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Abstract

The observations of neutrino oscillations verify the existence of small but nonzero neu-
trino masses. However, in the Standard Model of particle physics neutrinos are assumed
massless, since only left-handed neutrinos and right-handed antineutrinos can be observed
in weak decays and cross sections. The subject of this master thesis is the implementation
of neutrino masses in the Standard Model by means of the seesaw mechanism of type I.
The particle content of the Standard Model is being extended by heavy right-handed neu-
trinos and additional scalar doublets. After a general discussion on Dirac, Majorana and
hybrid mass terms, the seesaw mechanism type I is formulated for an arbitrary number
of left and right-handed neutrinos and for an arbitrary number of scalar doublets. Since
even after this procedure some left-handed neutrinos might remain massless, radiative
corrections to the seesaw mechanism, in particular one-loop corrections, are considered.
After a general discussion of dominant one-loop corrections to the seesaw mechanism, this
knowledge is applied to two different models. In the first model, which is based on the
standard gauge group SU(2) x U(1), the mass correction for the left-handed neutrinos is
derived explicitly. Afterwards, the special case of a minimal extension within this model
is considered. In the second model, the so-called scotogenic model, an additional exact
Zo-symmetry is introduced, which causes the left-handed neutrinos to acquire mass only
at one-loop level. After the discussion of the minimal extension, this model is generalized
for arbitrary numbers of left and right-handed neutrinos, as well as a scalar doublet. In
particular, the correspondence of non-vanishing neutrino masses and terms in the scalar
potential is outlined.

Zusammenfassung

Die Beobachtungen von Neutrinooszillationen belegen, dass Neutrinos sehr kleine, aber
von Null verschiene Massen haben. Im Standardmodell der Teilchenphysik werden Neu-
trinos jedoch als masselos angenommen, da in schwachen Zerfallen und Wirkungsquer-
schnitten nur linkshéndige Neutrinos und rechtshandige Antineutrinos beobachtet wer-
den konnen. In dieser Masterarbeit wird die Implementierung von Neutrinomassen im
Standardmodell mit Hilfe des Seesaw-Mechanismus vom Typ I behandelt. Hierbei wer-
den die Teilchen im Standardmodell durch schwere rechtshandige Neutrinos sowie durch
zusatzliche skalare Doubletts erweitert. Nach einer einfithrenden Diskussion tiber Dirac-,
Majorana-, sowie Hybridmassenterme wird der Seesaw-mechanismus fiir beliebige An-
zahlen von linkshéndigen und rechtshandigen Neutrinos, sowie fiir eine beliebige Anzahl
von skalaren Doubletts formuliert. Da im Allgemeinen durch diese Methode nicht alle
linkshandigen Neutrinos Masse erhalten, werden anschlieend radiative Korrekturen im
Rahmen von Einschleifen-Korrekturen zum diskutiert. Im Anschlufl an die allgemeine Dis-
kussion von dominanten Einschleifenkorrekturen zum Seesaw-mechanismus werden diese
Resultate in zwei verschiedenen Modellen angewendet. Im ersten Modell, welches auf der
Standardeichgruppe SU(2) x U(1) basiert, wird die Massenkorretur der linkshindigen
Neutrions explizit berechnet, sowie der Spezialfall der minimalen Erweiterung des Stan-
dardmodells betrachtet. Im zweiten Modell wird eine zusétzliche exakte Zs-symmetrie
eingefiithrt, wodurch die Neutrinos ausschliellich durch die Einschleifen-Korrekturen Mas-
se erhalten. In Anschlufl an den Spezialfall der minimalen Erweiterung wird auch fiir
dieses Modell eine Verallgemeinerung fiir beliebige links- und rechtshéndige Neutrions
sowie fur beliebig viele skalare Doubletts formuliert. Insbesondere wird der Zusammen-
hang zwischen nichtverschwindenden Neutrinomassen und Termen im skalaren Potential
hergestellt.
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Introduction

In the Standard Model of particle physics neutrinos are assumed massless, since in elec-
troweak processes only left-handed neutrinos and right-handed antineutrinos occur. Nev-
ertheless, in the last two decades numerous neutrino experiments confirmed the theory of
neutrino oscillations [1, 2], like for example the Super-Kamiokande [3], the Homestake [4],
the SAGE [5], and SNO [6] experiments and many others [7, 8, 9, 10, 11, 12, 13, 14, 15].
Therefore, neutrinos cannot be massless and lepton mixing must exist. Hence, the Stan-
dard Model has to be extended in order to include the phenomena of massive neutrinos.
Throughout the years many theoretical suggestions have been made and one of those shall
be the topic of the master thesis at hand. The seesaw mechanism of type I [16, 17, 18]
is a very promising framework not only for implementing non zero neutrino masses into
the Standard Model, but also for reproducing the smallness of these masses. For applying
this mechanism, the Standard Model is extended by right-handed neutrino fields, which
are massive but sterile. This means they do not take part in any weak interactions. Fur-
thermore, in this extension of the Standard Model additional scalar doublets are allowed.
This model exhibits three mass scales; the small mass scale below the electroweak scale,
the electroweak scale itself (~ 100 GeV) and the even larger seesaw scale.

The extension with right-handed neutrino gauge singlets gives rise to neutrino mass
terms and the magnitude of the light neutrino masses will be reciprocal to the heavy seesaw
mass scale introduced by the right-handed neutrinos. In addition radiative corrections to
the seesaw mechanism are considered, where one-loop corrections lead to additional light
neutrino masses.

This master thesis starts with an introductory section, where a brief overview of the
Standard Model of particle physics is presented. In particular the electroweak unification
and the Higgs mechanism are discussed. In the second section the principle of different
possible neutrino mass terms is considered, i.e. the Dirac, the Majorana and the hybrid
Dirac-Majorana mass term. For each of these mass terms consequences of lepton (neu-
trino) mixing and lepton number conservation are investigated. The main part is treated
in the third section, where the seesaw mechanism type I is employed for arbitrary numbers
of left and right-handed neutrinos and afterwards also for an arbitrary number of Higgs
doublets [19]. In the last section one-loop corrections to the seesaw masses are calculated
for the most general model [20]. Furthermore, two special models are considered. The
first one [21, 22] is a minimal extension of the Standard Model with one right-handed
neutrino and one additional scalar doublet, whereas the second one [23] exhibits an ad-
ditional discrete symmetry, which leads to massless neutrinos on tree level. Finally this

second model will be generalized for arbitrary numbers of additional scalar doublets.

bl






1 The Standard Model of Particle Physics

1.1 Fundamentals

The Standard Model (SM) of particle physics is a theory to describe fundamental particles
and all their interactions, except gravity. The particle content of the SM can be divided

into three groups - leptons, quarks, and mediators, which are listed in figure 1 below.

mass —+ =2.3 MeVic? =1.275 GaV/c® =173.07 GeVic? ] =126 GeVic?
charge — 23 213 213 t Q 0 H
spin = 112 u 112 C 112 1 g i
up charm top gluon Eg%gﬁ
=4 8 MeVic? =05 Mea\ic® =4, 18 GeVic? ]
A3 d A3 A13 b 0
12 172 S 172 1 ”
down strange bottom photon
0.511 MeVic® 105.7 Ma\ic? 1.777 GeWic? 1.2 GeWic?
-1 -1 -1 [i]
112 e 112 -l']. 172 T 1 a
electron muon tau Z boson
=2 2 eVic? =017 MeVvic? =155 MeVic? BO.4 GaWic?
0 0 0 +1
112 .l)e 172 1)]'1 172 l)-': 1 W
electron muon tau
neutrino neutrino neutrino W boson

Figure 1: Fundamental particles of the Standard Model. Reprinted from [24].

There are three generations or families of quarks and leptons (first three columns),
where one generation is consisting of an up-type and a down-type quark, a charged lepton
and its corresponding neutrino as well as one antiparticle for each of them. In addition
each quark and antiquark comes in three different colors. Therefore, the particle content
per generation sums up to sixteen fundamental particles. Equal particle types of different
generations differ by their flavor quantum numbers and their masses, which increase going
to higher generations.

Furthermore, the four types of gauge bosons are listed in the forth column which medi-
ate the electromagnetic (7), weak (W=, Z°) and strong interaction (¢%,a = 1,...,8). In
addition there is the Higgs boson, which gives mass to the fundamental particles through
the Higgs mechanism. So finally we end up with 12 leptons, 36 quarks, 12 mediators and

at least one Higgs boson, which gives a minimum of 61 fundamental particles [25, p.48].
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

The SM is a relativistic quantum field theory (QFT) or, more precisely, it is a collec-
tion of related theories. It contains a description of the electromagnetic forces in terms
of quantum electrodynamics (QED), the Glashow-Weinberg-Salem (GWS) theory of elec-
troweak processes, and the theory of quantum chromodynamics (QCD) to describe the
strong nuclear forces. All those fundamental interactions are derived from the requirement
of local gauge invariance [25, p.3].

In QFT one achieves a uniform description of particles and interaction forces via fields.
Quarks and leptons can be seen as field quanta, i.e. excited states of corresponding particle
fields. Forces which are already described as vector fields in classical field theories can be
represented in terms of field quanta, called gauge bosons. The Lagrangians and equations

of motions of the SM can be formulated in terms of these fields.

1.2 Fields and Field Equations

As mentioned above in QFT all particles and interaction forces are described as fields. In
this section all three types of fields are introduced as well as their field equations. Since
QFT is a relativistic theory, all equations of motion need to be Lorentz invariant!, i.e. the

corresponding Lagrangians need to be Lorentz scalars [26, p.35].

1.2.1 Klein-Gordon Equation

This equation describes the kinematics of a free spin 0 particle, i.e. a scalar field ¢ like

for example the Higgs field. Scalar fields behave under Lorentz transformations A like

¢(x) = ¢f(z) = H(A™"2), (1.1)
and their gradient 0,¢(z) transforms as a covariant vector field
0up(x) = 9, ((A ")) = (A1), (0,8) (A ). (1.2)
Thus, the Lagrangian
L= 50,00~ ym’d? (13)

transforms like a Lorentz scalar

L(z) — LA ), (1.4)

which is shown in [26, p.36]. Hence, the action is Lorentz invariant, since it is obtained
by integration of £ over spacetime. As an immediate consequence of the principle of least

action the equation of motion is Lorentz invariant. This field equation

(@O +m?)e(z) =0 (1.5)

is received via the Euler-Lagrange equation? and it is called Klein-Gordon equation.

'For more detailed information on Lorentz invariance see appendix C.
2Remember the Euler-Lagrange equation is % — 8#% =0.
¥

2



1.2 Fields and Field Equations

1.2.2 Proca Equation

For a description of gauge bosons, i.e. spin 1 particles, we need vector fields V# which

transform, according to [26, p.37], as
Vi(z) — AV (A ). (1.6)

This type of field also carries an orientation, which must be transformed as well when the
point of evaluation of the field is changed. The Lagrangian for vector fields is given in
[27, p.5/1] or in [25, p.246] by

- —i(aﬂvv _ VYDV, — AV + ;mQV,,V”. (1.7)
It is useful to introduce the shorthand notation
Vi = orVvY — 0" VH, (1.8)
and so the Lagrangian can be rewritten as
iV’“’VW + ;m2V”Vy. (1.9)

Again via Euler-Lagrange equation the equation of motion is received as

L=—

9V +m*V" =0, (1.10)

and it is called Proca equation. Alternatively it can be also written in a way similar to

the Klein-Grodon equation,

O+m*)VF =0|, (1.11)

with vanishing divergence of the vector field 9,V* = 0.

1.2.3 Dirac Equation

Finally we need a way to describe fermions, i.e. spin 1/2 particles. We have to find an

equation consistent with the relativistic energy-momentum formula
P'py —m? =0, (1.12)

where p* denotes the four-momentum and m the mass of the free particle. Dirac’s strategy
was to factor the energy-momentum relation (1.12) as shown in [25, p.214ff]. In order to
do so the necessity of some anticommuting coefficients v* arises, which have to fulfill the
relation

{97} = 29", (1.13)
with the Minkowski metric g"”. So the coefficients have to be at least 4 x 4 matrices and
they are called Dirac or gamma matrices®. Since they satisfy relation (1.13), the set of

gamma matrices v* forms a Clifford algebra, as noted in [28, p.891].

3Properties and representations of the Dirac matrices are treated in appendix A.



1 THE STANDARD MODEL OF PARTICLE PHYSICS

Another crucial point is a proper description of the fermion fields 1. Since they carry
spin 1/2, the spin vector has to be changed when the field is undergoing a Lorentz transfor-
mation. Hence, fermion fields do not transform like four vectors even though they carry
four components. Fermion fields transform according to a different representation of the

Lorentz group called spinorial representation®:

Y(@)® = ¢ (a') = (Ap)yy (A", (1.14)
with Ap = exp (W) , (1.15)
and ot = %[7“,7”]. (1.16)

Since fermion fields v are spinor fields, they are also referred to as Dirac spinors or bi-
spinors, as noted in [25, p.216], and their four complex components 1* are labeled with
Dirac indices a =1, ..., 4.

Now we are finally able to write down the Lagrangian properly as
£ = W 9y — mi, (1.17)
where the Dirac adjoint spinor is denoted as
¥ =Ty (1.18)

As usual we can receive the corresponding field equation for fermions, called the Dirac

equation, using the Euler-Lagrange formula, i.e.

(iv"0, —m)y = 0]. (1.19)

Employing the Feynman slash notation y*a, = ¢ we can rewrite the Dirac Lagrangian
and the Dirac equation as

L =1pid —m)y (1.20)

(id — m)y = 0. (1.21)

1.2.4 Weyl Equation

Before we discuss Weyl spinors, we should discuss handedness of fermions. In order to do
this, two different properties have to be distinguished as done in [29, p.10ff]. A fermion
obeying the Dirac equation can be classified in left or right-handed (LH resp. RH) due
to the relative orientation of its spin® ¥ and its momentum p. Therefore, the helicity of
a fermion

po 2P (1.22)

p

is defined as the projection of the spin vector onto the direction of the momentum. As

a fact h has eigenvalues 41, we call an eigenstate with eigenvalue +1 RH and one with

4A more comprehensive discussion can be found in appendix C.3.

®These spin matrices are given by X! = Eijk%()’jk, compare to equation (C.46).

4



1.2 Fields and Field Equations

eigenvalue —1 LH. Even though helicity is invariant under rotations, it is not under boosts
for massive particles which cannot move at the speed of light. For these fermions it is
possible to transform into a frame of reference where the direction of the momentum is
changed, whereas the spin vector stays unaffected. But helicity is a conserved quantity

for a free particle, since h commutes with the Dirac Lagrangian.

The second property which can be defined is called chirality. It is a more abstract
concept where fermions are distinguished according to their behaviour under Lorentz
transformations. The spinorial representation of the Lorentz group for a Dirac spinor is
reducible and decomposes, when using the gamma matrices in the Weyl basis®, into two
irreducible representations acting on two-spinors, i.e. the transformation matrix becomes
block digaonal”. Hence, the two upper and lower components of a Dirac spinor are
decoupled under Lorentz transformations. The upper part transforms according to the LH
spinorial representation, whereas the lower part transforms according to the RH spinorial
representation. Therefore in general, a Dirac spinor can carry both, LH and RH, chirality
components and it is possible to project the fermion field onto either its LH or RH
component. Formally chirality can be defined by the fifth gamma matrix® ~°, which has

eigenvalues 4-1. Using v° we can define two projection operators’

1 1
PL = 5(14 — "}/5) and PR = 5(]14 + 75), (123)
with properties (PL)2 =P = (PL>T
Pr)* = Pr = (Pg)',
(Fr)” = Pr = (Pr) (1.24)
PrPr =0,
PL + PR = 14.

These projection operators act on the spinors in such a way that the Dirac spinor can be

formally decomposed into two components of different chirality
¢ :wL + ¢R7
with ¢, = Py and g = Pry,

or alternatively we can say

(1.25)

Pripr, =y, Prr = Vg,

(1.26)
Pryr =0, Ppypp = 0.

Those components ¥, and g are LH and RH respectively and transform as indicated

above according to the LH and RH Weyl representation'® A; and Ap. Since the transfor-

6See appendix A.3.3.

“For details see appendix C.3.3 .

8We are using 7° = i7%y'+2+3. For a proper definition and properties see appendix A.1.2.

9Note that in some literature different conventions could be used.

0They transform the same way under rotations, but oppositely under boosts. For details see again
appendix C.3.3.



1 THE STANDARD MODEL OF PARTICLE PHYSICS

mation behaviour of the upper two components is decoupled from the one of the two lower
components it is possible and also useful to denote the upper resp. lower components of

Y1, and ¥ as two two-component spinorst! y;, and £z. So we can write the Dirac spinor!?

as
_ (XL
y= (@)’ (1.27
with o = Ppip = (XL> and g = Prtp = (0 ) (1.28)
0 90

and those two independent two-spinors x and &g are called Weyl or chiral spinors.
Unlike helicity the property of chirality is Lorentz invariant but not conserved, because
~® does not commute with the mass term of the Dirac Lagrangian. Nevertheless, in the
massless limit the problem of Lorentz invariance of h disappears as well as the problem
with the conserved value of 4%, since ° does indeed commute with the mass-independent
term of the Dirac-Lagrangian. It can be shown!?® that helicity and chirality become
equivalent'* for massless fermions. Therefore Weyl spinors are used to describe massless
fermions. Following now [30, p.51f], we insert (1.27) into the Dirac Lagrangian (1.20) we
get
L =i(x0)'e"0uxr +i(€r) 0" 0ur — m(xL)T€r + (€r)TXL], (1.29)

where we have introduced a new notation for the Pauli matrices
ot = (15,0") and 7" = (1s, —0"). (1.30)

Having a closer look at equation (1.29), as done in [31, p.91f], we can see that both
Weyl spinors are coupled in the mass term, which means a massive fermion requires both
xr and {r. For a massless fermion this equation decouples into two similar equations one

for each Weyl spinor:

iﬁ”aHXL =0 and ia“@u&g =0]. (131)

Hence, a massless fermion can be described by one single Weyl spinor with the corre-

sponding one of the equations of motion above, which are called Weyl equations.

1.2.5 Majorana Equation

In contrast to the previous subsection we now want to return to massive fermions. We
want to know, if there are real solutions of the Dirac equation (1.19). Putting it differently
we want to investigate, if there are real spinor fields which fulfil the Dirac equation. To

discuss this, we might follow [29, p.4ff] and start with the observation that the answer

1We denote them Y, and &g to emphasize their independence from each other and to distinguish them
from the Majorana spinor, which will be discussed in the next section 1.2.5.

12This is the reason why Dirac spinors are also called bi-spinors.

13For this proof see [29, p.13].

14This equivalence can be used to define chirality on two-component Weyl spinors. Even though chirality
can not be defined on these objects, because we can not use 7°, it is possible to define helicity eigenstate
vectors in the two-component notation using Pauli matrices instead, as done in [29, p.18].
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depends on the used representation of the gamma matrices {y*}. If every gamma matrix
has only purely imaginary non-zero elements, then the Dirac equation is real and therefore

we are able to find a real solution, i.e. a spinor field ¢ for which!?

=1 (1.32)

Fortunately, it is possible to define gamma matrices in such a way that the condition

claimed above can be satisfied, namely if
AR = —AH, (1.33)

This can be achieved by using the Majorana basis'® for the gamma matrices. But even
if we are using another basis we would still be able to obtain a similar condition like

7

(1.32) for the spinor field. Due to Pauli’s fundamental theorem!” we are able to change

to another basis of gamma matrices v* using a unitary matrix U by
A = UyrUT. (1.34)
If a spinor field ¢ is a solution of the Dirac equation in the Majorana basis {3"}, then

Y = U (1.35)

is a solution likewise in another basis {7*}. Thus, the Majorana condition (1.32) for an
arbitrary basis is given by

v = UUTY*, (1.36)
which is easily derived from equation (1.32) and (1.35)'. Of course the matrix product
UUT is also unitary, because U is unitary. It is customary to introduce another unitary
matrix C' defined!” as T

UUT = Cy° (1.37)
which we use to rewrite the right hand side of equation (1.36) and denote it in a more
compact notation, as .
WO =0yt = oy (1.38)

Hence, we can achieve the Majorana condition®

=9, (1.39)

which defines a Majorana field in any basis?!.

15To prevent confusion of notation, here quantities with tilde refer to the Majorana basis.

16For an explicit display of the # in this basis see appendix A.3.4.

TFor a complete statement of the theorem and a reference to its proof see appendix A.3.1.

18From equation (1.35) we get 1) = U'tp and inserting this into (1.32) we obtain Uty = (UTy)* = UTy*
which leads to (1.36), where we used the unitarity of U.

19The reason why we use an extra factor of WOT in the definition is discussed in appendix B.2.2.

20Tt can be shown that this condition is Lorentz invariant [29, p.8f].

21For the case of a Majorana basis of gamma matrices we have simply Cmaj = 14 (see appendix B.2.2
equation (B.48)) and the Majorana condition has the form (1.32).
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The matrix C is also known as charge conjugation matriz and its defining relation?? is

given by

()" =-C 'y, (1.40)

The equation (1.38) defines the charge conjugated Dirac spinor.

So far, a Majorana fermion field in the Majorana representation has four real compo-
nents. Now we want to represent it in terms of two-component Weyl spinors analogously
to the Dirac field in equation (1.27), but now we have to take care of the Majorana con-
dition. It is interesting to see how the Majorana condition (1.39) looks in terms of the

decomposition into LH and RH Weyl spinors. Using relation (1.27) and the form of C' in

XLy _ ! ¢
()=t

T

= OWeyl’YO ¢
) 2 .

= —iy"y" Y

()
(xo)* )

Thus, the Majorana condition in the Weyl basis reads as

the Weyl basis®® we get

(1.41)

XL = —i0*(ER)* (1.42)
and fR = iUz(XL)* = XR- (143)

Since the two two-spinor components are correlated by this relation, we denote the lower
one as xgr to emphasize this correlation, and hence we can write a Majorana field in the

chiral representation in the form

1= () = (wtusrio) =

or, since we only need one two-spinor for describing the Majorana spinor, we might use
Xz =: x for a shorter notation. Analogously to (1.25) and (1.28) for the Dirac field a
Majorana field can be defined by the sum of a spinor with distinct chirality and its charge

conjugated spinor, i.e.

b=+ (¥r)°,
with ¢ = (’5) (1.45)
and (1)° = (Z.USX*)-

22This relation follows from (1.34) and (1.37). In formula (B.20) in appendix B.2 it is derived also in an
alternative way.
28ee appendix B.2.2 equation (B.47).
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1.3 Electroweak Theory

Finally, we want to obtain the Majorana equation, as done in [30, p.207f]. First, we

establish the Dirac Lagrangian of a Majorana field in the four-component notation?*
1 ,—. —
£ =3 (Gidy —mip)

it + G m G Gl

Using the Weyl decomposition and the chiral basis of gamma matrices?® we get analogously
as for the Weyl Lagrangian (1.29) the following Lagrangian for the Majorana fields:
i

£=3

{XTE"@X + XTaza“azaux* —m (XTO'QX* — XTazx)] , (1.47)

where we used (02)7 = o2.

Furthermore, it can be shown?®, as done in [29, p.22] that (0?c*0?)T = 5* and therefore
XTUQU“UQOMX* = —6MXTE“)(. (1.48)

For further simplification it should be remembered that the physical important quantity
is the action S = [ d*zL, which has been done in [32, p.4]. Using partial integration the
derivative of the second term can be transferred form x' to the field xy and hence
i
S = /d4x2i [XTEMGMX + XT020#028MX*} —gm (XTagx* — XT02x) ) (1.49)
Thus, we obtained the Majorana Lagrangian
1
L =ix'a"d,x + gm (XTUQX — XT02)<*) : (1.50)
The equation of motion, i.e. the Majorana equation that follows from this Lagrangian’

is given by

7d,x —mao*x* =0]|. (1.51)

1.3 Electroweak Theory

For the purpose of this thesis it is sufficient to restrict ourselves to electroweak interac-
tion since only quarks participate in strong interaction. In the Glashow-Weinberg-Salem
(GWS) model electromagnetic and weak interactions are unified to the so-called elec-
troweak (EW) interaction that means the two elementary interactions can be seen as two

aspects of the same force.

24'The overall factor of 1/2 compared to the general Dirac Lagrangian (1.20) is usual for self-conjugate
fields, introduced to ensure a consistent normalization of the field operators in QFT" [29, p.21]. For
details of the derivation of this Lagrangian see appendix F.1.
o
258ee appendix A.3 and note that in the Weyl basis we can use notation (1.30) and write y* = (UOH UO > .
261t should be emphasized, as done in [29, p.22] that commutation of two fermion fields produces a minus
sign.
2TThe calculation can be found in [29, p.22] or in [30, p.208].
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1.3.1 V — A Structure of Weak Currents

As mentioned in [25, p.331], the crucial structural difference between the electromagnetic
(EM) and weak currents is that the EM current (see equation (B.65)) is purely vectorial,
whereas the weak currents exhibit vector and axial vector contributions.

It is noted in [33, p.236] that the experimental data is in accordance with the assump-

tion that interactions of leptons only appear in the following forms:

Zwm — 75)1, (2), (1.52)
Z%ﬂu — ¥5) (), (1.53)

where ¢ labels the charged leptons, i.e. £ = e, u, 7, and v, the corresponding neutrinos.
Then, in analogy to the interaction Lagrangian of QED, we can write for the weak leptonic

interaction

Loear () = gw I ()W, (@) + gw J* (@)W} (@), (1.54)

where gy is a dimensionless coupling constant and the field W, (z) describes the mediating
particles of the (charged) weak interaction®®. In [33, p.241] the V — A structure of the

current is emphasized by writing the current as the actual difference
JH(x) = Jy(x) = Ji(z) (1.55)
of the vector current and the axial vector current given by

Jv —ZW )7y, (), (1.56)
Zw )7y Py, (1.57)

It is easy to see that the vector current J{; changes sign under the parity transformation®’
whereas the axial vector current J%(x) does not. Therefore, parity is not conserved,
because the interaction Lagrangian (1.54) is not invariant under spatial inversions.

This specific structure has striking consequences for massless particles, e.g. neutrinos
in the SM, or for particles in the high energy limit. In these two cases, chirality and
helicity become equivalent and the LH chirality projector given in (1.23) appears in the
V-A current (1.55). In analogy to the property (1.26) we define the LH neutrino field

operators as

v (1) = S (1 = 75)1y, (2). (1.58)

In the currents (1.52) - (1.53) only those LH operators appear, which can annihilate only
LH neutrinos and create only RH antineutrinos. Thus, RH neutrinos and LH antineutrinos
do not enter in weak interactions and only LH neutrinos and RH antineutrinos take part

in weak interactions. For the LH charged lepton fields the LH field operator %Ufe can be

28This will be discussed in detail in subsection 1.3.2.
29Gee appendix B.1.
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1.3 Electroweak Theory

defined analogously and the leptonic current (1.52) can be written as
= 2Z¢e )ty (), (1.59)

where only the LH fields are involved for the neutrinos and also for the charged leptons.

1.3.2 Electroweak Gauge Theory

In appendix B.4.4 global gauge transformations for the weak interactions are discussed,
as well as the appearance of LH isodoublets W} = ( W ) and RH isosinglets® ¢/ and
wR In this section we follow [33, p.268ff], while using the notation in [34]. We generalize
the SU(2)r and U(1)y transformations discussed in appendix B.4.4 form global to local
phase transformations, like in the section B.4.1 on QED. First we discuss the local SU(2),
transformations

U = exp (igTjw; () (1.60)

under which the lepton (fermion) fields transform as

UF(x) — exp (igTjw;(x)) U (2), (1.61)
T, (z) — Uy () exp (—igTjw;(z)), (1.62)
V(@) = oR(), O (2) - ol (), (1.63)
Gi@) = D), (@) = (). (1.64)

The w;(z) (j = 1,2,3) denote arbitrary real differentiable functions of x, and ¢ is a real
constant®'. T; = %Tj are the generators of the algebra, with 7; denoting the Pauli matrices
defined in (A.35). To make the free Lagrangian

Cow = i [T @BV} () + 0 (2)D0f () + 0, () B0, ()] (1.65)
invariant under these local phase transformations, we introduce the covariant derivative
" — DMy (z) = 0" +igW!' (2)Ty, (1.66)

where W/ (z) are three real gauge fields®>. Thus, the Lagrangian is modified to
Lo — 1 [, (1) PUF () + 0, ()L () + by, () P01 ()] (1.67)

Since SU(2)y, is in contrast to U(1) a non-abelian gauge group the transformation of the
the gauge field is more complicated, because it has to be taken into account that the

matrices U do not commute. Hence, we get for the gauge fields

WHT; — UWIT,U ™ 4 - p (a U)U, (1.68)

30Even though RH neutrinos are not included in the SM interactions, we already introduce the RH
neutrino field operator and its transformation properties, because we will need this later on.

31This constant will be identified later in the EW unification as coupling constant.

32Tn contrast to QED we now need three gauge fields, since we have three generators of the group or also
three conserved charges (see appendix B.4.4).
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

and the field strength tensor is given by
Fi,T; = F = 0,W, — 0,W, +ig [W,,W,], (1.69)

and therefore it transforms like
F, —UF, U (1.70)

Analogously to QED a free part for the gauge fields has to be added to the Lagrangian,

but first we want to investigate the local U(1)y transformations.

The local phase transformations for all the LH and RH fermion fields are

v(a) = exp 15 ()] (), (1.71)

D) = B exp [-ig 510 (1.72)

where ¢’ is a real number®® and f(z) is an arbitrary real differentiable function. The weak
hypercharge Y takes different values for the LH doublets and RH singlets, which are listed
in appendix B.4.4 in table 23. Since the gauge transformations associated with the weak
hypercharge are U(1) transformations, the following procedure is analogous to the QED

case. We introduce the covariant derivative
0, —D,=0,+ ig’};B#(x), (1.73)
with the real gauge field B,,(z) transforming like
Bu(x) = B(z) + gl,a# f(a). (1.74)
The corresponding field strength tensor is simply
B, =90,B, —0,B,. (1.75)

If we combine both covariant derivatives (1.66) and (1.73), i.e.

- %
DF = 9" + igTWH(z) + ig';B“(x) : (1.76)

to ensure invariance under the whole local gauge group SU(2) x U(1), the Lagrangian for

the leptons becomes
Lhy — iV, (2) DL () + 0, (2) PUfi(x) + b, (2) P S (), (1.77)

where T = %7_" for the LH doublets and T' = 0 for the RH singlets and the weak hypercharge
Y = —1,-2,0 for LH doublets, RH singlets 1, and ,, respectively. This Lagrangian
now contains the free lepton Lagrangian L% as well as the interaction part Ly, of the

fermions with the four gauge fields, which come from the covariant derivative term, i.e.

Liw = =97 (x)Wiu(x) — ' J¢ () Bu(x), (1.78)

33The meaning of ¢’ will be determined in section 1.3.4.
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1.3 Electroweak Theory

where J!'(z) are the weak isospin currents given in equation (B.101) and Ji(x) the weak
hypercharge current given in equation (B.107).

Furthermore, like in the case of QED, we have to add a free part to the Lagrangian for
the gauge bosons W; and B. Again we assume them to be massless and we use the Proca

Lagrangian given in (1.9) to write the gauge boson Lagrangian as

1 1
E%W = _ZWMViM/YiMV - ZBMVB“V . (179)

So the complete Lagrangian3* for fermions and gauge bosons and their interaction is given

by

where now also quark fields are included to describe the full theory, i.e.

Lo+ L = Y i [0, () PUF(2) + 3, (2) PUfi(x) + 0y, (2) PYS ()] + (1.81)

PR [Ty ()P () + 0 (2) P ()| + 32 [0y () Do) .

1.3.3 The Higgs Field

So far we have obtained a SU(2);, x U(1)y invariant description of EW interactions of
fermions and gauge bosons, but unfortunately the particles are still massless in this model.
As it is mentioned in [25, p.360], "the principle of local gauge invariance works beautifully
for the EM interactions" discussed in section B.4.1, since the photon is massless and the
mass term of the fermions does not destroy the U(1)gy gauge invariance of the Lagrangian.
In the EW theory the necessity arises for massive gauge bosons. This can be achieved by
the procedure of spontaneous symmetry breaking (SSB) and the Higgs mechanism?®.

Spontaneous symmetry breaking appears in a theory if the state of lowest energy of
a Lagrangian is degenerate. According to [33, p.280], this means "there is no unique
eigenstate to represent the ground state. If we arbitrarily select one of the degenerate
states as the ground state, then the ground state no longer shares the full symmetry
with the Lagrangian'. In the GSW model a complex scalar field ¢ is introduced, which
provides this property. In [25, p.362] it is emphasized that therefore SSB is no consequence
of an external agency, but rather that "the true symmetry of the system is hidden by the
arbitrary selection of a particular (asymmetrical) ground state".

The spontaneous breaking of a continuous symmetry gives rise to massless particles. In
[26, p.351] it is explained that in an O(N) symmetric theory a rotation in N dimensions

can be performed in any one of N(/N — 1)/2 planes, which is the number of continuous

34Note that the Lagrangian is subscripted EW because it already contains the electromagnetic interaction
as well. It will be more obvious in the section on gauge bosons 1.3.4. Furthermore, we will have to
include a scalar field (Higgs field) in section 1.3.3. After doing all this we will be finally able to really
write down the full Lagrangian of the GSW model of the EW interaction.

35For a more elaborated discussion see appendix B.4.2 and B.4.3.
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

symmetries in this theory. After SSB there remain (N — 1)(N — 2)/2 symmetries, which
correspond to rotations of (N — 1) massless fields. The number of broken symmetries is
N(N—-1)/2—(N—=1)(N —2)/2 = N — 1, which is the difference of unbroken symmetries
before and after SSB. The massless fields are called Goldstone bosons and the general
statement that for every spontaneously broken continuous symmetry, the theory must

contain such a massless particle, is called Goldstone theorem.

Finally, to obtain massive gauge bosons we have to apply the Higgs mechanism. As
indicated in [26, p.692] a massless vector boson has only two physical polarization states,
whereas a massive vector boson must have three. In the Higgs mechanism the gauge
bosons are said to be eating the Goldstone boson and therefore they get their third degree
of freedom. Thus, the Goldstone boson itself does not appear any longer in the Lagrangian

of the theory, which would be problematic, since they do not represent physical fields.

Now we want to apply the procedure discussed above to the case of EW theory. In
order to break the SU(2) symmetry in EW theory, as mentioned in [33, p.290], a weak
isospin doublet (Higgs doublet) of complex scalar fields has to be introduced, i.e.

b(x) = (2;8) (1.82)

where ¢;(x) and ¢o(x) are complex scalar fields invariant under Lorentz transformations.
This Higgs doublet transforms under the SU(2) x U(1) gauge group like the isospin
doublets ¥} (z) in (1.61) and (1.71):

d(x) — exp M d(x),
s, 20 or[mE R0, (1.83)
Ol(x) —» @f(z )exp[ ],
O(x exp |ig'Y f(z)| ®(z),
vy { 2@ o i) o (184)
Ol (x) = O (x)exp [—ig'y f(z)] .
The Lagrangian®® of this field is given by
Ly = (D,®)" (D'®) + V(D) (1.85)
with the covariant derivative D,, given in (1.76) and the potential
V(@) = —Pole - A (o)’ (1.86)

where A and p are real constants.

We assume A > 0, otherwise the potential would not have any lowest energy state.
Further, for our purpose we assume pu? < 0, because in the other case the ground state
would not be degenerate. It can be shown, as in [33, p.291] that V(®) possesses a minimum

at

2
@10 = |l + ol = (187

)\

36Compare to the Klein-Gordon Lagrangian (1.3) without the explicit mass term.
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1.3 Electroweak Theory

Hence, without loss of generality, we can choose one particular vacuum state as

vr(-(3)

where the chosen vacuum expectation value (VEV) is

112
v=1/-% (>0 (1.89)

Therefore, the SU(2), x U(1)y symmetry is spontaneously broken to U(1)gy, because af-
ter this particular choice the vacuum ground state (1.88) is, in general, not invariant under
the SU(2)r, symmetry. Nevertheless, it must be invariant under U(1)gy, to ensure charge
conservation and zero mass for the photon. Assigning a weak hypercharge of Y3 = !/ to
the Higgs field, the lower component ¢y(x) of the Higgs field is electrically neutral due
to the Gell-Mann-Nishijima formula (B.109). Hence, in case of our choice (1.88) we find
that "spontaneous symmetry breaking only occurs in the electrically neutral component
of the vacuum field (1.88), and charge conservation holds exactly" [33, p.291]. Thus, we
might denote the components of the Higgs doublet in a different way to emphasize their

EM charge as
ot
o = <¢o>' (1.90)

Following [33, p.291] we parametrize the Higgs doublet in terms of its deviations from
the vacuum field ®4 by

_ L fom(e) +iny(x)
(@) = V2 (v + h(z) + z'n;;(:v))’ (1.91)

where h(x) and n;(x), i = 1,2, 3 are four real fields. Only h(z) is a massive field, whereas
the three fields 7; are massless as predicted®”, since all three generators of SU(2) are
broken equally. These Goldston bosons are unphysical fields and can be removed by

choosing a particular gauge for the Higgs doublet, called the unitary gauge, i.e.

O(z) = ¢1§<u +(;L(x)>, (1.92)

which no longer contains the unphysical fields 7;(x). Hence, in this particular gauge the

Lagrangian (1.85) becomes after SSB:
4

o sspl u_zz< 1>2N
Lhw 3P S (Duh) (D*h) = 3k (14 -h) + . (1.93)

We can now easily read off the mass term of the field h(x), which we call the Higgs field,

m; = 2\ |. (1.94)

37See appendix B.4.2.
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

1.3.4 Gauge Boson Masses

We now want to apply the Higgs mechanism to obtain mass terms for the gauge bosons.
In doing so, we will find the real physical gauge boson fields, which will be the actual mass
eigenstates. In section 1.3.2 we found four gauge fields W} and B* for the SU(2), xU(1)y
invariant EW theory. According to [34, p.IX.5], B* transforms as a SU(2) singlet and
does not couple to other gauge bosons, thus T = 0 and Yz = 0. Therefore using the Gell-
Mann-Nishijima formula (B.109) we find B* is neutrally charged, i.e. @g = 0. The three
W} bosons transform according to the adjoint representation of SU(2). However, each of
them does not couple to other gauge bosons, thus Yy, = 0. Using the Gell-Mann-Nishijima

formula (B.109) again, we obtain the charge matrix of the triplet

0
Qw =Ts = (—iegw) =1|—-1 0 0]. (1.95)
0 0
This has eigenvalues +1 and 0 for the eigenvectors
&y = ;5 (1, =i, 0)', &=(0, 0, 1), (1.96)
respectively. Hence, W* can be decomposed into
W, =Wies+ Whe, + W,e., (1.97)

with the charge eigenstates of W#
1y 2 1_ 2
p Wt W W m W

We can achieve the mass terms of the gauge bosons by investigating the first term of the

(1.98)

Lagrangian L3y (1.85) after SSB and using the unitary gauge of ® given in (1.92)
t o uay SBB g +u v? 3 / 3u I
(D, ®)" (D) "2 S =W W 4 (—gWi+g'B,) (—gW™ +gB"),  (1.99)
where the last term can be rewritten while introducing the Weinberg angle 6y,

/

9 9

When doing this, we find the neutrally charged gauge bosons W? and B are mixed to the

cw = cos by = sy = sin by = (1.100)

physical mass eigenstates Z° and A

ZO . W3
L . (1.101)
A SWwW Cw B
The part of the Lagrangian that gives the desired mass terms for the gauge bosons becomes

1
(D, @) (Dr®) 5P 2, Wiw—+ 4 522", (1.102)

16
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with the masses

2,2 2 12,2
my =20 mi= (Vs (1.103)
4 4
where the following relation is valid
W cos Gy (1.104)
myz

Hence, we have obtained three massive gauge bosons for the weak interaction and one
massless gauge boson for the EM interaction, i.e. the photon. Now we are able to rewrite

the covariant derivative D, defined in equation (1.76), in terms of the physical gauge
boson fields

_ 9 + Ny W2 ;

D, =0, + NG (Te W, + 7w, ) + - (T3 — $3,Q) Z, + ieQA,, (1.105)

where we defined

0 for singlets,
T, =T, +ily = 0 1 00 1.106
- S , for doublets, ( )
0 0 10
and

gsw = gew = e. (1.107)

The first term gives of the covariant derivative above will give the kinetic term for
the free fermions, the second term the charge weak current, the third the neutral weak

current, and the fourth term the EM current.

1.3.5 Fermion Masses

So far the fermions of the theory are still massless, since the Lagrangian Lgw in equation
(1.80) does not contain any fermion mass terms. Citing [33, p.292], "to obtain non-
vanishing fermion masses, we must augment the Lagrangian by adding a suitable term",
where the fermions are coupled to the Higgs field through so called Yukawa interactions.
The Yukawa Lagrangian according to [35, p.13] is given by

3

ij=1
where we introduced a different notation for the LH quark and lepton doublets, ¢;;, and
D;y, respectively, and RH quark and lepton singlets®®, d;r, u;r and ¢;p for convenience.

ng), Agj.) and Fg) are the 3 x 3 Yukawa coupling matrices of the fermion fields to the

38Note that in this theory RH neutrinos are not included.
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

Higgs doublet. The charge conjugated Higgs doublet ® is defined as

. ) _ 0 1
b =ed WlthEZZTQZ( . 0). (1.109)

Its transformation property follows from the one of ® given in (1.83) and from the fact
that for any U € SU(2), eU* = Ue is valid. Thus, ® transforms under SU(2) as & — U®,

and its weak hypercharge is of opposite sign compared to Yg, i.e.Yz = —Ys.

We called this the charge conjugated Higgs doublet since we derive from (1.109):

b= (f;) 5B ;5 (”* +Oh<x>>, (1.110)

where we used ¢ = ¢~ and also displayed its form under SSB and in unitary gauge like
® before in (1.92). Hence, we can see that ® will give mass to the lower components of

the LH doublets, whereas ® will give mass to the upper components.

