional object E € Aeye, 5. t. for each I' € Aeype we have
hom!(E,T) = 0 or hom’(T', E) = 0, i. e. for each T € Aeye the couple {E,T} is not Evt-nontrivial.

From B1.4, B2.3 it follows

Lemma 2.49. If E € Agze is a trivially coupling object, then for each stability condition o €
Stab(DY(A)) it is either o-semistable or o-reqular.

Thus, an object can be o-irregular only if it is an element of an Ext-nontrivial couple. The
following lemma gives some information about the other element of the couple.
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Lemma 2.50. Let each X € Acqe satisfy the dichotomy that it is either trivially coupling or there
exists unique up to isomorphism another object Y € Acye such that {X,Y} is an Ext-nontrivial
couple. Then for each Ext-nontrivial couple {E,T'} C Aeze and each o € Stab(DY(A)) we have:

(a) If E is a B2 object, then T is semistable of phase ¢_(FE) — 1.
(b) If E is a B1 object, then ¢_(T') > ¢_(F) + 1.
(c¢) At most one of the objects {E,T'} can be o-irregqular.

Proof. (a) By B2.3 there exists a semistable X € A¢;e of phase ¢_(F) — 1, s. t. {E,X} is an
Ext-nontrivial couple. From the assumption of the lemma it follows X = I.

(b) By B1.3 and B1.4 there exists X € Aegze with ¢_(X) > ¢_(E)+1,s. t. {E,X} is an
Ext-nontrivial couple. From the assumption of the lemma we have X = T", hence ¢_(T") > ¢_(E)+1.

(c) Tt is enough to prove that if E is o-irregular then I' is not o-irregular. If E is B2, then by
(a) T is semistable, i. e. it is not o-irregular. By (a) applied to T" it follows also that if E is B1
then T" is not B2. Whence, it remains to show that £ and I' cannot both be B1. By (b) we see
that if both are B1 then ¢_(I') > ¢_(E) + 1 and ¢_(F) > ¢_(I') + 1 which is impossible. O

The next step is to show that even with the presence of Ext-nontrivial couples A could be

regularity-preserving.

2.6.2 RP property 1 and RP property 2

Our key to regularity-preserving of A are the following patterns of the Ext-nontrivial couples of A.

Definition 2.51. Let A be a hereditary category. We say that A has

RP Property 1: if for each Ext-nontrivial couple {T',T'} C A and for each X € Acye
from hom™(T", X) = 0 it follows hom™(X,I") = 0;

RP Property 2: if for each Ext-nontrivial couple {I',T'} C A and for any two X,Y € Acye
from hom(T", X) # 0,hom(X,Y") # 0,hom™(I',Y') = 0 it follows hom(I",Y) # OF‘E]

The main result of Section 2.6l is:

Proposition 2.52. If A has RP Property 1 and RP Property QF‘E] then A s reqularity-preserving.

2.6.3 Proof of Proposition [2.52]

We can assume that R € A. We split the proof in two lemmas. The first lemma uses RP property
1, but does not use RP property 2.

“Znote that hom(T, X) # 0,hom(X,Y) # 0,hom*(I',Y) = 0 imply X #T, X #Y
43/ is as in Subsection
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A R
Lemma 2.53. Let R be a C8 object with alg(R) = >« ¥ . Then each non-semistable
B[1]

E € Ind(A) is o-regular.

Proof. Recall that in C3.1, C3.2 we have A, B # 0, hom*(4, B) = hom!(4, A) = hom!(B, B) = 0,
and ¢_(A) > ¢(B)+ 1. The last inequality, together with Corollary and Remark implies:

¢_(E)>¢(B)+1 = hom*(E,B)=0. (2.42)

AL AQ[—l] E,
If E is a B1 object, then we get alg(E) = hRN N where B’ € A is a direct summand

of o_(E) (see B1.2). By (2.42)) we can apply Lemma 2.19: to E, B and obtain hom=!(B’, B) = 0,
hence hom*(B’, B) = 0. From the triangle alg(E) it follows hom*(As, B) = 0. By B1.4 there exists
E' € Ind(Az) s. t. {E,E'} is an Ext-nontrivial couple. So, we obtained hom*(E’, B) = 0. Since
hom!(B, B) = 0, RP property 1 in subsection implies hom*(B, E) = 0, which contradicts
C3.3.
A E
If E is B2 object, then we get alg(E) = ™. ¥, where B'[1] = 0_(E) (see B2.2). By
B'[1]

[2.42) we can apply Lemma/|2.19|to E, B[1] and obtain hom=!(B’[1], B[1]) = 0, hence hom*(B’, B) =
0. By B2.3 there exists E' € Ind(B’), s. t. {E, E'} is an Ext-nontrivial couple. So, we obtained
hom*(E’, B) = 0 which by RP property 1 implies hom*(B, E) = 0. This contradicts C3.3. O

The second lemma uses both RP property 1 and RP property 2.

Lemma 2.54. Let R, F € Acpe, R & 0%, E & 0°°. If R, E fit into any of the following two
situations:

A R
(a) R is a C1 object, alg(R) = ~~.  , E € Ind(A);
B
A @ Ay-1] R
(b) R is a C2 object, alg(R) = AR v, E€Ind(Ay) or E € Ind(As);

"B
then E is o-reqular.

Proof. The arguments for F € Ind(A), R is C1 and E € Ind(A;), R is C2 are similar. We give
them first. Recall that in C1.3 and C2.3 we have ¢_(A) > ¢(B) and ¢_ (A1) > ¢(B), respectively.

By Corollary in C1 case we have ¢_(F) > ¢_(A) > ¢(B), and in C2 case we have
¢—_(E) > ¢_(A1) > ¢(B). In both the cases (see C2.1, C1.1) we have hom™(E, B) = 0. In both
the cases we have also hom(E, R) # 0 (recall that in C2 case Ay is a subobject of R), so we can
write

¢_(E) > ¢(B), hom*(E,B) =0, hom(E,R)#0 E,BE€A. (2.43)
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If we take any X € Ind(B), then hom(R, X) # 0 (this is valid in all the five caseﬂ. Since R is
o-regular, we have X, F € A¢;. and combining with we can write:
hom(E, R) # 0,hom(R, X) # 0,hom*(F, X) =0, X, E,R € Acye. (2.44)
If E is a B2 object, then alg(E) is of the form
Al E

alg(E) = T~ & . (2.45)
B'[1]

From we see that Lemmacan be applied, which implies hom(B’, B) = 0. By B2.3, there
exists E' € Ind(B'), s. t. {E, E'} is an Ext-nontrivial couple. Then by and RP property 2
we obtain hom(E’, X') # 0, which contradicts hom(B’, B) = 0.

If E is B1 object, then alg(E) is of the form

Al @ AL[-1] E
alg(E) = e (2.46)
with B’ € A and for some E' € Ind(A}) the couple {E, E'} is Ext-nontrivial. From
and Lemma it follows hom=!(B’, B) = 0, hence hom*(B’, B) = 0, which combined with
hom*(E, B) = 0 and the triangle (2.46]), implies hom* (A%, B) = 0. Whence, we obtain hom*(E’, B) =
0, which by RP property 1 and hom' (B, B) = 0 implies hom*(B, E) = 0. The last contradicts C1.4,
C2.4.

Suppose now that we are in the situation (b) and E € Ind(A2) is a B2 object. Then we again
have and some E’' € Ind(B'), s. t. {E,E'} is an Ext-nontrivial couple. However, now in
addition to hom™(E, B) = 0 we have ¢_(E) > ¢_(A2) = ¢_(A2[—1])+1 > ¢(B)+1 = ¢(B[1]). Now
LemmaMgives hom=!(B'[1], B[1]) = 0, 1. e. hom*(B’, B) = 0. Thus, we obtain hom*(E’, B) = 0,
hence hom™ (B, E') = 0 by RP property 1, which contradicts C2.4.

Finally, suppose that E € Ind(As) is a B1 object. Then we can use again and take some
E’' € Ind(A}),s. t. {E, E'} is an Ext-nontrivial couple. As in the preceding paragraph, in addition
to hom™(E, B) = 0, we have again ¢_(E) > ¢(B[1]). Now Lemma gives hom=!(B’, B[1]) = 0,
i. e. hom*(B’,B) = 0. Combining with hom*(E, B) = 0 and the triangle we obtain
hom*(E’, B) = 0. As in the previous paragraph, the last vanishing gives a contradiction. O

2.7 Sequence of regular cases

In this section we assume that A is regularity-preserving. If we are given a non-final o-regular
object R, then we can apply alg iteratively(Definition [2.47). As a result we obtain a sequences of

“by the last part of Lemma and since X is a direct summand of o_(F)
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exceptional pairs(between the subsequent iterations we make a choice, whence the resulting sequence
is not uniquely determined by R in general):

X1
R e (S0, By) P02 By ot (Sp Ey) P78 By o (S5, By) 5.

proji I proji I proji I (2.47)
S1 Sa S3

where X; € {C1, C2a, C2b, C3}. Such a sequence will be called an R-sequence. The number of
the objects {S;} will be called length of the R—sequenceﬁ We study here R-sequences.

The sequence can be extended after F; iff F; & 0%, which is possible only if F;_; is not
final (Definition [2.46). From it follows (recall that 6,(R) is an N-valued function with finite
support)

0,(R) > 0,(E1) > 0,(Ea) > .... (2.48)
Hence we see that after finitely many steps we reach a final o-reqular object. More precisely:

Lemma 2.55. Let R be o-reqular. There does not exist an infinite R-sequence. The lengths of all
R-sequence are bounded above by Zu@_ssd/g 05(R)(u).

Some features of the individual steps in any R-sequence, specified in (2.39)), (2.40), and Lemma
2.52| are readily integrated to the following basic features of the whole R-sequence:

Lemma 2.56. Let R be o-regular. Let an R-sequence as (2.47)) have length n. Then {(S;, E;)}1q is
a sequence of exceptional pairs, which, in addition to (2.48|), satisfies the following monotonicities:

- (R) = ¢(S1) < ¢—(E1) = ¢(52) < ¢—(E2) = &(53) < ... (2.49)
deg(R) > deg(E;) > deg(E2) > deg(E3) > ... (2.50)

where {S;}1, are semistable, {Ei}?:_ll are o-reqular, and the last object E, is either semistable or
again o-regular (and then the sequence can be extended).

In the rest of this section we make various refinements of Lemma Whence, in the rest
of this section the objects R, {(Si, Ei)}I~, and the integer n € N will be as in Lemma [2.56] in
particular these objects fit in an R-sequence (2.47), which ends at E,. Assuming this data, we will
show that under additional conditions some of the inequalities in are strict, and vanishings,
other than the already known {hom*(E;, S;) = 0} ;, appear. The basic lemma is:

43R is the exceptional object, which is the origin of the sequence, so for example if the length is > 2, then after
removing the first step X1 we get an E1-sequence.
4Recall that the notation deg(X) is explained in Section [0.1| before the introduction.
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Lemma 2.57. Let 1 < i <n. Then the following implications hold:
(a) If deg(S;) > deg(Si+1), then hom*(S;+1,S;) = 0.
(b) If deg(S;) = deg(Si+1), then hom*(S;11,5;) =0 and ¢(Si+1) > #(S;).
(¢) If deg(S;) + 1 = deg(Sis1), then hom'(Siy1, S;) = 0.

Proof. Since E; and E;_; are regular, all the four features specified right after (2.17)) hold for
alg(E;—1) and alg(E;). Now we unfold the definitions and use these features to write:

deg(S;) = deg(V)

U——E;_ U’ E; Si € Ind(V) Uy /
aa(Ei) = . o alg(E)= - v E; € Ind(U) degéﬁg?; &evg)(‘/)
v v Sivr € Ind(V) 46y — (v
hom*(E;, V') = 0, d(V') = o_(E;) > ¢(V), 05 (E;) < O5(Ei—1). (2.51)

The first two expressions in show that we can apply Lemma to E; and V. Since V'
is a direct summand of o_(F;) and deg(S;1+1) = deg(V’),deg(V) = deg(S;), this lemma gives us:
hom™(V', V) = 0, if deg(Si+1) < deg(S;); hom(V',V[1]) =0, if deg(Si+1) = deg(S;) + 1.

So far we proved (a), (c). It remains to show that the inequality ¢(S;y+1) > ¢(S;) given by
is strict inequality ¢(S;+1) > ¢(S;) in (b). We first observe the following implication:

¢(Si+1) = ¢(SZ) = Si+1 € ITLd(O'_ (Ei—l)) N Ind(a_ (EI)) (2.52)

Indeed, by (2.40]) we have 0,(E;)(Si+1) # 0 . From (2.51)) it follows that 6,(E;_1)(Si+1) # 0, hence
Si+1 is an indecomposable component of some HN factor of E;_;. This must be o_(FE;_1), because

the assumption ¢(S;11) = @(S;) implies ¢_(E;_1) = ¢(Si41), so we obtain (2.52).

Suppose that ¢(S;) = ¢(Si+1) and deg(S;) = deg(Si+1), then ¢(V) = ¢(V’) and deg(V) =
deg(V’) = j for some j € Z. Hence V and V' are the degree j terms of o_(E;_1) and o_(E;),
respectively. Now and Krull-Schmidt property imply S;11 € Ind(V) N Ind(V'), which con-
tradicts the already proven hom™(V’, V) = 0. Hence (b) and the lemma follow. O

Corollary 2.58. If for each i € {1,2,...,n} we have deg(S1) > deg(S;), then:
(a) the vanishings hom™(S;, S1) = hom™(E;, S1) = 0 hold for each integer i with 2 < i < n,
(b) furthermore, if deg(S;) = deg(S1) for some i > 2 then ¢(S1) < ¢(S;).
The inequalities {deg(S1) > deg(S;)}7_; hold in any of the following cases:

o X1: C2a
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o X1 = C3
e C3 does not occur in the sequence {X1, X9, X3,..., Xp}.

Proof. From Lemma we have {¢_(E;) > ¢(S1), ¢(Si) > ¢(S1)}; and hom*(Ey,S1) = 0.
Suppose that for some ¢ with 1 < ¢ < n we are given hom™(E;,S1) = 0 (here we make an
induction assumption). We use the triangle alg(E;)(it must be of type C1, C2, C3):

U Ei Sit1 € Ind(V)

alg(E;) = ™. o UV eT,U#0,V #0, s € Ind(U)

where V' is a direct summand of o_(E;) and V is of pure degree.
By hom™*(E;, S1) =0, ¢_(E;) > ¢(S1) we can apply Lemma and we obtain

hom=!(V, S;) = 0. (2.53)

Therefore, if deg(Si+1) < deg(S1), then hom*(V,S;) = 0, since deg(V) = deg(Si+1). Now
hom*(V, S1) = 0 together with the induction assumption hom*(E;, S1) = 0 and the triangle alg(E;)
give hom™(U, S1) = 0. Hence hom™(E;4+1,51) = 0 and hom™(S;4+1,51) = 0. Part (a) follows.

We prove part (b) by contradiction. Suppose that deg(S;) = deg(S1) and ¢(S;) = ¢(S1). From
and it follows 0, (R)(S;) > 0,(E;—1)(S;) > 0, therefore S; is a direct summand of some
HN factor of R. On the other hand by ¢(S1) = ¢_(R), ¢(S;) = ¢(S1), and deg(S;) = deg(Sy) it
follows S1,S; € Ind(V'), where V' is the degree deg(S;) = deg(S1) term of o_(R). Therefore (recall

U R

also C1.2, C2.2, C3.2), we can write alg(R) = "~_ » and S; € Ind(V). The definition of

------------- - (Deﬁnition implies that we can replace Sl‘gy S; in the R-sequence which we consider.
However now part (a) of the corollary says that hom™*(.S;,.S;) = 0, which contradicts S; # 0. Hence
d(S;) > ¢(S1), if deg(S;) = deg(S1) and part (b) is shown.

To prove the rest of the corollary, we use table for comparing degrees.

If we are given X; = C2a or X; = C3, then deg(E;) = deg(S1) — 1. From in Lemma
we can write that deg(E;) < deg(F) = deg(S1) — 1 for i = 1,2,...,n — 1, hence deg(E;) +
1 < deg(Sy). By E; > (Sit1, Eit1) and the last expression in (2.39) we have also deg(S;+1) <
deg(E;) + 1. Hence, we obtain deg(Si+1) < deg(S1) fori=1,2,...,n—1.

Finally, assume that the sequence {X1, X9, X3,...,X,,} does not contain C3. By the already
proven, we can assume that X; = C2b or X; = C1, which implies deg(E;) = deg(S1). Since
C3 is forbidden, it follows {deg(S;+1) = deg(FE;)}!', hence by we obtain {deg(S;+1) <

deg(Sl)}?gll. The corollary is completely proved. O]
Corollary does not ensure the vanishings {hom*(S;, S1) = hom™(E;, S1) = 0};>2 for R-
sequences with first step C1 or C2b and containing a C3 step. The obstacle to obtain these

vanishings for each R-sequence is that the data hom*(X,S) = 0, S € 0%, ¢_(X) > ¢(5) gives
hom=!(o_(X),S) = 0, but not hom*(s_(X), S) = 0 (see Lemma [2.19).
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For certain R-sequences starting with a C1 step and ending with a C3 step we obtain these
vanishings in the next lemma, but here we use the property in Corollary (b) for the first time.

Lemma 2.59. Assume that, besides being reqularity-preserving, the category A satisfies the follow-
ing: for any two X,Y € Aege at most one degree in {hom?(X,Y)},ecz is nonzero.
If an R-sequence (as in Lemma obeys the following restrictions (all the three):
X1 = C1; in the sequence { X9, X3,..., X1} do not occur C2a and C3; X,, = C3,
then it satisfies hom*(S;, S1) = hom*(E;, S1) =0 fori=2,...,n.

Proof. Applying the previous lemma to the sequence obtained by truncating the last step X,,, we
obtain the given vanishings for ¢ < n. We have to prove only hom*(S,, S1) = hom*(E,, S;) = 0.

We first observe that from B X» (S,E), X € {C2b,C1} it follows by Definition [2.45 that
deg(B) = deg(F) and there exists a monic E — B in A[deg(B)]. Therefore we can assume that
0 = deg(R) = deg(Ey) = -+ = deg(Fn—1) and Ey, Es, ..., E,_1 are A-subobjects of R. Since
X, = C3, we have, by C3.2, that alg(F,,—1) = HN_(FE,,—1), and we can write:

a(E ) A /En—l ABeA En € Ind(A)
g(Ln—1) = - Bl ’ d—(A) > ¢(B[1]) = ¢p_(En—1) Sn € Ind(B][1]).

(2.54)
Let us take now any I' € Ind(A). From Lemma we have hom(I', E,_1) # 0. Since E,_; is an
A-subobject of R and T € A, it follows that hom(I", R) # 0. By the given property of A it follows
that hom!(I", R) = 0 (any I € Ind(A) is exceptional object). Therefore we obtain hom!(A, R) = 0.
A R,
Since X; = C1, we have a diagram alg(R) = 7~ » and S € Ind(B'), Ey € Ind(4'). By
B
Lemma (b) it follows hom!(A, B') = 0 . We have also ¢_(A) > ¢_(E,_1) > ¢_(R) = #(B),
therefore hom(A, B’) = 0. Thus, we obtain hom*(A, B’) = 0, and hence hom*(A,S;) = 0. The
triangle (2.54) and hom*(F,_1,S1) = 0 imply hom*(B, S1) = 0. The lemma follows. O

2.8 Final regular cases

Let R be a final o-regular object and (S, F) be any exceptional pair satisfying R - X -~ (S,E), X €
{C1, C2a, C2b, C3}. We have that E € ¢°° from the very definition of final(Definition . We
show here that, besides being semistable, the exceptional pair (S, F) satisfies ¢(S) < ¢(E)(Corollary
2.61). Furthermore, if R is the middle term of an exceptional triple (Spin, R, Smaz)(see Corollary
2.64)), then the quadruple (Spmin, S, E, Smaz) is also exceptional.

All results here, except the second part of Corollary [2.62] hold without regularity-preserving.

The first lemma ensures some strict inequalities. In this respect it is similar to Lemma (b)
and Corollary (b). As in their proofs, the function 6, will be useful again here.
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U R
Lemma 2.60. Let R be a o-reqular object with alg(R) = “~. . For each T € Ind(U) from

v
I € 0% it follows that ¢(V') < ¢(T'). In particular, if R is a final, then ¢_(U) > ¢(V).

Proof. For simplicity, let R € A. If R is a C3 object, then the lemma is true by C3.2, so we can
assume that R is a C1 or a C2 object. Then the triangle alg(R) is of the form (if R is C1, then
A = 0, otherwise Ay # 0)

A1 @ Ag[—1] R hom™*(A;, B) = hom™(Ay, B) =0
"\\\ < A1,Ay,Be A (255)
B 0,(A1 ® As[—1]) < 6,(R).

We consider first the case I' € 0°* N Ind(A1). Then 0,(I") < 0,(A1 & Az[—1]) < 6,(R). Since I'
is semistable, the last inequality implies 6,(R)(I") # 0, hence I' is an indecomposable component
of some HN factor of R. If ¢(I') = ¢(B) then this must be the minimal HN factor o_(R). On the
other hand deg(I") = 0 and B is the zero degree of o_(R). Therefore, we see that if ¢(I") = ¢(B),
then I' € Ind(B), which contradicts hom™(A;, B) = 0.

Now let I' € 0% N Ind(As2). Then 0,(I'[—1]) < 0,(A1 & A2[—1]) < 0,(R) and as in the previous
case we deduce that I'[—1] is an indecomposable component of an HN factor of R. If ¢(TI'[—1]) = ¢(B)
then this must be o_(R), but deg(I'[—1]) = —1, which contradicts Lemma (a).

If R is final, then each I' € Ind(U) is semistable and the lemma follows. O

By this lemma and Definition [2.45] we obtain:

b's
Corollary 2.61. Let R be final o-reqular. Let R > (S,E). Then S, E € 0% and ¢(E) > ¢(5).

Having ¢(S) < ¢(F), it follows that (S, E[—i]) is a o-pair(Definition for some i > 1.
Indeed, we have ¢(S) — 1 < ¢(E[—i]) < ¢(S) for some i > 1. Since deg(S) > deg(E)(recall (2.39)),
the pair (S, E[—i]) has all the features of a o-pair. Thus, we obtain the first part of the following
corollary:

Corollary 2.62. Each final o-regular object implies the existence of a o-exceptional pair.
In particular, if A is reqularity-preserving, then each o-reqular object induces such a pair.

Proof. If there exists a o-regular object, then by preserving of regularity and Lemma [2.55 we get a
final o-regular object. Hence, by the first part, we obtain a o-exceptional pair. O

If A has not Ext-nontrivial couples, then each non-semistable exceptional object is o-regular for
each stability condition, hence:

Remark 2.63. If there are no Ezt-nontrivial couples in A, as in A = Repi(K(l)), then each
non-semistable exceptional object induces a o-exceptional pair.
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The origin of our main o-triples criterion(Proposition [2.80)) is in the next corollary.
Corollary 2.64. If we are given the following data:
® Smin, Smaz € 0°° N Aeze With ¢(Smin) < O(A) < d(Smaz) for each A € 0% N Aege

e (Smin, R, Smaz) s an exceptional triple, s. t. R € Ay is final and o-reqular

X
e R s (S,E), X € C1,02a,C2b,C3,
then (Smin, Sy E, Smaz) is a semistable exceptional quadruple (and no two of R, S, E are isomorphic).

Proof. We have hom*(E,S) = 0 (in particular S % E) and we must show that hom*(Spaz, S) =
hom™(Smaz, E) = hom™(S, Spin) = hom™(E, Spin) = 0. By assumption R is final and then both
S, I are semistable. Since R is not semistable, it cannot be isomorphic to S or to E.
A R
Let us assume first that R is a C3 object. Then we have a triangle alg(R) = . ¥ with
B1]
hom*(A4,B) =0 and E € Ind(A), S € Ind(B[1]). The assumptions on Spin,Smas and C3.2 imply

¢(Smaz) = ¢(E) > ¢(B) +1 = ¢(S5) +1 = ¢(Smin) + 1.

Hence hom*(S,,4z, B) = 0, which, combined with hom*(S;,4., R) = 0 and the triangle alg(R),
implies hom™*(Syaz, 4) = 0. Thus, we get hom™ (Sy42,5) = hom™(Spez, E) = 0. Since each T' €
Ind(A) satisfies ¢(I') > ¢(B)+1 > ¢(Smin)+ 1, we have hom™ (A, Spnin) = 0. Now hom™ (R, Syin) =
0 and alg(R) imply hom™*(B, Syin) = 0. Thus, we get hom™ (S, Spin) = hom™(E, Spin) = 0 as well.

Let us assume now that R is a C1 or C2 object. Then the triangle alg(R) is of the form (if R
is C1, then Ay = 0, otherwise Ay # 0):

A1@A2[—1] R A1,A,Be A
alg(R) = oo S hom*(A;, B) = hom*(As, B) =0 (2.56)
B E € Ind(A; @ Ay[—1]), S € Ind(B).

Since B # 0 is semistable and hom!'(B,B) = 0, it follows ¢(Smaz) > ¢(B) > ¢(Smin). On
the other hand we have hom*(R, Spin) = 0 and ¢_(R) = ¢(B). From Lemma it follows
hom* (B, Smin) = 0, which, combined with hom*(R, Sy.in) = 0 and the triangle alg(R), implies
hom* (A1 @ A2[—1], Smin) = 0. So, we obtained hom* (.S, Syin) = hom™ (E, Spin) = 0 and it remains
to show hom™(Syaz, S) = hom*(Sy4z, ) = 0. From Lemma it follows that for each indecom-
posable component I' of Aj, resp Ag, we have ¢(I') > ¢(B), resp. ¢(I'[—1]) > ¢(B), and combining
with ¢(Smaz) > ¢(I') we see that ¢(Smaz) > ¢(B), hence hom(Sye2, B) = 0.

Furthermore, if R is C2, then Ay # 0 and ¢(Smaz) > (1), ¢(I[—1]) > ¢(B) for each T' €
Ind(Az). Therefore ¢(Smaz) > #(B) + 1 and hom™(Spaz, B) = 0. The latter together with
hom* (Syaz, R) = 0 imply hom™ (Spaz, A1 & A2[—1]) = 0, and the corollary follows.
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Finally, if R is C1, then Ay = 0 in the triangle and we have a short exact sequence 0 —
Ay = R — B — 0. Hence, by Lemma [2.39 and hom(Spqqe, R[1]) = 0 we get hom(Spqqe, B[1]) = 0.
We showed already that hom(Sy,4z, B) = 0, therefore hom™(Syaz, B) = 0. Using again the triangle
and hom™ (Syqz, R) = 0 we obtain hom™(Sy,4z, A1) = 0. The corollary follows. O

2.9 Constructing o-exceptional triples

So far, the property of Corollary (b) was used only in Lemma [2.59, In this section it is used
throughout. We start with a simple observation:

Lemma 2.65. Let A be as in Subsection . Let Comllary (b) hold for A. Then for any
two non-isomorphic exceptional objects A, B € A we have hom(A, B) =0 or hom(B, A) = 0.

In particular, if C € A satisfies hom!'(C,C) = 0, then for any two non-isomorphic A,B €
Ind(C) one of the pairs (A, B), (B, A) is exceptional.

Proof. Let hom(A, B) # 0. Take anonzerou : A — B. By Corollary (b) it follows hom! (A, B) =
0. One can show that [I6, Lemma 1, page 9] holds for A, so hom!(A, B) = 0 implies that ev-
ery nonzero f € hom(B, A) is either monic or epic. Suppose that f € hom(B, A) is epic, then
uo f € hom(B, B) = k is nonzero, hence f is also monic. Therefore f is invertible, which contra-
dicts the assumptions. If f is monic, then we consider f ou and again get a contradiction.

The second part follows from Remark [2:37 O

Besides the restrictions of Subsection [2.4.1] we assume throughout Section that Corollary
2.7 (b) holds for A and that A is regularity-preserving. In Subsection besides these features,
we assume that A has the additional RP property (Corollary and that Corollary holds
for it. In particular, all results hold for A = Repp(Q1) (the preserving of regularity follows from
Corollary (a) and Proposition [2.52)).

We denote D°(A) by T, and choose any o € Stab(T). In Corollary is shown that any
o-regular object R induces a o-pair. If R is final, then this pair is of the form (S, F[—j]) with 7 > 0,
for any R - (S, E). Using a o-regular object R, we will obtain in this section various criteria
for existence of o-exceptional triples in 7. To obtain a o-triple we utilize three approaches: using
long R-sequences(of length greater than one); combining the o-pairs induced by several single step
R-sequences with a final R; combining a o-pair induced from R with a semistable S € Agz. N 0o®® of
phase close to the minimal /maximal phase. The minimal and maximal phases are defined byﬂ

Gmin = If({A(S) : S € 0% N Acxe}) Omaz = sup({o(S) : S € 0% N Aeze})- (2.57)

Note that if Corollary holds for A, which is assumed in Subsection then we have
—00 < Omin < Gmar < 00. Indeed, if some of the strict inequalities fails, then we can construct

4TFor the notation o** see (2.9) and recall that by A... we denote the set of exceptional objects of A
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a sequence S7,S2,S53,54,...,5, (as long as we want) of semistable exceptional objects in A, s. t.
{6(Si) +1 < ¢(Si+1)}=, which contradicts Corollary

We denote by Spin/Smaz 0bjects in Aeze No®® satisfying ¢(Smin) = Gmin/?(Smaz) = Gmaz, this
can be expressed by writing Sy /maz € P(Pmin/maz) N Aeze-

We note in advance that by replacing “C3” with “C2” and “> ¢yin” With “< ¢pmq.” We obtain
the criteria in which R is a C2 object from those in which R is a C3 object. However, the proof of
the C2 versions demands more efforts and more assumptions on A(the additional RP property and
Corollary .

The criteria using long R-sequences with a C1 object R are weaker than those with C2/C3.

The distinction between C1, C2, C3 is not essential in Lemma m (based on the second
approach, where R is final) and in Proposition m Furthermore, Proposition asserts that if
Omin — Pmaz > 1, then any non-semistable ¥ € A, which is a middle term of an exceptional triple
(Smin, E, Smaz) induces a o-exceptional triple (the regularity of E follows).

2.9.1 Constructions without assuming the additional RP property

Recall(Deﬁnition that an exceptional triple (Sp, S1,S2) is said to be g-exceptional under three
conditions: it must be semistable, it must satisfy hom=C(Sy, S1) = hom=%(S, S3) = hom=°(S;, S5) =
0, and the phases of its elements must be in (¢,¢ + 1] for some ¢ € R. If we are given only that
(S0, S1,S2) is semistable, then we can always ensure the second or the third condition by apply-
ing the shift functor to S, Sa, but both together - not always. For example if ¢(S;) = ¢(Si+1),
hom(S;, S;+1) # 0 (i = 0,1), then this cannot be achieved (similarly, if ¢(S;) = ¢(Si+1) + 1,
hom!(S;, Si+1) # 0). In the following lemma are given some cases in which this can be achieved.
We give the arguments for one of them. The rest are also easy. Keeping in mind Remark is
useful, when checking these implications.

Lemma 2.66. Let (Sp, S1,S52) be a semistable exceptional triple, where Sy, S1,Se € A. If any of
the following conditions holds:

(a) ¢(So) < @(S1) < ¢(S2), 1+ ¢(S0) < ¢(S2)

(b) #(So) < #(S1) < #(S2), hom(Sp, S1) =0

(c) #(So) < #(S1) < #(S2), hom(S, S2) =0

(d) ¢(So) < d(S2) < ¢(51) < ¢(S2) + 1, hom(Sy,52) =0

(e) #(So) < #(S1) +1, ¢(S1) < d(S2), ¢(So) < ¢(S2), hom(Sp, S1) =0

(F) ¢(So) < ¢(S1) + 1, ¢(S0) < ¢(S2) +1, ¢(51) < ¢(S2) + 1, hom(So, S1) = hom(Sp, S2) =
hom(Ss, S5) = 0

(9) ¢(So0) < #(52),0(S0) +1 < ¢(51),0(52) # ¢(S1[—1]), hom(Sp, S2) = hom(S1, S2) =0,
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then for some integers 0 < i, 0 < j the triple (So, S1[—1], So[—j]) is o-exceptional.

Proof. (d) From ¢(Sp) < ¢(S2) it follows that ¢(S2[—j]) < ¢(So) < ¢(S2[—j]) + 1 for some
J = 1. From ¢(S2) < ¢(S1) < ¢(S2) + 1 it follows ¢(S2[—j]) < ¢(S1[—j]) < ¢(S2[—j]) +1. Now
hom(S, S2) = 0 implies that (So, S1[—j], S2[—7j]) is a o-exceptional triple. O

The next lemma is a step in the proof of our basic long R-sequences criterion Proposition [2.68

b's
Lemma 2.67. Let R > (S, E), where X € {C1, C2b}. Then there exists S’, such that

R o (5” E), hom(S', E) =0, hom(R,S") # 0, hom(E, R) # 0.

Proof. By Definition with X € {C1, C2b}, there is a triangle of the fornﬁ AL @ Ag[-1] —
R — B — A4[1] ® Az and S € Ind(B), E € Ind(A;). Furthermore, any A" € Ind(A,), B’ €
Ind(B) satisty hom!(B, A’) # 0, hom(R, B") # 0, hom(A’ R) # 0O(see C1, C2 and Lemma .
In particular, there exists S’ € Ind(B), with hom!(S’, E) # 0. By Corollary (b) it follows
hom(S’, E) = 0. The lemma follows. O

Now we obtain o-triples from certain, but not all, long@ R-sequences.

Proposition 2.68. If there exists an R-sequence

X1 X X ) X,
R - (SlaEl) projo E (527E2) projo E2 3, . M En (Sn,E ) Projo En

PTOMI pT0J1I progll (2.58)
Si So . Sh

with n > 2, E,_1 is final, and {deg(S1) > deg(S;)}_,, then there exists a o-exceptional triple.

Proof. Assume that such a sequence exists. Since F,,_1 is final, Corollary implies that S,, and
E,, are both semistable and ¢(E,,) > ¢(S,). Since deg(S1) > deg(S;) for each i = {1,2,...,n}, by
Corollary and table ([2.41]) we obtain

hom* (S, S1) = hom*(E,,S1) =0
deg(51) = deg(Sn) = deg(Ey),  &(51) < ¢(Sn) < (En).

In particular, the exceptional triple (Si,Sy, Fy,) is semistable and after shifting we obtain a triple
of the form (A, B[—i], C[—i — j]) with 0 <,0 < j, #(A) < ¢(B[—i]) < ¢(C[—j —i]), A, B,C € A.
If i # 0, then Lemma (a) can be applied to the triple (A, B, C) and the proposition follows.
If i = 0, then deg(S1) = deg(S,). By Corollary (b) it follows ¢(S1) < ¢(Sy,). Whence, we
obtain a semistable triple (A4, B, C[—j]) with 0 < j, ¢(A) < ¢(B) < ¢(C[—j]). If j # 0, then the

48If X = C1, then Ay = 0. If X = C2b, then Ay # 0.
“9by “long” we mean of length greater than one
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triple (A, B, C) satisfies the conditions in Lemma (a). If 5 =0, then X,, € {C2b,C1} and
due to Lemma we can assume that hom(Sy, E,,) = hom(B,C) = 0. Now the triple (4, B, C)
satisfies the conditions in Lemma (c). The proposition follows. O

It follows that any long R-sequence starting with a C3 or a C2a step induces a o-triple:

X
Corollary 2.69. From the data: R - (S,E), X € {C38, C2a}, E ¢ o°° it follows that there
exists a o-exceptional triple. In particular each non-final C8 object implies such a triple.

Proof. Since E ¢ 0%, by Lemma [2.55 we obtain an R-sequence with maximal length n > 2 and

with first step the given R - X > (S, E). This sequences is of the form with X; = X, n > 2.
As far as the sequence is of maximal length, the object E,_1; must be final and o-regular. Since
X1 = X € {C3, C2a}, Corollary gives {deg(S1) > deg(S;)};. Thus, we constructed an
R-sequence with the three properties used in Proposition m The corollary follows. O

The next lemma uses a final regular object R, so we do not have long R-sequences here.

U R
Lemma 2.70. Let R be a final o-reqular object with alg(R) = ~~_ . Then we have:
V

(a) If alg(R) is not the HN filtration of R, then U is not semistable.

(b) If U is not semistable, then there exists a o-exceptional triple.

Proof. Without loss of generality we can assume that R € A. Since R is a final o-regular object, any
I' € Ind(U) is a semistable exceptional object, and hence by Lemma it satisfies ¢(I") > ¢(V).
Now part (a) is clear and it remains to prove (b).

If U is not semistable, then there exists a pair of non-isomorphic I'1, 'y € Ind(U) with different
phases. We can assume ¢(I'y) > ¢(I'1). In particular, for the rest of the proof we can use

hom(FQ,Fl) =0 ¢(F2) > ¢(F1> > ¢(V) (2.59)
First, assume that R is a C1 object. Then the triangle alg(R) and some of its properties are
A R

alg(R) = ™~ . ¥ A, B € A,hom' (A, A) = hom' (B, B) = hom*(A, B) = 0.

By hom!(A, A) = 0 we have hom!(I'5,T;) = 0, which, combined with hom(T',I';) = 0, implies
hom™*(I'2,T'1) = 0. By hom*(A, B) = 0 it follows that for each I' € Ind(B) we have hom™(I';,T") = 0,
i =1,2. Hence for each I € Ind(B) the triple (I',I'1, I'2) is exceptional and ¢p(V) = ¢(I") < ¢(I'1) <
#(T2). By C1.4 we have hom!(B,T) # 0, and hence we can choose T' so that hom!(T',T';) # 0,
which by Corollary (b) implies hom(I",I";) = 0. Thus, we constructed an exceptional triple
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(I,T'1,T9) with hom(I',T';) = 0, ¢(I') < ¢(I'1) < ¢(I'2). By Lemma (b), after shifting this
triple becomes o-exceptional.
In C3 case:

R
alg(R) = ™. B[l]/ A,B € A\ {0}, hom'(A, A) = hom'(B, B) = hom*(4, B) = 0.

As in the previous case we obtain that for each I' € Ind(B) the triple (I',T'1,T'2) is exceptional.
Now ([2.59) becomes ¢(V) = ¢(I') +1 < ¢(I'1) < ¢(I'2) and Lemma (a) gives a o-triple.

In C2 case the triangle alg(R) and some of its properties are:

Ay @ Ag[—1] R Ay, B € A\ {0}
. < homl(Al, Ap) = homl(Ag, Ag) = homl(B, B)=0. (2.60)
B hom* (A1, Ap) = hom*(A;, B) = hom* (A, B) = 0

If both I';, 'y € Ind(A;), then the arguments are the same as in C1 case.

If both Ty, Ty € Ind(Az[—1]), then hom!(B, B) = hom*(As, B) = 0 imply that for each T' €
Ind(B) the triple (I',T'1,I'2) is exceptional and now I';[1] € A, ¢(I';[1]) > ¢(B) +1 = ¢(I') + 1, i.
e. ¢(I)+1 < ¢(T'1[1]) < ¢(T'2[1]). From this data Lemma [2.66] (a) produces a o-exceptional triple.

Before we continue with the other possibility, we note that

hOHl(Ag,Al) =0. (2.61)

Indeed, by C2.4 for each I' € Ind(Az) we have hom(I', R[1]) # 0, then by Corollary (b) it
follows hom(I', R) = 0, i. e. hom(As, R) = 0. Now hom(Az, A1) = 0 follows from the fact that A;
is a proper subobject of R in A.

If Ty € Ind(A;), Ty € Ind(Az[—1]), then(see (2.60)) for each I' € Ind(B) the triple (I',I'2,I'y)
is exceptional. We will show that I" € Ind(B) can be chosen so that the conditions of Lemma
(g) hold with the triple (I',I'2[1],T'1). These conditions are: ¢(I') < ¢(I'1), &(T') + 1 < ¢(I'2[1]),
(b(rg) 75 ¢(F1)7 hOm(F,Pl) = hOm(FQ[l],Fl) = 0.

By C2.4 we see that T’ can be chosen so that hom!(I',T';) # 0 and then by Corollary (b)
hom(T",T';) = 0. We have the vanishing hom(I'2[1],I'1) = 0 by hom(As, A1) = 0. The inequalities
o) > o(T), ¢(T'2[1]) > #(I') + 1 hold because I';,I'y are components of U = A; & Aa[—1].
Finally, we have ¢(I's) # ¢(I'1) by assumption and the conditions of Lemma [2.66] (g) are verified.
The lemma follows ) O

A R
Corollary 2.71. Let R € Acye be a C3 object with alg(R) = -« <. If alg(R) differs from
B[1]
the HN filtration of R or they coincide and ¢pmin < ¢(B), then there exists a o-exceptional triple.

%¥We do not need to consider separately the case: I'1 € Ind(A2), T2 € Ind(A1), for the relation ¢(T'2) # ¢(I'1) is
symmetric.
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Proof. By the previous lemma and Corollary we can assume that alg(R) is the HN filtration,
hence A is semistable and ¢(A) > ¢(B) + 1. If ¢pmin < ¢(B), then ¢(B) > ¢(S) for some S €
AezeNo®® and by ¢(A) > ¢(B) + 1 we obtain hom*(A4,.S) = 0. Since we have ¢_(R) = ¢(B)+1 >
#(S) + 1, it follows hom*(R,S) = 0, which due to alg(R) gives hom*(B,S) = 0. Thus, we see
that for any A’ € Ind(A), B’ € Ind(B) the triple (S, B’, A’) is semistable and exceptional with
?(S) < d(B') < ¢p(4), (S) +1 < ¢(A"). Now the corollary follows from Lemma [2.66] (a). O

We obtain now o-triples from some R-sequences starting with a C1 object R.
‘ c1 oroj cs
Lemma 2.72. Let R € A be a C1 object. Let R -+ (S1,E1) —> Ey - (S3[1], E2) be an R-
sequence. Then (S1,S2, E2) is an exceptional triple with ¢(S2) + 1 < ¢_(FE2) and hom(S1,S2) = 0.
Furthermore, any of the three conditions Ea & 0%%;  $(S2) > dmin;  ¢(S1) # ¢(S2) + 1 implies
an existence of a o-exceptional triple.

Proof. By Lemma we see tha;cgl(Sl, S, E9) is an exceptional triple. Since Ej is a C3 object, we
can write alg(Ey) = - B’[l]/ and(see C3.2) ¢_(A") > ¢(B’) + 1. From E3 € Ind(A’),Ss €
Ind(B'’) we obtain the first property ¢(S2) +1 < ¢_(FE>).

Next, we consider the vanishing hom(S7, S2) = 0. From C3.3 it follows hom(Es, F1) # 0. As
far as R is a C1 object, we can write alg(R) = A'\ B/R and E, € Ind(A), S1 € Ind(B). In

particular F; is a subobject of R in A. Now by Eq, Fs, R € A and hom(Es, Eq) # 0 it follows that
hom(Es, R) # 0, and hence Corollary implies hom(R, E2) = 0. These arguments hold for each
element in Ind(A’), hence hom(R, A’) = 0. By the exact sequence alg(FE7) we get hom(R, B) = 0,
and by the exact sequence alg(R) we get hom(B, B") = 0, hence hom(S1, S2) = 0.

If By ¢ 0%, then we get a o-triple from Corollary so let Fy € 0%, If ¢(S2) > Ppmin, then
by Corollary the lemma follows.

Finally, consider the condition ¢(S1) # ¢(S2)+1. Since we have also ¢(B'[1]) = ¢_(E1) > ¢(S1),
we can write ¢(51) < ¢(S2) + 1. We already obtained ¢(S2) + 1 < ¢(F2) in the beginning of the
proof. Thus, the triple (51, Se, E2) satisfies ¢(S1) < ¢(S2) + 1, ¢(S2) < ¢(Ea), ¢(S1) < ¢(Es),
hom(S7,.S2) = 0 and by Lemma (e) it produces a o-exceptional triple. O

2.9.2 Constructions assuming the additional RP property
In this subsection we restrict A further by assuming that the properties in Corollary and Corol-

lary holdﬂ

In the previous subsection we obtained a o-triple (without using the additional RP property)
from any long R-sequence with a C3 object R. One difficulty to obtain analogous criterion when

51 We refer to the property in Corollary as the additional RP property. If rank(Ko(A)) = 3 and each exceptional
triple generates D®(A), then Corollary holds.
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R is a C2 or a C1 object is mentioned before Lemma [2.59] It makes it difficult to obtain the
vanishings {hom™*(S1, S;) = hom*(S1, E;) }i>2 and so to obtain an exceptional triple. Nevertheless,
when R is C2, with some extra efforts and utilizing the additional RP property and the property in
Corollary we obtain exceptional triples in Proposition 2.73] Furthermore, we show that these
exceptional triples can be shifted to o-triples. We have not an analogous criterion with a C1 object.

2

Proposition 2.73. Each non-final C2 object produces a o-exceptional triple.

Proof. Let R € A be a non-final C2 object. Consider the triangle alg(R):

Ay & Ay[—1] R A, B € A\ {0}
A4 hom!(A;, A1) = hom' (A, Ag) = hom! (B, B) =0 . (2.62)
B hom*(A;, A2) = hom*(A;, B) = hom*(As,B) =0

For any I'y € Ind(B), I € Ind(Az[—1]) we have R sz: (T'o,T), hence by Corollary 2.69|if T" & 055,
the proposition follows. Thus, we can assume that all components of As are semistable and A; # 0.

For any I'g € Ind(B),I'1 € Ind(As2),T's € Ind(A;) the triple (I'g,I'1,I'2) is exceptional, hence by
Corollary [2.11] we see that each of Ind(A1), Ind(Asz), Ind(B) has up to isomorphism unique element.
Whence we can write

A =T8, Ay =T, B=T] (Tp,T'q,T2) is exceptional triple. (2.63)

We explained that I'y € 0%, furthermore by Lemma it follows ¢(I'1[—1]) > ¢(T0):
To,Ty €0, 6(T1) > ¢(To) + 1. (2.64)
By Proposition we know that I'y is o-regular, so alg(I'2) is of type X € {C1, C2, C3}.

We will construct a o-exceptional triple in each case.
If I's is a C3 object, then by Corollary we can assume that I's is final. For the triangle

T, A" B e A\ {0}
alg(Ty) = ™ ¥ hom!(A’, A’) = hom!'(B’, B') = 0 (2.65)
B1] hom*(A’, B') =0

due to Lemma [2.70] (b) and Corollary we can assume also that A’ is semistable with ¢(A’) >
d(B") 4+ 1 and ¢(B') = dmin. We have also ¢(B') +1 = ¢_(I'2) > ¢_(A1) > ¢(B) = ¢(Ty) >
Gmin = ¢(B'). Therefore we can write

P(A") > ¢(B) +1 = ¢(I'o) = ¢(B) = ¢(B"). (2.66)

52Lemma and Corollary [2.75| cover all R-sequences with a C1 object R and of length greater than two.
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" / 1" / C2b Proja cs3 " "
For any A” € Ind(A"), B” € Ind(B’) we have R - > (I'o,I'y) /= I'y s (B"[1], A"), hence

by deg(I'g) + 1 = deg(B"[1]) and Lemma [2.57 (c) we get hom(B”,T) = 0, hence
hom(B', B) = 0. (2.67)
We show now an implication, which will be used twice later:
If hom(B,B')=0 and A” € Ind(A"), then A" 2T;. (2.68)

Indeed, if A” = T'1, then by C2.4 applied to and recalling we obtain hom(B, A") # 0,
and then by the short exact sequence and hom(B, B’) = 0 we get hom(B,T'y) # 0. Now from
Corollary (b) it follows hom!(I'y, T'y) = hom! (B, A1) = 0, which contradicts C2.4.

Keeping in mind, we consider two options ¢(A’) > ¢(B) + 1 and ¢(A4) < ¢(B) + 1.

If $(A") > ¢(B) + 1, then hom*(A’, B) = 0, which, together with hom*(T'2, B) = 0, implies
hom*(B’,B) = 0. Therefore (see (2.63)) hom*(A’,Ty) = hom*(B’,Ty) = hom*(4’,B’) = 0,
which by Corollary imply that Ind(A")/ =, Ind(B’)/ = have unique elements,say A”, B”,
and (T'g, B”, A”) is a semistable exceptional triple with ¢(B”) = ¢(B’), ¢(A”") = ¢p(A').

Next, we show that the inequality ¢(I'g) < ¢(B”) + 1 in must be an equality. Indeed,
if p(Tg) < ¢(B”) + 1, then we have ¢(Iy) < ¢(B") + 1, ¢(B") < ¢(A"), ¢(To) < ¢(A”) and
by Lemma (e) we can assume hom(Ty, B”) # 0, so hom(Ig, B') # 0. Hence, the triangle
alg(Ty) implies hom(Ty, A’) # 0,hom(Ty, A”) # 0. Now Corollary (b) implies hom*(Ty, A”) =
hom?!(Ty, A’) = 0. From the exact sequence 0 — B’ — A’ — I'y — 0 and Lemma it follows
hom!(I'g,T2) = 0. The latter is the same as hom!(B, A;) = 0, which contradicts C2.4. So, we

obtained ¢(I'g) = ¢(B”) + 1 and becomes:
¢(B) = ¢(To) = p(B")+1=¢(B)+1 = hom(B,B’) =0. (2.69)

Now we utilize the semistable I'y in (2.64). If ¢(T'1) > ¢(B”) + 1, then hom*(I'y, B”) = 0 as well
as hom*(T'1,Ty) = 0, hence the triple (I, B”,T'1) is exceptional. From Corollary and the
triple (I'g, B”, A”) it follows I'y = A”, which contradicts (2.68). Therefore ¢(I'1) < ¢(B”) + 1.
Now implies ¢(I'1) < ¢(B). Since we consider the subcase ¢(A’) > ¢(B) + 1, therefore
d(A") = ¢(A”) > ¢(T'1) + 1. Hence, in addition to hom*(A”,Ty) = hom*(I';,Iy) = 0, we get
hom*(A”,T1) = 0. Whence, the assumption ¢(A’) > ¢(B) + 1 leads us to an exceptional triple
(T, Ty, A”). However, the triple (T, T';,T'2) implies T's & A”, which contradicts T's & 0%, A” € o°%.

