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Preface

The structure of this thesis is as follows: in Part I, we lay down the main theoretical
concepts of importance to this work and provide an overview of the relevant experimental
observations. The focus lies on the field of neutrino physics which motivated an abundance
of theoretical investigations into the generation of lepton masses and mixings.

Part II is the culmination of publications produced in the past three years. Each chapter
shows the publications’ status or journal of publication, followed by a table of contents1 and
the original preprint versions as available online (www.arXiv.org). Firstly, in Chapter 3,
we provide an inspection of well-known on-shell renormalization conditions in theories with
inter-family mixing wherein we developed a simple and non-ad hoc way to derive them.
This served as an introductory study on the interplay of one-loop corrections and mixing.
Chapter 4 is devoted to radiative corrections in a toy model with an arbitrary number of
Majorana or Dirac fermions and real scalars. This model was a simple example used for
the development of a renormalization scheme to be finalized in more realistic models. In
Chapter 5, we apply our findings to the multi-Higgs Standard Model (mHDSM), in order to
carry out a renormalization of the scalar and leptonic sector, eventually arriving at analytic
expressions for one-loop lepton masses. The focus in this chapter lies on the discussion of
gauge-parameter dependencies, tadpole contributions and the renormalization of vacuum
expectation values.

Lastly, in Part III, we summarize the main findings of this thesis and discuss some early
results from an attempt at the numerical evaluation of the general one-loop results of
Chapter 5.

1 The page references in the tables of content in Part II refer to the page numbers in the respective
papers, shown at the bottom of the pages.

v
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Part I

Introduction





CHAPTER 1
Preliminaries

Figure 1.1: Astrophysical tadpoles of the emission nebula IC 410. Source: [1].

Our current understanding of the fundamental interactions and building blocks of nature
at the smallest scales is described by the Standard Model of particle physics (SM). The SM
is a theory based on local gauge-invariance under transformations belonging to the group

GSM = SU(3)C × SU(2)L × U(1)Y , (1.1)

where (S)U(N) stand for (special) unitarity groups of dimension N . The particle content
as well as the interactions between particles are described in terms of a Lagrangian density,
LSM, consisting of all quantum-field theoretic hermitian operators of energy-dimension ≤ 4
that are invariant under said transformations and moreover Lorentz-invariant.

In Eq. (1.1), the subscript C stands for color and describes the force between strongly
interacting fermions, the color-charged quarks. This force is mediated by eight massless
color-charged gluons, corresponding to the 32−1 = 8 generators of the Lie-group SU(3). In
nature, quarks appear as bound states called hadrons with the most prominent examples
being the nuclei of atoms in the matter surrounding us.

The SU(2)L- and U(1)Y -components of Eq. (1.1) describe the electroweak part of the SM,
representing one of the major successes of the SM: the unification of the electromagnetic
and the weak force [2, 3, 4]. Interestingly enough, we find that only left-handed fermions
and right-handed anti-fermions take part in the weak interactions, mediated by the massive
W - and Z-gauge bosons. In the SM, this is described by left- and right-chiral fields
transforming differently under SU(2) which is the origin of the subscript L.1 This was

1Note that the chirality of a field is determined by the action of the chiral projectors γL = (1− γ5)/2
and γR = (1+ γ5)/2 on it while the handedness or helicity is given by the projection of the spin onto the
momentum of a particle.
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also the cause for a complication in the development of the SM: one can not generate the
mass of a fermion Ψ via the naive inclusion of the Lorentz-invariant term −mΨLΨR+H.c.
in LSM because ΨL and ΨR transform differently under SU(2)L. Therefore, mass terms of
this kind spoil gauge-invariance and must not be included in the SM Lagrangian. A similar
argument holds for the mass terms of the gauge bosons. Instead, the generation of mass
is achieved via couplings to a scalar field and the mechanism of spontaneous symmetry
breaking (SSB), to be further explained in Section 1.1.

Finally, the subscript Y in Eq. (1.1) stands for the electroweak hypercharge defined as

Y ≡ 2 (Q− T3) , (1.2)

where Q stands for the electric charge and T3 for the third component of the weak isospin,
which is simply +1/2 for the upper component of a SU(2)-doublet and −1/2 for the lower
one. After SSB, the SU(3)C symmetry remains intact while SU(2)L × U(1)Y is broken
down to a residual U(1)Q invariance, describing the electromagnetic force with the massless
photon as mediator.

The predictive power of the SM in describing or explaining experimental data is un-
paralleled. A well-known example is the anomalous magnetic moment of the electron
ae = (ge − 2)/2. It describes the deviation of the electrons actual magnetic moment ge
from the value 2, as expected from the Dirac equation. In the SM, corrections to the
Dirac-value can nowadays be calculated up to order ten in perturbation theory, result-
ing in an astonishing agreement between the experimentally measured and theoretically
expected values of [5]

ae,exp = 1 159 652 180.73(28)× 10−12, (1.3a)

ae,theory = 1 159 652 182.032(720)× 10−12. (1.3b)

Despite its accomplishments, there are several reasons to believe in physics Beyond the SM
(BSM). The most relevant for this thesis is the large number of freely adjustable values of
theory defining parameters. The SM with three massive neutrinos2 contains 26 of these if
neutrinos are solely of Dirac nature: six quark and six lepton masses, three quark mixing
and three lepton mixing angles, two phases parameterizing CP-violation, two gauge boson
masses, the Higgs mass, one gauge coupling for the strong and one for the electroweak
sector. Moreover, one should include a CP-violating operator built from the SU(3)-gauge
boson field strength tensor in LSM, parameterized by θQCD. This operator is allowed
on gauge symmetry considerations, yet θQCD is experimentally known to be minuscule
if non-zero at all. Therefore, BSM physics is possibly needed to explain the absence of
this term [6]. Lastly, two additional Majorana phase parameters need to be included if
neutrinos are of Majorana nature. Note that the fermion masses and mixings represent
the largest proportion of the set of free parameters.

Another intriguing fact is that the SM contains three families of leptons and quarks.
Concerning the quantum numbers of the corresponding fields, each family represents an
identical copy of the others, the only fundamental difference lying in the values of the
respective masses. Up to this point, neither conclusive experimental evidence for additional
families, nor definite theoretical reasoning for the non-existence of such has been found.

The main motivation for the work carried out in this thesis is the simple question whether
there exist yet to be discovered principles behind the values of these parameters and the

2Note that in the literature, the term SM oftentimes refers to the model only containing massless
left-chiral neutrinos. In our terminology, we refer to the SM as containing three massive neutrinos, which
is due to the convincing experimental evidence of their non-vanishing masses and the straightforward way
of their inclusion in the SM via the addition of right-chiral Dirac neutrinos.
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organization into three families, specifically concerning the lepton masses and mixings.
The discovery of neutrinos carrying non-zero but light masses and the measurement of
the lepton mixing parameters have inspired a variety of mass and mixing models trying to
explain the patterns found. An introduction to this subject in terms of minimal additions
to the SM is given in Section 1.1 and further approaches are shown in Chapter 2. More
specifically, the intent of our work is not to propose yet another model, but rather to
provide tools for studying a larger portion of already proposed ones in terms of perturba-
tive stability, possibly falsifying some current models or resuscitating models which have
otherwise already been discarded.

Throughout this thesis we will work in natural units as is typically done in particle physics.
Effectively this means setting

~ = c = ε0 = 1. (1.4)

The result is that lengths, times and masses all carry the unit of energy to some power,
i.e.

[length] = [time] = [mass]−1 = [energy]−1. (1.5)

For later reference, we derive the energy dimensions of vector boson, fermion and scalar
fields from the action functional S which is dimensionless in natural units. Thus, for the
energy dimension of a Lagrangian L, i.e. all terms therein, it follows for d dimensions

0 = [S] =

[∫
ddx

(2π)d

]
+ [L]

⇒ [L] = d. (1.6)

The dimension of vector boson fields Aµ can be derived via their kinetic terms, viz.

0 = [(∂µA
µ) ∂νA

ν ] = 2 + 2 [Aµ]

⇒ [Aµ] =
d− 2

2
. (1.7)

In the same way, the dimension of scalar fields ϕ and fermions ψ are found to be

[ϕ] =
d− 2

2
, [ψ] =

d− 1

2
. (1.8)

Subsequently, the energy dimension of an operator in L is defined as the sum over the
dimensions of the fields which the operator consists of.

Lastly, we mention that we will make use of the Feynman slash notation as in

/A ≡ γµAµ, (1.9)

and moreover, emphasize that summation over repeated indices is implied, if not mentioned
otherwise.

1.1 Introduction to masses and mixings

In this section we want to discuss the emergence of lepton masses and mixings in terms
of the simplest possible generic SM extensions. For didactic reasons, the mass generation
of the vector bosons is also included. We will use the same notation as in Chapter 5 and
apply it to the case of having a single Higgs doublet, as in the SM.

It is now a firmly established fact that there are at least two non-zero neutrino masses and
a strong inter-family mixing in the lepton sector, but we still lack the knowledge about
the possible Majorana nature of neutrinos. Therefore, Dirac- and Majorana-type mass
generation will be discussed. In the literature, similar versions are sometimes dubbed as
νMSM, as it was introduced in [7, 8].
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1.1.1 Spontaneous symmetry breaking

The masses of the SM fermions and vector bosons can be introduced via the mechanism of
spontaneous symmetry breaking (SSB) or the so called Brout-Englert-Higgs mechanism [9,
10]. This mechanism states that masses of the SM fields can be generated via couplings
of these to a scalar SU(2)-doublet field

φ(x) =

(
ϕ+(x)
ϕ0(x)

)
, (1.10)

whose neutral component3 acquires a non-vanishing vacuum expectation value (VEV)

〈0|φ|0〉 =
1√
2

(
0
v

)
. (1.11)

The VEV represents the global minimum of the scalar potential

V (φ) = µ2φ†φ+ λ
(
φ†φ
)2
, (1.12)

which is included in LSM. Note that the existence of a non-vanishing VEV depends on
the values of µ2 and λ. The usual choice is µ2 < 0 and λ > 0 such that the potential is
bounded from below and the global minimum lies at v2 = −µ2/λ and v ∈ R. The vector
bosons acquire their mass via the scalar kinetic term

Lφ,kin = (Dµφ)†Dµφ, with Dµ = ∂µ + i
g

2
τaW a

µ + i
g′

2
Bµ, (1.13)

where τa are the Pauli matrices. Here, we shift the neutral component

φ0(x)→ (v + h(x)) /
√

2, (1.14)

which can be viewed as an expansion in terms of small field excitations h(x) ∈ R around
the minimum4 and collect the terms quadratic in the vector boson fields in Eq. (1.13), i.e.

LV,mass = −1

2

v2

4

(
W 1
µ W 2

µ W 3
µ Bµ

)



g2 0 0 0
0 g2 0 0
0 0 g2 −gg′
0 0 −gg′ g′2







W 1,µ

W 2,µ

W 3,µ

Bµ


 , (1.15)

giving three distinct mass eigenvalues

mW =
g

2
v, mZ =

√
g2 + g′2

2
v, mγ = 0. (1.16)

These are the masses of the physical W±-bosons, the Z-boson and the photon, which we
can define as linear combinations of the fields in Eq. (1.13), viz.

W±µ ≡
1√
2

(
W 1
µ ∓ iW 2

µ

)
,

(
Zµ
Aµ

)
≡
(

cos θw − sin θw
sin θw cos θw

)(
W 3
µ

Bµ

)
, with tan θw =

g′

g
.

(1.17)

The angle θw is the so called Weinberg angle. In the following, we will use the abbreviations

sw ≡ sin θw and cw ≡ cos θw. (1.18)

3This choice guarantees that the residual U(1)Q-symmetry remains unbroken, meaning that electric
charge is a conserved quantity.

4Note that implicitly, here we have chosen the unitary gauge.
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Note that the vector boson masses only depend on the modulus of v and therefore do
not change in the multi-Higgs Standard Model (mHDSM) of Chapter 5. Comparing the
coupling constants in the weak charged current interactions5 with Fermis effective four-
fermion theory and using Eq. (1.16), we can infer the relation [11]

4GF√
2

=
g2

2m2
W

=
2

v2
. (1.19)

The Fermi constant GF can be measured rather precisely from the muon lifetime and has
a value of [12]

GF = 1.166 378 7(6)× 10−5 GeV−2 ' (292.8 GeV)−2 , (1.20)

which, using Eq. (1.19), gives the well known SM vacuum expectation value

v =
(√

2GF

)−1/2
' 246.2 GeV. (1.21)

We now turn to the masses of the leptons. Contrary to the vector boson, these arise
from so called Yukawa-couplings to φ, which are constructed as follows. One can build
two distinct gauge- and Lorentz-invariant terms of couplings of φ to leptons from the
left-chiral SU(2)-doublets

DL,α =

(
νL,α
eL,α

)
, α = e, µ, τ, (1.22)

and the right-chiral SU(2)-singlets eR,α and νR,α, which read

LY,lep = −eR,α (Γ)αβ φ
†DL,β − νR,α (∆)αβ φ̃

†DL,β + H.c., (1.23)

Here we have used the definition

φ̃ = εφ∗ =

(
(ϕ0)∗

−ϕ−
)
, with ε =

(
0 1
−1 0

)
. (1.24)

The gauge-invariance of the second term in Eq. (1.23) is realized by the fact that

UT εU = det(U)ε for U ∈ C2×2, (1.25)

and the knowledge that in our case U ∈ SU(2) with det(U) = 1. In Eq. (1.23), we have
defined the Yukawa coupling matrices for charged leptons, Γ ∈ C3×3, and neutral leptons,
∆ ∈ CnR×3, where nR is the number of right-chiral neutrinos. This number can differ
from three, depending on the possible Majorana nature of neutrinos and the number of
non-zero neutrino masses. If neutrinos turn out to be of only Dirac type and the lightest
one is massless, which is still allowed by current experimental data (see Section 1.2), then
nR = 2 would suffice.

By inserting Eq. (1.11) in Eq. (1.23), we find the mass matrices of the charged leptons and
neutrinos to be6

Ml ≡
v√
2

Γ, MD ≡
v√
2

∆, (1.26)

which are of the same structure as the Yukawa coupling matrices. The subscript D in
Eq. (1.26) stands for Dirac-type masses. The type of mass generation in Eq. (1.23) could

5See Eq. (1.35).
6In a general multi-Higgs doublet model, the VEVs can be complex and Ml is usually defined in terms

of the complex conjugate of the VEVs.
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be considered as the minimal extension of the SM allowing for an accommodation of
massive neutrinos. This is to be understood in the sense that the masses for neutral
and charged leptons would be generated in complete analogy to the ones of the up- and
down-type quarks, respectively.

Next, we will diagonalize the mass matrices via the introduction of the unitary 3 × 3
matrices WL and WR, as well as ŨL and ŨR which are 3×3 and nR×nR unitary matrices,
respectively.7 The transformations to the mass eigenfields lL/R and χ̃L/R read

eL = WLlL, eR = WRlR, νL = ŨLχ̃L, νR = ŨRχ̃R. (1.27)

The physical masses subsequently result from

W †RMlWL ≡ m̂l = diag(me,mµ,mτ ), (1.28a)

Ũ †RMDŨL ≡ m̂ν =




m1 0 0
0 m2 0
0 0 m3

0 0 0
...

0 0 0






nR − 3

. (1.28b)

The potential Majorana nature of neutrinos allows for two additional types of mass terms,
i.e.

LMaj,νR = −1

2
(νR)cM∗RνR + H.c. =

1

2
νTRC

−1M∗RνR + H.c. (1.29a)

LMaj,νL = −1

2
(νL)cMLνL + H.c. =

1

2
νTLC

−1MLνL + H.c. (1.29b)

Note that the appearance of the complex conjugate of MR in Eq. (1.29a) is purely con-
ventional. The superscript c represents the operation of charge conjugation, i.e.

ψc = C(γ0)Tψ∗. (1.30)

Here, C is the charge conjugation matrix which acts on the Dirac matrices as

C−1γµC = −(γµ)T . (1.31)

Note that C−1γ5C = (γ5)T . Moreover, it fulfills the relation

CT = −C. (1.32)

Additionally, in a basis where γ0 is hermitian and γi=1,2,3 are anti-hermitian, we have

C† = C−1. (1.33)

MR and ML are complex symmetric nR × nR and 3 × 3 matrices, respectively. The
symmetry results from the anti-symmetry of C and the anti-commutativity of the fermion
fields.8

7Note that these definitions slightly differ from the ones in Chapter 5 which we signal by the tilde
notation. The difference is that in Chapter 5, Dirac and Majorana degrees of freedom are combined into
the (nL + nR)-dimensional vector of mass eigenfields χ. Here, we keep left- and right-chiral degrees of
freedom separate for a more direct translation from ŨL to the full lepton mixing matrix.

8The positive sign of the r.h.s. of Eq. (1.29a) appears because (νR)c = (C(γ0)T ν∗R)†γ0 = −νTRC−1.
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With νR being a singlet under GSM, Eq. (1.29a) does not break local gauge-invariance.
Therefore, the standard mechanism of SSB is not necessary in order to generate these
masses. This is in contrast to the term in Eq. (1.29b). The fields νL form part of the
SU(2)L-doublets, and therefore mass terms of this kind will violate gauge-invariance.
Similar to the generation of the SM fermion masses, this can be cured by using the
mechanism of SSB, but only by adding either a scalar gauge singlet or triplet field to
the SM particle content with appropriate Yukawa interactions between these scalars and
the SU(2)L-doublets, as e.g. in [13, 14].9 Both kinds of Majorana mass terms share the
appealing feature that they are decoupled from the Higgs-VEV v, and are therefore not
necessarily expected to have their origin at this energy scale. The consequences thereof
are further explored in Section 2.1.

Lastly, it is worth mentioning that both terms in Eq. (1.29) violate lepton number con-
servation, because they break an accidental global U(1)-symmetry with the total lepton
number L as conserved charge, which would be present without them. As originally pointed
out in [16], this fact could be of relevance in explaining the matter-antimatter asymmetry
of our universe via the mechanism of leptogenesis.

1.1.2 Weak interactions and lepton mixing

The mixing matrices we have introduced in Section 1.1 do not represent physical observ-
ables. Instead, we will see in this section that only a specific combination of ŨL and WL

is experimentally accessible. We will again only discuss the lepton sector, but the same
arguments hold for the quark sector.

The relevant part of LSM for this discussion is the kinetic term of the lepton doublets
DL.10 By inserting the Pauli-matrices τa as well as using Eq. (1.17), this term reads

LD,kin = DL i

(
/∂ + i

g

2
τa /W

a
+ i

g′

2
/B

)
DL (1.34a)

=
(
νL eL

) [
i/∂1− g√

2

(
0 /W

+

/W
−

0

)
+

g

2cw
/Z
(
s2w−c2w 0

0 1

)
+ e /A

(
1 0
0 0

)](νL
eL

)
. (1.34b)

We put the focus on the charged current interaction represented by the second term of
Eq. (1.34b)—the only instance where upper and lower components of the lepton doublets
are joined. By inserting the mass-basis transformation of Eq. (1.27), we arrive at the
charged current Lagrangian in terms of mass eigenfields

Lcc = − g√
2

[
W+
µ χ̃L

(
Ũ †LWL

)
γµlL +W−µ lLγ

µ
(
W †LŨL

)
χ̃L

]
. (1.35)

The charged current interactions represent the only instances where mixing matrices can
neither be absorbed by virtue of a redefinition of other SM parameters nor do they cancel,
because WL and ŨL are in general not related. Therefore, the mixing generated by the
combination

UPMNS ≡W †LŨL (1.36)

is physically observable in processes involving charged current interactions. The matrix in
Eq. (1.36) is usually called Pontecorvo-Maki-Nakagawa-Sakata mixing matrix. A popular

9Note that neutrino masses can also be induced via the effective dimension five Weinberg operator [15].
However, we chose to put the focus of this thesis on renormalizable theories of neutrino masses and mixings.

10Note that DL as well as the other lepton fields are vectors in flavor space. We suppress the flavor
indices for readability at this point and choose the kinetic terms flavor-diagonal.
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parametrization is [12]

UPMNS =




c12c13 s12c13 s13 e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13




× diag(1, e−iα1 , e−iα2), (1.37)

where cij = cos θij , sij = sin θij . This parametrization is the combination of three rotations
about the Euler angles θ12, θ13 and θ23. Moreover, the CP-violating phases δ and the
Majorana phases α1 and α2 are included. The latter two phases can not be absorbed
by redefinitions of the fields should a Majorana mass term of the kind Eq. (1.29b) exist,
because it would not be invariant under transformations of the kind

νL → diag
(
1, e−iα1 , e−iα2

)
νL (1.38)

Therefore, we see that the number of relevant parameters in lepton mixing is four if
neutrinos are of Dirac-only type and six if they are of Majorana nature. The quark mixing
matrix VCKM, called Cabibbo-Kobayashi-Maskawa matrix, is fundamentally of the same
nature as UPMNS with the only differences lying in the pure Dirac nature of quarks and
therefore non-existent Majorana phases. Other than that, both only differ by the fact that
they turn out to show rather dissimilar structures which is shown and further discussed
in Section 1.2.

Two equivalently valid viewpoints of the nature of mixing in charged-current interactions
can be defined. One can either think of absorbing the mixing in the coupling of the inter-
action, consequently generating transitions between mass-eigenfields of different families.
The other option is to redefine the neutrino fields as

ν̃L = UPMNS χ̃L, (1.39)

and view the interaction as if it was taking place between the mass eigenfields of the
charged leptons and the interaction eigenfields ν̃L, a linear combination of the neutrino
mass eigenfields. Note that these are not to be confused with the states νL, as originally
introduced in Eq. (1.23). The first viewpoint represents an equal treatment of upper and
lower components of an SU(2)L-doublet and is commonly used in the quark sector. The
latter one has evolved as the more common point of view for the leptonic sector. This is
owing to the fact that in the lepton sector, flavor-changing interactions are typically viewed
as a result of neutrino oscillations (see Section 1.1.4). Due to these different treatments,
we would like to stress the point that both, lepton and quark mixing, follow the same
fundamental principles.

The interpretation of flavor-changing charged interactions of the quarks as quark oscilla-
tions is not the most helpful, for which at least two reasons can be named. The first is
that quarks do not propagate freely over long distances because they take part in strong
interactions and are therefore subject to confinement. The second is that the quark mass
spectrum shows a much stronger hierarchy, meaning larger mass squared differences be-
tween the quarks of different flavors than in the lepton sector. This leads to very short
oscillation lengths which will hardly be accessible in experiments. Nevertheless, the phe-
nomenon of meson oscillations, e.g. loop-induced oscillations between K0 and K0, play
an important role in the determination some of the VCKM-elements [12].

1.1.3 Soft symmetry breaking

For later reference, we will give a concise introduction of the notion soft symmetry breaking.
It is a well-known method widely used e.g. in the Minimal Supersymmetric Model or



1.1 Introduction to masses and mixings 11

the Two-Higgs-Doublet Model and moreover in some of the SM extensions that we will
describe in Chapter 2. Heuristically speaking, this term reflects the idea that symmetries
of a Lagrangian can be broken explicitly but only show the breaking at comparably low
energies. In other words, a softly broken symmetry might be restored in processes at
very high energies. This is achieved by introducing symmetry breaking operators solely of
energy dimension dsoft < 4.

A major benefit of the soft symmetry breaking approach is that a theory remains renor-
malizable without the inclusion of symmetry breaking operators with energy dimension
d > dsoft. If, for instance, an explicitly symmetry breaking operator of dimension d = 2
is introduced, it suffices for the renormalizability of the theory to include solely all other
symmetry breaking operators of dimension d ≤ 2. A heuristic argument for this fact
can be given along the lines of Ref. [17]. For a coupling with positive mass dimension,
as introduced via soft symmetry breaking, only a finite number of superficially divergent
Feynman diagrams is introduced. All these can be made finite by solely introducing a
counterterm to the coupling responsible for said divergencies. In a theory containing
only couplings of positive mass dimensions, this behavior is usually described in terms of
super-renormalizability [18].

In fact, we will see this very behavior explicitly in Chapter 4 and 5. The counterterms
of d = 0, the scalar quartic and the Yukawa couplings, do not contain any divergencies
proportional to the couplings of d > 0 in both models. Therefore, they need not be altered
when introducing a symmetry breaking via the couplings of dimension d > 0. In other
words, via the soft breaking no divergencies come about that need to be absorbed in the
counterterms of the dimensionless couplings. The opposite is true if a symmetry is broken
via the dimensionless couplings, e.g. the scalar quartic couplings. These enter the result
for the counterterms of the scalar bilinear couplings (see e.g. Eq. (77) of Chapter 5) which
are therefore also altered via the symmetry breaking.

An instructive example is given by the general Two-Higgs-Doublet Model discussion of
Ref. [19]. Here, the general version of the scalar potential contains the terms

−m2
12 φ

†
1φ2 + λ6

(
φ†1φ1

)(
φ†1φ2

)
+ H.c., (1.40)

In order to avoid flavor-changing neutral interactions at tree-level, the discrete symmetry
φ1 → −φ1 can be introduced which would provoke m2

12 = 0 as well as λ6 = 0. If we
now choose m2

12 6= 0, the mechanism of soft symmetry breaking tells us that despite the
explicit breaking, neither λ6 nor the corresponding counterterm need to be reintroduced
for a consistent and renormalizable theory. The reason for introducing the breaking in
this case is the wish to generate finite flavor-changing neutral interactions [19].

1.1.4 Neutrino oscillations

In this section, we want to briefly introduce the standard theoretical approach to the
phenomenon of neutrino oscillations along the lines of Ref. [20]. For our purposes, it will
be sufficient to consider a simple plane wave approach for freely propagating neutrinos in
vacuum. In other treatments, more realistic wave-packet descriptions for the propagation
are used as in Ref. [21] and references therein. In principle, even a full quantum field
theoretical description where neutrino production, propagation and detection are discussed
in detail in terms of charged-current interactions of Section 1.1.2 can be carried out, but it
eventually leads to very similar conclusions as the simple quantum mechanical approach
[22]. Lastly, matter effects play an important role, but go beyond the scope of this thesis.
A well-known example is the neutrino conversion in the sun, called Mikheev-Smirnov-
Wolfenstein- or MSW-effect [23, 24].
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For brevity, we drop the subscript of UPMNS in this section and denote it simply by U .

In the simplest case of a 3×3 unitary mixing matrix U , the neutrino interaction eigenstates
are given by

|ν̃α〉 =

3∑

j=1

U∗αj |χ̃j〉, (1.41)

where |χ̃j〉 are the mass eigenstates fulfilling the orthogonality relation

〈χ̃j |χ̃k〉 = δjk. (1.42)

Note that the complex conjugate of U appears in Eq. (1.41). This is because a Dirac field
ψ(x) has the Fourier decomposition

ψ(x) =
∑

s

∫
d3p√

2Ep(2π)3

[
u(p, s) e−ix·p b(p, s) + v(p, s) eix·pd†(p, s)

]
, (1.43)

where b(p, s) is the annihilation operator for a particle state of momentum p and spin s
and d†(p, s) the creation operator for the corresponding anti-particle state. Therefore, in
order to create a neutrino state |χ̃〉, we let χ̃†(x) act on the vacuum |0〉 and use Eq. (1.39)
to get Eq. (1.41).

We define |ν̃α, x = 0〉 = |ν̃α〉 and set pj = pj êx. Letting time evolution act on the mass
eigenstates, we get

|ν̃α, x, t〉 =
3∑

j=1

U∗αje
−i(Et−pjx)|χ̃j〉. (1.44)

Experimentally, we know that detectable neutrinos are relativistic, therefore E � mj

holds and we can expand the neutrino momentum as

pj =
√
E2 −m2

j ' E −
m2
j

2E
. (1.45)

Eventually, using Eq. (1.44) and Eq. (1.45), we arrive at the standard formula for the
probability of a conversion from |ν̃α, x = 0〉 to a state ν̃β after the travel distance x = L,
i.e.

Pν̃α→ν̃β (L/E) =

∣∣∣∣∣∣

3∑

j=1

UβjU
∗
αje
−im2

j
L
2E

∣∣∣∣∣∣

2

. (1.46)

The following properties hold for Eq. (1.46):

1. From Eq. (1.41) it is apparent that oscillation probabilities for anti-neutrinos are
achieved by the replacement U∗ → U .

2. Pν̃α→ν̃β is invariant under Uαj → eiφαUαje
iφj for arbitrary phases φα. Therefore,

Majorana phases are not observable in oscillation experiments.

3. Oscillation probabilities for neutrinos and anti-neutrinos coincide if the CP-violating
phase δ = 0, π.

4. Pν̃α→ν̃β does not depend on the absolute mass values, but only the mass-squared
differences.

The last item of this list becomes more apparent by another way of writing Eq. (1.46), i.e.
[12]

Pν̃α→ν̃β =
3∑

j=1

|Uαj |2 |Uβj |2 + 2
3∑

j>k=1

∣∣UαjU∗βjUβkU∗αk
∣∣ cos

(
∆m2

jk

L

2E
− φαβ;jk

)
, (1.47)
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where φαβ;jk ≡ argUαjU
∗
βjUβkU

∗
αk.

11 Looking at the argument of the cosine in Eq. (1.47),
it provides further insight to define oscillation lengths Losc

jk via

2π
L

Losc
jk

≡ ∆m2
jk

L

2E
. (1.48)

Typical length scales for neutrino oscillations can subsequently be read off from

Losc
jk = 2.48 m×

(
E

1 MeV

)
×
(

1 eV2

∆m2
jk

)
. (1.49)

From Eq. (1.49), we can understand part of the neutrino terminology: the oscillation length
for neutrinos of E ' 13 GeV and a mass-squared difference of ∆m2

3l = 2.524 × 10−3 eV2

(see Section 1.2) approximately coincides with the diameter of the earth. Therefore, muon-
neutrinos produced in atmospheric showers in the GeV-range show a strong oscillatory
behavior when traversing the earth with the amplitude of the oscillation being determined
by the entries of UPMNS according to Eq. (1.47). This so called νµ-disappearance has
been demonstrated in impressive experimental efforts by the Super-Kamiokande experi-
ment [25] and ∆m2

3l and θ23 are consequently called atmospheric mass-squared difference
and mixing angle, respectively. The phenomenon of neutrino oscillations in general was
eventually confirmed a few years later by the Sudbury Neutrino Observatory (SNO) [26]
via the measurement of the total neutrino flux from 8B decays in the sun. By using two
different detection channels, one only sensitive to electron-neutrinos, the other to all neu-
trino flavors, a significant deficit in the arrival of electron-neutrinos was detected and could
be explained by a non-electron flavor active neutrino component in the solar flux [26]. For
these findings, the two experiments were awarded the Nobel prize in physics of 2015. As a
final remark, we note that the experimental evidence for neutrino oscillations also implies
the non-conservation of lepton family numbers.

1.2 Experimental status of neutrino physics

The field of experimental neutrino physics has been a thriving one throughout the past
decades and is growing at an even faster pace since the detection of neutrino oscillations
and the awarding of the Nobel prize in physics of 2015. There are too many experi-
ments to name and do justice in the briefness of this thesis. Therefore, we focus on a
few instructive and well-known examples in the following and guide the interested reader
towards a constantly updated web resource (www.nu.to.infn.it/exp/ ), an exhaustive list
of neutrino-related experiments currently curated by Stefano Gariazzo, Carlo Giunti and
Marco Laveder.

1.2.1 Neutrino oscillation parameters

Here we list some of the main experimental sources for the determination of the neutrino
oscillation parameters:

• As already mentioned in Section 1.1.4, the atmospheric mass-squared difference and
mixing angle ∆m2

3l and θ23 have originally been determined in the Super-Kamiokande
experiment [25] from the disappearance of atmospheric muon-neutrinos and via the
measurement of electron- and non-electron flavor components of the solar neutrino
flux in the Sudbury Neutrino Observatory (SNO) [26].

11In [12], the neutrino momentum p is used instead of the energy E in Eq.(1.47). Nevertheless, we have
seen that p ' E up to O(m2

j/2E).

http://www.nu.to.infn.it/exp/
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• The most precisely determined mixing angle, the reactor mixing angle θ13, is derived
from experiments like Double Chooz [27], Daya Bay [28] or RENO [29] which study
the disappearance of electron anti-neutrinos from nuclear reactors on length-scales
of a few kilometers. The precision is achieved by using two detectors (“near” and
“far”) to eliminate uncertainties in the total neutrino flux. The measurement of a
non-zero θ13 came as a surprise to the neutrino theory community, challenging a
variety of mixing models “predicting” θ13 = 0.

• ∆m2
21 and θ12, the solar mass-squared difference and mixing angle derive their name

from their original determination via the disappearance of solar electron neutrinos in
the Homestake [30], GALLEX [31] and SAGE [32] experiments. Note that the cause
of the disappearance is not an oscillation over the sun-earth distance, but instead
the matter-related effects briefly mentioned in the beginning of Section 1.1.4.

• The CP-violating phase δ is the least well determined oscillation parameter. At the

1σ-level, values around δ ' 1.45π
∧
= 261◦ are favored, while the range around π/2 or

90◦ is disfavored. Nevertheless, at the 3σ-level, δ can still take any value in [0, 2π).
The main data source for the determination of δ currently is the T2K-experiment,
which investigates neutrino beams sent from the J-PARC accelerator in Tokai, Japan
to the Super-Kamiokande detector around 295 km away.

Generally speaking, the most precise determinations of neutrino oscillation parameters
are achieved by global fits to a combination of measurements from a wide variety of
experiments, e.g. as carried out by the NuFIT group in [33]. In table 1.1, we present a list
of the current best fit values for all neutrino oscillation parameters.

parameter best fit value 3σ-range

sin2 θ12 0.306+0.012
−0.012 [0.271, 0.345]

sin2 θ23 0.441+0.027
−0.021 [0.385, 0.635]

0.587+0.020
−0.024 [0.393, 0.640]

sin2 θ13 0.02166+0.00075
−0.00075 [0.01934, 0.02392]

0.02179+0.00076
−0.00076 [0.01934, 0.02397]

δ/π 1.45+0.28
−0.33 [0, 2]

1.54+0.22
−0.26 [0, 2]

∆m2
21/10−5 eV2 7.5+0.19

−0.17 [7.03, 8.09]

∆m2
3l/10−3 eV2 +2.524+0.039

−0.040 [2.407, 2.643]

−2.514+0.038
−0.041 [−2.635,−2.399]

Table 1.1: Best fit values and 3σ-ranges for the lepton mixing parameters from a global fit to
neutrino oscillation data available as of fall 2016 [33]. Two different values are shown
if the parameter depends on the ordering in the neutrino mass spectrum (upper line:
normal ordering, lower line: inverted ordering; see Sec. 1.2.3 for clarification of these
terms).
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1.2.2 Lepton mixing vs. quark mixing







(a) V abs
CKM







(b) Uabs
PMNS

Figure 1.2: Graphical representation of quark and lepton mixing. The area of each square is equal
to the absolute values squared of the corresponding mixing matrix entries (best fit
values of table 1.1 for normal ordering). Moreover, the lightness-levels are determined
by the size of the absolute values squared. The arrangement of the squares in this figure
is in direct correspondence to the labeling in Eq. (1.50). Inspired by the representation
in Ref. [34].

In this section we present a comparison of experimental data for quark and lepton mixing.
Using the absolute values for the CKM-matrix entries of [12] and the best fit values for
the neutrino oscillations parameters of Ref. [33] for the calculation of the absolute values
of the PMNS-matrix entries, we find

V abs
CKM =




d s b

u 0.9743 0.2254 0.0036

c 0.2252 0.9734 0.0414

s 0.0089 0.0405 0.9991


, Uabs

PMNS =




χ̃1 χ̃2 χ̃3

ν̃e 0.8240 0.5471 0.1472

ν̃µ 0.4088 0.6336 0.6568

ν̃τ 0.3923 0.5470 0.7395


.

(1.50)

The labeling is to be understood as follows: as explained in Section 1.1.2, the mixing is
usually absorbed in a redefinition of the fields in the case of the leptons. Therefore, UPMNS

is represented as the transformation from mass eigenfields χ̃i to interaction eigenfields
ν̃α. The VCKM-labels hint at the interpretation of weak interactions inducing transitions
between different families of up- and down-type quark mass eigenfields. Note that the
roles of up- and down-type entries of the respective SU(2)L-doublets is transposed in this
way of denoting the quark and lepton mixing matrices. A graphical representation of the
two matrices is shown in Fig. 1.2.

Obviously, the structures of quark and lepton mixing matrices differ quite strongly. The
first is oftentimes considered as almost diagonal while the latter is rather close to maximal
mixing. These very different mixing structures formed the motivation for a variety of
approaches in model building, especially in the leptonic sector.

1.2.3 Neutrino masses

The absolute scale of the neutrino masses is yet to be determined experimentally. There is
a variety of direct and indirect methods for its measurement, but so far only upper bounds
can be given. Still, we are rather certain that it lies at least six orders of magnitude below
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the mass of the next lightest fermion, the electron. Neutrino masses below the eV-scale
correspond to Yukawa-couplings of the order ∼ 10−12 if the Standard Model mechanism of
SSB with the sole addition of right-chiral Dirac neutrinos is responsible for their emergence.
In the end, it is a matter of taste whether this is to be considered an unnaturally small
value for couplings, yet it serves as a strong new physics hint for many.

As a side remark, we note that argumentation based on naturalness has had both, positive
and negative examples in the scientific history [35]. Still, considering the lack of other
guiding principles in terms of model building, we consider it as a good form of motivation
for following one pursuit rather than another of the many possible choices. Moreover, we
emphasize the role of technical naturalness in model building which is not to be confused
with the former. Technical naturalness, as originally defined by ’t Hooft in Ref. [36], states
that small numbers, such as small couplings in a field theory, are not to be considered
unnatural if the symmetry of the theory is enhanced by letting these numbers go to zero.
An example is letting the electron mass vanish, resulting in the restoration of a chiral
symmetry, i.e. the separate conservation of left- and right-chiral electron-like currents.
This symmetry in turn provokes that radiative corrections to the electron mass are always
proportional to the mass itself [36]. In fact, this is true for all SM particles except the Higgs.
Therefore, small values for the Yukawa-couplings of the neutral leptons are not necessarily
problematic, yet this is neither a definite argument against potential interesting dynamics
behind these numbers.

Independent of the discussions around naturalness and the like, the light neutrino masses
together with other surprises in neutrino phenomenology have spawned an abundance of
neutrino mass models and ideas to explain the smallness of their masses, among them the
well-known seesaw mechanism. The theory-landscape relevant to this thesis is shown and
further explored in Chapter 2.

10−4 10−3 10−2 10−1 100 101 102 103 104 105 106 107 108 109 1010 1011 1012

ν1
ν2
ν3

e µ τ
u d s c b t

m/eV

Figure 1.3: The masses of the SM fermions for the case of normal neutrino mass ordering. Adapted
from a figure in [37]. We show a fairly conservative upper bound for the neutrino masses
of 0.5 eV. Moreover, the one-sided arrow for ν1 indicates the still valid possibility of
the lightest neutrino being massless.

Absolute mass scale

The only feasible way of a direct neutrino mass determination up to now is the investiga-
tion of Tritium beta decays—via measuring the endpoint of the electron-energy spectrum.
Tritium has a relatively long half-life of ∼12.3 yr, guaranteeing a stable measuring environ-
ment, and low energy release of Qβ '18.6 keV, making possible the use of an electrostatic
spectrometer [38]. The energy released in a Tritium decay is split between the emitted
electron and anti-electron neutrino. If the anti-neutrino were massless, the maximal energy
Eemax of the electron would be equal to Qβ. Though, knowing that neutrinos are massive,
the spectrums endpoint Eemax must be shifted to a lower value. The difference Qβ −Eemax



1.2 Experimental status of neutrino physics 17

then gives an upper bound for the neutrino mass scale [12]

mνe ≡
(

3∑

i=1

|Uei|2m2
i

) 1
2

. (1.51)

The current strongest bound of this determination type was achieved by the Troitsk ex-
periment [38], viz.

m(Tri)
νe < 2.05 eV, (1.52)

at the 95% confidence level. Currently, KATRIN [39] is the only experiment continuing
the direct measurement efforts. It is of similar type as the Troitsk experiment, but trying
to achieve around an order of magnitude improvement compared to their results. After
an extensive construction phase, it started measurements in June 2018 and is hoping to
reach design-sensitivity after three years of data taking. With KATRIN being the only
direct neutrino mass measurement in the foreseeable future, their efforts are of high value
even though indirect bounds on mνe can reach beyond their projected sensitivity.

Coming to the indirect determinations of the neutrino mass scale, the most stringent
bounds arise from studies of cosmological probes, most prominently from the cosmic mi-
crowave background (CMB) radiation. The strongest current bound on the sum of neutrino
masses of Dirac nature (which for our purposes is to be considered as an equivalent general
measure as mνe) is reported in Ref. [40] with

∑

i

mi < 0.118 eV, (1.53)

at 95% confidence level. The effects investigated are the background evolution and spectra
of matter perturbations in the CMB. These are altered by the presence of neutrinos, firstly
because in the very early universe, neutrinos behaved relativisticly due to their light mass
and therefore contributed to the radiation energy density. Secondly, due to the expansion of
the universe, neutrinos turned non-relativistic at later cosmological times and consequently
contributed to the total matter density. Both densities have an imprint on measures such
as the time of matter-radiation equality or the CMB lensing. The specific effects of massive
neutrinos on the CMB are discussed in great detail in [40].

Note that values as in Eq. (1.53) are to be taken with a grain of salt though, because the
systematical errors in indirect determinations are still a matter of discussion [41]. The
values for the sum of neutrino masses differ rather strongly between different collabora-
tions, due to their systematically different approaches. This might also be the reason why
the Particle Data Group is not presenting a world average for this sum, in contrast to the
direct bounds on mνe .

Mass ordering

Next to the ignorance about mνe , current neutrino experiments have not been able to
determine the sign of the atmospheric mass-squared difference ∆m2

3l. Therefore, two
different orderings of the neutrino mass spectrum are currently allowed by experiment:12

1. Normal ordering (NO) signifies the case m1 < m2 < m3, ∆m2
3l ≡ ∆m2

31 > 0.

2. Inverted ordering (IO) signifies the case m3 < m1 < m2, ∆m2
3l ≡ ∆m2

32 < 0.

12 Note that a negative sign of the smaller or solar mass squared difference ∆m2
21 can be absorbed via

relabeling the fields and would not change the mass ordering in an observable way. Hence, it is set to a
positive value.
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Note that ∆m2
3l simply stands for the largest possible mass splitting and therefore carries

different indices depending on the ordering (see Fig. 1.4 for clarification). In the literature,
the term hierarchy is sometimes used synonymously to ordering, but we reserve the former
to describe only the relative sizes of the differences between masses or masses-squared.
In Section 1.2.4, we will see how the determination of the possible Majorana nature of
neutrinos can also help determining the ordering of the masses.

