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❆❜str❛❝t

■♥ t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡rs②♠♠❡tr✐❝ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s
✇✐t❤ ❞❡❢❡❝ts ✐♥ ✐t✳ ❲❤❡♥ ✇❡ ✐♠♣♦s❡ ❇✲t②♣❡ ❣❧✉✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❛ ❞❡❢❡❝t ✐s ❞❡✲
s❝r✐❜❡❞ ❜② ❛ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉♣❡r♣♦t❡♥t✐❛❧ W ✳ ❲❡ r❡♣r❡s❡♥t
t❤✐s ❢❛❝t♦r✐s❛t✐♦♥ ✐♥ ❛ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ ❢r❛♠❡✇♦r❦ ♦❢ Z2✲❣r❛❞❡❞ ♠♦❞✉❧❡s
♦✈❡r ❛ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ R✱ t❤❡② ❛r❡ ❝❛❧❧❡❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ❇② ❝♦♥s✐❞❡r✐♥❣
❢✉♥❝t♦rs U : R✲modf → R′✲modf ✱ ✇❤❡r❡ R✲modf ❞❡♥♦t❡s ❛ R✲♠♦❞✉❧❡ ❝❛t❡❣♦r②
✇✐t❤ t❤❡ ♠♦r♣❤✐s♠s ❣✐✈❡♥ ❜② t❤❡ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s✱ ♦✉r ❛✐♠ ✐s t♦ ❝♦♥✲
str✉❝t ❛ ❝❛t❡❣♦r② ♦❢ t❤❡s❡ ❢✉♥❝t♦rs ❛♥❞ t♦ ✜♥❞ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♠♦r♣❤✐s♠s
✐♥ t❤❡ ❢✉♥❝t♦r ❝❛t❡❣♦r② ❛♥❞ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✇❤✐❝❤ ❛r❡
✐♥❞✉❝❡❞ ❜② t❤❡ ❢✉♥❝t♦rs ❜❡t✇❡❡♥ t❤❡ ♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡
❞❡✜♥❡ ❛ ❢✉♥❝t♦r Ξ✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ❢✉♥❝t♦r ✐s s✉r❥❡❝t✐✈❡ ♦♥ t❤❡ ♠♦r♣❤✐s♠
s♣❛❝❡s ✐♥ t❤❡ ❝❛s❡ R = C[x] ❜✉t ❢❛✐❧s t♦ ❜❡ ✐♥❥❡❝t✐✈❡✳ ❚❤❡r❡ ❛r❡ s✐♠✐❧❛r r❡s✉❧ts
✐♥ t❤❡ ❝❛s❡ R = C[x, y] ❜✉t ✇❡ ❝❛♥ s❤♦✇ s✉r❥❡❝t✐✈✐t② ♦♥❧② ✐♥ s♣❡❝✐❛❧ ❝❛s❡s✳ ❲❡
❛❧s♦ ♠❛♥❛❣❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❦❡r♥❡❧ ♦❢ Ξ ✐♥ ♦♥❡ s♣❡❝✐❛❧ ❝❛s❡✳



❩✉s❛♠♠❡♥❢❛ss✉♥❣

■♥ ❞❡r ✈♦r❧✐❡❣❡♥❞❡♥ ❆r❜❡✐t ❜❡tr❛❝❤t❡♥ ✇✐r ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡ s✉♣❡rs②♠♠❡tr✐s❝❤❡
▲❛♥❞❛✉✲●✐♥③❜✉r❣ ▼♦❞❡❧❧❡ ♠✐t ❉❡❢❡❦t❡♥ ❞❛r✐♥✳ ❉✐❡s❡ ❉❡❢❡❦t❡ ❦ö♥♥❡♥ ❞✉r❝❤ ❋❛❦✲
t♦r✐s✐❡r✉♥❣❡♥ ❞❡s ③✉❣❡❤ör✐❣❡♥ ❙✉♣❡r♣♦t❡♥t✐❛❧❡sW ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✱ ✇❡♥♥ ✇✐r
s♦❣✳ ❇✲❚②♣ ❇❡❞✐♥❣✉✐♥❣❡♥ ✈♦♥ ❞❡♥ ❉❡❢❡❦t❡♥ ❢♦r❞❡r♥✳ ❲✐r ❜❡s❝❤r❡✐❜❡♥ ❞✐❡s❡ ❋❛❦✲
t♦r✐s✐❡r✉♥❣ ❞❡s ❙✉♣❡r♣♦t❡♥t✐❛❧❡s ✐♥ ❚❡r♠❡♥ ✈♦♥ ▼♦❞✉❧❤♦♠♦♠♦r♣❤✐s♠❡♥ ü❜❡r
❡✐♥❡♠ Z2 ❣r❛❞✉✐❡rt❡♥ ▼♦❞✉❧ ❡✐♥❡s P♦❧②♥♦♠r✐♥❣❡s R✱ ❞✐❡s❡ s♣❡③✐❡❧❧❡♥ ❍♦♠♦♠♦r✲
♣❤✐s♠s❡♥ ✇❡r❞❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥ ▼❛tr✐①❢❛❦t♦r✐s✐❡r✉♥❣❡♥ ❣❡♥❛♥♥t✳ ❇❡tr❛❝❤t❡♥ ✇✐r
❡✐♥❡♥ ❋✉♥❦t♦r U : R✲modf → R′✲modf ✱ ✇♦❜❡✐ R✲modf ❡✐♥❡ R✲▼♦❞✉❧❦❛t❡❣♦r✐❡
❜❡③❡✐❝❤♥❡t ✐♥ ❞❡r ❞✐❡ ③✉❣❡❤ör✐❣❡♥ ▼♦r♣❤✐s♠❡♥ ❞✉r❝❤ ❞✐❡ ▼♦❞✉❧❤♦♠♦♠♦r♣❤✐s✲
♠❡♥ ❣❡❣❡❜❡♥ s✐♥❞✱ ✐st ❡s ✉♥s❡r ❩✐❡❧ ❡✐♥❡ ❑❛t❡❣♦r✐❡ ❛✉s ❞✐❡s❡♥ ❋✉♥❦t♦r❡♥ ③✉
❜✐❧❞❡♥✳ ●❡♥❛✉❡r ✇♦❧❧❡♥ ✇✐r ❘❡❧❛t✐♦♥❡♥ ③✇✐s❝❤❡♥ ❞❡♥ ▼♦r♣❤✐s♠❡♥ ❞❡r ❋✉♥❦✲
t♦r❡♥ ✉♥❞ ❞❡r ▼♦r♣❤✐s♠❡♥ ③✇✐s❝❤❡♥ ▼❛tr✐①❢❛❦t♦r✐s✐❡r✉♥❣❡♥✱ ✇❡❧❝❤❡ ❞✉r❝❤ ❞✐❡s❡
❋✉♥❦t♦r❡♥ ✐♥❞✉③✐❡rt ✇❡r❞❡♥✱ ✉♥t❡rs✉❝❤❡♥✳ ❉❛r✉♠ ❞❡✜♥✐❡r❡♥ ✇✐r ❡✐♥❡♥ ❋✉♥❦t♦r
Ξ ③✇✐s❝❤❡♥ ❞❡r ❑❛t❡❣♦r✐❡ ❞❡r ❋✉s✐♦♥s❢✉♥❦t♦r❡♥ ✉♥❞ ❞❡r ❑❛t❡❣♦r✐❡ ▼❛tr✐①❢❛❦✲
t♦r✐s✐❡r✉♥❣❡♥✳ ❑♦♥❦r❡t st❡❧❧❡♥ ✇✐r ✉♥s ❞✐❡ ❋r❛❣❡ ✐st Ξ s✉r❥❡❦t✐✈ ✉♥❞ ♦❞❡r ✐♥❥❡❦t✐✈
❛✉❢ ❞❡♥ ▼♦r♣❤✐s♠❡♥❄ ❊s st❡❧❧t s✐❝❤ ❤❡r❛✉s ❞❛ss Ξ ✐♠ ❋❛❧❧ R = C[x] s✉r❥❡❦t✐✈
❛❜❡r ♥✐❝❤t ✐♥❥❡❦t✐✈ ✐st✳ ❋ür ❞❡♥ ❋❛❧❧ R = C[x, y] ❣✐❜t ❡s ä❤♥❧✐❝❤❡ ❘❡s✉❧t❛t❡✱
✇♦❜❡✐ ✇✐r ❤✐❡r ❛❜❡r ❡✐♥s❝❤rä♥❦❡♥❞❡ ❇❡❞✐♥❣✉♥❣❡♥ ❢♦r❞❡r♥ ♠üss❡♥✳ ❊s ❣❡❧❛♥❣ ❢ür
❜❡✐❞❡ ❋ä❧❧❡ ❞✐❡ ③✉❣❡❤ör✐❣❡♥ ❑❡r♥❡ ✐♥ ❡✐♥❡♠ ✇✐❝❤t✐❣❡♥ ❙♣❡③✐❛❧❢❛❧❧ ③✉ ❜❡st✐♠♠❡♥✳



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ♦❢ ❛❧❧ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s♣❡❝✐❛❧ ❛♣♣r❡❝✐❛t✐♦♥ ❛♥❞ t❤❛♥❦s t♦ ♠②
s✉♣❡r✈✐s♦r ❯♥✐✈✳✲Pr♦❢✳ ❉✐♣❧✳✲P❤②s✳ ❉r✳ ❙t❡❢❛♥ ❋r❡❞❡♥❤❛❣❡♥ ❢♦r ❤✐s ♣❛t✐❡♥t
❣✉✐❞❛♥❝❡✱ ❡♥❝♦✉r❛❣❡♠❡♥t ❛♥❞ ❛❞✈✐s❡✳ ❆❧s♦ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❣r♦✉♣ ♦❢
♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐♥ t❤❡ ♣❤②s✐❝s ❞❡♣❛rt♠❡♥t ❛t t❤❡ ✉♥✐✈❡rs✐t② ♦❢ ❱✐❡♥♥❛
✇❤✐❝❤ ✐s ❛ ✈❡r② ♥✐❝❡ ❝♦♠♠✉♥✐t② ❛♥❞ ♣r♦❞✉❝❡s ❛ ❣♦♦❞ ✇♦r❦✐♥❣ ❛t♠♦s♣❤❡r❡ ❢♦r
❛ s❡❧❢✲❝♦♥s✐st❡♥t ✇♦r❦✳ ❆ s♣❡❝✐❛❧ t❤❛♥❦ ❣♦❡s t♦ ♠② ❝♦❧❧❡❛❣✉❡s ❚✐♠♦♥✱ ❏❛❦♦❜
❛♥❞ ❆r❦❛r❞② ❢♦r t❤❡ ✇♦♥❞❡r❢✉❧ s❤❛r❡❞ ♠❡♠♦r✐❡s ❞✉r✐♥❣ ♦✉r st✉❞✐❡s ❛♥❞ t❤❡✐r
❤❡❧♣ ❛♥❞ ❛❞✈✐s❡ ✐♥ ❛♥② q✉❡st✐♦♥✳ ❋✐♥❛❧❧② ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧② ✇❤✐❝❤
s✉♣♣♦rt❡❞ ♠❡ ✇✐t❤ ❧♦✈❡ ❛♥❞ ❣❛✈❡ ♠❡ ❛♥② t❤✐♥❦❛❜❧❡ ♣♦ss✐❜✐❧✐t② ✐♥ ♠② ❧✐❢❡✳
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✹ ❋✉s✐♦♥ ❢✉♥❝t♦rs ✷✺

✹✳✶ ❋✉s✐♦♥ ❢✉♥❝t♦rs ❛♥❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✹✳✷ ❆❝t✐♦♥ ♦♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✹✳✸ ❋✉s✐♦♥ ❢✉♥❝t♦rs ❞❡s❝r✐❜❡ ❢✉s✐♦♥✿ ♦♣❡r❛t♦r✲❧✐❦❡ ✐♥t❡r❢❛❝❡s ✳ ✳ ✳ ✳ ✳ ✷✽
✹✳✹ ❚❤❡ ❝❛s❡ ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✹✳✹✳✶ ❊✈❡♥ ♠♦r♣❤✐s♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✹✳✹✳✷ ❖❞❞ ♠♦r♣❤✐s♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✹✳✹✳✸ ■♥❥❡❝t✐✈✐t② ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✺ ❚❤❡ ❝❛s❡ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✹✳✺✳✶ ❙✉r❥❡❝t✐✈✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❢❡r♠✐♦♥✐❝ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✸✼
✹✳✺✳✷ ❙✉r❥❡❝t✐✈✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❜♦s♦♥✐❝ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✻ ❚❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ❛♥❞ t❤❡ ❏❛❝♦❜✐ r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹✳✼ ❖✉t❧♦♦❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

❆♣♣❡♥❞✐❝❡s ✺✶

✶



❆ ❋♦r♠❛❧ ❞❡✜♥✐t✐♦♥s ✺✷

❆✳✶ ▼♦❞✉❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
❆✳✷ ❈❛t❡❣♦r② ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
❆✳✸ ❍♦♠♦❧♦❣✐❝❛❧ ❆❧❣❡❜r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❇ Pr♦♦❢s ✺✻

❇✳✶ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
❇✳✷ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ✇❡ ✉s❡ ✐♥ t❤✐s t❤❡s✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧ ✐♥
s♦❧✐❞ st❛t❡ ♣❤②s✐❝s✱ t❤❡ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❡
❛r❡ s✉♣♣♦s✐♥❣ ♦✉r ♠♦❞❡❧ ✐s s✉♣❡rs②♠♠❡tr✐❝✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥
q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♥ ❙tr✐♥❣ ❚❤❡♦r②✳

❘♦✉❣❤❧② s♣❡❛❦✐♥❣ s✉♣❡rs②♠♠❡tr② ♠❡❛♥s t❤❛t ❡✈❡r② ❜♦s♦♥✐❝ ♣❛rt✐❝❧❡ ❤❛s ❛
s✉♣❡rs②♠♠❡tr✐❝ ❢❡r♠✐♦♥✐❝ ♣❛rt♥❡r ♣❛rt✐❝❧❡✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤✐s ✉♥❝♦♠♠♦♥ s②♠♠❡✲
tr② ✐♥ ♥❛t✉r❡ ✇❛s ❜♦r♥ ✐♥ t❤❡ ✶✾✼✵✬s✳ ❙✉♣❡rs②♠♠❡tr② ✐s ❛ ✧❤♦t✧ ❝❛♥❞✐❞❛t❡ ❢♦r
❛ ❣r❛♥❞ ✉♥✐❢②✐♥❣ t❤❡♦r② ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ❡①t❡♥❞ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✐♥ ❛ ✇❛②
t❤❛t ♣♦ss✐❜❧② ❛❧❧ ❢♦r❝❡s ❛r❡ ♦❢ ❡q✉❛❧ str❡♥❣t❤ ❛t ❤✐❣❤ ❡♥❡r❣✐❡s✱ ❛s ✐♥ t❤❡ ②♦✉♥❣
✉♥✐✈❡rs❡✳ ❚❤❡ t❤❡♦r② ❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r ❞❛r❦ ♠❛tt❡r✳

■♥ ♣❛rt✐❝✉❧❛r s✉♣❡rs②♠♠❡tr② s❛②s t❤❛t ♣❤②s✐❝s ❤❛s t♦ ❜❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛
❜✐❣❣❡r ❝❧❛ss ♦❢ s②♠♠❡tr② ♦♣❡r❛t✐♦♥s t❤❛♥ ♦♥❧② tr❛♥s❧❛t✐♦♥s✱ r♦t❛t✐♦♥s ❛♥❞ ❜♦♦sts✳
❲❡ ❝❛❧❧ t❤❡s❡ s②♠♠❡tr✐❡s ✐♥t❡r♥❛❧ s②♠♠❡tr✐❡s✱ ✇❤❡r❡ t❤❡ s②♠♠❡tr✐❡s ✇❤✐❝❤ ❛r❡
❞❡s❝r✐❜❡❞ ❜② t❤❡ P♦✐♥❝❛ré✲❣r♦✉♣ ❛r❡ ❝❛❧❧❡❞ s♣❛t✐❛❧ s②♠♠❡tr✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r
t❤✐s ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ t♦ ❡①t❡♥❞ t❤❡ P♦✐♥❝❛ré✲❛❧❣❡❜r❛ ✐♥ ❛ ♥♦♥ tr✐✈✐❛❧ ✇❛②✳
❲❤❡♥ ✇❡ tr② t♦ ❞♦ t❤✐s ✉s✐♥❣ ❡①t❡♥s✐♦♥s ♦❢ ♦r❞✐♥❛r② ▲✐❡✲❛❧❣❡❜r❛s t❤❡r❡ ✐s ❛
✈❡r② ❣❡♥❡r❛❧ r❡s✉❧t ❢r♦♠ ❈♦❧❡♠❛♥ ❛♥❞ ▼❛♥❞✉❧❛ ✐♥ ✶✾✻✼✱ ✇❤✐❝❤ st❛t❡s t❤❛t ❛❧❧
✐♥t❡r❛❝t✐♦♥s ✐♥ ❛ ✜❡❧❞ t❤❡♦r② ✇♦✉❧❞ ✈❛♥✐s❤ ✐❢ t❤❡ s②♠♠❡tr② ❣r♦✉♣ ♦❢ t❤❡ t❤❡♦r②
♠✐①❡s s♣❛t✐❛❧ ❛♥❞ ✐♥t❡r♥❛❧ s②♠♠❡tr✐❡s✳

❇✉t ✇❤❡♥ ✇❡ ❡①t❡♥❞ t❤❡ P♦✐♥❝❛ré✲❛❧❣❡❜r❛ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❣r❛❞❡❞ ▲✐❡
❛❧❣❡❜r❛s ✐t t✉r♥s ♦✉t t❤❡r❡ ❛r❡ ♥♦♥tr✐✈✐❛❧ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ P♦✐♥❝❛ré✲
❛❧❣❡❜r❛ ✐♥ 3 + 1 ♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ s✉♣❡r✲P♦✐♥❝❛ré✲❛❧❣❡❜r❛s✳ ❆ s②st❡♠
✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐s ❝❛❧❧❡❞ s✉♣❡rs②♠♠❡tr✐❝✳

❚❤❡ s✉♣❡rs②♠♠❡tr② tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❝❤❛♥❣❡s ❢❡r♠✐♦♥✐❝ ♣❛rt✐❝❧❡s ✐♥t♦
t❤❡✐r ❜♦s♦♥✐❝ s✉♣❡r♣❛rt♥❡rs ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ tr❛♥s❧❛t✐♦♥ ✐♥ ❛ ❣❡♥❡r❛❧✐③❡❞ s♣❛❝❡
❝❛❧❧❡❞ s✉♣❡rs♣❛❝❡✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs ♦❢ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ✇❡ ❝❛❧❧
s✉♣❡r❝❤❛r❣❡s✳ ❙✉♣❡rs♣❛❝❡ ❝♦♥s✐sts ♦❢ t❤❡ ♦r❞✐♥❛r② s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❛♥t✐✲
❝♦♠♠✉t✐♥❣ ❝♦♦r❞✐♥❛t❡s✱ s♦ ❝❛❧❧❡❞ ●r❛ss♠❛♥♥ ✈❛r✐❛❜❧❡s✳ ❚❤✐s tr❛♥s❧❛t✐♦♥ ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✐♥✈♦❧✈✐♥❣ ❛ ♠✐①t✉r❡ ♦❢ ♦r❞✐♥❛r② ❞❡r✐✈❛t✐✈❡s
❛♥❞ ●r❛ss♠❛♥♥ ❞❡r✐✈❛t✐✈❡s✳ ❖♥❡ ✐♠♣♦rt❛♥t t❤✐♥❣ ❛❜♦✉t s✉♣❡rs②♠♠❡tr② tr❛♥s✲
❢♦r♠❛t✐♦♥s ✐s t❤❛t ♦♥❡ ❝❛♥ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ s✉♣❡r❝❤❛r❣❡ ✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡

✸



s✉♣❡rs②♠♠❡tr② tr❛♥s❢♦r♠❛t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ N = 2✳

■♥ t❤❡ ✜rst ♣❛rt ✇❡ ❢♦❧❧♦✇ t❤❡ ❞✐s❝♦✉rs❡ ♦❢ ❬✶❪✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ s❡✈❡r❛❧N = (2, 2)
s✉♣❡rs②♠♠❡tr✐❝ t❤❡♦r✐❡s✱ ❡❛❝❤ ❧♦❝❛t❡❞ ❛t ❛ s♣❡❝✐❛❧ s♣❛❝❡✲t✐♠❡ r❡❣✐♦♥✳ ■❢ t❤❡s❡
s♣❛❝❡✲t✐♠❡ r❡❣✐♦♥s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❜♦✉♥❞❛r② ♦r ✐♥❝❧✉❞❡ ❞❡❢❡❝ts✱ t❤❡ ♥❛t✉r❛❧
q✉❡st✐♦♥ t❤❛t ❛r✐s❡s ✐s✿ ❲❤❛t ❤❛♣♣❡♥s ❛t t❤❡ ❜♦✉♥❞❛r② ♦r ❛t t❤❡ ❞❡❢❡❝ts❄ ❖✉r
❛✐♠ ✐s t♦ ❝♦♥str✉❝t ❛ t❤❡♦r② ✇❤✐❝❤ t❛❦❡s ❝❛r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r✐❡s ❛♥❞ ❞❡❢❡❝ts ❛♥❞
✐s st✐❧❧ s✉♣❡rs②♠♠❡tr✐❝ ✭✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡✮✳ ❚❤❡r❡❢♦r❡ ✇❡ ✐♠♣♦s❡ s❡✈❡r❛❧ ❝♦♥❞✐✲
t✐♦♥s t♦ ♦✉r s✉♣❡r❝❤❛r❣❡s✱ ❤♦✇ t❤❡② s❤♦✉❧❞ ❜❡❤❛✈❡ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦r ❞❡❢❡❝ts✳
❈♦♠♠♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡ s♦ ❝❛❧❧❡❞ A✲ ❛♥❞ B ✲❚②♣❡ ❝♦♥❞✐t✐♦♥s✳ ■♥ ❣❡♥❡r❛❧
t❤❡ ✈❛r✐❛t✐♦♥ ✉♥❞❡r s✉♣❡rs②♠♠❡tr②✱ t❛❦✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t✱ ❞♦❡s
♥♦t ✈❛♥✐s❤✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ♦♥❡ ♥❡❡❞s t♦ ✐♥tr♦❞✉❝❡ ❝❡rt❛✐♥ ♥♦♥✲❝❤✐r❛❧ s✉♣❡r✲
✜❡❧❞s s✉❝❤ t❤❛t t❤❡② ❝♦♠♣❡♥s❛t❡ t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s♣❛❝❡
t❤❡♦r②✳ ❲❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ ❛ ❝♦♥❞✐t✐♦♥ ✇❤❡♥ t❤❡ ✐♥tr♦❞✉❝❡❞ ✜❡❧❞s ❝♦♠♣❡♥s❛t❡s
t❤❡ ✈❛r✐❛t✐♦♥✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♥❝❧✉❞❡ t❤❡ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡
s✉♣❡r♣♦t❡♥t✐❛❧ ✭♦r t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s❤❛r❡❞
❜♦✉♥❞❛r②✮ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r② ❝❛❧❧❡❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ s✉♣❡r♣♦t❡♥t✐❛❧✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛ ▲❛♥❞❛✉✲●✐♥③❜✉r❣
♠♦❞❡❧ ✇✐t❤ s✉♣❡r♣♦t❡♥t✐❛❧W1 ✐s s❡♣❛r❛t❡❞ ❜② ❛ ❞❡❢❡❝t ❢r♦♠ ❛ ▲❛♥❞❛✉✲●✐♥③❜✉r❣
♠♦❞❡❧ ✇✐t❤ s✉♣❡r♣♦t❡♥t✐❛❧ W2✳ ❚❤❡ ❇✲t②♣❡ ❞❡❢❡❝ts ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s ❛r❡ ❞❡✲
s❝r✐❜❡❞ ❜② ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡W1−W2 ♦❢ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧s✳
❇② ♠♦❞❡❧❧✐♥❣ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧s ❛s ♣♦❧②♥♦♠✐❛❧s ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡s❡ ♠❛✲
tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ❛s ❤♦♠♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠♦❞✉❧❡s ♦✈❡r ❛ ✉♥✐t❛❧ ♣♦❧②♥♦♠✐❛❧
r✐♥❣ R✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ✇♦r❦ ♦✉t ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠♦❞✉❧❡
❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ ❛ ❝❛t❡❣♦r② ♦❢ ❢✉♥❝t♦rs ❜❡t✇❡❡♥ R✲♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s✳

◆❡①t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t♦rs ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❢♦❧❧♦✇✐♥❣ t❤❡
✐❞❡❛s ✐♥ ❬✷❪✳ ❲❡ ❝♦♥s✐❞❡r C✲❧✐♥❡❛r ❢✉♥❝t♦rs ♦♥ ❢r❡❡ R✲♠♦❞✉❧❡s✳ ❖✉r ❛✐♠ ❤❡r❡ ✐s
t♦ ❝♦♥str✉❝t ❛ ❝❛t❡❣♦r② ♦❢ ❢✉♥❝t♦rs✳ ❚♦ ❢♦r♠ s✉❝❤ ❛ ❝❛t❡❣♦r② ✇❡ ✜rst ♥❡❡❞ t♦

❞❡✜♥❡ ♠♦r♣❤✐s♠s φ
(n)
U,V ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t♦rs U ❛♥❞ V ✳ ❚❤❡ ❞❡✜♥❡❞ ♠♦r♣❤✐s♠s

❛r❡ ❣r❛❞❡❞ ✐♥ t❤❛t s❡♥s❡ t❤❛t t❤❡② ❛❝t ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡ ❤♦♠♦♠♦r✲
♣❤✐s♠s ♦❢ ❛ ❝❡rt❛✐♥ ❧❡♥❣t❤ n✳ ❇② ❞❡✜♥✐♥❣ ❛ ❞✐✛❡r❡♥t✐❛❧ d ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡
❝♦❤♦♠♦❧♦❣② ❝❧❛ss❡s ♦❢ t❤❡ ❣r❛❞❡❞ ♠♦r♣❤✐s♠s ❛♥❞ ❞✐s❝✉ss t❤❡ str✉❝t✉r❡ ♦❢ ♠♦r✲
♣❤✐s♠ s♣❛❝❡s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❢✉♥❝t♦r ❝❛t❡❣♦r✐❡s✳ ❚❤❡ ♦❜❥❡❝ts ♦❢
t❤❡s❡ ❝❛t❡❣♦r✐❡s ❛r❡ ❝❛❧❧❡❞ ❢✉s✐♦♥ ❢✉♥❝t♦rs✳ ❚❤❡s❡ ❢✉s✐♦♥ ❢✉♥❝t♦rs s❛t✐s❢② ❛ ❝❡r✲
t❛✐♥ ❤♦♠♦❣❡♥❡✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❛ s♣❡❝✐✜❝ ♣♦❧②♥♦♠✐❛❧ R✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠

W ✱ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧✳ ❚❤❡ ♠♦r♣❤✐s♠s φ
(n)
U,V ❜❡t✇❡❡♥ t❤❡ ❢✉s✐♦♥ ❢✉♥❝t♦rs U ❛♥❞

V r❡♠❛✐♥ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ s❡❝t✐♦♥ ❜❡❢♦r❡✳

❖♥❡ ✐♠♣♦rt❛♥t t❤✐♥❣ ❛❜♦✉t ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✐s t❤❛t t❤❡② ❢♦r♠ ❛ ❝❛t❡✲
❣♦r② t♦♦✱ ✇❤❡r❡ t❤❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ♦❜❥❡❝ts ❛r❡ r❡❛❧✐s❡❞ ❜② t❤❡ ③❡r♦t❤
❝♦❤♦♠♦❧♦❣② ❝❧❛ss ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ δ✳ ❇② ❞❡✜♥✐♥❣ ❛ s✉✐t❛❜❧❡ ❞✐✛❡r❡♥t✐❛❧ δQ1,Q2

♦♥ t❤❡ s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q1✱ Q2 ✇❡ ♦❜t❛✐♥ ❛

✹



❣r❛❞❡❞ str✉❝t✉r❡ t❤❡r❡ t♦♦✳ ■♥ ❢❛❝t ✇❡ ❤❛✈❡ ❛ Z2✲❣r❛❞✐♥❣ ♦♥ t❤✐s s♣❛❝❡ ✇❤❡r❡
♠♦r♣❤✐s♠s ♦❢ ❛♥ ♦❞❞ ❞❡❣r❡❡ ❛r❡ ❝❛❧❧❡❞ ❢❡r♠✐♦♥✐❝ ❛♥❞ ♠♦r♣❤✐s♠s ♦❢ ❛♥ ❡✈❡♥ ❞❡✲
❣r❡❡ ❛r❡ ❝❛❧❧❡❞ ❜♦s♦♥✐❝✱ ❡✳❣✳ ✐❢ ψ(i)✱ ✇✐t❤ i ♦❞❞✱ ✐s ❛ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠✱ δQ1,Q2

♠❛♣s ✐t t♦ ❛ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ δQ1,Q2
ψ(i) ❜❡t✇❡❡♥ Q1 ❛♥❞ Q2✳

❚❤❡ ❛✉t❤♦rs ♦❢ ❬✷❪ ❞❡✜♥❡❞ ❛ ♠❛♣ Ξ ❢r♦♠ t❤❡ s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡ n
t♦ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✱ ✇✐t❤ ΞQ

(
φ(n)

)
= φ(n)(Q, ..., Q)✱

✇❤❡r❡ Q ✐s ❛ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥✳ ■t t✉r♥s ♦✉t t❤❛t Ξ ♣r❡s❡r✈❡s t❤❡ ❞✐✛❡r❡♥t✐❛❧
str✉❝t✉r❡s ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡s✱ ✐✳❡✳ ✇❡ ♠❛♣ d✲❝❧♦s❡❞ ♦r ❡①❛❝t ♠♦r♣❤✐s♠s
t♦ δ✲❝❧♦s❡❞ ♦r ❡①❛❝t ♠♦r♣❤✐s♠s✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ❛♥❛❧②s❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s
♠❛♣ ΞIW ✱ ✇❤❡r❡ IW ✐s ❝❛❧❧❡❞ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t✳ ❙✐♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s
❛r❡ R ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s✱ t❤❡② ❝♦✉❧❞ ❜❡ ♠❛♣♣❡❞ t♦ R′ ♠♦❞✉❧❡ ❤♦♠♦♠♦r✲
♣❤✐s♠s ✉♥❞❡r ❛ ❢✉s✐♦♥ ❢✉♥❝t♦r U ✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛ ❢✉s✐♦♥ ❢✉♥❝t♦r U ✱ ❛
♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ Q ❛♥❞ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t IW t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿
U (IW )⊗Q ∼= U(Q)✳

❚❤❡ ✜rst q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ ΞIW ❢♦r ♠♦❞✉❧❡s ♦✈❡r R✳ ❲✐t❤
t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❣✐✈❡♥ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐✲
s❛t✐♦♥s U(IW ) ❛♥❞ V (WW )✱ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t t❤❡ ♣r❡✲✐♠❛❣❡ ✉♣ t♦ d ❡①❛❝t
t❡r♠s✳ ❚❤❡ ❛✉t❤♦rs ✐♥ ❬✷❪ s❤♦✇❡❞ t❤❛t t❤✐s ♠❛♣ ✐s ✐♥❞❡❡❞ s✉r❥❡❝t✐✈❡ ✐♥ t❤❡ ❝❛s❡
R = C[x]✳

❇② ❛♥❛❧②s✐♥❣ t❤❡ ♠❡t❤♦❞s ❬✷❪ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝♦✉♥t❡r ❡①❛♠♣❧❡ ✇❤✐❝❤

s❤♦✇s t❤❛t Ξ ❢❛✐❧s t♦ ❜❡ ✐♥❥❡❝t✐✈❡✳ ❍❡r❡ ✐♥❥❡❝t✐✈✐t② ♠❡❛♥s t❤❛t ❛ ♠♦r♣❤✐s♠ φ
(n)
U,V

♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ t❤❡ ❢✉s✐♦♥ ❢✉♥❝t♦rs U ❛♥❞ V t❤❛t ✐s ♠❛♣♣❡❞ t♦ ❛♥ ❡①❛❝t
♠♦r♣❤✐s♠ δψ(i) ✇❤❡r❡ ψ(i) ✐s ❜♦s♦♥✐❝ ❢♦r i = 0 ♦r ❢❡r♠✐♦♥✐❝ ❢♦r i = 1 ✐s ❡①✲

❛❝t ✐ts❡❧❢✳ ❚❤✐s ♠❡❛♥s t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ χ
(n−1)
U,V ♦❢ ❞❡❣r❡❡ n − 1 s✉❝❤ t❤❛t

dχ
(n−1)
U,V = φ

(n)
U,V ✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ s❡❡ ✐s ♥♦t t❤❡ ❝❛s❡✳

❲❡ t❤❡♥ ❛♥❛❧②s❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♠❛♣ ΞIW ❛♥❞ ✜♥❞ t❤❛t ✐t ✐s ❣✐✈❡♥ ❜② t❤❡
s♦✲❝❛❧❧❡❞ ❏❛❝♦❜✐ ✐❞❡❛❧ 〈∂xW 〉✳