Therefore, it remains to consider the subcase ¢(A’) < ¢(B) + 1. The latter together with
¢(B') +1 < ¢(A’), taken from (2.66)), imply ¢(B') < ¢(B). Combining with (2.64) and (2.66) we
get

¢(B') < ¢(B) < ¢(B') +1 < ¢(A) < ¢(B) +1 < ¢(I'1). (2.70)

These inequalities show that, in addition to hom(B’, B) = 0 (equality (2.67))) and hom*(I'y,Ty) = 0,
we get hom(B, B') = 0 and hom*(I'y, B’) = 0. For clarity, we put together these vanishings:

hom(B’,Ty) = hom(Ty, B') =0, hom*(T'y,Ty) = hom™(I'y, B') = 0. (2.71)
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The vanishings hom*(I'1,Ty) = hom*(I'1, B’) = 0 and the additional RP property (Corollary
show that for each B” € Ind(B'’) the couple {T'g, B"} is not Ext-nontrivial, i. e. we have
hom!(T'g, B”) = 0 or hom!(B”,T) = 0. Therefore, for each B” € Ind(B') we have hom*(Ty, B") =
0 or hom*(B”,Ty) = 0. If hom*(I'p, B”) = 0 for some B” € Ind(B’), then (B”,Ty,T'1) is a
semistable exceptional triple with ¢(B”) < ¢(I'g) < ¢(I'1), hom(B”,Ty) = 0 and we can apply
Lemma (b). Hence, we can assume that for each B” € Ind(B’) we have hom™(B”,Ty) = 0
and (T, B”,T'1) is an exceptional triple. Therefore the set Ind(B’)/ = has unique element, say B”.
Thus, we arrive at an exceptional triple

(To, B",T1), hom(To, B") = 0, B = (B")". (2.72)

On the other hand, the vanishings hom*(B’,Ty) = hom*(I'g,T¢) = 0 and the triangle (2.65]) imply
hom*(A’,Ty) = 0. The last vanishing and hom™*(A’, B") = 0 give rise to a triple (I'g, B”, A”) with
(A")* = A'. Both the triples (I'g, B”,A”), (I'p, B”,T1) imply A” = I'1, which contradicts (2.68).
Thus, the proposition follows, when I's is a C3 object.

If T's is a C2 object, then alg(I'2) and some of its features are

L AL[1] Ty Ay, B € A\ {0}
el K hom! (A}, A}) = hom' (4}, A)) = hom' (B, B') = 0
B hom™* (A}, A}) = hom™*(A], B") = hom* (4}, B) = 0.

For any A” € Ind(A} ® AL[-1]), B” € Ind(B’) we have an R-sequence
C2b proja C2a/b
R w (T, Tg) > Ty v ~ (B", A") without a C3-step in it. From Corollary [2.58| (the last

case) it follows hom*(B’,Ty) = hom*(A],Ty) = hom*(A45,Ty) = 0. Combining these vanishings
with hom* (A}, B') = hom* (A}, B') = 0, A}, # 0 we conclude by Corollary (2.11]) that

Al = (A" B' = (B")%; (Ty, B”,A") is exceptional; if A} #0 then A} = (A")* (2.73)
C2a

for some A”, B” € Acye. By Corollary[2.69/and I'y «» (B”, A”[—1]) we reduce to the case A” € o*%.

Thus, T'y becomes final. Furthermore, by deg(B) = deg(B’) we have deg(T'g) = deg(B”) and we
C2b ; C2a
see that the R-sequence R s (g, Ty) Fta Ty s (B", A"[<1]) satisfies the three conditions

of Proposition [2.68] This proposition ensures a o-exceptional triple. It remains to consider:
I’y is a C1 object. Denote the corresponding triangle as follows:

A Ty A" B e A\ {0}
alg(l2) = ™.~ hom!(A’, A') = hom'(B’, B') = 0 (2.74)
B hom*(A’, B") = 0.
Now we have again deg(B’) = deg(T'g). It follows from Corollaries that
A= (A" B'=(B")', (I'y,B",A") is exceptional, (2.75)

¢(B") > ¢(To). (2.76)
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for some A”, B” € Acze. The arguments which give (2 are as those giving (2.73), and (2.76)

follows from Corollary (b). If A” € 0%, then Fg is ﬁnal and Proposition m produces a
c2b .
o-sequence from the R-sequence R - > (To, o) —> proz: Ty v (B" A"). Therefore, we can assume

that A” & o°°
If A” is C1 or C2, then we get an R-sequence, in which a C3 step does not appear as follows:

O, C1 70, X3 r0,
R o - (Do, Ty) 5 projz Ty e (B", A") 2% projz anm L (S, E) P proj2
prole promI pronI X3 € {C1,C2a,C2b}.
To B g

From Corollary it follows that the sequence (T'g, B”, S, E) is exceptional, which contradicts

Corollary 2.17]

Therefore A” must be a C3 object, which ensures a I's-sequence of the form

C1 C3
Ty v (B", A7) 2% A" 0% (S[1], E). In Lemma [2.72]is shown that the triple (B”, S, E) is ex-
ceptional. The criteria given there show that F € 0% and reduce the phases of (B”, S, E) to

&(B") = ¢(S) + 1 = dpmin + 1 < ¢(E); (B”,S, E) is semistable and exceptional.  (2.77)

E’i A//
From Corollary [2.11|it follows that alg(A”) = >« ¥ for some integers i,j € N.
S[1)?

If p(E) > ¢(To)+1, then hom*(E,Ty) = 0, which, combined with hom*(A”,Ty) = 0 (see (2.75))),
implies hom*(S,Tg) = 0. These vanishings and the exceptional triples (g, B”, A”), (B", S, E) imply
that (T'g, B”, S, E) is an exceptional sequence, which is impossible.

Thus, ¢(E) < ¢(Tp) + 1 and we can write (see also (2.64)))

#(S)+ 1< ¢(E) <d(To) +1<¢Ty) = hom*(T,S)=0. (2.78)

Since hom*(I'1,'y) = 0 as well, the additional RP property(Corollary ensures that the couple
{S,To} is not Ext-nontrivial, therefore hom!(I'g, S) = 0 or hom'(S,Ty) = 0. We show below that
hom(I'y, §) = hom(S,Iy) = 0, hence hom*(I'g,.S) = 0 or hom™(S,I'y) = 0. It follows that some of
the triples (S,T0,T1), (o, S,T'1) is exceptional.

If (S,Ty,T'1) is exceptional, then Lemma (a) produces o-exceptional triple, due to the
inequalities ¢(S5) < ¢(I'o), ¢(L'o) + 1 < ¢(I'1) (see (2.78)).

If (Ty, S,T') is exceptional, then due to the inequalities ¢(S) < ¢(I'1), ¢(To) < &(T'1), ¢(To) <
#(S) + 1 (the last comes from (2.76), (2.77)) and hom(T'y, S) = 0 we can apply Lemma [2.66] (e).

The used in advance hom(I'g, S) = 0 follows from ¢(S) < ¢(I'9) (see (2.78)). The other vanishing
hom(S,Tg) = 0 follows from ¢_(A") > ¢(T'y), hom*(A”,T) = 0 (see (2.75)), and Lemma[2.19]

Now the proposition is completely proved. O
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It follows now the C2-analogue of Corollary After a proper reformulationﬂ Corollary
is transformed to Corollary by replacing “C3” with “C2” and “> ¢ With “< @paz’.

Ay @ Ag[—-1] R
Corollary 2.74. Let R € A be a C2 object with alg(R) = AN . If either alg(R)

B
differs from the HN filtration of R or they coincide and ¢(Az) < Gmaz, then there exists a o-triple.

Proof. Due to the criteria given in Proposition [2.73] and Lemma [2.70] we reduce to the case: R is
final and alg(R) is the HN filtration of R. In partlcular A & Ag[-1] € 0%

If $(A2) < Gmaz, then ¢(S) > ¢(Az) for some S € Aeze N o®. Since a[g(R) is the HN filtra-
tion of R, it follows that ¢4 (R) = ¢(A2) — 1. Therefore ¢(S) > ¢4+ (R) + 1 > ¢(B) + 1, which
implies hom™*(S, R) = hom* (S, B) = 0. From the triangle alg(R) we obtain also hom*(S, As) = 0.
Therefore, for any A" € Ind(Az), B’ € Ind(B) the semistable triple (B’, A’, S) is exceptional and it
satisfies ¢(B') < ¢(A4") < #(S), ¢(B’) + 1 < ¢(5). Now Lemma [2.66] (a) produces a o-triple. [

In the next corollary we obtain o-triples from some, but not all, long R-sequences with a C1
object R.

Corollary 2.75. Let R -~ (S1, E1). If Ey is either a C2 or a C1 object, then there exists a
o-exceptional triple.

C1 ; c2
Proof. If E1 is C2, then we have an R-sequence R - > (S1,Ey) — proz By e (SQ,EQ[ 1]). By
Proposition 2.73] we can assume that F; is ﬁnal and then Proposition [2.6§ ensures a o-triple.

If Fy is C1, then we get a second step Eq - (SQ, E,), for some (S2, F»), and then we go on
further until a final object occurs, which will certainly happen by Lemma[2.55] We can assume that
in this process a C2 step does not occur (otherwise the corollary follows by the proven case). By
Corollary we can assume that all C3 objects are final. Hence, if a C3 step occurs, then this
is the last step. The other possibility is to reach a final C1 case and then Proposition [2.68] gives a
o-triple. Whence, we reduce to an R-sequence with n > 3 of the form:

c1 c1 c1 : c3
R e (S1, By) 222 PO B - (Ss, By) 1% PO By e PR B - (S,, B, E28 P g
pTO]l I pTO]l I pTO]l I
Sy S5 s,

We apply Lemma [2.59 to the R-sequence above and to the Ej-sequence in it, and obtain:

hom*(S,, S1) = hom™(E,, S1) = hom*(S,, S2) = hom*(E,, S2) = 0. Furthermore, by Lemma
(b) and deg(S2) = deg(S1) = 0 (see table (2.41)) it follows hom*(S3,S1) = 0. These vanishings
imply that (S, S2, Sn, Ey) is a semistable exceptional sequence, which is a contradiction. O]

53The part of Corollary using ¢min can be reformulated as saying that the data: a final C3 object R € Acxe,
R e > (Sv F), X € {57 F}7 deg(X) 75 0, and ¢(X) - deg(X) > ¢7nin implies a o-triple.
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We summarize now the results concerning R-sequences with a C1 object R.

C1
Corollary 2.76. Let there be no a o-exceptional triple. If R - > (S1, E1), then the object E is
either semistable or a C8 object. If E1 is a C3 object, then for each R-sequence
c1 iy c3
R weew (S1, B1) 228 By s (S3]1], By) the triple (S1, So, E2) is exceptional, semistable, and it
satisfies: $(S2) = bmin, #(S1) = ¢(S2) + 1 < (Ez), hom(S;,S2) =0, hom'(S1,S2) # 0.

Proof. Follows from Corollary and Lemma 2.72] O

A next step to the proof of Proposition [2.80] is to show that, given a Cl-object R, each long
R-sequence induces a o-triple, when R is part of an exceptional pair (R, Spmaz) 0 (Smin, R).

Lemma 2.77. Let R € A be a non-final C1 object. If we are given one of the following:
(a) Smin € Acxe With ¢(Smin) = Gmin and hom™ (R, Spin) = 0,
(b) Smaz € Acze With ¢(Smaz) = Pmaxr and hom™(Spez, R) = 0,

then there exists a o-exceptional triple.

Proof. By the criterion given in Corollary 2.75] we can assume that there exists an R-sequence of

1 ; C3
the form R s (S1, E1) P93 By s (S2[1], E2). The triple (S1, Se, E2) is exceptional by Lemma
and using the criteria given there we can assume that it is semistable and:

In part (a) we are given that hom*(R, Spin) = 0. We claim that the triple (Syn, S1, E2) is excep-
tional. Indeed, we have: hom™(Fs, Spin) = 0 by ¢(E2) > ¢(Smin) + 1, and hom™(Es, S1) = 0 by the
exceptional triple (S1, S2, F2). Finally hom* (S, Siin) = 0 by hom* (R, Spin) = 0, ¢—(R) = ¢(S1) >
?(Smin) and Lemma . Thus, we constructed a semistable exceptional triple (S, S1, E2) with
O (Smin) < ¢(S1) = ¢(Smin) + 1 < ¢(E2). Now Lemma (a) produces a o-triple.

Let hom™(S)42, R) = 0 for some Syq0 € Aeze with maximal phase. Unfolding the definition of
C1 we get a short exact sequence 0 - E — R — S — 0 with Ey € Ind(E), S1 € Ind(S), ¢(S) =
¢(S1). Since Spag is of maximal phase, we have ¢(Spmaz) > ¢(E2) > ¢(S2) +1 = ¢(S1) = ¢(S5),
which implies hom™(Sy4z, S2) = 0, hom(Syaz,S) = 0. By Lemma and hom™(Syaz, R) = 0 we
get also hom(Syaz, S[1]) = 0, hence hom™(Sy,42,S) = 0, which in turn implies hom* ()44, F) = 0.
So far, using the conditions of (b), we obtained

hom™ (Syaz, S1) = hom™ (Spaz, E1) = hom* (S),44, S2) = 0. (2.79)

We show below that hom™(Sy,qz, E2) also vanishes, and then the sequence (51, S2, E2, Siaz) becomes
exceptional, which is a contradiction. Then the corollary follows.
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C3
Since any relation of the form Ej - (X[1],Y) gives by Lemma [2.72| an exceptional triple
E} E,
(S1,X,Y), it follows from Corollary [2.11| that alg(FE;) = hae » . This triangle and the
Sa[1)

already shown hom™(Sy,4z, 1) = hom™ (Spaz, S2) = 0 give the desired hom™(Sy,42, F2) = 0. O

The additional RP property gives us another situation, where the irregular cases B1 and B2
cannot occur. This is shown in Lemmas below. In this respect these lemmas are similar
to Proposition 2.52, but the latter uses RP properties 1,2.

Lemma 2.78. If (Spin, E) is an exceptional pair in A with Spyin € P(dmin), then E is not B2.

A E
Proof. If E is a B2 object, then alg(E) = . 5 ¥ with B € 0%, ¢(B)+1 = ¢_(FE),
1
¢—(A) > ¢(B)+1, and for some I' € Ind(B) the couple [{]g?, I'} is Ext-nontrivial. From I' € AgzcNo®®
it follows that ¢(T') = ¢(B) > Gmin, therefore ¢_(A) > dmin + 1 and hom™*(A, Spin) = 0. The
vanishings hom* (A, Spin) = 0, hom™(E, Syuin) = 0 imply hom™(B, Spin) = 0. Thus, we obtain an
Ext-nontrivial couple {T', E} and Spin € Aecge with hom™(E, Spin) = hom™(T, Spnin) = 0, which
contradicts the additional RP property (Corollary . O

Lemma 2.79. Let ¢maz > Omin + 1. If (Smin, E, Smaz) is an exceptional triple in A with Sy €
P(dmin), Smaz € P(dmaz), then E is not o-irregular.

Proof. In the previous lemma we showed that E is not a B2 object. Suppose that E is a B1 object.
A D AQ[—I] FE
Then alg(E) = L/ with Be 0%, ¢ (A& A1) > 6(B), 6(B) = o (E),

and for some I' € Ind(As2) the CouB;)le {E,I'} is Ext-nontrivial.

If ¢(B) > ¢(Smin), then we have ¢_(I'[-1]) > ¢_(A1 & Az[—1]) > ¢(B) > ¢(Smin), hence
¢—(T') > ¢(Smin)+1. However, this implies hom™(I", Sy, ) = 0 and we have also hom™ (E, Spin) = 0,
which contradicts the additional RP property(Corollary .

If ¢(B) < ¢(Smin), then by ¢maz > dmin + 1 we have hom™(Spez, B) = 0, which, combined
with hom*(Sy42, £) = 0 and the triangle alg(F), implies hom*(Syaz, A2) = 0. Thus, we have
hom™(Spmaz, ') = hom™(Spaez, E) = 0, which contradicts Corollary a

We can prove now easily:

Proposition 2.80. Let ¢par — Gmin > 1. Let (Spmin, E, Smaz) be an exceptional triple in A with
Smin € P(dmin), Smaz € P(Pmaz). If E & 0°°, then there exists a o-exceptional triple.

Proof. From Lemma and E ¢ o*° it follows that E is regular. From Corollary [2.64] it follows
that E' cannot be final (due to Corollary there are no exceptional sequences of length 4). Now
the existence of a o-exceptional triple follows from Corollary [2.69] Proposition 2.73 and Lemma

2771 O
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2.10 Application to Stab(D’(Q;))

The criteria of Section hold for A = Repi(Q1), due to Section In this section we apply
these criteria to Repg(Q1). The result is the following theorem:

Theorem 2.81. Let k be an algebraically closed field. For each o € Stab(DY(Repy(Q1))) there
exists a o-exceptional triple.

In Remark we pointed out a variant of Sections in which k is any

field. We cannot point out a variant of Theorem without the restriction that k is algebraically
closed.

Corollary 2.82. The manifold Stab(D®(Repy(Q1))) is connected.

Proof. Let & = (EY, M, EY). Let X¢ be as in (2.12). From Corollary (b) we see that all triples
in D°(Q1) are regular. Therefore Y¢ is connected [37, Corollary 3.20]. From [I5] it follows that all
exceptional triples in D®(Q;) are obtained by shifts and mutations of &. Recalling Corollary
we see that Theorem [2.1]is the same as the equality Stab(D%(Q1)) = X¢. The corollary follows. [

Throughout the proof of Theorem (the entire Section we fix the notations A =
Repr(Q1) and T = D°(A). We prove the theorem by contradiction.

Let o € Stab(D(A)). In all subsections of Section [2.10} except subsection [2.10.1], we assume
that there does not exist a o-exceptional triple.

Loosely speaking, this assumption leads to certain “non-generic” situations (see ) However,
using the locally finiteness of o, we show that these situations cannot occur (Corollaries
and so we get a contradiction.

The notations M, M', E{", E*, EY*, EY* are explained in Proposition We will refer often
to table and Corollary Whenever we claim that a triple (Ag, A1, A2) is an exceptional
triple(with Ag, A1, A2 one of the symbols M, M’ E7*, EJ*, E*, EJ"), then we refer implicitly to
Corollary and whenever we discuss hom* (A, B) with A, B varying in these symbols, we refer
to table (2.4).

Remark 2.83. Recall that(see right after Definition[2.18) hom(A, B) # 0 implies ¢_(A) < ¢ (B).
Using table (2.4) we can write for any n € N

e hom(E!™ EP) # 0 hence ¢_(ET) < ¢, (E})
e hom(EY, B} £ 0 hence ¢_(EY) < ¢4 (EyH)
o hom(E}, E3™Y) # 0 hence ¢_(E}) < ¢4 (E5)

) ( )

e hom(E}™ E}) # 0 hence ¢_(E}YT) < ¢, (E}).
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2.10.1 Basic lemmas

The facts explained here are basic tools used in the following subsections. These facts are individual
for Q1. The reader may skip this subsection on a first reading and return to it only when we refer
to these tools.

In this subsection we do not put any restrictions on o = (P,Z) € Stab(T). In all the rest
subsections ¢ is assumed not to admit a o-exceptional triple.

We note first that the values of Z on A, (see Proposition are: Z(M), Z(M') = Z(EY) +
Z(EY), and

Z(E]") =mdz + Z(EY), meN,j=1,2,34, where 6z = Z(E})+ Z(ES) + Z(M). (2.80)

By Kac’s theoremﬁ proved in [31], and the description of the roots before Lemma it follows
that the values of Z on all indecomposable objects are the already given above and the following:

{mdz}m>1, {mdz+ Z(M), mdy + Z(EY) + Z(E9)}men. (2.81)

Useful short exact sequences in A and two corollaries based on locally finiteness.

It is easy to check:

Lemma 2.84. There exist arrows in A as shown below, so that the resulting sequences are exact:
0 s By B (B 0

0 — B —FE' — M —0
0— Bt — E" — (BE))> — 0

0—>M—>E —E"——+0

These short exact sequences combined with the locally finiteness of o result in Corollaries [2.85]
These corollaries exclude the following two situations:

{E3" tmen CP(0), {E" bmen C P(E+1) or {EF'}men C P(4), {Ef" tmen CP(E+1).  (2.86)
We will sometimes refer to these two cases as non-locally finite cases.

Corollary 2.85. Assume that {E]", EJ'}ypen C 0%° and {EY'}men C P(t) for some t € R. Then
for each m € N we have t < ¢(ET") <t + 1, and there exists n € N with t < ¢(E}) < t+ 1.

Proof. By table (2.4) we have hom(E%", EY) # 0 and hom(EY, E*[1]) # 0 for m > 1, hence
t=¢(ET) < ¢(ET) < ¢(EY")+ 1 =1t+ 1. It remains to show the last claim.

54saying that the dimension vectors of the indecomposables are the same as the roots
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The short exact sequence gives a distinguished triangle E]* — (EY)? — E7*"'[1] — E[1].
Suppose that ¢(E) = t+1 for each m. Then {E, (E9)2, E* '[1]}men C P(t+1). Tt follows that
0 — E" — (EY)?> — EJ""'[1] — 0 is a short exact sequence in the abelian category P(t + 1) for
each m € N (see the beginning of subsection. Hence E7* — (EY)? is a monic arrow in P(t+1)
for each m € N. It follows by Lemma that the set {[E7"]}men is a finite subset of Ko(Db(A)).
On the other hand (see Lemma [2.3) we can write { [E]] = (m + 1)[EY] + m[M] + m[EY] }men,
which is infinite in Ko(D?(A)). Thus, the assumption that ¢(E7) = t + 1 for each n leads to a
contradiction. O

Corollary 2.86. Assume that {EY', EJ" }ymen C 0%° and {E%'}men C P(t) for some t € R. Then
for each m € N we have t < ¢(EJ") < t+1, and there exists | € N with t < ¢(E)) <t + 1.

Proof. By table (2.4) we have hom(E%", E}) # 0 and hom(EY, Ef*[1]) # 0 for m > 1, hence
t < ¢(E}) <t+ 1. The rest of the proof is the same as the proof of Corollary but one must
use the short exact sequence (2.84)) instead of (2.82)). O]

The short exact sequences with middle terms EY, E9, M’ are unique:

Lemma 2.87. If0 - A — C — B — 0 is a short exact sequence in A with A # 0 and B # 0, then
we have the following implications:

o if C X ES, then A~ EY and B> M;
e if C 2 EY, then A~ M and B = EY;
e if C2 M, then A2 EY and B = EY.

Proof. See the representations EY, ES, EY, EY, M, M’ in Proposition O

Comments on C1 objects

Recall(see Lemma [2.67)) that for any C1 object R € A there exists an exceptional pair (X,Y) in A
C1
satisfying R - (X,Y), hom(X,Y) = 0, hom(R, X) # 0, hom(Y, R) # 0. A list of the exceptional
pairs in A is given in Lemma Using table (2.4) we see that the exceptional pairs (X,Y) in A
with hom(X,Y) = 0 are
(EY, E3). (EY, EY), (B}, EY), (EY", M), (M, EY"), (M', EY"), (B{",M') ~ me&N. (2.87)

By setting R to specific objects in A, we can shorten this list further as follows:
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Lemma 2.88. Let R € {E" : m € N,1 < i <4} and let R be a C1 object. Then there exists a pair
C

1
(X,Y) € Pr which satisfies R - > (X,Y), where Pr is a set of pairs depending on R as shown in
the table:

R Pr
B om > 1| (B9, B9, (BY,BY), (BY, B} U{(B5. M) :n < m}
By .m >0 | {(EY.E9), (E.EQ). (E),EQ)}U{(M,E}) :n <m) (2.88)
By om = 1| (B, ), (B, BY). (B, D)} U{(M', ) :n < m}
Eyom = 0| {(BY,EY), (ES.EQ), (B9, D)y U{(BT, M) tn < m)

Proof. We shorten the list (2.87) using hom(R, X) # 0,hom(Y, R) # 0 and table (2.4)). O

Recall that for each C1 object C' € A we have a short exact sequence 0 - A - C — B — 0
with A # 0, B # 0. It follows the first part of:

Lemma 2.89. The simple objects E?, Eg, M cannot be C1 objects. Furthermore:

Proof. The rest of the lemma follows from Lemma [2.8 O

o-exceptional triples from the low dimensional exceptional objects {EY}*_ |, M, M’

We have the following corollaries of Lemma [2.60]

Corollary 2.90. Let {EY, E9, ES, M} C o%5. If (ES) > ¢(EY) or ¢(EY) > ¢(EY), then there
exists a o-exceptional triple.

Proof. If p(EY) > ¢(EY), then by ¢(EY) < ¢(EY) (since hom(ES, ES) # 0) we have ¢(E) > ¢(E?).
Therefore, it is enough to construct a o-exceptional triple assuming ¢(ES) > ¢(EY).

By hom(EY, M) # 0 we have ¢(ES) < ¢(M). If ¢(EI) < ¢(M), then we obtain a o-exceptional
triple from the triple (EY, EY, M) with hom(EY, EJ) = 0 and Lemma (b). Hence, we reduce
to the case ¢p(ES) = ¢p(M) > ¢(EY).

Next, we consider the triple (E?, M, EY) with hom(EY, M) = hom(E?, EY) = hom(M, EY) = 0.
By hom! (M, EY) # 0 it follows ¢(M) < ¢(E9) + 1. If (M) < ¢(ES) + 1, then we obtain a o-triple
from Lemma m (f), due to the inequalities ¢(EY) < ¢(M) < ¢(E9) + 1. Thus, it remains to
consider the case ¢(Ey) < ¢(EJ) + 1 = ¢(E) = ¢(M). In this case we apply Lemma m (e) to
the triple (EY, EY, E9) with hom(EY, EY) = 0 and obtain a o-triple. O

Corollary 2.91. Let {EY, E), ES, M'} C o%. If ¢(E9) > ¢(EY) or ¢(ET) > ¢(EY), then there
exists a o-exceptional triple.
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Proof. By hom(EY, EY) # 0, we see that ¢(EJ) > ¢(EY) implies ¢(EY) > ¢(EY). Hence, it is
enough to show that the inequality gb(Eg ) > ¢(EY) induces a o-triple.
The triple (EY, EY, M) has hom(E}, EY) = 0 and hom(EY, M’) # 0, therefore ¢(EY) < ¢(EJ) <
¢(M"). By Lemma (b) we reduce to the case ¢(EY) = ¢p(M') > ¢(EY).
!/
0
3

Now, the triple (E{, M’, E?) has hom(EY, M') = 0, hom(M’, EY) # 0 and ¢(EY) < ¢(M') <
#(EY). Therefore, by Lemma [2.66 (b) we can reduce the phases to ¢(E) < ¢(EY) = ¢(EY) =

p(M').
Due to the obtained setting of the phases and hom(EY, EY) = 0, Lemma (c) produces a
o-triple from the exceptional triple (EY, E?, Eg) The corollary follows. O

2.10.2 On the existence of S,,;,, Smaz

For the rest of section we assume that o € Stab(D?(Q1)) does not admit a o-exceptional triple.

Hence, Corollaries imply:

Corollary 2.92. If R is a C2 or a C8 object, then the HN filtration of R is alg(R) and R is final.
Moreover, by Corollary |2.71 any C3/C2 object induces a semistable Sp,in/mee € Aexe

with ¢(Simin/maz) = Pmin/maz> 1+ € each C3/C2 object ensures that P(¢pin/maz) N Aexe 7 0.

In this subsection we generalize these implications. The main proposition here is in terms of the

numbers @pin, dmar defined in (2.57). The following lemma gives some information about these
numbers.

Lemma 2.93. If there exists R € Acrze which is either C2 or C3 object, then ¢mar — Omin > 1.

C2
Proof. We use that R is final and apply Corollary [2.61] Therefore, we have either R - (S, E[—1])

C3
with ¢(S) < ¢(E[—1]) or R - (S[1], E) with ¢(S[1]) < ¢(FE), where S, E € 0% N Acye. Hence
there exist S, E € 0% N Aeze with ¢(F) > ¢(S) + 1, therefore ¢paz — Gmin > 1. O

The main proposition of this subsection is:
Proposition 2.94. If ¢pmaz — Gmin > 1, then P(dmin) N Acze # 0 and P(dmaz) N Acze # 0.
In the proof of Proposition we use Corollaries 2.100, proved later independently.

Proof. [of Proposition [2.94] Suppose first that P(dpaz) N Aeze = 0. It follows that there exists a
sequence {S;}ien C 0°° N Aeye such that

Pmin + 1 < $(Sp) < #(S1) <+ < G(S) < P(Sit1) <+ < Prmaz (2.89)
zliglo ¢(SZ) = ¢ma$- (2.90)

The objects {S;};cn are pairwise non-isomorphic. Since ¢(Sp)—1 > dpin, there exists S € o* NAcze
with ¢(Sp) — 1 > ¢(S) > Pmin. In particular, for each ¢ € N holds hom*(S;, S) = 0. From table
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it follows that either S = M or S = M’, i. e. there can be at most two elements in
0% N Aere with phase strictly smaller than ¢(Sp) — 1 and such an element exists. Whence, there
exists Spin € 0% N Aege of minimal phase, i. e. ¢(Spmin) = Gmin. Furthermore S, € {M, M'}.

If Spnin = M. Now, due to hom*(S;, M) = 0, table shows that {S;}ien C {EY", EJ'}men-
From Remark and the monotone behavior it follows that S; = qu’ “and m; < mjy for
big enough i € N. Later in Corollary (a) we show that such a sequence {S;};en with
and the equality ¢(M) = ¢min imply that all elements of { E}},ecn are semistable. Therefore, from

O(M) +1 < $(BY") < §(E5"H) < ¢(BY"™2) < . < (B3 ) < 9B );
B(ES") < B(E5"")

it follows that for some j € {m;,m; +1,...,m;y1} we have (M) +1 < gb(Eé) < ¢(E§+1), hence
we can apply Lemma (a) to the triple (M, Eg, Eg“), which contradicts our assumption on o.

If S;in = M'. Now table shows that {S;}ien C {ET", B }men and Remarkshows that
for big enough i € N we have S; = EJ",m; < m;y1. By Corollary (a) we obtain { Ej }jen C 0%,
Now similar arguments as in the previous case (with an exceptional triple (M’, Eg, E§+1) for some
j € N) lead us to a contradiction.

So far, we derived that there exists Spmaz € P(Pmaz) NV Aeze. Next, suppose that P(dmin) NAeze =
(). Then we have a sequence {S;}ien C 0% N Aegye With

Gmaz — 1 > ¢(Si) > &(Sit1) > dmin Zlglolo ¢(Si) = bmin. (2.91)

It is clear that hom™(S),4z,5;) = 0 for each i € N, hence (by table ) we see that Spgz €
{M,M'}.

If Syaz = M. In this case from table (2.4) it follows that {S;}ien C {E%", EJ"}imen. By Remark
m and the monotone behavior we can construct the sequence so that S; = ETZ', my < Mjit1
for i € N. Now Corollary (b) shows that {Ei}jeN C o*5. Hence, for some j € N we can apply
Lemma (a) to the triple (EZH, EZ, M), which is a contradiction.

If Spnaz = M. Since we have {hom* (M, S;) = 0},¢n, table shows that {S;}ien C {ET", B }inen.
From Remark we get S; = E7", m; < my4q for i € N. Corollary (b) shows that
{E{}jeN C 0%, hence for some j € N we can use Lemma (a) with the triple (E{Jrl7 E{, M),
which gives us a contradiction. The proposition is proved. O

We divide the proof of Corollaries 2.100] in several lemmas.

Lemma 2.95. Let Spin € P(dmin) N Aeze. Let R € Aeye be either a C2 object or a C3 object. If
hom* (R, Siin) = 0, then there exists S € 0°° N Aeze with hom™ (S, Spin) = 0 and ¢(S) + 1 < Pmaz-

Proof. Presenting the arguments below we keep in mind Corollary
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A ® Ag[-1]] —— R
If R is C2, then we have alg(R) = hRe v, A2, B € A\ {0}, maz > ¢(A2) >
B

¢(B) + 1. From ¢_(R) = ¢(B) > ¢(Smin), hom™ (R, Spmin) = 0, and Lemma it follows, that
hom* (B, Spmin). Any S € Ind(B) satisfies the desired properties and the lemma follows.
A

R
If RisC3, thenalg(R) = >« ¥ | A BcA\{0}, dmaz > #(A) > ¢(B)+1 > ¢(Smin)+1,

Bl1]
hence hom™(A, Syin) = 0, which, together with hom* (R, Spin) = 0, implies hom™ (B, Syin) = 0.
Now the lemma follows with any S € Ind(B). O

Lemma 2.96. Let Spar € Aexe salisfy ¢(Smaz) = Gmaz, and let R € Aeye be either a C2 or a
C3 object. If hom™(Spaz, R) = 0, then there exists S € 0°° N Aepe with hom™(Spaz, S) = 0 and

Ay @ As[—1] R
Proof. If R is C2, then we can write alg(R) = T ¥, A2, B € A\ {0}, ¢maz =

B
O(Smaz) = ¢(A2) > &(B) + 1 > dmin + 1. Hence hom™(Spez, B) = 0, which, together with
hom™* (Sy42, R) = 0, implies hom™(Syqz, A2) = 0. Now the lemma follows with S € Ind(Asz).
A R

1855 O3, then lg(R) =7~ AL € A\(O), 98 2 604) > 6 12 1,
B1
hence hom™ (Sy42, B) = hom™(Smaz, A) = 0. Now any S € Ind(A) has the desired properties. O

Lemma 2.97. Let M € P(¢min) or M' € P(Pmaz). If for some m > 0 we have EY* € o or
E* € 0%, then there is not a C1 object in the set {E}, E}}jen.

Proof. Suppose that some R € {Eg)7 Ei}jeN is a C1 object. From Lemma(2.77|and hom* (Ej

M) =
. 3/4a
hom™(M’, E§/4) = 0 for each j € N we see that R must be ﬁnal hence alg(R) is the HN filtration

of R. In particular, from R Cl» (X,Y) it follows that X,Y are semistable and ¢(Y) > ¢(X). Now
Lemma (look at the last two rows in the table) contradicts the following negationsﬂ

- (EY,EY € 6% and ¢(E9) > ¢(EY)). Proof: If EJ, EY € 6%, then from Ef* € 0% or EJ* €
o%,m > 0 and hom(FEY, Eé%) #0, hom(Eg}4, EY) # 0 it follows ¢(EY) < ¢(EY).

- (ES,EY € 0°¢ and ¢(EY) > ¢(EY)). Proof: We are given m > 0 with EJ* € 0°% or EJ* € 0%,
hence hom(EY, Eg,"/4) # 0, hom(E’§74,E2) # 0 imply ¢(EY) < ¢(EY)).

- (BY,E{ € 0% and ¢(EY) > ¢(EY)). Proof: If ¢(M) = ¢pin, then from hom(EJ, M) # 0
it follows ¢(ES) = ¢(M) = ¢min < H(EY). If ¢(M') = ¢maz, then hom(M', EY) # 0 implies
¢(E8) < ¢(M,) = Omaz = QS(E{I])

- (B, M’ € 0% and ¢(EY) > ¢(M')). Proof: If ¢(M) = ¢ppmin, then by hom(EZ, M) # 0 we
get @(Ey) = dmin- If ¢(M') = dmax, then ¢(E3) < ¢(M').

55Recall that we have Corollary at our disposal, due to our assumption on o.
56For a statement p, when we write —p we mean: “p is not true”.
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- (M,E} € 0% and ¢(M) > ¢(ET)). Proof: If ¢(M) = ¢min, then from E] € 0% it follows
(M) < Q(E}). If (M) = pmag, then hom(M', ET) # 0 implies ¢(M) < ¢(M') = ¢maz = O(ET).
The lemma follows. O

Corollary 2.98. Let {S;}ien be a sequence of pairwise non-isomorphic, semistable objects with
{Sitien C{EY, Ej}jen. If any of the two conditions below is satisfied

(a) M e {P(Qsmzn); hmz%oo gb(sl) = gbma:p;
(b) M, € ?(Qsmaz)’ hmi—wo QS(SZ) = ¢min7
then all the exceptional objects in the set {Ej, Ei}jeN are semistable.

Proof. Since each E € {Eg), Ei}jeN is a trivially coupling object, it is neither B1 nor B2 (Corollary
2.49). From Lemma we know that any F is either semistable or Ci(i=2,3). However, if it is
Ci(i=2,3), then:

(a) By hom™(E, M) = 0 (see table (2.4)), ¢(M) = ¢min, and Lemma there exists S €
0% N Aeze with hom™ (S, M) =0 and ¢(M) +1 < ¢(S) + 1 < ¢maz, which by lim; o0 &(S;) = dmax
implies that (M, S,S;) is an exceptional triple for big enough i. By Corollary this cannot
happen, since {S;};en are pairwise non-isomorphic.

(b) By hom*(M’, E) = O(see table (2.4)), ¢(M’) = ¢mae, and Lemma there exists S €
0% N Aege with hom*(M’,S) = 0 and ¢p(M') > &(S) > dmin + 1, which by lim; o0 ¢(S;) = Pmin
implies that (S;, S, M’) is an exceptional triple for big enough 4. This contradicts Corollary O

The arguments for the proof of Corollary [2.100] are the same, but the role of Lemma [2.97] is
played by the following Lemma [2:.99

Lemma 2.99. Let M’ € P(dmin) or M € P(dmaz). If for some m > 0 we have E* € 0% or
EY' € 0%, then there is not a C1 object in the set {E], E}}jen.

Proof. Using that for each j € N we have hom*(E{/TM’) = 0, hom™ (M, E{/2) = 0 and Lemma
2.88] (this time the first two rows in the table) by the same arguments as in Lemma we reduce
the proof to the negations:

- (E9,EY € 0% and ¢(E9) > ¢(EY)). Proof: If E9,EY € o*%, then by hom(Eg,E{r/LQ) #0,
hom(EY),, EY) # 0, m > 0 it follows that ¢(E9) < ¢(EY).

- (ES,E} € 0% and ¢(EY) > ¢(EY)). Proof: Follows from hom(Eg,E{%) # 0 and
hom(E{%, EY) #0.

- (ES,E) € 0% and ¢(EY) > ¢(EY)).  Proof: If ¢(M') = ¢in, then from hom(EY, M) # 0
it follows Gmin = G(EY) < ¢(EY). If ¢(M) = dmax, then hom(M, EY) # 0 implies ¢rmaz = ¢(EY) >
$(E3)-

- (M,EY € 0*® and ¢(EY) > ¢(M)). Proof: If ¢(M') = ¢pmin, then we use hom(E%, M) # 0.
If (M) = pmaq, then EF € o°° implies ¢(ET) < ¢(M).
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-~ (E},M' € 0% and ¢(M') > ¢(E})).  Proof: If ¢(M') = ¢min, then E} € o°° implies
d(M") < ¢(EY). If ¢(M) = pmag, then the negation follows from hom (M, E}) # 0.
The lemma follows. 0

Corollary 2.100. Let {S;};en C {E{, Eg}jeN be a sequence of pairwise non-isomorphic, semistable
objects. Any of the following two settings:

(G,) M' e iP(¢mm)y lim; 0 ¢(Sz) = Pmaz;
(b) M e ip(¢mam); lim; 0 ¢(SZ) = ¢min;
implies that {E7, Eg}jeN C o*%.

Proof. The arguments are the same as those used in the proof of Corollary but we use Lemma
2.99 instead of Lemma [2.97 O

Note that the conclusions of Corollaries [2.100] and [2.98] namely that {E3", E"} C 0% and
{E5*, E]'} C 0%, are components of the data in the two non-locally finite cases . In the next
subsection we derive from the assumption ¢z — Gmin > 1, and Corollaries will
be helpful at some points.

The implications given below are further minor steps towards derivation of the non-locally finite

cases ([2.86)). These implications will be used in both Subsection [2.10.3[ and Subsection [2.10.4]

Lemma 2.101.
(a) If prmaz = ¢(M') and {EJ* : m € N} C 0%, then {EJ* : m € N} C P(t) for some t < Prmqz.
(b) If drmaz = ¢(M) and {ET* : m € N} C 0%, then {E{" : m € N} C P(t) for some t < pmag-
(c) If dmin = (M) and {EF* : m € N} C 0%, then {E}* : m € N} C P(t) for some t < Pmag-
() If Gmin = ¢(M) and {EF* : m € N} C 0%, then {E5* : m € N} C P(t) for some t < ppaq.

Proof. Presenting the proof we keep in mind Remark
(a)For any m € N we have ¢(EJ"™) < ¢(EP) < ¢(M’). The triple (E7"" EP, M') has
hom(E}", M') = 0. Hence from Lemma (c) it follows ¢(EJ™1) = ¢(ET) for each m € N.
(b)We apply the same arguments as in (a) to the triple (E7*, EP, M) with hom(E?, M) = 0.
(c) Now ¢(M') < ¢p(E3) < ¢(EFH), hom(M’, E}) = 0 and we can apply Lemma (b) to
the triple (M’, Ey, Ey*"), which implies ¢(EY) = ¢(Ey ™) for each n > 0.
(d) We apply the same arguments as in (c) to the triple (M, E}, Ey™) with hom(M, EY)

Ol

0.

2.10.3 The case ¢a0 — Pmin > 1

In this subsection we show that the inequality ¢maz — @min > 1 is inconsistent with the assumption
that there is not a o-exceptional triple. The inequality ¢ae — @min > 1 implies by Proposition [2.94]
that (for brevity we denote this product by ®):

o = (?(¢mzn) N Aewc) X (?(¢max) N -Aerc) 7A @ (292>
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If (Smin, Smaz) € P, then (Spin, Smaz) 1S an exceptional pair, since ¢maz — Gmin > 1. Hence there
exists unique E € Aeze, 8. t. (Smin, E, Smaz) 18 an exceptional triple. It is essential that FE must
be necessarily semistable, which follows from [2.80]

F the rest of this subsection we assume that ¢.,00 — Gmin > 1. In the end we conclude that
® + () contradicts the non-existence of a o-exceptional triple.

Since any (Spin, Smaz) € ® is an exceptional pair in A, it must be some of the pairs listed in
Corollary We show case-by-case (in a properly chosen order) that for each pair (A, B) in this
list the incidence (A, B) € ® leads to a contradiction. We show first that (EY, EY) & ®.

Lemma 2.102. (E), EY) ¢ ®.

Proof. Suppose that (EY, EJ) € ®. We consider the triple (EY, M, EY). From Proposition it
follows that M € o*%, hence ¢pin = qﬁ(E(l)) < (M) < qb(Eg) = Gmaz- One of these inequalities
must be proper. However, by hom(EY, M) = hom(M, EY) = 0 and Lemma (b), (c) we obtain
a o-exceptional triple, which is a contradiction. O

We introduce the following formal rules, which facilitate the exposition:

(A,B,C)

(A,C) € ® = either (B,C) € ® or (A,B)c® (2.93)
A,B,C), hom(A,B)=

(4,0) € p 22D LmABT ) By g (2.94)
A,B,C), hom(B,C)=

(4,C) ¢ o AL LmBA b oy ¢ g, (2.95)

In (2.93), (2.94), and the triple (A, B, C) is the unique exceptional triple(taken from Lemma
2.10) with first element A and last element C. In all the three rules we implicitly use Proposition
2.80, from which it follows B € 0%, and hence ¢pin = ¢(A) < ¢(B) < ¢(C) = ¢dmaz- The specific
arguments assigned to each individual rule are:

- ) from Lemma [2.66 “ (a) and ¢maz — Gmin > 1 it follows that either ¢(A (B) = ¢min or
)

#(B) = ¢(C) = ¢maz, whence we reduce to either (B,C) € ® or (A, B )Eg,

by Lemma [2.66] (b) and hom(4, B) = 0 we get ¢(B) = ¢(C) = dmaz, whence (A, B) € ¥;

by Lemma [2.66] (c) and hom(B,C) = 0 we get ¢(A) = ¢(B) = ¢min, whence (B,C) € @
Now we eliminate some pairs (X,Y) by showing that (X,Y) € ® implies (EY, EY) € ®.
Corollary 2.103. For each n € N any of the pairs (EY, EY), (EY, ES), (M, E}), (E}, M), (E?, M),

(M',E5‘>+,1 (EYTHED), (EREY), (EfTE), (EYTLEY), (B3, E3TY, (EY,EY), (B3, E5T,
(B3, EY™) is not in ®.
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Proof. We keep in mind the formal rules (2.93)), (2.94)), (2.95)). The following expressions and Lemma

2| show that each of the listed pairs is not in ®.
(EQ,E?,ES), hom(EY,ES)=0

(E9,E9) € @ (B, ES) € @.
E? EY,E9), h EY,EN=0
(B9, ) e o ek T 50 B0 ¢ o
(M, E9) € ® (M,EY,E), hom(E$,E9)=0 (EY, E9) € ®.
M,E?~ 1 En), hom(M,E?~1)=0 inducti
(M,E}) € b > 1 ~mls PO DomWB 70y oty ¢ g 2NNy oy
(E M/) cd (Eg,Eg,M'), hom(E27E§):0 (EO EO) cd
45 45443 :
(B0 M) € Bn > 1 (B3, ER~1M"), hom(E}~!,M")=0 (E”_l M) €D induction (B9, M)
4 4 ) 45 .
(B9, M) € @ (E9,E3,M), hom(E{,EJ)=0 (EO EO) &
, € o.
(EP,EPH M), hom(E{le,M?:O 1 induction
(B, M) € dn>1 (By M) € d ——— (EY, M).
(M/ EO) cd (M/ ED,ES), hom(E?,ES):O (EO EO) cP
’ 1,42 :
M EZ"L En), hom(M’ EZ1)=0 inducti
(M, ED) € B> 1 ~ '11 ), hom( jl ) (M, B} e & =2 (M, ED).
EYTH M,E}), hom(E}T ,M)=0
(EM B € B > 0 D bom® D20 (g ) € @,
(E En) cd n > 0 (EZ7M,7E{I)7 hom(EZf7M/)=0 (En M/) i)
4 1 (E"+1,E1L+1,EE) 471 - 1 1
(EyTHEY) e®dn>0 either (B} Ef) € ® or (B}, E}™!) € @.
1 (En+17E27E{l) . 1
(EY"HEM) € ®n >0 either (E},E}) € ® or (B} E}) € ®.
(En En+1) cd n> 0 (B3, M, En+1) hom(M7E§+1):0 (M EnJrl) cd
29 =3 .
(E%,M',Ep), hom(M’,E})=0 ,
E} E}) e ®n >0 M' E}) € ®.
( 3 ) n — ( 2)
(B3, Ey*™H e dn>0 either (E}, Byt € ® or (E}, E}) € ®.
1 (B3B3 EYTY) 1 1 1
(B3, B3y e dn >0 either (E3T, E3™!) € ® or (ER, EJt) € . O

We eliminated many pairs by using only Section [2.2] Proposition [2.80] and Lemma [2.66] It
remains to consider the incidences: (M, EY}), (E3,M’), (M',E}), (EQ,M) eEd for n > 0. From
any of these incidences, with the help of Corollaries [2.98] [2.100] and Lemma [2 we will derive
some of the non-locally finite cases , which are excluded by Corollaries [2.86) u - We start
with (M, ED).

Lemma 2.104. For each n > 0 we have (M,E}) ¢ ®.

Proof. Suppose that (M, E}) € ®. In the previous corollary we showed that (E"Jrl E}) ¢ ®. Now

RTE (M, By By n+1 n+1
from the implication (M, E}) € ®,n >0 either (E}y™,E}) € ®or (M,E}"") e ®
we deduce that (M, EZH) € @, and by induction we obtain ¢(E?) = ¢z for i > n. We are given
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also ¢(M) = ¢umin. Hence, by Corollary (a), we obtain {Ej,Ei}jeN C o%%. Now Remark
implies that {E4}jen C P(dmaz). We will obtain a contradiction to Corollary by deriving

Vi >0 Qb(EEZi) = @Z)max -1 (296)
Since hom!(EY, EY) # 0, we have ¢(M) = ¢min < Gmaz —1 = ¢(EY) —1 < ¢(EY) < ¢maz. Whence:
(M) < ¢(EY) < ¢(E]) < ¢(E3) + 1.

If p(EY) < ¢(E) + 1, then we have ¢(M) < ¢(EY) < ¢(EJ) < ¢(ES) + 1 and Lemma (d)
applied to the triple (M EY, EY) gives us a o-exceptional triple. Therefore ¢(E]) = ¢(ES) +1. We
showed above that Ej is semistable for each j € N. From Lemma 1| (d) we get ¢(EY) = ¢(E%)
for any ¢ > 0, thus we get - O

Lemma 2.105. For each n > 0 we have (E§, M') & ®.

Proof. Suppose that (E%¥, M') € ®. We obtain a contradiction of Corollary m as follows:
n pn+l
(Bp M) € o > 0 BTN her (BT MY € @ or (7, B € o —orolary B103
ind. , . Corollary [2.98] h g (b) o

(BEyT M) € @ === Vi >n ¢(E) = dmin {E}, E1}jen C 0. By
Remark we see that ¢(EL) = ¢min for i > 0. We show below that (EY, M’) € ® implies that
A(EL) = ¢min + 1 for each i > 0, which contradicts Corollary

Indeed, by hom!(EY, E9) # 0 we can write ¢pmin = ¢(EY) < ¢(E) < ¢(EQ)+1 < pmax = ¢(M').
The triple (EY, ES, M) has hom(EY, EY) = 0, therefore from ¢(E9) < ¢(ES) + 1 it follows that
for some j > 1 the triple (Ef, EY, M'[—j]) is o-exceptional. Therefore ¢(EY]) = ¢(EY) + 1. We
showed above that {F]} C ¢%. By Lemma (a) we conclude that ¢(E}) = ¢min + 1 for each
n > 0. O

Lemma 2.106. For each n > 0 we have (M', E}) & ®.
Proof. Suppose that (M’, E") € ®. We show that this contradicts Corollary - as follows:

M ,E"“,E Corollary 2.103
(M',E}) € ®n >0 OO B ither (EyYHER) € ® or (M, EPTh € @ i
ind. . Corollar -2 100| (a S
(M B} € ® —=—== Vi>n ¢(F}) = dmax > (2) {E],E}}jen C 0%

By Remark we see that ¢(Fi) = ¢pas for each i > 0. Furthermore, using (M’, EY) € ® we
show below that ¢(E%) = ¢yar — 1 must hold for i > 0, which contradicts Corollary [2.85]

Indeed, it follows from hom'(EY, E9) # 0 that ¢pmin = ¢(M') < ¢(EY) — 1 < ¢(EY) < bmaz =
H(EYD). If p(EY) < ¢(E9)+1, then ¢p(M') < ¢(EY) < ¢p(EY) < ¢(E2)+1 and the triple (M’, E?, E9)
with hom(EY, EJ) = 0 gives rise to a o-triple by Lemma [2.66| (d). Therefore ¢(EY) = ¢(EJ) + 1.
Since {E3} C 0°%, Lemma 1| (c) implies that ¢(E2) = ¢(EY) for n > 0. The lemma is
proved. O

Lemma 2.107. For each n > 0 we have (E§, M) & .
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Proof. Suppose that (E3,M) € ®. We will obtain a contradiction of Corollary [2.85] as follows:
Ep, ETTY M) Corollary [2.103]
(B3, M) e ®n>0

either (B4 M) € ® or (B}, Eytt) c @

(B3t M) e L Vi>n ¢(EY) = dmin Corollary . 100} (b) (Bl E)}ien C 0.
By Remark we conclude that ¢(EL) = ¢pmin for i > 0. We show below that (EJ, M) € &
implies that ¢(E%) = ¢min + 1 for each i > 0, which contradicts Corollary m

Indeed, it follows from hom!(E?, E9) # 0 and (EY, M) ¢ ®(see Corollary that ¢min =
H(EY) < ¢(EY) < $(EY) +1 < gz = ¢(M). If (EY) < ¢(EY) + 1, then for some j > 1 the triple
(EY, E9, M[—j]) is o-exceptional, since (EY, EY, M) is exceptional and hom(EY, EY) = 0. Therefore
P(EY) = ¢(E) + 1 < ¢(M). Lemmal[2.101] (b) gives us ¢(ET) = ¢(EY) = ¢ + 1L for n > 0. O

Therefore, we reduce t0 ¢mazr — Omin < 1, which will be assumed until the end of the proof.

