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Chapter 2

Abstract

Using the existence of an infinite number %k in the non-Archimedean ring of
Robinson-Colombeau, we define the hyperfinite Fourier transform (HFT) by
considering integration extended to [—k, k]™ instead of (—o0,00)™. In order to
realize this idea, the space of generalized functions we consider is that of gen-
eralized smooth functions (GSF), an extension of classical distribution theory
sharing many nonlinear properties with ordinary smooth functions, like the clo-
sure with respect to composition, a good integration theory, and several classical
theorems of calculus. Even though the final transform depends on k, we obtain
a new notion that applies to all GSF, in particular to all Schwartz’s distributions
and to all Colombeau generalized functions, without growth restrictions. We
prove that this FT generalizes several classical properties of the ordinary FT,
and in this way we also overcome the difficulties of FT in Colombeau’s settings.
Differences in some formulas, such as in the transform of derivatives, reveal to
be meaningful since allow to obtain also global unique non-tempered solutions
of differential equations. Before dealing with HF T, we need the correct notion
of a limit to interchange with the integral sign. In fact, it is well-known that
the notion of limit in the sharp topology of sequences of Colombeau generalized
numbers R does not generalize classical results. E.g. the sequence % # 0 and
a sequence (Zn)nen converges if and only if 2,41 — ¢, — 0. This has several
deep consequences, e.g. in the study of series, analytic generalized functions,
or sigma-additivity and classical limit theorems in integration of generalized
functions. The lacking of these results is also connected to the fact that R is
necessarily not a complete ordered set, e.g. the set of all the infinitesimals has
neither supremum nor infimum. We first present a solution of these problems
with the introduction of the notions of hypernatural number, hypersequence,
close supremum and infimum. In this way, we can generalize all the classical
theorems for the hyperlimit of a hypersequence.



Chapter 3

Kurzfassung

Unter Verwendung der Existenz einer unendlichen Zahl k£ im nicht-archimedischen
Ring von Robinson-Colombeau definieren wir die hyperfinite Fourier-Transformation
(HFT), indem wir iiber [—k, k]" anstatt (—oo,c0)" integrieren. Um diese Idee
zu realisieren, betrachten wir einen bestimmten Raum verallgemeinerter Funk-
tionen, ndmlich den der wverallgemeinerten glatten Funktionen (GSF); dies ist
eine Erweiterung der klassischen Distributionstheorie, die mit gewohnlichen
glatten Funktionen viele nichtlineare Eigenschaften gemeinsam hat, wie z.B.
Abschluss unter Komposition, eine zufriedenstellende Integrationstheorie und
mehrere klassische Theoreme der Infinitesimalrechnung. Obwohl die Transfor-
mation letztendlich von k abhéngt, erhalten wir einen neuen Begriff, der auf
alle GSF, insbesondere auf alle Schwartz-Distributionen und alle verallgemein-
erten Funktionen im Sinne von Colombeau, ohne Wachstumsbeschrinkungen
angewendet werden kann. Wir beweisen, dass diese FT mehrere klassische
Eigenschaften der gewOhnlichen FT verallgemeinert, und iiberwinden auf diese
Weise auch die Schwierigkeiten der FT im Colombeau-Setting. Unterschiede
in einigen Formeln, wie zum Beispiel bei der Transformation von Ableitungen,
erweisen sich als sinnvoll, weil dadurch auch globale eindeutige nichttemperierte
Lésungen von Differentialgleichungen erhalten werden kénnen. Bevor wir uns
mit der HF'T befassen, bendtigen wir einen passenden Begriff des Grenzwertes,
der mit dem Integralzeichen vertauscht werden kann. Tatséchlich ist bekannt,
dass der Begriff des Grenzwertes in der scharfen Topologie von Folgen von
Colombeau-verallgemeinerten Zahlen R ungeeignet ist zur Verallgemeinerung
klassischer Resultate. Z.B. gilt % # 0, und eine Folge (z,,)nen konvergiert dann,
und nur dann, wenn x,4+1 —x, — 0. Dies hat mehrere tiefgreifende Konsequen-
zen, z.B. bei der Untersuchung von Reihen, von analytischen verallgemeinerten
Funktionen, oder von Sigma-Additivitdt und klassischen Grenzwertsatzen in
der Integration verallgemeinerter Funktionen. Das Nichtvorhandensein dieser
Resultate hangt auch damit zusammen, dass R zwangslaufig keine vollsténdige
geordnete Menge ist, denn z.B. besitzt die Menge aller infinitesimalen Elemente
weder ein Supremum noch ein Infimum. Wir présentieren zunéachst eine Losung
fiir diese Probleme durch die Einfithrung der Begriffe ,,hypernatiirliche Zahl,



»Hyperfolge“, | enges Supremum bzw. Infimum®“. Auf diese Weise kénnen wir
alle klassischen Sétze auf den Hypergrenzwert einer Hyperfolge verallgemeinern.



Chapter 4

Introduction

Fourier transform (FT) and generalized functions (GF) are naturally interwo-
ven, since the former naturally leads to suitable spaces of the latter. This
already occurs even in trivial cases, such as transforming a simple sound wave
f(t) = Asin(2mwpt), whose spectrum must be, in some way, concentrated at
the frequencies twy. Even the link between constants and delta-like functions
was already conceived by Fourier (see e.g. [45]). Although different theories of
generalized functions arise for different motivations, from distribution theory of
Sobolev, Schwartz [62, 66] up to Hairer’s regularity structures [38], almost all
these theories are usually augmented with a corresponding calculus of FT, which
can be applied to an appropriate subspace of generalized functions. Since the be-
ginning of distribution theory, it was hence natural to try to extend the domain
of the F'T with less or even with no growth restrictions imposed. In fact, e.g., as
a consequence of these restrictions, the only solution of the trivial ODE ¢y’ =y
we can achieve using tempered distributions is the trivial one. We can hence
cite in [25, 20] the definition of the FT as the limit of a sequence of functions
integrated on a finite domain, or [74] for a two-sided Laplace transform defined
on a space larger than that of tempered distributions, and similarly in [0] for
the directional short-time Fourier transform of exponential-type distributions.
In the same direction we can inscribe the works [5, 12, 18, 40, 57, 68, 65, 21, 22]
on ultradistributions, hyperfunctions and thick distributions.

On the other hand, problems originating from physics, such as singularities
and point-source fields, also suggest us to consider alternative modeling, ranging
from non-smooth functions as test functions in the theory of distributions (see
e.g. [72] and references therein) to non-Archimedean analysis (i.e. mathematical
analysis over a ring extending the real field and containing infinitesimal and/or
infinite numbers, see [37, 23]). In general, a key concept of non-Archimedean
analysis is that extending the real field R into a ring containing infinitesimals
and infinite numbers could eventually lead to the solution of non trivial prob-
lems. This is the case, e.g., of Colombeau theory, where nonlinear generalized
functions can be viewed as set-theoretical maps on domains consisting of gen-
eralized points of the non-Archimedean ring R. This orientation has become



increasingly important in recent years and hence it has led to the study of pre-
liminary notions of R (cf., e.g., [54, 4, 2, 55, 3, 7, 71, 35, 49]; see below for a
self-contained introduction to the ring of Colombeau generalized numbers ﬁ)
In the interplay between mathematics and physics, it is well-known that heuris-
tically manipulating non-linear pointwise equalities such as H? = H (H being
the Heaviside function) can easily lead to contradictions (see e.g. [11, 37]). This
can make particularly difficult to realize the strategy of [17], where the au-
thors search for a metaplectic representation from symplectic maps to symplec-
tic relations. According to A. Weinstein (personal communication, May 2019),
this would require an algebra of generalized functions extending the usual al-
gebra of smooth functions and a FT acting on them with the usual inversion
formula and transforming the Dirac delta into a constant 1. As we will see
more diffusely in the chapter 6, this is not possible in the classical approach
to Colombeau’s algebra, see [14, 16, 52, 39]. In fact, although the notion of
FT in the Colombeau setting shares several properties with the classical one, it
lacks e.g. the Fourier inversion theorem, which holds only at the level of equal-
ity in the sense of generalized tempered distributions (g.t.d.) [14, 16, 52], see
also (6.7.3). See also [67] for a Paley-Wiener like theorem. In other words,
we only have e.g. Fg(0%u) =g.¢.q. i‘”"wa}'@(u), i'a‘f*¢(8au) =gt.d. T*F 5 (u),
FoF*su =gt.q. F*pFpu, where Fy(u) denotes the Fourier transform with re-
spect to the damping measure. Moreover (ig(T),v) ~ (Fpir(T),%) for all
T € §'(R) and all 9 € S(R), where tg(T) is the embedding of Schwartz distribu-
tions as Colombeau generalized functions. The only known possibility to obtain
a strict Fourier inversion theorem in Colombeau’s theory, is the approach used
by [53], where smoothing kernels are used as index set (instead of the simpler
e € I) and therefore the knowledge of infinite dimensional calculus in conve-
nient vector spaces is needed. Unfortunately, the latter approach is not widely
known, even in the community of CGF, and it can be considered as technically
involved.

To overcome this type of problems, we are going to use the category of gen-
eralized smooth functions (GSF), see [29, 30, 46, 28, 31]. This theory seems
to be a good candidate, since it is an extension of classical distribution the-
ory which allows to model nonlinear singular problems, while at the same time
sharing many nonlinear properties with ordinary smooth functions, like the clo-
sure with respect to composition (thereby, they form an algebra extending the
algebra of smooth functions with pointwise product) and several non trivial
classical theorems of the calculus. One could describe GSF as a methodolog-
ical restoration of Cauchy-Dirac’s original conception of generalized function,
see [19, 44, 41]. In essence, the idea of Cauchy and Dirac (but also of Poisson,
Kirchhoff, Helmholtz, Kelvin and Heaviside) was to view generalized functions
as suitable types of smooth set-theoretical maps obtained from ordinary smooth
maps depending on suitable infinitesimal or infinite parameters. For example,
the density of a Cauchy-Lorentz distribution with an infinitesimal scale pa-
rameter was used by Cauchy to obtain classical properties which nowadays are
attributed to the Dirac delta, cf. [41].



The basic idea to define a very general FT in this setting is the following:
Since GSF form a non-Archimedean framework, we can consider a positive in-
finite generalized number k (i.e. k > r for all » € Ryg) and define the FT with
the usual formula, but integrating over the n-dimensional interval [—k, k]™. Al-
though k is an infinite number (hence, [—k, k] D R™), this interval behaves
like a compact set for GSF, so that, e.g., on these domains we always have
an extreme value theorem and integrals always exist. Clearly, this leads to a
FT, called hyperfinite FT, that depends on the parameter k, but, on the other
hand, where we can transform all the GSF defined on this interval and these
include all tempered Schwartz distributions, all tempered Colombeau GF, but
also a large class of non-tempered GF, such as the exponential functions, or
non-linear examples like §% 0 §°, §% 0o H?, a, b € N, etc. Not all the properties of
the classical F'T remain unchanged for this more general transform, but the final
formalism still retains the useful properties of the F'T in dealing with differential
equations. Even more, the new formula for the transform of derivatives leads
to discover also exponential solutions of the aforementioned ODE 3y’ = y. Since
[17] proves that ultradistributions and periodic hyperfunctions can be embed-
ded in Colombeau type algebra (and hence as GSF), this give strong hints to
conjecture that the hyperfinite FT is very general, and it justifies the title of
this doctoral thesis.

One of the most important results one aims to achieve in developing a FT
theory is clearly the Fourier inversion theorem. Trying to generalize the classical
proof, a pivotal step is the possibility to interchange limits with integration.
This necessarily leaded us, in chapter 5, to firstly develop the correct notion
of limit (called hyperlimit) for the most useful topology for GSF, i.e. the sharp
topology. In fact, the sharp topology on R (cf., e.g., [27, 60, 61] and below) is the
appropriate notion to deal with continuity of this class of generalized functions
and for a suitable concept of well-posedness. This topology necessarily has to
deal with balls having infinitesimal radius r € R, and thus % #4 0 if n — 4o0,
n € N, because we never have Rso 2 % < r if r is infinitesimal. Another
unusual property related to the sharp topology can be derived from the following
inequalities (where m € N, n € N<,,, 7 € Ry is an infinitesimal number, and
|Zpg1 — x| <7?)

|Tm — Tn| < | — Tt |+ - F Tt — 2] < (m—n)r2 <r,

which imply that (z,)nen € RY is a Cauchy sequence if and only if |Tnt1 — xn| —
0 (actually, this is a well-known property of every ultrametric space, cf., e.g.,
[42, 60]). Naturally, this has several counter-intuitive consequences (arising from
differences with the classical theory) when we have to deal with the study of
series, analytic generalized functions, or sigma-additivity and classical limit the-
orems in integration of generalized functions (cf., e.g., [58, 70, 31]). In order
to settle this problem, it is important to generalize the role of the net (g), as
used in Colombeau theory, into a more general p = (p.) — 0 (which is called a
gauge), and hence to generalize R into some "R (see Def. 1). We then introduce



the set of hypernatural numbers as
N = {[ns] €'R|n.eN VE},

so that it is natural to expect that % — 0 in the sharp topology if n — +o0o with

ne’ Dtl, because now n can also take infinite values. The notion of sequence is
therefore substituted with that of hypersequence, as a map (zp), : ‘N — *R,
where o is, generally speaking, another gauge. As we will see, (cf. example 37)
only in this way we are able to prove e.g. that loén — 0in‘R as n € °N but
only for a suitable gauge o (depending on p), whereas this limit does not exist
if o =p.

The notions of supremum and infimum are naturally linked to the notion of
limit of a monotonic (hyper)sequence. Being an ordered set, ’R already has a
definition of, let us say, supremum as least upper bound. However, as already
preliminary studied and proved by [24], this definition does not fit well with

topological properties of * R because generalized numbers [z.] € * R can actually
jump as € — 0% (see Sec. 5.3.1). It is well known that in R we have m = sup(.9)
if and only if m is an upper bound of S and

Vr € Rspds € S: m—r <s. (4.0.1)

This could be generalized into the notion of close supremum in * R generalizing
[24], that results into better topological properties, see Sec. 5.3. The ideas
presented in this doctoral thesis, can surely be useful to explore similar ideas in
other non-Archimedean settings, such as [10, 9, 64, 56, 42].

Moreover, since our non-Archimedean scalars form a non-totally ordered
ring, also the notion of subpoint revealed to be very useful with its invertibility
on subpoints (see Lem. 10 and its trichotomy (and quadrichotomy!) laws (see
Lem. 11 and Lem. 12).

The structure of the current PhD thesis is as follows. In chapter 5, we
develop the theory of hyperlimits and its natural links with close supremum
and infimum (see [24]) of monotonic hypersequences.

Next, in chapter 6, we start with an introduction into the setting of GSF
and give basic notions concerning GSF and its calculus that are needed for
a first study of the hyperfinite FT (Sec. 6.1). we then define the hyperfinite
FT in Sec. 6.4 and the convolution of compactly supported GSF in Sec. 6.3. In
Sec. 6.5, we show how the elementary properties of FT change for the hyperfinite
FT. In Sec. 6.6 and Sec. 6.1.2, we respectively prove the inversion theorem and
give general condition to guarantee that the embedding of Sobolev-Schwartz
tempered distributions preserves their FT, i.e. that the hyperfinite FT com-
mutes with the embedding of Schwartz functions and tempered distributions.
In this section, we also recall the problems of FT in the Colombeau’s setting
and how we overcome them. Finally, in Sec. 6.8 we give classical examples of
differential and convolution equations which underscore the new possibility to
transform non-tempered generalized functions. We hence prove global existence
and uniqueness results of classical differential equations that includes as special
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cases the usual tempered solutions, but also comprise non-tempered solutions
and initial conditions.

Finally, in chapter 7, we introduce the concept of a space of rapidly decreas-
ing GSF, as well as the proper notion of FT in this space. We prove that FT in
the space of a rapidly decreasing GSF is a continuous mapping from the space
of a rapidly decreasing GSF into itself. We also prove that every compactly
supported GSF is rapidly decreasing GSF (and vice versa). Finally, we formu-
late the properties of FT in the space of rapidly decreasing GSF's and prove the
corresponding inversion theorem.

Some conclusions we can summarize at the closure of this thesis are the
following:

1. In chapter 5, we showed how to deal with several deficiencies of the ring
of Robinson-Colombeau generalized numbers ’R: trichotomy law for the
order relations < and <, existence of supremum and infimum and limits of
sequences with a topology generated by infinitesimal radii. In each case,
we obtain a faithful generalization of the classical case of real numbers.
We think that some of the ideas we presented in this article can inspire
similar works in other non-Archimedean settings such as (constructive)
nonstandard analysis, p-adic analysis, the Levi-Civita field, surreal num-
bers, etc (see e.g. [10, 9, 64, 56, 42]). Clearly, the notions introduced here
open the possibility to extend classical proofs in dealing with series, ana-
lytic generalized functions, sigma-additivity in integration of generalized
functions, non-Archimedean functional analysis, just to mention a few.

2. The power of a non-Archimedean language permeates the whole thesis
since the beginning (e.g. by defining GF as set-theoretical maps with in-
finite values derivatives or in the use of sharp continuity). This power
turned out to be important also for the hyperfinite FT: see the heuris-
tic motivation of the F'T in Sec. 6.4.1, Example 103 about application of
the uncertainty principle to a delta distribution, or the hyperfinite FT of
exponential functions in Example 96 and in Sec. 6.8.

3. The results presented here are deeply founded on a strong and flexible
theory of multidimensional integration of GSF on functionally compact
sets as developed in [31]: as we mentioned above, the possibility to ex-
change hyperlimits and integration is an important step in the proof of
the Fourier inversion theorem; the possibility to compute e-wise integrals
on intervals is another feature used in several theorems and a key step in
defining integration of compactly supported GSF.

4. It can also be worth explicitly mentioning that the definition of hyperfi-
nite FT is based on the classical formulas used only for rapidly decreasing
smooth functions and not on duality pairing. In our opinion, this is a
strong simplification that even more underscores the strict analogies be-
tween ordinary smooth functions and GSF. All this in spite of the fact
that the ring of scalars “R is not a field and is not totally ordered.
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5. Important differences with respect to the classical theory result from the
Riemann-Lebesgue Lem. 93 and the differentiation formula (6.5.1). In
the former case, we explained these differences as a general consequence
of integration by part formula, i.e. of the non-linear framework we are
working in, see Thm. 95. For example, the FT 1 := F(§) of Dirac’s delta
equals 1 at all finite points but it is necessarily compactly supported, as
a consequence of the Riemann-Lebesgue lemma and the integration by
parts formula, i.e. because of the non-linear setting. On the other hand,
the compact support of the hyperfinite F'T 1 of Dirac’s delta reveals to
be very important in stating and proving the preservation properties of
hyperfinite FT, see Sec. 6.7. Surprisingly (the classical formula dates
back at least to 1822), in Sec. 6.8 we showed that the new differentiation
formula is very important to get out of the constrained world of tempered
solutions.

6. Finally, Example 103 of application of the uncertainty principle, further
suggests that the space GC°(K) may be a useful framework for quantum
mechanics, so as to have both GF and smooth functions in a space sharing
several properties with the classical L2(R™) (but which, on the other hand,
is a graded Hilbert space).

12



Chapter 5

Supremum, infimum and
hyperlimits in the
non-Archimedean ring of
Colombeau generalized
numbers

5.1 The Ring of Robinson Colombeau and the
hypernatural numbers

5.1.1 The new ring of scalars

In the sequel, I denotes the interval (0, 1] C R and we will always use the variable
¢ for elements of I; we also denote e-dependent nets z € R simply by (z.). By
N we denote the set of natural numbers, including zero.

We start by introducing a new simple non-Archimedean ring of scalars that
extends the real field R. The entire theory is constructive to a high degree,
e.g. neither ultrafilter nor non-standard method are used. For all the proofs of
results in this section, see [28, 29, 31, 30]. As we mentioned above, in order to
accomplish the theory of hyperlimits, it is important to generalize Colombeau
generalized numbers by taking an arbitrary asymptotic scale instead of the usual

pPe = €:

Definition 1. Let p = (p.) € (0,1]! be a net such that (p.) — 0 as ¢ — 07 (in
the following, such a net will be called a gauge), then

1. Z(p) :={(p=®) | a € Rso} is called the asymptotic gauge generated by p.

13



2. If P(e) is a property of € € I, we use the notation ¥’¢ : P(g) to denote
Jeg € IVe € (0,20] : P(e). We can read V¢ as for e small.

3. We say that a net (x.) € R is p-moderate, and we write (z.) € R, if
3(J) €Z(p) : e =O(J.) ase — 07,

ie., if
IN € NV @ x| < p V.

4. Let (z.), (ve) € R?, then we say that () ~, (y:) if
V(J)€Z(p): xe=y. +O(J ) ase — 0T,

that is if
Vn e NV : |z, —y.| < pl. (5.1.1)

This is a congruence relation on the ring R, of moderate nets with respect
to pointwise operations, and we can hence define

'R = Rp/ ~p

which we call Robinson-Colombeau ring of generalized numbers. This name
is justified by [59, 13]: Indeed, in [59] A. Robinson introduced the no-
tion of moderate and negligible nets depending on an arbitrary fixed in-
finitesimal p (in the framework of nonstandard analysis); independently,
J.F. Colombeau, cf. e.g. [13] and references therein, studied the same con-
cepts without using nonstandard analysis, but considering only the par-
ticular gauge p. = €.

We will also use other directed sets instead of I: e.g. J C I such that 0 is a
closure point of J, or I xN. The reader can easily check that all our constructions
can be repeated in these cases. We can also define an order relation on “R by
saying that [z.] < [y.] if there exists (z.) € R! such that (z.) ~, 0 (we then
say that (zc) is p-negligible) and z. < y. + z. for € small. Equivalently, we
have that z < y if and only if there exist representatives [z.] =  and [y.] =y
such that z. < y. for all e. Although the order < is not total, we still have
the possibility to define the infimum [z.] A [yc] := [min(z., y.)], the supremum
[z<] V[ye] := [max(x., y.)] of a finite number of generalized numbers. See [50] for
a complete study of supremum and infimum in ’R. Henceforth, we will also use
the customary notation “R* for the set of invertible generalized numbers, and
we write x < y to say that <y and x —y € “R*. Our notations for intervals
are: [a,b] := {x € 'R | a < z < b}, [a,b]r := [a,b] N R, and analogously for
segments [z,y] := {z+r-(y—x) | r €[0,1]} C’R" and [z, y|g~ = [z, y] N R".
We also set C, := R, +i-R, and 'Ci="R+i- ”R where i = v/—1. On the
’R-module "R we can consider the natural extension of the Euclidean norm,
ie. |[ze]] == [|zc|] € ’R, where [z.] € "R™.

As in every non-Archimedean ring, we have the following

14



Definition 2. Let z € “R” be a generalized number, then

1. z is infinitesimal if |x| < r for all r € Rsq. If = [z.], this is equivalent
to lim,_,o+ |x<| = 0. We write x &~ y if  — y is infinitesimal.

2. z is finite if |z| < r for some r € Rsq.

3. z is infinite if |z| > r for all r € Rso. If z = [z.], this is equivalent to
11H16—>0Jr |$E‘ = +o00.

For example, setting dp := [pc] € 'R, we have that dp" € R, n € Nsg, is an
invertible infinitesimal, whose reciprocal is dp~™" = [pZ "], which is necessarily
a positive infinite number. Of course, in the ring "R there exist generalized

numbers which are not in any of the three classes of Def. 2, like e.g. x. =
1

Lein (1)

Definition 3. We say that x is a strong infinite number if |x| > dp~" for some
r € Rso, whereas we say that x is a weak infinite number if |z| < dp~" for
all » € Ryg. For example, x = —Nlogdp, N € N, is a weak infinite number,
whereas if x. = p-! for ¢ = %, k € N>o, and z. = — log p. otherwise, then z is
neither a strong nor a weak infinite number.

The following result is useful to deal with positive and invertible generalized
numbers. For its proof, see e.g. [37].

Lemma 4. Let x € ’R. Then the following are equivalent:
1. x is invertible and x > 0, i.e. x > 0.
2. For each representative (z.) € R, of x we have V& : z. > 0.
3. For each representative (z.) € R, of v we have Im € NV : z. > p.
4. There exzists a representative (z.) € R, of x such that 3Im € NV’ : z. >
pe'-
5.1.2 Topologies on PR

As we mentioned above, on the “R-module "R™ we defined [[z.]| := [Jz.]] € "R,

where [z.] € “R™. Even if this generalized norm takes values in "R, it shares
some essential properties with classical norms:

|z| =2V (—z)

|z| >0

2] =0=2=0
ly -2 =yl - ||

|z +y| < || + [yl
l[z| = [yl| < |z —yl.

It is therefore natural to consider on "R™ a topology generated by balls defined
by this generalized norm and the set of radii R~ of positive invertible numbers:
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Definition 5. Let ¢ € “R” then:

1. By(c) := {x €'R" | o —¢| < r} for each r € "Rsg.

2. Bi(c) == {z € R" | |x — ¢| < r}, for each r € Rs(, denotes an ordinary
Euclidean ball in R™ if ¢ € R™.

The relation < has better topological properties as compared to the usual strict
order relation @ < b and a # b (that we will never use) because the set of
balls {Br(c) |re *Rsq, ¢ € ”ﬁi”} is a base for a topology on R" called sharp
topology. We will call sharply open set any open set in the sharp topology. The
existence of infinitesimal neighborhoods (e.g. 7 = dp) implies that the sharp
topology induces the discrete topology on R. This is a necessary result when one
has to deal with continuous generalized functions which have infinite derivatives.
In fact, if f'(x¢) is infinite, we have f(x) = f(x¢) only for z = ¢ , see [28]. Also
open intervals are defined using the relation <, i.e. (a,b) := {x € 'R | a < x < b}.

