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Abstract

The topic of this thesis are maximal almost disjoint (MAD) families and their relation
to forcing. With forcing it is possible to add a set that is almost disjoint from every
set in a MAD family, thereby destroying its maximality. We study when this does or
does not happen and give a combinatorial characterization of MAD families that are
indestructible by a given forcing. Using this we can easily see implications between
indestructibility for different forcing notions. We then proof that these implications are
the only ones, by constructing MAD families that are indestructible for one forcing while
being destroyed by another.

Zusammenfassung

Das Thema der Arbeit sind maximale fast disjunkte Familien und ihre Relation zu Forc-
ing. Es ist moglich MAD Familien durch Forcing zu zerstoren, indem man eine neue
Menge hinzufiigt, die fast disjunkt von jedem Element der MAD Familie ist. Wir unter-
suchen wann dies passiert und wann nicht und geben eine kombinatorische Charakter-
isierung von MAD Familien, die von einem vorgegebenen Forcing nicht zerstért werden.
Mithilfe dieser ist es einfach Implikationen zwischen Unzerstorbarkeit durch verschiedene
Forcings zu zeigen. Wir zeigen dann, dass diese Implikationen die einzigen sind. Dafiir
konstruieren wir MAD Familien, die von einem Forcing zerstort werden, aber nicht von
einem anderen.






Acknowledgments

I would like to thank Vera Fischer for the support she has given me while writing this
thesis.

Furthermore I would like to thank Peter Koepke and Philipp Liicke for introducting
me to set theory.

Last but not least, I would like to thank my parents who have supported me during
my study and given me the best conditions to complete it in.

iii






Contents

1__Introduction|

[2__Preliminaries|

[3__Proper forcing|
3.1 Axiom A forcing] . . . . . . . . ..
[3.2 Iterating proper forcing| . . . . . . . . .. ...

|4 Real forcing|
4.1 Sacks forcing] . . . . ...
4.2 Miller forcing| . . . . . . ...
4.3 Laver Forcing| . . . . . . . . . . ...
4.4 Cohen forcing| . . . . . . . . ...
4.5 Hechler forcing| . . . . . . . . . ...
4.6  Random forcing|. . . . . . . . . . ... ...

[ Forcing indestructibility of MAD families|

5.3 Characterizing indestructibility] . . . . . . . .. ... ... L.
5.4 Relations between indestructibility| . . . . . . ... ... ..o 0oL
[5.4.1  Sacks indestructible MAD family| . . . . . . .. ... ... .. ...
[5.4.2  Eventually different functions| . . . . . . . ... ... ... ... ..
h.4.3  Maximal antichain families] . . . . . ... ... ...
[5.4.4  Indestructibility of ideals| . . . . . . .. .. ... ... ... ...
[5.5 Tight MAD families| . . . . .. ... ... ... ... ... ... ...
[5.5.1  Strong preservation of tight MAD families|. . . . . ... ... ...

[6__Partition forcing|

|6.1 Properties of partition forcing . . . . . . . ... . Lo
6.2 Partiton forcing and MAD families| . . . . . ... ... ... ... ... ..
6.3 Iterating Partition forcingl . . . . . . . . . . . ... ... L.

[7  Open questions|

[Literaturverzeichnis|

13
14
15
16
17
18
18

21
21
22
28
32
33
34
38
42
44
45

49
o1
o4
o8

61

62



1 Introduction

Two subsets of the naturals A, B C w are called almost disjoint, if their intersection ANB
is finite. The main interest of this notion lies in the study of infinite families of pairwise
almost disjoint sets, called almost disjoint (AD) families. In contrast to disjoint families
for every countable almost disjoint family there exists a set that is almost disjoint from
every element of the family. On the other hand the axiom of choice implies that there
are maximal almost disjoint families, short MAD families, that means an almost disjoint
family such that no set is almost disjoint from all members of the family.

The goal of this thesis is to study the effect forcing can have on these maximal almost
disjoint families. Of course it is not possible to change whether a family of sets is almost
disjoint via forcing, but the maximality is different. It is quite easy to destroy every
MAD family in the ground model, for example adding a dominating real has this effect.
Preserving MAD families is harder, as there is a MAD family that is destroyed by every
forcing that adds a real. Consider the almost disjoint family of reals in 2<% and complete
it to a MAD family. Then every new real is almost disjoint from all elements of this
MAD family. Additionally it is not known whether ZFC proves that there exists a MAD
family that is preserved by some forcing, see [10]. We will introduce a few standard
forcing notions and show that there are well known statements, that are independent
from ZFC, that imply the existence of MAD families that are indestructible by these
forcings, for example Sacks indestructible MAD families exist if cov(M) = ¢. We do this
by giving a combinatorial characterization of P-indestructibility for these forcings. For
example for Sacks forcing we have the following.

Theorem 1.0.1. Let A be a MAD family. The following are equivalent:
(1) A is S-indestructible.

(2) VB C 2<% such that Gp ¢ cntble Vf: B — w injective 31 € Z(A) such that
Gf‘l[ﬂ ¢ cntble.

(8) Vf: 25 = w injective 31 € I(A) such that G-y ¢ cntble.

From this characterization we also directly get implications between indestructibility
of MAD families. These are expressed in the following diagram, where arrows mean
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implication:

B-indestructible —— S-indestructible

LL-indestructible —— Mb-indestructible

| |

D-indestructible —— C-indestructible

We then go on to construct MAD families, or close relatives, that are indestructible for
some forcing while being destroyed by another. This will show that there are no other
arrows in the diagram than the ones given.

The last chapter is devoted to partition forcing. This is a forcing that destroys an
uncountable partition of 2* into closed sets. We show that the combinatorial character-
ization of indestructibility of MAD families also holds for partition forcing. Using this
and assuming CH we can construct a maximal family of eventually different functions,
a close relative of MAD families, that is partition forcing indestructible, both of these
results are new. Additionally we give a property that is preserved under iterations and
implies the indestructibility of certain MAD families, that are known to exist under the
assumption b = ¢. That is in contrast to all the previous results as those only work for
forcings that add a single real and are in general not preserved under iterations.



2 Preliminaries

We will generally work within ZFC set theory, with additional axioms specified if needed.
Good references for set theory are [24] and [20]. Let X be a set and let x be a cardinal.
We denote by [X]* the set of subsets of X of cardinality x, by [X]|<" the set of subsets
of X of cardinality less than k. With X” we denote both the set of functions from & to
X and the cardinality of this set. We hope that it is always clear what is meant from
the context. For a sequence s € X<% we define [s] C X" to be the set of sequences
extending s, by |s| we mean the length of s and for a < |s| we let s [ a be the restriction
of s to . A tree T on X of height x is a subset of X<", such that if t € T alsot [a €T
for every a < |t|. We let [T] € X" be the set of branches of T, i.e. the set of all
x € X" such that z [ a € T for every a < k. If T is a tree and s € T is a node let
T(s)={teT|sCtVtC s} be the subtree of T of all nodes that are compatible with
s. The eventual dominance relation <* is defined on w* by g <* f if and only if there
is some N € w such that g(n) < f(n) for all n > N.

An ideal on a set X is a set A C P(X) such that if A C B € A, then A € A
and for every A,B € A also AUB € A. We also assume that all ideals contain the
finite subsets of X. An ideal is called o-closed if additionally |J,,,, An € A, for every
{An| n € w} C A. We denote by A™ the set of all subsets of X which are not in .A.

Forcing will be used throughout the thesis, but is to involved to introduce here. It is
a technique to get from a model V' of set theory another model V[G] by adjoining a set
to it, whose properties can be described in V' via a partial order. A forcing notion P is
a partial order, we call the elements conditions and say a condition p is stronger than ¢
ifp<gq.

In a few proofs we will need the notion of a game on a set X. For an introduction to
games see [23]. In a game two players will alternate playing to construct a sequence in
X%, in the end we say player I wins if the end state is an element of some predetermined
set A C X“. The important property is that all games played with Borel payoff set are
determined, that means one of the two players has a winning strategy.

Another thing we will use are cardinal characteristics. Those are statements that
define a cardinal that lies somewhere between N; and the continuum, also denoted ¢,
but its value is not determined by ZFC. For example b is the least size of a subset of w®
that is unbounded with respect to <*. We will define all used cardinal characteristics,
but will use the known relations between them freely. For more information look at [6].






3 Proper forcing

If we want to prove anything interesting about cardinal characteristics we need that the
continuum has size bigger than N, otherwise we will just have that all of them are equal
to Ny = ¢. To get a forcing extension where the continuum hypothesis fails we have
basically two methods. We can either start with a model with big continuum where
all cardinal characteristics are big, a good example of this is a model of not CH and
Martin’s Axiom, and then force some of them to become small. The other one is to start
with a model of CH and force the continuum and some characteristics to become big.
Here we will mostly be concerned with the second approach. The question then becomes
how we guarantee that the continuum really is big in the extension. If we collapse N; to
become countable we can add Ny many reals and still satisfy CH in the end. So we need
some way to guarantee that N; is not collapsed. The two most well known properties
that assure this are the countable chain condition and o-closedness. Of course o-closed
forcings do not add new reals, so they are not doing anything for us. Forcings with the
c.c.c. are more interesting for our purposes, but there are still a lot of forcings that we
want to look at that do not satisfy it, for example Sacks forcing. For this purpose Shelah
[36] introduced proper forcing. All the proofs in this chapter are due to him. We will
follow here the presentation given in [13], for other presentation see [I] and [14].

Definition 3.0.1. Let P be a forcing notion, k > 2l a reqular cardinal and let M
be a countable elementary submodel of H(k) such that P € M. We say that p € P is
(M, P)-generic if for all dense sets D C P that belong to M we have p Ik “DNMNG # ().

We say that P is proper if for every k > 2/F| there is some x € H (k) such that for
every countable elementary submodel M of H(k) that contains x and P every p € PN M
has an (M,P)-generic extension.

This definition can be altered in a lot of ways to an equivalent definition. For example
we only need this to hold for a single x and omit the extra element x. As we often need a
cardinal « like in this definition we will just say that & is “large enough” to mean x > 2FI
for all forcing notions P considered at that point. There are also many equivalent ways
to state that a condition is generic.

Lemma 3.0.2. Let P be a forcing notion, k > 2P a reqular cardinal and let M be a
countable elementary submodel of H(k) such that P € M. The following are equivalent:

(1) p is (M,P)-generic.

(2) M N D is predense below p for all dense D C P that belong to M.

(3) plF “M[G]NOrd = M N Ord”.
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(4) pIF “M[G]NV =MV,

Proof. | (3)|is trivial. The equivalence between and is simple.
| (4)l Let & € M be a P-name. Define D = {¢ <p|Jy(qlF “y=2")} and let
f: D — V be a function such that ¢ IF “¢ = f(q)”, for all ¢ € D. Then f,D € M and

D is dense below p. Thus plF “DNM NG # 0”. Let G be P-generic with p € G. Then
there is ¢ € DN M NG. Now f(q) € M and ¢ - “& = f(q)” so i% € M.

Let D C P be a dense set contained in M. There are some o and f: o« — D
surjective in M. Let 7 be the name for the minimal ordinal 7 such that f(7) € G. Let
G be P-generic with p € G. Then by assumption 7¢ € M, so f(+) e MNGND. [

As mentioned already the importance of proper forcing lies in the fact that it preserves
V1. To show that this is the case we will prove the stronger statement that proper forcings
preserve stationary subsets of N;j.

Definition 3.0.3. Let k be an uncountable reqular cardinal. A set C' C & is called club,
which stands for closed unbounded set, if it is closed and unbounded in k. Closed means
for every C" C C either | JC' =k or | YC" € C.

A set S C k is called stationary if it has non empty intersection with every club subset
of k.

There are no stationary subsets of a countable set, as every cofinal sequence is a
club. But ¥; is stationary in itself, so forcings that collapse N; can’t preserve stationary
subsets.

Theorem 3.0.4. Let P be proper and let S C Wy be stationary. Then S is stationary in
every forcing extension via P.

Proof. Fix a P-generic filter G. Let C be a P-name for a club set. Define
D= {Mﬁwl‘ M = H(k) is countable and C,P € M}

For M < H(k) and a set x € M that M thinks is countable we have x C M, thus
M Nuwy is a countable ordinal. Construct a club subset of D, by recursively constructing
models M,, a < w;. Let My be some countable elementary submodel of H (k). If we
have already constructed M, for a < wj, we can get an elementary submodel M,
of H(r) that contains My U {My Nwi} with the Lowenheim-Skolem Theorem, then we
also have M, < M,,1. At limit stages v we take the direct union, which is still an
elementary extension of all previous M, and an elementary submodel of H(x). Then
{MyNwi| o <wi}is club. So there is a countable M < H(k) with C,P € M such
that M Nw; € S. Because P is proper we find ¢ € G that is (M, P)-generic. Then

M[G]Nwy = MNw € S. Also C € M[G] is a club subset of w{w[G] = w since
MIG] < H(k)[G]. But then C is unbounded in M Nw; and since it is closed this means
M Nw; € C. So S intersects every club set in V[G] and is therefore stationary. O

Corollary 3.0.5. If P is proper then Ry is not collapsed by forcing with P.



3.1 Axiom A forcing

Another nice property is that countable sets in the extension can be covered by count-
able ground model sets.

Lemma 3.0.6. Let P be a proper forcing and let G be a P-generic filter. Then for every
countable set of ordinals A € V|G| there is a countable B € V' such that A C B.

Proof. Let k be large enough. Let A be a P-name for A. Then there is a countable
elementary submodel M < H (k) with A € M. So we have A € M[G] and because A
is countable this implies A C M[G]. Since P is proper every generic filter contains a
(M, P)-generic condition. Therefore A C M[G]NOrd = M NOrd, so B = M works. [

3.1 Axiom A forcing

Showing properness directly is quite cumbersome, but many of the classical forcings one
considers satisfy a stronger property which is rather easy to check. This property was
introduced by Baumgartner [4].

Definition 3.1.1. A forcing notion P satisfies Aziom A if there is a sequence of partial
orders { <,| n € w} with the following properties:

(1) §0:§7
(2) Sn—l—lggn;

(3) if (Pn) e, @5 a sequence of conditions such that ppy1 <, p, for every n, then there
s a condition p such that p <, p, for everyn € w and

(4) for every p € P, n € w and P-name & for an ordinal there exists ¢ <,, p and a
countable B such that q IF “a € B”.

A sequence as in is called a fusion sequence and the condition p is called fusion of
the sequence.

Lemma 3.1.2. If we replace with

(4°) For everyp € P, n € w and dense D C P there exists ¢ <, p and a countable set
D' C D which is predense below q,

in the definition above we get an equivalent definition.

Proof. First we assume Fix p € P, n € w and a dense set D C P. Let A =
{aa| @ < A} be a maximal antichain in D. Then there is a P-name 4 such that a, IF
“y = a7, for all @ < A. By take ¢ <, p and B C X such that ¢ IF “¥ € B”.
Then A" = {aq| @ € B} is predense below ¢q. For r < ¢ there is & < A such that a, is
compatible with s. Thus there is s < r forcing ¥ = « and hence « € B.

On the other hand assume (4’) holds. Fix p € P, n € w and a P-name & for an
ordinal. Let D = {r € P| Ja, (r IF “& = «,)”}. This set is dense, so there exists ¢ <,, p
and a countable set D’ C D predense below ¢q. Let B = {a,| r € D'}. Every s < ¢ is
compatible with some r € D', thus ¢q IF “& € B”. ]
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Theorem 3.1.3. A forcing P satisfying Aziom A is proper.

Proof. Let X be the set of all dense subsets of P and let X’ be the set of all countable
subsets of P. Since P satisfies Axiom A there exists a function

crwxPx X —>Px X

such that if o(n, p, D) = (¢, D’) then ¢ <,, p and D’ C D is predense below q. Now let x
be large enough and let M < H (k) be countable such that P,o € M. Fix pp € PN M.
If we find a (M, P)-generic extension of py we are done. Let {D,| n € w} enumerate all
dense subsets of P that are contained in M. Inductively define (p,,+1, D)) = o(n, pn, Dy).
Then py+1, D), € M, because 0 € M. And from the definition of o we have p,11 <, pp
and D;, C D, is predense below p,, 1. Let ¢ be the fusion of the sequence (py),,c,,- Then
D), is predense below ¢. And since D), € M is countable we even have D] C M, thus
M N D,, 2 D), is predense below g. Since we enumerated all dense sets in M this means

q is (M, P)-generic by condition in O

Theorem 3.1.4. Forcings that have the countable chain condition or are o-closed satisfy
Axiom A.

Proof. First consider a forcing P with the ccc. Define <,,, for n > 0 as p <,, ¢ if and
only if p = ¢q. Then fusion sequences are constant and the fusion is just this constant
value. For the other condition every maximal antichain is countable which means (4) is
satisfied by any maximal antichain in D.

Now let IP be a o-closed forcing. Then let <,=<, for every n € w. A fusion sequence
is a decreasing sequence, which by o-closeness has a lower bound which is a fusion for it.
Every condition can be strengthened to a condition forcing a specific value which means
is true even if we require B to be a singleton. O

3.2 lterating proper forcing

A property almost as important as that of preserving cardinals is the preservation of it
under iterations. For example the countable chain condition is preserved under finite
support iterations, but not under countable support iterations. For example if p,q € P
are two incompatible conditions, then in the countable support iteration of length w
there is the uncountable antichain {r,| o < wi}, with ro(8) = p if f < @ and ro(a) =
q. In this section we will show that properness is preserved under countable support
iterations.
The first step is to show that 2-step iterations of proper forcings are proper.

