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Pr e f a c e

One o f t h e ma i n g o a l s o f mo d e r n s e i smo l o g y i s t o p r e d i c t g r o u nd

mo t i o n a t t h e s i t e d u r i n g f u t u r e e a r t h q u a ke s . I t r e q u i r e s b o t h a n

a c c u r a t e p r o g r am f o r nume r i c a l s imu l a t i o n o f p r o p a g a t i o n o f s e i s -

m i c wave s a s we l l a s a p r e c i s e E a r t h mo d e l i n t h e a r e a t h r o u g h

wh i ch t h e s e i sm i c wave s a r e p r o p a g a t i n g . Th e f o rme r i s m e t by

va r i o u s me t h o d s wh i ch we r e d e ve l o p e d ove r l a s t d e c a d e s , t h e l a t e r

i s s t i l l a ch a l l e n g i n g t a s k . I t r e q u i r e s t o s o l ve a n i nve r s e p r o b l em .

A l t h o u gh a hu g e p r o g r e s s h a s b e e n mad e i n t h i s f i e l d , f u r t h e r im -

p r ovement s a r e s t i l l n e c e s s a r y i n t h e g l o b a l a n d r e g i o n a l s c a l e s

b u t ma i n l y i n t h e l o c a l s c a l e a d d r e s s i n g s t r o n g l y h e t e r o g e n e o u s

s t r u c t u r e s .

Fund ament a l ma t h ema t i c a l t o o l s we r e d e ve l o p e d r e l a t i v e l y l o n g

b e f o r e r e c e nt i n c r e a s e o f c ompu t a t i o n a l p owe r . Th e r e f o r e , f o r e x -

amp l e o f t e n o n l y t im e s o f t h e f i r s t a r r i va l s we r e u s e d f o r i nve r -

s i o n . Th i s wa s n o t s u f f i c i e n t e s p e c i a l l y f o r l o c a l s t r u c t u r e s . H ow -

e ve r , t h e r e c e nt imp r ovement s o f c ompu t e r s h ave a l l owe d t o a pp l y

f u l l wave f o rm i nve r s i o n me t h o d s wh i ch u s e a s mu ch i n f o rma t i o n

f r om s e i sm i c r e c o r d s a s r e a s o n a b l e .

Th e a d j o i n t t omog r a phy i s a me t h o d wh i ch b e l o n g s t o t h e f am -

i l y o f f u l l wave f o rm i nve r s i o n me t h o d s a nd wh i ch u t i l i s e s t h e a d -

j o i n t a p p r o a ch . Kub i n a e t a l . , 2 0 1 8 a pp l i e d t h i s m e t h o d f o r i n -

ve r s i o n o f 2D l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s w i t h p r om i s i n g

r e s u l t s . Th e a pp l i c a t i o n t o l o c a l s t r u c t u r e s r e q u i r e s a s p e c i a l

t r e a tment o f ke r n e l p r e c o n d i t i o n i n g du e t o i l l - p o s e d n e s s o f t h e

p r o b l em .

I n t h i s t h e s i s , we bu i l d o n t h e wo r k o f Kub i n a e t a l . , 2 0 1 8 a nd

f o c u s o n ke r n e l p r e c o n d i t i o n i n g i n 3D p r o b l em . We d e ve l o p e d

g e n e r a l i s e d me t h o d s f o r ke r n e l p r e c o nd i t i o n i n g . Nume r i c a l t e s t s

c o n f i rm ed t h e i r a p p l i c a b i l i t y. C on s e q u e nt l y, t h e y w i l l b e imp l e -

m ent e d i n F D A t o m 3 D , a p r o g r am f o r t h e a d j o i n t t omog r a phy i n 3D

l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s c r e a t e d by F i l i p M i ch l í k .
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I n t r o d u c t i o n

Ea r t h q u a ke s a r e t h e p h e n omen on wh i ch r e l e a s e s t h e b i g g e s t

amount o f e n e r g y i n a s i n g l e e ve nt among a l l n a t u r a l o r a r t i f i -

c i a l p r o c e s s e s o n t h e Ea r t h . Th e r e f o r e , t h e r e i s a g r e a t p o t e n -

t i a l f o r t h em t o c a u s e a h a rm . Wha t i s mo r e , t h e y o f t e n o c c u r

i n t h e mo s t p o pu l a t e d a r e a s i n t h e wo r l d . I t i s n o t a c o i n c i d -

e n c e , a s t h o s e a r e a s b e l o n g among p l a c e s w i t h t h e mo s t p r o p i t i o u s

n a t u r a l c o n d i t i o n s t o wh i ch t h e e a r t h q u a ke s c o nt r i b u t e d s i g n i f i c -

a nt l y. Th e r e f o r e , we mu s t p ay t h em d e s e r ve d a t t e nt i o n .

B e i n g a b l e t o f o r e c a s t t h e e a r t h q u a ke s i s a l o n g - t e rm g o a l o f

s e i smo l o g y. I t i s t h e b i g g e s t ch a l l e n g e , ma i n l y d u e t o s t r u c t u r a l

c omp l e x i ty o f t h e Ea r t h ’ s l i t h o s p h e r e a n d t h e c omp l e x i ty o f p r o -

c e s s e s o f e a r t h q u a ke s p r e p a r a t i o n . Fu r t h e rmo r e , i t i s imp o s s i b l e

t o i n s t a l l i n s t r ument s d e e p i n s i d e t h e Ea r t h wh i ch c o u l d mon i t o r

t h o s e p r o c e s s e s d i r e c t l y, wh i ch make s e a r t h q u a ke s e ve n mo r e d i f -

f i c u l t t o b e p r e d i c t e d . Ta ke n a l l t o g e t h e r , i t i s n o t c l e a r wh e t h e r

i t w i l l b e p o s s i b l e t o f o r e c a s t e a r t h q u a ke s a t a l l .

H av i n g s a i d t h a t , t h e r e i s a b r a n ch o f s e i smo l o g y t h a t a s s e s s e s

s e i sm i c h a z a r d . I t d o e s n o t a t t emp t t o f o r e c a s t e a r t h q u a ke s . I t

j u s t e va l u a t e s a p r o b ab i l i t y o f t h e a r e a o f i n t e r e s t t o b e a f f e c t e d

by an e a r t h q u a ke o f a c e r t a i n magn i t u d e i n a g i ve n t im e p e r i o d .

I t i s n o t d i f f i c u l t t o e s t ima t e a p r o b ab i l i t y o f a n e a r t h q u a ke o c -

c u r r e n c e . I t c a n b e d on e s imp l y by a r e s e a r ch o f h i s t o r i c a l e a r t h -

q u a ke s r e c o r d s . Th e n o t i c e a b l y mo r e d i f f i c u l t t a s k i s t o e s t ima t e

a d amag e c a u s e d by an e a r t h q u a ke i f i t h a pp e n s t o o c c u r . On e

mu s t r e a l i s e t h a t n o t s o l e l y a magn i t u d e o f t h e e a r t h q u a ke a nd

i t s d i s t a n c e d e t e rm i n e a s e i sm i c g r o u nd mo t i o n , b u t a l s o s o c a l l e d

s i t e e f f e c t s mu s t b e t a ke n i n t o a c c o unt , mak i n g i t e ve n mo r e d i f -

f i c u l t t o p r e d i c t s e i sm i c i n t e n s i ty. I t i s a t a s k f o r nume r i c a l mo d -

e l l i n g .

B e i n g a b l e t o s a t i s f a c t o r i l y mo d e l g r o u nd mo t i o n , two c r u c i a l

r e q u i r ement s mu s t b e me t . F i r s t o f a l l , we n e e d a n a c c u r a t e s o f t -
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wa r e f o r nume r i c a l mo d e l l i n g o f p r o p a g a t i o n o f s e i sm i c mo t i o n i n

a r e a l i s t i c m ed i um . Many s u ch p r o g r am s h ave b e e n c r e a t e d , s o

o n e mu s t o n l y ch o o s e wh i ch o n e b e s t a d d r e s s e s h i s s p e c i f i c p r o b -

l em . S e c o nd l y, we n e e d t o k n ow phy s i c a l p r o p e r t i e s o f t h e med i um

th r o u g h wh i ch t h e p r o p a g a t i o n o f s e i sm i c wave s i s t o b e mo d e l l e d .

Th e y c a n b e o b t a i n e d by me t h o d s o f s e i sm i c t omog r a phy. How -

e ve r , i t i s a d i f f i c u l t t a s k , e s p e c i a l l y i n l o c a l s u r f a c e s e d im ent a r y

s t r u c t u r e s .

D i f f i c u l ty o f d e t e rm i n i n g o f p hy s i c a l p r o p e r t i e s o f m ed i um a r i -

s e s f r om i l l - p o s e d n e s s o f t h e p r o b l em . U s u a l l y, i nve r s e p r o b l em s

s u f f e r f r om e i t h e r n o n - e x i s t e n c e o r n o n - u n i q u e n e s s o f a s o l u t i o n .

N on - u n i q u e n e s s i s o f t e n c a u s e d by a l a ck o f d a t a . To ove r c ome

t h e s e p r o b l em s , a p r o p e r p r e c o nd i t i o n i n g i s r e q u i r e d .

App l i c a t i o n o f many nume r i c a l m e t h o d s f o r s o l v i n g o f i nve r s e

p r o b l em s h ad b e e n l im i t e d by t h e i r h i g h c ompu t a t i o n a l c o s t s f o r

ye a r s . I t u s u a l l y r e s u l t e d i n a r e d u c t i o n o f amount o f d a t a t h a t

c o u l d h ave b e e n u s e d f o r a n i nve r s i o n . O f t e n o n l y h i g h f r e q u e n c y

a pp r ox ima t i o n s we r e u s e d a nd on l y a r r i va l t im e s we r e i nve r t e d .

We d o n o t n e e d t o s t r e s s t h a t s u ch a pp r ox ima t i o n s we r e o f n o

u s e f o r l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s , a s t h o s e a r e ch a r a c -

t e r i s e d by s t r o n g h e t e r o g e n e i ty a nd ty p i c a l wave l e n g t h s o f t h e s e

h e t e r o g e n e i t i e s a r e o f o r d e r o f s e i sm i c wave s wave l e n g t h s o r e ve n

s h o r t e r . Th e s e d i f f i c u l t i e s we r e ove r c ome on l y r e c e nt l y by e n -

h a n c ement o f c ompu t e r s wh i ch a l l owe d a d i r e c t a p p l i c a t i o n o f s o -

c a l l e d f u l l wave f o rm i nve r s e me t h o d s .

Fu l l wave f o rm i nve r s e me t h o d s u s e a s mu ch i n f o rma t i o n f r om

s e i sm i c r e c o r d s a s r e a s o n a b l e . On e o f t h e f i r s t wh o u t i l i s e d a f u l l

wave f o rm i nve r s e me t h o d i n s e i smo l o g y wa s Ta r a nt o l a , 1 9 8 4 . H e

d e ve l o p e d a n i t e r a t i ve a l g o r i t hm f o r c ompu t a t i o n o f b u l k mo du -

l u s , d e n s i ty a nd s o u r c e - t im e f u n c t i o n f r om s e i sm i c r e c o r d s o f mu l -

t i p l y r e f l e c t e d a nd r e f r a c t e d wave s i n a n a c o u s t i c a p p r ox ima t i o n .
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F i g u r e 0 . 1 : Annu a l a p p e a r a n c e o f wo r d s “ FWI ” o r “ Fu l l Wave f o rm
I nve r s i o n ” i n a r t i c l e s ( t a ke n f r om We l l i n g t o n , 2 0 1 6 )

Th i s s t u d y wa s o f a g r e a t imp o r t a n c e n o t o n l y b e c a u s e i t a d -

d r e s s e d a p a r t i c u l a r i nve r s e p r o b l em , b u t i t a l s o s h owed t h a t i t

wa s p o s s i b l e t o a pp l y f u l l wave f o rm i nve r s e me t h o d s w i t h a t h e n

c ompu t a t i o n a l p owe r . N e ve r t h e l e s s , a numb e r o f n ew s t u d i e s d e a l -

i n g w i t h f u l l wave f o rm i nve r s e me t h o d s h a d b e e n i n c r e a s i n g o n l y

s l i g h t l y u nt i l a b o u t a d e c a d e a g o , a s s h own a t F i g . 0 . 1 . A s h a r p

i n c r e a s e i n l a s t ye a r s c a n b e a t t r i b u t e d t o e n h an c ement o f c om -

pu t a t i o n a l p owe r , a s we l l a s t o a d e ve l o pment o f a n a d j o i n t t omo -

g r a phy me t h o d .

On e o f t h e f i r s t a p p l i c a t i o n s o f t h e a d j o i n t me t h o d i n s e i smo -

l o g y c a n b e f o u nd i n Bamb e r g e r e t a l . , 1 9 7 9 . H e a dd r e s s e d a c om -

mon p r o b l em i n r e f l e c t i o n s e i sm i c – d e t e rm i n a t i o n o f d e n s i ty a nd

s h e a r mo du l u s d i s t r i b u t i o n w i t h d e p t h by me a s u r ement o f h o r i -

z o nt a l d i s p l a c ement a t a f r e e s u r f a c e . H e d e t e rm i n e d t h e a c o u s -

t i c a l imp e d an c e o f t h e l aye r e d Ea r t h . Fu r t h e r e x amp l e s c a n b e

f o u nd i n Ta r a nt o l a , 1 9 8 8 ( i n c o r p o r a t i o n o f a t t e nu a t i o n ) , Tr omp

e t a l . , 2 0 0 5 (wo r k o n ke r n e l s ) , F i ch t n e r ; Bun g e e t a l . , 2 0 0 6 a ( c om -

p r e h e n s i ve r e v i ew o f t h e me t h o d ) , F i ch t n e r ; Bun g e e t a l . , 2 0 0 6 b

( d i s c u s s i o n o n s e n s i t i v i ty f u n c t i o n a l s a n d s e n s i t i v i ty ke r n e l s ) ,

S i em i n s k i e t a l . , 2 0 0 7 a ( i n c o r p o r a t i o n o f a n i s o t r o py t o i nve r s i o n

f r om b o dy wave s ) , S i em i n s k i e t a l . , 2 0 0 7 b ( i n c o r p o r a t i o n o f a n i s o -

t r o py t o i nve r s i o n f r om su r f a c e wave s ) , Q . L i u e t a l . , 2 0 0 8 ( c om -
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pu t a t i o n o f s e n s i t i v i ty ke r n e l s f o r g l o b a l s e i sm i c wave p r o p a g a -

t i o n ) , e t c . P r o b a b l y t h e f i r s t a p p l i c a t i o n s o f t h e a d j o i n t me t h o d

i n 3D da t e b a ck t o 2 0 0 9 wh en F i cht n e r ; K e nn e t t e t a l . , 2 0 0 9 a p -

p l i e d i t f o r u pp e r -mant l e t omog r a phy i n t h e Au s t r a l a s i a n r e g i o n ,

Tap e e t a l . , 2 0 0 9 u s e d i t f o r d e ve l o p i n g o f a 3D s e i smo l o g i c a l

mo d e l o f t h e s o u t h e r n Ca l i f o r n i a c r u s t a n d S t i ch e t a l . , 2 0 0 9 mad e

u s e o f i t f o r l o c a l i z a t i o n o f c o d a r e f l e c t o r s b e n e a t h n o r t h e r n Ap en -

n i n e s . O t h e r s t u d i e s f o l l owe d immed i a t e l y, e . g . Tap e e t a l . , 2 0 1 0

( imp r ovement o f a 3D t omog r a ph i c mo d e l o f t h e s o u t h e r n Ca l i -

f o r n i a c r u s t ) , F i ch t n e r ; K e nn e t t e t a l . , 2 0 1 0 ( t omog r a phy f o r t h e

Au s t r a l a s i a n r e g i o n w i t h i n c o r p o r a t e d r a d i a l a n i s o t r o py ) , Z hu ;

B o z d a ǧ ; Pe t e r e t a l . , 2 0 1 2 ( s t r u c t u r e o f t h e Eu r o p e a n upp e r man -

t l e ) , F i ch t n e r ; Tr amp e r t e t a l . , 2 0 1 3 ( i nve r s i o n f o r Eu r a s i a w i t h

f o c u s o n Ana t o l i a u s i n g mu l t i s c a l e a p p r o a ch ) , P. Ch e n , 2 0 1 3 ( i n -

ve r s i o n f o r t h e s o u t h e r n Ca l i f o r n i a u s i n g c omb i n e d a d j o i n t – s c a t -

t e r i n g - i n t e g r a l m e t h o d ) , R i cke r s e t a l . , 2 0 1 3 ( a h i g h - r e s o l u t i o n

S - ve l o c i ty mo d e l d own t o 1 3 0 0 k m d e p t h r e ve a l i n g a p r e s e n c e o f

two p l ume s b e n e a t h I c e l a n d a nd J an Maye n ) , Z hu ; B o z d a ǧ ; Du f f y

e t a l . , 2 0 1 3 ( a t t e nu a t i o n b e n e a t h Eu r o p e a nd t h e No r t h At l a nt i c ) ,

L e e ; P. Ch e n e t a l . , 2 0 1 4 ( r e f i n ement o f a c r u s t a l s t r u c t u r e o f t h e

s o u t h e r n Ca l i f o r n i a u s i n g c omb i n e d a d j o i n t – s c a t t e r i n g - i n t e g r a l

m e t h o d ob t a i n e d f r om a lmo s t 5 . 9 mi l l i o n me a s u r ement s ) , M . Ch e n ;

N i u ; Q . L i u ; Tr omp , 2 0 1 5 ( s h e a r wave s p e e d mo d e l o f Mon g o -

l i a w i t h f o c u s o n Han g a i Dome ) , M . Ch e n ; N i u ; Q . L i u ; Tr omp ;

Zh e n g , 2 0 1 5 ( r a d i a l l y a n i s o t r o p i c s e i sm i c mo d e l o f E a s t A s i a d own

t o 9 0 0 k m d e p t h ) , Z hu ; B o z d a ǧ ; Tr omp , 2 0 1 5 ( d e t a i l e d t h r e e - s t a g e

i nve r s i o n f o r t h e c r u s t a n d upp e r mant l e b e n e a t h Eu r o p e a nd No r t h

At l a nt i c w i t h a t t e nu a t i o n a nd an i s o t r o py ) , L e e ; P. Ch e n , 2 0 1 6

( imp r ovement i n d e t e rm i n a t i o n o f b a s i n s t r u c t u r e s i n t h e s o u t h -

e r n Ca l i f o r n i a ) , M . Ch en ; N i u ; Tr omp e t a l . , 2 0 1 7 ( ima g e o f l i t h o -

s p h e r i c f o u nd e r i n g a nd und e r t h r u s t i n g b e n e a t h T i b e t ) , Y . L i u e t
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a l . , 2 0 1 7 ( c r u s t a l a n d upp e rmo s t mant l e s t r u c t u r e b e n e a t h NE

Ch i n a o b t a i n e d by amb i e nt n o i s e a d j o i n t t omog r a phy ) , e t c .

N o t i c e t h a t t h e a d j o i n t me t h o d h a s b e e n u s e d ove r a g r e a t r a n g e

o f s c a l e s – f r om hund r e d s o f k i l ome t r e s ( e . g . s o u t h e r n Ca l i f o r -

n i a ) u p t o a c o nt i n e nt a l s c a l e . E ve n t h e f i r s t i nve r s i o n s o n a

g l o b a l s c a l e we r e p e r f o rm ed ( e . g . B o z d a ǧ e t a l . , 2 0 1 6 ) , d e s p i t e

t h e i r h i g h c ompu t a t i o n a l c o s t s . H owe ve r , t h e i r r e s o l u t i o n d o e s

n o t r e a ch t h e o n e o f c o nt i n e nt a l - s c a l e i nve r s i o n s ye t , b u t i t i s

c l o s e t o i t i n a r e a s w i t h d e n s e c ove r a g e o f d a t a .

On e c o u l d a s s ume t h a t i t c a n n o t b e d i f f i c u l t t o emp l oy t h e a d -

j o i n t me t h o d on a l o c a l s c a l e . Bu t i t i s a b i g b l u nd e r b e c a u s e o f

s e ve r a l r e a s o n s .

F i r s t o f a l l , o n e mu s t r e a l i s e h ow a ty p i c a l l o c a l s u r f a c e s e d i -

m ent a r y s t r u c t u r e l o o k s l i k e . I t i s u s u a l l y s e ve r a l k i l om e t r e s w i d e

a nd hund r e d s o f m e t r e s d e e p a nd i t i s ch a r a c t e r i s e d by s t r o n g h e t -

e r o g e n e i ty. Ma t e r i a l p a r ame t e r s o f t e n va r y ove r a r a n g e o f s e v -

e r a l o r d e r s o f ma gn i t u d e a nd a ty p i c a l l e n g t h o f va r i a t i o n i s ve r y

s h o r t .

Th a t imp l i e s t h a t wave s u s e d f o r a n i nve r s i o n i n t h e l o c a l s u r -

f a c e s e d im ent a r y s t r u c t u r e s mu s t b e o f s h o r t wave l e n g t h s , s imp l y

b e c a u s e i f t h e y h ad l o n g e r wave l e n g t h s t h a n t h e ty p i c a l l e n g t h o f

va r i a t i o n , t h e y wou l d n o t “ s e e ” t h o s e s h o r t - l e n g t h h e t e r o g e n e i t -

i e s . Th i s “ i nv i s i b i l i t y ” i s e x p l o i t e d i n a mu l t i s c a l e a p p r o a ch t o

m i n im i s a t i o n o f m i s f i t , h owe ve r i t h a s s ome s e r i o u s d r awba ck s .

I f s h o r t wave l e n g t h s a r e t o b e u s e d f o r t h e i nve r s i o n , t h e mo d e l

mu s t b e f i n e s p a t i a l l y s amp l e d i n o r d e r t o s imu l a t e a p r o p a g a -

t i o n o f s u ch s h o r t -wave l e n g t h wave s wh i ch l e a d s t o a n i n c r e a s e o f

c ompu t a t i o n a l t im e .

Howeve r , a mo r e s e r i o u s p r o b l em i s t h a t o n l y l o c a l e a r t h q u a ke s

c a n b e u s e d f o r t h e i nve r s i o n b e c a u s e s h o r t wave s f r om d i s t a nt

e a r t h q u a ke s may b e s t r o n g l y a t t e nu a t e d . Fu r t h e rmo r e , t h e u s e o f

d i s t a nt s o u r c e s wou l d i n c r e a s e c ompu t a t i o n a l c o s t s e x c e s s i ve l y.
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On th e o t h e r h a nd , t h e r e i s u s u a l l y a l a ck o f l o c a l s o u r c e s , t h e y

a r e o f t e n t o o we a k a nd t h e i r d i s t r i b u t i o n i s u n e ve n wh i ch r e s u l t s

i n s e ve r e i l l - p o s e d n e s s o f t h e p r o b l em and a c a r e f u l p r e c o n d i t i o n -

i n g n e e d s t o b e emp l oye d .

Ano t h e r s e r i o u s p r o b l em o f a p p l i c a t i o n o f t h e a d j o i n t me t h o d

f o r s e d im ent a r y s t r u c t u r e s i s t h a t a n i n i t i a l mo d e l i s u s u a l l y p o o r -

l y d e t e rm i n e d wh i ch c a u s e s d i f f i c u l t i e s t o c o nve r g e t o a g l o b a l

m i n imum o f a m i s f i t .

C on s i d e r i n g a l l t h i s t o g e t h e r , i t i s n o t a s u r p r i s e t h a t t h e a d -

j o i n t me t h o d h a s n o t b e e n w i d e l y emp l oye d f o r t h e l o c a l s u r f a c e

s e d im ent a r y s t r u c t u r e s s o f a r . On e o f t h e f i r s t a t t emp t s ( i f n o t

t h e f i r s t a t a l l ) t o ch a n g e t h a t c a n b e f o u nd i n PhD The s i s o f

Kub i n a , 2 0 1 7 . H e p r o p o s e d a n a l g o r i t hm f o r a p p l i c a t i o n o f t h e

a d j o i n t me t h o d f o r t h e l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s a n d

p e r f o rm ed a b l i n d nume r i c a l t e s t f o r 2D a r t i f i c i a l mo d e l .

We bu i l d o n a wo r k o f Kub i n a e t a l . , 2 0 1 8 . We f o c u s o n ke r n e l

p r e c o n d i t i o n i n g , t r y i n g t o g e n e r a l i s e h i s i d e a s t o 3D and i nve s t -

i g a t i n g p r o p e r t i e s a n d app l i c a b i l i t y o f t h e g e n e r a l i s e d me t h o d s

f o r ke r n e l p r e c o nd i t i o n i n g .

Th i s t h e s i s c o n s i s t s o f two ma i n p a r t s . I n t h e f i r s t o n e , we

p r ov i d e a b r i e f i n s i g h t t o i nve r s e p r o b l em s a nd a r e v i ew o f t h e

a d j o i n t me t h o d . Th e n i n t h e s e c o n d p a r t , we f o c u s o n ke r n e l p r e -

c o n d i t i o n i n g . We i nve s t i g a t e smo o t h i n g a nd app l y i n g o f a ma s k i n

d e t a i l . We p r o p o s e g e n e r a l i s a t i o n o f Kub i n a ’ s m e t h o d f o r smo o t h -

i n g a nd o f h i s d e s i g n o f ma s k t o 3D and we p e r f o rm a nume r i c a l

t e s t s o f t h em .
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Pa r t I

A r e v i ew o f t h e a d j o i n t

t omog r a phy me t h o d
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1 I nve r s e p r o b l em s i n g e o phy s i c s

1 . 1 Fo rwa r d a nd i nve r s e p r o b l em

A typ i c a l p r o b l em i n g e o phy s i c s c a n b e d e s c r i b e d a s f i n d i n g

o f a r e l a t i o n b e twe e n ob s e r va t i o n s a n d phy s i c a l p a r ame t e r s o f a

g e o phy s i c a l s y s t em . D en o t e t h e o b s e r va t i o n s ( o r d a t a ) a s d a nd

t h e phy s i c a l p a r ame t e r s ( o r mo d e l ) a s m . P r ov i d i n g we kn ow t h e

phy s i c s o f t h e s y s t em , we c a n f o rmu l a t e t h e r e l a t i o n a s

G (m ) = d , ( 1 . 1 )

wh e r e G i s a n o p e r a t o r / f u n c t i o n wh i ch r e l a t e s t h e d a t a t o t h e

mo d e l . We c a n l o o k a t i t a s a mapp i n g f r om a mo d e l s p a c e t o

a d a t a s p a c e .

G may b e o f va r i o u s f o rm s , s u ch a s a n o r d i n a r y d i f f e r e n t i a l

e q u a t i o n , a p a r t i a l d i f f e r e n t i a l e q u a t i o n , a s y s t em o f a l g e b r a i c

e q u a t i o n s o r s ome t h i n g e l s e , m c a n b e a ve c t o r o f p a r ame t e r s o r a

c o nt i nu o u s f u n c t i o n o f s p a c e a nd / o r t im e and d c a n b e a ve c t o r o f

d i s c r e t e d a t a o r a c o nt i nu o u s f u n c t i o n . I f m a nd d a r e c o nt i nu o u s

f u n c t i o n s , G i s c a l l e d a n op e r a t o r , wh i l s t i f t h e y a r e ve c t o r s , G

i t s e l f i s c a l l e d a f u n c t i o n .

I f we r e f e r t o a p r o b l em , we h ave i n m i n d d e t e rm i n a t i o n o f

e i t h e r m , d o r e ve n G i n e q . ( 1 . 1 ) , wh i l s t t h e o t h e r two a r e k n own .

Ba s e d o n wha t i s u n kn own , we d i s t i n g u i s h t h r e e ty p e s o f a p r o b -

l em .

I f d i s u n kn own , we t a l k a b o u t f o r w a rd p ro b l em . I t i s u s u a l l y

t h e s imp l e s t c a s e a n d i t c ommon l y r e q u i r e s s o l v i n g a d i f f e r e n t i a l

e q u a t i o n , e va l u a t i n g a n i n t e g r a l o r p e r f o rm i n g s ome we l l - d e f i n e d

o p e r a t i o n s . Fo rwa r d p r o b l em s a r e ty p i c a l l y we l l - p o s e d a nd h ave

a un i q u e s o l u t i o n . I t i s a p r o b l em o f p r e d i c t i n g o b s e r va t i o n s i f

we kn ow t h e phy s i c a l p r o p e r t i e s o f t h e s y s t em .
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A no t i c e a b l y mo r e d i f f i c u l t p r o b l em i s d e t e rm i n a t i o n o f u n -

k n own m i f d i s g i ve n . I t i s c a l l e d a n i n v e r s e p ro b l em . I t i s

p r o b l em o f d e t e rm i n a t i o n o f p hy s i c a l p a r ame t e r s o f t h e s y s t em ,

p r ov i d i n g we h ave a s e t o f c o l l e c t e d d a t a . S u ch a p r o b l em i s o f t e n

i l l - p o s e d , i t s s o l u t i o n may b e n on - u n i q u e a nd i t d o e s n o t h ave t o

e x i s t a t a l l d u e t o i n a c c u r a t e d a t a o r n o t e x a c t p hy s i c s .

Fo r t h e s a ke o f c omp l e t e n e s s , t h e t h i r d p r o b l em i s a p r o b l em o f

d e t e rm i n a t i o n o f u n kn own G , p r ov i d i n g we h ave a s e t o f o b s e r va -

t i o n s d a nd we kn ow t h e mo d e l m . T h i s k i n d o f p r o b l em i s c a l l e d

a mod e l i d e n t i f i ca t i o n p ro b l em . We w i l l n o t a d d r e s s i t h e r e .

We f o c u s o n i nve r s e p r o b l em s . We may n e e d t o d e t e rm i n e a s e t

o f u n kn own pa r ame t e r s f o rm i n g a ve c t o r m , p r ov i d i n g we h ave

a s e t o f m e a s u r e d d a t a r e p r e s e nt e d by ve c t o r d . T h e n we r e f e r

t o a d i s c re t e i n v e r s e p ro b l em ( o r p a r ame t e r e s t ima t i o n p r o b l em )

wh i ch c a n b e w r i t t e n a s a s y s t em o f a l g e b r a i c e q u a t i o n s

G ( m ) = d . ( 1 . 2 )

And i f t h o s e e q u a t i o n s a r e l i n e a r , t h e n i t t a ke s a f o rm o f

G m = d , ( 1 . 3 )

wh e r e G i s a ma t r i x o f t h e s y s t em o f l i n e a r e q u a t i o n s .

Th e o t h e r ty p e o f t h e i nve r s e p r o b l em s a r e s o c a l l e d co n t i n u o u s

i n v e r s e p ro b l em s when m a nd d a r e c o nt i nu o u s f u n c t i o n s o f s p a c e

a nd / o r t im e . Th e y a r e u s u a l l y d i s c r e t i s e d a nd add r e s s e d a s t h e

d i s c r e t e i nve r s e p r o b l em s w i t h l o t s o f u n kn own pa r ame t e r s m .

1 . 2 D i f f i c u l t i e s w i t h s o l v i n g o f i nve r s e p r o b l em s

The mo s t s t r a i g h t f o rwa r d a pp r o a ch t o s o l v i n g o f a n i nve r s e

p r o b l em i s t h e a pp l i c a t i o n o f a n i nve r s e o p e r a t o r G− 1 t o t h e o p -

e r a t o r G . H owe ve r , t h i s a p p r o a ch c a n b e u s e d ve r y r a r e l y. B e s i d e
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t h e f a c t t h a t t h e i nve r s e o p e r a t o r d o e s n o t h ave t o e x i s t , i t h a s

t o c o p e w i t h a n o t h e r s e r i o u s p r o b l em .

Ou r me a s u r e d d a t a d o b s e r ve d u s u a l l y d i f f e r f r om exp e c t e d d a t a

d t r u e wh i ch we wou l d o b t a i n i f we a pp l i e d t h e o p e r a t o r G t o t h e

t r u e mo d e l m t r u e b e c a u s e o u r me a s u r e d d a t a a r e a f f e c t e d by n o i s e .

Th a t me an s we a r e t r y i n g t o r e s o l ve a p r o b l em o f f i n d i n g m t r u e

f r om

G (m t r u e )︸ ︷ ︷ ︸
d t r u e

+ ε = d o b s e r ve d , ( 1 . 4 )

wh e r e ε s t a n d s f o r t h e n o i s e a n d i t i s imp o s s i b l e by a pp l y i n g o f

t h e i nve r s e o p e r a t o r G− 1 . I t i s l i k e t h a t b e c a u s e t h e o p e r a t o r G

u s u a l l y c a nn o t e x p l a i n n o i s e , n o r a l l p h e n omen a du e t o s ome s im -

p l i f i c a t i o n s i n p hy s i c s a n d t h e r e f o r e we c a nn o t i n f e r a t r u e mo d e l

m t r u e f r om no i s y d a t a d o b s e r ve d u s i n g t h e i nve r s e o p e r a t o r G− 1 .

I n s t e a d o f f i n d i n g m f r om eq . ( 1 . 4 ) , we r a t h e r a d d r e s s d i f f e r e n t

p r o b l em – a m i n im i z a t i o n o f a n o b j e c t i ve f u n c t i o n

F (m ) = ‖G (m ) − d o b s e r ve d ‖ p . ( 1 . 5 )

‖ f ‖ p d e n o t e s p - n o rm o f f . Typ i c a l l y 2 - n o rm i s u s e d wh i ch c o r r e s -

p o nd s t o Eu c l i d e a n l e n g t h bu t s ome t im e s o t h e r n o rm s a r e u s e d a s

we l l .

A d i f f i c u l ty o f a d d r e s s i n g i nve r s e p r o b l em s a r i s e s f r om th e f a c t

t h a t t h e i nve r s e p r o b l em s a r e o f t e n i l l - p o s e d . I l l - p o s e d n e s s o f

t h e i nve r s e p r o b l em s me an s t h a t t h e y d o n o t ma t ch o n e o r mo r e

c o nd i t i o n s wh i ch we l l - p o s e d p r o b l em s h ave t o f u l f i l . A s o l u t i o n

o f a we l l - p o s e d p r o b l em ha s t o e x i s t , b e u n i q u e a nd s t a b l e .

E x i s t e n c e o f a s o l u t i o n o f a n i nve r s e p r o b l em i s c l o s e l y r e l a t e d

t o t h e f a c t t h a t t h e o b s e r ve d d a t a c o nt a i n n o i s e a n d / o r p hy s i c s o f

t h e s y s t em i s o n l y a pp r ox ima t e . Th a t may c a u s e t h a t n o mo d e l m

c o u l d f i t t h e o b s e r ve d d a t a e x a c t l y a n d t h e r e f o r e a s o l u t i o n wou l d

n o t e x i s t . I n s u ch a c a s e o n l y a n a pp r ox ima t e s o l u t i o n c o u l d b e

f o u nd .
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On th e o t h e r h a nd , i f a s o l u t i o n t o t h e i nve r s e p r o b l em e x i s t s ,

i t m i g ht n o t b e un i q u e . Th e r e may b e e ve n a n i n f i n i t e numb e r

o f d i s t i n c t mo d e l s wh i ch e x p l a i n o b s e r ve d d a t a . A g o o d e x amp l e

f r om g e o phy s i c s i s a d e t e rm i n a t i o n o f ma s s d i s t r i b u t i o n by me a s -

u r i n g o f e x t e r n a l g r av i t a t i o n a l f i e l d i n a s p h e r i c a l l y - s ymme t r i c

s i t u a t i o n .

L a s t b u t n o t l e a s t , a c o n d i t i o n o f s t a b i l i t y r e q u i r e s t h a t a sma l l

ch a n g e i n i n p u t d a t a r e s u l t s t o a sma l l ch a n g e o f a s o l u t i o n . Th i s

i s o f t e n n o t t h e c a s e wh e n d e a l i n g w i t h a n i nve r s e p r o b l em . I t

h a pp e n s q u i t e o f t e n t h a t s l i g h t l y d i f f e r e n t o b s e r ve d d a t a l e a d t o

a c omp l e t e l y d i f f e r e n t i n f e r r e d mo d e l .

H av i n g s a i d t h a t , o n e c a n e a s i l y u nd e r s t a n d t h a t i n s t a b i l i t y

o f t h e i nve r s e p r o b l em i n c o nn e c t i o n w i t h a p r e s e n c e o f n o i s e i n

me a s u r e d d a t a c a n r e s u l t t o a n i nve r t e d mo d e l wh i ch i s n o t r e -

l a t e d t o a t r u e mo d e l , a s t h e i nve r t e d mo d e l may b e d om i n a t e d by

t h e n o i s e wh i ch i s c omp l e t e l y r a n d om and d i f f e r e n t n o i s e wou l d

l e a d t o a t o t a l l y d i f f e r e n t i nve r t e d mo d e l .

I n o r d e r t o s t a b i l i s e t h e p r o c e s s o f i nve r s i o n , we u s u a l l y s e t

a d d i t i o n a l c o n s t r a i n t s o n a s o l u t i o n o r make o t h e r mo d i f i c a t i o n s ,

s o t h a t we o b t a i n a r e a s o n a b l e s o l u t i o n . We r e f e r t o i t a s r e g u -

l a r i s a t i o n a nd p r e c o nd i t i o n i n g .

1 . 3 S e i sm i c t omog r a phy

We he r e by a dd r e s s o n e p a r t i c u l a r i nve r s e p r o b l em – a p r o b l em

o f ima g i n g o f t h e Ea r t h ’ s i n t e r i o r u s i n g s e i sm i c wave s r e c o r d s . A

t e ch n i q u e a dd r e s s i n g t h i s p r o b l em i s c a l l e d s e i sm i c t omog r a phy.

S e i sm i c t omog r a phy i s b a s e d o n a f a c t t h a t s e i sm i c wave s p r o -

p a g a t i n g t h r o u g h t h e Ea r t h a r e a f f e c t e d by i t s p hy s i c a l p r o p e r -

t i e s . Th e r e f o r e , s e i sm i c r e c o r d s r e f l e c t i n n e r s t r u c t u r e o f t h e

Ea r t h .

Tomog r a phy c a n b e b a s e d o n P -wave s , S -wave s , s u r f a c e wave s

o r e ve n o n amb i e nt n o i s e .
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The a im o f s e i sm i c t omog r a phy i s t o d e s i g n a n Ea r t h ’ s mo d e l m

r e p r e s e n t e d by s p a t i a l va r i a t i o n s o f p hy s i c a l p a r ame t e r s . Th o s e

p a r ame t e r s a r e d e n s i ty a nd bu l k a nd s h e a r mo du l i ( a l t e r n a t i ve l y

P and S wave ve l o c i t i e s ) . I n mo r e a d va n c e d t omog r a ph i e s a l s o

a n i s o t r o py and an e l a s t i c i ty may b e i n c o r p o r a t e d .

A s d a t a d , s e i sm i c r e c o r d s s e r ve . Fo r many ye a r s , o n l y l im i t e d

i n f o rma t i o n f r om s e i sm i c r e c o r d s c o u l d h ave b e e n u t i l i s e d du e t o

i n s u f f i c i e n t c ompu t a t i o n a l p owe r o f t h e n c ompu t e r s . Mo s t l y, o n l y

t r ave l t im e s t o many s e i sm i c s t a t i o n s o f a c e r t a i n wave ph a s e we r e

u s e d . Nowad ay s , a lmo s t c omp l e t e r e c o r d s c a n b e u s e d .