χ̃3

χ̃2

χ̃1

√
∆m2

3l

√
∆m2

21

χ̃2

χ̃1

χ̃3

√
∆m2

3l

√
∆m2

21

Figure 1.4: Possible neutrino mass orderings. Left: normal ordering, right: inverted ordering. The
colors represent the admixture of interaction eigenstates contributing to the correspond-
ing mass eigenstate (light red: ν̃e, dark blue: ν̃µ, green: ν̃τ ).

1.2.4 Possible Majorana nature of neutrinos

d

d

u

e−

e−

u

W−

W−

Figure 1.5: Feynman diagram for a (ββ)0ν-decay. The crossed line represents a contraction of

Majorana neutrino fields of the kind χi(x1)χTi (x2) = −Si(x1−x2)C, where Si(x1−x2)
is the usual fermionic Feynman propagator [42].

As of writing this thesis, it remains an open question whether neutrinos are of Dirac or
Majorana nature. Although the theoretical treatment of both types in terms of mass-
generation and the implications thereof are fairly different, it is difficult to determine
experimental signatures for their distinction. Exemplarily, one can mention the indepen-
dence of neutrino oscillations of the Majorana phases α1 and α2, as discussed in Sec-
tion 1.1.2. Currently, the only types of experiments in reach of a possible discrimination
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are the ones searching for neutrinoless double beta or (ββ)0ν-decays. The Feynman dia-
gram for processes of this kind is shown in Fig. 1.5. Two examples for such experiments
are GERDA [43] at the Gran Sasso underground laboratory in Italy, a detector containing
a large mass of 76Ge and the KamLAND-Zen detector [44] in Kamioka, Japan, holding
several tons of 136Xe-enriched liquid Xenon.

Double beta decay with the emission of two neutrinos is a well studied phenomenon which
can be explained via the empirical Bethe-Weizsäcker formula [45]. It describes the binding
energy of a nucleus in terms of its total number of protons Z and number of neutrons N .
The formula tells us that nuclei with even Z and N are usually more stable than the ones
with Z and N uneven. Typically, the single beta decay of an even-even nucleus A(Z,N)
to an uneven-uneven B(Z ′, N ′), i.e.

A(2n, 2n)→ B(2n+ 1, 2n− 1) + e− + νe, n ∈ N, (1.54)

is energetically forbidden. Still, for some isotopes like the aforementioned 76Ge and 136Xe,
transitions to isobar states C(2n+ 2, 2n− 2) via a double beta decay gain binding energy
Qββ and are therefore allowed. Such decays have been observed in various experiments.
The associated half-lifes lie in the range between ∼ 1018 yr and ∼ 1024 yr [46]. In the usual
double beta decay, the released energy is shared between the two electrons and neutrinos.
Therefore, the sum of the electron energies shows a continuous spectrum with Qββ as the
endpoint. The signature of a (ββ)0ν-decay would be visible as a sharp peak around Qββ
in the electron energy spectrum.

Up to this point, no such peak has been observed in the experiments. The GERDA
collaboration reports a limit of 8.0 × 1025 yr for the half-life of the (ββ)0ν-decay of 76Ge
at the 90% confidence level [43]. The lower bound for 136Xe lies at 1.07× 1026 yr [44].

The non-observation of (ββ)0ν-decays in these experiments can give information on the
neutrino mass spectrum. This is due to the fact, that the amplitude corresponding to the
Feynman diagram in Fig. 1.5 is proportional to the effective mass [12]

mββ ≡
∣∣∣∣∣

3∑

i=1

miU
2
ei

∣∣∣∣∣ (1.55a)

=
∣∣∣
(
m1c

2
12 +m2s

2
12e

iα1
)
c213 +m3s

2
13e

i(α2−2δ))
∣∣∣ . (1.55b)

A detailed derivation of the appearance of this factor is given in [42]. The masses mi can be
expressed in terms of the mass-squared differences and the lightest neutrino mass mlightest.
Figure 1.6 shows the regions excluded by experiment. It nicely illustrates that a further
investigation of (ββ)0ν-decays can potentially lead to an exclusion of the inverted neutrino
mass ordering in addition to delivering competitive bounds on the absolute neutrino mass
scale. At 90% confidence level, the strongest upper bound achieved by the KamLAND-Zen
collaboration is [44]

m
(KamLAND)
lightest < (0.18− 0.48) eV. (1.56)

It is amusing to note that in principle, similar signatures as in Fig. 1.5 could be visible in
vector boson processes at hadron colliders involving leptonic final states (see Fig. 1.7). An
example is the same sign W-scattering as observed in the ATLAS and CMS experiments
at CERN [47, 48]. Unfortunately though, reaching the sensitivity needed to measure
Majorana-neutrino induced sub-contributions to this processes is most probably out of
question in the foreseeable future. An alternative could be given by investigating Drell-Yan
processes at hadron colliders, where the resonant production of heavy Majorana neutrinos
is claimed to be in reach of the LHC [49]. Nevertheless, up to this point no discovery
was made and only upper bounds on the potential heavy Majorana mass and mixing with
lepton flavor eigenstates have been reported.
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Figure 1.6: Plot of the effective Majorana mass mββ(mlightest) of Ref. [44]. The darker green (in-
verted mass ordering) and red (normal mass ordering) areas correspond to the allowed
regions of mββ under a variation of the phase parameters in Eq. (1.55b) and using the
best-fit values for the rest of the parameter set. The lighter regions correspond to the
3σ-ranges of the oscillation parameters. Experimentally excluded regions are shown in
grey and light blue for the KamLAND-Zen experiment. The right panel shows exclusion
limits in terms of the mass number A of the material investigated.

1.2.5 Flavor changing neutral interactions

As a final remark on experimental data relevant for the neutrino landscape, we want to
shortly discuss the subject of flavor-changing neutral interactions (FCNIs). Most beyond
the SM theories of the lepton sector contain additional scalar fields. An important example
is the inclusion of multiple Higgs doublets, as we will discuss in Chapter 5, which go hand
in hand with additional Yukawa couplings to the SM fermions. In general, these Yukawa
couplings are non-diagonal in flavor space, therefore allowing transitions of leptons between
different families, i.e. FCNIs via loop-induced flavor transitions in processes involving the
neutral gauge bosons or decays via intermediate neutral scalars as shown in Fig. 1.8. This
is in contrast to the SM, where the diagonalization of the mass matrices procures diagonal
Yukawa coupling matrices and therefore no FCNIs as in Fig. 1.8 are expected. Moreover,
other loop-induced FCNIs possible in the SM are suppressed via the GIM-mechanism [50].

There are strong experimental constraints on processes involving FCNIs. An important
example is the potential decay of muons into electrons and positrons. Two contributions
to processes of this kind are shown in Fig. 1.8. The strongest current bounds at the
90%-confidence level are [12]

BR
(
µ− → e−γ

)
< 4.2× 10−13, (1.57a)

BR
(
µ− → e−e+e−

)
< 1.0× 10−12, (1.57b)

where BR is the branching ratio, i.e. , in terms of decay widths Γ,

BR(X → Y ) ≡ Γ(X → Y )

Γ(X → anything)
. (1.58)

Bounds of this kind can present a major hurdle for model building while at the same
time they provide the potential for discoveries of new physics, should the measurements
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(a) Feynman diagram for same-sign W scat-
tering with leptonic final state as observed
by ATLAS and CMS [47, 48]. Connecting
the neutrino lines would give a similar final
state as in Fig. 1.5.
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(b) Production of intermediate heavy Majo-
rana neutrinos N in a Drell-Yan process.

Figure 1.7: Hadron collider processes as rather unlikely, though conceivable alternatives to the
(ββ)0ν-decays for a Majorana neutrino discovery.

lβ

S0

lα

lβ

Z/γ

(a) Loop-induced contribution.
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(b) Tree-level contribution.

Figure 1.8: Exemplary contributions to flavor-changing neutral interactions as generally expected
in models with a modified scalar sector, e.g. the one of Chapter 5.

violate SM expectations. It is a highly non-trivial task to create a SM extension of predic-
tive power respecting all experimental constraints such as the impressively strong bounds
in Eq. (1.57). This is even more so the case if one wants to avoid manually adjusted
cancellations of potential FCNIs via the fine-tuning of parameters.

An example of a predictive model with an emphasis on respecting experimental bounds
is given in the two-Higgs doublet model with heavy right-handed Majorana neutrinos of
Ref. [51], originally investigated in Ref. [52]. The model makes use of soft symmetry
breaking as explained in Section 1.1.3. All Yukawa couplings are flavor-diagonal, implying
conservation of lepton family numbers, yet broken softly by Majorana mass terms. This
means that operators with lepton family number violating Yukawa couplings (which are of
dimension 4) need not be included for acquiring a renormalizable theory, even though the
symmetry is explicitly broken by the Majorana mass term. For acquiring a renormalizable
theory, it suffices to take into account solely the symmetry breaking operators of dimen-
sion ≤ 3 of which only the Majorana mass term can be constructed. Effectively, a strong
suppression of FCNIs can be achieved for large Majorana masses, even in the presence
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of multiple Higgs doublets, while keeping the benefits of the seesaw mechanism and, for
instance, means to explain discrepancies for the anomalous magnetic moment of the muon
between theory and experiment [51].



CHAPTER 2
Further beyond the Standard Model

In order to discuss the various approaches in beyond the SM model building concerning
the lepton mixings and masses, let us recapitulate the main questions to be dealt with,
along the lines of Ref. [20].

1. Can one build a model for accommodating neutrino masses and lepton mixings?
The answer is of course yes. We have already discussed this question and seen three
different possibilities of neutrino mass generating operators in Section 1.1. The
simplest way, in the sense that it is in complete analogy to the quark sector, is
the addition of three right-chiral gauge-singlet Dirac neutrinos to the SM particle
content. The other two possibilities arise if neutrinos are of Majorana nature and
masses are generated either via Eq. (1.29b) or Eq. (1.29a).

2. Why are neutrinos so much lighter than the other SM fermions?
Possible approaches to answering this question are discussed in Section 2.1.

3. Can one find explanations for the peculiar features of neutrino mixing?
Ideas for answers are shown in Section 2.3.

4. What are the implications of the relatively weak mass hierarchy in the neutrino mass
spectrum, if any?
The ratio of the neutrino mass-squared differences ∆m2

21/|∆m2
3l| ∼ 3 × 10−2 is rel-

atively large compared to the other SM fermions: for the charged leptons we have
∆m2

µe/∆m
2
τe ∼ 3 × 10−3, for the down-type quarks ∆m2

sd/∆m
2
bd ∼ 5 × 10−4 and

for the up-type quarks ∆m2
cu/∆m

2
tu ∼ 5× 10−5. It is unclear, whether one can find

an explanation for this fact and moreover, if there might be any connection to the
differences between quark and lepton mixing.

2.1 Lightness of neutrino masses

The relative lightness of neutrinos compared to the other SM fermions might simply be an
amusing choice of nature. Nevertheless, the difference of at least six orders of magnitude
between the neutrino mass scale and the mass of the electron (see Fig. 1.3) served as a
strong motivation to the theory community for trying to explain this fact dynamically.

For understanding the various approaches to neutrino mass generation, it is worthwhile to
study which leptonic bilinears can be obtained in the standard model. The SM lepton dou-
blets DL living in the SU(2)L isospin-1/2 representation and SM lepton SU(2)L-singlets
lR of the isospin-0 representation can be combined as

DL ⊗ lR : 1
2 ⊗ 0 ∼= 1

2 with Y = −1, (2.1a)

DL ⊗DL : 1
2 ⊗ 1

2
∼= 0⊕ 1, with Y = −2, (2.1b)
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lR ⊗ lR : 0⊗ 0 ∼= 0, with Y = −4. (2.1c)

Therefore, we find the following:

1. Gauge-singlet operators can be built via the SM Higgs-doublet φ with Y = 1 in
Eq. (2.1a), leading to the well know SM Yukawa couplings. The introduction of
right-chiral Dirac neutrino fields leads to a mass generation similar to the one of the
charged leptons.

2. In Eq. (2.1b), either a charged gauge-singlet or a gauge-triplet with Y = 2 can be
introduced for mass generation.

3. Finally, one can add a doubly charged scalar singlet with Y = 4 to the SM field
content for generating a gauge-singlet in Eq. (2.1c).

This leads to various approaches for extensions of the SM, three well-known ones being:

Type I seesaw: Heavy Majorana neutrinos, i.e. right-chiral singlet fields νR as seen in
Eq. (1.29a) with a large mass scale mR are introduced in addition to couplings of
the type Eq. (2.1a). They are responsible for light physical neutrino masses solely
upon the diagonalization of the joint neutrino mass matrixMν . This is the relevant
type of seesaw mechanism for the thesis at hand and therefore explained in detail
in Section 2.2. As mentioned before, it is interesting to note that Eq. (1.29a) is a
gauge-invariant term and in principle, no introduction of additional scalars is needed
to explain its presence.

Type II seesaw: Light physical neutrino masses are achieved by the addition of a scalar
triplet with Y = 2 and an independent VEV vT � v of its neutral component,
determining the neutrino masses. The term seesaw comes about because vT '
−µ∗T v2/M−2T , where MT is the scalar triplets mass scale and µT is the coupling
between SM-Higgs and the scalar triplet. Therefore, large values of MT provoke
diminishing vT and neutrino masses [53].

Radiative masses: One can use the aforementioned charged scalar singlet with Y = 2 to
generate neutrino masses only at the one-loop level in the so called Zee-model [54],
or even at the two loop-level level by the further addition of a charged scalar singlet
with Y = 4 in the so called Zee-Babu model [55]. One obvious source of the neutrinos
lightness in such models is given simply by the proportionality of the masses to the
loop factors 1/(16π2)l, where l is the loop-level at which neutrinos gain their masses.

2.2 Seesaw mechanism

The type I seesaw mechanism [56, 57, 58] is a widely used approach for the dynamic
generation of light neutrino masses. It can be implemented in a variety of extension of
the SM, among them the ones treated in Chapter 5. We therefore want to illustrate the
workings of this mechanism in the following few paragraphs, exploiting the notation used
in Chapter 5. Note that the Majorana fields νR represent the only addition to the SM
particle content needed in type I seesaw models.

Firstly, we introduce the joint neutrino mass matrix of Dirac- and and Majorana-type
masses by combining left- and right-chiral degrees of freedom, viz.

Lν,mass =
1

2

(
νTL (νcR)T

)
C−1

(
0nL×nL (MT

D)nL×nR
(MD)nR×nL (MR)nR×nR

)(
νL
νcR

)
+ H.c. (2.2)
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Note that we leave the number of left-chiral fields nL open for this general discussion.
Lorentz invariance in Eq. (2.2) is realized by the fact that charge conjugation flips the
chirality. Using the chiral projectors γL = (1− γ5)/2 and γR = (1+ γ5)/2, we have

γL (νR)c = (νR)c , γR (νR)c = 0, (2.3)

and by a way of rewriting

νR = − [(νR)c]T C−1. (2.4)

The combined symmetric mass matrix is consequently defined as

Mν ≡
(

0 MT
D

MD MR

)
. (2.5)

It can be diagonalized yielding positive eigenvalues by virtue of a unitary (nL + nR) ×
(nL + nR) matrix U , as in [59]

UTMν U = diag(m1,m2, . . . ,mnL+nR). (2.6)

We denote the typical scale of mass eigenvalues of MR by mR and the scale of eigenvalues
of the Dirac mass matrix MD by mD. Then we infer mD � mR. Now, the diagonalization
Eq. (2.6) can be carried out in terms of an expansion in mD/mR of a two-step process,
cf. [60]. We decompose the mixing in

U =W diag(ṼL, ṼR), (2.7)

with the unitary matrices W, ṼL and ṼR of dimensions

W : (nL + nR)× (nL + nR),

ṼL : nL × nL,
ṼR : nR × nR.

The matrix W is supposed to disentangle light from heavy scales, i.e.

WTMνW =

(
Mlight 0

0 Mheavy

)
. (2.8)

This can be achieved by making the ansatz

W =

(√
1−BB† B

−B†
√

1−B†B

)
, (2.9)

where B can be expanded in orders of mD/mR. To first order it reads

B = M †D
(
M−1R

)∗
+O

(
m2
D

m2
R

)
. (2.10)

The benefit of this ansatz is that no specific form of MD or MR has to be known. However,
we see that MR must be non-singular in this approach. The result is

Mlight = −MT
DM

−1
R MD +O

(
m2
D

m2
R

)
, (2.11a)

Mheavy = MR +O
(
m2
D

m2
R

)
. (2.11b)
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Eventually, we notice that the heavy masses remain at the scale mR while the light masses
are of the order m2

D/mR. With the heavy Majorana neutrinos pushing down the masses
of the light ones, the term seesaw presents itself as a fitting description.

An appealing, yet possibly coincidental fact is that if the Dirac mass scale mD is of the
order of the only relevant energy scale of the electroweak SM, the Higgs-VEV v, and the
Yukawa couplings are of order one, then the heavy Majorana mass scale mR must lie almost
in the energy regime of Grand Unified Theories (GUTs) of MGUT ∼ 1014 − 1015 GeV in
order to explain the small values of the measured physical neutrino masses. This fact
implies that neutrino masses fit well into the GUT-picture [61] and partly explains the
strong interest of the theory community.

Another appealing property of the seesaw mechanism, or rather the presence of a Majorana
mass term, is that such a term violates lepton number conservation by two units. As
mentioned before, this might give means to explain the matter-antimatter asymmetry of
our universe [16].

Without major changes to the approach explained so far, one can also include contributions
of a mass term of the kind Eq. (1.29b). Then the nL × nL mass matrix ML of the scale
mL replaces the upper left zero in Eq. (2.5). Inferring mL � mR, we simply find [62]

Mlight = ML −MT
DM

−1
R MD +O

(
m2
D

m2
R

)
, (2.12)

as opposed to Eq. (2.11a).

2.3 Models of lepton mixing

In addition to neutrinos exhibiting non-zero masses, three main features of lepton mixing
captured the model builders attention: a large, but non-maximal θ12 ∼ 34◦, a consistent
with being maximal θ23 ' 45◦ and a small, but non-zero θ13 ∼ 8.5◦. These values came
as a surprise when compared to the almost diagonal quark mixing (see Section 1.2.2). An
abundance of models trying to describe the observations—mainly of the lepton sector—has
been created over the past decades. Many of these rely on the use of non-Abelian discrete
groups acting on the three different families or flavors of leptons as well as quarks, hence
the widely used term flavor symmetries. Continuous symmetry groups are not as widely
used, because if these are broken spontaneously together with the gauge symmetries,
additional Goldstone bosons would appear [63]. Similarly, Abelian discrete symmetry
groups are more rarely discussed, because they have only a limited capacity in enforcing
specific mixing patterns. They can, for instance, not be used to enforce the so called
tri-bimaximal mixing pattern [64], which was the most prominent candidate for lepton
mixing before the measurement of a non-zero reactor mixing angle. For comprehensive
reviews on the use of discrete symmetries in model building, see e.g. [63, 65, 66, 67].

Usually, the aforementioned models contain an extended scalar sector. Heuristically speak-
ing, this is due to the fact that a lot of freedom is gained model building wise, e.g. in order
to generate the experimentally known mass hierarchies of the leptons [65]. Moreover, it
can be shown that in presence of only a single Higgs doublet which transforms as a singlet
under the respective flavor symmetry, no discrete unbroken symmetry can produce the
observed lepton mixing pattern [68]. These facts lead us to the study of the mHDSM of
Chapter 5.

It is worth mentioning that other than the mixing models discussed here, the theory com-
munity also accommodates diametral approaches labeled as neutrino anarchy. Originally
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in Ref. [69] and more recently e.g. in Ref. [70], the generation of the observed fermion
mixing and mass hierarchies from random Yukawa couplings is investigated. Although it
is perfectly viable that nature might have simply gambled to give us the known values
for masses and mixing angles, it is difficult to judge the explanatory power of anarchy
models. A major drawback of such models is the heavy dependence on the choice of
probability distributions for the generation of random input values for the models. The
choices for these distributions are carried out in very reasonable ways. Still, experimental
access to these is foreseeably out of the question and therefore it remains disputable how
satisfactory such explanations can be. Moreover, while most anarchy approaches succeed
in generating mixing patterns with comparably large mixing angles, they usually fail to
give an explanation for the almost diagonal structure of the quark mixing matrix or vice
versa [67].

2.4 A model for maximal atmospheric mixing

An illustrative example of a discrete flavor symmetry1 in a predictive and renormalizable
mixing model is the generalized CP-model of Ref. [71, 72], making use of the so called
µ-τ -symmetry introduced in Ref. [73]. Models of this kind formed a major motivation for
the main part of this thesis and we therefore want to showcase this example to some detail.

The goal is to explain some of the peculiar features of the lepton mixing matrix, in this case
the potentially maximal atmospheric mixing angle θ23. It has been realized in Refs. [74, 75]
that if the mass matrix of the experimentally observed light neutrinosMlight exhibits the
structure

Mlight =



a r r∗

r s b
r∗ b s∗


, with r, s ∈ C, a, b ∈ R, (2.13)

then it can be shown that the diagonalization of Eq. (2.13) with a unitary matrix U always
yields

|Uµj | = |Uτj | , j = 1, 2, 3 and δ = ±π
2
, (2.14)

for θ13 6= 0—hence the name µ-τ -symmetry [72]. Another way of prescribing the peculiar
structure of Eq. (2.13) is to demand the transformation behavior

M∗light = SMlightS, with S =




χ̃1 χ̃2 χ̃3

ν̃e 1 0 0

ν̃µ 0 0 1

ν̃τ 0 1 0


. (2.15)

It is now the question how to formulate this behavior in terms of a renormalizable theory.

Lepton sector of the generalized CP-model

An example for a model achieving the former was given in [72]. The setup is as follows:2

the field content of the electroweak SM is supplemented by three right-chiral Majorana

1An overview of finite flavor groups for fermions is given in Ref. [63].
2Note that in [72], the terminology a model is used. This is owing to the fact that the presented model

is not necessarily expected to be the simplest or sole possibility for describing lepton mixing, but rather
acts as an illustrative, yet potentially physical example.
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neutrinos νR and two additional Higgs-doublets φ2 and φ3. The neutral components of the

three Higgs doublets acquire the VEVs 〈0|ϕ0
j |0〉 = vj/

√
2 where v =

√∑
j vjv

∗
j ' 246 GeV.

The theory is built according to the following symmetry considerations

1. The global U(1) lepton-number symmetries Lα are introduced, resulting in flavor-
diagonal Yukawa couplings.

2. The U(1) symmetries are broken softly via a Majorana-mass term of the right-chiral
neutrinos, providing enough freedom for generating lepton mixing.

3. A Z2-symmetry is introduced, under which µR, τR, φ2 and φ3 change sign. This
decouples the mass generation of the electron and the neutrinos from the muon and
tau.

Consequently, the Yukawa-Lagrangian reads

LY =−
√

2

v1

∑

α=e,µ,τ

fανR,αφ̃
†
1DL,α −

√
2me

v∗1
eRφ

†
1DL,e

− g2µ µRφ†2DL,µ − g2τ τRφ†2DL,τ − g3µ µRφ†3DL,µ − g3τ τRφ†3DL,τ + H.c., (2.16)

where fα and gjα are complex numbers and me is, without loss of generality, the electron
mass. We see that the symmetries provoke a flavor-diagonal Yukawa Lagrangian. After
inserting the VEVs of the scalar doublets, i.e.

φi →
vi√

2

(
0
1

)
, (2.17)

the neutrino Dirac-mass matrix consequently reads

MD = diag(fe, fµ, fτ ), (2.18)

and the masses of the muon and tau are given by

mµ =
1√
2
|g2µv∗2 + g3µv

∗
3| , mτ =

1√
2
|g2τv∗2 + g3τv

∗
3| . (2.19)

Additionally, the Majorana mass term

LMaj =
1

2
νTRC

−1M∗RνR + H.c., (2.20)

is introduced, which represents the soft symmetry breaking as described in Section 1.2.5
and will be the sole source of lepton mixing.

We now invoke the seesaw mechanism, which in this case means assuming a Majorana
mass scale mR � v.3 As explained in Section 2.2, this generates the light neutrino mass
matrix

Mlight = −MT
DM

−1
R MD, (2.21)

of Eq. (2.8). In order to achieve the sought after structure of Mlight, we demand

SMRS = M∗R, and SMDS = M∗D, (2.22)

from which Eq. (2.15) follows by virtue of Eq. (2.21), leading to maximal atmospheric
mixing θ23 = 45◦ and a maximally CP-violating phase δ = ±π/2 in the lepton mixing
matrix.4

3As described in Section 2.2, in the context of neutrino mass models, it is common practice to choose
the SM-VEV v as the relevant scale for the Dirac-masses, hence this choice for the scale mR.

4Due to the flavor-diagonal Yukawa Lagrangian, we have WL,R = 13×3 for the charged leptons and
therefore the mixing of the neutrino sector directly translates to the full lepton mixing matrix UPMNS.
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The transformation behavior of Eq. (2.22) can be generated in terms of a symmetry via
demanding invariance of the model under the generalized CP-transformations

νL,α → iSαβγ
0C νTL,β,

νR,α → iSαβγ
0C νTR,β ,

αL → iSαβγ
0C β

T
L,

αR → iSαβγ
0C β

T
R, for α = e, µ, τ, (2.23a)

φ1,2 → φ∗1,2,

φ3 → −φ∗3, (2.23b)

with S of Eq. (2.15).5 It follows that fe must be real, fµ = f∗τ , g2µ = g∗2τ and g3µ = −g∗3τ .
Without loss of generality, it is assumed that v1 is real and positive, eventually yielding
Eq. (2.22). Another consequence is that the masses of the muon and tau are now given by

mµ =
1√
2
|g2µv∗2 + g3µv

∗
3| , mτ =

1√
2

∣∣g∗2µv∗2 − g∗3µv∗3
∣∣ . (2.24)

In order to avoid fine-tuning6 in achieving the relation mµ � mτ , one final symmetry is
introduced, viz.

K : µR → −µR, φ2 ↔ φ3, (2.25)

provoking the relation g2µ = −g3µ. Then, the µ- and τ -masses are given by

mµ =
|g2µ|√

2
|v2 − v3| , mτ =

|g2µ|√
2
|v2 + v3| . (2.26)

Under exact K-symmetry, one has v2 = v3 and therefore a vanishing mass of the muon. A
more realistic setting is achieved by introducing terms in the scalar potential which break
K softly, giving an explanation for the relation mµ � mτ in a technically natural way.

Scalar sector of the generalized CP-model

The scalar sector of the generalized CP-model of Ref. [72] is investigated to greater detail
in Ref. [71]. Here, we present a culmination of the results therein which are necessary for
a numerical evaluation of the general one-loop formulae of Chapter 5.

The complete scalar potential of the 3HDM in question reads

Vφ =− µ1φ†1φ1 − µ2
(
φ†2φ2 + φ†3φ3

)

+ µsoft

(
φ†2φ2 − φ†3φ3

)
+ iµ′soft

(
φ†2φ3 − φ†3φ2

)

+ λ1

(
φ†1φ1

)2
+ λ2

[(
φ†2φ2

)2
+
(
φ†3φ3

)2]

+ λ3

(
φ†1φ1

)(
φ†2φ2 + φ†3φ3

)
+ λ4

(
φ†2φ2

)(
φ†3φ3

)

+ λ5

[(
φ†1φ2

)(
φ†2φ1

)
+
(
φ†1φ3

)(
φ†3φ1

)]
+ λ6

(
φ†2φ3

)(
φ†3φ2

)

5A thorough discussion of standard- and non-standard CP-transformations is given in Ref. [76].
6One would have to choose two products of unrelated complex quantities such that they nearly cancel

which is considered as a more severe fine-tuning than e.g. in the SM case, where one simply chooses small
Yukawa couplings [71].
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+ λ7

[(
φ†2φ3

)2
+
(
φ†3φ2

)2]

+ λ8

[(
φ†1φ2

)2
+
(
φ†2φ1

)2
+
(
φ†1φ3

)2
+
(
φ†3φ1

)2]

+ iλ9

[(
φ†1φ2

)(
φ†1φ3

)
−
(
φ†2φ1

)(
φ†3φ1

)]

+ iλ10

(
φ†2φ3 − φ†3φ2

)(
φ†2φ2 − φ†3φ3

)
. (2.27)

All couplings therein are real. The quantities µ
(′)
soft represent the soft breaking of the

K-symmetry of Eq. (2.25). The determination of the minimum is carried out in terms of

v1√
2

= u1,
v2√

2
= u eiα cosσ,

v3√
2

= u eiβ sinσ, (2.28)

where, without loss of generality, u1 and u are chosen positive and σ lies in the first
quadrant. Inserting the replacement of Eq. (2.17) into Eq. (2.27), the VEV of the scalar
potential can be determined from

〈0|Vφ|0〉 =− µ1u21 − µ2u2 + µsoftu
2 cos 2σ + µ′softu

2 sin 2σ sin (α− β)

+ λ1u
4
1 + λ2u

4 + (λ3 + λ5)u
2
1u

2

+
[
λ̃− 4λ7 sin2 (α− β)

]
u4 cos2 σ sin2 σ

+ 2λ8u
2
1u

2
[
cos2 σ cos (2α) + sin2 σ cos (2β)

]

− λ9u21u2 sin 2σ sin (α+ β) + λ10u
4 cos 2σ sin 2σ sin (α− β) , (2.29)

where λ̃ ≡ −2λ2 +λ4 +λ6 + 2λ7. An exact solution to the minimization of this function is
not available. Nevertheless, for the case λ̃ < 0 and λ7 < 0, the minimum can be determined
in terms of an expansion in (µsoft/u

2
1) and (µ′soft/u

2
1) in the following way. To zeroth order

in these quantities, the minimum lies at

σ =
π

4
, α = β = ω, (2.30)

where ω is the solution to the equation

2λ8 sin 2ω + λ9 cos 2ω = 0. (2.31)

Switching on the soft symmetry breaking terms, the minimum gets shifted. Introducing
the small quantities δ0, δ+ and δ−, this shift can be parameterized as

σ =
π

4
− δ0

2
, α = ω + δ+ +

δ−
2
, β = ω + δ+ −

δ−
2
. (2.32)

The relevant quantity for the determination of the minimum shift is achieved by expanding
the quartic coupling terms of Eq. (2.29) to second order and the soft breaking terms to
first order in the δa and reads

1

2

∑

a,b

Fabδaδb +
∑

a

faδa, (2.33)

where the components of F are given by

F00 = −1

2
λ̃u4 + λ9u

2
1u

2 sin 2ω, (2.34a)

F++ = (−8λ8 cos 2ω + 4λ9 sin 2ω)u21u
2, (2.34b)
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F−− = −2λ7u
4 − 2λ8u

2
1u

2 cos 2ω, (2.34c)

F0− = F−0 = −2λ8u
2
1u

2 sin 2ω + λ10u
4, (2.34d)

F0+ = F0+ = 0, (2.34e)

F+− = F−+ = 0. (2.34f)

and the contributions of the soft breaking terms read

f0 = µsoftu
2, f+ = 0, f− = µ′softu

2. (2.35)

By defining the vectors δ ≡ (δ0, δ+, δ−)T and f ≡ (f0, f+, f−)T , the minimum of Vφ to
first order in the δa can eventually be written as

δ = −F−1f . (2.36)

At this order, the ratio of muon to tau mass can now be written as

mµ

mτ
=

∣∣∣∣
v2 − v3
v2 + v3

∣∣∣∣ '
1

2
|δ0 + iδ−| . (2.37)

Therefore, we find that different phases in v2 and v3 are sufficient for generating a non-zero
muon mass in this setup.

This concludes the technical side of the discussion of the generalized CP-model. We have
presented all necessary ingredients for a potential numerical evaluation of this exemplary
model in terms of the general results to be presented in Chapter 5. In App. C, a conversion
list from the quantities of this section to the general expressions of Chapter 5 is given.
Moreover, we present a numerical example for this model in App. D and discuss some
conclusions we draw therefrom in Chapter 6.

Domain walls

As an aside, it should be mentioned that in theories with spontaneously broken discrete
symmetries, the semi-classical problem of domain walls can arise [77]. This effect appears
whenever several disconnected vacuum states are present in a theory. More specifically, if
vacua cannot be continuously transformed into one another under some symmetry trans-
formation that determines the structure of the scalar potential of a theory, then domain
walls carrying a potentially high energy density can arise between these separate states.
This is obviously the case in the presence of discrete symmetry groups. Domain walls
are to be expected between causally disjoint regions of the early universe, where each
vacuum state would be populated randomly. The energy density arising with the domain
walls would have major consequences for the evolution of the universe, meaning there are
strong experimental bounds on their potential existence [78]. As noted in [79] and refer-
ences therein, there are at least two ways to reconcile the problems posed by the potential
existence of domain walls. If the scale of symmetry breaking is high enough, i.e. around
the scale of grand unification ∼ O(1016) GeV, then domain walls are formed before the
end of inflation and are therefore “inflated away”. If however the breaking scale is lower,
their effects should persist on cosmologically relevant time scales, but might be avoided
by a small explicit breaking of the discrete symmetry responsible for their existence.
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Abstract

In this review, we present a derivation of the on-shell renormalization conditions
for scalar and fermionic fields in theories with and without parity conservation.
We also discuss the specifics of Majorana fermions. Our approach only assumes
a canonical form for the renormalized propagators and exploits the fact that the
inverse propagators are non-singular in ε = p2 −m2

n, where p is the external four-
momentum and mn is a pole mass. In this way, we obtain full agreement with
commonly used on-shell conditions. We also discuss how they are implemented in
renormalization.
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1 Introduction

On-shell renormalization conditions in theories with inter-family or flavour mixing [1, 2,
3, 4, 5, 6] are quite important in view of the experimentally established quark and lepton
mixing matrices [7] and the mixing between the photon and the Z boson in the Standard
Model—see for instance [8, 9]. In theories beyond the Standard Model, mixing of new
fermions and scalar mixing might occur as well. However, we feel that several aspects of
the derivation of the on-shell renormalization conditions remain a bit vague for the general
reader of the relevant literature and should be discussed in more detail. In this review,
we present a consistent way of deriving the on-shell conditions, first for scalar, then for
fermionic fields in theories with and without parity conservation and finally for Majorana
fields, for the mixing of N fields. Our approach is solely based on the pole structure of
the N × N propagator matrix and relies on the fact that the inverse propagator has no
singularity in p2, where p is the external momentum. We also review the counting of the
number of renormalization conditions and demonstrate that this number coincides with
the number of degrees of freedom in the counterterms, except for overall phase factors
that remain free for the fermionic fields in the case of Dirac fermions. Our results agree, of
course, with the ones derived in [2]. Explicit formulas for the field strength renormalization
constants and mass counterterms in the above-mentioned theories are given for the lowest
non-trivial order.

Our discussion is based on two assumptions:

1. All N physical masses mi are different.

2. The N poles in the propagator matrix are located in a region where absorptive parts
are absent or can be neglected.

Some remarks relating to these assumptions are in order. Equality of two or more masses
would require a “flavour” symmetry, but dealing with on-shell renormalization in the pres-
ence of such a symmetry is beyond the scope of this review.1 The on-shell renormalization
in this review deals with the dispersive parts of the scalar and fermionic propagators. If
large imaginary parts appear in the higher order corrections to the propagators, a treat-
ment of their absorptive parts becomes relevant, but lies beyond the scope of this review as
well. Still, the renormalization conditions derived here are fully applicable in the regions
of p2 where the absorptive parts vanish. Elsewhere, they can be used by simply inserting
only the dispersive parts of the self-energy functions into the conditions. Another possi-
ble approach is to use complex masses as well as complex counterterms in the so-called
complex-mass scheme. A treatment of this approach can e.g. be found in [10, 11]. Since
our paper is intended as a pedagogical review and the distinction between dispersive an
absorptive parts in the propagator matrix plays an important role in our presentation, we
have included, for the sake of completeness, a discussion of this issue as an appendix.

The treatment of on-shell conditions in our paper is based on an expansion in p2−m2
n

around each pole mass mn, for both propagator and inverse propagator, whereas the

1This would, for instance, change the aforementioned counting of number of renormalization conditions
and degrees of freedom in the counterterms.

2
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authors of [6] make use of exact matrix relations between the propagator matrix and its
inverse. In this sense, our treatment of fermions is complementary to that of [6].

The plan of the paper is as follows. In section 2 we discuss mixing of real scalar fields,
whereas fermions are treated in section 3 in the case of parity conservation. The com-
plications which arise when parity is violated are elaborated in section 4. This section
contains also a subsection on the on-shell renormalization of Majorana fermions. After
a summary in section 5, the emergence of dispersive and absorptive contributions to the
propagator is covered in appendix A in the framework of the Källén–Lehmann representa-
tion. Some computational details in the treatment of fermions are deferred to appendix B.
The condition on the propagator matrix which arises in the case of Majorana nature of
the fermions is derived in appendix C.

In the following, we will use k, l as summation indices whereas i, j, n do not imply
summation.

2 Scalar propagator

2.1 On-shell conditions

We first study the scalar propagator for N real scalar fields, which is a simple and in-
structive case to begin with. Here the propagator is an N ×N matrix

∆(p2) =
(
∆ij(p

2)
)
, (1)

where p2 is the Minkowski square of the four-momentum p. We assume that all masses
mn of the scalars are different. We stress that ∆(p2) is the renormalized propagator.
Defining

ε ≡ p2 −m2
n, (2)

the on-shell renormalization conditions consist of the requirement [2]

∆ij(p
2)

ε→0−→ δinδnj
ε

+∆
(0)
ij +O(ε) (3)

for all n = 1, . . . , N . In this formula and in the following, the symbol δrs always signifies
the Kronecker symbol. The coefficients ∆

(0)
ij are of order one viz. ε0. In the following, the

superscripts (0) and (1) will always indicate order ε0 and ε1, respectively.
The complication comes from the fact that we actually want to impose on-shell renor-

malization conditions on the inverse propagator, which we denote by A = (Aij).
2 Ac-

cordingly, we have to translate equation (3) into conditions on A. The inverse propagator
fulfills

∆ikAkj = Aik∆kj = δij with Aij = A
(0)
ij + εA

(1)
ij +O(ε2), (4)

where the latter relation states that A has no singularity in ε. Equation (4) is reformulated
as

∆ikAkj =
1

ε
δinA

(0)
nj + δinA

(1)
nj +∆

(0)
ik A

(0)
kj +O(ε) = δij , (5a)

2From now on, for the sake of simplicity of notation, we skip the dependence on p2 in all quantities,
whenever this dependence is obvious.

3
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Aik∆kj =
1

ε
A

(0)
in δnj + A

(1)
in δnj + A

(0)
ik ∆

(0)
kj +O(ε) = δij. (5b)

Avoiding the singularity in 1/ε requires

A
(0)
in = 0 ∀ i = 1, . . . , N and A

(0)
nj = 0 ∀ j = 1, . . . , N. (6)

For i = j = n we obtain the further condition

A(1)
nn = 1. (7)

Note that, because of equation (6), ∆
(0)
nk and ∆

(0)
kn do not occur in the second condition.

The remaining coefficients in equation (5), which have not yet been fixed by equa-
tions (6) and (7), are determined by the orthogonality conditions at order ε0:

i 6= n, j 6= n : ∆
(0)
ik A

(0)
kj = A

(0)
ik ∆

(0)
kj = δij,

i = n, j 6= n : A
(1)
nj +∆

(0)
nkA

(0)
kj = 0,

i 6= n, j = n : A
(1)
in + A

(0)
ik ∆

(0)
kn = 0.

(8)

However, these conditions have nothing to do with on-shell renormalization.
In summary, for the inverse propagator we have derived the on-shell conditions

Ain(m
2
n) = Anj(m

2
n) = 0 ∀ i, j = 1, . . . , N and

dAnn(p
2)

dp2

∣∣∣∣
p2=m2

n

= 1, (9)

in agreement with the result of [2]. Of course, for every n there is such a set of conditions.

2.2 Renormalization and parameter counting

The dispersive part of the inverse propagator is a real symmetric matrix, i.e.

(
∆−1(p2)

)T
= ∆−1(p2). (10)

A derivation of this symmetry relation in terms of the Källén–Lehmann representation of
the scalar propagator is given in appendix A.1. Using the fact that on-shell renormaliza-
tion conditions are imposed on the dispersive part, we can reformulate them as

i 6= j : Aij(m
2
j ) = 0, i = j : Aii(m

2
i ) = 0,

dAii(p
2)

dp2

∣∣∣∣
p2=m2

i

= 1. (11)

The number of on-shell conditions is thus

2

(
N

2

)
+ 2N = N2 +N. (12)

The factor 2 in front of the binomial coefficient originates from the two pairs (i, j) and
(j, i) for i 6= j.

4
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In terms of the self-energy, the renormalized inverse propagator has the form

A(p2) = p2 − m̂2 − Σ(r)(p2). (13)

The bare fields ϕ
(b)
i are related to the renormalized ones via the field strength renormal-

ization matrix:
ϕ
(b)
i =

(
Z(1/2)

)
ik
ϕk. (14)

In this way, the renormalized self-energy Σ(r)(p2) is related to the unrenormalized one by

Σ(r)(p2) = Σ(p2) +
(
1−

(
Z(1/2)

)T
Z(1/2)

)
p2 +

(
Z(1/2)

)T (
m̂2 + δm̂2

)
Z(1/2) − m̂2. (15)

For real scalar fields, Z(1/2) is a general real N ×N matrix. Therefore, it contains N2 real
parameters. Assuming to be in a basis where

m̂2 = diag
(
m2

1, . . . , m
2
N

)
, (16)

then δm̂2 is diagonal too. Thus, there are N real parameters in δm̂2. In summary, we have
N2 + N free parameters at disposal for implementing N2 + N on-shell renormalization
conditions. The condition Aii(m

2
i ) = 0 is imposed with the help of δm̂2

i , while for the rest
the field strength renormalization matrix Z(1/2) is responsible.

It is instructive to perform the renormalization of the inverse propagator at the lowest
non-trivial order in Z(1/2). In this case we write

Z(1/2) = 1 +
1

2
z (17)

and

Σ(r)(p2) = Σ(p2)− 1

2

(
z + zT

)
p2 +

1

2

(
m̂2z + zT m̂2

)
+ δm̂2. (18)

Then it is straightforward to derive

i 6= j :
1

2
zij = − Σij(m

2
j )

m2
i −m2

j

, i = j : δm̂2
i = −Σii(m

2
i ), zii =

dΣii(p
2)

dp2

∣∣∣∣
p2=m2

i

(19)

from equation (11).