❲❡ ❛❧s♦ ❛♥❛❧②s❡❞ t❤❡ s✉r❥❡❝t✐✈✐t② ✐♥ t❤❡ ❝❛s❡ R = C[x1, x2]✳ ■t t✉r♥s ♦✉t
t❤❛t ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ♣r♦♦❢ t❤❛t t❤❡ ♠❛♣ ΞIW ✐s s✉r❥❡❝t✐✈❡ ❜❡❝❛✉s❡ ♦❢ ❛
str❛♥❣❡ ♠✐①t✉r❡ ♦❢ t❡r♠s ✇❤✐❝❤ ❛r❡ ♦❢ ♦r❞❡r ③❡r♦ ✐♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ❛♥❞
q✉❛❞r❛t✐❝ t❡r♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠✳ ❚❤✐s ♠✐①t✉r❡ ♦❝❝✉rs
❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐♥❣ ♣r♦♣❡rt② ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ❇✉t ✐t t✉r♥s ♦✉t t❤❛t
❢♦r U = V = id t❤❡ ❦❡r♥❡❧ ✐s ❛❣❛✐♥ ❣✐✈❡♥ ❜② t❤❡ ❏❛❝♦❜✐ ✐❞❡❛❧ 〈∂x1

W,∂x2
W 〉✳
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❈❤❛♣t❡r ✷

❉❡❢❡❝ts ✐♥ ▲❛♥❞❛✉✲●✐♥③❜✉r❣

♠♦❞❡❧s

❚♦ ❛♥❛❧②s❡ t❤❡ ❢✉s✐♦♥ ♦❢ ❞❡❢❡❝ts ✐♥ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s ✇❡ ♥❡❡❞ t♦ ❞❡✲
s❝r✐❜❡ ❞❡❢❡❝ts ✐♥ s✉❝❤ ♠♦❞❡❧s✳ ❚❤❡ ❞❡❢❡❝ts ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ s♦✲❝❛❧❧❡❞ ❇✲t②♣❡
s✉♣❡rs②♠♠❡tr② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡
♦❢ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧s✳ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦r ✧❢✉s✐♦♥✧ ♦❢ ❞❡❢❡❝ts ♣r❡s❡r✈✐♥❣ t❤❡
❇✲t②♣❡ s✉♣❡rs②♠♠❡tr② ❛s ✇❡❧❧ ❛s t❤❡✐r ❛❝t✐♦♥ ♦♥ ❇✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ▼❛♥② ❝♦♥❝❡♣ts ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛s ♦❢ t❤✐s
❝❤❛♣t❤❡r ❛r❡ r❛t❤❡r ✐♥✈♦❧✈❡❞✱ s✉❝❤ t❤❛t ✇❡ ✇✐❧❧ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ♠♦st ✐♠♣♦rt❛♥t
♣❛rts✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s t❤❡r❡ ✐s ❛ ❧♦t ♦❢ ❧✐t❡r❛t✉r❡ ✐♥tr♦❞✉❝✐♥❣ t❤❡ r❡❛❞❡r t♦
t❤❡ t❤❡♦r② ♦❢ t♦♣♦❧♦❣✐❝❛❧ ◗❋❚✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛r❡ ♣r❡s❡♥t✐♥❣ ❛ s✉♠♠❛r②
♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♣❛rt ✐♥ ❬✶❪✱ ❝♦✈❡r✐♥❣ ❡✈❡r②t❤✐♥❣ ✇❡ ♥❡❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡
♣❤②s✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤✐s t❤❡s✐s✳

✷✳✶ ❉❡❢❡❝ts ✐♥ N = 2 t❤❡♦r✐❡s

■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡rs②♠♠❡tr✐❝ ✜❡❧❞ t❤❡♦r✐❡s
✇✐t❤ N = (2, 2) s✉♣❡rs②♠♠❡tr✐❡s✳ ❚❤✐s ♠❡❛♥s t❤❡r❡ ❛r❡ ❢♦✉r ♦❞❞ ❡❧❡♠❡♥ts ♦❢
t❤✐s s✉♣❡r ❛❧❣❡❜r❛ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② Q± ❛♥❞ t❤❡ ❝♦♥❥✉❣❛t❡❞ ♦♣❡r❛t♦rs ❜② Q̄±✳
❚❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥t✐ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥

{Q±, Q̄±} = H ± P ✭✷✳✶✮

✇❤❡r❡ P ✐s t❤❡ ♠♦♠❡♥t✉♠ ❛♥❞ H t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳ ❆❧❧ ♦t❤❡r ❝♦♠❜✐♥❛t✐♦♥s ♦❢
❛♥t✐ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♦❞❞ ❡❧❡♠❡♥ts ❛r❡ ✈❛♥✐s❤✐♥❣✳ ❇② ± ✇❡
❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ s♦✲❝❛❧❧❡❞ ❧❡❢t ❛♥❞ r✐❣❤t ♠♦✈❡rs✳

❚❤❡ ✜rst q✉❡st✐♦♥ t❤❛t ✇❡ ❤❛✈❡ t♦ ❛s❦ ♦✉rs❡❧✈❡s ✐s ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❝♦♥✲
s✐❞❡r ❛ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ✐♥✈♦❧✈❡s t✇♦ s✉♣❡rs②♠♠❡tr✐❝ t❤❡♦r✐❡s ♦♥ ♥♦t ♥❡❝❡s✲
s❛r✐❧② ❞✐s❥♦✐♥t r❡❣✐♦♥s ♦❢ s♣❛❝❡✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡ s✉♣♣♦s❡ ✇❡ ❤❛✈❡ t✇♦ t❤❡♦r✐❡s
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✇❤✐❝❤ ❛r❡ s✉♣❡rs②♠♠❡tr✐❝ ✇✐t❤ N = (2, 2) ❞❡✜♥❡❞ ♦♥ ❛ ❝❡rt❛✐♥ r❡❣✐♦♥ ✐♥ R2 ∼= C
✇❤✐❝❤ s❤❛r❡ ❛ ❝♦♠♠♦♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s❡t✱ ❝❛❧❧❡❞ ❞❡❢❡❝t ♦r ✐♥t❡r❢❛❝❡✳ ❇✉t
✇❤❛t ❤❛♣♣❡♥s ✇✐t❤ s✉♣❡rs②♠♠❡tr② ✐♥ t❤❡s❡ ❣❧✉❡❞ t❤❡♦r✐❡s❄ ■♥ t❤❡ ❝✉rr❡♥t ❝❤❛♣✲
t❡r ✇❡ ✇❛♥t t♦ ❣✐✈❡ ❛ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥✳

FT1

FT2

defect boundaryFT

❋✐❣✉r❡ ✷✳✶✿ ▲❡❢t✿ ❚✇♦ ✜❡❧❞ t❤❡♦r✐❡s s❡♣❛r❛t❡❞ ❜② ❛ ❞❡❢❡❝t✳ ❘✐❣❤t✿ ❆ t❤❡♦r② ✇✐t❤
❛ ❜♦✉♥❞❛r②✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✐♥✈❡st✐❣❛t❡ t✇♦ ❝❛s❡s ♦❢ ♣♦ss✐❜❧❡ ❜✉❧❦ t❤❡♦r✐❡s✱ t❤❡r❡❢♦r❡ s❡❡
✜❣✉r❡ ✷✳✶ ✳ ❚❤❡ ✜rst ❝❛s❡ ❝♦✈❡rs t✇♦ s✉❝❤ t❤❡♦r✐❡s t❤❛t ❛r❡ ❣❧✉❡❞ t♦❣❡t❤❡r ❛t
❛ ❞❡❢❡❝t✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠♠♦♥ r❡❣✐♦♥ ♦❢ s♣❛❝❡✲t✐♠❡ ✇✐t❤ ❝♦❞✐♠❡♥s✐♦♥ 1 ✐♥ ❜♦t❤
t❤❡♦r✐❡s✳ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ ❝♦♥❝❡r♥s ❛ ✜❡❧❞ t❤❡♦r② ✇❤✐❝❤ ❤❛s ❛ ❜♦✉♥❞❛r②✳ ■♥ t❤❡
❝❛s❡ ♦❢ N = 2 t❤❡♦r✐❡s t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ✇❛②s t♦ ✐♠♣❧❡♠❡♥t s✉❝❤ ❞❡❢❡❝ts ♦r
❜♦✉♥❞❛r✐❡s✳ ❚❤❡s❡ ❛r❡ ❝❛❧❧❡❞ ❆✲ ❛♥❞ ❇✲t②♣❡ ❞❡❢❡❝ts ♦r ❜♦✉♥❞❛r✐❡s r❡s♣❡❝t✐✈❡❧②✳
❚❤❡s❡ ❆✲ ❛♥❞ ❇✲t②♣❡ ❝♦♥❞✐t✐♦♥s ❞♦ ♥♦t ♣r❡s❡r✈❡ t❤❡ ✇❤♦❧❡ s✉♣❡rs②♠♠❡tr② ♦❢
t❤❡ t❤❡♦r✐❡s ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ❣❡♥❡r❛❧✱ ❜✉t t❤❡② ♣r❡s❡r✈❡ s✉♣❡rs②♠♠❡tr②
✇✐t❤ ❛ ♠♦❞✐✜❡❞ ✈❛r✐❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ t❤❡♦r✐❡s ❣❧✉❡❞ t♦❣❡t❤❡r ♦♥❡ ❝❛♥
s✉♣♣♦s❡ t❤❛t ♦♥❡ ♣r❡s❡r✈❡s ❛ ❦✐♥❞ ♦❢ ✧❞✐❛❣♦♥❛❧ s✉♣❡rs②♠♠❡tr②✧ ✇❤✐❝❤ ✇✐❧❧ ❜❡
❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ❜❡❧♦✇✳

◆♦t❡ t❤❛t ❜♦✉♥❞❛r✐❡s ❜r❡❛❦ s②♠♠❡tr✐❡s ✐♥ ❡✈❡r② ❝❛s❡ ❛♥❞ ❞❡❢❡❝ts ✐♥ ❣❡♥❡r❛❧
❜r❡❛❦ s♦♠❡ s②♠♠❡tr✐❡s t♦♦✱ t♦ s❡❡ t❤✐s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r❡①❛♠♣❧❡✳
❙✉♣♣♦s❡ t✇♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r✐❡s ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ C ❛r❡ ❣❧✉❡❞ t♦❣❡t❤❡r
❛t t❤❡ r❡❛❧ ❧✐♥❡ R ⊂ C✳ ■t ✐s ❝❧❡❛r t❤❛t t❤✐s ❣❧✉❡❞ t❤❡♦r② ✐s ♥♦t s②♠♠❡tr✐❝ ✉♥❞❡r
tr❛♥s❧❛t✐♦♥s✱ ❡✈❡♥ ✐❢ t❤❡ t✇♦ ♦r✐❣✐♥❛t✐♥❣ t❤❡♦r✐❡s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r tr❛♥s❧❛✲
t✐♦♥s✳ ❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❛r② ✐♥st❡❛❞✱ t❤❡ tr❛♥s❧❛t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ ✐s
❛❧✇❛②s ❜r♦❦❡♥✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♥❡❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝❛s❡ ♦❢ t✇♦ t❤❡♦r✐❡s ❣❧✉❡❞ t♦✲
❣❡t❤❡r ❛❧♦♥❣ ❛ ❞❡❢❡❝t✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r s✐t✉❛t✐♦♥s ✇❤❡r❡ t✇♦ s✉❝❤ t❤❡♦r✐❡s ❤❛✈❡
❛ ❝♦♠♠♦♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r❢❛❝❡✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ❛ s❡t✉♣ ♦❢ s✉♣❡rs②♠♠❡tr②
♣r❡s❡r✈✐♥❣ ❞❡❢❡❝ts✱ ✐✳❡✳ t❤♦s❡ ❞❡❢❡❝ts ✇❤♦s❡ ♣r❡s❡♥❝❡ st✐❧❧ ❛❧❧♦✇ t❤❡ t♦t❛❧ t❤❡♦r②
t♦ ❜❡ s✉♣❡rs②♠♠❡tr✐❝ ✉♥❞❡r ❛ ❝♦♥str❛✐♥t s✉♣❡rs②♠♠❡tr✐❝ ✈❛r✐❛t✐♦♥✳ ▼♦❞❡❧❧✐♥❣
t❤❡ ❞❡❢❡❝t ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ R ⊂ C s❡♣❛r❛t✐♥❣ t✇♦ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t t❤❡♦r✐❡s ♦♥
t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡ ✇❡ ❞❡♠❛♥❞ t❤❛t✿

• ❇✲t②♣❡ ❞❡❢❡❝t✿ ❋♦r ❇✲t②♣❡ ❞❡❢❡❝ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡

✼



s✉♣❡r❝❤❛r❣❡s ❛r❡ ❝♦♥s❡r✈❡❞

QB = Q+ +Q−,

Q̄B = Q̄+ + Q̄−.
✭✷✳✷✮

❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t ❛❧♦♥❣ t❤❡ ❞❡❢❡❝t ❧✐♥❡ t❤❡ s✉♣❡r❝❤❛r❣❡s ❤❛✈❡
t♦ ❢✉❧❧✜❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✧❣❧✉✐♥❣ ❝♦♥❞✐t✐♦♥s✧✿

Q
(1)
+ +Q

(1)
− = Q

(2)
+ +Q

(2)
− ,

Q̄
(1)
+ + Q̄

(1)
− = Q̄

(2)
+ + Q̄

(2)
− .

✭✷✳✸✮

❚❤❡ s✉❜s❝r✐♣ts (1) ❛♥❞ (2) r❡❢❡r t♦ t❤❡ t✇♦ t❤❡♦r✐❡s ♦♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢
♣❧❛♥❡ r❡s♣❡❝t✐✈❡❧②✳

• ❆✲t②♣❡ ❞❡❢❡❝ts✿ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❣❧✉✐♥❣ ❝♦♥❞✐t✐♦♥s ❛❧♦♥❣ t❤❡
❞❡❢❡❝t ❝❛♥ ❜❡ t✇✐st❡❞ ❜② ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ s✉♣❡rs②♠♠❡tr② ❛❧❣❡❜r❛
✇❤✐❝❤ ❡①❝❤❛♥❣❡s Q± ✇✐t❤ Q̄± ✿

Q
(1)
+ + Q̄

(1)
− = Q

(2)
+ + Q̄

(2)
− ,

Q̄
(1)
+ +Q

(1)
− = Q̄

(2)
+ +Q

(2)
− .

✭✷✳✹✮

❚❤❡② ❡♥s✉r❡ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥s

QA = Q+ + Q̄−,

Q̄A = Q̄+ +Q−.
✭✷✳✺✮

❛r❡ ❝♦♥s❡r✈❡❞✳

■❢ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡♦r✐❡s ✇❤✐❝❤ ❤❛✈❡ ❛ ❜♦✉♥❞❛r② ✐♥st❡❛❞ ♦❢ ❛ ❞❡❢❡❝t✱ ✇❡ r❡♣❧❛❝❡ t❤❡
♣❤r❛s❡ ✧❞❡❢❡❝t✧ ❜② ✧❜♦✉♥❞❛r②✧ ❛♥❞ ❛♣♣❧② t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❛❜♦✈❡ ✇❤❡r❡
t❤❡ s✉♣❡rs❝r✐♣t (2) ♥♦✇ st❛♥❞s ❢♦r t❤❡ ❜♦✉♥❞❛r②✳ ■♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❞❡❢❡❝ts
❛s ✇❡❧❧ ❛s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❡♥t✱ ❆✲ ♦r ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr② ❝❛♥
❜❡ ♣r❡s❡r✈❡❞✱ ✐♥ ❝❛s❡ ❛❧❧ ❞❡❢❡❝ts ❛♥❞ ❜♦✉♥❞❛r✐❡s ❛r❡ ♦❢❆✲ ❛♥❞ ❇✲t②♣❡ r❡s♣❡❝t✐✈❡❧②✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✇❡ ❝❛♥♥♦t ♣r❡s❡r✈❡ t❤❡ ✇❤♦❧❡ N = (2, 2) s✉♣❡rs②♠♠❡✲
tr② ❛❧❣❡❜r❛ ✐♥ ❣❡♥❡r❛❧ ✇❤❡♥ ✇❡ ❣❧✉❡ t✇♦ ❛r❜✐tr❛r② t❤❡♦r✐❡s t♦❣❡t❤❡r✳ ❇✉t t❤❡r❡
❛r❡ t✇♦ s♣❡❝✐❛❧ ❝❧❛ss❡s ♦❢ ❞❡❢❡❝ts ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ ✇❤♦❧❡ N = (2, 2) s✉♣❡rs②♠✲
♠❡tr② ❛❧❣❡❜r❛✳ ❚❤❡ ✜rst ❝❧❛ss ✐s ❣✐✈❡♥ ❜②

Q
(1)
± = Q

(2)
± , Q̄

(1)
± = Q̄

(2)
± ♦♥ R, ✭✷✳✻✮

✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮ ❛♥❞ ✭✷✳✸✮✳ ❖♥❡ ♣❛rt✐❝✉❧❛r ❞❡❢❡❝t ♦❢ t❤✐s
❦✐♥❞ ✐s t❤❡ tr✐✈✐❛❧ ❞❡❢❡❝t✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ ♦♥❡ ❛♥❞ t❤❡ s❛♠❡
t❤❡♦r②✳ ❉❡❢❡❝ts ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ✜rst ❦✐♥❞ ❜②
♠✐rr♦r s②♠♠❡tr②✳ ❚❤❡② ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❧✉✐♥❣ ❝♦♥❞✐t✐♦♥s

Q
(1)
+ = Q

(2)
+ , Q̄

(1)
+ = Q̄

(2)
+

Q
(1)
− = Q̄

(2)
− , Q̄

(1)
− = Q

(2)
− ♦♥ R,

✭✷✳✼✮

✽



❚❤❡ s✉♣❡rs②♠♠❡tr② ❛❧❣❡❜r❛ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t ❞❡❢❡❝ts ♦❢ t❤❡s❡ t✇♦ ❝❧❛ss❡s
♣r❡s❡r✈❡ tr❛♥s❧❛t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ s✐♥❝❡ t❤❡② ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ s♣❛❝❡✲t✐♠❡
r❡❣✐♦♥ ❛♥❞ ❛t ♠♦st ❞✐✛❡r ❜② ❛ s✐❣♥✳ ❋r♦♠ t❤❡ ❣❧✉✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✉♣❡r✲
❝❤❛r❣❡s ✐t ❞✐r❡❝t❧② ❢♦❧❧♦✇s

P (1) = P (2) ❛♥❞ H(1) = H(2) ♦♥ R. ✭✷✳✽✮

❇✉t ♥♦t❡ t❤❛t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✇❤✐❝❤ ❛✉t♦♠❛t✐❝❛❧❧② ❜r❡❛❦ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ❧♦❝❛❧ tr❛♥s❧❛t✐♦♥ s②♠♠❡tr✐❡s ❛♥❞
t❤❡r❡❢♦r❡ ❝❛♥ ❛t ♠♦st ♣r❡s❡r✈❡ t❤❡ ❤❛❧❢ ♦❢ t❤❡ ❜✉❧❦ s②♠♠❡tr②✳

■♥ ♦r❞❡r t♦ st✉❞② ❞❡❢❡❝ts ✐♥ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ t❤❡♦r✐❡s ♦♥❡ ❝❛♥ ❛♣♣❧② ♠❛♥②
t❡❝❤♥✐q✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ st✉❞② ♦❢ t❤❡♦r✐❡s ✇✐t❤ ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❝❤ ✇❡r❡
❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸❪ ❛♥❞ ❬✹❪✳

✷✳✷ ❉❡❢❡❝ts ✐♥ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s

◆♦✇ ✇❡ ✐♥✈❡st✐❣❛t❡ ❞❡❢❡❝ts ✐♥ s✉♣❡rs②♠♠❡tr✐❝ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s ✐♥ t✇♦
❞✐♠❡♥s✐♦♥s✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡♣❡❛t ❛ ❢❡✇ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❜❛s✐❝s ♦❢ s✉♣❡rs②♠✲
♠❡tr②✳ ❚❤❡♥ ✇❡ s❤♦✇ ❤♦✇ ❜♦✉♥❞❛r② ❛♥❞ ❞❡❢❡❝t ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ s❛t✐s✜❡❞
✐♥ s✉♣❡rs②♠♠❡tr✐❝ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s ❜② ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ✜❡❧❞s t♦ ♦✉r
t❤❡♦r② ✇❤✐❝❤ ❢❛❝t♦r✐③❡ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝♦✉rs❡ ❬✶❪✳ ❙✉❝❤ ❛
❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧ ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛✲
t✐♦♥s✳ ❲❤❡♥❡✈❡r ✇❡ ❝❛♥ ♦❜t❛✐♥ s✉❝❤ ❛ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦
s❛② t❤❛t ✇❡ ❝❛♥ s❛t✐s❢② t❤❡ s✉♣❡rs②♠♠❡tr② ❝♦♥❞✐t✐♦♥s ♦♥ ❜♦✉♥❞❛r✐❡s ♦r ❞❡❢❡❝ts✳
❆ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt② ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✐s t❤❛t t❤❡② ❢♦r♠ ❛ ❝❛t❡❣♦r②
✇✐t❤ ♠♦r♣❤✐s♠s ❞❡✜♥❡❞ ❜❡❧♦✇✳ ❲❡ ❛r❡ ❛❧s♦ ❣♦✐♥❣ t♦ ❞✐s❝✉ss t❤❡ ❝❛s❡ ✇❤❡r❡ ♦♥❡
❛♥❞ t❤❡ s❛♠❡ t❤❡♦r② ✐s s❡♣❛r❛t❡❞ ❜② s❡✈❡r❛❧ ❞❡❢❡❝ts ❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥
t❤❡s❡ ❞❡❢❡❝ts ❝♦♠❡ ❝❧♦s❡r ❛♥❞ ❝❧♦s❡r t♦❣❡t❤❡r✳

✷✳✷✳✶ ❇✉❧❦ ❛❝t✐♦♥

❈♦♥s✐❞❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ N = (2, 2) s✉♣❡rs♣❛❝❡✱ t❤❡ s♣❛❝❡ ✐s s♣❛♥♥❡❞ ❜②
t✇♦ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ✭❜♦s♦♥✐❝ ❝♦♦r❞✐♥❛t❡s✮ x± = x0±x1 ❛♥❞ ❢♦✉r ●r❛ss♠❛♥♥
✈❛r✐❛❜❧❡s ✭❢❡r♠✐♦♥✐❝ ❝♦♦r❞✐♥❛t❡s✮ θ±, θ̄±✳❚❤❡ s✉♣❡r❝❤❛r❣❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ t❤✐s s✉♣❡rs♣❛❝❡✱ t❤❡② ❛r❡ ❣✐✈❡♥ ❜②

Q± =
∂

∂θ±
+ iθ̄±∂± , Q̄± = −

∂

∂θ̄±
− iθ±∂± . ✭✷✳✾✮

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ✈✐❡✇ s✉♣❡rs②♠♠❡tr② tr❛♥s❢♦r♠❛t✐♦♥s ❛s tr❛♥s❧❛t✐♦♥ ✐♥ t❤❡
s✉♣❡rs♣❛❝❡✳ ❚♦ ❞❡r✐✈❡ t❤❡ ❣r♦✉♣ ♦❢ t❤❡ s✉♣❡rs②♠♠❡tr② ❛❧❣❡❜r❛ ✇❡ ✉s❡ t❤❡
❡①♣♦♥❡♥t✐❛❧ ♠❛♣✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ r✐❣❤t ♦r ❧❡❢t ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦♥ ✜❡❧❞s
♦♥ t❤✐s s✉♣❡rs♣❛❝❡✳ ❙✉♣❡r❝❤❛r❣❡s ❛r❡ ❣✐✈❡♥ ❜② ❛ ❧❡❢t ❛❝t✐♦♥ ❛♥❞ t❤❡ ♦♣❡r❛t♦rs
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r✐❣❤t ❛❝t✐♦♥ ❛r❡ ❝❛❧❧❡❞ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡② ❛r❡

✾



❣✐✈❡♥ ❜②

D± =
∂

∂θ±
− iθ̄±∂± , D̄± = −

∂

∂θ̄±
+ iθ±∂± . ✭✷✳✶✵✮

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❈❤✐r❛❧ s✉♣❡r✜❡❧❞s ❛r❡ ✜❡❧❞s ♦♥ t❤❡ N = (2, 2) s✉♣❡rs♣❛❝❡✱
X = X(x, θ+, θ−, θ̄+, θ̄−) ✇❤✐❝❤ s❛t✐s❢②

D̄±X = 0. ✭✷✳✶✶✮

■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡✜♥❡✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✳ ❆♥t✐❝❤✐r❛❧ s✉♣❡r✜❡❧❞s ❛r❡ ✜❡❧❞s ♦♥ t❤❡ N = (2, 2) s✉♣❡rs♣❛❝❡✱
X = X(x, θ+, θ−, θ̄+, θ̄−) ✇❤✐❝❤ s❛t✐s❢②

D±X̄ = 0. ✭✷✳✶✷✮

❘❡♠❛r❦ ✷✳✷✳✶ ✭❈❤✐r❛❧ s✉♣❡r✜❡❧❞s✮✳ ❲❤❡♥ ✇❡ ♣❡r❢♦r♠ ❛ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ y± = x± − iθ±θ̄± t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ D̄± ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r D̄± = ∂

∂y± s✉❝❤ t❤❛t ❛ ❝❤✐r❛❧ s✉♣❡r✜❡❧❞ X ❝❛♥ ❣❡♥❡r❛❧❧② ❜❡
r❡♣r❡s❡♥t❡❞ ❜②

X = φ
(
y±
)
+ θαψα

(
y±
)
+ θ+θ−F

(
y±
)
, ✭✷✳✶✸✮

✇❤❡r❡ α ∈ {±} ❛♥❞ φ, ψ, F ❛r❡ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s ♦❢ y±✳

❚❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧ ♦❢ t❤✐s t❤❡s✐s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝t✐♦♥

S = SD + SF , ✭✷✳✶✹✮

❲❡ ❞❡♠❛♥❞ t❤❛t t❤✐s t❤❡♦r② ❤❛✈❡ ♦♥❧② ❛ ✜♥✐t❡ ❛♠♦✉♥t ♦❢ s✉♣❡r✜❡❧❞s Xi✳ ❚❤❡
❉✲t❡r♠ ✐s ❣✐✈❡♥ ❜②

SD =

∫
K
(
Xi, X̄i

)
d4θd2x, ✭✷✳✶✺✮

✇❤❡r❡K ✐s t♦ s♦ ❝❛❧❧❡❞ ❑ä❤❧❡r ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ ✢❛t ❛♥❞ ❞✐❛❣♦♥❛❧✱
✐✳❡✳ K =

∑
i X̄iXi✳ ❚❤❡ ❋✲t❡r♠

SF =

∫
W (Xi)

∣∣
θ̄±=0

dθ+dθ−d2x+

∫
W̄
(
X̄i

) ∣∣
θ̄±=0

dθ+dθ−d2x ✭✷✳✶✻✮

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧ W ✱ ✇❤✐❝❤ ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❝❤✐r❛❧ s✉♣❡r✜❡❧❞s Xi✳ ❆t t❤✐s ♣♦✐♥t ✇❡ ♠❛❦❡ ❛♥ ✈❡r② ✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡
r❡st ♦❢ t❤❡s✐s✱ ✇❤✐❝❤ ❤♦❧❞s ❢♦r t❤❡ ❧❛t❡r ❝❤❛♣t❡rs ✐❢ ♥♦t❤✐♥❣ ♦t❤❡r ✐s ♠❡♥t✐♦♥❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ❚❤❡ s✉♣❡r♣♦t❡♥t✐❛❧W ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❝❤✐r❛❧ s✉♣❡r✜❡❧❞s
Xi✳

◆♦t❡ t❤❛t ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❤♦❧♦♠♦r♣❤✐❝✳

■♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ✇✐t❤♦✉t ❜♦✉♥❞❛r✐❡s ❛♥❞ ❞❡❢❡❝ts ✇❤✐❝❤ ✐s N = (2, 2)
s✉♣❡rs②♠♠❡tr✐❝✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

δ = ǫ+Q− − ǫ−Q+ − ǭ+Q̄− + ǭ−Q̄+, ✭✷✳✶✼✮

✶✵



✇❤✐❝❤ ✈❛♥✐s❤❡s ❢♦r ❛❧❧ ǫ±, ǭ±✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥s❡r✈❡❞ s✉♣❡r❝❤❛r❣❡s ❝❛♥
t❤❡♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

Q± =

∫ (
(∂0 ± ∂1)φ̄j̄ψ

j
± ∓ iψ̄

ī
∓∂īW̄

)
dx1,

Q± =

∫ (
ψ̄j̄
±(∂0 ± ∂1)φj ± iψ

i
∓∂iW

)
dx1.

✭✷✳✶✽✮

✷✳✷✳✷ ❇✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♠❛tr✐① ❢❛❝t♦r✐s❛✲

t✐♦♥s

▲❡t ✉s ♥♦✇ ❞✐s❝✉ss t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧ ♦♥ t❤❡ ✉♣♣❡r
❤❛❧❢ ♣❧❛♥❡ ✭❯❍P✮ ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❛t t❤❡ r❡❛❧ ❧✐♥❡ R✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t❤✐s
♣r♦❜❧❡♠ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦♥❡ ✇✐t❤ ❛ t❤❡♦r② ✇✐t❤ ❞❡❢❡❝ts✳ ❙♦ ✇❡ ❜❡❣✐♥ ♦✉r
❞✐s❝✉ss✐♦♥ ✇✐t❤ t❤❡ ❡❛s✐❡r ❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❛r②✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ♦✉r ♣r♦❜❧❡♠
❛r❡ ❞❡✜♥❡❞ ❜②

z = z̄ = t, θ+ = θ− = θ, θ̄+ = θ̄− = θ̄. ✭✷✳✶✾✮

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❛t R ⊂ C t❤❡♥ r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ s✉♣❡rs②♠✲
♠❡tr✐❡s

δB = ǫQ− ǭQ̄, ✭✷✳✷✵✮

❞✉❡ t♦ t❤❡ ❇✲t②♣❡ ❝♦♥❞✐t✐♦♥s✱ ♦♥❧② t❤❡ s✉♣❡rs②♠♠❡tr② ❣❡♥❡r❛t♦rs

Q = Q+ +Q−, Q̄ = Q̄+ + Q̄−, ✭✷✳✷✶✮

❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❇✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t
s✉♣❡rs②♠♠❡tr② tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ✭✷✳✶✼✮ ♦♥❧② ♣r❡s❡r✈❡ t❤❡ ❜♦✉♥❞❛r②
✐❢ ǫ+ = −ǫ− =: ǫ ❛♥❞ ǭ+ = −ǭ− =: ǫ✳

❆ ♥♦t ✈❡r② s✉r♣r✐s✐♥❣ r❡s✉❧t ✐s t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❜✉❧❦ ▲❛♥❞❛✉✲
●✐♥③❜✉r❣ ❛❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ C ✇✐t❤ ❇✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ♥♦t ✐♥✈❛r✐❛♥t
✉♥❞❡r ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr② ✭✷✳✷✵✮✱ t❤❡ ✈❛r✐❛t✐♦♥ ♣r♦❞✉❝❡s ✐♥ ❣❡♥❡r❛❧ ♥♦♥ ✈❛♥✲
✐s❤✐♥❣ t❡r♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s♣❧✐t ❛s

δBS = δBSD + δBSF . ✭✷✳✷✷✮

❖♥❡ ❝❛♥ s❤♦✇ ❜② str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ F ✲t❡r♠
✐s ❣✐✈❡♥ ❜②

δBSF = i

∫

∂Σ

ǭWdθ̄dt− i

∫

∂Σ

ǫW̄dθ̄dt. ✭✷✳✷✸✮

❚♦ ✧r❡♣❛✐r✧ t❤❡ ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr② ♦♥❡ ❤❛s t✇♦ ♣♦ss✐❜✐❧✐t✐❡s t♦ ❛❝❤✐❡✈❡
t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ δBS ✈❛♥✐s❤❡s✳ ❋✐rst❧② ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛❞✲
❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r② t❡r♠s ✇❤♦s❡ ✈❛r✐❛t✐♦♥ ❝♦♠♣❡♥s❛t❡s t❤❡ t❡r♠s ♦❝❝✉rr✐♥❣ ✐♥
δBS✳ ❖r s❡❝♦♥❞ ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✜❡❧❞s ✇❤✐❝❤
❡♥s✉r❡ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ✐s tr✐✈✐❛❧✳

❚❤❡ ❛✉t❤♦rs ✐♥ ❬✺❪ ❛♥❞ ❬✻❪ s❤♦✇❡❞ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❛ s✉✐t❛❜❧❡ ❜♦✉♥❞❛r②
t❡r♠ t♦ ♦✉r ❛❝t✐♦♥ ✭✷✳✷✷✮ ❝❛♥ ❛❧✇❛②s ❝♦♠♣❡♥s❛t❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ D✲t❡r♠✳

✶✶



❚❤❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ r❡s✉❧t ✐s t❤❛t t❤❡ F ✲t❡r♠ ✭✷✳✷✸✮ ❝❛♥ ❜❡ ❝❛♥❝❡❧❧❡❞ ♦✉t ❜②
❛❞❞✐♥❣ ❡①tr❛ ♥♦♥✲❝❤✐r❛❧ ❢❡r♠✐♦♥✐❝ ❜♦✉♥❞❛r② s✉♣❡r✜❡❧❞s π1, ..., πr t♦ t❤❡ t❤❡♦r②✱
✇❤✐❝❤ ♦❜❡②

D̄πi = Ei. ✭✷✳✷✹✮

❚❤❡ ♥❡✇ ✜❡❧❞s ♣r♦❞✉❝❡ ❛ ✈❛r✐❛t✐♦♥ t❡r♠ ❛t t❤❡ ❜♦✉♥❞❛r② ✇❤✐❝❤ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠

