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Abstract

The notion of variable bandwidth stems from the observation that it makes sense in time-
frequency analysis to assign different local bandwidths to different segments of a signal.
However, the problem in defining such a concept lies in the fact that bandwidth is a
global property of a signal, and hence the idea of local bandwidth violates the uncertainty
principle. In an attempt to formalize this concept, several definitions of variable band-
width were presented by a number of mathematicians and engineers. In this thesis, we
adopt the definition of spaces of functions of variable bandwidth as spectral subspaces of a
Sturm-Liouville operator on the real line associated to a chosen bandwidth-parametrizing
function. In particular, we study such spaces associated to piecewise constant parametriz-
ing functions. As opposed to arbitrary parametrizing functions, with piecewise constant
functions we obtain an explicit formula for the fundamental set of solutions of the cor-
responding Sturm-Liouville eigenvalue problem. From this the spectral measure of the
operator can be derived, which in principle allows a direct evaluation of the reproducing
kernel of spectral subspaces. Furthermore, the computation of the reproducing kernel is
demonstrated in the case when the parametrizing function has two and three constant
components. Afterwards, necessary density conditions for sets of sampling and interpola-
tion and the reconstruction of functions of variable bandwidth are derived. The theory is
confirmed by numerical simulations. The reconstruction algorithms are based on frame
theory and regularization (since direct algorithms have stability problems). Notably,
functions of variable bandwidth are much better approximated within this model than by
classical bandlimited functions.






Zusammenfassung

Der Begriff der variablen Bandbreite beruht auf der Beobachtung, dafl man verschiedenen
Abschnitten eines Signals verschiedene Bandbreiten zuordnen kann. Das Problem dabei
ist jedoch, daBl Bandbreite eine globale Eigenschaft eines Signals ist und daher die Idee
einer lokalen Bandbreite das Unschérfeprinzip verletzt. Der Versuch, diesen Begriff zu
formalisieren, hat zu mehreren moéglichen Definitionen von variabler Bandbreite durch
Mathematiker und Ingenieure gefiithrt. In dieser Arbeit beniitzen wir als Definition von
Réaumen variabler Bandbreite die spektralen Teilrdume eines Sturm-Liouville-Operators
auf der reellen Achse beziiglich einer geeigneten Parametrisierungsfunktion. Insbesondere
untersuchen wir solche Rdume, die einer stiickweise konstanten Parametrisierungsfunkti-
on zugeordnet sind. Im Gegensatz zu beliebigen Parametrisierungsfunktionen erhélt man
fiir stiickweise konstante Funktionen explizite Formeln fiir die Fundamentallésungen des
entsprechenden Sturm-Liouville-Problems. Daraus 148t sich das Spektralmafl des Opera-
tors ableiten, was im Prinzip eine direkte Auswertung des reproduzierenden Kerns der
spektralen Teilrdume erlaubt. Im weiteren wird gezeigt, wie der reproduzierende Kern im
Fall von zwei und drei konstanten Komponenten der Parametrisierungsfunktion berechnet
wird. Danach werden notwendige Dichtebedingungen fiir Abtast- und Interpolationsmen-
gen und die Rekonstruktion von Funktionen variabler Bandbreite abgeleitet. Die Theorie
wird durch numerische Simulationen bestétigt. Die Rekonstruktionsalgorithmen basieren
auf Frame-Theorie und Regularisierung (da die direkten Algorithmen Stabilitdtsprobleme
haben). Insbesondere werden Funktionen variabler Bandbreite innerhalb dieses Models
viel besser approximiert als durch klassische bandbegrenzte Funktionen.
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1. Introduction

1.1. Motivation

The recovery of a continuous-time signal f from its samples {f(z,)}nez is one of the
central problems in signal processing. Without additional assumptions, this problem is
ill-posed. For w-bandlimited signals, i.e., signals whose Fourier transform

FFE) = () = / F(tye it dt

vanishes outside the interval [—w,w], perfect reconstruction is possible. Indeed, the uni-
form sampling theorem (see [49]) stipulates that w-bandlimited signals can be perfectly
recovered from its uniformly spaced samples { f (’2}—”)} An explicit reconstruction is
given by the interpolation formula

f(z) = Zf <7Z)—7r) sinc(wx — nm) = Zf (%) M, reR

=~ (wx — nm)

nez’

which converges absolutely in L?(R). This means that by taking sufficiently many uni-
form samples, any continuous-time bandlimited signal can be encoded as a discrete-time
signal without loss of information. These w-bandlimited functions form the so-called
Paley-Wiener spaces PW,,(R) and have been extensively studied due to its wide range of
applications in various fields such as audio and image processing [36, 71, 74, 84], telecom-
munications [17, 51], medical and geophysical imaging [21, 58], etc.

An efficient sampling method is one that captures the essential features of a signal using
a minimal number of samples. Furthermore, reconstruction algorithms should yield an
output that is a faithful representation of these information. If a signal, particularly the
non-bandlimited ones, consists of several bursts or pulses of varying duration, intensity and
frequency, then uniform sampling and reconstruction methods may not be effective. Thus,
it may be helpful to use alternative sampling strategies that make good use of additional
information on the signal and develop reconstruction algorithms that use functions that
share some of the signal’s distinctive features.

Techniques in classical Fourier analysis are best suited for time-stationary signals, i.e.,
those whose range of frequencies, commonly known as its spectrum, does not change over
time. For time-varying signals, techniques in time-frequency analysis are often used to
depict a two-dimensional description that encodes temporal and spectral information of
the given signal. One such description is the short-time Fourier transform V, f of f with
respect to a fixed nonzero function g # 0, called a window, given by

V,f(2.€) = /R FOE D€ dr, .6 € R.

13



1. Introduction

If ¢ is smooth, symmetric at the origin, and has compact support, then V, f(x,-) is the
Fourier transform of a smoothly tapered segment of f on a neighborhood of x and can
be interpreted as the “local frequency content” of f around z. We can also form time-
frequency representations of the signal from discrete samples of V, f using the theory of
Gabor frames (see [22, 38] for a thorough discussion) and use them either as intermediate
reconstructions of f or to derive from f other signals with certain desirable properties.

With information provided by time-frequency analytic methods it makes sense to assign
“local bandwidths” to different segments of a signal. Signals with different local band-
widths are called functions of variable bandwidth, while bandlimited functions may also
be called functions of constant bandwidth. Such functions may be sampled according to
local bandwidth, i.e., high sampling rates on segments with large local bandwidths, low
sampling rates on segments with small local bandwidths. With sufficiently many of these
samples we may be able to perfectly recover the signal using reconstruction algorithms
similar to those in [37].

Unfortunately, this intuitive approach of assigning local bandwidths violates the un-
certainty principle (see [27]), which says that a nonzero signal cannot be simultaneously
concentrated in time and frequency. This is exactly the same issue that we encounter in an
attempt to define “instantaneous bandwidth” in time-frequency analysis (see [24, 67, 73]
for further reading). It is now our task to find a satisfactory definition of variable band-
width and exhibit concrete examples of functions of variable bandwidth. We also investi-
gate some of its properties and prove relevant results that are comparable to fundamental
results in Paley-Wiener spaces. Finally, we develop methods of sampling and reconstruc-
tion of functions of variable bandwidth.

1.2. Defining variable bandwidth

We are now confronted with the question: what exactly is local or variable bandwidth?
Several approaches to define this concept already exist in the literature.

(7) In [78], D. Wei and A.V. Oppenheim intuitively defined local bandwidth as the rate
at which a signal varies locally. Two potential models for local bandwidth were
proposed. The first is to consider locally bandlimited signals as being generated by
a linear time-varying filter with additional properties. The second is based on the
notion of time-warping (applying an invertible transformation on time) of bandlim-
ited signals. Methods of sampling and reconstruction of signals according to local
bandwidth are then developed. This is closely related to the work of [23] as well as
other related papers [19, 43, 49, 64, 86] tackling problems related to time-varying
systems.

(17) The papers [2, 3] of R. Aceska and H.G. Feichtinger define the space of functions of
variable bandwidth as a weighted modulation space defined by a so-called variable
bandwidth weight.

(77i) The recent work [56] of R.T.W. Martin and A. Kempf generalizes the uniform sam-

pling theory using self-adjoint extensions of regular simple symmetric operators with
deficiency indices (1,1). Using techniques in spectral theory they were able to for-

14



1.2. Defining variable bandwidth

mulate a notion of time-varying bandwidth and subsequently construct the so-called
local bandlimit spaces whose properties resemble those of Paley-Wiener spaces.

In this thesis, we consider another definition of variable bandwidth proposed by K. Grochenig
and A. Klotz in their paper [39]. This definition can be seen in the context of I. Pesenson
and A.l. Zayed’s work on abstract Paley-Wiener spaces [45, 66]. The idea is based on
the fact that the L?(R)-Fourier transform JF unitarily diagonalizes the differential opera-
tor —D?2. More precisely, it is known from the spectral theory of self-adjoint unbounded
operators that in some dense subspace of D of L?(R), the equation

—FD*F () =& f(§), [€D (1.2.1)

holds. By restricting the multiplier £2 in (1.2.1) so that 0 < £ < w?, we get an orthogonal
projection P, onto the spectral subspace

Ep.2 = {¢ € L*(R) : supp(p) C [~w,w]}

corresponding to the spectral set [0, w?], i.e., P, is essentially multiplication by the charac-
teristic function x|_, . The orthogonal projection onto the Paley-Wiener space PW,,(R)
is therefore described by the operator f — (F'P,F)f, and

PW,(R) = F 'P,F(L*(R)).

The transition to variable bandwidth spaces starts by replacing —D? by an elliptic dif-
ferential operator 7, of the form 7, = —D(pD), where p > 0 is the so-called bandwidth-
parametrizing function. As an unbounded operator, we take an appropriate dense sub-
space D(7,) of L?*(R) so that 7, has a self-adjoint realization A,. Consequently, we can
find a unitary operator F4,, referred to as the spectral Fourier transform in [45, 66], that
unitarily diagonalizes A,, i.e.,

—Fal ApFa,g(N) = Ag(A), g € D(7).

In the same spirit, the Paley-Wiener space PW,(A,) with respect to A, and spectral set
A C R{ is given by
PWa(Ay) = Fu PaFa,(L*(R)),

where Py is the orthogonal projection onto the spectral subspace Ej (so that A € A)
consisting of functions in L?(R) whose support is contained in A. This is the proposed
definition of a space of functions of variable bandwidth. We refer the reader to Section
2.2 for a guided discussion of the relevant spectral theory and Chapter 3 on the complete
derivation of the Paley-Wiener space PW,(A4,).

It turns out that this definition and the resulting theory capture three key features
inherent to bandlimited functions in the form of sampling theorems, necessary density
conditions, particularly on the existence of a critical density, and analyticity similar to
the Paley-Wiener theorem [39]. A detailed comparison of all the existing notions of
variable bandwidth is given in [39, Sec. 1.2].

15



1. Introduction

1.3. Piecewise constant parametrizing functions

The ultimate goal of studying spaces of functions of variable bandwidth is to show that
numerical signal reconstruction can be performed in these spaces. A sampling inequality
based on local bandwidth was proved in [39, Thm. 5.2] and sufficient conditions for a set
to yield stable reconstructions were identified. Among these conditions is the maximum
gap condition

0 = sup Tt T <
JEZ infxe[xj,:fcjﬂ] V p(a:) Qe
on a set X which highlights the role of the parametrizing function p in variable bandwidth
sampling. Consequently, we can formulate a number of algorithms (see e.g. [37]) on the
recovery of a function of variable bandwidth given only its non-uniform point samples.

It was noted in [39, Sec. 8] that prior knowledge of the reproducing kernel k, of
PW\(A,) is necessary to perform numerical reconstructions. For arbitrary parametrizing
functions p, finding an explicit formula for k, seems impossible. Nevertheless, it was
demonstrated in [39, Sec. 4] that for A = [0, 2] and

p—, x <0,
p(z) = { p—,py >0,
P+, x>0,

A C[0,9]

an explicit formula for ks can be derived. This gives us a hint that the computability
of the reproducing kernel may be possible for any piecewise constant p. If this is indeed
the case, then sampling and reconstruction is numerically feasible. It is for this reason
that we focus our attention to spaces of functions of variable bandwidth parametrized by
piecewise constant functions.

1.4. Main results and overview

This dissertation is a systematic study of the space of functions of variable bandwidth
parametrized by a piecewise constant function. We demonstrate how such spaces can be
constructed by identifying its reproducing kernel, prove a number of interesting proper-
ties, and compare theoretical results to known ones in Paley-Wiener spaces of constant
bandwidth. We then present a regularized reconstruction method for functions of variable
bandwidth and use it to perform a number of numerical simulations.

The thesis is structured as follows:

Chapter 2 is a review of the theory of unbounded operators with focus on the operator-
theoretic aspects of Sturm-Liouville differential equations. We study self-adjoint realiza-
tions of Sturm-Liouville operators and derive some of their fundamental properties. We
state the spectral representation theorem for Sturm-Liouville operators where the spectral
transform, the spectral matrix measure, and the spectral projection are introduced. We
then demonstrate that the Paley-Wiener space of bandlimited functions can be expressed
as the range of a spectral projection. This observation motivates the definition of variable
bandwidth in the next chapter.

Chapter 3 is a collection of some results from [39] on the general properties of Paley-
Wiener spaces of variable bandwidth functions. We mention relevant facts about repro-
ducing kernel Hilbert spaces and give a brief overview of necessary density conditions for
sampling and interpolation as well as non-uniform sampling in PW,(A,).

16



1.4. Main results and overview

Chapter 4 is an extensive study of the fundamental aspects of functions of variable
bandwidth parametrized by piecewise constant function. We prove several new results
and draw a number of observations regarding the computability of important quantities.

e Section 4.1 gives a precise definition of the piecewise constant parametrizing function
used in this thesis. We also prove some properties of the self-adjoint realization A,
of 7, for such a choice of p.

e In Section 4.2, we show that for a piecewise constant p, the fundamental solutions
P(z,-) = (PH(z,:), P (2,-)) of (1, —2)f = 0,2 € C\ (—00,0] are completely de-
termined by A and p. Theorem 4.2.2 presents an iterative, matrix-based procedure
that solves the given differential equation locally on intervals [ determined by the
transition points (knots) of p. An explicit form of ® is obtained by computing
the “connection coefficients” af,bf that continuously piece together all the local
solutions of (7, — z)f = 0 based on some continuity conditions. This direct com-
putability of ® is what makes piecewise constant functions a suitable choice for a
parametrizing function.

e In Section 4.3, we prove a number of identities relating the quantities aki, bf using
Wronskian determinants on each [;. Together with methods on the spectral theory
of Sturm-Liouville operators, these identities are used to prove an important result,
Theorem 4.3.3, that gives an explicit form of the spectral matrix measure du for
A,. Such a result is a consequence of having explicit formulas for ®, and it further
justifies our point of choosing piecewise constant parametrizing functions.

e In Section 4.4, we discuss the computability of the reproducing kernel ky of PW,(A,)
for piecewise constant p. By the computability of both ® and du, we show in
Theorem 4.4.1 that £y can be expressed as an integral whose integrand is completely
determined by A and p. Previous results indicate that calculability of evaluations of
kx at any point is equivalent to the computability of an oscillatory parameter integral
J(s) for any s € R. We then study elementary properties of J and enumerate
quadrature methods as well as numerical routines in MATLAB and Mathematica
that are useful in computing J(s) numerically. Issues on the accuracy of such
numerical methods are then identified.

Chapter 5 demonstrates the computability of £y when p has two or three piecewise
constant components. First, the necessary quantities are directly computed using Theo-
rems 4.2.2 and 4.3.3. Then, we show that J can be evaluated at any point using (7) an
explicit formula when p has two piecewise components, and (i¢) an infinite series (in
terms of the cardinal sine functions) with geometric convergence when p has three piece-
wise components. Unlike the numerical methods mentioned in Chapter 4, in both cases
we have an accurate and robust numerical evaluation of J, hence k,, at any point.

e In Section 5.1, we consider the so-called toy example (two-component piecewise
constant p, knot at 0) from [39, Sec. 4] and reproduce their computation of k, in
Theorem 5.1.1.

e In Section 5.2, we perform the same procedure to compute ky when p is a three-
component piecewise constant function whose knots are symmetric at the origin.

17



1. Introduction

Here, we illustrate the sudden increase in difficulty when the number of piecewise
parameters of p is increased. In Theorem 5.2.3, we express J as a series expansion
involving cardinal sine functions. We also show that for any s € R, the partial sums
Ju(s), M € N of this expansion converge to J(s) at a geometric rate. We then use
this expansion to express the nine piecewise components of kj in Theorem 5.2.5. We
also show that degenerate forms of the resulting kernel are precisely the translates
of the reproducing kernel in Section 5.1.

Chapter 6 is a discussion on the necessary density conditions for sampling and in-

terpolation in PW,(A,). We show that the natural assumptions on the geometry (i.e.,
continuity of metric, finiteness and non-degeneracy of balls, and weak annular decay) as
well as the reproducing kernel (i.e., boundedness of diagonal, weak localization and ho-
mogeneous approximation properties) needed to apply the main result in [31] are indeed
satisfied by PW(A,) with piecewise constant p. We also mention that in contrast to [39)],
our contributions do not require scattering theory to derive asymptotic estimates of the
reproducing kernel.

e In Section 6.2, we prove in Lemma 6.2.1 that the measure p,, generated by a piece-

wise constant p is equivalent to the Lebesgue measure, implying that the geometric
assumptions are automatically satisfied.

In Section 6.3, we prove that k, satisfies the required kernel assumptions. First,
we show in Theorem 6.3.2 that kjy has bounded diagonal. Next, Theorem 6.3.4
allows us to estimate averaged traces tr* in terms of the averaged integral of the
diagonal, and in turn yields an exact value of the critical density. Then, Lemma
6.3.5 states that for spectral sets that are compact intervals, kj exhibits off-diagonal
decay. Consequently, we prove the weak localization (Lemma 6.3.6) and homoge-
neous approximation (Lemma 6.3.8) for spectral sets that are compact intervals. A
more general version of these properties are proved in Appendix C. In order to use
the results in [31], Proposition 6.3.1 translates the above properties of ky to the
reproducing kernel of the correct space.

In Section 6.4, we summarize our results and finally prove the density theorem in
PWy(A,) in Theorem 6.4.1.

Chapter 7 is concerned with the numerical aspects of sampling and reconstruction of

function of variable bandwidth as well as the numerical implementation of reconstruction
algorithms.

18

e In Section 7.1, we follow the discussion in [4, 5] and present frame-theoretic results

on the numerical approximation of a function in some reproducing kernel Hilbert
space. Given only point samples of a function we introduce a finite-dimensional
regularized reconstruction method that is based on least squares approximation
combined with truncation of singular values of finite sections of the Gramian. We
also have a note on choosing an appropriate tolerance value for the regularization
procedure.

In Section 7.2, we generate sets of stable sampling that will be used in the forth-
coming simulations. We mainly use uniform samples as well as perturbations of



1.4. Main results and overview

uniform samples in our experiments. We also have an algorithm that generates a
set of stable sampling that has uniform Beurling density and has almost uniform
sampling on local intervals.

e In Section 7.3, we perform a number of simulations to test our theoretical results as
well as to investigate from a numerical perspective a number of relevant problems in
variable bandwidth. We restrict our experiments to the two- and three-component
piecewise functions as we already have necessary quantities in Chapter 5 at our
disposal. Our main point is to demonstrate that for functions where local bandwidth
is present, approximation by functions of variable bandwidth performs better than
approximation by bandlimited functions. We also take a look at how the quality of
reconstruction is influenced by the parametrizing function as well as the density of
sampling sets.

The Appendix contains calculations, theoretical results, as well as MATLAB codes and
plots that serve as supplementary material to Chapters 5, 6, and 7, respectively.

e In Appendix A we collect some of the important routines used in the numerical sim-
ulations in Chapter 7 as well as plots showing the performance of the reconstruction
as the piecewise parametrizing function varies.

e In Appendix B we show using complex analytic methods that for a special case
of a three-component piecewise p, J can be expressed as a piecewise function that
involves special functions. Such a formula serves as an alternative to a special case
of Theorem 5.2.3 where we have an infinite series expansion to compute J(s) for
any s € R up to desired accuracy.

e In Appendix C we present rather lengthy proofs of the weak localization and ho-
mogeneous approximation properties of the reproducing kernel of ky, when A is a
bounded Borel set. These results are used in Theorem 6.4.1 as it allows us to extend
the theorem to bounded spectral sets. The proofs are almost identical to the ones
given in [39, Sec. 7] but with some adjustments.
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2. Preliminaries

We have seen from Section 1.2 that the Paley-Wiener space PW,(R) of w-bandlimited
functions is the range of an orthogonal projection defined using the Fourier transform
operator F. Moreover, F unitarily diagonalizes —D?, i.e., equation (1.2.1) holds on some
dense subspace of L?*(R). This idea can be extended to differential operators —D(pD)
for some positive function p. Our goal is to find an operator which unitarily diagonalizes
—D(pD) and use it to construct an orthogonal projection whose range is then called a
Paley-Wiener space of variable bandwidth functions. The spectral theory of self-adjoint
Sturm-Liouville operators naturally comes as our main tool to solve the given problem.

