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“Achilles glared at him and
answered, ”Fool, prate not to
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and lions, wolves and lambs can
never be of one mind, but hate
each other out and out an
through. Therefore there can be
no understanding between you
and me, nor may there be any
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Abstract

Aims: In this master’s thesis a special astrodynamical system will be
studied, the Trojan twin planets. It consists of two terrestrial planets located
around the Lagrangian point L4 of a gas-giant. The crucial parameters char-
acterizing this system are the angular separation dm, the total mass of the
Trojans Mtot = M1 + M2 as well as the Trojan’s mass-ratio MR = M1

M2 . In
order to study the system’s stability, different stability indicators are intro-
duced. This defines a second goal of the thesis which consists of developing a
code capable of calculating the Lyapunov indicator for a n-body system.
Means: The method of studying the stability of the Trojan twin planets con-
sists primarily of simulations to solve the equations of motion of the n-body
problem. A Lie-series n-body integrator is used to perform these calculations
as well as to conduct parameter studies. This includes both the analysis of
individual trajectories and the calculation of stability maps which are also
called initial condition plots. There are two possible ways of calculating the
Lyapunov indicators. The first approach considers the explicit form of the n-
body integrator which in this case is the Lie-series integrator while the second
approach is independent of the n-body integrator.
Results: It was found that the Trojan twin planets have an astonishingly
broad range of stable parameters. Consider Trojan twins with masses around
MEarth located in the Lagrangian point L4 of a host planet with a semi-major
axis of 1AU . It turns out that such a system can be stable for more than hun-
dred million years.
The stable angular distance is proportional to the cubic root of the total mass

of the Trojans (dm ∝M1/3
tot ). A slight deviation from this relation is explained

by different mass-ratios (MR) of the twins. Increasing the mass up to several
Jupiter masses the system can remain stable for more than 2 · 104 years. This
duration corresponds to the same number of periods of the planets motion
around the host star.
Since planetary systems are often inhabited by more than one gas-giant, the
Trojan twin planets stability with a perturbing gas-giant added is analyzed.
The results show that mean motion resonances play a major role in the stabil-
ity of the Trojan twin planets. No significant destabilizing effects are observed
for an additional gas-giant of mass MJupiter and with a semi-major axis of
a > 2.5AU .
High resolution studies of the stability border in the initial condition plot re-
vealed fractal structures. It turns out that the mass-ratio of the Trojan twins
has the biggest influence on the form of the structures. The initial condition
plot for MR > 1 includes spike-like structures whereas MR < 1 leads to
wing-like structures.
It was possible to calculate Lyapunov indicators for two different problem
types (Hamiltonian systems and mappings). The mapping-approach was suc-
cessfully applied to the standard map where it was possible to distinguish
between stable and chaotic behavior. In the case of Hamiltonian systems it
was shown that the local Lyapunov histograms provide information about the
system’s stability. Studies on the Henon-Heiles system were used as a test-case
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for the more complex general n-body Hamiltonian. The successful application
of the Hamiltonian-approach was demonstrated on the Trojan twin planets.
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1 Introduction

The Thesis consists of two major tasks. The first one is the dynamical analysis of the
Trojan twin planets which is a special dynamical system where two terrestrial Tro-
jans, having non-negligible masses, inhabit one of the triangular Lagrangian points
of a gas-giant. The second task is the development of a code for the calculation of
the Lyapunov indicator for a n-body system.
We begin with a discussion of the restricted three-body problem (r3bp) including
the derivation of analytical solutions called Lagrangian points. Objects found in the
Lagrangian points L4 and L5 are named Trojans. They can also be found in many
orbits of solar system planets, in particular Jupiters orbit.
The subsequent section discusses the Trojans in detail. Important theories of the
origin of the Trojans are presented. However, the numerical studies are only con-
ducted on already formed Trojan twin planets. Analytically derived limits of the
stability Trojans are discussed.
Finally, Trojan twin planets are introduced and the ideal parameters in terms of
masses and orbital elements for the system are chosen systematically in considera-
tion of possible habitability. Simulations aimed to analyze the motion of the Trojan
twins around L4 also found connections to the mass-less r3bp.
In order to study the stability of a configuration, one section is dedicated to the
stability of astrodynamical systems. After a theoretical treatment of resonances
the special destabilization mechanism of the Trojan twin planets is portrayed. Two
stability indicators are introduced and a comparison of their ability to detect stable
and unstable configurations is conducted.
Another stability indicator is the so-called Lyapunov indicator which is treated in
the adjoining chapter. This section is separated into two parts. The first part deals
with the theoretical introduction to the Lyapunov exponent while the second part
concerns the application to different systems. Two approaches for the calculation
of the Lyapunov indicator, the mapping-approach and the Hamiltonian-approach,
are discussed in terms of their applicability to the Lie-series n-body integrator. The
mapping-approach is then applied to the standard-map, an exceptionally well stud-
ied dynamical system, whereas the Hamiltonian-approach is initially tested for the
Henon-Heiles system, a simple 4-dimensional Hamiltonian system.
The success of these calculations is opening the doors towards the computation of
the Lyapunov indicator for the general n-body system. The Hamiltonian-approach
is not only applicable to the Lie-series n-body integrator but to all gravitational
n-body codes. The last segment of this chapter consists of applying the Lyapunov
indicator calculations to the Trojan twin planets and testing the functionality of
this indicator in comparison to already introduced stability indicators.
The major results concerning the Trojan twin planets are presented in the next
section. A time truncation error analysis is conducted, ensuring that good results
for the stability indicator can be achieved within reasonable integration times. In
addition the stability border in the initial condition plots is studied. At the border,
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regions where stable and unstable configurations are mixed, can be observed which
we call ”grey area”.
Long term stability is relevant especially if habitability is considered. For this rea-
son long time integrations of more than a hundred million years are conducted. The
stable configurations are chosen through the ”valley of stability”, a stripe of excep-
tional stable configurations in the dm−Mtot-initial condition plot.
Another study of significance is the search for the upper mass limit of stable con-
figurations. Simulations of Trojan twins with masses of several Jupiters are carried
out to study the stability of such extreme cases. To characterize the Trojan twin
planets’ robustness, the change of the gas-giants semi-major axis and its effect on the
stability is analyzed. A comparison to the r3bp and escape orbits, found in plots
with changes of the semi-major axis of the Trojans, is drawn showing the strong
connection between the r3bp and the Trojan twin planets.
A similar study on the change of the gas-giants eccentricity is realized. Since many
planetary systems show the presence of more than one gas-giant, the influence of an
additional gas-giant in the outer region of the system is examined. Here, the focus
is set on mean motion resonances leading to destabilizing effects.
Many chaotic systems show fractal behavior. For this reason high resolution initial
condition plots are analyzed to identify possible fractal structures. The influence of
the mass-ratio (MR) is analyzed in detail.
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2 Restricted Three-Body Problem

The restricted three-body problem (r3bp) is a well understood dynamical problem.
Two of the three bodies are considered having non-negligible masses M1,M2 > 0,
whereas the third body is mass-less (M3 = 0). Many famous mathematicians and
astronomers have worked on the r3bp including Leonhard Euler (1707-1783), Joseph
Lagrange (1736-1813) and Jakob Jacobi (1804-1851). A distinction between the
circular and the elliptical three-body problem can be made. In this thesis only the
circular r3bp will be treated.

2.1 Potential of Circular R3BP

If we consider the three-body problem in the rotational frame of the two massive
bodies with coordinates r1 and r2 the potential acting upon the mass-less third body
with the coordinates (x, y) can be explicitly written as follows:

V = − GM1√
(x− r1)2 + y2

− GM2√
(x− r2)2 + y2

− 1

2
Ω2r2 (1)

The potential function is not depending on time since the moving third body does
not gravitationally interact with the two massive bodies. In the co-rotating frame no
relative motion between the two massive bodies occurs as circular orbits are assumed.
The effective potential in equation 1 consists of two terms, one considering the
gravitational interaction of the massive bodies on the third body and the other term
for correcting the co-rotating frame with a angular velocity Ω where r =

√
r2

1 + r2
2.

Figure 1 shows the effective potential of the r3bp for different mass-ratios µ = M1

M2
.

By choosing the right time units a co-rotating coordinate system with a rotation
period of unity can be achieved. An unit system is chosen in such a way that
M1 = 1 − µ and M2 = µ with µ = M2

M1
. Hence M1 + M2 = 1 holds. The unit of

length is chosen in such manner that the radii are equal to the masses of the bodies.
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(a) Effective r3bp potential for µ = 0.1 (b) Effective r3bp potential for µ = 0.03

(c) Effective r3bp potential for µ = 0.01 (d) Effective r3bp potential for µ = 0.001

Figure 1: This figure shows the effective potential of the r3bp (equation 1) for
different mass-ratios µ = M2

M1
. The red dotted lines represent equipotential lines.

The form of the equipotential lines of the effective potential strongly depends on
the mass-ratio of the two massive bodies. Characteristic tadpole equipotential lines
are formed around the Lagrangian points L4 and L5. When choosing smaller mass-
ratios we observe that the tadpole structures get more elongated forming so called
horse-shoe equipotential lines. In the limit of µ→ 0 the asymmetric deformation of
the potential vanishes and a radial symmetric potential is obtained.

2.2 Solution of the Circular R3BP

The Lagrangian points L1, L2 and L3 were initially described by Leonhard Euler in
the year 1767 and triangular Lagrangian point for the first time by Lagrange in 1772
([15]). This section follows the calculations from Dvorak and Lhotka ([16]) in order
to derive the Lagrangian points. A unit system as well as the coordinate system to
conveniently handle the r3bp is introduced. The first body has the mass M1 and
the second body M2. Additionally, reduced masses are introduced: µ1 = M1

M1+M2
,

µ2 = M2

M1+M2
. The mass units are chosen in a way that µ1 +µ2 = 1, hence µ1 = 1−µ

and µ2 = µ holds. The distance between the two massive bodies l as well as
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the gravitational constant are set to unity. The angular frequency takes the form

ω =
√

(1−µ)+µ
l3

and the value 1. The effective potential can be seen in equation 2

where r1 = (x+ µ2)2 + y2 and r2 = (x− µ1)2 + y2.

Ω = µ1

(
r2

1

2
+

1

r1

)
+ µ1

(
r2

2

2
+

1

r1

)
. (2)

Since we want to find stable points in the potential of the r3bp we form the spatial
derivatives of the effective potential as seen in equation 3.

∂Ω
∂x

= ∂Ω
∂r1

∂r1
∂x

+ ∂Ω
∂r2

∂r2
∂x

= 0

∂Ω
∂y

= ∂Ω
∂r1

∂r1
∂y

+ ∂Ω
∂r2

∂r2
∂y

= 0
(3)

∂Ω
∂x

= µ1

(
r1 − 1

r21

)
µ2+x
r1

+ µ2

(
r2 − 1

r22

)
x−µ1
r2

= 0

∂Ω
∂y

= µ1

(
r1 − 1

r21

)
y
r1

+ µ2

(
r2 − 1

r22

)
y
r2

= 0

(4)

We immediately find two solutions of the equations 4. For r1 − 1
r21

= 0 and

r2 − 1
r22

= 0 the equations are fulfilled. This is the case for r1 = r2 = 1. When

recalling that the distance between the to bodies l = 1 we see that an equilateral
triangle constellation is formed. This is possible for positive and negative y. The first
body has the position (−µ, 0) and the second body (1−µ, 0) in the coordinate system.
This gives the positions of the stable solutions at (1

2
−µ,
√

3/2) and (1
2
−µ,−

√
3/2).

These points are denoted as L4 and L5 respectively. Via condition 5 further minima
are found. The condition is fulfilled for y = 0.

det

(
∂r1
∂x

∂r2
∂x

∂r1
∂y

∂r2
∂y

)
=
y(µ1 + µ2

r1r2

=
y

r1r2

= 0 (5)

Plotting the effective potential (figure 2) reveals that three more minima can be
found along y = 0.

� L1 for interval −µ2 < x < µ1

� L2 for interval x > µ1

� L3 for interval x < −µ2

2.2.1 Lagrangian Point L1

The distance to the first body is r1 = x+µ2 hence r2 = 1−r1. The partial derivatives
are then ∂r1

∂x
= 1 and ∂r2

∂x
= −1. Equation 3 gives the new condition seen in equation
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6. Lets define λ = r2/r1 = 1−r1
r1

and replace r1 and r2 in equation 6 and we find
equation 7, which has to be solved to find the x-value of the position of L1.

∂Ω

∂r1

− ∂Ω

∂r1

= 0 (6)

µ2

µ1

(1 + 3λ+ 3λ2)− 3λ3 − 3λ4 − λ5 = 0 (7)

The solution for λ is obtained by a series expansion of λ and solving for the coeffi-
cients. This gives equation 8 where λ0 = 3

√
µ2/(3µ1).

λ = λ0 +
2

3
λ2

0 +
2

9
λ3

0 −
32

81
λ4

0 +O(λ0)5 (8)

2.2.2 Lagrangian Point L2

For L2 it holds that r1 = x + µ2 and r2 = r1 − 1, which gives the condition in
equation 9. We introduce λ = r1−1

r2
and again replace r1 and r2. By solving equation

10 the position of L2 is obtained.

∂Ω

∂r1

+
∂Ω

∂r1

= 0 (9)

λ3(3− 3λ+ λ2) +
µ2

µ1

(2λ− 1)(1− λ+ λ2) = 0 (10)

For λ we get the solution with equation 11 where again λ0 = 3
√
µ2/(3µ1).

λ = λ0 +
1

3
λ2

0 −
1

9
λ3

0 −
31

81
λ4

0 +O(λ0)5 (11)

2.2.3 Lagrangian Point L3

The third Lagrangian point is found at r1 = −x − µ2 and r2 = r1 + 1. Via the
partial derivatives we find the same condition as for L2 seen in equation 9. By using
λ = r1+1

r1
we get equation 12.