δBSπ = i

∫

∂Σ

Jiπidθdt+ c.c, ✭✷✳✷✺✮

t❤✐s ❡①❛❝t❧② ❝❛♥❝❡❧s ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥✲③❡r♦ t❡r♠ ♦❢ ♦✉r ♦r✐❣✐♥❛❧ ❛❝t✐♦♥✱ ✐❢

∑

i

JiEi =W ✭✷✳✷✻✮

✐s s❛t✐s✜❡❞✳ ❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❡ ❝❛♥ ♣r❡s❡r✈❡ ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr②
❢♦r ▲❛♥❞❛✉✲●✐♥③❜✉r❣ t❤❡♦r✐❡s ✇✐t❤ ❜♦✉♥❞❛r✐❡s ✐♥ ✐t✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❡①♣❧❛✐♥❡❞
❛❜♦✈❡ ✐s t❤❡ ✉♥❞❡r❧②✐♥❣ ❦❡② ✐❞❡❛ ♦❢ t❤❡ ❝♦♥❝❡♣ts t❤❛t ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡
❧❛t❡r ❝❤❛♣t❡rs✳ ❲❡ s❛✇ t❤❛t ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr② ❜② ✜♥❞✐♥❣
❛ r❡s♦❧✉t✐♦♥ ♦❢ W ✐♥t♦ ♣r♦❞✉❝ts✳ ■♥ t❤✐s ❞✐s❝✉ss✐♦♥ ✇❡ ♥❡❣❧❡❝t t❤❡ D✲t❡r♠ s✐♥❝❡
✐t ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❜♦✉♥❞❛r② t❡r♠ ✇❤✐❝❤ ❞♦❡s ♥♦t
❝❤❛♥❣❡ t❤❡ ❛❝t✐♦♥ ❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✳

❚❤✐s s✉❣❣❡sts t❤❛t t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ s✉♣❡rs②♠♠❡tr✐❝ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❜✉❧❦
t❤❡♦r② ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞ ❛ ❤♦♠♦♠♦r♣❤✐s♠ Q ✭♥♦t t❤❡ s✉♣❡r❝❤❛r❣❡✮ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠

Q =

(
0 E
J 0

)
, ✭✷✳✷✼✮

✇❤✐❝❤ ❤❛s t♦ s❛t✐s❢②Q2 =W ·IdMQ
✇❤❡r❡MQ ✐s ❛ ♠♦❞✉❧❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣

R = C[x]✳ ❚❤✐s ❤♦♠♦♠♦r♣❤✐s♠ ✐s ❝❛❧❧❡❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥✳ ▲❡t ✉s s✉♠♠❛r✐③❡
t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✹✳ ▲❡t W ❜❡ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧✱ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡
❝❤✐r❛❧ s✉♣❡r✜❡❧❞s Xi ♦❢ t❤❡ t❤❡♦r②✳ ❲❡ ❞❡✜♥❡ ❛ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ❛s ❛ ❤♦♠♦✲
♠♦r♣❤✐s♠ Q :MQ →MQ✱ ✇❤❡r❡ MQ ✐s ❛ ❢r❡❡ Z2 ❣r❛❞❡❞ ♠♦❞✉❧❡ ♦✈❡r R = C[x]
♦❢ t❤❡ ❢♦r♠

MQ =MQ,1 ⊕MQ,2, ✭✷✳✷✽✮

✇✐t❤ Q s❛t✐s❢②✐♥❣ Q2 =W · 1MQ
✳

❆ ✈❡r② ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡s❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✐s t❤❛t t❤❡② ❤❛✈❡ ❛
❝❡rt❛✐♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡✳ ■♥ ❢❛❝t t❤❡② ❢♦r♠ ❛ ❝❛t❡❣♦r② ✭❡✳❣ ❆✳✷✳✶✮✱ ✇❤❡r❡ t❤❡
♦❜❥❡❝ts ♦❢ t❤❡ ❝❛t❡❣♦r② ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s t❤❡♠s❡❧✈❡s ❛♥❞
t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✐s r❡❛❧✐s❡❞ ❛s t❤❡ ③❡r♦t❤
❝♦❤♦♠♦❧♦❣② ♦❢ Z2✲❣r❛❞❡❞ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❡rt❛✐♥
❞✐✛❡r❡♥t✐❛❧✳

✶✷



✷✳✷✳✸ ❇✲t②♣❡ ❞❡❢❡❝ts ❛♥❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❛ t❤❡♦r② ✇✐t❤ ❛ ❜♦✉♥❞❛r② ✐s ✈❡r② s✐♠✐❧❛r
t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ t❤❡♦r② ✇✐t❤ ❛ ❞❡❢❡❝t ✐♥ ✐t✳ ❋♦r t❤✐s ✇❡ ✇✐❧❧ ✐♥❞❡❡❞ ❢♦❧❧♦✇
t❤❡ s❛♠❡ str❛t❡❣② ✉s❡❞ ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❇✲t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✐♥ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s r❡✈✐❡✇❡❞ ✐♥ ✷✳✷✳✷ ❛❜♦✈❡✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ❞✐s❝♦✉rs❡ ✐♥
❬✶❪ ❛♥❞ ❝♦♥s✐❞❡r t✇♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡rs②♠♠❡tr✐❝ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s
✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❞❡❢❡❝t ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ R ⊂ C✳ ▲❡t t❤❡ t❤❡♦r② ♦♥ t❤❡
✉♣♣❡r ❤❛❧❢ ♣❧❛♥❡ ✭❯❍P✮ ❤❛✈❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❤✐r❛❧ s✉♣❡r✜❡❧❞sXi ❛♥❞ ❛ s✉♣❡r✲
♣♦t❡♥t✐❛❧W1(X1, ..., Xn)✳ ❆♥❛❧♦❣♦✉s❧② t❤❡ t❤❡♦r② ♦♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡ ✭▲❍P✮
❤❛✈❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤✐r❛❧ s✉♣❡r✜❡❧❞s Yi ❛♥❞ ❛ s✉♣❡r♣♦t❡♥t✐❛❧
W2 ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡♠✱ t♦♦✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ ❞❡❢❡❝ts ✇❤✐❝❤ ♣r❡s❡r✈❡
t❤❡ ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr②✱ ✇❡ t❤❡r❡❢♦r❡ ✐♠♣♦s❡ ❇✲t②♣❡ ❝♦♥❞✐t✐♦♥s✳ ❙✐♠✐❧❛r t♦
t❤❡ ❝❛s❡ ♦❢ ❛ t❤❡♦r② ✇✐t❤ ❛ ❜♦✉♥❞❛r②✱ t❤❡ ❇✲t②♣❡ s✉♣❡rs②♠♠❡tr✐❝ ✈❛r✐❛t✐♦♥ ❞♦❡s
♥♦t ✈❛♥✐s❤ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ♦♥❧② s❧✐❣❤t❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣
t❡r♠s ♦♥ t❤❡ ❯❍P ❛♥❞ ▲❍P ❞✐✛❡r ❜② ❛ s✐❣♥ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ R✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ❇✲t②♣❡ s✉✲
♣❡rs②♠♠❡tr② ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✜rst ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧ ♦♥ t❤❡
❯❍P ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ♦♥ t❤❡ ▲❍P ✐s ❣✐✈❡♥ ❜②

δBS = δBSD + δBSF

δBSF = ±i

∫ (
ǭ(W1 −W2)− ǫ(W̄1 − W̄2)

)
.

✭✷✳✷✾✮

❆❣❛✐♥ δBSD ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② t❡r♠
❛♥❞ δBSF ❝❛♥ ❜❡ ❝❛♥❝❡❧❧❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❢❡r♠✐♦♥✐❝ ✜❡❧❞s π1, ..., πr
✇❤✐❝❤ s❛t✐s❢②

D̄πi = Ei. ✭✷✳✸✵✮

❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ♦✉t❧✐♥❡❞ ✐♥ ✷✳✷✳✷ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❧❡❛❞s
t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❇✲t②♣❡ ❞❡❢❡❝ts ❜❡t✇❡❡♥ t❤❡ t✇♦ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s
❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ W =W1−W2 ♦❢ t❤❡
r❡s♣❡❝t✐✈❡ s✉♣❡r♣♦t❡♥t✐❛❧s✱ ✇❤✐❝❤ sq✉❛r❡s t♦ W1 −W2✱ ✐✳❡✳

∑

i

JiEi = (W1 −W2) · 1M . ✭✷✳✸✶✮

✷✳✷✳✹ ❋✉s✐♦♥ ♦❢ ❇✲t②♣❡ ❞❡❢❡❝ts

❚❤❡ q✉❡st✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡r❡ ❛r❡ s❡✈❡r❛❧
❞❡❢❡❝ts s❡♣❛r❛t✐♥❣ t❤❡ t❤❡♦r② ♦♥❡ t❤❡♦r② ❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✐❢ t❤❡ ❛r❡❛ ♦❢ s❡♣✲
❛r❛t✐♦♥ ❜❡❝♦♠❡ ✐♥✜♥✐t❡s✐♠❛❧ s♠❛❧❧✱ t❤✐s ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ❢✉s✐♦♥✳ ❚❤✐s q✉❡st✐♦♥
✇❛s ❛♥s✇❡r❡❞ ❜② ❬✼❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❞❡❢❡❝ts✳
❲❡ ❝♦♥s✐❞❡r C ✇✐t❤ t✇♦ ❞❡❢❡❝ts ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q1 ❛♥❞
Q2 ✇❤✐❝❤ s❡♣❛r❛t❡ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ✐♥t♦ t❤r❡❡ t❤❡♦r✐❡s✱ s❡❡ ✜❣✉r❡ ✷✳✷✳

❚❤❡ s✉♣❡r♣♦t❡♥t✐❛❧s ❢♦r ❡❛❝❤ t❤❡♦r② ❞❡♣❡♥❞ ♦♥ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s {x1,i}i∈I1 ✱
{x2,i}i∈I2 ❛♥❞ {x3,i}i∈I3 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q1 ❛♥❞ Q2 s❛t✲
✐s❢② t❤❡ r❡❧❛t✐♦♥sQ2

1 =W1({x1,i}i∈I1)−W2({x2,i}i∈I2) ❛♥❞Q
2
2 =W2({x2,i}i∈I2)−

✶✸



Q1 Q2 Q1
~⊗Q2

W1 W2 W3

Fusion
W1 W3

❋✐❣✉r❡ ✷✳✷✿ ❋✉s✐♦♥ ♦❢ ❞❡❢❡❝ts

W3({x3,i}i∈I3)✱ ❞❡r✐✈❡❞ ❛❜♦✈❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ xj =
{xj,i}i∈Ij ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❤❡♦r② ♦❢ Wi✳ ❚❤❡r❡ ✐s ❛ t❤❡♦✲
r❡♠ ✇❤✐❝❤ st❛t❡s t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❢✉s❡ t❤❡ ❞❡❢❡❝ts t♦ ❛ ♥❡✇ ❞❡❢❡❝t ✇✐t❤ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ Q1 ⊗ Q2✳ ❚❤❡ ♦♥❧② s♠❛❝❦ ♦❢ t❤✐s t❤❡♦r❡♠
✐s t❤❛t Q1 ⊗ Q2 st✐❧❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s x2✳ ❆♥♦t❤❡r st❛t❡♠❡♥t t❤❛t ✐s
❛ ❜❛s✐❝ r❡s✉❧t✱ s❤♦✇s t❤❛t ♦♥❡ ❝❛♥ ✜♥❞ ❛♥ ❡q✉✐✈❛❧❡♥t ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ Q3

✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ x1 ❛♥❞ x3✳

❚❤✐s ✐s ♦♥❡ ♣♦ss✐❜❧❡ ♠♦t✐✈❛t✐♦♥ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛✲
tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✇❡ ❤♦♣❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❝❡ss ♦❢ ❢✉s✐♥❣✱ ✐✳❡✳ ❛ ✇❛② t♦
❡①♣r❡ss Q3 ✇✐t❤♦✉t ❞✐✣❝✉❧t ❝❛❧❝✉❧❛t✐♦♥s✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ✇✐❧❧ ❞❡✜♥❡ s♦
❝❛❧❧❡❞ ❢✉s✐♦♥ ❢✉♥❝t♦rs ✭✇❤✐❝❤ ❢♦r♠ ❛ ❝❛t❡❣♦r② t♦♦✮ ❧❛t❡r ♦♥✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥t
s✉❝❤ ❢✉s✐♦♥s✳ ❆t t❤✐s ♣♦✐♥t ✐t ✐s ♥♦t ❝❧❡❛r ✐❢ ♦♥❡ ❝❛♥ ♠♦❞❡❧ ❛♥② ❢✉s✐♦♥ ♣r♦❝❡ss
❜② s✉❝❤ ❢✉s✐♦♥ ❢✉♥❝t♦rs ❜✉t ✇❡ ❤♦♣❡ t♦ ✜♥❞ t❤❡ ❛♥s✇❡r ❜② ✉♥❞❡rst❛♥❞✐♥❣ t❤❡
str✉❝t✉r❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳

✶✹



❈❤❛♣t❡r ✸

❋✉♥❝t♦rs

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❢✉♥❝t♦r ❝❛t❡❣♦r✐❡s ❢♦❧❧♦✇✐♥❣ t❤❡
✐❞❡❛s ✐♥ ❬✷❪ ❢r♦♠ ✇❤❡r❡ ✇❡ ❛❧s♦ t❛❦❡ ♦✈❡r ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♦❢s ♦❢ t❤✐s s❡❝t✐♦♥✳
❚❤❡r❡❢♦r❡ ✇❡ r❡q✉✐r❡ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡ ✐♥ ❝❛t❡❣♦r② t❤❡♦r②✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ❞❡❢✲
✐♥✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❆✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❣r❛❞❡❞
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❢✉♥❝t♦rs ♦✈❡r R✲♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s s✉❝❤ t❤❛t t❤❡② ❢♦r♠ ❛
❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❝❛t❡❣♦r② ❛♥❞ ❞✐s❝✉ss t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡s✳

✸✳✶ ▲✐♥❡❛r ❢✉♥❝t♦rs ♦♥ ❢r❡❡ ♠♦❞✉❧❡s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❝♦♥s✐❞❡r ❝❛t❡❣♦r✐❡s ♦❢ ❢r❡❡ ✜♥✐t❡ r❛♥❦ R✲♠♦❞✉❧❡s✱ ✇❤❡r❡ R ✐s
❛ ✉♥✐t❛❧ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ ♦✈❡r C✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ✇✐t❤ R✲modf ✳ ❲❡ ❛r❡ ❧♦♦❦✐♥❣
❢♦r ❢✉♥❝t♦rs U : R✲modf → R′✲modf ❜❡t✇❡❡♥ t✇♦ s✉❝❤ ♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s R✲
modf ❛♥❞ R′✲modf ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ✐♥ t❤❡ ♠♦❞✉❧❡✲❤♦♠♦♠♦r♣❤✐s♠s✱ ✐✳❡✳

∀M,N ∈ R✲modf , ∀f, g ∈ Hom(M,N), ∀α, β ∈ C : U(αf+βg) = αU(f)+βU(g).
✭✸✳✶✮

■♥ t❤✐s t❤❡s✐s ✐t ✐s ♦❢ ♠❛❥♦r ✐♠♣♦rt❛♥❝❡ t♦ ✐♥✈❡st✐❣❛t❡ ♠❛♣s ❜❡t✇❡❡♥ t❤♦s❡
❢✉♥❝t♦rs✱ ✇❤✐❝❤ ❢✉❧❧✜❧❧ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s ❧✐❦❡ ❧✐♥❡❛r✐t② ♦r ❛ss♦❝✐❛t✐✈✐t②✳ ❚❤❡r❡❢♦r❡
♦✉r ❛✐♠ ✐s t♦ r❡❣❛r❞ t❤❡s❡ ❢✉♥❝t♦rs t❤❡♠s❡❧✈❡s ❛s ♦❜❥❡❝ts ♦❢ ❛ ❝❛t❡❣♦r② ❛♥❞ ❞❡✜♥❡
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U, V : R✲modf → R′✲modf ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ▲❡t n ∈ N ❛♥❞ Mn+1
fn
←− Mn

fn−1
←−−− Mn−1...

f1
←− M1 ❜❡ ❛♥②

s❡q✉❡♥❝❡ ♦❢ ♥ ♠♦❞✉❧❡✲❤♦♠♦♠♦r♣❤✐s♠s✳ ❲❡ ❝❛❧❧ φ
(n)
UV ∈ Homn(U, V ) ❛ ♠♦r♣❤✐s♠

♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✱ ✇❤❡♥ ✐t ♠❛♣s ❛♥② s❡q✉❡♥❝❡ ♦❢ ♥
♠♦❞✉❧❡✲❤♦♠♦♠♦r♣❤✐s♠s t♦ ❛ ♠♦r♣❤✐s♠ ❢r♦♠ U(M1) t♦ V (Mn+1) ✇❤✐❝❤ ✐s C✲
❧✐♥❡❛r ✐♥ ❡❛❝❤ ♠♦r♣❤✐s♠ ❡♥tr② fi ✇✐t❤ 1 ≤ i ≤ n✳ ❍❡r❡ Homn(U, V ) ❞❡♥♦t❡s

✶✺



t❤❡ s❡t ♦❢ ❛❧❧ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ U ❛♥❞ V ✳ ❚❤✉s ✇❡ ❝❛♥ ✇r✐t❡✿

φ
(n)
UV :

(
Mn+1

fn
←−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)

7→ φ
(n)
UV

(
Mn+1

fn
←−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)
∈ Hom(U(M1), V (Mn+1)).

✭✸✳✷✮

❚❤❡ ♥❡①t ✐♥❣r❡❞✐❡♥t ✇❡ ♥❡❡❞ t♦ ❜✉✐❧❞ ❛ ❝❛t❡❣♦r② ♦❢ ❢✉♥❝t♦rs ♦❢ ♠♦❞✉❧❡ ❝❛t❡✲
❣♦r✐❡s ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥❡❞ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡s❡ ❢✉♥❝t♦rs
t♦ ❣❛✐♥ ❛ ♥♦t✐♦♥ ♦❢ ❛ss♦❝✐❛t✐✈✐t②✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❣✐✈❡♥ ♠♦r♣❤✐s♠s φ
(n)
UV ❛♥❞ φ

(n′)
VW ♦❢

t❤❡ ❞❡❣r❡❡ n ❛♥❞ n′ r❡s♣❡❝t✐✈❡❧②✱ ✐s ❣✐✈❡♥ ❜②

(
φ
(n′)
VW ◦ φ

(n)
UV

)(
Mn+n′+1

fn+n′

←−−−− ...
f1
←−M1

)

=φ
(n′)
VW

(
Mn+n′+1

fn+n′

←−−−− ...
fn+1
←−−−Mn+1

)
◦ φ

(n)
UV

(
Mn+1

fn
←− ...

f1
←−M1

)
.

✭✸✳✸✮

✇❤✐❝❤ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n+ n′✳

◆♦t❡ t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥s ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡
❛r❡ ♥♦t ✐♥ t❤❡ s❛♠❡ s♣❛❝❡✳ ❖♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✇❡ ♠❡❛♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢
❛ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡ n ❛♥❞ n′ ✐♥ t❤❡ ❢✉♥❝t♦r ❝❛t❡❣♦r② ❛♥❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐♥ t❤❡ R′✲modf ❝❛t❡❣♦r②✳ ❆❧s♦ ♥♦t❡
t❤❛t ❜② t❤✐s ❞❡✜♥✐t✐♦♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❢✉♥❝t♦r ❝❛t❡❣♦r② ✐s
❛ss♦❝✐❛t✐✈❡✳

❋✐♥❛❧❧② ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛♥ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ ✐♥ ♦✉r ❢✉♥❝t♦r ❝❛t❡❣♦r②✱ t❤✐s
❝❛♥ ❜❡ ❞♦♥❡ ❛s ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✸✳ ❚❤❡ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ ✐s ♦❢ ❞❡❣r❡❡ 0 ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② idU ∈
Hom0(U,U) ❛♥❞ ✐t ✐s ❞❡✜♥❡❞ ❜②

idU (M1) = U (1M1) = 1U(M1). ✭✸✳✹✮

◆♦✇ ✇❡ ❛r❡ ❛❜❧❡ t♦ st❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r ❝❛t❡❣♦r② ❜❡t✇❡❡♥ t✇♦
♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✳ ❚❤❡ ❢✉♥❝t♦r ❝❛t❡❣♦r② FunR,R′ ❤❛s C✲❧✐♥❡❛r ❢✉♥❝t♦rs ❛s ♦❜✲
❥❡❝ts ❛♥❞ t❤❡ s❡t ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t♦rs U, V ∈ FunR,R′ ❢r♦♠ R✲
modf t♦ R′✲modf ✐s ❣✐✈❡♥ ❜②

Hom(U, V ) =
∞⊕

n=0

Homn(U, V ). ✭✸✳✺✮

✶✻



✸✳✷ ❉✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❢✉♥❝t♦r ❝❛t❡❣♦r②

❲❡ ✇❛♥t t♦ ❡q✉✐♣ ♦✉r ❢✉♥❝t♦r ❝❛t❡❣♦r② FunR,R′ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡
t♦ ♦❜t❛✐♥ ❛ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❝❛t❡❣♦r②✱ t❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛ s✉✐t❛❜❧❡
❞✐✛❡r❡♥t✐❛❧ d ♦♥ t❤❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① ✭❝✳❧✳ ❆✳✸✳✷✮ ♦❢ t❤❡ ❣r❛❞❡❞ ♠♦r♣❤✐s♠ s♣❛❝❡s✱

✇❤✐❝❤ ♠❛♣s ❛ ♠♦r♣❤✐s♠ φ
(n)
UV ♦❢ ❞❡❣r❡❡ n t♦ ❛ ♠♦r♣❤✐s♠ φ

(n+1)
UV ♦❢ ❞❡❣r❡❡ n+1✳

❚❤❡ ✐♠♣♦rt❛♥t t❤✐♥❣ ❛❜♦✉t t❤✐s ❞✐✛❡r❡♥t✐❛❧ ❜❡❧♦✇ ✐s t❤❛t t❤✐s ❞✐✛❡r❡♥t✐❛❧ ✐s
❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧❣②✳ ❲❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤✐s ❢❛❝t
t♦ st❛t❡ ♦✉r r❡s✉❧t ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♠♦r♣❤✐s♠ s♣❛❝❡s ✐♥ t❤✐s ❝❛t❡❣♦r②✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ❋♦r t✇♦ ❢✉♥❝t♦rs U, V ∈ FunR,R′ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♠❛♣s ❛

♠♦r♣❤✐s♠ φ
(n)
UV t♦ ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n+ 1 ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

(
dφ

(n)
UV

)(
Mn+2

fn+1
←−−−Mn+1

fn−1
←−−−Mn...

f1
←−M1

)

= V (fn+1) ◦ φ
(n)
UV

(
Mn+1

fn
←−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)

+ (−1)φ
(n)
UV

(
Mn+2

fn+1◦fn
←−−−−−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)

+ ...

+ (−1)nφ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f2◦f1
←−−−M1

)

+ (−1)n+1φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f2
←−M2

)
◦ U(f1)

✭✸✳✻✮

❚❤✐s ✐♥❞❡❡❞ ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❝❛t❡❣♦r② ✭❝✳❧✳ ❆✳✷✳✷✮✳ ❚❤❡ ❢❛❝t
t❤❛t d ◦ d = 0 ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✸✳✷✳✶✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ d s❛t✐s✜❡s d ◦ d = 0 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡✐❜♥✐③
♣r♦♣❡rt②

d
(
φ
(n)
VW ◦ φ

(n′)
UV

)
=
(
dφ

(n)
VW

)
◦ φ

(n′)
UV + (−1)nφ

(n)
VW ◦

(
dφ

(n′)
UV

)
. ✭✸✳✼✮

Pr♦♦❢✳ ❙❡❡ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ✧Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✷✳✶✧✳

❉✉❡ t♦ t❤❡ ❧❡♠♠❛ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ d ✇❡ ❝❛♥ ♥♦✇ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t
t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✱ ❞❡♥♦t❡❞ ❜② Hn(Hom(U, V ))✱ ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ✐♥
FunR,R′ ✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✷✳ F̃ unR,R′ ✐s ❛ ❝❛t❡❣♦r② ✇✐t❤ t❤❡ s❛♠❡ ♦❜❥❡❝ts ❛s FunR,R′ ❛♥❞
✇✐t❤ t❤❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t♦rs U, V ❣✐✈❡♥ ❜②

H∗(Hom(U, V )) =

∞⊕

n=0

Hn(Hom(U, V )). ✭✸✳✽✮

✶✼



❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ d ✇❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t t❤❡ ❞❡❣r❡❡ 0 ♠♦r♣❤✐s♠s ♦❢
t❤❡ ❝❛t❡❣♦r② F̃ unR,R′ ❛r❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ✭❝✳❧✳ ❞❡✜♥✐t✐♦♥ ❆✳✷✳✺✮ ❜❡t✇❡❡♥

❛♥② t✇♦ ❢✉♥❝t♦rs U, V ∈ F̃ unR,R′ s✐♥❝❡ φ
(0)
UV ✐s ❝❧♦s❡❞ ✭♥♦t❡ t❤❛t ❛❧❧ ♠♦r♣❤✐s♠s

✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❛r❡ ❝❧♦s❡❞✮✱ ✐✳❡✳

0 =
(
dφ

(0)
UV

)(
M2

f1
←−M1

)
= V (f1) ◦ φ

(0)
UV (M1)− φ

(0)
UV (M2) ◦ U(f1). ✭✸✳✾✮

❚♦ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✇❡ ✜rst ❤❛✈❡ t♦ s❤♦✇ t❤❛t
✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ s♣❛❝❡s ♦❢ ♠♦r♣❤✐s♠s ✐♥ FunR,R′ ✇✐t❤♦✉t ❧♦s✐♥❣ ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ str✉❝t✉r❡✳ ■t ✐s ❡♥♦✉❣❤ ❢♦r ❛♥② t✇♦ ❧✐♥❡❛r ❢✉♥❝t♦rs U, V ∈ FunR,R′ t♦
❝♦♥s✐❞❡r t❤❡ s✉❜s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡ n t❤❛t ✈❛♥✐s❤ ✇❤❡♥ ♦♥❡ ♦❢ t❤❡✐r
❡♥tr✐❡s ✐s t❤❡ ✐❞❡♥t✐t②✱ ✐✳❡✳

Homred
n (U, V ) = {φ

(n)
UV ∈ Homn(U, V ), φ

(n)
UV (fn, ..., 1, ..., f1) = 0}. ✭✸✳✶✵✮

❚❤❡ s♣❛❝❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ♠♦r♣❤✐s♠s ✐s t❤❡♥ ❣✐✈❡♥ ❜②

Homred(U, V ) =

∞⊕

n=0

Homred
n (U, V ). ✭✸✳✶✶✮

❖✉r ✜rst ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ▲❡t n ∈ N t❤❡♥

Hn
(
Homred(U, V )

)
∼= Hn(Hom(U, V )), ✭✸✳✶✷✮

❢♦r ❛❧❧ ♥✳

❚❤❡ str❛t❡❣② ♦❢ ♣r♦✈✐♥❣ t❤✐s r❡s✉❧t ✐s t♦ s❤♦✇ t❤❛t ❢♦r ❛♥ ❛r❜✐tr❛r② ❝❧♦s❡❞

♠♦r♣❤✐s♠ φ
(n)
UV ∈ Homn(U, V ) t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ φ̃

(n)
UV ∈ Hom

red
n (U, V ) s✉❝❤

t❤❛t t❤❡✐r ❞✐✛❡r❡♥❝❡ ✐s ❡①❛❝t✱ ✐✳❡✳

φ
(n)
UV − φ̃

(n)
UV = dψ

(n−1)
UV , ✭✸✳✶✸✮

✇❤❡r❡ ψ
(n−1)
UV ∈ Homn−1(U, V )✳ ■♥❞❡❡❞ t❤✐s ❢♦❧❧♦✇s ❜② ✐♥❞✉❝t✐♦♥ ❢r♦♠ t❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳✷✳ ▲❡t S ∈ N ❛♥❞ φS ∈ Homn(U, V ) ❜❡ ❛ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ ♦❢
❞❡❣r❡❡ n t❤❛t ✈❛♥✐s❤❡s ✐❢ ❛♥② ♦❢ ✐ts ❧❛st S ❛r❣✉♠❡♥ts ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ❚❤❡♥
t❤❡r❡ ✐s ❛ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ φS+1 ∈ Homn(U, V ) t❤❛t ✈❛♥✐s❤❡s ✐❢ ❛♥② ♦❢ ✐ts ❧❛st
S + 1 ❛r❣✉♠❡♥ts ✐s t❤❡ ✐❞❡♥t✐t②✱ s✉❝❤ t❤❛t φS − φS+1 ✐s ❡①❛❝t✳

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ✐s t❛❦❡♥ ♦✈❡r ❢r♦♠ ❬✷❪✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ✇r✐t❡ ♦✉t ✇❤❛t ❞♦❡s
✐t ♠❡❛♥ t❤❛t φS ✐s ❝❧♦s❡❞

dφS = 0. ✭✸✳✶✹✮

❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✉r ❞✐✛❡r❡♥t✐❛❧✱ t❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s

V (fn+1) ◦ φS(fn, ..., f1)− φS(fn+1 ◦ fn, ..., f1) + ...

+ (−1)nφS(fn+1, ..., f3, f2 ◦ f1) + (−1)n+1φS(fn+1, ..., f2) ◦ U(f1) = 0.
✭✸✳✶✺✮

✶✽



◆♦✇ s❡t fS+1 = fS+2 = 1✱ ✇❤❡r❡ 1 ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❢♦r R✲♠♦❞✉❧❡s ❛♥❞ ✐♥s❡rt
t❤✐s ✐♥t♦ ✭✸✳✶✺✮ ❛♥❞ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣r♦♣❡rt② t❤❛t φS ✐s ③❡r♦ ✇❤❡♥ ♦♥❡ ♦❢ ✐ts
❧❛st S ❡♥tr✐❡s ✐s t❤❡ ✐❞❡♥t✐t②✱

V (fn+1) ◦ φS(fn, ...,1,1, ..., f1)

− φS(fn+1 ◦ fn, ..., fS+3,1,1, ..., f1) + ...

(−1)n−S−2φS(fn+1, ..., fS+4 ◦ fS+3,1,1, fS , ..., f1)

+ (−1)n−S−1φS(fn+1, ..., fS+3,1, fS , ..., f1) = 0.

✭✸✳✶✻✮

◆❡①t ❞❡✜♥❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n− 1 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✱

ψS(fn−1, ..., f1) := φS(fn−1, ..., fS+1,1, fS , ..., f1). ✭✸✳✶✼✮

◆♦t❡ t❤❛t φS ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n ❛♥❞ ✇❡ ❛r❡ s❡tt✐♥❣ ✐ts S + 1 ❛r❣✉♠❡♥t
t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ■♥ t❤❡ ✜♥❛❧ st❡♣ ✇❡ s❤♦✇ t❤❛t

φS+1 := φS + (−1)n−S−1dψS , ✭✸✳✶✽✮

s❛t✐s✜❡s t❤❡ ❝❧❛✐♠ ♦❢ t❤❡ ❧❡♠♠❛✳ ❋✐rst ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ ψS ✱

dψS(fn+1, ..., fS+3, fS+1, ..., f1) = V (fn+1) ◦ φS(fn, ..., fS+3, fS+1,1, fS , ..., f1)

− φS(fn+1 ◦ fn, ..., fS+3, fS+1,1, fS , ..., f1) + ...

+ (−1)n−S−1φS(fn+1, ..., fS+4, fS+3 ◦ fS+1,1, fS , ..., f1)

+ (−1)n−SφS(fn+1, ..., fS+3,1, fS+1 ◦ fS , fS−1, ..., f1) + ...

+ (−1)n−1φS(fn+1, ..., fS+3,1, fS+1, ..., f3, f2 ◦ f1)

+ (−1)nφS(fn+1, ..., fS+3,1, fS+1, ..., f2) ◦ U(f1).

✭✸✳✶✾✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t dψS ✈❛♥✐s❤❡s ✐❢ ❛♥② ♦❢ ✐ts ❧❛st S ❛r❣✉♠❡♥ts ✐s t❤❡ ✐❞❡♥t✐t②
♠❛♣✱ s♦ t❤❛t φS+1 ❤❛s t❤✐s ♣r♦♣❡rt② t♦♦✳ ❲❡ ♥♦✇ ❡✈❛❧✉❛t❡ dψS ✐♥ t❤❡ ❝❛s❡
✇❤❡r❡ fS+1 = 1✱

dψS(fn+1, ..., fS+3, fS+1, ..., f1) = V (fn+1) ◦ φS(fn, ..., fS+3,1,1, fS , ..., f1)

− φS(fn+1 ◦ fn, ..., fS+3,1,1, fS , ..., f1) + ...

+ (−1)n−S−2φS(fn+1, ..., fS+5, fS+4 ◦ fS+4,1,1, fS , ..., f1)

+ (−1)n−SφS(fn+1, ..., fS+3,1, fS+1 ◦ fS , fS−1, ..., f1) + ...

=− (−1)n−S−1φS(fn+1, ..., fS+3,1, fS , ..., f1).