In this chapter, we provide the necessary notation, definitions and some results that
we shall use throughout the dissertation. These can be found in standard references on
reproducing kernel Hilbert spaces, Fourier analysis, time-frequency analysis and frame
theory (e.g. [10, 22, 38, 42, 75]), and on functional analysis with topics on unbounded
operators (e.g. [20, 28, 59, 65, 68, 69, 77, 79, 81]), specifically on Sturm-Liouville operators
(e.g. [50, 80, 82]). General results on the spectral theory of self-adjoint Sturm-Liouville
operators are stated in the context of the operator —D(pD). In particular, we apply the
spectral representation theorem for self-adjoint Sturm-Liouville operators to a self-adjoint
operator associated to —D(pD) to derive the sought-after unitary operator. With this
unitary operator we can precisely define the Paley-Wiener space of variable bandwidth
functions corresponding to a choice of p.

The reader is assumed to be familiar with linear operators in Hilbert spaces, elementary
differential equations, and complex analysis. Most proofs will be omitted and we refer
the reader to the above references and cited literature for a detailed discussion.

We denote by H a Hilbert space with the inner product (-,-)3; and norm || - || (or
just (-, ), || - || if H is clear from the context). We assume that  is separable, and the
inner product is linear in the first argument and conjugate linear in the second. Unless
otherwise stated, operators between Hilbert spaces are assumed to be linear.

The following notations for known function spaces will be used throughout the manuscript.

(1) For 1 <r < oo and E a Lebesgue measurable set, the space L"(FE) is the collection
of (equivalence classes of) Lebesgue measurable functions f : E — C for which the

norm
Hf”r = </E |f<x)|T d:l:) , 1<r<oo

esssup | f(z)], r =00
el

is finite. We denote by xg the characteristic function of £ and |E| = ||xg|1 the
Lebesgue measure of E.

(77) For 1 <r < oo, and X a non-empty set, the space ¢"(X) is the set of all complex-
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2. Preliminaries

valued sequences s = {s(z)}rex for which the norm (by abuse of notation)

1
<Z |s(:1c)|7"> , 1<r<oo
Isll- = 4 \sex
esssup |s(z)], r = 00
zeX

is finite.

p
loc

(737) The set of all locally p-integrable functions, denoted L] (FE), is given by

LP

loc

(E)={f: E — Cmeasurable : f|, € LP(K) VK C E, K compact}.

(iv) Let (a,b) € R be an open interval. A function f : (a,b) — C is said to be abso-
lutely continuous on (a,b) if there exists another function g € L}, (a,b) (uniquely
determined a.e.) such that the fundamental theorem of calculus holds, i.e., there

exists ¢ € (a,b) such that

for a.e. © € (a,b). We refer to g as the (weak) derivative of f, and we write g =
Df = f', with D as the differentiation operator. The vector space of absolutely
continuous functions on (a, b) is denoted by AC(a,b). For a compact interval [a, b],

ACla,b) = {f € AC(a,b) : ' € L'(a,b)}.

(v) The set of locally absolutely continuous functions on R, denoted AC),.(R), is the
collection

AC(R)={f:R— C: f € AC|c,d] for all [¢,d] C R}.

2.1. Review of unbounded operators

We briefly review some notations and terminologies on unbounded operators. We follow
parts of the discussion in [20, Chap. 6]. An (unbounded) operator in a Hilbert space H
is a pair (A, D(A)), where the domain D(A) C H is a linear subspace and A : D(A) — H
is a linear map. For convenience, we may use the shorthand notation A to mean (A, D(A))
but with the constant reminder that a domain D(A) is always implicitly meant to be
defined alongside A. An operator A is densely defined if D(A) is dense in H. We also
say that A is closed if its graph

graph(A) = {(z, Ax) : x € D(A)}

is a closed linear subspace of H x H with respect to the product topology. An operator
(As, D(Ay)) is an extension of (A;, D(Ay)) if

D(Al) C D(Ag) and A1I = AQ.I for all x c D(Al)
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2.1. Review of unbounded operators

Put in another perspective, we say that A; is the restriction of the map A : D(A2) — H
onto D(A;). We use the notation A; C Ay to denote such relation. The operators A; and
Ay are equal if Ay C Ay and Ay C Ay, and we denote this equality by A; = As.
Perhaps the most important concept that will be used here is the adjoint of an operator.
Let A be a densely defined operator on H. The adjoint operator (A*, D(A*)) (or simply
A*) of A, where D(A*) C H, A* : D(A*) — H, is defined as follows. The domain D(A*)

is the linear subspace
D(A*) = {y € H : there exists ¢ > 0 such that |(y, Az)| < c||z|| for all x € D(A)},

and for y € D(A*), A*y € H is the unique element! of H for which

(A%, x) = (y, Ax)
for all x € D(A). For adjoints of extensions, it can be shown that if A; C A, then
A5 C A7
We also consider classes of unbounded operators defined using the adjoint. A densely

defined operator A on #H is called symmetric (or Hermitian) if A C A*. This is
equivalent to saying that

(Ay, ) = (y, Az)

for all z,y € D(A). Further classification of symmetric operators is as follows. We say
that a symmetric operator A is

(1) positive if (Az,z) > 0 for all z € D(A),
(77) self-adjoint if A = A*

Next, we define resolvents and spectrum for closed unbounded operators. Let A be a
closed operator on H. The resolvent set p(A) C C of A is given by

p(A) ={z € C: A — z is bijective and (A4 — 2)' is bounded}.

By A—z we mean A—z-idy : D(A) — H, where idy(u) = u for all u € H. For z € p(A),
we call R,(A) = (A — 2)~! the resolvent of A at z. The complement (A) = C \ p(A)
of the resolvent set p(A) in C is called the spectrum of A. Elements of the spectrum
include (if it has any) the eigenvalues of A, i.e., A € 0(A) is an eigenvalue of A if there
exists a nonzero f € D(A) such that Af = \f. We list the following relevant facts.

(1) The resolvent set p(A) is an open subset of C, hence the spectrum o(A) is a closed
subset of C [79, Thm. 5.14].

(7i) Self-adjoint operators are maximal in the sense that they do not have any proper
self-adjoint extensions.

(i73) If A is self-adjoint, then o(A) C R [79, Thm. 5.23].

!This means that A* is well-defined and is a consequence of D(A) being dense and the Riesz repre-
sentation theorem.
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2. Preliminaries

(iv) A self-adjoint operator A is positive if and only if (A) C [0, 00) [59, Thm. 10.38a].

Example 2.1.1. Let (X, £, ) be a measure space and g : X — C a measurable function.
The (maximal) multiplication operator (M,, D(M,)) is defined as

D(M,) = {p € L*(X,p) : gp € L*(X, )},
Myp = gp, € D(M,).

It follows that M = Mg. In particular, M, is self-adjoint if and only if g is real-valued
a.e., and for a self-adjoint My, the spectrum is

o(My) ={x €R:u(g'((x —e,x +¢€))) > 0 for all e > 0}.
For additional facts on multiplication operators, see e.g. [65, Sec. 5.1]. A

The main fact about unbounded self-adjoint operators is the spectral theorem. This
result can be seen as the generalization of the well-known unitary diagonalizability of
Hermitian matrices [44, Thm. 2.5.6]. Several formulations of the spectral theorem exist in
the literature, see for instance the versions found in [69, Sec. VIII]. One of the statements
assert that self-adjoint operators are unitarily equivalent to a multiplication operator. We
state a more precise statement of this result [81, Thm. 8.17].

Theorem 2.1.2. Let (A, D(A)) be a self-adjoint operator in a separable Hilbert space H.
Then there exists a o-finite measure space (X,E, 1), a p-measurable function g : X — R,
and a unitary map U : H — L*(X, u) such that UAU ' = M,.

We now see that self-adjoint operators associated to the operator —D? lead to the
motivating observation (1.2.1). Since the procedure in defining Paley-Wiener spaces of
variable bandwidth functions involves a transition from —D? to —D(pD), it would be
useful if we can get more information on the unitary map U corresponding to —D(pD).
Fortunately, there is the so-called spectral representation theorem for self-adjoint opera-
tors. This spectral representation takes the multiplier g of M, to be the identity function
in a certain Lebesgue space of square-integrable functions. We introduce this concept
given in [81, Sec. 8.1]. Let A be a self-adjoint operator in H. A unitary operator

U:H—@PLR, ) = {(fj)jeJ e [T L2R,duy) - Y Nfil3e@p) < OO}
jed jed jed
with J an at most countably infinite index set and {y;},c; a family of Borel measures on
R is called a spectral representation of A if UAU~! = My, where id is the identity
function in P, L*(R, uij). We call U an ordered spectral representation of A if
additionally, p;4; is absolutely continuous? with respect to p; for all j € J.
We end this section by stating the following important result [81, Thm. 8.16].

Theorem 2.1.3 (Spectral representation theorem). Every self-adjoint operator A in a
separable Hilbert space has an (ordered) spectral representation U of A.

For self-adjoint operators associated to differential operators, there is a straightforward
method to derive the corresponding spectral representation. This will be tackled in the
next section.

2Given two measures y and v on a measure space (X,E), we say u is absolutely continuous with
respect to v, denoted u < v, if u(E) = 0 for every measurable set F € & satisfying v(E) = 0.
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2.2. Spectral theory of some self-adjoint Sturm-Liouville operators

2.2. Spectral theory of some self-adjoint Sturm-Liouville
operators

We now discuss relevant aspects of the spectral theory of self-adjoint Sturm-Liouville
operators. Our main references are [28, 77, 80, 82]. The formal® second-order differential
operator

(rf)(x) = =(pf)(z) + q(z) f(2)
defined for a.e. z € (a,b) C R and some real-valued functions p and ¢ on (a,b) is called

a (formal) Sturm-Liouville operator. Throughout the manuscript we only consider
Sturm-Liouville operators on (a,b) = R of the form

(/) (x) = =(pf") (),

where p > 0 a.e. and }D € L} (R). We also have for a.e. z € R and z € C the Sturm-

loc
Liouville equation corresponding to 7, given by

(@) = 2/ (@), (221)

which we write as (1, — 2)f = 0 on R.

With regularity conditions on p, (e.g. p,p’ € ACj,(R)), a Sturm-Liouville operator may
be transformed into a corresponding Schrodinger operator 7,u = —u” +qu for some g. Op-
erators generated by 7, admit properties similar to those of 7, via unitary transformation
(see some of the relevant properties in [39, Lem. 6.7]).

In the present work, we stick to 7, since we will later consider a p where such a trans-
formation cannot be applied. This distinguishes part of our work from [39]. It is for
this reason that we state applications of general results for Sturm-Liouville operators
exclusively to operators 7,.

Functions that satisfy (2.2.1) play a crucial role in determining spectral representations
of self-adjoint Sturm-Liouville operators. Let z € C. A solution of (7,—z)f =0onRis a
function ¢ such that ¢, p¢’ € AC),.(R) and satisfies (7, — z)¢ = 0 a.e. For Sturm-Liouville
initial value problems, we have the classical result on the existence and uniqueness of
solutions [82, Cor. 13.3]. See also [77, Thm. 9.1], where an additional conclusion that the
solutions are entire in z is added. The standard procedure in solving the homogeneous
equation (7, — z)f = 0 analytically is as follows. Since 7, is a differential expression of
order two, the set of solutions of (1, — 2)f = 0, z € C fixed, forms a two-dimensional
complex vector space of complex-valued functions. Among the solutions, we select two
solutions u, and v, of (1, —2) f = 0 such that the (modified) Wronskian determinant

u, () v, () , ,
Welu,,v,) = = u,(x)(pv,)(z) — v.(x)(pu,)(x 2.2.2
is nonzero for some x € R. This is a necessary and sufficient condition for u, and v, to

be linearly independent [77, Thm. 9.1], [80, Thm. 5.1]. With these linearly independent
solutions the general solution y, of (1, — z) f = 0 takes the form

Y. () = cqu,(x) + cov,(z) for a.e. x € R,

where ¢1, ¢y € C can be chosen arbitrarily.

3In the sense that we have not specified a dense domain on which the operator is well-defined and
square-integrable.
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Remark 2.2.1. The Wronskian determinant of solutions of (2.2.1) is independent of x.
Indeed, let z € C be fixed. If u, and v, are solutions of (7, — 2)f = 0, differentiating
W, (u,,v,) with respect to x yields

e Wz, v2) = us () (pvl)' () — va(2) (pul)' () = 0

for a.e. z € R. This means that for a fixed z € C, W, (u,,v,) is constant in z. Hence, we
may drop the variable x and simply write W, (u,,v,) as W (u,,v,).

For z € C, any set {u,,v,} of solutions of (7, — z)f = 0 for which W,(u,,v,) # 0
for some (hence for all by Remark 2.2.1) z € R is called a fundamental system (or
fundamental set of solutions) of (7, — z)f = 0. In later discussions we conveniently
denote a fundamental system {u,,v,} by an ordered pair (u,,v,). Most of the results
stated later will assume that we have a fundamental system with continuous or analytic
dependence in z.

We now go to relevant operator-theoretic aspects of Sturm-Liouville theory. To a given
7, corresponds the maximal operator (A,,D(A,)) given by

D(A,) ={f € L*(R) : f,pf € ACic(R) and 7,f € L*(R)},
A f=1f, feD(A4,).

It was proved in [80, Thm. 3.7] that A, is densely defined. We can think of the maximal
operator A, of 7, as essentially the same 7, defined on the largest subset of L*(R) for
which 7,f is well-defined and whose range is contained in L?(R).

In the succeeding discussions, we seck self-adjoint operators associated to 7,. These
operators are called self-adjoint realizations of 7, and are restrictions of the maximal
operator onto dense subspaces of D(A,). See [80, Chap. 3] for an in-depth discussion.
In particular, we investigate conditions for which the maximal operator A, of 7, is self-
adjoint, i.e., A, is the unique self-adjoint realization of 7,. To this end, we introduce
the following notions [82, Sec. 13.3], cf. [77, Sec. 9]. A Lebesgue measurable function
f : R — C lies right in L*(R) if f € L?(c,00) for some ¢ € R. Correspondingly,
we say [ lies left in L*(R) if f € L?*(—o0,c) for some ¢ € R. An application of [80,
Thm. 5.6], [82, Thm. 13.18] characterizes 7, in terms of the behavior of the solutions of
(1, —2)f =0,z € C near oo

Theorem 2.2.2 (Weyl alternative). Given the formal Sturm-Liouville operator 7,, exactly
one of the following must hold:

(i) for every z € C, all solutions ¢, of (1, — z)f = 0 lie right in L*(R), or

(17) for every z € C, there exists at least one solution ¢, of (1, — z)f = 0 which does
not lie right in L*(R). In this case, we have that for every z € C\ R, there exists
a unique (up to a constant factor) solution ¢, of (1, — z)f = 0 which lies right in
L*(R).

The same result holds for “lies left in L*(R)”.

We can now use the following terminologies, first introduced by H. Weyl in his paper
[83]. We say that 7, is in the limit circle case at oo if (i) of the Weyl alternative holds.
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2.2. Spectral theory of some self-adjoint Sturm-Liouville operators

Otherwise, if (ii) holds, 7, is in the limit point case at co. The limit circle and limit point
cases at —oo are defined analogously. The notions of limit circle and limit point at the
endpoints allow us to classify 7, in terms of its admissible self-adjoint realizations. In this
thesis, only Sturm-Liouville operators in the limit point case at +0o will be considered.
For this particular case, we have the following theorem [82, Thm. 13.21(a)] applied to 7.

Theorem 2.2.3. If 7, is in the limit point case at £oo, then A, is the only self-adjoint
realization of T,.

While it certainly is not straightforward to determine whether 7, is in the limit circle
or limit point case at an endpoint, we can use the so-called limit point-limit circle
criteria that enumerates sufficient conditions for which 7, is in the limit circle or limit
point at an endpoint [82, Sec. 13.4]. For our purpose, we appeal to [82, Thm. 13.24,
Cor. 13.25] applied to 7, as well as Theorem 2.2.3 to derive the following criterion.

Theorem 2.2.4. Let p be a function such that p > 0 a.e. and % € L. .(R). Define for

loc
x € R the function
71
g(x :/ ——dt.
D=, o

If g € L*(0,00) and g € L*(—00,0), then 7, is in the limit point case at +oo. Conse-
quently, A, 1is self-adjoint.

For instance, if p > 0 a.e. and is eventually constant (referred to as the model case in

39)), ie.,

p—, < _R7
p(z) = { (2.2.3)
Pty T > R

for some p*,p~, R > 0, then 7, is in the limit point case at +oo. Indeed, we know from
the local integrability of % that for x > R,

1 R R
g(z) = —(x +¢), c:/ ——dt — — € R.
() p+( ) 0 p(t) P+

Consequently, g & L?(0, c0) since

(oo} 1 oo
/ ]g(x)\zde—Q/ (z +¢)? dz = oo,
0 by JR

A similar proof can be done to prove the other non-membership.

It is possible to draw conclusions on the spectrum o(A,) of A, if p satisfies additional
conditions. We know that since A, is positive, 0(A4,) C [0,00). An application of a
theorem [80, Thm. 15.1] to 7, in the limit point case at +oo gives a sufficient condition
for the reverse inclusion, hence set equality, to be true.

Theorem 2.2.5. Let A, be the self-adjoint realization of 7, in the limit point case at +0o.
If there exist C,Cy > 0 such that

L
lirninfl / G
L—oo L 0

1— —L ¢,
then o(A,) = [0, c0).

1— =22

p(u) .

1 [0
du:():liminf—/

L—oco L _I

p(u)
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Now that the necessary results to establish self-adjointness of the maximal operator A,
are in place, we now discuss the spectral representation theorem for self-adjoint Sturm-
Liouville operators. To state the theorem, we need the notion of square-integrable func-
tions with respect to a matrix-valued measure. We adopt the definition in [28, Sec. XIIL.5].
A family = {15}, of complex-valued set functions defined on bounded Borel subsets
of R is called an n x n positive matrix measure if

(i) for every bounded Borel subset E of R, the complex matrix [11;;(£)]},-; is Hermitian
and positive semi-definite, and

(11) for each sequence {F,,}°°_; of disjoint, bounded Borel subsets of R with bounded
union, we have

Il (U Em> = Zﬂjl<Em) for 1 < 4,1 <n.
m=1

m=1

In this thesis, it is enough to consider 2 x 2 positive matrix measures x4 and the function
space L*(R,du) of C*-valued measurable functions F' = (Fy, Fy), Fy, F, : R — C for
which

1/2
1] 22 (®an) = {Z/ dum()\)} < 00.

7,l=1

This space is endowed with the inner product

(.G = | FO)-GOY = | BTN

7,l=1

for ' = (F1, Fy),G = (G1,Gs) € L*(R,du). Of particular interest are 2 x 2 positive
matrix measures ;1 whose components ji;; are absolutely continuous with respect to the
Lebesgue measure. In this case, we say that p is absolutely continuous with respect to
the Lebesgue measure. By the Radon-Nikodym Theorem, we can find positive Lebesgue
measurable functions {M;;}?,_; such that for every bounded Borel subset E of R,

,ujl(E) = / Mﬂ()\) d)\, 1 S j,l S 2.
E
Thus, we can write du as the matrix of densities

Mll MIQ

M [Mm Moo

} d\. (2.2.4)

Moreover, the matrix M is positive semi-definite a.e. [28, Lem. XIII.5.7].