(−1 + 3λ− 3λ2)
µ2

µ1
− 2λ2 + 3λ3 − 3λ4 + λ5 = 0 (12)

Solving for λ we find 13.

λ = 1 +
7

12

µ2

µ1

− 35

144

(
µ2

µ1

)2

+
3227

20726

(
µ2

µ1

)3

+O

(
µ2

µ1

)4

(13)
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Figure 2: For a fixed value of y = 0 we can see the Lagrangian points L1, L2, L3 as
minima of the effective potential of the r3bp. This plot was created for a mass-ratio
of µ = 0.1. The positions of the massive bodies are labeled by solid lines according
to their x-position, whereas the the Lagrangian points are labeled by dashed lines.

3 Trojans

Trojans are celestial objects which are librating around the Lagrangian points L4 or
L5, called triangular Lagrangian points. This means they have the same semi-major
axis as the massive planet. We have seen that these triangular points are found ±60◦

apart from the planet on its orbit. We will now discuss some observations of Trojans
in the solar system. Terminologically the word ”Trojan” is a relict of history [19].
The first discovered Trojan objects of Jupiter were named after heroes of Homers
”Iliad”. All bodies of Jupiter’s L4 are named after participants on the Greek side
of the Trojan war, except for 624 Hektor who was a prince of Troy. 624 Hektor
is not only the biggest Trojan (sphere diameter ≈ 250km) of Jupiter but also the
first and to date only one with a satellite [29]. This is the reason why Jupiter’s L4-
Trojans are called ”Greeks”. The bodies in Jupiter’s L5 are called ”Trojans” due
to the naming of the bodies after participants of the Trojan war on the Trojan side.
Another misnaming occurs since 617 Patroclus was brother in arms of Achilleus
and should, following the convention, be part of the ”Greeks”. The term Trojan in
respect to Jupiter is hence a hypernym of ”Greeks” and ”Trojans”. Jupiter is not
the only planet in the solar system which has Trojan objects but by far the one with
the most. The first Trojan 588 Achilles was found by Max Wolf, who is known for
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his many discoveries of minor planets, in 1906 [36]. To date 7032 Trojan objects of
Jupiter are known 1.
There is an asymmetry in the number of objects found in L4 and L5. Approximately
twice as many objects with diameters larger than 2km are found in L4 (6300±1000
objects) as in L5 (3400 ± 500) [34]. The size distribution of Jupiter’s Trojans is
depicted in figure 3, which stems from data of the NEOWISE project, ([28]) an all
sky survey designed to find NEOs (Near Earth Objects). It can be seen that the
number density of the Trojan objects follows N ∝ D−2. The reason why Jupiter has
so many Trojan minor planets is its gravitational dominance in the solar system.
Estimations of the total number of Trojans compare it with the number of main
belt objects ([40]). Nevertheless, also comparably ”light” bodies Trojans have been
found. For example Earth has a single known Trojan 2010 TK7 ([9]), Mars has 9
known Trojan objects. For Neptune 17 Trojans are found and Uranus has a single
Trojan. Venus is a special case: In 2013 a temporary Trojan was discovered ([13]).
No Trojans are found for the planet Saturn due to perturbing interactions with other
planets ([19]).

Figure 3: The size distribution of Jupiter’s Trojans shows that the number density
follows N ∝ D−2. The dashed line represents the NEOWISE sample (> 20km), the
dotted line current optical surveys (> 10km). The solid line includes the extrapo-
lation of the trend. Figure credit: [19].

1https://minorplanetcenter.net/iau/lists/Trojans.html
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3.1 The Origin of Trojans

Trojans are survivors of an initially numerous primordial population. A highly
discussed issue is the origin of Trojans and their exceptional dynamics. It is therefore
important to understand the processes which led to the positioning of the bodies
in the Lagrangian points. By studying capture probabilities we learn about the
early phase of the solar system. The composition of the Trojans can furthermore
tell us much about the young solar system. When it comes to studying water
transport mechanisms Trojans serve as probes of exceptional quality ([21]). The
main problem is not the stability of objects in the triangular Lagrangian points but
the process of capturing the bodies in the minima of the effective potential. We will
discuss two main types of possible mechanisms resulting in co-orbital configurations.
Following the classification of Morbidelli ([19]) the first group of processes is of non-
gravitational nature. A planetesimal passes by the planet and following processes
can appear:

� Gas drag hypothesis: The planetesimal drifts, due to gas drag, towards the
Lagrangian point. Here smaller bodies are effected more efficiently and once
they are in stable orbits the growth continues. Planetesimals around the tri-
angular Lagrangian points would, due to the gas drag, slowly loose libration
amplitude and get on more stable orbits. The approach is pictured in more
detail in [37]. A problem is that the hypothesis favors more objects in L5
than in L4 for non-zero eccentricities which is contradicting the observations.
Another effect that could play a key role is the Yarkovsky effec,t which is most
significant for bodies < 10km.

� Fragment hypothesis: Fragments of colliding planetesimals are ejected directly
into the Lagrangian points. This scenario is discussed in [40].

The second group of processes is characterized by a change in the orbit of the planet
in such way that objects are now captured in the Lagrangian points.

� Slow migration hypothesis: A smooth migration of the planet sweeps with its
Lagrangian points over bodies which are captured. Detailed discussion can be
found in [27]. The paper is specifically working on Neptune’s Trojans. A slow
migration of giant planets has proven to be more effective in capturing objects
and forming the observed population of Trojans from the trans Neptunian disk
than a fast migration of Neptune from ≈ 23AU to ≈ 30AU . In all simulations
capturing efficiencies between 0.1% and 1% were found. Nevertheless, plane-
tary disruptive events between Neptune and Uranus could, for some scenarios,
lead to ejections of the Trojans.

� Jumping Jupiter hypothesis. Nesvorný et al ([35]) are using the results of
the NICE-model (review in [11]). In the NICE-model Jupiter is changing its
semi-major axis because of a scattering event with an ice-giant. Now the
triangular Lagrangian points could be placed into a region populated with
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planetesimals, which are captured. The hypothesis is capable of explaining
the number asymmetry in the population of L4 and L5 ([34]). The capture
probability is (6− 7) · 10−7.

� Chaotic capture hypothesis: Morbidelli et al. ([33]) proposed another process
of possible capture of Trojans based on the NICE-model. A global instability
occurs when Saturn and Jupiter are in 2 : 1 resonance and hence prior inac-
cessible regions in the solar system become accessible. A so-called ”chaotic
path” is opened. Such region are e.g. the triangular Lagrangian points. When
the path is opened the L4 and L5 regions can be accessed by planetesimals.
Due to the ongoing migration at some point the chaotic path is closed and the
objects passing the Lagrangian point remain captured.

� Planetary mass accretion hypothesis: Marzari et al. ([30]) proposed another
process of capturing Trojans. In the early phase of planetary evolution we can
assume a planetesimal disc. One object becomes gravitationally dominant and
is accreting material. In figure 1 we see the effect of a changing mass of the
planet on the equipotential lines. With increased mass tadpole structures are
formed from an initially - at small masses - nonexistent substructure. Rapidly
increasing mass of the planet can hence trap planetesimals in the triangular
Lagrangian points.

It is most probable that some or all of the above processes in combination are
responsible for the creation of co-orbital objects ([31]).

3.2 Motion of Trojans around Triangular Lagrangian Points

Lagrange not only found the solution for the Lagrangian points, he also analyzed
the motion of a mass-less test body around the triangular Lagrangian points for
small deviations. The motion of the body in the Lagrangian points can be described
by a superposition of two motions on ellipses with different periods. Figure 4 shows
the epicyclic motion pattern around L4. It is possible to express the periods of the
motion with help of the reduced masses and the period of the giant planet ([30]).
Equations 14 and 15 describe the period of the first order libration and the period
of the second order libration respectively. In order to be applicable, the condition
µ < µcrit ≈ 0.0385 has to be fulfilled.

T1 =
TJ√

(27/4)µ
(14)

To give an example of the first order libration period of a Trojan for a Jovian
planet (µ = 10−3) at 1AU is T1 = 12.17 years. The second order libration period is
T2 ≈ 1year.

T2 =
TJ√

1− (27/8)µ
(15)
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Another interesting fact is that one can show that the axis-ratio of the ellipses of
the first order libration is

√
3µ whereas the ellipse of the motion of the second order

has an axis-ratio 1/2.

Figure 4: If a Trojan is nearby one of the triangular Lagrangian points the motion
in the co-rotating frame is described by the superposition of the movement of two
epicyclic ellipses with distinct periods. This leads to complicated orbits, as the right
figure shows. Figure credit: [30].

3.2.1 Tadpole and Horseshoe Orbits

The solutions with the superposition of the two elliptic motions are only true for
motions near the Lagrangian points and only for small amplitudes of the motion.
For more extended motions we must rely on numerical simulations. If the body
is initially positioned around L4 or L5 the body performs a motion on a so called
tadpole orbit. The name stems from the elongated form of the orbit and its head
structure which resemble the larvae of some amphibians ([8]). The tadpole orbit
is elongated on the opposite side of the second body (the gas-giant) and shortened
towards the second body. Hence the orbits are symmetric in terms of horizontal
mirroring (x-axis). If we recall the shape of the equipotential lines of the effective
potential of the r3bp in figure 1 we observe that the tadpole orbits which are de-
picted in figure 5, resemble the form of the equipotential lines. Please note that
the orbits and the equipotential lines are not the same but strongly connected. The
form of the tadpole orbits heavily depends on the initial positioning of the Trojan.
In figure 5 the two charts show the orbits of two configurations only differentiated
by a slight change in the initial position of the Trojan around L4. Nevertheless,
the orbits show completely different shapes. Another possibility of a 1:1 resonant
orbit is the horseshoe orbit. Again the study of the equitpotential lines in figure
1 can anticipate the existence of such orbits. Two examples of horseshoe orbits
are portrayed in figure 6. in this case the motion of the Trojan is not limited to
a single triangular Lagrangian point but it extends in the co-rotating frame almost
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to the whole orbit of the Jovian planet. Horseshoe orbits are numerically achieved
by placing the object in the vicinity of L3, which is near the opposite place of the
planet on the orbit.
A special and interesting example for a horseshoe orbit is the co-orbital configu-
ration of the Saturn moons Janus and Epimetheus. The dynamics of the system
are analyzed in Llibre and Olle ([26]). The semi-major axis of the moons are only
separated by 50km. This means that a collision of the moons is expected due to the
slightly different orbital velocities and the radii of the objects (Janus: ≈ 90km ([43]),
Epimetheus: ≈ 60km ([43])) being greater than their separation. Nevertheless, the
bodies do not collide but swap their orbits when getting closer than approximately
10000km. [26] showed that the observed behavior is closely connected to the r3bp
and is sufficient to reproduce similar results numerically. This is astonishing since
the r3bp neglects the mass of one moon. Only Janus was assumed to have a mass of
µ = 3.5 ·10−9. Furthermore an eccentricity e = 0.0 was assumed which is a good ap-
proximation since the eccentricity of Janus is 0.068 ([42]). A further example for an
object with Trojans with horseshoe orbits is the earth. In 2016 five quasi-satellites
of the earth were known. Interestingly, all five switch from quasi-satellite orbits to
horseshoe orbit periodically ([14]).

Figure 5: This figure shows two examples of tadpole orbits for slightly different
initial conditions. Both examples have starting points near the Lagrangian point L4
and µ = 0.001. Figure credit: [8] p.97.

3.3 Exo-Trojans and Trojan Planets

Due to the numerous observations of Trojans in our solar system not only for Jupiter
but for most of the planets it is almost certain that exoplanetary systems have
similar objects. A problem of exo-Trojan detection is that Trojans normally have
a high mean inclination ([45]) which makes it hard to find them via the transit
method - the most commonly used exoplanetary detection method. [22] suggests
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Figure 6: Depicted are two examples of a horseshoe orbit for different initial condi-
tions. We observe that in this special case the motion of the body is no longer only
restricted to the vicinity of a singe Lagrangian point. Figure credit: [8] p.98.

that with upcoming PLATO 2.0 ([20]) it should be possible to detect Trojans which
are > 0.5REarth as a byproduct of planetary search.

3.3.1 Mass Limit for a Trojan Planet

The question arises how bodies with masses of terrestrial planets in the triangular
Lagrangian points are formed. A possible answer is given by Beauge et al. ([3]).
In the paper the initial condition is that many planetesimals are trapped in the La-
grangian points of a star-gas-giant configuration. The possible capture mechanisms
leading to this configuration have already been discussed extensively. The planetes-
imals are merging supported by the gas, which is present due to the early phase of
the planetary system’s evolution and exhibits drag on the bodies. When the mass
of the giant exceeds a critical mass a gap in the gas disc opens and consequently the
further evolution of the Trojan objects lacks of a gaseous environment. This is the
reason why both non-gas and gas-environment scenarios have to be tested. Beauge
et al. placed 100 to 1000 equal mass bodies with a total mass of 1 − 3MEarth in a
wide range of initial conditions around one of the triangular Lagrangian points. The
findings are that there is a mass limit for the formation of terrestrial planets in the
Lagrangian points. It was not possible to create planets with masses higher than
0.6MEarth. It was also found that the introduction of hydrodynamics and gas did
not change the maximal achieved masses for the terrestrial planet. The conclusion
is that it can be expected to find a terrestrial planet as Trojan planet of a gas-giant.
In exceptional configurations even an extreme mass of the Trojan planet can form
a stable system. Laughlin and Chambers ([25]) showed that it is possible that a
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Trojan planet is as massive as the gas-giant itself - if µ =
2Mpl

2Mpl+Mstar
< 0.03812 is

fulfilled. It is hence possible to create 1:1 resonances with two identical gas-giants.
These configurations are astonishingly robust and even migration processes do not
destabilize the configuration.
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4 Trojan Twin Planets

The planetary bodies which are subjects of the master’s thesis are the so-called
Trojan twin planets. The system consists of 4 bodies in total. The central object,
a gas-giant and two Trojan planets with non-negligible masses. The Trojans are
initially positioned barycentrically around the Lagrangian point L4. A schematic
representation of the system is given by figure 7. In many ways, the system is a
complication of the restricted three-body problem. The first task is to find the
similarities to the simplified dynamical system, especially discussing the stability
limits of the Lagrangian points. The next step is then pinning down the most
important parameters for the system to finally conduct the numerical experiments.
Figure 7 shows the basic geometry of the problem.