Lemma 3.2.1. Let P be a forcing and Q a P-name for a forcing. Let k be large
enough and let M < H(k) be a countable elementary submodel with P,Q € M. Let
p € P be (M,P)-generic. Let ¢ be a P-name for an element of Q such that p IF
“q is (M[G],Q)-generic’. Then (p,q) is (M, P % Q)-generic.
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Proof. We will use from Let G be P-generic with p € G. Let H be QG—generic
over V[G] with ¢ € H. Every P % Q-generic filter containing (p, ¢) can be decomposed
in this way, so it is enough to consider this case. Then M N Ord = M[G] N Ord =
MI[G][H] N Ord, the first equality is because p is (M,P)-generic and the second one
because ¢ is (M[G], Q%)-generic. If 7 is a P Q-name there is a definable P-name 7/ for
a Q-name that is interpreted in the same way. Then if 7 € M, then there is such 7 also
in M. So M[G x H] C M|G|[H] and therefore M |G « H|] N Ord = M N Ord. O

Lemma 3.2.2. Let P be a proper forcing and let Q be a P-name for a proper forcing. Let
Kk be large enough and let M < H (k) be countable with PxQ € M. If qo is (M, P)-generic,
p is a P-name such that

QlF“pe MNP+xQAT(p) € Gy,

where 7 is the projection from P«Q onto the first coordinate and Gy is the name for the
P-generic filter, then there is a P-name ¢1 such that (qo,q1) is (M, P x Q)-generic and

(QO741) I- “p € G’7a
where G is the name for the P x Q-generic filter.

Proof. Let pg, p1 be P-names such that p = (pg, p1). Let G be a P-generic filter containing
go. Then QC is proper, so there is ¢ < p$’ which is (M[G},QG)—generic. Let g1 be a
P-name for this. By the previous lemma (qo, ¢1) is (M, P * Q)-generic.

It remains to show that (go,q41) IF “p € G, Let G H be a P x Q—generic filter
containing (go, ¢1). By the assumption we have p§ = 7(p“) € G. From the construction
of ¢1 we have that (le < plG. Thus qu € H. In total p&*H € G« H. O

Lemma 3.2.3 (Properness Extension Lemma). Let {Pa,(@a‘ a < 7} be a countable

support iteration of proper forcings, i.e. Ik “Qq is proper”, for all a < . Let k be large
enough and M =< H(k) is countable with P,y € M. If vy € yNM, qq is (M, P, )-generic
and po is a P, -name such that

Q0 Fyy “po € MNP, Ao [0 € Gry”
then there is a (M,Py)-generic condition q such that q | vo = qo and
gl “po € Gy

Proof. The proof is by induction on ~y. First consider the case where v = +' + 1 is a
successor. As v € M also v/ € M. So we can use the induction hypothesis to get a
(M,P./)-generic ¢’ with the required properties for 4'. Then the previous Lemma lets
us extend ¢’ to a (M, P, )-generic ¢ with the required properties.

Now assume 7 is a limit ordinal and the Lemma holds for all 4/ < 7. Let {y,| n € w} C
v N M be an unbounded increasing sequence. Let {Dy| n € w} enumerate all dense
subsets of P, contained in M. We will recursively construct p,,g,, n € w, such that for
every n € w the following holds:
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(1) gn is a (M, P, )-generic condition with g, [ Yp—1 = qn—1,
(2) pn is a P, -name such that

qn Py, “Pn € MNPy A Dy [ VYo € Gy, AP < Pr—1 ADn € D17

For n = 0 the conditions hold. Now assume we have defined py,, ¢, for some n. Let G,
be a P, -generic filter with ¢, € G,. Then there is p, € P, N M such that p, = pfvn.
Define D = {r [ yu| r € P, N Dy Ar < p,}. This set is contained in M, dense below p;,
and g, € G, is (P, , M)-generic, thus M N D NG, # 0. Therefore

H(K)[Gy,| E“x(xeDyhc<p, ANz [ymeMNG,,)".

So such x exists in M[G,,] and since M[G,,]NV = M NV we even have such x in M.
Let pp+1 be a name for such an z. Now use the induction hypothesis with ~,11, ¢, and
Pn+1 | Yne1 to get gpr1. Then is true and g, 1 1My, “Pny1 [ Y41 € G%H”. All the
other things in are true by the choice of p,1. This completes the construction of p,
and g,.

Let ¢ = U,co, @n- This is well defined since the iteration has countable support and
Gn | Ym = @m, for all m < n. To finish the proof we will show that ¢ I, “p, € va
for all n € w. Then ¢ is (M, P,)-generic since the D,, enumerate all dense subsets of
P, in M and ¢ IFy “p, € D,—1". Let G, be a Py-generic filter with ¢ € G,. Fix some
n € w. Take p, € M such that pSW = pp. Then there is some ordinal 8 € M containing
the domain of p,, since such an ordinal exists in H (k). Take m € w such that 5 < ,.
Then p, | Ym = pn and since ¢, IF “p, € Gym” and ¢ < ¢, we have p, € G,. Thus
qlF“p, € G,". O

Theorem 3.2.4. Let {P,| a <~} be a countable support iteration of proper forcings.
Then P, is proper.

Proof. Let k be a large enough regular cardinal, M a countable elementary submodel of
H(x) and p € P, N M. Without loss of generality Py = {0}. Then 0 is a (M, Py)-generic
condition. We can view p as a Pp-name for an element of PP,. Then the conditions of the
properness extension lemma are satisfied so we get a (M, P, )-generic condition ¢ such
that ¢ I “p € G'y”- Since we can also assume that PP, is seperative this implies that
q<p. O

If we want to force the continuum to be bigger than N; it is not enough to preserve
N1, some cardinal bigger than N; has to be preserved and we need to add at least that
many new reals. The following theorem guarantees that if we iterate with small proper
forcings no cardinals will be collapsed.

Theorem 3.2.5. Assume CH. Let {P;| i <~} be a countable support iteration of length
v < wa of proper forcings of size 1. Then P, has the Na-cc.

10



3.2 Iterating proper forcing

This theorem does present us with a new problem. The size of the intermediate
forcings has to be Wy, but this size has to be computed in the intermediate model. So
it could happen that we want to iterate a forcing of size 2, which is Ny in the ground
model, but in some intermediate extension we blow up the continuum and the forcing
has no longer size N;. That this does not happen is ensured by the next theorem.

Theorem 3.2.6. Assume CH. Let {P;| i <~} be a countable support iteration of length
v < wg of proper forcings of size Xy. Then CH holds in forcing extensions via P, .

11






4 Real forcing

This chapter will introduce a nice representation for forcings adding a single real and
then introduces some of the common notions of forcing and show how they fit into this
framework. This notion is called real forcing and was introduced by Zapletal, see [40]
and [39]. They are forcings of the form B(R)/Ip, where B(R) is the set of Borel sets of
R and Ip is a o-ideal, ordered by inclusion modulo Ip. By R we mean either 2 or w“.
Most general statements, i.e. not related to a specific forcing notion, will be stated only
for 2%, but are also true for w* with exactly the same proof. We will shorten B(R) to
B. To make work with them a little easier we notice the following, in light of which we
will mostly be working with B\ Ip, to avoid dealing with equivalence classes.

Theorem 4.0.1. Let Ip C B be a o-ideal. Then B/Ip is forcing equivalent to B\ Ip,
ordered by inclusion.

Proof. The separative quotient of B\ Ip is B/Ip. Therefore they are forcing equivalent.
O

Real forcings add a new real that satisfies the following nice property. We will often
call this real the generic real.

Theorem 4.0.2 (Zapletal, [39]). There is a P = B\ Ip-name & for a real such that for
every generic filter G C P and Borel set B coded in V, #¢ € B if and only if B € G.
This real even has the property that B I+ “& € B” for every Borel set B € P coded in V,
where B is the name for the Borel set in the extension with the same definition as B.

Proof. Without loss of generality we say R = 2¥. Let x: w — 2 be defined by z(n) = m
if and only if {f € 2| f(n) =m} € G. Since for any n the sets {f € 2| f(n) =0}
and {f € 2¥| f(n) =1} form a maximal antichain, we have that this is indeed a total
function. It might be the case that one of these sets is not in P, but then the other one
is a maximal condition. Now we will show the second statement by induction on the
complexity of Borel sets, from this the first one follows. If B is closed or a basic open
set then this is clear. Next assume B = J,,.,, Bn and B, |- “d € B, for all n € w such
that B, € P. Because Ip is o-closed we have |J{B,| By, € Ip} € Ip. Thus {B,| B, € P}
is pre dense below B and therefore B IF “¢ € B”. Finally let B = MNhew Bn and
B, IF “z € Bn” for all n € w, here we have that B,, € P for all n, since B C B,,. Then
B C B,, for every n € w, therefore B I+ “& € B,”. So B+ “i e MNhew B, = B". ]

We want our real forcings to have another property:

If B §2<w with Gg € Pand F < Gp,

4.1
then there is B’ C B such that Gg € P and G < E. (41)
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4 Real forcing

This property follows from the continuous reading of names, see [4(), Proposition 3.1.9].
There it is also shown that all real forcings generated by closed sets have the continuous
reading of names. All the forcings we will consider are of this form.

4.1 Sacks forcing

We start, our look at common forcing notions with Sacks forcing. As the name suggest it
was introduced by Sacks [35]. Sacks forcing S is the set of perfect trees on 2<%, sometimes
also called Sacks trees, ordered by inclusion. We say a node is a splitting node if both
immediate successors are in the tree as well, the set of splitting nodes is denoted by
split(7") and split,, (7') are all splitting nodes that have n splitting nodes below them.
A perfect tree is a tree in which there is a splitting node above every node. To get a
representation of Sacks forcing as real forcing we use the perfect set theorem, the proof
given is due to Solovay, see [23, Exercise 29.2].

Theorem 4.1.1 (Souslin). For every analytic set A C 2%, either A is countable, or it
contains a perfect subset.

Proof. Let A C 2% be an analytic set. Then there is a tree T C 2<% x w<%“ such that
A = p|[T], where p is the projection of branches of T" onto the first coordinate. For trees
S C 2<% x w<¥ define a tree

S — {(S,U) € S} A(t,v), (r,w) € S((s,u) C (t,v), (r,w) /\tJ_r)},

Recursively define Ty = T, T,11 = (To)’ and for limit ordinals A, Ty = (), Ta- Since
T is countable there is some v < wq such that T, = T, 1. Let T = T,. Consider two
cases.

First assume T, # (. Recursively construct a set S = {s,| o € 2<“} that gener-
ates a perfect tree and a set {uy| o € 2<¥} C w<¥ such that (sy,us) € Tn for ev-
ery o € 2<%, Let (sp,up) € Too be arbitrary. If we have defined (s,,u,) there have
to be (Sy~0, Us~g) € Too and (Sy~1,Uy~1) € Too such that (S,~g, Uy~g), (Sgn1, Ug~1) 2
(Sgn1s Ug~1) and Sy~gLS,~1, since (To)' = Too. Then [S] C p[T] = A is a perfect set.

On the other hand assume that T, = 0. For (s, u) € Ty \Tw+1 all extensions (¢,v) € T,
have compatible first coordinates, thus there is at most one x(y,) € p[Ta(s,u)]. All
x € plT,] \ p[Tu+1] are of this form. Thus p[T,] \ p[Ta+1] is countable. Since 7 is
countable this means that A = p[Tp] is countable. O

Because of this Sacks forcing is a dense subset of B(2“) \ cntble, where cntble is the
ideal of countable sets. Thus they are forcing equivalent.

Theorem 4.1.2. Sacks forcing satisfies Axiom A, in particular Sacks forcing is proper.

Proof. For n € w and conditions T,T7" € S define T <,, T" if and only if T < T” and
split,,(T') = split,,(T"). Then if (T3,),,,, is a fusion sequence we have that T' = (1, ., Tn
is a condition, as the n-th splitting level of T' is the same as the n-th splitting level of
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4.2 Miller forcing

T, , and because of this it is also clear that it is a fusion of the sequence. Now let T" € S,
n € w and let & be a name for an ordinal. For every s € split,, (7' there is a condition
Ts < T(s) that decides & to be some a;. Define S = Usesphtn(T) T, this is a perfect tree
and the n-th splitting level is the same as in T, so S <,, T'. Also {Ts| s € split,,(T)} is
dense below S, so S IF “& € {ag| s € split,, (T)} . O

4.2 Miller forcing

Miller forcing M is the set of rational perfect trees ordered by inclusion. It was introduced
by Miller [32].

Definition 4.2.1. A tree T C w<¥ is called rational perfect if every node has an exten-
siton that has infinitely many immediate successors.

A set B C w¥ is called o-bounded if there is a countable set X C w* such that for all
y € B there is some x € X such that y < x.

A node is called splitting if it has infinitely many direct successors in the tree, the set
of splitting nodes is defined as for Sacks forcing. Let I, be the ideal of o-bounded sets.
The following result shows that Miller forcing is equivalent to B(w®) \ Ky .

Theorem 4.2.2 (Kechris, [22]). Every analytic A C w* is either o-bounded or it con-
tains a rational perfect subset.

Proof. This proof works very similar to the one for perfect sets. Let A C w® be an
analytic set. Then there is a tree T C w<¥ X w<* such that A = p[T]. For trees
S C w<¥ x w<¥ define a tree

S = {(s,u) € S|3{(tn,vn)|n €Ew} C S cw
(tn,vn) 2 (s,u) Al(tn, sn)| =LAt (L=1) >nAt, [ (I—1) =t [ (-1}

Recursively define Ty = T, T,,41 = (T)" and for limit ordinals A, Ty = (), Tw- Then
there is v < wy such that Ty = Ty41. Let Too = T. In the case that T, # () construct a
rational perfect set contained in A in the same way as in the proof for perfect sets. Thus
assume now that T, = (). For (s,u) € Tp \ Tay1 and n € w there is g, ,,)(n) such that
all extensions (t,v) € Ty, of length n satisfy t(n —1) < g(s)(n). Thus all z € p[Ta(s,u)]
are dominated by g(, ). Since 7 is countable this means that we can build a countable
set, of such function that witnesses that A is o-bounded. O

Theorem 4.2.3. Miller forcing satisfies Axiom A, in particular Miller forcing is proper.

Proof. For n € w and Miller trees T, S define T' <,, S if and only if T" C S and the
first n splitting levels are the same. If (T5,),.,, is a fusion sequence define the fusion
T = \pewTn. Fort € T on the (n — 1)-th level we have ¢t € T}, and there is a node
s € T, on the (n — 1)-th splitting level extending ¢. Then there are infinitely many i
such that s7¢ € T, and all of them have a node on the n-th splitting level extending
them which are all in T, therefore s is a splitting node in T'. Also T <,, T}, for every
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4 Real forcing

n €w. Let T € M, n € w and let & be an M-name for an ordinal. Enumerate the n-th
splitting level as {t,,| m € w}. For every m € w choose T}, < T'(t;,) and an ordinal a,
such that T}, IF “&¢ = a,;,”. Then S = Um@} T, is a condition that is <,, below T and
forces that ¢ is one of the ay,. O

4.3 Laver Forcing

Laver forcing L is the set of Laver trees ordered by inclusion, it was introduced by Laver
[27].

Definition 4.3.1. A Laver tree is a tree T C w“ such that there is a stem t € T
with which all nodes are compatible and all nodes s O t have infinitely many immediate
successors in T

A set B C w¥ is called strongly dominating if for every function ¢: w<¥ — w there is
g € B such that for all but finitely many n, g(n) > ¢(g [ n).

Let not — dominating be the ideal of not strongly dominating sets of reals. Then
we have that Laver forcing is equivalent to B(w*) \ not — dominating, because of the
following theorem.

Theorem 4.3.2 ([]]). Every Borel set A C w* is either not strongly dominating or
contains a Laver tree.

Proof. Let A be a Borel set. We will define a game. In turn m player II plays a natural
number n,,. Player I plays as first move some sequence s € w<* and in turn m > 0
some natural number s,, > n,,—1. Let z = s“sasl .... Then I wins if and only if z € A.
Because Borel sets are determined either I or II has a winning strategy.

If T has a winning strategy let T be the tree of all plays that I makes according to
this strategy. Then if s € T player II can answer with any natural number n forcing I
to play a continuation greater than n. Thus T is a Laver tree. Since all plays in T are
made according to a winning strategy for I we have [T] C A.

On the other hand assume II has a winning strategy. We have to show that A is not
strongly dominating. Define ¢: w<“ — w by sending s to the highest natural n that II
plays if I plays s. Notice that there are different ways for I to play s as she can vary how
much of it she plays in the first turn. Now for x € A and n € w there is a maximal play
according to II’s winning strategy where I starts by playing x [ n and then continues
to play x. The reason for this has to be that at his final turn II plays some natural
number m bigger than the next number from z, say z(k), that I would have to play.
Then ¢(x | k) > m > x(k). Thus ¢ witnesses that A is not strongly dominating. O

Theorem 4.3.3. Laver forcing satisfies Axiom A, in particular Laver forcing is proper.

Proof. The proof is the same as for Miller forcing. In particular the ordering T' <,, S is
given by T' < S and the n-th splitting level of T is the same as the n-th splitting level
of S. 0
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4.4 Cohen forcing

4.4 Cohen forcing

Cohen forcing C is the set of finite partial functions w — 2 ordered by reverse inclusion.
This forcing was introduced by Cohen in his paper that introduced the method of forcing
[11]. Let M be the ideal of meager sets, that is countable unions of nowhere dense sets.
Then Cohen forcing is equivalent to B(2) \ M.

Theorem 4.4.1. For every non meager Borel set A C 2% there is s € 2<% such that
[s] \ A is meager.

This theorem is due to Banach and Mazur, for a proof see [33] or [23].

Proof. We start by considering a game for arbitrary Borel sets A. Both players alternate
playing finite sequences s,, € 2<“. Let s = s;'s] ... and say that I wins if and only if
s € A.

Assume first that II has a winning strategy 7. We will show that then A is meager.
For a partial play p = (so,51,...,52,—1) let p. = s3's] ...” s2,—1 and define

D, = {x c 2°J’ p. Ca— 3t €2 <p;t“r(p“(t)) c x)} _

Claim. D, is open and dense.

