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ABSTRACT

Dynamical reduction models propose a solution to the measurement problem in quantum
mechanics by introducing an ontologically objective mechanism for the collapse of a wave
function. By this mechanism the unobserved macroscopic superpositions are avoided.
Neutral mesons are particle-antiparticle oscillating and decaying systems. In this thesis
we provide an analysis of the two most promising collapse models, the QMUPL (Quantum
Mechanics with Universal Position Localization) model and the mass-proportional CSL
(Continuous Spontaneous Localization) model by computing the effects of a spontaneous
collapse to neutral meson systems. We investigate the effects of a spontaneous collapse
for a single neutral meson including the tiny violation of €2? symmetry, which is a
symmetry between matter and antimatter. Our results show a strong sensitivity to the
assumptions of the noise field underlying the dynamical reduction models. We find that
the decay dynamics in a neutral meson system can be recovered by the spontaneous
collapse dynamics, which allows us to predict the effective collapse rates solely based
on the measured frequency of the flavor oscillation and decay constants. Proceeding
to a system of two neutral kaons we explore the role played by the violation of the
€2” symmetry in the spontaneous collapse scenario and tests of the local realism. By
these means, neutral mesons are shown to be very sensitive to possible modifications of
the standard quantum theory, which make them a powerful system to study physical

scenarios which could solve the measurement problem in quantum mechanics.






ZUSAMMENFASSUNG

Dynamische Reduktionsmodelle erlauben eine Losung des Messungsproblems, indem
sie einen ontologisch objektiven Mechanismus fiir den Kollaps der Wellenfunktion ein-
fiithren. Dabei werden die unbeobachteten makroskopischen Uberlagerungen vermieden.
Neutrale Mesonen sind Teilchen-Antiteilchen oszillierende und zerfallende Systeme. In
dieser Dissertation fithren wir eine Analyse der beiden vielversprechendsten Kollapsmod-
elle, dem QMUPL Modell (Quantum Mechanics with Universal Position Localization)
und massenproportionalem CSL Modell (Continuous Spontaneous Localization), durch,
indem die Anderung der Mesonendynamik aufgrund eines spontanen Kollapses berech-
net wurde. Dabei wurde auch die kleine Verletzung der € 2?-Symmetrie, eine Symmetrie
zwischen Materie und Antimaterie, beriicksichtigt. Die Ergebnisse zeigen eine starke
Abhangigkeit von Annahmen iiber das Rauschfeld, die den dynamischen Reduktions-
modellen zugrunde liegen. Ein Ergebnis war, dass man die Standartzerfallsdynamik in
einem neutralen Mesonensystem aus der Dynamik des spontanen Kollapses ableiten
kann. Dadurch wurde es méglich effektiven Kollapsraten vorherzusagen, wozu nur die
gemessene Frequenz der Flavor-Oszillationen und die Zerfallskonstanten benotigt wur-
den. In einem weiteren Schritt wurden neutrale verschriankte Kaonenpaare betrachtet
und das Wechselspiel zwischen €22-Symmetrie Verletzung und spontanem Kollaps
fiir Tests des lokalen Realismus analysiert. Diese Arbeit zeigt, dass neutrale Meso-
nen sehr empfindlich beziiglich Modifikationen der Standard-Quantentheorie sind und
dadurch sehr machtige Werkzeuge sind, neue physikalische Szenarien zu untersuchen

und dadurch das Messungsproblem der Quantenmechanik zu beleuchten.
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NOTATION IN THIS THESIS

Name Value Description

LL Localization operator of the GRW model

A; Collapse operator of a general collapse model

re 107" m Coherence length in a collapse model

d Number of dimensions of the physical space

A Collapse rate in the GRW model

Am Collapse rate in a general collapse model

AGRW 10716 g1 Value of the collapse rate A proposed by
Ghirardi, Rimini and Weber

AAdler 1078+2 -1 Value of the collapse rate A proposed by Adler

Ag % Collapse rate in the QMUPL model

Y A-(vV4nrc)?® | Collapse rate in the CSL model

AcsL A Convention for A used for the CSL model

t Time

lpe) State vector

Wi Wiener process

Wit White noise

¢ Phase of the noise

E Stochastic average

|MOy, | M) Flavor eigenstates of neutral mesons

(Mg, |IMyg) Mass eigenstates of neutral mesons

M ?), |M g ) € 2P eigenstates of neutral mesons

K%y, 1K) Flavor eigenstates of neutral kaons

K1), |IKg) Mass eigenstates of neutral kaons

|K ?), IKg) €% eigenstates of neutral kaons

va Size of a wave packet

my Absolute masses of neutral mesons

Iy Decay rates of neutral mesons

Am Difference of masses of neutral mesons

9(0) Value of Heaviside function at zero

K Asymmetry of the noise




Name | Value Description

€ Indirect €22 violation parameter

le] (2.228+0.011)-10°3

arge | (43.5+0.5)°

p 1+¢

q 1-¢

N VIp12+1ql?

o 125;% =(Kr|Kg) Non-orthogonality of the mass eigenstates
oM Relative phase of the €2 eigenstates
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CHAPTER

INTRODUCTION

uantum mechanics has proven to be an exceedingly successful theory which

covers a plethora of physical phenomena at different energy scales and, up

to date, no experimental data are in contradiction. However, in its standard
formulation quantum theory is very counter-intuitive and meets conceptual problems.
In 1935 Einstein, Podolski and Rosen (EPR) raised the question whether quantum
mechanics is incomplete and tried to show its incompleteness in a gedanken experiment
with a pair of particles [1]. In 1964 Bell analyzed the point of view of EPR and derived
an inequality which shows that the predictions of quantum mechanics are incompatible
with local realism [2]. He showed that quantum mechanics shares a counter-intuitive
feature, nonlocality, “spooky action at a distance” due to Einstein. Moreover, Kochen
and Speaker have shown that quantum mechanics reveals contextuality [3, 4], which
means that the measured value of an observable depends on the choice of compatible
comeasured observables. Considering quantum mechanics as a fundamental theory also
superpositions of macroscopic objects, such as cats, should exist which are obviously not

observed in our daily world.

In the Copenhagen interpretation during a measurement process a breaking of the
superposition is mathematically postulated, but no detailed physical process has been
assigned to it. Moreover, a separation into macroscopic system (measurement apparatus)
and microscopic system (quantum system) is utilized but lacks a clear definition. Ruling
out unobserved macroscopic superpositions is the heart of the so-called measurement

problem or macro-objectification problem [5, 6]. One out of many possible solutions are
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CHAPTER 1. INTRODUCTION

dynamical reduction models, so-called collapse models, which introduce an ontologically
objective mechanism of the wave-function collapse. Since collapse models provide definite
predictions for the regime between microscopic and macroscopic they are experimentally
testable. Particularly, one of the popular collapse models, the QMUPL model, has been
investigated for the spontaneous radiation emission from a non-relativistic free charged
particle [7, 8] and put to an intensive experimental test by X-rays [9—11]. For another
popular and more physical collapse model, the CSL model, experiments with optome-
chanical cavities have been proposed [12—19], particularly to detect possible changes in
the spectrum of light which drives a mechanical oscillator [20, 21]. In another approach
a possible increase of equilibrium temperature of a mechanical oscillator produced by
the spontaneous collapse was revealed [22]. For neutral mesons (K-, B-, D-meson) and
neutrinos up to first order in time the effect of the mass-proportional CSL model was
derived and compared to decoherence models [23, 24] by checking the experimental
data [26—31]. Recently, upper bounds on collapse models have been derived for cold-atom
experiments [32] and the authors of Ref. [33] have shown that reduction models can lead

to a nontrivial contribution to an effective cosmological constant.

Flavour physics is a rich field within physics with many unique features, and new
facilities in the near future will tackle very precisely this regime of energy. Recently,
there has been great interest in using massive particle systems such as neutral mesons
in testing the very foundations of quantum mechanics. Such a unique laboratory as a
neutral meson system has been proposed not only to test the effect of the spontaneous col-
lapse [23, 24], but also to stress the notions of nonlocality [34—37] and contextuality [38]

as well.

In this thesis we analyze the flavor dynamics of neutral mesons in the context of
collapse models and deterministic hidden variable models. The thesis is organized as
follows. We start by an introduction into the measurement problem and collapse models
as one of its possible solution in Chapter 2. We discuss the GRW, QMUPL and CSL
collapse models and their framework, particularly their master equations and their
state vector equations. Next we turn to the hidden variable models and discuss a special
class of them, local hidden variable models resulting in Bell inequalities, in Chapter ??.
In Chapter 3 we discuss the phenomenology of neutral mesons, the role of discrete
symmetries and the Bell inequalities for a neutral kaon system. In Chapter 5, the main
result of the thesis is presented. We show how for a neutral meson system the effect
of the QMUPL and CSL collapse models can be included and computed through the

perturbative approach up to second order in time. These computations are lengthy and

12



involved, therefore, some substeps are given in detail in Appendix A for the QMUPL
model and in Appendix B for the CSL model including the computations with taking
into account €< violation, respectively. The correlation functions and their dependence
on the physics of the noise field are derived in Appendix C. We present the results, the
probabilities for the lifetime states and the flavor oscillating probabilities for the cases of
conserved €<% symmetry and its tiny violation. We analyze then different possibilities,
one allowing us an independent prediction of the effective collapse rate for the different
types of neutral mesons which can be compared to the experimental data. The needed
computations of the decay rates from the experimental data are provided in Appendix D.
We proceed by giving a physical meaning to the dependence on the correlation functions
of the Wiener process and finalize by developing a decoherence model that leads to the
same probabilities as the CSL model, but relies on strictly different physics. In Chapter 7
we extend our analysis to a system of two entangled neutral kaons and derive Bell
inequalities including effects of the CSL model. These inequalities provide bounds for
the collapse rate which is a natural constant to be compatible with local realism. Last

but not least we provide the conclusions and outlook in Chapter 8.

13






CHAPTER

SPONTANEOUS COLLAPSE MODELS

n this chapter we review some models of spontaneous collapse, i.e. dynamical

reduction models. These models are said to present a possible solution to the mea-

surement problem of quantum mechanics. These models assume that the collapse
of the wave function is an objective physical process. Thus, it provides a universal dy-
namics covering both microscopic and macroscopic systems. The first section reviews the
measurement problem of the quantum mechanics and introduces the basic ideas under-
lying the collapse models including the first model, the GRW (Ghirardi—-Rimini—Weber)
model [39]. In the following sections we introduce the two most popular collapse models
on the market, the QMUPL (Quantum Mechanics with Universal Position Localization)
model [40] and the CSL (Continuous Spontaneous Localization) model [41-43].

2.1 The measurement problem and the basic

concepts of collapse models

Although quantum mechanics has proven to be an exceedingly successful theory by
plethora of experiments during the last century, its standard formulation meets some
conceptual problems which motivates the scientific community to attempts of modifying
it. For instance, one of the most important problems of quantum mechanics is tied to
the superposition principle, which is one of its corner stones. A number of experiments

has confirmed that it holds on the microscopic scale. However, assuming that quantum
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CHAPTER 2. SPONTANEOUS COLLAPSE MODELS

mechanics is a fundamental theory, nothing forbids the superposition principle to hold
for macroscopic objects as well. Such superpositions lead to numerous paradoxes. For
instance, we do not find a table to be “here” and “there” or a cat to be “dead” and “alive” at
the same time. On the other hand, let us suppose a quantum system (microscopic) being in
a superposition of two eigenstates |a1) and |a9) of an observable A which we can measure
using a measurement apparatus (that is assumed to be macroscopic). Is is supposed to
hold quantum state |M) which corresponds to some pointer state, therefore the whole
system including the observed quantum system and the measurement apparatus holds

the following quantum state before the measurement
|1//before> = (aila1) +azlagz)) ® |IM). (2.1

The measurement entangles the quantum system and the measurement apparatus

leading to the following quantum state
Wafter) = aila1) ®|Mq)+azlaz) ®|Ms), (2.2)

which is a macroscopic superposition of two positions of the (macroscopic) pointer. Ob-
viously, such superpositions of the macroscopic objects is not observed in our quotidian
world. Ruling out them lies in the heart of the so-called measurement (or also called
macro-objectification) problem of the quantum mechanics.

In the Copenhagen interpretation of quantum mechanics one usually introduces two

different types of dynamics of the state of a closed quantum system

¢ a deterministic unitary time evolution governed by the corresponding Schrodinger

equation,

* a stochastic non-unitary reduction (collapse) of the wave function caused by a

measurement process which produces the Born’s rule.

In another words, the Copenhagen interpretation postulates that there exist two levels
of description of the nature, macroscopic one (measurement apparatus) and microscopic
one (quantum system), possessing different rules for the time evolution. However, it
does not provide any precise border between these two levels. Moreover, a measurement
process in the Copenhagen interpretation is postulated to force the reduction of the wave
function but neither equips the process of the reduction with any underlying mechanism
nor reveals whether this process has to be considered physically real.

In turn, the Copenhagen interpretation postulates the collapse but does not explain

it and in fact “sweeps the difficulties under the rug”. A more consistent solution to the
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2.2. THE GRW MODEL

measurement problem is proposed by the dynamical reduction models. They provide
a new universal dynamics which covers both microscopic and macroscopic levels as
well as in-between one. This dynamics includes the reduction of the wave function
as an objective physical process. This process can be briefly described as spontaneous
collapses of the wave function occurring randomly and permanently for any system.
The wave function of a microscopic system (e.g. a particle) undergoes a collapse rarely
and its evolution remains practically unchanged from that ruled by the corresponding
Schrodinger equation. However, a macroscopic system consists of many particles, and
its wave function will frequently undergo a collapse due to the single collapses of the
wave functions of the constituent particles. The modern collapse models introduce this
dynamics mainly by a modification of the standard Schrodinger equation which turns
then to a non-linear stochastic differential equation (SDE). In order to recover the
predictions of quantum mechanics the new modified dynamics should have the following

properties

* non-linearity: the new dynamics should break superpositions on a macroscopic

level, particularly during a measurement,

¢ stochasticity: the new dynamics should produce the quantum probabilities obeying

the Born’s rule,

* no superluminal signaling: the new dynamics should not be in conflict with the

special relativity.

2.2 The GRW model

The first consistent dynamical reduction model which proposed the new universal dynam-
ics was the GRW model introduced in 1985-1986 by Ghirardi, Rimini and Weber [39]. It
does not carry any state vector equation but provides the following set of the postulates

that rule the collapse dynamics for a system of N particles

* each particle undergoes a sudden localization at a random time ¢, and the wave

function of the system changes due to a sudden jump in the following way

Lidd(q1, ..., qN)
NLEd(d1, s Qi o NI

(pt(ql’"'aqi,"',XN) - (23)

where ¢:(qq,...,q;,...,qn) is the wave function of the whole system, and ﬁ; is the

jump operator which induces the localization of i-th particle around the point x,

17



CHAPTER 2. SPONTANEOUS COLLAPSE MODELS

the probability of a localization of i-particle around x is
pi®) = IILipiar, ... qi,.an)ll, (2.4)

* between the jumps the state of the system evolves due to Schrodinger equation,

namely

. d .
Lh@(/)t(qh ~»qN) = H¢u(qs,...,qn), (2.5)
where H is the standard Hamiltonian of the system,

* two new natural constants, A, the localization rate, and r¢, coherence length of

localization, are introduced,

* the localization operators of the GRW model are determined in the following way

1 (@;-%?
2r2

L = ¢, (2.6)

12

x = 2 \3/4
(nre)

where q; is the coordinate operator for i-th particle,

* the sudden localizations are distributed in time according to a Poissonian process
with the rate 1.

The values of the new constants were suggested by Ghirardi, Rimini and Weber
as rc =107 m and Agrw = 10716 s~1. The proposed value of the coherence length lies
between the typical inter-atomic scale 1071° m and the human-size scale 10~* m. The
proposed value of the localization rate is widely discussed. Particularly, Adler proposed

*2 571 in order to make collapse

another value of the localization rate, A4, = 1078
effective for such processes as latent image formation in photography which one can
refer to as a measurement process [44, 45].

In experiments one often cannot realize pure quantum states but rather statistical
mixtures which are described by density matrices. Therefore, it is important to consider

a master equation which expresses the collapse dynamics through the density matrix.