Figure 7: This figure depicts the configuration of the Trojan twin planets. The twins
are positioned barycentrically around the Lagrangian point L4. The Jupiter is on a
circular orbit at a distance of 1AU .

4.1 From R3BP to Twin Trojan Planets

The r3bp includes the important assumption that the third body is mass-less. With-
out the assumption the problem is not analytically solvable. Nevertheless, we want
to use its solutions to describe the behavior of the Trojan objects, which are in fact
not mass-less. An estimator of how well the assumption of mass-lessness is fulfilled
is the ratio of the masses of the Trojans and the Jovian planet. To estimate this
quantity for the solar system’s Jupiter we use the cumulative mass of the Trojan
objects which is ≈ 2 · 10−10MSun for L4 Trojans of Jupiter ([44]). This gives a ratio
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of 2 · 10−7. In the case of a Trojan planet of earth mass it would be 3.14 · 10−3,
which is significantly higher. Aforementioned estimation hence can not be used in
our case to give estimates on the stability of a possible Trojan planet. We can ap-
ply the criterion of Routh from equation 16 ([18]), which when fulfilled, provides
stable solutions for the triangular Lagrangian points. In the case of gravitational
interaction κ = 2 and the right side of the equation becomes 1/27.

γ <
1

3

(
3− κ
1 + κ

)2

=
1

27
(16)

where

γ =
M1M2 +M1M3 +M2M3

(M1 +M2 +M3)2
(17)

We can assume that M1 >> M2 and M1 >> M3, where M1 is the mass of the star,
M2 is the planet forming the Lagrangian points and M3 is the Trojan. We explicitly
do not demand M2 >> M3. Linearizing equation 17 with these assumptions gives a
simplified expression for γ, as seen in equation 18.

γ ≈ M2 +M3

M1 + 2M2 + 2M3

≈ M2 +M3

M1

(18)

Under assumption of M1 >> M2,M3 a much simpler expression for Routh’s criterion
in equation 19 is obtained. This allows us to investigate the upper mass limit of a
Trojan planet. Interestingly, the criterion is independent from the mass-ratio of the
planets. It allows configurations where the bodies 2 and 3 are of the same mass.
This coincides with the numerical findings of Laughlin and Chambers ([25]), where a
gas-giant inhabits another gas-giant in its Lagrangian points. It is therefore indeed
expected to find similar solutions for massive bodies as Trojans as found in the r3bp.
For the specific application of the stability criterion on the Trojan twin planets we
have another additional variable. The first assumption for finding an upper limit is
to substitute M3 in equation 19 with the sum of the twin planets masses M3 +M4.
No arguments speaking against the existence of stable solutions with two terrestrial
planets captured in the same triangular Lagrangian point have been found yet.

M2 +M3

M1

<
1

27
(19)

4.2 Restrictions on the Parameters

This section has the purpose of justifying the choices of the most important param-
eters. The goal of the thesis is to investigate the possibility of Trojan twin planets
of terrestrial composition. The first parameters which we want to determine are the
mass of the host star, the mass of the planet in whose triangular Lagrangian point
the Trojan twins are placed and its semi-major axis. The first consideration is to
coarsely give an estimate for the mass of the planet forming the Lagrangian points.
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Considering the solar system an observation is that the best predictor for the exis-
tence of Trojans is the mass of the planet. Therefore, the decision is that it should
be a gas-giant. When taking a look at figure 8 it is found that in the mass range
of a Jovian planet (≈ 318Mearth) the M -a-plane is densely populated for a large
range on the semi-major axis. Since habitability is taken into account the choice of
a = 1AU for a solar mass star is ideal. The figure is from a numerical experiment
with the goal to give estimates on the populations of planets in the M -a-diagram.
The habitable zone for a solar mass star is determined by Kasting et. al. from
0.95AU up to 1.37AU ([23]). The inner edge is defined by water loss whereas the
outer edge is defined by CO2-condensation. Therefore, we will use a star mass of
one solar mass and a mass of 1Jupiter for the giant planet due to the predicted and
observed high emergence of gas-giants of similar mass at a = 1AU (see figure 8).

Figure 8: This plot depicts the distribution of planets in the M -a-plane achieved by
numerical experiments. The color code represents the degree to which the formed
planets accreted rocky planetesimals (red) or icy planetesimals (blue). The sim-
ulation was conducted for values between 0.03AU < a < 20AU . Figure credit:
[1].

4.2.1 Habitability

As soon as considering habitability more restrictions are applied on the system. One
criterion for the classification as terrestrial planet is that the planets atmosphere is
not a dominating part of the composition. Lammer et al. ([24]) have shown that a
problem which occurs, is that heavy terrestrial planets accumulate thick hydrogen
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envelopes. XUV photons from the star (G-star) are able to erode the atmosphere
of the young planet for masses lower than 1MEarth. The eroding of the atmosphere
is perpetuated by the heating of the gas via the photons in the ultraviolet regime
of the host star. The hydrogen atoms with then high kinetic energy are capable of
escaping the gravitational bound of the terrestrial planet. After the early phase of
genesis the lower limit of the gas envelope of a 2MEarth planet is given by 7.5 ·1023g,
which roughly corresponds to the mass of 100 earth atmospheres. This hydrogen
envelope has then to be eroded in order to obtain earth-like habitable atmospheric
conditions. For some cases even a 1MEarth planet is not capable of getting rid of
the massive envelope and hence staying inhabitable. An estimation of the maximal
mass of the planet with a reasonably thin atmosphere (earth-like) is approximately
2MEarth. All simulations were conducted with a G-star and the planets in the hab-
itable zone at 1AU . The conclusion is that super earths most probably cannot lose
their gas envelope, which is reducing chances for habitability. Nevertheless, in the
context of the Trojan twin planets the situation is a bit more complicated. The
above discussed models for the initial mass of the hydrogen envelope are estima-
tions for isolated planets.
The specific genesis scenarios of Trojan planets can significantly differ due to in-
teraction with the Jovian planet. A plausible assumption is the in situ genesis of
the Trojans ([3]) and that the objects are depleted of gas by cannibalizing effects
of the giant. The consequence of such a scenario would be that the upper limit
of habitable Trojan planet’s mass could be higher than that of an ordinary planet.
Further investigations have to be conducted in order to verify the claims.
In addition to the upper limit of the mass a minimum mass is required in order
to maintain an atmosphere. The lower limit for atmospheres are estimated to be
around 1MMars = 0.107MEarth. Concerning Trojan planets it is strongly dependent
on the genesis process if and how thick the gas envelope will get during the evolution
of the planetary system. When looking at the list of possible formation scenarios
we find that it is troublesome to give a clear answer just due to the big variations
between them. A major uncertainty is whether the Trojans are captured before the
vanishing of the gaseous disc in the planetary formation process. The only gaseous
scenarios are the gas-drag hypothesis and planetary mass accretion hypothesis. All
other scenarios described before are potentially possible in a gas free environment. A
further distinction is if planetesimals are initially captured in the Lagrangian points
and then accreted to a planet or if the planet is directly captured by the gas-giant.
Numerical investigations are needed for the direct Trojan planet capturing process.
Nevertheless, one would assume that the best scenario for a direct capture is the
chaotic capture of the Jumping Jupiter hypothesis.

4.3 Orbits of the Trojan Twin Planets

The three most important parameters characterizing the system are the angular
distance of the Trojan planets and their masses. We keep the mass of the gas-giant
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fixed at 1MJupiter and the semi-major axis at 1AU on a circular orbit. Of great
interest is the motion of the Trojan planets relative to the gas-giant. What makes
the Trojan twin planets that interesting is that unlike in the restricted three-body
problem there is a gravitational interaction between the two planets whilst in the
r3bp two separately calculated Trojan orbits can just be superimposed. Hence we
expect phenomena to occur which are unknown in the r3bp. Figure 9 shows the
results of a simulation with Trojan planets of same mass (50MMoon) at an initial
angular separation of dm = 8◦ for an integration time of 100 years. For each
individual planet the predicted pattern of relative motion as seen in figure 4 is
observed. For this mass-ratio none of the two bodies actually touches the Lagrangian
point and both libration motions have roughly the same shape. It is however not
generally the case that the libration motion is of the same magnitude for both
Trojans.

Figure 9: In the co-rotating frame of the gas-giant a separation of the accessible
spacial phase space for each Trojan is observed. The simulation is conducted with
a mass of 50MMoon for each Trojan planet.

Figure 10 shows four cases where the upper two figures depict the libration
motions for a MR = 16 and initial angular separations of dm = 3◦ and dm = 8◦

respectively. The two bottom charts are for mass-ratios of MR = 1/16 and the
same initial angular separations. The first thing to notice is that the magnitude of
the libration is higher the lighter the body is relative to the heavier one. Figure 10
a and b are clearly representing this since the libration motion of the lighter second
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body is more prolonged. In figures c and d it can be seen that the motion of the
lighter first body is very extended. For almost all depicted cases the spatial phase
space separation phenomenon where each Trojans motion in the co-rotating frame is
restricted to an area distinct from the accessible area of the other Trojan is apparent.
An exception is figure 10 c, where the libration motion of the first Trojan extends
into the trajectory of Trojan two. Notable is that the first Trojan in this case is
even reaching into Lagrangian point 3. The lighter bodies libration motion is not
only more elongated but also the change of the semi-major axis is more pronounced.
For large extensions of the libration motion the creation of tadpole orbits as seen in
figure 5 occurs. For small extensions the superposition of two motions on an ellipse
seems to be accurate enough whilst still having relative motions of about 40◦.

(a) MR = 16, dm = 3◦ (b) MR = 16, dm = 8◦

(c) MR = 1/16, dm = 3◦ (d) MR = 1/16, dm = 8◦

Figure 10: The libration motion of the Trojan planets changes dramatically as
function of the mass-ratio (MR) as well as of the initial angular distance. All
trajectories in the plots are for a simulation time of 100 years.
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5 Stability of Astrodynamical Systems

In this section the tools of analyzing the stability of the Trojan twin planets are
introduced. The first part gives a theoretical background of mechanisms causing
instabilities, followed by a closer look at the process of body ejection in the Trojan
twin system and finally the introduction of fast stability indicators is conducted.
In order to provide a good visualization of the covered parameter space the initial
condition plot is used. To each initial parameter combination a stability value is
assigned. The two most prominent parameters are the total mass Mtot = M1 + M2

and the angular separation dm of the Trojans. The value of the stability indicator
in the initial condition plot is represented by the color-code.

5.1 Resonances

Resonance phenomena can occur in systems with multiple planets. There are sev-
eral resonant mechanisms from which the most prominent one is the mean motion
resonance (MMR). In the following, a short introduction to resonances is portrayed.
The main source of this chapter is Dvorak ([38]). It is useful to introduce the
so-called Delaunay-variables, which are a transformation of the Keplerian orbital
elements. Γi = (Li, Hi, Gi)

T describes the action variables and γi = (li, hi, gi) the
angular variables. The time evolution of the variables can be expressed via the
Hamilton equations of motion 20 and 21.

dΓi
dt

=
dFi
dγi

(20)

dγi
dt

= −dFi
dΓi

(21)

Fi is the perturbing function which is for the solution of the equations of motion
evolved into a Fourier series. The solution is given by equation 22. We observe that
the denominator can vanish for certain combinations of j · n1 + k · n2 (n is denoting
the mean motion of the planet) and a big change in an orbital parameter can occur.
Exactly this mechanism is called a mean motion resonance.

Γi = Γ0
i + Γ1

i t+
∑
j,k 6=0

E1,2

j · n1 + k · n2

cos((j · n1 + k · n2)t+D1,2) (22)

By using Keplers third law (equation 23) it is possible to express MMRs with the
help of the semi-major axis of the bodies, as seen in equation 24.

n2a3 = const (23)

(
a2

a1

)3/2

=
k

j
(24)
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Figure 11: The distribution of asteroids in the solar system shows distinct features
which are mostly caused by mean motion resonances. Very prominent feature is
the so-called Kirkwood gap for which the 3:1 resonance with Jupiter is responsible.
Source: [38].

Prominent examples of MMRs in the solar system are the 5:2 resonance of Jupiter
and Saturn and the 3:1 Kirkwood gap in the asteroid belt seen in figure 11. We
conclude that the MMR plays an important role in creating structures in planetary
systems.
Another prominent resonance of higher order than MMR is the secular resonance.
In a system with three bodies it is possible that a precision motion of the perihelion
occurs. If another body is added it can exceed such a motion. If these frequencies
are integer ratios of each other, resonance phenomena occur.
A further resonance arising only for practically mass-less bodies is the Kozai reso-
nance. This is applicable for comets and asteroids and will not be discussed further.

