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Abstract

A Yang-Mills theory has the purpose of extending the abelian U(1) gauge principle of Quantum
Electrodynamics to the case of a non-abelian SU(n) gauge principal. The Yang-Mills equations
of a Yang-Mills field coupled to a scalar field arise as the equations of motion of the Lagrangian
density of the corresponding field. Some global solutions of this system of equations are studied
for both the presence and the absence of a scalar field ¢ in section 3. Results on the energy
such as the possibility of splitting the energy in different parts and corresponding estimates in
the system together with conserved quantities are presented in section 4 and 5. Results on the
asymptotic behaviour of the system for the possibility of the scalar field having mass zero are
presented in section 6. Section 7 collects estimates and their proofs in the case the scalar field
has positive mass m > 0.

Zusammenfassung

Eine Yang-Mills Theorie hat den Zweck, das abelsche U(1) Eichprinzip der Quantenelektro-
dynamik fiir den Fall eines nicht-abelschen SU(n) Eichprinzips zu erweitern. Die Yang-Mills
Gleichungen eines Yang-Mills Feldes, welches an ein skalares Feld gekoppelt, ist erhdlt man als
Bewegungsgleichungen der Lagrangedichte des dazugehorigen Feldes. Einige globale Losungen
dieses Systems von Gleichungen werden fiir beide Falle, namlich die Anwesenheit und Abwesenheit
eines skalaren Feldes, in Kapitel 3 studiert. Resultate beziiglich der Energie, wie beispielsweise die
Moglichkeit die Energie in verschiedene Bestandteile aufzuteilen, und dazugehoérige Abschitzungen
in dem System werden zusammen mit Erhaltungsgrofien in den Kapiteln 4 und 5 behandelt. Das
asymptotische Verhalten des Systems fiir die Moglichkeit eines skalaren Feldes mit Masse null
wird in Kapitel 6 analysiert. In Kapitel 7 werden Abschétzungen fiir den Fall, dass das skalare
Feld eine positive Masse m > 0 hat, behandelt.
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1 Introduction to Yang-Mills theory

First, we start with a brief introduction to Yang-Mills theory itself to gain a first impression of
why one would like to delve deeper into this area of physics and investigate the mathematics
behind it.

We begin with the definition of the action and why we need the Euler-Lagrange equations. [6]

Definition. (Lagrange function and the action)
Let L = L(z1(t),za(t), -+ ,xn(t),&1(t), 22(t), -+ ,&n(t)) be a first order function (Lagrange
function). The action S is defined by

S= [ L), 2a(t), - an(t), i1 (8), #a(t), - i (D)dt to,t € R.

Now, we want to obtain stationary points of the action S under compactly supported variations.
The following Theorem is the first step obtaining these points.

Theorem 1.1. A field is a stationary point of the action if and only if it satisfies the Euler-

Lagrange equations
d 0L oL

dt 8i,  Or,

Next, we need the definition of a Lie group.

Definition. (Lie group)
A Lie group is a group G, which is simultaneously a differentiable manifold and such that the
group multiplication

w:GxG— G,
u(g,h) =g-h

is smooth.

Remark: The smoothness of the inverse operation follows from the smoothness of the multiplica-
tion.

Now we can explain the principal idea of a Yang-Mills theory (YM) with this setup|7]. In
physics, there are four fundamental interactions: the strong interaction, the electromagnetic
interaction, the weak interaction and gravity. A theory states that at very high energies, all
of these interactions were unified into fewer combinations of these four. Physicists managed to
formulate a theory where the electromagnetic interaction could be combined with the weak one
to obtain the electroweak interaction. Gauge groups play an essential role in all these theories
because knowing the corresponding group of the interaction allows mathematics to get a deeper
insight of the theory. A Yang-Mills theory is a non-abelian gauge theory, i.e., a field theory, where
the Lagrangian is invariant under certain Lie groups of local transformationsﬂ Its purpose is,
roughly speaking, to study the unification of the electromagnetic and weak interaction and, in
future, it may also allow to add the strong interaction in this picture. Whether gravity plays a
role in this theory or not is currently studied. Summarizing, the aim of the Yang-Mills theory is

IThe global gauge group of a Yang-Mills theory is in fact a connected semisimple compact Lie group whose Lie
algebra consists of skew symmetric matrices. For more information on that topic, see [1].



to extend the abelian U(1) gauge principle of Quantum Electrodynamics (quantum field theory
of the electromagnetic interaction) to the case of a non-abelian SU(n) gauge principle whose goal
is the construction of a theory that is invariant under SU(n) gauge transformations. With the
purpose of the theory known, we can now continue with obtaining the equations of motions via
the Yang-Mills Lagrangian.



2 The Yang-Mills Lagrangian and the equations of motion

First we need to acquaint ourselves with the notation that will be used throughout the next
chapters which is based on [3] and [5]. Let G be a compact Lie group with Lie algebra g. The
Lie multiplication will be denoted by X instead of the common [, -], i.e., for A, B € g we have
Ax B=-BxA, Ax A=0 and the Jacobi identity is written as follows:

Ax(BxC)+Cx(AxB)+Bx(CxA)=0.

Since G was supposed to be compact, g posses a natural inner product denoted by A - B with the
properties (A x B)-C = A- (B x C). Let |A|> = A- A. The choice of this notation comes from
the fact that if we take SU(2) to be our Lie group, its Lie algebra is three-dimensional whose
elements can be regarded as ordinary vectors with the ordinary cross and dot product as the
operations on it. The space-variables are z = (21,22, 23) € R® and the time variable is t € R.
The partial derivatives are written as
w_ 0 0o_ 0

0" = oz, (k=1,2,3), 0" = 5%
The functions A*, (u = 0,1,2,3), which we call gauge potentials, are functions on R* with values
in g. ¢ shall be a scalar field which also is a function on space-time with values in g. (This
function is called scalar field not because it is a function into R, but rather due to the fact that it
transforms under Lorentz-transformations the way a scalar does|7]).
The covariant derivatives are defined as follows

D% =9% - gA°x
DF = 9F 4+ gA* x (k=1,2,3), geR. (2.2)
The following identity will be used in computations that will follow
D'A-B+ A-DHB =9"*(A-B) (r=0,1,2,3) (2.3)
for C* vector fields A, B.

The Yang-Mills field strengths are given by

FM = gMAY — 9V Al 4 gAF x AY, (v =1,2,3) (2.4)

for some real constant g.
We denote

E'—F0 E2_p2 g3 _ g (2.5)
Hl — F32 H2 — F13 H3 — F21.
The physical meaning of the quantities £% and H? is that they are the components of the electric

and magnetic field respectively. (F'*¥ is sometimes called field strength tensor)[4].
Next, we put

Wh=Drg (u=0,1,2,3). (2.7)
Let E be the matrix with columns E* where the E* € g for (k = 1,2,3). If we have a vector
a = (a1, a2,a3) € R3, then we write Ea = Y, ayE*. By denoting |E|?> = >, |E¥|?, we have the

inequality |Fa| < |E||a|. We do the same procedure with H = (H', H? H?) and ¥ = (1,92 4?).
Let Vj be a real function of a real variable, set V(¢) = Vo(|¢|?) and let V'(¢) denote 20V (|¢|?).