A l i n k b e twe e n a mo d e l s p a c e a nd a d a t a s p a c e i s g ove r n e d by

an e l a s t i c wave e q u a t i o n . Th a t imp l i e s t h a t d e a l i n g w i t h t omo -

g r a phy i nvo l ve s s o l v i n g o f t h i s e q u a t i o n .

We a r e i n t e r e s t e d i n t omog r a ph i c me t h o d s wh i ch u t i l i s e e n t i r e

o r n e a r l y e nt i r e s e i sm i c r e c o r d s . L i ke t h i s , we c a n g a i n mo r e i n -

f o rma t i o n , t hu s d a t a f r om a f ewe r e a r t h q u a ke s a nd s e i sm i c s t a -

t i o n s a r e n e c e s s a r y. I n s u ch a c a s e we r e f e r t o f u l l - wave f o rm i n -

ve r s e me t h o d s . Th e y a r e o f a p a r t i c u l a r imp o r t a n c e i n c a s e o f

t omog r a phy o f l o c a l s t r u c t u r e s wh e r e o n l y a l i t t l e d a t a a r e ava i l -

a b l e .

1 . 4 Fu l l - wave f o rm i nve r s i o n

1 . 4 . 1 P r i n c i p l e s o f f u l l - wave f o rm i nve r s e me t h o d s

Fu l l - wave f o rm i nve r s e me t h o d s a r e b a s e d o n a t r i a l - a n d - e r r o r

a pp r o a ch . I n f a c t , s t r i c t l y s p e a k i n g , f u l l - wave f o rm i nve r s i o n i n -

vo l ve s a d d r e s s i n g r a t h e r a f o rwa r d p r o b l em t h an an i nve r s e p r o b -

l em . Th e i d e a b e h i n d f u l l - wave f o rm i nve r s i o n i s t h a t we c o n s i d e r

a l o t o f t r i a l mo d e l s m t r i a l a nd f o r e a ch o f t h em we p r e d i c t d a t a

dm o d e l l e d = G (m t r i a l ) wh i ch we s h o u l d o b s e r ve . Th e s e mo d e l l e d

d a t a a r e t h e n c ompa r e d w i t h t r u e o b s e r ve d d a t a d o b s e r ve d a nd a

g o o dn e s s o f t h e t r i a l mo d e l i s q u a nt i f i e d by a mi s f i t χ (m t r i a l ) . We

a r e t r y i n g t o d e t e rm i n e a mo d e l w i t h t h e l owe s t p o s s i b l e m i s f i t .
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The r e a r e two f u nd ament a l c a t e g o r i e s o f i nve r s e p r o b l em s . Th e

f i r s t o n e b e l o n g s t o a p r o b a b i l i s t i c i nve r s e t h e o r y. E a ch mo d e l

m t r i a l f r om a mo d e l s p a c e i s a s s i g n e d a p r o b ab i l i t y p (m t r i a l ) o f

r e p r e s e n t i n g a t r u e Ea r t h ’ s mo d e l m t r u e . T h e p r o b a b i l i t y p (m t r i a l )

t a ke s i n t o a c c o unt a m i s f i t r e l a t e d t o m t r i a l a nd a c o n s i s t e n c y o f

m t r i a l w i t h o u r p r i o r k n ow l e d g e o f t h e Ea r t h ’ s s t r u c t u r e . A s o l u -

t i o n o f t h e i nve r s e p r o b l em i s t h e n a p r o b a b i l i t y d e n s i ty f u n c t i o n

p (m ) .

T h e a d va nt a g e o f t h e p r o b a b i l i s t i c a p p r o a ch i s t h a t we h ave

t h e e nt i r e mo d e l s p a c e c ove r e d wh i ch a l l ow s u s t o i d e nt i f y r e a l l y

t h e b e s t mo d e l . H owe ve r , i t r e q u i r e s t o o many f o rwa r d c ompu t a -

t i o n s t o s amp l e t h e e nt i r e mo d e l s p a c e wh i ch i s c ompu t a t i o n a l l y

i n t r a c t a b l e a nd t hu s t h i s a p p r o a ch i s o f n o u s e .

Th e o t h e r c a t e g o r y b e l o n g s t o d e t e rm i n i s t i c i nve r s e t h e o r y. I t

i s b a s e d o n an i t e r a t i ve m i n im i s a t i o n o f t h e m i s f i t . A c ompu t a -

t i o n a l f e a s i b i l i t y i s r e a ch e d f o r a c o s t t h a t n o t t h e e nt i r e mo d e l

s p a c e i s p r o b e d i n d e t a i l wh i ch may r e s u l t s t o a s t a t e t h a t a n i t -

e r a t i ve a l g o r i t hm c ou l d c o nve r g e o n l y t o a l o c a l m i n imum o f m i s -

f i t , t hu s n o t t h e o p t ima l mo d e l wou l d b e f o u nd . Add i t i o n a l l y, we

c a nn o t d e c i d e wh e t h e r t h e o b t a i n e d mo d e l i s u n i q u e o r wh e t h e r

t h e r e e x i s t s a d i f f e r e n t mo d e l wh i ch c a n e x p l a i n t h e o b s e r va t i o n s

a s we l l .

Th e r e a r e two d i s t i n c t a pp r o a ch e s t o a d e t e rm i n i s t i c s o l v i n g

o f i nve r s e p r o b l em s . Th e f i r s t o n e s t a r t s w i t h a s e t o f d i f f e r e n t

mo d e l s . Fo r e a ch mo d e l , d a t a a r e mo d e l l e d a nd a c o r r e s p o nd i n g

m i s f i t i s c a l c u l a t e d . Th e mo d e l s w i t h t h e l e a s t m i s f i t a r e s e l e c -

t e d a nd c omb i n e d , s o t h a t o n e mo d e l i s o b t a i n e d . Th i s r e s u l t i n g

mo d e l i s t h e n r a nd om l y p e r t u r b e d mu l t i p l e t im e s by wh i ch a n ew

g e n e r a t i o n o f mo d e l s i s o b t a i n e d . Memb e r s o f t h i s n ew g e n e r a -

t i o n a r e c l o s e r t o t h e t r u e mo d e l t h a n t h e o n e s o f f o rm e r g e n e r a -

t i o n . A f t e r many g e n e r a t i o n s , t h e r e s u l t i n g mo d e l a p p r ox ima t e s

t h e t r u e mo d e l we l l .
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The o t h e r a pp r o a ch b e g i n s w i t h a s i n g l e i n i t i a l mo d e l . D a t a a r e

mo d e l l e d f o r t h i s mo d e l a n d c o r r e s p o nd i n g m i s f i t i s c a l c u l a t e d .

Th e n o t h e r mo d e l s i n v i c i n i ty a r e p r o b e d i n o r d e r t o f i n d a mo d e l

w i t h l e s s m i s f i t . I t i s u s u a l l y d o n e by c a l c u l a t i n g o f t h e g r a d i e n t

o f m i s f i t a n d a n ew mo d e l i s ch o s e n i n a n opp o s i t e d i r e c t i o n t o t h e

g r a d i e n t o f m i s f i t . A f t e r s e ve r a l i t e r a t i o n s , t h e a l g o r i t hm sh ou l d

c o nve r g e t o a l o c a l m i n imum . Th i s a p p r o a ch i s c a l l e d a n i t e r a t i ve

g r a d i e n t me t h o d . An e x amp l e o f t h e i t e r a t i ve g r a d i e n t me t h o d i s

a s c a t t e r i n g i n t e g r a l m e t h o d (P. Ch e n ; Z h a o e t a l . , 2 0 0 7 , P. Ch e n ;

J o r d a n e t a l . , 2 0 0 7 ) o r a n a d j o i n t me t h o d wh i ch i s i n t r o d u c e d i n

t h e ch a p t e r 2 .

1 . 4 . 2 M i s f i t

A mi s f i t χ (m ) i s a me a s u r e wh i ch a c c o unt s f o r d i s c r e p a n c y b e -

twe e n mo d e l l e d d a t a dm o d e l l e d a nd ob s e r ve d d a t a d o b s e r ve d . I t q u a n -

t i f i e s a g o o dn e s s o f t h e mo d e l .

We d i s t i n g u i s h t h r e e l e ve l s o f m i s f i t s :

• a wa v e f o rm m i s f i t i s c a l c u l a t e d f r om a s i n g l e p a i r o f r e c o r d e d

a nd mo d e l l e d s e i smo g r am s ;

• a n e v e n t m i s f i t i s a s um o f a l l wave f o rm m i s f i t s c a l c u l a t e d

f r om pa i r s o f r e c o r d e d a nd mo d e l l e d s e i smo g r am s o f a s i n g l e

e ve nt ;

• a n a g g reg a t e m i s f i t i s a s um o f t h e e ve nt m i s f i t s f o r a s e t o f

e ve nt s .

I t i s r e c ommend e d t o m i n im i s e t h e a g g r e g a t e m i s f i t wh e n s e a r ch -

i n g f o r t h e o p t ima l mo d e l . O t h e r o p t i o n i s t o m i n im i s e s e ve r a l

wave f o rm o r e ve nt m i s f i t s i n s e q u e n c e . H owe ve r , a m i n im i s a t i o n

o f o n e m i s f i t c a n l e a d t o a n i n c r e a s e o f a n o t h e r , t h e r e f o r e t h e

f o rme r i s p r e f e r r e d .
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The mo s t c ommon l y u s e d m i s f i t i s a n L 2 -m i s f i t

χ (m ) =

t 2ˆ

t 1

1

2
[ dm o d e l l e d (m ; r , t ) − d o b s e r ve d ( r , t ) ] 2 d t , ( 1 . 6 )

wh e r e r i s a p o s i t i o n ve c t o r o f t h e r e c e i ve r . I t i s a n i n t e g r a l o f a

h a l f o f a s q u a r e o f t h e d i f f e r e n c e b e twe e n mo d e l l e d a nd ob s e r ve d

d a t a ove r a c e r t a i n t im e w i n d ow . P r e s e nt e d f o rmu l a i s f o r a wave -

f o rm m i s f i t . O t h e r l e ve l s o f m i s f i t c a n b e e a s i l y o b t a i n e d by s um -

ma t i o n o f wave f o rm m i s f i t s .

An o t h e r q u i t e c ommon m i s f i t i s a c r o s s - c o r r e l a t i o n t im e - s h i f t

m i s f i t . I t i s b a s e d o n a c r o s s - c o r r e l a t i o n f u n c t i o n o f mo d e l l e d a nd

r e c o r d e d d a t a

C ( t ) =

∞̂

−∞

dm o d e l l e d (m ; r , τ ) · d o b s e r ve d ( r , t + τ ) d τ . ( 1 . 7 )

Max imum o f t h e c r o s s - c o r r e l a t i o n f u n c t i o n c o r r e s p o nd s t o t h e d i f -

f e r e n c e o f a r r i va l t im e s b e twe e n mo d e l l e d a nd ob s e r ve d s e i smo -

g r am s

∆ t = a r g m a x
t

C ( t ) . ( 1 . 8 )

Th i s t im e s h i f t i s t h e n u s e d t o q u ant i f y t h e m i s f i t . Mo r e p r e -

c i s e l y, a h a l f o f a s q u a r e o f t h e t im e s h i f t s e r ve s a s t h e m i s f i t

χ (m ) =
1

2
( ∆ t ) 2 . ( 1 . 9 )

Th e r e i s a va r i e ty o f o t h e r m i s f i t s . S ome o f t h em a r e b a s e d o n

t im e - f r e q u e n c y a n a l y s i s o f d a t a , e . g . e nve l o p e a nd ph a s e m i s f i t

o r i n s t a nt a n e o u s ph a s e a nd e nve l o p e m i s f i t . O t h e r s a r e b a s e d o n

amp l i t u d e ch a r a c t e r i s t i c s .
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S ome t im e s , i t i s u s e f u l t o w r i t e m i s f i t i n a t im e - s p a c e i n t e g r a l

f o rm

χ (m ) =

ˆ

T

ˆ

V

χ̃ [ dm o d e l l e d (m ; r , t ) , d o b s e r ve d ( r , t ) , ρ ] d 3 ρ d t , ( 1 . 1 0 )

wh e r e χ̃ (m ) i s a m i s f i t f u n c t i o n . E . g . f o r L 2 -m i s f i t , we h ave

χ̃ (m ) =
1

2
[ dm o d e l l e d (m ; ρ , t ) − d o b s e r ve d (ρ , t ) ] 2 δ (ρ − r ) , ( 1 . 1 1 )

wh e r e δ (ρ − r ) i s D i r a c d e l t a f u n c t i o n . A m i s f i t f u n c t i o n f o r a n

e ve nt L 2 -m i s f i t c a n b e w r i t t e n a s

χ̃ (m ) =
n∑

i= 1

1

2
[ dm o d e l l e d (m ; ρ , t ) − d o b s e r ve d (ρ , t ) ] 2 δ (ρ − r i ) ,

( 1 . 1 2 )

wh e r e r i i s a p o s i t i o n ve c t o r o f i - t h r e c e i ve r a n d a s umma t i o n i s

p e r f o rm ed ove r a l l r e c e i ve r s .
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2 Ad j o i n t t omog r a phy

2 . 1 Con c e p t o f a d j o i n t me t h o d

The ad j o i n t t omog r a phy i s a n i t e r a t i ve g r a d i e n t f u l l - wave f o rm

i nve r s e me t h o d . I t i s b a s e d o n a m i n im i s a t i o n o f m i s f i t χ ( m )

d e f i n e d i n t h e s e c t i o n 1 . 4 . 2 . I t i s a ch i e ve d by c ompu t a t i o n o f a

m i s f i t g r a d i e n t w i t h r e s p e c t t o mo d e l p a r ame t e r s ∇m χ ( m ) . A

d i f f e r e n t i a l o f m i s f i t i n t h e d i r e c t i o n δm i s d e f i n e d a s

δ χ ( m ) = ∇m χ ( m ) · δm = l i m
ε→ 0

1

ε
[χ ( m + ε δm ) − χ ( m ) ] . ( 2 . 1 )

Howe ve r , a s t r a i g ht f o rwa r d c ompu t a t i o n o f t h e g r a d i e n t i s p r a c -

t i c a l l y n o t p o s s i b l e d u e t o t h e s i z e o f a mo d e l s p a c e . H e r e t h e a d -

j o i n t me t h o d c ome s i n h a ndy. I t a l l ow s u s t o c ompu t e t h e m i s f i t

g r a d i e n t f o r l a r g e mo d e l s p a c e s .

Th e a d j o i n t me t h o d r e q u i r e s a c ompu t a t i o n o f two wave f i e l d s .

Th e f i r s t wave f i e l d i s a r e g u l a r wave f i e l d u ( r , t ) . I t i s a wave -

f i e l d c o r r e s p o nd i n g t o a n i n i t i a l mo d e l m , w h i ch i s g e n e r a t e d by

a s o u r c e wh i ch i s s im i l a r t o a t r u e s o u r c e t h e mo s t . Th i s wave f i e l d

i s c ompa r e d w i t h a n o b s e r ve d wave f i e l d u 0 ( r , t ) a nd a c o r r e s p o nd -

i n g m i s f i t i s c a l c u l a t e d .

Th e s e c o nd wave f i e l d i s a n a d j o i n t wave f i e l d u † ( r , t ) . I t i s

g e n e r a t e d by ad j o i n t s o u r c e s l o c a t e d a t t h e p l a c e s o f r e c e i ve r s . ,

wh o s e s o u r c e - t im e f u n c t i o n s r e f l e c t d i f f e r e n c e s b e twe e n mo d e l l e d

a nd ob s e r ve d wave f i e l d s . Th e a d j o i n t wave f i e l d i s p r o p a g a t e d b a ck

i n t im e , s o i t c a n b e v i ewe d l i ke a p r o p a g a t i o n o f r e s i d u a l s f r om

p l a c e wh e r e t h e y we r e r e c o r d e d t o t h e p l a c e o f t h e i r o r i g i n . Th e

a d j o i n t wave f i e l d f o c u s e s a t t h e p l a c e wh e r e t h e i n i t i a l mo d e l m

d i f f e r s f r om t h e t r u e mo d e l .

R e g u l a r a n d ad j o i n t wave f i e l d s a r e u s e d t o c a l c u l a t e t h e m i s f i t

g r a d i e n t . C on s e q u e nt l y, t h e mo d e l i s u p d a t e d i n a n opp o s i t e d i r -

e c t i o n o f t h e m i s f i t g r a d i e n t . A s t h e a d j o i n t wave f i e l d f o c u s e s a t
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t h e l o c a t i o n o f d i s c r e p a n c y b e twe e n i n i t i a l a n d t r u e mo d e l , t h e

g r a d i e n t i s b i g g e s t a t t h o s e p l a c e s , t hu s t h e mo d e l i s u p d a t e d t h e

mo s t t h e r e i n .

2 . 2 R e gu l a r a n d ad j o i n t wave f i e l d

Con s i d e r a vo l ume V o f c o nt i nuum . A mo d e l m i s g i v e n by s ome

i n i t i a l s p a t i a l va r i a t i o n s o f p hy s i c a l p a r ame t e r s w i t h i n V . We a r e

i n t e r e s t e d i n a c ompu t a t i o n o f a r e g u l a r d i s p l a c ement wave f i e l d

u ( m ; r , t ) du e t o e x t e r n a l f o r c e s f ( r , t ) a c t i n g a s a s o u r c e . A l i n k

b e twe e n t h e mo d e l m a nd t h e r e g u l a r wave f i e l d u i s p r ov i d e d by

an e l a s t i c wave e q u a t i o n t o g e t h e r w i t h a s e t o f i n i t i a l a n d b ound -

a r y c o nd i t i o n s .

Th e wave e q u a t i o n c a n b e w r i t t e n s ymb o l i c a l l y a s

L [ m ; u ( r , t ) ] = f ( r , t ) , ( 2 . 2 )

wh e r e L ( m ; u ) i s a n o p e r a t o r o f wave e q u a t i o n . Mo r e p r e c i s e l y,

L ( m ; · ) i s t h e o p e r a t o r a n d t h e f o rme r i s t h e o p e r a t o r a p p l i e d o n

a f u n c t i o n u , b u t f o r s imp l i c i ty, we w i l l r e f e r t o t h e f o rm e r a s t h e

o p e r a t o r , wh i l s t we w i l l s t r e s s i t i f we me an t h e b a r e o p e r a t o r .

We r e q u i r e z e r o i n i t i a l c o n d i t i o n s

u ( r , t ) | t= t 0
= 0 ; ( 2 . 3 a )

u̇ ( r , t ) | t= t 0
= 0 . ( 2 . 3 b )

a nd a f r e e - s u r f a c e b o und a r y c o nd i t i o n

n · σ ( r , t ) | r∈ ∂ V = 0 . ( 2 . 4 )

Th e n t h e r e g u l a r wave f i e l d i s c omp l e t e l y d e t e rm i n e d .

A d i f f e r e n c e b e twe e n t h e r e g u l a r wave f i e l d u ( r , t ) a nd t h e o b -

s e r ve d wave f i e l d m 0 ( r , t ) i s q u a nt i f i e d by m i s f i t χ ( m ) a s d e f i n e d

by e q . ( 1 . 1 0 ) . We ad op t n o t a t i o n 〈 · 〉 f o r t im e s p a c e i n t e g r a l .
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Then m i s f i t c a n b e w r i t t e n i n t h e f o rm

χ [ u ( m ; r , t ) , u 0 ( r , t ) ] = 〈 χ̃ [ u ( m ; r , t ) , u 0 ( r , t ) ] 〉 . ( 2 . 5 )

We a r e i n t e r e s t e d i n t h e d i f f e r e n t i a l o f m i s f i t δ χ ( m ) . I t c a n b e

w r i t t e n a s

δ χ ( m ) = ∇m χ ( m ) · δm = ∇m 〈 χ̃ ( m ) · δm 〉 = 〈∇m χ̃ ( m ) · δm 〉 ,

( 2 . 6 )

a s o r d e r o f d i f f e r e n t i a t i o n a nd i n t e g r a t i o n c a n b e i n t e r ch a n g e d .

No t i c e t h a t m i s f i t d e p e nd s o n t h e mo d e l m o n l y i n d i r e c t l y v i a t h e

r e g u l a r wave f i e l d u ( m ; r , t ) . T h a t me an s t h e d i f f e r e n t i a l o f m i s f i t

mu s t b e c a l c u l a t e d by t h e ch a i n r u l e

δ χ [ u ( m ) ] = ∇m χ ( m ) · δm = ∇ u χ ( u ) · ∇m u ( m ) · δm =

= ∇ u χ ( u ) · δ u = 〈∇ u χ̃ ( u ) · δ u 〉 , ( 2 . 7 )

wh e r e δ u = ∇m u · δm i s a sma l l ch a n g e o f t h e r e g u l a r wave f i e l d

c o r r e s p o nd i n g t o a sma l l ch a n g e o f t h e mo d e l δm .

I t i s o bv i o u s t h a t t h e mo s t p r o b l ema t i c t e rm i s δ u , a s i t r e -

q u i r e s t o c ompu t e a g r a d i e n t o f d i s p l a c ement f i e l d w i t h r e s p e c t

t o mo d e l p a r ame t e r s . Th e r e f o r e , we t r y t o e x p r e s s t h i s t e rm u s -

i n g s ome t h i n g wh i ch i s n o t s o c ompu t a t i o n a l l y d emand i n g .

L e t ∇ u χ̃
† b e a n ad j o i n t o p e r a t o r t o ∇ u χ̃ s a t i s f y i n g r e l a t i o n

〈
δ u · ∇ u χ̃

† 〉 = 〈∇ u χ̃ · δ u 〉 ( 2 . 8 )

f o r a ny δ u . T h e n e q . ( 2 . 7 ) c a n b e r ew r i t t e n a s

∇m χ ( m ) · δm =
〈
δ u · ∇ u χ̃

† 〉 . ( 2 . 9 )

N e x t we d i f f e r e n t i a t e e q . ( 2 . 2 ) w i t h r e s p e c t t o m , mu l t i p l y i t

w i t h a n a r b i t r a r y f u n c t i o n u † ( r , t ) a nd i n t e g r a t e i t ove r t im e a nd
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s p a c e . We ob t a i n

〈
u † · ∇m L ( m ; u ) · δm

〉
+
〈

u † · ∇ u L ( m ; u ) · δ u
〉

= 0 . ( 2 . 1 0 )

L e t ∇ u L † ( m ; u ) b e a n ad j o i n t o p e r a t o r t o ∇ u L ( m ; u ) s a t i s f y i n g

〈
δ u · ∇ u L † · u †

〉
=
〈

u † · ∇ u L · δ u
〉
. ( 2 . 1 1 )

Th e n s umm in g o f e q . ( 2 . 9 ) a n d e q . ( 2 . 1 0 ) u s i n g e q . ( 2 . 1 1 ) g i ve s

∇m χ · δm =
〈
δ u · ∇ u χ̃

† 〉 +
〈

u † · ∇m L · δm
〉

+
〈
δ u · ∇ u L † · u †

〉
=

=
〈
δ u ·

(
∇ u χ̃

† + ∇ u L † · u †
) 〉

+
〈

u † · ∇m L · δm
〉
.( 2 . 1 2 )

I f

∇ u L † ( m ; u ) · u † ( m ) = −∇ u χ̃
† ( m ) , ( 2 . 1 3 )

δ u i s e l im i n a t e d f r om eq . ( 2 . 1 2 ) a n d we ob t a i n a f o rmu l a f o r t h e

d i f f e r e n t i a l o f m i s f i t i n d e p e nd e nt o f δ u

δ χ ( m ) = ∇m χ ( m ) · δm =
〈

u † ( m ) · ∇m L ( m ; u ) · δm
〉
. ( 2 . 1 4 )

I t a l l ow s u s t o c ompu t e a ch a n g e o f m i s f i t a s s o c i a t e d w i t h a ch a n g e

o f mo d e l δm w i t h o u t e x p l i c i t k n ow l e d g e o f δ u . e q . ( 2 . 1 3 ) i s

c a l l e d a n a d j o i n t eq u a t i o n a nd t h e r i g ht - h a nd - s i d e t e rm

f † ( m ) = −∇ u χ̃
† ( m ) ( 2 . 1 5 )

i s a s o - c a l l e d a d j o i n t s o u rce . I n f a c t , i t i s a s um o f a l l a d j o i n t

s o u r c e s s i t u a t e d a t t h e p l a c e s o f r e c e i ve r s . I f L ( m ; · ) i s a l i n e a r

o p e r a t o r , wh i ch i s t h e c a s e , i t i s a p p l i e d o n a f u n c t i o n u l i k e

L ( m ; u ) = L ( m ; · ) u . ( 2 . 1 6 )
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The l e f t - h a nd - s i d e t e rm o f e q . ( 2 . 1 3 ) c a n b e mo d i f i e d u s i n g d e f i n -

i t i o n o f d i r e c t i o n a l d e r i va t i ve

∇ u L † ( m ; u ) · u † = ∇ u L † ( m ; u ) · u †

‖u † ‖
·
∥∥u †

∥∥ =

= l i m
ε→ 0

1

ε

[
L †

(
m ; u + ε

u †

‖u † ‖

)
− L † ( m ; u )

]
·
∥∥u †

∥∥ =

= l i m
ε→ 0

1

ε

[
L † ( m ; u ) + L †

(
m ; ε

u †

‖u † ‖

)
− L † ( m ; u )

]
·
∥∥u †

∥∥ =

= l i m
ε→ 0

1

ε
L †

(
m ; ε

u †

‖u † ‖

)
·
∥∥u †

∥∥ =

= l i m
ε→ 0

1

ε
L † ( m ; · ) · ε u †

‖u † ‖
·
∥∥u †

∥∥ =

= L † ( m ; · ) · u † = L †
(

m ; u †
)
. ( 2 . 1 7 )

Th e n t h e a d j o i n t e q u a t i o n c a n b e w r i t t e n i n t h e f o rm

L †
(

m ; u †
)

= f † ( m ) , ( 2 . 1 8 )

wh i ch i s f o rma l l y t h e s ame e qu a t i o n a s e q . ( 2 . 2 ) f o r c a l c u l a t i o n

o f t h e r e g u l a r wave f i e l d .

To c o n c l u d e , we h ave s h own t h a t t h e a d j o i n t wave f i e l d u † ( r , t )

c a n b e c a l c u l a t e d u s i n g t h e a d j o i n t e q u a t i o n e q . ( 2 . 1 8 ) . Th e o p -

e r a t o r o f e l a s t i c wave e q u a t i o n i s s e l f - a d j o i n t

L † = L , ( 2 . 1 9 )

p r ov i d e d s ome c o nd i t i o n s a r e me t , wh i ch me an s t h e a d j o i n t wave -

f i e l d u † ( r , t ) c a n b e c ompu t e d by s ame me t h o d s a s t h e r e g u l a r

wave f i e l d u ( r , t ) .

T h e a d j o i n t s o u r c e i s g i ve n by e q . ( 2 . 1 5 ) . Fo r L 2 -m i s f i t d e f i n e d

by e q . ( 1 . 1 2 ) , i t i s c a l c u l a t e d s imp l y a s r e s i d u a l s b e twe e n t h e

r e g u l a r wave f i e l d u ( r , t ) a nd t h e o b s e r ve d wave f i e l d u 0 ( r , t ) r e -

c o r d e d o n s e i smo g r am s

f † ( r , t ) =
n∑

i= 1

[ u 0 ( r , t ) − u ( m ; r , t ) ] δ ( r − r i ) . ( 2 . 2 0 )
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The ad j o i n t s o u r c e s a r e l o c a t e d a t t h e p l a c e s o f r e c e i ve r s r i .

I n t h e p r o c e s s o f d e r i va t i o n o f t h e a d j o i n t o p e r a t o r L † , s ome

add i t i o n a l c o n s t r a i n t s a r e s e t o n t h e a d j o i n t wave f i e l d u † ( r , t )

( s e e F i cht n e r , 2 0 1 1 ) . Th o s e a r e z e r o t e rm i n a l c o nd i t i o n s

u † ( r , t )
∣∣
t= t 1

= 0 ; ( 2 . 2 1 a )

u̇ † ( r , t )
∣∣
t= t 1

= 0 , ( 2 . 2 1 b )

wh e r e t 1 i s t h e e n d o f t h e t im e w i n d ow ove r wh i ch t im e i n t e g r a l s

a r e c a l c u l a t e d , a n d a f r e e - s u r f a c e b o und a r y c o nd i t i o n

n · σ † ( r , t )
∣∣

r∈ ∂ V = 0 . ( 2 . 2 2 )

H en c e , t h e a d j o i n t wave f i e l d i s f u l l y d e t e rm i n e d .

C a l c u l a t i o n o f t h e a d j o i n t wave f i e l d r e q u i r e s o n e mo d i f i c a t i o n

c ompa r i n g t o c a l c u l a t i o n o f t h e r e g u l a r wave f i e l d . I n o r d e r t o

f u l f i l z e r o t e rm i n a l c o n d i t i o n s , we n e e d t o s t a r t a s imu l a t i o n a t

t im e t 1 a nd p r o p a g a t e wave s b a ckwa r d i n t im e . A s t h e s o u r c e -

t im e f u n c t i o n i s g i ve n by r e s i d u a l s o f t h e r e g u l a r wave f i e l d a nd

t h e o b s e r ve d wave f i e l d , i t c a n b e v i ewe d a s a b a ck p r o p a g a t i o n o f

t h e r e s i d u a l s i n t im e .

Th e r e ve r s e t im e p r o p a g a t i o n o f t h e a d j o i n t wave f i e l d y i e l d s a

s e r i o u s c omp l i c a t i o n . To c a l c u l a t e t h e d i f f e r e n t i a l o f m i s f i t a c -

c o r d i n g t o e q . ( 1 . 1 2 ) , we n e e d kn ow b o t h t h e r e g u l a r a nd t h e

a d j o i n t wave f i e l d a t t h e s ame t im e l e ve l . Th a t me an s we mu s t

s t o r e e nt i r e h i s t o r y o f t h e r e g u l a r wave f i e l d , wh i ch i s u s u a l l y b e y -

o n d t h e b ound s o f p o s s i b i l i t y. Th i s p r o b l em c an b e avo i d e d f o r a

p r i c e o f i n c r e a s e d c ompu t a t i o n a l d emand s . Fo r i n s t a n c e , i f t h e

c o nt i nu um i s p e r f e c t l y e l a s t i c , we c a n r e p l a c e s t o r i n g o f t h e r e g -

u l a r wave f i e l d by a s imu l a t i o n o f i t s r e ve r s e t im e p r o p a g a t i o n

a l o n g w i t h t h e a d j o i n t wave f i e l d . O t h e r me t h o d s a pp l i c a b l e a l s o

i n c a s e s wh e n e n e r g y i s n o t c o n s e r ve d a r e ch e ck p o i n t i n g o r d a t a

c omp r e s s i o n .
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2 . 3 M i s f i t s e n s i t i v i ty ke r n e l s

Re c a l l e q . ( 2 . 1 4 ) . We p e r f o rm t h e i n t e g r a t i o n ove r t im e , s o

t h a t we o b t a i n

δ χ ( m ) = ∇m χ ( m ) · δm =

=

ˆ

T

ˆ

V

u † ( m ; r , t ) · ∇m L [ m ; u ( m ; r , t ) ] · δm ( r ) d 3 r d t =

=

ˆ

V


ˆ

T

u † ( m ; r , t ) · ∇m L [ m ; u ( m ; r , t ) ] d t

 · δm ( r ) d 3 r =

=

ˆ

V

K m ( r ) · δm ( r ) d 3 r , ( 2 . 2 3 )

wh e r e

K m ( r ) =

ˆ

T

u † ( m ; r , t ) · ∇m L [ m ; u ( m ; r , t ) ] d t ( 2 . 2 4 )

i s a s o - c a l l e d m i s f i t s e n s i t i v i ty ke r n e l . I t c a n b e v i ewed a s a vo l u -

m e t r i c d e n s i ty o f m i s f i t g r a d i e n t w i t h r e s p e c t t o t h e mo d e l p a r a -

m e t e r s . I t e x p r e s s e s h ow much t h e m i s f i t f u n c t i o n a l χ ( m ) i s a f -

f e c t e d by t h e ch a n g e o f mo d e l p a r ame t e r s δm a t p o s i t i o n r .

K e r n e l s c a n b e c a l c u l a t e d f o r e a ch l e ve l o f m i s f i t d e f i n e d o n

p a g e 2 4 . Th e a s s o c i a t e d ke r n e l s a r e :

• a s o u rce - rece i v e r k e r n e l – t h e ke r n e l b e twe e n a s o u r c e a nd a

r e c e i ve r wh i ch i s c a l c u l a t e d u s i n g t h e r e g u l a r wave f i e l d a nd

t h e a d j o i n t wave f i e l d e x c i t e d by o n e a d j o i n t s o u r c e ;

• a n e v e n t k e r n e l – t h e ke r n e l b e twe e n a s o u r c e a nd a l l r e -

c e i ve r s wh i ch i s c a l c u l a t e d a s a s um o f a l l s o u r c e - r e c e i ve r s

ke r n e l s f o r s i n g l e e ve nt , o r a l t e r n a t i ve l y, t h a n k s t o l i n e a r i ty

o f t h e wave e q u a t i o n , i t c a n b e c a l c u l a t e d u s i n g t h e r e g u -

l a r wave f i e l d a nd t h e a d j o i n t wave f i e l d e x c i t e d by a l l a d j o i n t

s o u r c e s ;
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• a n a g g reg a t e ( t o t a l ) k e r n e l – a s um o f t h e e ve nt ke r n e l s f o r

a l l s o u r c e s u s e d i n i nve r s i o n .

I t i s r e c ommend e d t o u s e t h e a g g r e g a t e ke r n e l s f o r u p d a t i n g t h e

mo d e l i n o r d e r t o e n s u r e c o nve r g e n c e . I f we ch o s e a d i f f e r e n t ty p e

o f ke r n e l s , we m i g ht h ave t o f a c e p r o b l em s a s d i s c u s s e d f o r d i f f e r -

e n t l e ve l s o f m i s f i t .

Th e a g g r e g a t e ke r n e l s c a n b e c a l c u l a t e d e f f e c t i v e l y f r om su -

p e r p o s i t i o n o f t h e r e g u l a r wave f i e l d s o f a l l e ve nt s a n d t h e a d j o i n t

wave f i e l d e x c i t e d by a l l a d j o i n t s o u r c e s o f a l l e ve nt s . Th i s i s t h e

i d e a b e h i n d a s o - c a l l e d s o u rce - s t a c k i n g t ec h n i q u e ( e . g . C ap d e v -

i l l e e t a l . , 2 0 0 5 ) . S u ch an app r o a ch r e q u i r e s a c a l c u l a t i o n o f o n l y

o n e r e g u l a r a n d on e a d j o i n t wave f i e l d wh i ch make s i t r e a l l y e f f e c t -

i v e . H owe ve r , i t l e a d s t o t h e a pp e a r a n c e o f a d d i t i o n a l a r t e f a c t s

d u e t o t h e i n t e r a c t i o n o f n o n - r e l a t e d wave f i e l d s .

E x a c t e x p r e s s i o n s f o r ke r n e l c omp on e nt s d e p e nd on mo d e l p a r a -

m e t r i s a t i o n . On e s u ch p a r ame t r i s a t i o n i s

m ( r ) = [ ρ ( r ) , λ ( r ) , µ ( r ) ] , ( 2 . 2 5 )

i n wh i ch ke r n e l c omp on e nt s a r e g i ve n by

K ρ ( r ) = −
ˆ

T

u̇ † ( r , t ) · u̇ ( r , t ) d t ; ( 2 . 2 6 a )

K λ ( r ) =

ˆ

T

[
∇ · u † ( r , t )

]
· [∇ · u ( r , t ) ] d t =

=

ˆ

T

Tr ε † ( r , t ) · Tr ε ( r , t ) d t ; ( 2 . 2 6 b )

K µ ( r ) =

ˆ

T

∇u † ( r , t ) : ∇u ( r , t ) + ∇u † ( r , t ) : ∇u T ( r , t ) d t =

= 2

ˆ

T

ε † ( r , t ) : ε ( r , t ) d t . ( 2 . 2 6 c )
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2 . 3 . 1 K e r n e l p r e c o nd i t i o n i n g

Ke r n e l s , a s c a l c u l a t e d a c c o r d i n g t o e q . ( 2 . 2 6 ) , c a n n o t b e u s e d

d i r e c t l y t o u p d a t e mo d e l . F i r s t l y, t h e y h ave t o b e mo d i f i e d i n

o r d e r t o g e t r i d o f u np l e a s a nt f e a t u r e s l i k e s i n g u l a r i t i e s , h i g h

f r e q u e n c y o s c i l l a t i o n s , a d d i t i o n a l a r t e f a c t s , o r t o make c o r r e c -

t i o n s f o r u n e ve n s o u r c e a nd r e c e i ve r c ove r a g e , r a d i a t i o n p a t t e r n s

o r many o t h e r s . A s p e c i f i c s e t o f n e c e s s a r y mo d i f i c a t i o n s d e p e nd s

o n t h e p a r t i c u l a r p r o b l em and u s e d me t h o d .

Eve r yo n e a g r e e s t h a t p r e c o nd i t i o n i n g i s a n imp o r t a nt p a r t o f

i nve r s i o n p r o c e d u r e , t hu s e ve r yo n e u s e s i t t o s ome e x t e nt . H ow -

e ve r o n l y a f ew d e s c r i b e wha t p r e c o nd i t i o n i n g t h e y u s e a nd wha t

t e ch n i q u e s t h e y a pp l y. S t u d i e s w i t h d e t a i l e d d e s c r i p t i o n o f a p -

p l i e d p r e c o nd i t i o n i n g l i k e Zhu ; B o z d a ǧ ; Tr omp , 2 0 1 5 o r Bo z d a ǧ

e t a l . , 2 0 1 6 a r e r a t h e r e x c e p t i o n .

S t a n d a r d p r e c o nd i t i o n i n g i n c l u d e s c l i p p i n g a nd smo o t h i n g . C l i p -

p i n g i s a t e ch n i q u e f o r r emova l o f s i n g u l a r i t i e s . Th e s i n g u l a r i t i e s

a p p e a r a r o u nd s o u r c e s – b o t h r e g u l a r a nd ad j o i n t – b e c a u s e e n -

e r g y i s f o c u s s e d i n t h e i r v i c i n i ty wh i ch r e s u l t s t o h i g h amp l i t u d e s

o f wave f i e l d s .

C l i p p i n g i s b a s e d o n a t r u n c a t i o n o f ke r n e l s . H owe ve r , t h e

p r o p e r max imum va l u e mu s t b e g u e s s e d . A s a c o n s e q u e n c e o f c l i p -

p i n g , a r e a s o f c o n s t a nt ke r n e l va l u e a pp e a r , wh i ch c a n i n t r o d u c e

s h a r p e d g e s i n t o mo d e l . Th e r e f o r e , smo o t h i n g mu s t b e a pp l i e d

a f t e rwa r d s . An o t h e r p u r p o s e o f smo o t h i n g i s s u pp r e s s i n g h i g h -

f r e q u e n c y c o nt e nt a nd r emov i n g a dd i t i o n a l a r t e f a c t s .