Ly|¢)
I Lxlp)]]

the following change of the corresponding density matrix, [¢){(¢p| —

around point x causes

Lalp)(pllx &
g - SiDce we

do not know in which point the spontaneous localization takes place the actual state

Indeed, a spontaneous localization of the state vector |¢) —

changes into a mixture of states [5]

fd x|</)><</)IL

|p) (Pl —
o IIL P12

f dx Ly dllx = TUGBI]. @.7)

18



2.3. SPONTANEOUS COLLAPSE MODELS WITH A DYNAMICAL EQUATION

This leads to the following master equation for the density matrix p; = |¢;)(¢p;| of the
system with a given Hamiltonian H

d AN

—0, = —=[H,pd-Ap:—TIp:l|, 2.8

7P h[ pt] (Pt [Pt]) (2.8)
which reduces to the following master equation for the matrix elements p;(x,y) = (x|0:|y)
in the position basis

_ x—yl2

d N
Zhxy) = ~iH pix - A(1=e ¢ pix,y). (2.9)

2.3 Spontaneous collapse models with a dynamical

equation

The GRW model presented in the previous section introduces the collapse in the wave
function through the random discrete jumps. In contrast to nowadays investigated
collapse models, which describe the reduction of the wave functions as a continuous
process connected to a non-linear interaction of the quantum system with an external
noise field. Such models are the Quantum Mechanics with Universal Position Localization
(QMUPL) model [40] and the Continuous Spontaneous Localization (CSL) model in
its original [41, 42] and mass-proportional [43] versions. These models describe the
collapse as a continuous process by a SDE which turns out to be a non-linear stochastic
modification of the Schrodinger equation with the Hamiltonian H of the system under

investigation [46]
R N R Am N R 9
dlgy) = [—lHdH\/?tm Z(Ai_<Ai>t)dWi,t_?Z(Ai_<Ai>t) dt|lde), (2.10)
i=1 i=1

with A=1 and (Ai)t = <<pt|Ai|<pt> being the standard quantum mechanical expectation
value. Here A; are a set of N self-adjoint commuting operators related to the collapse,
Wi represent a set of N independent standard Wiener processes (which lead to the
white noise w; ; := %Wi,t), one for each collapse operator A;. The difference between the
dynamics provided by various collapse models ruled by the SDE (2.10) lies mainly in
the choice of the collapse operators A;. The constant A,, sets the strength of the collapse
processes which turns to be a new natural constant provided by the collapse model (in the
same manner as the constant 1 in the GRW model). Let us consider the corresponding
master equation for the density matrix p; = E[|¢;) (],

d A or ¥y A /"/m N A2 ~ &0 A
_Pt = —Z[H,pt]__Z({Ai,pt}_ZAiptAi)’ (211)
dt 2 =

19



CHAPTER 2. SPONTANEOUS COLLAPSE MODELS

where [ denotes averaging over the white noise and the curly brackets denotes an anti-
commutator. This equation has the same form as the Gorini—Kossakowski—Sudarshan—
Lindblad equation for an open system [64, 65] with the collapse operators A; as Lindblad
operators.

Finding a solution of a SDE is a non-trivial problem. However, the equations (2.10)
and (2.11) carry a very useful mathematical property which helps to find the solutions.
The physical predictions of these equations are invariant under a phase change in the
noise through the so-called “imaginary noise trick” [47, 48] which we generalize below in

several steps. Consider the following family of the dynamical equations

N
digr) = |-iHdt+V A ) CAi-BADIAW,,
i=1

A N A .
- S Y QA -2pAi A+ A Dt g,
i=1
where the coefficients (, B, Z, ,3, ¥ are arbitrary complex numbers. The corresponding

family of the master equations obtains then the form

d

— Pt

= —i[ﬁ,ﬁt]—%n{(fz‘i?—QBAi<Ai>t+77<Ai>?)ﬁt}

+po(T AT 2B A(Aiy+ 77 A0+ Am(CAs - BAide)po[0 As - B (Aie)

. A (=29«  2e. 2 A
~ilH, pd - LA+ T AT - 2107 AipiAs)
~ Am(ADFReT = 1BPpu+ Am Aio(B-CFAipu+ (B =" BpiAs).

Due to (2.11) the last two terms should cancel out, therefore we set Re = 8|2, f = (p*

and obtain the following families of the state vector equations
A N ~ ~
digy = |-iBdt+v Ay Y (CAi- BAie)dw;,
i=1

N
- 7’” > (CA2 25" AiA)+ (P + ImPHAF )t

i=1
and the density matrix equations

d iy Ay Am (s ia s e 42 24 A A
bt = l[H,Pt]——Z{(AiPt+( peA; —2[C] AiPtAi},

The last step is to simplify the obtained families of equations by taking =0, Imy =0

and ¢ = 1. It results in the following state vector equation

N N
didy) = [—iﬁdt+(\//1mZAidWi,t ?’”Z dt]l(/m (2.12)
i=1

i=1
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2.3. SPONTANEOUS COLLAPSE MODELS WITH A DYNAMICAL EQUATION

and the density matrix equation

d o Am s 28 A A

b = —L[H,pt]—?i;({Ai,pt}—Qlll Aipid;). (2.13)
Comparing the equation (2.13) with the collapse model master equation (2.11) we can see
that the equation (2.13) does the same job independently of the phase ¢ of { if its absolute
value is taken as |[{| = 1. Therefore, the equation (2.12) gives the same physical predictions
in terms of statistical expectations or probabilities for the outcomes of measurements
as the original collapse SDE (2.10). The statistics of outcomes of measurements of an
observable M is expressed as averages [E[((,thMI(,btﬂ =Tr[M E[l¢ps) (|11 = Tr[Mﬁt]. This
invariance forms the heart of the imaginary noise trick which we can use now to simplify

the dynamical equation of the collapse models under investigation
. , N Am X oy
dig) = [=iHdt+eVAn ) AidWie =23 A2dt|ign) (2.14)
i= i=

exploting the invariance of the corresponding master equation on the phase ¢ of ¢.

The new state vector equation (2.14) is written in the so-called It6 form. In general,
the white noise w; represents the change in time ¢ of the Wiener process W; (with
the definition W;-¢ = 0), where the term white (uncolored) refers to independent and
identically distributed growths of dW;, with a zero expectation value and a standard
deviation proportional to Vdt. The Wiener process can be identified with a temporal
integral of the white noise, W; = ftto wydt' [49]. This leads to a formal definition of
the white noise as a temporal derivative w; := %, although this derivative does not
exist since the Wiener process W; is nowhere differentiable [50], and in fact there is
no bijection between Wiener process and noise. After all one can define a stochastic
integral ftto G(t")dWy as a kind of Riemann—Stiltjes integral, which depends on the choice
of a sampling point in the interval [Z,¢ + dt]. A family of formalisms can be developed
depending on the choice of the sampling point. The two popular frameworks are the
It6 formalism, which chooses ¢ (left-hand endpoint of each time subinterval), and the
Stratonovich formalism, which chooses # + % (middle point of each time subinterval) [51].
The advantage of the Stratonovich formalism is that the differential and integration
procedures are those familiar from ordinary calculus. Therefore, we will stick to this
formalism. In the Stratonovich formalism equation (2.14) becomes a Schrodinger-like

equation (linear) with a random Hamiltonian
d A N
iZ100) = [H—e”p\//lm ZAiwi,t]kpt). (2.15)
i=1
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CHAPTER 2. SPONTANEOUS COLLAPSE MODELS

The equation (2.15) is much easier to solve and will be used later as the basic instru-
ment for the computations. In the following we use the phase ¢ = 0 to simplify the

computations.

2.3.1 Quantum Mechanics with Universal Position Localization
(QMUPL)

The QMUPL model was introduced by Diési in 1989 [40]. It is positioned as less realistic
compared the CSL model discussed below, particularly because of formulation of the
QMUPL model for distinguishable particles [6]. However, due to its simplicity it is
possible to generalize it in several ways, including non-dissipativity and non-white noise
field which leads to non-Markovianity of the collapse model [52—-54]. The QMUPL model
sets position operators in d-dimensional space as d collapse operators, A; = §;, which
can be combined in a single vector collapse operator, A = §. This choice of the collapse

operators leads to the following SDE for a single particle
_ N N N P A\ (2
dlgy) = [—szt+ Aq (q—((Dt)-th—?(q—(q}t) dt|lds), (2.16)

where Aq is the localization rate of the QMUPL model and W; = {Wy;,...,Wg ;} is the set
of d Wiener process, one for each space dimension. It should be noted that in contrast to
the GRW and CSL models the QMUPL model introduces only one constant Aq.

The master equation of the QMUPL model can be derived from one of the GRW model
as a limit of small coherence length . This means that the physical predictions of the
QMUPL model should not differ from those of the GRW model (and the CSL model as

well) for macroscopic systems. The master equation of the QMUPL model results in

d A A
—pux,y) = —ilH,p(x,y)]- —5&x-y)’pix,y), (2.17)
dt are

where p:(x,y) = (x|p¢|y). From (2.17) we can establish connection between the constants
of the QMUPL and GRW models, namely Ag = #
C

The corresponding simplified Schriodinger-like equation is

Loy = [A- g @wo]ioo, 2.18)

dawy dWy
Where W; = {W’t,..., Tt}
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2.3.2 Continuous Spontaneous Localization (CSL)

The more involved CSL model was developed in its original version by Ghirardi, Pearle
and Rimini in 1989-1990 [41, 42]. It is formulated through the second quantization
formalism describing a system of identical particles and operates with more tricky
collapse operators A; which act in a Fock space and therefore are replaced by a continuous

set of operators A(x), one for each point in space, namely

Aw) = ¥ [ dy ety -0 @ii) (2.19)
J

where uA/j .(¥) and v/ s(y) are the creation and annihilation operators of a particle of
type j and spin s in a point y. The smearing function g(y —x) is usually taken to be of a
Gaussian type

_ - - —(y—:u:)2/2r2
S0 amren ¢ v (220

where d reads the number of spatial dimensions and r¢ is the coherence length of the
CSL model which coincides with one of the GRW model. This choice of the collapse
operators defines the following SDE

dipy = [—iﬁdt+\/? f dx(A(x) - (Ax)))dW,(x)
-1 f dx(Ax) - (AN )2dt] s, 2.21)

where Wy(x) is now an ensemble of the Wiener processes, one for each point in space, and
vy is the localization rate provided by the CSL model.
The master equation of the CSL model for the system of N particles reads

d A Y
—pi(x,y) = -ilH,px,y)]- —F—+—
dtpt y PiX,y o(Vanro)
N N I!!iiﬂij\2 |yryﬂ2 \Xi*yJ‘IZ
. Z Z [e_ 4’% +e_ 4r% —26_ 4r% A
p(x,y), (2.22)
1=0,=0

where x = {X1,..., Xy} and X; is the position of i-th particle. For the single-particle case

equation (2.22) reduces to

_ Ix-yl?

da . R S B Y T2\ A
Py = SHpayI- ol T Jpy,  @29)

which coincides with the master equation of the GRW model. This gives rise to substitute
the localization rate y of the CSL model by the one 1 of the GRW model, namely
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y = A-(V4nrc)® which has now the units [m?/s]. A characteristic of the CSL model
is that all observable results will be proportional to the ratio y/r‘é being a rate or by
including all units the strength of the interaction. Furthermore, the QMUPL model can
be considered as the limit of the CSL model as well, as was mention in the previous
subsection.

In 1995 Ghirardi, Grassi and Benatti proposed an important improvement of the
CSL model, its mass-proportional version [43]. While the original CSL models introduces
density operators as collapse operators, its mass-proportional version uses mass density
operators which makes collapse dynamics dependent not only on number of particles but

on their masses as well. SDE is modified in the following way
A A - ) A ) _ ) _ "T ~
A) - Mx) = ) mjA;x) = ijfdy gy -, My,  (2.24)
J Jss

where m ; is the mass of a particle of the type j. This choice of the collapse operators

modifies equation (2.25) in the following way
aipo = [-irar+ X [ axtitoo- dteawico
0

- L [[axaire - iton 2 aeigo, (2.25)
2my

where m is a reference mass which is usually chosen to be the nucleon mass.

The corresponding simplified Schrodinger-like equation is

d . ) R
i) = [H—\/_?Z dxw(x, P &) )| Ip0), (2.26)

mo js

where w(x,t) is a noise which set to be white in time and Gaussian in space,

Flwx, Hwx',t)] = e 5t —t). (2.27)

1
Varro)
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CHAPTER

NEUTRAL MESON SYSTEMS

n this chapter we discuss the phenomenology of neutral mesons, which includes the
flavor oscillations. We focus generally on a neutral meson M° = {K°, D°, B, Bg}
and later stick to the particular case of a neutral kaon K°. We discuss the discrete
symmetries and their violation in the context of neutral mesons, particularly neutral
kaons. Last but not least we review the formalism of generalized Bell inequalities for a

system of entangled neutral kaons developed in [34-36].

3.1 Basic formalism of neutral mesons physics

A neutral meson M? is composed by a quark-antiquark pair bound by the strong interac-
tion, and both the particle state |M°) and the antiparticle state [M°) can decay trough
the weak interaction into the same final states. They can be distinguished by a flavor
quantum number .# called strangeness [60] which is conserved by the strong interaction

but violated by the weak interaction,
SIM% = M), (3.1)
1M = - MY, (3.2)
Therefore, neutral mesons have to be considered as a two-state system. Its most general
time evolution can be described by an infinite-dimensional vector in Hilbert space

which includes the components of both the flavor eigenstates |M°) and |M°) and all its

decay products. However, finding a solution for an infinite set of coupled differential
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CHAPTER 3. NEUTRAL MESON SYSTEMS

equations is a cumbersome problem. Therefore, the dynamics of a M°? — M° oscillating
system is usually covered by an effective Schrodinger equation within Wigner—Weisskopf
approximation [61, 62] which turns out to be a proper simplification and takes into

account only the components of the flavor eigenstates,

~iHorrlyy), (3.3)
a(®)| MO + b(t)| MO, (3.4)

il )
di U4
lwe)

where the phenomenological (effective) Hamiltonian H, ff= M+ %f is non-Hermitian,
M = M" is the mass operator which describes the unitary part of the dynamics of a
neutral meson, and " = I'" covers the decay (non-unitary part).

It can be shown that the effect of the non-Hermitian part of the Hamiltonian (decay)
can be understood if the system is considered to be an open quantum system, i.e. a system
which interacts with the environment which is not available in general [63]. Then the
Schrodinger equation is turned to a Gorini—Kossakowski—Lindblad—Sudarshan master
equation [64, 65], where a Lindblad operator implies the transition from the surviving
part to the decaying part of the system under investigation. Consequently, the decay
property can be incorporated via a Lindblad operator into the quantum system and can
be physically understood as an interaction with a (virtual) environment. In quantum
field theory this environment would refer to the QCD vacuum. This in turn shows that
the total time evolution is a completely positive map. We will discuss this point in the
next chapter.

Diagonalizing the phenomenological Hamiltonian leads to two different mass eigen-
states (c=1)

A i
HeppIMp) = (mi+ T3 IMy). (3.5)

These two states |M1,) and |Mg) are eigenstates of the weak interaction and have distinct
masses, without loss of generality m;, denotes the lower one (L denotes “light”, H denotes
“heavy”). For all types of neutral mesons the decay rates I';,,['7 are approximately equal,
except for K-mesons whose decay rates differ by a huge factor about 600. Therefore, the
light mass eigenstate of a neutral kaon is denoted as the short-lived state |[M;) — |Kg)
with lifetime 75 = 0.89-1071%s and the heavy mass eigenstate is denoted as the long-lived
state [My) — |KL) with lifetime 7, =5.17-1078s.

The flavor eigenstates are conjugated by the combined operation €22,

€@IM° = e'M MO, (3.6)
€2\ MO e im0y, (3.7
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such that €2 = 1. The strong interaction does not change the flavor quantum number,
so the phase @)/ is unphysical and can be chosen arbitrarily. Usually one fixes ¢y =7
(and so we will do in Section 5.2). This means that €2 eigenstates can be defined in the

following way (with this phase convention)

0y _ 1 0 70

M = (1M 1), (3.8)
0y _ 1 0 70

M = (1M 11, (3.9

so that €2|M?) = |M?) and €2|MYJ) = —|MY).

Specifically for the neutral kaons we have the situation, that they can decay into
two different decay channels: two pions (1), with €22 = +1, or three pions (mn7r) with
€ = —1. If € symmetry is conserved then the mass eigenstates can be identified with
the €22 eigenstates such that the short-lived state decays into two pions |Kg) — |77)
and the long-lived state decays into three pions |Ky) — |nrnm).

In general, in the case of conserved €2 symmetry the relation between the flavor

eigenstates and mass eigenstates is given by

1
0y _
M0 = (M) + ML), (3.102)
-0\ 1
Y = (1M 1M1 (3.10b)

Solving the effective Schrodinger equation (3.3) we obtain the following dynamics of an

initial particle and antiparticle state,

1 r . r .
MOty = ﬁ(e_THte_lmHthH)+e_TLte_”"Lt|ML)), (3.11a)
_ 1 r . T .
01y = ﬁ(e_THte_‘mHthH)—e‘TLte_”"LtIML)). (3.11Db)

In this way we can find the probabilities of finding a meson or antimeson after a certain

time ¢ if a meson state |[M°%) was produced at ¢ =0,

1 Ty+T
P yro_ promp0(®) = Z(e_rHt +e 1t 19 Ltcos(tAm)), (3.12)
where Am = my — my, is the difference of masses. These probabilities show that the
neutral meson system reveals so-called flavor oscillations. This means that if, for exam-
ple, a kaon is produced, then it oscillates into an antikaon and vice versa, also called

strangeness oscillation.
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3.2 ¥22 violation

The existence of antiparticles was predicted by Dirac in 1928 [66]. They are interpreted
as mirror images of usual particles having the same mass and opposite electrical charge,
for example, a positively charged antielectron (positron) which was successfully demon-
strated in a controlled experiment by Anderson in 1933 [67]. Particles and antiparticles
are produced in pairs and annihilate each other leaving high-energy photons when they
come in contact. However, although in the aftermath of the Big Bang particles and
antiparticles should have been created in equal amounts, we do not find as much anti-
matter as matter in our visible Universe. To explain this asymmetry one has proposed

two possible interpretations,

¢ the total baryon number 28 of the early Universe was non-zero which means that
there was already a small disbalance of matter and antimatter just after the Big

Bang,

¢ the total baryon number 28 of the early Universe was zero but some hypothetical
set of physical processes called baryogenesis produced the asymmetry between

matter and antimatter over time.

