Lniversitat
wien

MASTERARBEIT / MASTER’S THESIS

Titel der Masterarbeit / Title of the Master's Thesis

,otrong limit theorems for non-integrable
random variables”

verfasst von / submitted by

Adam Novotta, BSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc.)

Wien, 2018 / Vienna 2018

Studienkennzahl It. Studienblatt / A 066821
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Masterstudium Mathematik UG2002
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: Assoz.-Prof. Privatdoz. Mag. Dr. Roland Zweimdiller






Contents

Introduction
Two limit theorems for random variables with heavy tails
Connection between the limit of % and integral tests

Limit theorem for 5—”

n

Appendix

Al Analysis . . . . ...

A.2 Probability Theory . . . . . .. ... ... ... .. ......
A.2.1 First auxiliary results . . . . . ... ... .. ... ...
A2.2 Convolution . . . . ... .. ... ... L.
A.2.3 Stopping time . . . . . . ...
A24 Zero-onelaws . . . .. ...






Abstract

Die vorliegende Masterarbeit behandelt einige Grenzwertsétze tiber fast sichere
Konvergenz beziehungsweise Divergenz von Summen unabhangiger und identisch
verteilter Zufallsvariablen mit schweren , tails”. Insbesondere werden Zufall-
svariablen betrachtet, bei denen der Erwartungswert unendlich beziehungs-
weise nicht definiert ist und daher eine Voraussetzung fiir das starke Gesetz
der grofien Zahlen nicht erfiillt ist. Konkret werden Integralkriterien fiir das
asymptotische Verhalten von Quotienten solcher Summen besprochen.



1 Introduction

In this master thesis we will present some theorems about limit theorems of
random variables, where the expected value of the random variables is not
defined or not integrable. That means we will consider sequences (X,,),>1 of
i.i.d. random variables, where the requirement of strong law of large numbers
is not satisfied. At first we will discuss the strong law large numbers and its
history. The idea of probability defined as limiting frequency can be found
in one early work of Cardano(1501-1576). But this idea was published after
the death of Cardano in the middle of the 17th century. An interesting fact
is, that basics of combinatorics and games of chance go back to antiquity and
the ideas like Cardano’s came so late.

The first remarkable theorem was published in the beginning of the 18th
century. Bernoulli has the first version of the limiting-frequency statement.
If S,, is the number of successes observed in n independent trials with success
probability p, then

S : s
— — p in probability for n — oo. (1.1)
n

It took almost two hundred years, that we get the first theorem with the
almost sure convergence theorem. Emil Borel has nearly the complete proof
of the strong law of large numbers for the independent trials with constant
probability of success p. After that, Cantelli extended the theorem to general
distribution with bounded fourth moments: If (X,,),>1 is a sequence of i.i.d.
random variables with E[|X,, — E[X,,]|*] < oo, then

1 n
- Z(XZ —E[X;]) — 0 a.s. for n — 0. (1.2)
i=1

In the beginning of the 20th century concepts for the law of large numbers
were developed and specified. Therefore in the of the 1920s was necessary
to distinguish the two theorems. Convergence in probability as in (1.1) has
the name weak law of large numbers and almost sure convergence as in (1.2)
is under the name strong law of large numbers. At first we will see the de-
velopment of the weak version.

Khinchin gives two proofs of the weak law of large numbers. If (X,,),>1



is a sequence of i.i.d. random variables with mean u, then

1 n
lim — Z X; — p in probability.
=1

n—oo N, 4

After that, Kolgomorov refined this theory: If (X,,),>1 is a sequence of
i.i.d. random variables, then there exist constants (¢, ),>1 with

1 n
lim — g X; — ¢, — 0 in probability.
n—oo N P

Kolgomorov has two version of the strong law of large numbers. He
presented in a publication the following strong law of large numbers: If
(X;)n>1 is a sequence of i.i.d. random variables with mean 0 and variances

o2 and

o 9
DR
— 2 ’
=1
then
1 n
lim —
Jim - Z X, —0a.s
i=1
Of this theorem the converse is also given: if »°, ‘27—22 = 00, then exist a

sequence of i.i.d. random variables with mean 0 and variance o2, and the
convergence fails

The modern era of the probability theory begins with Kolgomorov’s book
[7]. Kolgomorov presents in his book without the proof: If (X, ),>1 is a
sequence of i.i.d. random variables then:

n—oo N 4

1 n
E[|X[] < oo and E[X] = p & lim — > X; — p ass.
=1

His idea was to prove the previous statement: For the direct half uses the
truncation of the random variables and the Kronecker’s lemma to reduce



to the first strong law theorem of Kolgomorov. For converse half uses the
statement:

= — — — 0 a.s.
n n n-—1

Xn Sn n—1 Sn—l
n

to get P[|X,,| > n i.0.] = 0. By means of Borel-Cantelli lemma he obtained:
> PX,| >n] < oo
i=1

This implies E[| X;]|] < oco.

It was long believed that the strong law of large numbers theorem of
Kolgomorov is not improvable. But in 1972 Etemadi [5] obtained a new
verison of this theorem. He weakened the independence to pairwise inde-
pendence.

At the same time was developed the generalizations of Kolgomorov’s
strong law theorems. The first generalization was the Birkhoft’s pointwise
ergodic theorem. The strong law of large number is a special case of the er-
godic theorem. Birkhoff consider stationary sequences of random variables.
There is a another main setting, where we obtain the strong law of large
numbers as special case of the martingale convergence theorem.

The strong law of large numbers is one of the most important theorem
of the probability theory. It is useful if we consider for example a simple
random walk. If (X,,),>; is a sequence of i.i.d. random variable with

1

1
P[anl]:§and[P’[Xn:—l]ZE‘v’n21

Since the E[|X,,|] is finite, we can use the strong law of large numbers for the
random walk S, = X; +--- 4+ X,

n—oo M,

1 1 &
lim —S, = — E;X — E[X,] =0 as.

But if we consider the recurrence time to m:
T'(m) =inf{n e N: S5, =m}
Let

T(m)o =0, T(m); :=T(m)" =inf{n € N: S, =m}
T(m)" :==inf{n >1: Spirm), =m},T(m)y, =T(m)p_1 +T(m)"



For the sequence (7'(m),,)n>0 We cannot use the strong law of large numbers,
because the

E[T(m)] = co.

We can show that by means of the generating function. There is another
more intresting example.

Example 1.1. If (X,),>1 is a sequence of i.i.d. random variables with the
following distribution.:

MX:@:PM+=H;=%JMk21md

P[X = —k] = P[X~ =] : i

= k>3
k?loglog k for k=

where Ky, kK > 0 such that:
> (R K_
Ty ) =1
; (k‘Q * k? loglogk>

We consider the random walk with jumps X, :
So:=0and S, =X;+---+ X,,.

By means of the theorems of the next chapter we well see that:

Sh, , Sh,
liminf — = —c0 a.s. and limsup — = oo a.s.. (1.3)
n—oo M n—oo N

This is remarkable because the tail of X* is truly stronger then the tail of
-
PX~ >t

The statement (1.3) will be proved in the end of the section 3.



2 Two limit theorems for random wvariables
with heavy tails

Most of the material of this section is taken from a publication of Willian
Feller [6]. Let (X)r>1 be a sequence of independent random variables and
(ax)r>1 a positive monotonic increasing sequence. As usual we define the
sum of random variables

S, = zn:X;w n > 1.
k=1

We are interested in the probability of the following event L:

L :={|Su| > ay, i.0.}

That means |S,| is greater than a,, for infinitely many n. For the simpli-
city we shall consider, that X, are identically distributed. According to the
familiar 0 — 1 law, the probability for such events can be only zero or one.