Proof. We have

D, = @\ p) U {pet )|t e 2.

so it is a union of open sets and therefore open. To see that it is dense take s € 2<%, If
s 2 p« any extension of s that is not an extension of p, is in Dy,. And if s D p, take any

t # 0 such that s C p,'t. Then any extension of pi t"7(p~(t)) is in D,. O

Ifz e ﬂp D,, then we can recursively define a play (s, s;,...) according to 7 such

that + = s;s] .... As 7 is a winning strategy for II this means = ¢ A. Therefore
A C U,(2¥\ Dp) and since the complement of a dense open set is nowhere dense this
means that A is meager.

In the case that I has a winning strategy, let s € 2<% be her first move. Then consider
the game with payoff set [s] \ A. It is easy to see that II has a winning strategy by just
doing what I would have done in the original game. Thus the other case shows that
[s] \ A is meager.

Finally consider a non meager Borel set A. Then the game with payoff set A is
determined. I can’t have a winning strategy as then A would be non meager. So II has
a winning strategy, which means there is an s € 2<% such that [s] \ A is meager. O

Theorem 4.4.2. Cohen forcing has the ccc. This also means it satisfies Aziom A and
1S proper.

Proof. This is clear as Cohen forcing is countable. O
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4 Real forcing

4.5 Hechler forcing

Hechler forcing is the poset

D= (0] et s cunc )
ordered by
(s,f) < (t,g) = s 2tAVR(f(n) > g(n)),

where w! is the set of increasing functions from w to w, similarly define w<¥. This
forcing was introduced by Hechler [16]. Like Cohen forcing the ideal for Hechler forcing
will be the set of Meager sets, but for a different topology.

Definition 4.5.1.
e For (s, f) €D let Uy gy = {z e wT“" sCa,xz> f}.

e The dominating topology D on w'™ is the topology generated by the sets Ugs,f)s
where (s, f) € D.

Let Mp be the ideal of D-meager subsets of w!¥, i.e. countable unions of nowhere
D-dense sets. Then Hechler forcing is a dense subset of B(w'™)/Mp, so they are forcing
equivalent. For more details see [26].

Theorem 4.5.2. Hechler forcing has the cce, in particular it satisfies Aziom A and is
proper.

Proof. For s € w'<®let Dy C D be the set of all conditions that have s as fist coordinate.
Then any two elements of Dy are compatible. Thus every element of an antichain is in
a different D,. As w!<¥ is countable this means every antichain is countable. O

4.6 Random forcing

Let N be the ideal of Lebesgue null sets. Then Random forcing B is B(2¥) \ N. This
was introduced by Solovay [37]. Sadly he was good enough at naming things which is
why this forcing notion is not named after its creator. We will state some general facts
about Lebesgue measure that will be helpful, for proofs see [23]. Let u be the Lebesgue
measure.

Theorem 4.6.1. For any measureable set A C 2%

u(A) =inf {u(U)| U D A,U open}
=sup{u(F)| F C A, F closed}

This means we can approximate measurable sets from below with closed and from
above with open sets.
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4.6 Random forcing

Theorem 4.6.2. Fvery analytic set is measurable.

Theorem 4.6.3. Random forcing has the ccc, in particular it satisfies Axiom A and is
proper.

Proof. If there were an uncountable antichain, then there is some n such that infinitely
many member of this antichain have measure greater than % From those we can take
n+ 1 many and shrink them to have empty intersection, while preserving their measure.
This contradicts the fact that the measure of the whole is 1. O
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5 Forcing indestructibility of MAD families

5.1 MAD families and tall ideals

We now come to the main object of this thesis, maximal almost disjoint families, also
called MAD families. An almost disjoint family is a set .4 C [w]“ such that any distinct
A, B € Ahave finite intersection. Then MAD families are infinite almost disjoint families
that are maximal with respect to inclusion. It is an easy application of Zorn’s Lemma
that such families exist. A closely related notion is that of tall ideals. An ideal Z C P(w)
is called tall if the dual filter 7% = {w \ I| I € Z} doesn’t have a pseudo-intersection. A
pseudo-intersection of a family F C [w]* is a set A C w that is almost contained in every
element of F, that means A\ F is finite for every F € F.
Then we can associate to every family A of subsets of w an ideal

EInEI{Ai|i<n}§A<A§* UAZ)},

<n

IZ(A) = {Agw

to get the following characterization of MAD families. Here A C* B stands for A is
almost a subset of B, i.e. A\ B is finite.

Theorem 5.1.1. Let A be an almost disjoint family. Then A is MAD if and only if
Z(A) is tall.

Proof. If A is not MAD then there is some A C w that is almost disjoint from every
element of A. This set is a pseudo-intersection of Z(.A)*, so it is not a tall ideal. On the
other hand if A is a pseudo intersection of Z(A)*, then A is almost disjoint from every
element of A, so this is not a MAD family. O

Definition 5.1.2. Let A C 2<%. Define the G closure of A as
Ga = {x € 2“" Eloon(x [n € A)}
We use this notion to give another characterization of tall ideals.
Theorem 5.1.3. Let Z be an ideal. The following are equivalent:
(1) T is tall.

(2) For all B C 2<% and (injective) functions f: B — w the family {Gf—l[”‘ IeT}
covers Gpg.

(3) For all (injective) functions f: 2<% — w the family {Gf—l[]” Ie I} covers 2%.
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5 Forcing indestructibility of MAD families

Proof. Let us first show implies Assume that does not hold and let B C 2<%
and f: B — w witness this. Then there is some x € Gp \ Ujcz Gy1py- Let A =
{f(x I n)|z | n€ B}. If A were finite there would be a € A such that f~![a] were
infinite, but then x € Gy-1(4,)) and as {a} € T this is a contradiction. Thus A is infinite.
If there is I € 7 such that AN is infinite, then z € Gy-15). So AN is finite, for every
I € 7. Thus A witnesses that Z is not tall.

That implies is trivial. Assume Z were not tall and let A € [w]* be such that
AN is finite for every I € Z. Then there is an injective function f: 2<% — w and a
real x € 2¥ such that f(x [ n) € A, for every n € w. But then z is not covered by
G| I €I},

O

Lemma 5.1.4. Let A C [w]” be such that F = {Gf_1[A}‘ A € A} is a disjoint covering
of 2%, for every injective function f: 2<% — w. Then A is a MAD family.

Proof. Assume towards a contradiction that A is not almost disjoint and take A, B €
A witnessing this. Let f: 2<¥ — w be injective and =z € 2% such that f bijects
{z [n|n €w} onto AN B. Then z € Gy14) N Gy-11p], a contradiction. Thus A is
an almost disjoint family and that it is maximal follows from and O

5.2 Weak fusion

The following notion was introduced by Jorg Brendle and Shunsuke Yatabe in [9]. Unless
otherwise stated the results in this chapter are due to them.

Definition 5.2.1. A real forcing P = B\ Ip with the continuous reading of names has
weak fusion if the following holds: . '
For every E € P and every P-name C, such that E | “C € [w]*”, there are

e pairwise disjoint antichains B, C 2<%,
e antichains A, C P,
e one-to-one functions h,: B, — A, and
¢ g: Upewn x Ay — w one-to-one such that g(n, A) > n
such that
(1) Gp < E,

(2) VB' C B with Ggr € PVk € win > kds € B, N B’
o [S] NGg €P,
o [s]NGp is compatible with hy(s),

(3) ¥nVA € A, (AlF “g(n, A) € C7),
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5.2 Weak fusion

where B =, ., Bn-
Instead of we can also require
(2)) VnVs € By ([s) N Gp < hy(s)).

Assume this holds and let B’ C B with Gp € P and k € w. Then G = |J{[s]NGBls €
B' N Ugs, Be}- Now if neither element in this union is a condition, then Gp is also
not a condition since Ip is o-closed. So there is some k > n and s € B,, N B’ such that
[sjNGp € P. By this condition is stronger than h,(s) and therefore compatible
with it, so holds.

Now we can give a purely combinatorial characterization of forcing indestructible tall
ideals.

Theorem 5.2.2. Let P = B/Ip be a real forcing that has weak fusion and the continuous
reading of names. Let T be a tall ideal. Then the following are equivalent:

(1) T is P-indestructible.
(2) VB C 2<% such that Gg ¢ Ip Vf: B — w3l € T such that G & Ip.
(3) VB C 2<% such that Gp ¢ Ip Vf: B — w injective 31 € T such that Gy & Ip.

Proof. We begin by showing implies Assume is false and take B C 2<% and
fi+ B — w witnessing this, i.e. Gp ¢ Ip and G417 € Ip, for every I € Z. Let i be a
name for the generic real from theorem and define A = {f( | n)| & | n € B}. As
Gp It “e € Gg” it also forces that A is infinite. Take I € Z. Since fol[[] € Ip we have
that Gp \ G -1 = G, here we use the fact that B \ Ip is forcing equivalent to B/Ip.
Thus Gp IF “¢ ¢ G g-1(7)” and therefore it also forces that ANT is finite. So A witnesses
the destruction of Z.

That implies is trivial.

To show implies we use weak fusion. Take E € P and a P-name C such that
E - “C € [w“”. We want to show that E does not force that C' destroys Z. Let
By, A, hy, and g be as in the definition of weak fusion. Define f: B — w by sending
s € By, to g(n,hy(s)). This function is injective as both g and all the h,, are. So from
we get I € T such that G-y ¢ Ip. To show that G j-1q) forces C N1 to be infinite
it is enough to show

VF C GpayVk3an > kIF' < F(F'IF “ne CNI7).

Since forcings with the continuous reading of names have property we can find
B’ C f~1[I] such that Gg € P and G < F. Now fromin weak fusion we get n > k
and s € B, N B’ such that [s] N Gps is compatible with h,(s). Let F’' be stronger than
both of these. Then F' I+ “f(s) € C”, since hy(s) does this, but also s € f~'[I] and
therefore f(s) € I. So there is a condition stronger than E that forces that C' does not
destroy Z. Thus E does not force that C' destroys Z. O
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5 Forcing indestructibility of MAD families

Now it just remains to show that all the forcing notions we introduced earlier do indeed
satisfy weak fusion. We start with Sacks forcing, since most of the other arguments are
just more complicated versions of this one.

Theorem 5.2.3. Sacks forcing has weak fusion.

Proof. Let T € S be a condition and C' an S-name such that T I+ “C' € [w]*”. Recur-
sively construct a fusion sequence (T),,c,,, such that for every n > 0 and s € split,, (T},)
there is ks such that T,,(s) IF “ks € C”. Let Ty = T. Assume now we already con-
structed 1), and ks, for s € split,(T},). For s € split, (T},) and i < 2 let T; < T,(s79)
be a Sacks tree and kg;; > n such that T,; IF “ks; € C”. Since at every step we
have only constructed finitely many ks ; we can make sure that they are all differ-
ent. Let Thy1 = U sesplit,, (Tn),i<2 T, ;. This tree has the same n-th splitting level as
Ty, and for every s € split,, 1 (T,+1) there is some s’ € split,,(7},) and i < 2 such that
Trt1(s) = Ty ; therefore T, 1(s) I “ks € C”, for ks = kg ;. This completes the con-
struction. Let T = ()¢, Tn- From this we easily get weak fusion. Let B,, = split,, (Tw),
A = {To(s)| s € split,(To) }, h(s) = Teo(s) and g(n, Txo(s)) = ks. Then Gp = T,
therefore and And for s € B, we have [s]NGp = Tso(s), which gives O

Theorem 5.2.4. Miller forcing has weak fusion.

Proof. The difficulty in adapting the previous proof is that g has to be injective, which
yields problem if we would add all infinitely many successors of splitting nodes directly.
Thus at each stage we will only specify which nodes will be splitting nodes in the final
tree and for each of them add one extra direct successor at each later step.

Let T be a Miller tree and C' a name such that 7' IF “C’ € [w]*”. Recursively construct
S € w<¥ and Miller trees T,,. Let Ty = T and Sp = {stem(7")}. Assume we have
constructed S, and T),. Fix s € S,,. Let iy < w be the n-th number such that s™iz € T},.
Let ts be the stem of a tree Ty, < T,,(s"is) such that T3, IF “k;, € C” for some ki, € w
greater than the number of initial segments of s in S,,. Since we have only constructed
finitely many integers so far, we can assume that k;, is distinct from all of them. Unfix
s. Let Spy1 = S, U{ts| s€ Sp} and T)41 = Usesn T, U {t S Tn} Vs € 5, (t ? s“z’s)}.
This completes the construction. Let T, be the downwards closure of Unew Sn. The
sets S, are increasing and at every step we add a direct successor to every element of .S,
thus T is a Miller tree. Let B, = split,, (7% ). This is a subset of (J,,c,, Sn, s0 we can
define h,(s) = Ts and g(n,Ts) = ks. Then A,, = hy, [B,] is an antichain, since B,, is an
antichain and stem(hy,(s)) = s, for every s € B,,. This also implies that h,, is injective.
That ¢ is injective was made sure of in the choice of k;, in the construction. Also

and are satisfied. O

Theorem 5.2.5. Laver forcing has weak fusion.

Proof. Let T € L be a Laver tree and let C' be a L-name such that T I+ “C € [w]*”.
We will recursively construct pairwise disjoint antichains B], C w*, antichains A}, C L,
bijective functions h),: B], — Al and a function g: |J, . {n} x A, = w with g(n, A) >n
such that

new
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e if n <m and s € By, then s | k € B], for some k < |s],
e N (s) is a Laver subtree of T' with stem s,

e foralln € wand s € B, J{h,,(t)| s Cte B, }isa Laver subtree of hj,(s)
with stem s,

e if 74,87 € By, then g/, (hl,(s71)) # g,,(hl,(s77)) and
o h(s) I “gp(h,(s)) € C”.
For n = 0let B’ ; = {stem(T)} and h_;(stem(7T")) = T and proceed as in the n > 0 case.

Assume we already constructed everything for n. Fix s € B],. Define a rank function on
t O s such that ¢ € hy(s) by recursion as follows.

e 1k(t) =0 <= thereis a Miller tree h;,__,(t) < hj,(s) with stem ¢ and g;, (b7, (t))

> t(|s]) such that hf,(t) IF “g), (R, (1) € C”.
e 1k(t) < o <= 3l € w such that t"1 € h),(s) and rk(t"1) < a.

In case this rank is undefined we say that it is oc.

Claim. rk(t) < oo for allt € hy(s).

Proof. Assume this is not the case and rk(t) = oco. If rk(u) = oo, then for all but finitely
many [, rk(u"l) = co. Thus we can build S < h,(s) with stem ¢ such that rk(u) = oo,
for every w € S. But then there is S” < S with stem u and m > wu(]s|) such that
S’ IF “m e C”. So rk(s) = 0, a contradiction. O

Thus we can find an antichain X; ., . C hy(s) such that J{h;, (¢t D[t € X},
rk(u”l) = 0} is a Laver subtree of hy,(s) with stem s and rk(u) = 1, for all w € X}, ..
For every u € XJ, ., , there are infinitely many [/ such that u™l € hy,(s), rk(u"l) = 1
and gy, 1 (R, 11 (u"1)) # gy,41 (1 (u™k)), for k # [, otherwise rk(u) = 0. Let By, be

the set where for every u € X| ,; , we add infinitely many of these u~l. Unfix s. Let

ni1 = Usep, Bnii,s and let Aj 1 be the image of By, under h; ;. This completes

the construction. Now we can do an argument like in the proof for Miller forcing to
get B, C B), and A, C Aj, such that g = ¢’ [ U,,c,{n} X A, is injective and all the
properties above are still satisfied. Then this witnesses weak fusion. O

For Cohen forcing we will need the following lemma, which will also be useful to
simplify the final characterization.

Lemma 5.2.6. For B C 2<% the following are equivalent:
e Gpe M.
e (G is nowhere dense.

e B is nowhere dense.

25



5 Forcing indestructibility of MAD families

Proof. The last two are clearly equivalent. If Gp is nowhere dense it is by definition
meager. So let Gp be meager, i.e. there are nowhere dense D,, such that G = |J,,¢,, Dn.
Assume G g where dense above sg € B. Recursively choose s,,+1 2 s, such that s, € B
and [s,,41] N D,, = 0. For s, € B we can choose s;,, | D s, such that [s,_ ,]N D, =0
since D,, is nowhere dense, and then because Gp is dense above s there is $,41 2 8},
in B. Thus this construction is possible. But now s = |J,,c, sn can’t be in any of the
D,,, but is in GGp, a contradiction. So GGg is nowhere dense. O

Theorem 5.2.7. Cohen forcing has weak fusion.

Proof. Let s € C and C be a C-name such that s IF “C' € [w]*”. Enumerate all finite
sequences extending s as {t,| n € w}. Recursively construct sets {s,, € 2<¥| n € w} and
{m, € w|n € w}. Choose s, 2 t, and m, such that s, IF “m, € C”, m, > n and
sp and m,, are distinct from all the previous s,, and m,,. Let B, = {s,}, A, = {sn}
and g(n, s,) = my,. Then Gp is dense above s, so by the lemma we have that G is a
condition strengthening s. Also [t| N Gp < t = hy(t), for every t € By, so holds.
And is true by the choice of s,,. O

Theorem 5.2.8. Hechler forcing has weak fusion.

Proof. In the same way as for Cohen forcing we have that if A C w!<“ is somewhere
D-dense, then G4 ¢ Mp, where A is D-dense if for every s € w'<* and f € w'™ there
is t € A extending s and dominating f.

Let E = (s,z) € D and let C' be a name such that F I+ “C € [w]*”. We say t € w<¥
is compatible with (u,y) if u C ¢ and ¢(:) > z(i), for |u| < i < |t|, we will also write
t <y for the latter condition. Recursively construct sets X, Y, C w'<“ and for every
t' € Y, and ¢ € w sequences tf € w!<¥ natural numbers mf € w and conditions A? ebh

such that the following conditions hold:

1) X, is a maximal antichain of ¢ € w'<“ compatible with (s, z),

2) Y, is an antichain of ¢+ € wI<¥ compatible with (s, z),

4) YVt € X, 1131 < |t| such that t [ | € X,,,

(
(
(3) Vt € X,,Vy € w3t € Y, 41 compatible with (¢,v),
(
(5) Vt € Y4131 < |t| such that t [ ] € X,

(

) X
)
)
)
)
6) Vt' € Y, 31 > |'| such that for all 4, ¢’ C ¥ [t!| =1 and ¢ (|t']) > 4,
(7) V¢ € YoV # j (ml #ml),

(8) Vt' € Yy ¥i (t;?’ € Xn),

(9) {at

t'eY,,iec w} is an antichain,
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5.2 Weak fusion

(10) AY IF “m! € C” and
(11) AY is compatible with any condition of the form (!, v).

