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ABSTRACT

A “quantum graph” is a Laplacian differential operator on a metric graph, that
is a combinatorial graph where edges are identified with intervals of certain lengths.
Introduced by L. Pauling in the 1930s, this concept has found various applications
in chemistry, physics and biology. Finite quantum graphs (i.e., the metric graph
has finitely many vertices and edges) are rather widely studied. On the other hand,
less is known about quantum graphs on infinite metric graphs and in particular, a
large part of the existing literature relies on an additional geometrical assumption,
the existence of a uniform positive lower bound on the edge lengths. However, this
is known to exclude certain interesting phenomena and spectral properties.

The present thesis is concerned with several aspects of the spectral theory of
infinite quantum graphs. Particular focus lies on infinite graphs without additional
geometrical assumptions and the specific phenomena arising in this situation.

The first part of the thesis is devoted to spectral estimates for the Kirchhoff
Laplacian. We introduce a notion of an isoperimetric constant for infinite metric
graphs and obtain a Cheeger-type estimate. This leads in particular to purely
combinatorial criteria for the Kirchhoff Laplacian to have uniformly positive or
discrete spectrum.

The second part contains a study of the isoperimetric constant for tessellating
metric graphs. Motivated by similar concepts in the setting of combinatorial graphs,
this is carried out in terms of a curvature-like quantity.

In the third part we investigate radially symmetric antitrees, a special class of
infinite graphs with a high degree of symmetry. We perform a detailed spectral
analysis and provide examples of antitrees for which the Kirchhoff Laplacian has
absolutely continuous spectrum equal to the positive halfline.

The goal of the fourth part is to develop basic extension theory for the minimal
Kirchhoff Laplacian. The geometric standard assumption implies self-adjointness
and hence there has been little prior work on this subject. In our approach, we
study the connection between self-adjoint extensions and the notion of graph ends,
an ideal boundary for infinite graphs introduced independently by Freudenthal and
Halin. We obtain a sharp lower estimate on the deficiency indices and a geometric
characterization of uniqueness of a Markovian extension.

The fifth part can be seen as a complement to the previous. We introduce the
Gaffney Laplacian on an infinite metric graph, prove results regarding its closedness
and provide an explicit formula for the deficiency indices of the minimal Gaffney
Laplacian in terms of graph ends.
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ZUSAMMENFASSUNG

Der Begriff ,Quantengraph” bezeichnet einen Laplace-Differentialoperator auf
einem metrischen Graphen (ein kombinatorischer Graph, dessen Kanten als Inter-
valle unterschiedlicher Lénge aufgefasst werden). Dieses Konzept wurde von L.
Pauling in den 1930er-Jahren eingefiihrt und fand zahlreiche Anwendungen in der
Chemie, Physik und Biologie. Endliche Quantengraphen (d.h., der metrische Graph
besitzt endlich viele Knoten und Kanten) wurden in den letzten Jahren intensiv
studiert. Uber die Eigenschaften von Quantengraphen auf unendlichen Graphen ist
weniger bekannt und ein grofler Teil der existierenden Literatur behandelt diese nur
unter einer zusétzlichen geometrischen Annahme, der Existenz einer strikt positiven
unteren Schranke fiir die Kantenldngen. Gleichzeitig ist jedoch bekannt, dass dies
gewisse interessante Phénomene und spektrale Eigenschaften bereits ausschlief3t.

Die vorliegende Arbeit befasst sich mit verschiedenen Aspekten der Spektraltheo-
rie von unendlichen Quantengraphen. Besonderer Fokus liegt dabei auf unendlichen
Graphen ohne zusétzliche geometrische Bedingungen und den besonderen Phénome-
nen, die in diesem Fall auftreten konnen.

Der erste Teil der Arbeit widmet sich Spektralabschédtzungen fiir den Kirchhoff
Laplace-Operator. Wir definieren eine isoperimetische Konstante fiir unendliche
Quantengraphen und beweisen eine Cheeger-Abschéatzung. Dies ergibt insbeson-
dere rein kombinatorische Bedingungen unter denen der Kirchhoff Laplace-Operator
strikt positives oder rein diskretes Spektrum besitzt.

Im zweite Teil studieren wir die isoperimetrische Konstante fiir den Spezialfall
von planaren metrische Graphen n&her. Motiviert durch dhnliche Konzepte fiir
kombinatorische Graphen beniitzen dafiir wir eine Krimmungsgrofie.

Im dritten Teil untersuchen wir radialsymmetrische Antibdume, eine spezielle
Klasse von unendlichen Graphen mit besonderen Symmetrieeigenschaften. Wir
analysieren grundlegende spektrale Eigenschaften und konstruieren Beispiele von
Antibaumen, fiir die das absolutstetige Spektrum des Kirchhoff Laplace-Operators
gleich der positiven Halbachse ist.

Das Ziel des vierten Teils ist die Entwicklung grundlegender Erweiterungsthe-
orie fiir den minimalen Kirchhoff Laplace-Operator. Unter der oben erwahnten
geometrischen Annahme ist dieser Operator selbst-adjungiert und daher gibt es zu
diesem Thema bisher nur wenige Resultate. Wir studieren den Zusammenhang
zwischen selbst-adjungierten Erweiterungen und Graphenden, einem klassischen
Randbegriff fiir unendliche Graphen, der unabhéngig von Freudenthal und Halin
eingefiihrt wurde. Dabei erhalten wir eine scharfe untere Abschétzung fiir die De-
fektindizes und eine geometrische Charakterisierung der Existenz einer eindeutigen
markowschen Erweiterung.

Der fiinfte und letzte Teil stellt ein Komplement zum vorigen dar. Wir definieren
den Gaffney Laplace-Operator im Kontext von unendlichen metrischen Graphen,
beweisen Resultate im Zusammenhang mit seiner Abgeschlossenheit und finden
unter der Verwendung von Graphenden eine explizite Formel fiir die Defektindizes
des minimalen Gaffney Laplace-Operators.



INTRODUCTION

In the last few decades, the study of quantum graphs has developed into an im-
portant and active mathematical field. A quantum graph is a Schrédinger operator
on a metric graph (i.e. a discrete graph where edges are identified with intervals
of certain lengths), acting on edgewise smooth functions satisfying certain coupling
conditions at the vertices. The most studied quantum graph is the Kirchhoff Lapla-
cian, which corresponds to a Laplacian without potential or weights and provides
the analog of the Laplace—Beltrami operator in this setting.

The notion of quantum graphs was introduced by Pauling in the 1930s in or-
der to model free electrons in organic molecules [76]. After being rediscovered in
the 1980s (see e.g. [44, 51, 77]), the concept was used in various other branches
of physics, mathematical biology and material sciences, where many applications
are based on a one-dimensional graph approximation of a thin wire-like material.
Having a different motivation in mind, Kottos and Smilansky provoked further in-
terest in the subject in [67, 68], where they proposed quantum graphs as interesting
but still comparably accessible models to study complex phenomena in quantum
chaos. For an overview and further references on quantum graphs in applications
and quantum chaos we refer to [18, 21, 42, 52, 78].

From a more theoretical point of view, an interesting aspect of quantum graphs
is their close relationship to (weighted) discrete Laplacians (for details on discrete
Laplacians see e.g. [14, 34, 83]). Whereas in some situations discrete Laplacians
are easier to study, since they are based on difference expressions rather than differ-
ential equations, the situation is in fact opposite from the perspective of stochastic
properties. The framework of Dirichlet forms [49] links both operator classes to cer-
tain stochastic processes: in this sense quantum graphs relate to Brownian motions
on metric graphs and moreover, the Dirichlet form of a quantum graph is typically
strongly local, e.g. [53]. This allows to use a large number of general results, see for
instance [82]. On the other hand, weighted discrete Laplacian lead to continuous-
time random walks and pure jump forms [14, 48, 58, 87], which are typically much
harder to analyze. Nevertheless, it turns out that certain stochastic aspects of
quantum graphs and discrete Laplacians are related. In this context, metric graphs
are also referred to as “cable graphs” and sometimes allow to transfer results from
the continuous to the discrete setting and back [15, 17, 40, 48, 55, 70, 71].

Moreover, it turns out that these two operator classes are connected in terms
of basic spectral properties. In fact, there is a close link between the eigenvalues
of the Kirchhoff Laplacian on an equilateral (i.e., all edges have the same length)
metric graph and the normalized (also known as physical) discrete Laplacian: they
can be computed from each other in terms of a simple formula [85]. These relations
were generalized considerably in [27, 31, 78] and in particular it was shown in [69]
that these two operators are in a certain sense locally unitarily equivalent. In
the non-equilateral case, connections between quantum graphs and a specific class
of weighted discrete Laplacians were established in [43]. For eigenvalue estimates
involving another type of weighted discrete Laplacians see also [4].
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In the last two decades the study of graphs has also become an important topic
in tropical and algebraic geometry. Discrete and metrics graph appear for instance
as degenerations of algebraic curves and allow certain parallels to compact Rie-
mann surfaces in terms of divisor theory, see e.g. [2, 3, 6, 7, 8, 9, 11, 33, 80, 89].
In this context, discrete Laplacians are used in the definition of the divisor of a
rational function on a graph [9, page 768], which can be seen as a generalization of
the Laplace—Deligne formula [9, Remark 1.4]. Quantum graphs were related to the
Arakelov—Green function in [10] and the notion of divisorial gonality in [5].

Due to these motivations, in the last years a tremendous amount of works was
dedicated to finite quantum graphs (i.e., the metric graph has finitely many vertices
and edges). In this setting, the Kirchhoff Laplacian is always self-adjoint with purely
discrete spectrum and its spectral theory has been developed in many different
directions. For an overview and further references we refer to [18, 21, 42, 52, 78];
for more recent articles see e.g. spectral gap estimates [5, 19, 20, 41, 60, 79], new
results in quantum chaos [23, 24, 56, 84] and other topics [1, 4, 13, 22].

In contrast to this, less is known about the properties of quantum graph operators
on infinite graphs (i.e., the metric graph has countably many vertices and edges).
The major part of the existing literature treats infinite metric graphs only under
rather restrictive geometric assumptions. The best understood models are radially
symmetric metric trees: due to strong symmetry assumptions, the corresponding
Kirchhoff Laplacian reduces to an infinite sum of one-dimensional Sturm—Liouville
operators [28, 72, 81], which allows a rather detailed treatment of this example (see,
e.g. [25, 28, 36, 39, 45, 72, 73, 81]).

Apart from this rather explicit model, the most common geometric assumption
is the existence of a strictly positive lower bound on the lengths of the edges (com-
pare e.g. [21, Assumption 1.4.12] and [78, Assumption 2.1.1]). This permits for
instance to study periodic quantum graphs: their spectra are known to have band-
gap structure [21, Chapter 4]. More recent articles investigate universal properties
of the relative density of the bands [12], explicit constructions of Bethe-Sommerfeld
graphs (i.e. the number of gaps in the spectrum is finite) [47] and examples of pe-
riodic quantum graphs with empty absolutely continuous spectrum [46].

However, in general the existence of a uniform lower bound on the edge lengths
is a rather restrictive condition and already excludes several interesting models and
effects. For instance, it already implies that the Kirchhoff Laplacian is self-adjoint
[21, Theorem 1.4.19] and has non-empty essential spectrum [43, Corollary 4.1]. As
another consequence, the metric graph is complete with its standard metric and
hence the results from [82] directly apply. Metric graphs violating this assumption
are sometimes called fractal metric graphs [78, Section 1.6.7] and appear for exam-
ple as models in mathematical biology [57, 78]. The literature explicitly dedicated
to this case is rather scarce and we refer to [29, 30, 43].

The present thesis is devoted to several topics in the spectral analysis of infinite
quantum graphs. Particular focus lies on infinite metric graphs without any addi-
tional geometric assumptions and the specific spectral phenomena arising in this
situation. The thesis consists of five research articles which were written during the
course of my doctoral studies. They have been included under their original title
as the following chapters:
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Spectral estimates for infinite quantum graphs [63],

Strong Isoperimetric Inequality for Tessellating Quantum Graphs [75],
Quantum graphs on radially symmetric antitrees [64],

Self-adjoint and Markovian extensions of infinite quantum graphs [66],
A note on the Gaffney Laplacian on metric graphs [65].

CU o=

We finish this introduction with an overview of the manuscripts and a description
of the main results. Detailed information on their publication status is contained
as well. The articles [63, 64, 65] were written in joint work with my advisor Aleksey
Kostenko, and [66] in additional collaboration with Delio Mugnolo.

1. Spectral estimates for infinite quantum graphs,
(joint with A. Kostenko)
Calc. Var. Partial Differential Equations 58, no. 1, Art. 15 (2019).

The first article [63] is concerned with spectral estimates for the Kirch-
hoff Laplacian on an infinite metric graph, which play a crucial role in
the study of the corresponding heat semigroup. We introduce a notion of
an isoperimetric constant and obtain a Cheeger-type inequality (Theorem
3.4). Whereas due to certain geometric parallels [16, 32, 74] this result
is expected, the main discovery is that in contrast to manifolds and finite
metric graphs [32, 74] the isoperimetric constant of an infinite metric graph
has a combinatorial structure.

This in particular leads to combinatorial criteria for the Kirchhoff Lapla-
cian to have strictly positive or purely discrete spectrum (Corollary 4.5).
For instance, if the isoperimetric constant of the underlying combinatorial
graph is strictly positive, then the spectrum is strictly positive if and only if
edge lengths are uniformly bounded above; the spectrum is purely discrete
if and only if edge lengths go to zero upon removing compact subgraphs.
This class of graphs includes several important examples such as regular
tessellations of hyperbolic space and Cayley graphs of non-amenable count-
able finitely generated groups. In case of Cayley graphs we also mention
that by Lemma 8.12, the group is amenable if and only if for every choice
of edge lengths (with edge lengths bounded above) the Kirchhoff Laplacian
has strictly positive spectrum. This can in some sense be interpreted as a
metric graph analog of the classical criteria by Kesten involving the discrete
normalized Laplacian, which is the generator of the simple random walk on
the Cayley graph [61, 62].

2. Strong Isoperimetric Inequality for Tessellating Quantum Graphs,
Proceedings of the 2017 Bielefeld Conference in the Theory of Networks,
Oper. Theory: Adv. Appl., Birkhduser, to appear
(accepted on 24. December 2018).

The results of [63] make it natural to search for lower estimates for the
isoperimetric constant. For discrete Laplacians on tessellating graphs such
estimates are available in terms of discrete curvature notions [54, 59, 86].
In the second article [75], we provide similar results for metric tessellating
graphs. We modify the edge curvature introduced in [86] and define a no-
tion of a characteristic value for edges of tessellating metric graphs (Section

vii



2.2). In terms of this notion, we obtain a lower estimate on the isoperimet-
ric constant (Theorem 3.3).

. Quantum graphs on radially symmetric antitrees,
(joint with A. Kostenko)
J. Spectral Theory, to appear (accepted on 24. May 2019).

The third article [64] is devoted to radially symmetric antitrees, a special
class of infinite metric graphs with particular symmetry properties. His-
torically, (discrete) antitrees appear first as (counter-) examples in context
with the question of stochastic completeness for continuous-time random
walks [88]. Our goal in this article is to provide a class of graphs which can
be fully analyzed, but at the same time features very different properties
in comparison with the frequently considered class of symmetric trees.

Based on a decomposition of the Kirchhoff Laplacian into one-dimensional
Sturm-Liouville operators (Theorem 3.2), we are able to perform a detailed
spectral analysis by employing spectral theory of Krein strings. For in-
stance, we prove that the Kirchhoff Laplacian is self-adjoint if and only if
the total volume of the antitree is infinite (Theorem 4.1). This characteri-
zation is in some sense surprising: the condition of infinite total volume is
a much weaker assumption than the Gaffney-type self-adjointness criteria
(for general graphs) discussed in [66], which require completeness of the
graph for suitable metrics. This can be interpreted as a hint that metric
completion (a radially symmetric antitree is metrically complete exactly
when it has infinite diameter) might not be the right notion of a graph
boundary for the self-adjointness problem. In the finite volume case, we
prove that deficiency indices are equal to 1 and describe all self-adjoint
extensions (Theorem 4.1 (ii)). Moreover, we compute the isoperimetric
constant in terms of sphere numbers and edge lengths (Section 7) and con-
struct non-periodic antitrees with a large amount of absolutely continuous
spectrum (Section 9). In this context we also refer to [37], where the de-
composition result, Theorem 3.2, was employed to construct antitrees for
which the Kirchhoff Laplacian has zero Lebesgue measure spectrum and
nontrivial singular continuous spectrum.

During the submission process of [64], we also learned about the recent
article [26], where the authors prove a decomposition result (similar to The-
orem 3.2) for an abstract class of metric graphs satisfying certain symmetry
assumptions. Radially symmetric antitrees are particular examples of this
graph class, but we stress that our focus is on the spectral analysis, wheras
the main aim of [26] is to provide a decomposition result in a rather gen-
eral situation. In fact, it appears that the methods of [64] can easily be
generalized to the setting of [26], leading to a detailed spectral description
of the Kirchhoff Laplacian on this abstract graph class.

. Self-adjoint and Markovian extensions of infinite quantum graphs,
(joint with A. Kostenko and D. Mugnolo), submitted.

The objective of the fourth article [66] is to study the self-adjointness prob-
lem for the Kirchhoff Laplacian. There has been little prior work on this
subject and most of the known results rely on the common assumption

viii



of a positive uniform lower bound on edge lengths (which implies self-
adjointness). Recently, a few results based on completeness properties with
respect to suitable metrics have appeared (cf. [43, §4]). Motivated by the
results on radially symmetric antitrees [64], we pursue a different approach
and employ the notion of graph ends, a classical graph boundary intro-
duced independently by Freudenthal and Halin. Modifying this concept
slightly, we introduce the notion of graph ends of finite volume (Defini-
tion 3.7) and investigate their connection to self-adjoint extensions of the
Kirchhoff Laplacian.

Our first main result is a lower estimate on the deficiency indices in
terms of the number of finite volume graph ends (Theorem 4.1). This esti-
mate is sharp and we also provide a criterion for the equality to hold. In
particular equality holds for radially symmetric antitrees, which explains
the criteria from [64] (see Example 4.11 and Section 7). Our second main
result is a geometric characterization of the uniqueness of Markovian ex-
tensions: this holds true if and only if all graph ends have infinite volume
(Corollary 5.5; see also [38] for detailed information on the importance and
relationship of self-adjoint and Markovian uniqueness). In particular, for
graphs with only one graph end (e.g. tessellating graphs, antitrees, Cayley
graphs of amenable groups which are not virtually infinite cyclic) this con-
dition reduces to the simple assumption that the graph has infinite total
volume (Remark 3.8). Moreover, in case of only finitely many ends of finite
volume, we provide an explicit description of the so-called finite energy ex-
tensions, a special class of self-adjoint extensions containing all Markovian
extensions (Theorem 6.11). In particular, the Markovian extensions form a
rather small one-parameter family for the above examples of graphs having
just one end (Section 7 contains an example of an antitree such that the
corresponding Kirchhoff Laplacian has infinite deficiency indices).

. A note on the Gaffney Laplacian on metric graphs,
(joint with A. Kostenko), in preparation.

The fifth article [65] is a complement to [66] and investigates the Gaffney
Laplacian on a metric graph (see Section 3), which is the analog of the
Laplacian on Riemannian manifolds studied by Gaffney in [50]. Namely,
the Gaffney Laplacian is the restriction of the maximal Kirchhoff Laplacian
to functions having finite energy (Dirichlet integral). The main goal is to
provide a new, transparent perspective on the main results of [66]: first
of all, the self-adjointness of the Gaffney Laplacian is equivalent to the
uniqueness of Markovian extensions of the Kirchhoff Laplacian (Lemma 3.4)
and its deficiency indices coincide exactly with the number of graph ends of
finite volume (Theorem 3.8). Moreover, the finite energy extensions studied
in [66] are exactly the self-adjoint restrictions of the Gaffney Laplacian
(Lemma 3.5). However, the main disadvantage of the Gaffney Laplacian is
that it is not necessarily closed and we address this question in Theorem 3.9
(see also Proposition 4.1 and Remark 4.2). In case of finite total volume,
closedness of the Gaffney Laplacian is equivalent to the number of graph
ends being finite (Corollary 3.10). All these results are demonstrated by
examples in the final section.



(1]

If the Gaffney Laplacian is not closed, the next natural question is the de-
scription of its closure. In the one-dimensional setting, the Gaffney operator
coincides with the maximal one and based on a certain kind of dimension
reduction [28, 72, 81], we show that for radially symmetric trees (in fact,
for the general class of radially symmetric metric graphs of [26]) this effect
prevails in the sense that the closure of the Gaffney Laplacian coincides
with the maximal Kirchhoff Laplacian (Lemma 4.6 and Remark 4.7).
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SPECTRAL ESTIMATES FOR INFINITE QUANTUM GRAPHS

ALEKSEY KOSTENKO AND NOEMA NICOLUSSI

ABSTRACT. We investigate the bottom of the spectra of infinite quantum
graphs, i.e., Laplace operators on metric graphs having infinitely many edges
and vertices. We introduce a new definition of the isoperimetric constant for
quantum graphs and then prove the Cheeger-type estimate. Our definition
of the isoperimetric constant is purely combinatorial and thus it establishes
connections with the combinatorial isoperimetric constant, one of the central
objects in spectral graph theory and in the theory of simple random walks on
graphs. The latter enables us to prove a number of criteria for quantum graphs
to be uniformly positive or to have purely discrete spectrum. We demonstrate
our findings by considering trees, antitrees and Cayley graphs of finitely gen-
erated groups.
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1. INTRODUCTION

The main focus of our paper is on the study of spectra of quantum graphs. The
notion of “quantum graph” refers to a graph G considered as a one-dimensional
simplicial complex and equipped with a differential operator. The spectral and
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scattering properties of Schrodinger operators on such structures attracted a con-
siderable interest during the last two decades, as they provide, in particular, rel-
evant models of nanostructured systems (we only mention recent collected works
and monographs with a comprehensive bibliography: [9], [10], [25], [58]).

Let G be a locally finite connected metric graph, that is, a locally finite con-
nected combinatorial graph G; = (V, £), where each edge e € £ is identified with a
copy of the interval [0, |e|] and |- | denotes the edge length. We shall always assume
throughout the paper that each edge has finite length, that is, | - |: £ — (0,00). In

the Hilbert space L*(G) = @, ¢ L*(e), we can define the Hamiltonian H which acts

in this space as the (negative) second derivative —# on every edge e € £. To give
H the meaning of a quantum mechanical energy opeerator7 it must be self-adjoint
and hence one needs to impose appropriate boundary conditions at the vertices.
Kirchhoff (also known as Kirchhoff-Neumann) conditions (2.6) are the most stan-
dard ones (cf. [10]) and the corresponding operator denoted by H is usually called
a Kirchhoff (Kirchhoff-Neumann) Laplacian (we refer to Sections 2.2-2.4 for a pre-
cise definition of the operator H). If the graph G is finite (G has finitely many
vertices and edges), then the spectrum of H is purely discrete (see, e.g., [10]). Dur-
ing the last few years, a lot of effort has been put in estimating the first nonzero
eigenvalue of the operator H (notice that 0 is always a simple eigenvalue if G4 is
connected) and also in understanding its dependence on various characteristics of
the corresponding metric graph including the number of essential vertices of the
graph (vertices of degree 2 are called inessential); the number or the total length of
the graph’s edges; the edge connectivity of the underlying (combinatorial) graph,
etc. For further information we refer to a brief selection of recent articles [3], [4],
8], [41], [42], [45], [59].

If the graph G is infinite (there are infinitely many vertices and edges), then
the corresponding pre-minimal operator Hy defined by (2.7) is not automatically
essentially self-adjoint. One of the standard conditions to ensure the essential self-
adjointness of Hy is the existence of a positive lower bound on the edges lengths,
0,(G) = infece le] > 0 (see [10]). Only recently several self-adjointness conditions
without this rather restrictive assumption have been established in [26], [44] (see
Section 2.3 for further details). Of course, the next natural question is the structure
of the spectrum of the operator H. Clearly, the spectrum of an infinite quantum
graph is not necessarily discrete and hence one is interested in the location of the
bottom of the spectrum, Ag(H), as well as of the bottom of the essential spec-
trum, A§®(H), of H. Since the graph is infinite, many quantities of interest for
finite quantum graphs (e.g., the number of vertices, edges, or its total length) are
no longer suitable for these purposes and the corresponding bounds usually lead
to trivial estimates. However, it is widely known that quantum graphs in a cer-
tain sense interpolate between Laplacians on Riemannian manifolds and difference
Laplacians on combinatorial graphs and hence quantum graphs can be investigated
by modifying techniques that have been developed for operators on manifolds and
graphs and we explore these analogies in the present paper. Notice that this insight
has already proved to be very fruitful and it has led to many important results in
spectral theory of operators on metric graphs (see, e.g., [10]). Although quantum
graphs are essentially operators on one dimensional manifolds, our point of view is
that the corresponding results and estimates should be of combinatorial nature.



Our central result is a Cheeger-type estimate for quantum graphs, which estab-
lishes lower bounds for A\o(H) and A{*™(H) in terms of the isoperimetric constant
a(G) of the metric graph G (Theorem 3.4). Although the Cheeger-type bound for
(finite) quantum graphs was proved 30 years ago by S. Nicaise (see [51, Theorem
3.2]), we give a new purely combinatorial definition of the isoperimetric constant
(see Definition 3.2) and as a result this establishes a connection with isoperimetric
constants for combinatorial graphs (see Lemma 4.2 and also (4.10)—(4.11)). To a
certain extent this connection is expected (cf. Theorem 2.11 and also [6, 15, 11, 58]).
Moreover, it was observed recently in [26, 44] by using the ideas from [43] that
spectral properties of the operator H are closely connected with the corresponding
properties of the discrete Laplacian defined in Ez(V' m) by the expression

(rg f)(v Z fv

where the weight function m: V — R+ is given by

m: v Z lew,v]- (1.2)

u~v

, vVEV, (1.1)

|€uv|

Using this connection, several criteria for Ag(H) and A$(H) to be positive have
been established in [26], however, in terms of isoperimetric constants and volume
growth of the combinatorial graphs, which were introduced, respectively, in [5] and
[28], [34] (in this paper we obtain these results as simple corollaries of our estimate
(3.8)).

Despite the combinatorial nature of (3.3) and (3.4), it is known that computation
of the combinatorial isoperimetric constant is an NP-hard problem [49] (see also
[35, 37] for further details). Motivated by [5] and [21], we introduce a quantity,
which sometimes is interpreted as a curvature of a graph, leading to estimates for
the isoperimetric constants «a(G) and aess(G). It also turns out to be very useful
in many situations of interest as we show by the examples of trees and antitrees.
Another way to estimate isoperimetric constants is provided by the volume growth.
Namely, we can apply the exponential volume growth estimates for regular Dirichlet
forms from [63] (see also [34], [52]) to prove upper bounds (Brooks-type estimates
[7]) for quantum graphs (see Theorem 7.1). However, this can be done under the
additional assumption that the metric graph is complete with respect to the natural
path metric (notice that in this case Hy is essentially self-adjoint and H coincides
with its closure, see Corollary 2.3).

The quantities A\o(H) and A§*(H) are of fundamental importance for several
reasons. From the spectral theory point of view, the positivity of Ag(H) or A§*(H)
corresponds to bounded invertibility or Fredholmness of the operator H. Moreover,
A§¥(H) = +o0 holds precisely when the spectrum of H is purely discrete, which
is further equivalent to the compactness of the embedding Hg(G) into L(G) (the
definition of the form domain H}(G) is given in Section 2.4). It is difficult to
overestimate the importance of Ag(H) and A$®(H) in applications. For example, in
the theory of parabolic equations Ao (H) gives the speed of convergence of the system
towards equilibrium. On the other hand, Cheeger-type inequalities have a venerable
history. Starting from the seminal work of J. Cheeger [16], where a connection
between the isoperimetric constant of a compact manifold and a first nontrivial
eigenvalue of the Laplace—Beltrami operator was found, this topic became an active
area of research in both manifolds and graphs settings. One of the most fruitful
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applications of Cheeger’s inequality in graph theory (this inequality was first proved
independently in [20, 22] and [1, 2]) is in the study of networks connectivity, namely,
in constructing expanders (see [17, 19, 35, 47]). Notice also that the positivity of
the isoperimetric constant (also known as a strong isoperimetric inequality) is of
fundamental importance in the study of random walks on graphs (we refer to [65]
for further details).

Let us now finish the introduction by describing the content of the article. First
of all, we review necessary notions and facts on infinite quantum graphs in Section 2,
where we introduce the pre-minimal operator Hy (Section 2.2), discuss its essential
self-adjointness (Section 2.3) and the corresponding quadratic form tg (Section 2.4),
and also touch upon its connection with the difference Laplacian (1.1) (Section 2.5).

Section 3 contains our first main result, Theorem 3.4, which provides the Cheeger-
type estimate for quantum graphs. Its proof follows closely the line of arguments
as in the manifold case with the only exception, Lemma 3.7, which enables us to
replace the isoperimetric constant (3.12) having the form similar to that of in [51]
(see also [41, 57]) by the quantity (3.3) having a combinatorial structure. The latter
also reveals connections with the combinatorial isoperimetric constant acomp from
[2, 20], which measures connectedness of the underlying combinatorial graph, and
with the discrete isoperimetric constant g introduced recently in [5] for the dif-
ference Laplacian (1.1). Bearing in mind the importance of both acomp and ag in
applications as well as the fact that these quantities are widely studied, we discuss
these connections in Sections 4.

Similar to manifolds and combinatorial Laplacians, one can estimate \o(H) and
A5¥(H) by using the isoperimetric constant not only from below but also from
above (Lemma 5.1). However, the price we have to pay is the existence of a positive
lower bound on the edges lengths, infece |e] > 0. Combining these estimates with
the results from Section 4, we conclude that in this case the positivity of Ao(H)
(resp., Af®(H)) is equivalent to the validity of a strong isoperimetric inequality,
i.e., dcomp > 0 (resp., S > 0).

In Section 6, we introduce a quantity which may be interpreted as a curvature
of a metric graph. Firstly, using this quantity we are able to obtain estimates on
the isoperimetric constant. Secondly, we discuss its connection with the curva-
tures introduced for combinatorial Laplacians in [21] and for unbounded difference
Laplacians in [5]. The latter, in particular, enables us to obtain simple discreteness
criteria for o(H) (see Lemma 6.5 and Corollary 6.6), which to a certain extent can
be seen as the analogs of the discreteness criteria from [23] and [31].

The estimates in terms of the volume growth are given in Section 7. In Section 8,
we consider several illustrative examples. The case of trees is treated in Section 8.1.
We show that for trees without inessential vertices and loose ends (vertices having
degree 1), A\g(H) > 0 if and only if sup, |e] < oco. Moreover, the spectrum of H
is purely discrete if and only if the number #{e € &£: |e| > ¢} is finite for every
€ > 0. Notice that under the additional symmetry assumption that a given metric
tree is regular similar results, however, for the so-called Neumann Laplacian were
observed by M. Solomyak [62]. The case of antitrees is considered in Section 8.2.
We provide some general estimates and also focus on two particular examples of
exponentially and polynomially growing antitrees. In particular, it turns out that
for a polynomially growing antitree, our results provide rather good estimates for
Xo(H) and A*(H) (see Example 8.9). In the last subsection, we consider the case



of Cayley graphs of finitely generated groups. Similar to combinatorial Laplacians,
the amenability /non-amenability of the underlying group plays a crucial role.

Finally, in Appendix A we provide a slight improvement to the Cheeger estimates
from [5] by noting that one can replace intrinsic path metrics in the definition of
isoperimetric constants simply by edge weight functions having an intrinsic prop-
erty.

2. QUANTUM GRAPHS

2.1. Combinatorial and metric graphs. In what follows, Gg = (V, &) will be
an unoriented graph with countably infinite sets of vertices V and edges £. For two
vertices u, v € V we shall write u ~ v if there is an edge e, ,, € £ connecting u with
v. For every v € V, we denote the set of edges incident to the vertex v by &, and

degg(v) := #{e|e € &,} (2.1)

is called the degree (or combinatorial degree) of a vertex v € V. When there is no
risk of confusion which graph is involved, we shall write deg instead of degg. By
#(S) we denote the cardinality of a given set S. A path P of length n € Z~qU{o0}
is a sequence of vertices {vg,v1,...,v,} such that vy_1 ~ vy for all k € {1,...,n}.
If vg = v, then P is called a cycle.

We shall always make the following assumption.

Hypothesis 2.1. The infinite graph Gg is locally finite (deg(v) < oo for every
v € V), connected (for any two vertices u,v € V there is a path connecting u and
v), and simple (there are no loops or multiple edges).

Next we assign each edge e € £ a finite length |e|] € (0,00). In this case G :=
WV, E,|-]) = (Ga,|-]) is called a metric graph. The latter enables us to equip G with
a topology and metric. Namely, by assigning each edge a direction and calling one
of its vertices the initial vertex eg and the other one the terminal vertex e;, every
edge e € £ can be identified with a copy of the interval Z, = [0, |e|]; moreover,
the ends of the edges that correspond to the same vertex v are identified as well.
Thus, G can be equipped with the natural path metric oo (the distance between
two points xz,y € G is defined as the length of the “shortest” path connecting x
and y). Moreover, a metric graph G can be considered as a topological space (one-
dimensional simplicial complex). For further details we refer to, e.g., [10, Chapter
1.3].

Also throughout this paper we shall assume the following conditions.

Hypothesis 2.2. There is a finite upper bound for lengths of graph edges:

£*(G) :=sup |e| < oc. (2.2)
ec&

In fact, Hypothesis 2.2 is not a restriction for our purposes (see Lemma 2.8 and
also Remark 2.9(i)).
Hypothesis 2.3. All edges in G are essential, that is, deg(v) # 2 for all v € V.

This assumption is not a restriction at all since vertices of degree 2 are irrelevant
for the spectral properties of the Kirchhoff Laplacian and hence can be removed
(see, e.g., [41]).



2.2. Kirchhoff’s Laplacian. Let G be a metric graph satisfying Hypothesis 2.1-2.3.
Upon identifying every e € £ with a copy of the interval Z, and considering G as the

union of all edges glued together at certain endpoints, let us introduce the Hilbert

space L2(G) of functions f: G — C such that

12(G) = P L3(e) = {f = {fehece| fo € L2(), 3 Ifel3aqe) < o0}
ec& ec&
The subspace of compactly supported L?(G) functions will be denoted by
L3(G) = {fe L?(G)| f # 0 only on finitely many edges e € g}

Next let us equip G with the Laplace operator. For every e € £ consider the
maximal operator H, yay acting on functions f € H?(e) as a negative second de-
rivative. Here and below H"(e) for n € Z>( denotes the usual Sobolev space. In
particular, H%(e) = L?(e) and

H'(e)={f € AC(e): ' € L?(e)}, H?*(e)={f € H'(e): ' € H'(e)}.

Now consider the maximal operator on G defined by

d2
Hmax = @He,maxa He,max = _dixg7 dom(He,maX) = Hz(e)' (23)
ec&
For every f. € H?(e) the following quantities
feleo) = zILHg fe(m), feles) = mlg% fe(), (2.4)

and

fileo) o= lim LD = Teleo) Ty iy

T—e, |J,‘ — €O| T—€q |.13 - ei‘

are well defined. The Kirchhoff (or Kirchhoff-Neumann) boundary conditions at
every vertex v € V are then given by

f is continuous at v,

ZGG&, fé(v) =0.

Imposing these boundary conditions on the maximal domain dom(H,,.x) and
then restricting to compactly supported functions we get the pre-minimal operator

Ho = Hyax | dOII'l(HQ)7
dom(Hy) = {f € dom(Huayx) N L2(G)| f satisfies (2.6), v € V}.

Integrating by parts one obtains that Hg is symmetric. We call its closure the
minimal Kirchhoff Laplacian. Notice that the values of f at the vertices (2.4)
and one-sided derivatives (2.5) do not depend on the choice of orientation on G.
Moreover, the second derivative is also independent of orientation on G and hence
so is the operator Hy.

(2.6)

(2.7)

Remark 2.1. If deg(v) = 1, then Kirchhoff’s condition (2.6) at v is simply the
Neumann condition

fi(v) =0. (2.8)
Let us mention that one can replace it by the Dirichlet condition
fe(w)=0 (2.9)
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and we shall consider the operator Hy with mized boundary conditions (either
Neumann or Dirichlet) at the vertices v € V of the graph G such that deg(v) = 1.

In the rest of our paper, we shall denote by Vp (respectively, by V) the set of
vertices v € V such that deg(v) = 1 and the Dirichlet condition (2.9) (respectively,
the Neumann condition (2.8)) is imposed at v. The sets of corresponding edges will
be denoted by £p and &y, respectively.

2.3. Self-adjointness. In the rest of our paper we shall always assume that the
graph Gy is infinite, that is, both sets V and £ are infinite (since G4 is assumed to be
locally finite). In this case the operator Hy is not necessarily essentially self-adjoint
(that is, its closure may have nonzero deficiency indices) and finding self-adjointness
criteria is a challenging open problem. The next results were proved recently in
[26]. Define the weight function m: V — R by

m:v— Z le], (2.10)
€&,
and then let p,,: &€ = Ry be given by
Dt €y — m(u) +m(v). (2.11)
The path metric o, on V generated by p,, is defined by

Om (U, v) 1= inf me(evk_l’vk), (2.12)
k

P={v0,...,Un}: Vo=u V=V
where the infimum is taken over all paths connecting u and v.

Theorem 2.2 ([26]). If (V, om) is complete as a metric space, then Hy is essentially
self-adjoint. In particular, Hy is essentially self-adjoint if

inf . 2.1
inf m(v) >0 (2.13)
Replacing p,, in (2.12) by the edge length |- |, we end up with the natural path

metric gg on V. Clearly, (V, o,,,) is complete if so is (V, gg) and hence we arrive at
the following Gaffney-type theorem for quantum graphs.

Corollary 2.3 ([26]). If G equipped with a natural path metric is complete as a
metric space, then Hy is essentially self-adjoint.

The next well known result (see [10, Theorem 1.4.19]) also immediately follows
from Theorem 2.2.

Corollary 2.4. If
0,(G) = igg le| >0, (2.14)

then Hy is essentially self-adjoint.

2.4. Quadratic forms. In this section we present the variational definition of the
Kirchhoff Laplacian. Consider the quadratic form

tg[f] :== (Hof, f)r2(g), [ € dom(tg) := dom(Hy). (2.15)
For every f € dom(Hp), an integration by parts gives
BU1= [ 1@ e =1 Parey (2.16)
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Clearly, the form tg is nonnegative. Moreover, it is closable since Hg is symmetric.
Let us denote its closure by tg and the corresponding domain by H}(G) := dom(tg).
By the first representation theorem, there is a unique nonnegative self-adjoint op-
erator corresponding to the form tg.

Definition 2.5. The self-adjoint nonnegative operator H associated with the form
tg in L?(G) will be called the Kirchhoff Laplacian.

If the pre-minimal operator Hy is essentially self-adjoint, then H coincides with
its closure. In the case when Hj is a symmetric operator with nontrivial deficiency
indices, the operator H is the Friedrichs extension of Hy.

Remark 2.6. Of course, one may consider the maximally defined form

G = [ g edom) (27)
where
dom(t§") = {f € ()| | € HL(G), f' € (@)} = H'G),  (218)
and then associate a self-adjoint positive operator, let us denote it by HY, with
(V)

this form in L*(G). Clearly, the forms tg and tg  coincide if and only if H
is the unique positive self-adjoint extension of Hy (this in particular holds if Hy
is essentially self-adjoint). We are not aware of a description of the self-adjoint
operator HY associated with the form t(gN) if the pre-minimal operator has nontrivial
deficiency indices (however, see the recent work [13, 38]). Moreover, to the best
of our knowledge, the description of deficiency indices of Hy and its self-adjoint
extensions is a widely open problem.

If at some vertices v € V with deg(v) = 1 the Neumann condition (2.8) is
replaced by the Dirichlet condition (2.9), then the corresponding form domain will
be denoted by Hi(G). Notice that

Hy(9) = {f € Hy(9)| fe(v) =0, v € Vp}. (2.19)
By abusing the notation, we shall denote the corresponding self-adjoint operator by
H. The bottom of the spectrum of H can be found by using the Rayleigh quotient

M, frag) _ 17122 6)

M(H) :=info(H) = inf inf . (2.20)
remy@) Mflli2g)  remy 1f172g)
70 F#£0
Moreover, the bottom of the essential spectrum is given by
1£17 2 05
ASS(H) = inf ooss(H) = sup  inf  ——— o\ (2.21)

~ = 2

Gcg feh;igg\g) ||fHL2(g\g)
where the sup is taken over all finite subgraphs 5 of G. Here for any Q~ C G we
define I?& (G\G) as the set of HMG\ G) functions satisfying the following boundary
conditions: for vertices in G\ g having one or more edges in QN, we change the
boundary conditions from Kirchhoff-Neumann to Dirichlet; for all other vertices in
g\(} , we leave them the same. This equality is known as a Persson-type theorem (or
Glazman’s decomposition principle in the Russian literature, see [33]) and its proof
in the case of quantum graphs is analogous to the case of Schrodinger operators
(see, e.g., [18, Theorem 3.12]).



Remark 2.7. Let us mention that the following equivalence holds true
A(H) =0 = ASP(H) =0. (2.22)

The implication “ < 7 is obvious. However, \g(H) = 0 and A{*(H) # 0 holds
only if 0 is an isolated eigenvalue. On the other hand, (2.16) implies that 0 is an
eigenvalue of H only if 1 € L*(G). The latter happens exactly when

mes(G) = Z le] < 0.
ecf

and hence the equivalence (2.22) holds true whenever mes(G) = oo,
On the other hand, it turns out that 1 ¢ H}(G) if mes(G) < oo and hence 0 is
never an eigenvalue of H (see Corollary 3.5(iv)). In particular, the latter implies

that tg # t(gN) if the metric graph G has finite total volume, mes(G) < oo. The
analysis of this case is postponed to a separate publication.

If G1, G5 are finite subgraphs with G; C Gy C G, then f[&(g \ G2) C f[&(g \ G1)
in the sense that every function in H}(G \ G2) can be extended to be in H (G \ G1)
by setting it zero on remaining edges. Thus,

reiij@\0) Iflz2gvan — remy@an 111lz2var)
o f0

Let KCg be the set of all finite, connected subgraphs of G ordered by the inclusion
relation “C” and hence Kg is a net. Moreover,
1132 05 10132005
AP(H) = sup  inf 7;2@\@ = lim  inf _ 7;2@\@, (2.23)
=~ 1 ~ 1 ~
Gerig 1< (\0) £ 0\0) Geks feliy ©\0) 17172 006,
where the limit is understood in the sense of nets and in this case we will say that
G tends to G.
The next result provides an estimate, which easily follows from (2.20)—(2.21).

Lemma 2.8. Set
less(G) :=inf sup [e], (2.24)
€ cce\E
where the infimum is taken over all finite subsets g of £. Then

2 w2

M(H) € ——, AMPH) € ——. 2.25

00 = Fgp o= o 22

Proof. By construction, the set H!(G) := H}(G)NL2(G) is a core for tg. Moreover,

every f € H}(G) admits a unique decomposition f = fii, + fo, where fi, € Hi(G)

is piecewise linear on G (that is, it is linear on every edge e € £) and fy € HE(G)
takes zero values at the vertices V. It is straightforward to check that

tlf] = /g | () 2d = /g i ()2 + /g 1F5(@) P = tgfun] + tolfol- (2.26)

Now the estimates (2.25) and (2.24) easily follow from the decomposition (2.26).
Indeed, for every f = fo € H3(G)

tolfol = D 1ol

ecé

12(e); (2.27)
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where fo.:= fo | e € H}(e). Noting that

117 (z)z’

feH(0.) 17113 !

and then taking into account (2.20) and (2.21), we arrive at (2.25). O

Remark 2.9. A few remarks are in order:

(i) The estimate (2.25) shows that the condition (2.2) is not a restriction
since in the case £*(G) = oo one immediately gets A\o(H) = A§®(H) = 0.
Moreover, in this case o(H) coincides with the positive semi-axis R>o (see
[61, Theorem 5.2] ).

(ii) The second inequality in (2.25) implies that (2.24) is necessary for the
spectrum of H to be purely discrete. Notice that £%.,(G) = 0 means that the
number #{e € E||e| > €} is finite for every e > 0.