Th e r e i s a d i s s o n a n c e among au t h o r s c o n c e r n i n g t h e t e rm i n o -

l o g y. Kub i n a , 2 0 1 7 u s e s t e rm p reco n d i t i o n i n g f o r a l l mo d i f i c a -

t i o n s p e r f o rm ed w i t h ke r n e l b e twe e n i t s c ompu t a t i o n a nd app l y -

i n g f o r mo d e l u p d a t e . O t h e r a u t h o r s a r e mo r e s p e c i f i c .

Z hu ; B o z d a ǧ ; Tr omp , 2 0 1 5 u s e t e rm p re - co n d i t i o n i n g o n l y f o r

s p a t i a l l y - d e p e nd e nt n o rma l i z a t i o n by p s e u d o -H e s s i a n , t h e a im o f

wh i ch i s t o r emove s i n g u l a r i t i e s . Th e p s e u d o -H e s s i a n i s c a l c u -
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l a t e d u s i n g r e g u l a r a n d ad j o i n t a c c e l e r a t i o n s a n d i t h a s h i g h va l -

u e s j u s t a r o u nd s o u r c e s , t hu s t h e ke r n e l i s l owe r e d t h e mo s t t h e r e -

i n . I t a l s o s e r ve s a s a c o r r e c t i o n t o a n un e ve n s o u r c e a nd r e c e i ve r s

c ove r a g e . C on s e q u e nt l y, t h e y a pp l y smo o t h i n g by Gau s s f u n c t i o n ,

h owe ve r t h e y c l a s s i f y i t r a t h e r a s r e g u l a r i s a t i o n t e ch n i q u e t h a n

p r e - c o nd i t i o n i n g .

B o z d a ǧ e t a l . , 2 0 1 6 a r e e ve n mo r e s p e c i f i c . Th e y d i s t i n g u i s h

p re - p roce s s i n g a nd po s t - p roce s s i n g . T h e f o rme r i n c l u d e s o p e r -

a t i o n s p r e c e d i n g t h e ke r n e l c ompu t a t i o n , wh i ch we a r e n o t i n -

t e r e s t e d i n , t h e l a t e r n ame s o p e r a t i o n s w i t h c a l c u l a t e d ke r n e l s

– s umma t i o n o f e ve nt ke r n e l s , smo o t h i n g , p r e - c o n d i t i o n i n g ( n o r -

ma l i s a t i o n by p s e u d o -H e s s i a n ) , o p t im i s a t i o n ( u s e o f c o n j u g a t e -

g r a d i e n t me t h o d ) a nd d e t e rm i n i n g o f s t e p l e n g t h .

S o f a r , we a d op t e d t h e t e rm i n o l o g y u s e d by Kub i n a , 2 0 1 7 ,

t h o u gh i t i s n o t e nt i r e l y c o r r e c t . Th e t e rm p r e c o nd i t i o n i n g i s a s -

s o c i a t e d w i t h a s e t o f mo d i f i c a t i o n s wh o s e p u r p o s e i s t o e n s u r e

s t a b i l i t y o f t h e s o l u t i o n a nd f a s t c o nve r g e n c e . H owe ve r , h e u s e s

i t a l s o f o r a p p l i c a t i o n o f ma s k wh i ch i s r a t h e r r e g u l a r i s a t i o n t h a n

p r e c o nd i t i o n i n g , t hu s we p r e f e r t o s t i ck w i t h t h e t e rm k e r n e l p re -

p roce s s i n g . C o nt r a r y t o Bo z d a ǧ e t a l . , 2 0 1 6 , we p e r c e i ve i t a s a

s e t o f mo d i f i c a t i o n s o f ke r n e l s wh i ch a r e t o b e p e r f o rmed b e f o r e

t h e ke r n e l c a n b e u s e d f o r u p d a t i n g t h e mo d e l . Th e r e f o r e f r om

h e r e o n , t h r o u g h t h e Pa r t I I , we w i l l u s e t h e t e rm ke r n e l p r e p r o -

c e s s i n g .

2 . 4 Mo d e l u p d a t e

Onc e we h ave c a l c u l a t e d t h e ke r n e l , we c a n p r o c e e d t o up d a t i n g

o f t h e mo d e l . We d o i t i t e r a t i ve l y. L e t ’ s a s s ume t h a t we op e r a t e

w i t h a mo d e l m i o n i - t h i t e r a t i o n . A s ub s e q u e nt mo d e l m i + 1 w i l l

b e o b t a i n e d b a s e d o n l i n e a r a p p r ox ima t i o n

m i + 1 = m i + γ i h i . ( 2 . 2 7 )

3 6



Fo r t h a t p u r p o s e we n e e d t o d e t e rm i n e a s e a r ch d i r e c t i o n h i a nd

a s t e p l e n g t h γ i .

T h e mo s t i n t u i t i v e ch o i c e o f t h e s e a r ch d i r e c t i o n i s t o p i ck o u t

t h e s t e e p e s t d e s c e nt d i r e c t i o n g i ve n by t h e n e g a t i ve m i s f i t g r a d i -

e n t . R e c a l l t h a t ke r n e l wa s d e f i n e d a s a d e n s i ty o f t h e m i s f i t

g r a d i e n t , t hu s i t h a s i t s d i r e c t i o n . Th e r e f o r e , we c a n o p t

h i = −K i ( r ) . ( 2 . 2 8 )

No t e , t h a t t h e r aw ke r n e l h a d t h e d i r e c t i o n o f t h e s t e e p e s t a s -

c e n t . Th e d i r e c t i o n o f t h e ke r n e l a f t e r p r e p r o c e s s i n g i s s l i g h t l y

d e v i a t e d f r om th a t d i r e c t i o n . Howe ve r , t h i s d e v i a t i o n i s i n o u r

f avo u r .

D e t e rm i n a t i o n o f t h e s t e p l e n g t h i s mo r e c omp l i c a t e d . I f we

ch o s e a s u f f i c i e n t l y s h o r t s t e p l e n g t h , we wou l d o b t a i n a n ew mo d e l

a s s o c i a t e d w i t h l owe r m i s f i t , s o t h a t a c o nve r g e n c e t o a l o c a l

m i n imum wou l d b e g u a r a nt e e d . Howeve r , i t m i g ht r e q u i r e t o o

many i t e r a t i o n s t o r e a ch i t a n d t h e c o nve r g e n c e wou l d b e t o o

s l ow . S ome t im e s we c a n u s e a f a r l o n g e r s t e p . Th e r e f o r e , i t i s

a d va nt a g e o u s t o d e t e rm i n e t h e s t e p l e n g t h f o r e a ch i t e r a t i o n s e p -

a r a t e l y. I t i s d o n e by a f ew t r i a l c ompu t a t i o n s . We ch o o s e a f ew

d i f f e r e n t s t e p l e n g t h s a nd c ompu t e a mo d e l a n d a c o r r e s p o nd i n g

m i s f i t f o r e a ch o f t h em . Th e n we c o n s t r u c t a f u n c t i o n χ ( γ i ) by i n -

t e r p o l a t i n g m i s f i t s o b t a i n e d f o r t r i a l c ompu t a t i o n s . F i n a l l y, we

d e t e rm i n e o p t ima l s t e p l e n g t h a s

γ o p t
i = a r g m i n

γ i
χ ( γ i ) . ( 2 . 2 9 )

Th e n ew mo d e l i s t h e n c a l c u l a t e d a s

m i + 1 ( r ) = m i ( r ) − γ o p t
i K i ( r ) . ( 2 . 3 0 )

3 7



Th i s a pp r o a ch i s u s e d by Kub i n a , 2 0 1 7 . S ome au t h o r s r a t h e r u s e

a c o n j u g a t e g r a d i e n t me t h o d f o r u p d a t i n g o f t h e mo d e l , wh i ch d e -

t e rm i n e s t h e s e a r ch d i r e c t i o n a s a l i n e a r c omb i n a t i o n o f a d i r e c -

t i o n o f t h e m i s f i t g r a d i e n t a n d t h e s e a r ch d i r e c t i o n f r om th e p r e -

v i o u s i t e r a t i o n . Th e c o n j u g a t e g r a d i e n t me t h o d i s s u i t a b l e wh e n

t h e p r o b l em i s n o t s t r o n g l y n o n l i n e a r , wh i ch i s n o t o f t e n t h e c a s e

i n l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s .

2 . 4 . 1 Mu l t i s c a l e a p p r o a ch

The a l g o r i t hm d e s c r i b e d i n t h i s s e c t i o n c o nve r g e s a lway s t o t h e

c l o s e s t l o c a l m i n imum . Howeve r , we a r e i n t e r e s t e d i n f i n d i n g o f

t h e g l o b a l m i n imum . I t h a pp e n s o n l y i f t h e i n i t i a l mo d e l i s s u f -

f i c i e n t l y c l o s e t o t h e t r u e mo d e l . H owe ve r , i t i s r a r e l y t h e c a s e .

We u s u a l l y h ave l i t t l e i n f o rma t i o n a b o u t t h e t r u e mo d e l , wh i ch

me an s t h a t t h e c o nve r g e n c e t o t h e g l o b a l m i n imum i s n o t g u a r a n -

t e e d .

A mu l t i s c a l e a p p r o a ch t o t h e m i n im i s a t i o n p r o c e s s c a n ove r -

c ome t h i s p r o b l em . I t i s b a s e d o n t h e i d e a , t h a t l o n g wave s a r e

n o t s e n s i t i v e t o s h o r t - l e n g t h s t r u c t u r e s . Th e r e f o r e , i f we f i l t e r

d a t a by a l ow - p a s s f i l t e r a n d u s e t h e s e f i l t e r e d d a t a , we o b t a i n a

r e l a t i ve l y s imp l e m i s f i t f u n c t i o n a l χ ( m ) .

I t i s l i k e t h a t b e c a u s e l o n g wave s “ s e e ” o n l y r o u g h s t r u c t u r e s ,

wh i ch l e a d s t o a s imp l e wave f i e l d s a nd t hu s t o t h e s imp l e m i s f i t .

I n o t h e r wo r d s , t h e i n i t i a l a n d t h e t r u e mo d e l a r e ve r y s im i l a r o n

t h i s s c a l e , t h e r e f o r e t h e m i s f i t i s sma l l a n d s imp l e . S u ch a s imp l e

m i s f i t h a s a w i d e r r e g i o n , f r om wh i ch t h e a l g o r i t hm c onve r g e s t o

t h e g l o b a l m i n imum , t h e r e f o r e t h e i n i t i a l mo d e l d o e s n o t h ave t o

b e ve r y s im i l a r t o t h e t r u e mo d e l .

An o t h e r a d vant a g e i s t h a t t h a n k s t o t h e m i s f i t s imp l i c i ty, we

d o n o t h ave t o d o many t r i a l c ompu t a t i o n s wh e n d e t e rm i n i n g t h e

o p t ima l s t e p l e n g t h f o r mo d e l u p d a t e . E ve n a qu ad r a t i c a p p r ox -

ima t i o n t o t h e χ ( γ i ) may b e s u f f i c i e n t wh i ch me an s t h a t o n l y two
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t r i a l c ompu t a t i o n a r e n e c e s s a r y, a s o n e va l u e we a l r e a d y h ave ( f o r

γ i = 0 ) .

The f i r s t i t e r a t i o n o n t h e h i g h e s t s c a l e f i n i s h e s w i t h a r o u g h

r e s u l t i n g mo d e l . Th i s mo d e l i s u s e d a s t h e i n i t i a l mo d e l f o r t h e

s e c o n d i t e r a t i o n wh i ch i s p e r f o rm ed f o r w i d e r f r e q u e n c y r a n g e .

A l t h o u gh , t h e m i s f i t i s n ow mo r e c omp l e x , t h e i n i t i a l mo d e l i s

c l o s e e n o u g h f o r t h e a l g o r i t hm t o c o nve r g e t o t h e g l o b a l m i n imum .

A g r a du a l w i d e n i n g o f t h e f r e q u e n c y r a n g e c ove r i n g a l s o l owe r

wave l e n g t h l e a d s t o t h e we l l - d e t e rm i n e d r e s u l t i n g mo d e l .
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Pa r t I I

Ke r n e l p r e p r o c e s s i n g
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3 Smo o t h i n g

3 . 1 Ove r v i ew o f c ommon l y u s e d smo o t h i n g

t e ch n i q u e s o f 3D s c a l a r f i e l d s

3 . 1 . 1 Smo o t h i n g a s c o nvo l u t i o n w i t h smo o t h i n g f u n c t i o n

The mo s t s t r a i g ht f o rwa r d a pp r o a ch t o smo o t h i n g i s t o c a l c u -

l a t e va l u e o f K s m o o t h e d ( r ) a s a we i g ht e d ave r a g e o f va l u e s K (ρ ) .

T h e va l u e s K (ρ ) c a n b e t a ke n e i t h e r f r om t h e e nt i r e vo l ume o f

c o nt i nu um o r f r om on l y a sma l l s p a c e w i n d ow c e nt r e d o n r .

T h e we i g ht s a r e g i ve n by a smo o t h i n g f u n c t i o n w ( r , ρ ) . T h e

smo o t h i n g f u n c t i o n i s s ome t im e s c a l l e d a l s o a w i n d ow f un c t i o n

o r a ke r n e l . H owe ve r , we w i l l n o t u s e t h e t e rm “ ke r n e l ” f o r t h e

smo o t h i n g f u n c t i o n t o avo i d c o n f u s i o n w i t h m i s f i t s e n s i t i v i ty ke r -

n e l s .

Th e we i g ht s , i n f a c t , d e p e nd on l y o n a r e l a t i v e p o s i t i o n o f r

a nd ρ , t hu s

w ( r , ρ ) = w ( r − ρ ) . ( 3 . 1 )

Th e r e f o r e , t h e c o r r e s p o nd i n g we i g ht e d ave r a g e c a n b e c a l c u l a t e d

a s

K s m o o t h e d ( r ) =
1

W ( r )

ˆ

V

w ( r − ρ ) · K ( ξ ) d 3 ρ , ( 3 . 2 )

wh e r e

W ( r ) =

ˆ

V

w ( r − ρ ) d 3 ρ . ( 3 . 3 )

Th e e q . ( 3 . 2 ) i s a c o nvo l u t i o n i n t e g r a l , t hu s we c a n w r i t e i t a s

K s m o o t h e d ( r ) =
1

W ( r )
· w ( r ) ∗ K ( r ) . ( 3 . 4 )

A c ommon ch o i c e o f t h e smo o t h i n g f u n c t i o n i s a Gau s s f u n c -

t i o n . An e x amp l e c a n b e f o u nd f o r i n s t a n c e i n Zhu ; B o z d a ǧ ; Tr omp ,

2 0 1 5 , t h o u gh t h e y d o n o t s p e c i f y wha t i s a n i n t e g r a t i o n d oma i n .

A l t h o u gh many au t h o r s d o n o t s t a t e e x p l i c i t l y wh a t smo o t h i n g
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t e ch n i q u e t h e y u s e , we a s s ume t h i s i s t h e ch o i c e o f ma j o r i ty o f

s t u d i e s .

3 . 1 . 1 . 1 T ime c omp l e x i ty We w i l l n ow e s t ima t e t im e c omp l e x -

i ty o f a nume r i c a l c ompu t a t i o n o f t h e c o nvo l u t i o n i n t e g r a l ( 3 . 2 ) .

I n a d i s c r e t i s e d f o rm , i t t r a n s l a t e s t o a t r i p l e s um

K s m o o t h e d
i j k =

1

W i j k

N x− 1∑
ι= 0

N y − 1∑
γ= 0

N z − 1∑
κ= 0

w ι γ κ
i j k K ι γ κ . ( 3 . 5 )

L e t N b e a g e ome t r i c m e an o f numb e r s o f g r i d p o i n t s i n r e -

s p e c t i ve d i r e c t i o n s . Th e s um ( 3 . 5 ) h a s t o b e c a l c u l a t e d f o r e a ch

c omb i n a t i o n o f ( i , j , k ) , t hu s i t i s N 3 c a l c u l a t i o n s o f t h e t r i p l e

s um . Th e s um i t s e l f r e q u i r e s a d d i t i o n o f N 3 s ummand s . Th e r e -

f o r e , t h e ove r a l l t im e c omp l e x i ty o f c a l c u l a t i o n o f t h e s um ( 3 . 5 )

i s O (N 6 ) .

Fo r t u n a t e l y, s ome r e d u c t i o n s o f t im e c omp l e x i ty a r e p o s s i b l e .

F i r s t o f a l l , we c a n r e a l i s e t h a t t h e we i g ht s o f d i s t a nt p o i n t s a r e

n e g l i g i b l e , t hu s we c a n l e ave t h em ou t . Th a t e f f e c t i ve l y me an s

t h a t we p e r f o rm s umma t i o n ove r sma l l e r s u b d oma i n o f s i z e n x ×

n y × n z . I f we d e n o t e t h e g e ome t r i c m e an o f t h e d im en s i o n s o f t h i s

s p a t i a l w i d ow a s n , t h e numb e r o f s ummand s t o b e a dd e d t o g e t h e r

wh e n c a l c u l a t i n g t h e s um ( 3 . 5 ) i s n 3 , t hu s t h e ove r a l l t im e c om -

p l e x i ty i s r e d u c e d t o n 3O (N 3 ) , w h e r e n i s a c o n s t a nt i n d e p e nd e nt

o f t h e d im en s i o n s o f t h e e nt i r e i n t e g r a t i o n d oma i n . H owe ve r , t h e

i n t e g r a t i o n d oma i n s f o r l o c a l s u r f a c e s t r u c t u r e s a r e u s u a l l y n o t

ve r y l a r g e , t hu s t h e s p a t i a l w i n d ow c ove r s a s i g n i f i c a nt p o r t i o n o f

t h e d oma i n a nd t h e r e d u c t i o n o f t h e c ompu t a t i o n a l t im e i s o n l y

s l i g h t .

An o t h e r c u t o f c ompu t a t i o n a l t im e c a n b e r e a ch e d by p a r a l l e l -

i s a t i o n o f t h e c ompu t a t i o n . We d i v i d e t h e c ompu t a t i o n a l d oma i n

i n t o s e ve r a l sma l l e r s u b d oma i n s a nd c a l c u l a t e t h e s um s e p a r a t e l y

i n e a ch o f t h em . At t h e e n d , t h e p a r t i a l s um s a r e s h a r e d among
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s u b d oma i n s a nd t h e f i n a l s um i s c a l c u l a t e d . A r e a s o n a b l e numb e r

o f s u b d oma i n s f o r l o c a l s u r f a c e s t r u c t u r e s i s a b o u t 4 3 = 6 4 , t hu s

t h e c ompu t a t i o n a l t im e i s f u r t h e r r e d u c e d t o n 3

6 4
O (N 3 ) .

Fo r o n e s p e c i a l ch o i c e o f t h e smo o t h i n g f u n c t i o n , i t i s p o s s i b l e

t o u s e a n e f f i c i e n t a l g o r i t hm f o r a c ompu t a t i o n o f t h e s um ( 3 . 5 ) .

I t wa s d e ve l o p e d by Kub i n a , 2 0 1 7 . We w i l l d i s c u s s i t i n t h e s e c -

t i o n 3 . 2 .

3 . 1 . 2 Smo o t h i n g a s l ow - p a s s f i l t e r i n g

The s e c o nd app r o a ch t o t h e c a l c u l a t i o n o f t h e c o nvo l u t i o n i n -

t e g r a l ( 3 . 2 ) i s t o p e r f o rm t h e c a l c u l a t i o n i n a f r e q u e n c y d oma i n .

F i r s t o f a l l , we n e e d e x p r e s s t h e ke r n e l a n d t h e smo o t h i n g f u n c -

t i o n i n f r e q u e n c y d oma i n . I t i s d o n e by p e r f o rm i n g o f Fou r i e r

t r a n s f o rm

K̂ ( k ) = F [ K ( r ) ] =

ˆ

V

K ( r ) e− i k · r d 3 r ; ( 3 . 6 a )

ŵ ( k ) = F [w ( r ) ] =

ˆ

V

w ( r ) e− i k · r d 3 r . ( 3 . 6 b )

N e x t , we make u s e o f a p r o p e r ty o f Fou r i e r t r a n s f o rm t h a t a Fou r -

i e r t r a n s f o rm o f a c o nvo l u t i o n i s a p r o du c t o f Fo u r i e r t r a n s f o rm s

o f c o nvo l ve d f u n c t i o n s

F [ K ( r ) ∗ w ( r ) ] = F [ K ( r ) ] · F [w ( r ) ] . ( 3 . 7 )

U s i n g i nve r s e Fou r i e r t r a n s f o rm , we c a n e x p r e s s t h e s o u g ht c o n -

vo l u t i o n a s

K ( r ) ∗ w ( r ) = F − 1
[

K̂ ( k ) · ŵ ( k )
]
. ( 3 . 8 )

No t i c e t h a t we c a n l o o k a t i t a s o n a f i l t e r i n g . I n t h a t c a s e ,

t h e f u n c t i o n ŵ ( k ) s e r ve s a s a t r a n s f e r f u n c t i o n o f t h e f i l t e r . Th e

t r a n s f e r f u n c t i o n c omp l e t e l y d e t e rm i n e s p r o p e r t i e s o f t h e f i l t e r .

I t d e s c r i b e s wh i ch f r e q u e n c i e s a r e s u pp r e s s e d a nd wh i ch a r e a l -
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l owe d . I n c a s e o f smo o t h i n g , o n l y l ow f r e q u e n c i e s a r e a l l owe d ,

t hu s ŵ ( k ) e f f e c t i v e l y e q u a l s z e r o f o r h i g h wave numb e r s ‖k ‖ .

3 . 1 . 2 . 1 T ime c omp l e x i ty Smo o t h i n g i n f r e q u e n c y d oma i n c o n -

s i s t s o f t h r e e s t e p s :

1 . c ompu t a t i o n o f Fo u r i e r t r a n s f o rm o f t h e ke r n e l ;

2 . a p p l i c a t i o n o f t h e f i l t e r ;

3 . c ompu t a t i o n o f i nve r s e Fou r i e r t r a n s f o rm o f t h e f i l t e r e d ke r -

n e l .

Th e f i r s t s t e p r e q u i r e s c a l c u l a t i o n o f t h e i n t e g r a l s ( 3 . 6 ) . I n f a c t ,

o n l y t h e i n t e g r a l ( 3 . 6 a ) n e e d s t o b e c a l c u l a t e d . I f a s t a n d a r d

smo o t h i n g f u n c t i o n i s u s e d , a c o r r e s p o nd i n g t r a n s f e r f u n c t i o n i s

k n own , a n d e ve n i f i t we r e n o t , t h e i n t e g r a l wou l d h ave t o b e c a l -

c u l a t e d o n l y o n c e .

We h ave a l r e a d y s h own t h a t e va l u a t i o n o f a g e n e r a l i n t e g r a l i n

3D i s o f c omp l e x i ty O (N 6 ) . H owe ve r , e q . ( 3 . 6 a ) i s a ve r y s p e c i a l

i n t e g r a l – i t i s a n i n t e g r a l o f Fo u r i e r t r a n s f o rm , t hu s i t c a n b e c a l -

c u l a t e d by t h e a l g o r i t hm o f Fa s t Fou r i e r Tr a n s f o rm (FFT ) wh i ch

h a s t im e c omp l e x i ty 3O (N 3 l o g N ) i n a t h r e e - d im en s i o n a l c a s e .

Th e b e s t ch o i c e i s t o u s e t h e a l g o r i t hm o f “ t h e Fa s t e s t Fo u r i e r

Tr a n s f o rm i n t h e We s t ” ( FFTW3 ) d e ve l o p e d by Fr i g o e t a l . , 2 0 0 5 ,

wh i ch i s n o t l im i t e d by any c o nd i t i o n s o n numb e r s o f g r i d p o i n t s

i n r e s p e c t i ve d i r e c t i o n s , c o nt r a r y t o s t a n d a r d imp l ement a t i o n s o f

FFT .

Th e s e c o nd s t e p i s t h e a pp l i c a t i o n o f t h e f i l t e r wh i ch i s , i n f a c t ,

o n l y N 3 mu l t i p l i c a t i o n s o f two numb e r s .

Th e l a s t s t e p i s t h e c ompu t a t i o n o f i nve r s e Fou r i e r t r a n s f o rm

wh i ch c a n b e p e r f o rm ed a g a i n by FFTW, t hu s t h e t im e c omp l e x i ty

o f t h i s s t e p i s 3O (N 3 l o g N ) t o o .

I f we a dd a l l c o nt r i b u t i o n s t o g e t h e r , t h e ove r a l l t im e c omp l e x -

i ty w i l l b e O (N 3 ( 6 l o g N + 1 ) ) ∼ 6O (N 3 l o g N ) . Fo r sma l l c ompu -
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t a t i o n a l d oma i n s , i t i s mo r e e f f e c t i v e t h a n a c a l c u l a t i o n o f t h e

c o nvo l u t i o n i n t e g r a l i n s p a c e d oma i n . Howe ve r , t h e FFTW3 a l -

g o r i t hm mu s t b e u s e d .

I t i s q u e s t i o n a b l e wh e t h e r i t i s wo r t h imp l ement i n g smo o t h -

i n g a l g o r i t hm i n f r e q u e n c y d oma i n . We we r e u n ab l e t o f i n d o u t

wh e t h e r t h e r e i s s ome on e who u s e s i t , a s n o s t u d y p r ov i d e s s u ch

d e t a i l s .

3 . 1 . 3 B e s s e l smo o t h i n g f i l t e r s

A nove l i d e a t o t h e smo o t h i n g i s p r e s e nt e d i n d e p e nd e nt l y by

We l l i n g t o n , 2 0 1 6 a nd Tr i n h e t a l . , 2 0 1 7 . A l t h o u gh t h e y u s e d d i f -

f e r e n t a p p r o a ch e s , t h e y o b t a i n e d s ame r e s u l t s . I n s t e a d o f d i r e c t

c a l c u l a t i o n o f e q . ( 3 . 4 ) , t h e y r a t h e r s o l ve a l i n e a r s y s t em

w− 1 ( r ) ∗ K s m o o t h e d ( r ) = w− 1 ( r ) ∗ [w ( r ) ∗ K ( r ) ] = K ( r ) , ( 3 . 9 )

wh e r e w− 1 ( r ) i s a n i nve r s e o p e r a t o r t o w ( r ) s a t i s f y i n g

w− 1 ( r ) ∗ w ( r ) = δ ( r ) . ( 3 . 1 0 )

A ma t r i x a s s o c i a t e d w i t h w− 1 ( r ) i s s p a r s e , t hu s a s i g n i f i c a nt r e -

d u c t i o n o f c ompu t a t i o n a l t im e i s a ch i e ve d .

3 . 1 . 3 . 1 Tr i n h ’ s a p p r o a ch Tr i n h e t a l . , 2 0 1 7 s t a r t w i t h B e s s e l

f i l t e r s

B 2 D =
1

2π L xL y

K 0 ( r 2 D ) ; ( 3 . 1 1 a )

B 3 D =
1

√
2π

3
L xL y L z

r
− 1/2

3 D K 1/2 ( r 3 D ) , ( 3 . 1 1 b )

wh e r e r 2 D =
√

x 2

L 2
x

+ y 2

L 2
y

a nd r 3 D =
√

x 2

L 2
x

+ y 2

L 2
y

+ z 2

L 2
z
. K ν i s a mo d i f i e d

B e s s e l f u n c t i o n o f t h e s e c o nd k i n d . Th e B e s s e l f i l t e r s a r e s o l u -
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t i o n s o f p a r t i a l d i f f e r e n t i a l e q u a t i o n s

[
1 −

(
L 2
x

∂ 2

∂ x 2
+ L 2

y

∂ 2

∂ y 2

)]
B 2 D ( r ) = δ ( r ) ; ( 3 . 1 2 a )[

1 −
(
L 2
x

∂ 2

∂ x 2
+ L 2

y

∂ 2

∂ y 2
+ L 2

z

∂ 2

∂ z 2

)]
B 2 D ( r ) = δ ( r ) . ( 3 . 1 2 b )

Th e i nve r s e B e s s e l f i l t e r s mu s t s a t i s f y e q . ( 3 . 1 0 ) , t hu s

B − 1
2 D ( r ) = δ ( r ) −

[
L 2
x δ

( 2 ) (x ) δ ( y ) + L 2
y δ (x ) δ ( 2 ) ( y )

]
; ( 3 . 1 3 a )

B − 1
3 D ( r ) = δ ( r ) −

[
L 2
x δ

( 2 ) (x ) δ ( y ) δ ( z ) + L 2
y δ (x ) δ ( 2 ) ( y ) δ ( z ) +

+ L 2
z δ (x ) δ ( y ) δ ( 2 ) ( z )

]
. ( 3 . 1 3 b )

I f we a pp l y t h em on e q . ( 3 . 9 ) , we o b t a i n

[
1 −

(
L 2
x

∂ 2

∂ x 2
+ L 2

y

∂ 2

∂ y 2

)]
K s m o o t h e d ( r ) = K ( r ) ; ( 3 . 1 4 a )[

1 −
(
L 2
x

∂ 2

∂ x 2
+ L 2

y

∂ 2

∂ y 2
+ L 2

z

∂ 2

∂ z 2

)]
K s m o o t h e d ( r ) = K ( r ) . ( 3 . 1 4 b )

A d i s c r e t i s e d ve r s i o n o f t h e s e e q u a t i o n s i s r e p r e s e n t e d by a s p a r s e

o p e r a t o r , t hu s t h e c o r r e s p o nd i n g s y s t em c an b e s o l ve d e f f i c i e n t l y.

L e t ’ s n o t e t h a t t h e B e s s e l f i l t e r d e c ay s mo r e r a p i d l y t h a n a

L ap l a c e f i l t e r . I n o r d e r t o m im i c a d e c ay o f t h e L ap l a c e f i l t e r ,

we a pp l y t h e B e s s e l f i l t e r tw i c e , o r e q u i va l e n t l y, we a pp l y a f i l t e r

B ( r ) ∗ B ( r ) . To d o s o , we u s e t h e s ame app r o a ch – we f i n d a n

i nve r s e o p e r a t o r B − 1 ( r ) ∗ B − 1 ( r ) a nd s o l ve e q . ( 3 . 9 ) . I t c a n b e

s h own t h a t t h e L ap l a c e f i l t e r

L ( r ) = A e− r ( 3 . 1 5 )

i s a n a pp r ox ima t e s o l u t i o n o f

[
B − 1 ( r ) ∗ B − 1 ( r )

]
∗ L ( r ) ≈ δ ( r ) , ( 3 . 1 6 )

t hu s

L ( r ) ≈ B ( r ) ∗ B ( r ) . ( 3 . 1 7 )
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3 . 1 . 3 . 2 We l l i n g t o n ’ s a p p r o a ch We l l i n g t o n , 2 0 1 6 t o o k i t f r om

t h e o t h e r e n d . H e s t a r t e d w i t h a n 1D Lap l a c i a n o p e r a t o r

L 1 D (x , ξ ) =
1

2L x

e−
|x− ξ |
Lx ( 3 . 1 8 )

a nd a we l l - k n own c o r r e s p o nd i n g i nve r s e L ap l a c i a n o p e r a t o r ( s e e

Ta r a nt o l a , 2 0 0 5 )

L− 1
1 D (x , ξ ) = δ (x − ξ ) − L 2

x δ
( 2 ) (x − ξ ) , ( 3 . 1 9 )

wh e r e δ ( 2 ) (x − ξ ) i s t h e s e c o n d d e r i va t i ve o f t h e D i r a c d e l t a f u n c -

t i o n d e f i n e d a s

ˆ
δ (n ) (x − ξ ) f ( ξ ) d ξ = (− 1 ) n f (n ) (x ) . ( 3 . 2 0 )

A f i n i t e - d i f f e r e n c e a pp r ox ima t i o n o f t h e D i r a c f u n c t i o n a nd i t s

d e r i va t i ve i s

δ (x − ξ ) =


1/h , x = ξ

0 , x 6= ξ

; ( 3 . 2 1 )

δ ( 2 ) (x − ξ ) =


− 2/h , x = ξ

1/h , x = ξ ± h

0 , |x − ξ | > h

. ( 3 . 2 2 )

Tha t me an s we n e e d o n l y t h r e e a d j a c e nt p o i n t s , t hu s t h e o p e r a t o r

i s r e a l l y s p a r s e .

We l l i n g t o n , 2 0 1 6 c ompa r e d r e s u l t s o b t a i n e d by t h i s t e ch n i q u e

w i t h r e s u l t s o b t a i n e d by s t a n d a r d c ompu t a t i o n o f s p a t i a l c o nvo -

l u t i o n a nd h e f o u nd ou t a g r e a t a g r e ement . I t e n c o u r a g e d h im

t o g e n e r a l i s e d t h i s a p p r o a ch t o h i g h e r d im en s i o n s . H e g u e s s e d

a f o rm o f t h e i nve r s e o p e r a t o r s i n 2D and 3D and ve r i f i e d t h e i r

c o r r e c t n e s s .
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I n 2D , h e p r o p o s e d a n op e r a t o r

L̃− 1
2 D ( r , ρ ) =

1

2

[
δ (x − ξ ) − L 2

x δ
( 2 ) (x − ξ )

]
+

+
1

2

[
δ ( y − η ) − L 2

y δ
( 2 ) ( y − η )

]
. ( 3 . 2 3 )

H e n amed i t a s a 2D add i t i v e i nve r s e L a p l a c i a n o p e r a t o r , b e c a u s e

h e f o u nd ou t t h a t i t i s n o t a n i nve r s e o p e r a t o r t o t h e L ap l a c i a n

o p e r a t o r . I t d e c ay s t o o r a p i d l y. H owe ve r , h e f o u nd ou t t h a t i f h e

a pp l i e d t h e o p e r a t o r tw i c e o n t h e s ame d a t a , t h e r e s u l t i n g s c a l a r

f i e l d wou l d l o o k l i k e i t h a d b e e n smo o t h e d by t h e t r u e 2D Lap l a -

c i a n o p e r a t o r . Th e c ompu t a t i o n r e q u i r e s o n l y f i v e c l o s e s t p o i n t s ,

s o t h e c o r r e s p o nd i n g ma t r i x i s s p a r s e .

Th e 3D c a s e i s s im i l a r . H e p r o p o s e d a n op e r a t o r

L̃− 1
3 D ( r , ρ ) =

1

3

[
δ (x − ξ ) − L 2

x δ
( 2 ) (x − ξ )

]
+

+
1

3

[
δ ( y − η ) − L 2

y δ
( 2 ) ( y − η )

]
+

+
1

3

[
δ ( z − ζ ) − L 2

z δ
( 2 ) ( z − ζ )

]
, ( 3 . 2 4 )

wh i ch t u r n e d o u t n o t t o b e a n i nve r s e o p e r a t o r t o t h e L ap l a c i a n

o p e r a t o r . H owe ve r , i f i t wa s a pp l i e d c o n s e q u e nt l y t h r e e t im e s ,

t h e r e s u l t wa s ve r y s im i l a r t o smo o t h i n g by t h e t r u e 3D Lap l a c i a n

o p e r a t o r . H e c a l l e d i t a 3D add i t i v e i nve r s e L ap l a c i a n o p e r a t o r .

Th e c ompu t a t i o n r e q u i r e s o n l y s e ve n c l o s e s t p o i n t s c ompa r i n g t o

a r e l a t i ve l y l a r g e 3D s ub d oma i n f o r d i r e c t c a l c u l a t i o n o f s p a t i a l

c o nvo l u t i o n .

Th e me t h o d a l l ow s i n c o r p o r a t i o n o f a p r i o r d i p . Th a t me an s i f

we u s e a n i s o t r o p i c smo o t h i n g , t h e a x e s d o n o t h ave t o b e a l i g n e d

w i t h c o o r d i n a t e a x e s . I t c o s t s o n l y a s l i g h t i n c r e a s e o f c ompu t a -

t i o n a l t im e , a s i t i s n e c e s s a r y t o c o n s i d e r 9 n e i g hb ou r i n g p o i n t s

i n 2D and 1 9 p o i n t s i n 3D , c ompa r e d t o 5 a nd 7 r e s p e c t i v e l y.

We l l i n g t o n , 2 0 1 6 d i d n o t k n ow t h e n a t u r e o f h i s a d d i t i v e i n -

ve r s e L ap l a c i a n o p e r a t o r s . On l y Tr i n h e t a l . , 2 0 1 7 s h owed l a t e r
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t h a t t h e y we r e r e l a t e d t o t h e B e s s e l f i l t e r s i n a f i n i t e - d i f f e r e n c e

r e p r e s e n t a t i o n .

3 . 1 . 3 . 3 T ime c omp l e x i ty A p r e s e nt e d smo o t h i n g t e ch n i q u e

a t t r i b u t e d t o t h e s i g n i f i c a nt t im e c omp l e x i ty r e d u c t i o n c ompa r e d

t o t h e d i r e c t c ompu t a t i o n o f s p a t i a l c o nvo l u t i o n . Th e c omp l e x -

i ty o f t h e d i r e c t c ompu t a t i o n i s O (N 4 ) i n 2D and O (N 6 ) i n 3D . I n

c a s e t h e smo o t h i n g f u n c t i o n c a n b e t e n s o r i s e d ( i . e . i t i s t e n s o r i a l

p r o d u c t o f o n e - d im en s i o n a l o p e r a t o r s ) , t h e t im e c omp l e x i ty i s r e -

d u c e d t o O (N 2 ) i n 2D and O (N 3 ) i n 3D .

Th e i nve r s e o p e r a t o r a pp r o a ch r e q u i r e s s o l v i n g o f ve r y s p a r s e

l i n e a r s y s t em s . I t c a n b e d o n e ve r y e f f i c i e n t l y. A c ompu t a t i o n a l

t im e d e p e nd s ma i n l y o n numb e r o f g r i d p o i n t s , t hu s t h e t im e c om -

p l e x i ty i s O (N 2 ) i n 2D and O (N 3 ) i n 3D . Howe ve r , we c a nn o t

f o r g e t , t h a t we h ave t o r e p e a t c a l c u l a t i o n tw i c e i n 2D and t h r e e

t im e s i n 3D .

We l l i n g t o n , 2 0 1 6 c ompa r e d a l l t h r e e ment i o n e d a pp r o a ch e s . Nu -

me r i c a l t e s t s r e ve a l e d t h a t t h e t e n s o r i a l a p p r o a ch i s t h e mo s t e f -

f i c i e n t . H owe ve r , i t i s n o t p o s s i b l e t o i n c o r p o r a t e a p r i o r d i p t o

t h a t a p p r o a ch , s o i t s h o u l d b e ch o s e n o n l y i f d i p i s n o t n e c e s s a r y.

O t h e rw i s e , t h e i nve r s e o p e r a t o r a p p r o a ch s h o u l d b e p i cke d o u t .

3 . 1 . 4 Top o l o g y - b a s e d smo o t h i n g

A comp l e t e l y d i f f e r e n t a p p r o a ch t o smo o t h i n g i s p r e s e n t e d by

We i n ka u f e t a l . , 2 0 1 0 . I t u t i l i s e s a t o p o l o g i c a l a n a l y s i s a n d t o p o -

l o g i c a l s imp l i f i c a t i o n o f s c a l a r f i e l d s .