Let X_1 = {s}. Assume we already constructed X,,. Fixt € X,,. Let d be a name for the
Hechler real and take a name ri; for a natural number such that I “rmy > d(|t])Arn, € C”.
For t' D t compatible with z and m € w recursively define a rank function

e 1k (t') =0« 2/ Dt/ such that (¢',2') IF “my =m”,

e 1k"(t') < a < 3l > |t'|3{ts] n € w} such that t' C t,,|ts] = I, t,(]t'|) > n and
ki (tn,) < a.
For m € w every t' 2 ¢"(m + 1) satisfies rky" (') > 0, otherwise there would be 2’ Ot/
such that (¢',2') Ik “m =y > d(|t]) = m + 17. This implies that rk}"(¢) = co for every
m € w. Now we define rk; (') recursively by

e 1k (') = 0 < Im such that rkj"* (') < oo,

o k() < a < Tl > |¢'|F{tn] n € w} such that t' C t,,|tn] = [, tu(|t']) > n and
I'kt(tn) < .

Claim. k(') < oo for every t' Dt compatible with x.

Proof. Assume towards a contradiction that rky(u) = co. Then for all but finitely many
| € w, tky(u"1) = co. Thus we can build a set B C w'<¥ that is D-dense above ' and
such that for every u € B, rky(u) = co. Now there is (u,y) < Gp and m € w such that
(u,y) IF “m =y and u € B. Then rk}"(u) = 0 so rky(u) = 0, a contradiction. O

As we have already shown rk;(¢) > 0. Unfix ¢. Define
Vo1 = {t'| 3t € Xy (tke(t') = LAVE < || (tke(¢' 1) > 1)) }.

Then and [(5) . hold. For y € w' we can build B in the proof of the claim in a
way that every u € B is compatible with y. Therefore holds. For ¢’ € Y;,11 choose

{tf i€ w} C w'<¥ and {mf, i€ w} C w such that ¢ C /', |tV =1, t¥( \t’ ) > i and

t / /
vk, (t!') < oo. Since rk;(#') > 0 we can choose the m! to be distinct. So and
hold Let X,,+1 be a maximal antichain containing all tt and satisfying |( . Then -

4){and |(8)|hold. Define A} = o[t 2 t¥" is compatible with (¢, z), rk;"* = 0 and
(t",2") IF “rny = mi”}. Then . E and |(11)| m hold. This completes the construction.

With an argument like the one done for Miller forcing we can shrink the collec-
tion of tf to get that all mf/ are distinct for all i € w, n € w and ¥/ € Y,,. Let
B, = {tt,‘ i €w, t' €Y., A, = {Ag‘ i€w,t € Yn}, ho(tY) = AY and g(n, AY) = m} .
Conditions (1), [(3)[ and imply that B is D-dense below s, so Gp < FE is a condition.
If B C B vvlth GB/ € D and k£ € w then there is n > k and tt € B, N B’ such that
B' N () is D-dense below (!, ) for some y. Then A is compatible with [t!]1N G g, so
condition in the definition of weak fusion is satisfied. Condition in the definition
of weak fusion is just O
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5 Forcing indestructibility of MAD families

Random forcing does not satisfy weak fusion as we defined it. But if we weaken the
condition that g has to be injective we still get a true statement.

Theorem 5.2.9. Random forcing satisfies everything in the definition of weak fusion if
we replace g being injective with finite-to-one.

Proof. Let E € B and let C' be a B-name such that E IF “C' € [w]*”. We will recursively
construct disjoint finite antichains B,, C 2<%, finite antichains A, C B, conditions E,,
bijections hy,: B, — A, and a function g: (J, ¢, {n} X A, — w such that

(1) Vm < nV¥o € B, 3k < |o| such that o [ k € By,
(2) w(En) > w(E) (3 + 3irz),
(4) E, = UAna

(5) Vo € B, (hn(a) = o] N En>

(6) VA € A, (A I “g(n, A) € 0) and

(7) it m <n, A€ A, and B € A, then g(m, A) < g(n, B).

Assume we already constructed these for n — 1, where we set F_1 = F. Since A,,_1 is
finite there is [, = max{g(n — 1, A)| A€ A,_1}, forn=0set [y =0. For l > 1,4
let B! < E,_; be the biggest condition forcing I € C. Then there is l,, such that
pU{E ln-1 <1<1n}) > p(E) (3 + gz + a3, since p(En—1) > u(E) (5 + zir)-
Now we can approximate measurable sets with basic open sets, so we can find B! C 2<v
such that B, = |J {Bl| lh1 <1< ln} is an antichain satisfying and if we define
hn(o) = [o] N E, for 0 € B!, A, = {hy(0)| 0 € B,} and E, = (JA,, then u(E,) >
w(E) (5 + Qn%) Then through hold. Define g(n,h,(c)) = for o € B'. Then
@ holds by the choice of E' and holds by the choice of [,,_1. This completes the
construction.

We have that g is finite-to-one because of the last condition and all 4, being finite.
Conditions and show that Gp = () E,, and because of [(2) and |(3)| this has
measure greater or equal to % Condition and are conditio an in the
definition of weak fusion respectively. O

This is enough to get with “injective” replaced by “finite-to-one” in condition
(3)
5.3 Characterizing indestructibility

Now that we have seen that all these forcings have weak fusion, we can use to get
characterization of forcing indestructibility of MAD families. The following property
makes the characterization even simpler.
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5.3 Characterizing indestructibility

Definition 5.3.1. An ideal Ip C B is called strongly homogeneous if for all B C 2<%
with G ¢ Ip there is an injection h: 2<% — B such that for all C C B, if Gp-1ic) ¢ Ip,
then Go ¢ Ip.

Lemma 5.3.2. Let 7 be a tall ideal and assume Ip is strongly homogeneous, then the
following are equivalent.

(1) ¥YB C 2<% such that Gp ¢ Ip Vf: B — w (injective) I € T such that G-y ¢ Ip.
(2) Vf:2<% — w (injective) I € T such that Gpn & Ip

Proof. The downwards direction is trivial. For the upwards direction take B C 2<%
and (injective) f: B — w such that Gp ¢ Ip. Let h be as in the definition of strongly
homogeneous. If f is injective then so is foh. Then there is I € Z such that G o)1) §é
Ip. Now strong homogeneity gives that G y-1(p ¢ Ip.

Theorem 5.3.3. cntble, K, and M are strongly homogeneous.

Proof. Let us begin with cntble and let B C 2<% be such that Gp ¢ cntble. For B =
{s € B| Gg N [s] € cntble} we have Gp' ¢ cntble. Recursively define h: 2<“ — B’ by
sending () to an arbitrary element of B’ and if h(s) is defined let h(s~0) and h(s"1) be
two incompatible extensions of i(s) in B'. Let C' C B with G}, 1) € cntble. Then for
all s € h=1[C] there is some s C t € C such that no further extension of h(t) is in C.
Then there is also no further extension of t 2 s in =1 [C], thus Gp-1(c] is countable.

For K, let B C w<* such that Gp ¢ K,. Then Gp contains a rational perfect tree so
there is an injection h: w<% — B that preserves the structure. Now if C C B is such
that Gj-1(c] ¢ Ko there is a rational perfect tree in Gj,-1;¢) and the image of this tree
under h is still a rational perfect tree, so Go ¢ KCp.

Finally let B C 2<% be such that Gp ¢ M. As we noticed earlier this means that
B is somewhere dense, say above s. Then there is an injection h: 2<* — B such that
h(t) 2 s7t. Now if Gp,-1jc) € M we have that h~1[C] is somewhere dense, say above t.
Then C' is dense above h(t), so Go ¢ M. O

Definition 5.3.4 (Katétov [21]). Let Z,J be ideals on w. We say J <k I if there is
a function f:w — w such that f~1[J] € T for every J € J. This is called the Katétov
ordering and a function f like this is a Katétov morphism.

Lemma 5.3.5. Let P be a real forcing with weak fusion and the continuous reading of
names such that Ip is strongly homogeneous. The following are equivalent for a tall ideal
7.

(1) T is P-destructible.
(2) 1 <gIp= {I - 2<w‘ Gy € Ip}.

Proof. From [5.3.2] and [5.2.2] we get that Z being P-destructible is equivalent to there
being an injective f: 2<% — 2¢ such that Gy-1[;; € Ip for every I € Z. Such an f is
exactly a Katétov morphism. O
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5 Forcing indestructibility of MAD families

Now we can state the final characterizations.
Theorem 5.3.6. Let I be a tall ideal. The following are equivalent:
(1) T is S-indestructible.
(2) VB C 2<% such that Gp ¢ cntble Vf: B — w3l € T such that G -1y ¢ cntble.

(3) VB C 25% such that Gp ¢ cntble Vf: B — w injective 31 € T such that G-y ¢
cntble.

(4) Vf: 259 = w injective I € T such that G -5 ¢ cntble.
(5) T £k Is = {I C 2<%| G € cntble}.
(6) T is P-indestructible for some forcing P adding a new real.

Proof. The equivalence between and is That they are equivalent to
comes from the strong homogeneity of cntble and The equivalence of is
5.3.5 That implies @ is trivial. So all that remains is @ implies any of the others.
Assume towards a contradiction that Z is not S-indestructible, and let f: 2<% — w
witness not Then if € VF is a new real we have that it avoids all countable sets
coded in the ground model, in particular x ¢ G -1y, for all I € Z. So {Gf I]’ Ie I}
doesn’t cover 2, which by - implies that Z is not tall in the extension.

Theorem 5.3.7. Let I be a tall ideal. The following are equivalent:
(1) T is M-indestructible.
(2) YB C w=¥ such that Gp ¢ Ky Vf: B — w3l € T such that Gy ¢ Ko
(8) ¥VB C w=¥ such that Gg & K, ¥f: B — w injective I € T such that G-y & Ky
(4) Vf:w< = w injective 31 € T such that G-y ¢ Ko
(5) T %5 Toa = {I Cw<| G € Ko}
(6) T is P-indestructible for some forcing P adding an unbounded real.

Proof. The proof is the same as for Sacks forcing. For @ notice that no unbounded reals
are added to sets in K, and all sets not in Iy have an unbounded real added to them.
This is clear for trees and due to the characterization of K, in this is enough. [

Theorem 5.3.8. Let I be a tall ideal. The following are equivalent:
(1) T is L-indestructible.

(2) VB C w<¥ such that Gg ¢ not — dominating Vf: B — w3l € T such that
G-1)7) ¢ not — dominating.
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5.3 Characterizing indestructibility

(3) VB C w<¥ such that Gp ¢ not — dominating Vf: B — w injective I € T such
that G y-1(7] ¢ not — dominating.

(4) T is P-indestructible for some forcing P adding a dominating real.

Proof. The equivalence of - is like the previous two proofs. That implies
is trivial. Assume that is false and let us show that Z is destroyed by any P that adds

dominating reals. Let B C w<* and f: B — w witness this. Call a real z € w* strongly
dominating if for every ground model function ¢: w<* — w we have z(n) > ¢(z | n) for
all but finitely many n. If P adds dominating reals it also adds strongly dominating reals.
To see this take ¢: w<*“ — w that eventually dominates every ground model function
like this. Then we can recursively construct a real x such that x(n) > ¢(x [ n), for all
n. Such a real is strongly dominating. This recursive construction can be carried out in
every Laver tree. Thus there is a strongly dominating real x € Gg. Strongly dominating
reals avoid every set G4 € not — dominating, as for every s € A there is a maximal
antichain above s that consists only of ¢t € A such that ¢(|t| —1) < ¢(t | (|t| — 1)), where
¢ is the function witnessing G 4 € not — dominating. Thus x ¢ G -1y forevery I € 1.
Which means that Z is no longer tall in the extension, by O

Theorem 5.3.9. Let T be a tall ideal. The following are equivalent:
(1) T is C-indestructible.
(2) VB C 25% such that Gp ¢ M Vf: B — w3l € T such that Gy ¢ M.
(8) VB C 2<% such that Gg ¢ M Vf: B — w injective 31 € T such that G y-j;) ¢ M.
(4) Vf: 2% = w injective II € T such that Gy ¢ M.
(5) I £x Ic ={I C2<%| Gy € M}.
Proof. Exactly the same as for Sacks forcing. O

Due to we can replace the Gg-closure being in the meager ideal with being
nowhere dense in this theorem.

Theorem 5.3.10. Let Z be a tall ideal. The following are equivalent:
(1) T is D-indestructible.
(2) VB C w'<¥ such that Gp ¢ Mp Vf: B — w3l € T such that G-y & Mp.

(3) ¥VB C w'<¥ such that Gg ¢ Mp Vf: B — w injective 31 € T such that G ¢
Mop.

Proof. Just like the previous times this follows directly from [5.2.2 O
Theorem 5.3.11. Let Z be a tall ideal. The following are equivalent:
(1) T is B-indestructible.
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5 Forcing indestructibility of MAD families

(2) ¥B C 2<% such that Gg ¢ N Vf: B — w3l € T such that Gy ¢ N.

(8) VB C 2<% such that G ¢ N Vf: B — w finite-to-one 3I € I such that G-y ¢
N.

Proof. From the weakened version of weak fusion, that holds for Random forcing, we
can proof with “finite-to-one” instead of “injective”. This works exactly the same
as in the original proof. Then this theorem follows directly from that. O

5.4 Relations between indestructibility

Now that we have given nice descriptions of when a tall ideal, or MAD family, is forcing
indestructible, we will go on and investigate how they relate to each other. The arrows
in the following diagram are implications for the indestructibility of tall ideals.

B-indestructible —— S-indestructible

L-indestructible —— M-indestructible

f f

D-indestructible —— C-indestructible

That Sacks indestructibility is the weakest follows from @ The implication
from D to L is|5.3.§(4)l Since Hechler forcing adds a Cohen real we have the implication
from D to C. As C and L add an unbounded real [5.3.7(6)| gives the implication from C
and L to M.

The goal of this section is to establish that these are the only implications between
them. If we want to do this by constructing MAD families and not just tall ideals we
usually need some assumption beyond ZFC. Often this will be the assumption that one
of the following cardinal characteristics is equal to the continuum.

Definition 5.4.1. For an ideal I on R define the following two cardinal invariants:
e cov(l) =min {|A|| ACL,R=,cs 4},
e add() =min {|A|| ACT,Uycs A& I}

The following theorem establishes a connection between these and the indestructibility
of MAD families.

Theorem 5.4.2. Let P be a real forcing with weak fusion and the continuous reading of

names. Assume P is homogeneous, that means cov(Ip | G) = cov(Ip) for all Borel sets
G ¢ Ip. Then every MAD family of size less than cov(Ip) is P-indestructible.
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Proof. Let A be a MAD family of size less than cov(lp). Let B C 2<% be a set such
that Gp ¢ Ip and let f: B — w be an injective function. To show that A is P inde-

structible it is enough to find I € Z(A) such that G;-17 ¢ Ip, by But by
{fol[A” A € A} covers Gp. Since the size of A is smaller than cov(Ip | G) = cov(Ip),
this means that already one of the G -1y is in Ip. O

Corollary 5.4.3. In the situation above, if a < cov(Ip), then there is a P-indestructible
MAD family.

Proof. As a < cov(Ip) there is a MAD family of size less than cov(Ip) and by the previous
theorem such a MAD family is P-indestructible. O

Now if we want to construct indestructible MAD families we can assume a > cov(Ip)
without loss of generality.

5.4.1 Sacks indestructible MAD family

We start by constructing a Sacks indestructible MAD family. This does not help us find-
ing out that the other arrows are impossible, but the proof gives an easier introduction
to the ideas used in the other proofs. And of course it is still interesting to know when
Sacks indestructible MAD families exist.

Theorem 5.4.4. Assume cov(M) = c. There is a S-indestructible MAD family.

Proof. If a < ¢ = cov(cntble) we can use[5.4.3|to get the existence of an S-indestructible
MAD family. So we can assume a = ¢. Let {f,: 2<% — w| @ < ¢} enumerate all injective
functions. We will recursively construct an almost disjoint family { A,| @ < ¢} such that,
for all a < ¢,

o if Gfa_l[Aﬁ] is countable, for all 5 < «, then Gf(;l[Aa] is uncountable.

Then gives us that this is an S-indestructible MAD family. Assume we have
constructed all Ag for 3 < a. If there is some 8 < « such that G fa4[As] is uncountable
we can take A, an arbitrary set almost disjoint from all Ag. This exist since o < ¢ = a.
Now consider the case that G f4[As) is countable, for all 3 < «. Then UB e fat[Ag]

has cardinality less than ¢. Thus there is a perfect tree T C 2<% such that [T] N
Us<a Gf;1[Aﬁ} = (). Then the following Lemma with f = f, gives us A,. O

Lemma 5.4.5. Assume cov(M) = ¢. Let f: 2<% — w be an injective function. Let
{Ag| B < a} be an almost disjoint family such that Gf_l[AB] € cntble, for all § < «.

Let T C 2<% be a perfect tree such that [T] N Gf*l[AB] =, for all B < a. Then there is
an A Cw almost disjoint from all Ag, such that G114 ¢ cntble.
Proof. We already have that f~![Ag] NT is an off branch set, for every 8 < a. Meaning

every branch of 2<“ contains only finitely many elements of f~'[Ag] NT. We will
construct a perfect subtree S C T such that SN f~1[Ag] is finite, for every 8 < o
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5 Forcing indestructibility of MAD families

Then A = f[S] is as desired. Let M be a model of ZFC with T, f,{Ag| B < a} € M
of cardinality |a|. Notice that models of ZFC might not exist. In that case let M be a
model of some big enough finite fragment of ZFC, then the proof works just the same.
The following claim gives us that we can do Cohen forcing over M inside of V.

