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Abstract

This thesis deals with the design and analysis of virtual element methods (VEM) for problems in
acoustics and fluid dynamics. By an implicit definition of the basis functions and suitable projectors
onto spaces of known functions, such as polynomials or plane waves, VEM are capable of coping
with general polytopal meshes and thus provide more freedom in mesh generation, in comparison to
standard finite element methods. In particular, VEM allow an easier handling of complex domain
and geometry data, as in reservoir simulations (including the presence of cracks), an automatic
inclusion of hanging nodes, more efficient and easier adaptivity, and a higher robustness to mesh
deformation.

As acoustic and fluid dynamics model problems, the Helmholtz problem and the miscible dis-
placement of incompressible fluids in porous media, respectively, are considered.

For the Helmholtz problem, a VEM is introduced that additionally fulfills the Trefftz property,
i.e. the employed basis functions belong to the kernel of the Helmholtz operator. This feature allows
to reach a given accuracy with significantly less degrees of freedom than with standard (non-Trefftz)
methods. Unlike other Trefftz methods in the Helmholtz literature, which typically employ fully
discontinuous trial and test functions, the interelement continuity constraints are imposed here in
a nonconforming sense. This allows the construction of an edgewise orthogonalization-and-filtering
process, which significantly mitigates the ill-conditioning due to the plane wave basis and, at the
same time, reduces the number of degrees of freedom without deteriorating the accuracy. Such a
numerical recipe is not directly applicable to other methods, such as the plane wave VEM (a virtual
version of a partition of unity method) or the discontinuous Galerkin method (DG), and renders,
as shown in a variety of numerical test cases (including a study of dispersion and dissipation prop-
erties), the presented method utterly competitive when compared to these technologies, especially
in the high-order case and when approximating highly oscillatory problems. The theoretical anal-
ysis of this method is carried out in an elegant framework, where the best approximation error
for Trefftz VE functions can be bounded in terms of the best approximation error for piecewise
discontinuous Trefftz functions, such as plane waves. The nonconforming Trefftz VEM approach is
introduced and analyzed for the Laplace problem, before focusing on the full Helmholtz problem.

Regarding the fluid dynamics part, the model problem mentioned above can be described by a
nonlinear coupling of an elliptic equation for the pressure with a parabolic one for the fluid concen-
tration. Since the pressure appears in the concentration equation only through the corresponding
velocity field, a mixed method can be chosen to approximate both pressure and velocity in the
pressure equation simultaneously. A semidiscrete and a fully discrete formulation of this problem
in the VE context are presented. Moreover, a priori error estimates are derived for the latter case,
where as time discretization scheme, a computationally cheap choice, namely a backward Euler
method that is explicit in the nonlinear terms, is made. The theoretical results are demonstrated
in a series of numerical tests.



Kurzfassung

Diese Arbeit befasst sich mit der Einfiihrung und Analyse von Virtuellen Elemente Methoden
(VEM) fir Problemstellungen in Akustik und Fluiddynamik. Implizite Definitionen der Basis-
funktionen und geeignete Projektoren auf Rdume von bekannten Funktionen, wie Polynome oder
ebene Wellen, erméglichen den Einsatz von allgemeinen polytopalen Netzen und bieten daher im
Vergleich zu Finiten Elemente Methoden mehr Freiheit bei der Konstruktion von Zerlegungen des
Grundgebietes. Dies inkludiert eine natiirliche Verwendung von hidngenden Knoten, mehr Flexi-
bilitat bei adaptiven Verfeinerungen und eine erhéhte Robustheit gegeniiber Deformationen.

Als Modellprobleme in Akustik und Fluiddynamik werden das Helmholtz Problem und das
Problem der Vermischung von inkompressiblen Fluiden in porésen Medien betrachtet.

Das erstere Problem betreffend wird eine VEM eingefiihrt, die zusétzlich tiber die Trefftz Eigen-
schaft verfiigt, d.h. die verwendeten Basisfunktionen liegen im Kern des Helmholtz Operators.
Dies gestattet, eine vorgegebene Approximationsgenauigkeit mit deutlich weniger Freiheitsgraden
als mit Standardmethoden (nicht-Trefftz Methoden) zu erreichen. Anders als bei in der Literatur
existierenden Trefftz Methoden, welche typischerweise stlickweise stetige, aber global unstetige
Basisfunktionen verwenden, werden hier die Stetigkeitsbedingungen entlang der Kanten in einem
nichtkonformen Sinn festgesetzt. Dadurch ist es moglich, einen kantenweisen Orthogonalisierungs-
und Filterprozess zu konstruieren, welcher zum einen die schlechte Konditionierung der Basis
aus ebenen Wellen mildert, und zum anderen gleichzeitig die Anzahl der Freiheitsgrade ohne
Genauigkeitsverlust reduziert. Ein solches Verfahren ist nicht direkt in anderen Methoden, wie
der plane wave VEM (eine virtuelle Version einer Methode der Zerlegung der Eins) oder der DG
(discontinuous Galerkin) Methode anwendbar. Zahlreiche numerische Experimente (inklusive einer
Studie der Dispersions- und Dissipationseigenschaften) demonstrieren die Vorteile der vorgestellten
Methode speziell im Fall einer grolen Anzahl an verwendeten Basisfunktionen und fiir stark oszil-
lierende Probleme. Die theoretische Analyse wird dabei in einem eleganten Rahmen ausgefiihrt, in
welchem der Bestapproximationsfehler fiir Trefftz VE Funktionen durch jenen fiir stiickweise stetige
und global unstetige Trefftz Funktionen abgeschétzt werden kann. Zum besseren Verstédndnis wird
zuerst eine nichtkonforme Trefftz VEM fiir das Laplace Problem eingefithrt und analysiert.

Das zweite Problem kann durch eine nichtlineare Kopplung einer elliptischen Gleichung fiir den
Druck mit einer parabolischen fiir die Konzentration beschrieben werden. Dadurch dass der Druck
in der Gleichung fiir die Konzentration nur durch das entsprechende Geschwindigkeitsfeld auftritt,
kann eine gemischte Methode zur gleichzeitigen Approximation von Druck und Geschwindigkeit
in der Gleichung fiir den Druck verwendet werden. Dabei werden semidiskrete und volldiskrete
Formulierungen dieses Problems im Kontext der VE vorgestellt. Dartiber hinaus werden a priori
Fehlerabschéatzungen fiir den letzteren Fall hergeleitet, wobei als Zeitdiskretisierungsschema eine
rechengiinstige Methode, ndmlich ein Riickwarts-Euler-Verfahren, welches explizit in den nicht-
linearen Termen ist, gewahlt wird. Die hergeleiteten theoretischen Resultate werden mittels nu-
merischer Experimente tiberpriift.
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Chapter 1

Introduction

In this chapter, after a motivation for the use of virtual element methods (VEM) in general and for
the model problems to be considered throughout this thesis in Section [I.I} a short overview of the
state-of-the-art methodologies and techniques for efficiently computing numerical approximations
to the model problems is provided in Section [I.2} Finally, in Section [I.3] the outline of this thesis,
together with the main ideas contained in each chapter, is reported.

1.1 Motivation

Throughout the last years, Galerkin methods based on polytopal decompositions of the computa-
tional domain for the numerical approximation of boundary value problems arising from physical
applications have been attracting a vast amount of attention. In order to name a few, we mention
the discontinuous Galerkin methods (DG) [11], the hybridized discontinuous Galerkin methods
(HDG) [81], the hybrid high-order methods (HHO) [88], the mimetic finite difference methods
(MFD) [42,/140], the high-order boundary element method based finite element methods (BEM
based FEM) |163], and the virtual element methods (VEM) [31,/36]. Among their advantages are a
large flexibility in dealing with complex geometry data, an automatic inclusion of hanging nodes,
more efficient and easier adaptivity, and a higher robustness to mesh deformation.

In this thesis, we focus on VEM. Introduced in 2013 in [31,|36] and already applied to a
variety of model problems, such as general second-order elliptic problems [38], quasilinear elliptic
problems [64], eigenvalue problems [107}/152], the Stokes problem [8l/44], the elasticity problem [35],
the Cahn-Hilliard equation [9], biharmonic |13] and polyharmonic [12] problems, discrete fracture
network simulations [49], and topology optimization [101/105], VEM can be seen as a generalization
of standard polynomial based FEM to the case of general polytopal meshes and as the ultimate
evolution of MFD. However, the main difference in comparison to FEM is that, for VEM, the
basis functions are not known explicitly in closed form, but rather are solutions to local differential
problems that mimic the target problem. This idea justifies the adjective wvirtual in the name of
the method. In order to deal with such implicitly defined functions, suitable projectors from VE
approximation spaces onto spaces of known functions need to be employed, and proper discrete
bilinear/sesquilinear forms mimicking the continuous counterparts have to be constructed. All
these tools have to be computable, i.e. they need to have the feature that they can be computed
only in terms of a suitably chosen set of degrees of freedom.

This framework goes hand in hand with a series of advantages. For example, VEM can be
directly extended to highly-regular [45] and nonconforming |18]/69] approximation spaces, combined
with domain decomposition techniques [53] and adaptive mesh refinement [67], and adapted to
curved domains [47]. Moreover, it also allows the construction of spaces incorporating certain
physical properties, such as divergence-free velocity spaces for Stokes [44], or the Trefftz property,
as discussed in the Section [[.2] below.

The two problems considered in this thesis are a Helmholtz-type boundary value problem
which models acoustic wave propagation in the time-harmonic case, and the miscible displacement
of incompressible fluids in porous media, which is relevant in oil industry and is also used in
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modeling the environmental pollution. Both problems are described in detail in Section here,
we point out the main difficulties arising in their numerical approximation.
The Helmholtz problem can be written in an abstract way as

—Au—k?*u=0 in
+ boundary conditions on I' := 99,

where the quantity u, the so-called phasor of the acoustic pressure or of the acoustic velocity
potential, should be determined for given wave number k > 0 and computational domain Q C R?,
d =1,2,3. For high wave numbers, due to the oscillatory behavior of the analytical solutions, the
numerical approximation by standard Galerkin based methods represents intrinsic difficulties, see
e.g. . This can already be seen when considering the following 1D problem, see also :

—u —K*u=0 inQ:=(0,1)
u/(

1) —iku(1) =0, u(0)=1, (1.1)

The exact solution here is given by u(z) = €**. Let  be discretized into intervals all with the same
length h > 0. We use standard lowest-order FEM and plot the real parts of the exact solution, its
interpolant, and the numerical solution for A = 0.01 and different values of k in Figure[I.1

14 ===exact sol. p 1 === exact sol.
‘ =6—numerical sol. =6—numerical sol.
~0— interpolation P ~{~ interpolation
0.5 ® 05 710
‘f <
(]
0r 1 0F |
1 >
119
0.5 f 0.5 ‘!? q !
' § 1 ' I
1
E g h ﬁ } : H.L

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 1.1: Real parts of the exact solution (blue), interpolated solution (orange), and numerical solution (red)
to the 1D Helmholtz problem (1.1)) for h = 0.01 with k& = 50 (left) and 80 (right).

Moreover, in Figure we display the relative discretization errors in the H' seminorm for
the h-version and different values of k against the mesh size h, and the products kh and k3h2.

From both figures, we first observe that, for high wave numbers, the mesh size needs to be
sufficiently small in order to obtain accurate numerical approximations. Furthermore, the nu-
merical method fails to reproduce the correct oscillating behavior of the analytical solution; this
phenomenon is called numerical dispersion. Next, there is a pre-asymptotic regime before conver-
gence is achieved, which is wider for larger values of k. Finally, the condition that kh is small is not
enough to guarantee to be in the convergence regime; rather the product k3h? needs to be small.
In fact, one can show for problem (L.1)), when using lowest-order FEM, the error estimate

lu=unlit — oopn 4 oortn2, kR <1, (1.2)
|ulp
where C7, Cy are positive constants, and uy, is the numerical approximation of u. The first term on
the right-hand side of represents the best approximation error, and the second the pollution
error. This widening discrepancy between the best approximation error and the discretization
error for large values of k is also known as pollution effect in literature and cannot be avoided in
higher dimensions, see [24].
Regarding the miscible displacement of one incompressible fluid by another in a porous medium,
this problem can be expressed in abstract form by

¢% +u-Ve—div(D(u)Ve) = f(¢), divu=G, u=h(cp), inQx[0,T],

+ boundary conditions + initial condition,

(1.3)

2



Chapter 1: Introduction

A
<,
=

SN

3= R

1= =

5 5

g g 10

(&) [}

® T 102

g £

5] Q

2] w

— — -3,/ k=60

= = 10 -k = 100

—e—k = 200 ——k = 200
10—4 L L L 104 L L L
10 103 10 10" 10° 10 10° 10°
h kh

10!
Sz 107
15
g 10"
3
2 102 k=10
g o=k =20
2 =k =40
T.; 10»3 k=60
i --k =100
—o—k = 200
104 — : :
10°® 10° 10°

k3 hZ

Figure 1.2: h-version of lowest-order FEM for the 1D Helmholtz problem (1.1)) with different values of k. The
relative discretization error in the H'-seminorm is plotted against the mesh size h (top-left), against the product kh
(top-right), and against k3h? (bottom).

where T' > 0, and one is interested in finding the velocity u, the pressure p, and the concentration c,
which are all coupled in a nonlinear fashion. We refer to Section for further details.

Problem is time-dependent, and thus numerical time integration techniques, such as the
explicit or implicit Euler method, or the Crank-Nicolson method, have to be applied. In the case
of explicit Euler, a Courant-Friedrichs-Lewy (CFL) condition linking the time stepping size to the
spatial mesh size is needed to guarantee stability of the overall numerical scheme.

Moreover, the first equation in is of diffusion-convection-reaction type and thus numeri-
cal instabilities are expected to occur in strongly convection-dominated situations, for which the
equation nearly has hyperbolic character. More precisely, when the so-called Péclet number, which
is defined as the ratio between convective strength and diffusive conductance, exceeds a critical
value, spurious oscillations in the form of over- and undershoots in the numerical solution result
in space, see Figure To this purpose, several strategies have been proposed to mitigate these
oscillations. Among them are, for FEM, the stabilizations by local projection [106] or by suit-
ably constructed bubble functions [61}[103], and the Streamline Upwind Petrov-Galerkin method
(SUPG) [621[63,[108/[164]. In the framework of VEM, SUPG stabilization techniques have been
discussed in e.g. . Additionally to all of those, flux-correcting transport schemes working at
the algebraic level have been introduced, see e.g. .

1.2 State-of-the-art

Concerning the Helmholtz problem, the aim of this thesis lies in the construction and analysis of a
VEM incorporating the Trefftz property, i.e., given a discretization of the computational domain,
the local approximation spaces consist of functions that belong elementwise to the kernel of the



Chapter 1: Introduction

0.5
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1000 1000

Figure 1.3: Numerical solutions for a strongly convection-dominated miscible displacement problem with an
injection source at (1000,1000) and a production well at (0,0) (Test B in Example 2; Section [7.3) when using the
VEM introduced in Section endowed with a flux-correcting transport scheme (left; see also Figure and
without (right). In the right plot, one can clearly see strong oscillations and undershoots of the numerical solution
around the origin.

Helmholtz operator. Representatives of Trefftz functions for Helmholtz are, for example, plane
waves, evanescent waves, Fourier Bessel functions, fundamental solutions, and multipoles.

Named after Erich Trefftz (1888-1937) who first had the idea to incorporate a priori knowl-
edge about the differential problem to be discretized into the approximation spaces , Trefftz
methods for the Helmholtz problem look back on a long history. Here, we mention the ultra weak
variational formulation (UWVF) [7072/)87/[124], discontinuous methods based on Lagrange multi-
pliers and on least square formulations , the plane wave discontinuous Galerkin method
(PWDG) , which can in fact be seen as a generalization of the UWVF, the wave based
method , and the variational theory of complex rays ; we refer to for an overview.
The big advantage of such methods in comparison with non-Trefftz methods is that, when solving
homogeneous problems, significantly less degrees of freedom are needed in order to achieve a given
accuracy and thus also less computational effort is required. This comes however at the price of a
possibly severe ill-conditioning.

For applications of Trefftz methods to the time-harmonic Maxwell equations, we refer to
. We mention here that the Trefftz approach has also been applied to other problems than
time-harmonic wave propagation, for instance to advection-diffusion problems , to wave
problems in time-domain and to Friedrichs systems [153].

In the context of VEM, the Helmholtz problem has already been tackled in a first approach
in , giving rise to the plane wave VEM (PWVEM). This method is characterized by the use
of plane waves that are modulated with lowest-order harmonic VE functions, and can be seen as a
virtual version of the classical partition of unity method (PUM) [22]. Importantly, it is not a full
Trefftz method.

The Trefftz VEM presented in this thesis for the 2D case is a full Trefftz method making use of
plane waves. It further belongs to the class of nonconforming methods (a la Crouzeix-Raviart) as
the interelement continuity constraints are imposed edgewise by requiring that the jumps across
edges of the numerical solution against traces of plane waves are zero. In the context of VEM,
nonconforming methods were first introduced in for the Poisson problem, and then extended
to the approximation of general elliptic problems in and of the Stokes problem in .

In the numerical study of our new method, we also focus on the dispersion and dissipation
errors. For the Helmholtz problem, in the framework of standard conforming FEM, a full dispersion
analysis was carried out in for dimensions one to three. In particular, in , it was shown that
the pollution effect can be avoided in 1D, but not in higher dimensions, and a generalized pollution-
free FEM in 1D was constructed. Moreover, in , a link between the results of the dispersion
analysis and the numerical analysis was established, and, in , quantitative, fully explicit estimates
for the behavior and decay rates of the dispersion error were derived in dependence on the order
of the method relative to the mesh size and the wave number. In the context of non-conforming
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methods, dispersion analyses have been performed for DG-FEM in [5[6], for the discontinuous
Petrov-Galerkin method (DPQG) in [113], and for UWVF/PWDG in [111]. Recently, a dispersion
analysis for HDG was carried out in [114].

For the considered miscible displacement problem, which is sometimes referred to as Peaceman
model after it was introduced by Peaceman and Rachford in 1962 in [157] (see also e.g. [29}{761/156]),
existence of solutions to that problem was studied under several assumptions; we mention the
works [7,[7792,/102].

Moreover, a variety of numerical schemes and methodologies for the computation of approx-
imate solutions to that problem has been proposed. In the framework of finite differences, we
highlight the works [89}/155/156]. For FEM, a mixed method was introduced in [90] to approximate
both the velocity and the pressure, thus avoiding the differentiation of the latter quantity. In |123],
a two-grid mixed FEM approach was employed, and, in [99,/100], mixed FEM were combined with
a modified method of characteristics. Additionally, Eulerian—Lagrangian localised adjoint methods
were used in [176]. In the setting of mixed finite volume methods (MFV), the problem has been
tackled in e.g. [73]. Discrete duality finite volume schemes for the model problem were introduced
and studied in [741[75]. Finally, in the setting of DG, we mention the works |28}/162,(168.|177], and
we note that a unified convergence analysis of numerical schemes was carried out in [91].

The VEM literature that has been relevant for our study includes the works on mixed VEM [30|
60], and on VEM for parabolic problems [174] and for general second-order elliptic problems [38].

1.3 Structure of the thesis

Here, we report the structure of this thesis and outline the main ideas of each chapter.

e Chapter 2: In this chapter, preliminaries related to the basic notation, the functional spaces,
and the mesh assumptions are given. Moreover, the model problems considered throughout
this thesis are introduced and described in detail.

e Chapter 3: As already mentioned above, one aim of this thesis is the design and analysis
of a nonconforming Trefftz VEM for the Helmholtz problem. In this chapter, the focus
lies on the simpler case of the Laplace problem, for which a nonconforming Trefftz VEM
is presented. This method can be seen as the intermediate conformity level between the
continuous harmonic VEM [79], which is a conforming Trefftz VEM for the Laplace problem,
and the fully discontinuous harmonic DG-FEM [122][138][139].

In addition to the construction of the method, its complete h- and p-version analysis is
carried out, namely the study of its convergence behavior, when fixing the dimension of the
local spaces and refining the mesh, and when fixing a mesh and increasing the dimension of
the local spaces, respectively. Corresponding quasi-optimal error bounds that are explicit in
terms of the mesh size h and of the degree of accuracy of the method p are derived.

Moreover, the hp-version is studied numerically. In this case, suitable combinations of h- and
p-refinements are taken. Similarly as for the harmonic VEM of [79] and the harmonic DG-
FEM of [122], faster exponential convergence in terms of the number of degrees of freedom N
than for standard FEM [19,/166] and VEM [39,40] is observed, namely, exp(—b+v/N) instead
of exp(—bv/N), where b is a positive constant.

This research has been published in [143)].

e Chapter 4: This chapter, based on [144], deals with the construction and analysis of a noncon-
forming Trefftz VEM for the Helmholtz problem with impedance boundary conditions. By
firstly defining the local Trefftz VE spaces as the spaces of Trefftz functions whose impedance
traces are edgewise traces of plane waves, and then taking the degrees of freedom as Dirichlet
moments with respect to plane waves, the global nonconforming Trefftz VE spaces can be
built by gluing the local spaces together in a nonconforming way. In this sense, the presented
method differs from most of the Trefftz methods in the Helmholtz literature, which typically
employ fully discontinuous trial and test functions.

Furthermore, the nonconforming approach provides, analogously as in the case of the Laplace
problem, an elegant theoretical framework for the derivation of h-version error estimates.

5



Chapter 1: Introduction

More precisely, it allows to determine an upper bound of the best approximation error for
Trefftz VE functions in terms of the best approximation error for piecewise discontinuous
plane waves.

e Chapter 5: Here, numerical aspects of nonconforming Trefftz VEM for Helmholtz boundary
value problems are in the spotlight. Firstly, the extension of the Trefftz VEM introduced in
Chapter 4 to the case of mixed boundary conditions is discussed. This will be reflected in the
definition of the nonconforming Trefftz VE spaces and the related discrete sesquilinear forms.
Afterwards, implementation aspects are presented. Due to the severe ill-conditioning of the
plane wave traces, a numerical recipe based on an edgewise orthogonalization-and-filtering
procedure is introduced at the practical level to mitigate this ill-conditioning. At the same
time, the presented strategy also allows to significantly reduce the number of degrees of
freedom without deteriorating the convergence of the method.

After testing the method endowed with this procedure in several numerical experiments,
including an acoustic scattering problem, h-, p-, and hp-versions, a comparison of its perfor-
mance with that of PWVEM [159] and UWVF/PWDG |[71,|112] is carried out. Moreover,
following the dispersion analysis for UWVF/PWDG in [111], a numerical study of the dis-
persion and dissipation properties is performed.

This chapter is based on [145,/158].

e Chapter 6: In this chapter, following [146], the nonconforming Trefftz VEM introduced in
Chapters 4 and 5 is extended to the case of the fluid-fluid interface problem, that is, a
Helmholtz problem with piecewise constant wave number. To this purpose, local Trefftz
VE spaces with possibly different wave number have to be coupled. Moreover, in order to
capture the physical behavior of the analytical solutions, such local spaces are also enriched
with additional special functions, like evanescent waves. For both issues, the nonconforming
setting provides an elegant framework. Since the basis functions are related to edges, it
suffices to simply consider, on each edge of the underlying mesh, the union of the restrictions
of all plane waves and evanescent waves related to adjacent elements to the given edge, and
then to apply the orthogonalization-and-filtering process mentioned above to get rid of almost
linearly dependent basis functions and decrease the number of degrees of freedom.

Numerical experiments with the h-version of the proposed method, the p-version with quasi-
uniform meshes, and the hp-version with isotropic and anisotropic mesh refinements are
presented.

e Chapter 7: This chapter deals with the fluid dynamics model problem. Following the related
work in [46], after introducing suitable VE spaces and projectors, VEM for the semidiscrete
(continuous in time and discrete in space) and fully discrete (in time and space) formulations
of the miscible displacement problem, respectively, are discussed. Due to the fact that the
quantities of interest, namely the velocity, pressure, and concentration, are coupled in a
nonlinear way, a backward Euler method that is explicit in the nonlinear terms is chosen
for the latter formulation. This approach is advantageous for two reasons: firstly, it leads
to some sort of decoupling of the total system, in such a way that the resulting system is
computationally cheap to be solved; secondly, no CFL condition is required to guarantee
stability of the method.

After deriving L? error estimates for the velocity, pressure, and concentration discretization
errors, the focus lies on the investigation of the numerical performance of the method in a
series of experiments. Among them are academic ones, as well as a more realistic, strongly
convection-dominated one. For the latter test case, the presented VEM is further endowed
with a flux-corrected transport scheme at the algebraic level, leading to a quite robust per-
formance.

e Chapter 8: In this chapter, an outlook to future research topics is given.



Chapter 2

Preliminaries

In this chapter, we firstly fix the basic notation and introduce the functional spaces needed in the
rest of this thesis in Section 2.1} Then, in Section[2:2} the considered model problems are described
in detail. Next, in Section the focus lies on the definition of regular polygonal decompositions
of the computational domain. Finally, in Section [2:4] broken Sobolev spaces are introduced.

2.1 Basic notation and functional spaces

Here, we fix the notation and introduce the functional spaces employed throughout this thesis. For
a more detailed discussion, we refer to [2,/59,97,147,/167].

First of all, we write N and Ny for the sets of natural numbers without and including O,
respectively. Given r € R, we denote by R, and R>, the sets of all real numbers that are greater
than, and greater than or equal to r, respectively. In addition, given m € N, we define N>, as
the set of all natural numbers that are greater than or equal to m. The set of complex numbers is
denoted by C, and the imaginary unit by i. Given a complex number z € C, Rez and Imz are the
real and imaginary part of z, respectively.

Furthermore, given any domain D C RY d € N, i.e. an open, non-empty and connected
subset of R, and ¢ € Ny, we denote by P;(D) and Hy(D) the spaces of polynomials and harmonic
polynomials up to order £ over D, respectively; moreover, we set P_1(D) := H_;(D) := 0.

Next, we introduce Lipschitz domains. Let Q C R? be a domain. Then,  is a Lipschitz domain
if its boundary T' := 99 is compact and can be locally represented (after a possible rotation and
translation) as the graph of a Lipschitz continuous function. If, additionally, Q is bounded, then
Q is called bounded Lipschitz domain. By ng, we denote the unit normal vector on 0f2 pointing
outside €.

Finally, B, (x¢) is the ball centered at xo € R? and with radius 7.

Lebesgue spaces. The space of Lebesgue integrable functions on §2 to the power p € [1,00) is
defined as
LP(Q) = {f : IfllLr() < oo},

with the norm )

I fllzr o) = (/Q Vil d:z:> "

For p = oo, L*>(£2) is defined as the space of essentially bounded measurable functions with norm

o (Q) i= :x €0} = inf ,
i@y = ess sup{160) - x € @) = inf s 170

where (D) here denotes the measure of D. The spaces LP()) are Banach spaces. For p = 2,
the corresponding space, i.e. L?(f2), is a Hilbert space with inner product (for real-valued f,g),
sesquilinear form (for complex-valued f, g), and norm given by

(. 9o i= /Q fode,  (fg)on = /Q fgde,  |lfllog = ( /Q |f|2drc>2,

7
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respectively. From now on, we will focus on the real-valued case. We underline that the following
concepts can be easily generalized to the complex-valued one. For p = 2, the following inequality
holds.

Lemma 2.1.1 (Cauchy-Schwarz). Let f,g € L*(2). Then, fg € L*(Q) and

/Q fgdz < | floalgloa:

Weak derivatives. We introduce the multi-index notation. For o = (ay, .. ., aq) € N&, we write
d
P O oo, « «
la] := E o, al:=a! - ay!, x* =t -y,
i=1

for all x € Q, and, for v : Q — R,
D*u(x) := 07" - - 05" u(x),

where 9; = %j are the partial derivatives. The space C™(Q2), m € Ny U {oo}, is the space
of m-times continuously differentiable functions, and C§*(€2) is the set of functions in C™(Q)
with compact support. Denoting by Li (2) the space of locally integrable functions, and given

loc

u € L (9) and o € Ng, a function v := D*u € L} () is called a-th order weak partial derivative

loc
of u if

/vwdx:(—l)“’l/uDagpdx Yo € C3° ().
Q Q

Sobolev spaces of non-negative integer order. Having this, the Sobolev space W™P(Q),
with m € Ny and p € NU {00}, is defined as the set of all functions u € LP (), such that the weak
derivatives D*u € LP() exist for all |a] < m:

WmP(Q) :={u € LP(Q) : D% € LP(Q), |a| < m}. (2.1)

These spaces are equipped with the norms

1

a,,||P P
|ullwm.e () == (Zlalim”D u”LP(Q)) , 1<p<oo

MaX|q|<m | D¥U| Lo (), p = 0.
Alternatively, W™ P () can be introduced by
W (Q) = G e,
i.e., for every u € W™P(Q), there exists a sequence {p;}jeny C C(2) with
Jim = pjllwnr ) = 0.

For p = 2, we write
Hm<Q) — Wm’Q(Q), ||u||m,Q = ||UHWm,2(Q)a

and we define the inner product and the seminorm

(W, 0)ma = Y (D%, D*0)oq,  |ulma:=| Y IID%u[fq
la|<m |a|=m
Moreover, given k > 0, the k-weighted Sobolev norm is
lullz k0 = Z K Dulf? . (2.2)
j=1

8
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Sobolev spaces of positive fractional order. Going back to (2.1)), one can also introduce
Sobolev spaces of fractional order. More precisely, the Sobolev-Slobodeckij space WP(Q), with
0<o<1land1l<p<oo,is given by

WoP(Q) :={u € LP(Q) : |ulwor) < 0o},

where the seminorm and norm are

D=

1
lu(x) — u(y)[” B
lulwer () = </Q o dedy ) [ullwer () = (HUHZL),P(Q) + |U|€Vo,p(sz))
Given s = m+ o with m € Ny and o € (0, 1), we define
WeP(Q) :={ue W™P(Q): Du € WP(Q), |a] <m}.

The corresponding seminorm and norm are

[ulwer) = | D2 1D Uyonioy | o+ ulwere = D0 1Dl

|a|=m la|<m
Similarly as above, for p = 2, we write

H(Q) = W™2(Q),  |ulpg = lulwee),  ulloo = llullwezo

= W*2(Q), luls,.0 = |[ulws2(q), |l

¥
B
|

5.0 = [[ullws2q)-

In this case, one can define again inner products.
Note that, alternatively, Sobolev spaces of fractional order can also be introduced via interpo-
lation theory, see e.g. [173].

Sobolev spaces of negative order. Sobolev spaces with negative order can be defined by
duality. More precisely, for s < 0 and 1 < p < oo, we have

W) = Wy (@)

where ' denotes the dual space, ¢ is such that 1% + % =1, and

Wy (@) = Ce@) e,
The corresponding norm is
u, Q
[ sup _{wpo
pew; 1\ (o | 2lw=sa@)

where (-, -)q denotes the duality product.
Sobolev spaces on the boundary. We focus on the case p = 2. Sobolev spaces H*(I") on the
boundary I' can be defined by using the following lemma, see e.g. [147, Thm. 3.37].

Lemma 2.1.2 (Trace theorem). Let Q be a bounded Lipschitz domain. Then, there exists a

bounded linear operator v : H5(Q) — H*=2(T'), for s € (1,2), with

[ulls—1r < erllullse Vue H(Q),

which is the unique extension of yu = wu.. Moreover, there exists a continuous right inverse
e: H2(D) — H*(Q) with

vew=w, Jewll o< errlwll,_y

for all w e H=3(T).
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Thus, the Sobolev space H*(I'), 0 < s < 1, can be defined as the image of H**(Q) under ~

with corresponding norm
lulr =t Ul
UcH* 2 (Q):yU=u

If Qis a C*~1! domain, i.e., roughly speaking, a domain whose boundary can be described locally
(after a possible rotation of the coordinate system) with functions whose k-th order derivatives are
Lipschitz continuous, then « is well-defined for % <s<k.

Alternatively, one can introduce H*(T') by requiring that the Sobolev-Slobodeckij norm

1
u(x) —u(y)|? :
||’LL||5,F = (|U||%2(F) +/F w dSI dSy

r|x—

is finite.
Furthermore, for s < 0, we define

with the corresponding norm

u, r
fullor = sup AT
peH—s(T)\{0} ||<P||s,F
where (-, )1 is again the duality pairing.
Since needed later on, here, we also highlight the definition of the H %(1—‘) inner product for
complex-valued functions in 2D:

)y = (oo + [ [ =R g gy,

where (+,-)or is the L?(T') inner product and | - | denotes the Euclidean distance.
In addition, by Hg(€2) and H,(f2), we denote the Sobolev spaces of H' functions with traces

equal to zero and equal to a given function g € H 3 (T"), respectively.
Now, given ¥ C T", we introduce the Sobolev space H*(X), for 0 < s < 1, via

HY () = {v =i : 3 € H*(T)},

with the associated norm
[ollz = oy i Pl
For —1 < s < 0, we define the corresponding Sobolev space again by duality:
H* (%) = [Hy *(2)),
where, denoting by supp the support,
Hy*(X) :={v="9,:veH *I),suppv C X}.
Finally, Sobolev spaces over edges e can be defined by
H™(e) = {u € L*(e) : [[ullme < oo},

for m € N, where the norm is given by

2
0,e ’

m .
[ullm,e = Z”agu
=1

with 8{ denoting the j-th order tangential derivative along e. Sobolev spaces on e with fractional
order are defined via interpolation theory, and such with negative orders via duality.

The H'(T') norm is defined as the square root of the sum of the squares of the H'(e) norms
for all edges e belonging to T.

10
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2.2 Model problems

In this section, we describe the model problems considered in this thesis.

2.2.1 Acoustic model problem

As acoustic model problems, we consider Helmholtz boundary value problems of the following type:
Given a (polygonal) bounded domain © C R? with boundary I split into

F:EUKU@, FDQFNZQ, FDHFR:(ZL FNﬂrqu), |FR|>0, (23)
and wave number k > 0 (with corresponding wave length A = 2%), the problem reads as

find u € H'(Q) such that
—Au—ku=0 inQ
u=gp onlp (2.4)
Vu-ng=gny only
Vu-ng +ikbu =gg on I'g,

where 6 € {—1,1}, gp € H:(Tp), gy € H 2(I'y), and gz € H™2(I'g). The unknown u represents
the phasor of the sound pressure or the acoustic velocity potential, see below.

Physical motivation. The Helmholtz equation can be seen as a special case of the general
second-order, time-dependent, hyperbolic wave equation

1 02
where c is the speed of sound, and U is either the sound pressure or the acoustic velocity potential.
More precisely, by plugging the time-harmonic ansatz

Ul(z,t) = Re{u(z)e !}

with angular frequency w into and defining k := ¢, the Helmholtz equation is obtained.

The model problem is related to acoustic scattering: Given an obstacle D and a time-
harmonic incident field ui,., one is interested in computing the total field v = ujne + Usca, Where
Usca 18 the scattered field. Typically, homogeneous Dirichlet (sound-soft) or homogeneous Neumann
(sound-hard) boundary conditions are imposed on the boundary of the scatterer D. Thus, the
associated problems to be solved for the total field are of the form

~Au—ku=0 inR*\D ~Au—k*u=0 inR*\D
u=0 ondD Vu-np =0 ondD.
The behavior of uge, at infinity is described by the Sommerfeld radiation condition
lim 7" (Ortsca — ikugea) =0, 1= x|, (2.6)
T—00

where 0, is the radial derivative; in our case, d = 2. This condition excludes that waves are
reflected back from oo and guarantees unique solvability of the scattering problems. For § = —1,
the so-called impedance boundary condition

Vu - ng + ikfu = g

in plays the role of a first-order approximation of .

In Figure the real parts of the incident field, the scattered field, and the total field, re-
spectively, are portrayed in the sound-soft case, where D C R? is a circular scatterer and uipc is a
plane wave with wave number k = 40 traveling along d = [cos(¢™), sin(¢™°)] with ¢ = T.

Note that, for easier understanding, a Treffz VEM will be introduced and analyzed for the spe-
clalcase I'p =T'y = D in Chapterﬁrst, before tackling the generalization to the full problem

in Chapter

11
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Real part of the incident field Real part of the scattered field Real part of the total field

Figure 2.1: Acoustic scattering at a circular obstacle D. Real parts of the incident plane wave field with £ = 40
(left), the corresponding scattered field (center), and the total field (right).

Weak formulation. The weak formulation of (2.4]) reads

find v € Vj, such that

2.7
bi(u,v) = F(v) Yo €V, 27)
where
Vop = Hglp,FD (€)= {U € H'(Q) : Ulrp = gD} (2.8)
Vo= Hip, (@)= {ve HY(Q) : v, =0}, '

and where, for all u,v € H*(Q),

bi (u,v) = ag(u,v) + k0 wods, F(v) ::/ gnTds —|—/ grvds, (2.9)
T'r Ty Tr

with
ag(u,v) = / Vu-%d:c—kQ/ uv dz.
Q Q

Since we are assuming that [T'r| > 0, existence and uniqueness of solutions to the problem (2.4)
follow from the Fredholm alternative and a continuation argument.

Theorem 2.2.1. Under the assumption (2.3)) on the polygonal domain Q, problem (2.4)) is uniquely
solvable.

Proof. We firstly note that the sesquilinear form by (-, -) in (2.7)) is continuous and satisfies a Garding
inequality [147), p.118], namely

Re{b(u,u) + 262 |[ull§ o} = [lull¥ 0 Vu € H'(Q).

Owing to the Fredholm alternative Thm. 4.11, 4.12], the problem admits a unique
solution if and only if the homogeneous adjoint problem to with homogeneous boundary
conditions, which is obtained by switching the sign in front of the term ikfu in the Robin boundary
condition of the boundary value problem , admits only the trivial solution 0.

In order to show this, we consider the variational formulation of the homogeneous adjoint problem
with homogeneous boundary conditions. After testing with v = u, and taking the imaginary part,
we deduce v = 0 on I'g. Consequently, also Vu - ng = 0 on I'p, due to the definition of the
impedance trace.

Let now U C R? be an open, connected set such that U N9Q = T'r and meas(U\Q) > 0. We define
Q:=QUU and @ : Q — C as the extension of u by zero in Q \ Q. Then, @ solves a homogeneous
Helmholtz equation in Q. Application of the unique continuation principle, see e.g. , leads
tou=0in fl, and therefore u = 0 in Q. O

12
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To the best of our knowledge, elliptic regularity results and k-explicit stability estimates are
not available so far for the solution to the general problem . Results have been derived only in
specific cases, such as in the case of an interior impedance problem |96, Thm. 2.4], or a sound-soft
acoustic scattering problem with a star-shaped scatterer [120, Prop. 2.1]. We highlight that the
existence and the uniqueness of solutions can also be shown for Helmholtz-type boundary value
problems with nonconstant wave number, see e.g. [115].

2.2.2 Fluid dynamics model problem

The model problem we consider here is the miscible displacement of one incompressible fluid by
another in a porous medium. This problem can be formulated in terms of a system of partial
differential equations, where a parabolic diffusion-convection-reaction type equation is nonlinearly
coupled with an elliptic system, see [73}[90|123}/156], and is of particular relevance in oil industry,
but is also encountered in modeling the environmental pollution.

Given a (convex, polygonal) bounded domain Q C R2, playing the role of a reservoir of unit
thickness, and given a time interval J := [0, T}, for T' > 0, we are interested in finding u = u(z,t),
representing the Darcy velocity (volume of fluid flowing cross a unit across-section per unit time),
the pressure p = p(x,t) in the fluid mixture, and the concentration ¢ = ¢(,t) of one of the two
fluids (amount of the fluid per unit volume in the fluid mixture), with (x,t) € Qr := Q x J, such

that o
) 5; +u-Ve—div(D(u)Ve) = ¢ (€ - ¢)

v u—G 210)

u = —a(c)(Vp = 7(c));

where ¢ = ¢(x) is the porosity of the medium, q* = ¢*(z,t) and ¢~ = ¢~ (z,t) are the (non-
negative) injection and production source terms, respectively, ¢ = ¢(x,t) is the concentration of
the injected fluid, and

G:=q"—q". (2.11)

Moreover, D(u) € R?*2 is the diffusion tensor given by
D(u) = ¢ [dp] + |u|(deE(u) + d,E* ()], (2.12)

with matrices
U;Uj;

B = (

and molecular diffusion coefficient d,,,, longitudinal dispersion coefficient dy, and transversal disper-
sion coefficient d;. Furthermore, y(¢) in describes the force density due to gravity (typically
written as y(c) = vo(c)p with vo(c) being the density of the fluid and p the gravitational acceler-
ation vector), and a(c) = a(c, x) is the scalar-valued function given by

T
) Y8 Blu):=1— E(u),
i,j=1,2

R T u?

where k = k(x) represents the permeability of the porous rock, and u(c) is the viscosity of the
fluid mixture, which can be modeled by

u(e) = p(0) (1 + (M% _ 1) c) . in [0,1],

with mobility ratio M := %. Note that p can be set to p(0) for ¢ < 0, and to p(1) for ¢ > 1. We
also highlight that, in the literature, k is sometimes assumed to be a tensor. The analysis carried
out in Chapter [7] can be straightforwardly generalized to that case.

Assuming impermeability of 0€2, the system is then closed by requiring no-flow boundary
conditions of the form

(2.13)

u-n=0 onddxJ
D(u)Ve-n=0 on Q2 x J,

13
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and initial condition
c(xz,0) =co(x) inQ, (2.14)

where 0 < ¢p(x) < 1 is an initial concentration. By use of the divergence theorem, the boundary
conditions (2.13)) directly imply the following compatibility condition for ¢* and ¢~ :

[at@ndr= [ o (@od
Q Q
for every t € J.

We highlight that, in the theoretical analysis in Section [7.2] we will always assume sufficient
regularity of the exact solution and the involved functions, such as ¢q*, ¢, ¢, etc., as motivated
there. Moreover, we will make use of the following assumptions.

First of all, we suppose that the functions a and ¢ are positive and uniformly bounded from
below and above, i.e. there exist positive constants a., a*, ¢, and ¢*, such that

ax <a(z,x) <a*, ¢ < P(x) < ¢, (2.15)
for all x €  and z = z(t). For the sake of readability, we define
Az)(x) == a (2, ).

Additionally, we will make use of the following relation of the diffusion and dispersion coefficients,
which was observed in laboratory experiments:

0<dp<d <dy. (2.16)

Finally, we recall that the source terms g™ and ¢~ are, as usual, assumed to be non-negative
functions.

Existence of weak solutions to this model problem was shown in [102] for y(¢) = 0. An extension
of this result to 3D spatial domains, including the presence of v(¢) and various boundary conditions,
was discussed in [77].

Weak formulation. Here, we derive a weak formulation for the model problem described above.
To this purpose, we firstly introduce the Sobolev space

H(div; Q) := {v € [L}(Q))? : divw € L*(Q)}.
Then, we define the velocity space V', the pressure space ), and the concentration space Z by

V:={ve H(div;Q): v-n=0 on 90}
Q= I3(Q) = {p € IXQ) : (p, o =0} (2.17)
Z = H'(Q),

respectively. These spaces are endowed, respectively, with the following norms:

lully = llulls o + Idivulg o, llalg = lala, 2% = 2110 = V25 0 + 1215 -

Note that divV = Q.
As usual in the framework of parabolic problems, we use the notation

u(t)(z) == u(z,t),  pt)(z):=ple,t),  c(t)(@):=c(z,1). (2.18)

For 0 < a < b, we further introduce

[N

b
[vl[L2(absv) == </ (@)1l d:v) o vl vy = etss[s%]p\lv(t)llv;
a €la,

analogously for p and c.
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Having this, the continuous problem reads as follows: find ¢ € L?(0,T; Z) N C°([0,T]; L*(Q)),
u € L2(0,T; V), and p € L?(0,T;Q), such that

M (aca(P , ) + (u(t) - Ve(t), 2)g o + D) e(t), 2) = (a7 (€ = o)1), 7)o

Ale(t);u(t), v) + B(v, p(t)) = (v(c(t), v)o.a
B(u(t),q) = = (G(1),9)o0

foralveV,qeQ, z € Z, for almost all ¢t € J, and with initial condition ¢(0) = ¢y, where

(2.19)

M(e,z) = (e, 2)qs D(u;c,z) == (D(u)Ve,Vz)g g (2.20)
Alc;u,v) := (A(c)u,'u)Q97 B(v,q) := — (div v,q)oﬂ.

Note that ¢ € L?(0,T; Z) N C°([0, T]; L*(Q)) implies 2 € L*(0,T; Z'), see e.g. [160, Thm. 11.1.1].
For the sake of readability, we suppressed (t) in . From now on, we will use the convention
that by writing w, we mean in fact w(t); similarly for the other functions depending on space and
time. In general it will be clear from the context whether u represents u(t) for a fixed t € J, i.e.
as a function of space only, or for varying x and ¢, as a function of both space and time.
Moreover, we will use the following alternative form for the concentration equation:

M (80 z) + O(u,c;2) + D(u;¢,2) = (q+az)

o (2.21)

0,97

where

1
Olu,ci2)i= 5| (w: Vel + (4 +47) e Do — (wcVo)y |

This version is obtained from the original one in (2.19)) by rewriting the convective term as
1
(w-Ve,2)p g = 5[(“ Ve, 2)p 0 — (Grez)on — (u,e¢Vz) ],

where we firstly integrated by parts, then employed the fact that V - u = G, together with the
definition of G in , and afterwards combined this term with (¢* ¢,2)o.q from the right-
hand side of . This representation was inspired by the theory of VEM for general elliptic
problems [69] and helps to ensure that properties of the continuous bilinear will be preserved after
discretization.

In the rest of this section, we summarize some properties of the forms M(,-), A(-,-,-), and
D(+;-,-), all defined in (2.20)), which will be needed later on.

To start with, for M(:,-), it directly holds with the Cauchy-Schwarz inequality and

M(c,z) < ¢"[le

oallllon, Mz 2) = ¢ul2]5 0,

forall ¢,z € Z.
Concerning A(; -, -), again employing (2.15), for all ¢ € L>(Q2) and wu,v € [L*(Q)]?, we have

1
Ale;u,v) < —lullo.gllvllo.o-
*

Further, if ¢ € L3(Q), uw € [L>=(Q)]? and v € [L*(Q)]?, it holds true that

Ale;u,v) < [JA(S)|o,ollullc.allv

0,Q-

We also have the coercivity bound
1 2
Aeiv,0) 2 —lloll

for all ¢ € L*°(2) and v € [L?*(Q2))?, from which, after defining the kernel

K:={veV:B(v,q)=0 VqeQ}, (2.22)

15



Chapter 2: Preliminaries

coercivity of A(c;-,-) on K in the norm ||-||y follows.
Regarding D(-;-,-), the following continuity properties can be shown. Firstly, for all u €
[L>°(Q)]? and ¢, z € HY(Q), we have

D(u; ¢, 2) < ¢" [dm + [[ullsc.a(de + d)] [ Vello.alVzllo.0; (2.23)

which follows directly from the Cauchy-Schwarz inequality, the definition of D(w) in (2.12)), and
the fact that |E(u)v| < |v| and |E+(u)v| < |v| for all v € R2. Moreover, for all w € [L?(Q2)]? and
¢,z € HY(Q) with Ve € L>®(Q2), we have the bound

D(u; ¢, 2) < [|D(u)]o,allVello,0

Vzllo.0 < np(1+ [ullo.o)IVello,all Vo0, (2.24)

1
with matrix norm | D(u)]jo.q := (Z?jzl | D; (u)||(2)9) *, and some positive constant 7p depending
only on d,,, dg, and d;. In addition, coercivity of D(u;-,-) for all w € [L°°(Q2)]?, with respect to
Ill0,, follows from

(D(u) p, pt)o2 = (¢ dim p, )o,02 + (¢ || (deE(u) + thL(U)) s [)0,0
> ¢udin |15 .0 + (& lul(de — de) E(w)p, wo,o + (6 uld p, p)o,o (2.25)

1
> 6. (dn Il + i Il el )

for all p € [L?(Q)]?, where we also employed (2.15)) and ([2.16]).

