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Abstract

In this thesis we modify the well known SIR model, which describes the spread of diseases,
by considering the contact intensity between individuals and their mobility. In a first
step we introduce a model with contact intensity structure and investigate the existence
and uniqueness of solutions with the help of the theorem of Picard-Lindel6f. In the next
model we include a mobility structure in one and two dimensions, which is based on the
location of residence and a mobility radius. In both cases we can prove the existence of a
traveling wave under certain requirements and find a minimal wave speed. Finally, we
combine the contact intensity and the mobility structure in one epidemiological model.

Zusammenfassung

In dieser Arbeit modifizieren wir das bekannte SIR, Modell, welches die Verbreitung von
Krankheiten beschreibt, durch die Beriicksichtigung der Kontaktintensitat zwischen Indi-
viduen und deren Mobilitat. Im ersten Schritt fithren wir ein Modell mit Kontakintensitét
ein und untersuchen das resultierende System auf eindeutige Losungen, wobei wir den Satz
von Picard-Lindel6f verwenden. Das nichste Modell beinhaltet eine Mobilitatsstruktur im
ein- und zweidimenesionalen Fall, welche auf dem Wohnort und einem Mobilitdtsradius
beruht. In beiden Féllen kénnen wir die Existenz einer Wanderwelle unter bestimmten
Voraussetzungen zeigen und eine minimale Wellengeschwindigkeit finden. Abschlielend
vereinen wir sowohl die Kontaktintensitit als auch die Mobilitdtsstruktur in einem
epidemischen Modell.
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1. Introduction

Nowadays, and throughout history, there are a lot of infectious diseases spreading within
animal and human populations. Since often such diseases cause a lot of harm to people,
we not only want to understand the disease from a medical point of view and find some
treatments, but we also aim to find some models to predict the dynamics of the spread.
On one hand mathematical models can help us to give some predictions about what
will happen in future and on the other hand they tell us what measures are useful
to prevent an outbreak. By an infectious disease we understand an illness caused by
a pathogenic microbial agent, i.e., by a bacterial, viral, fungal or parasitic agent, see
also [8, ch. 1, pp. 1-2]. A special case of infectious diseases are communicable diseases,
which means that the disease is transmitted by direct or indirect contact of an infectious
individual to another. Examples of communicable diseases are Ebola, Influenza, SARS,
HIV, Tuberculosis, Hepatitis, Malaria and the new Covid-19. Our goal is to develop
an epidemiological model with contact intensity and mobility structure for the spread
of a communicable disease within a population. Let us start by giving a description
what epidemiology is about: “Epidemiology is the subject that studies the patterns of
health and illness and associated factors at the population level.”, [8, ch. 1, p. 1]. A
common kind of epidemiological models are compartmental models, where the population
is divided into different classes. The SIR model, or also called Kermack-McKendrick
model, is an popular compartment model and we use it as a basis for our model with

contact intensity and mobility structure.

1.1. The SIR model

The SIR model was first invented in 1927 by W.O. Kermack and A.G. McKendrick in
their works [4], [5] and [6]. We follow the approach of [8, pp. 9-16] and |2, pp. 350-356],
but there is a lot of further literature about this topic, e.g., [1] and [3]. In order to state

the SIR model we divide the population into the following three compartments:

e Susceptible: The susceptible individuals of a population are the healthy ones,
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but they can get infected by contact to an infected individual. The number of
susceptible individuals at time t € R, t > 0, is denoted by S(¢).

e Infected: The infected individuals within a population are also assumed to be
infectious and thus, can infect other individuals. The number of infected individuals
is given by I(t) for t € R, t > 0.

e Removed: The removed individuals have already been infected, but are not infec-
tious anymore. This state can either be reached through immunization, death or

quarantine. The number of recovered individuals at time ¢ € R, ¢ > 0, is R(t).
We make the following assumptions:

o The total population N = S(¢)+I(t)+ R(t) is constant, i.e., % = ‘fl—f + % + % = 0.
This assumption means that there are no births and deaths and that there is no
immigration or emigration. This is reasonable, because we expect the disease to
spread quickly compared to the lifespan of the individuals, thus, we can ignore

demographic effects on the population.

o The sizes of the compartments S(t), I(¢t) and R(t) are nonnegative for all ¢ € R,
t>0.

e An individual can only be in one of the three compartments per time.

e The rate at which infected individuals have contact to susceptible individuals per

unit time, that also results in a transmission, is given by 551 with 5 > 0 constant.

e The rate at which infected individuals are removed from the infected class by

recovering, dying or isolation is given by vI with v > 0 a disease specific constant.

o As in the description of the removed compartment suggested, we suppose that once
an individual recovered from the disease, they are immune to any further infection.

Therefore, every individual reaching the removed compartment stays there.

The SIR model is given by the following system of ordinary differential equations

% = —psI, S(0) = So, (1.1.1)
dI
5 =P —d, 1(0) = Io, (1.1.2)
dR
-2 = h R(0) = Ry. (1.1.3)
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In order to understand the epidemiological meaning of the term I, we assume that
there is no inflow into the infected compartment and that there is a certain number of
individuals Iy infected. The differential equation describing the dynamics if a fraction

is leaving the infected compartment in unit time is given by

dl
Yo 10 =1
dt YL, () 0,

with the solution

I(t) = Ipe .

Therefore, the amount of individuals who are still infected ¢ time units after infection is
e~ 7. In other words, this is the probability of still being infected at time ¢. The fraction
of individuals who have left the infected compartment is given by F(t) = 1 — e~ which

dF

is a probability distribution for ¢ > 0. Thus, f(t) = 4 = ~ve~ 7 is a probability density

function. The average time spent in the infected compartment is the mean of f(t), i.e.,

o0 1
/ tye Tt dt = —.
Y

—00

If we know the duration of the infectious period, which is the case for many diseases,

we can calculate ~.

Remark 1.1.1. Note that the system (1.1.1)) — (1.1.3) is determined only by the first two
equations, since we assume N to be constant. Thus, for the analysis we can either work

with the whole system or we can neglect the third equation.

1.1.1. Dynamics of the SIR model and the basic reproduction number

We aim to predict the spread of the disease described by the system — , ie.,
we want to analyze the dynamics and want to know if or when there is an outbreak. In
mathematical terms an outbreak corresponds to the increase of the size of the infected
compartment. Thus, we observe the changes of the sizes of the compartments by time.

Initially, Sy > 0, Iy > 0 and Ry = 0 holds. The number of susceptible individuals
is large at the beginning, almost the whole population. On the contrary, the size of

the infected compartment is very small for ¢ = 0. Since S(t)’ < 0 for all t € R, ¢t > 0,
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and S is nonnegative, the number of susceptible individuals decreases monotonically
and tlgglo S(t) = Sx exists. We will see later on, that in the case of an outbreak, not
all individuals get infected, that is, S, > 0. Because (S(t) + I(t))" < 0, S(t) + I(t) is
nonnegative and S exists, also tlglolo I(t) = I exists. We know that R(t)" > 0 holds for
all t > 0, R is nonnegative and bounded by N, i.e., the size of the removed compartment
is monotonically increasing until there are no infected individuals left and therefore, we

have existence of lim R(t) = R. Since
t—00

dI <0 = o1 — §<12
— =BSI—~I=(BS —v)I 7 B
dt B 1= (85 =) {>0 §>1 — §>1,

holds, the number of infected individuals increases as long as S > % For S = %, I
attends its maximum and if S < % it decreases. Consequently, if initially there are too
little susceptible individuals, the number of infected individuals never increases and there
is no spread of the disease. In other words whether there is an epidemic or not depends
on the value of @ ~ ﬂTN If we normalize the size of the total population, i.e., N =1,
and the sizes of the compartments, we can simplify this threshold by g It is called the
basic reproduction number and denoted by Ry:

Definition 1.1.1. The basic reproduction number Rq is the number of secondary cases

caused by a single infected individual within a susceptible population.