Claim. There is a real ¢ € V' that is Cohen generic over M.

Proof. There are at most |a| many meager sets in M. Since cov(M) = ¢ > « there is
¢ € V not contained in any of them. Such a real is Cohen generic over M. O

Define a forcing P in M as follows. Conditions are finite subtrees of T such that all
top nodes are on the same level, stronger conditions are end extensions. This forcing
is countable, so it is equivalent to Cohen forcing which means there is G € V that is
P-generic over M. Let S = |JG. An easy density argument shows that S is a perfect
subtree of T. Let 8 < « and show that SN f~![Ap] is finite. Let p € P. For a top
node s € p there is t, O s such that ¢, € T and no extension of t, is in f~! [Ag], since
[T)N f~! [Ap] is off branch. We can assume that all 5 are of the same length, since there
are only finitely many of them and their defining property is preserved by extensions.
Then ¢ = |J{ts [ n|s is a top node of p and n < |t4|} is a condition strengthening p.
It forces that SN f~![Ag] = ¢ N f~1[As] and therefore finite. So every condition can
be extended to a condition forcing that S N f~! [Ag] is finite, so this is forced by every
condition. O

Similarly it is possible to construct a MAD family that is B-indestructible and M-
destructible, under the assumption add(N') = ¢. This implies that there are no implica-
tions from B towards L, D, C and M.

5.4.2 Eventually different functions

To show that there is no implication from C,M and S to B we will consider a slight
modification of MADness.

Definition 5.4.6. Two infinite partial functions f,g € w* are called eventually different

if fNg is finite, i.e. after some point they will always disagree with each other, if defined.
An infinite family A C w® is a family of eventually different partial functions if the

elements of A are pairwise eventually different and A is maximal with this property.

The nice thing about these families is that they are all destroyed by random forcing,
because it adds a real that is eventually different from all ground model reals. To show
this we proof a characterization of when forcings add reals eventually different from all
ground model reals. This proof is adapted from the proof of [3, Lemma 2.4.2] due to [2]
and [31].

Theorem 5.4.7. Let P be a forcing notion and let G be P-generic. Then the following
are equivalent:

(1) w* NV is not meager in VI]G].
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(2) Vf € w3g € w NVI®n € w such that f(n) = g(n).
(8) VF € [w¥]¥3g € wW NVVf € F3*°n € w such that f(n) = g(n).

(4) VF € [w¥]*VG € [[w]¥]Fg € w* NVVSf € FVX € GI®°n € X such that f(n) =
g(n).

Proof. (1) = (2) Assume that there is an eventually different real in V[G]. Let f € w*
be eventually different from all ground model reals. Define G = {g € w*|V®n(f(n) #
g(n))} Because every ground model real is eventually different from f this set covers
the ground model reals. It is also meager, since it is a countable union of nowhere dense
sets G = U, cw {g € w“’! Yn > m(f(n) #* g(n)) } So the ground model reals are meager.

(2) = (3) Assume (2) holds. Let F' € [w¥]* and enumerate it as {fo| @ € w}. Take
a partition {A,| @ € w} € V of w into infinite sets. Let {a| n € w} be the increasing
enumeration of A,. Define f/(n) = fo(aZ). Then for every a € w there is g, € W NV
such that there are infinitely many n with f!(n) = go(n). Define g € w® by g(a?) =
ga(n). Then for every f, € F there are infinitely many n such that f,(a2) = fi(n) =
ga(n) = g(ag).

(3) = (4) Assume (3) holds. Let F € [w¥]* and let G € [[w]”]”. Enumerate F =
{fal @ € w} and G = {X,| @ € w}. Let {2'| n € w} be the increasing enumeration of
X,. For o, < w define ho g(n) = fz | {2% 2L,..., 2%} We can code [w]<* by w
to get from (3) a function h € V such that for all o, 8 < w there are infinitely many
n € w with he g(n) = h(n). In V inductively choose z,11 € dom(h(n)) \ {zo,...,2n}.
Define g € w? NV by g(xy,) = h(n)(x,) and arbitrary everywhere else. Then for fg € F
and X, € G we have that if h, g = h(n), then fg(z,) = g(x,) and z, € X,. Since the
condition happens infinitely often so does the conclusion and in that case x, € X, and
fo(@n) = g(zn).

(4) = (1) Assume (4) holds. Let {F,| o € w} C w* be a family of nowhere dense sets.
Define functions sq: w — w<* by sq(n) = min {s € w<¥| Vvt € w<" ([t"s] N F, =0)},
where the minimum is taken by some order on w<*. We can again code w<* by w to
get from (4) a function s € V' such that

Vo € wﬂoon(sa(n) = s(n))

Let X = {n| sa(n) = s(n)}.

Claim. There is an increasing sequence {ky| n € w} C w such that:
® > i<k, |5()| < kpt1 and
e Ya € wI®n(Xa N [kan, kansa] #0).

Proof. For a finite set A C w define f4 € w* by fa(n) = min{m|Va € A([n,m) N X, #
0)}. Let farn) = fﬁln)(k). These are countably many functions, so there is a single
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5 Forcing indestructibility of MAD families

function f € w* which eventually dominates all f} , and }>;_ ¢, [s(j)| < f(n+1), for
all n € w. Then -
VAT (f(n) <k < falk) < f(r+ 1)),

Otherwise there would be an A € [w]<¥ and m € w such that f(n+ 1) < fa(f(n)) for
all n > m, and therefore f(n) < f(n+m) < fa(f(n+m—-1)) <--- < fjgn)(f(m)) =
f;x, Fom) (n) contradicting that f eventually dominates f1'4, f(m)- There are infinitely many
even or infinitely many odd n like this. Eventually replacing f(n) by f(n + 1) we can
assume that there are infinitely many even n like this. Thus k, = f(n) satisfies the
claim. =

For a € w define f,(n) = min(X, N [k2n, k2n+1)), where the minimum over the empty
set is said to be 0. Let Y, = {n| fa(n) #0}. With (4) we get ¢ € V N w* such
that for every o € w there are infinitely many n € Y, with g(n) = f4(n). Let X =
{g(n)| n € w} € V. Then X N X, is infinite for every a € w and for all n € w:

| X N [kon, kony1)| < 1.

Let {z,| n € w} be the increasing enumeration of X. Then z = s(xg)"s(x1)” -+ € V.
To finish the proof we will show that = ¢ (J,c,, Fa, showing that the ground model
reals are not meager. Fix a € w. Then there is =, € X N [kan, k2nt1) such that
$(xp) = sa(zn). We also have > . [s(z;)] < kon < n, and thus [s(zg)”..." s(zn)] =
[s(z0)” ... s(zp—1)"Sa(xy)] is disjoint from F,. Therefore x ¢ F,. O

Theorem 5.4.8. Let G be a B-generic filter. Then 2° NV is meager in V[G]. In
particular there is a real r € V|G| that is eventually different from all ground model
reals.

Proof. Work in V. We will first construct a null set A C 2% whose complement is meager.
Let {gn| n € w} C 2 enumerate all functions that are eventually 0. Let A, = ;¢ [g; |
(n+7)]. Then A = Npew Ay is such a set. It has measure 0 since the measure of A4,, goes
to 0 as n goes to infinity. Since A, is open and dense the complement of A,, is nowhere
dense. Thus 2\ A = J,,,(2¥ \ A,) is meager.

Let B =2\ A. Let A" and B’ in V|G| be the sets with the same Borel code as A and
B, respectively. Then A’ is still of measure zero and B’ is meager. Let r = (| G be the
random real. For s € 2 NV we have that s + A has measure zero. Thus r ¢ s+ A’ and
hence s € r — B’. So 2NV C r — B’ and therefore it is meager.

The in particular part follows directly from the previous theorem. ]

Now the only thing we need to show is that there is a Cohen indestructible maximal
family of eventually different functions. To do this we will proof an analog of for
families of eventually different functions and use that to construct a Cohen indestructible
family of eventually different functions. This proof is similar to the construction of a
Cohen indestructible MAD family given by Hrusdk in [I§]. First we need a modification
of weak fusion.
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Lemma 5.4.9. Let s € C and let f be a C-name for an infinite partial function. Then
there is B C 2<% and an injective function g: B — w X w such that

e B is dense below s,
S B(t I “g(t) € f”) and

e g[B] is a partial function.

Proof. Let {sp| n € w} enumerate all extensions of s such that shorter sequences come
before longer ones. Recursively construct B = {t,| n € w} and a function g: B — w X w
such that t,, D s,,. At step n we can find (i, j,) and t,, 2 s, such that t,, = “(i, jn) € fr
and i, > i,, for every m < n. Let g(t,) = (in, jn). This satisfies all conditions. O

Theorem 5.4.10. Let A be a maximal family of eventually different functions. The
following are equivalent:

(1) A is C-indestructible.

(2) VB C 2<% such that Gg ¢ M Vf: B — w X w injective such that f[B] is a partial
function Ix € A such that G-, ¢ M.

(8) Vf:2¥ — wXxw injective such that f[2<] is a partial function 3x € A such that
Gyjz) & M.

Proof. The implications to is trivial and that implies follows from the fact
that Cohen forcing is strongly homogeneous. Now let us proof implies Assume
that there is B C 2<% and f: B — w X w such that f [B] is a partial function, Gg ¢ M
and for every x € A, Gy-1, € M. Let ¢ be a Cohen real. Then ¢ ¢ G -1]y for every
x € A. Define a partial function y = {f(c [ n)| n € w}. Then y Nz is finite for every
r € A, as otherwise ¢ € Gy-1,. Thus A is C-destructible.

For the implication |(2 . to we use the Lemma. Let s € C and let f be a name for
an infinite partial function. We will show that f does not destroy the maximality of A.
Take A and g as in the Lemma. Since A is dense below s it codes a condition G 4 below
s. So by there is z € A such that Gy-1( ¢ M. For every n € w and condition
t < Gy-1)y there is u € g~ ! [7] extending t with g(u)o > n, the subscript means the first
coordinate of g(u). Then u < t,Gy-1, forces that g(u) € f Nz and also g(u)y > n.
Thus Gg-1(,) forces that f Nz is infinite, so f does not destroy the maximality of A. [

Theorem 5.4.11. Assume b = c¢. There exists a C-indestructible mazimal family of
eventually different functions.

Proof. Let {fo: 2<% = w x w| a < ¢} enumerate all injective functions whose range is
a partial function. Recursively construct a family of eventually different functions
{zal o < ¢} such that for every a < ¢ either there is 8 < a with G- Uas] ¢ M or

G £ e ¢ M. If we are in the first case we just need a partial functlon T, that is even-
tually different from all xg, 8 < a. Since a < b we can find a function z, that dominates
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5 Forcing indestructibility of MAD families

all 3, B < a. Clearly such a function is eventually different. So assume G fat[zs] eM
for all B < a. By we have f;![zg] is nowhere dense. Let {s;| i € w} enumerate
2<%, For i € w choose 3; < a such that [s;]N f! [xg,] is infinite. If there is an 4 for which
this is not possible let z, = f, [[si]] and we are done. Since all f;![zs] are nowhere
dense we can get all 3; to be distinct. For 8 < a not one of the 3, define gg: w — w by
g3(n) = maxdom(zg, Nxg). Since b = ¢ there is a function g: w — w dominating all
the gg, 8 < a. For n € w choose (an, by) € 25, \U,cn 28,. such that £ ((an,by)) 2 sm
and a, > g(n), this is possible by the choice of 3,. Define x, = {(an,bn)| n € w}. For
new, xoNxg, 2 {(am,bn)| m <n}, so it is eventually different. For 8 < o not one of
the 3, there is n € w such that g(m) > gg(m) for m > n. Then for m > n, (am,bm) ¢ x5
as otherwise a,, € dom(zg,, Nxg) and ay, > g(m) > gg(m) = maxdom(zg,, Nxz). Thus
To is eventually different from all 25, f < «. By the choice of (an,b,) we have that
[l [xa] is dense, so G £V el ¢ M. This concludes the construction and by the previous
Theorem {z,| o < ¢} is a Cohen indestructible maximal family of eventually different
functions. O

5.4.3 Maximal antichain families

To show that B and C destructibility does not imply M-destructibility we do the same
thing as in the last section, but for a different modification of MADness, which is due
to Leathrum [28].

Definition 5.4.12. An almost disjoint family A C [w<¥]* is called a maximal antichain
family if every element of A is an antichain and it is maximal with this property.

First we show that Cohen and Random forcing destroy maximal antichain families.
These results are also due to Leathrum.

Theorem 5.4.13. Cohen forcing destroys all mazimal antichain families.

Proof. View Cohen forcing as finite sequences of natural numbers. This is forcing equiv-
alent to finite 0 — 1 sequences. Let ¢ be a Cohen real and define A = {f(c [ n)| n € w},
where f is the function taking a sequence and returning the sequence with 1 added to the
last entry. We will show that A is almost disjoint from any antichain in the ground model,
in particular it witnesses that no maximal antichain family from the ground model stays
maximal. Let B € V be an antichain. Define D = {s € w<¥| Vt € =¥ (f(s"t) ¢ B)}.
This set is dense. For s € w<% let u O s be either in B or s if no such u exist in B. Then
u™0 € D, as for every t € w<¥, f(u"0"t) C u and since B is an antichain no extension
of uw is in B. Since all s € D force that f(c | n) ¢ B for all n > |s|, this means that
AN B is finite. O

Theorem 5.4.14. Random forcing destroys all mazximal antichain families.

Proof. There are mappings from 2<% to w<%, and back, that send maximal antichain
families on the one side to maximal antichain families on the other, see [2§]. So we can
consider maximal antichain families on 2<%. As for Cohen forcing we consider the set
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A={f(r I n)| n € w}, where r is the random real and f is the function that flips the last
entry of a sequence. Let B be an antichain and let us show that ANB is finite. Enumerate
B = {b;j] i € w}. Consider the sets | J;, [pred(b;)], where pred(s) = s | (|s| — 1) is the
predecessor of s. We have

>n

o | Utpred®a)] | < 20 [ Jlbd | =237 (b,

i>n >n >n

Let p € B be a condition. Since the right hand side goes to 0 as n goes to infinity there
is an n such that u(U,;s,[pred(b;)]) < p(p). Then ¢ = p\ U,, [pred(b;)] has positive
measure, so it is a condition strengthening p. Now ¢ forces for i > n, pred(b;) ¢ r,in
particular there is no m such that f(r [ m) =b;. So AN B C {b;| i <n}. O

As in the last section we first proof a result similar to [5.3.
Theorem 5.4.15. Let A be a maximal antichain family. The following are equivalent:
(1) A is M-indestructible.

(2) VB C w<¥ such that Gg ¢ Ky Vf: B — w<¥ such that f[B] is an antichain
JA € A such that G114 ¢ Ko

(3) VB C w<¥ such that Gg ¢ K, Vf: B — w<¥ injective such that f[B] is an
antichain 3A € A such that G114 ¢ K.

(4) Vf:w<¥ — w<¥ injective such that f|w<*] is an antichain 3A € A such that
G ¢ Ko

(5) A is P-indestructible for some forcing P adding an unbounded real.

Proof. The implications|(1)| to to and to are trivial.

Let us show implies Assume not and let B C w<¥ and f: B — w<¥
witness this. Let 2 € Gp be an unbounded real. Then z ¢ G4}, for all A € A.
Define D = {f(z | n)| n € w}. As in the proof of [5.2.2] we get that D is almost disjoint
from all A € A. And since the image of f is an antichain, D is an antichain, so A is not
a maximal antichain family in the extension.

It remains to show that implies Assume holds. Take a condition T" € M
and an M-name C' such that T IF “C C w<¥ is an infinite antichain”. Let 7", A and g
be as in Then we get B € A such that G,-1(p ¢ K. This condition forces that
B and C are almost disjoint. Thus T does not force that C destroys the maximality of
A, so it is M-indestructible. O

Lemma 5.4.16. Let T € M be a Miller tree, C C split(T) a set and h: C — 2 a
function such that Go = [T]. Then there is T' < T, C'" C C such that h is constant on
', stem(T) = stem(7T”), C" C split(T") and Ger = [T'].
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5 Forcing indestructibility of MAD families

Proof. Let 0 = stem(T). For n € w and i < 2 define C* = h=1[i] N T (0" n). Then
Gop UGep = [T(07n)], for each n. Thus one of those sets contains a Miller tree. Let
C" C O} generate such a tree. Now there is at least one ¢ such that infinitely many
ip = 1. Let O/ = U{C"| n € w,i, =i} and T" be the tree generated by C’. This satisfies
the lemma. O

Lemma 5.4.17. Let T € M and let C be an M-name such that T IF “C C w<¥ 45 an
infinite antichain”. Then there is a tree T' < T, a set A C w<¥ and an injective function
g: A — w<¥ such that

o [T =G4,
o VocA (T’(J) Ik “g(0) € C’”) and
e g[A] is an antichain.

Proof. With a bijection between w and w<* and weak fusion we can get B,,, Ay, h, and
g as in the definition of weak fusion for C. Now if we look at the proof of weak fusion
for Miller forcing we see that this actually gives us a Miller tree S < T', B C split(S) and
g: B — w<¥ such that S(t) I+ “g(t) € C”, for all t € B. Without loss of generality we
may assume that S = T. Notice that if s C ¢ then ¢(s) and g(¢) are incompatible, as T'(t)
forces that both of them are contained in the antichain C. Let {o,| n € w} enumerate
w<¥ in a way such that o, C o, implies n < m. We will recursively construct a set
{sp| n € w} C w<¥ Miller trees T,, and sets B,, C split(7;,) such that

1 TO e T B(] =B ,00 = stem(T)
GBn [ n]v

(1)
(2)
(3) {sil i <n} C By,
(4) B
(5)

4 n+1 C Bna

5) s;iNsj = s, if and only if 0; N o; = 0, and

(6) t € B\ {sn}(9(t) L g(sa))-

If we had this let A = {s,| n € w}. By condition there is a Miller tree 7" such that
Ga = [T]. Because of condition [(6)} g[A] is an antichain and we are done. Assume
we have constructed this for n. We can find s € B, such that s N s; = s; if and
only if 0,41 No; = oy, for all 4,5 < n. Recursively construct an increasing sequence
{sj‘ J gn} C By,.