We are now ready to state the spectral representation theorem for Sturm-Liouville
operators. The statements in [77, Lem. 9.13], [82, Thm. 14.1] are direct applications of
the spectral representation theorem in Theorem 2.1.3. However, instead of working on a
direct sum of Hilbert spaces, the space L*(R,du) constructed using matrix measures as
above will be used. In [80, Sec. 8] the notion of spectral representation of a self-adjoint
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2.2. Spectral theory of some self-adjoint Sturm-Liouville operators

operator has been extended to the case where the spectral representation is a unitary
operator of the form
U: L*(R) — L*(R,du)

with p a positive matrix measure. See for instance [28, Thm. XIII1.5.23], [77, Lem. 9.28],
[79, Thm. 8.7], [82, Thm. 14.3] for the construction. We will adopt the following version
[39, Thm. 2.3] of the spectral representation theorem for self-adjoint Sturm-Liouville op-
erators below. The statement includes a Borel functional calculus that gives meaning to
applying bounded Borel functions to self-adjoint operators.

Theorem 2.2.6. Let A, be the self-adjoint realization of T, in the limit point case at +o00.
Suppose
@(A)J]) = (CI)I(A7:E)7¢2<>‘7I))7 /\,JZ eR

is a fundamental system of (1, — N)u = 0 that continuously depends on X. Then there
exists a 2 X 2 positive matrix measure p such that the map

Fa, : L*(R) — L2(R,dp), Fa,f(A /f (2.2.5)

is a spectral representation of A,, i.e., Fa,A FAlG()\ AG(N) for all G € L*(R,dpu).
The inverse ‘FAP has the form

fg:G(:v) = /RG()\) O(N\, x) du(A Z/ N® (N, 2)duj(N), G e L*(R,dp).

7,l=1

Moreover, for any bounded Borel function g on R,
9(Ap) f(z) = /R gNFa, fN) - @\, x)du(N), f € L*(R). (2.2.6)

All integrals are assumed to be the L*(R)-limit of integrals lim g0 [ f . Equation
a——00

(2.2.6) with g = x4 for some Borel set A C R yields the expression

/ Fa fO) - @A\ 2) du(N) = Fi'CaFa N)@),  (2:27)

called the spectral projection from L?*(R) onto the spectral subspace corresponding to
spectral values in A. We refer the reader to [77, Chap. 9], [80, Chap. 8] on the fine details.

It is possible to use a fundamental system ®(z,-) = (®4(z,-), (2, -)) of (1, —2)f =0
that is not defined in the entire complex plane. If the above fundamental system depends
continuously in z in a neighborhood @ of an interval Z C R, then the map

Fa, : L*(R) = L*(T,du), Fa,f(A /f

can be loosely described as a spectral representation of the part of A, corresponding
to spectral values® in Z. Here, L*(Z,du) can be viewed as isometrically embedded to

4Such a statement can be made precise by a thorough discussion of projection-valued measures as
well as resolution of the identity (spectral families on Hilbert spaces). We refer the reader to [77, Sec. 3]
and [79, Sec. 7.2].
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L*(R,du) by considering functions in L*(Z,du) as functions in L*(R,du) whose compo-
nents vanish outside Z. For a proof, see [28, Sec. XIII1.5.12], [80, Thm. 9.7].

Following [45], we may refer to the spectral representation F4, as the spectral (Fourier)
transform of A,. We refer to p in the above theorem as the spectral matrix® measure
of A,.

At this point, we already know how to form the spectral representation F,, from a
fundamental system {u;(z,-),u2(z,-)}. We now look for possible means to compute the
matrix representation du as in (2.2.4). We apply the methods of [80, Chap. 9] (see also
[28, Sec. XIIL.5]) in our derivation. It turns out that two explicit forms of the resolvent
R.(Ap) of A, are the key tools in the derivation of ;. We now present two theorems which
will be frequently used in Chapter 4.

The first theorem [80, Thm. 7.8] says that the resolvent can be expressed in terms of
two solutions, one of which lies left and the other lies right in L?(R) in the case of 7, in
the limit point case at +oo. We refer the reader to [82, Thm. 13.21] for a discussion in a
broader setting.

Theorem 2.2.7. Let A, be the self-adjoint realization of of 7, in the limit point case at
+oo. Suppose z € p(Ay). Then there exist unique (up to a constant factor) solutions
ui(z,+) and us(z,-) of (1, — 2)f = 0 which lie right and lie left in L*(R), respectively.
Moreover, the resolvent R.(A,) = (A, — 2)~* is given by

R.(Ap)g(x) = 17u2(2, 3 {ul(za a:)/xu2(z, y)g(y) dy + ua(z, x)/;ul(za ¥)9(y) dy} :

W(ul<z7 ) —o0
We also define the resolvent kernel (or Green’s function)
1 U1(27I)U2<Z,y), y <,
r.T,y) = 228
) = e, ) {uQ<z7a:>ul<z,y>, y> 229

for all x,y € R, so that R,(A,) can be expressed as the integral operator

R.(Ap)g(z) = / r.(z,y)g9(y) dy.

R

The next theorem [80, Thm. 7.7a] gives an alternative form of (2.2.8) and will later be
used to describe the spectral matrix measure of A,.

Theorem 2.2.8. Let A, be the self-adjoint realization of 7, in the limit point case at +oo
and z € p(Ay). Suppose {ui(z,-),us(z,-)} and {vi(z,-),v2(z, )} are fundamental systems
of (tp — 2)f = 0 and (1, — Z)f = 0, respectively. Then there exist complexr numbers
mﬁ(z),l <j<n,ze€ C\R such that

2
Z mﬁ(z) Uj(z7$) ul(z,y), y<uw
ji=1

2
> () vz ) wzy), y>a
7,1=1

r.(z,y) =

for all z,y € R.

This is to distinguish it from the spectral measure generated by a spectral family. See [79, Sec. 7.2]
for more details.
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Let (o, 8) C Ry and @ C C a neighborhood of (a, 3). Suppose that {u;(z,), us(z, )}
is a fundamental system of (7, — z)f = 0 that continuously depends on z in Q. A
straightforward choice for a fundamental system for (7, — z)f = 0 is {u1(Z, ), u2(Z, -)}.
For z € Q N p(A,), the resolvent kernel in Theorem 2.2.8 can be rewritten as

> mi(2)uE v w(zy), y<a

ro(zy) = {7 (2.2.9)
> m) wE D uzy), y>a
ji=1

for all x,y € R. Thus, using a single fundamental system, we can derive the 2 X 2 complex
matrix functions m*(z) = [m;(z)] € C*** for z € C\ R,

We now take a look at the interaction between Theorem 2.2.7 and (2.2.9). Observe
that since 7, has real coefficients,

(o =2)f = (1 —2)f

holds. This means that if {u;(z, ), ua(2, -)} is a fundamental system of (7, —z) f = 0 which
continuously depends on z, {u;(Z, -), u2(Z, -)} is also a fundamental system of (7,—z) f = 0.
Hence, we can write u;(z,x) and uy(z, x) as a linear combination of u(Z, z) and us(Z, x),
say

u;(z,x) = cj(2)w(Z,z) + d;j(2)ue(z,x), j=1,2.

for some functions ¢;, d;, j = 1, 2. Upon substituting the above quantities to corresponding
factors in (2.2.8), we have for instance

r (x y) _ {Cl(z)ul<zv x)ug(z,y) + d1(Z)U2(Z’,QS)UQ(Z,y)7 y<x
o co(2)ur (Z, 2)ur (2, y) + da(2)ua(Z, v)ur (2, y), y > .

This yields the matrices

we=o o) me=a o)

The final step is to find a connection between the spectral measure p and the matrices
m®*. We have the following result [82, Thm. 14.5], cf. [28, Thm. XIIL.5.18], [80, Thm. 9.4].

Theorem 2.2.9 (Weyl-Titchmarsh-Kodaira Formula). Let (o, 3) C RS, Q C C a neigh-
borhood of (c, ), and {ui(z,-),us(2,-)} a fundamental system of (1, — z)f = 0 that
depends continuously on z € Q. With the normalization u(y) = 0 for some v € (a, ),
the equation

1A I
pa((7,Al) = 5 limlim » (mi (t + i€) — my(t — ie)) dt

holds for all X € (o, B), 7,1 =1, 2.
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This means that we can derive the matrix measure p = {p;;}3,-, using either m*(z) —
m*(Z) or m™(z) — m~(Z) for Imz > 0. In our computations, we prefer using the matrix
m™. If the fundamental system is further assumed to be analytically dependent on z € Q,
the entries of m* are analytic in @ N p(A4,) [28, Thm. XII1.5.18]. If u is absolutely
continuous with respect to the Lebesgue measure, the matrix M of densities in (2.2.4) is
precisely

M) = Tim —— (mE(\ + €i) — m* (A — €i)).
el0 271
We note here that one has to be careful when deriving the matrices m*(z) for Imz > 0
and Imz < 0; it can happen that the properties “lies left” and “lies right” of the respective
solutions are swapped when Imz > 0 is changed to Imz < 0.

What remains as far as the spectral matrix measure p is concerned is to guarantee that
it is in fact absolutely continuous with respect to the Lebesgue measure. We can uniquely
decompose the Borel measure p as a sum (see [70, Sec. 18.4], [77, Secs. 3, A.7]) of three
mutually singular® measures

= fpp + tse T+ Hac
defined as follows:

® /iy, the pure point part of pu, is a discrete measure, i.e., there exists a sequence
{a;};er indexed by an at most countably infinite set I such that 1,,(R\{a;};er) = 0.
In other words, p,, is supported” on {a;}er.

® /is., the singular continuous part of p, is the part of p that is supported on a set of
Lebesgue measure zero and satisfies ps.({a}) = 0 for all a € R.

® /i, the absolutely continuous part of u, is absolutely continuous with respect to
Lebesgue measure, i.e., du can be written as (2.2.4).

For the spectral matrix measure p obtained from the spectral representation of A,, we
have in [82, Ex. 12.5] the decomposition of L*(R, du) as

L*(R,dp) = L*(R, dptpp) ® L*(R, dptee) ® L*(R, djtac),
and the spectrum of A, can be decomposed [69, Sec. VIL.2] as
0(Ap) = opp(Ap) U 0se(Ap) U 0ac(4y),

where 0,,(A,) is the set of all eigenvalues of A,, while o.(A4,) and 0,.(A4,) are the supports
of pse and fi,, respectively. Thus, to prove p1 = fiq., we show p,, = 0, i.e., A, has no
eigenvalues, and p,. = 0. To this end, an application of [80, Thm. 10.14] to 7, provides a
sufficient condition on the absence of singular continuous spectrum.

5Two measures p and v on a measure space (X, &) are said to be mutually singular if there exists a
measurable set N € £ such that p(E) =0 and v(X \ E) = 0. We denote this relation by p L v.

"A support for a measure p in a measure space (X,&) is a set E € £ such that u(X \ E) =0. If X
is a topological space and £ is the Borel o-algebra, then the (topological) support of y is the set of all
points ¢ € X such that p(E,) > 0 for every open neighborhood E, € £ of z. The topological support of
p is closed. See [77, Sec. A.1] for more details.
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Theorem 2.2.10. Let A, be the self-adjoint realization of 7,. Let (o, ) CR and () C C
an open neighborhood of («, 3). Assume that for z € Q) there exist solutions uy(z,-) and
ua(z,-) of (1, — 2)f = 0 analytically dependent on z such that for z € QT = {z € @ :
Imz > 0}, ui(z, ) and us(z,-) lies right and lies left in L*(R), respectively. Then o,,(A,)
has no accumulation point in («, B) and os.(A4,) N (o, B) = 0.

To illustrate the whole procedure, we give an example on the derivation of the spectral
representation and spectral measure of a simple differential operator. Some parts of the
calculations can be found on [77, Secs. 7.2, 9.3], [82, Ex. 14.9]

Example 2.2.11. Let p = 1 a.e. so that 7, = —D? on R. We first note some preliminary
observations.

1) By Theorem 2.2.4, 7, is in the limit point case at +=0c. Hence, by Theorem 2.2.3, 7
y I3 y P
has a unique self-adjoint realization A, which is nothing but its maximal operator,
ie.,

D(Ay) ={f € L*(R): f, [' € ACic(R), f" € L*(R)}, A,f=—f".

(17) A, is a positive operator with o(A4,) = [0, 00) by Theorem 2.2.5.

Next, we see that the solutions of the equation —u” — zu = 0, z € C\ (—o0,0] are
completely determined by linear combinations of

uy(z, ) = eV and uy(z, ) = eV

since W(uq(z,-),ua(z,+)) = —2iy/z # 0 for all z € C\ (—o0,0]. Here, /2 is conveniently
defined to have the branch cut at (—oo, 0] so that y/z is analytic with Tmz - Imy/z > 0 for
all z € C\ (—o0,0]. Thus, for z € C\ (—00,0], u1(z, ) and uy(z, -) are analytic and form a
fundamental system of —u” — zu = 0. Moreover, A, has no eigenvalues in [0, 00). Indeed,
if A € (0,00), then any nontrivial linear combination of u; (A, ) and us(A,-) cannot be in
L*(R). The case A = 0 shares a similar fate, since a fundamental system of —f” = 0 is
{1, z}. Therefore, 1, = 0.
For the spectral matrix measure ;o of A,, we proceed as follows.

o If Imz > 0, uy(z,-) lies right and wus(z, ) lies left in L*(R). Moreover, we have

u1(Z,-) = ua(z, ) and us(Zz,-) = u1(z, ). Equation (2.2.8) becomes

1 1 —
Tz(‘ray) = _2Z\/Zul(z7‘r)u2(zay) = Qi\/zu2(zax>u2(z7y)7 Yy S xX.

o If Imz < 0, ug(z,-) lies right and u; (2, -) lies left in L?(R). Equation (2.2.8) becomes

1 1 —
Tz(xay) = 22\/EU2(2,1’)U1(2,:U) = 2i\/EU1(nyE)U1(Z,y)7 Yy S x.

From (2.2.9), we have the matrices

1[0 0 1[5 0
m+(2>:2_i[0 _\/LJ,Imz>O and m*(z):2—i{\65 0},Imz<0.
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By Theorem 2.2.10, 04.(A,) N (0,00) = 0 and consequently, (0,00) C 04.(A,). Since
pse cannot be supported on {0}, it follows that o(A,) = 04.(A4,) = [0,00). Hence, p is
absolutely continuous with respect to the Lebesgue measure on [0, 00). In turn, Theorem
2.2.9 (Weyl-Titchmarsh-Kodaira formula) yields the matrix of densities

Ar | 0 —=

1 |—= 0
dpp = MN\)d\ = — | V> | | d\
VA

Finally, by Theorem 2.2.6, the spectral representation Fa, : L*(R) — L*([0,00), d) can
be expressed as the column vector

Fapf(A) =

Z\/7I
fj@ fof ] A€ a(Ay) = [0,50).

On the other hand, for G € L?([0, 00), du),

FAlG( ) 417T OOO \/1_( ()\>ei\f/\x_'_G2()\)€7iﬁx> d\
N % (GLE)e'™” + Ga(§)e ™) dg, =V (2.2.10)

A

Now that most of the technical details needed from Sturm-Liouville theory are estab-
lished, we can now demonstrate how the Paley-Wiener space of bandlimited functions can
be derived via the spectral transform of the self-adjoint realization of —D? on R. This
procedure will be used to define Paley-Wiener spaces of variable bandwidth functions as a
generalization of the classical Paley-Wiener spaces of bandlimited functions. The Fourier
transform Ff = f of f € L*(R) is defined as the L?(R)-limit

~ N
Ff()=f¢ = /Rf(:c)ei@” dr = lim / f(x)e ™" dx, for ae. £ € R.

N—oo [_n

Its inverse F !, called the inverse Fourier transform, is given by

1 I A
Flo(r) = —p(—x) = %/Rga(f) €T d¢ = lim —/ o(&)e*"d¢,  for ae. x € R.

N—oo 27T N

The support of a function f : R — C, denoted supp(f), is the smallest closed subset of
R for which f does not vanish, i.e.,

supp(f) = {z € R: f(z) # 0}.

Fix w > 0. The Paley-Wiener space of w-bandlimited functions (or Paley-Wiener
space of constant bandwidth functions), denoted PW,,(R), is the closed subspace of
L?*(R) given by

PW,(R) = {f € L*(R) : supp(f)  [~w,w]}.
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Using the orthogonal projection P, : L*(R) — PW,(R) defined as P,f = X[—wu [, We
have that

PW,(R) = F'P,F(L*(R)).
We claim that PW,,(R) can also be written using F4 of the self-adjoint realization A
(= A,, p=1) of —D? on R via the spectral projection x2(A4) given in (2.2.7). More
precisely,

PW,(R) = X002 (A)(L*(R)) = Fy' (X2 Fa) (L*(R)). (2.2.11)

Indeed, direct computation of (2.2.6) with g = x[o.2 and mimicking the derivation of
(2.2.10) with G = x[ow2) - Faf for f € L*(R) yields (note Faf(&?) = (Ff(€), Ff(=£)))

1

f;l(X[O,wﬂfAf)(ZE) = %/0 X[O,wQ](§2) (ff(f)ez& —f-./Tf(—f)e_iEI) d§

= % /_ FFEETdE,  X0w2(EY) = Xww ()
= (F'P,Ff)(x)

for a.e. x € R. We also have the freedom to use any nonempty subset of R to define other
Paley-Wiener spaces with various supports as above.

It is clear that the standard Paley-Wiener spaces can be derived from Theorem 2.2.6.
We can now extend this procedure to the operator 7, to define Paley-Wiener spaces of
variable bandwidth functions.
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In this chapter we formally introduce the notion of variable bandwidth given in [39].
Using formulas for the spectral transform F,, and its inverse }"Xpl from Theorem 2.2.6,
we can use the Borel functional calculus (2.2.6) to compute spectral projections onto
spectral subspaces. Let A C R} be a Borel set of finite measure and A, the self-adjoint
realization of 7, in the limit point case at £oo. We recall from (2.2.7) the spectral
projection xa(A4,) : L*(R) — L*(R) corresponding to the spectral set A given by

xa(Ap) f () Z/Aprf(A)@(%iC) du(A) = Fa, (XaFa,f)() (3.0.1)

for all f € L*(R). With such a projection operator we define the following.

Definition 3.0.1. Let A, be the self-adjoint realization of 7, in the limit point case at +o0
and A C R{ be of finite measure. The Paley-Wiener space of variable bandwidth
functions (or A-bandlimited functions with respect to A,), denoted PWyx(A4,), is
the range of the spectral projection x,(A4,), i.e.,

PWa(4y) = xa(4p)(L*(R)).

We refer to A as the spectral set and the a.e. positive function p the bandwidth-
parametrizing function. Equivalently, a function f € L*(R) belongs to PW,y(4,) if

[ = XA(Ap)f-

We have seen at the end of Section 2.2 in conjunction with Example 2.2.11 that the
classical Paley-Wiener space of w-bandlimited functions PW,(R) can be expressed in
the above form. Definition 3.0.1 falls under the abstract notion of bandlimited vectors
introduced by I. Pesenson and A. Zayed in [45, 66]. We appeal to the result [39, Prop. 3.2]
that enumerates basic properties of variable bandwidth functions that resemble those of
bandlimited functions.

Proposition 3.0.2. Let A C R be of finite measure and A, the self-adjoint realization
of T, in the limit point case at £oo. Let p and Fyu, be the spectral matriz measure and
spectral transform of A,, respectively. The following are equivalent:

(i) f € PWi(4,),
(i) supp Fa,f C A,

(ii1) there exists a function F' € L*(R,du) such that

o) = /A FOO-®(\2)du())  for ae. 7 € R,
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If additionally, A = [0,9], the following conditions are equivalent to the first three:
(iv) HA’;fH < QF||f]| for all k € N,

(v) for all g € L*(R), the function z v (e*** f,g) is an entire function of exponential
type 0, i.e., for any € > 0, there exists C. > 0 such that

|<€zApf7 g>| < CEB(Q+6)‘[mZ|, 2 e C.

3.1. Reproducing kernel Hilbert spaces

The central theme of this thesis revolves around a particular class of Hilbert spaces. Let
E be a non-empty set. A function k : £ x E — C is a reproducing kernel of a Hilbert
space ‘H of functions from E to C if

(i) for every z € E, k(x,-) € H, and
(i7) for every x € E and for every ¢ € H, ¢(x) = (¢, k(x,-)).

It follows from the above conditions that

k(z,y) = (k(z,-), k(y,-))

for all x,y € E. A Hilbert space of complex functions that possesses a reproducing kernel
is called a reproducing kernel Hilbert space. The following result [10, Thm. 1] is an
elementary characterization of reproducing kernel Hilbert spaces. For an extensive study,
consult [8, 10].