Following [34, p.IX.7], we achieve fermion mass terms by SSB and inserting the Higgs

doublets ® and ® in unitary gauge in the Yukawa Lagrangian. Thus, we obtain

—ﬁyuk Sﬂ)_% ELMddR + ULMUUR -+ ?LMng + H.c. s (1111)

with fermion mass matrices

M, = —T@, M, = o, (1.112)

V2
where dy,/gr, ur/r and £1/r denote the vector of the down-type and up-type quark spinor
fields, as well as the vector of the charged lepton spinor fields respectively, which are still
no mass eigenfields. For obtaining these we diagonalize the mass matrices by a biunitary

transformation (theorem E.2.1):

UNMUL = My = diag(mg, m, my), (1.113)
UMM UL = M, = diag(my, me, my), (1.114)
UL MUY = M= diag(me, my,, m.). (1.115)

We can now define the chiral mass eigenfields™ d7 ,, u} g, 07 as

drjp = Ui ey p, wrr = Up gt g, (1.116)
lrip = Upplep,  ver = Upvy. (1.117)

Inserting all this into the Lagrangian (1.111) and using the explicit form of the physical
mass eigenfields defined according to (1.25)

d u e
d=d +dy=1|s|, v=u,+up=\c|, =0+=unl|, (1.118)
t T

39Note that in the minimal SM neutrinos are only LH and massless and no lepton mixing occurs, when
vy is defined in this way.
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1.3 Electroweak Theory

we achieve

—Law =Y myff <1 - Z) (1.119)
]

where f =u,c,t,d,s,b, e, u, 7 are Dirac fields, even though we started with chiral fields.

1.3.6 Electroweak Currents and Quark Mixing

Finally, we discussed all necessary Lagrangians to write down the complete Lagrangian
of the EW theory, which is given by

Low =Y Lhw + Liw + Liw — LW | (1.120)
P

where we combined the Lagrangians given in (1.81), (1.79), (1.85) and (1.108). So far we
have also already calculated partially the Lagrangians Loy, and L% after SSB in unitary
gauge, where we obtained the mass terms (1.93), (1.102) and (1.119). Furthermore, we
can rewrite L&y in terms of the physical gauge fields found in (1.98) and (1.101), which
has been done in [33, p.299], as well as in chapter two in [36].

At last we should investigate the fermion Lagrangian 3°,, E%W, given in equation (1.81),
when we insert the covariant derivative (1.105). Beside the kinetic terms of the fermion
fields, the covariant derivative also yields the coupling of the fermion fields to the gauge
fields, i.e. the charged weak, the neutral weak and the EM currents. Citing the results in
[27, p.15/19ff] we find

Loo = —\5’5 Sy (T W, + Ty ) o, (1.121)
P
Lyc = _cosgew > gyt (Tg — sin? QWQ) vz, (1.122)
¥
Lpy =—eY Quiy'pA,, (1.123)
Y

where 1) denote all chiral quark and lepton flavor fields, which contribute to the charged,

neutral and electromagnetic interactions.

Inserting the physical columns field d’, v/, ¢, v; into Loc we achieve

— _L AR (T AN Y / +
Loo = WG {u’v (1 —75)Vexmd + v/+#(1 75)6} W, +Hec., (1.124)
with a 3 x 3 unitary matrix Vo called the Cabibbo-Kobayashi-Maskawa (CKM) matriz™:
Vexm = UMTUE . (1.125)

This matrix describes the mixing of quark flavors in charge weak interactions. It gives

the relation between the flavor eigenfields d, s, b and the physical mass eigenfields d’, s’, b’

40Sometimes it is also called just Kobayashi-Maskawa (KM) matrix.
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1 THE STANDARD MODEL OF PARTICLE PHYSICS

by
d Ui Uus U\ (d
s|=|Ua Us Uy s’ (1-126)
b Ua Us Un) \V

According to [25, p.321], "
independent. Veoky can be reduced to a kind of canonical form, in which there remain
(01,65, 05) and one phase factor (9):"

there are nine entries in the CKM matrix, but they are not all

just three generalized Cabibbo angles ,
(6] S1C3 51853
i ¢10y556™ 7

18983 — Cocye®d

Vomk = | —s1c2 c1cac3 — sa83€

—81S9  C1S9C3 + o836

where ¢; denotes cosf; and s; for siné,;. In [25, p.67] it is noted that although at weak
vertices only members of the same generation are coupled, there is no flavor conservation
in weak interactions. Hence, the EW theory is sometimes called flavordynamics.

It is mentioned in [36, p.79] that "there are several different ways to parametrize the

CKM matrix. The parametrization advocated by the Particle Data Group is:

i1
C12C13 $12C13 S13e” 18
_ is is
Vokm = | —s12C23 — €12593513€"° 1293 — S12593513€"18 $23C13 (1.127)
6 6
512523 — C12C23513€""1®  —C12523 — S12C23513€""  C23Ci3

in which ¢;; and s;; are shorthand for cos 6;; and sin 0;; respectively, and the mixing angles,
0;;, are experimentally known to satisfy 013 < O3 < 012 < 1."

Finally we also insert the physical fields into Ln¢ and Lz, and obtain

S A (ap —bpys) fZ, (1.128)

Lo —
NC ™ o cos HW

Loy = —eZfowau. (1.129)
f

Here f = f1+ fr denotes the physical fields v/, d', ¢, v, with charge @) and the coefficients

in the neutral current interactions are given by

af:téf—281n28w'@f, bf:téf. (1130)

The parameter tX s denotes the eigenvalue of T3 in the SU(2) doublets, which are given in
table 2 below.

f o d v v,
1 402 1, 202 1] 1 .2
ag | 5 —3sin“Oy | -5+ 5sin“Oy | 5 | -5 + 2sin” Oy
1 1 1 1
by 2 —3 2 -3

Table 2: Coefficients for neutral current weak interactions of different fermion types.
Reprinted from [27, p.15/21].

20



2 Neutrino Mass Terms and Mixing Schemes

Now we want to discuss how neutrino mass terms can be included in the SM and for some
introductory remarks we will refer to the discussions done in [36, p.397f], [37, p.4], [38,
p.2ff,17], [39, p.6,28], and [2, p.678].

In the last section we have introduced an appropriate field description of the particle
content of the SM and discussed the electroweak unification. We have seen that elementary
fermions can be described by LH and RH Weyl spinors*'. The crucial difference between
neutrinos and other fermions is that they enter the SM Lagrangian with just one chirality,
whereas charged leptons and quarks all come in pairs of LH and RH fields, which can be
combined to Dirac spinors 1) = 11, +1r. Since neutrinos are electrically and color neutral
they only participate in weak interactions and therefore only one definite chirality state of
neutrinos is required in the SM. In the Goldhaber experiment [40] it has been confirmed
that only LH neutrinos take part in the weak interaction, which is in accordance with the
fact that the EW theory is a chiral theory, where parity is maximally violated due to the
V-A structure of the charged EW currents. Thus, the existence of only LH neutrinos is
strongly connected to parity violation, since the EW Lagrangian?? is not invariant under
parity transformations, which has been confirmed in the famous Wu experiment [41].

A consequence of the absence of RH neutrinos in the SM is that no Yukawa interactions
with the Higgs doublet exist for neutrinos as they do for charged leptons and quarks. Thus,
neutrino masses can not be generated by the Higgs mechanism like the other fermion
masses and they remain massless after SSB in the minimal version of the SM. The only
chance to obtain neutrino mass terms is to extend the SM and use a beyond the SM
mechanism for mass generation. Whereas gauge symmetry and Lorentz invariance need
to be maintained, there are two other properties of the SM, which might be rethought,
namely the particle content and renormalizabilty*?.

The simplest approach, where renormalizability of the theory is maintained, is to work
in low energy regime (below the EW scale) and to extend the particle content of the SM
by assuming there are RH neutrinos. Those have not been observed yet, because their
interaction with other matter is too weak, as noted in [37, p.4]. So we simply introduce so-

called sterile RH neutrino fields vg, which do not enter any (EW) interaction since they are

41'We will describe in the following all fields by 4-component spinors. So if we are talking about LH resp.
RH Weyl spinors we think of LH resp. RH 4-component spinors v, ¥ g like defined in (1.28).

42More precisely the charged currents cause parity violation.

43 According to [42], "in the SM without RH singlet neutrino fields there are no renormalizable interactions
that give masses to the neutrinos after the SSB of the EW gauge symmetry with the Higgs mechanism.
However, there is a general belief that the SM is the low-energy manifestation of a more complete
theory [43, 44] (for reviews see [39, p.28ff] or [45, 46]). The effect of this new theory is to induce in
the Lagrangian of the SM non-renormalizable interactions which preserve the EW gauge symmetry
above the EW symmetry breaking scale, but violate the conservation of lepton and baryon numbers
(see [47] and references therein). These non-renormalizable interactions are operators of dimension
d > 5 and must be multiplied by coupling constants that have dimension M*~¢, where M is a mass
scale characteristic of the new theory".

21



2 NEUTRINO MASS TERMS AND MIXING SCHEMES

assumed to be total singlets under the entire SM gauge group, ie. Q =T =T; =Y = 0.
In this way both helicity states for neutrinos and antineutrinos are available to form a
mass term. The number of RH neutrino fields vy g can be arbitrary and can exceed the
number of LH neutrinos v,;,. We will denote the number of RH neutrinos by ng, counting
by the flavor index ¢ = e, u,7,... and analogously we will denote the number of LH
neutrinos by n; and count by the flavor index ¢ = e, u, 7,.... For simplicity we might
assume in this section ng = ny = n, so the number of RH neutrinos coincides with the
number of LH neutrinos*.

Another open question is, whether neutrinos are of Dirac or Majorana nature. As

5 neutrinos with

mentioned in [42, p.5f], if we impose "total lepton number conservation?
definite masses are four-component Dirac particles, since L is an adequate quantum num-
ber to distinguish between particle and antiparticle. But if the total lepton number is not
conserved, massive neutrinos are truly neutral two-component Majorana particles". These
possibilities correspond to the existence of different neutrino mass terms*, as found in
the Dirac Lagrangian (1.17) and Majorana Lagrangian (1.47). These terms are Lorentz
invariant bilinears of a LH and a RH field and hence of the form mpi resp. my T Cp,
where mp and mj,; denotes the masses in a Dirac or Majorana mass term respectively .
We will discuss those mass terms and their consequences on lepton number conservation

and lepton mixing in detail in the following subsections.

2.1 Dirac Mass Term

In section 1.3.5, where we discussed mass generation for fermions, we have obtained the
desired Dirac mass terms for all charged fermions by applying the Higgs mechanism to
the Yukawa Lagrangian (1.108). Since we have added RH neutrinos to the theory we
are now able to achieve Dirac mass terms for the neutrinos in a similar way. Therefore,
like done in [2, p.679f], [37, p.4f] and [35, p.30], we introduce Yukawa interactions, which
couple RH neutrinos to the LH ones via the Higgs field. As explained in [36, p.421],
these Yukawa interaction terms are allowed, since they are gauge invariant, because the
introduced RH neutrinos are singlets under the entire gauge group. So Yukawa couplings
are the only possibility for those fields to couple to the ordinary SM particles. Thus,
the new terms added to the SM Lagrangian are Lorentz and gauge invariant and also
renormalizable?”. So, besides a kinetic term for the RH neutrinos Y, iZgr@ver, we add

the mentioned Yukawa interactions to the leptonic part of Yukawa Lagrangian given in

440f course in the SM ny, = 3, but we want to discuss the following in a more general way, where more
than three lepton generations are possible.

45For details see appendix B.3.2.

46Tt should be emphasized like in [37, p.49] that even if the following mass terms are referred to as Dirac
and Majorana they have not much to do with the appearance of Dirac or Majorana particles, apart
from two special cases, which will be discussed in subsection 2.3.

4TAll terms of the Lagrangian have to be of dimension < 4. For i = ¢ = 1 we have dim(mass) = 1,
dim(length) =—1, dim(action) = 0, dim(vector field) = 1 = dim(scalar field) and dim(spinor field) =
3/5. Thus, a Dirac mass term m1) has dimension 1+ 3/5 +3/5 = 4.
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2.1 Dirac Mass Term

(1.108). Hence, we obtain

—L = > (EeL‘MwRFé? + EZLi)Vé’RA%2> +H.c., (2.1)

00 =e,u,T,...

where D = (v, €L)T denote again the LH lepton doublets and T'© A® are now n x n

Yukawa coupling matrices.

2.1.1 Mass Term

Now in analogy to section 1.3.5 we apply the Higgs mechanism by SSB of the extended
Yukawa Lagrangian (2.1) and inserting the unitary gauge for the Higgs doublet ® and its
complex conjugate ® given in (1.92) and (1.110) respectively.

vL
A
YD ¢------ D
0
| @
VR

Figure 3: Neutrino Dirac Mass term generation via SSB and Higgs mechanism by coupling
to the standard Higgs doublet ® with Yukawa coupling vp.
Adapted from [48, p.5].

This procedure, visualized in figure 3, leads to

0 SSB = _
© = Lp=— Z E@L(Mg>w,€g13 + VZL(MD)NIVZ’R + H.c., (22)
00 =e,pu,T,...
where the first term for charged lepton masses is already known, but the second term is
the new Dirac mass term for neutrinos with a n x n mass matrix*® Mp given by*’
v

My = \/EM’)T. (2.3)

So we obtain the desired Dirac mass term for neutrinos

Lp=— Z W(MD)M/VZL +H.c. = —vgMpr;, + H.c. , (24)

00 =e,u,T,...

where we introduced the n—component column vectors of neutrino flavor fields

VeL VeR
L VuRr
2 2
vy = > Vrp = . (25)

48The index D indicates the the mass matrix corresponds to a Dirac mass.
49We follow the convention in [35] by defining this matrix by the Hermitian conjugate of the Yukawa
coupling A,
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

Following [2, p.680] and using the same procedure as before in section 1.3.5, we diago-
nalize the mass matrix, which is assumed to be non-degenerate, by a biunitary transfor-
mation (theorem E.2.1). For doing so we introduce two n x n unitary matrices U5 and
UE, such that

UéTMDUR = Mp, (26)
with (mp),, = (mp),0ik, (Mmp), > 0. Again we introduce chiral mass eigenfields v} and
Vg, which are combined to physical mass eigenfields v/ = (vy), with k= 1,... n, i.e.

14

_77L. 1 __77R, I /o Va
v =Upvy, vr=Upvg, V =vi+vp=1| = |, (2.7)

Vn,

where v (z) is the field of a neutrino with mass (mp)g. Inserting this into (2.4) we get

ED = —VRTI’LDVIL + H.c. = —ﬁmpl/ = — Z (mD)kaVk. s (28)
k=1

We have seen that the Dirac mass matrix Mp is proportional to the vacuum expectation
value (VEV)® of the Higgs field, which is 75 = 174 GeV. Following the arguments of 48,
p.4], we would need Yukawa couplings that are very small (A” ~ 107!2?) compared to the
Yukawa couplings of the electron (I'® ~ 3 x 107%) for example, in order to accommodate
the observed small neutrino masses mp ~ 0.1 eV. This fact seems to be quite unnatural,
and so it is noted in [38, p.18] that, "it is very unlikely that neutrino masses are of the
same SM origin as masses of quarks and charged leptons'. Furthermore, it is explained
there, that these "extremely small values of the neutrino Yukawa couplings are commonly
considered as a strong argument against this origin of neutrino masses" and hence we have

to consider models of neutrino mass generation beyond the SM.

2.1.2 Mixing Matrix

In equation (2.7), we have introduced the physical mass eigenfields. We might rewrite

these equations by carrying out the matrix multiplication more explicitly

Ver = Z (Ué)EkaL (g =6 MU, T,.. ')7 (29)
k=1

Ver = Z (Ug)f’kaR (6/ =€, ,U, T,.. ) (210)
k=1

50Tn [37, p.5] it is explained that "in the early universe, when the temperature was high enough that Higgs
particles were present in the primordial plasma (T > Trw ~ 140 GeV for a Higgs mass my ~ 125
GeV), this interaction allowed vg-particles to participate in various different scattering processes. At
energies much below the mass of the W-boson one can in good approximation replace the Higgs field ¢
by its VEV 75 =174 GeV [49, 50]. [...] Thus, at T < Tgw the only effect of the Yukawa interaction
is the generation of the Dirac mass term Mp, and the only way how the fields v interact with the
SM is via their mixing with v;, due to Mp."
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2.1 Dirac Mass Term

Hence, the n flavor fields vy, (¢ = e, pu,7,...) are linear unitary combinations of the
LH components vy of n mass eigenfields of neutrinos with masses (mp), (k=1,...,n)
in the Dirac case, as noted in [42, p.6]. Even though we equivalently have (2.10), there is
no mixing of sterile and active neutrinos in this scheme, since the sterile RH fields do not
occur in the standard EW interaction Lagrangian.

Now we want to consider the lepton mixing matrix in analogy to the CKM quark
mixing matrix (1.125) discussed in section 1.3.6. As done there before we now insert
the physical neutrino fields (1.124) in the charged current Lagrangian, and obtain for the
leptonic part

o - _ 9 [@7“(1 — 75) Vemnst' W, + vy (1 — 75)VPTMNS€,W:} ’ (2.11)

cC — 2\/5

where we introduced in analogy to the CKM matrix the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix®', which is given by

Vpuns = UfTUlL) . (2.12)

In [36, p.412] in the case of n = 3 it is discussed that that "the PMNS matrix describes
3-flavor oscillations because lepton number conservations ensures that there are only three
distinct mass eigenvalues amongst which oscillations can take place. In particular there
are no new observable oscillation effects between the neutrinos and their antiparticles,
since these are guaranteed to have exactly equal masses by the lepton symmetry".

According to [36, p.400f], [37, p.8] and also [42, p.7,10], in the case of three neutrino
flavors n = 3, the mixing matrix may be generally parametrized in terms of three mixing
angles and six phases. A convenient parametrization of the PMNS matrix is the one

proposed in [51], as Vpyng = €?V K with

e = diag(e'?e, ' ), (2.13)
. ;X1 12 ;X3
K = diag (e“ /2 iz ol /2), (2.14)
V = Va3Vi3Vig
1 0 0 C13 0 813671613 ci2 S12 O
=10 Co3 S93 0 1 0 —S12 C12 0
0 —S93 (€23 —81362613 0 C13 0 0 1 (215)
i1
C12€13 $12C13 Syge” "0t
_ is is
= | —S12C23 — €12823513€""?  C12C23 — S12523513€" 3 s923¢13 | 5
s 6
512523 — C12C23513€""1®  —C12523 — S12C23513€"°1  C23Ci3

where ¢;; = cos6;; and s;; = sin§;;.
The three unphysical phases ¢; can be absorbed into the LH charged lepton fields in
the basis where M, is diagonal. By re-phasing these fields with ¢/ = e~%¢, the phase

factor € is removed from the charged current Lagrangian (2.11).

5INote the difference in the defintion to the CKM matrix: Vegy — VPJIMNS as emphasised in [35, p.30].
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

Comparing the matrix V' with the CKM matrix in the parametrization (1.127), we see
that it is CKM-like, whereas the full PMNS matrix is different, because of the appearance
of the extra phases in the matrix K. As mentioned in [36, p.400f], "such phases are
conventionally removed from the CKM matrix by performing phase rotations on the
first- and second-generation quarks, and this is possible within the SM because the rest
of the Lagrangian conserves flavor and so is unchanged by this re-phasing. The same
rotations also remove the phases in the PMNS matrix in our case where neutrinos are
Dirac particles', because the extra phases can be absorbed by re-phasing the neutrino
fields. However, only one phase is measurable [52] and the PMNS-matrix is analogous to
the CKM-matrix and depends on four parameters,, i.e. three angles and one CP-violating

phase®? §;3.

2.1.3 Lepton Number Conservation

As outlined in [30] the Lagrangian has only one remaining global U(1) symmetry, since
a phase convention has been defined for the PMNS matrix, which fixed the parameters.
According to [2, p.680] resp. [42, p.6] it is not difficult to convince oneself that not only the

Dirac mass term but even the total Lagrangian is invariant under U(1) transformations

ver(x) — eiAygL(x), vir(z) — eiAl/gR(I),

. 2.16
l(z) = eM(x), ( )

where A is a constant parameter, since it is the same for all neutrino and charged lepton
fields. Then, using Noether’s theorem, on can see that the invariance of the Lagrangian
under the transformation (2.16) implies that the total lepton charge or number®® L is
conserved and therefore, L is the quantum number that distinguishes a neutrino from an
antineutrino.

This implies that the neutrino mass eigenfields v; are Dirac particles with L(y;) = 1
and L(7;) = —1 for the antineutrinos 7;. The Lagrangian of the theory containing the

Dirac® mass term (2.4) is invariant with respect to the global gauge transformations

vi(z) — eiAVZ-(x),

| (2.17)
((x) — () C=e u,T,...,

where A is a constant parameter and we used (2.9).
Another important fact is that the family lepton numbers L, (¢ = e, u, 7,...) will not

be conserved in a theory with a neutrino mass term given in (2.4) if the matrix Mp is

521t is mentioned in [42, p.7] that "in this parametrization the CP-violating &;3 phase is associated with
s13 and hence it is clear that CP violation is negligible in the lepton sector if the mixing angle 613
is small. More generally, it is possible to show that if any of the elements of the mixing matrix is
zero, the CP-violating phase can be rotated away by a suitable re-phasing of the charged lepton and
neutrino fields".

53See appendix B.3.2 for definition and discussion.

5480 in this case the name Dirac mass term is really justified.
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2.2 Majorana Mass Term

not diagonal. However, in case of this neutrino mass term, the total lepton charge is

conserved and hence decays like
pt — et 4+, p—et +e +et,

(2.18)
Kt srt4pf4et,  u +(A2) —e +(A2),

etc. are possible in a model, where neutrino mixing is given by (2.9). In the neutrino
beams oscillations of the type v, S vy (£ # ') should be observed. But beside this,
as a consequence of the conservation of the total lepton charge L, neutrinoless double-(

decay
(A, Z) > (A, Z+2)+e +e, (2.19)

and decays like

T+ (A Z) —w et + (A Z - 2),
b+ (A,2) (4,7 -2) .
Kt 571 +et +ut,

etc. are forbidden.

2.2 Majorana Mass Term

As discussed before mass terms are Lorentz invariant bilinears of a LH and a RH field.
Besides the Dirac mass term discussed above, we can also obtain another type of mass
term for the LH neutrinos, called Majorana mass term, without the use of the introduced
RH neutrino singlets. In fact, it is easy to see that the charge conjugated field (v,)¢ is a
RH field®®. Hence, as noted by [48, p.4], a Majorana mass term requires only one helicity
type of Weyl spinor.

As discussed in section 1.3 on the unified EW theory, Majorana masses are forbidden
for quarks and charged leptons due to color and EM gauge invariance. However in the
case of neutrinos, which are electrically and color neutral anyhow, Majorana mass terms
are possible for both active LH neutrinos and sterile RH neutrinos, which will be carried

out in detail in this section.

2.2.1 Mass Term for Sterile Neutrinos

Let us consider the easier case of the Majorana mass term for the sterile neutrinos first.
The mass term is formed by the RH fields and their LH charge conjugated fields given in

the column notation as defined in (2.5)

VeR (VeR)C

VuR C (VHR)C
VR = , (v = . 2.21
R v (Vr) Vo) (2.21)

% For a proof see appendix B.2.4 calculation (?7).
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

Thus, as noted in [39, p.8] and [37, p.5], the mass term is given by:

l— 1 —c
ﬁg\?) = —§(VR)CMRVR +H.c= ) Z (VZ’1R>C(MR)311[2VZ’2R + H.c, (2.22)

'
0 by =e,pu,T,...

where Mg is a complex ng X ng matrix. It should be remembered, as in [30, p.207] that vg
are RH Majorana spinor fields and the factor /5 is introduced to compensate for double
counting and ensuring a proper normalization of the fields.

It is explained in [48, p.5] that this mass term does not break EW gauge symmetry,
because the RH neutrinos were introduced as sterile and hence, they are isospin singlets.
Thus, this bare mass term can in principle®® occur in the theory and, as we will see when
discussing the seesaw mechanism, the mass of the sterile neutrinos plays a crucial role
for mass generation of light LH neutrinos. Here we should note that the mass matrix
Mpg, has to be symmetric. This can be easily shown by using the relation (B.49) and the
properties of the charge conjugation matrix (B.20), (B.31), and (B.32) (as well as the fact
that a minus sign appears when interchanging two fermionic field operators). Quoting

the arguments in [2, p.681], we have
(VR)CMRI/R = —(V};C_IMRVR)T = VE(C_I)TM}I{I/R = (VR)CMEVR. (223)

So this implies ML = Mg and hence Mp is symmetric. Furthermore, it My can always be
assumed to be non-degenerate and also already diagonal, such that vy are already mass

eigenfields.

2.2.2 Mass Term for Active Neutrinos

Let us now proceed with the Majorana mass term for the LH neutrinos as discussed in

[2, p.681]. The Majorana mass term is build in the same way as for RH neutrinos:

1—— 1 —
o —5 )My + He=—2 30 ()0 (Mi)ygver +He,  (224)

£1,02 =C,H, T

where we used the column notation for the fields given in (2.5) as before

Ver, (VeL)C

VurL C (VML>C
v = . () = , 2.25
L Vrr, ( L) V(TL)C ( )

and where Mp is a complex ny X ny matrix, which is again symmetric by the same
arguments as above in (2.23), so we also have M = M.

However, things are more complicated in this case, since the LH neutrino fields are

56Tt is mentioned in [48, p.5] that "in some models such a bare mass term for the RH neutrinos might be
forbidden by new physics, and Mp is instead generated by the VEV of a SM Higgs triplet field S, or
by a higher-dimension operator". The necessity of such a procedure will be also discussed shortly for
the Majorana mass term of LH neutrinos.
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2.2 Majorana Mass Term

no singlets under EW gauge transformations. Therefore, this kind of mass term is, like
in the Dirac case, a priori forbidden since it would break gauge invariance and it can
be only generated in the framework of a beyond the SM physics, as noted in [38, p.20].
As explained in [42, p.10], a Majorana mass term is only possible, if the scalar sector
of the minimal SM is extended [53], in particular at tree-level a Higgs triplet is required
[54, 55, 56]. According to [48, p.5] a Majorana mass M of the LH neutrinos can be
achieved by a coupling as illustrated in figure 4. To ensure appropriately small masses,
the Higgs triplet has to have a small Yukawa coupling v and/or a small VEV (¢9.).
Besides, the possibility of "radiative mass generation at the one-loop level with a single
charged Higgs singlet (plus an additional Higgs doublet [45, 57, 58, 59, 60]) or even at the
2-loop level with a doubly charged Higgs singlet (plus an additional singly charged scalar
[61])" is mentioned in [42, p.9].

vy vy

YT ------ D 5 @

1
<¢()>

vy vy

Figure 4: Left: Majorana mass term generated by a Higgs triplet. Right: Majorana mass
term generated by a higher-dimension operator. Adapted from [48, p.5].

In [48, p.5] and [37, p.7] also a different approach concerning the repeal of renormal-

izability is considered®”. The Majorana mass term for the active neutrinos can be con-

structed without adding any new degrees of freedom to the SM from a higher-dimensional

operator - the so-called Weinberg operator [62]

1~ -
(10 fo' (¢ +He., (2.26)

where f is some flavor matrix of dimension mass™.

This dimension-5 operator is not renormalizable and is constructed of two Higgs dou-
blets and a coefficient f ~ ©/,.. After SSB this operator generates the mass term as
indicated in figure 4 above. In an effective field theory approach it can be understood
as the low energy limit of renormalizable operators, which are obtained after integrating
out heavier degrees of freedom. These can be very heavy Majorana sterile neutrinos (the
type I seesaw), a heavy scalar triplet (the type II seesaw [63]), a fermion triplet (the type
IIT seesaw [64]), or new degrees of freedom in a string theory [65].

In this thesis we will deal with low energy scales, where renormalizability is maintained
and the mass terms will be generated by heavy RH neutrino singlets, i.e. we will consider
the seesaw mechanism type I. In order to proceed analogously to the previous case of a
Dirac mass term, we diagonalize the mass matrix M and rewrite the Lagrangian in terms

of mass eigenfields.

7T A more elaborate discussion can be found e.g. in [39, p.28ff].
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

It is noted in [36, p.399f] that since M, is a symmetric matrix, it has fewer independent
entries than the quark or charged lepton mass matrix or the Dirac mass matrix and we
shall be interested in the case of non-degenerate eigenvalues. To diagonalize the mass
matrix M we follow [2, p.681f] and apply Schur’s theorem (theorem E.2.2), which tells
us that a complex symmetric matrix can always be diagonalized with a unitary matrix
U M-

My = (U) 'm U} (2.27)
L M) MLU,, .

where Uy is a ny, X ng matrix and (myg),, = (mg),0u, (mg), > 0for k=1,...,n;, We
now insert (2.27) into (2.24) and obtain®®

£ = —;(NL)CmLNL - ;NLmL(NL)C, (2.28)
where we defined chiral physical fields in analogy to (2.7) by
Ny =Ulv, (N,)°=CN, . (2.29)
Here we combined similarly to (2.7) both chiral fields to

&1

¢E=Np + (NL)C = 622 , (2.30)

&ny,

and finally obtain®® the neutrino mass term in the form

(2.31)

Lg\? = —;ﬁmLf = —; ZL: (M),
k=1

where & is the field of a neutrino with mass (my),. These fields &, satisfy the condition
fk('x> :CgT(x)u k= 1727"‘anL (232)

which means that the & (x) are Majorana fields, since it is simply the Majorana condition

given in (1.39).

2.2.3 Mixing Matrix

Again following [2, p.682], we obtain from (2.29) and (2.30) the mixing which connects

the flavor fields to the mass eigenfields in the following from

vy = UM€L7 (233)

58For a detailed derivation see appendix F.2.
59For a detailed derivation see appendix F.3.
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2.2 Majorana Mass Term

i.e. in component notation

nr

v, = Y (U)o L=e,p,7, ... . (2.34)

k=1
Hence, the LH flavor fields are linear combinations of the LH component of the fields
of Majorana neutrinos with definite masses and there are as many Majorana neutrinos as
flavor neutrinos (i.e. the number of charged leptons). There are 2n, states with different
chirality of the n; massive Majorana neutrinos, which correspond to the 2n; neutrinos
and antineutrinos (ve, v, V-, 7, 7, U7, . . .).
As done in the section before we now insert the physical neutrino fields (1.124) in the
charged current Lagrangian, and obtain for the leptonic part
—235 W’Y“(ﬂ — ) VennsEW,, + €9 (1 — 75)VJMNS£,W;} ; (2.35)
where we have introduced again in analogy to the CKM matrix the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix®’, which is given by

Venns = UfTUM : (2.36)

Now following the arguments in [36, p.400f], we note that the neutrino mass matrix
was diagonalized by redefining the neutrino fields. But there are not enough fields, which
can be independently rotated to achieve the diagonalization, because the neutrino mass
matrix does not connect different LH and RH fields. Therefore we get less independent
physical parameters from these rotations, which leads to more CP-violating phases for
leptons than for quarks.

As in the Dirac case, we consider three neutrino flavors n;, = 3, where the mixing
matrix may be parametrized in terms of three mixing angles and six phases. Three of the
phases can be absorbed into the LH charged lepton fields as discussed in the Dirac case.

We want to restate the convenient parametrization of the PMNS matrix we used before
in the form® of Vpyng = VK with K = diag (eial/ 2 el i/ 2) and

V = VasVi3Vio

1 0 0 C13 0 513€_i613 C12 S12 0
= 1|0 Co3 S93 0 1 0 —S12 C12 0
0 —So3 23/ \—s13¢”3 0 13 0 0 1 (2.37)
C12€13 512€13 s1ze 0
= | —512023 — 125235136 12003 — S12523513€712 S23€13 | >
S12523 — C12C23513€7°%  —C12893 — S12023513€°%  Co3013

where C;; = COS Qij and Sij = sin QZJ

69Note again the difference in the defintion to the CKM matrix: Voxm <— VFJIMNS as emphasised in [35,
p-30]
61We assume the three phases are already absorbed in the LH charged lepton fields.
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

As already discussed in the Dirac case in section 2.1.2 the PMNS matrix differs form
the CKM matrix by the extra phases in the matrix K. But now in the Majorana case
we are not able to perform an appropriate re-phasing to absorb these phases. As we will
see in the next section the Majorana neutrino mass term is not invariant under lepton
number transformations and so it is not conserved by re-phasing of the LH neutrino states
as in the Dirac case before.

In [36, p.401] it is noted that "the phases 013 and «a; can have physical implications
because they introduce CP-violation into neutrino physics. Since the phase 9,3 is the
direct analogue of the CP-violation phase in the CKM matrix, its effects disappear in the
limit 13 — 0. One of the phases «; can be rotated away by making a common phase
rotation of the charged leptons (conventionally «y is removed), and the other two are not

observable in processes which conserve total lepton number L".

2.2.4 Lepton Number Conservation

Finally we want to discuss lepton number conservation in the case of a Majorana mass
term as we did before in the case of a Dirac mass term in section 2.1.3 and we are following
again the discussion in [2, p.682f].

The mass term (2.24) can not be invariant under any global gauge transformation
and hence, in this case lepton charges are not conserved. Therefore, it is not possible to
distinguish neutrino from antineutrino and the mass eigenfields in the mass term (2.24)
are Majorana neutrinos.

The difference between the Dirac and Majorana cases can be emphasized in the follow-
ing way. It follows from (B.27) and (2.32) that the LH and the RH components of the
Majorana field & (x) are related by

Ekr(x) = C&TLT(JU), (2.38)

whereas in the case of a Dirac field vy (x) the LH and the RH components are independent.
In the Majorana case the charged lepton mass term and the weak currents are invariant

under global transformation of the fields & (x) and ¢(x) of the form

er () = (@) :.eiAgkL@)’ (2.39)
U(z) = O(x) = e™(x).

Nevertheless, the neutrino massterm breaks this symmetry because due to (2.38) we have®?

Gur(w) = e Ep(2). (2.40)

Thus, in a theory with Majorana mass term (2.24) neither any of the lepton charges
Ly, ¢ = e, pu,T,...1is conserved nor is the total lepton charge L =Y, L,. Consequently, in

this theory also (53)o, decay and other similar processes are not forbidden. Furthermore,

62This is the reason why we cannot absorb the extra CP-violating phases into the neutrino fields, as
discussed in the previous section 2.2.3.
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2.3 Hybrid Dirac-Majorana Mass Term

in this case of massive Majorana neutrinos the mixing scheme also leads to oscillations in

the neutrino beams like in the Dirac case.

2.3 Hybrid Dirac-Majorana Mass Term

In the previous two sections we have discussed possible Dirac and Majorana mass terms
for neutrinos separately. However, in a theory where both, active LH neutrino fields as
well as sterile RH neutrino singlets are present, the most general mass term includes the
Dirac mass term as well as Majorana mass terms for LH and RH neutrinos. This hybrid
mass term is called Dirac-Majorana mass term and will be discussed in this section.
We consider n;, active neutrinos and ng sterile neutrinos, where we take for simplicity%

ny = ng = n as before.

2.3.1 Mass Term

Again we start by writing down the possible mass term as it is done in
[42, 7.1], [39, p.8f], or [2, p.683]. For a first approach we simply sum up the Lagrangians
Lp, L’g\?) and L7, we have already encountered in (2.4), (2.22) and (2.24):
Lo =Lp+ L5 + L5
= — Z vg/R(MD)a,VgL + H.c.

Ll =e,u,T,...
! (v,1)C 2.41
) Z (Ve,1)¢ Mg, 0,ve,1, + Hee ( )
L1,0a=e,u,T,...
1 _
2 ,Z (ve,r)C MRy, ver + Hee..
2176226’/"77-~~

The matrices Mp, My and My are complex n X n matrices.
It is convenient and useful to rewrite this Lagrangian in a more compact form. For

doing this we introduce the LH column fields with 2n components

wy, = ( (I;L) C), (2.42)

where the n—component column fields are defined like in (2.5) by

(
Vel (VER)C
VuL c _ (yﬂR)C
Vp = v ) (VR) - (VTR)C (243)

Applying this knowledge we can rewrite% (2.41) in terms of this LH column vector wr,

53In the next section on the seesaw mechanism we will consider also the general case of ny, # ng.
64In [35, p.43] this derivation is done more explicit. The calculus is a bit lengthy and therefore can be
found in the appendix F.4.
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

as

1
EDJFM = —§(ML)CMWL -+ H.c.|. (244)

The mass matrix M is a symmetric® 2n x 2n matrix, which is built of blocks of the mass
matrices Mp, My and Mg such that

M, M}
M=% 7P, (2.45)
Mp Mg

Now we diagonalize the matrix M like the matrix M}, using Schur’s theorem (theorem
E.2.2) and assuming M to be not degenerate, which states the existence of a unitary

2n X 2n matrix U such that
M = (UNY'mUT, (2.46)
where m is the diagonal matrix
Mix = Mk, my >0, i, k=1,2,...,2n. (2.47)
We repeat the procedure done before and by defining the chiral physical fields
wi = Ulwy, (2.48)

and inserting w} and (2.46) into the Lagrangian (2.44), we achieve

1
Lo = —§(w'L)me’L + H.c.. (2.49)
In the last step we introduce the physical mass eigenfields y as

X1

X = wlL + (WIL)C = : , (250)

X2n

and rewrite the Lagrangian (2.49) in terms of this field to obtain

1 1 2n
LPHM — —iymx =—3 Z M XXk (2.51)
k=1

Finally, we should note that the general Dirac-Majorana mass term (2.44) contains
some special cases and limits as discussed in [48, p.6], [37, p.9f], [36, p.414f], and [66,
p.298]. We will distinguish different scenarios due to the relative size between Mg and Mp
(in particular between their eigenvalues). For simplicity we assume only one generation

(n=1) of neutrinos® for this discussion, where we have Mp = mp, M; = m; and Mp =

My Mp
(Mp)T My
66For this case an elaborate discussion can be found in [42, p.11f].

65This is quite obvious, because M7 = ( = M, since My, and Mg are symmetric.
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2.3 Hybrid Dirac-Majorana Mass Term

mpg. According to [66, p.298] we can find the following eigenvalues for M:

1

g = 5 |(me+my) £/ (my = mp)? + 4m (2.52)

We can now consider six different cases or limits of the general Dirac-Majorana mass term
(2.44):

(i)

(iii)

mp, = mg = 0: Here we have m; 2 = mp and (2.44) reduces to the Dirac mass term
given in (2.4) and the result a Dirac neutrinos and conserved lepton numbers. We
should, as in [37, p.49], note that in this Dirac case we are able to combine the
chiral Weyl fields into Dirac spinors, because the unbroken subgroup U(1)gy with

its associated conserved current leads to a mass matrix that allows this combination.

mp = 0 : Similarly in this case we have m; 5 = my, mg and this limit of (2.44) leads
to the sum of the Majorana mass terms for LH and RH neutrinos we considered in
(2.24) and (2.22). In [37, p.49] it is emphasized that in this case we obtain ny + ng
(in the simplification considered here it is 2) Majorana spinors. In the simplest case,
where the mass matrices My and Mg are diagonal, we can find the mass terms
in the form of [,5\5) and EE\I}). As we have seen in this Majorana case we have no
mixing between active LH and sterile RH neutrino fields, which are both Majorana

neutrinos and therefore there is no conservation of lepton numbers.

mp ~ my, and/or mp =~ mg: If all mass matrices are approximately the same size
this leads in general to ny, + ng Majorana neutrinos with comparable masses. This
means that the sterile RH neutrinos are quite as light as the active LHn neutrinos.
In this particular case there occurs quite strong mixing between the active LH and

sterile RH fields and we call this the active-sterile mized case.

mp > my,, mg: We call this limit the pseudo-Dirac limit, since m; o =~ mp, because
the smallness of the Majorana masses my and mpg leads just to a small shift from
mp in the eigenvalues. According to [36, p.415], for n; < ng there will be 2ny
massive neutrino states participating in the weak interaction. In the general case,
where it can be n;, > ng or ny < ng, we have min(ny, ng) almost-degenerate pairs

of massive neutrinos plus |ny — ng| light states.

mp < my, mg: This case might be called the Pseudo-Majorana case, since the
eigenvalues are mj o = mr, mr. The LH and RH neutrinos do not mix significantly,
and the observed neutrino oscillations are completely described by the Majorana

mass matrix my,.

mpg > mp, my,: The last case considered here is the one we will consider in the rest
of this thesis and it is called the seesaw limit. As noted in [48, p.6] for n, =1 = ng
we have one mainly sterile state, with heavy mass ms ~ mpg and one very light active

. . . 2 . .
state. We will show in section 3 how my ~ my — ™p/,,. is achieved. For mj = 0,
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

this yields an elegant explanation for the smallness of the (active) neutrino masses

|m1| < mp. This specific case when mj = 0 is referred to as seesaw mechanism

type L.

2.3.2 Mixing Matrix

Following [2, p.683f] we find the relation between the flavor fields v,y (x) and (ver(x))¢

and the LH components of the 2n Majorana fields yj(x) by using the unitarity of the
matrix U. Then we find
wr = Uw} = UPypy, (2.53)

and might denote P;,x = x;. Hence, we obtain

2n 2n
v, = Y Unxke,  (ver)® = Y UskXer, (2.54)
k=1 k=1
where ¢ = e, u, 7, ... (altogether n values) and the index ¢ takes the n lower rows of the

mixing matrix U.