It is not clear from experimental point of view which interpretation should be preferred.
However, the second one introducing the baryogenesis mechanism is usually taken. The
set of three necessary conditions for such a process to produce a disbalance between

matter and antimatter to occur was proposed by Sakharov in 1967 [68].
1. Such a process should necessarily violate baryon number 2.

2. Ifthe charge-conjugation (%¢) symmetry is conserved then a process which produces
more baryons than antibaryons will be balanced by a mirrored process which
produces more antibaryons than baryons. Thus, such a process should violate the
% symmetry. Moreover, it should violate the combined €% symmetry to prevent a

possible conservation of the total baryon number Z.
3. Such a process should fall out of thermal equilibrium.

The violation of €2 symmetry was discovered by Christenson, Cronin, Fitch and Turlay
in 1963-1964 in an experiment with neutral kaons [69]. Observing the decays of long-

lived kaons they have found in one of thousand events not three pions, as expected, but
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two pions which exhibit the final state with €22 = +1. This can be explained in two ways.
Firstly, the mass eigenstates |[K7,) and |Kg) are not identical to the €22 eigenstates,

1
IKr) = ———[elK%+ K|, (3.132)
g \/1+|£|2( ! 2)

1
Ks) = ———(IKD+elKD). (3.13b)

V1+]el?
This effect exhibits indirect €22 violation parametrized by € which was measured to
le| =(2.228 +0.011)- 10~2 with a phase of arg(e) = (43.5+ 0.5)°. Taking into account the
violation of the €% symmetry we obtain the relation between the flavor eigenstates and

mass eigenstates of a kaon,

N

K% = (K +IKs)), (3.142)
P

. N

K% = (K -IKs), (3.14b)
q

where p =1+¢, ¢ =1—¢ and N2 = |p|?+|q|?. Since the flavor eigenstates are orthonormal,

the mass eigenstates turn out to be non-orthogonal as a consequence,

2Rec
(KslK) = ——5 = 6, (3.15)
1+ el

where we apply a certain phase convention to keep 6 real.

Secondly, the €% symmetry can be broken immediately in the decay, such that, for
example, the |K(2) ) state decays via weak interaction into two pions. This effect leads to the
direct €22 violation parametrized by . However, as the NA48 and KTeV experiments
have shown, the first effect dominates the second one, Re%/ =(1.68+0.14)-10723 [70-72].
In our analysis we will neglect any contribution from the direct €< violation and stick
to the indirect € <2 violation.

Solving the effective Schrodinger equation (3.3) we obtain the following dynamics of

the particle and antiparticle states,

N r . r .
Ko@) = 2—(e_TLte_LmLt|KL)+e_TSte_”"St|KS)), (3.16a)
P
_ N r . r .
ROty = (e Fte ™KL —e 2 e ™ K)), (3.16b)
q
and the corresponding probabilities,
1 I'p+T
Pro_go(t) = Z(e_rLt+e_FSt+2e_ ‘2 Stcos(tAm)), (3.17a)
1102 Tz +T
Pro_go(t) = Z%(e_r”+e_rst—2e_ Lzstcos(tAm)). (3.17b)
p
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The temporal part of the evolution of mesons is not normalized for times ¢ > 0 due to

the non-Hermitian part of the effective Hamiltonian,
LI L ra 2 1
IM(t)) = e '™leTTIM;) — f IMiEpIFdt = <. (3.18)
0

Obviously, a normalization of the temporal part by vT would give a similar expression
as the Born rule for the spatial part and allow for a definition of a time operator [73—78].
However, taking into account the violation of €2 symmetry shows that this formal
normalization leads to contradiction with experimental data [79]. This expresses the
strikingly different roles of time and space in the quantum theory and the importance of

discrete symmetries.
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HIDDEN VARIABLE MODELS

n this chapter we discuss the hidden variable models, a class of deterministic
theories which attempts to describe the predictions of quantum mechanics by
underlying deterministic variables. We stick to the special class of local hidden
variable theories, which are the hidden variable theories consistent with local realism.
We discuss the Bell’s theorem and the Bell inequalities in the form of CHSH inequalities
and Wigner inequalities. Last but not least we discuss the Bell inequalities for entangled

neutral kaons.

4.1 Local realism and Bell inequalities

The question of completeness of the quantum mechanics raised by Einstein, Podolski
and Rosen (EPR) [1] opened the door to the so-called hidden variable theories. This class
of deterministic theories assumes that the description of a quantum system through the
quantum state p is not complete. It admits existence of additional underlying quantities
(not necessarily inaccessible [55]), hidden variables A, which completely determine the
state of the quantum system and allow observables to have a definite value. Then
the predictions of quantum mechanics can be described in the same way as statistical
mechanics does, namely, as averages on the corresponding phase space of hidden states
while the uncertainties arise due to practical limitations of a measurement procedure.
Let us consider a special class of hidden variable theories, precisely local hidden

variable theories, and consider the EPR scenario with a source producing two particles
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which are measured distantly and independently by two experimenters, Alice and Bob.
Each experimenter has the ability to choose between two measurement alternatives,
namely A and A, for Alice and By and Bs for Bob, while each measurement can have an
outcome either —1 or 1. For this setup we can define a set of joint probabilities P(ab|AB)
that Alice gets the outcome a € {—1,1} measuring Ae{A, Ay} and Bob gets the outcome
b € {-1,1} measuring B € {B1,Bs}. Then a correlation function for the joint measurements

of observables A by Alice and B by Bob can be built with use of these joint probabilities,

E(A,B) = (AB) = Z(i- J)P(ij|AB). (4.1)

i,J

A local hidden variable theory provides two important assumptions,

* the properties of the system are fixed as soon as the hidden variables A are fixed,
and the measurements just reveal these preexisting properties but do not create

them (realism),

* the properties of space-like separated systems should be independent that results

in a factorization of the joint probabilities of (4.1) (locality).

In this way a local hidden variable theory defines the joint probabilities in (4.1) by the

following form
P(ablAB) = f dAP(1)-P(alA, 1) P(bIB, ), (4.2)
A

where A is the hidden variable which lives in the phase space A, and the probability
distribution P(A) is normalized. It should be noted that besides realism and locality a
local hidden variable theory assumes implicitly free will which means that the choice of
the observables A and B by Alice and Bob does not depend on hidden variables A and
vice versa. This means mathematically that P(1|A,B) = P(A).

The famous Bell’s theorem [2] states that the predictions of quantum mechanics
cannot be fully reproduced by such local hidden variables theories. John Bell has shown
that these theories establish strict bounds on correlations between outcomes of distant
measurements which can be formulated as linear inequalities known as Bell inequalities.

One of its particular forms is the CHSH (Clauser—Horne—Shimony—Holt) inequality [56].
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For the considered local hidden variable models it reads
|E(A1,B1)—E(A1,B2)|+|E(Ag,B1)+ E(A2,B3)| (4.3)
= Zf[\dle()L)-{‘(i -j)(P(iIAl,/l)-P(jIBl,/l)—P(ilAl,)L)-P(J'IBz,A))‘

i,J

+[a -j)(P<i|A2,A>-P(j|Bl,A>+P(i|A2,A)-P(j|Bz,A>)\}

IA

y/ dam)-max;l{)(i-j)(P<i|A1,A)-P(j|Bl,A>—P<i|A1,A)-P(j|Bz,A>)\
i.J

+[a ~j)(P<i|A2,A)-P(j|Bl,A)+P(i|A2,A)-P(j|Bz,A>)\}

2 f dAPM),
A

and,

|E(A1,B1)—E(A1,By)| +|E(Ag,B1)+ E(Ag,By)| = 2. (4.4)
=8

One can show that these bounds can be violated for particular quantum states when the
correlation functions E(A;,B;) are calculated within quantum-mechanical mean values.
Let Alice and Bob share a system of two spin-% particles in the antisymmetric Bell state
(e.g. in the singlet state) which is a maximally entangled state

1
T V2

Alice can perform the measurements of spin of her particle along n and n’ directions, and

¥ (REINEINEINE (4.5)

Bob measures the spin of his particles along m and m’ directions. Then they choose the
quantization directions such that the angles between them are Onm =0/ m = On/m' =
and Op m' = %T”. This choice of the quantization directions corresponds to the following

choice of observables [57],

Ay = A, =6,
A2 = An’ = Gy,
Bi = Bm = \/ig(&zmx),
By = By = %(az—ax).

Then, calculating the correlation functions for these observables, one obtains a value of
& which violates the CHSH inequality,

&M = 2v2 > 2. (4.6)
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Moreover, this value provides the maximal violation of the CHSH inequality and is
knows as the Tsirelson’s bound.

Now, let us consider three quantization directions by choosing n' = m’. If we assume
E(A,/,By)=—1, which means a perfect anticorrelation [35], then the CHSH inequality
(4.3) reduces to the original Bell inequality [2],

|[E(An,Bm)—E(An,By)l <= E(Ap,Bm). 4.7

Finally, one can derive the Wigner inequality by rewriting Bell inequality (4.7) in terms

of joint probabilities,

P(n,m) - P(m,n') < P(n’,m). (4.8)

4.2 Bell inequalities for neutral kaons

Neutral kaons can be produced in entangled states at the DA®NE collider through the
decay of ¢p-mesons which in turn are produced via electron-positron collisions. In other
words, through the reaction

ete” - ¢ — K°K°

an entangled pair of kaons is created in |V ™) Bell state at the time ¢ =0,

-\ _ 1 0 -0 >0 0
W = (KK, - KOs Ik,
NZ
= K Kp) - IK Ks),|, 4.9
2\/§pq(| SN ®IKp)r— 1K) ®| s)) (4.9)

which is antisymmetric under ¢ and & symmetry operations. Then the kaons can be
detected on the left and right sides apart from the source, so it is denoted by / and r
indexes in (4.9).

Neutral kaons allow for a description by the quasispin picture in analogy to spin-%
particles and polarized photons [35, 58, 59]. In this approach the flavor eigenstates of
a kaon are interpreted as the quasispin up and quasispin down states. In this way the
operators which act in the quasispin space can be expressed through Pauli matrices,
particularly, the strangeness operator S is expressed by ¢, and the € P operator is
expressed by —4 .

In analogue to Bell inequalities derived for the averaged values of spin directions
along the quantization directions n and m a set of Bell inequalities can be derived for

the averaged values of quasispin directions for different detection times ¢, and ¢; for
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entangled kaons [34-36]. Thus, the free choice of detection times of the quasispin states
plays the same role as the free choice of the angles for spin-% particles and polarized
photons. Moreover, there is a freedom of choice of the particular quasispin states of a
kaon, therefore we can choose as quasispin up and quasispin down states not only the
flavor eigenstates |[K°), |[K°), but the mass eigenstates |K1), |IKs) and the €2 eigenstates
IK?), IKD) as well.

It should be noted that one has to extend the Hilbert space of two kaons #" ® #* to
include the decay products and avoid a decrease of the total state. Thus, one assumes

the following time evolution of the mass eigenstates,
. T;
Ki(8)) = e”"™Mife 2 K;) +1Q;(2), (4.10)

which includes |Q;(2)), the state of all decay products which is orthogonal to the kaon

mass eigenstates and satisfies the following relation,

! ’ l _J>
FL+FS

5-(1—eiAmte_ 2 t),i;éj.

1-e"
Q;DNQ;(@) =

Now we can consider a set of observables O"(k,,, t,) which have the value +1 if one in a
measurement at time ¢, detects the quasispin state k&, on the side i (n =1 for the left
side and 7 = r for the right side) and the value —1 if the particle decayed. This leads to a
definition of the correlation function O(k,,,t,;km,t») which gets the value +1 if one in a
measurement detects the quasispin states %k, at time ¢, on one side and %, at time ¢, on
the other side or detects none of them and the value —1 if one in a measurement detects
only one of the two quasispin states. Now the locality assumption divides the correlation

function into a product of the observables,
Okn,taskm,ty) = O (kp,tg) Ok, tp). (4.11)

Then considering N measurements of the observable O one can derive the CHSH in-

equality for its expectation values [34, 35],
|E(kp,taskm,ty) —E(kp,to;km, ta)l + | ERy tes Ry ta) + E(Ry teskm, tp)l < 2, (4.12)

where E(kn,ta;km,tp) = % X, Oilkn,ta;km,tp) and O; is the measured value of O in

the i-th experiment. Consequently, one defines a set of four probabilities,

o Pom(Y,t,;Y,tp) for detecting the quasispin state %, at time ¢, on the left side and
the quasispin state &,, at time ¢; on the left-hand side,
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* Pum(Y,ty;N,tp) for detecting the quasispin state &, at time ¢, on the left side and

no quasispin state k,, at time ¢; on the left-hand side,

o P.m(N,t,;Y ,tp) for detecting no quasispin state &, at time ¢, on the left side and
the quasispin state k,, at time ¢, on the left-hand side,

* P,um(N,tq;N,tp) for detecting no quasispin state &, at time ¢, on the left side and

no quasispin state k,, at time ¢; on the left-hand side,

and plugging them into the (4.12) one obtains the CHSH inequality for the probabili-
ties [34, 35],

IPam(Y,t0;Y ,t5) + Pum(N,tq; N, tp) = Pumi (Y, t0;Y ,2q) — Pppy/ (N, to; N, tg)] (4.13)
S 1i{_1+Pn’m(Y’tc;Y,tb)+Pn’m(N,tc;N;tb)_Pn’m’(Y,tc;Y,td)_Pn’m’(N,tc;N,td)}-

Finally, choosing in (4.13) the plus sign and putting n’ = m’ and ¢. = ¢4 one obtains a

Wigner-type Bell inequality for three quasispin states [34, 35],
an(Y,ta’Y’tb) S Pnn’(Y7ta;Y’tc)+Pn’m(Y>tc;Y7tb)+h(knakm,kn/;ta’tb,tc)’ (414)

where h(kp,km,knistaty,te) = —Ppm(IN,tq;N,tp) + Ppp (N, tq; N, te) + Prim (N, te; N, tp) +
P, ,.(N,t.;N,t.) is the correction function which turns into zero at ¢, = t; = 0. This
inequality we will use in our analysis of the collapse models.

The Wigner-type Bell inequality (4.14) reveals a crucial role of the violation of €%
symmetry in the local hidden variables models context. Choosing two sets of the quasispin
states k, = Kg,km =K, b,y :Kg and k, =Kg, kp =K°, k,y :K(l’, one can derive from
(4.14) two inequalities for the transition probabilities P;;(Y,t,;Y,¢;) which turn into
bounds for the €22 violation parameter  defined in (3.15),

o6 =< 0,
6 = 0,

which turns into the equality [36, 37]
6 = 0. (4.15)

This means that a local hidden variable theory implies a conversation of €% symmetry,

and its violation leads to a violation of the Bell inequalities.
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CHAPTER

SPONTANEOUS COLLAPSE IN FLAVOR OSCILLATIONS

n this chapter we apply two popular collapse models introduced above, the QMUPL
model and the mass-proportional CSL model, to the neutral meson system and
compute the effect of spontaneous collapse through a perturbative approach, namely
Dyson series, following the method discussed in [23, 25, 48, 80, 81]. Then we discuss
the obtained results and provide a review them from the open quantum system’s point
of view. Last but not least we extend the analysis of spontaneous collapse in a neutral

meson system by taking into account the violation of €% symmetry.

5.1 Perturbative calculation of the probabilities

In this section we aim to apply the two collapse models, the QMUPL model and the
mass-proportional CSL model, to the dynamics of the neutral meson system described by
the phenomenological Hamiltonian as discussed above. The observables of our interest
are the transition probabilities from mass eigenstates to mass eigenstates, Py, (2),
and from flavor eigenstates to flavor eigenstates, Pj0_ 370,570(¢), which are intensively
studied in experiments. These probabilities are computed under the assumption that we

start at time #¢9 = 0 with a mass eigenstate |M ) or flavor eigenstate |M Oy,

Pu—m, (&) = Y E[My,ppIMu0),00),
Py
0 /770 0 2
Py popgpo(@) = Z[E|<M IM”,prlM (t),Pi>| )

Pf
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CHAPTER 5. SPONTANEOUS COLLAPSE IN FLAVOR OSCILLATIONS

where p; is the momentum of the initial state.
As we have shown in equation (2.15), the collapse models modify the Hamiltonian of

the system in the following way
N
H— H-VAY Aw;, = H+N@), (5.2)
i=1

where ¢ =0 is taken for simplicity, and the explicit form of the operators A; is defined by
the corresponding collapse model. We treat the term N(¢) which describes the interaction
with the noise field as a perturbation. This allows us to use a perturbation theory in
order to compute the transition probabilities.

To obtain these probabilities we need to compute the transition amplitudes for all the

mass eigenstates. For that we move first to the interaction picture [23, 25, 48, 80, 81]
Tpv(pﬂpi,a;t) = <Mv,pf|Mu(t),pi,a’>
= e "t (M, pplUL®)I My, ps, @), (5.3)
where the evolution operator U;(¢) is the corresponding one in the interaction picture. The

evolution operator can be expanded into a Dyson series, and we compute the transition

amplitudes up to fourth perturbative order

Tyn(pr,pit) = e ™ (T0ps,pis )+ T (D7, Pist) + TPy, pis?)
+ T\ (s, pist) + Tﬁ‘v)(pf,pi,;t)), (5.4)
where
TO(pr,piste) = (My,ppIMy,p0), (5.52)

to th-1
T er.pisto) = (i) | dt.. fo dt,
n
(M, prl H(Nl(tj))lMu’pi> forn = 1,2, 38,4, (5.5b)

Jj=1

where N;(¢) is the noise term in the interaction picture. The detailed computations of
each term of the Dyson series (5.4) we provide in the Appendix A for the QMUPL model
and in the Appendix B for the mass-proportional CSL model.