-
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Figure 1.1.: The plot shows the SIR model with Sy = 0.99, Iy = 0.01, Ry =0, 5 = 0.5
and v = %. Since Ry = % > 1, the outbreak of the disease is visible. It is
plotted with Python 3.8 and the code can be found in Section [A.1]
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Next we show that S, > 0, calculate the maximum of I(¢) provided it exists and

determine the value for I,. In order to prove Sy, > 0, we divide (|1.1.1)) by (1.1.3) and
obtain

S.

a5 _ B
dR v

Solving this equation and bounding R from above by N =1 yields

S(R(t)) = Soe 7% > Spe ™7 > 0. (1.1.4)

We conclude that S, > 0 and hence, that there are always susceptible individuals left
at the end of an epidemic who escape the disease. Biologically this is reasoned by the
fact that the pathogen can hardly find a new host, if enough individuals were infected
already. We call S, the final size of the epidemic. We can find this lower bound as well
by the calculation

0
= tI(T)dTSEZE,
0 Y Y
S@) _
Sty =PI

— S(t) > S(O)e_g >0,

which equals the result (1.1.4). For the calculation of the maximum value of I(t), in

case it exists, i.e., for Rg > 1, we look at the SI-plane. Therefore, we divide ((1.1.2)) by
[T11)
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dl 0%
el RIS
ds * 39

separate the variables and integrate to obtain

where C is a constant. We substitute the initial conditions Sy and I in order to obtain

the value for C, which is

C:%+h—%m@@

Since we are looking for a maximum, we need I’ = 0, which is attained for S = 2

=l

After inserting C' and S, we get the following maximum for I:

Y, Y Y
max — — , =1 - — =1 .
I B+ﬂn<ﬁ>+50+lo 5n(So)

Taking into account that S(¢) decreases, we conclude that in the SI-plane the curve
goes from right to left and thus, I(S(¢)) increases for S > % and decreases for S(t) < %

Note that all solutions move from bottom-right upwards, then downwards on the left
and they stay below the line S + I = 1. We expect the limit of I(¢) for ¢ — oo to be
zero. In order to prove that, let us assume I, # 0. Therefore, equation is strictly
positive for all t € RU oo, t > 0, and Ry = co. But we already proved that R, exists,

which is a contradiction and I, = 0. Note that we can conclude I, = 0 with the same

arguments as above by summing up ([1.1.1)) and (1.1.2)).

In conclusion, we note that the SIR model is not hard to analyze. Unfortunately, it is
not very realistic, since it assumes the population to be homogeneously mixed and the
individuals to behave alike. In the following chapters we seek to adapt the model and

therefore, exchanging g by taking individual behavior into account.
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Figure 1.2.: The plot shows the SI-plane of the SIR model with Sg = 0.99, Iy = 0.01,

Ry=0,38=0.5and v = %. The dashed lines show the point (Imax, %)

This plot is created with Python 3.8 as well, see Section [A.T]



2. SIR epidemiological model with contact

intensity structure

The purpose of this chapter is to make the classical SIR model more realistic. Since
individuals behave differently in general, one way to obtain a more realistic model is to
include a function, which measures the contact intensity. The idea is that the contact
intensity is high, if the individuals tend to have close physical contact to others, for example
by shaking hands. It is low if the individuals keep distance to others or wear face coverings
and gloves. Instead of total sizes we work with the population densities of the susceptible,
infected and removed individuals denoted by fs(e,t), fr(c,t) and fr(c,t). The densities
depend on a contact intensity ¢ € [0, 1] and time ¢t € R, ¢ > 0, and are nonnegative for all ¢
and ¢. The initial conditions are given by fs(c,0) = fs,(c) > 0, fi(c,0) = f1,(c) > 0, and
fr(c,0) = fr,(c) = 0 and we have fs(c,t) + fr(c,t)+ fr(c,t) = fn(c) for allt € R, ¢ > 0,
thus, the total population is still constant w.r.t. time. The intensity of the interaction
between the individuals is measured by the kernel K (¢, ¢) and the SIR epidemiological

model with contact intensity structure is given by

Bufs(e,t) = —fs(e,t) /0 K6 fr (@ 1) de. (2.0.1)
Afilet) = fs(est) [ Kales0)fa(e,0)de —~fife. ), (20.2)
atfR(Ca t) = ’)/fI(Cv t)? (203)

where v > 0 is the recovery rate. The kernel K should satisfy Kj(c,¢) = 0 if and only
ifc=0,¢=0o0r c=¢=0. This assumption takes care of the case when there is no
contact intensity, therefore, no interaction and thus, no infection. The following kernels

satisfy this assumption
o Ki(c,¢) = cé,

e Ki(c,¢) = (cé)P with p > 0,
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e Kj(c,¢) = min(c,¢).

As in the SIR model, we see that also the system ([2.0.1)) — (2.0.3)) is determined by the

first two equations. Therefore, we neglect the third equation in the following analysis.

2.1. Discussion of the dynamics

Following the same arguments as in Section we obtain the dynamics of fg(c,t),
fi(c,t) and fr(c,t). We begin with a very large density of susceptible individuals
and a small density of infected individuals. For an arbitrary fixed ¢ € [0,1] the limit
tliglo fs(e,t) = fs..(c) exists, since fs(c,t) decreases for t € R, ¢t > 0 and fg(c,t) is
nonnegative. Also, tliglo fr(c,t) exists for a fixed ¢ € [0,1]. In order to prove this
existence, we look at 9 (fs(c,t) + fr(e,t)). The derivative is negative, but the functions
themselves are nonnegative. Thus, fs(c,t) + fr(c,t) is decreasing to some limit and
f1(c,t) can not diverge. The limit of fr(c,t) exists by the same argument as in Section
Again, by the same arguments as in Section [I.1.1] we obtain f; = 0.

Remark 2.1.1. The equilibria with fr(c,t) = 0 are called disease free equilibria.

In order to derive a lower bound for fs we divide (2.0.1) by fs(c,t), which yields

Oifs(c,t)

Foled) / Ki(c,¢)fr(e,t)de

By integration with respect to ¢, we obtain

In (fs(c,1)) — In (fs(c,0)) = —/01 Ki(c,d) /Ot f1(é7) drde. (2.1.1)

We use again the equation resulting from adding (2.0.1]) and - to get

81& (fS(Q t) + fl(cv t)) = _’Yff(a t)
= fsest) + file.t) — fs(e.0) ~ fr(e0) = = [ “fier) dr

— /Otf[(c,’i')d'r < i(fS(cvo)—i_fI(C?O))?

where the last inequality holds pointwise for ¢ € [0,1]. We insert this estimate into
(2.1.1)) to obtain a lower bound for the density of susceptible individuals
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1 t
muwm»—mummnzézﬁmaﬁﬁmﬁmma
s;fxmﬁMh@m+ﬁ@mww

fs(¢,0) _ o2 Jo Ki(ed)(fs(60)+£1(60)) de
fs(et) =

s sle,t) > fsle,0)e o KileaUs@0)+1i(e0)de

1 ~ ~ ~
= fs(c,0)e 7 Jo Ki(eON@de (2.1.2)

This lower bound for fg is analogous to the bound for S in Section [1.1.1

2.2. Existence and uniqueness of solutions

We aim to prove the existence and uniqueness of solutions of the system (2.0.1) — (2.0.3)).
Therefor we fix an arbitrary ¢ € [0,1] and recall the theory of ordinary differential
equations, which can be found in, e.g., [10] and [12]. We consider the ordinary differential

equation

du
= Ful),  u(0) =, (221)

with u(t) € R" for t € R and f : R®™ — R™. The following theorem guarantees local

existence and uniqueness of solutions:

Theorem 2.2.1 (Picard-Lindelof). Let ug € R™ and let f(u) be Lipschitz continuous
i a netghborhood U of ug with values in R™. Then there exists T > 0 and a unique
u € CH((=T,T)) solving for =T <t <T. The existence time T only depends on
U, onsupU|f|, and on the Lipschitz constant of f in U.