Thus, the n flavor fields vy (x) are linear combinations of the LH components of 2n
Majorana mass eigenfields in the hybrid mass term case. The crucial point is that the
sterile fields (vyz())¢ are also linear combinations of the LH components of the same 2n

Majorana fields. From (2.53) we find for the RH components g
(wr)€ = U Pgyx, (2.55)

where we denote analogously Prx = xg and hence we achieve

2n 2n
(VZL)C = Z UjXkr, Ver= Z Upe XkR- (2.56)
k=1 k=1

Finally, we should investigate the charged current Lagrangian (1.124) in terms of the
mass eigenfields. As it is discussed in [36, p.414], it should be emphasized that in the case
of a Dirac-Majorana mass term the PMNS-matrix is no longer a square matrix®’, even in
the case for ny, = ng = n. The matrix U f’ transforming charged lepton flavor fields into
mass eigenfields is a n x n matrix, whereas the neutrino mass eigenfields are obtained by
mixing of 2n Majorana fields via the 2n x 2n matrix U, as derived above in (2.54). If we
write down the charged current Lagrangian explicitly, we find

Egé - _% Z ZEL’Y#WLW; + H.c.
l=e,u,T,...
=—= > ) gliL(Ug))fﬂ”UzchkLW; + H.c..
\/§ l=e,p,T,... i=1 k=1

The matrix multiplication can be carried out since the transformation into neutrino

eigenfields given in (2.54) takes only the first n rows of U and hence we achieve for the

6"We will discuss this topic for ny # ng in section 3.1.4.
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2.3 Hybrid Dirac-Majorana Mass Term

PMNS mixing matrix
K= Y (U"%Uu, (2.58)

l=e,,T,...

which is now a n x 2n rectangular matrix®®. The crucial point in this is that "the existence
of these new mixing elements implies that the introduces RH neutrinos can contribute
due to mixing to the charged current weak interactions" [36, p.414].

Furthermore, this particular mixing leading to mass eigenfields (2.54) also has conse-
quences on the neutral current Lagrangian (1.122). In the previous cases of purely Dirac
or Majorana mass terms, where the full summation over all rows of the unitary matrices
Up resp. U, is performed, no mixing effects occur in the neutral currents in terms of
mass eigenfields. Now we find for the neutrino part of the neutral current Lagrangian

using @, = 0 and t?ff =1/, in equation (1.128):

(v) _ 9 — .
Ly = ~cosbu Z:e%;,r,,, Vo yH (Tg — sin? QWQ) vz, + H.c.
9 T
== E Z,+H.c.
2 cos Oy E:eHTMWLPY veL st e (2.59)

2n 2n

= Yo 2> XU UnxerZ, + Hee. .

2 cos QW l=e,p,T,... k=1 j=1

Here the summation over £ runs only over the the first n columns of UT and the first n rows
of U, and thus the unitarity property of U cannot be applied. The matrix multiplication
is just performed for the 2n x n submatrix of U* and the n x 2n submatrix of U and we

obtain
ij = Z U;gng, (260)

l=e,pu,T,...

where P is a 2n x 2n matrix8.

2.3.3 Lepton Number Conservation

As noted in [2, p.683f], the mass eigenfields x defined in (2.50) obviously satisfy the
Majorana condition
(1) = CXi (). (2.61)

Therefore, neutrinos are Majorana particles in this case and hence, as already discussed
in section 2.2, it is evident that the Dirac-Majorana mass term is not invariant in the
general case under any global gauge transformation of the neutrino fields. This implies
that in the theory under discussion no lepton charges are conserved and in a theory with
a Dirac-Majorana mass term decays like

pt—=et 47,

N N - N (2.62)
ut—et +e +e’, etc,

58We use the notation of [67].
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2 NEUTRINO MASS TERMS AND MIXING SCHEMES

as well as such as (33)o, decay are allowed.
Besides these analogies a crucial difference can be found concerning neutrino oscilla-
tions. Whereas in the Dirac and Majorana case oscillations only occur between active

neutrinos, in the hybrid case oscillations between active and sterile neutrinos are possible.
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3 Seesaw Mechanism

We have already mentioned the seesaw limit in section 2.3.1, where we discussed several
possible cases and limits for the Dirac-Majorana mass term. We indicated there how RH
neutrino singlets added to the SM can lead to very light active neutrinos. As noted in
[37, p.11], increasing the scale mpg of the eigenvalues of the Majorana mass matrix Mg
gives rise to heavy® sterile neutrinos whereas the masses of the active ones decrease. This
mechanism is therefore called seesaw mechanism. According to [19], the mass scale mpg
should be more precisely”™ understood as the order of magnitude of the eigenvalues of
\/M]T%M r and the seesaw limit mpg > my, mp should be understood in that sense that
the eigenvalues of 4/ M;M r are all much larger than the matrix elements of My and Mp.

3.1 Seesaw Mechanism Type |

We will concentrate in this master thesis on the seesaw mechanism of type I, which was
first considered in [68, 17, 16, 69, 18], where the SM is augmented by RH neutrinos singlets.
The addition of these RH heavy neutrino singlets leads to mass generation of neutrinos at
tree-level (see figure 5 below). We have already discussed in section 2.2.2 that a Majorana
mass term for active LH neutrinos can only be generated by extension of the scalar sector
by a Higgs triplet or by a higher dimensional operator in a non-renormalizable theory,
where a heavy virtual fermion singlet field is exchanged™. In this thesis we want to focus
on a model, as done in [19], where renormalizability is maintained and the presence of a
Higgs triplet is avoided. Hence, in the seesaw model considered here no Majorana mass

term for active neutrinos at tree-level occurs, i.e. My = 0.

\

vy VR VR VL

Figure 5: LH neutrino aquires small Majorana mass through seesaw mechanism via ex-
change of a virutal heavy RH neutrino. Reprinted from [70, p.280].

59Since "the Majorana mass terms need not to vanish in the limit where the EW symmetry is unbroken,
the sterile neutrinos are naturally expected to be at the weak SSB scale or larger", as it is noted in
(36, p.422]. We will discuss different mass scales in more detail in subsection 3.1.3.

"0We will denote the scale of the Dirac mass matrix Mp, or also here more precisely the scale of eigen-

values of \/M,TDM p by mp. The scale my, for the Majorana masses of LH neutrinos is understood
analogously.
"For a discussion of this see [38], [39] or [36].
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3 SEESAW MECHANISM

3.1.1 General Mass Term

For model building we use what we have already encountered in the previous section 2 on
neutrino mass terms, especially what we have discussed in the case of the Dirac-Majorana
mass term in section 2.3. However, here we do not longer restrict ourselves to a number
of sterile neutrinos coinciding with the number of active neutrinos. We will examine the
mass term in the most general case for ny # ng and discuss the consequences on mass
generation and mixing in the cases ny < ngr or ny > ng. We might introduce a more
useful and illustrative index notation. The flavor indices ¢ = 1,...,n; will denote the ny,
LH active neutrino fields, whereas ¢ = 1, ...,ng will denote the ng RH sterile ones. The
most general Dirac-Majorana mass term is given in analogy to equation (2.41), but as
indicated before we will stick to a model where the symmetric n;, x n; Majorana matrix
for the active neutrinos My = 0. Hence, the actual mass term for the seesaw mechanism
we like to concentrate on is
Loy =Lp+ L)

ny NR

= — ﬁ[/R(MD) Vel + H.C.
2 47 en Mo 3.1

1 &

D) > WMR@Z’?W’QR +H.c..

¢t =1
The mass matrices Mp and Mg are complex ny X ng, ng X ng matrices, respectively.
As before in section 2.3, the Majorana mass matrix Mg is symmetric, whereas it should
be noted that in the most general case for ny # ng the Dirac mass matrix Mp will be a
rectangular and not a square matrix.
Following the procedure done before, we are able to write this mass term in a more

compact way. Using the LH column vectors wy, defined in (2.42):

o = ( <R>0) " (32)

we can rewrite again (3.1) as

1
£D+M = —§<WL)CMD+M(UL + H.c.|. (33)

The mass matrix Mp, is now a symmetric (ny + ng) X (ny + ng) matrix, which is
built of blocks of the Dirac mass matrix Mp and the Majorana mass matrix Mz for RH

neutrino singlets’:

0 ML
Moy s = b b (3.4)
Mp Mg }TLR
~ =~
nr, nR

"These are the matrices introduced in (2.3) and (2.22) discussed in the sections 2.1.1 and 2.2.1.
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Now we proceed by diagonalizing the mass matrix and introduce mass eigenfields like
in the section before. We will apply the notation used in [20, 21, 71]. The symmetric
mass matrix Mp,y can be diagonalized by a unitary (n, + ng) X (ny + ng) matrix U

according to Schur’s theorem (theorem E.2.2) as
UTMD+MU =m = diag(ml, ma, ... 7an+nR)’ (35)

where the diagonal entries m; for ¢« = 1,...,n; + ngr are real and non-negative. The
unitary matrix U can be decomposed into two submatrices
UL
U= , 3.6
(UE> 0
where Uy is a ny, X (np +ng) and Ug a ng X (ng, + ng) matrix. Since U is unitary, i.e.
UUY =U'U = 1,, 1, the submatrices have to fulfil the following properties™, as noted
in [20]:

ULUS = 1, (3.7)
UrU}, = Ty, (3.8)
UrLU} = 0py xnps (3.9)
UlUL + ULUS = 1, 4 (3.10)
Applying this decomposition to equation (3.5) we get
Usz£ = Onpxny, (: ML)’
UriUL = Mg, (3.11)
UrinU} = Mp.
Using the last two results we further obtain the following useful relation:
ULMp = mU}. (3.12)
Further we can introduce again chiral mass eigenfields w/
Wi = Ulwy, (3.13)
@1)¢ = weut, (3.14)
and define Majorana mass eigenfields x by
X1
x=w )= T (3.15)
Xnr+ng
Prx = (W})Y, Prx =w. (3.16)

"3For a proof of this see Appendix F.5.
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3 SEESAW MECHANISM

Hence, we can obtain the mass term Lagrangian in mass eigenfields:

1———
ED—i—M = —§(WL)CUTT7’?1UTWL + H.c.

1
= —§(w2)cmw2 + H.c. (3.17)
1

= ~XMX-

The crucial point here is that in the case where less RH neutrinos than LH neutrinos
are present in the model not all LH neutrinos will acquire mass by the seesaw mechanism.
This has been shown by G.C. Branco, W. Grimus and L. Lavoura in [72, p.500]. The
statement given there says, if ng > ny, all ny + ng Majorana neutrinos of the model are
in general massive at the tree-level and the seesaw mechanism delivers ny, light and ng
heavy neutrinos. But in the case where ng < ny we will end up with (n; —ng) Majorana
neutrinos remaining massless at tree-level apart from ngr heavy and also just ng light
neutrinos. But it can be shown, e.g. in [73, 74] that the massless fields acquire mass in
radiative corrections. This procedure, especially concerning one-loop corrections, will be

discussed in more detail in section 4.

3.1.2 Mass Matrix and Disentangling of Light and Heavy Masses

In this section we should investigate the neutrino mass matrix Mp, s given in (3.4) in a
bit more in detail. We show how Mp,,; can be transformed in a block diagonal form,
where mass matrices for light and heavy neutrinos become decoupled and an effective
mass matrix for each of them is derived. This procedure™ considered by W. Grimus and
L. Lavoura [19] is done performing a unitary transformation of the neutrino fields via an

unitary (ng +ng) X (ng + ng) matrix W, which is defined by

VL Night
wr, = =W , 3.18
e (me) =) (315)

such that the transformation™ acting on the neutrino mass matrix Mp, s leads to the

following block diagonal form:

WT( 0 Mg) W= (M“ght 0 ) b (3.19)

)
MD MR 0 Mheavy }TLR
~—
nr nr
where Migne and Mhyeayy are symmetric ny, X ny, and ng X ng matrices, respectively. Hence,
we obtained disentangled light and heavy mass matrices and two ny X ng zero submatrices

as off-diagonal elements.

™1In [19] My, # 0 has been assumed, but we will adapt the calculations for our assumption My, = 0.
751t should be noted that this transformation has a similar form like the diagonalizing transformation done
in (3.5). However, the matrices Mjignt and Mheavy need not to be diagonal after this transformation.
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3.1 Seesaw Mechanism Type I

In [19] the following ansatz’® for the unitary (nz+ng) x (n+ng) matrix W is suggested

— V1 — BBf B
B _pBt VI—-BB |’

where B is a n;, X ng matrix and the square roots in this ansatz should be understood as

(3.20)

a power series.

To fix B as a function of the mass matrices Mp and Mg we use the vanishing off-

diagonal submatrices. For doing this we are inserting the ansatz into (3.19):

Miight 0
0 Mheavy
V1 — B*BT —B* 0 M} V1 — BBT B
- BT m)(% MR>( B! m)
V1 - B*BT —B* — ML Bt MLV1 — BB
- BT m) (MD\/m—MRBT MDB+MR¢m>‘

We might perform the last step of matrix multiplication for each of the four submatrices

) = W Mp W (3.21)

separately, starting with the upper right (UR) and lower left (LL), which are obliged to

be zero:

(UR):04/1 — B*B"MZ\/1 — BB - B (MDB + M1 - BTB> (3.22)
=\/1 — B*BTM}\/1 — BB — B*MpB + B*Mg\/1 — BB,
(LL): 0=— B"M}LB' + /1 — BTB* (MD\/IL — BBT — MRBT> (3.23)

= — B"MLB' + /1 - BTB*Mp\/1 — BB — /1 — BTB*MB".

We assume B is a power series in (mpg) ™! with coefficients B; proportional to (mg)™7 and

expand the square root:

B=By+By+Bs+ ..., (3.24)
1 1
V1 — BBt =1— 5BlBI - 5(BlBg + BBy —.... (3.25)
All these coefficients B; can be determined recursively and it can be shown that all even
coefficients of B are equal to zero”’. However, in this thesis we are only interested in the

lowest order of this expansion and therefore, we use

1
V1—- BB~ 1— 53131, (3.26)

6Tt should be noted that an equivalent ansatz has been proposed in [75]. The ansatz (3.20) is also used
in [76], but in a more restrictive way.
"For a sketch of the proof see [19].
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3 SEESAW MECHANISM

such that

1—- 1B, Bl B
~ 2 o (3.27)

for further calculations.

As a first step we need to determine the first coefficient B; as a function of the mass
matrices Mg and Mp. For this we insert this approximative expansion for B into the
(LL) submatrix™ (3.23), which has to be zero, and rearrange the occurring terms by their

order of mp(mpg)~':

1 1 1
0=—B"MLB] + (11 — QBlTBf) Mp, (11 - 2&3{) - (1 — 2B1TBT) MgBI (3.28)
1 1 1 1
= —BIMjB] + Mp — S MpBy Bl — S B BiMp + B B{Mp B B — MpB| + - B B MpB{
mh mp m3 m3 mb mh m3
m2 m0 D D D 'm0 D
R R m 2 7”2 7”4 R m 1
R R R R
1 1 1 1
= Mp — MpB| + S BI BiMpB{ — Bl My Bl — -MpBiB| — S B{ BiMp + B BiMpB: B
—_— —
mlD m3 m5
m0 _D D
R m2 m4
R R

Since also the lowest order must fulfil the equation, we easily achieve an expression for
By from the condition obtained in this way 0 = Mp — M RBI:

By = (Mz'Mp)'|, Bl =My'Mb,

(3.29)
B = MHMgz*, Bl = Mz M;,.

With B; fixed we can simply calculate the other submatrices which correspond to Mi;gns
and Myeavy. First we start with the upper left (UL) submatrix which gives us the mass

matrix for the light neutrinos:

(UL) : Mygne = —\/1 — B*BTMEB — B* <MD\/]1 _ BB — MRBT)
= —\/1 - B*BTM}B' — B*Mp\/1 — BBt + B*MpB'
~ — (1 _ ;B;Bf) MEB - BrM), (1 - ;BIBD + B MgB!
= —M}B! + ;BfBlTMgBI — BiMp + ;B’{MDBlBI + BfMgB]

1 1
= —MLB] — BfMp + B MpB] + 53;3{ MLBI + §BTMDBlBI

m2

™D il

ml D

R o
R
1

(3.29) T -1 T -1 T -1 1
= MM Mp—MEM; My + MM MM Mp. (3.30)

=0

In this calculation we restricted ourselves to the lowest order of the square root expansion,

"8We could have also used the UR submatrix, which would be equivalent.
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3.1 Seesaw Mechanism Type I

to the lowest order in mp' for fixing B;as well as to the lowest order in mp' of the occurring
terms in (UL) and hence we achieved the famous so-called seesaw formula for the mass

matrix of the light neutrinos:

Mg ~ —MEMz"Mp |. (3.31)

Finally we repeat this procedure for the lower right (LR) submatrix to achieve a formula

for Mhieavy:
(LR) : Mycayy = BTM%5\/1 — BIB + /1 — BT B* <MDB + Mgy/1 — BTB>

— BTM%\/1 — BtB+ /1 — BTB*MpB + /1 — BT B*Mg\/1 — BiB

1 1
~ BT MY (]1 - 2BIBl> + (1 - ZBlTBf) MpB,

1 1
+ (11 - 23{3;) Mp <IL - ZBIBl)

1 1
= B{ M}, — - B My B{By + MpBy — 5 Bl B{MpB,

1 1 1
+ Mp — 5BITBTMR - §MRBIBI + ZBITBIMRBIBl

1 1
— My + B'MEY + MpB, — =BYBf My — ~MyB] B,

m0
D m2
7n71 _D
R mL
— S BIMEBIBy — S BY BiMpBy + { B B; MuB{ B, (3.32)
o
R

Again we only consider the lowest order and therefore we can skip the last step we have

done before for Mg, i.e. inserting By given in (3.29), and hence we find:

Mieavy ~ Mpg]. (3.33)

Before discussing this results concerning the different possible mass scales in the next
section, we should emphasise the connection between the unitary diagonalizing transfor-
mation done by U in section 3.1.1 and the unitary transformation W introduced in this
section, which leads to block diagonalization of the mass matrix and mass scale disentan-

glement.

First we should also use the result we obtained for By in (3.29) and find by expand-

ing the square root into a power series and taking only the lowest order™ the following

" This means simply approximation the square root by v/1 — BB ~ 1.
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3 SEESAW MECHANISM

approximation for W:

_( 1-1iB.B] B
-B]  1-1BlB

(3.34)
N 1 MMz
T\ =Mt Mp 1 '
Then we remember how we decomposed U in equation (3.6)
UL
U= 3.35
) -
and in [77] we found the following correlation, based on results of J. Schechter and J.W.F
Valle in [75]:
1 MiME™Y ) (Vvi0
oo (B~ (L (G ) e
Uk —Mp " Mp 1 0 V¥

which is U given in the leading order of the inverse of the high scale mg. At that order
the matrices ny X ny, resp. ng X ng matrices V; and V5 are defined due to diagonalizing

Mlight resp. Mheavy ~ MRi

Vi Misgne Vi = Mg, (3.37)
‘/ZTMheavy‘/z* = Mheavy~ (338)

Furthermore, it is emphasized in [77] that the matrix U is the lepton mixing matrix and
the part of the mixing matrix relevant for the light neutrinos is given by V;. But before
we consider the mixing schemes in section 3.1.4 we should discuss the seesaw formula and

mass scales for Mg briefly in the next section.

3.1.3 Mass Scales

These first order approximations obtained above in equation (3.31) and (3.33) reveal quite
unambiguously the advantages of the seesaw mechanism. On the one hand we found that
of course the masses of the heavy neutrinos are mainly determined by the masses of the
introduced RH neutrino singlets. On the other hand we showed how the masses of the
light neutrinos are affected by the inverse heavy mass scale. Equation (3.31) indicates
quite illustratively how the light neutrino masses decrease when we increase the heavy
mass scale while the Dirac mass scale is fixed by a fixed Yukawa coupling, since we derived
in equation (2.3) Mp ~ A",

Since all parameters of the sterile neutrino masses are free, "the choice of My is a matter
of theoretical prejudice’, as mentioned in [48, p.17]. Thus there are various combinations
for choosing Mg and the Yukawa coupling, which are displayed in the diagram 6 below.

However, according to [48, p.17], in standard approaches Yukawa couplings are taken

to be ~ 1 and mp ~ 10'° — 10'® GeV, because such Majorana masses of the RH neutrino
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3.1 Seesaw Mechanism Type I

16
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Figure 6: Possible value of the Yukawa couplings and Majorana masses of the sterile
neutrinos in seesaw models. Adapted from [48, p.17].

singlets are much larger than the energy scale of the EW SSB, i.e. larger than the masses
W+ and Z° bosons as well as the Higgs boson. In [42, p.12] it is mentioned that this
scale could be also as low as the TeV scale, but even as high as the GUT®® scale for
mp ~ 10 — 10 GeV or even the Plank scale mp ~ 10" GeV.

3.1.4 Mixing Matrix

Remembering (2.54) and (2.56) we are able to express the flavor eigenfields as a linear

superposition of the ny, + ng physical mass eigenfields:

nr+ngr c nr+ngr
v = Y, UnPrxi, () = > U Prxx, (3.39)
k=1 k=1
np+npr c np+npr
vir=Y_ UpnPrxe, (wer)“= > UnPrxu, (3.40)
k=1 k=1
where the flavor indices take different values, in particular ¢ = 1,...,ny and ¢ = n; +
1,...,n. + ng. Hence, we can apply the decomposition®! of U introduced in equation
(3.6):
nLAnR np+ng
Vi = Z (UL)awPrxk, ver = Z (Ur) ek PrXk- (3.41)
k=1 k=1

So we obtained the following mixing correlation between flavor and mass eigenfields:

vy = ULPLX == ULw'L, VR = URPRX == UR(LU})C. (342)

80GUT=Grand Unified Theory
81Here it becomes clear, why we used the complex conjugate of Ug in the definition of the decomposition
of U.
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3 SEESAW MECHANISM

Like in the case of the Dirac-Majorana mass term this mixing patterns have conse-
quences for the charged and neutral current Lagrangians (1.124) and (1.122). We follow
the discussion done by [67] and [78] and adapt what we have already obtained in sec-
tion 2.3.2 for the Dirac-Majorana mass term with ny, = ng = n. The charged current

Lagrangian in terms of mass eigenfields reads as

ﬁggj = \/_ Z&L’y I/gLW + H.c.

ny ML+ng (343)
NG Z Z Cir( UL )zﬂ“UKkaLVVM_ +H.ec.,
2 li=1 k=1
and we find the rectangular ny, X (n; + ng) matrix
K = Z NiUa, (3.44)

which can be also expressed using the decomposition introduced for U in (3.6) as
K = Uy, (3.45)

As shown e.g. in [79], K satisfies
KK' =1, (3.46)

but KTK does not equal the identity matrix. It is mentioned in [78, p.107] that this

matrix K may be also decomposed as
K = (K, Kg), (3.47)

where K, denotes an ny, X ny, submatrix corresponding to light neutrinos and Ky denotes
an ny X nr submatrix. The light mass eigenstates are effectively described by a mixing
matrix K, which is non-unitary, according to [78, p.107]. Finally the charged current

interaction can be written in matrix notation as

L =- UL — ) KXW, + X" (1 — 75)KT£’W;} . (3.48)

9 r
2v2

At last we should also discuss the neutral current interaction Lagrangian. As discussed
before for the Dirac-Majorana mass term with n;, = ng = n in section 2.3.2 and according
to [78, p.107], the neutral current couplings of mass eigenstate neutrinos are no longer
diagonal, like in theories where no sterile singlet neutrinos are present. Following [67] we
find again

nr

W _ 9 N~ (T ain2
fne = cos Oy (= 1WL7 (T3 Si QWQ) v, Z, + H.c.

9

— Z, +H.
" 5 cos b & Z vy verZy, + Hee. (3.49)

ny NL+NR NL+ANR

- Yo Y XpUin"UnxerZ, + He.

20089W€1 = =
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3.2 Seesaw Mechanism in a Multi-Higgs Model

for the neutral current interactions in terms of mass eigenfields and also again the
(np + ng) X (np + ng) matrix
nr,
ij: = Z U;EUMH (350)
=1

which may be also expressed in terms of the decomposition of U given in (3.6)
P=UU;. (3.51)

Alternatively we may use a reformulation the definition of K in (3.44) in terms of U

nr

Y (U)K = Uy, (3.52)
=1

we express P by
P=K'K, (3.53)

or using the decomposition for K we might write as done in [78, p.108]

KIK, KKy
= " ; (3.54)
This matrix P is Hermitian,
P = P!, (3.55)
and also a projection operator, since
P?2=P (3.56)
Again using matrix notation we can write the neutral current Lagrangian as
L) = ——9 341 —~5)PxZ, + He. 3.57
NC = T Toosg X1 (L %) PxZu + e (3.57)
_ — M T _ T 17%
=~ Teoss 2 [PLULUL) = Pr(ULUL)| x + He., (3.58)

where the last line is the result given in [20, 71], which utilizes the property (3.10) of the
decomposition matrices Uy, and Ug.
Finally we may cite what has been noted in [67], namely "the fact that P # 1 is

82 is unnatural for lepton theories with massive

a statement that the GIM mechanism
neutrinos'. Furthermore, it is said there that as a physical consequence the ng "heavier
neutrinos can decay in nj, lighter ones and the neutral current interactions should also

show oscillation effects as a neutrino beam evolves".

3.2 Seesaw Mechanism in a Multi-Higgs Model

In the previous section we discussed the seesaw mechanism of type I at tree-level for an
arbitrary number n; of LH neutrinos and nrp RH neutrinos. The Dirac mass term is

obtained via SSB of the single standard Higgs doublet. In this section the scalar sector

82Glashow-Iliopolus-Maiani mechanism
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3 SEESAW MECHANISM

shall be extended too. We introduce the multi-Higgs model, which is used in [20] and
[21]. In this model the SM is not only extended by an arbitrary number of LH and RH
neutrinos, but also by an arbitrary number ng of scalar doublets. In this section we adapt
the results for Yukawa and weak interactions for the arbitrary number of Higgs doublets.

We start in the following section by investigating the scalar mass eigenfields.

3.2.1 Scalar Mass Eigenfields

So let n;, denote the number of LH neutrinos, nz the number of RH neutrinos and ny the
number of scalar doublets ¢y (k= 1,2,...,ny) in this theoretical framework. We follow
the considerations done [20] and in [71, Appendix A] and define the doublets analogously
to the case nyg = 1, where the lower component is neutral and the upper charged
by = (‘@;), (3.59)
Pk

and we define the conjugated doublet by
P = iT20. (3.60)
We assume the vacuum expectation value (VEV) of the neutral component®® to be

(Ol#410) = - (3.61)

Then we can write

0= Uk o0 with (0)2|0) = 0. (3.62)

P \/5

We want to express ¢, in their physical mass eigenstates, hence we have to investigate

the quadratic terms in the scalar potential

V=3 uelei+ D Aju (¢I¢j) (¢L¢z) ; (3.63)
irj 05kl
with
N?j = (N?i)*a )\z‘jkl = )\klz‘j, Aijkl = /\;ilk' (3_64)

In order to find all quadratic terms we insert (3.62) in a different form, where we split ¢}’

into its real and imaginary part®

0 U+ pr+iog

Thus, we get

(01p|0) = 0 = (0|ax|0), pf = pr, o} = 0. (3.66)

83Note that it is assumed that the VEV is only acquired by the neutral components and the symmetry
of the model shall be broken again to a U(1)gm.
84Great thanks to Prof. Grimus for giving a detailed explanation of the following calculations.
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3.2 Seesaw Mechanism in a Multi-Higgs Model

We start by investigating the ,ufj terms, which are
2 1t 2 0% o
Zuij¢i¢j :Z:uij((pi_v(pi )(Jg) (3.67)
1,7 2 J

I . .
=2l el + 507 + pi— i) (v + pj + i)
]

— 1 * * . % . . .
=) M?j [ @f + 5(% vj + Vi pj + ;05 + pivjtpip; +ipio; — iowvi—ioip; + 0i05)],
ij

where the terms contributing to the mass terms, i.e. quadratic in the fields, are underlined.

Similarly we find the quadratic terms in the \;;x; part

> Niju (0165) (dhen) = 2 i (07 ef +0"00) (wrel + b ef) (3.68)

2,5,k,l ©,5,k,l
= > dgul(eref) (enei) + (070f) (@0700) + (90702) (ool ) + (90769) (0R7?)].
,7,k,l
- -@ -3 -®@

The first term (1) is of course not quadratic in the scalar fields, but we can find quadratic
terms for the charged scalar fields when we insert (3.65) in terms (2) and (3):

1 — * * .k . . .
®) =5 Z ijr(; goj)(vkvl + vpp 4 wior + pror + prpr + ipror — iogu — iokp + 0k0y),
igkil
(3.69)
3) 1 > N (i) (Vfv; + v ps + ivfoy + pog + pip; + ipioy — ioiv; — ioipj + 0507)
9 £ ikl \¥k ¥l iYj ilFj i (A iHj iV iY] iFj iYg).
s =Akiij

(3.70)

If we use the symmetry property (3.64) of A, in (3) and rename the indices (k, 1 < i, j)
we obtain the following quadratic term of the charged scalar fields
> Nijres @ v (3.71)
4.kl
In the last term (4) we can find quadratic terms of the neutral scalar fields. We insert
again (3.65) and obtain
1

@ =7 X Ny +vip; +ivjoj + pivs + pips + ipioj — i —ioip; + 0i0;)
i,5,k,l

(vpuy + vppr + o + pror + prpr + R0 — iokv—iokpr + 0,07)

1 . _
1 Z NijriVs V5 [(pepr + okoy) + i (proy — okpr)]
/[:7.j7k7l (3‘72)
1 » )
+7 > Aimvgu [(pips + 0i05) + i (pioj — 0ip;)]
igikl ™
=Aklij
1 . - . . - .
+ Z Z )\ijkl(vi Py + v; oy + piv; — ZO’in)(Ukpl + w0 + pru — ZO’k?)l),
i’j’k’l
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3 SEESAW MECHANISM

where we used the symmetry property (3.64) of A in the second sum and hence, again
by renaming the indices in the second sum (k,l <> 7, ), we find the following quadratic

terms for the neutral scalar fields in the term (4):

1 . .
9 Z AijklV; Uj [(orpi + ovor) + i (pror — orpr)]
e (3.73)
+ 1 Z Nijit (V] p; + wvfoj + pivy —iov;)(vppr + tpoy + prup — iogy;).
ig kol
Finally we collect all quadratic terms we have found in the scalar potential V:
D e el T Y Aguwr o vput
i WGkl
+ > uil(pips + 0i0;) +ilpioy — oipy)|+
i,J
1 _ (3.74)
+§ Z XijiaV; v [(prpr + orkor) + i (pror — orpr)]
ig kil
+Z > Xiju(vipj + ivio; + pvj — iowy) (vip + oy + prog — iogur).
ig kil

From the first line we can read off the mass matrix of the charged scalars, which is a

complex and Hermitian ny X ny matrix
M2 =+ A, (3.75)
where the Hermitian matrix A is defined as:

Aij = Z )\ijklevl, (376)

k.l

and p? = (u;) is also Hermitian by definition (3.64). It follows from the Hermiticity of

p? that Rep? is symmetric and Imp? is antisymmetric, i.e.
2 _ 2 2 _ 2
To obtain a mass matrix for the neutral scalars we now apply this knowledge to the

second line of (3.74) some terms will vanish since the first term (p;p; + 0;0;) is symmetric

in 7, j and the second term i(p;0; — o;p;) is antisymmetric .

So the only contributing terms come from the purely symmetric and purely antisym-

metric combinations, which are
1
3 > [Reﬂfj (pipj + 0ioy) — Iy, (pioy — Uipj)} a (3.78)
2%
or in matrix form we may write
1( T O_T) R‘el’LQ _IInlUJ2 P (3 79)
92 P _ N\T 2 ' :
(~Imy2)"  Rey? ) \o

It is then quite obvious that the third line in (3.74) leads to an analogous term, since
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3.2 Seesaw Mechanism in a Multi-Higgs Model

A is Hermitian too and hence its real part is symmetric, whereas its imaginary part is
antisymmetric. Thus, we obtain

1

5 2_[Rehij(pip; + 0i05) — TmAy(pio; — aip;)] (3.80)
17]

or again in matrix form

1, + 1 ReA —ImA\ [p
g )((—ImA)T ReA) <a> 350

Finally, the forth line on (3.74) has to be discussed. Therefore, we rewrite it in the
following way
1

1 Wi pj +ivio;) + (pvj — iow;)] - [(Vepr + ivgor) (prvr — iogwr)], (3.82)

.5,k

=:a =:b =:¢ =d
and we rewrite the terms from ac + bd by defining the symmetric® matrix
Kie = > Nijuvjur, (3.83)
j7l
and by suitable renaming of indices as well as using the symmetry property of the matrix,

as

DO | —

> [ReKu(pipk — 0ion) + ImKi(piok + oipr)] - (3.84)
ik

In a similar way we treat the terms from ad + bc by using the third relation of equation
(3.64) and by defining the Hermitian®® matrix

0= > Airvs, (3.85)
ik
and by suitable renaming of indices and taking the symmetry properties of K’ into account
we get
1
3 > [ReKj(pipy + 0i0r) — Im K}y (pior — oupr)] - (3.86)
il
Now we collect all reformulated results from (3.78), (3.80), (3.84) and (3.86) and rear-

range the sum of them by terms of p;p;, 0;0; and mixed terms. Hence, we achieve
1
5 Z {Reu?j + ReAij + ReKij + ReKz{j]pipj
ij

+[Re/~%2] + ReAij — RGKZ‘J' + ReKéj]O'iO'j (387)
+ [—Imu?j — ImAy; + ImKG; — Tm K pio;

The last line can be rewritten by using again the symmetry properties of the imaginary

85This means in contrast to the matrices uQ, A and K’ that ReK;; = ReKj; and also ImK;; = ImK;.
89Hence, ReK]; = ReK; and ImK/; = —ImK}, .
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3 SEESAW MECHANISM

parts of the matrices, which leads to
[—Imp?; — ImAj; + ImKy; — ImK ] pjo;, (3.88)

and by renaming the indices in this line we can sum up the last two lines. Hence, we

achieve

1
5 2 {Repfy + ReAy; + ReK; + ReKjlpip,
ij

+[Rep;; + ReAy; — ReKy; + ReK|j]oio; (3.89)
+ 2[—Im,u?j — ImA;; + ImK;; — ImKZ{j]piaj} )
We introduce the real ny x ny matrices®”
A =Re(p® + A+ K') + ReK, (3.90)
B =Re(p* + A + K') — ReK, (3.91)
C=—Im(*+ A+ K')+ImK, (3.92)

which determine the 2ny x 2ny mass matrix M3 of the neutral scalars. Together with
the mass term for the charged scalars obtained in (3.75) we can write the mass terms of

the scalar potential in the form

_ 1
Vinass = D ¢y (M2)i50) + i[Aijpin + Bijoio; + 2C;pioj). (3.93)
07

To find the mass eigenfields we look at the eigenvalue equations

M2 a =ma, (3.94)

Rebd A C\ [(Red Reb
2 _ . 2
My (Im b) N (CT B) (Im b) L (Im b> ’ (3.95)

or equivalently for the neutral scalars

(4 + A+ K') b+ Kb* = m2b. (3.96)
The eigenvectors a and b = Reb + ilmb are complex ny x 1 vectors, which fulfil the
following orthonormality equations

> (RebgReb), + ImbyImb}) = Re(b'V) = 0y, > aja), = a'a'=0u0,  (3.97)
k k

Z = a,’;a;e = Z Re kae bkl = ZIHI bklm bk/ = 5kk’7 Z Re kam bk/ =0. (398)
b b b

a

The physical charged scalar mass eigenstate S and the physical neutral scalar mass

eigenstate Sy are given by

ST =Y arex, (3.99)
k

87A and B are symmetric.

o4



3.2 Seesaw Mechanism in a Multi-Higgs Model

Sy => Re (bj(px +ioy)), (3.100)
k
or equivalently
>0 Sy )

= " , 3.101
o ((vk + 5 bS5)/ V2 (8.101)

and indeed one has

1
Vinass = 3 _ m2S, ST+ 3 ST m2(SP)% (3.102)
a b

The Goldstone bosons of this multi-Higgs model correspond to zero eigenvalues of the mass
matrices of the charged and neutral scalars M? and M§. The corresponding eigenvectors

linked to the longitudinal modes of the W and Z vector bosons are given by

U1 U1
1 (Y ) [
aw=-| |, vy=2] 71, (3.103)
v : v :
Ungy Uny
where
2m
v= /|2 + Va2 + ..+ o, 2 = X (3.104)

g
Indeed, as it is shown in [71, p.38], mg,, = 0 and my, = 0 and we denote the Goldstone
bosons by G° = S) and G* = ST, .

3.2.2 Yukawa Interactions and Mass Terms

In the multi-Higgs model the Yukawa Lagrangian reads as

ng nr nR

Lvac=—Y > > {¢in1R(Fk)i1ig + éLPjR(Ak)m] D, + H.c.
k=1i1,i2=1 j=1

(3.105)

= — Y (OLlRL) + [7rA) DL + Hee. |
k=1

where Dy = (2) denote the LH lepton doublets as before. I'y is a n; x n; Yukawa
coupling matrix and Ay is one with ng X ny. The ny X ny charged lepton mass matrix

M, is obtained as before in (1.112) as well as the ng x n; Dirac neutrino mass matrix
Mp analogously®® to (2.3) via SSB

1 1
M, = — T , Mp = — Ag. 3.106
Vi \/ﬁzk:vk k D ﬁzk:vk k ( )

We assume M, to be already diagonal with real positive diagonal elements without loss

of generality, i.e.

M, = diag(m., m,, m,...). (3.107)

88Note that in (2.3) Mp was defined with Af. Here we want to stuck to the convention used in [20].
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3 SEESAW MECHANISM

The total neutrino mass term includes also a Majorana mass term for the RH neutrino

singlets vg as in (3.1) or we can write as in [20]
1
ED—{-M = —UrMpury, — igRCMRpﬁ + H.c., (3108)
where My is symmetric and non-singular as in the previous section 3.1 and C'is the charge
conjugation matrix. This Lagrangian can be be written in a more compact form as in
(3.17) by introducing the (ny +ng) X (nL +ng) symmetric neutrino mass matrix Mp

given in (3.4) by
0 M}
Mpim = ( D) . (3.109)

Mp Mg

We simply follow the procedure done in 3.1, where Mp s is diagonalized by the unitary
matrix U = (gL) defined in (3.6) such that
R

UTMpy U = i = diag(my, ma, . .., My 1np)- (3.110)

Further we remember that we can write the flavor neutrino fields v;, and vp as linear
superpositions of the physical Majorana neutrino fields y; as done in (3.42) and in the

following,
vy = ULPLX, Vrp = URPRX- (3111)

In the next step we like to discuss the lepton Yukawa couplings of the neutral and
charged scalar mass eigenfields S;" and S. Therefore it is useful to rewrite the Lagrangian
(3.105) in terms of the components of the scalar doublets given in (3.59):

Lo == X Tatutor o) (1) + 70 (% )bt

k k

0*
#ondalit o) () + a2 Yol

Pk (3.112)

=— Z [ZRFkSDI;VL + ORD Tl Tl + (T R

+ TrA v — TrAe L + 7Y Alvg — T or AkI/R]
First we want to concentrate on the couplings of the neutral scalars to the neutrinos and
extract the underlined terms from above and insert the neutral scalar mass eigenfields®’
according to (3.101).
This part of the Yukawa Lagrangian gives

vac(9?) == [?RAMDQVL + ?L¢2*ALVR}
k

= \/_ Z [VRAk (vk + kab) vy +7p (vk + b; Sy ) ALVR} (3.113)

= \/_ Z [VUkAkVL + l/LUk J]LVR} 2 Z [VRAkkab vy + VLkab Ak;VR}
kb

89Note that SY is real per definition (3.100).
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3.2 Seesaw Mechanism in a Multi-Higgs Model

The first line simply gives the mass term with Mp defined as before, but the second
line describes the Yukawa interactions of the neutral scalar mass eigenfields SP with the

neutrinos. We introduce the notation?
=Y by, (3.114)
i

and insert the neutrino mass eigenfields y given in (3.111). Thus, we obtain
1
vk (Sy) = "/ > {(vRAbSI?VL)AbSl? + yLSl?AI];VR}
b

(3.115)
Z Sy |(XPLUR)AWULPLX) + (XPrUL) ANUR Prx)
—— ——
=:A :AZ
We like to rewrite this expression by using the property P? = Py of the projection operator

and the Majorana condition of the neutrino fields from which we can derive®

1
XAPLX = XPL A X = XA Py = 5 (RAsPLX +XPLAX) (3.116)

Hence, we achieve

(S ZS (UhAUL + ULATUR) P o

+ (ULAgUR + URAU;) Pr x
After we have calculated the Yukawa interaction of the neutral scalar mass eigenfields
with the Majorana neutrino mass eigenfields we want to obtain the Yukawa Lagrangian
for the charged scalar mass eigenfields too. Therefore, we extract the following terms of

(3.112): in the third line the first and third term and in the forth line the two remaining

terms. Thus, we get

(™) == Z [ v (CRT kv — L AvR) + @ (7Ll — ?RAML)]

(3.118)
:—Z { erkl/L—ELA VR)—I—H.C.] .

Now we proceed similar to the neutral case by inserting the charged scalar mass eigenfields

S#£ according to (3.101) and the neutrino mass eigenfields x given in (3.111) and we

achieve”? B
Ly (S%) =3 S, 0 [Pr(AfUs — PL(DaUL)| x + Hee., (3.119)
where we defined analogously”
Ao = apy, L, =Y a;ls. (3.120)
k k
9OFor the neutral Goldstone boson G° we have Ay, = \/%LWMD

91For a proper demonstration of this see Appendix F.6.

92We also use the properties of the projection operator Py, and P in (1.26) and the assumption that M,
is already diagonal, i.e. £ = ¢ + £ are already mass eigenfields.

93For the charged Goldstone bosons G* = Saiw we therefore have
Aaw = ﬁWMD and Faw = ﬁWMZ
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3 SEESAW MECHANISM

3.2.3 Weak Interactions

Of course the extension of the model to arbitrary Higgs doublets affects also the masses
of the weak gauge bosons, but the procedure of SSB and therefore mass generation of
the interaction bosons is straightforward analogous to the procedure in the SM done in
section 1.3. The charged and neutral current Lagrangians also have been already derived

in the previous section in (3.43) and (3.57).
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4 One-Loop Corrections to the Seesaw Mechanism

In the previous section we discussed the seesaw mechanism of type I on tree level. In this
case we got a vanishing upper left submatrix of the mass matrix Mp,y given in (3.4)
corresponding to a zero Majorana Mass term for LH neutrinos. We obtained the seesaw

formula (3.31), which is
M = —MEMZ Mp. (4.1)

Now we will show that one-loop corrections will lead to a nonvanishing contribution to

the upper left submatrix in Mp,,, i.e.