(iii) The estimates (2.25) can be slightly improved by noting that we can use
other test functions on the edges e € Ex to improve the bound (w/|e|)? by
(m/2|e|)?. For example, we get the following estimate

2 2
™ s
H) < mi inf — inf [ — . 2.2
Ao )_mm{eelsn\sN(|e|) ’ et (2|e|) } (2:28)

2.5. Connection with the difference Laplacian. In this section we restrict for
simplicity to the case of Neumann boundary conditions at the loose ends, that is,
fi(v) = 0 for all v € V with deg(v) = 1. Let the weight function m: V — Rsg
be given by (2.10). Consider the difference Laplacian defined in ¢2(V;m) by the

expression
fv
(rg f)(v Z

u~v

, ve. (2.29)

|eu v|
Namely, 7g generates in £2(V;m) the pre-minimal operator

hg: dOIn(ho) — KQ(V,m)

; S g dom() = Ce(v), (2.30)

where C.(V) is the space of finitely supported functions on V. The operator hy is
a nonnegative symmetric operator. Denote its Friedrichs extension by h.

It was observed in [26] that the operators H and h are closely connected (for
instance, by [26, Corollary 4.1(i)], Hy and hg are essentially self-adjoint only simul-
taneously). In fact, it is not difficult to notice a connection between H and h by con-
sidering their quadratic forms (see [26, Remark 3.7]). Namely, let £ = ker(Hyax)
be the kernel of Hy, .., which consists of piecewise linear functions on G. Every
f € L can be identified with its values {f(e;), f(€o)}ece on V and, moreover,

| f(ed)|” +Re(f(ei) f(eo)*) + [ fleo)
111726y = D lel 2 . (2.31)
ec&
Now restrict ourselves to the subspace Leont = LN Ce(G). Clearly,
Z |6| ‘f ez ‘2 + |f e0 Z |f |2 Z |6| = ||f||?2(v;m)
ect veY ec&,
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defines an equivalent norm on L.,n; since the Cauchy—Schwarz inequality immedi-
ately implies

1 1
EHfH?z(V;m) < £z < §||f||§2(v;m)~ (2.32)
On the other hand, for every f € L on: we get
fleo) = fle)?
tolf] = (1. 1oy = X [ 17 Ptn, = 3 1)
ecEv® e€E (2.33)
1 f(v) = f(u)]? _ '
=3 Z T e (hf, flewm) = tlf]-
u,vEY ?
Hence we end up with the following estimate.
Lemma 2.10.
Ao(H) < 6)g(h), AT (H) < 6257 (h). (2.34)
Proof. Clearly, the Rayleigh quotient (2.20) together with (2.32) and (2.33) imply
sy = p telflo oy tolfl
fEH(9) ||f||L2(g) f€Lcont Hf”Lz(g)
tn[f]

fEC(V) %Hf”??(v;m)

If G is equilateral (that is, |e| = 1 for all e € £), then m(v) = deg(v) for all v € V
and hence 7¢g coincides with the combinatorial Laplacian

(Feomn ) (0) 1= dgz() S F0) - fw), ve V. (2.35)

In this particular case spectral relations between H and h have already been ob-
served by many authors (see [6], [15, Theorem 1], [24] and [11, Theorem 3.18]).

Theorem 2.11. If |e| =1 for all e € £, then

Ao(h) =1 — cos (v/Ao(H)), AGE(h) =1 — cos (/A (H)). (2.36)

Remark 2.12. Actually, far more than (2.36) is known in the case of equilateral
quantum graphs. In fact, there is a sort of unitary equivalence between equilateral
quantum graphs and the corresponding combinatorial Laplacians (see [53, 54] and
also [46]).

Hence for equilateral graphs we obtain

Ao(h)

IN

S 1 €ess
S o(H), A=) < NG (H).
The latter together with (2.34) imply that for equilateral graphs the following equiv-
alence holds true
M(H) >0 (A®(H) >0) = Ao(h) >0 (Ag*(h) > 0). (2.37)

In fact, it was proved recently in [26, Corollary 4.1] that the equivalence (2.37)
holds true if the metric graph G satisfies Hypothesis 2.2. Unfortunately, there is no
such simple connection like (2.36) if G is not equilateral.
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Remark 2.13. Spectral gap estimates for combinatorial Laplacians is an established
topic with a vast literature because of their numerous applications (see [1, 2,17, 19,
20, 27, 35, 65] and references therein). Recently there was a considerable interest
in the study of spectral bounds for discrete (unbounded) Laplacians on weighted
graphs (see [5, 40]). On the one hand, (2.36) and (2.37) indicate that there must
be analogous estimates for quantum graphs, however, we should stress that (2.36)
holds only for equilateral graphs. On the other hand, these connections also indicate
that spectral estimates for quantum graphs should have a combinatorial nature.

Remark 2.14. Since Z5x < 1— cos(y/z) for all x € [0,7%/4], (2.36) implies the
following estimate for equilateral quantum graphs

7.(.2

2
No(H) < Tho(h), X§U(H) < TN (h),

which improves (2.34). Moreover, the constant w2 /4 is sharp in the equilateral case.
However, it remains unclear to us how sharp is the estimate (2.34).

3. THE CHEEGER-TYPE BOUND

For every Ge Kg we define the boundary of G with respect to the graph G as the
set of all vertices v € V' \ Vy such that either degz(v) = 1 or degg(v) < degg(v),
that is,

096G = {ve V| v e Vp or degg(v) < degg(v)}. (3.1)

For a given finite subgraph 5 C G we then set
deg(9gG) := Z degg(v). (3.2)

vE@gg

Remark 3.1. Let us stress that our definition of a boundary is different from the
combinatorial one. In particular, we define the boundary as the set of vertices
whereas the combinatorial definition counts the number of edges connecting V with
its complement V' \ V.

Definition 3.2. (i) The isoperimetric (or Cheeger) constant of a metric graph
G is defined by

0(G) = nf 8%60)

oote mes(C) € [0, 00), (3.3)

where mes(g) denotes the Lebesgue measure of G, meS(QN) = .z lel
(ii) The isoperimetric constant at infinity is defined by

Qess(G) == sup a(G\ ) € [0, 00]. (3.4)

gekg

Recall that for any QV € Kg we consider G \ 5 with the following boundary
conditions: for vertices in G \ 5 having one or more edges in 5, we change the
boundary conditions from Kirchhoff-Neumann to Dirichlet; for all other vertices
in G\ §, we leave them the same. These boundary conditions imply that for a
subgraph ) € /Cg\_g,

ag\gy =0g), (3.5)

12



where the left-hand side is the boundary of Y with respect to G\ é (with the new
Dirichlet conditions) and the right-hand side is the boundary with respect to the
original graph G. Hence,

~ . deg(955Y) . deg(9gY)
a(G\g) = ve ey T ved . Tmes()
and a(G \ G1) < (G \ G2) whenever G; C Gs. Thus,
0ess(G) = sup a(G\G) = lim a(G\G). (36)
Gekg GeKg

Remark 3.3. Choosing G as an edge e € € or a star &, with some v €V, one gets
the following simple bounds on the isoperimetric constant

2 .. degg(v)
< _ < inf .
@)= 75y a(G) = b =705
The next result is the analog of the famous Cheeger estimate for Laplacians on
manifolds [16].

(3.7)

Theorem 3.4.

a(G)?, XS (H) > Saen(9)2. (3.8)

Mo(H) > 1

e

As an immediate corollary we get the following result.

Corollary 3.5. (i) H is uniformly positive whenever a(G) > 0.
(if) AF(H) > 0 if aess(G) > 0.
(iii) The spectrum of H is purely discrete if aess(G) = 00.
(iv) If the metric graph G has finite total volume, mes(G) < oo, then H is a
uniformly positive operator with purely discrete spectrum.

Proof. Clearly, we only need to prove (iv). Since mes(G) < oo and taking (3.3) into
account, we immediately obtain

1
a(G) > m7

which together with (3.8) implies the inequality A\o(H) > 0. Next, using (3.4)
together with the estimate (3.9) and the net property of Kg, one gets aess(G) = o0,
which finishes the proof. a

(3.9)

Before proving the estimates (3.8) we need several preliminary lemmas. In what
follows, for every U C G, we shall denote by 0U the boundary of a set U in the
sense of the natural metric topology on G (see Section 2.1). For every measurable
function h: G — R and every t € R let us define the set

Q(t) == {z € G| h(z) > t}. (3.10)

The next statement is known as the co-area formula and we give its proof for the
sake of completeness.

Lemma 3.6. If h: G — R is continuous on G and continuously differentiable on
every edge e € £, then

/|h’(x)|dx:/#(8§2h(t)) dt. (3.11)
g R



Proof. Assume first that supp(h) C e for some e € £. We can identify e with the
open interval (0, |e|) and hence

M, :={x € e| W (x) # 0}

can be written as M, = |J,, I, for (at most countably many) disjoint open intervals
I, C (0, le]). Since h is strictly monotone on each of these intervals,

/g|h'(m)d;v:/|h’(x)|dx:/ | (z)| dz
=3 [ @)l ar =S mestatra) = 3 [ 1) ds

Here mes(X) denotes the Lebesgue measure of X C R. Moreover, by continuity
of h, it is straightforward to check that 1,7, )(t) = #(9Q(t) N I,) for all t € R.
Hence we end up with

Z/R]lh(jn)(t) dt:Z/R#(th(t)ﬁIn) dt:/R#(aﬂh(t)ﬂMe) dt.

Now assume that ¢ € R is such that 0, (t) N M¢ # &, where
M¢:=e\ M, ={x ce|lh(z)=0}
is the set of critical points of h. By Sard’s Theorem [60], h(MS) has Lebesgue
measure zero and hence

/ 4(00n (1) N M) dt = / 20 (1) N e) dt.
R R

Assume now that h: G — R is an arbitrary function satisfying the assumptions.
Then we get

/\h de =" [ W (2)] da

ecg Ve
_Z/#aszh ) dt = /#aszh N (G\V)) dt
eef
If 0, (t) NV # &, then t € h(V). Since V is countable, we arrive at (3.11). O

Next it will turn out useful to rewrite the Cheeger constant (3.3) in the following
way. Let

where Ug = Ugelch{g and
Uz ={U C G| Uis open, UNVp = @ and U NV = @} (3.13)
Lemma 3.7. Let a(G) be defined by (3.3). Then
a(G) = a(g). (3.14)
Proof. (i) It easily follows from the definition of @(G) that
a(G) < alG).
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Indeed, assume first that Ge K¢ and identify G with a closed subset of the graph.
For a sufficiently small £ > 0, we cut out a ball B.(v) of radius ¢ at each point in
v € JgG and obtain the set

We have U € Ug and, moreover, OU has precisely deg(agg) points. In total,
#(OU) _ _ deg(9gG)

mes(U)  mes(G) — e deg(9gG)
Letting € tend to zero, we obtain the desired inequality. o
(ii) To prove the other inequality, let U € Ug and G = (V,E) be the finite
subgraph consisting of all edges e € £ with e N U # @ and all vertices incident to

such an edge. Clearly, mes(U) < mes(G). Also, by (3.2),

deg(8gG) = Z deggz(v) =#{e € &| e connects 9gG and G\dgG}
vedG

+2#4{e € £| both vertices are in dgG}.

Since U is 5_open, every point of agg is not in U. Therefore, every edge in the
subgraph G connected to a vertex in 8gg must contain at least one boundary point
of U. If both vertices of the edge are in agg it must even contain at least two
boundary points of U. Also, since V N OU = &, the boundary points lie in the
strict interior of each edge and therefore cannot coincide for different edges. Thus,
deg(0gG) < #(AU).

Finally, notice that G might be disconnected. If it is the case, then write G =

UnGy as a disjoint, finite union of connected subgraphs Gn € Kg. Then

#OU) _ des(@50) _ 5, dea(0Gn) . den(95G)
mes(U) = mes(G) S omes(G,) " mes(Gn)
which implies that a(G) > «(G). O

Now we are in position to prove the Cheeger-type estimates (3.8).

Proof of Theorem 3.4. Let us show that the following inequality

a(9) [ fllz2(9) < 21f'llz2(9) (3.15)

holds true for all f € dom(t}) = dom(Hy). Without loss of generality we can
restrict ourselves to real-valued functions. So, suppose f € dom(Hy) is real-valued.
Observe that (see, e.g., [32, Lemma 1.4.1])

|f||2Lz(g)=/gf(x)2 dxz/o mes(Qy2(t)) dt.

Next we want to use Lemma 3.7 with h = f2. If ¢ > 0 is such that Q2 (£)NV # @,
then t € f2(V) by continuity of f2. Since V and hence f2(V) are countable, we get
that Q2 (t) € Ug for almost every ¢ > 0. Thus, in view of Lemma 3.7

@)1 < / T 002(1)) d. (3.16)
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On the other hand, applying Lemma 3.6 to h = f2 and then the Cauchy—Schwarz
inequality, we get

/O #(0Q2 (1)) dt = 2/g |f (@) f"(@)|dx < 2[|fll 2l f | 2(g)- (3.17)

Combining the last two inequalities, we arrive at (3.15), which together with the
Rayleigh quotient (2.20) proves the first inequality in (3.8).
The proof of the second inequality in (3.8) follows the same line of reasoning
since by (2.21)
T -
S; G\g
NTH) reiir@\@) 112 ( \~)7
£20 L2(9\G)
for every finite subgraph G of G. Notice that the boundary conditions on G \ G are
defined after (3.4). O

Remark 3.8. The Cheeger estimate for finite quantum graphs was first proved in
[61] (see also [57, §6] and [40]). Our result extends [51, Theorem 3.2] to the case of
infinite graphs and also provides a bound on the essential spectrum of H. Howewver,
our definition of the isoperimetric constant (3.8) is purely combinatorial since the
infimum is taken over finite connected subgraphs of G, although the definition in
[51] (see also [41, 57]) is similar to (3.12).

Let us mention that one can obtain a similar statement for the operator HY that
is related to the mazimally defined quadratic form (see Remark 2.6). However, one
needs to take the infimum in the definition of the isoperimetric constant over all
subgraphs of finite volume.

Taking into account the equivalence (2.22), let us finish this section with the
next observation.

Lemma 3.9. The following equivalence holds true
a(g) =0 <~ aess(g) =0. (318)

Proof. Clearly, we only need to prove the implication a(G) = 0 = aess(G) = 0.
Assume the converse, that is, there is an infinite graph G satisfying Hypotheses
2.1-2.3 such that «(G) = 0 and @ess(G) > 0. Then by (3.3), there is a sequence
{Gn} C Kg such that
. deg(9gGn)
a(G) = lim ————~
( ) n—00 mes(gn)

On the other hand, (3.4) implies that there is G € Kg such that a(G\ G) = ag > 0.
In particular, taking into account (3.5), the latter is equivalent to the fact that

=0.

deg(ag\gy) ~ deg(9g))
mes())  mes()) = a0 >0

for every finite subgraph ) C G\ _C'7 .
Next observe that

i 428006(Gn \ 9))

= )

n—o00 mes(gn \ g)
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which leads to a contradiction. Indeed, by construction, lim,,_, ., mes(G,) = co and
hence mes(G,, \ G) = mes(G,,)(1 + o(1)) as n — oo. It remains to note that

deg(9gGn) — deg(9) < deg(9g(Gn \ 9)) < deg(dgGn) + deg(G). L

4. CONNECTIONS WITH DISCRETE ISOPERIMETRIC CONSTANTS
For every vertex set X C V, we define its boundary and interior edges by

E(X) ={e € &| e connects X and V\X},
Ei(X) ={e €& all vertices incident to e are in X}.

Also, for a vertex set X C V we set
m(X):= > m(v),
veX

where m: V — (0, 00) is defined by (2.10) (in fact, m(v) = mes(&,) for every v € V).
The (discrete) isoperimetric constant ag(Y) of Y C V is defined by

#(E (X))

XCy m(X)
X is finite

ag(Y) = € [0,00). (4.1)

The discrete isoperimetric constant of the graph G is then given by

aaV) = mf &)

XCV m(X)
X is finite

€ [0,00). (4.2)

Moreover, we need the discrete isoperimetric constant at infinity

aZ*(V):= sup ag(V\X)€][0,x]. (4.3)
XCV
X is finite

Remark 4.1. Our definition of the isoperimetric constants follows the one provided
in Appendiz A (see Remark A.4). This definition is slightly different from the one
given in [5], which uses the notion of an intrinsic metric on V (cf. [29]). In
particular, the natural path metric oo (cf. Section 2.3) is intrinsic in the sense
of [5, 29] and in certain cases (if, for example, Gq is a tree) the corresponding
definitions from [5] coincide with (4.2) and (4.3). Notice that the following Cheeger-
type estimates for the discrete Laplacian (2.29)—(2.30) (see [5, Theorems 3.1 and
3.3] and Theorem A.1) hold true

1 1
Noll) > Saa(V), A () > Lo (V)2 (4.4)
The next result provides a connection between isoperimetric constants.
Lemma 4.2. The isoperimetric constants (3.3) and (4.2) can be related by
1 2 1
sa(G) < aq(V), — < — ¢
In particular, the isoperimetric constants at infinity (3.4) and (4.3) satisfy
2 < 1
Qess(G) ~ O‘ZSS(V)
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Proof. (i) First, let X C V be finite. Let also G = (V, ) be the finite subgraph of
G consisting of all edges with at least one vertex in the set X. Observe that

=& =&X)UEX).

veX
Then
m(X) = Z m(v) =2 Z le| + Z le] < 22:|€| = 2mes(G).
veX e€&;i(X) ec&y(X) ec€

Note that for every v € X, the whole star £, attached to it is in G. Therefore, every
vertex from agg is not in X. Now consider an edge e in the subgraph G which is
connected to a vertex v € gG. Then its other endpoint must be in X (because of
the definition of G). Hence

deg(9gG) = Z degg(v) Z #{e| e connects v and X'}
vedG vedG

< #{e € £| e connects X and V\X} = #(&(X)).

Splitting G in finitely many connected components as in the proof of Lemma 3.7,
we arrive at the first inequality in (4.5).

To prove the second inequality, assume Ge Kg. Write E= g’o U& U SNQ, where
50, 5~1, S~2 are the sets of edges in the subgraph with, respectively, none, one, and
two vertices in 6gg~ . Clearly,

deg(96G) = #(€1) + 2#(&2). (4.7)
Now define the finite vertex set X := 9\893. We have
E(X) =&, E(X) =&,
Thus,
9 mes(g~)~ _ QZeefo le| +~Ze€§1 e j‘ Zee% e
deg(9g9) #(&1) + 2#(E2)
_ QZeeg,i(x) le] + Zeegj(x) le] n Zee&,(X) le] + 226552 le]
#(Ep(X)) +27(E2) #(E(X)) +2#(E2)
m(X) N Deee,(x) 1€l +22 ez, le]

#(Ep(X)) + 2#(&2) #(Ep(X)) 4 2#(&2)
m(X) D, (x) lel +23 g, lel m(X)
< = < + sup |e].
#(Ep(X)) H#(E(X)) + 24#(E) #(E(X))  cee
(ii) To prove (4.6), let first X C V be a finite and connected (in the sense that
for two vertices in X, there always exists a path connecting them and only passing
through vertices in X)) set of vertices. Then the subgraph Gx CG consisting of all
edges with both vertices in X is finite and connected. Now note that for a finite
vertex set Y C V\ X, the subgraph éy defined above is contained in G\ é . Hence
taking into account (3.5) and using the same line of reasoning as in (i), we get
(G \ Gx) < 2a4(V\ X). Finally, choose an increasing sequence {X,,} C V of finite
and connected vertex sets such that every finite vertex set X C V is eventually
contained in X,,. Then the corresponding sequence {Qvn} C Kg of subgraphs is
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increasing and every finite, connected subgraph Ge K¢ is eventually contained in
Gn. In view of (3.6), we obtain the first inequality in (4.6) by taking limits.

To prove the second, for a subgraph Gy € Kg, choose X to be the set of vertices
in Go. Let §7 S ICg\go. If a vertex v is both in V and in X, then it has at least one
incident edge which lies in the cut out graph Gy and therefore v € ng. Thus, the
vertex set Y = 17\ag§ satisfies Y N X = @. Refining the previous estimate,

mes(g) < m(Y) ZeESb(Y) ‘€| +2 26652 |€| < m(Y)
deg(9gG) — #(&(Y)) #(EY)) +24(&) ~ #(EN))

and hence

+£5(G\ Go)-

2 1

<
a(G\ Go) ~ ag(V\X)
Choosing an increasing sequence {G, } C Kg such that every Gy € Kg is eventually

contained in G,, and applying the same limit argument as before, we arrive at the
second inequality in (4.6). O

+ (G \ Go).

Remark 4.3. It can be seen by examples that the estimates (4.5) and (4.6) are
sharp. Indeed, on the equilateral Bethe lattice (see Example 8.3), one gets equalities
in the second inequalities (4.5) and (4.6) (cf. (8.3)).

Combining (4.5) with Corollary 3.5, we obtain Theorem 4.18 from [26].

Corollary 4.4 ([26]). (i) Ao(H) >0 if aq(V) > 0.
(i) ASS(H) > 0 if aSS(V) > 0.
(iii) The spectrum of H is purely discrete if the number #{e € £: |e| > e} is
finite for every € > 0 and aS®(V) = .
Proof. We only need to mention that ¢%(G) = 0 if and only if the number #{e €
E: |e| > €} is finite for every € > 0. Moreover, in this case it follows from (4.6) that
a®(G) = a5B (V). 0

Finally, let us mention that in the case of equilateral graphs the discrete isoperi-
metric constants coincide with the combinatorial isoperimetric constants introduced
in [22]:

o #(0X)
_ f ess — X 4.8
Acomb (V) )I(Iév deg(X)’ Aomb (V) )S(lé% Acomb(V\ X) (4.8)
X is finite

Comparing (4.8) with (4.2) and (4.3) and noting that
£,(G) degg(v) < m(v) < £(G) degg(v)

for all v € V, one easily derives the estimates

aCOmb(V) aCOmb(V) agiﬁnb(v) ess a(e;f)smb(v)
< < =/ 7 —comb 7 L < —==——"
rg) =M= @ =0TV S (g
Here
3°(G) :=sup inf |e|, (4.9)
F ece\E

and the supremum is taken over all finite subsets E of &. Moreover, taking into
account Lemma 4.2, we get the following connection between our isoperimetric
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constants and the combinatorial ones:

2 acomb(V) 2 Qcomb (V)
< a(G) < Zeombl”) 4.10
FOI + o) = 9= T0(g) (410
e 2055, (V) 2055, (V)
Cki(b)smb ess agts)inb
< a%(g) < 2%eompV) 411
@0 o, (7) = 9= Tee(g) o
Since aeomb(V) € [0,1), we end up with the following result.
Corollary 4.5. Let G be a metric graph such that ¢*(G) < co. Then:
(i) Ao(H) >0 if acomp(V) > 0.
(i) A§*(H) > 0 whenever o5 (V) > 0.
(iii) The spectrum of H is purely discrete if £5(G) =0 and a5 (V) > 0.

5. UPPER BOUNDS VIA THE ISOPERIMETRIC CONSTANT

It is possible to use the isoperimetric constants to estimate A\o(H) and A\§*(H)
from above, however, for this we need to impose additional restrictions on the
metric graph.

Lemma 5.1. Suppose that £.(G) = inf.cg |e] > 0. Then
w2 w2
MH) < ——— A (H) <

Proof. To estimate A(H), choose any ¢ € H'([0,1]) with ¢(0) = 0, ¢(1) = 1 and
¢l L2(0,1) = 1 and set
(@) = 10,12 (1)9(22) + L1y (2)6(2 — 22), @ €[0,1].

Assume a subgraph Gy € Kg and a finite, connected subgraph G=W,E) of G\ Go.
Then define g € H(G \ Go) by setting

Oess(9). (5.1)

0, e € E\gy > e¢ €
1, e Ego
g(xe) R ¢(|ZL’T(;U‘)’ e = eu;ﬂ. & (c::l,'ll, S 85 ’

(b(%)v ec 52

where SNO, €~1, 5~2 are defined as in the previous subsection and |z. — y| denotes the
distance between x, € e and some y € e. If Gy # @ and v € G\ Gy is a vertex with
at least one incident edge in Gy, then either v is not in V or v is a boundary vertex

of G. In both cases, g vanishes at v. Therefore, g € f{rl(g \ Gp). Next we get

le| 5
HQH%?(Q\QO) = Z le| + Z |6H|¢||%2(0,1) + Z 2?”¢H%2(0,1) = mes(G),

6650 6651 eefz

and, in view of (4.7),

1 4
19 WE2@ram = D eIz + 2 1o e

ccd, ec&s
191z20.0) 5 2y < 2920 9
< m(#(gl) +4#(&)) < m deg(9gG)-
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Choosing ¢(z) = v/2sin(Zz), we obtain the estimate

191126\ 60) < 7w deg(9gG)

Hg”%g(g\go) - 25*@\90) mes(g) -

Choosing Gy = @, (2.20) and (3.8) imply the first inequality in (5.1). Now assume
Go # @. Then

wf ||f/H%2(g\g0) w2 (G \ Go).
e} (6\Go) 172 \g0) — 264(G\ Go)
Finally, using (2.23) and (3.6) we end up with
w2 w2
AT (H) < ggiel}lcg ma(g \Go) = Ws(g)o‘e“@' O

Combining Lemma 5.1 with the Cheeger-type bounds (3.8) and the estimates
(4.10)—(4.11) and taking into account Lemma 3.9, we immediately get the following
result.

Corollary 5.2. If £,(G) > 0 and ¢*(G) < oo, then the following are equivalent:
(i) Ao(H) >0,
(i) 2§ (H) >0,
(iil) ccomn(G) >0,
(iv) a&= (G) > 0.

comb
Remark 5.3. A few remarks are in order:
(i) If £.(G) = 0, then the estimate in (5.1) becomes trivial.
(ii) Notice that (5.1) is better than (2.25) only if the isoperimetric constant
satisfies

20.(9)

a(g) < ek

(iii) In [12], Buser noticed that the isoperimetric constant can be used for ob-
taining upper estimates on the spectral gap for Laplacians on compact Rie-
mannian manifolds. Hence estimates of the type (5.1) are often called
Buser-type estimates. Let us mention that for combinatorial Laplacians a
Buser-type estimate was first proved in [2] (see also [17, 19]). For finite
quantum graphs, a Buser-type bound can be found in [41, Proposition 0.3],
which is, however, different from our estimate (5.1).

6. BOUNDS BY CURVATURE

Despite the combinatorial nature of isoperimetric constants (3.3) and (3.4), it
is known that computation of the combinatorial isoperimetric constant (4.8) is an
NP-hard problem (see [35, 37, 49] for further details). Our next aim is to introduce
a quantity, which provides estimates for a(G) and aess(G) and also turns out to be
very useful in many situations (see Section 8).

Suppose now that our graph is oriented, that is, every edge is assigned a direction.
For every v € V, let & and &, be the sets of outgoing and incoming edges,
respectively. Next define the function K: V — R U {—oc0} by

4 _
Ky ZEDZ#E) 40 1 (6.1)
#(ES)  ecer el
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Note that K can take both positive and negative values, and K(v) = —oo whenever
#(E7) = 0.

Lemma 6.1. Assume G is an oriented graph such that the function K is positive.
Then the isoperimetric constant (3.3) satisfies

a(G) 2 K(9) = 1}2£K(v) > 0. (6.2)

Proof. Let Ge Kg be a finite and connected subgraph. For every v € 9, denote by
ES(G) and &, (G) the sets of outgoing and incoming edges in G. Since K(v) > 0 is
positive, we get
1 #(,)
sup fe] < (1~ ).
K(v) #(ES)

ecEF

for all v € V. Therefore,

- g’l})
mes Z|€ Z Z |e‘< Z Z #(&-}i—)

ec€ veVy eES{f'(G) UEV ec&F(G)
#(Ey)

Rig) e ( o)
UGV #(81} )

First observe that

D HETG) =D #(E () = #(©E).

UET} 11617

Moreover, for any non-boundary point v € % \ 8g_C'7 , the whole star &, is contained
in G and hence £F(G) = Ei Therefore, we get

SEr@)(1- T8 - S weer D*Z#ﬁ@#g)

eV veY veEV #(&)
&) )
_ S0 7H(ES)
- £-(G)) — #(&F
%?ﬁﬂ% HEHO) T
< 3 degg(v) = deg(060).
vEIGG

Combining this with the previous estimates, we end up with the following bound

mes(é) < deg(agé),

1
K(9)
which proves the claim. O
Remark 6.2. The function K is sometimes interpreted as curvature. Several
notions of curvature have been introduced for discrete and combinatorial Laplacians.
Perhaps, the closest one to (6.1) have been introduced in [39]. Namely, since the
natural path metric oo is intrinsic, define the function Kg: V — R by

#(ED — #(ED)

Ki:v—
v m(v)

(6.3)
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lateral (i.e., le] = 1), and hence (6.3) coincides with the definition suggested for

Moreover, m(v) = deg(v) for all v € V if the corresponding metric graph is equi-
|
combinatorial Laplacians in [21]. Notice that for equilateral graphs (6.1) reads

#(&,)
K() = Keomp(v) :==1— vL veV, 6.4
and hence in this case
2 2 1
- =1+——, veE. 6.5
K(v) ~ Keomn(0) Ka(v) (6:5)

It seems there is no nice connection between K and Kg in the general case.

Remark 6.3. Let us also mention that Lemma 6.1 can be seen as the analog of
[5, Theorem 6.2], where the following bound for the discrete isoperimetric constant

was established:
ag(V) > Kq(V) := 1r€1£ Ka(v), (6.6)

if K, is nonnegative on V. Combining (6.6) with the second inequality in (4.5), we
end up with the following bound
2 1

aG) = KaV)

In what follows we shall call the function Keomp: V — QU {—oc} defined by

(6.4) as the combinatorial curvature (in [21, p. 32], Kq is called a curvature of the

combinatorial distance spheres). Note that the curvature can take both positive

and negative values, and Kcomb(v) = —oo whenever #(&;7) = (. The next simple
estimate turns out to be very useful in applications.

+05(G). (6.7)

Lemma 6.4. Assume Keomp 15 positive on V and
Kcomb(v) = 1}2% Kcomb(v)-

Then the isoperimetric constant (3.3) satisfies

Kcomb(v)
al(G) > ————= 6.8
(@)= = (6:5)
Proof. Noting that Kcompb is positive and comparing (6.4) with (6.1), we get
Kcomb (U>
— 2 < K(v 6.9
for all v € V. Hence the claim follows from Lemma 6.1. O

With a little extra effort and using an argument similar to that in the proof of
(4.5) one can show the following bounds.

Lemma 6.5. Assume G is an oriented graph such that the function K (and hence
Kecomb) is positive on V and set

K®(G) = hgnelglf K(v), e b (V) = hf}gﬁlf Keomb (V). (6.10)
Then the isoperimetric constant at infinity (3.4) satisfies
aess(g) > Kess(g)a (611)
and Kes (1) )
—eombr\ ) < (G) < , 6.12
@ =9 g (642
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Combining Lemma 6.5 with the Cheeger-type estimate, we immediately get the
following result.

Corollary 6.6. If G is an oriented graph such that the function Kcomp s nonneg-
ative on V, then

K mb(V)2 K (V)Q
Mo(H) > =22~ ASSS(H) > —combl /| 6.13
o= Ty = e O
In particular, if KS3 (V) > 0, then the spectrum of H is purely discrete precisely

when 05, (G) = 0.

Remark 6.7. Let us mention that in the case when K5 (V) = 0 the condition
:.(G) = 0 is no longer sufficient for the discreteness. For further details we refer to
Section 8.2 and, more specifically, to the example of polynomially growing antitrees

(see Example 8.7).

7. GROWTH VOLUME ESTIMATES

Here we plan to exploit the results from [63] to get upper bounds on the spectra
of quantum graphs in terms of the exponential volume growth rates, the so-called
Brooks-type estimates (cf. [7], [34], [63] for further details and references). Fol-
lowing [63], we introduce the following notation. For every z € G and r > 0,
let

By(x) :={y € G| o(z,y) <r}. (7.1)
Here og is the natural path metric on G. Let also
vol, (1) := mes(B,(x)), (7.2)
" (B, (x)
mes(B,(x
l,.(r) := inf —————~. .
vol.(r) €6 mes(Bi(z)) (7:3)
Next we define the following numbers
1 L, L] L.
1y (G) := liminf M, tx(G) == liminf M. (7.4)
r—o00 r r—00 r

Notice that . (G) does not depend on x € G if G = U,~¢B,(z) for some (and hence
for all) € G. If both conditions are satisfied, then we shall write p(G) instead of

12(G)-
Theorem 7.1. Suppose (V,00) is complete as a metric space. Then
€ess 1 1
No(H) < N5(H) < 3(6)° < 1p(G)* (7.5)

Proof. The first and the last inequalities in (7.5) are obvious and hence it remains
to show that

1
AP (H) < 10 (0)2,

Notice that by Corollary 2.3, the pre-minimal operator Hy is essentially self-adjoint
and hence H is its closure. Let us consider the corresponding quadratic form tg
defined as the closure in L?(G) of the form tJ (see (2.15) and (2.16)). It is not
difficult to check that the form tg is a strongly local regular Dirichlet form (see
[30] for definitions). On the other hand, using the Hopf-Rinow type theorem for
graphs (see [36]), with a little work one can show that every ball B, (z) is relatively
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compact if (V, go) is complete. Therefore, by [63, Theorem 5] and [52, Theorem 1],
[34, Theorem 1.1], we get

1 €ss 1
Yo(H) < 11, (G)”, N(H) < 1a(G)”
Noting that mes(Bj(x)) > 1 for all x € G and taking into account [34, Remark (e)
on p.885], we arrive at the desired estimate. O

The next result is straightforward from Theorem 7.1.

Corollary 7.2. Let (V,00) be complete as a metric space. Then:

(i) Ado(H) = AG*(H) = 0 if u(G) = 0.
(ii) The spectrum of H is not discrete if p.(G) < co.

Remark 7.3. Clearly, to compute or estimate p.(G) is a much more involved
problem comparing to that of u(G). However, it might happen that p.(G) < u(G)
and hence (. (G) provides a better bound (see Example 8.4).

Remark 7.4. Let us mention that these results have several further consequences
for the heat semigroup e~ generated by the operator H. For example, 11.(G) =0
implies the exponential instability of the corresponding heat semigroup on LP(G) for
all p € [1,00] (see [63, Corollary 2]).

We finish this section with comparing the estimates (7.5) with the ones obtained
in [26] in terms of the volume growth of the corresponding discrete graph. Following
[34] (see also [26, §4.3]), define the constant

1a(G) == liTrg%Ef log m(B,(v)) (7.6)
for a fixed v € V. Here
m(By(v)) = Z m(u), vel.
w€EB,.(v)
Notice that pq(G) does not depend on the choice of v € V if G = U,5¢B,(z).
Lemma 7.5. If £*(G) < oo and (V, 00) is complete as a metric space, then
1(G) = pa(9). (7.7)

Proof. First observe that

m(B,(v)) =2 > lewal+ > |ew.a| > mes(B,(v)) = vol,(r).

{w,a}CBy(v) {u,i}Z B(v)
{u,a}NB, (v)#2

for all v € V and r > 0, which immediately implies u(G) < pq(G). Similarly, we
also get

m(By(v)) < 2mes(B,¢+(v)) (7.8)
for all v € V and r > 0 and hence
pa(G) < liminf log(2vol,(r +£7)) _ 1(G),
r—00 T
which finishes the proof of (7.7). O

Remark 7.6. A few remarks are in order.
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(i) On the one hand, it does not look too surprising that the exponential growth
rates for two Dirichlet forms tg and ty coincide. In particular this reflects
the equivalence (2.37) in the case of sub-exponential growth rates. However,
comparing (7.7) with the fact that there is no equality between \o(H) and
Xo(h) (see Section 2.5), one can conclude that in the case of an exponential
growth of volume balls, (7.5) might not lead to qualified estimates (and
examples of trees and antitrees in the next section confirm this observation).

(ii) Combining (7.7) with Corollary 7.2 we obtain Theorem 4.19 from [26].

8. EXAMPLES

In this section we are going to apply our results to certain classes of graphs
(trees, antitrees, and Cayley graphs of finitely generated groups). Let us also recall
that we always assume Hypotheses 2.1-2.3 to be satisfied.

8.1. Trees. Let us first recall some basic notions. A connected graph without
cycles is called a tree. We shall denote trees (both combinatorial and metric) by
T. Notice that for any two vertices u, v on a tree T = (V, ) there is exactly one
path P connecting u and v. A tree T = (V, £) with a distinguished vertex o € V is
called a rooted tree and o is called the root of T. In a rooted tree the vertices can
be ordered according to (combinatorial) spheres. Namely, let d(-) := d(o,-) be the
combinatorial distance to the root o and S, be the n-th (combinatorial) sphere, i.e.,
the set of vertices v € V with d(v) = n. A vertex in the (n + 1)-th sphere, which is
connected to v in the n-th sphere, is called a forward neighbor of v. In what follows,
we define an orientation on a rooted tree according to combinatorial spheres, that
is, for every edge e its initial vertex belongs to the smaller combinatorial sphere.

We begin with the following simple estimate for rooted trees. According to the
choice of orientation, we get Keomb(0) = deg(o) and

_ #(ES) —#(EF) _ deg(v) —2
Kcomb(v) - #(g;r) - deg(v) 1

for all v € V\ {o}. Therefore, Keomb is nonnegative on V if there are no loose ends,
that is, deg(v) # 1 for all v € V. Let

deg, (V) := 1}161{; deg(v), degy® (V) == h{,%glf deg(v).

Hence we easily get

o deg*(V) -2 ess
- deg* (V) — 17 comb

~degiT(V) -2

*

KCOm = s
7 deg™ (V) 1

(7)

and therefore we end up with the following estimate.

Lemma 8.1. Assume T is a rooted tree without loose ends. Then

Keomb (T> 2 ess Ki?ﬁnb (T) 2
)\O(H)Z 45*(g)2 ’ )‘0 (H)Z 4€:ss(g)2 . (8-1)

In particular, \o(H) > 0 if and only if £*(G) < oo and the spectrum of H is purely
discrete if and only if £%,,(G) = 0.

ess
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Proof. The proof immediately follows from Corollary 6.6, Remark 2.9(i) and the
fact that the combinatorial curvature admits the following bound (take also into

account Hypothesis 2.3)

1

Remark 8.2. A few remarks are in order.

(i) In the case of regular metric trees (these are rooted trees with an additional
symmetry — all the vertices from the same distance sphere have equal degrees
as well as all the edges of the same generation are of the same length), the
second claim in Lemma 8.1 was observed by M. Solomyak in [62]. In fact,
under Hypothesis 2.3, conditions (5.1) and (5.5) of [62] hold true if and
only if, respectively, £*(G) < oo and €5,(G) = 0. However, the case of the
Neumann Laplacian is considered in [62], and it follows that criteria for
the positivity and discreteness for the Neumann and Dirichlet Laplacians
coincide.

(ii) Let us mention that the positivity (however, without estimates) of a com-
binatorial isoperimetric constant for the type of trees considered in Lemma
8.1 is known (see [65, Theorem 10.9])

In the case of trees the estimates (8.1) can be improved, however, instead of
providing these generalizations we are going to consider only one particular case.

Example 8.3 (Bethe lattices). Fix 8 € Z>3 and consider the combinatorial graph,
which is a rooted tree such that all vertices have degree 5. This type of trees is
called Bethe lattices (also known as Cayley trees or homogeneous trees) and they will
be denoted by Tg. Suppose that the corresponding metric graph is equilateral, that
is, |e| = 1 for all e € £. By abusing the notation, we shall denote the corresponding
metric graph by Tg too. Then one computes

8 —2

8—1
Noting that Kg € [1/2,1) and applying Lemma 8.1, we arrive at the following
estimate

Keomb(Tg) = Koo (Tp) = =: Kp.

€ess 1
Ao (Tg) > Ao(Tp) > ZK%- (8.2)
On the other hand, it is straightforward to check that (see, e.g., [21])
B —2 B —2
a(Tg) = Keomn(Tp) = -1 aa(Tg) = N (8.3)

In particular, this implies that the equality holds in the second inequality in (4.5).
Moreover, the spectra of both operators H and h can be computed explicitly (see,
e.g., [62, Example 6.3] or [21, Theorem 1.14] together with Theorem 2.11) and, in
particular,
o 2v/6—1
Xo(H) = A§®(H) = arccos® (ﬁT)
Comparing the last equality with the estimate (8.2), one can notice a gap between
these estimates.
Let us mention that

(Tp) = po(Tp) = ps(Tp) = B — 1,
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FIGURE 1. Tree with loose ends.

and thus the volume growth estimates (7.5) do not provide a reasonable upper
bound for large values of 5. O

Finally, we would like to mention that the absence of loose ends in Lemma 8.1
is essential as the next example shows.

Example 8.4 (A “sparse” tree with loose ends). Consider the half-line R>( as an
equilateral graph with vertices at the integers. Let us write v,, for the vertex placed
at n € Z>o. Then, we will modify this graph by attaching edges to the vertices v,,
with n > 1. More precisely, to the j-th vertex v;2 with j € Z>y, we attach 2
edges and to every other vertex v, with n ¢ {j%};>1, we attach exactly one edge
(see Figure 1).

Clearly, we end up with a tree graph 7. For simplicity, we shall assume that the
corresponding metric graph is equilateral, that is, |e| = 1 for all e € 7. This tree is
in a certain sense sparse and as a result it turns out that

Mo (T) =0,
and hence, by Theorem 7.1,
Ao(H) = A§*(H) = 0.

In fact, it is enough to show that vol.(r) = 1 for all » > 1. Namely, take r > 1 and
set j, := 1+|(r+1)/2], where |-] is the usual floor function. Since j2—(j,—1)% > r,
we get

B 2 4 2r +2(r — 1
1 < voli(r) < inf w = inf + T2+ (r ) =1
n>jr Bl (7)71,2) n>jr 27 42
It is interesting to mention that in this case pu(7) = log(2) > 0. Indeed,
[vr]-1 ) V7] )
2r—1+ Z (28" — 1) < vol,(r) = mes(B,(vy)) < 2r — 1 + Z (28 —1)
k=1 k=1

and hence for all > 1 we get

o(Lvrl=1)* volo(r) < QLﬁJ2+1’
which implies the desired equality. O

8.2. Antitrees. Let G; = (V,€) be a connected combinatorial graph. Fix a root
vertex o € V and then order the graph with respect to the combinatorial spheres
Sn, N € Z>o (notice that Sy = {0}). The connected graph G is called an antitree if
every vertex in .S, is connected to every vertex in S, 1 and there are no horizontal
edges, i.e., there are no edges with all endpoints in the same sphere (see Figure 2).
Clearly, an antitree is uniquely determined by the sequence s,, := #(Sp), n € Z>1.
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FiGURE 2. Example of an antitree with s, =n + 1.

Let us denote antitrees by the letter A and also define the edge orientation
according to the combinatorial ordering, that is, for every edge e its initial edge
is the one in the smaller combinatorial sphere. It turns out that the curvatures of
antitrees can be computed explicitly. Namely, define the following quantities:

ly:= sup e, (8.4)
ecEf 1 veES,

and
Sn

KO = 1, Kn-i—l =1- (85)

Sn4-2
for all n € Z>o¢.

Lemma 8.5. If A is an antitree, then

Keomb(A) = inf K, comb(A) = iminf K, (8.6)
and
Ky ess{ AN _ 1o e Bn
K(A) = rﬁ%ﬁ’ K*®(A) = hnrglolgf ~ (8.7)

Proof. The proof follows by a direct inspection since Keomp(v) = K,, for all v € S,
and n € Zx>o. O

Combining Lemma 8.5 with the estimates for the corresponding isoperimetric
constants (e.g., Corollary 6.6), we immediately end up with the estimates for A\o(H)
and A5 (H). Let us demonstrate this by considering two examples.

Example 8.6 (Exponentially growing antitrees). Fix § € Z>2 and let Ag be an
antitree with sphere numbers s,, = ”. Then Kg = 1 and

K,=1-p3""2 (8.8)
for all n € Z>1. Hence by Lemma 8.5
1—-p72 1
o <K(Ap) <
iay) = S5
and
© 1-372
K®™(Ag) = ———.
( 5) gzss(Aﬁ)
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Applying Lemmas 6.1 and 6.5 together with Theorem 3.4 and Lemma 2.8, we get

1 g-2)2 2
and bes ,
.
o <) < a0

In particular, these bounds imply that the Kirchhoff Laplacian Hg is uniformly
positive if and only if £*(Ag) < oo. Moreover, its spectrum is purely discrete
exactly when €%, (Ag) =0 (cf. Corollary 6.6).