Lemma 6. Let R be a set of radii and x, y, z € ”@, then
1. = (z <w ).
2. x <ppy and y <, z imply x < z.
3. VreR: O<mr.

The relation <s; has better topological properties as compared to the usual
strict order relation x < y and x # y (a relation that we will therefore never
use) because of the following result:

Theorem 7. The set of balls {B?‘(:r) |reR, z € ”ﬁ”} generated by a set of
radii R is a base for a topology on 'R™,

Henceforth, we will only consider the sets of radii ”ﬁi;o = "Ry and R and
will use the simplified notation B,(z) := BR(z) if ® = "Rso. The topology
generated in the former case is called sharp topology, whereas the latter is called
Fermat topology. We will call sharply open set any open set in the sharp topol-
ogy, and large open set any open set in the Fermat topology; clearly, the latter
is coarser than the former. It is well-known (see e.g. [3, 4, 27, 34, 31] and
references therein) that this is an equivalent way to define the sharp topology
usually considered in the ring of Colombeau generalized numbers. We therefore
recall that the sharp topology on R™ is Hausdorff and Cauchy complete, see

e.g. [3, 34].
5.1.3 The language of subpoints

The following simple language allows us to simplify some proofs using steps
that recall the classical real field R, see [50]. We first introduce the notion of
subpoint:
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Definition 8. For subsets J, K C I we write K Cy J if 0 is an accumulation
point of K and K C J (we read it as: K is co-final in J). Note that for any
J Co I, the constructions introduced so far in Def. 1 can be repeated using nets
(zc)ees. We indicate the resulting ring with the symbol “R™|;. More generally,
no peculiar property of I = (0,1] will ever be used in the following, and hence
all the presented results can be easily generalized considering any other directed
set. If K Co J, x € “R"|; and 2’ € ’R"|k, then 2’ is called a subpoint of x,
denoted as 2’ C z, if there exist representatives (z:)ces, (2)eck of z, 2/ such
that . = z. for all ¢ € K. In this case we write 2’ = z|k, dom(z’) := K, and
the restriction (—)|x : "R —s *R"|x is a well defined operation. In general, for
X C’R™ we set X|; :={z|; €'R"|; |z € X}.

In the next definition, we introduce binary relations that hold only on sub-
points. Clearly, this idea is inherited from nonstandard analysis, where co-final
subsets are always taken in a fixed ultrafilter.

Definition 9. Let z, y € ”ﬁi, L Cy I, then we say

1.z <py :<= x| < y|r (the latter inequality has to be meant in the
ordered ring "R|.). We read = <p, y as “x is less than y on L”.

2. x<gy 1< JLCol: z<py. Weread x <5y as “z is less than y on
subpoints”.

Analogously, we can define other relations holding only on subpoints such as
e'g': =L, eLa 687 §S7 s g57 etC'

For example, we have

xSy < VLQ()IZ.Z'SLy
r<y <= VLCol: z<puv,

the former following from the definition of <, whereas the latter following from
Lem. 4. Moreover, if P {z.} is an arbitrary property of z., then

- (Ve: P{a.}) < 3ILCoIVeeL: —P{a}. (5.1.2)

Note explicitly that, generally speaking, relations on subpoints, such as <
or =5, do not inherit the same properties of the corresponding relations for
points. So, e.g., both =¢ and <y are not transitive relations.

The next result clarifies how to equivalently write a negation of an inequality
or of an equality using the language of subpoints.

Lemma 10. Let x, y € ”ﬁ, then
lLLxdy <= x>y
2.xdy <= x>59y

3 x#y <= x> yorc<sy
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Using the language of subpoints, we can write different forms of dichotomy
or trichotomy laws for inequality.

Lemma 11. Let x, ye”@, then
1. x<yorx>sy
2. =(x >sy and x < y)
S x=yorx<gyorx>gy
4.2y = z<syorr=y
b <lyy <= x <y orx=5Yy.

Proof. 1 and 2 follows directly from Lem. 10. To prove 3, we can consider that
T >5 y or ¢ kg y. In the second case, Lem. 10 implies z < y. If y < x then
x = y; otherwise, once again by Lem. 10, we get z <5 y. To prove 4, assume that
x <y but x £y, then x > y by Lem. 10.1 and hence z = y. The implication
< of 5 is trivial. On the other hand, if z <; y and = £ y, then y < z from
Lem. 10.1, and hence x =4 y. O

As usual, we note that these results can also be trivially repeated for the ring
"ﬁli|L. So, e.g., we have ¢ £ y if and only if 3J Cy L : x >; y, which is the
analog of Lem. 10.1 for the ring "ﬁI§|L.

The second form of trichotomy (which for * R can be more correctly named
as quadrichotomy) is stated as follows:

Lemma 12. Let z = [z.], y = [y] € 'R, then
l.x<yorx>yordLCol: L°Col, x>pyandx <pcy
2. If for all L Cy I the following implication holds
r<py, orx>py = VeecL: Plac,y.}, (5.1.3)
then Y : P{ze,yc}
3. If for all L Cy I the following implication holds
z<py, orx>pyorx=ry = Yeel: Plze,yc}, (5.1.4)
then Y0 : P{xc,y:}.

Proof. 1: if ¢ £ y, then z > y from Lem. 10.1. Let [z.] = = and [y:] = y
be two representatives, and set L := {¢ € I | - > y.}. The relation x >g y
implies that L Cg I. Clearly, © >, y (but note that in general we cannot prove
x> y). If L¢ Zo I, then (0,¢,] C L for some g, i.e. > y. On the contrary,
if L€ Co I, then x <pc y.

2: Property 1 states that we have three cases. If x. < y. for all ¢ < g,
then it suffices to set L := (0,£0] in (5.1.3) to get the claim. Similarly, we can
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proceed if x > y. Finally, if z > y and x <pc y, then we can apply (5.1.3)
both with L and L to obtain

VWeelL: P{z.,y.}

Vee L: P{ac,ye},

from which the claim directly follows.
3: By contradiction, assume

Vee L: -P{xc,y:}, (5.1.5)

for some L Cy I. We apply 1 to the ring p§| 1 to obtain the following three
cases:

r<pyorx>pyor3JCoyL: J°CoL, x>;yandz <jcy. (5.1.6)

If x < y, by Lem. 11.4 for the ring ”ﬁ\L, this case splits into two sub-cases:
x =p yor dK Co L : z <k y. If the former holds, using (5.1.4) we get
P{x.,y.} Ve € L, which contradicts (5.1.5). If 2 <x ¥, then K Co I and we
can apply (5.1.5) with K to get P {z.,y.} Ve € K, which again contradicts
(5.1.5) because K Cg L. Similarly we can proceed with the other three cases
stated in (5.1.6). O

Property Lem. 12.2 represents a typical replacement of the usual dichotomy law
in R: for arbitrary L Cg I, we can assume to have two cases: either x <p y or
x >r y. If in both cases we are able to prove P{x.,y.} for € € L small, then
we always get that this property holds for all € small. Similarly, we can use the
strict trichotomy law stated in 3.

5.1.4 Open, closed and bounded sets generated by nets

A natural way to obtain sharply open, closed and bounded sets in PR™ is by using
anet (A.) of subsets A, C R™. We have two ways of extending the membership
relation z. € A, to generalized points [z.] € “R™ (cf. [55, 29]).

Definition 13. Let (A.) be a net of subsets of R™, then
1. [A] = {[xe] €'R" |V : z. € AS} is called the internal set generated
by the net (A).

2. Let (z.) be a net of points of R™, then we say that x. €. A., and we read
it as (ze) strongly belongs to (A.), if

(a) VO : 2. € A..
(b) If (zL) ~, (xc), then also =, € A, for e small.

Moreover, we set (A.) = < [z.] € "R" | 2. €. Ag}, and we call it the

strongly internal set generated by the net (A.).
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3. We say that the internal set K = [A.] is sharply bounded if there exists
M € "Rsg such that K C B (0).

4. Finally, we say that the (A.) is a sharply bounded net if there exists N €
R~ such that VeVz € A @ |z] < po .

Therefore, z € [A.] if there exists a representative [z.] = = such that z. € A, for
€ small, whereas this membership is independent from the chosen representative
in case of strongly internal sets. An internal set generated by a constant net
A, = A CR” will simply be denoted by [A].

The following theorem (cf. [55, 29, 31]) shows that internal and strongly
internal sets have dual topological properties:

Theorem 14. Fore €1, let A. CR™ and let x. € R™. Then we have
1. [z.] € [Ad] if and only if Vg € RyoVe 3 d(ze, Ac) < pl. Therefore
[zc] € [Ac] if and only if [d(z., Ac)] =0 € 'R.
2. [xc] € (A.) if and only if 3¢ € RuoVo 1 d(z., AS

)
R™\ A.. Therefore, if (d(xe, AS)) € R,, then [z.] €
[d(ze, AS)] > 0.

> pd, where AS =
(Ae) if and only if

. [A¢] is sharply closed.

. [Ac] = [l (AL)], where cl(S) is the closure of S C R™.
. (Ae) = (int(Ae)), where int (S) is the interior of S C R™.

For example, it is not hard to show that the closure in the sharp topology of a
ball of center ¢ = [c.] and radius r = [r] > 0 is

3
4. {Ag) is sharply open.
1)
6

?(c)z{xe”ﬁlide—dgr}: {%}, (5.1.7)
whereas
B,(c) = {:1; €Re ||z —¢ < 7‘} = (B" (c2))-
Using internal sets and adopting ideas similar to those used in proving
Lem. 12, we also have the following form of dichotomy law:
Lemma 15. Fore € I, let A. CR"™ and let x = [x.] € "R™. Then we have:
l.zxe[Aorxe[AS] or3LCoI: L Col, z €p [Ae],  Epe [AY]
2. If for all L Cy I the following implication holds
rer[A] orzer [AS] = YWee L: Pla},
then V¢ : P{x.}.

Proof. 1: If = ¢ [AE], then z. € A, for all € € K and for some K Cy I. Set
L:={cel|x.€ A}, sothat K C L CyI. Wehave z €y, [A.]. If L¢ &y I,
then (0,e09] C L for some ¢y, i.e. z € [A;]. On the contrary, if L¢ Cy I, then
z € [Ag].

2: We can proceed as in the proof of Lem. 12.2 using 1. O
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5.2 Hypernatural numbers

We start by defining the set of hypernatural numbers in ’R and the set of o-
moderate nets of natural numbers:

Definition 16. We set
1. N ::{[ng]e"@ﬁ\ngeh\l Vs}
2. Ny :={(n.) eR, | n. €N Ve}.

Therefore, n € "N if and only if there exists (z.) € R, such that n = [int(|z.])].
Clearly, N C *N. Note that the integer part function int(—) is not well-defined
on “R. In fact, if x = 1 = {1 fp;/a} = {1 +p§/6}, then int (1 fpi/e) =0

whereas int (1 + pi-/ E) = 1, for € sufficiently small. Similar counter examples

can be set for floor and ceiling functions. However, the nearest integer function
is well defined on ’N, as proved in the following

Lemma 17. Let (n.) € N, and (z.) € R, be such that [n.] = [x.]. Let rpi :
R — N be the function rounding to the nearest integer with tie breaking towards
positive infinity, i.e. rpi(x) = |x+1]. Thenrpi(z.) = n. for e small. The same
result holds using rni : R — N, the function rounding half towards —oo.

Proof. We have rpi(z) = |z + 5|, where |—] is the floor function. For ¢ small,

pe < % and, since [n.] = [z.], always for e small, we also have n. — p. + % <
xs—o—% < ns—o—ps—o—%. But n, < ns—ps—o—% and ng—l—pg—l—% < ng + 1. Therefore
|z + 3| = n.. An analogous argument can be applied to rni(—). O

Actually, this lemma does not allow us to define a nearest integer function
ni : "N — N, as ni([z.]) := rpi(z.) because if [z.] = [n.], the equality n. =
rpi(z:) holds only for ¢ small. A simpler approach is to choose a representative

(ne) € N, for each x € ’N and to define ni(z) := (n.). Clearly, we must consider
the net (ni(z)_) only for € small, such as in equalities of the form = = [ni(x)_].
This is what we do in the following

Definition 18. The nearest integer function ni(—) is defined by:
1. ni:’N:— N,
2. If [#.] € "N and ni ([z.]) = (nc) then Y& : n. = rpi(z.).

In other words, if z € "N, then x = [ni(z).] and ni(z). € N for all . Another
possibility is to formulate Lem. 17 as

[z] €N <= [z] = [rpi(z.)].

Therefore, without loss of generality we may always suppose that z. € N when-
ever [z.] € "N.
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Remark 19.

1. "N, with the order < induced by ”ﬁli, is a directed set; it is closed with
respect to sum and product although recursive definitions using “N are
not possible.

2. In °N we can find several chains (totally ordered subsets) such as: N,
N - [int(p=*)] for a fixed k € N, {[int(p-*)] | k € N}.

3. Generally speaking, if m, n € "N, m® ¢ ’N because the net (m?l<) can
grow faster than any power (p-%). However, if we take two gauges o, p
satisfying o < p, using the net (O’E_ 1) we can measure infinite nets that
grow faster than (p7%) because o1 > p-! for e small. Therefore, we
can take m, n € °N such that (ni(m),), (ni(n),) € R,; we think at m, n
as o-hypernatural numbers growing at most polynomially with respect to
p. Then, it is not hard to prove that if p is an arbitrary gauge, and we
consider the auxiliary gauge o, := pg”"i. then m™ € °N.

4. If m € "N, then 1™ := [(1+ 2.)™], where (z.) is p-negligible, is well
defined and 1™ = 1. In fact, log(l + 2z.)™ is asymptotically equal
to mez. — 0, and this shows that ((1 + z.)™¢) is moderate. Finally,
|(1+ z:)™e — 1| < |ze| me(1 4 22)™=~1 by the mean value theorem.

5.3 Supremum and Infimum in 'R

To solve the problems we explained in the introduction of this article, it is
important to generalize at least two main existence theorems for limits: the
Cauchy criterion and the existence of a limit of a bounded monotone sequence.
The latter is clearly related to the existence of supremum and infimum, which
cannot be always guaranteed in the non-Archimedean ring "R. As we will see
more clearly later (see also [24]), to arrive at these existence theorems, the
notion of supremum, i.e. the least upper bound, is not the correct one. More
appropriately, we can associate a notion of close supremum (and close infimum)
to every topology generated by a set of radii (see Def. 5).

Definition 20. Let R be a set of radii and let 7 be the topology on 'R generated
by R. Let P C’R, then we say that T separates points of P if

Vp,q € P: p#tq = JA,BeT: pe A, g€ B, ANB =1,
i.e. if P with the topology induced by 7 is Hausdorff.

Definition 21. Let 7 be a topology on "ﬁﬁgenera‘ced by a set of radii R that
separates points of P C R and let S C ’R. Then, we say that o is (7, P)-
supremum of S if

1. o€ P;
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2. Vse S: s<o;

3. o is a point of closure of S in the topology 7, ie. if VAeT: c € A =
Jdse SNA.

Similarly, we say that ¢ is (7, P)-infimum of S if
1. 1€ P;
2. Vse S: 1 <s;

3. ¢ is a point of closure of S in the topology 7, ie. if VAeT: 1€ A =
Jdse SNA.

In particular, if 7 is the sharp topology and P = 'R, then following [24], we
simply call the (7, P)-supremum, the close supremum (the adjective close will
be omitted if it will be clear from the context) or the sharp supremum if we want
to underline the dependency on the topology. Analogously, if 7 is the Fermat
topology and P = R, then we call the (7, P)-supremum the Fermat supremum.
Note that 3 implies that if o is (7, P)-supremum of S, then necessarily S # ().

Remark 22.

1. Let S C ”ﬁ, then from Def. 5 and Thm. 7 we can prove that o is the
(7, P)-supremum of S if and only if

(a) Vs € S: s <o
(b) VreR3ise S: o —r <s.

In particular, for the sharp supremum, 1b is equivalent to
VgeNIseS: o —-dp? <s. (5.3.1)

In the following of this article, we will also mainly consider the sharp
topology and the corresponding notions of sharp supremum and infimum.

2. If there exists the sharp supremum o of S C 'R and o ¢ S, then from
(5.3.1) it follows that S is necessarily an infinite set. In fact, applying
(5.3.1) with g1 := 1 we get the existence of §; € S such that o —dp® < $3.
We have 31 # o because o ¢ S. Hence, Lem. 10.3 and Def. 21.2 yield that
51 <s 0. Therefore, c—35; >3 dp? for some g3 > q1. Applying again (5.3.1)
we get 0 — dp? < 59 for some 52 € S\ {51}. Recursively, this process
proves that S is infinite. On the other hand, if S = {s1,...,s,} and
$; = [sic], then sup ([{s1e,.-.,8ne}]) = $1V...Vs,. Infact, s1V...Vs, =
[max;=1, _n Sne|] € [{S1e,-- -, Sne})-

3. If Isup(S) = o, then there also exists the sup(interl(S)) = o, where (see
[55]) we recall that

m
interl(S) := Zesjsj [meN, S; Col, s; €Sy, eg:=[lg] € 'R
j=1
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(1g is the characteristic function of S C I). This follows from S C
interl(S). Vice versa, if Isup(interl(S)) = o and interl(S) C S (e.g. if
S is an internal or strongly internal set), then also Isup(S) = o.

Theorem 23. There is at most one sharp supremum of S, which is denoted by
sup(S).

Proof. Assume that oq and o2 are supremum of S. That is Def. 21.2 and (5.3.1)
hold both for o1, 02. Then, for all fixed ¢ € N, there exists 5o € S such that
oo —dp? < 5. Hence 53 < o1 because 5o € S. Analogously, we have that
o1 — dp? < 51 < 09 for some §; € S. Therefore, o9 — dp? < 01 < 09 + dp?, and
this implies o1 = 09 since ¢ € N is arbitrary. O

In [24], the notation sup(S) is used for the close supremum. On the other
hand, we will never use the notion of supremum as least upper bound. For
these reasons, we prefer to use the simpler notation sup(S). Similarly, we use
the notation inf(S) for the close (or sharp) infimum. From Rem. 22.1a and 1b
it follows that

inf(S) = —sup(—95) (5.3.2)

in the sense that the former exists if and only if the latter exists and in that case
they are equal. For this reason, in the following we only study the supremum.

Example 24.

1. Let K = [K.] & 'R be a functionally compact set (see Def. 69), i.c. K C
Ba(0) for some M € "Rsg and K. € R for all e. We can then define
oc == sup(K,) € K. From K C Bys(0), we get 0 := [o¢] € K. It is not
hard to prove that ¢ = sup(K) = max(K). Analogously, we can prove
the existence of the sharp minimum of K.

2. If S = (a,b), where a, b € 'R and a < b, then sup(S) = b and inf(S) = a.
3. If§ = {% |ne ”N}, then inf(S) = 0.

4. Like in several other non-Archimedean rings, both sharp supremum and
infimum of the set D, of all infinitesimals do not exist. In fact, by con-
tradiction, if o were the sharp supremum of D, then from (5.3.1) for
q = 1 we would get the existence of h € D, such that o < h + dp. But
then o € Dy, so also 20 € D,,. Therefore, we get 20 < ¢ because o is an
upper bound of D, and hence ¢ = 0 > dp, a contradiction. Similarly,
one can prove that there does not exist the infimum of this set.

5. Let S = (0,1)g = {z € R|0 <z < 1}, then clearly ¢ = 1 is the Fermat
supremum of S whereas there does not exist the sharp supremum of S.
Indeed, if o = sup(S), then s < o < 5§+ dp for all s € S and for some
5€ S. Taking any s € (5,1)r C S we get s < 0 < 5+dp, which, for e — 0,
implies s < § because s, § € R. This contradicts s € (§,1). In particular,
1 is not the sharp supremum. This example shows the importance of
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Def. 21, i.e. that the best notion of supremum in a non-Archimedean
setting depends on a fixed topology.

6. Let S = (0,1) U {8} where 8| = 2, 8 = &, L Co I, L® Co I, then
3 sup(S). In fact, if 3o := sup(S), then o|y > |, = 2 and o|zc = 1.
Assume that 35 € S : o —dp < §, then 2 — dp|r < ol —dp|r <
5/r. Thereby, 5|, > 2 and hence 5 ¢ (0,1) and 5 = 5. We hence get
olpe — dp|pe < §|pe, ie. 1 —dp|re < 4, which is impossible. We can
intuitively say that the subpoint §|; creates a “c-hole” (i.e. a “hole” only
for some €) on the right of S and hence S is not “an e-continuum” on this
side. Finally note that the point u|r := 2 and u|ge := 1 is the least upper
bound of S.

Lemma 25. Let A, B C ”R then

1. VA € ’Rsg : sup(AA) = Asup(A), in the sense that one supremum exists
if and only if the other one exists, and in that case they coincide;

2. VA € "Reg ¢ sup(AA) = Ainf(A), in the sense that one supremum,/infimum
exists if and only if the other one exists, and in that case they coincide;

Moreover, if 3sup(A), sup(B), then:
3. If A C B, then sup(A) < sup(B);
4. sup(A + B) = sup(A) + sup(B);
5. If A, B C’Rsq, then sup(A - B) = sup(A) - sup(B).

Proof. 1: If 3sup(AA), then we have a < § sup(AA) for all a € A. For all g € N,
we can find @ € A such that sup(AA) — Aa < dp?. Thereby, 1 sup(AA) —a <
%dpq — 0 as ¢ — +0o because A is moderate. This proves that Isup(A) =
%sup()\A). Similarly, we can prove the opposite implication.

2: From 1 and (5.3.2) we get: sup(AA) = sup(—A(—A4)) = —Asup(—A4) =
Ainf(A).

3: By contradiction, using Lem. 10.1, if sup(A4) >, sup(B) for some L Cg I,
then sup(A) — sup(B) >, dp? for some ¢ € N by Lem. 4 for the ring "R|y.
Property (5.3.1) yields sup(A) — dp? < a for some a € A, and a < sup(B)
because A C B. Thereby, sup(A) — sup(B) < dp?, which implies dp? <, dp?, a
contradiction.

4 and 5 follow easily from Def. 21.2 and (5.3.1). O

In the next section, we introduce in the non-Archimedean framework * R how
to approximate sup(S) of S C ’R using points of S and upper bounds, and the
non-Archimedean analogous of the notion of upper bound.
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5.3.1 Approximations of Sup, completeness from above
and Archimedean upper bounds

In the real field, we have the following peculiar properties:

1. The notion of least upper bound coincides with that of close supremum,
i.e. it satisfies property (4.0.1). We can hence question when these two
notions coincide also in “R. Example 24.6 shows that the answer is not triv-
ial. A first solution of this problem is already contained in [24, Prop. 1.4],
where it is shown that the close supremum, assuming that it exists, coin-
cides with the least upper bound.

2. The notion of upper bound in R is very useful because it entails the exis-
tence of the supremum. Clearly, since there are infinite upper bounds but
only one supremum, the notion of upper bound results to be really useful
in estimates with inequalities. Moreover, in the ring ’R, the presence of
infinite numbers (of different magnitudes) allows one to have trivial upper
bounds, such as in the case S = (0,1) and M = dp~!, or S = (0,dp~!) and
M = dp~2. Therefore, we can also investigate whether we can consider
non trivial upper bounds, i.e. numbers which are, intuitively, of the same
order of magnitude of the elements of S C “R. On the other hand, example
24.6 shows that with respect to any reasonable definition of “same order
of magnitude”, the upper bound m = 3 must be of the same order of any
point in S, although A sup(S). We will solve this problem by introducing
the definition of Archimedean upper bound.

3. If ) # S C R admits an upper bound, then sup(S) can be arbitrarily
approximated using upper bounds and points of S. When is this possible
if £S5 C’R?

Example 24.6 shows that these problems cannot be solved in general, and we
are hence searching for a useful sufficient condition on S. As we will see more
clearly below, we could also say that we are searching for a practical notion or
procedure “at the e-level” (i.e. working on representatives) to determine whether
a set has the supremum or the least upper bound. However, we are actually far
from a real solution of this non trivial problem, and the present section presents
only preliminary steps in this direction.