2.10.4 The case ¢naz — Omin < 1

From this inequality we obtain a contradiction here again, by deriving the non-locally finite cases
(2.86). We show first in a series of lemmas that Aeze € P(dmin) U P(Pmaz), Pmax — Gmin = 1.
Lemma and Corollary imply immediately

Lemma 2.108. Any E € Acyc is either semistable or irregular or a final C1 object.

Any X € {EZJ :j € Ny1 <4 <4} is a trivially coupling object, hence by Lemma we have
only two possibilities: X is semistable or X is a final C1 object (cannot be irregular).

Corollary 2.109. The objects EY, Eg are semistable, and M 1is either wrregular or semistable.
Proof. The objects EY, Eg, M cannot be C1 by Lemma m O
Lemma 2.110. The object EY is semistable.

Proof. Suppose that EY is not semistable.

Lemma we see that (X,Y) = (M, EY). Since EY is final, we can write
M,Ej €™ §(M) < ¢(ES).

From the triple (E9, M, EY), which satisfies hom(EY, M) = hom(EY, EY) = hom(M, EY) = 0, and
Lemma (f) we see that ¢(EY) = ¢(M)+1 (recall that EY is semistable). From ¢maz — Gmin < 1
it is clear that

O(M) = bmins  H(EY) = $maz = 6(M) + 1.
The obtained relations imply that EY is semistable. Indeed, if EY is not semistable, then it must

C1
be final C1, hence by Lemma [2.89 we have EY - (EY, M), which in turn implies ¢(M) > ¢(EY)
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contradicting ¢(EY) = ¢(M) + 1. Therefore EY is semistable. Now consider the triple (M, EY, EY)
with hom(EY, EY) = 0. We have ¢(M) < ¢(EY) < ¢(M) + 1, ¢(M) < ¢(EJ) < ¢(M) + 1.
It (M) < ¢(EO) then ¢(M) — 1 < ¢(EJ[-1]) < ¢(M), ¢(M) — 1 < ¢(EJ[-1]) < (M) and

(M, EJ[-1], E9[-1]) is a o-exceptional triple. So far, assuming that EJ is not semistable we get:
Smin = (M) = 6(EY) < 6(F3) < $(EY) = ¢(Ey) + 1.
Therefore ¢(EY) — 1 < ¢(E[—1]) < ¢(EY[1]) = ¢(EY) and then the triple (EY, EV[—1], EJ[-1])

is a o-exceptional triple (since hom(EY, E 3) = 0). This triple contradicts our assumption on o. [
Lemma 2.111. The object EY is semistable.
Proof. Suppose that EY is not semistable. Hence it is final C1, and by Lemma we have
EY Ci (E9, M). Since EY is final, it follows:
M,E}€a*  ¢(M) > o(EY).

From the simple objects triple (EY, M, EY) and Lemma (f) it follows that ¢(M) = ¢(EY) + 1
(recall that Eg is semistable), hence by ¢mazr — Gmin < 1:

¢(E:(3)) = Qsmin, ¢(M) = (bmaa: = ¢mzn + 1.

Now we have {EY, ES, EY, M} C o*. From Corollary it follows ¢(ES) < ¢(EY). Whence, we
have ¢pin = ¢(M) — 1 < ¢(EY) < ¢(EY) < ¢(M). The triple (EY, E9, M) has hom(EY, EY) = 0.
We rewrite the last inequalities as follows ¢(M[—1]) < ¢(E9) < ¢(EY) < ¢(M[—1]) + 1 and obtain
a g-exceptional triple (EY, E, M[—1]), which is a contradiction. The lemma follows. O

Now, using that {E?}!_; C 0%, we show that M, M’ cannot be irregular.
Corollary 2.112. There does not exist a B2 object.

Proof. Suppose that F € A is a B2 object. Since the only Ext-nontrivial couple is {M, M'}, we
have E € {M, M'} and we can write

L _ /
alg(E) = . N {E,T'} = {M, M'} for some I' € Ind(B),

BI1] ¢_(A) > ¢(B)+1=¢() + 1. (2.97)

From hom (M, EY) # 0, hom(M’, EY) # 0, and {E?, E{} C 0% (shown in the preceding lemmas)
it follows that there exists X € 0% N Aepe with hom(E, X) # 0, hence hom(A4, X) # 0 and
$—(A) < ¢(X). Whence, we obtain ¢(X) > ¢_(A) > ¢(I") + 1 with X, T" € 0% N Aege, which
contradicts the inequality ¢maz — Gmin < 1. O

Lemma 2.113. There does not exist a o-irreqular object.
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Proof. By Corollary [2.112| we have to show that neither M nor M’ can be B1.
Suppose that E € {M, M’} is B1, then we can write:

Ay @ Ay[—1] B {E,T} = {M, M’} for some I" € Ind(As),
a[g(E) = T~ o < / homl(Al,Al) = homl(Ag, Az) =0
B ¢ (A1 ® As[-1]) > ¢(B) = ¢_(E).

We show first that each Y € Ind(Az2) must be semistable with ¢(Y) = ¢(B) + 1, which implies
Az € 0%, ¢(Az[-1]) = &(B). (2.98)
To that end we observe that there exists X € 0% N Acye with hom(X, B) # 0, and hence
P(X) < ¢(B) X €0%NAcge (2.99)

Indeed, if we find X € 0% N Aeze with hom* (X, F) = 0 and hom(X,I") # 0, then from the triangle
alg(E) it follows that hom(X, B) = hom(X, A;[1] ® A2) # 0 (the latter does not vanish by I' €
Ind(Az) and hom(X,I") # 0). Looking at table we see that hom*(EY, M') = 0, hom(EY, M) #
0, hom*(EY, M) = 0,hom(EY, M) # 0, therefore

X=E) if E=M
X:Ej? if E=M. (2.100)

Let us take any Y € Ind(Asz). From Lemma (c) it follows that Y cannot be o-irregular. Hence it

is either semistable or a final C1 object. If Y is C1, then Y’ Ci (Z,W) for some Z,W € 0°*NAcye,
and we can write p(W) > ¢(Z) = ¢_(Y) > ¢_(A2) > ¢(B) +1 > ¢(X) + 1, which contradicts
Omaz — Omin < 1. If Y is semistable, then by ¢maz — Gmin < 1 it follows ¢(Y) < ¢(X) + 1, which,
together with ¢(Y) > ¢(B) +1 > ¢(X) + 1, implies ¢(Y) = ¢(B) + 1 = ¢(X) + 1. Whence, we
proved . Furthermore, we see that must be equality.

Being a B1 object, E is not semistable. From the triangle alg(E), the equality ¢(As[—1]) =
¢(B) and the fact that P(¢) is an extension closed subcategory of T it follows that A; # 0 and
¢+(A1) > ¢(B). From B1.1 we know that A; is a proper A-subobject of E. Since M is simple in
A, it follows that E cannot be M. Whence, E must be M’ and then X = E3 (see (2.100)). The only
proper subobject of M’ in A up to isomorphism is Eg and we know that it is semistable. Whence,
we arrive at ¢(EY) > ¢(B) = ¢(X) = ¢(EY), It follows that hom(EY, EJ) = 0, which contradicts
table . 0

Corollary 2.114. The objects M, M' are semistable and

O(E) < H(EY)  ¢(EJ) <H(EY)  o(EY) < o(EY). (2.101)
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Proof. The semistability of M follows from Corollary 2.109 and Lemma[2.113] Then from Corollary
[2.90] we get ¢(E9) < ¢(EY) and ¢(E]) < ¢(E).

Using ¢maz — Pmin < 1 we showed so far that the cases C2, C3, B1, B2 can not appear.
Therefore we have only two options for M': either semistable or final C1.

C1
Suppose that M’ is final C1. Lemma [2.89 implies that M’ - (EY, ES). Therefore ¢(EY) >
H(EY) = ¢_(M'). However we showed already that ¢(ES) < ¢(EY). Hence, M’ must be also
semistable. Now Corollary implies ¢(EY) < ¢(EY). O

So far, we showed that the low dimensional exceptional objects {EZ0 };1:1, M, M’ are semistable.
The following implications, due to table (2.88)) in Lemma[2.88] will help us to show that Ae,. C 0.

Corollary 2.115. Let R € {E" :m > 1,1 < i <4} and let R be non-semistable.

(a) If R = E7", then ¢(E}) < ¢(M') for some n < m, and hence (M) < ¢p(M")
(b) If R = EY, then ¢(M) < ¢(EY) for some n < m, and hence ¢p(M) < ¢p(M’)
(c) If R = EY, then ¢(M') < ¢(EY) for some n < m, and hence ¢(M') < ¢p(M)

(d) If R = E}", then ¢(ET) < ¢(M) for some n < m, and hence p(M') < ¢p(M).

Proof. Now we have M, M’ € 0%° and any non-semistable R € A, is a final C1 object. Note also
that for each n € N we have hom(M, E}') # 0, hom(Eg, M') # 0, hom(E3, M) # 0, hom(M', E}) #
0, which implies 6(M) < ¢4 (E}), 6_(E}) < 6(M'), 6_(ER) < 6(M), 6(M") < 64 (E}). Due to
Lemma and the inequalities in Corollory we can remove the pairs (E?,ES),
(EY, EY), (EY, EY) from table in Lemma If E" ¢ 0°° for some m > 1, 1 <4 < 4, then
E}" is a final C1 object and the corollary follows from table in Lemma m O

Knowing that the triple (EY, M, Eg) of the simple objects is semistable, we obtain that one of
three equalities below must hold, which implies ¢mmaz — Pmin = 1.

Lemma 2.116. There is an equality dmaz — dmin = 1. One of the following equalities must hold:
G(EY) = o(M) +1,  ¢(EY) = ¢(E5) +1, ¢(M) = ¢(ES) + 1. (2.102)
Proof. From hom(EY, M[1]) # 0, hom(EY, EJ[1]) # 0, hom(M, ES[1]) # 0 we have ¢(EY) < ¢(M)+

1, ¢(EY) < ¢(E9) + 1, (M) < ¢(ES) + 1. Applying (f) of Lemma to the triple (EY, M, EY),
we see that one of the equalities (2.102)) holds. Hence ¢pazr — dmin > 1 and the lemma follows. [

Corollary 2.117. ¢(M) € {dmin, Pmaz }-
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Proof. Suppose that ¢min < (M) < Gmas. By Lemma[2.116|we get ¢in = ¢(EY) and ¢(ES)+1 =
A(EY) = pmaz. Therefore, we can write ¢(ES) < ¢(M) < ¢(ES)+1 and ¢(ET) < ¢(EY) < ¢(E)+1.
Now by combining (2.11]) and the equality Z(ES) = Z(ES) + Z(M) (see Lemma (2.3))) we obtain:

Smin = S(E3) < $(E3) < ¢(E3) + 1 = ¢(EY) = mas- (2.103)

By semistability of M’ we have either ¢mim = ¢(ES) < ¢(M') or ¢pmin = ¢(EY) = ¢(M'). We
aim at a contradictionﬂ by using either the triple (ES, M’, ES) with hom(M’, EY) = 0 or the triple
(M, EY, E9) with hom(EY, ES) = 0. If ¢pmin = ¢(EJ) < ¢(M’), then we have ¢(EY) < ¢p(M') <
H(EY) + 1, ¢(EY) < ¢(EY) < ¢(EY) + 1, hence the triple (EY, M'[—1], ES[-1]) is o-exceptional. If
Gmin = S(EY) = ¢(M'), then we have ¢(EY) = ¢(M') + 1, p(M') < ¢(ET) < ¢(M') + 1, hence the
triple (M, E{[—1], ES[—1]) is o-exceptional. O

Corollary 2.118. We have {¢(M), p(M’), p(E?)} C {Pmin; $maz} for j =1,2,3,4.

Proof. Now we have {gb(M),gb(M’),gb(E?)} C 0*® and ¢(M) € {dmin, Pmax}- It is enough to
show {¢(EY), 9(E9)} C {Pmin: Pmaz}, because then by formula (2.11)), the equalities Z(M') =
Z(EY) + Z(EY), Z(EY) = Z(M) + Z(EY), Z(EY) = Z(M) + Z(EY), and the inequalities ¢y <
¢(M/)a ¢(Eg)v ¢(E2) < @maq it follows that {Qb(M/)? gb(Eg)a ¢(E2)} C {Pmin> bmaz}-

If (M) = Gmin, then by hom(EY, M) # 0 it follows that ¢(EY) = émin, and by Lemma
it follows that ¢(EY) = ¢maes. Expanding the equality Z(E3) = Z(M) + Z(EY) by formula (2.11)),
and using (M) = ¢(ES) = dmin, Gmin < ¢(EY) < Gmaz, we conclude ¢(ES) € {Pmin, Pmaz }-

If (M) = ¢mae, then by hom(M, EJ) # 0 it follows ¢(E$) = ¢mas, and by Lemma
it follows ¢(EY) = ¢min. Finally, ¢(EY) € {dmin, dmaz} follows from ¢(M) = ¢(EY) = dmax,
Z(EY) = Z(M) + Z(EY), and formula (2.11)). The corollary is proved. O

The proofs of semistability for ET* and E3" share some steps because the non-semistability of
any of them implies ¢(M) < ¢(M')(Corollary [2.115| (a), (b)). Similarly, the starting argument in
the proof of Lemma [2.120] is that the non-semistability of E%* or EJ* implies ¢(M') < ¢p(M).

Lemma 2.119. All objects in {ET", EJ'}men are semistable.

Proof. Suppose that E7" is not semistable for some m € N. Corollary[2.115((a) shows that E}} € 0°,
O(EY) < ¢(M') for some n € N, and ¢p(M) < ¢p(M'). The latter inequality implies, due to Corollary

2.115| (c) and (d), that {E}", E5"}men C 0*%, and, due to Corollary [2.118] it implies
Gmin = gf)(M), ¢(M/) = Omaz = Pmin + 1. (2~104)

By Lemma [2.101] (a) we can write ¢(EY) = ¢(E}) < ¢(M’) and combining with Corollary [2.114
we arrive at i = ¢(M') — 1 < ¢(EY) < #(EY) < ¢(M"), hence the triple (EY, ES, M’[~1]) with
hom(E?, EY) = 0 is a o-exceptional triple. Therefore {E}*},en C 0%°.

57of the assumption that there is not a o-exceptional triple
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Next, suppose that EJ' is not semistable for some m € N. Then by Corollary [2.115( (b) we
have EY € 0%, (M) < ¢(E¥) for some n € N, and ¢(M) < ¢(M’). Now by the same arguments

as above we get and {E}", Ef'}men C 0®°. By Lemma (d) we can write ¢(EJ) =
d(F}) > ¢(M). Combining with Corollary we arrive at G = ¢(M) < ¢(EY) < ¢(EY) <
(M) + 1. These inequalities and the exceptional triple (M, EY, EY) with hom(EY, EY) = 0 provide
a o-exceptional triple (M, EJ[—1], ES[—1]). The lemma follows. O

Lemma 2.120. All objects in {E5", E]'}men are semistable.

Proof. Suppose that EJ* or E3" is not semistable for some m € N. By Lemma [2.115 we get
(M) < ¢(M). Since {p(M), p(M")} C {Pmins Pmaz} (Corollary [2.118]), we find that:

Gmin = ¢(M'),  H(M) = bmazc = Pmin + 1.
We have also {ET", E5'};men C 0%°. Thus, (b) and (c) in Lemma can be used to obtain:
vm €N S(ET") = ¢(EY), &(EF) = 6(E3). (2.105)
From hom(M, EY) # 0, and hom(EY, EY) # 0 (note that hom(EY, ET*) = 0 for m > 1) it follows
A(M) = bmazr = ¢(EY). On the other hand, from the triple (M’, E9, EY) with hom(E?, E9) = 0

it follows that ¢(EY) = ¢(M') = ¢min (otherwise (M’, EY[—1], E9[—1]) would be a o-exceptional
triple). Using (12.105|) we obtain

Vm e N Pmaz = d)(M) = (b(E{n)a Grmin = ¢(M/) = QZ)(EgL)
However, due to (c) and (d) in Corollary [2.115| these equalities contradict the assumption that E%*
or EJ" is not semistable for some m. The lemma follows. O

Corollary 2.121. All exceptional objects are semistable and their phases are in {dmin, Omaz }-

Proof. We have already proved that the exceptional objects are semistable. Recall that (see (2.80))
we denote 07 = Z(M) + Z(EY) + Z(EY). By Bridgleand’s axiom (2.11)) we can rewrite (2.80) as
follows:

r(E]) exp(ing(EJ")) = mdz + r(EY) exp(ing(E)))  meN,j=1,2,3 4. (2.106)

In Corollary [2.118| we have {¢(M), d(EY), d(EI)} C {émin, Pmaz}, therefore we can write d; =
Aexp(imy) with A > 0 and v € {dmin, Pmaz }-

Now ([2.106]) restricts all the phases in the set {dmin, Pmaz}, since Gmin < qﬁ(E]m) < Pmazr =
Pmin + 1 forany 1 <j <4, meN. O

We are already close to (2.86). To derive completely some of the non-locally finite cases in (2.86))
we consider each of the three equalities (2.102)). We showed that one of them holds.
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If ¢(EY) = ¢(M) + 1

Then ¢mm = ¢(M) and Qrmar = ¢(E?)

Since hom(ES", M) # 0, we have ¢(E3") < ¢(M) = ¢pmin for m € N. Hence {EF'} C P(dmin)-
We will show below that {E"} C P(¢mas) and so we obtain the first case in (2.86)).

The sequence {¢(E{")}men is non-increasing (see Remark [2.83)) and has at most two values. The
first value is ¢(EY) = ¢maz = ¢(M)+1. Suppose that ¢(E}) = ¢(M) for some I > 0. We can assume
that [ is minimal, so ¢(E. 1) = ¢(M)+1. In table we see that hom(M', EY) # 0, hence ¢(M') <
O(M) = Pmin, 1. e. p(M') = (M) = ¢pmin. We have the triple (L, M, E1™1) with hom(E!, M) =0
and ¢(E}) = ¢(M). It follows that ¢(ESY) = (M), otherwise Lemma (b) produces a
o-triple. However, now the exceptional triple (Ef[l,M’,Eifl with hom(E, *, M') = 0 satisfies
d(M) = ¢(ELY) = p(M') < $(ELY) = ¢(M) + 1 and Lemma (b) gives a contradiction.

Whence, the equality ¢(EY) = ¢(M) + 1 implies the first case in , which contradicts
Corollary Therefore, for the rest of the proof we can use the strict inequality:

$(EY) < p(M) + 1. (2.107)

If $(EY) = ¢(E3) +1 or ¢(M) = ¢(ES) + 1.

In both cases ¢min = ¢(EY), dmaz = ¢(ES) + 1.
We note first that hom(M, E}*) # 0 and hom(E}*, ET*) # 0 for each integer m, hence

O(M) < Q(E]") < H(ET") < bmaz = S(E3) +1  meN. (2.108)

Threfore, it is enough to consider the case ¢(EY) = ¢(EJ) + 1. The latter equality and (2.107
imply dmaz = H(EY) and ¢(EY) = ¢dmin < ¢(M). Tt follows that ¢(M) = ¢yasr. Now (2.108
implies {E}" }men C P(Pmaz). We will show that {ES" }en C P(¢min) and so we obtain the second
case in .

Now we have ¢(ES) = ¢min. Suppose that ¢(EL) = ¢mas for some [ > 0. Choosing the minimal
| with this property, we have ¢(E5 ') = @min. By hom(EL, M) # 0 we get ¢(M') = ¢pmaz =
G(M). Tt follows that ¢(EL ) = ¢pmin, because otherwise (EL~1, M'[—1], E51[~1]) is a o-triple,
due to hom(M’, EX™') = 0. However, now (E4 !, M[—1], E4[~1]) is a o-exceptional triple, due to
hom (M, E4) = 0.

Whence, any of the equalities ¢(EY) = ¢(EY) + 1 and ¢(M) = ¢(E3) + 1 implies (2-86), which
is the desired contradiction. Theorem [2.81]is proved.




Appendix

2.A Table

In the table below we present the dimensions of some vector spaces of matrices.

We skip the

computations. For m,n > 1 we denote by My(m,n) the vector space of m x n matrices over the
field k. The notations 7', 77" for m € N are explained before Proposition

2.B  Repi(Q) is regularity preserving for Dynkin quiver @)

1<n<m | {X,)Y)eMi(n+1,m+1) xMy(n,m): Xoj T =j1oY,Xojm =0V} 0
1<m<n . 1+n—m
1<m<n [{(X,Y)eMu(n,m)xMy(n+1,m+1): XorP =nloY,Xor" =qa"0Y} 0
l<sn<m - — 1+m-—n
1<m,1<n {(X,Y)GMk(nJrl,m)XMk(n,erl):XoszjioY,XowT:jon} 0
1<m,1<n {X e My(n,m):jloXor™=j"0Xon]} 0
1<m<n {XGMk(n—i-l,m):WZOXOWTZWQOXOWT} 0
0<n<m . m-—n
1<n<m X eMi(n,m+1):j"oXo T =j10Xojm} 0
0<m<n _ n—m
1<m,1<n| {(X,Y)eMp(m,n+1)xMp(m+1,n): Xoji =a7oY,Xo " =7"0Y} m+n
0<n<m {X,Y)eMy(n+1,m)?:afoX=n"0Y, XorpP =Yor™} m—n—1
0<m<n {(X,Y) e My(n,m+1)?:jToX =j"0Y, Xojr=Yo, "} n—m—1
0<m,0<n {(X,Y)EMk(nJrl,erl)Q:TrioX:ﬂEoY, Xojf:Yoj’_”} n+m+2
0<m,0<n [XeMin+1Im+1) i7" oXojT =n1oXojm} m+n+1
(2.109)

So far in the present chapter [2] were studied non-semistable exceptional objects in hereditary cat-
egories and the notion of regularity preserving category was introduced, but quite a few examples
of such categories were given. Certain conditions on the Ext-nontrivial couples (exceptional objects
X,Y € A with Ext!(X,Y) # 0 and Ext!(Y, X) # 0) were shown to imply regularity-preserving.
The study of exceptional objects in quivers goes back to [45], [46], [15], and to [42] for more
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general hereditary categories. However, to the best of our knowledge, no attention to the Ext-
nontrivial couples has been focused.

It is known that in Dynkin quivers Hom(p, p') = 0 or Ext!(p,p’) = 0 for any two exceptional
representations. On one hand, the present Section proves this fact by a new method, which allows
to extend it to representation infinite cases: quivers with graphs the extended Dynkin diagrams
Eg,E7,Es. On the other hand, we use it to show that for any Dynkin quiver ) there are no
Ext-nontrivial couples in Repy(Q), which implies regularity preserving of Repy(Q), where k is an
algebraically closed field. The present Section contains the paper [19] (joint with Ludmil Katzarkov).

2.B.1 Introduction

A brief description of the content of the present section is as follwos.

The basic observation is that if a quiver @ satisfies Homg(p, p’) = 0 or Ext(lg (p,p') = 0 for any
two exceptional representations p, p/, then the dimension vectors of any Ext-nontrivial couple {p, p'}
satisfy (dim(p)+dim(p’), dim(p) +dim(p’)) < 0 (Lemma[2.122). This motivates us to study in more
detail the property that Hom(p, p') = 0 or Ext!(p, p') = 0 for given exceptional representations p, p’
€ Repi(Q). In Section is shown that this property holds in Repy(Q1) and Repy(Q2) for any two
exceptional representations (Corollary (b)). An example with an acyclic quiver where this fails
is obtained by changing the orientation of the quiver Q2 (see ) In particular, the category
of representations changes by changing the orientation of the arrows and keeping the quiver acyclic
(Lemma [2.128)).

In Subsection is recalled the definition of the standard differential in the 2-term complex
computing RHomg(p, p’) for any two representations p, p' € Repi(Q), which we denote by ng,.
We utilize this linear map because the condition that one of the two spaces Hom(p, p’) or Ext!(p, p')
vanishes is the same as the condition that F/f?p, has maximal rank. In Subsections [2.B.3| |2.B.4| we

find conditions which ensure maximality of the rank of F @ The strategy is to expand the simple
linear-algebraic observations: Lemma (a),(b) and Lerhmato big enough quivers by using
Corollary . |§| The obtained conditions, which ensure maximality of the rank, are as follows.

Let p, p' be exceptional representations, o, o’ be their dimension vectors and let A, A’ be the
supports of o, o/. When @ has no edges loops and « or o’ has only one nontrivial value, i. e. A or
A’ is a single element set, then ch?p, has maximal rank (Lemma .

In Subsection we consider quivers without loops and exceptional representations whose
dimension vectors are thin, i. e. the componenets of these vectors take values in {0, 1} (see Definition
2.130)). The main result of this Subsection (Lemma is that, when the graph of @) has no loops,

for any two thin exceptional representations p, p’ the linear map Fp p has maximal rank. The last

58Corollary [2.126| is based on the algebro-geometric fact (see e.g. [16, p. 13]) that the orbit O, of an exceptional
representation p is Zariski open in a certain affine space.
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Lemma of this subsection considers some cases in which AN A’ is a single element set and p,
p' are not restricted to be with thin dimension vectors.

In Subsection we restrict () further. We consider star shaped quivers with any orientation
of the arrows (see Figure [2.135)). We allow here the exceptional representations to have hill dimen-
sion vector (Definition in addition to thin dimension vectors. It is shown that for any two
exceptional representations p, p’ € Repi(Q), whose dimension vectors are hill or thin, the map Fp?p,
has maximal rank (Proposition [2.140).

A natural question is whether the dimension vectors of all exceptional representations in a given
star shaped quiver are either hill or thin 7

Since the answer of this question is positive for any Dynkin quiver  (Remark and
for the extended Dynkin quivers Eg, E7, Eg (Lemma , it follows that for any two exceptional
representations p, p’ in a Dynkin quiver @ or in an extended Dynkin quiver of the type Eg, E7, Eg the
linear map ng, has maximal rank(Corollary [2.144). Thus, in these quivers we have Hom(p, p') =0

or Ext!(p,p’) = 0. This property for Dynkin quivers follows easily from the fact that Repy(Q) is
representation directed for Dynkin @ (see [43, p. 59| for the argument and [3], [24] for the fact that
Dynkin quivers are representation directed). However Eg, IE7, IES are not representation directed,
since they are representation-infinite (see [47, 5.5, p. 307]), so this argument can not be applied to
them. We expect that the arguments in Subsections [2.B.2] 2.B.3] [2.B.4] can be extended further to
show that Hom(p, p') = 0 or Ext!(p, p/) = 0 for any two exceptional representations p, p' in D, for
n > 4.

Star-shaped quivers have been extensively studied (going back to [29], [3] and recently e.g. [30]),
but to the best of our knowledge Proposition [2.140]is new.

From here till the end of the introduction @ is a Dynkin quiver @ (i. e. the graph of @ is 4,
with n > 1 or D,, with n >4 or E,, with n =6,7,8). Lemma combined with Corollary
and the positivity of the Euler form imply that there are no Ext-nontrivial couples in Repy(Q)
(Corollary . This in turn implies that Repy(Q) is regularity preserving. Furthermore, there
are no o-irregular objects for any o € Stab(D’(Repp(Q))).

Corollary means that for any two exceptional representations p,p’ € Repp(Q) we have
Ext!(p, p') = 0 or Ext!(p, p) = 0. Analogous property in degree zero, which says that Hom(p, p’) =
0 or Hom(p/, p) = 0 for any two non-equivalent exceptional representations p, p’ € Repi(Q), is well
known for Dynkin quivers. These facts about any Dynkin quiver ) can be summarized by saying
that for any two non-equivalent exceptional representations p,p’ € Repi(Q) the product of the
two numbers in each row and in each column of the table below vanishes (see Section for the
notations hom(p, p’), hom®(p, p')):

hom(p, p') | hom' (p, p')
hom(p’, p) | hom' (¢, p) |

59We thank Pranav Pandit for pointing out these references.
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2.B.2 The differential F*,

In this Subsection @ is any connected quiver. We denote the set of vertices by V(Q), the set of
arrows by Arr(Q), and the underlying non-oriented graph by I'(Q). Let

Arr(Q) = V(Q) x V(Q)  awr (s(a),t(a)) € V(Q) x V(Q) (2.110)

be the function assigning to an arrow a € Arr(Q) its origin s(a) € V(Q) and its end t(a) € V(Q).
By (,) we denote the Euler form of @ (see (3.4)). The dual quiver Q¥ has V(QV) = V(Q),
Arr(QV) = Arr(Q), but (sV,t") = (¢,s). By transposing matrices we obtain an equivalence

Repr(Q) —+ Repi(Q"). (2.111)

Th following properties hold
Vp,p € Rep(Q)  dim(p) = dim(p”) homgy(p, p') = homgy (", p*) (2.112)
Va,3 e NV@  (a,B)ov = (B, )¢ (2.113)

The basic observation of this Section B Bl is:

Lemma 2.122. If any two exceptional objects p, p' € Repy(Q) satisfy hom(p, p’) = 0 or hom! (p, p') =
0, then any Ext-nontrivial couple {p, p'} satisfies (dim(p) + dim(p’), dim(p) + dim(p")) < 0.

Proof. Since p, p' are exceptional representations, we have (dim(p),dim(p)) = (dim(p’), dim(p")) =
1, therefore

(dim(p) + dim(p'), dim(p) + dim(p')) = 2 + (dim(p), dim(e)) + (dim(p'), dim(p)). ~ (2.114)

Since hom!(p, p') # 0, hom!(y/, p) # 0, by the given property of the exceptional obJects we obtain
hom(p, p') = hom(p p) = 0, hence by ([2.3) we obtain (dim(p),dim(p’)) = —hom?(p,p’) < 0,
(dim(p'), dim(p)) = —hom!(y’, p) < 0. NOW the lemma follows from ([2.114)). O

In Corollary (b) we see that the condition of the lemma above is satisfied in Repg(Q1),
Repi(Q2). The condition of Lemma [2.122) is related to the standard differential in the 2-term
complex computing RHomg/(p, p'). We recall this definition:

Definition 2.123. For any two representations p, p' € Repi(Q) we denote a by FQp (we omit the
superscript Q, when it is clear which is the quiver in question) the standard differential in the 2-term
complex computing RHomg(p, p). Recall that:

[] Hom(k k%) — T Hom(k®w@, k%) (2.115)
ieV(Q) a€Arr(Q)

where a = dim(p), o/ = dim(p’) € NV(@) | as follows:

ng/ ({fl}ZEV(Q)) = {ft(a) O Pa — ,0; © fs(a)}aEArr(Q)' (2'116)
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This differential will be used to obtain the condition in Lemma [2.122] More precisely, we have
the following standard facts:

Lemma 2.124. Let Q be a quiver and p, p’ € Repi(Q) be two representations. The following hold:
(a) HomRepk(Q) (p, p/) = ter (ng’)
(b) (dim(p),dim(p")) = dim (dom (F,;Q,p/)> — dim (cod (Ffp,)), where dom (ng,> and

cod <ng,) denote the domain and codomain of Fp?p,.

(c) Let (dim(p),dim(p’)) > 0. Then F[?p, has mazimal rank iff hom(p, p') = (dim(p), dim(p"))
and hom®(p, ') = 0.

(d) Let (dim(p),dim(p’)) < 0. Then ng, has mazimal rank iff hom(p, p’) = 0 and hom®(p, p') =
—(dim(p), dim(p")).

(e) Let QV be the dual quiver and V be the equivalence in , then Ffp, has maximal rank

. \/ .
iff F/?v oV has maximal rank

Proof. (a) and (b) follow from the definitions, (c¢) and (d) follow from (a), (b) and (2.3]). Finally,
(e) follows from (c), (d), (2.112)), and (2.113). O

For any o € NV(@) we denote

GL(a)= [] GL(ai k); Rep(a) = {p € Rep(Q) : dim(p) =a} = [ Hom(k*, k),
i€V (Q) a€Arr(Q)

For any o € NV(@) the isomorphism classes of representations with dimension vector a are the
orbits of the left action:

GL() x Rep(c) = Rep(e)  g.p = {g(t(a)) o pa © g(s(a)) " Yacarr(Q)- (2.117)

For p € Rep(a) the orbit containing p is denoted by O,.
Let a,a’ € NV@), g € GL(a), ¢ € GL(a). 1t is easy to show that for any p € Rep(a),
p' € Rep(a/) we have

Fop,p =Rg-10lpyoRg Iy gy =1LyolyyolLy-, (2.118)
where:

Ly, Rg: [ Hom(k* k%) — J] Hom(k* k)

ieV(Q) i€V (Q)

Ly ({fitieviq)) ={dio fitievi), Ry {fitieviq)) = {fi°gitiev(q):

(2.119)
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Ly,Ry: ] Hom(k®@, k@)~ J] Hom(kw,k"w)
a€Arr(Q) a€Arr(Q) (2120)
Lg’ ({ua}aEArr(Q)) = {gils(a) © Ua}aGArr(Q) Ry ({ua}aeArr(Q)) = {ua o gs(a)}aeArr(Q)-
In particular, we see immediately that

Lemma 2.125. Let a,a’ € NV(@  (p,p') € Rep(a) x Rep(a’). If F, s is not of mazimal rank,
then Fyy is not of mazimal rank for any (x,y) € O, x O,.

The following corollary will be widely used.

Corollary 2.126. Let o, o € NV(Q) be real roots of Q. Let p € Rep(a), p' € Rep(a!) be exceptional
representations. If Fy, has maximal rank for some (x,y) € Rep(a) x Rep(a), then F,, and Fy
have mazimal rank. For each a € Arr(Q) the linear maps pq, pl, have maximal rank.

Proof. First recall that, since p, p’ are exceptional, the orbits O, and O, are Zariski open in Rep(c)
and Rep(a), respectively (see [16, p. 13]). For a given x € Rep(«) the condition on y € Rep(a) to
be such that Fj , is not of maximal rank is expressed by vanishing of certain family of polynomials
on Rep(a’). If there is y € Rep(a/) such that F, is of maximal rank, then the zero set of this
family of polynomials is a proper Zariski closed subset of Rep(a'), hence, by the previous lemma,
not maximality of the rank of F, , implies that the orbit O, is contained in this proper zariski
closed subset, and then O, can not be an open subset of Rep(a/). Thus, we showed that if F
is of maximal rank for some y € Rep(a’), then F, , is of maximal rank. The claim about F}, is
proved by the same arguments applied to p.

Finally, the property that p, is not of maximal rank is invariant under the action of GL(«), for
any a € Arr(Q). It follows that non-maximality of the rank of p, implies that O, is contained in
a proper Zariski closed subset of Rep(a). If p is an exceptional representation, then O, is Zariski
open in Rep(a), therefore p, is of maximal rank for each a € Arr(Q). O

It is useful to give a more precise description of the map defined in Definition [2.123] For any
(p,p') € Rep(a) x Rep(a’) we denote A = {i € V(Q) : a; # 0}, A = {i € V(Q) : o} # 0}. We
denote also Arr(A, A’) = {a € Arr(Q) : s(a) € A, t(a) € A’}. Then for F, , we can write

Fop: [[ Hom(k k%)~ [ Hom(k®w@, k%) (2.121)
1€ANA’ a€Arr(A,A")
ft(a) © Pa _pizofs(a) a € A’I"’I“(AQA/,AQA,)
N B —Pa © fs(a) a€ Arr(ANA A\ A)
Fppw ({fiticanar) = fr o e 0 e Arr(A\ AL AN A) (2.122)
0 a€ Arr(A\ A A\ A)
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In the rest Subsections we will study the question about maximality of the rank of F), , where p,
p' are exceptional representations. We prove first the following lemma:

Lemma 2.127. Let Q have no edges loops. Let p,p’ € Repi(Q) be exceptional representations. If
A or A" is a single element set, then F, y has mazimal rank.

Proof. Recall that we denote o = dim(p), o/ = dim(p’).

Assume that A = {j}. If AN A’ =0, then F, , is injective. Let AN A" = {j}.

Now A\ A’ = ) and, since @ has no edges loops, we have Arr(AN A’, AN A’) = (), hence for
any y € Rep(a’) the map F),, has the form (we use (2.121)), and that now a; = 1):

F,, : Hom(k, k%) — I1 Hom(k, k1)
acArr({j}AN))

Foy (f) = {=va © ftacarriy.angh)

Obviously, we can choose y € Rep(a’) so that F,, has maximal rank. Therefore by Corollary [2.126
F, y has maximal rank as well.

If A" = {j}, then by the already proved FY oV oV has a maximal rank. Now we apply Lemma
2.124] (e) and obtain that F}, ; has maximal rank. O

An example of a quiver @ and exceptional representations p, p/, s. t. Fpr, is not of maximal
rank is as follows:

o—>o0 k—0 00—k
Q:I | o= | o=1 | (2.123)
0—o0 k—k k—k

One easily computes hom(p, p’) = 1, (dim(p), dim(p’)) = 0, and hence hom®(p, p’) = 1. Further-
more, p, p’ are exceptional representations. Now from Lemma [2.124] (c) it follows that F), , is not
of maximal rank. Comparing with Corollary (b) we obtain

o — O o — O

Lemma 2.128. The categories of representations of the quivers } “not }+ are not equivalent.

o — O o — O

In the next Subsection we restrict our considerations to a quiver @) without loops.

2.B.3 Remarks about F),, in quivers without loops

Throughout this subsection @ is quiver without loops (i. e. the underlying graph I'(Q) is simply
connected), in particular there is at most one edge between any two vertices of ). Here we con-
sider exceptional representations whose dimension vectors take values in {0,1}. These exceptional
representations are said to have thin dimension vector (Definition [2.130). The main result of this
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Subsection is that, when the graph of @) has no loops, then for any two exceptional representations
p, p/ with thin dimension vectors the linear map F/?p’ has maximal rank. The last Lemma @I of
this Subsection considers some cases in which AN A’ is a single element set and where p, p’ are not
restricted to be with thin dimension vectors.

For any subset X C V(Q) we denote by Qx the quiver with V(Qx) = X and Arr(Qx) =
Arr(X,X). We denote by p, p' two representations of Q. We denote by a,a’ € NV(@) their
dimension vectors, and by A = supp(a) C V(Q), A’ = supp(a’) C V(Q) the supports of a,a’. If
Arr(A\ A, A"\ A) # 0, then by the simply-connectivity of @ it follows that AN A’ = () and then

F, y is trivially injective(see (2.121))). Thus, we see
Lemma 2.129. If Arr(A\ A', A"\ A) # 0, then F, y has mazimal rank.

From now on we assume that Arr(A\ A’, A"\ A) =0, and then the last row in (2.122)
can be erased, and we have a disjoint union:

Arr(A, A = Arr(AN A AN AU Arr(AN A AP\ A)U Arr(A\ AL AN A, (2.124)
Now we consider exceptional representations p, p’ whose dimension vectors contain only units

and zeroes. More precisely:

Definition 2.130. A vector o € NV(@) s said to be thin if for any i € A we have a; = 1, where
A = supp(a) C V(Q) is the support of c.

Remark 2.131. If p € Repi(Q) is an exceptional representation with a thin dimension vector (thin
exceptional representation), then the sub-quiver Q4 mist be connected and one can assume that

Va € Arr(A,A)  pg = 1dg.

Lemma 2.132. Let p and p’ be exceptional representations with thin dimension vectors. Then F, y
has maximal rank.

Proof. Due to the given conditions we can write:

(dim(p), dim(p')) = #(A N A) — #(Arr(A, A')) (2.125)
P ft(a) — fs(a) a € A’I“T(A N Al, AN A/)
IT =2~ I % Foo{fitieann) = ~fo@y @€ Arr(ANAL A\ A)
icANA’ acArr(A,A") fe(a) a€ Arr(A\ A, AN A')

We can assume that ANA" # (). Since Q4 and Q 4/ are connected, it follows that Q gnar = QANQ ar
is connected. Since there are no loops in I'(Q), the graph of Q44+ is simply connected, therefore

#ANA) = #(Arr(AN A, AN A")) + 1. Putting (2.124) and the latter equality in (2.125) we

obtain
(dim(p), dim(p)) = 1 — #(Arr(AN A, A'\ ) — #(Arr(A\ A, AN ). (2.126)

The following lemma will be helpful for the rest of the proof
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Lemma 2.133. Let T be a quiver, s. t. I'(T') is simply-connected. Consider the linear map

F: I] k= [ * F ({fi}Yieviry) = {fra) — fs(a)}aeAT,’,(T) (2.127)

1€V (T) acArr(T)

For each j € V(T), eachx € k, and each y € [],c gpp() k there exists unique {fi}iev(r) € [Liev(r) k
with fj = x and F({fi}icv(r)) = y. In particular, for each j € V(T') the linear map

II =k J] * {fitievir) = <ij {fi@) — fs(a)}aeATT(T)) (2.128)
1€V (T) a€Arr(T)
18 1somorphism.
Proof. Easy induction on the number of vertices. O

We will apply this lemma to Q 4n4’-

Consider first the case (dim(p), dim(p’)) > 0. We need to show that F), , is surjective. Now by
(2.126) we have 1 > Arr(AN A’ A"\ A) + Arr(A\ A, AN A’), and then the map F, y is the same
as one of the maps (2.127) or (2.128) corresponding to T' = Q anas, hence F, , is surjective.

In the case (dim(p),dim(p")) < 0, we have 1 < Arr(ANA", A\ A)+ Arr(A\ A", AN A’). Hence,
for some projection 7 the map o F}, , is the same as the map corresponding to T' = Q ana’,
hence F), ; is injective. O

In the end we consider the map F),  in the case, when AN A’ has a single element.

Lemma 2.134. Let p,p' be exceptional representations, s. t. ANA" = {j}. Let I'(Q) does not split
at j, i. e. the edges adjacent to j can be represented as follows v — j — y . Finally, assume that
a is constant on AN{x,y,j} or o' is constant on A’ N{x,y,j}. Then F, ,y has mazimal rank.

Proof. Since there are no loops in I'(Q), we have Arr(AN A, AN A’) =0 and F, , has the form

(dim(p), dim(p))) = aja = D @l - Y Q@] (2.129)
acArr({j},A’\A) acArr(A\A’,{j})
F,, : Hom(k® k%) — [I  Homk rx“w)s  J]  Hom(k®w, k%) (2.130)
acArr({j},A’\A) acArr(A\A' {j5})
_f —paof acArr({j}, A\ A)
mom={ ool LSRG | (2.131)

From Lemma we can assume that #(A4) > 2, #(A’) > 2. Since p, p’ are exceptional repre-
sentations, 4 and @ 4 are connected. Then the edges adjacent to j can be represented as follows
A\ A >z j——ye A"\ A. We consider three cases.
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If Arr({j},A’\ A) # 0, Arr(A\ A’,{j}) = 0, then we can represent the arrows adjacent to j as
follows

A\A sz +——j—SyeA\A (2.132)

and (dim(p), dim(p')) = a;a); —a;ay = j

: aj(a—ay), Fyy ({f}) = —pgof. Since p’ is an exceptional

representation, the map p/, has maximal rank (see the last part of Corollary ). Therefore F),
has maximal rank.

If Arr({j},A’\A) =0, Arr(A\ A’,{j}) # 0, then we can represent the arrows adjacent to j as

follows

A\A sz 2w j——yecA\A (2.133)

and (dim(p),dim(p")) = a0’ — aza) = (aj — az)aj, F, y ({f}) = f o pa. Since p is an exceptional
representation, then p, has maximal rank. Therefore F}, , has maximal rank.
If Arr({j},A’\ A) # 0, Arr(A\ A’,{j}) # 0, then we can represent the arrows adjacent to j as

follows
A\NA 5z 2 wj Yyecaa (2.134)
and (dim(p), dim(p')) = ;) — azaf — ajoy, F,p ({f}) = (=pp o [, f o pa)-
If o is constant on AN{x,y, j}, then a, = a; and (dim(p), dim(p’)) = —a;a; < 0. Since a, = «;

and p, has maximal rank, it follows that p, is isomorphism, hence F), , is injective. Therefore F},
has maximal rank.

If o/ is constant on A’ N {z,y,j}, then oy = o’ and (dim(p),dim(p')) = —aja, < 0. Since
ay = o} and py has maximal rank, it follows that pj is isomorphism, hence F, , is injective.
Therefore F}, ; has maximal rank. The lemma is completely proved. O

2.B.4 Remarks about F), , in star shaped quivers
In this Subsection we restrict @ further. We assume that its graph is of the type(m,n,p > 2):

U1

/
(%)
Un—1

Q) = ur — ug - “Up—1 — 8 (2.135)

=/ N\

w2

w1
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Everything in this Subsection holds for star shaped quivers with more than three rays. For simplicity
of the notations we work with three rays. For such quivers we consider exceptional representations
with hill dimension vector (Definition in addition to the already considered thin dimension
vectors. We show that for any two exceptional representations p, p’ € Repi(Q), whose dimension
vectors are hill or thin, the map F @ has maximal rank.

The following lemma (more precisely parts (a) and (b) in this lemma) is basic for this section.

Lemma 2.135. Let L be a quiver whose vertices are the numbers {1,2,...,n}(n > 2), whose
graph is I'(L) = 1 —2 — ... — (n—1) — n, and with any orientation of the arrows. Let
p, P € Repi(L) be two representations with dimension vectors a = dim(p), o/ = dim(p’), s. t.

0<ar<ap<---<ap 1 <oy 0<a)<ay<---<aj, g <o,
and s. t. for each a € Arr(L) the linear maps pq, pl, have mazimal rank. Then the linear map

n ’ FL ’ o
[ [ Hom(kee, k) =5 [T Hom(k®sw, k%) {£i}ily = {fua) © Pa = i © fit) Fae amiry
1=1 ac€Arr(L)

(2.136)

has the following properties:
(a) The map Eet(Fff:p,) — Hom(k, k%), defined by Eet(Fpr/) S {fitiy = fn, is injective.

(b) For any & € Hom(k®', k®) and any y € [locarrr) Hom(k‘as(a),ka;(a)) there exists { fi}1, €
[Ti, Hom(k®, k), s. t. FE2 ({fi}1e)) =y and fi = .
(¢) In particular, the map FpL,p, is surjective and dim(?et(FpL,p,)) =D QG0 e Arr(L) as(a)oz;(a).

(d) If we are given a surjective map k% <2 ko‘ll, then the linear map

n / GL / /7 !
H Hom (k% , k%) -2 Hom(k*', k“0) & H Hom (k%@ k()
i=1 a€Arr(L) (2.137)

{fiYisy = (=m0 f1, )y ({fi}ier)
is surjective and the dimension of its kernel is Y ;- a;a — > acArr(L) as(a)a;(a) — aq .

(e) If we are given an injective map k“° —2v k™ then the linear map

n HL , , ,
[ [ Hom(k, k%) —222% Hom(k*, k*) @ J[  Hom (k@ k%)
=1 a€Arr(L) (2138)

{fitici = (fiow, F;f:p’({fi}?:l))

is surjective and the dimension of its kernel is Y, ;o — 2 acArr(L) as(a)ag(a) — .
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- .. . / x / )
(f) If we are given an injective map k% — k%+1_ then the linear map

[T Hom(k*, k%) — Hom(k®" k%) J] Hom(k, k%)
1=1 a€Arr(L)

{fi¥ier = (= o fo, Fyy ({fiYie))
18 1njective.

Proof. We prove first (a) and (b). Let n = 2. We consider the two possible orientations of the arrow
1 2.
If the arrow starts at 1, then consider the diagram

Lt P L2

fli f2i

ka’l P k,a’2

Now the map FpL’p, is FpL’p,(fl,fg) = foop—p' o fiand p, p' are injective. If F‘fp,(fl,fg) =0 and
fo =0, then p’ o f; =0, and by the injectivity of p’ we obtain f; = 0. Thus, we obtain (a).

To show (b) we have to find fo € Hom(k®?,k%2),s. t. faop—p'ox =y for any z € Hom (k™ , k1)
and any y € Hom(k®, k®2). Since p is injective, then it has left inverse 7 : k*2 — k°2, and then we
can choose fo = (y+p/ox)om.

If the arrow starts at 2, then consider the diagram

ko L e

fli fzi

/
kLo

Now the map Flfp, is prp,(fl, fo) = fiop—p o foand p, p' are surjective. If prp,(fl, f2) =0 and
f2 =0, then f; o p =0, and by the surjectivity of p we obtain f; = 0. Thus, we obtain (a).

To show (b) we have to find fo € Hom(k®2, k%), s. t. zop—p'ofy = y for any x € Hom(k*1, k1)
and any y € Hom(k“2, kall). Since p/ is surjective, then it has right inverse in : k%1 — k%, and then
we can choose fo =ino (xop—y).

So far, we proved the lemma, when n = 2. Now by using induction and the already proved case
n = 2 one can easily prove (a), (b) for each n > 2. The statements in (c), (d), (e), and (f) follow
from (a) and (b). O

In Lemma [2.138| we allow one of the components p, p’ to be of a type different from thin. More
precisely:
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Definition 2.136. Let Q be a star shaped quiver(as in Figure (2.135)). We say that o € NV(@) 45
a hill vector if

a(ur) < alug) < < o(um—1) < afs), a(Um—1) >0
afvy) < avy) < -+ < a(vp—1) < afs), a(vp—1) >0 (2.139)
a(wy) < a(wz) < -+ < a(wp—1) < als), a(wp—1) > 0.

The non-vanishing condition for a(un—1), @(vn—1), a(wy—1) in this definition simplifies our
considerations, but we suspect that this condition can be relaxed.
In the proof of Lemma [2.138] and Lemma [2.139 we use the following simple observation:

Lemma 2.137. Let Y C V be a vector subspace in a vector space V and dim(Y') =y, dim(V') = n.
Let {x1,...,zm} be integers in {0,1,...,n}.

(a) If y + >7" x; — mn > 0, then one can choose vector supspaces {X; C V™, so that
dim(X;) = z; and

dim <Y N ﬂ Xi> =y+ le —mn (2.140)
=1

=1

(b) If y + >z — mn < 0, then one can choose vector supspaces {X; C V}™, so that
dim(X;) = z; and

YN ﬁ X; = {0}. (2.141)
=1

Proof. (a) If m = 1, then we have y + 1 > n. Therefore we can choose X7 C V, so that
dim(X;) = x; and X; +Y = V. Therefore by a well known formula, we have n = dim(X; +Y) =
dim(X;) +dim(Y) —dim(X; NY) =21 +y —dim(X; NY) . Hence dim(X; NY) =21 +y —n.
Suppose that (a) holds for some m > 1 and take any collection of integers {x1, ..., Zm, Tm+1}
in {0,1,...,n},s. t. y+ Zﬁﬁl x; — (m + 1)n > 0. We can rewrite the last inequality as follows

n<y+ 27;1 i + Tm+1 — mn. On the other hand x,,11 < n, therefore

m m m
n§y—i—in—i-armH—mngy—i-in—i—n—mn = OSy—l—in—mn. (2.142)
i=1 i=1 i=1

Now by the induction assumption we obtain vector subspaces {X; C V}7, with {dim(X;) =
z;}, and dim (Y N2, X;) =y + D>ty ;3 — mn. Now we have dim (Y N Xi) + Zmy1 > 1
and as in the case m = 1 we find a vector subspace X,,41 C V with dim(X,,+1) = z;,41 and
dim (Y Nt XZ»> =dim (Y N/ Xi) 4 Tt —n =y + 7 2 — (m + 1)n. Thus, we proved
(a).
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(b) If m = 1, then the statement is obvious. Now we assume that we have (b) for some m > 1.
Let {1,...,Tm, Tmi1} be any collection of integers in {0,1,...,n},s. t. y+> 7 ;—(m+1)n < 0.
If y +> ", x; —mn < 0, then we use the induction assumption. If y +» ", z; —mn > 0, then we
use (a) to obtain vector subspaces {X; C V}7*, with {dim(X;) = 2;}/*, and dim (Y N ", X;) =
y+> i, & —mn. Now we have dim (Y N2, Xi) + Tmy1 =y + Z?;J{ x; —mn < n, therefore we
can choose X,4+1 C V with dim(X,,+1) = @41 and Yﬂﬂ?ﬁ{l X; = {0}. The lemma is proved. [

Lemma 2.138. Let p, p’ € Repi(Q) be two exceptional representations with thin and hill dimension
vectors, respectively. Then F), y and F, , have mazimal rank.