3 Fermion propagator with parity conservation

3.1 On-shell conditions

For fermions the situation is more involved, but we can nevertheless proceed in analogy
to the scalar case. We write the propagator as

S = C/p−D with C =
(
Cij(p

2)
)
, D =

(
Dij(p

2)
)

(20)

being N × N matrices. It is now expedient to formulate for fermions the condition
analogous to equation (3). Using again ε of equation (2), we have now

Sij
ε→0−→ δinδnj

/p−mn

+ S̃ij, (21)

5
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where S̃ij is non-singular in ε. First of all, we have to work out what equation (21) means
for C and D. Multiplying S by /p−mn and exploiting equation (21), we find

(
/p−mn

)
Sij = δinδnj +

(
/p−mn

)
S̃ij = εCij −

(
/p−mn

)
(Dij +mnCij) , (22)

whence we conclude

Cij =
δinδnj
ε

+ C
(0)
ij +O(ε), Dij = −mnδinδnj

ε
+D

(0)
ij +O(ε). (23)

The second relation follows from the non-singularity of S̃ij . We see that in the fermion
case we have two relations instead of one, equation (3), in the scalar case.

Now we have to formulate the conditions of equation (23) for the inverse propagator

S−1 = A/p−B. (24)

The relation between A, B and C, D is given by

(
SS−1

)
ij
= δij ⇒ CikAkj p

2 +DikBkj = δij , CikBkj +DikAkj = 0, (25a)
(
S−1S

)
ij
= δij ⇒ AikCkj p

2 +BikDkj = δij , BikCkj + AikDkj = 0. (25b)

Since the inverse propagator is non-singular for ε→ 0, we have the expansion

Aij = A
(0)
ij + εA

(1)
ij +O(ε2), Bij = B

(0)
ij + εB

(1)
ij +O(ε2) (26)

with

A
(0)
ij = Aij(m

2
n), A

(1)
ij =

dAij(p
2)

dp2

∣∣∣∣
p2=m2

n

(27)

and the analogous relations for B. We have to plug the relations of equation (26) into
equation (25) and invoke the expansion for the propagator presented in equation (23).
For the details, we refer the reader to appendix B.1.

Summarizing the computation in appendix B.1, the on-shell renormalization conditions
on the renormalized inverse propagator are given by

Bin(m
2
n) = mnAin(m

2
n) ∀ i = 1, . . . , N ; (28a)

Bnj(m
2
n) = mnAnj(m

2
n) ∀ j = 1, . . . , N ; (28b)

Ann(m
2
n) + 2m2

n

dAnn(p
2)

dp2

∣∣∣∣
p2=m2

n

− 2mn
dBnn(p

2)

dp2

∣∣∣∣
p2=m2

n

= 1. (28c)

They are in agreement with the conditions derived in [2]. Relations (28a) and (28b) follow
from the cancellation of the terms with 1/ε, whereas relation (28c) stems from the terms
with zeroth power in ε.

6
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3.2 Renormalization and parameter counting

As in the scalar case, we can make use of a symmetry of the dispersive part of the
propagator, namely

γ0
(
S−1(p)

)†
disp

γ0 = S−1(p)disp, (29)

which shows us that
A† = A, B† = B (30)

is valid for the dispersive parts. A derivation of equation (29) is given in appendix A.2.
Therefore, the on-shell conditions can be rewritten as

i 6= j : Bij(m
2
j ) = mjAij(m

2
j), (31a)

i = j : Bii(m
2
i ) = miAii(m

2
i ), (31b)

Aii(m
2
i ) + 2m2

i

dAii(p
2)

dp2

∣∣∣∣
p2=m2

i

− 2mi
dBii(p

2)

dp2

∣∣∣∣
p2=m2

i

= 1. (31c)

For each pair i 6= j we have four conditions, because relation (31a) is complex and contains
i < j and i > j. For every i = j there are two real conditions, one from equation (31b)
and one from equation (31c). Thus, the number of on-shell conditions amounts to

4

(
N

2

)
+ 2N = 2N2. (32)

In analogy to the scalar case, we write

S−1(p) = /p− m̂− Σ(r)(p). (33)

We introduce the field strength renormalization via

ψ
(b)
i =

(
Z(1/2)

)
ik
ψk (34)

with bare and renormalized fields ψ
(b)
i and ψk, respectively. Then, the renormalized self-

energy Σ(r)(p) is written as

Σ(r)(p) = Σ(p) +
(
1−

(
Z(1/2)

)†
Z(1/2)

)
/p+

(
Z(1/2)

)†
(m̂+ δm̂)Z(1/2) − m̂ (35)

with the unrenormalized self-energy Σ(p). From this equation it is obvious that the
transformation

Z(1/2) → eiα̂Z(1/2) (36)

by a diagonal matrix eiα̂ of phase factors leaves Σ(r)(p) invariant. Though Z(1/2) is a
general complex N ×N matrix, we only have 2N2 −N parameters in this matrix at our
disposal. Adding to this number the N parameters in δm̂, we arrive at 2N2 renormaliza-
tion parameters, which equals the number of renormalization conditions in equation (32).

To perform the renormalization, we decompose the unrenormalized self-energy into

Σ(p) = Σ(A)(p2)/p+ Σ(B)(p2). (37)

7
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This leads to

A =
(
Z(1/2)

)†
Z(1/2) − Σ(A) and B = Σ(B) +

(
Z(1/2)

)†
(m̂+ δm̂)Z(1/2). (38)

Let us—just as in the scalar case—do the one-loop renormalization to illustrate the
above discussion. Again we set Z(1/2) = 1+ 1

2
z and obtain

A = 1− Σ(A) +
1

2

(
z + z†

)
, (39a)

B = m̂+ Σ(B) +
1

2

(
m̂z + z†m̂

)
+ δm̂. (39b)

We assume a diagonal mass matrix

m̂ = diag (m1, . . . , mN ) . (40)

Inserting these quantities A, B and δm̂ into equation (31), it is straightforward to find
the solution

1

2
zij = − 1

mi −mj

(
mjΣ

(A)
ij (m2

j) + Σ
(B)
ij (m2

j )
)

(41)

for i 6= j and

δmi = −miΣ
(A)
ii (m2

i )− Σ
(B)
ii (m2

i ), (42a)

Re zii = Σ
(A)
ii (m2

i ) + 2m2
i

dΣ
(A)
ii (p2)

dp2

∣∣∣∣∣
p2=m2

i

+ 2mi
dΣ

(B)
ii (p2)

dp2

∣∣∣∣∣
p2=m2

i

(42b)

for i = j. We notice that Im zii is not determined as a consequence of the phase freedom
expressed in equation (36).

3.3 Formal derivation of the fermionic on-shell conditions

An interesting aspect of the on-shell conditions for fermions is that they can be derived
by formally considering /p as a variable [2] and expanding in

η ≡ /p−mn. (43)

Then one can exactly imitate the computation for scalars. We begin with the condition

Sij
η→0−→ δinδnj

η
+ S

(0)
ij (44)

for the propagator. Then with

T = S−1 and Tij = T
(0)
ij + ηT

(1)
ij +O(η2) (45)

we obtain

SikTkj =
1

η
δinT

(0)
nj + δinT

(1)
nj + S

(0)
ik T

(0)
kj +O(η) = δij , (46a)

8
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TikSkj =
1

η
T

(0)
in δnj + T

(1)
in δnj + T

(0)
ik S

(0)
kj +O(η) = δij . (46b)

In this way we arrive at conditions completely analogous to the scalar conditions:

T
(0)
in = 0 ∀i = 1, . . . , N, T

(0)
nj = 0 ∀j = 1, . . . , N, T (1)

nn = 1. (47)

But we know that the inverse propagator has the decomposition

Tij(/p) = Aij(p
2)/p− Bij(p

2), (48)

where p2 = /p2. Therefore, equation (47) translates into

Tin(/p = mn) = Ain(m
2
n)mn −Bin(m

2
n) = 0, (49a)

Tnj(/p = mn) = Anj(m
2
n)mn − Bnj(m

2
n) = 0. (49b)

In order to tackle T
(1)
nn = 1, we note that

dp2

d/p
= 2/p. (50)

Therefore, we end up with

dTnn(/p)

d/p

∣∣∣∣
/p=mn

= Ann(m
2
n) + 2m2

n

dAnn(p
2)

dp2

∣∣∣∣
p2=m2

n

− 2mn
dBnn(p

2)

dp2

∣∣∣∣
p2=m2

n

= 1. (51)

Thus we recover relation (28c).

4 Fermion propagator without parity conservation

4.1 On-shell conditions

With the chiral projectors

γL =
1− γ5

2
, γR =

1 + γ5
2

, (52)

the propagator is now given by

S = /p (CLγL + CRγR)− (DLγL +DRγR) . (53)

The on-shell condition (21) is again valid. Since

(
/p−mn

)
Sij = ε (CLγL + CRγR)ij −

(
/p−mn

)
[(DL +mnCL) γL + (DR +mnCR) γR]ij ,

(54)
we have the following behaviour for ε→ 0:

(CL)ij =
δinδnj
ε

+ (C
(0)
L )ij +O(ε), (DL)ij = −mnδinδnj

ε
+ (D

(0)
L )ij +O(ε), (55a)

9
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(CR)ij =
δinδnj
ε

+ (C
(0)
R )ij +O(ε), (DR)ij = −mnδinδnj

ε
+ (D

(0)
R )ij +O(ε). (55b)

We define the inverse propagator as

S−1 = /p (ALγL + ARγR)− (BLγL +BRγR) . (56)

Since the set of matrices {
γL, γR, /pγL, /pγR

}
(57)

is linearly independent for p 6= 0, we obtain the relations
(
SS−1

)
ij
= δij ⇒

(
CRAL p

2 +DLBL

)
ij
= δij , (CLBL +DRAL)ij = 0, (58a)

(
CLAR p

2 +DRBR

)
ij
= δij , (CRBR +DLAR)ij = 0, (58b)

(
S−1S

)
ij
= δij ⇒

(
ARCL p

2 + BLDL

)
ij
= δij , (BRCL + ALDL)ij = 0, (58c)

(
ALCR p

2 + BRDR

)
ij
= δij , (BLCR + ARDR)ij = 0. (58d)

Because the inverse propagator is non-singular in ε, we are allowed to assume the expan-
sion

(AL)ij = (A
(0)
L )ij + ε(A

(1)
L )ij +O(ε2), (BL)ij = (B

(0)
L )ij + ε(B

(1)
L )ij +O(ε2), (59a)

(AR)ij = (A
(0)
R )ij + ε(A

(1)
R )ij +O(ε2), (BR)ij = (B

(0)
R )ij + ε(B

(1)
R )ij +O(ε2). (59b)

For the details of evaluating equations (55), (58) and (59), we refer the reader to ap-
pendix B.2.

In summary, the on-shell conditions on the inverse propagator are given by equa-
tions (B9) and (B13). The first equation reads

(BL)in(m
2
n) = mn(AR)in(m

2
n), (BR)in(m

2
n) = mn(AL)in(m

2
n) ∀ i, (60a)

(BL)nj(m
2
n) = mn(AL)nj(m

2
n), (BR)nj(m

2
n) = mn(AR)nj(m

2
n) ∀ j. (60b)

Equation (B13) can be brought into the form

(AL)nn(m
2
n) +m2

n

d

dp2
(
(AL)nn(p

2) + (AR)nn(p
2)
)∣∣∣∣

p2=m2
n

−mn
d

dp2
(
(BL)nn(p

2) + (BR)nn(p
2)
)∣∣∣∣

p2=m2
n

= 1, (61a)

(AR)nn(m
2
n) +m2

n

d

dp2
(
(AL)nn(p

2) + (AR)nn(p
2)
)∣∣∣∣

p2=m2
n

−mn
d

dp2
(
(BL)nn(p

2) + (BR)nn(p
2)
)∣∣∣∣

p2=m2
n

= 1. (61b)

Note that in these two equations the parts with the derivatives are identical, therefore,
we are lead to the consistency condition

(AL)nn(m
2
n) = (AR)nn(m

2
n). (62)

Plugging this into equation (60), the further consistency condition

(BL)nn(m
2
n) = (BR)nn(m

2
n) (63)

follows.

10
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4.2 Renormalization and parameter counting

Turning to the counting of the number of renormalization conditions, we note that the
relations analogous to the ones of equation (30) are now

A†
L = AL, A†

R = AR, B†
L = BR. (64)

These relations cut the number of independent relations in equation (60) in half and it
suffices to consider only equation (60a). Written in indices i, j, this equation reads

(BL)ij(m
2
j ) = mj(AR)ij(m

2
j ), (BR)ij(m

2
j ) = mj(AL)ij(m

2
j ). (65)

In counting the number of independent on-shell conditions we proceed as in section 3.2.
We first consider i 6= j. The relations in equation (65) are not symmetric under the
exchange i ↔ j. Furthermore, each of the two independent relations in equation (65)
delivers one complex condition. Therefore, each pair of indices gives eight real conditions.
For i = j, the problem is more subtle. We know from equation (64) that Im (AL)ii =
Im (AR)ii = 0 and (BR)ii(m

2
i ) = ((BL)ii(m

2
i ))

∗
. Clearly, these are no renormalization

conditions. Discounting them, there remain the three real renormalization conditions

(AL)ii(m
2
i ) = (AR)ii(m

2
i ), Im (BL)ii(m

2
i ) = 0, Re (BL)ii(m

2
i ) = mi(AR)ii(m

2
i ) (66)

plus one condition containing the derivatives. Actually, only the second and third relation
in equation (66) follow from equation (65) with i = j, whereas the first one ensues from
that equation only for mi 6= 0. However, the first one also derives from equation (61)
without the necessity of assuming mi 6= 0 and, because of this, the same equation gives
only one real condition containing the derivatives. Thus we end up with a total of

8

(
N

2

)
+ 4N = 4N2 (67)

real on-shell conditions.
Next we switch to renormalization. Equation (33) holds again, but now we have to

introduce a field strength renormalization matrix for each set of chiral fields, i.e.

ψ
(b)
iL =

(
Z

(1/2)
L

)
ik
ψLk, ψ

(b)
iR =

(
Z

(1/2)
R

)
ik
ψRk. (68)

Then, the renormalized self-energy Σ(r)(p) is written as

Σ(r)(p) = Σ(p) +

(
1−

(
Z

(1/2)
L

)†
Z

(1/2)
L

)
/pγL +

(
1−

(
Z

(1/2)
R

)†
Z

(1/2)
R

)
/pγR

+
(
Z

(1/2)
R

)†
(m̂+ δm̂)Z

(1/2)
L γL +

(
Z

(1/2)
L

)†
(m̂+ δm̂)Z

(1/2)
R γR − m̂ (69)

with the unrenormalized self-energy Σ(p). In order to satisfy the 4N2 renormalization

conditions, we have Z
(1/2)
L , Z

(1/2)
R and δm̂ at our disposal. Just as in the case of parity

conservation, we have to take the phase freedom

Z
(1/2)
L → eiα̂Z

(1/2)
L , Z

(1/2)
R → eiα̂Z

(1/2)
R (70)

11
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into account, because Σ(r)(p) is invariant under this rephasing. Note that both field
strength renormalization matrices are multiplied with the same diagonal matrix of phase
factors. Each field strength renormalization matrix is a general complex matrix and thus
has 2N2 real parameters. Taking into account the N parameters in δm̂, we end up with
total number of (4N2−N)+N = 4N2 real parameters, which we have at our disposal for
renormalization, which exactly matches the number of independent real renormalization
conditions in equation (67).

For renormalization, we decompose the bare self-energy into

Σ(p) = /p
(
Σ

(A)
L (p2)γL + Σ

(A)
R (p2)γR

)
+ Σ(B)(p2)γL + Σ

(B)
R (p2)γR, (71)

which in turn gives

AL =
(
Z

(1/2)
L

)†
Z

(1/2)
L − Σ

(A)
L , BL = Σ

(B)
L +

(
Z

(1/2)
R

)†
(m̂+ δm̂)Z

(1/2)
L , (72a)

AR =
(
Z

(1/2)
R

)†
Z

(1/2)
R − Σ

(A)
R , BR = Σ

(B)
R +

(
Z

(1/2)
L

)†
(m̂+ δm̂)Z

(1/2)
R . (72b)

Note that (
Σ

(A)
L

)†
= Σ

(A)
L ,

(
Σ

(A)
R

)†
= Σ

(A)
R ,

(
Σ

(B)
L

)†
= Σ

(B)
R (73)

due to the discussion in appendix A.
Let us now perform explicit renormalization at the lowest non-trivial order. To this

end, we assume that m̂ is diagonal, with the pole masses on its diagonal. Then δm̂ is
diagonal too. We write Z

(1/2)
L = 1 + 1

2
zL and Z

(1/2)
R = 1 + 1

2
zR and obtain

AL = 1− Σ
(A)
L +

1

2
zL +

1

2
z†L, (74a)

AR = 1− Σ
(A)
R +

1

2
zR +

1

2
z†R, (74b)

and

BL = m̂+ δm̂+ Σ
(B)
L +

1

2
m̂zL +

1

2
z†Rm̂, (75a)

BR = m̂+ δm̂+ Σ
(B)
R +

1

2
m̂zR +

1

2
z†Lm̂. (75b)

With this identification, it is straightforward to compute (zL)ij and (zR)ij for i 6= j from
equation (60a). The result is (see, for instance, [4, 12])

1

2
(zL)ij = (76a)

− 1

m2
i −m2

j

[
m2

j

(
Σ

(A)
L

)
ij
+mimj

(
Σ

(A)
R

)
ij
+mj

(
Σ

(B)
R

)
ij
+mi

(
Σ

(B)
L

)
ij

]

p2=m2
j

,

1

2
(zR)ij = (76b)

− 1

m2
i −m2

j

[
mimj

(
Σ

(A)
L

)
ij
+m2

j

(
Σ

(A)
R

)
ij
+mi

(
Σ

(B)
R

)
ij
+mj

(
Σ

(B)
L

)
ij

]

p2=m2
j

.

12
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For i = j, we have the three conditions in equation (66) plus one of the conditions of
equation (61), i.e. there are four equations for five unknowns, which are Re (zL)ii, Re (zR)ii,
Im (zL)ii, Im (zR)ii and δmi. This reflects the rephasing invariance of equation (70). To
solve for δmi, the conditions in equation (66) are sufficient, leading to the result

2 δm̂ii = −mi

(
(Σ

(A)
L )ii(m

2
i ) + (Σ

(A)
R )ii(m

2
i )
)
−

(
(Σ

(B)
L )ii(m

2
i ) + (Σ

(B)
R )ii(m

2
i )
)
. (77)

Note that, due to equation (73), the second expression on the right-hand side is real.
The remaining task is the determination of the diagonal entries of the field strength
renormalization constants. The real parts can be completely fixed:

Re(zL)ii = (Σ
(A)
L )ii(m

2
i ) +m2

i

d

dp2

(
(Σ

(A)
L )ii(p

2) + (Σ
(A)
R )ii(p

2)
)∣∣∣∣

p2=m2
i

+mi
d

dp2

(
(Σ

(B)
L )ii(p

2) + (Σ
(B)
R )ii(p

2)
)∣∣∣∣

p2=m2
i

, (78a)

Re(zR)ii = (Σ
(A)
R )ii(m

2
i ) +m2

i

d

dp2

(
(Σ

(A)
L )ii(p

2) + (Σ
(A)
R )ii(p

2)
)∣∣∣∣

p2=m2
n

+mi
d

dp2

(
(Σ

(B)
L )ii(p

2) + (Σ
(B)
R )ii(p

2)
)∣∣∣∣

p2=m2
i

. (78b)

Only Im (BL)ii(m
2
i ) = 0 in equation (66) involves a non-trivial imaginary part, from which

we deduce [12]

mi Im (zL − zR)ii = −2 Im (Σ
(B)
L )ii(m

2
i ) = 2 Im (Σ

(B)
R )ii(m

2
i ). (79)

The latter equality results from equation (73).

4.3 Comparison with Aoki et al.

In [2], the inverse propagator is parameterized as

S−1 = K11 +K5γ5 +Kγ/p+K5γ/pγ5. (80)

Comparison with equation (56) leads to the translation table

K1 = −1
2
(BL +BR) ,

K5 = 1
2
(BL −BR) ,

Kγ = 1
2
(AL + AR) ,

K5γ = −1
2
(AL −AR) .

(81)

Inverting it, we have

AL = Kγ −K5γ ,

AR = Kγ +K5γ ,

BL = −K1 +K5,

BR = −K1 −K5.

(82)

13



50 Chapter 3. On-shell renormalization conditions

With this information, equation (60) is translated into

(K1)in(m
2
n) +mn(Kγ)in(m

2
n) = 0, (K5)in(m

2
n)−mn(K5γ)in(m

2
n) = 0 ∀i,

(K1)nj(m
2
n) +mn(Kγ)nj(m

2
n) = 0, (K5)nj(m

2
n) +mn(K5γ)nj(m

2
n) = 0 ∀j. (83)

For i = j = n, we find

(K1)nn(m
2
n) +mn(Kγ)nn(m

2
n) = 0, (K5)nn(m

2
n) = 0, (K5γ)nn(m

2
n) = 0, (84a)

(Kγ)nn(m
2
n) + 2m2

n

dKγ(p
2)

dp2

∣∣∣∣
p2=m2

n

+ 2mn
dK1(p

2)

dp2

∣∣∣∣
p2=m2

n

= 1. (84b)

Therefore, we have full agreement with the on-shell conditions in [2].

4.4 On-shell renormalization of Majorana fermions

In the case of Majorana fermions, the propagator matrix is severely restricted because
each fermion field is its own charge-conjugate field—see appendix C. For instance, the
bare fields can represented as

ψ
(b)
i = ψ

(b)
Li +

(
ψ

(b)
Li

)c

, (85)

where the superscript c denotes charge conjugation. This formula expresses the fact that
for each field only one chiral component is independent. Therefore,

Z
(1/2)
R =

(
Z

(1/2)
L

)∗
(86)

holds [5]. The freedom of rephasing expressed by equation (70) is lost, except for those
indices i for which mi + δmi = 0. However, in the following discussion, we will exclude
such cases. Therefore, real parameters we have at disposal for renormalization are those
in Z

(1/2)
L and δm̂. This amounts to 2N2 +N parameters.
The Majorana condition

S−1(p) = C
(
S−1(−p)

)T
C−1 (87)

on the propagator matrix is derived in appendix C. Applying this condition to the inverse
propagator as parameterized in equation (56), one readily finds

AT
L = AR, BT

L = BL, BT
R = BR. (88)

These conditions hold, in the Majorana case, in addition to those of equation (64). There-
fore, in summary we have here

AR = A∗
L with A†

L = AL and BR = B∗
L with BT

L = BL. (89)

It is important not to confuse these relations with renormalization conditions.
In order to count the number of the latter ones in the case of Majorana fermions,

we first consider i 6= j. As discussed in section 4.2, it suffices to consider equation (65).

14



Int. J. Mod. Phys. A 31 (2017) 1630038, Erratum: ibid. 32 (2017) 1792001 [arXiv:1606.06191] 51

However, using equation (89) to eliminate BR and AL in the second relation of this
equation, we find that in the Majorana case the two relations are equivalent. Thus, for
i 6= j there are 4

(
N
2

)
independent real renormalization conditions. For i = j, we reconsider

equation (66). The first relation in this equation now follows from equation (89) and must
not be considered as a renormalization condition. Therefore, in summary, together with
the residue condition of equation (61), we have

4

(
N

2

)
+ 3N = 2N2 +N (90)

renormalization conditions, which matches the number of independent renormalization
constants determined above.

Equation (89) holds for the unrenormalized self-energies as well, in particular, the
relations

Σ
(A)
R =

(
Σ

(A)
L

)∗
and Σ

(B)
R =

(
Σ

(B)
L

)∗
(91)

are valid. Using these to eliminate the self-energy parts Σ
(A)
R and Σ

(B)
R in the one-loop

renormalization conditions of section 4.2, it is easy to see their compatibility with the
Majorana condition. Indeed, one finds that equation (76b) is the complex conjugate of
equation (76a) and the same is true for equations (78a) and (78b). Equation (79) now
reads

mi Im (zL)ii = −Im (Σ
(B)
L )ii(m

2
i ) (92)

because of Im (zR)ii = −Im (zL)ii. As discussed above, there is no phase freedom in the
Majorana case.

5 Summary

In this review we have given a very explicit presentation of on-shell renormalization.
In particular, we have taken pains to dispel any unclear point in the derivation of the
on-shell renormalization conditions imposed on the inverse propagator matrix. We have
extensively discussed mixing ofN fields in the case of real scalar fields and fermion fields in
parity-conserving and parity-violating theories. We have also distinguished between Dirac
and Majorana fermions and described how the renormalization scheme gets modified in
the latter case as compared to the more familiar Dirac case. We have not treated here
mixing of complex scalar fields, but with the methods explained in this review this should
pose no problem. Moreover, we have omitted mixing of vector fields, in order to avoid
the complications of gauge theories—for photon–Z boson mixing we refer the reader
to [8, 9], for instance. The main motivation for this review originates from extensions
of the Standard Model in the fermion and scalar sector, with special focus on Majorana
neutrinos. For self-consistency and because of the important role in our discussion, we
have also supplied a derivation of the emergence of dispersive and absorptive parts in the
propagator matrix and a derivation of the restrictions on the propagator matrix in the
case of Majorana fermions.
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A Dispersive and absorptive parts in the propagator

In this review we stick to hermitian counterterms in the Lagrangian. In the present
appendix, for the sake of completeness, we want to demonstrate that the dispersive parts
of the propagator matrix fulfill hermiticity conditions matching those of the counterterms.
This is a necessary prerequisite for imposing on-shell conditions. Dispersive and absorptive
parts arise through the well-known relation in distribution theory

1

p2 − µ2 + iǫ
= P

1

p2 − µ2
− iπδ(p2 − µ2), (A1)

from the principle value and the delta function, respectively. This can be verified quite
easily in the Källén–Lehmann representation of the propagator matrix. By and large we
follow the derivation in [13].

A.1 Real scalar fields

The total propagator matrix is defined by

i (∆′(x− y))ij = 〈0|Tϕi(x)ϕj(y)|0〉, (A2)

where T denotes time ordering. The propagator ∆′ could be renormalized or unrenormal-
ized. Inserting a complete system of four-momentum eigenstates and exploiting energy
momentum conservation leads to

i (∆′(x− y))ij =
∑

n

{
Θ(x0 − y0) 〈0|ϕi(0)|n〉〈n|ϕj(0)|0〉e−ipn·(x−y)

+Θ(y0 − x0) 〈0|ϕj(0)|n〉〈n|ϕi(0)|0〉eipn·(x−y)
}
. (A3)

It is then useful to define the density

(2π)3
∑

n

δ(4)(q − pn)〈0|ϕi(0)|n〉〈n|ϕj(0)|0〉 ≡ ρij(q
2)Θ(q0), (A4)

where the Heaviside function Θ indicates that only q0 ≥ 0 gives a contribution.
Next we invoke CPT invariance, which holds in any local, Lorentz-invariant field the-

ory. The transformation of the real scalar fields is given by

(CPT )ϕi(x)(CPT )−1 = ϕi(−x). (A5)

Since (CPT ) is an antiunitary operator and (CPT )|0〉 = |0〉, we have the relation

〈0|ϕi(0)|n〉 =
(
〈0|ϕi(0)(CPT )|n〉

)∗
. (A6)
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Clearly, if |n〉 is a complete system, then (CPT )|n〉 is a complete system as well. Appli-
cation of equation (A6) to ρij(q

2) gives the two relations

ρij(q
2) =

(
ρij(q

2)
)∗

= ρji(q
2). (A7)

The second one allows us to write the propagator matrix as

i∆′(x− y) =
1

(2π)3

∫
d4qΘ(q0)ρ(q2)

(
Θ(x0 − y0)e−iq·(x−y) +Θ(y0 − x0)eiq·(x−y)

)
. (A8)

By insertion of 1 =
∫∞
0

dµ2 δ(q2−µ2) one ends up with the Källén–Lehmann representation

i∆′(x− y) = i

∫ ∞

0

dµ2ρ(µ2)∆F (x− y;µ), (A9)

where

∆F (x−y;µ) = −i
∫

d3q

(2π)32
√
µ2 + ~q 2

(
Θ(x0 − y0)e−iq·(x−y) +Θ(y0 − x0)eiq·(x−y)

)
(A10)

is the free Feynman propagator of a single real scalar field with mass µ and q2 = µ2. In
momentum space, this formula reads

∆′(p2) =

∫ ∞

0

dµ2ρ(µ2)
1

p2 − µ2 + iǫ
. (A11)

If we identify ∆′(p2) with the renormalized Feynman propagator, we see that ∆ij(p
2)

is real and symmetric in the region of p2 where the absorptive part vanishes. This justifies
the assumption made in section 2.2.

A.2 Fermion fields

In the fermionic case we have

i (S ′(x− y))ia,jb = 〈0|Tψia(x)ψ̄jb(y)|0〉 (A12)

≡ Θ(x0 − y0)〈0|ψia(x)ψ̄jb(y)|0〉 −Θ(y0 − x0)〈0|ψ̄jb(y)ψia(x)|0〉,

where for the sake of clarity we have also introduced Dirac indices a, b for each field. With
the first term on the right-hand side of equation (A12) one can, just as in the scalar case,
define a density:

(2π)3
∑

n

δ(4)(q − pn)〈0|ψia(0)|n〉〈n|ψ̄jb(0)|0〉 ≡ ρia,jb(q)Θ(q0). (A13)

Lorentz-invariance permits the decomposition

ρ(q) = /q
(
cL(q

2)γL + cR(q
2)γR

)
+ dL(q

2)γL + dR(q
2)γR. (A14)

In this formula, cL,R, dL,R are N ×N matrices in family space, while /qγL,R, γL,R carry the
Dirac indices.
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In order to relate the second term on the right-hand side of equation (A12) to the
density ρ, CPT-invariance has to be invoked [13]. To be as explicit as possible, we present
all our conventions. We use the defining relation

C−1γµC = −γTµ (A15)

for the charge conjugation matrix, whence CT = −C ensues. As for the Dirac gamma
matrices, we assume the hermiticity conditions γ†0 = γ0 and γ†i = −γi for i = 1, 2, 3. In
this basis, C† = C−1 without loss of generality. Charge conjugation, parity and time
reversal transformation for fermion fields are formulated as

Cψi(x)C−1 = CγT0 ψ
∗
i (x), Pψi(x)P−1 = γ0ψi(x

0,−~x ), T ψi(x)T −1 = iC−1γ5ψi(−x0, ~x ),
(A16)

respectively. Combination of the three discrete transformations gives the CPT transfor-
mation property [13, 14]

(CPT )ψi(x)(CPT )−1 = −iγT5 ψ∗
i (−x) and (CPT )ψ̄i(x)(CPT )−1 = iψT

i (−x)(γ5γ0)∗,
(A17)

where the overall sign is convention, but the i is necessary in Yukawa couplings.3

Now we apply equation (A17) to the second term on the right-hand side of the prop-
agator (A12). A straightforward computation, taking into account antiunitary of (CPT )
and the above conventions for C and the gamma matrices, leads to the simple result [13]

〈0|ψ̄jb(y)ψia(x)|0〉 = − (γ5)ad 〈0|ψid(−x)ψ̄jc(−y)|0〉 (γ5)cb . (A18)

The minus sign is used to cancel the minus from the time ordering when y0 > x0. Thus,
for the contribution to the propagator of equation (A18), we obtain the density

γ5ρ(q)γ5 = −/q
(
cL(q

2)γL + cR(q
2)γR

)
+ dL(q

2)γL + dR(q
2)γR, (A19)

with ρ(q) being identical to that of equation (A14).
The remaining steps are the same as in the scalar case. We finally arrive at

iS ′(x− y) = i

∫ ∞

0

dµ2
[
i/∂x

(
cL(µ

2)γL + cR(µ
2)γR

)
+ dL(µ

2)γL + dR(µ
2)γR

]
∆F (x− y;µ),

(A20)
where the subscript x indicates derivative with respect to x. In momentum space the
result is

S ′(p) =

∫ ∞

0

dµ2
[
/p
(
cL(µ

2)γL + cR(µ
2)γR

)
+ dL(µ

2) + dR(µ
2)
] 1

p2 − µ2 + iǫ
. (A21)

3 The reason is that the transformation (A5) together with (A17) leaves the most general Yukawa
coupling ∑

r,s,k

Γk
rsψ

T
r C

−1ψs ϕk +H.c. with Γk
rs = Γk

sr ∀ r, s

invariant; in this Yukawa coupling, all fermion fields are, for instance, left-chiral. Therefore, equa-
tions (A5) and (A17) together form a true CPT transformation.
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From the definition of the density ρ(q), equation (A14), the following property is easy
to prove:

γ0ρ
†(q)γ0 = ρ(q) ⇒ c†L(q

2) = cL(q
2), c†R(q

2) = cR(q
2), d†L(q

2) = dR(q
2). (A22)

Transferring the latter relations to the dispersive part of S ′, we obtain

γ0(S
′(p))†dispγ0 = (S ′(p))disp. (A23)

This is the justification of equation (29).

B Computational details

B.1 Theories with parity conservation

We first consider the second relation in each line of equation (25). The expansion in ε
furnishes

δin
ε

(
B

(0)
nj −mnA

(0)
nj

)
+ δin

(
B

(1)
nj −mnA

(1)
nj

)
+ C

(0)
ik B

(0)
kj +D

(0)
ik A

(0)
kj +O(ε) = 0, (B1a)

(
B

(0)
in −mnA

(0)
in

) δnj
ε

+
(
B

(1)
in −mnA

(1)
in

)
δnj +B

(0)
ik C

(0)
kj + A

(0)
ik D

(0)
kj +O(ε) = 0. (B1b)

Removing the singularity, we obtain the conditions

B
(0)
in = mnA

(0)
in ∀ i = 1, . . . , N and B

(0)
nj = mnA

(0)
nj ∀ j = 1, . . . , N. (B2)

Next we consider the first relation in each line of equation (25). Taking into account
p2 = ε+m2

n, we find

−δinmn

ε

(
B

(0)
nj −mnA

(0)
nj

)

+ δin

(
A

(0)
nj +m2

nA
(1)
nj −mnB

(1)
nj

)
+m2

nC
(0)
ik A

(0)
kj +D

(0)
ik B

(0)
kj +O(ε) = δij , (B3a)

−
(
B

(0)
in −mnA

(0)
in

) mnδnj
ε

+
(
A

(0)
in +m2

nA
(1)
in −mnB

(1)
in

)
δnj +m2

nA
(0)
ik C

(0)
kj +B

(0)
ik D

(0)
kj +O(ε) = δij . (B3b)

The singularity in these relations leads again to equation (B2).
Up to now we have only considered the singular terms. In order to obtain a renor-

malization condition from the terms of order ε0, we choose the indices i = j = n. In this
case, equation (B3a) leads to

A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +m2

nC
(0)
nkA

(0)
kn +D

(0)
nkB

(0)
kn = 1, (B4a)

A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +m2

nA
(0)
nkC

(0)
kn +B

(0)
nkD

(0)
kn = 1. (B4b)

Invoking equation (B2), we rewrite this equation as

A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +

(
mnC

(0)
nk +D

(0)
nk

)
A

(0)
knmn = 1, (B5a)
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A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +mnA

(0)
nk

(
mnC

(0)
kn +D

(0)
kn

)
= 1. (B5b)

In the same way equation (B1) gives

B(1)
nn −mnA

(1)
nn +

(
mnC

(0)
nk +D

(0)
nk

)
A

(0)
kn = 0, (B6a)

B(1)
nn −mnA

(1)
nn + A

(0)
nk

(
mnC

(0)
kn +D

(0)
kn

)
= 0. (B6b)

These relations allow us to eliminate in equation (B5) the terms in parentheses. We obtain
one further renormalization condition

A(0)
nn + 2m2

nA
(1)
nn − 2mnB

(1)
nn = 1. (B7)

B.2 Theories without parity conservation

Inserting the expansions (55) and (59) of S and S−1, respectively, into equation (58), right
column, leads to

δin
ε

(
(B

(0)
L )nj −mn(A

(0)
L )nj

)
+ δin

(
(B

(1)
L )nj −mn(A

(1)
L )nj

)

+(C
(0)
L )ik(B

(0)
L )kj + (D

(0)
R )ik(A

(0)
L )kj +O(ε) = 0, (B8a)

δin
ε

(
(B

(0)
R )nj −mn(A

(0)
R )nj

)
+ δin

(
(B

(1)
R )nj −mn(A

(1)
R )nj

)

+(C
(0)
R )ik(B

(0)
R )kj + (D

(0)
L )ik(A

(0)
R )kj +O(ε) = 0, (B8b)

(
(B

(0)
R )in −mn(A

(0)
L )in

) δnj
ε

+
(
(B

(1)
R )in −mn(A

(1)
L )in

)
δnj

+(B
(0)
R )ik(C

(0)
L )kj + (A

(0)
L )ik(D

(0)
L )kj +O(ε) = 0, (B8c)

(
(B

(0)
L )in −mn(A

(0)
R )in

) δnj
ε

+
(
(B

(1)
L )in −mn(A

(1)
R )in

)
δnj

+(B
(0)
L )ik(C

(0)
R )kj + (A

(0)
R )ik(D

(0)
R )kj +O(ε) = 0. (B8d)

The poles in ε must vanish, which gives the conditions

(B
(0)
L )in = mn(A

(0)
R )in, (B

(0)
R )in = mn(A

(0)
L )in ∀ i = 1, . . . , N, (B9a)

(B
(0)
L )nj = mn(A

(0)
L )nj, (B

(0)
R )nj = mn(A

(0)
R )nj ∀ j = 1, . . . , N. (B9b)

Now we can insert the same expansions into equation (58), left column, set p2 = ε+m2
n

and arrive at

−δinmn

ε

(
(B

(0)
L )nj −mn(A

(0)
L )nj

)
+ δin

(
(A

(0)
L )nj +m2

n(A
(1)
L )nj −mn(B

(1)
L )nj

)

+m2
n(C

(0)
R )ik(A

(0)
L )kj + (D

(0)
L )ik(B

(0)
L )kj +O(ε) = δij , (B10a)

−δinmn

ε

(
(B

(0)
R )nj −mn(A

(0)
R )nj

)
+ δin

(
(A

(0)
R )nj +m2

n(A
(1)
R )nj −mn(B

(1)
R )nj

)

+m2
n(C

(0)
L )ik(A

(0)
R )kj + (D

(0)
R )ik(B

(0)
R )kj +O(ε) = δij , (B10b)
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−
(
(B

(0)
L )in −mn(A

(0)
R )in

) mnδnj
ε

+
(
(A

(0)
R )in +m2

n(A
(1)
R )in −mn(B

(1)
L )in

)
δnj

+m2
n(A

(0)
R )ik(C

(0)
L )kj + (B

(0)
L )ik(D

(0)
L )kj +O(ε) = δij , (B10c)

−
(
(B

(0)
R )in −mn(A

(0)
L )in

) mnδnj
ε

+
(
(A

(0)
L )in +m2

n(A
(1)
L )in −mn(B

(1)
R )in

)
δnj

+m2
n(A

(0)
L )ik(C

(0)
R )kj + (B

(0)
R )ik(D

(0)
R )kj +O(ε) = δij . (B10d)

The terms with 1/ε lead again to equation (B9). Next, we investigate equation (B10) for
i = j = n at order ε0 and make use of equation (B9). In this way we obtain

(A
(0)
L )nn +m2

n(A
(1)
L )nn −mn(B

(1)
L )nn +m2

n(C
(0)
R )nk(A

(0)
L )kn +mn(D

(0)
L )nk(A

(0)
R )kn = 1,

(B11a)

(A
(0)
R )nn +m2

n(A
(1)
R )nn −mn(B

(1)
R )nn +m2

n(C
(0)
L )ik(A

(0)
R )kj +mn(D

(0)
R )nk(A

(0)
L )kn = 1,

(B11b)

(A
(0)
R )nn +m2

n(A
(1)
R )nn −mn(B

(1)
L )nn +m2

n(A
(0)
R )ik(C

(0)
L )kj +mn(A

(0)
L )nk(D

(0)
L )kn = 1,

(B11c)

(A
(0)
L )nn +m2

n(A
(1)
L )nn −mn(B

(1)
R )nn +m2

n(A
(0)
L )nk(C

(0)
R )kn +mn(A

(0)
R )nk(D

(0)
R )kn = 1.

(B11d)

Via equation (B8) for i = j = n at order ε0, i.e.