5.1.1 The neutral meson dynamics predicted by the QMUPL

model

For the QMUPL model we define the initial state as a wave packet in position picture

with a width /a in d-dimensional space and a momentum p;, while the final state is
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5.1. PERTURBATIVE CALCULATION OF THE PROBABILITIES

typically assumed to be a momentum eigenstate. We start with the 1-dimensional case
as the simplest one and then generalize the results to the d-dimensional case. As was
mentioned in the previous chapter, in the QMUPL model the collapse operators A; are
chosen to be the position operators ¢;. In order to describe the collapse dynamics in the

case of neutral mesons we extend the collapse operators A; by a flavor part
Aquurr = a9 |ZEIMp) (M| + 2 ML) My, (5.62)
and, consequently, the potential N () of the Schrodinger-like equation (2.15) becomes
Nomupr® = —VA(w;-a) ® |22 Mp) (Mp| + 2L1ML) (M| (5.6b)

We consider w; as a white (uncolored) noise field and the corresponding correlation
function is E[w;-wy]1=6(¢ —t'). Then putting the transition amplitudes and performing
necessary computations we obtain the transition probabilities up to second order in time

and collapse constants,

1
Pﬁfg&f(t) = Ow (1 - A'[?MUPL t+3- 5(Aﬁ”"IUPL)2 . t2) e Tut (5.72)
QMUPL _ 1 Tt QMUPL 1  omupPLy2 2
Pyro_yompo® = Z{, ;Le (1—Ai 't+3'§(/\i ) -t )
=11,
e, (L a_)t A2 AgMUPL 4 AgMUPL |
+2cos(Amt)e 2 1 + t
2 2m% 2
QMUPL QMUPL 12
+3.1 a—AAm2+AH ) i } (5.7b)
21 2 Qm% 2 ’ ’
2
where Am = mg—my. is the difference of masses, AgMUPL = “7’1 . % . (1 —219(0)), and 9(0)
0

is the value of the Heaviside function at zero.

We see that the mass eigenstates do not oscillate as it is the case in the standard
approach. The effect of the collapse on the meson time evolution leads to terms containing
absolute masses of the mesons which never appear in the standard quantum theory.
Moreover, it gives an “inverted” ordering, namely the decay rate that is larger than the
other one is connected to the heavier mass. This in turns means that the eigenstate of
the heavier mass decays earlier. The standard theory does not give any such restrictions.

The computations for the QMUPL model show that the transition probabilities are
independent of space dimensionality d. Moreover, the second order in time shows an
additional factor 3 which is independent of dimensionality as well. This factor is produced

by the choice of a Gaussian wave packet as an initial state and its integration over all
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CHAPTER 5. SPONTANEOUS COLLAPSE IN FLAVOR OSCILLATIONS

final momenta. In turn the collapse effect cannot be assumed to be an exponential one
in general. Due to such a dynamic the effect of the QMUPL model becomes in principle

observable.

5.1.2 The neutral meson dynamics predicted by the CSL model

For the mass-proportional CSL model we define the initial state as a plane wave with
a momentum p; and investigate the d-dimensional case immediately. In this case we
choose the following collapse operators and potential for the two mass eigenstates of the

neutral meson system

Acsz(®) f dy g(y—x)("ni—f)’zﬁ}](y)wmw + Z—ﬁ@}(y)m(y)), (5.82)

Nesi(t)

-Vr f dy wy) SR+ L), G8b)

where the correlation functions of the mass-proportional CSL noise w/(x) are given by

Elw:xXw(y)] = F(x-y)dt-s), (5.9)
where F(x) = ( \/47er) = e XM Collecting all the necessary terms we obtain the probabili-

ties of interest (see Appendix B),

1
CSL CSL CSLN\2 ,2 T,
PGSL @) = 6 (1-T§ 4 S J-e7u, (5.10a)
1 . 1
Pﬁ%iMO/MO(t) — _{ Z e It (1—riCSL't+—(F?SL)2't2)
4 2B 2
T+ A 2 I“CSL+1—'CSL
+2cos(Amt)e” Hyte, 1- 14 m2 + - L -t
(Vanre)?® 2mg 2
2
Uy ame GGl
= _ 22 |b (5.10b)
2 | (V4nre) 2mg 2

2
CSL_ __ vy M (q_
where [5% = -l . 74 (1-2000)).
In strong contrast to the CSL model, where we can expect that the dynamics of a
mass eigenstate propagating in free space is exponential, so

CSL _ —(TCSL4T )t
Py =My ® = Ouve o T (5.11)

Last but not least the choice of 9(0) € [0,1] coming from the correlation functions of the
Wiener processes leads to positive (9(0) € [0, %}), zero (9(0) = %) or negative (9(0) € [%, 1}

values of [CSL,
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5.2. INCLUDING THE ¢¥2 VIOLATION EFFECTS TO THE PREDICTIONS OF THE
CSL MODEL

Again, for the CSL model we assume that the higher orders in time lead to an

exponential behavior, which we have proven up to the second order in time

o~ TL+IT0t | ~C+I Pt

CSL _
Py ypopp® = 4
2
cos(Amyt) Vi -t
N (g +T ¢S (T +TESh) ¢ C ol (5.12)
cosh( L 5 H__.¢)

This is an interesting result since it disentangles two effects of the collapse model. A
damping of the interference term proportional to the mass difference squared (Am)?,
which is independent of the choice of the Heaviside function 9(0) and additional energy
terms F?SL proportional to the absolute masses, which depend on the Heaviside function.
These additional energy terms play the same role as the decay constants (added by

hands) in standard quantum theory.

5.2 Including the €% violation effects to the
predictions of the CSL model

Now we take into account non-orthogonality of the mass eigenstates due to the violation
of € 2?2 symmetry in a neutral kaon system, (K1 |Kg) = §, and apply the same perturbative
approach used in the previous sections to compute the transition probabilities for kaons.
We start with transition probabilities for the mass eigenstates, which reveal now a more
involved form for the mass-proportional CSL model (see Appendix B), and neglect the

freedom of choosing the value of the Heaviside function in zero by fixing 9(0) = %,

PRy, @ = e‘rLt{l —5%1—5%%2—% NGk -t (5.13)
PRLL (1) = 62e‘r”{1 —(1—62)(&”% m;’gs AGFW-t, 619
PSSL, (1) = a2e—fst{1-u-52>( Ve A0, 619
PYSLL @) = e—rst{1 —6%(1 - 5%%2—% AGSE@) -}, (5.16)
where ACSH(t)=1-; ( \/47er) . (Am)2+:1622mLms -t. We see that the effect of the CSL collapse

on the kaon time evolution in the presence of the € <2 violation leads to terms containing
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CHAPTER 5. SPONTANEOUS COLLAPSE IN FLAVOR OSCILLATIONS

absolute masses. Moreover, their contribution to the evolution of the mass eigenstates is
not more exponential as we have seen in the previous subsection.
Collecting all the necessary transition probabilities for the mass eigenstates we

obtain the transition probabilities for the flavor eigenstates,

POSL (1) = i{e—l"Lt_i_e—Fst

—-6(1- 5)(\/£rc)d (An:%)z(mLe—Fst ~mge 111 ASSL(t) -t

+2e s cos[tAm]( 1;5( \/%rc) — - ASS ) t)} (5.17)
PCSLKO(t) iﬁ{e—mue—rst

+8(1+6) \/%rc)d (A”r:%)2(mLe—Fst —mge Ti). ACSL(p) ¢

£ 20 LS cos[tAm](l— 1;5(\/%@61 ASSE().- t)} (5.18)

In this way €< violation combined with the collapse effect brings an extra contribution
proportional to the absolute masses which changes the evolution of a neutral kaon
system in a non-trivial way. In contrast to the case of unbroken €% symmetry (5.12),
breaking the €2 symmetry entangles two effects of the mass-proportional CSL model,
the damping of the interference term and the additional energy terms, such that the

behavior of the transition probability is no longer exponential.

5.3 Interpretation of the results via the CSL model

In the next step we investigate whether the collapse dynamics leading to the above
result can explain the full dynamics of the neutral meson systems without defining decay
constants (by hands) due to Wigner—Weisskopf approximation.

At accelerator facilities the following asymmetry term A(t) is experimentally inten-

sively investigated

exp exp
ATP@) = Proapo®@—Phpo_igoe® _ cos(Amr)

Py (t)+P”" o®  cosh(3h-p)’

(5.19)

where AI' =17, —I'yy. The CSL model predicts the asymmetry term in the following form
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for the unbroken €2 symmetry

POSE 0@ =P (@)

ACSL(t) MO—MO (520)
POSL 0@ +POSE ()
m?2
_ cos(Amt) ~ o <§m% t
- ' +TCSLy_ ([ +TCSL ) ’
osh(( Lty )2( a+lg )-t)
and in the presence of €2 violation in a neutral kaon system
cos(Amt) 9 9
h(5 ) 1-6 % Am
ACSL@) - (1- TGN I CEAY
CP cos(Amt) 9 / d 2 €P :
1 cosh(%-t) (varre) o
AT 2 2
_5tanh(7-t).1—52 y mL_mS-ACSL(t)-t
5 cos(Amt) 2 (\/Erc)d m% €P ’

cosh( % -t)

which for small times reduces to

AZSL@)

& + cos[tAm] ( 1-6 ¥y Am?
1+dcos[tAm] 2 (Vanre) m%

From (5.21) and (5.22) we observe that the €< violation combined with the CSL collapse

effect brings an extra contribution proportional to the absolute masses and leads to a

AGED-t). (522)

non-trivial asymmetry term.

From (5.20) with assumed unbroken ¢%? symmetry we observe that the damping

2
term proportional to Y Am)F” s in principle measurable. As we have discussed
proporti (\/Erc)dZmﬁllpl ip u w ve discu

in Section 2.1 the standard proposed value for the mass-proportional CSL model is
AcsL := m ~ 10" 251 (Adler [44]) or ~ 10716571 (GRW [39]). Here the coherence
length is assumed to be of the order 10 %¢m and d = 3 and from that the collapse
strength y can be deduced. For more details on the allowed parameter space for ¢ and
Y consider, e.g., Ref. [82]. Let us also note that the best experimental upper bound is
currently obtained by X-rays [9] being five orders away from the proposed value of Adler,
ie 10712571,

Plugging in these two values (Adler/GRW) and the measured mass differences we
find damping rates of the order 10738s71/10465~! for K-mesons, 1073%s71/10738s~1 for
Bg-mesons, 1073%s71/107385s71 for B, mesons and 10734s71/107%2s~1 for D mesons (see
also Ref. [24]). The choice of the reference mass m( being either the neutron mass or
the rest mass of the respective neutral meson does not affect the values considerably.

This is not directly observable since it corresponds to a lifetime much greater than the
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decay rates of the respective neutral meson. Consequently, the effect of the spontaneous
collapse on the interference can be safely neglected.

The idea behind the choice of m(, being generally a free parameter of the CSL
model, is that for ordinary matter the mass ratio corresponds to an average number of
constituents of the composite object [83]; the bigger the object, the stronger the effect of
spontaneous localization. The choice in the meson system stems from our assumption
that if collapse models are relevant in Nature then they have to hold for all physical
systems. For the meson system this mass ratio z—g decreases if mg is of the order of a
nucleon or the rest mass of the mesons system, i.e. has the opposite behavior. Thus, it
may seem more reasonable to have for particles lighter than those that make up the
ordinary matter the inverted ratio. If we do so then the damping factor of the interference
term becomes %/lcg L?nr;;—in”%(z), which is only computable if we know the absolute masses.

The second modification due to the mass proportional CSL model compared to the
standard approach is for the decay rates, i.e. I';, + FESL. Here I, are the standard decay
rates introduced to the system by the Wigner—Weisskopf approximation. The collapse
contribution is connected to the absolute mass (playing no role in the standard approach)

and the value of the Heaviside function at zero, i.e. FSSL =AcsL - % . (1 - 28(0)) or in the
0

inverted scenario FSSL =AcsL Z—% . (1 — 219(0)).

Taking this one step further is to ask whether collapse models could solely be respon-
sible for the decaying part of the neutral mesons, i.e. the dynamics of the spontaneous
location induces the decay of the mass eigenstates. For that we set szp = FSSL . Certainly

['YSL needs to be positive, i.e 9(0) € [0, 1}, to obey equations (5.11). Then we obtain

+1.2760-107°
K-mesons: 0.996506 5
-1.2760-10"
+0.0007
CSL CSL 9 9 D-mesons: 0.00645
FL —FH 9(0)#1 mi; —my -0.0009
CSL , 1-CSL = = 2 =3 (5.23)
FL +FH my +miy +0.0050
B -mesons: 0.0005
—-0.0050
+7.7058-1074
B;-mesons: 0.06912 4
-7.7058-10"

The experimental values for the experimentally measured decay constants (right—hand
side of the above equation) are taken from the particle data book [84]. The method
how to deduce from the experimental values measured the decay rates is described in

Appendix D since it differs slightly for each meson. The minus sign holds for the inverted
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ITP s [ T [s71] [ Am®®[hs 1 | mp [hs™ ] | mpy [hs71]
K-mesons | 1.117-10™0 | 1.955-107 | 0.529-101° | 2.311-10% | 5.524-10°
D-mesons | 2.454-10'2 | 2.423-10'2 | 0.950-10'° | 1.468-10'2 | 1.477-10'2
Bg-mesons | 6.582-10! | 6.576-10' | 0.510-10'2 | 1.020-10' | 1.020-10%°
Bg-mesons | 7.072-1011 | 6.158-1011 | 1.776-1013 | 2.477-10'* | 2.655-1014

Table 5.1: Experimental values of the decay rates, the mass difference and the computed
values of the absolute masses for the neutral mesons system.

scenario. Together with the experimentally obtained value of Am := mpg—mp, this allows

to compute the absolute values of the masses m g7, via

2

CSL _ 1CSL
I7 Iy my,

m%—(meLAm)2
= +—1 = +|-1+
m? +(mr +Am)? 2

(5.24)

L L 1 :
ng +ng mL+mLAm+§(Am)2

In the case we have my > my, (Am > 0) we observe that the right-hand side of (5.24)
becomes negative (if we do not reverse the mass ratio). Thus, the two involved masses
cannot be both positive. This is because the collapse models relate the decay rates with
the corresponding masses directly proportionally: the heavier the mass the larger the

decay rate, the smaller the lifetime.

This is physically intuitive from the collapse model perspective since heavier masses
should be affected stronger by the spontaneous factorization. The counter-intuitive effect
for applying that to neutral mesons decay is that the more massive state should decay
faster. In literature there can be found experiments [85, 86] for K-mesons assigned to
measure the sign of Am and, herewith, if the heavier mass connects also to the lower
decay rate (longer lifetime) and vice versa. The results are a positive sign of Am, i.e. the
heavier mass decays slower. Note that not for all mesons the sign has been determined.
In summary, for positive mass differences Am > 0 we cannot find positive masses.

In the reversed scenario positive values for the absolute masses are obtained and
listed in table 5.1. Note that the numerical values are very sensitive to the errors and
the method to determine the decay constants which are very different to the specific
mesons and the experiments considered. We stick here to the values published by the

particle data group in their summary and review papers [84].

45



CHAPTER 5. SPONTANEOUS COLLAPSE IN FLAVOR OSCILLATIONS
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Figure 5.1: These plots show the values of 9(0) versus the deduced collapse rate based on

the input parameters Fg‘p, FZXP, Am®*® for the different types of neutral mesons (including

experimental errors highlighted by the shaded areas). As a reference mass the respective
rest mass of the neutral mesons is assumed.

Now we can use these values of absolute masses to estimate A¢gsz, by

2
Aestimated — reXp.ﬂ 1
st R m2(1-2000)
1

_ (Am)* 1
o ot - Jr Dz my (1-2000)°

The predicted values of A¢gy, are plotted in Fig. 5.1 and their lower bounds are plotted

(5.25)

in Fig. 5.2 for the different meson types. Interestingly, these values correspond to the
ones assumed by Adler, except for the K-meson system which is closer to the one of GRW
(even weaker).

Fixing the collapse rate to the one proposed by GRW requires that 9(0) converges
to %, only in the Adler case values # % are allowed. Taking the scenario with reversed
masses seriously we have also to consider the modified contribution to the interference

term, i.e.
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Figure 5.2: Bounds on the natural constants of the CSL model based on LIGO, LISA
Pathfinder and AURIGA experiments (blue, green, and red lines), X-ray experiments
(light blue line) [9], ultracold cantilever experiments (purple line) [87] and theoretical
estimations (grey line) [88]. The lines refer to our computations of A¢gz, for the neutral
meson system. Note that ¢ is not bound. The other plots are taken from Ref. [89].