5.2 Instabilities in Trojan Twins Planets

In the special case of Trojan twin planets the process of system destabilization is
triggered by close encounters of a Trojan body with the gas-giant. In a prior chapter
the motions of the Trojan twin planets in the co-rotating frame have already been
presented (figure 10). The lighter Trojan exceeds the bigger libration motion. Once
the Trojan is getting closer to the gas-giant the eccentricity of the Trojan object is
increased due to the gravitational interaction. This increase is consequently trans-
ferred to the second Trojan body and the process continues until a close encounter
of the Trojan and the Jupiter occurs, finally ejecting the object from the system.
The process is depicted in figure 12.
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Figure 12: This figure portrays the time evolution of the distance of the two Trojan
planets to the gas-giant (purple and turquoise) as well as the time evolution of the
eccentricities of the Trojans (blue and yellow). After a simulation time of 2220
years the previously regular and periodic motion changes to a chaotic motion with
the eccentricity of the objects increasing fast in discrete steps. The large relative
motion of the planets leads to small distances towards the gas-giant until it deceeds
a critical distance and the planet is ejected.

5.3 Stability Indicators

This section discusses two simple stability indicators and compares them concerning
their accuracy of detecting stable and unstable configurations of the Trojan twin
planets.

5.3.1 Maximal Relative Eccentricity

It is sometimes possible to find stability indicators which are exceptionally good for
certain specific problems. For the Trojan twin planets such a stability estimator is
the maximum relative eccentricity of the Trojans twins. When plotting the relative
motion of the Trojans ∆~r = ~r1− ~r2 over a certain time interval for periodic motions
a ringlike structure in the relative configuration space occurs. Since only cases with
i = 0◦ are considered the configuration space can be reduced to 2 dimensions. The
maximal relative eccentricity is defined via equation 25.
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emax =
rmax − rmin
rmax + rmin

, (25)

where
rmax = max({|∆ ~r(t)|}) (26)

rmin = min({|∆ ~r(t)|}) (27)
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Figure 13: This figure shows the time evolution of the distances of the twin Trojans
for different configurations. The purple line is for a system with Trojans of mass
M = 0.67MEarth and an angular distance of dm = 6.3◦. This configuration leads
to a low relative eccentricity of 0.15. The turquoise line represents a system with
Trojans of mass M = 1.1MEarth and an angular distance of dm = 6.3◦. We observe
an increase of the relative eccentricity to 0.3. Nevertheless, this system is still
stable. The yellow line shows a system with Trojans of mass M = 0.23MEarth and
an angular distance of dm = 2.0◦. We see that after approximately 50 years the
system is becoming unstable and the relative eccentricity is converging towards unity
(emax → 1).
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Figure 13 shows different initial configurations of the twin Trojan planets and
the corresponding time evolution of the distance between the objects. It is observed
that for large eccentricities the relative motions are large and once a body escapes
the stable region the eccentricity converges to 1.

5.3.2 Logarithmic Semi-Major Axis-Ratio ln(a)

A more general approach to indicate the stability of a celestial body in simulations
is to introduce the ln(a)-indicator. Contrary to the emax-indicator it is not only
applicable to the Trojan twin planets but can be generally used for finding changes
in the semi-major axis of a body over a time period. In the definition of ln(a)
(equation 28) the logarithm the objects maximal over the minimal semi-major axis
for the simulation time is formed. In this way changes in both directions increase
the value. Since multiple Trojans are involved, the stability value assigned to the
tested configuration is the maximum value of all Trojans in the system. The index
i in equation 28 refers to the index of the Trojan.

ln(a) = max

{
ln

(
amax,i
amin,i

)}
(28)

where
amax,i = max({ai(t)}) (29)

amin,i = min({ai(t)}) (30)

5.3.3 Comparison of emax and ln(a)

It is of uttermost importance that the results of different stability indicators are
qualitatively the same. Of course the numbers assigned to the stability indicators
will be different for distinct initial conditions of the system. Nevertheless, we de-
mand that qualitatively the results are the same. This property can be tested at
special points in the initial condition plot where the system suddenly jumps from
stable to unstable behavior.
The comparison of the two stability indicators is shown in figure 14. A linear corre-
lation seems to be present between emax and ln(a) at least for stable configurations.
Interesting is that for emax no values between ≈ 0.7 and 1.0 occur. Since a value
of emax = 1.0 corresponds to an unstable configuration, the limit of stability con-
cerning emax seems to be the value ≈ 0.7. A question that occurs immediately is if
this jumping behavior is observed for the ln(a) stability indicator. We do not ex-
pect the saturation behavior for the ln(a)-indicator, simply because the logarithmic
definition of the ln(a)-indicator can assume every positive value depending on the
ejection orbit of the unstable Trojan. In the case of the ln(a)-indicator we find a
gap from values between ≈ 0.02 and ≈ 0.05.
We conclude that for both indicators the sudden jump of the values can be observed
and we have to investigate the reason for this behavior. The direct comparison of
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the two stability indicators can be seen in figure 15. What we find is that at first
glance the structures of the initial condition plot are the same. The blue region in
the emax-plot corresponds with the black region in the ln(a)-plot. In the emax-plot
the yellow region represents unstable initial conditions. We observe that there is
a sharp distinction between stable and unstable regions. This fact can already be
observed in figure 14. For the ln(a)-indicator we have two groups of values. The first
group is formed by stable configurations and small values. All of these points are
represented in the map with the color black. The second group consists of unstable
configurations with rather high values of the stability indicator. We see that the
visual representation of the ln(a)-map is basically a dual state representation. In
the stable region we are not able to identify finer substructures or patterns.
In the emax-plot the stable region displays a variety of different values and we are
able to observe substructures with darker colors. A valley of stability is formed in
the center of the stable region where the smallest values of the relative eccentricity
are assumed. This detail cannot be found in the ln(a)-plot.
The conclusion is that it is of advantage to use the emax stability indicator due to
the higher resolution in the stable area. It is hence possible to identify substructures
within this area which would not be observable directly by using the ln(a)-indicator.
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Comparison of stability indicators, MR=2
ln

a

0

0.02

0.04

0.06

0.08

0.1

 

0

0.02

0.04

0.06

0.08

0.1

maxe
0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

lne

Figure 14: When comparing the two stability indicators we find that for small values
there is a linear correlation between the two quantities. Furthermore we observe a
gap in the values from ≈ 0.7 to 1 in emax. A gap is found in the values of ln(a)
from ≈ 0.02 to ≈ 0.05. The data were generated from Trojan twin planets with a
mass-ratio of MR = 2 and for different angular distances of the twins.
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(a) Initial condition plot with emax as sta-
bility indicator, mass-ratio MR = 1.0. The
values of the stability indicator are given by
the color code where blue corresponds to sta-
ble regions and yellow to unstable areas.

(b) Initial condition plot with ln(a) as sta-
bility indicator, mass-ratio MR = 1.0. The
values of the stability indicator are given by
the color code where black corresponds to
stable regions and red to unstable regions.

(c) High resolution initial condition plot
with emax as stability indicator, mass-ratio
MR = 2.0

(d) High resolution initial condition plot
with ln(a) as stability indicator, mass-ratio
MR = 2.0

Figure 15: Comparing the initial condition plots reveals that both the emax-indicator
(left) and the ln(a)-indicator (right) can distinguish stable from unstable configu-
rations and that the results are consistent. The upper row depicts a low resolution
example of an initial condition plot where many fine details cannot be perceived,
whereas the high resolution figures already give a glimpse on the internal structures
of the stable region. The biggest difference between the two indicators is that the
ln(a)-indicator is not capable of resolving the detail in the stable area.
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6 Lyapunov Indicator

A further goal of the master’s thesis is developing a code capable of calculating
the Lyapunov indicator for a n-body integrator. This quantity is used in order to
quantify the speed of divergence or convergence of two infinitesimally close points
in the phase space.

6.1 Introduction to LCE

A tool often used to characterize the chaodicity of dynamical systems is the so called
Lyapunov exponent. An estimator for truncated integration time of the Lyapunov
exponent (LCE) is called Lyapunov indicator (LCI). The first time the Lyapunov
exponent was used to describe the exponential divergence of two nearby orbits was
by Benettin et al. ([5]). The rate of divergence is expressed via equation 31. The
next big step forward was the calculation of the Lyapunov indicators via solving
the variational equations, instead of directly measuring the rate of divergence of
two nearby orbits by Contopoulos et al. ([10]). The divergence is distinct for each
dimension of the phase space of the dynamical system and hence the same number
of Lyapunov exponents exist. Mostly, only the largest Lyapunov indicator is of
interest but for the sake of completeness Benettin et al. ([4]) provides methods
for the calculation of the whole spectrum. In this work only the largest Lyapunov
indicator is calculated. The formal definition of the one dimensional LCE is given
by equation 32. Figure 16 shows the time evolution of a trajectory and nearby
trajectories in the phase space.

|xt| = |x0|eλt (31)

λ = lim
t→∞

1

t
ln
|xt|
|x0|

(32)

From equation 31 it is concluded that non-chaotic behavior is given for λ ≤ 0. This
condition has to be fulfilled by all λi.

(33)

Definition 1 If ∀ λi with i ε (1, D), where D is the dimension of the phase space:
λi ≤ 0, then the system is non-chaotic.

To characterize the stability it is sufficient to only consider the maximum LCE
(mLCE) denoted with λmax.

Lemma 1 If lim
t→∞

λmax = 0, then the system is non-chaotic.
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Figure 16: This figure shows the evolution of an initially uniform sphere around
a point in the phase space with an infinitesimal small radius and its deformation
over the time. Note that the total area of the ellipse is constant due to phase space
conservation2.
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Let us furthermore introduce the Lyapunov exponent via the tangent space - a more
formal way. Let Φ(x)t be the state of the system at time t, then the state of the
system at time t+ s can be written via equation 34.

Φ(x)t+s = Φt ◦ Φs (34)

The differential dxΦt is the tangent space of Φt(x). The application of dxΦt on a
deviation vector w in the tangent space gives the evolution of the deviation vector
itself. The rule of consequential application of the tangent space is provided via
equation 35.

dxΦt+s = dΦs(x)Φt ◦ dxΦs (35)

We introduce λt(x)

λt(x) =
||dxΦtw||
||w||

(36)

The expansion of the tangent space in direction of w is described via λt. To get the
order of exponential expansion the logarithm of the quantity is computed as seen in
equation 37. We call this number the Lyapunov characteristic exponent (LCE).

LCE = limt→∞
1

t
lnλt(x) (37)

Nevertheless, for the computation this equation cannot be applied. The reason
lies in the fast growth of the length of the deviation vector w, which in short time
reaches the overflow limit of computers. So other methods have to be used in order
to calculate the LCE of a dynamical system. We will discuss them in later sections.

6.2 N-Body Integration with Lie-Series

Lie-series are a powerful tool to solve differential equations. The information for this
chapter is from [17] on pages 449-453. The time evolution has the operator form as
seen in equations 38 and 39.

rν(t+ ∆t) = e∆tDrν(t) (38)

vν(t+ ∆t) = e∆tDvν(t) (39)

This expression can be written as infinite series:

rν(t+ ∆t) = e∆tDrν(t) =
∑∞

n=0

(∆tD)n

n!
rν(0) (40)

Each problem has its own Lie operator. For the gravitational n-body problem it has
the form seen in equation 41.

2Figure credit: https://upload.wikimedia.org/wikipedia/commons/0/04/

LyapunovDiagram.svg
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D =
3∑
i=1

N∑
ν=1

(
viν

∂

∂riν
+

N∑
µ=1,ν 6=µ

mµr
i
µνρ
−3
νµ

∂

∂viν

)
(41)

We use the following abbreviations:

rνµ = rµ − rν = −rµν (42)

ρνµ = |rµ − rν | = |rνµ| (43)

vνµ = vµ − vν = −vµν (44)

Fortunately there are recursion relations for the calculation of the terms of the Lie-
series.

Dnr =
N∑

k=1,l 6=k

mµ

n−2∑
l=0

(
n− 2

l

)
DlφνµD

n−2−lrµν (45)

Dnφνµ = ρ−2
νµ

n−1∑
l=0

an,l+1D
n−1−lφνµD

lΛµν (46)

where the coefficients a are:

an,n = −3 n ≥ 0

an,1 = an−1,1 − 2 n ≥ 1

an,l = an−1,l−1 + an−1,l 1 ≤ l < n

DnΛµν =
3∑
i=1

nint(n
2

)∑
l=0

bn,lD
lrµνD

n+1−lrµν (47)

where the coefficients b are:

bn,0 = 1 n ≥ 0

bn,l = bn−l,l−1 + bn−1,l 1 < l < nint
n

2
bn,nint(n

2
) = bn−1,nint(n

2
) − 1 n odd

bn,nint(n
2

) = 2bn−1,nint(n
2

) + bn−1,nint(n
2

)−1 n even

Please keep in mind that these recursion equations only apply for order n ≥ 2.
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6.3 MLCE via Mapping

A scheme for the calculation of the mLCE is presented. Most of the equations can
be found in [41] on pages 63-95. Consider an integration scheme of the form seen in
equation 48.

x(t+ ∆t) = f(x(t)) (48)

Also consider a deviation vector w and the Jacobian Matrix M of the integration
scheme as seen in equation 49. Here p is the phase space vector with dimension
D = 6N , p = (x1, x2, ..., x3N , p1, p2, ..., p3N). The time derivatives of the deviation
vector can be expressed as seen in equation 50.

M =
∂fi
∂pj

(49)

ẇ(t) = Mw(t) (50)

If the map is symplectic equation 51 holds.

w(t+ ∆t) = Mw(t) (51)

A symplectic map fulfills following relation:

MTJ2DM = J2D (52)

where

J2D =

[
0D ID
−ID 0D

]
(53)

After every time step the deviation vector is normalized: w = ŵ
α

, where α = |ŵ|.
In order to calculate λmax, equation 54 is utilized. Here N denotes the number of
time steps, τ = N · ∆t is the total integration time and αi is the absolute value
of the deviation vector for the i-th timestep. The renormalization of the deviation
vector is depicted in figure 17.

λmax =
1

τ

N∑
i=0

lnαi (54)

Furthermore the Lyapunov-time can be introduced. It is the time that a nearby
orbit needs to converge by e or in other words the time that the dynamical system
needs to become chaotic (equation 55).