We first prove the following useful characterization of the existence of sup(.5),
which also solves problem 3:

Theorem 26. Let S C ”@, and let U C *R denote the set of upper bounds of S.
Then S has supremum if and only if

VgeNJu, € Udsg € St ug —sq < dp?. (5.3.3)

Proof. If o = sup(S), then (5.3.3) simply follows by setting u, := o and s, € S
from (5.3.1). Vice versa, if (5.3.3) holds, then

—dp? < sq—ug < Ugr1 — Ug < Ugg1 — Sgp1 < dp?™ Vg eN.
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Thereby, —(p — q)dp? < up —uy < (p — q)dp? for all p > ¢, and hence
—dpmina)-1 < Up — Ug < dpmn®)=1 for all p, ¢ € Nsg. This shows that
(uq)qen is a Cauchy sequence which thus converges to some o € * R. Property
(5.3.3) yields that also (sq)qen — o, and this implies condition (5.3.1). Since
each u, is an upper bound, for all s € S we have s < u,, which gives s < o for
q — +oo. ]

To solve problem 2, assume that u € 'R is an upper bound of a non empty
S C'R. Let [us] = u, and for all s € S choose a representative [s.(u)] = s such
that

Veel: s.(u) < ue. (5.3.4)

We first note that setting
o :=sup{s.(u) | s€ S} Veel (5.3.5)

does not work to define a representative of the supremum, e.g. if S = (0,1).
Assume, e.g., that u. = 3 and take any sequence (s, )nen of different points of
St s; # s; if © # j. Change representatives of s, = [s,¢] satisfying (5.3.4) by
setting §pe 1= Spe(u) = $,:(3) if e # % and Sp,1 = 3. These new representatives
still satisfy (5.3.4), but defining 0. with them as in (5.3.5), we would get o1 >
sup {§n’% |ne D\I>0} = 3, and hence [0.] # 1 = sup(S). We want to refine this

idea by considering suitable representatives [sc(u)] = s satisfying (5.3.4), and
setting

0:(S) ;=0 :=inf{sup{s.(u) | s €S} |u> S} Veel, (5.3.6)
(0.(5)) €R, = o(S):=[0.(5)] € R, (5.3.7)

where u > S means that « is an upper bound of S, and where the representatives
are chosen as follows: set Ro := RU {400}, and for all (u.) € R, and s € S:

{ s<[u] €'R = I[sc(u)] =sVe € T: sc(u) <u (5.3.8)

(uc) € Ry or s £ [uc] = [s-(u)] = s is any representative of s.

Note that definition (5.3.6) depends on the chosen representatives (s.(u)) for s €
S and (ug) for uw > S; trivially, if (5. (.5)) is defined using different representatives
(8c(u)) and (@.), and both (7.(5)) and (0. (S)) well-define the supremum sup(S)
(or the least upper bound lub(S)) of S, then [5.(S)] = [0-(S)]. On the other
hand, if we calculate (0.(S)) using a certain choice of representatives, and we
notice that (¢.(.9)) is not an upper bound of S, we do not know whether another
choice of representatives can give an upper bound or not. This is one of the
weaknesses of the present solution. To highlight this dependence, we will also
sometimes use the following notations for our choice functions (their existence
depends on the axiom of choice):

e(s,u,e) :=s.(u) Vse SVu>S
b(u,e) :=ue. Yu>S. (5.3.9)
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We first observe that, for all € € I:

u>S = 0. =+
Ju>S = o. <sup{s.(u)|seS} <u (5.3.10)
S=0 = o.=sup{s.(u)|se€S}=—cc.

We therefore have:

Lemma 27. Assume that S C 'R, (0.(S)) € R, and o(S) > S. Then the
following properties hold:

1. o(S) = lub(S).

2. Ifb(o(5),e) = 02(5), theno.(S) =sup{s.(c(5)) | s € S} = inf {u. | u > S}
foralle € I.

Proof. If o0 := o(S) > S, inequality (5.3.10) shows that o is the least upper
bound of S. From (5.3.6) and (5.3.10), we have 0. < sup{s.(c)|s € S} < 0.
because o0 > S and b(o,e) = o. (i.e. the chosen representative (u.) for the
upper bound o > S is exactly (o.) as defined in (5.3.6)). Finally, the inequality
oe < inf{u. |u > S} follows from (5.3.10). The other inequality follows from

o=o0(S) >S5 and from b(o,¢) = o.. O
In general, the net (0.(5)) is not p-moderate. In fact, if (u,)nen is a sequence of
different upper bounds and we set s,, 1 (u,) = —p7V™ thisyields o1 < —p7 /™.

n

On the other hand, we have:

Lemma 28. Let u € ’Jﬁi, S C 'R with S < u. Assume that for some 5 € S we
have

Ve 0.(9) > 5.(u). (5.3.11)
Then (0-(5)) € Ry, and 5 < o(5) < w.

Proof. From (5.3.10), we get 0. < u.. The conclusion thus follows from (5.3.11)
and s, u € ’R. ]

Since the set of all infinitesimals S = D, has no least upper bound, the previous
two results imply that 0(Dy) 7 Dso. Using Lem. 28 with [ = —r, u = r € Ry,
we have that 0(Ds) is always an infinitesimal (that actually depends on the
chosen representatives (s(u)) and (u¢)).

The following condition solves problem 2:

Definition 29. Let S C ’R and for simplicity use 0. = 0(S), then we say that
S is complete from above if the following conditions hold:

1. Vs € S3s.] = sVe: 5. <o..
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2. If (s)eey is a family of S which satisfies:
J[u.] € "RVe € IV : s¢(0) < ue (5.3.12)

then
s.] € SVe: si(0) <5, (5.3.13)

where S is the closure of S in the sharp topology.

Moreover, if 3s € S : s > 0, then we say that M is an Archimedean upper
bound (AUB) of S if

1. Me’Rand Vs € S : s < M,

2. IneNIs € S: M < ns. The minimum n € N that satisfies this property
is called the order of M (clearly, n > 2). Note that this condition, using
an Archimedean-like property, formalizes the idea that M and § are of the
same order of magnitude.

Dually, we can define the notion of completeness from below by reverting all the
inequalities in 1 and 2. If 9s € S : s < 0, then N is an Archimedean lower
bound (ALB) of S if it is a lower bound such that In e N3s € S: sn < N.

Note that o = sup(S) is always an AUB of order 2. In fact, from the existence
of s € S50, we have s > dp? for some ¢ € N and the existence of § € S with
5§ > o —dp?tt. Thereby, § > s — dp?™' > dp? — dp?™! > dp?*! and thus
o < 5+ dptt < 25. We also note that S = "R is trivially complete from
above (because 0. = +oo from (5.3.10), and by setting 5. = u.) but #sup("R).
Looking at Lem. 28, in the case of a non empty subset S C ’R bounded from
above, the condition of being complete from above can be intuitively described
as follows:

1. Choose representatives [u.] = u for each u > S and [sc(u)] = s for each
s € S satisfying (5.3.8);

2. Define 0.(S) =: 0. € R = RU {400} as in 5.3.6.

3. Check if the inequality s.(0) < o. holds (in this case, for the chosen
representatives satisfying (5.3.8), without loss of generality, we can assume
that b(c,e) = o, for all € € I);

4. From any family (s¢)ces of S (which is therefore bounded from above, so
that (5.3.12) always holds) pick the diagonal net (sS(c)) from its repre-
sentatives (depending on o > S) and check if s¢(o) < 5. for some 5 in the
sharp closure S.

5. If any of the two previous steps do not hold, consider a different set of
representatives in the first step 1.

We therefore have the following simplified case:
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Lemma 30. Assume that () # S C 'R is sharply bounded from above, then S is
complete from above if and only if the following condition holds

1. o(S)=10>S8
2. If (s%)eer is a family of S, then J[5.] € SV : s5(0) < 3.

Note that example 24.6 satisfies the first one of these conditions (so that o(.5)
is its least upper bound) but not the second one because it does not admit
supremum (see the following theorem). Cases which remain excluded from the
previous lemma are e.g. intervals (a, +00), with —co < a €° R which are com-
plete from above even if they do not admit supremum nor least upper bound.
The following results solve the remaining problems 1 and 2 we set at the begin-
ning of this section.

Theorem 31. Assume that ) # S C ”R then

1. If S is complete and bounded from above and b(c(S),e) = 7.(9), then
Fsup(S) = o(S);

Let (sq)qen and (uq)qen be two sequences as in Thm. 20, then

2. If3s € S: s> 0, and if there exists C' € Ry such that s; > C'dp? for all
g € N large, then uq is an AUB of S for all q sufficiently large;

3. Ifds€ S: s>0, thenuy is an AUB of S of order 2 for all q sufficiently
large.

Proof. 1: From Lem. 28 we get that o(S) =: o is well-defined because ¢ > S
by definition of completeness from above, i.e. Def. 29.1. Therefore, Lem. 27 and
the assumption b(c(S),e) = 0.(S5), yield that o, = sup {sc(0) | s € S} for all €.
For arbitrary ¢ € N and e € I, this yields

oo — pPt? < s8(0) =: 5° (5.3.14)
for some s® € S (that depends on both ¢ and e). By definition of completeness
from above, we get the existence of 5 = [5.] € S such that s¢ < 5. for ¢
mall. Setting e = ¢ in (5.3.14), we get 0. — pit? < ¢ < 5. for ¢ small,
ie. 0 —dp?? < 5. Since 5 € S, there exists s € SN (5 — dp?T!, 5+ dp?tt).
Thereby, o — dp? + dp?t! < o —dp?*2 < 5, and hence 0 — dp? < 5 —dp?t! < s,
which proves our claim 1.

Now, assume that s, > Cdp? for some C' € Ry and for all ¢ € N sufficiently
large. Then, for these ¢ we have gﬁs'& <1+ % < {1 + é-‘ =:n € N. This
yields ug < 54 +dp? < nsg, ie. uq is an AUB of S. Finally, from the existence
of at least one s € S5, we get the existence of p € N such that s > dp”.
Therefore, also dp? < s < ¢. From 1, we hence get that for ¢ € N sufficiently
large dp? < 54 < 0, i.e. é < dp~P and % <1+4+dp? P <2 for all ¢ > p.
Proceeding as above we can prove the claim. O
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Example 24.6 shows the necessity of the assumption of completeness from above
in this theorem.
Directly from Thm. 31.1, we obtain:

Corollary 32. Let ) # S C 'R. Assume that S is complete from above and
b(o(S),e) = 0:(5), then Isup(S) if and only if S admits an upper bound.

Now, we can also complete the relationships between close supremum and
least upper bound (see also [24, Prop. 1.4]) and study what happens if we
consider only the upper bounds « lower than a fixed upper bound @ in (5.3.6).

Corollary 33. Let () # S C ”ﬁ, then the following properties hold:
1. If 3sup(S) = o, then 3lub(S) =o.
2. If S is complete and bounded from above, then

Jsup(S) =0 <= TJlub(S) =o.

3. Assume that w > S and define 5.(S) := inf {sup {s.(u) | s € S} | & > u > S}.
Then &(S) := [-(9)] is well-defined and 6(S) > o(S). If 0(S) > S, then
a(S) =o(S). If 5(S) > S, then (S) is the least upper bound of S, thus
a(S) =o(S) if S is complete from above.

4. Assume that 30(S) > S, b(c(5),e) = 0.(S) and Isup(S). Then S is

complete from above.

Proof. 1 and 2: Assume that Isup(S) = o, and let u be an upper bound of S;
by condition (5.3.1) we get o — dp? < s, < u for all ¢ € N and for some s, € S.
For ¢ — +o00, we get o < u. Vice versa, if S # () is complete from above and o
is the least upper bound of S, then the conclusion follows from Cor. 32.

3: If 5 € S < u, we can prove that (.(5)) € R, and 5 < &(S) < u as in the
proof of Lem. 28. We always have that o(S) < u because u > S. Therefore, if
o(S) > S, then @ > ¢(S) > S and hence 7(5) < o(5) < &(5). Finally, if we
assume that 5(S) > S and we consider an arbitrary upper bound u > S, then
either u > @ or u <r, @ for some L Cy I. Thereby, 6(S) < u or (5) <r, u, and
hence 7(S) < u. Therefore, 7(S) is the least upper bound of S, and the final
claim follows from 2.

4: From Lem. 27, we have ¢(S) = lub(S) =: ¢ and hence sup(S) = o € S
from 1. From b(c(S),e) = 0.(S) and (5.3.8) we have sc(0) < o for all s € S
and all € € I. In particular, if (s¢),.; is a family of S, we have s¢(o) < o, for
all e € I and all € € I. Taking e = ¢, we get that Def. 29.2 holds. O

Example 34.

1. Example 24.6 shows that the assumption of being complete from above
is necessary in Cor. 33. On the other hand, using the notation of this
example, one can prove that o.(S) = 2 if e € L and 0.(S) = 1if e €
L¢. From Lem. 27 it follows that o(S) is the least upper bound of S.
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This underscores the differences between the order theoretical definition
of supremum as least upper bound and the topological definition of closed
supremum.

2. Any set having a maximum is trivially complete from above: set [3.] :=
max(S) in (5.3.13) and consider that o(S) = max(S5).

3. S = (0,1) is complete from above for [5.] = 1 and because 0.(S) =:
oe = 1. In fact, 0. < 1 from (5.3.10). Now, take any u = [u] > S,
so that u. > 1 for all ¢ > gg. For ¢ > g9, by contradiction assume
that 1 > sup {s-(u) | s € S}, and hence 1 > r > sup {sc(u) | s € S} for
some 7 € (0,1)g € S. Take r. = r as representative of r in (5.3.8);
we have two cases: If r.(u) = ue > 1, then 1 > sup{s.(u) |s€ S} >
re(u) = ue > 1; if ro(u) = r, then sup {s.(u) | s € S} > re(u) = r >
sup {s.(u) | s € S}. In any case, we get a contradiction, and this proves
that 1 < sup {sc(u) | s € S} for all € < gy, and hence o, > 1.

4. There do not exist neither the supremum nor the least upper bound of
S =1+ Ds. On the other hand, 2 is an AUB of S and hence S is not
complete from above.

5. Do has neither AUB nor ALB; ’R has neither AUB nor ALB; {dp" | r €
R<o} has no supremum and no AUB and hence it is not complete from
above.

6. Assume that there does not exist and upper bound of S. This means that
Yuc’RIse S: s >q U.

Thereby, there exists a sequence (sq)qen of S such that s, >4 dp~?. Based
on this, we could set sup(S) := +o0.

5.4 The hyperlimit of a hypersequence

5.4.1 Definition and examples

Definition 35. A map = : "N — ”R whose domain is the set of hypernatural
numbers °N is called a (0—) hypersequence (of elements of “R). The values
z(n) € ’R at n €°N of the function z are called terms of the hypersequence and,
as usual, denoted using an index as argument: z, = z(n). The hypersequence
itself is denoted by (), c.5, Or simply (2,), if the gauge on the domain is clear
from the context. Let o, p be two gauges, x : "N — R be a hypersequence
and | € ’R. We say that [ is hyperlimit of (z,,), as n— oo and n€ °N, if

Vg e N3IM € °NVn € Nsys: |, — 1] < dp?.

In the following, if not differently stated, p and o will always denote two gauges
and (z,), a o-hypersequence of elements of “R. Finally, if 0. > p., at least for
all € small, we simply write o > p.
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Remark 36. In the assumption of Def. 35, let k € ”§>07 N € N, then the
following are equivalent:

1. € *R is the hyperlimit of (z,,), as n € °N.

2. Vi € ’Rso3M € °NVn € UﬁzM Dan =1 <.

3. Let U C "R be a sharply open set, if [ € U then dM € ‘NVn € ‘NZM :
z, € U.

4. ¥g e NIM € 'NVn € Nspy ¢ |a, — 1| < k- dp?.

5. ¥g € N3IM € 'NVn € Ny ¢ |z, — 1] < dp?=N.

Directly by the inequality |l1 — 2| < |l1 — zn| + [l — 25| < 2dp?*! < dp? (or by
using that the sharp topology on ’R is Hausdorff) it follows that there exists at
most one hyperlimit, so that we can use the notation

Plim z, := L
n€e’N

As usual, a hypersequence (not) having a hyperlimit is said to be (non-)convergent.
We can also similarly say that (), : ‘N — ’R is divergent to +o00 (—o0) if

Vg e N3IM € Nvn € "ﬁzM sy >dpT? (< —=dpT9).
Example 37.

1. If 0 < p* for some R € R, we have "lim,, o % = 0. In fact, % < dpf?

holds e.g. if n > [int (p7%) + 1] € °N because p-7 < 0" for & small.

1

2. Let p be a gauge and set 0. := exp ( - p;"f), so that o is also a gauge.

We have

1 = 0 € "R whereas #1lim
neon logn nern logmn

In fact, if n > 1, we have 0 < @ < dp? if and only if logn > dp™9, i.e.

n > e “(in "R). We can thus take M := [int <e”€q> + 1] € "N because

1
—q . — . . . .
ePe" < exp | pe ) = o' for e small. Vice versa, by contradiction, if

Flim,, 5 @ =:le "@ARS, then by the definition of hyperlimit from * N to

'R, we would get the existence of M € *N such that

~ 1 1
Yne’'N:n>M = — —dp<l<—+dp (5.4.1)
logn logn
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We have to explore two possibilities: if [ is not invertible, then I, = 0 for
some sequence (gx) | 0 and some representative [l;] = [. Therefore from
35, we get

1

m <lep + Pes, = Pey,

1 ~

hence M., > e "t Vk € N, in contradiction with M € “R. If [ is invert-
ible, then dp? < |I| for some p € N. Setting ¢ := min{p € N | dp? < |I|}+1,
we get that s, < pZ_for some sequence (&) | 0. Therefore

1
log Mfk

< lék + Pex < |l§k‘ + pe, < pgk + Pz,

and hence Mg, > exp (pqi_p> for all K € N, which is in contradiction
&), TPey

with M € "R because qg>1.
Analogously, we can prove that “lim .5 m =0if o = [o] =
1

Pe
e ] whereas ﬂ”limnep[ﬁ 71%(11% ) (

. Seta:n::dp_”ifneh\l,andxn::%ifne”l]tl\h\l7then{xn|n€"htl}is

unbounded in “R even if "lim, 5 @n = 0. Similarly, if z,, :=dp" if n € N
and x,, := sin(n) otherwise, then limn— 400 ©,, = 0 whereas iﬂplimne,,n(I Ty
neN

In general, we can hence only state that convergent hypersequence are
eventually bounded:

3’lim z, = IM €’R3IN € 'NVn € Ny : |z,| < M.
ne’iN

.Ifk <s 1 and k >5 1, then “lim
hence #lim k™.

k™ =4 0 and "lim__,~ k™ =4 400,

nerN nerN

nerN

. Since for n € N we have (1 — dp)® = 1 — ndp + O,(dp?), it is not
hard to prove that ((1 —dp)"), ¢\ is not a Cauchy sequence. Therefore,
Alim,, e (1 — dp)™, whereas lim, 5 (1 —dp)" =0.

A sufficient condition to extend an ordinary sequence (an)nen : N — * R of

p-generalized numbers to the whole °N is

Vn e N : (ani(n)a) €R,. (5.4.2)

In fact, in this way a,, := [ani(n)e] €’Rforallne ”Dtl, is well-defined because of
Lem. 17; on the other hand, we have defined an extension of the old sequence
(an)nen because if n € N, then ni(n). = n for € small and hence a,, = [a,]. For
example, the sequence of infinities a,, = % +dp~! for all n € N can be extended
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to any °N, whereas a, = do~" can be extended as a : "N —» R only for some
gauges p, e.g. if the gauges satisfy

IN € NVn € NV : o > pl, (5.4.3)

(e.g. 0. = ¢ and p. = £'/%).
The following result allows us to obtain hyperlimits by proceeding e-wise

Theorem 38. Let (ane)ne : N x I — R. Assume that for all e

3 lim ap. =1, (5.4.4)

n—+o00

and thatl :=[l¢] € ’R. Then there exists a gauge o (not necessarily a monotonic
one) such that

1. There exists M € °N and a hypersequence (an )y : ‘N —s "R such that
an = [ani(n)_ ) € 'R for all n € "Nx>n;

— P13 ~
2. 1= hmneﬂtN Ay, .

Proof. From (5.4.4), we have
VeVqaMeq € NsoVn > Moyt pl — 1. < ane < pl + 1. (5.4.5)

Without loss of generality, we can assume to have recursively chosen M., so
that
Meg < Me g1 VeVq. (5.4.6)

Set M. := M_ (17 > 0; since Vg € NV : ¢ < [1], (5.4.6) implies
Vg e NV : M. > M., (5.4.7)

If the net (M,) is p-moderate, set o := p, otherwise set 0. := min (p., M 1) €
(0,1]. Thereby, the net o — 0 as e — 0" (note that not necessarily o is non-
decreasing, e.g. if lim,__,1 M. = +oo for all k € N> and M. > p-l), e itisa
gauge. Now set M := [M.] € °N because our definition of o yields M. < o1,

M, :=[M] € N because of (5.4.7), and

. if n. > M, in °N ~
0, = 4 i ] > My Ny (5.4.8)
1 otherwise

We have to prove that this well-defines a hypersequence (a, ) : “N — *R. First
of all, the sequence is well-defined with respect to the equality in N because of
Lem. 17. Moreover, setting ¢ = 1 in (5.4.5), we get p. — lc < ape < pe + I for
all € and for all n > M.1. If n > Mj in ”Dl then ni(n)_ > M., for € small, and
hence p. — 1. < Ani(n)_ e < Pet+ l.. This shows that a,, € ’R because we assumed
that [ = [I.] € “R. Finally, (5.4.5) and (5.4.6) yield that if n > M, then n > M,
and hence |a,, — | < dp?. O
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From the proof it also follows, more generally, that if (Mc,). , satisfies (5.4.5)
and if
I(ge) — +o0: (Ma,qs) €R,,

then we can repeat the proof with ¢. instead of E] and setting o := p.

5.4.2 Operations with hyperlimits and inequalities

Thanks to Def. 5 of sharp topology and our notation for x < y (and of the
consequent Lem. 4), some results about hyperlimits can be proved by trivially
generalizing classical proofs. For example, if (v,), .5 and (yn), . are two

convergent hypersequences then their sum (z,, +yn),, -5, Product (zn - yn),coi

and quotient (z—") 5 (the last one being defined only when y, is invertible
A\ e
for all n€ “N) are convergent hypersequences and the corresponding hyperlimits
are sum, product and quotient of the corresponding hyperlimits.

The following results generalize the classical relations between limits and
inequalities.

Theorem 39. Let z, y, z: "N —s *R be hypersequences, then we have:

1. If ”hmneﬁ Zn < "lim_ .5 Yn, then IMe °N such that T, < yp for all

n>M,necN.

ne’

2. If v, <y, < z, foralln € "N and ”limneg& z, = "lim
3Mim,, oy yn =1,

neoil Zn =t [, then

Proof. 1 follows from Lem. 4 and the Def. 35 of hyperlimit. For 2, the proof

is analogous to the classical one. In fact, since “lim x, = "lim zp =1

ne’N ne’N
given ¢ € N, there exist M’, M" € "N such that [ — dp? < x,, and 2z, <[+ dp?
for aln > M/, n > M" n € °N, then for n > M := M’V M”, we have

l—dp? <z, <yp <z, <l+dpf. O

Theorem 40. Assume that C is a sharply closed subset of”ﬁi, that 3"lim,, .5 Tn =
l and that x, eventually lies in C, i.e. AN € NVn € UﬁzN oz, € C.
Then also | € C. In particular, if (Yn)n s another hypersequence such that
Eplimnea& Yn =: k, then AN € ‘'NVn € ‘N> n 1 x, >y, tmplies | > k.

Proof. A reformulation of the usual proof applies. In fact, let us suppose that
I € "R\C. Since "R\ C is sharply open, there is an 7 > 0, for which B (D ’R\C.
Letnn € [NZN be such that |z, —I| <7 when n > fi. Then we have z,, € C' and
Zn € By(l) C 'R\ C, a contradiction. O

The following result applies to all generalized smooth functions (and hence
to all Colombeau generalized functions, see e.g. [35, 31]; see also [2] for a more
general class of functions) because of their continuity in the sharp topology.
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Theorem 41. Suppose that f: U — *R. Then f s sharply continuous func-
tion at x = c if and only if it is hyper-sequentially continuous, i.e. for any hy-
persequence (x,,),, in U converging to c, the hypersequence (f (xr)), converges
to f(c), i.e. f("lim, cp xn) = "lim 5 f(2n).

Proof. We only prove that the hyper-sequential continuity is a sufficient con-
dition, because the other implication is a trivial generalization of the classical
one. By contradiction, assume that for some Q) € N

Vn € N3z, €U : |z, —c| < dp™, |f(z,) — fc)] > dp?. (5.4.9)

For n € N set w, := n and for n € “N\N set w,, := min {NeN|n<dp"}and
Ly := &, . Then for all n € *N, from (5.4.9) we get |z, —c| < dp* — 0 because
wn — +00 as n — +oo in n € ’N. Therefore, (Tn)n is an hypersequence of U
that converges to ¢, which yields f(z,,) — f(c), in contradiction with (5.4.9). O

Example 42. Let o < pf for some R € R-(. The following inequalities hold
for all generalized numbers because they also hold for all real numbers:

In(z) <z
e (2) <n!<en (2) . (5.4.10)
e e
From the first one it follows 0 < % = 21“7;% < 27—@, so that “lim,, .5 lngn) =
0 from Thm. 39 and lim,, . n/" =1 from Thm. 41 and hence lim, o5 (n!)l/" =
+00 by (5.4.10). Similarly, we have "lim, (1 + %)n = e because n log (1 + %) =

1— % +0 (n—lz) — 1 and because of Thm. 41.
A little more involved proof concerns L’Hopital rule for generalized smooth
functions. For the sake of completeness, here we only recall the equivalent

definition:

Definition 43. Let X C 'R" and Y - 'R, We say that f : X — Y is a
generalized smooth function (GSF) if

1. f: X — Y is a set-theoretical function.

2. There exists a net (f.) € C*°(R",R%)© such that for all [2.] € X:

(a) f(.Z‘) = [fa(xa)]
(b) Yo € N™ : (9 f-(zc)) is p — moderate.

For generalized smooth functions lots of results hold: closure with respect to
composition, embedding of Schwartz’s distributions, differential calculus, one-
dimensional integral calculus using primitives, classical theorems (intermediate
value, mean value, Taylor, extreme value, inverse and implicit function), multi-
dimensional integration, Banach fixed point theorem, a Picard-Lindel6f theorem
for both ODE and PDE, several results of calculus of variations, etc.