2.3 Regular polygonal decompositions

We restrict here to the 2D case. Given a polygonal bounded domain  C R2, we introduce here
the concept of regular sequences of polygonal decompositions of €.

To this purpose, let {7, }nen be a sequence of conforming polygonal decompositions of €, i.e.,
for each n € N, every internal edge e of T, is contained in the boundary of precisely two elements
in the decomposition. Note that this definition also allows for elements that have adjacent edges
lying on the same line.

For all n € N, with each T,,, we associate &,, &L and €2, denoting the set of its edges, internal
edges, and boundary edges, respectively.

Moreover, with each element K of 7,,, we associate £X, the set of its edges. For all K € T,
and for all n € N, we set

hi = diam(K), ng = card(EX),

and we denote by xg the centroid of K. The normal vector pointing outward of K is denoted
by ng. Finally, the mesh size of 7, is defined by
h = hx.
g
Given an edge e € &,, h. denotes its length.

The sequence {7, }nen is called a regular sequence of polygonal decompositions if the following
assumptions are satisfied:

(G1) (uniform star-shapedness) there exist p € (0,1], 0 < py < p, such that, for all n € N and for
all K € 7,, there exist points xg x € K for which the ball By, (x0,x) is contained in K,
and K is star-shaped with respect to B, (X0,x);

(G2) (uniformly non-degenerating edges) for all n € N and for all K € T, it holds h. > pohx for
all edges e of K, where pg is the same constant as in (G1).

The assumptions (G1) and (G2) imply the following property:

(G3) (uniform boundedness of the number of edges) there exists a constant A € N such that, for
all n € N and for all K € T, card(£5)< A, that is, the number of edges of each element is
uniformly bounded.
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We point out that, in this definition, we are not requiring any quasi-uniformity on the size of
the elements. The above assumptions are standard in the VE literature and are needed for the
theoretical error analysis. A discussion of VEM under more general mesh assumptions is the topic
of [43,/58]. Some examples of meshes fulfilling (G1)-(G3) are shown in Figure (left, center).
The mesh in Figure [2.2] (right) does not satisfy (G1).

0.9 0.9

0.8 0.8

0.7 0.7

0.6 0.6

05 05
04 04 0.4

0.3 0.3

0.2 0.2

0.1 0.1 0

-0.2

Figure 2.2: Examples of polygonal decompositions: regular Cartesian mesh (left), Voronoi-Lloyd mesh [169]
(center), and mesh made of Escher horses (right). Whereas the former two meshes satisfy (G1)-(G3), the Escher
mesh does not fulfil (G1).

Remark 1. For the theoretical analyses of the different methods presented in this thesis, a number
of standard functional inequalities (such as the Poincaré inequality and trace inequalities) will be
employed. It can be proven that the constants appearing in such inequalities depend solely on the
parameters py and A introduced in (G1)-(G3). For ease of notation, such a dependence will be
omitted.

Important inequalities. Here, we recall some useful inequalities. Let K € T, be a fixed mesh
element. The first inequality is the multiplicative trace inequality, see e.g. |59, Thm. 1.6.6],

01150k < Curllvllo,xllvli g Yo e HY(K),
which also implies
13,05 < Callvllox (i lollo, + [vhk) Vo€ HYK), (2.26)

where C); may differ in the two equations, but depends solely on the shape of K. From this, the
following trace inequality follows, see also e.g. [104]:

l0l8 o5 < O (hi 0113 & + hxcloli ) Yo € HY(K), (2.27)

where C again depends solely on the shape of K. Furthermore, we recall the following Poincaré-
Friedrichs inequalities, see e.g. [57):
/ &ds
T

€lox < Crhic <|s|1,K e | [ cas ) ve € H'(K), (2.20)

l€llo,x < Cphi <|€|1,K + meas(Y) ™!

> Ve € HY(K), (2.28)

where T is a measurable subset of 0K with 1D positive measure, and Cp > 0 depends only on the
shape of K.

In the sequel, when writing a < b, we mean that there exists a constant ¢ > 0, independent of
the discretization parameters and of the problem data, such that a < ¢b. For a < band b < a
simultaneously, we use a =~ b.
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2.4 Broken Sobolev spaces

We introduce the broken Sobolev spaces of order s > 0, subordinated to a decomposition 7, by

HY(To) = [[ H(K)={veL*(Q):v, € H(K) VK €T,}, (2.30)
KeT,

which are equipped with the corresponding broken seminorms and norms

iz, = Y ol loll3 7, = > vll2 k- (2.31)

KeT, KeT,

Particular emphasis is given to the broken H' bilinear form

(u,0)17, := Z (Vu, Vv)o k-
KeTn

For the Helmholtz problem with wave number &k > 0, it is more suitable to endow (2.30|) with the
weighted broken Sobolev norm
Wl 7, = D ol kx

KeTn

instead of [|v|2 - , where, for every K € Ty, [[v||2, ;- was defined in (2.2).
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Chapter 3

Trefftz virtual element method for
the Laplace problem

As mentioned in the introduction, our aim is to design and analyze a Trefftz VEM for the acoustic
model problem . In contrast to “standard” methods, the interelement continuity constraints
will be imposed in a nonconforming fashion. This leads to a series of advantages, as we will see
in Chapters (4| and Although not being an acoustic problem, it is useful to firstly consider a
Laplace problem of the type

{—Au =0 in® (3.1)

u=g onl,

where  C R? is a polygonal bounded domain with boundary I' := 9Q, and g € H %(F) is a given
boundary datum, since the construction and analysis there already give valuable insight into how
such a method can be designed for the full Helmholtz problem.

The outline of this chapter is as follows. After designing a nonconforming Trefftz VEM for the
Laplace problem in Section an abstract error analysis, including the derivation of k- and
p-error estimates, is performed in Section[3.2] Finally, in Section[3.3] details on the implementation
of the method are given and numerical results validating the theoretical estimates are presented.

The contents of this chapter have been published in [143], and can be seen as the counterpart
of the conforming harmonic VEM [79] in the nonconforming framework.

3.1 Nonconforming Trefftz virtual element methods
In this section, we design a nonconforming Trefftz VEM for the approximation of the model

problem (3.1)).

To this purpose, we firstly state the weak formulation of (3.1]), which reads

find u € V; such that (3.2)
ap(u,v) =0 Yo €V, )
where
ao(u,v) = (Vu, Vo)oo, Vy:=H(Q), Vo:=Hj(Q). (3.3)

Well-posedness of problem (3.2)) follows from a lifting argument and the Lax-Milgram lemma.
Given a mesh 7, as described in Section our aim is to approximate problem (3.2]) with a
method of the following type:

{ﬁnd Up, € VnA’ép such that (3.4)

A,
aO,n(u’ruvn) =0 VUTL € ‘/n,OJ)’
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where the space of trial functions Vn%p and the space of test functions Vf o7 are finite dimensional
(nonconforming) spaces on T,, “mimicking” the infinite dimensional spaces V; and Vj, defined
in (3.3), respectively. Moreover, ag,(:,") : VnA’ép X Vn%p — R is a computable discrete bilinear
form mimicking its continuous counterpart defined again in (3.3). Such approximation spaces and
discrete bilinear forms have to be tailored so that method s well-posed and provides “good”
h- and p-approximation estimates.

The outline of this section is as follows. After introducing suitable global approximation spaces
Vn%ép and VnA’dp in Section a set of local projectors is defined in which are then needed
for the construction of ag (-, ) in Section

3.1.1 Nonconforming Trefftz virtual element spaces

Here, we specify the global approximation spaces V,ﬁé” and Vnédp in the formulation (3.4]). To this
purpose, we firstly introduce local Trefftz VE spaces and then define the global spaces with respect
to the local ones.

Local Trefftz VE spaces. In order to describe the local Trefftz VE spaces, we fix the degree of
accuracy p € N. Then, we define, for all n € N and for all K € T, the local Trefftz VE space

VA(K) = {v, € HY(K) | Av, =0 in K, (Vu, - ng)|, € P,_1(e) Ve € EX}. (3.5)

In words, V2(K) consists of harmonic functions with piecewise (discontinuous) polynomial normal
traces on the boundary of K. The dimension of the space V2 (K) is nxp, where we recall that
ng is the number of edges of K. Importantly, the space of harmonic polynomials of degree p is
included as a subspace, i.e. H,(K) C V2(K). This inclusion is essential for the derivation of best
approximation estimates, see Section below. Note that V2(K) is in fact a modification of
the corresponding Trefftz VE space introduced in [79] for the construction of a conforming Trefftz

VEM for problem (3.2]).
A set of ngp degrees of freedom for VA (K) is the following. Given v, € VA(K),

1
h—/vnmids Vr=0,...,p—1, Ve e EX, (3.6)
e Je

where {m¢},—o. . ,—1 is any basis of P,_;(e). These functionals are indeed unisolvent for V2 (K),
i.e. by fixing their values for v, € VA(K), the function v, is uniquely determined in the space
VA(K). This can be seen as follows. If v, € V2(K) has all the degrees of freedom set to 0, we
need to show that this implies v, = 0. Thus, let v,, be a function with this property. Then,

|an|%K = / (—Avy) v, dz —|—/ (Vo -ng)v,ds = Z (Vou, -ng) v, ds =0,
K S~ —

0K xJe
=0 ec& EPp71 (e)

which means that v,, has to be constant. This, in addition to

hevnz/vnds:/lvnds:o,

for some edge e € X, implies v,, = 0, providing unisolvency.
We denote by {@jr} i=1..nx the local canonical basis associated with the set of degrees of
r=0,...,p—1

freedom (3.6), namely

1 ifi=4and s=
BOm Al =Ty =1, g, Vs, r=0,....p—1. (3.7
0 otherwise

doﬂﬁ(@$r){

The indices 7 and j refer to the edge, whereas the indices s and r refer to the polynomials employed
in the definition of the local degrees of freedom . It is worth to note that the local canonical
basis consists of functions that are not explicitly known inside the element and whose polynomial
normal traces over the boundary are also unknown. In this sense, the functions are virtual.
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Global Trefftz VE spaces. We now focus on the global level. Before defining the global
nonconforming Trefftz VE spaces, though, we need to fix some additional notation and to introduce
the global nonconforming Sobolev space of order r € N with respect to the decomposition T,
incorporating boundary conditions in a nonconforming sense.

Given any internal edge e € &L shared by the polygons K~ and K7 in 7,, we denote by ng .
the two outer normal unit vectors with respect to K*. For simplicity, we will later only write n =
instead of n%., . Moreover, for boundary edges e € EB | we recall that ng is the normal unit vector
pointing outside 2. Having this, for any v € H'(T,), we set the jump operator across an edge
ee&, to

[o] == V) D+ + 0, Ng- ?feeéé (3.8)
vng ifecé&y.
Notice that [v] is vector-valued. Then, given g € H 3 (T') and r € N, we define
Hy " (Toyr) == {v e H(Ty) | /[[U]] ‘ng_1ds =0 Vg_1 €Pr_qi(e), Ve &)
© (3.9)

/[[v]] ‘nqg,_1ds = /gqr,l ds Vg1 €P,_1(e), Ve € EBY,

where n is either of the two normal unit vectors to e, but fixed, if e € £, and n = ng, if e € E5.
In the homogeneous case, definition (3.9) becomes

Hy (T, 1) i={v e H\(T,) | /[[v]] ‘ng_1ds=0 Vg._1 €Pr_1(e), Vee&,}. (3.10)

Importantly, the seminorm | - |; 7, is actually a norm for functions in Hy"(7,, 7). In [57], the
validity of the following Poincaré inequality was proven: there exists a positive constant cp only
depending on {2 such that, for all r € N,

lvllo.o < cplv)i,r, Yve Hé’"c(’ﬁ“r). (3.11)

We are ready to define global nonconforming Trefftz VE spaces which incorporate Dirichlet
boundary conditions in a “nonconforming sense”. Let p € N be a given parameter, representing
. 1
the order of nonconformity. For any g € Hz (T"), we set

VP = {v, € Hy™ (T, D) | vnjye € VA(K) VK € To} (3.12)
We observe the following facts:
e Definition (3.12)) includes the space of test functions VnA’dﬁ , by selecting g = 0.

e By taking p = p, where p is the degree of accuracy entering in (3.5)), the local degrees of
freedom can be easily coupled into a global set. The resulting global set of degrees of freedom
is of dimension card(&,)p. From now on, p = p.

o VnA’ép ¢V, = H;(Q), thus the method is not conforming.

e Dirichlet boundary conditions on I' are imposed weakly via the definition of the nonconform-
ing spaces (3.9) and (3.10). For instance, given a Dirichlet datum g, on all boundary edges
e € ED we set

/[[vnﬂ ‘ng g, ;ds= /vnq;71 ds = /gqgf1 ds Vo, € VnA’!}p, Vg, 1 € Pp_1(e).
€ € €

Remark 2. We highlight that, at the discrete level, one should also take into account the approxi-
mation of the Dirichlet boundary condition g. In practice, assuming g € H %+€(F), for any € > 0
arbitrarily small, and denoting by g, the approximation of g obtained by interpolating g at the
p + 1 GauB-Lobatto nodes on each edge in £, one should define the trial space as

Vol o= {vn € Hy"(To,p) | vn,, € VA(K) VK € To}.
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With this definition, in the forthcoming analysis (see Proposition Theorems and
Proposition and Theorembelow), an additional term related to the approximation of the
Dirichlet datum via Gauf-Lobatto interpolants should be taken into account. However, following
[51, Theorem 4.2, Theorem 4.5], it is possible to show that the h- and p-rates of convergence of
the method are not spoilt by this term. For this reason and for the sake of simplicity, we will
neglect in the following the presence of this term and assume that the approximation space is the

one defined in ([3.12).

3.1.2 Local projectors

Before specifying, in the next section, the choice for the bilinear form ag (-, -) in (3.2)), we introduce
two projectors that are computable by employing only the degrees of freedom defined in ((3.6). The
first one is the edge L? projector onto the space of polynomials of degree p — 1

D<) VA(K)|e = Pypoie),

0. . A . (3.13)
(vn =I5 0,)qy 1 ds =0 Vo, € VE(K), Yg,_1 € Pp_1(e).

€

The second one is the bulk H' projector onto the space of harmonic polynomials of degree p
Iy &K = 1)K VA(K) — Hy(K),

/ V(v, — 1Y Kv,) - Vg dz =0 Vv, € VA(K), Vg5 € H,(K), (3.14)
X .

/ (’Un—HZY’K’Un)dSZO Vo, € VA(K),
OK

where the last condition is imposed in order to define the projector in a unique way. Whereas
the former projector is clearly computable from the degrees of freedom (3.6)), computability of the
second can be seen after integration by parts

/ Vo, - VQPA dz = —/ Un, quA dat—&—/ vn(quA ‘ng)ds,
K K~~~ 0K
=0

and employing that the Neumann trace of a harmonic polynomial of degree p is a polynomial of
degree p — 1, together with the degrees of freedom (3.6)).

3.1.3 Discrete bilinear forms

In this section, we complete the definition of the method (3.4) by introducing a suitable bilinear
form ag (-, ), which is explicitly computable. We follow here the typical VEM gospel [31}40L79)].
Defining the local bilinear forms on polygons K € 7T, as

at (u,v) := (Vu, Vo)ox  Yu, v € H'(K),

we highlight that aff (-, -) are not explicitly computable on the whole discrete spaces since an explicit
representation of functions in the Trefftz VE spaces is not available in closed form. Thus,

aO,n(u’U) = Z afl)((uvv)
KeTn

cannot be taken. Therefore, we aim at introducing explicit computable local discrete bilinear forms
afy, (-, -) which mimic their continuous counterparts af (-, -), and then we define ag (-, -) by means
of these local approximations. To this purpose, we observe that the Pythagorean theorem yields

afl (un,vn) = alf (I X T Koy )+al (T X Y, (T-T1) 5 )0,) - Vi, v, € VA(K), (3.15)

where we recall that HZY K is defined in ([3.14). The first term on the right-hand side of (3.15) is
computable, whereas the second is not. Thus, following |79] and the references therein, we replace
this term by a computable symmetric bilinear form SE : ker(ILY ) x ker(ILY-*) — R, such that

c*(p)wnﬁ,l( < Sé((vmvn) < C*(pH”nliK Vo, € ker(H}Y’KL (3.16)
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where c.(p) and ¢*(p) are two positive constants which may depend on p, but are independent
of K and, in particular, of hx. An explicit choice of S{(-,-) is given in below.

Hence, depending on the choice of the stabilization, a class of candidates for the local discrete
symmetric bilinear forms is

a{fn(un, Up) = af(HZY’Kumev’Kvn) + S(f{((l — H}Y’K)un, - HX’K)vn). (3.17)

K

The forms ag,,

(+,-) satisfy the two following properties:
(P1) p-harmonic consistency: for all K € 7, and for all p € N,

a?(qﬁ,vn) = a{fn(qﬁ,vn) quA € H,(K), Yv, € VA(K); (3.18)

(P2) stability: for all K € T, and for all p € N,
a(P)vnli k < a5 (vn,vn) < @*()|oalf x Von € VA(K), (3.19)
where a,(p) = min(1, c.(p)) and o*(p) = max(1, c*(p)).

Property (P1) justifies to refer to p as degree of accuracy of the method, since whenever either
of its two entries is a harmonic polynomial of degree p, the local discrete bilinear form can be
computed exactly, up to machine precision. Moreover, (P2) implies continuity since a{fn(-, -) is
assumed to be symmetric:

1 1
adt (tn, vn) < (af (tn, un))? (afn (i, vn)) 2

N (3.20)
< o*(p)|lunl,klvn|i,x Yun, v, € V2(K).
As indicated above, the global discrete bilinear form is then defined as
agn (tn, Up) 1= Z alln (tn,vn)  Vu, € VnA’éf, Yo, € VnA’g’f (3.21)

KeTn

for all g1,g0 € H%(F).

Choice of the stabilization. Here, we introduce an explicit stabilization S (-, -) with explicit
bounds of the constants ¢, (p) and ¢*(p) in (3.16).
For all K € T, define

SE (tp,vp) = Z hﬁ(Hgflun,Hgflvn)o& Vi, v € ker(IT) 7). (3.22)
ecek ¢
Then, the following result holds true.

Theorem 3.1.1. Assume that the mesh assumptions (G1) and (G2), introduced in Section
hold true. Then, for any K € T,, the stabilization SE(-,-) defined in (3.22) satisfies (3.16) with
the bounds

Ak
L . P (@) ’ if K is convex
a@zp, W)= A, (3.23)
p (%) o otherwise

for all e > 0 arbitrarily small, where the hidden constants in (3.23)) are independent of h and p,
and where wgT and Agw, with wix and Ag € (0,2), denote the largest interior and the smallest
exterior angles of K, respectively.

Proof. We assume, without loss of generality, that hx = 1; the general result follows from a scaling
argument.
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For any function v, in V2(K), we have

‘U’ﬂl%K = _/ (Avn)vndx+ Vv, -ng v, ds
' KH/—/ 0K
(3.24)
= /V”n g (1) v,) ds < ||V - 0 flo,ox [T v 0,0
ecEK
where we have set, with an abuse of notation, (Hg’?lK V)|, = Hgfl(”me)- We prove that
3

[Von - nklloox S p2||Vo, - nK||_%7aK~ (3.25)

To this end, we set, for the sake of simplicity, r, := Vv, - ng, and consider the case 7, # 0. One
has r), € L*(0K) with 7, € Py(e) for all e € £X. In general, r), ¢ H?(8K). Further, we introduce
the piecewise bubble function byx € H?(8K) defined edgewise as

(box). (x) = (Bo g ) (x) Vee &R,

where ¢, : [—1,1] — e is the linear transformation mapping the interval [—1, 1] to the edge e, and
B:[-1,1] — [0,1] is the 1D quadratic bubble function 8(z) := 4(1 — z?).
Using the definition of the H~2 (9K) norm, r, € L2(9K), and rybax € H?z (0K)\{0}, we have

1
b 702 ||
ol s o = sup (rp,¥)0,0K > (rp, rpbar )o,0K _ 7 aKHo,aK. (3.26)
2 weHé (8K \{0} ||1/}H* ,OK HrpbaKH%,aK ||pr6K||%,3K

Then, we note that the two following polynomial p-inverse inequalities hold true:

Ve € £K, (3.27)

|7p

[rpboxlloe <

The first one is a direct consequence of the fact that the range of bsx is [0,1], and the second
one follows from [26, Lemma 2]. Using (3.27), summing over all edges e € £%, and applying
interpolation theory, lead to

||7”pbOK|| K Sp? ||7“p 3K||0 0K 5
which, together with (3.26]), gives
||rp||,; oK 2D 3 ||7“pbaK||o oK 2D H ||7“p||0 IK

where, in the last inequality, |50, Lemma 4] was applied. The bound (3.25) follows immediately.
From (3.24)) and (3.25)), taking also into account that Av,, =0 in K, we get

& S PFvaly, w0 vnllo,ox,

loal} xS P2 IVon - nkll- g o IT7

where in the last step we have used a Neumann trace inequality, see e.g. [166, Theorem A.33]. This
proves the first inequality of (3.16)) with c.(p) = p~2.

~

In order to prove the second one, we can write

1
T2 vnllo.on < llvallo.or < an||o K |vnlf ks (3.28)

where we have used the stability of the L? projection, the multiplicative trace inequality ,
and the Poincaré inequality 7 which is valid since v,, € ker(HX K and thus has zero mean
value on 0K, see (|3.14)).

Let us estimate the first factor on the right-hand side of . To this end, we define v,, as
the average of v,, over the polygon K. A triangle inequality yields

[vnllo.x < lvn —Dnllo,x + Unllo,x- (3.29)
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Recalling that v,, has zero average over 0K, we have
LSk / _
_— —vpd
OK] | Jore ™~
A Cauchy-Schwarz inequality, together with the multiplicative trace inequality (2.26), yields

1,
[nllo,x = K2 0] =

1 1
10nllo,kc S [lvn — ﬁn”g,Klvnhz,K'
Inserting this inequality in (3.29) gives

1 1
lvnllo,xx S v = Dnllo,rc + llvn — EHH&Kh’nHZ,K' (3.30)

From |79, Lemma 3.2], we have

Ak
o (%) [vn|1,x if K is convex
HUTL - vn”Oz,K 5 1 o ¢
(%@)) “Junlix  otherwise
for all € > 0 arbitrarily small. Inserting this into (3.30]) gives
Axc
2 . .
) (logp(P)) [Un|1. 1 if K is convex
[vnllo,x S EV
(logp(p)) “|oplix  otherwise,

which, together with (3.28]), gives (3.16]) with ¢*(p) as in (3.23). O
Owing to (3.19) and (3.23) one deduces

AK
9 . D (logp(p) ’ if K is convex
adp)2p ", a'(p) S e,
p (logp(p)> oK otherwise

for all € > 0 arbitrarily small.

Remark 3. In the conforming Trefftz VEM setting |79], the following local stabilization forms were
introduced:
SE (up,vn) = (Umvn)%,a}( VK € Tp.

It was proven that employing such stabilization forms leads to have stability constants a.(p) and
a*(p) that are independent of the degree of accuracy p. However, in the present nonconforming
setting, such a stabilization is not computable, as the Dirichlet traces of functions in the local VE
spaces are not available in closed form.

Finally, we investigate numerically the behavior of the conditioning of the global VE matrix
in terms of the degree of accuracy p, when employing the local stabilization forms in . In
Figure we plot the condition number for different values of p, when computing the global
stiffness matrix on a Cartesian mesh, a Voronoi-Lloyd mesh, and an Escher horses mesh, see
Figure 2:2] and note that it grows algebraically with p. We remark that the condition number
of standard (non-Trefftz) VEM can grow exponentially or algebraically with p, depending on the
choice of the internal degrees of freedom. This was investigated in [142].

3.2 A priori error analysis

This section is dedicated to perform an a priori analysis for the method defined in .

To this purpose, in Section we first derive approximation estimates for Trefftz VE func-
tions in the global approximation spaces Vfé” and Vn%p , introduced in . Then, in Sec-
tion an abstract error analysis is carried out. Such analysis is instrumental for the derivation
of h- and p-error estimates in the H! seminorm, which is the topic of Section Afterwards,
in Section corresponding L? error bounds for the discretization error are provided. Finally,
in Section [3.2.5] some hints on the extension of the method to the 3D case are given and the main
differences between 2D and 3D are pointed out.
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Figure 3.1: Condition number for different values of p of the global stiffness matrix obtained with the local
stabilization forms in (3.22). A Cartesian mesh, a Voronoi-Lloyd mesh, and an Escher horses mesh have been
considered. We observe algebraic growth of the condition number with p for all the tested meshes.

3.2.1 Approximation properties of functions in Trefftz virtual element
spaces

This section deals with the approximation properties of functions in the nonconforming Trefftz VE
spaces VnA’ép and V,f 0P, introduced in .

Since h- and p-approximation properties of harmonic functions via harmonic polynomials are
known, see e.g. [23[122], we want to relate best approximation estimates in the nonconforming
Trefftz VE spaces to the corresponding ones in discontinuous harmonic polynomial spaces. In
particular, we prove the following result, which can be seen as a generalization of those in the case
of nonconforming finite element methods, see [175].

Proposition 3.2.1. Given g € H%(F), let uw € Vg, where Vy is defined in (3.3). Then, for any
polygonal partition T, of Q, there exists uy € V2P, such that

n.g ’
lu—urli7, < |lu—gply, Yoy € SPTHTL),
where SP2 (T, is the space of discontinuous piecewise harmonic polynomials of degree p, i.e.
SPATHTL) == {q € L*(Q) : q) € Hy(K) VK € T, }. (3.31)

Proof. Define uy € Vn%g’p by

/(u —ur)q,_1ds =0 Vgq,_; € Py_1(e), Ve € &y, (3.32)

that is, we fix the degrees of freedom ([3.6)) of u; to be equal to the values of the same functionals
applied to the solution w. Then, for any K € T,, we have

lu—urlf g = / V(u—wuy)-V(u— qu) dz + / V(u—wuy)- V(qu —uy)de. (3.33)
K K
For the second term on the right-hand side of (3.33]), we use integration by parts to estimate

/KV(u—u[)-V(qu—uI)dx:—/K(u—uI)A(qu—uI)dx—i—/aK(u—u[)V(qu—uI).anS
=0,

where the first integral on the right-hand side is 0 since both qu and uy lie in the kernel of the
Laplace operator, and the second is 0 owing to the definition of uy in (3.32]). Hence, (3.33) can be
estimated with the Cauchy-Schwarz inequality by

lu—url} g < Ju—wrlrklu— g k.

Dividing by |u — us|1,x and summing over all elements K € 7T, leads to the result. O]
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As compared to [143| Prop. 3.1], with a slight modification of the proof, we have eliminated
the constant 2 in the upper bound. Moreover, we note that, with a similar proof of that of
Proposition one can show an equivalent result for the nonconforming (non-Trefftz) VE spaces
of |18]; see Proposition below.

3.2.2 Abstract error analysis

Along the lines of [31,39)/79], we provide here an abstract error analysis of the method (3.4)), taking
the nonconformity of the approximation into account. To this purpose, we introduce the auxiliary
bilinear form

N, HY(Q) x Hy™(To,p) = R, Ny(u,v) := Z Vu - [v] ds. (3.34)
e€&Ey V€
The following convergence result holds true, mimicking those of |80, Thm. 15] for nonconforming
finite element methods.
Theorem 3.2.2. Assume that the mesh assumptions (G1) and (G2), introduced in Section

hold true. Then, the nonconforming Trefftz VEM (3.4]) with Trefftz VE spaces as in (3.12) em-
ploying p = p, discrete bilinear form ag.,(-,-) as in (3.21), and local stabilization forms SE(-,-)

satisfying (3.16)), is well-posed and the following bound holds true:

*
(6] (p) 4 in 3 |’LL . qu|1,Tn T sup Nn(uyvn)
Ay (p) quGSp'A’ I(Tn) UHEV;LA()p |vn|177_n

where we recall that SP*~1(T,) is defined in (3.31)), Ny (-,-) is given in (3.34), and the stability
constants o (p) and o*(p) are introduced in (3.19)).

Proof. Well-posedness of the method follows from (3.11)), (3.19) and the Lax-Milgram lemma.
For the bound (3.35]), we observe that

[u—tunl1,7, < : (3.35)

= unly7, < lu— w7, + |un —urh,g, Vur € VP,

We estimate the second term on the right-hand side. Set d,, := u,, — uy. Since u,,u; € Vfé”, then

o € VnA’dp. Therefore, for all 5 € SP*71(Ty,), using (3.19), (3.4) and (3.18), we have

1 1
|0n, %,Tn = Z ‘5n|§,K < — Z aé{n(énvérﬂ = - Z aé(,n(uj,(sn)
KeT, a(p) KeT, a(p) KeT,
1
= > [af(ur — a5 60) + aff (g5 —w.60)] + D af (u,6,) ¢
a(p) KeTn KeT

The last term on the right-hand side can be rewritten in the spirit of nonconforming methods.
More precisely, we observe that an integration by parts, the fact that Au = 0 in every K € T,

and the definition , yield
Z at (u,6,) = Z / Vu-ng 6, ds = Z Vu - [6,]ds = N, (u, ).
oK

KeT, KeT, ecE, V€

This, together with the stability property (3.19), and the triangle and the Cauchy-Schwarz in-
equalities, gives

1 *
Bl r, < oo [ (@ @) = v, o= P hm) + 16 = wli, )z, + N )
Therefore, using Proposition and a*(p) > 1, we obtain
1 N, (u, 6y,)
on < —— |a*(p)2lu — ¢4 + ¢ —u + n’n}
| |1,Tn oz*(p) |: (p) | ap |1,Tn |qp 1,Tn |5n|177_n
< 3u— o)
o) [T BT T

and bound (3.35) readily follows. O
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We refer to the term Zg g appearing in (3.35) as pollution factor.

Remark 4. It is interesting to note that the counterpart of Theorem [3.2.2|in the conforming version
of the Trefftz VEM in [79] states that the error of the method is bounded, up to a constant times
the pollution factor ggz g, by a best approximation error with respect to piecewise discontinuous
harmonic polynomials, plus the best approximation error with respect to functions in the global
approximation space. In the nonconforming setting here, however, the latter term is not present,
thanks to Proposition The additional term here is related to the nonconformity.

3.2.3 h- and p-error analysis

In this section, we derive error estimates for the h- and p-versions of the method . For the
sake of clarity, by h-version, we here mean the strategy of keeping the degree of accuracy p fixed
and only decreasing the mesh size h, whereas, for the p-version, h is fixed and the convergence of
the method is studied for increasing p. To this purpose, we discuss how to estimate the two terms
on the right-hand side of in terms of h and p.

The first term, i.e. the best approximation error with respect to discontinuous harmonic polyno-
mials, can be dealt with following [148,/149|. In particular, we recall the following result from 148
Theorem 2.9] (see also [149, Chapter II]).

Lemma 3.2.3. Under the star-shapedness assumption (G2) in Section for a given K € T,,
we denote by A m, 0 < Ag < 2, its smallest exterior angle. Then, for every harmonic function u
in HSTY(K), s > 0, there exists a sequence {qu}peN, with qu € H,(K) for allp € N withp > s—1,
such that

A o (log(p)\***
lu—a,' i < chi p [ulls+1,5, (3.36)
for some positive constant ¢ depending only on pg.

Remark 5. We underline that the p-version approximation of harmonic functions by means of har-
monic polynomials has different rates of convergence than that of generic (non-harmonic) functions
by means of full polynomials. In particular, from , one deduces that, on convex elements, a
better convergence rate is achieved (i.e. harmonic functions can be better approximated by polyno-
mials than generic functions, even by considering harmonic polynomials only), while on non-convex
elements, the rate of approximation gets worse (i.e. the best approximation of harmonic functions
by full polynomials fails to be achieved with harmonic polynomials).

Next, we prove an upper bound for the nonconformity term N, (u,v,) introduced in .
To this purpose, we use tools of nonconforming methods and hp-analysis. We need to require on
the sequence of meshes {7, }nen, in addition to (G1)-(G3) in Section the following quasi-
uniformity assumption:

(G4) there exists a constant p; > 1 such that, for all n € N and for all K; and K» in 7y, it holds
hr, < prhi,.

Before formulating the estimate, we define {2cy; as an extension of the domain 2, subordinated
to polygonal decompositions. More precisely, let 7, be a triangulation of {2 which is given by the
union of local triangulations 7, (K) over each polygon K € T, (7, is nested in T,); such local
triangulations are obtained by connecting the vertices of K to the center of the ball with respect
to which K is star-shaped, see assumption (G2). With each triangle T € T, we associate Q(T),
a parallelogram obtained by reflecting T" with respect to the midpoint of one of its edges, which is
arbitrarily fixed. Then, we set

Qext = U Q(T) (337)

TeT,

Notice that Qe could coincide with €.
With this, we have all the ingredients to prove the following lemma, which provides an upper
bound for the nonconformity term A, (u, v,) in (3.35).
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Lemma 3.2.4. Assume that the mesh assumptions (G1)-(G4) are satisfied. Then, for all s > 1
and for all u € H* Y (Qext), the following bound holds true:

min(s,p)

h
Wl on)| < ed"=———[[ullss1.00 vn7,  Von € Vi,

where ¢ is a positive constant depending only on pg, p1, and A, and d is a positive constant.

Proof. Without loss of generality, let us assume that h = 1, so that pfl < hg <1forall K €T,,
due to the assumption (G4); the general assertion follows from a scaling argument.

First, we observe that, for all v, € VnAdp , the definition of nonconforming spaces and basic
properties of orthogonal projectors yield

Natw )l = | 3 [ FuToadds) = | 32 [ (T (9 - ([l = T[]
ey e€En (3.38)
< 3 [ru-nsol] o -1
ec&, ’

where we have denoted by Hg’fl, with an abuse of notation, the L? projector onto the vectorial

polynomial spaces of degree p — 1 on e.
In order to estimate the first term on the right-hand side of , we proceed as follows.
Let us consider ’7;“ the union of the local triangulations Tn (K) of each K € 7T, defined as above.

The triangulation T has the property that each T' € T is star-shaped with respect to a ball of
radius greater than or equal to pohr, where po is a positive constant and At is the diameter of the
triangle T, see [152]. Let now e € &, be fixed and K € 7,, be a polygon with e € £X. Then,

IVu =T (Vi) [lo.e < [Vu =TI (Vu)lo.c,

where Hgi is the L? projector onto the space of vectorial polynomials of degree at most p — 1

over T, and T is the triangle in 7, (K) with e C AT (this inequality holds true because the
restriction of H (Vu) to e is a vectorial polynomial of degree p — 1).
For any v € H2( ), due to [78, Theorem 3.1], we have

f+1,,
NI

Using that Hgﬂqu = Vg, for all g, € P,(T), owing to (3.39)), we get

IVa =7 (Va)lo.e = (Y (1 = gp)) = T (V(w = ) o, S 72V (0= gp) -

Applying now standard hp-polynomial approximation results, see e.g. |39, Lemma 5.1], we obtain
for every ¢, € P,(T),

IVo = 7 (Vo) o.e <

(3.39)

IV(u—gp-1)l1r S d&°p " Vuls o), (3.40)

where d is a positive constant and Q(T) is the parallelogram given by the union of T and its
reflection defined above. B

Moving to the second term in , assuming that e = 97~ N IT*, where T+ € 7, and
T* ¢ K+, we have

0,e
| oal = 1, | < o — 1 e oy =T8T v, o

p— 1 Un|T+

Then, applying once again |78, Theorem 3.1], we deduce

[vn] — HO el[”n]]

1
< p 2
‘O,e ~P (|Un|T+

n|p— |1,T*> .

By combining the bounds of the two terms on the right-hand side of (3.38)) and the definition of
the extended domain Qey; in (3.37)), we get the assertion. O
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We are now ready to state the main h- and p-error estimate result.

Theorem 3.2.5. Let {T,}nen be a sequence of polygonal decompositions satisfying (G1)-(G4).
Further, let u and u,, be the solutions to and , respectively; we assume that, with a slight
abuse of notation, u is the restriction to € of a function u € HS“(QCH), s > 1, where Qoyy 18
defined in , Then, the following a priori h- and p-error estimate holds true:

o ) lo minge7, (Ax) s
lu—unly7, <cd «*(p) pmin(ep) <g(p)) +077 p lullst100
. (p) P

where ¢ is a positive constant depending only on pgy, p1, and A, d is a positive constant, A\ m denotes
the smallest exterior angle of K for each K € Ty, and zgg is the pollution factor appearing in

(3.35)), which is related to the choice of the stabilization.
Proof. 1t is enough to combine Theorem with Lemmata and O]

Assuming, moreover, that u, the solution to the problem (3.2)), is the restriction to Q of an
analytic function defined over Qext, where Qeyt was introduced in (3.37)), it is possible to prove the
following result.

Theorem 3.2.6. Let (G1)-(G4) be valid and assume that u, the solution to the problem (3.2), is
the restriction to Q of an analytic function defined over Qext, given in (3.37)). Then, the following
a priori p-error estimate holds true:

[u —up|17, <cexp(—bp),
for some positive constants b and ¢, depending again only on pg, p1, and A.

Proof. The assertion follows by combining Theorem with the tools employed in [39, Theo-
rem 5.2]. O

Remark 6. We highlight that the construction involving the collection of parallelograms in
is instrumental for proving Theorem [3.:2.6] In order to derive the bound of Theorem [3.2.6] from
that of Theorem [3.2.5] one needs to know the explicit dependence on s of the constant in the
bound of Theorem [3.2.5] This comes at the price of involving the extended domain Qey;. If one
were interested in approximating solutions with finite Sobolev regularity, then there would be no
need of employing the construction with the parellelograms Q(T). In particular, equation
would be valid also with the norm over the triangle T, instead of over Q(T'), on the right-hand
side. As a consequence, the bounds in Lemma [3:2.4) and in Theorem [3.2.5] would be valid also with
the norm of u over Q, instead of over Qeyt, on the right-hand sides. See [39] for additional details
on the hp-version in the case of the standard VEM setting.

3.2.4 Error estimates in the L? norm

This section is devoted to prove an upper bound for the L? error of method in terms of the
energy error and the best approximation error with respect to piecewise discontinuous harmonic
polynomials.

To this purpose, we firstly recall the definition of nonconforming (non-Trefftz) VE spaces intro-
duced in [18] for the approximation of the Poisson problem, and then we prove hp-best approxima-
tion estimates by functions in those spaces. The obtained results will be instrumental for proving
L? error estimates for method . As above, we assume that p, the degree of accuracy, is equal
to the nonconformity parameter appearing in .

Let K € T,,. We define, for p € N arbitrary,

V(K) = {v, € H'(K) | Av, € Pp_o(K), (Vv, -ng)|, €Py_i(e) Ve € E,}.

It is proven in |18 Lemma 3.1] that the following set of functionals is a set of degrees of freedom
for the space V(K). Given v,, € V(K), we associate the edge moments defined in (3.6])

1
h—/vnmgds7 Va=0,...,p—1, Ve e EX, (3.41)
e Je
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plus the bulk moments of the form
1
—/ UpMmedr, Via|=0,...,p—2, (3.42)
K| Jk

where {ma}":‘io is any basis of P,_o(K).

For all g € H %(F), the global nonconforming spaces in (3.9)) are defined as in the harmonic
case:
= {v, € Hlnc Tns7) | vn)e € V(K) VK € Ty} (3.43)

The set of global degrees of freedom is obtained by a standard nonconforming coupling of the local
counterparts. The precise treatment of Dirichlet boundary conditions should be dealt with as in
Remark 2

We show that, in the H! seminorm the error between a regular target function and its inter-
polant in the space V! | defined in can be estimated by the best approximation error in the
space of piecewise discontinuous polynomlals of degree at most p. As in Proposition we have
eliminated the constant 2 of the corresponding bound in [143, Prop. 3.8].

Proposition 3.2.7. Given g € H%( T), let 1/) € Vg, where Vg is deﬁned in (3.3). For every
polygonal partition Ty, of Q, there exists 1y € VP, with VP | given in , such that

[ —drh7, <10 —gh7 Vo € ST,
where SP~1(T,,) is the space of piecewise discontinuous polynomials, that is,
SPNT,) ={q € L*(Q): q|, € P,(K)VK € T,}. (3.44)

Proof. The proof follows the lines of that of Proposition Given ¢ € V;, we define ¢y € V?
by imposing its degrees of freedom as follows:

7/ Y)go_1ds =0 Vg5, €Pp_i(e), Ve € EX, VK €T,
(3.45)
|K|/ qp de—o quge}P’p 2( ),VKE’];I.

It is important to note that, since the degrees of freedom (3.41]) and (3.42) are unisolvent for the
space VP, the interpolant ¢y is defined in a unique way. Having this, we write, for all K € 7,

W — 1l e = / V(@ —br) - V) — gp) da + / V(W — 1) - Vigy — wr)de Vg, € ST,
K K

The second integral on the right-hand side is again zero, which can be seen as follows:

/ V(W — 1) - V{gp — 1) dz = —/ (W — 1) Algy — tbr) da +/ (W — 1) V(gy — 1) - ng ds
K K oK
= 07

where we firstly integrated by parts, and then used the definition of v; in (3.45)). Thus, with the
Cauchy-Schwarz inequality, it holds

W —¥rl} x < ¥ —YrlxlY — gk,

from which after dividing by |1)—1|1, x and summation over all elements, the statement follows. [

We are now ready to prove a bound of the L? error of the method. For simplicity, we restrict
ourselves here to the case that €2 is convex and is split into a collection of convex polygons. In the
non-convex case, slightly worse error estimates can be proven, as discussed in Remark [7] below.
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Theorem 3.2.8. Let Q be a polygonal conver domain and let {T,}nen be a sequence of decom-
positions into convex polygons satisfying the mesh assumptions (G1)-(G4). Let u and u,, be the
solutions to and , respectively; we assume, with a slight abuse of notation, that v is the
restriction to Q of a function u € H5 1 (Quxt), s > 1, where Qext is defined in . Then,

hmln(s,p)+1
= o < {wuuuﬂ o

h log(p) " ETn Ax . A
+max | —, ha* — uU—u + inf u— ,
(p ) (= e

where ¢ is a positive constant depending only on po, p1, p2, and A, a*(p) is the “upper” stabil-

ity constant appearing in ([3.19), SPA~Y(T,,) is defined in (3.31), and Mg denotes the smallest
exterior angle of K for each K € Tp,.

Proof. We consider the following dual problem: Find v € H*() such that

—AYp=u—u, inf
v (3.46)
P =0 onI.
Standard stability and a priori regularity theory implies that v € H?(Q) and
[ll2,0 S llu—unllog, (3.47)

where the hidden constant depends only on the domain €, see e.g. |[116, Theorem 3.2.1.2].

Using (3.46) and (3.34), and taking into account that u — u, € Hy"(T,,p), we obtain the
following equivalent expression for the L? error:

DER TS / CAG) (e~ uy) da

KeT,

{/ V- V(u—uy,)de — Vw-nK(u—un)ds}
OK

ket (3.48)
= > af W —vru—u,)+ Y af (Pr,u—un) — Ny (¥, u — uy)

KeT, KeTn
=Ty + T2 + 1T,

where 1; is the (unique) function in Vf o> the enlarged space of functions with zero Dirichlet traces
introduced in , defined from 1 via ; in particular, v; is not piecewise harmonic, in
general.

We begin by estimating term T;. Owing to the Cauchy-Schwarz inequality and Proposi-

tion [3:2.7] we have
Ty < | —rla7, lu—unl7 < ¥ — qpli7, Ju—unl7,  Vap € SP7HTh),

where SP»~1(T,,) is the space of piecewise discontinuous polynomials introduced in ([3.44). By
taking g, equal to the best approximation of 1 in SP~1(T,) and using [39, Lemma 4.2], together

with (3.47)), we have

h h
ITh| S §||¢||2,Q|u —unl,7, S 5||u — unllo.lw = unli 7,

Next, we focus on term T3 on the right-hand side of ([3.48)). Following the same steps as in the
proof of Lemma [3.2.4] we obtain

T3] = Wau = ) < 3 [V =15, (90) | [l =] = T e = ]

ecé&y,

0,e
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where Hgfl denotes here again, with an abuse of notation, the L? projector onto vectorial poly-
nomial spaces. Applying [78, Theorem 3.1] and |39, Lemma 4.1] similarly as in the proof of

Lemma together with (3.47) (|VY|1,x < ||¥]l2.kx), we get

h
T3] < ];Hu — tnllofu = unl7, -
Finally, we study term 7% on the right-hand side of (3.48]), which can be split as

T = Z al (Yr,u—uy,) = Z al (u,vr) — Z at (wn, 1) =: Ty + Ts. (3.49)

KeTn KeT, KeT,

The first term T} is related to the nonconformity of the discretization spaces, whereas the second
term Ty reflects the fact that method does not employ the original bilinear form.

We start to estimate term T,. Using computations analogous to those in the proof of Lemma
it is possible to deduce

= | 3 ol (i) = Wty 1)) = Wt — )

KeTn

Z/ Vu - ng ¢y ds
oK

‘KETn

<Y [vu-mnwwre - vn - e -
e€En ' 7

where in the fourth identity we used the fact that N, (u,%) = 0, which holds since u and 1) are
sufficiently regular, and in the last step we used (3.38)). Again, Hg’_el has to be understood as the

L? projection onto the vectorial polynomial spaces of degree at most p — 1 on e. Applying |78,
Theorem 3.1], Proposition [39, Lemma 4.2], and finally (3.47)), leads to

hmin(s,p)

- h
Tal S p7 V(=T w)h 7Y = vy, S o Itllstr.00 Sl = o0,

where we recall that Q. is defined in and where H;Y is any piecewise energy projector from
H'(K) into P,(K), for all K € T,,.

Finally, it remains to treat term T5 on the right-hand side of . To this purpose, we
consider the following splittings of v and ;. Firstly, we split ¢ into ¥ = ¢! + ¢2, where ¢! and
Y2 are, element by element, solutions to the local problems

{Awl =—-AY inK {Auﬂ =0 inK

3.50
Pl =0 on 0K, P? =1 on 0K, (8:50)

for all K € 7,,. Using (3.46]), we can also observe that ©? — 1) solves the local problems

AW -y =u—u, inK
-2 =0 on OK.