τL =
1

λmax
(55)
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Figure 17: This figure shows the evolution of the deviation vector denoted by w.
After one timestep the initial deviation vector w evolves to ŵ. Then the deviation
vector is renormalized and again evolved in time. Figure credit: [41] page 95.

6.4 MLCE via Hamiltonian

It is possible to calculate the mLCE from the Hamiltonian of the dynamical system
with equation 56 for the time derivative of the deviation vector:

ẇ = J2DĤ(H(~x(t)))w (56)

Ĥ(H) =
∂2H

∂xi∂xj
(57)

Here Ĥ(H) is the Hessian of the Hamiltonian (equation 57) and J2N can be found in
equation 53. In order to calculate the maximum Lyapunov indicator (equation 54)
we have to use an integration scheme to obtain the next time step of the deviation
vector w.

6.5 Application of MLCE-Algorithm on Standard Map: Mapping-
Approach

In this section the mapping-approach is tested on the standard map. The standard
map is a two dimensional mapping defined via equation 58. Figure 18 shows the
time evolution of the current mLCE in the case of resonant initial conditions. What
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we see is that even after 107 iterations the LCE is still decreasing. This is typical
for non-chaotic behavior.

pn+1 = pn + k · sin(θn) (58)

θn+1 = (θn + pn+1)mod(2π) (59)

Figure 18: This plot shows the time evolution of the mLCE for resonant initial
conditions of the standard map: p=2.15, θ = 0.

By changing the initial conditions to p = 3.1024048, θ = 0, we obtain the time
evolution of the mLCE, as seen in figure 19. We observe that after approximately
106 iterations the values for the current Lyapunov indicators are staying almost
constant. This means that two close points in the phase space diverge exponentially.
We call this weakly chaotic, due to the small fixed value of the mLCE. For the initial
conditions p = 3.1024048, θ = 0 the system behaves strongly chaotic, which is seen
in figure 20.

37



Figure 19: This plot shows the time evolution of the mLCE for weakly chaotic initial
conditions of the standard map: p=3.1024048, θ = 0.

Figure 20: This plot shows the time evolution of the mLCE for strongly chaotic
initial conditions of the standard map: p=3.14, θ = 0.
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6.6 Application of MLCE-Algorithm on Lie-Series N-Body
Integrator: Mapping-Approach

When trying to calculate the mLCE, we need to know equation 48 explicitly in
order to calculate the Jacobian. Due to the special form of equation 48 in the
case of the Lie-series n-body integration it is numerically costly to calculate the
Jacobian directly. The trick in the calculation of the integration is that a recursive
relation of the Lie-terms can be found and hence the numerical values of the prior
order are reused for the calculation of a higher order. This makes the else cpu-time
intensive direct calculation of each lie-term efficient and comparable in speed to
other integration schemes.

6.6.1 Derivatives of Lie-Series-Recursions

The goal is to explicitly express the Jacobian of relation 48 for the Lie-series inte-
grator. The recursion of the time step is given by equations 45, 46 and 47. Now
the partial derivatives of position and velocity of the recursion for one time step are
formed.

6.6.2 Derivatives of Spatial Components

At first, the spatial derivatives of the Lie-terms are formed. The derivatives with
respect to the spatial coordinates are needed of the body for which the Lyapunov
indicator is to be calculated. xi ε (x1, x2, x3, v1, v2, v3) represents the phase space
coordinates of the body of interest, where the first three entries are the spatial
component. Equations 60, 61 and 62 are the recursion relations for the spatial
derivatives.

∂Dnrν
∂xi

=
N∑

k=1,l 6=k

mµ

n−2∑
l=0

(
n− 2

l

)(
∂Dlφνµ
∂xi

Dn−2−lrµν +Dlφνµ
∂Dn−2−lrµν

∂xi

)
(60)

∂Dnφνµ
∂xi

=
n−1∑
l=0

an,l+1

(
∂ρ−2

νµ

∂xi
Dn−1−lφνµD

lΛµν+

ρ−2
νµ

∂Dn−1−lφνµ
∂xi

DlΛµν + ρ−2
νµD

n−1−lφνµ
∂DlΛµν

∂xi

) (61)

∂DnΛµν

∂xi
=

3∑
i=1

nint(n
2

)∑
l=0

bn,l

(
∂Dlrµν
∂xi

Dn+1−lrµν +Dlrµν
∂Dn+1−lrµν

∂xi

)
(62)

6.6.3 Derivatives of Velocity Components

By making one important observation it is possible to simplify the handling of the
velocities with the Lie-series n-body integrator.

D0rν = rν (63)
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D1rν = vν = D0vν (64)

Via equation 64 it is found that in order to calculate the velocities we simply need to
shift the order of the Lie-terms. Hence the calculation of the velocities to the same
order as the positions just requires an additional computation of a single further
order:

vν(t+ ∆t) =
∑∞

n=0

∆tnDn+1

n!
rν(0) (65)

This implies equation 66.
∂Dnvν
∂xi

=
∂Dn+1rν
∂xi

(66)

6.6.4 Derivatives of Order Zero and One

Above recursions are valid for n ≥ 2. Therefore the expressions for the lower two
orders have to be written down explicitly. However, this is not tedious. At first
one has to make clear what the meanings of rν and xi are. Keep in mind that
rν = (x1, x2, x3).
For i ε (1, 2, 3), which are the derivatives in respect to the position, it holds that:

∂D0rν
∂xi

= δνji since D0rν = rν

∂D1rν
∂xi

= 0 since D1rν = vν

For i ε (4, 5, 6), which are the derivatives in respect to velocity, it holds that:

∂D0rν
∂xi

= 0 since D0rν = rν

∂D1rν
∂xi

= δνji since D1rν = vν

By using equation 66 we get following relations for i ε (1, 2, 3):

∂D0vν
∂xi

=
∂D1rν
∂xi

= 0

∂D1vν
∂xi

=
∂D2rν
∂xi
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For i ε (4, 5, 6), which are the derivatives in respect to velocity, it holds that:

∂D0vν
∂xi

=
∂D1rν
∂xi

= δνji

∂D1vν
∂xi

=
∂D2rν
∂xi

6.6.5 Derivative of Lie-Series

We now have the tools to calculate the partial derivatives of the Lie-series 40.

∂rν(t+ ∆t)

∂xi
=
∑∞

n=0

∆tn

n!

∂Dnrν(0)

∂xi
(67)

∂vν(t+ ∆t)

∂xi
=
∑∞

n=0

∆tn

n!

∂Dn+1rν(0)

∂xi
(68)

6.7 Application of MLCE-Algorithm on Henon-Heiles Sys-
tem: Hamiltonian-Approach

The most complicated part of the direct implementation of the LCE is the calculation
of the Jacobian. This can be seen by the complex structure of equation 60. An
easier way is the application of the Hamiltonian-approach. To demonstrate the
applicability of the method it is tested on a simpler Hamiltonian system: The Henon-
Heiles system. The Henon-Heiles system is formulated with the Hamiltonian seen
in equation 69.

H(q1, q2, p1, p2) =
1

2
(p2

1 + p2 + q2
1 + q2

2) + q2
1q2 −

1

3
q2

2 (69)

The Hessian matrix takes the form seen in equation 70.

Ĥ =


1 + 2q2 2q1 0 0

2q1 1− 2q2 0 0
0 0 1 0
0 0 0 1

 (70)

The time evolution of the system is given by the Hamilton equations 71.

q̇1 = ∂H
∂p1

= p1

q̇2 = ∂H
∂p2

= p2

ṗ1 = ∂H
∂q1

= −q1 − 2q1q2

ṗ2 = ∂H
∂q2

= −q2 − q2
1 + q2

2

(71)
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With help of equation 56 the variational equations describing the time evolution of
the deviation vector are formed in equation 72.

ẇ1 = w3

ẇ2 = w4

ẇ3 = (−1− 2q2)w1 − 2q1w2

ẇ4 = (−2q1)w1 + (−1 + 2q2)w2

(72)

The integration of the system and the variational equations is conducted via a
Runge-Kutte-4 integrator. In order to visualize the values of the phase space we have
to apply the so called surface of section. The Henon-Heiles system is a 4-dimensional
system. One parameter is eliminated by setting a fixed energy value. Then, for every
time a third parameter obtains the value zero (e.g. p1 = 0) a coordinate point of
the remaining 2 parameters of the phase space is plotted. This method is called the
surface of section. Additionally, the histograms of the local Lyapunov indicator are
plotted in order to identify possible differences between regular and chaotic orbits.
The local Lyapunov indicator is nothing else than the norm of the deviation vector at
time t, α(t). The results for the Henon-Heiles system for different initial conditions
are shown in figures 21, 22 and 23.

(a) Histogram of local Lyapunov indicators (b) Surface of section for q1 = 0

Figure 21: The initial conditions for these plots are E = 0.125, q2 = 0.2, p2 = 0.02.
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(a) Histogram of local Lyapunov indicators (b) Surface of section for q1 = 0

Figure 22: The initial conditions for these plots are E = 0.125, q2 = 0.2, p2 = 0.14.

(a) [Histogram of local Lyapunov indicators (b) Surface of section for q1 = 0

Figure 23: The initial conditions for these plots are E = 0.125, q2 = 0.015, p2 = 0.25.

Figures 21 and 23 are results for periodic orbits. This is visible in the surface
of section where only a restricted area in the phase space is attained. On the other
hand, figure 22 shows a chaotic orbit of the Henon-Heiles system with a heavily
scattered surface of section. When having a look on the corresponding local Lya-
punov indicator histograms, one observes a striking difference depending on the
orbits chaodicity. Chaotic orbits consistently show only one peak whereas stable
orbits have multiple peaks. Furthermore the histograms are symmetric for stable
orbits. When having a look at the time evolution of the Lyapunov indicator we find
the expected behavior of convergence of the value toward zero for stable orbits and
nonzero values in the case of chaotic orbits. Figure 24 shows the Lyapunov indicator
and the surface of section of a regular orbit, figure 25 the Lyapunov indicator and
the surface of section of a chaotic orbit. After a time of T = 105 the Lyapunov
indicator assumes values of ≈ 10−4. The values can be compared with results from
[6] whose results can be seen in figure 26. The calculated values from this work do
correspond well with the values from [6]. Results for six different initial conditions
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are found in table 1. The table includes the Lyapunov time, which is the inverse of
the Lyaunov indicator, an estimate for the time the system stays stable.

(a) Time evolution of Lyapunov indicators (b) Surface of section for q1 = 0

Figure 24: The initial conditions for these plots are E = 0.125, q2 = 0.33, p2 = 0.14.

(a) Time evolution of Lyapunov indicators (b) Surface of section for q1 = 0

Figure 25: The initial conditions for these plots are E = 0.125, q2 = −0.15, p2 =
0.02.
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Table 1: This table contains the results for the calculations of the Lyapunov indicator
and Lyapunov time of the Henon-Heiles system for different initial conditions. The
integration time for all values is T = 105.

E q1 q2 p1 p2 LCI Lyapunov-time
0.125 0.0 0.2 4.64E-01 0.02 8.870E-05 1.127E+04
0.125 0.0 0.33 3.81E-01 0.14 1.049E-04 9.529E+03
0.125 0.0 0.015 4.33E-01 0.25 1.088E-04 9.188E+03
0.125 0.0 0.2 4.42E-01 0.14 4.001E-02 2.499E+01
0.125 0.0 -0.15 4.74E-01 0.02 4.361E-02 2.293E+01
0.125 0.0 0.25 3.29E-01 0.3 3.626E-02 2.758E+01

Figure 26: Results from [6] show that the values for the Lyapunov indicators are
qualitatively and quantitatively extremely close to the calculations from this work.
Figure source: [6].
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6.8 Hamiltonian of N-Body System

The Hamiltonian of a general n-body system with only gravitational interaction can
be expressed trough equation 73.

H = T + U =
N∑
i=1

1

2
p2
imi +

∑
i<j

−G mimj

|ri − rj|
(73)

We are now able to form the time derivative of the deviation vector w with equation
74.

ẇ = J2DĤ(H(~x(t)))w (74)

We denote the phase space variables as follows:
~xi = (~ri, ~vi) = (xi,1, xi,2, xi,3, vi,1, vi,2, vi,3). Hence the Hamiltonian from equation 73
is expressed in terms of components with equation 75.

H =
N∑
i=1

3∑
j=1

v2
i,j

mi

2
+
∑
i<j

−G mimj√
(xi,1 − xj,1)2 + (xi,2 − xj,2)2 + (xi,3 − xj,3)2

(75)

The Hessian simplifies due to the lack of mixed expressions of positions and veloci-
ties:

∀ i, k :
∂2H

∂xj,i∂vj,k
= 0, i, k = 1, 2, 3 (76)

This leads to a block form of the Hessian matrix in equation 77.

Ĥ =

[
Hx 03

03 Hv

]
(77)

The spatial diagonal component of the Hessian can be written as seen in equation
78.

Hx,k,k =
N∑

j=1,j 6=p

GMpMj

(
−3(xj,k − xp,k)2

((xj,1 − xp,1)2 + (xj,2 − xp,2)2 + (xj,3 − xp,3)2)5/2
+

1

((xj,1 − xp,1)2 + (xj,2 − xp,2)2 + (xj,3 − xp,3)2)3/2

) (78)

The non-diagonal spatial components of the Hessian are given by equation 79

Hx,m,n =
N∑

j=1,j 6=p

GMpMj

(
−3(xj,m − xp,m)(xj,n − xp,n)

((xj,1 − xp,1)2 + (xj,2 − xp,2)2 + (xj,3 − xp,3)2)5/2

)
(79)

Since the order of the partial derivatives can be interchanged the non-diagonal ele-
ments are symmetric and it holds that Hx,i,j = Hx,j,i.
The velocity sub-matrix is expressed by equation 80.