We write the Lagrangian density for a Yang-Mills field coupled to a scalar field (YMS) as

= IE ka SID%6f7 — ZIDFP — V(o). (2.8)
k

The Euler-Lagrange equations for this Lagranglan are of the following form:

D°H' = D*E? — D*E3, (2.9)
D°H? = D'E® — D3B!, (2.10)
D°H?® = D*E' — D'E?, (2.11)
DE' = D?H3 — D3H? + gy' x ¢, (2.12)
D°E? = D3H' — D'H? + g¢* x ¢, (2.13)
DYE? = D'H? — D*H' + g¢® x ¢, (2.14)
> DFH* =0, (2.15)
k
> D'EF =gy x ¢, (2.16)
k
D% = " DFF = —V'(9), (2.17)
k
D%/ — DIy? = gE7 x ¢,, (=1,2,3) (2.18)
DYW? — D%yl = —gH?® x ¢, (2.19)
D*? — D3¢? = —gH' x ¢, (2.20)
D3yt — DYW3 = —gH? x ¢, g €R. (2.21)

The interesting thing about these equations is that only R.12}{2.14] 2.16] and [2.17] result directly
from the Lagrangian L, whereas the other equations appear as constraint equations which follow
from the definitions of the field strengths and the 1* which we will be dealing with now.

The Euler-Lagrange equations of 2.8 are of the following form

oL oL
N 9.22

3~ 2" 50 (222
and oL oL
The values of the derivatives of L lie in g, hence, we can write

oL -
¢) = *L<¢+ 6¢|€ 0)-
For evaluating equations [2:22] and [2:23] we will need the following two identities:
L 01
(z) aAQ\A—I—(BxCH =A+(Bx(O)
and 5 1
) 8BQ|A+(BXC)| =Cx(A+(BxQ)).



For (i), observe that

d1 - _
&§|A+((B+eB)><C)|2:B><C.(A+(B><C))
=B-Cx(A+(BxC(C)) at e=0, for C' vector fields A, B, B,C

while (4) is clear.
Now, we evaluate equation [2.22

OL _ 10 g0 0 2 k k 2
= gA® x40 4+ g > AF xyF —V'(¢).
k
Note that oL o
_ 0 JL o .
o) ~ gy =Y U=123) by (0)

Therefore, 2:22) implies that
OO0 = 0k = gA% x g0 g Yy AR x gt = V(9)
k k

which is equation [2.1
Now we look at equation for p = 0. Using identity (i¢) we find

L 18
0A0 2 9A0

=—g > AF x E¥ — g x 4.
k

(Z\(’)kAOJr@OAkngOxAk|2+|8O¢ng0><¢|2)
k

Since L does not depend on 9° A% and

oL

s~ 2y ()

we get that implies
Y OMEF = —g) AR x EF — g¢ x ¢°
k

k

which is nothing but equation [2:16]

For equations 2.12}2.14] we consider [2:23] for the case p = 1. We can write
oL 1 0
0Al  20A!

_|9PA — 9P A2 — g AL x AP — 9% + gAY x 62).

(|81A0+60A1+9A1XA0|2—|81A3—63A1+9A1XA3|2

Using (47), we obtain

%:gAOxEl—gA?’><F13—|—gAQ><F21—g¢><¢1

=gA’ x B! — gA® x H? + gA% x H3 — gp x .



Moreover, by using identity (i), we obtain the following results

7:E1 7:_F21:_H37:F13:H2.
oA ~ " 3(a2AL)  BOPAT)

Since the Lagrangian is independent of 9! A! equation yields for =1
OB —0?H3 + 93H? = gA° x B! — gA® x H? 4+ gA' x H3 — g¢ x !,

which is exactly The other two equations of this form are obtained in a similar way.
Now, since we have computed the part of the Yang-Mills equations that can be derived directly
from the Lagrangian, we will take a closer look at the constraint equations and how they arise
where each in case we will make use of the Jacobi identity.
Consider first equation By inserting the definition of H' we get
D°H' = D°F* =(8° — gA"x)(9°A® — 9> A® + gA® x A?)
=020 A% — 9?9° A3 4 gd° (A3 x A%) — gA® x 93 A2
+gA% x 9% A3 — g2 A" x (A3 x A?).
Now we substitute in the second line
°A? by E? — 9%A° — gA? x A°
and
A% by E3 — 934 — gA3 x AC.
Consequently, we obtain
D H' =0°E® — 9*E® — g0*(A® x A%) + g0*(A® x A°)
+ g0 (A x A?) — gA® x 9P A? + gA® x 9% A% — g A" x (A3 x A?).
The next step is writing the first two terms as
PE? —9°FE3 = D3E? — gA® x E? — D?E® + gA? x E®,

after which we then evaluate the appearing crossproducts using 2.4 for p =k, v =0 and 25] In
doing so, we see that in the expression for DYH' the quadratic terms cancel pairwise and the
three cubic terms sum to zero by the Jacobi identity. Therefore this establishes equation 2.9 and,
hence, by cyclic permutation of the indices, and as well.

Now, we will have a closer look at equation We find

D'H' =0"H' + gA' x H' = 0'F* + gA' x F*?
=0 (0% A% — 9% A3 + gA® x A?)
+ gAl x 93A% — gA x 9P A3 + g2 Al x (AP x A?)
D?H? and D3H? can be then determined by cyclic permutation of the indices of the above

equation. Taking the sum ), DFH*_ the second-derivative terms cancel pairwise just as the
quadratic ones do. Again, the Jacobi identity shows that the cubic terms vanish upon summation.



Therefore, Y, D* H* = 0 which is the equation we wanted to obtain.
For equation with (j = 1,2, 3) we have

Dy — D70 = D07 — 3740 — gA® x ¢ — g AT x ¢°

=& ¢+ gA x ¢) = (3% — gA® x ¢) — gA” x ¢ — gAT x "

= g(0"A7 + 01 A%) x 6+ g A x (8% — ¥°) + gA° x () — ),
This equation reduces with the identities 2.5 and 2.7 to

g(E7 — gA7 x A%) x ¢ + g2 AT x (A% x ¢) — g? A" x (A7 x ¢) = gE x ¢.
For the final equations, consider We get
Dl’l/12 o D2’1/11 2811/)2 +gA1 % ¢2 _821/11 _gA2 % '1/11
=018 + gA® x ¢) — P*(9'd + gA' x ¢)
+ gA! X (0%¢ 4 gA? x ¢) — gA% x (0'p + gA' x ).

This simplifies to
g(0'A? — 9?AY) x ¢+ g? A x (A% x @) — g A? x (A" x ¢).
Using the Jacobi identity together with the substitution
OTA? —92AY = —H3 — gA! x A2
we obtain equation and, by permutation, the remaining equations as well to finish the

derivation of the Yang-Mills equations. Having derived the equations, the next step is proving
some global existence Theorems.






3 Existence of global solutions

First, we need to add some new definitions in addition to those of chapter 2 before we can state
and proof two existence Theorems that are covered in [5]. For the beginning, we will only consider
a pure Yang-Mills field, i.e. the scalar field ¢ = 0.