Proof. We show first that F}, , has maximal rank. Due to Lemmawe can assume that #(A) >
2, hence AN A’ # {s}(we are given also &/ (uy,—1) > 0, &/ (vp—1) > 0, &/ (wp—1) > 0). Due to Lemma
we can assume that #(AN A’) > 2. Lemma considers the case Arr(A\ A, A"\ A) # 0,
hence we can assume that Arr(A\ A, A"\ A) = 0 and we can write

(a,a') = Z al — Z ) — Z Oy — Z iy (2.143)

iEANA! a€ Arr(ANAT, ANAY) a€ Arr(ANA!, A\ A) a€Arr(A\ A, ANAY)
Fop o TT Hom (kk) = ] Hom (k k) (2.144)
iEANA/ a€ Arr(A,A)
fr@) = Pu o fs@@) a€ Arr(ANA,ANA)
Fp,p' ({fi}ieAmA’) - 7p:1 0 fs(a) ac ATT(A N Ala A \ A) : (2145>
fr() a€ Arr(A\ A, AN A

We consider first the case(see (2.135)) AN A’ C {u1,ua, ..., Un-1}. Now I'(Qanas) has the form
U — Ujp1 — « .. — Ujrk—1 — Uj+k. Let us denote by p,, pl. the representations p, p’ restricted
to Qanar.- Then Qanar, pr, pl satisfy the conditions in Lemma (recall also the last statement
in Corollary ). Let us denote by a the arrow adjacent to Q anar at u;p. If a starts at w;ig,
i. e. it points towards the splitting point s, then, due to , a€ Arr(ANA A\ A) and p), is
injective. In this case 7w o F}, ,, where 7 is some projection, is the same as the linear map in Lemma
2.135| (f) with = = p,, hence F), , is injective. Let the arrow a ends at u;, then it is neither in
Arr(ANA’; A\ A) nor in Arr(A\ A’, A’N A). Let us denote by b the arrow adjacent to Q ana’ at ;.
Now if b starts at u; and u;—1 € A’, then b € Arr(ANA’, A’\ A) and F, , is the same as the linear
map in Lemma (d) with @ = pj. If b starts at u; and u;—; ¢ A’, then Arr(AN A, A"\ A) =
Arr(A\ A, A'NA) = 0 and F, y is the same as Fg:‘;?“’ from Lemma [2.1350 If b ends at w; and
uj—1 € A, then b € Arr(A\ A',A'N A) and F, ; is the same as the linear map in Lemma [2.135] (e)
with z = Idg. If b ends at u; and u;—1 & A, then Arr(ANA', A'\ A) = Arr(A\ A, A'NA) =0 and
F, s is the same as Fg:‘;}?f‘/
ANA C {ul, Uy . um_l}.

Next, we consider the case AN A" C {uy,ug,...,upm—1,s} and s € AN A". Now I'(Q gnas) has the
form wu; Uit] — .. — Um—1 — S and v,_1, wp_; are not elements of A. We denote by p,, p!.

from Lemma [2.135, Thus, we see that F}, ;, has maximal rank, when
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the restrictions of p, p’ to Qanas. Let us denote the arrow between s and v,,_1 by b and the arrow
between s and wy 1 by c¢. If b and ¢ both end at s, then F, , is one of the following three linear

maps: F/g*;)’?“/ (see ([2.136))), G?A;A;(see 2.137)), H[C)?ApQAI/d (see (2.138))) considered in Lemma |2.135

hence F), , is surjective. It is useful to denote

S ={b,c}NArr(ANn A", A"\ A). (2.146)
For a € S the linear map p/, is surjective and
Va € S dim(ter(p))) = o, — a;(a) (2.147)

Looking at ([2.145) we see that F), , has the form
Fop (Ufikieana) = (T Ufikicana) {—reo fo}es) (2.148)

QAmA’ Qana’ Qana’ Qana
where T' is one of F 2%, G 40" H " pmld In the tree cases ter(T) C ter (FPT,PIT ) and by

Lemma [2.135| (a) the linear map tet(T) — Hom(k, k%) defined by projecting to the Hom (k, k®*)-
component is injective(here and in ([2.148]) the notation s is the splitting vertex in figure ([2.135)).

Now from ([2.148)) we see that

dim(ter(F), 7)) = dim ( (erT) N ﬂ ter(p), ) (2.149)

a€sS

On the other hand by and (c), (d), (e) in Lemma 2.135] (2.147)), and the formula (2.143)) one easily
shows that

(@, 0') = (dim(p), dim(p')) = dim(r(€exT)) + ) dim(ter(p,)) — #(5) a. (2.150)
aes

The feature of p’, due to the fact that it is an exceptional representation, used so far is thgt ol s

of maximal rank for any a € Arr(Q). All considerations hold for any p € Rep(a/) s. t. p/, is of

maximal rank for a € Arr(Q). For any such p/ we have r(ket(T)) C k%, ter(p/,) C k% for a € S
h (

and (2.149), (2.150) hold. If («, a’) > 0, then by Lemma 2 a) we can choose {p/, }acs (Without
changing the rest elements of p’) so that

(o, ) = dim(k(€erT)) + Zdim(fet(pz)) — #(S) o, = dim ( (EerT) N ﬂ ter(pf > . (2.151)
ags aes

Therefore, by (2.149) we get dim(tet(F ;,)) (dim(p), dim(¢’)), which implies that F 5 Is surjec-
tive(see Lemma (b)) Now Corollary [2.126] shows that F), ; has maximal rank. If (o, o) <0,
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then by Lemma (b) we can choose {p' . Yacs (without changing the rest elements of p') so that
{0} = k(erT) N Naes ter(p’,). Hence implies that F - is injective. Now Corollary [2.126
shows that F}, y has maximal rank.

Finally, we consider the case {uy,—1,s} C ANA" ¢ {uj,ug,...,um—1,s}. Now v, € ANA" or
wp—1 € AN A, We will give details about the case when v,—1 € AN A" and w,—1 € AN A’". The
steps for the other cases are the same. Now the quiver  sn4s has the form

Uj

Un—1

/
QAQA’ = U; " Up—-1 — S (2152)
\

w

p—1

Wk

Let us denote Ly = Q Ana'nfuy uz,...um_1,5}> a0d let py, p., be the restrictions of p, p’ to L,. Similarly
we obtain Ly, py, pl, and Ly, pw, p,,- Then we can apply Lemma|2.135|to L;, p;, p for i € {u,v,w}.
Furthermore, we can express F), , as follows:

F,p ({fitieana) = (Tu ({fitiev) » To {fitieve,)) » Tw ({fitieviz.)) ) » (2.153)
where for i € {u,v,w} the linear map T; is one of Fplszp; (see ([2.136)), Gﬁ;,p;,xi (see (2.137), Hfifp“dk (see

(2.138])). Using (c), (d), (e) in Lemma [2.135| and (2.143]) one easily shows that

(o, ) = dim(tex(T,)) + dim(€er(T},)) + dim(ter(Ty,)) — 20 (2.154)

By Lemmal|2.135|(a) the linear map get(T;) —> Hom(k, k%) defined by projecting to the Hom(k, k% )-
component is injective for i € {u,v,w}. From (2.153)) one easily shows that

dim(ter(F), ) = dim ( Ky (EerTy) N Ky (EerTy) N Ky (EetTy,) ). (2.155)

The obtained formulas hold for any p’ € Rep(a’) s. t. p', is of maximal rank for a € Arr(Q) (we
denote the corresponding linear maps be T;). Due to (2.118)) and having that 7 is Fri_ or GFi_

pisp'; Pisp’§5Ti
or HPLZ';, 1q, We can move ki(ter(T;)) inside k* by varying p/ € Rep(o’). Therefore, if (o, ') > 0,
P 51Uk
using ([2.154) and Lemma [2.137] (a), we can ensure

dim( Ko (BetT) M oy (BerT)) N i (EerT)y) ) = (a,a). (2.156)

Therefore dim(‘éet(Fp ~)) = (dim(p), dim(p)), which implies that F5is surjective(see Lemma/|2.124
(b)). Now Corollary [2.126| shows that F), , has maximal rank. If (a, ) < 0, then, due to Lemma
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2.137/(b) and (2.154), we can vary p’ so that {0} = iy (EetTy,) Nk (BetTy,) Nk (EerT,). Hence (2.155)
implies that Fp 7 is injective. Now Corollary [2.126|shows that F), , has maximal rank.

So far we proved that Ffp, has a maximal rank. The quiver Q¥ and the representations p",

PV satisfy the same conditions as Q, p, p/, respectively. Therefore F/f%v oV has maximal rank. Now

Lemma [2.124 (e) shows that ch,zp has maximal rank. The lemma is proved. O

Lemma 2.139. Let p, p' € Repr(Q) be exceptional representations with hill dimension vectors.
Then F, y has mazimal rank.

Proof. From Definition we see that Qanas is in Figure . Now the arguments are the
same as the arguments after Figure in the proof of Lemma In this case we use Lemma
[2.135]in its full generality, when both representations have non-decreasing dimension vectors, so far
we used it with one constant dimension vector and one non-decreasing dimension vector. O

Combining Lemmas [2.139] [2.138] and 2.132] we obtain:

Proposition 2.140. Let Q be a star shaped quiver. For any two exceptional representations p, p’ €
Repi(Q), whose dimension vectors are hill or thin, the linear map F), y has mazimal rank. In
particular, for any two such p, p’ we have hom(p, p') = 0 or hom®(p, p’) = 0.

In the end we discuss hill dimension vectors:

Lemma 2.141. Let Q be a star-shaped quiver. The sum of any two hill vectors in NV (@) 45 hill.
Let s be the splitting vertex of Q. Let § € NV(@) be a hill vector with 0(s) > 3 such that in each
ray of the form xq To et Tp_q s we have §(x;) = £0(s) fori=1,2,..., k— 1 Then
(a) For each thin vector o € NV(@) the vectors § + o are hill.
(b) For each hill vector a € NV(@) s t. in each ray of the form x S
we have a(zy) < @, {a(zit1) — alz;) < @}f:ll and a(z_1) < B20(s) the vector § — a is hill.

xz ... xkf—l

Proof. Recalling the definition of hill vectors (Definition [2.136]), it is clear that the sum of two hill
vectors is hill. Let x1 Ty v Tp_1 s be any ray of @ (k > 2) and let us denote zj = s.

(a) If «v is thin, then by {6(x;41) — d(x;) = % > 1} one easily shows that a + § and o — &
are non-decreasing along the ray towards the splitting vertex. By d(s) > 3 and the given properties
of § it follows that d(z_1) > 1 (otherwise k = 2 and 1 = 6(s)/2, which is a contradiction) now it
is clear that § & « are hill.

(b) By the given properties of o we can represent it as follows a(x1) = a1, a(x2) = a1 +ag, ...,
a(zs) = S8 a4y, where 0 < a; < %‘9) for i =1,2,...,k. Therefore d(z;) —a(z;) = i, (@ - al>
fori=1,2,...,k, so we see that § — « is non-decreasing along the ray towards the splitting vertex.

Now a(zy—1) < 5215(s) implies that § — a is a hill vector. O

3(s)

Tn particular % is a positive integer and §(s) > 2.
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2.B.5 Remarks about [, , in Dynkin and in some extended Dynkin quivers.

A natural question motivated by Proposition [2.140] is whether the dimension vectors of all excep-
tional representations in a given star shaped quiver are either hill or thin ?

Recalling that the dimension vectors of the exceptional representations in any quiver are real
roots (see the paragraph after ) and that for Dynkin quivers all roots are real, finding the
answer of this question for Dynkin quivers is easy:

Remark 2.142. Tables with the dimension vectors of roots of Dynkin quivers can be found in
Patrick Browne’s webpage [13]. In these tables one verifies that if Q is a Dynkin quiver (i. e. the
graph of Q is A, with n > 1 or D,, with n > 4 or E,, with n =6,7,8 ), then all the roots of Q are
either thin or hill. For the sake of clarity we give an explanation with pictures below.

IfT(Q) = A, then all roots are thin.

The n(n — 1) roots of a quiver with graph D, (n > 4) are the roots with thin dimension vectors
together with the roots of the following type:

1

/
0—0-+0—1—1-1—2—2—...2

AN
1

there are k zeroes, | ones, and m twos in the horizontal ray, where m >0,1> 0, k+1l4+m =n—2,
k <n—3. Thus, we see that when I'(Q) = Dy, then all the roots are thin or hill.
The 36 roots of a quiver with graph Eg are the roots with thin dimension vectors together with
the roots coming from both the Dy subgraphs, and the following 6 roots
1 1 1

\ \ \
l1—1—2—2—1 1—2—2—2—1 l1—1—2—1—1

1 1 2
\ \ \ .
1—2—3—2—1 1—2—2—1—1 1—2—3—2—1
Therefore all roots are thin or hill.
Note that E; is obtained from Eg by adding one vertex. From any root of Eg we can obtain a root
of E7 by inserting a number which is the same as an adjacent number. For example from an Eg-root
2 2 2 2

| we obtain E7-roots: | ; | ; | . We
1-2-3-2-1 1 -2-3-2-2-11-2-3-3-2-11-2-3-2-1-1
say that these roots are obtained by inserting from the corresponding Eg root. Note that a root

obtained by inserting from a hill Eg-root is a hill E7-root.

The 63 roots of a quiver with graph E; are the roots with thin dimension vectors, together with
the roots coming from the Dg, Eg subgraphs, the roots obtained by inserting from the Eg roots, and
the following 3 roots

2 2 2
\ \ \
1—2—4—3—2—1 1—3—4—3—2—1 2—3—4—3—2—1



98 CHAPTER 2. NON-SEMISTABLE EXCEPTIONAL OBJECTS

which are also hill dimension vectors.

Finally, the 120 roots of a quiver with graph Eg are the roots with thin dimension vectors, together
with the roots coming from the D7, E; subgraphs, the roots obtained by inserting from the E; roots,
and the following 11 roots

2
\
1—3—H5—4—3—2—1

3
\
l—3—5—4—3—2—1

2
\
2—4—5—4—3—2—1

3
\
2—4—6—4—3—2—1

3
\
2—4—6—5—4—2—1

2
\
2—3—5—4—3—2—1

3
\
2—3—5—4—3—2—1

3
\
2—4—5—4—3—2—1

3
\
2—4—6—5H5—3—2—1

3
\
2—4—6—5>5—4—3—1

3
! ;
2—4—6—5—4—3—2

which are hill dimension vectors as well.

For those extended Dynkin diagrams, which are star-shaped with three rays, the answer is also
positive (which is probably known):

Lemma 2.143. All the real roots of the extended Dynkin diagrams ]E(;, IE7, Eg (see for example [1,
fig. (4.13)]) are either hill or thin.

Proof. Let @ be some of the listed extended Dynkin diagrams. There is a vertex x € V(@) in the
end of one of the rays, called extended vertex, s. t. after removing it and the connecting edge
we obtain a corresponding embedded Dynkin diagram, which we denote by (). Using the inclusion

V(Q) C V(Q), one can consider the roots of @) as a subset of the real roots of Q.

Let (o, B) = %((a,ﬁ)é + (B,a)g) be the symmetrization of (,)5. Then by definition (see [16,

p. 15,17]) we have A™¢(Q) = {a € zV(@Q . (a,a) = 1} and A(Q) = {a € A™(Q) : ale) = 0}. Let

(NS N‘SQ) be the minimal imaginary root of Ay (Q). In [I], fig. (4.13)] are given the coordinates
of ¢ for all extended Dynkin diagrams, and one sees that the component of J at x is §(x) = 1.
Furthermore, ¢ is a hill dimension vector satisfying the conditions in Lemma [2.141 (applied to Q).

Let us take any o € AT°(Q). We will show that o is hill or thin. We can assume that o ¢ Z6.
If a(e) = 0, then o € AL(Q) and the lemma follows from Remark [2.142 so we can asume that
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ale) =a > 1. Since (§, ) = 0, we see that & — ad € A(Q). It follows that either « = ad 4+ z or
a=ad — x for some x € AL (Q). If @ = ad + x , then we immediately see that « is hill by Lemma
2.141] (a) and Remark [2.142] In the case o = ad — z we write & = (a — 1)§ + (6 — ). Using Lemma
2.141|and the explanation given in Remark one can show that for any x € A, (Q) the vector
d —  is thin or hill (Lemma is helpful in showing this, but also some case by case checks are
necessary). Applying again Lemma we see that & = (a — 1) + (0 — z) is thin or hill and the
lemma follows. O

Due to Remark [2.142] and Lemma [2.143], Proposition [2.140 implies immediately

Corollary 2.144. Let Q) be a Dynkin quiver or an extended Dynkin quiver of type IEG, IE7, IEg. Then
for any two exceptional representations p, p’ € Repy(Q) the linear map F, y has mazimal rank.

In particular, for any two exceptional representations p,p’ € Repr(Q) we have hom(p,p') = 0
or hom'(p, p’) = 0.

The part of Corollary [2.144] concerning Dynkin quivers follows easily from the fact that Repy(Q)
is representation directed for Dynkin @ (see [43, p. 59| for the argument and [3], [24] for the fact
that Dynkin quivers are representation directed)

Corollary 2.145. IfQ is a Dynkin quiver, then there are no Ext-nontrivial couples in Repi(Q), i. e.
for any two exceptional representations p, o' € Repy(Q) we have hom!(p, p') = 0 or hom!(p/, p) = 0.

Proof. Recall that for such a quiver we have (a,a) > 0 for each a € NV(@)\ {0}. Since for any

two exceptional representations p, p’ € Repi(Q) we have hom(p, p’) = 0 or hom!(p, p') = 0, we can
apply Lemma [2.122] The corollary follows. O

Corollary 2.146. If Q is a Dynkin quiver, then Repi(Q) is regularity preserving category. Fur-
thermore, there are no o-irreqular objects for any o € Stab(D?(Repi(Q))).

Proof. Since there are no Ext-nontrivial couples, RP properties 1,2(Definition [2.51)) are tautologi-
cally satisfied. Then by Proposition Repi(Q) is regularity preserving. Actually, due to Lemma
there are no o-irregular objects for any o € Stab(D?(Repi(Q))). O

2.C The Kronecker quiver

2.C.1 There are no Ext-nontrivial couples in Repy(K(l))

The quiver with two vertices and | > 2 parallel arrows will be denoted by K (I). Here we revisit |37,
Lemma 4.1]. This lemma implies the title of this subsection.

5'We thank Pranav Pandit for pointing out this fact.
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Following the notations of [37], let so and s1 be the exceptional objects in D?(K (1)), such that
so[1] is the simple representation with & at the source, and s; is the simple representation with k
at the sink, and then define s; for each i € Z as follows:

S_; = L57i+1 (87i+2), Si+1 = Rsi(sifl) ) > 1. (2.157)

The Braid group Bs is isomorphic to Z. By the transitivity of the action of B on the set of full
exceptional collections, shown in [15], it follows that, up to shifts, the complete list of the exceptional
pairs in Repp(K (1)) is {(8i, Si+1) biez. Lemma 4.1 in [37] says that s<o[1], s>1 € Repr(K (1)), and:

p # 0 = hom’(s;, s;) = 0; p # 1 = hom’(s;,s;) = 0; i <j. (2.158)

Now {s_i[1]}i>0 U {si}i>1 is the complete list of exceptional objects of Repy(K (1)), and from
the vanishings it follows that for any couple {X,Y} in this list hom!'(X,Y) # 0 implies
hom!(Y, X) = 0. Thus, there are no Ext-nontrivial couples in Repy (K (1)).

One can show that the following inequalities hold for each i € Z:

[ = hom(s;, si+1) < hom(s;, s;42) <...; 0= homl(si, Si—1) < homl(si, Si—2) < ..., (2.159)
dimk(sl) = dlmk(SO[l]) < dimk(SQ) = dimk(s_l[l]) <.... (2160)

which implies that {s_;[1]}i>0 U {s;}i>1 are pairwise non-isomorphic. Whence, in this case the
action of the Braid group is free (compare with Remark [2.13)).

2.C.2 o-exceptional pairs in D°(K(1))
The full exceptional collections in DP(K (1)) have length two, so the analogue of Theorem is:
Lemma 2.147. For each o € Stab(D*(K (1))) there exists a o-exceptional pair.

The statement of [37, Lemma 4.2| is equivalent to the statement of Lemma . For the sake
of completeness we give a proof of Lemma here.

Denote, for brevity A = Repip(K (1)), and take any o = (P,Z) € Stab(D?(A)). There are
no Ext-nontrivial couples in A and the exceptional pairs of Db(A), up to shifts, are a sequence
{(84, Si+1) Yiez, where {s_;[1]}i>0 U {si}i>1 C A(see Appendix . By Remark we reduce
the proof immediately to the case, where all the exceptional objects are semistable. In (2.159)) we
have {hom(s;, si+1) # O0}iez, hence {p(s;) < @d(sit1)}tiez. If d(si) < P(si41) for some ¢ € Z, then
there exists j > 1 with ¢(si11[—j]) < &(si) < ¢(sit1[—4]) + 1, and hence, due to (2.158), the pair
(8iy Six1[—7]) is o-exceptional. Thus, we reduce to the case, where all {s; };cz have the same phase
say t € R:

{sitiez C P(t). (2.161)

52In the end of Appendix we pointed out that {s;};>; are pairwise non-isomorphic.
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We show now that the obtained inclusion contradicts the locally finiteness of o, i. e. (2.161) is a
non-locally finite case.
Since all the exceptional pairs in A are {(s;—1[1], si[1]) bi<—1 U {(so[1], s1)} U {(si, Sit1) }i>1, it

follows from ([2.161)) that:

For each exceptional pair (S, E) with S, E € A we have ¢(S) > ¢(E). (2.162)

We will obtain a contradiction by constructing an exceptional pair (.9, E) in A with ¢(5) < ¢(E).
Recall that Z is the central charge of o. By (2.161)) and (2.11)) we have {Z(s1), Z(so[1l]) = —Z(s0)} C
R exp(int). Sinc Ko(D(A)) = Z? and the simple objects sg[1], s1 form a basis of Ko(D°(A)),
it follows that im(Z) C Rexp(int). Now using again, we concude that P(x) is trivial for
x € (t — 1,t), therefore P(t — 1,¢] = P(t). From the very foundation [§] given by T. Bridgeland,
we know that P(t — 1,¢] is a heart of a bounded t-structure of DY(A), so P(t) is a heart as well.

Due to this property of P(t), it is also well known that Ko(P(t)) HKo@OCDO(A) Ko(Db(A)) is an
isomorphism, so Ko(P(t)) = Z2. The locally finiteness of o implies that P(¢) is an abelian category
of finite length, which in turn, combined with Ko(P(t)) = Z2, implies that P(t) has exactly two
simple objects, say X,Y € P(t). It follows by Lemma that {X,Y} are indecomposable in
DY(A), therefore X = X'[i], Y = Y'[j] for some 4,7 € Z and X', Y’ € A. Viewing A as the
extension closure of sy[1], s1, we see that X', Y" € A C P[t,t+ 1]. Now from {X'[i], Y'[j]} C P(¢t) it
follows that either ¢(X') =¢,i=0or ¢(X’) =¢t+1, i = —1, and the same holds for Y’, j. If either
i =14 =—1ori=1i =0, then hom(s;,X) = hom(s1,Y) = 0 or hom(X,sg) = hom(Y,sp) = 0,
which contradicts the existence of a Jordan-Holder filtration of sg,s1 € P(t) via the simples X,Y
of P(t). Thus, we arrive at:

X=X, Y=VY[1, X.YeA ¢X)=t ¢Y)=t+1 (2.163)

By ¢(Y') > ¢(X') it follows hom(Y’, X’) = 0. Since Y’'[—1], X are non-isomorphic simple objects
in the abelian category P(t), it follows that hom(Y'[—1], X") = 0 as well, hence hom*(Y’, X') = 0.
The pair (X',Y’) in A has ¢(X’) < ¢(Y’) and hom™(Y’, X’) = 0, and it almost contradicts
([2:162), but we have no arguments for the vanishings Ext' (X', X’) = 0 and Ext’(Y’,Y”’) = 0.
Keeping in mind the comments in the beginning of Subsection we can view P(t) as the
extension closure in DY(A) of the set {Y’[~1], X'}. Denoting the extension closures of X’ and Y’
by X and Y, respectively, it is clear that P(t) is the extension closure of Y[—1] U X and

X] =N[X'], [¥]=N[Y'], hom*(%,X)=0, XCANPE), YCANPE+1), (2.164)

where the first two equalities are between subsets of Ko(D?(A)). Using hom*(Y,X) = 0 and that P(t)
is the extension closure of Y[—1]UX, as in the case of semi-orthogonal decompositions, one can show

53This isomorphism is determined by assigning to [X] € Ko(D"(A)), for X € A, the dimension vector dim(X) € Z2.
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that for each X € P(t) there exists a triangle A[-1] — X —— B —— A with A€ Y B e X
and hom™(A, B) = 0. Since s; € Aeze N P(t) for j > 1, the corresponding triangle for s; is:

sj — B — A — s;[1], hom*(A,B) =0, AcY,BeX,s; € Acge. (2.165)

To prove Lemma we show first that we can assume A # 0. After that we recall some of
the arguments used in Subection for obtaining the properties C2.1 in the triangle .
These arguments lead to the vanishings hom'(B, B) = hom'(A, A) = 0. Taking any S € Ind(B),
E € Ind(A), we obtain an exceptional pair (S, E) in A with ¢(S) < ¢(E), which contradicts (2.162).

Suppose that A = 0. Then s; = B € X and by we have dim(s;) = p dim(X’) for
some p € N. Since s; is exceptional and X’ is indecomposable, then (dim(s;),dim(s;)) = 1(see
(2.3)) and (dim(X’),dim(X")) < 1 (see [3I, p. 58])@ It follows that dim(s;) = dim(X’),
(dim(X’),dim(X’)) = 1. Recall that X’ is simple in P(¢), which implies hom(X’, X’) = 1. Now
formula (2.3) shows that X’ is an exceptional object, and hence dim(X’) = dim(s;) implies that
X' =5 hus, A = 0 implies X’ = s;. It follows, since {s;};>1 are pairwise non-isomorphic, that
in the object A can vanish for at most one integer j > 1. Hence, we can take j > 1 so that
A #£0.

Since Hom' (A, B) = Hom?(A4, s;) = 0, by applying Hom(4, ) to 1j we obtain Hom! (A4, A) =
0. Because we have hom* (A, B), it follows that {hom* (T, s;) # 0}rernd(A) | Since there are no Ext-
nontrivial couples in A, we obtain {hom'(s;,T) = 0}rernd(a), hence hom™(s;, A) = 0. Now the tri-
angle and Hom(s;, ) imply homl(sj, B) = 0. Finally, the same triangle and Hom( , BJ[1])
imply Hom(B, B[1]) = 0. Lemma [2.147] is proved.

54where (,) is the Euler form of K (I).
55 There is at most one representation without self-extensions of a given dimension vector([I6, p. 13]).
56see the last paragraph of the proof of Lemma with F replaced by s;, A2 by A, By by B, and letting A; = 0



Chapter 3

Density of phases

3.1 Introduction

In a series of papers Gaiotto-Moore-Neitzke [25], Kontzevich-Soibelman [33], and Bridgeland-Smith
[10] have established a connection between Teichmiiller theory and the theory of stability conditions
on triangulated categories. One of the results is a correspondence between geodesics of finite length
and stable objects, with slopes of the former giving the phases of the latter. In a joint work [17]
with Haiden, Katzarkov, Kontsevich we develop further this parallel between dynamical systems and
categories. The density of the set of slopes of closed geodesics on a Riemann surface is a motivation
to investigate in [I7), Section 3| the question whether a given triangulated category admits a stability
condition such that the set of phases of stable objects is dense somewhere in the circle. This Chapter

of the Dissertation is a slight improvement of [I7, Section 3].
In case of stability conditions non-dense behavior is possible (Lemma and Corollary |3.12)):

Theorem. The phases are never dense in an arc for Dynkin and Euclidean quivers.lﬂ

Similarly as in the case of geodesics density property is expected to hold in general.
To obtain density property we prove the following (Theorem [3.24)):

Theorem. If a k-linear triangulated categorgﬂ T contains an l-Kronecker pair with 1 > 3, s. t. a
certain family of stability conditions on it is extendable to the entire category, then the extended
stability conditions have phases dense in some arc.

where an [-Kronecker pair in T is an exceptional pair (F,F) with hom=°(E,F) = 0 and
hom!(E, F) = | (Definition , and by extending of a stability condition we mean Definition
5. 22)

Using this theorem we obtain (Proposition [3.29)):

1i. e. acyclic quivers with underlying graph a Dynkin or an extended Dynkin diagram

2Recall that k is an algebraically closed field.

103
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Theorem. Any connected acyclic quiver Q, which is neither Euclidean nor Dynkin has a family of
stability conditions with phases which are dense in an arc.

The main findings of this chapter are collected in the following table:

Dynkin quivers P, is always finite
Euclidean quivers P, is either finite or has exactly two limit points (3.1)
All other acyclic quivers | P, is dense in an arc for a family of stability conditions

where P, denotes the set of stable phases (see Definition . Furthermore, the first part of
Proposition claims that for each Fuclidean quiver Q) there exists a family of stability conditions
on @ for which P, has exactly two limit points. When k = C, the table holds after removing
“acyclic” in the third row (Remark [3.30).

By the non-dense behavior of stability conditions it follows that on Dynkin and Fuclidean quivers
the dimensions of Hom spaces of exceptional pairs are strictly smaller than 3 (Corollary .

Further examples of density of phases (blow ups of projective spaces) are given in subsection
1.0l

3.2 Preliminaries

In this chapter we study the behavior of the set of phases of semi-stable objects, we denote this set
by P,. More precisely:

Definition 3.1. Let T be a triangulated category and o = (P, Z) € Stab(T) a stability condition on
it. We denotell

PY = exp(in{t € R|P(t) # {0}}) c S™. (3.2)
By P(t+1)= fP(t)[l]lﬂ it follows — P = PY.

3.2.1 On #-stability and a theorem by A. King
In the next Section we use a result by King. We recall first

Definition 3.2 (6-stability). Let 6 : Ko(A) — R be a non-trivial group homomorphism, where A
is an abelian category. Then X € A is called 6-semistable if 0(X) = 0 and for each monic arrow
X" = X in A we have 0(X') > 0 (if 0(X') = 0 only for the sub-objects 0 and X then it is called
0-stable).

Remark 3.3. Z-semistable of phase t (as defined in Deﬁnitz’on s the same as 0-semistable
with @ = —Im(e” ™ 7).

3When the triangulated category T is fixed in advance we write just Ps.
4which is one of Bridgeland’s axioms
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From Proposition 4.4 in [34] it follows

Proposition 3.4 (A. King). Let A be a finite dimensional, hereditary k-algebra (recall that k is
an algebraically closed field throughout the entire dissertation). Let o € Kyg(A-Mod). Then the
following conditions are equivalent:

1. There exist X € A-Mod and a non-trivial 6 : Ko(A-Mod) — R, s. t. [X] = o and X is
6-stable.

2. a is a Schur root, which by definition means that some Y € A-Mod with [Y] = « satisfies
EndA_Mod(Y) =k.

This Proposition will be used in the proof of Corollary

3.3 Dynkin, Euclidean quivers and Kronecker quiver

In this Section we comment on the set P, as ¢ varies in the set of stability conditions on Dynkin,
Euclidean quivers and on the Kronecker quiver. The main results here are Lemma , Corollary

and Corollary

3.3.1 Kac’s theorem

For any quiver @) the notations V(Q), Arr(Q), I'(Q) are explained in the beginning of Subsection
Recall also that we denote by s, ¢ the functions assigning to an arrow a € Arr(Q) its origin
s(a) € V(Q) and its end t(a) € V(Q) (see (2.110)). A vertex v € V(Q) is called source/sink if all
arrows touching it start/end at it (more precisely v # t(a)/v # s(a) for each a € Arr(Q)).

The terms Dynkin quiver and Euclidean quiver are explained in Section . By K(I), 1 > 1 will
be denoted the quiver, which consists of two vertices with [ parallel arrows between them, and will
be referred to as [-Kronecker quiver. Note that K (1) is Dynkin, K (2) is Euclidean.

Recall the Kac’s Theorem.

Remark 3.5 (On Kac’s Theorem). Let QQ be a connected quiver without edges-loops. In [31)] is
defined the positive root system of Q). We denote this root system by A4 (Q) C NV@ . For X e
Repr(Q) we denote by dim(X) € NV(Q) its dimension vector. The main result of [31] is:

{dim(X)|X € Repi(Q), X is indecomposable} = A4 (Q). (3.3)

The Euler form of any quiver @) is defined by

(. Bo= > aBi— > apby),  oBeNV@, (3.4)

JEV(Q) JEG
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The set A4 (Q) has a simple description for Dynkin, extended Dynkin or hyperbolic quivers
(K (1), I > 3 are hyperbolic quivers) as shown by Kac in [3I]. It is determined by the Euler form as
follows

AQ) = {reZVO\{0}[(rr)g <1}, AL(Q) = AQ)NNV@. (3.5)

If Q is acyclicE then the path algebra k@ is finite dimensional and we have an isomorphism
Ko(Repr(Q)) = 7V determined by Ko(Repr(Q)) 3 [X] — dim(X) € ZV(@ for X € Repp(Q).
In particular, for any homomorphism Z : Ky(Rep(Q)) — C and any X € Repi(Q) we have

Z(xX)= Y dim(X) Z(si) = (v.dm(X)),  {or = Z(s)biev(a: (3.6)
ieV(Q)

where s; is the simple representation with k in the vertex ¢ € V(Q) and 0 in the other vertices.
Throughout this chapter@ (,) denotes the bilinear form on CV(@) x CV(Q) defined by (a,) =
ZieV(Q) wifi, o, B € CVQ NOT the symmetrization <a,B>Q + (B,a)Q of {, >Q' We mention once
this symmetrization and denote it by (,)q.

3.3.2 The inclusion P, C R, -

Lemma 3.6. Let T be any triangulated category. Then for each o = (P, Z) € Stab(T) we have:
{t e R|P(t) # 0} = {¢po(I)|I is T-indecomposable and o-semistable}.

Proof. Let X € P(t) be non-zero. Since P(t) is of finite length , we have a decomposition in
P(t) of the form X = @, X;, where X; are indecomposable in P(t), therefore (here we use
that P(¢) is abelian) there are no non-trivial idempotents in Endpg(X;) = Endg(X;), hence X;
is indecomposable in T. Thus, we see that t = ¢,(X;), where X; is an indecomposable in T and
o-semistable. The lemma follows. O

Corollary 3.7. Let A be a hereditary abelian category. For each o = (P, Z) € Stab(D’(A)) holds
the inclusion:

P, C {:I:égi;| |X is indecomposable in A, Z(X) # O} . (3.7)

Proof. Take any ¢t € R with P(¢) # {0}. From the previous lemma there is a semi-stable, indecom-
posable X € DP(A), s. t. ¢o(X) = t. Since A is hereditary, it follows that X = X'[i] for some
indecomposable X’ € A, i € Z. Now we can write

(-1)'Z(X') = Z(X) = m(X) exp(irpe (X)) = m(X) exp(irt) m(X) >0,

where we use that X is o-semistable and one of the Bridgeland’s axioms ([8, Definition 1.1 a)]).
The corollary is proved. O

%i. e. it has no oriented cycles.
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When A = Repy(Q) with Q-acyclic we can rewrite this corollary in a useful form. Putting (3.3)
and (3.6 in the righthand side of (3.7]) with A = Repi(Q) we get a set {ﬁf}vrg‘) Ir e AL(Q), (v,r) #0 },

where v € CV(@) is a non-zero vector. It is useful to define

Definition 3.8. For any finite set F, any subset A C NF'\ {0} and any non-zero vector v € CF we
denote ]

Fo= (U’T)T A, (v,r L where (v,1) =Y v
RU,A—{iKU’T”I € ,(,)#O}CS, here (v,r) ; ;. (3.8)

Then we can rewrite (3.7 as follows (we assume that @ is an acyclic, because we used (i3.6]),
which holds only for acyclic quivers) :

Corollary 3.9. Let Q be an acyclic quiver. For any o = (P, Z) € Stab(D°(Repr(Q))) holds the
nclusion

Po CRyn @ v={vi=Z(si)}iev(q)- (3.9)

3.3.3 On the set Ry AL

Lemma 3.10. Let Q be a Dynkin quiver. For any stability condition o € Stab(D?(Repp(Q))) the
set of semi-stable phases P, is finite.

Proof. 1t is well known that for a Dynkin quiver @ the positive root system A (Q) is finite. Hence
for any non-zero v € CV(@) the set R, A, (@) is finite. Now the lemma follows from Corollary O

Lemma 3.11. Let Q be an Euclidean quiver (see subsubsection for definition). For any
non-zero v € CV(@Q) the set Ry A, (q) s either finite or there exist m € N, p € S and sequences

{pi C S"Yict,mijens 5.t {limj oo pb = P}y and Rya, = U {£pi}en.

Proof. The root system A of an Euclidean quiver @ (as described in the first equality of ) has
an element § € NZgQ) with the properties A U {0} +Zd € AU {0} and AU {0}/Z0 is finite (see
[16, p. 18]). Hence there is a finite set {a1,2...,am} C A, s. t. AU{0} =R, (i + Z6). If for
any ¢ € {1,2,...,m} we choose the minimal n; € Z, s. t. «; + n;0 € A, and denote 5; = a; + n;9,
then Ay = U2, (8 + N§). From the definition of Ry A, we see that

1 0.8 4+ n(v,0)
Rya, = H {i |(v, Bi) +n(v,d)]

If (v,d) = 0, then the set is finite. Otherwise for i = {1,2,...,m} we have lim,_ % =

(v,9)
I(v,0)]" O

5When the set I is clear we write just R, 4.

|n€N,i:1,2,...,m,(v,ﬁi)+n(v,5)750}. (3.10)
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From this lemma and Corollary [3.9]it follows:

Corollary 3.12. Let Q be an Euclidean quiver. Then for any o € DP(Repi(Q)) the set P, is either
finite or has ezxactly two limit points of the type {p, —p}ﬂ

Proof. If Py is infinite, then by the previous lemma and P, C Ry a,, {vi = Z(si) }icv(q) it follows
that R, A, = U;’il{ip;}jeN with limj o0 p; = p for i =1,2,...,m. In particular P, can not have
more than two limit points. Since P, is infinite, the sets P, N {pé-}jeN, P, N {—pé}jeN are infinite
for some i (recall that —P, = P,). Hence {p, —p} are limit points of P,. The corollary follows. [

Next we discuss the set R, a, for the I-Kronecker quiver K () (two vertices with [ parallel arrows
between them), when [ > 2. In this case the vertices are two, so v has two complex coordinates.

Le. R, A, consists of fractions like %, where 21,29 € C, n,m € N. It is useful to note

Remark 3.13. Let z; = rjexp(ig;), 1 >0, i =1,2, 0 < ¢pa < ¢1 < 7. Then

az1 + Pz _ exp(if (%)) a>0,6>0, (3.11)
laz1 + Bea| exp(ip1) a>0,8=0, '

where f:[0,00) = [¢p2, 1) C (0,7) is the strictly increasing smooth function:

xr1 cos(¢r) + ro cos(P2) )

Va2r? +r + 2ariry cos(¢r — ¢2) ) 10) = ¢z, lim f(x)=ér (3.12)

xT

f(z) = arccos (

From (3.4) we see that the Euler form for the quiver K(I) is ((a1,a2), (81, 82)) k) = c1B1 +
a8y — lag B2. Hence the positive roots are

A = AL(K®1) = {(n,m) € N*|[n? +m? —Imn < 1} \ {(0,0)}. (3.13)

Remark 3.14. Since the root systems A(K (1)) with I > 2 will play an important role, we reserve
for them the notation A; = A(K (1)), respectively A+ = AL (K(1)).

The roots with n? +m? —lmn = 1 are called real roots and with n? +m? — lmn < 0 - imaginary
roots. We can represent the real and the imaginary roots as follows:

N =

= (1,0)}U{(0,1)}U{:®— (l:t 12—4—1—7;12) \n,meNZl,(n,m)—l} (3.14)

gfz{l(l—M)§Z§;<l—M) \HGNZOW’LeNzl}- (3.15)

2

"Later we show that one can always find o s. t. P, is with two limit points.
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Lemma 3.15. Let v = (z1,22), zi = riexp(i¢i), i > 0, 0 < ¢po < ¢1 < m, | > 2. Let us denote
u=f (% (l —VI2 - 4)), v=f (% (l +VI2 - 4)), where [ is defined in Remark|3.15. Then

Ry n, = {£¢j}jen UED U {£a;} jen,

where D is a dense subset in the arc exp(ilu,v]) C St, {a;}jen is a sequence with ay = exp(igs)
and anti-clockwise monotonically converges to exp(iu), {c;};en is a sequence with co = exp(ig1) and
clockwise monotonically converging to exp(iv) (note that, if | = 2 then w = v = f(1), if l > 2 then
u<v).

Proof. Now Ry, = {im%Kn,m) € Al+}. We have a disjoint union Ajy = A7¢ U AT,
where A7¢

15 A}T are taken from (3.14), (3.15). Recall also that if m > 1 then ﬁii% =
exp(if (n/m)) (see Remark |3.13). Therefore we can write for R, a,, :

{ nz1 + mazo nzy + mzo

A by g AR A b =
PTGy € A U & ) € A

{xexp(ig1)} U {£exp(ipe)} U {:I:exp <1f (; <l +4 /12 -4+ T;;))) |m € Nzl}
U{iexp(if(n/m))n/me B (l— l2—4),% <l— l2—4>]}.

Now the lemma follows from the properties of f given in Remark and the fact that Q N

3 (1-vE=1) 3 (1= v =1)] isdense in [§ (1= vZ=1) 5 (1- vZ=1) . 0

3.3.4 Stability conditions o on K(I) with P, = Rya,,, [ > 2

In this Subsection I > 2 is fixed and Q = K (), A4 is the positive root system of K (1), A = Repp(Q),
T = D*(Repi(Q))-
/\
For a representation X = k" E™ € A we write dim(X) = (n,m), dim, (X) = n,

\_/
dim,(X) = m. The simple objects of the standard t-structure A = Repi(Q) C D*(Repr(Q))

are:

/_\ /\
s1 =k 0, s2=0 k. (3.16)
~_ ~_

To A C T we can apply Remark and then we have H* C Stab(T) and bijection H* > (P, Z)
(Z(s1), Z(s2)) € H2.
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For any (P,Z) € H* | t € (0,1] P(t) consists of the objects in A satisfying the condition in
Definition If we denote v = (Z(s1), Z(s2)) € H?, then by Z(X) = (v,dim(X)):

X e P(t),t €(0,1] <= (317
3.17
for any A-monic X' — X arg(v,dim(X")) < arg(v, dim(X)) = nt.

Lemma 3.16. Let 0 = (P, Z) € HA and arg(Z(s1)) > arg(Z(sq)). Let (n,m) € Ary be a Schur
root. Then %ng' € P,, where z; = Z(s;), i = 1,2.

[nz1+mz2

Proof. So, let (n,m) € Aj+ be a Schur root. We show that there exists a o-semistable X with
dim(X) = (n,m). Then the lemma follows because X € P(t) # {0} for some t € (0, 1] and by the
formula m(X) exp(int) = Z(X) = nz; + mzs.

If m =0, then n = 1 (recall (3.13)) and then X = s; is the semistable, which we need (it is
even stable in o, since it is a simple object in A). Hence we can assume that m > 1. Similarly, we
can assume that n > 1.

Denote arg(z;) = ¢i, ¢ = 1,2, v = (21,22). Then 0 < ¢2 < ¢1 < 7. By @ for any X with
dim(X) = (n,m) we have arg(v,dim(X)) = arg(nz1 +mz2) = f(n/m). Then by (3.17) such a X is
semi-stable in o iff any A-monic X' — X satisfies

arg(dim, (X')z1 + dimy(X)22) < £ ()
m
Recall that f(n/m) < ¢1 (see Remark (3.13))). From the last inequality we get dim,(X’) # 0 and
then by (3.11)) this inequality can be rewritten as f(dim;(X’)/dim,(X")) < f (n/m).
So, we see that X € A with dim(X) = (n,m) is o-semistable iff any A-monic arrow X’ — X
satisfies:

: / diiml (XI) n
dim, (X') # 0, dimy (X1) = m’ (3.18)
Now since (n,m) is a Schur root, by Proposition [3.4] there exists X € A with dim(X) = (n,m) and
a non-zero 6 : Ko(A) = R, s. t. X is 6-semistable (see definition [3.2). We will show that this X is
the o-semistable, which we need.

By 6-semistability of X we have 6(1,0)n 4+ 6(0,1)m = 0. By m # 0 we have a monic malﬂ
s9 — X and then again by #-semistability 6(0,1) > 0, which together with #(1,0)n + 6(0,1)m = 0,
0 # 0 implies

0(1,0) < 0, 6(0,1) >0, 9(1,0)% +6(0,1) = 0.

Let us take now any monic arrow X’ — X in A with X’ # 0. By #-semistability 0 < 6(X’) =
6(1,0)dim; (X’) +6(0, 1)dim,(X"). Hence by 6(1,0) < 0 we obtain dim,(X’) # 0. Therefore we can

8Since the vertex corresponding to sz is a sink, s is a subobject of any X € Repy (K (1)) with dim,(X) # 0.
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write
dim, (X) n
1,0)—/———= 1H)>0=6(1,0)— 1).
By 6(1,0) < 0 it follows gﬁ;g:g < . Hence, we verified (3.18) and the lemma follows. O]

Corollary 3.17. Let o = (P, Z) € HFP+(K1)  StabDP(Repy (K (1)) and arg(Z(s1)) > arg(Z(s2)).
Then Py = Ry A, , where v = (Z(s1), Z(s2))-

Proof. In [44] one can read that the indecomposable representations of K (I) with dimension vectors
real roots have no self-extensions and hence by Remark [2.37) they are Schur.

For [ > 3, [31, Theorem 4 a)] says that all imaginary roots A}T are Schur roots as well, hence
any (n,m) € Ay is Schur and we can apply the previous lemma to it.

When | = 2, then the imaginary roots are A" = {(n,n)}n>1 and, using the previous Lemma, it

Id
is enough to show that (1,1) is a Schur root. It is easy to show that the representation k ke
Id
Rep(K(2)) is a Schur representation. The corollary follows. O

Remark 3.18. Recently it was noted in [20] that there is a connection between [50f, [51], [40] and
the density in an arc for the Kronecker quiver.

3.4 Kronecker pairs

In this Section we generalize Corollary [3.17 The most general statement is Theorem [3.24] but we
use further only its Corollary (corollary is intermediate). The first step is: ﬂ

Lemma 3.19. Let T be a k-linear triangulated category (here k can be any field). Let (Ey, Es) be
a full exceptional pair, s. t. Hom=°(Ey, E3) = 0, 0 < dimg(Hom!(Ey, Fs)) =1 < co. Let A be the
extension closure of (Eq, E2) in T.

Then A is a heart of a bounded t-structure in T and there exists an equivalence of abelian
categories: F': A — Repp(K (1)), s. t. F(E1) = s1, F(E2) =s2 (s1, s2 are as in (3.16]) ).

Proof. In [I4, p. 6] or [41} section 3] it is shown that by hom=°(E;, E5) = 0 and'%| T = (Ey, E,) it
follows that A is a heart of a bounded t-structure of T (see also [32, section 8|). In particular A is
an abelian category.

°Tt is motivated by Bondal’s result in [4] for equivalence between triangulated category generated by a strong
exceptional collection and the derived category of modules over an algebra of homomorphisms of this collection and
by a note on this equivalence in [37]. Observe however that we do not have restriction on (E1, E2) to be a strong
pair and we construct equivlanece between t-structures.

107f S is a subset of objects in a triangulated category T we denote by (S) the triangulated subcategory generated
by S.
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Let DT(T) be the category of distinguished triangles in T (objects are the distinguished trian-
gles and morphisms are triple of arrows between triangles making commutative the corresponding
diagram). Using the semi orthogonal decomposition T = ((E1),(E2)) one can construct three
functors:

G:T— DT((.T), )\1 T = <E1>, )\2 T = <E2> (319)
s. t. the triangle G(X) € DT(7) for any X € T is:
G(X) = X(X) 2 X =2 N (X) =% N(X)[A], M(X) € (Br), Aa(X) € (E). (3.20)

It is well known that Ag is right adjoint to the embedding functor (E3) — T and A; is left adjoint
to (E1) — T (see for example [28] p. 279]). The adjoint functor (left or right) to an exact functor is
also an exact functor ([7, Proposition 1.4]). Therefore A\; and Ay are exact functors. If we restrict
A1, A2 to A then we obtain exact functors between abelian categories

MoAS A =12,

where A; = k-Vect is the additive closure of FE;.
We define the functor F : A — Repy(K (1)) as follows. First choose a basis of Hom!(E;, E;) and
a decomposition of any Y € A; into dim(Hom(E;,Y')) number of copies of E;, i = 1,2. Take any
X € A, then we get a distinguished triangle G(X) as in with \;(X) = A(X), in particular
we get an arrow A{(X) 2% M\ (X)[1]. This arrow, using the chosen decompositions and the basis of
Hom!(E1, E5), can be expressed by [ as X a1 matrices over k, where a; = dim(E;, \;(X)), i = 1, 2.
In particular these [ matrices are a representation of K (I) with dimension vector (aj,a2) and we
define F'(X) to be this representation.
Let f: X — Y be an arrow in A then, as far as G : T — DT (7) is a functor, G(f) is a morphism
MH(X) =2 2300
of triangles, hence the diagram: /\{‘(f)i M | is commutative. Let My, M be the matrices
M) = N[
of M(f), M(f). The commutativity of the diagram above implies that (M, My) : F(X) — F(Y)
is an arrow in Repy (K (1)) and our definition of F'(f) is F(f) = (My, M2).
By the exactness of )\ZA, 1 = 1,2 it follows that F' is an exact functor between abelian categories.
Now, by straightforward computations one can show that F' is an equivalence. O

This lemma prompts the following definition

Definition 3.20. A pair of objects (E1, E2) in a k-linear triangulated category T is called I-Kronecker
pair if:

e (E1, Es) is an exceptional pair
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e Hom=Y(Ey, FEy) =0
e 1 <1 =dimg(Hom!(Ey, Fy)) < oc.