In the following we sketch the proof of Theorem [2.2.1

The integral equation of (2.2.1) is given by

u@=m+£ﬂwm@. (2.2.2)

10
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For small ¢, ug(t) = ug is an approximate solution and if we plug it into the integral

equation we obtain

uy(t) = uo + /Ot fuo(s)) ds.

Iterating this procedure leads to a sequence of approximate solutions

Unp1 (t) = ug + /O " Flun(s)) ds = F(un)(1).

We want to apply the Banach fixed point Theorem to F: C(]0,T],R") —
C([0,7],R™) and therefore, we need to prove that F is a contraction for a locally
Lipschitz continuous f with Lipschitz constant L. Note that C ([0,7],R") is a Banach
space equipped with the Ly ([0,7]) norm and hence, the Banach fixed point Theorem is
applicable after proving the contraction estimate. For u, v € C ([0, T],R") with u # v

the estimate

P )0 ~ F)O] = [ (Fluts) ~ (61 s
< [ 17(s) = 5] ds
< L/Ot lu(s) — o(s)| ds

< Lt |lu = [ oo o,

< LT |lu = vl poo o))

holds, which implies

[ F(u) — F(U)HLOO([O,T]) S LT u— U||L<><>([0,T}) .

Hence, for small T the term LT is less than one and F' is a contraction. By the Banach
fixed point Theorem, F' has exactly one fixed point and thus, there locally exists exactly
one solution for the initial value Problem ([2.2.1)). For a global result, we refer to |10} p.
4].

11
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In our case, we first show that the right hand side of (2.0.1) — (2.0.2) is Lipschitz
continuous w.r.t. t € R, ¢ > 0, for arbitrary fixed ¢ € [0, 1]

fs(est) [ Kale0hfa(e.0)de — gs(ert) [ Kileohon(e,t) de

< [ Kite.d) ste 0@ 1) — gs(e Dor(@. 1) de
0
1
:/ Kl C,E) ’(fS(Cvt) _gS(cat)) f[(é7t) +gS(c7t) (f[(&,t) - g[(é7t))’ de
<F e [ K@) e (175(0) = 35O oy + 1510 = 010 o)

and

1 1
fs(e.t) /0 Ki(¢,2) f1(&,t) dé — 7 fr(c, t) — gs(c,t) /0 Ki(c,0)g1(et) + g1 (e, £) dé

S/Ol Kl(ca é) ’fs(cvt)fl(évt) _gS(cvt)gI(é7t)| dé‘f")/‘ff(cat) - gl(cat)’

= [ Ka(e,) s(ert) — gs(ert) f(6st) + gs(e.t) (1(2.0) — gn(6, 1) de
+ 1 f1(e,t) — gi(e,t)]

<F max / Ki(c, &) de || f5(t) = gs(t)l 1. o

c€[0,1]
(f [ K0 de+ 7) 1416) = 91Ol oy

For the last inequalities we use the estimate

O (fs+ fr)=—vfr <0
= fs+fi<fs+frn=1/

Now we follow the sketch of the proof and show that F' = (Fg, Fr) with

Fs(e,t) = fs, (¢ / fse,7) / Ki(c, &) f1(8,7) dédr = Fs(fs, f1)(c, 1),
filet) = froc) + / (fs<c, ) / Ki(e,2) f1(&,7) dé — 7 fi(c, T>) dr = Fy(fs, fr)(e.t)

12
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is a contraction on the Banach space C ([0,1] x [0,7T],R™) with the Lo ([0, 1] x [0,T])
norm. We proceed by proving it for Fig and FT separately

|Fs(fs, fr)(e,t) — Fs(gs, gr)(c,t)]

S/Ot/ol Ki(e,¢) | fs(e,7)f1(¢,7) — gs(e,7)gr(¢,7)| dédr

~ 1
SchIél[%)f]/O Ki(c,¢)de (Hfs = 95l oo 0,11 x(0,77) T 111 = 91”L°°([0,1]><[0,T]))

and

|Ft(fs, fr)(e,t) — Fi(gs, g1)(c, t)]

S/Ot (/01 Ki(c,e) |fs(e, ) fr(é, 1) — gs(c,7)gr(&7)| dé+ | fr(c,7) gz(c,7)|> i

R 1
SchIél[%?ﬁ/o Ki(c,e)de| fs — gsll i o.1x[0,m)

R 1
+ (chfél[g)i]/o Ki(c,¢) d5+7T> 11 =911l L (0,11 x[0.17) -

Thus, for small T, we obtain a contraction and again by the Banach fixed point
Theorem we conclude that (2.0.1)) — (2.0.2)) has locally exactly one solution pointwise for
ce[0,1].

13



3. SIR epidemiological model with mobility

structure in one dimension

Another way to make the SIR model more realistic is to include a mobility structure. That
is, the individuals have a location of residence and an area around this location, where
they usually move. If an individual has a large mobility radius, for example because their
home is far away from their working place, they meet more other individuals than the
ones with small mobility radius. Since there is a space variable included, it is obvious to
investigate the existence of a infection wave which travels through space. This approach
can also be found in, e.g., |7] and [3|, pp. 418-424]. We again work with population densities
rather than total sizes. Let fs(x,r,t), fr(z,r,t) and fr(x,r,t) denote the densities of
the susceptible, infected and removed individuals depending on the location of residence
x € R, a mobility radius r € R, r > 0, and time ¢t € R, ¢ > 0. Analogous to Chapter
we have the initial conditions fs(z,r,0) = fs,(x,r) >0, fr(z,r,0) = fr,(xz,r) > 0, and
fr(z,7,0) = fro(x,7) =0 and fs(z,r,t) + fr(x,r,t) + fr(z,7,t) = fn(z,7) holds for all
t € R, t > 0. In this case we measure the contact between the individuals due to mobility
by the kernel Ky (z,Z,r,7) and obtain the model

ath(xara t) = _fS(xara t) /Tmax/ Kg(ﬂl',i',r, f)f[(jafat) dzdr, (301)
0 R
Oufir(w,mt) = fo(w,m 1) /0 " /R Ko, 3,7, 7) f1(&, 7, 1) dEdi — 7 fr(z,m, ), (3.0.2)

Ocfr(z,r t) =~vfr(z,rt), (3.0.3)

where v > 0 denotes the recovery rate and ryax € [0,00]. The mobility radius
r is restricted to [0, rmax] to impose restrictions on the mobility of individuals with
rmax denoting the maximal allowed radius. For example setting rp,.x = 0 corresponds

to an absolute curfew. The kernel Ks should satisfy Ka(x,Z,r,7) = 0 if and only if
lz—3]
i
assumption is satisfied for example by

e —Z| >r+7 < 1-— < 0, where |.| denotes the absolute value in R. This

14
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- (1-E), it rF>0and o £z,
L r—2
KZ(CU,%?",?“):IC(): 1 if r,7=0 and z =17,

r+T
0 if r,7=0 and z # 7.

Remark 3.0.1. Analogously to Chapter [2, we obtain the same dynamics, existence of
solutions and uniqueness results for the system (3.0.1]) — (3.0.3]).

3.1. Traveling wave

As already mentioned above, we are interested in the existence of a traveling wave
connecting the two disease free equilibria of — , i.e., the equilibria f7,(c) =0
and fr_(c) = 0. Note that there is no information lost if we neglect the last equation.
Before we state the definition of a traveling wave, we simplify the equations by assuming
that the mobility radius r is equal for all individuals and Ks (z,%,r) = k (lm;r ‘%l) =

k (‘xm%ﬂ) Thus, the simplified version is given by

|z — &

atfs(m,t):—fs(x,t%k( - )ff(iz,t) iz, (3.1.1)

Oufr(a,t) = fl(z,t) /]R k (‘x - ”3‘) Fi@,4) dF — v f1(z,1). (3.1.2)

Definition 3.1.1. A traveling wave is a solution of the form fg = fs(z — ct) = fs(&)
and fr = fr(x — c¢t) = f1(§), where ¢ is the speed of the wave.