Th e f i r s t s t e p i s a n i d e nt i f i c a t i o n o f c r i t i c a l p o i n t s o f a s c a l a r

f i e l d – m i n ima , max ima and s a dd l e p o i n t s . I t i s d o n e b a s e d o n

Mo r s e t h e o r y (Fo rman , 1 9 9 8 ) . I t s r e s u l t i s a s o - c a l l e d Mo r s e -

Sma l e c omp l e x (Ed e l s b r u nn e r ; H a r e r e t a l . , 2 0 0 3 ) wh i ch p r ov i d e s

c omp l e t e i n f o rma t i o n o n t o p o l o g y. A p r a c t i c a l a p p r o a ch t o a c om -
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pu t a t i o n o f t h e Mo r s e - Sma l e c omp l e x i s p r e s e nt e d i n Gyu l a s s y ;

Pe e r -T imo B r eme r e t a l . , 2 0 0 8 .

C on s e q u e nt l y, t h e Mo r s e - Sma l e c omp l e x i s s imp l i f i e d . A s im -

p l i f i c a t i o n i s p e r f o rm ed by r emov i n g o f p a i r s o f c r i t i c a l p o i n t s

(m i n imum - s a dd l e o r max imum - s a dd l e ) b a s e d o n t h e i r s i g n i f i c a n c e .

A mea s u r e o f s i g n i f i c a n c e i s a s o - c a l l e d p e r s i s t e n c e (Ed e l s b r u n -

n e r ; L e t s ch e r e t a l . , 2 0 0 2 ) . Th e p a i r s w i t h l i t t l e p e r s i s t e n c e a r e

i t e r a t i v e l y r emove d a nd on l y t h o s e w i t h t h e h i g h e s t p e r s i s t e n c e

a r e p r e s e r ve d .

F i n a l l y, t h e s c a l a r f i e l d i s r e c o n s t r u c t e d f r om th e s imp l i f i e d

Mo r s e - Sma l e c omp l e x . A s t h e s imp l i f i e d Mo r s e - Sma l e c omp l e x

c o nt a i n s o n l y a f ew c r i t i c a l p o i n t s , t h e r e s u l t i n g f i e l d i s smo o t h

a nd s imp l e , wh i l s t t h e mo s t d om i n a nt f e a t u r e s a r e p r e s e r ve d .

We i n ka u f e t a l . , 2 0 1 0 bu i l d o n t h e e a r l i e r wo r k o f Pe e r -T ime

B r eme r e t a l . , 2 0 0 4 . Th e y we r e a b l e t o smo o t h a m i d - s i z e d 2D

s c a l a r f i e l d , h owe ve r smo o t h i n g o f 3D f i e l d s wa s ye t t o o c ompu -

t a t i o n a l l y d emand i n g t o b e c a r r i e d o u t . N e ve r t h e l e s s , t h e y i n d i c -

a t e d i t wou l d b e t e ch n i c a l l y p o s s i b l e .

A g e n e r a l i s a t i o n t o 3D i s b a s e d o n t h e wo r k o f Gyu l a s s y ; N a t a -

r a j a n e t a l . , 2 0 0 5 . Fo r t h e f i r s t t im e , i t wa s a c c omp l i s h e d by Gün -

t h e r e t a l . , 2 0 1 4 . Th e y d e ve l o p e d a n e f f e c t i ve a l g o r i t hm and p a r -

a l l e l i s e d t h e c ompu t a t i o n , s o t h a t t h e y we r e a b l e t o smo o t h 3D

s c a l a r m i d - s i z e d f i e l d s i n r e a s o n a b l e c ompu t a t i o n a l t im e s . Fu r -

t h e rmo r e , t h e y i n t r o d u c e d a n op t i o n t o manu a l l y p i ck o u t c r i t i c a l

p o i n t s wh i ch a r e t o b e r emove d , wh i ch a l l owe d t o s e l e c t i ve l y r e -

move und e s i r a b l e f e a t u r e s . An e x amp l e o f a n a pp l i c a t i o n o f t h e

me t h o d i s g i ve n o n F i g . 3 . 1 .

D e s p i t e o f t h e r e c e nt imp r ovement o f t h e me t h o d , i t i s s t i l l t o o

c ompu t a t i o n a l l y d emand i n g t o b e a pp l i e d f o r t omog r a ph i c p u r -

p o s e s . Fu r t h e rmo r e , i t i s q u e s t i o n a b l e wh e t h e r i t i s s u i t a b l e . Un -

d o ub t e d l y, i t i s a g r e a t me t h o d f o r d e n o i s i n g o f d a t a . H owe ve r , i t

p e r f e c t l y p r e s e r ve s ma i n s t r u c t u r e s . Pa r a d ox i c a l l y, t h i s b i g g e s t
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( a ) O r i g i n a l d a t a , 1 4 4 9 2 c r i t -
i c a l p o i n t s

( b ) Pe r s i s t e n c e l e ve l P = 0 . 4 ,
2 7 9 c r i t i c a l p o i n t s

( c ) Pe r s i s t e n c e l e ve l P = 1 . 5 ,
1 2 c r i t i c a l p o i n t s

( d ) Numb e r o f c r i t i c a l p o i n t s
v s . p e r s i s t e n c e , ve r t i c a l l i n e s
i n d i c a t e p e r s i s t e n c e va l u e s o f
( 3 . 1 b ) a nd ( 3 . 1 c )

F i g u r e 3 . 1 : A s l i c e t h r o u g h 3D da t a s e t o f t emp e r a t u r e i n t h e
hu r r i c a n e I s a b e l f o r d i f f e r e n t p e r s i s t e n c e t h r e s h o l d s ( t a ke n f r om
Günt h e r e t a l . , 2 0 1 4 )

a d va nt a g e o f t h e me t h o d c a n b e a hu g e p r o b l em i n o u r c a s e . We

o f t e n n e e d b l u r u nd e s i r a b l e s t r u c t u r e s l i k e a r t e f a c t s wh i ch m i g ht

h ave a h i g h p e r s i s t e n c e , s o t h e me t h o d wou l d n o t r emove t h em .

Th e o r e t i c a l l y, t h e r e i s a n o p t i o n t o s e l e c t t h em manua l l y, i f we

k n ew wh e r e t h e y a r e l o c a t e d . I n a ny c a s e , we a s s ume i t i s wo r t h

t r y i n g , a l t h o u g h t h e a pp l i c a t i o n o f t h e me t h o d i s n o t f e a s i b l e

w i t h i t s c u r r e nt c ompu t a t i o n a l d emand s .
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3 . 2 E f f i c i e n t smo o t h i n g a l g o r i t hm

3 . 2 . 1 Th e o r e t i c a l a n a l y s i s

3 . 2 . 1 . 1 B a s i c i d e a b e h i n d t h e a l g o r i t hm We a r e i n t e r e s t e d

i n c a l c u l a t i o n o f i n t e g r a l ( 3 . 2 ) . I t c a n b e d o n e e f f i c i e n t l y i f we u s e

w ( r − ρ ) = e−‖Λ − 1 · ( r−ρ )‖
1 = e−

|x− ξ |
Λx e

− | y− η |
Λ y e−

| z− ζ |
Λ z ( 3 . 2 5 )

a s a smo o t h i n g f u n c t i o n . A ve c t o r

Λ− 1 =

(
1

Λ x

,
1

Λ y

,
1

Λ z

)
( 3 . 2 6 )

p r ov i d e s i n f o rma t i o n a b ou t smo o t h i n g i n t e n s i t i e s i n r e s p e c t i v e

d i r e c t i o n s . Th e smo o t h i n g i n t e n s i t i e s a r e e x p r e s s e d a s ch a r a c -

t e r i s t i c smo o t h i n g l e n g t h s .

G en e r a l l y, smo o t h i n g l e n g t h s a r e d i f f e r e n t . I n s u ch a c a s e we

r e f e r t o a n an i s o t r o p i c smo o t h i n g . O t h e rw i s e , t h e smo o t h i n g i s

c a l l e d i s o t r o p i c . Th e a n i s o t r o p i c smo o t h i n g i s imp o r t a nt , a s we

u s u a l l y r e q u i r e l e s s i n t e n s e smo o t h i n g i n a ve r t i c a l d i r e c t i o n . Th e

ch a r a c t e r i s t i c smo o t h i n g l e n g t h s a r e ch o s e n s u ch t h a t a r a t i o o f

ch a r a c t e r i s t i c l e n g t h s i s e q u a l t o a r a t i o o f mo d e l d im en s i o n s .

I n a d i s c r e t e c a s e , we a r e t o c a l c u l a t e a t r i p l e s um ( 3 . 5 ) . I t

t a ke s a f o rm

K s m o o t h e d
i j k =

1

W i j k

N x− 1∑
ι= 0

N y − 1∑
γ= 0

N z − 1∑
κ= 0

C | i− ι |x C | j− γ |y C | k−κ |z K ι γ κ ( 3 . 2 7 )

f o r o u r ch o i c e o f t h e smo o t h i n g f u n c t i o n . I n o r d e r t o ke e p e x p r e s -

s i o n s s imp l e , we d e n o t e C = e−
h
Λ , w h e r e h i s s p a t i a l g r i d s t e p .

I f we want t o r emove a n a b s o l u t e va l u e f r om t h e e x p r e s s i o n ,

e a ch s um sp l i t s i n t o two , o n e f o r ι ≤ i a nd t h e s e c o n d f o r ι > i ,

a n d an a l o g o u s l y o t h e r two s um s , t hu s we n e e d t o e va l u a t e 2 3 = 8

s um s i n t o t a l . H e r e , we s h ow how t o c a l c u l a t e o n e s u ch s um .
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Con s i d e r t h e o c t a nt d e t e rm i n e d by i n e q u a l i t i e s ι ≤ i , γ ≤ j

a nd κ ≤ k . A c o nt r i b u t i o n t o t h e t o t a l s um f r om th i s o c t a nt c a n

b e c a l c u l a t e d a s

O i j k =
k∑

κ= 0

C k−κ
z

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ . ( 3 . 2 8 )

L e t k b e a n i n d e x i n a ve r t i c a l d i r e c t i o n . Th e n t e rm s w i t h s ame

k l i e i n a s i n g l e p l a n e P k . Add i t i o n a l l y, t h e t e rm s w i t h s ame j

w i t h i n a s i n g l e p l a n e l i e i n a r ow R j .

N ow , c o n s i d e r t h e o c t a nt d e t e rm i n e d by a p o i n t ( i , j , k + 1 ) . We

c a n e x p r e s s a c o nt r i b u t i o n t o t h e s um f r om th i s o c t a nt a s

O i j k+ 1 =
k+ 1∑
κ= 0

C k+ 1−κ
z

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z

k∑
κ= 0

C k−κ
z

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ + C 0

z

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z · O i j k +

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z · O i j k + P k+ 1
i j , ( 3 . 2 9 )

wh e r e P k+ 1
i j i s a c o nt r i b u t i o n t o t h e s um f r om a qu ad r a nt ι ≤ i

a nd γ ≤ j w i t h i n t h e p l a n e d e t e rm i n e d by an i n d e x k + 1 . We s e e

t h a t we c a n u s e a p r e v i o u s l y c a l c u l a t e d s um O i j k , s o t h a t we d o

n o t n e e d t o c a l c u l a t e a n o t h e r t r i p l e s um , b u t i n s t e a d we c a l c u l a t e

o n l y a d oub l e s um i n o r d e r t o o b t a i n P k+ 1
i j .

L e t ’ s s e e wh e t h e r a n o t h e r r e d u c t i o n o f t im e c omp l e x i ty i s p o s -

s i b l e . C on s i d e r t h e o c t a nt d e t e rm i n e d by a p o i n t ( i , j + 1 , k + 1 ) .
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A cont r i b u t i o n f r om th i s o c t a nt c a n b e c a l c u l a t e d a s

O i j+ 1 k+ 1 = C z · O i j+ 1 k + P k+ 1
i j+ 1 =

= C z · O i j+ 1 k +

j+ 1∑
γ= 0

C j+ 1− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z · O i j+ 1 k + C y

j∑
γ= 0

C j− γ
y

i∑
ι= 0

C i− ι
x K ι γ κ + C 0

y

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z · O i j+ 1 k + C y · P k+ 1
i j +

i∑
ι= 0

C i− ι
x K ι γ κ =

= C z · O i j+ 1 k + C y · P k+ 1
i j + R j+ 1

i . ( 3 . 3 0 )

We have s u c c e s s f u l l y s u b s t i t u t e d a c a l c u l a t i o n o f a d o ub l e s um

P k+ 1
i j+ 1 w i t h a c a l c u l a t i o n o f a s i n g l e s um R j+ 1

i by u t i l i s i n g p r e v i -

o u s l y c a l c u l a t e d va l u e P k+ 1
i j .

F i n a l l y, l e t ’ s t a ke a c l o s e r l o o k a t a c a l c u l a t i o n o f c o nt r i b u t i o n

f r om th e o c t a nt d e t e rm i n e d by a p o i n t ( i + 1 , j + 1 , k + 1 ) . We d e -

r i v e t h a t

O i+ 1 j+ 1 k+ 1 = C z · O i+ 1 j+ 1 k + C y · P k+ 1
i+ 1 j + R j+ 1

i+ 1 =

= C z · O i+ 1 j+ 1 k + C y · P k+ 1
i+ 1 j +

i+ 1∑
ι= 0

C i+ 1− ι
x K ι γ κ =

= C z · O i+ 1 j+ 1 k + C y · P k+ 1
i+ 1 j + C x

i∑
ι= 0

C i− ι
x K ι γ κ + C 0

x K ι γ κ =

= C z · O i+ 1 j+ 1 k + C y · P k+ 1
i+ 1 j + C xR j+ 1

i + K ι γ κ . ( 3 . 3 1 )

Now , i t i s c l e a r t h a t we c a n avo i d a c a l c u l a t i o n o f a t r i p l e s um and

s ub s t i t u t e i t w i t h a s umma t i o n o f t h r e e p r e v i o u s l y c a l c u l a t e d ,

r e s c a l e d va l u e s w i t h a n a c t u a l va l u e .

L e t ’ s n o t e t h a t a n a pp l i c a t i o n o f t h i s a l g o r i t hm i s l im i t e d o n l y

f o r t h e e x p on e nt i a l smo o t h i n g f u n c t i o n ( 3 . 2 5 ) , a s i t i s t h e o n l y

f u n c t i o n t h a t s a t i s f y f (x + 1 ) = c f (x ) . Add i t i o n a l l y, we s t r e s s

t h a t t h e r e i s a n e c e s s i ty t o ke e p t h e o r d e r o f s umma t i o n a s p r e s e n -

t e d , b e c a u s e t h e a l g o r i t hm supp o s e s t h a t p r e v i o u s va l u e s a r e k n own .

Th e i n d i c a t e d o r d e r i s a s f o l l ow s :
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• We s t a r t w i t h t h e f i r s t va l u e i n t h e f i r s t r ow o f t h e f i r s t p l a n e .

• F i r s t l y, we c a l c u l a t e e n t i r e f i r s t r ow .

• Then we c o nt i nu e w i t h t h e s e c o n d r ow , t h e t h i r d r ow , e t c .

w i t h i n t h e f i r s t p l a n e .

• Sub s e q u e nt l y, we c a r r y o n w i t h t h e s e c o n d p l a n e , t h e t h i r d

p l a n e , e t c .

• Onc e we h ave c a l c u l a t e d t h e c o nt r i b u t i o n s f o r e a ch p o i n t o f

t h e o c t a nt , we c o nt i nu e w i t h a n o t h e r .

3 . 2 . 1 . 2 Nume r i c a l imp l ement a t i o n We have s h own t h a t a

c a l c u l a t i o n o f t h e s um ( 3 . 2 7 ) d e c ay s i n t o a c a l c u l a t i o n o f e i g h t

s um s ( 3 . 2 8 ) , o n e f o r e a ch o c t a nt d e t e rm i n e d by a p o i n t ( i , j , k ) .

A n i n c r e a s e d a t t e n t i o n mu s t b e p a i d t o i n t e r f a c e s b e twe e n o c t a nt s

i n o r d e r n o t t o i n c l u d e p o i n t s f r om t h e i n t e r f a c e s tw i c e .

I n 2D c a s e , i t i s n o t a b i g p r o b l em . We have f o u r q u ad r a nt s a n d

f o u r i n t e r f a c e s b e twe e n t h em , t hu s we c a n a t t a ch j u s t o n e i n t e r -

f a c e t o e a ch qu ad r a nt , a s i t i s d e p i c t e d o n F i g . 3 . 2 . C on s e q u e nt l y,

we c a n u s e e x a c t l y s ame a l g o r i t hm f o r c a l c u l a t i n g t h e s um w i t h i n

e a ch qu ad r a nt . On l y d i f f e r e n c e i s t h a t i t h a s t o b e a pp l i e d f r om

a d i f f e r e n t d i r e c t i o n i n e a ch qu ad r a nt .

We w i l l n ow p r e s e nt t h e a l g o r i t hm f o r c a l c u l a t i o n o f t h e c o nt r i -

b u t i o n f r om on e qu ad r a nt . We have s l i g h t l y mo d i f i e d t h e o r i g i n a l

ve r s i o n p r o p o s e d by Kub i n a , 2 0 1 7 . H e a t t a ch e d an i n t e r f a c e a t

t h e b o t t om o f t h e q u a d r a nt . We i n s t e a d a t t a ch i t o n t h e r i g ht

s i d e o f t h e q u a d r a nt , wh i ch e f f e c t i ve l y me an s t h a t we a dd a c o n -

t r i b u t i o n f r om th e j - t h c o l umn , i n s t e a d o f a c o nt r i b u t i o n f r om th e

i - t h r ow , a s Kub i n a , 2 0 1 7 d o e s . We p r e f e r t h i s ve r s i o n b e c a u s e i t

a l l ow s mo r e s t r a i g ht f o rwa r d g e n e r a l i s a t i o n t o 3D .
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F i g u r e 3 . 2 : Fo u r q u a d r a nt s w i t h a t t a ch e d i n t e r f a c e s w i t h i n d i c -
a t e d d i r e c t i o n s o f a p p l i c a t i o n o f t h e a l g o r i t hm w i t h i n r e s p e c t i v e
q u a d r a nt s . Th e p o i n t ( i , k ) d o e s n o t b e l o n g t o a ny qu ad r a nt

Th e mo d i f i e d a l g o r i t hm i s a s f o l l ow s :

# a [ n x ] [ n y ] . . . i n p u t 2 D a r r a y

# b [ n x ] [ n y ] . . . o u t p u t 2 D a r r a y

# t m p 1 [ n y ] . . . a u x i l i a r y 1 D a r r a y

# t m p 0 . . . a u x i l i a r y v a r i a b l e

# c x , c y . . . m u l t i p l i c a t i v e c o n s t a n t s i n x / y d i r e c t i o n

b = c o p y ( a )

s e t _ t o _ z e r o e s ( t m p 1 )

f o r i i n r a n g e ( n x ) :

t m p 0 = 0

f o r j i n r a n g e ( n y ) :

t m p 1 [ j ] * = c x

b [ i ] [ j ] + = t m p 1 [ j ]

t m p 0 + = a [ i ] [ j ]

t m p 1 [ j ] + = t m p 0

t m p 0 * = c y
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A cont r i b u t i o n f r om th e i - t h r ow i n t h e f i r s t q u a d r a nt i s om i t t e d ,

a s i t w i l l b e a d d e d a s a c o nt r i b u t i o n f r om th e l a s t c o l umn i n t h e

n e x t q u a d r a nt . We c a nn o t f o r g e t t o a dd a c o nt r i b u t i o n f r om th e

p o i n t ( i , j ) .

D e a l i n g w i t h i n t e r f a c e s i s mo r e d i f f i c u l t i n 3D . I n t h i s c a s e ,

t h e r e a r e e i g ht o c t a nt s a n d twe l ve i n t e r f a c e s b e twe e n t h em , t hu s

i t i s n o t p o s s i b l e t o a t t a ch i n t e r f a c e s t o t h e q u a d r a nt s i n s u ch a

way t h a t a l l o c t a nt s a r e s ame . Th e r e f o r e , we c a nn o t u s e a s ame

a l g o r i t hm f o r e a ch o c t a nt b u t s ome ad j u s tm ent s o f t h e a l g o r i t hm

among d i f f e r e n t o c t a nt s a r e n e e d e d .

Th e r e a r e many s o l u t i o n s f o r t h i s p r o b l em . We p r e s e nt o n e

wh i ch r e q u i r e s a p p l i c a t i o n o f o n l y two d i f f e r e n t mo d i f i c a t i o n s o f

t h e a l g o r i t hm and wh i ch i s t h e mo s t s t r a i g h t f o rwa r d g e n e r a l i s a -

t i o n o f t h e 2D a l g o r i t hm .

Ve r t i c a l i n t e r f a c e s a r e a t t a ch e d i n t h e s ame way a s t h e y a r e

i n t h e 2D c a s e . H o r i z o nt a l i n t e r f a c e s a r e a l l a t t a ch e d t o b o t t om

o c t a nt s . Th e r e f o r e , we d o n o t a dd a c o nt r i b u t i o n f r om th e a c -

t u a l p l a n e i n u pp e r o c t a nt s , wh i l s t we d o i n b o t t om o c t a nt s . I t i s

d e p i c t e d o n F i g . 3 . 3 .

A s umma t i o n i s p e r f o rm ed p l a n e -w i s e a n d r e s c a l e d c o nt r i b u -

t i o n s f r om p l a n e s a r e a d d e d t o g e t h e r . A c o nt r i b u t i o n f r om a s i n g l e

p l a n e i s c a l c u l a t e d i n t h e s ame way, a s i t wa s i n 2D . Howe ve r , i t

c a u s e s t h a t p o i n t s e x a c t l y a b ove o r b e l ow t h e p o i n t ( i , j , k ) a r e

n o t i nvo l ve d , t hu s a c o nt r i b u t i o n f r om th e s e p o i n t s h a s t o b e c a l -

c u l a t e d a dd i t i o n a l l y.
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( a ) Ove r a l l v i ew

( b ) Top o c t a nt s . Po i n t s
s i t u a t e d e x a c t l y a b ove t h e
p o i n t ( i , j , k ) d o n o t b e l o n g
t o a ny o c t a nt

( c ) B o t t om o c t a nt s . Po i n t s
s i t u a t e d e x a c t l y b e l ow t h e
p o i n t ( i , j , k ) d o n o t b e l o n g
t o a ny o c t a nt

F i g u r e 3 . 3 : V i s u a l i s a t i o n o f o c t a nt s . G ap s a r e i n s e r t e d b e twe e n
b l o ck s f o r b e t t e r c l a r i ty
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The a l g o r i t hm f o r u pp e r o c t a nt s i s :

# a [ n z ] [ n x ] [ n y ] . . . i n p u t 3 D a r r a y

# b [ n z ] [ n x ] [ n y ] . . . o u t p u t 3 D a r r a y

# t m p 1 [ n y ] . . . a u x i l i a r y 1 D a r r a y

# t m p 2 [ n x ] [ n y ] . . . a u x i l i a r y 2 D a r r a y

# t m p 0 . . . a u x i l i a r y v a r i a b l e

# c x , c y , c z . . . m u l t i p l i c a t i v e c o n s t a n t s i n x / y / z d i r e c t i o n

b = c o p y ( a )

s e t _ t o _ z e r o e s ( t m p 2 )

f o r k i n r a n g e ( n z ) :

s e t _ z e r o e s ( t m p 1 )

f o r i i n r a n g e ( n x ) :

t m p 0 = 0

f o r j i n r a n g e ( n y ) :

t m p 2 [ i ] [ j ] * = c z

b [ k ] [ i ] [ j ] + = t m p 2 [ i ] [ j ]

t m p 2 [ i ] [ j ] + = t m p 1 [ j ]

t m p 0 + = a [ k ] [ i ] [ j ]

t m p 1 [ j ] + = t m p 0

t m p 0 * = c y

t m p 1 [ j ] * = c x

I t i s a p p l i e d f r om d i f f e r e n t d i r e c t i o n s i n o t h e r u pp e r o c t a nt s , a n a -

l o g o u s l y t o t h e 2D c a s e .
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The a l g o r i t hm f o r b o t t om o c t a nt s i s :

s e t _ t o _ z e r o e s ( t m p 2 )

f o r k i n r a n g e ( n z - 1 , - 1 , - 1 ) :

s e t _ z e r o s ( t m p 1 )

f o r i i n r a n g e ( n x ) :

t m p 0 = 0

f o r j i n r a n g e ( n y ) :

t m p 2 [ i ] [ j ] = c z * t m p 2 [ i ] [ j ] + t m p 1 [ j ]

b [ k ] [ i ] [ j ] + = t m p 2 [ i ] [ j ]

t m p 0 = c y * t m p 0 + a [ k ] [ i ] [ j ]

t m p 1 [ j ] = c x * ( t m p 1 [ j ] + t m p 0 )

F i n a l l y, a c o nt r i b u t i o n f r om p o i n t s e x a c t l y a b ove / b e l ow t h e

p o i n t ( i , j , k ) i s c a l c u l a t e d a s f o l l ow s :

f o r i i n r a n g e ( n x ) :

f o r j i n r a n g e ( n y ) :

t m p 0 = 0

f o r k i n r a n g e ( n z ) :

b [ k ] [ i ] [ j ] + = t m p 0

t m p 0 + = a [ k ] [ i ] [ j ]

t m p 0 * = c z

t m p 0 = 0

f o r k i n r a n g e ( n z - 1 , - 1 , - 1 ) :

b [ k ] [ i ] [ j ] + = t m p 0

t m p 0 + = a [ k ] [ i ] [ j ]

t m p 0 * = c z
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3 . 2 . 1 . 3 No rma l i s a t i o n S o f a r , we h ave f o u nd an a l g o r i t hm

f o r e f f i c i e n t c ompu t a t i o n o f c o nvo l u t i o n o f a n a r b i t r a r y f u n c t i o n

w i t h a n e x p on e nt i a l f u n c t i o n . I n f a c t , i t i s n o t a c o r r e c t r e s u l t

ye t – i t h a s t o b e mu l t i p l i e d by g r i d s t e p s i n r e s p e c t i v e d i r e c t i o n s .

We i n t e nt i o n a l l y om i t t e d t h i s s t e p , a s we w i l l p e r f o rm i t t o g e t h e r

w i t h n o rma l i s a t i o n .

A smo o t h i n g f u n c t i o n h a s o n e imp o r t a nt p r o p e r ty. An i n t e g r a l

o f t h e smo o t h i n g f u n c t i o n i s e q u a l t o o n e . I t c a n b e a ch i e ve d i n

two d i f f e r e n t way s . We c a n e i t h e r n o rma l i s e t h e smo o t h i n g f u n c -

t i o n wh i ch me an s t h a t we d i v i d e i t by a n i n t e g r a l o f i t wh a t s e -

c u r e s t h a t t h e i n t e g r a l o f t h e f u n c t i o n i s e q u a l t o o n e , o r we c a n

f i r s t l y c a l c u l a t e a c o nvo l u t i o n i n t e g r a l w i t h n o n - n o rma l i s e d f u n c -

t i o n a nd t h e n d i v i d e i t by a s um o f we i g ht s .

Th e p r e s e nt e d a l g o r i t hm c ann o t b e a pp l i e d w i t h a n o rma l i s e d

e x p o n e nt i a l smo o t h i n g f u n c t i o n b e c a u s e a n o rma l i s a t i o n i s s p a c e -

d e p e nd e nt , t h e r e f o r e a r e s u l t h a s t o b e d i v i d e d by a s um o f we i g ht s

a t t h e e n d . Th e s um o f we i g ht s c a n b e c a l c u l a t e d i n two d i f f e r e n t

way s .

Kub i n a , 2 0 1 7 a pp l i e d e x a c t l y t h e s ame a l g o r i t hm a l s o f o r a

c ompu t a t i o n o f t h e s um o f we i g ht s . H e o n l y r e p l a c e d t h e t e rm

K ι γ κ i n e q . ( 3 . 2 8 ) by 1 a nd c ompu t e d i t a l o n g w i t h a c o nvo l u t i o n .

A d r awba ck o f t h i s a p p r o a ch i s t h a t i t r e q u i r e s a n a dd i t i o n a l 3D

a r r ay f o r s t o r i n g o f t h e s um s o f we i g ht s .

Th e s e c o nd op t i o n i s t o c a l c u l a t e t h e s um o f we i g ht s a n a l y t i c -

a l l y. We n o t i c e t h a t t h e we i g ht s f o rm s a g e ome t r i c s e r i e s

W i j k =
N x− 1∑
ι= 0

C | i− ι |x

N y − 1∑
γ= 0

C | j− γ |y

N z − 1∑
κ= 0

C | k−κ |z , ( 3 . 3 2 )

t hu s i t c a n b e s ummed d i r e c t l y

N x− 1∑
ι= 0

C | i− ι |x =
i∑

ι= 0

C i− ι
x +

N x− 1∑
ι= i+ 1

C ι− i
x =

1 − C N x− i
x + C x ( 1 − C i

x )

1 − C x

. ( 3 . 3 3 )
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The r e f o r e

W i j k =
1 − C N x− i

x + C x ( 1 − C i
x )

1 − C x

·
1 − C

N y − j
y + C y

(
1 − C j

y

)
1 − C y

·

·
1 − C N z − k

z + C z

(
1 − C k

z

)
1 − C z

. ( 3 . 3 4 )

L e t ’ s n o t e t h a t t h e s um o f we i g ht s i s n o t e q u a l t o t h e i n t e g r a l o f

t h e smo o t h i n g f u n c t i o n . I t c a n b e e a s i l y d emon s t r a t e d . C on s i d e r

c u b o i d a l d oma i n 〈 0 ; L x 〉 × 〈 0 ; L y 〉 × 〈 0 ; L z 〉 . T h e n a c c o r d i n g t o e q .

( 3 . 3 ) ,

W ( r ) =

L xˆ

0

e−
|x− ξ |

Λx d ξ

L yˆ

0

e
− | y− η |

Λ y d η

L zˆ

0

e−
| z− ζ |

Λ z d ζ . ( 3 . 3 5 )

I t c a n b e e a s i l y c a l c u l a t e d t h a t

L xˆ

0

e−
|x− ξ |

Λx d ξ = 2 Λ x

[
1 − e−

Lx
2 Λx c o s h

(
x

Λ x

− L x

2 Λ x

)]
. ( 3 . 3 6 )

S ame r e s u l t s a r e o b t a i n e d a l s o i n t h e o t h e r d im en s i o n s , t hu s

W ( r ) = 8 Λ xΛ y Λ z

[
1 − e−

Lx
2 Λx c o s h

(
x

Λ x

− L x

2 Λ x

)]
[

1 − e
− Ly

2 Λ y c o s h
(

y
Λ y
− L y

2 Λ y

)] [
1 − e−

Lz
2 Λ z c o s h

(
z

Λ z
− L z

2 Λ z

)]
.( 3 . 3 7 )

We c an d i s c r e t i s e t h e r i g h t - h a nd s i d e o f e q . ( 3 . 3 6 ) u s i n g x = i h

a nd L x = (N x − 1 ) h . Fu r t h e rmo r e C x = e−
h

Λx ≈ 1 − h
Λ x

, t hu s Λ x ≈
h

1−C x . We ob t a i n

L xˆ

0

e−
|x− ξ |

Λx d ξ = Λ x

(
2 − C i

x − C N x− i− 1
x

)
≈ h

2 − C i
x − C N x− i− 1

x

1 − C x

. ( 3 . 3 8 )

Compa r i n g w i t h e q . ( 3 . 3 3 ) wh i ch c a n b e r ew r i t t e n i n t h e f o rm

N x− 1∑
ι= 0

C | i− ι |x =
1 + C x

(
1 − C i

x − C N x− i− 1
x

)
1 − C x

, ( 3 . 3 9 )
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F i g u r e 3 . 4 : R e s i d u a l s b e twe e n a s um o f we i g ht s a nd an i n t e g r a l
o f t h e smo o t h i n g f u n c t i o n . A r e d l i n e r e p r e s e nt s a 1D c a s e a nd a
g r e e n l i n e c o r r e s p o nd s t o a c u t t h r o u g h a 3D p l o t a l o n g i = j = k

we c o n c l u d e t h a t i t d i f f e r s o n l y by a f a c t o r C x wh i ch i s a nyway

c l o s e t o 1 a s h
C x
� 1 . (We r em i nd t h a t we om i t t e d mu l t i p l i c a t i o n

by g r i d s t e p h when we c a l c u l a t e d t h e s um . )

R e s i d u a l s b e twe e n t h e s um o f we i g ht s a nd t h e d i s c r e t i s e d i n t e g -

r a l o f t h e smo o t h i n g f u n c t i o n a r e d e p i c t e d o n F i g . 3 . 4 . A l t h o u gh

t h e y a r e sma l l , we p r e f e r a c a l c u l a t i o n o f t h e s um o f we i g ht s a c -

c o r d i n g e q . ( 3 . 3 4 ) . We p r e f e r a d i r e c t c a l c u l a t i o n o f t h e s um t o

Kub i n a ’ s a p p r o a ch , s o t h a t we d o n o t n e e d t o s t o r e a n a dd i t i o n a l

3D a r r ay. We a l r e a d y u s e two 3D a r r ay s – o n e f o r a n o r i g i n a l ke r -

n e l a n d o n e f o r a smo o t h e d on e – a nd t h e t h i r d 3D a r r ay wou l d

i n c r e a s e memo r y r e q u i r ement s s i g n i f i c a nt l y. A numb e r o f g r i d

p o i n t s i s q u i t e l a r g e i n 3D . I t c a n b e o f o r d e r N 3 ∼ 1 0 7 − 1 0 8 . A

r e q u i r e d memo r y f o r s t o r i n g o f o n e numb e r o f ty p e f l o a t i s 4 M B ,

t h e r e f o r e s u ch a 3D a r r ay wou l d r e q u i r e a dd i t i o n a l ∼ 3 8 0 M B o f

m emo r y. Th e s p a r e d memo r y a l l ow s u s t o smo o t h l a r g e r ke r n e l s .

3 . 2 . 1 . 4 T ime c omp l e x i ty Re c a l l t h a t a t im e c omp l e x i ty o f a

d i r e c t c ompu t a t i o n o f c o nvo l u t i o n i n 3D i s O (N 6 ) . I f a smo o t h i n g

f u n c t i o n i s e f f e c t i v e l y n o n - z e r o o n l y i n a sma l l e r s p a t i a l w i n d ow ,
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i t c a n b e r e d u c e d t o n 3O (N 3 ) , w h e r e n 3 i s a mu l t i p l i c a t i ve c o n -

s t a nt . Fu r t h e r r e d u c t i o n o f a c ompu t a t i o n a l t im e c a n b e a ch i e ve d

w i t h a p a r a l l e l i s a t i o n o f c ompu t a t i o n . H oweve r , t h e mu l t i p l i c a t -

i v e c o n s t a nt r ema i n s l a r g e .

Th e p r e s e nt e d e f f i c i e n t a l g o r i t hm c on s i s t s o f t h r e e - l e ve l n e s t e d

l o o p s . Th e y a pp e a r t e n t im e s – o n c e i n e a ch o c t a nt , o n c e wh e n

c a l c u l a t i n g a c o nt r i b u t i o n f r om p o i n t s a b ove / b e l ow t h e a c t u a l

p o i n t a n d on c e wh e n c a r r y i n g o u t n o rma l i s a t i o n . Th e r e f o r e , a

t im e c omp l e x i ty o f t h e e f f i c i e n t smo o t h i n g a l g o r i t hm i s 1 0O (N 3 ) .

I n f a c t t h e mu l t i p l i c a t i v e c o n s t a nt i s l a r g e r t h a n 1 0 , a s a s i n g l e

t h r e e - l e ve l n e s t e d l o o p c o n s i s t o f mo r e t h a n o n e o p e r a t i o n .

On e d r awba ck o f t h e a l g o r i t hm i s t h a t i t c a n n o t b e e f f e c t i ve l y

p a r a l l e l i s e d . I t i s b e c a u s e t h e a l g o r i t hm ha s t o b e p e r f o rm ed i n a

s p e c i a l o r d e r , a s d e s c r i b e d o n p a g e 5 5 , wh i ch d i s a l l ow s a ny k i n d

o f p a r a l l e l i s a t i o n . D e s p i t e o f i t , i t i s s t i l l s i g n i f i c a nt l y mo r e e f f i -

c i e n t t h a n e ve n a p a r a l l e l i s e d ve r s i o n o f a d i r e c t c ompu t a t i o n o f

c o nvo l u t i o n ove r a sma l l e r s p a t i a l w i n d ow .

L e t ’ s n o t e t h a t a t im e c omp l e x i ty o f O (N 3 ) i s o p t ima l . I t i s n o t

p o s s i b l e t o d e s i g n a b e t t e r a l g o r i t hm i n t e rm s o f t im e c omp l e x i ty.

We n e e d t o c a l c u l a t e a smo o t h e d va l u e a t N 3 g r i d p o i n t s , t hu s t h e

t im e c omp l e x i ty h a s t o b e a t l e a s t O (N 3 ) .

3 . 2 . 1 . 5 D i r e c t i o n a l d e p e nd e n c e o f smo o t h i n g We w i l l n ow

f o c u s o n a s h a p e o f t h e e x p o n e nt i a l smo o t h i n g f u n c t i o n ( 3 . 4 3 ) .

I s o s u r f a c e s o f t h e smo o t h i n g f u n c t i o n s a t i s f y c o nd i t i o n

∥∥Λ− 1 · ( r − r )
∥∥

1
= c o n s t . ( 3 . 4 0 )

I t i s t h e e q u a t i o n o f a n o c t a h e d r o n . I f t h e smo o t h i n g i s i s o t r o p i c ,

i t i s a r e g u l a r o c t a h e d r o n , o t h e rw i s e i t i s a s t r e t ch e d o n e .

D i a g o n a l s o f t h e o c t a h e d r o n s a r e a l i g n e d w i t h Ca r t e s i a n a x e s .

I t h a s a s e ve r e c o n s e q u e n c e – smo o t h i n g i n t h e d i r e c t i o n o f C a r t e s i a n

6 5



a x e s i s mo r e i n t e n s e t h a n i n a ny o t h e r d i r e c t i o n . I n o t h e r wo r d s ,

smo o t h i n g i s s t r o n g l y a n g l e - d e p e nd e nt .

We l l i n g t o n , 2 0 1 6 c o n s i d e r s i t t o b e a s e ve r e p r o b l em and s t a t e s

t h a t s u ch a smo o t h i n g f u n c t i o n i s n o t s u i t a b l e b e c a u s e i t i n t r o -

d u c e s ch a r a c t e r i s t i c s t h a t a r e n o t g e o l o g i c a l l y j u s t i f i e d . H ow -

e ve r , o n e mu s t r e a l i s e t h a t i t d o e s n o t i n t r o d u c e a ny o c t a h e d r a l -

s h a p e d s t r u c t u r e s i n t o t h e smo o t h e d ke r n e l , a s e a ch p o i n t o f t h e

ke r n e l i s smo o t h e d i n t h e s ame way. Fu r t h e rmo r e , i t i s a c om -

mon p r o p e r ty o f FD me t h o d s t h a t j u s t p o i n t s i n d i r e c t i o n s o f

C a r t e s i a n a x e s a r e u s e d t o a pp r ox ima t e d e r i va t i v e s , t hu s i t c om -

p l e t e l y make s a s e n s e t h a t t h o s e p o i n t s h ave h i g h e r we i g ht t h a n

e q u a l l y d i s t a nt p o i n t s i n a ny o t h e r d i r e c t i o n .