Finally, let us compare these estimates with the volume growth estimates under
the assumption that the tree is equilateral. In this case,

K(Ap) = K™ (4p) =1 - 572
On the other hand,

n—1 ﬁQn _1
mes(B,(0)) = Zﬁ%ﬂ =B— ;
k=0 -1

and then (7.4) implies that p(Ag) = 2log(8). With a little more work one can
show that

i (Ag) = n(Ag) = 2log(B).

Indeed, it suffices to note that p,(Ag) < p(Ag). Moreover, for all = € e, ,, where e
connects S, with S,,11, n € Z>o we have

mes(B1(z)) < mes(By(v)) = " + "2 = (5 + 1)
and for all r > 2
mes(B,.(z)) > mes(B|,)(u)) = mes(B,4 || (0)) — mes(B,_|,|(0))

n+|r]—1

[r] _
> mes(Bys ) (0) — mes(Balo) = . g+ = g1
k=n

F-1

Thus, we obtain

20r) _
ol.(r) = in mes(B, (z)) > in Al ﬁﬁ2711 g - p
VOl = —_— = = R
zeG mes(By(z)) T n>0 Bn(B2+1) gt—1
which shows that p.(Ag) > 2log(5) and hence we are done.

Notice that the volume growth estimates (7.5) do not provide a reasonable upper
bound for large values of 5. O

Example 8.7 (Polynomially growing antitrees). Fix ¢ € Z~( and let A? be the
antitree with sphere numbers s, = (n 4+ 1), n > 0 (the case ¢ = 1 is depicted on
Figure 2). Then

_ nt n \9 2q 9

as n — oo. Hence, by Lemma 8.5,
Kcomb(Aq) = gzsmb(Aq) =0
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and

K(A?) = inf — 1—( n )q K (A7) = lim inf — 1—( o )q .
n>0 4y, n+2 ’ n—oo {, n+2
Clearly, further analysis heavily depends on the behavior of the sequence {¢,,}.
Let us consider one particular case. Fix an s > 0 and assume now that

e[ = (n+1)7°

for each edge e connecting S, and S, 41. Let us denote the corresponding Kirchhoff
Laplacian by Hy . It is not difficult to show by applying Theorem 2.2 that the
corresponding pre-minimal operator is essentially self-adjoint whenever s < g + 1,
however, (Vg, 00) is complete exactly when s € [0, 1].

Remark 8.8. In our forthcoming publication we shall show that the pre-minimal
operator Hy is essentially self-adjoint exactly when the corresponding metric graph
has infinite volume, that is, when s < 2q + 1. Moreover, in the case s > 2q + 1,
the deficiency indices of Hy are equal to 1 and one can describe all self-adjoint
extensions of Hy.

Since £, = (n+1)~* for all n € Z>, we get

1, s=0
* A1 :1, g:SS A?) = ’ )
(A7) (A7) {07 s> 0
and
0, s€0,1),
KeS(A7) = Tim (n 4 1)° 1-( " )q “log  s=1 (8.12)
oo n+2 q, — 4 .
400, s> 1.

In the case s = 1, it is easy to show that the sequence {K,, /¢, } is strictly increasing
and hence this is also true for all s > 1. Hence

KA =K(o)=1, s>1.
Moreover, the corresponding isoperimetric constant is given by «(A9) = K(A9) =1
(to see this just take the ball By(0) as a subgraph G and then one gets a(A?) < 1,
which together with (6.2) implies the equality).

Next let us compute p(A?) assuming that s € [0, 1] (otherwise we can’t apply
the result from Section 7). Set

n—1 n—1 n-—°
1 —, s€[0,1),
m:Z&=Zs=uwmw{s
o o (1+k) log(n), s=1,
as n — oo. Then
n—1 n—1 ‘ n24—s+1
VOIO(TTL) = IgoékSkSkJrl == ng(k + 1)q (k + 2)(1 = m(l + 0(1))

as n — 0o. Therefore, it is not difficult to show that

uwﬂ—%ua—mHMW%mm_{& s€0,1),

8.13
—00 Tn 2q, s=1. ( )

Applying Theorem 7.1 together with Lemma 6.1 and Lemma 6.5, we end up with
the following estimates.
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Lemma 8.9. Assume q € Z>1 and s € R>g. Then
MHgs) =25 Hys) =0 (8.14)
if and only if s € [0,1). If s > 1, then the operator H, s is uniformly positive and

~1
ST (8.15)

| =

2
qa-,
< Mo(H, ) < 72, ASS(H, ) =
= 0( q,a) = 0 ( q78) {_’_007 s> 1.
Remark 8.10. The ezact value of \o(Hg ) for s > 1 or at least its asymptotic
behavior with respect to q remains an open problem. O

8.3. Cayley graphs. Suppose T is a finitely generated (infinite) group with the
set of generators S. The Cayley graph C(T', S) of I' with respect to S is the vertex
set I' and u ~ v exactly when v~ !v € S. This graph is connected, locally finite and
regular (deg(v) = #S for all v € I'). We assume that the unit element o does not
belong to the set S (this excludes loops). The lattice Z? is the standard example
of a Cayley graph. Notice also that the Bethe lattice Ts is a Cayley graph if either
S={ai,...,agla? =0, i=1,...,8} or =2N and I' = Fy is a free group of N
generators.

It is known that the positivity of a combinatorial isoperimetric constant aeomp is
closely connected with the amenability of the group I' (this is a variant of Fglner’s
criterion, see, e.g., [65, Proposition 12.4]).

Theorem 8.11. If G; = C(T',S) is the Cayley graph of a finitely generated group
T, then acomb(T) = 0 if and only if T is an amenable group.

Notice that the class of amenable groups contains all Abelian groups, all sub-
groups of amenable groups, all solvable groups etc. In turn, the class of non-
amenable groups includes countable discrete groups containing free subgroups of
two generators. For further information on amenability and Cayley graphs we refer
to [48, 50, 55, 56, 64, 65].

Combining Theorem 8.11 with Corollary 4.5 and Corollary 5.2, we arrive at the
following result.

Lemma 8.12. Let G4 be a Cayley graph C(T',S) of a finitely generated group T.
Also, let |- |: € = Rsg and G = (Gq, | - |) be a metric graph. Then:

(i) If T is non-amenable, then Ao(H) > 0 if and only if £*(G) < co. Moreover,
the spectrum of H is purely discrete if and only if £5,,(G) = 0.

€ess

ii) If T is amenable, then A\g(H) = A§>(H) = 0 whenever £,(G) > 0.
0

Remark 8.13. (i) IfT is an amenable group, then the analysis of \o(H) and
ASB(H) in the case £,.(G) = 0 remains an open (and, in our opinion, rather
complicated) problem.

(ii) The volume growth provides a number of amenability criteria. For example,
groups of polynomial or subexponential growth are amenable. For further
results and references we refer to [56].

(iii) Using a completely different approach, the inequality Ao(H) > 0 was proved
recently in [14, Theorem 4.16] for Cayley graphs of free groups under the
additional symmetry assumption that edges in the same edge orbit have the
same length.
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APPENDIX A. CHEEGER’S INEQUALITY FOR DISCRETE LLAPLACIANS

Let G4 = (V, &) be an (unoriented) graph with countably infinite sets of vertices
V and edges €. Also, assume that Hypothesis 2.1 is satisfied. Let m: V — Ry and
b: ¥V xV — Rx¢ be weight functions such that b(u,v) = b(v, u) for all w,v € V and
b(u,v) # 0 only if u ~ v. In fact, b can be considered as a weight function on the
edge set €. Usually, the triple (V,m,b) is called a weighted graph. With every such
a triple one can associate a Laplace operator defined by the difference expression

(Tf)(v Zb (u,v) — f(u), wvevw. (A1)
u~v
Since the graph G  is locally ﬁnlte, 7 is well defined on compactly supported func-
tions and hence gives rise to a nonnegative symmetric pre-minimal operator in
2(V;m). Let us denote its Friedrichs extension by h
The Cheeger inequality for h was proved recently in [5] by using the notion of
intrinsic metrics on graphs (see Theorem 3.1 and Theorem 3.3 in [5]). The main
aim of this section is to give a slight improvement to this estimate. Namely, let
d: & = R be a weight (or edge lengths). Similar to [5], we shall call d intrinsic
on Gy (with respect to m and b) if the following inequality

Z d(e)*b(e) < m(v) (A.2)

e€&,

holds for all v € V.
For every X C V, we define its boundary edges by

E(X) ={e € &| e connects X and V\X}.
For any U C V, define
(d-b)(&(X))

aulU) =t S, (A3)
X finite
where for X C V,
m(X) =" m(v), (d-b)(&X) = > dle
veEX e€&y(X)
We define the isoperimetric constant with respect to d by
a = aq(V). (A.4)
The isoperimetric constant at infinity is given by
Qess = sup ag(V\X). (A.5)
XCv
X finite
Theorem A.1. If d is an intrinsic weight, then
1 €ess 1
/\ (h) > 204 )\O ( )Z 5 gss' (A6)

Remark A.2. As it was already mentioned, the Cheeger estimates for weighted
graph Laplacians were proved in [5]. However, the definition of the isoperimet-
ric constants in [5] uses metrics and hence one has to replace d in (A.3) by the
corresponding path metric o4 defined on 'V in a standard way

0a(u,v) = inf > d(en, - (A7)

P={v0,.-,Un}: vo=u V=0
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Clearly, oq is intrinsic (in the sense of [5]) if so is the weight d since
oa(u,v) < d(u,v) (A.8)

for all u ~v. Of course, in certain cases this leads to the same isoperimetric con-
stant (e.g., if Gq is a tree), however, for graphs having a lot of cycles a construction
of an intrinsic metric becomes a highly nontrivial task, which automatically implies
complications in calculating the corresponding isoperimetric constant. On the other
hand, to construct an intrinsic weight (in the sense of (A.2)) is a rather simple
task, in particular, for the weighted Laplacian (2.29) (see Remark A.4).

The proof of Theorem A.1 is literally the same as of Theorem 3.1 and Theorem
3.3 from [5], however, we shall give it below for the sake of completeness.

Lemma A.3 (Co-area formulae). Let m and d be weight functions on V and &,
respectively. For any f:V — Rxg and t > 0, let Q := Q. (f) = {v e V]| f(v) > t}.

Then
> fo)mw) = [ m(e) at (A.9)

veVY

S delse) ~ fenl = [ dlé) e, (A.10)

ecé

where the value +00 on both sides of the equation is allowed.
Proof. For an interval I C R, let 1;(s) be its indicator function. Then

() o0
> fw)ym(v) = Zm(v)/o dt = Zm(v)/@ Lo, (o)) () dt

veVY veV veVY

/Z )0, (v () dt = / /Oocm(Qt)dt.

veEV
For every e € &, put I. := [min{f(eg), f(e;)}, max{f(eo), f(e;)}) € R. We have
t € I, if and only if e € &(€;). Hence

> d(e)| f(er) — fleo)| =D _dle /dt > d(e /111 (t) dt

ec& ecé& ecé&

/Zd V7, (t) dt = / > d /Oood(&,(Qt))dt. O

ecf e€&y ()

vEQ,

Proof of Theorem A.1. We start by proving the first estimate in (A.6). The Rayleigh
quotient implies that it suffices to show that

2tu[u] > @®[lully,m) (A.11)
holds for all real-valued w with finite support, where

tn[u] = (hu, u)2(p.m) = Y ble)|ule;) — uleo)|”

ecef

is the corresponding quadratic form. Let us now exploit Lemma A.3 with f := u2.

Notice that the set Q; is finite for all ¢ > 0 and hence by (A.3) and (A.4) we have
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(d-b)(E(2)) = am(Qy) for all t > 0. Therefore we get from the co-area formulas

a6y = @ 3 u(®)*m(v) = / m(S) di

veY

g/o (d - D)(Ex(Q)) dt = d(e)b(e)|ule;)” — ulen)?|

ec&
=D Vb(e)luler) = uleo)] - d(e)v/b(e)ule:) + uleo)]
ecé
1/2
< ty[u] /2 <Zd (e;) + u(ep)) )
ec&

by employing the Cauchy—-Schwarz inequality in the last step. On the other hand,

Zd u(e;) +u(eg))? < QZd (e)” +uleo)?)

eef ecé
=2 u(v)® ) d(e)*b(e) < 2]ulfay mys
veY ec&,

where we used (A.2) in the last step.

To get the second inequality, assume X C V finite. Let P denote the orthogonal
projection onto the subspace of functions vanishing on X. Then hy\ x := PhP
with dom(hyy x) = dom(h) is a relatively compact perturbation of h. Thus we
have 1]

€ess €ess h U
) = A5 bva) 2 dolbn) = i o S
where the infimum is taken over all real-valued w with finite support which vanish
on X. For such u, note that Q;(f) is contained in V\X. Hence (A.11) is valid
with a(V\X) instead of a. Then 2A&(h) > a(V\X)? and the second estimate
follows. d

Remark A.4. For the difference expression tg defined in Section 2.5, the function
m is given by (2.10) and the edge weight b is defined by b(e) := 1/|e| for all e € £.

Hence setting d(e) := |e| for e € €, we conclude that | -| is intrinsic in the sense of
(A.2) since

> de)’(e) = ) le |2 =2 lel=

e€&, ecé, ec&,

for all v € V. Moreover, in this case we have
1
(@-DEX)= D, dope)= > el =#E(X)),
e€&p(X) e€&p(X)

and hence (A.4) and (A.5) coincide with (4.2) and (4.3), respectively. In particular,
Theorem A.1 implies the estimate (4.4).
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STRONG ISOPERIMETRIC INEQUALITY
FOR TESSELLATING QUANTUM GRAPHS

NOEMA NICOLUSSI

ABSTRACT. We investigate isoperimetric constants of infinite tessellating met-
ric graphs. We introduce a curvature-like quantity, which plays the role of a
metric graph analogue of discrete curvature notions for combinatorial tessel-
lating graphs. Based on the definition in [26], we then prove a lower estimate
and a criterium for positivity of the isoperimetric constant.

1. INTRODUCTION

Isoperimetric constants, which relate surface area and volume of sets, are among
the most fundamental tools in spectral geometry of manifolds and graphs. They
first appeared in this context in [7], where Cheeger obtained a lower bound on the
spectral gap of Laplace—Beltrami operators. For discrete Laplacians on graphs,
versions of Cheeger’s inequality are known in various settings, e.g. [1, 2, 3, 9, 10,
13, 23, 30, 32]. They find application in many fields (such as the study of expander
graphs and random walks on graphs, see [28] and [38] for more information) and
consequently, there is a very large interest in graph isoperimetric constants.

In the case of tessellating graphs (i.e. edge graphs of tessellations of R?), they
have been investigated using certain notions of discrete curvature (see for example
[17, 24, 34, 37, 39]). On the other hand, the idea of plane graph curvature already
appears earlier in several unrelated works [14, 20, 36] and was also employed to
describe other geometric properties, for instance discrete analogues of the Gauss—
Bonnet formula and the Bonnet—Myers theorem, e.g. [4, 8, 19, 22, 24, 36].

Another framework for isoperimetric constants are metric graphs G, i.e. combi-
natorial graphs G; = (V,€) with vertex set V and edge set £, where each edge
e € & is identified with an interval I, = (0, |e]) of length 0 < |e] < oo . Topo-
logically, G may be considered as a “network” of intervals glued together at the
vertices. The analogue of the Laplace-Beltrami operator for metric graphs is the
Kirchhoff-Neumann Laplacian H (also known as a quantum graph). It acts as an

edgewise (negative) second derivative f. — —dd—; fe, e € £, and is defined on edge-

wise H2-functions satisfying continuity and Kirchhoff conditions at the vertices (we
refer to [5, 6, 11, 35] for more information and references; see also [12] for the case
that G is infinite). A well-known result for finite metric graphs (i.e. V and & are
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finite sets) is a spectral gap estimate for H in terms of an isoperimetric constant
due to Nicaise [33] (see also [25, 27]).

In this work, we are interested in infinite metric graphs (infinitely many vertices
and edges). A notion of an isoperimetric constant «(G) in this context was intro-
duced recently in [26] (see (2.5) below for a precise definition) together with the
following Cheeger-type estimate

1 9 2
1497 = (H) < 3 infoce e
which holds for every connected, simple, locally finite, infinite metric graph. Here
Mo(H) :=inf o(H) is the bottom of the spectrum of H.

However, let us stress that explicit computation of isoperimetric constants in
general is a difficult problem (known to be NP-hard for combinatorial graphs [31]).
Hence the question arises, whether one can find bounds on «a(G) in terms of less
complicated quantities. On the other hand, the definition of «(gG) is purely com-
binatorial and moreover «(G) is related to the isoperimetric constant aeomb(Ga) of
the combinatorial graph G, (see [26] for further details). This strongly suggests to
use discrete methods for further study. For combinatorial tessellating graphs, such
tools are available in the form of discrete curvature and it is natural to ask whether
similar techniques also apply to metric graphs. Moreover, the class of plane graphs
contains important examples such as trees and edge graphs of regular tessellations.

Motivated by this, the subject of our paper are isoperimetric constants of infi-
nite tessellating metric graphs (see Definition 2.1). Our main contribution is the
definition of a characteristic value c(-) of the edges of a given metric graph (see
(2.9)), which takes over the role of the classical discrete curvature (up to sign con-
vention; as opposed to e.g. [17, 22, 24], our results on «(G) are formulated in terms
of positive curvature). In the simple case of equilateral metric graphs (i.e. |e| = 1
for all e € &), ¢ coincides with the characteristic edge value introduced by Woess
in [37]. Moreover, for a finite tessellating metric graph (Corollary 3.9),

> —cle)le] =1, (1.2)

eef

(9); (L.1)

which can be interpreted as a metric graph analogue of the combinatorial Gauss—
Bonnet formula known in the discrete case (see e.g. [22]).

In terms of these characteristic values, we then formulate our two main results:
Theorem 3.1 contains a criterium for positivity of a(G) based on the averaged value
of ¢(+) on large subgraphs G C G. In Theorem 3.3, we obtain explicit lower bounds
on «(G). A simplified version of this estimate is the following inequality:

a(G) > inf c(c). (13)

Theorem 3.3 can be interpreted as a metric graph analogue of the estimate in [24,
Theorem 1] and a result by McKean in the manifold case [29].

Finally, we demonstrate the use of our theory by examples. First, we consider the
case of equilateral (p, q)-regular graphs. Here, a(G) is closely related to acomb(Ga)
and hence can be computed explicitly. It turns out for large p and ¢, the estimate
in Theorem 3.3 is quite close to the actual value. Second, we show how to construct
an example where a(G) and acomb(Ga) behave differently.

Let us finish the introduction by describing the structure of the paper. In Section
2, we recall a few basic notions and give a precise definition of infinite tessellating
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metric graphs. Moreover, we review the definition of a(G) and define the charac-
teristic values. Section 3 contains our main results and proofs. In the final section,
we consider examples.

2. PRELIMINARIES

2.1. (Combinatorial) planar graphs. Let G5 = (V, ) be an infinite, unoriented
graph with countably infinite sets of vertices V and edges £. For a vertex v € V,
we set

E, = {e € &| e is incident to v} (2.1)
and denote by deg(v) := #&, the combinatorial degree of v € V. Throughout
the paper, #A denotes the number of elements of a given set A. We will always
assume that G, is connected, simple (no loops or multiple edges) and locally finite
(deg(v) < oo for all v € V).

Moreover, we suppose that G, is planar and consider a fixed planar embedding.
Hence G4 can be regarded as a subset of the plane R?, which we assume to be closed.
Denote by T the set of faces of G4, i.e. the closures of the connected components
of R?\ G4. Note that unbounded faces of G, are included in T as well. Motivated
by the next definition, we will refer to the elements T' € T as the tiles of Gg.

Definition 2.1. A planar graph G, is tessellating if the following additional con-
ditions hold:

(i) T is locally finite, i.e. each compact subset K in R? intersects only finitely

many tiles.

(ii) Each bounded tile T € T is a closed topological disc and its boundary 0T
consists of a finite cycle of at least three edges.

(iii) Each unbounded tile T € T is a closed topological half-plane and its boundary
OT consists of a (countably) infinite chain of edges.

(iv) Each edge e € £ is contained in the boundary of precisely two different tiles.

(v) Each vertex v € V has degree > 3.

Here, a subset A C R? is called a closed topological disc (half-plane) if it is the
image of the closed unit ball in R? (the closed upper half-plane) under a homeo-
morphism ¢: R? — R2. For a tile T € T, we define

Er={e€&leC T}, dr(T) == #Er, (2.2)

where the latter is called the degree of a tile T € T. Notice that according to
Definition 2.1(ii), d7(T) > 3 forall T € T.

The above assumptions (i)—(v) imply that 7 is a locally finite tessellation of R?,
i.e. a locally finite, countable family of closed subsets T C R? such that the interiors
are pairwise disjoint and (Jpc+T = R?. In addition, Gg = (V,€) coincides with
the edge graph of the tessellation in the following sense: by calling a connected
component of the intersection of at least two tiles T' € T a T-vertex, if it has only
one point and a 7T-edge otherwise, we recover the vertex and edge sets )V and £.

For a finite subgraph Q~ C Ggq, let }"(QN) be the set of bounded faces of 5, i.e. the
closures of all bounded, connected components of R2\§ . By local finiteness, each
bounded face of QN is a finite union of bounded tiles T € 7. Moreover, define P(Q~)
as the set of tiles T' € T with 0T C _C'7 Note that always

P(G) € F(9).
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2.2. Metric graphs. After assigning each edge e € £ a finite length |e] € (0, 00),
we obtain a metric graph G := (V,&,|-|) = (Ga,| - |). Let us stress that in general
le] is not related to the length of the Jordan arc in R? representing the edge e € &.
For a subgraph G = (V & ) C G, define its boundary vertices by

9gG == {ve V| deggz(v) < deg(v)}, (2.3)

where deggz(v) denotes the degree of a vertex v € V with respect to G. For a given
finite subgraph § C G we then set

deg(9gG) == > degg(v) (2.4)
Ueagg

Following [26], the isoperimetric constant of a metric graph G is then defined by

¢ deg(9gG)
¢ mes(Q)
where the infimum is taken over all finite, connected subgraphs 5 C G and mes(é)
denotes the measure (the “total length”) of G with respect to the edge length
function | - |, mes(G) := >_ .z le|. We will say that the metric graph G satisfies the
strong isoperimetric inequality if a(G) > 0.
Recall that for a combinatorial graph G4 = (V, &) the (combinatorial) isoperi-

metric constant dcomn(Ga) is defined by (see, e.g., [10])

e € &| econnects U and V\ U
acomb(gd) in #{ | \ } (26)
) > vev deg(v)
where the infimum is taken over all finite subsets U C V. There is a close connection
between acomb(Ga) and «(G) and we refer for further details to [26].
We also need the following quantities. The weight m(v) of a vertex v € V is

given by
= el (2.7)

ec&,

a(G) = € [0, 00), (2.5)

Clearly, m(v) equals the measure (the “length”) of the star &,. The perimeter p(T')
of atile T' € T is defined as

(T = deceplel, TET %s bounded . (2.8)
0, T € T is unbounded
For every e € &, we define its characteristic value c(e) by
1 1 1
cle) == — — — — —. (2.9)
le] 2 m(v) 2. p(T)

vivEe T:eCOT

Here we employ the convention that whenever co appears in a denominator, the
corresponding fraction 1/p has to be interpreted as zero if p is infinite. Let us
mention that for equilateral metric graphs G (i.e. |e| =1 for all e € &), the charac-
teristic value c(e) coincides with the characteristic edge value introduced in [37] in
the context of combinatorial graphs.

Finally, we need the following class of subgraphs of G. A subgraph G = (17, ) )C G
is called star-like, if it can be written as a finite, connected union of stars. More
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precisely,

for some finite, connected vertex set UcChy.

Also, for a finite subgraph GcC g we define its interior graph g~mt = (171nt, (‘:nt)
as the set of interior vertices v € Vi 1= V \ ag together with all edges between
such vertices. We say that G is complete, if F(Gint) = P(Gint), or equivalently if
every bounded face of gmt consists of exactly one tile T € T. Let us denote the
class of star-like complete subgraphs by S(G).

3. STRONG ISOPERIMETRIC INEQUALITY FOR TESSELLATING QUANTUM GRAPHS

Now we are in position to formulate our main results. Our first theorem relates
the positivity of the isoperimetric constant with the positivity of the characteristic
values of a metric graph.

Theorem 3.1. Let G = (V,&,]| - |) be a tessellating metric graph having infinite
volume, mes(G) = 3 ¢ le| = oo. If

£*(G) :=sup |e|] < oo (3.1)
ecf
and
lim inf 9 = liminf M >0, (3.2)
mes(g)ﬁoo mes mes(G)—oo 2665 |6|

then a(G) > 0. Here liminf is taken over all star-like complete subgraphs Ge S(9).

Remark 3.2.

(i) Let us mention that (3.1) is necessary for the strong isoperimetric inequality
to hold for an arbitrary metric graph since (see, e.g., 26, Remark 3.3])

a(g) < Q) (3.3)
(i) If mes(G) = > ¢ le| < oo, then the lower bound
2
a(g) > mes(0) >0 (3.4)

holds. In fact, if G is tessellating, then deg(ag) > 2 for every finite subgraph

G C G and (3.4) follows immediately from (2.5).
(iii) Theorem 3.1 can be seen as the analogue of [37, Theorem 1].
(iv) As we will see below, the proof of Theorem 3.1 implies the explicit estimate

a(G) > min {ﬁ, —_— Z }, (3.5)

Ges mes

however, the conditions in Theorem 3.1 are weaker than positivity of the
right-hand side in (3.5).
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The next result shows that pointwise estimates for the characteristic values also
yield lower estimates for the isoperimetric constant. To this end, introduce the
following quantities

m(v) p(T)
M(G) = sup — ) P(G) = sup — ) 3.6
9= e, I O =38 ey Y
and set
K@) i=1- — 2 __ ! (3.7)
' M(G) P(G) (M(G)-2)P(G) '
Theorem 3.3. Let G = (V,&,|-|) be a tessellating metric graph. Suppose
c(9) = élélg c(e) > 0. (3.8)
Then ©)
Cx
o(9) 2 355 > 0 (3.9)

Theorem 3.3 can be considered as the metric graph analogue of the corresponding
estimate for combinatorial graphs in [24, Theorem 1].

Remark 3.4. The following obvious estimates
M(G) > sup deg(v) > 3, P(g) > sup dr(T) > 3, (3.10)
veV TeT

imply that K(G) < 1. Moreover, one can show that K(G) > 0 if c.(G) > 0. Indeed,
noting that

m(v) < deg(v)£*(G), p(T) < dr (1) (9),
we easily get the rough estimate
1 2 2
X - - , 1
92550 wo ~&©) (40

where deg” (G) := sup,¢y, deg(v) and d%-(G) := supper d7(T). On the other hand,

1 2 2 1 1 1
K9 =301 35~ 7)) *2~ PO~ GO —9PT
S }(1 B 2 B 2 ) N 1 _ 1 B 1
23T @ #0) T2 B©)  [@r 0 - 2d©)

If c.(G) > 0, then so is the right-hand side in (3.11) which implies

1 1 1

K(G) >=- — - = -

9> 50 W@ -2&©)

1 1
>— — = ” > 0.

deg™(9)  (deg™(9) - 2)d7(9)

To prove Theorems 3.1 and 3.3, we first show that we can restrict in (2.5) to

star-like complete subgraphs.

Lemma 3.5. Let G = (V,&,||) be a tessellating metric graph. Then

a(G) = min {ﬁ as(g)}, (3.12)
where ~
., deg(9G)
! = inf —=. .
s(9) Ges mes(G) (3.13)
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Proof. (i) First, we show that it suffices to consider subgraphs that are either star-
like or consist of a single edge Let G = (V, g) be a finite, connected subgraph of G
and th =y \ ag We split th = Uz:l V; into a finite, disjoint union of connected
vertex sets V;. Let G; = (V;,&;) C G be the subgraph with edge set

&= &.
veV;

By construction, each g; is star-like and each edge e € £ belongs to at most one ;.
Let & = &\ U, & be the remaining edges. Then

mes(G Zmes g:)+ Z le].

ecé,

Moreover, both vertices of an edge e € &, are in dG and 9G; = G NV;. Hence

deg(9G) = 3 Zdegg +2#E, = Zdeg (0G:) + 2#E..
vedg =1 i=1
This finally implies
deg(9G) D7, deg(9G) +2#E {deg(agi) 2 }
N D > min { — Y 4.
mes(g) Zizl mes(gi) + ZeegT ‘6| l:elég n,

mes(G;) e

(ii) To complete the proof, it suffices to construct for every star-like subgraph
g~ a star-like, complete subgraph g € S8(G) with g D) g and deg(ag) > deg(ag)
Let th = (th, 51nc) be the interior graph of g Denote by Fy the set of bounded,
open components of R? \le and by F = {F = f| f € Fy} the bounded faces of
gmt The idea is to add “edges contained in bounded faces”. Define the subgraph
G = (V,&) by its edge set

E=¢u |J &
vef: feFy
If an edge e € £ is incident to a vertex v € f with f € Fy, then its other vertex lies
in ' = f. Hence degg(v) = degg(v) for every vertex v with v ¢ K := gz F'. On
the other hand, every vertex v € K belongs to G and satisfies degg(v) = degg( v).
Indeed, if v € F = f, then either v € forv € df C Gine. This implies 9G C 9G

and deg(9G) > deg(8G). Moreover, £ = U, €0, where

U = Vit U U {veVive f}.
feFo

Also, U is finite by local finiteness and connected since 3 is star-like and 9f C éim
for f € Fp. It remains to show that G is complete. Let F be a bounded face of
the interior graph Q\int. Suppose T' € T with T' C F. Then T - F C F for some
bounded face F of Gin. In particular, e C K for every edge e C 0T. But every

~

vertex v € K belongs to Gy, and hence 0T C QAim and F =T O
Remark 3.6. Combining (3.12) with (3.3), one concludes that the inequality

2 < as(@) = i fdeg(ag)

+(G) Ges mes(G)
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implies that
2

In Example 4.3, we provide an explicit construction of a graph satisfying (3.14).
The next lemma contains the connection between c(e) and a(G).

Lemma 3.7. The following inequality
> cle)lel < deg(9g9) (3.16)

e€£~

holds for any star-like, complete subgraph Ge S(G).

Proof. Let Gint = (ﬁnt, g'int) be the interior graph and £ := g\ Eint the remaining
edges. Then

_ o mes(E,NE) mes(Er N Eme) 3 mes(Er N EY)
Dol =0 1-3 T Ty AT

e€& ecE veEY TET TeT
= HE + #Emi — #Vint — #P(Gint)

mes(E, N E mes(Ep N Ein mes(Ep N EL
Zé(v)) 3 #72¥

o _ T ’
vedG TeT,ErZEms TeT p(T)

where P(gmt) is the set of tiles T' € T with & C éN’mt. By Euler’s formula (see,
e.g., [16]) B B B

#Ent — #Vint — #F (Gint) = —1,
Because G is complete, F(Gint) = P(Gin) and 3 |e|c(e) is equal to

per_1- Y meBnd) g mes(Er NE) g mes(Er )

m(v) p(T) = oD

vedG TET,ErZLEms

Since G is star-like, there are no edges e € & with both vertices in dG. Therefore,
#&E¥ = deg(0G) and the proof is complete. O

Remark 3.8. For future reference, observe that

mes(E, NE) mes(Er N g’im) mes(Er N EY)
o meEnf s melErnf 5 melErne)

S ) rerengE, p(T) = o)
degs(v) #(Er N Ein) #(Er N EY)
> gt 2 T hg X r@
v€DG TeT,ErZEin TET

This itmplies the following estimate

~ 1 2
>_cle)le] < deg(9G) (1 - T W)
- (3.17)

_% Z #{T|6€5T andnggint}

e€E&int
for every star-like, complete subgraph Ge S(G).
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Corollary 3.9. Let G = (V,&,]|-|) be a finite tessellating metric graph, that is a
finite graph satisfying all the assumptions of Section 2.1 except (iii) of Definition
2.1. Then

> —cle)le] = 1. (3.18)

ec&
Proof. By Euler’s formula
mes(ENE,) mes(ENEr)
= g — —_— _—
2N =#E ) T T D
=#E—#V - #F(G) = -1 O

Remark 3.10. Formula (3.18) can be seen as the analogue of the combinatorial
Gauss—Bonnet formula known for combinatorial graphs (see [22, Proposition 1]).
Let us also mention that the difference in the right-hand side arises from our
convention p(T) = oo for unbounded T € T.

Theorem 3.1 now follows from Lemma 3.5 and 3.7 together with the inequality
deg(9G) > 1 for G € S(G). Moreover, we can already deduce (see (3.5) and (3.11))
the basic estimate

a(G) > e (9). (3.19)
By improving this bound further we finally obtain Theorem 3.3.
Proof of Theorem 3.3. We start by providing a basic inequality. By Remark 3.4,

we have K(G) > 0. Let deg”(G) := sup,¢y, deg(v). Then using (3.10) and (3.11), a
lengthy but straightforward calculation implies

c.(G) _ deg’(G) =2 1

. 3.20
K() = dez’(Q) —17°(0) (320

Hence by Lemma 3.5, it suffices to show that
deg(9) , e.(9) (3.21)

mes(G) K(G)

for every G = (V,€) € S(G). _ N _

We will obtain (3.21) by induction over #Vin. If #Vin, = 1, that is, Vi, = {v}
for some v € V, then G “consists of a single star”. More precisely, £ = &, and (3.20)
implies

deg(0) _ _des(v) _ c.(0)
mes(G) — deg(v)*(G) ~ K(G)
Now suppose #i}int =n > 2 and (3.21) holds for all Gec S(G) with #]A/int <n. We

distinguish two cases:
(i) First, assume

#{u € 8G| u is connected to v} < deg*(G) — 2
for all v € Vips. In view of (3.17), define
& ={ee g}nt| #{T|ec&rand Er & g’int} =i}
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for i € {1,2}. Then
> #{Tlec&rand & & E} = #E +2#E = > 6(v)

eegint veﬁnt
where 0(v) := #(E, N E€1)/2 + #(E, N &) for all v € V.
Now assume that v € th and that v is connected to at least one vertex in ag
Since G is star-like and #th > 2, v is connected to another vertex in th and

hence there exists an interior edge e € &y incident to v. Going through the edges
incident to v in counter-clockwise direction starting from e, denote by ey the “last”

edge incident to v with e € Ene. Define e_ analogously by going clockwise. Then
e+ € & U &y, Moreover, if ey = e_, then e = ey = e_ € &. Thus §(v) > 1 for
every such v € Vjy¢. Since G is star-like,
1 -
ow) > ——5—— u € 9G] u is connected to v
> 60) 2 gy 2 #luedd] }

veﬁim Uei}int

1 -
> m deg(09),

and (3.21) follows from (3.17).

(i) Assume that #{u € G| u is connected to v} > deg*(G) — 1 for some vertex
v E ﬁnt. Since #1~/th > 2, this implies deg(v) = deg™(G) and that v is connected to
exactly one w € ]7int. We “cut out” the deg*(G) — 1 edges between v and dG and
define G = (17, g) by its edge set

E=E\{e€ &l econnects v and 9G}.

Then é is again star-like and complete. Its interior graph C?int = (ljint, zSA'int) is given
by ]7int = 17th \ {v} and gint = g}nt \ {€yw}, where e, ,, is the edge between v and
w. In particular, G satisfies (3.21).

Now assume (3.21) fails for G. Then

deg(9G)(mes(G) — mes(G)) < (deg™(G) — 2)mes(G)
by (3.20). Consequently,
deg(0G) _ #E — #Ew _ H#E — #Ew — deg”(G) +2

mes(G) a mes(G) B mes(A)
_ deg(9G) —deg*(§) +2 _ deg(dG) _ c.(9)
mes(G) mes(G)  K(9)’
which is a contradiction. g

4. EXAMPLES
In this section, we illustrate the use of our results in three examples.

4.1. (p,q)-regular graphs. Let p € Z>3 and g € Z>3 U {o0}. A tessellating
(combinatorial) graph G4 = (V, £) is called (p, ¢)-regular, if deg(v) = p for allv € V
and dr(T) = g forall T € T. Let G, , denote both the corresponding combinatorial
graph and the associated equilateral metric graph, that is, we put |e|] = 1 for all
e € &g =E(Gpq). Notice that G,  is an infinite p-regular tree T), (also known as
a Cayley tree or a Bethe lattice).
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Next, by (2.9), we get
2 2
cle)=1——-———=t¢pq, 4.1
() PR (4.1)

for all e € &, 4, and the vertex curvature of the combinatorial graph G, , (see for
example [8, 17, 37]) is given by

deg(v) 1 p ., p p
KJ(’U):]-_ + Z :1_5"'_5:_501),111 (42)

for all v € V.

Since strictly positive vertex curvature implies that G4 has only finitely many
vertices (see [8, Theorem 1.7]), the characteristic value should satisfy ¢, , > 0.
Clearly, ¢, = 0 exactly when (p,q) € {(4,4),(3,6),(6,3)} and in these cases G, 4
is isomorphic to the square, hexagonal or triangle lattice in R?. If ¢, , > 0, then
Gp.q is isomorphic to the edge graph of a tessellation of the Poincaré disc H? with
regular ¢-gons of interior angle 27/p (see [15, Remark 4.2.] and [21]). In the latter
case, Theorem 3.3 implies (G 4) > 0 and the estimate

1
-2 -2 - =T, ¢ <00
a(Gyg) > 4P =2)cpq _P=2 TGO Depa) T . (4.3)
Q(p_l)cp7q+1 p_]' 1, q=00
Notice that in the case ¢ = 0o, equality holds true in (4.3) (see, e.g., [26, Example
8.3]).
Tt is well-known that (see [15, 18]),
p—2 4
eomb (Gpg) = 1— . 4.4
comblGna) =7 ¢ PRSI )
By (a slight modification of) [26, Lemma 4.1],
2acornb(gal)
a(§) = ————— 4.5
( ) acomb(gd) +1 ( )
for every equilateral metric graph G = (V,€&,| - |) with underlying combinatorial

graph G4 = (V,€). Hence

1
p—2 p—2 TFoap-Depq) 10 15
a(Gp,q) = 71+2( (p72)(q72)71):p71>< X .
p 2 \V pa—2(p+9) ’ q
(4.6)
where

_pg—2(p+q) 4 _
0= 2 <\/1+pq—2(p+q) 1>S1

Comparing (4.6) with (4.3), we conclude that the error in the estimate (4.3) is
uniformly of order ﬁ.

Finally, let us mention that using (4.5), we can turn (4.3) into a lower estimate
for ctcomn(Gp,q) as well. After a short calculation, we recover Theorem 1 from [24],

p—2 2
acomb(gp,q) > T <1 - (p — 2)((] — 2) — 2) . (47)
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4.2. Another example. Denote by Zi the square lattice of the upper half-plane,
i.e. the combinatorial graph with vertex set Z x Z>( and two vertices connected if
and only if they are connected in the square lattice Z? = Z x Z. Fix k € Z>3 and
let Gi, be the graph obtained from Z3 by attaching to each vertex v € Z x {0} an
infinite k-regular tree (see Figure 1).

To assign edge lengths, we first define a partition of the edge set .. We denote
by &k tree the set of edges e € & belonging to one of the attached trees. Also, let

Vo ={(z;n)| z€ Z} = Z x{n},  n€Zxo,

be the vertices on the “n-th horizontal line”. For n € Z>(, we define 5,:',71 as the set
of “vertical” edges between the n-th horizontal line V,, and the (n+1)-th horizontal
line V,, 41, and 5,;  as the set of “horizontal” edges connecting vertices in the n-th
horizontal line V,, (see Figure 1). Finally, we equip Gy with edge lengths in the
following way:

17 ec gk,tree
1 +
@nra € €&k

&y
Era

&
&

&do
Ero
gk,tree

FIGURE 1. G for k = 3.

Now let us compute the characteristic values. First of all, for all e € & tree We
have the estimate

2 k-2
inf =1—-=-=—
eeéll;l.tree C(e) k k
Next, taking into account that k > 3, we get
2 1 164 2

>1

cle) =4 - T, 1 1 1T, 1 = 11
k+23+5 3+25+5 77 ktig

for all e € 5,;0, and

() = 9 1 1 2 8955 1 -1
cle) =9 — — — = —
k+2i+1 14 Llgol lgaolg L5467 4 L
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for e € 5,? o- Moreover, after lengthy but straightforward calculations one can see
that

cle) >1
for all e € Sin with n > 1. Thus we obtain
. = inf =—>0, 4.9
c(Gr) = b ele)=—% (4.9)

and hence, by Theorem 3.3, a(Gy) > 0.
Now let us compute K(Gi). If v € V,, with n > 1, then

su M*Su (2n+3)2< ! + 2 + ! )
veony, infecg, 6] non @n+1)2 " (2n+2)2 " (2n+3)2

2 2
2 1 497 .
:<1+3> +2(1+) +1=—— =6.9027

4 72

For v € V), we obtain

m(v) 1 1 11
Y 9 (k+2o 4 ) =9k+ —
infeeg, |e€] ( + 4 + 9) + 2

Moreover, for the remaining vertices v € V belonging to one of the attached trees,

_m)_

infece, |ef
By assumption, ¥ > 3 and hence M (Gy) = 9k + 171 In addition, P(Gy) = oo since
T contains unbounded tiles. Thus we obtain

1 18k +9
K = 1 — =
(Gk) M(Gr) 18k + 11’

and Theorem 3.3 implies the lower estimate

18k + 11k — 2
> —_—
9 2 o ®

Our next goal is to derive an upper estimate. Denote by TNthe k-regular tree
attached to the origin o = (0,0) € R2. For | € Zsa, let G, be the subgraph

consisting of all vertices in 7 that can be reached from o with a path using at most
[ edges and all edges between such vertices. Then it is straightforward to verify

(4.10)

-1
mes(G)) = » k(k—1) = k“k%”;_” deg(0Gy) =k + k(k — 1)1,

Jj=0
and as a consequence,

. deg(agl) k—2
1 =7 = = oT
M es@) Bt (M)

where Ty, is the equilateral, k-regular tree (see Example 4.1 or [26, Example 8.3]).

This implies the two-sided estimate
18k +11k—2 k—2
R < —=.
T R R Gl

In particular, «(Gy) — 1 for k — co.
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Remark 4.1. The two above examples demonstrate the use of Theorem 3.8 in two
different situations. First of all, let us mention that by [26, Corollary 4.4.] the
metric graph G satisfies the strong isoperimetric inequality if £*(G) < oo and the
combinatorial isoperimetric constant aeomp(Ga) is positive,

Oecomb (gd) > 0.

In Example 4.1, the positivity of dcomb(Gp q) s known (see (4.4)) and hence it is a
priori clear that a(G) > 0. However, Example 4.1 shows that in certain situations
Theorem 3.3 gives a good quantitative estimate.

On the other hand, in Example 4.2 we have comb(Gr) = 0 (since obviously
Qcomb(Z3) = 0), however, a(G) > 0. In particular, Theorem 3.3 shows that the
isoperimetric constants of the combinatorial and metric graph behave differently.

4.3. Non-equilateral p-regular trees. We conclude with an example showing
the use of Remark 3.6. For p € Z>¢, let T, be the equilateral, p-regular tree from
Example 4.1. Fix an edge é € £(T},). In the following, we will consider T, equipped
with another choice of edge lengths. Define the metric graph 7, := (T, |- |) by
assigning

. p, e=¢
= {1, ec &(T,)\ (e}
Let Ge S~(’7;) be a star-like complete subgraph. If ¢ ¢ €, then mes(G) = #&. If
é € &, then Vi, # @ since G is star-like. Hence
mes(g) = #E +p—1< 2#E.
Thus we conclude from (4.6) and Lemma 3.5 that

1 1 1p—2 2
as(Tp) = inf M > — inf M = -a(T,) = i >Z
Ges mes(G) ~ 2ges  #E 2 2p—17—"5
for all p > 6. On the other hand, £*(7,) = p > 6 by assumption. Hence Remark
3.6 implies

2 2
o 7- = = -
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QUANTUM GRAPHS
ON RADIALLY SYMMETRIC ANTITREES

ALEKSEY KOSTENKO AND NOEMA NICOLUSSI

ABSTRACT. We investigate spectral properties of Kirchhoff Laplacians on ra-
dially symmetric antitrees. This class of metric graphs admits a lot of symme-
tries, which enables us to obtain a decomposition of the corresponding Lapla-
cian into the orthogonal sum of Sturm-Liouville operators. In contrast to
the case of radially symmetric trees, the deficiency indices of the Laplacian
defined on the minimal domain are at most one and they are equal to one
exactly when the corresponding metric antitree has finite total volume. In this
case, we provide an explicit description of all self-adjoint extensions including
the Friedrichs extension.