Then, (local) standard a priori regularity theory and, afterwards, summation over all elements
K € 7T, imply the global bound

||7/12 —Yll2, 7, S llu— unllo0, (3.51)

where the broken norm ||-||2,7;, is defined in (2.31)). With the triangle inequality, (3.47), and (3.51)),
we get

19127, < v — ¥ lla7 + 1¥ll2.0 S [lu— unllo.o- (3.52)

Secondly, we split ¢y € V7 into ¢y = ¢7 + 7. We define ¢7 as the unique element in Vn%p
introduced in (3.12]), which satisfies

1 1
i [t ds = [urggyds Ve e B ve e, (3.59)
e e e e
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Existence and uniqueness of ¥? follow fronl the fact that 9?7 is deﬁned via unisolvent degrees of

freedom for the space V7;?. Owing to , the definition of % in , and (3.50]), we deduce

1 € 1 € 1 (&) 1 € €
i v ds= / Vg ds = - / vay yds =g [ ds Vg € Ba(e)

on every edge e € &,. This entails that ¥? approximates ©? in the sense of Proposition
Having this, the function ¢7 = ¢y — 97 € V! satisfies

1
ﬂ /w}q;_l ds=0 Vg, 1 € Pp_i(e), Ve € EX VK e T,,
|K‘/1/)1(Jp pdr = |K|/ — Y} gp—2dr Vg2 € P,_2(K), VK € T,,.
Moreover, since u,, € VnAép , w} has the essential feature that it satisfies
K 1 1 1
ag (Up, = —Au, dz + / Vu, -n ds =0. 3.54
Stnth) = [ (Buvidat [ (Tu,-ni)ul (3.54)
=0

We have now all the tools for estimating term T5. Using (3.54), (3.4), and (3.18)), we get

|T5:] S 0l (un0?) =\ 3 {aéfn<un,w%>—aé<<un,w%>}\

KeT, KeT,
- ’ Z {a0n qpvwl )ag(unqu,Q/J%Z]va)}’ qu,qp GSP’A’il('ﬁl)v
KeT,

where we recall that SP*~1(7,,) is defined in (3.31)). It is important to highlight that it is in fact a
key point of the error analysis to have piecewise harmonic functions in both entries of the discrete
bilinear form. By applying the continuity property (3.20) and the Cauchy-Schwarz inequality, then
the triangle inequality and Proposition [3.2.1] we deduce
T5] < a*(p)l — gl W = 3l
& (p)(|u = unli,7, + |u = g [ 7) (W2 = ¥2h 7 + 0% = G5l 7)
o (p)(Ju = unh,7, + |u =gy 11, 7)[0% = @17,

Thanks to Lemma (here, s = 1) and the bound (3.52)), we have

log(p) ming e, Ak - 2
T.)h Y >0 P15

KeT,
log(p) > minseT Ax

T3] < o (0)(Ju = w7, + |u = g

< 0" @)(lu — wnlur, + Ju— 2l )h (

where we recall that, for any K € T,,, Ax m denotes the smallest exterior angle of K.
By combining the estimates on all the terms 77 to T, we get the assertion. O

Remark 7. As already highlighted, the case of non-convex ) can be treated analogously. More
precisely, given w the largest reentrant angle of 2, the solution to belongs to H*(Q), with
t = Z —¢ for all ¢ > 0 arbitrarily small. Standard stability and a priori regularity theory,
see [21, Theorem 2.1], gives

for some positive constant ¢ depending only on the domain 2. An analogous bound is valid for the
counterpart of (3.51]) in the non-convex case. Having this, a straightforward modification of the
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proof of Theorem leads to the h- and p-error bounds

min(s,p)+t
e — unlloq < {cwmnsmm

t maxgecT, (Ax)t
+ max <<h> , ht Ol*(p) <10g(p)> )
p p

_ ; _ A
<|u Upl1,7, + qPAeSP{Iﬁlfffl(Tn) lu qp |177—n> } )

where ¢ is a positive constant depending only on the constants pg, p1, p2, and A appearing in
(G1)-(G4) and in the proof of Lemma [3.2.4]

The presence of non-convex polygons in the decomposition 7, leads to a possible additional
loss in the convergence rate in p of the L? error, which will depend on the largest interior and
exterior angles of the polygons.

3.2.5 Hints for the extension to the 3D case

Here, we give a hint concerning the extension of the method and its corresponding analysis to 3D.
Regarding the definition of local Trefftz VE spaces, one mimics the strategy suggested in [1§]
and defines, for every polyhedron K in R? and any fixed p € N,

VA(K) = {v, € H(K) | Av, =0 in K, (Vv, ng)|, € P,_1(F) VF faces of K}.

We observe that the definition of the local 3D space is a straightforward extension of its 2D
counterpart. This is however not the case when using conforming VEM. In that situation, typically,
one also requires to have a modified version of the local VE spaces on each face, see [3]. On the one
hand, this allows the construction of continuous functions over the boundary of a polyhedron, as
well as the construction of projectors onto proper polynomial spaces; on the other, it complicates
the p-analysis of the method. In the nonconforming framework, however, one does not need to
fix any sort of continuity across the interface between faces of a polyhedron and thus it suffices to
impose that normal derivatives are polynomials.

The global 3D nonconforming space is built as in the 2D case. Also, the degrees of freedom are
given by scaled face moments with respect to polynomials up to order p — 1.

Next, the abstract definition of the 2D local discrete bilinear form in can also be employed
in the 3D case. The (properly scaled) 3D counterpart of the 2D explicit stabilization defined

in (3.22)) would be

p

—(
F

Sé((“mvn) =
F faces of K

0,F 0,F
prlum prlvn)O,Fa

where, for any face F, Hg’_Fl denotes the L? projector onto P,_1(F) of the traces on F of functions
in the 3D VE space. Nonetheless, it is not clear whether explicit bounds in terms of p of the stability
constants appearing in can be proven for this form. In fact, in the 2D case, hp-polynomial
inverse estimates in 1D were the key tool for proving Theorem In the 3D framework, one
needs to employ hp-polynomial inverse estimates on general polygons based on weighted norms.
We highlight that the approach of |66, Chapter 3], see also [65], could be followed in order to
prove such hp-weighted inverse inequalities. However, as this extension is quite technical, we do
not investigate it here.

Independently of the specific choice of the stabilization, provided that it is symmetric and
satisfies , the abstract error analysis is dealt with similarly to the 2D case, see Theoremm
The only modification is in the definition of the nonconformity term, which in 3D is defined as

No(u,v) = Z /Vu-[[v]]pds
Fe&d r

for all conforming functions u and all nonconforming functions v, where £3 denotes the set of faces
in the polyhedral decomposition, and [-] ¢ is defined as in (3.8]) in terms of normal derivatives over
faces.
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The proof of h- and p-error bounds for this nonconforming term follows the same lines as in
the 2D case since |78, Theorem 3.1] holds true on simplices in arbitrary space dimension. For the
best approximation error, one should use the 3D version of Lemma which can be found e.g.
in [150, Theorem 3.12].

3.3 Numerical results

We firstly discuss some details on the implementation in Section [3.3.1] Then, in Section [3.3.2] we
present numerical tests for the h-version and the p-version of the method, validating the theoretical
results obtained in Section We conclude with a discussion and some tests on the hp-version in

Section [3.3.3]

3.3.1 Details on the implementation

In this section, we discuss some practical aspects concerning the implementation of the noncon-
forming Trefftz VEM in 2D. We employ henceforth the notation of [36]. It is worth to underline
that we present herein only the case with uniform degree of accuracy. As a first step, we begin by
fixing the notation for the various bases instrumental for the construction of the method.

Basis of P,_;(e) for a given e¢ € £X. Using the same notation as in (3.6), we denote by
{m&}r=o,. p—1 the basis of P,_1(e), e € EE . The choice we make is

mé(x) ==L, (¢;'(x)) Vr=0,....,p—1, (3.55)

where ¢, : [-1,1] — e is the linear transformation mapping the interval [—1, 1] to the edge e, and
L, is the Legendre polynomial of degree r over [—1,1]. We recall, see e.g. |166|, for future use the
orthogonality property

h

= ﬁdps VT,SZO,...,p_]., (356)

he (7
(e mE)oe = ¢ / Ly (£)La(t) dt
-1
where 0,5 is the Kronecker delta (1 if r = s, 0 otherwise).

Basis of H,(K) for a given K € 7,. We denote by {qﬁ}a=17,__,n§ the basis of the space of
harmonic polynomials H,(K), where nﬁ = dimH,(K) = 2p + 1. The choice we make is

g (%) = 1;
£
k=1 ({ r—x ] —
A — 3 K Y~ YK _
k=1, k odd
pam— Y cn(f) () T () sy
d2¢0+1 *k:()keven k hic i =1,...,D.

The fact that this is actually a basis for H,,(K) is proven in e.g. |17, Theorem 5.24].

number of edges of K.

In the following, we derive the matrix representation of the local discrete bilinear form intro-
duced in (3.17). We begin with the computation of the matrix representation of the projector
I1)-X acting from V(K) to H,,(K) and defined in (3.14). To this purpose, given any basis function

0jr €VAK),j=1,....,nk,7=0,...,p—1, we expand HX)Kgojm in terms of basis {qs}azl,wng
of H,(K), i.e.
TLA
P
Iy X =Y " s§mqs. (3.57)
a=1
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Using (3.14) and testing (3.57) with functions qﬁA, B=1,..., ﬁ, we get that the coefficients
323”") can be computed by solving for s(7) := [s(lj’r), .. .,SSAT)]T the np X n algebraic linear
system !

Gslim) = pUm),

where
(a0 Doorx (a2 Noox - (gpa; Doox (05,0 Doox
0 (Va5 Vaglox - (Vahs,Vadox . (Vs Va5 )o,x
G- z o oplm) = .
0 (Va5a, Ve )ox -+ (Vaha,Vaia)o i (Vejr qug)o,;(
Collecting all the ngp (column) vectors bY") in a matrix B := [b1Y .. p(xP)] ¢ R"p XnKP,

the matrix representation II, of the projector HZ’K acting from V2 (K) to H,,(K) is given by
II. = G'B e R" *"x7,
Subsequently, we define

dOle(qlA) e dOle(qﬁ?)
D = : - : c ROKPXN
dOfnx,p((hA) T dOanm(qgﬁ)

Let IT be the matrix representation of the operator IIY-¥ seen now as a map from V4 (K) into
VA(K) D H,(K). Then, following [36], it is possible to show that

II = DG !B € R"xPXnkP,

Next, denoting by G € R"™ X" the matrix coinciding with G apart from the first row which is
set to zero, the matrix representation of the bilinear form in (3.17) is

(I)" G I + (I -7 S (I —T1I).

Here, S denotes the matrix representation of an explicit stabilization S (-,-). For the stabilization
defined in (3.22), we have, for all k,¢ =1,... ,ng and r,s =0,...,p — 1,

nkg
S((k = D +7,(0 = Dng +5) = > 7= ( 000, I or o
i=1 ¢
By expanding Hp’ellgog s and HO " ok, in the basis {m 01 of Pp_1(e;), Le.
p—1
0 e i 0,e; . k,r),ei e,
IL,% e s Zt(z 8)es ms, 1% ok = Zté ) me', (3.58)
¢=0

we can write

ng p—1p—1

S((k = e 7, (E = Vs +5) = D 37 St (mst m o,

i=1~v=0 (=0

For the basis defined in ([3.55)), using the orthogonality of the Legendre polynomials ([3.56]), this
expression can be simplified leading to a diagonal stability matrix S:

|
A

ng p

p (k,r),ein2
S((k—1ng+r,(k—1)ng +71) = (e )<,
i 2r+1

=

'Y
i

i
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For fixed i,k € {1,...,nk} and r € {0,...,p — 1}, the coefficients ték’r)’e‘ are obtained by testing
Hg’filcpkm, defined in (3.58]), with m?, ¢(=0,...,p—1, and by taking into account the definition
of Hgfil in (3.13), the orthogonality relation (3.56) and the definition of ¢y, in (3.7)). This gives

t(k,r),ei o 2( +1
¢ — > -

. (ks met)o,e; = (2¢ +1)dibr¢ ¥(=0,...,p— 1.

The global system of linear equations corresponding to method (3.4) is assembled as in the
standard nonconforming FEM. Finally, one imposes the Dirichlet boundary datum ¢ in a noncon-
forming fashion by

[ty rds= [ag;1ds Vo, € Bpma),
e e

where, in practice, g is replaced by g,, see Remark

3.3.2 Numerical results: h- and p-version

In this section, we present numerical experiments validating the theoretical error estimates in the
L? and HY(T,) (H!, for short) norms discussed in Theorems [3.2.5} [3.2.6] and [3.2.8

For the following numerical experiments, we consider boundary value problems of the form ,
on Q := (0,1)2, with known exact solutions given by

o ui(z,y) = e*sin(y),
o us(w,y) = ua(r,0) = r? (log(r) sin(20) + 6 cos(20)).

We underline that u; is an analytic function in 2, whereas us € H37¢(Q) for every € > 0 arbitrarily
small; moreover, ug represents the natural singular solution at 0 = (0,0) of the Poisson problem
on a square domain, see e.g. [21].

We discretize these problems on sequences of quasi-uniform Cartesian meshes and Voronoi-
Lloyd meshes of the type shown in Figure left and center, respectively. Moreover, we test on
a problem with exact solution u; on the domain €2 given by the union of four Escher horses as in
Figure 2.2] right.

It is important to note that, since an explicit representation of the numerical approximation
uy inside each element is not available, due to the “virtuality” of the basis functions, we cannot
compute the L? and H' errors of the method directly. Instead, we compute the following relative
errors between u and Hpv U,, where HZ is defined in :

HU_HZURHO,Q ||U—Hpvun\ 1,Tn
lull1,0

(3.59)

lulloo

We observe that the “computable” H'! error in (3.59) is related to the exact H! error. In fact,
thanks to Theorem we have

N, (u, vy,)
uU—u - < inf u—qg> + sup 22
| n|1,Tn ~ quGSP'A’*l(Tn)| dp |17Tn vne\/}:}ép |Un|1,7—n
N (1, )
b)

< Ju =T up|i7, +  sup
vnEV,,LA()p |Un|1,7—n

the convergence of the second term on the right-hand side is provided in Lemma Moreover,
by the triangle inequality and the stability of the H!'-projection, one also has

= I un 1,7, < fu = I uly 7, + [ (0 — wn) 17,

<|u-— H§u|1,7~" + u— unl1,7;

the convergence of the second term on the right-hand side is provided in Lemma [3.2.3
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Numerical results: h-version

In this section, we verify the algebraic rate of convergence of the h-version of the method, validating
thus Theorems and for different degrees of accuracy p = 1,2, 3,4, 5.

The numerical results for the problems in Q = (0,1)? with exact solutions u; and us, obtained
on sequences of Cartesian and Voronoi-Lloyd meshes, are depicted in Figure 3.2 and Figure [3.3]

h-version for ui(z,y) on a Cartesian mesh for different p h-version for ui(z,y) on a Cartesian mesh for different p
T T T T

o
5]
=
a
5]

2

relative L*
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I
£40
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W nn
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<

=

=)
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)
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>
L

1/h 1/h

h-version for ui(z,y) on a Voronoi mesh for different p
T

. = ok ]
2 10°¢ 1 g
5
£ 10t 1 £
k= 5 10710F 3
E p=1 2
w@p=2
10710 |epeep=3 3 102k ]
o = 4 5.0
p=5
1072 : 1014 .
10° 10' 10° 10’
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Figure 3.2: Convergence of the h-version of the method for the analytic solution u; on quasi-uniform Cartesian
(first row) and Voronoi-Lloyd (second row) meshes; relative H! errors (left) and relative L? errors (right) defined

in (G59).

From Theorems and we expect the H' and L? errors to behave like O(h™"(*P)) and
(’)(hmin(’f’p)“)7 respectively, where ¢+ 1 is the regularity of the exact solution u, and p is the degree
of accuracy. The numerical results in Figures and are in agreement with these theoretical
estimates. In fact, for u;, which belongs to H*(f2) for all s > 0, we see that the H! error actually
converges with order O(hP), and the L? error with order O(hP*!) for all degrees of accuracy. On
the other hand, we observe convergence rates 1 and 2, respectively, for p = 1, and convergence
rates 2 and 3, respectively, for p = 2,3,4,5. This is due to the fact that the expected convergence
is of order O(h™*{2=¢P}) in the H! norm and O(h™*{2=<P}+1) in the L? norm.

Numerical results: p-version

Here, we validate the exponential convergence of the p-version of the method for the model prob-
lem with exact solution u; on © = (0,1)? on a Cartesian mesh and a Voronoi mesh made of
four elements, respectively, as well as on the domain €2 given by the union of four Escher horses
(see Figure right). The obtained results are depicted in Figure where the logarithm of the
relative errors defined in is plotted against the polynomial degree p.

One can clearly observe that the exponential convergence predicted in Theorem [3.2.6|is attained,
even when employing a very coarse mesh with (non-convex) non-star-shaped elements, as the one
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h-version for us(z,y) on a Cartesian mesh for different p h-version for us(x,y) on a Cartesian mesh for different p
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Figure 3.3: Convergence of the h-version of the method for the solution us with finite Sobolev regularity on
quasi-uniform Cartesian (first row) and Voronoi-Lloyd (second row) meshes; relative H' errors (left) and relative
L? errors (right) defined in (3.59).

in Figure [2.2] right.

3.3.3 The hp-version and approximation of corner singularities

So far, both the theoretical analysis and the numerical tests were performed considering approxi-
mation spaces with uniform degree of accuracy p and with quasi-uniform meshes.

In general, however, the solutions to elliptic problems over polygonal domains have natural
singularities arising in neighbourhoods of the corners of the domain. In particular, for problem
in a domain () with reentrant corners, the solution might have a regularity lower than H?2, even if
the Dirichlet boundary datum g is smooth; for a precise functional setting regarding regularity of
solutions to elliptic PDEs, we refer to [214116,166] and the references therein. This implies that both
the h- and the p-versions of standard Galerkin methods, in general, have limited approximation
properties. In particular, employing quasi-uniform meshes and uniform degree of accuracy does
not entail any sort of exponential convergence.

A possible way to recover exponential convergence, even in presence of corner singularities, is to
use the so-called hp-strategy firstly designed by Babuska and Guo [19-21] in the FEM framework,
and then generalized to the VEM in [40]. This strategy consists in combining mesh refinements
towards the corners of the domain with p-refinements in the elements where the solution is suf-
ficiently smooth. In this section, we discuss and numerically test an hp-version of the presented
nonconforming Trefftz VEM.

To this purpose, we recall the concept of sequences of geometrically graded polygonal meshes
{Tn}nen. For a given n € N, T, is a polygonal mesh consisting of n 4 1 layers, where we define a
layer as follows. The 0-th layer is the set of all polygons in 7, abutting the vertices of ; the other
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100 p-version for uy(z,y) on different meshes 100 p-version for uy(z,y) on different meshes
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Figure 3.4: Convergence of the p-version of the method for the analytic solution u; on a quasi-uniform Cartesian
mesh, a Voronoi-Lloyd mesh, and a Escher horses mesh; relative H! errors (left) and relative L? errors (right)

defined in (3.59).

layers are defined inductively by requiring that the ¢-th layer consists of those polygons, which
abut the polygons in the (¢ — 1)-th layer. More precisely, for all £ =1,...,n, we set

Lys:=Lp:= {K €Tn| KNKy_y # () for some Koy €Ly, K& Uﬁ;éLj}.

The hp-gospel states that, in order to achieve exponential convergence of the error, one has to
employ geometrically graded sequences of meshes. For this reason, we consider sequences {7, }nen
satisfying (G1)-(G3), but not (G4); we require instead

(G5) for all n € N, there exists o € (0,1), called grading parameter, such that

o if K € Lo

hi ~
B edist(K, V) K €Ly, £=1,...,n,

(3.60)

where V! denotes the set of vertices of the polygonal domain €.

Sequences {T,}nen satisfying (G5) have the property that the layers “near” the corners of the
domain consist of elements with measure converging to zero, whereas the other layers consist of
polygons with fixed size. In Figure[3.5] we depict three meshes that represent the third elements 73
in certain sequences of meshes of the L-shaped domain

Q:=(~1,1)*\ (~1,0)% (3.61)

which are graded, for simplicity, only towards the vertex 0.

08 0.8 0.8

06 0.6 0.6

0.4 0.4 04

02 | 0.2 0.2
0 ‘ 0 0
0.2 1] -0.2 -0.2

-0.6 -0.6 -0.6

0.8 -0.8 -0.8

Figure 3.5: Third element 73 in three different sequences of geometrically graded meshes (type (a)-(c) from left
to right) with o = 0.5.
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In order to completely describe the hp-strategy, we need to introduce Trefftz VE spaces with
non-uniform degrees of accuracy. This can be done as follows. Firstly, for all n € N, we order the
elements in 7, as K1, Ko, ..., Keara(r,)- Then, we consider a vector p, € Neard(7n) whose entries

are defined by
1 itK;el
(Pn); = ol (3.62)
max(1, [u(¢+1)]) if K; €eby, £=1,...,n,

where 1 is a positive parameter to be assigned, and where [-] is the ceiling function. Having p,, for
all n € N, we consider the elements €1, €2, ..., €card(e,) in €, and define a vector p € Neard(En),
whose entries are built using the following rule (mazimum rule):

(pE); = (Pn)i if e; € EE and e; C OK;
Pn)j = max((pPn)i,, (Pn)i,) if €; € EL and e; C OK;, NOK,,.

Finally, for all K € 7T,,, we pinpoint the local Treftz VE spaces with non-uniform degrees of accuracy
VAK) = {vn € H'(K) | Av, =0in K, (Vo, - nK)lcj € P(pe), (€5) Ve; edge of K}.

The global nonconforming space and the set of global degrees of freedom are defined similarly
to those for the case of uniform degree, see Section [3.1} The difference is that now the degrees of
freedom and the corresponding “level of nonconformity” of the method vary from edge to edge.
This approach is similar to that discussed in [40] for the hp-version of the conforming standard
VEM.

Under this construction, one should be able to prove the following convergence result in terms
of the number of degrees of freedom: there exists p > 0 such that the choice guarantees

|u — up|17, < cexp (—b{“/ #dofs), (3.63)

for some positive constants b and ¢, depending on u, pg, A, and o, where #dofs denotes the number
of degrees of freedom of the discretization space. This exponential convergence in terms of the
dimension of the approximation space was proven for conforming Trefftz VEM in [79] and for
Trefftz DG-FEM in [122]. In the present nonconforming Trefftz VEM, the setting of the proof of
such exponential convergence would follow the same lines as that of the two methods mentioned
above. Thus, we omit a detailed analysis and present here only some numerical results.

We underline that the exponential convergence in is faster (in terms of the dimen-
sion of the space) than that of standard hp-FEM [166] and hp-VEM [40], whose decay rate is
O(exp (—b{"/ #dofs)), due to the use of harmonic subspaces instead of complete FE or VE spaces.

For our numerical tests, we consider the boundary value problems on the L-shaped do-
main  defined in (3.61), with exact solution

us(x,y) = us(r,0) = r3 sin (§9 + g) .
We note that us € H 3*5(9) for every € > 0 arbitrarily small, and also uz € H gfi(Qext), where Qext
is defined in ; we stress that ug is the natural solution, singular at 0 = (0,0), which arises
when solving a Poisson problem in the L-shaped domain Q.

In Figure we show the convergence of the hp-version of the method for different values of
the grading parameter ¢ used in and with degrees of accuracy graded according to ,
having set u = 1. We plot the logarithm of the relative H' error against the square root of
the number of degrees of freedom.

Note that, due to the different number of degrees of freedom for each type of mesh, the range
of the coordinates varies from plot to plot. The straight lines for o = 0.5 and ¢ = /2 — 1 indicate
agreement with for meshes of type (a) and (b). However, when employing the mesh of
type (c) with all grading parameters, and when employing grading parameter o = (v/2 — 1)? for
meshes of all types, we do not observe exponential convergence . In the former case, we deem
that this is due to the shape of the elements, whereas, in the latter, this could be due to the fact
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hp-version for uz(x,y) on an L-shaped domain, mesh of type (a) hp-version for ug(z, y) on an L-shaped domain, mesh of type (b) hp-version for us(w,y) on an L-shaped domain, mesh of type (c)
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Figure 3.6: Convergence of the hp-version of the method for the solution u3 on an L-shaped domain €, for the three
sequences of graded meshes represented in Figure relative H! errors defined in (3.59). The grading parameter
o is set to 1/2, V2 —1 and (v2 — 1)2.

that the size of the elements in the outer layers is too large if picking the parameter p in
equal to 1.

We point out that, in the framework of the conforming Trefftz VEM , a similar behaviour for
the mesh of type (c) was observed. Instead, when employing the hp-version of the standard (non-
Trefftz) VEM , the performance is more robust and the decay of the error is always straight
exponential. This suboptimal behaviour might be intrinsic in the use of harmonic polynomials, or
might be due to the choice of the harmonic polynomial basis employed in the construction of the
method, see Section [3.3.1

With this preliminary section in mind, we now turn to the Helmholtz problem.
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Trefftz virtual element method for
the Helmholtz problem

In this chapter, we focus on the Helmholtz problem given in (2.4) with I'p =T'y = ) and 6 = 1,
which, given a bounded convex polygon 2 C R? with boundary I' = 9Q and g € H *%(I‘), reads

—Au—k*u=0 inQQ,

(4.1)

Vu-ng+iku=g onT,

where k > 0 is the wave number, and where we recall that i is the imaginary unit and ng is the unit
normal vector on I' pointing outside €2. The general case will be considered in Chapter [5| In the
spirit of the previous chapter, we are interested in the construction and analysis of a nonconforming
Trefftz VEM for .

The outline of this chapter is as follows. Section deals with the design of a Trefftz VEM
for where the interelement continuity constraints are again imposed in a nonconforming
fashion. In contrast to the previous chapter, the method will be based on plane waves instead of
polynomials. In Section [4.2] an abstract error analysis is carried out and h-version error estimates
are derived. Due to the fact that the presented methods suffers of strong ill-conditioning at
the practical level, no numerical results are shown in this chapter, but are rather postponed to
Chapter |5} There, a full discussion on this topic is carried out and a numerical recipe to mitigate
the ill-conditioning and to render the method competitive is presented.

The material of this chapter has been published in [144].

4.1 Nonconforming Trefftz virtual element methods
In this section, we introduce a nonconforming Trefftz VE formulation for the problem (4.1]).

To this purpose, we firstly consider the variational formulation corresponding to (4.1)), which
reads

find v € V such that
_ (4.2)
br(u,v) = [gvds YveV,
where V := H'(Q) and where
bi (u,v) := ag(u,v) + ik/ uwods Yu,v eV, (4.3)
r

with
ay(u,v) :z/Vu-de—kQ/uﬁdx Yu, v e V.
Q Q

Problem (4.2)) is well-posed for all wave numbers k and, due to the convexity assumption on €2,
u € H2(Q), if we assume in addition g € H=(T'), see e.g. [149, Proposition 8.1.4].
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Given a mesh 7, as described in Section [2.3] our aim is to design a numerical method having
the following structure:

{ﬁnd up € VhAH“? such that (4.4)

2
be,n (W, vr) = Fr(vp) Yo, € VAT

where, for all n € N, VhA‘HCZ is a finite dimensional space subordinated to 7y, bgn(-,-) : VhA‘ch X

VhAJ“kQ — C is a computable sesquilinear form mimicking its continuous counterpart b(-,-) defined

in , and the functional Fy,(-) : V,f"'k2 — C is a computable counterpart of fF guds.

The reason why we do not employ the continuous sesquilinear forms and right-hand side is that
the functions in the nonconforming Trefftz VE spaces are not known in closed form; therefore, the
continuous sesquilinear forms and right-hand side are not computable.

The outline of this section is the following. After fixing the basic notation on plane waves in
Section E local Trefftz VE spaces, as well as the global space VhAJrk2 in ([4.4), are introduced
in Section [4.1.2] Then, in Section local projectors mapping from the local Trefftz VE spaces
into spaces of plane waves are defined; such projectors will allow to define suitable by 5 (-,-) and

Fp(-) in (4.4)), see Section

4.1.1 Plane wave spaces

Here, we introduce the plane wave spaces. To this purpose, given p = 2¢ + 1 for some ¢ € N, we
introduce the set of indices J := {1,...,p} and the set of pairwise different normalized directions
{ds¢}ec7. As ¢ plays the same role as the polynomial degree in the approximation properties of
plane wave spaces, we refer to q as effective plane wave degree. For every ¢ € J, we define the
plane wave traveling along the direction d, as

wy(x) := eFdex, (4.5)

Moreover, for every K € 7T,, recalling that x is the centroid of K, we pinpoint the bulk plane

wave related to K by

wf (x) = elbde ) (4.6)

Examples of plane waves with k = 20 traveling along different directions are given in Figure |4.1
Then, we introduce the local plane wave space on the element K € 7T, by

PW,,(K) :=span {w;* , L€ J}. (4.7
We make the following assumption on the plane wave directions:

(D1) (minimum angle) there exists a constant 0 < § < 1 with the property that the directions
{d¢}sc7 are such that the minimum angle between two directions is larger than or equal to
2?”6 , and the angle between two neighbouring directions is strictly smaller than 7.

The global discontinuous plane wave space with uniform p is given by
PW,(To) = [ PWo(K) ={ve L*(Q): v, € PW,(K) VK € T,}.
KeTy

For the same p, we also introduce the spaces of traces of plane waves on the mesh edges. Given
e € &, and x, its midpoint, we define, for any £ € 7,

wi(x) = elhdebemxe) (4.8)

e

We denote by PW,(e) the space spanned by w§, £ =1,...,p.
We observe that, while the dimension of PW,(K) is equal to p for all K € 7, the dimension
of PW,(e) could in principle be smaller. In fact, if

dj- (x—x)=d¢- (x—x%x.) Vx€e (4.9)
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Figure 4.1: Plane waves with k = 20 traveling along the direction d.

for some j, £ € {1,...,p}, j > ¢, then wj(x) = wj(x). Thus, in order to have linearly independent
functions, we have to check for all the indices in J whether is satisfied. Whenever this is
the case, we remove, without loss of generality, the index j from 7. The resulting set of indices is
denoted by J!. Clearly, it holds card(7)) < p.

In the forthcoming analysis (see Section we also need to employ constant functions on the
edges. To this purpose, if there exists a direction d.. € {d}scs such that

d.-(x—%.)=0 VxE€e, (4.10)

that is, d, is orthogonal to the edge e, then span{w§, ¢ € J/} already contains the constant func-
tions. In this case, we set J. := J/; otherwise, we define J. := J, U{p+1} and set wy_,(x) := 1.
Finally, we introduce p. := card(J.).

This whole procedure goes under the name of filtering process. It is summarized again in the
form of a pseudocode in Algorithm [T}

In Figure we depict the filtering process applied to all the possible configurations along a
given edge e € &,.

Remark 8. We note that, in the definitions and ([4.8), we also consider a shift by the barycen-
ters of the elements and the midpoints of the edges, respectively. This actually does not change
the nature of the basis since it simply results in a multiplication between a nonshifted plane wave
with a constant. However, this additional notation may be useful when implementing the method,
as it helps to remember when dealing with bulk and/or edge plane waves, see Section

Remark 9. Here, we highlight that the filtering process guarantees that the plane wave traces
are linearly independent on each edge. However, at the practical level, one would expect that, if
two different directions d; and d; lead to almost the same values when computing d; - (x — x.)
and dy - (x — x.), the method becomes instable due to ill-conditioning. This is in fact the case.
To this purpose, in order to deal with such situations, at the practical level, Algorithm [1] will be
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Algorithm 1 Filtering process
For all edges e € &,:

1. Remove redundant plane waves

e Initialize J! := 7 :={1,...,p};
e For all indices in J/, check whether (4.9) is satisfied;

e Whenever this is the case for some pair j,¢ € J. with j > ¢, remove index j from J;
2. Add the constants

e Check whether there exists a direction d. € {d;}ses such that (4.10) is fulfilled.
e If this is the case, set J. := J; otherwise, set J. := J, U {p+ 1} and wy,(x) := 1.

3. Define p, := card(7e).

replaced by a modified filtering process based on an eigendecomposition of the plane wave edge
mass matrices in Chapter [5]

With these definitions of the set of indices J. and of the corresponding functions wy on each
edge e € &, we define the plane wave trace space of dimension p, as

PW (e) := span{wj , £ € J.}, (4.11)

where the superscript ¢ indicates that the space includes the constants.
We denote the space of piecewise discontinuous traces over 0K as

PWS(0K) = {w?™ € L*(0K) : w?™| e PWi(e) Ve e X} (4.12)

4.1.2 Nonconforming Trefftz virtual element spaces

In this section, we specify the nonconforming Trefftz VE space VhAJrk2 in (4.4). To this purpose,
we firstly introduce local Trefftz VE spaces, and then define corresponding ones at the global level.

Local Trefftz VE spaces. Given K € T,, we denote the impedance trace of a function v €
H'(K) on 0K by
YE () := Vv - ng + ikv, (4.13)

where we recall that ng is the unit normal vector on 0K pointing outside K.
Then, given p € N, for every n € N and K € 7T,, we introduce the local Trefftz VE space

VAT (K) = {v, € HY(K) | Avy + k20, = 0 in K,

(4.14)
'y{((vh)|e € PW;(e) Ve € SK},

where we recall that IP’W;(e) is given in . In words, this space consists of all functions in
H!(K) which lie in the kernel of the Helmholtz operator and whose impedance traces are edgewise
equal to traces of plane waves including constants.

It can be easily seen that PW,(K) C yAt+E (K), which will be essential for deriving a priori
error estimates for the discretization error. However, the space VAt+E (K) also contains other
functions that are not available in closed form, whence the term virtual in the name of the method.

For each K € 7, the dimension pg of the discrete space Y A+k (K) in coincides with
the sum over all e € £X of the dimension p, of the edge plane wave spaces PW; (e) in (4.11):

pr = dim VAT () = Y pe,

eeEK

where we recall that p. < p+ 1.
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d4 d5 dy ids

(a) No direction eliminated, orthogonal di- (b) No direction eliminated, orthogonal di-
rection already included. rection not yet included.

d;

d;

ds

(c) One direction eliminated, orthogonal (d) Two directions eliminated, orthogonal
direction already included. direction not yet included.

Figure 4.2: Filtering process. We depict all the possible configurations. In solid lines, the directions that
are kept; in dotted lines, the directions that are eliminated accordingly with (4.9); in dashed lines, the
orthogonal direction that has to be possibly added in order to include constants.

Having this, we define the following set of functionals. Given K € 7T,,, we consider the moments
on each edge e € EX with respect to functions in the space PW (e) defined in (4.11)):

1 _
dof, ¢(vp) = 7w /vhw;? ds Vee &K vee J.. (4.15)
We prove that this set provides a set of unisolvent degrees of freedom for all K € 7, provided
that the following assumption on the wave number k is satisfied:

(A1) the wave number k is such that k2 is not a Dirichlet-Laplace eigenvalue on K for all K € T,,.

For a given K € T,, the assumption (A1) results in a condition on the product hxk. More
precisely, for any simply connected element K, the smallest Dirichlet-Laplace eigenvalue on K
satisfies
a
A1 Z DO R
Pk
where pg denotes the radius of the largest ball contained in K and where a > 0.6197, see e.g. .
As a consequence, assuming that
hik < \/coa (4.16)

for some ¢y € (0, 1], we deduce

which means that ([4.16]) guarantees that k2 is not a Dirichlet-Laplace eigenvalue on K.

Lemma 4.1.1. Suppose that the assumption (A1) holds true. Then, for every K € T,, the set of
functionals (4.15)) is a unisolvent set of degrees of freedom for A+ (K).
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Proof. Given K € T,, we firstly observe that the dimension of the local space VA+’“2(K ) is equal
to the number of functionals in (4.15]). Thus, we only need to prove that, given any vy, € YA+ (K)
such that all degrees of freedom (4.15)) are zero, then vy = 0.

To this end, we observe that an integration by parts, together with the fact that v, belongs to
the kernel of the Helmholtz operator, yields

|”h|iK - k2th”g,K - ikthHg,aK

=/ Vvh~Vvhdx—k2/ vhﬁdm—ik/ VL UR ds
K K 0K

= / vp(—=Avy, — k?vp,) da + / vp (Vg - ng + ikvy) ds (4.17)
K ——— 0K
=0
= Z vh'y{((vh)|€ ds =0,
ecEK V€

where in the last identity we also used the facts that, owing to the definition of the space YA+ (K)
in , the impedance trace of vy, is an element of the space , and that the degrees of
freedom of vy, are zero. Thus, the imaginary part on the left-hand side of is zero and
one deduces that v, = 0 on K. Since vy, is also solution to a homogeneous Helmholtz equation,
the assertion follows thanks to the assumption (A1). O

Having this, we denote by {@e ¢}ecex e, the local canonical basis, where

1 if (e,0) = (&,0)

) (4.18)
0 otherwise.

dofy {(¢e,t) = o). @py = {

Global Trefftz VE spaces. We now focus on the global level. The global nonconforming
Sobolev space with respect to 7, and the underlying plane wave spaces with p € N reads

HY™(Ty) = {v e H(Ty) : /[[vﬂ ‘nwfds =0 Yw® e PWj(e), Ve € &t (4.19)

where n® is either n%., or n%._, but fixed.
Then, the global Trefftz VE space is given by

VhA+k2 = {Uh c Hl,nc(n) . vh\K c VA+k2(K) VK € 7;7,} (420)

As above, the set of global degrees of freedom is obtained by coupling the local degrees of freedom
on the interfaces between elements. Clearly, VhAH“2 ¢ HY(Q).

We underline that the definition of the degrees of freedom is actually tailored for building
discrete trial and test spaces that are nonconforming in the sense of . Besides, they will be
used in the construction of projectors mapping onto spaces of plane waves. This is the topic of the

next Section [.1.3]

Remark 10. Under the choice of the degrees of freedom in , the dimension of the global space
is larger than that of plane wave discontinuous Galerkin methods [150]. However, due to a modified
filtering process, see Remark [J] at the practical level, the dimension of the nonconforming Trefftz
VEspace can be reduced without losing in terms of accuracy. A numerical comparison carried
out in Chapter [5| shows that the nonconforming Trefftz VEM and the plane wave discontinuous
Galerkin method have a comparable behavior in terms of accuracy versus number of degrees of
freedom and, in some occasions, the former performs even better.

4.1.3 Local projectors

In this section, we introduce local projectors mapping functions in local Trefftz VE spaces (4.14))
onto plane waves. Such projectors will play a central role in the construction of the computable
sesquilinear form by, 5, (-, -) and functional Fj(-) for the method (4.4).
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To start with, given K € 7T, we define the local sesquilinear form
af (u,v) ::/ Vu-de—kQ/ wodr Vu,v € HY(K). (4.21)
K K

Note that
ag(u,v) = Z a¥ (u,v) Yu,v e V.
KeT,
Then, we introduce the local projector
K . VA (K) - PW,(K) )
af(Hfuh,wK) = af (up, w™) Vuy, € VA+k2(K), vwk € PW,(K). .

Note that this projector is computable by means of the degrees of freedom (4.15)) without the need
of explicit knowledge of the functions of Y A+E? (K). Indeed, an integration by parts and the fact
that any plane wave w’ € PW,(K) belongs to the kernel of the Helmholtz operator lead to

ak (up, w") = / Vuy, - VX dz — kzz/ upwk da
K K
= Z up(VwX -ng)ds Vuy, € VA+I“2(K), vwk € PW,(K).
ecEK V€

Since (Vw’ - n)g|, € PW7(e) for all e € EX . computability is guaranteed by the choice of the

degrees of freedom in (4.15)).

In the following proposition we prove that Hff is well-defined.

Proposition 4.1.2. Assume that K is an element of a mesh that satisfies the mesh assump-
tion (G1) introduced in Section . Then, the following two statements hold true:

1. Denoting by s the smallest positive Neumann-Laplace eigenvalue in K, it holds

Cam?
2 bl
h

Mo 2

where Ca € (0,1] only depends on the shape of K, i.e. on pg and p in the assumption (G1).

2. Assume that the assumption (D1) on the plane wave directions holds true. If hxk is such
that there exists a constant C1 > 0 with

0 < hxk < Cy < min {”OM,O.5538} ,

V2

then k? < us, and in particular it follows that Hff s well-defined and continuous. More

precisely, there exists a constant (hxk) > 0, uniformly bounded away from zero as hxk — 0,
such that 1

vk < gl Yan € VAT ()

T3 |

Note that, whenever K is convezr, Ca = 1, see e.g. [154)], and hence min{ %”70.5538} = 0.5538.

Proof. For the proof of the first part, we refer to [55,/137], and for the second part, to [159,
Propositions 2.1 and 2.3]. O

Remark 11. In order to numerically investigate the condition for well-posedness of Hff , we plot the

.....

number k on the reference element K = (0,1)2, see Figure On this domain, the Neumann-
Laplace eigenvalues vy, , are known explicitly:

Vi = 7%(m? +n?), m,n € Ny.
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Figure 4.3: Minimal (absolute) eigenvalues of the matrix AR, see Remark

We observe that, for wave numbers k close to the square roots of the eigenvalues vy, ,,, the minimal

(absolute) eigenvalue of A* is actually some orders of magnitude lower than outside the neigh-
borhoods of /7, .. Therefore, when k? is close to a Neumann-Laplace eigenvalue, the continuity
constant of Hff may deteriorate.

In addition, given a function vy, € VA+k (K), we define, on every edge e € X, the projector

0 - VATF(K)), — PWS(e)
0,e — — A+k32 e c (423)
Iy (vpe)weds = [ vy weds Vo, €V (K), Vw® € PW(e).

€

The computability of this projector for functions in Y A+K? (K) is again provided by the choice of
the degrees of freedom in (4.15). Clearly, Hg’e(uh‘e) coincides with the L?(e) projection of Up|,
onto PW (e).

Remark 12. The projector Hg’e is not defined for functions in the nonconforming space V}f‘+k2
in , but rather for the restrictions of such functions to the elements of the mesh. However,
in order to avoid a cumbersome notation in the following, we will not highlight such restrictions
whenever it is clear from the context.

The following approximation result holds true.

Proposition 4.1.3. Let K € T, and e € EX. For allu € HY(K), it holds

[l — Hg’euHOﬁ < Cohlu—w"|y g Yw® € PW,(K), (4.24)
where the constant Cy > 0 only depends on the shape of K.

Proof. We firstly note that, for each K € T, and e € £X, the definition of Hg’e in (4.23) yields

|lu — Hg’euHo,e <u—c—wkoe < |Ju—c—w¥oox Y € PW,(K), VeeC.

By selecting

1 / %
c=— [ (u—w")da,
K| Jx

and using the trace inequality (2.27) together with the Poincaré-Friedrichs inequality (2.29)), we
get

lu == wXIE oxe < O (At — e = WX g + haclu — w3 )
< Cr(C% + Dhglu— U’Kﬁ,Ka

from which we have ([4.24) with C2 := Cr(C% + 1). O
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For future use, we denote by Hg’r the L? projector

I’ L2(1) — ] PWi(e).

ecEB

(4.25)

We highlight that, for any vy, € V4, the identity TIOT (vy),.);. = I9¢(vp),) holds for all boundary
edges e € £P.

4.1.4 Discrete sesquilinear forms and right-hand side

We specify the sesquilinear form by, 5, (-, -) and the functional Fj,(-) characterizing the method (4.4)).

Construction of by (-, ).
Following [31], and analogously as in Section the definition of H{f in (4.22) yields
2
ag; (un,vn) = ag (W un, o) + ag (1= T4 up, (I =I5 )op) - Yup, o € VAT (K). - (4.26)

As above, the first term on the right-hand side of (4.26) is computable, whereas the second one is
not, and thus has to be replaced by a proper computable sesquilinear form S,ﬁ((-, -), the stabilization;
see Section for an explicit choice. Having this, we set, for all up, vy € Atk (K),
a,ifh(uh, vp) = a?(H?uh,Hffvh) + S,f ((I — Hff)uh, (I - H]If)vh) . (4.27)
We point out that akK’ 5 (-, -) satisfies the following plane wave consistency property:
ai(,h(wKﬂjh) = akK(wK’Uh)v a’ﬁh(vfwwK) = akK(Uh’ wK)
vwX € PW,(K), Yo, € VA (K).

Moreover, we replace the boundary integral term in bg(-,-) in (4.3) with

(4.28)

ik / uptpds  ~ ik / (M9 ) (I o) ds - Vg, vp € VAT,
r r

where H%F is defined in (4.25). Hence, the global sesquilinear form by (-, -) in (4.4) is given by

bk,h(uh,vh) = akvh(uh,vh) + ik’/(Hg’FUh)(Hg’th) ds VYup,v, € V'hA—i-kZ7 (4.29)
r
where
ag p(Up,vp) 1= Z aﬁh(uh,vh). (4.30)
KeT,

In the subsequent error analysis of the method (4.4)), see Theorem below, we will require
continuity of the local sesquilinear forms aif n(-, ) given in (4.27), as well as a discrete Garding
inequality for by (-, -) defined in ([4.29). If the stabilization forms S (-, -) satisfy

anllonll? gk x = 2K3(onllS x < S (vnvn) < llvelli e Yon € ker(II5), VK € To,  (4.31)

for some positive constants ay, and ~y,, then, by proceeding as in Theorem [159, Proposition 4.1], one
can prove that the local continuity assumptions and the local Garding inequalities of Theorem [£.24]
are satisfied.

Construction of Fj(-).

We set gy, := Hg,r g, where Hg,r is defined in (4.25)). Using the approximation g, instead of g allows

us to define the computable functional

Fy,(vp) ::/ghﬁds:/g(HgIvh)ds. (4.32)
r r

In order to avoid additional complications in the forthcoming analysis, we will assume that the
integral in (4.32) can be computed exactly. In practice, such integrals are approximated with
high-order quadrature formulas.
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4.2 A priori error analysis

In this section, we firstly prove approximation properties of functions in Trefftz VE spaces in
Section [4.2.1l Then, in Section [4.2.2] we deduce an abstract error result which is instrumental for
the derivation of a priori error estimates in Section

4.2.1 Approximation properties of functions in Trefftz virtual element
spaces

In order to discuss the approximation properties for the nonconforming Trefftz VE spaces, we
recall the following local h-version best approximation result from [117, Theorem 5.2] for plane
wave spaces in 2D.

Theorem 4.2.1. Assume that K is an element of a mesh T, satisfying the mesh assumption (G1)
introduced in Section . In addition, let u € HST1(K), s € R>1, be such that Au+ k2u =0, and
let PW,(K) be the plane wave space with directions {d¢}i=1,.. p, D = 2¢+ 1, ¢ € N>o, satisfying
the assumption (D1) in Section[{.1.d} Then, for every L € R with 1 < L < min(q, s), there exists
wk € PW,(K) such that, for every 0 < j < L, it holds

flu— wKHj,k,K < CPW(th)hf(Hij”“HLH”“’K’

where o, ‘
cpw () := Celi=10)t (1 4 ¢7Hat8) (4.33)

and the constant C > 0 depends on q, j, L, p, po, and the directions {d;}, but is independent of
k, hi, and u. Note that the constant cpw (khg) in (4.33)) is uniformly bounded as hx — 0.

In the ensuing result, we prove that the best approximation error of functions in the noncon-
forming Trefftz VE space VhA‘H“2 can be estimated by the best error in (discontinuous) plane wave
spaces. This can be seen as a generalization of Proposition [3.2.] for the Laplace problem to the
Helmholtz problem.