Remark 3.1.1. Note that the speed ¢ is a positive number and later we calculate the

minimal possible wave speed.

The spread of the disease is described by the wave traveling through space. The
wave and time have opposite directions, that is, if time goes forward the wave travels
backwards and vice versa. W.l.o.g. we suppose that the wave travels from left to right,

i.e., for & — oo the solutions fs(&) and fr(£) converge to the initial conditions.

3.1.1. Diffusion approximation

In order to find a traveling wave, we do a diffusion approximation in the one dimensional
space variable. We start with nondimensionalizing the system (3.1.1]) — (3.1.2)), then we

do a rescaling and finally, we use Taylor expansion to obtain a diffusion approximation.
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3. SIR epidemiological model with mobility structure in one dimension

Nondimensionalization

We choose the following units

[fs]=[f1]=m™,
[z] = [2] = m,
t] =s,

and want to find the units for k£ and v in such a way that the equations (3.1.1)) — (3.1.2))
still hold. Therefor we write the equations in form of units. From equation (3.1.1)), we

obtain

i [fs] (k] [f1] [2]
— i =m™ [fjm 'm

get

Since we aim to state the system - in dimensionless form, we need the
space and time variable, as well as the densities, to be dimensionless. Hence, we do a
scaling with appropriate references for length and time. We choose R, coming from the
kernel k, as reference length. For the reference time, we pick the disease specific constant

% and thus, obtain

o Reference length: R with [JR] = m,

o Reference time: T = % with [T] =5,

16



3. SIR epidemiological model with mobility structure in one dimension

and scale as follows

x = Rz,
T = RTg,
t =T,

oo\ 1
b(E5) = b (e — 2.
fs(.%',t) = %fss(iﬁs,ts),

i) = g fr.(asts),

where x5, Zg, ts, ks, fs, and fr, denote the dimensionless versions. In order to derive the
dimensionless equations, we substitute the scaled quantities in equations (3.1.1]) — (3.1.2]):

1

1 1 _ 1 . .
f%atsfs (xSats) = - %fS’S ($37ts)m/R %ks (|xs - xs|) gffs ($37ts) dzs,
1 1 1
8tsfls(xsa S) :ﬁfss(ﬂﬂs,ts)%/R %ks (‘xs - jsD %fls(fi&ts) dz

1
79%]?15 (1557 ts)‘

TR

In order to increase readability we skip the subscript and obtain the following dimen-

sionless equations with dimensionless functions and variables

Ofs(a,t) = ~fs(a,t) [ k(=) fi(z.0)dz, (313)
Ocfr(z,t) = fs(x,t) /]R2 (lx — 2|) fr(z,t)dz — fr(z,t). (3.1.4)

Rescaling and Taylor expansion

For the spatial spread of diseases it is more suitable to have larger scales for the space
variable. Consequently, we do a rescaling of the dimensionless space variable by € in such

a way that the result is still dimensionless

17



3. SIR epidemiological model with mobility structure in one dimension

8
I

IS
(GRS TRON S

where 0 < ¢ < 1 is dimensionless. With this rescaling equations (3.1.3) — (3.1.4) are

transformed into

Oifs(x,t) = —fs(x,t)i/Rk <|$

- )ﬂ@JM& (3.1.5)
i) = fsw ) [k (

|z — 7|

) Fi(E,0) di — fr(x ). (3.1.6)

e

Remark 3.1.2. As a consequence of the spatial rescaling, the densities also get rescaled.
For the sake of brevity, however, we will denote the rescaled densities again by fs(z,t)
and fr(z,t). Furthermore, without the simplification of 7 being equal for all individuals,
this rescale would not lead to the desired form of the equations, since € would vanish

inside k.

Next we calculate the integral

iék(m;ﬂ)h@xmj—

T=x+ez

dZ = edz

S

£ /|z<1 k(12]) fr(z +ez,t) dz.

S

Finally, we can use Taylor expansion to approximate f7(z + ez,t):

/ k(|2]) f1(z + 2, 1) dz
|z|]<1

S RaE) <f1(:v,t) + e, file,t) + E;zzé’if(x,t)) ds+0(")

|z|<1

This approximation holds formally for € — 0. We calculate the first and third integral,
because the second one vanishes, as k (|z|) is an even function by assumption and z is
odd. This results in

18



3. SIR epidemiological model with mobility structure in one dimension

1
frtast) [ ROel) e =2 t) [0 = ) d= = i),
ef)xff(:c,t)/ 2k (|2]) dz = 0,

|z|<1

‘fagfl(x,t)/ 22k (|2]) dz = £202f(w, 1) /01 2(1—|2)), dz

|z|<1

2
= %ag fr(z,t) = 2D fr(x, t).

Altogether, we obtain the diffusion approximation of the system (3.1.5)) — (3.1.6]

O fs(z,t) = —fs(z,t) (ﬁf;(x,t) +52Da§f1(x,t)) , (3.1.7)
Oufr(w,t) = fs(w,t) (Bfr(x,t) + 2DO2fr(w,1)) = fi(w,1). (3.1.8)

Remark 3.1.3. Note that for ¢ — 0 the system (3.1.7) — (3.1.8) is similar to the SIR

model, merely additionally depending on a spatial variable.

3.1.2. Existence of a traveling wave

In order to show the existence of a traveling wave, we substitute Definition in the

system (3.1.7)) — (3.1.8)), which yields

—cf5(€) = —5() (Bf1(&) + 2D (), (3.1.9)
—cf1(€) = £5(8) (Bf1(8) + 2D F{(€)) — f1(8), (3.1.10)

where fg and f; denote the derivatives with respect to £. A traveling wave exists, if

the above system has a solution.

We follow the approach of [3, pp. 418-428] and recast (3.1.9) — (3.1.10) as first order
system. First we divide (3.1.9) by fs(&) and integrate it, then we integrate the equation
resulting from adding (3.1.9) and (3.1.10) w.r.t. £
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3. SIR epidemiological model with mobility structure in one dimension

c/; fs(2) dz = /gj (,Bf](Z) - aQDf}’(z)) dz

0 fS(Z)
fS(g) _ ¢ 2 / 2 /
— ¢ln (fs(§0)> =5 [ 11(z)dz + EDF}(€) - Do) (3.1.11)
c/E (f1(z) + f5(2)) dz = /Ef[(Z) dz
o ! s o
= e (f1(6) — frle0) + Sa(©) — fs(eo) = [ fi(2)a (3.1.12)

Substitution of the integral in equation (3.1.11) by (3.1.12)) yields

fs(§)
fs(&o)

Next we insert (3.1.13) in (3.1.10), which gives

2D f(€) = 2D f)(€) + cln ( ) B (f1(6) — f1(€0) + f5(6) — fs(€0)) . (3.1.13)

2D/ 111 fS(&) _ — -
c (e &) + ¢ (fs(Eo)) cﬁg(i;(&) f1(&) + fs(§) fs(fo))) — i) + F1(6)
= fhe) =1 [E@ - fi(&) = o @(g)
+ 5% (f1(6) = f1(%0) + fs(&) — fs(&)) - (3.1.14)

If we assume that there is a traveling wave, we expect that at position z € R there
are no infected individuals before the wave arrives, i.e., for t = —oo we have f(c0) = 0.
The density of susceptible individuals at position x before the wave arrives is given by
the initial condition fg(oco) = fn(00), that is, the whole population is susceptible. Also,
we assume the wave starting smoothly, i.e., f7(c0) = 0. If we set § = oo, and

(3.1.13]) change to
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3. SIR epidemiological model with mobility structure in one dimension

756 = 8 - o (L) 4 L GO+ £~ fsee), 3119
' _ ¢ fs(§) 8
16 = a5 (1555 ) — 225 1O + F5(6) = f5(0)). (31.16)

This system can be simplified by introducing new functions X (&) = /s(&) and Y (&) =