Corollary 3.21. Let (Ey, E3) be an l-Kronecker pair in a k-linear triangulated category D with
[ > 2. Denote T = (E1,E3) CD and A - the extension closure of (E1, E2).

Then any o = (P, Z) € H* C StabT with arg(Z(E1)) > arg(Z(E»)) satisfies Py = Ry a,, , where
v=(Z(E1),Z(E2)). In particular, if | > 3 then P, is dense in an arc of non-zero length, if | = 2
then P, has exactly two limit points.

Proof. We take the equivalence F' : A — Repy(K (1)) constructed in Lemma[3.19) A C T, Repy,(K(1))
C DP(Repy(K(1))). This equivalence induces a natural bijection F* : HFere(K() _ HA  For
o= (P,Z) c HA, o = (P, 7') € HErs(KW) from F*(o') = o it follows Z(F;) = Z'(s;) (because
F(E;) = s;) and P, = P,s. Then the corollary follows from Corollary O

Thus, in this Corollary we obtained o € Stab((E1, Es)) with P, dense in a nontrivial arc. To
obtain ¢’ € Stab(D) with such a property, we want to extend the given o € Stab((FE1, E3)) to a
stability condition on D O T in the following sense:

Definition 3.22. Let T C D be a triangulated subcategory in a triangulated category D. We say
that o = (P, Z) € Stab(T) can be extended to D (or extendable to D) if there exists oo = (Pe, Ze) €
Stab(D), s. t. Z.o Ko(T C D) = Z and {P(t) C Pe(t)}1er. In this case o, is called extension of
0.

Remark 3.23. From Definition [3.1] it follows that if oc is an extension of o, then Py, O P,.

By Corollary it follows:

Theorem 3.24. Let (E1, E2) be an l-Kronecker pair with | > 2 in a k-linear triangulated category
D. Denote T = (E1, E2) C D and A - the extension closure of (E1, E2).

Then any o € Stab(D), which is an extension of a stability condition (P,Z) € HA C Stab(T)
with arg(Z(Ey)) > arg(Z(E»)) satisfies Py O Ry, , where v = (Z(E1), Z(Ez)). In particular, if
Il > 3 then P, is dense in an arc of non-zero length, if | = 2 then P, contains at least two limit
points.

One setting, where we can extend these stability conditions, is as follows.

Assume that (Ey, E1, ..., Ey,) is a full Ext-exceptional collectionlﬂ in D. Then for any 0 <
it < j < n the extension closure A;; of F;, E;j11,...,E; is a heart of a bounded ¢-structure in
Tij = (Ei, Eit1,...,E;) C D (see [37, Lemma 3.14],[14]), hence we have a corresponding family
HAi4 C Stab(T;;). In this setting all stability conditions in H*% are extendable to D. The precise
statement is (see Proposition and [37, Proposition 3.17]) that there is a surjective maﬂ
Tij HA — HA4, s. t. for any o € H49, 0, € H* from mij(0e) = o it follows that o, is an extension
of 0. Having the desired extensions we obtain by Corollary

"The “Ext-" means Hom=°(E;, E;) = 0 for 0 < i < j < n.
2We denote here A = Agy,.
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Corollary 3.25. Let (Ey, E1, ..., Ey) be a full Ext-exceptional collection in a k-linear triangulated
category D. Let (F;, Ei+1) be an l-Kronecker pair with | > 2 for some 0 < i < n — 1. Denote the
extension closure of (Eo, E1, ..., Ey) by A.

Then any o = (P,Z) € H* with arg(Z(E;)) > arg(Z(E;+1)) satisfies P O Ry a,,, where
v=(Z(E;),Z(Eit+1)). In particular, if | > 3 then P, is dense in an arc of non-zero length, if | = 2
then P, contains at least two limit points.

Corollary 3.26. Let (Ey, E1,...,E,) be any full exceptional collection in a k-linear triangulated
category D of finite typeH Let (E;, Ej) be a l-Kronecker pair with | > 2 for some 0 < i < j < n.
Then there exists a family of stability conditions o on T for which

(a) P, is dense in an arc of non-zero length, when | > 3,

(b) P, contains at least two limit points, when | = 2.

Proof. First by mutations of the exceptional collection (Ey, E1, ..., E,) we can obtain a full excep-
tional collection (E;, Ej,Ca,...,Cy). Then, because T is of finite type, after shifts of Cy,C3,...,C)
we can obtain a full exceptional collection B = {By, Ba,...,B,}, which is Ext and By = E;,
By = Ej. So we get a full Ext-exceptional collection B for which (By, By) is an [-Kronecker pair
with [ > 2. Now if we denote by A the extension closure of B by Corollary it follows that any
o = (P,Z) € B with arg(Z(By)) > arg(Z(By)) satisfies P, O Ry a,,, where v = (Z(By), Z(B1))
and | = dimy, (Hom!(By, By)). O

Remark 3.27. A more general setting, where the stability conditions HA in Theorem can be
extended, is that there exists a semi-orthogonal decomposition (D', (E1, E2)) of D with additional
assumptions, specified in [14, Theorem 3.6] and [14), Proposition 3.5].

3.5 Application to quivers

In this Section we apply the results of the previous Section [3:4] to quivers and obtain Corollary [3.28]
Proposition . Table (3.1)) contains Proposition and the results of Section

Let @ be an acyclic quiver. The notations V(Q), Arr(Q), I'(Q) are explained in Subsection
It is shown in [I5] that any exceptional collection (E1, Es, ..., E,) in Repk(Q) of length n =
#(V(Q)) is a full exceptional collection of D°(Repy(Q)). Furthermore, any exceptional collection
(E4, Es,...,E;) in Repi(Q) with i < n can be completed to a full (Ey, Es,...,E;, Ei1,...,Ey)
exceptional collection. In particular if we are given an I-Kronecker pair in Repy(Q)) we can complete
it to a full exceptional collection and, since D®( Repy(Q)) is of finite type, then we can apply Corollary
3.26 Therefore, only existence of an I-Kronecker pair with [ > 2 in Repy(Q) is enough to apply
Corollary [3.26] hence if [ > 3 then we obtain o with P, dense in an arc, if [ = 2 then we obtain o
with P, having at least two limit points. Now using Corollaries , we can easily prove:

"®by finite type we mean that for any pair X,Y € T we have Y, _, dim(Hom (X, Y[k])) < co.
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Corollary 3.28. Let QQ be either an Fuclidean or a Dynkin quiver. Then any exceptional pair
(E1, E2) in Repp(Q) satisfies dimy(Hom(Fy, Ep)) < 3,dimy(Ext! (Ey, Ep)) < 3.

Proof. Since Repy(Q) is hereditary, the exceptional objects in D°(Repy(Q)) are just shifts of ex-
ceptional objects in Rep(Q) and then from the arguments above and Corollaries , it
follows that there does not exists a I-Kronecker pair with [ > 3 in D?(Repy(Q)). In other words for
any exceptional pair (E1, F2) in D®(Repy(Q)) the minimal nonzero degree Hom™"(Ey, Ey) # 0,
Hom<""(Ey, F5) = 0 has dimension dimy(Hom™"(Ej, F3)) < 2. Since Repy(Q) is hereditary,
there are at most two nonzero degrees in Hom*(E1, Ey) and it remains to show that the maximal
nonzero degree Hom”*(Ey, Ey) # 0, Hom” ™% (E4, F3) = 0 has dimension
dimg (Hom™** (E4, Es)) < 2.

For any exceptional pair (F1, E9) it is well known that (Lg, (E2), E1) is also an exceptional pair,
where L, (E2) is determined by the distinguished triangle:

€VE,Ey

LE1 (EQ) — HOHI*(El, EQ) ® F1 FEy — LE1 (Eg)[l] (321)

Take any i € Z. We show below that Hom'(Lg, (Es), F1) & Hom ‘(Ey, F»), which means that the
maximal non-zero degree of Hom*(FE1, F) is the minimal non-zero degree of
Hom*(LEg, (E2), E1) and they are isomorphic. Then the corollary follows by the proved inequality
for the minimal non-vanishing degrees.

We apply Hom'(_, E1) to the triangle above and by Hom*(Ey, E1) = 0 it follows

Hom'(Hom*(E1, By) ® Fy, Ey) = Hom(Lg, (Es), E1). (3.22)
On the other hand (recall that Fj is an exceptional object)
Hom*(Ey, Bp) ® By 2 (P By [—j]dmon’ (BrB2) -
J

Hom' (Hom* (Ey, Es) ® B, Er) & Hom/(; By [—j]imMom’ (B1.52)) |y []) o pdim(Hom™ (E1,E2)),

which together with (3.22)) give Hom®(Lg, (E2), E1) = Hom *(Ej, F») and the corollary is proved.
O

Next we want to prove:

Proposition 3.29. Any Euclidean quiver Q has a family of stability conditions o on Db(Repk(@)),
s. t. Py has exactly two limit points of the type {p, —p}.

Any acyclic connected quiver Q, which is neither Fuclidean nor Dynkin has a family of stability
conditions o on D*(Repi(Q)), s. t. P, is dense in an arc of non-zero length.
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Remark 3.30. If there are oriented cycles in Q and k = C, then one can show that there is a
familﬁ {sx}aec of non isomorphic simple objects in A = Repc(Q). Then if we define for simple
object s € A

A ; —
Z(S):{ ? if s=sy,AeHl (3.23)

\
otherwise

we obtain a stability function Z : Ko(A) — C, which has HN property, since A is of finite length.
One can show that the corresponding stability condition o = (P, Z) € HA is locally finite. Since all
{sx}aec are simple in A, they are o-semistable. Hence P, = S*.

By the arguments given in the beginning of this Section (before Corollary [3.28]) we reduce the
proof of Propositionto finding an I-Kronecker pair with [ > 3 in D*(Repy,(Q)) for non-euclidean
qulver Q@ and finding a 2-Kronecker pair in Db(Repk(Q)) for euclidean quiver @ (recall also Corollary
3.12)). From here till the end of this subsection we present the proof of the following:

Proposition 3.31. Any acyclic connected quiver Q, which is neither Fuclidean nor Dynkin has an
[-Kronecker pair wzth I > 3 in Repp(Q) (i- e. a pair or representations (p,p’) in Repr(Q) with
Hom?(p', p) = Homg (p, ') =0, dimy(Homi(p, p')) > 3, where T = Db(Repi(Q))).

Along the proof of this proposition we obtain also Lemma [3.38], which implies the first part of
Proposition . For any acyclic connected quiver @ and for any p € Repi(Q) we will denote:

supp(p) = supp(dim(p)) = {i € V(Q)|dim,(p) # 0}. (3.24)

For i € V(Q) the simple representation s; is characterized by supp(s;) = {i}, dim,(s;) = 1. Ob-
viously {s;|i € V(Q)} are exceptional objects in D°(Repi(Q)). One of the representations in the
Kronecker pair (p, p'), which we shall obtain, is among the exceptional objects {s;|i € V(Q)}.

It is useful to denote

A,BCV(Q) Arr(A,B)={a € Arr(Q)|s(a) € A,t(a) € B},

(3.25)
Ed(A,B) = Ed(B,A) = Arr(A,B) U Arr(B, A).
To find Kronecker pairs in D®(Repy(Q)) we observe first, that for p,p’ € Repp(Q) we have
Hom="Y(p, o) = 0 in D’(Rep.(Q)) and

supp(p) Nsupp(p’) =0 = Hom(p, p') = Hom(p', p) =0,
(3.26)

dimy (Hom®(p, p')) = Z dim,y (p)dimy 4 (p')
a€Arr(supp(p),supp(p’))

which follows by ([2.3)). Another useful statement is

. A . . .
1For example the representations {C - C}icc of the quiver with one vertex and one loop are all simple and
mutually non isomorphic
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Lemma 3.32. Let Q be an Euclidean quiver. Then for each n € N there exists an exceptional
representation p € Repr(Q), s. t. dim,(p) > n for each v € V(Q).

Proof. Let § € N‘Z/EQ) be the minimal imaginary root of A;(Q), used in the proof of Lemma
One property of § is that (_,8)g = 0 on NV(@) where (a,8)g = (o, B)g + (B, ) is
the symmetrization of (,),. We find below a vertex v € V(Q), s. t. (1y,1)g = (1o, L) =1,
(1y,6)g # 0. Then for any m € N we have 1 = 2(1y +mé, 1, + mé)g = (1, +mé, 1, + mé)g =1,
(1, + md, 5)Q # 0, hence, for big enough m, r = 1, + md is a real positive root r € A1 (Q) with
(r,0)g # 0, {ro > n}yev(g).- Hence by [16, p. 27| there is an exceptional representation p with
dim(p) = r and the lemma follows.

IS T(Q) = A, m > 1: As far as Q is not an oriented cycle then there is a sink s € V(Q) (i.
e. both the arrows touching s end at it). Hence by (Ls; 1s)g = — (1s,8)g = L.

Q) = D,,, m > 4, E¢,E7,Es. In [1, fig. (4.13)] are given the coordinates of ¢ for all these
options for I'(Q)). We take v € V(Q) to be the extending vertex, in [I], fig. (4.13)] this vertex
is denoted by %, i.e. v = *. Then by and the given in [Il fig. (4.13)] coordinates of ¢ one
computes (1,,1y)o = 1, (1y, )5 = £1, depending on whether x is a sink/source in Q. O

Definition 3.33. Let A C V(Q), A # 0. By Qa we denote the quiver with V(Qa) = A and
Arr(Qa) = Arr(A,A) = {a € Arr(Q)|s(a) € A,t(a) € A}. For any p € Repr(Qa) we denote by
the same letter p the representation in Repy(Q), which on A, Arr(A, A) coincides with p and is
zero elsewhere.

We say that a vertex v € V(Q) is adjacent to Q4 if v ¢ A and Ed(A,{v}) # 0.

Remark 3.34. If p € Repi(Q4) is an exceptional representation then the corresponding extended
representation in Repi(Q) is also exceptional.

Remark 3.35. Ifv € V(Q) is adjacent to Qa then Arr(Qaugy) = Arr(Qa) U Ed(A, {v}).

In the following two corollaries we consider a configuration of a subset A C V(Q) and an adjacent
to it vertex v € V(Q), s. t. the arrows connecting v and A are all directed either from v to A or
from A to v, which means that v is either a source or a sink in Q gyfy}-

In Corollary [3.36] we show that if Q4 is an Euclidean quiver then we get a I-Kronecker pair
(E1, Es) in Repy,(Q) with I = dimy(Hom! (Ey, F»)) as big as we want (without additional assumption
on the quiver Q).

In Corollary we show that if I'(Q4) is either A,(n > 1) or D,(n > 4) then, under the
additional assumption that there are at least three edges between v and A, we get a Kronecker pair
(E1, E2) in Repy(Q) with dimy,(Hom!(Ey, E2)) = [ equal to this number of edges.

5In |1 fig. (4.13)] are given the coordinates of § for all euclidean graphs

'5Recall that by T'(Q) we denote the underlying non-oriented graph and that Ay is graph with two vertices and two
parallel edges connecting them, A, with m > 2 is a loop with m + 1 vertices and m edges connecting them forming
a simple loop
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Corollary 3.36. Let A C V(Q) be such that Q4 is Euclidean. Let v € V(Q) be a vertex, which
is adjacent to Qa and either a sink or a source in Qaugyy- Then for any n > 3 there exists an

I-Kronecker pair (Ey, o) in Repy(Q) with | = dim(Hom!(Ey, E2)) > n.

Proof. From Lemma and Remark we get an exceptional representation p € Repi(Q), s. t.
supp(p) = A and {dim;(p) > n}ica.

If v is a sink in Q guqy) then Arr({v}, A) =0, and, since v is adjacent to Q4, Arr(A,{v}) # 0.
From {v} N A =0 and we get Hom*(s,, p) = 0, Hom=0(p, s,) = 0, dimy(Hom?(p, s,)) > n.
Therefore (p, s,) is the [-Kronecker pair with [ > 3 we need.

If v is a source in @ gy, then the same arguments show that (s,, p) is such a Kronecker pair. [

Corollary 3.37. Let A C V(Q) be such that I'(Qa) is either Ap(n > 1) or Dyp(n > 4). Let
v € V(Q) be adjacent to Q4 and either a sink or a source in Qaugy- Let #(Ed({v}, A)) =n > 3.
Then there exists a Kronecker pair (E1, Es) in Repy(Q) with dim(Hom! (Ey, E2)) = n.

Proof. Using that I'(Q4) is either A,(n > 1) or D,(n > 4) we see that the representation p, with
A>iw— k, Arr(A, A) 3 a — Idy and zero elsewhere is an exceptional representation in Repy(Q)
with supp(p) = A and {dim;(p) = 1}ica.

If v is a sink in Q gy then Arr({v}, A) = 0 and #(Arr(A, {v})) = #(Ed({v}, A)) = n. From
{v}NA=10and we get Hom*(s,, p) = 0, Hom=%(p, s,) = 0, dimy,(Hom?!(p, s,)) = n. So that
(p, sy) is the I-Kronecker pair with [ > 3 we need.

If v is a source in @ 4y, then the same arguments show that (s,, p) is such a Kronecker pair. [

By similar arguments we prove now the following lemma which together with Corollary
implies the first part of Proposition [3.29}

Lemma 3.38. For each Euclidean quiver Q there exists a 2-Kronecker pair in D*(Rep(Q)).

Proof. The underlying graph I'(Q) is some of the listed in [ fig. (4.13)] extended Dynkin diagrams.
Let « € V(Q) be an extended vertex and @ be the corresponding embedded Dynkin diagram (as
in the beginning of the proof of Lemmzi. When F(@) = An, n > 2 we choose x to be a
sink or a source in Q. When I'(Q) # A,, then Ed({*}, V(Q)) (see for the notation) has
only one element and * is necessarily a sink or a source in Q). Let p € Repi(Q) be the exceptional
representation s. t. dim(p) is the maximal root in A4 (Q). When I'(Q) is A,, then dim(p) assigns
1 to all vertices of @), otherwise one can easily determine dim(p) using Remark We denote

by the same letter p € Repi(Q) the extended representation, it is exceptional in Repg(Q) (see
Remark . Let s, € Repk(@) be the simple representation supported at x. Now we have
supp(p) N supp(sy) = 0 and either Arr(x, supp(p)) = 0 or Arr(supp(p),*) = 0. From (3.26) we see
that either (s4, p) or (p, sx) is a 2-Kronecker pair: when I‘(@) = Ap,n > 2 then Ed(x, supp(p)) has
two elements, otherwise Fd(x, supp(p)) has one element but dim,,(p) = 2 for the vertex v € supp(p)

touching this edge. O
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So let us fix from here till the end of this Section a quiver @, satisfying the conditions of
Proposition [3.31, We are searching for an [-Kronecker pair with [ > 3 in Rep(Q).
An immediate consequence of Corollary is

Corollary 3.39. If there are n > 3 parallel arrows in Arr(Q), then there exists an l-Kronecker pair
(E1, E2) in Repp(Q) with | = dim(Hom!(Ey, F»)) = n.

Proof. Let these arrows start at a vertex i and end at a vertex j, then #Arr({i},{j}) =n > 3,
Arr({j},{i}) = 0 and we apply Corollary to A={j}, v={i}. O

Hence to prove Proposition [3.31] we can assume that there are no more than two parallel arrows
in Arr(Q). We consider next the case that two parallel arrows do occur.

Remark 3.40. In the considerations, that follow, we refer most often to C’omllary (i. e. then
we get l-Kronecker pairs with arbitrary big 1), but there are three situations, where we need Corollary
with the minimal admissible number of edges connecting v and A, namely 3, and then the
produced I-Kronecker pair is with minimal possible | = 3 ensuring density.

The quiver Q auqyy observed in these three special situationﬂ in which we use C’orollary
is as follows (we denote the set A by A ={ai,aq,...,an}):

a] — a2 <— as /T\
So = \T/ S3=aq as as.
1

In Sl F(QA) = Ag, m SQ F(QA) = Ag, m 53 F(QA) = D4.

5= /N
LN

a

3.5.1 If there are 2 parallel arrows in Arr(Q)

Let these two arrows start at a vertex ¢ and end at a vertex j. Thus, throughout this subsubsection
we have #(Arr({i}, {j})) =2, Arr({j},{i}) = 0. Then (recall Definition [3.33):

Qujy=i==J, T(Qquj) = A1 (3.27)

By our assumption that @ is connected and not Euclidean there is a vertex k € V(@) which is
adjacent to Q; ;- If either Arr({k},{i,5}) = 0 or Arr({3,j}, {k}) = 0 then by Corollary @lwe get
an [-Kronecker pair with [ > 3. Hence we can assume Arr({k},{i,j}) # 0 and Arr({i,j}, {k}) # 0.
From the condition that there are no oriented cycles we reduce to

Arr({k}, {5} #0 Arr({i} {k}) #0 = Arr({j},{k}) = Arr({k}, {i}) = 0. (3.28)

7we already used it once in Corollary
8in Corollary the quiver Qau{v} is the Kronecker quiver, i. e. Qaugw} = K(n), n >3
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If Arr({k},{j}) has two elements then Q; 1 =k == j, [(Qj)) = Ay , i is adjacent to Q{3 and
Arr({k,j},{i}) = Arr({k},{i}) U Arr({j},{i}) = 0, hence Corollary produces a [-Kronecker
pair with [ > 3. Therefore we can assume that Arr({k},{j}) has only one element.

If Arr({i},{k}) has two elements, then Q1 = i =X k, ['(Qp ) = A1, j is adjacent to
Qiky and Arr({j}, {i,k}) = Arr({j},{i}) U Arr({j},{k}) = 0, hence Corollary produces a
l[-Kronecker pair with [ > 3. Hence we can assume that Arr({i},{k}), Arr({k},{j}) are single
element sets. Using that Qy; j; = @ = j we obtain that Qy; ;x) is the same as the quiver S; in
Remark with v =4, a1 = j, az = k and then by Corollary we obtain a [-Kronecker pair
with [ > 3.

We reduce to the case

3.5.2 If there are no parallel arrows in Arr(Q)

In this case for any pair i,j € V(Q), i # j we have #(Arr(i,5)) = #(Fd(i,j)) < 1. In this
subsubsection the term loop with m wvertices, m > 1 in I‘(Q) means a sequence ai,as, ..., 0y, in
V(Q), s. t. #{a1,as,...,a,} =m and {Ed(a;,a;y1) # 0}, Ed(am,a1) # 0. Since there are no
edges-loops and there are no parallel arrows in @, any loop in I'(Q) (if there is such) must be with
m > 3 vertices.

First we show quickly how to get a I-Kronecker pair with [ > 3 if there are no loops.

If there are no loops in T'(Q) (recall also that by assumption @ is neither Dynkin nor Euclidean)
then one can show that for some proper subset A C V(Q) Q4 is an Euclidean quiver of the type
]Dm, m > 4, Eg, IE7, IES Take an adjacent to Q4 vertex v € V(Q). The assumption that there are
no loops in T'(Q) imply that there is a unique edge between v and Q 4, i. e. either Arr({v}, A) =10
or Arr(A,{v}) =0, and then we can apply Corollary to obtain a [-Kronecker pair with [ > 3.

Till the end of this subsubsection we assume that there is a loop in I'(Q). Let us fix a loop
with minimal number of vertices ai,as,...,am, i. €. m is the minimal possible number of vertices
in a loop. Denote A = {aj,as,...,an}, #(A) = m. From the minimality of m it follows that
Ed(a;,aj) = 0,if 1 <i<j<m,2<j—i<m-—2, hence Q4 (recall Definition is a
quiver with T'(Q4) = Am_1. As above, there exists an adjacent to Q4 vertex v € V(Q). From
Corollary it follows that we can assume Arr({v}, A) # 0, Arr(A,{v}) # 0. In particular
#(Ed(A,{v})) > 2. Let us summarize

T(Qa) =Apm—1, {v}NA=0, Arr({v}, A) #0, Arr(A,{v}) #0

(3.29)
m > #(Ed(A,{v})) >2,m > 3.

We consider several cases depending on the numbers m, #(Ed(A, {v})).

The case #(Ed(A,{v})) =m = 3. o

AN
We can order A = {a1, a2, a3} so that Q4 = as. By #(Ed(A,{v})) = 3 it follows that v € V(Q)
/

a
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must be connected to all the three vertices {a1, as,as} and by one of the arrows must start
at v and another must end at it. We have either Arr({v}, {a2}) # 0 or Arr({as},{v}) # 0.

If Arr({v},{a2}) # ¢, then by the assumption that there are no oriented cycles we have
Arr({as}, {v}) = ¢, Arr({v},{as}) # ¢, so we can only choose the direction of Fd(v,ay), i. e.
we have two options for Q(q; 4s,a3,0}:

al a
In both the cases a3 is a sink in Q4 45,040}, hence we can apply Corollary @ to Qq,00,0} and
az € V(Q) and get [-Kronecker pair with [ > 3.

If Arr({az},{v}) # ¢, now the direction of Ed(v, a1) is fixed and both the options for Qy,,
are:

az,as,v}

=

In the first case we apply Corollary t0 Qa1,az,0y and a3 € V(Q) and in the second we apply it

t0 Qa1 00,05} and v € V(Q).
The case #(Ed(A,{v})) =2, m = 3.

a2

Let us consider I'(Q4) = as without fixing the orientation. Now there are only two edges
/
ai
between A and v. Hence by (3.29) there are exactly two arrows between A and v and one of them
must start at v and the other must end at it. As long as we have not fixed the orientations of the

arrows in @ 4, we can assume that Arr({a1}, {v}) # 0, Arr({v}, {a2}) # 0. So that Q{4; as.04,0}> UP
a2

a3 _ v. We consider now the possible choices of directions of
7
ai

the arrows in Q. If a3 is a source/sink in @ 4, then it is a source/sink in Q 4y} and we can apply
Corollary t0 Q{a;,00,0} and az € V(Q). Hence, by the condition that @ is acyclic, we reduce to

to a choice of orientation in Q 4, is

N

and this is a permutation of the special case Sz of Remark[3.40] In this case we obtain a [-Kronecker
pair with [ > 3 by Corollary applied to Q(y,40,05} and a1 € V(Q).
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The case m = 4.
ags — asg

In this case I'(Q4) = ‘ ‘ and by the minimality of m = 4 it follows #(Ed(A, {v})) = 2 (recall

a; — a
that we have reduced to (3.29))). In other words the adjacent vertex v must be connected to two of
the vertices of the quadrilateral I'(Q4). Again by the minimality of m = 4 these two vertices must
be diagonal and, as long as we have not fixed the orientations of the arrows, we can assume that

Arr({a1},{v}) # 0, Arr({v},{a3}) # 0. So that Q4 as,45,a4,0}> UP t0 a choice of orientation in Q 4,
as

ya

isag ag . It follows to assign directions of the arrows in Q4. If a4 or ag is a source/sink in Q4
NV
ai
then we can apply Corollary t0 Qay,a,a3,0) and ag € V(Q) or t0 Qfq; 44,050} and a2 € V(Q),
as
. SN ,
respectively. Therefore, we reduce t0 Q{4;,a5,a5,a40} = @4 a2 v,which is a permutation of the
Nt
ai
quiver S3 in Remark [3.40]
The case m > 5.

If m =2k+11is odd, k > 2, then we can depict I'(Q4) , v € V(Q) and one edge in Ed({v},Q4)
as follows:

Ak+1 ak+2
as a2k
\ \
az A2k+1
/
ai
\
v

We have reduced to the case #(Ed({v},Qa)) > 2 (see (3.29))). If we add another edge between v
and A then we obtain another loop with number of vertices less or equal to k + 2. By k > 2 we
have k + 2 < 2k + 1, which contradicts the minimality of m = 2k + 1.

If m = 2k is even, k > 3, then we can depict I'(Q4) , v € V(Q) and one edge in Ed({v},Q4) as
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follows:

az Az
N S
a

\
v

Again, another edge between v and A produces another loop with number of vertices less or equal
to k4 2. By k > 3 we have k + 2 < 2k, which contradicts the minimality of m = 2k.

Proposition |3.31| is completely proved and it implies Proposition |3.29,

Having Proposition [3.29] Remark [3.30, Corollary [3.12] and Lemma [3.10| we obtain table [3.1]

3.6 Further examples of Kronecker pairs

Here we give some more examples of [-Kronecker pairs with [ > 3. In all the cases Corollary
can be applied, hence we obtain a family of stability conditions as in the third row of table

3.6.1 Markov triples

It is shown in [6, Example 3.2] that if X is a smooth projective variety (we assume over C), such
that D°(Coh(X)) is generated by a strong exceptional collection of three elements (for example
X = P?) then for any such collection (Ey, E1, E») the dimensions a = dim(Hom(FEy, Fy)), b =
dim(Hom(Ey, E)), ¢ = dim(Hom(E1, E)) satisfy Markov’s equation a?+b+c? = abe. If (a, b, c) #
(0,0,0) and a,b, c < 3 then (a, b, ¢) satisfy Markov’s equation iff a = b = ¢ = 3, i. e. the “minimal”
such triple is (3, 3,3). Hence for any strong collection (Fy, E1, E2) on D*(Coh(X)) for some i < j the
pair (F;, Ej[—1]) is an [-Kronecker pair with [ > 3. Corollarycan be applied, since D?(Coh(X))
is of finite type.

3.6.2 P!xP!

In [39, p. 3] a full exceptional collection consisting of sheaves on P! x P! is described. The matrix
given there contains the dimensions of Hom(E;, E;), where E;, E; are pairs in the exceptional
collection. The number 4 in this matrix corresponds to a 4-Kronecker pair.

3.6.3 P", n>2 and their blow ups

Another example, where Corollary [3.26] can be applied, is the standard strong exceptional collection
(0,0(1),...,0(n)) on P*, n > 2. For n > 2 we have {dim(Hom(O(i — 1), 0(3))) > 3} ;, hence



124 CHAPTER 3. DENSITY OF PHASES

{(0(i —1),0(9)[—1]) }}_; are all I-Kronecker pairs with [ > 3.

Take now P™, n > 2 and blow it up in finite number of points and let the obtained va-
riety be X. By [5, Theorem 4.2] we know that D’(X) has a semiorthogonal decomposition
<E1,E2, .. .,El,Db(IP’”)>, where F1,Es, ..., E; are exceptional objects. The Kronecker pairs of
DP(P") are also I-Kronecker pairs with { > 3 in D’(X) and Corollary can be applied. In
particular these arguments hold for all del Pezzo surfaces.

After blowing up in a more general subvarieties Y C P” we still get I-Kronecker pairs with [ > 3
but in this case one must check the extendability condition in Theorem (see remark ).

3.7 Questions

We end this Chapter with a few questions related to its content.

Recall that by Corollary {hom®(Ey, E3) < 2}z hold for any exceptional pair (Ej, E) in
D?(Q) and for any Euclidean or a Dynkin quiver Q. For a big class of quivers (where Corollary [3.36
can be applied) it was shown that these dimensions are not bounded above. However Corollary (3.36
can not be applied to all non-Dynkin and non-Euclidean quivers, for example to the quivers listed
in Remark [3.40] Nevertheless, in any of the quivers listed in Remark [3.40] we found Kronecker pairs
(E1, Ey) with hom'(Ey, Ey) = 3 for i = 1 and 0 for i # 1. We expect that the following question
has a positive answer:

Do the inequality hom®(Ey, F5) < 3 hold for any i € Z, any exceptional pair (E1, Ey), in any of
the quivers listed in Remark ?

After answering this question it would be interesting to determine all the quivers @), s. t. the
dimensions {hom®(E1, E2)}iez, where (Ey, E3) vary through all exceptional pairs in D%(Q), are
bounded above.

Finally, we come to some vague reflections related to the phases. We expect that the triangulated
categories with non-dense behaviour of phases form a “thin” set of categories. Among these, the
categories D°(Repr(Q)) with @ an Euclidean quiver have somehow remarkable behaviour of P, (see
the second row of Table . It is interesting to classify the categories with such a behavior of P,.




Chapter 4

Bridgeland stability conditions on the
acyclic triangular quiver

4.1 Introduction

The previous chapters of the dissertation are based on results and ideas by T. Bridgeland [§], A.
King [34], E. Macri [37], J. Collins and A. Polishchuck [14].

Recently J. Woolf in [49] and N. Broomhead, D. Pauksztello, D. Ploog in [12] showed classes of
categories with contractible components in the space of stability conditions. These papers generalize
and unify various known results (e.g. results in [I1], [48]) for stability spaces of specific categories,
and settle some conjectures about the stability spaces associated to Dynkin quivers, and to their
Calabi-Yau-N Ginzburg algebras (the latter are not in the scope of [12]). However the results in
[49], [12] do not cover tame representation type quivers, these quivers are beyond the scope of [49],
[12].

In the present chapter we give a new example of a tame representation type quiver with con-
tractible space of stability conditions.

After a parallel between dynamical systems and categories was established ([17], [10], [25],
[33]) the study of the topology of the spaces of stability conditions became a subject of significant
importance. According to this analogy the stability space plays the role of the Teichmiiller space. In
such a way the moduli space of stability conditions provides a link between: topology, representation
theory, dynamical systems, algebraic geometry, category theory.

1.1. We outlined in Subsection how E. Macri constructed [37] stability conditions using
a a full Ext-exceptional collection & = (Ey, E1,..., Ey,) and the action of Z}'\E+(2,R) on Stab(7).

These stability conditions are HE - 52+(2,R) (see Definition ) and they will be referred to as
generated by E.
E. Macri, studying Stab(D?(K (1)) in [37], gave an idea for producing an exceptional pair gen-
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erating a given stability condition o on DY(K (1)), where K (I) is the I-Kronecker quiver.

We defined in the Chapter [2]the notion of a o-exceptional collection, so that the full o-exceptional
collections are exactly the exceptional collections which generate o (Corollary , and we focused
there on constructing o-exceptional collections from a given o € Stab(DY(A)), where A is a heredi-
tary, hom-finite, abelian category. We developed tools for constructing o-exceptional collections of
length at least three in DP(A). These tools are based on the notion of regularity-preserving hered-
itary category, introduced in Chapter [2| to avoid difficulties related to the Ext-nontrivial couples
(couples of exceptional objects in A with Ext!(X,Y) # 0 and Ext'(Y, X) # 0).

In this chapter for simplicity we will denote the triangular acyclic quiver just by @ (it was
denoted in the previous chapters and in figure by @1) . It was shown in Chapter [2] that
Repg(Q) is regularity preserving and the newly obtained methods for constructing o-triples were
applied to the case A = Repy(Q). As a result we obtained Theorem In other words, all stability
conditions on D?(Q) are generated by exceptional collections (in this case exceptional triples). This
theorem implies that Stab(D?(Q)) is connected ( Corollary ). Using Theorem [2.1{ and the data
about the exceptional collections given in Section [2.2] we prove in the present chapter the following:

Theorem 4.1. Let k be an algebraically closed field. Let Q be the following quiver:

on/o\ (4.1)

(¢]

The space of Bridgeland stability conditions Stab(D°(Repr(Q)) is a contractible (and connected)
manifold, where D®(Repy(Q)) is the derived category of representations of Q.

1.2. We give now more details about the structure of Stab(D’(Rep(Q))) and about the proof
of Theorem (411

Recall that we call an exceptional pair (E, F') in D®(Repy(Q)) an I-Kronecker pair if hom=°(E, F)
0, and hom!(E, F) =1 # 0 (Deﬁnition. In Corollarywas shown that for any affine acyclic
quiver A (like the quiver @) only 1- and 2-Kronecker pairs can appear in D°(A).

Recall that the Braid group on two strings By =2 Z acts on the set of equivalence classes of
exceptional pairs in 7. E| The set of equivalence classes of 2-Kronecker pairs is invariant under
the action of By. In Subsection [£.4.1] are described the orbits of this action on the 2-Kronecker
pairs (using Corollary . There are two such orbits and in terms of our notations they are
{(a™,a™* 1 [=1])}mez and {(b™, 0™ 1 [~1])}mez (see Remark [4.25)).

It turns out that the exceptional objects of DP(Repy(Q)) can be grouped as follows {a™} ez U
{M, M"YU{b™} ez, where {M, M'} C Repy(Q) is the unique Ext-nontrivial couple of D®( Repi(Q)).

Let T and ;' be the stability conditions generated by the exceptional triples containing a
subsequence of the form (a™[p],a™*[q]) and (b™[p],b™ 1[q]) for some m,p,q € Z, respectively.
Using Theoremwe show in Sectionthat Stab(D*(Repr(Q))) = Ttu(_, M, Yu(_,M’', U

'Here we take the equivalence ~ explained in Section and it is clear when a given equivalence class w.r. ~ will
be called a 2-Kronecker pair
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Tt where (_, M, )U(_,M’, ) denotes the set of stability conditions generated by triples of the
form (A, M|[p|,C) or (A, M'[p],C) with p € Z (these turn out to be the triples (A, B, C) for which
dim(Hom’(A, B)) < 1, dim(Hom’(4, C)) < 1, dim(Hom’(B,C)) < 1 for all i € Z).

The main steps are as follows. In Section is shown that ' N T = (. In Section
the subsets T5' and T;' are shown to be contractible. In Section we connect TE and TF' by
(_,M, )u(_,M' ) and show that in this procedure the contractibility is preserved.

The theorem from topology which we use to glue stability conditions generated by different ex-
ceptional triples is the Seifert-van Kampen theorem, modified about contractile subsets in manifolds
(see Remark . In Section are given several important tools used throughout to analyze the
intersection of the sets of stability conditions generated by different exceptional collections. These
tools are extensions of results and ideas in [34], [37], Chapters [3 and [2] In the final step (Section
we utilize as such a tool also the relation R - (S, E) between a o-regular object R and an
exceptional pair generated by it (introduced in Chapter [2)).

The obtained in Sectiondata about Hom(X,Y) and Ext!(X,Y), where X, Y vary throughout
the exceptional objects of Repi(Q), is organized in a better way in Section We add there also
some observations about the behavior of the central charges (see the beginning of subsection m

for the notion central charge) of the exceptional objects, which are very essential for the proof of
Theorem (1] as well.

1.4. We expect that with the picture about Stab(D’(Q1)) obtained here one can explicitly show
what is Stab(D?(Q1)). We hope that a proper interpretation of the relation between the Kronecker
pairs and the structure of Stab(D?(Rep(Q))), observed in this chapter, will open a way to better
conceptual understanding and a successful analysis of other cases will follow.

4.2 Some more notations.

In addition to the notations fixed in Section the following conventions will hold throughout this
last chapter of the dissertation.

First, we recall that in this chapter for simplicity we will denote the triangular acyclic quiver
Just by Q (it was denoted in the previous chapters and in figure by Q1) .

For a vector p = (po,p1,---,Pn) € Z™! and an exceptional collection & = (Ey, F1,...,E,) C
Teze we denote E[p] = (Eolpo], E1[pi],- -, En[pn]). Obviously €[p] is also an exceptional collection.
The exceptional collections of the form {€[p] : p € Z"™!} will be said to be shifts of €.

For two exceptional collections €1, €2 of equal length we write & ~ Eg if €2 = &1[p] for some
pc 7+l

For any a € R and any complex number z € €™ (R+iRx), respectively z € €™ (R.o U (R + iRxq)),
we denote by arg, 4 1)(2), resp. arg(q q41)(2), the unique ¢ € (a,a + 1), resp. ¢ € (a,a + 1], satis-
fying z = |z| exp(in¢).
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For a non-zero complex number v € C we denote the two connected components of C \ Rv by:
vG =v- (R+iRs0) ve =v- (R—1iRs) ve C\ {0} (4.2)
For b € (a,a+1),c€ (a—1,a) 11 >0, ro > 0 we have

arg(q.q+1)(r1exp(ira) + roexp(ind)) = a + argg 1y(r1 + ro exp(ir(b — a)))

. . . 4.3
arg(q_1,q) (11 exp(ira) + roexp(ime)) = a + arg(_; g)(r1 + rzexp(in(c — a))). (43)

These formulas imply that for ¢ € (a — 1,a), r1 > 0, r2 > 0 we have
arg(q_1,q) (11 exp(ima) + reexp(inc)) = —arg(_, _q41) (11 exp(—ira) + ry exp(—inc)) . (4.4)

4.3 General remarks

This section provides several tools which will be used throughout to analyze the intersection of the
sets of stability conditions generated by different exceptional collections (Propositions
and Lemmas . A description of the set of stability conditions generated by all shifts of a
fixed exceptional triple is given in Proposition [4.8

4.3.1 One remark related to Bridgeland stability conditions

We use freely the axioms and notations on stability conditions introduced by Bridgeland in [8] and
some additional notations used in Subsection In particular, for o = (P,Z) € Stab(T) we
denote by o*® the set of o-semistable objects, see .

In particular, for any interval I C R the extension closure of the slices {P(x)},er is denoted by
P(I). The nonzero objects in the subcategory P(I) are exactly those X € T\ {0}, which satisfy
¢+(X) € 1,1 e. whose HN factors have phases in /. In particular, if X € P(a —1,a] \ {0} then
Z(X) € exp(ima)® URs g exp(ima).

From [8] we know that for any o = (P, Z) € Stab(7) and any ¢t € R the subcategory P(t,t+ 1] is
a heart of a bounded t-structure. In particular P(¢,¢ + 1] is an abelian category, whose short exact

sequences are exactly these sequences A >, C with A, B,C € P(t,t + 1], s. t. for some

v : C — A[l] the sequence A . gL c - A[l] is a triangle in T. Using these remarks,

the HN filtration and by drawing pictures one easily shows the following properties:
Remark 4.2. Lett € R and X € P(a —1,a]. Then:
(a) If X & 0°° then 6_(X) < arg(o_y o) Z(X)) < 61(X).

(b) X & o iff there exists a monic arrow X' — X in the abelian category P(a — 1,a] satisfying
arg(g—1,a) (Z(X,)) > arg(g—1,a (Z(X))
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(c) If Z(X) € v$ for some v € C* with v = |v|exp(int) and a —1 € (t,t + 1) ora € (t,t + 1),
then arg,_1 4)(Z(X)) = arg( 4 1)(Z(X)). In particular, when X € 0%, we have:
P(X) = arg( 11)(Z(X)).

4.3.2 Remarks on c-exceptional collections

E. Macri proved in [37, Lemma 3.14| that the extension closure Ag of a full Ext-exceptional collection
€ = (Fo, E1,...,E,) in T is a heart of a bounded t-structure. Furthermore, Ag is of finite length
and Ey, F1, ..., E, are the simple objects in it. By Bridgeland’s Proposition from the bounded
t-structure Ag is produced a family of stability conditions, which we denote by H*¢ C Stab(T) (see
Deﬁnition or sometimes just H C Stab(T). For a given o € Stab(T) we defined a o-exceptional
collection in Definition 2.33

The following Proposition is basic for this chapter:

Proposition 4.3. Let T be a k-linear triangulated category and o = (P,Z) € Stab(7T). Let & =
(Eo, E1, ..., Ey) be a full o-exceptional collection such that ¢(F;) > ¢(E;y1) and hom! (Ei, Eit1) #
0 for some i € {0,1,...,n —1}. Let A;;11 be the extension closure of E;, Ejyq in T. Then each
element in Teze N Ajit1 18 semistableﬂ

Proof. It ¢(E;) = ¢(Eiy1) = t, then A; ;41 C P(t) and hence all non-zero objects in A; ;11 are
semistable, therefore we can assume that ¢(E;) > ¢(Ejt1).

By Corollary [2.34 we have 0 € © = H° -éf+(2,R). Since the action of 55*(2,1@) does
not change the order of the phases, we can assume that o = (P, 2) € HE¢, which means that the
extension closure of € is the t-structure P(0, 1] and

¢(Ej) = argoq(Z(Ey)  j=1....n. (4.5)

Let us denote T;;41 = (E;, Eiy1). From Proposition we have a projection map Hé —
HAui+1 C Stab(T;441) and it maps o = (P, Z) to a stability condition ¢/ = (', Z') € H44+1 with
Z'(E;) = Z(E;), Z'(Eit1) = Z(Eit1) and {P'(t) = P(t) N Ty it1}er. Therefore it remains to show
that the objects in Teze N A; ;11 are o’-semistable.

From Lemma we have that A; ;11 is a bounded t-structure in 7; ;41 and an equivalence
of abelian categories F' : A; ;41 — Repr(K(l)) with F(E;) = s1, F(Ejt1) = s2, where [ =
hom!(E;, E;;1) and sy, sy are the simple representations of K (1) with k at the source, sink, re-
spectively. This equivalence maps o’ € H#4i+1 to a stability condition

o = (P, 7" e HEere(KW) < Stab(DY(K (1)) Z(E;) = Z"(s1), Z(Eiz1) = Z"(s2).

If £ € Tepe N Ajiv1, then by the fact that F' is an equivalence of abelian categories it follows that
F(FE) € Repi(K(l)) is an exceptional representationﬂ Since {F(P'(t)) = P"(t)}+¢(0,1), it remains to
prove that each exceptional representation of Repy(K (1)) is o”-semistable.

2Recall that by Teze we denote the set of exceptional objects in T
3 To show this one uses also the fact that A; ;41 is a bounded t-structure in T; ;41.
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Let p € Repr(K(l))exe- Then the dimension vector dim(p) = (n,m) € (n,m) is a real root
of K(I), furthermore it is a Schur root. From we have arg(Z”(s1)) > arg(Z”(s2)). By
the arguments in the proof of Lemma using a theorem by King ([34, Proposition 4.4] ) and
arg(Z"(s1)) > arg(Z"(s2)) we obtain a o”-stable representation X € Repy(K (1)) with dim(X) =
(n,m). Since X is stable, it is simple in P”(¢), where t = ¢"(X), in particular it is indecomposable
in P”(t). Since P”(t) is a thick subcategory (see Lemma [2.20)), it follows that X is indecomposable
in Repr(K(1)). Since dim(p) is a real root and both X, p are indecompsable representations, the
equality dim(p) = dim(X) implies p = X (see |31, Theorem 2, ¢)]). The proposition follows. O

Other statements, which will be widely used in the next sections are Propositions and
For the proof of Proposition [4.8]it is useful to define:

Definition 4.4. Let n > 1 be an integer. Let I = {I;; = (lij,755) C R}o<icj<n be a family of
non-empty open intervals, and let | = {l;; € {—o00} U R}o<icj<n, t = {rij € RU{+00}}o<icj<n be
the corresponding families of left and right endpoints.

We will denote the following open convez set {(yo, y1, ... ,Yn) € R" 1 y;—y; € I i < j} C R*H
by S™(J) or S™(I,v).

For a full Ext-exceptional collection € = (Ey, B, ..., E,) in T we denote ©} = H¢ -@\E+(2, R).
If € is a full Ext-exceptional collection, then we have (see Remark [2.35)):

L =HE-GL (2,R) ={o: & C o™ and |¢7(E;) — ¢°(E;)| < 1 for i < j} (4.6)
and the assignment:
{0 € Stab(T) : € C 0°} 3 (P, 2) 5% ({12(E) [} g, {67 (Ei)}iy) € RZMHD (4.7)

restricted to ©% defines a homeomorphism between ©% and R;”gl x S™(—=1,+1) (as defined in
Definition {4.4)).

Assume now that & = (Ey, E1,. .., E,) is any full exceptional collection in T (not restricted to
be Ext). If T is a triangulated category of finite type, then there are infinitely many choices of
p € Z"! such that €[p] = (Eo[po], E1[p1]; - - -, En[pn]) is an Ext-exceptional collection. [37, Lemma

3.19] says that the following open subset of stability conditions is connected and simply conected:

Q¢ = U O C Stab(7T). (4.8)
{pezr+t:g[p] is Ext}

For the sake of completeness we will comment on this set as well (compare with [37, proof of
Lemma 3.19]).

By Corollary O¢ is the set of stability conditions o € Stab(T) for which a shift of € is a
o-exceptional collection, in particular for each o € O¢ we have & C ¢*°. Hence the assignment
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is well defined on ©¢. Furthermore, this defines a homeomorphism between O¢ and fe(©¢). Indeed,

if &[p] is an Ext-collection for some p € Z"*!, then fe[p) maps @é[p] homeomorphically to R;‘Jal X

S™(—1,+1) (see after (4.7)) and due to fep) — (0,p) = fe we see that fg‘@/E[ ] is homeomorphism
P

onto its image RZJ(SI x (S™(—1,41) — p). Therefore, provided that fe is injective on Og, the

following restriction is a homeomorphism:

felos 1@ — R’;‘gl X U S™"(—1,+1)—p |, where A={peZ"t":€[p]isExt}. (4.9)
peA

To prove that the obtained function is injective, assume that o; = (P;,Z;) € O¢, i = 1,2 and
fe(o1) = fe(oa), 1. e. |Z1(E;))| = |Z2(E;)|, ¢7* (E;) = ¢72(E;) for all j, then by (4.6) and the axiom

¢? (Ej[pj]) = ¢7(E;) + p; we see that for any p the incidence o1 € @%[p] is equivaaent to o € O,
hence by the injectivity of fe[p) and fefp) — (0,p) = fe we obtain o1 = o3. Thus, we see that (4.9)

is a homeomorphism.

Finally, note that by (4.6)), (4.7), (4.8)), and fe[p) = fe + (0, p) it follows that

©g = ¢ 0 € Stab(T) : € C 0™ and ¢7(€) € | J S"(—1,+1)—p . (4.10)
pceA

4.3.3 The set f:(O¢) when n =2

We give an explicit representation of f¢(©¢), when n = 2. Remark shows that the case n > 3
is not completely analogous. The only statement, which will be used later, is Proposition [4.8] This
subsection is dedicated to the proof of Proposition [£.8]

Let us denote:

Bn = {(07%7(127--- 7qn) - Nn+1 : 0 S q1 S q2 S S Qn} (411)

The following properties are clear from the definitions of S™(g) (Definition and of A C Z"!
(formula (4.9))

Vv € diag(R™™)  S™(J) — v = S™(J) (4.12)
Vv € diag(Z") A-v=A (4.13)
VwweB" A-vCA (4.14)

Any p = (po,p1,---,Pn) € A can be represented as p — (po, po, - - -, o) + (Po, Po, - - -, Po), hence if we
denote

Ag={peZ"" :py=0,¢&[p| is Ext} (4.15)
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by the properties above we can write
U s (-1,+41)-p= | J s"(-1,+1)-p= ( U s*(-1,+1) +v> ~p. (4.16)
peA PEAD pEAg \veB™

For the cases n = 1,2 we have the following simple form of the expression in the brackets:

Lemma 4.5. The following equalities hold:

U s"(-1,41) + v=8"(~00,1) U S*(=1,+1) + v=5%(—o0, 1). (4.17)
veB! ve B2
Recall that S™(—o0, 1) = {(y0,y1,---,yn) € R" 1y, —y; < 1,i < j} (see Definition .
Remark 4.6. For n > 3 we have not such an equality. For example, we have (0, —%, %, 0,...,0) €

S™(—00, 1) but (0,—3,2,0,...,0) & Upepn S"(—1,41) + v forn > 3.
More precisely, it holds | Jycgn S™(—1,+1) + v C# S"(—00, 1) for n > 3.