Theorem 3.1.1. A Hilbert space of functions from E to C is a reproducing kernel Hilbert
space if and only if for every x € E, the evaluation functional f — f(x), f € H is
continuous.

As a consequence, norm convergence of a sequence of functions in a reproducing kernel
Hilbert space implies pointwise convergence [10, Cor. 1]. Moreover, it was proved in [60,
Prop. 3.1] that boundedness of the so-called diagonal k(z,x),x € R of k implies uniform
convergence.

The next proposition ([39, Prop. 3.3], see also [28, Thm. VIIL.5.14(ii)] for the case of
compact spectral sets) asserts that Paley-Wiener spaces of variable bandwidth functions
are reproducing kernel Hilbert spaces.

Proposition 3.1.2. Let A C R be of finite measure and A, the self-adjoint realization
of 7, in the limit point case at £oo. Let D(A,-) = (P1(A,-), P2(A,+)) be a fundamental
system of (1, — A) f = 0 which continuously depends on X. Then the following holds:

(i) The Paley-Wiener space PW(A,) is a closed subspace of L*(R) and every function
in PWa(A,) is continuous.
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(13) If A is compact, then PWa(A,) is a reproducing kernel Hilbert space with kernel

ba(eg) = [ BT - 00 ) du) = Y [ BODUO D dug(V). (1)

7,l=1

Moreover, ky is the integral kernel of the spectral projection xx(A,) from L*(R) onto
PWa(A,).

Finally, we mention the local behavior of functions in PW (A4,). The Bernstein
space Bgq consists of all functions whose distributional Fourier transforms are supported
in [—£, Q). See [62] for further reading. The following theorem claims that functions in
PWio.01(Ap) behave locally like functions in some Bernstein space.

Proposition 3.1.3. If p(x) = po for all x on an open interval I, then on I every f €
PWio0)(Ap) coincides with a function in Bm restricted to I.

This proposition serves as one of our motivations in choosing a particular class of
parametrizing functions. We defer the discussion on this matter until Chapter 4.

3.2. Necessary density conditions for sampling and
interpolation

Let H be a reproducing kernel Hilbert space of functions from R to C and X C R be
at most countably infinite. We say X is a set of stable sampling for H if there exist
C1,Cy > 0 such that

CLlIfIl, < D 1f @) < ColIfIf,

rzeX

for all f € H. The above inequality implies an element of H is uniquely determined by its
samples on X, and a small error in sample values corresponds to a small reconstruction
error. On the other hand, X is a set of interpolation for # if for every ¢ € ¢*(X) there
exists f € H such that f(x) = ¢, for all x € X.

If H = PWg(R) with S C R a single interval, Beurling [12, 13] characterized sets of
stable sampling and sets of interpolation using the concept of upper and lower uniform
densities. Shortly after, Landau [52] extended the necessary implications of Beurling’s
results to higher dimensions and general bandwidths. For our purpose, we consider a
measurable set S C R and the space

H = PWs(R) = {f € L*(R) : supp f C S}.
The one-dimensional version of Landau’s necessary conditions is as follows [52, Thms. 3,4].

(i) Let S C R and X a set of stable sampling for PWg(R). Then

D™ (X) = lim inf inf #X N B,(2)  |5]

r—oo zER 2r o
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(77) Let S C R be bounded and X a set of interpolation for PWg(R). Then

XN B, S
D*(X) = lim sup sup Al () < u
r—oo z€R 2r 27

The quantities D~ (X) and DT (X) are called lower and upper Beurling densities of
X, respectively, and the critical density % separates sets of stable sampling from sets
of interpolation. In particular, for signals bandlimited to S = [—w, w] for some w > 0, the
critical density is precisely the Nyquist rate £, i.e., the minimum sampling rate at which
a bandlimited signal in PW,,(R) must be sampled for stable reconstruction to happen.
The Nyquist rate is also the maximum transmission rate at which a sequence may be
represented as the samples of a bandlimited signal in PW,,(R). Further discussion on
Beurling densities and the Nyquist rate can be found in [53].

Landau’s necessary conditions form the so-called “density theorem” for sampling and
interpolation of functions of exponential type. Several mathematicians also proved ver-
sions of the density theorem to other function spaces as well. Some of these spaces are the
bandlimited functions [40, 52, 53] (see also [1] for a Hankel transform version), de Branges
spaces [57], and Bargmann-Fock spaces [72, 87], to name a few. In essence, the theorem
states that sets of stable sampling must be sufficiently dense, while sets of interpolation
must be sufficiently sparse. We can use the density theorem as a rough guide to determine
which sets may be used for stable sampling and reconstruction and which ones are for
interpolation.

In the style of Landau, we present a density theorem for sampling and interpolation
in PW,(A,) for a certain choice of p as discussed in [39, Sec. 6.1]. We introduce a new
measure, namely

I C R measurable

dx
:up(j ) = )
1 /p(x)
generated by a parametrizing function p. The rationale behind this came from the obser-
vation that if p is a constant p; on some interval [;, then the required number of samples

to reconstruct f € PWjyq(A,) in I;, viewed as an element of the Bernstein space B NG
J

by Proposition 3.1.3, is roughly
XNI, Q
#HXNL) | 2 (3.2.1)
|11 p;

Hence, the quantity |I; ]p}l/ 2 may be viewed as a way to measure the length of I;. With

this measure, we define the concept of Beurling density for PW,(A4,). Suppose p~1/% €
L} .(R) and X C R is p,-separated, i.e.,

inf{p,([z,2]) 2,2 € X,x < 2} > 0.
The upper and lower A,-Beurling densities D (X) and D, (X) are defined as follows:

{#(X N1I): 1 CR closed interval}

Dy (X) = limsup sup (3.2.2)
r—oo  pp(I)=r r
Do (X) = liminf inf {#(X N1I): 1 CR closed 1nterval}. (3.2.3)

r—oo  pp(I)=r r
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With the additional assumption that p is the model case (2.2.3) and p,p’ € ACj,.(R), the
following necessary density conditions for sampling and interpolation hold [39, Thms. 6.2,
6.3].

Theorem 3.2.1. Let A C R{ be of finite Lebesque measure. Suppose p is the model case

p(z) = {p_’ vt

P+, r>R

for some R > 0 such that p,p’ € AC),.(R) and A, the self-adjoint realization of T, in the
limit point case at £o0.

|A1/2\

o If X is a set of stable sampling for PWx(A,), then D, (X) >

1/2‘

o If X is a set of interpolation for PWy(A4,), then D (X) < 1A

s

In this thesis, we will prove an analogue of the above density theorem for a particular
choice of p that does not satisfy p, p’ € ACj,(R), i.e., Theorem 3.2.1 does not apply. This
will be the main theme of Chapter 6.

3.3. Non-uniform sampling

We present a sampling theorem for PWy(A4,) where A C [0,Q] C R that is consistent
with our observation in (3.2.1). Let X = {z;},cz C R be a non-uniform, increasingly
ordered sampling set and define the maximum gap

5(X,p) = sup —— =

jez inf z€lzj,xir1] VP

The following theorem is a weighted sampling inequality [39, Thm. 5.2] for PW,(A4,). We
made minor corrections in the original statement by adding boundedness of ;41 — x; for
Jj € Z.

Theorem 3.3.1. Let A C [0,9] C Ry and assume infyerp(x) > 0. If § = §(X,p) <
T/QY2, then for all f € PWa(A,), we have

591/2 5912
(1— ) I < 30 o )l2s(1+ ) T

JEZL

If, in addition, there exist y1,v2 > 0 such that vi < x4 — x5 < ¥2 for all j € Z, then
2
X is a set of stable sampling for PWx(A,) with lower and upper bounds v; * (1 — ‘m;/2>

and ;! (1 + 59 L > , respectively.
With the above sampling inequality, one can formulate several reconstruction algorithms

to recover f € PWy(A,) from its samples. We refer the reader to [39, Thm. 5.3] for a
projection-based iterative reconstruction algorithm. However, as mentioned in [39, Sec. 8],
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3. Functions of variable bandwidth

any reconstruction procedure requires the knowledge of the reproducing kernel. For special
parametrizing functions such as

P+, r>0

p(r) = {p_’ r=0

with p_, p, > 0, an explicit formula for the reproducing kernel was derived in [39, Sec. 4].
It is then natural to ask if the derivation can be extended to piecewise constant functions
of the form

(

Do, MRS (_Ooatl]a
D1, x € (t1,1a],

Pn—-1, T € (tnflvtn]a
Pn, T € (ty,00),

\

for some n € N, {px}7_, C (0,00) and —oo < t; <ty < ... < ¢, < oco. This will be
thoroughly discussed in the next chapter.
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4. The space PIW,(Ay) with piecewise
constant p

Among all possible parametrizing functions, piecewise constant functions offer a straight-
forward and practical approach of assigning local bandwidths to segments of a signal. Let
n € N and Q > 0. Consider a finite partition {Ij}}_, of subintervals of R and a finite se-
quence {pi}r_o C (0,00). Now, define the piecewise function p : R — (0, 00) by p(z) = py
if v € I, for k=0,...,n. If A, is the self-adjoint realization of 7, = —D(pD) on R in the
limit point case at doo, Proposition 3.1.3 asserts that every f € PWjq(A,) coincides
with a function in B(Q Jpp)1/2 0N the interior of I, for all k. This means that for each k,
p prescribes the local bandwidth (€2/px)'/? on the interior of ;. Hence, PWjp)(A,) can
be viewed as the space of functions with different local bandwidths determined by p and
whose spectral Fourier transform has support contained in [0, ].

One of the main goals of this thesis is to show that numerical signal reconstruction can
be performed in some class of variable bandwidth spaces. As observed in [39, Sec. §],
any reconstruction procedure requires the knowledge of the reproducing kernel kj of
PWa(A,). For general parametrizing functions, finding ks is an arduous task. Indeed,
evaluating ky(z,y) for any z,y € R using formula (3.1.1) demands explicit formulas
of the fundamental system ®(z,-) = (Py(z,-), Pa(z,-)) of (1, — 2)f = 0 as well as the
spectral measure i, both of which are difficult to compute in general. The use of piecewise
constant parametrizing functions is motivated by the hope that if p is such a function,
direct evaluations of kj can in principle be performed. We draw inspiration from the
so-called toy example [39, Sec. 4], where A = [0, 2] and p is of the form

p—, <0
p(z) = { p—,py > 0.
P+, T > OJ

With this p, a closed-form expression of the fundamental system of (7, — 2z)f = 0 as well
as the spectral matrix measure were derived (see [39, Sec. 4, Appx. A] for a sketch of
the calculations), and consequently, an explicit form of ky was computed. This gave us
an insight that for a general piecewise constant functions, the corresponding reproducing
kernel might also be directly computable.

In this chapter, we discuss the fundamental aspects of functions of variable bandwidth
parametrized by piecewise constant functions. The theory revolves around the Sturm-
Liouville operator 7, with p a piecewise constant function. More precisely, we consider
its self-adjoint realization A, to define the abstract Paley-Wiener space PW,(A,) with
spectral set A C RJ. Following the model case (2.2.3), all parametrizing functions in the
subsequent discussions are always assumed to be positive and eventually constant. This
assumption is convenient as p can only have a finite number of piecewise components,
and thus computations require only a finite number of steps. We shall shortly see that for
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4. The space PWx(A,) with piecewise constant p

piecewise constant parametrizing functions, calculations starting from the construction
of solutions up to finding the reproducing kernel can be made explicit. This observa-
tion brings us closer to our goal of using variable bandwidth spaces for numerical signal
reconstruction.

4.1. Piecewise constant parametrizing functions

Definition 4.1.1. Fix n € N. Let {t;}}_; C R be strictly increasing and {p;}7_, C
(0,00). Set Iy = (—o0,ty], I, = (tn,00), Iy = (tg,tg1] for 1 < k < n —1 and xj the
characteristic function of I}, for 0 < k < n. An (n+ 1)-component piecewise constant
function p is a function of the form

p(x) = Zkak:(x)v z € R.

We call {t;}7_, and {px}}_, the knots and components of p, respectively.

If the number of components of p is immaterial in the discussion, we will refer to p as
a piecewise constant function.

b1
o——e@
Po o
D2
o—1—e
2
o——
p3
o °®
t t t3 t4

Figure 4.1.: A five-component piecewise constant function
With only the piecewise constant assumption on p, we can instantly deduce some prop-
erties of 7, as well as its self-adjoint realization A,.

Proposition 4.1.2. Let p be a piecewise constant function. Then the following statements
hold.

(i) The Sturm-Liouville operator 7, = —D(pD) on R is in the limit point case at £oo.
Moreover, T, has a unique self-adjoint realization A, given by

D(A,) = {f € L*(R) : f,pf" € ACioe(R) and — (pf')' € L*(R)},
Apf = _(pf/),-
(13) The spectrum of A, is 0(A,) = [0,00).
Proof. Let n € N and p an (n + 1)-component piecewise constant function.

() We have 7, in the limit point case at oo by applying Theorem 2.2.4 at both
endpoints +oo. By Theorem 2.2.3, 7, has a unique self-adjoint realization A, which
is equal to the maximal operator of 7,.
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4.2. Construction of fundamental solutions

(74) Suppose t,, > 0. With C} = p,,, we have

1 L 1 tn
lim inf — / du = liminf — /
L—oo L 0 0

L—oo L
as the integral is independent of L. On the other hand, if t,, < 0, then [0, L] C I,
and the integrand is trivially zero. Analogously, taking Cy = pg proves that
1 22

1 0
s [,

Therefore, o(A,) = [0,00) by Theorem 2.2.5.

Cy
p(u)

iy

p(u) =0

1—

s du = 0.

4.2. Construction of fundamental solutions

Recall from Theorem 2.2.6 that the spectral representation F,, defined in (2.2.5) requires
the knowledge of a fundamental system ®(z,z) = (®1(2,x), P2(2,x)) of (1, — 2)f =0
for z € C,x € R. While finding analytic expressions of a fundamental system may be
difficult, if not impossible, for arbitrary parametrizing functions, we shall see that in
the case of a piecewise constant p, a closed-form expression for ® can be derived and is
completely determined by p. The derivation of solutions of (7, — z) f = 0 is similar to the
construction of splines where continuity conditions on the knots are prescribed.

In this section, we find an explicit formula for the general solutions of (7, — z)f = 0,
z € C\ (—o0,0] for piecewise constant functions p. We know from Theorem 2.2.2 (Weyl
alternative) and Proposition 4.1.2 that for Imz # 0, we can find a unique (up to a
constant factor) pair of solutions, one of which lies left and the other lies right in L*(R).
A particular pair will be used to form the spectral transform F,, and will be derived in
the next section.

We now briefly discuss the strategy to find a fundamental system of (7, — 2)f = 0. Let
n € N and assume p is an (n + 1)-piecewise constant function and A, the self-adjoint
realization of 7, = —D(pD). By solving the n + 1 equations

(—prD* —2)f =0, ze€l,,0<k<n
for fixed z € C\ (—o0, 0], we obtain n + 1 local general solutions of the form

akeiv 2/ + bke_iv z/pm:’ x € Ik

for some ay, by € C,0 < k < n, i.e., these functions solve the original equation (7,—z)f = 0
restricted to x € I,. We conveniently take the branch cut on the nonpositive real axis of
the complex plane so that the principal square root® /z of z € C\ (—o0, 0] is well-defined
and satisfies Imz - Imy/z > 0. By carefully choosing the coefficients ag, by, out of these
local solutions we can form global solutions that solve the original equation (7, — 2)f =0
on R.

8If 2 = re? € C\ (—o0,0] with > 0 and —7 < 6 < 7, /2 = /7€"?/? is the principal square root of
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4. The space PWx(A,) with piecewise constant p

From this point onward, we will always assume p is a piecewise constant function as in
Definition 4.1.1 and A, the self-adjoint realization of 7,. Since the components {pg}i_,
of p will appear frequently as denominators in most of the computations, we set

w=p,"% 0<k<n. (4.2.1)
This notation will be used throughout the entire manuscript. We also define for 1 < k < n,
z € C\ (—00,0] the matrices

14 eitk(qh-1—ar)vz 1 — 2 ) g—ite(qre-1+ar)Vz

1
Lip(2) = = e e (4.2.2)
2 1 — 2 pite(qe—1+ar)Vz 14 %) p—iti(ak-1-ak)V=
Qu—1 Th—1

Ri(2) = Ly '(2)
1 -<1 + %;1> etk (qh—1—ar)Vz (1 _ %;1) etk (qh—1FaK)VZ
ak

9k

5 <1 _ %;1> eitk(qe-1+ar)vz (1 4 %;1> eltk(ar-1—ak)Vz
i ak ar

(4.2.3)

which will be used to generate solutions of (7, — z)f = 0. It may also be convenient to
rewrite Ly and R; as follows. Define for 1 < k < n the quantities

Yol = G2 =t — ) and Oy = tr(gro1 + i)

dk—1

We can then express (4.2.2) as

-1 -1
WtV iz Tk =V ,—if/Z
2 ¢ 2 ¢

-1 -1
TV e’iek vz o Ok 7 e—i’r]k Vz
2

] , det Ly(2) = ;.2 (4.2.4)

Li(z) = v [

and (4.2.3) as

—1 —1
VetV e—ink\/g R e—iek\/g
2 2

2
e Vk z@k\f %—Mk anf ]’ det Rk(z) = Yk- (4.2.5)
2

Ri(2) = [

Lemma 4.2.1. Let n € N and assume p is an (n+ 1)-piecewise constant function. Then
for z € C\ (—o0,0], the piecewise function p(z,) : R — C of the form

o(2,) = ape' ™V £ e V= g e Lo = p;;m

for some coefficients ay, b, € C,0 < k < n solves (1, — z)f =0 on R if and only if

m = Ly(2) {Z:j (4.2.6)

holds for 1 < k <n.

Proof. Fix z € C\ (—00,0]. We start with the local solutions of (7, — z)f = 0. Let
0 <k <mn. Since 7,f = —pf" on I}, we know that the functions

Uk(Za SL’) — ei z/prT _ eilIk\/zm’ Uk(Z, l’) — e*i\/ z/prT _ efiqk\/gac7 Qe = plzl/Q (427)
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4.2. Construction of fundamental solutions

solve —pp f"'—2f = —q%f”—zf = 0 for x € I;. Moreover, the Wronskian W (ux(z, -), vk(z, -))
k
in (2.2.2) computed on I}, is

e e~ ikV/zT 2i\/Z

W(“k(z7 ‘),Uk(Z, )) det \/5 zqkfx Z\/2 —igr/zx
Qk K Tk

(4.2.8)

Thus, ug(z, ) and vg(z, z) form a fundamental system of —py f” — zf = 0 on I;. Hence,
the local solutions ¢y (z,-) of (1, — 2) f = 0 on I take the form

ou(z, @) = apug(z, ) + bug(z, ) = ape'®V?® 4 be V= pe [ (4.2.9)

for some constants ag, b, € C,0 < k < n.
Now, since the collection {I;}}_, is a disjoint partition of R, consider the piecewise
function ¢(z,-) : R — C defined as

o(z,x) = pr(z,z), x €Iy

for some choice of scalars ag, by € C, 0 < k < nin (4.2.9). Then ¢(z,-),p(-)¢'(z,-) €
ACi(R) if and only if both are continuous at each knot tk This condition can be
expressed in matrix form (in conjunction with p(tx) = pr—1 = qz hm p( ) =Dk = 2) as

190k—1(z,tk) _ o(z, tg) ~ im plz,2) | _ iz, tr)
E@;c—l(zvtk) p(te)¢’ (2, tr) zlty p(x)<p’(z7x) Qcpk(z tr)
elk—1V/Ztk elh—1V/Zty 1 ik V/Zte ik V/Zti ar
iYE pla—VEt _j VE iga/zt {bk_J |V pianvEte i VE piak/7t {bk} .
dk—1 dk—1 dk 9k

For 1 <k <n,zeC)\ (—o0,0], set

. . -1 . .

elakV/zt elakV/zt LRV PRravE

Lk(z) - Z’ﬁei%ﬁtk _Z'ﬁei%\/gtk Z’ﬁei%\/gtk _iﬁei%\/gtk
Qk a q q
A straightforward computation of L yields
s iﬁ —iqkVZt iRV 7tk elk—1Vzt e tak-1Vztk
_ Qk .
Li(z) = VZ i /Zte ezt VZ igr_aVEe g NVE —ige_1y/Zt
2i\/z e 1 e 1 e
dk—1 qdr—1

0 < LS i) elitk(ar-1—ar)Vz <_ LS L) e~ itk(ar-11ar)Vz

_ Q-1 ' -1 ' @
2 — 1 4 1) pitk(ar—1tar)Vz 1 1) p-itk(ae1—ak)VZ
qr—1 dk qr—1 dk

which equals (4.2.2). By construction, ¢(z, ) is a solution of (7, — z)f = 0 on R if and
only if (4.2.6) holds. O

Although there are 2(n+ 1) constants involved in forming the above solutions, only two
of them can be arbitrarily chosen. In fact, for a fixed z € C\ (—o0, 0] one can construct a
plethora of solutions of (7, — z) f = 0 by setting arbitrary constants ¢, ¢y € C as a5 and
by on a chosen interval I,. The remaining coefficients are obtained from Lemma 4.2.1 by
either forward or backward iterative calculation. We summarize below how exactly the
solutions of (7, — z)f = 0 are generated.
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4. The space PWx(A,) with piecewise constant p

e Starting from the leftmost interval Iy with ag = ¢, by = ¢2, we have

{Z]} = Li(2)Lj_1(2) -~ Ly(2) [211 , 1<j<n. (4.2.10)

J 2

e Starting from the rightmost interval I,, with a, = c1,b, = ¢, we left-multiply the
inverse Ry(z) of Li(z) on both sides of (4.2.6) to obtain

A

C1

}, 0<I<n-—1. (4.2.11)
(&)

e We start from one of the middle intervals I}, 0 < k£ < n and a, = ¢1,b, = ¢ and
then take a combination of the two procedures above, i.e.,

. Lo(2)Ly_1(2) -+ Ly (2) [gj . k+1<r<n,
{bT] ) Ro1(2)Rp(2) - - Bi(2) {Ej : 0<r<k-1 e

By writing El] as ¢ B} +co {ﬂ , (4.2.10), (4.2.11) and (4.2.12) are equivalent to taking
2

linear combinations (cf. (4.2.7))
0190+(Z,‘)+02S0_(Z,')7 Cl,CQER,OSkSTL,

where p*(z, 1) = e*%V?* for 1 € I, and extended to the whole of R via Lemma 4.2.1. By
construction, {¢™*, ¢~} is a fundamental system of (7,—z) f = 0 on R and thus all solutions
of (1, — z)f = 0 are formed by way of Lemma 4.2.1. In the forthcoming discussions, we
only generate solutions using formulas (4.2.10) and (4.2.11). Formula (4.2.12) is useful
in some situations (cf. the proof of [39, Prop. 3.5]) but will not be used anywhere in this
thesis.