For the case, where the X, are individually bounded a theory has already
been developed. By means of law of iterated logarithm we can decide in any
special case whether the probability of L is zero or one. This theory depends
essentially on the central limit theorem. As soon as we have random variables
X}, for which we cannot use the central limit theorem we find ourselves in a
different setting.

Theorem 2.1. Let (Xj)i>1 be a sequence of identically distributed independ-
ent random variables and (an)n>1 a monotonic sequence. Suppose that for
some 0 <6 <1

E[| X' ™] = 0o VEk € N, (2.1)
but the first moment exists and
E[Xk] =0 Vk € N.
For any sequence a,, for which there exists an € with 0 < e < 1 such that

aynite 1 and fn i} (2.2)
n



the probability of L:

0 if S, PlIXu| = af] < oo

2.3
Lif Y00 PlIXa| > ag) = oo (23)

P[|S,] > ani.o.] = {

Proof. Part 1: At first we will assume that (2.3) converges. We define a new
random variable of X} by truncating it and then centering it
Xk — if | X| <
X}Q _ E— Mk 1 | k| Qg (1)
0 if ’Xk‘ 2 ag

where 1, := E[X}1{x,|<qa,}])- Now we can see, that the probability of X}, #
X}, + pg is the same as in the terms of (2.3)

D OP[X > an] =D PN £ X+ .
k=1 k=1

As the series on the right hand side converges, by means of Borel-Cantelli
A.2 we get P[Xy # X+ i.0.] = 0 and therefore we obtain with probability
one

n—oo

lim (S,, — X:X/,’C + ) < 00,
k=1

and hence g "y
. n _ +
lim (— — 2=t X+ 1
n—od an an

) =0. (2)

Therefore, we have to show that the second fraction of (2) is 0 almost

surely. Then we would obtain, that lim S,,/a, is 0 almost surely if
n—oo

n X/ n
lim 215 _ o5 and Tim 22E=ME g (3)

n—00 anp, n—00 Qy,

In order to prove the first statement of (3), it suffices according to a straight-
forward application of the Kronecker’s lemma A.1. to show that

[e.9]

1
Z — X converges a.s.. (4)
=1 Tk



By definition X, has vanishing expected value and according to the Khintchine-
Kolmogoroftf A.4 theorem it suffices to prove that the sum of the variances
of XL@;“—’“ is finite,

=1
Z a—QE (X — 1)1 xp <any] < 00
k=1 K

We are going to simplify the last expression

o0

E[(X7 — 22Xk + 1) Lix, <ar}]

>
Il
-
S
>~

M I

EI(X0 <o) = 2k BIXG D1, 1<ay] + PUX] < ai)] | (5)

Vv TV
=Mk <1

S
|

IN

E[(XP1{x01<ap)]

>
S
>~

[y

Without loss of generality ay = 0 and by assumption that the sequence a,
is nondecreasing, we can split the expected values on [0, a,| into a sum of
expected values on disjoint subintervals [a;, a;11).

00 0 k

1 1
Z _i leﬂ{IXkKak}] = Z a_% ZE[X?ﬂ{ai—lﬁ\XiKai}]
k=1 k=1 =1

(0.9} oo 1
= ZE[XEH{ai—IS|Xi|<ai}] Z a2 (6>
- k=i K
2 i (l ]‘{az 151X |<a1 i lQ
X2<a? ‘5 e Yk

The first condition of the conditions (2.2) implies that:
= 1
> o<
PR

To see the last inequality, we consider the series:

2
2 e 1 N NS A R |
v Zk:i ETie (;> - Z (?) i

) — 1
i1+ez — 7
k k”e - a?’ )

=1

@,w| -




and this is the Riemann sum of the function f(z) = 2~ T+ with length 3

Therefore the last expression of (6) is less than, where the term a? cancelled.

3 .
1—¢ Z ZH:;:[]l{ai71S|X1|<ai}] (8)
=1

We are rewriting the series (8) in order that we can use the assumption((2.3)
convergence).

n

D iE[La,<pxi<any] = 1 ElL{a<ixi(<ar})
=1
+ 1 E[lja,<ixif<azt] + 1 E[1a, <1 |<a2)]

+1-E[l{a,_ <ixi<an}y] + - + 1 E[le,_ <x1|<an_1}]

n

= > Ellg,<ixi|<an}]
=0

For n — oo we obtain:

> B[ o, <1x1/<an}] = Tim (B[l gao<ixyi<an] - + B[l {ae<ixij<an])
=1

= E[l{a<ix.py)
i=1

11



Therefore (8) is equal to

3 (o]
T > Ellga<ixip] (9)
i=1

and the series (9) converges by assumption. As the terms of (5) are not
exceeded by those of (6), the convergence of (5) and therefore the validity of
(4) have been established.

In view of (3) it only remains to prove that

lim 2=k=t1E (10)

n—oo aTL
The expected value of X}, is 0 Vk € N, hence the expected value on
{|Xk| < ax}® has to be —py, for all k € N.

—pir = E[XiLap<ixiy] = 1 < B X5| T, <1 x5 (11)

It follows then from (11) that the following inequalities hold for an arbit-
rary integer N and for all n > N,

1 & N 1
|a_ > el <E[Xq]]- —+— > ElIXk] Lo, <x,13)
n 1 n " k=N
N n 1 <
< E[|Xq[] - —+ a—EHXnM{anlenl}] + - B[ Xk /1o </x/<an)]
n n " k=N

(12)

Now, using the second condition of ((2.2)) for the second term of the right
hand side from the last inequality and give us the following estimate:

n i . :
—E[[Xa o, <ixan] = > TE[Xi[Laixil<ony] (n/an < ifai Vizn)
< ZiE[:ﬂ‘{aiS‘Xl‘<ai+l}]

=n

= E[lg,<xp]

12



The series on the right hand side tends to zero for n — oo since the terms
of a convergent series with decreasing terms. It only remains to consider the
last expression in (12)

1 n n
- > ElIXk L <ixii<ant] < Y ElLgxzan]
" k=N k=N

and we see that it becomes arbitrarily small for sufficiently large N.
Therefore, we have shown the claims made in (3). We obtain that

. n
lim — =0 a.s.
n—0oo (A,

and therefore
P[|Sn| > ay i.0.] =0.

Part 2:Now we will assume that (2.3) diverges. By means of Borel-Cantelli
we know that

D PIXi| > ax] = 00 = P[|Xy| > ap i0] = 1. (13)
k=1

The second condition of the (1.2) implies that:
a n n
—2n o dn & aop > 20,
2n n

Since P[|X;| > a,] are nonincreasing we obtain that:

D PXy| > an] =00 = > PX1| > az,] = 00
n=1

n=1
We have to find some connection between | X,,| and |S,,|

Xn
max([ .S ) = 51 (14)
To see this, start with n = 2 (max(|by + b, |b1]) > |b2|/2) and then for n > 2

is trivially. From (13), (14) follows that

P[|S,| > %m Q0] =1

13



Before we start with the second theorem of this chapter, we consider the
sequence (Xj)x>1 of random variables with E[X}] = oo, then we should get

n—oo M

1 n
lim — ZXk — 00 a.s.
k=1

If we compare the sequence with the sequence (X A m)i>; for m € N, by
definition we get Y, (Xx Am) <> 7, X} for all n, m € N. Additionally
we get that

1 n
Jggoﬁ ;(Xk Am) — E[X; Am] as.

and by property of X}, we obtain, that E[X}; A m] — oo for m — oc.
Now we consider sequences (Xj)r>; of random variables with property
E[| Xk|] = oo for all k € N.