Furthermore, using the spectral theory of Krein strings, we perform a thor-
ough spectral analysis of this model. In particular, we obtain discreteness and
trace class criteria, a criterion for the Kirchhoff Laplacian to be uniformly
positive and provide spectral gap estimates. We show that the absolutely con-
tinuous spectrum is in a certain sense a rare event, however, we also present
several classes of antitrees such that the absolutely continuous spectrum of the
corresponding Laplacian is [0, c0).
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1. INTRODUCTION

This paper is devoted to one particular class of infinite quantum graphs, namely
Kirchhoff Laplacians on radially symmetric antitrees. Antitrees appear in the study
of discrete Laplacians on graphs at least since the 1980’s (see [12] and also [11, Sec-
tion 2]) and they attracted a considerable attention after the work of Wojciechowski
[47]. More precisely, Wojciechowski used them in [47] (see also [30, §6] and [23]) to
construct graphs of polynomial volume growth for which the combinatorial Lapla-
cian is stochastically incomplete and the bottom of the essential spectrum is strictly
positive, which is in sharp contrast to the manifold setting (cf. [9], [21], [22]). These
apparent discrepancies were resolved later using the notion of intrinsic metrics, with
antitrees appearing as key examples for certain thresholds (see [18, 24, 25, 29]). Dur-
ing the recent years, antitrees were also actively studied from other perspectives
and we only refer to a brief selection of articles [1], [8], [11], [20], [42], where further
references can be found.

In this paper, we consider antitrees from the perspective of quantum graphs
and perform a detailed spectral analysis of the Kirchhoff Laplacian on radially
symmetric antitrees. Our discussion includes characterization of self-adjointness
and a complete description of self-adjoint extensions, spectral gap estimates and
spectral types (discrete, singular and absolutely continuous spectrum).

Before proceeding further, let us first recall necessary definitions. Let G4 = (W, €)
be a connected, simple (no loops or multiple edges) combinatorial graph. Fix a root
vertex o € V and then order the graph with respect to the combinatorial spheres
Sn, n € Z>¢ (notice that Sy = {o}).

Definition 1.1. A connected simple rooted (infinite) graph Gy is called an antitree
if every vertex in S,,, n > 1!, is connected to all vertices in S,,_; and S,,; and no
vertices in Sy, for all |k —n| # 1.

Notice that combinatorial antitrees admit radial symmetry and every antitree is
uniquely determined by its sphere numbers s,, = #5S,,, n > 0 (see Figure 1).

If every edge of G4 is assigned a length |e| € (0,00), then G = (G4, |- |) is
called a metric graph. Upon identifying each edge e with the interval of length
le|, G may be considered as a “network” of intervals glued together at the vertices.
In the following we shall denote combinatorial and metric antitrees by A4 and,
respectively, A. The analog of the Laplace—Beltrami operator for metric graphs
is the Kirchhoff Laplacian H (or Kirchhoff-Neumann Laplacian, see Section 3.1),
also called a quantum graph. It acts as an edgewise (negative) second derivative
fer —j—; fo, e € £, and is defined on edgewise H2-functions satisfying continuity
and Kirchhoff conditions at the vertices (we refer to [2, 3, 15, 17, 32, 39] for more
information and references).

Our approach employs the high degree of symmetry and this naturally demands
symmetry assumptions also on the choice of edge lengths:

Hypothesis 1.2. We shall assume that the metric antitree A is radially symmetric,
that is, for each n > 0, all edges connecting combinatorial spheres S, and Sp41
have the same length, say €, > 0.

One of our main motivations is Lemma 8.9 in [32]. More precisely, the symmetry
of antitrees structure turned out useful in studying isoperimetric estimates and we

1By definition, the root o is connected to all vertices in S7 and no vertices in Si, k > 2.
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FIGURE 1. Antitree with sphere numbers s, = n + 1.

were even able to compute explicitly the bottom of the essential spectrum of some
(non-equilateral) quantum graphs (see [32, §8.2]). Despite an enormous interest
in quantum graphs during the last two decades, to the best of our knowledge a
detailed discussion of their spectral properties without further restrictions on edges
lengths (for instance, one of the most common assumptions is inf.cg |e|] > 0) has
so far been obtained only for a few models and the most studied ones are radially
symmetric trees (see e.g. [6, 10, 16, 36, 37, 44]). However, the assumption that
G is a tree prevents many interesting phenomena to happen (for instance, by [32,
Lemma 8.1], in this case the Kirchhoff Laplacian, actually, its Friedrichs extension,
is boundedly invertible if and only if sup,c¢ |€| < oo; in fact, this condition is only
necessary in general [43]). Hence our goal in this work is to present a model which
can be thoroughly analyzed but still exhibits in some sense rich spectral behavior.

Let us now briefly describe the content of the paper and our main results. To
some extent we follow the approach developed by Naimark and Solomyak for radi-
ally symmetric trees (see [36, 37] and also [10, 43, 44]) and use some ideas from [8],
where discrete Laplacians on radially symmetric “weighted” graphs have been an-
alyzed. However, some modifications are necessary since comparing to [10, 37, 44]
we are dealing with a completely different class of graphs (antitrees have a lot of
cycles) and, in contrast to discrete Laplacians [8], we have to deal with unbounded
operators (even when restricting to compact subsets of a metric graph) and in this
case a search for reducing subspaces is a rather complicated task.?

First of all, the radial symmetry of A naturally hints to consider the space Fgym
of radially symmetric functions (w.r.t. the root o € V). It turns out that Fyym,
is indeed reducing for the pre-minimal Kirchhoff Laplacian Hy (this means that
H, as well as its closure H = Hj, the minimal Kirchhoff Laplacian, commutes
with the orthogonal projection onto Fgyn,) and its restriction Hy [ Fgym is unitarily
equivalent to a pre-minimal Sturm-Liouville operator Hy defined in L2((0, £); 1)
by the differential expression

1 d d

T = *m@#(t)&a u(t) = T;)Snsn—‘rl]]-[tmthr])(t)a (1.1)

2After the submission of our paper we learned about the preprint [7] dealing with a similar
decomposition in the general case of family preserving metric graphs, which includes antitrees as
a particular example. However, the main focus of 7] is on the existence of a decomposition in a
rather general situation, whereas in our work we use it mainly as a starting point for the spectral
analysis.
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and subject to the Neumann boundary condition at x = 0. Here t5 = 0, ¢, =
Yoken_ili foralln > 1 and £ = 3 ¢, (see Section 3.2). Moreover, the re-
maining part of H = Hy decomposes into an infinite sum of self-adjoint (regular)
Sturm-Liouville operators (see Theorem 3.5; its proof is given in Sections 2 and 3).
This decomposition is the starting point of our analysis since it enables us to in-
vestigate H using the well-developed spectral theory of Sturm—Liouville operators.
For example, this immediately provides a self-adjointness criterion together with a
complete description of self-adjoint extensions of H (see Section 4). Namely, since
all the summands in (3.18) except H = Hy are self-adjoint operators, we reduce the
problem to the study of the operator Hy. Employing Wey!’s limit point/limit circle
classification, we obtain in Theorem 4.1 that deficiency indices of H are at most 1.
Moreover, H is self-adjoint if and only if A has infinite total volume, i.e.

c
vol(A) := Z le] = Z SnSn+1ln = / w(t)dt = co.
0

ecf n>0

If A has finite total volume, vol(A) < oo, all self-adjoint extensions can be described
through a single boundary condition (in particular, this also provides a description
of the domain of the Friedrichs extension). Moreover, all of their spectra are purely
discrete and eigenvalues satisfy Weyl’s law (see Corollary 5.1).

If vol(A) = o0, i.e., H is self-adjoint, it was already observed in [32, Section 8.2]
that o(H) is not necessarily discrete. In Section 5, we characterize the cases when
H has purely discrete spectrum and when its resolvent H~! belongs to the trace
class (see Theorem 5.4 and Theorem 5.6). Let us stress that our main tool is the
spectral theory of Krein strings [27] (see also [13]). More precisely, by a simple
change of variables H can be transformed into the string form (see (5.12)) and then
one simply needs to use the corresponding results from [26, 27]. Section 6 is devoted
to spectral estimates, i.e., the investigation of the bottom of the spectrum \o(H) of
H, \o(H) := inf o(H). This can be solved again by using the results of Kac and
Krein from [26]. More precisely, we characterize the positivity of Ao(H) (Theorem
6.1 and Theorem 6.3) and derive two-sided estimates (Remark 6.2). Let us also
mention at this point that the decomposition (3.18) indicates the way to compute
the isoperimetric constant of a radially symmetric antitree (see Theorem 7.1) and
hence it is interesting to compare Theorem 6.1 and Theorem 6.3 with the estimates
obtained recently in [32] (see Remark 7.2).

To our best knowledge, the theory of Krein strings is applied in the context of
quantum graphs for the first time. In fact, most of the analysis in Sections 5 and
6 can be performed with the help of Muckenhoupt inequalities [35] since the ques-
tions addressed in these sections allow a variational reformulation (in particular,
Solomyak used this approach in [44] to investigate quantum graphs on radially sym-
metric trees). However, spectral theory of strings enables us to treat more subtle
problems (like the study of the structure of the essential spectrum of H). In Section
9, we employ the recent results from [4] and [14] on the absolutely continuous spec-
trum of strings to construct several classes of antitrees with absolutely continuous
spectrum supported on [0, c0). For instance, if

. > Sn+2 o )2
nf £, >0, nz::l( w2 1) <o, (1.2)
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then o,.(H) = [0,00) (see Theorem 9.6). Notice that to prove this claim we em-
ploy the analog of the Szeg6 theorem for strings recently established by Bessonov
and Denisov [4]. Antitrees with polynomially growing sphere numbers satisfy the
last assumption, however, it can be shown that in this case the usual trace class
arguments do not apply (see Remark 9.4). Let us also emphasize that similar to
the case of trees quantum graphs typically have purely singular spectrum in the
case of antitrees (see Section 8). However, to the best of our knowledge, the only
known examples of quantum graphs on trees having nonempty absolutely contin-
uous spectrum are eventually periodic radially symmetric trees (see [16, Theorem
5.1]).

In the final section we demonstrate our results by considering two special classes
of antitrees and complement the results of [32, Section 8.2]. In Section 10.1 we
consider antitrees with exponentially increasing sphere numbers and demonstrate
that in this case there are a lot of similarities with the spectral properties of quantum
graphs on radially symmetric trees. Antitrees with polynomially increasing sphere
numbers are treated in Section 10.2 and this class of quantum graphs exhibits a
number of interesting phenomena. For example, one can show a transition from
absolutely continuous spectrum supported on [0,00) to purely discrete spectrum
(see Corollary 10.7).

2. DECOMPOSITION OF L?(A)

2.1. Auxiliary subspaces. Let A be a metric radially symmetric antitree with
sphere numbers {s, },>0 and lengths {¢,},,>0. Upon identifying every edge e with
a copy of the interval Z, = [0, e|]] and considering A as the union of all edges
glued together at certain endpoints, one can introduce the Hilbert space L?(A) of
functions f: A — C as L*(A) = ®.L?(e). Next, denote

tn =Y 1, Ly = [tn, tni1),

and let H,, := C*»%»+1 n > (. Notice that s,s,41 is the number of edges in &},
where &' is the set of edges connecting S,, with S, 1. Enumerating the vertices in
each sphere, let each entry a;; of some a = (a;;); ; € Hy, correspond to a coefficient
of the edge e € & connecting the i-th vertex of S,, with the j-th vertex of S, 1.
Moreover, we can identify each function f: A — C in a natural way with the
sequence of functions f = (f),,>¢ such that f": I,, - H,. In fact, £ is given by

£5(0) = Sz (D), t€ L, 2.1)

where x;;(t) is the unique « € A, such that |z| = ¢ and z lies on the edge connecting
the i-th vertex in S,, with the j-th vertex of S,,;1. Notice that the map

U: L*(A) — @®u>oLl?(In;Hny)
f — f = (fn)nzo
is an isometric isomorphism since

(fa g)L2(.A) = Z /n (f”(t)vgn(t))?-[,n dt (23)

n>0

(2.2)
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for all f,g € L?(A). Next we introduce the following subspaces:
Hiym = {a S Hn| aij = a1 VZ,]},

H: = {a c Hn| Qi = Q41 Vi,j, and Zaij = Zail = 0},
i.j i
H, = {367‘["|a1‘j = ay; V4,7, and Zaij :Za1j20}7

.3 J
H?z = {a € Hn| Zai]‘ =0Viand Zaij = OVJ}
J i

It is straightforward to check that the above spaces are mutually orthogonal and
their dimensions are given by

dim(H™) =1, dim(H?) = (sp — 1)(sp41 — 1),
dim(H}) =5, — 1, dim(H, ) = sp+1 — 1.

Hence H,, admits the decomposition

Hn:{nym@Hn, n=0

. 2.4
HYNDHIFDH, DHO, n>1 (24)

Notice that if s, = 1 for some n > 1, then H,f = H% =H? | =H |, = {0}.
One can also describe the above subspaces by identifying H,, with the tensor
product C*» ® C*~+1. For example, setting
1,, = (1,1,...,1) e C*, 1":=1, ®1,,,, €Hy, (2.5)
—_———
Sn
for all n > 0, we get
HIY™ = span{1"}. (2.6)
Moreover, denote
— e27ri/sn’ n > 0’

Wn,
and set
al ={wl,...,wilD 1 eC™, je{l,..., s} (2.7)
Notice that {agn }jgl forms an orthogonal basis in C*» for all n > 0. In particular,
a» =1,, and |laJ [|* = s,. Hence setting
all = ain ® ag'w € Hy, (2.8)

where 1 <i <s, and 1 < j < 5,41, we easily get
Hi =span{al ®1, ,[1<i<s,}=span{al*+|1<i<s,},
‘H, = span {lsn ® al

Sn41

[1<j< an} = span {af;“j| 1<j< Sn+1}, (2.9)
1<i<sp, 1<j<spir}

H? = span {al;/
Finally, observe that
llay’| ?= SnSn+1 (2.10)

forall 1 <i<s,,1<j<sp+1 andn > 0.
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2.2. Definition of the subspaces. The decomposition (2.4) naturally induces a
decomposition of the Hilbert space L?(.A). First consider the subspace

Foym = {f € L*(A)| f": I,, = H™, n > 0}. (2.11)
Clearly, it consists of functions which depend only on the distance to the root:
Fam = {f € LX(A)| f(z) = f(y) if |z] = [y[}. (212)
Moreover, its orthogonal complement is given by
1l 2 n . m\ L
Fom ={f € LZ(A[£": I, — (HX™)~, n >0} (2.13)
={rer* X f.=0,nz0}.
ec&l
Next we need to decompose Fj{,m. Set
Fo={feL?(A)|f": I, > H’: f* =0, k #n} (2.14)
for all n > 1. Taking into account the definition of H?L, it is not difficult to see that
=0on A\ EF
Fp=<fel?*4 / " :
n {f (Al Zee&j fe:zeeg,; fe=0Yv e S,,ue Sy

Here, for every v € V, &, and &, denote the edges connecting v with the next and,
respectively, previous combinatorial spheres.

We need to be more careful with the remaining part since our aim is to find
reducing subspaces for the quantum graph operator H. For every v € V' \ o, define
the subspace Fo consisting of functions which vanish away of &,, where &, is the set
of edges emanating from v. Moreover, on the corresponding star &, they depend
only on the distance to the root, that is,

T . f=0on A\ ¢,
Fo 1= {f e L2(A)| £(@) = f(y) for ace. 2,y € £, || = |y}. (2.15)

Notice that ]?v and fu are orthogonal for u # v if u and v are not adjacent vertices.
Next for all n > 1 consider the spaces

Fo=P F. n=1, (2.16)
vES,
and
fn:f7z@fsym:{f€fn| ZfeEO,mZO} (217)
et

Notice that with respect to the decomposition (2.4), we have

Fo = { ferrw I ?51;),%_72’;?1,[2 - M } . (2.18)
Thus, we arrive at the following result.
Lemma 2.1. The Hilbert space L*(A) admits the decomposition
L*(A) = Fym P Fu e P 7 (2.19)

n>1 n>1
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Proof. The orthogonality of the subspaces in (2.19) follows directly from (2.3) and
(2.4). Hence we only need to show that every f € L?(A) is contained in the right
hand side of (2.19). Since L?(A) = @®.ce L?(e), it suffices to prove this claim in the
case when f is zero except on a single edge e € £. Suppose that e € & for some
n > 0. Then for almost every t € I,, we have

£7(t) = P (E" () + P (£7(1) + Py (£7 (1) + PR(E" (1)) € Ha,

where PJ : H,, — HJ is the orthogonal projection in H,, onto Hj,, j € {sym,+, —,0}.
Define f;: A — C as the function identified with the sequence of functions f; =
(f]’?)kzo given by

£F(t) == PU(E*(t),  j € {sym,+,—,0},
for a.e. t € I. Then f; € L*(A) for all j € {sym,+,—,0} and
f = fsym+f+ +f* +f0~
Since f]k(t) € ’Hi for a.e. t € I, we conclude that foym € Fsym, fo € FO fi € Fn
and f_ € F,11. O

Our next aim is to write down explicit formulas for projections onto the subspaces
in the decomposition (2.19). First, for any felL? (I,) and a € H,,, we set f:= foa.
Recalling that every function f: A — C can be identified via (2.2) with the sequence
of vector-valued functions f = (£),,>0, we denote

Fro={fecL*(A)|f" = f"®a, f"c L*(I,); f* =0, k #n}. (2.20)
Note that the orthogonal projection P2 of L?(.A) onto FZ is given by

WP () = {0’1 té I,

2.21
(@), a),a, tel,’ (2:21)

where U is the isometric isomorphism (2.2).
Combining the form of P} with the decomposition (2.4) and (2.6), (2.9), we
easily obtain the following result.

Lemma 2.2. Let 1" € H,, and a%/ € H,,, n > 0 be given by (2.5) and (2.8). Then
the orthogonal projections in the decomposition (2.19) are given by

Paym =Y _ Pj, (2.22)
n>0
PY = Pl nxl, (2.23)
1<i<sp
1<j<sn+1
Sp—1 Sp—1
Pi=> P:s;fl,] + Y P, n>1 (2.24)
j=1 -1 =1

3. REDUCTION OF THE QUANTUM GRAPH OPERATOR

In this section, we show that each of the spaces in the above decomposition
(2.19) is reducing for the quantum graph operator with Kirchhoff conditions and
also obtain a description of the corresponding restrictions.
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3.1. Kirchhoff’s Laplacian. Let us briefly recall the definition of the Laplacian on
a metric graph (for details we refer to [3, 17, 32]). Let L?(A) be the corresponding
Hilbert space and the subspace of compactly supported L?-functions will be denoted
by L?(A). Moreover, denote by H?(A \ V) the subspace of L?(A) consisting of
edgewise H2-functions, that is, f € H2(A\ V) if f € H?(e) for every e € £, where
H?(e) is the usual Sobolev space. The Kirchhoff (or Kirchhoff-Neumann) boundary
conditions at every vertex v € V are then given by

f is continuous at v (3.1)
Yece, L) =0 '

where
fulo) = Jim, fwo) (o) = Jim HEI I

are well defined for all f € H2(A\ V) and every vertex v € V. Imposing these
boundary conditions and restricting to compactly supported functions we get the
pre-minimal operator Hy acting edgewise as the (negative) second derivative f. —

_%f& e € £ on the domain
dom(Hp) = {f € H*(A\ V)N L%(G)| f satisfies (3.1), v € V}. (3.3)

The operator Hy is symmetric and its closure H = Hy is called the minimal Kirch-
hoff Laplacian.
First, we need the following simple but useful fact.

Lemma 3.1. Let f € L*(A) and £ = Uf be given by (2.2). Then f € dom(Hy) if
and only if f = (f"),>0 satisfies the following conditions:

(i) £™ =0 for all sufficiently large n,
(ii) £, € H*(I,) for alln >0,
(iii) for all j € {1,...,51}

f{),j(o"'_) = fﬁ1(0+)a Z(flo,j)/<0+) =0,

(iv) for alln > 1,
fir,bj(tn'i') = fl?;l(tn_>
ST ) (b)) = 00 (6 ()

Proof. The proof is straightforward. We only need to mention that (i) is equivalent
to the fact that f is compactly supported; (ii) means that f belongs to the Sobolev
space H? on each edge e € &; (iii) and (iv) are continuity and Kirchhoff’s conditions
at the vertices. g

, ie{l,...,s,}.

3.2. The subspace Fgy,. Set Zp = [0, L), and define the length £ and the weight
function pu: Iy — R>q by

wu(t) = Z SnSny1lp, (), t€10,L); L= Z Ly (3.4)

n>0 n>0

63



Consider the (pre-minimal) operator Hy defined in L?(Z.; 1) by the Sturm-Liouville
differential expression

1 d d
Y € :
=g (3.5)
on the domain
dom HO {f € L2 IL7 )| fv ﬂf/ € AC(Iﬁ) Tf € L2(Iﬁa 7 = 0}

More concretely, Hy acts as a negative second derivative and its domain dom(HO)
consists of functions f € L?(Z.; 1) having compact support in Z, belonging to H?
on every interval I,, and at each point ¢,, satisfying the boundary conditions

f is continuous at t,,
(3.7

Sn—lf/(tn_) = sp+1f (tnt)-

Here we set s_1 := 0 in the case n = 0 for notational simplicity and the correspond-
ing condition (3.7) reads as the Neumann boundary condition at ¢t = 0.

Lemma 3.2. The subspace Fsym reduces the operator Hy. Moreover, its restriction
Hy | Foym onto Feym is unitarily equivalent to the operator Hy.

Proof. First let us show that foym := Psymf € dom(Hy) for every f € dom(Hy). In
fact, we need to show that fiyn, = U fsym satisfies conditions (i)—(iv) of Lemma 3.1.
Clearly, by continuity of f and (2.21), (2.22), fim satisfies (i) and (ii). Moreover,
both (fsym)7;(tn+) and (fsym)i ,, (tn+1—) depend only on n > 0. Since f satisfies
both (iii) and (iv), we obtain that (fyym) ;(0+) does not depend on j and

(Bym) (b)) = —— (£ (ta),17)

SnSnJrl
1

= ﬁ(fﬂ*l(tn*% 1", = Em)i ()

foralli € {1,...,s,} and n > 1. Similarly,

Sn+1

1 n n 1 n
Z (fs/ym)z](t’ﬂ—"_) = ;((f )/(tn—i_)? 1 )Hn = ; Z(fz7])/(tn+)
Spn Sn+1 Spn Sn—1
n 1
= g >0 DD CERICE
i=1 j=1 =1 k=1
1 Sn—1
= (T ()1 = Y ()i ) (39
k=1
which holds for all ¢ € {1,...,s,}, n > 1. Moreover, for n = 0 we have
/ 1 . 0 /
(fsym)l ](0+) s1 Z (fl,m) (0+) =0
m=1

for all j € {1,...,s1}. Hence foym = Pymf € dom(Hy) for all f € dom(Hy).
Noting that Hg is symmetric and Fyyn, is clearly invariant for Hy we conclude that
Fsym is reducing for Hy.
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To prove the last claim, observe that the subspace Fgyn is isometrically isomor-
phic to the Hilbert space L?(Z.; u). Indeed, for every f € Fsym, set

ft) = Zf @00, tely 00, (39)

5n3n+1 ||1n||2

where z.(t) is the unique point on e satisfying |x.(t)| = t. Consider the map
Us:  Foym — L? (Ig;,u)
e f '
Clearly, for every f € Feym, f(t) = f(t) ® 1™ for a.e. t € I, and hence
11222y = D snsnrallfI 2o,y = D I8 2,00, = IEIP = 1F 1122 -
n>0 n>0
It turns out that

(3.10)

Hy = Us(Ho | Foym)U; " (3.11)
Indeed, Hy acts as the negative second derivative on every edge e € £ and hence
for every f € Foym we get

(U (Hof)(t) = =f"(t),  tel,
for all n > 0. Therefore, it remains to show that Us(Fsym Ndom(Hy)) = dom(Hy).
In fact, we only need to show that every f = U, f with f € Feym satisfies (3.7) if
and only if f € dom(Hy). Indeed, by (3.9) and continuity of f, f(t,+) = f(tn—)
for all n > 1 if f € Fyym Ndom(Hy). Moreover, similar to (3.8) one checks that

Sn+1f/(tn+) = Snflfv(tn_)y n 2 0>
exactly when f € Fgym Ndom(Hy). This finishes the proof of Lemma 3.2. O

3.3. Restriction to F2. Our next aim is to show that each F2, n > 1, is a reducing
subspace for Hy and its restriction is unitarily equivalent to (s, —1)(s,+1—1) copies
of h,,, the second derivative with the Dirichlet boundary conditions on L?(1,),

o0 dom(hn) ={f€ H?(In)| f(ta+) = f(tat1—) = 0} (3.12)

By Lemma 2.2, this will be a consequence of the following lemma.

h, .= —

Lemma 3.3. Let n > 1 be such that s,, > 1 and sp,+1 > 1. Then each of the
subspaces FI, where a = atJ with 1 < i < s, and 1 < j < s,11, is reducing for
the operator Hy. The restricted operator Hy [ F2 is unitarily equivalent to the
operator h,, defined by (3.12).

Proof. Clearly, F7 is invariant for Hy. Since Hy is symmetric, we only have to prove
that f := P2 f € dom(Hy) whenever f € dom(Hy). In fact, we need to show that
f:= U(P?f) given by (2.21) satisfies conditions (i)(iv) of Lemma 3.1. Conditions
(i) and (ii) are obviously satisfied since f € dom(Hg) and by the definition of
U(P2f). Since f™ = 0 for all m # n and n > 1, (iii) clearly holds and, moreover,
we need to verify (iv) only at ¢,, and ¢,,41.

Let us start with continuity. Suppose a = a7 for some 1 <i < s, and 1 < j <
Snt1- First observe that

£ (tnt) = B (g =) = 0
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forall ke {1,...,s,} and m € {1,...,5,4+1}. Indeed,

Sn Sn41

. n o n 7zk —Jjm __
i, (0,20, = (0, @), = Dttt 3 wil? =

Here we employed the continuity of f, i ;(t,+) = i (t,+) forall j € {1,... sn41},
together with (2.8). This shows that f satisfies the first condition in (iv).
Next observe that

Sn+1 B wzk Sn+1
7)) (th+) = £y Wl
B ) = ) (), D
for all k € {1,...,s,}. Since (f*~1) = 0, f satisfies (iv) at t,. Similar arguments

shows that (iv) holds true at ;11 as well. This finishes the proof of the inclusion
f=P!f e dom(Hy).
Finally, noting that

vr. L*I,) — Fr

3.13

[ (313

establishes an isometric isomorphism of L%(I,,) onto JFZ, it is straightforward to
verify the last claim and we left it to the reader. O

3.4. Restriction to F,,. Next, we show that F,, n > 1 is reducing for Hy as
well and the corresponding restriction is unitarily equivalent to s,, — 1 copies of the

operator h,, defined by

~ 1 d d

Tn = ﬁ@ ()§7
on L%((tn_1,tns1); ) and equipped with Dirichlet conditions at the endpoints.
Here the weight function u is defined by (3.4). The domain of h,, admits a very
simple description since inside I,,—; and I,, the differential expression 7,, reduces to
the negative second derivative and hence dom(fln) consists of functions which are
H? in I,,_; and I,, satisfy the Dirichlet conditions at ¢,_; and ¢,,; and also the
following coupling conditions at t,:

fltn+) = f(tn—)
{Sn—lf/(tn) = sn+1f/(tn+) . (314)

Recall that F,, = ran(P, ), where the projection P, is given by (2.24). By (2.8)
and (2.5),

afzn:llJ = 1511,—1 ® agn’ a%’s"'“ = agn ® 15n+17
and hence
Spn—1
_ n—1 n
p, = 21 (PlsH@aé” + P ®1sn+1)' (3.15)
=
Denoting the summands in (3.15) by ISj ,je{l, ... 8, — 1}, we set
T . DJ n—1 n
Fy =ran(P)) = F7 . 1®aén ©F el (3.16)

Since F,, = @;;}1 Fi, these claims will follow from the following lemma:
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Lemma 3.4. Every subspace fr{ withn > 1 and j € {1,...,8, — 1}, is reducing
for the operator Hy. Moreover, its restriction onto Fj is unitarily equivalent to h,,.

Proof. Since ]-'J is invariant for Hy and Hj is symmetric, we only need to show that
for every f € dom(Hy) its projection f := ij onto .7-"3 also belongs to dom(Hy).
Following step by step the proof of Lemma 3.3, we only need to show that f := U f
satisfies condition (iv) of Lemma 3.1 at t,,.

First observe that by (2.21)

L) — fn*l(t)(lsnfl @ agn)a te€ln
f£(t) = {fn(t)(agln ©1,,.). tel (3.17)

where
¢ 1 n—1 Sn—1,J r 1 n JsSni1
fr—1(t) = —— (" (), 2, ),y falt) = ——(£7(1), 2" )y,
Sn—1Sn SnSn+1
Notice that
B 1 Sn—1 8p 1 Sn
Fa(tn=) = —— D DL Ul
[ L N p— ™ m=1
and
_ Sp Sn+4l Sn
fn(tn+) = Z £ wdm = Z wrdm,
Sndn+1 m=1 k=1 m=1

However, by Lemma 3.1,
fﬁ%l(tn_) :f;ib,l(tn+)a m e {17"'a8n}>

and hence we get

£ () =

\
.
=3
3L
~

3
g
S
<
3

=N R (tnH)wy, 7T = B (tnt)
=1

Sn
m

for all kK € {1,...,s,}. This shows that f satisfies the first equality in condition
(iv) of Lemma 3.1. Let us check the second one. However, we have

Sn—1 Sn—1
DG =) =D Froa(ta=)wd™ = su1 fli_y (ta =)
k=1 k=1
w]m Sn Sn—1
— —]l fn 1
a2’ 2
wjm Sn Sn41 B ‘
= TS (k) = s fa bl
k=1
Sn+1 B Sn+41
k=1 k=1

This shows that f satisfies all the conditions of Lemma 3.1 and hence f € dom(Hy).
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It remains to notice that the map U : L2((tn—1, tny1); 1) — F2 defined by (3.17)

is an isometric isomorphism and (UJ)~(Hy | F)UJ = h,,. O

3.5. The decomposition of the operator H. Combining the results of Sections
3.2-3.4, we arrive at the following decomposition of quantum graph operators on
radially symmetric anti-trees.

Theorem 3.5. Let A be an infinite radially symmetric antitree. The decomposition
(2.19) reduces the operator H. Moreover, with respect to this decomposition, H is
unitarily equivalent to the following orthogonal sum of Sturm—Liouville operators

spn—1)(sny1—1 sn—1¢
Ho@ (el Ve V) o @ (@i ha), (3.18)
n>1

n>1

where H = Hy and the operators Hy, h,, and I~1n are defined in Sections 3.2, 3.3
and 3.4, respectively.

4. SELF-ADJOINTNESS

Theorem 3.5 reduces the spectral analysis of quantum graph operators on radially
symmetric antitrees to the analysis of certain classes of Sturm—Liouville operators.
Moreover, the Sturm-Liouville operators h,, and h,, in the decomposition (3.18) are
self-adjoint for all n > 1 and their spectra can be computed explicitly. This enables
us to perform a rather detailed study of spectral properties of the operator H = Hy).
We begin with the characterization of self-adjoint extensions of the operator H.

Theorem 4.1. Let A be an infinite radially symmetric antitree. Then:
(i) The operator H is self-adjoint if and only if the total volume of A is infinite,
vol(A) := Z le|] = Z SnSnt1ln = 0. (4.1)
c€E(A) n>0

(ii) If vol(A) < oo, then the deficiency indices of H equal 1 and self-adjoint
extensions of H form a one-parameter family Hy := H* | dom(Hy), 6 €
[0,7), where

dom(Hy) = {f € dom(H")| cos(0) f(L) + sin(0) f' (L) = 0},

where
f(L) = gL%(Uspsymf)(t)7 (42)
f/(ﬁ) = thj% U(t)(UsPsymf),(t)’ (4'3)

and the operators Py, and Us are given, respectively, by (2.22) and (3.10).

Proof. (i) By Theorem 3.5, the operator H is self-adjoint only if so are the operators
on the right-hand side in the decomposition (3.18). However, both h,, and h,, are
self-adjoint for all n > 1. The self-adjointness criterion for H = Hy follows from the
standard limit point/limit circle classification (see, e.g., [46]). Namely, the equation
7y = 0 with 7 given by (3.5), has two linearly independent solutions

n(t) =1, ya(t) :/O %
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Now one simply needs to verify whether or not both solutions y; and ys belong
to L2(Zz;p). Clearly, y1 € L*(Zr;p) exactly when the series in (4.1) converges.
Moreover, it is straightforward to check that y» € L?(Z.; u) if and only if the series

ansn+1€n(z b )2 (4.4)

SkS
n>0 k<n CRok+1

converges. Since sp,S,4+1 > 1 for all n > 0, this series converges exactly when the
series in (4.1) converges. The Weyl alternative finishes the proof of (i).

(ii) The above considerations imply that the deficiency indices of H and H co-
incide. However, the deficiency indices of H are at most 1. Thus, if the operator H
is not self-adjoint, its deficiency indices equal 1. Moreover, one can easily describe
all self-adjoint extensions of H. First of all, for every g € dom(Hf) = dom(H*) the
following limits

lim W, lim W,

Lim Wi(g, 1), Lim Wi(g,y2)
exist and are finite (see, e.g., [46]). Here Wi(g,h) = g(t)(ph')(t) — (ug")(¢)h(t) is
the modified Wronskian. Thus for every g € dom(Hf) the following limits

— / 13 /!
9(£) = lim g(t), 9u(£) = lim p(t)g'(t) (4.5)
exist and are finite. Hence self-adjoint extensions of H form a one-parameter family
dom(H(0)) = {g € dom(Hg)| cos(0)g(L) + sin(0)g,, (L) =0}, 0 € [0,7).

It remains to use (3.11) and (2.22). O
Remark 4.2. Let us mention that in the case vol(A) < oo the Friedrichs extension

of H coincides with the operator Hy with 8 = 0. Moreover, it is possible to show
that in fact the limits in (4.2) and (4.3) coincide with

lim f(x), lim Z 1 ()

|z|—L t—L

for every f in the domain of H*. In particular, this would imply that the Friedrichs
extension of H is simply given as the restriction of H* to functions vanishing at L.
Let us also mention that H* = Hf in fact coincides with the maximal operator,
that is dom(H*) consists of functions f € L*(A) N H?(A\ V) satisfying boundary
conditions (3.1) for all v € V and such that f” € L?(A).
5. DISCRETENESS
As an immediate corollary of Theorem 4.1 we obtain the following result.

Corollary 5.1. If vol(A) < oo, then the spectrum of each self-adjoint extension
Hy of H is purely discrete and, moreover,

N(\;Hg) = %(“4)\5(1 +0(1)), A— o0, (5.1)
for all 6 € [0, ).

Here N(X; A) is the eigenvalue counting function of a (bounded from below)
self-adjoint operator A with purely discrete spectrum. Namely,

N(X A) = #k: Me(4) < A},
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where {A;(A4)}r>o are the eigenvalues of A (counting multiplicities) ordered in the
increasing order.

Proof. By Theorem 3.5,

o(Hp) = o(H(0)) UUp>10(hy,) UUp>10(hy,). (5.2)
Since s, > 1 for all n > 1, vol(A) < oo implies that ¢, = o(1) as n — oo and
hence both sets U,>10(h,,) and U,>10(h,) have no finite accumulation points. It

remains to note that the spectrum of H(#) is discrete in this case as well.
According to the decomposition (3.18), we clearly have

N(\Hg) = N(OGH(0) + > (sn — D (sne1 — DN(Ahy) + > (sn — )N (A hy).

n>1 n>1
It is well known that (cf., e.g., [19, Chapter 6.7])

N\ H()) = %ﬁu +0(1)), X\ — oo,

for all 6 € [0, 7). Taking into account that

o(h,) = {WZQ}M, (5.3)

we clearly have
n
N(A;h,) = LTAJ (5.4)
for all A > 0, where [-] is the usual floor function. Moreover,

A | E| < vk < |22 VR g+ | 2VAe g 6

s s

for all A > 0. The latter follows by employing the standard Dirichlet—Neumann
bracketing, that is, one can estimate the eigenvalues of I~1n via the eigenvalues of
the operators fl,’? and Eﬁ subject to Dirichlet, respectively, Neumann boundary
conditions at t,,:

Ak(B)) < Ae(hn) < Ap(h)), k> 1. (5.6)
Combining (5.4) with (5.5) and using a very simple estimate (see Lemma 5.2 below),
we immediately arrive at (5.1). O

Lemma 5.2. Let {ay, }n>1 and {b,}n>1 be nonnegative sequences such that lim,, b,, =
0 and )", anb, < co. Then for every a € [0,1),
b A — | by A

lim anl [bnA+al|

A—00 A
n>1

0. (5.7)

Proof. Indeed,

Sa A ldrel s A el

n>1 n:bn<1770‘ n:bnsza

The first summand can be estimated as follows

5 an\bnA—Lb;HaJ\: 3 anba=o(1),

1—
)\a n: bn<Ta

n: b,<
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as A\ — 0o. Moreover, we have

Ibu — (b A + | 1
Z Qg Y S Z any = 0(1)7

n: by >3 n: by >13%

as A — 0o, which proves the claim. O

Remark 5.3. We are not aware (except a few special cases) of a closed form of
eigenvalues of l~1n It is not difficult to show that a(fln) consists of simple positive
cigenvalues {\;} k>1 satisfying (5.5) and even to express o(h,,) with the help of the
arctangent function with two arguments, although this does not lead to a closed
formula.

In the case vol(A) = oo, the spectrum of H may have a rather complicated
structure. In particular, it may not be purely discrete. The next result provides a
criterion for H to have purely discrete spectrum. Set

£ dx 4y,
L, .:/0 —— =) (5.8)

M($) n>0 Sndn+1 .

Theorem 5.4. Let A be an infinite radially symmetric antitree with vol(A) = co.
Then the spectrum of H is discrete if and only if the following conditions are
satisfied:

(i) £ =0 asn — oo,

(ii) £, < 00, and

(iii)

lim SkSk+1L =0. 5.9

Proof. Denote

H! — @ (Gagzblfl)(svﬂrl*l) hn>7 H2 — @ (@jgl Hn). (5.10)

n>1 n>1

By Theorem 4.1(i), H is self-adjoint and hence (3.18) implies that

o(H)=0c(H)U O'(Hl) U 0(H2) =ocH)U ( Un>1 a(hn)) U (Un21 J(En)) (5.11)

Thus the spectrum of H is discrete if and only if the spectra of all three operators
H, H' and H? are discrete.

In order to investigate the operator H, we need to transform it to the Krein string
form by using a suitable change of variables (z +— Oz H‘fi)) and then to apply the
Kac—Krein criterion [26]. To be more precise, it is straightforward to verify that H
is unitarily equivalent to the operator H defined in the Hilbert space L2([0,L,); 1)

by the differential expression

~ 1 d?
- 5.12
T i(x) dx? (5-12)
and subject to the Neumann boundary condition at x = 0. Here
ni=plogt, (5.13)
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where g~ is the inverse of the function g: [0, £) — [0, £,,) given by

T ds £ ds
o) = [ = Lomo0) = [ S50 Gy
Notice that g is strictly increasing and locally absolutely continuous on [0, £) and
maps [0, £) onto [0,£,). Hence its inverse g~ ': [0,£,) — [0,£) is also strictly
increasing and locally absolutely continuous on [0, £,,).

Applying the Kac—Krein criterion (see [26], [27, §11.9]), we conclude that H has
purely discrete spectrum if and only if £,, < co and

lim ®(z) =0, (5.15)
z—L
where ®: [0, £) — R>¢ is given by
O(z) = /gC wu(s)ds - /L s z€l0,L) (5.16)
o x H(s) T '

First of all, observe that

tni1 c n
P(x) §/0 u(s)ds~/ ZSkSkHEkZ .

Sk8k+1

for all « € [tn,tn4+1) and hence sufficiency of (5.9) follows. Moreover, straightfor-
ward calculations show that

@(%) (Z SkpSk+1lk + 3n$n+1€2 )( Z b + fn )

SKS 25,8
k=0 E>nt1 kok+1 non+1

which implies the necessity of (5. 9) Notlce also that the right-hand side in the last
inequality is strictly greater than 1/2 which also implies (i).

1%n>
It remains to note that the spectra of the operators H' and H? are discrete if
condition (i) is satisfied (see (5.3) and (5.4)). O

Remark 5.5. Let us mention that in fact both conditions (i) and (ii) in Theorem
5.4 follow from (iii).

If vol(A) = co and the corresponding Hamiltonian H has purely discrete spec-
N()‘H) — 00 as A — o0.

However, we can characterize radially symmetric antitress such that the resolvent
of the corresponding quantum graph operator H belongs to the trace class.

trum, it follows from the proof of Weyl’s law (5.1) that

Theorem 5.6. Let A be an infinite radially symmetric antitree with vol(A) = oo.
Also, let the spectrum of H be purely discrete. Then?

1
> 5 <o (5.17)
Ao (H)
if and only if
> snsni1ls < o0, (5.18)

n>1

3The summation in (5.17) is according to multiplicities.
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and

n—1
Z b Z SkSk+18lr < 00. (5.19)

SnS
n>0 non+1

Proof. As in the proof of Theorem 5.4, observe that the spectrum of H consists
of three sets of eigenvalues. Let us denote the second and the third summands in
(3.18) by H! and H?, respectively. The spectrum of the self-adjoint operator h,, is
given by (5.3) and hence

2
Z => (0= D(sns1—1) Y w§7¢2 = é > (sn = 1) (sng1 — 1)l2. (5.20)

Aeo(H?) n>1 k>1 n>1

Similarly, using the Dirichlet—Neumann bracketing (5.6), we get

1 1
DOEEED DI VD DR

reo(m) 01 Aeo(BY)
e Iz
— n— 1 n— n
n;(s );ﬂ( K122 w2k 1/2)
1 1
=9 Z(Sn - 1)(572%1 + 6721) < 5 Z(Sn + Snt1 — 2)6721‘
n>1 n>0

Using the Dirichlet eigenvalues, one can prove a similar bound from below. More-
over, combining the latter with (5.18) implies that the resolvents of both H; and
H, belong to the trace class exactly when

Z(S”S”"‘l — 1) < 0. (5.21)
n>1

Next observe that 0 € o(H) exactly when 1 € L?(Z; i), which is equivalent to
vol(A) < oco. Thus 0 is not an eigenvalue of H whenever vol(A) = co. Finally, ap-
plying M. G. Krein’s theorem to the operator H (see [26], [27, §11.10]), we conclude
that H™! is trace class if and only if £,, < co and

L T
/0 ﬁ/o p(s)dsdx < oo. (5.22)

However, using (3.4), we get

[t [ o= S [ [ asas

n>0

n—1

1 tnt1
= Z / ( Z Sk$k+1£k + SnSn+1(IC - tn)) dx
tn —

n>o Sndn+l

2
E E 3k5k+1€}c+ E 0.
n>0 Sndn+l n>0

Notice that the latter in particular shows that {¢,},>0 € £2 and combining this
fact with (5.21) we arrive at (5.18). This completes the proof. O
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Remark 5.7. Using the same arguments and the results from [28, 41] one would
be able to characterize radially symmetric antitrees such that the resolvent of the
corresponding Kirchhoff Laplacian belongs to the Schatten—von Neumann ideal &,,
p € (1,00) (and even to other trace ideals), however, these results look cumbersome
and we decided not to include them.

6. SPECTRAL GAP ESTIMATES

We restrict our discussion to the case vol(A) = oo for several reasons. Of course,
the main one is the fact that in this case Hy is essentially self-adjoint and this
simplifies some considerations. However, for finite volume metric graphs the corre-
sponding estimates remain to be true for the Friedrichs extension of Hy.