We define the energy £ as

£E= %/(|E|2 + |H|?)dz. (3.1)
Furthermore, put
w=uz/r, (r=|z|,z € R?)
et = (1,0,0),e? = (0,1,0),e* = (0,0,1) the standard basis and
W= xw (k=1,2,3). (3.2)
Next, we need the concept of radial functions.

Definition. A function defined on R? is called radial if it depends only on the radius r. H! is
defined to be the completion of C'°-functions which are radial, under the Dirichlet norm

IV6lla = (| [Vode).
R3
Furthermore, we define L? to be the space of radial L? functions.

The following Theorem is the first of our two existence Theorems of global solutions for the
Yang-Mills equations with the absence of a scalar field ¢.

Theorem 3.1. Let o € }NI} and oy € L2. Let g € R. Then there exists a unique solutions of the
Yang-Mills equations in all space-time with the following properties:

Al(z,t) =0,
AR (z,0) = ap(r)v®, (k=1,2,3) (3.3)
AR (,0) = ay (r)0F,
AR ¢ C(R; H}),
o AF € C(R; L?).
The energy is a constant,
AF(z,t) = a(r, ) (k=1,2,3) (3.4)
a(r,t) is a real scalar function and

012

2
—(ga — =)? is integrable over all spacetime.
r r
From now on, we will let the coupling constant g = 1 without loss of generality.

To prove this Theorem, we will claim four Lemmata which together prove Theorem [3.1]



Lemma 3.2. For every ¢ € C°(R3) therefore for all ¢ € ﬁﬁ we have the following inequalities:

/¢6dx < C(/|V¢|2da:)3, and
/¢2r*2d:c < 4/|V¢|2d:1:,

(3.5)

(3.6)

where ¢ is a constant. The first of these inequalities is the Sobolev inequality and the second one
is Hardy’s inequality. Furthermore, every ¢ € H} is almost everywhere equal to a function which
is continuous for x # 0,

dmrd?(r) < / Vo [2dr (3.7)
and
r¢® =0 asr — 0 and r — oo. (3.8)
For a proof of these standard PDE inequalities see e.g. [5] or [2].
The next Lemma allows a simplification of the YM system into a single scalar equation.
Lemma 3.3. The formulas[3.3, and[3.] together reduce the YM system to the scalar equation
0?a — Aa+ F(r,a) =0, (3.9

with
F(r,a) =2r2a—3r 'a® 4+ o (3.10)

Proof. First, we will make use of the following properties of the vectors v*:

Z@kvk = Zwkvk =0,
k k

S P =2=" ) x of?
k g,k

Uk -vl = 6kl — WEWi,

Z|8jvk|2 _
Zf’?”

(wg = xx/7)

vl x ok = =27t

Since A° = 0, we have that

= 9°A% = (8°a)v*, therefore we find
Z((Orﬁoa)wkvk + (0%)0%0* + (%)™ x v*) =0,
k

ZDkEk:
k

which is precisely with ¢ = 0.
Now, using the definition of H*, we have

H? = =€+ (ar



Taking now the vector product of H?, H? with A2, A3 from the respective side we find

5 202 a
A% x H3 = —? x & + ala, — —)wav? x v — w3a®v? x w,
T T

—2 «
H? x A% = ——a%0® x e + a(a, — —)wsv® x v! + woa®v?® x w.
T r

Taking the sum of the above expressions, we get

2
A% x H® + H? x A% = (Za® — o®)v!.
r
These terms are exactly the nonlinear ones in again with ¢ = 0. The linear terms are
0?H? — 93H? which contribute after a tedious computation the following terms

(pr 4+ 2r o, — 2r2a + r~ta?)oh.

By cyclic permutation of the indices we then obtain equations and in the other directions
v? and v respectively. This shows that for a satisfying equation the equations are
valid. By definition of the H* all the other equations follow by lengthy computations.

We find with the help of the expressions of H', H?, H? the following

r?|H|> = 2r2a? + (2o — ra?)? + (2ra?),.

Therefore we can rewrite the energy in terms of « as follows

&= /(af +a?+ %az(g —a)?)dx (3.11)

provided ra?(r) — 0 as r — 0 and 7 — oco. O

Now, we will discuss the existence of solutions of equation [3.9] which shows that there exists a
solution of the Yang-Mills equations (in R%).

Lemma 3.4. The scalar equation[3.9 posses a global solution with given Cauchy data cp, o .

Proof. Since we have a singularity in this equation at » = 0, we consider an approximate equation

for e >0
2

Oppae — Aave + F(r,a.) =0. (3.12)

r
r2+e
The nonlinear term in this equation is locally Lipschitz from H' into L? due to Sobolev’s and
Hardy’s inequalities. Next, we choose smooth functions with compact support ag. and a3, which
converge to ap and oy in H} and L? respectively. We know that if we fix € > 0, then equation
has a unique CZ° solution ae(x,t) at fixed time with given Cauchy data ag. and aqe. It can
be shown that this solution exists in a time interval |¢| < T. For this, see [10]

Let now G(r, @) be the primitive of F(r, a) with G(r,0) = 0. Now, we multiply the approximate
equation by the first time derivative of o, to obtain the following equation

2

1 1
at(i(atae)z + §|Vae\2 + ~G(r,a0) = V- (B Va)). (3.13)

r2
Now, if we integrate over all space, we get an approximate energy identity which is time independent

and given by
2

6G(r, ae))dx. (3.14)

r2

1 1
£ - /(5(3,56!6)2 +5lVac +

11



By letting ¢ = 0, we see that this expression is determined by the initial data and therefore
independently of € bounded.
Now, we see that G can be written as a perfect square in the following form:

1 2
G(r,o) = ~a?(ae —

This then leads to the conclusion that the approximate solution «. exists for all time. For a proof
of this conclusion, see [10].
Next, we will use a so called Morawetz’ radial estimateﬂ Let u = ra, such that

OPu— u+ (2 + €)1 (2u — 3u +u®) = 0.

If we now multiply this equation by 0,u and integrate over the radius, we get
d [* 1 2 1 -2, 2 2
— O - Opudr + = (0,u(0,1))° + —r(r‘+e)“u(u—2)dr=0
dt Jo 2 0 2

because u(0,t) = 0. Now, if we integrate over time and substitute u by r«, the last term yields

the bound - .
T 9 2 odx
——ai(a. — )" —dt < 2&.. 3.15
/(; /(T2+€)2 6(6 7,) r — € ( )
With the setup we have, we can now pass to the limit. There exists a sequence of €’s converging
to zero such that we have

e — o weakly* in L>®(R, H}) and

Orae — O in L(R, L?),

but this means precisely that the derivative terms in equation [3.12] converge in the sense of
distributions. The sequence now may be chosen due to reasons of compactness and diagonalization,
such that o — a almost everywhere in space-time. Therefore we have a2 — o? a.e. and o2 is
bounded in L? (R%), but this means that r%(r? + ¢)~'a2 — o weakly in L2 _(R*).We find in a

completely similar fashion that 7?(r? +¢)~'a? — a2 weakly in L} (R), while 7= € L2 Finally,

loc loc

r?(r? + ) 'a. — a weakly in L¢ (R?) while r=2 € L?O/f What we have shown is that every

term in equation [3.12] converges to their proper limits in the sense of distributions in space-time.
This means that equation [3.9is valid for « in all of space-time. It now follows that a and oy are
continuous functions of time with values in D’(R?) and that a(x,0) = ag(r) and a;(z,0) = ay(r)
which completes the proof. O

The last Lemma we need for the proof of Theorem [3.1] is the following.