= fs(o0)
fjg((g). They take values between 0 and 1, since they are normalized by the total

population density. Therefore, equations (3.1.15)) and (3.1.16) become

fstoo)x'(e) =FCME o (x(e)
2 (F5(0)Y (€) + F5(0)X(€) — fi(00))
= fo@__l (X(©) + 5 -
: — 5(00)X(€) — Bfs(0)
+ <st(oo) + W) Y (¢), (3.1.17)
Fs(00)Y'(€) = oo In (X(6) — S (7s(00)Y (6) + fs(00)X(€) ~ Fs(o0))

— e2D f5(00)
¢

Y'(€) =In (X (£)) — Bfs(00)X (&) + Bfs(00) = Bfs(00)Y(€). (3.1.18)

Once the wave passed a particular position the density of infected individuals should
be zero and the density of susceptible individuals should have reached some steady level.
Recall that we already showed with inequality that at the end of the spread of
the disease there are still some susceptible individuals left, that is, the density after the

spread is not zero. The end of the wave is determined by ¢ — oo and thus, Y (—oc0) =0

and X'(—o0) = 0. Insertion in ([3.1.17) yields
In(X(—00)) = Bfs(00) X (—00) — ffs(c0)
= X(—o00) = Pls()(X(z00)=1) (3.1.19)
which has for Sfs(c0) < 1 only one solution given by X (—oo) = 1. Hence, there is no

spread of the disease, that is, there is no epidemic. Thus, for an epidemic to occur it is

necessary that
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3. SIR epidemiological model with mobility structure in one dimension

Bfs(oc) > 1 < fs(o0) > ; (3.1.20)

holds and [3.1.19] has a solution with X (—o0) < 1. The inequality (3.1.20) gives a
threshold for the initial density of susceptible, i.e., if initially there are too little susceptible

individuals there will not be a traveling wave.

Speed of the traveling wave

The next question is, if there is some minimal speed of the traveling wave in case it exists,
ie., holds. Therefore, we have a look at the phase plane for X and Y under the
assumption of (3.1.20). The system (3.1.17) — (3.1.18) has two disease free equilibria
(X(—00),0) and (1,0). We rewrite equations and by

X' = g M) + X @ - S5+ (S5 ¢) YO = B121)
V(€)= iy V() ~ S5X(O + 55— ap V(O = (31.22)

Our goal is to linearize system (3.1.21) — (3.1.22)) at the equilibrium points. We start
with the equilibrium (1,0) and linearize by X (¢) =1+ p and Y (§) = 0 + v. Therefore,
we calculate the Jacobian matrix evaluated at the equilibrium

¢ _ B g6
e2D fs(o0) e?D e2D

au () du 0 5] 3 1
) ? ) ) — 00

Thus, the linearization is given by

I CB o i 1

a (62D - 52Df5(oo)> ot (52D + c) v, (3.1.23)
S (R S P

v (sQDfs(oo) s2D> H=ap” (3.1.24)

Now we can proceed in two different ways. Either we calculate the eigenvalues of the
Jacobian by solving det (J,.,(1,0) — AI) = 0, where I denotes the identity matrix. Or
we solve the system (3.1.23) — (3.1.24)) by using the ansatz u = me** and v = ne*¢ with
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3. SIR epidemiological model with mobility structure in one dimension
m,n # 0. Following the first approach, we get

B

e2Dfs(o0) ~ 2D e2D
- <sc2§) B 52ch5(oo) B )\> <_5C£D B >\>
(&5 ¢) (om0~ #p) -

#p - @pfe — A #pti
_ 3 & [e.e] & ¢
det (Juw(1,0) — AI) =det NP

2 ¢ 1 _
= N+ EQDfs(OO))\+ 2D f5(o0) (Bfs(00) =1) =0
_ —ct /2 —4e2D fg(o0) (Bfs(00) — 1)
= A2 = 2€2Df5(oo) .

Since we already know that Sfg(co) > 1 holds and we do not want oscillations to

occur, we need the term in the square root to be positive. This is only the case if

¢ > tamin = 261/ D fs(00) (Bfs(00) — 1) (3.1.25)

holds. If ¢ > ¢pin, both eigenvalues are negative, the equilibrium (1,0) is asymptotically
stable and gives the minimal wave speed. An analogous minimal wave speed is
found in [7, eq. (3.6)]. Note that by the stable manifold Theorem the properties
of the dynamics near hyperbolic equilibria are shared by the nonlinear problem and its
linearization. Hence, also gives us a condition for the existence of a traveling

wave of the original system.

In order to linearize the system (3.1.21]) — (3.1.22]) at the equilibrium (X (—oc0),0) by
X (&) = X(—00) 4+ p and Y (§) = 0+ v we compute the Jacobian as above by

[95) 45}

;ﬁ _2+ 5754_1

D D 0) X (—o0 D

Juw(X(—0),0) = © i fs(c0)X(—=c0) € < |
W_52D 2D

Therefore, the linearization at this equilibrium is
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3. SIR epidemiological model with mobility structure in one dimension

b (B ¢ B 1
o= (52D 52Df5(oo)X(—oo)> oot (52D + c) B
o ¢ 6] 453
v <52Df5(oo)X(—oo) - 52D> = 2p”

Solving det (Jy, (X (—00),0) — AI) = 0 yields

—¢ % /¢? — 4e2D f5(00) X (—00) (Bfs(00) X (—00) — 1)
22D fs(00) X (—00) ’

A2 =
Note that 8 fs(c0) X (—o00) < 1, so that the term in the square root is always positive

and we obtain a negative and a positive eigenvalue. Therefore, the equilibrium (X (—o00),0)

is a saddle point. The eigenvectors of the saddle point are determined by

@Mxvmxm<5>=xu<5>

< ju,v(X(—OO),O) ( a ) —)\172 ( H ) =0.

From the first line, we obtain two equations, which correspond to the lines intersecting
the saddle point,

¢S c 3 1y
(52D T RE (e Am) 1w+ <€2D n c) v =0, (3.1.26)

The equation with A; corresponds to the line which leaves the saddle point. The
other converges to the saddle point. Thus, there is one trajectory from the equilibrium
(X (—00),0) entering the first quadrant with increasing X (£). We are left to show that
this trajectory ends up at the second equilibrium (1,0), i.e., that there is a heteroclinic
orbit connecting the two disease free equilibria. In order to do so, we will use the

Poincare-Bendixson Theorem, [3| p. 137],

Theorem 3.1.1 (Poincare-Bendixson). If there is a bounded region D in the (x,y)-plane
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3. SIR epidemiological model with mobility structure in one dimension

such that any solution of the system

that starts in D remains in D, then D contains either a stable steady state or a limit

cycle.

Therefore, we need to find a bounded region, such that any solution starting inside this
region will stay there. At Y = 0 we have Y/ > 0 and X’ < 0, hence, there is no trajectory
leaving the first quadrant crossing Y = 0. At X = X(—o00), X’ > 0 and Y’ < 0, thus, no

trajectory can cross the line X = X (—o0) from right to left. Next we consider the line

2 o
G - ﬁfs(OO)) (X—-1)= <6fs(oo) + EED"E(U Y. (3.1.27)

This equation is obtained in the same way as (3.1.26[), but we linearize at the other

equilibria, i.e., replacing X (—o0) by 1 and assuming that ¢ is minimal:

c (1—ﬁf5(oo)_;i;\/1_ 452Df5'(00) (5]”5(00)—1)) y

_ c 2D fg (o)
e (5fs(oo> ; @) ,
) -
e (1 (o)) (X - 1) = (5 feoo + Dfs<>> .