In particular, we have the following (see also [27] for the particular case of
Colombeau generalized functions):
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Theorem 44. Let U C 'R be a sharply open set and let f: U — 'R be a GSF
defined by the net of smooth functions f. € C*(R,R). Then

1. There ezists an open neighbourhood T of U x {0} and a GSF Ry : T — 'R,
called the generalized incremental ratio of f, such that

flx+h)=f(z)+h-R¢(z, h) V(z,h) € T. (5.4.11)

Moreover Ry(z,0) = [fl(z.)] = f'(z) is another GSF and we can hence

recursively define f*)(z).

2. Any two generalized incremental ratios of f coincide on the intersection
of their domains.

3. More generally, for all k € Nsg there exists an open neighbourhood T of
U x {0} and a GSF R’} : T — "R, called k-th order Taylor ratio of f, such
that

SO
flat+h)y=>" i W + RE(x,h) - B*  VY(z,h) e T.  (5.4.12)
j=0 '

Any two ratios of f of the same order coincide on the intersection of their
domains.

We can now prove the following generalization of one of L’Héopital rule:

Theorem 45. Let U C 'R be a sharply open set (2n)n, (Yn)n : "N — U be
hypersequences converging tol € U and m € U respectively and such that

Ty — 1

’lim = Ce"R

ne’N Yn — M

Let k € Nug and f, g : U — 'R be GSF such that for all n € "N and all
j=0,... k-1

99 (yn) € 'R*

FDN) = gD (m) =0 (5.4.13)

g*)(m) € "R*
Then for all j =0,...k—1

Sotim L2 o gy L),
nen 99 (yn) neN 95 (Yn)

Proof. Using (5.4.12) and (5.4.13), we can write

— @) .
Flan) Yo ol (@ — )7 + (0 — DERE(L 20 — 1)

9lyn) A3 I ()i (y — m)FRE(m g, —m)
B < - )’f RE(l,xn — 1)

Yn — M .ngc(mvyn_m).
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Since Riﬁ and R]; are GSF, they are sharply continuous. Therefore, the right

k (k)
hand side of the previous equality tends to C* - %’f((;;?o)) =Ck. g’zk)(gnl)). At the
©)
same limit converges the quotient C* J; <Z)Ez”)) because f*) and ¢(*) are also GSF
and hence they are sharply continuous. The claim for j = 1,...,k — 1 follows

by applying the conclusion for j = 0 with f) and g) instead of f and g. [

Note that for x,, = y,, I = m, we have C = 1 and we get the usual L’Hopital
rule (formulated using hypersequences). Note that a similar theorem can also be
proved without hypersequences and using the same Taylor expansion argument
as in the previous proof.

5.4.3 Cauchy criterion and monotonic hypersequences.
In this section, we deal with classical criteria implying the existence of a hyper-
limit.

Definition 46. We say that (xn)neﬁnjl is a Cauchy hypersequence if

Vg € NIM € °NVn,m E”ﬂZM: |Tn, — | < dp.

Theorem 47. A hypersequence converges if and only if it is a Cauchy hyper-
sequence

Proof. To prove that the Cauchy criterion is a necessary condition it suffices to
consider the inequalities:

[T — 2| < |20 — 1| + |2 — 1] < dp?T + dp?™t < dp?

Vice versa, assume that

Vg€ NIM, € ‘NVn,m € Nony, ¢ [2n — | < dp?. (5.4.14)
The idea is to use Cauchy completeness of ’'R. In fact, set hy := M; and
hgy1 == Mgy1 V hg. We claim that (x5, )4en is a standard Cauchy sequence

converging to the same limit of (z,,),, c.q; - From (5.4.14) it follows that (74, )sen
is a standard Cauchy sequence (in the sharp topology). Therefore, there exists
7 € "R such that limg 400 7, = Z. Now, fix ¢ € N and pick any m > ¢ +1
such that

lzn, — 2| < dp?™h (5.4.15)

Then for all N > M, we have:

m

oy — 7| <oy =z, |+ |2n, — 7] < 2dp" < dp?
because hy, > hqy1 > My11 so that we can apply (5.4.14) and (5.4.15). O
Theorem 48. A hypersequence converges if and only if

VqENHMG”Dthn,mE”DTIZM:mZn = |z, — xp| < dpf.
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Proof. 1t suffices to apply the inequality |z, — Zm| < |Tn — Tnvm|+HTnvm — Tm-
O

The second classical criterion for the existence of a hyperlimit is related to
the notion of monotonic hypersequence. The existence of several chains in D\I
does not allow to arrive at any M € °N starting from any other lower N € N
and using the successor operation only a finite number of times. For this reason,
the following is the most natural notion of monotonic hypersequence:

Definition 49. We say that (z,,)yc.q IS @ non-decreasing (or increasing) hy-
persequence if _
Vnmee'N: n>m = x, > Tp.

Similarly, we can define the notion of non-increasing (decreasing) hypersequence.

Theorem 50. Let (z,)y : ‘N — "R be a non-decreasing hypersequence. Then

I’lim z,, <<= Elsup{zn \ ne”ﬂ},
n€’N

and in that case they are equal. In particular, if {xn |n e ”N} is complete from

above for all the upper bounds, then

3lim z, <= 3IUe’Rvne’N: z, <U.
ne’N

Proof. Assume that (), .. converges to [ and set S := {z,, | n € "ﬁ} we will

show that | = sup(S). Now, using Def. 35, we have that Vn € N>N Doag <
I+ dp? for some N € °N. But from Def. 49 Vn € N Ty < Zpyn < I+ dpl.
Therefore x, <1+ dp? for all n € ”D\I, and the conclusion x,, < [ follows since
q € N is arbitrary. Finally, from Def. 35 of hyperlimit, for all ¢ € N we have the
existence of L € "N such that [ — dp? < zp € S which completes the necessity
part of the proof. Now, assume that 3 sup(S) =: [. We have to prove that
"hmngN z, = [. In fact, using Rem. 1, we get

VgeNTIzy € S: [ —dp? < xp,

and xny <z, <I<Il+4dp? for all n € 0&21\/ by Def. 49 of monotonicity. That
is, |l —xp| = xn, — 1 < dpt. O

Example 51. The hypersequence x,, := dp'/" is non-decreasing. Assume that

(x)n converges to [ and that o < pf for some R € Rsg. Since z,, > dp, by
Thm. 40, we get [ > dp. Therefore, applying the logarithm and the exponential
functions, from Thm. 41 we obtain that [ = 1 because from o < p’ it follows that

’lim,, .5 logfldp) = 0. But this is impossible since 1 ~ 1 — dp % dp'/™. Thereby,

A sup {dpl/" |ne ”ﬂ>o} and this set is also not complete from above.
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5.5 Limit superior and inferior

We have two possibilities to define the notions of limit superior and inferior
in a non-Archimedean setting such as “R: the first one is to assume that both
am = sup{z, | n € "N>un} and inf{os, [ m € "N} exist (the former for
all m € "D\I) the second possibility is to use inequalities to avoid the use of
supremum and infimum. In fact, in the real case we have ¢ < sup,,~,, &n < t+¢
if and only if B

Vn>m: x, <t+e¢€
Vedn>m: 1 —e < xj.
Deﬁgition 52. Let (z,)n : ‘N — “R be an hypersequence, then we say that
L € ’R is the limit superior of (x, )y if
1. Vq € NHNE(T&VTLZ N: z, <1+ dp%
2. Vg eNVN € 'N3In > N: 1 —dp? < zp.
Similarly, we say that o € /R is the limit inferior of (zy), if
3. V¢ e NIN € 'NVn > N : z, > o — dp?;
4. Vg€ NVN € °'N3n > N : o +dp? > zx.
We have the following results (clearly, dual results hold for the limit inferior):
Theorem 53. Let (2)n, (yn)n : "N — R be hypersequences, then

1. There exists at most one limit superior and at most one limit inferior.
They are denoted with "lim sup T, and "liminf

ne’N ne’N Tn-
2. If 3sup {xn |n e ”NZm} =t a, for allm € °N, then 3’limsup,, .5 Tn if
and only if Finf {am | m e ”N}, and in that case

’limsupz, ="lim a,, = inf {am | m e ”D\l} .
nenﬂ me’N

8. ‘limsup,, . (—2n) = —"liminf, 5 x, in the sense that if one of them
exists, then also the other one emsts and in that case they are equal.

4. Flim
5. If Flimsup

B . R e B
neeil Tn f and only if F'limsup, .5 o = "liminf, .5 @p.

Ty, "HMSUP, cofy Yn, "HMsup,, o (Tn + yn), then

ne’N ne’N

ﬂlimsyp(a:n + yp) < ’lim sup , + "limsup yy,.
neE’N ne’N ne’N

In particular, if VN € N Vo,n > N3an > N: x5 +ys < Tp + Yn, then
the existence of the single limit superiors implies the existence of the limit
superior of the sum.
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6. If xp, yo > 0 for all n € ‘N and if F’limsup,, .5 Tn, "imsup, .5 Yn,
"limsup,, coi (Tn - Yn), then
Plim sup(Zy, - Yn) < *lim sup z,, - "lim sup yy,.
ne’N ne’N ne’N
In particular, if VN € ”ﬁVﬁ,ﬁ >N3In>N: zz ya < Tp - Yn, then
the existence of the single limit superiors implies the existence of the limit
superior of the product.

7. If 3'limsup, .5 Tn =: L, then there exists a sequence (Mg)gen of”& such
that

(a) figy1 > g for all g € N;
(b) limy_, 4 o0 g = 400 in °R;
(c) 3limy_ 400 Tn, = t.
8. Assume to have a sequence (Tig)qen Satisfying the previous conditions 7a,
7b, 7c and _
Vne'NIpeN: ny,>n, x, < xp,. (5.5.1)
Then 3”lim SUp,, cofy Tn =t L.

Proof. 1: Let 11, t2 be both limit superior of (z,),. Based on Lem. 11.3,
without loss of generality we can assume that ¢ <g t2. According to Lem. 4,
there exists m € N such that ¢; + dp™ <g to. Take g1, g2 large enough so that
dp? + dp?* < dp™. Using the last two inequalities, we obtain

1 +dp? <519 —dp®. (5.5.2)
Using Def. 52.1, we can find N7 € °N such that
Vn € Oﬁle Do, <o+ dpt. (5.5.3)
Using Def. 52.2 with ¢ = ¢; and N = Ny, we get
dn € U&ZNI Doy — dp® < zp. (5.5.4)
We now use (5.5.2), (5.5.4) and (5.5.3) for n = i and we obtain x5 < 1;+dp? <

Ly — dp? < z7, which is a contradiction.
2: Lem. 25.3 implies that (c,)m is non-increasing. Therefore, we have

lim, .5 @ = inf {am | m e ”N} if these terms exist from Thm. 50. But
Cor. 33 and Def. 52.1 imply a,;, < ¢+ dp?. Finally, Def. 52.2 yields ¢ — dp? <
T7z < Qyy,, which proves that thmne”N Q= "lim SUp,, oy Tm = L-

3: Directly from Def. 52.

4: Assume that hyperlimit superior and inferior exist and are equal to .
From Def. 52.1 and Def. 52.3 we get | —dp? < x,, <[+ dp? for all n > N. Vice
versa, assume that the hyperlimit exists and equals [, so that [ — dp? < z,, <
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l+dp? for all n > N. Then both Def. 52.1 and Def. 52.3 trivially hold. Finally,
Def. 52.2 and Def. 52.4 hold taking e.g. n = N.
5: Setting

L :="limsup z,
nE”N
7 :="limsupy,
ne”ﬂ
1 :="limsup (zn, + yn),

ne’N

from Def. 52 we get | — dp? < x5z + yn < ¢t + j + 2dp9, which implies [ < ¢+ 3
for ¢ — +o00. Adding Def. 52.2 we obtain ¢ + j — 2dp? < x5 + Y5 for some 7,
n > N € °N. Therefore, if z; + ys < x, + y, for some n > N, this yields the
second claim. Similarly, one can prove 6.

7: From Def. 52.1, choose an N, = N for each ¢ € N, i.e.

Vg € N3N, € “Nvn > Nyt xp < o+dpf. (5.5.5)

Applying Def. 52.2 with ¢ > 0 and N = N, V (7i,_1 + 1) V [int(c79)] € "N, we
get the existence of n, > N, such that both 7a and 7b hold and ¢ — dp? < Tiy-
Thereby, from (5.5.5) we also get 7c.

8: Write 7c as

VgeNIQ, e NVp € N>q, : ¢ —dp? < g, <o+dpP. (5.5.6)

Set N :=nq, € °N. For n > N, from (5.5.1) we get the existence of p € N such
that n, > n and z,, < 25,. Thereby, n, > fg, and hence p > Q4 because of
7a and thus z,, < 75, < ¢+ dp?. Finally, condition 2 of Def. 52 follows from
(5.5.6) and 7b. O

It remains an open problem to show an example that proves as necessary the
assumption of Thm. 53.2, i.e. that that the previous definition of limit superior
and inferior is strictly more general than the simple transposition of the classical
one.

Example 54.
1. Directly from Def. 52, we have that

Plimsup(—1)" =1, *liminf(-1)" = -1

neN ne’N

2. Let p € ’R be such that ulr = 1 and plpe = —1, where L, L¢ Cq I.
Then " <1 and 1 —dp? < p™ if ni(72), is even for all € small. Therefore
“limsup,, .5 1" = 1, sup,, >, p" = 1, whereas ﬂ/’limnegﬁ [T

3. From 7 and 8 of Thm. 53 it follows that for an increasing hypersequence

(Zn)n, Flimsup zp if and only if Flim__,~ x,. Therefore, example

ne N ne’N
1/n

51 implies that #”lim sup,, .y dp
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5.6 Summary of the chapter 5

To sum up, this chapter can be viewed as ancillary to the following main chapters
of the doctoral dissertation. Above, we formulated how to deal with several defi-
ciencies of the ring of Robinson-Colombeau generalized numbers ’R: trichotomy
law for the order relations < and <, existence of supremum and infimum and
limits of sequences with a topology generated by infinitesimal radii. In each case,
we obtain a faithful generalization of the classical case of real numbers. We think
that some of the ideas we presented in this chapter can inspire similar works
in other non-Archimedean settings such as (constructive) nonstandard analysis,
p-adic analysis, the Levi-Civita field, surreal numbers, etc. Clearly, the notions
introduced above open the possibility to extend classical proofs in dealing with
series, analytic generalized functions, sigma-additivity in integration of general-
ized functions, non-Archimedean functional analysis, just to mention a few. In
the next chapter, we consider the core results of this doctoral dissertation.
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Chapter 6

A Fourier transform for all
generalized functions

6.1 Basic notions

6.1.1 Generalized smooth functions and their calculus

Using the ring ”ﬁ, it is easy to consider a Gaussian with an infinitesimal standard
deviation. If we denote this probability density by f(z,o), and if we set o =
[oe] € "ﬁ>07 where o &~ 0, we obtain the net of smooth functions (f(—,0¢))ccr-
This is the basic idea we are going to develop in the following

Definition 55. Let (£.) be a net of open subsets of R”. Let X C “R" and
Y C *R? be arbitrary subsets of generalized points. Then we say that

f: X — Y is a generalized smooth function

if there exists a net f. € C*°(Q., R?) defining the map f: X — Y in the sense
that

1. X C (),
2. f([xe]) = [fe(ze)] €Y for all x = [x.] € X,
3. (0“fe(z)) € R for all z = [z.] € X and all @ € N™.

The space of generalized smooth functions (GSF) from X to Y is denoted by
"GC>(X,Y).

Let us note explicitly that this definition states minimal logical conditions
to obtain a set-theoretical map from X into Y and defined by a net of smooth
functions of which we can take arbitrary derivatives still remaining in the space
of p-moderate nets. In particular, the following Thm. 56 states that the equal-
ity f([ze]) = [fe(zc)] is meaningful, i.e. that we have independence from the
representatives for all derivatives [z.] € X ~ [0%f.(z.)] € "R?, o € N™.
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Theorem 56. Let X C "R" and Y C *R? be arbitrary subsets of generalized
points. Let f- € C(Q,RY) be a net of smooth functions that defines a gener-
alized smooth map of the type X — Y, then

1. Vo e N"V(z.), (L) €RD : [zc] = [2l] € X = (9°fo(c)) ~p (0 fe(2L)).

2. Fach f € "GC™(X,Y) is continuous with respect to the sharp topologies
induced on X, Y.

3. f: X — Y is a GSF if and only if there exists a net v. € C®(R",R?)
defining a generalized smooth map of type X — Y such that f = [ve(—)]|x-

4. GSF are closed with respect to composition, i.e. subsets S C RS with
the trace of the sharp topology, and GSF as arrows form a subcategory of
the category of topological spaces. We will call this category "GC™, the
category of GSF. Therefore, with pointwise sum and product, any space
"GC™(X,*R) is an algebra.

The differential calculus for GSF can be introduced by showing existence

and uniqueness of another GSF serving as incremental ratio (sometimes this is
called derivative d la Carathéodory, see e.g. [13]).

Theorem 57 (Fermat-Reyes theorem for GSF). Let U C *R™ be a sharply open
set, let v = [ve] € ‘R™, and let f € "GC™(U,”R) be a GSF generated by the net
of smooth functions f. € C*(Q.,R). Then

1. There exists a sharp neighborhood T of U x {0} and a generalized smooth
map r € “GC(T,"R), called the generalized incremental ratio of f along
v, such that

V(z,h) €T : flzx+hv)= f(z)+h-r(z,h).
2. Any two generalized incremental ratios coincide on a sharp neighborhood

of U x {0}, so that we can use the notation f[x;h] :=r(z,h) if (x,h) are
sufficiently small.

ov.
Df(@)-vi= 3 (a) = a0, so that 5 € *Ge=(U,R).

3. We have f[x;0] = [WE (xs)} for every x € U and we can thus define

Note that this result permits us to consider the partial derivative of f
with respect to an arbitrary generalized vector v € “R™ which can be, e.g.,
infinitesimal or infinite. Using recursively this result, we can also define sub-
sequent differentials D7 f(z) as j—multilinear maps, and we set D7 f(z) - h? :=

the ring “R will be denoted by Li(“R",”R%). For A = [A.(-)] € LI("R",’R%),
we set || 4| := [|Ac]], the generalized number defined by the operator norms of
the multilinear maps A. € L’(R",R?).

The following result follows from the analogous properties for the nets of
smooth functions defining f and g.
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Theorem 58. Let U C ’R™ be an open subset in the sharp topology, let v € PRn
and f, g : U — 'R be generalized smooth maps. Then

1. OUte) _9f | %

2. af)zr 6f vr € 'R

3. D gy f. 00

4. For each x € U, the map df(x).v:= 81) £ (x) € 'R is *R-linear in v € "R"

5. Let U C 'R™ and V - ’Re be_open subsets in the sharp topology and
g € PGC=(V,U), f € PGC>(U,’R) be generalized smooth maps. Then for
allz €V and all v € "R?, we have %(m) =df (g(z)) .%(x).

One dimensional integral calculus of GSF is based on the following

Theorem 59. Let f € *GC™([a,b],’R) be a GSF defined in the interval [a,b] C
'R, where a < b. Let ¢ € [a,b]. Then, there ezists one and only one GSF
F € »GC>=([a,b],"R) such that F(c) = 0 and F'(z) = f(x) for all z € [a,b].
Moreover, if f is defined by the net f. € C*°(R,R) and ¢ = [c.], then F(x) =

[fxs fe(s ds] for all z = [z.] € [a,b].
We can thus define

Definition 60. Under the assumptions of Theorem 59, we denote by fc(_) f=
fc(_) f(s)ds € »GC>([a,b],"R) the unique GSF such that:

L [ff=0
2. (fiff) f)/(x) =L [T f(s)ds = f(z) for all z € [a, b].

All the classical rules of integral calculus hold in this setting:

Theorem 61. Let f € PGC(U,’R) and g € PGC>(V,’R) be two GSF defined
on sharply open domains in’R. Leta, b € "R witha < b andc, d € [a,b) CUNV,
then

SN =10

~

2. [IAf=X[TF VAE'R

3. = [F+ [T F forall e € [a,0]
e

5. [1f = £(d) ~ f(e)

6. [ g=1fai-['f o
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7. 1If f(x) < g(z) for all x € [a,b], then f;f < f;g.

8 Leta, b, c,d R, witha <band c < d, and f € "GC>([a,b] X [¢, d],"R?),
then

b b
%/ﬂ f(T,S)dTZ/a %f(T,s)dT Vs € [c, d].

Theorem 62. Let f € PGC>(U, 'R) and ¢ € PGC>=(V,U) be GSF defined on
sharply open domains in "R. Let a, b € "R, with a < b, such that [a,b] C V,
o(a) < @(b), [p(a), p(b)] C U. Finally, assume that o([a,b]) < [o(a), o).

Then
@ (b) b
| st = [ riee) o o)
w(a) a

We also have a generalization of Taylor formula:

Theorem 63. Let f € *GC™(U, ”ﬁi) be a generalized smooth function defined
in the sharply open set U C "R*. Let a, b € "R such that the line segment
[a,b] CU, and set h :=b—a. Then, for alln € N we have

1. E|€ e [a’ b] : f(a + h) — Z;lzo djf(a) hj d Jrlf(f) N e

7!

2. fla+h) =Yg T pi 4 Lo 11— pmd™ fa+ th) - hnH dt,

7!

Moreover, there exists some R € ”§>0 such that

Vk € Bg(0)3€ € [a,a+k]: flat+k) = i d’ f(a)

Jj=0

i dn+1f(£) n+1
R e TR

(6.1.1)

dn+1 1 1
Wffi) kT = i /O (1—t)"d" " f(a+tk) - k"1 dt =~ 0. (6.1.2)
Formulas 1 and 2 correspond to a plain generalization of Taylor’s theorem
for ordinary smooth functions with Lagrange and integral remainder, respec-
tively. Dealing with generalized functions, it is important to note that this
direct statement also includes the possibility that the differential d"“f(f) may
be an infinite number at some point. For this reason, in (6.1.1) and (6.1.2),
considering a sufficiently small increment k, we get more classical infinitesimal
remainders 4" f (&) - k"1 ~ 0. We can also define right and left derivatives as

e.g. f'(a) = fi(a):= limt_mz £'(t), which always exist if f € "GC>([a, b],"R%).
a<

6.1.2 Embedding of Sobolev-Schwartz distributions and
Colombeau functions

We finally recall two results that give a certain flexibility in constructing em-
beddings of Schwartz distributions. Note that both the infinitesimal p and the
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embedding of Schwartz distributions have to be chosen depending on the prob-
lem we aim to solve. A trivial example in this direction is the ODE ¢’ = y/de,
which cannot be solved for p = (¢), but it has a solution for p = (e~/¢). As
another simple example, if we need the property H(0) = 1/2, where H is the
Heaviside function, then we have to choose the embedding of distributions ac-
cordingly. In other words, both the gauges and the particular embedding we
choose have to be thought of elements of the mathematical structure we are con-
sidering to deal with the particular problem we want to solve. See also [32, 49]
for further details in this direction.

If ¢ € D(R"), r € Ryo and x € R™, we use the notations r @ ¢ for the function
z€R" — %n-go (%) € Rand 2®¢ for the function y € R™ — ¢(y—z) € R. These
notations permit us to highlight that ® is a free action of the multiplicative group
(R>0,-,1) on D(R™) and & is a free action of the additive group (Rso,+,0) on
D(R™). We also have the distributive property r @ (x @ ) =rz @& r © .

Lemma 64. Let b € ‘R be a net such that lim, _,g+ be = +o00. Let d € (0,1)g,
there exists a net (1e).c; of D(R™) with the properties:

1. supp(ve) € B1(0) and 1. is even for all e € I.

2. Let w, denote the surface area of S"~! and set c, := 3—: forn > 1 and
c1:=1, then ¥.(0) = ¢, for alle € I.

3. [e=1foralleel.
4. Ya € N™ 1 sup,cgn |0%¢:(z)] = OBty as e — 0+,
5. Vi eNVe: 1<|a|<j= [2% ¢ (z)dz=0.
6. Yn € RuoVe: [|ip| <1+n.
7. If n =1, then the net (1c)cer can be chosen so that ff’oo e =d.
In particular ¥? = b1 © 1. satisfies 3 - 6.
Concerning embeddings of Schwartz distributions, we have the following result,

where ¢(Q2) := {[z.] € [Q] | IK € QY : z. € K} is called the set of compactly
supported points in Q@ C R™. Note that c(Q2) = {z € [Q] | z is finite} (see Def. 2).

Theorem 65. Under the assumptions of Lemma 64, let @ C R™ be an open set
and let (2) be the net defined in 64. Then the mapping

T e E(Q) m [(T+yh) (-)] €76C%(c(2),"R) (6.1.3)
uniquely extends to a sheaf morphism of real vector spaces
LD —'GC=(e(-),"R),

and satisfies the following properties:
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1. If b € *Rsg is a strong infinite number, then Lb|Cvo(_) : CP(—) —
'GC™(c¢(—),’R) is a sheaf morphism of algebras and i (f)(z) = f(z) for
all smooth functions f € C*°(Q) and all v € §;

2. If T € £(9Q) then supp(T) = stsupp(¢(T)), where
stsupp(f) := (U {Q'CQ|Q open, flo = 0})C (6.1.4)

for all f €°GC>®(c(Q),"R).

3. Let b € "R be a strong infinite number. Then [ Jo th(T)e(2) - p(z) da]| =
(T, ) for all o € D(Q) and all T € D'(Q);

4. 1> commutes with partial derivatives, i.e. 0% (L%(T)) =12 (0°T) for each
T eD(Q) and a € N.