Hv,i = 1/Mi (80)
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6.9 Application of MLCE-Algorithm on N-Body System:
Hamiltonian-Approach

After successfully applying the Hamiltonian-approach on a simple dynamical prob-
lem - the Henon-Heiles system - the next step is to apply the method to the general
n-body Hamiltonian. The integrator used in this work is a Lie-series integrator.
However, this method is independent of the integration scheme and is applicable
after the actual integration itself. The only information needed are the output file
with the coordinates of the bodies as well as the masses of the bodies.

(a) Histogram of local Lyapunov indicators (b) Time evolution of Lyapunov indicator

Figure 27: Stable body: The left chart shows the distribution of the local Lyapunov
indicators and on the right hand side the time evolution of the Lyapunov indicator
is portrayed as well as the time evolution of the bodie’s semi-major axis.

(a) Histogram of local Lyapunov indicators (b) Time evolution of Lyapunov indicator

Figure 28: Chaotic body: The left chart shows the distribution of the local Lyapunov
indicators and on the right hand side the time evolution of the Lyapunov indicator
is portrayed as well as the time evolution of the bodie’s semi-major axis.
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Table 2: This table contains the orbital elements of a system used to test the
Hamiltonian-approach for calculations of Lyapunov indicators. The central body
has a mass of 1MSun.

a e i Ω ω M mass (MSun)
1 0.0 0.0 0.0 0.0 0.0 0.000955
1.1 0.5 10 20 350 258 1E-7

Figures 27 and 28 show the application of the Hamiltonian-approach on a simple
system with 3 bodies. The system’s orbital elements are given in table 2, with
a central body of one solar mass. Figure 27 shows the results for a stable body.
The left chart is a local Lyapunov indicator histogram that is clearly symmetrical
in shape, which already indicates that the body is stable. The right chart shows
the time evolution of the Lyapunov indicator, converging towards zero. The green
line is the time evolution of the bodie’s semi-major axis which is constant over the
whole integration time. On the other hand, the second body is clearly chaotic. The
histogram (figure 28) is asymmetric and the Lyapunov indicator converges toward
a non-zero value. This corresponds well to the changes we observe in the bodies
semi-major axis.

6.10 Application of Hamiltonian-Approach on Trojan Twin
Planets

This section tests the applicability of the Lyapunov indicator as stability indicator
for the Trojan twin planets. A stable configuration with Mtot = 2MEarth and an
initial angular separation of dm = 9◦ gives results, as seen in figures 29 and 30.
The local Lyapunov indicator histograms are both symmetrical and the Lyapunov
indicator decreases over time. For an unstable configuration with Mtot = 2MEarth

and dm = 3◦ the results are shown in figures 31 and 32. Both histograms are
asymmetric which already indicates an unstable configuration. After a simulation
time of T = 300 years the Lyapunov indicator stops decreasing and reaches a plateau.
The conclusion is that it is possible to detect stable and unstable configurations of
Trojan twin planets by using the Lyapunov indicator.
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(a) Histogram of local Lyapunov indicators
for Trojan 1

(b) Time evolution of Lyapunov indicator for
Trojan 1

Figure 29: Stable configuration: This figures show the histogram of the local Lya-
punov indicators as well as the time evolution of the Lyapunov indicator of the first
Trojan planet for a stable configuration.

(a) Histogram of local Lyapunov indicators
for Trojan 2

(b) Time evolution of Lyapunov indicator for
Trojan 2

Figure 30: Stable configuration: This figures show the histogram of the local Lya-
punov indicators as well as the time evolution of the Lyapunov indicator of the
second Trojan planet for a stable configuration.
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(a) [Histogram of local Lyapunov indicators
for Trojan 1

(b) Time evolution of Lyapunov indicator for
Trojan 1

Figure 31: Unstable configuration: This figures show the histogram of the local
Lyapunov indicators as well as the time evolution of the Lyapunov indicator of the
first Trojan planet for an unstable configuration.

(a) Histogram of local Lyapunov indicators
for Trojan 2

(b) Time evolution of Lyapunov indicator for
Trojan 2

Figure 32: Unstable configuration: This figures show the histogram of the local
Lyapunov indicators as well as the time evolution of the Lyapunov indicator of the
second Trojan planet for an unstable configuration.

The next step is to compare the derived stability indicator with the maximal
relative eccentricity. Over a coarse grid in the initial condition plot simulations are
conducted and for each combination emax as well as λmax (LCI) values are calculated.
Figure 33 shows that the stable areas in both maps are the same. We conclude
that the Lyapunov indicator is able to reproduce the stability regions in the initial
condition plot. Nevertheless, the calculation time for the Lyapunov indicator is
much higher than the calculation time of emax. The differences are significant with
the Lyapunov indicator taking ≈ 30 times as much time. The main reason is that
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the output interval of the simulation in the case of the Lyapunov indicator has to
be small (≈ 1 day) in order to get correct results. In the case of emax an output
interval of 50 days still does not change the results drastically. For this reason the
emax-indicator is used for the stability maps.

(a) Initial condition plot with emax as sta-
bility indicator.

(b) Initial condition plot with λmax as sta-
bility indicator.

Figure 33: Comparison of initial condition plots for emax and λmax as stability
indicators. Both indicators show the same stable area.

6.11 Conclusions

It was possible to express equations for calculating the Lyapunov indicator via two
different approaches. The mapping-approach has been tested on the standard map,
which ensures the serviceability of this method. The Hamiltonian-approach was
applied to the Henon-Heiles system as well as an the n-body Hamiltonian. The
findings are discussed here.

6.11.1 Mapping-Approach

It was shown that it is indeed possible to use the method described in section 6.3
for the calculation of the maximum-Lyapunov-characteristic-exponent for the Lie-
series n-body integrator algorithm. The main challenge is to express the Jacobian
in form of recursion relations. For different algorithms like the Euler-algorithms and
RK-algorithms the integration-step (equation 48) can be explicitly written down
relatively easy and therefore the calculation of the Jacobian is not a hard task. The
explicit relations for the Lie-series can be used to express the Jacobian but after
the 3.th order of the series the analytical terms are getting overwhelmingly long
and complicated. For numerical applications it is of great importance to keep the
expressions as simple as possible due to the reduction of the algorithm’s efficiency
for longer expressions. A problem when using the mapping-approach for the calcu-
lation of the Lyapunov-characteristic-exponent is furthermore the complexity of the
implementation of the Jacobian in the code due to its recursive nature.
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6.11.2 Hamiltonian-Approach

The second approach to discuss is the Hamiltonian-approach. This method can
be applied independently of the n-body integrator. The information needed is the
Hamiltonian of the n-body problem which is always known. It is a moderately
difficult task to express the Hessian of the Hamiltonian which is needed to calculate
the time derivative of the deviation vector. For the calculation of the Lyapunov
indicator the necessary information for the Hamiltonian-approach are the positions
of the bodies as well as their masses. Hence the Hamiltonian-approach can be applied
without knowing anything about the n-body integrator itself. A problem can be that
the time-steps of the output are too large which increases the uncertainties in the
calculation of the Lyapunov indicator. In the tested system the time-step was as
small as 1 day which increases the computation time and file size. Already time-
steps of 5 days were not capable of calculating the Lyapunov indicator correctly
anymore.

6.11.3 Comparison of the Two Approaches

When comparing the two approaches for the n-body system, following different
characteristics are found:

� Complex implementation of the Jacobian for the mapping-approach.

� Relatively easy calculation of Hessian-Matrix for Hamiltonian-approach.

� Mapping-approach has to be directly implemented in the Lie-series code.

� Hamiltonian-approach only needs output of the integrator. The LCE calcula-
tion is independent of the integrator. This requires a small output interval.

The conclusion is that the usage of the Hamiltonian-approach is recommended due
to its easier and more general implementation.
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7 Results

7.1 Integration Time

An important parameter of the integration is the integration time itself. Ideally the
simulations should run as long as possible (Tint ⇒∞) to obtain smaller errors for the
stability indicators. This is of course not practicable. We have to find a reasonable
integration time with a manageable truncation error. The values of the maximal
relative eccentricity of many initial conditions for different lengths of integration are
compared. The results are shown in figure 34. Four integrations are compared to the
reference value of 105 years. The used mass-ratio for all calculations is MR = 16.
The plots show the difference of the emax value relative to the longest integration
time (105 years). The shortest depicted integration (chart a, T = 10 years) is not
capable of reproducing the border area correctly but already integrations of 100
years show little deviations from the results of the longest integration.
Apart from the inaccuracies at the border slight shades indicating errors in the sta-
ble and unstable areas are found. These deviations are reduced even more when the
integration time is increased to 103 years.
At 104 years the only remaining deviations are single calculations exactly around
the border of the stable and unstable region. A possible quantitative analysis of
the runs can be achieved by forming the average of the absolute deviations across
all parameters - ∆t = 1

N

∑N
i=1 |emax,i,10t − emax,i,105| - a good estimate of the sta-

bility indicator quality. By calculating ∆t for different integration times figure 35
is obtained. The biggest decrease in the cumulative error occurs for the step from
an integration time T = 10 years to T = 100 years. For further increases of the
integration time the error changes only slowly and insignificantly. The standard
integration time chosen - in order to obtain usable results within a reasonable time
- is T = 104 years.
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(a) Initial condition plot for differences at
integration time of T = 101 years

(b) Initial condition plot for differences at
integration time of T = 102 years

(c) Initial condition plot for differences at in-
tegration time of T = 103 years

(d) Initial condition plot for differences at
integration time of T = 104 years

Figure 34: For different integration times distinct values of the stability indicator
are obtained. The real values would be the ones the system assumes for t → ∞,
which is not computable. An estimate for this value of the stability indicator is the
value achieved for long-time integrations. In this case T = 105 years are chosen as
reference. These figures show the difference of emax for different integration times (a:
T = 101 years, b: 102 years, c: 103 years, d: 104 years) to the reference value. The
extremely short integration time of 10 years is not capable of reproducing the border
area correctly. For longer integration times only a few calculation are different from
the 105 years-run.
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Average error of max_e indicator relative to 10^5 years
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Figure 35: The averaged absolute error of the emax stability indicator relative to the
integration time of T = 105 years (∆t = 1

N

∑N
i=1 |emax,i,10t−emax,i,105|) shows a rapid

decline with increased integration time. Almost no further improvement is achieved
by increasing the integration time further from 104 years.

7.2 Grey Area

When recalling figure 14 it was already mentioned that a gap in the values of the
maximal relative eccentricity occurs for values between≈ 0.7−1.0. When conducting
a better resolved investigation of the border region for fixed Trojan masses one
obtains results as seen in figure 36. The angular distance is varied and the emax-
indicator is calculated for each distance. Now not only the gap in the values but also
a spreading out of the border region in clearly accessible. This region is denoted as
”grey area” since no statements about the system’s stability can be made.
A classification between heavily chaotic (from ≈ 3.33◦ up to ≈ 3.365◦) and weakly
chaotic (from ≈ 3.305◦ up to ≈ 3.37◦) behavior is helpful.
It gets even more interesting when conducting high resolution simulations of the
border itself. In figure 37 the border region with a width of 0.4◦ in the angular
separation and a mass-range of 10.0−13.0MMoon for the first Trojan at a mass-ratio
of MR = 16 is displayed. In this two dimensional parameter plot a ”grey area”
is also formed. The border is not at distinct values but is spread over a range of
parameters. Almost a line of stable configurations is observed slightly within the
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unstable region. Nevertheless, it is not of continuous nature. Furthermore it is found
that in the stable region of the initial condition plot unstable stripes occur which
are almost parallel to the actual stability border. These stripes are probably caused
by resonances. We will later identify further structures in the initial condition plot
with similar structures.
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Figure 36: This plot shows the border area of an initial condition plot for a fixed
mass. The mass of each Trojan is 50MMoon. The angular distance is varied around
the region of the border and the system is integrated for T = 104 years. A gap in
the values of the eccentricity is observed. Also, the border is not at a particular
point but is spread out over a larger interval of angular distances.
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Figure 37: The initial condition plot at the border area with a high resolution grid
shows many substructures around the ”grey area” as well as the interior of the
stable region. The border itself shows almost a ”line” of stable configuration in the
unstable area. The blue area contains stripes of unstable configurations which are,
except for a slight curvature, following the general form of the stability border. For
the white region no calculations were conducted.

7.3 Long Term Stability

Long term stability is a highly debated topic in astrodynamics. When habitability
is of concern long, term stability is a crucial criterion for the formation of life on a
planet. The earth has an age of 4.5 · 109 years ([2]) and life is found on earth at
least for the last 3.5 · 109 years ([39]). We can hence assume a necessity of at least
several hundred millions of years in which the conditions of the planet should not
vary much in order to be able to develop life.
One big problem with relatively short simulations is that long term influences like
secular resonances are not considered. It is even more striking when using a prox-
imate stability indicator like emax where we are not able to give any estimates of
the duration of the system’s future stability. It is different when using quantities
like the Lyapunov indicator: the inverse of the Lyapunov indicator is the so-called
Lyapunov time and it describes for how long the system is predictable in its be-
havior. This gives us a clear estimate of the future behavior. Since only proximate
stability indicators are used also long term simulations of single configurations as
substitution are conducted.
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We choose an integration time of 108 years for the Trojan twin system with a total
mass of Mtot = 0.62MEarth ,MR = 1 and dm = 6◦. The results of the integration
can be seen in figure 38. The figure shows the time evolution of the Trojan twins
distances to the Jupiter as well as the eccentricities of the Trojans. It is clearly
visible that the amplitude of the eccentricity oscillation is decreasing over the inte-
gration time for both Trojans. This indicates that initially the system was not in a
relaxed state and chosen parameters are not the ones with the highest stability. The
ideal value for the angular separation would be dm = 5.2◦. The maximal relative
eccentricity over the integration time is emax = 0.133.