(4.2)

SM; MFE
Mpyy = ( b D) :

Mp Mg

4.1 One-Loop Corrected Multi-Higgs Model

First we want to follow the considerations done in [20] or [21]. In the introduction of the
latter it is indicated that at tree-level n; — ng neutrinos stay massless, what have been
already mentioned in the end of section 3.1.1. At one-loop level the remaining massless
neutrinos split up in two parts®. n; —ng —ng of them will acquire mass and ny neutrinos

will still stay massless?, where ng = max(0,ny, — ngng).

4.1.1 Preliminary Considerations

According to [20], the following corrections’” at one-loop level to the light neutrino mass

matrix occur:
M, = Mlﬁree + oM. (4.3)

These corrections are obtained by taking contributions from the neutrino self-energy ¥ (p)

into account. It is possible to decompose the self-energy, as in (D.85), by

S(p) = AL(p*)pPrL + Ar(p®)pPr + BL(p*) P + Br(p®) P, (4.4)

where p is the neutrino momentum and we split the coefficients into LH and RH non-

absortive parts”®, which obey the relations

AL,R = AE,R’ and BL = B}L% (45)

94From now on we will use the notation M¥ee instead of Mijght-

9For an elaborated proof of this see appendix F.7.

96 At two-loop level even those neutrinos become massive. See [74] and [80, 61].

97Note that the full correction is given by
M, = M + §My, — SMEMp* Mp — MEM ' 0Mp + MMy 6 MMy Mp.
But we want to concentrate in this master thesis on the correction d M. The other corrections are
discussed in more detail in [20].

98 As done in [20], absorptive parts have been neglected.
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

The self-energy itself must fulfil
S(p)=C[E@)] C, (4.6)

since it has to be consistent with the Majorana condition of the neutrino fields. Hence,
the coeflicients fulfil
AL =A%, BL=B], Br=Bj. (4.7)

The self-energy leads to a correction of the neutrino propagator like in (D.88) in QED.

Hence, the neutrino propagator has the following structure

p—m—Aﬁ—B:(l—A)p—(erB):[p_@}(l_A)a (4.8)

1-A

with A = A, P, + ArRPgr and B = B P, + BrPgr. For one loop corrections it is only
necessary to take corrections from B to the mass into account”. If we would also allow
corrections from A this would lead to higher order corrections which would be necessary
for two-loop or higher loop calculations. Hence, we assume A, = 0 = Ag for our consid-
erations of mass corrections. Furthermore, we only need to take the part By, into account,
because we know from (4.5) and (4.7) By, = Bj. It can be easily shown'® that both
parts in 2 will lead to the same mass corrections. We also recognize that there will be no
counterterm for M}, in renormalization, i.e. M = 0, since at tree-level we had My = 0.

By rewriting equation (3.5) we find
SMy, = 671 My + 6My, = 6P My, = U B (0)U}, (4.9)

where we assume the neutrino momentum to be p = 0, because its mass is very small in
comparison to the masses of the Z° boson and the neutral scalars. According to [20] only
the self-energies of the neutrino caused by Z° boson, S and G° interactions contribute
significantly to the mass corrections. Hence, we just consider the Feynman diagrams

displayed in figure 7 below.

70 Sy G°
RS T T SC
KJJ\/\\ /// \\\ /// \\\
— > > - > ' » 1 >——>—'>ee>—l—>—
v ve (we) ) v ove () () v ove (vR)” ()

Figure 7: These three Feynman diagrams for neutrino self-energies contribute to the cor-
rections of the neutrino mass matrix Mp,,. They illustrate the interaction
of the chiral flavor eigenfields v; and vr. The vertex represents the Yukawa
interaction Lyyk given in (3.113) and the internal neutrino line represents the
Majorana mass term of the RH neutrinos.

99The shifted mass can be written as m + B.
100Gee Appendix F.8.
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4.1 One-Loop Corrected Multi-Higgs Model

In the next sections we will calculate each of these contributions to X(p) separately
in the basis where the tree-level neutrino mass matrix is diagonal and using a procedure
similar to the one showed in appendix D.4 used for the photon contribution to the fermion

self-energy in QED .

4.1.2 Neutrino Self-energy from Z°

We like to start with the contribution of the Z° boson. In equation (3.57) we have seen
how it interacts with the mass eigenfield Majorana neutrinos. Combining this with our
knowledge on the Feynman rule for this kind of vertex given in (D.62) we can reformulate

the Feynman rule for the vertex

_ ;9 i Ty
~ _@§%@uuh—&mﬂg. (4.10)
X H
The propagators of the boson and the neutrino can be simply taken from the list of

Feynman rules given in appendix D.3. Hence we can write for the neutrino self-energy:

Figure 8: Feynman diagram of the Z° boson contribution to the neutrino self-energy, given
in neutrino mass eigenfields.

dk g i(k+m,)
i () = / o (pUtu, — PRUTUE) T
7 z](p> XL: (27T)d QCW’}/ ( LY YL RY T, L)u 1{72 . mLQ +ie
(k —p)2 — m% m2
Z z (4.11)

(==~ =)

Zg v T T 1%
.%ﬁ(&mm—&%@)

LJ !
where the summation index ¢ runs over all ny+ng neutrino mass eigenstates. As discussed
before, we are only interested in the part of ¥(p) not proportional to ¥ and therefore, we

only take the part m, of the nominator of the fermion propagator.
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

Hence, we get

—ixZ(p)| E/ddk
ij\P)lme = = 2m)d k2 — m2~|—u€
T Tr7x Juv v 1 Tyr*
“&@m-&@@%w%_#_m?(&@m—&%@%
i(k —p).(k —p)
+(EWHh—Pﬁ€wmﬂ“< Pulk ~p) (4.12)

my

1 1
- "PWU—PUW*}
( (k—pP —m " <k—p>2—azm2z> 7 (UL = PlEU) g
where we pulled out all constant factors, split the Z° boson propagator and used
Vs == = 'Pp=Ppy". (4.13)

In the next step we contract all quantities with four-indices i and v. We use in particular

YY" =y = dlg, (4.14)
Yk —p)u(k —p)y” =k —p)? = (k—p) (4.15)
So we obtain
B 5 / dk
e 40124/ —~ ) (2m)d k2 — m2+ze

“&mm—&%@)

4%(

d
v (kb —p)? —
(k—p)?

m3

]_ ]- *
(T ) (0 - P,

Since we already know (4.9) we only need the part By (p) from %7 (p)|n, , which means we

5 (PLUIUL — PRULUT) |
my 1
(4.16)

+ (PrULUL — PLULUY)

only take the terms proportional to Py. We know from (4.4) —iX% o< B, Py, and hence we
get
d

—p)? —mj

%—m 1 1
o | - s
mz (k —p)? —m ( p)? —&zmy
Using (4.9) together with the unitarity of Uy, (3.7) and using matrix notation we achieve

40— 5 [ G VU {
(4.17)

2 dk | 2 2
OMy(Z) =i / +— =
)| k2 — m2Z m2 | k2 —E&m% k2 —m’, (4.18)
(Z,1) (Z,2) (Z,3)
m
LU T’
Lr2 — 2 44 L
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4.1 One-Loop Corrected Multi-Higgs Model

and we split this formula in three parts for the following calculations

g 4ok o~ ,
SM(Z,1) / . 41
ol om) dk:2 ULk2 e +i5UL’ (4.19)
ddk 1 k;2 :
SM(Z,2) = 9 v "yl (4.20)

4cW (2m)dmZ k2 — Eym2 Fk2 —m? +ie

g ddk 1 k2 ~ T
SM(Z,3) / U Ul 421
il mZ k2 —m% Lk2—m24ie " (4.21)

We will now calculate 0Mp(Z,1) and 0M(Z,3) separately and in section 4.1.4 we will
discuss the term 0 M (Z,2), because this part will vanish together with the contribution
from the Goldstone boson. So we start with the first part and repeat the procedure for
evaluating a loop integral as it is shown in the appendix D.4. First we use the Feynman
parametrization (E.45) for A = k? — m? + ic and B = k* — m%

g* ddk dm
SM(Z,1) = / dzU* Ul
LZ:1) 4cW o (1—2)B+ig)? *
(4.22)
g ddk’ dm
= 4 /d UL m 2 - \2 U}‘M
cd — (1 — z)m% + ie)
and then we can employ the formula for Wick rotation (E.46) and get
1 d ~
-3 dm
SMy(Z.1) = / dzu; T2~ 2) U} 4.23
uZ1) %c W LT(2) (k2 — zm? — (1 — 2)m2)? ¢ g (4.23)

. . (4m)° i
=————- [dx |- — U/(4—-2 U
4. 167T ek / v ( e ) il E)m(xﬁ”ﬂ + (1 —z)m)s ¥

(*)

where we inserted a dimension d = 4 — 2¢ and the expansion of I'(¢) mentioned in (D.81).

For further calculations we rewrite again the term

(*) S GEmaangE) =1+e¢l Am + (4.24)
k) = ¢& e in . .
(z1h? + (1 — z)m3%) ’

which gives together with the factors (477 — 2em)(+ — vg + .. .) the following expression

(47 — 2em)(2 — yp + ...) in the lowest orders in e

(41 — 2577%)(2 —veg+...)(1+¢eln ((me . {417_ x)mQZ)> +...)

(4.25)
1
— %+ i ( — v+ In(47) — In(a@? + (1 — x)mQZ)) +0(),
€
Therefore, we have to evaluate the following expression
SMp(Z,1) = / dz U
416723, 167T (4.26)

1
. {4m L — 5+ In(4r) — In (ai® 4 (1 - x)mQZﬂ _ Qm} Ut
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

where we can simply pull out the terms independent of x, such that we obtain

2 1
SM(Z,1) = #Ui {4m { PV 1n(47r)] - Qm} Ut
B (4.27)

The remaining integration can be done by the integration formula for this type of loga-

rithmic integral given in (E.48), which gives
/d:v In (me +(1-— as)mQZ) = In(m% —m? —m%) —1 +

. < nlz ) (4.28)
: .

1
zln(m%)—l—i—ﬁi_

p)
my

2
my

Furthermore, we introduce the following shorthand notations

2 1
ry = k= —=+ e —In(dr) — 1. 4.29
Z mQZ c YE ( 7T) ( )
Thus, we get the following expression:

2

1
M (Z 1) =——T sz [Mn <—k — In(m?) — mzl> - 2m} Ul

11672 -
oW TIZ 1 (4.30)
g el i Loy Inrg i
———U;(—4 k+1 —|U
4 -1672c3, L(=4m) ( +In(rm )+7"Z—1 +2> L

and we achieve the final result for the first part of the Z contribution to d M, given by

2

622

SM(Z,1) =

1 1
Ui [k + = + In(m2) + —2- | UL . (4.31)
2 Ty — 1

As mentioned before we postpone the discussion on § M (Z,2) until we investigate the
contribution of the Goldstone boson in section 4.1.4. Therefore, we proceed with the
calculation of 6 M (Z,3) given in (4.21) as

d'% 1 k2 m

2
OMp(Z,3) = — — . 4.32
£(Z:3) Z4C%V (ZW)deZkQ—mQZULk:Z—mQ—I—ieUL (432)

We use the same procedure, which we applied for 6My(Z,1). Feynman parametrization

for A =k* —m? and B = k* — m?% leads to the denominator
(Az + (1 —2)B —ie)* = (k* — om? — (1 — 2)m% + ie)”. (4.33)

Hence, we get

e a4k 2 .
SMy(Z.3 / /d U U
rlZ:3) = 4cW m2, Ly m2 — (1 —x)m% +ig)? *

(4.34)

1 n T(2— 4
:—ime/de; “"é( 2)(:cm+(1—a:) 2y5-2y7},
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4.1 One-Loop Corrected Multi-Higgs Model

where we applied again Wick rotation formula (E.46) in the second step. Now we set

d = 4 — 2¢ and use again the expansion of I'(¢), which gives

(4
0M(Z,3) = CW m3 /d:l: e BT )(QSTATLQ + (1 — x)m%)® U}: (4.35)

1
S —— /dx Usin® L — g + In(47) — In(zm® + (1 — 2)m2)| U},

and we used again the same trick (4.24) for rewriting and expanding the (...)° term.
Finally, we integrate over dx using (E.48) and use the relation ¢y - myz = my to obtain

2

1
SMy(Z,3) :4(475) Uiin® |~ =3 + In(4m) — In(oh?) + 1
4.36)
) (
m A _I.

We introduce again the shorthand notations (4.29) and achieve the following final result

for the third part of the Z boson contribution:

2 1
- U <k+ln(m2) + nW)) Ui |. (4.37)

OML(Z:3) = = Gimem
w

4.1.3 Neutrino Self-energy from S?

In this section we want to calculate now the contribution of the neutral scalar mass
eigenfields to the neutrino self-energy, which corresponds to the Feynman diagram drawn

in figure 9 below.

Figure 9: Feynman diagram of the Sy scalar fields contribution to the neutrino self-energy,
given in neutrino mass eigenfields.

The self-energy formula for this contribution is derived by the Feynman rules for the
fermion propagator (D.53), the propagator of the neutral scalar (D.57) and the one for
the interaction vertex (D.64), where the neutral scalar couples to the neutrino via Yukawa

interaction given in (3.117).
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

Hence, we can write
ddk i
g / |
Z —mi +ie
i

i b —m, + ic mL—Ha\/_

UbPL+UbPL> (UbPL+UbPL) .

A

Z/ ddk 1 (4.38)
—mi +ie
U.P t k—Fmg 1
(U L+UbPL)um(UbPL+UbPL>U’

where we introduced the shorthand notation U, = (U}T%AbU  +UFATU ;%) and pulled out
all constant factors in the second step. Again we are only interested in the part for BEO
which is proportional to P, and independent of f. Further we assume again p =0 and so

we obtain!®! by

dk 1 m,
Up), Up), .. 4.39
Z/ (2m) k2 — mg—irz'a( b)“kQ—mijie( b)us (4.39)

We change to matrix notation and use relation (4.9) to achieve

dik 1 m
oM (S9) Uity—— UL 4.40
£(5) T2 @nik—mitie PPk w24 b (4.40)

Applying the properties for Uy, and Ug given in (3.7)-(3.9) the terms remaining are

UiUy = U; (URAUL + UL ALUR) = AL UR, (4.41)
UU] = (URAWUL + UL AJUR) UL = U, (4.42)
and therefore we get
ek 1 g
SM(SP) = [y —L— (4.43)

2 (2m)d k2 —m} +ie © P2 — @2 4ie
We proceed like in the previous section and introduce Feynman parametrization (E.45)

with A = k* — m? and B = k* — m} which gives a similar denominator to the previous

(xA— (1 —2)B)? = (K* — 2m? — (1 — x)m] + ie)*. (4.44)

Thus, we obtain
ek M
dx AU
2 )do/ TR URGEE am2 (1 2)m2 + ie)?
i r@2-9 1
(am)e T(2) (k2 —a2m? — (1 — 2)md +ie)> 2

oM(s5) =5 | ( ULA,

(4.45)

NI

L1
:% / dzATULm ULA,,
0

where we applied again the Wick rotation formula (E.46) in the second line. We follow

101Note that the self-energy function is defined with a factor of —i which has to be absorbed by multiplying
by i to obtain By.
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4.1 One-Loop Corrected Multi-Higgs Model

previous considerations setting d = 4 — 2¢ and expanding the gamma function again
according to (D.81) and using the trick (4.24) to rewrite the terms (...)*. Doing so we

obtain

(4m)°

M AT <_ ) A, (4.46
SMp(SP) = Ui g + .. e (L)) UhA, (4.46)

1
== 353 /dxATU = — g +In(4r) — In(k* — 2m? — (1 — x)mg)] ULA,
T
=~ 5y A Ui |~ =9 + n(dm) — In(m?) +1 - 55 > (In(7?) = In(m3) | URA,.
m§

In the last step we performed the integration over the Feynman parameter like in the
formula (E.48). Finally we rewrite the result by using some shorthand notations as the
divergent variable k defined in (4.29) and analogously to rz we define

A2
ry = (4.47)

2
my,

and hence we achieve

ULN,|. (4.48)

1 1
SMp(S)) = —mA;{U;m k 4 In(m?) +

4.1.4 Neutrino Self-energy from G°

Finally we want to investigate the contribution of the Goldstone boson. The corresponding

Feynman diagram is shown below in figure 10.

G (p—k)

Figure 10: Feynman diagram of the G° scalar fields contribution to the neutrino self-
energy, given in neutrino mass eigenfields.

This can be obtained rather simple since we have already calculated d M, (Sy) in (4.43)
and we know the Goldstone boson is the scalar G° = SZ?Z corresponding to the eigenvector

bz given in (3.103). Its propagator is given in (D.59) and we noted in section 3.2.2 that

ig
Ay, = ——Mp. 4.49
bz \/§mw b ( )
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

Inserting all this in (4.43) and using matrix notation leads to

Py A U UiA
070 ] emn)dk? — &me Rpa 2 B0z
ig* dk 1 T M t
— MpU —UpM
4m§,v (QZ)C’ k2 —Egmy PR A (4.50)
— U U
dm, J (2m)t k2 — Eam’, LM L

where we used the relation (3.12) in the last step. This gives exactly the same contribution
up to the minus sign as the second term of the Z° boson
2

g a1 R
SMy(Z,2) = / . 4.51
1(2,2) = Z40WmZ (2m)d k2 — Egm?, UL k2 —m?2 +ie Ut (4.51)

when we insert m¥, = c,m% and since we can show that

k2A2 *(kQ_mZ)m+m3
S UL =U;

1.
k2 — ;2 UL
A3 A3

WUl + Uf——— e UL Ut o UL,

(4.52)

because the first term vanishes according to the first relation in (3.11).

4.1.5 Correction My, to the Neutrino Mass

In this section we want to achieve the final equation for the one loop correction d M}, to
the LH neutrino masses. In the sections before we have already calculated all contributing
parts. In [20] is has been pointed out that the charged bosons W* does only contribute
to the p dependent part Ay and Ag of the neutrino self-energy ¥(p) shown in figure 11

since it gives

2 d
(DU ¥y P+ (UL)ie (U ey " Pr] -

where Suwy(k — p) is the propagator of W* with momentum & — p given in (D.56) and we

(4.53)

used as usual the Feynman rule (D.53) for the fermion propagator and the appropriate
vertex is given in (D.63). Because of it only contains terms dependent on § it only
contributes to Az (p?) and Ag(p?).

W+ S;t G+
m ///’\\\ ///’\\\
> - > L ! - - L ! -
X 14 X X 14 X X 14 X

Figure 11: Feynman diagrams for neutrino self-energies not contributing to neutrino mass
corrections O M .
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4.1 One-Loop Corrected Multi-Higgs Model

In [20] it is also indicated that the exchange of the charged scalar mass eigenfields S

and the charged Goldstone bosons G* do not contribute either, since one obtains

S(:zt 2 ; ddl{? 1 my
BT 0" == | Gogi o= p b = (454)
| (URAD(TalUL)es + (UITD) i ATUR) )]

where we used again the Feynman rules for the fermion propagator (D.53), for the charged
scalar (D.58) and the rule for the interaction vertex (D.66) resp. (D.68) as well as the
notations A, and I', from (3.120). From this we get the part for the charged Goldstone
boson analogously to the case of the neutral one, by inserting the eigenvector a,, corre-

sponding to GF given in (3.103) and using the Feynman rule for the charged Goldstone

boson propagator (D.60):
mi

. ddk 1
B 0" == 503 [ G —Grnd B —mi (455)
. {mi(UL)M(UL)Zj + (Ug)iE(U[)@jmJ} :

Clearly these two parts do not contribute since one has to apply (4.9) which causes

together with (3.9) these contributions to vanish.

Hence, all contributing parts have been derived in the previous sections and we sum

up all results as

SMyp, = 0Mp(Z) + M (G) + > dML(S)|. (4.56)
b#by

Because the correction dMj has no counterterm since M vanishes at tree level, 0 M|,
itself must be already gauge-independent and finite. We want to show this in the current
section and start with some observations we have already made. In section (4.1.2) we
split up the Z° contribution in three parts due to the form of the boson propagator in R
gauge and hence we might write
SMyp, = 0Mp(Z,1) + M (Z,2) + M (Z,3) + ML (G°) + > ML(Sy). (4.57)
b£by

In section 4.1.4 we have already shown that
SMp(Z,2) + 6ML(G°) =0, (4.58)

which means the parts containing the unphysical parameter £, cancel each other and d M,

is indeed gauge-independent.

In the next step we should deal with the divergences which occur in the remaining
contributions we derived in (4.31), (4.37) and (4.48), which all contain the divergent
quantity & defined in (4.29). First we show that the infinities drop out in the sum

> SML(S)) + M (Z,3), (4.59)
btby

because all terms independent of the boson masses m;, and my cancel each other. We
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

might split those contributions into two parts and indicate the term dependent on my
resp. my with one prime and the part independent of those masses with a double prime,
such that

OM(Sy) = M (S)) + O M (Sy), (4.60)
SMp(Z,3) = oM} (Z,3) + M} (Z,3). (4.61)
To show
> SM(Sy) + oM} (Z,3) =0, (4.62)
b#by

we need the orthogonality relation for the eigenvectors b we had in equation (3.98). For

our purpose we write

Y bibe + (bz);(bz)x = 0, (4.63)
bzby

with bz defined in (3.103) and we remember the definition of A, given in (3.114). Thus,
we can rewrite the part of >3, ., dM L(SO) independent of my in the following way:

SOMYSY) = gy 3 AlUjsi(h+ it URA,
btby 327 bby
(8.114) 3o ST AT Uik + Inin®)ULb; A,
327T2 biby K
z k.Jj
(1.63) _W S (b2 AT Ui (k + n i) U (b2); A,
& (4.64)
3.103) 1 %A 5
= e QvaZURm%Hnmz)UE%Aj
(3.106) Ty 2\ UL
10 3272 2\/_]\4 m(k 4+ Inm?)ULv2M)
1 . .
~ 162 zMgU m(k + Ini*) UL Mp.

To compare this result with the part of 6 M (Z,3) independent of the boson mass m, we

use the third relation in equation (3.11) in the rewritten forms
ULMp = mU} < MLUEL = U, (4.65)

and the definition of v given in (3.104) . Hence, we get

92

64m2m3,

2
=9 Uik + Inm2)mU}

64m2m3, (4.66)
4
T ——— MpUpin(k + Inm?) U Mp
1
= T ——— MUk + Inim?®)Uf Mp,

which is exactly the same up to the minus sign we obtained before from >y, IM[(S}).

M} (Z,3) = — Ui (k + Inm?) U}
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4.1 One-Loop Corrected Multi-Higgs Model

Therefore, we showed (4.62). Thus, in the sum only >3, 4, 0M7(Sy) 4+ 0M;(Z,3) remain,

i.e.

> OML(SY) +0M(Z,3) = > M (S})) + M (Z,3) (4.67)
byébz bby
lnrb g° Inr
ALU} Ay — ——2 Ui —=Ul. 4.
T 3o ngb: rb U b 64m2m3, U r, — 1UL (4.68)

Finally, we have to discuss the divergences in M (Z,1) given in (4.19). We find all

terms proportional to m, but not to m Inm, vanish, since we had
Ui} =0 (4.69)

in the first relation of equation (3.11). Again we split 0M(Z, 1) into two parts analogous
to (4.60), where the double primed part denotes the terms proportional to 7 and obviously
get e .

1 —
SM{(Z.1) = - v tora Ui ik + U} = 0. (4.70)

The remaining part of 0M(Z, 1) is then

2

167r2 2

1 2 1
SM(Z,1) =—2 Ut <1nm2+ nrz >U,§ S A 5 SN O ¢}

= m
ry —1 16m2c, " ry—1

=:(xx)
The second equality can be easily shown by rewriting the factor (%) in the following way

(xx) =1h (me + Inry )

Tz—l

&2
A A mim A
= Inm? + ~ Z_(Inm’® — Inm3)
m _mZ
m(m? —m%) Inm? + mm% Inm? mm? )
- ~9 2 - ~9 2 lan
3 mm? )
=55 nm-—— 5 Inmy
-2
mm% [ .
=y |y It —Inmy
m? —m7 | my

L Tz . 1
=m {lnm2 — —1Inmy|.
rz — rz

Since we know U}:mU}: = 0, we can add and subtract terms as long as they are proportional
to m and vanish due to this property. To achieve the wanted result we simply add a

suitable term

1 1
Tz = Iz 'z (4.73)
N A2 2 ~ T
=m [lnm —lnmz} =m Inrg,

Ty — Ty —

and this leads to the second equality in (4.71).
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

Now it is quite obvious to see that

SM(Z,1) = —46 M, (Z,3) (4.74)

using ¢&,m% = m¥,, since we have found

2 rzlnry

SM;(Z,1) = Usin Ul
’ 167%2 Al
7 nry (4.75)
T TR A 3
B 1672mWU ry — 1UL’
2
/ _ g % A3 Inr, T
OM}(Z.3) = — T, Upm® UL (4.76)

So we achieved a final result for My, which does not contain any divergences and is

gauge independent. We can write it in the final form

oMy = > SM(Sy) + oM (Z,1) + M} (Z,3)

b#by

=3 M, (S)) —36M;(Z,1
bgb:z () 1(Z,1) (4.77)

ln Th 3g° Inr

=2 5 2 A Upih——URA, + Ui’ —= U]

btby 327 Qb#b 64m2mi, r,—1
We could also rewrite the second part using equation (3.12) so we obtain
Inmry g° . o Inr,
M, = b;; o 2ATU U;Aﬁ ngU - U;MD . (4.78)

In [20] some arguments for the dominance of §M, in the one-loop corrections to M
are stated. It has been argued that the factor (167%)~! is the main reason for the terms of
0 M, to be smaller than the tree-level masses of the light neutrinos, since in the considered
multi-Higgs model the scalar masses are assumed to be of the order of the electroweak
scale. While corrections to Mpg are irrelevant, because the heavy neutrino masses are
free parameters of the theory, corrections dMp to Mp are negligible compared to the

correction d My, since one can find!'%?

ST Mp(SY) ~ Y?mp, 6P Mp(SY) ~ Yimp, (4.79)
where Y is a typical Yukawa coupling and mp resp. mpg denote the scales of Mp resp.
Mpg.

Talking about mass scales we should also notice that in § M}, only terms of first order in
(mg)~! are relevant, if we assume mpg to be much larger than the EW scale. To emphasize
this we follow the considerations in [20] and introduce the approximation

Ur~ (0,W),  with WIMpW* ~m = diag(mn, 11, - My 1nn); (4.80)

where W is a unitary ng X ng matrix whose elements are not suppressed by mp(mg)~'.

1021 [20] it is mentioned that there is no Z° contribution for the corrections to Mp.
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4.2 A Special One-Loop Corrected Seesaw Models

Furthermore, we assume the mass scale of the RH neutrinos to be much larger then the

masses of the scalar mass eigenfields, i.e. mgr > m;. Hence, we can write for our result

5, = Y T ATy (m ) wia,
m

3272
b#bz 39 b 2 (481)
T * T
+6422MDW ( lnTnZ>WMD7

where we used again cymyz = my and omitted all terms not proportional to ()1, i.e.
of the scale (mg)~!. In this form the dependence of the dominant correction §M}, on the
different mass scales my, mz and mpg, mp becomes more evident and we might illustrate

those dependence in a even more simplified way in terms of mass scales as

1 mZ  m%  m% . m?
omy ~ —— —LIm—E 4 L R), 4.82
7 1672 (Zb: mr  mi  mp m% (482)

where dm;, should indicate the mass scale of M.

4.2 A Special One-Loop Corrected Seesaw Models

In this section a special model will be discussed, where neutrino masses are generated
by one loop corrections. This model represents a minimal extensions of the SM with
one additional Higgs doublet (ny = 2) and one RH neutrino singlet (ng = 1). We also
consider only three generations LH neutrinos (n;, = 3), which is in accordance with reality
and the experimental data.

This model has been discussed by W. Grimus and H. Neufeld in [22] and also in
their previous paper [21]. Here it will be explicitly shown that one light LH neutrino
gets massive via seesaw mechanism and a second one acquires mass due to one loop
corrections, whereas one neutrino still remains massless at one-loop level, as it has been

indicated before in the beginning of section 4.1.

4.2.1 Tree-level Neutrino Mass Matrix

The neutrino mass matrix on tree level'® given in (3.4) reduces in this set up to a complex

symmetric 4 x 4 matrix

T
ME) = 0 M58 (4.83)
Mp My ) M1
Y

where the Dirac mass matrix Mp becomes a 1 x 3 matrix, i.e. M} is a 3-vector and the

103To indicate tree-level quantities resp. one loop level quantities we will introduce superscripts (0) resp.

(1).
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

mass matrix of the RH neutrinos Mg reduces to a 1 x 1 matrix, i.e. a scalar number which
we will assume to be positive and real and we denote it simply by mpg .
According to Schur’s theorem (theorem E.2.2) this complex symmetric 4 x 4 tree-level

matrix can be diagonalized by a unitary 4 x 4 matrix U® such that

U0 MEL U =i = diag(mi”, m§” m{”, m{?), (4.84)
(0)

where the diagonal elements m,; "~ are nonnegative and real. In order to construct the

diagonalizing matrix U we are regarding Mp as linear mapping
Mp:C?* — C. (4.85)
The rank-nullity theorem (theorem E.3) leads to
dimkerMp = dim C?® — dimim Mp >3 —1 = 2. (4.86)

Hence, there are in general two orthonormal vectors u),u), € C3, which are elements of

the kernel of Mp, i.e.
Mpu; =0 fori=1,2. (4.87)

We know!'%* that the columns of the diagonalizing matrix must be orthogonal and since

we also know u} L u), and

there must exist a third vector uj € C3 orthonogmal to u), u}, which must be of the form
M
uy = —2—, (4.89)
|Mp|

where we denote ||M})|| = \/MpM}, =: mp. Now we can make a first attempt to construct
the diagonalizing matrix, which we call V(. Tts columns must consist of four orthogonal
4 x 1 vectors which can be constructed from the w}, for i = 1,2,3 by attaching a zero
in the forth component. For the vector of the forth column being orthogonal to the first
three ones we can simply take (0,0,0,1)7, since Mp is already a diagonal matrix because

it is just a 1 x 1 matrix and we might denote it as mg. Thus, we write

'l o0 0 0 0 Mp
T
V(O)TMS))MV(O): vy 0 0 0 0 Mpo| (uf uh uj O
M W ol o 0 0o Mpllo 0o 01
0 1) \Mpr Mpy Mps Mg
(4.90)
00 0 0
oo 0o o0
00 0 mpl|
0 0 mp Mg

104Gee Appendix E.2.
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4.2 A Special One-Loop Corrected Seesaw Models

where we were able to eliminate some off-diagonal elements. In the next step we rotate

the lower right block matrix by a unitary matrix

WO .= : (4.91)

Cc S

oS o o =
o O = O

—S C

where we introduced the shorthand notation ¢ := cosf and s := sin . We calculate

00 O 0
W(O)T 0 0 0 0 W(O)
00 0 mp
0 0 mp MR
(4.92)
0 0 0
0 0 0

0 —mpcs — (mpc—mpgs)s c(mpc—mps) —mps® |’

o O O O

0 mpc® —s(mge+mps)  mpes + c(mpe+mps)

and by enforcing vanishing off-diagonal elements we obtain a defining relation for the

rotation angle #. If we demand the upper right entry off-diagonal entry to be zero

0= cos(0)(mp cos(f) — mpsin(f)) — mp sin(f)?

= mp(sin(8)® + cos(0)?) — mg cos(6) sin(6)

o Mo _ sin(f) cos(0)  (.43) sin(f) cos(0) (4.93)
mp  cos(f)? —sin(0)2 cos(20)
44) 1sin(20 1
o 1sin26) _ Ly op),
2cos(20) 2
and hence we achieve the following condition
mp

tan(20) = 2—|. 4.94
an(26) =277 (199

Using this result we can show that the diagonal entries are the eigenvalues of Ml()olM,

which can be calculated by

00 O 0
00 O 0
det —Aly| =0. (4.95)
00 0 mp
0 0 mp Mg
This gives us solutions
Ao =0, (4.96)
2
Ao = % + % +md, (4.97)
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

Inserting (4.94) into the lower two diagonal elements (3,3) and (4,4) in (4.93) and using
the relations (E.41)-(E.44) we find

(4,4) = mp cos(#) sin(0) + cos(0)(mg cos(0) + mp sin(6)

= 2mp cos(6) sin(6) + mp cos(6)?

1 1
= mpsin(20) + —mpg + SMER cos(20)

2
tan(26) n 1 N 1 1
= mp SMRr T MR
1+tan(20)2 2 20 /1 4 tan(26)?
oD 1 1 1
= mD it 2 + §mR + 2mR—2
2m 2m
1 (3e2) 1+ (5e2)
2
1+472 2
R
2 2
my+4dmp [ m% 1
== 2 -
mpgr+mpg %+4m2D ( mn + -mpg
1 m% +4m3, 1 ) )
:2mR+Tn%_‘_47n%2(mD+mR)
1 1
=gMmrt g m% + 4m3,

1 1
= §TTLR + Zm% + 4m2D = )\4,

(3,3) = —mp cos(0) sin(0) — (mp cos(0) — mpgsin(f)) sin(0)

= —2mp cos() sin(f) + mp sin(6)?
2mD 1

D
mR
D
R

1
= _mD——FimR—*

1
2 2mR 2
1+<2ml) \/ 1+ tan(20)
\/m%—i—élszmR( 4m% > (4.99)

Finally we have to ensure non negative real diagonal entries, since we are interested in

mass eigenvalues. Because the eigenvalue )3 is not positive we have to insert a factor i by

t
e
|
o o

(4.100)

o O O =
o O = O
o .

_ o O O
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4.2 A Special One-Loop Corrected Seesaw Models

such that we obtain the final result

0 0 0 0

0 0 smg—/3m%+4m3 0

00 0 Imp +\/im% + 4m?

N . 2 40 R (4.101)
loo 0 0
0 0 /imd o amd — lmg 0 ’

00 0 Vim% +4md + imp

where all diagonal entries are non-negative. Hence, we constructed the diagonalizing

matrix U as

0O — O 0 g _ [ U2 icos(f)uy sin(f)vs , (4.102)
0 0 —isin(d) cos(f)
such that

0 0 0

00 0
vOT MO O - , 4103
DM 00 m o (4:105)

00 0 m

with mass eigenvalues

1 1

m:(30) _ /Zm%+m% — 5, (4.104)
1 1

m{” = \/ Zm%% +m3, + 3R (4.105)

In the seesaw limit for mpr > mp we obtain by expanding the square-root the following

approximation
2 2
O, me (1 4mp)  me _mp 4.106
m3_2<+2 m2, 2 mp (4.106)
2
© . mr (1 dmp\  me 4.107
m4_2<+2m§+2 M (4.107)

which reproduces exactly what we have already found in (3.31) and (3.33). But here we
have shown also that only one light LH neutrino acquires mass via seesaw mechanism,

whereas the other two LH neutrinos remain massless on tree level.

4.2.2 One-loop Neutrino Mass Matrix

In the next step we will show that after one-loop corrections a second LH neutrino becomes
massive and only one remains massless. To show this explicitly we have to diagonalize

the corrected neutrino mass matrix given in (4.2), which reduces in our set up to the
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4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

symmetrict®® complex 4 x 4 matrix
IM; ME 3
My = v Mp s (4.108)
MD mpr }1
XY

where the correction d My has been derived in the previous section 4.1 and is given in
equation (4.78). For this purpose we decompose the matrix U©® given in (4.102) in the

following way:

/ " }nL
0) _ L L
[© ( Lo Lg*) e (4.109)
P

nr —NRr 2ng

where U] is in our special case the 3 x 2 matrix (uf,u)), U] is a 3 x 2 matrix and Up* is

1 x 2. A straightforward calculation!®® leads to

U

GO VIONGON O VIORNGIONN (0K (5ML o)

0
00 (4.110)
0 0 UTsMU, UFsMLUY\ 12

UrTsMLUL UyTsMoUY ) 12

0 my 2 2

ms 0

o O O O
o O O O

This second matrix, which can be considered as a perturbation of the tree-level mass
matrix, can be diagonalized by a unitary transformation V") as mentioned in [21], where

V) — 1 is of one-loop order
VO ~1ti0, 0—gf (1)

The unitary matrix actually diagonalizing M](;J)FM is constructed as the product

U=y, (4.112)

(0)
4

:(30) and m

and the additional corrective terms to 7(?), more exactly to m , due to matrix

multiplication with V() will be really small and hence negligible. Thus, for an appropriate

107

choice'®” of VY we can achieve

0 0

Re (u’lT(SMLu’l) Re (u’lT(SMLu’Z) 0 O

Re (u’g(SMLu’l) Re (u’QTéMLu’Q) 0 O
0 0 mg 0
0 0 0 my

U ME)\U ~m® + (Re (UM ) O)

(4.113)

105This is quite obvious since d My, is symmetric.
106The full calculation can be found in appendix F.9.
107This procedure is discussed in general in appendix E.2.2 and more explicitly for this case in F.9.
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4.2 A Special One-Loop Corrected Seesaw Models

The remaining off-diagonal entries in the upper left submatrix U §MpU; can be re-

moved by an appropriate choice of u} and u),. We recognize that due to its form

39° T Inr,
7M RITL
6472m pUriM T, —

) 1

My, =S ATUm© " L ULA, + — = UkMp,  (4.114)
Pl 32 2

obtained in (4.78), the Z° contribution to My, i.e. the second term, will not contribute

at all since we had Mpu, = 0 for ¢ = 1,2. So if we choose u}j L A; and u} L A, the

remaining off-diagonal entries in (4.113) are removed since A, = b1A; + beAy and we

obtain
ULSMpU, 0
U<0>TM§2MU<0>:m<0>+ LYL
0 0
0 TO 00 (4.115)
|0 Re(wioMpuy) 0 0
0 0 my 0
0 0 0o mY

Furthermore, the overall phase of w), can be chosen in a way such that w/3dMu) is
positive. This procedure also shows that even after one-loop corrections one LH neutrino
remains massless'®s.

Finally, we would like to give an estimation on the order of magnitude of mél) as it is
done in [22]. An upper boundary for mél) can be found in the following way. We know
from construction of U® that ) is orthonormal to ) and uj and its phase is fixed by

the positivity of mgl). We use u), to define the following quantity

v 1T AT
Co = uy AL € C, 4.116
i} (1.116)
for = 1,2 and with the Yukawa coupling constants A, and v = /|v1]|?> + |v2|?. This
quantities fulfil the relation
vicr +vycq = 0, (4.117)
since we had Mp given in equation (3.106) and mp = ||[Mp]|. v; and vy denote the

VEV of the two Higgs doublets as defined in (3.61). Nevertheless, |c;|? + |c2|? remains
an independent parameter in this model, because we have no restrictions on u}, and A,

apart from naturalness, which requires |c;|* + |ca|? being O(1). Above, we have found

T
mo = u'2 (SMLUIQ

1 ,T T lnrb ,
b;; 32m? e ’ (4.118)
lnrb
= bo AL U bsA
b;ézb 3971 20 2t (Z > Tb R (Z B 5) u2a

where we used Ay, = b1 A1 + by As.

108 However, it will become massive at two loop level as shown in [81, 82, 74].

79



4 ONE-LOOP CORRECTIONS TO THE SEESAW MECHANISM

We can now rewrite this in terms of our newly defined quantity ¢, and use the Cauchy-

Schwarz inequality (E.4):

2m?% « (0) 107
my= ) 397202 (Z baCa) Ui Tb UR (Z bﬁcﬂ)

btby

2m3, Inry ?
< ¥ 2D yEm) Ul boCa 4.119
- #Zb 32722 R rp—1 1 Za: ¢ ( )

2mb |, ) Inme 2 2
< .
< 3 sl 2y () (S

In (3.97) we had ||b|]| = >, ba = 1 and hence we get
2m? In rb
< Upin© UL (ler? 2). 4.120

My = b;;z 327202 o — Ur (‘Cl| + |eo] ) ( )

For a more meaningful result we should simplify the factor Ugn(® ilblf"l U},. This can be
done in a similar way to the procedure used for (4.81) where we assumed the 1 x 4 matrix
to be

"N o ~
2 2

In our case we have W = 1 and hence m = WimzgW* = mpg > m,. Thus, we obtain

2

my L1 i

my < Y s W (mR 1n—m )W (les]? + Jeal?) - (4.122)
btby b

More explicitly we might calculate this factor by inserting Ur = (0,0, —isin 6, cos ) and
m©) = diag(0,0 mgo),mfl )) Doing so we get

Inry ol m?

2 4 2
- —sin(9)2 M2 1y | D 02 (2} (4123
W 1UR T o ( sin(0) w2, n meme + cos(0)” In m2 ( )

Furthermore, we can achieve for mp < mpg

URm(O)

1 1 1
cos(0)? = 5(1 + cos(26)) = 3 1+ ——=|»1, (4.124)
L+ ()
P 1 1
sin(f)” = 5(008(29) —-1) = 5 l+ ——-1| =0, (4.125)

which leads to

y Inry o mi m%
Ui Up >~ In|—]. 4.126
R rb —1 7 2mp 1 m3 ( )

Hence, we have achieved the following result for an upper boundary of ms as
2 2 2
mp My mg 2 2

< —In|—= , 4.127
e b;ézbz 32202 mp (m%) <|Cl| +lel ) ( )
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4.2 A Special One-Loop Corrected Seesaw Models

which can be used for an estimation on the order of magnitude

1 M2 M
(1) g0 1y MR | (4.128)
™

where M is a generic physical neutral scalar mass.