✭✸✳✷✵✮

■♥ t❤❡ ❧❛st st❡♣ ✇❡ ✉s❡❞ ✭✸✳✶✻✮✳ ❋r♦♠ ♦✉r ❞❡✜♥✐t✐♦♥ ✐♥ ✭✸✳✶✽✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
φS+1 ✈❛♥✐s❤❡s ✐❢ t❤❡ ❡♥tr② ❛t ♣♦s✐t✐♦♥ s + 1 ✐s t❤❡ ✐❞❡♥t✐t②✳ ■♥ ❛❞❞✐t✐♦♥ ✇✐t❤
t❤❡ ♣r♦♣❡rt② ♦❢ φS+1 ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ φS+1 ✈❛♥✐s❤❡s ✐❢ ❛♥② ♦❢ ✐ts ❧❛st S + 1
❛r❣✉♠❡♥ts ✐s t❤❡ ✐❞❡♥t✐t②✳

✶✾



✸✳✸ ▲✐♥❡❛r✐t②

❚❤❡ q✉❡st✐♦♥ ✇❡ ❛r❡ ❛s❦✐♥❣ ✉s ♥♦✇ ✐s ✇❤❛t ✐s t❤❡ ❜❡st ✇❛② t♦ ❞❡❞✉❝❡ ✐❢ t✇♦ ♠♦r✲
♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞V ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝♦❤♦♠♦❧♦❣②
❝❧❛ss❄ ■t ✇♦✉❧❞ ❜❡ ❣r❡❛t t♦ ✜♥❞ ✧s♣❡❝✐❛❧✧ s❡q✉❡♥❝❡s ♦❢ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s
✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠♦r♣❤✐s♠s ❢♦r ❛❧❧ ♦t❤❡r s❡q✉❡♥❝❡s✳

❆❜♦✈❡ ✇❡ ✐❞❡♥t✐✜❡❞ t❤❡ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V
✇✐t❤ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ✭❝✳❧✳ ❞❡✜♥✐t✐♦♥ ❆✳✷✳✺✮ ✐♥ t❤❡ ❝❛t❡❣♦r✐❝❛❧ s❡♥s❡✳
❚❤✐s ❞✐r❡❝t❧② ✐♠♣❧✐❡s t❤❛t ❢♦r R✲♠♦❞✉❧❡s M ❛♥❞ N ✇❡ ❤❛✈❡

φ
(0)
UV (N) = V (g) ◦ φ

(0)
UV (M) ◦ U(g−1), ✭✸✳✷✶✮

♣r♦✈✐❞❡❞ g : N → M ✐s ✐♥✈❡rt✐❜❧❡✱ ✐♥ ♦t❤❡r ✇♦r❞s g ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❙♦

t❤✐s ♠❡❛♥s t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ φ
(0)
UV ♦♥ t❤❡ ❝❧❛ss ♦❢

✐s♦♠♦r♣❤✐❝ ♠♦❞✉❧❡s✳
❲❤❛t ✐s ❛❜♦✉t t❤❡ ❤✐❣❤❡r ❞❡❣r❡❡ ♠♦r♣❤✐s♠s❄ ❚❤✐s ❝♦♥s✐❞❡r❛t✐♦♥ ❝❧❡❛r❧② ❝❛rr✐❡s
♦✈❡r ❢♦r ❤✐❣❤❡r ❞❡❣r❡❡ ♠♦r♣❤✐s♠s ♦♥ s❡q✉❡♥❝❡s ♦❢ ✐s♦♠♦r♣❤✐s♠s✳ ❇✉t t❤❡ ✈❛r✲
✐♦✉s ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❝♦♠❜✐♥❛t✐♦♥s ♠❛❦❡ t❤✐♥❣s ❝♦♠♣❧✐❝❛t❡❞ t♦ ✇♦r❦ ✇✐t❤ ✐♥ ❛♥
❡✣❝✐❡♥t ✇❛②✳ ❖♥❡ ♥❡❡❞s t♦ ❞❡✜♥❡ ❛ s②st❡♠ ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s {Ri} ✇✐t❤ i ∈ I
♦❢ ✐s♦♠♦r♣❤✐❝ ♠♦❞✉❧❡s✳ ❚❤❡♥ ♦♥❡ ✐s ❛❜❧❡ t♦ s❤♦✇ t❤❛t ✇❤❡♥ t✇♦ ♠♦r♣❤✐s♠s

φ
(n)
UV ❛♥❞ ψ

(n)
UV ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ❝♦✐♥❝✐❞❡ ♦♥ ❡✈❡r② s❡q✉❡♥❝❡ ♦❢ t❤❡

r❡♣r❡s❡♥t❛t✐✈❡ ♠♦❞✉❧❡s Ri✱ t❤❡② ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss✳

❇✉t ✇❡ ❤❛✈❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧✐♥❡❛r✐t② ②❡t✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s
r❡❞✉❝❡s t❤❡ s❡q✉❡♥❝❡s ✇❤❡r❡ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t✇♦ ♠♦r♣❤✐s♠s
φUV ❛♥❞ ψUV ✐♥ ❛♥ ❡♥♦r♠♦✉s ✇❛②✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ♠♦❞✉❧❡s M1 ❛♥❞ M2

❛♥❞ M1 ⊕M2 t❤❡✐r ❞✐r❡❝t s✉♠✳ ❉❡♥♦t❡ ✇✐t❤

π1 :M1 ⊕M2 →M1 , π2 :M1 ⊕M2 →M2, ✭✸✳✷✷✮

t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ M1 ⊕M2 ♦♥ M1 ❛♥❞ M2 r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦ ❞❡♥♦t❡ ✇✐t❤

ι1 :M1 →M1 ⊕M2 , ι2 :M2 →M1 ⊕M2, ✭✸✳✷✸✮

t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ M1 ❛♥❞ M2 ✐♥t♦ M1 ⊕M2 r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ t❤❡ ❧✐♥❡❛r✐t② ♦❢
t❤❡ ❢✉♥❝t♦r U ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡

U(π1)⊕ U(π2) : U(M1 ⊕M2)
∼=
−→ U(M1)⊕ U(M2) ✭✸✳✷✹✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ ✐♥✈❡rs❡

U(ι1)⊕ U(ι2) : U(M1)⊕ U(M2)
∼=
−→ U(M1 ⊕M2). ✭✸✳✷✺✮

❋♦r ❛ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ ③❡r♦ φ(0) ❧✐♥❡❛r✐t② ✐♠♣❧✐❡s t❤❛t

φ(0)(M1 ⊕M2) = V (ι1) ◦ φ
(0)(M1) ◦ U(π1) + V (ι2) ◦ φ

(0)(M2) ◦ U(π2). ✭✸✳✷✻✮

✷✵



■♥ ♦✉r ❝❛s❡ ❛❧❧ ♦❜❥❡❝ts ♦❢ ❝♦♥s✐❞❡r❛t✐♦♥ ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ Rn✱ ❛♥❞ t❤❡ r❡s✉❧t
❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② ✜①❡❞ ❛s s♦♦♥ ❛s ✇❡
❤❛✈❡ ❞❡✜♥❡❞ φ(0)(R)✳ ❆❣❛✐♥ t❤❡ ♣r♦❝❡❞✉r❡ t❛❦❡s ♦✈❡r ❢♦r ❤✐❣❤❡r ❞❡❣r❡❡ ♠♦r✲
♣❤✐s♠s✳ ■♥❞❡❡❞ t❤❡ ♥❡①t r❡s✉❧t t❡❧❧s ✉s ✇❤❡♥ ✇❡ ❛r❡ ❛♥❛❧②s✐♥❣ ❤✐❣❤❡r ❞❡❣r❡❡
♠♦r♣❤✐s♠s✱ ✇❡ ❝❛♥ r❡❞✉❝❡ ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ s❡q✉❡♥❝❡s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s

♦❢ R ✐✳❡✳ R
fn
←− R

fn−1
←−−− ...

f1
←− R✳

❚♦ ♣r♦✈❡ t❤❡ ❝❧❛✐♠ ❛❜♦✈❡ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳ ❋♦r
❛ ♠♦❞✉❧❡ Rm = R ⊕ ... ⊕ R ✇❡ ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ kth s✉♠♠❛♥❞ ❜②
πk ❛♥❞ ❛♥❛❧♦❣♦✉s❧② t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ R ❛s t❤❡ kth s✉♠♠❛♥❞ ✐♥ Rm ❛s ιk✱ s✉❝❤
t❤❛t

m∑

k=1

ιk ◦ πk = 1Rm . ✭✸✳✷✼✮

❚♦ ♣r♦❝❡❡❞ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ❜✉t t❤✐s ♣r♦♦❢ ✐s ✈❡r②
t❡❝❤♥✐❝❛❧ ❛♥❞ t❛❦❡s s❡✈❡r❛❧ ♣❛❣❡s✱ t❤❡r❡❢♦r❡ ✇❡ s❤✐❢t ✐t t♦ t❤❡ ❛♣♣❡♥❞✐①✳

▲❡♠♠❛ ✸✳✸✳✶✳ ▲❡t φ
(n)
UV ∈ Homn(U, V ) ❜❡ ❛ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n

❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠♦r♣❤✐s♠ φ
(n−1)
UV ♦❢ ❞❡❣r❡❡

n−1 s✉❝❤ t❤❛t ♦♥ s❡q✉❡♥❝❡s ♦❢ ❤♦♠♦♠♦r♣❤✐s♠s Rmn+1
fn
←− Rmn

fn−1
←−−− ...

f1
←− R1

❜❡t✇❡❡♥ ♠♦❞✉❧❡s Rmi ✇❡ ❤❛✈❡

φ
(n)
UV (fn, ..., f1) =

m1∑

k1=1

...

mn+1∑

kn+1=1

V (ιkn+1
) ◦ φ

(n)
UV (πkn+1

◦ fn ◦ ιkn
, ..., πk2

◦ f1 ◦ ιk1
) ◦ U(πk1

)

+ dφ
(n−1)
UV (fn−1, ..., f1).

✭✸✳✷✽✮

Pr♦♦❢✳ ❙❡❡ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ✧Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✸✳✶✧✳ ❚❤✐s ♣r♦♦❢ ✐s t❛❦❡♥ ♦✈❡r
❢r♦♠ ❬✷❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ▲❡t φ, ψ ∈ Homn(U, V ) ❜❡ t✇♦ ❝❧♦s❡❞ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡
n ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✳ ❆ss✉♠❡ t❤❛t φ(n) ❛♥❞ ψ(n) ❝♦✐♥❝✐❞❡ ♦♥ ❛❧❧

s❡q✉❡♥❝❡s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ r❛♥❦ ♦♥❡ ♠♦❞✉❧❡ ❘✱ R
fn
←− R

fn−1
←−−− ...

f1
←− R✳

❚❤❡♥ φ
(n)
UV ❛♥❞ ψ

(n)
UV ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss✳

❙✐♥❝❡ ✇❡ ❝❛♥ r❡❞✉❝❡ ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ♦❢ t❤❡ ❢♦r♠

Rmn+1
fn
←− Rmn

fn−1
←−−− ...

f1
←− R1 t♦ s❡q✉❡♥❝❡s R

fn
←− R

fn−1
←−−− ...

f1
←− R✱

t❤❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ U ❛♥❞ V ❛❝t✐♥❣ ♦♥ t❤❡♠ ♠❛♣ t❤❡♠ t♦ ❛♥ ❡❧❡♠❡♥t
♦❢ Hom(U(R), V (R)) ✇❤✐❝❤ ✐s ❛ ❜✐♠♦❞✉❧❡ ♦✈❡r R✱ ✇❤❡r❡ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❛❝✲
t✐♦♥ ✐s ❣✐✈❡♥ ❜② r · φ = V (r)φ ❛♥❞ φ · r = φU(r)✳ ❲❤❡♥ ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡r
❧♦♦❦ ❛t ❆✳✸✳✺ ✇❡ r❡❝♦❣♥✐③❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦❤♦♠♦❧❣✐❡s✳ ❲❡ ♠❛② ✐❞❡♥t✐❢②

✷✶



t❤❡♠ ✇✐t❤ ❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧♦❣✐❡s ♦✈❡r ❛ ✉♥✐t❛❧ r✐♥❣✱ ♥♦t❡ t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧
r✐♥❣ R ✐s ❛♥ ❛ss♦❝✐❛t✐✈❡ R ❛❧❣❡❜r❛✱ ✐✳❡✳ Hn(Hom(U, V )) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡
❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ R ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ R✲❜✐♠♦❞✉❧❡
Hom(U(R), V (R)) =: M ✳ ◆♦t❡ t❤❛t ❡✈❡r②t❤✐♥❣ ❞✐s❝✉ss❡❞ s♦ ❢❛r ❛❧s♦ ❤♦❧❞s ❢♦r
t❤❡ r❡❞✉❝❡❞ ♠♦r♣❤✐s♠s Hn(Homred(U, V )) ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✳

✸✳✹ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡s

◆♦✇ ✇❡ ✇❛♥t t♦ ❛♥❛❧②s❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣sH∗(Hom(U, V ))
✐♥ ❞❡t❛✐❧✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t H0(Hom(U, V )) ❝♦♥s✐sts ♦❢ ❛❧❧ ♥❛t✉r❛❧
tr❛♥s❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ U ❛♥❞ V ✐♥ t❤❡ ❝❛t❡❣♦r✐❝❛❧ s❡♥s❡ ✭❝✳❧✳ ❞❡✜♥✐t✐♦♥ ❆✳✷✳✺✮✳
❉✉❡ t♦ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✇❡ ❝❛♥ r❡str✐❝t ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡
❡❧❡♠❡♥t❛r② ♠♦❞✉❧❡ R✱ ✇❤❡r❡ t❤❡ ❝❧♦s✉r❡ ❝♦♥❞✐t✐♦♥ r❡❛❞s

φ(0)(R) ◦ U(p) = V (p) ◦ φ(0)(R). ✭✸✳✷✾✮

❍❡r❡ p ∈ R ✐s ❛♥② ♣♦❧②♥♦♠✐❛❧ ✐♥ R ❛♥❞ ✐s ✈✐❡✇❡❞ ❛s ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦♥ R
✐ts❡❧❢✳ ❙✐♥❝❡ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ❛r❡ C✲❧✐♥❡❛r ✐t ✐s ❡♥♦✉❣❤ t♦ r❡q✉✐r❡ t❤❡ ❝❧♦s✉r❡
❝♦♥❞✐t✐♦♥ ❛❜♦✈❡ ❢♦r ♠♦♥♦♠✐❛❧s✱ p ∈ {x1, ..., xn}✱ t❤✉s t❤❡ ③❡r♦t❤ ❝♦❤♦♠♦❧♦❣②
❣r♦✉♣ ✐s ❣✐✈❡♥ ❜②

H0(Hom(U, V )) ∼= {f ∈ Hom(U(R), V (R)) : ∀i ∈ {1, ..., n}, f◦U(xi) = V (xi)◦f}.
✭✸✳✸✵✮

❲❤❛t ❛r❡ ❛❜♦✉t t❤❡ ❤✐❣❤❡r ❝♦❤♦♠♦❧❣② ❣r♦✉♣s❄ ❚❤❡ ✜rst t❤✐♥❣ ✇❡ s❤♦✉❧❞
❛s❦ ✉s ✐s✱ ✐❢ t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ♥♦♥ tr✐✈✐❛❧ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s❄ ❚♦
❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ❢♦r ❛ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ ✐♥ n ✈❛r✐❛❜❧❡s ♦✉r ♥♦t❛t✐♦♥ ❜❡❝♦♠❡s
✈❡r② ❝✉♠❜❡rs♦♠❡ ❛♥❞ s✉❝❤ ❛ ♣r♦♦❢ ✇♦✉❧❞ t❛❦❡ ❛ ❢❡✇ ♣❛❣❡s ♦❢ str❛✐❣❤t❢♦r✇❛r❞
❝❛❧❝✉❧❛t✐♦♥ ✇❤✐❝❤ ✐s ✉♥r❡❛❞❛❜❧❡ ❜② t❤❡ ♣❡❞❡str✐❛♥ ❛♣♣r♦❛❝❤✳ ■♥st❡❛❞ ♦❢ ❞♦✐♥❣
t❤❛t ✇❡ ✉s❡ s♦♠❡ ♥✐❝❡ r❡s✉❧ts ❢r♦♠ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝♦✉rs❡
✐♥ ❬✽❪✳ ❚❤❡ st❛t❡♠❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳

❚❤❡r❡❢♦r❡ ❧❡t U, V : R✲modf → R′✲modf ❜❡ ❢✉♥❝t♦rs ♦❢ ♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s✱
✇❤❡r❡ R = C[x1, ..., xn] ❛♥❞ R′ = C[y1, ..., ym] ✇✐t❤ m ❛♥❞ n ♥♦t ♥❡❝❡ss❛r✐❧②
❡q✉❛❧✳ ❋r♦♠ s❡❝t✐♦♥ ✸✳✸ ✇❡ ❦♥♦✇ t❤❛t t❤❡ n✲t❤ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝
t♦ t❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧♦❣② ♦❢ ❜✐♠♦❞✉❧❡s ♦✈❡r ❛ ✉♥✐t❛❧ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ R✱ ✐✳❡✳

Hn(Homred(U, V )) ∼= Hn(R,Hom(U(R), V (R))︸ ︷︷ ︸
=:M

). ✭✸✳✸✶✮

❍❡r❡ M ❤❛s ❛ ✐s ❛ ❜✐♠♦❞✉❧❡ str✉❝t✉r❡ ♦✈❡r R ✇✐t❤ t❤❡ ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥
r · φ = V (r)φ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✐❣❤t ♠✉❧t✐♣❧✐❝❛t✐♦♥ φ · r = φU(r)✳ ❚❤✐s
❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✹✳✶✳ ▲❡t R = C[x1, ..., xn]✱ t❤❡♥ Hp(R,M) = 0 ❢♦r ❛♥② p > n ❛♥❞
❢♦r ❡✈❡r② ❜✐♠♦❞✉❧❡ M ✳

✷✷



Pr♦♦❢✳ ❋✐rst ✇❡ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡ ❡♥✈❡❧♦♣✐♥❣ ❛❧❣❡❜r❛ Re ❛s ❛ ♣♦❧②♥♦♠✐❛❧ r✐♥❣
♦✈❡r R✳ ❚❤❡ ❡♥✈❡❧♦♣✐♥❣ ❛❧❣❡❜r❛ Re = R⊗C R

op ✐s s✐♠♣❧② C[x1, ..., xn, y1, ..., yn]
s✐♥❝❡ R ✐s ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R ∼= Rop✳
▲♦♦❦✐♥❣ ❛t t❤❡ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ Re → R ✇❤✐❝❤ ❛❝ts ✈✐❛ u⊗ v → uv ✇❡
s❡❡ t❤❛t t❤❡ ❦❡r♥❡❧ ❝♦♥s✐sts ♦❢ t❤♦s❡ ♣♦❧②♥♦♠✐❛❧s f(x1, ..., xn, y1, ..., yn) ✇❤✐❝❤
✈❛♥✐s❤ ✐❢ ❛❧❧ xi = yi✱ 1 ≤ i ≤ n✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❦❡r♥❡❧ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡
r❡❣✉❧❛r s❡q✉❡♥❝❡ (x1 − y1, ..., xn − yn)✳ ❇② t❤❡ ✜rst ✐s♦♠♦r♣❤✐s♠ t❤❡♦r❡♠ ✇❡
♦❜t❛✐♥ t❤❛t

Re
�(x1 − y1, ..., xn − yn)R

e ∼= R. ✭✸✳✸✷✮

❚❤✐s ♠❛❦❡s ❛✈❛✐❧❛❜❧❡ t❤❡ ❑♦s③✉❧ r❡s♦❧✉t✐♦♥ ✭❝✳❢✳ ❆✳✸✳✷✮ ♦❢ R✱ ✐✳❡✳

0→ Λn((Re)
n
)→ ...→ Λ2((Re)

n
)→ (Re)

n
→ Re → Re

�(x1 − y1, ..., xn − yn)R
e → 0

✭✸✳✸✸✮
✐s ❡①❛❝t✳ ❇② ❆✳✸✳✶ ✇❡ ❤❛✈❡ ❛❧s♦ t❤❛t

ExtpRe

(
Re
�(x1 − y1, ..., xn − yn)R

e,M
)
= Hp(x,M) = Hp(Hom(K(x),M)).

✭✸✳✸✹✮
❍❡r❡ x ❞❡♥♦t❡s ♦✉r r❡❣✉❧❛r s❡q✉❡♥❝❡ (x1−y1, ..., xn−yn)✱K(x) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❑♦s③✉❧ ❝♦♠♣❧❡① ♦❢ t❤❡ r❡❣✉❧❛r s❡q✉❡♥❝❡ x ❛♥❞ I t❤❡ ✐❞❡❛❧ (x1−y1, ..., xn−yn)R

e

s♣❛♥♥❡❞ ❜② x✳ ❆❝t✐♥❣ ✇✐t❤ t❤❡ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r Hom(·,M) ♦♥ t❤❡ ❡①❛❝t
s❡q✉❡♥❝❡ ✭✸✳✸✹✮ ✇❡ ♦❜t❛✐♥

0← Hom (Λn((Re)
n
),M)← ...← Hom((Re)

n
,M)← Hom(Re,M)← Hom(R,M)← 0.

✭✸✳✸✺✮
❲❤❡♥ ✇❡ ❧♦♦❦ ❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✉♣♣❡r ❡①♣r❡ss✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❢♦r p > n ❛r❡ tr✐✈✐❛❧ ❛♥❞ t❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❲❡ ❛❧r❡❛❞② ✐❞❡♥t✐✜❡❞ t❤❡ ③❡r♦t❤ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❛s t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r✲
♠❛t✐♦♥s ❜❡t✇❡❡♠ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❛♥❛❧②✲
s✐s ❛❜♦✈❡✳ ❚♦ s❡❡ t❤✐s ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ t❤❡ t❤❡ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r
Hom(·,M)✱ ❛♥❞ ✇❡ ♥♦t❡ t❤❛t t❤✐s ❢✉♥❝t♦r ✐s r✐❣❤t ❡①❛❝t✱ ✐✳❡✳ t❤❡ s❡q✉❡♥❝❡

Hom(Λ2 (Re)
n
,M)← Hom((Re)

n
,M)← Hom(Re,M)← Hom(R,M)← 0,

✭✸✳✸✻✮
✐s ❡①❛❝t ✐♥ t❤❡ ✜rst t✇♦ ❡♥tr✐❡s✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥

H0(x,M) = ker(Hom(Hom(Re,M)→ Hom((Re)
n
,M))

∼= Hom(R,M) = Hom(R,Hom(U(R), V (R))).
✭✸✳✸✼✮

❯♥❢♦rt✉♥❛t❡❧② t❤❡ ❢✉♥❝t♦r Hom(·,M) ❞♦❡s ♥♦t ♠❛♣ t❤❡ ✇❤♦❧❡ ❡①❛❝t s❡q✉❡♥❝❡
t♦ ❛ ❡①❛❝t s❡q✉❡♥❝❡ s♦ t❤❛t ✇❡ ❤❛✈❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❤✐❣❤❡r ❝♦❤♦♠♦❧❣② ❣r♦✉♣s
s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ ③❡r♦t❤ ❣r♦✉♣✳ ❲❤❡♥ ✇❡ ❢♦r ❡①❛♠♣❧❡ ❧♦♦❦ ❛t t❤❡ ✜rst ❝♦❤♦✲
♠♦❧♦❣② ❣r♦✉♣

H1(x,M) =
ker(Hom((Re)

n
,M)→ Hom(Λ2 (Re)

n
,M)

im(Hom(Re,M)→ Hom((Re)
n
,M)

✭✸✳✸✽✮

✷✸



✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t ✇❡ ❝♦✉❧❞ ♥♦t s✐♠♣❧✐❢② t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ❣❡♥❡r❛❧ ✇✐t❤✲
♦✉t ❦♥♦✇✐♥❣ M ✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ M = R = C[x1, ..., xn] t❤❛t
H1(x,M) = Rn ❛♥❞ ❢♦r t❤❡ ❤✐❣❤❡r ❝♦❤♦♠♦❧♦❣✐❡s ♦♥❡ ♦❜t❛✐♥s Hp(x,M) =
Λp(Rn)

▲❡t ✉s ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ ❞❡❣r❡❡ ♦♥❡ ♠♦r♣❤✐s♠s✳ ❚❤❡ ❝❧♦s✉r❡ ❝♦♥❞✐t✐♦♥
♦❢ ❞❡❣r❡❡ ♦♥❡ ♠♦r♣❤✐s♠s r❡❛❞s

dφ(1)(g, f) = V (g) ◦ φ(1)(f)− φ(1)(g ◦ f) + φ(1)(g) ◦ U(f) = 0, ✭✸✳✸✾✮

❢♦r ❛❧❧ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s f : M → N ✱ g : N → O✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ R = C[x]✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡①❛❝t ♠♦r♣❤✐s♠✱ t❤✐s ✐♠♣❧✐❡s

φ̃(1)(f) = dφ(0)(f) = V (f) ◦ φ(0)(M) + φ(0)(N) ◦ U(f), ✭✸✳✹✵✮

✇❤❡r❡ f ✐s ❛❣❛✐♥ ❛ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ f :M → N ✳ ❋♦❧❧♦✇✐♥❣ t❤❡ r❡❛s♦♥✐♥❣
✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✇❡ ❝❛♥ r❡str✐❝t ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥ t♦ t❤❡ ❝❛s❡✱ ✇❤❡r❡ ❛❧❧ ♠♦❞✲
✉❧❡s ✐♥✈♦❧✈❡❞ ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ R✱ ✐✳❡✳ M ∼= N ∼= O ∼= R✳ ❚❤❡ ❤♦♠♦♠♦r♣❤✐s♠s
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s p, q ∈ R ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝❧♦s✉r❡ ❝♦♥❞✐t✐♦♥
t❤❡♥ r❡❛❞s

dφ(1)(p, q) = V (p) ◦ φ(1)(q)− φ(1)(pq) + φ(1)(p) ◦ U(q) = 0. ✭✸✳✹✶✮

❲❡ ♥♦✇ ❤❛✈❡ t❤❛t φ(1)(f) ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ✐♥ t❡r♠s ♦❢ φ(1)(x)✱ ✇❤❡r❡
x ∈ R✱ ✇❤✐❝❤ ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ❢r♦♠ U(R) t♦ V (R)✳ ❊✈❛❧✉❛t✐♥❣ t❤❡ ❡①❛❝t
❤♦♠♦♠♦r♣❤✐s♠s φ̃(1) ♦♥ x ∈ R ♦♥❡ ✜♥❞s

φ̃(1)(x) = V (x) ◦ φ(0)(R)− φ(0)(R) ◦ U(x), ✭✸✳✹✷✮

✇❤❡r❡ φ(0)(R) : U(R) → V (R) ✐s ❛♥ ❛r❜✐tr❛r② ❤♦♠♦♠♦r♣❤✐s♠✳ ❙♦ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t

H1(Hom(U, V )) ∼=
Hom(U(R), V (R))

{V (x)f − fU(x), f ∈ Hom(U(R), V (R))}
. ✭✸✳✹✸✮

✷✹



❈❤❛♣t❡r ✹

❋✉s✐♦♥ ❢✉♥❝t♦rs

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞✐s❝✉ss ❛ ❝❡rt❛✐♥ s♣❡❝✐❡s ♦❢ ❢✉♥❝t♦r ❝❛t❡❣♦r✐❡s✱ t❤❡ ❢✉s✐♦♥
❢✉♥❝t♦r ❝❛t❡❣♦r✐❡s✳ ❚❤❡ ❜❛s✐❝ ❝♦♥st✉❝t✐♦♥ ✐s ❛❣❛✐♥ t❛❦❡♥ ♦✈❡r ❢r♦♠ ❬✷❪✳ ❲❡ ✇❛♥t
t♦ ❛♥❛❧②s❡ t❤❡ str✉❝t✉r❡ ♦❢ ✐ts ♠♦r♣❤✐s♠ s♣❛❝❡ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❞❡✜♥❡ ❛ ♠❛♣
Ξ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs ✇✐t❤ t❤❡ ♠♦r♣❤✐s♠s
❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠s
♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ✐t ✐s r❡q✉✐r❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛♣
Ξ✳ ❲❡ ❞♦ t❤✐s ❜② ♣r❡s❡♥t✐♥❣ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ ✐♥t♦ ❢✉s✐♦♥ ❢✉♥❝t♦r ❝❛t❡❣♦r✐❡s ❛♥❞
♣r♦✈✐♥❣ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ Ξ ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❬✷❪✳
❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♠❛♣ Ξ ✐s ♥♦t ✐♥❥❡❝t✐✈❡✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤✐s t❡❧❧s ✉s
t❤❛t t❤❡ s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs ✐s ❧❛r❣❡r t❤❡♥ t❤❡ s♣❛❝❡ ♦❢
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ❙♦ ✐t ✇♦✉❧❞ ❜❡ ♥✐❝❡ ✐❢ ✇❡ ❝❛♥ ✇r✐t❡
♦✉t t❤❡ ❦❡r♥❡❧ ♦❢ Ξ ❡①♣❧✐❝✐t❧② t♦ ✐♥tr♦❞✉❝❡ ❛ s✉✐t❛❜❧❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ t❤❡
s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs✱ s✉❝❤ t❤❛t Ξ ❜❡❝♦♠❡s ✐♥❥❡❝t✐✈❡✳ ❲❡
✜♥❞ t❤❛t ✇❤❡♥ ✇❡ ❝❤♦♦s❡ U = V = id ❛♥❞ M = R✱ t❤❡ ❦❡r♥❡❧ ✐s ❣✐✈❡♥ ❜② t❤❡
❏❛❝♦❜✐ ✐❞❡❛❧✳

❲❡ ✇✐❧❧ ❛❧s♦ t✉r♥ t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦ ✈❛r✐❛❜❧❡ ♠♦❞✉❧❡ ❝❛t❡❣♦r✐❡s ❛♥❞ tr②
t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦♣❡rt② ♦❢ s✉r❥❡❝t✐✈✐t② ✐♥ t❤✐s ❝❛s❡✳ ■♥❞❡❡❞ ♦♥❡ ❝❛♥ s❤♦✇
t❤❛t ❡✈❡r② ♦❞❞ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s ❤❛s ❛ s✉✐t❛❜❧❡ ♣r❡✐♠❛❣❡
❜✉t ❢♦r ❡✈❡♥ ♠♦r♣❤✐s♠s t❤❡r❡ ✐s ❛ str❛♥❣❡ ♦❝❝✉rr❡♥❝❡ ♦❢ q✉❛❞r❛t✐❝ t❡r♠s ✇❤✐❝❤
❝♦♠♣❧✐❝❛t❡s t❤❡ ♣r♦❝❡ss ♦❢ ✜♥❞✐♥❣ ❛ ♣r❡✐♠❛❣❡ ✉♥❞❡r Ξ✳ ❲❡ ❛❧s♦ s❤♦✇❡❞ t❤❛t t❤❡
❦❡r♥❡❧ ♦❢ Ξ ❢♦r U = V = id ❛♥❞ M = R ✐s t❤❡ ❏❛❝♦❜✐ ✐❞❡❛❧✳

✹✳✶ ❋✉s✐♦♥ ❢✉♥❝t♦rs ❛♥❞ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s

▲❡t R ❛♥❞ R′ ❜❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣s ♦✈❡r C✱ ❛♥❞ W ∈ R ❛♥❞ W ′ ∈ R′ s♣❡❝✐✜❝
♣♦❧②♥♦♠✐❛❧s✳ ❲❡ ❞❡✜♥❡✿

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❆ ✭❲✱❲✬✮✲❢✉s✐♦♥ ❢✉♥❝t♦r ❯ ✐s ❛ C✲❧✐♥❡❛r ❢✉♥❝t♦r ❢r♦♠ R−
modf t♦ R′ −modf ✇✐t❤ t❤❡ ♣r♦♣❡rt②

U(W · f) =W ′ · U(f) ✭✹✳✶✮

✷✺



❢♦r ❛♥② ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ f ✳

■♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❛ ❝❛t❡❣♦r② ♦✉t ♦❢ t❤❡s❡ ❢✉s✐♦♥ ❢✉♥❝t♦rs ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs✱ t❤❡r❡❢♦r❡ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s
❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② ❞❡♠❛♥❞ ❛ ❝❡rt❛✐♥ ❤♦♠♦❣❡♥❡✐t② ❝♦♥✲
❞✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs ❯ ❛♥❞ ❱ ✐s

❛ ♠♦r♣❤✐s♠ φ
(n)
UV ∈ Hom

red
n (U, V ) ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t

φ
(n)
UV (fn, ...,W · fi, ..., f1) =W ′φ

(n)
UV (fn, ..., f1) ✭✹✳✷✮

❢♦r ❛❧❧ i ∈ {1, ..., n}✳

■♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ✐♥ t❤❡ ❝❤❛♣t❡r ❜❡❢♦r❡ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉s✐♦♥ ❢✉♥❝t♦r
❝❛t❡❣♦r②✳ ❍❡r❡ ✇❡ ❞❡♥♦t❡ t❤❡ r❡❞✉❝❡❞ ♠♦r♣❤✐s♠ s♣❛❝❡s ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs
✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡ ❞✐❞ ✐t ❜❡❢♦r❡ ❢♦r ❣❡♥❡r❛❧ ❢✉♥❝t♦rs✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✸✳ ❚❤❡ ❢✉s✐♦♥ ❢✉♥❝t♦r ❝❛t❡❣♦r② FFunW,W ′ ❤❛s C✲❧✐♥❡❛r ❢✉✲
s✐♦♥ ❢✉♥❝t♦rs ❛s ♦❜❥❡❝ts ❛♥❞ t❤❡ s❡t ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t♦rs U, V ∈
FunW,W ′ ✐s ❣✐✈❡♥ ❜②