As 7, is in the limit point case at =00, Theorem 2.2.2(ii) (Weyl alternative) and Propo-
sition 4.1.2 state that for all z € C\ R we can always find two unique (up to a constant
factor) solutions of (7, — 2)f = 0, one of which lies left and the other lies right in L*(R).
With the help of (4.2.10) and (4.2.11), we can determine the exact form of such a pair of
solutions.

Theorem 4.2.2. Let p be an (n + 1)-component piecewise constant function. Define the

functions a;, b} ya; 07, 0<1<n—-1,1<j<n fromC\ (-00,0] to C by
1

[afr( H Ris1(2)Ry(2) - - Ro(2) M L 0<i<n-—1 (4.2.13)

;(
{ j_((zﬂ = L(2)L;_1(2) - Ly (2) m . 1<j<n (4.2.14)

Then the functions ®(z,-) = (P1(z,-), P (z,-)) given by

+ iqy/ze 4 pt —igr/zx clL.0<l<n-—1
Ot (2, ) = 4 O () A ()e R (4.2.15)
elnVzT, xel,
—igov/zx cl
O (zw) =4 o (4.2.16)
a; (2)eBVE 4 by (z)e”" v e ;1 <j<n

48



4.2. Construction of fundamental solutions

are solutions of (1, —z)f =0 for all z € C\ (—o00,0] that are analytic in z. Furthermore,

e if Imz >0, then ®(z,-) = (®7(z,:), P (2,-)) is a fundamental system of (1, —z)f =
0 satisfying
® (z,-) € L*(—o0,¢) and ®T(z,-) € L*(c,0)

forall c € R

o if Imz <0, then ®(Z,-) = (P*(z,-), P~ (Z,-)) is a fundamental system of (1,—z)f =
0 satisfying
d=(z,-) € L*(—0c0,¢) and ®*(Z,-) € L*(c,00)
for all c € R.

Proof. By construction, we have from Lemma 4.2.1 as well as (4.2.10) and (4.2.11) that
(IJi( ,-) are solutions of (1, — z)f = 0 for all z € C\ (—o00,0]. Since p is real-valued,
®£(%, ) are solutions of (7, —2)f = 0 as well. Since z — e™%V>* is analytic for all # € R,
it follows that the entries of L; and R; for 0 < [ < n — 1,1 < j < n, the coefficients
af, bf for 0 < k <n, and ultimately the fundamental solutions ®*(-, z) for all z € R, are
analytic as well. We next prove the second conclusion of the theorem. Observe that

|eFiavET] — pFamvE -y e R 6> 0,2 € C\ (—o0,0]. (4.2.17)
Note the following.

e If Imz > 0, then Imy/z > 0. By (4.2.17), we have ®(z,2) = e~"0V?* ¢ [2(];) and
Ot (z,z) = V3 ¢ [2(I,). Thus, ®(z,-) lies left and & (z,-) lies right in L*(R).

e If Imz < 0, then Imy/z < 0. Since v/Z = /z for all z € C\ (—o0, 0], (4.2.17) implies
|eiaFe| = |eFiaVEr| = eFalmvEr g e R g > 0,2 € C\ (—00,0).

Hence ®—(Z, -) lies left and ®+(z, -) lies right in L?(R).

Now, suppose there exists zy € C\ (—o0,0] with Imzy > 0 such that ®(zo,-) is linearly
dependent, i.e., ®*(z,) is a scalar multiple of ®~(zp,-). Then (7, — z)f = 0 has a
nontrivial solution in D(A,) C L*(R), i.e., an eigenvector corresponding to the eigenvalue
zp. Thus, zy € 0(A,) = [0,00) by Proposition 4.1.2, which is a contradiction. Therefore,
®(z,-) is linearly independent for all z € C\ (—o0,0] with Imz > 0. The same proof
works for ®(Z,-), Imz < 0. O

Remark 4.2.3. For z € (0,00) and 1 < k < n, 3 Li(2) and v; ' R(z) are elements of
the group

SU(LUZ{{Z 2} ca,b e C and |a|2—|b|2:1}

with group multiplication given by matrix multiplication. This follows from the fact that
~% if and only if 2 € R. Hence,

. 9 ()
o= ([n) (23 7]

J

€i* =e¢
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4. The space PWx(A,) with piecewise constant p

and therefore

L) La(2) = [21__8 bﬂ_((j;] L i1<j<n (4.2.18)

J

By the same token, it can be shown that

af (z) b (2)
b (2) af (2)

Rii(z) ...  Ry(2) = [ ] , 0<i<n-—1. (4.2.19)

In spite of a group structure, the left-hand side of (4.2.18) and (4.2.19) cannot be simplified
further, even with the help of known matrix product decompositions.

We can now prove that the spectrum of A, is purely absolutely continuous.

Lemma 4.2.4. Let p be a piecewise constant function and A, the self-adjoint realization
of T, in the limit point case at £00. Then A, has purely absolutely continuous spectrum,
i.e.,

0(Ap) = 0ac(Ap) = [0,00),  0pp(Ap) = 0sc(Ap) = 0.

Proof. Recall from Proposition 4.1.2 that o(A,) = [0, 00). First, we prove that o,,(A4,) =
0, i.e., A, has no eigenvalues. Let p be an (n + 1)-component piecewise constant function
for some n € N. Fix A € (0,00). By Lemma 4.2.1, the solutions ¢(A,:) : R — C of
(1, — A)f = 0 are of the form

90<)\’ [L’) = akeiqk\/xm + bke_iQk\/an T e ]kn qr = p];l/za

where the coefficients ay, by € C,0 < k < n satisfy (4.2.6). Observe that ¢(}, ) € L*(R) if
and only if (X, )}, € L*(Iy) and p(X,-)[;, € L*(1,). Since Iy is unbounded, @(X, <), is
periodic on Iy, and eV and e~%V* are linearly independent, it follows that p(X, -] I €
L?(Iy) if and only if ay = by = 0. Consequently, (4.2.6) implies ar = by, = 0 for 0 < k < n,
i.e., ©(\,-) = 0. Hence, A cannot be an eigenvalue. We obtain the same conclusion if we
instead start from I,,.

On the other hand, if A = 0, it can be shown as in the proof of Lemma 4.2.1 that all
solutions of 7,f = (7, — 0) f = 0 are piecewise functions ¢(0,-) : R — C of the form

0(0,x) = a + bpx, =€ Iy,

where the coefficients ay, b € C,1 < k < n satisfy

ag| _ 1 Ik te(pe — pr-1)| @k
by, pr | O DPk—1 be—1]| "
It is clear that 7,f = 0 has no nontrivial solution in L*(R), hence 0 is not an eigenvalue
of A,. Thus, 0,,(4,) = 0.
Finally, by Theorem 2.2.10 and Theorem 4.2.2, 0,.(A,) N (0,00) = 0. Therefore,

(0,00) C 04e(A,). Since 05.(A,) cannot be supported on {0}, we conclude that o..(A,) = 0
and 0,.(A,) = [0, 00). O
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4.2. Construction of fundamental solutions

We refer to the analytic functions af and b; defined in (4.2.13) and (4.2.14) with
initial conditions af(z) = by (2) = 1, ag(2) = bt (z) = 0 for all z € C\ (—o0,0] as the
connection coefficients of ®. These functions are defined to continuously piece together
local solutions of (1, —z)f = 0 on I} to form the global solutions ®*(z,-) of (1, —z)f =0
on R.

With the more neat expressions (4.2.4) and (4.2.5) for Ly and Ry, respectively, it is
clear that the connection coefficients aif and b~ can be written as a finite sum >, aye+V?
for some a4, € C, 5 € R. Such functions are called almost periodic polynomials (in
our case, in 1/z). These functions belong to a larger class of functions, called almost
periodic functions and was first studied by H. Bohr [18] and later generalized by other
mathematicians. See e.g. [6, 11] for further reading on almost periodic functions.

Lemma 4.2.5. The analytic functions a}b},af,bf“ defined as in (4.2.13) and (4.2.14)
are almost periodic polynomials in \/z with real coefficients.

Proof. This follows from the definition of aj,b;,a;", b together with the fact that the

space of almost periodic polynomials is an algebra over R. O]

The iterative procedure presented in the proof of Lemma 4.2.5 is best programmed
using matrix operations. We have Algorithm 1 for the routine that computes all the
connection coefficients a,f, bf.

Algorithm 1 Computing the connection coefficients a;- (\), b7 ()\)

Input: Components p = [po pro--- pn} and knots t = [tl ty - tn]

Output: Matrices C*(A\) and C~()\) of connection coefficients aif(\), b ()
1: function CONNCOEFF(t, p)
2 Set symbolic variable A
3 Assign n =length(t)
4 Let C—(A\) = 02D = CF()) > C~ for a; ,b,, CT for a), b}
5: Set Cy1(A) =1=C1,1(N) > Initial conditions
6 for k =1ton do
7 Compute Ly () and Ry,—g41(A)
8 Corpi(A) = Li(AN)C (N > Forward iteration
9 C k1N = Ryt (N)CF i (M) > Backward iteration

10: end for
11: return [CT(\) C~(\)]
12: end function

The connection coefficients aki, bf, 0 < k < n are computed and stored in matrices

e ) @) ()
CN= N ) bW
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4. The space PWx(A,) with piecewise constant p

Hence, each piecewise component of ®*(\,z) can be quickly retrieved as

dE(N, ) = af()\)eiq’“ﬁx + bf()\)e_iqkﬁm, r€l,0<k<n

o )

= [enie i) €% (). (4.2.20)
We end this section by stating the following result. As a consequence of the com-

putability of the connection coefficients a and b via (4.2.13) and (4.2.14), we can prove
uniform boundedness of ® in R x R.

Lemma 4.2.6. Let ® = (O, &) be defined as in Theorem 4.2.2. Then ® is uniformly
bounded on RT x R.

Proof. 1t is clear from the definition of ® that for 0 < k <n and (A, z) € RT x I,

95\, )] < e )]+ )] = [[[ef () ]|

g
Define [||-||; to be the matrix norm subordinate to the vector norm ||-||;. From (4.2.13)
and (4.2.14), we have that for (A, z) € R x R,

|®F(\, )| < max
0<k<n

T
or ) B ][, < max g AR Rl 1

|®7 (A, z)| < max
0<k<n

T
- - <
e b ][, < max {1 a2l }.
Since [||-|Il; is submultiplicative, i.e., ||[AB]|, < [|All, I B, for A, B € C**? we obtain
e P (LN AR Y

()] < meax {1, e (L el D)

From (4.2.2) and (4.2.3), we have for 1 < k < n that

1
heath = 3 ([ 21— 2 f) <0 2
e k-1 qk—1
iRl = L ([ =] - ) <0 g @
1

Finally, since both upper bounds above are always at least one, we conclude that for every
(A, z) € RY xR,

BN, )| < max{ﬁ (1+ £> ﬁ <1+q—’“)},

el 4k Pl dk—1

proving uniform boundedness of ® on R* x R. O
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4.3. Wronskian determinants, resolvents and spectral matrix measure

4.3. Wronskian determinants, resolvents and spectral
matrix measure

We establish a number of identities on the connection coefficients a;-(z) and b (z) of
O(z,-) = (®T(2,:), P (z,)) for z € C\ (—00,0]. This is done by evaluating at each
interval I the Wronskian determinant of pairs of solutions of (7, — 2)f = 0 derived from
®(z,-). Since the Wronskian determinant of solutions of (7, — z)f = 0 is independent
of x by Remark 2.2.1, all Wronskian determinants evaluated on the local intervals [ are
equal. We then use some of these identities on the resolvent kernels r,(z,y) to extract
from (2.2.9) the matrices m*(z), which in turn yields the spectral matrix measure ; via
Theorem 2.2.9 (Weyl-Titchmarsh-Kodaira formula) via limiting procedure.

We start with the identities arising from independence of the Wronskian determinant
on x.

Lemma 4.3.1. Let n € N and aki,bki,() < k < n be defined as in (4.2.13) and (4.2.14).
Then the following identities hold.

(1) If z € C\ (—00,0], then

%qf’ — (@) - ar () -
—1a+z_z—a_z+2’=b;<z)
= (@) — s (I () = = (4.3.1)
(17) If A € (0,00), then for all 0 < k <mn,
by (VP = lai (V) = Z— (4.3.2)
laf (VP — b (V) = Z— (4.3.3)
Consequently,
O o AN O 434)
0 n 0 ¢ o
(2ii) If A € (0,00), then
A (0B O - i ) = -
1 i (0 — ot = :_a;()\)
= — (BB — e Wa ) =~ (435)

Proof. We prove the three statements by evaluating the Wronskian determinant of pairs of
solutions derived from ® = (®*, ®~) of Theorem 4.2.2 on each subinterval I;. Equalities
are then established by the constancy of the Wronskian determinant in x.
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(7)

(iid)

o4

Let z € C\ (—o00,0]. Then for z € I};,0 < k < n,

W (®*(z,2),® (2,2)) =W <a:(z)eiqkﬁm + b (2)e IV g (2) el b;(z)e_iqkﬁ“f)
— G (2 (W (93, ¢T3 ) i () ()W (e, e )
= 2 (af (2)b; (2) — ag ()b (2)) - (4.3.6)

On the unbounded intervals Iy and I,,, (4.3.6) reduces to
W (®*(z,2), 9 (2,2)) = qu‘of T(z) (k=0:a5(2)=0,by(2)=1)  (4.3.7)
W (®F(z,2), @ (2,2)) = —%bg(z) (k=n:a(z)=1,b(2)=0). (4.3.8)
Equating (4.3.6), (4.3.7) and (4.3.8) yields (4.3.1) for all z € C\ (—o0,0].

Let A € (0,00). We can infer from p being real-valued that (®*(A,-), (), -)) and
(D (A, ), P~ (A,-)) are pairs of solutions of (17, — A)f =0. Forz € I, 0 <k <n
and doing a similar computation as in the previous case,

W ((I)i()" x), BE(), m)) =W <af(>\)€iq’“ﬁx + bf()\)e*iqkﬁm, alf()\)e*i%ﬁw + meilﬂcﬁx>
— ’af(z)|2w(eiqk\f/\x’e—iqkﬁx) + |bf<z)’2w(e—iqkﬁx’6iqk\[\x>
= 2 (L) — [af (V).

Hence, using the initial conditions a}(\) = by (\) = 1, a5 (A) = b (A) = 0, we
obtain for a, (A) and b, (\) the equations

0 # 22 = 22 (17 (\)]? — Jag (A)]?)
= 2 (Jh (W) = Jay WP) = ... = 22 (|b (V)P = |ay (V)
while for a;f (\) and b} ()\), we have
0 — 2/ = 2 (|pi (V)P — |af (V) =...

= 28 (WP~ Jaf W) = = 22 (5P~ laf VP

The above computations imply (4.3.2) and (4.3.3), respectively. Moreover, solving
for ¢ yields

do (165 (NP = lag (NIP) = ax = gu (laf VP = [ (V) -
Dividing both sides by ¢og, and rearranging the terms give (4.3.4).

Let A € (0,00). We now consider the pair (®*(A, ), ®=(),-)) of solutions of (7, —
A)f=0. Then for z € I}, 0 < k <n,

W (@ (0 0), T (0 2)) = W (af (Vem/3 4 B (e 03, e VAo 1 B (hjemee)

= af (N (YW (93, 7193) 4 bl ()b (AW (702, i)
= 2 (B (N A)—ak(A)a,;(A))
(4.3.5).

which finally yields the last identity




4.3. Wronskian determinants, resolvents and spectral matrix measure

]

A shorter proof of (4.3.2) and (4.3.3) is possible using Remark 4.2.3. Let z € (0, 00).
If k=0, then ay (2) =0, by () = 1 and (4.3.2) trivially holds. Now, suppose 1 < k < n.
By taking the determinant of both sides of (4.2.18) and with j = k, we derive

- - - - qk
e ()P =l ()P =732 =

proving (4.3.2). Identity (4.3.3) is analogously proved from (4.2.19).
An immediate consequence of the previous theorem is that |af| and |b; | are bounded
below on (0, 00).

Corollary 4.3.2. Let n € N and p an (n + 1)-component piecewise constant function.
Suppose A € (0,00) and ®(A,-) = (PT(A,), P (N, ) is defined as in Theorem 4.2.2 with
connection coefficients a;f(N), bE(A),0 < k <n. Then for all X € (0, 00),

L] S S 7 O] S (U OV S S U oY
2 + - 2 - 2 - + 2
q() QOQn qo Qn QOCIn qn

Proof. Let A € (0,00). Taking the squared moduli of the leftmost and rightmost sides of
(4.3.1) gives the innermost equation

R b
a e
On the other hand, for £ = 0 and k = n, (4.3.4) becomes

lag (M _ bW 1

+—, (k=0:a,(\)=0,b5(\)=1), (4.3.9)
do do n
b, (M 1 S
bW _ 1, e IF (k=n:af()\) =1,b5(\) = 0). (4.3.10)
dn q0 an
Multiplying (4.3.9) by qio and (4.3.10) by qin proves the assertion. O

With all the necessary identities in place, we are now ready to derive the spectral
transform F4, and spectral matrix measure p of the self-adjoint realization A, of 7, with
p a piecewise constant function. Recall from Theorem 4.2.2 that for Imz > 0, ®*(z, -) and
®~(z,-) lies right and lies left in L?(R), respectively, and form a fundamental system of
(1,—2)f = 0. In the same way, for Imz < 0, ®*(Z,-) and ®—(Z, -) lies right and lies left in
L*(R), respectively, and also form a fundamental system of (7, — 2)f = 0. Using (2.2.8)
and (2.2.9), we can then derive expressions for the resolvent kernel r,(x,y),z,y € R for
Imz > 0 and Imz < 0, and the spectral matrix measure p can be described by a matrix
of densities that are computed via Theorem 2.2.9 (Weyl-Titchmarsh-Kodaira formula).