For j =0 let s~! = s and continue as in the case j > 0.

Assume we have already constructed s ~1. If thereist € B,,, T7 < T, (s;) and CJ C B,
such that t O s971, € C split(T7), Gy = [T7],stem(T7) = s; and g(t) C g(u), for all
w € TI, let s7 =t. Otherwise s/ = s771
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Let sp+1 € By, be a proper extension of s™. For j < n where the second alternative
holds define h?: B, N T,(s;) — 2 by h’(t) = 0 if and only if g(¢) L g(sp+1). Then with
we can find 77 < T,,(sj) and CV C B, N T,(s;j) such that h/ is constant on C7,
stem(T7) = s;,C7 C split(T7) and Gy = [T7].

Assume towards a contradiction that h/ | C7 = 1. Then for every t € CJ, g(t) C
9(sni1) or g(t) D g(sns1). If g(t) C g(sny1) were true for some t € €V we would have
for every u € B, g(t) L g(u) implies g(u) L g(sn+1). But there are u € CV extending
t which by the earlier remark satisfy g(u) L g¢(¢) thus g(u) L g(sn+1) and therefore
h7(u) = 1, a contradiction. Thus for every t € C7, g(spy1) C g(¢). But this means that
Sp41, 17 and CJ witness the first alternative in the construction of s/, a contradiction.

Thus h? | C7 = 0 and therefore g(t) L g(sn+1) for all t € C/. Now if the first
alternative is true we also have that g(¢) L g(s,41) for all t € CJ. So if we define

Buy1 = JC7U{s]j <n+1}U(ByNTusny1)) and
j<n

Top1 = |J TV U To(sn41),

Jj<n

we have that [(6)] is satisfied. comes from the choice of s in the beginning and the

previous steps. The other ones are also clear. ]
Theorem 5.4.18. Assume b = ¢. There is an M-indestructible mazximal antichain
family.

Proof. Let {fo: wS¥ — w<¥| a < ¢} enumerate all injective functions whose range is an
antichain. We will iteratively construct an antichain family {A,| @ < ¢} such that if
G fat[As] € Ky, for all 8 < a, then G £ Ad] contains a rational perfect set. This condi-

tion guarantees that {A,| o < ¢} is a maximal antichain family, as for every antichain
there is some « such that f, [w<*] is this antichain, then there is § < a such that
G [As] ¢ Ko, so in particular f, ! [Ag] is infinite and therefore A has infinite intersec-

tion with this antichain. Additionally[5.3.7][(4)]says that {A,| o < ¢} is M-indestructible.
Assume we already constructed Ag for all 3 < a. The minimal size of a maximal
antichain family is at least b, see [28]. So if there is some 8 < « such that G -1 As] ¢ Ko,

then there is some antichain A, that is almost disjoint from all Ag, for 8 < a. Assume
that Gfl;l[Aﬁ] € Ky, for all # < a. As add(K,) = b = ¢ we have that (J;_,, Gf(;l[AB] €

Ks. So there is h € w* that dominates every z € J s<a G fat[As]" Recursively construct

a set {os] s € WS} C w<* such that
e 0, C oy forall s Ct,
e 0.,(los]) < o4~ (os]) for all n < m,

e {n| fo(os~,) € Ag} is finite for every 8 < o and s and
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o 0,(i) > h(i) for all i < |o].

Assume we have constructed o5. Let {x,| n € w} C w® be such that o5 C z,, x,, > h and
zn(los]) > xm(|os|) for all n > m. Then z, ¢ Uﬁ<a Gfgl[Aﬁ], so {m| fa(zn [ M) € Ag}
is finite. Let kg(n) be greater than all elements in this set. Since a < b there is
k € w® that dominates all kg for 5 < a. Let 0,~, = x, [ k(n). This completes the
construction. For f < « define lg: w<¥ — w such that fu(o,~,,) ¢ Ap for all m >
l3(s). This is possible by the third condition. Let [ dominate all {3, where dominating
means that there is some length such that all longer sequences get bigger values. Let
A = {os| Vi <s|(s(i) > (s [ i)} and let T be the tree generated by A. The first two
conditions guarantee that the o, generate a rational perfect tree, thus 7T is still a rational
perfect tree. For every < « there is some length n such that from then on [ is bigger
than I, then for all o, € A with |s| > n, fo(0s) ¢ Ag. Thus f, [A] N Ag is finite. So
if we let Ay = fo [A] we have that A, is almost disjoint from all Ag, for § < «a, and
Gy-114,) contains the rational perfect set [T]. This completes the construction. O

5.4.4 Indestructibility of ideals

Finally we have to look at the indestructibility of tall ideals instead of MAD families,
because there can’t be D or L-indestructible MAD families. Which is also the reason
why there are no arrows towards D or L from the other forcings.

Theorem 5.4.19. The following are equivalent for any forcing P:
(1) P adds an unbounded real.
(2) P destroys Tyy = {I Cw<¥| Gy € Ks}.

Proof. If Ty is P-indestructible and P adds an unbounded real, then implies that
Im %k Tm, a contradiction.

Now assume P does not add an unbounded real. Take A € [w<“]* in V¥ and let us
show that there is I € I& such that I N A is infinite.

If A contains a branch z then there is a ground model function f that dominates x.
Then I = {s € w<¥| s < f} € }j and for all n € w, x [ n € I. So AN is infinite.

On the other hand assume A does not contain a branch. If for every o € w<% there
are only finitely many n € w such that there exists a 7 with 6”n"7 € A, then there is
f € w¥ such that s < f, for every s € A. Then there is g € V dominating f and therefore
AC{sew¥ s< f} €Ty If this is not the case there is o € w<* and infinitely many
n € w such that there exists 7,, with c”™n"7,, € A. As P does not add an unbounded real
there is a ground model function ¢: w — [wW<¥]<¥ such that for all n if there is 7 with
o~n"1 € A then there is such a 7 with 7 € A. To see this take a ground model function
g dominating the function that sends n to |7,| +max,, |, 7(n) and let ¢(n) = g(n)9™),
Define I = {o"n"7| 7 € ¢(n)}. Then G; =0 so I € Tyy and AN is infinite. O

Something similar also holds for Cohen reals, for a proof see [9].
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Theorem 5.4.20. The following are equivalent for any forcing P:
(1) P adds a Cohen real,

(2) P destroys Ic = {I C 2<%¥| G; € M},
(3) P destroys Lywa = {I C 2<“| G1 € nwd}.

Theorem 5.4.21. There exists a tall ideal that is C-destructible and L-indestructible,
namely Ic = {I C 2<¥| G; € M} is such an ideal.

Proof. That Z¢ is C-destructible follows from with B = 2<% and f the identity.
And since Laver forcing does not add Cohen reals Z¢ is LL-indestructible by the previous
theorem. O

Theorem 5.4.22. There exists a tall ideal that is B-destructible and D-indestructible,
namely Ip = {I C 2<¥| G; € N'} is such an ideal.

Proof. That T = TIp is B-destructible follows from with B = 2<% and f the
identity. To show that it is D-indestructible we use [5.3.10] and show that for every
injective partial function f: w'<¥ — 2<% with dom(f) ¢ Mp there is I € Z such that
Gy-1y1) € Mp. We do so by constructing I C 2<% such that [I12"] < 1 for all n € w and
G- &€ Mp. This implies that G; € N. To see this enumerate I = {s;| i € w} such
that |s;| = i, just enlarge I if there is no such s; for some i € w. Then G| C |J;,,[si] for
all n € w and the measure of the set on the right is »,_ 27, which goes to zero as n
goes to infinity.

Fix some f as required. Then there is (so, ho) € D such that Uy, p¢) \ Gdom(s) € Mp-
Let Ty = {8 € w7<‘“} s is compatible with (sg, ho)}, as a reminder s being compatible
with (sg, ho) means that s D sg and s(i) > ho (i), for all i € dom(s). As usual for forcings
adding a dominating real we define a rank function for s € Tj.

rk(s) =0 < F{m,| n € w} C w such that s"m,, € Ty Am,, >nA s m, € dom(f)
rk(s) < 8 < I{my,| n € w} C w such that s"m, € Ty Am,, > nArk(s"my,) <f
The rank is either undefined, in which case we say it is infinite, or it is less than w;.

Claim. rk(s) < oo for all s € Tp.

Proof. Towards a contradiction assume rk(s) = oo for some s € T. Recursively define
a function h € w* such that s C h, h(i) > hg(i), for all i € w, and

rk(t) = oo and t ¢ dom(f) for all ¢ € Ty compatible with (s,h) and s Ct. (%)

If there were infinitely many n € w such that rk(s™n) < oo or s”n € dom(f) we would
have rk(s) < oco. Thus there are only finitely many n for which this is the case and
we can define h(|s|) to be bigger than all of them. Now assume we already defined
h | m for m > |s| such that holds for ¢ with |¢| < m. Towards another contradiction
assume we can’t continue the construction of h. Then there is {t,| n € w} C Tj such
that |t,| = m + 1,t,(m) > n,s C t,,t,(i) > h(i), for all i < m + 1 and
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5 Forcing indestructibility of MAD families

e cither rk(t,) < co
e or t, € dom(f).

We can prune {t,| n € w} to get s’ € Tp such that s’ O s and || < m,t,(|s]) > n,
for all n € w. Because of [(x)| we have rk(s’) = oo and s’ = s or s’ ¢ dom(f). By the
definition of rank this implies that for almost all n € w, rk(t,) = oo and ¢, ¢ dom(f).
This contradicts the definition of {t,|n € w}. So we can define h. Now U ) C Uty o)
and Gaom(s) N U(spy = 0, which contradicts U ho) \ Gdom(s)-

For s € Ty with rk(s) = 0 fix {m)|n € w} C w as in the definition of rank.
Since f is injective we can prune all the {mf|n € w} to get |[I N2™| < 1 for I =
{f(s"m3)| s € Ty,n € w,rk(s) =0}. We shall argue that Gy-1[p is D-comeager in
Utso,ho)- Take an arbitrary (s,h) € D such that U ) C Ugsy,ng)- Then there exists
s’ € Ty compatible with (s, h) such that rk(s") = 0. To see this assume there are no such
s and take some s’ € Ty compatible with (s, h) of smallest rank. It has rank less than
infinity, so by the definition of rank there exists some m > h(|s'|) such that s'~m € T
and rk(s’~m) < rk(s’). But then s'"m is still compatible with (s, k), but of smaller rank,
a contradiction. Since rk(s’) = 0 there exists some m > h(|s|) such that s~m € dom(f).
Then s'~m € f~1[I], so G NUgn) # 0. O

5.5 Tight MAD families

In this section we want to consider a strengthening of MAD families introduced by
Malykhin [29].

Definition 5.5.1. An almost disjoint family A is called tight if for every {X,| n € w} C
Z(A)T there is B € Z(A) such that BN X, is infinite, for every n € w.

If an almost disjoint family is tight it is also maximal, which is why we call tight
almost disjoint families tight MAD families. To see this take an infinite set X C w. If
X € Z(A) then it has infinite intersection with some element of A. And if X ¢ Z(A)
the tightness condition for the sequence with every X,, = X gives an element of A that
has infinite intersection with X.

Kurili¢ [25] showed that tight MAD families can exist.

Theorem 5.5.2. If b = ¢ then tight MAD families exist.

Proof. Assume b = ¢. Enumerate all countable subsets of [w]|* as { {A%| n € w}| a < c}.
We will recursively construct a MAD family {A,| @ < ¢} such that for all a < ¢:

e cither dn € w(A%‘ € I({A,3| B < a})),

e or Vn € w(A% N Aa> is infinite.

44



5.5 Tight MAD families

Assume we already constructed this up to «. If the “either” part is true we can let A, be
any set that is almost disjoint from all Ag, for 8 < «, this exists since & < ¢ = b = a. So
we can assume that A% ¢ Z({Ag| f < a}), for all n € w. As a = ¢ we even have that no
restriction of {Ag| B < a} is MAD, in particular there are infinite sets AY C A% almost
disjoint from all Ag. Without loss of generality A% = AY. For 8 < « define fz: w — w
such that AgNAg C fg(n). Since o < b there is a function f € w* eventually dominating
all fg. Define A, = J{A%\ f(n)|n € w}. Then AY N A, D A%\ f(n) and therefore
infinite. And for 8 < a, Ag N Aq = U,,c,, (Ag N A) \ f(n) which is finite for every n
and will eventually become empty since f eventually dominates fg. O

There is a close relationship between tight MAD families and Cohen indestructible
MAD families.

Theorem 5.5.3 (Malykhin [29], Hrusak, Garcia Ferreira [19], Kurili¢ [25]).
(1) If A is tight, then A is Cohen indestructible.
(2) If A is Cohen indestructible, then there is X € T(A)T such that A | X is tight.

Proof. Assume A is a tight MAD family. We will show|5.3.9(4)l Fix an injective function
f: 2% = w. Enumerate 2<% = {s;] i € w}. If there is i € w with f[[s;]] € Z(A) we are
done. So assume there is no such i. Define A; = f[[s;]]. Then {A;]i € w} C Z(A)™.
Since A is tight there is B € Z(.A) such that BN A4; is infinite, for every i € w. So f~![B]
is dense, so G115 € M.

Assume now that no restriction of A is tight, we will show that then A is Cohen
destructible. For s € w<* we can recursively construct sets X € Z(A)* such that
{X ~,| n € w} witnesses that A [ X is not tight. Let ¢ € w* be a Cohen real. There
is an infinite set X that is almost contained in X.p,, for all n € w. Just take an
increasing sequence of z, € (,,.,, X¢im and let X = {z,|n € w}. Fix A € A. Then
{s € w=¥| |AN X,| <w} is dense. So there exists n € w with |[A N X.,| < w, which
means A N X is finite. Thus X destroys the maximality of A. O

5.5.1 Strong preservation of tight MAD families

So far we have only discussed preservation via a single forcing extension. And looking
back at the definition of weak fusion there is a reason for that. The first one is that
it only works for real forcing, which in a sense only add a single real. This can be
circumvented by considering the Borel sets on (2¢)® for some ordinal «. In that way
it is possible to, for example, construct a MAD family that is indestructible by Sacks
forcing, but destroyed by the 2-step iteration of Sacks forcing. But even then we run
into the problem that g has to be an injective function with range w, thus requiring that
B is countable. So for iterations of uncountable length this notion will not work. That
is why in this section we will discuss a preservation result for tight MAD families that is
preserved under iterations. This notion and all the relating proofs are due to Guzmaén,
Hrusdk and Téllez [15].
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5 Forcing indestructibility of MAD families

Definition 5.5.4. Let A be a tight mad family. A proper forcing P strongly preserves the
tightness of A if for every p € P, M a countable elementary submodel of H(k) (where
K is a large enough regular cardinal) such that P, A,p € M and B € Z(A) for which
IBNY| = w, for every Y € Z(A)t N M, there is ¢ < p an (M,P)-generic condition
such that q - “VZ € (I(.A)+ N M[G]) |Z N B| =w” (where G denotes the name for the
generic filter). We say that q is an (M,P, A, B)-generic condition.

We see a similarity to the definition of proper here, which will also be seen in most of
the proofs regarding it.

Lemma 5.5.5. Let A be an almost disjoint family, P a forcing, p € P and B a name for
a subset of w such that p I+ “B € Z(A)*". Then C = {n € w‘ Jdg<p (q Ik “n e B”)} €
(AT,

Proof. Tt is forced that B is a subset of C. O

Lemma 5.5.6. Let A be a tight mad family, P a forcing, that strongly preserves the
tightness of A and let Q be a P-name for a forcing which is forced to strongly pre-
serve the tightness of A. Then P x Q strongly preserves the tightness of A. Further-
more, if B € Z(A), M a countable elementary submodel with A,P,Q e M,peP
a (M,P, A, B)-generic condition, and ¢ is a P-name for an element of Q such that
plF “qis an (M,Q, A, B)-generic condition”, then (p,q) is an (M, P % Q, A, B)-generic
condition.

Proof. That (p,q) is (M, Px Q)—generic is just Let G be a P x Q-generic filter such
that (p,q) € G and let H denote the projection of G to P. Since p is (M, P, A, B)-generic
we have that |ZNB| = w, for every Z € (Z(A)™ N M[H]). Also ¢ is (M, Q, A, B)-generic
in M[H]. Thus |ZNB| = w, for every Z € (Z(A)* N M[G]). So (p,q) is (M,PxQ, A, B)-
generic.

O]

Lemma 5.5.7. Let {(PQ,QQ)
strongly preserve the tightness of A, i.e Ik, “Qa strongly preserves the thightness of A”,
for all « < A\. Let B € Z(A), M a countable elementary submodel of H(k), where
a</\},)\eM. Let o € MO,
p € Py a (M, PQ,A_, B)-generic condition and let ¢ be a Py-name such that p Ik “q €
PxNM AT a€Gy” . Then there is an (M, Py, A, B)-generic condition p € Py such
thatp Ja=p and plky “¢ € G”.

a < )\} be a countable support iteration of forcings that

is a large enough reqular cardinal, with A, {(]P’a, Qa)

Proof. We will prove this by induction on A. For successor ordinal this follows easily
from So assume A is a limit ordinal and the statement is true for every smaller
ordinal. Let {an|n <w} € M N A be cofinal and oy = «. Enumerate the dense sets
of Py contained in M as {D,| n < w}. Enumerate the Py-names for elements of Z(A)"
as {2,
(@n)new> (Pn)pey and (1y), o, such that the following holds:

n < w}, such that each name appears infinitely often. Recursively construct
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5.5 Tight MAD families

1) po=p, 4o =¢q,

)

2) Pn € Pan is (M7 Panv-A7 B)—generic, Pn F Op—1 = Pn—1,

3) ¢ is a P, -name such that p, IF “G, EPXNMNDp_1AGn | an € Gy,
)

(
(
(
(4) pny1 Ik “dns1 < ¢,” and

(5) my, is a Py-name such that p, - “¢, IF “m, € (Zn N B) \n"".