Lemma 3.5. Let f € Li, (R, L?),5 € H! and By € L. Then there is a unique solution of the
linear problem

RB—AB+2r28=f, (3.16)
B = By and 0;8 = B1 when t =0,

such that 8 € C(R,H}) and 0,8 € C(R, L?) and

T
/(%(5&[3)2 + %lVﬂF +r26%)dx|} = /O /f - 8, Bdxdt. (3.17)

2These type of estimates were used by Cathleen S. Morawetz in [8].

12



The Proof is based on the theory of linear contraction semigroups and the fact that the operator
—A + 772 restricted to C°(R3{0}), hence,it will not be proven here. More information regarding
this proof, however, can be found in [9).

The last thing to show is that the solution we found in Lemma [3:4] satisfies the required properties
of Theorem B.11

First of all, we get the following inequality with aid of Fatou’s Lemma and

/ / a—g dﬁd < 2£(0)). (3.18)

The next step is using Lemma with 8 = a and the function f being
3 3 2 1
2 3 Zod.

Then, we obtain the bound
2. 5d
/dex < 3sup(ra?) - /az(a — ;)273: + /aﬁdx.
T

By 3.7 and [3:1§] he first term on the right hand side is integrable over time. By Sobolev’s
inequality a 1| the last term is bounded over time as well. This means that f € Lloc(]R7 L?)
and we have the requlrements to apply Lemma [3.5] Now, we only have to prove uniqueness. Let
a and o, be two solutions with the required properties of Theorem and let 8 = a — a,. Then

f satisfies [3.16] with

f= (04 —al) = (o’ —al)

with Cauchy data that vanishes. We ﬁnd

3.2, 3.2 R
f* 56(;0[7& )+§B(;C¥* 70‘*)"»55 )
such that
/fzda: < SSU.p(TBQ)/((Oz - %oz)2 + (a2 — ga* /ﬁde <(It)+c /|Vﬁ\ dx

using . - 3.7 and [3.18 E where [(t) is integrable over time and ¢ a numerical constant.
If we denote the left hand side of m by E(T), we find

E(T) < /OT(l(t) + o)V 2E(t)dt

which means that E(T) = 0, hence 8 = 0 and o = a,. Now, the scalar equation in Lemma
[3:3]is invariant under time reversal and since the solution of it is unique, we conclude that the
consveration of Energy must be valid and, hence, the proof is complete.

Having discussed the existence and uniqueness of solutions of the Yang-Mills equations, we

will now state a similar Theorem considering the YM equations coupled to a scalar field.
The energy in this case is given by

& =5 [UBR + |HP +10°F + 310 P + 2v(9))do

k

13



Theorem 3.6. Let ag, By € fNIﬁ and oy, B1 € L2. Let g € R and let the Potential V' be
V(¢) = c2|d|? + ca|p|* with ca > 0,cq4 > 0. Then there exists a unique solution of YMS with the
following properties:

A® = (z,t) = 0, A%(z,t) = afr, t)oF (k = 1,2,3) (3.19)
o(z,t) = B(rt)hw (w=umxz/r) (3.20)
o(z,0) = ag(r), Opar(z,0) = o (r), B(x,0) = Bo(r), 0 B(x,0) = Bu(r)

¢, AF € C(R, H}),0,6,0,A% € O(R, L2.))

The energy € is a constant and, furthermore, c43*" and the following expression are integrable

over all space time :
a? 2 52 1
— - = d — — )% 3.21
(9o~ 2) and - (ga - ) (321)

Proof. In contrast to the existence proof with the absence of a scalar field, the substitution results
in two scalar equations of the form

att—Aa—i—%a—%aQ—i—oﬁ—i—,@’z(a—%):0 (3.22)
S = DG+ 56+ 2080~ 2) + 28V4(5%) = 0 (3.23)

For the energy we have

€= [(a2+a2+ Jatla= 2+ 358+ 382+ Pla— 1)+ (8.
By the assumptions on Vj, each term in the energy expression is bounded. We introduce in
a similar way to Lemma the factor r2(r? + €)~!. Passing to the limit is possible, since the
degree of the potential Vj is 4. is a conclusion of Theorem that will be proven in the
last section. The estimates and the uniqueness are proven by applying the same procedure as in
proving Theorem [3.1] O

Remark. Theorem [3.6]is also true for ¢; < 0 with the difference that [3:21]is only valid for finite
time integrals and the assumption that ag, 3y € L2.

The following Theorem is a more general existence Theorem but also one where uniqueness is not
given.

Theorem 3.7. Assume that V is C' and such that
Vo(s) > 0 and Vy(s) > 0 for s > so.

Let ap, Bo, a1, 1 be as in Theorem[3.6. Then there exists a solution of the Yang-Mills equation
coupled to a scalar field that satisfies the requirements of Theorem [3.6| with the exception that
&, A* are weakly continuous with values in ﬁ},&t(b, 0, AF ware weakly continuous with values in
L2, the energy satisfies £(t) < £(0) and are integrable over all space with the restriction of
taking only finite time intervals.

For a proof of this Theorem, see [5] and [12].
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4 The role of energy in the Yang-Mills system

In this section, we will talk about the propagation of the energy and underline the importance of
analysing the energy on its own, since it contains valuable information in studying the Yang-Mills
system|3].

Theorem 4.1. The Yang-Mills system is causal. The Yang-Mills system coupled to a scalar field
1s causal if the potential V' is non-negative.

Let us take any C*° solution of the Yang-Mills system with a scalar field. The law of conservation

of energy reads
0% =Y o*pt,

where e denotes the energy density and p* the momentum densities (more detail on these
expressions will follow in section 5). Integrating this over a piece of the solid light cone with base
B, top T and side K and applying the divergence Theorem, we obtain the following expression

/Te—/Be—i—\%/K(zk:wkpk—&-e):O.

It can be shown (e.g.[4]) that

> wpfl <e
K

which means the integral over K is non-negative, thus, yielding the following inequality

[ eto < [ edn (4.1)

So if e = 0 on B, the Cauchy-data vanishes in the solid cone depending on B, which expresses
the causality. More precisely, the solutions constructed in the previous section satisfy [£.1] This
inequality is valid for the approximate solutions for each e that is smooth, see [10]. The validity
for the exact solution is implied by the passage to the weak limit in the previous section if
B C {t = 0}, i.e. the time the Cauchy data are prescribed.Therefore, is valid for any of the
solutions described by Theorems |3.1

Now, we will state and prove a Theorem that lets us split the energy into three different
parts.

Theorem 4.2. (Energy splitting)
Consider a solution satisfying any of the conditions (I)-(III) below. Then, there exists a decompo-
sition of the energy density e into non-negative parts
€ = €Efor + evack + €ang
such that
/ (€back + €ang)dx — 0, ast — oo
R3

/ (efor + €ang)dr — 0, ast — —oo.
RS
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The expressions in the Theorem will be defined in its proof. ey, carries all the energy forward in
time and epqqr carries all the energy backwards in time, asymptotically. Now, assume that the
initial data satisfy [(r? + 1)edz < co =: (*) and one of the following:

(I): The solution is of class C2 of the YMS where (%) holds at all times and where G is a compact
Lie group and, furthermore, 0 < 4V (¢) < ¢ - V().