It is also noted that for My ~ v the relation mgl) <K mgo) comes solely from the
numerical factor (1672)~! appearing in the loop integration. In [22] it has been also
stated that in general cancellations in the summation over the vectors b do not appear,
because those vectors are connected to the diagonalizing matrix of the neutral scalar mass

matrix, but these matrix elements are independent of the masses m3.
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5 Scotogenic Model

5.1 Original Model by E. Ma

This model, proposed by E. Ma in [23], is an extension of the SM with three RH neutrino
singlets (ng = 3 = ny) and one additional scalar doublet (ng = 2). Moreover, the theory
is supposed to exhibit an additional exact symmetry and the symmetry group is given by
SU(2) x U(1)y x Zy. All SM particles (Dy, ¢g, ¢) transform evenly under Z,, whereas

all new particles (vg and 7) transform oddly, i.e.

DL—>DL7 gR_>€R> ¢_>¢7

(5.1)
VR — —UR, n— —n.
This symmetry is assumed to remain unbroken after SSB, i.e.
SUQ2), x ULy x Zs 8 U(1)py X Zo. (5.2)

Hence, some terms are forbidden in the Lagrangian, which has to be invariant under
Zo transformations. In particular the Majorana mass term for the RH neutrinos given
in (2.22) is invariant. Moreover, the mass matrix of the RH neutrinos can be chosen
diagonal without loss of generality, i.e. Mg = diag(mpg1, mg2, mgs). The 6 X 6 neutrino

mass matrix M](DolM at tree-level is a priori given according to (3.4).

5.1.1 Scalar Mass Eigenfields

For investigating the scalar sector we use the general results of section 3.2.1 and start by

adapting the scalar potential (3.63) for ny = 2, i.e.
2 2
V=3 uwolei+ > Am <¢1‘L¢j) (¢L¢l) - (5.3)
ij=1 6,4,k l=1
Because of the additional symmetry terms linear and cubic in 7 are forbidden, since V'

has to be also invariant under Z, transformations. Therefore, we have
2 2
V =101 61 + 13,0362 + A (Cﬂ@bl) + A2222 (Qgﬁbz) + 21122 (¢J{¢1) (¢£¢2)
2 2
+ 2X1221 (¢[62) (641 + Mianz (6[62) + Nigro (6de1)

where we used the properties of A, given in (3.64). The inadmissibility of linear and

(5.4)

cubic terms in 77 means

(3 = pizy = 0, (5.5)
)\1112 - )\1222 - 07 (56)

and hence all \;j; = 0, with (ijkl) being permutations of (1112) and (1222), because of
(3.64).
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5 SCOTOGENIC MODEL

Introducing the notation used in [23], we define

+ +
b= = (f;) by =1 = (770> (5.7)

ph=mi,  pg=m, (5.8)
1 1 1 1 1
A1 = 5)\1, A2222 = §>\2, Al122 = 5)\3, A1221 = 5)\4, Al212 = 5)\5- (5.9)
Due to Hermiticity of all terms (except the last one) all coefficients are real’®, i.e.
m%,mg7A17/\27/\3,A4 e R. (510)

Moreover A5 € R can be assumed, since a possible phase can be absorbed into the field

n, as it has been noted in [84]. Thus, the scalar potential V' reads as
V =miol6 - minn + 2 (616) 4 2o (aln)”
+ s (6'6) (n'n) + A (6') (n'e) + ;Ag, <(¢Tn)2 + H.c.) .

Finding VEV’s in this potential is only possible if V' is bounded from below, because

(5.11)

only if V' does not tend to minus infinity anywhere, the potential has stable minima, which
has been discussed in [84] or [85, p.90f]. This leads to some constraints for the coupling
coefficients \;, which have been investigated in [85, 84, 86, 87]:

AL > 0, Ao > O, >\3 > —\/>\1)\2, /\3 + M\ — |>\5| > —\//\1>\2. (512)

Without loss of generality it can be assumed that A; > 0, as done in [23]. Furthermore
in [84] the requirements of the parameters m? for a stable Z, symmetric vacuum can be
divided in two classes:
(a) m3 >0 if m3 >0e ()% =0=(n)? (5.13)
A3+ A+ A 1
0 miz SIS it <0 (@)= S0 )P =0 (519
1 1

In Ma’s scotogenic model [23] the case m? < 0 and m3 > 0 has been considered, which
is included in case (b) above. Therefore, the new scalar doublet 7 has vanishing VEV and

for the standard Higgs doublet we can choose its usual VEV, c.f. equation (1.89),

v? = (%) = (\%)2 - —Tf. (5.15)

Because of only one nonvanishing VEV, v can be chosen real, according to [26, 84, 85].
A simplified plot of the potential with this constraints is shown in figure 12 below,

where we only considered the real parts of the neutral component of the scalar doublets.

109This has been also mentioned in [83, p.242]
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5.1 Original Model by E. Ma

viRe(¢?)Re(n?))

Figure 12: This is a simplified plot, done with Mathematica 10, of the scalar potential as
a function of the real part of the neutral components of the scalar fields, i.e.

V = — (Re(¢)* + (Re(1°))* + (Re(¢9)" + (Re(1°))" — (Re(¢°))” (Re(1))”.

i
‘J[Re[r,l'j]:ﬂ] WiRe(d =0}
25F o
s
20r
15¢ 4r
10¢
- 2_
05¢p
. . . . o,
Re(d
15 1D _B5— | a0 A LAY ' = i - L Re(n®)
1.5 1.0 0.5 05 10 15 o
(a) (b)

Figure 13: Here two different cross sections of the potential V' (Re(¢%), Re(n°)) are illus-
trated using Mathematica 10. In (a) the cross section of the Re(n®) = 0 plane
and in (b) the one of Re(¢®) = 0 is shown respectively. Apparently the VEV
of Re(¢°) is degenerate whereas the VEV for Re(n°) is zero.

In order to find the masses of the scalar mass eigenfields we can use again the results
of section 3.2.1. To apply the equations found there we need the matrices p? as well as

A, K and K’ given in equation (3.76),(3.83) and (3.85) respectively in terms of our model

here. We find
MQ _ m% 0 7 A _ U2 )\1 0 7
0 m% 0 )\3

K = M0 K' =2 M0
0 X5/~ 0 N/

(5.16)
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5 SCOTOGENIC MODEL

Figure 14: Now the complex valued scalar potential V' (¢, n) has been plotted in Mathe-
matica 10 for (a) n° = 0 and (b) ¢° = 0 respectively. The shape of (a) clearly
shows a whole circle of minima, i.e. the VEV is infinitely degenerate, whereas
in (b) one global minimum appears at zero; c.f. figure 22 in appendix B.4.2.

Hence, we can apply equation (3.75) to find the masses of the charged scalar mass
cigenfields ¢ and n*

2 2
M2 = (ml T Aw 0 ) . (5.17)

0 m% + )\31)2
Taking (5.15) into account we obtain
m?(¢*) =0, m?(nt) = m3 + Agv?. (5.18)

For the masses of the neutral scalar mass eigenfields we need the matrices A, B and
C' given in (3.90), (3.91) and (3.92) respectively. Since all coefficients are real we get
C = 02><2 and

2 4 3002 0
e L (5.19)
0 ms + (A + Ay + A5)v
2 by 2 0
=TT - (5.20)
0 ms 4+ (A3 4+ Ay — As)v

The formula for the neutral scalar masses is given in (3.95) resp. (3.96) and hence, using

(5.15), we achieve

m?(vV2Re¢?) = 2)0v%,  m2(V2Ren®) = m2 + (A3 + Ay + A5)0?, (5.21)
m?(v2Im¢°) = 0, m2(vV2Imn®) = m2 + (A3 + Ay — As)0’. (5.22)

The scalar doublets can be parametrized by their mass eigenfields analogously to (3.101)

0 nt
¢= (m) = <p+_o> (5.23)
) V2

as follows

86



5.1 Original Model by E. Ma

where we used the notation h = v2Re(¢°), p = v/2Re(n°) and ¢ = v/2Im(n"). This is
the parametrization in the unitary gauge, since we have chosen the VEV of ¢° in the
appropriate form given in (5.15). Therefore ¢ and g = Im(¢°) are massless, i.e. the
Goldstone bosons of the theory. Furthermore M3 in (3.95) is already diagonal, as shown
in (5.19) above, which mean the fields ¢, n* as well as h, g, p and o are already the scalar
mass eigenfields since no mixing occurs. Thus, the 2 x 1 eigenvectors b for the scalar mass

eigenfields h, g, p, o have to be the complex unit vectors

ph) — (é)7 pl9) — ((2)7 pP) — <(1)>’ plo) — <O> (5.24)
i

Since ¢ is the SM Higgs doublet, the real part of its neutral component becomes the
Higgs field after SSB and its imaginary part remains massless and represents the Goldstone
boson, which will give mass to the gauge boson Z° via the Higgs mechanism discussed in
section 1.3.4. The charged component of ¢ remains also massless due to the particular
choice of the VEV, i.e. the unitary gauge, and it will give mass to the gauge bosons
W via the Higgs mechanism. So we end up with one massive real neutral scalar mass
eigenfield h from the Higgs doublet as usual.

However, the second scalar doublet 7 leads to three additional mass eigenfields n*, Ren®
and Imn°. In particular we recognize from (5.21) and (5.22) above that the masses of Ren°
and Imn° differ by 2Xsv?%. If the coupling coefficient A5 = 0, the real and imaginary part
of n° have the same mass, i.e. m?(Re(v/21°)) = m?(Im(y/21°)) which means the mass

eigenvalue is two-fold degenerate.

5.1.2 Yukawa Interactions

Now considering the Yukawa Lagrangian we find that some terms there are also forbidden
due to the additional symmetry, since Ly has to be also invariant under Z, transforma-
tions. Applying the result (3.105) for the Yukawa Lagrangian in a multi-Higgs model in

section 3.2.2 to our special case ng = 2,ng = 3 we find

2 3
_‘CYUk = Z Z {¢L€i13(r(k))i1i2 + a%ij(A(k))jiz} DizL + H.c.
k=111,i2,j=1

2 (5.25)
=S (¢L0T™ + GImrAW)D, + Hec. .
k=1

Here ¢, is identified with the standard Higgs doublet ¢ and the additional scalar doublet

¢o will be called . Hence, we obtain

— Lk :(¢TZRF(¢) + QET?RA(@)DL + (WTZRF(H) + ﬁTgRA(n))DL +He.

= (07 ") Rl" + (¢, —0"prA) (’;“) (5.26)

+ (07 ")l + (1, —n")7RA™) (Zf) +He..
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5 SCOTOGENIC MODEL

Because of the Zy symmetry all terms linear in the new fields vg and 7 are forbidden.

Thus, we get
Ly =CT?) (¢_VL + qu*EL) +TrAM (nouL — 77+€L) + He.
=T\ e v + D lire™ ¢ (1 (5.27)
+ Az(‘?)viRnijL - Agy)yiRnJrejL +H.c.,

for A =0 and I'™ = 0. This restrictions on the 3 x 3 Yukawa coupling matrices take
into account the Z, symmetry. The second term in the second line will give the charge

lepton masses as in the SM, since the standard Higgs doublet acquires VEV v # 0.

But there is no Dirac mass term for the neutrinos, since we have Mp = 0 according
to equation (2.3) and (n°) = 0. Hence, in this model no neutrino masses are generated
at tree-level via the seesaw mechanism since the seesaw formula, we derived in (3.31),
gives Ml(ig%lt = 0. Moreover, no mixing of the RH and LH neutrinos occurs since M EOJ)F M
is already diagonal, because the only nonzero submatrix is Mg, which has been assumed
to be already diagonal. Thus, vg and vy, are already chiral mass eigenfields, which means

wr, = w} in equation (2.48) and the diagonalizing matrix is simply
U = 1. (5.28)

Nevertheless, neutrino masses will be generated at one-loop analogously to section 4.1.
In the following section we will use the results we achieved before and therefore, we have
to rewrite the Yukawa Lagrangian in terms of scalar mass eigenfields, which are of course
all real. Hence the part of the Yukawa Lagrangian concerning neutrino-neutral scalar

couplings is given by

—L{) = rrAM yy, + ﬁLUO*A(n)TVR

1 * *

_ ) (1) ) — () (@) (mf

= 7\/5 |:1/RA (b2 p+ bg U) VL +7g (bQ p+ b2 U) A VR] (529)
1

= — |:URA(77) (p + ZO') vy, + ﬁL (p — ZO’) A(n)TUR:| .

V2

We used that the parametrization for ¢ given in (3.101) reduces in this model to what

was given in (5.23), i.e.

1 - .
(v2 +025)) = —= [(L2 + 0Yp) + (02 + 05 0)] = —=(p +i0), (5.30)

1
275 73

since vy = 0 and the eigenvectors b are given above in (5.24).

-

5.1.3 One-Loop Neutrino Masses

The light neutrino masses will be generated at one-loop in this model by exchange of the
neutral scalar field 7° and the heavy sterile RH neutrinos vg according to the Feynman

diagram in figure 15 below.
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®o ®o
\\ //
n° ¢ ¢ L
\ / 770 7 ~ 770
AN A / / \
N / \
/ \ \\ ,’ I \
] \ Ny B | |
— > > S ' = — > > S
/7 \
vi Ve (vg)" (vr) R v vr (vr)” (n)°
// \\
7’ 7’

Figure 15: The one-loop Feynman diagram for the scotogenic model is a composition of
the one-loop correction of the neutrino propagator via a n° selfexchange and
the crossinteraction of the neutral scalar fields ¢° and 7°. The mass eigen-
fields o and p contribute to the first diagram with opposite sign, whereas the
crossinteraction (A\’-term) leads to the splitting of the masses of p and o.

The one-loop corrected 6 x 6 neutrino mass matrix according to (4.2) will be
oM 0
Mb)y = : 5.31
- (5 2) o

since Mp = 0 in Ma’s scotogentic model. We simply apply the result for 6 M} found in

(4.78), again noticing that the second term vanishes since Mp = 0. Hence, we get

1 Inr
6ML:b§b: o QATU p— b U RO
L g (mé) T ) .
= 53 s UR ﬁURAb(m + Al Ui 2 UpAyo)
The matrices A, were defined in (3.114) and reduce in this model to
Ay = by = b AD, (5.33)
k

Since we know U® = 14 from equation (5.28), the submatrix of the decomposition given
n (3.6) is

000100
Up=1(0 00010 (5.34)
00 0O0O01
Thus, we obtain
A D 1
Ugp ln <22> rU; = 5wm§j) = dlag(mgp), mg ), (p)), (5.35)
p mi,% -
P W S (0) ) () ()
Ugpm In ol 1UR:m = 0ijm;j = diag(m\”, m¥”,m{"), (5.36)
7/ mZ
with diagonal entries m; for ¢ = 1,2, 3 given by
m2 m2 m2 2
mz(p) = mpg;In < ?) 2 ’ 27 mz(a) = mpg;In ( §1> 2m0. 2" (5.37)
mp My — mp my My — My
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5 SCOTOGENIC MODEL

Inserting all this in to d M, above becomes

1
3272

or alternatively in matrix component notation and using (5.35) and (5.36) we obtain

oMy =

[bgj) ADTHERP AD 4 5 AT 5,(@)p(0) A(n)] , (5.38)

(6Mp)a

we

) (a7 i (), ()" (37) enl’ (3,

N—— J ——
12 (—i)2

3%22[( (n)) ) (A<n>)ﬂ_(A<n>)ﬁm§a> (Am))ﬂ} (5.39)

Therefore, the final result for the correction to the neutrino mass matrix at one-loop in

the scotogenic model is

(6Mp)a o 22( ) ( ))jlij

2 2 2
s 2 2 g — 2 2 2|
m Mp; — M mg ) Mp; — Mg

P P

(5.40)

where m2 and m? are the masses of v2Re(n°) and v/2Im(n°) respectively, hence using
(5.21) and (5.22) we know

3 = m2 ()\3 + )\4 - )\5) . (542)

Apparently, if A\ = 0 and therefore m = m?2, the neutrinos will remain massless also
at one-loop level, since the two terms in (5.40) will cancel. Hence, only non-degenerate
mass eigenvalues of the neutral scalar field give rise to massive LH neutrinos at one-loop.

The effects of this mass shift between Re(n’) and Im(n°) will be now investigated.

First, we define the mean value and shift as

m2 4+ m? m2 — m?
mg = %, om? = % = 50, (5.43)
and clearly
m2 =mg + om?, m2 =mg — om?, (5.44)

Furthermore, the terms™? in (5.40) can be considered as a function

fla)=— ln(x>, (5.45)

r—a a

- 2 2 2
with = m7, m; and a = mp;, such that

(5ML il =

o g( M) (A gy [f(m7) = f(m3)] . (5.46)

10Hence, we like to follow the notation in [23], we took the reciprocal value of the fraction in the logarithm
and compensate the appearing minus sign in the nominator of the factor.
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For writing M}, in terms of m2 we expand the function f(z) around zy = m3 as

F@) = fa)+ T

(x —x0)+.... (5.47)

o

Since an expansion up to first order will be sufficient, we calculate the first derivative

@C:mln(x>+xf” _ (1_aln(z)>. (5.48)

dr  (z—a)? a —a T-—a (x —a)

Applying all this to (5.40) and inserting our proper variables for a, = and zy gives

(OMp ) 32 22( ) ( n))jlij

df df
- [f<m3> ] i) sty - ]y
plm2 7 Imj
X ’ ’ & (5.49)
_ 2 2
32%2;( (n))ji (A(n))ﬂmm [d 5 25m ~ | (—dm )]
20m* df
(n) (n)
3272 jz_:l (A ! )ﬂ' (A ! )Jl B gme2 dm? 2

By inserting the derivative (5.48) in terms of our proper variables we achieve our final

result:

2

i( ) ( ))jlm%ij 1_mR]ln<TZz:7> ‘ (5.50)

- m%{j (mg — m%{g)

(6My)a

5.1.4 Special Limits

Now we like to discuss some possible limits comparing the mass ranges of the mean value

of the neutral scalar masses m3 and the masses of the RH neutrinos mpg;.

(i) mp; > mg:

For the limit 23 — 0, where the mass of the RH neutrino is much heavier than
MRj

the mean value of the masses of the LH neutrinos. Thus, we rewrite (5.50) in the

following way:

2

3 1 1 1
(0ML)a z::( ) N ))jlij"”;?)_l 1_m3—11n<7;:;2j>

Yo " Rj (5.51)

i\gjﬂz( "), (a7), mle [_1_111 (Tzl?iﬂ

Here, where the mass of the RH neutrino is much lighter than the mean value of the

RJ
0

masses of the LH neutrinos, i.e. the limit — 0, we rewrite (5.50) analogously.
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Hence, we obtain

)\5U2 3 Mp; 1 m%{ 1 m2
SM )y = A A J 1— J 1 0
(O M) 167T2j21( )ﬂ( )jl mgl_i@j m%@_ln m%%j
0 my
)\5’[]2 3 MR
A A J
— 16#2;( )jz( )jl m%

(iii) mg; ~ m3:
To calculate 6 M, in the limit (mg;—m?2) — 0 we will expand the logarithm according
toln(l+2z) =2 — %2 + ..., since the second order will be sufficient. For a clearer

calculation we display the structure of the summands of (5.50) as

()] =5 - e (), 5.52)

where x = mg and m3,; = y and for 0 := x — y we will take the limit 6 — 0:

o1 y y+o\| .. 1], ¥ 5
%%5[1_51n<y>]_§5%5_1_51n Ly
1] y (6 162
= lim 1—5<y—2y2 )1 (5.53)
1 16 1
=l ]:gy'

Thus, we get

Asv? S mpg; 1 m2. 1 m2
(6My)u = 57T Z (A(n))ji (A(”)) JZJ . Rj T : In ( 0 )

67 & womg o | gy
L A Zg:(Aw)) (A) L (5.54)
3272 ji il mp;

It should be noted that the results obtained in this thesis differ by a factor of 1/, from
the original results in [23]. As discussed in [88] this additional factor is necessary due to

rescaling the real scalar fields by a factor of !/ V3
A general feature of this model with three massive RH neutrinos is that all three
LH neutrinos become massive at one-loop level, if all Yukawa couplings are nonzero.

Moreover, the masses of the LH neutrinos are appropriately small (~ 1 eV) due to

1
16727

(i) the loop factor
(ii) the small Yukawa couplings,
(iii) small coupling A5 (~ 107),

(iv) and the large seesaw scale mp ~ 107 GeV.
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Of course the one-loop corrected mass matrix MSJ)FM has to be diagonalized to write

down the mass eigenfields of the neutrinos. In the case of the scotogenic model this is a
rather simple task, since Mg has been assumed diagonal and Mp = 0. Hence, U© = 1,4
and the procedure done in section 4.2 simplifies to finding a matrix €2 of one-loop order,

according to
U=U0%v0 = (1+iQ), (5.55)

such that
UTMJSI_?_MU = m(l) = diag(le, myao, ng,le,mRQ,ng). (556)

Besides, this model also gives rise to dark matter candidates!'!. These can be fermionic
or bosonic, since the RH neutrinos or the real or imaginary part of the neutral component
of the scalar doublet 7 might be the lightest, but still very heavy, stable particle (LSP),
as pointed out in [23]. There, Ma briefly discussed the two possible scenarios, whether if

one of the RH neutrinos or one of the neutral scalars is the LSP.
(a) Let mp1 < mpe < mps and mpy < m,, m,, then vp; is LSP and
77i — fiVR1,2,3, VRa — giﬁVRl, VR3 — fiﬁVRlz,
will be observable decays.
(b) If otherwise m,, m, < mp 23, observable decays will be
VRi2s — 00T, nt —n’ 4+ WT,

Since p must be slightly heavier (dm? = A\sv?), this case would explain their coanni-

hilation in the early universe, according to [23].

5.2 Generalization of the Scotogenic Model

Now, in this last section the scotogenic model by E. Ma [23] will be generalized for

arbitrary numbers of scalar doublets

(Y e

O = & ork=1,...,ng, (5.57)
k
n
k./

where ng and n, denote the number of scalar doublets ¢, and s respectively. Analo-
gously to the special case discussed in the previous section, they transform evenly resp.
oddly under Z, i.e.

Ok = Gk, M =~ (5.59)

forall k=1,...,ngandall K" =1,...,n,.

H1Hence, Ma proposed that neutrino masses are due to the existence of dark matter. Therefore the name
scotogenic means caused by darkness.
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5.2.1 Generalized Scalar Sector and Yukawa Interactions

Again analogously, we assume the VEV’s to be

(0]62]0) = \”/’% fork=1,...,ny, (5.60)

(Oln|0) =0 for k' =1,...,n,, (5.61)

and hence, we find the following parametrization for the neutral components:

o0 _ Ukt hi, + ig
" V2
0 _ P 10K for k' =1

nk/—T ,...,nn.

For the full scalar potential we generalize the one given in (5.11) according to the general

fork=1,...,ng, (5.62)

(5.63)

form we derived in (3.63). Thus, we obtain

V=3 mOsle+ S A (4l) (dla)

1,5=1 i,3,k,1=1
£ Y b+ S A (nimy) (ko)
ne IR (5.64)
+2 z 5 A0, (610y) (o) +2 3 550, (&In;) (nken)
ij=1k" V=1 il=1j" k=1
%Ii g: /\1(35")kl/ (@Tm’) (QSLW) +Hec. |,
ik=14'l'=1

where all coefficients fulfil conditions similar to (3.64). In particular, to ensure Hermiticity

of the terms in the potential, they obey the following relations!!?

(1) (M\* 1 1
mzz’j = (mgji ) ) /\z(jl)cl = )‘I(clz)'jv )\Uk’l ()‘mk> ) (5.65)
(2) 2)\* 2 2) 2 *
m2,i/jl = (mZJ/l/) ) A(l )/k./ll —_— Ak’l’l’]” A( /k;/l/ i (A(‘/‘)/llk:/) ) (5.66)
3) 3) \* * 5
)\( Gk = (A‘gil)’k'/) ; )\( kT (Alk/)]/l) y A( ’)k‘l/ — A](Cl”bj (567)

All terms in this potential have to be invariant under Z, transformations, therefore
all terms linear or cubic in 7, have to vanish, which means the corresponding coupling
constants have to be zero. The superscripts of the couplings indicate their correspondence
to the constants used in (5.11). Note that there is no mixing of ¢y and 1, doublets to
scalar mass eigenfields, because of the Zs symmetry. Therefore, the only mass terms for
the ¢ doublets come from the first line of the potential and the procedure is analogous to
section 3.2.1. The mass terms for the 7, doublets originate from the remaining lines of the

potential. Only the second term in the second line will not contribute since (0|n%|0) = 0.

H2Note that especially )\” AR /\Ej‘)k, , and )\( '/ fulfil not exactly the same conditions given in (3.64), since

interchanging of primed and unprimed 1nd1ces is not possible, because they indicate the different fields
¢r. and ngs respectively.
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The mass terms for the 7}, are

V) = Z m?i [(pypy + 0v0j) +i(ppoj — apy)]

+ 5 Z Z Ag’iwvaj (P pr + owov) +i(pwoy — owpy)]
ig=1k =1
. (5.68)

L NI :
Ty > > )‘z(j’)k’lvi v [(py i + 0yow) +i(pjrorw — oy pr)]
i=1j' k'=1

{ S S0 AN uvi [(pyer — oyow) + i (pgon + o)) + H-C} :
i,k=17"l'=1

In the next step we rename the indices of the last three lines to match the notation in the
first one to collect terms quadratic in the fields p;/, p;; and oy, 0 as well as mixed terms

properly. Hence, we find

V) = Z m?*i [(popy + owoj) +i(puoy — owpyr)]

1
+5 2 Z Absvio[(pipy + 090y + i (puoy — oupy)]
k=14 7'=1
1 rH nn
+5 2 > Agwviv [(pepy + ovoy) + i (proy — oupy)] (5.69)
kl 14,j'=1

{ > Z My Vivi L(pepyr — owoy) + i (ppoys + aupy)]

kd=1i =1
S (1) )
+ Z > (M) wvn[(pupy — ouoyr) —i(proy +0upp)] ¢
k=14 ji—1

and rearranging the terms gives

1 & 1 )
Vn(lgzg ~ 9 > { 2(' ), + R (Al(c?l)z)]’ - /\k] z/l) B (Al(f;/zjka”z + (/\1(;221]‘/”2@?) )} Pi' Py’
i/,j'=1
I & X 1 )
T 2 k;l '/2‘;1 mQE’ZJ)’ + v ( plirg + /\ ) ) ( kz’lj’v;; v+ (Al(fz’l]’vkvl> )] gy 0j
Jd=1ij'=1 "~
R NPT 1 :
"2 k;1 -,Zl My R ( kg /\"U'”) 2 ( ’ﬂ’la’vk [ (A’ﬂ’la’vka )] peay
Tyt
' S 1 )
+ — Z Z —m2§,2j), — UZU{ ()\](jzljl + )\l(é)’z’l) + 5 (A,g??lj,UZUf — ()\,(C?ljlv;’;v?) ):| O'i/pj/.
k:l 14/ ,5/=1 "~

We introduce, similarly to (5.16) in the special case before, the matrices

ng
9 9 3 *
MQ( ) — (mQ( ))Z/] , AEZ), — Z )\,(Ch)»/jkavh
KoL (5.70)

K" 5 = E A o ()
kgl VRVl K” — E
k=1

95



5 SCOTOGENIC MODEL

with M 2(2), A and K'™ being Hermitian and K being symmetric due to the relations
(5.65) of the coefficients. Thus, we know

ReM2), = Re MQ(.??,, TmM25) = — TmM2(), (5.71)

ReAy) = ReAll), ImAY), = —ImAY), (5.72)

ReK') =ReK'\),  ImK") = — ImK'{l), (5.73)

ReKy!) = ReK ). k) = ImK\). (5.74)

Furthermore, we can simplify the terms with )\m,lj,, because

nH

S (Myivr + (Myoier) ) = K9+ K = 2Rek ! (5.75)
nH

S (Mhyvior — (Myoper) ) = K9 — K7 = 2ilmK (. (5.76)

k=1
We use this knowledge on symmetry behaviour in the next step and recognize that the
field part of the first two lines in V.17

") above is symmetric in 7’ <+ j/, whereas the one of

the last two lines is antisymmetric. So the contributing parts come from purely symmetric

or antisymmetric combinations and the potential reduces to:

1 o
Y — = > [R M2 ,—I—ReA —l—ReK' ,—i-ReK(")}pz,O]

mass
255

1o
+5 2 [ReM?) + viuReAl) + Rek'() — ReK(")]| ovoy

7= (5.77)

2 Ny

! Z {I ]\42 +ImA —i—ImK/ +ImK }pzfaj

(2)
5 Zl (—ImM?) — ImAY) — ImK') + ImK) ovpy.
Zlvjl:
In the next step we can use the symmetry properties of the real and imaginary parts of

the matrices (5.71) and rewrite the last line as

;2 I

+5 2 [+ AR + &)+ K] o0y (5.78)

i j'=1

If we rename the indices ¢’ <> j' in this line, then we can sum up the last two lines and

obtain
1o
Véf;ig:i S [ReM??) + ReAl) + ReK'V) + Rek )] popys

i, 7'=1
1o

DY [ReM27) + viuReAY), + Rek'S), — Rek ()] o0y (5.79)
il j'=1
2i2 2(2) /() ()

+ 5 Y M2 + A + ImK'y) + ImK ()] pyoyr.

i/, 3'=1
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5.2 Generalization of the Scotogenic Model

Finally, we introduce again matrices A, B and C as

A =Re(M2® + A® 4 '™} 4 ReK ™, (5.80)
B =Re(M*® + AW 4 K'™) — ReK™, (5.81)
C =Im(M2? + A® + K'™) 4 ImK ™ (5.82)

in analogy to (3.90)-(3.92) in section 3.2.1. Note that the matrices A and B are real and
symmetric per definition, whereas C' is just real. Using this notation, the mass term of

the potential can be written in a very compact form as

1 &
V(no) - — Z Ai’j’Pi’Pj’ + Bi’j/o—i/o—j’ + QOi’j’pi’Uj’7 (583)

mass
252

and the mass matrix for the neutral scalar fields of n—type is given by

M} = (A C) : (5.84)
cT B

The mass eigenvalue equation is also given analogously to (3.95) by

Reb (A C\ (Reb Reb
2 _ _ 2
MO(Im b) - (C’T B) (Imb) — <Im b)’ (5.85)

where m? denote the masses of the neutral real scalar mass eigenfields generated by mixing
of the n) fields. The eigenvectors b are n, x 1 complex vectors and if none of the 2n,
mass eigenvalues mj is degenerate, i.e. there are 2n, neutral scalar mass eigenfields, there
are of course also 2n,, eigenvectors b.

The generalization of the Yukawa Lagrangian in (5.25) is then given by

ng . 5
—Lvuk = Z(@t&zrwk) + ¢LPRA(¢’“))DL +H.e.
k=1
ny B R
+ 3" (T ) 4+ Glrp A)Dy + Hee.
k'=1

(5.86)

Now only considering the neutrino part of this Lagrangian the only terms remaining are

analogously to (5.29)
i
_‘C%k — Z ﬁRA(nk/)nglyL + angl*A(nkl)TVRa (587)
k=1

where the Z, symmetry again leads to vanishing couplings A(®*) and hence Mp = 0.

5.2.2 One-Loop Neutrino Masses

Therefore, the one-loop correction to the neutrino masses is given by the formula (4.78),
but since Mp = 0 the second term does not contribute. Moreover, only the neutral scalar
mass eigenfields from the 7, doublets contribute to the first part, because the ¢, doublets

do not contribute since A = (.

97



5 SCOTOGENIC MODEL

Hence, the final result in the generalized scotogenic model for the one-loop corrections

to the neutrino masses is given by

1 T . .

b

Inry
Ty — 1

ULAM (5.88)

with 7, = %ﬁ and Al()") = Y bw AU) defined analogously to (4.47) and (3.114). As in
the previousb section, it can be assumed that the diagonalized tree-level neutrino mass
matrix 7 equals the undiagonalized mass matrix M](DOJ)FM, it Mg is assumed diagonal and
m = diag(mir, mag, Mar).

Finally it should be investigated what happens, if the couplings )\Z(?,)kl, are zero. It has
been discussed before in the special case ngy = 1 = n,, a vanishing Yukawa coupling
A5 causes a degeneracy of the mass eigenvalues, i.e. there is only one mass eigenvalue.

Therefore, no one-loop corrections to the neutrino masses appear and the neutrinos remain

massless. It will be shown in the following that this is also true in the generalized model.
If /\1(]5")kl’ = 0, then K = 0 and hence

A=Re(’+A+K')=B. (5.89)

Per definition we know that A and B are real and symmetric n, X n, matrices, whereas

(' is a real and in this case also an antisymmetric n, x n, matrix. The mass eigenvalue

equation then can be written as

Reb A C) (Reb Reb
2 _ _ 2
My (Imb) N <—C A) (Imb) e (Imb) (5.90)
Thus, M3 is a real symmetric 2n,, X 2n,, matrix and fulfils the following equation'!?

STMZS = M3, (5.91)

for the anti-symmetric matrix
S = (_Enn ﬂg") : (5.92)
SST = 1y, . (5.93)

If b = x + iy is eigenvector of M2 to the eigenvalue m} then we find

() = (s
(5:91) SM(Q) <§> (5gO)sz (i) _ mg (—y) (5.94)

Thus, if b = z + iy is eigenvector to m7 then b’ = —y + ix is also eigenvector to the

113Great thanks to Prof. Grimus for these crucial observations.
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5.2 Generalization of the Scotogenic Model

same eigenvalue and they are linear independent, since they are orthogonal

() ()

Hence, the eigenvalue m? is at least two-fold degenerate and the eigenspace Ej, has at

least dimension 2. The pairs of eigenvectors b = = + iy and b’ = —y + ix are related via

S(‘z) - (-;,) b = ib. (5.96)

They form a complete set of orthonormal vectors spanning the eigenspaces and hence, all
eigenspaces have even dimension. As we will see in the following those pairings will cause
vanishing one-loop contributions to the neutrino masses.
Now we can express the Yukawa Lagrangian (5.87) in terms of scalar mass eigenfields.
Adapting the result in (3.101) we obtain
= \}5 (Z beSY + Zb;s[),) =3 (beSy +ibSP) | (5.97)
b v b,b’

where we used the relation (5.96) above. Then we achieve in the Yukawa Lagrangian

LY = Z > oRA™) (bS) + ibeSp ) vy + Hee.
\/_ k=1 b,b’

Z UR ( 77)52 + iAén)S£,> v, +Hec.,

bb’

(5.98)

where we used again the definition of Ay given in (3.114).
If we now apply all this to the formula for the one-loop mass correction (4.78) resp. to

the result we achieved before in (5.88) and use mj = mj,, we get

1 (MNT 77 lnrb
oM, Z; 3972 (A") Ugin

—URAY

In Ty

UIJ[? A(n

1 . .
+ Z 3972 (zAlgn))TUR

Ty —
1 Inr,

= 5 (A7) Vg
b

. .
+ Z ; %2 ALY Upin

UTA(W)
Ty — 1 R0

(5.99)

In Ty

- U;{ A(U)
1
3%2 M AT rbn”’ ULAM 4+ iAM)

hl?”b

(1 +i2A0 Ui U;Am_o

0 e

>
o

Hence, it has been shown that for vanishing Yukawa couplings A®) ; in the generalized

ijk
model there are no one-loop mass corrections and the neutrinos remain massless even at

one-loop level.
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5 SCOTOGENIC MODEL

5.2.3 Generalized Fermion Sector

In the last step this model will be generalized for arbitrary numbers of LH neutrinos np,
and RH neutrinos ng. The Yukawa Lagrangian (5.87) for the neutrinos can be adapted
in the following way;

in np NR

_['(qu)k = Z Z ZVRjA(n’“’)jmg/VLi +H.c., (5.100)

k'=1i=1j=1
where the Yukawa couplings''* A) are now ngz x ny matrices as in section 3.2.2.

In the case of arbitrary n; and ng we like to find a formula to describe the numbers of
neutrinos remaining massless at one-loop level, analogously to (F.50). First we recognize
of course, due to the Zy symmetry the ny x ny Dirac mass matrix Mp is zero and hence,
the number of neutrinos remaining massless at tree-level is ny, in contrary to the model
without this symmetry, where this number is n;, — ng.

In the generalized scotogenic model the tree-level neutrino mass matrix M (DOJ)F M =mis
diagonal, since we can assume Mg to be diagonal. Hence, no diagonalization at tree-level
is necessary and the diagonalizing matrix is simply U® = 1,,, 1,,. In this case we can
not apply the approximation (F.70) for calculating one-loop masses, but we can easily

diagonalize the one-loop corrected neutrino mass matrix

M, = (M O (5.101)
0 MR }TLR
NSNS
ny nNg

via Schur’s theorem (theorem E.2.2) by a (ny, + ng) X (ny + ng) unitary matrix

U)o
v =|"F : (5.102)
0 1,,

with U S) being a unitary ny X ny matrix per construction, such that
UO" MY, UD = diag(mpa,. .., min, MEL - MEng). (5.103)

Thus, the interesting part is the upper left n;, x ny block matrix, where

T

U sMUY = diag(myy, ... min, ). (5.104)
To find the number of neutrinos remaining massless at one-loop level we investigate the
column vectors uyr; fori =1,...,ny of U S), which give

The n; X ny one-loop correction matrix dM; in the most general scotogenic model is

114We only considered here the neutrino part of the Yukawa Lagrangian, but in the general Yukawa
Lagrangian A(®x) = Onyxn, and the couplings of the charged leptons () and T'Ow) are ny, x n,
matrices.
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5.2 Generalization of the Scotogenic Model

analogous to (5.88)

1 T .

b

Inry
Ty — 1

ULA, (5.106)

but now A,()") are nr X ny matrices, U} is ng x (ny + ng) and m is of course

(ng +mng) X (n + ng). Hence, the matrix structure of 6}, is analogously to (F.46)

SM; = Z Z A(le)TmbA(ﬂk)’ (5,107)
b k=1
and therefore
mr; = ULiT(SMLULi = Z Z uLiTA(nk)TmbA(nk)uLi- (5108)
b k=1

The LH neutrino masses my; remain zero at one-loop level, if the column vectors
ur; € ker(A™) for all k = 1,...,n, and if all Yukawa couplings A are assumed
linearly independent. Therefore, we can apply the same procedure as done in appendix

F.7 in equations (F.51)-(F.55) and we find analogously

no = max(0,n;, — ngn,)|, (5.109)

as the number of neutrinos remaining massless after one-loop correction in the most
general scotogenic model.

It should be noted that in this model the number of scalar doublets ¢, does not have
any effect on the number of massive neutrinos. Furthermore, we can also see that for
example in the case n;, = 3, ng = 2 and n,, = 2 all LH neutrinos will acquire mass after

one-loop corrections.
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6 Summary

In this thesis we discussed extensions of the SM, to explain neutrino masses. In the most
general set up we considered nj, active LH neutrinos and extended the particles content
of the SM by npg sterile RH neutrinos and ny Higgs doublets. In section 2 it has been
discussed that in such a model a Majorana mass term for the RH neutrinos is allowed.
Furthermore, since RH neutrinos have been included, the Yukawa Lagrangian leads to a
Dirac neutrino mass term analogously to the mass term for the charged leptons in the
SM. In this thesis we focused on the seesaw mechanism of type I, and hence we excluded
a Majorana mass term for the LH neutrinos. To be able to employ this mechanism, the
masses of the RH neutrinos are assumed to be much larger than the EW scale. The
general mass term is then given in (3.3) and the neutrino fields are Majorana fields. The

neutrino mass matrix Mp, s is the symmetric (ng, + ng) X (np + ng) matrix

0 M}

Myt = AR (6.1)
MD MR }TLR
~ =

nr nRr
where the block matrices are the Dirac mass matrix Mp and the Majorana mass matrix

Mg for RH neutrino singlets.

It has been shown in section 3.1.2 that light (LH) and heavy (RH) neutrino masses can

be disentangled such that the neutrino mass matrix appears as a block diagonal matrix

Miighe 0 (6.2)
0 M heavy 7 '

with Mg being the ny x ny mass matrix of the light neutrinos and Myeayy the ng x ng
mass matrix of the heavy neutrinos. It has been shown that in the lowest order of the
inverse seesaw scale, i.e. my', the light neutrino mass matrix is given by the seesaw

formula
Miigne ~ —MEMz" Mp, (6.3)

whereas Mpeayy is just the RH neutrino mass matrix My in this approximation. Since the
RH neutrinos are assumed to be very heavy, which means the eigenvalues of Mg are of
the order of the very large seesaw scale, the seesaw formula shows that the masses of the

light neutrinos will be very light indeed.

Nevertheless, if n;, > ng, then there are at least ny — ng neutrinos remaining massless
at tree level, but including radiative corrections will lead to more massive LH neutrinos.
Therefore, one-loop corrections to the seesaw mechanism have been the focus of this thesis.

It has been shown that the corrected neutrino mass matrix is given by

(6.4)

SM; MFE
Mpyy = ( t D) :

Mp Mg



6 SUMMARY

The correction M}, has been derived in equation (4.78) as

Inr, 3g° MT Ui Inr,

T
5ML_Z32 35 Upiit 6472m, r, —

btby

U;A + U;MD (6.5)

The correction has contributions from the scalar mass eigenfields as well as from the Z°

boson. In terms of mass scales this result means

1 m2 . m? m>2 m>2
omy ~ —— —In & Dy —L& 6.6
L™ 602 (; mgr  m R mp mQZ ’ (6.6)

with neutral scalar masses m; and the mass of the Z° boson my. Besides the factor
(1672)~! and the logarithmic structure, which come from the one-loop calculations, the
mp" dependence should be noticed. The factors m—i and D are both of the same order
as the scale of the light neutrino masses given by the seesaw forrnula. In general, includ-
ing one-loop corrections leads to ng = max(0,n;, — ngny) massless neutrinos, whereas
(np, — ngr — ng) are massive at one-loop level, which has been shown in appendix F.7.
These results have been examined by employing them to a special model with n;, = 3 and
a minimal extension ng = 1 and ny = 2. In this special case one neutrino acquires mass
at tree-level, a second one at one-loop level and the third one will remain massless.