Theorem 6.1. Let A be an infinite radially symmetric antitree with vol(A) = oo.
Then the bottom of the spectrum Ao(H) = inf o(H) of H is strictly positive if and
only if the following conditions are satisfied:

(i) £*(A) = sup,>q ln < 00,

(i) L, =3 50 —22— < 00, and

n20 SnSn41
(iii)

C(L) = sup /0 u(s)ds-/:ds < oo (6.1)

z€(0,L) 1(s)
Moreover, we have the following estimate
1 1
—— < M(H) < ——.
4C(L) — o(H) < (L)
Proof. Since vol(A) = oo, the operator H is self-adjoint by Theorem 4.1. Moreover,
by Theorem 3.5, we have

(6.2)

)\0 (H) = min{)\o (H)7 >\0 (Hl)a A0(H2)}7 (63)
where H' and H? are given by (5.10). Observe that
Ao(H) = Ao(H). (6.4

Indeed, it suffices to compare the domains of Hy and h,,, l~1n and then exploit the
Rayleigh quotient. For instance,

Ao(H) = T e N N L ¥ D TE 5P
f€dom(Hg) 2 . - fedom(Hy) 2 -
220 0 HfHL’z(IL,M) Supp(f)C[tn,_lo,t,l+1] ||f||L2(IL,M)

(ﬂnfa f)L2(In71UInZM) _ h

inf Ao(hy,).

— ~ 2
redom(bn) T2, ot
})Qo L2(In_1Ulnsp)

The operator H can be studied in the framework of Krein strings, however, we
need to apply the Kac—Krein criteria [26] to the dual string since both Corollary
1.1 and Remark 2.2 in [26] are stated subject to the Dirichlet boundary condition
at ¢ = 0. For a detailed discussion of dual strings we refer to [27, §12] and the
desired connection is [27, equality (12.6)]*. More precisely, assuming £,, < oo and

4This statement can be seen as the analog of the abstract commutation: for a closed operator
A acting in a Hilbert space ), the operators (A*A) rker(A)l and (AA*) Tker(A*)i are unitarily

equivalent.
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then applying Theorem 1 from [26], we get the estimate

-1 -1 1

which holds for all z > 0. Here M ~! denotes the inverse to the function M : [0, £,) —
[0,00) defined by (see also (5.13) and (5.14))

(6.5)

M@= [ *is)ds = / o g ) (s)ds = / T s (69

Notice that M is a strictly increasing and absolutely continuous function mapping
[0, L,,) onto [0, 00) (the latter follows from the assumption vol(A) = 0o). Thus (6.5)

is equivalent to
1

M(z) (L, —x) < m, xz € (0,L,). (6.7)
By changing variables, we end up with the following estimate
T L
ds 1
sup / u(s)ds - / — < —. (6.8)
z€(0,£) J0 z M(S) AO(H)
Applying Theorem 3 from [26] and using the same arguments, we end up with the
lower bound .
1 ¥ ds
< sup /usds~/ —. 6.9
Do) =50 J PO, (69

Taking into account [26, Remark 2.2], we conclude that the condition £, < oo is
also necessary for the positivity of Ag(H). It remains to note that the necessity of
(i) follows from (iii). Indeed, assuming the converse, that is, there is a sequence of
lengths ¢, tending to infinity, and then choosing x,, as the middle points of the
corresponding intervals, one immediately concludes that C'(£) = oo by evaluating
(6.1) at . O

Remark 6.2. Arguing as in the proof of Theorem 5.4 one can show that conditions
(i)—(iii) in Theorem 6.1 can be replaced by the single condition

n
sup Z SkSk+10k Z

n20 17, k>n

< 00. (6.10)
SkSk+1

However, this expression provides only an upper bound on C(L):

- 4 - 14
sup ZSkSk+1£k Z k < C(L) < sup ZSkSk-Jrlgk Z ko (6.11)

SkS SkSk
n>0 1 =4 fomi1 SESk+1 n>0 1= i SkSk+1

Since 0 is not an eigenvalue of H if vol(A) = oo, Ag(H) > 0 is equivalent to
AFS(H) > 0, where A§™(H) denotes the bottom of the essential spectrum of H,
AFF(H) := inf 0ss(H). Thus Theorem 6.1 also provides a criterion for A§*(H) to
be strictly positive. Moreover, by employing Glazman’s decomposition principle
one can prove a similar to (6.1) bound on A§*(H).

Theorem 6.3. Let A be an infinite radially symmetric antitree with vol(A) = oo.
Then A& (H) > 0 if and only if (6.10) holds true. Moreover,

1 1
<)<
1C(p) =M W = G

(6.12)
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where the constant Coss(L) is given by

Cess(£) = lim  sup /y ,u(s)ds-/yﬁ ds . (6.13)

2L ye(a,L) ()
A few remarks are in order.

Remark 6.4. (i) The equality Cess(L£) = 0 implies Theorem 5.4.

(ii) Ome can prove Theorem 6.1 avoiding the use of the Kac—Krein results [26].
Namely, with the help of the Rayleigh quotient, one can rewrite the in-
equality \o(H) > 0 as a variational problem and then apply Muckenhoupt’s
inequalities (see, e.g., [33, §1.3.1], [35]). In particular, M. Solomyak em-
ployed this approach in the study of quantum graph operators on radially
symmetric trees (see [44, §5]).

(iii) It is interesting to compare Theorems 6.1 and 6.3 with volume growth
estimates (cf. [45]). For instance, by [32, Theorem 7.1],

No(H) < A (H) < (A, (6.14)
where
v(A) = hnrr_l>1£f Zk N log (kZOSkSkHEk) (6.15)

However, this result applies only if £ = ano b, = .

7. ISOPERIMETRIC CONSTANT
Recall that [32, §3] the isoperimetric constant a(G) of a metric graph G is
a(G) :=inf M
¢ vol(G)
where the infimum is taken over all finite connected subgraphs G = (17, £ ). Here
9G = {v € V| degg(v) < degg(v)},
is the boundary of G and
degg( (8G) : Z degg(v) vol(G Z le]. (7.2)

vedG ecé

; (7.1)

Computation of the isoperimetric constant is known to be an NP-hard problem,
however, due to the presence of symmetries, we are able to find «(A) for radially
symmetric antitrees.

Theorem 7.1. The isoperimetric constant of a radially symmetric antitree A is
Sn5n+1
o(A) = inf ——— 7.3
( ) n>0 Zk Osksk+1£k ( )

Proof. The decomposition obtained in Theorem 3.5 suggests to take the infimum in
(7.1) only over radially symmetric subgraphs. Namely, choosing A4,, for every n > 0
as the subgraph consisting of all edges between the root o and the combinatorial
sphere S, 1, we have A, = S,41 and deg, (v) = s, for all vertices v € Sy, 1.
Hence by (7.1) we get

a(A) deg(0A,) SnSnal
- VOI(An) _Zkgnskskﬁ-lék.
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Thus it remains to show that indeed it suffices to restrict the infimum in (7.1) to the
family {A,,}n>0. Observe that {4, },>0 is a net, that is, for every finite connected
subgraph A of A there is n > 0 such that A is a subgraph of A,,. Hence we will
proceed by induction in n.

Let us start with subgraphs A C Ap. Then A consists of m < sps1 edges of 5gr
and vol(A) = mly. Moreover, for all vertices of A, deg z(v) < deg4(v) and hence
deg(d.A) = 2m, which implies

deg(0A) 2m 2 _ deg(04y) 1

vol(A) — mlby Lo~ vol(Ao) Lo
Take n > 1 and assume that

7deg(8:4) > inf 7deg(8¢4;€) = inf — SRSk41 (7.5)
VOI(.A) k<n-—1 VOl(Ak) k<n-—1 ngk Sij+1£j
holds for all connected subgraphs A C A, _1. Take now a connected subgraph
A C A, such that A € A,_,. The latter in particular implies that V(A A)NS, #0
and V(A) N Spy1 # 0. We can also assume that V(A) N S,_1 # 0 since otherwise
E(A) C & and hence in this case
deg(@lz) _ 2 S SnSnil _ deg(aAn)' (7.6)
vol(A) L, Zk<n SkSkr10k vol(A,)
Let us first show that without loss of generality we can take A such that each edge
e € £(A) contains at least one vertex in Vig(A) := V(A) \ dA. Indeed, if not,
consider the induced subgraph Aing, which we can split into a finite disjoint union
of connected subgraphs {A;}. In particular Vint = U;V(A;). Let G; be the star-
like subgraphs of A with edge sets £(G;) = Upev (4, )5 By construction, G; C A,
and each edge of §; contains a vertex from V(G;) \ 0G; = V(A ). Moreover, let
& = E(A) \ U;E(G;) be the remaining edges of A. Then it is straightforward to
verify (see also [38, proof of Lemma 3.5]) that
deg(dA)  X_;deg(9G;) + 2#E, . {deg(agj) 2 }
= = > min § ———=-, —
vol(.A) Zj vol(Gj) + X cee, lel — decgr | vol(G;) el
Taking into account (7.6), this proves the claim.
Consider a new graph A’ obtained from A by adding all possible edges connecting

Sp with S, _; and S, 1 such that the new graph A’ is connected. By construction,
A" C A,,. Moreover, S, 11 € 0A" and deg z,(v) = s, for all v € S, 1. Hence

deg(A") T deg(0A,)
vol(A") ~ vol(A,)  vol(Ay)

We also need another subgraph A" of A obtained by removing the edges of A
connecting S, 11 with S, \ OA and also S, \ OA with the vertices in S,,_1 N A.
The obtained graph A" is a connected subgraph of A,,_; and hence satisfies the
induction hypothesis (7.5). Our aim is to show that
deg(aA) > min {deg(&A’) deg(aj”)}
vol(A) — vol(A’) ~ vol(A”)

7
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Denoting M := #(S, N ljint) and N := #(S,—1 N &Z), we get

and

and

vol(A") = vol(A) + (sp — M)sps1ly + ($n — M)NLy,_1, (7.8)
vol(A") = vol(A) — Msy 416y, — MNE,_;. (7.9)
Moreover, a careful inspection shows that
deg(0A") < deg(8A) + (sp — M)(spi1 — Sn_1 + 2N), (7.10)
deg(DA) = deg(DA") + M(sp41 — sn_1 + 2N). (7.11)

Now observe that if (7.7) fails to hold, then (7.9) and (7.11) would imply

Sna1 +2N — 5,1 deg(dA)

< Sy 7.12
sn+1£n + Ngnfl VOI(.A) ( )
and, moroever, (7.8) and (7.10) lead to
2N — 5, A
57l+1€n + Ngn—l VOI(A)
This contradiction proves (7.7) and hence finishes the proof of (7.3). O
Remark 7.2. A few remarks are in order.
(i) By the Cheeger-type estimate [32, Theorem 3.4], we have
1
Mo(H) > Za(A)Q. (7.14)

Comparing (7.14) and (7.3) with (6.2) and (6.11), we conclude that positiv-
ity of the isoperimetric constant is indeed only sufficient for A\og(H) > 0. For
example, a(A) = 0 whenever vol(A) = oo and {s,,S,+1}rn>0 has a bounded
subsequence.

The isoperimetric constant a(A) measures the ratio of the number of bound-
ary points of A,, to the volume of A,, and thus provides a lower bound for
Ao(H). The volume growth estimate (6.14) provides an upper bound by
relating the exponential growth of the volume of A, with respect to its
diameter. Notice that the volume of the subgraph A, also appears in
(6.10)—(6.11). The meaning of the other quantity in (6.11), namely, of
> k>n ékfﬁ, which however provides two-sided estimates, remains unclear
to us.

8. SINGULAR SPECTRUM

Using the isometric isomorphism Uy, : f + /if between Hilbert spaces L*(Zc; 1)
and L?(Z.), it is straightforward to check that the pre-minimal operator Hy defined
in Section 3.2 is unitarily equivalent to the operator Hy defined in L?(Z) by

Hof = —f", f e dom(Hy) = U,(dom(Hy))

dom(fly) = {f € L2(Z¢)| iuf, VAl € AC(Tz), F(0) =0, 1" € L*(Ts)}.

7
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Since p is piece-wise constant on (0, L), the domain of Hy consists of compactly
supported functions f € L2(Z;) such that f € H?(I,) for all n > 0 and also
satisfying the following boundary conditions

FO)=0  fltat) =/ Fltn—),  Fltnt) = | 22 (b0 ),

Sp—1 Sn+1

for all n > 1. Denote the closure of Hy by H. The operator H has actively been
studied since its spectral properties play a crucial role in understanding spectral
properties of Kirchhoff Laplacians on radial metric trees (let us only mention [6, 16]).
It turns out that one can immediately apply most of the results from [6] and [16]
in order to prove the corresponding spectral properties of Kirchhoff Laplacians on
radially symmetric antitrees. However, we need the following assumptions on the
geometry of metric antitrees:

Hypothesis 8.1. There is a positive lower bound on the edge lengths, £.(A) :=
inf,>0 ¢y, > 0, and sphere numbers are such that

liminf 2242 > 1. (8.1)
n>0 Sn

In this case clearly £ = >, ., ¢, = oo and hence both operators H and H are

self-adjoint. The next result is the analog of [6, Theorem 2].

Theorem 8.2. Assume Hypothesis 8.1. If in addition

sup £, = oo, (8.2)
n>0

then o(H) = R>o and o,c(H) = 0.

Proof. By Theorem 3.5, it suffices to show that o (H) = R>¢ and Tac(H) = 0 since
H = U,HU,;". However, the latter follows from [6, Theorem 6]. O

Moreover, using the results from [31, §4] and arguing as in the proof of [34,
Theorem 1] (see also [17, Theorem 5.20]), one can prove the following statement.

Theorem 8.3. Assume Hypothesis 8.1. If in addition

sup s R 00, (8.3)
n>0 Sn

then o..(H) = 0.

In contrast to radially symmetric trees, antitrees always have a rather rich point
spectrum (see Theorem 3.5). Moreover, under the assumptions of Hypothesis 8.1
this point spectrum is not a discrete subset, that is, it has finite accumulation points
(see Remark 5.3). On the other hand, similar to [6, Theorem 7], we can construct
a class of antitrees such that o(H) is purely singular continuous. Moreover, it
is possible to show that under the assumption ¢,(A) > 0 this situation is in a
certain sense typical (cf. [6, Theorems 4 and 8]). Let us only mention the following
Remling-type result (cf. [40, Theorem 1.1]).

Theorem 8.4. Assume Hypothesis 8.1. Also, assume that the sets {€,}n>0 and
{221, 50 are finite. Then oac(H) # 0 if and only if the sequence {(¢y, S",%)}nzo

Sn s
is eventually periodic.

The proof is again omitted since it is analogous to that of [16, Theorem 5.1].
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9. ABSOLUTELY CONTINUOUS SPECTRUM

The decomposition (3.18) shows that
Oac(H) = 0,c(H) (9.1

and both have multiplicity at most 1. The results of the previous section show that
antitrees with nonempty absolutely continuous spectrum is a rare event. Our main
aim in this section is to apply two recent result from [4] and [14] on the absolutely
continuous spectrum of Krein and generalized indefinite strings, respectively, in or-
der to construct several classes of antitrees with rich absolutely continuous spectra,
however, which are not eventually periodic in the sense of Theorem 8.4. We begin
with the following result.

Theorem 9.1. Let A be an infinite radially symmetric antitree such that

CZZEn:oo.

n>0

Also, let u be the function given by (3.4). If

Z (/:—‘_2 w(x)dx /T:H-Q e 4> < 00, (9.2)

= ()
then oac(H) = R>g.

Proof. We only need to use Theorem 2 from [4]. Indeed, as we know (see the proof
of Theorem 6.1), the operator H is unitarily equivalent to the Krein string operator
H given by (5.12)—(5.14). Applying now Theorem 2 from [4] to the operator ﬁ,
after straightforward calculations the corresponding condition (1.9) from [4] turns
into (9.2).

Remark 9.2. Let us mention that in Theorem 9.1, upon suitable modifications of
[4, Theorem 2], one can replace the intervals (n,n+ 2) by intervals Z,,, n > 0 which
“asymptotically” behave like (n,n+2) (actually, by intervals with lengths uniformly
bounded from above as well as by a positive constant from below and satisfying a
suitable overlapping property [5]), however, one has to replace 4 by a square of the
length of the corresponding interval:

nzz:o (/" u(z)dz /n % _ |In|2) < 0. ©3)

Let us first demonstrate the above result by considering an example of equilateral
antitrees and then we shall extend it to a much wider setting (see Theorem 9.6
below).

Corollary 9.3 (Equilateral antitrees). Let A be an infinite radially symmetric
antitree with £, =€ >0 for alln > 0. If

3 (SZZQ - 1)2 < 0, (9.4)

then oac(H) = R>g.
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Proof. Setting Z,, = (¢n,€(n + 2)), n > 0, straightforward calculations show that

/ (a)ia / n /jéjj) A

1 1
- (SnSnJrl + 5n+18n+2)<

SnSn+1 Sn+15n42

)62 — 42

2 2
_ (3n+2 + Sn) 02 402 — 2 (Sn+2 - Sn) ) Sn <Sn+2 . 1)2
snsn+2 3n5n+2 sn+2 Sn

Theorem 9.1 and Remark 9.2 complete the proof. O

Remark 9.4. First of all, Corollary 9.3 demonstrates that (8.1) is essential for the
results of Section 8. Let us also mention that it is possible to show by using the
results of [31, §4.2] that the stronger condition

D

n>0

Sn+42

_ 1‘ < 0 (9.5)

Sn

holds exactly when the operator H considered in Section 8 15 a trace class per-
turbation (in the resolvent sense) of the free Hamiltonian —-L; acting in L*(Ry)
and hence in this case the Birman-Krein theorem implies oac(H) = R>o. How-
ever, (9.5) does not hold already for polynomially growing equilateral antitrees,
e.g., take s, = n + 1 (see also Section 10.2). Moreover, (9.4) is equivalent to the
fact that H is a Hilbert-Schmidt class perturbation (in the resolvent sense) of the
free Hamiltonian.

The rather strong assumption that A is equilateral can indeed be replaced by
£,(A) > 0. In order to do this, it will turn out useful to rewrite (9.2). Let

M :=ran(p) = {spSny1: n € Z>o} (9.6)
be the image of the function u defined in (3.4). For every s € M, we set
=u"'({s}) = {z €10,00): p(x)= s}, (9.7)

that is, Z is the preimage of {s} € M with respect to p.
Lemma 9.5. Let A be an infinite radially symmetric antitree with £ = oo. Then

> </n”+2,u(x)dx/nn+ ucéx > Sy 7 )  08)

n>0 n>0 SEM E#s

where |I7| is the Lebesgue measure of I := T, N (n,n + 2).

Proof. For every fixed n € Zxo, we clearly have

/nn-&-2 p(x)dw /nn-’_2 dfx :( Z S|I:|)( Z %|Ig|>

,u(x) seM £eEM
S IP AR Y
SEM EF#s seM
S Y mim (S+3)+ X me
sEM EF#s seM
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Moreover, by construction

S im=2, (99)

seM

DT 4= Y ITN(T -2 = - Y D ITHITE.

sEM seEM SEM E#s

and hence

Combining the last two equalities, we get

L"+2u<x>dx /nwlfx ZZII”I%( :-2)

SEM EF#s

LY S )

SEM E#s

which completes the proof. O
Theorem 9.6. Let A be an infinite radially symmetric antitree with sphere numbers
satisfying (9.4). If
Li(A) = inf ¢, >0,
n>0
then oac(H) = R>g.
Proof. Suppose £¢,(A) > 2. Then, by Lemma 9.5, for every n € Z>(, we get

/ " ey / " s ZZ|I"||I;| i

,LL 56/\/1 {F#s
<> 2 §|
SEM,, EF#s

where M,, := p((n,n +2)) = {sgspt1: (n,n+2) NI, # @}. Since ¢, > 2 for all
k > 0 by assumption, p is either constant on (n,n + 2) or attains precisely two
different values. In the first case, the righthand side is equal to zero. In the second,
we obviously get the estimate

n+2 n+2 dx (Sk—i-l _ 5k—1)2
X dx/ — —4 <2 e ——
[ e [ 2

Sk—18
te€(n,n+2) k—15k+1

Thus we end up with the following bound

Z(/nmu(x)dx/:Hf_z;) <2y Yy (mmose)

Sk—15
n>0 7L>0tk6(n t2) k—15k+1

S 2 —
<4 E ond2 - ong < 00,
n>0 S”s"“

which proves the claim by applying Theorem 9.1.
It remains to note that the general case £,(A) > 0 can be reduced to the one
with £,(A) > 2 by using the standard scaling argument (see also Remark 9.2). O

In fact, one can extend the above result to the case when lengths do not admit
a strictly positive lower bound. However, in this case one has to modify (9.4) in an
appropriate way.
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Lemma 9.7. Let A be an infinite radially symmetric antitree with L = oco. Also,
let £, <1 for allm >0 and €, = o(1) as n — oco. If {sp}n>0 is a nondecreasing

sequence such that
2
Sm n
S ((”) - 1) < o0, (9.10)
s

n>0 m(n)

then cac(H) = R>g.
Here for each n € Z>q the natural number m(n) is defined by

n—1
) <1 <Tmmn)+1, tn = Z Uy, (9.11)
k=0
Proof. Set T, := (tm(n), tm(n+2)+1), 7 > 0. By construction (n,n + 2) C Z, for all

n>0and |Z,\ (n,n+2)| = o(1) as n — oo. Thus, by Theorem 9.1 and Remark
9.2, it suffices to show that

ton(n+2)+1 tm(n+2)+1 o )
>(/ u(w)ds [ s~ (tnrnr —t)* | <00 (912
n>0

trrl(n) tm(n) ,LL(:,C
=R,
Since p is given by (3.4), we get
m(n+2) m(n+2) 0 m(n+2) 9
R, = ¢ - ( ¢ )
> st (3w
k=m(n) k=m(n) k=m(n)
m(n+2) .
P Creil)
kamm(n) FORE
(87841 — SkSk1)?
-9 Z Ol Jjoi+ +
= J
m(n)<k<j<m(n+2) SkSk+15555+1
2 2 2
Y e )
< J 1
m(n)<k<j<m(n+2) Sm(n)
§2 2 s 2
< 2sup T2 | Zmed ) < <m<n+2>_1>
k>0 sm(n) Sm(n)
for all n > 0 if 222 — 1 4 o(1). O

Sm(n)

Remark 9.8. In fact, the assumptions on lengths that ¢, < 1 for all n > 0 and
£, = o(1) as n — oo as well as monotonicity of sphere numbers are superfluous and
we need them for simplicity only. Of course, one can considerably weaken them,
however, the analysis becomes more involved and cumbersome.

We finish this section with another result based on [14], which also allows to
construct antitrees with absolutely continuous spectrum supported on Rx>.

Theorem 9.9. Let A be an infinite radially symmetric antitree such that vol(A) =
oo and L, = co. If there are constants a € R and b € R5¢ such that

/05 ﬁ’ /OI (u(s) - ,ué)s))ds - a’2dac < 00, (9.13)
8
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where p is given by (3.4), then o,.(H) = R>q.

Proof. As in the proof of Theorem 9.1, we know that the operator H is unitarily
equivalent to the operator H. By Theorem 3.1 from [14], 0ac(H) = [0, 00) if there
are constants a € R and b € Ry such that

/ |M(z) — a — ba|? dz < oo,
0
where M is defined by (6.6). Straightforward calculations finish the proof. O

Remark 9.10. For a string operator defined by (5.12), Theorem 9.1 and Theorem
9.9 also imply that the entropy, respectively, some sort of relative entropy of the
corresponding spectral measure is finite (see [4] for details). However, the meaning
of this fact for the corresponding quantum graph operator H is unclear to us.

10. EXAMPLES

10.1. Exponentially growing antitrees. Fix § € Z> and let Ag be the antitree
with sphere numbers s, = 5", n > 0 (cf. [32, Example 8.6]). Suppose that {£,},>0
are the lengths. Notice that

vol(Ag) = Y g7, (10.1)
n>0
Then the basic spectral properties of the corresponding quantum graph operator
are contained in the following proposition.
Proposition 10.1. Let H? be the quantum graph operator associated with the
antitree Ag. Then:
(i) The operator HP is self-adjoint if and only if the series in (10.1) diverges.
(i3) If vol(Ag) < oo, then deficiency indices of H? are equal to 1. Moreover, the
spectra of self-adjoint extensions of HP are purely discrete and eigenvalues
admit the standard Weyl asymptotic (5.1).
Assume in addition that vol(Ag) =
(iii) The spectrum of HP is purely discrete if and only if £, = o(1) as n — co.
(iv) The resolvent of H® belongs to the trace class if and only if
> B < oo, (10.2)

n>0

(v) HP is positive definite if and only if £*(Ag) < oo. Moreover, in this case

1 1
— <MHP) < = <A (HP) < 10.3
C ( )—C’ 4Cess_ 0 ( )_Cess7 ( )
where
Ly,
supZﬂ%Ek Z For <C’<sup262k€ Zﬂzk’ (10.4)
n20; " k>nt1 k>n
and
mh_r)rloo s1>1p Z B2, Z ﬂ2k < Coss < lgnoo 51>1p Z B2k, Z E (10.5)
nZm g k>n+1 k>n

84



Proof. Ttems (i) and (ii) follow from Theorem 4.1 and Corollary 5.1.
(iii) Applying Theorem 5.4 (see also Remark 5.5), we only need to show that
£, = o(1) as n — oo is sufficient for the discreteness. Indeed, we can estimate

n

ST i < A S S

k=0 k>n = k>n (106)

-1 52 2 g*(A )
/8271-!—2 (62 _ 1) < (1 _ 562)2 2;28167

where £*(Ag) = sup,,~q £n. Hence (5.9) is satisfied if £,, = o(1).
(iv) Clearly, (10.2) coincides with condition (i) of Theorem 5.6 and hence it is
necessary. Applying the Cauchy—Schwarz inequality, we get the following estimate:

n—1
Z Z skskr1le = Y ;% > B
k=0

2n+2

=/ (AB) sup Uy,
k>n

n>08” n+l o n>0
_ n—1 1/2 Kn 2n 1 n—1 1/2
Y L (S ) ey (DS )
n>0 k=0 k=0 n>0 k=0
172 p*(A 1/2
<T;)Bn(zﬁzk€2) < 5(_?)(%@@@ '

Therefore, (10.2) implies condition (ii) of Theorem 5.6, which proves the claim.
(v) immediately follows from (10.6), Theorem 6.1, Theorem 6.3 and Remark
6.2. 0

Remark 10.2. (i) Both the discreteness and uniform positivity criteria for H?
were obtained in [32, Example 8.6]. Notice that these results are a conse-
quence of the positivity of the combinatorial isoperimetric constant in this
case (see [32]). Moreover, using the rough estimate (10.6), one would be
able to recover the lower bounds (8.9) and (8.10) from [32].

(ii) It is impossible to apply Theorem 9.1 and Theorem 9.9 to Ag (this either
can be seen from Proposition 10.1(v) or one can prove that both conditions
(9.2) and (9.13) are always violated if sphere numbers grow exponentially).

(iii) Since the sphere numbers of Az satisfy

Sn4+2 9
Sn p

for all n > 0, we can apply the results of Section 8. Namely, under the
additional assumption ¢, (Ag) > 0, we conclude that the absolutely contin-
uous spectrum of H is in general empty. In particular, it is always the case
if £*(Ag) = 0o (Theorem 8.2). Moreover, assuming that {¢,,},>0 is a finite
set, by Theorem 8.4, 0,c(H) # () would imply that the sequence {£,,},>0 is
eventually periodic.

(iv) Notice that the isoperimetric constant is given by (see (7.3))

1 1 o o
= su U
a(A5) w20 52",;)ﬂ *
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10.2. Polynomially growing antitrees. Fix ¢ € Z>; and let A¢ be the antitree
with sphere numbers s,, = (n+ 1)9, n > 0 (the case ¢ = 1 is depicted in Figure 1).
Suppose that {¢,,},>0 are the lengths. Notice that

Vol(A7) =) ~(n+ 1)4(n + 2)%4,,. (10.7)
n>0
Then the basic spectral properties of the corresponding quantum graph operator
are contained in the following proposition.
Proposition 10.3. Let H? be the quantum graph operator associated with the
antitree A1. Then:
(i) The operator HY is self-adjoint if and only if
> i, = oo. (10.8)
n>0

(i) If the series in (10.8) converges, then deficiency indices of H? are equal to
1. Moreover, the spectra of self-adjoint extensions of H are purely discrete
and eigenvalues admit the standard Weyl asymptotic (5.1).
Assume in addition that (10.8) is satisfied, that is, HY is self-adjoint.

(iii) The spectrum of HY is purely discrete if and only if

- L
. 2 ko
nl;n;OZk Ui D 13 =0 (10.9)
k=0 k>n
In particular, the spectrum is purely discrete if £, = o(n™') as n — oo.
(iv) The resolvent of HY belongs to the trace class if and only if

> ek < oo, (10.10)
n>0
(v) HY is positive definite if and only if
- 14
sup > K290,y /?kq < o0. (10.11)
nzl37, k>n

In particular, \o(H?) > 0 if £, = O(n™') as n — oo.
(vi) If .(A?) > 0, then o,.(H?) = R>¢.
Proof. (i) and (ii) follow immediately from Theorem 4.1 and Corollary 5.1 since
vol(A?) = 0o exactly when (10.8) is satisfied.

(iii) Applying Theorem 5.4 (see also Remark 5.5), we conclude that in the case
(10.8), the operator H has purely discrete spectrum if and only if

n ek
lim 2 2)4 = 0.
nimkz:o(k 3k )é’f];(k?%mz)q !

It is not difficult to show that the latter is equivalent to (10.9). Moreover, (10.9)

holds true whenever £,, = o(n™!) as n — oo since

n n2a n~—24
> kPt = 27(1 +0(1)), > ﬁ = ——(1+0(1)).

k=0 on 2q
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(iv) First observe that (5.18) is equivalent to (10.10). Moreover, (10.10) implies
also (5.19). Indeed, we get

En n—1 e n—1
n%% E T ’;(kz + 3k +2)%, < Z Gt 1 Z:;)(k +2)%y,
- n-l 1/2
< Z n+1 zq(kz_: (k+2)%82 ;;J(k+2)2q>
< Z ( + 1)2q+1 i(k + 2)2q£2>1/2
=+ 1 (n+1)% k=0 ’

1/2 L,
< (; (k +2) 2qg2) 7;)4(”+ ) 172
1 \1/2
Z 2‘1[2 ( Z n4q71> ’
n>1

k>0

where the second and the last inequalities we obtained by applying the Cauchy—
Schwarz inequality. It remains to use Theorem 5.6.
(v) follows by applying Theorem 6.1 (see also Remark 6.2).

(vi) Since
n 2 2)4 2 1 2
S () = () s 5=
n>0 = o n>1 " n>1
the claim is immediate from Theorem 9.6. O

Remark 10.4. A few remarks are in order.

(i) The antitree A7 and the corresponding Kirchhoff Laplacian H have been
considered in [32, Example 8.7]. The analysis of spectral properties (in
particular, spectral estimates) is a rather delicate task in this case since
the combinatorial isoperimetric constant of AY is equal to 0. We were
able to describe basic spectral properties of H? only due to the presence
of radial symmetry. Spectral properties of Kirchhoff Laplacians without
radial symmetry seems to be a rather complicated problem — even the
self-adjointness problem (modulo some recent criteria obtained in [17]) is
unclear to us at the moment.

(ii) It can be demonstrated by examples that the conditions £,, = o(n™!) (resp.,
l, = O(n=')) as n — oo are not necessary for the discreteness (resp.,
positivity). However, they are in a certain sense sharp (see [32, Lemma 8.9]
and also Example 10.6 below).

(iii) Since spy2 = sp(1 + o(1)), we can’t apply the results of Section 8 (see
Hypothesis 8.1). Moreover, Proposition 10.3(vi) shows that in general H?
has absolutely continuous spectrum supported on R>o. However, Theorem
9.1 is a consequence of [4, Theorem 2], which allows a presence of a rather
rich singular (continuous) spectrum.

We can also improve Proposition 10.3(vi) by allowing arbitrarily small lengths.
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Corollary 10.5. Suppose £, <1 for alln >0 and £, = o(1) as n — co. If
2
2
3 (m(”ﬂ - 1) < oo, (10.12)
m(n)
n>0
then o,.(H?) = R>q. Here m(n) is defined as in Lemma 9.7.

Proof. We need to apply Lemma 9.7 and notice that in this case

Sm(n+2) 4 _ (m(n—|—2) + 1)q e m(n + 2)
Sm(n) m(n) +1

as n — 0o. O

m(m)

Example 10.6. Fix s > 0. Let the lengths of the metric antitree A? be given by
1
by = ———, n > 0. 10.13
(n+1)° ( )
Denote the corresponding Kirchhoff Laplacian by H9*. Applying Proposition 10.3
and Corollary 10.5, we end up with the following description of the spectral prop-
erties of H?%.

Corollary 10.7. (i) H?*® is self-adjoint if and only if s € [0,2q+1]. If s > 2¢+1,
then then deficiency indices of H?® are equal to 1. Moreover, in this case
the spectra of self-adjoint extensions HY® of H?* are purely discrete and
eigenvalues admit the standard Weyl asymptotic

ONGHPY) 1 (g

where C is the Riemann zeta function.

Assume in addition that s € [0,2q + 1], that is, H? is self-adjoint.

(i) The spectrum of H®® is purely discrete if and only if s € (1,2q + 1].
Moreover, the resolvent of H%° belongs to the trace class if and only if
s€(qg+1/2,2¢+1].

(ii) H?® is positive definite if and only if s € [1,2q + 1].

(iv) If s € [0,1), then o,.(H?®) = R>q.

We leave its proof to the reader and finish this section with a few remarks.

Remark 10.8. Corollary 10.7 complements the results obtained in [32, Example
8.7]. Moreover, items (ii) and (iii) demonstrate sharpness of sufficient conditions
obtained in Proposition 10.3(iii) and (v). Let us only mention that the question on
the structure of the essential spectrum of H%! as well as on the structure of the
singular spectrum of H?* with s € [0, 1] remains open.

Remark 10.9. In conclusion let us mention that choosing slightly different lengths

(n+1)7"

0, =
(n+2)

, n=0,

and denoting the corresponding operator by ﬁq’s, we obtain
N(GHEY) 1
AILH;O Y ;C(s —2q), s>2q¢+1. (10.15)
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SELF-ADJOINT AND MARKOVIAN EXTENSIONS
OF INFINITE QUANTUM GRAPHS

ALEKSEY KOSTENKO, DELIO MUGNOLO, AND NOEMA NICOLUSSI

ABSTRACT. We investigate the relationship between one of the classical no-
tions of boundaries for infinite graphs, graph ends, and self-adjoint extensions
of the minimal Kirchhoff Laplacian on a metric graph. We introduce the no-
tion of finite volume for ends of a metric graph and show that finite volume
graph ends is the proper notion of a boundary for Markovian extensions of
the Kirchhoff Laplacian. In contrast to manifolds and weighted graphs, this
provides a transparent geometric characterization of the uniqueness of Mar-
kovian extensions, as well as of the self-adjointness of the Gaffney Laplacian
— the underlying metric graph does not have finite volume ends. If however
finitely many finite volume ends occur (as is the case of tessellating graphs or
Cayley graphs of amenable finitely generated countable groups), we provide
a complete description of Markovian extensions upon introducing a suitable
notion of traces of functions and normal derivatives on the set of graph ends.
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1. INTRODUCTION

This paper is concerned with developing extension theory for infinite quantum
graphs. Quantum graphs are Schrédinger operators on metric graphs, that is combi-
natorial graphs where edges are considered as intervals with certain lengths. Moti-
vated by a vast amount of applications in chemistry and physics, they have become
a popular subject in the last decades (we refer to [8, 9, 24, 63] for an overview and
further references). From the perspective of Dirichlet forms, quantum graphs play
an important role as an intermediate setting between Laplacians on Riemannian
manifolds and difference Laplacians on weighted graphs. On the one hand, being
locally one-dimensional, quantum graphs allow to simplify considerations of compli-
cated geometries. On the other hand, there is a close relationship between random
walks on graphs and Brownian motion on metric graphs, however, in contrast to
the discrete case, the corresponding quadratic form in the metric case is a strongly
local Dirichlet form and in this situation more tools are available (see [7, 26, 60, 61]
for various manifestations of this point of view). Let us also mention that metric
graphs can be seen as non-Archimedian analogues of Riemann surfaces, which finds
numerous applications in algebraic geometry (see [2, 5, 6, 67] for further references).

The most studied quantum graph operator is the Kirchhoff Laplacian, which pro-
vides the analog of the Laplace-Beltrami operator in the setting of metric graphs.
Its spectral properties are crucial in connection with the heat equation and the
Schrodinger equation and any further analysis usually relies on the self-adjointness
of the Laplacian. Whereas on finite metric graphs the Kirchhoff Laplacian is always
self-adjoint, the question is more subtle for graphs with infinitely many edges. For
instance, a uniform lower bound for the edge lengths guarantees self-adjointness
(see [9, 63]), but this commonly used condition is independent of the combinatorial
graph structure and clearly excludes a number of interesting cases (the so-called
fractal metric graphs). Moreover, most of the results on strongly local Dirichlet
forms require completeness of a given metric space w.r.t. the “intrinsic” metric (cf.,
e.g., [71]), which coincides with the natural path (geodesic) metric in the case of
metric graphs. Geodesic completeness (w.r.t. the natural path metric) guarantees
self-adjointness of the (minimal) Kirchhoff Laplacian, however, this result is far
from being optimal (see [25, §4] and also Section 2.4 below). The search for self-
adjointness criteria for infinite quantum graphs is an open and — in our opinion —
rather difficult problem.

If the (minimal) Kirchhoff Laplacian is not self-adjoint, the natural next step is
to ask for a description of its self-adjoint extensions, which corresponds to possible
descriptions of the system in quantum mechanics or, if we speak about Markovian
extensions, possible descriptions of Brownian motions. Naturally, this question is
tightly related to finding appropriate boundary notions for infinite graphs. Our
goal in this paper is to investigate the connection between extension theory and
one particular notion, namely graph ends, a concept which goes back to the work of
Freudenthal [28] and Halin [36] and provides a rather refined way of compactifying
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graphs. However, the definition of graph ends is purely combinatorial and naturally
must be modified to capture the additional metric structure of our setting. Based
on the correspondence between graph ends and topological ends of metric graphs,
we introduce the concept of ends of finite volume. First of all, it turns out that finite
volume ends play a crucial role in describing Sobolev spaces H! and H} on metric
graphs. More specifically, we show that the presence of finite volume ends is the
only reason for the strict inclusion Hi € H'! to hold. This in particular provides a
surprisingly transparent geometric characterization of the uniqueness of Markovian
extensions of the minimal Kirchhoff Laplacian as well as the self-adjointness of the
so-called Gaffney Laplacian (we are not aware of its analogs either in the manifold
setting or in the context of weighted graph Laplacians, cf. [33, 35, 43, 50, 56, 57]).
As yet another manifestation of the fact that finite volume graph ends represent the
proper boundary for Markovian extensions of the Kirchhoff Laplacian, we provide
a complete description of all finite energy extensions (i.e., self-adjoint extensions
with domains contained in H', and all Markovian extensions clearly satisfy this
condition), however, under the additional assumption that there are only finitely
many finite volume ends. Let us stress that this class of graphs includes a wide
range of interesting models (Cayley graphs of a large class of finitely generated
countable groups, tessellating graphs, rooted antitrees etc. have exactly one end
and in this case there are no finite volume ends exactly when the total volume
of the corresponding metric graph is infinite). Moreover, we emphasize that in all
those cases the dimension of the space of finite energy extensions is equal to the
number of finite volume ends, however, for deficiency indices, i.e., the dimension of
the space of self-adjoint extensions, this only gives a lower bound (for example, for
Cayley graphs the dimension of the space of finite energy extensions is independent
of the choice of a generating set, although deficiency indices do depend on this
choice in a rather nontrivial way). On the other hand, it may happen that these
dimensions coincide. The latter holds only if the maximal domain is contained
in H', that is, if every self-adjoint extension is a finite energy extension. This is
further equivalent to the validity of a certain non-trivial Sobolev-type inequality (see
(1.1) below). The appearance of this condition demonstrates the mixed dimensional
behavior of infinite quantum graphs since the analogous estimate holds true in the
one-dimensional situation, but usually fails in the PDE setting.

Let us now sketch the structure of the article and describe its content and our
results in greater details.

Section 2 is of preliminary character where we collect basic notions and facts
about graphs and metric graphs (Section 2.1); graph ends (Section 2.2); the min-
imal and maximal Kirchhoff Laplacians (Section 2.3); deficiency indices and their
connection with the spaces of L? harmonic and A-harmonic functions (Section 2.4).

The core of the paper is Section 3, where we discuss Sobolev spaces H'(G)
and Hg(G) and introduce the set of finite volume ends €4(G) (Definition 3.7). We
show that €,(G) is the proper boundary for H! functions, which can also be seen
as an ideal boundary by applying C*-algebras techniques (see Remark 3.13). The
central result of this section is Theorem 3.11, which shows that H'(G) = H}(G) if
and only if there are no finite volume ends. The latter also leads to a surprisingly
transparent geometric characterization of the uniqueness of Markovian extensions
of the Kirchhoff Laplacian (Corollary 5.5) as well as the self-adjointness of the
Gaffney Laplacian (Remark 5.6(ii)).
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The next Section 4 contains further applications of the above considerations.
Namely, Theorem 4.1 demonstrates that deficiency indices of the minimal Kirchhoff
Laplacian can be estimated from below by the number of finite volume ends. This
estimate is sharp (e.g., if there are infinitely many finite volume ends) and we also
find necessary and sufficient conditions for the equality to hold. In particular, if
#C0(G) < oo, the latter is equivalent to the validity of the following Sobolev-type
inequality (see Remark 4.2)

1 120y < CUfllzzegy + 1f L2 (g)) (1.1)

for all f in the maximal domain of the Kirchhoff Laplacian. Metric graphs are locally
one-dimensional and the corresponding inequality is trivially satisfied in the one-
dimensional case, however, globally infinite metric graphs are more complex and
hence (1.1) rather resembles the multi-dimensional setting of PDEs (in particular,
(1.1) does not hold true if G has a non-free finite volume end, see Proposition 4.9).

In the next sections, we focus on a particular class of self-adjoint extensions
whose domains are contained in H' (we call them finite energy extensions). These
extensions have good properties and their importance stems from the fact that they
contain the class of Markovian extensions (they also arise as self-adjoint restrictions
of the Gaffney Laplacian). In Section 5 we show that (under some additional mild
assumptions) their resolvents and heat semigroups are integral operators with con-
tinuous, bounded kernels and they belong to the trace class if G has finite total
volume (Theorems 5.1 and 5.2).

In Section 6 we proceed further and show that finite volume ends is the proper
boundary for this class of extensions. Namely, under the additional and rather re-
strictive assumption of finitely many ends with finite volume, in Sections 6.1-6.2, we
introduce a suitable notion of a normal derivative at graph ends (as a by-product,
this also gives an explicit description of the domain of the Neumann extension, see
Corollary 6.7). Section 6.3 contains a complete description of finite energy exten-
sions and also of Markovian extensions (Theorem 6.11). Let us stress that the case
of infinitely many ends is incomparably more complicated and will be the subject
of future work.

In general, inequality in (1.1) is difficult to verify/contradict and even simple
examples can exhibit rather complicated behavior (see Appendix B). The main
and in fact the only reason for (1.1) fail to hold is the presence of L? harmonic
functions having infinite energy, that is, not belonging to H'. Moreover, in order
to compute deficiency indices of the Kirchhoff Laplacian one, roughly speaking,
needs to find the dimension of the space of L? harmonic functions and descrip-
tion of self-adjoint extensions requires a thorough understanding of the behavior of
L? harmonic functions at “infinity”. Dictated by a distinguished role of harmonic
functions in analysis, there is an enormous amount of literature dedicated to vari-
ous classes of harmonic functions (positive, bounded etc.), which is further related
to different notions of boundaries (metric completion, Poisson and Martin bound-
aries, Royden and Kuramochi boundaries etc.) and search for a suitable notion in
this context (namely, L? harmonic functions) is a highly nontrivial problem, which
seems not to be very well studied either in the context of incomplete manifolds (cf.
[56, 57]) or in the case of weighted graphs (see [37, 43]). We further illustrate this
by considering the case of rooted antitrees, a special class of infinite graphs with a
particularly high degree of symmetry (see Section 7). Infinite rooted antitrees have
exactly one graph end, which makes them a good toy model for our purposes. The
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above considerations show that the space of finite energy L? harmonic functions is
nontrivial only if a given metric antitree has finite total volume and in this case the
only such functions are constants. However, adjusting lengths in a suitable way for
a concrete polynomially growing antitree (Figure 1) we can make the space of L?
harmonic functions as large as we please (even infinite dimensional!).