Theorem 2.2. Let (Xj)i>1 be a sequence of identically distributed independ-
ent random variables. If

E[|Xk|] = 0o Vk € N (2.4)
then for any positive increasing sequences (ay)n>1 wWith
Qn
n 2.5
gt (2:5)

the probability of L:

0 4f D2 PIXy| > ax] <
B(IS,] > an i0] = 40 ¥ 2=t P 2 ] <o (2.6)
Lif 3202 PIXy| > a] = oo.
Proof. Part 1. Suppose that:
D PIX| > a] < o0
k=1
The steps of the proof are the same as before. One shows that
n X/ n
lim 21 X =0 a.s. and lim L=t Fi = 0. (1)
n—oo a’?’L n—oo a‘?’L

14



The proof of the first statement of (1) is the same as in Theorem 2.1. There-
fore, it only remains to prove the second statement of (1).

1 — 1 o
’a_ ZMH < o Z Bl Xk o> x,1]
n " k=N

k=1

NCZN n
= O < 4 ) + a_EHX”m{aNS\Xn\San}]

n n

Na — i
<O ( N) T Z ;E[’Xi\ﬂ{ai—lﬁlxﬂmi}]

n i=N "

We have already shown that the last expression tends to zero. Therefore
PI|S,| > ay i.0.] = 0.
Part 2. Suppose that:

S PN 2 0] = o0
k=1

Since ai/k 1 we obtain that nay > a,, Yn > 1 and a; 1.

WE

> P[IXy| > nay] >
k=1

Pl| Xk| > ani]

b
Il

1

> PIXy[ > anm]

SRS
3M8

=n

The last observation shows that if the last series is infinite, then we get
limsup‘)a(—"‘ = oo a.s.. Since max(|Sy|, |Sn-1]) > |Xn|/2, it follows that

n—00 "
[Sn| _

lim sup o =00 as..
n—oo
Finally, we obtain that P[|S,| > a, i.0.] = 1. O

15



3 Connection between the limit of % and in-
tegral tests

Most of the material of this section is taken from a publication of K. Bruce
Erickson [4]. In this chapter we will generalize the theorems of the previous
chapter. For example: Feller’s strong law of large numbers does not cover
the case where

Ela~" (|X:])] = 0.

For convenience we begin with the sequence (ay,)n>1, where a,, = n forn > 1.
In the second part of this chapter we consider the general case of (a,)n>1-

To consider the previous statement, we have to start with some basic
probability theory. If the random variable X in some probability space
(2, A, P) nonnegative, then we can write the expected value as:

E[X] = / PIX > fdt.
0
Let X be arbitrary random variable. Now we split the random variables X
in two terms Xt and X, where X* := max(X,0) and X~ := max(—X,0).

Therefore we can write X = X — X~ and we define two functions such that
the limits of these functions are the expected value of X and X .

mao) = [ PO = 0,

m_(x) = /Ox P(X™ > t)dt.

If E[X] defined, that means at least one of them E[X ], E[X ] has to be
finite, then the following holds:

P {lim Sn _ E[Xl]] ~1 (3.1)

n—oo M

for (X, )n>1 1.i.d. sequence of random variables.

16



Now we will see what happens if the expected value not defined:

Theorem 3.1. Let (X;)i>1 be some sequence of i.i.d. random variables in
some probability space (2, A, P). If E[X]] = E[X;] = oo, then one of the
following alternatives must be hold.

(i) P[lim %» = co] =1

n—oo

(i) P[lim 52 = —o0] =1

n—oo
(iii) P [limsup 2= = oo and liminf %2 = —oo} =1
n n
Nn—00 n—o00

We will not prove the previous theorem, but we consider all three points
and we shall give the sufficient criterion in the following form of integral test
if my(x) and m_(z) are not equal to O:

m_

1) = [ ),

I R

where F'(z) the distribution function of X. We know already that for ¢ — oo
holds: m(t) — E[X ], m_(t) — E[X "] and both of them are nondecreasing.
Therefore we obtain the following inequalities:

Ji(X) =00 = E[XT] = 0, (3.2)
this statement holds also for E[X ] and J_(X).

Theorem 3.2. Let (X;);>1 be some sequence of i.i.d random variables in
some probability space (2, A, P) and we have no assumption on E[X].

(1) J.(X) = oo if and only if P llimsup%” = —i—oo] =1
n—oo

(ii) J_(X) = oo if and only if P [hm inf S = —oo} —1
n—oo

(117) J_(X) < J(X) = oo if and only if P [lim 5 = +oo] =1

17



(iv) J4(X) < J_(X) =00 if and only if P | lim 5= = —co| =1
n—o0

In combination of the previous theorem and the Hewitt-Savage theorem
A.7 we obtain, that if J, and J_ are finite, then % must be bounded with
probability 1. But 22 is bounded if and only if E[X;] < co. From this and
(3.2) we conclude that

Ji(X)+J (X) <o & E[|Xi]] < o0. (3.3)

The proof of this statement is analytic and similar to the general case (a,)n>1
(See theorem 4.1). The ideas of the proofs are the same but the general one
contains some technical steps. So we will prove just the general case in the
next subsection, where we consider the limits of f—n for n — oc.

Proposition 3.1. Let (X;);>1 be some sequence of i.i.d random variables in
some probability space (2, A,P) . Assume E[|X;|] = co. Then at most one
of J., J_ is finite and

(i) P lim 5o = —1—00} =1 if and only if J_(X;1) < o0

Ln—00

(i1) P lim S — —oo} =1 if and only if J,(X;) < o0

Ln—00 n

(117) P |lim sup % = 400 and liminf % = —oo| =1 if and only if
|l n—oo n—oo

J_(X) = J. (X)) = 00

Proof. Suppose that E[|X;|] = co. This implies that E[X,'] or E[X[] has to
be infinite.
(7): Due of (3.3) we see that:

J_(X1) <0< J_(Xy) <ooand J(X;) = oc. (3.4)

By means of theorem 3.2 that the right side of (3.4) is equivalent to

S
P [limsup — = +oo| = 1.
n—soo N

(i7): The theorem is symmetric. We can replace X+ with X~ and J, (X7)
with J_(X1). Therefore (ii) follows from (i).
(#71):This statement follows from the combination of theorem 3.2 (7) and

(id). 0

18



The proof of the theorem 3.2 is complicated and contains more steps.
Therefore we prepare our selves with the following lemmas for the proof.
The first lemma is just a preparation for the other lemmas. This lemma
contains a statement about the convolution of random variables. You find
the introduction in the Appendix chapter under Convolution.

Lemma 3.1. Let G be any probability distribution concentrated on [0, c0).
Put

U= Y6 (0 mie) = [ (-G

where G™ is the n-fold convolution. Then

1<m()U(t) <2 forallt >0 (3.5)
and
: Ulat)
mm(l,i) < 0 < mazx(1,2a) (3.6)

for all t,a > 0.

We will not prove this lemma, but in the following corollary we will see
how the statement of this lemma related to the function J,.

Corollary 3.1. Let G be any probability distribution concentrated on [0, 00)
and let F be any probability distribution. The following integral fﬂoo U(at)dF(t)
= [0 0 s G™ (ax)dF (z), either converges for all a > 0 or dierges for all
a >0, according as [;° x/m(x)dF(x) converges or diverges, where m(x) =

Jo (1= G(t))de.

This corollary is helpful to prove later Lemma. The proof of this corollary
contains one step.