(B
(1)
L )nn −mn(A

(1)
L )nn +mn(C

(0)
L )nk(A

(0)
R )kn + (D

(0)
R )nk(A

(0)
L )kn = 0, (B12a)

(B
(1)
R )nn −mn(A

(1)
R )nn +mn(C

(0)
R )nk(A

(0)
L )kn + (D

(0)
L )nk(A

(0)
R )kn = 0, (B12b)

(B
(1)
R )nn −mn(A

(1)
L )nn +mn(A

(0)
R )nk(C

(0)
L )kn + (A

(0)
L )nk(D

(0)
L )kn = 0, (B12c)

(B
(1)
L )nn −mn(A

(1)
R )nn +mn(A

(0)
L )nk(C

(0)
R )kn + (A

(0)
R )nk(D

(0)
R )kn = 0, (B12d)

we can eliminate the terms with CL,R and DL,R in equation (B11). Eventually, this leads
to the final two on-shell conditions

(A
(0)
L )nn +m2

n

(
(A

(1)
L )nn + (A

(1)
R )nn

)
−mn

(
(B

(1)
L )nn + (B

(1)
R )nn

)
= 1, (B13a)

(A
(0)
R )nn +m2

n

(
(A

(1)
L )nn + (A

(1)
R )nn

)
−mn

(
(B

(1)
L )nn + (B

(1)
R )nn

)
= 1. (B13b)

C Majorana condition for the propagator matrix

In the case of Majorana fields, a condition on the propagator matrix arises from the fact
that each fermion field ψn is identical to its charge-conjugate field (ψn)

c. Dealing with
four-component spinors, this reads

CγT0 ψ
∗
n(x) = ψn(x), (C1)

where C is the charge-conjugation matrix. The star means that one has to take the
hermitian conjugate of each component ψna (a = 1, . . . , 4) of ψn such that ψ∗

n is a column
vector.
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The starting point for the derivation of a propagator condition in the case of Majorana
fermions is the identity

〈0|Tψia(x)ψjb(y)|0〉 = −〈0|Tψjb(y)ψia(x)|0〉. (C2)

With ψT
j = −ψ̄jC and ψi = Cψ̄T

i , which follow from equation (C1), this identity is
rewritten as

4∑

c=1

〈0|Tψia(x)ψ̄jc(y)|0〉(−Ccb) = −
4∑

d=1

Cad 〈0|Tψjb(y)ψ̄id(x)|0〉. (C3)

Therefore, the Majorana condition on the propagator matrix is

S ′(x− y) = CS ′T (y − x)C−1. (C4)

Note that the transposition refers to both Dirac and family indices. In momentum space,
equation (C4) reads [2, 15]

S ′(p) = CS ′T (−p)C−1. (C5)

There is the analogous condition for the inverse propagator.
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Abstract

We consider a model with arbitrary numbers of Majorana fermion fields and real
scalar fields ϕa, general Yukawa couplings and a Z4 symmetry that forbids linear
and trilinear terms in the scalar potential. Moreover, fermions become massive only
after spontaneous symmetry breaking of the Z4 symmetry by vacuum expectation
values (VEVs) of the ϕa. Introducing the shifted fields ha whose VEVs vanish,
MS renormalization of the parameters of the unbroken theory suffices to make the
theory finite. However, in this way, beyond tree level it is necessary to perform finite
shifts of the tree-level VEVs, induced by the finite parts of the tadpole diagrams,
in order to ensure vanishing one-point functions of the ha. Moreover, adapting the
renormalization scheme to a situation with many scalars and VEVs, we consider
the physical fermion and scalar masses as derived quantities, i.e. as functions of the
coupling constants and VEVs. Consequently, the masses have to be computed order
by order in a perturbative expansion. In this scheme we compute the selfenergies of
fermions and bosons and show how to obtain the respective one-loop contributions
to the tree-level masses. Furthermore, we discuss the modification of our results in
the case of Dirac fermions and investigate, by way of an example, the effects of a
flavour symmetry group.
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1 Introduction

Thanks to the results of the neutrino oscillation experiments—see for instance [1, 2]—
it is now firmly established that at least two light neutrinos have a nonzero mass and
that there is a non-trivial lepton mixing matrix or PMNS matrix in analogy to the quark
mixing matrix or CKM matrix. The surprisingly large mixing angles in the PMNS matrix
have given a boost to model building with spontaneously broken flavour symmetries—
for recent reviews see [3]. Many interesting results have been discovered, however, no
favoured scenario has emerged yet. Moreover, predictions of neutrino mass and mixing
models refer frequently to tree-level computations. It would thus be desirable to check
the stability of such predictions under radiative corrections. In the case of renormalizable
models one has a clear-cut and consistent method to remove ultraviolet (UV) divergences
and to compute such corrections.

However, there is the complication that the envisaged models always have a host
of scalars and often complicated spontaneous symmetry breaking (SSB) of the flavour
group. This makes it impossible to replace all Yukawa couplings by ratios of masses over
vacuum expectation values (VEVs), as done for instance in the renormalization of the
Standard Model. Of course, one could replace part of the Yukawa coupling constants by
masses, but this would make the renormalization procedure highly asymmetric. In this
paper we suggest to make such models finite by MS renormalization of the parameters
of the unbroken model and to perform finite VEV shifts at the loop level in order to
guarantee vanishing scalar one-point functions of the shifted scalar fields [4]. Additionally,
we introduce finite field strength renormalization for obtaining on-shell selfenergies. In this
way, all fermion and scalar masses are derived quantities and functions of the parameters
of the model.

In the usual approach to renormalization of theories with SSB and mixing [5] one
has counterterms for masses, quark and lepton mixing matrices—see for instance [6, 7]—
and tadpoles—see for instance [8, 9].1 We stress that in our approach there are no such
counterterms because we use an alternative approach tailored to the situation with a
proliferation of scalars and VEVs.

In order to present the renormalization scheme in a clear and compact way, we consider
a toy model which has

• an arbitrary number of Majorana or Dirac fermions,

• an arbitrary number of neutral scalars,

• a Z4 (Z2) symmetry which forbids Majorana (Dirac) fermion masses before SSB2

and

• general Yukawa interactions.

1There are other treatments of tadpoles adapted to the theory where they occur, see for instance
reference [10] for the MSSM and [11, 12] where the issue of gauge invariance is discussed.

2This is motivated by the Standard Model where—before SSB—fermion masses as well as linear and
trilinear terms in the scalar potential are absent due to the gauge symmetry.
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We put particular emphasis on the treatment of tadpoles. Since radiative corrections in
this model are already finite due to MS renormalization with the counterterms of the
unbroken theory, also the sum of all tadpole contributions, i.e. the loop contributions and
those induced by the counterterms of the unbroken theory, is finite. However, tadpoles
introduce finite VEV shifts which have to be taken into account for instance in the selfen-
ergies. Eventually, the finite VEV shifts also contribute to the radiative corrections of the
tree-level masses.3 We also focus on Majorana fermions, having in mind that neutrinos
automatically obtain Majorana nature through the seesaw mechanism [13].

An attempt at a renormalization scheme—with one fermion and one scalar field—
along the lines discussed here has already been made in [14]; however, the treatment of
the VEV in this paper cannot be generalized to the case of more than one scalar field.

The paper is organized as follows. In section 2 we introduce the Lagrangian, define the
counterterms and discuss SSB. Section 3 is devoted to the explanation of our renormal-
ization scheme, while in section 4 we explicitly compute the selfenergies of fermions and
scalars at one-loop order. We present an example of a flavour symmetry in section 5 and
study how the symmetry teams up with the general renormalization scheme. In section 6
we describe the changes when one has Dirac fermions instead of Majorana fermions. Fi-
nally, in section 7 we present the conclusions. Some details which are helpful for reading
the paper can be found in the three appendices.

2 Toy model setup

In this section, we give the specifics of the investigated model and discuss the generation
of masses via SSB. We focus on Majorana fermions. Throughout this paper we always
use the sum convention, if not otherwise stated.

2.1 Bare and renormalized Lagrangian

The bare Lagrangian is given by

LB = iχ̄(B)

iL γµ∂µχ
(B)

iL +
1

2
(∂µϕ

(B)

a ) (∂µϕ(B)

a ) (1a)

+

(
1

2
(Y (B)

a )ij χ
(B)

iL

T
C−1χ(B)

jLϕ
(B)

a +H.c.

)
(1b)

−1

2
(µ2

B
)abϕ

(B)

a ϕ(B)

b − 1

4
λ(B)

abcd ϕ
(B)

a ϕ(B)

b ϕ(B)

c ϕ(B)

d . (1c)

The charge-conjugation matrix C acts only on the Dirac indices. We assume nχ chiral
Majorana fermion fields χ(B)

iL and nϕ real scalar fields ϕ(B)
a . This Lagrangian exhibits the

Z4 symmetry
S : χ(B)

L → iχ(B)

L , ϕ(B) → −ϕ(B), (2)

3After SSB, these shifts have to be taken into account everywhere in the Lagrangian where VEVs
appear in order to obtain a consistent set of counterterms.
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with

χ(B)

L =




χ(B)

1L
...

χ(B)

nχL


 , ϕ(B) =




ϕ(B)

1
...

ϕ(B)
nϕ


 . (3)

Note that
(Y (B)

a )
T
= Y (B)

a ∀a = 1, . . . , nχ, (µ2
B
)ab = (µ2

B
)ba (4)

and λ(B)

abcd is symmetric in all indices.4

We define the renormalized fields by

χ(B)

L = Z(1/2)
χ χL, ϕ(B) = Z(1/2)

ϕ ϕ, (5)

where χL and ϕ are the vectors of the renormalized fermion and scalar fields, respectively.
The quantity Z

(1/2)
χ is a general complex nχ×nχ matrix, while Z

(1/2)
ϕ is a real but otherwise

general nϕ × nϕ matrix. Since we use dimensional regularization with dimension

d = 4− ε, (6)

we also introduce an arbitrary mass parameter M which renders the renormalized Yukawa
and quartic coupling constants dimensionless. We split the bare Lagrangian into

LB = L+ δL, (7)

where the renormalized Lagrangian is given by

L = iχ̄iLγ
µ∂µχiL +

1

2
(∂µϕa) (∂

µϕa) (8a)

+

(
1

2
Mε/2 (Ya)ij χ

T
iLC

−1χjLϕa +H.c.

)
(8b)

−1

2
µ2
abϕaϕb −

1

4
Mελabcd ϕaϕbϕcϕd (8c)

and

δL = iδ
(χ)
ij χ̄iLγ

µ∂µχjL +
1

2
δ
(ϕ)
ab (∂µϕa) (∂

µϕb) (9a)

+

(
1

2
Mε/2 (δYa)ij χ

T
iLC

−1χjLϕa +H.c.

)
(9b)

−1

2
δµ2

abϕaϕb −
1

4
Mεδλabcd ϕaϕbϕcϕd (9c)

contains the counterterms. In δL, the counterterms corresponding to the parameters in
L are given by

Mε/2δYa =
(
Z(1/2)

χ

)T
Y (B)

b Z(1/2)
χ

(
Z(1/2)

ϕ

)
ba
−Mε/2Ya, (10a)

Mεδλabcd = λ(B)

a′b′c′d′
(
Z(1/2)

ϕ

)
a′a

(
Z(1/2)

ϕ

)
b′b

(
Z(1/2)

ϕ

)
c′c

(
Z(1/2)

ϕ

)
d′d

−Mελabcd, (10b)

4One can show that the number of independent elements of λ(B)

abcd is
(
nϕ+3

4

)
.
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δµ2 =
(
Z(1/2)

ϕ

)T
µ2

B
Z(1/2)

ϕ − µ2. (10c)

Note that, whenever possible, we use matrix notation, as done in equations (10a) and (10c).
Moreover we have defined

δ(χ) =
(
Z(1/2)

χ

)†
Z(1/2)

χ − 1, δ(ϕ) =
(
Z(1/2)

ϕ

)T
Z(1/2)

ϕ − 1. (11)

The renormalized parameters have the same symmetry properties as the unrenormalized
ones, i.e.

Y T
a = Ya ∀a = 1, . . . , nχ, µ2

ab = µ2
ba (12)

and λabcd is symmetric in all indices. The same applies to the corresponding counterterms.

2.2 Spontaneous symmetry breaking

We introduce the shift

ϕa = M−ε/2v̄a + ha with v̄a = va +∆va. (13)

For convenience we have split the shift into va and ∆va; below we will identify the va
with the tree-level VEVs of the scalar fields ϕa, while the ∆va indicate further finite
shifts effected by loop corrections. Throughout our calculations, the symbol δ signifies
UV divergent counterterms, while with the symbol ∆ we denote finite shifts. A one-loop
discussion of ∆va will be presented in section 3. The shift leads to the scalar potential,
including counterterms,

V + δV − V0 = M−ε/2
(
ta +∆ta + δµ2

abv̄b + δλabcd v̄bv̄cv̄d
)
ha (14a)

+
1

2

((
M2

0

)
ab
+
(
∆M2

0

)
ab
+ δµ2

ab + 3δλabcd v̄cv̄d
)
hahb (14b)

+Mε/2 (λabcd + δλabcd) v̄dhahbhc (14c)

+
1

4
Mε (λabcd + δλabcd) hahbhchd, (14d)

with V as in equation (9c),

ta = µ2
abvb + λabcdvbvcvd, ∆ta = µ2

abv̄b + λabcdv̄bv̄cv̄d − ta, (15)

V0 being the constant term,
(
M2

0

)
ab
≡ µ2

ab + 3λabcdvcvd and
(
∆M2

0

)
ab
≡ µ2

ab + 3λabcdv̄cv̄d −
(
M2

0

)
ab
. (16)

The quantities ∆ta and (∆M2
0 )ab will become useful when we go beyond the tree level

because they will be induced by the shifts ∆va. We will drop V0 in the rest of the paper
since it does not alter the dynamics of the theory.

From now on we choose the va as the tree-level vacuum expectation values (VEVs) of
the scalars, i.e. as the values of the ϕa at the minimum of V (ϕ). Taking the derivative of
the scalar potential V , we obtain

∂V

∂ϕa
= µ2

abϕb +Mελabcdϕbϕcϕd. (17)
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Therefore, the conditions that the va (a = 1, . . . , nϕ) correspond to a stationary point of
V are given by

ta = 0 for a = 1, . . . , nϕ. (18)

SSB occurs if the minimum ϕ1 = v1, . . . , ϕnϕ = vnϕ of V is non-trivial, i.e. different from
v1 = · · · = vnϕ = 0. In any case, whether there is SSB or not, M2

0 of equation (16) is the
tree level mass matrix of the scalars.

The mass matrix of the fermions is given by

m0 =

nϕ∑

a=1

vaYa. (19)

The subscript 0 in m0 and M2
0 indicates tree level mass matrices. The tree-level mass

matrices and fermions and scalars are diagonalized by

UT
0 m0U0 = m̂0 ≡ diag

(
m01, . . . , m0nχ

)
, (20a)

W T
0 M

2
0W0 = M̂2

0 ≡ diag
(
M2

01, . . . ,M
2
0nϕ

)
, (20b)

where U0 is unitary [15] and W0 is orthogonal.
The diagonalization matrices U0 and W0 allow us to introduce mass eigenfields χ̂jL

and ĥa via
χiL = (U0)ij χ̂jL and ha = (W0)abĥb, (21)

respectively. Rewriting the Lagrangian in terms of the mass eigenfields amounts to the
replacements

δ(χ) → δ̂(χ) = U †
0δ

(χ)U0, (22a)

Ya → Ŷa =
(
UT
0 YbU0

)
(W0)ba, (22b)

δ(ϕ) → δ̂(ϕ) = W T
0 δ

(ϕ)W0, (22c)

va → v̂a = (W0)bavb, (22d)

ta → t̂a = (W0)batb, (22e)

µ2 → µ̂2 = W T
0 µ

2W0, (22f)

λabcd → λ̂abcd = λa′b′c′d′(W0)a′a(W0)b′b(W0)c′c(W0)d′d, (22g)

such that the form of the Lagrangian is preserved. Therefore, without loss of generality
we assume that we are in the mass bases of fermions and scalars, when we perform the
one-loop computation of the selfenergies. Note that ˆ̄va and ∆v̂a are defined analogously
to v̂a.

In the mass basis it is useful to rewrite the Yukawa interaction as

LY = −1

2
¯̂χ
(
ŶaγL + Ŷ ∗

a γR

)
χ̂
(
Mε/2ĥa + ˆ̄va

)
(23)

with

γL =
1− γ5

2
, γR =

1+ γ5
2

, χ̂ =




χ̂1
...

χ̂nχ


 and χ̂i = χ̂iL + (χ̂iL)

c , (24)

where the superscript c indicates charge conjugation.
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3 Renormalization

General outline: Our objective is to describe the general renormalization procedure
and to work out a prescription for the computation of the one-loop contribution to the
physical fermion and scalar masses. For this purpose we have to compute the selfenergies.
Clearly, the manner in which the selfenergies—and thus the quantities we aim at—depend
on the parameters of our toy model is renormalization-scheme-dependent. It is, therefore,
expedient to clearly expound the scheme we want to use and how we plan to reach our
goal.

We proceed in three steps:

i. MS renormalization for the determination of δŶa, δλ̂abcd, δµ̂
2
ab, δ̂

(χ) and δ̂(ϕ).

ii. Finite shifts ∆v̂a such that the scalar one-point functions of the ĥa are zero. These
two steps allow us to compute renormalized one-loop selfenergies Σ(p) and Π(p2)
for fermions and scalars, respectively.

iii. Finite field strength renormalization in order to switch from the MS selfenergies
Σ(p) and Π(p2) to on-shell selfenergies5 Σ̃(p) and Π̃(p2).

Several remarks are in order to concretize this outline. MS renormalization, i.e. sub-
traction of terms proportional to the constant

c∞ =
2

ε
− γ + ln(4π), (25)

where γ is the Euler–Mascheroni constant, is realized in the following way:

(a) δλ̂abcd is determined from the quartic scalar coupling,

(b) δŶa is obtained from the Yukawa vertex,

(c) δµ̂2
ab removes c∞ from the p2-independent part of the scalar selfenergy,

(d) δ̂(χ) and δ̂(ϕ) are determined from the momentum-dependent parts of the respective
selfenergies.

With the prescriptions (a)–(d) above, all correlation functions and all physical quantities
computed in our toy model must be finite. This applies in particular to the selfenergies.

Fermion selfenergy: Let us first consider the renormalized fermion selfenergy Σ(p),
defined via the inverse propagator matrix

S−1(p) = /p− m̂0 − Σ(p), (26)

5Note that here the term on-shell refers to field strength renormalization only. We have no mass
counterterms, because in our approach masses are derived quantities and, therefore, functions of the
parameters of the model—see the discussion at the end of this section.

7
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where Σ(p) has the chiral structure

Σ(p) = /p
(
Σ

(A)
L (p2)γL + Σ

(A)
R (p2)γR

)
+ Σ

(B)
L (p2)γL + Σ

(B)
R (p2)γR. (27)

For the relationships between Σ
(A)
L and Σ

(A)
R and between Σ

(B)
L and Σ

(B)
R in the case of

Dirac and Majorana fermions we refer the reader to appendix A. At one-loop order, Σ(p)
has the terms

Σ(p) = Σ1-loop(p)− /p
[
δ̂(χ)γL +

(
δ̂(χ)
)∗

γR

]

+v̂a

[
δŶaγL + (δŶa)

∗γR
]
+∆v̂a

[
ŶaγL + Ŷ ∗

a γR

]
, (28)

where Σ1-loop corresponds to the diagram of figure 1. Since δŶa is already determined
by the Yukawa vertex, the corresponding term in Σ(p) must automatically make Σ

(B)
L,R in

equation (28) finite. As for Σ
(A)
L,R in Σ(p), we note that these matrices are hermitian—see

also appendix A, therefore, the counterterms with the hermitian matrix δ̂(χ) suffice for
finiteness. The last term in equation (28) is induced by the finite VEV shifts.

Scalar selfenergy: Now we address the inverse scalar propagator matrix

∆−1(p2) = p2 − M̂2
0 −Π(p2). (29)

The scalar selfenergy Π(p2) has the structure

Πab(p
2) = Π1-loop

ab (p2)− δ̂
(ϕ)
ab p2 + δµ̂2

ab + 3δλ̂abcdv̂cv̂d + 6λ̂abcdv̂c∆v̂d (30)

at one-loop order. With an argument analogous to the fermionic case we find that the
symmetric matrix δ̂(ϕ) suffices for making the derivative of Π(p2) finite. According to
our renormalization prescription, δλ̂abcdv̂cv̂d is already fixed, but we have δµ̂2

ab at our dis-
posal to cancel the infinity in the p2-independent term in Π(p2). The last term in the
scalar selfenergy, equation (30), stems from the finite mass corrections ∆M2

0—see equa-
tion (14b)—expressed in terms of the finite VEV shifts induced by tadpole contributions.

Another commonly used approach for the renormalization of µ̂2, e.g. in [12], is to
express its diagonal entries via the tadpole parameters t̂a as of equation (15), resulting in
renormalization conditions more closely related to physical observables. However, there
are simply not enough tadpole parameters available to replace all parameters in the nϕ×nϕ

symmetric matrix µ̂2 and we have two main reasons for dismissing this choice in our case.
One is that expressing µ̂2

aa in terms of the tadpole parameters involves the inverses of the
VEVs v̂a. In the general case, some of these can be zero, leading to ill-defined expressions
for δµ̂2

aa. The other one is that the diagonal and off-diagonal entries of µ̂2 can be treated
on an equal footing in our approach, leading to a more compact description.

One-point function: These shifts derive from the linear term in the scalar potential.
For simplicity we stick to the lowest non-trivial order, where it is given by

M−ε/2
(
t̂a +∆t̂a + δµ̂2

abv̂b + δλ̂abcd v̂bv̂cv̂d

)
ĥa. (31)

8
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Diagrammatically, the one-point function pertaining to ĥa has the contributions6

+ +

= M−ε/2 i

−M2
0a

× (−i)
(
t̂a + Ta +∆t̂a + δµ̂2

abv̂b + δλ̂abcd v̂bv̂cv̂d

)
= 0, (32)

where i/(−M2
oa) is the external scalar propagator at zero momentum. The requirement

that the one-point function is zero is identical with the requirement that the VEV of ĥa is
zero. The first diagram in equation (32) represents the scalar tree-level one-point function
corresponding to t̂a, which vanishes identically due to equation (18); we have included it
only for illustrative purposes. The second diagram, which represents the one-loop tadpole
contributions, corresponds to Ta. The third diagram represents the sum of ∆t̂a and the
two counterterm contributions. We can decompose Ta into an infinite and a finite part,
i.e.

Ta = (T∞)a + (Tfin)a . (33)

Since with the imposition of conditions (a)–(d) the theory becomes finite, in equation (31)
we necessarily have

δµ̂2
abv̂b + δλ̂abcd v̂bv̂cv̂d + (T∞)a = 0. (34)

An explicit check of this relation is presented in section 4.3. Moreover, we translate the
finite tadpole contributions (Tfin)a to shifts of the VEVs ∆v̂b, similar to the approach
of [9]. At one-loop order this is effected by

∆t̂a = µ̂2
ab∆v̂b + 3λ̂abcdv̂cv̂d∆v̂b =

(
M̂2

0

)
ab
∆v̂b, (35)

where we have used equation (15). Therefore, equation (32) leads to the finite shift

∆v̂a = −
(
M̂2

0

)−1

ab
(Tfin)b . (36)

Note that these finite shifts eventually contribute to the finite mass corrections because
they contribute to the two-point functions of the fermions and scalars—see equations (28)
and (30), respectively. Further clarifications concerning the VEV shifts ∆va are found in
appendix B.

Pole masses and finite field strength renormalization: It remains to perform a
finite field strength renormalization in order to transform the one-loop selfenergies Σ(p)

and Π(p2) to on-shell selfenergies Σ̃(p) and Π̃(p2), respectively. Immediately the question

arises why we cannot use the Z
(1/2)
χ and Z

(1/2)
ϕ defined in section 2.1 for this purpose. Note

that we have incorporated these matrices into δYa and δλabcd at the respective interaction
vertices. Therefore, in δL the field strength renormalization matrices Z

(1/2)
χ and Z

(1/2)
ϕ

occur solely in the hermitian matrix δ(χ) and the symmetric matrix δ(ϕ), respectively.

6We stress again that we do not introduce tadpole counterterms.
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Obviously, the latter matrices have fewer parameters than the original ones and it is
impossible to perform on-shell renormalization with δ(χ) for more than one fermion field
and with δ(ϕ) for more than one scalar field. What happens if we do not incorporate
Z

(1/2)
χ and Z

(1/2)
ϕ into the Yukawa and quartic couplings, respectively? Let us consider

the Yukawa interaction for definiteness and denote by δ̌Ya the Yukawa counterterm where
Z

(1/2)
χ is not incorporated. Obviously, the relation between δYa and δ̌Ya is given by

δYa =
(
Z(1/2)

χ

)T (
Yb + δ̌Yb

)
Z(1/2)

χ

(
Z(1/2)

ϕ

)
ba
− Ya. (37)

Actually, the quantity that is determined by the MS Yukawa vertex renormalization is
δYa and not δ̌Ya. Moreover, since we generate mass terms by SSB, the fermion mass term
is induced by the shift of equation (13) and has the form

1

2
χT
LC

−1δYav̄aχL +
1

2
χT
LC

−1Yav̄aχL +H.c. (38)

Thus it is clearly the same δYa that occurs in both the mass term and the vertex renor-
malization. Consequently, with the counterterms of the unbroken theory we always end
up with δYa and δ(χ) as independent quantities and we can in general not perform on-shell
renormalization. Therefore, we need, in addition to Z

(1/2)
χ and Z

(1/2)
ϕ , finite field strength

renormalization matrices
◦
Z

(1/2)
χ and

◦
Z

(1/2)
h for fermions and bosons, respectively, inserted

into the broken Lagrangian, in order to perform on-shell renormalization. In this way, the√
Z-factors of the external lines in the LSZ formalism are exactly one [5].

We denote the one-loop contributions to
◦
Z

(1/2)
χ and

◦
Z

(1/2)
h by 1

2

◦
zχ and 1

2

◦
zh, respectively.

For the details of the computation and the results for these quantities we refer the reader
to appendix A. Here we only state the masses [16, 17]

mi = m0i +m0i

(
Σ

(A)
L

)
ii
(m2

0i) + Re
(
Σ

(B)
L

)
ii
(m2

0i), (39)

M2
a = M2

0a +Πaa(M
2
0a) (40)

at one-loop order. There is no summation in these two formulas over equal indices.

Eventually we remark that one could decompose
◦
zχ into a hermitian and an antiher-

mitian matrix. One could be tempted to conceive the antihermitian part as a correction
to the tree-level diagonalization matrix U0. However, we think that in our simple model
such a decomposition has no physical meaning; in essence, we have no PMNS mixing
matrix at disposal where it could become physical. Of course, a similar remark applies to
◦
zh—see also [18] for a recent discussion in the context of the two-Higgs-doublet model.

4 Renormalization at the one-loop level

In this section we concretize, at the one-loop level, the renormalization procedure intro-
duced in the previous section. For the relevant integrals needed for these computations
see appendix C.
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4.1 One-loop results for selfenergies and tadpoles

Here we display the results for the one-loop contributions Σ1-loop(p) and Π1-loop
ab (p2) to the

fermion and scalar selfenergies, respectively, and also for the one-loop tadpole expression
Ta.

Fermion selfenergy: The only direct one-loop contribution to the fermionic self-energy
is given by the diagram of figure 1. Then, the definitions

Figure 1: One-loop fermion selfenergy diagram.

∆a,k = xM2
0a + (1− x)m2

0k − x(1 − x)p2, (41)

Da,k =

∫ 1

0

dxx ln
∆a,k

M2
, Ea,k =

∫ 1

0

dx ln
∆a,k

M2
(42)

and
D̂a = diag

(
Da,1, . . . , Da,nχ

)
, Êa = diag

(
Ea,1, . . . , Ea,nχ

)
(43)

allow us to write the one-loop contribution to the fermionic selfenergy as

Σ1-loop =
1

16π2

{
/pγL

[
−1

2
c∞Ŷ ∗

a Ŷa + Ŷ ∗
a D̂aŶa

]
(44a)

+/pγR

[
−1

2
c∞ŶaŶ

∗
a + ŶaD̂aŶ

∗
a

]
(44b)

+γL

[
−c∞Ŷam̂0Ŷa + Ŷam̂0ÊaŶa

]
(44c)

+γR

[
−c∞Ŷ ∗

a m̂0Ŷ
∗
a + Ŷ ∗

a m̂0ÊaŶ
∗
a

]}
. (44d)

Scalar selfenergy: In the following, the superscripts (a), (b), (c) refer to the Feynman
diagrams of figure 2. Thus the selfenergy has the contributions

Π1-loop
ab (p2) = Π

(a)
ab (p

2) + Π
(b)
ab (p

2) + Π
(c)
ab (p

2). (45)

We define

∆ij = xm2
0i+(1−x)m2

0j −x(1−x)p2 and ∆̃rs = xM2
0r+(1−x)M2

0s−x(1−x)p2. (46)

With these definitions we obtain

Π
(a)
ab (p

2) =
1

16π2

{
c∞Tr

[
Ŷam̂0Ŷbm̂0 + Ŷ ∗

a m̂0Ŷ
∗
b m̂0 + 2ŶaŶ

∗
b m̂

2
0 + 2Ŷ ∗

a Ŷbm̂
2
0

]

11
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(a) (b) (c)

Figure 2: The Feynman diagrams of the one-loop contributions to the scalar selfenergy.

−1

2
c∞Tr

[
ŶaŶ

∗
b + Ŷ ∗

a Ŷb

]
p2

+Tr

[(
ŶaŶ

∗
b + Ŷ ∗

a Ŷb

)(
m̂2

0 −
1

6
p2
)]

−
∫ 1

0

dx
[(

(Ŷa)ij(Ŷb)
∗
ji + (Ŷa)

∗
ij(Ŷb)ji

) (
2∆ij − x(1 − x)p2

)

+(Ŷa)ijm0j(Ŷb)jim0i + (Ŷa)
∗
ijm0j(Ŷb)

∗
jim0i

]
ln

∆ij

M2

}
, (47a)

Π
(b)
ab (p

2) = − 18

16π2
λ̂acrsv̂cλ̂bdrsv̂d

(
c∞ −

∫ 1

0

dx ln
∆̃rs

M2

)
, (47b)

Π
(c)
ab (p

2) = − 3

16π2
λ̂abrrM

2
0r

(
c∞ + 1− ln

M2
0r

M2

)
. (47c)

For the following discussion, it is useful to introduce a separate notation for the divergent
p2-independent parts of Π1-loop

ab :

(
Π(a)

∞
)
ab

=
1

16π2
c∞Tr

[
Ŷam̂0Ŷbm̂0 + Ŷ ∗

a m̂0Ŷ
∗
b m̂0 + 2ŶaŶ

∗
b m̂

2
0 + 2Ŷ ∗

a Ŷbm̂
2
0

]
, (48a)

(
Π(b)

∞
)
ab

= − 18

16π2
c∞ λ̂acrsv̂cλ̂bdrsv̂d, (48b)

(
Π(c)

∞
)
ab

= − 3

16π2
c∞ λ̂abrrM

2
0r. (48c)

Tadpoles: There are two one-loop tadpole contributions to the scalar one-point func-
tion, namely

+ = M−ε/2 i

−M2
0a

× (−i)
(
T (χ)
a + T (h)

a

)
. (49)

We find the following result for tadpole terms:

T (χ)
a =

1

16π2
Tr

[(
Ŷam̂

3
0 + Ŷ ∗

a m̂
3
0

)(
c∞ + 1− ln

m̂2
0

M2

)]
, (50)

T (h)
a = − 3

16π2
λ̂abrr v̂bM

2
0r

(
c∞ + 1− ln

M2
0r

M2

)
. (51)

We denote the divergences in the tadpole expressions by
(
T

(χ)
∞
)
a
and

(
T

(h)
∞
)
a
.

12
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4.2 Determination of the counterterms

Counterterms of Yukawa and quartic scalar couplings: Using MS renormaliza-
tion, it is straightforward to compute these counterterms. For the Yukawa couplings we
obtain

δŶa =
1

16π2
c∞ŶbŶ

∗
a Ŷb. (52)

The δλ̂abcd can be split into
δλ̂abcd = δλ̂

(χ)
abcd + δλ̂

(ϕ)
abcd, (53)

generated by fermions and scalars, respectively, in the loop. The first case yields

δλ̂
(χ)
abcd = −1

3
× 1

16π2
c∞Tr

[
ŶaŶ

∗
b ŶcŶ

∗
d + ŶaŶ

∗
c ŶdŶ

∗
b + ŶaŶ

∗
d ŶbŶ

∗
c

+Ŷ ∗
a ŶbŶ

∗
c Ŷd + Ŷ ∗

a ŶcŶ
∗
d Ŷb + Ŷ ∗

a ŶdŶ
∗
b Ŷc

]
. (54)

In this formula we have taken into account that the Yukawa coupling matrices are sym-
metric. The scalar contribution is

δλ̂
(ϕ)
abcd =

3

16π2
c∞
(
λ̂abrsλ̂rscd + λ̂adrsλ̂rsbc + λ̂acrsλ̂rsbd

)
. (55)

Counterterms pertaining to field strength renormalization: Cancellation of the
divergence in equation (44b) determines δ̂(χ) as

δ̂(χ) = −1

2
× 1

16π2
c∞Ŷ ∗

a Ŷa. (56)

Considering the scalar selfenergy, we find that only diagram (a) of figure 2 has a divergence
proportional to p2. Therefore, we obtain from equation (47a)

δ̂
(ϕ)
ab = −1

2
× 1

16π2
c∞Tr

[
ŶaŶ

∗
b + Ŷ ∗

a Ŷb

]
. (57)

Counterterm pertaining to µ̂2
ab: The counterterm δµ̂2

ab has to be determined by the
cancellations of the divergences of equations (48b) and (48c). Thus we demand

0 = δµ̂2
ab + 3δλ̂

(ϕ)
abcdv̂cv̂d +

(
Π(b)

∞
)
ab
+
(
Π(c)

∞
)
ab

= δµ̂2
ab +

3

16π2
c∞
[
3λ̂abrsλ̂rscdv̂cv̂d − λ̂abrrM

2
0r

]

= δµ̂2
ab +

3

16π2
c∞
[
λ̂abrs

(
µ̂2
rs + 3λ̂rscdv̂cv̂d − µ̂2

rs

)
− λ̂abrrM

2
0r

]

= δµ̂2
ab −

3

16π2
c∞ λ̂abrsµ̂

2
rs. (58)

Therefore, δµ̂2
ab is fixed as

δµ̂2
ab =

3

16π2
c∞ λ̂abrsµ̂

2
rs. (59)
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4.3 Cancellation of divergences

Having fixed all available counterterms, the remaining UV divergences in the selfenergies
and tadpoles have to drop out. This is what we want to show in this subsection.

Fermion selfenergy: With δŶa of equation (52) and

v̂aδŶa =
1

16π2
c∞Ŷbm̂0Ŷb, (60)

we find that Σ is finite without any mass renormalization, as it has to be.

Scalar selfenergy: We have already treated the divergences (48b) and (48c), but there
is still the divergence of equation (48a). However, it is easy to see that its cancellation in
the selfenergy (30) is simply effected by

(
Π(a)

∞
)
ab
+ 3δλ̂

(χ)
abcdv̂cv̂d = 0. (61)

Tadpoles: It remains to verify equation (34). First we consider the result of the

fermionic tadpole in equation (50). Contracting the counterterm δλ̂
(χ)
abcd of equation (54)

with the VEVs and adding to it
(
T

(χ)
∞
)
a
yields

(
T (χ)
∞
)
a
+ δλ̂

(χ)
abcdv̂bv̂cv̂d =

(
T (χ)
∞
)
a
− 1

16π2
c∞Tr

[(
Ŷam̂

3
0 + Ŷ ∗

a m̂
3
0

)]
= 0. (62)

Similarly, using equations (55) and (59), the scalar tadpole contribution of equation (51)
is found to be finite via

(
T (h)
∞
)
a
+ δµ̂2

abv̂b + δλ̂
(ϕ)
abcdv̂bv̂cv̂d

=
(
T (h)
∞
)
a
+

3

16π2
c∞
(
λ̂abrsµ̂

2
rsv̂b + 3λ̂abrsλ̂rscdv̂bv̂cv̂d

)

=
(
T (h)
∞
)
a
+

3

16π2
c∞λ̂abrrv̂bM

2
0r = 0. (63)

4.4 Counterterms and UV divergences in a general basis

The results for the selfenergies and counterterms shown in the previous sections are given
in the mass bases. However, for a check of the cancellation of divergences it might be
advantageous to have the divergences in a general basis. Such expressions can be obtained
by using the parameter transformations (22).

As an example, let us do this transformation in the case of δ̂(χ) of equation (56), where
one has to apply

δ(χ) = U0δ̂
(χ)U †

0

= −1

2
× 1

16π2
c∞U0Ŷ

∗
a ŶaU

†
0

= −1

2
× 1

16π2
c∞U0

(
U †
0Y

∗
b U

∗
0 (W0)ba

)(
UT
0 YcU0 (W0)ca

)
U †
0

14
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= −1

2
× 1

16π2
c∞Y ∗

a Ya. (64)

In the case of the divergence in Σ
(B)
L —see equation (44c), we have to use the slightly

different transformation
U∗
0 Ŷam̂0ŶaU

†
0 = Yam

∗
0Ya (65)

This explains that we have to be careful when a fermion mass term occurs because in
general

vaY
∗
a = m∗

0 6= vaYa = m0. (66)

This complication only arises in

(
T (χ)
∞
)
a
=

1

16π2
c∞Tr [Yam0

∗m0m0
∗ + Y ∗

a m0m0
∗m0] (67)

and

(
Π(a)

∞
)
ab
=

1

16π2
c∞ Tr [Yam0

∗Ybm
∗
0 + Y ∗

a m0Y
∗
b m0 + 2YaY

∗
b m0m0

∗ + 2Y ∗
a Ybm0

∗m0] . (68)

The divergences
(
T

(h)
∞
)
a
,
(
Π

(b)
∞
)
ab

and
(
Π

(c)
∞
)
ab

are obtained in a general basis by simply
removing the hats from all quantities and the same is true for all counterterms.

5 An example of a flavour symmetry

Motivated by flavour models of the lepton sector [3], we will now consider a Lagrangian
with a simple flavour symmetry and study how renormalization is affected in this case.

5.1 Symmetry group and Lagrangian

We assume the same number of Majorana and scalar fields, i.e. nχ = nϕ ≡ n. In addition,
we require n ≥ 2. Instead of the Z4 symmetry of equation (2), which acts at the same
time on all fields, we will now postulate a Z4 symmetry for every index a = 1, . . . , n:

(Z4)a : χ(B)

aL → iχ(B)

aL , ϕ(B)

a → −ϕ(B)

a , χ(B)

bL → χ(B)

bL , ϕ(B)

b → ϕ(B)

b ∀ b 6= a. (69)

This has the consequence that scalar fields with the same index occur in pairs in the
scalar potential. Note that now it is reasonable to use the same indices for both fermions
and scalars. In addition, we assume that the Lagrangian is invariant under simultaneous
permutations of fermion and scalar fields. Therefore, group-theoretically the symmetry
group of the Lagrangian can be conceived as

Gn = (Z4)
n ⋊ Sn. (70)

With this flavour group, the bare Lagrangian has the form

LB =
n∑

a=1

[
iχ(B)

aL
/∂χ(B)

aL +
1

2
∂µϕ

(B)

a ∂µϕ(B)

a +
1

2
y(B)

(
χ(B)

aLC
−1χ(B)

aLϕ
(B)

a +H.c.
)]

− VB, (71)
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where the bare scalar potential can be written as

VB =
1

2
µ2

n∑

a=1

(ϕ(B)

a )
2
+

1

4
λ

(
n∑

a=1

(ϕ(B)

a )
2

)2

+
1

4
λ′

n∑

a,b=1

(ϕ(B)

a )
2 (

ϕ(B)

b

)2
(1− δab) , (72)

where δab is the Kronecker delta.

5.2 Relation to the general model

Due to the symmetry group Gn, we only have one Yukawa coupling constant and two
quartic couplings. In order to use the general one-loop results, we have to establish the
relation between the general model of section (2.1) and the present example. For simplicity
we now drop the superscript (B) and keep in mind that the following list applies not only
to the renormalized coupling constants but also to the counterterms and the bare coupling
constants:

(Ya)bc = y δabδac ∀a, (73a)(
µ2
)
ab

= µ2δab, (73b)

λaaaa = λ ∀a and λaabb =
1

3
(λ+ λ′) ∀a 6= b. (73c)

Note that now we just have one mass parameter µ2. Moreover, quartic couplings λabbb with
a 6= b and those with three or four different indices are zero. Without loss of generality
we assume y > 0. In addition, we have to consider equation (11), which now reads

δ
(χ)
ab = δ(χ)δab, δ

(ϕ)
ab = δ(ϕ)δab, (74)

because due to the symmetry group Gn only one field strength renormalization constant
is allowed for each type of fields.

The results of section 4, found for the general Yukawa model, can directly be used for
the present case by applying equation (73). In this way we obtain the counterterms

δy =
1

16π2
c∞y3, (75a)

δλ(χ) = − 2

16π2
c∞y4, (75b)

δλ(ϕ) =
1

16π2
c∞
[
9λ2 + (n− 1) (λ+ λ′)

2
]
, (75c)

(δλ+ δλ′)
(χ)

= 0, (75d)

(δλ+ δλ′)
(ϕ)

=
1

16π2
c∞
[
6λ (λ+ λ′) + (n+ 2)(λ+ λ′)2

]
, (75e)

δµ2 =
µ2

16π2
c∞ [3λ+ (n− 1)(λ+ λ′)] , (75f)

where the superscripts (χ) and (ϕ) indicate fermions and scalars in the loop, respectively,
in analogy to the notation in section 4.2. Field strength renormalization yields

δ(χ) = −1

2
× 1

16π2
c∞y2 and δ(ϕ) = − 1

16π2
c∞y2. (76)
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5.3 Spontaneous symmetry breaking

In order to have SSB we assume µ2 < 0. For the vacuum expectation values we introduce
the notation

v2 =

n∑

a=1

v2a. (77)

Obviously, for the scalar potential to be bounded from below we must have λ > 0, but λ′

can be positive or negative.

Case λ′ > 0: Here, the minimum of the scalar potential is achieved when only one VEV
is nonzero. Without loss of generality we assume

v1 = v, v2 = · · · = vn = 0 ⇒ v2 = −µ2

λ
. (78)

The symmetry breaking can be formulated as

Gn
SSB−−→ Gn−1, (79)

where Gn−1 is the residual symmetry group. This residual symmetry is reflected in the
mass spectrum

M2
01 = 2λv2, M2

02 = · · ·M2
0n = λ′v2, m01 = yv, m02 = · · · = m0n = 0. (80)

Since the mass matrices of both fermions and scalars are diagonal at tree level, it is
straightforward to compute the one-loop corrections to equation (80). It easy to see that
at one-loop order the VEV shifts fulfill ∆v2 = · · · = ∆vn = 0, only ∆v1 will in general
be nonzero. It is also obvious that the nonzero masses in equation (80) receive one-loop
corrections. However, m2 = · · · = mn is still valid because the unbroken symmetry group
Gn−1 forbids such masses.

Case λ′ < 0: For negative λ′, the condition

|λ′| < n

n− 1
λ (81)

is necessary for the scalar potential to be bounded from below. In this case the minimum
is given by

v21 = · · · = v2n =
v2

n
⇒ v2 =

−µ2

λ+ n−1
n
λ′ . (82)

In principle, the VEVs va could have different signs. However, since arbitrary sign changes
of the scalar fields are part of Gn, we can assume va > 0 ∀a without loss of generality.
Therefore, we have the symmetry breaking

Gn
SSB−−→ Sn, (83)

where the permutation group is given by its “natural permutation representation” cor-
responding to n × n permutation matrices. This representation decays into the trivial

17
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one-dimensional and a (n− 1)-dimensional irreducible representation. Defining n vectors
wa (a = 1, . . . , n) such that

w1 =
1√
n




1
1
...
1


 and wa · wb = δab ∀a, b, (84)

then w1 is invariant under all permutation matrices and belongs, therefore, to the trivial
irreducible representation, while the vectors w2, . . . wn span the space pertaining to the
(n− 1)-dimensional one. This is borne out by the tree-level masses. The scalars have the
mass matrix

M2
0 = A1+Bw1w

T
1 with A = −2λ′v2

n
, B = 2(λ+ λ′)v2. (85)

Hence, the diagonalization matrix is given by

W0 = (w1, . . . , wn) (86)

and we find
M2

01 = A+B, M2
02 = · · · = M2

0n = A. (87)

However, the fermion masses are all equal at tree level:

m01 = · · · = m0n =
yv√
n
. (88)

At one-loop order, the scalar masses of equation (87) will receive radiative corrections,
but—due to the unbroken symmetry group Sn—the relation M2

2 = · · · = M2
n will still

hold.
One might expect that the total degeneracy of the fermion masses, as expressed in

equation (88), will be lifted because of radiative corrections such that m1 is different from
the rest. However, as we will demonstrate now, this is not the case.