Mo r e s e ve r e l im i t a t i o n o f t h e e f f i c i e n t smo o t h i n g a l g o r i t hm i s

t h a t ma i n a x e s o f a n i s o t r o p i c smo o t h i n g h ave t o b e a l i g n e d w i t h

Ca r t e s i a n a x e s . I t i s n o t p o s s i b l e t o a d j u s t i t t o b e a b l e t o p e r -

f o rm t h e a n i s o t r o p i c smo o t h i n g w i t h t h e ma i n a x e s r o t a t e d w i t h

r e s p e c t t o t h e Ca r t e s i a n a x e s . I t i s a t r a d e - o f f b e twe e n a r e d u c -

t i o n o f c ompu t a t i o n a l t im e a nd a c omp l e x i ty o f t h e a l g o r i t hm .

We u s u a l l y d o n o t h ave p r i o r i n f o rma t i o n o n a d i r e c t i o n o f t h e

ma i n a x e s a nd we u s u a l l y r e q u i r e t h a t t h e ma i n smo o t h i n g a x e s

a r e a l i g n e d w i t h e d g e s o f t h e d oma i n a nd t h e i r r a t i o i s e q u a l t o

t h e r a t i o o f l e n g t h s o f d oma i n e d g e s .

3 . 2 . 1 . 6 S p e c t r um o f smo o t h i n g f u n c t i o n – t r a n s f e r

f u n c t i o n Mor e imp o r t a nt ch a r a c t e r i s t i c s o f a smo o t h i n g f u n c -

t i o n i s i t s s p e c t r um . A smo o t h i n g o p e r a t o r s e r ve s a s a l ow - p a s s

f i l t e r . I t s u pp r e s s e s h i g h f r e q u e n c i e s . Th a t me an s i t i s e f f e c t i v e l y

z e r o f o r h i g h wave numb e r s .

L e t ’ s f i n d a t r a n s f e r f u n c t i o n c o r r e s p o nd i n g t o a n e x p on e nt i a l

smo o t h i n g f u n c t i o n

ŵ ( k ) = F
[

e−‖Λ − 1 · ( r− r )‖
1

]
=

∞̂

−∞

e−‖Λ − 1 · ( r− r )‖
1 e− i k · r d 3 r . ( 3 . 4 1 )
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I t c a n b e e a s i l y c a l c u l a t e d t h a t

∞̂

−∞

e−
|x |
Λx e− i k x x d x =

2 Λ x

1 + ( Λ x k x ) 2 , ( 3 . 4 2 )

t hu s

ŵ ( k ) =
8 Λ xΛ y Λ z[

1 + ( Λ x k x ) 2 ] [ 1 + ( Λ y k y ) 2 ] [ 1 + ( Λ z k z ) 2 ] . ( 3 . 4 3 )

I t i s a L o r e nt z i a n - l i k e f u n c t i o n . I t s s l i c e i s a ty p i c a l b e l l - s h a p e d

f u n c t i o n , t hu s i t m e e t s a r e q u i r ement o f e f f e c t i ve l y z e r o va l u e s f o r

h i g h wave numb e r s . H owe ve r , t h e smo o t h i n g f u n c t i o n ma i n t a i n s

i t s s t r o n g d i r e c t i o n a l d e p e nd e n c e a l s o i n a wave - numb e r d oma i n .

L e t ’ s n o t e t h a t ( 3 . 4 3 ) i s n o t e x a c t l y a t r a n s f e r f u n c t i o n o f t h e

a pp l i e d f i l t e r . I t i s b e c a u s e we u s e a n o rma l i s e d f i l t e r a n d a n o r -

ma l i s a t i o n i s n o t c o n s t a nt b u t i t i s a s p a t i a l l y d e p e nd e nt ( s e e

( 3 . 3 7 ) ) . Th e r e f o r e , a s p e c t r um o f t h e n o rma l i s e d smo o t h i n g f u n c -

t i o n i s s l i g h t l y d i f f e r e n t .

I t i s imp o r t a nt t o s e l e c t smo o t h i n g i n t e n s i t i e s p r o p e r l y. I n a

wave - numb e r d oma i n , i t c o r r e s p o nd s t o ch o o s i n g o f c u t - o f f wave

numb e r s . Th e c u t - o f f wave numb e r s a r e u s u a l l y s e l e c t e d s u ch t h a t

a n amp l i t u d e a t t h e c u t - o f f wave numb e r i s a h a l f o f a max imum

amp l i t u d e ( o r e q u i va l e n t l y l owe r by 3 d B ) , t hu s i t h a s t o s a t i s f y

a c o nd i t i o n Λ · k = 1 . T h e r e f o r e

k c u t− o f f =

(
1

Λ x

,
1

Λ y

,
1

Λ z

)
= Λ− 1 . ( 3 . 4 4 )

e q . ( 3 . 4 4 ) a l l ow s u s t o r e l a t e t h e smo o t h i n g i n t e n s i t i e s t o t h e

c u t - o f f wave numb e r a nd h e n c e t o a c u t - o f f f r e q u e n c y o f i n p u t

d a t a . A s s ume t h a t t h e i n p u t d a t a h a s b e e n f i l t e r e d w i t h a c u t -

o f f f r e q u e n c y ω . T h e r e f o r e t h e h i g h e s t r e a s o n a b l e wave numb e r i s

k = ω
v
, w h e r e v i s a n e s t ima t i o n o f ve l o c i ty o f t h e s l owe s t wave ,

a n d h e n c e t h e l owe s t smo o t h i n g i n t e n s i ty i s Λ = v
ω
.
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( a ) Ho r i z o nt a l s l i c e s t h r o u g h t h e c e nt r e s o f o r i g i n a l a n d
smo o t h e d a r r ay

( b ) An i s o s u r f a c e o f smo o t h e d a r r ay a nd a p r o f i l e a l o n g
a ve r t i c a l l i n e t h r o u g h t h e c e nt r e

F i g u r e 3 . 5 : A s p i ke t e s t

3 . 2 . 2 Nume r i c a l t e s t s

3 . 2 . 2 . 1 S p i ke t e s t We s t a r t w i t h a ve r i f i c a t i o n o f t h e a l g o r i t hm .

To d o s o , we c r e a t e a 3D a r r ay w i t h a l l b u t o n e p o i n t s s e t t o

z e r o . On l y a c e nt r a l p o i n t i s e q u a l t o o n e . We e xp e c t t o o b t a i n a

smo o t h e d a r r ay i n s h a p e o f a smo o t h i n g f u n c t i o n .

A v i s u a l i s a t i o n o f t h e smo o t h e d a r r ay i s d e p i c t e d o n F i g . 3 . 5 .

F i g . 3 . 5 a s h ow s h o r i z o nt a l s l i c e s t h r o u g h t h e a r r ay b e f o r e a n d

a f t e r smo o t h i n g . A s l i c e t h r o u g h t h e o r i g i n a l a r r ay c o nt a i n s s i n g l e

n o n - z e r o p o i n t o f t h e a r r ay. A s ame s l i c e t h r o u g h t h e smo o t h e d

a r r ay s h ow s a ty p i c a l s q u a r e s h a p e o f a c r o s s - s e c t i o n o f t h e smo o t h -

i n g f u n c t i o n . F i g . 3 . 5 b d e p i c t s a n o c t a h e d r a l i s o s u r f a c e o f t h e

smo o t h i n g f u n c t i o n . A b l u e c u b e i s a n e nt i r e d oma i n . Th e r i g h t -
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( a ) A smo o t h e d a r r ay i n wave - numb e r d oma i n

( b ) A p r e d i c t e d s p e c t r um o f t h e smo o t h i n g f u n c t i o n , e . i .
a t r a n s f e r f u n c t i o n

F i g u r e 3 . 6 : A s p e c t r um o f t h e smo o t h e d a r r ay

h and - s i d e p l o t o f F i g . 3 . 5 b i s a c u t t h r o u g h t h e smo o t h e d a r r ay

a l o n g a z a x i s t h r o u g h t h e c e nt r e . I t s h ow s a n e xp on e nt i a l d e c ay

o f va l u e s .

L e t ’ s l o o k o n a s p e c t r um o f t h e smo o t h e d a r r ay. Th e s p e c t r um

o f t h e o r i g i n a l a r r ay i s c o n s t a nt a s i t c o nt a i n s o n l y a D e l t a - l i k e

p e a k , t hu s t h e s p e c t r um o f t h e smo o t h e d a r r ay c o r r e s p o nd s t o

a s p e c t r um o f t h e smo o t h i n g f u n c t i o n . Th e r e f o r e , we c a n c om -

p a r e i t w i t h a t h e o r e t i c a l p r e d i c t i o n b a s e d o n e q . ( 3 . 4 3 ) . F i g .

3 . 6 s h ow s a n a g r e ement b e twe e n t h e t h e o r e t i c a l p r e d i c t i o n s ( F i g .

3 . 6 b ) a n d a s p e c t r um ob t a i n e d by p e r f o rm i n g o f d i s c r e t e f a s t Fou r -

i e r t r a n s f o rm o f t h e smo o t h e d a r r ay (F i g . 3 . 6 a ) . Th e s p e c t r um

wa s c a l c u l a t e d by f f t n f u n c t i o n i n Ma t l a b . Th e r e s u l t e d a r r ay
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wa s t r a n s f o rm ed i n s u ch a way t h a t k = 0 wa s mapp e d i n t o t h e

c e nt r e o f t h e d oma i n .

3 . 2 . 2 . 2 Smo o t h i n g o f wh i t e n o i s e Now we ve r i f y t h e a b i l i t y

o f t h e a l g o r i t hm t o smo o t h o u t a r a n d om no i s e . We g e n e r a t e d a

wh i t e n o i s e by a t t r i b u t i n g a r a nd om va l u e f r om t h e un i f o rm d i s -

t r i b u t i o n o n i n t e r va l 〈− 1 ; 1 〉 t o e a ch p o i n t . Th e n we app l i e d t h e

smo o t h i n g a l g o r i t hm . Th e r e s u l t s a r e p r e s e nt e d o n F i g . 3 . 7 .

F i r s t o f a l l , we n o t i c e t h a t smo o t h e d va l u e s a r e 3 o r d e r s o f ma g -

n i t u d e l owe r , t hu s we c a n c o n c l u d e t h a t t h e n o i s e wa s s u c c e s s f u l l y

r emove d . On l y d e f i c i e n c y i s t h a t t h e e f f e c t o f d om i n a nt smo o t h -

i n g i n t h e d i r e c t i o n s o f t h e Ca r t e s i a n a x e s c a n b e o b s e r ve d i n t h e

s t r u c t u r e o f t h e smo o t h e d a r r ay.

We u s e d i s o t r o p i c smo o t h i n g w i t h a ch a r a c t e r i s t i c l e n g t h c o r -

r e s p o nd i n g t o 2 0 g r i d p o i n t s . We c a n n o t i c e o n t h e c u t a l o n g d i a g -

o n a l t h r o u g h t h e smo o t h e d a r r ay t h a t i t a g r e e s w i t h a ch a r a c t e r -

i s t i c l e n g t h o f o s c i l l a t i o n s . N o t e t h a t 2 0 g r i d p o i n t s c o r r e s p o nd

t o t h e l e n g t h o f 2 0
√

3
.
= 3 5 a l o n g d i a g o n a l .

F i n a l l y, l e t ’ s l o o k a t s p e c t r a o f o r i g i n a l a n d smo o t h e d a r r ay

(F i g . 3 . 8 ) . A s p e c t r um o f t h e o r i g i n a l a r r ay c o nt a i n s a l l wave

numb e r s w i t h a pp r ox ima t e l y e q u a l amp l i t u d e s . A s p e c t r um o f t h e

smo o t h e d a r r ay h a s a ch a r a c t e r i s t i c r a d i a l s h a p e . I t may b e a b i t

c o u nt e r - i n t u i t i v e a s t h e smo o t h i n g i s s t r o n g e r r i g h t i n d i r e c t i o n s

o f C a r t e s i a n a x e s . H owe ve r , r e a l i s e t h a t t h e Ca r t e s i a n a x e s i n t h e

s p a c e d oma i n a nd i n t h e wave - numb e r d oma i n a r e n o t t h e s ame .

Wh i l s t t h e Ca r t e s i a n a x e s i n t h e s p a c e d oma i n a r e d i r e c t i o n s o f

s t r o n g e r smo o t h i n g , t h e Ca r t e s i a n a x e s i n t h e wave - numb e r d o -

ma i n a r e p l a c e s o f l o n g wave s i n r e s p e c t i v e d i r e c t i o n s wh i ch a r e

t hu s smo o t h e d mo r e we a k l y.

3 . 2 . 2 . 3 S i g n a l ove r l a i d by n o i s e Nex t , we ve r i f y t h e a b i l i t y

o f t h e a l g o r i t hm t o smo o t h o u t a r a nd om no i s e wh i l s t p r e s e r v i n g

a s i g n a l . A s a s i g n a l , we u s e d a Gau s s i a n p e a k o f u n i t a r y h e i g ht
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( a ) S l i c e s t h r o u g h o r i g i n a l a n d smo o t h e d a r r ay

( b ) A c l i p p e d 3D ou t l o o k o f t h e o r i g i n a l a r r ay a nd a p r o -
f i l e a l o n g i t s d i a g o n a l

( c ) A c l i p p e d 3D ou t l o o k o f t h e smo o t h e d a r r ay a nd a
p r o f i l e a l o n g i t s d i a g o n a l

F i g u r e 3 . 7 : Smo o t h i n g o f wh i t e n o i s e
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( a ) A s p e c t r um o f t h e o r i g i n a l a r r ay c o nt a i n s a l l f r e q u e n -
c i e s

( b ) A s p e c t r um o f t h e smo o t h e d a r r ay h a s a ty p i c a l r a d i a l
s h a p e

F i g u r e 3 . 8 : S p e c t r a o f o r i g i n a l a n d smo o t h e d a r r ay
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( a ) A Gau s s i a n s i g n a l

( b ) Th e s i g n a l ove r l a i d by a n o i s e

F i g u r e 3 . 9 : I n p u t d a t a

w i t h σ/h = 2 0 g r i d p o i n t s , l o c a t e d i n t h e m i d d l e o f a n o c t a nt (F i g .

3 . 9 a ) . Th e n we ove r l a i d i t by a r a nd om no i s e o f s ame amp l i t u d e .

Th e i n pu t a r r ay i s i l l u s t r a t e d o n F i g . 3 . 9 b .

C on s e q u e nt l y, we p e r f o rmed an i s o t r o p i c smo o t h i n g w i t h t h r e e

d i s t i n c t smo o t h i n g i n t e n s i t i e s . We s t a r t e d w i t h a ch a r a c t e r i s t i c

smo o t h i n g l e n g t h o f Λ/h = 2 0 g r i d p o i n t s , wh a t i s a s t a n d a r d d e v i -

a t i o n o f t h e s i g n a l ( F i g . 3 . 1 0 ) . We ob s e r ve t h a t t h e s i g n a l i s q u i t e

we l l - p r e s e r ve d , wh i l s t t h e n o i s e i s r emove d . Howe ve r , a n amp -

l i t u d e o f t h e s i g n a l d e c r e a s e d a pp r ox ima t e l y t o a t h i r d o f t h e o r i -

g i n a l amp l i t u d e . I t i s l i k e t h a t d u e t o a f a c t t h a t t h e s i g n a l c o n -

t a i n e d a c o n s i d e r a b l e amount o f e n e r g y a l s o i n f r e q u e n c i e s h i g h e r

t h a n a c u t - o f f f r e q u e n c y o f t h e f i l t e r .
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( a ) S l i c e s t h r o u g h a c e nt r e o f t h e Gau s s i a n s i g n a l b e f o r e
a n d a f t e r a p p l i c a t i o n o f smo o t h i n g

( b ) A c l i p p e d 3D ou t l o o k o f t h e smo o t h e d a r r ay a nd a
p r o f i l e a l o n g d i a g o n a l

F i g u r e 3 . 1 0 : Smo o t h e d d a t a w i t h Λ = 2 0 g r i d p o i n t s

Howeve r , we r a r e l y k n ow a ch a r a c t e r i s t i c l e n g t h o f t h e s i g -

n a l , t hu s we c a nn o t d e s i g n t h e f i l t e r f o r a p a r t i c u l a r s i t u a t i o n .

I n s t e a d , we u s e a mu l t i s c a l e a p p r o a ch p r e s e nt e d i n t h e s e c t i o n

2 . 4 . 1 . Th a t me an s we s t a r t a t t h e h i g h e s t s c a l e , t hu s u s i n g a

ve r y s t r o n g f i l t e r . L e t ’ s t e s t s u ch a s t r o n g f i l t e r w i t h Λ/h = 8 0

g r i d p o i n t s . Th e o b t a i n e d r e s u l t s a r e d e p i c t e d o n F i g . 3 . 1 1 . We

s e e t h a t t h e n o i s e i s c omp l e t e l y r emove d , b u t t h e s i g n a l i s s i g n i -

f i c a n t l y s u pp r e s s e d . H owe ve r , t h e d a t a a r e smo o t h a nd s imp l e ,

wh i ch i s imp o r t a nt f o r u p d a t i n g t h e mo d e l o n t h e h i g h e s t s c a l e s

i n t h e mu l t i s c a l e a p p r o a ch .

F i n a l l y, l e t ’ s t e s t o u t a smo o t h i n g o n t h e l owe s t s c a l e s . Th e

smo o t h i n g o n t h e l owe s t s c a l e s h a s t o b e we a k i n o r d e r t o p r e -
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( a ) S l i c e s t h r o u g h a c e nt r e o f t h e Gau s s i a n s i g n a l b e f o r e
a n d a f t e r a p p l i c a t i o n o f smo o t h i n g

( b ) A c l i p p e d 3D ou t l o o k o f t h e smo o t h e d a r r ay a nd a
p r o f i l e a l o n g d i a g o n a l

F i g u r e 3 . 1 1 : Smo o t h e d d a t a w i t h Λ = 8 0 g r i d p o i n t s

s e r ve f i n e s t r u c t u r e s . Th e r e s u l t s o f t h e smo o t h i n g w i t h Λ/h = 5

g r i d p o i n t s a r e s h own on F i g . 3 . 1 2 . We s e e t h a t t h e n o i s e i s q u i t e

we l l s u pp r e s s e d , b u t i t i s s t i l l c l e a r l y v i s i b l e . On t h e o t h e r h a nd ,

t h e s i g n a l i s o n l y s l i g h t l y a f f e c t e d by t h e smo o t h i n g . Th e r e f o r e ,

we c a n c o n c l u d e t h a t i t i s c r u c i a l t o f i n d a t r a d e - o f f b e twe e n s u p -

p r e s s i n g o f t h e n o i s e a n d p r e s e r v i n g o f t h e s i g n a l .

3 . 2 . 2 . 4 Te s t o f t im e c omp l e x i ty At t h e e n d , we t e s t e d a

t im e c omp l e x i ty o f t h e a l g o r i t hm . We u s e d a s ame i n pu t a r r ay

a s f o r a s p i ke t e s t , i n o r d e r t o m i n im i s e a t im e n e c e s s a r y f o r c r e -

a t i n g / l o a d i n g o f t h e i n p u t a r r ay. We ke p t smo o t h i n g i n t e n s i t i e s

c o n s t a nt , a s a numb e r o f c ompu t a t i o n a l o p e r a t i o n s i s i n d e p e nd -

e nt o f t h em , a nd we we r e ch a n g i n g a s i z e o f t h e a r r ay.
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( a ) S l i c e s t h r o u g h a c e nt r e o f t h e Gau s s i a n s i g n a l b e f o r e
a n d a f t e r a p p l i c a t i o n o f smo o t h i n g

( b ) A c l i p p e d 3D ou t l o o k o f t h e smo o t h e d a r r ay a nd a
p r o f i l e a l o n g d i a g o n a l

F i g u r e 3 . 1 2 : Smo o t h e d d a t a w i t h Λ = 5 g r i d p o i n t s

We c ompa r e two ve r s i o n s o f t h e smo o t h i n g a l g o r i t hm wh i ch d i f -

f e r s by a way o f c ompu t a t i o n o f s um s o f we i g ht s f o r n o rma l i s a t i o n .

I n o n e ve r s i o n , t h e s um s a r e c a l c u l a t e d d i r e c t l y u s i n g e q . ( 3 . 3 4 ) ,

i n t h e o t h e r , t h e y a r e c ompu t e d by t h e e f f i c i e n t smo o t h i n g a l -

g o r i t hm i t s e l f a l o n g w i t h a c ompu t a t i o n o f c o nvo l u t i o n .

Th e t e s t wa s c a r r i e d o u t o n my l a p t o p w i t h 4 c o r e s ( I n t e l C o r e

i 5 2 . 5 G H z ) a n d 8 G B RAM. We c a r r i e d i t o u t f o r 6 s i z e s o f t h e

a r r ay s e l e c t e d l o g a r i t hm i c a l l y i n a r a n g e b e twe e n N = 1 5 a nd

N = 5 1 1 a nd we r e p e a t e d i t f i v e t im e s f o r e a ch s i z e . Th e r e a s o n f o r

r e p e a t i n g wa s t h a t t h e r e we r e s ome o t h e r s y s t em p r o c e s s e s r u n -

n i n g o n t h e l a p t o p wh i ch we r e va r y i n g ove r t im e and we n e e d e d

7 6



F i g u r e 3 . 1 3 : Te s t o f t im e c omp l e x i ty o f t h e smo o t h i n g a l g o r i t hm

t o ave r a g e t h e i r e f f e c t . A t e s t f o r N = 1 0 2 3 c o u l d n o t h ave b e e n

c a r r i e d o u t d u e t o a l a ck o f ava i l a b l e memo r y i n my l a p t o p .

R e s u l t s a r e i l l u s t r a t e d o n F i g . 3 . 1 3 . A r e d s e q u e n c e o f p o i n t s

r e p r e s e n t s ave r a g e s o f c ompu t a t i o n a l t im e s o f t h e a l g o r i t hm w i t h

a d i r e c t c a l c u l a t i o n o f s um s o f we i g ht s . I t i s f i t t e d by a f u n c -

t i o n t (N ) = c · N 3 . T h e b e s t f i t i s f o u nd f o r c = 9 . 6 6 5 7 · 1 0− 7

w i t h c o e f f i c i e n t o f d e t e rm i n a t i o n R 2 = 0 . 9 9 9 9 . A g r e e n s e q u e n c e

r e p r e s e n t s ave r a g e s o f c ompu t a t i o n a l t im e s o f t h e a l g o r i t hm w i t h

s um s o f we i g ht s c ompu t e d by t h e s ame a l g o r i t hm a l o n g w i t h a

c ompu t a t i o n o f c o nvo l u t i o n . I t i s f i t t e d by t h e s ame f u n c t i o n

w i t h c = 8 . 2 2 8 9 · 1 0− 7 a nd w i t h a c o e f f i c i e n t o f d e t e rm i n a t i o n

R 2 = 0 . 9 9 9 5 . I n b o t h c a s e s , a g o o d f i t i s o b t a i n e d wha t c o n f i rm s

t h a t a t im e c omp l e x i ty o f t h e a l g o r i t hm i s O (N 3 ) .

T h e r a t i o o f c o n s t a nt s i s 9 . 6 6 5 7 · 1 0− 7

8 . 2 2 8 9 · 1 0− 7

.
= 1 . 1 7 4 6 , t hu s t h e r e i s o n l y

a s l i g h t d i f f e r e n c e b e twe e n two ve r s i o n s . I f we c o n s i d e r a n a r r ay

w i t h N = 1 0 0 0 , a c ompu t a t i o n a l t im e i s a b o u t 1 5 m i nu t e s a n d t h e

d i f f e r e n c e b e twe e n ve r s i o n s i s o n l y 2 m i nu t e s wh i ch i s n e g l i g i b l e .

On t h e o t h e r h a nd , t h e ve r s i o n w i t h a d i r e c t c a l c u l a t i o n o f t h e

s um s o f we i g ht s r e q u i r e s s i g n i f i c a nt l y l e s s m emo r y, t hu s we p r e f e r

t h a t o n e .
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4 Ma s k

4 . 1 Pu r p o s e o f ma s k

An app l i c a t i o n o f a ma s k i s b o t h r e g u l a r i s a t i o n a nd p r e c o nd i -

t i o n i n g t e ch n i q u e . I t p r e ve nt s a mo d e l f r om b e i n g up d a t e d i n i t s

c e r t a i n p a r t s by mo d i f y i n g a ke r n e l . Th e r e a r e s e ve r a l r e a s o n s f o r

t h a t .

A s a r e g u l a r i s a t i o n t e ch n i q u e , i t e n s u r e s t h a t a mo d e l i s u p -

d a t e d o n l y i n i t s u n kn own pa r t s . We a s s ume t h a t we kn ow a b e d -

r o ck p r o p e r l y, t hu s we want t h e ke r n e l t o b e mo d i f i e d o n l y i n a

s e d im ent a r y b a s i n . Th e r e f o r e , t h e ma s k s h o u l d nu l l t h e ke r n e l

e ve r ywh e r e o u t s i d e t h e b a s i n b u t ke e p i t u n ch a n g e d i n s i d e . I t

m e a n s t h a t i n a n i d e a l c a s e , t h e ma s k s h o u l d h ave a s h a p e o f t h e

b a s i n . H oweve r , i t i s u s u a l l y u n kn own , h e n c e we n e e d t o d e s i g n

t h e ma s k i n a s u ch way t h a t t h e e nt i r e b a s i n l i e s i n a s o - c a l l e d

f u l l - g a i n z o n e o f t h e ma s k .

A s a p r e c o nd i t i o n i n g t e ch n i q u e , t h e ma s k i s u s e d t o imp r ove a

s t a b i l i t y o f a n i nve r s i o n . Th e i nve r s e p r o b l em i s o f t e n i l l - c o n d i -

t i o n e d i n t h e d e e p p a r t s o f t h e mo d e l d u e t o l i t t l e d a t a , t h e r e f o r e

a ny a t t emp t s t o u p d a t e t h e d e e p p a r t s o f t h e mo d e l a r e u n l i k e l y

t o b e c o r r e c t a n d c a n d e s t a b i l i s e t h e i nve r s i o n . Th e r e f o r e , t h e

ma s k s h o u l d nu l l t h e ke r n e l i n t h e d e p t h .

Th e a pp l i c a t i o n o f t h e ma s k a l l ow s a c ompu t a t i o n a l t im e o f t h e

i nve r s i o n t o b e r e d u c e d s i g n i f i c a nt l y. I f we r e s t r i c t t h e mo d e l t o

b e i n g up d a t e d o n l y i n i t s u p p e r r e g i o n s , we d o n o t h ave t o s im -

u l a t e p r o p a g a t i o n o f s e i sm i c wave s i n t h e d e e p p a r t s r e p e a t e d l y,

b u t i n s t e a d we c a n u s e a n e x c i t a t i o n b ox ( s e e e . g . Op r s a l e t a l . ,

2 0 0 2 ) . Th e n t h e p r o p a g a t i o n h a s t o b e s imu l a t e d o u t s i d e t h e b ox

o n l y o n c e a nd we r e s t r i c t o u r s e l ve s t o u p d a t i n g o f t h e mo d e l o n l y

i n s i d e t h e b ox wh i ch me an s t h a t t h e ma s k s h o u l d nu l l e ve r y t h i n g

o u t s i d e t h e b ox and p r e s e r ve e ve r y t h i n g i n s i d e .
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4 . 2 Ma s k c o n s t r u c t i o n

4 . 2 . 1 Ma s k d e s i g n

The e x c i t a t i o n b ox d i v i d e s t h e mo d e l i n t o two p a r t s . Th e o u t e r

p a r t s h o u l d n o t b e mo d i f i e d , t hu s t h e c o r r e s p o nd i n g p a r t o f t h e

ma s k i s a s o - c a l l e d n o - g a i n z o n e . I n t h e i d e a l c a s e , t h e e nt i r e

i n n e r p a r t o f t h e mo d e l wou l d b e l o n g t o a f u l l - g a i n z o n e o f t h e

ma s k . Howeve r , s u ch a ma s k d e s i g n wou l d c a u s e a s h a r p a r t i f i c i a l

d i s c o nt i nu i ty i n t h e mo d e l . Th e r e f o r e , a t r a n s i t i o n a l z o n e h a s

t o b e p r e s e n t i n b e twe e n , i n wh i ch a n a t u r e o f t h e ma s k ch an g e s

f r om no - g a i n t o f u l l - g a i n smo o t h l y. Th e t r a n s i t i o n a l z o n e s h o u l d

l i e i n s i d e t h e b ox i n a v i c i n i ty o f i t s wa l l s .

We w i l l c o n s i d e r a ke r n e l c omp on e nt K ( r ) . A ma s k c a n b e e a s -

i l y imp l ement e d a s a mu l t i p l i c a t i o n o f t h e ma s k M ( r ) w i t h t h e

ke r n e l c omp on e nt

K m a s ke d ( r ) = M ( r ) · K ( r ) . ( 4 . 1 )

I n t h i s c a s e , t h e ma s k i s f o rm ed by z e r o e s i n t h e n o - g a i n z o n e a nd

by on e s i n f u l l - g a i n z o n e . Va l u e s i n t r a n s i t i o n a l z o n e g r a du a l l y

i n c r e a s e f r om 0 t o 1 .

An imp o r t a nt p r o p e r ty o f t h e ma s k i s a ch a n g e o f a s p e c t r um o f

t h e ke r n e l . Th e ma s k d e f i n i t e l y a f f e c t s t h e s p e c t r um , b u t i d e a l l y

i t s h o u l d n o t i n t r o d u c e h i g h e r wave numb e r s i n t o t h e s p e c t r um o f

t h e ke r n e l . And t h a t i s t h e p r o b l em . We n e e d t o n o t o n l y d e s i g n

t h e ma s k , s o t h a t i t s s p e c t r um do e s n o t c o nt a i n h i g h e r wave num -

b e r s t h a n a c e r t a i n c u t - o f f wave numb e r , b u t a l s o a s p e c t r um o f

t h e mo d i f i e d ke r n e l i s c a l c u l a t e d a s a c o nvo l u t i o n o f a s p e c t r um

o f t h e o r i g i n a l ke r n e l w i t h a s p e c t r um o f t h e ma s k a nd a c o nvo -

l u t i o n i n a wave - numb e r d oma i n a lway s i n t r o d u c e s h i g h e r wave

numb e r s . Mo r e ove r , we h ave n o t ment i o n e d ye t t h a t we n e e d a

d i f f e r e n t ma s k o n e a ch s c a l e .

7 9



The o t h e r o p t i o n i s t o d e s i g n t h e ma s k δ K ( r ) i n s u ch a way

t h a t i t i s a d d e d t o t h e ke r n e l

K m a s ke d ( r ) = K ( r ) + δ K ( r ) . ( 4 . 2 )

I n a n o - g a i n z o n e , t h e ma s k s a t i s f i e s δ K ( r ) = −K ( r ) a nd i n a

f u l l - g a i n z o n e δ K ( r ) = 0 . An advant a g e o f t h i s a p p r o a ch i s t h a t a

s p e c t r um o f t h e mo d i f i e d ke r n e l i s a s um o f t h e o r i g i n a l s p e c t r um

and a s p e c t r um o f t h e ma s k , wh i ch c a n b e e a s i l y c o nt r o l l e d .

R e a l i s e t h a t t h e r e a r e n o s p e c i f i c r e q u i r ement s o n a s h a p e o f

t h e t r a n s i t i o n z o n e . On l y l im i t a t i o n i s t h e s p e c t r um . Th e r e f o r e ,

we c a n ch o o s e a ny r e a s o n a b l e s h a p e o f t h e t r a n s i t i o n z o n e .

Kub i n a , 2 0 1 7 s u g g e s t e d a n i n t e r e s t e d way h ow t o c o n s t r u c t t h e

ma s k . H e p r o p o s e d t h a t i t c a n b e f i n d a s a s o l u t i o n o f L a p l a c e

e q u a t i o n

4 δ K = 0 . ( 4 . 3 )

H e t o o k i n s p i r a t i o n f r om a p o t e nt i a l o f a n e l e c t r i c f i e l d . H e a r -

g u e s t h a t ke r n e l va l u e s d e c r e a s e a s 1/r wh i ch i s t h e s ame d e p e nd -

e n c e o n t h e d i s t a n c e a s f o r t h e p o t e nt i a l o f a n e l e c t r i c s o u r c e .

Th e n h e f i n d s t h e ma s k a s a p o t e nt i a l o f a s o u r c e wh i ch i s l o c a t e d

o u t s i d e t h e b ox w i t h s u ch b ound a r y c o nd i t i o n s t h a t i t nu l l s t h e

ke r n e l a t wa l l s o f t h e e x c i t a t i o n b ox . Th e s a t i s f a c t o r y b ound a r y

c o nd i t i o n s a r e

δ K ( r ) = −K ( r ) ( 4 . 4 a )

a t a l l f a c e s e x c e p t t h e t o p o n e a nd

δ K ( r ) = 0 ( 4 . 4 b )

o n a f r e e s u r f a c e .

We s t r e s s t h a t t h e r e i s n o r e l a t i o n b e twe e n a n e l e c t r i c p o t e n -

t i a l a n d t h e ke r n e l o r t h e ma s k . We c a l c u l a t e t h e ma s k u s i n g

L ap l a c e e q u a t i o n o n l y b e c a u s e we c a n . We c a n ch o o s e a ny r e a s -
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o n ab l e s h a p e o f t h e ma s k , b u t i t t u r n s o u t t h a t i t i s h a nd y t o f i n d

t h e ma s k a s a s o l u t i o n o f t h e L ap l a c e e q u a t i o n , b e c a u s e i t a l l ow s

u s t o d i r e c t l y c o nt r o l t h e s p e c t r um o f t h e ma s k a nd t o c o n s t r u c t

s im i l a r ma s k s a t d i f f e r e n t s c a l e s e a s i l y.

4 . 2 . 2 S o l u t i o n o f L a p l a c e e q u a t i o n

We a r e i n t e r e s t e d i n s o l v i n g o f e q . ( 4 . 3 ) i n a c u b o i d 〈 0 ; L x 〉 ×

〈 0 ; L y 〉 × 〈 0 ; L z 〉 w i t h b ound a r y c o nd i t i o n s ( 4 . 4 ) . We w i l l s e e k a

s o l u t i o n i n a f o rm

δ K ( r ) = X (x ) · Y ( y ) · Z ( z ) . ( 4 . 5 )

I n s e r t i n g ( 4 . 5 ) i n t o e q . ( 4 . 3 ) a n d d i v i d i n g i t by δ K g i ve s

4 δ K

K
=

X ′ ′

X
+
Y ′ ′

Y
+
Z ′ ′

Z
= 0 . ( 4 . 6 )

No t i c e t h a t e a ch s ummand i s d e p e nd e nt o n a d i f f e r e n t va r i a b l e ,

t hu s i f i t i s t o b e e q u a l t o z e r o f o r e a ch c omb i n a t i o n o f va r i a b l e s ,

e a ch s ummand h a s t o b e c o n s t a nt . Th e r e f o r e e q . ( 4 . 6 ) i s s p l i t

i n t o a s e t o f t h r e e o r d i n a r y d i f f e r e n t i a l e q u a t i o n s

X ′ ′

X
= A ;

Y ′ ′

Y
= B ;

Z ′ ′

Z
= C ( 4 . 7 )

t i e d by an a l g e b r a i c e q u a t i o n

A + B + C = 0 . ( 4 . 8 )

A s o l u t i o n o f a n e q u a t i o n

X ′ ′ − A · X = 0 ( 4 . 9 )
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d e p e nd s o n a s i g n o f t h e c o n s t a nt A . D e p e nd i n g o n t h e s i g n , t h r e e

d i s t i n c t s o l u t i o n s a r e p o s s i b l e :

A > 0 : X (x ) = c 1 e
√
Ax + c 2 e−

√
Ax ; ( 4 . 1 0 a )

A < 0 : X (x ) = c 1 e i
√
|A |x + c 2 e− i

√
|A |x ; ( 4 . 1 0 b )

A = 0 : X (x ) = c 1 x + c 2 . ( 4 . 1 0 c )

Ana l o g o u s s o l u t i o n s c a n b e f i n d a l s o f o r Y ( y ) a nd Z ( z ) . Any c om -

b i n a t i o n o f s o l u t i o n s f o r X (x ) , Y ( y ) a nd Z ( z ) s a t i s f y i n g t h e c o n -

d i t i o n ( 4 . 8 ) i s t h e n a s o l u t i o n o f e q . ( 4 . 3 ) .

A s o l u t i o n o f a p a r t i c u l a r p r o b l em i s d e t e rm i n e d by b ound a r y

c o nd i t i o n s a n d i t i s u s u a l l y a l i n e a r c omb i n a t i o n o f s e ve r a l d i s -

t i n c t s o l u t i o n s o f t h i s k i n d . We a r e g o i n g t o f i n d a s o l u t i o n s a t i s -

f y i n g t h e b o und a r y c o nd i t i o n s ( 4 . 4 ) . I t w i l l b e a l i n e a r c omb i n a -

t i o n o f s o l u t i o n s o f t h r e e ty p e s . E a ch ty p e i s a d i f f e r e n t c omb i n -

a t i o n o f s o l u t i o n s ( 4 . 1 0 ) a n d i s d e r i v e d e i t h e r f r om c o r n e r s , e d g e s

o r f a c e s . Th e r e f o r e , t h e f i n a l s o l u t i o n c a n b e w r i t t e n a s

δ K ( r ) = δ KC ( r ) +
∑
e∈E

δ K e ( r ) +
∑
f ∈F

δ K f ( r ) , ( 4 . 1 1 a )

wh e r e δ KC ( r ) i s a s o l u t i o n d e r i ve d f r om c o r n e r s , δ K e ( r ) a r e s o l u -

t i o n s d e r i ve d f r om ed g e s a n d δ K f ( r ) s o l u t i o n s d e r i ve d f r om f a c e s .

Th e s e t

E = {F L , F R , B L , B R , U L , U R , DL , DR , F U , F D , B U , BD }

( 4 . 1 1 b )

c o nt a i n s a l l e d g e s a n d t h e s e t

F = {F , B , R , L , U , D } ( 4 . 1 1 c )

c o nt a i n s a l l f a c e s .
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4 . 2 . 2 . 1 Co r n e r s We s t a r t w i t h a p a r t i a l s o l u t i o n δ KC ( r ) wh i ch

s a t i s f i e s t h e b o und a r y c o nd i t i o n s a t c o r n e r s o f t h e c u b o i d . On l y

s o l u t i o n wh i ch c a n s a t i s f y a ny c o nd i t i o n s a t t h e c o r n e r s t o g e t h e r

w i t h t h e b o nd ( 4 . 8 ) h a s t o h ave a t r i l i n e a r f o rm

δ KC (x , y , z ) = a + b x + c y + d z + e x y + f x z + g y z + hx y z . ( 4 . 1 2 )

Co e f f i c i e n t s a r e d e t e rm i n e d f r om e i g ht b o und a r y c o nd i t i o n s :

δ KC ( 0 , 0 , 0 ) = a
!