(IDTt is a solution of YM given in Theorem
(L)1t is a solution of YMS given in Theorem [3.6{ where V(¢) = Cy|¢|*, Cy > 0.

Proof. This result is a consequence of the invariance of the equations under the conformal group[3],
specifically the first inversional identity, which reads

/((t2 +r¥)e + 2TT(Z wip®) + 2tp - 0 — ¢ - p)da < const. (4.2)
k
under assumption (I) with
PP =pba + 000k | (k=1,2,3) and
piay = H?-E3— H. E? etc.

Now we split the integrand in[£.2)into a Yang-Mills part Iy ys and a scalar part Iy, i.e. I = Iyp+1s,
where

1
Iym = 5(752 +12)(|E)? + [H?) +2Tr () wipsar)
k
and

t2+7’ 02 k2 0. a2
I, = (1¢°| +Z¢ +2V(9)) +2t0° - (T + ¢) — .

Define X* = ¢* 4 2,r2¢ and let = be the matrix with columns X!, X2, X3. We will use the
following identity, which will be proven in section 6.

Z[* = [T + 720, (r|¢l*).

This allows us to write I, as follows

_T* L 2 2 2
IS _Is ZTQaT((t +r )T|¢| )7

where ,
. —1—7‘ _ _
Is = (WO|2 |:|2+2V(¢)) + 2t - Ex.

Now, take a look at Iy . First, define (E, H) = Tr(ET H)so, that |E|?> = (E, E). Then, define
w x F as the matrix with columns weE3 — w3 E? w3 Bt — w1 E3, w1 E?2 —wo E' and note the identity

|E)? = |Ew|?* + |w x E|?.
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Using this, we can write Iy, as follows

3

(IBP + [HI?) + 2Tr(Y_ wrp¥ar) (4.3)

r? 4 t2
_ %(7«2 + (B + [HP) + (B, x H) —rt(H,w x E)
= 107 + (Bl + | Hof) + S+ (1B 4w x HP
FH —w E|2)+%(r—t)2(|E—w < HP + |H +w x E?).
For I, we recall the following identities
i(r +1)2|y° + Ew|? = i(rz + 2rt + ) (|9°)? + |Ew|* £ 2¢° - Ew)
and obtain

1 1
7D+ B 4 (= 12|y — Ewf?

4
= 22+ )P + [Bl?) + 2ty - B
2 2
- T e e avie)) (4.4)

Using the last two equations 3.10 and 3.11, we find

1
I=Iyy+1Is=Iyy + I — = 0.((r* + t2)r|o]?)

2r2
which we can further write as follows
r? 4 t? 2 2 -2 =, 2
I= 1 (|[Ew|* 4+ |Hw|* + 2(|Z]7 — |2w|® + 2V (9))) (4.5)
t 2

+ (Tg V1B +wx H + |H — w x B + 216 + Zf?)
(r—1t)? . 2 2 0_ = 2

+ 3 (|IE—wx H*+ |H+wx E|* 4+ 2[¢ Hwl?)
1 2 | 42 2

- ﬁar((r +t7)r|9[%).

Now, if we define the energy parts as follows

deang = |Ew|* + |Hw|* + 2(|2]* — |2w|?) + 4V (8),

8€pack = |E +w x H*> + |H —w x E|* +2[¢° + Zw|?,

8efor = |E —w x HI* + |H +w x B> +2[¢° — Zw|?,
then equation [£.5] implies that these three expressions do indeed have the claimed properties and
thus proves Theorem under assumption (I).

Next we will show the proof of Theorem under the assumption of (IIT), since (II) is only
a special case of (III) for ¢ = 0. Our task here is to derive an analogous form of for the
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approximate equation and the prove will be them completed by passing to the limit.
We recall from the previous section the equations for a, 8

ay — Aa+ Fi(r,a,8) =0, (4.6)
B — AB + Fa(r,a, 8) =0, (4.7)
with
Fi(r,a,B) = %a - %aQ +a® + % (a — %) (4.8)
Falr,0,6) = 56+ 208(a — 2) + 26V(5%). (1.9

Furthermore we recall the approximate equations
2
72+ e

2
b = DB+ 53— Fa(r.a,§) = 0 (4.11)

Qg — Ao —

Fi(r,a, 8) =0 (4.10)

with solutions a = a., 8 = B that also have smooth Cauchy data with compact support.
The energy density of this approximation is given by

e = 503 +a?) + (8 +57) (112)
S| 2 1 1 1
Faegete s T g8 D V()

We only sketch the derivation of the inversional identity for the approximate equations since it is

a special case of EL
First, we multiply [£.10] by
(r? + t*) oy + 2Tr () + 2ta

and use the multiplier
1
5(7"2152)@ +trp. + 18
on equation These two expressions are then summed and integrated over R? with the

Lebesgue measure dx = 47r2dr to obtain the following identity

1 1 1 1
o7 lR3((7‘2 + tz)(iaf + faf + Zﬂ’? + Zﬂf + 2rtaga,. + rtB By (4.13)

1
+ 2tac + BB — a® — 552)6133

r2(r? +t2) 1
— (o F: — B F5)d
+/]R3 21 e (vt 1+25t >)dx

+/ ﬁ@aF-i—BF)dx
R3T2+€ ri’l ri2

2

t

+/ 7"27’7-‘1-6(204F1 + ﬂFg)dl‘ =0.
R3

3This calculation is tedious but it can be found in more detail in [11].
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Using the expressions for F; and Fy, we get

] a a3 a4 a2ﬁ2 Ozﬂ2 B2

F F: -4+ — -+ —
ok + ﬁtz 8(7‘2 T+4+ 9 T+22+ V()(ﬁ))
and 2 2 2 6 3 6 2
2F; + 8P, = o + i - — +2a" +4a?p% — aTﬂ +28°V5(8%)
and similarly
0,202 23 42 2
2%E+m&=—@%—51+3-7w?ﬂ1+ﬁﬁ+%wm
Op T r 2
4 2
+ f3a2 — 7@3 — 7aﬁ2 + 52
r r

Now we can compute the third term of [f.13] using integration by parts to find

r3t
/ (2arF1 + /BTFQ)
R

37“3+
r2t 202 40?2 4aB? 30t
— R, __ _ = _7_322_3‘/ 2d
/]RS ?"2+6( 2t - 2 a*p 0(6%))dw
r’t 222 22 ot 2 B2
-2 - (= _ - - _ = 2 = 202 V 2 d
6/]1{37‘24-6(7’2 r + 2 raﬂ +7‘2+a6 +Vo(57))dz

Using the above computations, we now can obtain the first inversional identity

i/ldx—J —26t/T2Qdm
dt T e (rZte2

_12 _22 2 _12 2
Q=350 (= =)+ B (a——)* +Vo(5%),

with

and

I= ;(r + ) (af +af + = (5t+5))

+rt(20a, + BiBr) + t(200s + BB;) — a® — % 32

2(r2 +¢) @

Considering the case of YMS, we have an analogous estimate to which is

o0 3
/0 /(,,,,QTWQ(QQ Be)dxdt < const.