Theorem 4.2.2. Consider a family of meshes {Tp }nen satisfying the assumptions (G1)-(G3) in
Section @ and (A1) in Section and let VhA'H“2 be the nonconforming Trefftz VE space
defined in @ with directions {d¢}i=1,... p, p =2q+1, ¢ € N>o, satisfying the assumption (D1)
in Section m Further, assume that, on every element K € T,, k and hx are such that khg
1s sufficiently small, see condition below. Then, for any u € HY(Q), there exists a function
ur € VhAHC2 such that

Tk, YT € PW,(Ty), (4.34)

lu = wrllg, 7, < cpalkh)|u—w

where

cpalt) == 2%(1 + C3t%) (Cr(Cp + 1)t +2), (4.35)

with Ct from (2.27)), Cp from (2.28), and § > 1 from condition (4.49) below, remains uniformly

bounded as t — 0.

Proof. Given u € H*(f2), we define its “interpolant” u; in VhA"’k2

as follows:

in terms of its degrees of freedom

ur —wwids =0 YleJ., Vee X VK eT,, 4.36
¢

where the functions wj are defined in .

We stress that, with this definition, u; is automatically an element of H"¢(T,) introduced
in . Moreover, the definition implies that the average of u — u; on every edge e € £X,
K € T,, is zero, thanks to the fact that the space PW? (e) contains the constants for all edges e.
This, together with the Poincaré-Friedrichs inequality , gives, for each element K € 7T,

Hu—uI 0,K §Cth|u—u1 1,K- (437)
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In order to obtain (4.34), we start by proving local approximation estimates. To this end, let
K € T, be fixed. By using the triangle inequality, we obtain
|u — u1|1,K < |u — ’LUK|1)K + |U] — U}K|17K VIUK c ]P)WP(K) (438)

Concerning the second term, by using an integration by parts, taking into account that both wu;
and w’ belong to the kernel of the Helmholtz operator, and by employing the definition of the
impedance trace 'yIK , we get, for every constant cx € C,

|u1—wK|iK:/KV(uf—wK)'V(uI—wK)dx
:—/ A(uy — w)(uy — wk)dz
K

+ V(ur —w® — cg) -ng (ur — wk)ds (4.39)
K

:k2/ (UI—wK)(UI—wK)de+/ Y (ur — w" = ex)(up — wK) ds
K oK

—ik/ (ur — w’ — cg)(up — wk) ds.
OK

Taking now into account that yf* (u; —w® —cg))|, belongs to the space PWS (e) introduced in (£.11)),
for each edge e € £, the definition of u; in (#.36) implies
/ vE(up — w® — cg)(up — wk)ds = / vE (up — w® — cg)(u — wk) ds. (4.40)
oK oK

Using the definition of impedance traces, inserting (4.40) in (4.39)), integrating by parts back, and
using that both u; and w¥ belong to the kernel of the Helmholtz operator lead to

fur = 0" =12 [

K(u; —w™) (ur —wK)dx—i—/KV(uI —w®) - V(u—wK)dz

+ [ Aur — w®)(u — wE)da + ik (u — w™ —cg)(u—ug)ds
/K /M (4.41)
:kQ/K(ul—wK)(uI—u)dx—i—/KV(uI—wK).V(u—wK)dx
—i—ikz/ (uI—wK—cK)(u—uI)ds =171+ Zy+ Zs.
0K

We derive bounds for the three terms Z;-Z3 separately. For Z;, we use the Cauchy-Schwarz and
the triangle inequalities, the inequality (4.37)), and the bound a®+ab < 1 (3a*+b?), for all a,b > 0,
to get

7] = \k/Kw S

<k {Cphi|u —urli x + Cphx|u —urly kllu — w™ o x } (4.42)

<K (Jlu—urllf ¢ + flu—w®

0.k |[w — urlo,x)

]{32
< (30RM u— i i + u = 0¥ 3 )
The term Z, can be estimated by applying the Cauchy-Schwarz inequality and ab < §(a® + b?):

= 1
|Z5| = ‘/K V(uy —w™) - V(u—wk)dz| < 5 (Jur = w™ [} g+ lu— w3 k). (4.43)

Finally, for the term Z3, by employing the Cauchy-Schwarz and the triangle inequalities, and again
the bound a® + ab < 3(3a? + b?), we obtain

| Z3] =

ik/ (ur —w® — cg)(u — ur)ds
OK

<k (lu—urllg ox + llu = w™ ek

(4.44)

0,0k |u—urllo,ox)

o

< 5 Bllu—urllg ox + lu = w™ = ex|§ o) -

-2
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Combining the trace inequality (2.27)) with (4.37) yields
|u — UIH%,@K <Cr (h;(IHU - UI||3,K + hilu — UIE,K)
S CT(CIQ:: + l)hK|u - u1|iK.

Similarly, making use of the trace inequality (2.27)) and the Poincaré-Friedrichs inequality (2.29)),
after selecting cx = ﬁ Sy (u —w") dz, leads to

(4.45)

K

lu = w™ = excll§ oxc < Cr (i u—w™ = exllf i + hclu — w7 1)

< Op(CP + Dhilu — w7 .
By plugging (4.45)) and (4.46]) into (4.44]), we obtain
1
|Z3] < §CT(0123 + Vkhi (3lu—wrlf g + lu— w3 k). (4.47)

Inserting the three bounds (4.42)), (4.43), and (4.47) into (4.41)), and moving the contribution

$lur — w" |3 x to the left-hand side, yield

(4.46)

1 3

§|’U,] — wKﬁ,K < §I€hK (C%}kh[{ + CT(O‘% + 1)) \u — ’UJ|%K
1
2

From (4.38), the bound (a + b)? < 2(a? + b?), and ([4.48)), we get, further taking the definition of
the norm ||-||1 & x into account,

(4.48)

1
+ R lu = w4 5 (14 Cr(Ch + Dhhuc) [u— w7 .

lu — uIﬁ,K < 2lu— WKE,K +2lur — wKﬁ,K
< 6kh (Cpkh + Op(C + 1) u — ug|? g + 2k lu — w™ |[§
+2(Cr(Ch + Dkhg +2) [u — w™ |} &
< 6khk (Chkhi + Cr(Cp + 1)) |lu — usl} x + 2 (Cr(Cp + Dkhi +2) [lu— w™ |3, «-

Under the assumption that k£ and hx are such that

6khi (Chkhy + Cp(C% +1)) < % (4.49)
for some § > 1, we obtain
lu—ul] g < 25— (Cr(Ch 4+ Vkhg +2) |lu—w" |3,k Y € PW,(K). (4.50)
From the definition of ||||1 x,x in , inequality , and the estimate , we get
lu = urli e = lu—urli g + K llu —urllg ¢ < 1+ Ch(khi)?)Ju —urli «
<20 (1 4+ Ch(khse)?) (Cr(Ch+ Vkhse +2) Ju— w3 1 i
The assertion follows by summing over all elements K € 7, and taking the square root. O

By combining Theorem [4.2.1] with Theorem [4.2.2] we have the following best approximation
error bound.

Corollary 4.2.3. Under the assumptions of Theorems and foru e H*TH(Q), s € Ry,
satisfying Au + k*u = 0, the following bound holds true:

lu = w17 < C* (KRR ullcs1,k.7,

where ¢ := min(q, s) and

B~

B
C*(t) == Celi—50) (14t919) 25— (1+ Cpt?) (Cr(CR+ 1t +2),

with C' > 0 depending on q, p, po, and {d¢}e=1
in Theorem[{.2.3

p, but independent of k, h, and u, and with 6 as

,,,,,
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4.2.2 Abstract error analysis

In this section, we prove existence and uniqueness of the discrete solution to the method (4.4)), and
we derive a priori error bounds, provided that the mesh size is sufficiently small.
To this purpose, we consider a variational formulation of (4.1)) obtained by testing with functions

in VhA+k2. Given u the exact solution to problem (4.1)), we have, for all functions vy, € VhA‘H’“Z,

0= Z /K(—Au—kzu)ﬁdx: Z

[/ (Vu -V, — k2uﬁ) dz —/ (Vu-ng)v, ds|
KeT, KeT, WK

oK

and therefore

> a®(u,vn) = Na(u, 0n) + ik/

uﬁds:/gﬁds, (4.51)
KeTn r r

where the nonconformity term AN (-, ) is defined as

Ny (u,vp) == Z /a (Vu-ng)v,ds = Z /Vu-mds. (4.52)

KeT, JOK\T ecel e

Now, we have all the ingredients to prove the following abstract error result.

Theorem 4.2.4. Let the assumptions (G1)-(G3) in Section[2.3, (D1) in Section[{.1.1, and (A1)
in Section hold true. Moreover, assume that u € H?(Q), where u is the solution to .
Further, let the number of plane waves be p = 2¢ + 1, ¢ € N>, and let the local stabilization
forms SE(-,-) be such that the following properties are valid:

e (local discrete continuity) there exists a constant yp, > 0 such that
|akK,h(Uh7Zh)| < ullvnllie, k|20l 16,5 Yon, 20 € YA+ (K), VK € Ty; (4.53)
e (discrete Garding inequality) there exists a constant ay, > 0 such that
Relbp(vn, vn)] + 262 on 2.0 = anllonll s, Von € VAT, (4.54)

Then, provided that k and h are chosen such that k*h is sufficiently small, see condition (4.93)
below, the method (4.4]) admits a unique solution uy € VhA"’k2 which satisfies

= w17, S Nk B lw—w ™ |17, + AR (k,h)|ju— w7,

1 (4.55)
+ 02 Ry (k, h) g — T gllor V'™ € PW,(T,),
with
Ry (k) o= R0+ DRGSR + 9k R) +epatbl) +1) 0y
o D) 1 an (4.56)
Ry (k, h) = - ;

ap,
where Hg,r is defined in (4.25)), the hidden constants in (4.55|) are independent of h and k, and
¢(k,h):= (1 +Ekh)(1 +daok)h, 9(k,h):=cpalkh)s(k,h), (4.57)
ca(kh) being given in (4.35)) and do a positive constant depending only on ).

Proof. We prove the error bound ([4.55) under a condition on k?h in five steps. Existence and
uniqueness of discrete solutions, under the same assumption on k2h, will follow as in [165].

Step 1: Triangle inequality: Let uy, satisfy (4.4). By the triangle inequality, we get
lu = unllie, 7, < llw—urllies, + llun — wrllieT,, (4.58)
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where uy € VhAH“2 is defined as in (4.36). The first term on the right-hand side of (4.58]) can be

estimated by using Theorem We focus on the second one. By setting dy, := up —uy € VhAH“z
and using the discrete Garding inequality (4.54)), we obtain

ahHahH%,k,Tn < Re [bk,h(éh, 5h)] + 2k2||5h||(2)79 =1+ 1I. (4.59)

Step 2: Estimate of the term I in (4.59)): The identity in (4.4]), the definitions of by (-, ) in (4.29),
of Fp(-) in (4.32)), and of the projector Hg’r in (4.25]), together with the plane wave consistency
property (4.28)) yield

bie,h(Ony On) = b n(un — ur, 0n) = bi,n(un, 0n) — bn(ur, 0n)

— / g 6) ds — ag p(uz, 0y) — ik / (T up ) (I 65) ds
N I

:/(Hg,rg)ads— Z G;i{h(u/[76h) _lk/(Hg’FU/[)(HIO)’F(Sh) ds
r KeT, r

:/(Hg,l“g_g)ads—l-/gads— Z af’h(ul_w%’gh)
r r KeTn

- Z o (w™, 8p) —ik‘/(Hg’FuI)Eds,
KeT, r

where w”» € PW,(T,,). Consequently, by applying the identity (£.51]), we get

br,n (On 0n) :/(Hg’rg—g)ﬁdw > " (u,6) *Nh(U,5h)+ik/UEdS
r

KeT, r
= > apalur —w” ) = 7 aX (™ 6) ik / (0T ur)dy, ds
KeT, KEeT, r
= Z af(u— w5y — Z a,ﬁh(uj —w’, 8, + lk/(u - Hg’FUI)EdS
KeTn KeTn r

+ /(Hg’Fg —g)6nds — Ny(u,0) =: Ry + Ry + Ry + Ry + Rs.
r

We note that
I = Re [bi,n(0n,0n)] < |bk,n(0n,0n)| < |R1| + |R2| + |Rs| + |Ra| + | Rs5), (4.60)

and we proceed by deriving bounds for each of the five terms appearing on the right-hand side
of (4.60). The term R; can be estimated by using the continuity of the local continuous sesquilinear
forms:

< u—w

Ryl \ S af (u—w,5) T (4.61)

KeT,

For R, we make use of the local discrete continuity assumption (4.53):

|Ra| < ’ > ai(ur = w60 | < nllur — w1k 7 1081k

KeT, (4.62)
<yl = wrlloge 7, + llu=w™ k7, ) 58]0k 7 -
Regarding Rj3, it holds with the properties of Hg,r and the definition of u; in (4.36)
Rs = 1k/(u — Hg’ru)ads + ik:/ Hg’r(u —uy)d, ds = ik / (u— Hg’ru)ads. (4.63)
r r r
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By using the definition and the properties of the L? projector Hg,r in (4.25), and by applying the
L?(e), for all e € £Z, and the 2 Cauchy-Schwarz inequalities, we derive

|Rs| = lk/(ufnor )on ds| = |ik /u—Hoe Y(0n — ) ds
ecEB
1 . (4.64)
2 2
<k Y (lu =T uloellon —clloe <k | D lu—T5ulg, Do lsn—clge |
ecEl ecEl ecEl

for any edgewise complex constant function c. We estimate the two terms on the right-hand side
of ([4.64)) as follows. Given e € £Z, by using (#.24) and the definition of the norm ||-||1 1 r, we have

lu— T ullo.e S hiclu—w"|i i < hicllu—wS |l Yul € PW, (),
where K is the unique polygon in 7, such that e € E£ N ED.

Concerning the second term on the right-hand side of (4.64)), we make use of the trace inequal-
ity (2.27) and the Poincaré-Friedrichs inequality ([2.29)), choosing ¢ = ﬁ Jx On dz, to obtain

1
|6 <||<5h—6||o ok S h 2||<5h—Cllo,K+hf<|<5h|1,K (4.65)
< hi wlonlix < hKH5h||1 e
Thus,
|R3| < khllu — w17 100 ]1kT, Y n € PW,(T,). (4.66)

For the term Ry, by mimicking what was done in (4.64)) and (4.65)), i.e. making appear an edgewise
constant on I' and using the Poincaré inequality, we get

S hilg—

Rl = \ [ as (4.67)
T

Finally, we study the nonconformity term Rj5 on the right-hand side of (4.60|). Using the definitions

of the nonconforming space VhA‘LIc2 in (4.20) and of the projector Hg’e in (4.23)), together with the
Cauchy-Schwarz inequality, yield

| Rs|

N (u, 0p) Vu - [6n] ds| = —II9(Vu)) - ne (5 — 6, ) ds
h h EEI(IC h 2{: }C h h

ecEl

IN

Z/VU—HOEVu)) ne(é —ct)ds

ec&l

.S / (Vu — TI9¢(Vu)) - 0, (8, — ) ds (4.68)

ecEl V€
3 2
<[ D0 IVu-ne =194 (Vu - n)|5 . (Z 16 = €15
ec&l ecEl
2 2

+ | D Ve ne = I(Vu - no)|5 Do N6y =<l )

ec&l ecEl

for any edgewise complex constant functions ¢ and ¢~ € C. After applying the Cauchy-Schwarz
inequality to both terms on the right-hand side of (4.68)), we estimate the resulting terms as follows.
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We begin with the bounds on the terms involving Vu. Denoting by K+ and K~ the two
polygons in 7T, with e € EXT N EX | owing to the trace inequality (2.27) and the inequality (2.29)
for any wk” € PW(K®*) and (ct); = ﬁ Jrx V(u— wKi) dz, i = 1,2, it holds

e +
Yo IVurne —ID(Vu-ne)lf. < Y [(Vu— Vo™ —c*) - nelg,

ecfl el

+
<D (Ve =V —c®) nelox S Y hrlu—wl3 k.
KeT, KeT,

For the terms with 4, we take ¢* = ﬁ fKi (5}? dz and follow the computations in (4.65)), to get
+ +12 +2
165, — < I6.e S PlIOK I o k%>
Thus, a bound on the nonconformity term Rj is given by

|Rs| = [Nu(u,dn)| < hlu—w o, e, YT € PW,(T,). (4.69)

on

Collecting (4.61)), (4.62), (4.66)), (4.67), and (4.69), from (4.60), we get

I =TRe [ben(6r,0n)] S {(Eh+vn + Dllu—w™ 15,7, +mllu — w1k,
1
+h2|lg =T gllor + hlu — w™ o7, HIow1.k,7;,-

(4.70)

Step 3: Estimate of the term II in (4.59)): By using simple algebra and the definitions of d;, and
the norm ||-||1,x,7, , we obtain

1T = 2k2(|0n ][5 o = 2K un, — urllo,llonllon < 2k {[lu — unl

0,0 + lu—uzllo.a} [|0nllo.e

(4.71)
< 2{kllu — unllo,o + llu = wrll k.7, } 19n 111,57,
We plug (4.70) and (4.71) into (4.59) and divide by ||d4||1,x,7;,, deducing
anllun = urlli g, S kb 430+ Dllw — w1 g7, + (i + Dllu = wrllue, (4.72)
+hz g = gllor + hlu —w™ o7, + Kllu—unllo.0- '
Step 4: Estimate of ||ju — upllo,o: We consider the auxiliary dual problem: find 4 such that
A -k =u—u, inQ
Yok g (4.73)
Vi -ng —ikyp =0 on .

The convexity of  and [149, Proposition 8.1.4] imply that the solution ¢ to the weak formulation
of (4.73)) belongs to H?(Q) and that the stability bounds

|0,Q7 |w

]k, < dallu—us 2.0 S (1+dok)||u — unlloo (4.74)

are valid, with dg being a positive universal constant depending only on 2.
In addition, for all K € T, there exists & € PW,(K) such that, see | Propositions 3.12
and 3.13],

1 =95 llo.xc S hic([l2.x + K2 [llo.x),

4.75
[ — 51k S hic(khie + 1) ([]2,x + k2| (475)

0,K)

where the hidden constants depend only on the shape of the element K and on p. Hence, by
combining (@.75) with (@.74), there exists 1»7» € PW,(7,,) such that

lp =T

where the hidden constant is independent of h, k, and 1.

1T S AL+ hE)(1 + dok)||u — unlloq =: s(k, h)||u — upnllo.q, (4.76)
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Besides, thanks to Theorem together with (4.74]) and (4.75), defining the “interpolant”
r of ¢ as in (E30),

1% = Yrllik T, < cpa(kR) | — T k7, S Ok, h)|lw— unllo.o; (4.77)
where cpa(khg) and ¥(k, h) are defined in (4.35)) and (4.57)), respectively.

From the definition of the dual problem (4.73)), by integrating by parts and using the definition

of Ni(-,-) in ([£.52), we get
fu—wla =3 /K (A% — K26)(a— ) de

KeTy

= Kze;—n |:/K (V'Q[J . V(u — ’LLh) — k2w(u — uh)> dx — /aK(qu . nK)(’LL—Uh)d8:|

= Z af(ﬁ%u - uh) _Nh(w,u — uh) — /(V¢ . nQ)Mds (478)
KeT, r

- Z ap (Y —Yr,u—up) + Z af(iﬁuu—uh)—/\/h(q/},u—uh)—ik/wmds
KeT, KeT, r

=: 514+ 55+ S5+ 5;.

Hence, we need to estimate the four terms on the right-hand side of (4.78). We begin with S;. By
using the continuity of the continuous local sesquilinear forms, together with (4.77), we have

1S = > af @ —vr,u—un)| < ¢ = ¢rllier v — unlli e,
KeT, (4.79)

S Ok, h)llu — un|

o.ollu — unll1k 7,

The nonconformity term S5 can be estimated analogously as the term Rj in (4.69). By taking the
special choice w”» = 0 and using (4.74)), we arrive at

1S3] = [N (¢, u — un)| < (L + dok)|lu — upllo.ollu — unl1 kT, - (4.80)

It remains to control the terms S and Sy. For S, we observe that using the identity (4.51)), taking
the complex conjugated of (4.4]), and employing the definitions (4.29) and (4.32)), give

Sy = Z ap ($r,u—up) = Z ap (u, 1) — Z ag (r, un)

KeT, KeTy KeT,
:Nh(u,qﬁj)+/§w1d5+ik/mp1d5+ Z {=ai, (r un) + af ), (Yr,un) — af (Yr,un) }
r r KeT,

= N, ¥r) + / gor — Ty 4r) ds + ik / (u— 115 up)r ds
r r
+ > {af,(run) = af (Y, un)} -

KeT,
We deduce

So+ Su = Ni(u, 1) + / gl — TOT4y) ds
T

+ ik </F Yr(u— Y up) ds — /Fw(uuh)ds) (4.81)
+ Z {akK,h(wz,uh) —ap (Yr,up)} = Ti +To + Ts + T
KeT,

The term T} can be estimated by using (4.69)), (4.74), and (4.77):
Th| = [Na(u, ¥1)| < hlu— w7, |91l

< hlu—w a7, ([¥l107 + 1Y — V1ll167) (4.82)
S h(L+9(k,h)|u—w a7,

u — upllo,0
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for any w’ € PW,(Ty,).
For Ty, we observe that, with the definition of the projector Hg,r given in (4.23)), it follows

T| = ‘/Fg(djz — ") ds

- 1 [ (o1 = as,

where ¢ is any edgewise complex constant. By doing similar computations as in (4.64]) and (4.65]),
and employing also (4.74) and (4.77)), we get

1 1
T2 S h2lg — T gllo,r 1l e,7 < hZllg—TI0Tg
< hE(1+9(k,h))|g — 10T g

or (Whoer + W0 =vrlher) ) oo

lo.rllu — unllo.Q-

The term Ty can be estimated using the plane wave consistency property (4.28)), the continuity of
the sesquilinear forms a5 (+,-) and af (-, -), and the approximation estimates (4.76) and (4.77):

|T4| = Z {ain(un, 1) — ai (un, Y1)}

KeT,

> afuun —wT b = 7)) = aff (up — w1y — )|
KeT, (4.84)

< (v + Dllun = w™ [y e 7, 101 = 0 1k,
< (4D {lu—w™ ez + lu—unllies } {l—Crlluer + 1Y = 1k}
S+ D) {llu—w 1 e7 + lu—unllieT } {0k B) +s(k, h)Hlu— unlloq,

IN

for all w7, 7 € PW,(T,).
Finally, we derive bounds for T5. We compute

|T5] k‘/riﬁ(uuh)ds/le(uﬂg’ruh)ds

=k ‘/F(ib — 1) (u —up)ds — /Fdll(uh — Iy ) ds

Using the definitions of ¥ as in (4.36)) and of Hg,r in (4.25)), we obtain

|mHAWWMMmHuuWMsznywm%lﬁ%mm

=k

_ w—upy — T (u—u 5 — 1= 10 ) (up — u)ds
/Fw Yr)(u—up =17 (u—up))d /FW " ) (un —u)d (4.85)

—Awpﬂ?wm—ﬂ%Ms

= k[T — TP — TF| < k (| + |T8| + 1S ) .

We estimate the three terms on the right-hand side of (4.85) with tools analogous to those employed
so far. The term T§' can be estimated using the Cauchy-Schwarz inequality, the trace inequal-

ity (2.27)), the definition of 1y, the Poincaré-Friedrichs inequality (4.37), and the identity (4.24)
with w® = 0:

T3 = /(w — ) (u—up, — " (u—wp)) ds| < [ — ¥rllor|lu — up — IO (w — up) o,
. (4.86)
S Y = Yrlle Tl — wnll kT,
For T2, we can do analogous computations as in (4.64) and (4.65)), getting
T = /(% — 10 ) (w —up) ds| S Bllor — &7 1 k7 lu— sl g,
r (4.87)

< bl = Wil + 1Y — 9™ u—upliky, VT € PWy(T,).

l1.k.72)
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The term T¥ is estimated by using (4.24):

TS| = ‘/(1/’1 — 10 ) (u — T ) ds| < hllwor — 07 [ur lu — 0" |1k,
I

(4.88)
<h(lY = brlliet + 10 = o) lu— w7, Vo™, 7" € PW,(T).
Plugging (4.86)), (4.87), and ([4.88)) in (4.85)), and using (.76) and (&.77)), yield
T5| S kh(|[v — ¥ 10,7, + ¥ = Yrllier) (lu—w k7 + e —usllieT) (4.89)

Skh (lu— w0 |k, + lu = wnllieT,) (s(k, R) + 9(k, B))llu — unllo.-
Collecting and inserting (4.82]), (4.83]), (4.84)), and (4.89) into (4.81]), we obtain the following bound:
12 + Sl S {1+ 90k, h)(Blu — w |7, + h2 |lg — T3 g]lor)
+ (v + 1+ kh)(s(k, h) + I9(k, h)) (4.90)
Tllier + = unllies] Hu—unlloe Yw™ € PW,(T,).
After inserting next (4.79), (4.80), and (4.90) into (4.78)), and dividing by ||u — up||o,q, we have
0.0 S (L4 90k, h))(hlu—wT |y 7, + h|lg — 1 “gllor)
+ (9 + L+ kh)(s(k, k) +9(k, 1)) [[w — w"™ |1 1,7, (4.91)
+{(m + 1+ kR)(s(k, h) +9(k, k) + h(1 + dak)} lu — up 1,7, -

Step 5: Conclusion: We plug (4.91) in (4.72)) and (4.72) in (4.58)), obtaining
< (Bh+ 90+ 1)(A + k(s(k, h) + 9(k, h)))

[||u—w

[l — wup,

lu—un|lier S lu — w1 x,7,
an
+1 k(1 +9(k, h)) + 1)k
+ (Wl + 1) lu —wr|l1k,7, + (k( ;1)) +1) lu—w™ |7,
ap Qp
(k(1+9(k, b)) + 1)h3 (492)
+ ) + 2 €
+ lg — Ty ¢gllor
an
k{(yn +1+kh)(s(k,h) +I(k,h)) + h(1 + dok)}
+ o = unlly k.7,

for all plane waves w”» € PW,(T,,), where ¢(k, h) and 9(k, h) are given in ([.57).
Assuming that k2h is sufficiently small, for instance, having set ¢ the hidden constant in (4.92)),

Ek {(n +1 + kh)(s(k, h) + O(k, b)) + h(1 + dak)} _ 1

- 4.93
- <, (199
for some v > 1, we can bring the last term on the right-hand side of (4.92)) to the left-hand side
and obtain, further using (4.34)), the desired bound (4.55)). O

4.2.3 A priori error bounds

From Theorem we deduce a priori error bounds in terms of h. The best approximation
terms with respect to plane waves on the right-hand side of ({.55)), namely [lu — w7"||1 x5, and
|u — w”" |y 7,, can be estimated using Theorem A bound for the third term, namely ||g —
19 gllo,r, is given in the following proposition.

.....

p =29+ 1, ¢ € N>g, be a given set of plane wave directions fulfilling the assumption (D1) in
Section |4.1.1.  Assuming that h is sufficiently small, see (4.94) below, and given g defined on T’
with g. == g|, € HS_%(e) for all e € EB and for some s € R>1, we have

lg — 9T gllo,r < e(F=dma)o ) (1 4 (o (kR))) B2 ST |Gllcs kb,

ecEl

where ¢ := min(q, s), %1 is defined in ([4.25), the constant o > 1 with 0 ~ 1, and G and pmax
are set in (4.95) and (4.96]) below, respectively.
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Proof. Associated with every boundary edge e € £Z, we consider a domain D, with C*°-boundary
and diameter hp, = oh, where o > 1 is such that hp, ~ h, and D, satisfies

e c € 0D,

e there exist pp, € (0,3] and 0 < po,p, < pp,, such that the ball B, 5, is contained in D,
and D, is star-shaped with respect to By, ,, np_;

e it holds that
k? is not a Dirichlet-Laplace eigenvalue in D,, (4.94)

which means that k2 fulfils the counterpart of the condition (4.16)) on D..

A graphical example of D, with smooth boundary is provided in Figure [£.4] The construction of
such domains is based on convolution techniques, as done in [95].

Figure 4.4: A possible construction for the domain D, with smooth boundary, given a boundary edge e € Sf NKe,
for some polygon K. belonging to a mesh Ty,.

Note that the requirement on ¢ guarantees a uniformly bounded overlapping of the collection
of extended domains D, associated with all the boundary edges e € EZ. More precisely, there
exists N € N such that, for all x € R?, x belongs to the intersection of at most N domains D,
e € EB. Owing to the smoothness of dD,, e € £5. it is possible to extend g. to an HS_%(aDe)

function, following e.g. [97, Sect. 5.4], which we denote by g.. Note that ge|, = ge.
Next, we consider the Helmholtz problem

~AG-k*G=0 inD,
(4.95)

G=g. ondD..

Well-posedness follows from the fact that k2 is not a Dirichlet-Laplace eigenvalue in D, see (4.94]).
Denoting by 7~! the continuous right-inverse trace operator, see Lemma and introducing
Go := G — v 1g., we can rewrite (4.95) as a Helmholtz problem with zero Dirichlet boundary
conditions:
—AGO - k‘QGO = fo in l)e
Go=0 ondD,,

with right-hand side fo := (A + k?)(yv"1g.) € H*2(D,).

Standard regularity theory [97, Sect. 6.3] implies Gy € H®(D.) and therefore G € H*(D,).
Then, by using the definition of the projector Hg,r in (4.25) on every edge e € £F, we obtain

lg — Hg’FQHO,e < llge — wPe — cello,e vwPe € PW,(De), Ve € C.

By applying the trace inequality (2.27)), selecting ¢, = ‘D—ll / p (G —wPe) dr, and using the Poincaré

inequality (2.29)), we get
% 1

lg =" gllo.c < CA(CP +1)2h2|G — w1 p, YuwPs € PW,(D,).
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For s = 1, this can be estimated by simply taking wP¢ = 0. Provided that s € Ry, we can use

Theorem to get

1
lg — 10T gllo,e < elE=3Pp)khoe (14 (khp )4) BSF 2 (|Glc410,0.

where ¢ := min(gq, s — 1), and the hidden constant is independent of k, hp,, and G. Defining

Pmax = WAX Pp, (4.96)

and summing over all edges e € £ give the desired result. O
The following theorem states the a priori error estimate associated with the method (4.4)).

Theorem 4.2.6. Let u € H*"1(Q), s € R>1, be the ezact solution to (4.2)). Under the same
assumptions as in Theorem[].2.]] and Proposition[{.2-5, the following a priori error bound is valid:

lu = unll1e7 S cpw (kh)hS2 (Ry(k, h) 4+ Ra(k, b)) [[ullc, o+1.6,7,
+ BT Ry (k, h)eE—3ma )70 (1 4[5 (kR)949) ST 1 Glley4 1.k,

ecEpB

where (1,2 := min(q,s), (3 := min(q,s — 1), the constants cpw (kh), Ri(k,h), and Ro(k,h) are
defined in :4.33} and (4.56)), respectively, and where pmax, 0, G, and D, are constructed in Propo-

sition [{-223

Proof. The assertion follows directly by combining the abstract error estimate in Theo-
rem [£.2.4] with best approximation estimates. More precisely, the first and second terms on the
right-hand side of can be estimated by means of Theorem For the third term, Theo-
rem [4.2.5| can be applied. O

So far, we have studied the method at the theoretical level. In particular, we have
proven that it is well-posed and we have derived convergence rates for the h-version of the method.
However, as already mentioned in Remark [0} in its present version, the method is affected by
strong ill-conditioning at the practical level. To this purpose, we do not show convergence plots
here, but rather refer to the next Chapter [5] where the issue of ill-conditioning is discussed in full
detail, a numerical strategy to mitigate the ill-conditioning and to render the method competitive
is introduced, and a variety of numerical experiments is presented.
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Chapter 5

Trefftz virtual element method for
the Helmholtz problem: numerical
aspects

In this chapter, we focus on numerical aspects of a nonconforming Trefftz VEM (n¢cTVEM) for the
full Helmholtz problem (2.4) with & > 0:

find u € H'(Q) such that
~Au—ku=0 inQ
u=gp onTlp (5.1)
Vu-ng =gy only
Vu-ng +ikfu =gg on I'g,

where 0 € {—1,1}, gp € H2('p), gv € H 2('y), gr € H"2(I'g), and I’ = 0Q with
FZEUHUT}h FDQFNZ(Z), PDQFR:Q), FNOPR:@, |FR|>0.

To this purpose, we firstly discuss how the method for the Helmholtz problem can be
extended to the general case ([5.1)). This is the topic of Section Then, in Section details on
the implementation of the method are given, and, in Section[5.3] a first set of numerical experiments
is presented, underlining the problematic related to strong ill-conditioning. In Section a
numerical recipe to mitigate this ill-conditioning is introduced. Based on a series of numerical
experiments, convergence of the new modified nonconforming Trefftz VEM is validated at the
practical level. Furthermore, a comparison with UWVF/PWDG [71}/112[118] and PWVEM [159)
portrays the advantages of the new method. Finally, in Section dispersion and dissipation
properties are investigated for ncTVEM and PWVEM, and are compared to UWVF/PWDG and
standard polynomial based finite element methods.

The material of this chapter, apart from Section has been published in [145]. We highlight
that the content of Section is based on the work [158], which has been submitted for publication.

5.1 Extension of the nonconforming Trefftz VEM to the full
Helmholtz problem

We now consider the general Helmholtz problem . In this section, we discuss the design of a
corresponding nonconforming Trefftz VEM. Although not proven in this section, we expect that
the analysis of Section for the case ' = I' can be carried over to the full problem 7
provided that k-explicit stability estimates are available there.
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Similarly as in (4.4]), given the variational formulation (2.7)) corresponding to (5.1)), namely

find u € Vj,, such that
b, (u,v) = F(v) Vv € Vo,

where V,, and V, are defined in (2.8)), and bx(-,-) and F(-) were introduced in (2.9), we are
interested in constructing a nonconforming Trefftz VEM of the form

A+K?
{ﬁnd up, € Vh,gt) such that (5.2)

2
bi,n (Un, vh) = Fr(vp) Yup € VhA,oJrk )

where the spaces VhAg+k and VhA0+k will be specified in Section | and the sesquilinear form
bi,n (-, -) and the functional Fj,(- ) will be defined in Section [5.1.3] “ 0 t is end, suitable projectors
need to be introduced. This is done in Section [5.1.2]

5.1.1 Nonconforming Trefftz virtual element spaces

Here, we introduce the spaces V), ;;  and VhAOHC defining (5

Let T be a mesh as descrlbed in Section [2 . 3| that is conformmg with respect to the decomposi-
tion (2.3), i.e., for all boundary edges e € 5, e is contained in only one amidst I'p, 'y, and I'g.
In the sequel, we will use the following notation for the set of “Dirichlet, Neumann, and impedance
(Robin)” edges:

EP ={ece&B . eCTp}, &V ={ec&l :eCly}, Ef={ecc&P . ecCTy})

Further, given the effective degree ¢ € N, let {ds}ecs, J := {1,...,p}, p = 2¢ + 1, be a set
of pairwise different directions satisfying (D1) in Section “ We use the same notation for the
plane waves and plane wave spaces as in that section. In particular, we recall that wé denotes
the bulk plane wave traveling along the direction dy, wy is the corresponding trace on a given
edge e, PW,(K) and PW,(e) are the spaces spanned by the sets of bulk and edge plane waves,
respectively, PW7 (e) is the set of plane wave traces after the filtering process (see Algorithm
with index set J, and p. is the dimension of PW/ (e).

Local Trefftz VE spaces. Now, we introduce, for any K € 7, the local Trefftz VE space
VAR (K) = {op € HY(K) | Avp, + K0, =0 in K,
vn, EPWi(e) Vee X n(EPUEY), (5.3)
'y{((vh)|e € PWy(e) Vece ERN\ (&P U&iv)},
where we recall that vX(vs) = Vuy, - ng + ikfvy, is the impedance trace of vj,. In words, this

space consists of all functions in H!(K) in the kernel of the Helmholtz operator, whose Dirichlet
traces on boundary Dirichlet and Neumann edges, and impedance traces on interior and Robin

edges are equal to traces of plane waves including constants. As above, PW,(K) C VFARH“2 (K),
but VFA:kQ (K) also contains other functions whose explicit representation is not available in closed

form, and which are henceforth virtual. We denote pg := dim(VFAR‘”'k2 (K)) = > ccex Pe- Moreover,
we set Mg :={1,...,ng}.
For each edge e, € EX, r € My, we consider the same set of functionals as in ([4.15)), i.e.

dof, ;(vp) :=

/ vpw§ ds  Vr € Mg, Vj € Je,. (5.4)

er ”

Similarly as shown in Lemma for the space VATE (K) in (4.14)), this set constitutes a set of
2
degrees of freedom also for functions in VFARJrk (K), as proven in the forthcoming result.

Lemma 5.1.1. Suppose that the assumption (A1) in Section 1s satisfied. Then, the set of

functionals in (5.4)) defines a set of unisolvent degrees of freedom for the local space VFARJFIC2 (K)
introduced in (5.3
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Proof. If E8 N (EP U EN) = ), the proof is identical to that of Lemma Otherwise, we
observe that, if v, € VFARH& (K) is such that all the associated functionals in (5.4]) are zero, then
vn|, = 0 on each edge e € EX N (P UEY). This follows from the fact that vy, € PWy(e) for all

e € EXN(EP UEY), and from the definition of the functionals in (5.4). This, combined with an
integration by parts, leads to

‘”hﬁ,x - k2th”8,K - ik9||7)h||S,6K\(FDUFN) = / “hﬁ((vh) ds =0, (5.5)
BK\(FDUFN)

since 'yf((vh)‘e € PWs(e) for all e € £\ (P U E)). Taking the imaginary part on both sides

in (5.5) gives v, = 0 on OK\(I'p UTy), and therefore v, = 0 on OK. Next, recalling that vy,

belongs to the kernel of the Helmholtz operator and k? is not a Dirichlet-Laplace eigenvalue due
to (A1), we deduce v, = 0 in K, which is the assertion. O

Having this, analogously to (4.18)), the set of local canonical basis functions {@s ¢}semy es..
associated with the set of degrees of freedom (|5.4)) is defined by duality, i.e.

dOfr,j (st,l) = 57”,55]',[ VT’, ERS MKv vj € je'r’ vl e jes’ (56)

where ¢ is the Kronecker delta.

Global Trefftz VE spaces. Next, we construct the global Trefftz VE space, assuming uniform p;
the case when p may vary from element to element is discussed in Section below. We pinpoint
the global nonconforming Sobolev space associated with 7, incorporating a Dirichlet boundary
datum § € H2(T'p) in a nonconforming fashion:

Hgl’m('ﬁl) ={ve H(T,) : /(U+ —v )wds =0 Vw®ePW;(e), Ve € £,
¢ (5.7)
/(v —QPueds =0 Vw®e€PWi(e), Ve € )Y,
where, on each internal edge e € £ with e C 9K~ NJK ™ for some K~, KT € T, the functions
v~ and vt are the Dirichlet traces of v from K~ and KT, respectively.
The global nonconforming Trefftz VE trial and test spaces are given by

2 2
VitV = {on € Hy(Ta) = vnpe € VTH (K) VK € Tp} (5.8)

and , )
Vit ={wn € Hy™(To) : ony,e € Vi (K) VK € T, (5.9)

respectively. In both cases, the set of global degrees of freedom is given by
1 — .
h— VWS ds Vee&,, Vje J..

Remark 13. Owing to the definition ([5.7)), the Dirichlet boundary conditions are imposed weakly
via the definition of moments with respect to plane waves. At the computational level, one can
approximate gp by taking a sufficiently high-order Gauf-Lobatto interpolant.

5.1.2 Local projectors

We employ the same projectors as in Section where we replace VA+k2(K) by VFARH€2 (K).
More precisely, for every K € T,, we have the projector

oK VAT (K) — PW,(K)

aff (W, ) = aff (up, ) Vay, € VAT (K), Vo € PW,(K),

where af (-,-) is defined in (4.21).

(5.10)
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Furthermore, on any boundary edge e € £2, denoting by K. € T, the adjacent element of e,
we have the L?(e) projector

2
0 - VISR (KL, — PWS(e)

o o g (5.11)
/(Hg’euh)we ds = /uhwe ds Vup € VTV (K.), Yu® € PW;(e).
In the sequel, we will use the notation I1%“ to denote the L? projector onto the space [lec. IP’WZC,(e)

defined edgewise by (5.11]), where w is either I'g or T'y.
Both types of projectors are computable by using the degrees of freedom (5.4, see Section

5.1.3 Discrete sesquilinear forms and right-hand side

Here, we specify a computable sesquilinear form by (-, -) and a computable functional Fj,(-) occur-
ring in the method (5.2]). Those forms are in fact modifications of those introduced in Section
Construction of by (-, ).

For the discrete sesquilinear form by 1, (-, -), we employ

bi,n (U, vn) = agp(tn, vn) +ik9/ (0T 20y ) (T g ) ds - Vuy € VAR vy, € VAT, (5.12)
. : ,

where ay (-, ) is given as in (4.27), i.e.

arp(un,vn) = > afy,(un,vn)

KeTn

> af (W un, I vp) + SE (I = T Yun, (I =1 vs)
KeTn

(5.13)

with a proper computable sesquilinear form S (-, -) mimicking af (-, ). In order to guarantee well-
posedness of the method, some conditions on the choice of S ,f( (+,-) are needed, see Theorem m
In Section we discuss effects of the choice of the stabilization on the numerical performance
of the method.

Construction of Fj ().

Concerning the right-hand side Fj(+), the choice we make is

Fi(vp) = /F g (I N vy ds + /F gr() o) ds vy € VAT (5.14)
N R

5.2 Details on the implementation

In this section, we give some details concerning the implementation of the method @, involving
in particular the computation of the two projectors Hff and Hg’e in and @ , respectively.
Although the setting of the method is rather different from the one of standard VEM, the
same ideas and notation as in [36] can be employed. This section is the counterpart to Section [3.3.1]
for the Laplace problem.

5.2.1 Assembly of the global system of linear equations

The global system of linear equations corresponding to the method is assembled as in the
standard nonconforming VEM [18}|143] and FEM [83]. For the sake of clarity, we firstly consider
the case that I'p = (. The general case will be addressed in Section below.

Given N, the total number of edges of the mesh Ty, let {¢; 7}:_; N, ey . De the set of
canonical basis functions . In this section, we use the convention that the indices hooded by
a tilde denote global indices, whereas those without stand for local ones.
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Expanding uy, as Zg:"l Zfl u; ;¢ ;7 and plugging this ansatz into (5.2)) lead to

g g |:ak7h(90§ja ©r35) +1k0 g (MO 7, (I R 5) ds
R

5=17=1 (5.15)
0, N 0,'r ~ ~
:/ gN(HP @F75)d8+/ gR(HP SD'FJ)dS VT:17...,N67V] :17"'7276?7
I'n I'r
where, with a slight abuse of notation, we relabeled by 1,...,p.s the indices in J.; that remain

after the filtering process (see Algorithm ; similarly for the ones in J.z. Then, (5.15]) can be
represented as the linear system
(A+Ru=f, (5.16)

where A, R € CNaotxNaot gy ¢ CNaot and f € CNaor, Nyor being the total number of global degrees
of freedom, are matrices and vectors with entries defined by

. P
A )0 = wn(Ps 5 P )s R 5), (5,0 = 1k0 . mg’FR“"é,i)(Hp 5 ) ds,
R

U(s,0) "= Us,o fig ::/r gN(HgIN(p”J)dS +/p gR(H%PR(pr)dS'
N

R

Note that here the subindex (7, ;) is associated with the index Z?;ll De; + j. The computation of
A, R, and f are described in the forthcoming Sections [5.2.2} [5.2.3] and [5.2.4] respectively.

5.2.2 Computation of the matrix A

To start with, the global matrix A € CNaor*Naof with entries
A5 5.0 = ,h (P55 97 7) (5.17)
is assembled by means of the local matrices A% € CPx*Px that are given via
Al s = ai (s T o) + SE (= T)ese, (T =T e

where {©s ¢}semy, ecg., denotes the local basis of VFARJ“’“Z (K). The computation of such local
matrices is performed in various steps.

Computation of the bulk projector Hff in (5.10). Let s, € VFA;'kz (K),se Mg, e T.,,
be the canonical basis function. We write IIX ¢, , € PW,,(K) as lincar combination of plane waves

p
K(s,t
Mg, =>4 O OwE.
=

Plugging this ansatz into (5.10]) and testing with plane waves lead to the system of linear equations
GK")’K(S’Z) — bK(s,@)

where G € CP*p, yK(s:0) ¢ Cp, b0 ¢ CP, for all s € Mg and ¢ € J.,, are defined as

K(s,t
a?(wf(v w{() e a?(w{)(? w{() 71 (=0 akK(@slv wf)
GK — : . : ,YK(S,@) — : bK(s,Z) — .
aif (wi,wit) o apf (wyl wy) o8 aff (ps,0,w))
Collecting columnwise the 559 leads to a matrix BX := [p%WY bK("KJ’e"K)} € Crxrx,

The matrix ITX representing the action of X from VFARH€2 (K) into PW,(K) is then given by
X = (G¥)"'BX c crrrx, (5.18)
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We introduce next the matrix
dOle(’LU?) s dOflyl(w{)()
DX — ; . : € CPrxP,

dOan,penK (wf) T dOan,penK (wff)

Then, as in [36], the matrix IT¥ representing the composition of the embedding of PW,(K) into
VFA;FkQ (K) after Hff can be expressed as

" = DX(G¥)"'B* ¢ crexrx, (5.19)
Matrix representation of AX € CPx*Px, The local VE stiffness matrix A is given by
—T —T
AN = mF) ¢k 4+ (r* —-af) sKIr* - "), (5.20)
where I denotes the identity matrix of size px X px, and S¥ is the matrix representation of the

local stabilization forms S ,f( (+,+); for a specific choice of the stabilization, we refer to Section m
below. Further, note that by using (5.18)), it holds

— T
(%) GKHK (BK) (G*) BX.
Computation of the local matrices GX, BX, and D¥

The matrices GX, BX, and D can actually be computed exactly without numerical integration,
but rather by using the definition of the degrees of freedom in ([5.4]) and the formula, see also [110,

159,
1 e—1 if
D(z2) ::/ e*tdt = { = 270 vz € C. (5.21)
0

1 if z=0

Computation of G¥ € CP*P. Given j,/ € J, we compute, by using an integration by parts
and taking into account the definition of the bulk plane waves w and wl<, respectively,

nK
K K
GM_ (Wi, w J E / (Vwg -ng|, Jw;* ds

— lk Z eik)(djfdg)-xK (dé . nK‘eT) / eik}(d[*d]')-x ds.

r=1 er
The integral over the edges e,, r € Mg, on the right-hand side can be computed by application
of the transformation rule. In fact, denoting by a, and b, the endpoints of the edge e,, we obtain

1
/ th(di—d))x gg _ pp cik(di 7)<ar/ Gik(de—d,)-(b,—a,)t gy
e, 0

= he, efde=di)arg (ik(d, — d;j) - (b, — a,)),

(5.22)

where @ is defined in (5.21).