Proof. In combination of (3.5) and (3.6), we obtain the following inequalities:
t
min (1, %) m(®) < U(t) min (1, g) < Ufat)

< min(1,2a)U(t) < min(1, 2a) !

m(t)

19



Therefore we get the following inequalities:

/Ooo min (1, g) LdF(x) < /OOO U(t)dF(z) < /OOO min(1, 2a)LdF(x).

m(t) m(t)
[l

Lemma 3.2. Let (X;)i>1 be some sequence of i.i.d random variables in some
probability space (Q, A,P) and let a > 0 be fized and put Ay = Q certain
event, Ay :={X; >0} and A, ={X] +---+ X, <aXF}, n>1

(i) If 3"  P[A,] < oo, then
X+

1
li n < - a.s.. 3.7
e X 4 X 0
(i) If 37 P[A,] = oo, then
Xt 1
lim su N >~ a.s.. 3.8

Proof. Part 1: Assume that ) ° P[A,] < co. By means of Borel-Cantelli
theorem A.2 we obtain that:

P{A, i.0.}]=0 = P|li o >1 =0
n 1.0.}] = imsup — -1 =0.
nﬁ)oop Xl cee XTL_ a
This implies:lim sup —X‘+X7T+X— < é a.s..
X, =

n—o0

Part 2: Assume that Y > P[A,] = co. By means of Hewitt-Savage 0-1
law we obtain that P[{A,, i.0.}] is either 0 or 1. Therefore is enough to show
that:

P{A, i.0.}] > 0. (1)
We know X, is nonnegative Vi > 0. Therefore we get
A, NA, CAN{X+ -+ X, <aX ]

for m > n. By stationary of (X,,),>1 the P[A,,_,] is the same as P[{ X ; +
-+ X, <aX}}. Since A, € o(Xy, ..., Xy,) and { X+ -+ X, <
aX, '} € o(Xpi1, ..., Xin) we obtain that:

20



P[A, NA,] <PA,N{X+ + X, <aX/|}]
= PIAPHX, o+ + Xy < aXH]
= P[A,]P[An_n].

We define a new random variable Z,, = ZZZO 14, the number of A; which
occur up to the time n.

n n n 2
EZ2) <2 PA] Y PlA; 4] <2 (Z PMM) =2(E[Z)) (2
k=0 i=k k=0
From this we define a random variable

Zn,
R, = ER, =1
EZ) [Fn]
Assume (1) fails: P[A,, i.0] = 0. This means Z, finite for a.e., but E[Z,] =
Yo P[A,] = oo, therefore R, — 0 a.s.. By means of the definition of R,
and (2) we obtain that

E[R}] = E { Zn } < E[l 2E[Z,]? =2 Vn

E[Z,]? Za?
That means R,, has bounded second moments and we know that R, — 0

a.s.. This implies E[R,,] — 0 and this a contradiction to the definition of R,,,
because the E[R,] = 1. O

Lemma 3.3. Let (X;);>1 be some sequence of i.i.d random variables in some

probability space (2, A,P) , then lim sup (%) 0 or oo with probability
n—00 1 n

1, according as J(X1) is finite or infinite.

Proof. Let A, = {X] +---+ X, < aX,; '} and G(t) = P[X; < {] and
G(t—) = P[X| < t]. We start with upper bound of P[A4,,]

P[X; +-+ X, <aX]] =P[A4,]

:/OOIP’[Xf—I—---+ w1 < ay] PIX € dy]
= /000 G" Y ay—)dF(x)
< /0 " G ay)dF(2).
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The lower bound is given by:

PlA,] > /0 G by dF ()

for all 0 < b < a. Therefore by means of the corollary 3.1 and lemma 3.2 we
obtain that: Y2 (P [X +--- 4 X,_; < aX,[] converges or diverges for all
a > (0 according as J, finite or infinite. O]

Lemma 3.4. Let (X;);>1 be some sequence of i.i.d random variables in some
probability space (2, A, P) and P[X; > 0] < 1. If
X+

lim su = 00, 3.8

then E[X{] = co and limsup 22 = 0o a.s..
n—o0

Proof. Assume that lim sup I X, = 00. This implies that the event

n—o0 + +X7
A, ={X] + -+ X, <1X} takes place with probability one for infinitely
many time. For such n we have:
Sn=XF—(XT+ - +X)+ X+ + X,
>2(X; 4+ X)) - (X + -+ X))+ X+ X
> X+ | X

X X
HGHCG Sn > | 1|+ +| n— 1|

Xl X
hmsupS >l1m1nf| it 4 X 1|.

n—soo N n—0o0 n
But we know already

| Xq| 4+ | X 1|

lim sup — Sn > lim inf

X
msup —= > lim in - E[lX1l] a
and since X;" > X; Vi > 1.
X" X Sh
E[X;] = lim R > limsup — a.s.
n—0o0 n n—oo N

From follows that E[X}] > E[|X;[], but by assumption P[X; > 0] > 0 we
obtain that: E[X;"] > E[|X;|] = co. From follows that = converges to infinte
a.s. for n — oo. O
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Lemma 3.5. If E[X] = co and if P[S, > 0i.0.] > 0, then

X+
lim su i = 00 a.S.. 3.9

The previous statement means, that the positive parts of random vari-
ables (X, ),>0 are neglectable. You can find the proof of this lemma in [3]. In
this thesis we skip the proof, because it is not relevant for the next chapters.

Proof. (Theorem 3.2) At first we may assume that:
P[X, < 0] - P[X; > 0] £ 0,

because in another case we get: P[X; > 0] = 1, then E[X]] = E[X}] < c©
if and only if J, < oco. It easy to see, that the theorem is symmetric. That
means we can replace X,, with X = —X, then implied J+ = —J_. Therefore
(77) follows form (i), and (iv) follows form (7i7). At first we prove the part
(7)

Part 1: (i) (=): By means of theorem and lemma 3.3 we know that if:

X
J.(X) = oo, then we obtain that P {hin—igp m = oo} = 1 and by

lemma 3.4 we get that:

P {limsup& = oo] =1

n—oo N

(«<): Suppose that P [lim sup % = oo} = 1. We know already that

n—o0

P |lim 5= = ]E[Xl]} = 1, therefore E[X;'] has to be infinite, otherwise we

n—oo
would have lim 22 = E[X{] — E[X[] # oo. This assumption implies an
n—
other statements: P[S,, > 0 i.0.] = 1. Now by lemma 3.3 and 3.5 we obtain
that J, (X) = oo.
Part 2: (7ii) =: Assume that J(X) = 0o, J_(X) < co. By parts of (i),
(#7) we have:

S Sn
P {limsup — = oo and liminf — > —oo| = 1.
n—oo I n—oo 1
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That implies E[X[] = co. Now we split the proof in two cases. At first we
consider the case: E[X| ] < co. by means of (3.1) we obtain that:

Sn
P{lim—:oo}zl. (1)
n—oo M
In the other case: if E[X; | = co. We consider the theorem 3.2 and we see

that: (47), (#i7) are impossible, therefore we obtain, that (1).
In the other direction: Assume that (1) holds, this implies:

P {limsup& = liminfi = oo] =1

nooo N n—oo 1

From the previous statement and (7), (i¢) follows, that J,(X) = oo and
J_(X) < 0. O

After the proof of theorem 3.2 we can show the statement (1.3) of example
1.1. we start with m, and m_:

my(t) = /:IP’[XJr > slds, m_(t) = /Ot]P’[X_ > s]ds.