On the line given by (3.1.27)), we can estimate X’ and Y’ in (3.1.17)) and (3.1.18]) by

using In X < X — 1 for X > 0. A proof of this inequality is done in Section [A-2] This

yields the estimation
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3. SIR epidemiological model with mobility structure in one dimension

2
DI x> (x - 1)+ BS5(o0) (X = 1)+ (5~ Bsto0) ) (X — 1)

= _%(X - 1)7

e 00 L Bfe(c0)) (X —1
QDfS()Y’S(X—l)—ﬁfs(OO)(X—l)—st(OO)(2 faloo)) (X~ 1

¢ (Bfs(o0) + =BL=)
(48 £5(00) + 2251 - ZRAREN) (¢ )
(Bfs(00) + =RE))

)

and therefore,

ay _ BB (Bf5(00) — 1) — B5(00) coipimat 3= BFs(00)
X7 (Bfsloo) + ZPE) (Bfs(o0) + =P5E2)

Since B fs(o0) > 1,4 dX < 0 holds and there can not be a trajectory crossing the line
from below to above. The bounded region, which we need to apply the Poincare-
Bendixson Theorem, is given by ¥ =0, X = X(—o0) and (3.1.27). There can not be a
solution, which starts inside this triangle and ends outside of it. Thus, the trajectory
leaving (X (—00),0) must go either to a limit cycle or the other equilibrium. We can
exclude that there exists a limit cycle, because there is no other equilibrium inside the
bounded region, which would be necessary. Therefore, we are left with the only other pos-

sibility: The unique trajectory starting in (X (—o0),0) ends at (1,0) is a heteroclinic orbit.

Summarizing our observation yields the following conclusions:

e There can not be a traveling wave, i.e., no spread of the disease, if the density of
susceptible individuals is too low. This condition is captured in equation (3.1.20]).

e There is no wave with speed less than ¢y, defined in (3.1.25]). But there can be a
wave with higher speed. This does not change the fact that there is a trajectory
from (X (—00),0) to (1,0), only the shape of it changes.
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4. SIR epidemiological model with mobility
structure in two dimensions

Since individuals do not move only in one dimension, but in a two dimensional space,
we set x € R2. Analogous to (3.0.1) — (3.0.3), we obtain the following SIR model with

mobility structure in two dimensions

O, fs (2, t) = — f(w, 1) /0 o /]R Kol &7 7) fr(i. 7. 1) didr, (4.0.1)

6tf1(93,7“,t) = fS($arvt) /OTm'(LX /]RQ KQ(xvjaT,f)fI(~afat) d‘%d":ir)/f[(x7rvt)’ (402)

A fr(z,mt) = fr(z,r1). (4.0.3)

The initial conditions and assumptions on » made in Chapter [3|still hold. The mobility
kernel in two dimensions should, again analogously to Chapter satisfy Ka(x,Z,r,7) =0

if and only if B.(2) NBs(Z) =0 <= |z —&| >r4+7 <= 1-—

|f;jf| < 0, where |.|

denotes the euclidean norm in R?. As in Chapter [3| already suggested, this assumption is

satisfied for example by the function

(1—%) if 77>0 and z # 7,

o |z — Z| +
Ko(z,2,r,7)=k|(—F | =4 1 if r,7=0 and z =7,
if r#=0 and x # 7.

4.1. Traveling wave

In two dimensions we need to choose a direction of the traveling wave, cf. Definition

Since the kernel K is rotation invariant, we can choose any direction in R?, w.l.o.g.

we choose 1 and thus, we get

27



4. SIR epidemiological model with mobility structure in two dimensions

fs = fs(z1 —ct) = fs(§) and f1 = fi(z1 — ct) = f1(§). (4.1.1)

Assuming, like in the one dimensional case, that the mobility radius r is equal for all

individuals and consequently, Ks(x,Z,r,7) = k <|sz|) =k (%) Hence, equations

2r
[@0) — [E02) simplify to

atfs(l‘,t):—fg(ﬂf7t)/Rzk< 9%~ )f](jvt)dja (412)
oufi(e.t) = fs(wt) [ b (T2 ) 5@ 0 di = i) (4.1.3)

The diffusion approximation works with a two dimensional space variable as well. We

just need to make some adaptions.

The units for the densities fg and fr, as well as for the space variables x = (x1, z2)

and & = (#1,Z2), in the nondimensionalization process change to

Thus, the dimensionless equations of (4.1.2]) — (4.1.3]) with dimensionless functions and

variables are

oufs(a,t) = ~fs(a,t) [ k(=) fi(@.0)dz,
Oufi(a.t) = s(@.t) [ k(o =) fi(@.0)di = fi(a,0).

The rescaling

S
I

=
MM 8
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4. SIR epidemiological model with mobility structure in two dimensions

with 0 < € < 1 dimensionless, yields

odste.t) = ~fstet) [ k(D) oy ar, (4.1.4)
asite ) = fsw0 [0 () n@oar - pen. @)

Calculating the integral justifies the application of the Taylor expansion

1 |z — Z| . . | T=z+tez
2 R2k< € )fj(x,t)dw— di = e2dz
g2
== k(|z]) fr(z +ez,t)dz
€7 Jiz|<1
= . 1l<:(\z|) (fr(z,t) +ez - Vyfr(z,t)
z|I<

2
+%Jv§,f(x, t)z) dz + O(e%),

where - denotes the inner product, V, denotes the gradient w.r.t. z and V2 is the

Hessian w.r.t. x. We calculate the three integrals, starting with the first one

,t/ k dz =
fr@.t) |z|<1 (=) d= dz = rdrdy

z = (rcos(p), rsin(p)) ‘

2 rl
= filwt) [ [ = r)rdrde = L pi(at) = (et

where we used the transformation to polar coordinates. The second integral vanishes,

because k (|z]) is an even function by assumption and z is odd, that is

5fo1(a:,t)-/ 2k (|2]) dz = 0.

|z|<1

For the calculation of the last integral we set z = (21, 22) and use again polar coordi-

nates:
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4. SIR epidemiological model with mobility structure in two dimensions

2
S TR, )2k (2]) de
2 Jjz1<1

2 2 2
€ 0 fj(x,t)/
) ot a$18$] |z\<1z ZJ (|Z|) dz

e® (9 fr(,1) 2 & fr(z,1)
=5 (8:3% /|Z<1 zik (|z]) dz + 2 02,05 /|Z<1 2122k (|2]) dz

2f1(z,t) ,
T /Z|<1 22k (|2]) dz)

2
0x3

z = (rcos(p), rsin(p))
dz = rdrdy

&2 o 1
:—Awff(a:,t)/ / (l—r)rgdrdgo
2 o Jo

=e2r (i - ;) A fr(z,t) = e2DA, fi1(z,t).

Altogether, we obtain the diffusion approximation of the system (4.1.4) — (4.1.5)

Ohfs(a,t) = —fs(,t) (Bfr(z,t) + DA fr(w.1))
Oufr(w.t) = fs(x,t) (Bf1(x,t) + DASr(, 1)) = fr(a, ).

Inserting (4.1.1]) in the above equations yields

—cf5(€) = —[5() (Bf1(&) + 2D {(9)), (4.1.6)
—cf1(&) = fs(&) (B1(8) + *DF{(9)) — f1(9), (4.1.7)

where fg and f] denote the derivatives w.r.t. {. Since the system (4.1.6) — (4.1.7)) is
exactly the same as (3.1.9) — (3.1.10]), we obtain the same results as in Section
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5. SIR epidemiological model with contact
intensity and mobility structure in two

dimensions

Finally, we combine the two improvements of the Chapters [2] and [4] to obtain a SIR model
with kernels that measure the interaction of the individuals in two ways. It measures if
contact is possible due to the position and mobility of the individuals and if the contact is
intense or distanced. Hence, we obtain a SIR model with contact intensity and mobility

structure in two dimensions

1 T'max
O fs(@,re,t) = — fs(a,r e t) / / K(e.)Ka(w, &,r.7) fy (2. 7,6, 1) didide,
0 JO R

(5.0.1)
1 Tmax
O fr(z,r e t) =fs(x,rc, t)/ / /2 Ki(c,&)Ko(z, &, r,7) f1(Z, 7, ¢ t) didrde
0o Jo R
- /yfl(xvra c, t)? (502)
O fr(x,r,c,t) =y fr(z,r,¢,t). (5.0.3)

The initial conditions are fg(z,7,¢,0) = fs,(x,r,¢) > 0, fr(x,r,¢,0) = fr,(x,r,¢c) >
0 and fgr(x,r,¢,0) = fr,(z,7,¢) = 0 and fs(z,7,c,t) + fr(z,r,c,t) + fr(z,7c,t) =
fn(z,7r,c) holds for all ¢ € R, t > 0. The assumptions of the kernels Kj(c,¢) and

Ks(x,Z,r,7) and r are the same as in the previous chapters.