The next step is estimating J. with the above inequality. For this, let § = €3/4. Then

/ et / Qd:zzdt < 2¢'/4T / / Qd;z:dt
>6

< 2¢Y/4 e
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We also have
T r? 1 o 2
B = 2¢et ————Qdzdt < -T%su r*Qdz
/0 /r>5 (12 +¢)? @ e tp /r<6 @

Furthermore, we have Q < cr~3 for r < 1 by the definition of Q and using equation therefore
5
B < ceilTQ/ 27302 < e 1T%6% = 1% /e.

0
So, in conclusion, for any T we have

T

/ Je(t)dt — 0 as e — 0.
0

From [4.14] it now follows that

lim [ I(ae, Be)|i=rdx = lim/I(ae,ﬁ€)|t:0dx. (4.16)
e—0 e—0
As before, we express I as a sum of squares as follows
1 1 1 1
I(ae, Be) = Z(T + )% (Osare + ;ar(roze))2 + Z(r —1)2(Opere — ;8T(ra€))2 (4.17)
1 1 1 1
+ g(T + t)2(atﬁe + ;ar(Tﬁe)y + g(?" - t)2(atﬁe - ;ar('rﬂe))z
U 200 o2 Lo 2
m(iae(aé_;) +ﬁe (af_;) +V0(/86))

_ L 2 2 2 1 2
2T28T((t + %) (raz + 27“&))

The last term integrates to zero. The right-hand side of [£.16] can be chosen to converge to
[ I(, B)dz at t = 0, since it only depends on the intial data. Fix now a time T, then the following
expressions

(r +T)(dac £ %&(me)),

(r +T) (0B + %&«(rﬁe))

at time T converge in the sense of distributions on R3 to the same expressions with ¢ omitted
similar as in section 2. Therefore and combined imply that each of them does indeed
converge weekly in L?(R3) to the same limit. Furthermore, the last term in converges a.e.
which implies that

/I(a,,@)|t=sz < lim i(r)lf/](ae,ﬁe)h:de = /I(a,,@)\tzodx
e—
which is exactly the integrated term of [£.5] and completes the proof. O

Corollary 4.3. Under the assumptions of Theorem J(|Bw|?*+|Hw]?)dz = O(t~2).1f A =0,
then [|Aw|?dz = O(log|t|*) as t — +oo.

Proof. The first statements follows immediately, since |Ew|? + |Hw|* < 4é4ny. Now, we do a
gauge transformation where A° = (ﬂ Then E* = 9°AF, so that Ew = 0°Aw and

%/|Aw|2d1’ = /Aw'Ewd:p <c((l+tH)! /|A<.u|2d:v)1/2

with [ being integrable over time. This proves the corollary. O

4The temporal gauge condition A? = 0 can always be assumed. See e.g [7].
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5 Conservation laws

This section is dedicated to the discussion of conservation laws and the invariance of YMS-system
under the conformal group|3].

We recall that the energy is obtained by multiplying [2.9| with H* m 2.10| with H? and [2.11] n with
H?. Next we do the same thing with [2.12] m 2.14| with EJ 7 = 1,2,3 and sum the resulting six
equations. Together with [2.3] we obtain the following 1dent1ty

ey = Z(akp]f/M + gp* x ¢ EF), (5.1)
%

1
where ey = 5(\E|2 + |H|?) and

p%/M:H2.E3_E2.H3’
P, =H® E'-FE3 H'
Py =H'-E* - E'-H2

Now, we multiply by ° and by ¥7, (5 = 0,1,2,3) and sum the resulting four equations
to get

Lo 12 _ 0 B0 - %) k k
56;%— w+26w 0 +gZE X ¢ 1)
= -0V +Z a’“ ("o +gE’“><¢ ) (5:2)
Then, we obtain the energy conservation law
e = Z@kpk (5.3)
i
by adding equations 5.1 and [5.2] where

= SUBP + |HP + Y1) + V(9) (5.4)

and
PP =y U0k, (k=1,2,3). (5.5)
Our next step is the computation of the momenta. Consider

plZHQ'ES—Hg'EQ—FwO'wl.

Using we find
pt =T +11,

with
I=D°H?* . E®+H?.D°E® - DH®. E* — H®. D'E?,
II _ Do'l/)O .,1/11 +,¢)O . Do'l,bl.
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Together with equations 2.14] and R17R.18] we obtain
I=(D'E*-D?E")-E°+ H?- (D'H? — D*H' 4 g¢»* x ¢)
— (D?E' - D'E?) - FE* - H®. (D3H' — D'H? + gy* x ¢),
IT= (> DM* —V'(¢)) - ' + 40 (D'4° + gE' x ¢).
k

Next, we use [2.3] to rewrite the previous equations as
1
I=SON(B?P + B3P + |22 + |HOP2)

~0*(B'-E*+ H'-H?) - 9*E'-E*+ H' - H?)

+E1 . (D2E2+D3E3) +(D2H2 +D3H3) 'Hl

+gH? - x o — gH? - ? x ¢;

1
I = S0 (|71 + 917 = 2V(¢) + O*(¥' - %) + O° (¢ - ¢7)

—¢2~D2¢1—¢3-D3¢1+Q¢O'E1><¢.

Using the third line of I becomes
1
— SOME + [HP) + 9B 0 x 6.
Using we rewrite the second line of IT as
1
= 5O (W7 + [W°) = g - HY x ¢+ gv* - H? x 6 + gy - B x 6.
The cubic terms vanish and for j = 1 we obtain the Momentum Conservation Law
PP =0f+> g, (5.6)
k
with
f=e—|TP —2V(¢),

and
¢F =—FE/ EF —HI . HF 447 . F.

The equations for j = 2,3 are obtained in a similar way.
The other eleven identities are derived from [5.3] and (.6l and are as follows:

O (wje+tp!) = 0/ (tf) + 30" (wp" +1a’"), (G =1,2,3), (57)
k
30(3521)1 - I1p2) = 81(I2f) - 32(;1:1]") + Zak(@qlk - Ilq%)~ (5.8)
k
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By cyclic permutation, two similar laws are obtained.
Ote+ > arp* + 90 9) + V'(9) - ¢ — 4V (9)
= ng(tpk +anf + ) wt + 9t 9), (5.9)
k ,
Ot +r*)e+2ty xkp’:Jr 2007 - ¢ — [¢]*) + 2t(V'(9) - & — 4V (9))
= Zak((tQ—f—r,;)pk +2t(znf + Yz + 0k - 9)), (5.10)
k J

O (tzje + %(t2 —7r?)p’ + Z zip® + 2 @) + (¢ V'(¢) — 4V (e))

2
:aj(t

+Zak (tzje—xzjd- vk + q +xjxkf+a:Jmeq ) (5.11)

m

2

(1=1,2,3).
Now, we have the tools to work with the main Theorem of this chapter.
Theorem 5.1. 5.1 If V(¢) = c|¢|*, the system is invariant under the conformal group.

Note, that 4V (¢) = ¢ - V'(¢), so all 15 identities are conservation laws. In fact, they are exactly
those conservation laws that follow from the invariance via Noether’s Theorem|[6]. We will not
prove the invariance directly as it is a very tedious computation.