Notation. Z, R, C have their usual meaning; Z>, := Z N [a, c0).

z* denotes the complex conjugate of z € C.

For a given set S, #S denotes its cardinality if S is finite; otherwise we set #S = oo.
If it is not explicitly stated otherwise, we shall denote by (x,,) a sequence ()5 .

Cy(X) is the space of bounded, continuous functions on a locally compact space X.
Co(X) is the space of continuous functions vanishing at infinity.

For a finite or countable set X, C'(X) is the set of complex-valued functions on X.
Ga = (V, &) is a discrete graph (satisfying Hypothesis 2.1).

G = (G4, | -|) is a metric graph.

o is the natural (geodesic) path metric on G.

0m is the star metric on V corresponding to the star weight m.

Q(G4) denotes the graph ends of Gg.

€(G) denotes the topological ends of the corresponding metric graph G.

€o(G) stays for the finite volume topological ends of G.

Q\ is the end (Freudenthal) compactification of G.

HJ is the pre-minimal Kirchhoff Laplacian on G.

H, is the minimal Kirchhoff Laplacian, the closure of HY in L?(G).

n (Hp) are the deficiency indices of Hy.

Hpy and Hy are Friedrichs and Neumann extensions of Hy, respectively.
H is the maximal Kirchhoff Laplacian on G.

2. QUANTUM GRAPHS

2.1. Combinatorial and metric graphs. In what follows, G; = (V, &) will be
an unoriented graph with countably infinite sets of vertices V and edges £. For two
vertices u, v € V we shall write u ~ v if there is an edge e, , € £ connecting u with
v. For every v € V, we denote the set of edges incident to the vertex v by &, and

degg(v) := #{ele € &} (2.1)

is called the degree (valency or combinatorial degree) of a vertex v € V. When there
is no risk of confusion which graph is involved, we shall write deg instead of degg.
A path P of length n € Z>o U {oo} is a sequence of vertices (vg,v1,...,v,) such
that vg_q1 ~ v for all k € {1,...,n}.

The following assumption is imposed throughout the paper.

Hypothesis 2.1. G, is locally finite (deg(v) < oo for every v € V), connected (for
any two vertices u,v € V there is a path connecting u and v), and simple (there are
no loops or multiple edges).

Assigning to each edge e € £ a finite length |e| € (0,00) turns G4 into a metric
graph G == (V,&,| - |) = (Ga,| - |)- The latter equips G with a (natural) topology
and metric. More specifically (see, e.g., [38, Chapter 1.1]), a metric graph G can be
considered as a topological space. Namely, a metric graph G is a Hausdorff topo-
logical space with countable base such that each point x € G has a neighbourhood
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E:(r) homeomorphic to a star-shaped set £(deg(z),r,) of degree deg(z) > 1,
E(deg(z),ry) = {z = re?™ /8@ | c 0, 7,), k=1,...,deg(x)} C C.

By assigning each edge a direction, every edge e € £ can be identified with a copy
of the interval Z, = [0, |e|]; moreover, the ends of the edges that correspond to the
same vertex v are identified as well. Thus, G can be equipped with the natural path
metric o (the distance between two points z,y € G is defined as the length of the
“shortest” path connecting = and y).

Sometimes, we will consider Gy as a rooted graph with a fixed root o € V. In this
case we denote by S,,, n € Z>( the n-th combinatorial sphere with respect to the
order induced by o (notice that Sp = {o}).

2.2. Graph ends. One possible definition of a boundary for an infinite graph is
the notion of the so-called graph ends (see [28, 36] and [73, §21]).

Definition 2.1. A sequence of distinct vertices (vp)nez~, (resp., (Vn)nez) such
that vy, ~ v,41 for all n € Zxq (resp., for all n € Z) is called a ray (resp., double
ray). Subrays of a ray/double ray are called tails.

Two rays R1, R are called equivalent — and we write Ry ~ Ro — if there is a
third ray containing infinitely many vertices of both R; and Rs.! An equivalence
class of rays is called a graph end of G4 and the set of graph ends will be denoted
by Q(G4). Moreover, we will write R € w whenever R is a ray belonging to the end
w € QGq).

An important feature of graph ends is their relation to topological ends of a
metric graph G.

Definition 2.2. Consider sequences U = (U,,)52, of non-empty open connected
subsets of G with compact boundaries and such that U, ;1 C U, for all n > 0 and
ﬂn>07n = (). Two such sequences U and U’ are called equivalent if for all n > 0
there exist j and k such that U, D U j’ and U], O Ug. An equivalence class 7 of
sequences is called a topological end of G and €(G) denotes the set of topological

ends of G.

For locally finite graphs, there is a bijection between topological ends of a metric
graph €(G) and graph ends (G4) of the underlying combinatorial graph G, (see
[73, §21], [21, §8.6 and also p.277-278]; for the case of graphs which are not locally
finite see [16, 22]).

Theorem 2.3. For every topological end v € €(G) of a locally finite metric graph
G = (Ga,|-|) there exists a unique graph end w-, € Q(Gq) such that for every sequence
U representing vy, each Uy contains a ray from w.. Moreover, the map v — wy is a
bijection between €(G) and Q(Gy).

Therefore, we may identify topological ends of a metric graph G and graph ends
of the underlying graph G,;. We will simply speak of the ends of G. One obvious
advantage of this identification is the fact that the definition of Q(G4) is purely
combinatorial and does not depend on edge lengths.

lEquivalently, R1 ~ Rg if and only if R1 and R2 cannot be separated by a finite vertex set,
i.e., for every finite subset X C V the remaining tails of R1 and R2 in V \ X belong to the same
connected component of V \ X.
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Definition 2.4. An end w of a graph G, is called free if there is a finite set X of
vertices such that X separates w from all other ends of the graph.

Remark 2.5. Let us mention several examples.

(i) Z has two ends both of which are free.

(ii) Z" has one end for all N > 2.

(iii) A k-regular tree, k > 3, has uncountably many ends, none of which is free.

(iv) If G4 is a Cayley graph of a finitely generated (countable) group G, then the
number of ends of G, is independent of the generating set and it has either
one, two, or infinitely many ends. Moreover, G4 has exactly two ends only
if G is virtually infinite cyclic (it has a finite normal subgroup N such that
the quotient group G/N is isomorphic either to Z or Zs * Zs). These results
are due to Freudenthal [28] and Hopf [40] (see also [72]). The classification
of finitely generated groups with infinitely many ends is due to Stallings
[70]. Let us mention that if G has infinitely many ends, then the result of
Stallings implies that it contains a non-abelian free subgroup and hence is
non-amenable. For further details we refer to, e.g., [30, Chapter 13].

(v) Let us also mention that by Halin’s theorem [36] every locally finite graph
G4 with infinitely many ends contains at least one end which is not free.

One of the main features of graph ends is that they provide a rather refined
way of compactifying graphs (see [27] and [21, §8.6], [73]). Namely, we introduce

a topology on G := G U €(G) as follows. For an open subset U C G, denote its
extension U to G by

U=UU{ye&@)|3U=(Uy,) €~ such that Uy C U}. (2.2)
Now we can introduce a neighborhood basis of v € €(G) as follows
{U|U C G is open,~ € U}. (2.3)

This turns G into a compact topological space, called the end (or Freudenthal)
compactification of G.

Remark 2.6. Notice that an end v € €(G) is free exactly when {v} is open as a
subset of €(G). This is further equivalent to the existence of a connected subgraph
G with compact boundary dG? such that U, C G eventually for any sequence
U = (U,) representing v and U/ NG = @ eventually for all sequences U’ = (U},)
representing an end v/ # .

Let us mention that ends v € €(G) can be obtained in a constructive way by
means of compact exhaustions. Namely, a sequence of connected subgraphs (G,)
of G such that each G, has finitely many vertices and edges, G, C G, for all
n > 0 and Un G, = G is called a compact exhaustion of G. Clearly, each G,, may be
identified with a compact subset of G. Now iteratively construct a sequence (U,,) by
choosing in each step a non-compact, connected component U,, of G\ G,, satisfying
U, C U,—1. It is easy to check that each such sequence (U,,) defines a topological
end v € €(G) and in fact all ends v € €(G) are obtained by this construction.
Notice also that the open subsets U,, of such representations v ~ (U,) (actually,
their topological closures, since we need to add endpoints of edges which also belong

2Notice that for a subgraph G of G its boundary is 8G = {v € V(G)| degz(v) < deg(v)} and
hence 9§ is compact only if #85 < 00.
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to V(Gn)) can again be identified with connected subgraphs G, () := U, and we
will frequently use this fact.

Let us finish this section with a few more notations. Suppose R is a finite path
without self-intersections or ray in G4. We may identify R with a subgraph of G,
and hence with the subset of G, i.e., we can consider it as the union of all edges of
R. The latter can further be identified with the interval Iz = [0,|R]) of length |R],

where
Rl =" |el.
e€ER

Also, we need to consider paths — and in particular rays — in G starting and ending
at a non-vertex point. In particular, given a path (v, v1,...,vy) and a point = on
an edge e € &,,, € # €yyv,, we add the interval [z,v9] C e to (vo,v1,...,un). For
the resulting set, we shall write (z,vg, v1,...,vn) and call it a non-vertex path; and
likewise for rays. The set of all non-vertex rays will be denoted by JR(G).

2.3. Kirchhoff Laplacian. Let G be a metric graph satisfying Hypothesis 2.1.
Upon identifying every e € £ with a copy of the interval Z, = [0, |e]|], let us introduce
the Hilbert space L?(G) of functions f: G — C such that

12(G) = P L3(e) = {F = {fehece| o € L2(), 3 Ifel3age) < o0}
ecf ec&
The subspace of compactly supported L?(G) functions will be denoted by
L2(G) = {f € L*(G)| f # 0 only on finitely many edges e € £}.

For every e € £ consider the maximal operator He max acting on functions f € H?(e)
as a negative second derivative. Here and below H?®(e) for s > 0 denotes the usual
Sobolev space on e. In particular, H%(e) = L?(e) and

H'(e)={f € AC(e)| f' € L*(e)}, H*(e)={f € H'(¢)| f' € H'(e)}.
This defines the maximal operator on L?(G) by

d2
Hmax = @He,max; He,max = _@a dom(He,max) = H2(€)- (24)
ecé& €

If v is a vertex of the edge e € £, then for every f € H?(e) the following quantities

fe(v) :== lim f(z), f/(v) := lim flze) = fv)

Te—v Te—v ‘a’;e —’U|

; (2.5)

are well defined. Considering G as the union of all edges glued together at certain
endpoints, let us equip a metric graph with the Laplace operator. The Kirchhoff
(also called standard or Kirchhoff-Neumann) boundary conditions at every vertex
v € V are then given by

f is continuous at v,

2, fi(v) =0.

ec&,

(2.6)

Imposing these boundary conditions on the maximal domain dom(Hy,.x) yields the

mazximal Kirchhoff Laplacian
H=H,,.x | dom(H),

2.7

dom(H) = {f € dom(Hyuax) N L*(G)| f satisfies (2.6), v € V}. 27)
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Restricting further to compactly supported functions we end up with the pre-
minimal operator

H) = H,,., [ dom(H)),

2.8

dom(HY) = {f € dom(H,,ax) N L2(G)| f satisfies (2.6), v € V}. 28)
Integrating by parts one obtains

B P = [1F@F dz, f € dom(H]) (29)

and hence HY is a non-negative symmetric operator. We call its closure Hy := ﬁg
in L2(G) the minimal Kirchhoff Laplacian. The following result is well-known (see,
e.g., [14, Lemma 3.9]).

Lemma 2.7. Let G be a metric graph. Then
H; =H. (2.10)

2.4. Deficiency indices. In the following we are interested in the question whether
Hj is self-adjoint, or equivalently whether the equality Hy = H holds true. Let us
recall one sufficient condition. Define the star weight m(v) of a vertex v € V by

m(v) := Z le|] = vol(&,), (2.11)
e€cé,

and also introduce the star path metric on V by

m (U, v) == inf m(vg). 2.12
om(u, ) oo > mvy) (2.12)
u=vg, V=0, VKkEP

Theorem 2.8 ([E) If (V, om) is complete as a metric space, then HY is essentially
self-adjoint and HY = Hy = H.

If a symmetric operator is not (essentially) self-adjoint, then the degree of its non-
self-adjointness is determined by its deficiency indices. Recall that the deficiency
subspace N,(Hy) of Hy is defined by

N.(Hy) :=ker(Hj — 2) = ker(H—2), zeC. (2.13)

The numbers

ny (Hop) := dim N4 (Hp) = dim ker(H F 1) (2.14)
are called the deficiency indices of Hy. Notice that ny(Hp) = n_(Hy) since Hy is
non-negative.

Lemma 2.9. If 0 is a point of reqular type for Hy, then®

ni (Hy) = dimker(H). (2.15)
Proof. 1t suffices to take into account (2.10) and use, e.g., [1, §78]. O
Using the Rayleigh quotient, define
(@)= inf (H = inf "Pdz. 2.16
O(g) fedtl)?n(Ho)< 0faf>L2(g) fedérrllrl(Hg)‘/g ‘f ‘ X ( )
Ifl=1 I71=1

3For an operator T with dense domain in a Hilbert space H, A € C is called a point of reqular
type of T if there exists ¢ = c) > 0 such that ||(T"— A) f|| > ¢||f]| for all f € dom(T).
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Noting that the operator Hy is non-negative, 0 is a point of regular type for Hj
exactly when \o(G) > 0. Thus, we arrive at the following result.

Corollary 2.10. If A\o(G) > 0, then (2.15) holds true.
The positivity of Ag(G) is known in the following simple situation.
Corollary 2.11. If G has finite total volume,
vol(G) := Z le] < oo, (2.17)
ec&
then Hy is not self-adjoint and (2.15) holds true.

Proof. Indeed, by the Cheeger-type estimate [53, Corollary 3.5(iv)], we have

1
>‘O(g) > W(g)zv

and hence (2.15) holds true by Corollary 2.10. Moreover, 1g € ker(H), where 1g
denotes the constant function on G, and hence

nt (Hp) = dim(ker H) > 1. O

Remark 2.12. By [53, Corollary 4.5], A\g(G) > 0 holds true if the combinatorial
isoperimetric constant of Gy is positive and £*(G) = sup,c¢ |e| < oo. For example,
this holds true if G4 is an infinite tree without leaves [53, Lemma 8.1] or G, is a
Cayley graph of a non-amenable finitely generated group [53, Lemma 8.12(i)]. For
antitrees, the positivity of a combinatorial isoperimetric constant is tightly related
to the structure of its combinatorial spheres (see [54, Theorem 7.1]).

Finally, let us remark that ker(H) = H(G) N L?(G), where H(G) denotes the
space of harmonic functions on G, that is, the set of all “edgewise” affine functions
satisfying Kirchhoff conditions (2.6) at each vertex v € V. Notice that every function
f € H(G) is uniquely determined by its vertex values f := f|, = (f(v))yey. Recall
also the following result (see, e.g., [53, eq. (2.32)]).

(2.18)

Lemma 2.13. Let G be a metric graph satisfying the assumptions in Hypothesis
2.1. If f € H(G), then f € L*(G) if and only if £ € £2(V;m), that is,

Y1 @)Pm(v) < oo (2.19)

veEVY

Remark 2.14. The above considerations indicate that in order to understand the
deficiency indices of the Kirchhoff Laplacian one needs to find the dimension of
the space of L? harmonic (or, more carefully, A-harmonic) functions. Moreover,
in order to describe self-adjoint extensions one has to understand the behavior of
L? harmonic functions at “infinity”, that is, near a “boundary” of a given metric
graph. However, graphs admit a lot of different notions of boundary (ends, Poisson
and Martin boundaries, Royden and Kuramochi boundary etc.) and search for a
suitable notion in this context (namely, L? harmonic functions) is a highly non-
trivial problem, which seems to be not very well studied neither in the context of
incomplete manifolds nor in the case of weighted graphs.

Let us also mention that recently there has been a tremendous amount of work
devoted to the study of harmonic functions and self-adjoint extensions of Laplacians
on weighted graph (we only refer to a brief selection of articles [17, 33, 37, 41, 42,
43, 44, 49)).
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3. GRAPH ENDS AND H'(G)

This section deals with the Sobolev space H' on metric graphs. Its importance
stems, in particular, from the fact that it serves as a form domain for a large class
of self-adjoint extensions of Hy.

3.1. H'(G) and boundary values. First recall that
HY(G) ={f e L*(G)NC(G)| fo € H'(e) forall e € &, || f'[|72(g) < o0}, (3.1)
where C'(G) is the space of continuous complex-valued functions on G and
107200y == D £ 7200
ecf

Notice that (H'(G),| - ||z1) is a Hilbert space when equipped with the standard
norm

17 gy = I N2y + 15 122y = D Ifelfeys £ € HYG).
ecf
Moreover, dom(HY) C H'(G) and we define H{(G) as the closure of dom(HY) with
respect to || - || g1(g)-

Remark 3.1. If H} is essentially self-adjoint, then H*(G) = H}(G). However, the
converse is not true in general. In fact this equality is tightly connected to the
uniqueness of Markovian extensions of Hy and, as we shall see, it is possible to
characterize it in terms of topological ends of G (see Corollary 5.5 below).

Notice also that H}(G) is the form domain of the Friedrichs extension Hp of HJ
and A\g(G) defined by (2.16) is the bottom of the spectrum of Hp.

By definition, H'(G) is densely and continuously embedded in L?(G).
Lemma 3.2. H(G) is continuously embedded in Cy(G) = C(G) N L>(G) and
[flloo = sup [f(@)] < Coll fllmr (g) (3.2)

holds for all f € HY(G) with Cg = \/COth (3 diam(G)). Here diam(G) denotes the
diameter of G, that is,

diam(G) = sup |R/, (3.3)
R

where the supremum is taken over all paths without self-intersections R.

Proof. For every interval Z C R the embedding of H'(Z) into L*°(Z) is bounded
and

sup | f(z)| < Ciz | fllm(z) (3.4)
xel

holds for all f € H'(Z) with Cjz| = /coth(|Z|) (for optimal Sobolev constants see,
e.g., [65]). Notice that we may identify the restriction f|g of f € HY(G) to a path
without self-intersections R with a function on Zg = [0,|R]). It is easy to check
that upon this identification f|g € H'(Zg) and (f|r)" = f'|r-

Let R = (vp,...,vn) be a fixed finite path without self-intersections and let
x € G. If x € R, then considering R as an interval Iz = [0, |R]) of length |R|, we
immediately get

|f(z)] < Ciryi2llfllarm) < Ciryj2ll fllE1(9) (3.5)
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for all f € HY(G). If # € R, then connecting x and vy by some finite non-vertex
path Rg, we conclude that there is a path without self-intersections R, such that
x € R, and |R,| > |R|/2. Applying the same argument, we conclude that (3.5)
holds for all z € G. O

The above considerations, in particular, imply the following crucial property of
H'-functions: if R = (v,,) is a ray, then

flom) = Tim f(vn)

exists. Moreover, this limit is independent of the choice of R € w, (indeed, for
any two equivalent rays R and R’ there exists a third ray R” containing infinitely
many vertices of both R and R’, which immediately implies that f(ygr) = f(yr») =
f(y®r’)). This enables us to introduce the following notion.

Definition 3.3. For every f € H'(G) and a (topological) end v € €(G), we define
f() = flyr), (36)

where R € w, is any ray belonging to the corresponding graph end w., (see Theorem
2.3). Sometimes we shall also write f(w,) := f(7).

It turns out that (3.6) enables us to obtain an extension by continuity of every
function f € H'(G) to the end compactification G of G (see Section 2.2).

Lemma 3.4. Let G be a metric graph and v € €(G). If f € HY(G), then
lim sup [f(z) — £(7)] = 0 (3.7
n Ooern

for every sequence U = (U,,) representing ~.

Proof. Let v € €(G) and let U = (U,,) be a sequence representing . Let also
Rn(7) :={R € R(G)| R C Un}

be the set of all non-vertex rays contained in U,, n > 0.

We proceed by case distinction. First, assume that for n sufficiently large, all
rays in 9, (y) have length at most one. If € U,,, then there exists a (non-vertex)
ray Ry € Ry, (y) such that Ry = (z,v0,...) and its tail R := (vg,v1,...) belongs
to wy.

By our assumption, |R,| < 1 and hence

1f(v) = f@)| = |f(vr,) — f(2)] = ) f'(y) dy‘ <2 ey < 1 2 @n)-
Ra
Since x € U, is arbitrary, this implies

sup 1F () = F@)] < 1 L2y

z€Uy,

Since U = (U,) represents v, (), U, = @ and hence limy, o0 || f'||12(1,,) = 0. This
implies (3.7).

Assume now that for every n € Zs( there is a ray R € R, (y) with |[R| > 1.
Take n > 0 and choose an x € U,,. We can find a finite (non-vertex) path without
self-intersections R, C U, such that € R, and |R,| = 1/2 (take into account
that U,, contains at least one ray of length greater than 1). Hence we get

|f(z)] < 561%) f W) < Crpallfllarryy < Crllfllarw,),
y €T
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where C /3 = \/coth(1/2) is the constant from (3.4). Since x € U, is arbitrary,

sup |f(z)| < Cipallfllew,)-
zeU,

However, ), U, = @ and hence sup,cp, |f(2)| = o(1) as n — oco. It remains to
notice that f(y) = 0. Indeed, by Theorem 2.3, for every n > 0 there is a ray

Rn € wy such that ﬁn C U,, and hence
fD=1flrg, )l < sup |f(z)] = o(1)

as n — oo. This finishes the proof. O

Taking into account the topology on G=GU €(G), the next result is a direct
consequence of Lemma 3.2 and Lemma 3.4.

Proposition 3.5. Each f € H*(G) has a unique continuous extension to the end
compactification G of G and this extension is given by (3.6). Moreover,

[fllee = sup | f(x)] < Cgllfll a1 (g)-
€
3.2. Nontrivial and finite volume ends. Observe that some ends lead to trivial
boundary values for H' functions. For example, f(y) = 0 for all f € H'(G) if
wy € Q(Gq) contains a ray R with infinite length |R| = co. On the other hand, it
might happen that all rays have finite length, however, f(v) =0 for all f € H*(G)
(see, e.g., the second step in the proof of Lemma 3.4).

Definition 3.6. A topological end v € €(G) is called nontrivial if f(y) # 0 for
some f € H'(G).

We also need the following notion.

Definition 3.7. A topological end v € €(G) has finite volume (or, more precisely,
finite volume neighborhood) if there is a sequence U = (U,) representing v such
that vol(U,,) < oo? for some n. Otherwise « has infinite volume. The set of all finite
volume ends is denoted by €4(G).

Remark 3.8. If €(G) contains only one end, then this end has finite volume exactly
when vol(G) < co. Analogously, if v € €(G) is a free end, then there is a finite set of
vertices X separating w, from all other ends and hence this end has finite volume
exactly when the corresponding connected component G, has finite total volume.

If ~ is not free, then the situation is more complicated. For example, for a rooted
tree G = 7T, the ends are in one-to-one correspondence with the rays from the root o
and hence one may possibly confuse the notion of a finite/infinite volume of an end
with the finite/infinite length of the corresponding ray. More specifically, let v be
an end of 7, and let R, = (0,v1,v2,...) be the corresponding ray. For each n > 1,
let 7, be the subtree of 7, having its root at v, and containing all the “descendant”
vertices of v,,. Then by definition v has finite volume (neighborhood) if and only
if there is n > 1 such that the corresponding subtree 7, has finite total volume.
In particular, this implies that G would have uncountably many finite volume ends
in this case (here we assume for simplicity that all vertices are essential, that is,
deg(vy,) > 2 for all n). In particular, [R,| < oo is a necessary but not sufficient
condition for v to have finite volume.

4As usual, vol(A) denotes the Lebesgue measure of a measurable set A C G.
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It turns out that nontrivial and finite volume ends are closely connected.

Theorem 3.9. Let G be a metric graph. Then v € €(G) is nontrivial if and only if
v has finite volume. Moreover, for any finite collection of distinct nontrivial ends
{131, there exists f € H'(G) Ndom(H) such that f(y1) =1 and f(y2) = -+ =
flow) =0.

Proof. Tt is not difficult to see that f(y) = 0 for all f € H'(G) if v has infinite
volume. Indeed, assuming that there is f € H'(G) such that f(v) # 0, Lemma 3.4
would imply that there exists U = (U,,) representing + such that

[f (@) =1f(nI/2>0

for all z € U,,. However, then vol(U,,) = oo contradicts the fact that f € L*(G).

Suppose now that v € €(G) has finite volume. Take a sequence U = (U,,) repre-
senting v with vol(Up) < oo. Pick a function ¢ € H?(0, 1) such that ¢(0) = ¢’(0) =
¢'(1) =0 and ¢(1) = 1 and then define f: G — C by

z. € e and both vertices of e are in Uy,
flze) =<0, z. € e and both vertices of e are not in Uy,
qﬁ(%), Te €€ =¢eyp and u € V\ Up,v € Up.

Clearly, f € H?(e) for every e € £. Moreover, it is straightforward to check that f
satisfies Kirchhoff conditions (2.6) at every v € V. By assumption, Uy is compact
and hence it is contained in finitely many edges. Thus there are only finitely many
edges e € &£ such that one of its vertices belongs to Uy and another one does not
belong to Up. This implies that f € L?(G) and, moreover, f' # 0 only on finitely
many edges, which proves the inclusion f € dom(H) N H!(G). Taking into account
that f = 1 on U, for large enough n, we conclude that f(y) = 1 and hence 7 is
nontrivial.

It remains to prove the second claim. Suppose that v1,...,vn € €(G) are dis-
tinct nontrivial ends. Then we can find U/ = (U}), sequences representing -;,
je{l,...,N} such that vol(U}) < oo and Ul NUJ = 0 for all j = 2,..., N (see
[27, Satz 3] or [22, Lemma 3.1]). Using the above procedure, we can construct a
function f € dom(H) N H!(G) such that supp(f) C Uy and f(y) = 1. The latter
also implies that f(v2) =--- = f(yn) =0. O

Remark 3.10. If vol(G) = >_ ¢ |e| < oo, then all ends have finite volume and the

end compactification é of G coincides with several other spaces, among them the
metric completion of G and the Royden compactification of a related discrete graph
(see [33, Corollary 4.22] and also [32, p. 1526]). Notice that the natural path metric
0 can be extended to G = GUE(G) (see [32]). That is, the distance o(x,y) between
a point € G and an end v € €(G) is the infimum over all lengths of rays starting
at z and belonging to . Similarly, the distance o(v,v’) between two ends is the
infimum over the lengths of all double rays with one tail part in v and the other one
in 7/. Then (é , 0) is a metric completion of G and Gis compact and homeomorphic
to the end compactification of G (see [32] for further details).

The metric completion was considered in connection with quantum graphs in
[14, 15]; however, it can have a rather complicated structure if vol(G) = co and a
further analysis usually requires additional assumptions. Moreover, there are clear
indications that metric completion is not a good candidate for these purposes.
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3.3. Description of H}(G). Recall that the space HE(G) is defined as the closure
of dom(HY) C H'(G) with respect to || - || g1(gy- One can naturally conjecture that
H}(G) consists of those H!-functions which vanish on €(G). In fact, the results of
the previous two sections enable us to show that this is indeed the case.

Theorem 3.11. Let G be a metric graph and €(G) be its ends. Then
Hi(G) ={f € H'(G)| f(v) =0 for all y € €(G)}. (3.8)

Proof. First of all, it immediately follows from Proposition 3.5 that f € H}(G)
vanishes at every end v € €(G) (since this holds for each f € dom(HY)).

To prove the converse inclusion, we will follow the arguments of the proof of [33,
Theorem 4.14]. Namely, suppose that f € H'(G) and f(y) = 0 for all v € €(G).
Without loss of generality, we may assume that f is real-valued and f > 0. To
prove that f € H}(G), it suffices to construct a sequence of compactly supported
functions f,, € H*(G) which converges to f in H'(G). Define ¢,,: R>¢ — R>o by

s—2L  ifs>1
= n’ -n 3.9

#n(s) {0, ifs <1, (3.9)
and then let f,,: G — R>¢ be the composition f,, := ¢, o f, n > 0. Since ¢, (s) < s
for all s > 0 and |¢n(s) — dn(t)] < |s —¢| for all s,t > 0, |fn(z)| < |f(x)] and
|f/(x)| < |f(x)| for almost every x € G. Hence f,, € H*(G) and

I fallzrigy < Wl o) (3.10)

for all n. Let us now show that f,, has compact support. Indeed, assuming the
converse, there exist infinitely many distinct edges ex in £ such that f,, is non-zero
on each eg. Taking into account (3.9), for each k we can find a non-vertex point
xp on e such that f,(zx) > % Since G is compact, the sequence (xx) has an
accumulation point x € G. By construction each edge e € £ contains at most one
of the z’s. It follows that = ¢ G and hence x € G is an end. On the other hand,
f is continuous on G by Proposition 3.5 and thus f (z) > %, which contradicts our
assumptions on f.

It remains to show that f, converges to f in H*(G) as n — oo. Taking into
account the above properties of f,, we get

If = fallZe + 1 = Fallze < 200F0Z2 + 1 fallze + 1022 + 1F00Z2) < 41 F 130,
and hence by dominated convergence it is enough to show that f,, — f and f, — f’
pointwise a.e. on G. The first claim is clearly true since lim,, o, ¢, (s) = s for all
s € R>¢. To prove the second claim, suppose that f is differentiable at a non-vertex
point z € G. If f(x) > 0, then by continuity of f, there is a neighborhood U of
x such that f, = f — % holds on U for all sufficiently large n > 0. Hence f, is
differentiable at = with f},(z) = f/(x) for all large enough n. Finally, if f(x) = 0,
then for each n there is a neighborhood U,, of x such that f < % on U, . Hence
fn =0 on U, and, in particular, f,, is differentiable at « with f!(x) = 0. However,
since f > 0 on G and f is differentiable at x, it follows that f/(z) = 0 as well. This
finishes the proof. O

Combining Theorem 3.11 with Theorem 3.9, we arrive at the following fact.

Corollary 3.12. The equality H'(G) = HX(G) holds true if and only if all topo-
logical ends of G have infinite volume.
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Remark 3.13. In the related setting of (weighted) discrete graphs, an important
concept is the construction of boundaries by employing C*-algebra techniques (this
includes both Royden and Kuramochi boundaries, see [33, 46, 51, 59, 68] for further
details and references). Finite volume graph ends can also be constructed by us-
ing this method. Indeed, A := H'(G) C C,(G) is a subalgebra by Lemma 3.2 and
hence its |- ||co-closure A := Al isomorphic to Cy(X), where X is the space of
characters equipped with the weak*-topology with respect to A In general, finding
X for some concrete (C*-algebra is a rather complicated task. However, it turns
out that in our situation X coincides with G := G U €¢(G). Indeed, G = G U €4(G)
equipped with the induced topology of the end compactification Gisa locally com-
pact Hausdorff space. Proposition 3.5 together with Theorem 3.9 shows that each
function f € H'(G) has a unique continuous extension to G and this extension be-
longs to Co(G). Moreover, by Theorem 3.9, H!(G) is point-separating and nowhere
vanishing on G and hence A = CO(GV) by the Stone-Weierstrass theorem. Thus the
resulting boundary notion is precisely the space of finite volume graph ends.

Let us also mention that G is compact only if vol(G) < oo and in this case
one can show that the Royden compactification of G as well as its Kuramochi

compactification coincide with the end compactification G (see [33], [46, Theorem
7.11], [47, p.215] and also [39, p.2] for the discrete case).

4. DEFICIENCY INDICES

Intuitively, deficiency indices should be linked to boundary notions for underlying
combinatorial graphs. However, spectral properties of the operator Hy also depend
on the edge lengths and this suggests that it is difficult to expect a purely combi-
natorial formula for the deficiency indices ny(Hp) of Hy. Recall that throughout
the paper we always assume that G satisfies Hypothesis 2.1.

4.1. Deficiency indices and graph ends. The main result of this section pro-
vides criteria which allow to connect ny (Hg) with the number of graph ends.

Theorem 4.1. Let G be a metric graph and let Hy be the corresponding minimal
Kirchhoff Laplacian. Then

0 (Ho) > #€0(G). (4.1)
Moreover, the equality

nt(Ho) = #&o(G) (4.2)
holds true if and only if either #€o(G) = oo or dom(H) C H(G).
Remark 4.2. Since the map

D: HYG) — L*9)
fo=f

is bounded, the inclusion dom(H) C H!(G) holds true if and only if there is a
positive constant C > 0 such that

1F 1226y < CUIAIZ2(0) + 171 Z2(g)) (4.3)
holds for all f € dom(H). It can be shown by examples that (4.3) may fail.

Before proving Theorem 4.1, let us first comment on some of its immediate
consequences.
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Corollary 4.3. If G is a metric graph with finite total volume vol(G) < oo, then
nt (Ho) > #Q(Ga). (4.4)
Moreover,
n: (Ho) = #Q(Ga) (4.5)

if and only if either G contains a non-free end (and hence #Q(Gq) = oo in this
case) or ker(H) C H(G).

In fact, we only need to mention that by Halin’s theorem [36] (see Remark 2.5(v))
and the finite total volume of G, #€,(G) = oo only if G contains a non-free end.

Recall that for a finitely generated group G, the number of graph ends of a Cayley
graph is independent of the generating set (see, e.g., [30]). Combining this fact with
the above statement, we obtain the following result.

Corollary 4.4. Let G be a Cayley graph of a finitely generated countable group G
with infinitely many ends.® If vol(G) < oo, then ny(Hp) = oo.

4.2. Proof of Theorem 4.1. The proof of Theorem 4.1 is based on the following
observation. Let Hp be the Friedrichs extension of Hy. Then dom(H) admits the
following decomposition

dom(H) = dom(Hp) + ker(H — 2) = dom(Hp) + N, (Hy), (4.6)

for every z in the resolvent set p(Hp) of Hp (see, e.g., [66, Proposition 14.11]).
In particular, (4.6) holds for all z € (—o0, A\g(G)), where Ao(G) > 0 is defined by
(2.16). Moreover, dom(Hr) C H}(G) and hence the inclusion dom(H) C H'(G)
depends only on the inclusion ker(H — z) € H'(G) for some (and hence for all)
2 € p(HFp). Let us stress that No(Ho) = ker(H) = H(G) N L?(G) and hence in the
case A\o(G) > 0, one is interested in whether all L? harmonic functions belong to
H'(G) or not, which is known to depend on the geometry of the underlying metric
graph.

We also need the following fact stating that functions in Ny(Hg) with A €
(—00,0) can be considered as subharmonic functions and hence they should satisfy
a maximum principle.

Lemma 4.5. Suppose G is a metric graph and let A\ € (—00,0).
(i) If f € Na(Hyp) = ker(H — ) is real-valued and f(xo) > 0 for some zg € G,

then
sup f(z) = sup f(v). (4.7
z€G veY
(i) If additionally f € H*(G), then
sup f(z) = sup f(7). (4.8)
z€G S A()
(iii) If (not necessarily real-valued) f € Nx(Ho) N HY(G) satisfies
f(y)=0 (4.9)

for all v € €(G), then f =0.

5A classification of groups having infinitely many ends is given in Stallings’s ends theorem [70]
(see also [30, Theorem 13.5.10] and Remark 2.5(iv)).
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Proof. (i) Let f € Nx(Hy) be real-valued. If z € G is such that f(z) >0and e € £
is an edge with = € e, then upon identifying e with the interval Z, = [0, |e|] and
taking into account that —f” = Af on e, we get

!
fly) = f(z)cosh (V-A(y — z)) + ”\f/g sinh (V=A(y — 2)) (4.10)
for all y € e. If f’(x) > 0, then obviously f(e;) > f(x), where e; is the vertex of e
identified with the right endpoint of Z.. Similarly, f(e,) > f(x) for the other vertex
e, of e if f/(x) < 0. Hence f attains its maximum on e at the vertices of e, which
clearly implies (4.7).
(ii) Now let v € V be a vertex with f(v) > 0. By (2.6), there is an edge e € &,
such that f/(v) > 0. If u € V is the other vertex of e, then by (4.10) we get

/
f(u) = f(v)cosh (V—Ae|) + Jelv) sinh (V=Ale[) > f(v).
V=A
Observe that f.(u) < 0. Hence, setting vp = v and v; = u and using induction,
we can construct a ray R = (v,) such that f(v,41) > f(v,) for all n > 0. Since
f € HY(G), we get

0< f(v) < lim f(v,) = f(yr) < sup f(v),
n—o0 vye€(g)

which proves (4.8).
(iii) By considering +f (and splitting into real and imaginary part, if necessary),
(4.9) clearly follows from (4.8). O

Remark 4.6. Notice that the arguments used in the proof of Lemma 4.5(ii) in
fact show that functions in N (Hy) with A € (—o0,0) admitting positive values on
G cannot attain global maxima in G, that is, if f attains a positive value at some
x € G, then for every compact subgraph G C G the following holds

sup f(z) = sup_f(z).

z€Y z€G\G
Clearly, analogous statements hold true for functions admitting negative values,
however, then sup must be replaced with inf.

Lemma 4.7. Suppose G is a metric graph and let A € (—00,0). Then
dim(Ny N HY(G)) = #€0(G). (4.11)

Proof. Using (4.6) with 2 = X\ € (—o0,0) and noting that dom(Hpg) C HZ(G),
Theorem 3.9 and Theorem 3.11 imply that dim(Ny N H'(G)) > #€,(G). The
converse inequality follows from Lemma 4.5(iii), which shows that the mapping
f = (f(7)yeeo(g) Is injective on Ny N H(G). O

After all these preparations, we are now in position to complete the proof of
Theorem 4.1.

Proof of Theorem 4.1. Observe that the inequality (4.1) immediately follows from
(4.6) and (4.11) since ny (H) = dim(N,).

Clearly, the second claim is trivial if #&(G) = oco. Hence it remains to show
that in the case #€,(G) < oo equality (4.2) holds exactly when dom(H) C H'(G).
Applying (4.6) once again, the inclusion dom(H) C H'(G) holds true exactly when
N, C HY(G). Taking into account once again that ny (H) = dim(N,) and using
(4.11), we arrive at the conclusion. O
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Remark 4.8. Let us mention that one can prove the second claim of Theorem 4.1
in a different way. Namely, if #€((G) < oo, then it is possible to reduce the problem
to the study of a finite volume graph with a single end.

Let us stress that in the proof of Theorem 4.1 the inclusion dom(H) C H(G)
was proved in the case when all finite volume ends are free. The next result shows
that it never holds if there is a finite volume end which is not free.

Proposition 4.9. Let G be a metric graph having a finite volume end which is not
free. Then there exists a function f € dom(H) which does not belong to H*(G).

Proof. To simplify considerations we restrict to the case of a metric graph G having
finite total volume (the general case can easily be shown by similar methods upon
restricting to a finite volume subgraph with compact boundary).

Let G C G be a connected, compact subgraph and consider the finitely many
connected components of g\g~ . Since G has infinitely many ends, there is a connected
component U which contains at least two distinct graph ends v, +" € €(G). Following
the proof of Theorem 3.9, we readily construct a real-valued function f = fy €
dom(H) N HY(G) with f(v) = 0, f(7/) = 1 and 0 < f < 1 on €(G) (in fact,
it suffices to choose the corresponding function ¢ with 0 < ¢ < 1). Taking into
account Theorem 3.11 and decomposition (4.6), we can assume that f belongs to
H(G) NN, for some (fixed) A € (—o0,0). However, Lemma 4.5 (iii) implies that

[ flloo = sup |f(z)| = sup f(z) = 1.
zeG rEG

On the other hand, there exist two rays R, R’ € R(G4) representing the ends ~
and, respectively, 7/ such that both R, R’ are contained in U and have the same
initial vertex vg. This leads to another estimate

1= [£() = £O)] = [£(2) = F(v0) + £ (o) = £(7')]
=| [ r@ae= [ @] <2501 zz < 20/500) 1 1o

Assume now that (4.3) holds for all functions g € N. Then || - ||s and || - || g2
are in fact equivalent norms on N,. Indeed, combining (4.3) and the finite volume
property,

gl < Clgllzz + [HglZ2) = C(L+A%)gll7= < C(1+ A*)vol(G)llg]l%

for all g € N, whereas ||g|lco < Cgllgllz: by Lemma 3.2. Choosing compact sub-
graphs GVE with vol(G \ 55) < &2 (which is possible since G has finite volume), we
clearly get vol(U.) < &2 and hence the above constructed function f. = fy. €
HY(G) NN, satisfies

1

1
[
2y/vol(U,) ~ 2¢

However, by construction, ||fe|lcc = 1, which obviously contradicts to the equiva-
lence of norms || - ||« and || - ||g1 on N, since € > 0 is arbitrary. O

£l z2g) > 1 fill 2wy >

We conclude this section by mentioning some explicit examples.

Example 4.10 (Radially symmetric trees). Let G = T be a radially symmetric
(metric) tree: that is, a rooted tree T such that for each n > 0, all vertices in
the combinatorial sphere S,, have the same number of descendants and all edges
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between the combinatorial spheres S,, and S, 41 have the same length. It is well-
known that in this case H is self-adjoint if and only if vol(7) = co and deficiency
indices are infinite, ny(Hp) = oo, otherwise (see, e.g., [13, 69]). Moreover, due
to the symmetry assumptions, all graph ends are of finite volume simultaneously.
Hence we arrive at the equality

oo, if vol(T) < oo,
0, ifvol(T)=oc

Moreover, by Theorem 4.1 and Proposition 4.9, the inclusion dom(H) ¢ H'(G)
holds true if and only if vol(7") = co.

nt (Ho) = #(9) = {

Example 4.11 (Radially symmetric antitrees). Consider a metric antitree G = A
(see Section 7.1 for definitions) and additionally suppose that A is radially sym-
metric, that is, for each n > 0, all edges between the combinatorial spheres S,, and
Sp+1 have the same length. Combining [54, Theorem 4.1] (see also Corollary 7.3
below) with the fact that antitrees have exactly one graph end, #€(A) = 1, we
conclude that

1, if vol(A) < oo,

n+(Ho) = #€o(9) = {o if vol(A) = oo

In particular, H is self-adjoint if and only if vol(.A) = co. Moreover, the inclusion
dom(H) C H'(G) holds true for all radially symmetric antitrees by Theorem 4.1.

Remark 4.12. Both radially symmetric trees and antitrees are particular examples
of the so-called family preserving metric graphs (see [11] and also [10]) . Employing
the results from [11], it is in fact possible to extend the conclusions in Example 4.10
and Example 4.11 to this general setting. More precisely, for each family preserving
metric graph G without horizontal edges, the Kirchhoff Laplacian H is self-adjoint
if and only if vol(G) = oo and moreover

#€(G), ifvol(G) < o0
0, if vol(G) = oo

If in addition G has finitely many ends, then the inclusion dom(H) C H'(G) holds
true. On the other hand, if G has infinitely many ends, then dom(H) C H'(G)
holds true if and only if vol(G) = co. The last two statements are again immediate
consequences of Theorem 4.1 and Proposition 4.9.

In conclusion, let us also emphasize that the example of the rope ladder graph
in Appendix B shows that the assumption on horizontal edges cannot be omitted.
More precisely, the rope ladder graph is a family preserving graph in the sense of [10]
with exactly one graph end. However, it possesses infinitely many horizontal edges
(i.e., edges connecting vertices in the same combinatorial sphere) and Example
B.5 shows that in general ny (Hg) > #€,(G), even if the edge lengths are chosen
symmetrically to the root, |e;/| = e, | for all n € Zxo.

nt (Ho) = #&(9) = {

5. PROPERTIES OF SELF-ADJOINT EXTENSIONS

The Sobolev space H'(G) plays a distinctive role in the study of self-adjoint
extensions of the minimal operator Hy. A self-adjoint extension H of H, is called a
finite energy extension if its domain is contained in H!(G), that is, every function
f € dom(H) has finite energy, Ilf'llz2(g) < oo. The main result of this section
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already indicates that finite energy self-adjoint extensions of the minimal operator
(notice that among those are the Friedrichs extension and, as we will see later in
this section, all Markovian extensions) possess a number of important properties.

Theorem 5.1. Let H be a self-adjoint lower semibounded extension of Hy. Assume

that z belongs to its resolvent set p(H). Then the following assertions hold.

(i) If the form domain of H is contained in H'(G), then the resolvent R(z,H)
ofﬁ is an integral operator whose kernel IC, is both of class L>°(G x G) and
jointly Hoélder continuous of exponent f = 1/2.