= −K ( 0 , 0 , 0 ) ; ( 4 . 1 3 a )

δ KC (L x , 0 , 0 ) = a + bL x
!

= −K (L x , 0 , 0 )

=⇒ b = − K (L x , 0 , 0 ) + a
L x

; ( 4 . 1 3 b )

δ KC ( 0 , L y , 0 ) = a + cL y
!

= −K ( 0 , L y , 0 )

=⇒ c = − K ( 0 , L y , 0 ) + a

L y
; ( 4 . 1 3 c )

δ KC ( 0 , 0 , L z ) = a + dL z
!

= −K ( 0 , 0 , L z )

=⇒ d = − K ( 0 , 0 , L z ) + a
L z

; ( 4 . 1 3 d )

δ KC (L x , L y , 0 ) = a + bL x + cL y + eL xL y
!

= −K (L x , L y , 0 )

=⇒ e = − K (L x , L y , 0 ) + a+ bL x+ cL y
L x L y

; ( 4 . 1 3 e )

δ KC (L x , 0 , L z ) = a + bL x + dL z + f L xL z
!

= −K (L x , 0 , L z )

=⇒ f = − K (L x , 0 , L z ) + a+ bL x+ dL z
L x L z

; ( 4 . 1 3 f )

δ KC ( 0 , L y , L z ) = a + cL y + dL z + g L y L z
!

= −K ( 0 , L y , L z )

=⇒ g = − K ( 0 , L y , L z ) + a+ cL y + dL z
L y L z

; ( 4 . 1 3 g )

δ KC (L x , L y , L z ) = a + bL x + cL y + dL z + eL xL y + f L xL z +

+ g L y L z + hL xL y L z
!

= −K (L x , L y , L z )

=⇒ h = − K (L x , L y , L z ) + a+ bL x+ cL y + dL z + eL x L y + f L x L z + g L y L z
L x L y L z

.( 4 . 1 3 h )

Th e t r i l i n e a r c omp on e nt o f t h e ma s k h a s a q u i t e s imp l e s t r u c -

t u r e . Va l u e s o f t h i s c omp on e nt l i e i n a r a n g e b e twe e n m i n imum

and max imum va l u e among a l l va l u e s a t c o r n e r s a n d t h e y g r ow

l i n e a r l y b e twe e n two n e i g hb ou r i n g c o r n e r s .
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The t r i l i n e a r c omp on e nt f u l f i l s t h e b o und a r y c o nd i t i o n s a t t h e

c o r n e r s , t h e r e f o r e a l l o t h e r c omp on e nt s s h o u l d b e z e r o t h e r e . On

t h e o t h e r h a nd , i t i s n o n - z e r o a t e d g e s a nd f a c e s , t hu s i t ch a n g e s

t h e b o und a r y c o nd i t i o n s f o r o t h e r ma s k c omp on e nt s . Th e n ew

b ound a r y c o nd i t i o n s a r e

δ K ( r ) = −K ( r ) − δ KC ( r ) ( 4 . 1 4 a )

o n wa l l s o f t h e e x c i t a t i o n b ox and

δ K ( r ) = − δ KC ( r ) ( 4 . 1 4 b )

o n t h e f r e e s u r f a c e .

4 . 2 . 2 . 2 Ed g e s Now we p r o c e e d t o ma s k c omp on e nt s d e r i ve d

f r om ed g e s . We a r e g o i n g t o s e e k s o l u t i o n s wh i ch s a t i s f y t h e b o und -

a r y c o nd i t i o n s o n a s i n g l e e d g e a nd a r e z e r o o n a l l o t h e r e d g e s .

Th e r e a r e 1 2 e d g e s , t hu s we w i l l n e e d t o f i n d 1 2 s u ch s o l u t i o n s .

We w i l l d emon s t r a t e h ow t o f i n d s u ch a s o l u t i o n f o r o n e e d g e .

C on s i d e r n o n - z e r o b o und a r y c o nd i t i o n s o n t h e r e a r - l e f t e d g e o f

t h e c u b o i d w i t h c o o r d i n a t e s ( 0 , 0 , z ) . We d e n o t e a c o r r e s p o nd i n g

s o l u t i o n δ KBL ( r ) . We a r e g o i n g t o s e e k i t a g a i n i n f o rm o f t h e

p r o du c t ( 4 . 5 ) . I t m e a n s t h a t t h e s o l u t i o n w i l l b e c omp o s e d o f

f u n c t i o n s ( 4 . 5 ) .

F i r s t o f a l l , we r e a l i s e t h a t a l l c o r n e r s h ave t o b e z e r o , a n d i t

c a n b e f u l f i l l e d o n l y by a s o l u t i o n o f ty p e ( 4 . 1 0 b ) , t hu s

Z ( z ) = c 1 e i
√
|C | z + c 2 e− i

√
|C | z . ( 4 . 1 5 a )

Th e z e r o c o nd i t i o n a t t h e u pp e r c o r n e r Z ( 0 ) = 0 y i e l d s c 1 = − c 2 ,

t hu s

Z ( z ) = c s i n
(√
|C | z

)
. ( 4 . 1 5 b )
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The z e r o c o nd i t i o n a t t h e o t h e r c o r n e r Z (L z ) = 0 c a n b e f u l f i l l e d

o n l y i f
√
|A |L z i s a n i n t e g e r mu l t i p l e o f π :

√
|C |L z = l π , l ∈ Z . ( 4 . 1 5 c )

Th e r e f o r e , t h e s o l u t i o n i n z d i r e c t i o n i s

Z l ( z ) = c l s i n
l π z

L z

. ( 4 . 1 5 d )

Th e g i ve n s o l u t i o n i s a s s o c i a t e d w i t h a n e g a t i ve c o n s t a nt , t hu s

C = −
(
l π

L z

) 2

. ( 4 . 1 5 e )

I n o r d e r t o s a t i s f y e q . ( 4 . 8 ) , a t l e a s t o n e o f t h e c o n s t a nt s A

a nd B mus t b e p o s i t i v e . On e o p t i o n i s a ch o i c e A = 0 a nd B = −C .

L e t ’ s f i n d t h e s o l u t i o n c o r r e s p o nd i n g t o t h i s ch o i c e .

A s o l u t i o n a s s o c i a t e d w i t h a nu l l c o n s t a nt i s ( 4 . 1 0 c ) . Th e z e r o

b o und a r y c o nd i t i o n a t t h e f r o nt - l e f t e d g e (L x , 0 , z ) p r ov i d e s a b o und -

a r y c o nd i t i o n f o r f u n c t i o n

X (x ) = a 1 x + a 2 , ( 4 . 1 6 a )

n ame l y X (L x ) = 0 . I t y i e l d s a 2 = − a 1L x , t h e r e f o r e we o b t a i n

X (x ) = a (x − L x ) . ( 4 . 1 6 b )

A s o l u t i o n a s s o c i a t e d w i t h a p o s i t i v e c o n s t a nt h a s f o rm ( 4 . 1 0 a ) .

Th e z e r o b o und a r y c o nd i t i o n a t t h e r e a r - r i g h t e d g e ( 0 , L y , z ) p r o -

v i d e s a b o und a r y c o nd i t i o n f o r f u n c t i o n

Y ( y ) = b 1 e
√
B y + b 2 e−

√
B y . ( 4 . 1 7 a )
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The c o nd i t i o n i s Y (L y ) = 0 a nd i t y i e l d s b 2 = − b 1 e 2
√
BL y . C o n s i d -

e r i n g e q . ( 4 . 1 5 e ) a n d t h a t B = −C , we o b t a i n

Y l ( y ) = b l s i n h
l π ( y − L y )

L z

. ( 4 . 1 7 b )

Pu t t i n g i t a l l t o g e t h e r , we o b t a i n o n e p o s s i b l e s o l u t i o n

δ K 1 l ( r ) = D 1 l (x − L x ) s i n h
l π ( y − L y )

L z

s i n
l π z

L z

. ( 4 . 1 8 a )

Howeve r , we c o u l d h ave ch o s e n c o n s t a nt s A a nd B v i c e ve r s a .

S u ch a ch o i c e wou l d l e a d t o t h e s o l u t i o n

δ K 2 l ( r ) = D 2 l ( y − L y ) s i n h
l π (x − L x )

L z

s i n
l π z

L z

. ( 4 . 1 8 b )

Bo t h s o l u t i o n s a r e a pp r o p r i a t e , t hu s t h e i r a r b i t r a r y l i n e a r c om -

b i n a t i o n

δ K l ( r ) = D ′l

[
d 1 l (x − L x ) s i n h

l π ( y − L y )

L z

+

+ d 2 l ( y − L y ) s i n h
l π (x − L x )

L z

]
s i n

l π z

L z

( 4 . 1 8 c )

i s a l s o a s o l u t i o n . Th e r e i s u s u a l l y n o p r e f e r r e d o r i e n t a t i o n , t hu s

we ch o o s e d 1 l = d 2 l = 1
2
. H owe ve r , i t i s o n l y o n e s o l u t i o n . I n f a c t ,

t h e r e i s a s o l u t i o n f o r e a ch l , t h e r e f o r e

δ K l ( r ) =
∞∑
l= 1

D l

[
(x − L x ) s i n h

l π ( y − L y )

L z

+

+ ( y − L y ) s i n h
l π (x − L x )

L z

]
s i n

l π z

L z

. ( 4 . 1 9 )

Th e o r e t i c a l l y, we c o u l d u s e t h e i n f i n i t e s e r i e s , i n p r a c t i c e , h ow -

e ve r , we t r u n c a t e i t a t s ome Lm a x . T h e r e a r e two ma j o r r e a s o n s

f o r d o i n g i t . F i r s t l y, we want t o avo i d i n t r o d u c i n g h i g h wave num -

b e r s i n t o t h e ke r n e l . I f we smo o t h e d t h e ke r n e l w i t h a c u t - o f f wave

numb e r k c u t− o f f
z , we t r u n c a t e t h e s e r i e s a t t h e h i g h e s t i n t e g e r Lm a x
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wh i ch s a t i s f i e s Lm a x π
L z

≤ k c u t− o f f
z , t hu s

Lm a x =

⌊
k c u t− o f f
z L z

π

⌋
=

⌊
L z

πΛ z

⌋
. ( 4 . 2 0 )

Th e o t h e r r e a s o n f o r t r u n c a t i n g t h e s e r i e s i s t h a t we h ave a

b ound a r y c o nd i t i o n o n l y i n s ome d i s c r e t e p o i n t s a l o n g t h e e d g e ,

t hu s we a r e a b l e t o d e t e rm i n e o n l y a l im i t e d numb e r o f c o e f f i -

c i e n t s D l . I t i s imp o s s i b l e t o p r o p e r l y d e t e rm i n e c o e f f i c i e n t s c o r -

r e s p o nd i n g t o f r e q u e n c i e s h i g h e r t h a n a Nyqu i s t f r e q u e n c y, wh i ch

i s g i ve n by a s amp l i n g r a t e . N e ve r t h e l e s s , t h i s i s mu ch we a ke r c r i -

t e r i o n , t hu s Lm a x i s d e t e rm i n e d by a max imum p e rm i s s i b l e wave

numb e r .

S p e a k i n g a b ou t t h e c o e f f i c i e n t s D l , t h e y f o l l ow f r om th e n on -

z e r o b o und a r y c o nd i t i o n . R e c a l l t h a t we r e q u i r e ( 4 . 1 4 a ) a t t h e

r e a r - l e f t e d g e . D e n o t e

kBL ( z ) = −K ( 0 , 0 , z ) − δ KC ( 0 , 0 , z ) . ( 4 . 2 1 )

Th e n t h e b o und a r y c o nd i t i o n y i e l d s

δ KBL ( 0 , 0 , z ) =
Lm a x∑
l= 1

D l

(
L x s i n h

l π L y

L z

+ L y s i n h
l π L x

L z

)
·

· s i n
l π z

L z

!
= kBL ( z ) . ( 4 . 2 2 )

I f we t a ke a c l o s e r l o o k , we r e a l i s e t h a t e q . ( 4 . 2 2 ) i s a Fou r i e r

s i n e s e r i e s w i t h a c o e f f i c i e n t s

D l

(
L x s i n h

l π L y

L z

+ L y s i n h
l π L x

L z

)
=

2

L z

L zˆ

0

kBL ( z ) s i n
l π z

L z

d z ,

( 4 . 2 3 a )

t hu s

D l =
2

L z

(
L x s i n h l π L y

L z
+ L y s i n h l π L x

L z

) L zˆ

0

kBL ( z ) s i n
l π z

L z

d z . ( 4 . 2 3 b )
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The f o u nd s o l u t i o n h a s o n e s h o r t c om i n g . I t h a s a l i n e a r c om -

p on e nt wh i ch d e c r e a s e s mu ch mo r e s l ow l y t h a n hyp e r b o l i c t e rm .

A s a r e s u l t , t h e ma s k c a n h ave r e l a t i ve l y h i g h va l u e s a l s o f a r f r om

ed g e s wh i ch i s u nd e s i r a b l e . Th e r e f o r e , we a t t emp t t o f i n d a n o t h e r

s o l u t i o n f o r e d g e s .

R e c a l l t h a t i n o r d e r t o s a t i s f y c o n d i t i o n ( 4 . 8 ) , we h a d t o ch o o s e

c o n s t a nt s A , B s u ch t h a t t h e i r s um wa s e q u a l t o ( 4 . 8 ) . We me t

t h a t by s e t t i n g o n e c o n s t a nt t o z e r o a nd t h e o t h e r wa s n e g a t i ve

o f C . H owe ve r , i t i s n o t a s o l e way h ow t o f u l f i l t h e c o nd i t i o n

( 4 . 8 ) . I n g e n e r a l , we c a n s e t

A = α

(
l π

L z

) 2

, B = β

(
l π

L z

) 2

w i t h α + β = 1 . ( 4 . 2 4 )

U s i n g t h e s ame p r o c e d u r e a s i n t h e p r e v i o u s c a s e , we f i n d t h e c o r -

r e s p o nd i n g s o l u t i o n s

X (x ) = a s i n h

√
α l π (x − L x )

L z

; ( 4 . 2 5 a )

Y ( y ) = b s i n h

√
β l π ( y − L y )

L z

. ( 4 . 2 5 b )

Th e r e i s u s u a l l y n o p r e f e r r e d d i r e c t i o n , t hu s we ch o o s e α = β = 1
2
.

T h e n we ob t a i n t h e s o l u t i o n

δ K l ( r ) = D l s i n h
l π (x − L x )√

2L z

s i n h
l π ( y − L y )√

2L z

s i n
l π z

L z

. ( 4 . 2 6 )

S u ch a s o l u t i o n h a s a n ad vant a g e c ompa r i n g t o ( 4 . 1 8 c ) , a s i t

d o e s n o t c o nt a i n a ny l i n e a r c omp on e nt , t hu s i t d e c ay s mo r e r a p -

i d l y a nd i t i s e f f e c t i v e l y e q u a l t o z e r o i n sma l l e r d i s t a n c e f r om

ed g e s . Fu r t h e rmo r e , a hy p e r b o l i c s i n e i s o n l y a d i f f e r e n c e o f two

e xp on e nt i a l s , wh a t i s a l s o a s h a p e o f t h e a pp l i e d smo o t h i n g f u n c -

t i o n , t hu s t h e ke r n e l r ema i n s smo o t h a f t e r a p p l i c a t i o n o f t h e ma s k

a nd i t s f r e q u e n c y c o nt e nt d o e s n o t ch a n g e a l o t i n s e n s e t h a t i t

d o e s n o t a c q u i r e a ny f r e q u e n c y wh i ch i t h a s n o t c o nt a i n e d b e f o r e .
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Onc e a g a i n , t h e f i n a l s o l u t i o n i s i n f o rm o f Fou r i e r s i n e s e r i e s

δ KBL ( r ) =
∞∑
l= 1

D l s i n h
l π (x − L x )√

2L z

s i n h
l π ( y − L y )√

2L z

s i n
l π z

L z

( 4 . 2 7 )

a nd i t h a s t o b e t r u n c a t e d a t s ome Lm a x du e t o t h e r e a s o n s d i s -

c u s s e d a b ove . Th e Lm a x i s a g a i n d e t e rm i n e d by ( 4 . 2 0 ) . Th e Fou r -

i e r c o e f f i c i e n t s D l f o l l ow f r om th e s ame b ound a r y c o nd i t i o n , t h e r e -

f o r e

D l =
2

L z

(
s i n h l π L x√

2L z
s i n h l π L y√

2L z

) L zˆ

0

kBL ( z ) s i n
l π z

L z

d z . ( 4 . 2 8 )

F i n a l l y, we p r e s e n t a s umma r y o f t h e ma s k c omp on e nt s d e r i ve d

f r om th e r e s p e c t i ve e d g e s :

Fr o nt - l e f t e d g e (L x , 0 , z ) , z ∈ 〈 0 ; L z 〉

δ K F L ( r ) =
∞∑
l= 1

D l s i n h
l π x√
2L z

s i n h
l π ( y − L y )√

2L z

s i n
l π z

L z

; ( 4 . 2 9 a )

D l = − 1

s i n h l π L x√
2L z

s i n h l π L y√
2L z

2

L z

L zˆ

0

k F L ( z ) s i n
l π z

L z

d z ; ( 4 . 2 9 b )

k F L ( z ) = −K (L x , 0 , z ) − δ KC (L x , 0 , z ) . ( 4 . 2 9 c )

Fr o nt - r i g h t e d g e (L x , L y , z ) , z ∈ 〈 0 ; L z 〉

δ K F R ( r ) =
∞∑
l= 1

D l s i n h
l π x√
2L z

s i n h
l π y√
2L z

s i n
l π z

L z

; ( 4 . 3 0 a )

D l =
1

s i n h l π L x√
2L z

s i n h l π L y√
2L z

2

L z

L zˆ

0

k F R ( z ) s i n
l π z

L z

d z ; ( 4 . 3 0 b )

k F R ( z ) = −K (L x , L y , z ) − δ KC (L x , L y , z ) . ( 4 . 3 0 c )
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Rea r - l e f t e d g e ( 0 , 0 , z ) , z ∈ 〈 0 ; L z 〉

δ KBL ( r ) =
∞∑
l= 1

D l s i n h
l π (x − L x )√

2L z

s i n h
l π ( y − L y )√

2L z

s i n
l π z

L z

; ( 4 . 3 1 a )

D l =
1

s i n h l π L x√
2L z

s i n h l π L y√
2L z

2

L z

L zˆ

0

kBL ( z ) s i n
l π z

L z

d z ; ( 4 . 3 1 b )

kBL ( z ) = −K ( 0 , 0 , z ) − δ KC ( 0 , 0 , z ) . ( 4 . 3 1 c )

Rea r - r i g h t e d g e ( 0 , L x , z ) , z ∈ 〈 0 ; L z 〉

δ KBR ( r ) =
∞∑
l= 1

D l s i n h
l π (x − L x )√

2L z

s i n h
l π y√
2L z

s i n
l π z

L z

; ( 4 . 3 2 a )

D l = − 1

s i n h l π L x√
2L z

s i n h l π L y√
2L z

2

L z

L zˆ

0

kBR ( z ) s i n
l π z

L z

d z ; ( 4 . 3 2 b )

kBR ( z ) = −K ( 0 , L x , z ) − δ KC ( 0 , L x , z ) . ( 4 . 3 2 c )

Top - l e f t e d g e (x , 0 , 0 ) , x ∈ 〈 0 ; L x 〉

δ KU L ( r ) =
∞∑

m= 1

Dm s i n h
mπ ( y − L y )√

2L x

s i n h
mπ ( z − L z )√

2L x

s i n
mπ x

L x

;

( 4 . 3 3 a )

Dm =
1

s i n h mπL y√
2L x

s i n h mπL z√
2L x

2

L x

L xˆ

0

kU L (x ) s i n
mπ x

L x

d x ; ( 4 . 3 3 b )

kU L (x ) = −K (x , 0 , 0 ) − δ KC (x , 0 , 0 ) . ( 4 . 3 3 c )

Top - r i g h t e d g e (x , L y , 0 ) , x ∈ 〈 0 ; L x 〉

δ KU R ( r ) =
∞∑

m= 1

Dm s i n h
mπ y√

2L x

s i n h
mπ ( z − L z )√

2L x

s i n
mπ x

L x

; ( 4 . 3 4 a )

Dm = − 1

s i n h mπL y√
2L x

s i n h mπL z√
2L x

2

L x

L xˆ

0

kU R (x ) s i n
mπ x

L x

d x ; ( 4 . 3 4 b )

kU R (x ) = −K (x , L y , 0 ) − δ KC (x , L y , 0 ) . ( 4 . 3 4 c )
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Bo t t om - l e f t e d g e (x , 0 , L z ) , x ∈ 〈 0 ; L x 〉

δ KDL ( r ) =
∞∑

m= 1

Dm s i n h
mπ ( y − L y )√

2L x

s i n h
mπ z√

2L x

s i n
mπ x

L x

; ( 4 . 3 5 a )

Dm = − 1

s i n h mπL y√
2L x

s i n h mπL z√
2L x

2

L x

L xˆ

0

kDL (x ) s i n
mπ x

L x

d x ; ( 4 . 3 5 b )

kDL (x ) = −K (x , 0 , L z ) − δ KC (x , 0 , L z ) . ( 4 . 3 5 c )

Bo t t om - r i g h t e d g e (x , L y , L z ) , x ∈ 〈 0 ; L x 〉

δ KDR ( r ) =
∞∑

m= 1

Dm s i n h
mπ y√

2L x

s i n h
mπ z√

2L x

s i n
mπ x

L x

; ( 4 . 3 6 a )

Dm =
1

s i n h mπL y√
2L x

s i n h mπL z√
2L x

2

L x

L xˆ

0

kDR (x ) s i n
mπ x

L x

d x ; ( 4 . 3 6 b )

kDR (x ) = −K (x , L y , L z ) − δ KC (x , L y , L z ) . ( 4 . 3 6 c )

Fr o nt - t o p e d g e (L x , y , 0 ) , y ∈ 〈 0 ; L y 〉

δ K F U ( r ) =
∞∑
n= 1

D n s i n h
nπ x√

2L y

s i n h
nπ ( z − L z )√

2L y

s i n
nπ y

L y

; ( 4 . 3 7 a )

D n = − 1

s i n h nπ L x√
2L y

s i n h nπ L z√
2L y

2

L y

L yˆ

0

k F U ( y ) s i n
nπ y

L y

d y ; ( 4 . 3 7 b )

k F U ( y ) = −K (L x , y , 0 ) − δ KC (L x , y , 0 ) . ( 4 . 3 7 c )

Fr o nt - b o t t om ed g e (L x , y , L z ) , y ∈ 〈 0 ; L y 〉

δ K F D ( r ) =
∞∑
n= 1

D n s i n h
nπ x√

2L y

s i n h
nπ z√

2L y

s i n
nπ y

L y

; ( 4 . 3 8 a )

D n =
1

s i n h nπ L x√
2L y

s i n h nπ L z√
2L y

2

L y

L yˆ

0

k F D ( y ) s i n
nπ y

L y

d y ; ( 4 . 3 8 b )

k F D ( y ) = −K (L x , y , L z ) − δ KC (L x , y , L z ) . ( 4 . 3 8 c )
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Rea r - t o p e d g e ( 0 , y , 0 ) , y ∈ 〈 0 ; L y 〉

δ KBU ( r ) =
∞∑
n= 1

D n s i n h
nπ (x − L x )√

2L y

s i n h
nπ ( z − L z )√

2L y

s i n
nπ y

L y

;

( 4 . 3 9 a )

D n =
1

s i n h nπ L x√
2L y

s i n h nπ L z√
2L y

2

L y

L yˆ

0

kBU ( y ) s i n
nπ y

L y

d y ; ( 4 . 3 9 b )

kBU ( y ) = −K ( 0 , y , 0 ) − δ KC ( 0 , y , 0 ) . ( 4 . 3 9 c )

Rea r - b o t t om ed g e ( 0 , y , L z ) , y ∈ 〈 0 ; L y 〉

δ KBD ( r ) =
∞∑
n= 1

D n s i n h
nπ (x − L x )√

2L y

s i n h
nπ z√

2L y

s i n
nπ y

L y

; ( 4 . 4 0 a )

D n = − 1

s i n h nπ L x√
2L y

s i n h nπ L z√
2L y

2

L y

L yˆ

0

kBD ( y ) s i n
nπ y

L y

d y ; ( 4 . 4 0 b )

kBD ( y ) = −K ( 0 , y , L z ) − δ KC ( 0 , y , L z ) . ( 4 . 4 0 c )

4 . 2 . 2 . 3 Fa c e s Be f o r e we w i l l f i n d ma s k c omp on e nt s d e r i ve d

f r om th e f a c e s , we n e e d t o up d a t e b o und a r y c o nd i t i o n s , a s t h o s e

h a s b e e n a f f e c t e d by t h e ma s k c omp on e nt s d e r i v e d f r om th e e d g e s .

Th e n ew b ound a r y c o nd i t i o n s a r e

δ K ( r ) = −K ( r ) − δ KC ( r ) −
∑
e∈E

δ K e ( r ) ( 4 . 4 1 a )

a t wa l l s o f t h e e x c i t a t i o n b ox a nd

δ K ( r ) = − δ KC ( r ) −
∑
e∈E

δ K e ( r ) ( 4 . 4 1 b )

a t t h e f r e e s u r f a c e .

N ow we c a n p r o c e e d t o l o o k i n g f o r t h e ma s k c omp on e nt s d e -

r i v e d f r om th e f a c e s . L e t ’ s j u s t r em i n d t h a t we h ave a l r e a d y s a t -

i s f i e d b o und a r y c o nd i t i o n s a t c o r n e r s a n d e d g e s , t hu s t h e s o l u t i o n

f o r f a c e s h a s t o b e z e r o t h e r e . We w i l l u s e t h e s ame p r o c e d u r e a s
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i n c a s e o f e d g e s . We w i l l b u i l d t h e s o l u t i o n f r om 6 s o l u t i o n s – o n e

f o r e a ch f a c e . Th o s e i n d i v i d u a l s o l u t i o n s h ave a n on - z e r o b o und -

a r y c o nd i t i o n a t j u s t o n e f a c e a nd z e r o c o nd i t i o n s a t t h e o t h e r s .

We a r e g o i n g t o d emon s t r a t e t h e p r o c e d u r e o f f i n d i n g t h e s o l u -

t i o n f o r o n e f a c e o n e x amp l e o f t h e r e a r f a c e ( 0 , y , z ) . We s e e k t h e

s o l u t i o n δ KB ( r ) i n f o rm ( 4 . 5 ) a g a i n , wh i ch me an s i t c o n s i s t s o f

f u n c t i o n s ( 4 . 1 0 ) .

Th e s o l u t i o n f o r t h e f a c e h a s t o b e z e r o a t t h e a d j a c e nt e d g e s .

I t c a n by s a t i s f i e d o n l y by f u n c t i o n s o f t h e ty p e ( 4 . 1 0 b ) i n y a nd

z d i r e c t i o n s , t h e r e f o r e c o r r e s p o nd i n g c o e f f i c i e n t s h a s t o b e n e g -

a t i ve . H e n c e we c a n w r i t e t h em i n f o rm B = − q 2 a nd C = − r 2 .

F i r s t l y, we a r e g o i n g t o f i n d t h e s o l u t i o n i n y d i r e c t i o n . We

kn ow , i t h a s t o h ave t h e f o rm

Y ( y ) = b 1 e i q y + b 2 e− i q y . ( 4 . 4 2 a )

Th e z e r o b o und a r y c o nd i t i o n s a t t h e l e f t a n d r i g h t a d j a c e nt e d g e s

y i e l d Y ( 0 ) = 0 a nd Y (L y ) = 0 r e s p e c t i v e l y. Th e f o rme r imp l i e s

b 2 = − b 1 , t hu s

Y ( y ) = b s i n ( q y ) , ( 4 . 4 2 b )

t h e l a t e r s e t s r e s t r i c t i o n o n t h e c o e f f i c i e n t

q L y = nπ , n ∈ Z . ( 4 . 4 2 c )

Th e r e f o r e t h e s o u g ht s o l u t i o n i n y d i r e c t i o n i s

Y n ( y ) = b s i n
nπ y

L y

( 4 . 4 2 d )

a nd t h e c o r r e s p o nd i n g c o n s t a nt i s

B = −
(
nπ

L y

) 2

= − q 2
n . ( 4 . 4 2 e )
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Ana l o g o u s l y, we c a n f i n d a s o l u t i o n i n z d i r e c t i o n . I t h a s t h e

s ame f o rm and t h e upp e r a n d b o t t om ad j a c e nt e d g e s p r ov i d e s im -

i l a r b o und a r y c o nd i t i o n s Z ( 0 ) = 0 a nd Z (L z ) = 0 , t h e r e f o r e we

o b t a i n

Z l ( z ) = c s i n
l π z

L z

( 4 . 4 3 a )

w i t h t h e c o r r e s p o nd i n g c o n s t a nt

C = −
(
l π

L z

) 2

= − r 2
l . ( 4 . 4 3 b )

F i n a l l y, we h ave t o f i n d t h e s o l u t i o n i n x d i r e c t i o n . Th e c o n -

d i t i o n ( 4 . 8 ) imp l i e s t h a t t h e c o n s t a nt A h a s t o b e p o s i t i v e

A = −B − C =

(
nπ

L y

) 2

+

(
l π

L z

) 2

= p 2
n l , ( 4 . 4 4 a )

t h e r e f o r e t h e s o u g ht s o l u t i o n i s o f f o rm ( 4 . 1 0 a )

X n l (x ) = a 1 e pn l x + a 2 e− pn l x . ( 4 . 4 4 b )

Th e z e r o b o und a r y c o nd i t i o n a t t h e o pp o s i t e f a c e y i e l d s X (L x ) =

0 , t hu s a 2 = − a 1 e 2 pn l L x , h e n c e t h e s o l u t i o n i s

X n l (x ) = a s i n h [ p n l (x − L x ) ] . ( 4 . 4 4 c )

Pu t t i n g i t a l l t o g e t h e r , we o b t a i n

δ K n l ( r ) = D n l s i n h [ p n l (x − L x ) ] s i n
nπ y

L y

s i n
l π z

L z

. ( 4 . 4 5 )

Ac t u a l l y, we h ave f o u nd an i n f i n i t e numb e r o f s o l u t i o n s a n d t h e i r

a r b i t r a r y l i n e a r c omb i n a t i o n

δ KB ( r ) =
∞∑
n= 1

∞∑
l= 1

D n l s i n h [ p n l (x − L x ) ] s i n
nπ y

L y

s i n
l π z

L z

. ( 4 . 4 6 )
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i s a l s o t h e s o l u t i o n . We ob t a i n e d a two - d im en s i o n a l Fou r i e r s i n e

s e r i e s . I n p r a c t i c e , we n e e d t o t r u n c a t e i t a t s ome Nm a x a nd Lm a x

b e c a u s e o f t h e s ame r e a s o n s a s f o r e d g e s .

Th e c o e f f i c i e n t s D n l a r e d e t e rm i n e d by t h e s o l e n o n - z e r o b o und -

a r y c o nd i t i o n . D en o t e

kB ( y , z ) = −K ( 0 , y , z ) − δ KC ( 0 , y , z ) −
∑
e∈E

δ K e ( 0 , y , z ) , ( 4 . 4 7 )

wh e r e E c o nt a i n s ( 4 . 1 1 b ) . Th e n i t y i e l d s

δ KB ( 0 , y , z ) = −
∞∑
n= 1

∞∑
l= 1

D n l s i n h ( p n lL x ) s i n
nπ y

L y

s i n
l π z

L z

!
= kB ( y , z ) .

( 4 . 4 8 )

Con s e q u e nt l y, i t f o l l ow s t h a t

D n l =
4

L y L z s i n h ( p n lL x )

L yˆ

0

 L zˆ

0

kB ( y , z ) s i n
l π z

L z

d z

 s i n
nπ y

L y

d y .

( 4 . 4 9 )

F i n a l l y, we p r e s e n t a s umma r y o f t h e ma s k c omp on e nt s d e r i ve d

f r om r e s p e c t i v e f a c e s :

Fr o nt f a c e (L x , y , z ) , y ∈ 〈 0 ; L y 〉 , z ∈ 〈 0 ; L z 〉

δ K F ( r ) =
∞∑
n= 1

∞∑
l= 1

D n l s i n h ( p n l x ) s i n
nπ y

L y

s i n
l π z

L z

; ( 4 . 5 0 a )

p n l = π

√(
n

L y

) 2

+

(
l

L z

) 2

; ( 4 . 5 0 b )

D n l =
1

s i n h ( p n lL x )

4

L y L z

L yˆ

0

 L zˆ

0

k F ( y , z ) s i n
l π z

L z

d z

 s i n
nπ y

L y

d y ;

( 4 . 5 0 c )

k F ( y , z ) = −K (L x , y , z ) − δ KC (L x , y , z ) −
∑
e∈E

δ K e (L x , y , z ) .

( 4 . 5 0 d )
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Rea r f a c e ( 0 , y , z ) , y ∈ 〈 0 ; L y 〉 , z ∈ 〈 0 ; L z 〉

δ KB ( r ) =
∞∑
n= 1

∞∑
l= 1

D n l s i n h [ p n l (x − L x ) ] s i n
nπ y

L y

s i n
l π z

L z

; ( 4 . 5 1 a )

p n l = π

√(
n

L y

) 2

+

(
l

L z

) 2

; ( 4 . 5 1 b )

D n l = − 1

s i n h ( p n lL x )

4

L y L z

L yˆ

0

 L zˆ

0

kB ( y , z ) s i n
l π z

L z

d z

 s i n
nπ y

L y

d y ;

( 4 . 5 1 c )

kB ( y , z ) = −K ( 0 , y , z ) − δ KC ( 0 , y , z ) −
∑
e∈E

δ K e ( 0 , y , z ) . ( 4 . 5 1 d )

Top f a c e (x , y , 0 ) , x ∈ 〈 0 ; L x 〉 , y ∈ 〈 0 ; L y 〉

δ KU ( r ) =
∞∑

m= 1

∞∑
n= 1

Dmn s i n h [ rmn ( z − L z ) ] s i n
mπ x

L x

s i n
nπ y

L y

; ( 4 . 5 2 a )

rmn = π

√(
m

L x

) 2

+

(
n

L y

) 2

; ( 4 . 5 2 b )

Dmn = − 1

s i n h ( rmnL z )

4

L xL y

L xˆ

0

 L yˆ

0

kU (x , y ) s i n
nπ y

L y

d y

 s i n
mπ x

L x

d x ;

( 4 . 5 2 c )

kU (x , y ) = − δ KC (x , y , 0 ) −
∑
e∈E

δ K e (x , y , 0 ) . ( 4 . 5 2 d )

L e f t f a c e (x , 0 , z ) , x ∈ 〈 0 ; L x 〉 , z ∈ 〈 0 ; L z 〉

δ KL ( r ) =
∞∑

m= 1

∞∑
l= 1

Dml s i n h [ qml ( y − L y ) ] s i n
mπ x

L x

s i n
l π z

L z

; ( 4 . 5 3 a )

qml = π

√(
m

L x

) 2

+

(
l

L z

) 2

; ( 4 . 5 3 b )

Dml = − 1

s i n h ( qmlL y )

4

L xL z

L xˆ

0

 L zˆ

0

kL (x , z ) s i n
l π z

L z

d z

 s i n
mπ x

L x

d x ;

( 4 . 5 3 c )

kL (x , z ) = −K (x , 0 , z ) − δ KC (x , 0 , z ) −
∑
e∈E

δ K e (x , 0 , z ) . ( 4 . 5 3 d )
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Bo t t om f a c e (x , y , L z ) , x ∈ 〈 0 ; L x 〉 , y ∈ 〈 0 ; L y 〉

δ KD ( r ) =
∞∑

m= 1

∞∑
n= 1

Dmn s i n h ( rmn z ) s i n
mπ x

L x

s i n
nπ y

L y

; ( 4 . 5 4 a )

rmn = π

√(
m

L x

) 2

+

(
n

L y

) 2

; ( 4 . 5 4 b )

Dmn =
1

s i n h ( rmnL z )

4

L xL y

L xˆ

0

 L yˆ

0

kD (x , y ) s i n
nπ y

L y

d y

 s i n
mπ x

L x

d x ;

( 4 . 5 4 c )

kD (x , y ) = −K (x , y , L z ) − δ KC (x , y , L z ) −
∑
e∈E

δ K e (x , y , L z ) .

( 4 . 5 4 d )

R i g ht f a c e (x , L y , z ) , x ∈ 〈 0 ; L x 〉 , z ∈ 〈 0 ; L z 〉

δ KR ( r ) =
∞∑

m= 1

∞∑
l= 1

Dml s i n h ( qml y ) s i n
mπ x

L x

s i n
l π z

L z

; ( 4 . 5 5 a )

qml = π

√(
m

L x

) 2

+

(
l

L z

) 2

; ( 4 . 5 5 b )

Dml =
1

s i n h ( qmlL y )

4

L xL z

L xˆ

0

 L zˆ

0

kR (x , z ) s i n
l π z

L z

d z

 s i n
mπ x

L x

d x ;

( 4 . 5 5 c )

kR (x , z ) = −K (x , L y , z ) − δ KC (x , L y , z ) −
∑
e∈E

δ K e (x , L y , z ) .

( 4 . 5 5 d )

4 . 2 . 3 P r o b l em w i t h a f r e e s u r f a c e

We have f o u nd a s o l u t i o n o f t h e L ap l a c e e q u a t i o n ( 4 . 3 ) i n t h e

f o rm o f a s um o f Fou r i e r s i n e s e r i e s . H owe ve r , we d o n o t u s e t h e

e nt i r e s e r i e s , i n s t e a d we t r u n c a t e t h em a f t e r s e ve r a l t e rm s . I t

m e a n s t h a t t h e s o l u t i o n d o e s n o t s a t i s f y t h e b o und a r y c o nd i t i o n s

( 4 . 4 ) e x a c t l y, b u t i t h a s r a t h e r a n o s c i l l a t o r y ch a r a c t e r .

I f a f u n c t i o n t o b e e x p a nd e d d o e s n o t c o nt a i n a ny d i s c o nt i nu -

i t i e s , t h e Fou r i e r s e r i e s c o nve r g e s r e l a t i ve l y f a s t , t hu s u s u a l l y a
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f ew f i r s t t e rm s i s e n o u g h . A s we c a l c u l a t e t h e ma s k a f t e r t h e ke r -

n e l h a s b e e n smo o t h e d , t h i s r e q u i r ement i s m e t .

H oweve r , o n e mu s t b e c a r e f u l , b e c a u s e we u s e t h e Fou r i e r s i n e

s e r i e s , t hu s we e x p and an o dd e x t e n s i o n o f t h e f u n c t i o n . Th e r e -

f o r e , t h e d i s c o nt i nu i t i e s a p p e a r i f t h e e n d va l u e s o f t h e f u n c t i o n

a r e n o n - z e r o . And i t i s o f t e n t h e c a s e .