We present a detailed derivation of the first inversional law as an example now.

First, multiply by 2 +t% and by 2tz ;. This gives the sum of four equations which can be
written as follows

P+ e+ 2ty ap)) =
J

=3 K+ )P + 2t f 2ty ;%) +2t(e —3F =D gH). (5.12)
J k

The last expression reads

e—3f =Y ¢ =-2e+|EP+|H]> + 20T + 6V () = —[v°]* + [U|* + 4V (¢).

Now, we multiply by ¢ and use [2.3] to get
W ¢) =40 D% =Y (9F(y* - ) —¢F - DFG) = —¢- V'(9).
This can be written as follows by using
W ¢) + V() 6= O — W] + ija’w - 9). (5.13)

Multiplying this by 2¢, we get
(204 = 6): )+ 26 V'(6) = (WP — 9) + oMt o

is then obtained by adding this result to
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6 Asymptotics for the zero mass case

The following sections will be dealing with the asymptotic behaviour of the YMS-system, i.e., the
case where the scalar field has zero mass and the other one being the possibility of the scalar
field having positive mass|3].

First, we start with a Theorem which gives us information about the behaviour of the energy
density. After proving it, we will state two corollaries which give extra information about the
growth and the non-existence of finite energy solutions of a specific form.

Theorem 6.1. Assume that V satisfies the inequalities

0<4V(s) <s-V'(s)

Let R>0and 0 <e<1. Then, ast — o0

/ edr = O(t™2),
|z|<R4(1—e)t

where e is the energy density provided that erde < oo at all times.

Proof. We integrate [5.10] first over all space. Assume that the solution is smooth and satisfies
J r2edx < oo at all times. This lets the right side vanish and we obtain

/((r2 +tH)e + Zthkpk +2tp -0 — ¢ - p)dx < const = C.
k

Next, we split this integrand into two parts, one being the the pure Yang-Mills field Iy, and
x
the other one the scalar field I,. Let w = — and take unit vectors «, 8 such that «, 5, w form an

r
orthonormal basis for R? with a x 8 = w. For orthonormal basis vectors, we have
|E]> = |Eal? + |EB|? + | Bwl?

and a similar one with E replaced by H. Then we have the following equatimﬂ
1
ey + 3 wiphar = 5 (1B + [Hof> + |BaF HBP + |E = Haf?) (6.1)
k
In particular, |>°, wpp¥ | < ey, therefore

IYM Z (t — 7“)2(3}/]\/[. (62)

x
The next step is expressing I, as a sum of squares. Let y* = % + —S(b and define = to be the
r

matrix with columns x!, x2, x¥3. By the spatial components of we get
_ 1
2 = 9P + 50" (r10P), (63)

where 7 = |z| and rd” = Y, z,0".

5A derivation can be found in [4].
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Thus we find

t? 412

I, = T(WOF + [U)? +2V(9)) + 2t0° - (Vz + ¢) — |9
1
=I5 = 550((E +r)rloP), (6.4)
with
2 2
1= S (O 151+ 2V (6) + 200 - B (6.5)
(t=7)% 092, o
> ———(" "+ 2" +2V(¢)) = 0.

- 2

This means that for any subset B of space we have
/B(IYM + IN)dx < /(IYM + 1I)dx < C.
By choosing B = {z : [z| < R+ (1 — €)t}, we obtain from [6.2] and
(et~ R [ (evar + 5l0°P + 5P +V(e))dn < O
for t > Re~!.Using again, we find
/ U 2de < / |Z]2dx < 2C (et — R) ™2
B B

for t > Re 1. O
The method on how to prove the following two corollaries can be found in [4].

Corollary 6.2. Assume that any finite energy solution can be approrimated by cut-off solutions
in the energy norm, uniformly in time. Then, for any finite energy solution and for each R > 0
and 0 < e <1, we have

lim edx = 0.
t=00 Jiz|<R+(1—e)t

Corollary 6.3. Under the same assumptions, there is no finite energy solution of the form
E=E(x—ct), H=H(x-"5bt), ¢=¢(x—at),
where a,b,c are constant vectors of norm less than one, except for the trivial solution
E=H=0, ¢=const, V(¢)=0.

The method of how to prove these corollaries can be found in [4].
Remark: By and the integral over all space of certain components of e is O(t~2).
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7 Estimates for the case the scalar field has positive mass

The following Theorem shows us that certain components of the fields are square integrable over
light cones|3].

Theorem 7.1. For any finite energy solution,

[ @V@)+ 10+ vl + wal? + w5
|z|=t
+ |Ew|? + |Hw|? + |[Ea — HB|? + |ES + Ha|?)dS < const,

where dS is the usual surface measure on {|z| =t}. If V. =0, each term is positive and therefore
integrable on the cone.

Proof. We integrate over the four dimensional region {|z| <t < T} and then let T'— oo to
obtain
2/ (e + Zwkpk)ds < 2\/§/edm = const,
|z|=t k

with wy, = TE The YM terms in the integrand are written as in The other terms are 2V (¢)
T
and

901 + [0 + 290 - B = [9° + pwl? + [Wal” + [95*.
This finishes the proof. O

Now, with that result, we can turn our focus again to the study of the asymptotic behaviour in
case the potential V(¢) includes a mass term. Typically, one works with

V(9) = mglof® + clol" ! (m > 0,¢ > 0,p > 1).

For this reason, assume ¢ - V'(¢) > 2V (¢) > 0. For the next steps, we will use the summation
convention. Multiply first by a function 2;(z) (j = 1,2, 3) and sum over j to obtain

20°(;p") +2(0°1) f + 2015 - ¢'* = 207 (I; ) + 20" (1;°").
Let m = §71;. Multiply by m to obtain
9°(my)? - ¢) +m(|¥)> — [0°]> +V'(¢) - ¢)
= 0" (my" - §) — (*m)p* - ¢

= Mt -6 — 3 (@ m)0f?) + 5(00km)lof.

DN =

By summing these two equations, we find
°2lp" +my’ - ¢)
: 1
+20°1; - ¢+ m(2f + [P = [9° +V'(9) - 6) = 5(9"0"m) g

= 0" (2 f + 207" +my” - § — %(8km)|¢|2). (7.1)
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The last equation can be written as 9°X 4+ Z = 9*Y*. Then, we evaluate Z by substituting
the expressions for f and ¢7*:

Z =(mdj — 20°1;)(E? - E* + H? - H") + 2(9%1;)97 - "
Fm(-V!(8) — 2V(6)) — 5(00km) ol

In [1] we have
X = 2057 +mi® - 6 = 2l + 260 - (1 + o).
Therefore,
1] < 20l a0l + [P + 1197 + S0 (7.2)
The last term can be written as
L + 6 = 2 + 27 (612) + T

(1,99m + 5|6 (7.3)

. .1 1
= |97 |* + Bﬂ(gljm\cbIQ) -3

Choose [;(z) = % Then

Ol = 0 )r — xjay/r® and m = &, = %
Therefore, md;, — 20%1; = 2z /73,

1;0"m + %mz =0 and 0*9"m = 0 for = # 0.
From [7:2] and it follows that

21
|X| < 2eyn + ‘¢0|2 + |\I’|2 + a](§ljm|¢|2).