The following theorem is a restatement of Theorem 2.2.6 in the context of piecewise
constant parametrizing functions as well as an explicit form of the spectral matrix mea-
sure.
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4. The space PWx(A,) with piecewise constant p

Theorem 4.3.3. Let n € N and p an (n + 1)-component piecewise constant function.
Suppose ® = (O, ®7) is defined as in Theorem 4.2.2 with connection coefficients af, b,f,
0 <k <n. Then the 2 X 2 positive matrix measure p given by

1 « 0] dx p _JagWVP ()P 1
A = 47m(\/x) [O q%j VA (\/X) 6 ¢ - dodn (4.3.11)
yields the spectral transform
Fa i I(R) — 12(0,00),dpr),  Fa f(N) = / F@) B0 ) de (4.3.12)

which is a spectral representation of A,. The inverse ]-";pl takes the form

Fi6() = [ 600 @02 dut
12 gG)ETN ) £ GNP (A7) dA
C4rm ), K(\/X)
for all G = (G1,G3) € L*([0,00), dpu).

(4.3.13)

S

Proof. The result is an application of Theorem 2.2.6, but as ® is explicitly given in
Theorem 4.2.2, together with Theorem 4.3.1 we can proceed one step further to compute
the spectral matrix measure p. The succeeding calculations closely follow some of the
computable examples in [80, Chap. 17] and [82, Sec. 23.2].

Without loss of generality, let z € C \ (—o0, 0] such that Imz > 0. By Theorem 4.2.2,
D(z,-) = (PT(2,-),P (2,)) is a fundamental system of (7, — z) f = 0, where ®T(z, ) lies
right and @~ (z,-) lies left in L?*(R), respectively. By (2.2.8) and (4.3.7)

1 Ot (z,2)P (2,y), y <=,
W(®F(2,), 27 (2,7)) | @ (2,2)®F(2,9), y>=z

_iqo {‘I“(Z,x)@_(%y% y <z,

r.(z,y) =

a7 (2)V/Z O (z,2)P"(2,y), y>x. (43.14)

On the other hand, since Imz < 0, ®(z,-) = (P*(z,-), P~ (2,-)) is a fundamental system

of (1, —2)f = 0 where ®*(z,-) lies right and ®(z,-) lies left in L*(R), respectively.
Moreover, by (2.2.8) and (4.3.8),

TE(*T> y) =

1 {@*(z,x)@(z,y), y<ux
W (q>+(z, 3,0 (z, ->) O (z,2)0%(z,y), y>u

_ {qﬁ(wﬁ)@(z,y), y<uz
2b- (2)\/z | @7 (2,2)0T(2,y), y>=x

= Tz(l’,y)-

(4.3.15)

By the piecewise nature of @, there are (n+1)? possible expressions for r.(z,y) depending
on where z and y are located. We choose the unbounded intervals Iy and [, in the
succeeding computations as the expressions for ®*(z,z) are simpler compared to those
found in the finite intervals [}, 1 < k <n — 1.
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4.3. Wronskian determinants, resolvents and spectral matrix measure

e For x € I, we observe that
OF(z,2) = af (2)e 0V + bi (2)e OV &7 (7, z) = ¢ 0VE",

Thus,

— — .= 1 bi(z
D (z,2) = e-id0Vz = 0V — — O (z,2) — #@’(E, x), x€ly. (4.3.16)
ag (2) ag (2)

e Similarly, for z € I,,, we get

) = L B ) = (e e

and consequently,

O (z,2) =V = ——_P—(z,2) — Eqﬁ z,x), z€l, 4.3.17
(2,2) =) (z,2) =) (z,2) € ( )

Therefore, for Im z > 0, substituting (4.3.16) to (4.3.15) and (4.3.17) to (4.3.14) yields

= "o “(Z2) —a, (2) DT (z,2) L O (2
o«z(:c,y)—%g(z)%ﬁ{@ (,0) — 4, () O (Z,2) } 07 (2,9) (4.3.18)
forx € I,,, y < z and
ri(ey) = Gz ) {0 (2,y) - B ()0 (2.)) (43.19)

205 ()b, (2)VZ
for z € I,y < x, respectively. Recall that for Imz > 0, the resolvent kernel r,(x,y) has

the expression (2.2.9) which can be written as (we use here ®; = & Py = &)

r.(z,y) = Z mjl(z)cbj(z r)P(z,y), y<u,

jl=1
2
ra(a,y) = > mh(E)®;(z, 0)®u(z,y), y <,
=1

where each m; is independent of x and y. One sees from (4.3.18) and (4.3.19) that for
Imz > 0, m* takes the form

Hence, for Imz > 0,

ign —iqa, (2) _ igbg(3)
m*(z) = m*(z) = |20 @b (2)VE 205 (Z)b;@)ﬁiq 2a5 (2 (VZ| | (4.3.20)
0 0

57



4. The space PWx(A,) with piecewise constant p

By Lemma 4.2.4, p is absolutely continuous with respect to the Lebesgue measure on
[0,00). Consequently, by Theorem 2.2.9 (Weyl-Titchmarsh-Kodaira), the matrix M of
densities has entries

du-l . 1 . .
M\ = d—; = 161%1% (mh (A +ie) —mi (A — i€)) .

Applying (4.3.1), (4.3.5) and Corollary 4.3.2 to (4.3.20) with z = XA + ¢, € | 0 yields

dpy _ an _ do
dA dmVag (Wb, (A)  Amv/Nag (V)2
dpiz _ 4o _ 4n _ o dpy
A\ Araf (Vb (N ArVA bz (V)2 e AN
dpira
=0
dA ’
duy 00 (0 )+ 2B () ;
ax tmag (Vb, VWA |
By definition of x and by Corollary 4.3.2, x(v/A) > qolqn > 0 for all A € (0,00) and
1 L 07 dx
dpu(A) = MN)d\ = ———— | D .
o == sy 3G
The expression for F4, now follows. m

The argument v/ of x in (4.3.11) is intentional as we will be employing the change of
variables A = u? when we go to the actual computations. We also define

A2 ={w>0:w? €A}
With this prescribed substitution, (4.3.11) and (4.3.13) read as

o 1 o0
du(u®) = St | 0 qln du, (4.3.21)
1 2\p+(,,2 1 NNF— (1,2
1 B i/oo q—OGl(U )P (u?, ) + q—nG2<U )P~ (u?, x)
Fa, G2) = 5 i ) du. (4.3.22)

We see that the entries of du(u?) are bounded on (0,00). In addition, the spectral pro-
jection xa(4,) : L*(R) — PW,(A,) can be written as

1 / inFl(UQ)(I)JF(uQ,a:)—l—qian(u2)CI>*(u2,x)
Al/2

a4 (@) = o

where F' = (Fy, Fy) = Fa, f.

e du, (4.3.23)

Remark 4.3.4. It follows from Lemma 4.2.5 and upon expanding the formula for x in
(4.3.11) that there exist r € N (that increases as the number of piecewise components of
p increases) and co, ..., ¢, A1, ..., A € R such that

k(u) = co+ Z cjcos(Aju), u e (0,00).

j=1
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4.4. Computing the reproducing kernel

In summary, Theorem 4.3.3 asserts that piecewise constant parametrizing functions
yield explicit spectral matrix measures determined by the components {p}}_, of p. How-
ever, one clearly sees from (4.2.13) and (4.2.14) that the expression for x becomes more
complicated as n increases. This presents the problem of how integrals involving the spec-
tral measure p can be calculated. In particular, we wish to know how the reproducing
kernel kj of PW,(A,) are computed, at least numerically. We shall deal with this main
obstacle in the next section.

4.4. Computing the reproducing kernel

Recall from Definition 3.0.1 that for a spectral set A C R of finite measure, the Paley-
Wiener space PW)(A,) of variable bandwidth functions with spectral set A is the range
of the spectral projection ya(A,), i.e., the space

PWi(Ap) = xa(Ap)(L*(R))

which consists of functions f € L?(R) given by
flz) = /]:A fA) - S\, z)du(N), zeR. (4.4.1)

Moreover, Proposition 3.1.2 shows that for compact spectral sets, PW,(A,) is a repro-
ducing kernel Hilbert space with reproducing kernel

ka(z,y) = /A<I>()\,:v) - O(Ny)du(N), =,y eR. (4.4.2)

Theorem 4.2.2 shows that if p is a piecewise constant function, explicit forms of the
fundamental solutions ®(z,-) = (®*(z,:),® (2,+)) of (1, — 2)f =0, z € C\ (—00,0]
can be derived. Consequently, in Theorem 4.3.3 these expressions were used to directly
compute both the spectral representation F,, of the self-adjoint realization A, of 7, and
the 2 x 2 positive matrix measure p as stated in Theorem 4.3.3. Putting all these facts
together, we now have the following result (cf. Proposition 3.1.2 and its proof in [39,
Prop. 3.3]).

Theorem 4.4.1. Let n € N and A C R be of finite measure. Suppose p is an (n + 1)-
component piecewise constant function. Then PWa(A,) is a closed subspace of L*(R)

whose elements are continuous. MoreOUer, if ® = (®1,®7) is defined as in Theorem
4.2.2 with connection coefficients a; ,bf, 0 < j <n andk is given by (4.3.11), then

PW\(A,) is a reproducing kernel Hilbert space with kernel

L[ (0T 0ty | ad uae ()| dr

bt = - [ ( {5 R VI ) ¥ (443)
1 qio Ot (u?, :L‘)CI>+(u2, y) + ql ' (UZ, x)® (u2a Y)

5/ o du,  (4.4.4)

for every x,y € R.
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4. The space PWx(A,) with piecewise constant p

Proof. We first claim that the set {||®(-,%)||12(a,au)}zer is bounded. Indeed, Theorem
4.3.3 implies that for all z € R,

B 1/2
10,2 -/ w0+ 4100,
. . _) L
’ L2(Adp) 2T Al/2 Ki(u)

1 . 1/2
< esssup |®F (u?, 7)| {—/ Lﬁ])du} :
A

weA1/2 2w Jp1s2 QOCIan(u

By (4.3.11), x(u) > ﬁ for u € (0,00), so that

1/2
||(I)('ax)||L2(Ad#) < esssup|<1>i(u2,;p)\ qo+_qn |A1/2\1/2,
’ u€Al/2 2T

Thus, by Lemma 4.2.6 and by assumption, there exists C' > 0 such that [|®(-, z)|| z2(a,d0) <
C for all z € R.
We now prove the first assertion. Observe that

o for all z € R, Fu, f(:) - ®(-,z) € L*(A,dp) by Cauchy-Schwartz inequality and the
claim,

o for almost every A € A, Fu, f(A) - ®(A,-) is continuous on R by Theorem 4.2.2, and

o forall z € R, |Fa, f() (-, )| < C'|Fa, f| € L'(A,dp) for some C” > 0 by Lemma
4.2.6.

By a standard result on continuity of parameter integrals (see e.g. [25, Thm. 14.3.1] and
[29, Thm. 5.6]), we conclude that functions f € PW,(A,) defined in (4.4.1) are continuous.
That PWx(A,) is closed also follows from (4.4.1) and the unitarity of F4,. To prove the
second assertion, let x € R. By the claim and by unitarity of Fyu,,

Lf(2)] <@, )l z2aam 1 Fa, fllzaany = 1PC, @) n2a,aw | fll2 < Ol f]]2

for all f € PWa(A,). Hence, for every x € R, the evaluation map f +— f(z) for f €
PWa(A,) is continuous. By Theorem 3.1.1, PW,y(A,) is a reproducing kernel Hilbert
space. The formula for the reproducing kernel k, is exactly (4.4.2) and is derived as
follows (see [28, Thm. XII1.5.24]). Let f € PWx(A,). Then for z € R,

f(@) = (xa(A / Fa, FON) - O(A2) du(\)
/ / )N ) - B, ) dy du(N)

/ Iy / W) - D0\, ) du(N) dy

The interchange of integrals is justified by Fubini-Tonelli Theorem (see e.g. [15, Thm. 18.3]
and [26, Thms. 14.1, 14.2]). Formulas (4.4.3) and (4.4.4) now follow from the computable
expressions of the spectral matrix measure (4.3.11) and (4.3.21), respectively. O
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4.4. Computing the reproducing kernel

What we have above is a description of PWy(A,) with piecewise constant p as a repro-
ducing kernel Hilbert space with kernel ky. Constructing PW,(A,) from kj can also be
done via the Moore-Aronszajn Theorem [8, Thm. 3]: PW,(A,) is the completion of the
pre-Hilbert space

Ho = span{ky(z,-) : x € R}

with inner product

T m

(fo9hmo = Y > cuBikalys, ),

=1 j=1

where f =37 arka(yi,-), 9 = D20, Bika(z;, ) € Ho.

In Chapter 7, our numerical reconstruction method is based on approximating a func-
tion by elements of finite-dimensional subspaces of PW)(A,) spanned by ka(z;,-) with
finitely many j. Hence, we can translate the reconstruction procedure into a linear algebra
problem that can be implemented in MATLAB.

4.4.1. Strategy for computing k) (z,y) numerically

The computability of the reproducing kernel k, at any point translates to feasibility of
numerical reconstruction methods in variable bandwidth spaces. We now explore how to
numerically evaluate kj(z,y) for any z,y € R. Algorithm 1 shows that we can compute
the connection coefficients aki, bf as well as the local solutions

CI)i(uQ, iL') — a%(u2>eiqkux + blf(UZ)efiqkua:’

where u > 0,2 € I, and q; = p,zl/Q, 0 < k < n. For convenience, we adopt the notation
1l —n— 11—
19<u7 Z, y) = —(I)+(”LL27 a:)CI>+(u2, y) + —o- (’U,2, x>q)7(u27 y)> (445>
qo0 dn

so that (4.4.4) can be compactly written as

1 P, x,y)
ka(x,y) = — ———= du, Y € R. 4.4.6

A(m y> 27 //\1/2 /i(u) Y Y ( )
By expanding ¢, we can try possible methods to calculate the reproducing kernel. Fix
z,y € R. By Lemma 4.2.5, there exist a positive integer m(z,y) and real numbers
ap(z,y), Br(2,y), 1 < k < m(x,y) such that

m(z,y)

Hu, z,y) = Z o, ) e PR (@v)u, (4.4.7)

k=1

Remark 4.4.2. By looking at the matrices (4.2.2) and (4.2.3) as well as the iterative
expressions (4.2.13) and (4.2.14), the nonzero coefficients ay(x,y), © € I;, y € I, for
0 < j,1 < n are obtained by taking products of some of the expressions

11 . ) .
o128 p<r<jandl<s<n-—1l
do dn dr—1 qs
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4. The space PWx(A,) with piecewise constant p

For out-of-range index values, i.e., j = 0 or [ = n, we take 1 as the factor. We see here that
each ay(z,y) does not directly depend on the values of z and y, but rather on the intervals
I; and I; in which z and y are located. Hence, for 0 < 7,1 < n fixed, the coefficients
aip(x,y),x € I;,y € I, are merely constants. Similarly, if algebraic simplifications are
skipped, we have for 0 < j,l < n fixed that m(z,y), x € I;,y € I; is also a fixed natural
number. In contrast, the exponents fi(z,y), x € I;, y € I; are of the form

cr £ q;x £ qu, (4.4.8)

where the scalars ¢, € R are dependent on {¢,}"_, and {g,}'_,. Such statements are
best illustrated by examples in Chapter 5 where we derive computable formulas for the
reproducing kernel when n =1 and n = 2.

Meanwhile, since x is bounded below on (0,00) and A has finite Lebesgue measure, the
integral

1 e'lsu
J = — d R 4.4.9
(5) o /A1/2 k(u) U SE ( )

is well-defined. By (4.4.6) and (4.4.7), we can write the reproducing kernel k as

k 1 m(z,y) / eiﬁk(m,y)u J
ZL‘ = — (6% — au
y k AL/2 K,(u)

Z ap(z,y)J (Be(z,y)). (4.4.10)

Thus, an important step in the numerical evaluation of the reproducing kernel is the
numerical evaluation of J. Ideally, we want an explicit formula for J. However, the
potentially complicated form of x as mentioned in Remark 4.3.4 renders J difficult to
calculate using standard techniques of integration. Assuming we have a separate routine
to calculate J(s) for any s € R, we have in Algorithm 2 a pseudocode that computes
ka(z,y) for any z,y € R.

We now investigate the integral J. First, we observe some of its basic properties.

Lemma 4.4.3. Let A C R be of finite measure and define

1 elsu
J(s) = — d R.
(S) 27 //\1/2 :‘i(u) “ 5 €

Then the following hold.
(i) J(—s) = J(s) for all s € R.
(1) supp FJ = A1/2.

(ii1) If A is a compact interval, then there exists M > 0 such that |J(s)] < M|s|™' for
all s # 0.

Proof. Let A C R{ be of finite measure.
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4.4. Computing the reproducing kernel

Algorithm 2 Calculating kj(x,y) for any z,y € R.

1
2:
3:
4
5

10:

11:

12:

13:

Input: Components p = [po p1 o pn} and knots t = [tl ty - tn]

Spectral set A C R} and points x,y € R

Output: Evaluation kj(x,y)
: function VBREPKER(t, p, A, z, y)

Assign n =length(t).
1/2

Set g =p, 7,0 <k <n.

Let 0 < j,1 < n such that (z,y) € I; x 1.

Compute [CT(u?) C~(u?)] = CONNCOEFF(t, p). > Algorithm 1

2112 + (u2)]2

Compute x(u) = |a32§ P _ G q( ) > Formula (4.3.11)
0 0

Calculate @ (u?,z) = [e/"” e’%“ﬂ Chy(u?). > Using (4.2.20)

Calculate &~ (u?,y) = [e'v™ e "] O (u?). > Using (4.2.20)

Evaluate ¥(u, x,y) = qio<b+(u2,x)<1>+(u2,y) + q%(I)‘(uQ’ )d~ (u?,y).

Write ¥(u, z,y) as Zakewk“ for some positive integer m = m(x,y) and real
k=1

constants ay = ag(x,y), Br = Br(z,y). > Asin (4.4.7)

Extract the coefficient- exponent pairs [ak ﬂk} ,T::l € Cm*2,

Compute kp(x,y) Z /
A

return ky(x,y)

zﬁku

du = apJ(B) > As in (4.4.10).
k=1

1/2 /i

14: end function

(1) This follows from the property of integration of functions of a real variable.

(i1) By definition, J = F = (xa12 - +), which means supp F.J = Al/2.

(77i) Without loss of generality, assume A = [0, (2] for some € > 0. By Rernark 4.3.4, Kk

is (infinitely) differentiable on (0, co) with bounded derivatives and 0 < ( 7 < Qodn
for all u € (0,00). Consequently, integration by parts yields

J— 1 eiSQl/Q 1 1 Ql/2 K;/(U) 15U
J(s) = 5= (K(Qm) — Ii(O"")) - 27Tis/0 COI (4.4.11)

2ms
1 1 1 D ()]
NS 5 {|f~:<91/2>| R A= d“}’

where £(07) = lim, o x(u). Therefore, for all s # 0,

T (s)] < Lin (z + Qogn Q2 esssup |m'<u>r> -

27|s| 0<u<Ql/?

]

If explicit formulas for J are not available, we settle for approximations of J(s) with

satisfactory error bounds for any s € R. Such an approximation can potentially be derived
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4. The space PWx(A,) with piecewise constant p

by applying integration by parts several times to (4.4.11). Let g = % Then for m € N
and s # 0,
1 m—1 (_1)k

_ k 1/2\ isu k (_1)m @ m isu
15) = 52 3 g @ e = 00 + g [ g e

Assuming we have access to derivatives

()(0+)—11mg( (u) and ¢ (QY?), k=0,...,m—1,

define the m'" approximation .J,, of J as

Inls) = 5 - (@slfk (gM (@)™ — g®)(07)),

Then the error E,,(s), s # 0 is computed as

L Q' (m)
E,.(s)=1|J(s) — Jn(s §—/ g™ (w)e"" du < ——— esssup |g\"™ (u)| < oo.
() = 1(5) = )| € 5 (w) Salafi 55 10w
Clearly, the accuracy of the proposed approximation improves as we take larger |s| and
use higher order derivatives. However, for small to moderate values of s, the errors may
be large. Alternatively, we can evaluate J(s) for any s € R using efficient quadrature
methods for oscillatory integrals, i.e., integrals of the form

[

where —oco < a < b < o0, both f (the amplitude function) and ¢ (the phase function;
e is the oscillatory term) are sufficiently smooth functions, and s € R. Several
methods and software packages are available for such computations. We list the basic
ones below. We refer the reader to [30, 46, 47, 54, 55] for an introductory study of
numerical quadratures on evaluating oscillatory integrals.

e MATLAB’s integral (essentially the same as quadgk) command uses high-order
adaptive quadrature and can handle small to moderate values of |s|, but fails to
correctly approximate J(s) for large |s|.

e The Filon quadrature [30, 46, 48] is a numerical integration method specifically
designed to calculate highly oscillatory integrals, i.e., when |s| is large. We ap-
proximate % by an interpolating polynomial Pgp of degree at most m — 1 using
interpolation nodes ¢y, ..., ¢y, € [a,b] and compute

b
Qr(s) = %/ Pr(u)e™"* du.