Order to prove the statement (1.3), we have to show that J,(X) = oo and
J_(X) = oo. At first we will show that

<t
J(X) = —dF(t) =
()= [T =
and we know from [4](Remark 3), that
<t
E[X* :oo<:>/ ——dF(t) = .
o o mem Y
Now we have to consider t/m_(t):
t t me(t)

(@) = @ m(0) for t > 0.

By means of 1.4 we obtain, that the second term goes to infinite for ¢t — oc.
That means

o= lww) (3.10)
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Now we consider the J,(X) and we will find a lower bound.

ro0= [ #@dl’() m%dﬂ)

C
= 00.
m+

The second inequality holds for some ¢ > 0, because (3.10). A last integral
of the previous statement is infinite, because the integral [ @ dF () has

to be finite. Now we will show that J_(X) = co. At we first we consider the
m.(t)

N TR L ~1
—;]P’[X —k]k—;ﬁk—/ﬂggfvmrlog(n)

Now we rewrite the J_(X)

—0 dF ZIP’

> ot .
n

— n*loglog(n) k4 log(n)

+(”)

Q

o — 1

ki <= nlog(n)loglog(n)

Since Abel’s series > -, W diverges we get that J_(X) = oo.
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Sy

n

4 Limit theorem for

Most of the material of this section is taken from a publication of Yuan Shih
Chow and Cun-Hui Zhang [2]. We are studying further the fraction =, where
Sy, is the sum of random variables, where (ay,),>0 is sequence such that ap =0
and a, /n is nondecreasing in n. At first we define a function a : [0,00) — R

y, if z =n,
a(x) =: '
an + (app1 —ap)(x—n) fn<zr<n+4l

Let a~!(+) denote the inverse function of a(-) and

o) = [ winta”@)oa/m ()P (@

/ min(a~(z), 2/m. (x))d (1 — F(—z))

The following theorem gives us a first impression, how the previous integrals
and the limits of f—” are related to each other.

Theorem 4.1. Let X be a random variable on some probability space.
J_(a) + Ji(a) < oo & Ela' (| X])] < 0.

Proof. We can split the proof in two assumptions. In this part we will assume
that E[|X|] < oco. In this case we have to consider the following inequality:

Ea™'[|X]] < a™'(1) [E[|X]] + 1]

At first we define a random variable Y := a7 1(|X|) and y = a'(1). This
implies a(y) = 1. That means the inequality is equivalent to the following
inequality:

EY] <y[Ela(Y)] + a(y)]

26



We split the proof in two disjoints sets. At first we consider the inequality
on the set {Y > y}. Since a(t)/t is nondecreasing we obtain that:
alY) _a
Y
a(Y) -
Liy>yy - a(Y) - y>y) - aly) Y
Ela(Y) - y] = Ela(y)Y]

Now we consider on the sets {Y >y} and {Y < y}.

—~
<
~—

v

)

Y
Y

I\/ I\/ I\/
|—|/-A—« A@

EY] =E[ly>y Y]+ E[ly<yY]
< yE[lpyspaY)] +y
<y [E[a(Y)] +1]

This inequality is useful, because the inequality Ea ![| X|] < a7 1(1) [E[| X]|] + 1]
implies that Ea~![| X|] < co. That means as of now, we have to consider only
this case: E[|X|] = co. We suppose that:

J_(a) + Ji(a) < o0

We define H(z) :=P[|X;| < z] = F(z) — F(—xz~) for > 0. Set

With short calculation we obtain:

/mpuxq;zﬂm::/wl—(pa>—zw—nyﬁ

:/H_F@+Femu @)
= /x 1 — F(t)dt + /x F(=t)dt = my(z) + m_(z)

27



By means of the (2) we estimate the integral of h(x) respect to the H(z).

AwhuMH@%:A:mm(w%@WMﬂWimJ@>dH@)
) /000 min (0) ) PO

+ i min (a (x), o+ m(:c)) d(1 — F(—x))
< Ji(a)+ J_(a) < 0

The fact that m(a) < m_(a)+my(a) and m_(a) < m_(a)+m4(a) implies
the last inequality. We know that a~!(x) is nondecreasing, since a(z)/z is
nondecreasing. At first we have noted that m is absolutely continuous on
bounded intervals and this implies that

m/(z) =1— H(z),

consequently the function x — x/m(z),x > 0, is absolutely continuous on
intervals [a, b] too, 0 < a < b < co and is nondecreasing because

{ x )}’ m(z) — (1 — H(z))

= >0 a.e..
(x

m?(z)
Therefore we obtain that

h(z) is nondecreasing and h(x)/x is nonincreasing

Now we estimate the m(y):
mlo) = [ PIX| > dat
_ /0 " it y)dH (1)
- /0 " min(t, y)dH (1) + / Oo min(t, y)dH(t)

©
gx0+/ t.¥dﬁ(zﬁ)

< x0+ y(h(y))™" / W(t)dH(t)

0
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Choose x( so that f;: h(z)dH (z) < 1/2. Since E[|X|] = oo we obtain:

h(y)y™ /yIP’[IXI > fat < oW 1 1]
0 Y 2 2
and
h(y) = a '(y) for all large y
This and (3) finish the proof. O

Set ¢ = E[X]/(lim a,/n) if E[|X]|] < co and ¢ = 0 otherwise. With the
n—oo

combination of theorems 2.2, 4.1, we obtain the following proposition:

Proposition 4.1. Let (X,,),>1 be a sequence of random variables on some
probability space with finite mean. For any sequence (an)n>1 for which % is
nondecreasing the following holds

T (a)+ J,(a) < 00 < P(lim ﬂ_c> _

n—o0 a’l’l
Proof. Without loss of generality E[X] = 0.
J_(a)+ Jy(a) < oo & Ela (] X1])] < 00

& / “HX,|) > yldy < oo
. / P{X| > aly)ldy < oo

Xn
< P[|Xy| > apio] =04 lim — =0 as.

n—00
]

To extend the previous theorems, we consider nonnegative random vari-
ables. The following Lemma gives us an inequality for truncated expectations
of partial sums of i.i.d. nonnegative random variables. The inequality has its
own interest and it is useful to study the ratio of two independent nonnegative
random walks.
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Lemma 4.1. Let Yy,--- .Y, be i.i.d. nonnegative random variables. Set
Sp =Y+ +Y, and m(z) = [[P(Y > y)dy. Let C > 0 be a constant.
Then

E[min(S,, C)] < min(C,n - m(C)) < 16E[min(S,, C)]

Proof. Part 1: We define X; = min(Y;,C) for C > 0 and S, = > " | X;. We
will discuss two cases, n - m(C') > 3C and n - m(C) = uC > 3C. Suppose
that:n - m(C) > 3C

E[S!] =n-E[X;] =n-m(C) =uC
Therefore
P[S, < C| =P[-S, > —C]
= PE[S,] — S0 2 E[S] - C]
=P[E[S]] — S, >n-m(C)—C]
=P[E[S!] — S, > (u—1)C]
—2v—2 . 2 U 3
<(u—1)""C*nE(min(Y,C))" < =172 <1

Now we can show the second inequality:
E[min(S,, C)] > CP[S, > C] >

For nm(C) = uC < 3C,

nm(C) = E[S]]
< 8E[min(Sy,, C)] + E[S; Lis: >scy]

nE[min(Y, C)]* + nm(C)?

E[S, 1{s >scy] <

8C
- Cnm(C) + 3Cnm(C)  nm(C)
- 8C 2

nm(C) < 16E[min(S,, C)]

Part 2: The inequality in the other direction is a simple calculation, where
you have to calculate the expected value and use the identity property of the
random variables X;. O
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We will study the ratio of two independent nonnegative random sequences.