Remark 5.0.1. The dynamics, existence of solutions and uniqueness results of Chapter

remain valid for the system (5.0.1]) — (5.0.3)).

The goal is to rewrite the system (5.0.1)) — (5.0.2)) in the form of (3.1.9) — (3.1.10) and
(4.1.6) — (4.1.7). Therefore, we follow the procedure of Subsection keeping the

changes already made in Section The first step is again to simplify the model by the

assumption that r is equal for all individuals, which yields
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1 x—I
O fs(z, e t) = —fg(x,c,t)/o /11@2 Ki(c,0)k (’ 5 |> f1(z,¢,t) dzde, (5.0.4)
8tf]<$,C,t) = fS(xacvt) /01 /]R? Kl(caé)k <‘xg_{j‘) ff(j7évt> d.’idé—7f1<$,c,t)-
(5.0.5)

For the nondimensionalization, the only thing we need to discuss in addition is the
contact intensity and the corresponding kernel. Since there is no physical unit for contact
intensity, it seems natural that it is dimensionless. Also, [k] = s™! and [y] = s~! remain

valid. We keep the same references for length and time as in Subsection [3.1.1]

1. Reference length: 2 with [R] = m,
2. Reference time: T = % with [T] =5,

and scale by

x = Ry,
T = RTg,
C = Cs,
¢ = Cs,
t=%t,

where the index s denotes the dimensionless variables and functions. Substituting this

scaling in (5:0.4) — (5:0.3) gives
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1 1
Watsfss (1'57 057ts) = @fSS (x&CSats)
1 1 1
ER2/0 /]RQ Kl,s(csa 6s)iks (|13s - i‘sD @fls(j& 6S7t8) dzsdcs,
1 1
Watsfss (xmcs,ts) :@fss(x&cs,ts)

1 1 ) . o B
0 [ [ Krslend) ph s = 3ul) g (B outs) dide,
1

— @f}s (l’s, Cs,ts).

We drop the index s for easier notation and obtain

1
8tf5(m,c,t) = _.]0»5'('7;7671(’)‘/0 K1<C7é)/R2k(‘x_il)ff(jvévt)djdéa
1
oufi(@.ct) = fs(a,e.t) [ K@) [ k(o =) (@60 dide = i, c.0)

Rescaling the space variable = € R? like in Subsection yields

| — 7|

1
Oufs(ac,t) = —fs(w,c,1) 5 [ mieo [ k( )ff(fc,é,t)d:%dé,

/ -
Afiaset) = fs(w et [ Kateo) [ k(12

e

>ﬁ@@ﬂﬁ%—ﬁ@aw

9

We can calculate the inner integral in the same way as in Section Altogether, the

system (5.0.1)) — (5.0.2)) transforms into

1
oufs(e,et) = ~fs(.e.t) | Ki(e.9) (Bfi(w.c.t) + EDAi(w.1) .
1
6tf5($7 ) t) = fS(-Tf, G, t) /0 Kl(cv é) (5fl<xv Cy t) + EQDArfI(xa t)) dé — f[(fl?, Cy t)'

Remark 5.0.2. For € — 0 the above system is, as analogously in Remark similar to
the SIR model, additionally depending on a spatial variable and the contact intensity

with the corresponding kernel K.

Plugging in the Definition (4.1.1]), we obtain the system
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5. SIR epidemiological model with contact intensity and mobility structure in two dimensions

1
—cf5(6,0) = —fs(6,0) [ Kile.d) (81:(6,0)+ D7 (0)) de.
—efiee) = Ise) | Ki(e.) (B11(6,0) + 2DI(E2)) de— fu(€.).

Unfortunately, we can not proceed as in the previous chapters to obtain existence
results of a traveling wave, since the above system is too complicated for an analysis.
Although, the SIR model with contact intensity and mobility structure in two dimensions
is more realistic than the models presented in Chapters and [ we can not use it for
the mathematical discussion of the existence of a traveling wave. This problem is often
noticed in mathematical modeling. Either the model is very realistic, but can hardly be
mathematically investigated or it is very simple in comparison to reality, but can easily

be analyzed.
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A.1. Python code

The following python codes create the plots of Figures[I.T]and for the documentations
see [11] and [9].

#First we import all the needed packages.
import numpy as np
from scipy.integrate import odeint

import matplotlib.pyplot as plt

#We set intial conditions for the normalized sizes of the
#compartments, define the parameters and generate hunderd
#time steps.

S0=0.99

10=0.01

R0=0

beta=0.5

gamma=(1./10)

t=np.linspace (0, 100, 100)

#The function, defined in the followig , describes the SIR model.
def deriv(a, t, beta, gamma):

S, I, R=a

dSdt=Dbeta*xSx*I

dIdt=beta*S*I—gammax I

dRdt=gammax I

return dSdt, dIdt, dRdt

a0= SO, 10, RO
S, I, R =odeint (deriv, a0, t, args=(beta, gamma)).T
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#Finally , we plot the graph with several steps, in order to
#have a nice appreance.

fig , ax =plt.subplots()

#We delete the top and right part of the by default created
#box around the plot, but we keep the bottem and the left part.
#Therefore, we obtain a coordinate system.
ax.spines [ top '].set__visible (False)
ax.spines | 'right ’].set__visible (False)
ax.spines [ bottom ’|. set__visible (True)

[

ax.spines [’ left ’].set_visible(True)

#Additionally , we want the axis to start in zero, define their

#length and plot some black arrows at the end of the axis.

ax.spines |’ left ’].set__position ((’data’, 0))

ax.spines [ ’bottom ’|.set_ position ((’data’, 0))

ax.spines[’left ’].set_bounds (0, 1.05)

ax.spines [’ bottom ’].set bounds(0, 105)

ax.plot (1, 0, '>k’, transform=ax.get_yaxis_transform (),
clip_on=False)

ax.plot (0, 1, ""k’, transform=ax.get_xaxis_transform (),

clip_on=False)

#The following plots the graphs of the three compartments and
#labels the axis.

plt.plot(t, S, 'b’, alpha=0.5, label="Susceptible ")
plt.plot(t, I, ’r’, alpha=0.5, label="Infected )

plt.plot(t, R, ’g’, alpha=0.5, label="Recovered’)

plt.xlabel (’Time in days’)

plt.ylabel (’Normalized sizes of the compartments’)
plt.legend ()

plt .show ()

import numpy as np

from scipy.integrate import odeint
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import matplotlib.pyplot as plt

import math

S0=
10=

0.99
0.01

R0O=0

beta=0.5

gamma=(1./10)
t=np.linspace (0, 100, 100)

def deriv(a, t, beta, gamma):

S, I, R=a
dSdt=—beta*xSxI
dIdt=beta*S*[—gammasx I
dRdt=gammax I

return dSdt, dIdt, dRdt

a0= SO, 10, RO
S, I, R =odeint (deriv, a0, t, args=(beta, gamma)).T

#Calculation of the Maximum of I(t).
Imax=—gamma/betat+gamma/betaxmath.log (gamma/beta)+S0+I10

—gamma/betaxmath.log (S0)

fig , ax =plt.subplots()

ax.

ax .

ax.

ax.

ax.

ax .

ax.

ax.

ax.

ax.

spines [’top ’]. set__visible (False)
spines [’'right ’]. set__visible (False)
spines [ ’bottom '] . set__visible (True)
spines [’ left '].set__visible (True)

spines [ ’bottom ’]|.set__position ((’data’, 0))
"left '].set_bounds(0, 1.05)
spines [ ’bottom '] . set__bounds(0, 1.05)