Computation of BX € CP*Px, Given s € My, { € Je., j € J, an integration by parts,
the definitions of the local canonical basis functions in (5.6]), and the definition of the degrees of
freedom in (5.4) yield

ng - o
le',((s,é) :akK(<pS7g,wf() = Z/ s ( ] Nk, )ds = —1I<:Z (d; ‘ng|, )/ Ny wJK ds

r=1 er

= —ik(d; - ng Ve ikds (e, *XK)/ g P (xxes) g
es 7 N\ e, e’
€

s _es
=w,

= —ik(d; - ng), e MY DR, 5y,

where ¢ € 7., is the local index such that w* = elFdi(x=%c.) on e,.
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Computation of D € CPx*?,  Given r € Mg, j € Te,, L € J, a direct computation gives

1 — 1 . .
D{i,j),é = dofr,j(wz{() = h7/ wfwj’" ds = h—e‘k(df'x“‘_d’f'xk) / elf(de—d;)x q ¢
er Je, er e

24

The last term on the right-hand side can be computed as in (5.22)).

5.2.3 Computation of the Robin boundary matrix R
Recall that the Robin boundary matrix R is defined by

Ry =ik0 Y [ (500, )57, ) ds. (5:29)

ecERC

The global matrix R is again assembled by means of the local matrices R® € CP<*Pe given by
(rj)s(s,:0) = ike/(ng’esﬁs,Z)(Hg’e@r,j)dsv

where {©s ¢}semy, eeg., denotes the local basis of VFA;'kz (K), with K such that e C 0K NT'g.

Let e € EF be a fixed boundary edge in £F with local index z € My, where K € T, is the
unique polygon with e = 0K NT'g.

Computation of the edge projector Hgve in (5.11). Let ¢, € VFARM2 (K), L € T, be alocal
canonical basis function. We firstly expand Hg’egozx € IE”W;(e) in terms of the edge plane wave
traces

pe
.0 = Biws.
n=1
Inserting this ansatz into (5.11)) and testing with edge plane waves lead to the linear system
G¢ ﬁe(é) _ b(e)(fi).

Here, G, € CPe*Pe, B®) e cpe, bg(z) € CPe, for all £ € J., are defined as

e e e e e(? e
(wf, w)oe - (WS, w)o.e s (200 w5)0e
G = , Be9 .= I bg(e) = : , (5.24)
(w§,wg Joe -+ (wh,,wh o gt (02,0, w, o,e

where we recall that (-, -). is the complex L? inner product over e. Note that in fact G§ € RPexPe,
see below. Moreover, such matrix is positive definite for all K € 7,,, and thus also invertible.
Nevertheless, it is worth to underline that in presence of small elements and of a large number of
plane waves, such matrix may become singular in machine precision. This problem will be analyzed
in Section [£.3] and addressed in Section [5.41

Consequently, collecting the bg(e) columnwise into a matrix Bf, € CP=*PX  the matrix represen-
tation of H?;e is given by

I} = (G5) ' Bj.

Matrix representation of R°. The local edge VE boundary mass matrix R° has the form
e 0 eT er70,e Hel Ae\—T pe
R° =1I° G{II,° = By (Gg) " By. (5.25)

Computation of the local matrices Gj; and Bj

The matrices Gf, and B{ can be computed exactly using the formula (5.21]).
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Computation of G € RP<*P<, Given j,¢ € J. and denoting by a and b the endpoints of the
edge e, it holds (Gy);,; = he and, if j # ¢,

sin (k(d, — d;) - %52)
R(d—d,)- (b—a) eR, (5.26)

(Go)je = (w§7w;)0,e — iF(dj—de)xe /eik(dz—dj)x ds = 2h,
e
where we used (5.22) and the property sin(z) = = (e'* — e7*), 2 € C, in the last equality.
Computation of Bj € CP<*Px, For all j,¢ € J,, we have with the degrees of freedom in ([5.4)

(B = (0onwl)oe = / oo ds = hody .
e

5.2.4 Computation of the right-hand side vector f
We firstly recall that f is given by

._ N R
Fen= D /gN (p“er ;) ds+ Y /gR ("7 5) ds == £ 5 + F i

ecEN ecER

Once again, the global right-hand side f is assembled by means of the local vectors f¥:¢ € CPe
and f1° € CPe that are defined as

o) = /CQN(Hg’e%,j)dsv i) = /EQR(Hg’ewr,j)d&

where {©s ¢}se My, e 7., denotes the local basis of VFAR‘HCZ (K), with K such that either e C IKNTy
oreC 0K NIg.

We only show the details concerning the computation of fN’e. The assembly of fR’e is analo-
gous. To this purpose, let e € &Y be a fixed Neumann boundary edge with local index z € M,
where K € 7T, is the unique polygon with e = 0K NT'x. Then, for every £ € J., denoting by a,
and b, the endpoints of edge e, we have

f;.\’7€:/gN(H “0.5) ds_ZB /gNqu]ds

n=1 ¢

1
_ Zﬂe(])h / gN(az + t(bz _ az))efikdj-(az+t(b7az)fxe) dt.
0

(5.27)

The last integral can be approximated employing a Gauf}-Lobatto quadrature formula. We remark
that the computation of f is the only place where numerical quadrature may be required.

5.2.5 General case (I'p # ()

The general case with I'p # () can be dealt with in a similar fashion. First of all, we implement the
global matrices A and R, and the right-hand side vector f as above. Then, in order to incorporate
the Dirichlet boundary conditions, we additionally impose that the numerical solution wj satisfies

/ (un —gp)wSds =0 Vj=1,...,p, Vec € &Y,
¢
which, using the expansion of uy in terms of the canonical basis functions, leads to

Ne Des

ZZUM/ <p§jw7;<ds:/ ngij-Cds ijl,...,peC,VeCGS,?
€¢

§=1g7—1

With the canonical basis functions in (5.6) and the degrees of freedom in (5.4)), it holds

1 -
uCj = 5— / gpwi*ds Vj=1,...,pe, Vec € EL. (5.28)
ec Je¢
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This information is inserted in the linear system ([5.16|) by setting to zero all the entries in the
rows of A corresponding to test functions associated with Dirichlet boundary edges, apart from
the diagonal entry, which is set to one, and replacing the corresponding values of the vector f with

the right-hand sides of ([5.28)).

5.3 The curse of ill-conditioning

In this section, we investigate the numerical performance of the method for the problem (4.1)),
that is, we consider with # = 1 and I'r = I'. For these choices, and clearly
coincide. As computational domain, we take Q := (0,1)2. We will see that, as already mentioned
in Remark [0] the present version of the method with the filtering process in Algorithm [I] does
not deliver accurate results due to the strong ill-conditioning related to the plane wave bases.
Therefore, in Section below, we will propose a numerical recipe to mitigate such instabilities.
All the tests were performed with Matlab R2016b.

For the numerical experiments in this section, the boundary datum ¢ in is cooked up in
accordance with the analytical solutions

uo(x,y) := exp (ikx) , (5.29)
up(x,y) = exp (ik: (cos (Z) x + sin (Z) y)) . ’

The functions ug and u; are plane waves travelling in the directions (1,0) and (%, 7 ), respectively,
see also Figure

Since an exact representation of the numerical solution uy, is not available in closed form inside
each element, it is not possible to compute the exact H' and L? discretization errors directly.
Instead, analogously to what was done in Section we compute the approximate relative errors

lu —Tunllv e, v —yunlloT,
lulliea 7 w0,

(5.30)

where le K= Hff , K € T, is the local projector given in (5.10). It is again possible to show that

the errors ((5.30) converge with the same rate as the exact relative H' and L? discretization errors.
We employ two different local stabilizations, which in matrix form read as follows:

e the identity stabilization
SK = 1X, (5.31)
where I € CPx*Px denotes the identity matrix;
e the modified D-recipe stabilization
S0y = ok TR o T g ¢) 87,5005, (5.32)
where § denotes the Kronecker delta.

The former choice is the original VEM stabilization proposed in [31}/36], whereas the latter is a
modification of the diagonal recipe (D-recipe), which was introduced in [41], and whose performance
was investigated for high-order VEM and in presence of badly-shaped elements in [84}/142].

For the bulk plane wave space PW,(K) in , we take p = 2¢ + 1, ¢ € N, plane waves with

equidistributed directions {d§0) _, given by

dg)) = (cos (%’T(ﬁ - 1)) , sin (2?”(6 - 1))) . (5.33)

We discretize the boundary value problem on sequences of regular Cartesian meshes and
Voronoi-Lloyd meshes, see Figure 2.2] and investigate the h-version of the method for a fixed
wave number k = 10 and different values of ¢ = 2, 3, and 4. Note that in the case of wuy,
since ug € span{wf }_, and owing to the consistency property of the discrete bilinear
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5 h-version for ug(z,y), Cartesian meshes, k = 10 s h-version for ug(x,y), Voronoi meshes, k = 10
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Figure 5.1: Approximate relative L2 bulk errors for the h-version of the method for ug in (5.29) with k& = 10,

q =2, 3, and 4, on Cartesian meshes (left) and Voronoi meshes (right) with directions {d&o) };5:1 as in (5.33)), and
the identity and modified D-recipe stabilizations in (5.31)) and (5.32)), respectively.

h-version for u;(z,y), Cartesian meshes, k = 10 h-version for u;(z,y), Voronoi meshes, k = 10

101 : : T
i 100F E
2 Bl

1 102 ‘q= 1
S=D-recipe: g=2
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-—+--S=D-recipe: q=4

10,3 L L 10,3 L L L L L L L
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Figure 5.2: Approximate relative L? bulk errors for the h-version of the method for uj in (5.29) with k& = 10,

g =2, 3, and 4, on Cartesian meshes (left) and Voronoi meshes (right) with directions {déo)}gzl as in (5.33)), and
the identity and modified D-recipe stabilizations in (5.31) and (5.32)), respectively.

form by p(-,-) in , the method should reproduce, up to machine precision, the exact solution.
The approximate relative L? bulk errors defined in are plotted in Figures and

In all the cases, we notice that the method becomes unstable after very few mesh refinements.
This fact can be traced back to the computation of the Robin matrix R in and of the right-
hand side vector f in . Indeed, in both cases, we locally invert the edge plane wave mass
matrices G in on all boundary edges e € £P. Such matrices are highly ill-conditioned; see
Figure where the condition number of the matrix G§, for the edge e with endpoints in a = [0, 0]

and b = [0, h| is depicted in dependence of h for the set of directions {déo)}fz1 in and for
different values of ¢ = 2, 3, and 4. In particular, one can also observe that the ill-conditioning
grows together with the increase of the effective plane wave degree ¢ and of the quantity 1/(hk).
This behavior is also reasonable from a heuristic point of view. More precisely, we firstly
highlight that, in contrast to polynomials, plane waves cannot be directly scaled with characteristic
lengths, such as the area of the element or the size of an edge. Indeed, replacing x in or
by either ﬁ in the former or }Txe in the latter case, results in bulk or edge plane waves with
a different wave number. Thus, plane waves with fixed wave number and traveling in pairwise
different directions become more and more linearly dependent for decreasing size of the elements
and edges, respectively, and when increasing their numbers. Figure |5.4] visualizes this property.
Furthermore, it is imporant to note that the failure of the methods is really related to ill-

conditiong, rather than to a poor approximation of the boundary integrals, since for exact solu-
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condition number of G

1020
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condition number
3,
o
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Figure 5.3: Condition number of G§ defined in (5.26) for the edge e with endpoints in @ = [0,0] and b = [0, h] in
terms of hk for the set of directions {dgo)}zzl in (5.33) and different values of ¢ = 2, 3, and 4.

tions ug and uq in , they are computed exactly. Out of curiosity, we also employed an overkill
quadrature to handle the boundary conditions, and the results were practically the same.

Rebus sic stantibus, the present version of the method is not reliable. For this reason, we
propose in Section [5.4] a numerical recipe to mitigate this ill-conditioning.

5.4 The modified nonconforming Trefftz VEM

In order to damp the strong ill-conditioning and to make the method reliable, we present a modified
nonconforming Trefftz VEM in Section [5.4.1] Its implementation aspects are then described in
Section [5.4.2] Finally, in Section various numerical experiments and comparisons with other
methods are shown.

5.4.1 A cure for the ill-conditioning

The main idea of the modification of the method lies in the substitution of the filtering process in
Algorithm [I] by a modified version, which is explained in the forthcoming lines and summarized in
the form of a pseudocode in Algorithm
Starting from a set of p = 2¢g + 1, ¢ € N, plane waves with pairwise different propagation
directions, we firstly compute, on each edge e € &,, an eigendecomposition of the corresponding
edge plane wave mass matrix G§:
6Q° = Q°A°, (5.34)

where G € RP*P is defined similarly as in , but with the difference that here the traces
of all bulk plane waves in PW,(K) are used, rather than only those after the filtering process
in Algorithm [1} see also the definition of PW(e) in (.11)). Therefore, Gf can be singular (e.g.
when two bulk plane waves have the same trace on e). Moreover, we do no longer require that the
constants belong to the plane wave trace space. Note that this requirement was instrumental in
the proof of the abstract error estimate in Section but is not necessary in practice.

In the decomposition , the matrices Q° € RP*P and A° € RP*P denote the eigenvector
and eigenvalue matrices, respectively. Equivalently, the j-th column of Q° contains the coefficients
of the expansion of the new basis function w with respect to the traces of the bulk plane waves
wf,fz 1,...,p, one.

Next, we determine the positions of the eigenvalues on the diagonal of the matrix A® which
are zero or “close” to zero (up to a given tolerance o), and we remove the corresponding columns
of Q°. Doing so, we end up with a set of filtered orthogonalized plane waves. Having this, all the
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Figure 5.4: Real parts of the restrictions of two plane waves with fixed wave number and traveling along the
directions d; and d2, respectively, to given edges e. One can notice that, for smaller edges, the obtained plane wave
traces are closer to being linearly dependent.

VE matrices discussed in Section [5.2] are computed employing the new filtered basis. Some details
on this issue are given in Section [5.4.2

As already expected from the discussion in Section this modified filtering process is highly
significant in presence of small edges and when employing a large number of initial plane wave
basis functions. Moreover, it does not affect the rate of convergence of the method, as we will see
in the numerical experiments.

Remark 14. We highlight that the influence of the choice of the parameter o in Algorithm
on the convergence of the method will be discussed in Remark Furthermore, we note that,
from a practical point of view, due to the presence of eigenvalues/singular values close to zero,
the computation of an orthogonal basis in Matlab via the eigendecomposition in step 1(b) in
Algorithm [2] seems to be more robust than other procedures, such as SVD.

Remark 15. The strategy presented in Algorithm [2] seems to be natural in the nonconforming
setting, also when employing other Trefftz functions, such as Fourier-Bessel functions, fundamental
solutions, evanescent waves, etc., instead of plane waves. In fact, the basis functions are defined
implicitly inside each elements by prescribing explicit conditions on the traces on each edge, and
thus they can be modified edgewise without affecting their behavior on the other edges. This is
not the case, for instance, in DG methods, where a modification of the basis functions implies a
change in the behavior of such functions over all the edges. We deem that Algorithm [2| can be
applied to other methods, whenever it is possible to split the basis functions into element bubbles
and functions attached to single edges; this is for instance the case in all nonconforming virtual
element methods.

5.4.2 Details on the implementation of the modified method

Here, we discuss some aspects of the implementation of the modified nonconforming Trefftz VEM.

Definition of the new degrees of freedom and canonical basis functions. Given K € T,
~ 2 2
let VFARHC (K) be defined similarly as VFARHC (K) in (5.3), where the only difference is that the
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Algorithm 2 Modified filtering process
Let 0 > 0 be a given tolerance.

1. For all the edges e € &,:

(a) Assemble the real-valued, symmetric, and possibly singular matrix G, € RP*P given as

in (5.26) by
(G§)je = (wf,whoe Vi l=1,...,p. (5.35)

(b) Starting from G, compute the eigendecomposition ((5.34)):
GiQ° = Q°A”,
where Q° € RP*P is a matrix whose columns are right-eigenvectors, and A® € RP*? is

a diagonal matrix containing the corresponding eigenvalues.

(¢) Determine the eigenvalues with (absolute) value smaller than the tolerance o and remove
the columns of Q¢ corresponding to these eigenvalues. Denote the number of remaining
columns of Q¢ by p. < p. The remaining columns of Q° are relabelled by 1,. .., D..

(d) Define the new L?(e) orthogonal edge functions @§, £ = 1,...,Pe, in terms of the old

e —
ones wy, r=1,...,p, as

p
of = Qs yuwf. (5.36)
r=1

~K ~K ~K
2. By using (5.36]), build up the new local matrices G , B ,and D for every element K € T,
and assemble the global matrices A, R, and the global right-hand side vector f.

space PW; (e) in is replaced by PW,(K) . In addition, given e € &,, let {wy 1221 be the set
of the new (L? orthogonal) edge functions determined with Algorithm [2} The definitions of the
global nonconforming Trefftz VE spaces in and , and of the L? projector in are
changed accordingly.

............

~ 2
K € T, are given, for any vy, € VFA;'k (K), as

ot (vn) = / @7 ds Vj=1,... 5. (5.37)

€r er
Further, the set of the new local canonical basis functions {(?557@}5:1,“.77”(7 0=1,....pe, associated with

the local set of degrees of freedom ({5.37)) is the set of functions in the space ‘7&""“2 (K) with the
property that

dof, j(@se) = 0rs050, Vr,s=1,....nk,¥j=1,...,De,, VL =1,...,Pc,.

As usual, the sets of global degrees of freedom and of the canonical basis functions are obtained

by coupling the local counterparts in a nonconforming fashion.
~K ~K ~K ~ ~
Next, we show how the new matrices G, B, D , A, and R, and the new discrete right-hand

side f, counterparts of those described in Section can be built starting from the original ones.

Computation of new local matrices.
~K
e G : This matrix coincides with G¥ since it is computed via plane waves in the bulk.

~K
e B :Forallj=1,...,p,s=1,...,ng, £=1,...,D.,, it holds
~K ~ . ikd- _ ~ TId e
(s = R . = — - . 3+ (XKes Ps.t € J €s S,
(B )50 7= af (Ps,esw) ) = —ik(d; - m), e G XK)/ et xmxe.) d
e

=]
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which, after expressing the old edge function wje.s in terms of the novel ones

wi =Y (Q)L, v, (5.38)

and recalling that Q° is the eigenvector matrix in (5.34]), can be expressed as

~K i (X, —X%
(B ) (5.0) = —ik(Q" )M(dj.nKles)eﬂkd]( K)hes.

~

K
D : Givenr e Mg,j=1,...,D.., {=1,...,p, a direct computation based on (5.38)) gives

~K —~ 1 _ p 1
(D7) (ry.0 1= dofj(wf) = s— [ wid5 ds =3 Q¢ 7— [ wiw ds.

A: Starting from the local matrices

Kk K=k Tk SRk ZRTAK ~K ~K
A =B G B +(I -II1 )S§S (I -1II),

R: We need to compute, for all 7,5 =1,...,Ne, j =1,..., Pe,, (= 1,..., Pess
D e~ 0,e ~
B =10 Y [ (0553, 00505 ds
ecERVE

Given e € £, we only describe here the assembly of the matrix R ¢ CPe*Pe  which takes

n
into account the local contributions of the basis functions associated with e. Then, R is
assembled as in (5.23). Given z the local index of e, for every j,£ =1,...,p,, it holds

=€

(B)0, = / (%<5, ;) (II0°G. 1) ds. (5.39)

By writing each I3, j, j = 1,...,De, as a linear combination of the L?(e) orthogonal plane
waves Wy, § =1,...,D., and inserting this into (5.39), one obtains

~e —=el =T e
R :(Bo) (Go) BOa
where

(BO)],[_(SOZ& ) C_h(s][ Vj,gzl,...,ﬁe,

and

(ao)j,e = (W, W5 )o,e = Z Q. L’ch /w;wigds,

¢n=1

which can be represented as

with G given in ((5.35]).

~

~N ~R ~N
o f:=f + f : We restrict here ourselves to the computation of f , which is given by

Nen = X [ oG5 ds =1 VoV =1
ecEN
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~Ne . . . . .
The local vector f ‘e P for a given e € &N, with z denoting again the local index
associated with e, has the form

De De P
~N.e P = — Se(O) AT —
(F e =/9N(H3’ Pep)ds =) Bf}“)/gszg ds=>") 55}(6)(Q€)4,n/gww< ds,
€ n=1 € n=1¢=1 e

where we recall that the matrix Q° is the eigenvector matrix in (5.34]).

e The Dirichlet boundary conditions are incorporated in the global system of linear equations
as already shown in Section by requiring that

/ (Uh—gD)@Te-cdSZO Vi=1,...,De, Vec c &b,
€¢

which leads to

1 —er 1 e —er . .
u<7j:h—/ ngjc ds = Z(Q C)r,j/ gpwy ds ijl,...,peC,VeCES,?.
e

6( h(i( r=1 ec
Now, we investigate the numerical performance of this modified method.

5.4.3 Numerical results with the modified method

In this section, we discuss the h-, p-, and hp-versions of the modified method and assess the
improvements in the numerical performance. We will see that the modified method is not only
better conditioned, but also the number of degrees of freedom needed to achieve a given accuracy
of the numerical approximation is significantly lower than in the original version in Section [5.2]
Moreover, we compare the modified nonconforming Trefftz VEM with the PWVEM of [159] and
with the more established UWVF/PWDG of [71}/112].

In all the numerical tests throughout this chapter, the tolerance o in Algorithm [2] is set to
10713, Other choices and their influence on the method are discussed in Remark [16]

Additionally to the boundary value problems with® =1 and 'r =T on Q := (0,1)? with
known solutions ug and u; in , we consider problems of that form with exact solutions

us(x,y) = HSV (k|x — xo|), %o = (—0.25,0),

(5.40)
ug(z,y) == Je(kr)cos (€©), &=

I Do

37

where Hél) is the O-th order Hankel functions of the first kind, J; denotes the Bessel function of

the first kind, and r and © are the polar coordinates of (z,y — 0.5), see [1, Chapters 9 and 10].

Note that the function ug is analytic over €2, but us has a singularity at (0,0.5); more precisely,

uz € HST17¢(Q) for all € > 0 arbitrarily small, but uz ¢ H**1(Q). The real parts for the two test

cases in with k£ = 20 and the associated contour plots are depicted in Figure
Furthermore, we consider experiments for a scattering problem in Section

h-version

We firstly investigate the performance of the modified method for the patch test ug defined in
to check the consistency and to validate the gain in robustness with respect to the original
version, cf. Section Let {dgo)}z’:l be the set of directions given in (5.33). The numerical
experiments are again performed on sequences of regular Cartesian meshes and Voronoi-Lloyd
meshes, see Figure 2.2] for k& = 10 and 20, and effective plane wave degrees ¢ = 4 and 7. Recall
that the number of used bulk plane waves is p = 2¢ + 1. Furthermore, we employ the modified
D-recipe stabilization in . In Figure the approximate relative H! bulk errors in
are plotted. We observe that the patch test is fulfilled for meshes with a moderately small mesh
size. The plots indicate that the modified version is much more stable than the original one, see
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Figure 5.5: Real parts of the functions uy (left) and us (right) defined in ((5.40) for & = 20 and the corresponding
contour plots.

Figure 5.1} Nevertheless, also this modified version is affected by ill-conditioning, which results in
the increase of the errors for decreasing mesh size h, as typical of plane wave based methods.

As a second test, we investigate the h-version for the exact solution wp in with k£ = 10,
20, and 40, and ¢ = 4 and 7, employing the same choice of directions, meshes, and stabilizations
as before. The numerical results are depicted for the Cartesian meshes in Figure [5.7] and Table
(k =20, g =T7), and for the Voronoi meshes in Figure and Table (k=20,¢q=7). In all
cases, the errors were computed accordingly with . In Tables and we further compare
the number of degrees of freedom using the modified version of the method with the original one.
The reduction of degrees of freedom in % is presented in the last column.

Here, we mention that the tests with exact solution us give similar results to those for the
smooth solution u; and are postponed to Section [5.4.4] where the modified nonconforming Trefftz
VEM will be compared with PWVEM and UWVF/PWDG [71,[112], respectively.

‘ h H Ngot H rel. H! error ‘ rate H rel. L? error ‘ rate H Nyof orig. ‘ red. (%) ‘
1.414e+00 46 4.6885e-01 — 4.7153e-01 — 48 4.17
7.071e-01 120 1.3527e-01 1.793 1.3185e-01 1.838 144 16.67
3.535e-01 340 1.0540e-03 7.004 5.4861e-04 7.909 480 29.17
1.767e-01 1008 6.1594e-06 7.419 1.4439e-06 8.570 1728 41.67
8.838e-02 3264 4.2394e-08 7.183 4.4716e-09 8.335 6528 50.00
4.419e-02 10560 1.6544e-07 -1.964 7.3453e-08 -4.038 25344 58.33

Table 5.1: Relative errors for u; in (5.29) with k = 20, ¢ = 7, and the directions {do)}gz1 as in (5.33)) on Cartesian
meshes employing the modified method with the modified D-recipe stabilization (5.32)).
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h-version for ug(z,y), Cartesian meshes h-version for ug(x,y), Voronoi meshes
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Figure 5.6: h-version of the method for ug in (5.29) with ¥ = 10 and 20, and ¢ = 4 and 7, with the sets of directions
{d(go)}f;:l as in (5.33]) and the modified D-recipe stabilization (5.32)) on Cartesian (left) and Voronoi meshes (right).

h-version for uj(z,y), Cartesian meshes, ¢ = 4 h-version for u(z,y), Cartesian meshes, g =7
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Figure 5.7: h-version of the modified method for u; in (5.29) with k = 10, 20, and 40, and ¢ = 4 (left) and 7

(right), with the sets of directions {dgo)}f;:l as in (5.33) and the modified D-recipe stabilization (5.32) on Cartesian
meshes.

’ h H Nyot H rel. HT error \ rel. L? error H Nyof orig. \ red. (%) ‘
1.001e+00 131 2.1704e-01 2.1440e-01 182 28.02
4.697e-01 224 7.5289e-02 7.4015e-02 359 37.60
3.688e-01 394 2.7605e-03 1.9061e-03 713 44.74
1.993e-01 695 2.4147e-04 1.0970e-04 1477 52.95
1.493e-01 1243 1.3955e-05 4.1303e-06 2960 58.01
1.111e-01 2206 1.7662e-06 3.9013e-07 5998 63.22
9.171e-02 || 4002 1.5165e-07 2.3002e-08 12092 66.90
5.896e-02 7282 2.1462e-08 3.0271e-09 24304 70.04

Table 5.2: Relative errors for u; in (5.29) with £ = 20, ¢ = 7, and the directions {do)}f:1 as in (5.33]) on Voronoi
meshes employing the modified method with the modified D-recipe stabilization (5.32)).

We observe from Figures|5.7and and Tables and that the approximate relative H1
and L? discretization errors in @ of the method approximately converge with rate 4 and 5 for
q =4, and 7 and 8 for ¢ = 7, respectively. This is in agreement with the error estimate derived
in Section [4:2.3] which established, for h — 0 and analytic solutions, convergence rates of order ¢
for the relative H' errors. Note that due to the fact that the Voronoi meshes are not nested, the
slopes indicating the convergence order are not as straight as in the Cartesian case.
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Figure 5.8: h-version of the modified method for u; in (5.29) with k = 10, 20, and 40, and ¢ = 4 (left) and 7

(right), with the sets of directions {d&o)}’;:l as in (5.33) and the modified D-recipe stabilization (5.32)) on Voronoi
meshes.

In addition, we notice that the number of degrees of freedom was reduced significantly by
making use of the orthogonalization-and-filtering process described in Algorithm [2| in comparison
to the original version of the method, which employs Algorithm

Next, we employ the identity stabilization ([5.31)) and compare the performance with the modi-
fied D-recipe stabilization for u; using the same meshes and parameters as above. The results for
the relative H! errors in (5.30) are shown in Table

Cartesian Voronoi
h \ Nyof \ D-recipe \ identity h \ Nyof \ D-recipe \ identity
1.414e+00 46 4.6885e-01 | 4.8651e-01 1.001e+00 | 131 | 2.1704e-01 | 2.3510e-01
7.071e-01 120 | 1.3527e-01 | 2.0525e-01 4.697e-01 | 224 | 7.5289¢-02 | 9.3167¢e-02
3.535e-01 340 | 1.0540e-03 | 2.4615e-02 3.688e-01 | 394 | 2.7605e-03 | 2.4375e-02
1.767e-01 | 1008 | 6.1594e-06 | 1.7224e-03 1.993e-01 | 695 | 2.4147e-04 | 8.5729¢-03
8.838¢-02 | 3264 | 4.2394e-08 | 1.2786e-05 1.493e-01 | 1243 | 1.3955e-05 | 2.4687e-03
4.419¢-02 | 10560 | 1.6544e-07 | 6.4752e-07 1.111e-01 | 2206 | 1.7662¢-06 | 6.0640e-04

Table 5.3: Relative H! errors for u; in (5.29) with & = 20, ¢ = 7, and the directions {dEO) }_, as in (5.33) on
Cartesian (left) and Voronoi (right) meshes employing the modified method with the D-recipe stabilization (5.32])
and the identity stabilization (5.31).

Compared to the modified D-recipe stabilization, the method based on the identity stabilization
behaves worse. Similar results are obtained for the relative L? errors in . This fact highlights
that picking a “good” stabilization is an important issue in the design of VEM [41}84,|142].

Thus, in the sequel, we will always consider the modified nonconforming Trefftz VEM endowed
with the modified D-recipe stabilization .

As a last test in this section, we study the h-version of the method for the non-analytic solution
ug in . Once again we perform the tests on the Cartesian meshes with k£ = 10, 20, and 40,
and ¢ = 4 and 7, in Figure [5.9] Similar results were obtained for the Voronoi meshes.

The observed convergence rate for the approximate H! bulk error in is % and that for
the approximate L? bulk error is g This corresponds to the expected convergence rates min{s, ¢}
and min{s, ¢} + 1 for the H! and L? errors, respectively, where s is the regularity of the solution
and ¢ is the effective plane wave degree.

Remark 16. Here, we discuss and motivate the choice for the parameter ¢ in Algorithm [2] which
so far has been set to 10713, In principle, it would have been more natural to take o = 10eps,
where eps denotes the machine epsilon. With this choice, it would be basically guaranteed that the
span of the filtered orthogonalized edge plane wave functions coincides with the non-orthogonalized
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Figure 5.9: h-version of the method for us in (5.29) with k = 10, 20, and 40, and g = 4 (left) and 7 (right), with
the sets of directions {d;m}f:l as in (5.33)) and the modified D-recipe stabilization (5.32)) on Cartesian meshes.

edge plane wave space, up to a negligible difference. However, we could observe from numerical
experiments that with smaller choices of o, such as 10713, it is possible to achieve the same accuracy
as when employing ¢ = 10eps, but with less degrees of freedom, see Table [5.4] where we tested
the h-version of the modified nonconforming Trefftz VEM with analytical solution wusy in on
a sequence of Voronoi-Llyod meshes of the type in Figure for the two above-mentioned choices
of o with k=10and ¢ =7.

o =10eps oc=10"1

h Nyot \ rel. L? error | Naof \ rel. LZ error
1.001346e+00 || 113 | 6.174135e-03 106 | 6.147714e-03
4.697545e-01 201 | 4.285982¢-04 189 | 4.337061e-04
3.688297e-01 353 | 6.529610e-05 || 327 | 6.250524e-05
1.993180e-01 631 | 6.754430e-06 || 578 | 6.625276e-06
1.493758e-01 1139 | 1.572124e-07 || 1037 | 1.512503e-07
1.111597e-01 || 2053 | 6.369678e-08 || 1886 | 6.294611e-08
9.171171e-02 || 3745 | 2.514794e-08 || 3445 | 2.441118e-08

Table 5.4: h-version of the modified method for the analytical solution w2 in (5.40), k = 10, ¢ = 7, on Voronoi-Lloyd
meshes for different choices of o in Algorithm [2} The relative L? errors are computed accordingly with (5.30]).

Application to an acoustic scattering problem. In this section, we consider the scattering
of acoustic waves at sound-soft and sound-hard scatterers Qg. C R2?, respectively, with polygo-
nal boundary I'g., where the Sommerfeld radiation condition is approximated by an impedance
boundary condition, see Section The problems for the total field u = u! + «°, with incident
field ! and scattered field u®, are

in
on I'g,

—Au—k>u=0
Vu-ng=0

in
on I's,

—Au—ku=0

(soft) u=0 (hard) (5.41)

Vu-ng —iku=gr on g, Vu-ng —iku=gr onlg,

where Q := Qgr\Qg., with Qr denoting the truncated domain with boundary T'g, and gr
Vu!l - ng — iku! is the impedance trace of the incoming wave. For the numerical tests, we fix
Q=(-1,2) x (0,3)\[0,1] x [1,2] and employ uniform Cartesian meshes, see Figure

As incident fields, we consider ug and w; in (5.29)), as well as the plane wave given by

o= oo (i (cos (2 6 (22))).
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Figure 5.10: First three Cartesian meshes in the decomposition over the domain Q = (—1,2) x (0,3)\ [0, 1] x [1, 2].

In Figures and the real parts of the computed total fields for the sound-hard and sound-
soft cases, respectively, are plotted for the different incident fields with k = 15. As effective plane
wave degree we choose ¢ = 10 (namely p = 21 bulk plane waves).

Figure 5.11: Real parts of the total fields for the sound-soft scattering employing as incident field the plane waves
given by ug (left) and uy (center) in (5.29), and uq (right) in (5.42)), with k& = 15.

Figure 5.12: Real parts of the total fields for the sound-hard scattering employing as incident field the plane waves
given by uo (left) and uq (center) in (5.29), and wa (right) in (5.42), with k£ = 15.

The relative errors are computed accordingly with , where, since an exact solution w is not
known in closed form, v was chosen to be the discrete solution on a very fine mesh. In Figure[5.13]
the obtained results are plotted. In both cases, the convergence rates are approximately 1.5 and 2.1
for the relative H! and L? errors, respectively.

p-version

We test numerically the p-version of the modified nonconforming Trefftz VEM, that is, we fix a
mesh and increase the local effective degree ¢ to achieve convergence. To this end, we consider
the two meshes shown in Figure Each of them consists of eight elements. The first one is a
Voronoi-Lloyd mesh, and the second is a mesh whose elements are not star-shaped with respect to
any ball. In the sequel, we will refer to these meshes as mesh (a) and mesh (b), respectively.
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h-version for sound-soft scattering h-version for sound-hard scattering
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Figure 5.13: h-version of the modified method for the scattering problems (5.41) with k = 15 and ¢ = 10. Left:
sound-soft scattering; right: sound-hard scattering. The relative errors are computed accordingly with ((5.30)).
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Figure 5.14: Different types of meshes made of eight elements; left: mesh (a), right: mesh (b).

As first test case, we take the one with analytical solution u in , and we employ different
values of k = 10, 20, and 40. The obtained numerical results are shown in Figure [5.15

Analogously as for the h-version, the tests with analytical solution us in lead to similar
results and are postponed to the forthcoming Section

For both meshes, we observe that after a pre-asymptotic regime, the modified method is able
to reach exponential convergence in terms of the effective degree ¢, before instability takes place,
caused by the haunting ill-conditioning of the plane wave basis. The pre-asymptotic regime is much
wider for higher wave numbers, which is typical of plane wave based methods. We underline that,
despite the p-version of the nonconforming Trefftz VEM has not been investigated theoretically
yet, the exponential decay of the error for analytic solutions is not surprising, cf. [39 166].

Next, we perform the same experiments on the non-analytic exact solution ug in ((5.40)). The cor-
responding plots are depicted in Figure[5.16] We notice that the convergence rate is not exponential
any more, but rather algebraic. This is also an expected behavior of the p-version .

hp-version

Next, we numerically investigate the hp-version of the modified nonconforming Trefftz VEM, cf.
Section[3.3.3|for the Laplace problem. In the framework of Trefftz methods for the Helmholtz equa-
tion, a full hp-analysis was carried out for UWVF/PWDG in , where exponential convergence
in terms of the square root of the number of degrees of freedom was proven.

Here, we build approximation spaces with elementwise variable number of plane wave directions
following the hp-approach for the Poisson problem introduced in . To this end, we also need to
take into account that interelement continuity has to be imposed in the nonconforming sense (5.7)).
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p-version for uj(z,y) on the mesh (a)
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Figure 5.15: p-version of the modified method for v in (5.29) on mesh (a) and (b) in Figure[5.14] left to right.

p-version for uz(z,y) on the mesh (a)

p-version for uz(z,y) on the mesh (b)
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Figure 5.16: p-version of the modified method for uz in (5.40)) on mesh (a) and (b) in Figure , left to right.

Let us assume that we aim at approximating the solution us defined in on Q = (0,1)%;
such function has a singularity at v = (0,0.5). We build a sequence of nested meshes that are
refined towards v by proceeding as in Section m More precisely, we firstly set 79 = {Q}.
Next, for n € N, the mesh 7, is a polygonal mesh consisting of n + 1 layers, where the 0-th layer
Lo := Ly is the set of polygons abutting the singularity v, whereas the /-th layer is defined by
induction as

L, = Ln,g = {K €Tn

: KN Ky # 0 for some Ky € Ly_y, K ¢ UZ{L;}.

Given the grading parameter u € (0,1), we require that

e if K € Ly,

hg ~
K 1_T“dist (K,v) otherwise,

(5.43)

for all K € T,. Moreover, we increase the dimension of the local spaces as follows. We associate
with each K € 7, a number ¢k, defined as

qr =0 +1 ifKELn,g,EZO,...,’n—l, (544)

and we build the local spaces VA+k (K) in (5.3) by using Dirichlet/impedance traces that are

edgewise in ﬁ&’;(e), where the space ]I/DVV;(e) is defined as follows.
Given Gmaz,n = MAXKeT, K, We firstly consider the set of praz,n ==

directions {dg., pomasn,

2¢maz,n+1 equidistributed
On each element K, we pick a set of 2qx + 1 directions obtained by
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removing 2(gmaz,n — ¢x) selected directions from the original set. Thus, elements abutting the
singularity will have a small number of directions, which then increases linearly with the index of
the layer. In order to select such directions to be removed, we order the set {dg,n}f’:"f “" by picking
first the directions with increasing odd indices and next those with even ones, see Figure [5.17

Pmaz,n

At this point, given the reordered set of directions {&M 17", we remove the 2(¢maz,n — ¢K)

d5,n d3,n

Figure 5.17: Left: equidistributed set of directions {Hgn}ﬁ’;"f” Right: reordered set of directions {Egn}z’:f”
Firstly, one considers the directions with odd index and next those with even index.

directions having the largest indices. This procedure allows to build elementwise nested sets of
directions with different cardinality. Then, nested spaces over each edge e of the mesh skeleton
can be defined by fixing spaces of plane waves whose number of basis elements is given by the
maximum of the local numbers gx in of the neighbouring elements:

span eikaﬂ(x*xﬁ)‘e :0=1,...,2max(qk,, q9k,) + 1} ifec &l eC oK NIK,

PW (e) := -
P =
span e‘kdf(x—xe)‘e : €=1,...,2qK+1} ifec &8 e COK,

where K7 and K5, and K, denote the elements abutting edge e, if e is an interior edge and a
boundary edge, respectively. This resembles the so-called mazimum rule employed in hp-VEM [40].

A sequence of meshes satisfying the geometric refinement condition towards v, along
with the distribution of effective degrees accordingly with , is depicted in Figure

2 2 3 3
2] 2

ve 1 ve 1 2 vell 2 3
2] 2

2 2 3 3

Figure 5.18: 79 (left), 71 (center), and 12 (right) of a sequence {Tn}n of meshes graded toward v with grading
parameter p = 1/3. The numbers inside the elements denote the effective degrees accordingly with (5.44)).

We investigate the behavior of the modified version of the method presented in Section for
such a test case, where we select as wave numbers k = 10, 20, and 40, and as grading parameters
w=1/2and p=1/3, see . For the resulting error plot, we refer to Figure where we also
make a comparison with the plane wave discontinuous Galerkin method and which is discussed in
more detail below. The approximate L? errors in are plotted in terms of the quadratic root
of the number of degrees of freedom.

Focusing for the moment only on the nonconforming Trefftz VEM, we observe a decay of the
error which is exponential in terms of the square root of the degrees of freedom instead of the
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cubic root as for standard hp-FEM and hp-VEM . This is typical of the Trefftz setting,
see in the DG framework and in the VEM framework. Moreover, we want to
highlight that after the pre-asymptotic regime, the relative errors decay extremely rapidly in terms
of the number of degrees of freedom. This can be explained by the fact that, for smaller mesh sizes,
more and more redundant plane wave directions are removed by the filtering process, compensating
the increase in the number of edges, see also Section [5.4.1] The “paradox” here is that the errors
of the method decrease exponentially, while the number of degrees of freedom seems to increase
extremely slowly, especially in presence of high wave number. This behavior is really a peculiarity
of Algorithm [2| and is denoted as cliff effect.

Remark 17. The strategy for designing approximation spaces discussed here is quite constructive.
At the practical level, one can proceed alternatively as follows. Given an interior edge e € &I
with the two adjacent elements K7, Ko € T,, and associated plane wave bulk spaces PW,, (K)
and PW,, (K), a proper edge plane wave space can be obtained by considering the restrictions
of the p; + p2 bulk plane waves to the edge and then applying the modified filtering process in
Algorithm [2] to kick out redundancies. This approach also allows to handle the use of elementwise
different basis functions, such as plane waves, Fourier-Bessel functions, evanescent waves, etc., in
a very natural and simple fashion. For more details, we refer to Chapter [6]

5.4.4 Comparison of ncTVEM with PWVEM and UWVF/PWDG

Here, we compare the approximate relative L? errors in of the modified nonconforming Trefftz
VEM (ncTVEM) with those of PWVEM and UWVF/PWDG [71}[112], whose structure will
be shortly recalled in Section below. Note that the definition of ITX is the same for ncTVEM
and PWVEM. For PWVEM, we took the stabilization proposed in . Moreover, for PWDG,
we chose the penalty parameters of the ultra weak variational formulation (UWVF) in .

h-version: To start with, we compare the h-versions of the methods on regular Cartesian meshes
and on Voronoi meshes, both as shown in Figure in terms of the number of degrees of freedom.
Given a boundary value problem of the form with © := (0,1)2, T'r =TI, and exact solution
ug in , we firstly choose ¢ = 6 (which corresponds to p = 13) and k = 20, 40, and 60. Then,
as a second test, we fix instead k = 20 and employ ¢ = 5, 7, and 9. The results are shown in

Figures and respectively.

h-version for us(z,y), Cartesian meshes, ¢ = 6 h-version for us(z,y), Voronoi meshes, ¢ = 6
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10" 102 108 104 102 10° 10%

Figure 5.19: Comparison of the h-version of ncTVEM with PWVEM and UWVF/PWDG for us in (5.40)), fixed
g = 6, and k = 20, 40, and 60, on regular Cartesian (left) and Voronoi meshes (right). The legend is the same for
both plots.

It can be noticed that, when comparing ncTVEM with UWVF/PWDG, we can approximately
reach the same accuracy. For ncTVEM, the pre-asymptotic regime is broader, followed however by
a “steeper” slope of the convergence rate. This broader pre-asymptotic area can be explained by
the fact that, on coarse meshes, the removing procedure of Algorithm [2]is almost not performed,
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h-version for us(z,y), Cartesian meshes, k = 20 h-version for us(z,y), Voronoi meshes, k = 20
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Figure 5.20: Comparison of the h-version of ncTVEM with PWVEM and UWVFE/PWDG for us in (5.40), fixed
k =20, and ¢ = 5, 7, and 9, on regular Cartesian (left) and Voronoi meshes (right). The legend is the same for
both plots.

and thus more degrees of freedom than in UWVFE/PWDG are employed, whereas for fine meshes,
the removing procedure has a huge impact. Furthermore, in the convergence regime, both methods
lead to slightly better results than PWVEM.

p-version: Here, we compare the three methods with £ = 20, 40, and 60 for the exact solution us
in (5.40) on a regular Cartesian mesh and a Voronoi mesh with 16 elements each. The corresponding
plot is Figure Moreover, we test the methods with £ = 10 and 20 for the exact solution ug

in (5.40)) on the same meshes, giving rise to Figure

p-version for us(z,y), Cartesian mesh with 16 elements p-version for us(z,y), Voronoi mesh with 16 elements
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Figure 5.21: Comparison of the p-version of ncTVEM with PWVEM and UWVF/PWDG for us2 in (5.40) on a
regular Cartesian (left) and a Voronoi mesh (right) with 16 elements each. The legend is the same for both plots.

Here, for ncTVEM, one can observe the above-mentioned cliff effect, i.e. at some points the
accuracy increases without increase of the number of degrees of freedom. This is a side effect
of the orthogonalization-and-filtering process in Algorithm With this strategy, one can even
obtain in some situations a better accuracy in terms of the number of degrees of freedom than
with UWVF /PWDG. Especially for uy, ncTVEM and UWVF/PWDG outperform PWVEM.

hp-version: Finally, we also compare the hp-version of ncTVEM with UWVF/PWDG for the

experiment described above, namely, exact solution wug in (5.40]), wave numbers k& = 10, 20, and
40, and grading parameters p = 1/2 and p = 1/3. The associated error plot is Figure
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p-version for us(z,y), Cartesian mesh with 16 elements
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Figure 5.22: Comparison of the p-version of ncTVEM with PWVEM and UWVF/PWDG for us in (5.40) on a
regular Cartesian (left) and a Voronoi mesh (right) with 16 elements each. The legend is the same for both plots.
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Figure 5.23: hp—version of ncTVEM and UWVF/PWDG on the test case us in , by employing graded meshes
as those in Figure [5.18 with wave numbers k = 10, 20, and 40, and grading parameters p = 1/2 (left) and p = 1/3
(right). The dlstrlbutlon of the effective plane wave degree 1ndlces is as in - In both plots, the approximate
L? error is plotted against the quadratic root of the number of degrees of freedom. The legend is the same
for both plots.

We highlight that, for this test case, a much higher accuracy can be achieved for ncTVEM than
for UWVF/PWDG. Moreover, in particular for high wave numbers, the filtering process helps to
significantly reduce the number of degrees of freedom.

To conclude, we have seen that the orthogonalization-and-filtering procedure renders the method
highly competitive.
Remark 18. At this point, we underline that we also tested an elementwise orthogonalization-and-
filtering process in the spirit of Algorithm [2[ for UWVF/PWDG. More precisely, for every K €
Tn, starting from the L?(K) bulk plane wave mass matrix, we computed an eigendecomposition
similarly to , and then filtered out those orthogonalized basis functions that were associated
with eigenvalues close to zero, i.e. eigenvalues smaller than a parameter o. By using this strategy,
however, we could not observe any gain. In fact, for smaller o (~ le — 13), basis functions started
getting removed at a level where UWVFE/PWDG was already outperformed by ncTVEM. On the
other hand, for larger o (~ le — 10), the accuracy of the method got affected.
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5.5 Dispersion and dissipation properties

In this section, we investigate the dispersion and dissipation properties of ncTVEM and compare
them to PWVEM [159] and UWVFE/PWDG [71},[112]. As already mentioned in Chapter [I} nu-
merical dispersion describes the failure of a numerical method to reproduce the correct oscillating
behavior of the analytical solution. Thus, it represents, besides the discretization error, a pos-
sibility to measure deviations of a discrete solution from the corresponding continuous one in a
qualitative and quantitative way.