(i) If additionally G has finite total volume, then R(z,H) is of trace class.

Proof. (i) Let H be a self-adjoint lower semibounded extension of Hy, H > ¢ for
some ¢ € R. Without loss of generality we may assume ¢ = 0. Then we can consider
its positive semi-definite square root Hl/f, which is again self-adjoint and whose
domain agrees with the form domain of H. Accordingly, for all z € C\ [0, 00) and
A =+/z we get
(HY2 - 0 (HY2 4+ )) = H - 2,

and hence

R(z, H) = R\, HY?)R(-X,H?). (5.1)

If the form domain of H is contained in H'(G), and hence by Lemma 3.2 in Cy(G),
then R(£A, HY/2) maps L2(G) into L>(G), and hence by duality also maps L'(G)
into L2(G). Thus (5.1) implies that R(z, H) maps L!(G) into L°°(G) and hence, by
the Kantorovich-Vulikh theorem (see, e.g., [4, Theorem 1.3] or [58, Theorem 1.1]),
R(z,H) is an integral operator with the L>-kernel K(z; -, -).

In order to prove the assertion about joint Holder continuity, we need to take a
closer look at the kernel K by adapting the proof of [3, Prop. 2.1]: as noticed before,
the resolvent R(\, H/2) is bounded from L?(G) to L>*(G) by Lemma 3.2 for any A
in the resolvent set of H!/2. Applying the Kantorovich-Vulikh theorem (see, e.g.,
[4, page 113]) once again, we see that

ROH?)u(z) Z/QU(y)ﬁ(A,x;y)dy: (u, KX, 23°)") 12(g)

for all z € G and some k(X ;) € L?*(G) such that sup,cg [|k(X, 2;-)| L2(g) < oo
Moreover, observe that there exists C'= C(\) > 0 such that

6\ @5 -) — k(A 2'5 ) || L2 g) < CVo(z,2") (5.2)

for all 2, 2" € G, where o(z, 2") denotes the distance in the natural path metric on
G. Indeed, for any function u € L?(G),

| [ )00 250 = w0l = [ROF2)ua) ~ RO B ()

< Vo(@, ) [ROVHY)ul 11 (5:3)
< O/ole. 2 ull e,

where we have used the Cauchy—Schwarz inequality and the fact that the resolvent
R(A, H'/2) is a bounded operator from L? to the domain of H'/? equipped with the
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graph norm, and (5.2) immediately follows. Now, taking into account the equalities
(5.1) and R(A\, HY/?)* = R(\*,HY/?), we conclude that
R(z, Hyu(z) = RO\, HY?) (R(=\, HY?)u) (z)
= (R=NH"?)u, 5\, 25)") 2 g

= (u, R(=\", H/?)k(\, ; ')*>L2(9)

:/gu(y)/g KA, @5 8)k(=X", y; 8) " ds dy
::/gu(y)/C(Z;SC,y) dy,

for all u € L?(G). It remains to prove that the mapping
K:GxG53 (z,y) — / k(A 5 8)k(—=A",y;8)"ds € C
4

is jointly Holder continuous. However, recalling that sup,cg [|5(\, ;-)||2(g) < 00,
this immediately follows from (5.2), since

Kz, y) = K", y")| < I8N 25 ) (6(= A" y5)" = 6(=A" 95 ) ") || 2
(A o) (5O 25) — 5O 25 ) .
for all pairs (z,y), (2/,y') € G x G.
(ii) If G has finite total volume, then L>°(G x G) < L?(G x G) and hence the

resolvents R (4, H!/2) are Hilbert—Schmidt operators. Thus, by (5.1) we conclude
that R(z, H) is of trace class. O

Observe that the first step in the proof of Theorem 5.1 is the factorization (5.1),
which has the natural counterpart for semigroups

efzﬁ efzﬁ — 672,21’17 Rez > 0.
Because the semigroup generated by a self-adjoint semibounded extension H is
analytic, it is a bounded operator from the Hilbert space into its generator’s form
domain whenever Re z > 0. A careful look at the proof of Theorem 5.1 shows that

this is sufficient to establish that e—*H is an integral operator; all further steps in
the proof of Theorem 5.1 carry over almost verbatim to the study of semigroups.
We can hence easily deduce the following result.

Theorem 5.2. Let H be a self-adjoint lower semibounded extension of Hy and let
z € C with Rez > 0. Then the following assertions hold.

(i) If the domain of H is contained in H*(G), then the semigroup e—?H generated
by H is an integral operator whose kernel is both of class L>°(G x G) and
jointly Hélder continuous of exponent § =1/2.

(i) If additionally G has finite total volume, then e=#H s of trace class.

—2H

Estimating as in (5.3) and using analyticity of e yields the inequality

C
|pt(xvy) _pt(xlvy” < % Q(1'71'/)7 t> 07 33,y7$/ S ga (54)

for the heat kernel p;(z,y) of a nonnegative extension H, where in contrast to (5.3)
the constant C > 0 is independent of ¢ > 0. Such Hoélder estimates are known
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to be related to Sobolev-type inequalities and also important for upper and lower
Gaussian bounds (cf., e.g., [18], [62, Chapter 6]). However, we do not pursue this
line of study here and this will be done elsewhere.

Remark 5.3. A few remarks are in order.

(i) If G has finite diameter (see (3.3)), then the path metric ¢ has a natural ex-
tension to the end compactification and moreover (§ , 0) is a metric comple-
tion of G (see Remark 3.10 and [32, p. 1526]). In this case, Theorem 5.1 and
Theorem 5.2 imply that the corresponding resolvent and semigroup kernels
have a bounded and uniformly continuous extension to (é , 0), however, we
emphasize that if vol(G) = oo, then in general (é, d) is not homeomorphic
to the end compactification (cf., e.g., [32, p. 1526]).

(ii) Discreteness of the spectrum of the Friedrichs extension Hp is a standard
fact in the case of finite total volume (see, e.g., [14, Prop. 3.11] or [54,
Corollary 3.5(iv)]). However, Theorem 5.1(ii) implies the stronger assertion
that the resolvent of Hy belongs to the trace class if vol(G) < co. Let us also
stress that it is not true in general that every self-adjoint extension of H will
have a discrete spectrum if vol(G) < oo, since in case of infinite deficiency
indices such a self-adjoint extension could have a domain large enough to
make compactness of the embedding of H'(G) into L?(G) irrelevant.

Recall that a self-adjoint extension H of H, is called Markovian if H is a non-
negative self-adjoint extension and the corresponding quadratic form is a Dirichlet
form (for definitions and further details we refer to [29, Chapter 1]). Hence the asso-

ciated semigroup e ¢ > 0 as well as resolvents R(— ), ﬁ), A > 0 are Markovian:
i.e., are both positivity preserving (map non-negative functions to non-negative
functions) and L°°-contractive (map the unit ball of L>°(G), and then by duality
of LP(G) for all p € [1,00], into itself). Let us stress that the Friedrichs extension
Hp of Hy is a Markovian extension. Consider also the following quadratic form in

12(G)
tlf] = /g F(@)Pde,  dom(ty) = H'(G). (5.5)

This form is non-negative and closed, hence we can associate in L?(G) a self-adjoint
operator with it, let us denote it by Hy. We will refer to it as the Neumann
extension. It is straightforward to check that ty is a Dirichlet form and Hy is also
a Markovian extension of Hy.

It turns out that Theorems 5.1 and 5.2 apply to all Markovian extensions of Hy.
More specifically, the analog of the results for discrete Laplacians [37, Theorem 5.2]
and Laplacians in Euclidean domains [29, Chapter 3] and Riemannian manifolds
[35, Theorem 1.7] holds true for quantum graphs as well.

Theorem 5.4. If H is a Markovian extension of Hy, then dom(ﬁ) C HY(G) and,
moreover,

where the inequalities are understood in the sense of forms.%

6We shall write A < B for two non-negative self-adjoint operators A and B if their quadratic
forms t4 and tp satisfy dom(tg) C dom(ta) and ta[f] < tp[f] for every f € dom(tg).
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We omit the proof of Theorem 5.4 since the proofs of either [37, Theorem 5.2]
or [35, Lemma 3.6] carry over verbatim to our setting (see also the proof of [29,
Theorem 3.3.1]).

Let us finish this section with the following observation.

Corollary 5.5. The following are equivalent:
(i) Hg has a unique Markovian extension,

(i) Hy(G) = H'(G),
(iii) all topological ends of G have infinite volume, €y(G) = 0.

Proof. The claimed equivalences follow from Theorem 5.4 and Corollary 3.12. O

Remark 5.6. Let us finish this section with a few comments.

(i) The equivalence (i) < (i) in Corollary 5.5 is known for Riemannian man-
ifolds [35, Theorem 1.7] (see also [29, Chapter 3], [57, Theorem 1]) as well
as for weighted Laplacians on graphs [37, Corollary 5.6]. However, to the
best of our knowledge these settings do not admit any further geometric
characterization.

(ii) The list of equivalences in Corollary 5.5 can be extended by adding a claim
on the self-adjointness of the so-called Gaffney Laplacian. Namely, since
H}(G) and H'(G) are Hilbert spaces, the operators denoted by Vp and
Vv and defined in L?(G) on the domains, respectively, H}(G) and H*(G)
by f +— f’ are closed. Notice that with this notation at hand we have
Hr = V;3Vp and Hy = V3 Vy. Now we can introduce the Gaffney
Laplacian Hg = V}, Vv as the restriction of the maximal operator H onto
the domain

dom(He) := {f € HY(G)| Vn [ € dom(V5)}. (5.7)

Clearly, Hr C Hg, Hy € Hg, and Hg is not necessarily symmetric.
It turns out that Hg is symmetric (and hence self-adjoint) if and only if
the Kirchhoff Laplacian Hy has a unique Markovian extension. Moreover,
in this case Hr = Hy = Hg (cf. [35, Theorem 1.7(ii)] in the manifold
setting). Let us also mention that all Markovian/finite energy extensions
of Hy are exactly the Markovian/self-adjoint restrictions of Hg and in
particular the deficiency indices of Hf, = V},Vp are equal to #&(G).

6. FINITE ENERGY SELF-ADJOINT EXTENSIONS

It turns out that finite volume (topological) ends provide the right notion of the
boundary for metric graphs to deal with finite energy and also with Markovian ex-
tensions of the minimal Kirchhoff Laplacian Hy. In particular, we are going to show
that this end space is well-behaved as concerns the introduction of both traces and
normal derivatives. More specifically, the goal of this section is to give a description
of finite energy self-adjoint extensions of Hy in the case when the number of finite
volume ends of G is finite, that is, #€y(G) < co. Notice that in this case all finite
volume ends are free.

6.1. Normal derivatives at graph ends. Let G = (]7, 5~) be a (possibly infinite)

connected subgraph of G. Recall that its boundary oG (w.r.t. the natural topology
on G, see Section 2.1) is given by

9G = {v € V| degz(v) < degg(v)}. (6.1)
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For a function f € dom(H), we define its (inward) normal derivative at v € dG by

> ). (6.2)

eegvﬂg

With this definition at hand, we end up with the following useful integration by
parts formula.

Lemma 6.1. LetG be a compact (not necessarily connected) subgraph of the metric
graph G. Then

/ F(x)g(x)dx = / Fl(@)g (z)dz+ ) g( 6n~ (6.3)
veag
for all f € dom(H) and g € H1(§) In particular,
" _ of
- [S@a= T g, (6.4)

vedG

Proof. The claim follows immediately from integrating by parts, taking into account
that f satisfies (2.6). Setting g =1 in (6.3), we arrive at (6.4). O

In order to simplify our considerations, we need to introduce the following notion.
Let v € €(G) be a (topological) end of G. Consider a sequence (G,) of connected
subgraphs of G such that G, O G, 41 and #0G, < oo for all n. We say that the
sequence (G,,) is a graph representation of the end ~ € €(G) if there is a sequence
of open sets U = (U, ) representing ~ such that for each n > 0 there exist j and
k such that G, D U; and U,, 2 Gy. It is easily seen that all graphs G,, are infinite
(they have infinitely many edges). Moreover, representing sequences (G,) can be
constructed with the help of compact exhaustions; in particular each graph end
~ € €(G) has a representation by subgraphs (see Section 2.2).

Proposition 6.2. Let G be a metric graph and let v € €(G) be a free end of finite
volume. Then for every function f € dom(H) and any sequence (Gy) of subgraphs
representing -y, the limit
. of
lim
k—o0 vE0GL 8ngk

exists and is independent of the choice of (Gi).

(v) (6.5)

Proof. First of all, notice that uniqueness of the limit follows from the inclusion
property in the definition of the graph representations of v. Hence we only need to
show that the limit in (6.5) indeed exists.

Let (Gr) be a graph representation of a free finite volume end v € €,(G). Since 7
is free, we can assume that vol(Gy) < oo and that Gy N Uy, = & eventually for every
sequence U = (Uy) representing an end +' # . First observe that G =Gy \ G, can
again be identified with a compact subgraph of G whenever k < j. Indeed, if G has
infinitely many edges {en} C &, choose for each n a point x,, in the interior of the
edge e,. Since G = GUE(G) is compact, the set {z,,} has an accumulation point
T € g By construction, z ¢ G and hence z € g \ G = €(G) is an end. However,
we have that z,, ¢ G, and recalling (2.2) and (2.3), this implies that z = +’ for
a topological end +' # ~. On the other hand, x, € Gy for all n and using the
properties of Gy and (2.2)—(2.3) once again, we arrive at a contradiction.
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Now, using (6.1) it is straightforward to verify that

> -3 gt w=3 g

mn, ng.
veag, O 9k veag; 9 -

Hence by (6.4) and the Cauchnychwarz inequality, we get

|3 = 2 g Ol = |, 7] < VI s

vEIGy
(6.6)

8n9k

whenever k < j. This implies the existence of the limit in (6.5) since vol(Gy) = o(1)
as k — oo.

O

Proposition 6.2 now enables us to introduce a normal derivative at graph ends.

Definition 6.3. Let v € €(G) be a free end of finite volume and let (G) be a graph
representation of . Then for every f € dom(H)
of : of
o) = 5= im 3 ) (6.7

k n
—00 Sy 0 Gr

is called the normal derivative of f at .

Remark 6.4. In fact, it is not difficult to extend the definitions (6.2) and (6.7)
to general sequences U = (U,,) of open sets representing the free end v € €y(G).
However, while the idea of the proof of Proposition 6.2 naturally carries over, the
analysis becomes more technical and we restrict to the case of subgraphs for the
sake of a clear exposition.

Let us mention that the normal derivative can also be expressed in terms of
compact exhaustions.

Lemma 6.5. Let G be a metric graph having finite total volume and only one end
v, €(G) = {~}. If (Gk) is a compact exhaustion of G and f € dom(H), then

(). (6.8)

The fact that we are not approximating v by its neighborhoods, but rather by
compact subgraphs, is responsible for the different sign in (6.7) and (6.8).
Proof. First of all, notice that G \ Gi can be identified with a subgraph of G and

-Y w- Y gt

n
veﬁgk " ved(G\Gr) 9Tk

for all f € dom(H). If, moreover, G\ G, is a connected subgraph for all k& > 0, then
it is clear that (G;,) with G;, := G\ Gy, for all k > 0, is a graph representation of ~y
and this proves (6.8) in this case.

If G\ G, is not connected, then it has only one infinite connected component Qz
and finitely many compact components (since €(G) = {v}). Adding these compact
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components to Gy, we obtain a compact exhaustion (g}) with G\ ’g} = G;. Arguing
as in the proof of Proposition 6.2 (see (6 6)), we get

’ Z 8n~ g 8ngk ‘:“/gk\gk 1" (w)dz] = of1)

vedG, k €o

as k — oo. Hence (6.8) holds true also in the general case. 0

6.2. Properties of the trace and normal derivatives. In this section, we col-
lect some basic properties of the trace maps. We shall adopt the following notation.
Since we shall always assume throughout this section that #&€,(G) < oo, we set
H := (?(€y(G)), which can be further identified with C#%0(9), Next, we introduce
the maps I'g: H(G) — H and I'y: dom(H) N HY(G) — H by

Lo: f= (), eeoo) L1z f = (Onf (M) eeoio) (6.9)

where the boundary values and normal derivative of f are defined by (3.3) and
(6.7), respectively.
Proposition 6.6. Let G be a metric graph with #&y(G) < co. Then:

(i) For every f € H, there exists f € dom(H) N H'(G) such that

Tof =, I'f=0.
(ii) Moreover, the Gauss—Green formula
Hf,9)r20) = (', 9) 129y — (T1f.Tog)n, (6.10)

holds true for every f € dom(H) N HY(G) and g € H'(G).

Proof. (i) Since #€,(G) < oo, each finite volume end v € €y(G) is free. For every
v € €(G), let G7 be a subgraph with the properties as in Remark 2.6. We can also
assume that vol(G7) < co. Following the proof of Theorem 3.9, we can construct for
each end v € €y(G) a function f, € dom(H) N H'(G) such that f, is non-constant
only on finitely many edges (since #0G"7 < o), f4(v) = 1 and f,(y') = 0 for all
other ends 7' € €y(G) \ {7}. Clearly, I'; f,, = 0 for every v € €y(G). Thus, setting

f= 3 f
Y€C0(9)

for a given fe ‘H, we clearly have I'g f = fand I'if=0.
(i) Let us first show that (6.10) holds true for all f € dom(H) N HY(G) if
g = [y € H(G). Take a compact exhaustion (G;) of G. Then by Lemma 6.1,

(HY, fy)ezg) = (5 ) eeig) = Jim (S, fy) 260 = (s f) ez
0 0
= lim Z ('“)nj; (v)fy(v)* = lim Z ! (v),

k— k— on
Ooveagk k Ooueagmw Ok

where V7 is the set of vertices of G7. Notice that the subgraph G itself is a connected
infinite graph having finite total volume and exactly one end, which can be identified
with  in an obvious way. Moreover, setting G, := G, N G" for all k£ > 0 and noting

that G} is connected for all sufficiently large k, the sequence (G]) provides a compact
exhaustion of G7. Since 9g~G; = 9G, N V7 and

of . of

V) =
8ngg angk

(v), v e dgr G},
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for all large enough k > 0, we get by applying Lemma 6.5

0 0
B, f) i) AT F e = im Y Ly = O

vEGRNV 8ngz 8n

Hence (6.10) holds true if g = f, € H'(G).

Now observe that a simple integration by parts implies that (6.10) is valid for
all compactly supported g € H'(G). By continuity and Theorem 3.11 this extends
further to all g € Hi(G). Finally, setting § := g — Y oeeo(g) 9N fy for g € HYG),
it is immediate to check that, by Theorem 3.11, § € H}(G). It remains to use the
linearity of I'y. O

It turns out that the domain of the Neumann extension admits a simple descrip-
tion.

Corollary 6.7. Let G be a metric graph with #&(G) < oo. Then the Neumann
extension Hy is given as the restriction Hy = H|qom(ry) to the domain

dom(Hy) = {f € dom(H) N H'(G)| I'1f = 0}. (6.11)

Proof. By the first representation theorem [48, Chapter VI.2.1], dom(Hy) consists
of all functions f € H'(G) such that there exists h € L?(G) with

(f'.d )12 = (h,9)12(g),  forall g€ H'(G).

Moreover, in this case Hy f := h. Taking into account Proposition 6.6 and the fact
that Hy is a restriction of H, we immediately arrive at (6.11). O

Our next goal is to prove surjectivity of the normal derivative map.

Proposition 6.8. If G is a metric graph with #€y(G) < oo, then the mapping I'y
1S surjective.

In fact, Proposition 6.8 will follow from the following lemma.

Lemma 6.9. Suppose G is a metric graph with vol(G) < oo and only one end,
€(G) = {v}. Then there exists f € dom(H) N H'(G) such that

Onf(7) # 0.

Proof. We will proceed by contradiction. Suppose that 9,g(y) = 0 for all g €
dom(H) N H*(G). Then, by Corollary 6.7, dom(Hr) C dom(Hy) = dom(H) N
H'(G). However, both Hr and Hy are self-adjoint restrictions of H and hence
dom(Hp) = dom(Hy ). Therefore, Hr = Hy and their quadratic forms also coin-
cide, which implies that H}(G) = H'(G). This contradicts Corollary 3.12 and hence
completes the proof. a

Proof of Proposition 6.8. Let G7, v € €3(G) be the subgraphs of G constructed in
the proof of Proposition 6.6(i). Every G7 is a connected graph with vol(G7) < oo
and only one end, which can be identified with . Hence we can apply Lemma 6.9
to obtain a function g, € dom(H”) N H'(G") such that 8,,(y) = 1. Here HY
denotes the Kirchhoff Laplacian on G”.

Since #0G" < oo, we can obviously extend g, to a function g, on G such that
g, € dom(H)NH'(G) and g, is identically zero on a neighborhood of each end /' #
7 (see also the proof of Theorem 3.9). In particular, this implies that 0,g~(7") =0
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for all v € € (G) \ {7}. Upon identification of v with the single end of G we also
have that

Ongy(7) = Ongy(7) = 1.
This immediately implies surjectivity. O

6.3. Description of self-adjoint extensions. Our next goal is a description of
all finite energy self-adjoint extensions of Hy, that is, self-adjoint extensions H
satisfying the inclusion dom(H) C H'(G). We would be able to do this under the
additional assumption that G has finitely many finite volume ends. Recall that in
this case H = £2(€o(G)) is a finite dimensional Hilbert space.

Let C, D be two linear operators on H satisfying Rofe-Beketov conditions [64]:

CD* = DC*, rank(C|D) = dimH = #&,(G). (6.12)
Consider the quadratic form tc p defined by
teolfl = [ 1£(2)Pdz + (DICLof. Tof (613)
g
on the domain
dom(tc,p) :={f € H'(G)|Tof € ran(D*)}. (6.14)

Here and in the following the mappings I'g and I'; are given by (6.9) and D~!: ran(D) —
ran(D*) denotes the inverse of the restriction Dl (pyr: ran(D*) — ran(D). In
particular, (6.12) implies that tc p[f] is well-defined for all f € dom(tc,p) (see also
(A.4)).

Remark 6.10. It is straightforward to check that t; o = tp and ty; = ty are the
quadratic forms corresponding to the Friedrichs extension Hp and, respectively,
Neumann extension Hy (see Remark 3.1 and (5.5)).

Now we are in position to state the main result of this section.

Theorem 6.11. Let G be a metric graph with finitely many finite volume ends,
#Co(G) < oo. Let also C, D be linear operators on H satisfying Rofe-Beketov
conditions (6.12). Then:

(i) The form tc.p given by (6.13), (6.14) is closed and lower semibounded in
L%(G).

(it) The self-adjoint operator He p associated with the form to p is a self-adjoint
extension of Hy and its domain is explicitly given by

dom(He,p) = {f € dom(H) N H'(G)| CTof + DTy f = 0}. (6.15)

(iii) Conversely, if H is a self-adjoint extension of Hy such that dom(H) ¢ H*(G),
then there are C, D satisfying (6.12) such that H= Hcp.

(iv) Moreover, H= Hc p is a Markovian extension if and only if the corresponding
quadratic form to ply] = (D~ 'Cly,y)4, dom(t) = ran(D*) is a Dirichlet form
on H in the wide sense.”

"Here we do not assume that t is densely defined, see [29, p.29]. We stress that in order for t
to be a Dirichlet form even merely in the wide sense, it is necessary that dom@ is a sublattice of
H, hence that the orthogonal projector onto ran(D*) is a positivity preserving operator.
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Proof. (i) Since H is finite dimensional, it is straightforward to see that the form

tc.p is closed and lower semibounded in L?(G) whenever C' and D satisfy (6.12).
(ii) By the first representation theorem [48, Chapter VI1.2.1], dom(H¢, p) consists

of all functions f € dom(tc,p) C H'(G) for which there exists h € L?(G) such that

(.9 )12 + (D7'CTof, Log)n = (h, g) L2(q) (6.16)

for all g € dom(tc,p). Moreover, in this case Ho pf := h.

The Gauss—Green identity (6.10) implies that for any f € dom(H¢ p) and g €
dom(tc,p),

(D7'CTof,Tog)n = —(T1f,Tog)n-

Taking into account the surjectivity property in Proposition 6.6(i), the inclusion
”C” in (6.15) follows. The converse inclusion is then an immediate consequence of
the Gauss—Green identity (6.10).

(iii) To prove the claim, it suffices to show that

0 ={(Tof,T1f)| f € dom(H)} CH x H

is a self-adjoint linear relation (for further details we refer to Appendix A). By
definition (see (A.2)), ©* is given by

0" ={(g,h) € H x H|(T1f,9)2 = (Lof, h)» for all f € dom(H)}.

The inclusion © C O* follows immediately from the Gauss—Green identity (6.10)
and the self-adjointness of H. Indeed, we clearly have

0= (Hf, P — (f, ﬁf>L2(Q) = —(T1f.Tof)s + (Tof T f)n

for all functions f, f € dom(ﬁ). On the other hand, by Proposition 6.8 and Propo-
sition 6.6, for any (g, h) € ©~ there is a function f € dom(H) N H'(G) such that
g=T¢f and h =T f. Employing the identity (6.10) once again, we see that

<ﬁf, f>L2(g) = <f/,f/>L2(g) - <F1f7 9>H
= (", /) 12(0) — (Cofs )a = (£, Hf) L2(g)

for all f € dom(H). Hence, f € dom(H) and in particular (¢g,h) € ©. Since © is
self-adjoint, there are C' and D in H satisfying Rofe-Beketov conditions (6.12) and
such that © = {(f,9) € X x H|Cf + Dg = 0}.

(iv) The first direction of the equivalence is clear: since the quadratic form ty
associated with the Neumann extension Hp is Markovian and

Lolpo £) = (00 N), cero) = ©© (Tof)

for all functions f € H'(G) and every normal contraction ¢,® the extension He p
is Markovian if t¢, p is a Dirichlet form on A in the wide sense.

To prove the converse direction, let, for simplicity, f € dom(?q p) be real-valued
and fix some real-valued f € H'(G) with ['vf = f (the existence of such an f
follows from Proposition 6.6). For any (real-valued) normal contraction ¢: R — R,
we can construct a continuous and piecewise affine function ¥: R — R (i.e., ¢ is
affine on every component of R\ {z1, ...,z } for finitely many points x1, ..., zn)

such that t(0) = 0, ¥(f(v)) = ¢(f(7y)) for all v € €4(G) and |¢'(x)| = 1 for almost

8A normal contraction is a function : C — C such that ¢(0) = 0 and |¢(z) — o(y)| < |z — |
for all z,y € C.



every x € R.? Notice that every function 1 with the above properties is a normal
contraction. Hence, if t¢ p is Markovian, it follows that ¢o f € dom(tc, p). However,
its boundary values are precisely given by

To(of)=vof=pof

and we conclude that ¢ o f belongs to dom(tc,p). Finally, the Markovian property
of t¢ p implies that

tonhbo fl = /g (o )Y Pde +Te.ploo f] < tenlf] = /g P2 + T plf],

and noticing that |(vo f)| = |f’| almost everywhere on G, the proof is complete. [J

Let us demonstrate Theorem 6.11 by applying it to Cayley graphs of finitely
generated groups.

Corollary 6.12. Let G4 be a Cayley graph of a finitely generated countable group
G with one end. Then the Kirchhoff Laplacian Hy admits a unique Markovian
extension if and only if the underlying metric graph G = (G, | - |) has infinite total
volume, vol(G) = oo. Moreover, if G has finite total volume, then the set of all
Markovian extensions of Hg forms a one-parameter family given explicitly by

dom(Hy) = {f € dom(H) N H*(G)| cos(0)Tof + sin(f)T1f = 0}, (6.17)
where 0 € [0,7/2].

Taking into account that amenable groups have finitely many ends, the above
result applies to amenable finitely generated countable groups, which are not virtu-
ally infinite cyclic (see Remark 2.5(iv)). In a similar way one can obtain a complete
description of Markovian extensions in the case of virtually infinite cyclic groups,
however, they have two ends and the corresponding description looks a little bit
more cumbersome and we leave it to the reader (cf. [29, p.147]). The case of groups
with infinitely many ends remains an open highly nontrivial problem.

Remark 6.13. A few remarks are in order.

(i) Let us mention that in the case when the domain of the maximal operator
H is contained in H'(G) and G has finitely many finite volume ends (notice
that by Theorem 4.1 in this case ny (Hg) = #€y(G) < 00), Proposition 6.11
provides a complete description of all self-adjoint extensions of Hy. Let us
also mention that Proposition 6.11 provides a complete description of all
self-adjoint restrictions of the Gaffney Laplacian H¢, see Remark 5.6(ii).

(ii) Some of the results of this section extend (to a certain extent) to the case
of infinitely many ends. Let us stress that by Proposition 4.9 in the case
when G has a finite volume end which is not free the above results would
lead only to some (not all!) self-adjoint extensions of Hy. In our opinion,
even in the case of radially symmetric trees having finite total volume the
description of all self-adjoint extensions of Hy is a difficult problem.

9For instance, for any s, L > 0 such that s < L, the function ¢o(z) := % — ’z— % satisfies
10(0) = 0, ¥o(L) = s and [¢()| = 1. The construction in the general case follows easily from this

example.




(iii) Similar relations between Markovian realizations of elliptic operators on
domains or finite metric graphs (with general couplings at the vertices)
on one hand, and Dirichlet property of the corresponding quadratic form’s
boundary term on the other hand, are of course well known in the literature
(see, e.g., [12, Proposition 5.1], [55, Theorem 6.1], [45, Theorem 3.5]). How-
ever, the setting of infinite metric graphs additionally requires much more
advanced considerations of combinatorial and topological nature. In par-
ticular, it seems noteworthy to us that the results of the previous sections
provide the right notion of the boundary for metric graphs, namely, the
set of finite volume ends, to deal with finite energy and also with Markov-
ian extensions of the minimal Kirchhoff Laplacian. In particular, this end
space is well-behaved as concerns the introduction of traces and normal
derivatives.

(iv) Taking into account certain close relationships between quantum graphs
and discrete Laplacians (see [25, §4]), one can easily obtain the results
analogous to Theorem 4.1 and Theorem 6.11 for a particular class of discrete
Laplacians on G, defined by the following expression

(rf)(v) = miv) 3 ! (“ﬁe:j W ey, (6.18)

where m is the star weight (2.11). Markovian extensions of weighted dis-
crete Laplacians were considered also in [50]. On the other hand, [50] does
not contain a finiteness assumption, however, the conclusion in our setting
appears to be slightly stronger than in [50, Theorem 3.5], where the cor-
respondence between Markovian extensions and Markovian forms on the
boundary is in general not bijective.

7. DEFICIENCY INDICES OF ANTITREES

The main aim of this section is to construct for any N € Z>; U {oo} a metric
antitree such that the corresponding minimal Kirchhoff Laplacian Hy has deficiency
indices ny (Hp) = N. Our motivation stems from the fact that every antitree has
exactly one end and hence, according to considerations in the previous sections, Hy
admits at most one-parameter family of Markovian extensions.

7.1. Antitrees. Let G4 = (V, &) be a connected, simple combinatorial graph. Fix
a root vertex o € V and then order the graph with respect to the combinatorial
spheres S,,, n > 0 (notice that Sy = {0}). G4 is called an antitree if every vertex in
Sp, n > 1, is connected to all vertices in S,_1 and S, 41 and no vertices in S}, for
all |k — n| # 1 (see Figure 1). Notice that each antitree is uniquely determined by
its sequence of sphere numbers (s,,), s, := #S,, for n > 0.

While antitrees first appeared in connection with random walks [23, 52, 74],
they were actively studied from various different perspectives in the last years (see
[11, 20, 54] for quantum graphs and [19, Section 2] for further references).

Let us enumerate the vertices in every combinatorial sphere S,, by (v}");", and
denote the edge connecting v]* with v;”rl by ey, 1 <@ < s, 1 < j < spg1. We
shall always use A to denote (metric) antitrees.

It is clear that every (infinite) antitree has exactly one end. By Theorem 4.1, the
deficiency indices of the corresponding minimal Kirchhoff Laplacian are at least 1

if vol(A) < co. On the other hand, under the additional symmetry assumption that

122



FIGURE 1. Antitree with sphere numbers s, = n + 1.

A is radially symmetric (that is, for each n > 0, all edges connecting combinatorial
spheres S,, and S,,41 have the same length), it is known that the deficiency indices
are at most 1 (see [54, Theorem 4.1] and Example 4.11). It turns out that upon
removing the symmetry assumption it is possible to construct antitrees such that the
corresponding minimal Kirchhoff Laplacian has arbitrary finite or infinite deficiency
indices. More precisely, the main aim of this section is to prove the following result.

Theorem 7.1. Let A be the antitree with sphere numbers s, = n+1,n > 0 (Figure
1). Then for each N € Z>1 U {oo} there are lengths such that the corresponding
minimal Kirchhoff Laplacian Hy has the deficiency indices ny (Hp) = N.

7.2. Harmonic functions. As it was mentioned already, every harmonic function
is uniquely determined by its values at the vertices. On the other hand, f € C(V)
defines a function f € H(A) with f|, = f if and only if the following conditions are
satisfied:

Sn41 n+ly _ n Sn—1 Un—l — f(yn
ZW—FZW:Q (7.1)
j=1 J i=1 Cik

at each v, 1 < k < s, with n> 0. We set s_; := 0 for notational simplicity and
hence the second summand in (7.1) is absent when n = 0. We can put the above
difference equations into the more convenient matrix form. Denote f,, = f

(f(v))iz, for all n € Z>( and introduce matrices

Sn =

1 1 1
et | P e C
an T Ty
Mn+1 — ‘egl‘ |e§‘2 e ‘egsn_'_ll c Rsnxsn-ﬂ’ (72)
o SRR -
leg,l lel ol 7 et o ]
and
Sn+1 1 Sn—1 1
T n Sn XSn m __
D,, = diag(d}) € R : i = Z o] + Z T (7.3)
7j=1 J =1 ik
for all n € Z>(. Notice the following useful identity
dy L
dg = Ml]lsla = Dn]l.sn = (Mn+1 M:,:) (15n,+1> 5 TI,Z 17 (74)
Sn—1

n
Sn



where 1, := (1,...,1)T € C*». Hence (7.1) can be written as follows

S1 1
Mify =Y ——fo = dOfy, (7.5)
=1 |61j|
Mn+1fn+1 = ann - M:;fn—la n Z 1. (76)

Since D,, is invertible, we get
_ wo [
f, = D (M1 M) (f +1> (7.7)

for all n > 1. In particular, f, € ran (D' (M,1 M})) for all n > 1, which implies
that the number of linearly independent solutions to the above difference equations
(and hence the number of linearly independent harmonic functions) depends on the
ranks of the matrices (My+1 M), n > 1. Let us demonstrate this by considering
the following example.

Lemma 7.2. Let A be a radially symmetric antitree. Then
H(A) = span{1g}. (7.8)

Proof. Let for each n > 0, all edges connecting combinatorial spheres \S,, and S, 11
have the same length, say ¢,, > 0. Clearly, in this case

ran(My,4+1) = ran(M;’) = span{1;, },

for all n > 1. Moreover, each D, is a scalar multiple of the identity matrix I, and
hence (7.7) implies that f, = ¢, 1, with some ¢, € C for all n > 0. Plugging this
into (7.5)—(7.6), we get

S ,116
C1 = Cp, cn+l:cn+u(cn*6n—l)7 n21
5n+1€n71
Hence ¢, = ¢g = f(o0) for all n > 0, which proves the claim. O

The latter in particular implies the following statement (cf. [54, Theorem 4.1]).
Corollary 7.3. If A is a radial antitree with finite total volume, then ny(Hg) = 1.

Proof. By Corollary 2.11, we only need to show that ny (Hy) < 1. However, ny (Hy) =
dim(ker(H)) < dim(H(A)) = 1. O

7.3. Finite deficiency indices. We restrict our further considerations to a special
case of polynomially growing antitrees. Namely, for every N € Z>1, the antitree
Apn has sphere numbers s = 1 and s, = n+ N for all n € Z>;. To define its
lengths, pick a sequence of positive numbers (¢,,) and set

S 79
for all n € Z>y.
Lemma 7.4. If a metric antitree Ay has lengths given by (7.9), then
dimH(Ay) = N + 1. (7.10)
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Proof. Denoting

1 1 1
Byom = L bl e R™™ B, := By, ,, € C"*", (7.11)
1 S |
we get the following block-matrix form of the matrices M, 41:
1 (By — Iy Byt
My = — 2 " 7.12
+1 [n ( Bn,N Bn,nJrl ( )

for all n > 1. Taking into account (7.3) and denoting
n+N-3/2 n+N+1/2 s Mm+N-1 n+N+1

dy = d2 =
" gn—l + En ’ " En—l M En ’
we get
dL Iy
pue (B ) -
for all n > 2. Since M; € C**(V+1 and
ran(M, 1) = ran(M’) = span { (;‘N) |y € (CN} , (7.14)
n
for all n > 2, (7.7) implies that every f solving (7.5)—(7.6) must be of the form
N
£, = (cfri ) e N+ fN e CV, ¢, €C, (7.15)

for all n > 1. Plugging (7.15) into (7.6) and taking into account that

=N =N
ByEN =F, 1y, £, = (), 1n) = By nEY,

we get after straightforward calculations

foitena(n+1) L N 1oy fnitena(n—1) I N
Iy ——fF =d f' — 1 —f
En N 2‘€n n+1 n-n gn—] N+ 2‘€n—1 n—1»
(7.16)

fri1 +engi(n+1) o Tt caaln—1)
= Cndn - )
fn gn—l
for all n > 2. Multiplying (7.17) with 1 and then subtracting (7.16), we end up
with

(7.17)

ln

fN
En—l

n—1»

£ =20, (c,d2 1y — difl) — n>2. (7.18)

Next taking the inner product in (7.16) with 1 and then subtracting (7.17) mul-
tiplied by N — 1/2, we finally get
14 =N (n—1)¢

il = ——(2d . — (2N — 1)d?¢p) — cnog ——————
Cn+1 7’L—|—1( ntn ( )nc) c 1(n+1)£n—1

Taking into account that the value of f at the root o is determined by f; via
20q

Jo)=h =557

and noting that £V and ¢, are also determined by f;, we conclude that (7.18)—(7.19)
define f uniquely once f; € CN*1 is given. O

n>2  (7.19)

Mfy, (7.20)
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Lemma 7.4 immediately implies that ny(Hp) < N + 1 if vol(Ax) < oo, where
H, is the associated minimal operator. The next result shows that it can happen
that ny (Hg) = N + 1 upon choosing lengths ¢,, with a sufficiently fast decay.

Proposition 7.5. Let Ay be the antitree as in Lemma 7.4. If (£,) is decreasing

and
1
\/gn:O((6\/]v)"(n+N+3)!) (7.21)

as n — oo, then ny (Ho) = N + 1.

Proof. Tt is immediate to see that vol(Ax) < oo if (7.21) is satisfied. Next, taking
into account (7.9), observe that

m(v) =Y le[ < (n+ N1+ (n+N+2)ly Snly_y, vE Sy,
vEE,
as n — oo. Suppose f € H(A) and set f = f|,,. Then f has the form (7.15) and

hence
1812 = 3 17 @) = IEN]? + nlenl,
vESy,
for all n > 1. This implies the following estimate

Do 1f) =3 > f@Pm) £ 0l 1 (IEV 17 + leal®).  (7:22)
veV n>0veS, n>1
Next, (7.18)—(7.19) can be written as follows

N N
(fn+1> — AL (f > + Ag (f > , (7.23)
Cn+1 Cn Cn 1

where the matrices A ,,, Ag,, € RNFDXWNV+D) are given explicitly by

—20,dL Iy 20,d2 By 1 L, I
Ay = zendnB (2N—1)€ndil ; Agn = ; : < N n—1lry ) (7.24)
Py B a— n—1 n+1 1

for all n > 2. Since £,,_1 < ¥¢,, and

N -1 N+1 2 N
d}1<d721:n—l- +n+ + < (n+ N) (7.25)
gn—l gn Zn
for all n > 2, it is not difficult to get the following rough bounds *°
4,
1410l < 6VN(n + N), 120l = 77— <1, (7.26)
n—1

for all n > 2N. Denoting

N
Fn:(fn>7 n=>1,
Cn

the recurrence relations (7.18)—(7.19) can be written in the following matrix form
Fn+1 Al n A2 n Fn Fn
= ’ ’ =A . 7.27
( F, Inti Ong1) \Fn-1 "\ Fn1 (7.27)
10Here and below to estimate norms, we use the equality || A|| = +/[[A*A]| and the following

An A12)

Al < |A1a ]l + [l Azz]l-
Aly A2
There are other estimates (e.g., [34, ineq. (2.3.8)]), however, they do not seem to work as good as
the above approach.

simple estimate for non-negative 2 x 2 block-matrices A =



Taking into account (7.26), we get || A, < 6v/N(n+ N +1) for all n > 2N, which
implies the estimate

n—1

VIEN 2 + feal? = 1 Fall < C TT I40]l S (6VN)" (n + N)! (7.28)
k=1

for all n > 2. Combining this bound with (7.21), it is easy to see that the series on
the righthand side in (7.22) converges and hence by Lemma 2.13 we conclude that
H(Ax) C L?(A). Thus ker(H) = H(Ax) and the use of Corollary 2.11 finishes the
proof. O

7.4. Infinite deficiency indices. Consider the antitree A with sphere numbers
sn =n+1, n > 0. Next pick a sequence of positive numbers (¢,,) and define lengths
as follows

(7.29)

|€¢j

n = 20, 1<i=j<n+41,
~ 14,, otherwise,
for all n € Z>g. Thus, the corresponding matrix M,y given by (7.2) has the form
1
My = ™ (Bn+1 — 2111 Bpgr) € ROVFDx(42) (7.30)
for all n > 0. Let us denote this antitree by A...

Lemma 7.6. dim(H(Ay)) = co.

Proof. Consider the difference equations (7.5)—(7.6). Clearly, the matrix M, has
the maximal rank n + 1 for every n > 0. Taking into account that

1 -1 4
(Bn+1 - §In+1> = mBn-ﬂ =2l =:Cp, n >0,

(7.6) then reads
(In-i-l QfﬁBn—i-l,l) fn+1 = gnCn(ann - M:fn—l) (731)
for all n > 1. Observe that

.fl .fl
(It mggBorin) | 5 | =

n+1

OJr fn+1

and hence for any f, € C"*! and f,,_; € C" there always exists a unique f, | =
(fi,---, fasr1,0) T satisfying (7.31). Now pick a natural number N and define fV €
C(As) by setting ¥ = (0,...,0)T € C"*! for all n € {0,..., N},

fJ]\7V+1 = (1,...,1,*N7 1/2)Ta

and

00 Co (DN — MZEN. .
£, = ( ( 0 1)> ccCnt? (7.32)
for all n > N + 1. Clearly, fV satisfies (7.5)—(7.6) and hence defines a harmonic
function fV € H(Aw). Moreover, it is easy to see that span{f™}y>; is infinite
dimensional, which proves the claim. O



Proposition 7.7. Let Hy be the minimal Kirchhoff Laplacian associated with the
antitree Aoo. If €y, is decreasing and

Vii=0 (g

as n — o0, then nyg(Hpy) = oo.

67(n + 3)! ) (7:33)

Proof. Clearly, it suffices to show that every fV constructed in the proof of Lemma
7.6 belongs to L?(G) if ¢,, decays as in (7.33). To prove this we shall proceed as in
the proof of Proposition 7.5. First, taking into account (7.29), observe that

m) Snlp_1, vES,,
as n — oo. Since HfN||2 = ves, |fN(v)|2 for all n > 0, we get the estimate
DAN@Pm@) S Y Y N @Pm@) S Y nbaallfYIP (7.34)
veY n>N+1 vES, n>N+1

Denoting F,, = £ for all n > 1, we can put (7.31) into the matrix form

Fn+1 Al n A2 n Fn Fn
= ’ ’ = A, 7.35
( Fn > <In+1 0n+1,n Fn—l Fn—l ( )
for all n > N + 1, where
App = (ﬂn%”) € RIDX(H g, (Jnch:;) ERMEINN. - (7.36)
’ 01, n+1 ’ ’ 01,n
Now observe that ||Cy,|| = 2 and ||, D,] < 2(n + 1) for all n > 1. Moreover,
1€, M| <n+1for all n > 1, which immediately implies the following estimate
14nll < VI CrDul? + 1+ [ Coa M < 6(n+1), n>N+1.  (7.37)

Hence we get

(n+1)!

n—N n |
gl <c IT I < oo G <o+
k=N-+1
for all n > N+ 1. Combining this estimate with (7.34) and (7.33) and using Lemma
2.13, we conclude that f& € L?(A,) for each N > 1. O

Remark 7.8. It is not difficult to show that f~ does not belong to H'(A.,) for
the above choices of edge lengths. In fact, it follows from the maximum principle for
H(A) that if vol(A) < oo, then H(A) N H!(A) consists only of constant functions.