Theorem 4.2. Let (W,),>1 and (V,)n>1 be two independent sequences of
i.1.d. nonnegative random variables. Suppose that

E[Wi] + E[V4] + lim a,/n = oo
n—oo
Then the following statements are equivalent.

y 3 W1++Wn .
() hm ZRvsTs, =0 as.

(ii) limsup k=t < 00 a.s.
—00
(111) limsupcwvaﬁ < 00 a.s.
n—oo
(iv) 3 ey

P(
(U)ZfllP’((SW >a,+Vi+ ...+ V,) <oo foralld >0
(vi) [° min(a~

Wy >a,+Vi+...4+V,) < oo for somed >0

Proof. e (i) = (i1): Let (z,,)n>1 be an arbitrary nonnegative sequence
such that lim x,, = 0. Then we know that lim sup x,, < oco.
n—00 n—00

e (i1) = (4i7): Since W, is nonnegative, we can see that:

W, < Wy+---+W,

Vn €N

e (i7i) = (iv): There are some constants § > 0 and k < oo such that:
P, (0W, >a,+Vi+--+ V)] <1-6<1. (1)
At first we define the following events for the simplicity:
Ay, =[0W,>a, +Vi+ -+ V,].

Our aim is to find an overset of A, N A, .,,, where the sets are inde-
pendent.

AnﬂAm+n C Anﬁ [5Wm+n > an“‘vm‘l’ +Vn+m]
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The independence and stationary implies the following inequality:
P[A, N Apim] < PIA,P[A,].

Now we have to generalize the previous statement and then we can use
our assumption (1)

P [An N U;";lAnHk] < P[A,]P [U;";lAjk] < P[A,](1 —d).
By means of set operation we get the following estimate of dP[A,].
OP[A,] < P [Ay N (U1 Amrgr) ]

The previous statement gives us

N

0 Z P [Ank+z‘] <

n=1 n

WE

P [Ank+z‘ N (U;?ilA(n—l-j)k—i-i)c] <1
1

That means, that for all § > 0 exist some N € N. Therefore

ZP(5Wn>an—l—Vl—|—...—|—Vn) < oo for some § > 0

n=1

(iv) = (v) : We already saw that a(2n) > 2a(n), and with a short
calculation we obtain

P26Wan11 > agny1 + Vi + -+ + Vap ]
< P26Way, > agy + Vi + -+ + Vay).

Therefore
> P26W, > an+ Vi + ..+ V3)
n=1

<142) P(26Way > azn + Vi + .. + Vo)

n=1

S14+4) POW, > an+Vi+ ...+ V,)

n=1
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e (v) = (vi) = (i) : Let stopping time T" := inf{k : Sp > C}, Sy =
Zle Vi, Si. = Zle min(V;, C) for C > 0. Then, from Wald’s lemma
follows that

C
/ P[Vy > t]dtE[min(T, n)] = E[S,;1.m)]
0

(T — Bminam] _ ElSimingrm)
& Eimin(T,n)] = [CPvizfjat (O

Now we have to calculate the expected value of the stopping time
min(7,n) forn € N

E[min(T,n)] =1+> PVi+---+V, <C]
k=1
To see this, we have to start with n = 2 as a usual expected value.
E[min(T,2)] =1-P[Vi > C]+2-P[V; < (]

—1-(1-P<C)) +2-B[V; <]
—1+P[V; <]

Therefore, by Lemma 1.1:

Z]PW > a, +Vi+ e+ V)
/ > Pla>Vi+- 4 V]dPW < 2]
a1 <anp<x

X

< 2/000 min <a1(x), m) dP[W; < z]

<32+32/ S Pl > Vit o+ V]JdP[W < 4]

a1<an<x

<32+32/ ZP2x>an—|—V1 + V,|dP[W; < z]

— 32+3221@[2W1 > an 4+ Vi 4 -+ V, JdP[W; < .

n=1
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e (iv) = (7). The first step of the proof is the same as in (iv) = (v).

> PQIWL + Wa) > an + Vi + ...+ V3)

n=1

n=1

<142) POWL > an+ Vit ..+ ;)

n=1

+2) P(6We > an + Vi + ... + V) < 0.

n=1

Let T(M) :=inf{n : a, + Vi +---V, + M > 6(W; + W3)}. Now we
choose M such that E[T(M)] < 2. Set

T, =TW = T(M),
TM =inf{j : a; + Vier + - 4 Vi + M > 6(Wa_y + W)}
on {T,,_1 =k}, and
Ty=T,1+T™, n=23, ..

Then, as per the strong law of large numbers there exists an integer-
valued random variable N such that

Tn:T(1)+---+T(") <2n—1for anyn > N
Since “* is nondecreasing,
a(TW 4+ ...+ TW) < o(T,) < a(2n — Dfor any n > N
Wi+ +Wo)<nM+al2n—1)4+Vi+---+ Vo1 n>N
By the condition that E[W;] + E[Vi] + Jim S = oo,

I nM 0
im =0 a.s.
ooty + VitV Wi oo+ W,

Hence

lim Wit 4 W <1as
i Z a.s.
nsooa, +Vi+---4+V, — 6

Since 0 is arbitrary, follows (7).
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At this moment we consider the ratio of the positive and negative contri-
butions X~ of the random walks. By means of the previous theorem we can
show that if we know something about the random variable | X| or the limes
of 2= then there are two possible outcomes of the integral test J, (a).

Theorem 4.3. Suppose that E[|X|] = oo or lim %= = oco. Then, one of the
n—oo
following alternatives must prevail:

1) Jo(a) = oo and P |lim su X—’T:oo =1
(i) Ji(a) p

o ant Xy e Xy

y : Xf+4Xd ] —
(i1) Ji(a) < oo and P Lh_{](f)lo P TR O] =1
To prove the previous theorem we need the following lemma about stop-
ping time. You find the Introduction to the stopping times and finite times

in Appendix chapter under Stopping time.

Lemma 4.2. If (X,)n>1 is a sequence of i.i.d. random variables in some
probability space (Q, A,P), T is a finite stopping time with respect to the
{F.} where F, = o(Xy,...., X,,), then Fr and o(Xr,....) are independent
and (Xrin)n>1 are i.4.d. with the same distribution as X;.

The proof of this lemma contains the usual steps as a proof of theorems
with stopping time statements. That means we start the proof with some
set A € Fr and show the same equality for (2.

Proof. Let A\,...,\, € Rand A € Fr

PIANL, Xy < Al =Y PIAN[T = k] My [Xeas < Ai]-

k=1

By assumption, AN[T = k| € Fj for all k > 1, and we get

S PIAN T = ] (1, [Xars < Al = 3 BIAN T = RIBI (Xiss < A

Hence

i=1
n

= P[A] HP[Xz' < A

i=1
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and now we choose A = () and we know that

P X < A = HMXi <\, for 1 <i<n.

i=1

Since n arbitrary integer , (X7, )n>1 1.1.d sequence of random variables with
the same distribution as X;. Therefore we obtain that

PA ML, [Xr i < AJ] = PIA] [ BXrs: < Al

=1

Since Aq, ..., A, are arbitrary we get Fr and o(Xry1, X142, ....) are independ-
ent. ]

Proof. (theorem 4.3):
We may assume that P[X > 0] # 0 and P[X < 0] # 0. Let

To=5Sy=0, Ty :=TY =inf{k >1: X;, >0}
T =inf{k >1: Xpyp, >0}, Ty =Tpor + T, n > 2,

and
W’n - XTn) Vn = - (STn - STn,1 - Wn) , 1 2 1.