5. Similar results also hold for the embedding of tempered distributions:

by T eS(Q) e [(TH4h) (=)] €766 (c(Q),"R).

Concerning the embedding of Colombeau generalized functions (CGF), we
recall that the special Colombeau algebra on €2 is defined as the quotient
G5(Q) := Ep(QQ)/N3(Q) of moderate nets over negligible nets, where the for-
mer is

En(Q) = {(u:) € () | VK € QVa € N*3N € N : sup [0%u.(z)| = O(e™N)}

zeK

and the latter is

NE(Q) := {(u:) € C®(Q)! | VK € QVa € N"Vm € N : sup [0%u.(x)] = O(e™)}.
zeK

Using p = (&), we have the following compatibility result:

Theorem 66. A Colombeau generalized function u = (uc) + N*(Q)? € G*(Q)?
defines a GSF u : [z.] € ¢(Q) — [uc(zc)] € RY. This assignment provides a
bijection of G*(Q)¢ onto "GC™(c(Q),”R?) for every open set Q C R™.

Example 67.

1. Let § € *GC™(c(R™),”R) and H € "GC™(c(R),’R) be the ’-embeddings of
the Dirac delta and of the Heaviside function. Then d(z) = b" - ¢ (b - x),
where () := [ (z¢)] is called n-dimensional Colombeau mollifier. Note
that 0 is an even function because of Lem. 64.1. We have that §(0) = ¢, b"
is a strong infinite number and d(x) = 0if |z| > r for some r € R+ because
of Lem. 64.1 (see Lem. 64.2 for the definition of ¢, € Rsg). If n =1, by
the intermediate value theorem (see [31]), § takes any value in the interval
[0,b] € *R. Similar properties can be stated e.g. for 62(z) = b% - (b - z)2.
Using these formulas, we can simply consider § € * ng(pﬁ", , ﬁli) and H €
'GC™('R,"R).
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] |

Figure 6.1.1: Representations of Dirac delta and Heaviside function

2. Analogously, we have H(z) = 1 if > r for some r € Rso; H(z) = 0 if
x < —r for some r € Rso, and finally H(0) = % because of Lem. 64.1.
By the intermediate value theorem, H takes any value in the interval
0,1] € "R.

3. If n = 1, The composition § 0§ € *GC®("R,”R) is given by (§ 0 §)(z) =
by (b?1(bx)) and is an even function. If |z| > 7 for some r € Rxg, then
(6 0d)(x) = b. Since (0 0 §)(0) = 0, again using the intermediate value
theorem, we have that § o ¢ takes any value in the interval [0,b] C * R.
Suitably choosing the net (¢).) it is possible to have that if 0 <z < ﬁ for
some k € N~ (hence x is infinitesimal), then (§ 0 §)(z) = 0. If z = £ for
some k € N, then z is still infinitesimal but (§ 0 d)(z) = b. Analogously,
one can deal with compositions such as H o and § o H.

See Fig. 6.1.1 for a graphical representations of § and H. The infinitesimal
oscillations shown in this figure can be proved to actually occur as a consequence
of Lem. 64.5 which is a necessary property to prove Thm. 65.1, see [31, 32]. Tt
is well-known that the latter property is one of the core ideas to bypass the
Schwartz’s impossibility theorem, see e.g. [37].
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6.2 Functionally compact sets and multidimen-
sional integration

6.2.1 Extreme value theorem and functionally compact
sets

For GSF, suitable generalizations of many classical theorems of differential and
integral calculus hold: intermediate value theorem, mean value theorems, suit-
able sheaf properties, local and global inverse function theorems, Banach fixed
point theorem and a corresponding Picard-Lindelof theorem both for ODE and
PDE, see [29, 30, 31, 49, 32].

Even though the intervals [a,b] C* ﬂi, a, b € R, are not compact in the sharp
topology (see [29]), analogously to the case of smooth functions, a GSF satisfies
an extreme value theorem on such sets. In fact, we have:

Theorem 68. Let f € GC™(X, ”@) be a GSF defined on the subset X of R™.
Let ) # K = [K.] C X be an internal set generated by a sharply bounded net
(K.) of compact sets K. €@ R"™ | then

Im,M e KVx e K: f(m) < f(zx) < f(M). (6.2.1)

We shall use the assumptions on K and (K) given in this theorem to intro-
duce a notion of “compact subset” which behaves better than the usual classical
notion of compactness in the sharp topology.

Definition 69. A subset K of ’R™ is called functionally compact, denoted by
K &;’R", if there exists a net (K) such that

1. K = [K.] C "R
2. JRE€'Rsg: K C Bgr(0), i.e. K is sharply bounded.
3.Veel: K. €R".

If, in addition, K C U C ’R™ then we write K &; U. Finally, we write [K.] € U
if 2, 3 and [K.] € U hold. Any net (K.) such that [K.] = K is called a
representative of K.

We motivate the name functionally compact subset by noting that on this type
of subsets, GSF have properties very similar to those that ordinary smooth
functions have on standard compact sets.

Remark 70.
1. By Thm. 14.3, any internal set K = [K.] is closed in the sharp topology

and hence functionally compact sets are always closed. In particular, the
open interval (0,1) C “R is not functionally compact since it is not closed.

2. If H € R” is a non-empty ordinary compact set, then the internal set
[H] is functionally compact. In particular, [0, 1] = [[0, 1]g] is functionally
compact.
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3. The empty set ) = 0 &; "R.
4. *R™ is not functionally compact since it is not sharply bounded.

5. The set of compactly supported points ¢(R) is not functionally compact be-
cause the GSF f(x) = x does not satisfy the conclusion (6.2.1) of Thm. 68.

In the present paper, we need the following properties of functionally compact
sets.

Theorem 71.

1. Let K C X C'R™, f € GC®(X,"’RY). Then K & "R™ implies f(K) &
PRA.

2. Let K, H & 'R™. If K U H is an internal set, then it is a functionally
compact set. If KN H is an internal set, then it is a functionally compact
set.

3. Let HC K &¢ "ﬁ”, then if H is an internal set, then H S ’R™.
As a corollary of this theorem and Rem. 70.2 we get
Corollary 72. Ifa, b € 'R and a < b, then [a,b] € ’R.

Let us note that a, b € ’R can also be infinite numbers, e.g.a =dp N, b=dp~M
ora =—dp™, b =dp™ with M > N, so that e.g. [-dp~™,dp~™] DO R.
Finally, in the following result we consider the product of functionally compact
sets:

Theorem 73. Let K € 'R" and H &; "RY, then K x H & 'Rt In particular,
if a; <b; fori=1,...,n, then []_[a;, b;] € "R™.

Applying the extreme value theorem Thm. 68 to the first derivative, we also
have the following

Theorem 74. Let a, b€ 'R™, a < b, f € PGC>([a,b],’R) be a GSF. Then
1. e € [a,b]: f(b)— fla) =(b—a)- f'(c).

2. Setting M := maxX.c[q) | f'(c)] € 'R, we hence have Va,y € [a,b] - |f(z) — f(y)] <
M|z —yl.

A theory of compactly supported GSF has been developed in [30], and
it closely resembles the classical theory of LF-spaces of compactly supported
smooth functions.
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6.2.2 Multidimensional integration

Finally, to define FT of multivariable GSF we have to introduce multidimen-
sional integration on suitable subsets of "R™ (see [31]).

Definition 75. Let ;1 be a measure on R™ and let K be a functionally compact
subset of “R™. Then, we call K u-measurable if the limit

u(K) = lim [u(B (K (6.2.2)

m—0o0

exists for some representative (K.) of K. Here m € N, the limit is taken in the
sharp topology on /’R and BE,.(A) = {x € R" : d(x, A) < r}.

Let K & “R". Let (€2.) be a net of open subsets of R", and (f.) be a net of
continuous maps f.: Q. —> R. Then we say that

(fe) defines a generalized integrable map : K — ’R
if
1. K C(9.) and [f-(z.)] € "R for all [z.] € K.
2. V(xe), (22) €RY 2 [ze] = o] € K = (felwe)) ~p (fe(22))-
If f € Set(K, ”@) is such that

Viz] € K= f ([2]) = [fe(xe)] (6.2.3)

we say that f: K — 'R is a generalized integrable function.

We will again say that f is defined by the net (f:) or that the net (f.) represents
f. The set of all these generalized integrable functions will be denoted by
'GT(K,'R).

Eg., if f = [fo(=)]lx € "GC™(K,’R), then both f and |f| = [|f-(-)l]|x are
integrable on K (but note that, in general, |f| is not a GSF).

In the following result, we show that this definition generates a correct notion
of multidimensional integration for GSF.

Theorem 76. Let K C ’R™ be p-measurable.
1. The definition of u(K) is independent of the representative (K.).
2. There exists a representative (K.) of K such that p(K) = [u(Ke)].

3. Let (K.) be any representative of K and let f = [f-(—)]|x € "GZ(K,"R).

Then
fdp:= lim [/ fsdu} €’R
K Mmoo L) BE m (K-)

exists and its value is independent of the representative (K.).
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4. There exists a representative (K.) of K such that

/deu= UK [e du} € ‘R (6.2.4)

for each f = [f-(—)]|x € "GI(K,’R). From (6.2.4), it also follows that
|fK fdﬂ| < fK |f] dp.

5. If K = [, la;, bi], then K is \-measurable (X being the Lebesque measure
on R™) and for all for each f = [f-(—)]|k € "GZ(K,"R) we have

/de/\: l/b dxl.../ab"’s fe(xl,...,xn)dxn] e’R  (6.2.5)

n,e

for any representatives (ai ), (bie) of a; and b; respectively. Therefore, if
n = 1, this notion of integral coincides with that of Thm. 59 and Def. 60.
Note that (6.2.5) also directly implies Fubini’s theorem for this type of
integrals.

6. Let K C ’R™ be A-measurable, where X is the Lebesgue measure, and let
¢ € "GC™(K,"RY) be such that ¢~' € "GC™(p(K),’R"). Then p(K) is
A-measurable and

[ san= [ (fop)letas) ax
P(K) K

for each f € "GI(p(K),"R).

In order to state a continuity property for this notion of integration, we have to
introduce hypernatural numbers and hyperlimits as follows

6.3 Convolution on "R"

In this section, we define and study convolution f * g of two GSF, where f or g
is compactly supported. Compactly supported GSF were introduced in [23] for
the gauge p. = €. For an arbitrary gauge, we here define and study the notions
needed for the HFT as well as for the study of convolution of GSF.

Definition 77. Assume that X C’R", Y C “R% and f € GC™ (X,Y), then

1. supp (f) := {x € X | |f (z)] > 0}, where (-) denotes the relative closure
in X with respect to the sharp topology, is called the support of f. We
recall (see just after Def. 1 and Lem. 4) that > 0 means that € "R>¢
is positive and invertible.

2. For A C’R we call the set ext (4) := {:x €'R|VaeA: |z—al> 0} the

strong exterior of A. Recalling Lem. 4, if z € ext(A), then |z — a| > dp?
for all @ € A and for some g = ¢g(a) € N.
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3. Let H & “R", we say that f € "GD(H,Y) if f € "GC®('R",Y) and
supp (f) C H. We say that f € “"GD('R™,Y) if f € "GD (H,Y) for some
H & ’R". Such an f is called compactly supported; for simplicity we set
"GD(H) := "GD(H,’C). Note that supp(f) is clearly always closed, and
if f€?GD(H,Y) then it is also sharply bounded. However, in general it
is not an internal set so it is not a functionally compact set. Accordingly,
the theory of multidimensional integration of Sec. 6.2.2 does not allow us
to consider fsupp(f) f even if f is compactly supported.

Remark 78.

1. Note that the notion of standard support stsupp (f) as defined in Thm. 65
and the present notion supp (f) of support, as defined above, are differ-
ent. The main distinction is that stsupp (f) € R™ while supp (f) C 'R™.
Moreover if we consider a CGF f € *GC™(c(€2),”R%), then supp (f) N C
stsupp (f).

2. Since 0 (0) > 0 then §|p, (o) > 0 for some r € ’Rs by the sharp continuity

of 4, i.e. Thm. 56.2, hence B, (0) C supp (d), whereas stsupp () = {0}.
Example 67.1 also yields that supp(d) C [—r, r]™ for all » € Rsp.

3. Any rapidly decreasing function f € S(R™) satisfies the inequality 0 <
f(@) < |z|™% Vq € N, for |z| finite sufficiently large. Therefore, for all
strongly infinite z, we have f (z) =0 i.e., f € "GD (”ﬁ")

Lemma 79. Let ) # H €7 "R"™. Then ext (H) is sharply open.

Proof. If x = [z.] € ext (H), we set d. := d(x.,H:) where H = [H,] and
) # H. € R™ for all € (because H # (). Then 3h. € H. : d := d(x., h.), we
set h = [h.] € H and |z — h| = [d.] =: d > 0 because = € ext(H) and h € H.
Now, by taking r := g > 0, we prove that B, (z) C ext (H). Pick y € B, (z),
then for all a € H, we have [y —a| > [z —a| — [y — 2| >d — ¢ > 0. O

Theorem 80. Let H € ‘R™ and fe "GCOO(”@LJ’@), then the following prop-
erties hold:

1. fe’GD(H) if and only if flexe(ry = 0.
If fe’GD(H), z € 'R" and o € N, then:
2. 0%f (x) =0 for all x € ext(H).

3. If H C [—h,h]™ then 0% f(x) = 0 whenever x, > h or x, < —h for some
p=1,...,n.

4' IfH g [_hah]n g HZ:l[aPabP]; then

b1 by h h
a[dxl...a[f(x) dxn—/h dxl.../hf(x) dz,
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Proof. 1: Assume that supp(f) C H and © = [z.] € ext(H), but f(z) # 0.
This implies that |f(z)] £ 0 because always |f(z)| > 0. Thereby, Lem. 10
yields |f(z)] > 0 for some L Co I. Applying Lem. 4 for the ring "R|, we get
|f(z)| > dp? for some ¢ € Rsg, ie. |fe(z:)| > pd for all ¢ € L<.,. Define
Z. =z, for all e € L and T, := z., otherwise, so that T := [Z.] € ’R" and
|f(z)| > dp?. This yields & € supp(f) C H, and hence |z — z| > 0, which is
impossible by construction because Z|;, = z|;, and because of Lem. 4.

Vice versa, assume that f|ezy = 0 and take x = [x.] € supp(f) \ H. The
property

Vg € Rug Ve : d(z., H.) < p?

cannot hold, because for ¢ — 400 Thm. 14.1 would imply @ € H = [H.].
Therefore, for some ¢ € Rs and some L Cgy I, we have d(z., H:) > p? for all
e € L. Thereby, if a = [a.] € H where a. € H, for all ¢, we get d(z¢,as) >
d(ze,H) > plforall e € L, i.e. x|, € ext(H)|r. Applying Lem. 79 for the ring

”§|L we get
B.(x)|r Cext(H)|L (6.3.1)

for some r € ”§>0. From z € supp(f), we get the existence of a sequence
(xp)pen of points of {3: 'R | |f(z)] > 0} such that z, — = as p — 400 in
the sharp topology. Therefore, x,, € B,(x) for p € N sufficiently large. Thereby,
zplr € ext(H)|p from (6.3.1) and hence f(xp)|r = [(fe(2pe)).cp] = 0, which
contradicts |f(z,)| > 0.

Property 2 follows by induction on |«| € N using Thm. 57. We prove prop-
erty 3 for the case x, > h, the other case being similar. We consider

Zg = (z1,. Pt Jxp1,p + dp 2pgn, .y 2n) Vg ENL

Then |Zq—a| > |z, +dp?—ap| > dp? for all @ € [—h, h]™ D H because z, > h >
ap. Therefore, Z, € ext(H) and hence 0*f(Z,) = 0 from the previous 2. The
conclusion now follows from the sharp continuity of the GSF 9% f (Thm. 56.2).

4: The inclusion +(h, ..., h) € [~h, A" C [} _,[ap,by] implies a, < —h and
b, > h for all p=1,...,n. Using Thm. 76.5, we can write

by by, by bn_1 —h
/dwl.../f(x)da:nz/dxl.../ dmn,l/f(x)da:n—i—
by bn—1 +h
/ dz; ... / dz,_1 /f (z) de,+
a an—1 “h
by bn1 b
/ dz; ... / dz,_1 / /() da,.
ax an—1 h
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But if x,, € [an,—h] or z,, € [h,b,], then property 3 yields f(z) = 0 and we
obtain

by by, by brn—1 h
/dxl.‘./f(x)dxn:/dxl.../ d:l:n_l/f(ac)dxn.
ai an ay an-—1 —h
Proceeding in the same way with all the other integrals we get the claim. [

In particular, if T € £'(Q), then Thm. 80.1 implies that (% (T) € *GD (”ﬁ”)

Also observe that f(x) = ez e {1: € 'R |IN e N: 22 > Nlog dp}, satis-
fies f(z) <z~ for all infinite = and all ¢ € N. Therefore

VQ eN: fe’GD ([-dp~?.dp 9]).
Based on these results, we can define

Definition 81. Let f € “GD("R™), then

/f = [ﬁn f= 7 drzy ... 7f (z) dzy, (6.3.2)

where supp(f) C H;’Zl[ap, by]. This equality does not depend on a,, b, because
of Thm. 80.4.

Note that we can also write (6.3.2) as

b1 by h h
/f:aplggoo /dxl.../f(:c) dxn:hglfoo/ dxl.../m) dz, (6.3.3)
bp—+00 aq an —h —h

p=1,....n

even if we are actually considering limits of eventually constant functions. Using
this notion of integral of a compactly supported GSF, we can also write the
value of a distribution (T, ) as an integral: let b € ?Rsq be a strong infinite
number, 2 C R™ be an open set, T' € D'(2) and ¢ € D(Q), with supp(p) C
[T, la:, bilg =: J. Then from Thm. 65.3 and Thm. 76.5 we get

(T, ¢) = /m B(T)(e) - (@) dr = [ h(T)(w)- pla)do (6:3.4)

where the equalities are in ’R.

Definition 82. Let f, g € “GC™(“R"), with f € “GD(’R") or g € "GD("R™). In
the former case, by Thm. 56.4 and Thm. 80.1, for all z € "R", f-g(x — ) €
"GD("R™) with supp (f - g(z — -)) C supp(f) €: ’R™. Moreover, supp (f(z —-) - g) C
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x—supp(f) & ”* R™. Similarly, we can argue in the latter case, and we can hence
define

f*g) () :Z/f(y)g(x—y) dy:/f(x—y)g(y) dy Vaze’R". (6.3.5)

Note that directly from Thm. 59 and Def. 81, it follows that f*g € ”QCOO(”@L).
The next theorems provide the usual basic properties of convolution suitably
formulated in our framework. We start by studying how the convolution is in
relation to the supports of its factors:

Theorem 83. Let f, g, h € ”gD(”@"). Then the following properties hold:

1. Let supp(f) C [—a,a]™, supp(g) C [~b,b]", a, b € "Rsq, and x € R™. Set
L, :=[—a,a]" N (z — [=b,b]"™), then

supp (f -g(x—+)) C L H max(—a, z, — b), min(a, z, + b)] (6.3.6)

(f % g)( /f dy. (6.3.7)

2. supp(f * g) C supp(f) + supp(g), therefore f = g € "GD('R™).

Proof. 1: If | f(t)g(x —t)| > 0, then ¢ € supp(f) and x —¢ € supp(g). Therefore,
supp (f - g(z —-)) C [—a,a]*N(z — [-b,b]™). As in the case of real numbers, we
can say that if ¢ € [—a,a]”N(z — [-b,b]"), then —a < ¢, < aand —b < x,—t, <
bforallp=1,...,n. Therefore, t, € [max(—a,z,—b), min(a, z,+b)]. Similarly,
we can prove that also L, C [—a,a]™ N (x — [—b,b]"). The conclusion (6.3.6)
now follows from Def. 81. For completeness, recall that in general supp(f) and
supp(g) are not functionally compact sets and our integration theory allows to
integrate only over the latter kind of sets. This justifies our formulation of the
present property using intervals.

2: Since f and g are compactly supported, we have supp(f) € H and
supp(g) C L for some H, L & "R™. Assume that |(f % g)(x)| > 0. Then, by
Thm. 61.7, Thm. 76.5 and the extreme value Thm. 68, we get

0 <|(f*g)(2)] < A(H) - max|f(y)g(z —y)|,

where A is the extension of the Lebesgue measure given by Def. 75. Therefore,
there exists y € H such that 0 < A(H) - |f(y)g(x —y)|. This implies that
y € supp(f) and x —y € supp(g). Thereby, z = y+ (z—y) € supp(f) +supp(g).
Taking the sharp closure we get the conclusion. Finally, supp(f) + supp(g) C
H+L=H+Land H+ L & "R" because it is the image under the sum + of
H x L (see Thm. 73 and Thm. 71). O

Now, we consider algebraic properties of convolution and its relations with
derivations and integration:
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Theorem 84. Let f, g, h € "QCOO(”@”) and assume that at least two of them
are compactly supported. Then the following properties hold:

~

Cfrg=gxf.

2. (fxg)xh=fx(g=*h).

3. fx(h+g) =f+«h+ fxg.

4 frg=Fxg

5. t®(fxg)=0df)xg=f=*({Dg) wheret ® [ is the translation of the
function f byt defined by (t® f) (x) = f(x —t) (see Sec. 6.1.2).

6. %(f*g):;Ti*g:f*%forallpzl,...,n.

7. [ (fg) () dz= ([ f(2) dz) ([ g (x) dz)

Proof. 1: We assume, e.g., that f € "QD("@"). Take h € *’ﬁ>0 such that
supp(f) C [—h, h]™. By (6.3.7) and Def. 81, we can write

h h
<f*g><x>=/dyl.../ﬂy)g(x—y) dy.
“h “h

We can now proceed as in the classical case, i.e. considering the change of
variable z = ¢ — y (Thm. 62). We get

x1+h Tn+h
(f*g)(z)= / dz ... / flz—2)g(z) dzy,.
z1—h xTn—h

Taking the limit & — +oo (see (6.3.3)), we obtain the desired equality. Similarly,
we can also prove 2 and 3.

As usual, 4 is a straightforward consequence of the definition of complex
conjugate.

5: The usual proof applies, in fact

t@(f*g)(x):(f*g)(w—t):/f(y)g(w—t—y) dy =
:/f(y)(t@g)(étfy) dy=(fx({t®g))(z). (6.3.8)

Finally, the commutativity property 1 yields (¢ ® f)*g = g*(t® f) and applying
(63.8) gx(t@f)=tDd (g f)=tD(f *9g).

6: Set h := f * g and take z € “R™. Using differentiation under the integral
sign (Thm. 61.8) and Def. 81 we get

j%h(m:/f<y>§i<x—y>dy:(f*§i> (2).
Jfn

60



Using 1, we also have %h = % *g.

To prove 7 we show the case n = 1, even if the general one is similar. Let
a, b € "Rso be such that supp(f * g) C [—a,a] (Thm. 83) and supp(f) C [—b,b].
Then

Jura@an= [ a [ bbf(y)g(w —y)dy.

Using Fubini’s Thm. 76.5, we can write

/(f*g)(x)dx=/bbf(y)/ig(r—y)dxdy=

- /bbf(y) /:2 g(z)dzdy =

-/ bbf(y) av [ ch(z) dz,

where we have taken a — 400 or equivalently, considered any ¢ > a + b. ]

Young’s inequality for convolution is based on the generalized Holder’s in-
equality, on the inequality | [} fdu| < [, |f| dpu (see Thm. 76.4), monotonicity
of integral (see Thm. 61.7) and Fubini’s theorem (see Thm. 76.5). Therefore,
the usual proofs can be repeated in our setting if we take sufficient care of terms
such as |f(x)? if p € "R>1:

Definition 85. Let f € “GD(’R") and p € ”ﬁizl be a finite number. Then, we

set y
p ~
1l = ( / If(fc)l”d:v> € Roo.

Note that | f|P is a generalized integrable function (Def. 75) because p is a finite
1/P5 _
number (in general the power z¥ is not well-defined, e.g. (p%) = pe e ig

not p-moderate).

On the other hand, Hélder’s inequality, if ||f]|, > 0 and ||g||; > 0, is simply
based on monotonicity of integral, Fubini’s theorem and Young’s inequality for
products. The latter holds also in “R>q because it holds in the entire R, see

e.g. [63].

Theorem 86 (Holder). Let fi, € "GD(’R™) and pi € ”ﬁizl forallk=1,....m
be such that > ;" = =1 and || fi|p. > 0. Then

Pr
m m
14| <TI0l
k=1 k=1

1

Theorem 87 (Young). Let f, g € "g’D(”ﬁi") and p, q, r € ’@21 be such that
% + % =1 +% and || fllp, lgllg > 0, then | f = gllz < [Ifllp - lgllq-

61



In the following theorem, we consider when the equality (§ * f) (z) = f(z) holds.
As we will see later in Sec. 6.4.2, as a consequence of the Riemann-Lebesgue
lemma we necessarily have a limitation concerning the validity of this equality.

Theorem 88. Let § be the ik, -embedding of the n-dimensional Dirac delta (see
Thm. 65). Assume that f € *GC™ (”ﬁi") satisfies, at the point x € 'R, the
condition

I €RsoIM,c€RVy € By(x)Vj e N: |df (y)] < M, (6.3.9)

b
- is a large infinite number
c

i.e. all its derivatives in a finite neighborhood of x are bounded by a suitably
small polynomial Mc? (such a function f will be called bounded by a tame
polynomial at ). Then (0 * f) (x) = f(x).