H oweve r , n e i t h e r t h i s c a u s e s a p r o b l em . Non - z e r o va l u e s a t t h e

c o r n e r s a r e nu l l e d by an app l i c a t i o n o f t h e t r i l i n e a r c omp on e nt

o f t h e ma s k , wh i ch n a t u r a l l y d o e s n o t s u f f e r f r om t h i s p r o b l em .

Th e t r i l i n e a r c omp on e nt i s smo o t h , s o i t l owe r s t h e va l u e s a l s o

i n t h e v i c i n i ty o f t h e c o r n e r s . C on s e q u e nt l y, t h e e n d p o i n t s o f

t h e e d g e s a r e nu l l e d a nd t h e o dd e x t e n s i o n s o f t h e e d g e s d o n o t

c o nt a i n d i s c o nt i nu i t i e s , t hu s t h e Fou r i e r s e r i e s f o r e d g e s c o nve r g e

r e l a t i ve l y f a s t a n d h e n c e d o n o t e x h i b i t t h e o s c i l l a t o r y b e h av i o u r .

Th e r e f o r e , t h e b o und a r y c o nd i t i o n s o n e d g e s a r e s a t i s f i e d q u i t e

we l l , wh i ch me an s t h a t t h e b o und a r y c o nd i t i o n s f o r f a c e s a r e z e r o

a t t h e a d j a c e nt e d g e s , t hu s t h e s e r i e s d e r i v e d f r om th e f a c e s c a n

b e t r u n c a t e d a s we l l . S o wh e r e i s t h e p r o b l em?

We mu s t r e a l i s e t h a t we h ave a d i s c o nt i nu o u s b o und a r y c o nd i -

t i o n s a t t h e u pp e r e d g e s . I t c ome s f r om th e f a c t t h a t we r e q u i r e a

n o - g a i n z o n e o f t h e ma s k a t t h e wa l l s o f t h e e x c i t a t i o n b ox , b u t a

f u l l - g a i n z o n e a t t h e f r e e s u r f a c e . I t wou l d n o t b e a p r o b l em i f we

d e a l t w i t h a c o nt i nu o u s p r o b l em . Th e r e a r e me t h o d s h ow t o a d -

d r e s s i t ( e . g . B r ave rman e t a l . , 1 9 9 8 ) . H owe ve r , i n t h e d i s c r e t e

c a s e , we mu s t d e c i d e wh i ch c o nd i t i o n p r e va i l s o n t h e e d g e wh e r e

t h e d i s c o nt i nu i ty a pp e a r s .

We p r e f e r t h e n o - g a i n c o nd i t i o n a t t h e e d g e . Th e r e f o r e , t h e

z e r o b o und a r y c o nd i t i o n a t t h e f r e e s u r f a c e me an s t h a t t h e ma s k

c omp on e nt d e r i ve d f r om th e t o p f a c e h a s t o r e ve r t t h e ch a n g e s i n

t h e ke r n e l a t t h e f r e e s u r f a c e c a u s e d by o t h e r ma s k c omp on e nt s .

H owe ve r , i t m e an s t h a t t h e va l u e s a t t h e e d g e s o f t h e u pp e r f a c e

a r e n o n - z e r o , t hu s t h e r e a r e d i s c o nt i nu i t i e s i n o dd e x t e n s i o n s o f
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t h e f u n c t i o n t o b e e x p and e d a nd h e n c e t h e Fou r i e r s e r i e s a t t h e

f r e e s u r f a c e c o nve r g e s ve r y s l ow l y.

C on s e q u e nt l y, t h e t r u n c a t e d s e r i e s e x h i b i t s a n o s c i l l a t o r y b e -

h av i o u r . Th e o s c i l l a t i o n s d im i n i s h wh e n mo r e t e rm s o f t h e s e r i e s

a r e p r e s e r ve d wh i ch i s t h e c a s e a t t h e l owe r s c a l e s . H owe ve r , i t i s

imp o s s i b l e t o g e t r i d o f t h em c omp l e t e l y. When we add an o t h e r

t e rm t o t h e t r u n c a t e d s e r i e s , t h e o s c i l l a t i o n s l owe r s l i g h t l y a n d

s h i f t t owa r d s t h e d i s c o nt i nu i ty bu t t h e y n e ve r d i s a p p e a r . I t i s

s o - c a l l e d G i b b s p h e n omen on . I f we want e d t o s u pp r e s s t h e o s c i l -

l a t i o n s , s o t h a t t h e y we r e s h i f t e d t o t h e e d g e wh e r e t h e y we r e n o t

o b s e r va b l e , we wou l d n e e d t o g o b e yo nd Nyqu i s t f r e q u e n c y.

We w i l l b e a b l e t o o b s e r ve t h e o s c i l l a t i o n s a t t h e nume r i c a l

e x amp l e s . Fo r t u n a t e l y t h e i r amp l i t u d e i s r e l a t i v e l y sma l l a n d i t

d e c r e a s e s w i t h t h e d e p t h r a p i d l y. I n a ny c a s e , we s h o u l d b e ve r y

c a r e f u l wh e n a pp l y i n g t h e ma s k a nd we s h o u l d a lway s ch e ck t h em

ou t .

4 . 2 . 4 Nume r i c a l imp l ement a t i o n a nd t im e c omp l e x i ty

I n t h i s s e c t i o n , we b r i e f l y d e s c r i b e o u r nume r i c a l imp l ement a -

t i o n o f t h e a l g o r i t hm f o r s o l v i n g o f t h e L ap l a c e e q u a t i o n . I t w i l l

a l l ow u s t o e s t ima t e a t im e c omp l e x i ty o f t h e ma s k c ompu t a t i o n .

F i r s t o f a l l , we d e t e rm i n e t h e numb e r o f t e rm s i n t r u n c a t e d

Fou r i e r s e r i e s . L e t ’ s c o n s i d e r d im en s i o n s o f t h e c ompu t a t i o n a l

d oma i n N x × N y × N z a nd smo o t h i n g i n t e n s i t i e s Λ x , Λ y a nd Λ z .

T h e n a c c o r d i n g t o e q . ( 4 . 2 0 ) , t h e c o r r e s p o nd i n g numb e r s o f t e rm s

a r e

Mm a x =

⌊
(N x − 1 ) h

πΛ x

⌋
, Nm a x =

⌊
(N y − 1 ) h

πΛ y

⌋
, Lm a x =

⌊
(N z − 1 ) h

πΛ z

⌋
.

( 4 . 5 6 )

S e c o nd l y, we c a l c u l a t e t h e c o e f f i c i e n t s o f t h e t r i l i n e a r p a r t o f

t h e ma s k . We u s e e q . ( 4 . 1 3 ) w i t h o n e s l i g h t mo d i f i c a t i o n – i n -
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s t e a d o f l e n g t h s L , we u s e numb e r s o f g r i d p o i n t s i n r e s p e c t i v e

d i r e c t i o n s m i nu s o n e L ↔ (N − 1 ) . I t w i l l a l l ow u s t o c a l c u l a t e

ma s k va l u e s b a s e d o n g r i d i n d i c e s r a t h e r t h a n o n c o o r d i n a t e s . We

w i l l u s e t h i s i n t e r ch a n g e f r om now f u r t h e r o n w i t h o u t n o t i f y i n g .

B e s i d e t h a t , we a l l o c a t e a n a dd i t i o n a l two - d im en s i o n a l a r r ay,

wh e r e we w i l l s t o r e t h e ma s k va l u e s a t t h e f r e e s u r f a c e . I t w i l l

a l l ow u s t o me e t t h e z e r o b o und a r y c o nd i t i o n a t t h e f r e e s u r f a c e

l a t e r .

C on s e q u e nt l y, we up d a t e t h e ke r n e l w i t h t h e t r i l i n e a r ma s k

c omp on e nt s a nd we add va l u e s o n t h e s u r f a c e t o t h a t a u x i l i a r y

a r r ay. A c a l c u l a t i o n o f t h e c o e f f i c i e n t s t a ke s a n e g l i g i b l e amount

o f c ompu t a t i o n a l t im e , t hu s a t im e c omp l e x i ty o f t h i s s t e p i s d e -

t e rm i n e d by up d a t i n g o f t h e ke r n e l . We n e e d t o up d a t e N x · N y · N z

va l u e s , t hu s t h e t im e c omp l e x i ty o f t h i s s t e p i s O (N xN yN z ) . S t o r -

i n g t h e ma s k va l u e s a t t h e s u r f a c e r e q u i r e s o n l y N x · N y s t e p s , t hu s

i t i s o n l y o f O (N xN y ) .

T h i r d l y, we c a l c u l a t e t h e Fou r i e r c o e f f i c i e n t s o f t h e ma s k c om -

p on e nt s d e r i ve d f r om ed g e s . A s t h e t r i l i n e a r p a r t o f t h e ma s k h a s

b e e n a l r e a d y add e d t o t h e ke r n e l , we c a n u s e t h e ke r n e l va l u e s

a l o n g e d g e s a s t h e b o und a r y c o nd i t i o n d i r e c t l y.

We u s e t h e S imp s o n r u l e f o r c ompu t a t i o n o f t h e c o e f f i c i e n t s i f

a numb e r o f g r i d p o i n t s a l o n g t h e r e s p e c t i v e e d g e i s e ve n , o t h -

e rw i s e we u s e t h e t r a p e z o i d a l r u l e . We d o n o t n e e d t o u s e t h e

Fa s t Fou r i e r t r a n s f o rm , a s we a r e i n t e r e s t e d o n l y i n a f ew f i r s t

c o e f f i c i e n t s . Th e FFT c ou l d b r i n g s ome c ompu t a t i o n a l t im e r e -

d u c t i o n o n l y o n t h e l owe s t s c a l e s , o n wh i ch we n e e d t o c a l c u l a t e

mo r e Fou r i e r c o e f f i c i e n t s . H owe ve r , t h e c ompu t a t i o n a l t im e s a r e

n o t t o o l a r g e , t hu s t h e p o t e nt i a l r e d u c t i o n wou l d n o t b e s i g n i f i c -

a nt i n a b s o l u t e va l u e s . A t im e c omp l e x i ty o f t h e c a l c u l a t i o n o f

Fo u r i e r c o e f f i c i e n t s i s h e n c e O (N xMm a x ) f o r a n e d g e o r i e n t e d i n

x d i r e c t i o n a nd s im i l a r f o r o t h e r e d g e s .
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Con s e q u e nt l y, we up d a t e t h e ke r n e l w i t h t h e ma s k c omp on e nt s

d e r i ve d f r om ed g e s a n d add va l u e s a t t h e f r e e s u r f a c e t o t h e a u x -

i l i a r y two - d im en s i o n a l a r r ay. A t im e c omp l e x i ty o f u p d a t i n g o f

t h e ke r n e l i s 1 2O (N xN yN zMm a x ) f o r a n e d g e o r i e n t e d i n x d i r e c -

t i o n a nd 1 2O (N xN yMm a x ) o f a d d i n g t h e va l u e s a t t h e f r e e s u r f a c e

t o t h e a u x i l i a r y a r r ay. I t i s l i k e t h a t b e c a u s e t h e r e a r e N x · N y · N z

p o i n t s a n d f o r e a ch o f t h em , we n e e d t o c a l c u l a t e Mm a x Fou r i e r

t e rm s .

F i n a l l y, we c a l c u l a t e Fou r i e r c o e f f i c i e n t s o f t h e ma s k c omp on -

e nt s d e r i ve d f r om f a c e s . On c e a g a i n , we c a n u s e t h e ke r n e l va l u e s

a t t h e f a c e s a s a b o und a r y c o nd i t i o n , a s i t h a s b e e n a l r e a d y up -

d a t e d by t h e ma s k c omp on e nt s d e r i v e d f r om c o r n e r s a n d e d g e s .

Th e b o und a r y c o nd i t i o n f o r t h e t o p f a c e i s s t o r e d i n t h e a u x i l i a r y

a r r ay.

We u s e t h e two - d im en s i o n a l S imp s o n r u l e i f d im en s i o n s o f t h e

f a c e a r e e ve n , o t h e rw i s e we u s e t h e two - d im en s i o n a l t r a p e z o i d a l

r u l e . N e i t h e r h e r e we u s e t h e Fa s t Fou r i e r t r a n s f o rm . Fo r i n -

s t a n c e , a t im e c omp l e x i ty o f t h e c ompu t a t i o n o f t h e c o e f f i c i e n t s

f o r t h e t o p f a c e i s O (Mm a xNm a xNXN Y ) . C ompa r i n g i t t o t h e FFT ,

i t s t im e c omp l e x i ty i s O (NXN Y l o g (NXN Y ) ) . C o n s i d e r i n g NX ·

N Y ∼ 1 0 6 , a c ompu t a t i o n a l t im e o f t h e FFT i s 6 c · 1 0 6 . On t h e

o t h e r h a nd Mm a x · Nm a x ∼ 1 0 1 , t hu s i t i s n o t mu ch mo r e c ompu t a -

t i o n a l d emand i n g t h a n t h e FFT , e x c e p t f o r t h e c a s e o f t h e l owe s t

s c a l e s a t wh i ch Mm a x · Nm a x c a n b e o f a n o r d e r o r two h i g h e r . Any -

way, i t i s s t i l l l e s s c ompu t a t i o n a l l y d emand i n g t h a n up d a t i n g t h e

ke r n e l .

C on s e q u e nt l y, we up d a t e t h e ke r n e l w i t h t h e ma s k c omp on -

e nt s d e r i v e d f r om f a c e s wh i ch i s o f 6O (N xN yN zMm a xNm a x ) f o r a

h o r i z o nt a l l y - o r i e n t e d f a c e . I t i s t h e mo s t c ompu t a t i o n a l l y d e -

mand i n g s t e p o f c a l c u l a t i o n a nd app l i c a t i o n o f t h e ma s k . We do

n o t h ave t o a dd va l u e s a t t h e f r e e s u r f a c e t o t h a t a u x i l i a r y a r r ay,

a s t h o s e va l u e s a r e p e r d e f i n i t i o n z e r o .
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Le t ’ s n o t e , t h a t we h ave n o t c a l c u l a t e d a s p a t i a l r e p r e s e n t a -

t i o n o f t h e ma s k . I n s t e a d we r e p r e s e nt i t u s i n g t h e Fou r i e r c o e f -

f i c i e n t s a n d t h e c o e f f i c i e n t s o f t h e t r i l i n e a r p a r t , h e n c e we kn ow

i t s ( t r u n c a t e d ) s p e c t r um . S u ch a r e p r e s e n t a t i o n i s ve r y c ompa c t .

We c a n s t o r e i t w i t h ve r y l ow memo r y d emand s a nd r e c o n s t r u c t

wh e n e ve r we n e e d i t .

4 . 3 Nume r i c a l t e s t s

4 . 3 . 1 Co e f f i c i e n t s o f ma s k c omp on e nt s

F i r s t o f a l l , we t e s t o u t wh e t h e r t h e L ap l a c e e q u a t i o n s o l ve r

s o l ve s t h e e q . ( 4 . 3 ) c o r r e c t l y. We f i l l e d a t h r e e - d im en s i o n a l c u b i c

a r r ay (N = 2 0 1 ) w i t h a s o l u t i o n o f t h e L ap l a c e e q u a t i o n s a t i s f y -

i n g t h e b o und a r y c o nd i t i o n s ( 4 . 4 ) . I f t h e s o l ve r wo r k s c o r r e c t l y,

i t s h o u l d r e t u r n e x a c t l y t h e p r e s c r i b e d s o l u t i o n , h e n c e t h e ma s k

s h o u l d e f f e c t i ve l y nu l l t h e e nt i r e a r r ay.

L e t ’ s n o t e t h a t we imp l ement e d t h e ma s k a s a f u n c t i o n t h a t

h a s t o b e s u b t r a c t e d f r om th e ke r n e l , n o t a d d e d t o i t . I t m e a n s

t h a t we ch an g e d t h e s i g n i n e q . ( 4 . 2 ) . C on s e q u e nt l y, we h a d t o

ch a n g e t h e s i g n i n t h e b o und a r y c o nd i t i o n s ( 4 . 4 a ) f r om −K ( r ) t o

+K ( r ) . T h e r e f o r e , t h e ma s k s h o u l d b e s ame a s t h e i n pu t a r r ay. I f

we imp l ement e d i t t h e o t h e r way a r o und , we s h o u l d o b t a i n e x a c t l y

o pp o s i t e s o l u t i o n .

Th e p r e s c r i b e d s o l u t i o n i s

δ K i j k = δ K i j k
c + δ K i j k

DL ; 1 + δ K i j k
F ; 1 , 1 , ( 4 . 5 7 a )

δ K i j k
c =

i · j · k
(N x − 1 ) (N y − 1 ) (N z − 1 )

, ( 4 . 5 7 b )

δ K i j k
DL ; 1 = s i n h

π ( j − N y + 1 )√
2 (N x − 1 )

· s i n h
π k√

2 (N x − 1 )
· s i n

π i

N x − 1
,

( 4 . 5 7 c )

δ K i j k
F ; 1 , 1 = s i n h

[
π

√
1

(N y − 1 ) 2 +
1

(N z − 1 ) 2 i

]
· s i n

π j

N y − 1
· s i n

π k

N z − 1
.

( 4 . 5 7 d )
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I t c o n s i s t s o f t h e c omp on e nt d e r i ve d f r om c o r n e r s w i t h a c o e f f i -

c i e n t h = 1/2 0 0 3 = 1 . 2 5 · 1 0− 7 , a f u n d ament a l mo d e o f t h e c omp on e nt

d e r i ve d f r om th e b o t t om - l e f t e d g e w i t h a c o e f f i c i e n t D 1 = 1 a nd a

f u nd ament a l mo d e o f t h e c omp on e nt d e r i ve d f r om th e f r o nt f a c e

w i t h a c o e f f i c i e n t D 1 , 1 = 1 . A l l o t h e r c o e f f i c i e n t s a r e z e r o . Thu s

we e x p e c t t o o b t a i n e x a c t l y t h e s e c o e f f i c i e n t s .

Th e ch a r a c t e r i s t i c l e n g t h wa s Λ = 2 0 w i t h a un i t g r i d s t e p ,

t hu s a c c o r d i n g t o e q . ( 4 . 5 6 ) , a numb e r o f t e rm s i n t h e Fou r i e r

s e r i e s wa s 3 . Th e c a l c u l a t e d c o e f f i c i e n t s a r e p r e s e n t e d i n Tab .

4 . 1 . Th e y f o l l ow t h e o r e t i c a l p r e d i c t i o n s ve r y we l l . D i s c r e p a n c i e s

a r e c a u s e d by r o und i n g w i t h i n f l o a t p r e c i s i o n .

4 . 3 . 2 App l i c a t i o n o f ma s k o n smo o t h e d Gau s s i a n s i g n a l

As we h ave ve r i f i e d t h a t o u r L ap l a c e e q u a t i o n s o l ve r c a l c u l a t e s

ma s k c o r r e c t l y, we c a n p e r f o rm nume r i c a l t e s t s . We w i l l f i n d t h e

ma s k f o r t h e smo o t h e d a r r ay f r om th e s u b s e c t i o n 3 . 2 . 2 . 3 a nd w i l l

a p p l y i t . We u s e a n a r r ay smo o t h e d by a smo o t h i n g f u n c t i o n w i t h

a smo o t h i n g i n t e n s i ty Λ/h = 2 0 g r i d p o i n t s .

Th e r e s u l t s a r e p r e s e n t e d o n F i g . 4 . 1 . Th e F i g . 4 . 1 a s h ow s t h e

a r r ay b e f o r e a n a pp l i c a t i o n o f t h e ma s k . We c a n ob s e r ve n o n - z e r o

va l u e s a t t h e s u r f a c e o f d oma i n . On t h e o t h e r h a nd , t h e F i g . 4 . 1 b

s h ow s t h e a r r ay a f t e r t h e a pp l i c a t i o n o f t h e ma s k . Th e n on - z e r o

va l u e s h ave b e e n r emove d f r om th e s i d e f a c e s , wh i l s t t h e y a r e s t i l l

p r e s e n t a t t h e f r e e s u r f a c e .

H oweve r , n o t i c e t h a t t h e n o n - z e r o va l u e s h ave n o t b e e n r e -

move d c omp l e t e l y, b u t s ome l owe r - amp l i t u d e o s c i l l a t i o n s a r e s t i l l

p r e s e n t . I t i s a c o n s e q u e n c e o f t r u n c a t i n g o f t h e Fou r i e r s e r i e s .

We d i s c u s s e d t h i s p h e n omen on i n t h e s e c t i o n 4 . 2 . 3 . An o t h e r p r o o f s

a r e t h e d a r k b l u e a r e a s a r o u nd t h e p o s i t i v e a n oma l i e s wh i ch i n d i c -

a t e n e g a t i ve va l u e s t h a t we r e n o t p r e s e n t b e f o r e t h e a pp l i c a t i o n

o f t h e ma s k .
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h 1 . 2 5 0 0 0 0 · 1 0− 7

( a ) Co e f f i c i e n t s o f a ma s k c omp on e nt
d e r i ve d f r om c o r n e r s

h a rmon i c 1 s t 2nd 3 r d
FL ed g e − 3 . 7 1 0 2 2 1 · 1 0− 8 2 . 8 4 1 8 7 6 · 1 0− 1 0 − 2 . 3 7 4 1 2 0 · 1 0− 1 2

FR ed g e − 1 . 7 8 9 5 0 1 · 1 0− 7 − 5 . 7 0 8 5 1 4 · 1 0− 1 3 − 1 . 8 7 2 1 4 5 · 1 0− 1 5

DL ed g e 9 . 9 9 9 9 9 6 · 1 0− 1 − 2 . 0 4 9 8 2 8 · 1 0− 9 − 1 . 1 2 8 6 8 2 · 1 0− 1 2

DR edg e 6 . 0 5 9 6 4 9 · 1 0− 1 1 − 5 . 4 8 4 3 0 5 · 1 0− 1 3 4 . 1 1 0 1 5 9 · 1 0− 1 5

FD ed g e − 1 . 4 1 8 1 3 5 · 1 0− 7 2 . 8 3 0 1 5 3 · 1 0− 1 0 2 . 3 8 7 9 3 3 · 1 0− 1 2

( b ) Co e f f i c i e n t s o f ma s k c omp on e nt s d e r i ve d f r om ed g e s

j
k

1 2 3

1 9 . 9 9 9 9 4 0 · 1 0− 1 − 7 . 5 6 4 7 6 1 · 1 0− 9 1 . 1 9 4 9 8 4 · 1 0− 1 0

2 − 1 . 4 7 3 3 3 5 · 1 0− 8 4 . 1 2 2 8 7 2 · 1 0− 1 2 − 5 . 1 1 2 3 6 7 · 1 0− 1 4

3 − 2 . 1 2 6 5 6 7 · 1 0− 9 − 7 . 7 9 5 3 2 2 · 1 0− 1 3 − 8 . 2 9 3 7 6 4 · 1 0− 1 3

( c ) C o e f f i c i e n t s o f ma s k c omp on e nt s d e r i ve d f r om th e f r o nt f a c e

i
k

1 2 3

1 3 . 2 3 8 8 9 4 · 1 0− 8 − 1 . 3 2 8 1 8 6 · 1 0− 9 6 . 5 5 9 7 4 4 · 1 0− 1 1

2 − 2 . 5 0 5 7 2 0 · 1 0− 1 0 − 7 . 3 8 5 8 1 9 · 1 0− 1 1 7 . 8 0 7 8 6 9 · 1 0− 1 2

3 5 . 1 5 5 9 0 0 · 1 0− 1 1 − 8 . 5 4 3 7 3 1 · 1 0− 1 2 7 . 1 9 5 9 0 1 · 1 0− 1 3

( d ) Co e f f i c i e n t s o f ma s k c omp on e nt s d e r i ve d f r om th e l e f t f a c e

i
k

1 2 3

1 1 . 8 5 5 6 1 4 · 1 0− 8 8 . 0 1 3 0 8 3 · 1 0− 1 4 1 . 7 4 1 9 8 0 · 1 0− 1 4

2 − 4 . 6 7 7 2 1 7 · 1 0− 1 0 − 3 . 6 4 9 2 2 0 · 1 0− 1 4 − 2 . 2 3 8 3 1 1 · 1 0− 1 5

3 9 . 8 9 0 1 0 8 · 1 0− 1 2 5 . 1 9 0 3 4 0 · 1 0− 1 7 3 . 0 1 9 1 9 1 · 1 0− 1 6

( e ) C o e f f i c i e n t s o f ma s k c omp on e nt s d e r i ve d f r om th e r i g h t f a c e

i
j

1 2 3

1 − 1 . 5 8 2 9 0 2 · 1 0− 8 − 1 . 4 6 5 7 2 5 · 1 0− 9 − 7 . 3 6 7 0 1 1 · 1 0− 1 1

2 − 2 . 6 3 1 5 0 1 · 1 0− 1 0 − 6 . 4 7 3 7 9 1 · 1 0− 1 1 − 7 . 7 2 2 3 8 4 · 1 0− 1 2

3 − 4 . 1 6 1 8 6 3 · 1 0− 1 1 − 9 . 1 3 1 7 0 5 · 1 0− 1 2 − 8 . 7 2 7 0 3 8 · 1 0− 1 3

( f ) C o e f f i c i e n t s o f ma s k c omp on e nt s d e r i ve d f r om th e b o t t om f a c e

Tab l e 4 . 1 : C a l c u l a t e d c o e f f i c i e n t s o f t h e ma s k . Z e r o c o e f f i -
c i e n t s a r e om i t t e d . G r e e n c o l o u r h i g h l i g h t s t h e c o e f f i c i e n t s wh i ch
s h o u l d b e n o n - z e r o
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( a ) A smo o t h e d s i g n a l b e f o r e a n a pp l i c a t i o n o f t h e ma s k

( b ) Th e s i g n a l a f t e r t h e a pp l i c a t i o n o f t h e ma s k

( c ) Ma s k . B l u e r e g i o n s r e p r e s e nt n e g a t i ve ma s k va l u e s , r e d r e g i o n s r e p -
r e s e n t ma s k va l u e s g r e a t e r t h a n 0 . 0 2

( d ) A f r e e s u r f a c e a nd a h o r i z o nt a l s l i c e b e f o r e a n d a f t e r a p p l i c a t i o n o f
t h e ma s k a nd t h e ma s k i t s e l f

F i g u r e 4 . 1 : App l i c a t i o n o f ma s k o n a smo o t h e d Gau s s i a n s i g n a l
1 0 5



Fu r t h e rmo r e , t h e p o s i t i v e amp l i t u d e a t t h e f r e e s u r f a c e h a s

b e e n e nh an c e d by t h e a pp l i c a t i o n o f t h e ma s k . I t i s a n o t h e r p r o o f

o f t h i s p h e n omen on . Th e r e a s o n f o r i t i s t h a t a n i n d i v i d u a l ma s k

c omp on e nt s h ave n o n - z e r o va l u e s a t t h e s u r f a c e . Th e ma s k c om -

p on e nt d e r i ve d f r om th e t o p f a c e a t t emp t s t o r e s t o r e i t , s o t h a t

t h e z e r o b o und a r y c o nd i t i o n a t t h e f r e e s u r f a c e i s f u l f i l l e d . H ow -

e ve r , t h e s e r i e s d e r i v e d f r om th e f r e e s u r f a c e h a s b e e n t r u n c a t e d ,

t hu s i t e x h i b i t s t h e o s c i l l a t o r y b e h av i o u r . Wha t i s mo r e , t h e o dd

e x t e n s i o n o f t h e b o und a r y c o nd i t i o n h a s a d i s c o nt i nu i ty, t hu s t h e

s e r i e s c o nve r g e s s l ow l y.

Th e ch a n g e s c a u s e d by ma s k a r e b e s t - i l l u s t r a t e d by t h e ma s k

i t s e l f ( s e e F i g . 4 . 1 c ) . Th e b l u e r e g i o n s a r e t h e r e g i o n s o f n e g a t i ve

ma s k va l u e s , t hu s t h e ch a n g e s a r e p o s i t i v e t h e r e . A r e d c o l o u r

i n d i c a t e s t h e r e g i o n s wh e r e t h e n e g a t i ve ch a n g e i s g r e a t e r t h a n

0 . 0 2 . T h e a r e a s w i t h ma s k va l u e s i n b e twe e n a r e t r a n s p a r e nt .

F i g . 4 . 1 d s h ow s a f r e e s u r f a c e a n d a h o r i z o nt a l s l i c e t h r o u g h

t h e Gau s s i a n p e a k . Th e f i r s t c o l umn d e p i c t s t h e a r r ay b e f o r e t h e

a pp l i c a t i o n o f t h e ma s k , t h e s e c o n d c o l umn a f t e r t h e a pp l i c a t i o n

a nd t h e t h i r d o n e i l l u s t r a t e s t h e ma s k . We c a n s e e a l r e a d y men -

t i o n e d n e g a t i ve ma s k a n oma l y s u r r o u nd e d by p o s i t i v e o n e a t t h e

f r e e s u r f a c e . We c a n a l s o o b s e r ve t h a t t h e ma s k nu l l s t h e va l u e s

o n l y n e a r t h e s u r f a c e a n d mo d i f i e s t h e i n t e r i o r o n l y s l i g h t l y.

4 . 3 . 3 D emon s t r a t i o n o f G i b b s p h e n omen on

I n t h e t h e s e c t i o n 4 . 2 . 3 , we i n d i c a t e d t h a t t h e r e i s a p r o b l em a t

t h e f r e e s u r f a c e o r i g i n a t e d f r om a d i s c o nt i nu i ty i n t h e b o und a r y

c o nd i t i o n s . I n t h i s s e c t i o n , we a r e g o i n g t o d emon s t r a t e h ow i t i s

man i f e s t e d i n p r a c t i c e .

We e xp e c t t h e s t r o n g e s t G i b b s p h e n omen on i f t h e r e i s a s i g n a l

c l o s e t o a ny upp e r e d g e . Th e r e f o r e , we u s e s ame Gau s s i a n s i g n a l

ove r l a i d by n o i s e a s i n t h e s e c t i o n 4 . 3 . 2 , b u t c e nt r e d a t a n upp e r

c o r n e r . We add e d a n o t h e r Gau s s i a n p e a k c e nt r e d a t t h e o pp o s i t e
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c o r n e r , s o t h a t we c a n c ompa r e t h e e f f e c t o f t h e d i s c o nt i nu i ty i n

t h e b o und a r y c o nd i t i o n s w i t h b o und a r y c o nd i t i o n s w i t h o u t a ny

d i s c o nt i nu i ty.

F i r s t o f a l l , we smo o t h e d t h e s i g n a l w i t h t h r e e d i f f e r e n t i s o -

t r o p i c smo o t h i n g i n t e n s i t i e s Λ
h

– 4 0 , 2 0 a nd 1 0 . We u s e d a c ub i c

c ompu t a t i o n a l d oma i n o f s i z e N = 2 0 1 . T h e r e f o r e , a c c o r d i n g t o

e q . ( 4 . 5 6 ) , we t r u n c a t e d t h e Fou r i e r s e r i e s a f t e r 1 s t , 3 r d a nd 6 t h

t e rm r e s p e c t i v e l y.

F i g . 4 . 2 i l l u s t r a t e s t h e e f f e c t o f t h e ma s k a t t h e h i g h e s t s c a l e .

Th e Fou r i e r s e r i e s we r e t r u n c a t e d a f t e r t h e f i r s t t e rm .

F i g . 4 . 2 b s h ow s t h e o r i g i n a l smo o t h e d s i g n a l b e f o r e a p p l i c -

a t i o n o f t h e ma s k . I n t h e l e f t p i c t u r e , o n l y va l u e s h i g h e r t h a n

0 . 0 0 3 a r e d e p i c t e d . We s e e t h a t t h e s i g n a l i s ve r y s imp l e .

F i g . 4 . 2 c s h ow s t h e s i g n a l a f t e r a p p l i c a t i o n o f t h e ma s k . I t i s

mo r e c omp l e x . R e d r e g i o n s i n t h e l e f t p i c t u r e h ave va l u e s h i g h e r

t h a n 0 . 0 0 3 a nd a b l u e r e g i o n s va l u e s l owe r t h a n − 0 . 0 0 3 . T h e ma s k

i n f l u e n c e d b o t h upp e r a n d b o t t om f a c e , b u t i t wa s u n ab l e t o c om -

p l e t e l y r emove s i g n a l f r om th e b o t t om f a c e a nd p r e s e r ve i t a t t h e

t o p f a c e . Th e r e a s o n f o r i t i s t h a t a s i n g l e s i n e t e rm c ann o t a p -

p r ox ima t e s i g n a l s i t u a t e d c l o s e t o t h e c o r n e r . S imp l y, h i g h e r h a r -

mon i c s a r e n e e d e d .

F i g . 4 . 2 d s h ow s t h e a pp l i e d ma s k . We c a n ob s e r ve t h a t i t

a f f e c t s t h e va l u e s i n t h e e nt i r e vo l ume . Th e h i g h e s t va l u e s a r e

a t c o r n e r s wh e r e t h e s i g n a l i s l o c a t e d a nd a l o n g t h e d i a g o n a l i n

b e twe e n . I t c ome s f r om a ma s k c omp on e nt d e r i ve d f r om th e c o r n e r s .

Th e p o s i t i v e ch a n g e i n t h e m i d d l e i s s u p p r e s s e d by s i n e t e rm s ,

wh i ch a r e t h e s o u r c e o f t h e n e g a t i ve a r e a s t h a t h ave a pp e a r e d .

F i g . 4 . 3 s h ow s t h e s ame s i g n a l smo o t h e d w i t h Λ
h

= 2 0 . Fo u r i e r

s e r i e s we r e t r u n c a t e d a f t e r t h e t h i r d t e rm .

F i g . 4 . 3 a s h ow s upp e r a n d b o t t om f a c e o f t h e d oma i n . Th e s i g -

n a l a t t h e b o t t om f a c e i s q u i t e we l l s u pp r e s s e d wh i ch c o n f i rm s

t h a t i f t h e r e i s n o d i s c o nt i nu i ty a f ewe r Fou r i e r t e rm s i s e n o u g h .
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( a ) Upp e r a nd b o t t om p l a n e b e f o r e a n d a f t e r a p p l i c -
a t i o n o f a ma s k a nd t h e ma s k i t s e l f

( b ) A s i g n a l b e f o r e a p p l i c a t i o n o f t h e ma s k

( c ) A s i g n a l a f t e r a p p l i c a t i o n o f t h e ma s k

( d ) An app l i e d ma s k

F i g u r e 4 . 2 : App l i c a t i o n o f ma s k t o a p a i r o f Gau s s i a n p e a k s l o c -
a t e d a t o p p o s i t e c o r n e r s w i t h Λ

h
= 4 0 .
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( a ) Upp e r a nd b o t t om p l a n e b e f o r e a n d a f t e r a p p l i c -
a t i o n o f a ma s k a nd t h e ma s k i t s e l f

( b ) A s i g n a l b e f o r e a p p l i c a t i o n o f t h e ma s k

( c ) A s i g n a l a f t e r a p p l i c a t i o n o f t h e ma s k

( d ) An app l i e d ma s k

F i g u r e 4 . 3 : App l i c a t i o n o f ma s k t o a p a i r o f Gau s s i a n p e a k s l o c -
a t e d a t o p p o s i t e c o r n e r s w i t h Λ

h
= 2 0 .
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On th e o t h e r h a nd , t h e s i g n a l a t t h e u pp e r f a c e i s s t i l l s t r o n g l y

a f f e c t e d by t h e ma s k . I t i s a n i c e d emon s t r a t i o n o f G i b b s p h e -

n omen on .

F i g . 4 . 3 b a nd F i g . 4 . 3 c d e p i c t t h e s i g n a l b e f o r e a n d a f t e r t h e

a pp l i c a t i o n o f t h e ma s k . Va l u e s a b ove 0 . 0 0 5 a r e d e p i c t e d o n t h e

l e f t p i c t u r e s . Th e ma i n f e a t u r e s o f t h e s i g n a l a r e p r e s e r ve d , b u t

s ome add i t i o n a l p e r t u r b a t i o n s h ave a pp e a r e d . H owe ve r , i t i s f a r

b e t t e r t h a n i n t h e p r e v i o u s c a s e .

F i n a l l y, F i g . 4 . 4 s h ow s t h e s i g n a l smo o t h e d w i t h Λ
h

= 1 0 . I t

m e a n s , t h a t Fou r i e r s e r i e s we r e t r u n c a t e d a f t e r t h e s i x t h t e rm .

Th e r e f o r e , t h e s i g n a l i s a f f e c t e d by t h e ma s k o n l y n e a r t h e s u r f a c e

a nd i t i s we l l - p r e s e r ve d i n s i d e . H oweve r , we c a n s t i l l o b s e r ve o s -

c i l l a t i o n s d u e t o t h e G i b b s p h e n omen on . I t i s we l l d emon s t r a t e d

o n a s t r u c t u r e o f t h e ma s k i n t h e F i g . 4 . 4 d , wh e r e we c a n c l e a r l y

s e e t h e o s c i l l a t o r y ch a r a c t e r o f t h e ma s k . A t h r e s h o l d o n a l l l e f t

p i c t u r e s i s 0 . 0 1 , w h i ch g i ve s a n i n s i g ht t o t h e amp l i t u d e o f t h e

o s c i l l a t i o n s .

To c o n c l u d e , we h ave d emon s t r a t e d t h a t t h e G i b b s p h e n omen on

i s a p r o b l em a t t h e l owe s t s c a l e s i f t h e r e i s a s i g n a l c l o s e t o t h e u p -

p e r e d g e s . I n t h a t c a s e , t h e ma s k a f f e c t s t h e s i g n a l a l s o i n g r e a t e r

d e p t h s . Th e G i bb s ph e n omen on c a n b e o b s e r ve d a l s o a t t h e h i g h e r

s c a l e s , b u t i t a f f e c t s o n l y va l u e s n e a r t h e s u r f a c e , t hu s i t i s n o t

a p r o b l em any mo r e . H oweve r , we s h o u l d b e a lway s c a r e f u l wh e n

a pp l y i n g t h e ma s k a nd v i s u a l l y ch e ck h ow a ke r n e l i s a f f e c t e d by

t h e ma s k .

4 . 3 . 4 Te s t o f t im e c omp l e x i ty

La s t b u t n o t l e a s t , we t e s t e d a t im e c omp l e x i ty o f a n a pp l i c a -

t i o n o f t h e ma s k . We we r e a c t u a t i n g t h e r o u t i n e f o r t h e ma s k c a l -

c u l a t i o n a nd i t s a p p l i c a t i o n r e p e a t e d l y w i t h d i f f e r e n t d im en s i o n s

o f t h e c ompu t a t i o n a l d oma i n a nd d i f f e r e n t smo o t h i n g i n t e n s i t i e s .
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( a ) Upp e r a nd b o t t om p l a n e b e f o r e a n d a f t e r a p p l i c -
a t i o n o f a ma s k a nd t h e ma s k i t s e l f

( b ) A s i g n a l b e f o r e a p p l i c a t i o n o f t h e ma s k

( c ) A s i g n a l a f t e r a p p l i c a t i o n o f t h e ma s k

( d ) An app l i e d ma s k

F i g u r e 4 . 4 : App l i c a t i o n o f ma s k t o a p a i r o f Gau s s i a n p e a k s l o c -
a t e d a t o p p o s i t e c o r n e r s w i t h Λ

h
= 1 0 .
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F i g u r e 4 . 5 : C ompu t a t i o n a l t im e s o f ma s k a pp l i c a t i o n . D i f f e r e n t
c o l o u r s i n d i c a t e d i f f e r e n t smo o t h i n g i n t e n s i t i e s Λ ( r e d – 8h , g r e e n
– 1 6h , m a g e nt a – 3 2h , c ya n – 6 4h ) . I n d i v i d u a l s ymb o l s r e p r e s e nt s
s ame r a t i o L/Λ ( c i r c l e – 4 , s q u a r e – 8 , d i amond – 1 6 , t r i a n g l e – 3 2 )

We c o n s i d e r e d o n l y c u b i c d oma i n s a n d i s o t r o p i c i n t e n s i t i e s . Th e

r e s u l t s a r e i l l u s t r a t e d o n F i g . 4 . 5 .