First we discuss the contribution from the finite one-loop VEVs shifts to the fermion
masses. Since the fermion mass matrix is diagonal, we have

Ŷa = Yb (W0)ba = y diag ((W0)1a , . . . , (W0)na) . (89)

In particular,

Ŷ1 =
y√
n
1 and Tr Ŷa = 0 for a = 2, . . . , n (90)

due to w1 of equation (84). Therefore, it follows from equation (50) that

T (χ)
a = 0 for a = 2, . . . , n. (91)

Moreover, from equations (22d) and (86) we find

v̂1 = v, v̂2 = · · · = v̂n = 0. (92)
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With this the tadpole expression T
(h)
a of equation (51) has the structure

T (h)
a = λ̂abrrv̂bXr = λ̂a1rrvXr. (93)

According to equation (73c), this expression can only be nonzero for a = 1. Therefore,

T (h)
a = 0 for a = 2, . . . , n (94)

as well and ∆v̂aŶa = ∆v̂1Ŷ1 ∝ 1. This proves that the finite VEV shifts cannot remove
the total fermion mass degeneracy.

Next we consider Σ1-loop of equation (44). We note that both D̂a and Êa are propor-
tional to the unit matrix because of equation (88). In addition, because of equation (87),

D̂2 = . . . = D̂n and Ê2 = . . . = Ên. (95)

Thus we can write D̂a = fa1 with f2 = · · · = fn, but f1 6= f2 in general. There are the
analogous relations for the Êa. Considering now the b-th entry of the (diagonal) finite
parts of Σ1-loop and taking into account that the Yukawa coupling matrices are given by
equation (89), we have the generic sum

n∑

a=1

(W0)ba fa (W0)ba = (W0)b1 (f1 − f2) (W0)b1 +

n∑

a=1

(W0)ba f2 (W0)ba =
1

n
(f1 − f2) + f2.

(96)
(Note that there is no summation over the index b in this equation.) This result does not
depend on b and, therefore, Σ1-loop is proportional to the unit matrix. Consequently, the
fermion mass degeneracy cannot be lifted by one-loop contributions, as stated above.

5.4 Soft symmetry breaking

It is possible to lift any mass degeneracies by explicit breaking of Gn. The model remains
renormalizable, if we have soft breaking, for instance, by terms of dimension two. This is
done by admitting in equation (73) a general mass matrix µ2

ab, whereas the Yukawa and
quartic couplings are still restricted by Gn. This breaks the symmetry group Gn down to

G
dim2−−−→ (Z4)diag (97)

with
(Z4)diag : χ(B)

aL → iχ(B)

aL , ϕ(B)

a → −ϕ(B)

a ∀ a, (98)

i.e. this Z4 acts simultaneously on all fields and agrees with equation (2). In this way,
the scalar mass spectrum will be completely non-degenerate already at tree level, but also
the fermion mass spectrum because a general matrix µ2

ab will induce general VEVs va.
It is easy to understand why this modified model remains renormalizable; allowing for a
general matrix µ2

ab, we also allow for a general counterterm matrix δµ2
ab and we can cancel

the divergences related to the scalar mass terms as handled by equation (59).
It is natural that soft symmetry breaking is small. We can easily incorporate this by

taking one large mass parameter µ2 and setting

µ2
ab = µ2δab + σab (99)
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such that
∑n

a=1 σaa = 0 and |σab| ≪ µ2 ∀ a, b. In this case the previously degenerate
masses will now become slightly different and we can produce quasi-degenerate mass
spectra.

6 Dirac fermions

So far, we have put the focus on Majorana fermions. We have done so because in the long
run we are interested in studying radiative corrections in neutrino mass models which
typically feature the seesaw mechanism and, therefore, neutrinos of Majorana nature.
However, it is straightforward to switch from Majorana to Dirac fermions. How this is
done will be explained in this section—see also [14, 19].

Lagrangian, diagonalization of Dirac mass matrices, and renormalization: In
the Dirac setup, we can in general have nχL

chiral fields χ(B)

iL and nχR
independent chiral

fields χ(B)

iR , while the scalar sector remains the same as in the Majorana case. Then, the
bare Lagrangian is given by

LB = iχ̄(B)

iL γµ∂µχ
(B)

iL + iχ̄(B)

iR γµ∂µχ
(B)

iR +
1

2
(∂µϕ

(B)

a ) (∂µϕ(B)

a ) (100a)

−
(
(Y (B)

a )ij χ̄
(B)

iR χ(B)

jL ϕ
(B)

a +H.c.
)

(100b)

−1

2
(µ2

B
)abϕ

(B)

a ϕ(B)

b − 1

4
λ(B)

abcd ϕ
(B)

a ϕ(B)

b ϕ(B)

c ϕ(B)

d , (100c)

where the Y (B)
a now are nϕ general complex nχR

×nχL
matrices. In principle, nχL

could be
different from nχR

, in which case one has |nχL
− nχR

| massless Weyl fermions. However,
for simplicity we assume nχL

= nχR
≡ nχ in the following. A possible modification of the

transformation of the fermions in equation (2) is the Z2 symmetry

S ′ : χ(B)

L → −χ(B)

L , χ(B)

R → χ(B)

R , ϕ(B) → −ϕ(B), (101)

in order to forbid fermion tree-level mass terms and linear and trilinear terms in the scalar
potential.

The renormalization of the fermionic fields now becomes

χ(B)

L = Z(1/2)
χL

χL, χ(B)

R = Z(1/2)
χR

χR, (102)

involving two independent general complex matrices Z
(1/2)
χL and Z

(1/2)
χR . Inserting this into

equation (100) yields a renormalized Lagrangian with Yukawa coupling matrices Ya and
counterterms similar to the Majorana case. The main changes lie in the definition of the
Yukawa counterterm

Mε/2δYa =
(
Z(1/2)

χR

)†
Y (B)

b Z(1/2)
χL

(
Z(1/2)

ϕ

)
ba
−Mε/2Ya, (103)

and the need for the definition of two independent hermitian matrices

δ(χL) =
(
Z(1/2)

χL

)†
Z(1/2)

χL
− 1, δ(χR) =

(
Z(1/2)

χR

)†
Z(1/2)

χR
− 1. (104)
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Via SSB we obtain the tree-level Dirac mass matrix

m0 =

nϕ∑

a=1

vaYa. (105)

This mass matrix is bi-diagonalized with two unitary matrices UL0 and UR0:

U †
R0m0UL0 = m̂0 ≡ diag

(
m01, . . . , m0nχ

)
. (106)

Due to the left and right diagonalization matrices, there are now left and right chiral mass
eigenfields

χ̂L = U †
L0χL, χ̂R = U †

R0χR. (107)

Moreover, equations (22a) and (22b) are modified to

δ(χL) → δ̂(χL) = U †
L0δ

(χL)UL0, δ(χR) → δ̂(χR) = U †
R0δ

(χR)UR0, (108a)

Ya → Ŷa =
(
U †
R0YbUL0

)
(W0)ba, (108b)

respectively.
In analogy to equation (24), we define Dirac mass eigenfields

χ̂i = χ̂iL + χ̂iR (109)

and the corresponding vector of eigenfields χ̂. In terms of mass eigenfields, the Yukawa
interaction reads

LY = − ¯̂χ
(
ŶaγL + Ŷ †

a γR

)
χ̂
(
Mε/2ĥa + ˆ̄va

)
. (110)

Formally, Dirac and Majorana Yukawa terms look the same [19]. Note that the only
difference of this LY to that of equation (23) is the factor 1/2 which we do not introduce
in the Dirac case. It will become clear in the last paragraph of this section why we prefer
this definition.

Fermion selfenergy: With the above definitions, the renormalization programme of
section 3 goes through with only minor modifications. The renormalized fermion selfen-
ergy for Dirac fermions is given by

Σ(p) = Σ1-loop(p)− /p
[
δ̂(χL)γL + δ̂(χR)γR

]

+v̂a

[
δŶaγL +

(
δŶa

)†
γR

]
+∆v̂a

[
ŶaγL + Ŷ †

a γR

]
. (111)

Eventually, the one-loop Dirac masses read

mi = m0i +
1

2
m0i

[(
Σ

(A)
L

)
ii
(m2

0i) +
(
Σ

(A)
R

)
ii
(m2

0i)
]
+ Re

(
Σ

(B)
L

)
ii
(m2

0i). (112)

Note that Re
(
Σ

(B)
L

)
ii
= Re

(
Σ

(B)
R

)
ii
because of the symmetry relation (A1).
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Computation of amplitudes: There are two changes when we switch from Majorana
to Dirac fermions [14]:

i. Ŷ ∗
a → Ŷ †

a and

ii. a factor of two for every closed Dirac fermion loop compared to the corresponding
Majorana fermion loop.

As discussed above, the first change simply comes from the fact that for Dirac neutrinos
the Yukawa coupling matrices are not symmetric. The reason for the factor of two is the
following. In the Majorana case we have defined the Yukawa Lagrangian with a factor
1/2—see equation (23). If a Majorana fermion line in a Feynman diagram is not closed,
then all factors of 1/2 are cancelled because, whenever a fermion line is connected to a
vertex, there are two possible Wick contractions; however, in a closed loop one factor
1/2 is left over because, when closing the loop, there is only one contraction. In the
Dirac case, we have omitted the factor 1/2 in the Yukawa Lagrangian (110) because,
when we connect a Dirac fermion line to a vertex, there is exactly one Wick contraction.
Therefore, when a closed fermion loop occurs, there is a factor of two for Dirac fermions
relative to Majorana fermions. Finally, whenever we have made a simplification in a trace
by exploiting Y T

a = Ya in the Majorana case, as done in equations (47a) and (54), we
have to revoke it in the Dirac case.

Consequently, in the Dirac case, Π(a)(p2) is given by

Π
(a)
ab (p

2) =
2

16π2

{
c∞ Tr

[
Ŷam̂0Ŷbm̂0 + Ŷ †

a m̂0Ŷ
†
b m̂0 + ŶaŶ

†
b m̂

2
0 + Ŷ †

a Ŷbm̂
2
0

+Ŷam̂
2
0Ŷ

†
b + Ŷ †

a m̂
2
0Ŷb

]
− 1

2
c∞Tr

[
ŶaŶ

†
b + Ŷ †

a Ŷb

]
p2

+
1

2
Tr

[(
ŶaŶ

†
b + Ŷ †

b Ŷa + Ŷ †
a Ŷb + ŶbŶ

†
a

)(
m̂2

0 −
1

6
p2
)]

− · · ·
}
. (113)

The dots refer to the integral in equation (47a) where merely Y ∗
a has to be substituted by

Y †
a . From equation (113),

(
Π

(a)
∞
)
ab

can be read off. Equation (54) is modified to

δλ̂
(χ)
abcd = −1

3
× 1

16π2
c∞Tr

[
ŶaŶ

†
b ŶcŶ

†
d + · · ·+ Ŷ †

a ŶbŶ
†
c Ŷd + · · ·

]
, (114)

where the dots indicate the five non-trivial permutations of the indices b, c, d. No com-
plications arise in equations (50), (57), (67) and (68); for Dirac fermions one simply has
to multiply the right-hand side by a factor of two and replace complex conjugation by
hermitian conjugation.

7 Conclusions

In this paper we have presented a versatile and simple renormalization procedure which
is adapted to models which have SSB and a multitude of scalars. This renormalization
programme takes seriously the nature of masses as functions of the parameters of the
underlying model; therefore, physical masses have an expansion in perturbation theory
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just like any other observable. We have exemplified our renormalization procedure by
discussing a general Yukawa model with an arbitrary number of fermion fields of Majorana
or Dirac nature and an arbitrary number of real scalar fields; moreover, this toy model
has the feature that tree-level fermion masses are generated by SSB of a cyclic group. In
particular, we have explicitly computed the fermionic and scalar selfenergies and studied
radiative corrections at the one-loop level to tree-level masses.

The main idea discussed in this paper is to split renormalization into a step in which
UV divergent parts are cancelled by MS renormalization of the parameters of the unbroken
theory and a subsequent step in which finite corrections are performed to make the scalar
one-point functions vanish and to obtain one-loop pole masses. We have presented the
details of the cancellation of UV divergences and elucidated the role of tadpole diagrams
in our renormalization procedure and their contributions to the masses. We have also
applied our findings to a showcase model furnished with a non-Abelian flavour symmetry
group.

A typical example where the renormalization procedure put forward in this paper
can be applied is the lepton sector of the multi-Higgs-doublet Standard Model with an
arbitrary number of right-handed neutrino singlets and flavour symmetries; this comprises
the seesaw mechanism as well as light sterile neutrinos. A derivation of general formulae
which permit to compute radiative corrections to tree-level predictions of masses and
mixing angles in this rather general class of flavour models is in preparation.
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A Selfenergies and on-shell renormalization

Since for fermions the general relations

(
Σ

(A)
L

)†
= Σ

(A)
L ,

(
Σ

(A)
R

)†
= Σ

(A)
R ,

(
Σ

(B)
L

)†
= Σ

(B)
R (A1)

are valid,7 we see that for the finiteness of Σ
(A)
L and Σ

(A)
R the counterterm with the her-

mitian δ(χ) suffices. In addition, we remark that in the case of Majorana fermions the
further conditions [19, 20]

(
Σ

(A)
L

)T
= Σ

(A)
R ,

(
Σ

(B)
L

)T
= Σ

(B)
L ,

(
Σ

(B)
R

)T
= Σ

(B)
R (A2)

hold. This is a general condition, but can also be seen explicitly in our one-loop result.
In order to switch from the renormalized Majorana selfenergy Σ(p) and the bosonic

selfenergy Π(p2) to the on-shell selfenergies Σ̃(p) and Π̃(p2), respectively, we must allow
for finite field strength renormalization matrices. Denoting these by

◦
Z

(1/2)
χ = 1+

1

2

◦
zχ and

◦
Z

(1/2)
h = 1 +

1

2

◦
zh, (A3)

we have at one-loop order

Σ̃(p) = Σ(p)− 1

2
/p

[((◦
zχ

)†
+

◦
zχ

)
γL +

((◦
zχ

)†
+

◦
zχ

)∗
γR

]

+
1

2

[((◦
zχ

)T
m̂0 + m̂0

◦
zχ

)
γL +

((◦
zχ

)T
m̂0 + m̂0

◦
zχ

)∗
γR

]
, (A4)

Π̃ab(p
2) = Πab(p

2)− 1

2

[(◦
zh

)T
+

◦
zh

]

ab

p2 +
1

2

[(◦
zh

)T
M̂2

0 + M̂2
0

◦
zh

]

ab

. (A5)

It is important to note that we have no freedom for mass renormalization because in our
scheme the masses are computed in terms of the renormalized parameters of the model.
Due to the Majorana nature of the fermions under consideration, the relation

◦
zχ ≡

(◦
zL

)
ij
=
(◦
zR

)∗
ij

(A6)

holds for left and right-chiral fields. In Σ̃(p) this fact has been taken into account. Using
the second relation in equation (A1) and the first relation in equation (A2), the on-shell
conditions lead for i 6= j to [6, 16, 17, 21]

1

2
(
◦
zχ)ij = (A7)

− 1

m2
0i −m2

0j

[
m2

0j

(
Σ

(A)
L

)
ij
+m0im0j

(
Σ

(A)
L

)
ji
+m0j

(
Σ

(B)
L

)∗
ji
+m0i

(
Σ

(B)
L

)
ij

]

p2=m2
0j

.

7Strictly speaking these relations hold only for the dispersive part of the selfenergy.
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Furthermore, for i = j we obtain

Re(
◦
zχ)ii = (A8)

(Σ
(A)
L )ii(m

2
0i) + 2m2

0i

d

dp2

(
Σ

(A)
L )ii(p

2)
)∣∣∣∣

p2=m2
0i

+ 2m0i
d

dp2
Re
(
Σ

(B)
L )ii(p

2)
)∣∣∣∣

p2=m2
0i

and
m0i Im (

◦
zχ)ii = −Im (Σ

(B)
L )ii(m

2
0i). (A9)

It is characteristic of Majorana fermions that there is no phase freedom in the determina-
tion of the field strength renormalization matrix, i.e. not only the real part but also the
imaginary part of (zχ)ii is fixed.

Finally, in the scalar scalar case we are lead to

a 6= b :
1

2

(◦
zh

)
ab

= − Πab(M
2
0b)

M2
0a −M2

0b

, a = b :
(◦
zh

)
aa

=
dΠaa(p

2)

dp2

∣∣∣∣
p2=M2

0a

(A10)

for on-shell renormalization.

B Finite tadpole contributions

Throughout this appendix the discussion refers to the one-loop order. In the fermionic as
well as the scalar selfenergy, tadpole diagrams contribute indirectly via the finite shift (36),
even though in both cases the condition ta = 0 of equation (18) and the requirement that
the scalar one-point function is zero—see equation (32)—procure the vanishing of the sum
of tadpole diagrams and the term

∆t̂a + δµ̂2
abv̂b + δλ̂abcd v̂bv̂cv̂d. (B1)

Diagrammatically, this can be written as

+ + = 0 (B2)

and

+ + = 0, (B3)

where the cross symbolizes the contribution of equation (B1). Still, the finite parts of the
tadpole diagrams generate, via the finite VEV shifts ∆va, the mass shifts

∆m̂0 = Ŷa∆v̂a (B4)

for the fermions—see equation (28)—and

(∆M̂2
0 )ab = 6λ̂abcdv̂c∆v̂d (B5)
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for the real scalars—see equation (30). These add to the counterterms of the fermionic
and scalar two-point functions. In terms of diagrams, this can be symbolized as

= −i
(
δŶav̂a +∆m̂0

)
(B6)

for the fermions and

= −i
(
δµ̂2

ab + 3δλ̂abcdv̂cv̂d + (∆M̂2
0 )ab

)
(B7)

for the scalars.

C Integrals

Mε

∫
ddk

(2π)d
1

k2 −∆+ iǫ
=

i

16π2
∆

(
c∞ + 1− ln

∆

M2

)
, (C1)

Mε

∫
ddk

(2π)d
1

(k2 −∆+ iǫ)2
=

i

16π2

(
c∞ − ln

∆

M2

)
, (C2)

Mε

∫
ddk

(2π)d
k2

(k2 −∆+ iǫ)2
=

i

16π2
∆

(
2c∞ + 1− 2 ln

∆

M2

)
. (C3)
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Motivated by models for neutrino masses and lepton mixing, we consider the
renormalization of the lepton sector of a general multi-Higgs-doublet Standard
Model with an arbitrary number of right-handed neutrino singlets. We propose
to make the theory finite by MS renormalization of the parameters of the unbroken
theory. However, using a general Rξ gauge, in the explicit one-loop computations of
one-point and two-point functions it becomes clear that—in addition—a renormal-
ization of the vacuum expectation values (VEVs) is necessary. Moreover, in order
to ensure vanishing one-point functions of the physical scalar mass eigenfields, finite
shifts of the tree-level VEVs, induced by the finite parts of the tadpole diagrams,
are required. As a consequence of our renormalization scheme, physical masses are
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1 Introduction

In this paper we propose a renormalization scheme for the multi-Higgs-doublet Standard
Model (mHDSM). We are motivated by models for neutrino masses and lepton mixing,
which all have an extended scalar sector. In the simplest cases, they have several Higgs
doublets and a number of right-handed neutrino gauge singlet fields and permit in this
way to incorporate the seesaw mechanism [1, 2, 3, 4, 5].

Our framework is the following. We consider the lepton sector1 of an extended Stan-
dard Model (SM), comprising nL = 3 left-handed lepton gauge doublets,2 nR right-handed
neutrino gauge singlet fields and nH Higgs doublets. We assume

nR ≥ 1 and nH ≥ 1, (1)

but otherwise these numbers are arbitrary. We furthermore postulate that spontaneous
gauge-symmetry breaking in the mHDSM happens in the same way as in the SM, i.e.
the SM gauge group is broken down to U(1)em. We do not discuss conditions on the
scalar potential V (φ) which make this symmetry breaking possible. Though above we
have mentioned the seesaw mechanism, in the renormalization of the mHDSM we do
not assume anything about the scale of the right-handed neutrino masses; our setting
is completely general with respect to fermion mass scales, but the seesaw mechanism
is included. One-loop corrections to the seesaw mechanism have been computed earlier
in [6, 7, 8] (see also [9, 10]) and at the end of the present paper we will comment on
the relationship between our renormalization scheme here and the radiative corrections
of ref. [8].

Before we lay out the renormalization scheme, we have to discuss some of our notation.
For the precise definitions of the parameters of the Lagrangian we refer the reader to
section 2. We choose positive gauge coupling constants g and g′ of SU(2)L and U(1)Y ,
respectively, and thus the sine and cosine of the Weinberg angle, sw and cw, respectively,
are positive as well.3 In the discussion in the present paper we do not need to renormalize
g and g′. We will always use renormalized parameters of the Lagrangian; these include
the Yukawa coupling matrices ∆k and Γk (k = 1, . . . , nH), the parameters of the scalar
potential V (φ), µ2

ij and λijkl, and the Majorana mass matrix MR of the right-handed
neutrino singlets. The corresponding counterterm parameters are denoted by δ∆k, δΓk,
δµ2

ij, δλijkl and δMR. The vacuum expectation values vk (VEVs) are in the notation of
our paper pure tree-level quantities, in principle expressible in terms of µ2

ij and λijkl by
finding the minimum of the (tree level) scalar potential V (φ), written in terms of the
renormalized parameters.

We will work in theRξ or ’t Hooft gauge [14, 15, 16] with general parameters ξ in almost
all our computations4 and use dimensional regularization in the one-loop computations.
We will not go beyond the one-loop level.

1We do not consider quarks in our discussion though they could be included in a straightforward way.
2Actually, the value nL = 3 comes solely from the known three families of fermions, but has otherwise

no bearing on our discussion.
3Note the sign difference to [11, 12, 13] where −g occurs in the covariant derivative.
4When we write ξ we mean ξW , ξZ and ξA, which occur in the propagators of the W±, Z and photon,

respectively.
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Physically, only the spontaneously broken mHDSM makes sense, because otherwise
all fermions and vector bosons would be massless. The renormalization scheme for the
broken theory we propose consists of MS renormalization of the parameters of the unbro-
ken theory plus a VEV renormalization with renormalization parameters δvk. That the
latter is necessary in a gauge theory quantized in an Rξ gauge with ξ 6= 0 has been proven
in [17]. Note that this δvk is a renormalization in addition to the scalar wave-function
renormalization already included in the VEVs vk. Complying with our proposed renor-
malization scheme, we use dimensional regularization in d = 4− ε dimensions. Therefore,
at one-loop order the renormalization parameters δ∆k, δΓk, δµ

2
ij, δλijkl, δMR and δvk are

all proportional to

c∞ =
2

ε
+ γE + ln(4π). (2)

(Note that in the present paper we use the symbol “δ” solely for the purpose of indicating
quantities proportional to c∞.) We will show that the proposed scheme, with counterterms
induced by renormalization parameters listed here, allows to remove all divergences at the
one-loop level and that the divergences uniquely determine the counterterm parameters.

Previously, avoiding the intricacies of gauge theories, this very fact has been demon-
strated in [18] for a general Yukawa model with an arbitrary number of real scalars. (For
an early attempt with only one scalar see [19].)

In detail, we proceed as follows:

1. We determine δλijkl + δλilkj from the divergence of the neutral-scalar four-point
function of the unbroken theory.5

2. Plugging δλijkl + δλilkj into the counterterm of the scalar two-point function of the
broken phase, the remaining divergencies uniquely fix δµ2

ij and δvk.

3. With the so far obtained renormalization parameters we compute the counterterm
for the scalar one-point function and, as a check, we prove its finiteness.

4. We determine δ∆k and δΓk from the divergencies of vertex corrections of the neutral-
scalar couplings to neutrinos and charged leptons, respectively. For simplicity, this
is also done in the unbroken theory.

5. Having obtained δ∆k, δΓk, δvk and the counterterm of the scalar one-point function,
all ingredients required for the counterterms of the fermion self-energies are at hand
and can be determined. We demonstrate that these make indeed the neutrino self-
energy Σν and the charged-lepton self-energy Σ` finite.6

6. Finally, having in mind formulas for the extraction of corrections to the tree-level
pole masses from Σν and Σ`—see for instance [20, 21], we discuss radiative correc-
tions to the tree-level physical neutrino and charged-lepton masses. In particular,
we carefully examine the ξ-independence of these physical quantities.

5This combination is sufficient for our purposes—see section 3.1.
6This constitutes another independent cross check of our renormalization scheme.
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We emphasize that in our renormalization scheme there is no mass renormalization be-
cause both scalar and fermion masses are derived quantities and the mass counterterms
are, therefore, derived quantities as well. This is a consequence of renormalizing the pa-
rameters of the unbroken theory, which is owing to the fact that, for an arbitrary number
of Higgs doublets, the number of Yukawa coupling constants is in general much larger
than the number of fermion masses.

Since we are discussing the lepton sector of the mHDSM, we have both Dirac and
Majorana fermions in the theory. When we deem it helpful for the reader, we stress the
differences in the treatment of both types of fermions and dwell on the field-theoretical
specifics for Majorana neutrinos.

The 2nH neutral scalar mass eigenfields have by definition vanishing VEVs. These
have to be re-adjusted, order by order, by finite VEV shifts ∆vk such that the scalar
one-point functions vanish [22, 23].7 In an n-point function with n ≥ 2 one can either
take into account these VEV shifts or, equivalently, include all tadpole diagrams instead,
as shown for the SM in [22, 23]. We show this explicitly in the mHDSM at the one-loop
level for the neutrino and charged-lepton self-energies. Moreover, tadpole diagrams play
an important role with respect to ξ-independence of physical observables [24]. We present
a thorough discussion of this role in the context of radiative fermion mass corrections.
Other methods for the treatment of tadpole contributions are carried out in [25, 26, 27]
for variants of the two-Higgs doublet model.

Concerning the notation, we have already explained that the parameters of the La-
grangian are always considered as being renormalized quantities. Furthermore, −iΣν(p),
−iΣ`(p) and −iΠ(p2) denote the two-point functions of neutrinos, charged fermions and
neutral scalars, respectively, as obtained in perturbation theory, including all countert-
erms. Thus the corresponding quantities with (−i) removed denote the renormalized
self-energies.

In order to enhance legibility of the paper we list here the definition and notation of
all masses which occur in the paper:

• The tree-level neutrino masses are mi (i = 1, 2, . . . , nL + nR).

• The tree-level charged-lepton masses are mα (α = e, µ, τ).

• The finite radiative corrections to tree-level fermion masses are denoted by ∆mi

and ∆mα.

• Then the total fermion masses are given by mtot,i = mi + ∆mi for neutrinos and
mtot,α = mα + ∆mα for charged leptons.

• The scalar masses are denoted by M+a (a = 1, . . . , nH) and Mb (b = 1, . . . , 2nH) for
charged and neutral scalars, respectively.

• The vector boson masses are denoted by mW and mZ for W± and Z boson, respec-
tively.

7We emphasize once more that, in our notation, δvk is infinite while ∆vk is finite. In the rest of the
paper we always reserve the symbol “∆” for finite quantities.
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• Charged and neutral Goldstone bosons correspond to the indices a = 1 and b =1,
respectively, with eigenvalues M2

+1 = M2
1 = 0 of the respective mass matrices.

• However, due to the Rξ gauge the Goldstone bosons have squared masses ξWm
2
W

and ξZm
2
Z in the respective propagators.

All boson masses are tree-level masses. If in an expression several summations occur
referring to charged-scalar mass eigenfields or masses, then the indices a, a′ or a1, a2, . . .
are used. In the case of neutral scalars, b, b′ or b1, b2, . . . is utilized.

The paper is organized as follows. In section 2 we write down all interaction La-
grangians of the mHDSM needed for the computation of one- and two-point scalar func-
tions and the self-energies of the charged leptons and Majorana neutrinos. This section
also includes important relations concerning the diagonalization of the (nL+nR)×(nL+nR)
neutrino mass matrix. In section 3 we discuss the counterterms of the scalar one- and
two-point functions and determine all counterterm parameters, including δvk of the scalar
sector. Section 4 is devoted to a thorough examination of the ξ-independence of the one-
loop fermion masses. In section 5 we prove the finiteness of the fermion self-energies in
our renormalization scheme. In section 6 we present formulas for these self-energies in
Feynman gauge, by listing the individual contributions originating from charged-scalar,
neutral-scalar, W and Z exchange, and and discuss the special case of the seesaw mech-
anism. Finally, our conclusions are found in section 7. In appendix A we show how the
charged and neutral-scalar mass matrices are obtained from the scalar potential, while
in appendix B we discuss properties of the diagonalization matrices of the scalar mass
terms. A short consideration of on-shell contributions to fermion self-energies is found in
appendix C. Lastly, in appendix D we convert the loop functions that we use in section 6
to other functions commonly used in the literature.

2 Lagrangians

The formalism for the mHDSM has been developed in [11, 12, 28] (see also [8]).

2.1 Yukawa Lagrangian and lepton mass matrices

In this subsection we follow the notation of [11] and repeat some material from this paper.
As mentioned in the introduction, we assume that the electric charge remains conserved
after spontaneous symmetry breaking. Therefore, we can parameterize the Higgs doublets
and their VEVs as

φk =

(
ϕ+
k

ϕ0
k

)
, φ̃k =

(
ϕ0
k
∗

−ϕ−k

)
, 〈φk〉0 =

vk√
2

(
0
1

)
(3)

with

v =

√∑

k

|vk|2 ' 246 GeV. (4)

5



98 Chapter 5. One-loop lepton masses in the mHDSM

The Yukawa Lagrangian may be written as

LY = −
nH∑

k=1

[(
ϕ−k , ϕ0

k
∗ )

ēR Γk +
(
ϕ0
k, −ϕ+

k

)
ν̄R ∆k

]( νL
eL

)
+ H.c., (5)

where the Yukawa coupling matrices Γk and ∆k are nL × nL and nR × nL, respectively.
The lepton mass terms are given by

Lmass = −ēRM`eL − ν̄RMDνL +
1

2
νTRC

−1M∗
RνR + H.c. (6)

with8

M` =
1√
2
v∗kΓk and MD =

1√
2
vk∆k. (7)

The nR×nR matrix MR is in general complex and symmetric. With the chiral projectors

γL =
1

2
(1− γ5) and γR =

1

2
(1 + γ5) , (8)

the fermion mass eigenfields `α (α = e, µ, τ) and χi (i = 1, . . . , nL+nR) are obtained from
the weak chiral eigenfields eL,R and νL,R by the transformations

eL = WLγL`, eR = WRγR`, νL = ULγLχ, νR = URγRχ. (9)

The matrices WL and WR are unitary nL × nL matrices such that9

W †
RM`WL ≡ m̂` = diag (me,mµ,mτ ) . (10)

The matrices UL and UR are nL × (nL + nR) and nR × (nL + nR), respectively, such that
the matrix

U ≡
(
UL
U∗R

)
(11)

is (nL + nR)× (nL + nR) unitary. The unitarity of U is expressed as

ULU
†
L = 1nL

, (12a)

URU
†
R = 1nR

, (12b)

ULU
T
R = 0nL×nR

, (12c)

and
U †LUL + UT

RU
∗
R = 1nL+nR

. (13)

U diagonalizes the (nL + nR)× (nL + nR) Majorana neutrino mass matrix, i.e.

UT
(

0 MT
D

MD MR

)
U ≡ m̂ν = diag (m1,m2, . . . ,mnL+nR

) , (14)

8Here and in the following we use the summation convention.
9We deviate slightly in notation from that of [11] where a basis has been assumed with WL = WR = 1.

In the present paper, for the sake of clarity, we stick to general unitary matrices WL and WR.
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with real and non-negative mi [29]. Therefore,

U∗Lm̂νU
†
L = 0nL×nL

, (15a)

URm̂νU
†
L = MD , (15b)

URm̂νU
T
R = MR . (15c)

A further relation is given by [8]

U †RMD = m̂νU
†
L. (16)

Now we turn to the scalar mass eigenfields S+
a (a = 1, . . . , nH) and S0

b (b = 1, . . . , 2nH),
related to ϕ+

k and ϕ0
k by

ϕ+
k = UkaS

+
a and ϕ0

k =
1√
2

(
vk + VkbS

0
b

)
, (17)

respectively. For the definition and properties of the matrices U and V we refer the reader
to appendix B.

Now we are in a position to formulate the Yukawa interactions in terms of mass
eigenfields. Since we perform computations with Majorana neutrinos, i.e. χc = χ, it is
useful to have at hand both the interaction Lagrangians of the charged-lepton fields ` and
of the charge-conjugated fields `c [30]. The neutral-scalar Yukawa interaction Lagrangian
may be written as

LY(S0) = − 1√
2
S0
b

{
χ̄
[
FbγL + F †b γR

]
χ+ ¯̀

[
GbγL +G†bγR

]
`
}
. (18)

Note that
¯̀
[
GbγL +G†bγR

]
` = `c

[
GT
b γL +G∗bγR

]
`c. (19)

The charged-scalar Yukawa interaction Lagrangian can be formulated as

LY(S±) = S−a ¯̀[RaγR − LaγL]χ+ S+
a χ̄
[
R†aγL − L†aγR

]
` (20a)

= S−a χ̄
[
RT
a γR − LTa γL

]
`c + S+

a `
c [R∗aγL − L∗aγR]χ. (20b)

Then for these Lagrangians the coupling matrices are given by [11]

Fb =
1

2

(
U †R∆kUL + UT

L∆T
kU
∗
R

)
Vkb, (21a)

Gb =
(
W †
RΓkWL

)
V ∗kb, (21b)

Ra =
(
W †
L∆†kUR

)
U∗ka, (21c)

La =
(
W †
RΓkUL

)
U∗ka. (21d)

Since we identify the scalars carrying index 1 with the Goldstone bosons, we have
S0

1 ≡ G0 and S+
1 ≡ G+. Using the matrix elements Vk1 and Uk1, required for the Goldstone

boson couplings, of equation (B.14) in appendix B, we obtain

∆kVk1 = i∆kUk1 = i

√
2

v
MD, ΓkV

∗
k1 = −iΓkU∗k1 = −i

√
2

v
M`, (22)

7
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with v being defined in equation (4). Then, exploiting the formulas for the diagonalization
of the fermion mass matrices, the coupling matrices of G0 and G± can be converted into

F1 =
i√
2v

(
m̂νU

†
LUL + UT

LU
∗
Lm̂ν

)
, G1 = −i

√
2

v
m̂` (23)

and [11]

R1 =

√
2

v
W †
LULm̂ν , L1 =

√
2

v
m̂`W

†
LUL, (24)

respectively.

2.2 Charged and neutral current interactions

The squares of vector boson masses are

m2
W =

g2v2

4
, m2

Z =
g2v2

4c2
w

, (25)

with cw = mW/mZ being the cosine of the weak mixing or Weinberg angle.
In terms of the lepton mass eigenfields, we obtain the charged-current Lagrangian

Lcc = − g√
2

[
W−
µ

¯̀
(
W †
LUL

)
γµγLχ+W+

µ χ̄
(
U †LWL

)
γµγL`

]
(26a)

= +
g√
2

[
W−
µ χ̄
(
W †
LUL

)T
γµγR`

c +W+
µ `

c
(
U †LWL

)T
γµγRχ

]
, (26b)

and the neutral-current Lagrangians [8, 11]

Lnc = − g

4cw
Zµχ̄γ

µFLRχ−
g

cw
Zµ ¯̀γµ

[(
s2
w −

1

2

)
γL + s2

wγR

]
` (27)

with
FLR =

(
U †LUL

)
γL −

(
UT
LU

∗
L

)
γR. (28)

Finally, the electromagnetic interaction Lagrangian of the charged leptons with charge
−e is

Lem = eAµ ¯̀γµ`. (29)

Concerning the vector boson propagators in the Rξ gauge, they have the form

∆µν
V (k) = − gµν

k2 −m2
V + iε

+
kµkν

m2
V

(
1

k2 −m2
V + iε

− 1

k2 − ξVm2
V + iε

)
(30a)

= − gµν

k2 −m2
V + iε

+ (1− ξV )
kµkν

(k2 −m2
V + iε)(k2 − ξVm2

V + iε)
(30b)

with V = Z,W,A. For photons only the second form of the propagator is meaningful.
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2.3 Vector boson–scalar interactions

Here we only display those interaction Lagrangians which we need in the present paper.
For the complete set of vector boson–scalar interaction Lagrangians see [12, 28]. Derivative
couplings of the vector bosons to scalars are given by

L∂ =
ig

2
VkbU

∗
kaW

+
µ

(
S0
b∂

µS−a − S−a ∂µS0
b

)
(31a)

+
ig

2
V ∗kbUkaW

−
µ

(
S+
a ∂

µS0
b − S0

b∂
µS+

a

)
(31b)

− g

4cw
Im (V ∗kbVkb′)Zµ

(
S0
b∂

µS0
b′ − S0

b′∂
µS0

b

)
. (31c)

In the case of non-derivative couplings, we will only need those to the neutral scalars:

Lnon−∂ =

(
g2

4
W+
µ W

−µ +
g2

8c2
w

ZµZ
µ

)[
(v∗kVkb + V ∗kbvk)S

0
b + V ∗kbVkb′S

0
bS

0
b′
]
. (32)

2.4 Scalar–ghost interactions

Defining

ωk =
vk
v
, (33)

we can write the interaction of the scalar mass eigenfields S0
b with the ghost fields c+, c−

and cZ as

L(S0c̄c) = −gmW ξW
2

∞∑

b=2

S0
b

(
ω∗kVkb c

+c+ + ωkV
∗
kb c
−c−

)
(34a)

−gmZξZ
2cw

∞∑

b=2

S0
b Re (ω∗kVkb) c̄ZcZ . (34b)

2.5 Triple scalar interactions

The triple-scalar interactions [28] follow straightforwardly from the scalar potential, equa-
tion (A.1):

L(S0S0S0) = −1

2
λijkl

(
v∗i Vjb1 + V ∗ib1vj

)
V ∗kb2Vlb3S

0
b1
S0
b2
S0
b3
, (35)

L(S0S−S+) = −λijkl (v∗i Vjb + V ∗ibvj)U
∗
ka1
Ula2S

0
bS
−
a1
S+
a2
. (36)

For the properties of λijkl see equation (A.2). If one of the scalars is a Goldstone boson,
then the difference of the squares of the masses of the other two scalars is involved in
the triple scalar coupling [11]. Specializing to the coupling of S0 to the Goldstone bosons
leads to [28]

L(S0GG) =
1

v

2nH∑

b=2

M2
b Im

(
V †V

)
1b
S0
b

(
G+G− +

1

2
G0G0

)
. (37)

9



102 Chapter 5. One-loop lepton masses in the mHDSM

2.6 Quartic scalar interactions

The quartic scalar couplings which we need in the following are given by [28]

L(S0S0S0S0) = −1

4
λijklV

∗
ib1
Vjb2V

∗
kb3
Vlb4S

0
b1
S0
b2
S0
b3
S0
b4
, (38)

L(S0S0S−S+) = −λijklV ∗ib1Vjb2U∗ka1Ula2S0
b1
S0
b2
S−a1S

+
a2
. (39)

2.7 Scale factors in dimensional regularization

As mentioned in the introduction, we will be using dimensional regularization for the one-
loop integrals in d = 4 − ε dimensions. Introducing the mass scale M, in order to keep
the coupling constants dimensionless in d dimensions, we have to make the replacements

g →Mε/2g, ∆k →Mε/2∆k, Γk →Mε/2Γk, λijkl →Mελijkl. (40)

Similarly, the VEVs have to be scaled by

vi →M−ε/2vi, (41)

so that they have the dimension of a mass.

3 The scalar sector

In this section we discuss the one- and two-point functions of the neutral scalars.

3.1 The counterterms for the one- and two-point scalar func-
tions

The scalar potential is defined in equation (A.1). The Lagrangian of the scalar potential
plus its counterterm parameters is given by

− V (φ)− δV (φ) = −
(
µ2
ij + δµ̂2

ij

)
φ†iφj −Mε

(
λijkl + δλ̂ijkl

)
φ†iφjφ

†
kφl. (42)

Here the components of the Higgs doublets φi are meant to be bare fields. For the neutral
components of the Higgs doublets we make the ansatz10

ϕ0
i =

1√
2

(
Z(1/2)
ϕ

)
ij

[
M−ε/2 (vj + ∆vj + δvj) + VjbS

0
b

]
. (43)

The VEVs vj are in our notation pure tree-level quantities defined as the solution of the
set of nH equations (

µ2
ij + λijklv

∗
kvl
)
vj = 0. (44)

By definition, the fields S0
b have vanishing VEVs, which is guaranteed beyond tree level

by the finite VEV shifts ∆vj. In addition, the VEV renormalization δvj is needed in the

10Note that the symbol “∆vj” used in [25] refers to the total VEV shifts of the bare scalar fields and
has, therefore, a meaning different from our ∆vj .
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Rξ gauge in the case of ξ 6= 0 [17]. The complex nH × 2nH matrix (Vjb) is connected
to the orthogonal 2nH × 2nH diagonalization matrix of the mass matrix of the neutral
scalars. For its definition and properties we refer the reader to appendix B.

Since we only perform one-loop computations, we write

(
Z(1/2)
ϕ

)
ij

= δij +
1

2
z

(ϕ)
ij (45)

for the wave-function renormalization of the neutral scalars. It is convenient to absorb the
wave-function renormalization into the counterterm parameters of equation (42). Thus
we define

δµ2
ij = δµ̂2

ij +
1

2

(
µ2
i′j

(
z

(ϕ)
i′i

)∗
+ µ2

ij′ z
(ϕ)
j′j

)
(46)

and

δλijkl = δλ̂ijkl +
1

2

(
λi′jkl

(
z

(ϕ)
i′i

)∗
+ λij′klz

(ϕ)
j′j + · · ·

)
. (47)

With these definitions the counterterms for the one- and two-point functions are induced
by δµ2

ij, δλijkl and δvj.
In writing down the counterterm for the scalar one-point function of S0

b , we “truncate”
it by removing M−ε/2i/(−M2

b ). Then the counterterm reads

S0
b

= − i

2

[
δµ2

ij +
1

2
δλ̃ijklv

∗
kvl

]
(v∗i Vjb + V ∗ibvj) (48a)

− i

2
(δv∗i Vib + V ∗ibδvi)M

2
b . (48b)

Here we have introduced the definition

λ̃ijkl ≡ λijkl + λilkj. (49)

and, consequently,
δλ̃ijkl ≡ δλijkl + δλilkj. (50)

In order to achieve the form of equation (48b) with the neutral scalar masses Mb, we
have taken into account equation (B.12). Note that, for later reference, we have split the
counterterm of equation (48) into a part induced by δµ2

ij and δλ̃ijkl and a part induced
by δvi.