Amzm(z)

AesL—5—
HML

2
m 1 —1\4
ACSL(Am)JHFL(\/FL -VIg) (5.26)
1 A 1

timated 1 —
2 Aggmated 1 29(0)

1
2
1
2

This term is negligible for all types of neutral mesons due to the tiny decay difference

assuming the other values to be of order 1 except for the K-meson system. In this case
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we have a very sensitive tradeoff between obtaining the experimental values of the decay
constant and the damping of the interference term. The best limit on such a possible
modification of the interference term comes from the entangled K-meson system [28],
however, this is not directly comparable.

In summary a full description of the decay and oscillation properties in the dynamics

of neutral mesons can be obtained demanding certain properties of collapse models.

5.4 The mathematical and physical meanings of 9(0)

Let us note that the freedom of choosing the Heaviside function in the interval 9(0) € [0, 1]
comes from the action of the classical noise underlying any collapse model. One assumes
that the stochastic noise average of two Wiener processes is given by a delta distribution,
Elw;-ws] = 6(¢t —s). This in turn is the assumption of the white noise scenario, i.e. the
assumption of a constant power spectral density. In our derivation we had to compute

the following type of time integrals

t ~ . )
f dsé(t—-s) = { A(t) —9(0) 1-9(0) fort—s=0,
0 90)—9(~t) = 9(0) fort—s<0,

with (% 6(¢)dt = 1. Note that the dependence on 9(0) occurs only in case one matches
amplitudes of different orders within the expansion. Assuming the independence of the
time direction 6(¢) = 6(—t) leads to 9(0) = % In this case the collapse quantities ARMUPL
I'YSL become zero, respectively. No effect of the collapse field arises in the evolution of
the mass eigenstates. Consequently, in this case also no dependence on absolute masses
(myg, my) is proposed in line with the standard quantum mechanical approach.

Now let us consider an approximation of the white noise ¢; which reveals the cor-
relation function E[{;¢s] = f(¢ —s). In fact we can consider a family of approximations

parametrized by constant x which sets the asymmetry of the noise,

1 ]_ _ lt1-tal esen(ty—tg)
fe(t1—t9,x) = — Te K .
EK+ x

(5.27)

This family of approximations whose correlation functions are plotted in Fig. 5.3 includes

a special symmetrical case x = 1 which is usually considered in textbooks,

_ It —tal

1
fet1—to,1) = f5(t1—t9) = o (5.28)

—e
2¢
Analogously to the temporal integral of the noise, f(f wsds = Wy, which is the Wiener

process, the temporal integral of the approximation ¢; of the white noise converges to
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the Wiener process in the mean square,

t
qm—limg_,ofg‘sds = W;. (5.29)
0
0.5
K:=1 :
----- Kk=1/2 1‘7\
ns
----- K=2 n
K
A\

-

-
—_——

-

Figure 5.3: The plots of the correlation functions of the approximation &; of the white
noise for symmetrical choice x = 1 and asymmetrical ones x = % and x = 2.

Now we can show that the value 9(0) is connected to the asymmetry of the approximation
of the white noise. For that purpose we compute the following integrals from Appendix C

where delta function is changed by the approximated correlation function f.(¢1 — t9;x),

t t
Cu® = fdt1fdt2 fe(t1—t2;x), (5.30)
0 0
t t1
Coo(t) = fdtlfdtZ fe(t1—1t2;x). (5.31)
0 0

Computing these integrals for the approximated noise with the correlation function

fe(t1 —t9;x) and the white noise with the correlation function 6(¢1 — t9), we obtain the

following table,
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Asymmetric approximation Symmetric approximation | White noise
Cu®) | t——25[1-e % +(1-e ment] | t—ell-e "] t
Cao(®) | Thgt—sll—e "] jt-§l—e ] (1-9(0)t

Comparing these results one can see that the value of 9(0) is defined by the asymmetry

of the distribution in the following way,

2

9(0) = (5.32)

1+x2
In this way the limit (5.29) means that the collapse equation (2.14) is not changed under
changing the asymmetry of the approximation of the white noise and thus the parameter
9(0). Moreover, it should be noted that in general the noise does not really need to be of
Gaussian nature, however only a continuity of its integral is enough to be postulated [49].

A value 9(0) # % can be interpreted as the freedom that the time evolved states in
the expansions in the “out” (“bra”) and the “in” (“ket”) states do depend on the particular
time ordering within the expansion. Only in this case the interaction with the classical
noise field leads to contributions not solely affecting the interference term with respect
to the chosen basis. Consequently, here is the point where the physics of the noise field
strongly enters the discussion. In particular non-white noise fields will change the very

dynamics of neutral mesons, that in turn will be testable in principle.
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CHAPTER

COMPARISON OF THE PREDICTIONS OF THE
MASS-PROPORTIONAL CSL MODEL WITH ANOTHER
APPROACHES

o append a possibility to understand and test in experiment the new physics
proposed by collapse models for the meson dynamics, let us compare the re-
sults obtained in the precious subsections with the dynamics provided by the

Schrodinger—Newton equation and decoherence models.

6.1 Semi-classical gravity
The Schrodinger—Newton equation [92-95] (A = 1)

/N2
i%w(t,r) = (—%V2—Gm2fd3r'%)w(t,r), (6.1)
where m is a gravitational mass and G is the gravitational constant, is a non-linear
extension of the Schrédinger equation. It includes a potential which yields non-relativistic
self-gravitation interaction and can be seen as a non-relativistic limit of classical gravity.
From the collapse models point of view the Schrodinger—Newton equation is a model,
which describes the dynamics for the spatial localization of the wave function. It is

expected to describe the gravitational interaction for quantum matter [96, 97].
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CSL MODEL WITH ANOTHER APPROACHES

In [98] the Schrodinger—Newton equation was applied to the neutral meson system,
particularly neutral kaons. Due to the non-trivial coupling between the spatial and the

flavor wave functions the authors have considered two possible assumptions:

1. Both mass eigenstates |My) and |My) are described by the one unique spatial

wave function,

2. The mass eigenstates |[Mpy) and |My) are described by different spatial wave

functions.

Analyzing both scenarios of the Schrodinger—-Newton dynamics for a K-meson one obtains
a shift of the difference of masses Am [98],

Am — (1-n-Agn)Am, (6.2)

where 7 = 1 holds if the first assumption is met and 1 = 2 if the second one is met. The shift
Agn depends on the invariant mass of the neutral kaon mg = (497.614 +0.024) MeV/c?,

2 Gm
Asn = |- 5, (6.3)
T cea

where c is the speed of light and a is a width which is assumed to be large.

Comparing the effect of the Schrodinger—Newton dynamics in a neutral kaon system
with the results obtained for the mass-proportional CSL model, we observe that the semi-
classical gravity described by the Schrodinger—Newton equation changes the frequency
of the flavor oscillations, thus changing the predictions on the oscillating behavior of a
neutral kaon system. On the contrary, the CSL collapse leads to effects on both fenomena,

oscillation and decay.

6.2 Decoherence models

Decoherence models [99—-105] describe the loss of quantum coherence due to the interac-
tion of a quantum system with environment. In the context of the measurement problem
they describe the evolution of a quantum superposition into a statistical mixture of states
recovering the Born rule but not explaining the measurement process itself. In contrast
to decoherence models collapse models propose a mechanism, ontic reduction of the
wave function, which explains the measurement process. Let us see which decoherence
model for a neutral meson system would in principle lead to the same predictions as the

mass-proportional CSL model.
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Before to discuss the decoherence models we repeat some properties of the non-
Hermitian Hamiltonian that is the standard starting point in describing the meson
phenomenology. Neutral meson systems violate the €22 symmetry for the mass matrix
and have a non-vanishing lifetime difference described by the decay matrix. This leads
to an effective Hamiltonian which is even not a normal operator.

In the Wigner—Weisskopf approach, by diagonalizing the Hamiltonian, the non-
orthogonal “stationary” states My, M; are obtained. These states have complex eigen-
values whose real (imaginary) part does not coincide with the eigenvalues of the mass
(decay) matrix.

The mesonic systems can also be described as an open quantum mechanical sys-
tem [63, 90, 91], which allows to describe its dynamics by completely positive time evolu-
tion and thus conserving probabilities. In particular, the following Gorini-Kossakowski-
Lindblad-Sudarshan (GKLS) master equation [64, 65] does the job [63]

d .
Zh0) = il p0) (6.4)

1L s o e
-5 2 (L 2o+ 0 2] 222100 2]),
=0

where we define p to live on a Hilbert space with a direct product structure H;,; = Hs®Hg
(s corresponds to the surviving part and d of the decaying part of the system). Particularly,
for a neutral meson system the total Hilbert space H;,; needs at least 4 dimensions. The
Hamiltonian # and all Lindblad operators ZinH tot are defined to act only onto the
surviving part of the system, i.e.

. M 0 . L, 0
T = . Piso = , (6.5)
0 0 0 0

whereas the zero Lindblad operator entangles the surviving part with the decaying part

0 0
) ) (6.6)

P = | .
0 io 0

where the operator L : H; — Hy defines the decay operator of the effective Hamiltonian
H, £f in (3.3) as ['= IA,EIAJO. Given these definitions the total density matrix

Pss(t)  Psa(t) ) (6.7)

() =
g ( Bl paa®

is normalized for all times. The differential equation decouples for the “parts” of the

system. Hence, the solution of the survive-to-decay part p;4(¢) has no physical significance
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and the time dependence of the decay-to-decay contribution p44(¢) depends solely on the

survive-to-survive part pg(t), i.e.

t
paa® = Lo | pule)dsL]. 6.9)
For clarity, let us rewrite the relevant differential equations explicitly (for Hermitian
Lindblad generators)
. B A 1.
Pss(t) = —ilH,pss(t)] - E{Lo,Pss(t)}
1 . . .
5 LA, pss®) = 2LipssDLi}, 6.9)
>0

where L = diag{ \/ I'y + I“gSL , \/ I'y+ FIC{SL } is given in the mass eigenstate basis.

Introducing a Lindblad generator L1 = ( \/4_]2;0) . (%IM WM+ % |Mg)(M HI) for-

mally leads to the same probabilities, see Eq. (5.12). This has the following physical

intuitive picture: the state vector undergoes a random unitary transformation in the
time dt

T@ly@) = e G ()
~ 1 N
(1-i¢pG - 5<p2G2 +..)lw(@) (6.10)

with a Gaussian probability distribution with a width proportional to d¢, namely with
probability (/. p(¢p)d¢p =1)

1 _9*
p(p) = 5 e 207, (6.11)
o

where we choose the width equal to o =, /W -dt. Since we assume small d¢ we can
neglect safely the higher order terms and find for the density matrix at time ¢+ d¢

p(t+dt)

f dé p@) U(@)-50)-UT(¢)

+00 2 . ~ R
= d¢ p($) {ﬁ(t)— % (1G?, p(t) —2Gp(t)G)}
2
= p(t)- % (162, pn —-2G p) ) . (6.12)

This differential equation is equivalent to the one in the Lindblad form with L; if we
choose for G = > Z—éIM iy{M;| (compare with the flavor part of our collapse operators

in (5.6a) and (5.8a)). Even though we formally arrive at the same formulae for the

54



6.2. DECOHERENCE MODELS

dynamics (5.12), let us stress that in this case no ontic collapse is assumed, in particular
the spatial part of the wave function played no role. Moreover, the dependence on the
” F?SL is not generated by the dynamics, but introduced by hand through the
Lindblad operators. It is physically not clear how to motivate such a Lindblad operator.

However, it explains why the interference term in the flavor oscillation probabilities

“decay rate

depends on (Am)?, this is a general feature of any random unitary noise with a Gaussian
distribution.
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CHAPTER

SPONTANEOUS COLLAPSE AND BELL INEQUALITIES

n this chapter we extend our analysis of the collapse models to the case of a system

of two entangled neutral kaons. At first we perform a perturbative calculation of

joint 2-particle probabilities for the mass-proportional CSL model. Then we use
the calculated probabilities in the Bell inequalities for the neutral kaons discussed in
Section 4.2.

7.1 Calculation of the 2-particle probabilities

including spontaneous collapse

As we have highlighted in Section 4.2 neutral kaons are produced at the DA®NE collider

in an entangled antisymmetric state,
Iy = i(u{o) ®|K% - K% ® |K°>). (7.1)
V2

In this way the observables of our interest are the probabilities of measuring the state F}
at time ¢; on the left side and the state F, at time ¢, on the right side which we denote
as P(F},F,;t;,t,). We assume that we start at time ¢y = 0 with the entangled state |I)
with momenta p; and —p;, and compose the transition probabilities in the same way as

done in Section 5.1,

P(Fl,Fr;tl,tr) = Z [E|<Fl,Fr,pl,pr|I(tl,tr»lz,
PL,Pr

57



CHAPTER 7. SPONTANEOUS COLLAPSE AND BELL INEQUALITIES

where we take flavor eigenstates |K 0y, 1K), mass eigenstates |Ky), |[Kg) and €% eigen-
states |K ?), |Kg> as the possible final states |F}), |F,), and the time evolution of each of
two particles includes the collapse due to the Hamiltonian (5.2) for the mass-proportional
CSL model. Particularly, these probabilities were computed in [23] up to the first order
in time for the choice F; = F, = K°,

1
PKO’KO(Y,tl;Y,tr) = g(e_(rl'tl+rst’)+e_(rstl“LrLtr) (7.9)
AcSL (amy?
_Ip+Tlg - B (t1+t,)
+ 2e7 2 Wttle P COS[Am(tl_tr)]).

We are interested in investigation of the Wigner-type Bell inequalities for kaons (4.14),
therefore we perform the perturbative calculations up to the second perturbative order
for two sets of probabilities which include the quasispin states Kg, K°, K (1) and Kg, K°,
KO

i

Since we work with kaons, we can perform the calculations with 9(0) = % due to
the results summarized in Fig. 5.1. Moreover, we use the inverted mass ration Z—z in
the calculations to conserve the positive absolute masses of kaons. Collecting all the
necessary components and setting the equal times ¢; = ¢, = ¢ of measurement on the

right and left sides we obtain the following results for the first set of probabilities,

. Ip|? 2 22 M5 o ~(Tp+Tg)t

PV, 5Y,8) = oo 1+2ACSL(1—5)%—m%t e TL+ls)t (7.3)
|pe'M — g2 2 20 My o ([T

P Y.Y,t) = ———|1+20%,,(1-6%)°—2—¢ L+l 7.4

KS,K?( ) ANZ CSL( ) m%m% e ( )
1 2 212 mg 2| —(p+r

ProgoY, 1Y, 1) = —|1+2435,(1-6%7—25 % e TLHTs), (7.5)

v 4 mymyg
h(Ks,K{,K%t) = 2-Pg go(Y,5Y,0)+ P oY, Y ,6)+ Po zo(Y,;Y,2)  (7.6)
1 2 Tst , (.2,-TLt —iAmty ,~ LS ¢
_m1+|gl2{e St lel®e LY — 26 Re(ee 2™ )e ™ " 2 ,
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and the second one,

lq1? 2 2.2 4 2| —(rp+T9)t
ProxoV,5Y,0) = o |14+242,(1-622 —0 g2 (e TutTs), (7.7)
2N mLmS
|pe'?¥ — q|? 2 9 MG o —(T+T)t
Pe oY, 1:Y,8) = 25 T 11,922 (1-62)2—0 42| TLtTsX (7.8)
Ks,K? ANZ CSL m%mg
1 2 212 m4 (T +Tg)t
Py, 67,0 = 7|14 205, (1-0%P 5 0gg? (T, (7.9)
L S
hKs, K, K%t) = 2= Py goY Y0+ Py oY, 5Y,8)+ Pyo oY ,£5Y, 1) (7.10)
1 2 Tt 2 Tyt —iAmty —LiTs,
—m1+|8|2{€ s +|£| e 'L —2(5Re(€e Lam )e 2 .

Collecting the contributions of the effect of the mass-proportional CSL model we see that
the spontaneous collapse affects all the probabilities in the same way by adding a new
term, which contains absolute values of masses.

7.2 Bell inequalities including spontaneous collapse

Before we plug the probabilities into the Bell inequalities we introduce some abbreviation,

5 1 1
C(KS,K(l),KO;t) = e(l"L+Fs)t_1__621+|£|2{|£|2 Tt | _ 95 Re(ce" LAmt) st}’
4
K@©,0) = 2A55,(1-6%2—251%,
s

Then, plugging in the probabilities obtained in the previous section to (4.14) we obtain

two inequalities,

1+K(5,1) \ .
2N? (Re(pq ") ~1ql?) = o(Ks.K}.K0), (7.11)

1+K(5,t

—+2]\; )(R (pq” e“”M)—IpI) < c(Ks,K{,K%0). (7.12)

As we have discussed in Section 3.2 one can tune the phase ¢j; arbitrarily. Therefore,
we fix ¢jr such to compensate the phase of pg*. Then, taking into account that ¢ =
(IpI?~1qI*)/N? and c(Ks,K?,K°;t) = ¢(Ks,K?,K?;t) = c(t), we obtain two Bell inequalities
for the collapse contribution K(9,1),

K6, < 2Wlpl+lal (7.13)
0 lq|
2

K@, = —ﬂw—l, (7.14)
0 Ipl
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2

or, rewriting them including the collapse rate 1¢;,

1 mimé(zc(t) pltlgl )

22 < 7.15
CSL 2(1 _ 52)2t2 m% ) |q| ( )
2.2
1 mymyg 2¢(t) |pl+Iq|
22 > - +1). 7.16
oSt 2(1-6%2¢2  m} ( 5 Ipl ) (710
violation
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Figure 7.1: The plots of the upper (blue line) and lower (orange line) bounds for A%SL
established by a local hidden variables model. The green line represents the GRW and
Adler value of )L% sz, @nd the vertical dotted line separates the region where these values
violate the Bell inequalities. The rest mass of kaon is assumed as a reference mass my.