Figure 38: The long term evolution of the Trojan twin planets. The chosen param-
eters of the simulation are a total mass of 0.62MEarth at an angular separation of
dm = 6◦ and MR = 1. The integration time of the system is 108 years. The plot
shows the distances of the individual Trojans to the gas-giant (violet and turquoise)
as well as the eccentricities of the Trojans (light blue and yellow). The system is
stable over the whole integration time. Interestingly, even a decrease of the Trojans
eccentricity is observed.

The conclusion is that long term stability for Trojan twins is indeed expectable.
Unfortunately, it is not possible to conduct long time integrations over a parameter
grid due to the high computation time needed but individual simulations support
the existence long term stable configurations.

58



7.4 The Valley of Stability

All dm-Mtot initial condition plots have a feature of great interest. A clearly visible
minimum of the stability indicator can be observed (compare figure 15 c). One is
inclined to plot these minima and compare their position for different mass-ratios.
To make the mass values on the x-axis comparable the total mass of the two Trojans
is chosen as parameter. The maximal total mass is 200MMoon which corresponds to
≈ 2.5MEarth. The total mass is then splitted between the twins according to the
mass-ratio. The results of the fits are shown in figure 39.
The first observation is that the general form and position of the minima is approx-
imately the same, independent of the mass-ratio. Upon closer inspection there is a
slight variation of the positions of the minima depending on the mass-ratio. This
effect is getting more important for higher total masses.
Mass-ratios smaller than one (MR < 1) tend to be more stable for higher values of
angular separation than configurations with mass-ratios grater than one (MR > 1).
For the sake of visibility only five mass-ratios are depicted, but the trend still ap-
plies to the omitted mass-ratios. Keep in mind that the angular distance of the
individual Trojans to L4 is determined by the mass-ratio MR = M1

M2
and the total

angular separation dm. The initial position of the Trojans is barycentrical. In order
to calculate the position of the Trojans barycentrically, equation 81 is applied. l1
and l2 are the absolute angular separations of the Trojans from L4 respectively.

M1l1 = M2l2 (81)

We can use dm = l1 + l2 and equation 81 to express the angular distance of
the first Trojan to the Lagrangian point L4 and obtain equation 82 as well as the
angular separation of the second Trojan (equation 83).

l1 =
dm

(MR + 1)
(82)

l2 = dm− l1 (83)

The barycentrical positioning of the Trojans is conducted in order to increase
the similarity of the Trojan twin planets to the restricted three-body problem. The
general idea is that the barycenter positioned in the Lagrangian point increases the
overall stability of the system.
The visualization of the barycentric positioning (40) for MR = 1 : 10 and MR = 10
shows the big impact on the positions especially for extremely small and large mass-
ratios. It is easily understandable why different mass-ratios are expected to have
different stable parameter combinations. The most important parameter is the
angular separation dm. When recalling the structure of the equipotential lines in
figure 1, their tadpole-like structure around the triangular Lagrangian points can be
seen. The head is pointed towards the gas-giant and the tail is pointing away from
the giant-planet. The tail is much more elongated compared to the head. Having
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this picture in mind it is understandable that configurations where the Trojan planet
with the higher absolute angular distance from L4 is also farther away from the gas-
giant are the ones stable for larger angular distances dm. The opposite is true
for configurations where the bigger angular separation from L4 is maintained by
the planet closer to the gas-giant. It is expected that the stable total angular
separation, preferred in terms of stability, is of smaller magnitude. The first is the
case for mass-ratios smaller than one (MR = M1

M2
< 1) where the body of the larger

angular separation is Trojan 1. We expect the valley of stability at higher values
of angular separation. This is indeed the case as seen in figure 39. The opposite is
true for MR > 1. We expect smaller angular separations to be stable.

Figure 39: The positions of the valley of stability are obtained by finding the minima
of the maximal relative eccentricities in the initial condition plot for each value of
the Trojans total mass. For different mass-ratios the position of the minima is
shifted. A general trend is that the valley of stability for mass-ratios smaller one
(MR > 1) lies at higher values of angular separation than for mass-ratios greater
one (MR > 1).
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(a) MR > 1 (b) MR < 1

Figure 40: The barycentric positioning of the Trojan twin planets leads to asymmet-
ric configurations of the system for mass-ratios smaller one and mass-ratios greater
one even if the total mass of the objects is the same. In the case of MR < 1 the first
Trojan is lighter than the second one. Hence the position of the second Trojan is
closer to the Lagrangian point L4 than the position of the first Trojan. The opposite
is the case for inverted mass-ratios. This asymmetry in the positions of the Trojans
has a moderate but not neglectable impact on the stability of the Trojan system
and the position of the stable region in the initial condition plot.

As the similarities of the position of the minima in the initial condition plot for
different mass-ratios are striking it seems like the general trend can be explained
by expressing dm as function of Mtot. Figure 41 shows fits applied to the ”valley
of stability” for MR = 1. One finds that the position of the minimum in terms of
angular separation is proportional to the third root of the total mass of both Trojans
(see equation 84).
As discussed before there is a slight deviation from of the position of the minimum
depending on the mass-ratio. This could be considered when instead of using a
mono-parametric fit also the mass-ratio as second parameter of the fit is included.

dm(◦) = 1.477Mtot(MMoon)1/3 (84)
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log-log-plot Valley of Stability MR=1

lo
g

(d
m

)

−0.5

0

0.5

1

1.5

2

2.5

 

−0.5

0

0.5

1

1.5

2

2.5

log(M_tot)
−2 −1 0 1 2 3 4 5 6

−2 −1 0 1 2 3 4 5 6

data
Linear Fit

Slope = 0.3194 +/- 0.0015
y-Intercept = 0.4546 +/-0.0068
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Figure 41: These plots show fits for the valley of stability at a mass-ratio MR = 1.
The first plot depicts the minimum of the initial condition plot with log(Mtot) on
the x-axis and log(dm) on the y-axis. A linear fit is applied to the data. The fit is
plotted again with the data in figure b and with linear scaling including a second fit
∝M

1/3
tot .
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7.5 High Mass Twins

In the theoretical part it was already discussed what the mass limit for Trojan
objects is. We found that the general limit for the Trojan twin planets is given by
equation 85 where M1 denotes the mass of the star, M2 the mass of the gas-giant
and M3, M4 the masses of the Trojans.

M2 +M3 +M4

M1

<
1

27
(85)

Figure 42: This initial condition plot show that the behavior observed for small
masses (≈MEarth) is still obtained for extreme masses of up to 105MMoon, especially
concerning the form of the valley of stability. In the small mass regime an increasing
mass of the Trojans corresponds with a broader stable angular separation range.
This changes at about ≈ 23000MMoon (0.89MJupiter) where the stable region is
becoming thinner with increased mass of the Trojans.

Figure 42 shows the initial condition plot up to masses of 105MMoon which cor-
responds to a total Trojan mass of 3.87MJupiter. Astonishingly, for masses this high
stable configurations are found. Nevertheless, the parameter range is drastically
reduced and the thickness of the stability zone is only several degrees in angular
separation. At extreme masses it is not expected that the configurations are long
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term stable. Simulations show that it is hard to achieve stability for longer than
some ten thousand years for Mtot = 105MMoon. It is worth to mention that the form
of the valley of stability does not even change for high masses. The main difference
to the low mass initial condition plot is that for a lower mass-regime with increasing
masses the range of the stable parameters increases. This is only true for masses up
to ≈ 23000MMoon (0.89MJupiter). For higher masses of the Trojans the stable zone
again narrows down to only some degrees. It is improbable that configurations like
these where three Jupiter-like planets share the same orbit will ever be observed. It
is more of a pure theoretical task to identify the limits for the Trojan twin planets.
A work analyzing the stability of similar configurations is [12]. Figure 43 shows
three different configurations with bodies of same mass from which only the left one
is stable. In figure 42 the stable configuration where all bodies have the same mass
is found for dm ≈ 40◦. This corresponds at MR = 1 to Θ1 = Θ2 = 40◦ (Θ1 and Θ2

are the two angles between the three bodies on a circular orbit) not far away from
Θ1 = Θ2 = 47.36◦ found in [12].
For a single Trojan a possible candidate of a Trojan planet was discovered in a Ke-
pler data release. The planets KOI-730.02 and KOI-73.03 were originally thought
to be in a 1:1 MMR ([7]). Further investigations showed that it is not probable and
another interesting configuration of a system completely in MMR was suggested
([32]). The radii of the planets are 3.4REarth and 4.6REarth respectively, which is
in the domain of Uranus and Neptune ([32]). It is in that observers in astronomy
are already considering Trojan planets as a valid interpretation of data even in the
mass regime of Uranus.

Figure 43: This figure from [12] shows three different co-orbital configurations for
bodies of the same mass. Nevertheless, only the left configuration gives stable solu-
tions.

7.6 Change of the Semi-Major Axis of Gas-Giant

We have until now not considered changes of the semi-major axis of the planet. This
could occur during events like migrations, close encounters or collisions, where the
orbital parameters are changed drastically. In order to quantify the tolerance of the
Trojan twin planets to changes of the semi-major axis the gas-giant for this section
is not positioned on the same orbit as the Trojans. These changes are of course not
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major ones and in the magnitude of hundredths of an astronomical unit.
Figure 44 shows the stability behavior for three different mass-ratios. In all cases for
changes of approximately ±0.02AU stable configurations are observed. The width
of possible angular distances on the other hand narrows down by increased ∆a.
Figure 44 a depicts the initial condition plot for a mass-ratio MR = 1. The shape of
the stable area is almost symmetrical in both x and y-axis. This changes for different
mass-ratios. The initial condition plot’s stable area forMR = 16 is extended towards
small angular distances and opposite to MR = 1/16.

(a) Initial condition plot with emax, mass-
ratio MR = 1

(b) Initial condition plot with emax, mass-
ratio MR = 16

(c) Initial condition plot with emax, mass-
ratio MR = 1 : 16

Figure 44: The robustness of the Trojan twin planets is tested by changing the
initial semi-major axis of the gas-giant. These diagrams show the initial condition
plot where the angular distance dm is plotted against the semi-major axis a. The
maximum change in the semi-major axis to still obtain a stable system is about
±0.02AU . Nevertheless, also the region of stable angular distances is reduced.

We want to have a closer look at the initial condition plot for the mass-ratio
MR = 1 to identify possible substructures in the plot. Figure 45 has a higher
resolution in the parameters (total of 40000 simulations). It is possible to find tail-
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like structures for higher values of the angular distance. For small values of the
angular distance these substructures are not found.
It is an interesting question if these structures are a phenomenon only observed for
the Trojan twin planets or if these tails are also visible in the restricted three-body
problem. Of course In the r3bp there is no angular separation parameter but a
comparable one is the bodies initial position around the Lagrangian point. Similar
results are expected for high values of the angular separation and high displacements
from the Lagrangian point L4. The comparison of two such plots (figure 46) indeed
show similarities. In the case of the r3bp the tails are so-called escape orbits where
the Trojan can be ejected from the system.

Figure 45: This figure shows a higher resolved initial condition plot with aJupiter on
its y-axis for the mass-ratio MR = 1. Substructures not found in the prior figures
with lower resolution (fig. 44) are now visible.
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(a) Initial condition plot emax, mass-ratio
MR = 1

(b) Trajectories of r3bp for µ = 0.001 for differ-
ent initial values

Figure 46: Comparison of a high resolution initial condition plot with ajupiter on the
y-axis with a plot showing the stable trajectories for the restricted r3bp. The tails
observed are escape orbits where the Trojans are ejected. Source of the figure on
the right-hand side is unpublished work of Akos Bazso.

7.7 Change of the Gas-Giants Eccentricity

When considering real planetary systems the eccentricity of the gas-giant cannot be
longer neglected. For an exoplanet with M = 1.0±0.1MJupiter the mean eccentricity
of all found exoplanets is 0.09± 0.14 (N = 67, data form exoplanet.eu/catalog).
We conclude that relatively high eccentricities are common in exoplanetary systems.
This section discusses the impact of eccentricity of the gas-giant on the stability of
the Trojan twin planets. In the following simulations the eccentricity of the gas-giant
is changed whereas the eccentricity of the Trojans remains at zero. Furthermore,
as second parameter the angular separation of the Trojans is changed. The results
are plotted in figure 47 where the color code represents the emax stability indicator.
The total mass is Mtot = 2MEarth for all three mass-ratios.

� MR = 1:One finds that for MR = 1 an increased eccentricity narrows down
the stable area in the initial condition plot. The maximal possible eccentricity
for the giant planet to maintain stable Trojan twins is approximately 0.17. The
structure seems to be symmetrical except from an arm-like structure splitting
away from dm = 9◦ on towards higher values of angular separation. For e = 0
the lowest value of the stability indicator is found at dm = 8.0◦.

� MR = 16: When increasing the mass-ratio to MR = 16 the initial condition
plot becomes more asymmetrical. The stability border for high eccentricities is
now shifted towards smaller values of angular separation. The highest possible
value of the gas-giant’s eccentricity is increased from e = 0.17 for MR = 1 to
e = 0.23. The lowest value of the stability indicator for e = 0 is attained at
dm = 7.7◦.
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� MR = 1 : 16: On the other hand, the initial condition plot for MR = 1 : 16
does not seem different from the one of MR = 1. The main differences are
the missing arm-like structure and a more washed out stability border. The
lowest value of the stability indicator for e = 0 is attained at dm = 8.5◦.

(a) Initial condition plot with emax-
indicator, mass-ratio MR = 1

(b) Initial condition plot with emax-
indicator, mass-ratio MR = 16

(c) Initial condition plot with emax-
indicator, mass-ratio MR = 1 : 16

Figure 47: The initial condition plot with the angular separation of the Trojan
twin planets on the x-axis, the eccentricity of the gas-giant on the y-axis and the
emax stability indicator as color code. The total mass of both Trojans in all three
plots is Mtot = 2MEarth and the mass of the gas-giant is 1MJupiter. The presented
calculations are for MR = 1, MR = 16 and MR = 1 : 16 respectively.