[
[
[

spines [’ left '].set_position ((’data’, 0))
[
spines |
[

plot (1, 0, >k’, transform=ax.get_yaxis_transform (),
clip_on=False)
plot (0, 1, ""k’, transform=ax.get_xaxis_transform (),
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clip_on=False)

#We plot the dashed lines, the labeled graph of S+I and the

#SI—plane with labeled axis.

plt.plot ([0, gamma/beta], [Imax, Imax], ’k’, alpha=0.5,
linestyle="—=")

plt.plot ([gamma/beta, gamma/beta], [0, Imax], ’'k’, alpha=0.5,
linestyle="—=")

plt.plot ([1,0], ’k’, alpha=0.5)

plt.text (0.55, 0.5, 'S+I=1’, ha=’center’, va='bottom’,
transform=ax.transData)

plt.plot (S, I, =, alpha=0.5)

plt.xlabel (’S(t) ")

plt.ylabel (’I(S(t))"’)

plt .show ()

A.2. Basic definitions and statements

In the following we state basic analysis definitions and the Banach fixed point Theorem,
which can be found in 13, pp. 1-2, pp. 181-182]. We assume throughout the appendix
that K=R or K=C.

Definition A.2.1. Let X be a K-vector space. A map ||.|| : X — [0, 00) is called norm,
if

(i) flz[| =0 = = =0,
(i) || Az]| = |A|]|=] VieK, z e X,
(i) [z +yll <=l +llyll  Vo,yeX
holds. Then (X, ||.||) is called a normed vector space.

Definition A.2.2. Let X be a K-vector space. A map d(.,.) : X x X — [0, 00) is called

metric, if
(i) d(z,y) >0 Vr,y € X,

(ii) d(z,y) =0 <= z=y € X,
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(iii) d(z,y) =d(y,z)  Va,ye X,
(iv) d(z,2) <d(z,y) +d(y,2)  Vo,y,z€ X
holds. Then (X, d) is called a metric space.

Remark A.2.1. We can easily equip the normed vector space (X, ||.||) with a metric by

Definition A.2.3. A sequence (z,) € X, n € N, where X is a normed vector space, is

called a Cauchy sequence, if the following is true:
Ve > 03N € NVn,m > N such that ||z, — x| <e.
Definition A.2.4. A sequence (z,,) converges to xz € X, if
Ve > 03N € NVn > N such that ||z, —z| < ¢

holds.

Definition A.2.5. A metric space, where every Cauchy sequence is convergent, is called

complete. A complete normed vector space is called Banach space.

Theorem A.2.1 (Banach fixed point Theorem). Let (X,d) be a complete metric space

and let F': X — X be a contraction, i.e., there exists a number q¢ < 1 such that
d(F(2), F(y) < qd(z,y)  forallz,y € X.

Then F has ezxactly one fized point F(§) = £. Furthermore, if xo € X is arbitrary, then

the sequence
Tnt1 = F(xy), n>0

converges to the uniquely determined fized point & and the following holds:

n

d(an,§) < 17

d(ml, CL‘o).

The next definition can be found in [12} p. 27].
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Definition A.2.6. A function f is called locally Lipschitz continuous, if there exists a

finite constant L > 0, called Lipschitz constant, such that

[f(z) = f(y)| < Lz —y|

holds for every compact subset of the domain of f.

Next we recall some definitions and properties of dynamical systems from [10]. We

consider the initial value problem (2.2.1)).

Definition A.2.7. Let M be a metric space (the state space or phase space) and let
the set of times 7 be either R, [0,00), Z, or Ng. A deterministic dynamical system is a
map T x M — M, (t,ug) — Se(up), satisfying

(1) Yup € M: Sp(ug) = uo,
(2) Yup € M, s,t € T: Ssii(ug) = Ss(St(ug)),
(3) VYt € T: up — Si(up) is continuous.

In the cases T = [0,00) and T = Ny, S; is called a forward dynamical system; for T =7
or T = Ny it is called a discrete dynamical system; and for T = R or T = [0, 00) it
is called a continuous dynamical system. For fixed ug € M, the set {S;(ug): t € T} is
called the trajectory through ug. The collection of all trajectories is called the phase

portrait of the dynamical system.

Definition A.2.8. Let S;, t € T, be a dynamical system on (M,d). Every u € M
satisfying S;(uw) = u for all t € T is called stationary point or steady state or equilibrium.

An equilibrium is called stable, if

Ve >030 >0:d(up,u) <9 = d(St(ug),u) < eVt >0.
If @ is not stable, it is called unstable.
A stable equilibrium 7 is called (locally) asymptotically stable, if

36 > 0:d(ug,u) <6 = tlim St(ug) = .

An asymptotically stable equilibrium @ is called globally asymptotically stable, if

Vug € M : lim S¢(up) = .
t—o0
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Remark A.2.2. The equilibria of an ordinary differential equation of the form (2.2.1) are
the zeros of f, i.e., f(u) = 0. Steady states of the recursion ug,1 = f(ug) are the fixed

points of f, i.e., uw = f(u).

Definition A.2.9. Let n > 1 and let @ be an equilibrium of (2.2.1). Then @ is called
hyperbolic, if Re(A) # 0 for all eigenvalues A of the Jacobian of f(u).

Remark A.2.3. For hyperbolic equilibria the Jacobian can be block diagonalized, i.e.,

0

Jr(@) = RAR™!, with A ( AO > and R = (R_, Ry), (A.2.1)

+

where A_ € R¥** (0 < k < n, has only eigenvalues with negative real parts and
Ay € R("=k)x(n=k) has only eigenvalues with positive real parts. The columns of
R_ € R™*¥ are generalized eigenvectors corresponding to the eigenvalues with negative
real parts, and the columns of R} € R™*("=k) are generalized eigenvectors corresponding

to the eigenvalues with positive real parts.

Theorem A.2.2 (Stable manifold Theorem). Let w € R™ be an hyperbolic equilibrium
of the dynamical system S; generated by (2.2.1)). Then there is a neighborhood U C R"
of w, such that

M [a] = {uy € U : Si(up) € U,t > 0}

is a k-dimensional (referring to the diagonalization (A.2.1])) manifold in R™, called the
stable manifold of u. For all ug € M [al,

|St(ug) — up| < cet >0,

where ¢ > 0 and A_ < 0 is the constant X for the matriz A_ from [10, Lemma 2]. The
tangent space of M [u] at @ is spanned by the columns of R_ from (A.2.1)), i.e., by the
eigenvectors corresponding to eigenvalues of Jp(w) with negative real parts.

Analogously, the set
My [@] = {uy € U : Si(ug) € U,t <0}

is a (n — k)-dimensional manifold in R™, called the unstable manifold of w. For all
uy € M, [ul,

|Si(uo) — ug| < ce™’, ¢ <0,
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where ¢ > 0 and —\y < 0 is the constant X for the matriz —A . The tangent space of
M, [a] at @ is spanned by the columns of R .

Definition A.2.10. A limit cycle of (2.2.1)) is a periodic solution us(t) with the addi-
tional property that there exists at least one other solution w(t), t > 0, and 7 € R such
that

lim (u(t) — uso(7 + 1)) = 0.

t—00
Definition A.2.11. A trajectory {Si(up) : t € R} of a continuous dynamical system is
called heteroclinic orbit, if the limits

s = lim Sl

exists and u_ # ug. It is called a homoclinic orbit, if u_ = u,.

In the following we prove the statement In (X) < X —1 for X > 0, used in Section
o.1.2)
Let f(X) = In(X) — X + 1. The derivative is given by f(X) = 1 — 1, which is
positive for 0 < X < 1 and negative for X > 1. Thus, f(X) has a maximum at
X =1, f(1) =In(1) =141 = 0. Consequently, for X > 0, we obtain f(X) <0 =
In(X)-X+1<0 = In(X)< X — 1.
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