Assume we have already defined this for n. Let G,, C P,, be generic with p, € G,,,.
Work in V[G,,]. Let C = {m € w‘ Ir <qn (7" ' =Gn | an ATIF “m € Zn”)} €
MI[G,,]. By this is in Z(A)T. Since p, is (M,P,, , A, B)-generic, this means
there is some m € (CNB) \ (n+ 1). Let r witness this. Again by genericity we can
assume that r € M N Dy,_;. Alsor [ o, = ¢n | o, € G,,,. Now work in V' again. Let
Gn+1 and 1,1 be names for r and m that are forced by p, to have these properties. Now
use that the lemma holds for ay+1, pn and ¢n41 to get ppi1 (M, Poyirs A, B)-generic
such that pp,+1 [ ap = pp and ppy1 IF “Gna1 € G”. Then all requirements are fulfilled
and the construction is complete.

Let p = (U, c,, Pn, this gives a condition since the iteration has countable support and
the p,, form an increasing sequence where all initial segments agree. That p IF “g, € G”,
for every n, is the same as in the proof for the iteration of proper forcings, see (3.2.3
This then gives us that p is (M, Py)-generic, since for every dense set in M one of the ¢,
is in there. And (M, Py, A, B)-genericity is clear, as for every element of Z(A)* N M|[G]
a name for it appears infinitely often among the Z,, and thus the rh,, witness that it has
infinite intersection with B.

O]

Theorem 5.5.8. Let {(Pa, Qa)‘ a < )\} be a countable support iteration of forcings that
strongly preserve the tightness of A. Then Py strongly preserves the tightness of A.

Proof. Let q € Py, M a countable elementary submodel of H (k) such that Py, A,¢ € M
and B € Z(A) such that |[BNY| = w, for every Y € Z(A)* N M. We have Py = {1}
and 1 is (M, Py, A, B)-generic, since V[Gg] = V. Thus we can use the previous lemma
with p =1 to get an (M, Py, A, B)-generic condition p’ that forces “q € Gy”. As filters
are directed there is p < p’,q. Genericity is preserved by going to stronger conditions,
sop < qis (M,Py, A, B)-generic.

O
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6 Partition forcing

For the rest of this thesis we will discuss how the properties we have introduced so far
relate to another forcing, which was introduced by Miller [30]. We want to also look at
how this forcing behaves under iterations.

Definition 6.0.1. Let C be an uncountable partition of 2% into closed sets. Then P(C),
called partition forcing, is the forcing consisting of perfect trees T C 2<% such that for
every C € C, C N [T is nowhere dense in [T], i.e. for every t € T there is s € T
extending t such that [T'(s)] N C =0, ordered by reverse inclusion.

If we let & be the generic real added by this forcing, i.e. © = (\pco T, then x ¢ C for
every C' € C. So C is no longer a partition of 2%.

Definition 6.0.2. Let C be an uncountable partition of 2* into closed sets. We say that
x,y € 2% are C-different if they are in different elements of C, conversely we say they
are C-equal if they are in the same element of C. A tree T C 2<% is called C-branching
if for every t € T there are C-different branches in [T'] extending t.

Using this we can give some other characterization of elements of partition forcing
that might seem more natural. This as well as the fusion later is due to Cruz-Chapital,
Fischer, Guzméan and Supina [12].

Lemma 6.0.3. Let C be an uncountable partition of 2% into closed sets. The following
are equivalent for a tree T C 2<%:

(1) T € P(C).

(2) T is C-branching.

(8) T is perfect and there is a countable dense set D C [T'] of C-different branches.
(4) T is perfect and there is a dense set D C [T] of C-different branches.

Proof. = That T is perfect is included in the definition of T' € P(C). Enumerate
T = {ti| i <w}. Recursively construct C-different branches x; € T'(t;). For i = 0 let zg
be an arbitrary branch in T'(tg) and pick Cy € C such that z¢p € Cy. For i > 0 we can

construct an increasing sequence (tz ) - C T such that [T (ti )JNC; =0 for all j < i.
. j<i .

Then [T(t: )] N C;j = 0 for every j < i. So any branch z; € [T(t:™1)] is C-different from

all previous branches, let z; € C; € C. Then {z;] i < w} is a set of C-different branches

and by construction for every t € T there is some ¢ < w such that ¢t C x;, so it is dense.

= [[@)) Trivial.
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6 Partition forcing

= Let t € T. Since T is perfect there is a splitting node s € T above t. Since
T is perfect and D C [T] is dense there is some x; € D that extends s™i. Then z; € C;
for some C; € C. As z,y € D are different they are C-different. Thus for every t € T
there are C-different branches extending ¢, thus 7" is C-branching.
= For t € T there are C-different branches extending ¢, they have to differ at
some smallest point, this gives a splitting node of T" above t, so T is perfect. Let t € T
and C' € C. There are two C-different branches extending ¢, thus one of them has to be
outside of C, call this one z. Then z € [p]\ C and C is closed, thus there has to be some
t C s C x such that [T'(s)]NC =0. Thus T € P(C).
O

An important property we used throughout was the ability to “fuse together” many
different condition. In its most pure form this is achieved by o-closed forcings, but as
we have seen with Axiom A it is also possible with a much wider variety of forcings.
While Axiom A holds for partition forcing there have to be made choices of branches in
the definition of the orderings, so we will make those explicit in the fusion ordering. We
also get another way to fuse together conditions.

Lemma 6.0.4. Let C be an uncountable partition of 2% into closed sets. Let {p;| i € w} C
P(C) be a decreasing sequence of conditions with increasing stems s; = stem(p;). Then

P = Uicwpis; (1 = sit1 (i) € P(C).

Proof. If t € p, then there is some i < w such that ¢ € p;(s; (1 — si+1 (]s;]))). Since this
is a condition there are C-different branches extending ¢ in there. These branches are
also branches of p, thus p is C-branching and therefore p € P(C). O

Definition 6.0.5. For T € P(C) we say X C [T] is a witness for the n-th level of T, if
for every node s in the n-th splitting level of T there is some x € X extending s and X
contains C-different branches, i.e. they are all in different elements of C.

Let n € w p,q € P(C) and X,Y witnesses for the n + 1-th level of p, n-th level of q,
respectively. Define (p, X) <, (¢,Y) if p<qand X D Y.

Lemma 6.0.6. If (ppi1, Xnt1) <n (Pn, Xyn) for all n, then p = (\pn € P(C). We say

that ((Pn, Xn)) <y 95 @ fusion sequence with witnesses.

Proof. Let X =J,,., Xn. Then X C [p] contains C-different branches. It is also dense,
for every t € p there is a splitting node s D t and all splitting nodes are already splitting
nodes in some py,, thus there is z € X,, C X extending s D t. Thus p € P(C). O

Let I¢ be the o-ideal generated by the elements of C. Then partition forcing is equiv-
alent to B\ I¢. This result is due to Zapletal [40], the proof given here is new.

Theorem 6.0.7. Let A C 2% be analytic. Let C be an uncountable partition of 2% into
closed sets. Then A contains all branches of a tree in P(C) if and only if A ¢ I¢.
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6.1 Properties of partition forcing

Proof. Since A is analytic there is a tree T' C 2<% x w<“ such that A = p|[[T]]. For a
tree S C 2<% x w<Y¥ define

S = {(s,u) € S" Jz,y € [9] ((s,u) Cx,yAplz],ply] are C—different)} .

For convenience we say z,y € [S] are C-different if their projection is, similarly for other
notions related to C. Recursively define Ty = T, T,4+1 = TJ, and for limit ordinals A,
T, = ﬂa</\ T,. Since T is countable there is some v < wy such that T, = T4, let
Too =T,.

First consider the case that Too = (0. If (s,u) € Ty \ Tht1, then all branches in T,
extending (s,u) are C-equal. Since Ty \ Ti+1 is countable, [T,] \ [Tw+1] is covered by
countably many elements of C. Finally since « is countable and [T},] = () this means [T]
is covered by countably many elements of C and therefore A € I¢.

Now consider the case that T, # (). We will recursively construct sets S = {s,|o €
2<¢} and {uq| o € 2} such that (sy,us) € Teo for every o € 25 and the downwards
closure of S is a tree in P(C). Let (sg,ug) € Too be arbitrary. Pick some minimal o
such that not both (s,~;,u,~;), @ < 2, are already constructed. Then there are two
C-different branches zg,z1 € [Tw] extending (ss,uy). Choose (Sy-j~gn,Uy~j~gn) tO be
the branch x;, for ¢ < 2. If one of the branches is already defined, keep it as it was and
let the other one be either zg or 1 depending on which of those two is C-different to the
already existing one. This completes the construction. As in every step we choose two
C-different branches to extend s, we have that S is C-branching and therefore in P(C).
Since (Sg,us) € Too C T we have that [S] C p[[T]] = A.

It remains to show that there is no analytic A € I¢ that contains all branches of a tree
in P(C). Take T € P(C). Assume towards a contradiction that {C;| i € w} C C covers
[T]. Recursively construct s, € T. Let s_; = (. If we have defined s,,, by the definition
of partition forcing, there is s,,+1 € T extending s, such that [T(s,4+1]NChy1 = 0. Then
s=sys; -+ € [T], but can’t be covered by any C,. O

6.1 Properties of partition forcing

Fusion arguments for partition forcing all go pretty similar. An easy example is the fact
that partition forcing satisfies the Sacks property. This was proven by Spinas [3§].

Definition 6.1.1. A forcing notion P has the Sacks property, if for every name f and
condition p € P, such that p I+ “f € w*”, in the ground model there exists a tree
T C w<¥ and a condition q < p, such that the n-th level of T has cardinality at most 2"
and qIF “f € [T].

Equivalently we can replace the restriction on the cardinality of the levels with any
function that diverges to infinity. This property is interesting because it preserves un-
bounded sets from the ground model, as well as the smallness of many other cardinal
characteristics. We will proof one such statement as an example.
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6 Partition forcing

Theorem 6.1.2. Let P be a forcing notion with the Sacks property. Then every real x
i a forcing extension via P is dominated by a ground model real.

Proof. Let G be a P-generic filter. Let f € V[G] Nw*“ and fix a name f for f. By the
Sacks property there is a dense set of conditions ¢ and ground model trees T, C w<¥
such that the n-th level of T} has cardinality at most 2" and q IF “f € [T,]”. So there
is one such condition ¢ € G and therefore f € [T,]. Now T}, is in the ground model and
every level is finite. Thus there exists a ground model function g € w* such that s < g,
for every s € T. Then g dominates f. O

Theorem 6.1.3. Let {P,| a < A} be a countable support iteration of proper forcings
with the Sacks property. Then Py is proper and has the Sacks property.

For a proof of this theorem see [36].
Now we come to the fusion argument. The first step is proving a lemma that will be
used in the construction of the fusion sequence.

Lemma 6.1.4. Let C be an uncountable partition of 2“ into closed sets. Let f be
a name for a function in w*, p € P(C) a condition and X C w® a finite set of C-
different branches. Then there exists a condition ¢ < p, a branch x € [q|, which is
C-different from all elements of X, and a function h € w* such that for every m,n € w,
if x | m € split,,(q) then q(x [ m) I+ “fln=hln.

Notice that the conclusion stays true if we strengthen gq.

Proof. We can ignore X without loss of generality since all C, are nowhere dense in [p].
Recursively construct a decreasing sequence of conditions p,, and sequences z, € w<%.
Let pp = p and sg = stem(pg). If we have defined p,, take p,+1 < pnp(2,0) forcing
f(n) = my, and let 2,1 = stem(p,i1). Set ¢ = Unew Pn(zn1), b = U, c(n, my) and
r = U, cp Tn- This will satisfy the lemma. Let m,n € w such that = [ m € split,(q).
Then = [ m = x, and therefore q(z [ m) < o, pr(2,1) < py, for every I < n. Since
o lF “F(1) = h(l)” we have g(z | m) Ik “f [n="h|n".

O

Theorem 6.1.5. Let C be an uncountable partition of 2“ into closed sets. Partition
forcing P(C) has the Sacks property.

Proof. Let f be a P(C)-name and let p € P(C) be such that p I+ “f € w*”. Recursively
define conditions p,, € P(C), sets X,, = {z,]| 0 € 2"} C [py], a tree T = {t,| 0 € 2<¥},
sets S, = {ss| 0 € 2"} and a set H = {h,| 0 € 2<“} C w* such that the following holds:
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6.1 Properties of partition forcing

(5) hy, s and py(s.) satisfy the conclusion of the previous lemma.

For n = 0 use the lemma to get zy and py. Set ty = 0 and sy = stem(pg). Then all
conditions are satisfied. Now assume we have already defined everything for n. Fix
o€ 2" Fori=x,(5s]), set ,~; = 5, hynj = ho. Let s,~; € split,,  1(pn(ss)) be the
unique initial segment of z, Let p,~; = pn(s,~;) and t,~; = h I'n+1. For 1—1 we use
the lemma for p,(so (1 — ) to get h,~(1_s), To~(1—;) and p! b~ (1—i) and make sure that
By~ (1—s is C-different from every h. constructed before. Let s,~(;_;) € split,, 1 (p] ~a _Z))
be the unique initial segment of z,~ (1 _;). Let p,~(1_s = p;A(l_i)( o~(1—i)) and tom(_py =
ho~(—s [+ 1. Unfix 0. Let ppi1 = Uyegnt1 Po- Then all conditions are satisfied.
Since we have a fusion sequence with witnesses, ¢ = (,,c,, Pn is a condition. We show
that ¢ I- “f € [T]”. As every level of T has cardinality at most 2", this will show that
P(C) has the Sacks property. Let ¢’ < ¢ and n € w, we will show that there exists a
condition ¢” < ¢ forcing that f | n e T. By we have split(q) = (U, ., Sn, so there is
some m > n and s, € S, such that s, € ¢'. Then q (s¢) < q(55) < pn(sy) which forces
flm=tyeT. Thus ¢’ = ¢(s,) is as desired. O

There is the trivial partition of 2* into singletons. It is easy to see that partition
forcing for this partition is the same as Sacks forcing. Even more every partition that
is analytic in the Vietoris topology gives rise to Sacks forcing, this was shown in [12].
Now the question becomes whether there exists a partition that gives a partition forcing
that is different from Sacks forcing. The way we show this is by constructing for a given
partition C another partition C’ that is P(C)-indestructible. Then P(C’) destroys C’, so
it has to be different from P(C). For Sacks forcing this result is due to Newelski [34],
although the presentation here follows Hrusak [17].

Lemma 6.1.6. Let C be an uncountable partition of 2¥ into closed sets. Let p € P(C)
be a condition, T a P(C)-name for an element of 2* and {S,| n € w} a set of trees on
2<% such that p b “7 & |J,,c,[Sn]”. Then there is a condition p < q, a branch x € [q]
and sequences S, € 2<%, for m € w, such that |s;,,| > m and for all m,n € w if
x | m € split,,(q), then q(:v fm) Ik “sp CTA sy & Sw”

Proof. Let pg = p and recursively construct a decreasing sequence of conditions {py|n €
w} together with their stems {z,| n € w}. Choose Tp+1 < Tp,(27,0) and sp41 € 2<“ such
that Tp41 IF “spt1 © 7 A Spt1 € Spta”, this is possible since T),(2,,0) forces that 7 is
not in [Sp41]. Define ¢ = U,,c, Tn(2n1) and z = {J,c, Zn. If © [ m € split, (¢) then
x [ m=x, Soq(x | m)=q(x,) <T, and the latter forces “s, C 7 A s, ¢ 5,7, so
q(x [ m) does as well. O

Theorem 6.1.7. Assume CH. Let C be an uncountable partition of 2¥ into closed sets.
There is an uncountable partition of 2* into closed sets that is indestructible by P(C).

Proof. Because of CH there is a set {(T4, 7o )| @ < w1} such that T, € P(C), 7, is a P(C)-
name and if T IF “7 € 2“7 then there is o < wy such that T, < T and T, IF “T = 7,”
We will recursively construct nowhere dense trees {S,| @ < w1} such that for all o < wy
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6 Partition forcing

* [Sa]NUgcalSs] =0 and
o 3T < T,38 < a such that T I “7, € [S5]”.

This partition is P(C)-indestructible as every new real is equal to one of the 7, and they
don’t destroy the partition because of the second condition. For o« = 0 there is T' < T
and a nowhere dense tree Sy C 2<% such that T'IF “ry € [Sp]”. From the Sacks property
we can get a tree Sp, such that the n-th level has size at most n, such a tree has to be
nowhere dense. Now assume we have completed the construction for all 3 < «. If there
is T <T, and f < a such that T IF “r, € [Sg]”, we are done by choosing Sz to be
an arbitrary nowhere dense tree that satisfies the first condition. Here we use that all
our trees are nowhere dense, otherwise it could be the case that the constructed trees
already cover all of 2¢. If this is not the case we can find p_; < T, and a nowhere
dense tree S;, C 2<% such that p_1 IF “70 ¢ Ug_,[98] A Ta € [S5]”. Enumerate o =
{an| n € w}. Recursively construct conditions p,, € P(C), branches X,, = {z,| 0 € 2"} C
[pn], sequences S,, = {s,| o € 2"} C 2<% and sequences {t,| o € 2"} C p,, such that

1) {(pn,Xn)| n € w} is a fusion sequence with witnesses,

2) x5 D ty,

4) if 0 C o’ then t, C t,,

(1)
(2)
(3) split,,(pn) = {ts] o € 2"},
(4)
() p

n(te), To and {s,~gi| i € w} satisfy the conclusion of the lemma for the name 7,

and sequence Sa\am 1Ew
The last condition in particular means p,(t,) IF “sy C 7o A S5 ¢ Saw”, which is the

important part, the rest is just to continue the construction. For n = 0 use the lemma

for p, 7, and {Sa 1€ w}, and assign everything correctly. Now assume we have

o]+
constructed everything for n € w. Fix o € 2. Without loss of generality z, 2 t;0. Use
the lemma for p,(t51), 7, and {S

Yo |+it+1

(S w} to get py~1,T,~1 and sequences s,.