The counterterm pertaining to the scalar self-energy −iΠbb′(p
2) is given by

S0
b S0

b′ = − i

2

[
δµ2

ij + δλ̃ijklv
∗
kvl

]
(V ∗ibVjb′ + V ∗ib′Vjb)

− i

4
δλ̃ijkl [v

∗
i v
∗
kVjbVlb′ + vjvlV

∗
ibV
∗
kb′ ] (51a)

− i

2
λ̃ijkl (δv

∗
kvl + v∗kδvl) (V ∗ibVjb′ + V ∗ib′Vjb)

− i

2
λijkl [(δv

∗
i v
∗
k + v∗i δv

∗
k)VjbVlb′ + (δvjvl + vjδvl)V

∗
ibV
∗
kb′ ] . (51b)

11



104 Chapter 5. One-loop lepton masses in the mHDSM

In this counterterm we have done a splitting analogous to the case of the one-point
function. Note that the second line in equation (51a) comes about because

δλijklv
∗
i v
∗
kVjbVlb′ =

1

2
δλ̃ijklv

∗
i v
∗
kVjbVlb′ , (52)

cf. equation (A.2). A similar argument applies to the second line of equation (51b).
We anticipate here that the counterterm of equation (48) connects via the scalar

propagator to a neutral or charged fermion line and contributes thus to the counterterms
of the fermion self-energy, and the VEV renormalization δvj contributes directly via vj →
vj + δvj to the fermion mass counterterms—see figure 6 for a graphical rendering. These
counterterms will play an important role in sections 4.3 and 5.

Now we proceed as announced in the introduction in items 1-3.

3.2 Renormalization of the quartic scalar couplings

(a) (b) (c)

(d) (e) (f)

Figure 1: The Feynman diagrams that determine δλ̃ijkl defined in equation (49). The lines
have the usual meaning: full, wiggly and dashed lines indicate fermions, vector bosons and
scalars, respectively.

In the MS renormalization scheme at one-loop order the terms proportional to c∞ of
equation (2) have to be cancelled by the respective counterterms.

Since we are only interested in the divergencies of the scalar four-point function, we
can stick to the unbroken theory for the computation of δλijkl. Moreover, as discussed in
the previous subsection, it suffices to compute δλ̃ijkl instead of δλijkl. This leads us to
consider the four-point function

〈0|Tϕ0
i ϕ

0
j
∗
ϕ0
k ϕ

0
l
∗|0〉. (53)

The Feynman diagrams from which we compute the divergencies are displayed in figure 1.
There is a one-to-one correspondence between the labels of the subfigures and those of the
subequations of equation (54). Moreover, every subequation contains the contributions

12
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of both charged and neutral inner lines of the diagrams. We obtain the following result
for the divergencies:11

iLijkl ≡



ϕ0∗
j

ϕ0
i

ϕ0∗
l

ϕ0
k



c∞

=
i

16π2
c∞
{

4
[
λ̃ijmnλ̃klnm + λ̃ilmnλ̃kjnm

+ λijmnλklnm + λilmnλkjnm + λimknλmjnl + λimknλmlnj] (54a)

+

[
g4

4

(
3 + ξ2

W

)
+

g4

8c4
w

(
3 + ξ2

Z

)]
(δijδkl + δilδkj) (54b)

−
(

2g2ξW +
g2

c2
w

ξZ

)
λ̃ijkl (54c)

+

(
g4

4
ξ2
W +

g4

8c4
w

ξ2
Z

)
(δijδkl + δilδkj) (54d)

−
(
g4

2
ξ2
W +

g4

4c4
w

ξ2
Z

)
(δijδkl + δilδkj) (54e)

− 2 Tr
(

ΓiΓ
†
jΓkΓ

†
l + ΓiΓ

†
lΓkΓ

†
j

)
− 2 Tr

(
∆†i∆j∆

†
k∆l + ∆†i∆l∆

†
k∆j

)}
. (54f)

The counterterm pertaining to the four-point function of equation (53) is given by

= −2i (δλijkl + δλilkj) = −2i δλ̃ijkl. (55)

Then the MS condition is





c∞

+ = iLijkl − 2iδλ̃ijkl = 0 or δλ̃ijkl =
1

2
Lijkl. (56)

Note that Lijkl = Lilkj, as it has to be for consistency.
For the further discussion it is convenient to decompose δλ̃ijkl as

δλ̃ijkl = δλ̃ijkl(S) + δλ̃ijkl(`
±) + δλ̃ijkl(χ) + δλ̃ijkl(ξ

0) + δλ̃ijkl(ξ
1) + δλ̃ijkl(ξ

2). (57)

The first three terms correspond to the contributions of the scalars, the charged leptons
and the neutrinos, respectively, i.e. to those diagrams which do not have a vector boson
line. Vector boson contributions can be characterized by powers in the gauge parameters

11Here and in the following, a full blob means a sum over one-loop diagrams, whereas a circle with a
cross refers to a counterterm. When specific parts of these entities are addressed, they are put within
parentheses with subscripts indicating the specifics.

13



106 Chapter 5. One-loop lepton masses in the mHDSM

(ξν with ν = 0, 1, 2)—see equation (54). Actually, diagrams with two vector boson lines
are proportional to g4 and have parts with ξ0 and ξ2, whereas diagrams with one vector
boson line are proportional to g2ξ1 and a quartic scalar coupling.

However, inspection of equation (54) reveals that the ξ2-terms cancel each other, i.e.

δλ̃ijkl(ξ
2) = 0. (58)

3.3 Divergencies of the neutral-scalar self-energy

(a) (b) (c)

(d) (e) (f)

(g)

Figure 2: The Feynman diagrams contributing the scalar self-energy in the broken phase. In
addition to the lines explained in figure 1, in diagram (f) we have dotted lines indicating ghost
propagators.

Now we turn to the divergencies of the scalar two-point function. Having obtained the
result for δλ̃ijkl, we need δµ2

ij and δvi for the full counterterm of the two-point function,
equation (51). The aim of the present section is not only to compute δµ2

ij and δvi but our
computations also serve as a consistency check that the scalar self-energy can indeed be
made finite by a suitable choice of these parameters.

In the presentation of the one-loop results for the divergencies we use the vector boson
masses of equation (25), the definitions of the matrices Λ, K and K ′ given in appendix A,
and equations (B.2) and (B.11). The divergencies refer to those of −iΠbb′(p

2), where
Πbb′(p

2) is the self-energy matrix of the neutral scalar mass eigenfields S0
b .

Now we list the momentum-independent divergencies belonging to the diagrams of
figure 2. In the individual results we indicate the nature of the particle (or particles) in
the loop.

14
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Diagram (a), charged scalars:

i

16π2
c∞λijmnλnmkl (v

∗
i Vjb + V ∗ibvj) (v∗kVlb′ + V ∗kb′vl) , (59)

diagram (a), neutral scalars:

i

16π2
c∞
{

(V ∗kbVlb′ + V ∗kb′Vlb)
[
λ̃ilmnλ̃kjnm + λimkn (λmjnl + λnjml)

]
v∗i vj

+ (VjbVlb′v
∗
i v
∗
k + V ∗ibV

∗
kb′vjvl) λ̃ijmnλ̃klnm

}
, (60)

diagram (b), charged scalars:

i

16π2
c∞ (V ∗ibVjb′ + V ∗ib′Vjb)

[
1

4
g2ξW Λij + λijkl

(
µ2 + Λ

)
lk

]
, (61)

diagram (b), neutral scalars:

i

16π2
c∞

{
g2ξZ
8c2
w

[
(V ∗ibVjb′ + V ∗ib′Vjb) (Λ +K ′)ij − λijkl (VjbVlb′v∗i v∗k + V ∗ibV

∗
kb′vjvl)

]

+λ̃ijkl (V
∗
ibVjb′ + V ∗ib′Vjb)

(
µ2 + Λ +K ′

)
lk

+ λijklVjbVlb′K
∗
ik + λijklV

∗
ibV
∗
kb′Kjl

}
, (62)

diagram (c), W± and Z bosons:

i

16π2
c∞δbb′

[
g4v2

8

(
3 + ξ2

W

)
+
g4v2

16c4
w

(
3 + ξ2

Z

)]
, (63)

diagram (d), W± and Z bosons:

i

16π2
c∞ (v∗kVkb + V ∗kbvk) (v∗l Vlb′ + V ∗lb′vl)

[
g4

16

(
3 + ξ2

W

)
+

g4

32c4
w

(
3 + ξ2

Z

)]
, (64)

diagram (e), W± boson and charged scalars:

− i

16π2
c∞ (V ∗ibVjb′ + V ∗ib′Vjb)

[
1

16
g4ξ2

W

(
δijv

2 + viv
∗
j

)
+

1

4
g2ξW

(
µ2 + Λ

)
ij

]
, (65)

diagram (e), Z boson and neutral scalars:

i

16π2
c∞

{
−g

4ξ2
Z

64c4
w

[
2 (V ∗ibVjb′ + V ∗ib′Vjb) δijv

2 + (v∗kVkb + V ∗kbvk) (v∗l Vlb′ + V ∗lb′vl)
]

+
g2ξZ
8c2
w

[
VibVjb′K

∗
ij + V ∗ibV

∗
jb′Kij − (V ∗ibVjb′ + V ∗ib′Vjb)

(
µ2 + Λ +K ′

)
ij

]}
, (66)

diagram (f), charged ghosts:

− i

16π2
c∞
g4v2

16
ξ2
W (ω∗kVkb ω

∗
l Vlb′ + ωkV

∗
kb ωlV

∗
lb′) , (67)

15
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diagram (f), neutral ghost:

− i

16π2
c∞

g4v2

16c4
w

ξ2
Z Re (ω∗kVkb) Re (ω∗l Vlb′) (68)

diagram (g), charged leptons:

− i

16π2
c∞ × Tr

{(
Γ†kΓjM

†
`M` + ΓjΓ

†
kM`M

†
`

) (
V ∗jbVkb′ + V ∗jb′Vkb

)

+ Γ†kM`Γ
†
jM` Vjb′Vkb + ΓkM

†
`ΓjM

†
` V
∗
jb′V

∗
kb

}
, (69)

diagram (g), neutrinos:

− i

16π2
c∞ × Tr

{[
M †

DMD∆†j∆k +
(
MDM

†
D +MRM

†
R

)
∆k∆

†
j

] (
V ∗jbVkb′ + V ∗jb′Vkb

)

+ ∆kM
†
D∆jM

†
D Vjb′Vkb + ∆†kMD∆†jMD V

∗
jb′V

∗
kb

}
. (70)

In the last two equations we have exploited the mass relations for the leptons, as presented
in section 2.1.

Some remarks concerning the ξ-dependence of the divergencies are in order. In equa-
tions (61) and (62) the linear ξ-dependence comes from the Goldstone bosons in the loop
because, due to the Rξ gauge, the Goldstone boson masses M2

+1 = M2
1 = 0 are replaced

by ξWm
2
W and ξZm

2
Z , respectively. The vector boson loops of equation (63) and (64)

lead to a quadratic ξ-dependence, stemming from the ξ-dependence of the vector boson
propagators. Finally, the mixed vector boson–scalar loops have a linear ξ-dependence
originating in the vector boson propagator, however, an additional factor ξ comes into
play in the case of Goldstone bosons in the loop.

3.4 Determination of δµ2
ij and δvk

Having computed δλ̃ijkl in section 3.2, we are now in a position to determine δµ2
ij and δvk

from the divergencies of the scalar self-energy as presented in the previous subsection. In
a graphical presentation, δµ2

ij and δvk are to be computed from

(
S0
b S0

b′

)
c∞

+ S0
b S0

b′ = 0. (71)

It can be checked straightforwardly that the divergencies of the scalar self-energy given
by equations (59)–(70) have the same types of terms as those in the decomposition of
δλ̃ijkl in equation (57). Therefore, δµ2

ij can be decomposed in the same way:

δµ2
ij = δµ2

ij(S) + δµ2
ij(`
±) + δµ2

ij(χ) + δµ2
ij(ξ

0) + δµ2
ij(ξ

1) + δµ2
ij(ξ

2). (72)

It will turn out that, after insertion of δλ̃ijkl of equation (56) into the counterterm of
equation (51a) and adding it to the divergencies of the scalar self-energy, the determination
of δµ2

ij and δvk is unique for the following reasons:

16
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1. As proven in [17], δvk is a linear function in ξ.

2. Therefore, with the exception of the terms proportional to ξ1, for the cancellation
of the divergencies we only have the counterterm containing δµ2

ij at our disposal.

3. As we will see, both the divergencies proportional to ξ1 and the counterterm induced
by δvk are linear combinations of the two linearly independent matrices δbb′M

2
b′ and

(V ∗ibVjb′ + V ∗ib′Vjb)µ
2
ij, while the counterterm induced by δµ2

ij(ξ
1) is proportional to

the second matrix. Therefore these two counterterms are linearly independent and
a unique combination of the two cancels the divergencies.

One might think that the usage of the scalar one-point function is appropriate to fix δvk,
but this does not offer any advantage because one would need δµ2

ij anyway since it occurs
in the counterterm—see equation (48).

Inserting δλ̃ijkl of equation (56) into the counterterm of equation (51a), we find
( )

c∞, X
+

( )
δλ̃(X)

= 0 for X = l±, ξ0. (73)

Moreover, ( )
ξ2

=
( )

δλ̃(ξ2)
= 0. (74)

Therefore, in these cases we obtain

δµ2
ij(`
±) = δµ2

ij(ξ
0) = δµ2

ij(ξ
2) = 0. (75)

However, in the cases of X = S, χ, ξ1 the counterterm parameter δµ2
ij(X) is non-trivial.

From
( )

c∞,X
+
( )

δλ̃(X)
+
( )

δµ2(X)
= 0 for X = S, χ, (76)

we compute

δµ2
ij(S) =

2

16π2
c∞ (2λijkl + λilkj)µ

2
lk (77)

and

δµ2
ij(χ) = − 2

16π2
c∞Tr

(
MRM

†
R∆j∆

†
i

)
. (78)

It is amusing to notice that the latter equation is the only instance where MR, the mass
matrix of the right-handed neutrino singlets, appears in a counterterm.

The linear ξ-terms need a special treatment and we will be very detailed in their
discussion. Our aim is to determine the remaining counterterm parameters δµ2

ij(ξ
1) and

δvk from the divergencies linear in ξ of the scalar self-energy. In order to streamline the
notation, we define

A1 =
c∞

16π2

(
g2ξW

4
+
g2ξZ
8c2
w

)
, (79)

where the index 1 indicates linearity in ξ. In terms of this quantity, the sum over all
divergencies linear in ξ of the scalar self-energy—see section 3.3—can be written as

( )
c∞, ξ1

= −i (V ∗ibVjb′ + V ∗ib′Vjb)µ
2
ijA1. (80)

17
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Now we turn to the counterterm of equation (51) and discuss the various contributions
linear in ξ. It is easy to see from equations (54) and (56) that δλ̃(ξ1)ijkl, the part propor-
tional to ξ1 of δλ̃ijkl, can be written in terms of A1 as well:

δλ̃(ξ)ijkl = −4A1λ̃ijkl. (81)

Plugging this expression into the counterterm formula of equation (51a) and using equa-
tion (B.13), we obtain

( )
δλ̃(ξ1)

= 4iA1δbb′M
2
b′ − 2i (V ∗ibVjb′ + V ∗ib′Vjb)µ

2
ijA1. (82)

The remaining terms linear in ξ in equation (51) consist of the δµ2
ij(ξ

1)-part of equa-
tion (51a) and the counterterm induced by δvi, equation (51b), and contain thus the
parameters we want to determine.

Adding up all terms linear in ξ, divergence and the three counterterm contributions,
we have

( )
c∞, ξ1

+
( )

ξ1

=− i (V ∗ibVjb′ + V ∗ib′Vjb)µ
2
ijA1 (83a)

+ 4iA1δbb′M
2
b′ − 2i (V ∗ibVjb′ + V ∗ib′Vjb)µ

2
ijA1 (83b)

− i

2
(V ∗ibVjb′ + V ∗ib′Vjb) δµ

2
ij(ξ

1) (83c)

− i

2
λ̃ijkl (δv

∗
kvl + v∗kδvl) (V ∗ibVjb′ + V ∗ib′Vjb)

− i

4
λ̃ijkl [(δvjvl + vjδvl)V

∗
ibV
∗
kb′ + (δv∗i v

∗
k + v∗i δv

∗
k)VjbVlb′ ] . (83d)

We know that the sum of these terms must be zero. Since in equations (83a) and (83b)
these gauge parameters only occur in A1 and taking into account that δvk is linear in ξW
and ξZ , we are lead to the ansatz δvk = cA1vk, where c is a constant to be determined by
the cancellation of the divergencies. Plugging this ansatz into equation (83d) (last two
lines of equation (83)) and using equation (B.13), after some computation these two lines
are rewritten as

− icA1

[
2δbb′M

2
b′ − (V ∗ibVjb′ + V ∗ib′Vjb)µ

2
ij

]
. (84)

Obviously, with c = 2 or
δvk = 2A1vk (85)

the A1-part of the counterterm induced by δvk, equation (84), cancels the term 4iA1δbb′M
2
b′

of equation (83b).
Having thus determined δvk, we consider the sum of the remaining terms in equa-

tion (83) which amounts to

− i (V ∗ibVjb′ + V ∗ib′Vjb)µ
2
ijA1 −

i

2
(V ∗ibVjb′ + V ∗ib′Vjb) δµ

2
ij(ξ

1). (86)
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Thus we find that
δµ2

ij(ξ
1) = −2A1µ

2
ij (87)

together with δvk of equation (85) induce counterterms which cancel the terms linear in
ξ in the scalar self-energy. With this, we have finally determined the complete set of
parameters, δµ2

ij, δλ̃ijkl and δvk that make the scalar self-energy finite.

3.5 Finiteness of the scalar one-point function

(a) (b)

Figure 3: The tadpole diagrams involving the vector bosons and the ghost fields.

As in the case of the counterterm of equation (48), we consider the “truncated” one-point
function of S0

b , where the external propagator i/(−M2
b ) and the factorM−ε/2 are removed.

Also we emphasize that the scalar one-point function referring to S0
1 ≡ G0 is zero—see

discussion after equation (97) in section 3.6. Thus we consider the truncated one-point
functions of S0

b with b = 2, . . . , 2nH . The counterterms for the one-point function induced
by δµ2

ij, δλ̃ijkl and δvi are obtained by application of equation (48).

Vector boson and ghost loops: The tadpole diagrams involving the vector boson
and ghost loops—see figure 3—deserve a special treatment because the ghost loops cancel
exactly that part of the vector boson loops deriving from the gauge-dependent part of the
propagator in equation (30a) [24]. Concretely, we are going to demonstrate that the cZ
loop cancels the ξZ-dependent contribution of the Z propagator and the c+ and c− loops
cancel the ξW -dependent contribution of the W propagator.

First we consider the Z and cZ loops in diagrams (a) and (b) of figure 3, respectively.
According to the Lagrangians (32) and (34b), we obtain the loop integrals

∫
ddk

(2π)d

{
ig2

8c2
w

(v∗i Vib + V ∗ibvi)
k2

m2
Z

−i
k2 − ξZm2

Z + iε

+(−i)gξZmZ

2cw
Re (ωiVib)

−i
k2 − ξZm2

Z + iε

}
. (88)

Note that the minus sign in the numerator of the ghost propagator takes into account the
anticommuting nature of the ghost fields. Now we use

k2

k2 − ξZm2
Z

= 1 +
ξZm

2
Z

k2 − ξZm2
Z

and

∫
ddk

(2π)d
1 = 0, (89)
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the formula for the Z mass of equation (25), the definition of ωk in equation (33), and
the relation

v∗i Vib + V ∗ibvi = 2vRe (ω∗i Vib) . (90)

It is then easy to see that the integral (88) is zero.
In the case of the W boson in diagram (a) and the ghost fields c+ and c− in diagram (b)

of figure 3, Lagrangians (32) and (34a) lead to the loop integral

∫
ddk

(2π)d

{
ig2

4
(v∗i Vib + V ∗ibvi)

k2

m2
W

−i
k2 − ξWm2

W + iε

+(−i)gξWmW

2
(ω∗i Vib + ωiV

∗
ib)

−i
k2 − ξZm2

W + iε

}
(91)

With the same arguments as before we conclude that it is zero.

Divergencies of the Goldstone boson loops and the ξ-dependent terms: The
ξ-dependent divergencies of the tadpoles come from the Goldstone-boson loops. The
relevant Lagrangian is displayed in equation (37). Using the identity

Im
(
V †V

)
1b

= − 1

2v
(v∗i Vib + V ∗ibvi) , (92)

these are given by



G±/G0 

c∞, ξ1

=
i

2
(v∗i Vib + V ∗ibvi)M

2
bA1. (93)

The counterterm of equation (48a) associated with δλ̃ijkl(ξ
1) of equation (54c) can be put

into the form

( )

δλ̃(ξ1)

=
i

2
(v∗i Vib + V ∗ibvi)M

2
bA1 − i (v∗i Vjb + V ∗ibvj)µ

2
ijA1. (94)

Now we add up all terms of the scalar one-point function proportional to ξ1, i.e. equa-
tions (93) and (94) and the remaining counterterms of equation (48), namely those with
δµ2

ij(ξ
1) and δvi:

( )

c∞, ξ1

+

( )

ξ1

=
i

2
(v∗i Vib + V ∗ibvi)M

2
bA1 (95a)

+
i

2
(v∗i Vib + V ∗ibvi)M

2
bA1 − i (v∗i Vjb + V ∗ibvj)µ

2
ijA1 (95b)

− i

2
(v∗i Vjb + V ∗ibvj) δµ

2
ij(ξ

1) (95c)

− i

2
(δv∗i Vib + V ∗ibδvi)M

2
b . (95d)
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Taking δvi from equation (85) and δµ2
ij(ξ

1) from equation (87), the terms in equation (95)
add up to zero. Note that the blob in equation (95) is identical with the Goldstone loops in
equation (93) because, as explained in the beginning of this subsection, the ξ-dependence
of vector boson propagators is cancelled by the ghost loops.

The remaining tadpole diagrams: A tedious but straightforward computation de-
monstrates that the ξ-independent divergencies of the tadpole diagrams are cancelled
by the counterterm (48a) by plugging in the expressions for δµ2

ij(X) and δλ̃ijkl(X) with
X = S, `±, χ, ξ0.

Summarizing, we have found that the counterterms determined by MS renormalization
of the scalar four-point function and the scalar self-energy make the scalar one-point
function finite.

3.6 The VEV shift ∆vi and the tadpoles

Using equation (B.12), we find that a finite VEV shift ∆vi induces the term

−M−ε/2 1

2
M2

b (∆v∗i Vib + V ∗ib∆vi)S
0
b ≡ −M−ε/2∆tbS

0
b (96)

in the scalar potential. As announced in section 1, we will now show that it is possible to
choose ∆vi such that the scalar one-point function is zero at the one-loop level. There are
three contributions to the truncated one-point function: the loop integrals −iTb, the sum
of the counterterms (95b)–(95d) denoted by −iCb, and the contribution of equation (96).
Thus we require, in order to achieve a vanishing one-point function,

+ + = −i (Tb + Cb + ∆tb) ≡ 0 or ∆tb = −Tb − Cb. (97)

The triangle represents the term −i∆tb induced by equation (96).
Before we derive a formula for VEV shift ∆vk, let us dwell a little bit on the one-

point function of G0. That G0 is an unphysical field is suggestive of its vanishing. This
is indeed borne out by explicit one-loop considerations: all couplings of G0 to bosons,
including the ghost field cZ , vanish, the c+ and c− loops cancel each other exactly, and
the fermion loops give zero when the trace is taken in flavour and Dirac space. Concerning
the counterterms (48) and taking into account equation (85), we see that all counterterms
of the one-point function of G0 contain the factor v∗i Vi1 + V ∗i1vi. Since Vi1 = ivi/v—see
equation (B.14), this factor obviously vanishes.

To proceed further, some remarks are in order:

i. From the considerations in section 3.5 we know that the scalar one-point functions,
i.e. the quantities Tb + Cb = −∆tb are finite, thus the ∆vi are finite as well.12

Diagrammatically, this can be expressed as

= −
( )

finite

,

12 We remind the reader that we use the symbol “∆,” occurring in ∆vk and ∆tb, for finite quantities.

21



114 Chapter 5. One-loop lepton masses in the mHDSM

where the subscript “finite” indicates that all terms proportional to c∞ have been
subtracted.

ii. Since ∆tb belongs to the real scalar field S0
b , this quantity must be real.

iii. In the quantity ∆tb, the masses Mb derive from the mass matrix of the neutral scalars
where the Goldstone boson has zero mass, while the Goldstone mass-squared ξZm

2
Z

derives from the Rξ-gauge condition and occurs only in the propagator.

We can summarize this discussion in the following way:

∆t1 = 0, (∆tb)
∗ = ∆tb, and

1

2
(∆v∗i Vib + V ∗ib∆vi) =

∆tb
M2

b

for b = 2, . . . , 2nH .

(98)
Eventually, our aim is to obtain ∆vk from the ∆tb, but there is the obstacle that

∆v∗i Vi1 + V ∗i1∆vi is not determined, because it is multiplied by M2
1 = 0 in ∆t1. However,

as we will shortly see, the only consistent value of this quantity is

∆v∗i Vi1 + V ∗i1∆vi = 0. (99)

Taking this relation into account, the first two relations of equation (B.5) allow to derive
the VEV shifts

∆vk =

2nH∑

b=2

∆tb
M2

b

Vkb. (100)

This means that it is indeed possible to make the scalar one-point function vanish by a
finite VEV shift ∆vk.

Let us check now that equation (100) is indeed consistent with equation (99). We plug
the result for ∆vk into equation (99) and utilize the third relation in equation (B.5). In
this way we obtain

∆v∗i Vi1 + V ∗i1∆vi =

2nH∑

b=2

∆tb
M2

b

(V ∗ibVi1 + V ∗i1Vib) = 2

2nH∑

b=2

∆tb
M2

b

δb1 = 0,

which is the desired result.
Now we want to demonstrate that the insertion of all tadpole contributions, including

the tadpole counterterm, on a fermion line is equivalent to make the shift vk → vk + ∆vk
in the mass term of the respective fermion in the Lagrangian. We begin with the charged-
lepton lines. The corresponding expression for these diagrams is

+ = − i√
2
Mε/2

2nH∑

b=2

[
GbγL +G†bγR

]
× i

−M2
b

×(−i)M−ε/2 (Tb + Cb) .

(101)
Replacing Tb + Cb by −∆tb, c.f. equation (97), and using the expression for ∆tb given in
equation (96), we obtain

= − i√
2

2nH∑

b=2

[
GbγL +G†bγR

]
× i

−M2
b

× i

2
M2

b (∆v∗i Vib + V ∗ib∆vi) . (102)
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Here the scalar squared masses M2
b cancel. Taking into account equation (99), we can—

after this cancellation—take the sum from b = 1 to 2nH .13 Since Gb contains the factor
V ∗kb—see equation (21b), we apply the first two relations in equation (B.5). This gives the
final form of equation (101), namely

= − i√
2

(
W †
RΓk∆v

∗
kWLγL +W †

LΓ†k∆vkWRγR

)
. (103)

This expression has exactly the form of the contribution of a mass term to the fermion
self-energy, however, with ∆vk instead of vk. We have thus proven the above statement.

Now we turn to neutrino lines. We proceed as before and obtain the intermediate
expression

2×
(
− i√

2

)
Mε/2

2nH∑

b=2

[
FbγL + F †b γR

]
× i

−M2
b

× (−i)M−ε/2 (Tb + Cb)

= −i
√

2

2nH∑

b=2

[
FbγL + F †b γR

]
× i

−M2
b

× i

2
M2

b (∆v∗i Vib + V ∗ib∆vi) . (104)

Note that the factor 2 comes about due to the Majorana nature of the neutrinos. Then
we plug in Fb of equation (21a) and employ again equation (B.5). We finally arrive at the
expression

− i√
2

{(
U †R∆kUL + UT

L∆T
kU
∗
R

)
∆vkγL +

(
U †L∆†kUR + UT

R∆∗kU
∗
L

)
∆v∗kγR

}
(105)

This contribution to −iΣ corresponds precisely to a term

− 1√
2
χ̄
(
U †R∆kUL ∆vkγL + U †L∆†kUR ∆v∗kγR

)
χ (106)

in the Lagrangian—compare with the MD term in equation (6) after utilizing equation (9).
This proves that taking into account the tadpole diagrams on the neutrino lines corre-
sponds to making a finite VEV shift in the Dirac-type neutrino mass term in the La-
grangian.

4 Gauge-parameter independence of the one-loop fer-

mion masses

4.1 Two decompositions of the fermion self-energy

We denote by Σ the renormalized fermion self-energy. It can be decomposed as

Σ(p) = /p
(

Σ
(A)
L (p2)γL + Σ

(A)
R (p2)γR

)
+ Σ

(B)
L (p2)γL + Σ

(B)
R (p2)γR. (107)

13In this context, equation (99) means that the Goldstone boson, i.e. b = 1 does not contribute, which
we know already from an earlier discussion in the present subsection. This is further evidence that
equation (99) is correct.
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For definiteness we use the index i for the fermion masses in this subsection though, in
the light of our notation convention laid out in section 1, for charged fermions we should
be using α instead. For n fermions the quantities Σ

(A)
L , Σ

(A)
R , Σ

(B)
L , Σ

(B)
R are n×n matrices

that fulfill the matrix relations

(
Σ

(A)
L

)†
= Σ

(A)
L ,

(
Σ

(A)
R

)†
= Σ

(A)
R ,

(
Σ

(B)
L

)†
= Σ

(B)
R . (108)

Strictly speaking these relations hold only for the dispersive part of the self-energy. In
the case of Majorana fermions, one has in addition

(
Σ

(A)
L

)T
= Σ

(A)
R ,

(
Σ

(B)
L

)T
= Σ

(B)
L ,

(
Σ

(B)
R

)T
= Σ

(B)
R . (109)

If there are no degeneracies in the tree-level masses mi, the diagonal elements of the
coefficient matrices in equation (107) allow to express—at lowest non-trivial order—the
mass shifts as

∆mi =
1

2

{
mi

[(
Σ

(A)
L

)
ii

(m2
i ) +

(
Σ

(A)
R

)
ii

(m2
i )
]

+
(

Σ
(B)
L

)
ii

(m2
i ) +

(
Σ

(B)
R

)
ii

(m2
i )
}
.

(110)
Therefore, the pole masses, comprising tree-level plus radiative corrections, are given by

mtot,i = mi + ∆mi. (111)

As we will see, another useful decomposition of Σ is given by

Σ = ALγL + ARγR +
(
/p− m̂

) (
B

(r)
L γL +B

(r)
R γR

)
+
(
B

(l)
L γL +B

(l)
R γR

) (
/p− m̂

)

+
(
/p− m̂

)
(CLγL + CRγR)

(
/p− m̂

)
, (112)

where, for our purposes, m̂ is either m̂ν or m̂`. For simplicity of notation we have dropped
the p2-dependence in the coefficient matrices AL,B, B

(r)
L,R, B

(l)
L,R, CL,R. Of course, one can

convert equation (112) into the form of equation (107), in which case one obtains the
identifications

Σ
(A)
L = B

(r)
L +B

(l)
R − CLm̂− m̂CR, (113a)

Σ
(A)
R = B

(r)
R +B

(l)
L − CRm̂− m̂CL, (113b)

Σ
(B)
L = AL − m̂B(r)

L −B
(l)
L m̂+ p2CR + m̂CLm̂, (113c)

Σ
(B)
R = AR − m̂B(r)

R −B
(l)
R m̂+ p2CL + m̂CRm̂. (113d)

The nice feature of the form of equation (112) is that the radiative mass shifts to the
tree-level masses are simply given by

∆mi =
1

2

{(
AL(m2

i )
)
ii

+
(
AR(m2

i )
)
ii

}
. (114)

Of course, this is to be expected but can also be checked explicitly by plugging the
expressions of equation (113) into equation (110).
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At this point we want to stress that the discussion in the last paragraph holds also for
any part of the fermion self-energy. If such a part is decomposed as in equation (112), then

the coefficient matrices B
(r)
L,R, B

(l)
L,R, CL,R of this part will not contribute to the physical

mass shifts ∆mi. Therefore, any gauge dependence in B
(r)
L,R, B

(l)
L,R, CL,R is irrelevant for

the masses. This will be utilized in the following. The ξ-independence of the one-loop
neutrino masses for the model put forward in [6] has recently been shown in [31].

4.2 Gauge-parameter cancellation in fermion self-energy loops

W±/Z0

(a)

G±/G0

(b)

S0
b

G±/G0

(c)

Figure 4: Loop contributions to the fermion self-energies that depend on ξ. In diagram (c)
only physical neutral scalars contribute, i.e. b = 2, . . . , 2nH .

The diagrams in figure 4 are those loop diagrams which have ξ-dependent boson propaga-
tors. Using equation (30a) for the vector boson propagator, the gauge dependence resides
in

− kµkν
m2
V

1

k2 − ξVm2
V + iε

with V = Z,W. (115)

In this subsection we will demonstrate that, when we include only this part of the vector
boson propagator in diagram (a), then the sum of the diagrams in figure 4 has the form
of equation (112) with vanishing AL and AR. In other words, of the diagrams in figure 4
only diagram (a) with the vector boson propagator

1

k2 −m2
V + iε

(
−gµν +

kµkν
m2
V

)
(116)

contributes to ∆mi and the sum over the one-loop diagrams gives a ξ-independent con-
tribution to ∆mi, as it must be on physical grounds. We will prove this separately for
charged leptons and neutrinos and for charged and neutral boson exchange. The dis-
cussion presented here does not apply to photon exchange. This case will be treated
separately at the end of this subsection.

We first consider the contribution of diagram (a) of figure 4, with the vector boson
propagator of equation (115), to the fermion self-energies −iΣf (p) (f = χ, `). In order to
streamline the discussion, we have to introduce some notation. We define

A ≡ ALγL +ARγR and Ã ≡ ALγR +ARγL (117)

such that the coupling matrices of the vector bosons V to the fermions f have the structure
γµA, where A also includes the flavour part. The matrices A can be read off from the
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118 Chapter 5. One-loop lepton masses in the mHDSM

respective Lagrangians. Here is a list of all matrices A under discussion, with f being the
incoming fermion:

A = − g

4cw
FLR for V = Z, f = χ, (118)

A = − g√
2
W †
LULγL for V = W, f = χ, (119)

Ac = +
g√
2

(
W †
LUL

)∗
γR for V = W, f = χ, (120)

A = − g

cw

[(
s2
w −

1

2

)
γL + s2

wγR

]
for V = Z, f = `, (121)

A = − g√
2
U †LWLγL for V = W, f = `. (122)

The matrix FLR is defined in equation (28). The expression Ac occurs in the Lagrangian
of equation (26b), its usage will be explained below. Moreover, we stipulate that m̂ is
the diagonal mass matrix of the fermions with momentum p on the external line, while m̂
denotes the diagonal mass matrix of the fermions with momentum p− k on the internal
line of diagram (a) in figure 4. Eventually, with the abbreviation

P ≡ 1

/p− /k − m̂+ iε
, (123)

we find for the contribution to −iΣf (p), pertaining to the propagator of equation (115),
the expression

− 1

m2
V

∫
ddk

(2π)d
1

k2 − ξVm2
V + iε

/kA†P/kA. (124)

Since we are dealing with Majorana neutrinos, it has to be taken into account that
χ cannot only be Wick-contracted with χ̄ but also with χ, and the analogue applies to
χ̄. Dealing with one-loop computations, this complication arises only in the case of the
self-energy Σχ(p). In this context a very convenient identity is given by [30]

f̄1Of2 = (f2)cCOTC−1(f1)c, (125)

where f1 and f2 are any vectors of fermion fields and O is product of an arbitrary matrix
in Dirac space times a matrix in flavour space or a sum over matrices of this type; the
superscript c indicates the charge-conjugated field and C is the charge-conjugation matrix,
which acts only in Dirac space. Thus if one contracts χ with an interaction term f̄1Of2

where f2 = χ,14 because of χc = χ one can simply take advantage of this identity and
the aforementioned contraction becomes the ordinary contraction of χ with χ̄, however,
at the expense of transforming O into COTC−1. Actually, in our one-loop computations
two cases15 cover all possible situations:

14For simplicity of notation we assume that O also contains the boson fields.
15As a side remark, for neutral-scalar vertex corrections a third case occurs which requires the La-

grangian of equation (19).
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i. In the couplings of S0
b and Z—see equations (18) and (27), respectively—we have

f1 = f2 = χ and our respective coupling matrices are defined in such a way that
they are invariant under the transformation of equation (125):

C (γµFLR)T C−1 = γµFLR, C
(
FbγL + F †b γR

)T
C−1 = FbγL + F †b γR. (126)

Consequently, in our formalism, a contraction of χ with an interaction term of the
type χ̄Oχ simply gives a factor of 2.

ii. In the case of charged-boson interactions, we display both versions of the Lagrangian
interaction density, the common one with the charged-lepton fields ` and, using
equation (125), the one with the fields `c—see equations (20) and (26), in order to
clearly spell out both contractions of the external χ or χ̄.

For W± exchange, i.e. diagram (a) of figure 4, the second case applies. In the light
of the discussion presented here there are two contributions to Σχ(p) to be taken into
account, stemming from A of equation (119) and Ac of equation (120).

Now we return to a discussion of equation (124). We follow [24] and make the decom-
position

/kA†P/kA = −Ã†/kA+ A′ +B′, (127)

where Ã is defined in equation (117), and

A′ = −1

2

(
/p− m̂

)
A†A− 1

2
Ã†Ã

(
/p− m̂

)

−1

2
m̂A†A− 1

2
Ã†Ãm̂+ Ã†m̂A, (128)

B′ =
(
/p− m̂

)
A†PÃ

(
/p− m̂

)

+
(
/p− m̂

)
A†P

(
Ãm̂− m̂A

)
+
(
m̂A† − Ã†m̂

)
PÃ

(
/p− m̂

)

+
(
m̂A† − Ã†m̂

)
P
(
Ãm̂− m̂A

)
. (129)

Obviously, the first term on the right-hand side of equation (127) drops out when perform-
ing the integration in equation (124) and all terms in equations (128) and (129) that have

/p− m̂ do not contribute to ∆mi or ∆mα. Therefore, it useful to introduce the definitions

A ≡ −1

2
m̂A†A− 1

2
Ã†Ãm̂+ Ã†m̂A, B ≡

(
m̂A† − Ã†m̂

)
P
(
Ãm̂− m̂A

)
, (130)

which refer to the last line in equation (128) and in equation (129), respectively.
When we use in the following the notions A-term and B-term, we mean the contribu-

tion of A and B, respectively, to the loop integral of equation (124). We will now prove
the following [24]:

1. The A-term contribution of equation (130) to diagram (a) of figure 4 is exactly
cancelled by the sum over all physical neutral scalars S0

b in diagram (c).
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2. The B-term contribution of equation (130) to diagram (a) of figure 4 is exactly
cancelled by diagram (c).

These cancellations occur separately for both neutrino and charged-leptons on the external
lines and for both neutrino and charged-leptons on the inner lines. Therefore, in total
there are eight cancellations.

Neutrinos and the cancellation of the A-term: Firstly we consider Z exchange
and neutrinos on the internal line of diagram (a) in figure 4. With equation (118) and
using some formulas of section 2.1, we find in this case

A = − g2

32c2
w

[
m̂ν

(
U †LULγL + UT

LU
∗
LγR

)
+
(
U †LULγR + UT

LU
∗
LγL

)
m̂ν

]
. (131)

Taking into account a factor 4 from the Majorana contractions, we obtain for the loop
integral of equation (124) the A-term

4× 1

m2
Z

∫
ddk

(2π)d
1

k2 − ξZm2
Z + iε

× g2

32c2
w

[
m̂ν

(
U †LULγL + UT

LU
∗
LγR

)
+
(
U †LULγR + UT

LU
∗
LγL

)
m̂ν

]
. (132)

The expression for diagram (c) of figure 4 is given by

2nH∑

b=2

(−i
√

2)
(
FbγL + F †b γR

)
× i

−M2
b

× i

2v
M2

b × Im
(
V †V

)
1b

∫
ddk

(2π)d
i

k2 − ξZm2
Z + iε

.

(133)
Note the factor 1/2 on the vertex of S0

b coupling to G0—see equation (37). Since here M2
b

cancels, we can use equation (B.7) to perform the summation

2nH∑

b=2

Fb Im
(
V †V

)
1b

= − 1√
2v

(
m̂νU

†
LUL + UT

LU
∗
Lm̂ν

)
. (134)

To obtain this expression, we have also utilized equation (16). Note that in this sum we
can include b = 1 because Im

(
V †V

)
1b

= 0. Finally, we end up with the expression

− 1

2v2

[(
m̂νU

†
LUL + UT

LU
∗
Lm̂ν

)
γL +

(
U †LULm̂ν + m̂νU

T
LU

∗
L

)
γR

] ∫ ddk

(2π)d
1

k2 − ξZm2
Z + iε

.

(135)
for diagram (c). Because of

g2

m2
Zc

2
w

=
4

v2
(136)

it exactly cancels the A-term.
Secondly we consider W exchange and charged leptons on the internal line of dia-

gram (a) in figure 4. Here we obtain

A = −g
2

4

(
m̂νU

†
LULγL + U †LULm̂νγR

)
. (137)
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However, due to the Majorana nature, we also have the contribution from Ac of equa-
tion (120), leading to

Ac = −g
2

4

(
m̂νU

T
LU

∗
LγR + UT

LU
∗
Lm̂νγL

)
. (138)

The full A-term is, therefore,

1

m2
W

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

×g
2

4

[(
m̂νU

†
LULγL + U †LULm̂νγR

)
+
(
m̂νU

T
LU

∗
LγR + UT

LU
∗
Lm̂νγL

)]
. (139)

As for diagram (c) we can take over the previous result, equation (135), with minor
modifications:

− 1

v2

[(
m̂νU

†
LUL + UT

LU
∗
Lm̂ν

)
γL +

(
U †LULm̂ν + m̂νU

T
LU

∗
L

)
γR

] ∫ ddk

(2π)d
1

k2 − ξWm2
W + iε

.