Proof. (of Lemma Note first that for any J = {I;; : ¢ < j} asin Deﬁnition and any p € Z"H!
we have

S"({ iy i <j}) —p = 5"({lij — (i —pj) 1 i < j}). (4.18)
In particular for n = 1 we have (now the index set of J has only one element: (0,1)):
U s'-1+0)+v= |J S'(-L+D)+0.k) =[] (-1-k1-k)
veBl (0,k)eN? keN

= U{—l—k<yo—y1<1—k}:{y0—y1<1}:Sl(—oo,—|—1)
keN

Using (4.12) and (4.18]) one easily shows that:

U $*(-1,41) + v =diag®R"™) @ {2 =0} n | | S*(-1,41)+v
veB? vEeB2
§%(—00,1) = diag(R™™) & {ys = 0} N §?(—o0, 1).

Obviously we have
Yo—yr <1 Yo—yr <1

{ygzO}ﬂS2(—oo,1):{y2:O}ﬂ Yyo—y2 <1 » = Yo <1
y1—y2 <1 y <1
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We will prove the second equality in (4.17) by showing that:

yo—y <1
{pz=01n| |J SPC-1L+1)+v| = yo < 1 . (4.19)
veB? y1 <1

Let (0,k, k + 1) be any vector in B2, where k, [ € N. By (4.18) we have:

—1—-k<y—-—pm<l-—k Yo —y1 <1
S 1, 1)+ (0,k,k+1) =8 ~1—k—Il<yo—y2<l—k—1 pC< yo—wya<1l p. (420
“l-l<yi—y2<1-1 y1—y2 <1

Denoting the unit open square by C(—1,+1) = {|y;| < 1;i = 0,1} C R?, we can write:

—“1—-k<y—yi<1-—k
{12 =0} N (S2(=1,1) + (0, k, k+1)) =3 —1—k—I<yg<l—Fk—1I
—-1-l<y<1-1

=S (=1 -k, +1—-k)Nn(C(~1,+1) — (k+1,1))
= (SY(=1,+1) + (0,k)) N (C(~1,+1) — (k +1,1))
= (SY(—-1L,+1) = (k+ L,k+1)+(0,k) N (C(—1,41) — (k+1,1))
= (S'(-1,+1) N C(-1,+1)) — (k+1,1).

Therefore:
{=01n| J -1 1)+v]| =] (U (S'(~1,1)NC(~1,1)) — (z,x)) — (k,0). (4.21)
veB? keN \IeN

Before we continue with the proof of Lemma [£.5] we prove:
Lemma 4.7. For any k € Z U {400} we have the following equality:

U SH-1,+1) NO(=1,+1) + (1,1) = S (-1, +1)n{ & <lak (4.22)
ot y<1+k

Proof. We prove first the equality for k = +o00. Let (ag,a;1) € S*(—1,+1),i. e. |ag — a1| < 1. Since
R = J;ez[20—1,21+1), there exists | € Z such that ag+a; € [21—1,2[+1),i. e. =1 < ag+a1—20 < 1.
We have also —1 < ag — a1 < +1 and due to the equalities:

apg+ar —20  ap— a1 I apg+ar — 20 a1 —ag
Coa — =
2 2 2 2

ao—l:
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we obtain —1 = -1 — 1 <a; — 1l <%+ 1 =1fori=0,1 Hence (ag,a1) — (I,l) € C(~1,+1) N
S(—1,+1), and we proved the equality with k = +o00. By and since the translation in
RR? is bijective we rewrite this equality as follows S*(—1,+1) = ;e S (=1, +1)NC (=1, +1)+(1,1) =
U (S*(=1,41) + (1,1)) N (C(=1,+1) + (1,1)) = S*(=1,41) N (Usez C(—1,+1) + (1,1)). Hence

1/ yo<1l+k yo<1+k
S 1,1)m{y1<1+k} <zeUzC —1,1) u)) {y1<1+k . (4.23)
Due to the equalities

0 if I>k+2

yw<l+k _ _ E<y <l4+k -
{y1<1+k}ﬂ(c( L,1)+ (1,0) = {k<y1<1+k +(kk) f l=k+1
-1,+1) + ( if 1<k
we obtain (|, C(—1,1) + (,1))N yo <14k = U< C(—1,1)+(1,1). By (4.23) and applying
lez ’ ’ y1 <14k <k ) sb)- -

again (4.12)) we obtain the equality (4.22)) for k € Z. O]

Now we put (4.22) with £ = 0 in (4.21]) and obtain

{ro=0tn| |J (-1 +v]| =/ <51(—1,+1)n{ Yo <1 }) — (k,0). (4.24)

veRB? keN
The next step is to show that
1/ Yo <1 B _ 1/ _ Yo <1

U (s ( 1,+1)m{ <l }) (k,0) = | J (S"(~1,+1) (k,O))ﬂ{ <1 } (4.25)
keN keN
The inclusion C is clear. Assume now that ag,a; € R, k € N and |ag —a1| < 1 and a9 — k < 1,
a; < 1. We have to find a( € R, and &’ € N such that

lag —a1| <1 ag<1  ap—k =ao—k. (4.26)

First note that ag = ap — a1 + a1 < |ag —a1| +a1 < 2. If k =0 or a9 < 1, then we put aj = ao,
k' = k. Thus, we can assume that £k > 1 and 1 < qp < 2. Now a1 < 1 and |ap — a1| < 1 imply
0 <a; < 1. It follows that —1 < —a; < ap—1—a; < 1, therefore we can put ay =ap—1, k' = k—1.

Hence we obtain (4.25)).
On the other hand by (4.12)) and the already proven first equality in (4.17)) we have
U st(-1,1) - = J §'(=1,1) + (0,k) = S*(—o00,1).
keN keN

The latter equality and equalities (4.24]), (4.25)) imply (4.19) and the lemma follows. O]
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Putting (4.17) in (4.16]) and then using (4.18) we obtain for the case n = 2:

yo—y1 <l+mpm
U s*-1,+1)-p= |J $*(-0,1)-p= Yo —ya < 1+ po .(4.27)
peA PEAo (Op1p2)€do |\ y1 — Y2 <1+p2—p1

Using the equality (4.27]), the homeomorphism (4.9)), and (4.10) we will prove the main result of
this subsection:

Proposition 4.8. Let T be a k-linear triangulated category. Let & = (Ag, A1, A2) be a full excep-
tional collection, such that:

1+ a =min{i: hom’(Ay, A;) #0} € Z
1+ B = min{i : hom®’(Ag, As) # 0} € Z (4.28)
14~ = min{i : hom'(Ay, Ag) # 0} € Z.

Then the subset ©g C Stab(T) defined in (4.8)) has the following description:

¢7(Ao) — ¢7(A1) <1+«
O = (o € Stab(T) : € C 0% and ¢7(Ap) — ¢7(A2) < 1+ min{f, o + v} (4.29)
¢7(A1) — ¢7(A2) <1+~

Y-y <l+a

and O¢ is homeomorphic with the set Rio X Q4 yo—y2 < 1+ min{fs,a+~} by the map fe in
y1—y2<l+n

(4.7) restricted to O¢. In particular O¢ is contractible.

Proof. Given a family J of the form: J = {Iy; = (—o0,u), lpg = (—00,v), [12 = (—o0,w)}, we write

—00, U
S| —oo,v | for S?(J) throughout the proof. By ({#.27), (#.10), and (4.9) the proof is reduced to
—00, W

showing that:

_0071‘1']91 —OO,1+OK
U S —00,1+ po =S| —oo,1+min{B,a+~} |. (4.30)
(0,p1,p2) €40 —00,1 +p2 —m —00,1 47

From the definition of Ap in (4.15)) and the definition of «, (3, 7 one easily obtains:

(0,p1,p2) € Ay = p1 < a,p2 <min{B, o+ ~}; (0, , min{ 3, a +v}) € Ao. (4.31)
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Ifu<u,v<v,w<w, then S(—o0, (u,v,w)) C S (—o0,(v,v',w')), hence by (4.31) we have:

—00, 1+ pp —00, 1+«
U S —00,1+ po =S —00,1 4+ min{S, a + v} U
(0,p1,p2)EAg —00, 1+ po —p1 —00, 1 + min{f,a + 7} — «
(4.32)

—o0, 1+

U S —00,1 4+ po
(0,p1,p2) € Ao : —oo L+ p2—p
po —p1 > min{f,a+7} — «

Now we consider two cases.
If min{f3,a + v} = a++, then min{5,a + v} — a = v and (Ag, A1[p1], A2[p2]) is not an Ext-
collection for py — p1 > 7 (since homP ™7 F1=P2(A;[p1], As[pa]) # 0, pa — p1 — v — 1 > 0), hence the

equality (4.32)) reduces to (4.30)).
If min{f,a+~} = <a+~, then B <a—i+~fori<a++— [ and hence

{(0,a—i,8):0<i<a+y—B}C A. (4.33)
Furthermore, we claim that the equality (4.32)) reduces to

—00,1+p1 aty—f —o0,1+a—1
U S —00,1+ po = U S —00,1+f . (4.34)
(0,p1,p2)€ Ao —00,1 +p2 — p1 i=0 —o00, 1+ —a+1i

Indeed, the first set of the union in (4.32)) is the same as the first set of the union (4.34). Now
assume that (0,p1,p2) € Ap and pa — p1 > B — a, then f — a < p2 — p1 < 7. Therefore for some
1<i<~y+4+a—p wehave pp —p; = f— a+i. From (4.31) we have also ps < 3, therefore

_OO>1+]91 —OO,1+Oé—i
pr=ps—B+a—1i<a-—i, and then S —00,1 4+ po cS —00,14+ 8 and
—00,1+p2 —p1 —00,14+ 3 —a+i
we obtain (4.34). The last step of the proof is to show that
at+y—pB —o0,l +a—1 —00,l 4+«
U s —00,1+ =S| —c0,148 |. (4.35)
i=0 —o0, 1+ —a+i —o00,1+ 7

The inclusion C is clear. To prove the inclusion D, assume that (ag, a1,a2) € R® and
ag—a1 <l4+a,a0—as<14+8,a1—as<1+n.

Ifag—a; <1l+a—(a+vy—p)=1+p—~, then by a; —ag < 1+~ it follows that (ag, a1, as2)
is in the set with index ¢ = a4+ v — 8 on the right-hand side.

It remains to consider the case, when 1+a—i > ag—a1 > 1+a—i—1 for some 0 < i < a+~v—p.
Now (ag, a1, a2) is in the set indexed by the given i. Indeed, now a1 —ag < i—a and by ag—az < 140
we have a1 —ao = a1 —ag+apg—as <1+ pB+1—a. O
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4.3.4 More propositions used for gluing

Since we will often use the notion of a o-triple, for the sake of completeness we rewrite here Definition

for triples (see also Remark [2.35)):

Definition 4.9. An exceptional triple (Ao, A1, A2) is a o-triple iff the following conditions hold:
(a) hom="(4;, A4;) = 0 for i # j; (b) {Ai}g C 0® ; () {9(Ai)}2o C (bt +1) for some t € R,

We enhance now Proposition for the case n = 2:

Proposition 4.10. Let T be a k-linear triangulated category. Let € = (Ao, A1, A2), «, 3, v be as
wn Proposition . Let 0 € O¢ (hence we have the inequalities in )
(a) If 97 (Ao) > ¢7(A1]a]), then ANTepe C 0%, where A is the extension closure of (Ag, A1]a]).
(b) If ¢7(A1) > ¢7(A2]y]), then ANTeze C 0%, where A is the extension closure of (A1, Aa[v]).

Proof. If an equality holds in (a) or (b), then we have A C P(¢) for some ¢ € R and the Proposition
follows. Hence we can assume that we have a proper inequality in both the cases.

(a) By the definition of O¢ in ([4.8) and Corollary [2.34] we see that (Ag[l], A1 [i], A2[j]) is a o-triple
for some 1,4, j € Z. We can assumd’|l = 0 and then hom=%(Ag, A;[i]) = 0 and |¢(Ag) — #(A[i])| <
1. From the definition of o we see that ¢ < «a. Actually we must have i = «, otherwise the given
inequality ¢(Ao) — ¢(Ai[a]) > 0 implies ¢(Ag) — ¢(A1[i]) > 1, which is a contradiction. Thus
(Ao, A1[a], As[j]) is a o-triple for some j € Z. Now we apply Proposition [4.3]

(b) In this case we shift the given triple to a o-triple of the form (Ag|l], A1, A2[j]) for some l, j € Z,
in particular we have hom=%( A1, A3[j]) = 0 and |#(A1) — ¢(A2[j])| < 1. From the definition of v
and the given inequality ¢(A1) — ¢(A2[y]) > 0 it follows that j = . Thus (Ag[l], A1, A2[7y]) is a
o-triple for some [ € Z. Now we apply Proposition [4.3 O

Proposition 4.11. Let T has the property that for each exceptional triple (Ao, A1, A2) and for any
two 0 < i < j < 2 there exists unique k € Z satisfying hom® (A;, Aj) #0. Let €= (Ag, A1, A2) be a
full exceptional collection in T.

Let Ro(€) = (A1, Ra,(Ao), A2), Lo(€) = (L, (A1), Ao, A2), R1(€) = (Ao, A2, Ra, (A1), L1(€) =
(Ao, La,(A2), A1) be the triples obtained by a single mutation applied to €E| Then the four inter-
sections O¢ N Op(e), Oc NOL(e), Oc NOR,(g), Oc NOL, (e) are all contractible and non-empty.

Proof. Since € ~ &' implies O¢ = Ogr, R;i(E) ~ Ri(&'), Li(E) ~ L;i(&'), we can assume that
I = hom!(Ag, A1) > 0, p = hom!(A;, A3) > 0. By the assumptions on T the other degrees are zero

“note that (Ao, A1[i], A2[4]) is a o-triple iff (Ao[k], A1[i + k], A2[j + k]) is a o-triple

® Recall that for any exceptional pair (A, B) the exceptional objects La(B) and Rp(A) are determined by
the triangles La(B) — Hom"(4,B)® A Zas, B; A
(B, Rg(A)) are exceptional pairs.

coevy g -

Hom"(A, B) ® B — Rp(A) and that (La(B), A),
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and it follows that the integers «, v defined in (4.28|) vanish and from Proposition we get:

¢7(Ao) — ¢7(A1) <1
O = (o€ Stab(T) : € C o® and ¢7(Ag) — ¢7(A2) < 1+ min{s3,0} ». (4.36)
¢7(A1) —¢7(A2) <1

We start with the intersection ©g N Op ). Let us denote X = Ra, (Ao)[—1]. Let o/, §', v
be the 1ntegers corresponding to the triple (A1, X, A3) used in Proposition E We have 1 + ﬂ' =
min{k : hom*(A;, A3) # 0} = 1+ = 1, hence #/ = 0. On the other hand from the definition of
R4, (Ap) we have a triangle

AP X — Ag — AP (4.37)
and it follows that hom(A;, X) # 0, hence o/ = —1. We apply Proposition to the triple
(A1, X, Ag) and obtain (note that 1 4+ min{f8’,a/ ++'} =1+ min{0,7" — 1} = min{1,~'})

A1 € o%° ¢U(A1)—¢G(X) <0
ORo(e) = Ora,,x,40) = { 0 €Stab(T) : X € 0% and ¢7(A1) — ¢7(A2) <min{l,~'} 5. (4.38)
Ayeo®  $T(X)— ¢ (Ay) < 147

From the defintion of 3,7 we have 0 = hom=mir{#} (Ag, A2) = hom=min{#} (A1, A), and then the
triangle (4.37) implies that hom=™in{#} (X, Az) =0, it follows that

min{3,v} = min{3,0} <~ (4.39)

Assume that o0 € ©(4, x 4,)NO¢. Then Ag, A1, Az, X are all semi-stable and ¢(A4;) < ¢(X H It
is easy to show that hom(X, Ag) # 0 (using the triangle (4.37))), hence ¢(X) < ¢(Ao) and therefore
#(A1) < ¢(Ap), and we obtain the inclusion C in the following formula (the third inequality in this
formula is the second in (4.38), the other inequalities are in together with ¢(A41) < ¢(Ap))

0 <¢7(Ap) —¢7(A1) <1
Oc NORye) = { 0 €Stab(T) : € C o™ and ¢7(Ag) — ¢7(A2) <1+ min{3,0} . (4.40)
¢7 (A1) — ¢7(A2) <min{y', 1}

SS

We prove now the inclusion D. Assume that & C ¢ and that the inequalities on the right hand
side of (4.40) hold. In particular the inequalities in (4.36)) hold, hence we have o € Og and

¢?(Ao) > ¢°(A1). Proposition (a) ensures X € ¢* and by (4.37) we get hom(A;,X) # 0,
hom(X, A2) # 0, hence

X €0% §(A)) < $(X) < 6(Ag)  Z(X) = IZ(A1) + Z(Ay). (4.41)

5We omit sometimes the superscript o in expressions like ¢°(X) and write just ¢(X).
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Using and 0 < ¢7(Ag) — ¢ (A1) < 1 we see that Z (A1), Z(Ap) are not collinear(see Definition
[4.27), therefore Z(X) = 1Z(A1) + Z(Ap) is collinear neither with Z(A4;) nor with Z(4p). Now we
apply again and by we obtain ¢(A;1) < ¢(X) < ¢(Ap). In particular, we obtain the
first inequality in (4.38]). The second inequality in is the same as the third inequality of
(4.40). From ¢°(Ag) — ¢°(A2) < 1+ min{B,0} and we get ¢(X) — ¢7(A2) < ¢7(Ag) —
¢7(A2) < 1+ 4/, hence the third inequality in is verified also. Thus, we obtain .
This equality implies that the set ©¢ N Op(¢) is contractible. Indeed,we have a homeomorphism
fejo, 1 O — fe(Og) (see , ) The proved equality gives rise to: fg (@g N @Ro(g)) =
0<¢o—¢1 <1
R3) X Q8 ¢o— p2 <1+min{B,0} », hence Og N O R, () is contractible.
¢1 — ¢2 < min{y/, 1}

Next, we consider the intersection ©¢ N Oy, (¢), where L1(€) = (Ao, L4, (A2), A1).

Let us denote Y = L4, (A2)[1]. Let o, 8, 7/ be the integers corresponding to the triple
(Ao, Y, A1). Obviously 8/ = a = 0. From the definition of L 4,(As) we have a triangle

Ay —Y — ATP — Aol (4.42)

and it follows that hom(Y, A1) # 0, hence v/ = —1. Proposition applied to the triple (Ao, Y, A1)
results in the equality(note that 1 + min{0/, ¢/ — 1} = min{1,a/})

Ap € 0% ¢ (Ao) — ¢ (V) < 1+ o
®L1(8) = G(AU,Y,Al) =40 € Stab(ﬂ') : Y eo® and (Z)U(Ao) — qu(Al) < min{l, O/} . (4.43)
A €0 (Z)U(Y) - (f)a(fh) <0

From the defintion of «, 8 for the initial sequence & we have 0 = homgmm{a’ﬁ.} (Ap, A1),
0= homgmm{a’ﬁ}(Ao,Ag), and then the triangle (4.42) implies that hom=min{ef} (Ag,Y) =0, it
follows that

min{a, 8} = min{0, 8} < <. (4.44)

Assume that 0 € ©(4,y,4,) N O¢. Then Ag, Ay, A2,Y are all semi-stable and by (4.43) ¢(Y) <
¢(A1). The triangle (4.42)) implies hom(Az,Y) # 0, hence ¢(A2) < ¢(Y) < ¢(A1). Combining this
inequality with the inequalities in (4.43)), (4.36]) we obtain the inclusion C in the following formula:

7 (Ag) — ¢7 (A1) < min{l, o/}
OcNOL, ey =0 €Stab(T) : € C 0° and ¢7(Ap) — ¢7(A2) < 1+ min{B,0} ». (4.45)
0 < ¢7(A1) — ¢7(42) <1

To prove the inclusion D, assume that € C 0% and that the inequalities on the right hand side of
hold. In particular, we have o € O¢(see (4.36)). It remains to show that Y € 0% and that
the inequalities in hold. From Proposition (b) and o € O¢, ¢p7(A1) > ¢7(A2) we obtain
Y € 0°°. The triangle implies

Yeo™ ¢(A) <o(Y) <¢(A1) Z(Y)=pZ(A1)+ Z(Az). (4.46)
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By similar arguments as in the previous case, using ([2.11), 0 < ¢?(A;) — ¢7(A43) < 1 and
one derives the inequalities ¢(Az) < ¢(Y) < ¢(A;1). In particular, we obtain the third inequality
in (4.43)). The second inequality in is the same as the first inequality of (4.45). From
#° (Ap) — ¢°(A2) < 1+ min{3,0} and we get ¢(Ag) — @7 (Y) < ¢7(Ag) — ¢7(A2) < 1+
and the first inequality in is verified also. Thus, we proved . As in the previous case
this implies that ©¢ N O, (¢ is contractible.

Finally, recall that & ~ Rg(Lo(€)), therefore O¢ N @LO(S) = G)RO(LO(E)) N @LO(S) and by the
already proved first case we see that ©¢ N O, (¢) is contractible. For the case ©¢ N O, (¢) we have
Oc NOR,(¢) = OL,(r,e) N OR, (¢) and contractibillity follows from a previous case. The Proposition
is proved. O

Propositions [4.10] and [4.3] ensure semi-stability of certain exceptional objects. The following two
lemmas are similar in that respect and will be used later, when we analyze the intersections of the
form ©¢, N O¢,, when €, is obtained from €; by more than one and different mutations.

Lemma 4.12. Let T = DY(A), where A is a hereditary abelian hom-finite category, and let for any
two exceptional objects E, F' € Teye there exists at most one k € Z satisfying homk(E, F) #0.

Let (Ag, A1, Ag) be a full Ext-exceptional (“Ext-” means that it satisfies (a) in Definition
collection in T, such that hom'(Ag, As) = 0 and Agy, Ay, Ay are semistable. Let X,Y be exceptional
objects in T for which we have a diagram of distinguished triangles, where all arrows are non-zero:

0 - - Ay - X - Y
N A A N (4.47)
Ay Ay Ay

(a) If we have the following system of inequalities:

#(Aog) —1 < (A1) < d(Ao),  ¢(Ag) — 1 < ¢(A2) < ¢(Ao)
arg(4(A0)—1,6(A0)) (£ (Ao) + Z(A1)) > ¢(A2) ’

thenY € 0% and ¢(Y) < ¢(Aop).
(b) If we have ¢(Az) < ¢(A1) < ¢(Ap) < ¢(A2) + 1, then Y € 0% and ¢(Y) < ¢(Ap).

Proof. We note first some vanishings. From the given diagram it follows that hom(Y, Ag) # 0 and
hom(X, A1) # 0. Since X,Y are also exceptional objects, from Lemma and the hereditariness
of A it follows that hom(Ag,Y) = hom(A;, X) = 0. On the other hand hom(A;,Y’) = hom(A4;, X)
(follows by applying hom(A;, ) to the last triangle and using hom*(A4;, Ag) = 0). Thus, we obtain

hom(Ap,Y) = hom(A4;,Y) =0. (4.48)

Since (Ag, A1, Ag) is an Ext-exceptional collection, its extension closure is a heart of a bounded
t-structure(|37, Lemma 3.14]), furthermore this heart is of finite length and (Ag, A1, A2) are the
simple objects in it. Let us denote for simplicity ¢t = ¢(Ap)(in case (a)) or t — 1 = ¢(As2)(in case



4.3. GENERAL REMARKS 141

(b)). In both the cases from the given inequalities and since P(t — 1,¢] is also a heart, it follows
that the extension closure of (A4, A1, A2) is exactly P(t —1,t]. Now can be considered as the
Jordan-Holder filtration of Y in the abelian category P(t — 1,t] and the composition factors of Y
are {AO, Al, AQ}

Suppose that Y ¢ o**. From Remark [£.2] (b) there exists Y’ € P(t—1,] and a non-trivial monic
arrow Y' — Y, s, t.arg_y (Z2(Y")) > arg_1 4(Z(Y)).

We have Z(Y') = Z(Ap) + Z(A1) + Z(Az) and one can show that the given inequalities in either
case (a) or (b) imply that

arg(tfl,t](Z(Y)) > arg(tfl,t](Z(AQ))v arg(tfl,t](Z(Y)) > arg(tfl,t](Z(AQ) + Z(A1)). (4.49)

Since Y is a subobject of Y, the composition factors of Y’ in P(t — 1,¢] are subset of {Ag, A1, Aa}.
The cases Y/ = Aj, Y/ = Ay are excluded by . The case Y/ = A, is excluded by the first
inequality in and the condition arg,_, 4(Z(Y"')) > arg,_,4(Z(Y)). Since Y’ is a proper
subobject of Y we reduce to the case when Y’ has two composition factors (two different elements
of the set {Ag, A1, A2}). Using again we reduce to the following options for a Jordan Holder
filtration

0— Ay —Y — A —0 0— A —Y — Ay — 0. (4.50)

In the first case we have Z(Y’) = Z(A2) + Z(A;1) which contradicts the second inequality on ([4.49).
In the second case we have a distinguished triangleds — Y’ — Ag — As[1] in T, and form the
given vanishing hom!(Ag, A3) = 0 it follows Y’ 2 Ay @ A, which contradicts . So we proved
Y € 0%. The inequality ¢(Y) < ¢(Ap)(in either case (a) or (b)) follows from the given inequalities
and Z(Y) = Z(Ag) + Z(A1) + Z(Az). The lemma is proved. O

Lemma 4.13. Let T = D’(A) be as in Lemma .
Let (Ao, A1, Az) be a full Ext-exceptional collectiorﬂ i T such that Ag, A1, Ay are semistable.
Let Y be an exceptional object in T for which we have a triangle, where all arrows are non-zero:

Az

o (4.51)
Ao

P(A2) < P(Ao) < o(A2) +1 = ¢(Ag) =1 < (A1) < ¢(Ao)
P(A2) < ¢>(A1) < ¢(Az) + #(Ag) — 1 < p(A2) < ¢(Ao)
then we have: 'Y € 0%, (Z)( ) = AZ(p(Ag),¢(Az)+1) ( (A()) + Z(AQ)) = arg((z)(AO)_L(ﬁ(AO))(Z(AO) +
Z(Az)) and ¢p(A2) < #(Y) < ¢(Ao).

Proof. Since Y, Ay are exceptional objects and hom(Y, Ap) # 0, from Lemma and the heredi-
tarines of A it follows that hom(Ap,Y) = 0. Due to the given inequalities, in both the cases we can

If one of the two systems: holds,

" “Ext-” means that it satisfies (a) in Definition
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choose t so that ¢(Ag), (A1), p(A2) € (t — 1,t]. By the same arguments as in the previous lemma,

one sees that the extension closure of (Ag, A1, Ag) is P(t — 1,¢] and that this is an abelian category

of finite length with simple objects Ag, A1, A2. Now can be considered as the Jordan-Hdolder

filtration of Y in the abelian category P(t — 1,¢] and the composition factors of Y are {Ag, As}.
We have Z(Y) = Z(Aop) + Z(As2) and the given inequalities (in either case) imply that:

P(A2) = arg(;_q14(Z(A2)) < arg_1 4(Z(Y)) = argy(a9)—1,6(40)) (£ (Ao) + Z(A2))

= A (g(Az),6(A2)+1) (£ (A0) + Z(A2)) < arg(_y4(Z(Ao)) = ¢(Ao)-

Suppose that Y ¢ 0%, From Remark (b) it follows that there exists Y’ € P(t — 1,¢] and a
non-trivial monic arrow Y' — Y in P(t — 1,¢], s. t. arg_1 4(Z(Y")) > arg_1 4(Z(Y)). Since the
composition factors of Y are {Ap, A2} and Y’ is a non-zero proper sub-object of Y, then we have
Y= Ay or Y =2 Aj. The case Y/ = Ay, is excluded by hom(Ap,Y) = 0. The case Y’ = A, is
excluded by and the condition arg_; y(Z(Y")) > arg(_1 4(Z(Y)). So we proved Y € o°°.

By Y € P(t,t + 1] it follows that ¢(Y) = arg;_; 4(Z(Y)). Now the lemma follows from
@52). 0

(4.52)

4.4 The exceptional objects in D’(Q)

From now on we fix T = D°(Repy(Q)), where Q is the affine quiver in figure 2-2).

In this Section we organize in a better way the data about {Hom(X,Y),Ext'(X,Y)}xer...
obtained in Section 2.2l Subsection [£.4.3] contains some observations about the behavior of the
vectors {Z(X)}xe7,,. C C, which will be helpful when we analyze the intersections of the form
O¢, N B¢, in the next sections.

In Proposition were classified the exceptional objects of Repy(Q):

Recall that we denote by Ko(T) the Grothendieck group of T and for X € T we denote by
[X] € K(T) the corresponding equivalence class in K(7T). From Proposition [2.3]it follows:

Corollary 4.14. Let us denote § = [EY] + [EY] + [M] € Ko(T). We have the following equalities in

= [EY] + [ES) + [M] = [EY] + [E3) = [ES] + [E{) = [M] + [M] (4.53)

[E7] = md + [EY] = (m + 1)6 — [EY] [E] = md + [E9] = (m + 1)6 — [EY] (4.54)

[EF) =mé + [E) = (m+1)6 — [EY]  [E]] =md+ [EY = (m+1)6 — [EY] (4.55)

[E7'] + [M] = [E"] [EY]+ [M] = [E5"] [EP]+ M = [E]"™] (B + [M'] = [E5"*). (4.56)

4.4.1 The two orbits of 2-Kronecker pairs in D°(Q)
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In Propositions and were discussed exceptional pairs (E, F') with homSO(E ,F) =0 and
hom! (E,F) =140, and their extension closures. We call such a pair [-Kronecker pair. Kronecker
pairs were used in Capter [3] for studying the density of the set of phases of Bridgeland stability
conditions. In Corollary was shown that for any affine acyclic quiver A (like the quiver @ in
figure (2:2))) only 1- and 2-Kronecker pairs can appear in D’(A). In this subsection we give some
comments on the 1- and 2-Kronecker pairs in D?(Q), which will be useful later when we apply

Propositions and Lemmas
From Remark [2.2| we see that the 2-Kronecker pairs in D°(Q) up to shifts are:

Pro = (B EP[-1]), (BY, ), (B3, By [~1]) : m € N} (4.57)
Pas = (B EP[-1]), (B, ES), (B§', By [-1]) : m € N} (4.58)

Recall that the Braid group on two strings Bs = Z acts on the set of equivalence classes of exceptional
pairs in T (here we take the equivalence ~ explained in Section and it is clear when a given
equivalence class w.r. ~ will be called a 2-Kronecker pair). UsingCorollaryand the list of triples
inCorollary one can verify that the set of 2-Kronecker pairs is invariant under this action of Bs
and this action on the 2-Kronecker pairs has two orbits. They are and .

We will describe now the sets Tez. NA, up to isomorphism, where A is the extension closure in
T of a 2-Kronecker pair. This will be helpful later (e. g. when we apply Propositions and .
We note first a simple lemma (in which Repy(Q) can be any hereditary category):

Lemma 4.15. Let A, B € Repp(Q), let C be the extension closure of A, B[—1] in D?(Repr(Q)) = 7.
Then any X € C, which is T-indecomposable, has the form X'[i], where X" € Repi(Q) and i €
{0, —1}. In particular any X € C N Teze has the form X'[i] with X' € Repy(Q)exc and i € {0, —1}.

Proof. Since Repy(Q) is hereditary, any object X € D?(Rep.(Q)) decomposes as follows X =
Dicz H*(X)[—i], where H* : T — Repy(Q) are the cohomology functors.

Since A, B € Rep(Q), it follows that H'(A) = H'(B[—1]) = 0 for each i # {0,1}. The functors
H': T — Repi(Q) map triangles to short exact sequences (see e.g. [28]), therefore H*(X) = 0 for
any X € C and any i # {0,1}. By the first paragraph of the proof we see that each X € C has the
form X' & X"[—1] with X', X" € Rep(Q). If X € C is indecomposable in T, then obviously either
X =2 X' or X = X'[-1] for some X’ € Rep(Q). Finally, if X € €NTy , then X is indecomposable
in 7, hence X = X'[i], i € {0, —1} and obviously X’ is also exceptional, i. e. X' € Repg(Q)eze. [T

Lemma 4.16. Let (U,V) be one of the 2-Kronecker pairs given in (4.57) or (4.58). Let A be its
extension closure in T. Then representatives of the iso-classes of objects in AN Teye are:

T.V) = @ By 1)) (&0, V) (&, By 1))
?/4[—1] 0<n<m B neN Eg/3 0<n<m

AN Tege = EYy  nzm+l { E}l/ﬁl e N } Eg/g[—l] n>m+1
B}, neN 2/3 E",[-1 neN
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where the subscript in the table is either everywhere the first or everywhere the second.

Proof. We consider the case when the subscript is everywhere the first (i. e. we pick out pairs from
(4.57)), the other case is analogous. From Lemma we have that A is a bounded t-structure in
(U,V) and we have also an equivalence of abelian categories

F : A — Repi(K(2)) FU)=k=0, F(V)=0—=k. (4.59)

Using the facts that A is a bounded t-structure in (U, V') and that F' is equivalence, one can show
that if X € AN Tee, then F(X) € Repp(K(2))ege. Furthermore, since T = DP(Repi(Q)) and
Repr(Q) is a hereditary category, it is easy to prove that (see also Lemma and its proof):

X €ANTee & F(X) € Repr(K(2))exe- (4.60)

As in the proof of Proposition one can classify Repy(K(2))eze and the result is:

VX € Repr(K(2))exe X 2t =5 k" or X k" —= k" for some n € N. (4.61)
" Jr

Since A is a bounded t-structure in (U, V'), the inclusion functor A — T induces an embedding
of groups Ko(A) — Ko(T). Now from (4.59), (4.60), (4.61]) it follows that:

{[X] € Ko(T) : X € ANTenet = {n+ D[U] +n[V], n[U]+(n+D[V]:neN}.  (4.62)

If (U, V) = (E"*!, E]*[—1]), then using (&54) we obtain:

(n+ DUl +n[V] = (n+1) [E]"T] —n[E]] = (n+1) ((n+1)5 + [EV]) — n (mé + [E]])
= (n+m+1)5+ [EY] = [E}T™H]
n[U]+ (n+1)[V] =n ((m+1)d + [EY]) — (n+1) (md + [E}]) = (n — m)§ — [E}]

- { [Eg_m_l] n>m+1
— [E77"] = [ET"[-1]] n<m
EY[-1] 0<n<m
Hence (4.62)) in this case is {[X] € Ko(T) : X € AN Tepe} = [Ef] n>m+1 ,. Now the
[E7] neN

second column in the table follows easily from Lemma and the fact that there is at most one,
up to isomorphism, exceptional representation in Repy(Q) of a given dimension vector (|16, p. 13]).

If (U,V) = (E}, EY), then using and we reduce ([4.62)) to {[X] € Ko(T) : X € AN Texe}
= {[ET], [E%] : n € N} and the third column of the table follows.
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If (U, V) = (Ey, Ey**'[—1]), then using (&54) we obtain:

(n+ D)[U]+n[V] = (n+1) (mé+ [ES]) —n ((m+1)d + [EI]) = (m —n)d + [EI]
B Ey" n<m
Sl -Er =B n>mtd
n[U] + (n+1)[V] =n (mé + [ES]) — (n+1) (m + 1)§ + [E9])
=—(n+m+1)5 — [EY] = [EyT T [-1]]
and now and similar arguments as in the first case give the fourth column of the table.

The case when the subscript is everywhere the second (i. e. the pairs in (4.58])) is obtained by
substituting £y with Ey, Es with E3, and using (4.55)) instead of (4.54]). O

Some 1-Kronecker pairs in D?(Q) are (see table (2.4))):
(M, EY'[-1]), (M, E3"), (M, E3"), (M, E"[-1]). (4.63)

In the following lemma are listed several short exact sequences in Repi(@). On one hand, these
sequences determine the set A N Teye, where A is the extension closure of some of the 1-Kronecker
pairs in , so they will be helpful when we apply Propositions and . On the other hand,
they (and their combinations) will play the role of the triangles and when we apply
Lemmas and

Lemma 4.17. There exist short exact sequences in Repi(Q) of the form (m € N):

0O — E' — Ey' — M ——0 (4.64)
0O—— M — E" — E" — 0 (4.65)
0—— M — E""' — E" —0 (4.66)
0—— Ef — By — M ——0 (4.67)
0 —E) — M —+ E) —— 0. (4.68)
Proof. The proof is an exercise using Proposition [2.3] . O

4.4.2 Reformulation of some results of Section [2.2] with new notations

It is useful to introduce some notations (see Proposition for the notations Eg , M, M'):

m E™ m<0 m E;™ m <0
‘ ‘{E;”—lm m=1" ’ ‘{Eg”—lm m=1 (4.69)

Remark 4.18. The objects in Teye up to isomorphism are {a’[k], b/ [k], M[k], M'[k] : j € Z,k € Z}.
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Using table ([2.4]), one verifies that:
Corollary 4.19. (of Proposition For each m € Z we have:
hom(M’,a™) # 0; hom(M,b™) #0; hom*(a™, M') = 0; (4.70)
hom!(a™, M) #0; hom!(b™, M') #0; hom*(b™, M) = (4.71)
hom!(6™T, ™) # 0 for m >n; hom(b™,a™) # 0 for m < n; hom*(bm+1,am) =0 (4.72)
hom!(a™,b") # 0 for m >n; hom(a™,b" ™) %0 for m <n; hom*(a™, bm) 0; (4.73)
hom(a™,a") # 0 for m <n; hom!(a™,a™) #0 form >n-+1; hom*(a™,a™ ') =0 (4.74)
hom(b™,b™) # 0 for m < n; hom!(b™,b") # 0 for m >n+1; hom*(b™ 6™ 1) =0  (4.75)
hom! (M, M') #0  hom!(M’', M) # 0. (4.76)
It is useful to keep in mind the following remarks:
Remark 4.20. Recall that ¢p_(A) > ¢4 (B) implies hom(A, B) = 0 and in particular hom(A, B) # 0
implies ¢p_(A) < ¢4 (B) (for each stability condition).
Let {x'};ez be either {a'}icz or {bi}icz. From (&.74) and (4.75) it follows that:
(a) For m < n we have hom(z™,2") # 0. In particular, if 2™, 2" € 0°° and m < n then
p(z™) < p(a").
(b) For m 4+ 1 < n we have hom'(z™,2™) # 0. In particular, if 2™, 2" € ¢°° and m +1 < n
then ¢(z"™) < p(z™) 4+ 1
Remark 4.21. Let {2'};cz be either {a'}icz or {b'}icz. Lemma in terms of the notations
[4.69) is equivalent to saying that for any three integers i < p, p+1 < j we have that z* and x7[—1]
are in the extension closure of {xP, xPT1[—1]}.
Keeping these remarks in mind one proves:

Lemma 4.22. Let {z'};c7 be either {a'}icz or {b'}icz. If there existsm € Z such that {z™, 2™ 1} C
o and p(z™) + 1 < (™), then for i & {m,m + 1} we have 2 & o5,

Proof. Suppose x' € ¢*% with i < m, then by Remark (a) we have u 4.20| p(x?) + 1 < gf)( ™41 <
(™), hence hom!(z™*1, 2%) = 0, which Contradlcts the second part of Remark 0 (b). If
z' € 0% with i > m + 1, then by Remark (a) we obtain hom!(z?,2™) = 0, Which again
contradicts Remark (b). O

Due to Corollary (b) we can apply Lemmas 4.12] to D®(Q). Furthermore, we have:

Corollary 4.23. (C’orollary The full exceptional collections in D*(Q) up to isomorphism and
schifts are in the set of triples T given below. Propositions [4.8 can be applied to any of
these triples.
(M/, am7 aerl) (am7 berl7 am+1) (am7 am+17 M)
T = (M, b™, bt (b, a™, by (e et M) cm e N
(bm,M/, am) (am’ M, bm+1)
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Proof. The list ¥ follows straightforwardly from Corollary By Corollary hom™(X,Y) #0
for any exceptional pair (X,Y"), therefore Propositions can be applied to any of the triples.
Proposition can be applied due to Corollary (b). O]

Remark 4.24. It is known [15)] that the Braid group on three strings Bs acts transitively on the
exceptional triples of Repi(Q). This action is not free (see Remark|2.15 m

Remark 4.25. With the notations - the two orbits of 2-Kronecker pairs (see (4.57) and -)
are {(a™,a™ " [-1]) }mez and {(b™, 6™ [~1]) }mez. Fach of these pairs can be extended to three
non-equivalent triples, so we obtain two sets of triples. Having the list T above, it follows that these
two sets of triples are:

Ty = {(M',a™, a™), (@™, 0™ ™, (™, a™ T, M) - m € Z} (4.77)
Ty = {(M,b™, 0™, (b™, ™, o™ ), (0™, 6™ M) cm e Z). (4.78)

Furthermore we have:

T=T,U{(®™ M a™), (@™ M) :mecZ}UT, T,NT=0 (4.79)

Remark 4.26. The short exact sequences (4.66)), (4.67), (4.68) in terms of the notations (4.69)
become a sequence of distinguished triangles (for each p):

w1 —— M’
A (4.80)
P
The short exact sequences (4.64]) and (4.65) become the following distinguished triangles (q € 7Z):
al[-1] — M
A / . (481)
ba
4.4.3 Comments on the vectors {Z(X): X € T...}.

The formulas in Corollary |4.14] - give rise to the equalities Z(8) = Z(EY) + Z(ES) = Z(EY) + Z(EY)
and Z(E) = mZ(8) + Z(E?) for each m € N each k = 1,2,3,4 and for each o = (P, Z) € Stab(7).

Due to these equalities, with the notations (4.69) we can write (recall that Z(X[j]) = (—=1)?Z(X)
forany j € Z, X € 7):
VieZ  Z(dT) = Z(d?) - Z(6) and Z(WTY) = Z(V) - Z(6). (4.82)
Therefore for any two integers m,n we have:
Z(a™)=Z(a") — (m—n)Z(0) and Zb™) =2Z(b") = (m—n)Z(0). (4.83)

Next we discuss collinear vectors among {Z(a?)};jez and {Z(b/)},ez. We fix first the meaning of
“collinear”:
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Definition 4.27. We say that a family {A;}icr of complex numbers is collinear if {A;}icr C Re for
some ¢ € C\ {0}. In particular, 0 € C is collinear to any a € C.

With this definition we have:

Lemma 4.28. Let 0 = (P, Z) € Stab(7). Let {2}z be either {a'}icz or {b'}icz. Recall that § is
defined in (4.53) and consider a sequence in C(infinite in both directions) of the form:

L Z(xTY), L Z(27?), Z(a7Y), Z(20), Z(8), Z (21, Z(2?), Z(23), ..., Z(27), .. .. (4.84)

Then the following conditions are equivalent: (a) Two of the vectors in this sequence are collinear;
(b) The entire sequence is collinear.

Proof. Recall that formula holds for any m,n € Z.

If Z(2') and Z(J) are collinear for some i € Z, then Z(§) and Z(z") are collinear by Z(2) =
Z(z") +1iZ(5) and (b) follows from the equalities Z(27) = Z(2°) — jZ(6), j € Z.

If Z(x%) and Z(27) are collinear for some i # j, then by the equalityZ(§) = J—L(Z(xl) — Z(27))
we see that Z(§) and Z(z') are collinear and (b) follows from the considered above case. O

Corollary 4.29. Let {2°};cz be either {a'}icz or {b'}icz. Let two of the vectors in the sequence
be non-collinear. Then:

a) All the vectors in this sequence are non-zero and no two of them are collinear.

b) If for two integers n # m holds {x™, ™} C 0%, then we have ¢(z™) & p(x™) + Z.

¢) The numbers {Z(2?)};ez are contained in a common connected component of C \ RZ(6).
d) If for two integers n < m we have {z™, x™} C ¢ and ¢(z™) < ¢(z™) + 1, thenf]

(
(
(
(

{Z(27)}jen € Z(6)5.

Proof. (a) and (b) follow from Lemma [4.28] and the axiom in [§].

Since Z(z") and Z(J) are non-colinear, it follows that either Z(z°) € Z(8)$ or Z(2°) € Z(5)°.
From formula we have Z(27) = Z(2°) — jZ(0) for any j € Z therefore either {Z(27)}ez C
Z(8)S or {Z(27)}jez C Z(8)“. Therefore we obtain (c). Now to prove (d), it is enough to show that
Z(x™) € Z(5)S. From (b) and Remark [£.20] (a) we get the inequalities ¢(z™) < ¢p(2™) < ¢(z™) + 1.
By drawing a picture and taking into account formula and the equality Z(2") = Z(2™) +
(m —n)Z(0), one sees that ¢p(a™) < ¢(z"™) < ¢(2™) + 1 is impossible if Z(z™) € Z(9)<. O

Corollary 4.30. Let {z'};cz be either the sequence {a'}iez or the sequence {b'}icz.
If Z(8) # 0 and Z(z?) € Z(8)%. for some q € Z, then {Z(z")}icz, C Z(8)S and for any t € R
with Z(8) = |Z(6)|exp(int) we have:

VpEL argyn(Z(a7)) < argqyn(Z(@")) (4.85)
; PV — 4. ; P)) —
i _arg e (Z@) =t lim_arge)(Z(7) =t +1. (4.86)

8See ([£.2) for the notations Z(4)5.
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Proof. Since Z(9) and Z(x?) are not collinear by Corollary (c) and Z(z?) € Z(6)4. it follows that
{Z(2")}iez C Z(8)%. The inequalities (4.85) follow from Z(2P*'), Z(2P) € Z(6)S and Z(zPT!)

Z(2P) — Z(8) (see (£.83) ). The formulas in (4.86) follow also from (4.83) and {Z(z%)}iez
Z(0)S.

Oon

Corollary 4.31. Let Z(M) and Z(M') be non-zero and have the same directionﬂ Let Z(a?), Z(bP)
Z(6)S. for some p,q € Z.

Then {Z(a?), Z(V)}jez, C Z(6)S and for any t € R with Z(8) = |Z(6)|exp(irt) the formulas
([4.86), hold for both the sequences {Z(a’)}jez and {Z(V)} ez

Furthermore, for any three integers i, j, m we have:

m

j<m<io = argqy(Z(a))) < argg ) (Z(0M) < arg( 4 (Z(a’)). (4.87)

Proof. Corollary implies the first part of the conclusion. To show (4.87)) we note first that the
equalities (4.56) with the notations (4.69)) become the following (for any m € Z):

Z0M) — Z(M) = Z(a™)  Z(™) + Z(M') = Z(a™Y). (4.88)

Since Z(a™ 1Y), Z(a™), Z(b™) € Z(8)S for any m € Z and Z(M), Z(M') have the same direction
as Z(0) (recall (4.53))) the equalities (4.88)) imply that arg(t’tﬂ)(Z(am*l)) < arg41)(Z(0M)) <
arg(; 441)(Z(a™)) for any m € Z. Now (4.87) follows from (4.85)) (applied to the case {2'}iez =
{a'}iez). O

4.5 The union Stab(D*(Q)) =% U ( M, )u(_ ,M', )ug

In this Section we distinguish some building blocks of Stab(D?(Q)) and organize them in a manner
consistent with the order in which we will glue these blocks in the next sections.

Theorem says that for each o € Stab(D®(Q)) there exists a o-triple. This means that (see
Corollary for each o there exists an Ext-exceptional triple & with o € ©%. From Corollary
we see that € is a shift of some of the triples in ¥. Recalling the notation (4.8) we get
Stab(D?(Q)) = Uges Oc. Our basic building blocks are {O¢}eex and by Proposition they are
contractible.

For a given triple (A, B,C) € T we will denote the open subset © 4 p )y C Stab(D"(Q)) by
(A, B,C), when (we believe that) no confusion may arise. With this convention we can write

Stab(D*(Q))= | J (4,B,0). (4.89)
(A,B,C)eT

9We mean that Z(M) = yZ(M') for some y € Ro. In particular, by Z(§) = Z(M) + Z(M') (recall [Z.53)) it
follows that Z(d) is non-zero.
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For a given X € {M, M'} we denote by (X, , ) the following open subset of Stab(D?(Q)):

{(Bo,B1,B2)€T:Bo=X}

Similarly we define (_, X, ) and (_, ,X). Looking at the list ¥ and denoting (see (4.77)), (4.78)):

== |J ABOCcstabD@Q); T'= |J (4,B,C)cCStab(D*(Q)) (4.91)
(A4,B,C)€%, (A,B,0)€T,

we can regroup the union (4.89)) using (4.79) as follows:
Stab(D*(Q)) =T U (_, M, YU (_, M, _)ug. (4.92)

Remark 4.32. From the very definition (4.8)) of O¢ it is clear that Oy = O for any triple
&€ =(A,B,C) € T and any p € Z3. Using the notations explained here, we have (A, B,C) =

(Alpo], Blp1], C[pz]) C Stab(D*(Q)) for any po,p1,p2 € Z.

4.6 Some contractible subsets of ' and %;'. Proof that NI = ()

This section is devoted to proving that (X, , )and (_, ,X) are contractible subsets of Stab(7T)
for any X € {M,M'} and that T N T = 0.

We will refer often to some of the formulas in Corollary Whenever we discuss hom(A, B)
or hom!(A, B) with A, B varying in the symbols M, M, a™,b™, m € Z, we refer to Corollary m

Putting (4.77), (4.78) in (4.91) we obtain:

=M, _, YU, Mu @, et (4.93)
PEZL
=M, _, )u(_, ,M)yul ], a% ") (4.94)
qEZ
M, )= Jam e (M, )= | e et (4.95)
meZ meZ
(M= @ e My (L, M) = m et ). (4.96)
mEZ mEZ

We apply Proposition to the triples (aP,b?*1 aP™!) and (b9, ad,b9™!). Using Corollary
(b) and the formulas in Corollary we see that in both the cases the coefficients «, 3, defined
in (4.28) are a = 8 = v = —1. Thus, we obtain the following formulas for the sets (a?, b**1, aP*1) C
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Stab(D?(T)) and (b7, a?,b9+1) C Stab(DP(T)) in the first and the second column, respectively:

(a?, 0Pt Pt

¢ (aP) < ¢ (bPT1)
aP, Pt aPtl c 0% ¢ (aP) +1 < ¢ (ap+1)

¢ () < ¢ ()

¢ (b9) < ¢ (af)
b9,a9, b7 € o1 G () + 1 < ¢ (b9T)
¢ (a?) < ¢ (bH)

(4.97)

Similarly, applying Proposition to the triples in the unions , (with the help of
Corollary [4.19 and Corollary 2.7 (b)) we see that (M’, _, )U(_, _,M)and (M, _, )U(_,_,M’)
are the unions of the sets in the first and the second column of the following table, respectively
(where m,n, i, j vary throughout Z):

(M, _, )u(., M) (M, , Ju(.,_,M)

o 6 (M) < ¢ (a)
M’ a7, It € g% ¢(M’)+1<qb(a]+1)
¢ (/) < ¢ (/)

¢ (M) <o (V")
M, bm, bt e g% (M) +1 < ¢ (")

¢(bn) < ¢(bn+1)

(b(am) < (b(aerl)
¢ (a™) < ¢ (M)
¢ (am) <o (M)+1

¢ (bz) < (ZS (bi+1)
o (V) < & (M)
6 (b+1) < ¢ (M) + 1

a™, a™tt M e o5 : b b M e 058

(4.98)

For the triples on the first row of table (4.98) we have « = f = v — 1 and for the triples on the
second row we have @« = —1, = v = 0 (one shows this using Corollaries and (b)).