Let sy~1~gm = Sm and t,~; = stem(py~;). Let x,~g = 2, and t ~q = stem(p,(t50)).
This completes the construction.

Let p = [\, Pn be the fusion. Define S, = {t € 2<¥| 3o € 2<% (t C 5,)}. This is a
nowhere dense tree as it is a subtree of S/,. Also p |- “r, € [S4]”, as for every n € w and
all o € 2", p,(t,) IF “74 | n C s,” and therefore p, IF “r [ n € S,”. For § < « there
is some n € w such that 3 = a;,. Then s, ¢ Sg, for all ¢ € 2<%\ 25" and therefore
[Sﬁ] N [Sa] = 0. O

6.2 Partiton forcing and MAD families

The first thing we want to do is show that partition forcing has weak fusion.
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6.2 Partiton forcing and MAD families

Lemma 6.2.1. Let C = {C,| a < w1} be an uncountable partition of 2* into closed sets.
Let T € P(C), s € T, X a finite set of C-different branches and C' a P(C)-name for an
infinite subset of w. Then there exists T' < T and a branch x € [T'] extending s and
C-different from all elements of X, such that

VYVT" < T' with z € [T")3S < T"3k > n such that x € [S]A S I+ “k € C”.

Notice that the conclusion still holds for any strengthening of T".

Proof. Since C, NT'(s) is nowhere dense in T'(s) for all a and X is finite we can assume
that X and s is empty, by strengthening 7' if necessary.

Recursively define m,, € w,z, € w<¥ and conditions T,, < T,,_1. Let Ty = T and
xo = stem(Tp). Assume we have already defined T, and z,. Then let T,,11 < T, (2,0)
such that Ty, 11 IF “my1q € C”, where Mpt1 > n+1. Set z,41 = stem(7},41). Note that
Zny1(|2n]) = 0.

Then 7" = U, ., Tn(zn1) € P(C) and x = |J,,, Tn is as desired. To see this let n € w
and 7" < T" with = € [T"]. Then there is some m > n such that z,, is a splitting node
of T". Let S = T"(x,). Then

S=T"m) <T'(xm) < |J Th(z;1) < Tn.
k>m

Therefore S I+ “m,,, € C”, since Ty, already does and clearly z € [S].
O

Theorem 6.2.2. Let C be an uncountable partition of 2* into closed sets. Partition
forcing P(C) has weak fusion.

Proof. We will recursively construct the following:

e finite antichains B,, = {s,| o € 2"} C 2<%

finite antichains A,, C P(C)

T, € P(C)

X, ={xys| 0 € 2"} C 2 a witness for the n-th level of T,

bijections h,: B, — A, and
e a one-to-one function g: {J, . {n} x A, = w
such that
(a) 0 C 7= 85 C 57,y
(b) (Tht1, Xnt1) <n (Tn, Xn) <p—1--- <o (To, Xo) < T,

c) T, < »|8s] and if o € 27, then s, € T},
oe2
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6 Partition forcing

(d) hn(se) = TN [se],

)
(e) VA € A, we have that AIF “g(n, A) € C” and g(n, A) > n,
(f) x5 2 s, and

(g) hn(sy) satisfies the conclusion of lemma with z = z,.

For n =0, let Ty < T and zy satisfy the lemma and forcing some k£ € w to be in C. Let
sp = stem(Tp), Ao = {Tv} and g(0,Tp) = k. All the conditions hold.

Assume we defined this for n — 1. From |(c)| we get that without loss of generality
split,,_1(Th-1) = {sg‘ o€ 2"*1}.

Fix 0 € 2"71. Let i = 2,(|s|). Then T),_1(s57) < hn_1(8y) and x, € [T},_1(s51)], so
we can use that the conclusion of the lemma holds to get a condition T_~; < T),—1(5,~;)
and a natural number k,~; > n such that z, € [T,~;] and T ~; IF “k ~; € C”. Let
Sg~; = stem(T,~;), x,~; = © and hp(c7i) = T,~,. The conclusion of the lemma
still holds by the remark after the lemma. Use the lemma to get h,(c™(1 — 1)) =
To~a—i) < To-1(so (1 — 1)) and x,~(;_;), with X containing X, and the previously
constructed z,~; for 7 € 27~ and j < 2. We can strengthen Ty~ (1—) to get that it
forces “k,~(1_;) € C” for some kor(1—iy = 1.

Unfix 0. Let T, = U, con Tsy An = {T5| 0 € 2"}, hy(ss) = Tt and g(n,T,) = k,. The
properties hold.

Let Too = NpewTy. By [(c)| we have [T] = G, where B =, ., Bn. Thu in the
(2')]

definition of weak fusion holds. Condition @ is the same as And finally follows
from[(d)| and G < [T,). O

This then immediately gives us the description of indestructibility from [5.2.2]

Theorem 6.2.3. Let C be an uncountable partition of 2“ into closed sets. Let T be a
tall ideal. The following are equivalent:

(1) T is P(C)-indestructible.
(2) VB C 2% with Gp ¢ IcVf: B — w3l € T such that Gy-yp ¢ Ic.
(8) VB C25% with Gp ¢ IcVf: B — w injective 31 € T such that Gy & Ic.

(4) T is P-indestructible for some forcing P with the property that for every Gp ¢ I¢
there is a condition that forces the addition of an Ic-quasi-generic real to Gg, a
real is called Ic-quasi-generic if it avoids every set of I¢ coded in the ground model.

The notion of quasi-generic reals was introduced in [7]. Condition is quite similar
to the last condition in the characterizations of Sacks, Miller and Laver-indestructibility.
For Sacks forcing every new real is quasi-generic, for Miller forcing the quasi-generic reals
are the unbounded reals and for Laver forcing the quasi-generic reals are the strongly
dominating reals. We even have this characterization for Random and Cohen forcing,
it is just that quasi-generic reals for these are exactly Random or Cohen reals, so the
characterization is trivial and therefore not explicitly stated.
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6.2 Partiton forcing and MAD families

Proof. The equivalence of |(1){(3)| follows directly from The implication |(1)|implies
is clear as partition forcing is a forcing as required in Assume that Z is P-

indestructible for P a forcing as in We will show Take B C 2<% with Gp ¢ I¢
and f: B — w injective. Then there is p € P and a P-name & such that p I “¢ € Gp is
Ic-quasi-generic”. Let A be the P-name for the set {f( [ n)| n € w,4 | n € B}. Let G
be P-generic with p € G. As P does not destroy Z there is I € Z such that |[AS N I| = w.
Thus ¢ € G g-1[7- This implies that G -1y ¢ Ic, because ¢ is Io-quasi-generic and
therefore avoids all sets in I¢. ]

Similarly to the way we did it for Cohen forcing we can also construct a maximal
family of eventually different reals that is partition forcing indestructible.

Lemma 6.2.4. Let C be an uncountable partition of 2% into closed sets. Let T' € P(C)
and let f be a mame for an infinite partial function from w to w. Then there is a set
B C T and an injective function g: B — w X w such that

e Gp ¢ IC}
e VtE B <GB N[t IF “g(t) € f”) and
e g[B] is a partial function.

Proof. Redo the proof of weak fusion with C being the domain of f and whenever we
choose a condition that forces some m to be in C' make sure it also forces a single value
for f(m). O

Theorem 6.2.5. Let C be an uncountable partition of 2% into closed sets. Let A be a
mazimal family of eventually different functions. The following are equivalent:

(1) A is P(C)-indestructible.

(2) VB C 2<% with Gp ¢ I¢Vf: B — w X w with image a partial function 3x € A such
that folm ¢ Ic.

(3) VB C 2<% with Gg ¢ IcVf: B — w X w injective with image a partial function
Jz € A such that G-y ¢ Ic.

Proof. Let us start by proving implies Take B C 2<% with Gg ¢ I and
f: B — w x w with image a partial function. Let G be P(C)-generic with G € G. Let
x be the partition generic real. Then z € Gp. Consider the partial function y = f [z].
Because A is P(C)-indestructible there is some z € A such that y N z is infinite. Then
z N f~![2] is infinite, so & € Gp-1,). This implies G -1, & Ic.

The implication |(2)| to is trivial.

Assumeholds. Take a condition T' € P(C) and a P(C)-name f for a partial function.
Let BC T and g: B — w X w be as in the lemma above. Then there is z € A such that
Gy-1)3) ¢ Ic. Now for every n € w and § < Gy-1[,) we want to find S < S that forces

some (m, k) into f, where m > n. We can find ¢t € S such that g(t) = (m, k) where
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6 Partition forcing

m > n. Then S’ = SN [t] is as required. This means G -1, forces x N f to be infinite,
which in turn means that f does not destroy A. O

Theorem 6.2.6. Assume CH. Let C be an uncountable partition of 2% into closed sets.
There is a maximal family of eventually different functions that is P(C)-indestructible.

Proof. We proceed as usual for these arguments. Let {f,: By — w X w| a < ¢} enumer-
ate all injective function whose image is a partial function and Gp ¢ Ic. Recursively
construct a maximal family of eventually different functions {x,| @ < ¢} such that for
every a < ¢, if Gfgl[m] € Ic, then Gfgl[xa] ¢ Ic. Assume we already constructed

this for all 8 < «. If there is some S < « such that Gf(;l[xﬂ] ¢ Ic we can take x,

to be any partial function that is eventually different from all xg, which exist because
there are only countably many of them. Now consider the case that G fa [z] € I¢ for

all B < a. We can enumerate o = {f,|n € w}. Let T € P(C) be a tree such that
[T] € Gp. Without loss of generality we can assume B C T. We will recursively
construct A = {s,] 0 € 2<¥} C B, {Cy| 0 €2<¥} C C and {z,| 0 € 2<“}. Assume
we did the construction for all predecessors of ¢ and let 7 be ¢ with the last entry
removed. Then there is ty € B extending s, such that [to) N C, N [T] = 0 for every
already constructed C,. We have GU [250n] € I¢. Thus there is t,4+1 2 t, with

men fa !
sn+1 € B and tny1 & Upycnyiol [t [zp,]- Let s,~gn = t, and choose C,; € C such that
Ty = Unew t, € Cy,. So we have constructed a set of C-different branches that is dense
in Ga, so G4 ¢ Ic. We also made sure that AN f;! [x3] is finite for every 8 < o. Thus
zq = f [A] continues the construction. O

6.3 lterating Partition forcing

In this section we describe how partition forcing behaves under iterations. At first we
show that partition forcing strongly preserves tight MAD families.

Theorem 6.3.1. Let C be an uncountable partition of 2 into closed sets. Let A be a
tight mad family. Then P(C) strongly preserves the tightness of A.

Proof. Let T € P(C) and let M be a countable elementary submodel of H (k) such that
P(C), A, T € M and B € Z(A) for which |[BNY| = w, for every Y € Z(A)" N M. Let
n e w}

be an enumeration of all P(C)-names for elements of Z(A)* in M, such that each name
appears infinitely often. We will recursively construct:

{Dy| n € w} be an enumeration of all open dense subsets of P(C) in M and {Zn

e conditions T;, € P(C) and
e sets X, = {x,| 0 € 2"}
such that the following holds for every n:

(1) ((Tn, Xn),c, is a fusion sequence with witnesses,
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6.3 Iterating Partition forcing

(2) T, € M,
(3) T I (Zn mB) \n#£ 0,
(4) Vs € split,,(T;,) we have that T),(s) € D,, and

(5) for every k,m € w, if z, [ k € split,,,(Ty), then T, (z, | k) IF ¢ (Zm N B) \'m #£ ("
and T, (z, [ k) € Dyy.

For n = 0set T_1 = T and X_1; = () and proceed as in the case n > 0. Assume we
have already defined this for n. Fix o € 2™ and pick s, € split,,(7},,) such that s, C x,-.
Let i = x4(|s¢|). Then there is some k € w such that z, [ k € split,;(7,,). Let
T,~; =Th(zs | k) and x,~; = z,. This is in D,y N M by condition For 1 — i we
will recursively construct {s,,| m € w} and T,* such that:

em<m =T">T",

em<m = s, Cs,,

e sy, = stem(T)"),
o T'" € Dp,N M and
o T I “(BmZm) \m # 07

For m = 0let s_; € T), extend s5 (1—1) such that all branches in [T},(s_1)] are C-different
from the ones in X,, and the previously constructed ones at step n + 1, this is possible
since there are only finitely many branches it has to be C-different from and the definition
of being a condition. Then let 7, = T},(s_1) and continue as in the n > 0 case. Assume

we already constructed sy, and T™. Then C = {k c w‘ 35 < " (S ke Znia") b e

Z(A)T N M. So there is j € C'N B such that j > m + 1. Then we can find T/**1 < T™
such that T7"*' € Dyy1 N M and T/ IF “j € Zyny1”. Let spmy1 = stem(T7 ),
we can easily guarantee that this is a proper extension of s,,. Then all conditions are
satisfied. Let xo‘“(lfi) = UmGw Sm and To"\(lf’i) = Um>n Tgl(.’ﬁo.m(lf,i) r (‘Sm| + 1)),
lemma W gives that this is a condition. Unfix 0. Let Thy1 = Jyeont1 To. This
extends the fusion sequence. That it is in M follows as all T, are in M and 2"*! is finite
and therefore also in M. We have, for every s € split,, 1 (T),11), some o € 27+1 such that

Th+1(s) =T, € D, and this also forces “ <Zn N B> \ (n+1) # 0”. So conditions|(3)|and

are satisfied. To see that condition is satisfied we distinguish the two cases in the
construction. In the first one we just remove k such that z, | k € split,,,(T},+1), thus the
condition stays satisfied. In the other one we have that if z, [ k € split,,(T+1), then
Toi1(2o [ k) = Upsm T,’f(:rUA(l_i) I (|sm|+ 1)) and by construction this is as required.
This completes the construction.

Let Too = (),,c, In- This condition is (M,[P(C))-generic as for every dense D €

new - n

M there is some n such that D = D, then Toe < T, I “3s € split, (T5,)(Tn(s) €
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M N D, N G)”. It is also an (M,P(C), A, B)-generic condition as for every element
Z € T(A)* N M[G] there are infinitely many n such that Z, = Z and then T, IF

« (Zn N B) \n # (7, so in total T, forces that this intersection is infinite. O

The goal of iterating partition forcing is to destroy every partition of 2* in the ground
model and every intermediate extension. If we are able to do this we would have that
no partition of size N; exists in the final model, as every such partition would already
be in an intermediate extension and is therefore destroyed at some point. To do things
like this there is the method of book keeping.

We start with a model of GC'H and fix a function 7: w9 — wg X wo such that:

e if m(ar) = (B,7), then 5 < o and

e for all (3,7) there exist arbitrarily large oo < wo such that (o) = (5, 7).

We will recursively define a countable support iteration {Pa, Qa‘ a < wg} of proper forc-

ings of size N;. Assume we have already defined P,,. Fix a list of P,-names {Cg ‘ v < wy

that enumerate all partitions of 2* into closed sets in V[G,]. Let m(a) = (8,7). Then
8 < a, so Cg is defined, although it might no longer be a partition of 2¥ in V[G,]. If

it still is we let Qa = P(Cg), otherwise we let Qa be the trivial forcing. This completes
the construction. Now let C be a partition of size N of 2“ into closed sets. Then there
is some 8 < wy such that C € V[Gg]. So there is some v < wy such that Cg = C. By the
choice of 7w there is some o < wg with m(a) = (8,). Then either C is not a partition of
2¢ in V[G,], or Q4 = P(C). Both cases imply that C is not a partition of 2¥ in VI[G].
With iteration of partition forcing we always mean this particular iteration, and the
partition forcing model is the model generated by this forcing. So we have the following.

Theorem 6.3.2. In the partition model there is a MAD family of size Ry, the smallest
partition of 2* into closed sets has size Ng and 0 = Nj.

Proof. Since in the ground model b = ¢ = N; there is a tight MAD family of size X;. All
partition forcings strongly preserve tight MAD families and this property is preserved
under countable support iterations. Thus this tight MAD family is still a tight MAD
family in the partition model and it also still has size X;. By the same reasoning the
iteration of partition forcing has the Sacks property, so every real in the partition model
is dominated by a ground model real. Thus 0 = N; in the partition model. The text
before the theorem shows that there is no partition of 2% into closed sets of size less than
Ny in the partition model. ]
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7 Open questions

The big open question is whether there exist indestructible MAD families in ZFC alone.
Brendle and Yatabe [9] conjecture that they do, at least for Sacks forcing, which as we
have seen is the weakest one.

Then of course we can ask where P-indestructibility fits into the hierarchy for various
other forcing notions. In particular partition forcing that we studied in the last chapter.
Since it preserves tight MAD families and those are quite similar to Cohen indestruc-
tible MAD families, we conjecture that Cohen indestructibility implies partition forcing
indestructibility. On the other hand we constructed partition forcings that are different
from Sacks forcing, the question is are there MAD families that are destructible for these
forcings, while being Sacks indestructible.

The next thing one could try is seeing whether the notion of weak fusion and these
indestructibility results can be generalized to higher cardinals. This is done a bit in [5]
by Baumhauer for higher random forcing.

And finally is it possible to adapt the methods of this thesis to other combinatorial
objects, for example independent families or ultrafilter? For both of these examples
an analog of holds, but we do not know whether even just the non weak fusion
direction of [5.2.2] holds.
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