This only requires computing the moments

b
/xjeisu,du, 7=0,...,deg Pp.

A complete error analysis of the Filon method for the non-oscillatory, mildly oscil-
latory, and highly oscillatory cases can be found in [47, Sec. 3].
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4.4. Computing the reproducing kernel

e Mathematica’s NIntegrate’ command uses the OscillatorySelection preproces-
sor to select the most appropriate method to evaluate highly oscillatory integrals.
For small to moderate values of |s|, NIntegrate can evaluate J(s) with ease. For
large |s|, it uses the LevinRule that is based on the Levin collocation method
[54, 85]. Let s € R. The idea is if there exists a function ¢ such that

&' (u) + isp(u) = ﬁ, a<u<hb,

then with A = [a,b] C R{,

1 ’ / . isu 1 isb isa
I6) = 5 [ (60 +iso)e du = 300 = dla)e’).
Instead of finding such ¢, we choose interpolation nodes ¢y, . .., ¢, € [a,b] for some

m € N to find an interpolating polynomial Pj, of degree at most m —1 which satisfies
Pp(ej) +isPr(cj) = —

Then the quantity

Qu(s) = % / (PL(u) + isPy ()€™ du — %(PL(b)e“b _ Pya)e™)

is an approximation of J(s). In a more general context, it was proved in [55,
Thm. 3.1] that the accuracy of the approximation increases as |s| increases. It also
follows as a special case of [85, Thms. 2.1, 2.2] that for s € R and with the same m
interpolating nodes, Q1(s) = Qr(s) and with the same error bound

3(1+m)[|ID™ Lloo(b — a)™

|s|m!

E(s) <

It should be noted as in [54, 55] that the above quadrature methods for oscillatory integrals
are effective when s is large and the amplitude function is not highly oscillatory, which
by Remark 4.3.4 may not be true for % We can still use these methods by forcing
software packages to identify e’*“ as the only oscillatory term of J. However, if % oscillates
much faster than |s|, then we may get incorrect values. This is because the interpolating
polynomials Pr and P; may fail to capture the true oscillatory behavior of % We can
interpolate % using a preferred class of orthogonal polynomials (e.g. Hermite, Chebyshev,
Legendre) and, if necessary, add more or choose special interpolation nodes to improve
the approximation at the cost of increased computational effort.

In the next chapter, we investigate the cases n = 1 (two-component p) and n = 2
(three-component p) where the resulting x has a simple formula. We show that for n = 1,
we can find an explicit formula for J, while for n = 2, we give a series expansion of J(s)
for any s € R and whose partial sums converge geometrically to the correct value. These

9More information on NIntegrate integration rules can be found on Wolfram’s web page: https:
//reference.wolfram.com/language/tutorial/NIntegrateIntegrationRules.html.
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4. The space PWx(A,) with piecewise constant p

formulas save effort in demonstrating the accuracy of actual numerical computations in
Chapter 7 and avoid complications that may arise from using any numerical quadrature
for oscillatory integrals. Consequently, for n = 1 we have an exact formula for kj and a
computable formula for k, for the case n = 2. In Appendix B, we will use the theory of
residues to investigate the integral J for a rather special case of parameters.

As a final note, we see that the aforementioned numerical quadrature methods may
be useful in the case n > 2 (p has at least four piecewise components) where there
is absolute necessity to perform all symbolic calculations (i.e., computing ®*, s and
dp) using a computer. Nonetheless, additional work is needed here to show accuracy of
computational results. This case is computationally intensive and is beyond the scope of
this thesis.
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5. Concrete Examples

A key ingredient in the computation of the reproducing kernel ky of PW,(A,) with an
(n + 1)-component piecewise constant p is the evaluation the integral

1 eisu
- = du.
I(5) 27 /,\1/2 K(u) "

Remark 4.3.4 pointed out the complexity of the form of x, hence the difficulty in calculat-
ing J(s) for any s € R. In this chapter, we take a look at the following concrete examples
where evaluations of J can be accurately computed. Assume that A = [0, (] for some
Q>0.

e When n =1 and p is the function

Po, T S 07
p(.fl?) = { Do, P1 > 07
b1, @ > 07

we show that k is a constant. Hence, J(s) is a constant multiple of the Fourier transform
of Xpa1/2 = X[,01/2) €valuated at —s, and therefore can be expressed in terms of cardinal
sine functions. Using the general theory of Chapter 4, we reproduce the result in [39,
Sec. 4] where an exact formula for the corresponding ky was derived.

e When n = 2 and p is the function

Do, T E <—OO,—%],
p(l‘) =43P, TE <_%7 %]7

D2, TE (%,OO),

p07p17p27T > 07

we prove that k(s) = C + K cos(s, where C, K and ( are constants determined by p.
Using series expansions, we show that

1 6isu

Je)=— [ —° 4
() 21 Jpr2 C+ K cos(s “

can be written as an infinite series of cardinal sine functions. Moreover, for any s € R,
the corresponding sequence of partial sums evaluated at s converges to J(s) at a geo-
metric rate. We then partially compute the piecewise components of the corresponding
kx in terms of J. Note that such a series expansion for J allows us to numerically
evaluate kp(z,y) at any point (z,y) € R? up to desired accuracy.

To aid us with the computations, we recall from (4.4.5) the notation

1l ———— l———
19(“7 l’,y) = _q)+(u27 m)CI)Jr(uQ,y) + —CI)_(UQ,[L‘)CI)_(U2, y)) xr,y € R
do an
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5. Concrete Examples

so that the reproducing kernel ky in (4.4.4) reads as

1 V(u, z,y)
ka ——==d R.
($ y> 27 /A1/2 /i(u) Ys Y <

We will see shortly that upon expanding ¥ and applying identities from Lemma 4.3.1,
most of its terms are of the form

et 4 e = 2cos(su), s€R.
Thus, when computing for ky, we mainly use the real (also even) part Jyea of J given by

J(s)+J(=s) 1 / cos(su) du
Al/2

Jrea(5) = 2 T or K(u)

5.1. Case n = 1: the toy example

We consider the simplest case of a two-component piecewise constant p having the origin
as its only knot. This is called a toy ezample in [39, Sec. 4]. We then rederive the
reproducing kernel as part of the general theory of Chapter 4.

Theorem 5.1.1. Let Q,po,p1 > 0. Set A = [0,9]. Define p to be the piecewise constant

function
Dbo, X S 07
p(z) = {

p1, x>0

and the constants g, = p, 1/2, k =0,1. Then the reproducing kernel of PWy(A,) is given
by
(@22 (sine g2 (x — ) — 5% sinc oQ2(x +) ), 2,y <0,
b (2. 1) q1g}rl/2 sinc qq 91/2( —y) + go+gl sinc q; Q1/2( ), @y>0,
AT, Y) =
Qqé)q?fqll) sine /2 (qor — q1y) r<0,y>0,
/2
| 202 sine QY2 (i — qoy) x>0,y <0.

The above formula for k, is equivalent to the one given in [39, Sec. 4] if written purely
in terms of py and p;. We reproduce this result.

Proof. We first prepare the necessary quantities for quick reference. By Theorem 4.2.2,
the fundamental system ®(u?,-) = (& (u?,-), ®~(u?,+)),u € (0,00) is of the form (using

n=1,t =0, q Zpal/276h = Pl_l/z)

Ot (u?, x

) _ a(—)&-(u2)eiq0xu + b(—)&-(UQ)e—iqoxu’ x < 07
elnzu x>0,

O (u? ) = e, z <0,
’ ay (u?)e ™ 4 b (u?)e " nme g > 0.
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5.1. Case n = 1: the toy example

We now need L;(u?) and R;(u?) to compute aj (u?), by (u?) and ag (u?), b (u?). By (4.2.4)
and (4.2.5),

i+ 1-2 1[1+2 1-%
Ll(ﬁ)zi{l—g—? 1+g—?} and Rl(uQ)Zﬁ[l—g—é 1+g—é]
q0 q0 q1 q1
Thus,
{al(@} _1 F o Z_o} H _1 { - 3_3} (5.1.1)
by (u?) 2|1 Zl —i—g—; 1 2 1+Z—é’
O NIRER oI N
)l T 9|1 = X 2 W I O e
bg (u7) 2 1 q? 1+q(1) 0 21 q(1)
By Theorem 4.3.3 and (4.3.21),
g @ (wta)® s 200 [a 0]
Ku) = ——m——="—g" =" 55— dulu’)= == | u. (5.1.3)
% q Uil (g0 + q1) o
Hence, with A = [0, )], the integral J can be expressed as
) ) ) g p
1 isu 20202 0L/ ) 20202 iQl/2s 1
J(s = — e d :%/ e duy = qpq1 26 :
21 Jprz K(u) (90 +@1)? Jo m(q0 + 1) is
ol/2
2020201/2 P2 .
_ Zhht © 22 sinc (92/25> , seR. (5.1.4)
m(qo + q1)
The real part J,ea of J is
20202 /2 20202Q1/2
Jreal(s) = %/ cos(su) du = LQsinc 0%, seR. (5.1.5)
(g0 + q1)* Jo (g0 + q1)

We now compute the piecewise components of k5. We partition R as the union of intervals
Iy = (—00,0] and I; = (0, 00).

e Suppose x,y < 0. Then x,y € Iy, i.e., j =1=0 and

1l ——s— 11—
Du, z,y) = %‘I)*(uZ,SU)W(UQ,y) + q—q)‘(uZ,x)q’*(uZ,y)
1 . —_ . .
= e W BT af () 4 b () )
+ leiqoxue—iqoyu.
Uil
From (5.1.1) and (5.1.2), we have

1 2 . . 2
4o q7 q1
2
(1_@) L E—
q1 a1

_ b { (1 - q-é) cos(qo(z + y)u) + (1 + @)2 cos(go(z — y)U)} :

2qo qi G

+
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5. Concrete Examples

Dividing both sides of the above equation by 27x(u) in (5.1.3) and integrating with
respect to u over the interval [0, 2'/?] yields

12 Iu, z,y)
k’ - Y ) d
A(xay) 27’(’/0 li(u) u

I @ D cos(qo(x + y)u) g 1 w\> [ cos(qo(x — y)u)
- —(1-%). ut— (1+2) - d
2qo q1 0 r(u) 2qo ¢ 0 r(u)

1 q? 1 q 2
0 0
= = I Jrea T+ + —(1+ = Jrea €r — .
s (17 %) it ) + 5 (142 sl 9)
By (5.1.5),
1 q%) 1 ( CJ%) 2q54; Q"7 12
— (1 — =) Jeeat(go(x + = — (1= ) 221 gine(qoQ?(z +
240 ( q {aolw +3)) 240 ¢t/ m(qo + q1)? (@ +))
Q¢ —qo . 1/2
= ——sinc(q*(z + v)),
T Gt (% ( y))
1 q0>2 1 ( %)2 QQ(Q)CI%QU2 . 1/2
— 14+ =) Jiea T — =—[1+2) 227 gine(q?(x —
20 ( " 1(qo( y)) 240 @) m(go+ q)? (90 ( y))
Ql/2
S sinc(qoQY?(z — ).
T
Therefore,
Ql/2 _
i) = 22 (snela2e = 1)~ DL sinc(n (o +9)) .y <0
0+ q

e Suppose x,y > 0. Then z,y € I, ie.,j=101=1 and

1 . .
O, a,y) = e
qo
1 . . . .
(g ()0 4 by () ) ay (u)e Y b (u)e ™),
q1

Performing the same procedure as in the previous case yields the similar formula

Ql/2
ij(ZL’, y) = &

<sinc(qul/2(x —y)) + o~ N sinc(qoQY?(z + y))> , x,y>0.
qo + q1

e Suppose x <0,y > 0. Then z € Iy,y € I,ie.,7=0,l=1 and

1 4 _ .
D(u, z,y) = —(ag (u?)e ™ + by (u?)e' ™™ )e' "
do
1 . . )
4 aezqocz:u(al— (u2)€zq1yu + bl_ <u2)e—zq1yu>.
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5.2. Case n = 2: three-component p
Again, by (5.1.1) and (5.1.2) we get

1 9o 1 q1 ;
Hu,z,y) = (— (1 — —) R <1 — _)> i@z +a1y)u
( ) 2qo qQ 2q, do

-+ i (1 —+ 2) ei(qoz—qu)u + i (1 + @) efi(qoquly)u
2q1 do 2q0 q1

+
_hTa cos((qor — qry)u).
doq1
Hence, by (5.1.5),
G + @1 200 QN? 1/2
ka(x,y) = Jreal(Qor — q1y) = ———sinc(Q27/“(qor — q1y)), = <0,y > 0.
Az, y) v cal (40 1Y) (g +q) ( (g0 19)) Y

e Suppose x > 0,y < 0. Then x € I,y € Iy, i.e., 7 = 1,1 = 0. By the previous case,

2001 2%
ka(z,y) = ka(y, ) = ——— sinc(Q1/2 —qx
AT, y) INCED (@ +q1) ( (q0y — 1))
2q0(]1g21/2 . 1/2
= ————sinc({2 r — , >0,y <0.
TF(Q() + C]1) ( ((h QOy)) Y
By inspection, all four cases match the formula for k£, in Theorem 5.1.1. O]

If po = p1 (g0 = ¢q1), the reproducing kernel k, reduces to

qOQl/2

ka(x,y) = sinc(qoQY?(z —y)), z,y€R
which we know as the reproducing kernel for the Paley-Wiener space PW, g1/2(R) of
qo2"/?-bandlimited functions.

The previous computations demonstrate that complete derivation the reproducing ker-
nel k, is possible if we know an explicit formula for J. We shall see in the next example
that finding a formula for J becomes more difficult as n > 2. We illustrate the case n = 2
in the next section where we only have a series expansion for J.

5.2. Case n = 2: three-component p

We consider a three-component piecewise function p where the middle interval I; is cen-
tered at the origin. Unlike the toy example where we have an explicit formula for J, we
settle for a series expansion as the computations are more complicated.

Lemma 5.2.1. Let py,p1,p2, T > 0 and A C Ry be of finite measure. Define p by
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the constants q;, = p, 1/2, k=0,1,2,

2 2
qo q1 qo q1
— {1+ 1+ p(1-%) (12 |, 5.2.1
1643 ( Q1) ( 92> ( Q1) ( Q2)] ( )

1 2
K=— (1 = q_g) (1 = q—l) , (5.2.2)
85 qi 7

and ¢ = 2q,T'. Then

O:

1 eisu
J(s) = — - d R.
() 27 /A1/2 C + K cos(u s 8C

Proof. We proceed as in the toy example. By Theorem 4.2.2, the fundamental system
O(u?, ) = (D1 (u?,-), @ (u?,-)),u € (0,00) is of the form

raaL(u2)€iqom + b(—)i—(UZ)efiqoxuj = (—oo, _%]
B, 0) = | af ()o@ ne, v e (<13

keiq2ﬂCU’ T E (%, o0)

(¢ itovu, x € (—00, —3]
O (u*,w) = § ay (u)e ™ + by (uP)e 0, x € (—F, 3]

L ay (u?)e2® + b, (u?)e~"22u g € (%, 00).

To obtain the rest of the connection coefficients, we need the matrices

[ 14+ q_1 e—i%(%—tn)u 11— e’i%(qo-ﬂh)u-
Ll(u2) _ q0 - 7
2 _ iz (@ta)u (1 4 Z_l el (@o—a1)u
~ O -
[ 1+ q2 iL(q1—q2)u 12 e—i%(fh'ﬂm)u-
L2(u2> _ = q1 . :
2 _ el (@tae)u (1 4 Z_? etz (n1—g2)u
- o .
1 (1 4 4 ) 5 (q0—q1)u <1 _ Q_O) eis (@+a)u
Rl(u2) I q1 - :
2 (1 > L(qo+a1)u (1 T ‘J_O) etz (00—q)u
q1 |
(1 + ‘1_1) —i% (g1 —g2)u <1 _ q_1> e—i%(qti'%)u-
RQ(U2> _ = q2 q2
2 (1 _ ‘1_1> i3 (a1+a2)u <1 + q_1> el % (a1—a2)u
| a2 a2 i

Now, by Theorem 4.2.2, we have

] = meey o], [t = moomn ] = mon [5H]
| = mea 2] [refen)] = ooz [{] =m0

Therefore,
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5.2. Case n = 2: three-component p

’ bi_<u2) 2 (1 — g_;> ei%(qﬁ-fh)u

14+ 2 ei%(QO+2q1—q2)u +(1+ Q_l 1 - 2 ei%(%—?m—qz)u
1 1

_ 2 et % (q0+2q1+g2)u +(1+ q1 14+ & i% (40—2q1+g2)u

e

1 <1 + q0> (1 +2) el ig(@—2n+e)u 4 (1 @) (] @) eig(@0+2an+a)u
Z @

S A A AN 1 O

- B L q1 92 q1 g2

etz (—90+2q1+g2)u

Using the constants C' and K as in (5.2.1) and (5.2.2), we can write x(u) a
+/ 2V(2 1 2 2 2 2
w(u) = 10 IE_ 1 (1+@> <1+2) +(1—@> (1—@)
' 164; Q1 G2 Q1 G2
2
+2 ( - q_g> < q1> cos (2Tq1u)}
41 %

= C + K cosCu.

Therefore,

1 e’LS’lL
= — ——d
I(5) 2m /A1/2 C + KcosCu “

for any s € R. ]

— (2,22
According to Theorem 4.3.3, one can also use k(u) = % to compute k. Indeed, in
2

this simple case we see from the similarity of the expressions ag (u?) and b, (u?) that
b 2112 1 2 2 2 2
m(u):|2(g)| = — (1—1—2) (1—1-@) —i—(l—ﬂ) (1—@)
% 1645 o O do 7
2
+2( _q_;) ( qg)cosCu}
4y aq

By distributing = o and factoring out -, we arrive at the same expression for x.

Remark 5.2.2. We have the followmg observations.
(i) It is clear that C' > 0 and

2
CtK— L KH )(l+2>i(l—@)(l—2>] > 0.
16¢3 73 g2 ¢ G2

Moreover, C' = K if and only if ¢ + ¢ogo = 0 and C' = — K if and only if gg+¢o = 0.
Since both conditions cannot happen as qi, ¢2,q3 > 0, we conclude that C' > |K],
which also confirms for n = 2 that x(u) does not vanish for u € (0, 00), cf. Corollary
4.3.2.
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(71) We can also take a look at degenerate forms of n = 2 where consecutive components
of p are equal. If A = [0,Q] and p; = p» (¢1 = ), i.e., the only knot is at ¢, = —L

2
then C' = q“;”;l and K = 0. Hence,

401

1 Ql/2 eisu 9 Ol/2 ' 9 291/2 ;9
J(S) = —/ du = le/ U dy = qu Sinc 912/25
o ¢ (0 +a1) (g0 F Q1)

2q5¢72'/
(g0 + q1)?

Analogously, if po = p1 (g0 = ¢1), i.e., the only knot is at ty = %, then C' =
and K = 0. Therefore

1 Ql/2 eisu 2 QL/2 . 9 291/2 s0l/2
J(S) = —/ du = LQ)/ eZSu du (hq Sinc Ol/2

Jreal(s) = sinc QY/2s. (5.2.3)

(q14+q2)?
4qiq3

27 C (1 + q2)? (¢ + Q2) 2
and
QQQUQ . 1/2
Jreal(8) = 1—s.lan /2. 5.2.4
((s) = (g1 + q2)? ( )

Up to a shift by %, these formulas coincide with the closed-form expressions for J
and Jyear in (5.1.4) and (5.1.5), respectively. If it turns out in both cases above (even

including the toy example) that pg = p1 = p2 (g0 = ¢1 = ¢2), then for s € R,
201/2 /2, 20)1/2
J(S) = % _eZQ 2 sinc _Q1/287 Jreal(s) = &

o 2 T

sinc Q2.

5.2.1. Evaluating J: Series expansions

To our knowledge, J in Lemma 5.2.1 does not belong to any class of special functions. We

first discuss a series expansion that will be used in Chapter 7 for the numerical evaluation
of J.