This means that [|X|dz is bounded by twice the energy. Now, we integrate over the exterior
of a small sphere {|z| > €} and let € — 0. Then, on the right side of the resulting equation, the
terms in of the form 0*Y* drop out except for the last term which yields

‘%/ 9" ((0%m)|o[*)da = / (55 | da
|z[>e |z|>e "
_ _El,z |6(x, t)2dS, — —4m]p(0,1)> <0

|z|=¢€

as € — 0. On the left side, we have the integral of
2
Z = Z(1Be[* 4+ [H | + |0 = [0, + V(9) - 6 = 2V (9)),

with 1 ] 1
E.=-Fx, H.=-Hzx, V,.=-Uzx.
r r r

Thus, we have proven that

/ /Zd:cdt+47r/ |(0,2)%dt < 4/ed:z: = dey. (7.4)
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Theorem 7.2. Assume that ¢ - V'(¢) > 2V (¢) > 0. Consider a smooth solution of finite energy.
Then

1
//(\ETF + |H,|?)=dzdt < oo, (7.5)
T
1
//(\\142 — |\I/T|2);dxdt < o0, (7.6)
1
/ / (6-V/(6) ~ 2V(9)) ~dadt < . (7.7)
These integrals, and the ones below, are taken over all space and time. Furthermore, if § > 0,
1
//(|E|2+|H|2+|\1/|2)mdxdt< 00 (7.8)
1

Proof. The first three estimates follow immediately from the integrability of Z in[7.4] Using the
second term in [7.4] and translating the origin = 0 to any other point, we obtain

7r/ |p(z,t)|?dt < eq for all x .
Hence,

[ 0pana+nae < ateq (@400 < oc.
This proves To prove [7.8] we need to choose this more general form for our multiplier
oy
li(z) = ¢,

Then

0"l = C5jk - (% — (g /r?,

-
- 2
m= ol = 2¢+ ¢,
,
ki _ ¢ / 2
mdjp — 20%; = (' —|—2(; —zxjog/re.
The weight function ¢ is chosen to satisfy the following constraints (*):

QZC/ZO
r

(“) akakm _ %C// + CH <0
r

(i) ¢ bounded,

(i) 1;9m + gm? = 2¢ 4 L)+ ("2 0.

Therefore, by and it follows that [|X|dz is bounded by a constant multiple of eq.
The general expression for Z leads to the following inequality

2 20|BP +2(5 - (IE P + C|HP
F2(S— OB+ 25 (0P~ 8,2) + 2|0, 2 (7.10)
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All of these six terms are non-negative and, therefore, integrable over space-time.
Next, choose
((r)=2-(r+1)""

with § > 0. We check the constraints (*). Through explicit calculation, we find ¢’ = §(r 4+ 1)~*=°
and

CJr—C =rHr+1)°Q>0+1)° —1+6r(r+1)71)
>rlr4+1)7%(1 = 6) > 0.

This means that [7.8] follows from which means the only thing left to do is the verification of
(*). Indeed,
4" fr 4" = =50+ )r Hr +1)30((2 = 0)r+4) <0

and
47+ (¢ G2 (¢ )G
=Cor Y r4+1)"2°U4+ (3-6)r) >0.
O

Corollary 7.3. If ¢ - V'(¢) > 2V (¢) > 0, there are no "classical lumps" of finite energy. That
is, if E(x),H(x),d(x) is a solution which is independent of time and has finite energy, then
E=H=¢=0

Going back to we are missing an estimate on [¢°|2. To obtain one, we need a slightly stronger
assumption on V.

Theorem 7.4. Assume that V is of the form

V(9) = gmilol* + W (o)

where
0<aW(g) <o -W'(e).

We assume myg, d, and R are positive constants and o > 2. Then

//W(d))%dzdt < o0, (7.11)
1
/ / e dzdt < oo, (7.13)
—oco J|z|<R
/ e dx — 0 as |t| = co. (7.14)
|z|<R

Proof. We have

¢-V'(¢) =2V(¢) = ¢ - W(¢) = 2W () > (a — 2)W ().
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Therefore implies Now, we multiply by (r+1)737% = ¢(r). Hence,
(€Y’ - 6) +E(mGIg* + 6 W'(9))
= &([°7 = W) + 0% (€™ 0) + B+ 0)(r + 1) 0T gyt - 0. (7.15)
The last term is bounded by a constant times
(r+ D)7+ ()70,

which is integrable over space-time. As for the first term in [7.15]
1
v oo <5 [Q00F +16de < (14 mg e

due to the mass term in the energy. The terms &|U|?, £|¢|? and £¢ - W/ (¢) are also integrable
over space time since

¢-W'(¢)=(6-V'(¢) —2V(¢)) +2W ().
This means that implies that £[1°|? is also integrable. This is Since

2¢e = |E> + |H|> + |U]* + [¢°1 + m|g]* + 2W (9),

follows from [7.8][7.97.11) and [7.12] as soon as we replace the factor (r+ 1) in the denominators
by the constant R + 1. Now we derive |[7.14] from [7.13| by using a Morawetz method. Let

R+1
ft) = / / e dxdp > / e dz.
R lz|<p |z|<R

We will show that the derivative f’(¢) is bounded (¢ € R). Since f(t) is integrable by we
only need to show that its derivative is bounded. Now

R+1
f) = / / e dxdp
R |z|<p

R+1 Tk L
— [ [ (i buas)
R lz|=p k r

xk; k
= () —p")dz.
/R<z|<R+1 zk: r

Thus, |f'(6)] < [p<|sj<ri1 € 4@ < [ edz = eo and the Theorem is proven. O

Finally, we establish the square integrability of the potentials A*.
First assume only that V(@) > 0. It follows, as in [4], that

» / A, ) Pd) 2 < 5 / (147 (2, 0) [2da) /2

+ /Ot(/|E(x,s)|2d:z:)1/2ds

in, say, the Lorentz gauge. This comes from multiplying with v = 0 and p = k by AF,
summing over k = 1,2, 3, and integrating. In particular,

/Z|A“(m,t)\2dx =01 +1t?)
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for all ¢. We can also estimate [ |¢|?dx, even though m = 0 . Next, we integrate

600 = D% = S0"(o]) (7.16)

to obtain
0 [1oPds < 2( [lofdn)'2( [10° ey,

Therefore
([ 166,202 < [1o2.0)a)>
+/0 (/|¢O(sc,s)|2dx)1/2ds.

Since V (¢) > 0,
/|¢(x,t)|2dx — O(1+2) for all 1.

We can find stronger bounds on [|¢|?dz if we assume that ¢ - V/(¢) > 4V (¢) > 0 and that
J r?edz < co. Supposing that, we rewrite in the following form

1
5 [0+ EEE 4 HPY o+ 2t [ e+ [ 4V (o)
k
1
+ (e - |\P,|2)daz+t/<p-1/)0d:c
1 k 02 1/ 0 2
= — [P <C.
+22k:/|tz/} +apy’Pde + 5 [ |92 + 10 + ¢Pdr < C

It follows that
t / ¢-°de < C
so that [7.10] yields
1
5 [0ePrn < 5.

for t > 1, say.
Hence, [|p(z,t)]*dz = O(log(t)) as t — oo.
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