Proof. Considering that §(y) = b™(by), where v is the considered n-dimensional
Colombeau mollifier and b is a strong infinite number. (see Example 67.1), we
have:

(5*f)(fr)—f($)=/f(x—y)5(y) dy—f(r)/5(y) dy =
~ [ -1 @)d) -
—/[T L@ —y)— 1 @) 6 ) dy =

n’ﬁ]

:/ (f (z —y) — f () b (by) dy,

-]

where 7 € "Rs is the radius from (6.3.9), so that supp(d) C [— 7 L} since

n
r € Ryo. By changing the variable by = ¢, and setting H := [— br br} we

(f*é)(x)—f(x):/H <f (I—D —f(x)>1/;(t) dt.

Using Taylor’s formula (Thm. 63.2) up to an arbitrary order ¢ € N, we get

[0 @) ewa=[ ¥ L) oreuvm

0<|al<q

+/H(qi1)!/01 (1—2z)7drtf (sz) <Z)q+1¢(t) dzdt. (6.3.10)

But 1 and 5 of Lem. 64 yield:

epydt=| [ e = | [l dt] =0 Ve <q,
n -4 %]

VARV

have
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ber

where we also used that > 1 for e sufficiently small because b > 0 is an

infinite number and r € Rsg. Thereby, in (6.3.10) we only have to consider the
remainder

Ry (x) ::/ (q_'_ll)/l (1—2)%a*'f (sz) <Z>q+11/1(t) dzdt =
= gty f, [ 0 (e o) e asa

Forallz € (0,1) and t € H = [\f\,f} , we have || < |£ ‘<¢§@:

b
r and hence —z¢ € B,.(x). Thereby, assumption (6.3.9) yields A f (z - z4) <
M7t and hence

Medat+l
Ry @) < vt [t o] =
H

()" [ e

[_1’1]n

s(gqlmfm [ wras

[7171]71

(b)‘q—l oM
< - YR
~\c (¢+ 1)

where we used 1 and 6 of Lem. 64 and % > 1. We can now let ¢ — 400

considering that 2 > dp~* for some s € R, so that |R, ()| — 0 and hence

(05 f) (z) = f(). O
Example 89.

LIf fo(x) = e ™ b > dp~" and w € 'R satisfies [w| < dp™* with s < r
(e.g. if w is a weak infinite number, see Def. 3), then ﬁ >dp= (=% and f,,

is bounded by a tame polynomial at each point x € ’R. On the contrary,

e.g. if b=dp™" and |w| > dp~", then ﬁ <1 and f, is not bounded by a

tame polynomial at any =z € ” R.

2. If f € “gcm(ﬂﬁi") has always finite derivatives at a finite point = € PRn
(e.g. it originates from the embedding of an ordinary smooth function),
then it suffices to take ¢ = dp~"~! to prove that f is bounded by a tame
polynomial at z. Similarly, we can argue if f is polynomially bounded for
x — 0o and x € “R™ is not finite.

3. The Dirac delta §(x) = b™p(bx) is not bounded by a tame polynomial
at = 0. This also shows that, generally speaking, the embedding of
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a compactly supported distribution is not bounded by a tame polyno-
mial. Below we will show that indeed 0 x § # 4, even if we clearly have
(6% 0) (x) =d(x) =0 for all x € “R™ such that |z| > r € Rso.

4. If f € *GC™ ("ﬁ") is bounded by a tame polynomial at 0, then since § is

an even function (see Example 67.1), we have:
/5(m) < flx)dz = /6(0 —z)- f(z)de = (f %) (0) = f(0). (6.3.11)

Finally, the following theorem considers the relations between convolution
of distributions and their embedding as GSF:

Theorem 90. Let S € £'(R™), T € D'(R") and b € "Rsq be a strong positive
infinite number, then for all ¢ € D(R™):

(S*T, @) = [ 1} (S) (@)t (T)(y)p(2+y) dwdy = [ (1§ (S) * 1 (T)) (2)-
<p(z) dz.
2. Txp=15.(T) * p.
Proof. 1: Using (6.3.4), we have

(5+T.0) = (8. (Tw): oo+ ) = (S(2), [ tha (D)Wl +1) ) =
~ [#(8)@) [ b D@t + ) dy s =
— [ (8e(8) % (D) Dl d,

where, in the last step, we used the change of variables z = z — y and Fubini’s
theorem.
2: For all = € ¢(R™), using again (6.3.4), we have (T'* @) (z) = (T'(y), p(z —
= [ @ (T) (W)@ = y) dy = (g (T) % ) (). O

We note that an equality of the type tk. (S * T') = t4,.(S) * 1%, (T) cannot hold
because from Thm. 84.2 it would imply 1 (6’ H) = (1*¢")* H as distributions.
Considering their embeddings, we have B (1) % (B (07) % 120 (H)) = 1B (1) %
(o (6) % 20 (8)) = (1 (1) 5 o (6)) o (HE) = (o (1) % o (6)) o () = 0.
In particular, at the term %, (8) * t%.(5) we cannot apply Thm. 88 because
6U)(z) = v/ +14pU) (ba). This also implies that ik, (8) * 1k, (8) # LW (5) because
otherwise we would have 0 = 1}, (1) % (g (6) % 12, (8)) = 1t (1) %12, (0) = [6 =
1.

6.4 Hyperfinite Fourier transform

Definition 91. Let k € “R g be a positive infinite number. Let f €’GC™ (K, ”(IE),
we define the n-dimensional hyperfinite Fourier transform (HET) Fi(f) of f on
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K :=[—k,k]" as follows:

k k
Fr(f)(w):= [ f@)e ™ de= [ dey... | f(z1,...,20) e " day,
Jroes o

(6.4.1)
where x = (21...2,) € K and w = (w1 ...wy) € ’R™. As usual, the product
z-w on "R™ denotes the dot product z-w = Z;Zl z;wj € ’R. For simplicity,
in the following we will also use the notation "GC*(X) := ’GC™(X,’C). If
f € ’GD(X) and supp(f) C K = [k, k]", based on Def. 81, we can use the
simplified notation F(f) := Fi(f).

In the following, k = [k.] € "Reg will always denote a positive infinite
number, and we set K := [k, k|" &; "R™.

The adjective hyperfinite can be motivated as follows: on the one hand,
k € R is an infinite number, but on the other hand we already mentioned
that GSF behave on a functionally compact set like K as if it were a compact
set. Similarly to the case of hyperfinite numbers "N (see Def. 16), the adjective
hyperfinite is frequently used to denote mathematical objects which are in some
sense infinite but behave, from several points of view, as bounded ones.

Theorem 92. Let f € ’GC™ (K), then the following properties hold:

1. Let w = [w.] € "R™ and let f be defined by the net (f.). Then we have:

ke ke

Fi (f) (w):/f(x)e_”""dx: /dxl.../fs (z1,...,2,) e "% da,,
K

—ke —ke

2. Vw € 'R™ : |Fr(f)(w)| < S |f @) dz = || fll1, so that the HFT is always
sharply bounded.

3. Fi:'GC™ (K) —s "GC™ (ﬂﬁn).

Proof. 1: For all w € ’R™ fixed, the map z € K — f (z)e ™% is a GSF by the
closure with respect to composition, i.e. Thm. 56.4. Therefore, we can apply
Thm. 76.5. N N

To prove 3, we have to show that Fj(f) : “R® — “C is defined by a net
(Fi). € C*(R™,C) (see Def. 55). We can naturally define such a net as

ke ke
(Fr). (y) = / dz; ... / fe(x1,...,xp) e ®Ydx, VycR™,
ke ke

and we claim it satisfies the following properties:

(a) [(Fx). (wo)] €"C, ¥[w] € "R™
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(b) V[w.] € “R*Var € N" : (9* (F), (we)) € Cp.

Claim (a) is justified by 1 above. From 1 it directly follows 2. In order to prove
(b), we use the standard derivation under the integral sign to have

ke k.
0% (F), (we) = / dzy ... / fe (@, .., mp) e @@ (—iz®) da,,.
—ke —k.
We can now proceed as above to prove (b) and hence the claim 3. O

6.4.1 The heuristic motivation of the FT in a non-Archimedean
setting

Frequently, the formula for the definition of the FT (e.g. for rapidly decreasing
functions) is informally motivated using its relations with Fourier series. In order
to replicate a similar argument for GSF, we need the notion of hyperseries. In
fact, exactly as the ordinary limit lim,cp a, is not well suited for the sharp
topology (because of its infinitesimal neighbourhoods) and we have to consider
hyperlimits “lim .5 an (see Def. 35), likewise to study series of a,, € ”@, n €N,
we have to consider

Ne"N

Zan.:’]hm Za e’C
nE"
Zan.:”hm Z an € C

Ne'N
ne°Z

where °Z = "N U (,vﬁ) - °R. The main problem in this definition is how

to define the hyperfinite sums Eg: M On € *C for arbitrary hypernatural num-
bers N, M € °N and starting from suitable ordinary sequences (a,),, oy of 'C.
However, this can be done, and the resulting notion extends several classical
theorems, see [69].

Only for this section, we hence assume that f € "GD([-T,T)), T € ”ﬁI§>0,
can be written as a Fourier hyperseries

F6) =" cpe® ' Wte (-T,T),
ne”z

where o is another gauge such that o. < p? for all ¢ € N and for £ small (so that
R, € R,, see Def. 1). Using Thm. 41 to exchange hyperseries and integration,

for each h € ”Z, we have

/ f(t)e” izt gt = Z cn/ 2T () qt = 2T - ¢,

ne’Z
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That is ¢, = 5 F(f) (272).

It is also well-known that, informally, if T is “sufficiently large”, then the
Fourier coefficients ¢,, “approximate” the FT scaled by % and dilated by 2.
Using our non-Archimedean language, this can be formalized as follows: Let
w = [we] € R, and assume that 7' = [T.] is an infinite number, then setting
hy == [int (we - T2)] € "Z (here we use R, € R,), we have w, < hqf: <we + T%,
so that % ~ w because T is an infinite number. By Thm. 92, F(f) is a GSF.

Let a, b ¢, d €R, with a < ¢ < d < b, and set M = MaX,e(2ra,2nt] F () ().
Using Lem. 4, we can find ¢ € N such that c—a > dp? and b—d > dp?. Assume
that T is sufficiently large so that the following conditions hold

1
= <dp?, —=~=0.
=" T
Then, forallw € [¢, d], we have hT“ §w+% <d+dp? < b, and hT“ >w>c>a,
so that %2 w € [a,b]. From the mean value theorem Thm. 74, we hence have
he,s M
F(f) (27TT>]:(f)(27Tw)‘_ ‘SQszO

We hence proved that
1
IQ ENVT >dp @ ¢, ~ o7 (N 2rw).

Finally, note that since T' is an infinite number, if h, € Z, then necessarily
w must be infinitesimal; on the contrary, if w > 7 € Ry, then necessarily
he € °Z\ Z is an infinite integer number.

Therefore, with the precise meaning given above, the heuristic relations be-
tween Fourier coefficients and HFT holds also for GSF.

6.4.2 The Riemann-Lebesgue lemma in a non-linear set-
ting

The following result represents the Riemann-Lebesgue lemma in our framework.

It immediately highlights an important difference with respect to the classi-

cal approach since it states that the HFT of a very large class of compactly

supported GSF is still compactly supported (see also Thm. 102 for a classical
formulation of the uncertainty inequality for GSF).

Lemma 93. Let H € "R" and f €°GD(H) be a compactly supported GSF.
Assume that

3C,b € "RooVr € HYj €N |d f(a)| < C - V. (6.4.2)
For all Ny,...,N, e N and w € ”ﬁi", ifw{vl S ~wflvn 1s invertible, then
FOEI< o [ ool an a9
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Therefore
wli_}rr;() |[F(f)(w)] = 0. (6.4.4)

Actually, (6.4.3) yields the stronger result:
3IQ eN: F(f) e "GD (Bd,,_Q(o)) . (6.4.5)

Proof. Let us apply integration by parts Thm. 61.6 at the p-th integral in (6.4.1)
(assuming that N, > 0):

k k
—iw-T f(x) —iw-x =t 1 —iw-x
/f(ac)e dxp:—iwpe ) k+E Opf (z)e dz, =
_k _
) k
= Opf (x) e ™" dx,.
i
—k

because Thm. 80.3 yields f(z) = 0 if z, = k. Applying the same idea with
N, € N repeated integrations by parts for each integral in (6.4.1), and using
Thm. 80.3, we obtain

1
o wNn NN,

PN =
Claims (6.4.3) and (6.4.4) both follows from Thm. 76.4 and from the closure of
GSF with respect to differentiation, i.e. Thm. 57. B

To prove (6.4.5), we first recall (5.1.7), so that Bg,-<(0) € "R". Let C,
b € "Rsg from (6.4.2) and A(H) € "R, where X is the Lebesgue measure.
Therefore, b < dp~® for some R € N, and we can set Q := R+ 1. We
want to prove the claim using Thm. 80.1, so that we take w = (wq,...,w,) €

ext (defcz (O)) It cannot be |w| <s dp~ @ because this would yield |w —a| = 0

/ oML 0N f(x)em ™ dp.
K

for some a € Bg,-<(0); thereby, |w| > dp~@ by Lem. 11. It always holds

maxj—1,..n |wi| > %\w|, ie. [maxj—1 . n|wie|] > %st\], where w; = [wic] and
We 1= |(W1ey - - -, wne)|- In general, we cannot say that |wy| = max;—y,_, |wy| for
some p = 1,...,n because at most this equality holds only for subpoints. In

fact, set Ly := {e € I | maxj=1, . p |wie| = |wpe|} and let P C {1,...,n} be the
non empty set of all the indices p =1,...,n such that L, Cy I. We hence have
lwp| =1, maxj—1 . |wi| > %\w| > %dp’Q for all p € P, and

VWedpe P: e€ L. (6.4.6)

We apply assumption (6.4.2) and inequality (6.4.3) with an arbitrary N, = N €
N, p € P, and with N; = 0 for all j # p to get

F()w)| < ﬁ - /H 10 f(a)] do <p, n™ - dpNOCHYA(H) <
p

<dp'-dpN@=RCONH) = dpVNTION(H).
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For N — 400 (in the ring ”§|LP), we hence have that F(f)(w) =z, 0. From
(6.4.6) we hence finally get F(f)(w) = 0. O

Remark 94.
1. Considering that §(¢) = b™)(bt) and that ¢ is an even function (Lem. 64.1),
we have
FO)(w) = / S(t)e~ ™ dt = / 5(0 — t)e™ " dt = (5 « e*in) (0).

(6.4.7)
We already know that if b/|w| is a strong infinite number, then the function
f(t) = e~ is bounded by a tame polynomial. Thereby, using Thm. 88,
we have F(§)(w) = f,(0) = 1; in particular, F(d)|r = 1.

2. On the other hand, 6¢)(¢) = v+ (bt) and hence Lem. 64.4 yields
00| < vyt = et (1?) vee R
Thus, Dirac’s delta satisfies condition (6.4.2) and hence
3Q € N: F(5) € "GD(By,-<(0)). (6.4.8)
In the following, we will use the notation 1 := F(§).

3. The previous result also yields that f *§ = f cannot hold in general since
otherwise, we can argue as in (6.4.7) to prove that F(d)(w) = 1 for all
w € R, in contradiction with (6.4.8).

Inequality (6.4.3) can also be stated as a general impossibility theorem
(where we intuitively think n = 1).

Theorem 95. Let (R, <) be an ordered ring and G be an R-module. Assume
that we have the following maps (for which we use notations aiming to draw the
interpretation where G is a space of GF')

(-):G—G

/:G—)R

(=) exp,:G—G YweR
|—]:R— R.

These maps satisfy the following integration by parts formula
/f - exp,, = %/f’ - exp,, (6.4.9)
for all invertible w € R*, f € G, and
lrs| = |r||ls| Vr,s€R (6.4.10)
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VfeG3C € RVw € R*: ’/f~expw <C. (6.4.11)

Then for all f € G and all N € N~ there exists C = C(f, N) € R such that

c
< o (6.4.12)

VwER*:‘/f-expw

Therefore, if § € G satisfies C‘ff"fy) < 1 for some w € R and some N € N, then

’/&expw

Proof. For f € G, in the usual way we recursively define f() € G using the map
(=) : G — G. Taking formula (6.4.9) for N € N5 times we get [ f - exp,, =
w%\,ff(N) - exp,,- Applying | — | and using (6.4.10) and (6.4.11) we get the
conclusion (6.4.12). O

< 1.

Note that we can take R = {z -r|re ”@} to apply this abstract result to the

case of Lem. 93. This result also underscore that in the case G = D'(R), R =R
we cannot have an integration by parts formula such as (6.4.9). Once more, it
also underscores that, since (6.4.9) holds in our setting, we cannot have fxd = f
without limitations because this would imply F(6)(w) = 1 for all w € "R.

Example 96. Let f(z) = e” for all |x|] < k, where k := —log(dp). The
hyperfinite Fourier transform Fj, of f is

ek(lfiw) _ efk(lfiw) _ dp(iwfl) _ dp(lfiw) _

Fie (£) (@) = 1— iw 1—iw
1 dp d ~
= . P _ P Yw € “R.
1—dw \ dp dp*
Note that 1 — iw, w € ”ﬁ, is always invertible with the usual inverse llijj‘;,

moreover, dp™ = 184 and hence |dp™| = 1. Therefore, F(f)(w) is always
an infinite complex number for all finite numbers w. If w > dp™!=", r € Rs,
then Fj(f)(w) is infinitesimal but not zero. Clearly, f ¢ "GD(K).

6.5 Elementary properties of the hyperfinite Fourier
transform
In this section, we list and prove the elementary properties of the HFT.

Theorem 97. (see Sec. 6.1.2 for the notations ©® and @) Let f € "GC™ (K)
and g : "R™ — *C, then

1 Fi(f+9)=Fu(f)+ Fr(g) if g €"GC(K).
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. Fr (bf) = bFi (f) for allb e C.

. Fi (f) = —1o Fu(f), where —1of is the reflection of f, i.e. (—1 ¢ f) (z) :=
f(==).

Fr(=lof)=—1oFi(f)

. Fr(tog) = t@ ]—‘tk( ) for all t € "Rsq such that tk is still infinite and
g\K € "GC*(K), glix € "GC™(tK). Here, t o g is the dilation of f,
e (tog)(x ) —g(tl")

. Letk > h > 0 be infinite numbers, s € [—(k—h),k—h]", f € °GD([—h, h]™).
Then

Fr(s® f)=e *OF(f)=e*OF, (f) =e=OF(f).

In particular, if h > dp™P, k > dp~%, p, ¢ € Rso, ¢ > p, and s € c(R™),
then s € [—(k — h),k — h|™. In particular, R™ C [—(k — h),k — h]™.

Tk (e f) =s@ Fi (f) forall s € 'R,

. Letw € "R™ and o € N"\{0}. Forp=1,...,|a|, define Bp = (Bp,g) 4=
N™ with

Bo ==«
Bpt1 :=(0,.7271,0, 8y, — 1, By jot1s - -+ Bpn) if Jp :=min{q| Bpq > 0}.

Finally, for all f € °GC>®(K) and j =1,...,n, set

{E]——

k k k
r n —iz-w]®i=k
Ajif(w) == /dxl / daj_4 / dxjH.../ [f(x)e ]mj:_k dz,,.
K “k K 2k

Then, we have

Alk.f(w) — [f_ —zz w]mJ*k
k

|a]—1
Fi (0°f) = (i)™ Fi (f) + Y (iw)* e A (971 f). (6.5.2)
p=0

In particular, if

f(:]jh s ,Zj,17]€71'j+1) = f (xla sy i1, —k7$j+1) =0 Vze K,
(6.5.3)
then

Fi (0;f) = iwjFi (f) -
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9. 55T (f) = —iFu (x;f) forall j=1,... n.

10. If f € "GD(K) org € "GD(K), then Fy (f * g) = Fi (f) Fr (9). Therefore,
if f €"GD(’R™) and g € "GD("R"), then F (f xg) = F (f) F (9).

11. Fr (s © g) = so Fi (g) for all invertible s € ”§>0 such that % is infinite,
glx € "GCZ(K) and g|k/s € "GC™ (K /s).

Proof. Properties 1-5 can be proved like in the case of rapidly decreasing smooth
functions. For 6, we have

(s f) @) = Fi(f @) @) = [ 1o s)e e da
K

k k
= / dzy ... / f(x—s)e @ dx,.
—k —k
Considering the change of variable z — s = u we have
k—s1 k—sn
Fr(s® f) (w) =e v / dug ... / f(u)e™ ™% du,.
—k—s1 —k—sn

Finally, considering that k > h and s € [—k + h,k — h|™ we have k — s; > h,
—h>—-k—s;and k+s; > hforalli=1,...,n, so that

k—s1 k—sn, h h
/ duyg ... / f(u)e ™% du,, = / duy ... / f(u)e™ ™ du,, =
—k—s1 —k—sy, “h “h
k k
= / duy ... / f(u) e ™% du,
“k k

from Def. 81 since f € "GD([—h, h]™).
7 is immediate from the Def. 91.
To prove 8, using integration by parts formula, we have
k k
Fi (05 f) (w) = /8jf (z)e v de = / dzy ... [ 0;f (x) e ™“dx, =
—k —k
k

K
=— /k dzy ... / f(2) (—iw;) e ™ da,+

k k k k
+ / d.’El ce / dI]‘,1 / d$j+1 e / [f(a:)e_im'“’] 2;26 dzn =
—k —k —k —k

= iw;Fi (f) (W) + Ajif(w).
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Therefore, by applying this formula with 0, f instead of f, we obtain
Fi (0i0pf) (W) = —wjwpFie(f)(w) + iw; Apk (f) (@) + Ak (Gpf) (w).

Proceeding similarly by induction on ||, we can prove the general claim.
To prove 9, we use Thm. 61.8, i.e. derivation under the integral sign:

k k
aij]:k (f) (UJ) Jf)] (/ dxq ... / f (1-) e lTw dxn) —

k “k
k k 5
:_/ dxl..._/k a—w] (f (z) e*””'“’) dx,, =
k
= [ doy... | —iz;f (x) e ¥ da, =
[on]
= —iFy (z; f) (w)

10:
Fi((f*9) (@) = / =5 (f o g) (2) da =

=7e““’/f (y) g (z —y) dydz.

Considering the change of variable x —y = ¢ and using Fubini’s theorem, we
have

e e [ f(y)g(t) dydt = [ e ™ f (y) dy [ e ™g(t) dt =
Jo s [ s

= Fi (f) (W) i (9) ().

Finally, we prove 11:
1 T imw (T dx
Filson @) =7 (5o (1)) @ = [y (1) 5
K

Considering the change of variable T =y we have

k/s k/s
; x\ dz )
—iT-w had I, —syw =
/e g(s) o / dyp ... / gy)e dyn
K —k/s —k/s
= / 9(y)e Y dy = Fiys (9) (sw) =
K/s

=[50 Fiys (9)] ().
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We will see in Sec. 6.8 that the additional term in (6.5.2) plays an impor-
tant role in finding non tempered solutions of differential equations (like the
exponentials of the trivial ODE 3’ = y). We also note that condition (6.5.3) is
clearly weaker than asking f compactly supported. For example, setting

() = 5= [f (@) ley=t — f (@) [o;=—&] - (25 + k) + [ (@) [o;= 1,

then f:= f —; satisfies (6.5.3).

6.6 The inverse hyperfinite Fourier transform,
Parseval’s relation, Plancherel’s identity and
the uncertainty principle

We naturally define the inverse HF'T as follows:

Definition 98. Let f € "GC™ (K), we define the inverse HFT as

Fi () (@) = (2%)”/]"(@») €Y duw (6.6.1)
K

for all z € R. As we proved in Thm. 92, we have Fil i rge>® (K) —
"Gee (” ﬁ") We immediately note that the notation of the inverse function

.7:,;1 is an abuse of language because the codomain of Fj is larger than the
domain of F,~ ! (and vice versa). When dealing with inversion properties, it is
hence better to think at

Filk = (—)|x o Fr : "GC™ (K) — "GC™ (K)
Filli o= (2)|x o Fy t:7GC™ (K) — "GC™ (K).

We will see in Sec. 6.8 that lacking this precision can easily lead to inconsisten-
cies.
Note that
(2m)" Fi ' (f) = Fu (=Lo f) = 1o Fi(f), (6.6.2)

where —1¢ denotes the reflection (—1¢ g) (z) := g(—x).

Our main goal is clearly to investigate the relationship between HFT and
its inverse HF'T, i.e. to prove the Fourier inversion theorem for the HFT. Three
important results used in the classical proof of the Fourier inversion theorem are:
the application of approximate identities for convolution defined by Gaussian
like functions, Lebesgue dominated converge theorem (we can replace it with
Thm. 41), and the translation property of FT. In our setting, the last property
corresponds to Thm. 97.6, which works only for compactly supported GSF. The
idea is hence to avoid proving the inversion theorem firstly at the origin and

74



then employing the translation property, but to prove it directly at an arbitrary
interior point y € K using approximate identities obtained by mollification of a
Gaussian function.