In this way we see that a local hidden variables model establishes time-dependent bounds
for the square of the collapse rate. These bounds are plotted in Fig. 7.1 for the measured
value of the € violation parameter § in a neutral meson system [84]. Moreover, the
violation of €% symmetry plays a crucial role here since it establishes these bounds.
Particularly, if €2? symmetry is conserved (6 = 0), then any value of the collapse rate is
compatible with local realism, while increasing the €2 violation leads to increasing of
the region where GRW and Adler values of the collapse rate violate the Bell inequalities.

However, the measured value of the €22 violation parameter § in a neutral kaon
system establishes a region of violation of the local realism by all the values of A¢csy,,
which lies in a short-time scale as shown in Fig. 7.1. The time scale around g provides

violation of the local realism for the values of the collapse constant A¢gz, = 101
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CONCLUSIONS AND OUTLOOK

n this thesis we have focused on two popular dynamical reduction models, QMUPL
(Quantum Mechanics with Universal Position Localization) and mass-proportional
CSL (Continuous Spontaneous Localization) models, and analyzed their effects to
the neutral meson system. These models provide a physical mechanism for the collapse
in order to solve the measurement problem in the quantum mechanics. Taking these
models seriously they have to also affect systems at higher energies, in particular, neutral
mesons, which have shown to be proper systems for testing the foundations of quantum

mechanics.

The challenges in deriving the possible effect of spontaneous collapse in a neutral
meson system were manyfold. To tackle the problem we considered the two-state phe-
nomenological Hamiltonian which describes the flavor oscillations and assumed the
(white) noise implied by the collapse models as a small perturbation by utilizing the
Dyson series. Since the dynamical reduction models assume the collapse to happen in
the spatial part of the state, we had to choose proper collapse operators relating the
flavor space (where the oscillations takes place) with the spatial space. The transition
probabilities were calculated up to fourth perturbative order. These high orders were nec-
essary in order to distinguish between exponential behavior (observed for the CSL model
without taking into account €< violation) and non-exponential behavior (observed for
the CSL model by taking into account €2 violation and the QMUPL model). This gives

insight into the physics of the noise field underlying the collapse mechanism.

Calculating the transition probabilities we have observed a dependence on the choice
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of the value of the Heaviside function at zero, 9(0), which shows up in the amplitudes
connecting different orders in the Dyson expansion. These amplitudes contain the
integrals of correlation functions of two or more Wiener processes. Mathematically,
the value of the Heaviside function at zero can be in the interval 9(0) € [0,1]. Only the
value 9(0) = % provides an evolution of the lifetime states which do not depend on the
collapse in the spatial part. Any value 9(0) # % leads to a dependence on the absolute
masses (energies) of the eigenstates of the time evolution. Absolute masses of the lifetime
states do not show up in the standard quantum approach. The effect due to the QMUPL
model leads to a non-exponential behavior and is therefore in principle observable. Since
this deviation from standard dynamics has not (yet) been observed, experiments provide
upper bounds on the absolute masses of the lifetime states in this case. In the CSL model
the absolute masses of the lifetime states would not be directly measurable since they

would effectively contribute to the decay constants.

By including the tiny violation of the €% symmetry to the predictions of the CSL
model the time evolution changes in a non-trivial way and shows non-exponential behav-
ior. Particularly, the asymmetry term, which is intensively investigated in experiments,
undergoes an exponential damping if the €% symmetry is assumed to be unbroken,
while taking into account the €22 violation leads to a non-trivial polynomial contribution

based on the collapse dynamics.

We have analyzed whether spontaneous localization could be considered as the only
source of decay in the neutral meson dynamics. We have related the measured decay
constants with the absolute masses appearing due to the computed contribution of the
collapse effect. At first, we have seen that the choice of the sign of the mass difference
plays an important role, which relates the longer-lived state to the more massive state or
the lighter one. Experiments for K-mesons favor the first relation. However, this relation
is in contrast to the principles of collapse models, which assume a more massive system
to be localized faster since the ultimate aim is to let macroscopic superpositions disappear.
To obtain positive absolute masses we have identified the strength of generation of a
heavy mass eigenstate with the lower mass and vice versa. Doing so, we can compute the
absolute masses and, herewith, fully describe the decay mechanism of neutral mesons
based on the collapse mechanism. Or alternatively, one can predict the value of the
collapse rate. This rate is computed solely by the experimental input parameters of
the mass difference and the two decay rates, the latter two depending on the value for
9(0). The range is compatible with the values of the collapse rate proposed by Adler or

Ghirardi, Rimini, and Weber except for the K-meson system.

62



In order to obtain an insight into any deviations from the standard dynamics in the
experiment which could differ from those provided by the dynamical reduction models
we have compared collapse dynamics with potential effects provided by semi-classical

gravity and decoherence models.

The Schrodinger—-Newton equation provides another mathematical framework which
describes a spatial localization of the wave function. In this case the collapse is due
to a non-relativistic gravitational mechanism. Comparing the results provided by the
Schrodinger—Newton equation with the collapse dynamics, we observe that the gravi-
tational mechanism changes flavor oscillation behavior while a spontaneous collapse
provides a damping of flavor oscillation and can describe the decay property of the

system.

To compare the collapse dynamics with the decoherence models we have defined a
master equation within standard quantum mechanics that leads to the same probabilities
in finding a meson or antimeson at time ¢. We have extended the Hilbert space to
include the decay components based on [36] and have solved the GKLS master equation
with Gaussian noise proportional to the masses. This illustrates the dependence of
the damping on the squared mass difference since it is a general feature of systems

undergoing a random Gaussian distributed unitary noise.

Last but not least we have expanded the analysis to systems of two neutral kaons
including the violation of the €% symmetry. We have used the perturbative approach
to derive the Wigner-type Bell inequalities for two kaons undergoing a collapse based
on the mass-proportional CSL model. We have found that the values of the collapse
rate compatible with a local hidden variable model are bounded above, and this time-
dependent upper bound is established by the violation of €% symmetry. Moreover, we

have found a time scale where any collapse rate violates local realism.

In summary, the dynamical reduction models — proposed to be a possible solution
of the measurement problem — lead to novel testable predictions. Appending sponta-
neous collapse to neutral mesons allows new physics to be tested at an energy regime
not provided by other quantum systems, in addition to the peculiarity of providing a
superposition of two different mass eigenstates. Precision data from experiments such as
KLOE will further restrict or even rule out certain collapse scenarios. On the theoretical
side, our computations are performed for a white noise scenario. Therefore, it is a future
challenge to extend them to a more realistic non-white noise scenario, which could change
the dynamics noticeably. Furthermore, investigating other types of Bell inequalities could

reveal testable predictions of the dynamical reduction models compatible with the value
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of €22 violation given by the Nature and contribute to the understanding of the role of

€ 2P violation and entanglement in Nature.
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APPENDIX

COMPUTATIONS FOR THE QMUPL MODEL

A.1 Transition probabilities for the mass eigenstates

e start the computations of the transition probabilities for the QMUPL model
with the 1-dimensional case. The five terms (5.5a)—(5.5b) form the transition
amplitude up to fourth order of the Dyson series which we calculate here.
Inserting the definition (5.6b) for the NQMUPL(L‘) operator (1-dimensional case) and
calculating the flavor part of matrix elements, we obtain the following expression for the

components up to n-th order of the transition amplitudes

. mg\n
Ti(pr.pi, ;1) = e“"‘ﬂtﬂ")(t)(iﬁm—g) {pfI§"1pi, @) S, (A1)
where
FOwo) = 1,
to th-1 n
F™(t) = dt;... f dt, [Tw)).
0 0 j=1

The transition amplitudes derive to

V2var e 8PP’ r(n) (A.2)
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with

) = 1,

(1) = (=ialpr—pi),

(2 = a(l-alps-p)),

(3) = (-D)a®B(pr—pi)-alpr—p)?),
{(4)

a>(8 - 6a(pr —pi)+ az(pf -p)h.
The next step is to compute the transition probability which consists of three terms
Pa—w(ast) = Py () + Py (as0)+ P (a50), (A.3)

which decompose in terms of the transition amplitudes to

1

P @ity = o [ ap/E| T pi s T (o, pisast)], (A.4a)
1

Pl -, (@) = gfdpf[E[TLOv)(pf,pi,a;t)TffJ*(pf,pi,a;t) (A.4b)

+ T p s i ;)T (pr,pi,a; )+ Ty, pi, a;t)Tf}V)*(pf,pi,a;t)],

1
2) . —
PM#ﬁMV(a,t) = %fdpf[E

T, pis ;0T (pr,pi,a;t) (A.4c)

+ T (pr,pi, ;0T\ (o, pi, ;) + T (s, pi, ;)T (D r,pis 5)
H TP, pi GOTR (07,01, 050+ TP 1, i, GOTD (pf, iy 51)]
The first term gives
2y an 2
0) . _ —a(pr—pi) _
PMquv(aat) - 27[ fdpfe apf p 6#1/ — 6#1/. (A.5)
For the first order in time we need
1 * *
%fdpf [E[TLOV) (pf,pi,a;t)T,fL?(pf,pi,a;t)+ T,‘fv) (pf,pi,a;t)Tng)(pf,pi,a;t)]
AmZ pt t 2a\/an 2
= —25'uv—2#f dtq dtg E[w(t1)w(ta)]- 9 fdpf[l—a(pf—pi)z]e_a(pf_pl)
my Jo 0 /1
2
m
= ~6u (@) —5(1-9(0)) ¢,
m
0

where the computation of the two-point correlation function f(f dtq f(f dte Elw(t1)w(ts)]

is explicitly derived in the Appendix C.
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The second term derives to
1 .
ﬁfdpf[E T(lv) (or.pi T pr,pi a; t)]

/lm a2 Jan
= Opw—og 2 f dtlf dto [E[w(tl)w(tz)] fdpf(pf pi)le 4Pr- pi)?
0
a/lmu

= 6, ——
NV2 m(2)

-t,

where the two-point correlation function f(f dty f(f dto Elw(t1)w(t2)] is derived in the
Appendix C (note the difference in the integration limits).

Consequently, the transition probabilities in first order in time ¢ result in

PO () = -6 gA—mi(1—2a(o»-t (A.6)
M,—Mm,\% Y m? : :

To obtain the solution in the second order in time ¢ we have to compute the five
components, TO* 7@ T@*7O 7@ p@*pl) 59 T7@* 7@ where we have for
the first time to evaluate a four point function in the noise which is done in detail in

Appendix C. We compute

1 . )
%fdpf[E[T(q/) 0P WP+ T (0, pi, ;)T (D r,Di, t)]

A?m, 2a2\/an 9
= 204 ”C(z)( t): fdpf[3—6a(pf—pi)z+a2(pf—pi)4]e—“(Pf—Pi>
m0 2
3052 12 4
= 6;“/ 9 'uC(Z)(t)
mg
3a? ﬂszl

pv?F . %(1 - 19(0))2 2
0

and

1 . \
gfdpr[T(lv) (0f i, ;0T pp,pis ;) + TS (o, piya; DTN D f, Diy 5 1)

/l2 4 9
= —95,, LB p)- o ”“”
m

fdpf[3 Apr—p)®|(pf—pie PPV

0
2 12,4
3a A*m IJ

= 0w~ CH @

4
= O — - (1-00) - £2
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and

1 @) @
57 | PrE| T (pf,Pi,“;t)TW(Pf:Pi,a’Qt)]

A2m? 202 /an 2 2
_ H ~(2) N2 —a(pr—p;)
= Oy mg CZ,Z(t)-depf[l—a(pf—pl) ] e~ dpr=p

2.4
=5 V%A m“c@)(t)
I3 4 m% 2,2

3% A°mj, 2 1y

= 6”1/TF((1—19(0)) +§)t .

0

where Cff())(t), ngi(t) and C(22;(t) correspond to the integrals of the 4-point correlation
functions of the noise field, which are calculated in Appendix C.

Summing up, we obtain the transition probabilities in second order time ¢

3a2 A2m* 1
2) . _ H _ .42
P (@D = O - (21‘)(0)(8(0) 1)+2)t (A7)
Sa? /lzmﬁ 2
= Op———7-(1-2000)] -£%.
8 mg ( )

Finally, collecting all the terms (A.5)—(A.7), we obtain the transition probabilities for

mass eigenstates up to second order in time ¢

a /1m2 3a2 /lQm4 2
Py (@t) = 0|15 — 2 (1-200))c+ =~ —F(1-200)) ] (@A)
0 0

A.2 d-dimensional case

In the case of d-dimensional space the components (5.5a)—(5.5b) of transition amplitudes

have to be generalized in the following way

. ~ mg\n
T\ (g, pi,a;t) = e_lm“tF(n)(pf,pi,Oé;t)(i\/xm—ﬂ) Opvs (A.9)
0

where

FOps,pi,asto) = (prlpi,a),

to th-1 n
dt1.. f dtn sl []@ Wit )p, a).
0 0 j=1

F™(pr,pi,a;to)

Here one can think of basically two different ways the noise would act onto the system.

Either a factorization in any of the possible dimensions happens and contributes to the
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A.2. d-DIMENSIONAL CASE

first order in time, or a factorization of the wave function has to occur in all dimensions
simultaneously. The second one seems to be less natural to assume. Since we assume
white noise and an initial Gaussian wave function in all dimensions, however, integrals
give the same value and the only difference is how often the integral occurs. Therefore,

we stick to the first case.

Explicitly, we find

- di2 4
Fo(pr,pi,a;t) = (2\/an) e_E(pf_Pi)z,
a2 |
J -2/ ()
Filpr.piait) = _l'(2 “”) afdtl((pf_pi)'W(tl))e T
0

t t1

- dr2

Fawoypiast) = (2var) afdn [ dt2[<w(tl)-w(t2))
0 0

~a((pr ~p)-witn)) (o ~pi)-wity)) [~ EPr P,

t t1 to
_ d/2
Fs(ps,pi,a;t) = —i-(2\/0m) a2fdt1fdtzfdt3[((pf—pi)-w(tl))(W(tz)'W(ts))
0 0 0

+ (o7 = po)-wto)) (Wt wite) + ((or - po)- wits)) (wtn)- wits)

- Of((Pf - Pi) W(tl)) ((Pf - pi)'W(tz)) ((pf —pi)-w(t3)) ] e~ 5®r—P)’

t i1 to t3
. d/2
F4(pf,pi,a;t) (2\/ an) azfdtlfdtzfdt3fdt4[(W(tl)-W(tz))(w(t3)-w(t4))
0 0 0 0

+ (Wit wits)) (Wite) - wita) + (witn) -w(ta) (wlz2) - wits))

- a((py - pi)- witp) ((pr - pi)- Wita)) (w(ts)- w(ta)
)
)
- a((pf —pi)-w(tg)) ((pf —-Pi)- w(t3)) (w(tl) - w(t4))
- a((pf —pi)~W(t2))

- a((p — ) w(t)) (o — o) Wits)) (Wita) - wita)
)

- a((pr —p0)-w(tD))((pr — i) Wite)) (wito) - wis)

(®r —p)- wita)(wit1) - wits))
- a((pr —p0)-W(ta))(Bf ~ i)~ Wite)) (witn) - wit2))

+a?((py —p) wit)(p7 — i) W(t2)) (7 —pi) - Wits) (o —pi>-w<t4))]

a 2
~%(ps-p1)
.e zpf Pi ,
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and herewith the probabilities

PJ(&L_)MV(a;t) = S,
2
PO gy = 5,5 —E(1-200)z,
My—M,> "0 9 my
3052A2 4 1
(2) . _ ou 2
PR (@) = S 0 (219(0)(19(0) 1) 2) ,

which are identical to the ones of the 1-dimensional case and, consequently, lead to the

same transition probabilities.

A.3 Transition probabilities for the flavor states

Transition amplitude for a flavor state can be expanded in the following way:

(M°/M°,psIMO(2), pi, @)
= Zauﬁv(Mv,pﬂMp(t),pwa)

T'ppo—. pospo P Pi, @5 8)

= Zaldﬂv V(pf?pi’a;t)a

where yu,v=H,L and ag = ar, = By = %, Br = i% (plus sign refers to a meson, minus
sign refers to an antimeson). In the same manner, transition probability for a flavor state

can be defined as

Pyo_pompolast) = Y aufya, By o )dfdpf ELTy(Pr,Pis )Ty, (DF, Pi> @51)]
IR NTRY

= Z auﬁ:a;ﬂv’Puw’v’(“;t)- (A.10)
INNTRY

Furthermore, since each transition amplitude T, (py, p;, ;%) contains a Kronecker delta
Ouv, as can be seen from (A.1) and (A.9), we can leave just one index in an amplitude and

correspondingly two indexes in probabilities P, ,/(a;?)

PMO_,MO/MO((I;t) = Zauﬁ;az,ﬁu/PW/(a;t)
B!
1
= Z(PHH(a;t)iPHL(a;t)iPLH(a;t)+PLL(a§t))~ (A.11)
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Using the transition probabilities which were calculated above we obtain the terms for

the transition probability, with same indexes P,, and different ones P,

Pualast) = 1-227 (1 2000))t+ = i 2m4(1 219(0)) (A.12)
mg mg
Pop(a;t) = e—i<ma—mb>t{1_gmi%((m§+m,§)(1—19(0))—mamb)t (A.13)
+ 3%2’1—23 [<m3 +mp(1 —19(0))2 —2AmEmy + mam3)(1-9(0))

+2m2m3((1 —19(0))2 + %)] t2}.