7.5. Proof of Theorem 7.1. Clearly, the case of infinite deficiency indices follows
from Proposition 7.7. On the other hand, since adding and/or removing finitely
many edges and vertices to a graph does not change the deficiency indices of the
minimal Kirchhoff Laplacian, Proposition 7.5 completes the proof of Theorem 7.1.
Indeed, every antitree Axn can be obtained from A by first removing all the edges
between combinatorial spheres Sy and Sy and then adding N + 1 edges connecting
the root o with the vertices in Sy . O

Remark 7.9. Since every infinite antitree has exactly one end, Theorem 6.11(iv)
implies that the Kirchhoff Laplacian Hy in Theorem 7.1 has a unique Markovian
extension exactly when vol(A4) = co. If vol(A) < oo, then Markovian extensions
of Hy form a one-parameter family explicitly given by (6.17). Notice that (6.17)
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looks similar to the description of self-adjoint extensions of the minimal Kirchhoff
Laplacian on radially symmetric antitrees obtained recently in [54].

Let us also emphasize that the antitree constructed in Proposition 7.7 has finite
total volume and Hj has infinite deficiency indices, however, the set of Markovian
extensions of Hy forms a one-parameter family.

Let us finish this section with one more comment. As it was proved, the dimension
of the space of Markovian extensions depends only on the space of graph ends and,
moreover, it is equal to the number of finite volume ends. However, deficiency indices
(dimension of the space of self-adjoint extensions) are in general independent of
graph ends and we can only provide a lower bound. Moreover, the above example
of a polynomially growing antitree shows that the space of harmonic functions
heavily depends on the choice of edge lengths (in particular, its dimension may vary
between zero and infinity). In this respect let us also emphasize that in the case of
Cayley graphs of finitely generated countable groups the end space is independent
of the choice of a generating set, however, simple examples show that the space of
harmonic functions does depend on this choice.

APPENDIX A. LINEAR RELATIONS IN HILBERT SPACES

In this section we collect basic notions and facts on linear relations in Hilbert
spaces, a very convenient concept of multivalued linear operators. For simplicity,
we shall assume that H is a finite dimensional Hilbert space, dim(H) = N < cc.

A linear relation © in H is a linear subspace in ‘H x H. Linear operators become
special linear relations (single valued) after identifying them with their graphs in
H x H. Every linear relation in H has the form

©c,p ={(f.9) € HxH|Cf+ Dg =0}, (A1)

where C, D are linear operators on H, however, different C' and D may define the
same linear relation. The domain and the multi-valued part of ©¢ p are given by

dom(©¢,p) ={f e H|Fge H,Cf+Dg=0} ={f € H|Cf €ran(D)},
mul(©¢,p) = {g € H| Dg = 0} = ker(D).

In particular, ©¢, p is a graph of a linear operator only if ker(D) = {0}. A linear
relation is called self-adjoint if ©® = ©*, where

0" ={(f,9) € H x H|(G, ) = (f.9)n ¥(],§) € O}. (A.2)

A linear relation O¢ p is self-adjoint if and only if C' and D satisfy the Rofe-Beketov
conditions [64] (see also [66, Exercises 14.9.3-4]):

CD* = DC*, 0 € p(C*C + D*D). (A.3)

Notice that the second condition in (A.3) is equivalent to the fact that the matrix
(C|D) € CN*2N has the maximal rank N.

Recall also that every self-adjoint linear relation admits the representation © =
Oop B Omui, where Oy = {0} x mul(©) and O, called the operator part of ©,
is a graph of a linear operator. In particular, for a self-adjoint linear relation ©¢, p
one has

dom(O¢,p) = mul(O¢ p)* = ker(D)* = ran(D*). (A.4)
For further details on linear relations we refer the reader to, e.g., [66, Chapter 14.1].
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APPENDIX B. A ROPE LADDER GRAPH

Let us introduce a rope ladder graph depicted on Figure 2. Let G4 = (V, &) be
a simple graph with the vertex set V := {0} UVT UV, where 0 = vg is a root,
V= (v} )p>1 and V= = (v}, )n>1 are two disjoint countably infinite sets of vertices.
The edge set & is defined as follows:
e ois connected to v]” and v; by the “diagonal” edges ej and ey , respectively;
e for each n > 1, v;f is connected to vyi_l by the vertical edge e;;
e for each n > 1, v} and v, are connected by the horizontal edge e,,.

Us Us
y+ _ %
Ugy Uy
Jr
Lt Uy
0

FI1GURE 2. The rope ladder graph.

By construction, deg(o) = 2 and deg(v,") = deg(v,, ) = 3 for all n > 1. Moreover, an
infinite rope ladder graph has exactly one end. Notice also that a similar example
was studied in [44, Section 7] (see also [31, §5]) in context with the construction of
non-constant harmonic functions of finite energy.

Equip now G, with edge lengths |- |: £ — Rso and consider the corresponding
minimal Kirchhoff Laplacian Hy on the metric graph G = (G4, | -|). The next result
immediately follows from Theorem 2.8 and Corollary 2.11.

Corollary B.1. If

D oletl+lenl =00, and > ey |+ len| = oo, (B.1)
n>1 n>1
then the Kirchhoff Laplacian Hy is self-adjoint. If
vol(G) = > lef | + e | + [en] < o0, (B.2)
n>1

then ny (Hg) > 1.

We omit the proof since it is easy to check that the first condition is equivalent
to the geodesic completeness of (V, o,,) (cf. Theorem 2.8). Due to the symmetry of
the underlying combinatorial graph, the gap between the above two conditions is
equivalent to the fact that the corresponding lengths satisfy

> lef| = oo, > len |+ len] < oo (B.3)
n>1 n>1

Next, let us describe the space of harmonic functions H(G).
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Lemma B.2. Let a,b € C. Then there is exactly one f € H(G) such that
ff) =a, floy) =0 (B-4)

Moreover, this function f is recursively given by

blei | + aleg |
0) = —F——— B.5
T = e e B
and
el lex] €3] €3]
f(”erE-H) =\1l+t =+ flog) = g Flop_y) = f),  (B.6)
len—al * len -1l len
for all n € Zx1, where we use the notation vy := vy = o.

Proof. Suppose a,b € C are given and f € H(G) satisfies (B.4). Since f is linear on
every edge and satisfies (2.6) at v = o, we get

[ = £0) | 1) = f0) _a—f(o)  b—f(0)

o / _
0=lglortig ="y eo] el T el

which implies (B.5). Moreover, Kirchhoff conditions (2.6) at v = v;5, n > 1 read

fE) — fl)  fluiE) — fof) LD = )

+
e | el len]

)

=0.

This implies that f is given by (B.6). Hence there is at most one f € H(G) satisfying
(B.4) for given a,b € C. However, the same calculation shows that f defined by
(B.5) and (B.6) has this property. Thus, existence follows as well. O

From Lemma B.2, it is clear that dim(H(G)) = 2, and, moreover,

H(G) = span{lg, g0},

where 1¢g denotes the constant function on G and gg € H(G) is the function defined,
for example, by the following normalization

90(0) =0, go(vi") = leg |, golor) = ~leg|- (B.7)
Notice that go(v:¥), n > 1 are then given recursively by (B.6).
Lemma B.3. If vol(G) < oo, then
H(G) N Hl(g) = span{lg}. (B.8)

The claim immediately follows from the fact that a rope ladder graph has exactly
one end. However, let us present a direct proof based on the analysis of harmonic
functions.

Proof. Taking into account (B.8), we only need to show that go ¢ H'(G). First, ob-
serve that (go(v;}))n>1 and (go(v,, ))n>1 are strictly increasing positive, respectively,
strictly decreasing negative sequences. Indeed,

—leg | = go(vy) < 0= go(0) < go(vy") = |eg|
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by the very definition of gg. Let n > 1 and assume now that we have already shown

that (go(v; )}, is strictly increasing and (go(v;, )7, is strictly decreasing. Since
go(0) = 0, (B.6) implies

lenl ., ledl

MGME (1+ o

lea_1]  lenl

e ]

)QO(UI)‘*|BZ

Jgtl + len | +) _ + +
1+ go(vn)+|e+ (90(vn) = 90(v5_1)) > go(vy,)-

[ 1l

|go(v§Ll) - 90(vy)
-1

A similar argument shows that go(v, ;) < go(v,, ) and hence the claim follows by
induction. Now monotonicity immediately 1mphes

lob3z() = Z/%u<m>z ) e

ecf n>0
9000) g0 | e e 1
= Z > |go(vy") = go(vy)] Z = 00,
|6n‘ ne0 len]
since vol(G) < co. Thus go ¢ H(G). O

In particular, this also leads to the following result:

Corollary B.4. If vol(G) < oo, then ny(Hy) € {1,2}. Moreover, ny(Hp) = 1 if
and only if go & L*(G).

Proof. The claim about the deficiency indices follows from Corollary 2.11 and the
fact that 1g € L?(G). The equivalences then follow from Lemma B.3. O

As the next example shows, the inclusion go € L?(G) heavily depends on the
choice of edge lengths.

Example B.5. Fix s > 3 and equip the rope ladder graph with edge lengths
1 2n
o] —
|6n |€n| ° (n+1)s7 ‘6n| . (n+1)s_n57

where is fixed. Then |e,| ~ n?~% for large n and hence vol(G) < co. Moreover, for
this particular choice of edge lengths we have go(v) = £n for all n > 1. Indeed,
go(vF) = £1 by (B.7). Assuming we have already proven that go(v¥) = +k for
k <n with some n > 1, we have by (B.6):

nEEZZo,

s 1 n®(n—1) n
)= (1 Jn-
PO = I Gy T G e e T e Dl
n® 2n n® (n+1)* —n*
=n+ + =n+ + =n+1.
B (R P B (R N (X S
Analogously, go(v,, ;) = —(n + 1) and hence the claim follows by induction.

Applying Lemma B.3 and using again that |e,| ~ n?>~% as n — oo, we conclude
that go € L?(G) exactly (see Lemma 2.13) when

D lgow)Penal +lenh =Y n*(n+1)7" +n"*) < oo

n>1 n>1
and 5
2n
ZLC]O ) len—1| = Zm<oo~
n>1 n>1
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Clearly, the latter holds only if s > 5. Hence, by Lemma B.4, ny (Hy) = 2 for all

s> 0.

In particular, ker(H) C H'(G) < s < 5.
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A NOTE ON THE GAFFNEY LAPLACIAN
ON INFINITE METRIC GRAPHS

ALEKSEY KOSTENKO AND NOEMA NICOLUSSI

ABSTRACT. We show that the deficiency indices of the minimal Gaffney Lapla-
cian on an infinite locally finite metric graph are equal to the number of finite
volume graph ends. Moreover, we provide criteria, formulated in terms of finite
volume graph ends, for the Gaffney Laplacian to be closed.

1. INTRODUCTION

The standard way to associate an operator with the Laplacian in a domain in R™
or on a Riemannian manifold is to consider it either on smooth compactly supported
functions (the so-called pre-minimal operator) or on the largest possible domain,
that is, on all L? functions such that the distributional Laplacian applied to these
functions can be identified with an L? function (the mazimal operator). Then the
pre-minimal Laplacian is essentially self-adjoint if and only if its L? closure, the
minimal operator, coincides with the maximal operator. For geodesically complete
manifolds the essential self-adjointness was proved by W. Roelcke [23] (see also
[5, 27]). It is impossible to give even a brief account on the subject and we only refer
to [1, 7, 25], some recent work in the case of non-complete manifolds [20, 21] and also
for weighted graph Laplacians [14, 16]. Let us also mention the work of M. P. Gaffney
[10], where the maximal operator was further restricted to functions having finite
energy. It turns out that the self-adjointness of this operator (sometimes called the
Gaffney Laplacian [12]) is equivalent to the uniqueness of a Markovian extension.
Clearly, essential self-adjointness implies the uniqueness of Markovian extensions,
but the converse is not necessarily true. We refer to [7, Chapter I] for an excellent
account on importance and applications of self-adjoint and Markovian uniqueness.

The main object of our paper is a quantum graph, i.e., a Laplacian on a metric
graph. From the perspective of Dirichlet forms, quantum graphs play an important
role as an intermediate setting between Laplacians on Riemannian manifolds and
discrete Laplacians on weighted graphs. The most studied quantum graph operator
is the Kirchhoff Laplacian, which provides the analog of the Laplace—Beltrami oper-
ator in the setting of metric graphs. Whereas on finite metric graphs the Kirchhoff
Laplacian is always self-adjoint, the question is more subtle for graphs with infinitely
many edges. Geodesic completeness (w.r.t. the natural path metric) guarantees self-
adjointness of the (minimal) Kirchhoff Laplacian, however, this result is far from
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Key words and phrases. Quantum graph, graph end, self-adjoint extension, Markovian exten-
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being optimal [8, §4]. The present paper is a complement to the recent work [18],
where a relationship between one of the classical notions of boundaries for infinite
graphs, graph ends, and self-adjoint extensions of the minimal Kirchhoff Laplacian
on a metric graph was established. More precisely, the notion of finite volume for
ends of a metric graph introduced in [18] turns out to be a proper notion of a
boundary for Markovian extensions of the Kirchhoff Laplacian. Our main goal is
to elaborate on the relationship between finite volume graph ends and the Gaffney
Laplacian, which is defined as the restriction of the maximal Kirchhoff Laplacian to
functions having finite energy (i.e., H! functions). First of all, one of the main re-
sults of [18] provides a transparent geometric characterization of the self-adjointness
of the Gaffney Laplacian: the underlying metric graph has no finite volume ends
(see Lemma 3.4 below). Our first main result shows that the deficiency indices of
the (minimal) Gaffney Laplacian (i.e., the dimension of the space of its self-adjoint
extensions) are in fact equal to the number of finite volume graph ends (Theo-
rem 3.8). The Gaffney Laplacian has several advantages comparing to the maximal
Kirchhoff Laplacian, although one of the main disadvantages is the fact that it is
not necessarily closed. Our second main result, Theorem 3.9 provides necessary and
sufficient conditions for the Gaffney Laplacian to be closed. These conditions are
stated in terms of finite volume graphs ends and in certain cases of interest (graphs
of finite total volume or Cayley graphs of countable finitely generated groups) they
give rise to a transparent geometrical criterion: the Gaffney Laplacian is closed if
and only if the underlying metric graph has finitely many finite volume ends, which
is further equivalent to the fact that the deficiency indices of the minimal Gaffney
Laplacian are finite. If the Gaffney Laplacian is not closed, then the most important
question is how to describe its L? closure. It does not seem realistic to us to obtain
a complete answer to this question and we demonstrate by examples that under
certain symmetry assumptions the closure of the Gaffney Laplacian may coincide
with the maximal Kirchhoff Laplacian.

Let us now briefly describe the structure of the article. Section 2 is of preliminary
character where we collect basic notions and facts about graphs and metric graphs
(Section 2.1); graph ends (Section 2.2); Sobolev spaces on metric graphs (Section
2.3); Kirchhoff, Dirichlet and Neumann Laplacians on metric graphs (Section 2.4).
The main results of the present paper are collected in Section 3. First we introduce
the minimal Gaffney Laplacian and the Gaffney Laplacian, study their properties
and also investigate their relationship with the Kirchhoff, Dirichlet and Neumann
Laplacians. In the final section we discuss several explicit examples.

Notation. Z, R, C have their usual meaning; Z>, := ZN [a, ).

z* denotes the complex conjugate of z € C.

For a given set S, #S denotes its cardinality if S is finite; otherwise we set #5 = co.
If it is not explicitly stated otherwise, we shall denote by (z,,) a sequence ()52 ,.

2. QUANTUM GRAPHS AND GRAPH ENDS

2.1. Combinatorial and metric graphs. In what follows, G; = (V, &) will be
an unoriented graph with countably infinite sets of vertices V and edges £. For two
vertices u, v € V we shall write u ~ v if there is an edge e, , € £ connecting u with
v. For every v € V, we denote the set of edges incident to the vertex v by &, and

deg(v) := #{e|le € &,} (2.1)
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is called the degree of a vertex v € V. A path P of length n € Z>o U {0} is a
sequence of vertices (vg, v1,...,v,) such that vy_; ~ vy for all k € {1,...,n}.
The following assumption is imposed throughout the paper.

Hypothesis 2.1. G, is locally finite (deg(v) < 0o for every v € V) and connected
(for any two vertices u,v € V there is a path connecting u and v).

Assigning to each edge e € £ a finite length |e| € (0,00) turns G4 into a metric
graph G == (V,&,| - |) = (Ga,| - |)- The latter equips G with a (natural) topology
and metric. More specifically (see, e.g., [15, Chapter 1.1]), a metric graph G is a
Hausdorff topological space with countable base such that each point z € G has
a neighbourhood &, () homeomorphic to a star-shaped set £(deg(x),r;) of degree
deg(z) > 1,

E(deg(z),r,) == {z = re?™k/dee@) | c [0, 7,), k=1,...,deg(z)} C C.

Identifying every edge e € £ with a copy of an interval of length |e| and also
identifying the ends of the edges that correspond to the same vertex v, G can be
equipped with the natural path metric o — the distance between two points z,y € G
is defined as the length of the “shortest” path connecting x and y.

2.2. Graph ends. A sequence of distinct vertices (v,) such that v, ~ v,41 for
all n € Zx> is called a ray. Two rays Ri, Ry are called equivalent — and we write
R1 ~ Ro — if there is a third ray containing infinitely many vertices of both R4
and Ro. An equivalence class of rays is called a graph end of Gg.

Considering a metric graph G as a topological space, one can introduce topolog-
ical ends. Consider sequences U = (U,,) of non-empty open connected subsets of G
with compact boundaries and such that U,41 C U, for all n > 0 and (,,+, U, =10.
Two such sequences U and U’ are called equivalent if for all n > 0 there exist j and
k such that U, O U ]’ and U/ D Ujg. An equivalence class v of sequences is called
a topological end of G and €(G) denotes the set of topological ends of G. There
is a natural bijection between topological ends of a locally finite metric graph G
and graph ends of the underlying combinatorial graph G,: for every topological end
v € €(G) of G there exists a unique graph end w,, of G4 such that for every sequence
U representing vy, each U, contains a ray from w., (see [28, §21], [6, §8.6 and also
p.277-278] for further details).

One of the main features of graph ends is that they provide a rather refined way
of compactifying graphs, called the end (or Freudenthal) compactification of G (see
[6, §8.6], [28] and also [18, §2.2]).

Definition 2.1. An end w of a graph G, is called free if there is a finite set X of
vertices such that X separates w from all other ends of the graph.

Remark 2.2. Notice that an end v € €(G) is free exactly when there exists a
connected subgraph G with compact boundary dG' such that U, C G eventually
for any sequence U = (U,) representing v and U/ N G =0 eventually for all
sequences U’ = (U])) representing an end ' # 7.

We also need the following notion introduced in [18].
INotice that for a subgraph G of G its boundary is G = {v € V(G)| degz(v) < deg(v)} and
hence 9§ is compact exactly when #85 < oo0.
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Definition 2.3. A topological end v € €(G) has finite volume if there is a sequence
U = (U,) representing v such that vol(U,) < oo? for some n. Otherwise v has
infinite volume. The set of all finite volume ends is denoted by €4 (G).

2.3. Function spaces on metric graphs. Identifying every edge e € £ with the
copy of Z, = [0,]e|] (and hence assigning an orientation on G), we can introduce
Sobolev spaces on edges and on G. First of all, the Hilbert space L?(G) of functions
f:G — C is defined by

LQ(g) = @Lz(e) = {f = {fe}e€£| fe € Lz(e)a Z erH%z(e) < OO}
ec& ecf

The subspace of compactly supported L?(G) functions will be denoted by
L3(G) = {f € L*(G)| f # 0 only on finitely many edges e € 5}.

For edgewise locally absolutely continuous functions on G let us denote by V the
edgewise first derivative,

Vf:=f. (2.2)
Then for every edge e € &,

H'(e) ={f € AC(e)| Vf € L*(e)}, H*(e)={f € H'(e)|Vf € H'(e)},
Next H"(G\ V), n € {1,2} is defined as a space of functions f: G — C such that

H™"(G\V) = @Hn(e) = {f = {fe}e€S| fe € H"(e), Z erH%{"(e) < OO}

ec& eel

It becomes a Hilbert space when equipped with the norm || f||3,. := > c¢ || fe ”%I"(e)'
The first Sobolev space on G is defined by

HYG)=HYG\V)nC(G),

which is also a Hilbert space when equipped with the above norm. We also define
H}(G) as the closure in H*(G) of H}(G) = HY(G) N L2(G).

The Sobolev space H!(G) is continuously embedded in Cy(G) = C(G) N L>=(G)
(see, e.g., [18, Lemma 3.2]) and, moreover, every function f € H'(G) admits a
unique continuous extension to the end compactification GofgG ([18, Proposi-
tion 3.5]): for every f € H'(G) and a (topological) end v € €(G), we define

where R = (v,,) € w, is any ray belonging to the corresponding graph end w..

It turns out that finite volume graph ends serve as a proper boundary for the
Sobolev space H'(G). Namely, considering H'(G) as a subalgebra of Cy,(G), it was
proved in [18, §3] that its closure is isomorphic to Co(GU€(G)). In particular, ends
having infinite volume lead to trivial values, that is,

fv) =0
for every f € H'(G) if and only if v ¢ €¢(G). Moreover, by Theorem 3.10 from [18],
Hy(G) = {f € H'(G)| f(7) = 0 for all v € €(G)}, (2.4)

and hence H*(G) = H}(G) exactly when G has no finite volume ends, €y(G) = 0.

2As usual, vol(A) denotes the Lebesgue measure of a measurable set A C G.
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2.4. Kirchhoff, Dirichlet and Neumann Laplacians. Let G be a metric graph
satisfying Hypothesis 2.1. If v is a vertex of the edge e € &, then for every f € H?(e)
the following quantities

. o flae) = f(v)

e(v):=1 e), O =1
fo(w) = Jim f(ae) F) = Jim SO

are well defined. The Kirchhoff (also called standard or Kirchhoff-Neumann) bound-
ary conditions at every vertex v € V are then given by

: (2.5)

f is continuous at v,

> Oef(v) =0.

ec&,

(2.6)

Imposing these boundary conditions on the maximal domain yields the maximal
Kirchhoff Laplacian

H=-A[dom(H), dom(H)={f¢c H*G\V)|f satisfies (2.6), v € V}. (2.7)
Restricting further to compactly supported functions we end up with the pre-
minimal operator

H) = —A [ dom(Hfj),  dom(H)) = dom(H)N LZ(G). (2.8)

We call its closure Hy := Eg in L2(G) the minimal Kirchhoff Laplacian. Integrating
by parts one obtains

(HYf. f)12(0) = /g V@) de={f], fedom(H), (29

and hence both HY and Hy are non-negative symmetric operators. It is known that
H; =H. (2.10)
The equality Hy = H holds if and only if Hy is self-adjoint (or, equivalently, HY

is essentially self-adjoint). To the best of our knowledge, the strongest sufficient
condition which guaranties self-adjointness is provided by the next result.

Theorem 2.4 ([8]). Let o,, be the star path metric on V,

Om (U, v) = inf Z m(vk), (2.11)

P=(vo,..., Vn
u:g)o, v:vyl,,) v €EP

where m: V — (0,00) is the star weight
m(v) ==Y le] = vol(E,). (2.12)
ec&,

If (V, 0m) is complete as a metric space, then HY is essentially self-adjoint.

The degree of non-self-adjointness of Hy is determined by its deficiency indices
ny (Hy) = dim N4;(Hp), where
N, (Hp) :=ker(Hj — z) = ker(H—2), z€C, (2.13)
are called the deficiency subspaces of Hy. Notice that ny (Ho) = n_ (Hp) since Hy is
non-negative and hence ny (Hy) is equal to the dimension of the space of self-adjoint
extensions of Hy.

There is a standard procedure to construct at least one self-adjoint extension
of Hy, the so-called Friedrichs extension, let us denote it by Hp. Namely, Hp is
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defined as the operator associated with the closure in L?(G) of the quadratic form
(2.9). Clearly, the domain of the closure coincides with H}(G) and hence Hp is
given as a restriction of H to the domain dom(Hp) := dom(H) N H}(G) (see, e.g.,
[24, Theorem 10.17]). Taking into account (2.4), Hp is often called the Dirichlet
Laplacian (which also explains the subscript). On the other hand, the form t is well
defined on H'(G) and, moreover,

ty[f] == tf], f € dom(ty) = H'(G)

is closed (since H'(G) is a Hilbert space). The self-adjoint operator Hy associ-
ated with this form is usually called the Neumann extension of Hy or Neumann
Laplacian.

Remark 2.5. Following the analogy with the Dirichlet Laplacian, it might be
tempting to take dom(H) N H'(G) as the domain of the Neumann Laplacian. How-
ever, the operator defined on this domain has a different name — the Gaffney
Laplacian — and it is not even symmetric in general. The main focus of the follow-
ing two sections will be on the study of this operator.

3. THE GAFFNEY LAPLACIAN

Let us fix an orientation on G. In the Hilbert space L?(G), we can associate (at
least) two operators with V defined by (2.2). Namely, set

Vp:=V [dom(Vp), Vy =V [ dom(Vy), (3.1)
where
dom(Vp) = H}(G), dom(Vy) = HY(G). (3.2)
The importance of Vp and Vy stems from the following fact.

Lemma 3.1. Let Hp and Hy be the Friedrichs and the Neumann extensions of
H,, respectively. Then

Hp =V}, Vp, Hy =VyVn, (3.3)
where x denotes the adjoint operator.
Proof. Since H}(G) and H'(G) are Hilbert spaces, both Vp and Vy are closed
operators in L?(G) and hence V$Vp and Vi Vy are self-adjoint non-negative op-
erators in L?(G). The quadratic forms associated with V4,V p and V3,V y coincide

with, respectively, the quadratic forms of Hp and Hy and the claim now follows
from the representation theorem (see, e.g., [17, Chapter VI1.2.1]). O

Remark 3.2. Clearly, V and hence both Vp and V do depend on the choice
of an orientation on G. However, it is straightforward to see that the second order
operators Hp and Hy do not depend on it.

Now we are in position to introduce the main object. In the Hilbert space L?(G),
define the following operators

HG,min = V7VVD7 HG = V*DVN (34)

Both operators are understood as a product of (unbounded) operators in a Hilbert
space: they act edgewise as the negative second derivative and their domains are

dom(Hg min) = {f € H}(G)| Vf € dom(Vy)},
dom(Hg) = {f € HY(G)| Vf € dom(V?})}.
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The operator H¢; is called the Gaffney Laplacian. We shall call Hg min the minimal
Gaffney Laplacian.

Lemma 3.3. Both operators Hg and Hg min are restrictions of the maximal Kirch-
hoff Laplacian H /extensions of the minimal Kirchhoff Laplacian Hy,

H, C IIGJnhlg;IIG CH. (3-5)

Proof. 1t is straightforward to verify both claims, however, we would like to show
that

dom (V) = {feH Q\V‘Zfe —OforallveV} (3.6)
ecé,
which then makes the inclusions in (3.5) obvious. Here we employ the following
notation
- fe(v), v is terminal,
j%@» = { ( )

—fe(v), o is initial.
If f belongs to the RHS in (3.6), then an integration by parts gives

ty(g9) = (Vpg, flrz = —(9. V)12 (3.7)

for all g € H'(G) N L2(G). Clearly, ¢; extends to a bounded linear functional on
L?, which implies that f € dom(V%,) and hence this proves the inclusion “2”.

Suppose now that f € dom(V?,). Fixing an edge e € £ and taking a test function
g € H}(G) such that g equals zero everywhere except e, we immediately conclude
that f belongs to H! on e. Next pick a vertex v € V. Choose g € H{(G) such that
g =0on &\ E&,. Moreover, for every e € £, we assume that g(z.) =1 if 2. € e and
|ze —v] < le|/4 and g(z.) = 0 if |z, — v| > |e]/2. Thus we get

0={£.V09) = (Vpfig) = 3 [ £(V)" + Vi g'ds,

e€&,
=Y fe)ge(w)* =" fe(v)
e€é, e€&y

This also implies that we can perform the integration by parts in (3.7) for every
g € HY(G) N L2(G). Since {5 extends to a bounded linear functional on L?(G), we
conclude that Vf € L?(G), which completes the proof. O

Clearly, all four operators in (3.5) coincide exactly when Hy is self-adjoint (and
hence all four operators are self-adjoint). Moreover, by the very definition we have

Hgmin € Hp € Hg, Hg min € Hy € Hg. (3.8)

In particular, Hg win is symmetric, however, Hg may not be symmetric (and hence
self-adjoint). The next result provides several self-adjointness criteria for Hg includ-
ing a transparent geometric characterization.

Lemma 3.4. The following statements are equivalent:
(i) The Gaffney Laplacian Hg is self-adjoint,
( ) }IGlnul 11G7
(iii) Hy(G) = H'(9),
(iv) HO has a unique Markovian extension,
(v) G has no finite volume ends, €y(G) = 0.
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Proof. The equivalence (iii) < (iv) is well known; (iii) < (v) was established in
[18, Corollary 3.12]. The remaining equivalences follow upon noting that Vp = Vy
if and only if H}(G) = HY(G). O

Recall that an extension H of the minimal Kirchhoff Laplacian Hj is called
Markovian if H is a non-negative self-adjoint extension and the corresponding qua-
dratic form is a Dirichlet form (for further details we refer to [9, Chapter 1]). Hence

the associated semigroup e "M, ¢ > 0 as well as resolvents (ﬁ + X)L A > 0 are
Markovian: i.e., are both positivity preserving (map non-negative functions to non-
negative functions) and L*°-contractive (map the unit ball of L>°(G) into itself).
Notice that both the Dirichlet and Neumann Laplacians are Markovian extensions.
A self-adjoint extension H of Hy is called a finite energy extension if its domain
is contained in H'(G). In particular, every Markovian extension is a finite energy
extension (for further details we refer to [18, §5]).

The importance of the Gaffney Laplacian in the study of Markovian and, more
generally, finite energy extensions of Hy stems from the following fact.

Lemma 3.5. The domain of the Gaffney Laplacian is given by

dom(Hg) = dom(H) N H*(G). (3.9)
In particular, H is a Markovian/finite energy self-adjoint extension of Hy if and
only if H is a Markovian/self-adjoint restriction of He.

Proof. The inclusion dom(Hg) C dom(H) N H!(G) follows from the definition of
H¢. The converse inclusion is immediate from (3.6). O

As in the case of the maximal and minimal Kirchhoff Laplacians, there is a close
connection between the Gaffney Laplacians.

Lemma 3.6. The minimal Gaffney Laplacian is closed in L*(G) and

He nin = HE. (3.10)
Proof. By the very definition of Hg, we get

VaVp C Hg

and hence Hg min € HE,. To prove the converse inclusion, observe that Hf, € Hp
and HY, € Hy. Taking into account Lemma 3.1, we thus get

dom(H¢,) € dom(Hp) Nndom(Hy)
={f € Hy(9)|Vpf € dom(Vp)} n{f € H'(G)|Vnf € dom(Vy)}
={f € Hy(9)|Vpf € dom(V})}
= dom(He min)s
which implies (3.10). Since the adjoint is always closed, the first claim follows. [

Remark 3.7. The fact that Hg min is a closed operator can be seen by noting that
its domain is the intersection of domains of the Friedrichs and Neumann extensions,

dom(Hg min) = dom(Hp) N dom(Hy). (3.11)
Indeed, one simply needs to compare the definition of Hg min with (3.3) and take

into account that V3 C V7. Since both Hp and Hy are closed, one concludes
that so is Hg min-
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Our first main result is the following connection between deficiency indices of
Hg min and graph ends.

Theorem 3.8. The deficiency indices of the minimal Gaffney Laplacian Hg min
coincide with the number of finite volume ends of G,

n4+ (Hg min) = #€0(9). (3.12)

Proof. If #€,(G) < oo, then using the results of [18, §6] one can easily see that
dim(dom(Hy )/ dom(Hg min)) = #€o(9) (indeed, combine Prop. 6.6(i) and Corol-
lary 6.7 with Theorem 3.11 from [18]). This immediately implies (3.12) since Hy
is a self-adjoint extension of Hg min (cf. [24, Theorem 13.10]).

It remains to consider the case #€,(G) = oo. By (3.9) and [18, Lemma 4.7],

dim(ker(Hg — \)) = dim(ker(H — \) N HY(G)) = #&(G) (3.13)
for all negative real A. It remains to notice that He C HF, ;,, and hence the claim
follows from the positivity of Heg min. O

In contrast to the minimal Gaffney Laplacian, Hg is not automatically closed,
that is, Hf ;,, = Hg, although it is not necessarily true that

H i = Ho. (3.14)

Our second main result provides necessary and sufficient conditions for the Gaffney
Laplacian to be closed.

Theorem 3.9. Let G be a metric graph satisfying Hypothesis 2.1 and let Hg be
the corresponding Gaffney Laplacian.
(i) If #€o(G) < oo, then Hg is closed and (3.14) holds true.
(ii) If G contains a non-free finite volume end, then ni(Hg min) = 00 and Hg
is not closed.

Proof. (i) It suffices to employ the following decomposition
dom(Hg ,,;,) = dom(Hp) + ker(Hg 5, — 2) = dom(Hp) + N (Hg min), (3.15)

which holds for every z in the resolvent set of Hp (see, e.g., [24, Prop. 14.11]).
By Theorem 3.8, dim(ker(H, ;, — 2)) = #&(g) < oo. Combining (3.13) with
dom(Hg) C dom(Hg ;,), we conclude that dom(Hg) = dom(HE ;)

(ii) Since the mapping V: H*(G) — L?(G) is bounded, (3.14) holds if and only
if there exists a positive constant C' > 0 such that

IV£IIE2(6y < CUIFI 2y + IHSIF2(g)) (3.16)

for all f € dom(Hg) = dom(H) N H(G).

Let v € €,(G) be a non-free finite volume end of G. For a sequence of open sets
U = (U,,) representing v, we can choose a sequence (G,,) of connected subgraphs of G
such that #9G,, < 00, G,, 2 Gp+1 and G,, C U, for all n. Notice that #€(G,,) = oo
for every n > 0 and (),,», G» = 0 and hence vol(G,) — 0 as n — co.

Fix A < 0 and denote by H,, the Gaffney Laplacian on the subgraph G,, n > 0.
Taking into account (3.13), there exists a real-valued function f, € ker(H,, — )
with f,(v) = 0 for all v € 0G,, and such that | f,|lcc = 1 Moreover, extending f,
by zero on G \ G, gives a function (also denoted by f,,) belonging to the domain of
the Gaffney Laplacian Hg on G.
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Assuming that H¢ is closed, (3.16) would imply that
IV fallzecoy S 1fallZ2qg) + 1B fall72igy = (1 + M) fallZ2(g,) < (1 +X*)vol(Gn)

for all n > 0. Next, for each n there is x,, € G, with |f,(z,)| > 1/2. Choosing
Yn € 0G, and a path P, in G, connecting x, and y,, we get

% = |fn(zn) = falyn)| < / |V fo(x)|dz < VO](PH)”vfn”L?(g) S VOl(gn)2

n

for all n > 0. However, the right-hand side tends to zero when n — oo. This
contradiction completes the proof. O

Let us now present two particular cases of interest when Theorem 3.9 provides
necessary and sufficient condition for Hg to be closed.

Corollary 3.10. Suppose G has finite total volume. The following are equivalent:

(i) The Gaffney Laplacian Heg is closed,
(ii) (3.14) holds true,
(iii) G has finitely many ends, #€(G) < co.

Proof. We only need to notice that €(G) = €(G) in the case when vol(G) < co. By
Halin’s theorem [13], a locally finite graph G has at least one end which is not free
if €(G) = oo. Thus, it remains to apply Theorem 3.9. O

Theorem 3.9 also gives rise to a criterion in the case of Cayley graphs.

Corollary 3.11. Suppose Gq is a Cayley graph of a countable finitely generated
group G. Then Heg is not closed if and only if #€(G) = oo and G has at least one
finite volume end.

Proof. If there are infinitely many ends, then the end space is known to be home-
omorphic to the Cantor set and hence there are no free graph ends. Theorem 3.9
completes the proof. O

Remark 3.12. By the Freudenthal-Hopf theorem, a Cayley graph of a countable
finitely generated group has 1, 2 or infinitely many ends. Moreover, the number of
ends is independent of the choice of the finite generating set. By Hopf’s theorem,
Gq has exactly two ends if and only if G is virtually infinite cyclic. The classification
of finitely generated groups with infinitely many ends is due to J. R. Stallings (see,
e.g., [11, Chapter 13]). In particular, if G is amenable, then it has finitely many
ends (actually, either 1 or 2) and hence the Gaffney Laplacian is always closed for
Cayley graphs of amenable groups.

Remark 3.13. The above considerations shed more light on the results obtained
in [18].
(i) First of all, combining (3.5) with (3.9) and Theorem 3.9(i) we obtain one
of the main results in [18], Theorem 4.1, on the deficiency indices of the
Kirchhoff Laplacian:

ny (Ho) = #€(9), (3.17)
with equality if and only if either #€4(G) = oo or dom(H) C H(G).
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(ii) It is straightforward to see that in the case when G has finitely many finite
volume ends, #€o(G) < oo, the triplet II = {C#%(9) 'y, T}, where the
mappings I'p, Ty : dom(H) N H'(G) — C#%(9) are defined by

FO: .f = (f(’}/))'yeﬁ)(G)’ Fl: f = (6”f(7))7e€0(g)’ (318)

(see Prop. 6.6 and Lemma 6.9 in [18, §6]) is a boundary triplet® for the
Gaffney Laplacian Hg. This also implies the description of Markovian and
finite energy extensions of Hy obtained in [18, Theorem 6.11].

4. EXAMPLES

The case not covered by Theorem 3.9 is when G has infinitely many finite volume
free ends, however, all non-free ends have infinite volume. Moreover, there is one
more problem: it is not clear what is the closure of He if it is not closed. We begin
with the following result.

Proposition 4.1. Let G contain a sequence of connected subgraphs (G,) such that
(a) lim,— oo vol(Gyn) =0, and
(b) #0G,, < #€(G,,) for alln > 0.

Then Hg s not closed.

Proof. Tt is easy to see that properties (a) and (b) are exactly the ones used in the
proof of Theorem 3.9(ii) (in the case of a free finite volume end #09G,, < co and
#C(G,) = #€o(Gp) = oo for all n > 0) and hence the proof of Proposition 4.1 is
literally the same and we leave it to the reader. O

Remark 4.2. In fact, one can replace (a) in Proposition 4.1 by the weaker as-
sumption:

(&) sup,, vol(G,) < oo and lim,, diam(G,) = 0,
where diam(G,,) is the diameter of G,, i.e., the length of the “longest” path in G,,.

Proposition 4.1 enables us to construct graphs without finite volume non-free
ends, however with the corresponding Gaffney Laplacian Hg being not closed.

Example 4.3. Take a path graph Py = (Z>0,| - |) equipped with some positive
lengths and attach to each vertex v,, € Z>( an infinite rooted graph G,. If each G,
has at least two ends (e.g., each G,, consists of two rooted antitrees joined at the
root vertices) and lim inf,, vol(G,) = 0, then H¢ is not closed (see Figure 1).

Go G1 G2

FIGURE 1. Z>( with attached graphs G,.

3For definitions and basic properties we refer to, e.g., [24, Chapter 14] or [8, Appeendix A].
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Remark 4.4. If one of the conditions (a), (a’), or (b) fails to hold, then the
corresponding Gaffney Laplacian may or may not be closed. Indeed, consider the
graph depicted on Figure 1. Assuming that each G, has finitely many graph ends
and finite total volume, the Gaffney Laplacian H,, on G, is closed, which is further
equivalent to the validity of Sobolev-type inequality (3.16) with some constant
C, > 0, n > 0. Also one has similar inequalities on every edge of a path graph,
however, the corresponding constants do depend on the edges lengths (see, e.g.,
[17, Chapter IV.2]). When we “glue” the graphs (G,) and edges of a path graph,
the space H'(G) is a subspace of the direct sum of H! spaces and hence if all the
constants admit a uniform upper bound, then (3.16) would trivially hold true on G
(e.g., take all G,, being identical and assume that the path graph is equilateral).

Obtaining a complete answer in the case of a metric graph depicted on Figure 1
seems to be an interesting and nontrivial problem.

In conclusion we would like to show that for a large class of metric graphs the
closure of the Gaffney Laplacian may coincide with the maximal Kirchhoff Laplacian
(which is also equivalent to the fact that Hy = Hg min).

Example 4.5 (Radially symmetric trees). Let G = T be a radially symmetric
metric tree: that is, a tree 7 with a root o such that for each n > 0, all vertices
in the combinatorial sphere S, have the same number of descendants b, € Z>2
and all edges between S,, and S,,+1 have the same length ¢, € (0,00). Clearly, a
radially symmetric tree 7 is uniquely determined by the sequences (b,) and (¢,,).
The assumptions imply that 7 has uncountably many ends. Define

n n—1
ﬂn:ku7 tnzzéka
k=0 k=0
for all n > 0. Notice that (7, ¢) is complete exactly when £ := lim,,_, t, = 0.

Lemma 4.6. Let G =T be a radially symmetric tree. The corresponding Gaffney
Laplacian Hg is closed if and only if

vol(T) = Z Hn by, = 00. (4.1)
n>0

If vol(T') < oo, then the closure of Hg coincides with the mazximal Kirchhoff Lapla-
cian H, Hg # He = H.

Proof. Tt is well-known (see, e.g., [4, 26]) that in the radially symmetric case H is
self-adjoint if and only if vol(7") = 4oc0. In particular, in this case all four operators
in (3.5) coincide and hence Hg = HY, is closed. If 7 has finite volume, then by
Corollary 3.10 the Gaffney Laplacian H¢g is not closed. Thus we only need to prove
the second claim.

Since vol(7T) < oo, the Friedrichs extensions Hp has strictly positive spectrum
(e.g. [19, Corollary 3.5]) and hence

dom(H) = dom(Hp) + ker(H).
However, dom(Hp) C dom(Hg) and it suffices to show that ker(H) C dom(Hg).

According to [4, 22] (see also [26, Section 7] and [3]), the Kirchhoff Laplacian on a
radially symmetric trees H is unitarily equivalent to

ﬁ - Hsym @ Hn ® Hﬂn*#n—la (42)
n>0
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where the operators Hgym and H, in (4.2) are Sturm-Liouville operators defined
by the differential expression

r=—— TS (4.3)

however, in different L? spaces: Hgym acts in L2([0, £); 1) on the domain

dom(Hgym) = {f € L*([0, £); )| f, pf’ € AC([0,£]), 7f € L*([0,£); p); f'(0) = 0},
and H,,, n > 0 are defined in L?([t,,£); ) on the domain

dom(Hy) = {f € L*([tn, £); )| f. uf" € AC([tn, £]), Tf € L*([tn, £); p); f(tn) = 0}.

The weight function u: [0, L) — [0, 00) is explicitly given by

,u(S) = Z /“Ln]l[t,,t,t,L+1)(S)7 s € [Oa L) (44)
n>0

By (4.2), ker(H) can be decomposed via the kernels of Hgyy and H,,. Notice that
ker(Hgym) = span{1jy )} and ker(H,,) = span{g, }, where g, is given by

1
gn(z) = /t mds, x € [tn, L).

With respect to the decomposition (4.2), every g, as well as 1 ) define a function
in ker(H). In particular, 1o z) gives rise to 17, which is clearly in H(T). Since

| @ Putaa = [ - PP

t b () =

according to [22, Theorem 3.1] (see also [26, equation (3.12)]), the other functions
are also in H*(T). Thus ker(Hg) is dense in ker(H), which completes the proof. [J

Remark 4.7. Radially symmetric trees are a particular example of the so-called
family preserving metric graphs (see [3] and also [2]). Employing the results from
[3] (and also assuming no horizontal edges), it is in fact possible to show that for
family preserving metric graphs Hy = Hg min and hence either Hg is closed (which
holds exactly when the corresponding metric graph either has infinite volume, and
hence Hyj is self-adjoint [18, Remark 4.12], or it has finite volume and finitely many
ends) or its closure coincides with the maximal Kirchhoff Laplacian.
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