We hence start by the latter, explicitly noting that, contrary to the usual
setting, considering Robinson-Colombeau generalized numbers, the Gaussian is
compactly supported:

Lemma 99. Let f (z) = e for all x € "R™. Then f € 'GD (Bh(O)) for all

~ n w 2
strong infinite number h € "Rsq. Moreover, F (f) (w) = (2m)2 et

Proof. The function f satisfies the inequality 0 < f (z) < 279, Vg € N, for |z
finite sufficiently large. Therefore, for all strongly infinite x, we have f (z) =0
ie, f €GD <”ﬁ§") We first prove the second claim in dimension n = 1, by

|z

noting that f (z) = e~ — satisfies the ODE
(@) +azf(z)=0 (6.6.3)

with the initial value f(0) = 1. By separation of variables, any solution of
(6.6.3) is of the form f(z) = c¢-e~ 7, where ¢ = f (0). Applying the HFT to
(6.6.3), and considering 8 and 9 of Thm. 97, we have

iwF (f) (w) +iF (f) (w) = 0.
Thus F (f) also solves the ODE (6.6.3). Therefore we must have F (f) (w) =

ce s and, taking as h = [h.] any strong infinite number so that F,(f) = F(f),
we have

h he
c:]:(f)(O):/e_%dx: /e‘édx =
—h —he
0o —he 00
= /e*%dx—l—/e*%dx—k/e*%dx =2r
oo o he

— -'E2 -'172 o . . . A .
since f_:;s e~z dx and f;o e~z dx are negligible: in fact, using L’Ho6pital rule

22
T2 de

" = 0 for all ¢ € N. We note that natu-

rally the equality above is in * R. In dimension n > 1 we directly calculate using
Fubini’s theorem:

F (elﬁ> (w) = H/e*”j'“je*% dz;

—H]-'(f w;) :H (27m)% e~

. Jiy
we can prove that lim, o+ £1/y©

€
m“ o
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In the following result, we use the notation V°°p € # N to denote 3P € *N Vp €
"N>p, and we read it for all p € "N sufficiently large.

Theorem 100. Let y be a sharply interior point of K, f € "GC™ (K), G, €
gD ("ﬁ”), forpe ”N>O, satisfy
(a) [Gp,=1 forpe "Nwo sufficiently large.
(b) For p sufficiently large, (Gp)c,y_, is zero outside every ball Bs(0), 6 €
pﬁl\é>0, 'i.e.,

V6 € "RegV¥p € "NVz : |z > 6 = G, () = 0. (6.6.4)

(¢) IM € "RooV>p e "N: [|G, (y)| dy < M.
Then
L [k F@)Gply—a)de = [f(@)Gy(y—2) do = [ f(y—2)Gp(2) dz
for all p € "Nsg sufficiently large.
2. "im 5 (f % Gp) (y) = f(y)-

Proof. We only have to generalize the classical proof concerning limits of convo-
lutions between continuous functions and approximate identities. Since Bs(y) C
K for some & € "Rsg, we have that supp (Gply—-)) C y+ K, for p large, by
condition (6.6.4). The remaining equality of property 1 is immediate by consid-
ering the change of variable y — x = z. For 2, we proceed as follows. Using (a),
for p large, let us say for p > P € ’N>0, we get

[ 106Gy~ 2tz - 10| = | [ 1)~ S Gty ~ )
< [17@) - £ Gyl - )] da.

Now, for each [ € "R, sharp continuity of f at y yields |f(z) — f(y)] <1 for
all z such that |x — y| < § € "Rso. By (b), for p large, we have

’/f(x)Gp(y—x)dx—f(y)' Sl/ |Gp(y — )| de < 1- M, (6.6.5)
B;(0)

where we have taken p sufficiently large so that also (c¢) holds. The right hand

side of (6.6.5) can be taken arbitrarily small in “Rsq because I € *Rsq is an

arbitrary positive generalized number. O

For example, we can set t), := 1% for p € "N, g(z) = e=1#°/2 and Gp:=t,0g4,
=2

so that Gp(z) = (2n)""/2. e 2% . & forall z € ’R™. Let 6 > dp@ and |z| > §;
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for all g € N and for p € * N sufficiently large, we have

1212
2t2 n_—i8%p? n q
e b —tZSpe 2 <p 52qp2q§dp,

where the latter inequality holds e.g. for all p > dp~?. This shows that property
(6.6.4) holds in this case.

Theorem 101. Let h € "R be an infinite number and set H := [—h, h]". Let
f€’GC™ (K) and g € "GC™ (H). Then

1 [y Fi(f) (w) g (w) dw = [ f(2) Fn () (x) dz.
2. Fiol ik (Felx () = £ = Fulx (F ke (F))-

3. Filk (Frlr (f)) = (2m)™ (=1 f), where we recall that —1 o f is the reflec-
tion of f.
If H =K, then

4. (Parseval’s relation) (2m)" [ fg = [w Fr (f) Fi (9)-
5. (Plancherel’s identity) (2m)™ fK |f|2 = fK | Fh (f)|2
6. [ f9= [ Fr(f)Fy " (9)-

Proof. 1 follows from Def. 91 and Fubini’s theorem.
2: We first prove the inversion theorem for sharply interior points y € K.
Hence, let Bs(y) € K for some § > 0. Set t,, g and G, as above. Set
iy ltpw]? = v (=
gp(w,y) = Wﬁ_ = forallw € R", and hence g,(—, y) = ﬁ'(tp ©g).
Thereby, from g € ”QD(”@”), we also get g,(—,y) € ”QD(”@"). Since k& > 0 and
supp(Gp) C By, .qp-1(0) (see Lem. 99), we get that
supp(Gp) C K (6.6.6)

for all p sufficiently large. Let’s compute the HFT F [g,(—,y)] for an arbitrary
pE’N:

Flop(— )] =

F {eiy‘(_) ‘ (tIJOQ)} = (2m)n/2

1
(2m)n/2 YBF(tpog),

where we used Thm. 97.7. We have supp(t,0g) C Bg,-1,,(0) because supp(g) C

Bg,-1(0). Set hy := d‘%I, and use Thm. 97.5 noting that t,h, = dp~! is an
p
infinite number:

Flgp(=y)l (@) = {(275”/2 YD Fn, (tp <>g)} () =
= Gy O F@I @y =
1

L {tp © (27)"/29} (x—y) =

=[t, ©g](xr—y)=Gplxr —y) = Gpy — z).
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Therefore, using 1, and for p sufficiently large, we obtain
/ Fi(£)(w) - gp(w,y dw—/ f(@) - Flgp(—y)] (z)da =
_ /Kf(x)~Gp(yfx) de = (f+G)(), (6.6.7)

where for p large, we have supp (Gp(y — -)) € Bs(y) C K. Taking the hyperlimit

for p € "N of the right hand side of (6.6.7), Thm. 100 yields that it converges
to f(y). The same hyperlimit of the left hand side and Thm. 41 give

"lim K]—'k(f)(w) gp(w,y dw—/ Fi(f)(w) -lim gp(w,y)dw =

perN nerN

f 7/_(/ w
= | A lit) oy s
because of the definition of g,. For boundary points of K, the identity follows
using sharp continuity. This proves that 7, (Fi(f)|x) = f on K, i.e. that
Fi'lx (Frlr(f)) = f. To prove the other identity, it suffices to apply this
equality to —1 ¢ f and consider (6.6.2).
3 follows by (6.6.2) using 2 and the definition of reflection.
To prove 4, use 1 with F (g) instead of g, then Thm. 97.3, and finally 3.
Plancherel’s identity 5 is a trivial consequence of 4.
Finally, 6 follows from 2 and 1. O

We close this section with a proof of the uncertainty principle
Theorem 102. If i € "GD('R), then
1. If Y € "GD(H)N*GD(K), then
[PF@@E w= [PIF@) @F do= [ 17 @) @ w
H K
2. (Jo2 10 @) d) (J&? 17 () @) dw) = L6l F @)l

Proof. Properties 2 and 1 of Thm. 80 imply that also ¢’ € “GD(H). Therefore,
Plancherel’s identity Thm. 101.5 yields

[t =g [ 1FwP

But |}'(1/)’)|2 = w? |.7-"(1/))\2 from Thm. 97.8 because ¢ is compactly supported
and hence A1y = 0. Therefore

/Hh/)’lzzi/ HF@) (W) dw. (6.6.8)
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At the same result we arrive considering K instead of H. Finally, we apply
Def. 81 of integral of a compactly supported GSF, which yields independence
from the functionally compact integration domain.

To prove inequality 2, we assume that ¢ € “GD(K); using integration by
parts, we get:

[ @ e = [ kk W@ (@) do =

= [t - [ (5@ + @) do -
— - [ [W@P + 20

| az.

Thereby
[ 106a)? @z = —2re ( / z¢<w>zw<mdz) <
<2 ‘Re (/ xw(x)w’(x)dx)’ <

<2 / (w(x)m‘ da.

Where we used the triangle inequality for integrals (see Thm. 76.4). Using
Cauchy-Schwarz inequality (see Thm. 86), we hence obtain

(/ ()] dx)2 <4 (/ ’wmm‘ dx>2 <
<4 (/ 22 i(z))? dx) (/ [y (z)]? da:) .

From this, thanks to (6.6.8) and Plancherel’s equality, the claim follows. O

Note that if [|¢)]|2 € "R is invertible, then also || F(1)]|2 is invertible by Plancherel’s
equality, and we can hence write the uncertainty principle in the usual normal-
ized form.

Example 103. On the contrary with respect the classical formulation in L?(R)

of the uncertainty principle, in Thm. 102 we can e.g. consider ) = § € ”QD(”@),
and we have

1
/xzé(x)zdw = [/ 22029, (bex)? dx
1

where 1(z) = [1h-(z.)] is a Colombeau mollifier and b = [b.] € ’R is a strong in-
finite number (see Example 67). Since normalizing the function € +— b2, (b.x)?
we get an approximate identity, we have lim,_ o+ fjlebgz/)g(bsx)z dx = 0,
and hence [z2?0(z)*>dx =~ 0 is an infinitesimal. The uncertainty principle

79



Thm. 102 implies that it is an invertible infinitesimal. Considering the HF'T
1= F(5) € "GD("R), we have

r 3
/wQJL(w)Z dw > / wdw = 2% Vr € Rso.

-r

Thereby, [ w?1(w)? dw is an infinite number.

6.7 Preservation of classical Fourier transform

It is natural to inquire the relations between classical F'T of tempered distribu-
tions and our HF'T.
Let us start with a couple of exploring examples:
1. F(D)(w) = ffk 1-e™dg = ffk cos(zw)dx. If L Cy I and wlg is
invertible (see Sec. 5.1.3 for the language of subpoints), then F(1)(w) =,
QSi“&i’W); if w =y, 0, then F;(1)(w) = 2k. Classically, we have 1 = 270.

2. Frp(H)(w) = ffk H(x)e~®* dx. Assuming that w|y, is invertible on L Cg
I, we have Fi,(H)(w) =f, Le~*—L1(w). Classically, we have H = wd—L.
Therefore, if k is a strong infinite number and w is far from the origin,
lw| > r € Rso, we have Fy(H)(w) = 1} (I:I) (w) (here (% is an embedding
of D'(R) into *GC*(c(R)), see Sec. 6.7). However, the latter equality does
not hold if w ~ 0.

Since classically we do not have infinite numbers, the former of these examples
leads us to the following idea

F(1-1) = F(F(6)) = 27 (—1 0 ) = 26,

Note that if f € "GC™(K), then (f-1) (w) = f(w) for all finite point w € K.
We therefore call f -1 the finite part of f. The same idea works for e*** and
hence also for sin, cos. Let us now consider ¢ - 1:

F(-1)(w) = /5(%).7:(5)(1‘)67”“ dz.

We recall that integrating against § yields the evaluation of the second factor at
0 only if the latter is bounded by a tame polynomial at 0 (see Example 89.4).
But the function z — F(§)(z)e~** is bounded by a tame polynomial at = 0
for all w, and we get F(J - 1)(w) = 1. Being bounded by a tame polynomial is,
in general, a necessary assumption because

FH-1)(w) = / H(z) - F(5)(x)e ™ da =
= / 8(x) Fr(H - e ")) (2) da =

- [ A e+ w) s,
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but Fi(H)(x + w) = e @) — -1 (z + w) is not bounded by a tame

Tt+w 4w
polynomial at z = 0 if w = 0 because of the terms %
These exploratory examples lead us to the following

Theorem 104. Let f € "GC™(K), and assume that Fi(f) is bounded by a tame
polynomial at w € "R™. Then F(f -1)(w) = Fr(f)(w).

Proof. Tt suffices to apply Thm. 101.1:
F( D@ = [ @ F@)@e = do =
= /5(x)fk (f : e_i(_)’w) (x)dz =

— [$@F () (@ + ) de = Fi () @)
O
Since 6% [Fr(f)] (w) = —iFi(z; f)(w), we have the following sufficient con-
dition for F%(f) being bounded by a tame polynomial at w € ’R™:
Theorem 105. Let b € "R be a large infinite number, and let f € "GC>(K)
be uniformly bounded by a tame polynomial at K, i.e.
- , . b
dM,ce’RVy € KVj e N: |d3f(y)’ <M., - is a large infinite number.
c
(6.7.1)

Then for all w € pﬁ", the HFT F(f) is bounded by a tame polynomial at w. In
particular, every f € S(R™) satisfies condition (6.7.1), and hence

F(f)=F(f 1) = g (), (6.7.2)
where f € S(R™) is the classical FT of f.
Proof. We have

VR ()@ < max | Fi(onf) )] < max [ fon (o) do <
h<j h<j JK
<MJ maX/ |z | da =: M.
h<j JK

If f € S(R™), then |djf(y)’ € R, so that if b > dp™", r € Ry, it suffices to
take ¢ = dp™""* where 0 < s < r to have that (6.7.1) holds. The last equality
in (6.7.2) is equivalent to say that [, f(z)e” ™ dx = [, f(x)e”"* dz, which
can be proved as for the Gaussian, see Lem. 99. O

We can now consider the relations between (%, (1) and Fi(1&.(T)) when
T € §'(R™). A first trivial link is given by the so-called equality in the sense of
generalized tempered distributions: For all ¢ € S(R™), from (6.3.4) we have

/ o () = (T 0) = (T, 4) = / b (T).
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Using the previous Thm. 105 we get ¢ = F(p) (identifying a smooth function
with its embedding). Thereby

[he@re= [ @F ) = [Fb@)e voes®).  ©13)

In Colombeau’s theory, this relation is usually written (%, (T) = ¢.a. F (g (T)).
In the following result, we give a sufficient condition to have a pointwise
equality between the HFT of the finite part of %, (7") and T

Theorem 106. Let b € "R be a large infinite number and T € S'(R™). As-
sume that F(i%,(T)) is bounded by a tame polynomial at w € 'R™. Then

Fi(thn (1) () = F (1 (T) - 1)(w) = gen (T) ().

Proof. For simplicity of notation, we use ¢ := (%,. Using Thm. 104, we have

F((T) - 1) (w) = Fr(e(T)) ().

= [y (1’8)] be an n-dimensional Colombeau mollifier defined by b, and
[—ke, ke]™; we have

Let ¢()
set K, :=

() e — p))e Man}z

=1/,

G w/%uﬂMW%Mﬂz
{ ),y & v ws)>} =

(W), @ ve) ()] =
(), velwe = 1)] = uD)(w).

6.7.1 Fourier transform in the Colombeau’s setting

Only in this section we assume a very basic knowledge of Colombeau’s theory.

Assume that @ C R™ be an open set. The algebra G2 (Q) of tempered
generalized functions was introduced by J.F. Colombeau in [13], in order to
develop a theory of Fourier transform. Since then, there has been a rapid
development of the Fourier analysis, regularity theory and micro-local analysis
in this setting.

Definition 107. The G3(Q2) algebra of Colombeau tempered GF (trivially gen-
eralized by using an arbitrary gauge p) is defined as follows:

£5(Q) = {(us) € (=)' |Ya e N"3IN € N :

e

sup<1+|xnNaﬂ%<xn<—cxp;N>},
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NE(Q) = {(us) c (=) |VaeN"Ipe NVm e N :

sup (14 [2]) 7 [0%ue (x)] = O(p;”)} ,
€N

G3(Q) := E(Q)/NF ().

Colombeau tempered GF can be embedded as GSF, at least if the internal set
[©] is sharply bounded:

Theorem 108. Let Q2 C R™ be an open set such that [Q] is sharply bounded. A
Colombeau tempered GF u = (uc) + N3(Q) € G5(Q) defines a GSF u : [z.] €
[ — [uc(z.)] € "C. This assignment provides a bijection of G() onto the
space defined by uw € "GCX([Q]) if and only if u € "GC>([Q]) and

(1+ )™

Va e N3N € NVz € [Q] : |0%u ()] < Yy

Integration of a CGF u = [u:] € G*(2) over a standard K € ) can be
defined e-wise as [, u(z) dz == [ [, ue (z) dz] € ’R. Similarly we can proceed
for fﬂ u if u is compactly supported and €2 C R" is an arbitrary open set. On
the other hand, to define the Fourier transform, we have to integrate tempered
CGF on the entire R™. Using this integration of CGF, this is accomplished
by multiplying the generalized function by a so-called damping measure ¢, see

e.g. [39]:

Definition 109. Let ¢ € S(R") with [, ¢ = 1, [z, 2%¢(z)dz = 0 for all
a € N\ {0}, and set p.(z) := pe O p(x) = p"p(p- ). Let u = [u] € G-(R"),
then ug := [u-9:), [pn w(z) dpw := [p, updz = [[g. u:(2)P:(z) dz] € C, where
. denotes the classical FT. In particular,

o) i= [ e uwaze = | [ e op i)

Fi(u)(x) := (271')_"/ e Ty (w) dpw = [(271)_”/ e_i“’ue(w)@(w)dw] )

n n

As a result, although this notion of Fourier transform in the Colombeau
setting shares several properties with the classical one, it lacks e.g. the Fourier
inversion theorem, which holds only at the level of equality in the sense of gen-
eralized tempered distributions [14, 16, 52], see also (6.7.3). See also [67] for a
Paley-Wiener like theorem. In other words, we only have e.g. F;(0%u) =g.¢.q.
i'o“wo‘f¢(u)7 ilalf*¢(8au) =g.t.d. xaf*¢(u), .7:95]:*@11, =g.t.d. f*¢f¢u, where
F5(u) denotes the Fourier transform with respect to the damping measure.
Moreover (tg(T), %) ~ (Fpr(T),¥) for all T € S'(R) and all ¢ € S(R), where
tr(T) is the embedding of Thm. 65. Intuitively, one could say that the use of
the multiplicative damping measure introduces a perturbation of infinitesimal
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frequencies that inhibit several results that, on the contrary, hold for the HFT.
On the other hand, HFT lies on a better integration theory that allows to inte-
grate any GSF on the functionally compact set K. The only known possibility
to obtain a strict Fourier inversion theorem in Colombeau’s theory, is the ap-
proach used by [53], where smoothing kernels are used as index set (instead of
the simpler ¢ € I) and therefore the knowledge of infinite dimensional calculus
in convenient vector spaces is needed. Unfortunately, the latter approach is
not widely known, even in the community of CGF, and it can be considered as
technically involved.

Finally, the following result links the HF T with the FT of tempered CGF
as defined above.

Theorem 110. Let Q@ C R™ be an open set such that [Q] is sharply bounded,
and let u € *GC°([Q]) be a tempered CGF (identified with the corresponding
GSF). Finally, let ¢ € S(R™) be a dumping measure. Then

Fo(u) = Flu-@((=) -dp)] = Flu- Fp)((=) - dp)] -

Proof. Def. (109) yields

Folw)w) = [ ulw)e = dpa =

n

= /n u(x)e_m'“’dm(x) dz =
- / Cu(@)e™ ™ (dpo ) (x) dr =

= [ el a) do =
= Flu-¢(-) - dp)] (w) =
= Flu- F)((-) - dp)] (@),

where, in the last equality, we applied (6.7.2). O

6.8 Examples and applications

In this section we present an initial study of possible applications of HF'T. Our
aim is mainly to highlight the new potentialities of the theory.

6.8.1 Applications of HFT to ordinary differential equa-
tions

1) We first consider the following, apparently trivial but actually meaningful,
example:

Yy =y, y(0) =c¢, y €"GC™ ([~k,k]), c€"R, (6.8.1)
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where k = —log (dp). Since we do not impose limitations on the initial
value ¢, this simple example clearly shows the possibilities of the HF'T to
manage non tempered generalized functions. Applying the HFT to both
sides of (6.8.1) and using the derivation formula (6.5.1), we get

Fi (y) = Awgy + iwF (y) - (6.8.2)

Set for simplicity C (w) := Ay (w) = y(k)e ™ — y(—k)e’*™ and note
that the function C' does not depend on the whole function y but only on

the two values y(+k). We get Fy, (y) (w) = lcf‘;’z, and applying the inverse
HFT Thm. 101.2, we obtain

y=F; 'k ( Cw) ‘K) . (6.8.3)

Using the initial condition in (6.8.1), we have

y(0)=F; ! <C(“) > (0) = /k Cw) 4= (6.8.4)

1 —iw p 1 —iw

Clearly, e.g. by separation of variables, (6.8.1) necessarily yields y(z) = ce”
for all z € [k, k]. Therefore, y (k) = ce” 184 = d—cp, y(—k) = celosdr =
cdp and C (w) = cdp™~! — cdp~™F! because dp™ = e~«. Vice versa, if
(6.8.3) holds, using again Thm. 101.2, we obtain Fj|x(y)(w) = % for
allw € K; from the differentiation formula (6.5.1) we hence get F(y)(w)—
Fi(y')(w)+C(w) = C(w). Another application of the inversion Thm. 101.2
yields ¥’ = y in K. We have hence proved that y satisfies (6.8.1) if and
only if

dpiw—l _ dp—iw+1
1 —w

y(x) = ce” =F,€_1|K (c

) (x) Vre K. (6.8.5)
K

We finally underscore that:

(a) In the classical theory, the lacking of the term C(w) does not allow to
obtain the non-tempered solution for ¢ # 0: in other words, if ¢ # 0,
then (6.8.4) implies that C' # 0.

(b) In the previous deduction, it is clearly important that the HFT can
be applied to all the GF of the space "GC™(K).

(¢) If we missed the restriction to K in (6.8.3), we would wrongly ob-
tained that y = ce® € *GC*("R), which necessarily implies ¢ = 0
because the exponential function is not defined on the whole ”R.

(d) Compare (6.8.5) with Example 96 to note that if ¢ > r € Rsg, then
in (6.8.5) we are considering the inverse HFT of a GSF which always
takes infinite values for all finite w. Clearly, this strongly motivates
the use of a non-Archimedean framework for this type of problems.
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2)

(e) All our results, in particular the inversion Thm. 101.2, hold for an
arbitrary infinite number k. In this particular case, we considered k
of logarithmic type to get moderateness of the exponential function.

Let us consider an arbitrary n-th order constant (generalized) coefficient
ODE

any™ + .. ary™ + agy = h, y,h € °GC>(|~k, k]), a; € 'R, n € N>q.

(6.8.6)
Note that simply assuming to have a solution y defined on the infinite
interval [—k, k] already yields an implicit limitation on the coefficients
a; € ’R. In fact, the equation y' — diy = 0 has solution y(x) = y(0)e®/,
which is defined only if x < —Ndplogdp ~ 0 for some N € N. By applying
the HFT to both sides of equation (6.8.6), the differential equation is
converted into the algebraic equation

P(w) Fi (y) + C(w) = Fr (h), (6.8.7)
where

P) =3 a, (i),

and C (w) is the sum of all the extra terms in Thm. 97.8, which in this
case becomes
n 7 .
Cw):= Zaj : Z(iw)]*pAlky(p*D(w) Yw e K.
j=1

p=1

Note that the function C' depends only on the points y®) (+k) for p =
0,...,n — 1 and not on the whole function y. Assuming that P(w) is
invertible for all w € K, from (6.8.7) and the inversion Thm. 101.2, we get

y=7F; 'k (Fk(hg,C‘K> :

Proceeding as in the previous example, i.e. using again the inversion
Thm. 101.2 and the differentiation formula (6.5.1), we can actually prove
that (6.8.8) is equivalent to (6.8.6). For a generalization to GSF of the
usual results about n-th order constant generalized coefficient ODE, see

[45].

A simple example of non-constant coefficient linear ODE is given by the
Airy equation

(6.8.8)

W (x) —z-u(z) =0, u € "GC®([—k, k] ,"R). (6.8.9)
By applying the derivative formulas Thm. 97.8 and Thm. 97.9, we get

—CUQ]:k (u) + WA + A1ku/ — 1 F (u)/ =0
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or dividing both sides by i
W Fr, (u) + wApu — iA gy’ — Ff (u) =0

Let us now set C' (w) := wAju (w) — iA1pu’ (w), Vw € K. Note, once
again, that the function C' does not depend on the whole functions u and
u' but only on the points u (k) and u' (£k).