A s ame c o l o u r o f s ymb o l s i n d i c a t e s s ame smo o t h i n g i n t e n s i t -

i e s . I f we ke e p a c o n s t a nt smo o t h i n g i n t e n s i ty, a c a l c u l a t i o n o f

Fo u r i e r t e rm s d e r i ve d f r om f a c e s b e c ome s t h e s t e p o f t h e c ompu -

t a t i o n w i t h h i g h e s t t im e c omp l e x i ty. Th e r e a s o n i s t h a t a numb e r

o f Fo u r i e r c o e f f i c i e n t s wh i ch h a s t o b e c a l c u l a t e d i n c r e a s e w i t h

L/Λ a nd i f Λ i s c o n s t a nt , t h e t im e c omp l e x i ty o f t h i s s t e p b e -

c ome s O (N 5 ) . A c a l c u l a t i o n o f t h e Fou r i e r c o e f f i c i e n t s i s o n l y o f

O (N 4 ) . T h e r e f o r e , we f i t t e d t h e d a t a w i t h a f u n c t i o n t (N ) = a ·N 5

( r e d a nd g r e e n l i n e s ) . A c o e f f i c i e n t o f d e t e rm i n a t i o n i s 1 , t hu s i t

c o n f i rm s t h a t t h e d e s i g n e d f u n c t i o n e x p l a i n s t h e c ompu t a t i o n a l

t im e s r e a l l y we l l .

I n d i v i d u a l s ymb o l s r e p r e s e nt d i f f e r e n t r a t i o s L/Λ . I f we a s s ume

t h e r a t i o a s c o n s t a nt , a t im e c omp l e x i ty o f t h e c ompu t a t i o n o f

Fo u r i e r c o e f f i c i e n t s i s o n l y O (N 2 ) . T h e r e f o r e , t h e s t e p w i t h t h e

h i g h e s t t im e c omp l e x i ty i s t h e n a n app l i c a t i o n o f t h e ma s k wh i ch

i s o f O (N 3 ) , h e n c e we f i t t e d t h e d a t a w i t h a f u n c t i o n t (N ) = a ·N 3

( b l a ck l i n e s ) a n d we ob t a i n e d a g r e a t f i t .

Th e t e s t r e ve a l e d t h a t t h e c a l c u l a t i o n a nd t h e c o n s e c u t i ve a p -

p l i c a t i o n o f t h e ma s k c a n b e ve r y c ompu t a t i o n a l l y d emand i n g f o r
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l a r g e mo d e l s a t t h e l owe s t s c a l e s a t wh i ch many t e rm s o f t h e Fou r -

i e r s e r i e s a r e n e e d e d t o b e c a l c u l a t e d . Th e r e f o r e , i f we w i l l wo r k

w i t h l a r g e mo d e l s , t h e c a l c u l a t i o n o f t h e Fou r i e r c o e f f i c i e n t s w i l l

h ave t o b e p e r f o rm ed v i a a d i s c r e t e f a s t Fo u r i e r s i n e t r a n s f o rm

(Fr i g o e t a l . , 2 0 0 5 ) a n d t h e a pp l i c a t i o n o f t h e ma s k w i l l h ave t o

b e p a r a l l e l i s e d .
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Con c l u s i o n

I n t h i s t h e s i s , we a dd r e s s e d a t o p i c o f t h e a d j o i n t t omog r a phy

i n l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s i n 3D . We bu i l t o n t h e

wo r k o f Kub i n a e t a l . , 2 0 1 8 . We f o c u s e d o n ke r n e l p r e p r o c e s s i n g .

F i r s t o f a l l , we g ave a b r i e f i n s i g h t t o i nve r s e p r o b l em s . We

e xp l a i n e d t h e a d j o i n t t omog r a phy me t h o d and t h e n a t u r e a nd n e -

c e s s i ty o f ke r n e l p r e p r o c e s s i n g .

C on s e q u e nt l y, we mad e a n ove r v i ew o f c ommon l y u s e d smo o t h -

i n g t e ch n i q u e s i n 3D . B e s i d e s a c a l c u l a t i o n o f c o nvo l u t i o n i n a

s p a c e d oma i n a nd f i l t e r i n g i n a f r e q u e n c y d oma i n , we b r i e f l y d e -

s c r i b e d two i n t e r e s t i n g me t h o d s – a n a pp l i c a t i o n o f t h e s o - c a l l e d

B e s s e l f i l t e r s a n d a t o p o l o g y - b a s e d smo o t h i n g . E s p e c i a l l y, t h e

f o rme r c o u l d b e i n t e r e s t i n g i f o n e n e e d e d a n i s o t r o p i c smo o t h i n g

w i t h ma i n a x e s r o t a t e d w i t h r e s p e c t t o Ca r t e s i a n c o o r d i n a t e a x e s .

We d e ve l o p e d a nd nume r i c a l l y t e s t e d :

• An e f f i c i e n t a l g o r i t hm f o r smo o t h i n g o f ke r n e l s i n 3D . – We

g e n e r a l i s e d t h e smo o t h i n g a l g o r i t hm p r o p o s e d by Kub i n a . I n

o r d e r t o d o t h a t , we h a d t o r e s o l ve a p r o b l em o f i n t e r f a c e s

b e twe e n o c t a nt s . We mana g e d t o d o i t by two d i s t i n c t ve r -

s i o n s o f t h e a l g o r i t hm – on e f o r t h e u pp e r o c t a nt s a n d an o t h e r

f o r t h e b o t t om on e s . Fu r t h e rmo r e , we mana g e d t o r e d u c e

RAM r e qu i r ement s o f t h e smo o t h i n g a l g o r i t hm by an a l y t i c

c a l c u l a t i o n o f t h e s um s o f we i g ht s a nd by e x p r e s s i n g t h em i n

a c l o s e f o rm .

• An a l g o r i t hm f o r c ompu t a t i o n o f a ma s k a nd i t s a p p l i c a t i o n

t o t h e ke r n e l . – We ad op t e d Kub i n a ’ s d e s i g n o f t h e ma s k

a nd g e n e r a l i s e d i t t o 3D . I t r e q u i r e d t o r e s o l ve a p r o b l em o f

nu l l i n g e d g e s o f t h e c ompu t a t i o n a l d oma i n .
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We p e r f o rm ed nume r o u s nume r i c a l t e s t s :

• A sp i ke t e s t c o n f i rm ed a d i r e c t i o n a l d e p e nd e n c e o f t h e u s e d

smo o t h i n g f u n c t i o n . I t a l s o i n d i c a t e d h ow smo o t h i n g a f f e c t s

a s p e c t r um o f t h e smo o t h e d d a t a .

• Smo o t h i n g o f a s i g n a l ove r l a i d by n o i s e ve r i f i e d a n ab i l i t y o f

t h e a l g o r i t hm t o s e p a r a t e t h e s i g n a l f r om t h e n o i s e . We p e r -

f o rmed smo o t h i n g w i t h d i f f e r e n t smo o t h i n g i n t e n s i t i e s . Th e

s t r o n g e r smo o t h i n g wa s a pp l i e d , t h e b e t t e r n o i s e h a d b e e n

s u pp r e s s e d . H oweve r , a s t r o n g smo o t h i n g a f f e c t e d a l s o t h e

s i g n a l s i g n i f i c a nt l y. Nume r i c a l t e s t s r e ve a l e d t h a t a smo o t h -

i n g ove r f i v e g r i d p o i n t s i s e n o u gh t o s u pp r e s s t h e n o i s e .

• A t e s t o f t im e c omp l e x i ty o f t h e smo o t h i n g a l g o r i t hm c on -

f i rm ed t h a t t h e t im e c omp l e x i ty i s O (N 3 ) wh i ch i s e ve n f a s t e r

t h a n Fa s t Fou r i e r Tr a n s f o rm (O (N 3 l o g N ) ) . I n a dd i t i o n , i t

r e ve a l e d t h a t t h e ve r s i o n o f t h e a l g o r i t hm w i t h a n an a l y t i c

c a l c u l a t i o n o f s um s o f we i g ht s f o r n o rma l i s a t i o n i s s l i g h t l y

s l owe r c ompa r i n g t o t h e ve r s i o n wh i ch c a l c u l a t e s t h e s um s o f

we i g ht s by e x p l i c i t s umma t i o n du r i n g a c a l c u l a t i o n o f c o nvo -

l u t i o n s um s . Howe ve r , t h e f a s t e r a l g o r i t hm ha s h i g h e r RAM

r e qu i r ement s .

• Te s t s o f a ma s k r e ve a l e d a p r e s e n c e o f t h e G i b b s p h e n omen on

i n t h e ma s k du e t o a d i s c o nt i nu i ty i n b o und a r y c o nd i t i o n s

a l o n g upp e r e d g e s .

• A t e s t o f t im e c omp l e x i ty o f t h e ma s k c a l c u l a t i o n a nd i t s a p -

p l i c a t i o n r e ve a l e d t h a t i t i s q u i t e c ompu t a t i o n a l l y d emand -

i n g . N e ve r t h e l e s s , i t c a n b e d o n e r e l a t i v e l y q u i ck l y, e x c e p t

f o r l a r g e mo d e l s a t t h e l owe s t s c a l e s . I n t h a t c a s e , t h e a p -

p l i c a t i o n o f t h e ma s k h a s t o b e p a r a l l e l i s e d .
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To s um up , we c r e a t e d r o u t i n e s f o r smo o t h i n g o f t h e ke r n e l s

a n d f o r a pp l i c a t i o n o f t h e ma s k . We t e s t e d t h em on a r t i f i c i a l

d a t a . R e a l d a t a a r e n o t ava i l a b l e a t t h e t im e o f s u bm i s s i o n o f t h e

t h e s i s , a s t h e c ompu t a t i o n a l p r o g r am F D A t o m 3 D f o r c ompu t a t i o n

o f t h e a d j o i n t t omog r a phy o f l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s

i n 3D i s n o t a b l e t o c a l c u l a t e ke r n e l s ye t . I t i s a q u e s t i o n o f a

n e x t c o up l e o f we e k s . N e ve r t h e l e s s , we p e r f o rm ed a qu i t e e x t e n s -

i v e nume r i c a l t e s t i n g a nd we c a n c o n c l u d e t h a t t h e r o u t i n e s a r e

p r e p a r e d t o b e imp l ement e d i n t o t h e p r o g r am .
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BOZDAǦ, Ebru; PETER, Daniel; LEFEBVRE, Matthieu; KOMATITSCH, Dimitri;

TROMP, Jeroen; HILL, Judith; PODHORZSKI, Norbert; PUGMIRE, David, 2016.

Global adjoint tomography: first-generation model. Geophysical Journal Interna-

tional. Vol. 207, pp. 1739–1766. Available from DOI: 10.1093/gji/ggw356.

BRAVERMAN, Elena; ISRAELI, Moshe; AVERBUCH, Amir; VOZOVOI, Lev, 1998.

A Fast 3D Poisson Solver of Arbitrary Order Accuracy. Journal of Computational

Physics. Vol. 144, pp. 109–136. Available from DOI: 10.1006/jcph.1998.6001.

BREMER, Peer-Time; EDELSBRUNNER, Herbert; HAMANN, Bernd; PASCUCCI,

Valerio, 2004. A Topological Hierarchy for Functions on Triangulated Surfaces.

Transactions on Visualization and Computer Graphics. Vol. 10, no. 4, pp. 385–

396. Available from DOI: 10.1109/TVCG.2004.3.

CAPDEVILLE, Yann; GUNG, Yuancheng; ROMANOWICZ, Barbara, 2005. Towards

global earth tomography using the spectral element method: a technique based on

source stacking. Geophysical Journal International. Vol. 162, pp. 541–554. Available

from DOI: 10.1111/j.1365-246X.2005.02689.x.

CHEN, Min; NIU, Fenglin; LIU, Qinya; TROMP, Jeroen, 2015. Mantle-driven up-

lift of Hangai Dome: New seismic constraints from adjoint tomography. Geophys-

ical Research Letters. Vol. 42, pp. 6967–6974. Available from DOI: 10 . 1002 /

2015GL065018.

117

http://dx.doi.org/10.1093/gji/ggw356
http://dx.doi.org/10.1006/jcph.1998.6001
http://dx.doi.org/10.1109/TVCG.2004.3
http://dx.doi.org/10.1111/j.1365-246X.2005.02689.x
http://dx.doi.org/10.1002/2015GL065018
http://dx.doi.org/10.1002/2015GL065018


CHEN, Min; NIU, Fenglin; LIU, Qinya; TROMP, Jeroen; ZHENG, Xiufen, 2015. Multi-

parameter adjoint tomography of the crust and upper mantle beneath East Asia: 1.

Model construction and comparison. Journal of Geophysical Research: Solid Earth.

Vol. 120, pp. 1762–1786. Available from DOI: 10.1002/2014JB011638.

CHEN, Min; NIU, Fenglin; TROMP, Jeroen; LENARDIC, Adrian; LEE, Cin-Ty A.;

CAO, Wenrong; RIBEIRO, Julia, 2017. Lithospheric foundering and underthrusting

imaged beneath Tibet. Nature Communications. Vol. 8, pp. 1–10. Available from

DOI: 10.1038/ncomms15659.

CHEN, Po, 2013. Full-3D, Full-Wave Seismic Tomography for Crustal Structure in

Southern California, USA. Acta Geologica Sinica. Vol. 87, pp. 25–27.

CHEN, Po; JORDAN, Thomas Hillman; ZHAO, Li, 2007. Full three-dimensional to-

mography: a comparison between the scattering-integral and adjoint-wavefield meth-

ods. Geophysical Journal International. Vol. 170, pp. 175–181. Available from DOI:

10.1111/j.1365-246X.2007.03429.x.

CHEN, Po; ZHAO, Li; JORDAN, Thomas Hillman, 2007. Full 3D Tomography for the

Crustal Structure of the Los Angeles Region. Bulletin of the Seismological Society of

America. Vol. 97, no. 4, pp. 1094–1120. Available from DOI: 10.1785/0120060222.

EDELSBRUNNER, Herbert; HARER, John; ZOMORODIAN, Afra, 2003. Hierarchical

Morse-Smale Complexes for Piecewise Linear 2-Manifolds. Discrete and Computa-

tional Geometry. Vol. 30, no. 1, pp. 87–107. Available from DOI: 10.1007/s00454-

003-2926-5.

EDELSBRUNNER, Herbert; LETSCHER, David; ZOMORODIAN, Afra, 2002. Topo-

logical Persistance and Simpification.Discrete and Computational Geometry. Vol. 28,

pp. 511–533. Available from DOI: 10.1007/s00454-002-2885-2.

FICHTNER, Andreas, 2011. Full Seismic Waveform Modelling and Inversion. 1st ed.

Springer-Verlag Berlin Heidelberg. ISBN 978-3-642-15806-3. Available from DOI:

10.1007/978-3-642-15807-0.

FICHTNER, Andreas; BUNGE, Hans-Peter; IGEL, Heiner, 2006a. The adjoint method

in seismology I. Theory. Physics of the Earth and Planetary Interiors. Vol. 157, pp.

86–104. Available from DOI: 10.1016/j.pepi.2006.03.016.

118

http://dx.doi.org/10.1002/2014JB011638
http://dx.doi.org/10.1038/ncomms15659
http://dx.doi.org/10.1111/j.1365-246X.2007.03429.x
http://dx.doi.org/10.1785/0120060222
http://dx.doi.org/10.1007/s00454-003-2926-5
http://dx.doi.org/10.1007/s00454-003-2926-5
http://dx.doi.org/10.1007/s00454-002-2885-2
http://dx.doi.org/10.1007/978-3-642-15807-0
http://dx.doi.org/10.1016/j.pepi.2006.03.016


FICHTNER, Andreas; BUNGE, Hans-Peter; IGEL, Heiner, 2006b. The adjoint method

in seismology II. Applications: traveltimes and sensitivity functionals. Physics of the

Earth and Planetary Interiors. Vol. 157, pp. 105–123. Available from DOI: 10.1016/

j.pepi.2006.03.018.

FICHTNER, Andreas; KENNETT, Brian Leslie Norman; IGEL, Heiner; BUNGE,

Hans-Peter, 2009. Full seismic waveform tomography for upper-mantle structure

in the Australasian region using adjoint methods. Geophysical Journal Interna-

tional. Vol. 179, pp. 1703–1725. Available from DOI: 10.1111/j.1365-246X.2009.

04368.x.

FICHTNER, Andreas; KENNETT, Brian Leslie Norman; IGEL, Heiner; BUNGE,

Hans-Peter, 2010. Full waveform tomography for radially anisotropic structure: New

insights into present and past states of the Australasian upper mantle. Earth and

Planetary Science Letters. Vol. 290, pp. 270–280. Available from DOI: 10.1016/j.

epsl.2009.12.003.

FICHTNER, Andreas; TRAMPERT, Jeannot; CUPILLARD, Paul; SAYGIN, Erdinc;

TAYMAZ, Tuncay; CAPDEVILLE, Yan; VILLASEÑOR, Antonio, 2013. Multiscale

full waveform inversion. Geophysical Journal International. Vol. 194, pp. 534–556.

Available from DOI: 10.1093/gji/ggt118.

FORMAN, Robin, 1998. Morse Theory for Cell Complexes. Advances in Mathematics.

Vol. 134, pp. 90–145. Available from DOI: 10.1006/aima.1997.1650.

FRIGO, Matteo; JOHNSON, Steven Glenn, 2005. The Design and Implementation of

FFTW3. Proceedings of the IEEE. Vol. 93, no. 2, pp. 216–231. Available from DOI:

10.1109/JPROC.2004.840301.

GÜNTHER, David; JACOBSON, Alec; REININGHAUS, Jan; SEIDEL, Hans-Peter;

SORKINE-HORNUNG, Olga; WEINKAUF, Tino, 2014. Fast and Memory-Efficient

Topological Denoising of 2D and 3D Scalar Fields. IEEE Transactions on Visual-

ization and Computer Graphics. Vol. 20, no. 12, pp. 2585–2594. Available from DOI:

10.1109/TVCG.2014.2346432.

GYULASSY, Attila; BREMER, Peer-Timo; HERMANN, Bernd; PASCUCCI, Valerio,

2008. A Practical Approach to Morse-Smale Complex Computation: Scalability and

119

http://dx.doi.org/10.1016/j.pepi.2006.03.018
http://dx.doi.org/10.1016/j.pepi.2006.03.018
http://dx.doi.org/10.1111/j.1365-246X.2009.04368.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04368.x
http://dx.doi.org/10.1016/j.epsl.2009.12.003
http://dx.doi.org/10.1016/j.epsl.2009.12.003
http://dx.doi.org/10.1093/gji/ggt118
http://dx.doi.org/10.1006/aima.1997.1650
http://dx.doi.org/10.1109/JPROC.2004.840301
http://dx.doi.org/10.1109/TVCG.2014.2346432


Generality. IEEE Transactions on Visualization and Computer Graphics. Vol. 14,

no. 6, pp. 1619–1626. Available from DOI: 10.1109/TVCG.2008.110.

GYULASSY, Attila; NATARAJAN, Vijay; PASCUCCI, Valerio; BREMER, Peer-Timo;

HAMANN, Bernd, 2005. Topology-based Simplification for Feature Extraction from

3D Scalar Fields. In: Topology-based Simplification for Feature Extraction from 3D

Scalar Fields. 16th IEEE Visualization Conference, pp. 535–542. Available from

DOI: 10.1109/VISUAL.2005.1532839.

KUBINA, Filip, 2013. Adjungovaná tomografia a jej aplikácia na Mygdónsky bazén.

Master’s thesis. Univerzita Komenského v Bratislave.

KUBINA, Filip, 2017. Adjoint tomography of 2D local surface sedimentary structures.

PhD thesis. Comenius University in Bratislava.

KUBINA, Filip; MICHLÍK, Filip; MOCZO, Peter; KRISTEK, Jozef; STRIPAJOVÁ,

Svetlana, 2018. Adjoint Tomography for Predicting Earthquake Ground Motion:

Methodology and a Blind Test. Bulletin of the Seismological Society of America.

Vol. 108, no. 3A, pp. 1257–1271. Available from DOI: 10.1785/0120170265.

LEE, En-Jui; CHEN, Po, 2016. Improved Basin Structures in Southern California Ob-

tained Through Full-3D Seismic Waveform Tomography (F3DT). Seismological Re-

search Letters. Vol. 87, no. 4, pp. 1–8. Available from DOI: 10.1785/0220160013.

LEE, En-Jui; CHEN, Po; JORDAN, Thomas Hillman; MAECHLING, Phillip B.; DE-

NOLLE, Marine A. M.; BEROZA, Gregory C., 2014. Full-3-D tomography for

crustal structure in Southern California based on the scattering-integral and the

adjoint-wavefield methods. Journal of Geophysical Research: Solid Earth. Vol. 119,

pp. 6421–6451. Available from DOI: 10.1002/2014JB011346.

LIU, Qinya; TROMP, Jeroen, 2008. Finite-frequency sensitivity kernels for global seis-

mic wave propagation based upon adjoint methods. Geophysical Journal Interna-

tional. Vol. 174, pp. 265–286. Available from DOI: 10.1111/j.1365-246X.2008.

03798.x.

LIU, Yaning; NIU, Fenglin; CHEN, Min; YANG, Wencai, 2017. 3-D crustal and up-

permost mantle structure beneath Ne China revealed by ambient noise adjoint

tomography. Earth and Planetary Science Letters. Vol. 461, pp. 20–29. Available

from DOI: 10.1016/j.epsl.2016.12.029.

120

http://dx.doi.org/10.1109/TVCG.2008.110
http://dx.doi.org/10.1109/VISUAL.2005.1532839
http://dx.doi.org/10.1785/0120170265
http://dx.doi.org/10.1785/0220160013
http://dx.doi.org/10.1002/2014JB011346
http://dx.doi.org/10.1111/j.1365-246X.2008.03798.x
http://dx.doi.org/10.1111/j.1365-246X.2008.03798.x
http://dx.doi.org/10.1016/j.epsl.2016.12.029


MICHLÍK, Filip, 2013. Adjungovaná tomografia seizmického pohybu v lokálnych povr-

chových štruktúrach. Bachelor Thesis. Univerzita Komenského v Bratislave.

MICHLÍK, Filip, 2015.Adjungovaná tomografia lokálnej štruktúry vo vysokofrekvenčnom

prípade. Master’s thesis. Univerzita Komenského v Bratislave.

MOCZO, Peter; KRISTEK, Jozef; GÁLIS, Martin, 2014. The Finite-Difference Mod-

elling of Earthquake Motions: Waves and Ruptures. Cambridge University Press.

ISBN 978-1-107-02881-4.

OPRSAL, Ivan; ZAHRADNIK, Jiri, 2002. Three-dimensional finite difference method

and hybrid modeling of earthquake ground motion. Journal of Geophysical Re-

search. Vol. 107, no. B8, pp. ESE 2-1-ESE 2-16. Available from DOI: 10.1029/

2000JB000082.

RICKERS, Florian; FICHTNER, Andreas; TRAMPERT, Jeannot, 2013. The Iceland-

Jan Mayen plume system and its impact on mantle dynamics in the North Atlantic

region: Evidence from full-waveform inversion. Earth and Planetary Science Letters.

Vol. 367, pp. 39–51. Available from DOI: 10.1016/j.epsl.2013.02.022.

SIEMINSKI, Anne; LIU, Qinya; TRAMPERT, Jeannot; TROMP, Jeroen, 2007a. Finite-

frequency sensitivity of body waves to anisotropy based upon adjoint methods.

Geophysical Journal International. Vol. 171, pp. 368–389. Available from DOI: 10.

1111/j.1365-246X.2007.03528.x.

SIEMINSKI, Anne; LIU, Qinya; TRAMPERT, Jeannot; TROMP, Jeroen, 2007b. Finite-

frequency sensitivity of surface waves to anisotropy based upon adjoint methods.

Geophysical Journal International. Vol. 168, pp. 1153–1174. Available from DOI:

10.1111/j.1365-246X.2006.03261.x.

STICH, Daniel; DANECEK, Peter; MORELLI, Andrea; TROMP, Jeroen, 2009. Imag-

ing lateral heterogeneity in the northern Apennines from time reversal of reflected

surface waves. Geophysical Journal International. Vol. 177, pp. 543–554. Available

from DOI: 10.1111/j.1365-246X.2008.04044.x.

TAPE, Carl; LIU, Qinya; MAGGI, Alessia; TROMP, Jeroen, 2009. Adjoint Tomog-

raphy of the Southern California Crust. Science. Vol. 325, pp. 988–992. Available

from DOI: 10.1126/science.1175298.

121

http://dx.doi.org/10.1029/2000JB000082
http://dx.doi.org/10.1029/2000JB000082
http://dx.doi.org/10.1016/j.epsl.2013.02.022
http://dx.doi.org/10.1111/j.1365-246X.2007.03528.x
http://dx.doi.org/10.1111/j.1365-246X.2007.03528.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03261.x
http://dx.doi.org/10.1111/j.1365-246X.2008.04044.x
http://dx.doi.org/10.1126/science.1175298


TAPE, Carl; LIU, Qinya; MAGGI, Alessia; TROMP, Jeroen, 2010. Seismic tomography

of the southern California crust based on spectral-element and adjoint methods.

Geophysical Journal International. Vol. 180, pp. 433–462. Available from DOI: 10.

1111/j.1365-246X.2009.04429.x.

TARANTOLA, Albert, 1984. Inversion of seismic reflection data in the acoustic ap-

proximation. Geophysics. Vol. 49, no. 8, pp. 1259–1266. Available from DOI: 10.

1190/1.1441754.

TARANTOLA, Albert, 1988. Theoretical Background for the Inversion of Seismic

Waveforms, Including Elasticity and Attenuation. Pure and Applied Geophysics.

Vol. 128, pp. 365–399. Available from DOI: 10.1007/BF01772605.

TARANTOLA, Albert, 2005. The Norm Associated with the 1D Exponential Covari-

ance. In: Inverse Problems Theory and Methods for Model Parameter Estimation.

Society for Industrial and Applied Mathematics, chap. 7 Problems, pp. 308–311.

ISBN 0-89871-572-5.

TRINH, Phuong-Thu; BROSSIER, Romain; MÉTIVIER, Ludovic; VIRIEUX, Jean;

WELLINGTON, Paul, 2017. Bessel smoothing filter for spectral-element mesh.

Geophysical Journal International. Vol. 209, pp. 1489–1512. Available from DOI:

10.1093/gji/ggx103.

TROMP, Jeroen; TAPE, Carl; LIU, Qinya, 2005. Seismic tomography, adjoint meth-

ods, time reversal and banana-doughnut kernels. Geophysical Journal International.

Vol. 160, pp. 195–216. Available from DOI: 10.1111/j.1365-246X.2004.02453.x.

WEINKAUF, Tino; GINGOLD, Yotam; SORKINE, Olga, 2010. Topology-based Smooth-

ing of 2D Scalar Fields with C1-Continuity. In: Topology-based Smoothing of 2D

Scalar Fields with C1-Continuity. Computer Graphics Forum. Vol. 29, pp. 1221–

1230. No. 3. Available from DOI: 10.1111/j.1467-8659.2009.01702.x.

WELLINGTON, Paul John, 2016. Efficient 1D, 2D and 3D Geostatistical constraints

and their application to Full Waveform Inversion. PhD thesis. Université Grenoble

Alpes.

ZHU, Hejun; BOZDAǦ, Ebru; DUFFY, Thomas S.; TROMP, Jeroen, 2013. Seismic

attenuation beneath Europe and the North Atlantic: implications for water in the

122

http://dx.doi.org/10.1111/j.1365-246X.2009.04429.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04429.x
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1007/BF01772605
http://dx.doi.org/10.1093/gji/ggx103
http://dx.doi.org/10.1111/j.1365-246X.2004.02453.x
http://dx.doi.org/10.1111/j.1467-8659.2009.01702.x


mantle. Earth and Planetary Science Letters. Vol. 381, pp. 1–11. Available from

DOI: 10.1016/j.epsl.2013.08.030.
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Ab s t r a c t
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o f l oca l s u r f a ce s ed im en t a r y s t r u c t u re s . [Ma s t e r ’ s t h e s i s ] . C ome -

n i u s Un i ve r s i ty i n B r a t i s l ava . Fa c u l ty o f Ma t h ema t i c s , P hy s i c s

a n d I n f o rma t i c s , D e p a r tment o f A s t r o n omy, Phy s i c s o f t h e E a r t h

a nd Me t e o r o l o g y. S u p e r v i s o r : p r o f . RNDr . Pe t e r Mo c z o , D r S c .

B r a t i s l ava 2 0 1 9 . 1 2 7 p g s . D e g r e e o f q u a l i f i c a t i o n : Ma s t e r .

S e i sm i c g r o und mo t i o n c a n b e s t r o n g l y a f f e c t e d by l o c a l s u r -

f a c e s t r u c t u r e s . Th e r e f o r e , i f we a r e t o mo d e l a p r o p a g a t i o n o f

s e i sm i c mo t i o n i n t h e l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s , we

d o n o t n e e d o n l y a p r e c i s e p r o g r am f o r a nume r i c a l mo d e l l i n g

o f t h e p r o p a g a t i o n o f s e i sm i c mo t i o n , b u t we n e e d a l s o a s u f f i -

c i e n t l y p r e c i s e s t r u c t u r a l mo d e l . I t c a n b e o b t a i n e d by s e i sm i c

t omog r a ph i c me t h o d s . I n t h e r e c e nt ye a r s , f u l l - wave f o rm i nve r s e

me t h o d s h ave b e e n w i d e l y u s e d . On e o f t h e f u l l - wave f o rm me t h -

o d s i s t h e a d j o i n t t omog r a phy. Th e a d j o i n t t omog r a phy imp r ove s

a s t r u c t u r a l mo d e l u s i n g a s o - c a l l e d ke r n e l wh i ch i s a vo l ume d e n s -

i ty o f g r a d i e n t o f m i s f i t b e twe e n t h e o b s e r ve d a nd c a l c u l a t e d s e i s -

mo g r am s . Th e g r a d i e n t i s e va l u a t e d w i t h r e s p e c t t o mo d e l p a r a -

m e t e r s . Th e a d j o i n t t omog r a phy h a s b e e n a pp l i e d ove r w i d e r a n g e

o f s c a l e s – f r om r e g i o n a l t o g l o b a l . H owe ve r , i t h a s n o t b e e n

emp l oye d a t a l o c a l s c a l e i n 3D ye t . Th e r e a s o n f o r t h a t i s a n

i l l - p o s e d n e s s o f t h e p r o b l em . Th e i nve r s i o n i n t h e l o c a l s u r f a c e

s t r u c t u r e s i s s p e c i f i c by a r e l a t i ve l y sma l l amount o f ava i l a b l e

d a t a , a h i g h i n i t i a l m i s f i t a n d s h o r t l e n g t h s c a l e h e t e r o g e n e i t i e s

i n t h e mo d e l . Th e r e f o r e , a p r o p e r ke r n e l p r e c o n d i t i o n i n g i s n e c e s -

s a r y. We bu i l d o n t h e p i o n e e r i n g wo r k o f F i l i p Kub i n a who wa s

t h e f i r s t t o emp l oy t h e a d j o i n t me t h o d t o a t omog r a phy o f l o c a l

s u r f a c e s e d im ent a r y s t r u c t u r e s i n 2D . We f o c u s o n ke r n e l p r e c o n -

d i t i o n i n g . We g e n e r a l i s e d a l g o r i t hm s f o r smo o t h i n g o f a ke r n e l

a n d app l i c a t i o n o f a ma s k t o t h e ke r n e l p r o p o s e d by Kub i n a . We

c r e a t e d r o u t i n e s f o r e f f i c i e n t smo o t h i n g o f ke r n e l s a n d f o r a c a l -
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c u l a t i o n a nd an app l i c a t i o n o f t h e ma s k i n 3D . We p e r f o rm ed an

e x t e n s i ve nume r i c a l t e s t i n g o f t h e r o u t i n e s o n a r t i f i c i a l d a t a , i n

o r d e r t o d e t e rm i n e t h e i r p r o p e r t i e s . Th e r o u t i n e s w i l l b e imp l e -

m ent e d i n t h e p r o g r am F D A t o m 3 D by F i l i p M i ch l í k wh i ch p e r f o rm s

t h e a d j o i n t t omog r a phy o f l o c a l s u r f a c e s e d im ent a r y s t r u c t u r e s .

Keywo r d s : a d j o i n t t omog r a phy, l o c a l s u r f a c e s e d im ent a r y s t r u c -

t u r e s , k e r n e l p r e p r o c e s s i n g , smo o t h i n g , ma s k
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J a r o s l av Va l ovč a n : Ke r n e l -Vo r v e ra r be i t u n g i n d e r 3D a d j u n -

g i e r t e n Tomog ra p h i e l o k a l e r O be r f l ä c h e n - S ed im en t s t r u k t u re n .

[Ma s t e r -A r b e i t ] . C omen i u s -Un i ve r s i t ä t i n B r a t i s l ava . Fa ku l t ä t

f ü r Ma t h ema t i k , Phy s i k u nd I n f o rma t i k , Ab t e i l u n g f ü r A s t r o n o -

m i e , Phy s i k d e r E r d e und Me t e o r o l o g i e . B e t r e u e r : p r o f . RNDr .

Pe t e r Mo c z o , D r S c . B r a t i s l ava 2 0 1 9 . 1 2 7 S t n . Qua l i f i ka t i o n s g r a d :

Ma s t e r .

S e i sm i s ch e Bo d e nb ewe gun g e n kö nn e n du r ch l o ka l e Ob e r f l ä -

ch e n s t r u k t u r e n s t a r k b e e i n f l u s s t we r d e n . Wenn w i r d e s h a l b

e i n e Au s b r e i t u n g d e r s e i sm i s ch e n B ewe gun g i n d e n l o ka l e n

Ob e r f l ä ch e n - S e d im ent s t r u k t u r e n mo d e l l i e r e n s o l l e n , b r a u ch e n

w i r n i ch t nu r e i n g e n a u e s P r o g r amm fü r e i n e nume r i s ch e Mo d e l -

l i e r u n g d e r Au s b r e i t u n g d e r s e i sm i s ch e n B ewe gun g , s o n d e r n a u ch

e i n a u s r e i ch e nd g e n a u e s S t r u k t u rmo d e l l . D a s ka nn du r ch s e i sm i -

s ch e t omog r a ph i s ch e Me t h o d e n e r h a l t e n we r d e n . I n d e n l e t z t e n

J a h r e n s i n d Vo l lwe l l e n f o rm i nve r s e Me t h o d e n i n g r o ß em Umf an g

ve rwe nd e t wo r d e n . E i n e d e r Vo l l we l l e n f o rmme t h o d e n i s t d i e a d -

j u n g i e r t e Tomog r a ph i e . D i e a d j u n g i e r t e Tomog r a ph i e ve r b e s s e r t

e i n S t r u k t u rmo d e l l u nt e r Ve rwendun g e i n e s s o g e n a nnt e n Ke r -

n e l s , b e i d em e s s i ch um e i n e Vo l umend i ch t e d e s G r a d i e n t e n d e r

M i s f i t - Fun k t i o n zw i s ch e n d em b e ob a cht e t e n und d em b e r e ch n e -

t e n S e i smo g r amm hand e l t . D e r G r a d i e n t w i r d i n B e z u g a u f Mo -

d e l l p a r ame t e r a u s g ewe r t e t . D i e a d j u n g i e r t e Tomog r a ph i e i s t ü b e r

e i n b r e i t e s S p e k t r um von Ska l e n a n g ewend e t wo r d e n - vo n r e -

g i o n a l b i s g l o b a l . E s wu r d e j e d o ch n o ch n i cht i n 3D au f l o ka -

l e r S ka l a e i n g e s e t z t . D e r G r und d a f ü r i s t e i n e S ch l e ch t g e s t e l l t -

h e i t d e s P r o b l em s . D i e I nve r s i o n i n d e n l o ka l e n Ob e r f l ä ch e n s t r u k -

t u r e n i s t s p e z i f i s ch du r ch e i n e r e l a t i v k l e i n e Men g e ve r f ü g b a r e r

Da t e n , e i n e h o h e a n f ä n g l i ch e M i s f i t - Fun k t i o n und He t e r o g e n i t ä -

t e n im Mo d e l l m i t k u r z e r L än g e . Dah e r i s t e i n e o r d nun g s g emäß e
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Ke r n e l -Vo r ko nd i t i o n i e r u n g e r f o r d e r l i ch . W i r b a u e n au f d e r P i o -

n i e r a r b e i t vo n F i l i p Kub i n a a u f , d e r a l s e r s t e r d i e a d j u n -

g i e r t e Me t h o d e f ü r e i n e Tomog r a ph i e l o ka l e r Ob e r f l ä ch e n -

S e d im ent s t r u k t u r e n i n 2D e i n s e t z t e . W i r f o k u s s i e r e n un s a u f d i e

Vo r ko nd i t i o n i e r u n g d e s K e r n e l s . W i r ve r a l l g eme i n e r t e n A l g o r i t h -

m en z um G l ä t t e n e i n e s K e r n e l s u nd Anwend e n e i n e r Ma s ke a u f

d e n Ke r n e l , d i e vo n Kub i n a vo r g e s ch l a g e n wo r d e n wa r e n . W i r e r -

s t e l l t e n Rou t i n e n z um e f f i z i e n t e n G l ä t t e n vo n Ke r n e l n s ow i e z u r

B e r e ch nun g und Anwendun g d e r Ma s ke i n 3D . W i r f ü h r t e n e i n e

um f a n g r e i ch e nume r i s ch e P r ü f u n g d e r Rou t i n e n a n kün s t l i ch e n

Da t e n du r ch , um d e r e n E i g e n s ch a f t e n z u b e s t immen . D i e Rou -

t i n e n we r d e n im P r o g r amm F D A t o m 3 D von F i l i p M i ch l í k imp l e -

m ent i e r t , d a s d i e a d j u n g i e r t e Tomog r a ph i e l o ka l e r Ob e r f l ä ch e n -

S e d im ent s t r u k t u r e n du r ch f ü h r t .

S ch l a gwö r t e r : a d j u n g i e r t e Tomog r a ph i e , l o ka l e Ob e r f l ä ch e -

- S e d im ent s t r u k t u r e n , K e r n e l -Vo r ve r a r b e i t u n g , G l ä t t e n ,

Ma s ke
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