4.6.1 Proof that TN T =)

Recall that from the azioms of Bridgeland [8] we have ¢p(A[1]) = ¢(A)+1 for any A € 0%, and that
A, B € 0% and ¢(A) > ¢(B) imply hom(A, B) = 0. We will use these axioms often implicitely. We
start with:

Lemma 4.33. (M', , YUu(_, ,M)n((M, , Yu(_, ,M)) =0.

Proof. Suppose o € (a™,a™ L, M)N(M,b™, b"*1), then by the table we obtain hom! (571, ™)
= 0 and hom(b"™', a™*1) = 0, which contradicts (4.72).

Suppose o € (a™,a™ ™, M) N (b',b"", M’), then by hom(M’,a™) # 0 (see (£.70)) and table
we obtain ¢ (b") < ¢(M’') < ¢ (a™) < ¢(M), which contradicts hom (M, b*) # 0 (see ([.70)).

Suppose o € (M’ a?,a?*t1) N (M, ", 6" 1), then by hom!(a/*1, M) # 0 (see ([#.71))) and table
we obtain ¢(M")+1 < ¢ (/') < ¢(M)+1 < ¢ (b"*1), which contradicts hom" (6" 1, M) #
0.

Suppose o € (M’,a?,a’*") N (b',b'T1, M"), then by the table we have hom!(a/t!,b%) = 0,
hom(a?*!, ") = 0, which contradicts (4.73). The lemma is proved. O
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Lemma 4.34. For any p,q € Z we have (aP,bPT1 aP*1) N (b9, a9, b9F) = ().

Proof. Let o € (aP,bP*!,aP1), then in table we see that a?,aP*! € 0% and ¢ (aP) +1 <
10) (ap“). Now by Lemma we get a? ¢ 0% for ¢ & {p,p + 1}, and therefore o & (b7, a4, b9T1)
for ¢ & {p,p +1}.

Suppose that o € (b”,aP,bP*1), then from table (#.97) we obtain ¢ (b*) +1 < ¢(aP) +1 <
¢ (aP*1), hence hom' (aP*1,bP) = 0, which contradicts (4.73).

Suppose that o € (b7, aP1 pP+2), then from table (1.97) we obtain ¢ (a?) + 1 < ¢ (a?*1) <
¢ (b"*2), hence hom' (bP*2,aP) = 0, which contradicts (£72). The lemma is proved. O

Lemma 4.35. For any p,q € Z we have: (M’, _, YU (_, ,M))n(b?%,a?,bi*) =0 and

Proof. Assume first that o € (b%,a%,b9"1), then we can pick out from table (4.97) the inequality:
d(b7) + 1 < p(b711). (4.99)
Suppose that o € (_, , M), then using (4.99), hom(M, b?) # 0 and table (4.98]) we see that ¢(a™)+

1 < @671y and ¢(a™t1) < ¢(b9T1) for some m € Z, hence hom! (b971, ™) = hom(b9+!, a™*1) = 0,
which contradicts (4.72]).

Suppose that o € (M’, _, ), then using (4.99), hom?!(b9+1, M') # 0 and table ([#.98) we see
that ¢(b?) +1 < ¢(a?t1) and ¢(b?) < p(a?) for some j € Z, hence hom® (a1, b9) = hom(a’, b?) = 0,
which contradicts ([(1.73)). So far we proved that ((_, _,M)U(M’, _, _)) N (b%,a?,b71) = 0.

Assume now that o € (aP, bP*1, aP*!), then we pick out from table the following inequality:

p(af) +1 < ¢(aP™h). (4.100)

Suppose that o € (_, _, M), then using (4.100), hom(M’, a?) # 0 and table we deduce that
d(b)+1 < ¢p(aPth) and ¢(bt1) < $(aPt!) for some i € Z, hence hom! (aP*1,b%) = hom(aPt!, b 1) =
0, which contradicts .

Suppose that o € (M, , ), then using , hom?(aP*!, M) # 0 and table (4.98) we get
#(aP) +1 < ¢(b"H1) and ¢(aP) < ¢(b") for some n € Z, hence hom! (b"*!, a?) = hom(b”, a?) = 0,
which contradicts (4.72)). Thus, we proved the second equality as well. O

Lemmas 4.33] [4.34] 4.35] and formulas (4.93)), (4.94) imply that T5' N Tt = (.

4.6.2 Thesubsets (_, ,M),(_, ,M), (M, , )and (M', , ) are contractible

We start with:
Lemma 4.36. Let {x'};cz be either the sequence {a'}icy or the sequence {b'}icz. If m > j then:

™ € o°* 0 < p(z™) —p(a™) < 1
(@™, 2™ X) N (@), X) = qor amt e o P(z™) < p(X) ,
X € 0% Pa™ ) < p(X) +1
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where X = M if {x'}icz = {a'}iez, and X = M' if {2'}icz = {b'}icz.

In particular, (x™, 2™, X) N (27,2771, X) and (2™, 2™, X) U (27,2911 X) are contractible.
Proof. We prove first the inclusion C. Assume that o € (2™, 2™, X) N (27,277 X) and m > j.
Then X, 2™+t 2™, 27%1 27 are all semistable and by table (4.98) we have

$(a™) < p(z™ ) $(a?) < P2t
¢(z™) < ¢ (X) o(z?) < o(X) . (4.101)
P <o (X)+1  P(alt) < (X) +1
By m > j it follows hom!(z™*1 27) # 0, hence ¢(z™ ') < ¢(27) + 1 (see Remark - On

the other hand from the inequalities above we have ¢(27) +1 < ¢(2/™!) + 1 and by Remark -
(a) we obtain ¢(z77!) +1 < ¢(2™) + 1. Thus we obtain ¢(z™*!) < ¢(z™) + 1 and C follows.

Next we consider the converse D. The condition defining the set on the right-hand side is the
same as o € (z™, 2™+, X) and ¢(z™) > ¢(2™+1[~1]) (see table (£.98)). From Proposition [£.10] (a)
it follows that ANTeee C 0°°, where A is the extension closure of (2™, z™*1[~1]), hence By Remark
we have {2771 27} C 0%. The inequality 0 < ¢(z™!) — ¢(2™) < 1 and show that
Z(x™*), Z(2™) are not collinear, hence by Corollary (b) we get ¢(xit1) # ¢(27). Now by
o(a7) < o)
Ramark [4.20| (a) and the incidence o € (2™, 2™*! X) we get: d(27) < p(z™) < H(X)

HaTt) < Gam ) < 6(X) + 1
In table (4.98) we see that o € (27,2711, X)) and the inclusion D is proved.

The proved equality implies that (z™, 2™+, X)N (27, xj +1X) is contractible (see the arguments
for the proof that (4.40) is contractible in Proposition 4.11)). Since (z™, 2™+ X) and (27, 271!, X)
are contractible, by Remark [4.67] it follows that (2™, m+1 ,X) U (27,297 X) is contractible as
well. O

Corollary 4.37. The subsets (_, ,M) and (_, ,M') of Stab(D*(Q)) are contractible.

Proof. Recalling and using the notations of the previous lemma, we reduce to proving
that Ujez(:vj,xj+1,X) is contractible. For a given m € Z Lemma @ says that the inter-
section (2™, 2™t X) N (27,2971, X) is contractible for each j < m, furthermore this intersec-
tion is the same for all 5 < m. Now by induction and using Remark [£.67] one shows that
Ui (zm=F, gm—k+l , X) is contractible for any n € N and any m € Z. Using again Remark-we
deduce that Ujez(2?, 27 J+1 X)) is contractible. The corollary follows. O

The proof that (M, , )and (M’, , ) are contractible is analogous. We start with:
Lemma 4.38. Let {x'};cz be either the sequence {a'};cz or the sequence {b'}icz . If m < j, then:
X €o® d(X) < p(a™)

(X, 2™ "N (X, 27,27 =L o a2 e P(X) + 1< p(amtl) (4.102)
$m+1 c oss 0< ¢(xm+1) _ (b(xm) <1
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where X = M' if {x'}icz = {a'}iez, and X = M if {x'}iep = {b'}icz.
In particular, (X,z™, 2™ ) N (X, 27, 2711) and (X, 2™, 2™ U (X, 27, 27FL) are contractible.

Proof. By table (4.98) we see that the condition defining the set on the right-hand side of
is the same as o € (X, 2™,2™"1) and ¢(2™) > ¢(x™H[-1]).

The inclusion C follows from table ([#.98), hom'(27+%, 2™) # 0 and Remark (a) as follows
B ) < B(ad) < BaTt) < Ha™) + 1.

To prove the converse inclusion D in ([£.102)), assume that o € (X,2™,2™*!) and ¢(2™) >
¢(z™*1[—1]). From Proposition |4.10] (b) and Remark it follows that z7,27%! € %, Since
we have 0 < ¢(z™1) — ¢(2™) < 1, it follows that Z(z™), Z(z™T!) are not collinear, therefore by
Corollary (b) and Remark (a) we obtain ¢(z7) < ¢(2/+1). Since j > m, by Remark
(a) we obtain also ¢(X) < ¢(z™) < ¢(27), (X)) +1 < (™) < ¢(29T1), hence o € (X, 27, 27T1).

The proved equality implies that (X, 2™, 2™ TN (X, 27, z7H1) is contractible (see the arguments
for the proof that (4.40]) is contractible in Proposition [4.11)). Since (X, 2™, 2™*!) and (X, 27, 27F1)
are contractible, by Remark [4.67) it follows that (X,2™,z™%1) U (X, 27,277 is contractible as
well. .

Corollary 4.39. The subsets (M, , ),(M’, , ) C Stab(D?(Q)) are contractible.

Proof. Recalling (4.95) and using the notations of the previous lemma, we reduce to proving that
U jeZ(X o) it s C(')ntr'actible. From Lemma we know that for a given m € Z the intersection
(X, 2™, 2™ )N (X, 27, 27F1) is contractible and it is the same for all j > m. Now by induction and
using Remark one shows that (Ji_, (X, z™ ¥, 2™ T*+1) is contractible for any n € N and any
m € Z. Using again Remark we deduce that | jeZ(X , 2, x9%1) is contractible. The corollary
follows. O

4.7 The subsets T and T;' are contractible

We start by distinguishing some non-intersecting pairs of sets in the union (4.89)):

Lemma 4.40. The unions |J ., (a?, bPTt aP*Y) and |, _, (b7, aP,bPTY) are disjoint. Furthermore,

L DPEL DPEL
we nave:
p#q = (@ a7l et M) = (@, W) 0 (M a%a™) =0 (4.103)
p£q = (BP,aP,bPT) N (9,67 M) = (WP, 0P, ) 1 (M, b9, b7TY) = ), (4.104)

Proof. If o € (aP,bP*1, aPT1), then these exceptional objects are semistable and by table (4.97)) we
have ¢(aP) +1 < ¢(aP™1). Now by Lemma we see that a/ with j & {p,p + 1} can not be
semistable, therefore o ¢ (a?,b9t!, a9, o & (a%,a9t!, M), and o & (M',a?,a?"!) for q # p.

If o € (bP,aP,bP*L), then P, aP bPT! are semistable and by table we have ¢(bP) +1 <
#(bP*1). Now by Lemma @ it follows that &/ with j & {p,p+ 1} can not be semistable, therefore
o & (b1,a9,b9M) o & (b9, 0971 M'), and o & (M, b9, b7H1) for q # p. O
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Now we attach the pairwise non-intersecting contractible blocks {(a?, b**1, a?*1)} ez to (_, _, M)
and to (M', , )

Lemma 4.41. For any p € Z the sets (a?,bP*1 aPt) N (_, | M); (aP, 0P aPT™H) N (M', | );
(b, aP, PN (_,  M'); and (WP,aP, P N (M, , ) are non-empty and contractible.

Proof. From ([4.95)), (4.96) and it follows that: (a?, P aP*)N(_, M) = (aP,bP* aPTHN
(aP,aPtt M) and (aP,bPFL aPTHy N (M!, , ) = (aP,bPTL aPTh) N (M, aP, aPTh).

From (4.95), (4.96) and (4.104)) it follows that: (b, a?,bP )N (_, ,M') = (b7, a?,bPT1) N
(b2, 91, M7Y and (0P, aP, b0+ A (M, , ) = (B, P, bP1) () (M, bP, b,

From Propositionit follows that (a?, P!, aPtHN(aP, a? L, M), (aP, bPTL, aPTHN(M', aP, aPT1),
(6P, aP, bPT1) N (b2, 6P M), and (P, aP, bPFL) N (M, bP, bPF1) are contractible.

The lemma follows. O

Let us denote:

Z=M,_, yulJ@, v et (4.105)
PEZ

Corollary and Lemmas imply (recall Remark 4.67)) that Z is contractible. From
(4.93) and (4.96]) we see that:

T=20(_, ,M)=2uU|]J(a"a"" M) (4.106)
meZ

We start to glue the contractible summands in formula (4.106)). The first step is:

Lemma 4.42. The set (a™,a™ !, M)NZ consists of the stability conditions o for which a™, a™ ', M
are semistable and:

Ha™) — 1 < S -1]) < d(a™) #IM) < (@0
s(a™) — 1 < ¢(M]-1]) < gb)(a o ") <o (@)

m) o,
A (p(am)-1,9(am) (Z(a") = Z(@™) > 9M) =1 (j,,f+1))<< ¢>¢(%>+ 1

(4.107)

It follows that (a™,a™ ", M) N Z and (a™,a™ ', M) U Z are contractible.

Proof. In ([4.103) we have that (a™,a™*!, M) N (a7, 1 a/*!) = @ for j # m. Therefore (recall
[@.105))

(@™, a™ 1 M)YNZ = (a™,a™ Y, M) 0 (o™, 0™ a™ Ty u (M, ). (4.108)
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We consider first the inclusion C. Assume that o € (a™,a™™!, M) N Z. Then a™,a™*!, M are
semistable and from table (4.98) we see that

¢ (a™) < ¢ (a™*1)
¢(a™) <o(M) . (4.109)
¢ (a™ ) < (M) +1

Taking into account we consider two cases.

If o € (a™, 6™+ a™t1) then 6™ € 0% and in table (1.97) we see that ¢(b™*!) < ¢(a™*1).
From hom(M, b"™*1) # 0 (see ([4.70)) it follows that ¢(M) < ¢(b™ 1) < ¢(a™*!) and we obtain the
second system of inequalities in .

If 0 € (M',a/,a’T1), then M’ a/,a’*! € 0% and in table (4.98)) we see that ¢(M')+1 < ¢(a?T1)
and ¢(a’) < ¢(a?t1). From hom! (M, M') # 0 it follows that ¢(M) < ¢(M') +1 < ¢(a?t1). Since
P(a™) < ¢(M), it follows from Remark [4.20] (a) that m < j.

If m = j, then ¢(M) < ¢p(a™*!) and we obtain the second system of inequalities.

If m < j, then we will derive the first system of inequalities in . Now ¢(M) < ¢(ait!)
and hom! (a?*1,a™) # 0, hence ¢(a™t) < ¢(a?) < ¢p(a?!) < ¢p(a™) + 1 and ¢(M) < p(a?th) <
#(a™) + 1. We have also M’ € ¢*° and by hom! (M, M’) # 0 it follows that ¢(M) < ¢(M') + 1.
From hom(M’,a™) # 0 it follows ¢p(M’) < a™. These arguments together with imply:

$(a™) —1 < (a™H[-1]) < $(a™); (4.110)
¢(a™) =1 < ¢(M[-1]) < p(M') < ¢(a™);  ¢(M[-1]) < p(a™). '

In ({4.82) we have Z(a™) — Z(a™*!) = Z(§), therefore it remains to show that:

arg(g(am)—1,6(am)) (£(9)) > (M) — 1. (4.111)

From the second row of and we see that Z(d) and Z(M[—1]) both lie in the half-
planﬂ Z(@™)<. In we have aslo Z(M') = Z(0) + Z(M][—1]), therefore the vector Z(M’)
is in Z(a™)< as well, hence by Z(M') = Z(8) + Z(M[—1]) it follows that the inequality is
equivalent to ¢p(M’) > ¢(M[—1]). Therefore it remains to prove that ¢(M’) # ¢(M[—1]). Indeed,
on one hand ¢(M[~1]) = #(M') implies argy(gm)_1,4(am))(Z(d)) = ¢(M’). On the other hand, o €
(M',a?,a7™), m < j and imply ¢(M'")+1 < ¢(a?!) < d(a™)+1 < (M) +1 < p(M') +2.
Thus, we see that ¢(M[—1]) = ¢(M') implies Z(a’T1) € Z(8)¢. However, from the first inequality
n (4.110) and Corollary (d) it follows that Z(a’*') € Z()%, which is a contradiction, and
follows.

So far we proved that o € (a™,a™*!, M) N Z implies . We consider now the converse
inclusion.

We assume first that the second system of inequalities in holds. In particular o €
(@™, a™* M). By the inequality ¢(M) < ¢(a™*!) we can apply Proposition m (b), hence the

0The notation Z(a™)< is explained in (£.2)).
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triangle implies that ™! € %%, ¢(M) < ¢p(b™F) < ¢p(a™F), and Z(M) + Z(a™T!) =
Z(b™*+1). We have in also ¢(a™!) — 1 < ¢(M) < ¢(a™*!) and it follows that ¢(M) <
AT < p(a™TL). If the inequality ¢(a™t) > ¢(a™) + 1 holds, then due to ¢(M) < ¢(b™1) <
#(a™1) and ¢(a ) < ¢(M) hold we obtain that o € (a™,b™ ", a™t!) C Z (see table (4.97)).
Thus, we can assume that ¢(a™ 1[—1]) < ¢(a™) and combining with the inequalities ¢(M[—1]) <
Har L) < o). ) < ) (o in @ITD) we gt A1) < S <
d(a™) < ¢(M). Tt is easy to show now, with the help of Corollaries and [2.7] - that
(@™, a™ 1], M[-1]) is a o-triple (see Deﬁnition . Combining the trlangles and -
we get the following sequence:

bm+1[—l] M/
R AR — A P (4.112)
M[-1] a™ 1] a™

The conditions of Lemma m (b) are satisfied with the triple (a™,a™*![~1], M[—1]) and the
diagram above. Therefore M’ € 0% and ¢(M') < ¢(a™).

If p(a™T1[—1]) = ¢(a™), then it follows that ¢(M’) + 1 < ¢(a™*!), and recalling that we have
also ¢(a™) < ¢(a™!) we see that o € (M',a™,a™ ") C Z (see table (4.98)).

Therefore we can assume that ¢(M[—1]) < ¢(a™T1[-1]) < ¢(a™) < ¢(M). We will show in
this case that o € (M’,a’,a’t!) for some big enough j. From Proposition and Remark [4.21] it
follows that {a/1};cz C 5. From ¢(a™) < ¢p(a™!) < ¢(a™) + 1 and Corollary (b) and (d)
we deduce that ¢(a’) < ¢(a’™!) and Z(a?) € Z(5)< for each j (recall also Remark (a)). We
will prove that for big enough j we have ¢(M’) + 1 < ¢(a’) and then from table ([4.98)) we obtain

€ (M d,a/t) C Z.

Now we have ¢(a™[—1]) < ¢(M[—1]) < ¢p(a™H1[~1]) < ¢(a™). Since we have Z(5) = Z(a™) +
Z(a™ [—1]), we can choose t € R so that t < ¢(a™) < ¢(M) < ¢p(a™) < t+1 and Z(§) =
|Z(6)] exp(int). Since hom!(a’,a™) # 0, hom(a™,a’) # 0 for j > m + 1 and by Corollary (b)
a™) < ¢(a’) < ¢(a™) + 1 for j > m + 1. These inequalities together with the incidence

we have ¢(
Z(a?) € ( )ﬁ_ imply that arg 7t+1)(Z(aj)) = ¢(a’) for j > m + 1 (see Remark (c)). Now the
formula (| in Corollary |4.30| gives us the following equality:
lim ¢(a’) =t + 1. (4.113)
j—00

We showed that ¢(M’) < ¢(a™) (see below (4.112))) and we have also ¢(a™) < ¢(M). Using
hom! (M, M') # 0 we get ¢(a™[~1]) < ¢(M’) < ¢p(a™). We showed also that t < ¢(a™) < ¢(M) <
d(a™tl) < t+ 1. Since Z(M) + Z(M') = Z(8) = |Z(5)| exp(int), it follows that Z(M') € Z(5)"
and ¢(M') < t. By we get the desired ¢(a’) > ¢(M’) + 1 for big j.

So, we proved that the second system of inequalities in implies that o € (a™,a™ ™, M)N
7. We show now that the first system in implies o € (a™,a™", M) N Z as well. Assume
that a™,a™, M € ¢ and that these inequalities hold. They contain the inequalities defining
(a™,a™*1, M) (see table (4.98)), therefore we obtain o € (a™,a™*!, M) immediately. Furthermore,
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due to the first two inequalities, the Ext-triple (a™,a™ [—1], M[—1]) is actually a o-triple. The
conditions of Lemma (a) are satisfied with the triple (a™,a™*'[—1], M[~1]) and the diagram
[@112). Therefore M’ € 0 and ¢(M') < ¢(a™). By hom' (M, M') # 0 we can write ¢(a™) — 1 <
d(M[-1]) < ¢(M') < ¢(a™), hence by we get Z(6), ( [ 1)), Z(M") € Z(a™)<. Let us
denote t = arg(y(gm)_1,4(am))(Z(9)). The third inequality in is the same as t > ¢(M) — 1.
Combining these arguments with the equality Z(M') = Z(0) + Z (M [—1]) we write:

o(a™[~1]) < $(M[-1])) < $(M') < t < d(a™). (4.114)

We will show that o € (M, a’, a?*1) for some big enough j. We have ¢(a™) < ¢(a™T!) < ¢p(a™)+1
(the first inequality in (4.107))), which by Proposition and Remarkimplies that {a’ H}jez C
0%, and by Corollary 4 29| (b), (d) implies that ¢(a?) < ¢(a?’™') and Z(a’?) € Z(6)$ for each j.
Since hom!(a’,a™) # 0, hom(a™, a?) # 0 for j > m + 1, we have ¢(a™) < ¢(a?) < ¢p(a™) + 1
for j > m + 1. These inequalities together with the incidences Z(a’) € Z(8)S, ¢(a™) € (t,t + 1)
imply that arg ,,1)(Z(a?)) = ¢(a?) for j > m+1 (see Remark (c)). Now the formula in
Corollaryleads to again. Therefore by we get ¢(a?) > ¢(M')+1 for big enough
j. It follows that o € (M’,a’,a’) C Z (see table (4.98)) .

The first part of the lemma is proved. We deduce now that the intersection is contractible.
The intersection in question is the same as (a™,a™"1[-1], M[-1]) N Z. Let us denote & =

(a™,a™[=1], M[—1]). We have a homeomorphism fejg, : O — fe(O¢) (see ([1.9), (4.7)). The
i

proved description of Z N O¢ by the inequalities (4.107)) shows that fe(Z N Og) is union of two
sets. The first set after permutation of the coordinates in R is the same as the set considered in
Corollary hence it is also contractible. The second is obviously contractible. Furthermore,
one easily verifies that the intersection of these two sets is R2 ;) x {¢g — 1 < ¢p2 < ¢1 < ¢po}, which
is contractible as well. Now by Remark it follows that fe(Z N O¢) is contractible, therefore
Z N O is contractible as well. Recalling that Z and (a™,a™"!, M) are contractible and applying
again Remark we deduce that (a™,a™*!, M) U Z is contractible. The lemma is proved. O

Corollary 4.43. The set ¢ is contractible.

Proof. Recall that T5! = Z U U; en(@?, @™t M) (see (4.106)). We will prove that the set
ZUUj(am~ J+l a™m=J M) is contractible for each m € Z and each n € N. Then the corollary
follows from Remark [4.67]

Assume that for some n € N the set ZU U?ZO(am_j +1 a™=J M) is contractible for each m € Z.
We have proved this statement for n = 0 in Lemma and now we make induction assumption.
Take any m € N and consider Z U U"H( m=jtl qm=i M) = (ZUU?;Lll(am*ﬁl,am*j,M)) u
(a™,a™*1 M). By the induction assumption Z U U”+1( m=j+l gm=i M) and (a™,a™", M) are
contractible. We will show now that the 1ntersect10n of these sets is contractible as well and then
by Remark W we obtain that the union Z U U?i& (@™=7+1 a™=J M) is contractible. Indeed, we
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have
n+1
ZU U (@™ @™ M) | N (@™, 0™, M) =
j=1
(4.115)
n+1
(@™ ™ M)nZ)U | (a™,a™ M) | (@7, 0™, M)

j=1

Using Lemmas [£.42] and [£:36) we deduce that the considered intersection consists of the stability
conditions for which a™,a™*!, M are semi-stable and some of the two systems of inequalities in
$(a™) < ¢(a™*h) < pla™) +1
(4.107) or the system p(a™) < dp(M) holds. Since the first system in
P(a™t!) < ¢(M) +1
implies the last system we deduce that the intersection is described by the inequalities:

P(a™) < ¢p(a™t) < p(a™) +1 ¢ (a™) < ¢ (a™?)
d(a™) < d(M) or ¢ (a™) < (M) ) (4.116)
dla™t) < p(M) + 1 d(M) < ¢ (a™) <¢(M)+1

Now analogous arguments as in the last paragraph of the proof of Lemma [{.42] clarify that the
intersection (4.115) is contractible. The corollary follows. O

We pass to the proof that T is contractible. Let us denote

W= (M,_, )ul @ e, et (4.117)
PEZL

Corollary and Lemmas imply (recall Remark [4.67) that W is contractible. From
(4.94) and (4.96]) we see that:

T=Wu(_, M)y=wuJEm M) (4.118)
meZ

The proof of the next Lemma is analogous to the proof of Lemma [4.42)):

Lemma 4.44. The set (b™, 0™, M"YNW consists of the stability conditions o for which b™, o™+, M’
are semistable and

BB™) — 1 < (™ A[-1)) < G(™) UMY < S )
Pp(b™) — 1 < p(M'[-1]) < ¢(b™) or ¢¢((b“)1)<<¢¢((M’)) . (4.119)
Arg (g (ymy—1,6(am)) (Z(0™) = Z(0™)) > (M) - 1 6 (51 < ¢ (M) + 1

It follows that (b™, 6™, M"Y N W and (b™,b™ 1, M"Y UW are contractible.
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Proof. In ([4.104) we have that (6™, 6™+, M') N (b/,a’, 07 F!) = @ for j # m. Therefore (recall
@117))
™ L MY AW = (0™ 0™ M) A (0™, a™ 0T U (M, ). (4.120)

We consider first the inclusion C. Assume that o € (6™, 6™+, M')N'W. Then b™, b+ M’ are
semistable and from table (4.98) we see that

¢(bm) < ¢ (bm+1)
(™) < ¢ (M) . (4.121)
10) (bm+1) <op(M)+1

Taking into account we consider two cases.

If o € (b™,a™, ™), then a™ € o*% and ¢(a™) < p(b™ 1) (see table (4.97)). From hom(M’, a™)
# 0 (see (4.70)) it follows ¢p(M') < ¢(a™) < ¢(b™ ") and we get the second system in (4.119).

If o € (M,b,b/F1) then M, b 67T € 0% and in table ([4.98) we see that ¢(M) + 1 < ¢(b/T1)
and ¢(b) < ¢(H"1). From hom!(M’, M) # 0 it follows that ¢(M’) < ¢(M) +1 < ¢(b"*1). Since
we have ¢(b™) < ¢(M’), Remark [4.20] (a) implies that m < j.

If m = j, then ¢(M’) < ¢(b™*1) and we obtain the second system of inequalities.

If m < j, then we will derive the first system of inequalities in (4.119). Now ¢(M’) < ¢(b/*1)
and hom!(5"+1,b™) # 0, hence ¢p(b™F!) < d(V) < ¢(BFT!) < d(b™) + 1, ¢(M') < ¢(BT!) <
#(b™) + 1. We have also M € ¢°* and by hom®(M’, M) # 0 and hom(M,b™) # 0 it follows that
d(M") < (M) +1 and ¢(M) < b™. These arguments together with imply

PO™) =1 < p(M'[-1]) < d(M) < ¢(b™);  S(M'[-1]) < ¢(b™) '

Due to (4.82), to show the first system in (4.119) it remains to derive the following inequality:
arg (g (vm)—1,p(m)) (Z(6)) > ¢(M') — 1. (4.123)

From (4.122) it follows that Z(d) and Z(M'[—1]) both lie in the half—planﬂ Z(b™)¢. In (4.53)
we have aslo Z(M) = Z(0) + Z(M'[—1]), therefore the vector Z(M) is in Z(b™)¢ as well. Now

the equality Z(M) = Z(6) + Z(M'[—1]) implies that is equivalent to ¢(M) > ¢(M'[-1]).
Hence we have to prove that ¢(M) # ¢(M’'[—1]). Indeed, on one hand ¢(M'[—1]) = ¢(M) implies
arg s(pm)—1,6(om)) (Z(8)) = ¢(M). On the other hand, o € (M,V,p*!), m < j and imply
P(M)+1 <o) < (™) +1 < ¢(M') +1 < ¢(M) + 2. Thus, we see that ¢(M'[—1]) = ¢(M)
implies Z (b t1) € Z(8)¢. However, from the first inequality in and Corollary (d) it
follows that Z(b"T!) € Z(6)S, which is a contradiction, and follows.

So far we proved the inclusion C. We consider now the converse inclusion D.

" The notation Z(b™)< is explained in (4.2)).
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We assume first that the second system of inequalities in holds. In particular o €
(6™, 6™+ M’). By the inequality ¢(M’) < ¢(b™T!) we can apply Proposition (b), hence the
short exact sequence implies that a™ € ¢%° and Z(M') + Z(b™*1) = Z(a™). We have also
A" — 1 < ¢(M') < p(b™T1), and it follows that ¢(M') < ¢(a™) < ¢(b™F1). If the inequality
H(™T) > $(b™) + 1 holds, then recalling that ¢(b™) < ¢(M’) we obtain that o € (6™, a™,b™ 1) C
W (see table (4.97)).

Therefore we reduce to the inequality ¢(b™+1[—1]) < ¢(b™). Combining with ¢(M’'[-1]) <
1)) < (M) and G(H™) < G(M'), we can write G(M'[~1)) < SE™ 1)) < GO <
¢(M') and then (b™,b"1[—1], M’[~1]) is a o-triple (see Definition 4.9). Combining the triangles
and we obtain the following sequence of triangles in T

0

M'[-1] a™[—1] M
- A P N (4.124)

M/[—l] bm+1[_1 pm

v

The conditions of Lemma (b) are satisfied with the triple (b™,b™+1[—1], M'[—1]) and the
diagram above. Therefore M € 0% and ¢(M) < ¢(b™).

If (™ T—1]) = ¢(b™), then we have also ¢(M)+1 < ¢(b™F1), and recalling that we have also
p(b™) < p(b™ ) we get o € (M, ™, ™) C W (see table (4.93)).

Therefore we can assume that ¢p(M’'[—1]) < ¢(b™FH—1]) < ¢(b™) < ¢(M’). In this case we will
obtain o € (M, b, »*1) for some big j and then by (M, b, 671) C W we get o € W. Proposition
and Remark ensure that {bj+1}j€Z C o%. From ¢(b™) < ¢(b™) < ¢(b™) + 1 and
Corollary (b) and (d) we see that ¢(b/) < ¢(b"*!) and Z(bj) € Z(6) for each j. Now to show
that o € (M, b7, b71) it is enough to derive ¢(M) + 1 < ¢(b’) for big enough j (see table (4.98)).

Since we have ¢(b™[—1]) < p(M'[-1]) < p(b™F1[-1]) < ¢(b™) and Z(J) = (bm)+Z(bm+1[ 1)),
we can choose t € R so that t < ¢(b™) < ¢(M') < ¢(b™F!) < t+ 1 and Z(8) = |Z(5)|exp(int).
Since hom!(b/,b™) # 0, hom(b™,b7) # 0 for j > m + 1 and by Corollary (b), we have
d(b™) < o) < ¢(b™) + 1 for 5 > m + 1. These inequalities together with the incidence
Z() € Z(5)5 imply that argy, 1) (Z(b))) = ¢(b/) for j > m + 1 (see Remark [4 . The
formula in Corollary gives us the following:

lim ¢(V) =t + 1. (4.125)

]—)OO

We showed that ¢(M) < ¢(b™) (see below ([£.124)) and we have also ¢(b™) < ¢(M’). From
hom!(M’, M) # 0 we derive ¢(b™[-1]) < ¢(M) < ¢(b™). We showed also that t < ¢(b™) <
d(M') < p(b™FY) < t+ 1. Since Z(M) + Z(M') = Z(5) = | Z(5)| exp(int), it follows that Z(M) €
Z(0)¢ and ¢(M) < t. Now ensures that gb (b)) > ¢(M) + 1 for big enough j. So far we
proved that the second system of inequalities in (4.119)) implies o € (b™, 6™, M) N W.

We pass to the first system of inequalities in . So assume that o™, o™+ M € %
and that these inequalities hold. They contain the inequalities defining (b™,b™ 1, M’) (see ta-
ble (4.98)), hence o € (b™,b™*!, M’). Furthermore, due to the first two inequalities , the triple
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(6™, 6™+ [—~1], M'[—1]) is a o-triple and the conditions of Lemmam (a) are satisfied with this triple
and the diagram ([{.124). Therefore M € 0 and ¢(M) < ¢(b™). By hom'(M’, M) # 0 we can write
™) — 1 < p(M'[-1]) < ¢(M) < ¢(b™) (we use also (4.119)), hence Z(0), Z(M'[-1)),Z(M) €
Z(b™)<. Let us denote t = arg4m)—1,4pm))(Z(5)). The third inequality in is the same as
t > ¢(M')—1. Combining these arguments with the equality Z(M) = Z(§)+ Z(M'[—1]) we deduce
that:

PO [=1]) < o(M'[-1]) < $(M) <t < $(b™). (4.126)

We will deduce that o € (M, 17,57 *1) for some big enough j. We have ¢(b™) < ¢(b™+1) < ¢(b™)+1
(the first inequality in (4.119))), which by Proposition |4.3|and Remark implies that {o/ 71}z C
0%, and by Corollary, (d) implies that ¢(b7) < ¢(B' ') and Z(v?) € Z(8)S. for each j. Using
Remark one easily shows that ¢(b™) < ¢(b’) < ¢(b™) + 1 for 5 > m + 1. These inequalities
together with the incidences Z(b7) € Z(8)S, ¢(b™) € (¢,t + 1) imply that arg(mtﬂ)(Z(bj)) = p(b)
for j > m 41 (see Remark (c)). The formula in Corollary leads to again.
Now implies that ¢(b/) > ¢(M)+1 for big j, hence o € (M, 1,6/ T1) C W (see table (£.98)).

The arguments showing that (6™, 6™+, M') N W and (b™,b™+1, M') UW are contractible are
as in the last paragraph of the proof of Lemma The lemma is proved. O

Corollary 4.45. The set T;' is contractible.

Proof. Recall that Tt = W U UjeN(bj,ij,M’) (see (4.118))). Using Lemmas and @ one
deduces by induction that W U |J7_,(b™ 771, 6™~7 M’) is contractible for each m € Z and each
n € N (see the proof of Corollary for details). Then the corollary follows from Remark O

4.8 Connecting ' and T’ by (_,M, )and (_,M', )

As it follows from the union , in order to prove Theorem it remains to connect the
contractible non-intersecting pieces T, T by (_,M, ) U (_,M’, ), and to show that in this
procedure the contractibility is preserved. We describe first the building blocks of (_, M, ) and
(_,M’', _) by Proposition [4.8}

From the list of triples ¥ given in Corollary we get (see also ):

(M) =J, Mty (M )= M, a%). (4.127)
q€Z qEZL

We apply Proposition 4.8[to the triples (a?, M, bP*1) and (b9, M, a?). Using Corollaries and
(b) one computes the coefficients «, 3,y defined in (4.28)), which results in« =0, 5 =y = —1in
both the cases. Thus we obtain the formulas in the first and the second column of table (4.128]) for
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the contractible subsets (a?, M,bP*1) C Stab(D®(T)) and (b9, M’,a?) C Stab(D?(T)), respectively:

(aP, M, bPT1) (b9, M’ a?)
¢ (aP) <o (M) +1 P (b9) <o (M')+1
aP, M, b’ € 0% . ¢ (aP) < & (bp+1) b1, M', a? € 0% : o (b7) < ¢ (a9)
¢ (M) < ¢ (0P) ¢ (M') < ¢(a?)

(4.128)

Remark 4.46. (a?, M,0P*1[—1]), (b%, M’ a9[—1]) are Est-exceptional triples (satisfy (a) in Def.
:

In some steps of this section, when we need to show that certain exceptional objects are semi-
stable, the tools in Section are not efficient enough. For these cases we prove Lemmas [1.47]
and below. The relation R - > (S, E) between a o-regular object R and an exceptional pair
generated by it (introduced in Chapter |2)) is utilized in the proof of these lemmas.

Lemma 4.47. Let a™ ¢ 0® and t = ¢_(a™), then one of the following holds:
(a) @/ € 0%° for some j <m—1 andt = ¢(a’) +1; (b) a’ € 0 for somem < j and t = ¢(a’);
(c) b € 0°% for some j <m andt = ¢(b/) +1; (d) ¥ € 0% for some m < j and t = ¢(V/);
() M €o® andt = (M) + 1.

Proof. Recall that any X € {Ef :j € NJ1 <4 < 4} is a trivially coupling object (see after
Lemma . Since a™[k] € {EZJ :j € NJ1 < i <4}, where k € {0,—1}, from o™ ¢ 0% and
Lemma it follows that a™[k] is a o-regular object, hence a™ is a o-regular object. Therefore we
have R - (S, E) for some exceptional pair (S, E) (see Section 2.5). We will need the following
two properties of the exceptional object S. The first is S € %%, ¢(S) = ¢_(a™) (see formula
(2.39)). The second property is hom(a™,S) # 0, which follows from (c) after formula and
the way S was chosen (see Definition . Recall that there exists at most one nonzero element
in the family {hom”(a™, X)}rez for any X € Tepe (Corollary (b)). By Remark we have
S e {d[k],V[k]:j€ZkeZyu{M[k], M'[k];k € Z}. Obviously S # a™[k] (since a™ ¢ o and
S € o).

Now we will use the property hom(a™,S) # 0 and Corollary to prove the lemma. By
hom™(a™, M') = 0 (see (4.70)) we exclude also the case S = M’[k]. It remains to consider the
following cases (one of them must appear):

If S = a’[k] for some j # m and k € Z, then by we see that either j <m —1 and k=1,
orm < jand k =0.

If S = b/[k] for some j € Z and k € Z, then by it follows that either j < m and k =1, or
m < jand k=0.

If S = M[k] for some k € Z, then by we get kK = 1. The lemma follows. O

Lemma 4.48. Let b™ & 0% and t = ¢_(b™), then one of the following holds:
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(a) @’ € 0% for somej <m—1andt= ¢(a’)+1; (b) a/ € 0% for somem < j and t = ¢(a’);
(c) ¥ € 0% for somej<m—1andt=¢(b)+1; (d) ¥ € 0 for somem < j and t = ¢(b));
(e) M' € o andt = p(M') + 1.

Proof. By the same arguments as in the proof of Lemma one shows that hom(b™,S) # 0 and
#(S) = t for some S € o** N ({/[k], M, M :j € Z,k € ZY U{V[k];k € Z,j € Z,j # m}). Now
we will use Corollaries and (b). By hom™(b™,M) = 0 (see (4.71))) we exclude the case
S = M[E]. It remains to consider the following cases (one of them must appear):

If S = a’[k] for some j € Z and k € Z, then by we see that either j <m — 1 and k =1,
orm < jand k =0.

If S = bi[k] for some j # m and k € Z, then by it follows that either j < m — 1 and
k=1 orm<jand k=0.

If S = M'[k] for some k € Z, then by we get k = 1. The lemma follows. O

Lemmas [4.49 and [£.50] put together the arguments which ensure the semi-stability necessary for
the analysis of the intersections (a?, M,bP+1) N ‘Igt/ and (aP, M,bPT) N (TS U (a9, M, b)) U T50).

Lemma 4.49. Let o € (aP, M,bPt1) and let the following inequality hold:
¢ (P —1 <o (M) <o (0P . (4.129)

Then we have the following:
(a) a?*t € 0% and p(bPT1) — 1 < p(aPT) — 1 < p(M).
(b) If in addition to we have ¢(aP) < ¢(M), then o € (aP,aPTt M).
(c) If in addition to we have

¢ (W) =1 < ¢(a?) <o (), (4.130)

then M’ € 0 and ¢p(BP*) — 1 < ¢(M') = arggpo+1)—1,puw+1)) (Z(aP) — Z(bPH1)) < ¢(aP).
(d) If [@#129), (@.130) hold and ¢(M') < ¢(M), then o € (a?,a? T, M) for some j € Z.

Proof. (a) We apply Proposition [£.10] (b) to the triple (a?, M,bP*!) and since aP™'[—1] is in the
extension closure of M, b1 [—1] (by (4.81)) it follows that aP™' € ¢*. The inequality ¢(bP*!) —
1 < ¢(aP™) — 1 < ¢(M) follows from the given inequality and Z(aP*[-1]) = Z(M) +
Z(bPH[-1]).

(b) From the given inequalities it follows that ¢(aP) < @(bPT!). We have also ¢(bPT!) <
#(aPt!) < (M) +1 from (a). Therefore we obtain the inequalities ¢(aP) < ¢(aP*t), ¢(aP) < ¢(M),
d(aPtl) < (M) + 1, which means that o € (a?, aP™!, M) (see table ({.98)).

(c) Follows from Lemma applied to the Ext-triple (a?, M,bPT1[—1]) and the triangle (4

(d) Now by the given inequalities and (c) we have ¢p(bP™!) — 1 < ¢(M') < (M) < (b(bpﬂ).
Since we have Z(8) = Z(M') + Z(M), we can choose t € R with Z(6) = |Z(d)|exp(irt) and
(M) <t < dp(M) < p(bPT) <t + 1. If ¢p(aP) < ¢(M), then (d) follows from (b).

=
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So let ¢(M) < ¢(aP). Since we have also ¢(a?) < ¢(bP*1), we obtain t < ¢(M) < ¢(aP) <
#(bPT1) < t + 1. Now Corollary ensures that {Z(a’), Z(t)}jez C Z(0)% and that (4.86)),
([4.85) hold for both the sequences {Z(a?)} ez and {Z(b7)}jcz. From (a) we see that ¢p(bP*!) <
P(aP) < ¢(M)+1, hence t < ¢p(aP™!) < t+2, which combined with Z(a?™!) € Z(4)$. implies that
#(aP*l) <t + 1. Thus we obtain the inequalities t < (M) < ¢(aP) < ¢(bPF) < p(aPt) <t + 1.

From we see that there exists N € Z, N < p such that ¢ < arg(mﬂ)(Z(aj)) < ¢(M) for
j < N. We will prove below that a’ € 0% for j < N. Then (d) follows. Indeed, assume that a’/ € o
for each j < N. Then by and Corollary [4.29] (a) it follows that ¢(a?+!) —1 < ¢(a’) < B(a?*1)
for j < N, therefore t — 1 < ¢(a?) < t + 1, which combined with Z(a’) € Z(§) implies that
arg(; 14+1)(Z(a’)) = ¢(a’). Putting the last equality in (4.85) and in argq . 1y(Z(a’)) < ¢(M) we
get ¢p(a?™1) < ¢(a?) < (M) which by table (4.98) implies that o € (a/~1,a’, M).

Suppose a/ € o°° for some j < N. From Remark we know that a’ is in the extension
closure of a?, aP*[—1]. Tt follows that a/ € P[p(aPT!) — 1, $(aP)] and then ¢(aP™t) —1 < ¢_(a¥)
(recall the paragraph after ) We will use Lemma and demonstrate that each case (of the
five cases given there) leads to a contradiction. We fist derive . The inequalities ¢(a?) —
1 < ¢(aPt) — 1 < ¢(M) < ¢(aP) can be used due to the previous steps. Therefore we have
al € Plp(aP™t) — 1,¢(aP)] C P(p(aP) — 1,¢(aP)]. Using ¢(aP) € (t,t + 1), Z(a’) € Z(§)$, and
Remark (c) we get: arg(qs(ap)fl,(b(ap)](Z(aj)) = arg(t7t+1)(Z(aj)). Now by Remark (a) we get
¢—(a’) < arg 4 1y(Z(a’)) and by our choice of N we have arg(, ;. 1y(Z(a’)) < ¢(M). We combine
these facts in the following inequalities:

B(a) — 1 < 6 () < arg 1) (Z(0))) < (M) < O(a?) < S@).  (4131)

One of the cases in Lemma must appear. In case (a) we have ¢_(a’) = ¢(a¥) + 1 for some
k < j — 1, hence by it follows hom!(a?, a¥) = 0, which contradicts and j < N < p.

In case (b): ¢_(a’) = ¢(a”) for some k > j. It follows that ¢(a*) = arg(t7t+1)(Z(ak)) (see
Remark (c)), hence by and we get arg(mﬂ)(Z(ak)) < arg(t,Hl)(Z(aj)), which
contradicts (4.85)).

In cases (c) and (d) we have ¢_(a’) = @(b*) of ¢(b*) 4 1 for some k € Z, and then
implies hom(M, b¥) = 0, which contradicts (£.70).

Case (e) in Lemmal4.47|and (4.131]) imply that ¢(M)+1 < ¢(M) and we proved the lemma. O

Lemma 4.50. Let o € (aP, M,bPTY) and let the following inequality hold:
d(aP)—1< (M) < ¢(aP) . (4.132)

Then we have the following:
(a) P € 0*° and (M) < ¢(bP) < ¢(aP).
(b) If in addition to we have p(M) + 1 < ¢(bPHL), then o € (M, bP,pPT1).
(c) If in addition to (4.132)) we have

¢(@”)—1< ¢ () —1< ¢ (a?), (4.133)
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then M' € 0% and p(BPT1) =1 < ¢(M') = arg(y(ar)—1,4(ar)) (Z(a) —'Z(.bpﬂ)) < ¢(aP).

(d) If ([@132), [@.133) hold and ¢(M) < ¢(M’), then o € (b7, 671, M) for some j € Z or
o € (M,bP b+,

(e) If m, ([4.133) hold and ¢p(M) = ¢(M'), then o € (a?, M, 0" *1) for each j < p.

Proof. (a) We apply Proposition m (a) to the triple (a?, M, bP*1) and since b is in the extension
closure of M,a? (by (4.81)) it follows that b” € o*% and ¢(M) < ¢(b?) < ¢(aP). The inequality
d(M) < ¢(bP) < ¢(aP) follows from the given inequality and Z(bP) = Z(M) + Z(aP).

(b) From the given inequalities we have ¢(aP) < ¢(M) + 1 < ¢(bP*!). In (a) we proved that
d(M) < ¢(bP) < ¢(aP). Therefore we obtain the inequalities ¢p(M) < ¢(bP), ¢(M) + 1 < ¢(bPT1),
d(bP) < ¢(bP1), which means that o € (M, b7, bPT1) (see table (4.98)).

(c) Follows from Lemma [4.13|applied to the Ext-triple (a?, M, b?+1[—1]) and the triangle (4.80).

(d) Now by the given inequalities and (c) we have ¢(aP) — 1 < ¢(M) < ¢(M') < ¢(aP). Since
Z(0) = Z(M'")+ Z(M), we can choose t € R with Z(0) = |Z(0)| exp(int) and ¢p(M) < t < ¢(M') <
$(aP) < H(M) + 1. If (M) + 1 < ¢(b"*+1), then we apply (b).

So, let ¢(bP+1) < ¢(M) + 1. Since we have also ¢(aP) < ¢(bP*!), we obtain t < ¢(M') <
B(aP) < p(bPH) < p(M) +1 < t+ 1. Now Corollaryensures that {Z(a’), Z(V)}jez C Z(8)<
and that (4.86)), hold for both the sequences {Z(a’)};ez and {Z(V)};ez. From (a) we see
that ¢(M) < ¢(bP) < ¢(aP), hence t — 1 < ¢(b”) < t + 1, which combined with Z(b*) € Z(5)%
implies that ¢ < ¢(bP). Hence we obtain the inequalities

)
t < d(P) < d(aP) < p(BPT) <t +1; t < (M) < ¢(aP) < p(bPT!) <t +1. (4.134)

From and t < ¢(M') it follows that there exists N € Z, N < p such that ¢ <
arg(t’tﬂ)(Z(bj)) < ¢(M') for j < N. We will show below that 67 € O'SS for j < N. Then (d)
follows. Indeed, assume that b € o for each j < N. Then by and Corollary |4.29) -
follows that ¢(BPT1) — 1 < ¢(b/) < ¢(bPF1) for j < N, and by (4.134) we get t—1<o) <t —|— 1
which combined with Z (V) € Z(§)< implies that arg(mﬂ)(Z(bJ)) = qﬁ(b’) Putting the last equal-
ity in and in arg ;1) (Z(07)) < ¢(M') we obtain ¢ 1) < ¢(b’) < ¢(M’), which implies
o€ (L b, M),

Suppose ¥ ¢ % for some j < N. We apply Lemma and demonstrate that each of
the five cases given there leads to a contradiction. We show first . From Remark
we know that b/ is in the extension Closure of bP, bPT1[—1] (recall that N < p) and we have
AP) — 1 < p(bPTH) — 1 < t < p(bP [@.134). Tt follows that v/ € P[p(bPTL) — 1,¢(bP)] C
P(p(bP) — 1,(bP)]. Using ¢(bP) € (¢, t+ 1), Z(V) € Z(0)s, Remark. ) and (a), we deduce
that arg(spry—1 ¢(bp)}(Z(bj)) = arg( 1) (Z (b)) > ¢_ (/). The incidence b/ € P[p(bPH1) — 1, p(bP)]
implies ¢p(bPH1) — 1 < ¢_(b7), and we get:

SOPT) =1 < o (V) < argy i) (Z(V)) < o(M') < o071, (4.135)

One of the cases in Lemma must appear. In cases (a) and (b) we have ¢_ (V) = ¢(a¥) of
#(a¥) + 1 for some k € Z, and then (4.135)) implies hom(M’, a*) = 0, which contradicts (&.70)).
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In case (c) we have ¢_ (b7) = ¢(b¥)+1 for some k < j—1, and implies that hom! (b?1, b%) =
0, which contradicts and k<j—1<p-—1

In case (d) we have ¢_(b/) = ¢(b*) for some k > j. From Z(b*) € Z(6)%, (£135), and
d(PTY) € (t,t + 1) it follows that ¢(b*) = arg(t7t+1)(Z(bk)). Hence and (2.11) imply
arg(t’Hl)(Z(bk)) < arg(; 41)(Z(V’)), which contradicts k > j and (4.85).

Case (e) in Lemma [4.48/and (4.135)) imply that ¢(M')+1 < ¢(M’). We proved completely part
(d) of the lemma.