The general strategy for a dispersion analysis can be summarized in the following two steps:

1. Consider the discretization scheme of the numerical method applied to —Awu — k?u = 0 in R?
using infinite meshes which are invariant under a discrete group of translations. Due to
translation invariance, it is then possible to reduce the infinite mesh to a finite one.

2. Given a plane wave with wave number k traveling in a fixed direction, seek a so-called discrete
Bloch wave solution, which can be regarded as a generalization of the given continuous plane
wave based on the underlying approximating spaces, and determine for which (discrete) wave
number k,, this Bloch wave solution actually solves the discrete variational formulation. This
procedure leads to small nonlinear eigenvalue problems, which need to be solved.

Based on this strategy, in Section we introduce the abstract framework for the compu-
tation of dispersion and dissipation, apt for a later comparison of ncTVEM with PWVEM and
UWVF/PWDG. Then, in Section [5.5.2} we specify how ncTVEM, PWVEM, and UWVF/PWDG
are realized in this general setting. Finally, in Section[5.5.3] a series of numerical experiments gives
insight into the behavior of dispersion and dissipation for the different methods.

This section is the analogue of the study carried out in [111] for UWVF/PWDG.

5.5.1 Abstract dispersion analysis

Firstly, we fix the abstract setting for the dispersion analysis employing the notation of [110].

To this purpose, in order to remove possible dependencies of the dispersion on the boundary
conditions of the problem, we consider the homogeneous Helmholtz equation —Awu — k?u = 0 on
the unbounded domain Q = R2. Let 7, := {K} be a translation-invariant partition of  into
polygons with mesh size h := maxger, hi, where hg := diam(K), i.e. there exists a set of
elements K Tyeo- ,I/(\}, r € N, such that the whole infinite mesh can be covered in a non-overlapping
way by shifts of the “reference” patch K := U;Zl K. In other words, this assumption implies the
existence of translation vectors &;,&, € R?, such that every element K € T, can be written as a
linear combination with coefficients in Ny of one of the reference polygons K 0, £ =1,...,7. Some
examples for translation-invariant meshes are shown in Figure [7.3] Moreover, as above, we denote
by £X the set of edges belonging to K.

NN N

L K

(0,0) (1,0)

&

/NN /N A

Figure 5.24: Examples of translation-invariant meshes with the corresponding translation vectors §; and &:
regular Cartesian mesh, triangular mesh, and hexagonal mesh, from left to right.

Let now u(x) = e*d4* d € R? with |d| = 1, be a plane wave with wave number k and traveling
in direction d. We denote by V,, the global approximation space resulting from the discretization of

91



Chapter 5: Trefftz VEM for the Helmholtz problem: numerical aspects

the homogeneous Helmholtz equation using a Galerkin based numerical method, and by ]7n CVy
a minimal subspace generating V,, by translations with

€n =& +n2ks, n=(n1,n2) € Z° (5.45)
More precisely, depending on the structure of the method, ]7n is determined as follows.

1. Fdge-related basis functions: In this case, the space IA)n is the span of all basis functions
related to a minimal set of edges {771}{\:1) , A\ € N, such that all the other edges of the mesh
are obtained by translations with &,, of the form ([5.45)). This is exactly the case of ncTVEM.

2. Vertez-related basis functions: Similarly as above, ]A}n is the span of all basis functions related

to a minimal set of vertices {Vl}f‘:l) , M@ € N, such that all the other mesh vertices are
obtained by translations with &,, of the form (5.45)). Examples are FEM and PWVEM [159].

3. Element-related basis functions: Here, the space 17” is simply given as the span of all basis
functions related to a minimal set of elements {Ui}g\fl) , A® € N, such that all other ele-

ments of the mesh are obtained by a translation with a vector &,, of the form (5.45). One
representative of this category is UWVF/PWDG |[71}[112].

In the following, we will refer to these minimal sets of edges {n; }2'} , vertices {1;}2; , and elements

@ . .
{0}, as fundamental sets of edges, vertices, and elements, respectively.
As a direct consequence, every v, € V,, can be written as

va(x) = Y Tu(x—&,), T € V.

nez?

Next, we define the discrete Bloch wave with wave number k, and traveling in direction d by

un(x) = Z eik"d‘gnﬂn(x —£,.), (5.46)

n€eZz?

where @, € ﬁn, and k, € C with Re(k,) > 0. Note that, since u,, € ﬁn, the infinite sum in ([5.46)
is in fact finite. Furthermore, given d € R? with |d| = 1, the Bloch wave u,, in ([5.46) satisfies

un(x + EZ) = eik"dflun (X)7

for all £ € Z2. This property follows directly by using the definition of the Bloch wave:

Un(x+&p) = Z efndenly (x + €, — €,) = Z e*ndEaly (x — €, )
nez? nez?
= eiknd‘gl Z elknd&man (X - £m) = eiknd‘g’eun (X).

meZ?

Therefore, Bloch waves can be regarded as discrete counterparts, based on the approximation
spaces, of continuous plane waves.
We recall the definition of the global (continuous) sesquilinear form

ap(u,v) = Z ak (u,v) :== Z [/ Vu-de—k:z/ uvdm] Vu,v € HY(R?),  (5.47)
KeTn KeT, “K K
and we denote by ax,(-,-) the global discrete sesquilinear form defining the numerical method

under consideration. In Section ﬁn and ag (-, ) will be specified for ncTVEM, PWVEM,
and UWVF/PWDG, respectively.
Next, we define the discrete wave number k,, € C as follows.

Definition 5.5.1. Given k£ > 0 and d € R? with |d| = 1, the discrete wave number k,, € C is the
number with minimal |k — k,,|, for which a discrete Bloch wave u,, of the form is a solution
to the discrete problem R

ko (Un, Op) =0 VO, € V). (5.48)
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Due to the scaling invariance of the mesh, we can assume that h = 1. Notice that the wave
number k£ on a mesh with h = 1 corresponds to the wave number kg = h% on a mesh with mesh
size ho.

Having this, the general procedure in the dispersion analysis now consists in finding those
discrete wave numbers k, € C and coefficients u,, € V,, for which a Bloch wave solution of
the form satisfies , and to measure the deviation of k, from k afterwards. This
strategy results in solving small nonlinear eigenvalue problems. In fact, by plugging the Bloch
wave ansatz into and using the sesquilinearity of ay (-, -), we obtain

3 e agy (G (- — €,),00) =0 VB, € V. (5.49)

nez?

Let {Ys}5, C V. be a set of basis functions for the space V, that are related to fundamental
elements, vertices, or edges, depending on the method. Then, we can expand @, in terms of this

basis as _
Uy = E Ut Xt
t=1

Plugging this ansatz into (5.49)), testing with X, s = 1,..., =, and interchanging the sums (this
can be done since the infinite sum over n is in fact finite) yields

Zut ( Z eiknd.gnak,n(j(\t(' - 611)7555)) =0 Vs=1,...,E, (550)
t=1

nez?

which can be represented as

> Toy(kn)uy =0 VYs=1,...,E (5.51)
t=1
with _
Toalkn) = & Enap (R = €a), R). (5.52)
nez?

The matrix problem corresponding to (5.51)) has the form
T(ky,)u=0, (5.53)

where T : C — C=*E is defined via , and u = (uy,...,uz)’ € CE. We highlight that T is
a holomorphic map, and that is a small nonlinear eigenvalue problem, which can be solved
using e.g. an iterative method as done in [110], or a direct method based on a rational interpolation
procedure [178] or on a contour integral approach [16,(54]. For the numerical experiments presented
in Section we will make use of the latter, which we will denote by contour integral method
(CIM) in the sequel. We stress that, due to the use of plane wave related basis functions, deriving
an exact analytical solution to is not even be possible for the lowest-order case.

5.5.2 Minimal generating subspaces and sesquilinear forms

In this section, we specify the minimal generating subspaces 17”, the corresponding sets of basis
functions {Ys}5_;, and the sequilinear forms ay ,(-,-) for ncTVEM and PWVEM, and we recall
them from [110] for UWVE/PWDG. The basis functions for these three methods are edge-related,
vertex-related, and element-related, respectively. In Figures [5.2505.27] in Section [5.5.2] the stencils
related to the fundamental sets of edges, vertices, and elements are depicted for these three methods
and the meshes in Figure

Before doing that, we recall that, given {d;},_;, p = 2¢ + 1, ¢ € N, a set of equidistributed
plane wave directions, wy is the plane wave traveling along d; and PW,,(K) is the bulk plane wave
space related to an element K € T, see and , respectively.
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Nonconforming Trefftz virtual element method (ncTVEM)

We firstly specify the minimal generating subspace 177(11). To this purpose, we shortly recall the
construction of the method from Sections and Starting, on each edge e, from the set of
plane wave traces {w§},_;, see , we compute a set of L?(e) orthogonal functions {w§}Pe
using Algorithm [2| Defining then the space of filtered L?(e) orthogonalized plane wave traces by

PW(e) := span{a, £ € T.},
where J. := {1,...,Pc}, the local Trefftz VE space related to an element K € T, is introduced by
VI () = {vn € HY(K) | Avy + kv, =0 in K, 75(v,), € PW(e) Ve € SK} . (5.54)

with impedance trace ’yf( , see (4.13). The corresponding set of local degrees of freedom is given,
for any v, € V,(ll)(K), by

1 _
dofe,e(vn) = -— /unw; ds Vee&X, Vle 7.,

and the canonical basis functions {1/1(15 0)yeeer teg. C VT(LU(K) are defined via

1 if (e,0) = (&) . >
~ K _ o ) B} K r_
dof (Wel)) = e, @h = {0 otherwise veceEn ve o vt e o

Further, the global nonconforming Trefftz VE space Vr(Ll) is
VY = (v, € HY"(T,) 1 vy, € VIV(K) VK €T},

where H"¢(T,,) is the global nonconforming Sobolev space
HY(T,,) = {vn € H\(T,) : /[[vn]]N n°wfds =0 VYu®ePW(e), Ve € 5n} ,

with n® being a fixed unit normal vector to the edge e.

Let now {n; 5‘;11) be a fundamental set of edges. Then, the set of basis functions {5(\21)}35:1
spanning the minimal generating subspace %P is given by the union of the canonical basis functions
related to {n; ;\;11) More precisely, for s <+ (i,5), i € {1,..., A} and j € J,,, i.e. we identify s
with the edge index ¢ and the index j associated with the j-th orthogonalized plane wave basis
function on this edge as above,

20 =G

)
5= Y
where W, ;y is defined elementwise as follows. If K € 7, is an element abutting the edge 7;,

then W, P coincides with the local canonical basis function associated with the (global) edge n;
s

and the j—tht orthogonalized edge plane wave basis function; otherwise ¥(,, ;) is zero. Clearly,
- A
E =21 Do
Regarding the sesquilinear form aggl(, 1), it is given by ax n(+,-) in (4.30).
Plane wave virtual element method (PWVEM)

We shortly recall the structure of PWVEM introduced in [159], using the notation employed there.
To this purpose, given K € T, the lowest-order local VE space is defined as

VOK) = {v e HY(K) : v|gpk € C°(IK), v|. € Pi(e)Ve € EX, Av =0 in K}, (5.55)

where £¥ is the set of edges of K. We underline that \7,&0)(1( ) includes Py (K), the space of linear
polynomials over K, as a subspace. Moreover, it contains functions which cannot be written down
explicitly in closed form, justifying the term wvirtual in the name of the method.
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The space is endowed with the local set of degrees of freedom given by the point values
at the vertices VX, s =1,...,nk, of K, where nx denotes their number. Due to the unisolvency
of the degrees of freedom, a set of canonical basis functions {¢X }"X, can be defined by duality, i.e.
dE(VEY = 6,4, 7,5 = 1,...,nk, with § denoting the standard Kronecker delta. It can be easily
shown that these basis functions actually form a partition of unity.

The local VE space is given by the modulation of canonical basis functions with plane waves:

nKg P
VIIK) :=que H(K):v=>_ > afol ) aff € CH > PW,(K), (5.56)
r=1j=1

where Lp(KT’j) = oK ij . Note that the inclusion in is a direct consequence of the properties
of the canonical basis functions and is in fact essential for deriving best approximation estimates
needed in the error analysis of the method.

The global plane wave VE space is defined in terms of the local ones:

VO = {vn € CO(R?) : vy, € VO(K) VK € T}

Moreover, the global sesquilinear form is given by

ai}?’i(”’ﬂ? vn) = ak,h(un, Un) Vun, Un € Vf(lo), (557)

where agp(-,-) is defined in ([4.30) with the only modification that the computable projector I

in maps this time from Vi (K) into PW,(K). Similarly as for ncTVEM, conditions on the
stabilization terms are required. Additionally, in Section[5.5.3|below, the dispersion and dissipation
properties of the method will be studied numerically for different choice of stabilizations that work
fine in practice.

Given a fundamental set of vertices {Vi}g\:l) , the set of basis functions {;220)}521 C C9(R?) is
defined as follows. Let s <+ (i,7), with i € {1,...,A®} and j € {1,...,p}, i.e. we identify s with
the vertex index ¢ and the direction index j. Then,

A =R = Bw; € COR?), (5.58)

S

where we recall that w; is the plane wave traveling along the direction d;, and where ®,, is defined
elementwise as follows. If K € 7, is an element abutting the fundamental vertex v;, then (I)ui|K
coincides with the local canonical basis function in K which is associated with the (global) vertex
vi; otherwise @, is set to zero. Taking into account the definitions of the degrees of freedom
and of V,SO) (K) in , it can be easily seen that 9220) is in fact globally continuous with compact
support. Clearly, Z = \Op.

To conclude, for PWVEM, the minimal generating subspace 17720) of V7(10) is given as the span
of the basis functions (5.58), Z = A(9p, and the employed sesquilinear form is a,(le(~, ) in .

Ultra weak variational formulation (UWVF) / Plane wave discontinuous Galerkin
method (PWDG)

For UWVF /PWDG, we refer to [110], where a complete dispersion analysis was carried out. Never-
theless, for the sake of completeness, we shortly recall here the definitions of the minimal generating
subspace and the sesquilinear form adapted to our setting.

The global approximation space Vﬁf) is given by
VP = {v, € L*(R?) : vy, € PW,(K) VK € T,}.

Moreover, the global sesquilinear form aﬁl(, -) is defined by

a,(jzl(un, Up) = Z akK(un,vn) — /}_ [ul v - {Vnv}ds— 54:/]_- [Voun]n - [Vavn] N ds
Ke€Tn " " (5.59)
— / {Voiun} - [on]nds + ika/ [un]n - [Un]n ds,  Vu,, v, € VT(LQ),
Fn Fn
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where akK(~, 1) is given in (5.47)), F,, is the mesh skeleton, a, 8 > 0 are the flux parameters, V,, is
the broken gradient, [-]n is the standard trace jump as defined in (3.8)), and, for a given edge e,
denoting by K~ and K its adjacent elements,

1
{Vau} = B (VU,L|K+ + VuMK_)

is the trace average.

Let now {ai}f‘:f be a fundamental set of elements. Then, the basis functions {)?9}5521 are
given by {w?'},_1 i@ j=1..p, Where s <> (i,7), i.e. s is identified with the element index i and
the plane wave direction index j, and & = A®)p. As mentioned above, the minimal generating
subspace VP c v is simply the span of the basis functions {5{&2)}5521, and the sesquilinear form

a,(f)b(-, -) is given in (5.59).

Overview of the stencils generating the minimal subspaces

In Figures [5.25 we illustrate the stencils of the basis functions for ncTVEM, PWVEM, and
UWVF /PWDG, employing the meshes made of squares, triangles, and hexagons, respectively,
depicted in Figure The fundamental sets of edges, vertices, and elements are displayed in
dark-blue, and the translation vectors &; and &, in red. Furthermore, the supports of the basis
functions spanning the minimal generating subspaces are colored in light-blue for ncTVEM and
PWVEM. Due to the locality of the basis functions, only those associated with the edges, vertices,
and elements displayed in dark-blue and dark-yellow contribute to the sum . Integration
only has to be performed over the elements K¢ and the adjacent edges.

N N ||
|l_ e L

N>
0,0) —> 0.0 (10)

Kt | K?
[ T 1 1

Figure 5.25: Stencils of the basis functions related to the fundamental sets of edges (ncTVEM), vertices (PWVEM),
and elements (UWVF/PWDG), respectively, from left to right, when employing the meshes made of squares in

Figure

& \<
K3 f]z KZ

(0,0) —> (1,0)

(1,0)

/\ ANEAY

Figure 5.26: Stencils of the basis functions related to the fundamental sets of edges (ncTVEM), vertices (PWVEM),
and elements (UWVFEF/PWDG), respectively, from left to right, when employing the meshes made of triangles in

Figure
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Figure 5.27: Stencils of the basis functions related to the fundamental sets of edges (ncTVEM), vertices (PWVEM),
and elements (UWVF/PWDG), respectively, from left to right, when employing the meshes made of hexagons in

Figure

5.5.3 Numerical results

In this section, after fixing some parameters for the different methods and specifying the quantities
to be compared, we present a series of numerical experiments using the meshes portrayed in Fig-
ure[5.24] Firstly, we investigate the qualitative behavior of dispersion and dissipation depending on
the Bloch wave angle 6 in Definition Then, we compare the dispersion and dissipation errors
against the effective plane wave degree ¢ and against the dimensions of the minimal generating
subspaces. Finally, the dependence of the errors on the wave number is studied.

Choice of the stabilizations in ncTVEM and PWVEM, and the parameters in PWDG.
For ncTVEM, we take the modified D-recipe stabilization in . Furthermore, for PWVEM, we
employ the stabilization suggested in [159]. More precisely, analogously as for ncTVEM, see ,
for PWVEM, the stabilization can be written locally, i.e. on each K € 7,, in matrix form as

—T
T —m) s€ (I - m"),

where TT® is the matrix representation of the composition of the embedding of PW,(K) into

V;LO) (K), after Hff . The matrix S¥ is a suitable approximation of the matrix with entries given by

[(r,4), (,0)] = /K (VSD(I;]') : VQP{;@ - k2@{i,]‘)@{;z)) da.
By using the notation of ([5.56|), we compute

VLP(KT,J') : V@(Ig,g) - kz@g,j)@g’@ (V¢K V¢K)w we +ik(d,; - Vﬁbf)@{(wf@

____ (5.60)
— ik(dg - VoI )oK wlwl + k*(d; - dp — 1)K pEwlwf.

Then, due to scaling considerations, the last three terms on the right-hand side are neglected, and

the first one is simplified obtaining

1)
K T,8 K kK
S(s.0.ri) = h%{/ wj wg da, (5.61)

where 9§ is the usual Kronecker delta.

We highlight that, by taking the analogue of for PWVEM, one does not recover numeri-
cally the expected theoretical rate of convergence of the method. On the other hand, cannot
be directly used in ncTVEM due to the fact that plane wave directions are filtered out on each
edge, but are not removed in the bulk, which would lead to dimensional inconsistencies.

Finally, for PWDG, we use the choice of the flux parameters of the ultra weak variational
formulation (UWVF), i.e. a =6 =1/2.
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Numerical quantities. Given a wave number k£ > 0 and letting k,, be the discrete wave number
in Definition we will study the following quantities:

o dispersion error |Re(k — ky)|, which describes the difference of the propagation velocities of
the continuous and discrete plane wave solutions;

o dissipation error |Im(k,)| = |Im(k — k,,)|, which represents the difference of the amplitudes
(damping) of the continuous and discrete plane wave solutions;

e total error |k — ky|, which measures the total deviation of the continuous and discrete wave
numbers.

Dependence of dispersion and dissipation on the Bloch wave angle 6

Here, we study dispersion and dissipation of the different methods in dependence on the angle 8 of
the direction d in the definition of the Bloch wave in . Importantly, we are here interested in a
qualitative comparison of the methods, rather than a quantitative one, which should be performed
in terms of the dimensions of the minimal generating subspaces instead of the effective degrees,
and which is discussed below.

To this purpose, in Figures the numerical quantities |Re(k — k)| and |Im(k,)| are
plotted against 6 for the meshes made of squares, triangles, and hexagons, respectively, shown in
Figure We took k = 3 and ¢ = 7 for all those types of meshes (Figures left).
Moreover, for k = 10, we chose ¢ = 10 for the squares (Figure right) and the triangles
(Figure right), and ¢ = 13 for the hexagons (Figure right). We remark that the latter
choice for ¢ on the meshes made of hexagons is purely for demonstration purposes, in order to
obtain a reasonable range for the errors, where one can see the behavior more clearly. Moreover,
we recall that the wave number k here (mesh size h = 1) corresponds to the wave number kg = ,f—o
on a mesh with mesh size hg.

Squares; k=3, q=7 Squares; k=10, q=10

10° 10°

PWVEM ncTVEM PWDG
[Re(kk,) ——

YN OO

10710

1015} 10715 i

10720 L L L L L L L L L L L L
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
polar angle 6 polar angle 6

Figure 5.28: Dispersive and dissipative behavior of ncTVEM, PWVEM, and UWVF/PWDG in dependence on
the polar angle 6 of the Bloch wave direction d in (5.46]) on the meshes made of squares in Figure[5.24] with k£ =3
and ¢ =7 (left), and k = 10 and ¢ = 10 (right).

We notice that dispersion and dissipation are zero, up to machine precision, for choices of the
Bloch wave direction d in coinciding with one of the plane wave directions {d;}}_, (here
we always took equidistributed directions d;, where d; = (1,0)). This follows directly from the
fact that, in this case, the Bloch wave satisfying coincides with the corresponding plane
wave traveling along the direction d. Moreover, we observe that, for ncTVEM and PWVEM,
the dispersion error dominates the dissipation error, whereas, for UWVF/PWDG, dissipation
dominates dispersion. Furthermore, the dissipation [Im(k,)| is basically zero for PWVEM.

Remark 19. We highlight that, in the case of VEM, the dissipation and dispersion behavior also
hinges upon the choice of stabilization. To this purpose, for PWVEM, we compare the results
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Triangles; k=3, q=7 Triangles; k=10, q=10

10°
105 1 § 10
10710

10710

10-15 :.-‘u DI 10-15

1020 . . . . . . 10720 . . .
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 25 3

polar angle 0 polar angle

Figure 5.29: Dispersive and dissipative behavior of ncTVEM, PWVEM, and UWVF/PWDG in dependence on
the polar angle 6 of the Bloch wave direction d in (5.46)) on the meshes made of triangles in Figure|5.24] with k = 3
and ¢ = 7 (left), and k = 10 and ¢ = 1 (right). The color legend is the same as in Figure

Hexagons; k=3, q=7 Hexagons; k=10, q=13

100 100

10°°

10°°

10710 10710

10715 ke, g, 1015

1020 . . . . . . 1020 . . .
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 25 3

polar angle 60 polar angle 6

Figure 5.30: Dispersive and dissipative behavior of ncTVEM, PWVEM, and UWVF/PWDG in dependence on
the polar angle 6 of the Bloch wave direction d in (5.46]) on the meshes made of hexagons in Figure with k =3
and ¢ =7 (left), and k = 10 and ¢ = 13 (right). The color legend is the same as in Figure

obtained when employing the standard stabilization in with two alternative stabilizations
that also lead to the correct convergence behavior for the discretization error in practice. More
precisely, let HZ K 17,@(]( ) = Py(K) C %LO)(K ) be the projector onto polynomials of degree at
most one, defined by

S VIR v,) - Vprde = [, Vo, - Vprdz  Vp; € Py(K)
n K n
i Zif1(HZi v)(VE) = i e vn (V)
for all v, € 177(10)(1{), where VX i =1,... ng, are the vertices of K; see . We consider
e standard, which is the stabilization defined in (5.61);

e stab 1, which is the stabilization one gets by replacing ¢X and ¢X on the right-hand side
of (5.60]) with HZ’quSff and HZ’quSf , respectively;

e stab 2, the resulting stabilization after substituting the right-hand side of (5.60) by
brs [V 0K - VL oK) wf wf + k2(d; - de = (I o) (I 0Kyl wf |
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In Figure we plot the dispersion error |Re(k — k)| for the three stabilizations, £ = 3 and
q = 6, on the meshes made of squares and triangles. The dissipation is zero, up to machine
precision, in all cases and is thus not shown. One can observe a different behavior between stab 1
and the other stabilizations.

Squares; k=3, q=6 Triangles; k=3, q=6
/-—.\‘ '/,—.\ ',-s\ RN ',—-u\ ',-'-~\ ',—
107, \f‘,’[\/ \%/ \W/ ‘r 105t B |
' y 4 H Dl TS, Rl o= - - -
= =
X X
< <
i 10-10 i i 1010
— standard
stab1
10715 F |===stab2 1 10715 F
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
polar angle 6 polar angle 6

Figure 5.31: Dispersion error for PWVEM with different stabilizations in dependence on the polar angle 6 of the
Bloch wave direction d in (5.46) for fixed k = 3 and ¢ = 6, on the meshes made of squares (left) and triangles

(right) in Figure

Exponential convergence of the dispersion error against the effective degree ¢

Here, we investigate the dependence of dispersion and dissipation on the effective plane wave de-
gree g (namely, p = 2¢+ 1 bulk plane waves). For fixed wave number k, we will observe exponential
convergence of the total error for increasing ¢, as already seen in [110] for UWVF/PWDG. This
result is not unexpected since also the p-versions for the discretization errors have exponential
convergence, provided that the exact analytical solution is smooth; see [118] for UWVF/PWDG,
and the numerical experiments in [159] and in Section for PWVEM and ncTVEM, respec-
tively. Moreover, we will make a comparison of these methods in terms of the total error versus
the dimensions of the minimal generating subspaces.

To this purpose, we consider the following range for the wave number: k € {2,3,4,5}. We
recall again that k here corresponds in fact to kg = % on a mesh with mesh size hyg.

Dispersion and dissipation vs. effective degree ¢q. In Figures the relative dis-
persion error |Re(k — k,,)|/k and the relative damping error |Im(k,)|/k are displayed against g,
for the meshes made of squares, triangles, and hexagons, respectively. The maxima of the rela-
tive dispersion and the relative dissipation, respectively, are taken over a large set of Bloch wave
directions d. One can observe, after some preasymptotic regime, exponential convergence of the
dispersion error for all methods, and of the dissipation error for UWVF/PWDG. Apart from some
instabilities, the dissipation is close to machine precision for PWVEM. Furthermore, the dispersion
error is consistently smaller for UWVF/PWDG than for PWVEM and ncTVEM.

Dispersion and dissipation vs. dimensions of minimal generating subspaces. From a
computational point of view, it is also important to consider a comparison of the dispersion errors
in terms of the dimensions of the minimal generating subspaces (density of the degrees of freedom).
We directly compare the relative total errors |k, — k|/k, thus measuring the total deviation of the
discrete wave number from the continuous one. As above, the maxima over a large set of Bloch
wave directions are taken. In Figure those errors are displayed for the meshes in Figure
For ncTVEM, we can recognize the cliff effect, meaning that, at some point, the dispersion error
decreases without increase of the dimension of the minimal generating subspace. Moreover, one
can observe a direct correlation between the density of the degrees of freedom, which depends on
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Figure 5.32: Relative dispersion (left) and relative dissipation (right) for the different methods in dependence
on the effective degree ¢ and the wave numbers k = 2,...,5 on the meshes made of squares in Figure The
maxima over a large set of Bloch wave directions d are taken.
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Figure 5.33: Relative dispersion (left) and relative dissipation (right) for the different methods in dependence
on the effective degree ¢ and the wave numbers k = 2,...,5 on the meshes made of triangles in Figure [5.24] The
maxima over a large set of Bloch wave directions d are taken. The color legend is the same as in Figure

the shape of the meshes, see Figures 5.27, and the dispersion error plots (larger cardinalities
of the fundamental sets lead to larger dispersion errors; as mentioned above, for ncTVEM, the
filtering process leads to dimensionality reductions).

Comparison with standard FEM. Here, we highlight the advantages of using full Trefftz
methods (ncTVEM, UWVF/PWDG) or methods that make use of Trefftz functions (PWVEM)
in comparison to standard polynomial based methods, such as FEM, whose dispersion properties
were studied in e.g. [4[24,[86,[125]. We focus for simplicity on the meshes made of squares in
Figure since, in this case, the basis functions in FEM have a tensor product structure and an
explicit dispersion relation can be derived Theorem 3.1]:

cos(k,) = Ry(k), (5.62)

where, denoting by [/].cot. and [-/-].tan. the Padé approximants to the functions zcotz and
z tan z, respectively,

[2N0/2N0 - 2]zcotz - [QNe + 2/2Ne]ztanz
[2N0/2N0 - 2]zcotz + [2Ne + 2/2Ne]ztanz’

R,(22) ==
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Figure 5.34: Relative dispersion (left) and relative dissipation (right) for the different methods in dependence
on the effective degree g and the wave numbers k = 2,...,5 on the meshes made of hexagons in Figure [5.24] The
maxima over a large set of Bloch wave directions d are taken. The color legend is the same as in Figure

with Ny := [(¢+ 1)/2] and N, := |¢/2]. From (5.62)), one can see that only dispersion plays a
role in FEM. In Figure we display the relative total dispersion errors against the effective
degree ¢ (left) and against the dimensions of the minimal generating subspaces (right) for fixed
k = 3. Similar results are obtained for other values of k£ and are not shown. One can clearly
notice that the dispersion error for FEM is lower than for the other methods, when comparing it
in terms of ¢, but higher, when comparing it in terms of the dimensions of the minimal generating
subspaces.

Algebraic convergence of the dispersion error against the wave number £

We study the dispersion and dissipation properties of the three methods with respect to the wave
number k. Due to the fact that A = 1, and k is related to the wave number ky on a mesh with
mesh size hg by k = kh = kghg, the limit £ — 0 corresponds in fact to an h-version with hyg — 0
for fixed ko. We will observe algebraic convergence of the total dispersion error in terms of k. This
mimics the algebraic convergence of the discretization error in the h-version, proven in , in
Section and in , for PWVEM, ncTVEM, and UWVF/PWDG, respectively.

For the numerical experiments, we fix the effective degrees ¢ = 3,5,7. We employ once again
the meshes made of squares and triangles in Figure[5.24] Similar results have been obtained on the
mesh made of hexagons. In Figure the relative total errors |k — k,,|/k determined over a large
set of Bloch wave directions d are depicted against k. Algebraic convergence can be observed.
Furthermore, larger values of ¢ lead to smaller errors. The peaks occurring in the convergence
regions of PWVEM and ncTVEM could be related to the presence of Neumann eigenvalues, and
Dirichlet and Neumann eigenvalues, that have to be excluded in the construction of ncTVEM and
PWVEM, respectively, in order to have a well-posed variational formulation, see Sections [£.1.2]
and for ncTVEM, and for PWVEM. Moreover, the oscillations for larger and smaller
values of k are related to the pre-asymptotic regime and the instability regime, which are typical
of wave based methods.

In Table we list some relative total errors for different values of k. They indicate a conver-
gence behavior of

axc [E ol
|K|

where 7 € [2¢ — 1,2¢]. This was already observed in [110] for UWVF/PWDG .

O™, k—0, (5.63)
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Figure 5.35: Relative total dispersion error in dependence on the dimensions of the minimal generating subspaces
for different values of k on the meshes in Figure @

squares triangles

method A yk_kkn{ 2 [k—kkn| ate | & {k—kkn[ 2 2 |k—kkn| rate
o | PWVEM || 2 | 1.50e-03 | 0.3 | 4.59¢-08 | 5.48 2 | 2.71e-04 | 0.3 | 3.42e-09 | 5.95
I { ncTVEM || 2 | 9.04e-03 | 0.3 | 3.69¢-07 | 5.33 2 | 1.07e-03 | 0.3 | 4.09e-08 | 5.36
< T PWDG 2 | 1.71e-03 | 0.3 | 1.04e-07 | 5.11 2 | 3.87e-04 | 0.3 | 3.04e-08 | 4.98
v | PWVEM || 2 | 3.68e-06 | 0.8 | 5.09e-10 | 9.70 3| 2.17e-05 | 2 | 4.54e-07 | 9.53
I | ncTVEM || 2 | 6.48¢-06 | 0.8 | 1.21e-09 | 9.37 3| 5.91e-06 | 2 1.47e-07 | 9.11
< [T PWDG 2 | 4.56e-07 | 0.8 | 1.47e-10 | 8.77 3 | 7.75e-07 | 2 1.97e-08 | 9.06
~ | PWVEM || 4 | 1.55e-05 | 2 | 2.23e-09 | 12.76 || 6 | 7.79e-05 | 4 | 5.57e-07 | 12.19
' | ncTVEM || 4 | 5.93e-06 | 2 | 6.54e-10 | 13.15 || 6 | 6.01e-06 | 4 | 3.39e-08 | 12.77
< [T PWDG 41 2.92e-07 | 2 | 2.33e-11 | 13.62 || 6 | 7.10e-07 | 4 | 2.76e-09 | 13.69

Table 5.5: Rates of the relative total error for &k — 0.

Remark 20. Clearly, similarly as above, dispersion and dissipation can be investigated again sepa-
rately from each other. Here, we only show the results, depicted in Figure [5.38] for fixed ¢ = 5 and
varying k on the meshes made of squares. As already observed, one can deduce that ncTVEM and
PWVEM are dispersion-dominated, whereas dissipation plays a major role for UWVF/PWDG.

The results of this section can be summarized as follows:
e Dispersion and dissipation hinge upon the choice of the Bloch wave direction.

e There is a link between dispersion and dissipation, and the level of conformity. Whereas the
dissipation error is zero (up to machine precision) in the convergence regime for conforming
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Figure 5.36: Comparison of the relative total errors for ncTVEM, PWVEM, UWVF/PWDG, and the standard
polynomial based FEM on a mesh made of squares as in Figure for fixed wave number k£ = 3, in dependence

on the effective/polynomial degree g (left) and the dimension of the minimal generating subspaces (right). The
maxima over a large set of Bloch wave directions d are taken.
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Figure 5.37: Relative total dispersion in dependence on the wave number k for fixed effective degrees ¢ = 3,5, 7.

The maxima over a large set of Bloch wave directions d are taken. As meshes, those made of squares (left) and
triangles (right) in Figure are employed.

methods, such as PWVEM and FEM, it is much larger and even dominates the dispersion
error for the fully discontinuous UWVFEF/PWDG. For ncTVEM, dispersion dominates dissi-

pation, and the dissipation error is in general not zero, but is in most cases lower than for
UWVF/PWDG.

e The dispersion error depends on the choice of stabilization.

e We observed for all methods exponential convergence of the relative total error with respect
to the effective plane wave degree ¢, for ¢ — oo.

e Moreover, the dispersion error is consistently smaller for UWVFEF/PWDG than for PWVEM
and ncTVEM, when measured in terms of ¢, however, when compared to the dimensions of

the minimal generating subspaces, the results depend on the element geometry, and thus on
the density of the degrees of freedom.

e Concerning the comparison of the total error with respect to the wave number k, as k — 0,
algebraic convergence was observed. There, larger values of ¢ lead to smaller errors.
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Figure 5.38: Relative dispersion (left) and relative dissipation (right) in dependence on the wave number k for
fixed ¢ = 5 on the meshes made of squares in Figure The maxima over a large set of Bloch wave directions d
are taken.

e Finally, the comparison with the standard polynomial based FEM highlighted the advantages
of employing Trefftz based methods, such as ncTVEM and UWVF/PWDG, or methods that
make use of Trefftz functions, like PWVEM, over standard polynomial based methods.
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Chapter 6

Trefftz virtual element method for
the fluid-fluid interface problem

In this chapter, we extend the nonconforming Trefftz VEM introduced in Chapters [4] and [5] to the
case of the fluid-fluid interface problem, that is, a Helmholtz problem with piecewise constant wave
number. More precisely, given a polygonal domain £ C R?, a piecewise (real-valued) constant wave
number ¢ € L>®(), and g € H*%(aﬁ), we aim to approximate the solution to the problem

—Au—u=0 inQ
(6.1)

Vu-ng+itu =g on 09,

where we recall that ng denotes the unit normal vector on 02 pointing outside 2. With respect
to the original approach, we address two additional issues: firstly, we define the coupling of local
approximation spaces with piecewise constant wave numbers; secondly, we enrich such local spaces
with special functions capturing the physical behavior of the solution to the target problem in the
spirit of [141] and [170] for PWDG and the discontinuous enrichment method, respectively. We
will see that this can be done in a natural fashion by simply supplementing the edge spaces with
the corresponding traces of the functions and then applying Algorithm [2] to eliminate redundant
basis functions and mitigate the strong ill-conditioning.

The outline of this chapter is as follows. After giving a more detailed description of the model
problem in Section we design a corresponding nonconforming Trefftz VEM in Section
Finally, in Section numerical aspects are discussed and numerical results are presented.

The material of this chapter has been published in [146].

6.1 The fluid-fluid interface problem

In this section, we give a closer look at the model problem to be considered. Starting from (6.1]),
the corresponding weak formulation reads

find u € V := H*(Q) such that (6.2)

be(u,v) = F(v) Yv eV, )
where the sesquilinear form bg(+,-) is given by

be(u,v) = ae(u,v) + i(tu, v)g 00 (6.3)

with
ag(u,v) ::/Vu-de—/Ezuﬁdx,
Q Q

and the right-hand side is defined as
F):= / guds. (6.4)
o9
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Well-posedness of the problem can be proven as in e.g. |[115, Theorem 2.4].

For the sake of simplicity, we will assume in the following that the domain Q = (—1,1)? is split
into two parts ; := (=1,1) x (=1,0) and Q5 := (—1,1) x (0,1), and that the wave number ¢ is
piecewise constant over (2 and l3; more precisely, we set k; := €, = n;k, i = 1,2, where k € R,
and ny, no € R with ny > ny are the so-called refraction indices. The more general situation with
multiple refraction indices and subdomains is a straightforward modification of this case.

Denoting by I' := 921 N 922 this time the interface between the two subdomains with fixed
unit normal vector nr, problem can be reformulated as the transmission problem

find u; € H'(), i = 1,2, such that

—Au; — k?u; =0 inQ;, i=1,2
Vu; -nq, +ikiu; =g on O \T, i=1,2 (6.5)
U = u2 onTI

Vuy-npr =Vus-np onT.

This model goes under the name of fluid-fluid interface problem. From a physical standpoint,
it describes the propagation of waves through a domain split into two subdomains containing
different fluids (e.g. water-air). Typically, some reflection/transmission phenomenon occurs at the
interface I'. For instance, assuming that there is an incoming traveling plane wave in ; with
incident angle 6;,. formed by the direction of the incoming wave with the interface I', the model
describes the propagation of such wave from ; to 2. Depending on the angle 6;,., a different
behaviour may occur in €7 and €.
In order to describe the two possible outcomes, we introduce the so-called critical angle

n

O it := cos™ ! <2> ) (6.6)
ny

If ine > Ocrit, the incoming wave is partially refracted at T' with angle 6z (same measure as 6iy.)

and transmitted in o with transmission angle 1, computed by means of Snell’s law

11 co8(Bine) = no cos(Or).

Otherwise, if €inc < Oerit, the incoming wave is totally refracted (with angle g, having again the
same measure as 6i,¢); however, in the subdomain Q5 some evanescent modes, decaying exponen-
tially with increasing distance from the interface I', appear. This phenomenon is known in the
literature as total internal reflection. In Figure [6.1] the two different situations depending on the
choice of 8, are depicted. A couple of explicit solutions to the problem in the transmission
and the total internal reflection cases, respectively, are described in Section [6.3.2

QQ Q2

evanescent modes

Ql Ql

Figure 6.1: Left: 0inc > Ocrit. The incoming wave is partially refracted at I and partially transmitted in form of a
plane wave with direction given by the angle O in Q9. Right: Oinc < Ocrit- The incoming wave is totally refracted;
only evanescent modes appear in Q2. Legend: the directions of the incident, the reflected, and the transmitted plane
waves are straight red, dashed blue, and , respectively. The critical angle 0.,i; is depicted in grey.
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6.2 Nonconforming Trefftz virtual element methods

Let 7, be a conforming mesh with respect to the interface ', i.e. T, = 7,} UT,2, where 7,! and T2
are regular polygonal decompositions of 2; and €5 in the sense of Section In particular, we
do not consider here the case of elements cut by I and of elements on which £ may vary. However,
hanging nodes are allowed. The case of meshes that are not conforming with respect to the interface
is discussed in Section

Having this, our goal is to design a Trefftz VEM of the following structure:

{ﬁnd up € VhA+E2 such that 6.7)

2
bg,h(uh,vh) = Fh(Uh) Vvh S VhAJrE y

2 2
where VhA‘IrE is a finite dimensional space, be (-, ) : [VhAH ]> = C is a computable sesquilinear

form mimicking its continuous counterpart be(-,-) defined in (6.3), and Fy(:) : VhA+E2 —+Cisa
computable functional mimicking its continuous counterpart F(-) in (6.4).

The remainder of the section is organized as follows. After defining spaces of planes waves
and evanescent waves in Section [6.2.1] we pinpoint the local and global nonconforming Trefftz
VE spaces, together with a set of unisolvent degrees of freedom, in Section Next, in Sec-
tion we introduce a couple of local (bulk and edge) projectors from local VE spaces into
proper (plane/evanescent) wave spaces. Such operators, in addition to proper suitable stabiliza-
tions, are instrumental for the construction of the discrete sesquilinear form bg (-, -) and right-hand

side Fy(+) in (6.7), which is the topic of Section

6.2.1 Plane waves and evanescent waves

In this section, we introduce spaces of plane waves and evanescent waves over elements and edges.

We firstly focus on the bulk spaces, namely plane wave based spaces over the elements in €,
and spaces based on both plane waves and evanescent waves over the elements contained in 25. The
choice for the latter spaces is inspired by [141,/170], where evanescent waves were added as special
functions to the standard plane wave and Bessel spaces, respectively, to capture the evanescent
modes occurring in specific situations described in Section [6.1] We anticipate that variants of such
spaces are possible and will be discussed in Section [6.3

To start with, given K € 7,! and a bunch of equidistributed normalized directions {df }?;,
pK =2¢K +1, ¢ € N, we denote, analogously to (4.6, by

ik df - (x—xxk)

1),K
wé ) (x) i= I (6.8)
the bulk plane wave with wave number k; and traveling along the directions df . The bulk plane

wave space over K is
]P’Wz()llz (K) := span {wél)’K [6=1,... ,pK} . (6.9)

Note that we allow here for elementwise different numbers of plane waves; this notation is partic-
ularly suitable for developing an hp-version of the method in the spirit of Remark For more
details, we refer to Section [6.3.2

Next, for all K € 7,2, we define the bulk plane wave space ]P’WI()QIQ (K) as the span of the plane
waves wéQ)’K7 defined analogously to wél)’K in 7 but with wave number ko instead of k.
Following [141,170], we introduce a set of p% = 2¢%, & € Ny, evanescent waves, for all K € 7,2.

To this purpose, we firstly consider the set of equidistributed angles

! ~
EW X ~K
92 74?]1" 190r1t Vf—l’,q )

where we recall that the critical angle 6., is computed as in . Then, the evanescent waves

over K are defined, for all j = 1,...,¢%, as

wEV,K(X) — eikag(x—xm

! (6.10)

|k

108



Chapter 6: Trefftz VEM for the fluid-fluid interface problem

~K
where k is the real number with £y = nik and ko = nok, and d%' € R x C is given by

(—nl cos (H[Eg) ,i\/n% cos (9?;’)2 — n%) if j odd

2
<n1 cos <0EW) 71\/ 2 cos (9];;W) _ n%) if j even.
2 2

Q)
Nl N

(6.11)

Remark 21. Note that, similarly as above, the assumption of having sets of equidistributed direc-
tions and angles in the construction of the plane and evanescent wave spaces, respectively, is made
for the sake of simplicity and could be relaxed in principle, without jeopardizing the approximation
properties of the space of interest.

As one can notice from and , the structure of an evanescent wave is similar to
that of a plane wave; the difference is that the direction vector is complex-valued in the former
case, whereas it is real-valued in the latter. As discussed and numerically proven in ,
the evanescent waves are better suited than plane waves to capture the exponential decay of the
evanescent modes appearing in the fluid-fluid interface problem for specific incident angles 6;.,
and therefore they could be added to the approximation space associated with the domain Q5 to
improve the performance of the method.

We point out that the evanescent waves given by satisfy the homogeneous Helmholtz
problem in 5. In Figure we plot the real and imaginary part of the evanescent wave with
parameters k = 5, ny = 2 and ny = 1 (critical angle 0.5 = 60°), and xx = (0,0).

Real part of wy "X

Tmaginary part of w”""*

Figure 6.2: Real and imaginary parts of the first evanescent wave for k =5, n1 =2, no = 1, and xx = (0,0).

Finally, we define the space of evanescent waves over K € T, by

EWsx (K) := span{w]EV’K |j= 1,-~-’27K}7

and the space of plane waves and evanescent waves by

B e (K) o= PWE () U EWe (K). (6.12)

In the following, we shall also need spaces of traces of plane waves and evanescent waves over
edges. To this purpose, we firstly need to fix some additional notation. We write £}f and £L5
for the sets of interior edges in 7,!, and boundary edges in 7,! not belonging to I', respectively.
Similarly, we introduce the sets €21 and €25 for 7,2. The symbol . denotes the set of edges
of T,, on I'. Finally, we define &L := M U g2 €8 .=l ByE2B and &, :=ELuEB U EL.
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For all edges e € &,, we set

PW.(K) ifec&lBNEX
ifec & NEX NEXT with
le’ Kt K- eT!, K- #K*
ifec E2BNEX
ifec &2 NEX NEXT with
KT K e€T? K #K"
ifec €8 NEX NEX with
K eT! Kt eT2

e’
PWO)_(K) UPWY), (k)
p |e p
. I@V@) K
— J PWpre pre (K, (6.13)
—(2) _ ——(2)
PWpKf pE™ (K )\e @] PWPK+aﬁK+ (KJ'_)‘S

1 _ ——(2)
IPW;;_(K ) UPW ket gt (K,

le

denoting by p. the dimension of the space ﬁ/wpe (e).

In words, we consider spaces of traces of plane waves with wave number k; on all edges in
ELTYELB spaces of traces of plane waves with wave number ks and evanescent waves on all edges
in £21 U 2B and, at the interface I', we consider traces of plane waves with the two different
wave numbers k1 and ko and evanescent waves. The definition will be instrumental to build
suitable nonconforming Sobolev spaces.

—(2
Remark 22. Whilst the dimensions of the bulk plane wave spaces IP’W;Q (K) and PW;;J;K (K)

are given by p® and pX + p¥, respectively, those of the spaces ﬁwpe (e) are in general smaller
than or equal to the sum of the dimensions of the bulk spaces of the adjacent polygons. In fact,
the restriction of two different plane waves onto a given edge could generate a 1D space only,
see Figure On the other hand, whenever the restrictions of two plane waves with different
directions and wave numbers on a given edge are “close”, numerical instabilities may occur, see
also Section In order to avoid this situation, we will employ the edgewise orthogonalization-
and-filtering process introduced in Algorithm

6.2.2 Nonconforming Trefftz virtual element spaces

Our aim here is to introduce local Trefftz VE spaces tailored for the fluid-fluid interface prob-
lem (6.2]), and subsequently to patch them into a global space in a nonconforming fashion. To this

end, we specify VhAHZ in .