In order to obtain better results simulations with higher resolutions are needed.
This is especially true for the substructure already observed in figure 47 a. Almost
certainly, further interesting structures would be visible when reducing the step-
size of the parameter grid. Another problem can be the short integration time of
1000 years which effects the results especially at the regions of the stability border.

68



Shorter integration times generally lead to overestimations of the stable area. Nev-
ertheless, the prior analysis of the integration time truncation error (see figure 35)
showed that the results are already reliable at the chosen integration time.

7.8 Additional Gas-Giant

It is uncommon for planets to occur as lone wolves. It is therefore of great interest
to consider further planets in the Trojan twin planetary system. The biggest effect
on the stability of planetary orbits have high mass planets. Hence an additional
gas-giant with a mass of 1MJupiter is placed in the system as perturbing body. The
goal is to study the effect of orbital resonances as well as non-resonant effects of
close orbits on the stability of the Trojan twin planets.
Each of the Trojan twins has a mass of 1MEarth and the host planets a mass of
1MJupiter. The initial angular distance of the Trojan twin planets is 8◦, which cor-
responds to the most stable configuration (compare figure 39) for a total mass of
Mtot = 2MEarth = 182MMoon. The twins have a semi-major axis of 1AU . We
calculate the maximal relative eccentricity as stability indicator for different initial
positions of the second gas-giant. The simulation time is 1000 years for three differ-
ent initial values of the perturbing giant’s eccentricity.
The results can be seen in figure 48. In general it is concluded that higher eccentric-
ities of the perturbing giant tend to destabilize the Trojan twin planets more. Only
semi-major axis values a > 1.7AU can create stable environments for the Trojan
planets at eccentricities of 0.1. Decreasing the eccentricity to 0.05 allows stable con-
figurations down to a = 1.5AU and values of 0.01 even down to 1.4AU . A general
increase of the maximal relative eccentricity is observed the closer the orbits of the
two giants get.
The second factor having an impact on the stability of the system is mean motion
resonance. The most important resonances are marked by a straight line and with
the corresponding ratios in figure 48. Especially in a 1 : 2 resonance the disruption
effects on the system’s stability are devastating. Another observation is that the
width of the peaks is getting larger for higher eccentricities. The implication of
these findings are especially interesting when considering habitability. A limit on
the compactness of an exoplanetary system when Trojan twin planets are inhabited
is found. The effect of minor planets is not examined since the biggest influence on
the system is exhibited by a heavy gas-giant.

69



Figure 48: This plot represents the maximal relative eccentricity of the Trojan twin
planets each with a mass of 1MEarth and in the Lagrangian point L4 of a Jupiter at
1AU where a second gas-giant with a mass of 1MJupiter is added to the system. The
initial angular distance of the Trojans is fixed to 8◦. Furthermore, the simulations are
conducted for three different initial eccentricities of the second gas-giant. Two effects
on the stability of the Trojan planets are observed: The first one is a general increase
of emax for closer initial positions of the second gas-giant. The is effect is enhanced
for higher eccentricities of the perturbing Jovian planet. Secondly, mean motion
resonances are causing instabilities in the system. Also, here a higher eccentricity of
the second giant leads to larger disruptions with more extended influenced regions
around the resonances.

7.9 Fractal Structures

In this section further investigations on interesting substructures of initial condition
plots are presented. It mostly consist of the interpretation of high resolution initial
condition plots with smaller parameter ranges. For a mass-ratio of MR = 16 a
prominent feature is a spike-like structure of stable configurations for low angular
separations depicted in figure 49.

70



Figure 49: The initial condition plot for MR = 16 shows characteristic substructures
in form of spikes. For the white region no calculations were conducted.

Figure 50: Better resolved simulations show that on the spike-like structure from
figure 49 further similar substructures are found, which indicates a fractal behavior.
For the white region no calculations were conducted.
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Figure 51: Interesting parameter range for the initial condition plot for MR = 1/16.
The structures at mass-ratios smaller than one have different shapes from the ones
for MR > 1. The spikes change to wing-like structures instead. For the white region
no calculations were conducted.

Increasing the resolution (figure 50) of the simulation grid reveals that the spike-
like structure itself consists of structures of similar form. It seems that these are
of fractal nature. A fractal is defined as a structure which has the same form
independent of the scale. This means that continuous zooming reveals the same
pattern again and again. Probably, the cause of the substructures is the same one
as for the tails observed in the initial condition plot for changes of the semi-major
axis of the gas-giant in figure 45. Here the angular separation is plotted on the
y-axis and a is fixed. The parameter varied is the mass which was prior fixed. A
phenomenon which cannot be observed in the r3bp is the change of the patterns in
the initial condition plot for different mass-ratios, simply because the bodies have
no mass. The form of the fractal structures observed is depending on the mass-ratio
(spikes and wings). Further investigations are needed to pin down the reason for
the phenomenon.
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8 Conclusion

8.1 Lyapunov Indicator

It has been shown that the Hamiltonian-approach is the better way to calculate the
Lyapunov indicator for a n-body system. The Hamiltonian-approach was applied
first on the Henon-Heiles system. It was possible to identify chaotic orbits and
stable orbits by analyzing the histogram of the local Lyapunov indicators, as well as
analyzing the time evolution of the Lyapunov indicator. The mapping-approach is
not an optimal option for the Lie-series integrator due to the complicated recursive
formulation of the Jacobian. Nevertheless, the mapping-approach was applied to
the standard-map where it was possible to differentiate stable from unstable initial
conditions. The developed Hamiltonian-approach was then successfully applied to
the Trojan twin planets.
The calculation of the Lyapunov indicator has the drawback that the print interval
of the n-body simulation has to be in the order of days. This produces large files
and takes up a lot of computation time. For the calculation of the initial condition
plots instead of the Lyapunov indicator the maximum relative eccentricity was used
as stability indicator. This was done due to the smaller necessary output interval
which speeds up the calculation of the maps by a factor of about 30. Nevertheless,
it is the Lyapunov indicator which provides a more profound way of identifying
stability. Additionally, it enables predictions - via the Lyapunov time - on the
system’s stability after the actual simulation itself.

8.2 Trojan Twin Planets

Intensive studies on the Trojan twin planets’ stability led to numerous interesting
results. The initial condition plots show an area where small changes of the initial
parameters are causing big differences in terms of stability. This parameter range
is denoted ”grey area” since the outcome of a simulation is uncertain. Especially
around the stability border, chaotic behavior of the dynamical system is observed
consistently. An important result is that the Trojan twin planets can be stable for
at least á hundred million years which is especially interesting since the long term
stability is a premise for habitability. These simulations were conducted with two
identical planets, each having a mass of 1MEarth and a semi-major axis of a = 1AU
with a host star of one solar mass.
The system’s stability strongly depends on initial position and the masses of the twin
planets. In the initial condition plot a minimum of the stability indicator, called
”valley of stability”, is observed. It was found that the ideal angular separation is
a function of the total mass of the Trojans. The relation found is dm ∝M

1/3
tot . The

relation holds, even up to extreme masses of the Trojans. Configurations of identical
Trojans with masses of several Jupiters can be stable for more than 2 · 104 years.
Of course the aforementioned is more a theoretical exercise since the occurrence of
such systems is highly unlikely. Nevertheless, the findings are consistent with [12]
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where stable configurations of three massive planets sharing one orbit are predicted
as well.
The influence of sudden alterations of the gas-giants semi-major axis was tested
with an initial condition plot where dm is denoted on the x-axis and a is denoted
on the y-axis. It was found that changes of up to 0.02AU can still yield stable
Trojans. Additionally, structures related to escape orbits in the r3bp were found.
The influence of changes of the gas-giants eccentricity were examined showing that
eccentricities of up to e = 0.2 can lead to stable configurations.
Furthermore, the influence of an additional gas-giant in the outer region of the Tro-
jan twin planets was investigated. It was shown that the main destabilizing effects
are mean motion resonances. These are manifested by increased values of the sta-
bility indicator. Finally, high resolution simulations display many substructures in
the system. These structures appear to be of fractal nature.
The conclusion is that a broad parameter range is capable of maintaining the struc-
tural integrity of Trojan twin planets. Some configurations are stable for more than
a hundred thousand years. This broad parameter range implies that we can expect
systems like the Trojan twin planets to be found in extra-solar planetary systems.
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Abstract

Ziele: Die vorliegende Arbeit hat die Analyse eines speziellen astrody-
namischen Systems zum Ziel, die des Trojanischen Doppelplaneten. In diesem
System sind zwei terrestrische Planeten im Lagrangepunkt L4 eines Gasriesen
zu finden. Die wichtigsten Parameter dabei sind der Winkelabstand der Tro-
janer dm, die Gesamtmasse der beiden Trojaner Mtot = M1 +M2, sowie das
Massenverhältnis MR = M1

M2
. Um Untersuchungen der Stabilität des Sys-

tems durchzuführen, werden verschiedene Stabilitätsindikatoren eingeführt.
Dadurch ist ein Sekundärziel der Masterarbeit definiert, die Entwicklung eines
Codes zur Berechnung des Lyapunov-Exponenten für ein N-Körpersystem.
Methoden: Die Stabilitätsanalysen der Doppeltrojaner werden hauptsächlich
durch Simulationen mittels eines Lie-Reihen N-Körper-Integrators durchgeführt.
Dies beinhaltet Untersuchungen einzelner Trajektorien sowie die Berechnung
von Stabilitätskarten, auch als Initial-Condition-Plots bezeichnet. Die Unter-
suchung des Lyapunov-Indikators ist zu einem großen Teil von theoretischer
Natur. Dabei werden zwei verschiedene Methoden zur Berechnung erörtert.
Die erste Methode baut auf der expliziten Form des N-Körperintegrators, in
diesem Fall dem Lie-Reihen-Integrator, auf, während die zweite Methode un-
abhängig vom N-Körperintegrator ist.
Ergebnisse: Es wurde gezeigt, dass die Trojanischen Doppelplaneten einen
erstaunlich großen stabilen Parameterbereich aufweisen. Ein Trojanerzwill-
ingssystem, mit jeweils einer Erdmasse im Lagrangepunkt L4 eines Jupiters
mit a = 1AU , kann für zumindest hundert Millionen Jahre stabil bleiben.
Desweiteren wurde ein Zusammenhang zwischen dem stabilen Winkelabstand

der Trojaner und ihrer Gesamtmasse gefunden (dm ∝ M
1/3
tot ). Eine moder-

ate Abweichung von dieser Beziehung wird durch ein sich änderndes Massen-
verhältnis (MR) der Doppeltrojaner erklärt.
Das System bleibt selbst für extreme Konfigurationen, bei welchen die Gesamt-
masse der Trojaner im mehrfachen Jupiterbereich liegt, für längere Zeit sta-
bil. Im Speziellen weisen einige Simulationen von Doppeltrojanern mit einer
Gesamtmasse von ca. 4MJupiter Stabilitätszeiten von mehr als 2 · 104 Jahre
auf. Dies entspricht bei 1AU ebensovielen Umläufen der Planeten.
Da Exoplanetensysteme oftmals mehr als einen Gasriesen aufweisen, wurde
das System auf Einflüsse eines weiteren Gasriesen überprüft. Es zeigt sich,
dass hier vor allem Bahnresonanzen destabilisierend wirken. Bei einer Masse
von 1MJupiter sind jedoch ab einer großen Halbachse von a > 2.5AU des
störenden Gasriesen keine nennenswerten Effekte mehr nachweisbar.
Ferner wurden bei hochaufgelösten Parameterstudien fraktale Strukturen in
den Stabilitätskarten entdeckt. Den größten Einfluss auf die Form der Fraktale
hat das Massenverhältnis MR der Doppeltrojaner. Für MR < 1 entstehen
keilförmige Unterstrukturen, bei MR > 1 handelt es sich um kuppelförmige
Unterstrukturen.
Es konnten mit Erfolg Lyapunov-Exponenten für zwei Arten von Problem-
stellungen, Hamiltonische Systeme und Mappings, berechnet werden. Als
Beispiel-Mapping wurde die Standard-Map herangezogen, für welche dadurch
zwischen chaotischen und stabilen Anfangsbedingungen unterschieden werden
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konnte. Im Falle von Hamiltonischen Systemen war es züsätzlich möglich,
über Histogramme des lokalen Lyapunov-Indikators, Rückschlüsse über die
Stabilität des Systems zu ziehen. Studien des Henon-Heiles-Systems dienten
dabei als Vorbereitung für das komplexere allgemeine N-Körperproblem. Die
erfolgreiche Anwendung auf ein N-Körpersystem wurde anhand der Doppel-
trojaner demonstriert.
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[26] J. Llibre and M. Ollé. The motion of Saturn coorbital satellites in the re-
stricted three-body problem. aap, 378:1087–1099, November 2001. doi:

10.1051/0004-6361:20011274.

[27] P. S. Lykawka, J. Horner, B. W. Jones, and T. Mukai. Origin and dynamical
evolution of neptune trojans - i: Formation and planetary migration. 2009.
arXiv:arXiv:0909.0404, doi:10.1111/j.1365-2966.2009.15243.x.

[28] A. Mainzer, T. Grav, J. Bauer, J. Masiero, R. S. McMillan, R. M. Cutri,
R. Walker, E. Wright, P. Eisenhardt, D. J. Tholen, T. Spahr, R. Jedicke,
L. Denneau, E. DeBaun, D. Elsbury, T. Gautier, S. Gomillion, E. Hand,
W. Mo, J. Watkins, A. Wilkins, G. L. Bryngelson, A. Del Pino Molina,
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