Finally, in section 5, all general results have been used to investigate a special type
of SM extension, i.e. the scotogenic model by E. Ma. An additional exact Z, symmetry
does not allow Dirac mass terms and all LH neutrinos remain massless at tree-level.
Nevertheless, at one-loop level light neutrino masses are generated. In the original model
of Ma, the SM with ny = 3 is extended by three RH neutrinos ng = 3 and one scalar
doublet n. The added particles transform oddly under Z,, whereas the SM particles
transform evenly. Because of the Zy symmetry, only the two scalar mass eigenfields of
n contribute to the one-loop neutrino mass correction. The scalar mass eigenfields are
exactly the real and imaginary part of 17 and their masses only differ by their A5 couplings.
This means the mass split is given by Asv, where v is the VEV of the Higgs doublet.
Therefore, only if A5 # 0 the neutrinos become massive at one-loop level.

This model has been generalized for an arbitrary numbers of RH neutrinos ng and of
scalar doublets of the SM Higgs doublet-type ny, which transform evenly under Z,, as
well as for an arbitrary number n, of scalar doublets of 7-type, which transform oddly
under Z,. It has been shown that if the A3-type couplings are zero, there will be no
massive neutrinos at one-loop level, analogous to the special case. This happens because
the scalar mass eigenfields split exactly into pairs, such that their contributions to the
one-loop mass correction cancel. Besides, for the generally extended fermion sector it has
been found in (5.109) that the number of neutrinos remaining massless at one-loop level

is given by ng = max(0,n;, — ngn,), analogously to the result obtained before.
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A Appendix - Gamma Matrices

This section is a summary of the most relevant facts on gamma matrices found in
[25, p.215f, 224, 239], [26, p.40ff, 50, 133ff], [28, p.89ff] and [33, p.327ff]. For a better
understanding of the more mathematical aspects of the Clifford algebra, which is formed

by the Dirac matrices, we like to refer to some literature by D. Hestenes [89],[90] and [91].

A.1 Definition

A.1.1 The Set of Dirac Matrices

When deriving the Dirac equation the necessity of some anticommuting objects occurs,

which satisfy

Pt = =10 P = R0, 0P = 43, (A1)
P ==, AP =, R = =Ry (A.2)
and also
(’)/0)2 — +IL4, (A3)
()2 = —1,. (A.4)

This can be written in a more compact form

{0 ="+ = 29", (A.5)
where we used the notation { A, B} = AB+ BA for the anticommutator and the Minkowski
metric!® g" = diag(l,—1,—1,—1). "A set of objects v* (clearly d of them in d-
dimensional spacetime, in our case d = 4) satisfying this anticommutation relation is

said to form a Clifford algebra" [28, p.90].

Furthermore, the Dirac matrices can be normalized such that 7° is Hermitian while ~°*
6

for i = 1,2, 3 is anti-Hermitian!!%, i.e.
() =+, (A.6)
(V)= -+, (A7)
which can be also expressed by the Hermiticity condition
(") =" Vp. (A.8)

I5Note that a different convention for the Minkowski metric requires a difference in normalization
for the Dirac matrices. As mentioned in [36, p.519], in the chiral basis the relationship is
'ngorken Drell = “Vpaui- The Bjorken Drell convention is the mostly minus convention, which is used
in this thesis. The Pauli convention is also called mostly plus since the metric tensor is then defined
as g = diag(—1,+1,+1,+1) [36, p.518].

16Note that when Pauli convention for the Minkowski metric is used, 7° is anti-Hermitian, whereas ~*
are Hermitian [36, p.519].
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A APPENDIX - GAMMA MATRICES

So far the y-matrices have been defined in their contravariant form. We now define the

corresponding covariant matrices by the relation
Y = G = {7, =7 =% =) (A.9)

A.1.2 The Fifth Gamma Matrix

A fifth anticommuting ~-matrix is defined!!” by

7° =iy, (A.10)
and ~° has the properties
{77} =0 v, (A.11)
(V) =1, (A.12)
75T =75 (A.13)

We can also define the covariant form of the fifth matrix +5 through
/l‘/ v_ T
V5 = @5)\#1/#7)\7#7 v = 757 <A14>
"where the completely antisymmetric alternating symbol ey, is equal to +1 for (A, i, v, )
an even permutation of (0,1,2,3), is equal to —1 for an odd permutation, and vanishes

if two or more indices are the same' [33, p.329]. It satisfies the following contraction

identities:
€M & gy = —2(618Y — G167, (A.15)
e e gyr = —65Y, (A.16)
£ g5 = —24. (A.17)

A.2 Properties

In calculations, where ~-matrices are involved it is very useful to know the algebraic

identities below, which can be easily derived from the anticommutation relation (A.5):

A.2.1 Contraction Theorems

Y =4, (A.18)

Y = =29, (A.19)

Wy YY" = 49", (A.20)

VY VAN = =27, (A.21)
YWYV A = 20y + A ). (A.22)

17As noted in [36, p.520], the sign of this matrix is convention dependent, but not a consequence of a
particular choice of Minkowski metric .
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A.2.2 Trace Theorems

Tr(y*9?%...4#4") =0 if (...) contains an odd number of y—matrices, (A.23)
Tr(1) = 4, (A.24)

Tr(y"y") = 49", (A.25)
Tr(y#9"*7) = 49" 9™ — 9"9" + g"7g"), (A.26)
Tr(y4#) = Tr(y*y#77) 27 0, (A.27)

Tr(+°) =0, (A.28)
Tr(y°4"4") =0, (A.29)
Tr(757”7V7A70) — YighvAo (A.30)

A.3 Representations

So far we have discussed the y-matrices in a representation-free way, relying only on the
anticommutation relation (A.5) and the Hermiticity condition (A.8) of the y-matrices.
There are infinitely many ways of writing v* (1 = 0,...,3) as 4 x 4 matrices such that
equations (A.5) and (A.8) hold. Nevertheless, there exists, up to an equivalence given
by a similarity transformation, only one unique complex matrix representation , which is

irreducible.

A.3.1 Pauli’'s Fundamental Theorem

The similarity transformation for this equivalence of representations is stated in Pauli’s

fundamental theorem for gamma matrices, which can be found e.g. in [92, p.54{]

Theorem A.3.1: If 4* (u = 0,...,3) and 4* (u = 0,...,3) are two sets of matrices,
which both satisfy the anticommutation relation(A.5), i.e. {y*,7"} = 2¢" = {3*,7"},
then the there exists a nonsingular matrix S (called the similarity transformation) such

that At = Sy SL (A.31)

and S is unique up to a multiplicative constant!!®.
If the two sets of matrices fulfil also the Hermiticity condition (A.8), then the similarity

transformation S can be chosen to be unitary and the transformation can be written as
Al = Sy ST, (A.32)

Proof. For a proof see e.g. [93, p.171]. ]

Thus, since —y*T and #1 also satisfy the condition (A.5), there exist matrices C' and

18 And hence we can always choose det S = +1.
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A such that
—tT = O ypC, (A.33)
AT = ATy A, (A.34)

where C appears as charge conjugation matrix in the discussion on Majorana spinors

in section 1.2.5. Finally we shall introduce three particular representations for Dirac

9

matrices which are useful in practice!’®. All of them are written in terms of the Pauli

2 X 2 spin matrices

01:(0 1), 02:(9 _i), 03:(1 0). (A.35)
10 i 0 0 —1

Note that in these three representation 4" is not only Hermitian but also symmetric, i.e.

A0 = AT (A.36)

A.3.2 Dirac-Pauli Representation

In this representation the Dirac y-matrices can be written as

1 0 ) 0 ot 0 1
0 2 ) 5 2
= s = . 5 = . A37
7 (0 —]lg) 7 (—02 O) 7 (Ilg O) ( )

A.3.3 Weyl or Chiral Representation

This is another common and very convenient choice where ° is diagonal

0 ]12 ; 0 O'i 12 0
0 _ ’ T __ . , 5 . A.38

A.3.4 Majorana Representation

There is also a third kind of basis in which the Dirac matrices are purely imaginary,

whereas the spinors in the Majorana representation are real:

0 0 o2 . iod 0
L P A WY o2 0
’ . 5 — ( 2) . (A.39)

H9A elaborated discussion can be found in [94, p.85ff]
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B Appendix - Symmetries in Particle Physics

B.1 Parity Transformation

B.1.1 Motivation and Definition

A discussion of this topic can be found in [25, p.125f] and [26, p.65f]. First, one should
distinguish between reflections and inversions. Through reflections we produce mirror
images, where the plane of reflection, i.e. the mirror, can be chosen arbitrarily, whereas
through inversions "every point is carried through the origin to the diametrically opposite
location" [25, p.125]. This difference is visualized in figure 16 below. An inversion can be

also understood as a reflection followed by a rotation by 180°. For our purpose we will use

{a) Reflection {in the x-z plane)

(X, y.2) = {x, -y, 2) (b} Inversion {x,y,z) > {-x,—y, 2]

Figure 16: Reflections and inversions. Reprinted from [25, p.126].

inversions to be able to discuss parity of objects like spinors, since inversion of a spinor
fields means reversing the momentum of a particle without flipping its spin. This causes
a change of chirality of the spinor field, i.e. under inversions a LH spinor is transformed
into a RH spinor and vice versa'?.

Mathematically inversions can be described by a unitary linear operator P, called the
parity operator, which can be represented by a 3 x 3 or 4 x 4 matrix P acting on objects
in the three dimensional euclidean space E? or in the four dimensional spacetime M,

respectively. For those three and four dimensional representations P the following holds:

PP' = PP =1, (B.1)
P = diag(—1,-1,-1) for E?, (B.2)
P = diag(1,-1,—1,—1) for My. (B.3)

120Hence, since weak interaction is chiral, it is not invariant under parity, whereas strong and electromag-
netic exhibit such an invariance.
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The transformation of an object © in terms of the operator P is written as POP !,
whereas for the matrix P acting on an object we simply write PO.
Furthermore, it is clear that applying the operator resp. the matrix twice leads to the

initial object
P? =1, resp. P* =1, (B.4)

and hence it follows that the eigenvalues of P resp. P are £1.

B.1.2 Parity in E3 of Scalars and Vectors

Now we should consider the behaviour of some customary objects like scalars and vectors
in three dimensions. In doing so, we find that we have to distinguish two types of each of
them. One kind is transforming in the ordinary way under parity, whereas the other one
is not. Therefore we will call the latter pseudoscalars or pseudovectors. Mathematically
we can distinguish them whether they have eigenvalue +1 (scalars and pseudovectors) or
eigenvalue —1 (vectors and pseudoscalars) and their transformation behaviour is shown
below in table 17.

Scalar . P(s) = s
Pseudoscalar . P(p) = — »p
Vector (or polar vector) . PW) = — U
Pseudovector (or axial vector) P(a) = a

Table 17: Scalars and vectors under P-transformation. Reprinted from [25, p.127].

We should note that the cross product of two vectors is a pseudovector, and the dot
product of two vectors does not change sign under P whereas the dot product of a vector
and a pseudovector does. In a theory with parity invariance, we must never add a vector
to a pseudovector'?!. We might want to classify some well-known quantities according to

this property in table B.1.2 below.

Scalar Pseudoscalar  Vector Pseudovector
time helicity position angular momentum
mass magnetic charge momentum  magnetic field
energy  magnetic flux electric field magnetization

Table 18: Examples of some physical quantities and their behaviour under P.

121This is exactly the reason why the theory of weak interactions exhibits no invariance under parity
transformations.
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B.1.3 Parity in M, of Four-Vectors and Spinors

Finally, we should discuss the behaviour of four-vectors and spinors under parity trans-
formations. In order to ensure Lorentz invariance of the transformation we are obliged to
use the Lorentz covariant conjugate?? P ... P~! of the operator P .

The behaviour under P of four-vectors can be written down straight forward, whereas
the parity transformation of a spinor field 1 and its Dirac adjoint 1) can be obtained

through claiming that they have to satisfy the parity transformed Dirac equation. So in

their transformation behaviour '** are shown in table 19 below.
Four-vector . Purpt = (-7
Pseudo-four-vector ~ :  Pw'P~! = (u° W)
Dirac spinor c P, H)P = %yt —%) =f
Adjoint Dirac spinor : Py(t,F)P~t = 0%, —7) = i

Table 19: Four-vectors and spinors under P-transformation.

In various calculations the transformation behaviour of the various Dirac field bilinears

under parity transformations will be important. Those bilinears are!?*
VY, M, WA, 9y, iy (B.5)

For the first two bilinears we obtain the behaviour of a scalar and vector respectively

under parity transformation, i.e.

POYP =y 0(t, 1) = +Pu(t, —), (B.6)
+ipyrah(t, —F) for u =0,
—py*p(t, —7) for p=1,2,3.

Similarly we find for the last two bilinears a pseudoscalar and a pseudovector behaviour

PP~ = % (t, —7) = { (B.7)

respectively, i.e.

Pipy’ P~ = ipy°y°7 0 (t, —%) = —ipy (t, —T), (B.8)
Py (t, —7) for =0,

i - (B.9)
+ oy y5(t, —F) for p=1,2,3.

Py PP~ ="y 40y (t, —F) = {
B.2 Charge Conjugation

Another important discrete symmetry is the particle-antiparticle symmetry, which is dis-
cussed e.g. in [25, p.128f], [26, 70f], [28, 97f] or [95, p.26fF,299ff].

122 A5 it is used e.g. in [26, p.65]
123)) are possible phases, which can be set to 1.
124The factors of i have been chosen to make all these quantities Hermitian.
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B.2.1 Charge Conjugation Operator

We should mention here briefly as it is done in [25, p.128f] that such a charge conjugation
operator C acting on the Fock space of particle states is a generalization of the notion of
changing the sign of the charge, under which classical electrodynamics is invariant and
can be implemented as a unitary linear operator like P. Charge conjugation not only
changes the sign of the electric charges but it rather flips the sign of all internal quantum
numbers (charge @, baryon number B, lepton number L, leptonic family numbers Ly,
strangeness s, charm ¢, beauty b, truth ¢) while leaving mass m, energy £, momentum p,
angular momentum J, spin ¥ and helicity h untouched.

Most particles in nature are not eigenstates of C, in contrast to the parity operator P .
Nevertheless, there are particle states which are identical to their antiparticle state. This
is only possible for neutral particles and so these are the only possible eigenstates of the

charge conjugation operator C.

B.2.2 Charge Conjugation Matrix

After this discussion in terms of Hilbert space and state vectors we should investigate the
meaning of charge conjugation in terms of Dirac spinor theory. We want to discuss how
the operation of charge conjugation, Ct)C~!, can be performed on Dirac spinor fields and
we are searching for an appropriate definition of a charge conjugated Dirac spinor, which
we will denote by ¢¢. There are some authors like [28, p.97f], [30, p.71], [94, p.101ff],
[95, p.299f] and [96, p.108f], who have chosen a similar and quite accessible approach,
which we will follow here.

Quoting [94, p.101ff] we start by the fact that "the Dirac theory implies the existence of
particles and antiparticles’, and hence the Dirac equation (1.19) must be invariant under
a symmetry, which interchanges particles and antiparticles, i.e. the transformation called
charge conjugation

W = (B.10)
which flips the sign of the charge ¢ of the Dirac spinor field ). The fermion field ¢ satisfies
the following equation!?>

[V (10, — qAu) —m] =0, (B.11)
where A, denotes the electromagnetic vector potential. Hence, the charge conjugated

field ¥/ has to obey the same equation, but with the opposite sign of charge ¢
[ (10, + qA,) — m]© = 0. (B.12)

Now we want to rewrite equation (B.11) for ¢ to achieve such a form as in (B.12). If

125This equation for a Dirac field coupled to a EM vector potential is derived in appendix B.4.1 equation
(B.61). It is simply the Dirac equation (1.19) plus the interaction of the fermion and the EM vector
potential, i.e. the current.
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we take the complex conjugate of equation (B.11), we get
[ (10, + g A,) — m] 6" = 0. (B.13)

This equation has already the right sign of charge, but differs from the typical form of
the Dirac equation because we have —v**.

This actually means we are in a different basis of Dirac matrices and we already know
from Pauli’s fundamental theorem (theorem A.3.1) that we are able to find a unitary
matrix S to switch into another Dirac matrix representation. For reasons, which will get
clearer later, we like to denote the matrix .S as (C’VOT) and so we achieve the change of
the basis by 1

. T T
—yH* = (C’vo ) ~H (070 ) . (B.14)
Now we proceed by multiplying equation (B.13) by this matrix (CﬁyOT) from the left

and use the relation (B.14) above to achieve
(") [=4"" (10 + g Ay) —m] " =0,
(CWOT)_l o (CVOT) (10, + qAu) — m] P =0, (B.15)
¥ (10 + gAy) —m] (C°") " =0,

which has the form we were looking for. Comparing (B.15) with the equation (B.12) for

(62"

the charge conjugated spinor we find

v¢ = (Cy") v, (B.16)

which tells us how the charge conjugated field is connected to the initial field. To empha-

sise this we may rewrite this result in terms of the adjoint spinor field (1.18)

Cuc =y = (") g = Oy (B.17)

and we call C' the charge conjugation matriz.
Its defining property can be derived from equation (B.14), where we have introduced

the matrix C' by rewriting it like
C’yOT'y“*’yOTC’_l = —H (B.18)
—_——
(WOW“WO)T
Now we use the Hermiticity condition of the Dirac matrices (A.8) in a rewritten form:
=" (). (B.19)

Thus, inserting this in relation (B.18), we obtain the defining relation for C' in any repre-

sentation of Dirac matrices as

(v = —CcHre . (B.20)

The calculation above, in order to obtain this defining relation in such a concise form,

explains why we have introduced the matrix C with a VOT attached before.
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Besides this derivation of the charge conjugation matrix done above, we should also

reconsider how we introduced it in the section on the Majorana equation 1.2.5. In relation
(1.37), i.e.
vut = 04" (B.21)
we introduced the matrix C' also with a 'yOT attached, where U was the unitary matrix
introduced to perform the change of basis from the Majorana representation to an arbi-
trary representation of Dirac matrices where v* need not to be purely imaginary. We had
in equation (1.34) B

= U~rUT, (B.22)

where v# denote the Dirac matrices in the Majorana representation and therefore they

fulfil the relation
AR = —AH, (B.23)

We should show that the matrix C' defined in (1.37) in section 1.2.5 is the same one we
have introduced here above. Thus we prove C' defined via U must fulfil the same defining

relation (B.20). We start by expressing v and taking the complex conjugate of equation

(1.34)
= U,

(y#) = UT (") U™, (B.24)
= U,
and in the last step we used relation (B.23). Now we can insert again (B.24) and use the
unitarity of U, i.e. UTU* =1 = U*UT to get

~UNU = UT ()0,
UUATUT = ()",
UUhIyuuT = —(v"),
U yUUT = — ("),

(B.25)

where we used the fact that if U is unitary UU? is also unitary. Finally we insert the

relation (1.37) where we have introduced C' and express —y* by using the unitarity of

Cyd):
) (Cy) " (Crg) = =(3")°

" = (Cyg ) () (C) "
This equation is actually the same as (B.18), if we remember the properties of 7° given

in (A.3) and (A.6). Hence, the last steps to obtain the defining relation for C' are the

same as above and we showed that the C' matrix defined in (1.37) in section 1.2.5 ist the

(B.26)

charge conjugation matrix defined in this appendix.
Furthermore, we can also obtain from the defining relation (B.20)
C~lysC =7 (B.27)
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Proof. We rewrite the defining relation (B.20) by
PO = —C()T (B.28)

to see explicitly how to interchange the charge conjugation with a Dirac matrix.

Thus, for interchanging 7° with C' we obtain by using equation (B.28) four times:
. . T
PC =in"y°C = —in "y
) T 3T . T oT 3T
=710y T = —iy2Cy AR (B.29)
_ —|—iC")/OT’}/1T’}/2T")/3T _ C’)/ST,

O
It might be also useful to note that consequently we get
Ol ysC = C7# CC 7 350 = = T3s" = = (37")" = (V') (B.30)

where we used the anticommutator relation (A.11) in the last step.

Finally, we want to discuss some matrix properties of the charge conjugation matrix
C, which are also valid in any basis of Dirac matrices. The C' is per definition a unitary
4 x 4 matrix

ct=cr, (B.31)

and it can be shown from (B.20) that C' has to be also antisymmetric

ct = —C. (B.32)

Proof. First we transpose the defining relation for C' (B.20) and get
C’T7“TC’_1T = —*, (B.33)
and we express —y*7, which is also expressed in (B.20). Thus, we get
CTACT ™ = —pT = C7IniC., (B.34)

Hence, we can rewrite this as

COT yn = yroc™ ! (B.35)

and find that the matrix CCT~' commutes with all Dirac matrices. Therefore it also
commutes with all 16 linear independent matrices I' = {14, 75, v, v*¥5, 0, }, since these
matrices are all products of Dirac matrices (see (C.44)). The set of these matrices spans
the space of 4 x 4 matrices and thus, if COT™ commutes with all all of them, it has to
commute with all 4 x 4 matrices. This is only possible if cCT ™ is proportional to the
identity matrix, i.e. o
CCT™7 = Ny, (B.36)
for A € C a priori. But we can find by multiplying the equation above with C” from the

right
C =\C7, (B.37)
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and by transposing and multiplying with C from the left we get
CcT = \C. (B.38)
Thus, we obtain by inserting (B.38) into (B.37)
C=XNC = XN=1 & ==l (B.39)

To find the right sign for A we multiply all nontrivial matrices from the spanning set

with C from the right and take the transposed:

(10)" = CTApT P2\ copn 0120\, (B.40)
(150)" = CTod "20ent ole 2T ayc (B.41)

For the other two more complicated matrices we apply the same procedure:

(s )T P2V N e ot cpr T o c B?’S) syt C Y Ay, (B.42)
h,—/h/—/ 20)
T 17 (C.44) i T .T
(U,LWC) C ,uu (B 38) 2)\0 {71/ 7/7“}
- f>\ (cch eemlemtor omteriion c) (B.43)
A/—/*,_/ [

H—/
Z' i
= 5)‘ (%7#0 - '7u7v0> = _>‘§ [’Y;u%/] C=-Xo,C.

If we now assume A = 1, we end up with ten linear independent antisymmetric 4 x 4
matrices form (B.40) and (B.43), which is a contradiction since there can be only six
linear independent antisymmetric 4 X 4 matrices. Thus we must have A = —1 which leads
to just six linear independent antisymmetric 4 x 4 matrices given in (B.41) and (B.42).
So finally with A = —1 we obtained C = —C7 from (B.37) and hence, we showed that

the charge conjugation matrix is antisymmetric in any basis of Dirac matrices. O

B.2.3 Charge Conjugation Matrix in Different Representations

Now we want to investigate the actual appearance of the matrix C' in the different bases
and hence we shall follow [94, p.102ff] in this subsection, since an elaborated discussion
is given there. Initially in [94, p.102] it is noted that "it suffices to construct the charge
conjugation matrix in some particular representation of the gamma matrices; the unitary
transformation which transforms to another representation the gives the matrix C' in this
new representation”. It is noted in [28, p.89] that in the Weyl basis as well as in the Dirac
basis, only 72 is imaginary. Hence, it follows from (B.18) that C1°" commutes with 2

but anticommutes with the other three Dirac matrices. So we might choose!?8

C = —iy*°|. (B.44)

126Note that other authors might use different conventions, also depending on the Minkowski metric they
use . For example when the Pauli metric is used the charge conjugation matrix is defined as C' = iy2+°
[36, p.520] or even definitions like C' = 424" can be found.
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In this definition C is real and thus it fulfils

cl=cCct=C"=—-C, (B.45)

according to the relations (B.31) and (B.32).

(i)

(iii)

Dirac Representation
Using the Dirac representation of gamma matrices we obtain the charge conjugation

matrix C' explicitly in the form

0 —o? 0 io?
C irac — —1 20 = —1 = . B.46
b T (—02 0 ) (i02 0 ) ( )

A proof for Cpj,e fulfilling all properties of a charge conjugation matrix (B.20),
(B.31), and (B.32), can be found in [94, p.102-107].

Weyl Representation
Using now the Weyl representation of gamma matrices (or alternatively performing
a unitary transformation on C to change the basis) we obtain the charge conjugation

matrix C' explicitly in the form

2 0 —ic?2 0
Covent = —ir270 = —i | = . B.AT7
Weyl = —17° (0 _0_2> ( 0 iO_Q) (B.47)

Again a proof for Cyyey fulfilling all properties of a charge conjugation matrix (B.20),
(B.31), and (B.32), can be found in [94, p.107-108].

Majorana Representation
According to [31, p.97] in the Majorana basis, where the gamma matrices are purely

imaginary, we have simply

C1Maj01rana =14. <B48)

B.2.4 Charge Conjugated Dirac Bilinears

Finally we should investigate how the charge conjugation operator acts on Lorentz bilin-

ears of spinor fields. In section B.2.2 we found how a charge conjugation is performed on

a spinor. For the following we need to know how charge conjugation on the Dirac adjoint

spinor performed. Using its definition (1.18) and how charge conjugation acts on a spinor
¥ = (1,19, 13,14)" according to (B.17) we derive

CYCt = Cyly°Ch = C(yy, 5, v, vi)n C
— (CuiC CusC !, e ol = (070 w) Y

= T Oty = Ty O e = | 4T = (),
——

T
_,70

(B.49)
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where we used in the last step the defining relation for C' (B.20) together with the unitarity
of C' (B.31) as well as the Hermiticity of 7" (A.6).

So now we are able to investigate how the various Lorentz bilinears of Dirac spinors
transform under charge conjugation. We may start with a general discussion given in
[97, p.259ff] of the procedure we will need to use for that. We use the transformation
behaviour of the Dirac spinor and the adjoint Dirac spinor obtained in (B.17) resp. (B.49)
and have a look at an arbitrary Dirac bilinear 1) A1), where A stands for a product of Dirac

matrices. This bilinear transforms under charge conjugation as
C (PAY)C™' = —¢pTCTIACY (B.50)

If we take the transposed of the right hand side and take into account the exchange of

two fermion fields by an extra minus sign we get
¢ (vAp)ct =5 (C7AC) v (B.51)

Hence, we know of course all possible cases for (C7'AC), where A can be ", vs, 775
from the relations (B.20), (B.29) and (B.30).

Investigating the scalar ¢, where A = 1 we find that middle part (C~1AC) is trivial,

if we remember that the charge conjugation matrix is unitary. Hence, we have

cove =9 (C10) ¥ = e (B.52)
For the vector 1y, where A = v*, we use (B.20) and therefore we get
Tt o—1 _ (=1 NT
CoYyC™t =4 (CT"C)" o =~y (B.53)

In case of the pseudoscalar 151 we have A = 5 and use relation (B.29) to obtain

CrstC™ = 4 (C75C) & = Y. (B.54)

And finally we apply this procedure for the pseudovector 17*vs1) where A = ~y#~5 and
we can apply relation (B.30) to get

Py ysC =T (C 9 9C) o = Py, (B.55)

Therefore, we have found that just the vector is odd under charge conjugation whereas

the scalar, pseudoscalar and pseudovector transform even under C.

B.2.5 Charge Conjugation and Chirality

Finally we want to show how charge conjugation changes the chirality or handedness of a
Weyl spinor and thus of a Majorana particle. Hence we like to show that the RH projector
acting on a charge conjugated LH spinor gives Pr(11)¢ = (11)¢, which shows that ()¢

is indeed a RH spinor.
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Proof.
Pr(yr)° = Pr (CVOT@D}:) = ; (14 + ’75) Yy
= ; (67" 1) + ; (vor"yy) 2 ;C (10 +9"") 7" 0
(A1D) ;OVOT (]14 B 75T> o (A1) o 0T @ (14 B 75) %DL)*
= " Py "2 0Ty (B-56)

B.3 Flavor Symmetry

In section 1.1 all fundamental particles of the Standard Model have been presented. The
different types of quarks and leptons are said to have a specific flavor. This means the
different species of fermions possess specific flavor quantum numbers, which are used to
describe and distinguish them. As indicated in section 1.1 quarks and leptons come in six
flavors each. In this section we want to discuss some flavor quantum numbers and their

conservation in interactions.

B.3.1 Quark Flavor

In six flavors of quarks are introduced, which are classified according to EM charge (Q),
strangeness (s), charm (c), beauty or bottomness'?” (b), and truth or topness (t). For
consistency we might include upness (u) and downness (u). The values of these quantum
numbers and the baryon number for particular quarks are shown in table 20. The Baryon
number B is defined as 1

B = 3 (ng — ng) , (B.57)
where n, denotes the number of quarks and ng the number of antiquarks. Hence Baryons,
which consist of three quarks, have a baryon number B = 1, and antibaryons B = —1.
Mesons, which consist of a quark and a antiquark, have baryon number B = 0. All these

quantum numbers are displayed in table B.3.1 below for the different quarks.

St O &R |2

I

-

w W

~O~

w W
oo oo o KRE
oo oo~ oA
cCo o~ o oo
[ e R I e R )
O~ OO0 O O
_o oo o oloT

Table 20: Quark flavor classification. Adapted from [25, p.47] and [98, p.§8].

127Sometimes quark flavors are all denoted by capital letters, but then bottomness should be denoted by
B’ to distinguish it from the baryon number B. Here we are using the notation from [98, p.8].
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As mentioned in [25, p.74], "flavor is conserved at strong or EM vertices, but not at
weak vertices". But the flavors are said to be conserved approximately, since the weak

forces are so weak.

B.3.2 Lepton Number

As noted in [25, p.47], similarly to the classification of quarks, the six flavors of leptons
can be classified according to their EM charge (Q) and their family lepton number, i.e.
the electronic number (L), the muonic number (L,), and the tauonic number (L,). And
again we want to display the value for this quantum numbers for each elementary lepton
in the following table 21.

Q L. L, L.
e -1 1 0 O
.. 0 1 0 O
w -1 0 1 0
v, 0 0 1 0
T -1 0 0 1
v, 0 0 O 1

Table 21: Lepton classification. Reprinted from [25, p.47].

In addition a total lepton number is defined as
L=L.+L,+ L. (B.58)

As discussed in [25, p.74], "the strong forces do not touch leptons at all and in EM
interaction the same particle comes out as went in. The weak interaction in the SM
(without massive and RH neutrinos) only mix together leptons form the same generation,
so the electron, muon and tau numbers are all conserved". There is no similar conservation
of generation types for quarks, because due to CKM mixing quark generations are mixed

in the weak interaction.

B.4 Gauge Symmetry

B.4.1 Quantum Electrodynamics

First we should consider the simplest case and part of the SM gauge theory, thus we follow
[33, p.77f, 262f] in this subsection. In quantum electrodynamics (QED) we want the free
Dirac fields v, describing all fermions ¢ and ¢, to couple to the electromagnetic (EM)
field in order to describe electromagnetic interaction. This can be formally achieved by
minimal coupling or substitution . In QED the interaction of the Dirac fields and the four-
vector EM potential A#(z) = (¢, A) is obtained by introducing the covariant derivative
as

d, = — D, = [0, +ieQA,(x)], (B.59)

9
oxH
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where e is the elementary charge and () the charge of the fermion field in units of e. Fur-
thermore, we have to add also a kinetic part for the free four-vector potential A,, to achieve
the full QED Lagrangian. This self coupling is described by the Proca Lagrangian (1.9),
but without the mass term, which would break the gauge invariance of the Lagrangian.

128

Hence, the Lagrangian of QED for a single fermion'® can be written as

1 — .
*CQED = _ZFMVFMV + w (Z’YNDM - m) ¢ ) (B6O)

with the electromagnetic field strength tensor F), = d,A, — 0,A,. And we note that the

equation of motion for the single fermion field coupled to the EM potential is given by
(i — eQA — m)y = 0. (B.61)

Now we want to discuss the gauge invariance of the Lagrangian. According to
[25, p.348], the free Dirac Lagrangian (1.17) is invariant under the abelian gauge group'?’

U(1)gm. The Dirac fields transform under this global gauge transformations as

Y — exp(if),
1 — exp(—if)1.

But if the phase factor # = () is a function of spacetime z*, the Lagrangian will be not

(B.62)

invariant under such a local gauge transformation since we pick up an extra term from

the derivative of . This local gauge transformation can be written as
¥ = exp(—iQA(z))v,
¥ — exp(iQA(@))Y,

where it is convenient to introduce the notation 6(z) = —QA(z). Hence, to obtain local

(B.63)

gauge invariance of the complete Lagrangian, it is necessary to add a coupling to a gauge

field A,, which transforms under local gauge transformation according to
1
A, = A+ -0\ (). (B.64)
e

This gauge field A, is identified with the electromagnetic four-vector potential. As men-
tioned above, for the full Lagrangian we have to add a free term of this gauge field. This
gauge field must be massless (m4 = 0), because even though the field strength tensor F'*

is invariant under (B.64), the mass term A” A, will break the gauge symmetry.

Due to Noether’s theorem the invariance under the U(1)gy gauge group leads to a

conserved EM current

Jin () = QUAry, (B.65)

128For a QED Lagrangian describing the full particle content of all quarks and leptons we can simply sum
over all possible flavors g, £, noticing different charges @), and Q, for different fermion fields.

129The subscript EM is just to indicate the correspondence to EM interaction and thus to the EM charge,
which generates this group, as we well see in this section.
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where () denotes the charge of the fermion field and the current satisfies indeed
O (z) = 0. (B.66)

This current coupled to the A, is exactly the minimal coupling interaction introduced by

the covariant derivative. Hence, the interaction part of the Lagrangian can be written as
'C{QED = Qa(ﬂf)Vuw(x)Au(x) (B.67)
Thus, the complete Lagrangian is given by
Laep = Loz + Lapn, (B.68)
where the free part of the Lagrangian is

L?QED = ‘CDirac + 'CProca; (B69)

A

with m4 = 0. Hence, we achieve the conservation law for the EM charge (operator) @,

0= / Bt = Q / Bt (2 (), (B.70)

which is the generator of the Lie group U(1)gym of gauge transformations.

B.4.2 Spontaneous Symmetry Breaking

In this section we want to discuss the procedure of spontaneous symmetry breaking (SSB)
following [33, p.281]. The simplest example of a field theory exhibiting spontaneous

symmetry breaking is the Goldstone model. Its Lagrangian is given by

L(z) = (0"¢") (0,0) — 1> (¢"8) — A (¢79)* . (B.71)

We assume A > 0, otherwise the potential would not have any lowest energy state. Fur-
thermore, for our purpose we assume p? < 0, because otherwise the ground state would

not be degenerate as shown in figure 22.

(a)p.2>0

circle of minimum U (¢)
¢2 (x) ¢2(X)

Figure 22: The potential of the scalar field V(|®|). Reprinted from [33, p.282].
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Since ¢ is a complex scalar field we can decompose it into its real and imaginary part
1
= — +ip9), B.72

and therefore, the Lagrangian can be written as

£9 = 2 (0u6) (000 + 5 (0u00) (000) — 24 (67 +62) — A (1 +2) . (B7B)

It can be easily seen that the potential has a whole circle of absolute minima at
© o
Guin(t) = —5ye’,  0<0<2m, (B.74)
with a phase angle 6 determining the direction in the complex (¢1, ¢o)-plane. Obviously
the ground state is not unique and the Lagrangian exhibits a U(1) symmetry. Thus, we
are free to choose one particular direction, e.g. § = 0 such that
!

_ﬁ:ﬁ

is real. Now we introduce two real fields o(x) and n(x), which measure the deviations of

Po = v (>0). (B.75)

the field ¢(z) from the chosen vacuum state ¢g. Inserting the scalar field in term of these

real fields, i.e.

ola) = —5 [0+ (o) + in(@). (B.76)
into the Lagrangian (1.85), we obtain
Lo =5 (0,0) (09) — 5 (2X)0* + 3 (0) (0"n) (B.77)
— \vo [02 - 772} - 1)\ [02 + ?72}2 + s (B.78)
2 4\2° '

Having a closer look at the Lagrangian we find a mass term for the o field and see that

the n field is massless since no term quadratic in 7 appears. Thus we get

My = VA, (B.79)
my, =0, (B.80)

and 7 is the predicted Goldstone boson.

B.4.3 Higgs Mechanism

For an example of the procedure of the Higgs mechanism we follow again [33, p.284f].
The Lagrangian (B.71) can be made invariant under U(1) gauge transformations in a
similar way as done before for the free Dirac Lagrangian (B.60). A gauge field A, (x) is

introduced by inserting the covariant derivative
D, = ¢[0, +igAu(x)] ¢(z). (B.81)
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Again we have to add the term for the free gauge field to the Lagrangian

—iFW(x)F“”(:)s), (B.82)
where
Fou(2) = 8,Au(2) - 9,4, (). (B.83)
Thus, we achieve the Lagrangian
L= (D"6)" (D) — 1260 — A (60 — {Fyu ™ (B.84)
which defines the Higgs model. This Lagrangian is invariant under the U(1) gauge trans-
formations
o(z) = ¢(z)e @), (B.85)
¢ (x) = ¢" (), (B.86)
A(z) = Au(x) + 0,f(2). (B.87)

We follow the procedure of SSB shown in the previous chapter and obtain a circle of
minima and choose ¢y as in (B.75) for the vacuum state'®’. We define the real fields o

and 7 like in (B.76). Hence, the Lagrangian is written as

1 1
Lo =3 (Ouo) (00) — 5(2)\112)02
1 1
— ZF, F"™ 4 —(qu)*A,A*
4" JQ)” (B.88)

+ 5 (0um) (0)

+ quA*0,n + interaction terms.

Here the interaction terms, which are cubic and quartic in the fields, and an insignificant
constant term has been skipped. Nevertheless, it is not obvious that the second and
third lines describes a massive vector boson and a massless scalar boson, because the
product term of A, and 7 indicates that they are not independent normal coordinates.
An analysis of the degrees of freedom!'3! of equation (B.84) and (B.88) leads to the insight
that the second Lagrangian must contain an unphysical field, which does not represent
real particles. It can be eliminated by a particular choice of gauge - called unitary gauge,

where ¢ is transformed into a real field of the form

() = (v+o(x))|. (B.89)

Sl

130Note that the vector field A, must vanish for the vacuum.

131(B.84) has 4 degrees of freedom; two from the complex scalar field and two from the real massless
vector field. Whereas (B.88) has five, the two real scalar fields give one each and the real massive
vector field gives three.
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Inserting this in the Lagrangian (B.88) we obtain
1 1
L =5 (Ouo) (0" o) — 5(2)\02)02
1 1
- ZFWFW + §(qv)2A#A“ (B.90)

1 1
— o — 1)\04 + §q2A#A“ (21}0’ + 02) i

The first line of this equation describes a real Klein-Gordon field with mass v2 2 and
the second a neutral vector boson with mass |qv|. Now the number of degrees of freedom
is four as in equation (B.84) and one of the two degrees of freedom of the complex scalar
field has been eaten up by the vector field A, which has become massive in this process.
The remaining degree of freedom form ¢ shows up as the real scalar field o, which is called

Higgs boson or Higgs scalar.

B.4.4 Weak lIsospin and Hypercharge

To develop a gauge theory of weak interactions it is necessary and helpful to introduce
two important quantities, called weak isospin and weak hypercharge. In doing so we
might follow [33, p.264ff] and [96, p.292ff] and use the same systematics as for QED in
subsection B.4.1. We want to find a set of gauge transformations which leaves the free-
lepton Lagrangian invariant and leads to conservation of the weak currents J,(z) and
Jl(z) in equation (1.52) and (1.53). We start at the free-lepton Lagrangian for massless
leptons given by

Low =i [§(@) () + Dy, (2)by, (2)] (B.91)

where ¢ = e, u, 7 is understood as summation over all lepton flavors.
We rewrite this Lagrangian taking into account that only LH leptons enter the inter-
action given in (1.54). Hence, we use the chiral projection operators (1.23) to split the

Dirac spinors in its RH and LH components like in (1.26). Thus, we obtain

Lhy =i [T, (2)PVE () + 3, (2)PEL(x) + by, ()P0l ()] (B.92)

where we combined the LH fields )/ and ¢, into a two-component field '*?

L
Ul = (@%Lf) : (B.93)

U, = (4, 0). (B.94)

and correspondingly

We find that the bilinear terms formed by the two-component spinor field are invariant
under SU(2) transformations. This gauge group is generated by three 2 x 2 Hermitian

matrices, i.e. !/, the Pauli spin matrices 7 given in (A.35).