For every K € T,}, let qx € N be a fixed effective plane wave degree (namely, 25 + 1 plane
waves). Similarly, for all K € T2, let qx + i be the total effective degree, where qx € N and
gk € Ny are the effective plane wave (namely, 2¢x + 1 plane waves) and effective evanescent
wave (namely, 2¢x evanescent waves) degrees, respectively. Moreover, to the set of edges &, we

associate a vector pg, € Neard(€n) whose j-th entry represents the dimension of the space vae (e)
defined in (6.13)) on the j-th global edge e.

Local Trefftz VE spaces. Given K € 7T,, we define the local Trefftz VE space
VATE(K) = {v, € HY(K) | Avp+E0;, = 0 in K, (Vop-ng+itvy),. € PW,_(e) Ve € X}, (6.14)

where we recall that the edge spaces IP”Y\XJWPS(B) are defined in ((6.13]).

We point out that, for every element K € 7!, the space yA+e (K) contains ]P’WZ()Q (K), the
space of pxg = 2qx + 1 plane waves with wave number k; defined in ; besides, it contains
additional functions that are not known in closed form (whence virtual functions) and that are
locally Trefftz with impedance traces in the space ﬁ)vpe (e), for all edges e € EX.

On the other hand, the local spaces over the elements K € 7,2 are designed in such a way
that they contain m;ﬁz,ﬁK(K ), the space of px = 2gx + 1 plane waves with wave number ks

and p¥ = 2¢x evanescent waves defined in (6.12)); again, there are additional functions unknown
in closed form inside (which however have impedance traces in the space of traces of plane and
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evanescent waves). Such additional functions will be instrumental for building nonconforming
global spaces, as descril;ed below.
Associated to VAT (K), we consider the following set of linear functionals. For all e € £X

1 __
dofe o (vp) = W /vhwg ds Va=1,...,pe, (6.15)

where {w¢ }P° | is any basis for the space WWPE (e). By requiring that € is not a Dirichlet-Laplace
eigenvalue on K and following the lines in the proof of Lemma one can show that this set of
functionals constitutes in fact a set of unisolvent degrees of freedom. We recall that the assumption
on £ g actually results in a condition on the size of the product hrt |, see . Hence, for hg
sufficiently small, € is not a Dirichlet-Laplace eigenvalue on K.

Having this, we introduce the set of local canonical basis functions {¢¢ 4 }ea by duality:

dofe o (pe.6) = de.édaa;, Ve, €&, Ya=1,...,p., YVa=1,..., pe,

where § here denotes the standard Kronecker delta.

Global Trefftz VE spaces. First, similarly as in the preceding chapters, we define the global
nonconforming Sobolev space associated with the vector pg,,:

HL™(T,,) = {U e H\(T) | /[[11]] nwfds =0 Yu® e PW, (e), Ve € 55} . (6.16)

We highlight that by using this construction, nonconforming Sobolev spaces can be straightfor-
wardly generalized to the case of piecewise constant £ on more than two subdomains.
Then, the global nonconforming Trefftz virtual element space is introduced by

Ve o= {on € HyZ(Ta) | oy € VATE(K) VK € To), (6.17)
and the global set of the degrees of freedom is built via a nonconforming coupling (a la Crouzeix-

Raviart) of the local counterparts (6.15)).

6.2.3 Local projectors

In this section, we introduce local projectors which will be instrumental for the design of the

method (6.7). These are in fact adaptations of those in Sections and
First of all, for all K € 7,}, we define the local operator H;Q’K L yATE (K)— IPW;IIQ (K) by

aK(H(l)vK

e (L& o, w ) = af (vy, WK, (6.18)

for all v, € VAT (K) and w-K ¢ IP’W;Q(K). Such operator is computable by means of the
degrees of freedom ([6.15)). In fact, an integration by parts yields

af(vh,w(l)’K):/ v, VLK. ng ds,
oK

which is computable since (V™% ng),. € ﬁ’%’pe(e) for all e € £X.

Besides, H(Q’K is well-defined under the assumption that the size of the element K is sufficiently
small, see Proposition for more details.

—(2
For all K € 7,2, we also introduce the local projector Hfﬁ:gk : VAHQ(K) — ]P)W;}Q@'K (K)
which is defined analogously to HSIQ’K in (6.18) with the only difference that the space IP’W;Q (K)

—(2
is replaced by IP’W;K) 5K (K). Well-posedness of Hf}z’g}( is provided by the invertibility of the matrix
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G@K ¢ cr™ +P")x(r"+P™) defined by

aff (W W), it o< pk
EV,K (2),K e
G(,2)’K — af(wz pK’w_g ) )7 lf] < pK,£ > pK (6 19)
7 af (WP WPV, it > pR e < pR
EV,K EV,K e
ag((we pK,wjipK), if §,0> p¥
for all j,¢ =1,...,p"X +p¥. By investigating the behaviour of the minimal (absolute) eigenvalue

of G- in terms of the wave number ky on the reference element K := (0,1)2, one can observe that
such a minimal eigenvalue becomes very small when k3 is close to a Neumann-Laplace eigenvalue
U 1= 72(m? 4+ n?), m,n € Ny, on K, see Figure This indicates that, assuming k3 to be

separated from the Neumann-Laplace eigenvalues, the local projector Hﬁz’g}( is well-defined.

102

108F == -=5, =0] §

- === =5, (=1

— =5, (=2

10 [ =7, =0
10710 42 &

e gy=T, =1

=T, =2

1012 I I I I I I I . .
2 25 3 3.5 4 4.5 5 55 6 6.5 7

ks

Figure 6.3: Minimal (absolute) eigenvalues of the matrix G(2):X in (6.19) in terms of the wave number kg
with n; = 2 and ne = 1. The effective plane and evanescent wave degrees are denoted by g2 and g2, respectively.

The third operator we introduce is the boundary edge L? projector Hgf D A+ (K)je —
WVPE (e), which is defined for all edges e € £EZ by

<H2;evh7 we)O:E = (Uhv we)O,e;

for all v, € VA+E (K)|e and w® € W\vpe (e). Such a projector is directly computable from the local
degrees of freedom in (6.15]), and well-defined owing to the coercivity of the edge L? norm.

6.2.4 Discrete sesquilinear forms and right-hand side

Here, we specify the discrete sesquilinear form bg(-,-) and the discrete right-hand side Fj(-)
characterizing the method (6.7).
To begin with, we note again that the continuous counterparts b+, -) and F(+) in (6.3) and (6.4)),

respectively, are in general not explicitly computable when applied to functions in VhA+E2. There-
fore, mimicking what was done in the previous chapters, we introduce, for all K € 7T,, local
computable stabilizing sesquilinear forms S{£(-,-) : [ker(IT¥)]2 — C, where II¥ is either H;Q’K
or HL%Q:?K, depending on whether K € 7,! or K € T,2. Then, we propose a family of discrete
sesquilinear forms b 5 (-, -) defining method . More precisely, for all uy, v, € VhAJ“I‘#7 we set
b&h(uh, ’Uh) = Z afh(uhu{, 'Uh|K) + icg%(ﬁuh, ’Uh>7
KeTn

where, for all K € T,,,
app (unsvp) = ag (T, I vp) + SE((1 = Ty, (1 — TTF)wy,) (6.20)
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with II% = 102 for all K € 7}, and IIK = I35 for all K € 72, and where

e (up,vp) == > (BT (n)e), 10 (Vh 1) o e

ecEB

Requirements on the stabilizations S& (-,-) in order to entail well-posedness and error estimates
of the method (6.7 were discussed in Theorem An explicit choice for SF (-, -) was provided

in ((5.32) and is recalled in (6.24)) below.

The discrete right-hand side is defined, for all vy, € VhAHQ, as

Fu(vn) ==Y (¢TI (0ne))o.c-

ectl

Note that the right-hand side is approximated by employing 1D quadrature formulas. In fact, this
is the only occurrence where quadrature formulas are needed.

6.3 Numerical results

In this section, we firstly discuss some details of the implementation of method ([6.7)) in Section
and then, we present numerical experiments for a series of different test cases in Section [6.3.2]

6.3.1 Implementation aspects

The implementation of the method is performed analogously to the case of constant £, see Sec-
tion In particular, local matrices are computed and eventually patched into a global one.

Orthogonalization-and-filtering process. As discussed in detail in Section due to ill-
conditioning, we do not directly use, for all edges e € é@, the traces of plane waves and evanescent
waves, respectively, as basis functions for the spaces PW,_ (e). Instead, we apply Algorithm |2 to
(7) automatically filter out redundancies in the edge basis functions, depending on the choice of
the filtering parameter o (which, for the numerical experiments, is set to 10713), and (ii) reduce
the number of degrees of freedom. The resulting orthogonalized basis functions @ are hooded by
a hat. Importantly, this strategy naturally dovetails with the supplement of special functions to
the standard plane wave spaces and the use of plane wave spaces with varying degree from element
to element. The traces of the corresponding functions are simply added edgewise first, as they are
needed for the construction of the method (this leads to an increase of the number of degrees of
freedom); afterwards, the relevant information is extracted using Algorithm |2/ and the number of
degrees of freedom is reduced significantly.

Local and global matrices. As in standard nonconforming FEM and VEM, the global system
of linear equations is assembled in terms of the local contributions. Setting px := > ¢x De and
recalling that nx denotes the number of edges of K, we define the following matrices:

e forall K € 7,

* GE ¢ cP P with G;’le)’K = af(wél)’K,w;D’K), for all j,£=1,...,p%;

* DK ¢ CPxP™ with DEP])KE = &(;fr,j(wél)’K), forallr =1,...,ng,5=1,...,De,,
and £ =1,...,p%;

Kys . 1),K o~
* B.K ¢ CP7 XPK with B;()s,f) = al (Ps,0, w

(1),K
J

K

),forall j=1,...,p", s=1,...,ng,

andéil,...7ﬁes;
e for all K € 72

QR ¢ OO o in (GI0);

113



Chapter 6: Trefftz VEM for the fluid-fluid interface problem

* D@)LK ¢ CPxx (0" +5%) with

(D7) oty (wp oK), if £> pK,
forallr=1,...,ngand j=1,...,Dc,;
* B@)LK ¢ Co" 4+ )xPx with

~ 2),K e
@)K . _ af(%,wﬁ- MY i < pK
4,(5,0) af((ﬁsl’ wf_‘/;f% if j > Pk,
foralls=1,...,ng,and £ =1,...,De,.

Having this, the matrix representation A% of afh(-, -) is given, for all K € T}, by

—T
AWK — 0K G, KK IM.K — 10, K)Tg).K (1().K _ pp(1). Ky,

where I K ¢ CPx*Px ig the identity matrix, S(V'¥ is the matrix representation of the stabilizing
sesquilinear form SBK (+,+), and

V) E = (GUE)IBWK ¢ op' <P [I).K .= pO.E(GW-K)-1BM).K ¢ oPrxPx
The matrix A% related to afh(~, -) for K € T2 is computed analogously.
Regarding the Robin part, given e € £, the matrix representation R¢ of (EHg’fo, ng)o,e is
R°:= B G{ @B,

where G§ and B§ € CP<*Pe are given by (G§),., := (0§, W$)o,e and (BE) ;¢ := (Pe,e, W5 )o,e = hedj e,
for all j,£=1,...,De, respectively.

The right-hand side F},(vy,) is computed by expressing I1)“(vp).) in terms of the orthogonalized
basis functions @w§ and using numerical integration.

6.3.2 Numerical experiments

In this section, we employ the method ([6.7)) to approximate the solution to (6.2)) in three different
test cases, using the notation of Section [6.1}

e test case 1: given an incoming traveling plane wave with 6i,. > 6., this wave is partially
reflected at the interface I' and a plane wave is transmitted in the subdomain Q;

e test case 2: given an incoming traveling plane wave with ;. < 0..it, the wave is completely
reflected and evanescent modes appear in {2s;

e test case 3: we consider the same situation as in test case 1, but employ here meshes
with elements that are cut by the interface I'.

Note that for all the test cases, the exact solution is known in closed form. In fact, assuming that
Uine 18 an incoming traveling plane wave with angle 6;,. and wave number k1, i.e.

Uine(X) := exp(ik1d - x), d := (cos(finc),sin(binc)),

the solution to the global problem (6.2)) is given by

in in
w = {“ ctur Indh (6.21)
ur in Qs.
The reflected and the transmitted waves, respectively, can be expressed as
un(e,y) i= Rexplikd - (z, =), ur(z,y) == Texplika(Kio + Kay),  (6.22)
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where the coefficients R, T', K1, and K5 are computed by using the transmission conditions (6.5):

- k‘l sin(ﬁinc) — k2K2
o kl sin(@inc) + kQKQ ’

T:=1+ R.

Ky = ky/ky cos(Oine), Ko := \/1 — k3/k2 cos?(Oinc), R:
Since an explicit representation of the numerical solution uy is not available in closed form inside
each element, we compute the approximate relative errors

|u—Tup|l1 k7,  |lu—HunlloT,
lulliee 7 llullo,0

(6.23)

where IT| g (vp,) = HI(JQ’K(vh) for all v, € VAT (K) and for all K € 7.}, and Il g (vs) = HZ(JQIQ’?K (vn)

for all v, € VAT (K) and for all K € 7,2, are the local projectors defined in ([6.18)).
As stabilization S (-,-) in (6.20), we employ the modified D-recipe in (5.32)), namely,

Nk Pes

St (unyvn) = Y > af (s ¢, oy ¢)dof ¢ (un)dof, o (vn), (6.24)
s=1¢=1

where II¥ is either H;Q’K or HL%Q’?K, depending on K.

Test case 1 (incoming plane wave with 6i,c > Ocrit)

We firstly consider the test case of an incoming plane wave with incident angle 0. > 0cpt. In this
case, reflection and transmission of plane waves take place.

As refraction indices, we pick ny = 2 and ns = 1. Accordingly with , the critical angle is
Ocrit = 60°. We consider 6;,. = 75° and k = 7, i.e. local wave numbers k; = 14 and ko = 7. The
exact solution is given in and its real part is depicted in Figure

Figure 6.4: Real part of the exact solution u given by (6.21) with k = 7, n1 = 2, no = 1, and 0iyc = 75°. Left:
surface plot. Right: contour plot, where the black line indicates the interface T.

We study the h- and p-versions of the method for the problem , where the impedance
datum ¢ is computed accordingly with the exact analytical solution. Inside each subdomain 24
and ()5, only plane waves with the same set of equidistributed directions are employed. In the
following, we will always write g1, g2 and ga when the effective plane/evanescent wave degrees do
not vary elementwise within each subdomain.

For the h-version, we study the behaviour of the error curves for different values of ¢; and ¢o,
namely ¢1 = g2 = 4, 1 = ¢2 = 6, and ¢; = 12 with g2 = 6. Recall that the numbers of plane
waves in €27 and o, respectively, are given by p; = 2¢1 + 1 and ps = 2¢2 + 1. Since no evanescent
modes are expected to appear in {25 and the transmitted solution is a plane wave, we do not add
evanescent waves to the local spaces, i.e. we take go = 0. We employ sequences of standard regular
Cartesian meshes and Voronoi meshes (reflected across the x- and y-axes), see Figure The
results are depicted in Figure
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Figure 6.5: Voronoi meshes (reflected across the z- and y-axes) with 16, 64, and 128 elements; left to right.

We observe algebraic convergence in terms of the minimal effective degree min{q;,g2}. The
rates for the H' and L? errors are approximatively given by min{qi,q2} and min{qi,q} + 1,
respectively. Further, when using the Voronoi meshes, the curves are not as straight as in the
Cartesian case. This can be explained by the presence of very small edges and of elements with
different sizes.

h-version; k = 7, ny = 2, ng = 1, Cartesian h-version; k = 7, ny = 2, ny = 1, Voronoi
T T T T T
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Figure 6.6: h-version of the method for w in (6.21) with K =7, n1 = 2, ng = 1, and 6i,c = 75° on a sequence of
regular Cartesian meshes (left) and a sequence of Voronoi meshes as in Figure (right). The relative errors are

computed accordingly with (6.23).

Next, we investigate the p-version of the method. To this end, we fix a regular Cartesian mesh
and the Voronoi mesh in Figure[6.5| with 64 elements. We vary the effective degrees ¢; and ¢o, and
study the behaviour for the cases ¢ = g2 and q; = 2q2. The error plots are displayed in Figure[6.7]

We observe exponential convergence with respect to the effective degree g2, where the slope
of the error curves is basically the same for ¢g; = ¢2 and ¢ = 2¢2, but the accuracy is a few
orders higher in the latter case. Moreover, we recognize the cliff effect in Figure (right),
which is a consequence of the orthogonalization-and-filtering process in Algorithm In fact,
when increasing p, the growth of the number of degrees of freedom slows down; this results in a
convergence rate which is effectively more than exponential. Interestingly, in the last p-refinements,
the error seems to tend to zero even without an increase of the number of degrees of freedom.

It is worth to underline that the exponential convergence of the p-version is expected from the
fact that we have considered so far meshes that are conforming with respect to the interface I' and
that the exact solution is piecewise analytic on the two subdomains §2; and €. In Section [6.3.2
we will investigate the performance of the method employing meshes that are not conforming with
respect to I'.
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Figure 6.7: p-version of the method for w in (6.21)) with k = 7, n1 = 2, no = 1, and i, = 75° on a regular
Cartesian mesh and the Voronoi mesh in Figure [6.5| with 64 elements each. The relative errors are computed

accordingly with (6.23)). Left: relative bulk errors against g2. Right: relative bulk errors against the number of
degrees of freedom.

Test case 2 (incoming plane wave with 0inc < Ocrit)

Here, we fix the incident angle of the incoming wave 6, < 0t This leads to total reflection
of the plane wave at the interface I'; evanescent modes occur in 2. Since the evanescent modes
are characterized by an exponential decay, the method could benefit from adding special functions
which decay exponentially as well, that is, evanescent waves. To this purpose, inspired by ,
we compare the method when only plane waves are used in {2 with the case when also evanescent
waves in {29 are added. Similarly as above, we investigate the h- and p-versions.

We pick k£ =7, ny =2 and ny = 1, as before, and the incoming angle 6;,. = 50°. The real part
of the corresponding exact solution computed as in is plotted in Figure

Figure 6.8: Real part of the exact solution w given by (6.21) with k = 7, n1 = 2, no = 1, and 6;,c = 50°. Left:
surface plot. Right: contour plot, where the black line indicates the interface T'.

For the h-version, we assume once again that the effective plane/evanescent wave degree is
the same for all elements within a subdomain. In €4, we take ¢; = 12 (namely, 25 plane waves),
whereas, in ()5, we consider

e o =6 and ¢ = 0, i.e. 13 plane waves and 0 evanescent waves;
e ¢o =5and ¢ = 1, i.e. 11 plane waves and 2 evanescent waves;

e ¢o =4 and g3 = 2, i.e. 9 plane waves and 4 evanescent waves;
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e g =0 and g2 = 6, i.e. 0 plane waves and 12 evanescent waves.

Note that we do not choose g1 = g2 + ¢> on purpose since, in this case, the discretization error
in ©; dominates that in Qs due to the higher local wave number. For this reason, we picked ¢
equal to the double of g2 + ¢2.

We employ the same meshes as for the h-version in test case 1. The results are plotted
in Figure As already indicated in Section 4], by adding evanescent waves to the local
spaces, the order of convergence of the method is not changed, but the accuracy is improved by a
multiplicative factor. We also underline that the convergence deteriorates when the error becomes
sufficiently small (typically around 10~%). This effect can be traced back to the ill-conditioning
haunting the wave based methods and which can not be totally removed by Algorithm

h-version; k = 7, ny = 2, ny = 1, ¢ = 12, Cartesian h-version; k = 7, ny = 2, ny = 1, ¢; = 12, Voronoi
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Figure 6.9: h-version of the method for w in (6.21) with £k =7, n; = 2, ng = 1, ¢1 = 12, and i, = 50° on a
sequence of regular Cartesian meshes (left) and a sequence of Voronoi meshes as in Figure (right). The relative
errors are computed accordingly with (6.23)).

Regarding the p-version, we fix, as before, the Voronoi mesh in Figure [6.5] with 64 elements.
This time we assume that ¢; = 2(g2 + ¢2). We consider

e g = 0 and increase ¢o;
e g = 1 and increase ¢o;
e go = 2 and increase ¢o;
e ¢; = 0 and increase ga.

The error plots are shown in Figure Similar results are obtained when using a regular
Cartesian mesh with 64 elements; for this reason, we omit them. As before, we observe exponential
convergence in terms of the sum of the effective degrees ¢» 4+ 2, where the accuracy of the method
is again improved when evanescent waves are contained in the approximation spaces in Q5. The
best performance is achieved when only evanescent waves are used in 5.

Test case 3 (non-conforming meshes and the hp-version)

So far, we have employed sequences of meshes that are conforming with respect to the interface I,
that is, every K € 7T, is contained either in ; or in 5. The advantage of this choice is that,
since the exact solution is piecewise analytic, the h- and the p-versions of the method have
optimal order of convergence. In particular, the p-version results in exponential convergence as
highlighted in Figures and Such an exponential convergence is however in terms of the
number and not in terms of the square root of the number of degrees of freedom. This is due to
the Trefftz nature of the method.

We now investigate how the method can be tuned to address the case where some elements of
the mesh are cut by the interface I'. This situation can be of interest in the following situations:
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p-version; k = 7, n; = 2, ny = 1, Voronoi p-version; k = 7, n; = 2, ng = 1, Voronoi
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Figure 6.10: p-version (effective degrees g1, g2 and g2 with ¢1 = 2(g2 + ¢2)) of the method for w in with
k="7,n1 =2 no =1, and 6;,. = 50° on the Voronoi mesh with 64 elements in Figure [6.5] The relative errors are
computed accordingly with . Left: relative bulk errors against g2 + g2. Right: relative bulk errors against the
number of degrees of freedom.

e the interface I" is curvilinear and one does not want to resort to curvilinear VEM [47]; in this
case, some polygonal elements necessarily cut T';

e assuming that the parameter £ is subject to uncertainty, e.g. it is piecewise constant over sub-
domains with stochastic boundaries, one could proceed by reduced basis techniques starting
from a very coarse mesh, and then, perform adaptive mesh and space refinements.

The first issue that has to be faced is the definition of the local spaces over the elements K in 7T,
such that K° N T # (). Since on such elements, the wave number £ takes two different values,
namely k; and ko, we propose to fix the local spaces YA+ (K) defined as in , with wave
number either given by the maximum between k; and ko (i.e. k1), or the average of k1 and ko. In
both cases, the resulting method is not Trefftz anymore.

For the forthcoming numerical tests, we focus for simplicity on the exact solution to test
case 1, i.e. when the incident angle is larger than the critical angle. Furthermore, we do not
employ evanescent waves and only consider here the case where the average of the wave number is
chosen in the elements abutting I'. Note that slightly worse results are obtained when taking the
maximum between the two wave numbers.

Another issue to cope with is that, since the solution is analytic over the subdomains €2
and 29, but not over the complete domain €2, the standard h- and p-versions of the method
may not converge or converge suboptimally when employing non-conforming meshes. In order to
overcome such a problem, we will employ hp-refinements, that is, we will construct VE spaces
based on polygonal meshes that are graded geometrically towards the interface I' and have local
effective degrees possibly varying from element to element. In particular, we will resort to both
isotropic and anisotropic mesh refinements.

The remainder of this section is organized as follows. Firstly, we describe the construction of
VE spaces with elementwise variable effective degree on geometrically graded meshes employing
isotropic and anisotropic mesh refinements, respectively. Then, we present numerical experiments,
where we compare the h- and hp-versions (with isotropic mesh refinements) of the method. Finally,
a comparison between hp-isotropic and anisotropic mesh refinements is discussed.

hp-virtual element spaces on isotropic geometrically refined meshes. We introduce ge-
ometric isotropic mesh refinements towards the interface I', which can be seen as adaptations of
the hp-graded meshes for point singularities introduced in Sections and to the case of
edge singularities, and the associated hp-VE spaces.

To this purpose, we assume that a mesh 7, consists of n + 1 layers. The 0-th layer L? is the
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set of all polygons abutting the interface I', whereas the other layers are defined by induction:
Ly = {K1 €T | KN Ky # 0 for some Ky € Ly ., K1 & Uf;éL?} Vi=1,...,n.

We say that {7}, is a sequence of isotropic geometrically graded meshes if (i) 7,41 is obtained
by starting from 7, and refining only the elements in the layer L}, and (4i) there exists a grading
parameter o € (0, 1) such that

hg ~o" " if K€L} (6.25)

In words, such isotropic geometrically graded meshes are characterized by small elements abutting
the interface and elements enlarging geometrically when the distance from I" increases. We assume
that all the elements have bounded aspect ratio.

The hp-VE spaces over such meshes are defined analogously to those in Section where,
for some positive parameter p and denoting by [-] the ceiling function, the following two types of
distributions of the effective degrees are considered:

1. uniformly distributed effective degrees
Dy = [uln+1)] Vj=1,...,card(Ty); (6.26)
2. graded effective degrees

pj=[pl+1)iH K, e Ly Vj=1,...,card(Tyn). (6.27)

The latter approach is based on effective degrees growing together with the layer index. In fact,
the singularity is approximated with the aid of small elements, whereas the analytic part is ap-
proximated on large elements with high effective degrees.

In Figure we depict the first two meshes 771 and 7z (including the graded distribution (6.27)
of the effective degrees with u = 1) of a sequence of isotropic geometrically graded meshes with

grading parameter o in ((6.25]) given by 1/3.

Figure 6.11: First two meshes 77 and 72 (using the graded distribution (6.27) of the effective degrees, with p = 1)
of a sequence of isotropic geometrically graded meshes. The grading parameter o in (6.25)) is 1/3. The dashed red
line denotes the interface I'.

hp-virtual element spaces on anisotropic geometrically refined meshes. Here, we de-
scribe anisotropic geometric mesh refinements towards the interface T'.

The concept of layers of T, is similar to that for isotropic geometric mesh refinements, however,
the geometric grading is done in a slightly different way. More precisely, given K € T, let hx 1
and hg o be the lengths of the edges of the rectangle of minimal perimeter bounding K with
edges parallel to I' and its normal direction, respectively. For anisotropic geometrically graded
meshes, the mesh refinement 7,1 is obtained starting from 7,, and refining only the elements in
the layer L{ in such a way there exists a grading parameter o € (0,1) with

hgom~o" ™ K€L}, hxgi~1 VKET,. (6.28)
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Thus, there are very thin elements in proximity of the interface I' and larger elements elsewhere.

The reason why we also employ anisotropic mesh refinements is that the solution is singular
only in the normal direction to I' and not along the tangential one. Thus, roughly speaking, it
suffices to refine the mesh along the normal direction to I'.  Numerically, this results in a more
effective approach for approximating edge singularities. In fact, in the finite element framework,
one gets exponential convergence in terms of the cubic root of the degrees of freedom (in the Trefftz
setting, the cubic root becomes the square root, see e.g. [79,/122,/143|/145]), whereas, with isotropic
mesh refinements, one only obtains an algebraic rate of convergence.

Note that, for anisotropic meshes, we only employ uniformly distributed effective degrees .
The graded approach would not suffice for approximating the tangential part of the solution
(here, the elements have too long edges and therefore the method would not converge properly
with very few degrees of freedom).

In Figure we depict the first two meshes 7; and 73 (including the uniform effective
degrees element by element) of a sequence of anisotropic geometrically graded meshes with

grading parameter o in ((6.28]) given by 1/3.

2 3
3
____________ ) N ____________3__________5_
3
2 3

Figure 6.12: First two meshes 71 and T2 (using the uniform effective degree (6.26) element by element) of a
sequence of anisotropic geometrically graded meshes. The grading parameter o in (6.25) is 1/3. The dashed red
line denotes the interface I'.

We point out that, in the case of polynomial based methods, one could design local spaces on
the elements cut by the interface I', which take care of the fact that the solution is smooth in the
horizontal direction, but singular across the vertical one. More precisely, one could take a tensor
product of polynomials of degree p on the horizontal axis, and of affine polynomials along the
vertical one. By doing so, the increase in the polynomial degree and the (vertical) mesh refinement
would take into account the approximation of the smooth horizontal and of the (vertical) singular
behaviours, respectively, leading to exponential convergence of the error in terms of a proper root
of the number of degrees of freedom, see e.g. [109] and the references therein.

To the best of our understanding, this framework does not extend to the case of plane wave
based approximation spaces. In fact, plane waves do not have a tensor product structure, and by
employing more basis functions almost-aligned along the direction of the interface I' one would in
general not be able to approximate the solution with less degrees of freedom. For instance, in the
case of transmission of a single plane wave, a uniform p-refinement could be (for specific directions
of propagation) more effective than by adding more directions along the interface.

However, it is worthwhile to underline that one may proceed with an adaptive method, taking
into account the presence of a dominant propagation direction, as investigated for instance in [82].

Non-conforming meshes: comparison of the h- and the hp-isotropic versions. In this
section, we compare the h-version of the method on sequences of uniform Cartesian meshes that
are non-conforming with respect to the interface I' employing p = 15 plane wave directions, and
the hp-version of the method with isotropic geometrically graded mesh as in Figure endowed
with both the uniform and the graded effective degrees in ((6.26) and , respectively. In both
cases, we pick p = 1, 2, and 3. The results are displayed in Figure where we compare the
computable relative H' and L? errors in in terms of the number of degrees of freedom.
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Figure 6.13: h-version employing non-conforming Cartesian meshes and hp-version with isotropic geometrically

graded meshes, with grading parameter o in (6.25) equal to 1/3, and p = 15 plane waves on every element. For
the hp-spaces, we consider both uniform (6.26)) and graded effective degrees (6.27)), with u = 1, 2, and 3. The

computable relative H! and L2 errors in (6.23) are plotted against the number of degrees of freedom.

From Figure we deduce that the h-version converges poorly, due to the low Sobolev
regularity of the solution. The hp-version, on the other hand, performs much better. In particular,
the choice of employing graded effective degrees seems to be the most effective. It has to be
underlined that in order to achieve the convergence regime, the parameter j in and
has to be picked sufficiently large, e.g. = 2.

Non-conforming meshes: comparison of the hp-isotropic and anisotropic versions.
Here, we compare the behaviour of the method for the case of hp-isotropic and anisotropic mesh re-
finements, using the meshes depicted in Figures and respectively. In particular, whereas
in the isotropic case, we only use the graded distribution (since we know from Section m
that the uniform distribution works slightly worse), in the anisotropic case, we employ uni-
form effective degrees . In both cases, we take u = 2 and 3. The results are presented in
Figure where we compare the computable relative H' and L? errors in in terms of the
square root of the number of degrees of freedom.

From Figure it is clear that employing anisotropic meshes leads to much better results.
Whilst exponential convergence in terms of the square root of the number of degrees of freedom is
obtained for anisotropic meshes, the rate of convergence is only algebraic for isotropic meshes.

So far, we have employed the average of the two wave numbers as an “artificial” wave number
on the elements abutting the interface I'. In Figure we present some numerical results for the
hp-version of the method when also taking the maximum between the two of them. We consider
anisotropic mesh refinements and uniform effective degrees (6.26]), with = 2 and 3.

From Figure we deduce that the choice for the “artificial” wave number does not par-
ticularly influence the method, although the performance, when picking the average, seems to be
slightly better.
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Figure 6.14: hp-versions with geometrically isotropic and anisotropic graded meshes, with grading parameter o
in equal to 1/3. In the former case, we consider graded effective degrees , with 4 = 2 and 3, whereas,
in the latter, the uniform one is applied. We plot the computable relative HI and L? errors in against
the square root of the degrees of freedom.

101 T T T T T T T T T
100 F 3
4 107F §
=
HE
— 4102 L 4
é 10
;& —ee== = 2, average; H'!
é —he— p1 = 2, average; L*
= E |=-- 1 =3, average; H' 4
—6— p = 3, average; L*
=-H-= 1 = 2, maximum; H*
10-5 | |=—f=— p = 2, maximum; L? |
—af-- 4 = 3, maximum; H*
—6— 11 = 3, maximum; L?
10-6 L L L L L L L L L

6 8 10 12 14 16 18 20 22 24 26

v Ndof

Figure 6.15: hp-version with anisotropic geometrically graded meshes, with grading parameter o in equal
to 1/3. We consider uniform effective degrees and compare the effects of the choice of the “artificial” wave
number on the elements abutting the interface I'; in particular, we pick the average and the maximum of the two
wave numbers. On the z-axis, we plot the number of degrees of freedom; on the y-axis, we plot the computable
relative H' and L? errors in (6.23).
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Chapter 7

Virtual element method for the
miscible displacement of
incompressible fluids in porous
media

In this chapter, we focus on the miscible displacement problem, given by

) g +u-Ve—div(D(u)Ve) = ¢ (¢ —¢)

ot
divu=G (7.1)
u = —a(c)(Vp —(c)),

with boundary conditions

u-n=0 ondQxJ (72)
D(u)Ve-n=0 ondQxJ ’
and initial condition
c(xz,0) =co(x) in Q. (7.3)

For a detailed description of this problem and a physical interpretation of the involved quantities,
we refer to Section We are interested in the design and analysis of a corresponding VEM.

The outline of this chapter is as follows. In Section VE methods corresponding to the
semidiscrete (continuous in time and discrete in space) and the fully discrete formulations, re-
spectively, are constructed. Then, in Section an a priori error analysis for the fully discrete
formulation is carried out and L? error estimates for the velocity, pressure, and concentration
discretization errors, respectively, are derived. Finally, in Section a couple of numerical exper-
iments validating the theoretical results are presented.

The material of this section is based on the work [46], which has been submitted for publication.

7.1 The virtual element method

Starting from the weak formulation , in this section, we aim at finding VE methods for the
semidiscrete and fully discrete formulations related to the model problem —.

To this purpose, let 7, be a fixed mesh satisfying the mesh assumptions (G1)-(G3) in Sec-
tion Moreover, we require the following quasi-uniformity assumption on 7,:

(G6) for all n € N and for all K € T, it holds hx > p1h, for some positive uniform constant p;.

This assumption (that can also be found in many FEM papers on the same subject) is in fact only
needed to prove bound ([7.47)) below.
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Having this, we proceed as follows. After introducing a set of discrete spaces, discrete bilinear
forms, and projectors in Section [7.1.1] we state a semidiscrete formulation which is continuous in
time and discrete in space in Section The fully discrete formulation is then the subject of
Section [T.1.3

7.1.1 Discrete spaces and projectors

Here, we introduce the local discrete VE spaces corresponding to V', Q and Z in (2.17)), a set of
local projectors mapping from these VE spaces into spaces made of polynomials, and finally, the
related global counterparts.

Local VE spaces

Let K € T, and let k € Ny be a given degree of accuracy. Then, the local velocity and pressure
VE spaces are defined by

Vip(K) == {v e H(div; K) N H(rot; K) : v-n, € Py(e)Ve € EX,
dive € Py (K), rotv € Pp_1(K)} (7.4)
Qn(K) :={qe L*(K): q € Px(K)}.
These spaces are coupled with the preliminary local concentration space
Zn(K) = {z€ HY(K) : z,, € C°(0K), 2, € Pry1(e) Ve € EX, Az e Pp_1(K)}. (7.5)

Moreover, it is important to observe that [Px(K)]2 C V;,(K) and Pyi1(K) C Zy(K). Associated
sets of local degrees of freedom are given as follows:

e for V;,(K), a set of degrees of freedom {dof;/h(K) }?i:niv"(K) is defined by

1
1. E/v-npkds Vpr € Pp(e) Vee EX
L
K%

1
3. |K/ v-mka_ldz Vpr—1 € Pr_1(K),
K

[ @ivoipds e BB (7.6)

with &+ := (2o, —21)”, where we assume the coordinates to be centered at the barycenter
of the element;

e for Qp(K), we consider {dof?h(K)}?i:niQh(K) with

1
= /K aprdz Vg € Pa(K); (7.7)

dimZ, (K)

o for Z,(K), we take {dijZ"(K)}j:1 with

1. pointwise values at the vertices: v(z)

2. on each edge e € £X, the values of z at the k internal GauB-Lobatto points (7.8)

1
3. —/ Z2qr_1 dx Var—1 € Pr_1(K).
K| Jk

In all three cases, unisolvency is provided. More precisely, for V', (K), this was proven in e.g. [37],
for Qp,(K) it is immediate, and for Z,(K), see e.g. [31].

We also highlight that V' (K) endowed with mimics the Raviart-Thomas element, but
in fact those two elements only coincide in the special case of triangles and k = 0. An analogous
result is true for Zj(K), when compared to finite elements.
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Remark 23. We note that for £ = 0, one obtains the lowest-order local VE spaces. More precisely,
in this case, the velocity space V;,(K) consists of all rotation-free vector fields with constant
divergence and edgewise constant normal traces, the pressure space Qn(K) only contains the

constant functions, and the concentration space Z(K ) is made of all harmonic functions that are
linear on each edge. This motivates the choice of the present polynomial degrees for the spaces.
However, in general, it is also possible to choose a degree of accuracy ki for V;,(K) and Qp(K),
and another strictly positive one ko for ZL(K ); see e.g. [90] for FEM. The following analysis can be
extended easily to such more general case just by keeping track of the different polynomial degrees.

Remark 24. In order to really have a set of degrees of freedom in the computer code, one clearly
needs to choose a basis for the polynomial test spaces appearing in and . We here assume
to take the classical choice, that is any monomial basis {my,ma,..,me} of the polynomial space
satisfying |m;||p~ >~ 1, i = 1,2, .., ¢, where the L norm has to be taken over the corresponding
edge or bulk.

Local projections

For the construction of the method, we need some tools to deal with VE functions due to the lack
of their explicit knowledge in closed form. This tools are provided in the form of local operators
mapping VE functions onto polynomials. To this purpose, following [31}[36], we introduce the
subsequent projectors:

The projector Hg’K . [L2(K)]? — [Px(K)]? is defined as the L? projector onto vector-valued
polynomials of degree at most k in each component: Given f € [L?(£2)]2,

My ook = (F. oo Vg € [Py(K))2 (7.9)

It can be shown, see [30], that this operator is computable for functions in V' (K) only by knowing
their values at the degrees of freedom ([7.6]). Moreover, one has computability also for functions of
the form Vzj with 2z, € Z,(K). This can be seen by using integration by parts:

/(Hz’KVzh).pdeZ/ th~pkds:—/ zp divp, ds+/ Zn Py M ds,
K e K N—— oK
€Pr_1(K)

for all p, € [P (K)]?, where the right-hand side is computable by means of (7.8)).

The projector I} + H'(K) — Pjy1(K) is given, for every z € HY(K), by

(VHkvffz,Vpk)o,K = (Vz,Vor)o,x  VPit+1 € Pt (K)

1 _— 1
— I ;7 2zds = —— zds
0K Jore Ft! lOK| Jox

where the second identity is needed to fix the constants. Computability of this mapping for
functions in Zp,(K) was shown in [31}36].

Discrete concentration space

The space in (7.5) was a preliminary space, useful to introduce the main idea of the construction.
Nevertheless, we will here make use of a more advanced space for the discrete concentration variable.

Indeed, one can use the operator Hkvff to pinpoint the local enhanced space

Zn(K) =={2 € H'(K) : 2),, € C°(0K), 2, € Pr11(e)Ve € EX, Az € Py (K),

/ oy da = / (7K ) pode Vi € Pogr/Prr (K)),
K K

where Pjy1/Pr_1(K) is the space of polynomials in Py, 1(K) which are L?(K) orthogonal to
Pr_1(K). It can be shown that the space Zp,(K) has the same dimension and the same degrees of

freedom ([7.8)) as Z(K), see |3,/38]. The advantage of the space Z;,(K), when compared to ZL(K)7
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is that also the L? pI‘OJeCtOf H K : L*(K) — Pi41(K) onto polynomials of degree at most k + 1,
defined analogously to (7.9)), is computable [36]
Finally, we state the following approximation result for the above projectors |30, Lemma 5.1]:

Lemma 7.1.1. Given K € T,, let b and ¥ be sufficiently smooth scalar- and vector-valued
functions, respectively. Then, it holds, for all k € Ny,

b — TIOKlpae < ChST fblage, 0<L<s<k+1
e — TR e, < ¢ sk, 0Sl<s<k+1
[ =T Yllex < Chic [Wlar, 0<L<s<k+1s>1,

where ¢ > 0 only depends on the shape-reqularity parameter pg in the mesh assumption (G1), and
the degree of accuracy k.

Global VE spaces and projectors

The global discrete spaces are defined via their local counterparts:
Vi={veV:v, € Vi(K)VK € T,}
Qn={a€Q: q, € QnK)VK € Tp}
Zn:={2€2Z: 2, € Zn(K)VK € Ty},

with the obvious sets of global degrees of freedom.
For future use, we also introduce, for all uy € V7,

lunll$r, = > lunllfn = D [lunl s + lldivenld «] -

KeTn, KeT,

Moreover, we denote by Hg, H,YH and I19 41, the global projectors which are defined elementwise
as the corresponding local ones.
The sets of global degrees of freedom {dofV” }dlmv"‘ {donh}dlmQh, and {donh}d‘mZh are ob-

tained by coupling the local counterparts given in , and ., respectlvely

7.1.2 Semidiscrete formulation

Our aim in this section is to find a semidiscrete formulation for (2.19) which is continuous in
time and discrete in space. To this purpose, we employ the same notation for the numerical
approximants wp, pr, and ¢y as in (2.18]) for w, p, and ¢, namely

up(t)(x) == up(x, t), pr(t)(z) := pr(x,t), cn(t)(x) == cp(z,t),

where the dependence on (¢) will be suppressed again in the sequel.
A semidiscrete variational formulation for (2.19) can then be written in an abstract way as
follows: for almost every t € J, find up, € Vi, pp € Qp, and ¢, € Zp,, such that

dcy, -
My, < ot h> + @h(uh,ch;zh) JFDh(Uh;ChaZh) = (q+ C, Zh)h

Ap(cn;un, vp) + B(vp, pr) = (v(cn), vp)n (7.10)

B(un,qn) = — (G, an)o 0

for all vy, € Vi, qn € Qn, and z, € Zj,, and the initial condition
cn(0) = copn = Inco

is satisfied, where I, cq is the VEM interpolant of ¢q in 7, and where the involved forms and terms
in are specified in the forthcoming lines.

Starting from the continuous problem , by simply replacing the continuous functions by
their discrete counterparts, most of the resulting terms cannot be computed any more, owing to
the fact that VE functions are not known explicitly in closed form. Thus, these terms need to
be substituted by computable versions in the spirit of the VEM philosophy. To this purpose, the
following replacements were made:
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The term M (88%, zh) in the concentration equation was replaced by
dcy, dcy,
My | =22 ) = ME( 22 7.11
h(at h> 3 h(ath, (7.11)
KeTn
where the local contributions are given as

ME (cn, 2n) = / 6 (2K ) (M2 2, da
K (7.12)

0,K 0,K
+ v (0)Shy ((I — I en, (1 — Hk+1)zh> )
with S&(-,-) denoting a stabilization term with certain properties and a constant v5(¢),

both described in Section [T.1.2] below.

Next, the term O (uy, cp; zn) was substituted by

1
O (up, cp; zp) == 5 {(uh “Ven,zn)n + (g8 + a7 ) en, zn)n — (un o, VZh)h} ) (7.13)

where

(uh -Vep, Zh)h = Z A Hg’K’U,h . Hg’K(VCh) H%—&-Klzh dz
KeT,

(@ +a)enahi= 3 [ @+ 0 ) Mo 1 ds
KeT, 'K

(uh Ch, Vzh)h = Z A Hg’Kuh Hgﬁch . Hz’K(VZh) dz.
KeTn

Moreover, the term D(wp; cp, z) was replaced by
Dh (uh;ch,zh) = Z D{L{ (uh;ch,zh) (714)
KeTy

with local contributions

fo (up;cn, zn) = / D(Hg’Kuh) Hz’K(Vch) . Hg’K(Vzh)dx
K (7.15)
vl (wn) SE (1 =17 ens (1= 10)21))

where SK(-,-) is a stabilization term with certain properties and a constant v (uy,), both
described in Section [Z.T.2] below.
Concerning (¢* ¢, z1,) ¢, this term was approximated by

(q+a Zh)h = Z [/ q+EH2flzhdx}
K

KeT,

Regarding the mixed problem, the term A(cp; wp, vy) was substituted by
Ah(ch;uh,vh) = Z AhK(ch;uh,'vh) (7.16)
KeT,

with local forms

.AhK(Ch; uh,vh) = / A(Hgﬁch)ng’K'Ith . H%K’Uh dx
K (7.17)

+ vk (en) SE(T = T Yy, (1 - T K Ywy),

where, similarly as before, S§ (-, ) is a stabilization term and v% (¢,) a constant, both de-
scribed in Section [.1.2] below.
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e Finally, the term (y(cn),vn)o,o was replaced by

(v(en)svndn = ) [/ (I en) - T oy der |
K

KeT,

At this point, we highlight that the bilinear form B(:,-) needs not to be substituted since it is
computable for VE functions due to the choice of degrees of freedom (|7.6)). Further, the right-hand
side term (G, qn), ¢ remains unchanged.

Remark 25. Note that we here use the convention that terms which are written in caligraphic
letters, such as My, Dy and Ay, include a stabilization term, whereas those in non-caligraphic
fashion and those of the form (-, -);, with subscript & do not. In general, the terms of the type (-, )
are approximations of the corresponding (possibly weighted) L? scalar products (-, ) q, obtained
by introducing projections onto polynomials for all virtual functions, but not for the data terms
that are known exactly.

Construction of the stabilizations

Here, we specify the assumptions on the stabilizations SX (-,-) : Z,xZ, = R, S5 (-,") : ZnxZp, —
R, and Sf(-, ) Ve xVy =R in (7.11), (7.14)), and (7.16)), respectively.

We require that these terms represent computable, symmetric, and positive definite bilinear
forms that satisfy, for all K € 7, the following property: there exist positive constants Mg,
MM, MP, MP, Mé“, M7, which are independent of h and K, such that

M znllg i < SKi(zns2n) < MM|2nll3 e Van € Zn Nker(IT2[Y)
MP| V|3 < SB (znozn) < MP|Vanl2 i Yz € Zn Nker(IR ) (7.18)

MM op|2 < SK(vn,vn) < MP o2 Voi, € Vi, Nker(TL ).

Note that continuity follows immediately from the properties:

Nl=

Sia(zn; 1) < (S¥a(zns 20)) * (SKe(2n 20)) * < M znllosc N2 llo.ze

for all z,,2zn, € Z, N ker(Hz’fl); analogously for the other forms. In practice, under the mesh
assumptions (G1)-(G3), one can take the following scaled stabilizations corresponding to the
degrees of freedom:

dimZy, (K)
Ski(enszn) = 1KY dof]" ) (e) dof ") (z)
j=1
dimZ, (K)
SK(enzn) = > dof?" " (cp) dof " () (7.19)
j=1

J

dim‘/h(K)
SK(un,on) = K] D dof) " () dof) " (w),).
j=1

Regarding the constants appearing in front of the stabilizations in (7.11)), (7.14), and (7.16)), re-
spectively, we pick:

va(0) = [070| . B (un) = v (9)(don + AT unl), V5 (en) = [AMT " (en))],  (7:20)

where TIJ% : L2(K) — Py(K) and TI9™™ : [L2(K)]? — [Po(K)]? are the L2 projectors onto scalar-
and vector-valued constants, respectively.