The random variables V,,, W,, are nonnegative, therefore we can hope to use
the theorem 2.4. But first we will consider the sequences (V;,)n>1, (Wi )n>1-
Since T™ are copies of T, one can show that (V,,,W,,) are i.i.d..

R, = (Vo, W) = (T(n) =m,—(Xrg,_ 41+ Xp g2+ + Xp, 1), XTn)

It is easily seen from the definition,that T, is a finite stopping time and that
R, Fr,-measurable and hence also the (R, ..., R,,). By the lemma 4.2 we can
see that o(Xr, 41, X1, 12...) is independent of F7, n > 1, and that the T("+1
and (X7, 41, ..., X1,,,) are o(Xr, 11, X7, 42...)-measurable. Now we need the
combination of the previous statements and then we obtain that: Fr, and
0(R,+1) are independent for n > 1. Therefore has to be R, ;; independent
of (Ry,...,R,) and so we get that the sequence (R,),>1 is independent. It
remains to show that R,, are identically distributed.
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By means of lemma A.1 there are sets C,,, € (R™, B™) we have for A;, Ay
€ R for all n > 1 and for some m > 1:

qn ‘= ]P)[T(n) =m,V, < )\1, W, < )\2]
=P[T™ =m, — (X7, 111+ Xry 4o+ + Xpm1) < A, Xz, < Ao

m—1
= P[T(n) = m’ Z XT7L71+i < )\17 XT7L—1+m < )\2]
i=1

m—1

= P[(X1, 141, X742, 0 X7y 4m) € Cony Y X1y 4i < A, Xy < o
=1
m—1

= P[(X1, X2, s Xim) € Cry D Xi < A1, Xy < Ao

i=1

m—1
=PI =m, Y X < A, X < Ao
=1

=P[TY =m, Vi < A\, Wy < M) = q1.
Since m arbitrary,
]P)[‘/l < )\1,W1 < )\2] = P[Vn < )\1,Wn < )\2]

Therefore we obatain that (R,,),>1 are i.i.d. random variables. Now we
have to find some connection between J (a) and the integral test of V respect
to the W. At first we calculate the distribution of W, and a lower bound of
E[Wl]I

PIX >t

PIW: > 1] = 5=

, EW1] > E[X7T], (1)
We can write V] as:

Ty

i=) X, >X;

n=1

That implies , E[V}] > E[X[]. We calculate an upper bound of the integral:
T T
/ P[V; > t]dt = E[min(Vy,z)] < ]E[Z min(X,, ,x)] @)
0 n=1

= E[TE[min(X, )],
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Our assumption was that X; are independent. Therefore the probability of
{T1 > n} is equal to nth power of P[.X; < 0].

P[Ty > n] = (P[X; <0))".
That implies:
E[T}] < . (3)
The statements (1), (2), (3) lead us to the observation:

Ji(a) < o0&

/000 min (a_l(x)7 m) dP[W, < 2] < oo.

Let k be an integer with E[T} > k]. As per strong law of large numbers
P[T,, > kn i.o.] = 0.
Now we will see, how the X;, X, and V,,, W, are related to each other.

STn - STn_l + (Wn - Vn)
St,-1=51,_, —Va

We consider the following limit:

lim sup X > lim sup W
nsoo U+ X[+ + X7 T ase a(Th) + Vit 4V,
> lim sup W
nsoo’ @(kn) + Vi+ - + Vin
. Wn+i .
= hgfogp alkn+0)+Vi+- 4 Vipg v
= lim sup W

a.s.

From this statement and theorem 1.4 and (4) follows that:

X+
P |lim sup "
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Part 2. In the other case the calculation is similar to Part 1:

. X+ + X <1 Wi+---+W,
im su imsu
n—)oopan‘{‘Xl_‘f"i‘X?;_ n—)oopaz(Tnfl)“l—‘/vl—i——i—Vnil
- Wyt + W,
< lim sup
n—00 an—1+‘/2+"'+vn—1
: Wi+ +W,
= lim sup

a.s.

From this statement and from theorem 1.4 and (4) follows that:

Xt ... X+
P[lim sup 1 —t T _

0 =1

if J,(a) < 0.
[l

In the next theorem we consider the following case: at least one of J, (a),
J_(a) is infinite. With these cases we can extend theorem 3.2.

Theorem 4.4. Let (X,)n,>1 be a i.i.d. sequence in some probability space,
then we obtain that:

n—oo

(i) Ji(a) = oo if and only if P {limsupf—: = oo] =1

(ii) J_(a) < Ji(a) = oo if and only if
P [lim inf f—” = lim inf (Mﬂ =1 and

n—00 n n—o00 an

P {limsupf—: = oo] =1
n— o0

To prove the previous theorem, we need some lemmas. The statement
and the proof of the following lemma are similar to the lemma 3.4.

Lemma 4.3. If

X+
lim su " =

00 (4.1)
then E[X;'] = 0o and limsup 22 = 0o a.s..
n—oo

We record the following proposition easy consequence of theorem 4.3.
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Proposition 4.2. Let (X;);>1 be some sequence of i.i.d. random variables in
some probability space (2, A,IP). Suppose that E[|X;|] 4+ lim %2 = co. Then
n—oo

Ji(a) < oo and

= —)(1 +o0(1)) +0(1) a.s.

Qn

& _ (Z?:l Xi
n
This statement equivalent to:

zn:Xj - (- ix;) +o(1). (4.2)

Proposition 4.3. Suppose that lim %* = oo, Then it is impossible for any
random walk, that

Sy,
—00 < liminf — < 0.
ap

Proof. (Theorem 4.4)
Part 1(i) (=): Suppose J4(a) = oco. By means of theorem 4.3 and lemma
4.3 we obtain that:

P {limsup& = oo] = 1. (1)

n—oo an

(<): Suppose that P llim supf—: = oo] = 1. This implies a statement:
n—oo

E[X{] = oo or lim % = oo. By (1) we get, that Theorem 4.3 (it) is

n—oo
impossible and therefore J (a) = oc.

Part 2 (i) =: At first we change X with X~ and by (i) we get that

J_(a) <oo &P [liminf& > —oo] =1

n—o0 CLn

Since J(a) = oo we obtain that lim %= = oo or E[|X;|] = co. Therefore if
n—oo

J_(a) < oo we get:



Finally we obtain that:

P [liminf& — liminf (’Xl, Tt |X”’>] —1.

n—oo (A, n—00 any,
<: At first suppose that P {lim sup 5—2 = oo] = 1 we get J;(a) = co. Now
n—oo
we suppose that: P [lim inf 52 = lim inf <M>] = 1 and this implies:
n—oo 4n n—00 an
X+ X,
1iminf(| +-e l) > —00 a.s.
n—00 Ay,
and by means of (i) we obtain that J_(a) < oo. O
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A Appendix

A.1 Analysis

Theorem A.1l. (Kronecker lemma) Let (v,),s, a sequence with x, € R

Vn > 1 and a sequence (ay)p>1 with 0 < a, < apy1 Yn > 1 and lim a,, = co.
n—oo

If the sequence (Sp)n>1

w

3

Il
o~
Il 3
MR
Q|€%
x> |

converges, then follows:

hm— E x = 0.
’n—)OOCLn
k=1

Proof. There exist s € R such that s = lim s, since the sequence s, is
n—oo

convergent. We will use the summation by parts

Zxk =5, — ai Z(akﬂ — ag)Sk- (1)

n n—1
1
" k=1 " k=1

We split the series of right hand side (1) in two sums and we use usual trick
(a = b+ (a—0b)). Pick e > 0 and we can choose N € N such that s, is
e —close to s for all k > N.