Fp (u) — iw? Fy (u) = C. (6.8.10)

Equation (6.8.10) is a first order non-constant coefficient, non-homogeneous
generalized ODE with respect to the variable w. We can solve it e.g. by
considering the integrating factor u (w) := elo’ iz dz _ g-i% Then, the
solution of (6.8.10) is given by

.3
S C(2)dz+c

3

Yw € pﬁ,

:f(‘fu(z)C(z)dz—i—c:f(‘;)e’ |

7 ) m =

where ¢ := Fi(u)(0) € 'R. Finally, we apply the inversion Thm. 101.2 and
substitute C (w) to recover the original function

K) =

: )(x)+;/0kcos(°§+wm> dw
_ i/okcos (wx + f) /Ow e (55 o () — i (k) dzdw—
_ i/ok cos <wx N f) /Ow ) G (<) — i (=) dedw

k 3
+£/ cos<w+wx> dw Ve K.
T 0 3

3

_ e 5 C(2)dz+c
“(x):fk1|1<< 0 w3
e 3

iz3

_ e T C(2)dz
_‘Fkl‘K< ‘ iw3

If we assume that u(+k) ~ 0 and v/ (+k) ~ 0, then C(z) ~ 0 for all z € "R
and we get the first Airy function up to infinitesimals u(z) ~ ¢ - Ai(z).
Therefore, if u(+k) % 0 or v’ (£k) % 0 and ¢ = 0, we must get, up to
infinitesimals, a multiple of the second Airy function (see e.g. [1])

~ d [T ¢ t3
3d € "R : u(z) =~ Bi(z) = — / {exp <3 + xt) + sin (3 + xt) } dt.
T Jo

We explicitly recall that Bi(z) is of exponential order as x — +o00 and
hence it is not a tempered distribution, so that classically we miss this
solution.
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6.8.2 Applications of HFT to partial differential equations
The wave equation

Let us consider the one dimensional (generalized) wave equation

Pu  ,0%u

22
ot? 02

where c is invertible, and subject to the boundary conditions at ¢ = 0 and
T ==xk

¢ €'R, u€’GC®([—k, k] x "R>o), (6.8.11)

u(—,0)=f, Owu(-,0)=g, (6.8.12)
u(tk,—) = Fy, Oyu(+k,—) = Gz. (6.8.13)

Explicitly note that all the GSF f, g € *GC>([—k,k]), Fy, F_, G+, G_ €
"GC™("R>p) are completely arbitrary. As usual, we directly apply the HFT
with respect to the variable x to both sides and then apply Thm. 97.8 to the

right hand side , )
(30) -0 (35)
% = — AW F (u) +iwAu + Mgy (Opu) .
Note that also the Aqj-terms refer to the variable x, but the result is a function
of t. Set C(w,t) := iwAqg (u(—,t)) + A1 (Ozu(—,t)). The function C does

not depend on the whole functions u and d,u but only on the functions of ¢:
u(tk,—) = Fy and O,u (+k,—) = G4:

C(w,t) = iw [Fy(t)e ™ — F_(t)e™] + Gy (t)e ™ — G_(t)e'™ vwe ’R.

(6.8.14)
Hence, we get
9 ~
6]8:7];2(@(“; _) + C2w2fk (u) (wa _) = C(wv _) Vw € "R. (6815)

We obtain, for each fixed w, a constant (generalized) coefficient, non-homogene-
ous, second order ODE in the unknown F (u) (w, —). Clearly, (6.8.15) already
highlights a difference with the classical FT, where C = 0. To solve equation
(6.8.15), we can use the standard method of variation of parameters to get

Fi(u)(w,t) = dao(w)tS(cwt) + di (w) cos(cwt )+

+ tS(cwt) /t C(w, s) cos(cws) ds— (6.8.16)

1
— cos(cwt) /t sC(w, s)S(cws) ds, (6.8.17)

1
sgy;/im@ow. (6.8.18)
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More precisely, in the previous step we applied the general theory of linear
constant generalized coefficient, non-homogeneous ODE developed in [48], which
generalizes the classical theory proving that the space of all the solutions is
a 2-dimensional “R-module, generated in this case by tS(cwt) and cos(cwt),
and translated by a particular solution of (6.8.15). Explicitly note that every
functions in (6.8.17) is a smooth function or a GSF; in particular, S(z) is the
smooth extension of # We also note that the functions di, do satisfy

dy(w) = Fi(f)(w) — /0 sC(w, )S(cws) ds

da(w) = Fi(g)(w) +/0 C(w, s) cos(cws) ds.

They hence depend on all the functions of the boundary conditions. Finally,
applying the inversion Thm. 101.2 we get

u(zx,t) = f,;1|K (da(w)tS(cwt) + di(w) cos(cwt)| ) (z,t)+

+ ]:,:1|K <t5’(cwt) /; C(w, s) cos(cws) ds K) (x,t)—

K) )

Following the usual calculations, the first summand yields the d’Alembert for-

mula
x+ct
fa—e)+fe+et]+5 [ o)+

2c
) (z,1). (6.8.19)
K

- ]:1:1’;( <COS(th) /1tsC(w,s)S(cws) ds

u(x,t) =

DN | —

+ Pk <tS(CWt)/1 C(w, s) cos(cws) ds

_ ]—'k—1|K <cos(cwt) /:sC(W,s)S(cws) ds

Given f, g € "GC®(|—k,k]) and Fi, G+ € "GC™("Rx(), we can define u(z,t)
using (6.8.19) and reverse all the steps above to get a global solution of the wave
equation subject to the given boundary conditions. This proves the following

Theorem 111. Given f, g € "GC®([—k, k]) and Fy, G+ € "GC™("Rsy), there
exists one and only one solution u € "GC™([—k, k] x "R>q) of the wave equation
subject to the boundary conditions (6.8.12). In particular, if Fx = G+ =0, we
get the usual solution, and if in addition we take f =0, g =6, we get the wave
kernel u(x,t) = o [H(z + ct) — H(x — ct)].

The Heat equation

Let us consider the one dimensional (generalized) heat equation

ou 0%

i e PO ([ ™y
ot " Y gp UE GC([—k, k] x *R>0). (6.8.20)
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where a € “Rsg, t < %log (dp), N € Nsg and subject to the boundary
conditions at t =0 and z = £k

u(—,0) = f, (6.8.21)
u(tk,—) =Fy, Oyu(tk,—)=Gy. (6.8.22)
Note, once again, that all the GSF f € *GC™([—k,k]), Fy, F_, G+, G_ €

’ gcw(ﬂﬁzo) are completely arbitrary. Applying, as usual, the HFT with respect
to the variable x to both sides of (6.8.20) and Thm. 97.8 we get

0F (u)
ot

—a?WA F, (u) + iwAipu + Ay (9pu) .

For all w € ”ﬁlﬁ, set
C (w, t) = WA (U(—, t)) + Aqg (8zu(—,t)) =
=iw [Fy(t)e ™ — F_(t)e™™] + Gy (t)e ™ — G_(t)e'*.
Therefore, we get

OF (u)
ot

(w, =) + a®W>Fy (u) (w, =) = C (w, —) Yw € "R, (6.8.23)

Solving (6.8.23) with the integrating factor s (t) 1= 2« Jo 4 = ¢a®«*t (which
is well-defined if w € K because we assumed that ¢ < - log (dp)), we have

[y e C (w, t) dt + e(w)

Tk (u) ((.U,t) = calw?t s

where ¢(w) := F (1) (w,0) = F(f)(w) € "R, so that

Fi (u) (w, 1) = e~ / e (w, 1) At + Fu(f) (w)e "t =

0
/ 1
2 2 2 2 i
—e W t/e“ IO (w, t) dt + Fr(f) (w)F <2a\/7ﬁe_4a2t> (w,t) =:
0

= et / e C (w, ) dt + Fi(f)(w)F (Hf (7)) (w,1) =

0
t

= g’ / e (W, t) At + Fi (f * HY) (w, 1),
0

12
where H{(z) := 2axl/ﬁe_m is the heat kernel (which, in our setting, is a

compactly supported GSF). Finally, applying the inversion Thm. 101.2 and the
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convolution formula Thm. 97.10 we get

t
u(z,t) = (f * HY) (2, ) + F 'k e*a%/ea%cw,t)dt (2,1).
0

As usual, if C (w, t) equals zero, we obtain the classical solution. We can reverse
all the steps above to get a global solution of the heat equation subject to the
given boundary conditions. This proves the following

Theorem 112. Given f € "GC®([—k,k]) and Fx, G+ € "GC®("Rs(), there
exists one and only one solution u € "GC™([—k, k] x "Rxo) of the heat equation
subject to the boundary conditions (6.8.21). In particular, if Fx = G+ =0, we
get the usual solution, and if in adgz'tion we take f = §, then we get the heat

kernel u(z,t) = H (z) =

P
e 4a2t,

1
2a/mt
Laplace’s equation

Let us consider the one dimensional Laplace’s equation

Pu  *u a0 N N

where N € N+, and subject to the boundary conditions at y = 0 and x = +k

w(—,0)=f, 8yu(—,0) =0, (6.8.25)
u(tk,—) =Fy, 0Oyu(tk,—) =0, (6.8.26)

where f € "GC™([—k,k]), Fy, F— € ’GC™(Y) and Y := [%logdp, %logdp} -
’R. Actually, we show this example only for the sake of completeness, but we
present here only a preliminary study. By applying the HFT with respect to x
and applying Thm. 97.8, the problem is converted into

82
‘;:7;2(@ = wz}—k (’LL) + wA pu + A (8xu)

Set
C(w,y) : = iwAik (u(—,y)) + A1 (Fpu(—,y)) =

= iw [Fy(y)e ™ — F_(y)e™]. (6.8.27)

C(w,y)

Note explicitly that is a GSF exactly because of our boundary condition
O,u(xk,—) = 0 (compare (6.8.27) with (6.8.14)). Hence, we get

0?Fr (uv)

oy (w,y) — W’ Fr, (u) (w,y) = C (w,y), Yw € 'R, (6.8.28)
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whose general solution is
Fr(u)(w,y) = di(w)e*? 4+ da(w)e Y —

Y zw . .
_ e—wy/ 62 i [F+(Z)e—zkw _ F_(Z)ezkw] dz+
1

Y ,—zw . .
+ e‘”y/ ¢ 5 i [F+(z)eﬂk‘” - F,(z)elk“’] dz =:
1
=:dy(w)e*Y + da(w)e ™Y + D(w, y)
where the functions d;, do satisfy

Fi(f)(w) = di(w) + da(w) + D(w,0)
0 = wdy (w) — wda(w),

because dyu(—,0) = 0 and 9y D(w,0) = 0. Since the set of invertible numbers
in ’R is dense in the sharp topology, we hence have

() = do() = 3 [FulD)(w) — D(ew,0)].

Note that e¥*¥ is well defined for allw € K and ally € Y = [% log dp, % log dp].
Finally, applying the inversion Thm. 101.2 we get

w(z,y) = Fi o (di(w)e? + da(w)e Y| ) (z,y)+
+ F g (D(,9)[g) (2, 9)-

Theorem 113. Given f € "GC™([—k, k]) and Fy. € "GC™ ([ logdp, & logdp]),
N € Nsq, there ezists one and only one solutionu € "GC™([—k, k] x [£ log dp, & log dp])
of the Laplace’s equation subject to the boundary conditions (6.8.25). In partic-

ular, if Fx = 0, we get the usual solution, and if in addition we take f = ¢,
then u(z,y) = F | (L(w) cosh(wy)] ) (z,y).

6.8.3 Applications to convolution equations.
Consider the following convolution equation in y
h=g+ fxy, (6.8.29)

where we assume that y, h, g € “GC*°(K) and f € "GD("R). As in the classical
theory, we apply the convolution Thm. 97.10 to get

Fi (h) = Fi (9) + F (f) Fr () -

Assuming that F (f) (w) is invertible for all w € K, the inversion Thm. 101.2

yields
- (2557))
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For example, to highlight the differences with the classical theory, let us consider
the convolution equation (8’ 4+ §) *y = ¢ with y(—1) =0. Wehave h =6, g =0
and f = 0’ + 6 so that F(f) = iwl + 1, where as usual 1 = Fj (§). Since
1(w) € ‘R for all w, the quantity iwl(w) + 1(w) is always invertible, and we

obtain .
=F! .
4 | ( iwl + 1 ’K>

3 - ko iw
It is easy to prove that y(t) +y/(t) = F 'k (1) (t) = o= [, et dt = ES(kt)
(see (6.8.18)) and hence y(t) = e~t£ ffl S(kz)e® dx e.g. for all log(dp) < t <
—log(dp). Therefore

y(t) =e* /71 F 'k (k) (s)e ds ~ e_t/71 5(s)e*ds = e H(t)

for all ¢ € "R which are far from the origin, i.e. such that |¢| > r € Rs for some
r.

6.9 Summary of the chapter 6

All in all, in this chapter, we have motivated the natural attempts of several
authors to extend the domain of some kind of Fourier transform. The HFT
presented in this chapter can be applied to the entire space of all the GSF
defined in the infinite interval [—k, k]™. These clearly include all tempered
Schwartz distributions, all tempered Colombeau GF, but also a large class of
non-tempered GF, such as the exponential functions, or non-linear examples
like 8% 0 6%, §% 0 H®, a, b € N, etc.

We want to summarize by listing some features of the theory that allow some
of the main results that we have considered in this chapter:

1. The power of a non-Archimedean language permeates the whole theory
since the beginning (e.g. by defining GF as set-theoretical maps with in-
finite values derivatives or in the use of sharp continuity). This power
turned out to be important also for the HFT: see the heuristic motivation
of the FT in Sec. 6.4.1, Example 103 about application of the uncertainty
principle to a delta distribution, or the HFT of exponential functions in
Example 96 and in Sec. 6.8.

2. The results presented here are deeply founded on a strong and flexible
theory of multidimensional integration of GSF on functionally compact
sets: the possibility to exchange hyperlimits and integration is an impor-
tant step in the proof of the Fourier inversion theorem Thm. 101.2; the
possibility to compute e-wise integrals on intervals is another feature used
in several theorems and a key step in defining integration of compactly
supported GSF.
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3. It can also be worth explicitly mentioning that the definition of HFT is
based on the classical formulas used only for rapidly decreasing smooth
functions and not on duality pairing. In our opinion, this is a strong
simplification that even more underscores the strict analogies between
ordinary smooth functions and GSF. All this in spite of the fact that the
ring of scalars “R is not a field and is not totally ordered.

4. Important differences with respect to the classical theory result from the
Riemann-Lebesgue Lem. 93 and the differentiation formula (6.5.1). In
the former case, we explained these differences as a general consequence
of integration by part formula, i.e. of the non-linear framework we are
working in, see Thm. 95. The compact support of the HFT 1 of Dirac’s
delta reveals to be very important in stating and proving the preservation
properties of HF'T, see Sec. 6.7. Surprisingly (the classical formula dates
back at least to 1822), in Sec. 6.8 we showed that the new differentiation
formula is very important to get out of the constrained world of tempered
solutions.

5. Finally, Example 103 of application of the uncertainty principle, further
suggests that the space "GC™ (K) may be a useful framework for quantum
mechanics, so as to have both GF and smooth ones in a space sharing
several properties with the classical L?(R™) (but which, on the other hand,
is a graded Hilbert space).
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Chapter 7

Fourier transform of rapidly
decreasing generalized
smooth functions.

7.1 Space of rapidly decreasing GSF

7.1.1 Definition, properties and examples

We introduce the space of rapidly decreasing generalized functions on ” R™. The
general idea of standard rapidly decreasing functions on R™ remains unchanged
on “R™ i.e., they are smooth, and all of their derivatives decay faster than the
reciprocal of any polynomial at infinity. More precisely, we give the following
definition:

Definition 114. Let X C ”ﬁli", Y C 'C". We say that f € "GS (X,Y) if and
only if

1. fe’GC(X,Y)
2. YVa € ”ﬂ? VB € N"3p;, (f) € R such that py (f) = maxzex |z 0P f (z)],
where "N¢ := {n €’N|n is ﬁnite}.
The space of all rapidly decreasing functions on ’R" denoted by ’GS (”ﬁ").

Remark 115. Note that n € ’N is finite if and only if
IN eN: |n| < N ie, Ve :ni(n). < N (7.1.1)
We now define the following

Definition 116. Let n € “N, then the image of nisIm (n) := {k € N|3J Co IVe € J : ni (n). =k}
Recall that J Cg I means a cofinal set; see e.g. [31] and [50] for more details.
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Remark 117. Note that we can have the following two cases:

1. Im(n) = 0, e.g. for n. — +oo as ¢ — 0T

2. Im (n) is an infinite set if 3(Jp,) oy VP € N : Jp, Co I, Upendp = I such
that Vp,g e N: p#qg= J,NJ;=0. Weset n. :=pife € J,.

Theorem 118. Letn € ’N, then the following are equivalent:
1. ne ﬂ[ﬁf.

2. 3M € NY% : M = max.<. ni(n)

o
Before proving this theorem we first prove the following result:

Lemma 119. Let x := (z.) : J — M C R, where J Co I, M s finite. Then
ImeM:{ecJz.=m} ol

Proof. Assume by contradiction that Vm € K : {e € J|z. = m} Zo I. There-
fore
e, €1: (0,em)N{e € Jz. =m}=0. (7.1.2)

We set that € := min,eps € > 0. Then (7.1.2) implies that Ve € (0,2) Ym €
M:e<e,=>eé¢{ecedzc=m}. Bt J Co I = Je € JN(0,8) and for
z. =: m we have e € {¢ € J|x. = m} which is a contradiction. O

We can now prove Thm. 118.

Proof. (1=2): We first prove that Im (n) is finite and non-empty. (7.1.1) implies
that,
IN eN: ¥Ye:ni(n), €{0,...N -1} = K. (7.1.3)

Using Lem. 119 with z. :=ni(n)_, we get 3k € K : {e € I'|ni(n), =k} Co I,
hence k € Im (n). Finally, Vk € Im (n) : 3J Co I Ve € J : ni(n), = k. From
(7.1.1) we have that Ve € J :in(n), = k € K i.e, Im(n) € K. We can hence
set that M := max{Im(n)} € N. We now prove that ¥’ : ni(n)_ € Im (n).
To prove this, we assume by contrdiction that 3L Co I Ve € L : ni(n), ¢
Im (n). From (7.1.3) and Lem. 119 with . := ni(n),, Ve € L : Jk € K :
{e € L |ni(n), =k} Co L yields that k£ € Im(n). But this is a contradiction
to e € L: ni(n), = k. Therefore 3eo Ve < g¢: ni(n), € Im (n). In particular,
Ve < e: mni(n), € Im(n). On the other hand, since ni (n), < M we have that
sup,<. ni(n), < M. But M € Im (n) implies that 3J Co I Ve € J : ni(n), =
M. For any arbitrary € € J<., M = ni(n). < sup,., ni (n), which proves our
claim above. -

(2=1): From 2 we have that, M € N, JgoVe < g9 : M = max{Im(n)},

ni(n), < max{Im(n)} = M. Hence n € ’Ng. O

From the previous proof, we also obtain the following:
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Corollary 120. Letn € ’Nf, then
1. Im(n) is finite and non-empty.
2. Ve : ni(n)_ € Im(n)
3. Set Jy, := {e € I|ni(n), =k}, Vk € Im(n) then Ji Co I, VkV'e : € €
Uke Im(n) Jk-

Note that 3 holds because we have that V¢ : ni(n). = k € Im (n) yields
€€ Jg.

The results above show that we can have Im (n) finite and non-empty even if
ne’N \ ”Dtlf. It can be easily proved that the maximum in Thm. 118 is unique.

Example 121. Trivially, the function f (z) = e~ is in "GS (*’ﬁ) but g (z) =
e~ 1l is not even a GSF because the absolute value is not a GSF. The generalized
smooth function h (z) = (1 + |x\4) _a, a > 0is not in "GS (”ﬁ) since it decays
only like the reciprocal of a fixed polynomial at infinity.

Not every rapidly decreasing GSF has rapidly decreasing derivatives like the
following example.

Example 122. Let f : "R — “R. Then the function f () :== e~ sin <e””2> is
rapidly decreasing but its derivative f’ (z) = —2ze~" sin 612)+2I6_z2 cos (ezz)
is asymptotically linearly increasing due to the second term.

Remark 123. If f; € "GS (”ﬁ”) and fo € 'GS (”ﬁm), then the function of n+m
variables f1 (z1,...,2n) f2 (Tn+1, Tnt2 - Tongm) € 'GS (”ﬂli”‘””). If f(z) €
'GS (”ﬁli) and P (z) is a polynomial of n-variables, then f (z) P (z) € "GS (”ﬁli”)
If o € “Ny, then §°f € "GS (”ﬂi")

7.2 Fourier transform of the rapidly decreasing
GSF

Definition 124. We define Fourier transform of n- dimensional rapidly de-
creasing GSF f € 7GS("R™,C"™) as follows:

F(f) (w):= / f(z)e ™ dx = / dzy ... / fzy...m,)e ™ da,, (7.2.1)
PR
where z = (21...2,) € 'R* and w = (wi...wy) € ’R™. Note that the
product x-w on “R™ as usual denotes the dot product:

n

Tw= Z (zjwj).

j=1
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In the sequel, we denote “GS("R™) := "GS(“R","C").

Theorem 125. Fourier transform of the rapidly decreasing GSF F maps"GS <"ﬁ§") —
'gs ("R) .

Proof. Let f € "GS <”ﬁl§") In order to show that F (f) € "GS <”ﬁ§") we need to
establish an upper bound for the function w®d° F (f) for each o € ”Dtl? , B eN”.

By Thm. 97.8 and 9 we have that

UL (1) () = 1101 [ 2025 (@) e da, (7.2.9)

PR™

To estimate, we set

MN,a,ﬁ = max
ze’Rn

(1 + |x|2)Nwaaff’ ,

-N
which is finite by Def. 114. Since the term (1 + \x|2) is integrable for N

sufficiently large, we can estimate (7.2.2) by

W OPF () (w) < My / b

N
2
i (14 12F%)

The right side is independent of the variable w, so this yields the required
estimate. Now, assume that f € ’GS (”ﬁ”) and set k := dp~'. Then

FN = [roeman= | [ 1@t
= [F (D) @] = (F () @)

This implies that F (f) =& (F*" (f)) = F¥" (f). Note that the last equality
comes from [31, Thm.31] . O

Theorem 126. FEvery compactly supported GSF is rapidly decreasing i.e., if
fergD (ﬂﬁn) then f € "GS (ﬂﬁn).
Proof. We need to show that

1. f€"GC®(X,Y)

2. Ya € ”N? V3 3pk (f) € "R such that py, (f) = max, g, MaX|q|y|g|<k |z 0P f (x)].

The first condition is satisfied by definition of the compactly supported GSF. For
the second condition, we assume that f € °GD (” ﬁ) and hence 9% f € *GD (” ﬁ),

where § is a multi-index. Then V33aVz € 'R : |z| < dp=* = 9°f (x) = 0.
Then py (f) < maXzE[idp—aydp—a]n mMax|a|+|8|<k |x0¢85f (x)‘ =0. O
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7.3 Properties and the inverse of the Fourier
transform of rapidly decreasing GSF and the
inversion theorem

First, we state the main properties of the Fourier transform of rapidly decreasing
GSF. Note that we do not prove these properties at this time, since the proofs
are similar to those of HFT (see Thm. 97).

Theorem 127. Let f,g €°GS (”ﬁ"), then

1. F(f+g9)=F(f)+F(g)
2. Let b € C, then F (bf) = bF (f).
3. F(f) =—1oFu(f).
4. Fr(=1of)=—1oFu(f).
5. F(tof)=toF(f), te’R"
Fs®f)=eOF(f), seR.
7. F(e#)f) = s@ F(f) for all s € "R™.
F(95f) (w) = iw; F () (w) -
9. g0:F () (w) = —iF (2 ) ().
10. F(f=g) =F (f) F(9)-
11. F(sog(x) (W) =F (g (L)) (W), for all invertible s € "Rsg.

S

Next, we consider the inverse Fourier sransform of rapidly decreasing GSF.
We prove that the inversion theorem, the Parseval’s relation and the Plancherel’s
identity. We define the inverse hyperfinite Fourier transform as follows:

Definition 128. Let f € "GS (ﬂhi"), then

Frw=(5) [reea 1)

for all z, w € "R". The operation (7.3.1) is called the inverse of the FT of
rapidly decreasing GSF f.
Note that
Cm)"FHf)=Fiu(=1lof) = —1oF(f), (7.3.2)

where recall that —1¢ denotes the reflection (—1¢ g) (z) := g(—x).
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In fact, we can prove that the inverse FT of the rapidly decreasing GSF
share the same properties as the hyperfinite Fourier transform does. In the next
theorem, we state the main properties of F'T of the rapidly decreasing GSF as
follows but we do not prove them all since the proof is similar to those in HFT
(see Thm.101).

Theorem 129. Let f, g, h € ’GS ("ﬁi”) we have

S F @) Fg)(2) dz = [ F(f) (w) g (w) dw.

~

2. FHUFN = f=F[F (]

3. (Parseval’s relation) (2m)" [ f () h(z) dz = [ F (f) (w) F (h) (w) dw.
4. (Plancherel’s identity) (2m)" [ |f (2)]* dz = [ |F (f) (w)]* dw.

5. [ f(2)g(x) du= [F(f)(x) F~*(9) (@)

Proof. 1 follows immediately from Def. 124 and the Fubini’s theorem. The
inversion theorem 2 has already proved (see Thm.101.2). To prove 3, we use
I with ¢ = F (h) and the fact that F (g) = h, which is a consequence of 127.
3 and 2. Plancherel’s identity 4 is a trivial consequence of 3. Finally 5 easily
follows from 1 and 2. O

7.4 Summary of the chapter 7

In this chapter, we have introduced a new space of rapidly decreasing GSF that
preserves a general idea of the classical space of rapidly decreasing functions on
R™ but extends it to “R™. We have defined a proper notion of Fourier transform
in this space and have proved that it preserves the most of the basic and main
properties of the standard FT of rapidly decreasing functions on R™. We have
further proved that the FT of rapidly decreasing GSF is a continuous mapping
from a space of rapidly decrasing GSF into itself. Moreover, we showed that the
space of compactly supported GSF *GD (—) is contained in the space of rapidly
decreasing GSF "GS (—) as a subspace and vice versa. We have also seen that the
usual properties of the classical FT can be extended in the framework of rapidly
decreasing GSF without any restrictions. This is one of the main advantages of
the concept of F'T of the rapidly decreasing GSF.
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