129



Chapter 7: VEM for the miscible displacement problem

Well-posedness of the semidiscrete problem
We firstly define the constants

- K n K
14 = min v 14 = Imax Vi,.
M T ger, M M T ger, M

Analogously, we introduce vy, v, v, and v}{. Recalling (2.12)) and (2.15), it is easy to check the
following (mesh-uniform) bounds for the above constants:

¢ << <o, (a7 <y <vi<all,
Gl < vp S v < ¢ (din + (de + dy) U0 0)-

Similarly as for their continuous counterparts, the following continuity and coercivity properties
for Mp(-,*) Dr(+;-, ), and Ap(+;-,-), defined in (7.11)), (7.14), and (7.16)), respectively, hold true.

Lemma 7.1.2. For My(-,-), it holds, for all ¢y, zn, € Zy,

Mi(en, zn) < max{¢*, v, M{"}enllo.gll2nllo.0

. - (7.21)
M (2, 2n) > min{ gy, v, Mg H|zn[ o
Concerning Dy(+;-,-), this form satisfies, for all up, € V', and ¢y, zn, € Zy,
Dr(un;icn, zn) < [¢* (dm + nllunllso,(de + di)) + v MP] |enlr,7 201,70 (7.22)
Dr(up; zn, zn) = min{g.d,,, ugMOD}\zhﬁ’Tn. )
Regarding Ap(+;-,-), for all ¢y, € Zp, and uyp, vy, € Vi, it yields
L
Ap(cn;up, vp) < max ;,VAMl lwnllo,ellvnlloo
1* (7.23)
Ap(cp;vp,vp) > min {a*,l/AMé‘t} ||'vh|\3’9.
Thus, Ap(cn;-,-) is coercive on the kernel
Ky = {vh eVy: B(’Uh,qh) =0 Vg€ Qh} cK (7.24)
with respect to ||-||v,, , where K is given in (2.22)).
Proof. The continuity bound in ([7.21)) follows directly by using
Mi(cn, 21) < Miy(chyen) M (zn, 20)% (7.25)

and then estimating
0,K 0,K
M (en;en) < ¢*|‘Hk+lch||(2),K + yLM{‘AH(I - Hk+1)ch||g,1<
0,K 0,K
< max{gb*,yLMlM} (||Hk+1ChH(2),K + (1 - Hk+1)ch||%,l{)
= max{¢", v\ M{" }|en 3 -

where the Pythagorean theorem was applied in the last equality. For the coercivity bound, one

can use (2.15]), , and the Pythagorean theorem.
Regarding the continuity estimate for Dy, (+; -, -), by using a splitting of the form (7.25)), together

with an estimate as in (2.23)), one can deduce at the local level

DE (un; en, ) < 6* (dm + | Ty S | oo 2 (e + dt>) Ly (Ven) |2«
+ (WMD) IV — 1Y e |2 ¢ (7.26)

< [0 (dm + 1T wnlloc.cde + o) ) + vEMP | enl? .
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By application of a polynomial inverse estimate [59, Lemma 4.5.3], the continuity of the L? pro-
jector, and the Holder inequality, we further estimate

I wnloo, i < mht T unllo, e < nhi lunllox < mllun oo, (7.27)

After inserting (|7.27)) into ([7.26), taking the splitting into account, and summing over all elements,
the stated bound follows. Concerning the coercivity bound for Dy(+,-), one can proceed similarly
as in (2.25) for the consistency part, and employ (7.18) for the stabilization term, to obtain

elementwise

DI (s 2, 20) > min{ .y, vp MY [IIEF Va3 e + [V~ )20
We now note that the definitions of Hkvff and Hg’K easily yield

V(I =107 ) 2llo, e > [1(1 = ™) Vz o,k (7.28)

Then, the estimate follows with (7.28)), the Pythagorean theorem and summation over all elements.
The estimates for Ay(+;-,-) are derived in a similar fashion as those for My, (-, -), using (2.15)).
Coercivity on K, follows from the fact

Kn = {’U}L cVy: divey, = 0} C /C,
owing to the definition of V},(K) in (7.4)). O

Well-posedness of problem can be shown by combining the results in [174] for parabolic
problems with those in [304/60| for mixed problems, using Lemma More precisely, in the
spirit of the two-step strategy applied in [90] for FEM, one can firstly show that, for any given
cn(t) € L(Q), t € J, the mixed problem

Ah(Ch; up, ’Uh) + B(Uh7ph> = (’7(0’1)’ 'Uh)h
B(uh, (]h) = - (Ga qh)O,Q

admits a unique solution by applying the techniques in [30L/60], and then, by using the Gronwall
lemma and Picard-Lindel6f (see e.g. |56, Ch.1.10]), that ¢ (¢) is uniquely determined by the discrete
concentration equation

dc ~
My, <6th’zh) + On(wn, cn; zn) + Dulwn;cn, zn) = (¢ ¢ 2n),

see also [174]. We do not write here the details since we focus directly on the fully discrete case,
see the next section.

7.1.3 Fully discrete formulation
Here, our goal is to formulate a fully discrete version of ([7.10]).

To start with, we introduce a sequence of time steps t, = nt, n = 0,..., N, with time step
size 7. Next, we define u” := u(t,), p" := p(tn), " = c(tn), G" = G(ty), (¢")" := q*(t,), and
¢™ :=¢(t,) as the evaluations of the corresponding functions at time ¢,, n = 0,..., N. Moreover,

we denote by U™ = wuy(t,), P™ = pp(ty,), and C™ = ¢y, (t,), the approximations of the semidiscrete
solutions at those times when using a time integrator method. Among many time discretization
schemes, we here make a computationally cheap choice by choosing a backward Euler method that
is explicit in the nonlinear terms. The fully discrete system consequently reads as follows:

o for n =0: Given cg € Zp, solve

Ap(con; U™, vp) + B(vp, P*) = (v(co,n), vh)n

B(Una Qh) = - (Gna Qh)O7Q (729)

for all vy, € Vi, and gy € Q.
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e forn=1,...,N: Solve first the concentration equation for C":

con — Cn—l
My (

,Zh> + @h(U"_l; C"™ zn) + Dh(Un_l;Cn7Zh) = ((q-"_)n/c\n,Zh)h7 (7.30)

for all z,, € Zp,, where CV := ¢o,h- Then, solve the mixed problem for U™ and P™:

An(C™; U™ vp) + B(vp, P*) = (7(C™), vn)n

7.31
B(Un7qh) = —(Gn,Qh)QQ, ( )

for all v, € V, and gy € Q.
Lemma 7.1.3. Given 7 > 0, provided that G™, (¢*)", P",C™ € L*>(Q), v(C™) € [L?()]?, and
U" € [L>®(Q)]?, for alln =0,...,N, the formulation (7.29)-(7.31) is uniquely solvable.

Proof. Similarly as for the semidiscrete case, well-posedness of ([7.29)) and (7.31)) follows by using
the tools of [30}/60]. Regarding ([7.30)), we firstly rewrite that equation as
My, (C™, z) + 7 [O,(U"HC™, 23) + Dp(U™5C™, 21)]

=T ((q+)n on, Z’l)h + M, (Onﬂ, Zh) ' (7.32)

We observe that all of the term are continuous with respect to the norm ||-||1,7;, . More precisely, for
My(-,-) and D (U™ ;- ), continuity follows from Lemma and the definition of the broken
H*' norm. Next, for the term involving (¢*)", we simply apply the Cauchy-Schwarz inequality and
the stability of the L? projector. Finally, for the term with ©;,, we estimate

1
ORU" ™ C" ) = 5 [(U-VC™ z), + (67 +47) €™ z0)n = (UTT1C", Vi),
<n[IU" s allC”

1.7, 1€ o) + la™ + a7 lo.21C™ lo.2] l128ll1.7,.

where we also employed an inverse inequality as in (7.27)). Thus, by the Lax-Milgram lemma, it
only remains to show that the left-hand side of (7.32)) is coercive with respect to ||-||1,7;,. This is

however a direct consequence of
n—1 1 + —
on(U ;Zh;2h>:§(<q +q7) 2y 2n)n > 0,

owing to the fact that ¢+ and ¢~ are non-negative, and the coercivity bounds (7.21)) and (7.22). O

Note that both problems ([7.30) and represent linear systems of equations which are
decoupled from each other in the sense that, firstly, given ¢" and (¢*)™, one can determine C™
with knowledge of U™ ™! only, and then one can use C™ to compute U" and P™. The quantity P"
does in fact not influence the calculation of C™ directly, but rather takes the role of a Lagrange
multiplier and derived variable. This decoupling, combined with the fact that the systems to be
solved at each time step are linear, makes the method quite cheap per iteration.

7.2 Error analysis for the fully discrete problem

The error analysis is performed in two steps: firstly, we estimate the discretization errors for the
velocity and pressure, |[u™ —U"||o,q and |[p™ — P™||o,q, respectively, and then, in the second step,
the concentration error ||c¢™ —C™||o,q. In the following analysis, we assume all the needed regularity
of the exact solution. Although such high regularity will not be often available in practice, the
purpose of the following analysis is to give a theoretical backbone to the proposed scheme and to
investigate its potential accuracy in the most favorable scenario.
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7.2.1 An auxiliary result

The subsequent technical lemma will serve as an auxiliary result in the derivation of the error
estimates and will be used in several occasions.

Lemma 7.2.1. Let r,s,t € Ng. Denote by 11 and Hg, the elementwise defined L? projectors
onto scalar- and vector-valued polynomials of degree at most r and s, respectively. Given a scalar
function o € H™ (Tp), 0 <m, <r+1, let k(o) be a tensor-valued piecewise Lipschitz continuous
function with respect to o. Further, let 5 € L*(Q), and let x and 1) be vector-valued functions. We
assume that k(o) € [L>=(Q)]?*2, x € [H™:(T,)NL>®(Q)]%, ¢ € [L2(Q)]?, and k(o)x € [H™ (T,)]?,
for some 0 <my;<s+1and0<my <t+1. Then,
((0)x, ¥)o.0 — (R(I100)Mox, TI{%)0 0
< n[h™ K& (@)X e 7+ B X 7 16(0) oo 0 + (R
Proof. We firstly write
((0)x,%)o,0 — (R(I1)7) X, TIg%)0,0
= [(k(0)x: ¥)o.0 — (K(II20)II2x, TIY%)o o] + ((k(I10) — £(I196)) X, I 0 o
Then, for the first part on the right-hand side of ((7.33)), we recall that H? is an L? projection and
derive, on each element K € T,
(15(0)X: ) s — (RN o) x, T 4p) 1
= [(5(0)x, %o,k — (T (k(0)x), )0, ]
+ (A (5(0)x), ). — (AL (w(0)TIHFx), 9)o.xc]
+ (I (5(0) I3 x), )o.sc — (T (I X ) TI X))o, ]
< A" |6 (0)X o+ B X 1 (1860 oo, 56+ B0 | [ITED X oo, ] 196

where in the last step we used Lemma [7.1.1] and the fact that s is Lipschitz continuous with
respect to 0. The term ||[II®¥ x| x is estimated as in (7.27). Concerning the second part on the
right-hand side of (7.33)), we have, for each K € T,

((s(ITo) — £(I1E) X, )0, < [|(k(T0) — K1)l [T X oo, [ITTE 4 0, 1¢
<lo-3o

b7 + o = Gllo.2)IXllsc.0] %00

(7.33)

0,K>»

lo,x X |00, x 1%l 0,5

where we used again the Lipschitz continuity of , the continuity properties of the L? projectors,
and the bound (7.27). The assertion of the lemma follows after combining the estimates and
summing over all elements. O

Note that the above lemma can be easily transferred to the cases where o, (o), X, and ¥ are
scalar, and to vector-valued o, x and scalar x(o), 1.
In the special case of x = 1 and vector-valued k, an adaptation of Lemma [7.2.1] gives

(k(0),%)0.0 — (K(I125), 129) o

m m R (7.34)
< W™ 6(0) e, 75, + B0, .7, + llo = Glloe] %00
7.2.2 Bounds on |[u” — U"||pq and ||p" — P"|joq
We consider the mixed problem
Ap(C™U"  vy) + B(vp, P™) = (4(C™), vp)n (7.35)

B(Un7 Qh) = - (Gna Qh)07Q )

where C™ € Zj, is the numerical solution to the concentration equation forn=1,...,N,
and C° = cpp. The goal is to prove an upper bound for [|[u™ — U"|¢q and |[p” — P"||o,q with
respect to || — C™||pq. For the analysis, we basically follow the ideas of [30L/60] with the major
differences that, here, A;(C™;-,-) is not consistent with respect to [Py (K)]? due to presence of C™,
and, additionally, the right-hand side of is inhomogeneous.
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Theorem 7.2.2. Given C" € Zy, let (U™, P™) € Vi, x Qp be the solution to . Let us
assume that, for the exact solution (u",p",c") to at time t,, it holds u™ € [H"T(T,))%,
p" € HFTYT,), and ¢* € H*Y(T,). Further, we suppose that v(c) and A(c) are piecewise
Lipschitz continuous functions with respect to ¢ € L?(Q2), and that v(c"), A(c®)u™ € [H*1(T,)]?.
Then, the following error estimates hold for all k € Ny:

[0 —u o < 107 = e"lo.0 (") + AL G (u? e (™), Al )u")
IP" = p"log < €™ = o0 G5 (u™) + BEH G (™, €, A(e), Ale)u”, ),

where (7'-C{ are positive constants independent of h and depending only on the specified functions.

Proof. The estimate for |[U™ — u™|g,q can be obtained as follows.

By using the second equality in (7.35]), we have div U™ = II)G™ (use that divU" € Py (K) for
every K € T,), where we recall that (II?),, = H%K. Define now the interpolant u} € V', via the
degrees of freedom :

|k

dofY " (u}) = dof V" (u™), i=1,...,dimV.
Then, it holds 30} eq.(28)]
[u” —ufllog < nh* w7, (7.36)

Moreover, one has divu} = I[I9G". Thus, setting 6" := U™ — u7}, it holds that 6" € K, C K,

where K, and K were defined in (7.24)) and (2.22)), respectively, and therefore, 16" ||y, = [|6" ||o.a-
Owing to the assumptions on a(-) in (2.15) together with (7.23]), we have, further using (7.35) with

v, =0" €K and ,
al|6" 5.0 < An(C™;8™,8") = Ap(C™; U™, 8") — Ap(C™;uf, 87)
= (v(C"),0")n — An(C™;uF, ")
= (V(C). 8~ (). 8o 0] + An(C . 67 )
+ [A(c"; u”, 8") — Ap(C™;u™, 8™)

= T1 + T2 + T3.
The terms T3-T3 are estimated as follows:

e term Ty: We use equation (7.34) withk =~,0=c", 0 =C", ¥ =6§",r=k+1,t =k, and
m, =m; = k+ 1, and obtain
Ty| = [(v(c"),8™)o,0 — (Y(IT},C™), TTR6™ )0 0
<Ry (@) b7, + 1 e, 7) + [l = C"

lo.0] 10"

0,0+

e term T5: Owing to the continuity properties (7.23)) of Ay(+;-,-) and the interpolation error
estimate ([7.36]), it holds

| To| = [AR(C™su" = uf, 6")] < nllu” = uflloelld" oo < nh w7, 16" 00

0,0

e term T3: We have
T3] = |A(c";u",0") — Ap(C";u™,8")]
< [(A(c)u™,8™)0.0 — (AR, C™)ITu™, TT6™)o
+1 ) viem) sE (I - )wn, (1 - 1) em)
KeT,
=TS+ TP
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For the term T3', we use Lemma [7.2.1| with k = A, 0 = ¢", 0 = C", x = u", Y = §",
r=k+1,s=t=k,and m, =mgs=my =k + 1, to get

T3t < | A (I e, 7, + [ k1,7, A oo, + 1€ 7, [0 | 0,0)
+ " = Cloollw{lso.c [ 16" [lo.-

On the other hand, the term T can be estimated with (7.18)), (2.15)), and Lemma (7.1.1):

TP <nh"*u

After plugging the bounds obtained for 71-T3 into (7.37)), dividing by [|6"]/0,o, using the triangle
inequality in the form
10" —u"fo0 < [6"[o0 + [[u" —

and employing (|7.36|), the convergence result follows.
The error estimate for the term ||P™ — p"||o,o follows easily by combining the above ideas with
the argument in [60, Theorem 6.1] and is therefore not shown. O

7.2.3 Bounds on ||c" — C"|jpq

For fixed u(t) € V and t € J, we define the projector P, : Z — Zj, (that to each ¢ € Z associates
P.c € Zp,) by

Len(u(t); Pec, zn) = Le(u(t); ¢, zn), (7.38)
for all z,, € Zj, where

Len(usc, zp) := Dy(u;c, zn) + On(u;c, zn) + (¢, 2n)n
Lo(u;c, zp) == D(u;c, zn) + O(u; ¢, zp) + (¢, 2n)o.0,

C Zh Z / k+1zh

KeT,

(7.39)

with

Lemma 7.2.3. The projector P. : Z — Zj, given in (7.38)) is well-defined under the assumption
that w, g+, and g~ are bounded in L™= () for allt € J.

Proof. By the Lax-Milgram lemma, we have to show that the left-hand side of ([7.38|) defines a
continuous and coercive bilinear form and that the right-hand side is a continuous functional with
respect to ||||1,7, . Continuity of the latter one is obtained by combining (2.23)) with

1

O(u;c,zn) + (¢, 2n)o.0 = 3 [(u Ve, zp)o o + (gt +q +2)c,zn)o.0 — (uc, Vzh)o’ﬂ}

o] Izl

1
< 5 llulloalleh,7. + llelon)

By using ([7.22)) and performing similar computations as in the proof of Lemma continuity
of I'; j, follows:

Cen(usc,zn) <ndlu,qt,q7)] (7.40)

where ¢ only depends on the specified functions. Regarding the coercivity of I'c;, we firstly
estimate

1
On(w; 2n, 2) + (2hr20)n = Y ((2(q+ +q)+ 1) TS 2, T 1%) > [ITI3 41 215,01
KeTn 0,K

where we recall that (H2+1)| = Hgfl for all K € T,. Then, combining this result with (7.22)
yields

2 J—
Ten (s 20, 20) 21 [2al] 7, + IR HS2n ] 2 0 [lonl} 1, + 15003 0
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with Zj, denoting the L2(Q) projection of z; onto Py(£2). Since Zj, coincides with the average of zy,,
one can use a Poincaré-Friedrichs inequality, see e.g. |57], to deduce

2 — _ . _
lznly 7 + 1z 5.0 = C, ' diam(Q) ™"z 7,

and consequently the coercivity of I'c j. O

Lemma 7.2.4. Assume that, for allt € J, w € [H*Y(T,)NL>®(Q))?, ¢ € H*2(T,) N WH>2(T,.),
qt,q € L®(Q), (¢t + ¢ )c € H*Y(T,), we € [H**(T,)]?, uw- Ve € H*Y(T,), and D(u)Ve €
[HFHY(T))2. Then, the following error bounds for ¢ — Pec, where Pec is defined in (7.38)), hold for
all k € Ny:

HC - PCC||1,7;L < hk+1 61 (C7 u, q+a q77 D(U)VC, VC, (q+ + qi)ca u - VC, ’U,C),

7.41
||C* PCCHO,Q S hk+2 fo(c,u,qu,q*,D(u)Vc, VC? (qu +q7)C,’UJ : VC,UC), ( )

where the constants £1,&y > 0 only depend on the listed terms and are independent of h.

Proof. We focus on the error estimate in the broken H! norm at a fixed time ¢t € J. Firstly, we
state the following result. Given ¢ € Hk+2(7;L), there exists an interpolant ¢y € Zj, such that the
following bounds hold true (see for instance [43}/58L[67]):

| W ellira, 7, - (7.42)

llc—crllo,o < lret2,7, lle—crllim <n

After denoting v := P.c—cy, one obtains with the coercivity of I 5, see the proof of Lemma|7.2.3
and the definition of P.c in (|7.38),
MHI/H%TW <Ten(u,v,v) =T p(w,Pec,v) —Tep(u,cr,v)
= [Fc(ua c, V) - Fc,h(u> c, V)] + Fc,h u,c—cy, V) (743)
=: 51 + Sa,
for a constant M > 0. By employing the definitions of I'; and I'c 5, in (7.39)), the term S; is split
as follows:
S1 = [D(u;c,v) — Dip(usc,v)] + [O(u; ¢, v) — Op(u; e, v)] + [(¢, ¥)o,0 — (¢, V)1]
= S+ 5P + 57,
For S{', we have
St = [(D(u)Ve, V)o,o — (DIRu) I} (Ve), IR (Vr) )o,0
+ D vp)SH (I~ e (= 7))
KeT,
<nhMHIDW) Vel 7, + Vel 7 (1D oo,0 + 1) + [ulir, 7 Vel o] [V]1,7.,

where in the inequality we applied Lemma to prove an upper bound for the first part on

the right-hand side of Sf', and made use of the continuity properties (7.18) of SK(-,-), the trivial

continuity property of H,Z’If in the H! seminorm and its approximation properties (stated in

Lemma [7.1.1]) to estimate the stabilization term.
Next, for SE, we compute

1
S{B = 2{ [(u -Ve,v)o.0 — (ng . l‘[g(Vc)7 Hgﬂv)o,g]

+[((¢" +a7)e,v)oe — ((¢7 + a7 )Y e, TTh )00
— [(u ¢, Vi)oa — (ng H%_Hc, Hg(VV))()’Q} }

<nhF Ju - Velegrr, + Vel + el ) |ullso.e + lclerr, 7 laT + ¢ oo
+ (g™ + a7 el + [wclhir, T, + [ulesr7, (Il + Vel o) 1717
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where in the last inequality we used Lemma with ¥ = id and ¢ = u for the first and third
term inside the curly bracket, and x = ¢* + ¢~ and o = 1 for the second one.
Finally, for S¢, it holds with the definition of the L? projector and Lemma

ST = (I =T4)e,v)o < nh*Helor,7, v

0,9+
On the other hand, for Sz, we use the continuity of T'c j, in (7.40)), together with the interpolation
error estimate ([7.42)), to derive

hk+1 ”

Len(use—cr,v) <nl(u, gt q7)le— el vz <nclu,q",q7) clle+2,7 IV, 7, -

The error bound in the broken H' norm follows by plugging firstly the estimates for Si', S£, and
S¢ into S;, then those obtained for S; and Sy into (7.43)), using the definition of the H' norm,
dividing by ||v||1,7,, and using the triangle inequality in the form

lc = Pec

17, <lle—ecrllvr, + Vi,

together with the approximation properties ((7.42)) of the interpolant c;.
The L? error bound can be derived by combining the above arguments with a standard duality
argument as in [174], also recalling the convexity of ; it is omitted here. O

By differentiation of ((7.38]) in time and use of similar techniques as in the proof of Lemma
an analogous result can be obtained for %(c — P.c), summarized in the following corollary.
Corollary 7.2.5. Provided that the continuous data and solution are sufficiently reqular in space

and time, it holds

< A&,

0
—(c—"Pcc)
H ot 0,0

0
< W e, H(%(C—PCC)

1,Tn
where the constants 14,80+ > 0 are independent of h.

Moreover, we will later on need the two subsequent bounds.
Lemma 7.2.6. Under sufficient smoothness of the continuous data and solution, it holds:

1
2

0? "
¢ 4+ 7z pkt2 / §g,t ds|
L2(tn_1,tn;L2(2)) tn—1

ds?

N

<rT

‘ oc® P — Pt
0,9

ot T

where &y can be found in Corollary[7.2.5,
Proof. We estimate
’ Oc  Poc — Pt

oc” ch — cn—l

00 ‘ ot T
=:(I)+ (I1).

fpccn _ pccn—l ch — cn—l

0,Q H T T

ot T

0,2

The term (I) can be estimated exactly as for standard finite elements, see for instance [171]:

tn tn 2 3
< / ds <t / ds ,
0,2 tn—1 0,9 tn—1 0,2

where we also applied the Holder inequality in the last step. Concerning (I7), this term can be
estimated as follows, using Corollary

0%¢

0?c
92"

@(5)

acn et — cnfl

n-|%

[N

T

: n __ 2 n—1 n _ .n—1 1 tn
(IT) = ‘ Pec" = Pec" ™t " —c == / g(Pccfc)(s)ds
T T o0 T |/t Os 0.6
1 1
. tn a 2 2 L [ 2
<772 / $(Pcc —)(s) ds| <7 zpkt? f&t ds| .
tn—1 O,Q tn—1
The statement of the lemma follows. O
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Lemma 7.2.7. Provided that the continuous data and solution are sufficiently reqular in space
and time, it holds:

”,un _ Un—l

oo <7

au
ot

O = o G G
Lo (ty_1,tn;L2(Q))

where (] L and (g_l are the constants from Theorem .
Proof. By using the triangle inequality, one obtains

Hun _ Un_l”O,Q S Hun _ un—lHQQ + ||un—1 _ Un—1||0’Q.
The first term on the right-hand side is estimated by

o Qu(s)
/t s ds

n—1

Hun _ un—l

lo,0 =

du
ot

<rT

0,0
and the second one term is bounded with Theorem [7.2.2

)

Lo (tn—1,tn;L2(Q))

Now, we have all the ingredients to bound ||¢" — C™|

0,0+

Theorem 7.2.8. Let the mesh assumptions (G1)-(G3) be satisfied. Then, provided that the
continuous data and solutions are sufficiently reqular, it yields

lc" = C™lo.a < [HCo,h - CO||0,Q + o 47 902] ;

where the regularity terms 1, 2 and the positive constant n now depend on u, ¢, ¢*, ¢—, C, %—’:,
‘?;T';, %, and % (and products of these functions).
Proof. To start with, we write

o™ —c"

(C" = Pc™) 4+ (Pec™ = ™) =1 9™ + p™.
Equation ([7.41
equation ([2.21]

41)) gives a bound on p". In order to deal with 9", we use the continuous concentration
21)) with z = 9", the fully discretized version

of the projector P.c" in ([7.38|) with z, = ¥
9" — 19n—1
Mp (ﬁ") + Dp(U™ 9™, 9")
T

n n n—1
M <3cﬂ) M, <7’cc7’cc,ﬂn>
ot 0.0

(7.30) with z;, = ¥, and the definition

.
+ [On(u™; Pec™, 9") — O (U™ 1C,0™)] + [Dy (w0 Pec”, 07) —

+[(Pec™, 9" = (", 9" )o0] + [((¢")"E™, 9™ — ((g7)"E™, 9o,

(7.44)
Dy, (U"_l; P.c”, 19”)]
=:Ri+ R2+ R3+ Ry + Rs.

Owing to the coercivity properties in ([7.22]), the second term on the left-hand side of ([7.44)) can
be estimated by

2

Du(U™ 39", 9") > D, 0",

with some constant D, > 0 independent of h and U™ 1.

(7.45)
The terms R;-Rs on the right-hand side of ((7.44]) are estimated as follows:
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e term R;: Using the definition of My(+,-) in -, together with - ), yields

n o n—1
Ri— M (30 1971) M, (7’07’019)
ot’ 0.9 T

no__ n—1
[ o o (222222 )
0,2 0,Q
_ZVM (I Hiﬁ)(W) (I — Hzﬁw)}

oc" Poc™ — Pyt
< 77[H¢8t k+1 (¢Hk+1 <T ))

Pec™ — Pec 1 "
(7-m,,) () } 190

T

0,2

+

0,Q
=:n[R{ + RP)[V" 0.0

The term R{ is estimated by using the continuity of the L? projector, the assumption (2.15)
on ¢, and the approximation properties in Lemma (7.1.1)):

dc" oc™ oc™
it < - (655 )], + s (o5 -omtn ()
80 P — Pt
o (G - =)
H k+1< k+1\ o p 00

e ofpon (|62 2 ) P
- ot k+2.T, ot T

ot
Next, we prove an upper bound for R¥ with similar tools as for Ri":

0,0

0,9}

k+2,Ty

Poc — Pcc”_l Oc™ Oc”
Ry < H(I I}41) (7_ o ) 00 H(I 1) o1

< Pec = Pec™ _ o + o pR+2 O .

T ot ot k2T,

Thus, we deduce with Lemma [7.2.6]
n tn %
R < n[hk“ ‘qsac o b gk / €2, ds
Ot |piaT, Ot |piaT, tno1
1 [|9%c n
e I (7.4
ST L2 (1 tn:L2(0))

~ {h’“”R’f’l e bpkt2Rn T%R’f*”] 19" o

with the obvious definitions for the regularity terms R;"', R??, and R}

e term Ry: By the definition of ©(+;-,-) in (7.13]), the identity ¥ = C™ — P.c", and the fact
that (¢7)™ and (¢~)" are non-negative, it holds

O (u™; Pec™, 9") — O, (U™ O™, 97)

1 n n n n— n n 1 - n n
=5 [@" - VP, 9™), = (U V™ 0"), ] = 5 ((aF +¢7)0",9")
- % [(w"Pec™, VO™, — (U1C™, V™), |
< % [(u™ - VP, 9™, — (U™ VC™,9"), — (u"Pec”, VI"), + (U"'C™, V9", ] .
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The above equation, after adding zero in the form
0= (U™ V9", 9") — (U™ - VO™, 9"y,
= (U"t.venr, 9, — (U VP, 9, — (U™ Vo, O™y, + (U VO™, Poc™)
to the right-hand side, can be equivalently expressed as
On(u"; Pec™,9") — O,(U™ 1 C™, 9")
<! (™ —U" ") - VP, 0", — (u" = U ")Pc", V9"), ] =t RY + RY.

2
For R%', we estimate
1 n— n n 1 n n— n n
Ry = (" =U" VP, 0"), < Sl = U o o TR VPec™ oo, 09" lo,0-

We now use an inverse estimate [59, Lemma 4.5.3], the continuity of HZ’K, a triangle in-
equality, the assumption that 7, is quasi-regular, and Lemma to deduce, for every
K €7Tn,
IT 5V Pec oo, < it TRV Pec o, < 0 i [VPecflo.i
< nhi (IVPec” = Ve |lo,x + (Ve [lo,x) (7.47)
<n (RHIVPee™ = Ve o, + IV [[oo,) < -

Recalling Lemma [7.2.7, the definitions of ¥”~! and p”~!, and Lemma we get

[u" = U™ o0
ou

<75 + (19" Moa + 10" Ho.o)¢r " + AEF ¢!
at LOO(tn717tn;L2(Q)) (7'48)
au n— n— n— n—
ST\ 5 + (9" Moo + R TREGTHC T A RMTEGTT
Lo (tn—1,tn;L2(2))

thus implying

Ry <n [h’“*lRZ’l + 7RYZ + ([0 H|o.oRY 2 1197|002,

with the obvious definitions for the regularity terms Ry, Ry, and Ry, The term R can
be estimated analogously to R, giving

1 n— n n n n n— n
RF = 2 (U™ —u")Pec”, VO"), <npflw” = U Hlo,old" |1 7.
Using again the bound (7.48]), one obtains
RE < oA TR+ [0 o107 .

Thus,
Ry < n[hk“RZ’l LRI 4 ||z9“||o,QR;’3} 19" o + 19" ]1.7.) -

term Rs: We use the definition of Dy (+;-,-) in (7.14), a standard Hoélder inequality in the

spirit of (2.24)), the estimate ([7.47)), the scaling properties of the stabilization in (7.18), the
Lipschitz continuity of D(+;-,-), and v5 in (7.20)), to deduce

R3 =Dy, (u™; Pc™,9") — Dy, (U"fl;Pcc”,ﬂ")
= (DIu") — DARU" ™) IR (VP.") - TIR(VI™))o,0

+ 3 wh@h) — v )SE (- P, (1= 17)om)
KeTn

<nu” =U" o

91,7,
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Hence, with (7.48]) we have

R < (WM URYT + 7Ry 4 (10" oo Ry | 1071 7,

e term Ry: The use of Lemma yields
Ry =—[(c",0")o,0 — (Pec™, 0" )] = —[((I = Iy1)c™, 90,0 + (IR 1 (" — Pec™), 9o 0]
<P (| ko7 + &6 19" 0,0 =2 nR* PR [0 0,0
with the obvious definition of R}"'.
e term Rj5: The approximation properties in Lemma [7.1.1] yield
Ry = — ((I =11)((@")"e"),9") o < nh*2 (@) " kra 7 19" o0
= 2R [0"o.0
with the obvious definition of R."".

We now insert (7.45) and the bounds on R;-Rs into (7.44). Afterwards, we observe that all
regularity terms {R';"} above only depend on the continuous solution and can be assumed to be
bounded uniformly in h. We only keep track of the terms R} and R}"*. This yields

1 n n—1 qn n|2
;./\/lh (0" =91 9") + D, |9 T,
<1 ol lo.f + 19" lo.old"h 7 + 19" lo o + 10" rwf (749
900 [ + 197 o0 ] + 107]1.7, [ + 119" o]
with the positive scalars
wir<n, =12 wi<ny (7’ + RFL 4 T*%thR?’Q + T%R?B) , wy<nq (T + hkﬂ) . (7.50)
Next, we introduce, for all w;, € Zj, the discrete norm
||wh||g,h = Mh(wh,wh). (751)
Owing to Lemma [7.1.2} there exist positive constants ¢, and ¢*, such that, for all w;, € Zj, it holds
cellwnllon < llwnllo,e < ¢ llwallo,n- (7.52)
Reshaping (7.49)), and employing (7.51)) and ([7.52)), then gives

197155, + 7D Iﬂ"lin < MO L 0™) + 79 lo.n [¢w + [0 lon (") 2wl
+ 719" 1,7, [wh 4+ 19" o *wh] (7.53)
= T1 + T2 + T3.

The terms T} and T5 are estimated as follows:

Ty + T < 9" o [(1+70)[[0" lon + Te"ws]

1 B . 12 (7.54)
< 5 (078 + [+ rm 9™ o +7ew3]?)
where we used ([7.25)) and (7.51)) in the first step. The term T5 is estimated as follows:
T _ v n12
Ty <7D 7, + o5 (W + 19" Hlon ¢ wp]
* (7.55)

<D0 7, + 57 [(wi)? + 19" Ig A) -
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Next, we plug (7.54)) and (7.55)) into (7.53|), cancel the terms TD*|19"|%,TH and manipulate the
resulting inequality, to obtain

197115, < [+ ) [[0" Hlop + et wi ] + 7 [(W5)? + 9" 7115 4]
Moreover, we estimate
n—1 % nl2
[+ ) [[0" o + 7wy ]
(L) 9" G 5 + 272 [0 HlopT2 (1 + Tn)ctwy +72(c)* (wh)?
[+ 7m)? + 7] ([0 + [r(L+71)% + 7] () (w5)?
< (L) [0 HIG  + T0(ws)?

IN

Hence,
10715, < (LT [[9" G 5 + 71 [(w3)? + (Wi)?] -

Defining
7= (W) + ()2

and solving the recursion then leads to

" 0,h = 0 0,h 0 0,h )
10715, < (L4 7m)"[9°113 4 + 70 7] < nl|9°|I5 +T77 0
Jj=1 j=1

where we recall that n < T/7 with T the final time instant. With (7.52), the estimate in the L?
norm is a direct consequence:

n
1918, < all9°lIE.0 + 70> (7.56)
j=1
The initial term ||190||aQ is estimated by
19°00,2 = llco,n — Pec®llo < llcon — Pllo,e + [Ic° = Pec®llo,e < lleon — Pllo,q + HF2 &, (7.57)

where we applied Lemma [7.2.4 Moreover, using (7.50]), the fact that Z?Zl 7 < T, and the
definitions of R{’Q and R{"?’ in ([7.46)), after some simple manipulations, we obtain

n

n n
™Y <D T+ 7w’
j=1 j=1

j=1
[ n n n .
<n ZT 7+ hETH2 4 (pF2)2 Z (R??) Z:(R]l’?’)2
=1 =t = (7.58)

< | (7 R (BRSO (R 2 SO (RYY)?

j=1 j=1

[ tn tn || 52 2
<nl|(r+ hk+1)2 + (hk+2)2/ fg  ds 4 72 / a—g(s) ds| .
0 ’ 0 0s 0,0
The assertion of the theorem follows by combining ([7.56]) with ( and (|7.57] - O

7.3 Numerical experiments

In this section, we demonstrate the performance of the method on the basis of numerical exper-
iments, focusing on the lowest-order case k = 0. To this purpose, we firstly consider an ideal
test case (Example 1), and then a more realistic one (Example 2). The aim of the first test is
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to validate (also numerically) the convergence of the method on a problem with regular known

solution, whereas those of the second test is to check the method’s performance on a well-known
benchmark that mimics a more realistic situation.

Ezample 1: Here, we study a generalized version of (2.10]), given by
Jdc .
0] 5 +u-Ve—div(D(u)Ve) = f
divu=g

u = —a(c)(Vp —7(c)),
endowed with the boundary and initial conditions in (2.13]) and (2.14]), respectively. We fix =
(0,1)% and pick the same choice of parameters as in [123], namely T = 0.01, ¢ = 1, D(u) =
lu| +0.02, d,, = 0.02,dy =d; =1, ¢g = 0, v(c) = 0, and a(c) = (c+2)~!, where f and g are taken
in accordance with the analytical solutions

c(w,y,t) =12 [2%(x — 1)* + y*(y — 1)?]
u(z,y,t) = 2t3 (ng P(% B D)

Yy —

2y - 1) (7.59)
1 17 2
t)=—=c® —2c4+ —t* + =t
Py t) = —5e" =20+ Gt + 1

Plots of the exact solution at the final time 7" are shown in Figures[7.1] and

Figure 7.1: Exact concentration ¢ (left) and pressure p (right) of example 1, given by (7.59), at the final time
T = 0.01.

We employ a sequence of regular Cartesian meshes and Voronoi meshes, as portrayed in Fig-

ure[7.3] In addition to the current version, we also test the method when replacing the stabilization
terms in (7.12)), (7.15)), and (7.17) by alternative ones:

vR(@)SK (1 =T e (1 =105)20) 8K (=19 )en, (1= 1PL5))
viS (un) SE (=10 )en, (T=17)2))  —  SE (wns (1 - I7Y

i en, (1 =107 5) )
vE (cn) SE (I =TI S Yup, (1 =TS )vy)  ~ S (ens (1 — T Yuy, (1 — T )vy).
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Figure 7.2: Exact vector field u of example 1, given by (7.59)), at the final time 7" = 0.01.

The alternative (diagonal) stabilizations are given by

- dimZp, (K)
SK (ch,zn) = |K]| Z df/[ doij"(K)(ch) doij"(K)(zh)
j=1
. dimZy, (K)
SK(cnan) = . dPdof?" " (c) dof ) (z,) (7.60)
j=1
. dimVy, (K)
S (un,vp) = |K| > df dof ") (u,) dof} "™ (wy,)
j=1
with
1
M. _ 0,K K\2 K
d;" = max{lKl / qﬁ(Hk_Hgoj ) dex, GVM(¢)}
— {/ D(11 k 'u,h) \H%K(V@]K)\de, ng(uh)} (7.61)
df := max { / A(l'[0 ) [Ty Kv,bK|2 dz, ovy (ch)}
K] Jk
where {f }dlmzh %) and {; }dlmv" (%) denote the local canonical basis functions for Zj, (K) and

Vi(K), respectively, and o > 0 is a safety parameter. In the forthcoming experiments, we set
o = le — 3. We highlight that these stabilizations are in fact modifications of the D-recipe, which
was introduced in and we have already used in a slightly different version for the Helmholtz
problem, see Chapters[5and [6] The first entry inside the max is simply the “diagonal part” of the
consistency term of the local approximate forms in , , and , respectively, whereas
the second terms correspond to the original stabilizations associated to the degrees of freedom
in multiplied by o, which acts as a positivity safeguard. Importantly, it is easy to check that
the error analysis can be easily extended to the new choice of stabilizations.
Due to the virtuality of the basis functions, we measure the following relative L? errors:

le=19C" o0 lu—TRU" oo [lp — IEP"[lo.0
lelloe Ul 1pllo.0

where C™, U™, and P™ are the numerical solutions at the final time 7.
The relative L? discretization errors for the concentration are plotted in Figure in terms of
the mesh size h, for both families of meshes and both variants of stabilizations. In order to better
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Figure 7.3: Meshes: regular 8x8 Cartesian mesh (left); Voronoi mesh with 64 elements (right).

underline the expected linear convergence of the method both in h and 7 (see Theorem
recalling that k& = 0), the time step 7 is chosen proportional to h. In other words, starting with
the coarsest mesh and 7 = T/5, each subsequent case is obtained by dividing both & (adopting
a finer mesh) and 7 by a factor of 2. Analogous plots are shown for the velocity and pressure
variable errors in Figures and respectively. In all the cases, the linear convergence rates are
in accordance with Theorem and Theorem For the pressure discretization error, since
the initial meshes are very coarse, we observe some pre-asymptotic regime when employing the
original stabilizations in (7.19)). This effect, however, is not present for the alternative stabilizations
in . Both variants lead to similar results for the concentration and velocity errors.

concentration ¢; Cartesian concentration ¢; Voronoi
: :

100 10°
== original =@ original
mod. D-recipe mod. D-recipe
- -
@ 107 0 107 1
< <
5 5
o o
= =
© =]
© °
1072 102 E
slope: 1 slope: 1
107 : 103 ‘ :
100 10° 102 100 10° 102
1/h 1/h

Figure 7.4: Relative L? errors for the concentration in example 1 at the final time T on regular Cartesian
meshes (left) and Voronoi meshes (right). The original stabilization (7.19) and the D-recipe stabilization ((7.60) are
employed.

Since the concentration often evolves more rapidly than the velocity and pressure, it could
be worth to consider a cheaper variant of the discrete scheme —, where the discrete
velocity-pressure pair is updated only every R time steps (with R € N). This leads to a smaller
number of linear system resolutions (possibly with a small reduction in accuracy) since only the
system is solved at every time step, while is solved only every R steps. In order to
test this, we tried to run the same test above and compare the original version with the cheaper
version with R = 5. The difference in error was only at the fourth meaningful digit; we do not plot
the graphs because these would completely overlap the ones of the original method.

Ezample 2: Next, we investigate the behavior of the method for Test 1 and Test 2 in |73|[176].
The problem is given in the form with boundary conditions and initial condi-
tion over the spatial domain 2 = (0,1000)? ft2. Moreover, T = 3600 days and 7 = 36 days.
At the upper right corner, i.e. at [1000,1000], fluid with concentration ¢ = 1.0 is injected with
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Figure 7.5: Relative L2 errors for the velocity field in example 1 at the final time 7" on regular Cartesian meshes
(left) and Voronoi meshes (right). The original stabilization (7.19)) and the D-recipe stabilization ([7.60) are employed.
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Figure 7.6: Relative L? errors for the pressure in example 1 at the final time T on regular Cartesian meshes (left)
and Voronoi meshes (right). The original stabilization (7.19) and the D-recipe stabilization (7.60) are employed.

rate ¢t = 30 ft2/day, whereas at the lower left corner, i.e. at [0,0], material is absorbed with
rate ¢~ = 30 ft?/day. Both wells are henceforth treated as Dirac masses, which is admissible at
the discrete level since the discrete functions are piecewise regular (which can be interpreted as an
approximation of the Dirac delta by a localized function with support within the corner element
and unitary integral). Furthermore, the following choices for the parameters are picked: ¢ = 0.1,
dy =50, dy =5, co =0, v(c) =0, and a(c) = 80(1 + (M3 — 1)c)*, where

Test A :d,,, =10, M = 1; Test B:d,, =0, M = 41.

Whereas a(c) is constant for Test A, it changes rapidly across the fluid interface for Test B
(which is in fact not covered by the theoretical analysis since d,, = 0, but is interesting to study
numerically) resulting in a much faster propagation of the fluid concentration front along the
diagonal direction (dy > d;). This effect is known as macroscopic fingering phenomenon |98].

For this example, we used a regular 25x25 Cartesian mesh and we employed the more sophis-
ticated stabilization in . Since Test B is highly convection-dominated, pure application of
our method leads to local disturbances in the form of overshoots and undershoots of the numer-
ical solution for the concentration, typical in the context of convection-dominated problem. To
this purpose, for this test case, we employ the flux-corrected transport (FCT) algorithm with lin-
earization [135}/136]. The FCT scheme with linearization for convection-dominated flow problems
operates in two steps: (1) advance the solution in time by a low-order overly diffusive scheme to
suppress spurious oscillations, (2) correct the solution using (linear) antidiffusive fluxes. In that
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way, the computed solution does not show spurious oscillations and layers are not smeared.

Due to the fact that no analytical solutions are available for Test A and Test B, we plot the
numerical solutions (and the corresponding contour plots) for the concentration after 3 and 10
years. These times correspond to n = 30 and n = 100, respectively. For visualization of the
results, since the numerical solution is virtual, but the nodal values are known, we simply add,
inside each square, the barycenter with associated mean value of the nodal values, then create a
triangulation based upon these points, and finally interpolate the function values linearly inside
each triangle. In Figures [7.7] and the results for Test A are portrayed, and in Figures
and those for Test B. The results are similar to those obtained in .
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Figure 7.7: Numerical solution for the concentration (left) and contour plot (right) after 3 years in Test A.
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Figure 7.8: Numerical solution for the concentration (left) and contour plot (right) after 10 years in Test A.
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Figure 7.9: Numerical solution for the concentration (left) and contour plot (right) after 3 years in Test B.
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Figure 7.10: Numerical solution for the concentration (left) and contour plot (right) after 10 years in Test B.
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Chapter 8

Outlook and open questions

Here, we summarize some open questions that are presently under investigation and are or could
be the topic of future research.

The first one is related to the theoretical analysis of the p- and hp-versions of the nonconforming
Trefftz VEM for the Helmholtz problem introduced in Chaptersffland[f] We deem that correspond-
ing error estimates could be proven, provided that one is able to derive, for a given stabilization,
the explicit dependence of the discrete Garding inequality and continuity constants in in
terms of p. We refer to the works [141/39}/40,/841/142] on p- and hp-versions of Poisson-type boundary
value problems in the framework of VEM.

Another issue is the extension of the nonconforming Trefftz VEM to the 3D case, which, owing
to the nonconforming setting and the fact that no internal moments are involved, should be rather
straightforwardly obtained from the 2D case, see also the hints on the construction of a 3D Trefftz
VEM for the Laplace problem in Section [3.2.5

Regarding Chapter [6] the generalization of the nonconforming Trefftz VEM to the case of
Helmholtz boundary value problems with smoothly varying wave number is a hot topic. We
highlight that such problems have already been tackled, for Trefftz DG, in [127,128}130], where
generalized plane waves (GPW), which are exponential functions of complex polynomials, com-
puted by minimizing the residual in the fulfillment of the Helmholtz equation, were introduced.
Recently, in |129], the construction of GPW was also described for a wider set of PDEs, and
corresponding local interpolation properties were derived.

Finally, an open issue is also the question of the generalization of the nonconforming Trefftz
VEM and its analysis to the case of the time-harmonic Maxwell problem. So far, the only VEM
works for Maxwell are for static problems [32134].

Concerning the miscible displacement problem in Chapter several issues are of interest.
Among them is, similarly as for the Helmholtz problem, the extension to the 3D case. Moreover,
the theoretical analysis when using time integration schemes of higher order than order one, such
as the second-order Crank-Nicolson method, is worth studying. Finally, the combination of the
method with upwinding schemes (instead of the flux-correcting transport schemes at the algebraic
level) in order to mitigate the oscillations occurring for strongly convection-dominated problems
could be future work.
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