Hom(U, V ) =

∞⊕

n=0

Homred
n (U, V ). ✭✹✳✸✮

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ d ❢r♦♠ ✭✸✳✷✳✶✮ ❛♣♣❧✐❡s t♦ t❤❡ ♠♦r♣❤✐s♠s ♦❢ t❤❡ ❢✉s✐♦♥ ❢✉♥❝✲
t♦r ❝❛t❡❣♦r② t♦♦ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ③❡r♦t❤ ❝♦❤♦♠♦❧♦❣② ✇❤✐❝❤ ❞❡✜♥❡s ❛

❝❛t❡❣♦r② F̃FunW,W ′ ✳

✹✳✷ ❆❝t✐♦♥ ♦♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥

❋✉s✐♦♥ ❢✉♥❝t♦rs ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t r❡❧❛t✐♦♥ t♦ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q✳ ▲❡t
M = M0 ⊕ M1 ❜❡ ❛ Z2✲❣r❛❞❡❞ ❢r❡❡ ✜♥✐t❡ r❛♥❦ R✲♠♦❞✉❧❡✱ ❛♥❞ Q ❛ ♠♦❞✉❧❡
❤♦♠♦♠♦r♣❤✐s♠ ✇❤✐❝❤ s❛t✐s✜❡s Q2 =W · 1M ✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✳ ▲❡t ❯ ❜❡ ❛ (W,W ′)✲❢✉s✐♦♥ ❢✉♥❝t♦r✱ ❛♥❞ Q :M →M ❛ ♠❛✲
tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ W ✳ ❚❤❡♥ U(Q) : U(M)→ U(M) ✐s ❛ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥
♦❢ W ′✳

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ✐s t❛❦❡♥ ♦✈❡r ❢r♦♠ ❬✷❪✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❜② str❛✐❣❤t❢♦r✇❛r❞
❝❛❧❝✉❧❛t✐♦♥✳

U(Q) ◦ U(Q) = U
(
Q2
)
= U (W · 1M ) =W ′ · U (1M ) =W ′ · 1U(M). ✭✹✳✹✮

❚♦ ♣r♦❝❡❡❞ ♥♦t❡ t❤❛t ❛ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ❢✉s✐♦♥ ❢✉♥❝t♦r U, V ❡✈❛❧✉✲
❛t❡❞ ♦♥ ❛ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ Q ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ U(Q) ❛♥❞ V (Q)✳
❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ✐♥ ❛ ♠❛tr✐①
❢❛❝t♦r✐s❛t✐♦♥ ❝❛t❡❣♦r②✳

✷✻



❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❚❤❡ s♣❛❝❡ ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q1 :
M1 →M1 ❛♥❞ Q2 :M2 →M2 ✐s ❞❡✜♥❡❞ ❛s t❤❡ ③❡r♦t❤ ❝♦❤♦♠♦❧♦❣② ♦❢ Z2✲❣r❛❞❡❞
♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s φ(n) ∈ Hom(M1,M2) ✭n = 0 ❞❡s❝r✐❜✐♥❣ ❡✈❡♥ ✭❜♦s♦♥✐❝✮
❤♦♠♦♠♦r♣❤✐s♠s✱ ❛♥❞ n = 1 ♦❞❞ ✭❢❡r♠✐♦♥✐❝✮ ❤♦♠♦♠♦r♣❤✐s♠s✮ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❞✐✛❡r❡♥t✐❛❧

δQ1,Q2
φ(n) = Q2 ◦ φ

(n) + (−1)n+1φ(n) ◦Q1. ✭✹✳✺✮

◆♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ ♦✉r ♠❛♣ Ξ✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✷✳ ▲❡t U, V ❜❡ (W,W ′)✲❢✉s✐♦♥ ❢✉♥❝t♦rs✱ ❛♥❞ Q : M → M ❛
W ✲♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛♣

ΞQ
U,V : Homred

U,V → Hom(U(M), V (M)), ✭✹✳✻✮

ΞQ
U,V

(
φ(n)

)
= φ

(n)
UV (Q, ..., Q). ✭✹✳✼✮

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ♠❛♣ ΞQ
U,V ✐s✱ t❤❛t ✐t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

t❤❡ ❞✐✛❡r❡♥t✐❛❧s d ❛♥❞ δU(Q),V (Q)✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ♦✉r ♥❡①t ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❲❡ ❤❛✈❡

ΞQ
U,V

(
dφ(n)

)
= δU(Q),V (Q)Ξ

Q
U,V

(
φ(n)

)
. ✭✹✳✽✮

■♥ ♣❛rt✐❝✉❧❛r ❝❧♦s❡❞ ♠♦r♣❤✐s♠s ❛r❡ ♠❛♣♣❡❞ t♦ ❝❧♦s❡❞ ❤♦♠♦♠♦r♣❤✐s♠s✱ ❛♥❞ ❡①❛❝t
♠♦r♣❤✐s♠s ❛r❡ ♠❛♣♣❡❞ t♦ ❡①❛❝t ❤♦♠♦♠♦r♣❤✐s♠s✱ s♦ t❤❛t ΞQ

U,V ✐♥❞✉❝❡s ❛ ♠❛♣
♦♥ t❤❡ ❝♦❤♦♠♦❧♦❣✐❡s

Ξ̃Q
U,V : H0

d

(
Homred(U, V )

)
→ H0

δU(Q),V (Q)
(Hom(U(M), V (M))) . ✭✹✳✾✮

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ✐s t❛❦❡♥ ♦✈❡r ❢r♦♠ ❬✷❪✳ ❙t❛rt ✇✐t❤ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✽✮✿

ΞQ
U,V

(
dφ(n)

)
=dφ

(n)
UV (Q, ..., Q)

=V (Q) ◦ φ
(n)
UV (Q, ..., Q)

− φ
(n)
UV (Q, ..., Q,Q

2) + ...+ (−1)nφ
(n)
UV (Q

2, Q, ..., Q)

+ (−1)n+1φ
(n)
UV (Q, ..., Q) ◦ U(Q).

✭✹✳✶✵✮

◆♦✇ ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✽✮✳ ❲❡
❤❛✈❡

φ
(n)
UV (Q, ..., Q,Q

2) = φ
(n)
UV (Q, ..., Q,W · 1) =W ′ · φ

(n)
UV (Q, ..., Q,1) = 0, ✭✹✳✶✶✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st st❡♣ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t φ
(n)
UV ∈ Hom

red(U, V )✱ ✐✳❡✳ ✐t ✐s ❛
♠♦r♣❤✐s♠ t❤❛t ✈❛♥✐s❤❡s ✇❤❡♥ ❛♥② ♦❢ ✐ts ❡♥tr✐❡s ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ❚❤❡ s❛♠❡

✷✼



❛r❣✉♠❡♥t ❛♣♣❧✐❡s ❢♦r ❛❧❧ ♦t❤❡r t❡r♠s ♦❢ ✭✹✳✶✵✮ ❛s ✇❡❧❧✳ ❚❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ t❡r♠s
❛r❡

ΞQ
U,V

(
dφ(n)

)
=V (Q) ◦ φ

(n)
UV (Q, ..., Q) + (−1)n+1φ

(n)
UV (Q, ..., Q) ◦ U(Q)

=δU(Q),V (Q)Ξ
Q
U,V

(
φ(n)

)
.

✭✹✳✶✷✮

❚❤✉s ✭✹✳✽✮ ✐s ♣r♦✈❡❞✳ ❆❧s♦ ♥♦t❡ t❤❛t φ(n) ✐s ♠❛♣♣❡❞ t♦ ❛♥ ❡✈❡♥ ✭❜♦s♦♥✐❝✮
❤♦♠♦♠♦r♣❤✐s♠ ❢♦r n ❡✈❡♥ ❛♥❞ t♦ ❛♥ ♦❞❞ ✭❢❡r♠✐♦♥✐❝✮ ❤♦♠♦♠♦r♣❤✐s♠ ❢♦r n
♦❞❞✳

✹✳✸ ❋✉s✐♦♥ ❢✉♥❝t♦rs ❞❡s❝r✐❜❡ ❢✉s✐♦♥✿ ♦♣❡r❛t♦r✲❧✐❦❡

✐♥t❡r❢❛❝❡s

❋✉s✐♦♥ ❢✉♥❝t♦rs ❤❛✈❡ ❛ ✈❡r② ✉s❡❢✉❧ ♣r♦♣❡rt② ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ ♥♦✇✳
▲❡t MIW ❜❡ ❛ (R,R)✲❜✐♠♦❞✉❧❡ ✭❝✳❧✳ ❆✳✶✳✷✮✳ ❚❤❛t ♠❡❛♥s t❤❛t MIW ✐s ❜♦t❤
❛ ❧❡❢t R✲♠♦❞✉❧❡ ❛♥❞ ❛ r✐❣❤t R✲♠♦❞✉❧❡✳ ❚❤❡♥ ❝♦♥s✐❞❡r ♦♥❡ s♣❡❝✐✜❝ ❜✐♠♦❞✉❧❡
❤♦♠♦♠♦r♣❤✐s♠ IW : MIW → MIW ❝❛❧❧❡❞ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t✱ ✐t ✐s ❛ (W,W ′)
♠❛tr✐① ❜✐❢❛❝t♦r✐s❛t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ r❡❧❛t✐♦♥

I2W =W ⊗ 1− 1⊗W. ✭✹✳✶✸✮

❇② ❛❞❛♣t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U s❧✐❣❤t❧②✱ ❡①t❡♥❞✐♥❣ ✐t t♦ ❛ ❢✉♥❝t♦r ♦❢ ❛ (R,R)✲
❜✐♠♦❞✉❧❡✱ ❛❝t✐♥❣ tr✐✈✐❛❧ ♦♥ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✱ ✇❡ s❡❡ t❤❛t U(MIW ) ✐s ❛ (R′, R)✲
❜✐♠♦❞✉❧❡ ❛♥❞ t❤❡r❡❢♦r❡ U(IW ) ✐s ❛ (W ′,W ) ♠❛tr✐① ❜✐❢❛❝t♦r✐s❛t✐♦♥✳

❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ✐s t♦ ♥♦t❡ t❤❛t ❢♦r ♦✉r ❢❛❝t♦r✐s❛t✐♦♥ IW ✱ ✇❤✐❝❤ s❡♣❛r❛t❡s
♦♥❡ ❛♥❞ t❤❡ s❛♠❡ t❤❡♦r② ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ❝❛❧❧❡❞ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t✱ t❤❡r❡ ❡①✐st
❝❧♦s❡❞ ❤♦♠♦♠♦r♣❤✐s♠s

λQ :MIW ⊗MQ →MQ , λ−1
Q :MQ →MIW ⊗MQ, ✭✹✳✶✹✮

s✉❝❤ t❤❛t
λQλ

−1
Q = 1MQ

+ (δQ,Q✲❡①❛❝t t❡r♠s) , ✭✹✳✶✺✮

λ−1
Q λQ = 1MIW

⊗MQ
+ (δIW⊗Q,IW⊗Q✲❡①❛❝t t❡r♠s) . ✭✹✳✶✻✮

❚❤✉s IW ⊗Q
✶ ❛♥❞ Q ❛r❡ ✐s♦♠♦r♣❤✐❝ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✷✱ ✐✳❡✳

U (IW )⊗Q ∼= U(Q). ✭✹✳✶✼✮

❘❡❝❛❧❧ t❤❡ ♠❛♣ ΞIW
U,V t❤❛t ♠❛♣s ❛♥② ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs U, V t♦

❛ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢❛❝t♦r✐s❛t✐♦♥s U (IW ) ❛♥❞ V (IW )✳ ❚❤❡ q✉❡st✐♦♥ ✇❡
❛r❡ ❝♦♥s✐❞❡r✐♥❣ ✐♥ t❤✐s t❤❡s✐s ✐s ❤♦✇ t❤❡s❡ ❝♦♥❝❡♣ts ❛r❡ r❡❧❛t❡❞✳ ❚❤❡ r❡❧❛t✐♦♥

✶❍❡r❡ ♦♥❡ ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧ ✉s✐♥❣ ⊗✳ ❚❤✐s t❡♥s♦r ♣r♦❞✉❝t ❤❛s t♦ r❡s♣❡❝t t❤❡ Z2✲❣r❛❞✐♥❣ ♦❢

t❤❡ ♠♦❞✉❧❡s✳
✷❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛❧✐s❡❞ t♦ (W,W ′′)✲♠❛tr✐① ❜✐❢❛❝t♦r✐s❛t✐♦♥s Q ❢♦r s♦♠❡

W ′′ ∈ R′′

✷✽



✭✹✳✶✼✮ ❤❡❧♣s t♦ s✐♠♣❧✐❢② t❤✐♥❣s ✇❤❡♥ ✇❡ ❛r❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ♠❛♣s ΞQ
U,V ❢♦r ❛♥ ❛r❜✐tr❛r② ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ❜❡❝❛✉s❡ ✐t ✐s ❡♥♦✉❣❤ t♦

❝♦♥s✐❞❡r ✐t ❢♦r ΞIW
U,V ✳ ■♥ ❢❛❝t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ Ξ ♦♥ IW ✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❝❛❧❧ ♠❛tr✐① ❜✐❢❛❝t♦r✐s❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥❞✉❝❡❞ ❢r♦♠ ❢✉s✐♦♥
❢✉♥❝t♦rs ♦♣❡r❛t♦r✲❧✐❦❡ ✐♥t❡r❢❛❝❡s✳

✹✳✹ ❚❤❡ ❝❛s❡ ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡

❇② t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ✇❡ ♠❡❛♥ t❤❛t ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❛ R✲♠♦❞✉❧❡
❝❛t❡❣♦r② ✇❤❡r❡ R = C[x]✳ ▲❡t W ❜❡ ♦✉r s✉♣❡r♣♦t❡♥t✐❛❧✱ t❤❡ ❛✉t❤♦rs ✐♥ ❬✾❪
s❤♦✇❡❞ t❤❛t t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t ❢♦r t❤✐s ❝❛s❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

IW =

(
0 x− x̃

W (x)−W (x̃
x−x̃

0

)
, ✭✹✳✶✽✮

❛❝t✐♥❣ ♦♥ ❛ ❢r❡❡ r❛♥❦ t✇♦ (R,R)✲❜✐♠♦❞✉❧❡ ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ ❛s

MIW =MIW ,0 ⊕MIW ,1 = R⊗C R⊕R⊗C R, ✭✹✳✶✾✮

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ t❤❡ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r R ❜② x̃✳ ❲❡ ❛❧s♦ ❝❛♥ ❞❡❝♦♠♣♦s❡
t❤❡ ♠♦❞✉❧❡s MIW ⊗R MQ ❛♥❞ MQ ❛s

MIW ⊗R MQ = R⊗C MQ,0 ⊕R⊗C MQ,1 ⊕R⊗C MQ,0 ⊕R⊗C MQ,1, ✭✹✳✷✵✮

✇❤❡r❡
MQ =MQ,0 ⊕MQ,1. ✭✹✳✷✶✮

❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✭✹✳✶✼✮ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♠❛♣s ✭❬✾❪✮

λQ =

(
µ 0 0 0
0 0 0 µ

)
:MIW ⊗R MQ →MQ, ✭✹✳✷✷✮

λ−1
Q =




ιMQ,0
0

Q(0)(x)−Q(0)(x̃)
x−x̃

0

0 Q(1)(x)−Q(1)(x̃)
x−x̃

0 ιMQ,1


 :MQ →MIW ⊗R MQ. ✭✹✳✷✸✮

❍❡r❡ ι ❛♥❞ µ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
❙✉♣♣♦s❡MQ,i ✐s ❛ ❢r❡❡ R✲♠♦❞✉❧❡ ❛♥❞ ✐s♦♠♦r♣❤✐❝ t♦ R⊗CE✱ ✇✐t❤ s♦♠❡ ❝♦♠♣❧❡①
✈❡❝t♦r s♣❛❝❡ E ✭✇❤✐❝❤ ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❢♦r ✜♥✐t❡✲r❛♥❦ ♠♦❞✉❧❡✮✳ ❚❤❡r❡❢♦r❡

R⊗C MQ,i
∼= R⊗C R⊗C E. ✭✹✳✷✹✮

❚❤❡♥ ✇❡ ❞❡✜♥❡

ι : R⊗C E → R⊗C R⊗C E

r ⊗ e→ r ⊗ 1⊗ e,
✭✹✳✷✺✮

✷✾



❛♥❞

µ : R⊗C R⊗C E → R⊗C E

r ⊗ s⊗ e→ (rs)⊗ e.
✭✹✳✷✻✮

❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ✈✐❡✇ µ ❛s ❛ ❦✐♥❞ ♦❢ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❢❛❝t♦r✳ ❚❤❡
♣r♦❜❧❡♠ ✇❡ ✇❛♥t t♦ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ✐❢ t❤❡ ♠❛♣ Ξ ✐s s✉r❥❡❝t✐✈❡ ❛♣✲
♣❧✐❡❞ t♦ t❤❡ ✐❞❡♥t✐② ❞❡❢❡❝t✳ ❚❤❡r❡❢♦r❡ ❧❡t U ❛♥❞ V ❜❡ t✇♦ ❣✐✈❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs
❛♥❞ φ ❛ ❣✐✈❡♥ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s U(IW ) ❛♥❞ V (IW )✱
s✉r❥❡❝t✐✈✐t② ✇♦✉❧❞ ♠❡❛♥ t❤❛t t❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦r♣❤✐s♠ Φ ❜❡t✇❡❡♥ t❤❡
❢✉♥❝t♦rs U ❛♥❞ V ✇❤✐❝❤ ✐s ♠❛♣♣❡❞ t♦ φ ✉♥❞❡r ΞIW ✳

❚♦ ♣r♦✈❡ t❤✐s ✇❡ ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ φQ : U(Q)→ V (Q) ❢♦r
❛ ❣✐✈❡♥ φ : U(IW )→ V (IW ) ✇❤❡r❡ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ♦✉r ✐s♦♠♦r♣❤✐s♠ ✭✹✳✶✼✮✳ ◆♦✇
✇❡ tr② t♦ ❣✉❡ss t❤❡ ♠♦r♣❤✐s♠ Φ ❜② ❦♥♦✇✐♥❣ ❤♦✇ ✐t ❤❛s t♦ ❛❝t ♦♥ Φ(Q, ..., Q) =
φQ✳

✹✳✹✳✶ ❊✈❡♥ ♠♦r♣❤✐s♠s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✇❡ ❝♦♥str✉❝t ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t✇♦ ❢✉s✐♦♥ ❢✉♥❝t♦rs
U ❛♥❞ V s✉❝❤ t❤❛t ❢♦r ❛ ❣✐✈❡♥ φ ∈ Hom(U(IW ), V (IW )) ✇✐t❤ δφ = 0 t❤❡r❡
❡①✐sts ❛ ♠♦r♣❤✐s♠ Φ s✉❝❤ t❤❛t ΞIW

U,V (Φ) = φ+ δ❡①❛❝t✲t❡r♠s✳
▲❡t φ ❜❡ ❛ ❝❧♦s❡❞ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ φ ❜❡t✇❡❡♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s

U(IW ) ❛♥❞ V (IW )✳ ❲❡ ✇❛♥t t♦ ❝♦♥str✉❝t ❛ ❞❡❣r❡❡ ③❡r♦ d✲❝❧♦s❡❞ ♠♦r♣❤✐s♠ Φ
❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✳ ❚♦ ❞♦ t❤✐s ✇❡ ❧♦♦❦ ❛t t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠
φQ ❜❡t✇❡❡♥ U(Q) ❛♥❞ V (Q)✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ ✭✹✳✶✼✮ ❛♥❞ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠s
λQ ❛♥❞ λ−1

Q ✇❡ ❤❛✈❡

φQ = V (λQ) ◦ (φ⊗ 1) ◦ U
(
λ−1
Q

)
. ✭✹✳✷✼✮

❍❡r❡ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ U(IW )⊗Q ❛♥❞ V (IW ) ❛s ✇❡ ❞✐❞
❜❡❢♦r❡ ❜② φ⊗ 1✳ ❲❡ ✇r✐t❡ t❤❡ ❝❧♦s❡❞ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ φ ❛s

φ =

(
φ(0) 0
0 φ(1)

)
, ✭✹✳✷✽✮

✸✵



✇❤❡r❡ φ(i) ✐s ❛ ♠❛♣ φ(i) : U(R)⊗C R→ V (R)⊗C R✳ ❲❡ ♦❜t❛✐♥

φQ =V

(
µ 0 0 0
0 0 0 µ

)

◦




φ(0) ⊗ 1MQ,0
0 0 0

0 φ(1) ⊗ 1MQ,1
0 0

0 0 φ(1) ⊗ 1MQ,0
0

0 0 0 φ(0) ⊗ 1MQ,1




◦ U




ιMQ,0
0

Q(0)(x)−Q(0)(x̃)
x−x̃

0

0 Q(1)(x)−Q(1)(x̃)
x−x̃

0 ιMQ,1




=

(
V (µ) ◦

(
φ(0) ⊗ 1MQ,0

)
◦ U

(
ιMQ,0

)
0

0 V (µ) ◦
(
φ(0) ⊗ 1MQ,1

)
◦ U

(
ιMQ,1

)
)
.

✭✹✳✷✾✮

■♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✇❡ ♥♦t❡ t❤❛t φQ ♦♥❧② ❞❡♣❡♥❞s ♦♥ MQ =MQ,0 ⊕MQ,1✳
❚❤✐s s✉❣❣❡sts t♦ ❞❡✜♥❡ t❤❡ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠

Φ(M) = V (µ) ◦
(
φ(0) ⊗ 1M

)
◦ U (ιM ) , ✭✹✳✸✵✮

❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✇❤✐❝❤ ♣r♦❞✉❝❡s φQ ✇❤❡♥ ✇❡ ❛♣♣❧② ✐t t♦MQ✳ ❚❤❡
♦♥❧② t❤✐♥❣ ✇❤✐❝❤ r❡♠❛✐♥s t♦ s❤♦✇ ✐s t❤❛t Φ ✐s ❛ d✲❝❧♦s❡❞ ♠♦r♣❤✐s♠✳ ■♥ ♦r❞❡r t♦
❞♦ t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛♣s t❤❛t ❡♥t❡r ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✳ ❋✐rst ✇❡ ❤❛✈❡
t❤❡ ♠❛♣ V (µ) ✇❤✐❝❤ ❛❝ts ❛s

V (µ) : V (R)⊗C R⊗C E → V (R)⊗C E

v ⊗ r ⊗ e→ (V (r)v)⊗ e.
✭✹✳✸✶✮

❲❤❡r❡ R ⊗C E ∼= MQ,i✳ ❚❤❡ ♠❛♣ φ(0) : U(R) ⊗C R → V (R) ⊗C R ❝❛♥ ❜❡
❞❡❝♦♠♣♦s❡❞ ❛s

φ(0) =
∑

m

φ(0)m ⊗ rm ✇✐t❤ rm ∈ R ❛♥❞ φ(0)m : U(R)→ V (R), ✭✹✳✸✷✮

✇❤❡r❡ t❤❡ s✉♠ ✐s ✜♥✐t❡✳ ❋♦r ❡①❛♠♣❧❡ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ♠♦♥♦♠✐❛❧s rm(x) = xm✳
❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t ❛ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ f : R ⊗C E → R ⊗C F ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s

f =
∑

i

ri ⊗ fi, ✭✹✳✸✸✮

✇❤❡r❡ fi : E → F ❛r❡ ✈❡❝t♦r s♣❛❝❡ ❤♦♠♦♠♦r♣❤✐s♠s✱ ❛♥❞ t❤❡ s✉♠ ♦✈❡r i ✐s ✜♥✐t❡✳

❙✐♥❝❡ dΦ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ ♦♥❡✱ ✐t ❛❝ts ♦♥ s✉❝❤ ❛ ♠♦❞✉❧❡ ❤♦♠♦♠♦r✲
♣❤✐s♠ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ■♥ ♦t❤❡r ✇♦r❞s ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t dΦ(f) = 0✱ ✐✳❡✳

dΦ(f) = V (f) ◦ Φ(R⊗C F )− Φ(R⊗C E) ◦ U(F ) = 0. ✭✹✳✸✹✮

✸✶



dΦ(f) ❞❡✜♥❡s ❛ ♠❛♣ ❢r♦♠ U(R)⊗C E t♦ V (R)⊗C F ✳ ❊✈❛❧✉❛t✐♥❣ ✐t ♦♥ u⊗ e ∈
U(R)⊗C E ✇❡ ♦❜t❛✐♥

dΦ(f)(u⊗ e) =
∑

i

V (ri) ◦ V (µ) ◦ φ(0)(u⊗ 1)⊗ (fie)

−
∑

i

V (µ) ◦ φ(0) (U(ri)u⊗ 1)⊗ (fie).
✭✹✳✸✺✮

❲❤❡♥ t❤❡ ♠♦r♣❤✐s♠ φ(0) ✐s ❛r❜✐tr❛r②✱ dΦ(f) ❞♦❡s ♥♦t ✈❛♥✐s❤✱ ❜✉t s✐♥❝❡ φ(0) ✐s
♣❛rt ♦❢ ❛♥ δU(IW ),V (IW )✲❝❧♦s❡❞ ♠♦r♣❤✐s♠ φ ✇❡ ❤❛✈❡

V (IW ) ◦ φ− φ ◦ U(IW ) = 0. ✭✹✳✸✻✮

❲❤❡♥ ✇❡ ❧♦♦❦ ❛t t❤❡ ✉♣♣❡r r✐❣❤t ❡♥tr② ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

φ(0) ◦ U(x− x̃) = V (x− x̃) ◦ φ(1). ✭✹✳✸✼✮

❆s ❜❡❢♦r❡ ✇❡ ❞❡♥♦t❡ ❜② x − x̃ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ❢r♦♠ R ⊗C R t♦ ✐ts❡❧❢✱ ❛♥❞
x ❛♥❞ x̃ ❞❡♥♦t❡ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❢❛❝t♦r ♦❢ R r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ❛❝t tr✐✈✐❛❧❧② ♦♥ t❤❡ x̃✲✈❛r✐❛❜❧❡s✱ s♦ ✇❡ ❝❛♥ ✇r✐t❡ ❡✳❣✳
V (x − x̃) = V (x) − x̃ · 1V (R)⊗CR✳ ■❢ ✇❡ ♥♦✇ ❛♣♣❧② ❢r♦♠ t❤❡ ❧❡❢t t❤❡ ♠❛♣
V (µ) : V (R)⊗CR→ V (R)✱ ✐t ❛❝ts tr✐✈✐❛❧❧② ♦♥ t❤❡ x✲✈❛r✐❛❜❧❡✱ ❜✉t r❡♣❧❛❝❡s x̃ ❜②
V (x)✳ ❙♦ ✇❡ ♦❜t❛✐♥

V (µ) ◦ φ(0) ◦ U(x− x̃) = 0, ✭✹✳✸✽✮

=⇒ V (µ) ◦ φ(0) ◦ U(x) = V (µ) ◦ φ(0) ◦ x̃ = V (x) ◦ V (µ) ◦ φ(0). ✭✹✳✸✾✮

❇❡❝❛✉s❡ ♦❢ t❤❡ ❢✉♥❝t♦r✐❛❧ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ U ❛♥❞ V ✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡
x ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❜② ❛♥ ❛r❜✐tr❛r② ♣♦❧②♥♦♠✐❛❧ p(x)✱

V (µ) ◦ φ(0) ◦ U(p(x)) = V (p(x)) ◦ V (µ) ◦ φ(0). ✭✹✳✹✵✮

■t ❢♦❧❧♦✇s t❤❛t dΦ ✐♥ ✭✹✳✸✺✮ ✐♥❞❡❡❞ ✈❛♥✐s❤❡s ♦♥ ❤♦♠♦♠♦r♣❤✐s♠s f : R → R✱
✐✳❡✳ ✇❤❡♥ E ∼= F ∼= C✳ ❇② ❧✐♥❡❛r✐t② t❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r ❤♦♠♦♠♦r♣❤✐s♠s
f : R⊗C E → R⊗C F ✇✐t❤ ❛r❜✐tr❛r② ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s E ❛♥❞ F ✳
❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✕ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡ ✕ ❛♥② ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ φ
❜❡t✇❡❡♥ U(IW ) ❛♥❞ V (IW ) ✐s ✐♥❞✉❝❡❞ ❜② ❛ ❝❧♦s❡❞ ❞❡❣r❡❡ 0 ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
t❤❡ ❢✉♥❝t♦rs U ❛♥❞ V ✳

✹✳✹✳✷ ❖❞❞ ♠♦r♣❤✐s♠s

◆♦✇ ✇❡ t✉r♥ t♦ ❝❧♦s❡❞ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✱
t❤❡r❡❢♦r❡ ❧❡t ψ ❜❡ ❛ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ U(IW ) ❛♥❞ V (IW )✱ ✐✳❡✳ ✐t ✐s ❛
❤♦♠♦♠♦r♣❤✐s♠

ψ =

(
0 ψ(1)

ψ(0) 0

)
: U(R)⊗CR⊕U(R)⊗CR→ V (R)⊗CR⊕V (R)⊗CR, ✭✹✳✹✶✮

✸✷



s❛t✐s❢②✐♥❣
V (IW ) ◦ ψ + ψ ◦ U (IW ) = 0. ✭✹✳✹✷✮

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❜♦s♦♥✐❝ ❝❛s❡ ❛❜♦✈❡ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ψQ :
U(Q)→ V (Q) ✉s✐♥❣ ❛❣❛✐♥ ✭✹✳✶✼✮✳ ❲❡ ♦❜t❛✐♥

ψQ =V

(
µ 0 0 0
0 0 0 µ

)

◦




0 0 φ(1) ⊗ 1MQ,0
0

0 0 0 φ(0) ⊗ 1MQ,1

φ(0) ⊗ 1MQ,0
0 0 0

0 φ(1) ⊗ 1MQ,1
0 0




◦ U




ιMQ,0
0

Q(0)(x)−Q(0)(x̃)
x−x̃

0

0 Q(1)(x)−Q(1)(x̃)
x−x̃

0 ιMQ,1




=V (µ) ◦
(
φ(1) ⊗ 1MQ

)
◦ U

(
0 Q(1)(x)−Q(1)(x̃)

x−x̃
Q(0)(x)−Q(0)(x̃)

x−x̃
0

)
.

✭✹✳✹✸✮

❚❤✐s s✉❣❣❡sts t♦ ❣✉❡ss t❤❡ ♠♦r♣❤✐s♠ Ψ✱ ✇❤✐❝❤ ✐s ❛ ❞❡❣r❡❡ ♦♥❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
t❤❡ ❢✉s✐♦♥ ❢✉♥❝t♦rs U ❛♥❞ V ❛❝t✐♥❣ ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❧❡♥❣t❤ ♦♥❡ ❛s

Ψ(f) = V (µ) ◦
(
φ(1) ⊗ 1MN

)
◦ U

(
f(x)− f(x̃)

x− x̃

)
: U(M)→ V (N). ✭✹✳✹✹✮

■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t✇♦ t❤✐♥❣s✳ ❋✐rst ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t Ψ ✐s ❝❧♦s❡❞ ✉♥❞❡r d✱
✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❜② str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥

dΨ(g, f) = V (g) ◦Ψ(f)−Ψ(g ◦ f) + Ψ(g) ◦ U(f)

=V (g) ◦ V (µ) ◦ ψ(1) ◦ U

(
f(x)− f(x̃)

x− x̃

)
− V (µ) ◦ ψ(1) ◦ U

(
g ◦ f(x)− g ◦ f(x̃)

x− x̃

)

+ V (µ) ◦ ψ(1) ◦ U

(
g(x)− g(x̃)

x− x̃

)
◦ U(f)

=V (g) ◦ V (µ) ◦ ψ(1) ◦ U

(
f(x)− f(x̃)

x− x̃

)

− V (µ)ψ(1) ◦ U

(
g(x̃) ◦

f(x)− f(x̃)

x− x̃

)

=0.