Putting the terms together we finally obtain the transition probability for the flavor
states

1 Am?2, +m?2)
Pyjo_popo(@;t) —{ 1- f#@ - 20(0)) -t (A.14)
21" "4 m2
2 22(m%, + m4 2
+3a (mH mL)(l—Zm‘)(O)) 2
16 mé
1a
+|1- zmo((mH+mL)(1 90)) ~mamr )¢
3&2 2

= S ((md +mb(1- 0(0)) —2mpm(myy +m})(1-9(0)
0

+2mym? ((1- 19(0))2 + %)) 22

-cos[(mH—mL)t]}.

Taking the decay into account we obtain

1
Pyro_pypomolast) = Z{e_rHt+e_rLt (A.15)
11
—5—“(mHe—th+m e (1-20(0)) ¢
mg
3/12 2
e T e mp e i1 219(0))
myg
1l
+2 1—§m—((mH+mL)(1 8(0)) —~mpmy) ¢
0
3 12a? 9 9
s (0mgy+m(1- 19(0)) —2mpmy(m}; +m3)(1-90))

m

+2mmi((1- 19(0))2 + %)) £

_FH+FL
-cos[(mH—mL)t]-e 2 t}.
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APPENDIX

COMPUTATIONS FOR THE CSL MODEL

B.1 Transition probabilities for mass eigenstates

or the CSL model we also have five terms which form the transition amplitude up
to fourth order of the Dyson series. Putting the expressions for the N; operators

in we obtain:

T (pr,pi,ast) = e (Y)Y KR (pr,pis as),

where
K(ps,pi,a;to) = (My,prlMy,pi,a), (B.1)
to th-1
K(pr,pi,a;to) = fdtl---fdtnfdxl---fdxn (B.2)
0 0

n
mpeg . A~
(M., pyl | |1(w(tj,x,~) ; }HjL—m’; PRI x R, x))) M, P, @).
J: = >

Accordingly, we will calculate the matrix elements in the same manner as done in [23].

At first, we make an expansion of field operators into a superposition of plane waves

R 1 A _iEWs_q.
Phen) = =Y bge e, (B.3)
q

where the energy of a meson of mass m; and momentum q is taken in non-relativistic
limit, Eflk ) = VaZ+ m% ~ mp,. Here the system is assumed to be quantized in a box of size
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L with using periodic boundary conditions. While calculating the transition amplitudes
and probabilities we take the limit L — co and perform an integration by momentum
1 1
—Yqa— —/ dq.
VL Lq Vienyd Jda
Using the coordinate representation and calculating the matrix elements, we obtain

components of the transition amplitudes in the following form

)2
@Van)2e 2 ®rPYs,

t
m 1 \d2 . e
_IJ[( ) ‘[dtldeIW(tl,Xl)-e_L(pf_pL)Xle %%
0

K (py,pi,a;t)

K. (pf,pi, a;1) gz

mo VAT

m% 1 1 yae [ ¢
(2) e ) — H
Kuv(pf,pz’a,t) m% (Zﬂ)dqul [(\/ﬁ) !dtl!dtzf dx1dxs
2

. _ . _2
w(ty,x1)w(te,Xg) e {Pr—W%1,-Ua-Pix2 5~ 5, Ouv,

m3 1 1 2o t t1 to
(3) Ly S
K,y (pf,pi,ast) = 3 @2 fquldqz [(\/ﬁ) Ofdtlofdtzofdt3fffdxldxzdxs
2

cw(ty,x))w(te, X9 w(ts,X3) - e—i(Pf—‘h)X1e—i(ql—Q2)X2e—i(QQ—Pi)XBe—ﬁ ] 6#"’

m

1
KYprpi,a;t) = —u—ff dqidqaed
pv \Pf>Pi, &, 4 d 1aq2aqs
myg (27m)3

t t1 to t3
1 d/2
. [(\/ﬁ) Ofdtlofdtzofdtgofdhlfff dxi1dxodx3dxy

2
. _ . _ . _ . o _2
cw(ty,x1)w(te, Xo)w(ts, x3)w(ts,X4) e Upr—a1)x1 ,~i(A1-a2)x2 ,~i(Q2~q3)Xs3 , ~i(A3~Pi)X4 , ~ 7, S pv-

The next step is to compute the transition probability which consists of three terms
Py~ (8) = Py 4Py 0+ PR (8), (B.5)

where each term corresponds to zeroth, first and second order by time

1 *
Py, Pist) = g f dpy E|T)pr,pi, ;DT (07, Py 31)|, (B.62)
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1
py ,ast) = fd E
M#—>Mv(pl ) @) Pr

T (s, pi, ;)T (pr, i, a3 0) (B.6b)

+ T;?J(pf,pi,a;t)Tg?*(pf,pi,a;n+T;}J(pf,pi,a;t)TL?*(pf,pi,a;w],
1
@) ey —
PM#_,MV(pL,a,t) 20 fdpf[E

T(ps,pi, ;)T (Pr, i, ;1) (B.6¢)
+ T0r,pi, a; T (f,pi, a;) + T (Pr,pi, ;)T (pr,pi, ;1)

+ Tf‘v)(pf,pi,a;t)Tle)*(pf,pi,a;t)+Tffv)(pf,pi,a;t)TL?*(pf,pi,a;t)].

First term is trivial and given by:

2yam\d I
P}f}jﬁMV(t) = ( = ) f dpre= PrP’5,, =5, (B.7)

Second term consists of three components, TL()V)*TL?, Tsz) *Tg)v) and Tl(}v)* TLIV), where the
first two components result in

1 . .
(zn)dfdpf [E[TLOV) (pf,pi,a;t)Tftzv)(pf,pi,a;t)+Tl(fv) (pf,pi,a;t)TI(J(L)(pf,pi’a;t)]
i 2
ymy  2(an)* \d K
: ((Zn)z(an)m) ,[f dpquf dx1dxs cos|(Py — QX1 +(q_Pi)X2]e %a

= _26l“’

2
m

t 31
.e_%(pf_Pi)2fdtlfdt2 Elw(t1,x1)w(t2,%2)]
0 0

m2 1

2
V2 \d ot .
= —6uy— ffd d f dxidxge Yo |e!Pro¥%i,ia-pix:
/JVYm%( /—<4nrc)d((2n_)2) pf q 1 2

x2
+ e~ UPr—@x1 ,—i(q-Pi)x2 ] e—ﬁe—%(pf—m)z . C(21())(t)

2
1 ym?
= -26 1-9(0)]-¢.
" (Varre)d m? ( )

The third component equals to

1 "
i f dpsE|T\) <pf,pi,a;t)T;13<pf,pi,a;t)]
2 9 9 t t
Y 1 df —i(py-Pi)(x1—Xz) , — 2
= —_— dp f dx1dxg e VPITPIXITX2) o™ "5 fdtlfdtz Elw(t1,x1)w(te,X9)]
HY m2 (Zn\/an) f ) )
2 (x1-x9)? 2,2
ymy 1 1 df f T8 —i(pr-p)(x-Xg) — L2 (1
=0 d dxidxge Y o MPrPIEITX) 5= oW (4
o oyt Brver) | 4P| | e 11
1 ym;

i

.y -t
" (Varre)d m2
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Consequently,

1 yms

P(l) t) =
My=My O M VaImre)d m2

(1 219(0)) (B.8)

The computations of the integrals C(21())(t) and C(lli(t) which contain 2-point correlation
functions of the noise field, can be found in the Appendix C.

Second term consists of five components, 70 7@ 7@+ p+p@) @)= gng

T@*T®@ where the first two components result in

1 * *
Wfdpf E| T8 (o7, pi ;0T (07 Pi, @0+ Tt (Bf, pi, TP, i, 5 1)

2.4
_ Y my, \/Z(an)1/4
= 20 m§ ((2n)4(aﬂ)1/4 f f f apr dqldqqu?’f f f ax|0Xp0 X304

2
- €S [(Pf q1)x1 +(q1 — q2)x2 + (g2 — q3)x3 +(q3 — pL)X4] e 7ag” 5PrP)
131 to

fdtlfdtzfdt3fdt4[E[w(t1,Xl)w(tQ,XZ)w(t3,X3)LU(t4,X4)]

1 7 m
M 4mr2)d mt (zﬂ)4 fff dpfd‘hd(Izd(ISfff dx1dxodx3dxy
C 0

2
. . . . . . . . X
. [el(Pf_ql)Xl e (A1-a2)X2 ,i(A2~q3)X3 , i(q3—Pi)Xs 4 ,~i(Pr—q1)X1 ,~ (A1~ A2)X2 ,~i(A2—Q3)X3 ,~i(q3 —Pi)X4] e—ﬁ

_ (x1-x9)% _(x3 -x4)% _ (x1-x3 2 _(xg9 -x4)% _(x -x4)% (%9 -x3)%
2 2 4.0 2 2 4.0 2 2 4.0
“eoe Mt UPMve e e e U Wre Y& oe Vi U

2,4
) 1 Ymy VT
= O e ((271)4) f f f “Pr dqldqqu?’f f f dradxadxsdx

. [ei(Pf_QI)Xl e (A1-a2)X2 ,i(A2—-q3)X3 , {(q3—Pi)Xs 4 ,~i(PF—q1)X1 ,~i(d1-A2)X2 ,~i(A2—q3)X3 ,~i(q3 _Pi)x4]

2
e 5®r—P) [e

2 & -x9)? _(x3 —x4)?

X 2
(- DR ~%(1—19(0)) t2

2 4
1 ym, 1 2
= 20y —————=[1-90(0)| -¢
K (4nr2c)d mé 2( )
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the second two components result in

Gy fdpf[E T (0,20, & OT D, Pis a8+ Tho) (0, Pi, ;DT (D, i 431)

Y2 m
((2”)3\/ﬁ ff dpfd(hd(hfff dx1dxgodxzdxy

2,2
_X3+X4
- coS [(Pf —q1)x1 +(q1 —q2)x2 + (q2 — pPi)x3 — (P — Pi)X4]

= —26,,

2a

t
'fdtlfdtz[dtgfdt4[E[w(t1,Xl)w(tz,Xg)w(t3,X3)w(t4,X4)]
0 0
1 ¥m

4
u
— dprdqid dxidxodx3d
(47T7‘C)d mO ((27-[)3 an ff pf qi1 quff X1dXoadX3AdX4

[ i(pr (11)Xlel(q1 q2)X2el(qQ_Pi)XBe—i(Pf_pi)X4_l_e—i(Pf_ql)Xle—i(QI_QZ)Xze—i(qQ PL)XBel(Pf PL)X4]
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_x§+xi
2a
_(X1—X2)2 _(X3*X4)2 _(X1*X3)2 _(xz—X4)2 _(xl—X4)2 _(xzfX3)2
2 2 2 2 2
e 4rC e 4rC U]E_;,l(t)+e 4rC e 4rC Ug,l(t)+e 4rC e 4rC Ug,l(t)]
lym“( ffdddfffdddd
Praqiaqz X10X2aX30 X4
(4nrc)d m0 (2n)3\/0m f
[ UPr—aUX1 , i (Q1-a2)X2 , {(A2—Pi)X3 , ~i(PF —Pi)X4 | ,~i(Pf—q1)X1 ,~i(Q1-q2)X2 ,~i(q2-Pi)X3 , i(Pf L)X4]6—T
_(X1*X2)2 _(X3—X4)2 _(X1*X4)2 _(XQ—X3)2 1
p) 2 2 2
-[e e e ¢ t+e YCc e YC ]-5(1—1‘)(0))t2
2 4
1 Yy m,
g — (1= 9(0)) - £,
(47rr) m
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and the last component equals to

(2)* (2)
(ZJT)d T (pf,pl;a t)T (pf,pl,af t)]
2. 4
Y m, 1 dfj’ ff/»
=0 dprdqid dxidxedxsd

2 2

. . X9 . . X4
o UPF—AX1 ,—i(A1-Pi)X2 ,~ 5, o 1(PF~A2)X3 , H(A2—Pi)X4 , 54

t1 t t3
fdtlfdtzfdt3fdt4[E[w(t1,X1)w(t2,Xz)w(t3,X3)w(t4,X4)]
0

X X X X
2

2
.o Pr—qUx1 ,~i(q1-Pi)X2 , - 2ae —iPr—qUx1 ,~i(q1-Pi)x2 5~ Qael(pf q2)X3 5 (Q2—Pi)X4 ,~ 2;‘,‘(
_xpmxp? (g X4>2 _xyoxp? (xp-xy)? _xpoxg? (xp-xy)?
2 2 2 2.9 2 2 2.9
-[e Yo e ¥C U1 2t)+e Yc e YC Uy“(+e Y e o U @)

1 r’m,

u
dprdqid dxi1dxodxsd
Tty i eae) ][ tae [ [ amisainis
<2

<2
e UPF—aX1 ,—ilA1-Pi)X2 - 2ae —i(pr—qu)x1 ,~i(q1-Pi)X2 5~ gael(Pf q2)X3 5 i (Q2—Pi)X4 5~ Qé

_(x *Xz) _(x3 —X4)2 _x —X3) _ (X2*X4)

2 1
e 47%, e 4r20 . (1 _ 19(0)) +e 4r% e 4r% . 5] t2

2m4
= 5, mymg (1-00)"+ ;) £,
where
U0 +U 0+ U ) = CE®),
U 0+ U 0+ U0 = C@),
UL )+ Uy 1)+ Uy (1) = Ch(0)

correspond to the integrals of the 4-point correlation functions of the noise field, which
are calculated in Appendix C.
Consequently, the component of the transition probabilities, which corresponds to the

second order by time ¢, equals to

y2ms,

P(2) ¢
b,

(47” e (26(0) 19(0)— ) %)ﬂ (B.9)
C

1 1 Y'm
= 0 _ 1-29(0
a 2(4nrc)d mg ( ( ))

4
m
2
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Finally, collecting all the calculated terms (B.5)—(B.9), we obtain the transition probabili-

ties for mass eigenstates

m2

1
Py . S I B —— R ¥T( B.10
M, (8) [ Ym%(\/Erc)d( ())t ( :

2,4
Y

% md (G (1 _ 21‘)(0))%2] 8-

B.2 Transition probabilities for the flavor states

We perform the computations in the same manner as was done in Appendix A for
the QMUPL model, and expand the probabilities for the flavor states for the mass-

proportional CSL model in the following form

PMoﬁMO/MO(t) Z auﬁ;a;/ﬁy’Ppp’(t) (B.11)
!

1
= Z(PHH(t) +Pyr(t) = Pru(t) + PLr(t)),

where terms with same indexes P,, and different ones P,; are equal to

1 ym? 1 1 v’md 2 ,
Put) = 1- 1-20(0)|¢ + = 1-20(0)| 2, (B.12
® (Vanre)d m% ( ( )) " 2(47rr20)d mg ( ( )) ( )
Py = e—i(ma—mb)t.{1_ﬁ#((mi+m%)(l—ﬁ(0))—mamb)t (B.13)
rc 0
1 7

(47”%)(1 m [(mi +m%)(1—19(0))2 — 2(m3my, +mam‘z)(1 —19(0))

+2m2m3((1 —19(0))2 + %)] t2}.
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Putting the terms together, we finally obtain the transition probability for the flavor

states for the mass-proportional CSL model

D (1 - 219(0)) -t (B.14)

1 1 1 ym%+m
Pyro_ppompo() = { H

2" 2(/amred  m2

1 1 Y2(m‘}{+m%) (]_—219(0))2t2

+Z(4nr20)d m%
1
+ (\/Erc)dmo((mH+mL)(1 19(0)) mHmL)-t
1 1

((mH +mb)(1- 8(0)) —2mpmy(m¥ +m3)(1-00)

2 (4nrc)d 5

+2mm3((1-00) + %)) 2

-cos[(mH —mL)t] }

Taking decay into account

Pygo_ygoppo® = i{e_rHtJre_rLt (B.15)
;my—i(m,{e Tn t+m§e—FLt)(1—2ﬁ(0))2-t2
4_-2[1 (\/grc)dmo((mHerL)(l 0)) - mpmy)-¢
* Sy gl {00

= 2mpmp(m¥ +m3)(1-000)) +2m3m3 ((1- 1‘)(0))2 + %)) : tz]

FH+FL
~cos[(mH—mL)t]-e_ 2 t}.