132We shall see shortly, why it is useful to write the Lagrangian in such a unsymmetrical way.
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They satisfy the commutation relation
[Ti, Tj] = Q’iSZ‘jka, (B95)

where ¢, is the usual completely antisymmetric tensor. Any transformation of SU(2)

can be represented by a unitary matrix

U(a) = exp <m§7—j> ) (B.96)

for any three real numbers @ = (ay, g, a3). Hence, for the transformation of the two-

component field we get

WH(w) = V)W) =exp (270 ) wh(a), (B.97)
T () = T () U (@)=T" () exp (‘ng) , (B.98)

which leaves the bilinear term of W} in (B.92) invariant. This two-component field is
also called weak isospinor, due to its behaviour under the SU(2) transformation. Thus,
we might classify quantities according to their transformation property under SU(2).
Furthermore, we find that the RH lepton fields are weak isoscalars, i.e. they are invariant

under SU(2) transformations:

Ui(x) —vf (), B(z) —=yl(2), (B.99)
G (@) =y (), Wy (x) =, (). (B.100)

The full Lagrangian (B.92) remains unchanged, i.e. it is invariant, under these SU(2)
transformations. Hence, we obtain three conserved currents

11—
() = S8 (@' rvie),  i=1,23, (B.101)

which are called weak isospin currents and we also have three conserved quantities
1 o —rt
v = /d?’xjf(x) = AT (@), i=123, (B.102)
which are called the weak isospin charges and generate an SU(2); algebra!?
(T3, T}] = ic"*T,. (B.103)
According to [33, p.266], "the leptonic currents J*(z) and J#'(z) in (1.52) and (1.53)

can be written as linear combinations of the conserved weak isospin currents Ji'(x) and

JY(x)" as

JHz) = 2 [JI — iJE(2)] (B.104)
J(x) = 2[J + i J8 (x)] . (B.105)

133The subscript L is to remind us that the weak isospin current couples only LH fermions.
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But besides, there is still a third conserved current, given by

T(@) = 5 [0 @B (o) — T (@B ()] (B.106)

Since this current only couples electrically neutral leptons, or electrically charged leptons,
this current is called a neutral current. The currents J#(z) and J*' are charged currents,
since they couple electrically neutral with electrically charged leptons. Hence, we can

define the weak hypercharge current Ji(x) by
SR ) = ) — () (B.107)
Following [33, p.267], "the corresponding charge
'Y:/ﬁﬁﬂw) (B.108)

is called the weak hypercharge. We see from (B.107) that Y is related to the electric charge

Qem and the weak isocharge T3V by the Gell-Mann-Nishijima formula!34
Y
5:Q—T;”. (B.109)

The conservation of the electric charge Qgy and of the weak isocharge 73" implies conser-
vation of the weak hypercharge Y". But its conservation also follows from the invariance

of the Lagrangian under U(1)y transformations

U(8) = exp (w};) , (B.110)
since the lepton fields transform as
Wh() = D)Wk (z),  Uf(0) = Ty (2)eF7), (B.111)
efi(e) = Tl (), (@) = By (w)el73), (B.112)
W) = Y (2), G (2)— P (2)e07). (B.113)

In order to determine the weak hypercharge, we need the values of the third component
of the weak isospin T3 for each field. As we have seen so far and as it is mentioned in
[99, p.151], in the theory of weak interactions the leptons (and quarks) are divided into
isospinors and isoscalars. The isospinors are formed by LH isodoublets, which are assigned
with values T' = !/, and Ty = £/, of the isospin and its third component, whereas the
isoscalars are formed by RH isosinglets, which are assigned with values T'= 0 and 73 = 0.
Now we can calculate the values for the weak hypercharge easily via the Gell-Mann-
Nishijima formula (B.109). In the following table 23 all values of @, T, T3, Y for all
fermion fields are summarized. There, u and d refer to up-type quarks (u, ¢,t) and down-

type quarks (d, s, b).

134Note that some authors use a different scale for Y like [33], where Y = Q — T3V
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Fermion Q T T Y

vy 0 Y2 s -1
gL _1 1/2 _1/2 _1
(B —1 0 0 -2

uk 2/3 1/2 1/2 1/3
dr _1/3 1/2 _1/2 1/3

UR 2/3 0 0 4/3

dR _1/3 O O _2/3

Table 23: Weak isospin and hypercharge quantum numbers of fermions. Reprinted from
96, p.295].
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According to [26, p.16], "the Lagrangian formulation of field theory is particularly suited
to relativistic dynamics because all expressions are explicitly Lorentz invariant'. Hence,
it is useful to remember some facts on Lorentz transformations and four-vector notation,

which will be done in this appendix.

C.1 Lorentz Transformation and Four-Vectors

The following can be found for example in [100, p.293, 312] and [101, p.12ff].

A four-vector x with ct = 2° is given by

r= (") = ( ;0 ) . (C.1)

The Minkowski metric tensor'®® ¢ for the Minkowski spacetime M,

10 0 O 1 0 0 O

0O -1 0 0 1 " 0O -1 0 0
= v ey 5 = v = 3 CQ
g=Uw) =1 o 1 ==y 4 1 o (C.2)

0O 0 0 -1 0O 0 0 -1
with ¢"*g,, = 6*,, where §*, denotes the Kronecker delta'®®. Using the metric we

can achieve covariant four-vectors from contravariant four-vectors and express the scalar

product of four-vectors as

2 forp=0
€T = qu = ’ C3
w= { —xt for p=1,2,3, (C:3)
(.’K, y) =Ty = guuﬂU“yV = 37“yu = Sﬁuy“. (C4)

In order to transform a four-vector from one inertial reference frame to another, we can

make the following ansatz without loss of generality:
' = a" f*(z), (C.5)
ff(x=0)=0, (C.6)
where the f#(x) are yet undetermined functions of x and a = (a") is a constant four-

vector. It is easy to see that because of homogeneity of time and a Euclidean structure

of space, f*(x) must be homogeneous, linear functions. Hence, we achieve

" = A, x¥ + a*, (C.7)

135Note that other authors might use a different convention. In this thesis the Bjorken and Drell or
mostly minus convention is used. The other common convention is the Pauli or mostly plus metric,
where g, = diag(—1,+1,+1,+1) [36, p.518].

136 This is valid, however only for a Cartesian basis and not for the general case.
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where the constants A% can be written in the compact form of a 4 x 4 matrix A = (A*,).
In [93, p.13f] it is noted that

atal, = N AN 2ty = 2ty (C.8)
which implies
AN = AT A, =0, = g7, (C.9)
This shows that
ATQ# =N, (C.10)

and hence, A is an orthogonal transformation, i.e.
(A_l)aﬂ = (AT)au = Aau- (Cll)
Therefore, we can rewrite (C.9) as

(AT> A‘u = (AT>aug#IBABZ/ - gaV7 (C12>

ap’ v

or in matrix notation as

ATgA = g|. (C.13)

This relation (C.13) is often used as the definition of a Lorentz transformation A. Fur-

thermore, we know
AT =AY (C.14)
and hence, we can also write AgA” = ¢ and the metric can be written as

Jap = gMVAZAg = AIJ(XAE = AgAﬂu- (015)

C.2 Lorentz Group

In this subsection we will follow [101, p.15ff] and [102, p.49-52, 143ff].
The transformations that correspond to a transition from one inertial frame to another,
as seen above, form a group known as the inhomogeneous Lorentz group or Poincaré

group™”. We will call these group elements (A, a) and they are defined by
(A, a) : 2" — 2" = Ala¥ + o, (C.16)

with @ = (a") being an arbitrary constant four-vector and A satisfying (C.13). So the

group is given as the following set:
L ={A € MyATgA =g} =~ O(1,3). (C.17)

As mentioned in [101, p.16], "the transformations, which leave the coordinate origin unal-

1371t is indeed a group, since it fulfils all four group conditions.
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tered likewise form a subgroup of the Poincaré group, which is called the (homogeneous)

Lorentz group. A general element of this group has the form (A, 0)", i.e.
(A, 0) : 2# — 2™ = Ala”. (C.18)
From (C.13) it follows that Lorentz transformations fulfil

(det A)> =1 = det A = +1, (C.19)
(Ag)*>1=Ag>1orAj<—1. (C.20)

Hence we can introduce the following notation for the special subgroups
L, ={A € L|det A =1}, (C.21)
LT ={Ae LA > 1}, (C.22)

where .Z, is called proper Lorentz group and £ orthochronous Lorentz group. As we can

see the group is not connected, and decomposes into four separated connected components:

LT ={Ae Z|det A= 1, A)> 1} ~SO(1,3), (
LT ={\Ne L]det A=—1, AJ> 1}~ PZLI, (
LE={Ae Z)det A= 1, N<-1}~ TZ1, (C.25
L = {A € Z|det A=—1, N)<—1} ~ PTZ], (

where .EI = Z. N is called proper orthochronous Lorentz group. The symmetry

operators are defined as

T =diag(—1, 1, 1, 1)e £ (timereversal), (C.27)
P =diag( 1,—1,—1,—-1)e £ (spatial parity). (C.28)

C.3 Representations of the Lorentz Group

As mentioned in [102, p.134], "for a systematic investigation of all possible representations
it is, however, necessary to study the Lorentz group itself more closely, since the structure
of the group has implications on the structure of the set of all its representations". In the
previous section we learned that Lorentz transformations are homogeneous transforma-
tions satisfying the (pseudo)orthogonality relations (C.13). Since we know g, = gy, we
have ten relations, which restrict the sixteen matrix elements of A. Furthermore, we can
only choose six matrix elements independently, because those relations are independent
from each other. It can be shown that the Lorentz Group is also a Lie group [102, p.136].

Now we will follow the discussion on this done by [103]. Let us denote the infinitesimal

generators of the Lorentz group O(1,3) by J*. Their commutation relation
[JH | JP7] = i JHT — it JV7 — o JHP 4 o JUP) (C.29)
defines the associated algebra. Hence, an arbitrary element A of the Lorentz group can
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be represented by
Wy JH )

A:exp(— 5

(C.30)

where w,,, denote the parameters of the transformation. According to [103], "the Lorentz
group has both finite-dimensional and infinite-dimensional representations. However, it
is non-compact, therefore its finite-dimensional representations are not unitary (the gen-
erators are not Hermitian). The generators of the finite-dimensional representation can
be chosen to be Hermitian".

It is sufficient for our purpose to restrict ourselves to the finite-dimensional represen-
tations of the restricted Lorentz group SO(1,3). "These representations act on finite-
dimensional vector spaces (the base space). Elements of these vector spaces are said to

transform according to the given representation”, as noted in [103].

C.3.1 Trivial Representation

The one-component objects, which transform according to this representation, denoted

by (0,0), are called Lorentz scalars. The transformation is given by

oD As 0= 9, (C.31)

with Ag = exp (%”JW) = 1 where J* = (0. Hence, the matrices representing the
Lorentz transformation acting on this one-dimensional vector space R are simply 1 x 1
matrices. For scalar fields ¢(x) the transformation is analogous, apart from the necessity

for a transformation of the spacetime variable z, i.e.

$(x) = ¢'(2') = (A" z). (C.32)

C.3.2 Vector Representation

This representation is denoted by (%, %) and the generators J" are 4 x 4 matrices given
by
(T*)e = i(g"d; — g 6F). (C.33)

Hence, this representation is the fundamental representation of the Lorentz group, because
it can be shown that the elements of SO(1, 3) are exactly those matrices J"”. Therefore,
the transformation of the 4-component objects in R*, called Lorentz four-vectors, is given
by

ve S (Ay)eve, (C.34)

where (Ay)? = exp (—iw#ﬂw)ﬂ is the usual Lorentz transformation matrix.
g
Again one can express the transformation for vector fields analogous, but like in the

scalar case a transformation of the spacetime variable is necessary. Thus, we get
VP(z) D (Ay)2VP(A ). (C.35)
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C.3.3 Spinoraial Representation

It can be shown that the proper orthochronous Lorentz group SO(1,3) is the double
cover of the SL(2,C), i.e.
£l 2 SL(2,C) /11, 14} (C.36)

Hence we can construct two two-dimensional representations of the SO(1,3). On the
one hand we have the fundamental representation of SL(2,C), which we will denote by

(%, 0). The Lorentz transformations act on the complex two-component objects 1, called

LH Weyl spinors, according to
v (AL)ag¥s, (C.37)

—iwupot”
2

representation rotation and boost generators (in the Weyl basis) appear as

where A, = exp ( ) The generators o*” = J* are 2 x 2 matrices such that in this

o = iewkak, (C.38)
and oY = —%ai. (C.39)

On the other hand we can construct a second spinorial representation, i.e. the con-

1

tragradient reperesenation of SL(2,C), denoted by (0,5). This representation acts on

so-called RH Weyl spinors, according to

A (AR)astis, (C.40)

—iwypot?

5 ) The rotation and boost generators (in the Weyl basis) are

where A = exp(

now
Z]k‘o_k

o € again, (CA41)

02

DO =0 =

but now o

o', (C.42)

According to [103], 'by taking the direct sum (3, 0)®(0, ) of the two representations, we
obtain a 4-dimensional (reducible) representation of the Lorentz group which acts upon
complex four-component objects called Dirac spinors". Those Dirac spinors transform

according to

T, 5 (Ap)aw¥y (C.43)
where Ap = exp (ﬂ'w“ZUW). Now the generators o are 4 x 4 matrices'*®139 given by
4 7: v
ot = 5[’7/“’7 ]’ (044)
and satisfy
ot = A0gH A0, (C.45)

138Note that in other literature a different convention might be used, where for A a factor of 1/, is
introduced, because o is defined with a factor of 1/,

139Those are the remaining six basis elements of the four-dimensional Clifford algebra. All together, the
basis has dimension 16, T' = {14,~°, v*,7%v*, o} [28, p.91{].
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140

Here the generators for rotations and boots'*” are actually the direct sum of the 2 x 2

matrices for the left-handed and right-handed Weyl spinors:

ij L ik o 0 _ _ijksk

o = 55] (0 ok = eVPY", (C.46)

0i i o' 0 L .
and o =3 0 | for gamma matrices in Weyl basis, (C.47)

_O-Z

0i i 0 o L .

resp. o= g 0 for gamma matrices in Dirac basis. (C.48)
O.Z

Thus, as noted in [34, p.VL5], a Dirac spinor (also called bispinor) transforms like (zg)
where ¢ and. Yg are LH or RH Weyl spinors respectively for gamma matrices in the

Weyl basis.

In [34, p.VL5] a more detailed discussion is given, where the the coefficients w* are
given explicitly. As before it is recognized that the spinors in proper orthochronous
Lorentz group transform according to double cover of the SL(2,C). Let be A € SL(2,C),

then a Dirac spinor in the Weyl basis transforms according to

A
= (j;) — ( A_ff;}{) = Ap, (C.49)
where Ap is given by
A 0

and A denotes a matrix of the fundamental representation and A~ one of the contra-
gradient representation of the SL(2,C) resp. of the Lorentz group'*!.

Hence, we see that the spinorial representation is reducible and that the two blocks
correspond to the different transformation behaviour of the LH and RH Weyl spinors,
where the LH ones transform according to the fundamental representation of the SL(2, C)
and the RH according to the contragradient representation.

They can be written as

I v -1 —‘_’—’.—’T
A:exp<_iW), Aﬂ:exp(iW), (C51)

where i, @ € R? denoting the parameters for boosts and rotations of the Lorentz trans-
formation induced by the matrices A resp. A Comparing this to the general results

for A;, and AR given before, we now found the coefficients in an explicit form.

140The rotation generator 0% is just the spinor transformation matrix in the two-dimensional representa-
tion of the rotation group replicated twice. The boost generators ¢® are not Hermitian, and thus our
implementation of boots ist not unitary (this was also true for the vector representation). In fact the
Lorentz group, being noncompact , has no faithful, finite-dimensional representations that are unitary
(26, p.41] .

M1These two representations are equivalent, while the fundamental and the complex conjugated repre-
sentation are not (see appendix E.1.2).
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For an arbitrary basis of Dirac matrices Ap is given as before by

77
Ap =exp (—i%) : (C.52)
with ]
1
Ouw = 5[7}1771/]‘ (053)

The generators w"” can now be written down explicitly by

0 —u; —us —us
% Uy 0 Q3 —Qly
wh = : (C.54)
U —Q3 0 (0%}
us oy —op 0

with i@, @ € R? again denoting the parameters for boosts and rotations.

Finally we recognize, according to [33, p.335] that the nonsigular 4 x 4 matrix Ap fulfils
v = AZA,;w“AB1 (C.55)
and

AG =~ ALA0. (C.56)

The covariance of the Dirac equation (1.19) is established by (C.43). Furthermore, we
can obtain the transformation behaviour of the adjoint spinor via (C.56) and (C.43) and
it is given by

U(z) = U(2) = U(x)Ap" (C.57)

C.4 Bilinear Lorentz Covariants - Dirac Bilinears

According to [33, p.335f] we can obtain from (C.43), (C.55) and (C.57) five basic bilinear

covariants of the Dirac theory. Under a Lorentz transformation

Py scalar,

Py vector,

Yot transforms as a { antisymmetric second — rank tensor, (C.58)
Pyt pseudo (or axial) — vector,

DyoY pseudo — scalar.

"The terms pseudo-vector and pseudo-scalar arise from the fact that these quantities
transform as a vector and scalar respectively under continuous Lorentz transformations,
but with an additional sign change under parity transformation" [26, p.49].

Now we want to prove what is claimed above. For this purpose we will follow
[31, p.88f,95] for the rest of this section and quote what has been shown there.[31]

Claim C.4.1: 97 is a Lorentz scalar, i.e. it transforms under a Lorentz transformation
like a scalar field (C.32).
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Proof. In order to investigate how this term behaves under a Lorentz transformation, we
use the spinorial representation of the Lorentz transformations derived in section C.3.3
as well as the fact that

1
AE = exp <2wm,O'MVT) =~ApNY, (C.59)
because of (C.45). So we can conclude the following:

Y(x)(x) = Pl ()7 Y (z)
— YT (AT 2)AL AP A pp (A )

LV A ) (A ) o
— PA ) (A ).
Hence, the term is a Lorentz scalar, because it transforms like (C.32). ]
Claim C.4.2: Yy is a Lorentz vector, which means that!4?
)y (@) = (A o)y (A ). (C.61)
Proof. Suppressing the x argument, under a Lorentz transformation we have,
PyFp — YA Y Apap. (C.62)
If 1)y#1) is to transform as a vector, we must have
ARty Ap = AHy”. (C.63)
To show this we will work infinitesimally, so that!4?
A =exp (;wp(,/\/l””)%l—i-;wpg./\/lp”—l— e (C.64)
Ap =exp (;w,,aa”"> %1—1—;@%00”” +.... (C.65)
So the requirement (C.63) becomes
—[0”7, "] = (M), (C.66)

where we have suppressed the «, 8 indices on v* and ¢”?, but otherwise left all other

indices explicit. In fact equation (C.66) follows from
[0 4] = A0 =A™ (C.67)

which is has been proven in [31, p.84]. To see this, we write the right-hand side of (C.66)

142This equation means that we can treat the u = 0,1,2,3 index on the ¥* as a true vector index. In
particular we can form Lorentz scalars by contracting it with other Lorentz indices.

S MPoHY = pPrno? — pounf’ = nPHss — n°H6F denote the six antisymmetric 4 x 4 matrices which are
called the generators of the Lorentz transformations [31, p.82].
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by expanding M,
(MP7)y" = (o] — 7o)y = ny™ —n™a”, (C.68)
which means that the proof follows, if we can show
—[o?7 A =0y =0, (C.69)
which is exactly what was claimed in (C.67). O

Claim C.4.3: Yy*y"y transforms as a Lorentz tensor. More precisely, the symmetric

part is a Lorentz scalar, proportional to "1}, while the antisymmetric part is a Lorentz

tensor, proportional to Ya*”1.
Proof. This is analogous to proof of claim C.4.2 O

Claim C.4.4: 751 transforms as a pseudo Lorentz scalar and 1y>y#1) transforms as a

pseudo Lorentz vector or axial Lorentz vector.

Proof. This is again analogous to proof of claim C.4.2 and taking in account their be-

haviour under parity transformation (B.8) and (B.9). O
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D Appendix - One-Loop Correction in QED

When discussing one-loop corrections to the seesaw mechanism ourselves to one-loop
corrections of the fermion propagator, i.e. fermion self-energies.

In the first three sections we introduced the basics of the SM and different possible
mass terms as well as the seesaw mechanism just on tree level. This means we have only
taken into account the lowest order of perturbation theory. As it is indicated in [33,
p.175], "on taking higher orders into account, one expects corrections of the order of the
fine structure constant « to the lowest-order results, known as radiative corrections" and
in particular one-loop corrections.

First, we should introduce the path integral formalism and correlation functions, which
will be used in the following sections. Then we briefly discuss perturbation theory in this
framework to calculate the fermion self-energy using dimensional regularization. Finally,
we will discuss renormalization of the QED and give a more or less complete list of
Feynman rules, which will be useful in section 4. In doing so we will follow [27] throughout

the following sections.

D.1 Correlation Functions and Path Integral Formalism

D.1.1 Scalar Field

First of all we should define the correlation function or n-point function of a real scalar
field ¢, as done in [27, p.1/8ff].

Definition D.1.1: A n-point function or correlation function is a vacuum expectation

value of time-ordered products of scalar field operators

(01T ¢(x1) - . . p(xn)|0), (D.1)

where T' denotes the time ordering operator given by
To(x1) ... ¢(an) = ¢(xi,) - - - O(@i,), (D.2)
for permutations iy, ...,7, of 1,...,n, such that the operators are rearranged descending

in times x7, > ... > x7,.
One very important case of the correlation function is the the two-point function

01T ¢(x)(y)|0), (D.3)

which plays a central role in perturbation expansion of interacting theories. The two-point

function is translation invariant, i.e.

01T o(x)¢(y)|0) = (0]T¢(x — y)$(0)[0), (D.4)
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and defines the free propagator of the boson'** by
A(z) = i(0|To(x)9(0)[0), (D.5)

which can be interpreted as the probability amplitude of a particle propagating from 0 to
x in spacetime. This propagator is a Green’s function of the field equation, which in case

of a scalar field the Klein-Gordon equation (1.5), i.e.
(O+m*)A(z) = 6W (). (D.6)

Thus, the Green’s function can be written as the following Fourier integral:
d*z e~

Alr) = / (2m)tm? — p? —ie (D-7)

Here, we have taken into account the Feynman boundary conditions by m? — m? — ie,
0

which ensures heaving only positive frequency solutions for z” > 0 and only negative

frequency solutions for 2° < 0.

When introducing path integral formalism, we find that n-point functions are given by

such a basic path integral formula:

OITo(@) - ow0) = - [1dele S p(en) .. () D3
with commuting c-number fields ¢ and a normalization factor N given by
N = /[d(p]eis[‘p], (D.9)
and S|p] should be the classical action of the model for the free scalar field, i.e.

Slel = [ d'albup(@)d"p(@) - mPepla)?, (D.10)

The integration measure [dy| can be understood in the following way; The metric

allows us to define a volume element
ds® = /d%[dgo], (D.11)

which can be seen as the distance between two neighbouring field configurations'#®. It

can be easily shown that the integration measure is translation invariant, i.e.

[d] = [de]  for o(x) = ¢'(x) + k(z), (D.12)

for an arbitrary function k(x).

144Gimilarly we find the propagator for a complex scalar field as A(z) := i(0|Té(x)d'(y)|0).

145Tn QM the fields would be various paths of particle trajectories. The volume element thus would
be a distance between two paths and that’s why this formalism is called path integral method. An
introductory discussion can be found in [28, p.7ff] .
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D.1 Correlation Functions and Path Integral Formalism

The generating functional is given by

201 = ;[ / (]Sl et [ diaf @)

oo ?:n
_ Z j/d4x1 Az f(21) . f2) 0T (1) . . D) |0) (D.13)
=: <O‘Telfd 2f(@)9(2)0),
and so the n-point functions can be obtained as functional derivations of Z|[f] as

1 szl
i 5f (). fwn)

We can compute the generating functional for the scalar field by recognizing a Fresnel

0T ¢(x1) ... ¢(x)]0) = (D.14)

f=0 .
type integral and find
Z[f] ={o|Te! | #=1=90)

—exp (5 [ dhad'y (@) () D@ —v)) .

With this and applying Wick’s theorem (theorem D.3.1) it can be shown that one can

(D.15)

decompose every n-point function in a product of two-point functions, i.e.
1

0|Tp(xy) ... P(x,)]0) = Z A (Tiy — i) - - gA(%‘nq —x;,)
pairings ! (D.16)
= X 5(0|T¢(%)¢(Iz2)|0> 01T (i, )o(i,)|0).

D.1.2 Dirac Field

All considerations above are similar for fermion operators. The two-point function of

Dirac fields is given by

(Ol () Ty(w)10) = (i, — M)Az — ) = 15(x —y), (D.17)

where S(x—y) is called the Dirac propagator. It is a Green’s function of the Dirac equation
(1.19), since

(m—id,)S(x - y) = 89 (@ — y), (D.18)
with Feynman boundary conditions. Its Fourier representation is written as

dk f+m Qi e e
S(r— ) — / —ik@—y) KM / . D.19
(=y) (2#)46 m? — k? — ie 2m)tm —f —ie (D-19)

It can be shown that the two following types of two-point functions vanish:

0,
0.
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Therefore, we only get nonvanishing results for the general case of a n-point function only
if the number of 1’s equals the number of v’s, since it can be decomposed as a product

of two-point functions, similarly to the bosonic case by

(O[T, (xl)@bl(yl) X -%n(%)@bn (yn)]0)
1 1 D.22
= Z (_1)05‘5&11)5(1)(‘%1 —Yo(1) - - gSanbg(n)(xn - ya(n))v ( )

O'GSn

with

(D.23)

(—1)7 = +1 if o is an even permutation of 1,...,n,
—1 if oisan odd permutation of 1,...,n.

The fermionic path integral is a bit more complicated since fermionic variables are
elements of a Grassmann algebra, i.e. they are anticommuting objects. A discussion on
this can be also found in [27, p.4/1ff] and it is also discussed in [28, p.121ff]. But after
some considerations we obtain the generating functional as a functional of two Grassmann

variables n and 7 given by
2.7 =0T exp (i [ d'ali(a)i(a) - Ba)n(a)]) o) Do
— [ldw.ddlexp (i [ a'alsie) + n@yi(e) — Fam)) |

with a translation invariant integration measure [dv, di| of Grassmann variables. We can

compute the generating functional for the free Dirac field similarly as before and get
Zn ) (0T exp (i [ d'adyla@)s(e — pw)]) 0)
1 — . _
Y / [di), dij] exp (z / d'zd'y[7S(z — y)n(%)]) :

which leads to the pairing rules stated above.

(D.25)

D.1.3 Vector Field

In the case of a (real) massive vector field the two-point function can be also obtained

from the propagator of the vector boson given by
OTV*(a)V* (y)|0) = i (x —y), (D.26)

where the propagator is a Green’s function of the Proca equation (1.10). Its Fourier

representation is written as

d4k ) g,ulz _ kMEY
AP () = / ~ika M7 D.27
@) =] i E— i (D-27)

For a complex vector field we get analogously
(OITV,(2)VI()|0) = i (z — y), (D.28)
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D.1 Correlation Functions and Path Integral Formalism

but it should be noted that other two-point functions vanish

0|7V, (2)V, (y)|0) =0, (D.29)
(0T (2)V](y)|0) = 0. (D.30)
Again, we obtain the generating functional, which is in this case given by
Z[J) ={0|Te ] &'V @)
:ﬁ/ Jiaviiexs (i [ dalsive] - veg,])

where J,(z) is an external current and the integration [dV*] is translation invariant.

(D.31)

Computing the generating functional for the real vector field leads to

210) = exp (= [ dlad'y g @A (@ = y) 1)) (D.32)
and similarly we get for the complex vector field
Z[J, J*] = exp <—z’/d4xd4yJ s, () AP (x — y)Jl,(y)) : (D.33)

D.1.4 Gauge Field

Finally we should also discuss the propagator of an abelian gauge field, i.e. the photon field,
which is a massless vector field, since a mass term is forbidden by the gauge invariance of
the Lagrangian. In order to derive the Fourier representation of the propagator, we can
find the Green’s function only by adding a gauge fixing term containing a gauge parameter
€. In [26, p.732ff] an elaborated discussion can be found. We utilize the conventions there

and state the result for the gauge fixed Lagrangian of the interacting photon
1 1

ﬁeﬂ? = _ZFMVFMV_?(auAH)Q_ JMAM. (D34)
5 ———
free photon gauge fixing interaction

The derivation can be found in [27, p.6/1ff] and here we just want to state the result for

the photon propagator:

O kHrEY
2% — —ikx 7 .
DH (x) / (2@46 i g (1=¢) 2| (D.35)

As it is mentioned in [83, p.150], the gauge fixing parameter is an arbitrary real non-
negative number. In the Landau gauge we have £ = 0, in the Feynman-t Hooft gauge
¢ = 1 and in the unitary gauge & = oo. It is important to be aware of the fact that
physically meaningful quantities have to be independent of the gauge parameter. In any
gauge where the propagator falls off with 1%2 "the perturbation theory will be renormal-
izable, in the sense that the divergences are removed by a finite set of counterterms", as
is mentioned in [26, p.738]. Thus, we call these gauges R, gauges to indicate the corre-
sponding parameter ¢ and their renormalizability. As it is noted in [70, p.35ff], this more

general framework of gauges is more convenient to use if we would like to calculate Feyn-
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man diagrams beyond tree level. Even though in unitary gauge the physical structure
becomes more obvious, renormalizability becomes obscure, since propagators behave as

O(1) rather than O(k~2) for large k.
At last we state the result for the generating functional of the photon field

210) = exp (—5 [ d'ad'yD™ (x — ) Ju(2)ly) ) (D.36)

which is indeed independent of the gauge parameter £ for a conserved current J, as it is
shown in [27, p.6/41f].

It should be only noted here that the propagators for the other gauge bosons can be
found similarly, as done e.g. in [83, p.148ff]. Here we will simply state the results obtained

there in the section D.3 on Feynman rules.

D.2 Perturbation Theory and the S-Operator

In this section we will briefly state some important results and considerations found in
[27, p.7/1ff]. If we deal with interactions, which are small in some sense, perturbation

146

theory can be employed. We might decompose the Hamiltonian'*® of the theory in a free

and interacting part, i.e.
H = Hy+ Hyy. (D.37)
We are working in the interaction picture (IP), where time evolution of operators is defined
as . ,
AIp(t) = elHotAseilHO, (D38)
where the index S indicates an operator in the Schrodinger picture. If we want to calculate

a S-matrix element in a scattering process, we use

(x out|¢ in) = (x|S]¢), (D.39)
where S denotes the S-operator defined as
S 1= Tt ) daHiy (D.40)

This is the starting point for perturbative expansion as we will see.
If one does some explicit calculations of S-matrix elements, a specific structure becomes

apparent . All S-matrix elements exhibit the form
(2m)*6t (Z Pt =2 q;-““) M, = a8t ), (D.41)
( J

and we call iM(p, i, ... — 8", ¢S™, . ..) the invariant matriz element, which contains
all relevant physical information of the scattering process. This invariant matrix element
can be easily written down, if one uses Feynman rules, which we will discuss in the next

section.

14601 respectively the Lagrangian
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D.2  Perturbation Theory and the S-Operator

But before, we should consider two-point functions in an interacting theory as it is done

in [27, p.16/1ff]. Let |Q2) denote the vacuum of the interacting theory and we assume that
(Q[6(0)[2) = 0.

Then we achieve for the two-point function of a scalar field

(QU6()0(0)10) =7 Arimp) + ..

7Z / d*k e~k
(

2m)tm2), — k? —ie

(D.42)

=— c oy
]

where we focused on one particle states with momentum p and the dots indicate continuum

contributions for particles n > 2. The pole of this two-point function determines the

physical mass mp, and the field renormalization constant Z is given by
VZ = (Q¢(0)[p). (D.43)

Analogously, we can obtain the two-point function of fermions in an interacting theory as

(T GFOIR) =25 men) + .

_Z/ d4k e—ikx
2 )  mpy — F — e
(2m)* my

(D.44)

== + ...,
3

with the renormalization constant Z given by

(Q(0)|p, s) = VZu(p, sy mpn), (D.45)
(p, s[(0)|2) = VZu(p, s; mpn), (D.46)
(77510(0)[2) = VZo(p, s;mpn), (D.47)
(Q(0)|py5) = VZ(p, s; mp) (D.48)

In order to calculate the perturbative expansion in first order, we note what is men-

tioned in [27, p.18/1ff]. The action can be decomposed in a free and interaction part
Slel = Solee] + Sintlel, (D.49)

and ¢ denotes the fields present in the theory (e.g. ¢ = 1,1, A*,...). We like to rewrite
the n-point function of the interacting theory using path integral formalism. Thus, when

splitting .S into these two parts, we obtain

Jldele¥p(ay) ... ()
J(dyp]esle]

(QUTd(x1) ... d(an)|€2) =

o (D.50)
(S Ep(a) .. pla))
(EEr/ —
where ({...)) denotes the Gaussian mean value, which is defined as
iSo[¢]

(Fleh) = = s
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for a functional F. To perform perturbative expansion we insert the power series expan-
sion of the exponential function, and obtain

elSimlel = 3™ E(Sint[(p])n‘ (D.52)
n=0 """
D.3 Feynman Rules
Theorem D.3.1: Let Ay,..., A, be a set of n creation and annihilation operators, then

we can evaluate their product in a systematic way:

AlAn:AlAn+

+:AjAy AsAL A, one contraction
| I— |
+:AjAy AsAL . A, two contractions
| I | S
+ ...,
where a Wick contraction means Aj Ay = (0|A;1A3|0) and : ... : denotes the normal
| I—|

ordering of the creation and annihilation operator, which means rearranging the product

in a way such that all creation operators stand on the left side of all annihilation operators.
Proof. A proof of this theorem is done in [27, p.10/2ff]. O

This Wick contraction theorem can be now used to give a list of all Feynman rules we

need.

D.3.1 Propagators

Here we like to give a comprehensive list of Feynman rules of the propagator of all particles
considered in this thesis. We start with the fermion propagator derived in section D.1.2
and the photon propagator we already mentioned in section D.1.4 in R¢ gauge.
Similarly, the propagators of the weak interaction bosons can be found and will just
be stated here. Finally, for sake of completeness, we present also the propagators of the
scalars (including the Goldstone bosons), which will be useful in calculations for the loop
corrections to the seesaw mechanism in section 4. Those propagators can be found in [83,
p.150f, 158], where 4, £z and &y denote the different gauge parameters corresponding to
the gauge bosons A, Z° and W* of the EW theory. The Feynman rules for the propagators

are listed on the next page.

146



D.3 Feynman Rules

(e — T (D.53)
k k? —m3
) —1Gu ik, k,
(1) ~rm — kg’” + (1 - €)=, (D.54)
70 ~~mo~e — G ikMkV 1 _ 1 D.55
(Z°) k kQ—mzz+ m2 \k2-—m2% k2—§&m% )] (D.55)
Wi eVl Ve U _igl“’ ik/’«k’/ 1 . 1 D.56
W= k k? m%,+ miyy \k2—mi k2 —Eymiy ) (D-56)
0Y. 1
(Sa)‘ __?_ - m, (D57)
£y, l
(5¢): === = T (D.58)
0. — — o — i
(GHmmmmm =L D.60
k k% — &wmiy, ( )

D.3.2 Vertices

Furthermore, we want to give a list of all interaction vertices needed in this master thesis,

i.e. EW interactions of leptons with the gauge bosons, which can be found in [83, p.159]:

f
A, = —leqfVp, (D.61)

f
(D.62)
(D.63)
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In addition, the vertices for the Yukawa interactions of the neutral and charged scalar
mass eigenfields with the neutrino mass eigenfields will be needed. They are given in [83,
p.160], but we already note them in the notation, which is needed in section 4.1 and has

been introduced there:

X

—a—— L ([ULAUL + UTATUE| Py + [UT AU, + UTAIUE] P D.64
g0 ﬁ([RbLJFL s UR| Po+ [ULAJUR + UR AU Pr) . (D.64)

X b

X

= ([UkA, UL+ UTAL U] Py + [ULAL U + UE AL U] Pr)(D.65)
GO \/QRbZL L=b,YR| 1L LP2b, YR rRB, YL | IR ),(D.

X

X

3= |(UkA) Pr = (UL PL] (D.66)

i

=i (U} Ay ) PR — (UITE ) PL] (D.67)

X

(
> =i [P (ALUR) = Py (TaUL)] (D.68)
X

X
>_g__ =1 [PR (AZWUR> — P (FCIWUL)] : (D.69)

D.4 Fermion Self-Energy

D.4.1 Fermion Two-Point Function at One-Loop

A discussion on this can be also found in [26, p.217], but we follow again [27, p.18/1ff] and
use the path integral formalism for the perturbative expansion of the Green’s function
to compute the one-loop correction to the fermion propagator. The two-point function is

given by

((e™mapy () () (D.70)

(T Yala T ) = =g

148



D.4 Fermion Self-Energy

where we insert the QED interaction part of the action (¢ = —e for ™)

Smt:-—q/lfmaxxy4@0¢(xy (D.71)

Inserting the perturbative expansion into the denominator , we obtain
2
St — . i —

(e a(@)Py(9))) = (1 + S + 5pSh + - )¥a(2)B3(0)))- (D.72)
We recognize that the first term (0th order) simply gives the fermion propagator at tree-
level and the second (1st order) term vanishes since gauge condition leads to ((4,)) = 0.
The third terms (2nd order) yield the additional one-loop corrections and we use Wick’s
theorem (theorem D.3.1) to find all possible contractions. The only one which contributes

to the one loop corrections is the fermion self-energy shown in figure 24 below.

Figure 24: Fermion self-energy - photon loop

After some calculations we achieve the corrected two-point function in the following

form:
QTP = - +
(D.73)
4
_ / d’p e~ (z—y)
(2m)t
—iY(p)) ——
{p—m—i—ia +p—m+i5( ' (p)>p—m+i5}’
with the self-energy function X of the fermion given by the loop-integral
d*k p—k+m 1
~in(p) = ¢ [ Z . D.74
x(p) ¢ (27r)4% (p—k)2—m?2+ ie | K2+ ic ( )

D.4.2 Regularization

This loop integral (D.74) exhibits not only an IR-divergence but also an UV-divergence.
The first on can be easily fixed by adding a small photon mass m., to the photon prop-
agator. The latter could be treated in different ways, but here we choose dimensional
regularization. This means we introduce a (higher) space-time dimension d such that the

loop integral is convergent.
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Thus, we make the following substitutions:

/d4x—>/ddx /d4k %/ddk B4, gyt = (2 d)d (D.75)
) (27T)4 (27T)d7 g'u, - 5 /Y,u ,y - . .
Hence, we obtain the following form for fermion self-energy:

o [ dk (2—d)(p—F)+dm 1
‘ /(27r)d (p— k)2 —m?+ic k2 —m2 +ic

—iD(p) = — (D.76)

In the next step we employ Feynman parametrization (E.45) to contract the two denom-
inators and we obtain

ddk (2_d)(p—k)—|—dm
—ix(p) = —e // )4 {z[(k — p)? —m? +ie] + (1 — 2)[k? — m2 + ic]}

(D.77)

After completing the square in the polynomial denominator, we perform a formal shift
of the integration variable k by introducing k = k£ — xp, and hence we end up with an

integral

62/1/ dk (2 — d)(1 — 2)p + dm

—iX(p .
' 2m)d k2 + (1 — 2)p? — am? — (1 — z)m2 +ie

(D.78)
Now, the integration over k can be performed by Wick rotation and using formula (E.46)

with o« = 2 and thus we obtain
1

—iX(p) = 0/[(2 d)(1 )p + dm] ) I'(2) (D.79)

S

[zm® + (1 — 2)m? — z(1 —2)p

Since I'(z) has poles at z =0, —1,—2, ... we see that 3(p) has poles at d = 4,6,8,.... To
investigate the behaviour of X in the vicinity of the physical relevant spacetime dimension
d =4 we set d = 4 — 2¢ for ¢ — 0 such that d — 4. Inserting d of this form into the
equation above we get

—iS(p) = — ¢ /[(—2 +26)(1 — 2)p + (4 — 2¢)m]
b (D.80)
il'(e)
(47)?(4m) =

—&

[xm® + (1 — 2)m? — 2(1 — 2)p® — ie]
Finally, we use the following expansion of the gamma function I':

1
['(e) = =+T"(e) + O(e), (D.81)
€ —r
—YE
where vg denotes the Euler-Mascheroni constant. Furthermore, we rewrite and expand

the term of the power —¢ in the following way:

0~ =@ =1 _ cIn(a) + O(c?). (D.82)
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Applying all this to formula (D.80) and only taking into account the two lowest orders in
e of the expansion we achieve
ie?

—iX(p) = " e 47T>

{{1 Ye +In(4r)| (=p +4m) +p — 2m
(D.83)

—/ 2(1 — 2)p + 4m] Infzm® + (1 — z)m2 — z(1 — z)p? —25]}

Introducing an arbitrary mass scale p to reintroduce d instead of € quite nicely'4” we can

finally achieve

2

Sy = (Z:;?“d4 —6[;4 - ; (I'(1) —|—1n(47r))} —3In (Zf) +4%. (D.84)

:ZAd

D.4.3 Structure and Interpretation

As it is mentioned in [27, p.18/20], the fermion self energy can be decomposed into two

parts

S(p) = A(p*)p + B(p*)m. (D.85)

When we take a closer look at the final result in (D.84) we see that of course we always

have a part proportional to p and one proportional to m, if we take into account'*® that

g — { Py for odd n, (D.86)
p" for even n,
where n > 1, because X can only depend on powers of p.
Besides this structure, we like to discuss the structure of the propagator in more detail,
as it is done in [27, p.18/19ff] and also in [26, p.220f]. We find that the corrected fermion
propagator in momentum space, i.e. the Fourier transformed two-point function, can be

written as

/d4x<mw<x>@<0)|>eim _ p_im +p_im(—z-z>p_' (p 2m> (D.87)
REE)

(D.883)

where we noticed the expansion to be a geometric series'®®. We recognize that the pole

of the two-point function (in momentum space) is no longer at p = m, but shifted to the

4"Note that =21 =1 —Inp? and [e?] =4 —d = 2e.

148Great thanks to my college Maximilian Loschner for his very helpful note.

149We are able to write the series in this compact form because the the right sign appears in the de-
nominator. This is the reason for defining the self-energy with a factor of —i. Thanks to my college
Maximilian Loschner for pointing this out.
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physical mass p = my, which is given by corrections to the bare mass m as

Mpn = m + 3| p=myy T COITECtiONS of higher order. (D.89)

The behaviour of the one-loop propagator in the vicinity of the physical mass p* = m2,

can be obtained by the expansion of

ox
pom=SO)=pm = SOy~ G| () (D.90)
P=mph
Inserting this result in (D.88), we get
) 7
v, 2 (D.91)
P—m—X(p) prom2, P — Mph
, where we introduced the notation
()Y
Zy=1+ o , (D.92)
p p:mph

which is called the wave function renormalization constant of the electron field. Inserting
the result for ¥ we obtained in (D.84), we get

2
=1+

)y et i m? m2
+ 87@ . 1 (47T>2u <2Ad +1In <,u2> —4—2In (mz , (D.93)

for the renormalization constant at one-loop'™.