(e) Now by the given inequalities we have ¢(a?) — 1 < ¢(M) = ¢(M') < ¢(aP). Recalling
that Z(6) = Z(M') + Z(M), we see that t = ¢(M) = ¢(M’) satisfies Z(0) = |Z(0)] exp(int) and
t < ¢(aP) < t+ 1. From (a) we get t < ¢(bP) < ¢(aP) < t + 1. Now we can apply Corollary
which besides {Z(a’), Z(V)}jez C Z(6) and formulas (4.85)), gives us the inequalities
@30,

We extend the inequality ¢t < ¢(bP) < ¢(aP) < t+1 to as follows. We already have that
al,bP Pt € 0% In is given that ¢(a?) < ¢(bP*1). From hom'(bP+1, M’) (see [{.71)) it
follows ¢(bP*!) <t + 1 and from Z(b*™!) € Z(5)%. we get p(bPT1) <t +1 = ¢(M) + 1. We have
also ¢(M) < ¢(bPT1) (due to o € (aP, M, bPT1)). Therefore ¢p(bP+1) —1 < ¢(M) < ¢(bPT1) and from
Lemma [4.49| (a) we get aP™' € 0% and ¢(bP+!) — 1 < ¢(aPt!) — 1 < ¢(M). Thus, we derive:

B(a) — 1 < $HF) — 1 < $(@) =1 <t < $(W¥) < $(a?) < SH) < P(aP™1) < t+ 1. (4.136)

We will prove below that a’ and ¥ are semi-stable for each j < p. We claim that this implies
o € (a/,M,¥*1) for j < p. Indeed, assume that a/,b’ € 0% for each j < p. Then by ({.74),
we get ¢(aPtl) —1 < ¢(a?) < ¢(aPTh) and ¢(bPH1) — 1 < @(B) < d(BPFL), which combined
with ¢ < ¢(bP™) < ¢p(aP™') <t +1 and Z(a?), Z(V) € Z(6)S implies that ¢(a’), p(b) € (¢, + 1),
in particular ¢(a’) = arg(;,,1y(Z(a’)) and (V') = arg;11)(Z(1’)) for each j < p. The last two
equalities hold also for j = p by . Putting these equalities in we get that ¢(a?) <
(b H1) for each j < p. Thus, we obtain ¢(M) < ¢(a?) < ¢p(b' 1) < ¢(M) + 1 for each j < p, which
by table gives o € (a/, M,V T1).

Suppose that & ¢ o for some j < p. Remark asserts that b/ is in the extension closure of
b2, bPT1[—1], therefore b € P[p(bP*!) — 1, ¢(bP)], and hence p(bPH1) — 1 < ¢ (V), ¢4 (b)) < (bP).
Due to we can write o € Plp(bPL) — 1, ¢ (bP)] C P(p(aP) — 1, ¢p(aP)]. Using ¢(aP) € (t,t+1),
Z(V) € Z(6)% and Remark (c) we conclude that arg(sr)_1,¢(r)(Z(H)) = argg 1) (Z (7).
Now using Remark [4.2| (a), we obtain:

S(HP) =1 < o (V) < argyy1)(Z(V)) < 64 () < 9(87) < $(6PF). (4.137)

We use Lemma to obtain a contradiction. Some of the five cases given there must appear.
Case (a) ensures ¢_(b/) = ¢(a*)+1 for some k < j—1 and implies that hom!(5P+!, a¥) =
0, which contradicts (now k < p).
Case (b) ensures ¢_(b/) = ¢(a*) for some k > j, and then and Z(a*) € Z(6)S imply
axgup1)(Z (")) = $(a"), hence by (LI3T) and E11) we get arg(q ) (Z(a")) < argg 40 (Z(17)),
which contradicts and k > j.
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Case (c) ensures ¢_(b) = ¢(b¥) + 1 for some k < j —1 < p — 1, and implies that
hom! (b7+1, b¥) = 0, which contradicts ([{.75).

In case (d) we have ¢_(b7) = ¢(bF) for some k > j. It follows by Z(b*) € Z(5)< and
that ¢(b*) = arg(t7t+1)(Z(bk)), and then gives arg(t’tﬂ)(Z(bk)) < arg(t7t+1)(Z(bj)), which
contradicts (4.85]).

In case (e) using we obtain ¢(M’) + 1 < ¢(bP™'), which contradicts (£.71)).

Suppose that a/ & 0% for some j < p. Since @’ is in the extension closure of a?, a?*1[—1] (see
Remark [4.21] ), therefore a? € P[¢(aP*1) —1, $(aP)], and hence ¢ (a?) € [p(a?*!) —1, ¢(aP)]. Due to
(£136) we have o/ € P[p(aPt?) — 1, p(aP)] C P(S(BP+!) — 1, ¢(bP*1)] and Remark [4.2] (c) shows that
arg(¢(bp+1)_1,¢(bp+1)](Z(aj)) = arg(t,Hl)(Z(aj)). Combining with Remark (a) we put together:

Ba) ~1 < o (@) < argin) (Z(0))) < 64(@) < B(aP) < H(@). (4139)

We use Lemma [£.47] to get a contradiction. One of the five cases given there must appear.

In case (a) of Lemmawe have ¢_(a?) = ¢(a*) 4 1 for some k < j —1 < p—1, and
implies hom!(a?*!, a*) = 0, which contradicts .

Case (b) ensures ¢_(a’) = ¢(a*) for some k > j. It follows that ¢(a¥) = arg(t’Hl)(Z(ak)) (see
Remark (c)), hence by we get arg(tHl)(Z(ak)) < arg(tHl)(Z(aj)), which contradicts
(@35).

In case (c) we have ¢_(a?) = ¢(b*) +1 for some k < j and implies that hom! (a?*!, bF) =
0, which contradicts (now k < p).

Case (d) ensures ¢_(a’) = ¢(b*) for some j < k, and then arg(mﬂ)(Z(bk)) = ¢(b*) (see Remark
(c)), hence by we get arg(t,Hl)(Z(bk)) < arg(t7t+1)(Z(aj)), which contradicts (4.87).

In case (e) we have ¢_(a/) = ¢(M) + 1, and implies hom®(aP*', M) = 0, which contra-
dicts . The lemma is proved. O

Next we glue (a?, M, bPT!) and T5t.

Lemma 4.51. For any p € Z the set (aP, M,PT1) N T8t consists of the stability conditions o for
which aP, M, Pt are semistable and:

¢ (0H) —1 < ¢ (M) < ¢ (bP*)
¢ () — 1 < ¢ (a?) < ¢ (bP*1) o () Q_s(lalz ;&b\}?@ sy - (4139)
arg (o) 1,9(w+1)) (Z(a?) — Z(BPF)) < ¢(M)
It follows that (aP, M,bPT1) N TS and (aP, M, bPTH) U TS are contractible.

Proof. We start with the inclusion C. Assume that o € (a?, M,b"!). Then a?, M,b**! are semi-
stable and by table (4.128]) we get

¢ (aP) < ¢ (bPT) (4.140)
(
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Recalling , we see that we have to consider three cases.

If o € (M',a,a’1), then M’ a7, a’! are semi-stable and from table we see that ¢(M')+
1 < ¢(a/ ). Since we have also hom! (6741, M”), hom*(a/*1, M) # 0(see Corollary [4.19)), we obtain
¢ (BPT) < (M) +1 < ¢p(a?*h) < ¢(M) + 1, which combined with implies

¢ (P —1 <@ (M) < ¢ (b d(M') < p(M). (4.141)

These non-vanishings and inequalities give also ¢ (a?) < ¢ (WP1) < ¢(M') + 1 < ¢(a?*!). Using
Remark (a) we deduce that p < j.

We verify now that ¢(bP*!) < ¢(aP) + 1. If j = p, then we immediately obtain this by
hom! (WP*1, M") # 0 and ¢(M’) < $(aP)(see table [@.98)). If j > p, then hom(bP*! a?) # 0 and
hom? a7+, a?) # 0 (see Corollary [4.19) and we can write ¢(b7+1) < ¢(a’) < $(a?*?) < p(aP) + 1.

To obtain the first system of inequalities in it remains to show the third inequality. From
the triangle (£.80) it follows that ¢p(bP*1) —1 < ¢(M') < ¢(aP) and Z(M') = Z(aP) — Z(bPT1), now
(M) = argypr+1)—1,pr+1)) (£ (a?) — Z(bPT1)) < ¢(M) follows from the already proved ¢ (bPF1) —
1< ¢(aP) < ¢ (bP) and ([4.141).

If 0 € (@™,a™, M), then a™,a™*! are semistable as well and in table we see that
¢(a™) < ¢(M), which together with the third inequality in imply that ¢(a™) < ¢(bP!) and
hence hom(b?*1,a™) = 0. By we deduce that p > m.

If p = m, then we get immediately ¢(aP) < ¢(M). In table we have ¢(aP™t) < ¢(M) + 1
and in Corollary we have hom(bP*1, aPT1) # 0, hence ¢(bP™1) < ¢(M) + 1 and we obtain the
second system of inequalities in .

If p > m, then hom!(p?*1,a™) # 0 and from the inequalities ¢(a™) < ¢(M), ¢p(a™) < (a™ 1)
(due to o € (a™,a™*L, M)) it follows ¢(bPF1) < ¢(M)+1 and ¢(bPF!) < ¢p(a™)+1 < ¢p(a™ 1) +1 <
¢(a?)+1. Recalling we see that the first two equalities in hold. Hence by Lemmam
(c) we get M’ € 0°° and ¢(M') = argypr+1)_1,ppr+1)) (£ (a?) — Z(bP*1)). From hom(M’, a™) # 0 it
follows ¢(M') < ¢(a™) < $(M) and we obtain the complete first system of inequalitites in (4.139).

If o € (@™, ™+, ™), then o™, 6™+ ™! € 0% and in table we see that ¢(a™) +1 <
#(a™t1), hence Lemma and a? € ¢% imply that p = mor p =m+ 1. If p = m + 1, then
by we obtain ¢(a™) + 1 < ¢(a™t) < ¢(0™*?), and hence hom!(b™+2 a™) = 0, which
contradicts (4.72)). Thus, it remains to consider the case m = p. Now we have ¢(a?) + 1 < ¢(aP™!)
and ¢(bP1) < ¢(aPt!)(see table (£.97)), which together with hom'(aP™, M) # 0 imply ¢(a?) <
(M) and ¢(bPT!) < ¢(M) + 1, hence we obtain the second system in (4.139). The inclusion C is
proved.

We consider now the converse inclusion O. Assume that aP, M, bPT! are semi-stable and that
one of the two systems of inequalities in holds. The inequalities in each of the two systems
imply , therefore o € (a?, M, bP*1). If the second system in holds, then by Lemma
4.49| (b) we get o € (aP,aPt, M) C T5. If the first system in holds, then by Lemma m
(c) and (d) we get o € (a/,a/ T, M) C T2 for some j € Z, and the inclusion D is proved as well.
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As in the last paragraph of the proof of Lemma [£.42] one shows that the two systems of inequal-
ities in correspond to two contractible sets (the first is contractible by Corollary , and
that their intersection is homeomorphic to Rio x{pa—1 < ¢pg < ¢1 < ¢2}, which is also contractible.
Remark implies that (a?, M,bP*1) N TS is contractible. Since (a?, M,b*T1) and Tt are both
contractible (Proposition and Corollary , Remark implies that (a?, M, bPT1) U T3t is
contractible as well. O

Lemma 4.52. For any p € 7 the set (a?, M,bPT1) N TSt consists of the stability conditions o for
which aP, M, bPt! are semistable and:

¢ (aP) =1 < ¢ (M) < ¢ (aP) . )
¢ (aP) —1 < ¢ (PH) —1 < ¢ (aP) or ¢(a)—1<¢(M)<¢(a). (4142)
AL (4(ar)~1,6(ar)) (£ ((ap> —)Z (BP*1) > ¢(M) G(M) +1 < ()

It follows that (a?, M,bPT) N Tt and (aP, M, bPT) U TS are contractible.

Proof. We start with the inclusion C. Assume that o € (a?, M,bP*!). Then aP, M, b"*! are semi-
stable and by table (4.128)) we get

¢ (aP) < ¢ (M) +1
¢ (aP) < ¢ (bPT) (4.143)
¢ (M) < ¢ (bP*)

Recalling , we see that we have to consider three cases.

If o € (M,b,b/11), then M,b, b1 are semi-stable and from table we see that ¢(M) <
#(¥) and ¢(M) + 1 < ¢(b"t1), hence ¢(a?) < #(BT!) and hom(p’*! a?) = 0. From it
follows that p < j. If j = p, then ¢(M) + 1 < ¢(bP*!) and by hom(b?,aP) # 0 (see (.72)) we get
d(M) < ¢(aP), which implies the second system in . It remains to consider the case p < j.

In this case hom! (W +1, aP) # 0 (see ([£.72))) and we obtain ¢(M)+1 < ¢(b*1) < ¢(aP)+1, which
combined with implies ¢ (aP) — 1 < ¢ (M) < ¢ (aP). On the other hand, we have ¢(b’) <
d(B7T1) (see table (4.98)), and by p < j we can write ¢(bPT1) < p(b7) < ¢(b' ') < $(aP) + 1, which
combined with implies ¢ (a?) —1 < ¢(bPT1) —1 < ¢ (aP). Now we can use Lemma (c) to
deduce that M’ € 0% and ¢(M') = arg(s(ar)—1,4(ar))(Z(a?) — Z(bPT1)). From hom! (p/+1, M') £ 0
and ¢(M) + 1 < ¢p(b/*1) it follows that ¢(M) < ¢(M’) and the first system in follows.

If o € (b™, 6™+ M’), then b™,b™T! M’ are semistable and in table (4.98) we see that ¢(b™) <
¢(M’"). By hom(M’,aP) # 0 and hom(M,b™) # 0 (see (£.70)) we get:

G(M) < ¢(b™) < (M') < ¢(aP). (4.144)

Whence ¢(M) < ¢(aP) and combining with (4.143) we derive ¢ (a”) — 1 < (M) < ¢ (aP). On the
other hand, in (4.144) we have also ¢(b™) < ¢(aP), and hence hom(a?,d™) = 0, threfore by (4.73)
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we see that p > m. In we have also ¢(M) < ¢(M’). Taking into account Lemma[d.50] (c), we
see that if we show ¢ (a?) —1 < ¢ (bp+1) —1 < ¢ (aP), then the first system in follows. Since
we have ¢ (a?) < ¢ (bPT1) (see ((.143)), it remains to verify that ¢ (bP*!) < ¢ (a?) + 1. If p=m
then from table we obtain ¢(bPT1) < ¢(M') + 1 and the inequality in question follows from
d(M") < ¢(aP). If m < p, then hom! (bP+1,b™) £ 0 and we get H(bPT1) < ¢(b™) +1 < ¢ (aP) + 1
(see (4.144)).

If o € (b™,a™,b™"Y), then b™,a™,b™! € 0 and in table we see that ¢(b™) + 1 <
#(b™ 1), hence Lemma and bP*1 € 0% imply that p = morp =m —1. If p = m — 1,
then by we obtain ¢(a™ 1) 4+ 1 < ¢(b™) + 1 < ¢(b™+1), and hence hom! (b™+1, o™ 1) = 0,
which contradicts (4.72). Therefore we have m = p. Now we have ¢(b*) + 1 < ¢(bPT!) and
d(bF) < ¢(aP) (see table (4.97)), which together with hom(M,bP) # 0 imply ¢(M) +1 < ¢(bP™1)
and ¢(M) < ¢(aP), hence the second system in follows. Thus we proved the inclusion C.

Next we consider the converse inclusion D. Assume that a?, M, b+ are semi-stable and that
one of the two systems of inequalities in holds. The inequalities in each of the two systems
imply , therefore o € (a?, M, bP+1). If the second system in @ holds, then by Lemma
[@.50) (b) we get o € (M,bP,bPT1) C Tit. If the first system in (4.142) holds, then the desired
o € T; follows from Lemma (c) and (d). The inclusion D is proved as well.

In Corollary was proved that Tit is contractible. The proof that (a?, M,bP*1) N ‘Zit and
(aP, M, 6P U Ts are contractible is as in the last paragraph of Lemma The two systems in
([#.142) correspond to contractible subsets of (a?, M, bP*1) NT; (the first is contractible by Corollary
4.64). The intersection of these subsets is homeomorphic to RSy x {9 — 1 < ¢1 < ¢2 — 1 < ¢},
which is also contractible. Now we apply Remark twice and the lemma follows. O

Corollary 4.53. For any p € Z the set T U (aP, M, bPT1) U TS is contractible.

Proof. In Lemma we proved that T5' U (aP, M, bPT1) is contractible. Since T5 N T3t = @ (see
Subsection 4.6.1)), it follows that (T5U(aP, M, pr))O‘ZSt (aP, M, bPT1)NT5E which is contractlble
by Lemma Now we apply Remark O

Lemma 4.54. For any q < p the set (aP, M,bPT1) N (TS U (a9, M, b1 YUTSE) consists of the stability
conditions o for which aP, M,bPt1 are semistable and:

¢ (aP) =1 < ¢ (M) < ¢ (aP) ¢ (aP) — 1<¢

(M) < ¢ (aP)
pa?) —1<o()—1<o@) 7 gM)+1<

b+t
(4.145)

¢ (aP) < ¢ (M)

) <

B(bP
¢ (P =1 < (M) < ¢ (bPH1)
¢ (PH) —1 < ¢ (M) < ¢ (b+1) )

or ¢ (P —1 < ¢ (aP) < ¢ (bP1) )
arg (g r+1)—1,600+1)) (Z(aF) — Z(BPH1)) < $(M)

It follows that (a?, M, bPT1) N (T U (a9, M, b4 UTEY) and (aP, M, bPTH) U (T5E U (ad, M, bITH UTS)
are contractible.

or
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Proof. We start with the inclusion C. Assume that o € (aP, M, 1), Then aP, M,b**! are semi-
stable and by table (4.128)) we get

¢ (af) <¢(M)+1
¢ (aP) < ¢ (bPT1) . (4.146)
¢ (M) < ¢ (0P)

If o € (a?, M,b7™") and q < p, then a?,b?*! € 6% and (M) < ¢(b7™1), ¢ (a?) < ¢ (b7) a well.
By we have hom(b9%! aP) # 0 and hom! (bP+!, a?) # 0, therefore ¢p(M) < ¢(b9F1) < ¢(aP)
and ¢(bPT1) < @(a?) +1 < ¢p(b9F1) +1 < ¢ (aP) + 1. Combining with we obtain the system
in the first row and first column in (4.145)).

If o € T8¢ then by Lemma 4.51] some of the systems on the second row of follows.

If 0 € T§', then by Lemma [4.52| some of the systems on the first row of follows ((4.142))
implies (4.145))). So, the inclusion C is proved.

We show now the inclusion D. So let a?, M, b"+! be semi-stable. If some of the systems on the
second row of holds, then by it follows that o € (aP, M, bP1)NTst. If the system in the
first row and second column of holds, then Lemma ensures that o € (a?, M, bPT1)NT3E.

Thus, it remains to consider the first system in . We assume till the end of the proof that

¢ (aP) =1 < ¢ (M) < ¢(aP)
¢p(aP)—1<¢(OP) —1<¢(a?) (4.147)

Lemma [£.50] (c) ensures that
M e 0'88; ¢(bp+1) —-1< ¢(M/) = arg(qS(ap)_l@(ap))(Z(ap) — Z(bp+1)) < QS(ap). (4148)

Now we consider three cases.

If ¢(M') > ¢(M), then (4.147) and (4.148]) yield the first system in is satisfied and then
Lemma says that o € (a?, M, bPT1) N T3t

If $(M') < ¢(M), then by hom® 5P+, M’) # 0 it follows that ¢(bP*!) — 1 < $(M). Combining
this inequality with one easily deduces that:

6 (bP+1) — 1 < ¢ (M) < ¢ (1) (4.149)
¢ (bPTY) —1 < ¢ (aP) < ¢ (bPT) '
Having obtained we can use Lemma (c) and due to ¢(M') < ¢(M) we derive the first
system in (£.139). Thus Lemma ensures that o € (a?, M, bP+1) N TSt

Finally, if (M) = ¢(M'), then due to we can apply Lemma (e), which says that
o € (aP, M,b"*1) N (a4, M, b7T1) (recall that ¢ < p). So far we proved the first part of the lemma.

We explain now, using the obtained representation through the systems of inequalities ,
that (a?, M,bP1) N (T U (a9, M, b7T1) U T5t) is contractible. The four systems correspond to four
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open subsets of (a?, M,bPT1) N (T3 U (a?, M, b7T1) U T5) (see the last paragraph of the proof of
Lemma. We denote these subsets by S11, 512, 521, S22, where S;; corresponds to the system in
the i-th row and j-th column of . The proved part of the lemma is the equality (a?, M, b?T1)N
(T5h U (0, M,bT) UTS!) = U<, j<o Sij- The subset Spy is contractible by Corollary [.63] The
subsets S11,.512, 921 are contractible since they are homeomorphic to convex subsets of R®. For
example S11 is homeomorphic to

Po—1<¢a—1< o

It is not difficult to check that Si; N Si2 is homeomorphic to R3 Sox{po—1< 1 <pa—1< o},
hence it is contractible, and by Remark @ we deduce that S71 U Si2 is contractible. Note that in
S12 we have ¢(M) +1 < ¢(bP*1) and in Sao we have ¢p(M) + 1 > ¢(bP*1) | therefore S1o N Sz = (.
Hence S22 N (S11 U S12) = S22 N S11. Furthermore, the intersection Sge N S11 is homeomorphic to:

>0X{(¢07¢1 ¢2) €R3: o~ 1 <1 <o }

r; >0
R%4 x 4 (60, d1,p2) € R? : ¢ —1< 1< do < ¢ : (4.150)
arg(g,—1,4,) (10 exp(imgo) — r2 exp(imez)) < ¢1

which by Corollary is contractible as well. Thus, the union S N (S1; U Si2) is contractible,
therefore by Remark it follows that S99 U S71 U Sia is contractible. In S7; and Sis we have
d(M) < ¢(aP) and in Sa; we have ¢(M) > ¢(aP), therefore Sa; N (S22US11US12) = S21MS22. On the
other hand, one easily shows (by drawing a picture) that the intersection Sa1 N S22 is homeomorphic
to R3 20 X {¢2 —1 < ¢o < ¢1 < ¢2}, which is contractible as well, and hence Sp; N (S22 U S11 U Si2)
is contractible. Applying Remark - again ensures that Sa; U S22 U S11 U S12 = (aP, M, bp+1)

(Tt U (a9, M, b9+1) U T) is contractible. In Corollary [4.53)is proved that T3¢ U (a9, M, bq“) Uzt
is contractible and with one more reference to Remark [4.67) we prove the lemma. D

Corollary 4.55. The set (_, M, )UT UTS is contractible.

Proof. Recall that (_, M _) = U,ez(a?, M, b1 (see ([4.127)). We will prove that for each p € Z
and for each k > 1 the set m ) below is contractible, and the corollary follows from Remark -

k
U@ Mot u (g u gy, (4.151)
i=0
In the previous lemma was shown that for £k = 1 and any p € Z the set (4.151)) is contractible.
Assume that for some k > 1 this set is contractible for each p € Z. Take now any p € Z. We have

fl kt1
U(ap_i,M, wH=H U (E Ut = (af, M, 0PT U (U(ap_iaM, B U (T US?)) . (4.152)
i=0 =1
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Proposition and the induction assumption say that the two components on RHS of (4.152)) are
contractible. Since the intersection analyzed in Lemma does not depend on ¢, we can write:

k+1
(a?, M, P+ N <U (aP™F, M, P U (T3 U zg@) = (a?, M,bP* 1) 1 (P, M, BP) U (T UTS)

i=1
which by Lemma is contractible. Now Remark ensures that (4.152)) is contractible. O
The next step is to glue (_, M, )UTSUTS and (b, M, aP). This is done in several substeps:

Lemmas [4.56] [£.57], [£.58 [£.59] which lead to Corollary In the next two lemmas we prove
inclusions in only one direction not equality of sets.

Lemma 4.56. Letp € Z. If o € (bP, M',aP) NT5t, then WP, M',aP are semistable and:

() —1< (M) <p(@)  oa) — 1< o(M) < p(a?) (1153
O (@) 1< 6 () < 6 (a?) o) <o(M) |

Proof. In table (4.128)) we see that P, M’, aP are semi-stable and:

¢(B7) <o (M')+1
¢ (b7) < ¢ (aP) (4.154)
¢ (M') < ¢ (aP)
Recalling , we see that we have to consider three cases.
If o € (M,b,b/F1) then M, b b1 are semi-stable and from table we see that ¢(M) <
p(b) and ¢(M) + 1 < ¢(b’*+1). By hom'(a?, M) # 0 and hom* (W+!, M’) # 0 (see (£.71)) we can
write ¢(aP) < ¢p(M) +1 < p(b/ 1) < ¢(M') + 1, therefore (see also ([(A.154)) we get

P(a’)—1< ¢ (M) < ¢(a). (4.155)

Since ¢(bP) < ¢(aP) < (M) + 1 < (b F1), due to the inequality p < j must hold.

If j = p, then the inequality ¢(M) < ¢(bP) (coming from o € (M, v, 7)) implies ¢(aP) — 1 <
$(M) < ¢(bP) and combining with and we obtain the first system in (£.153)).

If p < 4, then we have hom(a?,b/) # 0 (see (.73)) and hom'(5"1,b7) # 0, hence ¢(aP) <
d(V) < p(bV 1) < ¢(bP) + 1 and again the first system in follows.

If o € (b™, 6™+, M’), then b™,b™F!, M’ are semistable and in table (4.98) we see that ¢(b™) <
d(M'), therefore ¢p(b™) < p(M') < ¢(a?) and hom(aP,b™) = 0. From we deduce that m < p.

If m = p, then the incidence o € (b™, 6™ M) gives ¢(bP) < ¢p(M') and ¢p(bPT!) — 1 < ¢(M')
(see table (£.98)), and from hom(a?, b**1) # 0 we obtain ¢(aP) — 1 < ¢(M’), therefore the second
system in holds.

Let m < p. Then we have ¢(b™) < ¢(b™*!) and ¢(b™) < ¢(M') (see table ([4.98)). Using
hom! (a?,b™) # 0 (see ([@.73)) we deduce ¢(aP) < ¢(b™) +1 < ¢(b™+!) +1 < ¢(bP) + 1 and
d(aP) < d(b™) +1 < ¢(M') + 1, which combined with produces the first system in (4.153).
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If o € (b™,a™,b™*), then b™, a™, ™" € 0% and in table we see that ¢(b™) + 1 <
#(b™*1), hence Lemma and b € ¢° imply p = morp =m+ 1. If p = m+ 1, then
by ([#.154) we obtain ¢(b™) + 1 < (b)) < ¢(a™*), and hence hom!(a™+!,b™) = 0, which
contradicts (#.73)). Therefore we have m = p. In table ([#.97) we see that ¢(b?) + 1 < ¢(bP*+1) and
< ¢(WPT1). From hom! (0?1, M’) # 0 it follows that ¢(bP) + 1 < ¢(P+) < ¢(M') + 1 and
d(aP) < p(bPH1) < ¢(M') + 1. These inequalities together with produce the second system
in ([&.153). O

Lemma 4.57. Let p € Z. If o € (b°, M',aP) N TS, then bP, M',aP are semistable and:

O —1<O(M)<OW)  GWF)—1<d(M) <6 (1)
()~ 1< 6(a)~ 1< o) SO +1<p(@)

Proof. In table (4.128)) we see that P, M’, aP are semi-stable and:

(4.156)

¢ (BP) <9 (M')+1
¢ (bF) < ¢ (aP) (4.157)
¢ (M') < ¢ (aP)

As it follows from , we have to consider the following three cases.

If 0 € (M',a/,a’*1), then M’ a7, a/T! are semi-stable and ¢(M') < ¢(a’), p(M')+1 < ¢(a?T1),
¢(a?) < p(a?T) (see table (4.98)). On the other hand ¢(b?) < ¢(M’) + 1, hence hom(a/ ™, b7) =0
and implies that p — 1 < j. If p— 1 = j, then we have ¢(M') + 1 < ¢(a?) and ¢p(M') <
P(aP™1) < $(bP) (see also ([4.73))) and combining with we derive the second system in (4.156)).
Let p < j. Then by (£.73) we have hom'(a/*1,bP) # 0 and we can write ¢p(M') + 1 < ¢(a/ 1) <
d(bP) +1 and ¢(aP) < ¢(a?) < ¢p(a? ) < ¢(BP) + 1, therefore ¢(M’) < ¢(bP) and ¢(aP) < ¢(bP) + 1,
which combined with amounts to the first system in .

If 0 € (a™,a™, M), then a™,a™"!, M are semistable as well and in table (4.98)) we see that
d(a™) < p(M), p(a™h) < p(M)+1, ¢p(a™) < ¢p(a™+!). Since hom(M’, a™) # 0 and hom (M, bP) #
0, it follows that ¢(M’) < ¢(a™) < ¢(M) < ¢(b*) and hence (see also ([4.157)):

P(BP) —1< ¢ (M) < () (4.158)

On the other hand, ¢(a™) < ¢(M) and hom(M,b”) # 0 imply that ¢(a™) < ¢(bP) and
hom(b?,a™) = 0. Now from (4.72) we deduce that m < p. If m = p — 1, then we have
o(aP) < ¢(M)+1 < ¢(bP) + 1, which together with (4.158)) and (4.157) amounts to the first
system in (4.156]).

If m < p— 1, then hom'(a?,a™) # 0 and hom(a™"1,b?) # 0 (see ([{.73)). Therefore we have
B(aP) < ¢(a™) +1 < ¢p(a™H) +1 < ¢(bP) + 1 and the first system in follows again.

If 0 € (@™, ™+, a™FY), then o™, 6™+, a™T! € 0% and in table we see that ¢(a™)+1 <

#(a™t1), hence Lemma and a? € 0** imply p = m or p = m + 1. If p = m, then by (4.157)

-
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we obtain ¢(b™) + 1 < ¢(a™) + 1 < ¢(a™*1), and hence hom!(a™*!, ™) = 0, which contradicts
[4.73). Thus, it remains to consider the case m = p — 1. Now we have ¢(aP~!) + 1 < ¢(aP) and
¢(aP~1) < $(bF)(see table ([1.97)), which together with hom(M’,aP~1) # 0 imply ¢(M') +1 < ¢(aP)
and ¢p(M’) < ¢(b?), hence we obtain the second system of inequalities in ([4.156]). O

Lemma 4.58. Let o € (bP, M',aP) and let the following inequality hold:

P(P)—1<¢(M) <o), (4.159)

Then we have the following:
(a) a?~t € 0% and p(M') < ¢p(aP~t) < p(VP) < p(aP).
(b) If in addition to we have ¢ (M') +1 < ¢ (aP), then o € (M',aP~ L, aP).
(c) If in addition to we have ¢ (BP) —1 < ¢ (aP) — 1 < ¢ (bP), then o € (aP~1, M, bP).

Proof. (a) We apply Proposition (a) to the triple (b, M’, aP) and since aP~! is in the extension
closure of M’,b” (by ([4.80)) it follows that a?~* € ¢, ¢(M') < ¢(aP~1) < ¢(bP) . The inequality
P(M') < ¢p(aP™1) < ¢(bP) follows from the given inequality ([£.159), formula and Z(aP~!) =
Z(M') 4+ Z(bP). The inequality ¢(b”) < ¢(a) follows from o € (b, M', a) (see table ([4.128)).

(b) From the given inequalities and (a) we have ¢p(M') < ¢(aP~1), ¢(M') +1 < ¢ (aP), and
#(aP~1) < ¢(aP), then table ensures that o € (M’,aP~1, aP).

(¢) From Lemmal[4.13|applied to the Ext-triple (b?, M, a?[—1]) and the triangle (£.81)) we obtain
M € 0% and ¢(aP) — 1 < (M) < ¢(bP). In (a) we got aP~1 € %% and ¢(aP~1) < ¢(aP), therefore
#(aP~1) < ¢(M) + 1. In (a) we have also ¢(aP~1) < ¢(bP). Looking at table (4.128) we see that
o€ (aP, M, bP). 0

Lemma 4.59. Let o € (b?, M',aP) and let the following inequality hold:
¢(a") —1< ¢ (M) <¢(a). (4.160)

Then we have the following:
(a) P e o and g (BP) —1 < ¢ (aP) — 1 < ¢ (PT1) —1 < ¢ (M').
(b) If in addition to we have ¢(bP) < (M), then o € (bP,bPT1 M').
(c) If in addition to we have ¢ (aP) — 1 < ¢ (bP) < ¢ (aP), then o € (aP, M, bPT1)

Proof. (a) We apply Proposition m (b) to the triple (b?, M’,aP) and since bP*1[—1] is in the
extension closure of M’,a?[—1] (by (4.80)) it follows that b € o*%, ¢ (a?) —1 < ¢ (BPT!) =1 <
¢ (M'). The inequality ¢ (a?) —1 < ¢ (bP*1) —1 < ¢ (M) follows from the given inequality (4.160)),
formula (2.11)), and Z(bPT![-1]) = Z(M') + Z(aP[—1]). The inequality ¢(bP) < ¢(a) follows from
o€ (bP, M aP).
(b) From the given inequalities and (a) we have ¢(b?) < ¢p(bPT1), ¢(bP) < ¢p(M') and ¢(bPH!) <
¢(M') 4+ 1. Now in table we see that o € (b°,bPT1 M').

(c¢) From Lemmal[4.13|applied to the Ext-triple (7, M, a?[—1]) and the triangle we obtain
M € 0% and ¢(aP) — 1 < ¢(M) < ¢(bP). In (a) we proved that b**! € 0% and ¢(aP) < (bPT1),
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P(bP) < ¢ (bpﬂ). Now all the conditions determining (a?, M, b**1) (given in table (4.128)) are
satisfied, hence o € (a?, M, bPT1). O

Corollary 4.60. For any p € Z the set (b, M',aP) N (TLU(_, M, YUST;Y) consists of the stability
conditions o for which b°, M',aP are semistable and:

D) ~1< (M) <d(@) &)~ 1< (M) <6 (a)
6 (a) —1 < 6 () < b (a?) o) < S(0)

G —1<o(M) <o) G~ 1<H(M) < H()
PP~ 1< p (@)~ 1< (1) SM)+1<b(@)

(4.161)

or

It follows that (WP, M',aP) N (TLU (L, M, _)UZY) and (WP, M',aP) U (T U (L, M, ) UTS) are

contractible.

Proof. Due to Lemmas and [£.57] to prove the inclusion C it remains only to show that the
incidence o € (P, M',a?) N (_, M, ) implies some of the systems in (4.161)). Assume that o €
(b, M’ aP) N (a9, M, b971Y) for some q € Z. From table (#.128)) we see that b, M’ aP, a?, M, bi+! are

semi-stable and:

¢ () <o (M) +1 ¢ (a?) < ¢ (M) +1
o (WP) < p(aP) and ¢ (a?) < (bT) . (4.162)
¢ (M') < ¢ (aP) ¢ (M) < ¢ (b7*1)

If p < ¢, then the non-vanishings hom(a?, a?) # 0, hom!(b9t1, M’) # 0, and hom (M, b”) # 0 (see
Corollary together with imply the following inequalities ¢(a”) < ¢p(a?) < ¢(M) +1 <
#(bP) + 1 and ¢(aP) < ¢(a?) < ¢(b9T1) < ¢(M’) + 1, which combined with amount to the
system in the first row and the first column of .

If ¢ < p, then the non-vanishings hom(M’, a?) # 0, hom(b9t! bP) # 0, and hom' (a?, M) # 0
together with imply the inequalities ¢p(M’) < ¢(ad) < ¢p(b911) < ¢(bP) and ¢(aP) < (M) +
1 < ¢(b9t) +1 < ¢(bP) + 1. The system in the second row and the first column in follows.
So far we proved the incusion C.

Assume that b?, M, aP? C o°° and that holds. Each of the systems in contains in
it the inequalities of (b, M’,aP) from table (4.128), hence o € (0P, M’,a”). Lemmas and
ensure that o € (T U (_, M, ) UT;') as well and the first part of the corollary follows.

Now the arguments are analogous to those given in the end of the proof of Lemma

The four systems in correspond to four open subsets of (b2, M’, a?)N(TEU(_, M, _)UTS).
We denote these subsets by Si1, S12, 521, S22, where S;; corresponds to the system in the i-th row
and j-th. The first part of the corollary and Remark reduce the proof of the last statement to
proving that UlSi,jQ S;j is contractible .

All of Si1, S12, So1, S22 are contractible since they are homeomorphic to convex subsets of RS.

One can show that:
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e S71 N S12 is homeomorphic to Rio X {2 — 1< ¢p < p1 < 2}
e S51 N (S11 U S12) = S21 N S11 is homeomorphic to R?;O X {2 — 1< 1 < ¢po < 2}

e Sy N (S11 U S12 U S21) = Saa N So1 is homeomorphic to ]R?;O X {pg—1< 1 < pa—1< o}
Since the obtained subsets of RS are convex, in particular contractible, it follows by Remark
that (J;<; j<o Sij is contractible. The corollary follows. O

We can prove now Theorem
Theorem 4.61. Stab(D(Q)) is contractible.

Proof. Recall that Stab(T) =T U (_, M, YU (_,M, )UT; (see ([£.92)). Recalling ([4.127) we
get:
Stab(D"(Q)) = T5' U (_, M, YuTy'u [ ", M d"). (4.163)
keZ
Corollary says that T'U(_, M, _)UT:" is contractible and it remains to show that after adding

Upez (6%, M, a") the result is still contractible.
We first prove that for any two integers g > p we have:

(WP, M’ aP) N (b9, M’ a%) € (BP, M’ aP) N (TEEU (M, YUTh. (4.164)
Assume that o € (bP, M',aP) N (b2, M',a?). Then in table (4.128) we see that
¢ (b)) <o (M) +1 ¢ (b7) <o (M) +1
p(P) < ¢p(aP) and @ (b)) < p(a?) . (4.165)
¢ (M) < ¢ (aP) ¢ (M) < ¢ (af)

Since p < ¢, we have the non-vanishings hom(a?,b?) # 0 and hom'(a?, o) # 0 (see (&73)). We
combine with as follows ¢(aP) < ¢(b?) < ¢(a?) < ¢(bP) + 1 and ¢(aP) < ¢(b?) < $(M') + 1,
hence ¢(aP) — 1 < ¢(b) and ¢(aP) — 1 < ¢(M’). In we have also ¢(b") < ¢(aP) and
d(M') < ¢(aP) and the system in the first row and the first column of follows. Therefore by
Corollary m we get o € (bP, M’,aP) N (TEU(_, M, _)UT;!) and we obtain the inclusion (4.164)).
This implies that for any p € Z and any n > 1 holds the following equality:

(b7, M, aP) N <Tit u( ,M, yugs U (b”+k,M',ap+k)> = (P, M, a’)N (TLU(_,M,_)ug).

k=1

In Corollary we proved that (5P, M',a?) N (T U (_, M, ) U T5) and (0P, M',aP) U (T8 U
(_, M, )UZ") are contractible (for any p € Z). Now using the equality above and Remark
one easily shows by induction that T U (_, M, ) UT5 U Jp_o(bPTF, M', aP™F) is contractible for
any p € Z and any n > 1. Applying Remark again we deduce that the right-hand side of
is contractible as well. Therefore Stab(D%(Q)) is contractible. O



Appendix

4.A Some contractible subsets of R®

We prove here that some subsets of R®, which we meet in the proof of Theorem are contractible.
We start by the following subset

Lemma 4.62. The set Us., given below, is contractible:

r; >0
Po < P1 < ¢ +1
G0 < P2 < o+ 1
arg( 4y go+1)(ro exp(imeo) + r1exp(irgr)) > g2

U> = (7"0,7’1,7"2,(]50,(]51,(}52) € RG : (4166)

The set U defined by the same inequalities, except the last, where we take arg(¢07¢0+1)(ro exp(imepo)+
riexp(img1)) < @2 is contractible as well.

Proof. By drawing a picture one easily shows that:

>
rh>0<r)<ry
o < 1 < @) < P+ 1
o < ¢y < ¢ < o+ 1

v(7‘077117T27¢07¢17¢2) S U> = (7"6,7'/1,7“/2,¢0,¢/1,¢/2) S U>' (4167)

Let v : S™ — U be a continuous map with n > 1. Denote

0 < rf" =min{ro(t) : t € S"}; 0 < 7" = max{r(t): t € S"};
0 <u=max{p1(t) — po(t): t €S"} <1; 0<v=min{Pa(t) — po(t):t € S"} < 1;

then by (4.167) for any 6 > 0 and any ¢t € S™, s € [0, 1] the vector given below lies in Us:

F(t,s) = ( ro(t)(1 — 8) + srg¥™ ri(t)(1 — 5) + 5779 1o () (1 — 8) + 86, )
’ Bo(t), do(t) + (1 — 8)(d1(t) — do(t)) + su, do(t) + (1 — s)(da(t) — do(t)) +sv )

179
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Hence we obtain a map F' : S" x [0,1] — Us, whose continuity is obvious. This gives a homotopy
from the map v to the following continuous map:

7/ : Sn — U> ’7,(25) = (TZ)nina ,r'ina:£7 57 ¢0(t)’ ¢0(t) + u, qu(t) + U) (4168)
Now we note that:

V(T07rlvr27 d)O? d)l? d)Q) ceU VoeR (T07T13T27 ¢0 + 5a ¢1 + 5a ¢2 + 5) € U> (4169)

Therefore for t € S, s € [0, 1] we have

g, TP, 8, go(t) + 5(0(0) — bo(t)),

Gl s) = < Bo(t) + 1 + s(60(0) — dot)), do(t) +v + s(00(0) — G0 (1)) > <o

which gives a homotopy from 7/ to the constant map from S™ to the point
(rovin pmaz 5 64(0), ¢o(0) + u, dp(0) + v) € Usg. Thus, we proved that each continuous map
v : S*" — Us with n > 1 is homotopic to a constant map. If we show that Us is connected,
then Whitehead theorem ensures that Us is contractible. Let = = (rg,r1,72, ¢o, ¢1,¢2) € Us
and =’ = (r(,],75, ¢, 1, ) € Us. By (4.169) we can move continuously z’ in Us to 2" =
(rg,ri,ry, do, ¢, ¢4) and now by (4.167) we can connect x, 2" by a continuous path in Us.

The same idea shows that U is contractible, one must permute <<>>, min <> max. The lemma
is proved. O

Corollary 4.63. The set V, given below, is contractible:

ri >0
—1
V= (T07T17T27¢07¢17¢2) € R6 : zz -1 z i(l] i zi (4170)

arg(p,—1,4,)(ro exp(imdo) — roexp(ireda)) > ¢1

After changing the last inequality to argy, 1 4,)(roexp(imdo) — roexp(irdz)) < ¢1 the set remains
contractible.

Proof. The assignment (ag, a1, ag, bg, b1, b2) — (a2, ag, a1,bs — 1,bg, b1) maps homeomorphically the
set V to the set U in Lemma [4.62] O

Corollary 4.64. The set V, given below, is contractible:

r; >0
1
V =4 (10,1, 72, b0, $1,02) € R : 28 1 z i; i j;g (4.171)

AT (o —1,60) (10 Xp(imPo) + 12 exp(imga)) > ¢1
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Proof. The assignment (ag, a1, ag,bo,b1,b2) — (aog,as, a1, —bg, —ba, —b1) maps homeomorphically
the set V to the set U< in Lemma [4.62(see ({.4))). O

Lemma 4.65. The set U, given below, is contractible:

r; >0
U = { (ro,r1,72, 60,61, ¢2) € R®: P2 < 1 < o < P2+ 1 . (4172)
arg (g, gy +1)(ro exp(irdo) + ra exp(imgz)) < ¢

Proof. By drawing a picture one checks that:

rh > T

Y(ro,r1,7 eU
(ro, 71,72, G0, D1, P2) >0 <1l < g

= (T6>r,17r/27¢07¢17¢2) elU. (4173)

Let ~v : S — U be any continuous map with n > 1. Denote

0 < rf" = min{ro(t) : t € S"}; 0 < 77 = max{ro(t) : t € S"};
(4.174)
0 <u=min{¢p1(t) — pa2(t) : t € S"} < 1.

By drawing a picture one sees that for big enough A > r5*** we have

VpaVog P2 < o < pa+1 = arg(@’@“)(rg”” exp(imgo) + Aexp(impa)) — p2 < u.  (4.175)

This implication means that for any 6 > 0 the set U’, given below, is contained in U:

(4.176)

U= {(Tﬁnina5aA,¢o,¢1,¢2) eRS: 92591 <d0< Pl }CU

u< @1 — P2
where A, 1"8””, u are fixed in (4.174), (4.175)) and we chose any § > 0. By (4.173) we see that for

any t € S", s € [0,1] we have:
F(t,s) = (ro(t)(1 — s) + srg"™, r1(£)(1 — 8) + s0,72(t) (1 — ) + sA, do(t), $1(t), ¢2(t)) € U.

Hence we obtain a continuous map F' : S" x [0, 1] — U, which is a homotopy in U from the map
~ to the following continuous map:

’7/ :S" = U ’Y/(t) = (Tg)nin’(sa A’ d)O(t)’ ¢1(t)7¢2(t))

Furthermore, by we have u < ¢1(t) — ¢2(t) for t € S™, which means that im(y’) C U’. Since
U’ is contractible, there exists a homotopy in U’ from +' to a constant map. Since U’ C U (see
(4.176))), there exists a homotopy in U from v to a constant map.

We show below that U is connected, and then by Whitehead theorem U is contractible.
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Let x = (ag, a1, az, by, b1,b2) € U and z’ = (af, a}, ab, by, b}, b5) € U. The formula (4.169)) holds
again, and by using it we can move continuously 2’ in U to a point " = (ay), a}, ab, by, by, ba). If we
denote

0 < " = min{ag, ap},0 < 75 = max{as,ab},0 < u = min{b; — b, V] — by} < 1
then choose A > rJ'** so that holds with the chosen u,r{)”m, ry* %, in particular for any
d > 0 the corresponding set U’ defined by is a subset of U. By the properties and by
the choice of u, rg¥", A, § we can move the points x and z”, by changing only ag, a1, az, ap, a}, ah,
continuously in U to points y, ¢/ in U’, respectively. Now the connectivity of U follows from the
connectivity of U’. The lemma is proved. O

Corollary 4.66. The set V', given below, is contractible:

r; > 0
V= (ro,r1,72, 60,61, 62) € R”: $2 =1 < ¢1 < ¢o < b2 o (417T)
AT (4, —1,4) (T0 eXP(imdp) — T2 exp(ima)) < ¢1

Proof. The assignment (ag, a1, az, by, b1, b2) — (ag, a1, as, by, b1, be — 1) maps homeomorphically the
set V to the set U in Lemma [£.65] O

Remark 4.67. If we have two contractible open subsets U, V in a f.d. manifold M and the
interesection U NV is contractible, then by Seifert-van Kampen theorem, Mayer-Vietoris sequence,
Hurewicz theorem and Whitehead theorem it follows that U UV is contractible.

If U = ;e Ui is an union of open subsets in a f.d. manifold M and for any finite subset F' C A
we have that | J,cp U; is contractible, then using Witehead theorem one can easily deduce that U is
contractible as well.
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Zusammenfassung auf Deutsch

Der “Moduliraum” der Stabilitdtsbedingungen ist derzeit ein wichtiger Bestandteil der homologis-
chen Spiegelsymmetrie (HMS). Er wurde von T. Bridgeland (2002) als ein Zugang zu einem matem-
atischen Verstdndnis von bestimmten in der Stringtheorie auftretenden Modulirdumen eingefiihrt.
Er ordnete jeder triangulierten Kategorie eine komplexe Mannigfaltigkeit zu, deren Elemente als
Bridgeland Stabilitdtsbedingungen bezeichnet werden. HMS sagt eine Parallele zwischen dynamis-
cher Systeme und Kategorien voraus, wobei der Raum der Bridgelandstabilitdtsbedingungen ein
Kandidat fiir die Rolle des Teichmiiller Raum spielen soll. Jedoch sind globale Informationen iiber
den Stabilitdtsraum nur in einer Hand voll Beispielen bekannt.

Lange vor HMS (1994), erkannten Beilinson et. al. Strukturen in einigen triangulierten Kate-
gorien, die sie aufergewohnliche Sammlungen (exceptionall collections) nannten (die Abhandlung
von Beilinson erschien im Jahr 1978).

Die Hauptmotivation fiir die vorliegende Arbeit kommt aus einer Prozedur fiir Erzeugung von
Stabilitdtsbedingungen durch aufergewohnlichen Sammlungen, die von E. Macri in seiner Arbeit
aus dem Jahr 2007 beschrieben wurde.

Die vorliegende Dissertation untersucht einige Aspekte des Zusammenspiels zwischen den beiden
Begriffen im Titel und préasentiert Neuheiten fiir beide Seiten. Auf der einen Seite unterstiitzen die
Erkentnisse und Beweise iiber Stabilitdtsbedingungen die oben genannte Parallele. Auf der anderen
Seite treten bemerkenswerte Beziechungen zwischen aufergewohnlichen Darstellungen von Kécher in
der Dissertation auf.

Die Arbeit besteht aus drei Teilen.

Im ersten Teil wird der Begriff der o-auflergewshnlichen Sammlung (o-exceptional collection)
definiert, so dass jede o-aufergewohnliche Sammlung (falls vorhanden) o erzeugt, wobei o eine
Stabilitatsbedingung bezeichnet. Der Fokus liegt hier auf dem Konstruieren von o-auffergewthnlichen
Sammlungen aus einer gegebenen Stabilititsbedingung o auf DP(A), wobei A eine erbliche, hom-
finite-Kategorie, linear iiber einem algebraisch abgeschlossenen Korper ist. Eine Schwierigkeit
kommt von den Ext-nicht-triviale Paare (Ext-nontrivial couples): dies sind aufergewdhnliche Ob-
jekte X,Y € A mit nicht verschwindenden Ext'(X,Y) und Ezt' (Y, X). Eine neue Einschrinkung
fiir die Kategorie A, genannt Regularitditserhalt (reqularity-preserving), macht dieses Problem kon-
trollierbar. Beispiele fiir Kategorien mit Regularitétserhalt werden demonstriert. Schliefslich wird
bewiesen, dass alle Stabilitdtsbedingungen auf dem azyklische Dreieckskécher aus aufsergewohn-
lichen Sammlungen erzeugt werden.

Das zentrale Ergebnis im zweiten Teil der Arbeit ist eine Charakterisierung der Dynkin / Euk-
lidischen / alle anderen Kocher mit der Sprache der Bridgelandstabilitdtsbedingungen.

Der dritte Teil setzt das Studium des gesamten Raumes der Stabilitdtsbedingungen auf dem
azyklischen Dreieckskocher fort. Die wichtigste Schlussfolgerung hier ist, dass dieser Raum zusammen-
ziehbar ist. Dies ist das erste Beispiel eines Kochers @), verschieden von Dynkin und Kronecker
Kocher, fiir den bewiesen wurde, dass der Stabilitédtsraum auf D?(Q) zusammenziehbar ist. Daraus
folgt, dass der Stabilititsraum auf der gewichteten projektiven Gerade P!(1,2) zusammenziehbar
ist.
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