✭✹✳✹✺✮

❚❤❡ r❡♠❛✐♥✐♥❣ s❡❝♦♥❞ ♣r♦♣❡rt② t♦ s❤♦✇ ✐s t❤❛t Ψ r❡s♣❡❝ts t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧ W ✳

Ψ(W · f) =W ′ ·Ψ(f). ✭✹✳✹✻✮

✸✸



◆♦t❡ t❤❛t ✇❡ ❛r❡ ❞♦ ♥♦t ♥❡❡❞ t♦ s❤♦✇ t❤❛t ♦♥ t❤❡ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ✐♥
t❤❡ ❜♦s♦♥✐❝ ❝❛s❡ ❛❜♦✈❡✱ s✐♥❝❡ ❛ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ♦♥❧② ❛❝t ♦♥ s❡q✉❡♥❝❡s ♦❢
❧❡♥❣t❤ ③❡r♦✳ ❚♦ s❤♦✇ t❤✐s ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠ ψ ❜❡t✇❡❡♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s U(IW ) ❛♥❞ V (IW ) ✐s
❝❧♦s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ δU(IW ),V (IW )✳ ❯s✐♥❣ t❤✐s ❢❛❝t ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥

V (x− x̃) ◦ ψ(0) + ψ(1) ◦ U

(
W (x)−W (x̃)

x− x̃

)
= 0. ✭✹✳✹✼✮

❇② ❛♣♣❧②✐♥❣ V (µ) ❢r♦♠ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✱ t❤❡ ✜rst t❡r♠ ✈❛♥✐s❤❡s s♦ t❤❛t ✇❡
❡♥❞ ✉♣ ✇✐t❤

V (µ) ◦ ψ(1) ◦ U

(
W (x)−W (x̃)

x− x̃

)
= 0. ✭✹✳✹✽✮

❯s✐♥❣ t❤✐s r❡s✉❧t ✇❡ ❝❛♥ s❤♦✇ ✭✹✳✹✻✮✿

Ψ(W · f) = V (µ) ◦ ψ(1) ◦ U

(
W (x)f(x)−W (x̃)f(x̃)

x− x̃

)

= V (µ) ◦ ψ(1) ◦ U

(
W (x)−W (x̃)

x− x̃
f(x) +W (x̃)

f(x)− f(x̃)

x− x̃

)

= V (W ) ◦ V (µ) ◦ ψ(0) ◦ U

(
f(x)− f(x̃)

x− x̃

)

=W ′ · V (µ) ◦ ψ(0) ◦ U

(
f(x)− f(x̃)

x− x̃

)
,

✭✹✳✹✾✮

✇❤❡r❡ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❧❛st st❡♣ t❤❛t V (W ) = W ′ · 1✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ s✉r✲
❥❡❝t✐✈✐t② ❤♦❧❞s ✐♥ t❤❡ ❢❡r♠✐♦♥✐❝ ❝❛s❡✱ t♦♦✳

■♥ ❛❞❞✐t✐♦♥ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ♦♥❧② ❛ ♠♦r♣❤✐s♠
♦❢ ❞❡❣r❡❡ 0 ✭❢♦r t❤❡ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠s✮ ❛♥❞ ♦❢ ❞❡❣r❡❡ 1 ✭❢♦r t❤❡ ❢❡r♠✐♦♥✐❝
♠♦r♣❤✐s♠s✮✳ ❚❤✐s ♠❛t❝❤❡s ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✹✳✶ t❤❛t ❛❧❧ ❝♦❤♦♠♦❧♦❣✐❡s ♦❢ ❞❡❣r❡❡
❣r❡❛t❡r t❤❛♥ ♦♥❡ ❛r❡ tr✐✈✐❛❧✳ ■♥ t♦t❛❧ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ΞIW ✐s ❛ s✉r❥❡❝t✐✈❡ ♠❛♣
♦♥ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✱ ✐✳❡✳ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛♥② ♠♦r♣❤✐s♠
❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥ ❢r♦♠ ❛ s✉✐t❛❜❧❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❢✉s✐♦♥ ❢✉♥❝t♦rs✱
✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ ♣❤②s✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ t❤❡s✐s✳

✹✳✹✳✸ ■♥❥❡❝t✐✈✐t② ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡

❆❣❛✐♥ s❡t R = C[x]✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛♥❛❧②s❡ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ♠❛♣

ΞIW
U,V : U(MIW ) → V (MIW )✳ ▲❡t φ

(n)
UV ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ t❤❡

❢✉s✐♦♥ ❢✉♥❝t♦rs U ❛♥❞ V t❤❛t ✐s ♠❛♣♣❡❞ t♦ ❛♥ ❡①❛❝t ♠♦r♣❤✐s♠ δψ(i) ✇❤❡r❡ ψ(i)

✐s ❜♦s♦♥✐❝ ❢♦r i = 0 ♦r ❢❡r♠✐♦♥✐❝ ❢♦r i = 1✳
❚❤❡ ♠❛♣ ΞIW

U,V ✐s ✐♥❥❡❝t✐✈❡ ✐❢ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♠♦r♣❤✐s♠ φ
(n)
U,V ♠❛♣♣❡❞

t♦ ❛♥ ❡①❛❝t ♠♦r♣❤✐s♠ δψ(i) ✐s ❡①❛❝t ✐ts❡❧❢✳ ❚❤✐s ♠❡❛♥s t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠

χ
(n−1)
U,V ♦❢ ❞❡❣r❡❡ n− 1 s✉❝❤ t❤❛t dχ

(n−1)
U,V = φ

(n)
U,V ✳

❋♦r n = 0 t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ✐♥❥❡❝t✐✈✐t② ✐♠♣❧✐❡s t❤❛t φ
(0)
UV = 0 ✐s t❤❡ ♥✉❧❧✲♠♦r♣❤✐s♠✳

✸✹



■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❝♦♥str✉❝t ❛ ❝♦✉♥t❡r ❡①❛♠♣❧❡ ❢r♦♠ ✇❤✐❝❤ ✇❡ s❡❡ t❤❛t t❤❡ ♠❛♣
ΞIW
UV ❢❛✐❧s t♦ ❜❡ ✐♥❥❡❝t✐✈❡✳

❙❡t U = V = id t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t♦rs ❛♥❞ i = 1 s✉❝❤ t❤❛t ψ(1) ✐s ❛ ❢❡r♠✐♦♥✐❝
♠♦r♣❤✐s♠✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

ΞIW
U,V

(
φ
(0)
UV

)
= φ

(0)
UV (MIW ). ✭✹✳✺✵✮

❲❤❛t ✇❡ ❤❛✈❡ t♦ s❤♦✇ ♥♦✇ ✐s t❤❛t ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤✐s ♠♦r♣❤✐s♠ ❜② ❛♥ ❡①❛❝t

❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ δψ
(1)
IW ,IW

: MIW → MIW ✳ ❙✐♥❝❡ φ(0) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡
③❡r♦t❤ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ✐t ✐s ❝❧♦s❡❞✱ ❛♥❞ ❛s s❤♦✇♥ ✐♥ ❆✳✷✳✺ ✇❡ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ❢♦r ❛r❜✐tr❛r② R✲♠♦❞✉❧❡s N ❛♥❞ M ✿

M
f

//

φ(0)(M)

��

N

φ(0)(N)

��

M
f

// N,

✇❤❡r❡ f ✐s ❛ ❛r❜✐tr❛r② ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ❲❤❡♥ ✇❡ ❝❤♦♦s❡ M = N = R
✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

R
r

//

φ(0)(R)
��

R

φ(0)(R)
��

R
r

// R

✇❤❡r❡ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ f ❜② ❛ ♣♦❧②♥♦♠✐❛❧ r✳
❚❤✐s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ψ(1) ✐s ❛ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠ ❛♥❞ t❤❡r❡❢♦r❡ ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ❛s

ψ(1) =

(
0 ψ̃1

ψ̃2 0

)
, ✭✹✳✺✶✮

✐♠♣❧✐❡s t❤❛t

φ(0)(MIW ) = δψ(1) = IW ◦ ψ
(1) + ψ(1) ◦ IW

=

(
0 ψ̃1

ψ̃2 0

)
◦

(
0 x− x̃

W (x)−W (x̃)
x−x̃

0

)
+

(
0 x− x̃

W (x)−W (x̃)
x−x̃

0

)
◦

(
0 ψ̃1

ψ̃2 0

)

=

(
(x− x̃)ψ̃2 +

W (x)−W (x̃)
x−x̃

ψ̃1 0

0 (x− x̃)ψ̃2 +
W (x)−W (x̃)

x−x̃
ψ̃1

)
,

✭✹✳✺✷✮

✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠

(
r 0
0 r

)
, ✭✹✳✺✸✮

✸✺



✇❤✐t r = φ(0)(R) ✐✳❡✳ ❛ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ r ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡
✈❛r✐❛❜❧❡ x ♦❢ t❤❡ ✜rst ❢❛❝t♦r ♦❢ MIW ❞✉❡ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ ❢✉♥❝t♦rs ♦♥ ❜✐♠♦❞✉❧❡s

φ(0)(MIW ) : (R⊗R)⊕ (R⊗R)→ (R⊗R)⊕ (R⊗R)

s1 ⊗ s2 + t1 ⊗ t2 7→ rs1 ⊗ s2 + rt1 ⊗ t2.
✭✹✳✺✹✮

■♥ ♦r❞❡r t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡ ψ(1) ✇❡ ❞❡♠❛♥❞ t❤❛t

ψ̃1 = ψ̃2. ✭✹✳✺✺✮

❈❤♦♦s✐♥❣ W (x) = x2 ❛♥❞ ♣❧✉❣ t❤✐s ✐♥t♦ ✭❄❄✮ ✜♥❛❧❧② ❧❡❛❞s t♦

r(x) = ((x− x̃) + (x+ x̃)) ψ̃1(x, x̃) = 2xψ̃1(x, x̃), ✭✹✳✺✻✮

✇❤❡r❡ ✇❡ ❝❤♦♦s❡ ψ̃1(x, x̃) = ψ̃1(x)✳ ❚❤❡ ❝❤♦✐❝❡

ψ(1) =

(
0 1
1 0

)
, ✭✹✳✺✼✮

t❤❡♥ ✐♠♣❧✐❡s

δψ(1) =

(
2x 0
0 2x

)
. ✭✹✳✺✽✮

❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝♦♥str✉❝t❡❞ ❛ ♥♦♥tr✐✈✐❛❧ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠ δψ(1) ✇❤✐❝❤
❧✐❡s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ φ(0) ✉♥❞❡r t❤❡ ♠❛♣ ΞIW ✳ ■♥ ♦t❤❡r ✇♦r❞s ✇❡ ❤❛✈❡ s❤♦✇♥
t❤❛t ΞIW ❢❛✐❧s t♦ ❜❡ ✐♥❥❡❝t✐✈❡✳

✹✳✺ ❚❤❡ ❝❛s❡ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s

❚❤✐s ❝❤❛♣t❡r ♦r✐❣✐♥❛t❡s ❢r♦♠ ❤❛♥❞✇r✐tt❡♥ ♥♦t❡s ♦❢ Pr♦❢✳ ❙t❡❢❛♥ ❋r❡❞❡♥❤❛❣❡♥✱
♠② t❤❡s✐s s✉♣❡r✈✐s♦r✱ ✇❤❡r❡ ❤❡ ❞✐❞ s❡✈❡r❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ ❞✐s❝✉ss❡❞ t❤❡ ❜♦s♦♥✐❝
❝❛s❡ ❢♦r t✇♦ ✈❛r✐❛❜❧❡s✳

❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t✇♦ ✈❛r✐❛❜❧❡ ♠♦❞✉❧❡s ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② ♦✉r
✐❞❡♥t✐t② ❞❡❢❡❝t ✐♥ ❛ ♥♦♥ tr✐✈✐❛❧ ✇❛②✳ ❚♦ ❞❡r✐✈❡ ✐t ❢♦r♠❛❧❧② ✇♦✉❧❞ ❧✐❡ ♦✉ts✐❞❡ t❤❡
s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦✳ ❙♦ ✇❡ ❢♦❧❧♦✇ ❬✾❪ ❛♥❞ ❞❡✜♥❡ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t ❛s

IW =




0 0 (x1 − x̃1) (x2 − x̃2)

0 0 −W (x̃1,x2)−W (x̃1,x̃2)
x2−x̃2

W (x1,x2)−W (x̃1,x2)
x1−x̃1

W (x1,x2)−W (x̃1,x2)
x1−x̃1

−(x2 − x̃2) 0 0
W (x̃1,x2)−W (x̃1,x̃2)

x2−x̃2
(x1 − x̃1) 0 0


 ,

✭✹✳✺✾✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ r❡♣❧❛❝❡ x̃ ❜② x′ ❢♦r r❡❛❞❛❜✐❧✐t② r❡❛s♦♥s ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡

s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ I
(0)
W ❢♦r t❤❡ ✉♣♣❡r r✐❣❤t ❜❧♦❝❦ ♦❢ IW ❛♥❞ I

(1)
W ❢♦r t❤❡ ❧♦✇❡r

❧❡❢t ❜❧♦❝❦✳ ❇❡❝❛✉s❡ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t ❤❛s ❜❡❡♥ ❝❤❛♥❣❡❞✱ t❤❡ ♠❛♣s λQ ❛♥❞ λ
(−1)
Q

❝❤❛♥❣❡ t♦♦✳ ❋♦❧❧♦✇✐♥❣ ❛❣❛✐♥ ❬✾❪ t❤❡ ♠❛♣ λQ :MIW ⊗MQ →MQ ✐s ❣✐✈❡♥ ❜②

λQ =

(
µ 0 0 0 0 0 0 0
0 0 0 0 0 µ 0 0

)
. ✭✹✳✻✵✮

✸✻



❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✇♦r❦ ❛❜♦✈❡ t❤❡ ✐♥✈❡rs❡ ♠❛♣ λ
(−1)
Q :MQ →MIW ⊗MQ ❤❛s t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠

λ
(−1)
Q =




1 0
∗ 0
∗ 0
∗ 0
0 ∗
0 ∗
0 1

0 ∗




. ✭✹✳✻✶✮

❚❤❡ ❡♥tr✐❡s ∗ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥str❛✐♥ts ✭✹✳✶✺✮ ❛♥❞ ✭✹✳✶✻✮✳ ❖♥❡ ❡♥❞s
✉♣ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

λ
(−1)
Q =




(
λ
(−1)
Q

)(0)
0

0
(
λ
(−1)
Q

)(1)


 . ✭✹✳✻✷✮

❲❤❡r❡

(
λ
(−1)
Q

)(0)
=




1

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

Q(0)(x1,x2)−Q(0)(x′
1,x2)

x1−x′
1

Q(0)(x1,x2)−Q(0)(x′
1,x2)

x1−x′
1

Q(0)(x′
1,x2)−Q(0)(x′

1,x
′
2)

x2−x′
2



, ✭✹✳✻✸✮

❛♥❞

(
λ
(−1)
Q

)(1)
=




Q(1)(x1,x2)−Q(1)(x′
1,x2)

x1−x′
1

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

1

Q(0)(x′
1,x2)−Q(0)(x′

1,x
′
2)

x2−x′
2

Q(1)(x1,x2)−Q(1)(x′
1,x2)

x1−x′
1



. ✭✹✳✻✹✮

✹✳✺✳✶ ❙✉r❥❡❝t✐✈✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❢❡r♠✐♦♥✐❝ ❝❛s❡

■♥ t❤❡ ❢❡r♠✐♦♥✐❝ ❝❛s❡ ✇❡ ❝♦♥s✐❞❡r ❛♥ ♦❞❞ ♠♦r♣❤✐s♠

φ =

(
0 ψ(1)

ψ(0) 0

)
, ✭✹✳✻✺✮

❇② ❛♥❛❧♦❣♦✉s tr❡❛t♠❡♥t ❛s ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥
✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ φQ : U(Q)→ V (Q) ❜②

φQ = U(λQ) ◦ (φ⊗ 1MQ
) ◦ V (λ

(−1)
Q ) ✭✹✳✻✻✮

✸✼



✇❤✐❝❤ tr❛♥s❧❛t❡s t♦

ψQ =V

(
µ 0 0 0 0 0 0 0
0 0 0 0 0 µ 0 0

)

◦




0 0 ψ(1) ⊗ 1MQ,0
0

0 0 0 ψ(0) ⊗ 1MQ,1

ψ(0) ⊗ 1MQ,0
0 0 0

0 ψ(1) ⊗ 1MQ,1
0 0




◦ Uλ
(−1)
Q




(
λ
(−1)
Q

)(0)
0

0
(
λ
(−1)
Q

)(1)




=




0

(V (µ) 0) ◦ ψ(1) ◦


U

(
Q(0)(x1,x2)−Q(0)(x′

1,x2)
x1−x′

1

)

U
(

Q(0)(x′
1,x2)−Q(0)(x′

1,x
′
2)

x2−x′
2

)



(V (µ) 0) ◦ ψ(1) ◦


U

(
Q(1)(x1,x2)−Q(1)(x′

1,x2)
x1−x′

1

)

U
(

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

)



0




❚❤✐s ❤❛s ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ❛s ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡
❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ t❤✐s ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ❞❡✜♥❡s ❛ ♠♦r♣❤✐s♠
❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳

✹✳✺✳✷ ❙✉r❥❡❝t✐✈✐t② ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❜♦s♦♥✐❝ ❝❛s❡

❚❤❡ s✐t✉❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✐♥ t❤❡ ❜♦s♦♥✐❝ ❝❛s❡✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡

q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥s ✐♥ λQ ❛♥❞ λ
(−1)
Q ✇❤✐❝❤ ❝♦♠❡ ✐♥t♦ ❡✛❡❝t s✐♥❝❡ ✇❡ ♥♦✇

❝♦♥s✐❞❡r ❛♥ ❡✈❡♥ ♠♦r♣❤✐s♠

φ =

(
φ(0) 0
0 φ(1)

)
, ✭✹✳✻✼✮

s❛t✐s❢②✐♥❣
V (IW ) ◦ φ+ φ ◦ U(IW ) = 0. ✭✹✳✻✽✮

❆❣❛✐♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ U(Q) ❛♥❞ V (Q) ❛s

φQ = V (λQ) ◦ (φ⊗ 1) ◦ U
(
λ−1
Q

)
. ✭✹✳✻✾✮

✸✽



❖♥❡ ♦❜t❛✐♥s

ψQ =V

(
µ 0 0 0 0 0 0 0
0 0 0 0 0 µ 0 0

)

◦




φ(0) ⊗ 1MQ,0
0 0 0

0 φ(1) ⊗ 1MQ,1
0 0

0 0 φ(1) ⊗ 1MQ,0
0

0 0 0 φ(0) ⊗ 1MQ,1




◦ U




(
λ
(−1)
Q

)(0)
0

0
(
λ
(−1)
Q

)(1)




=

(
∗0 0
0 ∗1

)
,

✭✹✳✼✵✮

✇❤❡r❡

∗0 = (V (µ) 0) ◦ φ(0) ◦

(
U (1)

U
(

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

Q(0)(x1,x2)−Q(0)(x′
1,x2)

x1−x′
1

)
)
,

✭✹✳✼✶✮
❛♥❞

∗1 = (V (µ) 0) ◦ φ(0) ◦

(
U (1)

U
(

Q(0)(x′
1,x2)−Q(0)(x′

1,x
′
2)

x2−x′
2

Q(1)(x1,x2)−Q(1)(x′
1,x2)

x1−x′
1

)
)
.

✭✹✳✼✷✮
◆♦✇ ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ t❤❡ ✉♣♣❡r ❧❡❢t ❡♥tr② ∗0✳ ❲❡ ✇r✐t❡ t❤❡ ❝♦♠♣♦♥❡♥ts
♦❢ φ(0) ❛s

φ(0) =

(
φ
(0)
a φ

(0)
b

φ
(0)
c φ

(0)
d

)
. ✭✹✳✼✸✮

❚❤❡ ✉♣♣❡r ❧❡❢t ❡♥tr② ❜❡❝♦♠❡s

∗0 =V (µ) ◦ φ(0) ◦

(
U (1)

U
(

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

Q(0)(x1,x2)−Q(0)(x′
1,x2)

x1−x′
1

)
)

=
(
V (µ)φ

(0)
a V (µ)φ

(0)
b

)
U

(
1

Q(1)(x′
1,x2)−Q(1)(x′

1,x
′
2)

x2−x′
2

Q(0)(x1,x2)−Q(0)(x′
1,x2)

x1−x′
1

)

=V (µ) ◦ φ(0)a ◦ 1+ V (µ) ◦ φ
(0)
b

◦ U

(
Q(1)(x′1, x2)−Q

(1)(x′1, x
′
2)

x2 − x′2

Q(0)(x1, x2)−Q
(0)(x′1, x2)

x1 − x′1

)

✭✹✳✼✹✮

❉✉❡ t♦ t❤❡ ❞❡✜♥✐♥❣ ♣r♦♣❡rt② ♦❢ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s Q✱ ✇❡ s❡❡ t❤❛t ✐♥ t❤❡
❛❜♦✈❡ ❡①♣r❡ss✐♦♥ t❤❡ t❡r♠s ♦❢ ♦r❞❡r t✇♦ ❛♥❞ t❤❡ t❡r♠s ♦❢ ♦r❞❡r ③❡r♦ ✐♥ Q st❛rt

✸✾



t♦ ✧❝♦♠♠✉♥✐❝❛t❡✧✳ ❙✐♥❝❡ ✇❡ ❞❡♠❛♥❞ t❤❛t t❤❡ t❤❡ ♠♦r♣❤✐s♠s ❛r❡ ❝❧♦s❡❞✱ ✇❡
♦❜t❛✐♥ ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠✳ ❚❤❡ ❡q✉❛t✐♦♥

φQ1 −Q2φ = 0, ✭✹✳✼✺✮

✇✐t❤ φ : Q1 → Q2✱ r❡❛❞s

φ(0)Q
(1)
1 −Q

(1)
2 φ(1) = 0. ✭✹✳✼✻✮

❚❤✉s ✇❡ ❝❛❧❝✉❧❛t❡
(
φ
(0)
a φ

(0)
b

φ
(0)
c φ

(0)
d

)
U

(
x1 − x

′
1 x2 − x

′
2

−
W (x′

1,x2)−W (x′
1,x

′
2)

x2−x′
2

W (x1,x2)−W (x′
1,x2)

x1−x′
1

)
−

V

(
x1 − x

′
1 x2 − x

′
2

−
W (x′

1,x2)−W (x′
1,x

′
2)

x2−x′
2

W (x1,x2)−W (x′
1,x2)

x1−x′
1

)(
φ
(1)
a φ

(1)
b

φ
(1)
c φ

(1)
d

)
= 0

✭✹✳✼✼✮

❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ✉♣♣❡r ❧❡❢t ❡♥tr② ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

φ(0)a (U(x1)− x
′
1) + φ

(0)
b U

(
−
W (x′1, x2)−W (x′1, x

′
2)

x2 − x′2

)

= (V (x1)− x
′
1)φ

(1)
a + (V (x2)− x

′
2)φ

(1)
c .

✭✹✳✼✽✮

❲❤❡♥ ✇❡ ❛♣♣❧② V (µ) t♦ t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

V (µ) ◦

(
φ(0)a (U(x1)− x

′
1) + φ

(0)
b U

(
W (x′1, x2)−W (x′1, x

′
2)

x1 − x′1

))
= 0. ✭✹✳✼✾✮

❆♥❛❧♦❣♦✉s❧② ✇❡ ✜♥❞

V (µ) ◦

(
φ(0)a (U(x2)− x

′
2) + φ

(0)
b U

(
W (x1, x2)−W (x′1, x2)

x1 − x′1

))
= 0. ✭✹✳✽✵✮

❋r♦♠ t❤✐s ♣♦✐♥t ✐t ✐s ♥♦t ❝❧❡❛r ✐❢ ✇❡ ❝❛♥ s❡♣❛r❛t❡ t❤✐s ✐♥t♦ ❛ φ
(0)
a ❛♥❞ ❛ φ

(0)
b ♣❛rt✳

❖♥❡ t❤✐♥❣ t❤❛t ❤❛s t♦ ❜❡ s❛t✐s✜❡❞ ✐s t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ✐s ❝❧♦s❡❞ ✇✐t❤
r❡s♣❡❝t t♦ δU1(Q),U2(Q)✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠
✐♥t♦ ❛ ❞❡❣r❡❡ ③❡r♦ ❛♥❞ ❛ ❞❡❣r❡❡ t✇♦ ♠♦r♣❤✐s♠ ✐s ♥♦t ♣♦ss✐❜❧❡ s♦ t❤❛t t❤❡r❡ ❛r❡
t✇♦ r❡♠❛✐♥✐♥❣ ♦♣t✐♦♥s✳ ❋✐rst t❤❡r❡ ❛r❡ ♠♦r♣❤✐s♠s ✇❤✐❝❤ ❞♦ ♥♦t ❧❡❛❞ t♦ ❢✉♥❝✲
t♦r✐❛❧ ♠♦r♣❤✐s♠ ♦♥ t❤❡ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✱ ✐✳❡✳ ΞIW ❢❛✐❧s t♦ ❜❡ s✉r❥❡❝t✐✈❡✳ ■❢

t❤✐s ✐s ♥♦t tr✉❡ ♦♥❡ ❝♦✉❧❞ ✐♥❣❡st✐✈❡ ✐❢ ❡✈❡r② ♠♦r♣❤✐s♠ ✇✐t❤ φ
(0)
b = 0 ✐♥❞✉❝❡s ❛

❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ❛♥❞ ❛ ♠♦r♣❤✐s♠ ✇✐t❤ φ
(0)
a = 0 ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠ ♦❢

❞❡❣r❡❡ t✇♦✳ ❋♦r ♥♦✇ ❧❡t ✉s ❛ss✉♠❡ t❤✐s ❛♥❞ ♣❡r❢♦r♠ ❛ ♣❧❛✉s✐❜✐❧✐t② ❝❤❡❝❦✳ ❚❤❡
❤♦♣❡ ✐s t♦ ❣❛✐♥ s♦♠❡ ♠♦r❡ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ♠♦r♣❤✐s♠ φ✳

■t ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ❤❛s t♦ ❜❡ δU1(Q),U2(Q)✲❝❧♦s❡❞✳ ❖♥❡
❝❛♥ ❝❛❧❝✉❧❛t❡ t❤✐s ❡①♣❧✐❝✐t❧② ❜✉t ✇❡ ✇✐❧❧ ♦♠✐t t♦ ✇r✐t❡ t❤✐s ❢❛❝t ❞♦✇♥ ❤❡r❡ ✐♥
❞❡t❛✐❧ s✐♥❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✇♦✉❧❞ t❛❦❡ s❡✈❡r❛❧ ♣❛❣❡s✳

✹✵



◆♦✇ ✇❡ ✧❣✉❡ss✧ s✉❝❤ ❛ s❡♣❛r❛t❡❞ ♠♦r♣❤✐s♠ ❛♥❞ ❝❤❡❝❦ ✐❢ ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡
❞✐✛❡r❡♥t✐❛❧ d✳ ◆♦t❡ t❤❛t t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❣✉❡ss❡❞ ♠♦r♣❤✐s♠
✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ✐s ❝❧♦s❡❞ ✇❛s t❤❡ r❡❧❛t✐♦♥ ✭✹✳✸✾✮✳ ❲✐t❤♦✉t ❞♦✐♥❣ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ❤❡r❡ ♦♥❡ ❝❛♥ s❤♦✇ ❛ s✐♠✐❧❛r ❡q✉❛t✐♦♥ ❢♦r t❤❡ t✇♦ ✈❛r✐❛❜❧❡ ❝❛s❡

V (µ) ◦ φ(0)a ◦ p(x
′
1, x

′
2) = V (µ) ◦ φ(0)a ◦ U(p(x1, x2))

+ V (µ) ◦ φ
(0)
b ◦ U

(
−
W (x′1, x2)−W (x′1, x

′
2)

x2 − x′2

p(x1, x2)− p(x
′
1, x2)

x1 − x′1

)

+ V (µ) ◦ φ
(0)
b ◦ U

(
W (x1, x2)−W (x′1, x2)

x2 − x′2

p(x′1, x2)− p(x
′
1, x

′
2)

x2 − x′2

)
.

✭✹✳✽✶✮

❚❤✐s ❝♦✉❧❞ ❤❡❧♣ ✉s t♦ ❝♦♥str✉❝t ❛ s✉✐t❛❜❧❡ ♠♦r♣❤✐s♠ φ ❛♥❞ ❥✉st t♦ ❝❤❡❝❦ ✇❤❡t❤❡r
✐t ✐s ❝❧♦s❡❞✳ ❋♦r ❛ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡

φ(0) = V (µ) ◦ φ(0)a + V (µ) ◦ φ
(0)
b ◦ U(g(x1, x2, x

′
1, x

′
2)). ✭✹✳✽✷✮

❍❡r❡ g ✐s ❛ s✉✐t❛❜❧❡ R✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ◆♦✇ ❧❡t ✉s ❝❤❡❝❦ ✐❢ t❤✐s ♠♦r♣❤✐s♠
✐s ❝❧♦s❡❞✱ ❜② ❛❝t✐♥❣ ♦♥ ❛♥ ❛r❜✐tr❛r② ♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ f ✿

V (f)φ(0)−φ(0)U(f) = V (µ) ◦ φ(0)a ◦ f(x
′
1, x

′
2) + V (µ) ◦ φ

(0)
b ◦ f(x

′
1, x

′
2) ◦ U(g)

− V (µ) ◦ φ(0)a ◦ U(f(x1, x2))− V (µ) ◦ φ
(0)
b ◦ U(g)U(f(x1, x2))

= V (µ) ◦ φ
(0)
b ◦ U

(
f(x′1, x

′
2)g − gf(x1, x2)

+
W (x1, x2)−W (x′1, x2)

x1 − x′1

f(x′1, x2)− f(x
′
1, x

′
2)

x2 − x′2

−
W (x′1, x2)−W (x′1, x

′
2)

x2 − x′2

f(x1, x2)− f(x
′
1, x2)

x1 − x′1

)

= V (µ) ◦ φ
(0)
b ◦ U

(
f(x′1, x

′
2)g − gf(x1, x2)

+
1

(x1 − x′1)(x2 − x
′
2)

(
W (x1, x2)f(x

′
1, x2)−W (x′1, x2)f(x

′
1, x2)

−W (x1, x2)f(x
′
1, x

′
2) +W (x′1, x2)f(x

′
1, x

′
2)−W (x′1, x2)f(x1, x2)

+W (x′1, x
′
2)f(x1, x2) +W (x′1, x2)f(x

′
1, x2)−W (x′1, x

′
2)f(x

′
1, x2)

))

✭✹✳✽✸✮

✹✶



❲❤✐❝❤ s✐♠♣❧✐✜❡s t♦

V (f)φ(0) − φ(0)U(f) = V (µ) ◦ φ
(0)
b ◦ U

{
f(x′1, x

′
2)g − gf(x1, x2)

+
1

(x1 − x′1)(x2 − x
′
2)

(
f(x′1, x

′
2)
(
−W (x1, x2) +W (x′1, x2)

)

− f(x1, x2)
(
W (x′1, x2)−W (x′1, x

′
2)
)

+ f(x′1, x2)
(
W (x1, x2)−W (x′1, x

′
2)
))}

.