1 N-1 1 n—1
— ) (g1 — ap)sp — — Z(ak—i-l — k) Sk
Un Un =N
1 N-1 1 n—1 1 n—1
~ (rr1 — ar)sk — o Z(ak+1 — ax)s — . Z(ak+1 — ag)(sp — s)
" k=1 " k=N " k=N
N—-1 n—1
1 1 1
=— D (a1 —ap)sy — —(an —an)s ——Z ap41 — ax)(sk — ).
L " In =N

Now, we let n go to infinity and we see that the first term go to 0 since ai go
to zero and the series is finite . The second term converges to s. Since the
(ax)r>1 sequence is increasing, the last term is bounded by €(a, —an)/a, < e.
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Therefore we obtain for (1):

n—oo

1 n
r}ingoa—n;mk: lims,—(0—s+0)=s5s—s=0

A.2 Probability Theory

A.2.1 First auxiliary results

Theorem A.2. (Borel-Cantelli) Let (A,)n>1 be a sequence of events in some
probability space (2, A, P). If

i P(A,) < o

then
P({A, i.0.}) =0
Proof.
P({A, i.0.}) =P(limsup 4,)
n—oo
= lim P(URZ, Ar)

oy
< fim > P(4

and the tail series converges to zero for n — oo under the assumption the
series converges. O

Theorem A.3. (Converse Borel-Cantelli)Let (An)n>1 a sequence of inde-
P)

pendent events in some probability space (2, A, P). If
> P(A,) =0
n=1

then
P({A, i.0.}) =



Proof. First note that
P({A, i.0.}°) = P(liminf A7) = lim P(N;2,A})
n—oo n—oo

because of independence of A,, hence we have independent of A¢. Therefore
we see that for every n € N

P(NF2, A7) = Jim P(NY, 4F)

N
= lim : (P(1— Ap))
N
< lim (exp (—P(Ag)))
N—o0 Pl
N
= lim exp (kZ(—]P’(Ak))) =0
since the series diverges, then the exponent approaches to —oc. O

Theorem A.4. (Khintchine and Kolgomorov) Suppose X,, are independent
random variable with mean zero such that the sum of variances is finite,

Z Var(X,) < oo.
n=1

Then the sum of the random variables converges almost surely ,

oo
E X, converges a.s..

n=1

Proof. We define A, . = {max;~,, |S; — S| < €}. Hence

o
{Z X, converges} = Neso Um A,

n=1
by Kolgomorov inequality we obtain:

< Var(S, — Sm)

P[ max |S; — S| > €

n>j>m - €2
] — 1 —
< = Z Var(X;) < = Z Var(X;)
=m-+1 i=m-+1



By letting n to infinity and then m to infinity, we have
lim Pmax|S; — S| > €] = 0.

m—oo j>m

Then the lim P[A4,, ] =1 and so P[U;,>14,,.] = 1 for every € > 0. Hence

m—0o0
we obtain

]P’[Z X, converges] = P[Neso Upn>1 Ame =1
n=1
and almost surely convergence holds for S,,. O

Theorem A.5. Let 7 be a stopping time with respect to an i.i.d. sequence
(Xp)n>1- If E[7] < 00 and E[| X4|] < 0o, then

I =E[Xy] - E[7]

>,
n=1

Proof.

T

Z Xn = [Z Xn]l{7>n—1}]
n=1

n=1

Since the sequence (X,,),>1 i.i.d., X, is independent of {Xji,..., X, 1}, so
that X, is independent of event {7 > n — 1}.

E [Xn]]-{7'>n—1}] = E[Xl] : E[:H-T>n—1]

By means of the previous statement we get:

ZXTL = E[Xl] (ZE[HT>H1])
= E[X] (i Plr > n — 1])

n=1

= E[X{] (Z P[r > n])

— E[X.] - El7]

E
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A.2.2 Convolution

Let X, Y be two independent real valued random variable in some probability
space (92, A,P) with density functions fi(z) and fo(z). Let Z = X +Y a
random variable and we want determinate the distribution function f3(z) of
Z. The convolution f3(x) = fi(x) * fo(x) is given by

falw) = / TR - flo— y)dy.

In general case: Let (Q,4,P), (22, 4,P;) be a probability spaces, A ® A
product — o — algebra on ) x ) and P; ® Py product measure. The function

X:OxQ—=Q
defined as
(z,y) =2 +y

is a A® A — A measurable function. The image measure P; @ P, of X called
the convolution of probability measure P; and P,. The convolution is given
by

A.2.3 Stopping time

Let (©,A,P) be a probability space and (A,),>1 increasing sequence of
sub o —algebra. A random variable T': Q — N is called stopping time if {w €
Q:T(w) <n} e A, holds for all n € N(often called (A,,) — stopping time).
A stopping time called finite if P[T = oo] = 0 and defective if P[T =
oo] > 0. Let (X,,)n>1 sequence of random variable then {X,, A, ,n > 1}
will be called adapted sequence if X,, is A, measurable for all n > 1 and
{X,,0(X1,..., X,),n > 1} is a adapted sequence too.
We define
Xr(w) = Xpw)(w), where Xoo(w) = liminf X,,(w)

n—0o0

and
Aw =0(U A, Ap ={A: Ac A, AN[T=n] € A,, n>1}

for any adapted sequence {X,,, A,,,n > 1} and any A,, — stopping time T.
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Lemma A.1. Let (X,),>1 be sequence of i.i.d. random variables in some
probability space (Q, A,P). If T is a A, — stopping time, where A, =
o(X1,..X,), then exist some sequence of (Cy)n>1 of disjoint Borel sets of
Bgrn, whose corresponding bases B,, are n-dimensional Borel setsn > 1, such
that

{w:T=n}=Aw: (Xy,....X,) € C,,}.

A.2.4 Zero-one laws

Theorem A.6. Let (X,,),>1 be sequence of independent random variables in
some probability space (2, A, P). Define the tail sigma-field

T = ﬂn210-(Xn+1, Xn+2, )
Then T is trivial: YA € T holds P[A] € {0,1}
Proof. At first we set T, = 0(Xpma1, X2y -y ) and F, = o(Xq, ..., X5).
Then we obtain that 7,, and F, are independent for all m > n. Hence
o(U,F,) is also independent of 7. Let A € T, then A has to be in o(U,F;,)
. By independent we obtain that :

P[A] = P[AU A] = P[A]P[A].
Therefore P[A] € {0,1} O
Defintion A.1. An exchangeable sequence (X,)n>1 of random variables is
a finite or infinite sequence of random variables such that for any finite per-

mutation of the indices 1,2... the joint probability distribution of the permuted
sequence is the same as the joint distribution of the original sequence.

Theorem A.7. Let (X,)n>1 be sequence of i.i.d. random variable in some
probability space (2, A,P). Then the sigma field of exchangeable events £ is
trivial.

Proof. We take A € £ and we approximate this event by sequence (A4,,),>1,
where A,, € F, and we know that U,F, generated the o — field therefore
we get P[A A A,] — 0. We write the event A, = {(X1,...,X,,) € B,} and
we set A, = {(Xnt1, .y Xon) € B, }. By exchangeability A,, — A,,. Then we
get PIAA A,] = P[AA A,] — 0 and therefore P[A, N A,] — P[A,]. By (X))
are i.i.d. we get:

P[A, N A,] = P[A,|P[A,] = P[A,]* — P[A)?

Hence P[4] € {0,1} O
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