B.3 Transition probabilities with included effect of
€% violation

Since we seek to take into account the non-orthogonality of the mass eigenstates due
to the violation of €22 symmetry in a neutral kaon system, (K |Kg) =9, the functions
(B.1)—(B.2), which form the components of the transition amplitude of different orders,

should be modified. Using the coordinate representation and calculating the matrix
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elements, we obtain components of the transition amplitudes in the following form

)2
MLOV)(mL, mg)-2van )/2 =5 ®r=Pi) ,

KOs, pi, a;t)

K(l)(pf,pl,a t) \/ﬁ

t t1
1 1 \d2
d — dt fdtf dxid
(2n)df m[( T”) Of 10 2 X1dX9

X2
‘w(t,x)w(tz,Xg)- e_i(pf_q)xle_i(q_pi)x%_ﬁ],

i ()

. . . . _3
ff dX1dX2dX3w(t1,xl)w(tz,XQ)w(tg,X3)~e_l(pf_ql)xle_’(ql_qZ)xze_L(qz_p‘)x?’e_Za],

t
1 \de , 2
MQ(mz,ms)- [(—) ‘[dtl‘[dxlw(tl,xl).e—l(Pf_Pi)Xle—ﬁ]’
0

M(Z)(mL> mg)-

K2 (pf,pi,a;t)

K(ps,pi,a;t) = ME(mp,ms)-

(4) (4)
K, pf,pisa;t) = M y(mp,mg)- o )3d ff dqidqedqs

1 d/2 :
( ) f dt, f dts f dis f dt, f f f f dxdxsdxsdx,
an 0 0 0 0

2
cw(ty,x1)w(te,x9)w(ts,x3)w(ts,Xy) - e—i(pf—ql)X1e—i(ql—qz)XZe—i(q2—q3)XSe—i(q3—pi)X4e—ﬁ

where M 23(m L,mg) are the mass functions of i-th order defined below. The mass function

of zeroth order is defined as following,

M) (mp,ms)
M(O) s(mp,mg)
M(O) 1(mp,mg)

M(O) s(mp,mg)

-

~

-

|
H S O

The mass function of first order is defined as following,

2
mr+0°mg
Mg[i(mL,mS) = o
0
mr+m
MY (mp,mg) = 5-%,
0
mrp+m
Mélz(mL’mS) = 6m—S’
0
82mr+m
M mp,mg) = —=—=5,
mo
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The mass function of second order is defined as following,

m% +8%(2mrmg + m%)

2 b
m

MZ)(mp,ms)

5. m% +(1+6%mrmg +m§

2 b
my

M2 (my,ms)

5. m% +(1+6%mrmg +m§

M2 (my,ms)

SL ’ 2 )
my

52(m% +2mrmg)+ m%

2
m

M) (my,ms)

The mass function of third order is defined as following,

mi +52(3m%ms +(2+ 52)mLm§ + m%)
3 b
m

M) (mp,ms)

5. m% +(1+26%)(mp +msg)mrmgs + m%

3 b
m

MPi(mp,ms)

m% +(1+28%)(mp +msg)mrmg + m%

3 b
m

M) (my,ms)

52 (m% +(2+ 52)m%ms + 3mLm§) + m%

3
m

M) (my,ms)

The mass function of fourth order is defined as following,

4 L 52(4m3 2y, 2.2 2 3 4

M(4)( . m7 +6 (4mLms+3(1+5 )mLmS+2(1+6 )mLmS"'ms)

.(mr,mg — ’
0

S

4 b
m

M@ ) 5 m} +(1+36%)m3 mg +(1+46%+6HmZm% + (1 +36Hmpm3 + m
Ls\mL,ms .

5. m} +(1+36%)m3 mg +(1+46% +6HmZm% + (1 +36%mym? + mf

4 b
m

M) (mp,ms)

52(,,1% +2(1+6%)mE mg +3(1+62)m2 m% +4mLm3S) +mg

MY m ,m
ss(mrL,ms) p

As done in the previous subsections we start with transition probabilities for the mass

eigenstates. Plugging in the modified transition amplitude we obtain the transition

probabilities for the mass eigenstates which now reveal a more involved form for the
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B.3. TRANSITION PROBABILITIES WITH INCLUDED EFFECT OF €2 VIOLATION

mass-proportional CSL model,

_ 1 v
Px, .k, (t) = W{1 522 1-29(0))- ¢
Kk —K.,(8) e (\/Hrc)d mO (mL"' ( mLmS"‘ms))( (0))-
1 1 2
+§W;0(mL+52(2mLms+ms)) (1-20(0))2- 2
1 ym&
— 6%(1-62 S.
( )(\/Erc)d m%
1 1-9(0
| _(\/Erc)dml?) 2( )((Am)2+462mLms+2(1—219(0))(m%+m§))-t]},
_ 1 Y
P, k() = Fst{l 52 2 + 1-29(0))-¢
Ks-Ks(t) = e Teo mo( (m3 +2mpms) +m%)(1-20(0)-

1 1 72 9 ,
+§(4mc)d m? (5 (mL+2mLmS)+mS) (1-29(0))“-
1 ym%.
(VArre)? m%
1y 1-90)(,, o L
Varrcym: 2 ((Am) +40 mLms+2(1—219(0))(mL+mS))-t]},

—62(1-62%)

.[1_

_ 1 Y
— 52,-Tpst 2
Pk, —ks(t) = 6% {1 (\/Erc)d O(mL+(1+6 )mLmS+mS)(l 29(0)) -t

1 y? ) ;
Wmo (mL+(1+5 )mLmS+ms) (1-29(0))-
1 ymrmg
(Varnre)d  m?
1 Yy 1-49(0) 9 5 , ;
.[1_(\/Erc)dm_% 2 (amy?+45 mLmS+2(1—219(0))(mL+mS)).t]}.

1
+_
2

+(1-6%
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Then, collecting all the necessary transition probabilities for the mass eigenstates we

obtain the transition probabilities for the flavor eigenstates,

1 3 1. 3 1.
Pyo_go(t) = Z{e—m(l—rgﬂ.mE(FSSL)Z-tz)+e—r8t(1—r§SL-t+§(F§SL)2-t2)
Y Am —Tgt Tt
—6(1-8)——————(mpe 'S —mge 'Ll .¢
(Vanrc)d m2
_ [1_ y 1-9(0) (Am)? +46%mpmg + (1 —29(0))(mp, + mg)? .t]
Varre)d 2 mg

I‘L+FS

1
+2e " 2 cos[tAm] (1 —F(mp,mg)-t+ §F2(mL,mS)-t2

1-6 y2  (Am)?
8 (4717%)‘1 mg

+6 ((Am)2+45mLmS—(1—492(0))(mL+ms)2) -t2)},

11-6( _p ~CSL 1 -cspe .2
PKO—»KO(t) = Zm{e Lt(l_rL -t+§(FL ) -t

~ 1.
+ e_rst(l ~TGSL.¢ 4 §(F§SL)2 : t2)

Y Am —T'gt Tt
+0(1+0)———————=(mpre S —mge L*)-t
(V4nre)d m%
[1_ y  1-900)(Am)? +462mrmg + (1 -29(0))(my, + mg)? t]
(V4nre)d 2 m2

[y +T 1
—2e” i cos[tAm] (1—F(mL,mS)-t+ EFz(mL,mS)-t2

148 y2  (Am)?
-6 (47; )d( ) ((Am)2—45mLmS—(1—492(0))(mL+ms)2)-tz)}
C mg,
with
P ) 1¥6 v (m? [ySE+ 15T
mr,m = ,
LS 2 (Vanrc)d m? 2
N m2 +5(1+8)mrmg +6m?
FOSL = (1-26(0) ———— —L S
(Vdnre)d mg
3 +6m?2 +6(1+8)mrmg + m?>
rgSL = (1-2000)) Y L - LTS s,
(V4nre)d mg

where the upper sign refers to the probability Pxo_ xo(¢) and the lower sign refers to the
probability Pyo_ zo(?).
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CORRELATION FUNCTIONS OF THE NOISE FIELD

C.1 Calculations with a 2-point correlation function

irst-order components of the transition probabilities contain a 2-point corre-
lation function of the noise. In the computations for the QMUPL model the
noise is assumed to be a white one, i.e. any random process is uncorrelated to
the random process at a later time point. Mathematically, one defines E[w(¢1)w(t2)] =
o O dw e!®117%2) = §(t1 — ). In our computations two different integrals have to be

computed (corresponding to TO*T®@ and T@*T©, respectively),
¢ t
Coo®) = fdtlfdtzé(tl—tz) (C.1)
0 0
¢
- f dty(8(t1) - 9(0) = (1- 9O,
0

and the second one corresponds to the component T7W* 7.

t t
cho = f dt1 f dt28(t1 —t2) (C.2)
0 0

t
= fdtl(ﬁ(tl)—ﬁ(tl—t)) = t.
0

In the d-dimensional case we define E[w(¢1)-w(t2)] = 6(¢1 — ¢2).
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C.2 Calculations with a 4-point correlation function

Second-order components of the transition probabilities contain integrals of a 4-point

correlation function of the noise field

t t1 to t3
Cf())(t) = fdtlfdtgfdt3fdt4 Elw(t)w(t2)w(ts)w(t4)],
0 0 0 0
t t1 to t
CH@® = f dt, f dty f dts f dit4 Elw(tw(ta)w(ts)w(ty)],
0 0 0 0
t t1 t ts
Cop(t) = f dt; f dts f dts f dits Elw(tDw(tw(ts)w(ts)].
0 0 0 0

Since the noise field is assumed to be a Gaussian white noise field, its 4th cumulant
is equal to zero, x(w(t1)w(t2)w(t3)w(t4)) = 0. On the other hand, odd moments of the
Gaussian noise are equal to zero as well, therefore it is possible to reformulate its 4-point

correlation function as a combination of 2-point correlation functions:

Elw(tw(t)w(ts)w(ts)] = Elw(t)w(t2)Elw(ts)w(ts)]
+ Elw(tDw(ts)]E[w(t2)w(t4)]
+ Elw(tDw(t)]E[w(t2)w(ts)].

Accordingly, each second-order components of the transition probability contains three

integrals of two 2-point correlation functions

ChHW = U0 +U° 0+U ),
CH@W = U 0+Uy (0+UL®),
COD) = UPAD+ Uy +UFA(0).
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C.2. CALCULATIONS WITH A 4-POINT CORRELATION FUNCTION

For the components T*T® and T@* T the first integral is equal to:

U =

Second integral:

4,0,y _
Uy (1) =

Third integral:

40,,\ _
Ut =

t t1 to t3
fdtlfdtzfdt3fdt45(t1—tz)5(t3—t4)
0 0 0 0

t t1

to
f dt f dts f dt3(9(t3) — 0(0)5(¢1 — t2)
0 0 0

t t1
f dt f dits to(8(ts) — 9(0)B(t1 — t2)
0 0

t
fdtl t1(9(t1) —9(0))? = %(1—19(0»21:2.
0

to t3

t t1
fdtlfdtgfdtgfdt45(t1—t3)5(t2—t4)
0 0 0 0

t t1

to
fdtlfdtzfdt3(19(t2)—8(t2—t3))5(t1—t3)
0 0 0

t t1
fdtlfdtz(f)(tz)—f)(tz—t1))(19(t1)—19(t1—t2))
0 0

t
f dty t1(0%(t1) - 9(t1)) = 0.
0

t t1 to t3
fdtlfdtzfdt3fdt45(t1—t4)5(t2—t3)
0 0 0 0

t

t1 [3)
fdtl dtgfdtg(ﬁ(tl)—ﬁ(tl_tS))a(tZ_t3)
0 0 0
t i1
[ @ [ araoen - 001 - 2ot - ooy
0 0

t
f dt1 t1(9%(t1) - 9(¢1) = 0.
0
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For the components TW*T® and T®*TM the first integral is equal to:

t t1 tg t
UPle) = f dt, f dts f dts f dt46(t1 —t2)8(ts — t4)
0 0 0 0
t t1 to
= fdtlfdtzfdts(ﬁ(ts)—ﬁ(ts—t))5(t1—t2)
0 0 0
t i1
= [t [ dts tate2) - 62 - 090tz - 195001 - 12)
0 0

t
1
- f s (10(t0) ~ (11 - D1~ OXO(E) — D) = (1 FONE
0

Second integral:

t t1 [3) t
USl() = fdtlfdtgfdtgfdt46(t1—t3)6(t2—t4)
0 0 0 0

t t1

to
= fdtlfdthdt3(19(t2)—f)(t2—t))5(t1—t3)
0 0 0

t t1
= fdtlfdh(@(tz)—ﬁ(tz—t))(ﬁ(t1)—19(t1—t2))
0 0
t
= f dty t1(9%(t1) - 9(t1)) = 0.
0

Third integral:

t t1 to t
Ul = fdtlfdtgfdt3fdt45(t1—t4)5(t2—t3)
0 0 0 0

t

t1 [3)
= fdh dt2fdt3(19(t1)—19(t1—t))5(t2—t3)
0 0 0

t i1
= [ [ deatocen oo - oot o0y

0 0

t
1
_ f s t1(8(t1) ~ Ot ~ DO~ HO) = (1= HODE.
0
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C.2. CALCULATIONS WITH A 4-POINT CORRELATION FUNCTION

For the component T®*T® the first integral is equal to:

t t1 t3
U = fdtlfdtzfdt3fdt45(t1—tg)é(tg—t4)
0 0

t1 t
f dt, f dts f dt55(t1 — t2)(O(ts) — H(0)
0

(1—1‘)(0))tfdt1fdt25(t1—tz)

t
(1- 80t f dt1(9(t1) - 9(0)) = (1—0(0)>

Second integral:

¢ t1 ¢ i3
fdtlfdtgfdtgfdt46(t1—t3)5(t2—t4)

0

Uy (t)
t t1
fdtlfdtzfdt3(19(t2) INto —t3))0(t1 —t3)
0

= fdtlfdtz(ﬁ(tz)—ﬁ(tz—t1))(19(t1)—19(t1—t))

1
= fdh £1(9(t1) = (=t))O(t1) —9(E1 - 1)) = §t2.

Third integral:

UZ(t) = f dt f dts f dts f dt48(t1 —t4)5(t2 — t3)
fdtlfdtgfdtg(ﬂ(tl) ﬁ(tl_tS))5(t2_t3)
0 0
= fdtlfdtz(ﬁ(tl)—ﬁ(tl—tz))(z‘)(tz)—ﬁ(tz—t))
t
- f dty t1(6%(t1) — 0(t1)) =
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where we assumed 9(¢) = 1 for all the integrals since ¢ > 0.
In the d-dimensional case second-order components of the transition probability form

the following combination of 4-point correlation functions:

E[ (Wit wiea)) (wits)- wits)) + (witr) - wita)) (w(ta) - wita))
+ (W(tl)-W(t4))(W(t2)-W(t3))]

=3- {[E[W(tl)'W(t2)]|E[W(t3)'W(t4)]+[E[W(tl)'W(tS)]E[W(t2)'W(t4)]
+ [E[W(tl)'W(t4)][E[W(t2)'W(t3)]}~ (C.3)

2-point correlation functions are equal to ones for 1-dimensional case, therefore the

corresponding integrals can be calculated in the same manner as done above.
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COMPUTATIONS OF THE DECAY RATES

ere we will stick to the scenario which considers spontaneous collapse as a

sole source of the decay of mass eigenstates (that is szp = FSSL) and discuss
. FCSL_FCSL .
the method to compute the values of the respective decay rates W high-

lighted in (5.23). We seek to obtain the decay rates for four types of mesons (K, D, By,
B;), but the corresponding procedures vary for different mesons due to available data
in [84]. We start with D and B; mesons which lead to an easier procedure. The authors

of Ref. [84] provide experimental values of the quantity AI'/T’, namely

+0.14 _2
) 1072,
(D.1)

AT D-mesons: (1.29{

Bg-mesons: (0.1+1.0)-1072,

where AI' = szp - ng and I' = %(Fixp + F;;p ). Therefore, we can easily obtain required

decay rates for D and B; mesons by dividing the quantity AI/T" by 2

+0.0007
R 1AT D-mesons: 0.00645 {
[CSL  CSL D.B = 2T = -0.0009 (D.2)
L H » Dd

Bg-mesons: 0.0005 +0.005
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2
decay constants for the light and heavy mass eigenstates of D and B; mesons

Then we take into account mean lifetime of a meson 7 = % = and recover the

+0.006782 19 -1
D-mesons: (2.4542 -107 s,

-0.007270
Bs-mesons: (0.6582 +0.001557)- 102 71,

1 AT
DBy _ =24
r? = (2+ = )
+0.011056 T
D-mesons: (2.4227 -104 87,
-0.010568
Bg-mesons: (0.6576 +0.005020)- 1012 g71,

% = (2-T) -

where the errors are calculated up to the first order of Taylor series.

For K and B; mesons the authors of Ref. [84] provide the values of mean lifetimes of
the corresponding mass eigenstates, 77, for the light one (short-lived state as in the case
of K-mesons) and 7 for the heavy one (long-lived state as in the case of K-mesons)

K-mesons: (0.8954 +0.0004)- 10710 g,

L = (D.3)
L { B,-mesons: (1.414 +0.010)- 1012 g,

K-mesons: (5.116 +0.021)- 1078 s,

—_ (D.4)
" { B,-mesons: (1.624 +0.014)-10~2 s,

Using the definition of the decay constant of the mass eigenstate I', = % we obtain the

following decay rates

r¢sL _post 47 | K-mesons: 0.996506 +(1.2760-1075), D5
TCSLLTCSL )i g L 4+L | By-mesons: 0.069124 +(7.7058-107%) '
L H » Ds T,  TH s s -0 ’

where the errors are calculated up to the first order of Taylor series. The decay constants

for the mass eigenstates can be recovered by inversing the mean lifetimes

rKBs _ K-mesons: (1.1168 +0.0005)- 100 s~1,
- B,-mesons: (7.0721+0.010)- 1011 571,

rKBs _ K-mesons: (1.9547 +0.0500)- 107 s~ 1,
" B;-mesons: (6.1576 +0.0531)- 101 571,

where the errors are calculated up to the first order of Taylor series.
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