✭✹✳✽✹✮

❜✉t ❤❡r❡ ✇❡ ❛r❡ ❛❣❛✐♥ ♥♦t ❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡ s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ❢♦r φ
(0)
b t❤❛t φ

❜❡❝♦♠❡ ❝❧♦s❡❞✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ tr✐❡❞ t♦ ❛♥❛❧②s❡ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ ΞIW ✐♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡
❝❛s❡ ✇❤✐❝❤ t✉r♥❡❞ t♦ ❜❡ ❡①tr❡♠❡❧② ❞✐✣❝✉❧t ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠✐①t✉r❡ ♦❢ t❡r♠s ♦❢
❡✈❡♥ ♦r❞❡r ✐♥ Q ❛♥❞ t❤❡ t❡r♠s ♦❢ ③❡r♦t❤ ♦r❞❡r ✐♥ Q✳ ■t ✐s ♥♦t ♦❜✈✐♦✉s t❤❛t t❤❡r❡
❛r❡ s✉✐t❛❜❧❡ ♠♦r♣❤✐s♠s s❛t✐s❢②✐♥❣ ♦✉r ❞❡r✐✈❡❞ ❝♦♥str❛✐♥ts✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r
✇❡ ✇✐❧❧ s❡❡ t❤❛t ❛ ❝♦♥s❡q✉❡♥❝❡ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ✐s t❤❛t t❤✐s
❛❧r❡❛❞② s❤♦✇s t❤❛t ❛❧❧ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❢❛❝t♦r✐s❛✲
t✐♦♥s ❛r❡ ✐♥❞✉❝❡❞ ❜② ❛ ❞❡❣r❡❡✲0 ♠♦r♣❤✐s♠ ✐♥ t❤❡ ❝❛s❡ U = V = id✳ ▼❛②❜❡ ♦♥❡
❝❛♥ ✉s❡ t❤✐s r❡s✉❧t ❢♦r ❢✉rt❤❡r ❝♦♥s✐❞❡r❛t✐♦♥s✳

✹✳✻ ❚❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ❛♥❞ t❤❡ ❏❛❝♦❜✐ r✐♥❣

❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ❡❛r❧✐❡r ❝❤❛♣t❡rs ♦✉r ❛✐♠ ✐s t♦ t♦ ❞❡s❝r✐❜❡ t❤❡ ❦❡r♥❡❧ ♦❢
ΞIW ✱ ✉♥❢♦rt✉♥❛t❡❧② t❤✐s ❝❛♥♥♦t ❜❡ ❞♦♥❡ ✐♥ ❣❡♥❡r❛❧ ✐♥ ❛ tr✐✈✐❛❧ ✇❛②✳ ❇✉t ✇❤❡♥
✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❜♦s♦♥✐❝ ♠♦r♣❤✐s♠s ♦♥❡ ❦♥♦✇s ❢r♦♠ ❬✾❪ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
❤♦❧❞s ❢♦r t❤❡ n✲✈❛r✐❛❜❧❡ ❝❛s❡

H0
δ (IW , IW ) ∼=

C[x1, ..., xn]
〈∂1W, ..., ∂nW 〉

. ✭✹✳✽✺✮

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② H0(x,M) ✇✐t❤ R ✇❤❡♥ U = V = id
❛♥❞ M ∼= R✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s r❡str✐❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ t♦ ❣✐✈❡ ❛
❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ✐♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡✳

❚❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡

◆♦✇ s❡t R = C[x]✱ t❤❡♥ ✇❡ ❤❛✈❡ Hom(R,R) ∼= R✱ ❛♥❞ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ΞIW

✐s s✉r❥❡❝t✐✈❡ ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡✱ t❤✐s ❣✐✈❡ ✉s ❛ str♦♥❣ ❤✐♥t t❤❛t t❤❡ ❦❡r♥❡❧
✐s s♣❛♥♥❡❞ ❜② t❤❡ ✐❞❡❛❧ 〈∂xW 〉✳

✹✷



❚♦ ♣❡r❢♦r♠ ❛ ♣❧❛✉s✐❜✐❧✐t② ❝❤❡❝❦ ♦❢ t❤✐s r❡❧❛t✐♦♥ s❡t W = x2✳ ▲❡t φ(0) ∈
Hom(R,R) ∼= R✱ ✐✳❡✳ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❝❧♦s❡❞ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠s ✇✐t❤
♣♦❧②♥♦♠✐❛❧s ✐♥ R✳ ❲❤❡♥ ✇❡ ❧❡t ❛❝t t❤✐s ♠♦r♣❤✐s♠ t♦ t❤❡ ♠♦❞✉❧❡MIW ✇❡ ♦❜t❛✐♥

φ(0)(MIW ) = 1MIW
· φ(0)(R). ✭✹✳✽✻✮

■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ ✇❤✐❝❤ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠s ❛r❡ ♠❛♣♣❡❞ t♦ ❛♥ ❡①❛❝t ♠♦r✲
♣❤✐s♠ ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r ❢❡r♠✐♦♥✐❝ ♠♦r✲
♣❤✐s♠s ✇❤✐❝❤ s❛t✐s❢②

δIW ,IWψ
(1)
IW

= IW ◦ ψ
(1)
IW

+ ψ
(1)
IW
◦ IW = φ

(0)
IW
. ✭✹✳✽✼✮

❚❤❡ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠ ψ
(1)
IW

✐s ♦❢ t❤❡ ❢♦r♠

ψ
(1)
IW

=

(
0 ψ(1)

ψ(0) 0

)
✭✹✳✽✽✮

❛♥❞ t❤❡ ✐❞❡♥t✐t② ❞❡❢❡❝t ✐s ❣✐✈❡♥ ❜②

IW =

(
0 x− x̃

W (x)−W (x̃
x−x̃

0

)
. ✭✹✳✽✾✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ✉♣♣❡r ❧❡❢t ❡♥tr② ✭t❤❡ ❧♦✇❡r r✐❣❤t ❡♥tr② ②✐❡❧❞s ❛ s✐♠✐❧❛r ❝♦♥✲
str❛✐♥t✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t

φ(0) = (x− x̃)ψ(0) + ψ(1)W (x)−W (x̃)

x− x̃
∈ R, ✭✹✳✾✵✮

✇❤✐❝❤ s✐♠♣❧✐✜❡s t♦

φ(0) = (x− x̃)ψ(0) + ψ(1)(x+ x̃) ∈ R, ✭✹✳✾✶✮

s✐♥❝❡ ✇❡ s❡t W = x2✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❧✐❡s ✐♥ R s t❤❛t

ψ(0) = ψ(1) + ψ̃. ✭✹✳✾✷✮

❚♦ ♣r♦❝❡❡❞ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ψ̃ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠

ψ̃(x, x̃) = ψ̃(x̃)0 + (x+ x̃)ψ̃1(x, x̃), ✭✹✳✾✸✮

❢♦r s✉✐t❛❜❧❡ ψ̃0 ❛♥❞ ψ̃1✳ ❲❡ ❝❛♥ ❛❜s♦r❜ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ψ̃ ✐♥t♦ t❤❡ t❡r♠
♠✉❧t✐♣❧✐❡❞ (x− x̃) ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ✜♥❛❧❧② ❡♥❞ ✉♣ ✇✐t❤ ❛ ❝♦♥str❛✐♥t ♦❢ t❤❡
❢♦r♠

φ(0) = (x− x̃)ψ(0) + ψ(0)(x+ x̃) ∈ R. ✭✹✳✾✹✮

❲❤❛t ♦♥❡ ❝❛♥ ♦❜✈❡rs❡ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡ ✐s t❤❛t t❤❡ ❡♥tr✐❡s ♦❢ φ
(0)
R ❤❛s t♦

❜❡ ❛t ❧❡❛st ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ♦♥❡ ✐♥ x✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ♠❡❛♥s t❤❛t t❤❡
r❡❧❛t✐♦♥ ❛❜♦✈❡ s♣❛♥s ❛♥ ✐❞❡❛❧ ✐♥ C[x, x̃] ✇❤♦s❡ ❡❧❡♠❡♥ts ❧✐❡ ✐♥ t❤❡ ❦❡r♥❡❧✱ ✇❡ ❤❛✈❡

I = 〈(x− x̃), (x+ x̃)〉 = 〈(x+ x̃)〉 ⊂ C[x, x̃]. ✭✹✳✾✺✮

✹✸



■♥t❡rs❡❝t✐♥❣ t❤❡ ✐❞❡❛❧ I ✇✐t❤ C[x] ❣✐✈❡s

I ∩ C[x, x̃] = 〈x〉. ✭✹✳✾✻✮

❚❤❡r❡❢♦r❡ t❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ✐s ❣✐✈❡♥ ❜② 〈x〉 ✇❤✐❝❤ ✐s ❡q✉❛❧ 〈2x〉 = 〈∂xW 〉✱ t❤❡
❏❛❝♦❜✐ ✐❞❡❛❧✳

●❡♥❡r❛❧ ❝❛s❡✿ ◆♦✇ ♦✉r ❛✐♠ ✐s t♦ st❛t❡ t❤✐s r❡s✉❧t ❢♦r ❛r❜✐tr❛r② W ✳ ❖✉r
✜rst ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t deg(W ) ≥ 1 ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r✲
❛❧✐t② s✐♥❝❡ ❝♦♥st❛♥t ❢❛❝t♦rs ❝❛♥❝❡❧ ♦✉t ✐♥ ✭✹✳✾✵✮✳ ❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❝❛❧❝✉❧❛t❡
W (x)−W (x̃)

x−x̃
✱ t❤❡r❡❢♦r❡ ❧❡tW = anx

n+...+a1x✳ ❲❡ st❛t❡ t❤❡ ♦❜t❛✐♥❡❞ ❡①♣r❡ss✐♦♥
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✻✳✶✳ ❚❤❡ ❡①♣r❡ss✐♦♥

W (x)−W (x̃)

x− x̃
✭✹✳✾✼✮

✇✐t❤ W = anx
n + ...+ a1x+ a0 ✐s ❣✐✈❡♥ ❜②

an(x
n−1 + x̃xn−2 + ...+ x̃n−1) + ...+ a2(x+ x̃) + a1 ✭✹✳✾✽✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠✳ ▲❡t ✉s ❧♦♦❦
❛t t❤❡ ✜rst st❡♣

−
an(x

n − x̃n) + ...+ a1(x− x̃) anx
n−1

anx
n − anx

n−2x̃ an(x
n−1 + xn−2x̃)

−
an(x

n − xn−2x̃) + ...+ a1(x− x̃)
anx

n−1x̃− anx
n−2x̃

an(x
n−2x̃− ˜xn−1) + ...+ a1(x− x̃)

❲❡ s❡❡ t❤❛t ❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠
xn−i.x̃i−1 ❢♦r i ∈ {1, ..., n − k} ♦❝❝✉r✱ ✇❤❡r❡ k ✐s t❤❡ ♣♦✇❡r ♦❢ t❤❡ ✈❛r✐❛❜❧❡ x✱
✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ t❤❡ ❢♦r♠ xn−i−1x̃i✳ ■t ❡❛s② t♦ s❡❡ t❤❛t
t❤✐s ♣r♦❝❡ss t❡r♠✐♥❛t❡s ✇❤❡♥ k = 1✱ s✐♥❝❡ t❤❡ r❡♠❛✐♥✐♥❣ ❢❛❝t♦r ✐s a1(x− y)✳

❚❤❡ ♥❡①t ❦❡② ✐♥❣r❡❞✐❡♥t ✐s t♦ ♥♦t❡ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✭✹✳✾✵✮ ❝❛♥ ❜❡ ❡q✉❛❧❧②
✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡rs❡❝t✐♦♥

{φ(0) ∈ H0
d(id, id),Ξ

IW (φ(0)) = 0} = 〈(x− x̃),
W (x)−W (x̃)

x− x̃
〉

︸ ︷︷ ︸
=:I

∩C[x]. ✭✹✳✾✾✮

❍❡r❡ ✇❡ ✈✐❡✇ t❤❡ ✐❞❡❛❧ I ❛s ❛ s✉❜s❡t ♦❢ C[x, x̃]✳ ❚♦ s❤♦✇ t❤❛t I∩C[x] = 〈∂xW 〉 ⊂
C[x] ✇❡ ♥❡❡❞ t♦ ✇r✐t❡ t❤❡ ✐❞❡❛❧ I ✐♥ ❛♥♦t❤❡r ❢♦r♠✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t

I = {q(x−x̃)+p(an(x
n−1+x̃xn−2+...+x̃n−1)+...+a2(x+x̃)+a1) | p, q ∈ C[x, x̃]}.

✭✹✳✶✵✵✮

✹✹



❇② ✇r✐t✐♥❣ y ❛s x−(x−y) ✇❡ s❡❡ t❤❛t ✇❡ ❝❛♥ s♣❧✐t t❤❡ s❡❝♦♥❞ ♣♦❧②♥♦♠✐❛❧ ✇❤✐❝❤
✐s ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ p ❛s

nanx
n−1 + ...+ 2a2x+ a1︸ ︷︷ ︸

=∂xW

+(x− x̃)(−an(x
n−2 + (x− x̃)xn−3 + ...)− ...− a2).

✭✹✳✶✵✶✮
❲❡ ❝❛♥ ♥❡❣❧❡❝t t❤❡ t❡r♠s ✇✐t❤ ❛ (x − x̃) ✐♥ ❢r♦♥t ❜② r❡❞❡✜♥✐♥❣ q ✇✐t❤ q →
q̃ + p(−an(x

n−2 + (x− x̃)xn−3 + ...)− ...− a2) ✇❤✐❝❤ ❧❡❛❞s t♦

I = 〈q̃(x− x̃), p(∂xW )〉. ✭✹✳✶✵✷✮

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ✇r✐t❡ ❛♥ ❛r❜✐tr❛② ♣♦❧②♥♦♠✐❛❧ ✐♥ t✇♦ ✈❛r✐❛❜❧❡s
p(x, x̃) ❛s

p(x, x̃) = p1(x) + (x− x̃)p2(x, x̃). ✭✹✳✶✵✸✮

❚❤✐s ✐♠♣❧✐❡s
I = 〈q(x− x̃), p1(x)(∂xW )〉 ✭✹✳✶✵✹✮

■♥t❡rs❡❝t✐♥❣ t❤✐s ✐❞❡❛❧ ✇✐t❤ C[x] ✇❡ s❡❡ t❤❛t ♦♥❧② t❤❡ t❡r♠ ✇❤✐❝❤ ♦♥❧② ❝♦♥t❛✐♥
x r❡♠❛✐♥ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

I ∩ C[x] = 〈∂xW 〉. ✭✹✳✶✵✺✮

❚❤✐s r❡s✉❧t t❤❡♥ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t t❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ✐s ❣✐✈❡♥ ❜② 〈∂xW 〉
✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❏❛❝♦❜✐ ✐❞❡❛❧✳

❚❤❡ t✇♦ ✈❛r✐❛❜❧❡ ❝❛s❡

▲❡t ✉s s✇✐t❝❤ t♦ t❤❡ t✇♦ ✈❛r✐❛❜❧❡ ❝❛s❡ R = C[x1, x2]✿

IW =




0 0 (x1 − x̃1) (x2 − x̃2)

0 0 −W (x̃1,x2)−W (x̃1,x̃2)
x2−x̃2

W (x1,x2)−W (x̃1,x2)
x1−x̃1

W (x1,x2)−W (x̃1,x2)
x1−x̃1

−(x2 − x̃2) 0 0
W (x̃1,x2)−W (x̃1,x̃2)

x2−x̃2
(x1 − x̃1) 0 0


 ,

✭✹✳✶✵✻✮
❛♥❞ t❤❡ ❢❡r♠✐♦♥✐❝ ♠♦r♣❤✐s♠ ✐s ❣✐✈❡♥ ❜②

ψ
(1)
IW

=




0 0 ψ
(1)
a ψ

(1)
b

0 0 ψ
(1)
c ψ

(1)
d

ψ
(0)
a ψ

(0)
b 0 0

ψ
(0)
c ψ

(0)
d 0 0


 . ✭✹✳✶✵✼✮

❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧

δIW ,IWψ
(1)
IW

= IW ◦ ψ
(1)
IW

+ ψ
(1)
IW
◦ IW , ✭✹✳✶✵✽✮

✹✺



❧❡❛❞s t♦ ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠

δIW ,IWψ
(1)
IW

=




∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ ∗
0 0 ∗ ∗


 . ✭✹✳✶✵✾✮

❲❤❡♥ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✭✹✳✽✻✮ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ✐s r❡♣r❡s❡♥t❡❞
❜② ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❲❡ ✜♥❞ t❤❛t ❢♦✉r ❝♦♥str❛✐♥ts ❤❛s t♦ ❜❡ ❡q✉❛❧ ③❡r♦ ❛♥❞
t❤❡ ♦t❤❡r ❝♦♥str❛✐♥ts ❢♦r❝❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ❤❛s t♦ ❧✐❡ R✳ ◆♦t❡ t❤❛t t❤❡
❡①♣r❡ss✐♦♥s ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❤❛s t♦ ❜❡ ❡q✉❛❧ ✐♥ R✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥
②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts

✶✳

(x1 − x̃1)ψ
(0)
a + (x2 − x̃2)ψ

(0)
c +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ(1)
a

+
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(1)
b = f ∈ R,

✷✳

(x1 − x̃1)ψ
(0)
b + (x2 − x̃2)ψ

(0)
d + (x1 − x̃1)ψ

(1)
b − (x2 − x̃2)ψ

(1)
a = 0,

✸✳

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ(0)
c −

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ(0)
a

+
W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ(1)
c +

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(1)
d = 0,

✹✳

(x1 − x̃1)ψ
(1)
d − (x2 − x̃2)ψ

(1)
c +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ
(0)
d

−
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(0)
b = f ∈ R,

✺✳

(x1 − x̃1)ψ
(0)
a − (x2 − x̃2)ψ

(1)
c +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ(1)
a

−
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(0)
b = f ∈ R,

✻✳

−(x2 − x̃2)ψ
(1)
d + (x2 − x̃2)ψ

(0)
a +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ
(1)
b

+
W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ
(0)
b = 0,

✹✻



✼✳

(x1 − x̃1)ψ
(0)
c + (x1 − x̃1)ψ

(1)
c +

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ(1)
a

−
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(0)
d = 0,

✽✳

(x1 − x̃1)ψ
(1)
d + (x2 − x̃2)ψ

(0)
c +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
ψ
(0)
d

+
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
ψ
(1)
b = f ∈ R.

❋✐rst ✇❡ ❛♥❛❧②s❡ t❤❡ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✷✱✻ ❛♥❞ ✼✳ ❋r♦♠ t❤❡♠ ✇❡ ❝❛♥ r❡❛❞ ♦❢

t❤❡ ❣❡♥❡r❛❧ ❢r♦♠ ♦❢ ψ
(0)
a ✱ ψ

(0)
a ✱ ψ

(0)
a ❛♥❞ ψ

(0)
a ✳ ❋♦r ❡❛❝❤ ❡q✉❛t✐♦♥ ✇❡ ♦❜t❛✐♥ t✇♦

r❡❧❛t✐♦♥s✱ ❢♦r ✷ ✇❡ ❤❛✈❡

ψ
(0)
b = −ψ

(1)
b + (x2 − x̃2)q2, ψ

0)
d = ψ(1)

a + (x1 − x̃1)p2, ✭✹✳✶✶✵✮

✇✐t❤ q2 ❛♥❞ p2 ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ x1, x̃1, x2 ❛♥❞ x̃2✳ ❋r♦♠ ✻ ❛♥t ✼ ✇❡ ♦❜t❛✐♥ ✐♥
❛ ❛♥❛❧♦❣♦✉s ✇❛②

ψ(0)
a = ψ

(1)
d +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
q6, ψ

(0)
b = −ψ

(1)
b + (x2 − x̃2)p6,

✭✹✳✶✶✶✮

ψ(0)
c = −ψ(1)

c +
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
q7, ψ

(0)
d = ψ(1)

a + (x1 − x̃1)p7,

✭✹✳✶✶✷✮

❇② ❞✐r❡❝t❧② ❝♦♠♣❛r✐♥❣ t❤❡ r❡❧❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ t❤❡ s❛♠❡ ❝♦♥st❡❧❧❛t✐♦♥s ♦❢ t❡r♠s
✇❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t s❡✈❡r❛❧ r❡❧❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❲❡ ❤❛✈❡ t❤❛t q2 = p6
❛♥❞ p2 = p7✳ ❲❤❡♥ ✇❡ ♣❧✉❣ ✐♥ t❤❡ r❡❧❛t✐♦♥ ❢♦r ψ

(0)
b ✭✹✳✶✶✵✮ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ❢♦r

ψ
(0)
d ✐♥ ✭✹✳✶✶✵✮ ✐♥t♦ ✻✳✱ ✇❡ ♦❜t❛✐♥

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
(x2 − x̃2)q2 + (x2 − x̃2)

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
q3 = 0,

✭✹✳✶✶✸✮

✇❤✐❝❤ ✐♠♣❧✐❡s q2 = −q3✳ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ♣❧✉❣❣✐♥❣ ✐♥ t❤❡ r❡❧❛t✐♦♥ ❢♦r ψ
(0)
c

❛♥❞ t❤❡ r❡❧❛t✐♦♥ ❢♦r ψ
(0)
d ✐♥t♦ ✼ ❧❡❛❞s t♦

−
W (x1, x2)−W (x̃1, x2)

x1 − x̃1
(x1 − x̃1)p7 + (x1 − x̃1)

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
q6 = 0,

✭✹✳✶✶✹✮

✹✼



✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ p7 = q6✳ ❋✐♥❛❧❧② ✇❤❡♥ ✇❡ ♣❧✉❣ ✐♥ t❤❡ r❡❧❛t✐♦♥ ❢♦r φ
(0)
c ❛♥❞

φ
(0)
a ✐♥t♦ ✸✳ ✇❡ ♦❜t❛✐♥

W (x1, x2)−W (x̃1, x2)

x1 − x̃1

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
q7

−
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
q6 = 0,

✭✹✳✶✶✺✮

✇❤✐❝❤ ❧❡❛❞s t♦ q6 = q7✳ ■♥ t♦t❛❧ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s

p6 = q2 = −q6 = −p7 = −p2 = −q7. ✭✹✳✶✶✻✮

❚❤✐s r❡❞✉❝❡s t❤❡ r❡❧❛t✐♦♥s t♦

ψ(0)
a = ψ

(1)
d +

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
(−q2),

ψ
(0)
b = −ψ

(1)
b + (x2 − x̃2)q2,

ψ(0)
c = −ψ(1)

c +
W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
(−q2),

ψ
(0)
d = ψ(1)

a + (x1 − x̃1)(−q2).

✭✹✳✶✶✼✮

❖✉r ❛✐♠ ✐s ✐t t♦ ✉s❡ t❤❡s❡ r❡❧❛t✐♦♥s t♦ r❡❞✉❝❡ ✶✳✱✹✳✱✺✳ ❛♥❞ ✽✳ t♦ ❛ s✐♥❣❧❡ ❝♦♥str❛✐♥t✱
✐✳❡✳ ✇❡ s❤♦✇ t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❚♦ ❞♦ s♦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥❝❡s ♦❢ t❤❡
❝♦♥str❛✐♥ts✳ ❇❡❣✐♥ ✇✐t❤ ✹ ❛♥❞ ✺✳ ❲❤❡♥ ✇❡ ✉s❡ t❤❡ r❡❧❛t✐♦♥s ✭✹✳✶✶✼✮ ♦♥❡ ❝❛♥
❡❛s✐❧② ❝♦♠♣✉t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✐❞❡♥t✐❝❛❧ ③❡r♦ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✹ ❛♥❞ ✺ ❛r❡
❡q✉❛❧ ❝♦♥str❛✐♥ts✳ ❲❡ ❝❛♥ ❞♦ t❤❡ s❛♠❡ ❢♦r t❤❡ ❝♦♥str❛✐♥ts ✶ ❛♥❞ ✽ ❛♥❞ ✜♥❛❧❧② ✇❡
♦❜t❛✐♥ t❤❛t ✹ ❛♥❞ ✽ ❛r❡ ❡q✉❛❧✳ ❙♦ ✐♥❞❡❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥ ❡q✉❛❧ ❝♦♥str❛✐♥ts
r❡❞✉❝❡s t♦ ♦♥❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥t ✶✳✱ ❢♦❧❧♦✇✐♥❣ t❤❡
r❡❛s♦♥✐♥❣ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ✐❞❡❛❧ I ✐s ❣✐✈❡♥ ❜②

I =

{
ψ(0)
a (x1 − x̃1) + ψ(0)

c (x2 − x̃2) + ψ(1)
a

W (x1, x2)−W (x̃1, x2)

x1 − x̃1

+ψ
(1)
b

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
|ψ(0)

a , ψ(0)
c , ψ(1)

a , ψ
(1)
b ∈ C[x1, x̃1, x2, x̃2]

}
.

✭✹✳✶✶✽✮

▲❡t ✉s ✇r✐t❡ t❤❡ s✉♣❡r♣♦t❡♥t✐❛❧ W (x1, x2) ❛s

W (x1, x2) = a0 + b1x1 + c1x2 + d11x1x2 + b2x
2
1 + c2x

2
2 + d12x1x

2
2 + d21x

2
1x2 + ...,
✭✹✳✶✶✾✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts b ❛r❡ ✐♥ ❢r♦♥t ♦❢ t❤❡ ♣✉r❡ t❡r♠s ✐♥ x1✱ t❤❡ ❝♦❡✣❝✐❡♥ts c ❛r❡
✐♥ ❢r♦♥t ♦❢ t❤❡ ♣✉r❡ t❡r♠s ✐♥ x2 ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts d ✐♥❞✐❝❛t❡ t❤❡ ♠✐①❡❞ t❡r♠s✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t a0 = 0 s✐♥❝❡ ✐t ✇♦✉❧❞ ❝❛♥❝❡❧ ♦✉t

❛♥②✇❛②✳ ❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❡r♠ W (x1,x2)−W (x̃1,x2)
x1−x̃1

✱ ✇❡ ❝❛♥ ❛♣♣❧② ♦✉r ❧❡♠♠❛
❢r♦♠ ❛❜♦✈❡ t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❢❛❝t♦rs b ❛♥❞ ❢❛❝t♦rs d s❡♣❛r❛t❡❧② ✭♥♦t❡ t❤❛t

✹✽



t❤❡ c t❡r♠s ❝❛♥❝❡❧ ♦✉t✮ ❛♥❞ ♦❜t❛✐♥

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
= bn(x

n−1
1 + xn−2

1 x̃1 + ...+ x̃1
n−1) + ...+ b2(x1 − x̃1) + b1

+ dnnx
n
2 (x

n−1
1 + xn−2

1 x̃1 + ...+ x̃1
n−1)

+ dnn−1x
n−2
2 (xn−1

1 + xn−2
1 x̃1 + ...+ x̃1

n−1) + ....+ d11.

✭✹✳✶✷✵✮

❆❣❛✐♥ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ✇❛② ✇❡ ❞✐❞ ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡

W (x1, x2)−W (x̃1, x2)

x1 − x̃1
= ∂x1

W (x1, x2) + (x1 − x̃1)(...). ✭✹✳✶✷✶✮

❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ✜♥❞ ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❢♦r W (x̃1,x2)−W (x̃1,x̃2)
x2−x̃2

✇❤✐❝❤
✐s ❣✐✈❡♥ ❜②

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
= ∂x2

W (x̃1, x2) + (x2 − x̃2)(...). ✭✹✳✶✷✷✮

❆s ✇❡ ❞✐❞ ✐t ❜❡❢♦r❡ ✇❡ ❝❛♥ ❡①♣r❡ss t❤✐s ❛s

W (x̃1, x2)−W (x̃1, x̃2)

x2 − x̃2
= ∂x2

W (x1, x2)+(x2− x̃2)(...)+(x1− x̃1)(...). ✭✹✳✶✷✸✮

❚❤✉s ♦✉r ■❞❡❛❧ I ♥♦✇ ❤❛s t❤❡ ❢♦r♠

I =

{
ψ(0)
a (x1 − x̃1) + ψ(0)

c (x2 − x̃2) + ψ̃(1)
a (x1, x2)∂x1

W (x1, x2)

+ψ̃
(1)
b (x1, x2)∂x2

W (x1, x2)|ψ
(0)
a , ψ(0)

c , ψ(1)
a , ψ

(1)
b ∈ C[x1, x̃1, x2, x̃2]

}
,

✭✹✳✶✷✹✮

✇❤❡r❡ ✇❡ ❛❜s♦r❜❡❞ t❤❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ (x1− x̃1) ❛♥❞ (x2− x̃2)
✐♥ t❤❡ ✜rst t✇♦ t❡r♠s r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ❛✈♦✐❞ ❝❛♥❝❡❧❧❛t✐♦♥s ✐♥ t❤❡ ♠✐①❡❞ t❡r♠s

ψ
(0)
a (x1 − x̃1) + ψ

(0)
c (x2 − x̃2) t♦ ♣✉r❡ t❡r♠s ✐♥ x1 ❛♥❞ x2 ✇❡ ❝❛♥ ✉s❡ t❤❡ s❛♠❡

❛r❣✉♠❡♥t ❛❣❛✐♥ ❛♥❞ ✇r✐t❡ φ
(0)
c ❛s

φ(0)c = φ(0)c0
(x1, x2) + (x1 − x̃1)φ

(0)
c1

(x1, x̃1, x2, x̃2) + (x2 − x̃2)φ
(0)
c2

(x1, x̃1, x2, x̃2),
✭✹✳✶✷✺✮

❛♥❞ ❛❜s♦r❜ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❡ ❝♦♠♣♦♥❡♥t ♣r♦♣♦rt✐♦♥❛❧ t♦ (x1 − x̃1)

♦❢ ψ
(0)
c ✐♥ t❤❡ ✜rst t❡r♠ ψ

(0)
a (x1 − x̃1)✳ ❍❡♥❝❡ ✇❡ ✜♥❞ t❤❛t t❤❡ ✐❞❡❛❧ I ✐s ❣✐✈❡♥

❜②

I =

{
ψ(0)
a (x1 − x̃1) + ψ̃(0)

c (x1, x2, x̃2)(x2 − x̃2) + ψ̃(1)
a (x1, x2)∂x1

W (x1, x2)

+ψ̃
(1)
b (x1, x2)∂x2W (x1, x2)|ψ

(0)
a , ψ(0)

c , ψ(1)
a , ψ

(1)
b ∈ C[x1, x̃1, x2, x̃2]

}
,

✭✹✳✶✷✻✮

✹✾



❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ I ✇✐t❤ C[x1, x2] ✐s ✐♥❞❡❡❞ t❤❡ ❏❛❝♦❜✐ ✐❞❡❛❧

I ∩ C[x1, x2] = 〈∂x1
W (x1, x2), ∂x2

W (x1, x2)〉. ✭✹✳✶✷✼✮

◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ❛❧s♦ s❤♦✇s t❤❛t ✇❡ ❛❝❤✐❡✈❡ s✉r❥❡❝t✐✈✐t② ✇❤❡♥ ✇❡ ♦♥❧②
❝♦♥s✐❞❡r ❛ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ ③❡r♦✳ ■♥ ❢❛❝t ❛♥② ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ♠❛tr✐①
❢❛❝t♦r✐s❛t✐♦♥s ✐s ✐♥❞✉❝❡❞ ❜② ❛ ❜♦s♦♥✐❝ ❞❡❣r❡❡ ③❡r♦ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ U ❛♥❞ V ✱

✇❤❡r❡ U = V = id✳ ❚❤✐s s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ φ
(0)
b ✐♥

✭✹✳✽✹✮✱ ♠❛②❜❡ t❤✐s ❣✐✈❡s ✉s s♦♠❡ ❤✐♥st ❤♦✇ ✇❡ ❝❛♥ ❛r❣✉❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧
U ❛♥❞ V ✳

✹✳✼ ❖✉t❧♦♦❦

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♦✉r ❢✉♥❝t♦r ΞIW ✐s ✐♥❞❡❡❞ s✉r❥❡❝t✐✈❡ ♦♥ t❤❡ ♠♦r♣❤✐s♠
s♣❛❝❡s ✐♥ t❤❡ ♦♥❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ❛♥❞ ❛❧s♦ ❢♦r t❤❡ t✇♦ ✈❛r✐❛❜❧❡ ❝❛s❡ ✇❤❡r❡ ✇❡ s❡t
U = V = id✳ ❇② ❦♥♦✇✐♥❣ t❤❡ ❦❡r♥❡❧ ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥
t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡ ♦❢ ❢✉♥❝t♦rs s✉❝❤ t❤❛t ΞIW ❜❡❝♦♠❡s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤
✇♦✉❧❞ ♠❡❛♥ t❤❛t ♦♥❡ ❤❛s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♠♦r♣❤✐s♠s ♦❢
❢✉s✐♦♥ ❢✉♥❝t♦rs ❛♥❞ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐① ❢❛❝t♦r✐s❛t✐♦♥s✳ ▼❛②❜❡ ♦♥❡ ❝❛♥
❝❛❧❝✉❧❛t❡ t❤❡ ❦❡r♥❡❧ ♦❢ ΞIW ✐♥ ♦t❤❡r s✐t✉❛t✐♦♥s t♦♦✱ t♦ ♦❜t❛✐♥ ❤✐♥ts ❤♦✇ t♦ ♣r♦✈❡
♦r ❞✐s♣r♦✈❡ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ ΞIW ✐♥ t❤❡ ❣❡♥❡r❛❧ t✇♦ ✈❛r✐❛❜❧❡ ❝❛s❡✳

❚❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❤❡s✐s ❝❛♥ ❤❡❧♣ ✉s ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣r♦❝❡ss ♦❢ ❢✉s✐♥❣
❞❡❢❡❝ts✳ ❙✐♥❝❡ ✜♥❞✐♥❣ ❢❛❝t♦r✐s❛t✐♦♥s ♦❢ ❞❡❢❡❝ts ♦❜t❛✐♥❡❞ ❜② ❢✉s✐♦♥ ✐s ❡q✉✐✈❛✲
❧❡♥t ✜♥❞✐♥❣ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉s✐♦♥ ❢✉♥❝t♦rs✳ ❚❤❡ ✜rst
q✉❡st✐♦♥ ♦♥❡ ❤❛s t♦ ✐♥✈❡st✐❣❛t❡ ✐s ✐❢ ❡✈❡r② ❞❡❢❡❝t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❢✉s✐♦♥
❢✉♥❝t♦rs✳ ■♥ ❢✉rt❤❡r ❝♦♥s❡q✉❡♥❝❡ t❤✐s ❝❛♥ ♠❛②❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡ ❛ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ❜❡t✇❡❡♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❢♦r♠❛❧ ✜❡❧❞ t❤❡♦r✐❡s ✇✐t❤ ❞❡❢❡❝ts ✐♥ ✐t ❛♥❞
♦✉r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ▲❛♥❞❛✉✲●✐♥③❜✉r❣ ♠♦❞❡❧s✳

❆ s✉r♣r✐s✐♥❣ ❢❛❝t ✐s t❤❛t t❤❡ t❤❡ ❝♦❤♦♠♦❧♦❣✐❡s ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♠❛tr✐①
❢❛❝t♦r✐s❛t✐♦♥s ❛❧s♦ ❛♣♣❡❛r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥✈❛r✐❛♥ts ♦❢ ❦♥♦ts✳ ❙♦ ♠❛②❜❡ t❤✐s
✐s ❛ ❤✐♥t t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❞❡❢❡❝ts ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ▲❛♥❞❛✉
●✐♥③❜✉r❣ t❤❡♦r✐❡s ❛♥❞ ❦♥♦t t❤❡♦r②✳ ❋✐♥❞✐♥❣ s✉❝❤ ❝♦♥♥❡❝t✐♦♥s ♦❢t❡♥ ❤❡❧♣s t♦
❣❡♥❡r❛❧✐③❡ t❤✐♥❣s ✐♥ ♣❤②s✐❝s ❛s ✇❡ ❤❛✈❡ ♠♦r❡ r♦♦♠ t♦ ✐♥t❡r♣r❡t ♦✉r ♦❜s❡r✈❛t✐♦♥s✳

✺✵



❆♣♣❡♥❞✐❝❡s

✺✶



❆♣♣❡♥❞✐① ❆

❋♦r♠❛❧ ❞❡✜♥✐t✐♦♥s

❆✳✶ ▼♦❞✉❧❡s

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶ ✭▼♦❞✉❧❡✮✳ ▲❡t R ❜❡ ❛ ✉♥✐t❛❧ r✐♥❣ ❛♥❞ 1R ✐ts ♠✉❧t✐♣❧✐❝❛t✐✈❡
✐❞❡♥t✐t②✳ ❆ ❧❡❢t ❘✲♠♦❞✉❧❡ M ❝♦♥s✐sts ♦❢ ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ (M,+) ❛♥❞ ❛ ♠❛♣
· : R×M →M s✉❝❤ t❤❛t ❢♦r ❛❧❧ r, s ∈ R ❛♥❞ x, y ∈M ✱ ✇❡ ❤❛✈❡✿

✶✳ r · (x+ y) = r · x+ r · y

✷✳ (r + s) · x = r · x+ s · x

✸✳ (rs) · x = r · (s · x)

✹✳ 1R · x = x.