Z2‘17100p =1

D.5 Renormalization of QED

We have seen in the last section that the one-loop correction to the fermion propagator!®!
leads to a shift in the pole, i.e. a shift in mass. When renormalizing QED, we want so
establish renormalized quantities (¢, A¥) and physical parameters (mpnys, €phys) i the
Lagrangian (B.60) instead of the bare quantities and parameters (¢, A* m,e). Those

quantities are connected by

Y = \/Zwr, Al =\ Z3 A7, eZQ\/Z, = ephysﬁ, (D.94)

and we introduce the notations
6m = (ng — mphys), 53 = (Zg - 1), 52 = (ZQ - 1) (D95)
Therefore, we obtain the Lagrangian in the following form

1 _ _
Lqep = — ZquFﬁw + 1,.(10 — Mphys)Ur + Epnys®, VP AL

h B B (D.96)
— 03 Fuu P 4D, (1820 = G )by — it AL

159Note that in the last term the IR-divergence shows up, since the logarithm would explode for m. = 0.
151Tn case of the photon propagator and the interaction vertex one can employ a similar procedure and
obtain corrections and renormalization constants Z3 resp. Zs.
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D.5 Renormalization of QED

The first two terms in the first line represent the free Lagrangian £, the third term in the
first line is the EM interaction and the terms in the second line are called counterterms.

We can also define Feynman rules for these conterterms by

m ,\_,V\@,\,\N voo— (g‘“’k2 _ k:“k”) 53, (D.97)

k

— QR =i(ph ). (D.98)

= i€pnysY" 01 (D.99)

Their coefficients are fixed by renormalization conditions, e.g. the coefficients d and

0., are fixed by

S=mom) =0, 5550, =0 (D.100)

with the renormalized self-energy 3 given by

—i%(p) = —i%(p) + i(pda — Om). (D.101)

The renormalized fermion propagator is composed of the tree-level contribution, the one-

loop contribution (i.e. self-energy) as well as the counterterm. This can be visualized

by

% - = (D.102)
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E Appendix - Mathmatical Tools

E.1 Algebraic Structures

In this section some useful definitions and properties of groups, Lie groups, and Lie
algebras are summarized using [102], [104], [105], [106], and [107].

E.1.1 Defnitions

Definition E.1.1: A group G is a set of elements {g1,¢o, ...} together with a binary

operation - (group law or operation) which satisfies the following group properties
(G1) Closure: If g1,90 € G=q1-9g2 € G

(G2) Associativity: (g1-92) - 95 =91 (92-93) V91,092,953 € G

(G3) Identity: Je € G such thate-g=g-e=gVg€ g

(G4) Inverse: Vg€ G 3g~' € Gsuchthat g7l g=g-g ' =e

A group is called an abelian group, if their group elements satisfy also

(G5) Commutativity: g1 - g2 =ga- g1 V91,92 € G

Definition E.1.2: A subset H of a group G (H C G) is called a subgroup if it satisfies

the following conditions

(H1) Closure: If hy,ho € H = hy-hy € H
(H2) Identity: Je € ‘H

(H3) Inverse: Vhe H = h™t € H

and we denote this by H < G. The so-called induced operation on H is defined via the
group operation on G and hence it satisfies (G2). Furthermore, every group G obviously

has two trivial subgroups, namely G itself and {e}.

Definition E.1.3: Let be (G,-) and (G’,*) two groups then a mapping ¢ : G — G’

satisfying the condition

©(g91 - g2) = p(g91) * ©(g2) (E.1)

for all g1, 92 € G is called a group homomorphism. If this mapping is bijective, it is

called a group isomorphism and we write G = G'.
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Definition E.1.4: A set K assigned with two binary operations (K, +, -) is called a field,

if the following conditions are satisfied:

(F1) (K,-) forms an abelian group with neutral element 0

(F2) (K,+) forms an abelian group with neutral element 1

(F3) Distributivity: a- (b+c¢)=a-b+a-c.and (a+b)-c=a-c+b-c Va,byce K

Definition E.1.5: A set V is called a vector space over a field (K, +, -), if the two binary
operations vector addition @ : V xV — V and scalar multiplication ® : V x V — V satisfy
the following properties Vu,v,w € V and a, 5 € K

(V1) Associativity: u® (v® w) = (u®v) w

(V2) Identity: 30y, € V Vv € V such that u ® 0y, =0y v =0

(V3) Inverse: Yo € V 3 —wv €V such that v® (—v) = (—v) G v =0y,
(V4) Commutativity: v@®u=u® v Vu,v €V

(S1) Left distributivity: o« © (udv) = (@ ©u) ® (¢ ©v)

(S2) Right distributivity: (a+ ) ©v = (a®v)® (O v)

(S3) Associativity: (a-B) @v=a® (O v)

Definition E.1.6: Let V and W be two K-vector spaces. A map f :V — W is called
linear map or vector space homomorphism, if it is homogeneous and additive, i.e.

it satisfies the following conditions for all z,y € V and a € K.

fla®yx)=aow f(z) (E.2)
flxovy) = f(x) &w f(y) (E.3)

Definition E.1.7: A -vector space A equipped with an additional binary operation
x: Ax A — Ais called a algebra over a field IC (or K-algebra), if the binary operation
is bilinear, i.e. it satisfies the following properties Vz,y,z € A and Vo, € K

(A1) Left distributivity: (x®y)*xz=x*x2 DYy * 2

(A2) Right distributivity: x* (y@® z) =x*yDx * 2

(A3) Compatibility with scalars: (a-x)* (5 -y) = (a- f)(x *y)
If the binary operation * also fulfils

(A4) Associativity: x * (y*2) = (x xy) * 2

A is called a associative algebra over a field K.
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Definition E.1.8: Let A and B be two algebras over a field K. A map ¢ : A — B is said
to be a algebra homomorphism, if it fulfils for all £ € K and z,y € A

¢k xa 1) =k *5 d(2) (E.4)
o(x Day) = d(z) O d(y) (E.5)
P(x Oay) = d(z) ©p ¢(y) (E.6)

If in addition ¢ is bijective it is called an algebra isomorphism.

Definition E.1.9: A Lie group is a smooth manifold G endowed with a group structure
with smooth!®? operation. This means that we have a smooth operation p: G x G — G,
an inversion v : G — G and a unit element e € G such that the group axioms (G1)-(G4)
are satisfied. We will write g; - go for pu(g1, g2) and g~ for v(g) for g, 91,92 € G.

Definition E.1.10: If H is a subgroup and also a submanifold of the Lie group G, then
H C G is called a Lie subgroup of G and H itself is also a Lie group.

Definition E.1.11: A homomorphism of Lie groups G and G’ is a smooth map
¢ : G — G’ which is a group homomorphism.

Definition E.1.12: A Lie algebra over K = R or C is a K—vector space g together
with a bilinear map [, | : g X g — g, called the Lie bracket of g, which is skew symmetric,

ie.
YV, X]=—-[X,Y] VX,Yeg (E.7)
and satisfies the Jacobi identity, i.e.
XY, 2] = [X,Y], 2] + [V,[X. Z)] ¥X.Y.Zeg (E8)
The Lie algebra of a Lie group G ist the tangent space g := T,.G.

Definition E.1.13: Let (g,[, |) be a Lie algebra. A Lie subalgebra of g is a linear
subspace h C g which is closed under the Lie bracket, i.e. such that [X,Y] € b for all
X,Y € bh. We write h < g if b is a Lie subalgebra of g. Of course, in this case (b, [, ]) is

a Lie algebra, too.

Definition E.1.14: If g and h are Lie algebras, then a homomorphism of Lie alge-
bras ¢ : g — b is a linear mapping which is compatible with the Lie brackets, i.e. such
that for all X,Y € g

[p(X), (V)] = @([X, Y]). (E.9)

If such a homomorphism is bijective, we call the mapping an isomorphism of Lie

algebras and we write g = b.

1529mooth means infinitely differentiable (C>°).
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Proposition E.1.15: Let G and H be Lie groups with Lie algebras gand . If o : G — H
is a smooth homomorphism, then ¢’ = T, : g — b is a homomorphism of Lie algebras,

Le. o ([X,Y])[¢'(X), ¢ (V)] for all X,Y € g.

Proof. See [105, p.5] O
E.1.2 Representations

Definition E.1.16: A representation of a group G on a vector space V is a homo-
morphism p : G — GL(V) and GL(V) is the general linear group of all automorphism of
V.

Definition E.1.17: A n-dimensional matrix representation of a group G is a homo-
morphism R : G — GL,(K), where K is a field and GL,(K) is the general linear group
of all invertible n x n matrices with coefficients in K. All representations of a group on

a finite dimensional vector space can be reduced to matrix representations.

Definition E.1.18: Two representations of a group G p : G — GL(V) on the K-vector
space V and m : G — GL(W) on the K-vector space W are called equivalent or

tsomorphic, if there exists a vector space isomorphism « : V' — W so that for all g € G,

aop(g)oa =m(g) (E.10)

Definition E.1.19: Let K be a field and A a K-algebra. An algebra homomorphism
m: A— L(V) is said to be a representation of an algebra A, where V is a K-vector

space and L(V) denotes the algebra of linear operators on V.

Definition E.1.20: Let A be a K-algebra and V; and V, two K-vector spaces. Two
algebra representations m; : A — V; and 1y : A — V; are said to be equivalent (7w, ~ ),

if there exists a vector space isomorphism 7" : V; — Vs such that for all a € A
m(a) =T tomoT. (E.11)

Definition E.1.21: A representation of a Lie group G on a finite dimensional vector
space V' is a smooth homomorphism ¢ : G — GL(V). A representation of a Lie
algebra g on V is a Lie algebra homomorphism ¢’ : g — L(V, V'), where L(V,V) is the
space of all linear maps form V' to V. In particular, for any representation ¢ of a Lie group,
one obtains a representation ¢’. Now any Lie group G has a canonical representation on

its Lie algebra, called the adjoint representation.

Definition E.1.22: Given representations of G on V and W a linear map f : V — W is
called a morphism or G-equivalent if f(g-v) = g- f(v) for all g € G. An isomorphism
of representations is a G-equivalent linear isomorphism f : V — W. If such an

isomorphism exists, then we say that V' and W are isomorphic and write V = W.
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Definition E.1.23: Given representations of a Lie group G on V; and V5 then there is
an representation Vi @ V5 defined by
g (v1,v2) == (g v1,9 - va). (E.12)

This construction is referred to as the direct sum of representations. Of course, the

natural inclusion of the two summands into V; & V5 are G-equivalent.

Definition E.1.24: A representation V of G is called decomposable if it is isomorphic
to a direct sum V; @ Vo with dim(V7),dim(V5) > 0. If this ist not the case, then the

representation is called indecomposable.

Definition E.1.25: Quite analogously, given two representations of a Lie algebra g on
vector spaces V' and W, there is an obvious representation on the direct sum V & W,
defined by
X (vy,w):=(X v, X w). (E.13)
This is called the direct sum of the representations V' and W. Similarly, we can construct
a natural representation on the space L(V,W). Namely, for ¢ : V — W and X € g we
define
(X -9)(v) ==X - (p(v)) — (X -v). (E.14)
Definition E.1.26: Let V be a representation of G. A linear subspace W C V is called
G-invariant or a subrepresentation if g-w € W for all g € G and w € W. In that

case, we obtain representations of G on W and on V/W | defined by restriction respectively

by
g-(v+W):=(g-v)+ W (E.15)

Definition E.1.27: for any representation of G on V', the subspaces {0} and V' of V are
evidently invariant. If these are the only invariant subspaces the the representation is

called 7rreductble.

Definition E.1.28: To obtain decomposability of a representation, one dose not only
need a nontrivial invariant subspace but also a complementary subspace, which is in-
variant, too. A representation of G is called completely reducible if any G-invariant

subspace W C V' admits a G-invariant complement.

Proposition E.1.29: If a representation is completely reducible, then V' is a direct sum

of irreducible subrepresentations.
Proof. See [105, p.38] O

Definition E.1.30: A representation of G on V' is called unitary, if there is a positive

definite inner product (, ) on V' (Hermitian if V' is complex) which is G-invariant in the

sense that
<g *v,g - w> = <U,U)> (E16)

for all g € G and v,w € V.

159



E APPENDIX - MATHMATICAL TOOLS

Proposition E.1.31: Any unitary representation is completely reducible.
Proof. See [105, p.39] O

Definition E.1.32: A trivial representation of a (Lie) group G (or even a Lie algebra

g on V is a representation on which all elements of G (or g) act as the identity mapping
of V.

Definition E.1.33: Let be p a representation of G on a vector space V', then the dual

or contragradient representation j is defined over the dual vector space V as plg) =
p(g~HT for all g € G.

Definition E.1.34: For a representation p of group G on a complex vector space V' the

153

complex conjugate representation p is defined over the complex conjugate > vector

space V such that p(g) is the complex conjugate of p(g) for all g € G.

Definition E.1.35: A complex conjugate contragradient representation of a group on a

vector space is simply the combination of the two definitions above.

E.2 Matrix Diagonalization

E.2.1 General Theorems

In this section two theorems on matrix diagonalization should be stated, which are found
in [108, p.1056] and are of great use for diagonalization of fermion mass matrices. First
we state a theorem for the most general case of an arbitrary complex square matrix. This

transformation is called biunitary transformation.

Theorem E.2.1: Let M be an arbitrary complex n X n matrix. Then there exist unitary

n x n matrices Uy and Ug, such that
M = U} MUg (E.17)
is diagonal, real and non-negative.

Proof. See [108, p.1056f] proof of theorem III. ]

Note that this proof uses another theorem on matrix diagonalization, which tells us
the obviously Hermitian matrix MM can be diagonalized by an unitary matrix V. Thus,
the eigenvalues of M in the theorem above correspond to the eigenvalues of the matrix
MTM.

133Note that in mathematics complex conjugations is mostly denoted by T whereas in physics complex
conjugation is mostly denoted by V*, which may be confused with the V* indicating a dual space in
mathematics
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The second theorem, which applies for example for Majorana mass matrices, is a bit

more specific, since it applies for symmetric matrices.

Theorem E.2.2: Let M be a complex symmetric n X n matrix. Then there exists a

unitary n x n matrix U, such that
M=U"MU (E.18)
is diagonal, real and non-negative.

Proof. See [108, p.1056] proof of theorem II. ]

This theorem was first stated implicitly by I. Schur in his paper on quadratic forms
[109], therefore we will refer to this theorem in this thesis also as Schur’s theorem (on
matrix diagonalization), although this type of factorization is also known as Takagi’s
factorization (see e.g. [110, p.204f] ). Besides, it should be emphasized that the diagonal
elements of M are the non-negative square roots of the eigenvalues of the Hermitian

54

matrix MMT and the columns of U are the corresponding eigenvectors' Finally, it

should be noted that this kind of factorization is no eigendecomposition of M.

E.2.2 Corrective Diagonalization

Let My be a n x n matrix, which has been diagonalized as above. Hence we have

UO MUO = 3 = diag(m!”, ..., m©), (E.19)
with real m; > 0 fori =1,...,n. Let U consist of n column vectors uﬁ”) with n entries,

i.e.
U = @9 . w0, (E.20)

and since U® is unitary its column vectors form an orthonormal system (ONS) which

means

O ©) _

or ugo)‘Q =1. (E.21)

We can rewrite (E.19) as

7 9

which is the analogue to an eigenvalue equation in the case of diagonalization via Schur’s

theorem. Now we want to consider a small correction!® to M, such as

M = My + AM, (E.23)

154 A proof of this is given in [110, p.205] and it should be noted that it can be shown that the eigenvectors
to different eigenvalues of a Hermitian matrix are pairwise orthogonal.
155Great thanks to Prof. Grimus for his helpful advice concerning the following considerations.
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with small A € R. The corrected matrix M then can be diagonalized again according

to Schur’s theorem by a unitary matrix U = (uy,...,u,). The columns u; will be are a

linear combination of the ul(-o)

to ugo)

since they form an ONS. Furthermore, the u; will be close

since we consider a very small correction. Hence we get approximately
U; 2 CU ( )+ u(l) (E.24)

with a complex factors ¢; and a small correction u belng of the order of A\. Those u; (1)

(0)

are also linear combinations of the ONS {uZ } and we assume uE )1 u,; ~. To ensure the

u; being normalized we find

2 2 2 2
1= |uz|2 = ciugo) u; )’ = |cz~|2 ugo) ufl)’ o< |ci|2 + A2~ |c,~|2. (E.25)

1156

Thus, ¢; must be a phase factor €’ ~ (1 + icy;) with small'® phase «;.

The small correction to M, will cause a small correction to the mass eigenvalues such

that we can write approximately
m; o m( ) + m(l) (E.26)

Under this considerations the eigenvalue equation analogue for the corrected matrix M

can be written as
Mu; = (M + )\Ml)(ciuz(»o) + uz(»l)) = (mgo) + )\mgl))(ciuz(o) + u§1))*. (E.27)
e . O
Multiplication with (uj ) from the left leads to

T
(U(O)) (M + MMy (csu )+ u(1)> _ (u(o)) (ngo) 4 /\ml(;))( (0) + u(l)) (E.28)

i J
Using the condition (E.21) as well as relation (E.22) and its transposed, the left hand side

gives

()" (Mo + AM)((1 + i0r)u® + )

J

(1 +ias) (u®) " M® + (a0 My

E.29
+ A1+ iay) (ugo)) M u§ + /\< ) M(]Uz(l) ( )

~(1+ zal)m ) (5JZ + m( ) ( (o )) (1) 4 A\ (u§0))TMlugo)

where we only considered terms of maximal order A\. Analogously we get for the right
hand side

- <u5~0>>Tmi) ) ) )
+ A1 —iay) (u§0)) (u§0)> + A (u§-0)) mgl) u§~1))

~(1 — iai)mgo)éﬂ +m¥ (u§0)>

7

. 2
156We have 1 = |ei* ? ugl) ~ |(1 4 io)® + A2) = 1 — |ag|* + A2, Hence, q; is of the order of A.
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Therefore we have

T
(1+ iai)mgo)@»i + m§0) (ugo))T uz(»l) + A (u§0)) Mlul(»o)

E.31)
T * (
=(1- z'ai)mgo)tsﬁ + mEO’ <u§0)) u§1)> + Amgl)éﬂ.
In the case ¢ = j this leads to
T
(1 +ic;)m'® + A (u§0)> Mul® = (1-— iai)mgo) + AamY (E.32)

(0)

where we used the assumption u,(;l) L u;’. We obtain the following expression for the

correction to the diagonal matrix m

(2

T T
“ARe ()" M) 4 (1m () 200”) + 20m()

T
)\mgl) :Qiaimgo) +A (u§0)> Mlu(o)
(E.33)

Since mgl) has to be real the phase a; has to be such that the two last imaginary terms

cancels, namely
T
Im <<ui0)> Mlul(-o)>

;= 2m§0) (E.34)
Therefore we find as final result
m; = mEO) + )\ml(-l) = mgo) + ARe ((u§0)>T Mlul(o)) . (E.35)
In the case of i # j we get
m® () 042 (1) 20l = m® () ) (.36

T
Introducing the notation A;; = (u(-o))T ugl) and Bj; = (u(o)) Mlu(o) we obtain

J 9 7
(mf” —m{”) Re(A;) +i (m” +m{) Im(A;;) = —Re(B;;) — ilm(B;) (E.37)

and therefore we get

i . Re(Bj; . Im(By;
(i) ) = Re(A;) + ilm(Aj;;) = — mﬁ]%>_z m(]%' (E.38)
(mj —-m, ) (mj +m; )

(2

(0)

‘ .

This gives us also a relation for the correction of the columns u

163



E APPENDIX - MATHMATICAL TOOLS

E.3 Rank-Nullity Theorem

Theorem E.3.1: Let V and W be vector spaces over a field and A a linear mapping
AV — W, then the following holds:

dimV = dim(im A) — dim(ker A)
where the image and the kernel of the mapping A are defined as

im A = {w € W|Av = w forsomev € V'}
ker A = {v € V|Av = 0}

E.4 Cauchy-Schwarz Inequality

Let be V' a n-dimensional C vector space with inner product (.,.) and norm ||.||. For two

vectors = (2;);, y = (y;); € V the Cauchy-Schwarz inequality tells us

[z o) < l2[] - llyll- (E.39)

In component notation we may write

n

=1

n

2 n
< Z 2] - Z |yi|? (E.40)
j=1 k

=1

where * denotes complex conjugation. Note that for z € C the absolute value is |z| = zz*.

E.5 Trigonometric Functions

In this section we will briefly state some properties and relations of trigonometric func-

tions, especially sine and cosine. The following relations are valid:

cos(6)? = ;(1 + cos(20)), (E.41)
sin(6)? — ;<1 ~ cos(20)), (F.42)
cos(26) = cos(#)? — sin(f)?, (E.43)
; in(260) — sin(6) cos(6). (F.44)
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E.6 Integration Tricks for Loop-Integrals

E.6.1 Feynman Parametrization

According to [26, p.189f], this useful trick enables us to squeeze different denominator
factors into a single quadratic polynomial. After performing a shift of the integration vari-
able, we can complete the square in this polynomial and evaluate the remaining spherically

symmetric integral. In the simplest case we consider two different denominators,

1 /1d 1
—_— = T
AB ~ Jo A+ (1—2)B]?

(E.45)

but this can be extended straight forward for n denominators'®”. Nevertheless, this version

will be sufficient for our purpose. The parameter x is called Feynman parameter.

E.6.2 Wick Rotation

Another very useful trick is Wick Rotation. It can be used to evaluate integrals of a

specific form, which appear in loop calculations. For those integrals we can use

d%k 1 (=) T (a9 i
/(27r)d (K2 —a+ie)*  (47)30(«) ( )27, (E.46)

[V]Is9

where the Gamma function is defined as

T(n) = (n — 1)L (E.47)

E.6.3 Logarithmic Integrals
In our one-loop calculations we have to solve the following specific integral:

a+b
a

1

/dxln(am—i—b): ln(a+b)—1—91nb
a

0

(E.48)

zln(a—l—b)—l—i—%(ln(a—l—b)—lna).

157This formula can be found in [26, p.190] .
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F Appendix - Calculations and Derivations

For the sake of completeness all more or less lengthy computations and derivations, which
have been skipped in the main part of this thesis for a more fluent legibility, have been

summarized in this appendix.

F.1 Majorana Lagrangian for Chiral Fields

We like to rewrite the Majorana field in the form defined in (1.45) using the properties
(1.25) and (1.26), hence we can write

VY = Ppr + Pp (d’L)C . (F.1)

Inserting this in the Dirac Lagrangian (1.46) gives

ﬁz; [(PLwL‘FPR L) ) (PL?ﬁL—i-PR i)

)
(PL?/JL + Pr (Y1 Cﬂ

- m(PL¢L + Pr (Y1)

"2 (F.2)
—m(@/}LPRnL Wr)¢ (PL¢L+PR (1) }

[(¢L’Y“PL + (r) “PR> (PLT/JL + Pr (Y1) )
—m <wLPR + () P ) (PLwL + Pr (Y1) )}

For achieving this we used the anticommutation relation (A.11) for 7° as well as the fact
that

‘)

! [(¢LPR+ Ur) PL)“?(P Yr + Pr (V1 C)
P1)

(

PL¢L = @b;r: L7 = @bEPLVO = @UEVOPR = JLPI% (F3)

and hence

= (PLwL + Pg (wL)C) = Pr+ (¥1)° Pr. (F.4)

This can be achieved by using the properties of the chiral projection operators given in
(1.24), which also cause terms of the type P, Pg to vanish in the Lagrangian. Noticing
this and reabsorbing the projection operators in the fields according to (1.25) leads to

D P )|

£ =5 [uidP2on + WoTioPE (00)° = m (3, P (vn)°

(
1[— 8] c - c ¢ (9
=5 [Peidtion+ @) (0) = m (9, )" + (02) 01
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F.2 Majorana Mass Lagrangian for Chiral Physical Fields

From (2.29) and the unitarity of Uy, (ie. Uy Ui, = 1 = ULU;,) we get vy, = Uyny.

Hence, we obtain

v = (UMNL) = NLU]E :>NL = ﬁLUM7
()¢ = Cvt = O(U},)TNy, = Uy (Np)° =(N)¢ = UL (v1)°,
()€ = (U3 (N)C) = (N)CUE, =(N.)C = (w)o (Ul

Now being aware of this, the computation is done easily as follows:
1 r—F= 1 r——s
£ = -3 ((ve)C Myvr, + 7L M (v)C ] = -3 ()OO LUl + LUnmi Uy (v,)€

l—— 1—
= —5(N1)@mpNp — §NLmL(NL)C (F.6)

F.3 Majroana Mass Lagrangian for Physical Fields

To achieve the Majorana mass term for the LH fields in terms of the physical fields, we
simply use & = Pr& + Pré and Pré = N resp. Pré = (Np)¢. Thus, we get

1—
(NL)CmLNL - QNLmL(NL)C:

_; — ;(PRf)mLPLf - ;(PLé)mLPRf

= L PET Palimu(Pet + Pif) = — LEmut (.7

F.4 General Dirac-Majorana Lagrangian in Compact Notation

In this section we want to do the calculations explicitly as done in [35, p.43] for obtaining
the Dirac-Majorana mass Lagrangian in terms of the LH 2n column field wy, which has

been defined in (2.42) as

W = ( (VZ L)C> (F.8)

We want to show how the Lagrangian (2.44) is obtained form (2.41), which is given as
the sum of the Dirac mass term and the Majorana mass term for LH and RH neutrinos
as

Lo =Lp+ LY + £
(F.9)

1
= _vRMDV — §(VL)CMLVL — §(I/R)CMRVR + H.c..

We will need the following relations, which can be obtained from relations of the charge
conjugated spinors as well as from the defining relation for the charge conjugation matrix

C', which we have already discussed in section B.2.4 and B.2.2.

168



F.4 General Dirac-Majorana Lagrangian in Compact Notation

These relations are

—T
(ver)© = Clvgr) (F.10)
vigr =—C2 (vism)", (F.11)
(VL/R)CC = VL/R; (F.12)
— T
VLIR = Vi 5 = {(VL/R)C} c, (F.13)
AT = 0, (F.14)
Furthermore, we should be aware of
VRMDVL = VL MDVR = (I/L)CMDT(VR)C7 (F15)
where we used according to (B.49)
(vi/r)€ = —virC7" (F.16)
Thus, we can rewrite the Dirac mass term in the form
Lp = —UrMpry + H.c.
T
13 [(vr)€]” ¢ Mpry + He.
1 T F.17
= 3 {[(VR>C} C'Mpvy, + V%C’_lMg(VR)C} + H.c. (F17)
1 .
= —5 {ﬁRMDVL + (VL>CM};(VR)C} + H.c.,
and also the Majorana mass term for RH neutrino singlets as
1
£§\4R) =5 {ygclMEyR + (nglMEVR)T}
1 T ~—1 * f
1
= EVLCMRI/E + H.c.
a1 T
(F11) 3 {—C_l O(VR)C} CMp {—0_170(1/3)0} + H.c.
1 T T
= 5 ( g) (70> (—0_1) MgrC (—C )7 VS + He.
1 (F.18)
_ 1 N\ ~—1 0,C
= 2( ) (fy) C " Mpry'vgy + H.c.
_ 1 0T ~—1.0 c
= 5[ } ( v C 7)MR(1/R) + H.c.
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Of course we can rewrite the Majorana mass term for LH neutrinos in a complete analogous

way by
T

VEC’_IMEVR) + H.c.

(v)]

= —*ﬁLML(VL)C + H.c..

Ly =

T

N =/~

| = [\3"_‘

C™'Mp(v;)° + Hee. (F.19)

Now we like to compare this results with (2.44) inserting the adjoint and charge conjugated

LH column vector wy,, which can be written as

@ = —f 0 == (Ve [on)] €)= (u)om) . (F20)
Applying this as well as (F.10) and (F.16) we obtain,
Lpiy = —;(wL)CMwL + H.c.
- _; ((w2)°, 7z) (ﬁ; %i) <<VI;L>C> + He.
— _; (( 1) My, + VrMp, (v1,)C M} + VRMR) ((,L%c) + H.c. (F.21)
; [ YoMy +vrMpry + (vp)C ME(vg)C + WMR(VR)C}
; [VRMDVL + ()’ Mb(v )C}—;VRMR(VR)C—;(VL)CMLVL +H.c.,

L (R) (L)
b L L

and these terms are exactly those obtained in (F.17), (F.18) and (F.19).

F.5 Properties of the Diagonalization Matrix U

In section 3.1 we introduced the unitary matrix U to diagonalize the neutrino mass matrix

MD+M7 i.e.
U Mp mU = 1w = diag(my, ma, . .., My, 1np),s (F.22)

where m; are real and non-negative. We decomposed U into two submatrices

U= <UL>, (F.23)

Ui
and hence
Ut = (U}, Ub). (F.24)
Of course unitarity means
UM = Ln g x(nitnm) = UU' (F.25)
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Thus, the first equation gives

UL

:H'(nL+nR)X(nL+nR) =U'U = (Uzv Ulg) (UE) = (UEUL + UEU;%)a (F'26)

and the second one ; .
UL ULU ULU
]l(nL+nR)><(nL+nR) = UUT = ( )(U}:’ Ulj?:) = ( - R) )

; foL TR (F.27)
j”~77,L><77,L OTLLXTLR — ULUL ULU}Z{—’
OnRXnL :H-nRXnR UEUE U]*?Ug
So we can simply extract the relations for the submatrices and get
Lo, sn, = ULUL, Lppsng = UrUb,  Oppun, = UsUL. (F.28)

Furthermore, we can show that applying this decomposition to equation (F.22) leads to

Mpiy = UnUT,
0 M3 U; (F.29)
V)= )mul Ug),
MD MR UR

where we can after performing the matrix multiplication on the right hand side simply

read off the submatrices:

UrinU} = 0n, xn, (= M), (F.30)
UrUL = Mg, (F.31)
UriU} = Mp. (F.32)

Using the last two results we also obtain the following useful relation:

ULMp = ULURU} = (1, 4np, — ULUDRUL = U] (F.33)

F.6 Yukawa Interactions of Neutral Scalar Mass Fields

In equation (3.116) of section 3.2.2 we indicated that we used the Majorana condition

o :
x“ = x to obtain YAP,y = YP,A . (F.34)

Here we want to give an elaborated derivation of this property. We start with the left

hand side of the relation above and employ the Majorana condition:
XAPLx = (Cg X*) 0 APL(Crg x)
= X" CT0APLCyg x*
T.T 1 T
= X" Clo CO™H APLCHG X
= X" C"CAC™ PLCy X
—_—— ———
- P
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= —x"% % APL v x*
——

1

= —X" APy X’

= —megabAiﬂoTch;kj
= X;c’yoch?;PLbaX’ia
=xP, ATy, (F.35)

where we switched in the third last step to index notation with Dirac indices a, b, ¢ and
flavor indices 7, 7. We commute the numbers to obtain the second last line, but have to
take into account that the fermion fields y are Grassmann variables, i.e. they anticommute.

Hence, we get an additional minus sign when interchanging them.

F.7 Number of Neutrinos Remaining Massless on Tree and

One-Loop Level

It has been shown in [72] that the number of neutrinos remaining massless at tree-level
is n, —ng if np > nr. More generally one can say the number of neutrinos remaining
massless at tree-level is max(0,n;, — ng). To prove this we investigate the entries of the
diagonalized neutrino mass matrix given in (3.110). For this purpose we construct the
diagonalizing matrix U by the following observations as done in [21].

The ng x ny, matrix Mp can be regarded as linear mapping Mp : C"t — C"2. The

rank-nullity theorem (theorem E.3) tells us
dim(ker Mp) = dim(C"*) — dim(im Mp) = ny — ng, (F.36)

and therefore we can find n; — ng orthonormal vectors u; € C™= spanning the kernel of
Mp, i.e. the subspace ker Mp = {u € C":|Mpu = 0} C C"* . Hence, for 1 <i <np—ng
we have

If we append ng zeros to these vectors, we obtain n; — ng orthonormal vectors u; =
(1@ € C"*k and we can find 2ng vectors v; such that the set {u1, ... Up, —np, V1, - Vony }
forms an orthonormal system of C"2t"%£_ Since U is unitary its column vectors have to
form an ONS and we choose'®® the system constructed above as those columns.

Now we decompose U in four block-matrices, as

U= ( Ui UZ) yne (F.38)

0 U]/é* }TLR ’
—~
where nL = TMR2NR
Uy = (up,... ,u;LfnR) (F.39)

158We can choose any appropriate U since the Takagi- or Schur-factorization is not unique in general.
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i

(U//L*> = (Ulv s ,Uan). (F40)

R

Therefore, equation (3.110) gives

’ Ui MU ) . (P41

M =U"Mp U =
o (U}’_-QTMDU’L Uyt MBUS + U MUy + Ut MUY

The off-diagonal submatrices vanish since per construction we have MpU; = 0. For the
lower right submatrix being diagonal, Uj;" and U} have to be chosen appropriately. This

means we find a suitable choice for the column vectors v;, such that

US MpU?! + UV MEUL + UL MUY = M. (F.42)
In this way we can achieve
dlag(mm,...,anL,le,...,mRnR) = ( O M’) }nR . (F43)
—

nr —NR2nR

From this equation above it is obvious that at tree-level n;, —n g neutrinos remain massless,
since my; = 0 for all i = 1,...ny — ng. This number of massless neutrinos coincides per
construction with the dimension of the kernel of the linear mapping Mp given in (F.36).

This is valid if ny, > ng, but otherwise if n;, < ng we have dim(ker Mp) < 0 and since
the dimension of a subspace must be non-negative we get dim(ker Mp) = 0. This means
the kernel is the subspace {0} C C"% and hence there exists no such nontrivial u;, € C™
such that Mpu, = 0 and therefore also no orthonormal vectors u; spanning the kernel.
This leads to all LH neutrinos becoming massive on tree level.

In the next step we derive the number of neutrinos remaining massless even at one-loop

level. In [21] this number has been denoted by
no = max(0,ny, — ngngy), (F.44)

which is dependent on the number of scalar doublets (ny) and RH neutrino singlets (ng).
To show this, as done in [21], we use the result for the one-loop corrected masses, which
will be shown in (F.70), i.e.
mz(-l) = Re (u'iTéMLu’i) , (F.45)

(1)

fori =1,...,n,—ng. Hence, we want show how many m,;’ = 0. Therefore, we investigate

the matrix structure of 0 My, given in (4.78), which is of the form

nH
My, =Y > AlmpAy + Mpmz Mp, (F.46)
b k=1

where we introduced the shorthand notations

B 1 Inr, t
= Upnt U F.47
T g R TR (F47)
- 3g° Inr, 4
=—FUim——U F.48
"z 64m2m3, Rmrz —1 7 (F.48)
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with U}, = (0, U"). Then we find

ng
u',-T(SMLu'Z- = Z Z u’iTAZmbAku’i + u’iTMngMDu’i
boR=l (F.49)
e T AT ~ /
= Z Z u's Ak myAgu's,

b k=1

pU; = ucti Vi u;.
because Mpu'; = 0 per construction of the column vectors u;

Finding the number of neutrinos remaining massless at one-loop level, i.e. m =0

i
means searching for the number of vectors u} such that
Ny .
0="> >3 ;" Al mpAgu. (F.50)
b k=1

Assuming no relations among the Yukawa couplings A, or excluding them, leads to the

following condition to ensure the equation above. For all ©+ = 1,...,n; — ng it has to be
Apu; = 0, (F.51)
for all k =1,...,ny. This means for mgl) = 0 the vector u; is an element of the kernels

of all linear maps Ay, i.e.

ny
uj € () ker Ay, = ker A}, (F.52)
k=1
where the map A]  is constructed in the following way:
Let us consider the simple case of ny = 2. Then, we can write
ker Aj Nker Ay = {v € C"*|Ajv =0A Agv =0
' > =1 = w0 =0 (F.53)

= {’U € ker Al‘AQ’U = 0} = ker (AQ |kerA1 ) .

The dimension of this subspace can be derived as before by the rank-nullity theorem
(theorem E.3) by

dim(ker (A |kera, )) = dim(ker A;) — dim(im Ag) = ny — 2ng. (F.54)

Repeating this procedure until we reach A,,,, restricted to the kernel of A,,,,_; restricted

ngy
to the kernel of A,,,,_» and so on until A;. The dimension of the intersection of all kernels

is then analogously derived as

ny
dim (ﬂ ker Ak> =n; — NENg, (F.55)

k=1
which is the number of orthonormal vectors spanning this subspace. Since we want
(1

these vectors to give us m; ) = 0, those vectors have to be the column vectors w; of the

diagonalizing matrix U.

To achieve this we have to ensure u, € ker Ay, which is the starting point of our proce-
dure above. According to [21], this can be obtained by performing a basis transformation
on the scalar doublets such that v; # 0 and v, = 0 for 2 < k < ngy. In this basis the
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Dirac mass matrix reduces to
1

MD = ﬁlel’ (F56)

and since u} € ker Mp per construction it follows u; € ker A;. Since the u form an ONS

they span the kernel ker A} . Hence, the dimension of this kernel is the number of the

orthonormal column vectors w for which (F.50) holds.

So the number of neutrinos remaining massless at one-loop level is given by the number
ng = ny — nygng for the case ny, > nyng. In the case n;, < nyng the intersection of the
kernel will be the zero space {0} which has dimension zero, hence ny = 0 in this case.
Thus the formula (F.44) is valid.

F.8 One-Loop Mass Corrections from By

In section 4.1.2 equation (4.16) we obtained the following result for the Z°-Boson contri-
bution to neutrino self—energy:
dek
—isZ(p),, = /

4
{(PRUzUL PLU} UL) N sy 5 (PULUL = PRULU)
Z
+ (PRULUL — PLULUT) o F (F.57)

1 1 Trr* T
(G ) (VL0 Pl )

We also know from (4.4) —i¥ o« BrPr and hence we might take the Pr terms instead of

the ones proportional to Pr, which gives us

d%k m
(B, Z | G e VUL U (F.58)

{<k_p> i (‘(%—p;—mf<k_p>21—5zm2z>}'

From (4.5) and (4.7) we have the relation By, = B},, which is obviously true, if we compare

the result for Bg above with the form of By, given in (4.17). This is also the case for all
other boson contributions to the neutrino self-energy. The correction to the mass matrix

0M7p, is computed analogously but with an additional complex conjugation
SMy, = Ui Br(0)'US (F.59)
which gives exactly the same mass correction.
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F.9 Diagonalization of the Tree-Level and One-Loop Corrected Mass
Matrix

In this appendix detailed calculations will be given, which have been skipped in section
4.2. There we have constructed the unitary 4 x 4 matrix U©®, which diagonalizes the

tree-level neutrino mass matrix MI()OJ)FM. We showed

UO MO L UO = m© = diag(0,0,m”, m{”), (F.60)
for
0 Mp
MY = b F.61
S (MD v (¥.61)
and
por— [V Vo) _(w ve dews sus) (F.62)
0 UF 0 0 —is ¢
where u, i = 1,2,3 are orthogonal 3-vectors with u},u, L Mp and v} = Am% and

s = sin(f) and ¢ = cos(f). The rotation angle 6 is defined via tan(20) = 27:’:—; Further-
more, we showed in section 4.1 that one-loop corrections enter into the neutrino mass

matrix in the form

oM 0
= (P ) .

and hence we have

O MO o0 =p©" A0 U© 4 p©F <5ML O) 7o
0

(F.64)
_ 5O UTrsMU, UXSMLUY
UyrsMpU;, UPPSMLUY
The second matrix of the second line can be easily calculated as
U(O)T (5ML 0 U(O) _ UEIT 0 5ML 0 Ui Ug
0 0 urt o U 0o o/\o Uy
uro urty (oMU, sMpUY
= 0 ot 0 0 (F.65)
R
(UM UL, U SMLUY
UrrsMpU;, UPSMpUY
WMy, W TOMpl, e TOMpul sl S Ml
_ wy oMy uh "Mty deu,  SMpuly s’ SM
icaul SMpuh icul SMpul, —c b’ SMpul ics.ul’ S Myl

' T / 1 T / ; 1 T / 2 1T /
sy  OMpuy  suy OMpuh,  iscousy OMpus  sToust OMpul
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If we choose u) L Ay, Ay, we get vanishing entries in the first line and first column, i.e.

0 0 0
1T / s o1 T / 1 T /
uh OMpuh, ey OMpus  s.uy OMpug
s o0 T / 2 1T I 1T /
icauy” OMpuh, —ctufy” OMpus  ics.uy OMpus

' T ! ; ' T / 2, 1T /
sy OMpug  iscus OMpus sy OMpus

SM
o ( OL O) U© = (F.66)

o O O O

This is the matrix, which has to be diagonalized with a suitable matrix V(). This matrix

must be unitary and hence can be represented by
VW =~ 1400, (F.67)

with 2 Hermitian and of one-loop order. To find a suitable choice of 2, we can use the

considerations done in appendix E.2.2. The diagonalizing matrix U of the corrected mass

matrix MS}LM = M(DOJ)FM + dM is according to (4.112) given as

U=v07" =pg® ;y0q, (F.683)
and hence
m® = UTMY) U
— (U +iv Q)T (M), + oM)(U® +iUOQ) (F.69)
~ O + imOQ + i(mOQ)T + UO sMUO.

Now applying the results of appendix E.2.2, we obtain for the corrected diagonalized mass

matrix
T
m = m® + Re <u'§0) 5MLUIEO)) ; (F.70)
or more explicitly
T
m§1) =0+ Re <u’1(0) 5MLu’1(O)> =0 (F.71)
T
m =0+ Re <u;(°> 5MLU;(°>> = Re (uy o Mpu, ) (F.72)
- 2
m{" = m{” + Re (—cQ.ug(O) 5MLu§(O)> ~ "D (F.73)
mpg
T
m{” =m{ + Re (32.ug“’) 5MLu§(O)> ~ mp. (F.74)

We used the results méo) and mflo) given in (4.106) and (4.107), which are both very large in

comparison to the corrections, which are therefore negligible. The lightest neutrino mass
mgl) remains zero, since we have chosen u} L Ay, A,. Thus, we achieved two massive LH
neutrinos at one-loop level.

The matrix Q = —iUO'U can be determined by (E.38), which fixes all off-diagonal
elements. The matrix Bj;, which has been introduced for this result, is in this case
exactly given in (FT.65) above. The diagonal elements of €2 are all zero, since we assumed
O, M _ g,

7

u§°) L ugl), le. u
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