(140)
Note there is no factor 1/2 on the vertex of S0

b coupling to G±—see equation (37). With

g2

m2
W

=
4

v2
(141)

we see that also here the tadpoles cancel the A-term.

Neutrinos and the cancellation of the B-term: Firstly we discuss Z and χ exchange
in the loop diagram (a) of figure 4. For the the computation of B we need

Ãm̂ν − m̂νA = − g

4cw

(
TγR − T †γL

)
with T = U †LULm̂ν + m̂νU

T
LU

∗
L. (142)

Since here A is hermitian, we have

m̂νA† − Ã†m̂ν = −
(
Ãm̂ν − m̂νA

)
. (143)

Thus the B-term is given by

− 4

m2
Z

∫
ddk

(2π)d
1

k2 − ξZm2
Z + iε

× (−1)× g2

16c2
w

(
TγR − T †γL

)
P
(
TγR − T †γL

)
. (144)

Turning to diagram (b) of figure 4, the G0-coupling matrix F1 of equation (23) can be
written with the help of T as

F1 =
i√
2v
T †. (145)

This leads to the following expression for diagram (b):

−
∫

ddk

(2π)d
1

k2 − ξZm2
Z + iε

× 1

v2

(
T †γL − TγR

)
P
(
T †γL − TγR

)
. (146)
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Using again equation (136) we see that the expression for diagram (b) exactly cancels the
B-term.

Secondly we discuss W± and charged-fermion exchange in the loop diagram (a) of
figure 4. In the light of the discussion concerning Majorana fermions, we have to take
into account both W+ and `− exchange and W− and `+ exchange. Defining for simplicity
of notation the nL × (nL + nR) matrix

VL = W †
LUL, (147)

for the quantity B of equation (130) we require the expressions

Ãm̂ν − m̂`A = − g√
2

(VLm̂νγR − m̂`VLγL) , (148a)

m̂νA† − Ã†m̂` = − g√
2

(
m̂νV

†
LγL − V †Lm̂`γR

)
, (148b)

Ãcm̂ν − m̂`Ac = +
g√
2

(V ∗L m̂νγL − m̂`V
∗
LγR) , (148c)

m̂νA†c − Ã†cm̂` = +
g√
2

(
m̂νV

T
L γR − V T

L m̂`γL
)
. (148d)

Then, the corresponding B-term is given by

− 1

m2
W

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

× g2

2

×
{(
m̂νV

†
LγL − V †Lm̂`γR

)
P (VLm̂νγR − m̂`VLγL)

+
(
m̂νV

T
L γR − V T

L m̂`γL
)
P (V ∗L m̂νγL − m̂`V

∗
LγR)

}
. (149)

In equation (20) we have formulated the couplings of G± to the fermions with the help of
the matrices of equation (24). With the matrix VL they are simply

R1 =

√
2

v
VLm̂ν , L1 =

√
2

v
m̂`VL. (150)

Just as diagram (a) of figure 4, diagram (b) has two contributions as well—see the La-
grangians of equations (20a) and (20b), given by

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

× 2

v2

×
{(
m̂νV

†
LγL − V †Lm̂`γR

)
P (VLm̂νγR − m̂`VLγL)

+
(
m̂νV

T
L γR − V T

L m̂`γL
)
P (V ∗L m̂νγL − m̂`V

∗
LγR)

}
. (151)

Obviously, using equation (141), diagram (c) cancels the B-term.

Charged leptons and the cancellation of the A-term: For Z and neutrino ex-
change A is simply given by

A = − g2

8c2
w

m̂` (152)
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and the A-term is thus

1

m2
Z

∫
ddk

(2π)d
1

k2 − ξZm2
Z + iε

× g2

8c2
w

m̂`. (153)

The sum over the tadpoles in diagram (c) of figure 4 now reads

2nH∑

b=2

−i√
2

(
GbγL +G†bγR

)
× i

−M2
b

× i

2v
M2

b × Im
(
V †V

)
1b

∫
ddk

(2π)d
i

k2 − ξZm2
Z + iε

. (154)

With
2nH∑

b=2

Gb Im
(
V †V

)
1b

= −
√

2

v
m̂` (155)

the tadpole contributions are thus

− 1

2v2
m̂`

∫
ddk

(2π)d
i

k2 − ξZm2
Z + iε

. (156)

Applying equation (136), we see that they exactly cancel the A-term.
Though for charged W± and charged-lepton exchange A of equation (122) looks very

different from that of equation (121), the result for A is quite similar:

A = −g
2

4
m̂`. (157)

It gives the A-term
1

m2
W

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

× g2

4
m̂`, (158)

while the tadpole contributions are

− 1

v2
m̂`

∫
ddk

(2π)d
i

k2 − ξWm2
W + iε

. (159)

Both contributions exactly cancel each other, when taking into account equation (141).

Charged leptons and the cancellation of the B-term: Firstly we consider Z and
` exchange in diagram (a) of figure 4. According to equation (130), the expressions

Ãm̂` − m̂`A =
g

2cw
m̂` (γR − γL) and m̂`A† − Ã†m̂` = − g

2cw
m̂` (γR − γL) (160)

leads to B and thus to the B-term

1

m2
Z

∫
ddk

(2π)d
1

k2 − ξZm2
Z + iε

× g2

4c2
w

m̂` (γL − γR)Pm` (γL − γR) . (161)

With G1 of equation (23) and the Lagrangian of equation (18), diagram (b) of figure 4
gives

−
∫

ddk

(2π)d
1

k2 − ξZm2
Z + iε

× 1

v2
m̂` (γL − γR)Pm` (γL − γR) , (162)
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which exactly cancels the B-term.
Secondly we consider W and χ exchange in diagram (a) of figure 4. Here we have

Ãm̂` − m̂νA = − g√
2

(
V †Lm̂`γR − m̂νV

†
LγL

)
, (163a)

m̂`A† − Ã†m̂ν = − g√
2

(m̂`VLγL − VLm̂νγR) (163b)

and the B-term

− 1

m2
W

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

×g
2

2
(m̂`VLγL − VLm̂νγR)P

(
V †Lm̂`γR − m̂νV

†
LγL

)
. (164)

Considering diagram (b) of figure 4, we need the Lagrangian of equation (20a) and the
matrices R1 and L1 of equation (24). The expression for this diagram is then

∫
ddk

(2π)d
1

k2 − ξWm2
W + iε

× 2

v2
(VLm̂νγR − m̂`VLγL)P

(
m̂νV

†
LγL − V †Lm̂`γR

)
, (165)

which precisely cancels the B-term.

Photon exchange: This is only possible for charged leptons. Moreover, diagrams (b)
and (c) in figure 4 do not exist in this case. However, here A = e1 and the decomposition
of equation (127) is simply given by

/kP/k = −/k −
(
/p− m̂`

)
+
(
/p− m̂`

)
P
(
/p− m̂`

)
. (166)

This demonstrates that the part of the photon propagator proportional to ξA—c.f. equa-
tion (30b)—does not contribute to ∆mα.

4.3 Yukawa coupling renormalization and mass counterterms

(a) (b) (c) (d)

Figure 5: Vertex corrections to the couplings of neutral scalars to fermions.
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Yukawa coupling renormalization: Vertex corrections to the S0
b coupling to neutri-

nos can effectively be written as counterterms to the Yukawa coupling matrices ∆k or can
be computed in the unbroken theory as a correction to the ϕ0

k vertex. The result is

δ∆k = −2A1∆k −
1

16π2
c∞∆jΓ

†
kΓj, (167)

where the first term stems from diagrams (c) and (d) in figure 5 and the second one from
diagram (b) with charged-scalar exchange. Note that the contributions of diagram (a)
with neutral and charged vector boson exchange and of diagram (b) with neutral scalar
exchange are zero separately.

Now we discuss vertex corrections of the S0
b coupling to leptons. Those can be sub-

sumed as δΓk. The result is

δΓk = −2A1Γk −
1

16π2
c∞Γj∆

†
k∆j

− g2

16π2c2
w

c∞ (3 + ξZ) s2
w

(
s2
w −

1

2

)
Γk −

e2

16π2
c∞ (3 + ξA) Γk, (168)

where the two terms in the first line originate, just as before, from diagrams (c) and (d) in
figure 5 and from diagram (b) with charged-scalar exchange. As before, diagram (a) with
W± exchange and diagram (b) with S0

b′ exchange give vanishing contributions. However,
Z and photon exchange in diagram (a) are non-zero, leading to the two terms in the
second line.

(a) (b)

Figure 6: Counterterms on fermion lines.

Mass counterterms: There are two types of counterterms for the fermion self-energies.
The first type, depicted in diagram (a) of figure 6, originates in δvk, δ∆k and δMR for
neutrinos, while for charged leptons it stems from δvk and δΓk. Both have also wave-
function renormalization counterterms. Defining

δM` ≡
1√
2

∑

k

(δv∗k Γk + v∗k δΓk) and δMD ≡
1√
2

∑

k

(δvk ∆k + vk δ∆k) , (169)

diagram (a) thus refers to the terms

i/p δ
(`) − i

[
W †
R δM`WLγL +W †

L δM
†
` WRγR

]
with δ(`) = δ

(`)
L γL + δ

(`)
R γR (170)
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in the case of charged leptons and to

i/p
(
δ(χ)γL +

(
δ(χ)
)∗
γR

)
(171a)

−i
[(
U †R δMD UL + UT

L δM
T
D U

∗
R

)
γL +

(
U †LδM

†
DUR + UT

R δM
∗
D U

∗
L

)
γR

]
(171b)

−i
[
U †R δMR U

∗
R γL + UT

R δM
∗
R UR γR

]
(171c)

for neutrinos. The second type of counterterm is symbolized by diagram (b) of figure 6
and connects the tadpole counterterm to the fermion line.

In order to discuss the ξ-dependence of the counterterms it is expedient to have the
explicit ξ-dependence of the wave-function renormalization matrices as well. For neutrinos
the result is

δ(χ)(ξ) = −2A1U
†
LUL, (172)

whereas for charged lepton we find the more involved result

δ(`)(ξ) = − 1

16π2
c∞

{
g2

2
ξWγL +

g2

c2
w

ξZ

[(
s2
w −

1

2

)2

γL + s4
wγR

]
+ e2ξA

}
. (173)

Using the definition of A1, equation (79), we can recast this equation into

δ(`)(ξ) = −2A1γL −
1

16π2
c∞

{
g2

c2
w

ξZ
[(
s4
w − s2

w

)
γL + s4

wγR
]

+ e2ξA

}
. (174)

Gauge-parameter independence of mass counterterms: Let us take stock of the
ξ-dependence in the counterterms.

(a) In the counterterms pertaining to diagram (a) of figure 6, ξ-dependence occurs in

(a-i) δvk—see equation (85)—of δM` and δMD,

(a-ii) the A1-term of δ∆k and δΓk,

(a-iii) the residual ξ-dependence of δΓk not contained in A1,

(a-iv) the A1-term of δ(χ)(ξ) and of δ(`)(ξ) and

(a-v) the residual ξ-dependence of δ(`)(ξ) not contained in A1.

(b) Finally, the ξ-dependence that resides in the tadpole counterterms symbolized by
diagram (b) of figure 6 has to be accounted for in the present discussion.16 The
relevant expression can be read off from equation (95), where the first line is the
divergence of the tadpole loops. Thus the sum of the other three lines, given by

( )

ξ1

= − i
2

(v∗i Vib + V ∗ibvi)M
2
bA1, (175)

are the ξ-dependent tadpole counterterms to be taken into account here.

16Note that in section 4.2 we have already treated the tadpole loops and their ξ-dependence–see figure 4,
but that discussion did not include the ξ-dependence of the tadpole counterterms.
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In the following we will show that the ξ-dependent counterterms listed here do not con-
tribute to ∆mi and ∆mα.

With equations (85), (167) and (168) it is obvious that the terms stemming from (a-i)
and (a-ii) cancel each other in both δM` and δMD.

Next we consider the terms originating in (a-iv) and diagram (b). In the case of
neutrinos the contribution of diagram (b) of figure 6 to −iΣχ(p) gives

=

2nH∑

b=2

(−i
√

2)
(
FbγL + F †b γR

)
× i

−M2
b

×
(
− i

2

)
(v∗i Vib + V ∗ibvi)M

2
bA1. (176)

Since the expression in equation (175) is zero for b = 1—c.f. equation (B.14)—and the
scalar masses cancel, we can include b = 1 in the sum. Moreover, taking advantage of the
first two relations of equation (B.5) and using

(
U †R∆kUL + UT

L∆T
kU
∗
R

)
vk = −2viF1, (177)

which follows from equations (21a) and (23), the contribution of diagram (b) of figure 6
finally has the form

= iA1

[(
m̂νU

†
LUL + UT

LU
∗
Lm̂ν

)
γL +

(
U †LULm̂ν + m̂νU

T
LU

∗
L

)
γR

]
. (178)

Adding this to the A1-term of δ(χ)(ξ) and introducing the abbreviation Z ≡ U †LUL, we
arrive at

−iA1

[
2/p
(
ZγL + ZTγR

)
−
(
m̂νZ + ZT m̂ν

)
γL +

(
Zm̂ν + m̂νZT

)
γR
]

= −iA1

[(
/p− m̂ν

)
ZγL + ZTγL

(
/p− m̂ν

)
+
(
/p− m̂ν

)
ZTγR + ZγR

(
/p− m̂ν

)]
. (179)

According to section (4.1), we can read off from this expression that it does not contribute
to ∆mi. With this we have concluded the discussion of counterterms to the neutrino self-
energy.

Now we proceed in an analogous fashion in the case of charged leptons. Skipping here
all details, the A1-term of δ(`)(ξ) together with the contribution of diagram (b) of figure 6
leads to

− iA1

(
2/pγL − m̂`

)
= −iA1

[(
/p− m̂`

)
γL + γR

(
/p− m̂`

)]
(180)

in −iΣ`(p). Therefore, this does not contribute to ∆mα.
It remains to consider the terms (a-iii) and (a-v), which refer solely to charged leptons.

These are

− i

16π2
c∞

{
g2

c2
w

ξZ
[(
s4
w − s2

w

)
γL + s4

wγR
]

+ e2ξA

}
/p

+
i

16π2
c∞

[
g2

c2
w

ξZs
2
w

(
s2
w −

1

2

)
+ e2ξA

)
m̂`. (181)
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Obviously, the ξA-terms combine to give /p−m̂`. That the ξZ-terms can also be decomposed
into expressions having external factors /p− m̂`, can be concluded from the discussion in
appendix C. Explicitly, one such decomposition is given by

[(
s4
w − s2

w

)
γL + s4

wγR
]
/p− s2

w

(
s2
w −

1

2

)
m̂`

=

(
s4
w −

1

2
s2
w

)(
/p− m̂`

)
γL −

1

2
s2
wγR

(
/p− m̂`

)
+ s4

w

(
/p− m̂`

)
γR. (182)

Summarizing, we have found that all ξ-dependent counterterms to the neutrino or
charged-lepton self-energies have external factors /p−m̂ν or /p−m̂`, respectively. Therefore,
in our renormalization scheme there are no ξ-dependent counterterms for the one-loop
radiative masses ∆mi (i = 1, . . . , nL + nR) and ∆mα (α = e, µ, τ).

5 Finiteness of the fermion self-energies

(a) (b) (c)

Figure 7: Fermion self-energy diagrams.

Here we want to demonstrate that in our renormalization scheme the fermion self-
energies are finite, while the explicit formulas are given later in section 6.1. The cor-
responding diagrams are displayed in figure 7. Since the wave-function renormalization
matrices can always be chosen such that the divergent terms proportional to /p cancel,

it is sufficient to consider Σ
(B)
L,R, defined in equation (107), of the fermion self-energies.

Moreover, due to equation (108) we only need to examine Σ
(B)
L . According to our renor-

malization scheme, diagram (c) of figure 7 is induced by the renormalization of the Yukawa
coupling matrices and the VEVs. The only genuine mass renormalization we have refers
to the renormalization of the mass matrix MR. However, as we will see shortly, at one-loop
level it is not needed.

5.1 Neutrinos

With δvk of equation (85) and δ∆k of equation (167), the part of the counterterm of

equation (171) that is supposed to make −i
(

Σ
(B)
νL γL + Σ

(B)
νR γR

)
finite reads

( )
/p=0

=
ic∞
16π2

{(
U †R∆jM

†
`ΓjUL + UT

LΓTjM
∗
` ∆T

j U
∗
R

)
γL+
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+
(
U †LΓ†jM`∆

†
jUR + UT

R∆∗jM
T
` Γ∗jU

∗
L

)
γR

}

− i
[
U †R δMR U

∗
R γL + UT

R δM
∗
R UR γR

]
. (183)

Beginning with the Z contribution to the neutrino self-energy, it is easy to see that
equation (15a) makes it finite. Concerning neutral scalar exchange, it also does not give
a divergence because of VkbVlb = 0—see equation (B.5). As for W± exchange, here the

chiral projector is the reason that both divergent and finite contributions to Σ
(B)
νL van-

ish. However, the charged-scalar exchange has a non-vanishing divergence, which agrees,
apart from the sign, with the counterterms in the first and second line of equation (183).
Therefore, the ξ-independent Yukawa counterterm in equation (167) indeed cancels the

divergence of Σ
(B)
νL . Consequently, the δMR counterterm of equation (171c) must be zero

because it is not needed. In other words, at the one-loop level we find

δMR = 0. (184)

For explicit formulas for the Z and scalar contributions to Σ
(B)
νL see equation (193) and

equations thereafter.

5.2 Charged leptons

We have to plug δvk of equation (85) and δΓk of equation (168) into the /p-independent
counterterm of equation (170). In this way, we obtain the complete counterterm pertaining

to −i
(

Σ
(B)
`L γL + Σ

(B)
`R γR

)
as

( )
/p=0

=
ic∞
16π2

{[
g2

c2
w

(3 + ξZ) s2
w

(
s2
w −

1

2

)
+ e2 (3 + ξA)

]
m̂`

+ W †
RΓjM

†
D∆jWLγL +W †

L∆†jMDΓ†jWRγR

}
. (185)

It is straightforward to check that the ξZ , ξA and MD terms in this formula cancel the
divergences of the Z, photon and charged-lepton loops in Σ

(B)
`L . As in the case of neutrinos,

the W± loop is zero and the sum over the neutral-lepton loops is finite because of the
second relation in equation (B.5). Therefore, we find that δvk and δΓk indeed make the
self-energy of the charged leptons finite. For explicit formulas for the gauge boson and
scalar contributions to Σ

(B)
`L see equation (193) and equations thereafter.

6 One-loop fermion self-energy formulas in Feynman

gauge

In this section, our goal is to present formulas for the fermion self-energies that allow to
compute the one-loop radiative corrections to the tree-level masses. Since we have proven
that these corrections are ξ-independent, we can resort to a specific gauge. In order to
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have the most simple form of the vector boson propagators—see equation (30b), we choose
the Feynman gauge with

ξW = ξZ = ξA = 1 and M2
+1 = m2

W , M2
1 = m2

Z . (186)

Consequently, in our formulas for the lepton self-energies, summations over scalar con-
tributions always include the Goldstone bosons. At the end we use the self-energies to
investigate radiative corrections to the seesaw mechanism.

6.1 Self-energies

The mass formula, equation (110), can be adapted to the type of fermion by taking
into account equations (108) and (109). In this way we find the radiative fermion mass
corrections

∆mi = mi

(
Σ

(A)
νL

)
ii

(m2
i ) + Re

(
Σ

(B)
νL

)
ii

(m2
i ) (i = 1, . . . , nL + nR) (187)

and

∆mα =
mα

2

[(
Σ

(A)
`L

)
αα

(m2
α) +

(
Σ

(A)
`R

)
αα

(m2
α)
]

+ Re
(

Σ
(B)
`L

)
αα

(m2
α) (α = e, µ, τ) (188)

for neutrinos and charged leptons, respectively.
Because we are dealing with Majorana neutrinos, according to equation (109) we only

need Σ
(A)
νL and Σ

(B)
νL for Σν , while for Σ`, the charged-lepton self-energy, Σ

(A)
`L , Σ

(A)
`R and

Σ
(B)
`L are required for the determination of the total self-energy. The self-energies can be

formulated with the two functions17

F0(r, s, t) =

∫ 1

0

dx ln
∆(r, s, t)

M2
and F1(r, s, t) =

∫ 1

0

dx x ln
∆(r, s, t)

M2
, (189)

where
∆(r, s, t) = xr + (1− x)s− x(1− x)t. (190)

In order to write the (nL + nR)× (nL +nR) matrices Σ
(A)
νL and Σ

(B)
νL in a compact way, we

define the following diagonal matrices:

F̂0,a,ν = diag
(
F0(M2

+a,m
2
1, p

2), . . . ,F0(M2
+a,m

2
nL+nR

, p2)
)
, (191a)

F̂0,b,ν = diag
(
F0(M2

b ,m
2
1, p

2), . . . ,F0(M2
b ,m

2
nL+nR

, p2)
)
, (191b)

F̂0,W,ν = diag
(
F0(m2

W ,m
2
1, p

2), . . . ,F0(m2
W ,m

2
nL+nR

, p2)
)
, (191c)

F̂0,Z,ν = diag
(
F0(m2

Z ,m
2
1, p

2), . . . ,F0(m2
Z ,m

2
nL+nR

, p2)
)
. (191d)

In addition, we need the analogous matrices with F1. For the charged leptons, we have
nL × nL = 3× 3 matrices

F̂0,a,` = diag
(
F0(M2

+a,m
2
e, p

2),F0(M2
+a,m

2
µ, p

2),F0(M2
+a,m

2
τ , p

2)
)
, (192)

17A conversion to other widely used loop functions is given in appendix D.
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etc. In the case of charged fermions, photon exchange occurs as well, therefore, we also
introduce the matrices F̂0,A,` and F̂1,A,`, which have no analogue in the neutrino sector.

In the case of Σ
(B)
νL and Σ

(B)
`L we distinguish between that part stemming from the

diagrams of figure 7 and those from the VEV shift—see section 3.6. The first one we
indicate by the superscript “proper” and the second one by “shift”:

Σ
(B)
νL = Σ

(B, proper)
νL + Σ

(B, shift)
νL and Σ

(B)
`L = Σ

(B, proper)
`L + Σ

(B, shift)
`L . (193)

For the neutrinos, the result for the self-energy is

16π2 Σ
(A)
νL = L†aF̂1,a,`La +RT

a F̂1,a,`R
∗
a + 2F †b F̂1,b,νFb

+
g2

2
V †L

(
1 + 2F̂1,W,`

)
VL +

g2

4c2
w

(
U †LUL + 2U †LULF̂1,Z,νU

†
LUL

)
, (194)

16π2 Σ
(B, proper)
νL = −R†am̂`F̂0,a,`La − LTa m̂`F̂0,a,`R

∗
a + 2Fbm̂νF̂0,b,νFb

+
g2

c2
w

UT
LU

∗
Lm̂νF̂0,Z,νU

†
LUL. (195)

The corresponding coupling matrices are found in sections 2.1 and 2.2. In the W± term,
the matrix VL of equation (147) occurs, which will also be relevant for the charged-lepton
self-energy. In the computation of the Z contribution, we have employed

F 2
LR = U †LULγL + UT

LU
∗
LγR (196)

and
FRLm̂νFLR = 0 with FRL = U †LULγR − UT

LU
∗
LγL. (197)

These relations follow from equation (15a). The matrix FRL occurs in the Z contribution
because of changing the position of the Dirac matrices: γµFLR = FRLγ

µ.
Turning to charged leptons, the self-energy is given by

16π2 Σ
(A)
`L = RaF̂1,a,νR

†
a +

1

2
G†bF̂1,b,`Gb + e2

(
1 + 2F̂1,A,`

)

+
g2

2

(
1 + 2VLF̂1,W,νV

†
L

)
+
g2

c2
w

(
1 + 2F̂1,Z,`

)(
s2
w −

1

2

)2

, (198)

16π2 Σ
(A)
`R = LaF̂1,a,νL

†
a +

1

2
GbF̂1,b,`G

†
b + e2

(
1 + 2F̂1,A,`

)

+
g2

c2
w

(
1 + 2F̂1,Z,`

)
s4
w, (199)

16π2 Σ
(B, proper)
`L = −Lam̂νF̂0,a,νR

†
a +

1

2
Gbm̂`F̂0,b,`Gb − 2e2m̂`

(
1 + 2F̂0,A,`

)

−2g2

c2
w

m̂`

(
1 + 2F̂0,Z,`

)
s2
w

(
s2
w −

1

2

)
. (200)

The parts of the fermion self-energies induced by the VEV shift are read off from
equations (105) and (103), respectively:

Σ
(B, shift)
νL =

1√
2

(
U †R∆kUL + UT

L∆T
kU
∗
R

)
∆vk and Σ

(B, shift)
`L =

1√
2
W †
RΓkWL∆v∗k. (201)
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The shifts ∆vk are related to the ∆tb of equation (96) via equation (100), while the ∆tb
are given by the sum over the finite parts of the tadpole diagrams—c.f. equation (97).

The individual results obtained from the tadpole diagrams are

∆t
(W )
b =

1

16π2

(
v∗jVjb + V ∗jbvj

) g2m2
W

4

(
1− 3 ln

m2
W

M2

)
, (202a)

∆t
(Z)
b =

1

16π2

(
v∗jVjb + V ∗jbvj

) g2m2
Z

8c2
w

(
1− 3 ln

m2
Z

M2

)
, (202b)

∆t
(S±)
b =

1

16π2
λijkl (v

∗
i Vjb + V ∗ibvj)U

∗
kaUlaM

2
+a

(
1− ln

M2
+a

M2

)
, (202c)

∆t
(S0)
b =

1

16π2

[
λ̃ijkl (v

∗
i Vjb + V ∗ibvj)V

∗
kb′Vlb′ + λijkl (v

∗
i Vjb′V

∗
kbVlb′ + V ∗ib′vjV

∗
kb′Vlb)

]

× M2
b′

2

(
1− ln

M2
b′

M2

)
, (202d)

∆t
(`)
b = −

√
2

16π2
Tr

[
m̂3
`

(
1− ln

m̂2
`

M2

)(
Gb +G†b

)]
, (202e)

∆t
(χ)
b = −

√
2

16π2
Tr

[
m̂3
ν

(
1− ln

m̂2
ν

M2

)(
Fb + F †b

)]
, (202f)

where the superscripts indicate the particles in the loop. In the W± and Z contributions
the respective ghost loops are contained.

6.2 Seesaw mechanism

Our computation of the fermion self-energies did not assume anything about the scales of
the neutrino masses. However, in the seesaw mechanism [1, 2, 3, 4, 5] one stipulates that
the MR is non-singular and the eigenvalues of M †

RMR are of a scale m2
R such that mR is

much larger than all entries in MD. With this assumption, there are nL light neutrinos
and nR heavy neutrinos with approximate mass matrices

Mlight = −MT
DM

−1
R MD and Mheavy = MR. (203)

The matrix U , as occurring in equation (14), is approximated by

U '
(

1nL

(
M−1

R MD

)†

−M−1
R MD 1nR

)(
Slight 0nL×nR

0nR×nL
Sheavy

)
(204)

with

STlightMlightSlight ' diag (m1, . . . ,mnL
) , (205a)

STheavyMheavySheavy ' diag (mnL+1, . . . ,mnL+nR
) . (205b)

As demonstrated in [8], the dominant radiative corrections to the seesaw mechanism
reside in the left upper corner of the (nL+nR)×(nL+nR) Majorana neutrino mass matrix
of equation (14): (

(ML)1-loop MT
D

MD MR

)
. (206)
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Since in the mHDSM gauge symmetry forbids Majorana mass terms of the νL, there is
a zero at tree level in the left upper corner of this mass matrix and no counterterms
are allowed for (ML)1-loop. Therefore, this radiative nL × nL mass matrix must be finite.
Moreover, the light neutrino mass matrix is modified to

Mlight = (ML)1-loop −MT
DM

−1
R MD. (207)

Examination of the neutrino self-energy and using the seesaw approximation of U of
equation (204) leads to the conclusion that (ML)1-loop is determined by the contributions

of the neutral scalars and the Z boson to Σ
(B, proper)
νL of equation (195) [8]. As discussed in

section 5.1, these are indeed finite without any renormalization. Moreover, the dominant
corrections are induced by heavy neutrino exchange and, therefore, we can neglect light
neutrino masses in F0. In this way, we can define an effective neutrino mass matrix given
by

(ML)1-loop =
1

16π2
U∗L

[
2Fb m̂νF(M2

b , m̂
2
ν)Fb +

g2

c2
w

UT
LU

∗
L m̂νF(m2

Z , m̂
2
ν)U

†
LUL

]
U †L

=
1

16π2

[
1

2
∆T
k VkbU

∗
Rm̂νF(M2

b , m̂
2
ν)U

†
R∆lVlb +

g2

c2
w

U∗Lm̂νF(m2
Z , m̂

2
ν)U

†
L

]
(208)

with

F(a, b) ≡ F0(a, b, 0) =

∫ 1

0

dx ln
[xa+ (1− x)b]

M2
= − lnM2 − 1 +

a ln a− b ln b

a− b . (209)

Obviously, the function has the symmetry F(a, b) = F(b, a). Since (ML)1-loop must be
given in the same basis as the mass matrix of equation (14), we have performed the
corresponding basis transformation, given by U∗L to the left and U †L to the right in the
first line of equation (208).

To proceed further, we convert F in the two forms

F(a, b) = − lnM2 − 1 + ln a+
ln a

b
a
b
− 1

= − lnM2 − 1 + ln a+
b
a

ln b
a

b
a
− 1

. (210)

Next we define the diagonal matrices

r̂b ≡
m̂2
ν

M2
b

and r̂Z ≡
m̂2
ν

m2
Z

. (211)

Then we can write the neutral-scalar contribution to equation (208) as

1

2
∆T
k VkbU

∗
Rm̂ν

[
−
(
lnM2 + 1

)
1 + ln m̂2

ν +
ln r̂b
r̂b − 1

]
U †R∆lVlb. (212)

Summing in this equation from b = 1 to b = 2nH , the second relation of equation (B.5)
tells us that only the last term in the square brackets contributes. Similarly, the Z
contribution can be formulated as

g2

c2
w

U∗Lm̂ν

[
−
(
lnM2 + 1− lnm2

Z

)
1 +

r̂Z ln r̂Z
r̂Z − 1

]
U †L. (213)
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In this case, because of equation (15a), again only the last term in the square brackets
contributes. Now we consider the Goldstone boson contribution to equation (212) sep-
arately. Since r̂1 = r̂Z , it is suggestive to add it to the Z contribution. Indeed, using
equations (B.14) and (16), we obtain

U †R∆kVk1 =
i

v
U †R∆kvk =

i
√

2

v
U †RMD =

i
√

2

v
m̂νU

†
L. (214)

Plugging this into the part with b = 1 of equation (212), we find that the G0 contribution
differs from the Z contribution solely by the numerical factor −1/4. Eventually, we arrive
at the result [8]

(ML)1-loop =
1

32π2

2nH∑

b=2

∆T
k Vkb U

∗
R m̂ν

ln r̂b
r̂b − 1

U †R ∆lVlb +
3g2

64π2m2
W

U∗L m̂
3
ν

ln r̂Z
r̂Z − 1

U †L. (215)

For nH = 1 it agrees with the result in [7]. We observe that the Goldstone plus Z
contribution to (ML)1-loop is universal, i.e. independent of nH .18 After employing once
more equation (16), we find that it is of the same order of magnitude as that of the
physical neutral scalars. Moreover, the light neutrino masses are completely negligible in
these one-loop corrections, which amounts to setting

U∗R = (0, Sheavy) . (216)

It has been pointed out in [6, 7, 8, 32] that numerically these corrections can be sizeable.

7 Conclusions

Extensions of the scalar sector play an important role in lepton mass and mixing models.
However, predictions of such models have mostly been computed at tree level and their
stability under radiative corrections has not been tested.

In this paper we have considered an important class of such models, the mHDSM,
which has an arbitrary number nH of Higgs doublets and an arbitrary number nR of
right-handed neutrino singlets with Majorana mass terms. Using the Rξ gauge for the
quantization of the mHDSM, we have proposed a simple renormalization scheme which
gives a straightforward recipe for the computation of radiative corrections. The idea is
that all counterterms are induced by the parameters of the unbroken theory, with the ex-
ception of the VEV renormalization δvk (k = 1, . . . , nH). Since all masses in the mHDSM
are obtained by spontaneous gauge-symmetry breaking, masses are derived quantities
and there is no mass renormalization in our scheme. The removal of the corresponding
divergencies is procured by the renormalization of VEVs and Yukawa couplings.

In addition to the infinite counterterm parameters δvk, there are the well-known finite
VEV shifts ∆vk induced by the finite parts of tadpole diagrams, which guarantee that
beyond tree level the VEVs of the physical neutral scalars are still vanishing.

18We thank A. Pilaftsis for drawing our attention to this fact.
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We have demonstrated, by determination of all counterterm parameters, that at the
one-loop level our renormalization scheme is capable of removing all divergences and we
have elucidated the prescription for computing the VEV shifts ∆vk. Moreover, we have
shown analytically for the one-loop fermion self-energies that including the VEV shifts is
equivalent to the insertion of all tadpole diagrams on the fermion line.

As an application of the renormalization scheme we have presented the full fermion
mass corrections at the one-loop level. In this context, we have identified all the mecha-
nisms and performed analytically the necessary computations to show that these correc-
tions are ξ-independent, in both the loop diagrams and the counterterms. In the case of
loop diagrams we have closely followed ref. [24]. We have also demonstrated that in the
seesaw limit the radiative corrections to the seesaw mechanism computed in ref. [8] derive
from our much more general framework.

We conclude with a speculation about the importance of tadpole contributions to
one-loop fermion masses. Tadpoles induce VEV shifts ∆vk via equation (100). The
potentially largest contribution comes from heavy neutrinos in the tadpole loop, i.e. from
∆t

(χ)
b , equation (202f), because this quantity roughly scales with the third power in the

seesaw scale mR. A very crude estimate suggests that a scale mR � 10 TeV induces huge
VEV shifts, much larger than the electroweak scale, while for mR . 10 TeV—a scale at
which heavy neutrinos can possibly be seen at large colliders—the induced VEV shifts are
below 10 GeV. Whether this apparent incompatibility of a generic mHDSM (or the SM),

i.e. without any suppression mechanism for ∆t
(χ)
b , with large seesaw scales is physical or

an artefact of our renormalization scheme remains to be investigated.
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A The scalar mass matrices

In this section we discuss the tree-level scalar masses. The scalar potential is given by

V (φ) = µ2
ijφ
†
iφj + λijklφ

†
iφjφ

†
kφl (A.1)

with
µ2
ij =

(
µ2
ji

)∗
, λijkl = λklij = λ∗jilk. (A.2)

We allow for an arbitrary number nH of scalar doublets φk (k = 1, 2, . . . , nH) and use the
notation

φk =

(
ϕ+
k

ϕ0
k

)
, with

〈
0
∣∣ϕ0

k

∣∣ 0
〉

=
vk√

2
. (A.3)

We then write

ϕ0
k =

1√
2

(vk + ρk + iσk) , hence 〈0 |ρk| 0〉 = 〈0 |σk| 0〉 = 0, ρ†k = ρk, σ†k = σk.

(A.4)
The quadratic terms in the scalar potential are written as

Vmass =
∑

i,j

ϕ−i
(
M2

+

)
ij
ϕ+
j +

1

2
[Aij ρiρj +Bij σiσj + 2Cij ρiσj] . (A.5)

The mass matrix of the charged scalars [11],

M2
+ = µ2 + Λ , where Λij =

∑

k,l

λijkl v
∗
kvl , (A.6)

is complex and hermitian, with Λ being hermitian as well. The matrices A and B are real
and symmetric; C is real but otherwise arbitrary. All matrices defined so far are nH ×nH
matrices.

The mass matrix of the neutral real scalar fields ρi and σj may then be formulated as
the real 2nH × 2nH matrix

M2
0 =

(
A C
CT B

)
. (A.7)

Defining complex nH × nH matrices

Kik =
∑

j,l

λijkl vjvl and K ′il =
∑

j,k

λijkl vjv
∗
k, (A.8)

where K is symmetric and K ′ is hermitian. The matrices A, B, C are obtained as [11]

A = Re
(
µ2 + Λ +K ′

)
+ ReK , (A.9a)

B = Re
(
µ2 + Λ +K ′

)
− ReK , (A.9b)

C = −Im
(
µ2 + Λ +K ′

)
+ ImK , (A.9c)

respectively.
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B The diagonalization matrices of the charged and

neutral scalar mass terms

Let M̂2
+ be the diagonal matrix of the squares of charged scalar scalar masses. Further-

more, we denote the unitary nH × nH matrix which diagonalizes M2
+ by U . Thus we

have
U †M2

+U = M̂2
+. (B.1)

Inverting this relation, we obtain

UM̂2
+U
† = µ2 + Λ. (B.2)

Let M̂2
0 be the diagonal matrix of the squares of the neutral scalar masses and Ṽ the

orthogonal 2nH × 2nH matrix Ṽ that diagonalizes the mass matrix of the neutral scalars,
i.e.

Ṽ TM2
0Ṽ = M̂2

0 . (B.3)

Without loss of generality we can write

Ṽ =

(
ReV
ImV

)
, (B.4)

where V is a complex nH×2nH matrix. In terms of V , orthogonality of Ṽ reads [8, 12, 28]

V ∗jbVkb = 2δjk, VjbVkb = 0, V ∗jbVjb′ + V ∗jb′Vjb = 2δbb′ . (B.5)

Notice that
V ∗jbVjb′ = δbb′ + iIm

(
V †V

)
bb′ (B.6)

is in general not diagonal, but it is easy to see that Im
(
V †V

)
bb′ is antisymmetric in the

indices b, b′ [28]. A further relation, useful in one-loop computations, is

Vkb′ Im
(
V †V

)
b′b = −iVkb. (B.7)

The matrices U and V allow to write the Higgs doublets φk in terms of the mass
eigenfields S+

a and S0
b :

φk =

(
UkaS

+
a

1√
2

(vk + VkbS
0
b )

)
. (B.8)

There is no straightforward analogue to equation (B.2). But rewriting equation (B.3)
as

M2
0 = Ṽ M̂2

0 Ṽ
T =

(
ReV M̂2

0 ReV T ReV M̂2
0 ImV T

ImV M̂2
0 ReV T ImV M̂2

0 ImV T

)
(B.9)

and using subsequently equation (A.7) leads to

V M̂2
0V

T = A−B + iC + iCT , (B.10a)

V M̂2
0V
† = A+B − iC + iCT . (B.10b)
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Eventually, application of equation (A.9) gives the useful results [28]

V M̂2
0V

T = 2K, (B.11a)

V M̂2
0V
† = 2

(
µ2 + Λ +K ′

)
. (B.11b)

We denote the masses of the charged and neutral scalars by M+a (a = 1, . . . , nH) and
Mb (b = 1, . . . , 2nH), respectively. Obviously, the a-th column of U is an eigenvector of
M2

+ with eigenvalue M2
+a. By definition, the b-th column of Ṽ is an eigenvector of M2

0

with eigenvalue M2
b , which in terms of the columns of V reads [11]

(
µ2 + Λ +K ′

)
ij
Vjb +KijV

∗
jb = M2

b Vib. (B.12)

Taking into account equation (B.5), this equation can be cast into the very useful form

1

2

(
µ2
ij + λ̃ijklv

∗
kvl

)
(V ∗ibVjb′ + V ∗ib′Vjb) +

1

2
λijkl (v

∗
i v
∗
kVjbVlb′ + vjvlV

∗
ibV
∗
kb′) = δbb′M

2
b . (B.13)

The mass matricesM2
+ andM2

0 also contain one eigenvalue zero each, referring to the
Goldstone bosons. Allocating the indices a = 1 and b = 1 to the charged and the neutral
Goldstone boson, respectively, the corresponding columns in U and V are given by [11]

Uk1 =
vk
v

and Vk1 = i
vk
v
, (B.14)

respectively.

C On-shell contributions to the fermion self-energies

Here we confine ourselves to one fermion field. Suppose a contribution σ(p) to the total
(renormalized) self-energy Σ(p) is given by

σ(p) = /p (aLγL + aRγR)− bLγL − bRγR. (C.1)

What is the condition that σ(p) vanishes on-shell? With this we mean that it has the
form

σ(p) = (cLγL + cRγR)
(
/p−m

)
+
(
/p−m

)
(dLγL + dRγR) . (C.2)

It is easy to prove that for m 6= 0 this is the case if and only if

1

m
(bL + bR) = aL + aR. (C.3)

Notice, however, that the coefficients cL,R and dL,R are not uniquely determined by aL,R
and bL,R, because the shift c′L,R = cL,R + s and d′L,R = dL,R − s with an arbitrary (real) s
does not change σ(p) of equation (C.2).
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D Conversion to scalar Feynman integrals

The loop functions F0 and F1 of section 6 can easily be converted into the well-known
Feynman integral representations B0 and B1 as defined in [33, 34] and numerically eval-
uated using freely available computer algebra software such as LoopTools [35]. The con-
version reads

F0(m2
1,m

2
2, p

2) = c∞ −B0(p2;m1,m2), (C.4a)

F1(m2
1,m

2
2, p

2) =
c∞
2
−
[
B0(p2;m1,m2) +B1(p2;m1,m2)

]
, (C.4b)

where B1(p2;m1,m2) is related to the vector two-point integral Bµ(p;m1,m2) via

B1(p2;m1,m2) =
1

p2
pµB

µ(p;m1,m2), p2 6= 0. (C.5)

The loop-integrals referred to are

B0(p2;m1,m2) =
16π2

i
M4−d

∫
ddk

(2π)d
1

[k2 −m2
1]
[
(p+ k)2 −m2

2

] , (C.6a)

Bµ(p;m1,m2) =
16π2

i
M4−d

∫
ddk

(2π)d
kµ

[k2 −m2
1]
[
(p+ k)2 −m2

2

] . (C.6b)
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CHAPTER 6
Conclusions

The goal of this thesis was to create a tool for investigating radiative corrections in mass
and mixing models of the leptonic sector. We have presented the three main publications
created in the course of the dissertation with which we approached this goal.