❚❤❡ ♠❛♣ ✐s ❝❛❧❧❡❞ t❤❡ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② rx ✐♥st❡❛❞
♦❢ r · x ✇❤❡♥ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✳
❆ r✐❣❤t R✲♠♦❞✉❧❡ ✐s ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❡①❝❡♣t t❤❛t t❤❡ r✐♥❣ ❛❝ts ♦♥ t❤❡
r✐❣❤t ✐✳❡✳ t❤❡ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ · :M×R→M ✇✐t❤ t❤❡ ❛❜♦✈❡
❛①✐♦♠s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ s❝❛❧❛rs r, s ∈ R ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ x, y ∈M ✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✷ ✭❇✐♠♦❞✉❧❡✮✳ ▲❡t R ❛♥❞ S ❜❡ t✇♦ r✐♥❣s✱ t❤❡♥ ❛♥ SMR ❜✐♠♦❞✲
✉❧❡ ✐s ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ s✉❝❤ t❤❛t✿

✶✳ SMR ✐s ❛ ❧❡❢t✲S✲♠♦❞✉❧❡ ❛♥❞ ❛ r✐❣❤t R✲♠♦❞✉❧❡✳

✷✳ ❋♦r ❛❧❧ r ∈ R✱ s ∈ S ❛♥❞ m ∈S MR ✇❡ ❤❛✈❡

(rm) · s = r · (ms).

❆✳✷ ❈❛t❡❣♦r② ❚❤❡♦r②

❉❡✜♥✐t✐♦♥ ❆✳✷✳✶ ✭❈❛t❡❣♦r②✮✳ ❆ ❝❛t❡❣♦r② C ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

✺✷



✶✳ ❆ ❝❧❛ss ❖❜✭C ✮✱ ✇❤✐❝❤ ❡❧❡♠❡♥ts ✇❡ ❝❛❧❧ ♦❜❥❡❝ts✳

✷✳ ❋♦r ❛❧❧ A,B ∈❖❜✭C ✮ t❤❡r❡ ✐s ❛ s❡t HomC (A,B) ✇✐t❤ ❡❧❡♠❡♥ts f : A→ B✳
❲❡ ❝❛❧❧ t❤❡♠ ♠♦r♣❤✐s♠s ❢r♦♠ ❆ t♦ ❇✳

✸✳ ❋♦r ❛❧❧ A,B,C ∈❖❜✭C ✮ t❤❡r❡ ✐s ❛ ♠❛♣

HomC (A,B)×HomC (B,C)→ HomC (A,C),

✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ✇✐t❤ (f, g) → g ◦ f ❛♥❞ ❝❛❧❧ t❤✐s ♠❛♣ ❝♦♠♣♦s✐t✐♦♥ ♦❢
♠♦r♣❤✐s♠s✳ ❚❤✐s ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐s ❛ss♦❝✐❛t✐✈❡ ✐✳❡✳ ❢♦r ❛❧❧
f : A→ B✱ g : B → C ❛♥❞ h : C → D ✇❡ ❤❛✈❡ h ◦ (g ◦ f) = (h ◦ g) ◦ f ✳

✹✳ ❋♦r ❡✈❡r② A ∈❖❜✭C ✮ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ idA ∈ HomC (A,A)
✇❤✐❝❤ ✇❡ ❝❛❧❧ ✐❞❡♥t✐t②✳ ❙✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ f ∈ HomC (A,B)✱ 1B ◦
f = f = f ◦ 1A✳

■♥ t❤✐s t❤❡s✐s ✇❡ ✇♦r❦ ✇✐t❤ s♦ ❝❛❧❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❝❛t❡❣♦r✐❡s✳ ❚❤❡② ❛r❡
❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

❉❡✜♥✐t✐♦♥ ❆✳✷✳✷ ✭❉✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ ❝❛t❡❣♦r②✮✳ ❆ ❝❛t❡❣♦r② C ✐s ❝❛❧❧❡❞ ❞✐❢✲
❢❡r❡♥t✐❛❧ ❣r❛❞❡❞ ✇❤❡♥ ❢♦r ❛♥② t✇♦ ♦❜❥❡❝ts A,B ∈ C ✇❡ ❤❛✈❡ Hom(A,B) =⊕∞

n=0Homn(A,B) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♠❛♣ d : Homn(A,B)→ Homn+1(A,B)✱
❝❛❧❧❡❞ ❞✐✛❡r❡♥t✐❛❧✱ ✇❤✐❝❤ s❛t✐s✜❡s d ◦ d = 0✳

❲❤❡♥ ✇❡ ✇♦r❦ ✇✐t❤ ❝❛t❡❣♦r✐❡s ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❢✉♥❝t♦rs ❜❡t✇❡❡♥
t✇♦ ❝❛t❡❣♦r✐❡s✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✸ ✭❋✉♥❝t♦r✮✳ ▲❡t C ❛♥❞ D ❜❡ t✇♦ ❝❛t❡❣♦r✐❡s✳ ❆ ❢✉♥❝t♦r

F : C → D

❢r♦♠ C t♦ D ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

✶✳ ❋♦r ❛❧❧ ♦❜❥❡❝ts A ∈ C t❤❡r❡ ✐s ❛♥ ♦❜❥❡❝t F (A) ∈ D ✳

✷✳ ❋♦r ❛❧❧ ♠♦r♣❤✐s♠s f : A→ B ✐♥ C t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠

F (f) : F (A)→ F (B)

✐♥ D ✳

❙✉❝❤ t❤❛t

✶✳ ❋♦r ❛❧❧ ♦❜❥❡❝ts A ∈ C ✐s F (idA) = idF (A)✳

✷✳ ❋♦r ❡❛❝❤ ♣❛✐r ♦❢ ♠♦r♣❤✐s♠s f : A→ B✱ g : B → C ✐♥ C ❤♦❧❞s t❤❛t

F (g ◦ f) = F (g) ◦ F (f)

✐♥ D ✳

✺✸



❲❡ ❛❧s♦ ♥❡❡❞ ❛♥ ❡①❛❝t ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♠♣♦s✐♥❣ ❢✉♥❝t♦rs✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✹ ✭❈♦♠♣♦s✐t✐♦♥ ♦❢ ❢✉♥❝t♦rs✮✳ ▲❡t ❜❡ F : C → D ❛♥❞ G : D → E

t✇♦ ❢✉♥❝t♦rs✳ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ G◦F : C → E ✐s ❣✐✈❡♥ ❜② (G◦F )(A) = G(F (A))
❢♦r ❛❧❧ ♦❜❥❡❝ts A ∈ C ❛♥❞ (G ◦ F )(f) = G(F (f)) ❢♦r ❛❧❧ ♠♦r♣❤✐s♠s f : A→ B✳

◆❡①t ✇❡ ✇❛♥t t♦ ❞❡✜♥❡ ✇❤❛t ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝❛t❡❣♦r✐❡s
♠❡❛♥s✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥❝❡♣ts ✐♥ ❝❛t❡❣♦r② t❤❡♦r②✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✺ ✭◆❛t✉r❛❧ ❚r❛♥s❢♦r♠❛t✐♦♥✮✳ ▲❡t ❜❡ F,G : C → D t✇♦ ❢✉♥❝✲
t♦rs ❜❡✇t❡❡♥ t❤❡ ❝❛t❡❣♦r✐❡s C ❛♥❞ D ✳ ❆ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ t ❢r♦♠ F t♦ G
❛ss♦❝✐❛t❡s t♦ ❡✈❡r② ♦❜❥❡❝t X ∈ C ❛ ♠♦r♣❤✐s♠ tX : F (X) → G(X) ✐♥ D s✉❝❤
t❤❛t ❢♦r ❡✈❡r② ♠♦r♣❤✐s♠ f : X → Y ✐♥ C ✱ ✇❡ ❤❛✈❡ tY ◦F (f) = G(f) ◦ tX ❀ t❤✐s
♠❡❛♥s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✿

F (X)
F (f)

//

tx

��

F (Y )

ty

��

G(X)
G(f)

// G(Y ).

❆✳✸ ❍♦♠♦❧♦❣✐❝❛❧ ❆❧❣❡❜r❛

▲❡t R ❜❡ ❛ ✉♥✐t❛❧ r✐♥❣ ❛♥❞ Ai✱ ✇✐t❤ i ∈ Z ♠♦❞✉❧❡s ♦✈❡r t❤✐s r✐♥❣✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳✶ ✭❈❤❛✐♥ ❝♦♠♣❧❡①❡s✮✳ ❆ ❝❤❛✐♥ ❝♦♠♣❧❡① (Ai, d) ✐s ❛ s❡q✉❡♥❝❡
♦❢ ♠♦❞✉❧❡s Ai ❝♦♥♥❡❝t❡❞ ❜② ❤♦♠♦♠♦r♣❤✐s♠s✱ ❝❛❧❧❡❞ ❜♦✉♥❞❛r② ♦♣❡r❛t♦rs ♦r ❞✐❢✲
❢❡r❡♥t✐❛❧s✱ dn : An → An−1✱ s✉❝❤ t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡
♠❛♣s ✐s t❤❡ ③❡r♦ ♠❛♣✱ ✐✳❡✳ dn ◦dn−1 ❢♦r ❛❧❧ n ∈ Z✱ t❤❡② ❝❤❛✐♥ ❝♦♠♣❧❡① ✐s ✇r✐tt❡♥
❛s

· · · → An+1
dn+1
−−−→An

dn−→An−1
dn−1
−−−→An−2 → · · · ✭❆✳✶✮

■♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ✇❡ ❞❡✜♥❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s✿

❉❡✜♥✐t✐♦♥ ❆✳✸✳✷ ✭❈♦❝❤❛✐♥ ❝♦♠♣❧❡①❡s✮✳ ❆ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① (Ai, d) ✐s ❛ s❡✲
q✉❡♥❝❡ ♦❢ ♠♦❞✉❧❡s Ai ❝♦♥♥❡❝t❡❞ ❜② ❤♦♠♦♠♦r♣❤✐s♠s✱ ❝❛❧❧❡❞ ❜♦✉♥❞❛r② ♦♣❡r❛t♦rs
♦r ❞✐✛❡r❡♥t✐❛❧s✱ dn : An → An−1✱ s✉❝❤ t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥② t✇♦ ❝♦♥s❡❝✲
✉t✐✈❡ ♠❛♣s ✐s t❤❡ ③❡r♦ ♠❛♣✱ ✐✳❡✳ dn ◦ dn+1 ❢♦r ❛❧❧ n ∈ Z✱ t❤❡ ❝♦❝❤❛✐♥ ❝♦♠♣❧❡① ✐s
✇r✐tt❡♥ ❛s

· · · → An−1
dn−1
−−−→An

dn−→An+1
dn+1
−−−→An+2 → · · · ✭❆✳✷✮

❉❡✜♥✐t✐♦♥ ❆✳✸✳✸ ✭❍♦♠♦❧♦❣②✮✳ ❚❤❡ ❦❡r♥❡❧ Zn = ker(dn) ⊂ An−1 ✐s ❛ s✉❜♠♦❞✲
✉❧❡ ♦❢ An−1 ❛♥❞ Bn = im(dn+1) ⊂ An ✐s ❛ s✉❜♠♦❞✉❧❡ ♦❢ An✳ ❙✐♥❝❡ dn ◦dn+1❂✵
✇❡ ❤❛✈❡ Bn ⊂ Zn✳ ❚❤❡ n✲t❤ ❍♦♠♦❧♦❣② ❣r♦✉♣ ♦❢ A ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s

Hn = Zn/Bn. ✭❆✳✸✮

❆❣❛✐♥ ✐♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ❞❡✜♥❡ ❝♦❤♦♠♦❧♦❣✐❡s

✺✹



❉❡✜♥✐t✐♦♥ ❆✳✸✳✹ ✭❈♦❤♦♠♦❧♦❣②✮✳ ❚❤❡ ❦❡r♥❡❧ Zn = ker(dn) ⊂ An+1 ✐s ❛
s✉❜♠♦❞✉❧❡ ♦❢ An+1 ❛♥❞ Bn = im(dn−1) ⊂ An ✐s ❛ s✉❜♠♦❞✉❧❡ ♦❢ An✳ ❙✐♥❝❡
dn ◦dn−1❂✵ ✇❡ ❤❛✈❡ Bn ⊂ Zn✳ ❚❤❡ n✲t❤ ❈♦❤♦♠♦❧♦❣② ❣r♦✉♣ ♦❢ A ✐s t❤❡♥ ❞❡✜♥❡❞
❛s

Hn = Zn/Bn. ✭❆✳✹✮

■♥ t❤❡ t❤❡s✐s ✇❡ r❡❝♦❣♥✐③❡ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ s♣❛❝❡s ❛r❡
✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧♦❣② ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳✺ ✭❍♦❝❤s❝❤✐❧❞✮✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ A ❜❡ ❛♥ ❛ss♦✲
❝✐❛t✐✈❡ R✲❛❧❣❡❜r❛ ❛♥❞ M ❛ R✲❜✐♠♦❞✉❧❡✳ ❚❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ♦❢ t❤❡ ❍♦❝❤s❝❤✐❧❞
❤♦♠♦❧♦❣② ✐s ❣✐✈❡♥ ❜②

Cn(A,M) :=M ⊗A⊗n. ✭❆✳✺✮

❲✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞❡✜♥❡❞ ❜②

d0(m⊗ a1 ⊗ ...⊗ an) = ma1 ⊗ a2 ⊗ ...⊗ an,

di(m⊗ a1 ⊗ ...⊗ an) = m⊗ a1 ⊗ ...⊗ aiai+1 ⊗ ...⊗ an,

dn(m⊗ a1 ⊗ ...⊗ an) = anm⊗ a1 ⊗ ...⊗ an−1.

✭❆✳✻✮

❚❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦❤♦♠♦❧♦❣② ✐s t❤❡♥ ❞❡✜♥❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ✇❤❡r❡ ✇❡
r❡♣❧❛❝❡ Cn(A,M) = Hom(A⊗n,M)✳

❋♦r ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ✇❡ ♥❡❡❞ ❛ ❢❡✇ r❡s✉❧t ❢r♦♠ ✐♥✈♦❧✈❡❞ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡✲
❜r❛ ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ st❛t❡ ❤❡r❡ ✇✐t❤♦✉t t❤❡ ♣r♦♦❢s ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

▲❡♠♠❛ ❆✳✸✳✶✳ ❚❤❡ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❛♥❞ ❝♦❤♦♠♦❧♦❣② ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦
r❡❧❛t✐✈❡ ❚♦r ❛♥❞ ❊①t ❢♦r t❤❡ r✐♥❣ ♠❛♣ k → Re = R⊗C R

op✿

H∗(R,M) ∼= Tor
Re

�k
∗ (M,R); and H∗(R,M) ∼= Ext∗Re

�k
(R,M), ✭❆✳✼✮

✇❤❡r❡ k ✐s ❛♥② ✜❡❧❞✳

❚❤❡ s❝♦♥❞ t❤❡♦r❡♠ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ❑♦s③✉❧ r❡s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ✈❡r② ❤❡❧♣❢✉❧
❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣②✳

❚❤❡♦r❡♠ ❆✳✸✳✷ ✭❑♦s③✉❧ r❡s♦❧✉t✐♦♥✮✳ ■❢ x ✐s ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡ ✐♥ ❛ r✐♥❣ R✱

t❤❡♥ K(x) ✐s ❛ ❢r❡❡ s♦❧✉t✐♦♥ ♦❢ R�I ✇✐t❤ I = (x1, ..., xn)R✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡q✉❡♥❝❡ ✐s ❡①❛❝t

0→ Λn((R)
n
)→ ...→ Λ2((R)

n
)→ (R)

n
→ R→ R�I → 0. ✭❆✳✽✮

✺✺



❆♣♣❡♥❞✐① ❇

Pr♦♦❢s

❇✳✶ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✷✳✶

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥ ❛ ♠♦r❡
❝♦♠♣❛❝t ❢♦r♠✳ ❲❡ ❤❛✈❡

(
dφ

(n)
UV

)
= V (fn+1) ◦ φ

(n)
UV

(
Mn+1

fn
←−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)

+

n∑

i=1

(−1)iφ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1...Mi+2

fi+1◦fi
←−−−−−Mi...M2

f1
←−M1

)

+ (−1)n+1φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f2
←−M2

)
◦ U(f1).

✭❇✳✶✮

✺✻



❲❤❡♥ ✇❡ ❛♣♣❧② d t✇✐❝❡ ♦♥ φ
(n)
UV ✇❡ ♦❜t❛✐♥

(d ◦ d)φ
(n)
UV =

= V (fn+2) ◦ V (fn+1) ◦ φ
(n)
UV φ

(n)
UV

(
Mn+1

fn
←−Mn

fn−1
←−−−Mn−1...

f1
←−M1

)

+

n+1∑

i=1

V (fn+2) ◦ φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1...Mi+2

fi+1◦fi
←−−−−−Mi...M2

f1
←−M1

)

+ (−1)n+2V (fn+2) ◦ φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f2
←−M2

)
◦ U(f1)

+

n+1∑

j=1

(−1)j
n∑

i=1

(−1)iφ
(n)
UV

(
...Mj+2

fj+1◦fj
←−−−−−Mj ...Mi+2

fi+1◦fi
←−−−−−Mi...

)

+ (−1)n+1V (fn+2) ◦ φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f2
←−M2

)
◦ U(f1)

+

n+1∑

i=1

φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1...Mi+2

fi+1◦fi
←−−−−−Mi...M3

f2
←−M2

)
◦ U(f1)

+ (−1)n+1+n+2φ
(n)
UV

(
Mn+2

fn+1
←−−−Mn+1

fn
←−Mn...

f3
←−M3

)
◦ U(f2) ◦ U(f1)

= 0

✭❇✳✷✮

✇❤❡r❡ t❤❡ t❡r♠ ✇✐t❤ s✉♠♠❛t✐♦♥ ♦✈❡r i ❛♥❞ j ✈❛♥✐s❤❡s✳ ❚♦ s❡❡ t❤✐s t❛❦❡ t❤❡ ♣❛✐r
(j, i) ✇✐t❤ 1 ≤ i ≤ n ❛♥❞ 1 ≤ j ≤ n+ 1✳ ■❢ ✇❡ ✜rst ❝♦♠♣♦s❡ t❤❡ ♠❛♣s ✧❛r♦✉♥❞✧
Mi ❛♥❞ t❤❡♥ ✧❛r♦✉♥❞✧ Mj ✇✐❧❧ ♣r♦❞✉❝❡ ❛♥ ♦♣♣♦s✐t❡ s✐❣♥ ❛s t♦ ✇❤❡♥ ✇❡ ✜rst
❝♦♠♣♦s❡ t❤❡ ♠❛♣s ✧❛r♦✉♥❞✧ Mj ❛♥❞ t❤❡♥ ✧❛r♦✉♥❞✧ Mi✳ ◆♦t❡ t❤❛t t❤❡ s✉♠
❞❡❝❛②s ✐♥t♦ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ t❡r♠s s✐♥❝❡ t❤❡ ♣r♦❞✉❝t ♦❢ n ✇✐t❤ n + 1 ❤❛s t♦
❜❡ ❡✈❡♥✳

❚❤❡ ▲❡✐❜♥✐③✲r✉❧❡ ✐❞❡♥t✐t② ❢♦❧❧♦✇s ❡❛s✐❧② ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✳

❇✳✷ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✸✳✶

Pr♦♦❢✳ ▲❡t φ(n) ∈ Homn(U, V ) ❜❡ ❛ ❝❧♦s❡❞ ♠♦r♣❤✐s♠ ♦❢ ❞❡❣r❡❡ n ❜❡t✇❡❡♥ ❢✉♥❝✲
t♦rs U ❛♥❞ V ✳ ❉❡✜♥❡ ❛ ♠♦r♣❤✐s♠ φ(n−1) ∈ Homn−1(U, V ) ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢

❘✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s Mn

fn−1
←−−− Mn−1

fn−2
←−−− Mn−2...

f1
←− M1✱ ❛s ❛r❣✉❡❞

❛❜♦✈❡ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♥s✐❞❡r ❤♦♠♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❘✲♠♦❞✉❧❡s Rmi ✐♥✲
st❡❛❞ ♦❢ t❤❡ ♠♦❞✉❧❡s Mi✳ ▲❡t t❤❡ ♠♦r♣❤✐s♠ φ(n−1) ∈ Homn−1(U, V ) ❣✐✈❡♥
❜②

φ(n−1) =
n∑

j=1

(−1)n−j+1φ
(n−1)
[j] , ✭❇✳✸✮

✺✼



✇✐t❤

φ
(n−1)
[1] (fn−1, ..., f1) = V (ιkn

) ◦ φ(n)(pn−1, ..., p2, πk2
◦ f1, ιk1

) ◦ U(πk1
)

φ
(n−1)
[2] (fn−1, ..., f1) = V (ιkn

) ◦ φ(n)(pn−1, ..., p3, πk3 ◦ f2, ιk2 , πk2 ◦ f1)

✳✳✳

φ
(n−1)
[n−2] (fn−1, ..., f1) = V (ιkn

) ◦ φ(n)(pn−1, πkn−1
◦ fn−2, ιkn−2

, πkn−2

◦fn−3, fn−4, ..., f1)

φ
(n−1)
[n−1] (fn−1, ..., f1) = V (ιkn

) ◦ φ(n)(πkn
◦ fn−1, ιkn−1

, πkn−1
◦ fn−2, fn−3, ..., f1)

φ
(n−1)
[n] (fn−1, ..., f1) = φ(n)(ιkn

, πkn
◦ fn−1, fn−2, ..., f1),

✭❇✳✹✮

✇❤❡r❡ pj := πkj+1 ◦fj ◦ ιkj
: R→ R✱ ❛♥❞ ✐t ✐s ✉♥❞❡rst♦♦❞ t❤❛t ♦♥ t❤❡ r✐❣❤t ❤❛♥❞

s✐❞❡ ❛ s✉♠♠❛t✐♦♥ ♦✈❡r ❛❧❧ ❛♣♣❡❛r✐♥❣ ❧❛❜❡❧s kj = 1, ...,mj ✐s ♣❡r❢♦r♠❡❞✳ ❲❡ ✇❛♥t
t♦ s❤♦✇ t❤❛t

φ(n)(fn, ..., f1) = V (ιkn+1
◦φ(n)(pn, ..., p1)◦U(πk1

)+dφ(n−1)(fn−1, ..., f1). ✭❇✳✺✮

❋♦r t❤❡ r❡❛❞❛❜✐❧✐t② r❡❛s♦♥s r❡♣❧❛❝❡ ιkj
❜② g−1

j ❛♥❞ πj ❜② gj ❛♥❞ t❤❡ s✉♠♠❛t✐♦♥
✐s ♠❡❛♥t ♦✈❡r t❤❡ kj ✳

❲❤❡r❡ gm := gMm
❛♥❞ pm := gm+1 ◦ fm ◦ g

−1
m ✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ s❡❝✲

t✐♦♥ ✸✳✸✳ ❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t

φ(n)(fn, ..., f1) = V (g−1
n ) ◦ φ(n)(pn, ..., p1) ◦ U(g1) + dφ(n−1)(fn, ..., f1). ✭❇✳✻✮

✺✽



❚❤❡r❡❢♦r❡ ✇❡ ✜rst ❝❛❧❝✉❧❛t❡ dφ
(n−1)
[n] ✳

dφ
(n−1)
[n] (fn, ..., f1) =V (fn) ◦ φ

(n−1)
[n] (fn−1, ..., f1)

− φ
(n−1)
[n] (fn ◦ fn−1, fn−2, ..., f1) + ...

...+ (−1)n−1φ
(n−1)
[n] (fn, ..., f3, f2 ◦ f1)

+ (−1)nφ
(n−1)
[n] (fn, ..., f2) ◦ U(f1)

= V (fn) ◦ φ
(n)(g−1

n , gn ◦ fn−1, fn−2, ..., f1)

− φ(n)(g−1
n+1, gn+1 ◦ fn ◦ fn−1, fn−2, ..., f1)

+ φ(n)(g−1
n+1, gn+1 ◦ fn, fn−1 ◦ fn−2, fn−3, ..., f1) + ...

...+ (−1)n−1φ(n)(g−1
n+1, gn+1 ◦ fn, fn−1, ..., , f3, f2 ◦ f1)

+ (−1)nφ(n)(g−1
n+1, gn+1 ◦ fn, fn−1, ..., f3, f2) ◦ U(f1)

= V (fn) ◦ φ
(n)(g−1

n , gn ◦ fn−1, fn−2, ..., f1)

+

[
V (g−1

n+1) ◦ φ
(n)(gn+1 ◦ fn, fn−1, ..., f1)

− φ(n)(fn, ..., f1)

]
.

✭❇✳✼✮

■♥ t❤❡ ❧❛st st❡♣ ✇❡ ✉s❡❞ t❤❛t

dφ(n)(g−1
n+1, gn+1 ◦ fn, fn−1, ..., f1) = 0, ✭❇✳✽✮

✺✾



s✐♥❝❡ φ(n) ✐s ❝❧♦s❡❞✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r φ
(n−1)
[j] ❢♦r 1 < j < n✳ ❲❡ ♦❜t❛✐♥

dφ
(n−1)
[j] (fn, ..., f1) = V (g−1

n+1)◦([
V (pn) ◦ φ

(n)(pn−1, ..., pj+1, gj+1 ◦ fj , g
−1
j , gj ◦ fj−1, fj−2, ..., f1)

− φ(n)(pn ◦ pn−1, pn−2, ..., pj+1, gj+1 ◦ fj , g
−1
j , gj ◦ fj−1, fj−2, ..., f1)

+ ...

+ (−1)n−j−1φ(n)(pn, ..., pj+3, pj+2 ◦ pj+1, gj+1 ◦ fj , g
−1
j , gj ◦ fj−1, fj−2, ..., f1)

+ (−1)n−jφ(n)(pn, ..., pj+2, gj+2 ◦ fj+1 ◦ fj , g
−1
j , gj ◦ fj−1, fj−2, ..., f1)

]

+
[
(−1)n−j+1φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g

−1
j+1, gj+1 ◦ fj ◦ fj−1, fj−2, ..., f1)

+ (−1)n−j+2φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1 ◦ fj−2, fj−3, ..., f1)

+ ...

+ (−1)n−1φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f3, f2 ◦ f1)

+ (−1)nφ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f3, f2) ◦ U(f1)

])

= V (g−1
n+1) ◦

[
A(n, j) +B(n, j)

]
,

✭❇✳✾✮

✇❤❡r❡ A(n, j) ❝♦♠❜✐♥❡s t❤❡ ✜rst n− j+1 s✉♠♠❛♥❞s ❛♥❞ B(n, j) t❤❡ r❡♠❛✐♥✐♥❣

✻✵



j s✉♠♠❛♥❞s✳ ❙✐♥❝❡ φ(n) ✐s ❝❧♦s❡❞ ✇❡ ❦♥♦✇ t❤❛t ❢♦r 1 < j < n− 1 ✇❡ ♦❜t❛✐♥

0 =dφ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

=V (pn) ◦ φ
(n)(pn−1, ..., pj+2, gj+2 ◦ fj+1, g

−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

− φ(n)(pn ◦ pn−1, pn−2, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

+ ...

+ (−1)n−j−2φ(n)(pn, ..., pj+4, pj+3 ◦ pj+2, gj+2

◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

+ (−1)n−j−1φ(n)(pn, ..., pj+3, gj+3 ◦ fj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

+ (−1)n−jφ(n)(pn, ..., pj+1, gj+1 ◦ fj , fj−1, ..., f1)

+ (−1)n−j+1φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, fj , ..., f1)

+ (−1)n−j+2φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj ◦ fj−1, fj−2, ..., f1)

+ (−1)n−j+3φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1

◦ fj , fj−1 ◦ fj−2, fj−3, ..., f1)

+ ...

(−1)nφ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f3, f2 ◦ f1)

(−1)n+1φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f2) ◦ U(f1).

✭❇✳✶✵✮

❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ❢r♦♠ ❛❜♦✈❡ ✇❡ ❤❛✈❡

0 =dφ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, g
−1
j+1, gj+1 ◦ fj , fj−1, ..., f1)

= A(n, j + 1)−B(n, j)

+ (−1)n−jφ(n)(pn, ..., pj+1, gj+1 ◦ fj , fj−1, ..., f1)

+ (−1)n−j+1φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, fj , ..., f1).

✭❇✳✶✶✮

❚❤✐s ❤♦❧❞s ❛❧s♦ ❢♦r j = 1 ❛♥❞ j = n− 1 ✐❢ ✇❡ s❡t

B(n, 1) = (−1)nφ(n)(pn, ..., p3, g3 ◦ f2, g
−1
2 ) ◦ U(g2 ◦ f1)

A(n, n) = V (gn+1 ◦ fn) ◦ φ
(n)(g−1

n , gn ◦ fn−1, fn−2, ..., f1).
✭❇✳✶✷✮

✻✶



❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ φ
(n−1)
[j] ❢♦r 1 < j < n t♦ dφ(n−1) ✐s

n−1∑

j=2

(−1)n−j+1dφ
(n−1)
[j] (fn, ..., f1) =

=

n−1∑

j=2

(−1)n−j+1V (g−1
n+1) ◦

[
A(n, j) +B(n, j)

]

= V (g−1
n+1) ◦

[
A(n, n)− (−1)nB(n, 1)

+

n−1∑

j=1

[
φ(n)(pn, ..., pj+2, gj+2 ◦ fj+1, fj , ..., f1)

− φ(n)(pn, ..., pj+1, gj+1 ◦ fj , fj−1, ..., f1)
]]

=V (fn) ◦ φ
(n)(g−1

n , gn ◦ fn−1, fn−2, ..., f1)

− V (g−1
n+1) ◦ φ

(n)(pn, ..., p3, g3 ◦ f2, g
−1
2 ) ◦ U(g2 ◦ f1)

+ V (g−1
n+1) ◦ φ

(n)(gn+1 ◦ fn, fn−1, ..., f1)

− V (g−1
n+1) ◦ φ

(n)(pn, ..., p2, g2 ◦ f1).

✭❇✳✶✸✮

❈♦♠❜✐♥❣ t❤✐s r❡s✉❧t ✇✐t❤ ♦✉r r❡s✉❧t ♦❢ ✭❇✳✼✮ ✇❡ ♦❜t❛✐♥

n−1∑

j=2

(−1)n−j+1dφ
(n−1)
[j] (fn, ..., f1) =

=φ(n)(fn, ..., f1)

− V (g−1
n+1) ◦ φ

(n)(pn, ..., p3, g3 ◦ f2, g
−1
2 ) ◦ U(g2 ◦ f1)

− V (g−1
n+1) ◦ φ

(n)(pn, ..., p2, g2 ◦ f1).

✭❇✳✶✹✮

◆♦✇ ✇❡ ❝❛❧❛❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ φ
(n)
[1] ✳

dφ
(n)
[1] (fn, ..., f1)

=V (fn ◦ g
−1
n+1) ◦ φ

(n)(pn−1, ..., p2, g2 ◦ f1, g
−1
1 ) ◦ U(g1)

− V (g−1
n+1) ◦ φ

(n)(pn ◦ pn−1, pn−2, ..., p2, g2 ◦ f1, g
−1
1 ) ◦ U(g1)

+ ...

+ (−1)n−2V (g−1
n+1) ◦ φ

(n)(pn, ..., p4, p3 ◦ p2, g2 ◦ f1, g
−1
1 ) ◦ U(g1)

+ (−1)n−1V (g−1
n+1) ◦ φ

(n)(pn, ..., p3, g3 ◦ f2 ◦ f1, g
−1
1 ) ◦ U(g1)

+ (−1)nV (g−1
n+1) ◦ φ

(n)(pn, ..., p3, g3 ◦ f2, g
−1
2 ) ◦ U(g2 ◦ f1)

✭❇✳✶✺✮

✻✷



❙✐♥❝❡ φ(n) ✐s ❝❧♦s❡❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

0 = dφ(n)(pn, ..., p2, g2 ◦ f1, g
−1
2 )

= V (pn) ◦ φ
(n)(pn−1, ..., p2, g2 ◦ f1, g

−1
2 )

− φ(n)(pn ◦ pn−1, pn−2, ..., p2, g2 ◦ f1, g
−1
2 )

+ ...

+ (−1)n−2φ(n)(pn, ..., p4, p3 ◦ p2, g2 ◦ f1, g
−1
2 )

+ (−1)n−1φ(n)(pn, ..., p3, g3 ◦ f2 ◦ f1, g
−1
2 )

+ (−1)nφ(n)(pn, ..., p1)

+ (−1)n+1φ(n)(pn, ..., p2, g2 ◦ f1) ◦ U(g−1
2 ).

✭❇✳✶✻✮

❍❡♥❝❡ t❤❛t

0 = dφ(n)(fn, ..., f1)

= −(−1)nV (g−1
n+1) ◦ φ

(n)(pn, ..., p1) ◦ U(g1)

− (−1)n+1V (g−1
n+1) ◦ φ

(n)(pn, ..., p2, g2 ◦ f1)

+ (−1)nV (g−1
n+1)

−1 ◦ φ(n)(pn, ..., p3, g3 ◦ f2, g
−1
2 ) ◦ U(g2 ◦ f1).

✭❇✳✶✼✮

❚❤✉s ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t

0 = dφ(n)(fn, ..., f1) =

n∑

j=1

(−1)n−j+1dφ
(n−1)
[j] (fn, ..., f1)

= φ(n)(fn, ..., f1)

− V (g−1
n+1) ◦ φ(n)(pn, ..., p1) ◦ U(g1).

✭❇✳✶✽✮
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