In Chapter 3, we presented a detailed study of on-shell renormalization conditions in
theories with flavor-mixing. The purpose of this study was to create a non-ad-hoc way of
deriving the results which have been known for a few decades [80], in order to get a deeper
understanding of the contribution of these conditions to loop-corrected flavor mixing. We
were able to derive the conditions in a new way solely by carrying out an expansion of the
respective (inverse) propagators in the small quantities p2 −m2

n when going on-shell for
n = 1 . . . N , where N is the number of flavors. In this way, the known conditions could
be derived e.g. without the use of on-shell spinor relations in the fermionic sector, as it
is usually done in the literature. One of the main insights gained via this work was the
fact that off-diagonal components of renormalized propagators in flavor space can contain
non-singular parts in p2−m2

n. This was in contrast to our prior general perception that all
off-diagonal elements of the renormalized propagator need to vanish when going on-shell.
An obvious, yet unexpected benefit of our investigations was that via the derivation of
on-shell mass counterterms, we implicitly derived the one-loop expressions for the finite
mass corrections needed in our later work.

Our second publication, as presented in Chapter 4, gave the means to develop and study
a renormalization procedure for the scalar and fermionic sector in terms of a toy model,
which we eventually elevated to a realistic case in our third publication. In this toy model
with an arbitrary number of real scalars and either Majorana or Dirac fermions, masses
are generated via spontaneous symmetry breaking similar to the SM case. Yet, without
the introduction of gauge-symmetries, we avoided dealing with intricacies such as the
discussion of gauge-dependencies of counterterms and renormalized quantities. We showed
in a very explicit manner that the renormalization of the parameters of the unbroken
theory suffices for obtaining finite scalar and fermionic self-energies in the broken phase.
The finiteness of the renormalized scalar one-point function served as a cross check for
the correctness of our renormalization procedure and, more importantly, showed that no
independent renormalization of the VEVs was needed. Moreover, we made use of the
idea of absorbing the finite parts of the scalar one-point function into finite shifts of the
VEVs, anticipating the need for such a practice in a realistic gauge theory. In hindsight,
this study turned out to be very helpful in leading the way to a complete renormalization
program for the scalar and fermionic sector of the mHDSM. The drawback in studying
this simplistic toy model was the fact that flavor-mixing would not appear in physical
observables whatsoever, because a change of basis of the fields could always be absorbed via
a redefinition of the parameters of the theory. Therefore, studying perturbative corrections
to flavor-mixing was also not possible.

The potential to overcome the aforementioned drawback was given in the study of the
mHDSM, as presented in Chapter 5. Here, we applied and extended the renormalization
procedure of the toy model to the case of a gauge theory with an arbitrary number of
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Higgs doublets and right-chiral neutrinos, the SM being a special case thereof. We took
pains1 in creating a detailed study of the convoluted gauge-parameter dependencies in the
counterterms of the model and in one-loop corrections to lepton masses using a general Rξ
gauge. In contrast to the toy model, we found that a renormalization of the parameters of
the unbroken theory is not sufficient to make the broken theory finite. In addition to the
counterterms of the scalar potential, it became evident that additional VEV-counterterms
are necessary. Using an ansatz for the VEV-counterterms inspired by Ref. [82], we were
able to choose these and the counterterms of the scalar potential such that the renormal-
ized scalar one- and two-point functions are simultaneously rendered finite. Without the
use of VEV-counterterms, this was unachievable. A remarkable cross-check of our choice of
the latter was presented by the finiteness of the renormalized leptonic self-energies. The re-
spective mass counterterms were derived via the renormalization of the Yukawa-couplings
in the unbroken theory, i.e. via demanding finiteness of the three-point correlation func-
tion of two leptons and a scalar, and via the already fixed VEV-counterterms of the scalar
sector.2 Therefore, no freedom was left in the choice of the infinite parts of the charged
lepton mass counterterms, yet they were sufficient for providing the finiteness of the re-
spective self-energies. Moreover, it is amusing to note that the counterterms of the neutral
lepton Yukawa-couplings together with the VEV-counterterms suffice to make the neutral
lepton self-energies finite, i.e. the additional freedom in the choice of the Majorana mass
counterterms is not needed for finite self-energies at the one-loop level.

The next part of the discussion focused on proving the gauge-parameter independence of
the one-loop lepton masses via an appropriate treatment of tadpole contributions. Inspired
by the discussion in [83], we presented the proof that all gauge-parameter dependent
terms contributing to the one-loop masses cancel. Of major importance for this proof are
the contributions of the Goldstone boson tadpole diagrams, showing the importance of
properly taking these into account in the definition of the one-loop lepton masses. We
continued in explaining how all finite tadpole contributions can be absorbed into finite
VEV-shifts, guaranteeing gauge-independence of the one-loop lepton masses, while having
vanishing renormalized scalar one-point functions. We suggest that tadpole contributions
to n-point one-loop correlation functions can subsequently be taken into account not by an
explicit insertion of the respective diagrams, but simply by inserting the shifted VEVs at
every instance of a VEV appearing in the calculation. Having shown the gauge-parameter
independence, the discussion is concluded by presenting the complete analytic one-loop
lepton mass corrections of the mHDSM in Feynman gauge.

As a final exercise, a first attempt at the numerical evaluation of our general formulae
for the leptonic one-loop mass corrections was carried out for the generalized CP-model
presented in Section 2.4. An independent check of the results is still left open which is
why we opt out of presenting explicit numerical results for the one-loop lepton masses.
Nevertheless, we are able to draw some important general conclusions from the findings.
It became evident that the VEV-shifts induced by the neutral lepton tadpole diagrams, cf.
Eq. (202f) of Chapter 5 become problematic if heavy Majorana neutrinos are present, while
the rest of the contributions seem well-behaved. We want to discuss this behavior in terms
of the finite one-loop corrections to charged lepton masses induced via said shifts. Common
examples of SM extensions with heavy Majorana neutrinos feature masses ranging from the
TeV-range almost up to the scale of grand unification. For our following argumentation,
we set mR ' 1014 GeV. An exemplary set of numerical input values from which we draw

1It might be worth noting that due to the general nature of the investigated model and the non-
existence of ready-to-use computer algebra systems for such a scenario, all calculations were carried out
by hand. Generalizing already available software packages, e.g. FeynRules [81], for applications in such
general settings could present a worthwhile endeavor for the theory community.

2The momentum-dependent infinities are absorbed via an appropriate choice of the wave function
renormalization, but are of no further importance to this discussion.
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some of our conclusions is given in App. D. Moreover, we repeat the definition of the
problematic contributions for clarity, i.e.

∆t
(χ)
b = −

√
2

16π2
Tr

[
m̂3
ν

(
1− ln

m̂2
ν

M2

)(
Fb + F †b

)]
, (6.1)

and also the definition of Fb, cf. Eq. (21a) of Chapter 5, i.e.

Fb =
1

2

(
U †R∆kUL + UTL∆T

kU
∗
R

)
Vkb. (6.2)

The tadpole contributions of Eq. (6.1) induce the VEV-shifts

∆v
(χ)
k =

2nH∑

b=2

∆t
(χ)
b

M2
b

Vkb. (6.3)

We note that in Eq. (6.1), the full neutrino mass matrix to the third power enters, con-
taining the potentially heavy Majorana masses. The reason for the problematic behavior
is that in general, there is no significant suppression of these large factors, neither in the
VEV- nor the subsequent mass-shifts for the following reasons:

(i) A general feature of the seesaw mechanism is that no small Yukawa couplings are
needed in order to explain the lightness of the neutrinos. Therefore, the ∆k entering
Eq. (6.2) can not be considered as small.

(ii) The mixing matrices UL and UR in Eq. (6.2) appear in such a way that their poten-
tially small entries (as mentioned at the end of App. D) do not compensate for all
large factors induced by mR.

(iii) Neither the scalar masses appearing in Eq. (6.3), nor the mixing matrix V of the
scalar sector are in general related to the leptonic sector and the seesaw scale.

(iv) The contribution of Eq. (6.3) to the self-energies of the charged leptons is given by
Eq. (103) of Chapter 5. Here, only the mixing matrices of the charged leptons, WL

and WR, appear which are not related to the parameters of the neutral lepton sector,
i.e. the parameters relevant for the respective VEV-shifts.

(v) The investigation of the scale dependence of the neutral lepton tadpole contributions
suggested that one might be able to find a renormalization scale at which they vanish.
However, this turned out to be a numerical fluke. We suspect that a severe fine-tuning
would be needed in setting the numerical value of the renormalization scale such that
the tadpole contributions truly vanish. Moreover, Eq. (6.1) shows that one can not
expect to have all neutral lepton tadpole contributions vanish at just one scale for
each b = 2, . . . , 2nH . Additionally, we note that using the input values of App. D,
these scales lie at around ∼ 1013 GeV. Choosing such a high renormalization scale
for determining radiative corrections to masses around the MeV- or GeV-scale in
the case of the charged leptons would be, at the very least, a highly unconventional
approach. Similarly high values for M have been found for all cases of randomly
generated input values of the leptonic sector (for heavy Majorana masses). It is
therefore suspected not to be coincidental.

Therefore, we conclude that the presence of very heavy Majorana neutrinos in the seesaw
setup can spoil the stability of the perturbative expansion in the MS-scheme.

In addition to these findings, we note that only the tadpole induced self-energy contri-
butions to the masses seem problematic. All other contributions showed a numerically
stable behavior independent of the Majorana mass scale. A reasoning for this is given by
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the fact that—except in the tadpole induced mass shifts—the presence of heavy Majorana
neutrinos in loops is usually accompanied by a strong suppression via the mixing matrix
of the neutral leptons.

Moreover, no problematic behavior was found for mR . 103 TeV, in the sense that the
contributions of Eq. (6.1) were in the same order of magnitude of the remaining tadpole
contributions or smaller. It is also worth emphasizing that for these lower scales mR,
the use of our proclaimed VEV-shifts seemed generally well-behaved, meaning that the
so induced mass shifts lied around the order of magnitude of the remaining self-energy
contributions to the masses.

In our view, the problematic behavior is independent of the specific tadpole treatment,
which is merely to be seen as different ways of bookkeeping. The tadpole contributions
will either enter indirectly via an absorption in the definition of a renormalized quantity,
in our case the VEVs, or directly via additional Feynman diagrams. The question re-
mains whether the problematic behavior can be cured completely via choosing different
renormalization conditions such as in the on-shell renormalization scheme. Still, we would
like to emphasize that in the general case, there are fewer process-independent physical
observables than parameters of the theory that need to be renormalized. Therefore, one
would have to resort to process-dependent renormalization conditions in order to avoid
MS-prescriptions completely. The problem of numerical instabilities induced by finite
tadpole contributions using MS-renormalization has been discussed in Ref. [84], yet it is
unclear whether the problematic heavy Majorana contributions fall into the same category
or present an even more severe obstacle.

Some upper bounds of Majorana neutrino mass scales have been mentioned e.g. in Ref. [61],
but to our knowledge, the inference of such a bound from one-loop mass corrections or
shifts of the vacuum expectation values has not been investigated up to this point. Fur-
ther studies of the physical relevance of our findings, e.g. via a comparison of different
renormalization methods could therefore present a worthwhile endeavor.

As a final remark, we would like to mention again the subject of mixing angle renormal-
ization. Unfortunately, the study thereof in the mHDSM went beyond the scope of this
thesis. Still, we give a concise overview of some widely used approaches in App. B. In the
view of this thesis’ author, what remains to be studied concerning the renormalization of
mixing angles is whether one can find a scheme fulfilling the requirements of

1. gauge-independence,

2. general theoretical applicability in the sense that a simple definition in terms of a
self-energy decomposition can be found

3. and general practical applicability, e.g. in terms of numerical stability.

We hope to be able to carry out further investigations of this subject at a later point in
time.



Appendix

A Gauge-fixing conditions and Faddeev-Popov ghosts in the
mHDSM

In this section we present some additional prerequisites to the studies carried out in Chap-
ter 5.

Gauge-fixing

The gauge-fixing Lagrangian in terms of the fixing conditions GX reads

LGF = −1

2

(
2GW+GW− + G2Z + G2A

)
. (A.1)

Throughout our calculations, we work in a general Rξ-gauge, sometimes also called ’t Hooft
gauge [85]. Here, the choice of gauge-fixing conditions provoke the cancellation of all
bilinear mixing terms of vector bosons and scalars which result from the kinetic term of
the scalar sector. Therefore, the gauge fixing terms are chosen as

GW± =
1√
ξW

(
∂µW±µ ± iξWmW

nH∑

a=1

(ω†U)aS
±
a

)
, (A.2a)

GZ =
1√
ξZ

(
∂µZµ + ξZmZ

2nH∑

b=1

Im(ω†V )bS
0
b

)
, (A.2b)

GA =
1√
ξA
∂µAµ with ωk =

vk
v
. (A.2c)

Identifying the scalars S0
1 and S±1 with the neutral and charged Goldstone bosons G0 and

G±, respectively, and using the relations

Im
(
ω†V

)
b

= Im (iV ∗k1Vkb) = δ1b, (A.3a)

(ω†U)b = U∗k1Ukb = δ1b, (A.3b)

the gauge-fixing conditions of the mHDSM are found to be equivalent to the ones of the
SM (see e.g. [76]), viz.

GW± =
1√
ξW

(
∂µW±µ ± iξWmWG

±) , (A.4a)

GZ =
1√
ξZ

(
∂µZµ + ξZmZG

0
)
, (A.4b)

GA =
1√
ξA
∂µAµ. (A.4c)

Gauge variation

In order to derive the Faddeev-Popov ghost Lagrangian, we need to know the transforma-
tion behavior of the gauge-fields under infinitesimal gauge-variations αa(x) for the SU(2)-
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and β(x) for the U(1)-part. We have seen in Eq. (A.4) that only the Goldstone boson
and vector boson fields appear in the gauge fixing conditions. The conditions are un-
changed in the mHDSM compared to the SM, because the gauge-structure remains the
same. Therefore we need

δW±µ = ∂µα
± ∓ igW±µ

(
swα

A + cwα
Z
)
± ig (swAµ + cwZµ)α±, (A.5a)

δZµ = ∂µα
Z + igcw

(
α−W+

µ − α+W−µ
)
, (A.5b)

δAµ = ∂µα
A + ie

(
α−W+

µ − α+W−µ
)
. (A.5c)

These field variations are the same as the ones presented in Ref. [11] up to sign differences
which appear due to a relative minus sign between the SU(2)- and the U(1)-part of the
covariant derivative of Ref. [11] (the same convention is used in Ref. [76]). This relative
minus sign also leads to a different basis transformation between the gauge bosons fields
Bµ,W

3
µ and the physical mass eigenfields Aµ, Zµ. In Chapter 1 and Chapter 5, we use a

covariant derivative with only positive signs, leading to the transformation of Eq. (1.17)
of Chapter 1.

The variation of the Goldstone boson fields can be acquired from the behavior of the scalar
doublets under infinitesimal gauge-variations, viz.

δφk =

(
i
g

2
αaτa + i

g′

2
β

)
φk. (A.6)

Just as the fields themselves, we identify the variation of the first components of the scalar
mass eigenfields with the one of the Goldstone bosons, i.e. δS±1 ≡ δG± and δS0

1 ≡ δG0.
The relevant variations are therefore

δG+ = imWα
+ + i

g

2
α+
(
ω†V

)
b
S0
b + i

(
eαA + g

c2w − s2w
2cw

αZ
)
G+, (A.7a)

δG− = −imWα
− − ig

2
α−
(
ωTV ∗

)
b
S0
b − i

(
eαA + g

c2w − s2w
2cw

αZ
)
G−, (A.7b)

δG0 = −mZα
Z − g

2cw
αZRe

(
ω†V

)
b
S0
b +

g

2

[
α−(ω†U)aS

+
a + α+(ωTU∗)aS−a

]
. (A.7c)

Note that

Re(ω†V )1 = Re(−iω∗bωb) = 0. (A.8a)

Therefore the neutral Goldstone boson G0 does not appear in the variation δG0 and sums
over the indices of the neutral scalars can be taken from b = 2, . . . , 2nH . The SM case in
the notation of Ref. [76] can be reproduced by choosing

U = 1, V =
(
i 1

)
, (A.9a)

G± → ϕ±, G0 → χ, S0
2 → H. (A.9b)

Faddeev-Popov ghosts

The Faddeev-Popov ghost Lagrangian can be derived via [11, 76, 86]

LFP = −ca(x)
δGa

δαb(x)
cb(x). (A.10)

Note that we inserted a global minus sign such that the mass terms of the ghost fields carry
the correct sign in LFP. Moreover, factors of

√
ξa which would appear by inserting the
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respective gauge-variations are implicitly absorbed in the ghost fields ca via a rescaling.
Using the results of the previous section, the complete Faddeev-Popov ghost Lagrangian
LFP = LWFP + LZFP + LAFP for the mHDSM is derived as

LWFP =− c+
(
∂2 + ξWm

2
W

)
c+

+ ig
(
∂µc+

) [
(cwZ

µ + swA
µ) c+ −W+

µ

(
cwc

Z + swc
A
)]

− ig
2
ξWmW c+G0c+ − ξWmW c+G+

(
ecA + g

c2w − s2w
2cw

cZ
)

− g

2
ξWmW c+

2nH∑

b=2

(
ω†V

)
b
S0
b c

+

+
(
c+ → c−, W+ →W−, G+ → G−, ω†V → ωTV ∗, i→ −i

)
. (A.11a)

LZFP =− cZ
(
∂2 + ξZm

2
Z

)
cZ

+ igcw
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W+
µ c
− −W−µ c+

)

+
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2
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Z
(
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2
ξZmZ c

Z
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[(
ω†U
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(
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+
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− gξZ
mZ

2cw
cZ

2nH∑

b=2

Re
(
ω†V

)
b
S0
b c
Z , (A.11b)

LAFP =− cA∂2cA + ie ∂µcA
(
W+
µ c
− −W−µ c+

)
. (A.11c)

B Mixing angle renormalization

The original intent of this thesis was to carry out investigations of radiative corrections to
mixing angles in addition to the masses, though it turned out to go beyond our scope for
the time being. Nevertheless, we think it is worth presenting a quick overview of various
methods known from the literature for a potential application in future research endeavors.

Usually, mixing angles are treated as free parameters receiving independent renormaliza-
tion for rendering a theory finite. It was shown in [87] that this is indeed needed for
non-diagonal mixing matrices, by investigating one-loop corrections to weak decays gov-
erned by the charged current interaction. Herein, after renormalizing all fields and free
parameters other than the mixing, divergent combinations of the anti-hermitian parts of
FSRCs are left over. These are absorbed while preserving unitarity of the mixing matrix
via

δVud = −1

4

[(
δZL∗u′u − δZLuu′

)
Vu′d + Vud′

(
δZLd′d − δZL∗dd′

)]
, (B.12)

where we denote by Vud the generic mixing between up- and down- components of a
fermionic weak doublet with counterterms δVud and by δZL the left-handed component
of the FSRC of these fields. Since mixing angles are physical observables in the weak
interaction, they ought to be gauge-independent.1 Oftentimes, on-shell renormalization
conditions are used to define δZL, but it can be shown that this leads to gauge-dependent

1This is discussed more formally in terms of the cohomology classes of Slavnonv-Taylor operators in
[88].
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contributions in the finite terms of (B.12) [88]. Heuristically speaking, this is because in
on-shell renormalization, the parts of the self-energies absorbed in δZLuu′ are evaluated at
p2 = m2

u′ . Then the hermitian conjugate δZL∗u′u carries the argument m2
u. This can be read

off of the on-shell definition of δZL for u 6= u′, i.e. [80, 89]

1

2
(δZL)uu′ =

−1

m2
u −m2

u′

[
m2
u′Σ

L
uu′(p

2) +mumu′Σ
R
uu′(p

2)

+m2
uΣS

uu′(p
2) +m2

u′Σ
S
uu′(p

2)
]
p2=m2

u′
, (B.13)

where we made use of the fermionic self-energy decomposition

Σuu′(p) = ΣL
uu′(p

2)/pγL + ΣR
uu′(p

2)/pγR + ΣS
uu′(p

2) (muγL +mu′γR) , (B.14)

The finite gauge-dependent terms do effectively not cancel out in δZLuu′ − δZL∗u′u due to
the different arguments appearing therein. This can be avoided by instead defining δZL

at a symmetric point [11]. The choice made in [88] is setting p2 = 0, yielding a gauge-
independent definition of δVud. More specifically, the anti-hermitian part of the left-handed
FSRC δZL,Auu′ for u 6= u′ is chosen as

δZL,Auu′ =
m2
u +m2

u′

m2
u −m2

u′

[
ΣL
uu′(0) + 2ΣS

uu′(0)
]
, (B.15)

which is then used to replace δZL in (B.12).

A technically rather intricate alternative is the so-called pinch-technique as used in [90, 91].
Here, one uses explicitly gauge-independent self energy decompositions in the Rξ-gauge
for the definition of renormalized mixing angles, viz. for scalar self-energies

Σ(p2) = Σtad
∣∣∣
ξV =1

(p2) + Σadd(p2), (B.16)

where Σtad is the full self-energy containing tadpole contributions and Σadd represents an
additional explicitly gauge-independent part of the full self-energy. The latter is calcu-
lated by investigating a toy two-to-two scattering process (e.g. µ+µ+ → bb̄) involving
intermediate scalars Hi for which one derives a decomposition of the form

ΓHiXX
i

p2 −m2
Hi

iΣPT
HiHj (p

2)
i

p2 −m2
Hj

ΓHjY Y . (B.17)

Herein, Γ represent vertex functions and ΣPT is a self-energy-like function. The major
insight is that

ΣHiHj (p
2) = Σtad

HiHj (p
2) + ΣPT

HiHj (p
2) = Σtad

HiHj

∣∣∣
ξV =1

(p2) + Σadd
HiHj (p

2), (B.18)

yielding a gauge-independent function. The downside to this technique is that one merely
trades gauge dependencies on a dependence on the prescription in the definition of Σ [92].

Oftentimes, the use of the pinch-technique is supplemented by the so called p∗-scheme,
which merely states the use of another symmetric point at which the external momentum
in the self-energies is evaluated, namely (p∗)2 = (M2

Hi
+M2

Hj
)/2. This is not restricted to

the pinch-technique, but often used here because the final expressions for Σ then take an
especially simple form.

Another possible choice for renormalizing mixing angles is the MS-scheme. This typically is
computationally much easier, also ensures gauge-independence and yields renormalization
scale dependent results [84]. The latter is considered advantageous by some, because
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testing one-loop results under a variation of the scale can give a handle on the theoretical
error of the calculation, i.e. the expected size of higher order corrections. The disadvantage
of this method are possible numerical instabilities [84].

Lastly, one has the option of using physical decay processes for the imposition of renormal-
ization conditions for the mixing. A typical choice is to demand equality between leading
order and radiatively corrected decay widths in such processes. This technique yields man-
ifestly gauge-independent and numerically stable results, but introduces a non-universality
and flavor-dependence in the renormalized mixing angles and is computationally demand-
ing when going beyond one-loop corrections [84].

Only quite recently, two independent comparison of the various mixing renormalization
techniques have been carried out. In Ref. [93], the on-shell-, p∗- and MS-mixing angle
renormalization schemes are compared in the context of the Two-Higgs-Doublet Model.
In the second recent e-print on this subject of Ref. [94], the same techniques and additional
new approaches are discussed, also in the Two-Higgs-Doublet Model and moreover in the
Higgs-Singlet Extension of the SM. Both groups find that the MS-approach is technically
the easiest, yet care needs to be taken in the inclusion of tadpole contributions concerning
the treatment of gauge dependencies and the introduction of a strong dependence on the
choice of the renormalization scale.

As a final remark we want to emphasize that to the knowledge of the author of this thesis,
no exhaustive study of the renormalization of leptonic mixing has been carried out so far.
An early study of mixing renormalization in the fermionic sector, namely the CKM matrix,
has been carried out in Ref. [87] which found the numerical contribution to observables
to be minuscule. This situation might change for the leptons due to the much stronger
mixing in this sector.

C Conversion from the CP-model to the mHDSM

In this section, we list a conversion from the parameters of the generalized CP-model
of [71, 72] to the ones of the mHDSM of Chapter 5. The bilinear terms of the scalar
potentials are related by

(
µ2ij
)

=



−µ1 0 0

0 −µ2 + µsoft iµ′soft
0 −i (µ′soft)

∗ −µ2 − µsoft


 . (C.19)

The conversion for the quartic scalar couplings reads

λ1111 = λ1, λ2222 = λ2, λ3333 = λ2, λ1122 =
λ3
2
, λ1133 =

λ3
2
, λ2233 =

λ4
2
,

λ1221 =
λ5
2
, λ1331 =

λ5
2
, λ2332 =

λ6
2
, λ2323 = λ7, λ3232 = λ7, λ1212 = λ8,

λ1313 = λ8, λ2121 = λ8, λ3131 = λ8, λ1213 = i
λ9
2
, λ2131 = −iλ9

2
, λ2322 = i

λ10
2
,

λ3233 = i
λ10
2
. (C.20)
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All other entries of λijkl are either given its symmetry relations (see Eq. (A.2) of Chapter 5)
or they are zero. The Yukawa-couplings of the charged leptons are given by

Γ1 =

√
2me

v∗1




1 0 0
0 0 0
0 0 0


 , Γ2 =




0 0 0
0 g2µ 0
0 0 g∗2µ


 , Γ3 =




0 0 0
0 −g2µ 0
0 0 g∗2µ


 , (C.21)

and the ones of the neutral leptons by

∆1 =

√
2

v1



fe 0 0
0 fµ 0
0 0 f∗µ


 , ∆2 = ∆3 = 03×3. (C.22)

The Majorana mass matrix of the generalized CP-model has the form

MR =



a r r∗

r s b
r∗ b s∗


, with r, s ∈ C, a, b ∈ R. (C.23)

Due to the flavor-diagonal structure of the generalized CP-model, the charged lepton
mixing matrices are simply

WL = WR = 13×3. (C.24)

Additionally, we list the further necessary ingredients for an evaluation of our general one-
loop results and their respective determination with the help of computer algebra systems,
namely

vk: via the method described in Section 2.4. The consistency of the VEV-
determination can be checked via the vanishing of the linear terms of
the scalar potential, cf. Chapter 5, Eq. (44).

U , V : via the diagonalization of the scalar mass matrices.

U : from the singular value decomposition of Mν . For widely separated
scales of the Dirac and Majorana masses, it is numerically more stable
to determine U in a two step process as explained in Sec. 2.2. The same
holds for m̂ν .

UL, UR: these are given by the first nL rows of U and the conjugate of the re-
maining rows, respectively.

D Input values for a numerical evaluation of one-loop mass
corrections

In this section, we list the input values used in a first attempt at a numerical evaluation
of the one-loop mass correction results of Chapter 5. In fairness, a somewhat complete
numerical investigation and accompanying discussion goes beyond the scope of this thesis.
Nevertheless, as a final exercise, we wanted to put the results to the test in an exemplary
study of the generalized CP-model of Section 2.4. We refrain from presenting explicit
numerical results for the one-loop lepton mass corrections because an independent cross-
check of the results obtained could not be carried out as of writing this thesis. Still, we
were able to draw some general conclusions going beyond what was anticipated from the
work carried out in Chapter 5. We ask the reader to refer to Chapter 6 for the discussion
of the results.
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For the derivation of all necessary input values needed in the general one-loop expressions,
we follow the methods described in Section 2.4 and App. C. The numbers of the scalar,
left-chiral neutrino and right-chiral neutrino families are

nH = 3, nL = 3, nR = 3. (D.25)

As it turned out, finding sensible values for the couplings of the scalar sector in a random
number scan is a non-trivial task due to the large number of free parameters. For the
generation of a realistic setting, a conversion of the scalar couplings to physical observables
such as the scalar masses would be necessary, but this approach had to be dropped simply
due to the scarcity of time in finishing this thesis. Therefore, the parameters of the scalar
sector have been chosen in a pseudo-random manner, meaning that several constraints
went into their respective choices, viz.

1. tree-level unitarity, i.e. simply |λi| < 2π.

2. negative λ7 and λ̃ in order to satisfy the constraints for the VEV-determination of
Section 2.4.

3. choose u = 172 GeV, as suggested in Ref. [71].

4. positive µ1 and µ2.

5. all mass eigenvalues are positive and the spectrum contains the massless Goldstone
bosons.

6. the vanishing of the linear terms of the scalar potential, cf. Chapter 5, Eq. (44) is
given to a reasonable degree, i.e. the result should be of the order . 10−6.

Using these constraints, we fixed the values of the scalar bilinear couplings as

µ1 = 41804.5 GeV2, µ2 = 91131.5 GeV2,

µsoft = −0.122091 GeV2, µ′soft = −0.00914418 GeV2. (D.26)

The reason for choosing such small values for the soft-breaking terms is that otherwise
the determination of the VEVs has been found to be numerically inconsistent regarding
item 4 of the list above. This choice leads to an unphysically small ratio mµ/mτ which
is one of the reasons why the numerical setting of this section is to be viewed solely as a
numerical example. For a more realistic setting, one would need to go to higher orders in
the determination of the VEVs as explained in Section 2.4.

Our choice for the scalar quartic couplings reads2

λ1 = 5.84763, λ2 = 1.89129, λ3 = 3.14676, λ4 = 3.20913,

λ5 = −0.0138371, λ6 = −0.634739, λ7 = −0.124175, λ8 = 0.992954,

λ9 = −0.0389144, λ10 = −0.0371923, λ̃ = −1.45654. (D.27)

This gives the VEVs

v1 = 36.7151 GeV, v2 = (1.68511− 171.992i) GeV, v3 = (1.68479− 171.991i) GeV,
(D.28)

and related to these, the VEV shifts induced by the soft symmetry breaking, i.e.

δ0 = 5.75457× 10−6, δ+ = 0, δ− = 1.76445× 10−6. (D.29)

2We remind the reader that this choice merely represents a numerical example. Choosing smaller values
is unproblematic, but in our study we followed the common practice of the multi-Higgs community (see
e.g. [95]).
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The scalar mass matrices are derived as shown in Chapter 5, App. A and App. B. For the
values of the couplings given above, the resulting masses of the charged scalars are

M2
+1 ≡M2

G+ < 10−11 GeV2, M2
+2 = (165.75 GeV)2 , M2

+3 = (246.01 GeV)2 , (D.30)

and the ones of the neutral scalars read

M2
1 ≡M2

G0 < 10−11 GeV2, M2
2 = (123.01 GeV)2 , M2

3 = (131.12 GeV)2 ,

M2
4 = (208.01 GeV)2 , M2

5 = (346.70 GeV)2 , M2
6 = (425.85 GeV)2 . (D.31)

The consistency of the scalar sectors mixing matrices is checked via the unitarity relations
of Chapter 5, App. B.

Luckily, the determination of reasonable values for the leptonic sector turned out to be
much less problematic. The generation of the Majorana mass matrixMR can be carried out
with a random number generation for the four input values in Eq. (C.23), or alternatively,
for the scaled version

MR = mR



â r̂ r̂∗

r̂ ŝ b̂

r̂∗ b̂ ŝ∗


, with r̂, ŝ ∈ C, â, b̂ ∈ R, (D.32)

where mR is the characteristic scale of the Majorana neutrino masses. Effectively, we
use the latter approach and generate the Majorana mass matrix by a random choice of
â, b̂ ∈ (−1, 1) and r̂, ŝ in a square area of the complex plane with its corners at −1− i and
1 + i. A numerical example is given by

mR = 1014 GeV,

â = 0.502699, b̂ = −0.425434,

r̂ = 0.0846253 + 0.384058 i, ŝ = −0.283465 + 0.538736 i. (D.33)

In a similar manner, we choose the Dirac neutrino masses fe and fµ by setting the char-

acteristic scale mD = v = 246 GeV and drawing randomly f̂e ∈ (0, 1) and f̂µ in the same
way as r̂ above, e.g.

f̂e =
fe
mD

= 0.37019, f̂µ =
fµ
mD

= −0.07186 + 0.79989 i (D.34)

with these choices, the resulting neutrino masses, i.e. the diagonal entries of m̂ν read

mν,1 = 0.1352 eV, mν,2 = 0.3563 eV, mν,3 = 1.411 eV,

mν,4 = 1.943× 1013 GeV, mν,5 = 9.041× 1013 GeV, mν,6 = 1.058× 1014 GeV.
(D.35)

In the charged lepton sector, the mass of the electron is simply given by its experimentally
known value and we also choose to fix the tau mass in this way. The modulus of the muon
mass is subsequently given by

mµ =
mτ

2
|δ0 + iδ−| , (D.36)

cf. Eq. (2.37). The last free parameter is the Yukawa coupling g2µ, i.e. its complex phase
which is drawn randomly in the interval (0, 2π) while its modulus is given by

|g2µ| =
√

2mτ

|v2 + v3|
. (D.37)
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The numerical expression we use in this example reads

g2µ = 0.00720707 + 0.00119053i. (D.38)

Eventually, the resulting masses of the charged leptons are

me = 0.511 MeV, mµ = 5.347× 10−6 GeV, mτ = 1.777 GeV. (D.39)

As pointed put at the beginning of this section, due to the difficulties in determining the
true VEVs of the scalar potential for large values of the soft symmetry breaking parameters

µ
(′)
soft, only an unphysically small value for the muon mass could be achieved.

In order to conclude this section, we show the result for the absolute values of mixing
parameters of the neutral leptons

(
|Uij |

)
=




0.917 0.155 0.367 2.71×10−12 8.11×10−13 1.14×10−13

0.282 0.699 0.658 5.87×10−12 9.16×10−13 1.31×10−12

0.282 0.699 0.658 5.87×10−12 9.16×10−13 1.31×10−12

1.36×10−12 6.07×10−13 5.68×10−12 0.578 0.805 0.132
1.93×10−13 1.26×10−12 4.70×10−12 0.577 0.419 0.701
1.93×10−13 1.26×10−12 4.70×10−12 0.577 0.419 0.701


. (D.40)

It explicitly shows two important features:

1. The entries for the mixing of light to heavy degrees of freedom are small. This can
be understood by inspection of Eq. (2.9). Here, we see that the entries of the upper
left and lower right block of the mixing matrix W are of

O
(√

1−m2
D/m

2
R

)
' O (1) , (D.41)

while the rest of the entries is of

O (mD/mR) ' O
(
10−12

)
. (D.42)

The same orders of magnitude are carried over to the full mixing matrix U .

2. The mixing matrix U clearly exhibits the desired µ-τ -symmetric structure which also
translates to the mixing matrix of the charged current interaction due to Eq. (C.24)
and Eq. (1.36).

E Exercises on symmetric matrices and tensors

In Chapter 4, we determined the counterterms to the quartic scalar couplings via the ab-
sorption of the MS-divergencies in the scalar four-point function. One type of contribution
is represented by fermionic box diagrams of which one finds three topologically different
variants. The overall result is given in terms of the sum of three traces over different
products of four symmetric Yukawa matrices. Eventually we checked the symmetry of the
result under all permutations of the four free indices accompanying the Yukawa matrices,
corresponding to a permutation of the outer scalar fields. This check is equivalent to asking
how many different traces one can build from the product of four symmetric matrices.

As a quick exercise, let us generalize this problem to N symmetric matrices Ai and study
how many independent variants of traces we can build from their products. The trace we
start from is

X ≡ Tr [A1A2 . . . AN ] . (E.43)

Independent variants of X are such that we can not transform one into one another by
transformations that leave the trace invariant. These transformations are
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1. N − 1 cyclic permutations X → Tr [ANA1 . . . AN−1],

2. the inversion X → Tr [ANAN−1 . . . A1], which leaves the trace invariant if all Ai are
symmetric,

3. N − 1 cyclic permutations after the inversion X → Tr [A1ANAN−1 . . . A2].

Counting the original X and all variants, we can build

1 + (N − 1) + 1 + (N − 1) = 2N (E.44)

equivalent versions of the same trace. The total number of possible permutations of N
matrices is N !. Therefore, the number of independent variants of X for N > 2 is

N !

2N
=

(N − 1)!

2
. (E.45)

The result for N = 4 is three as it should be, coinciding with the three topologically
distinct contributions of Feynman diagrams we started with.

Another amusing combinatorial exercise was presented by counting the number of inde-
pendent quartic couplings of the toy model scalars of Chapter 4. The model features a
totally symmetric tensor λabcd. In the course of the renormalization program, we wanted
to clarify how many independent elements this tensor has. As it turned out, this problem
is equivalent to the question of how many possibilities exist for choosing four elements
from a set of cardinality n (corresponding to the number of families of scalars), without
taking into account the order and without removing entries from the latter set. In other
words: how many different multisets with four elements exist for a basis set with n ele-
ments? This problem is easily generalizable to arbitrary symmetric tensors λi1...ip of rank
p, therefore we treat the general case first.

We start by writing every multiset in terms of placeholders for indices • and placeholders
for separators |. After every separator, the following indices are raised by one. For p = 4
and n = 3 we have, e.g. {1, 1, 2, 3} ' • • | • |• or {1, 2, 2, 2} ' •| • • • |. In the general case,
we have p spots for placing indices, n − 1 spots for separators and p + n − 1 symbols in
total, i.e.

• • · · · •︸ ︷︷ ︸
p

|| . . . |︸ ︷︷ ︸
n−1︸ ︷︷ ︸

p+n−1

. (E.46)

The number of all permutations of these symbols is then (p+n−1)!, but we need to divide
out p! indistinguishable permutations for the dots among themselves and (n− 1)! for the
permutations of the separators among themselves. Therefore, the number of different
multisets of cardinality p drawn from a basis set of cardinality n is

(p+ n− 1)!

p!(n− 1)!
=

(
p+ n− 1

p

)
. (E.47)

This corresponds to the number of independent elements of a totally symmetric tensor of
rank p, where each index can take a value ij = 1 . . . n for j = 1 . . . p. Therefore, in the toy
model of Chapter 4, the number of independent quartic couplings is given by

(
3 + nϕ

4

)
, (E.48)

where nϕ is the number of families in the scalar sector.
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[90] M. Krause, R. Lorenz, M. Mühlleitner, R. Santos, and H. Ziesche,
Gauge-independent Renormalization of the 2-Higgs-Doublet Model. JHEP 09 (2016)
143, arXiv:1605.04853 [hep-ph].

[91] M. Krause, D. Lopez-Val, M. Muhlleitner, and R. Santos, Gauge-independent
Renormalization of the N2HDM. arXiv:1708.01578 [hep-ph].

[92] A. Denner, L. Jenniches, J.-N. Lang, and C. Sturm, Gauge-independent MS
renormalization in the 2HDM. JHEP 09 (2016) 115, arXiv:1607.07352 [hep-ph].

[93] L. Jenniches, C. Sturm, and S. Uccirati, Electroweak corrections in the 2HDM for
neutral scalar Higgs-boson production through gluon fusion. arXiv:1805.05869
[hep-ph].

[94] A. Denner, S. Dittmaier, and J.-N. Lang, Renormalization of mixing angles.
arXiv:1808.03466 [hep-ph].

[95] I. F. Ginzburg and I. P. Ivanov, Tree-level unitarity constraints in the most general
2HDM. Phys. Rev. D72 (2005) 115010, arXiv:hep-ph/0508020 [hep-ph].

http://dx.doi.org/10.1142/S0217751X16300386, 10.1142/S0217751X17920014
http://arxiv.org/abs/1606.06191
http://dx.doi.org/10.1007/JHEP09(2016)143
http://dx.doi.org/10.1007/JHEP09(2016)143
http://arxiv.org/abs/1605.04853
http://arxiv.org/abs/1708.01578
http://dx.doi.org/10.1007/JHEP09(2016)115
http://arxiv.org/abs/1607.07352
http://arxiv.org/abs/1805.05869
http://arxiv.org/abs/1805.05869
http://arxiv.org/abs/1808.03466
http://dx.doi.org/10.1103/PhysRevD.72.115010
http://arxiv.org/abs/hep-ph/0508020


Abstract

An abundance of models trying to explain the patterns in lepton masses and mixings has
been created over the past few decades—many of them inspired by the rich phenomenology
of the neutrino sector. In many cases, radiative corrections to the tree-level predictions
for observables in such models are unknown or have not been studied systematically so
far. Therefore, we have developed a generally applicable setup for studying radiative
corrections in a variety of models in order to check the perturbative stability of their
predictions. All of the models referred to inherit an extended scalar sector and oftentimes
Majorana neutrinos. Therefore, we performed our studies in the Multi-Higgs Standard
Model with an arbitrary number of Higgs doublets and right-handed Majorana neutrinos.
Our work consists of exhaustive discussions on the MS-renormalization of this general
model, the treatment of tadpole contributions in terms of gauge-parameter dependencies,
the renormalization of vacuum expectation values and a presentation of the complete
analytic one-loop results for lepton mass corrections. Additionally, we present our earlier
works in which we developed the methods for acquiring the mentioned results. These works
contain a novel way of deriving on-shell renormalization conditions in a general setup and
the discussion of a toy model which already exhibits some of the important features of our
main study.

Zusammenfassung

Eine Vielzahl physikalischer Modelle, die versuchen, die experimentell bekannten Muster
in Leptonmassen und Mischungswinkeln zu erklären, wurde im Laufe der letzten zwei
Jahrzehnte erschaffen—viele davon inspiriert durch die reiche Phänomenologie des Neutrino-
Sektors. In vielen Fällen sind radiative Korrekturen zu den Vorhersagen auf Baumgraphen-
Niveau für Observablen nicht bekannt oder systematisch diskutiert. Aus diesem Grund
haben wir ein vielseitig einsetzbares Werkzeug entwickelt um die störungstheoretische
Stabilität solcher Vorhersagen in einer Vielzahl von Modellen untersuchen zu können.
Alle für uns relevanten Modelle enthalten einen erweiterten skalaren Sektor und in vielen
Fällen zusätzlich Majorana-Neutrinos. Deshalb haben wir unsere Untersuchungen im Rah-
men des Multi-Higgs Doublet Standard Modells mit beliebiger Anzahl an Higgs-Doublets
und rechts-händigen Majorana-Neutrinos durchgeführt. Unsere Arbeit besteht aus einge-
henden Diskussionen der MS-Renormierung jenes allgemeinen Modells, der Behandlung
von sog. Tadpole-Beiträgen im Zusammenhang mit Eichparameterabhängigkeiten, der
Renormierung von Vakuumerwartungswerten und einer Präsentation der vollständigen
analytischen Ein-Schleifen-Ergebnisse der Korrekturen zu den Leptonmassen. Zusätzlich
sind unsere früheren Arbeiten gezeigt, in denen die Methoden entwickelt wurden, um zu
besagten Resultaten zu gelangen. Diese Arbeiten enthalten eine neuartige Art sog. on-
shell-Renormierungsbedingungen in einer allgemein gefassten Theorie herzuleiten, sowie
die Diskussion eines Spielzeugmodells, das bereits viele der auszeichnenden Merkmale des
zuletzt studierten realistischen Modells aufzeigt.
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