Theorem 5.2.3. Let Q, T, qo, q1,q2 > 0. Set A =[0,Q] and the constants
1 q w0\’ q q
-0 2 -2 2]
1644 42 ¢ 42 ¢
1 2 2
599
845 3 Qi

C=2¢T andr = % Then for s € R,

1 eZSU
I(s) = o /Al/z C + Kcos(u du
1] & [/ ram (m) st m=200QY2 _ 4
- EWZO <; (‘5) (z) i(s + (m — 20)0) )
Ql/2 oo m mm /m iQ1/2
- 2OW;Z(_§) (l)e i

(s+(m=21)0) 1. (%”(s + (m — 2l)C)) :

74



5.2. Case n = 2: three-component p

Moreover, if Jy is the M™ partial sum of J, then
QU2 [y M+

196 = I < G

Proof. By Remark 5.2.2, |r| < 1. By Lemma 5.2.1, we have that for s € R,

1 QL/2 ezsu Ql/2 OO
J _ m isu m d
(5) 2Cm /0 1 — (=7 cosCu) du = 2CT / ¢ cos™ Gudu

o) 0l/2

- % g (—r)m/ " cos™ Cu du. (5.2.5)
m
m=0

0

s € R.

For m € Ny, define the bandlimited function

0L/2
Fo(s) = / e cos™ (udu, s€R
0

so that J = 525 > (=)™ F,. To compute F,, we write cosine using complex expo-

nentials:
0l/2 | Ql/2 ‘ icu —iCu\ ™
Fo(s) = / e cos™ Qudu = / et - e du
0 0 2
m QL/2
LR e e
2 Py [ 0
m /2
: (W?u/ﬂl {(s+(m—21)C)
_ Z etlst(m v du.
2 1=0 l 0
Since

01/2 iQY/ 2 (s+(m—21
/ z(s—l— m—20))u v du = € : (s ) — 1
0 i(s + (m - 20)¢)

— /2,2 "2 (s(m—21)C) sine (%/2(3 + (m — ZZ)C))
for any s € R, we have

1 m 191/2(5-‘,-(771 20¢) _ 1

1 (5.2.6)
T om - ( ) 5 + (m 2[)()
Q1/2 m Q12
om (7) e 2 (Hm=200) gine <%/2(8 + (m — 21)()) : (5:2.7)

1=0

Substituting either (5.2.6) or (5.2.7) to (5.2.5) gives the first conclusion. Now, since
|F(s)| < QY2 for all m € Ny, then for M € N,

1 o0 02 = QU2 |y M+
J(s)—J = — mp mo_ R.
9(6) = dar(5) = 5 | O (1" Eulo)| < 5 D "= g se
m=M-+1 m=M+1
This completes the proof. n
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5. Concrete Examples

For bounded spectral sets, we replace [0,9] by A in (5.2.5). However, expressions for
F 1 (xp1/2 cos™ Cu) without integrals for all m € Ny may be difficult to derive.
The real part J.., of J is given by

J(s)+ J(—s)
2

_ ;z;/; g lz”’; (5" (7) cos (242 (s + (m — 20)¢) ) sine (22 (s + (m — 2)0)) .

Observe that for 0 € R,

Jreal<3) -

2 sin g CoS g sin 6

0 0

N

0 Sl

2

0 _
g =

COoS 2 sinc cos g . = sincé.

SISy =]

Taking 6 = Q'/2(s + (m — 21)¢) yields

Jreal (5) = ;2;/; miozoi <—g)m (T) sinc (91/2(3 +(m=20)¢)), seR.

Remark 5.2.4. An alternative expansion for J., can be derived using the connection
between binomial coefficients and Pascal’s triangle. Writing the first few terms of Jyc, in
the above series expansion yields

1/2 -
_ ) 2y T 12, _ : 1/2
Jrear () T sinc(§2 s)\ 5 (sinc(Q'?(s — ¢)) + sinc(Q (s—i—C)))J
m=0 'n?;l
2
- TZ (sinc(QY2(s — 2¢)) + 2sinc(QY2s) + sinc(RY%(s + 2¢))) — ...
m‘;Z

Considering the sum of entries found in the kth column of Pascal’s triangle we define

QY2 SN (25 + |K| 7 2i+k|
=—— —= y/ 2.
o 2C7r;0< j )( 2)  REL (5:2.8)

so that
Jreal(8) = Z e sine(QY2(s — kQ)).
k=—o00

In Appendix B we give a special case where we get an explicit formula for J using the
theory of residues as well as special functions.

5.2.2. Piecewise Components of k,

We now partially compute the piecewise components of the reproducing kernel k, for
n = 2. Since we do not have a formula for J in this case, the best we can do to compute ky
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5.2. Case n = 2: three-component p

is to manually expand J(u, z,y) for any z,y € R. Afterwards, we express the components
of kj in terms of J. Instead of considering all nine possible expressions for k,, we appeal
to the symmetry kj(x,y) = ka(y, z) for all z,y € R to reduce the number of components
to compute. Once these partial computations are performed, we use Theorem 5.2.3 to
accurately evaluate J at any point.

Theorem 5.2.5. Let Q,pg,p1,p2, T > 0 and set A = [0,Q]. Let Iy = (—oo,—%],[l =

(— 2,5] I, = ( ,00) and x; = X1, the characteristic function on I;, j = 0,1,2. Define p
by
po, x € Iy,
$>:ijXj($): p1, x €I,
= P2, @ € I,

—1/2

the constants g, = p, '~,0 < k <2, and the real part Jyeq of J by

Jreal(s ;2;/; Z Z (——) < ) sinc (2Y%(s + (m —20)¢)), seR.  (52.9)

Furthermore, we define the functions kp 5,0 < 7,1 <2 by

0z 1 2 2
kaoo(x,y) = 0 sinc(qoQ % (x — y)) + . ( — q—g) (1 + %) Jreat(qo(z +y +T))
do qi a3
2
+i 1L 1—q¥ Jreat(@o(z +y +T) + 2. T)
8q0 @ q% real\ 40 Yy q1
1 2
+ 8_(]0 (1 + ZO) (1 q;) Jreal(QO(I +y+ T) - 2Q1T)
2
111
kAJl(:L‘, y) = 5 % Teal(ql(z - y))
1 CI1 1 CI%
+2—C]0 1_? Jreal((h(x_l'y T))+2_C]2 1_? Jreal(q1<x+y+T))a
2 0
Ql/2 ) 1 2
kA,QQ(./E, y) = e . SIHC(QQQI/2(I y)) + 4—q2 <1 + %) <1 - %) Jreal(QQ('I + Yy—= T))
0 1
1 q2 q2 ?
+ 8_6]2 (1 — q—; (1 — a JTeal(QQ<$ + Yy — T) — 2q1T)
0
+ i (1 _ q_%
842 q% qQ

kA,(n (37; y) kA,lO(Z/? l‘)

Jrea(@o(z + L) —qi(y+ 1))

)
(1 + —2) 2 Jreal(@2(z +1y — T) +2¢.T),
)

) Jreal(QO(x + %) + q1<y + %))

- —2) Tnalto(e + 1) + iy — 22)
2
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5. Concrete Examples

2
q

(1 - _é Jreal(QO('I + %) - (h(y - %))7
2

1 Y 2
=— |1+ = 14+ = — =) — — =
Ay ( + 0 ( + ql) Jrear(q1 (2 2) a(y 2))
1 @\ 2
— (1= % - _ T _ T
+ 4q2 ( qo) ( C]1) Jreal(Ql(x 2) + Q2(y 2))
1 i g2 3T
- 1 - T 1 - Jrea 5 Y
+4q2 ( q3> ( + ” (a(z+5) +qly—3))
1 Q% q2 3T T
- - T 1 - Tea. 5 - - 5 .
* 10 ( q%) ( ” Jreal(@(z +5) — q2(y — 3))

Then the reproducing kernel of PWio)(Ap) is

ka(w,y) = Z Eaji(z,v)x;(@)xi(y), z,yeR

31=0

Proof. Initially, we have nine cases to consider:

(4,1) € {(0,0),(0,1),(0,2), (1,0), (1,1),(1,2),(2,0), (2, 1), (2,2)}-

By the symmetry kx(z,y) = ka(y,z) for all z,y € R, (1,0) follows from (0,1), (2,0)

follows from (0,2), and (
symmetric at the origin, (
)

)
2,1) follows from (1,2). Furthermore, since the knots of p are
2,2) follows from (0,0) and (1, 2) follows from (0, 1) by applying

the replacement rule (z,y, 7, g0, ¢1,92) — (y,x, =T, q2, q1, qo). Therefore, it suffices to take

the four cases
(7,1) € {(0,0),(0,1),(0,2), (1,1)}.

e Suppose z,y < —%, i.e., (j,1) = (0,0). Then

1l —— l ————
Iu,z,y) = —@* (w2, 2)0" (u, y) + — @~ (u?, )07 (u’,y)

qo0 Qn

1 . - ' .
= %(CLS_(UQ)G—ZQOZUU + ba-(UQ)ezqwu)(a(—)i—(u2)€zqoyu + ba-(u2)6—zqoyu)
+ leiqwue—iqoyu

q2

F(u?)|? +(002]2
_ 6 COF iantasu (1 | lg )] ) .
4o qo qo

1 S - ‘

+ % (aék(u2)b8—<u2)ezqo(z+y)u + ab&-<u2)b8-(u2)e—zqo(:c+y)u> '
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5.2. Case n = 2: three-component p

By Corollary 4.3.2 and by definition of x in Theorem 4.3.3,

1 bt (u2)]2 at(u2))?
RN 5 i il
q2 do qo

Consequently, the sum of the first two terms equals 2gok(u) cos(qo(z — y)u). Upon
expanding the remaining connection coefficients using the values computed in the proof
of Lemma 5.2.1, we get

1 2 2
Hu, z,y) = 2qok(u) cos(qo(z — y)u) + — (1 + %) (1 — q_g) cos(qo(x +y + T)u)
4qo 5 4

L1 ( . é) (1 - @)2 cos((qo(z +y + 1) + 2:T)u)

8qo 15 q
1 2 2
+ — ( — q_;) (1 + @> cos((qo(x +y+T) —2¢:T)u).
8qo q3 ¢
Hence,
1 Y
e - L [ O,
27 a2 K(u)
C_IOQl/Q . 1/2 1 qf q(2)
= Q2@ —y)+—(1+ %) (1=2) Jrea +y+T
—sinc( 2w =) + 1 (1+ %) (1= B ) Sealmlz + v+ 7))
1 ¢ 0\’
o (125) (1= ®) dealwle + -+ 1) + 207)
8o q3 ¢
1 a @\’
+ — (1 — _;) (1 + —) Jreal(@o(z +y+T) — 21T
8qo 15 Q1
= ka00(,y)
e Suppose x < —%, —% <y< %, ie., (j,1) =(0,1). Then
1 . . . .
.9) = = (@ ()™ B ()6 ™) (e ()™ + BF () )
0
1 . . .
+ _ezqoxu(al— (UQ)equyu + bl_ (u2)€—zq1yu)
g2
— a(—)s_(u2)aii_ (u2)€—i(qor—q1y)u + aa_(u’Q)bii_(UQ) e—i(lIOx—th)u
do qo
+ bg(UQ)bT(Ug) + bl_(uz) eHaor—aq1y)u + bS_(UQ)CLi’_(U,z) + a; <u2) eHaor+ay)u
do q2 ] q2
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5. Concrete Examples

The coeflicients are as follows:

+ +(,2 i 2 2 i
ag (u?)ay (v) _ b (1 + _1) (1 + @) e~iz(@0—a)u 4 (1 _ q_l) (1 _ @) et (a0+3au |
qo 3qo I 7)) 7 5 ¢ ]
+ +(,.2 i 2 2 i
AP0 L (1 8)(1 ) gy (12212 o]
do 3qo I a3 ¢ ) 731 |
J— B 2 -
b(J)r(UQ)bir(UQ) + bl ('LL2> _ L (1 o q_%) (1 o @) ei%(qg—i—Sql)u + <1 + _1) (1 + _0) ei%(qo—ql)u
qo q2 3qo i q% q1 q2 q1 | ’
J— B 2 -
by (u?)ay (u?) n ay (u?) _ 1 ( _ Q_%) <1 i @) ¢i% (@0=3a)u | (1 _ _1) (1 _ QO> i 5 (@o+a)u
qo q2 3qo i q% q1 q2 q1 |

Careful expansion and combining relevant terms eventually give

I, z,y) = —— (1 + @>2 (1 + @) cos((qo(z + ) — qu(y + $))u)

qo q2 qQ1
1 @\’ q
* i (1 — q—:) <1 - q—?) cos((qo(x + %) + qu(y + 5))u)
1 Q% do T 3T
+4—Q0 1—? 1+a cos((QO(x+§)+QI(y_?))u)
2
1 ai q
- (1 - q—) (1 - q—) cos((qoz + L) — au(y — L))u).
2
Consequently,
1 2 q
1 0
kA(.I',y) = 4_q0 <1+g) (1+a) Jreal(QO(£+%) _Ch(y_'_%))
1 ? q
+ 4—(]0 (1 — q—;> (1 - q_(1)> Jreal(QO(‘r + %) + QI<y + %))
1 1 f 1 qo J T 3T
—|—4—q0 — E ‘f‘a real(qO(x_’_E)—i_QI(y_T))
1 1 f 1 qo T T 3T
+4—q0 — E - a real(QO(x+§) _ql(y_ T))
= ka 01(%9)

e Suppose v < =Ly > L ie., (j,1) = (0,2). Then

. . . 1 . ) .
(a+(u2)6—zqomu + bbf— (uz)ezqozcu)ezquu + gezqoazu<a2— (u2)ezq2yu + b2— (u2)6—zq2yu)

¥ — ()2 ¥ — (2
_ (bo (UZ) Qg (u )) i(@orta2y)u + 0 (u2) —i(goz—q2y)u + b (u )ei(qoquzy)u

D(u,z,y) =

@

e
qo q2

+ (.2
= o u2)6—i(qoax—q2y)u + 4 (u )ei(qow—qzy)u (5‘2_11)

qo qo
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5.2. Case n = 2: three-component p

by identities (4.3.1) and (4.3.5). Therefore,

) cos((qo(z + L)+ 1T — go(y — L))

-3))

1 q1 do
Hu, x,y —(——)(1——
( ) 2q0 q2 q
1 q1 o T T
+—(1+=) 14+ =) cos((@(z+ 5) — T — @y — ))u)
qo0 q2 a1
which implies
1 1 qo0
ka(w,y) = o I—= 1—— Jreal(@o(x + 2) + 1T — g2y —
q0 q2 q1
1 ¢ ) T T
— (1+2) (1+2) ., DT — oy — 2
+ 20 + 0 ( + (J1) gz +3) — ¢ @y —73))
= kA,02<x7y)
e Finally, suppose —% <zy< % ie., (j,1) =(1,1). Then

O, 2, y) = —(af (u?)e™ ™™ + b (u?)e' ™) (ay (u?)e"™" + by (u?)e ")
do
g e BB ar (1) by (e )
2
+(,,2\|2 —(2,2)]2 +(,,2\|2 —(2,2)]2
— (|CL1 (U’ )| + |CL1 (U’ )| ) efiql(xfy)u + <|b1 (u >| + |b1 (u )| ) eiq1(a:fy)u
do a2 do a2
+ a—l‘_(u2)bii_(u2) + al_(u2>b1_(u2) eiql(:ery)u
qo 42
+ a—l‘_(UQ)bii_(UQ) + al_(u2>b1_(u2) efiql(m+y)u.
qo 42

Upon substituting the corresponding values of the connection coefficients, we have

at ()2 a (12 1 2 2
|ai (u?)] +|1( w1 _(1+2> +_(1_2)
o 7 419 72 72 o
11 2 1 2
_ —(1+q—;>+—(1+q—§)],
41 qo q35 q2 4o
_ B 2 2
by (u?)] wmwﬁzggo_g)+1@+;)
qo q2 4 _QO q2 q2 qo
171 2 1 2
_ - —<1+q—§>+—(l+q—§)],
4 | q 15 02 4y
%Wﬁ@@%+%ﬁﬂﬁwa_lllo_j>emm+l(#_ﬁ)ﬁmﬂ
— ! L .
qo0 q2 4 L 90 45 q2 4o
Therefore,
171 q ¢
Nu,z,y) == |— 1+ 1) <1+—1 }COS xr —
) = | (14 5) 2 (14 %) eostat =
b (1= 8 costanto y =T+ 5 (1= B ) oty T,
— — = Jcos(qi(z+y—"T)u — —5 | cos(q1(T T Y
2qo % ! 22 4% !
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5. Concrete Examples

which means that

ka(z,y) = % [l <1 + q—i) L (1 + Z—i)} Jreat (q1(7 — y))

qo q5 q2 0
40 <1 q%>J (@ +y—T))+ — <1 Q%)J ((z+y+T))
o Y real\q1\ T Yy — S - 5 real (1L Yy
240 @ e 2¢5 a s
= kA,n(% y)

The remaining piecewise components follow from the symmetry kj(x,y) = ka(y,x) for
all x,y € R as well as the aforementioned replacement rules, and so we are done. O

—t; =

_kA(xv 0)
151

0.5

-0.5

(a) A= [0,71'2],]?0 =Lp = % (b) A= [07772]7]90 =Lp = %apZ =1,T=6
Figure 5.1.: Graph of the reproducing kernel ky (0, -) when p has (a) two components, and

(b) three components.

Plots of the reproducing kernels are shown in Figure 5.1. We also note the symmetry

of the graph in (b) with respect to the y-axis. Theorem 5.2.5 also includes the following
degenerate cases:

e If p1 =ps (g1 = q2) and T > 0, then p reduces to

Po, < _%7
:L‘ pr—
p( ) {pl; T > —%
Using the formula (5.2.3) for Jyea,
W2 1 P
kA,OO(x7 y) = L SlnC(QOQI/Q(m - y)) +—(1- _(2) Jreal(qO(x +y+ T))
T 2qo dy
@ 12 G —q 20 12
= sinc(qof2/“(x — + . sinc o2 “(x+y+T
7r (@@ =) 20067 (g0 + ) Ery+T)
qul/Q ( . 1/2 do —q1 . 1/2 )
= sinc(qo€2/“(x — — sincqoQY " (z+y+1T) ).
. (90 ( Y)) o + a1 0 ( Yy )

By performing similar computations on the remaining piecewise components kx j;
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5.2. Case n = 2: three-component p

of kj, one can verify that

(9927 (Sine o /3(z —y) — 258 sine o /3(z +y +T)) . wy < 1.
a2 (. 1/2 qo—q1 1/2 T
ka(z,y) = 2 7rQ/SIHCQIQ (= y)+qO+q1 sincq Uz +y+T) ),y > 2
—:E)jlw sinc QY2 (go(z + L) — a1y + 1)), < -1y
1 .
\ 27?(0;)1—&{2(11) sine 01/? (Q1 % —qo(y + %)) ) T > _%7 Yy
This is precisely the toy example with shifts x — = + %, y—y+ %
o If po = p1 (g0 = q1) and T > 0, then p reduces to
T
P, S 9
p(r) =
{an x> %
Using the formula (5.2.4) for Jiea, we analogously obtain
( a2 (sine Q% (a — ) — D gine QP +y—-T)), x,y<7,
3202 ([ 1/2 4 a-a 1/2 T
2= (sinc g2 (x — sinc g2/ = (x 7)), zy>35,
ka(z,y) = : " a1/% & y)+ q1+q2 qT (x+y-T) Yy - 2
7?(1(;112+q2/) sinc Q12 (Q1 xr — 5 - Qz(y — 5)) , x < Ly>
Q .
| ey sine Q2 (e = 5) —aily - 3)) v>Ly<

This is the toy example with shifts z — x — %, Y=y — %

o If po=p1 =p2 (@0 = ¢1 = q2), then all the terms of kj collapse to

qogl/Q
ka(z,y) = sinc(qoQY?(z — ), z,y € R.
T

Again, this agrees to the well-known reproducing kernel of PW, q1/2(R) and is con-
sistent with the degenerate case of n = 1.

In summary, we have shown that for two-component piecewise constant functions with
an arbitrary knot, explicit formulas for the reproducing kernel ky of PW,(A,) can be
derived. This follows from the fact that the integral J can be expressed using a cardinal
sine function. Moreover, the reproducing kernel of PWjyq(A,) is given by a shifted
version of the toy example. On the other hand, for three-component piecewise constant
functions with symmetric knots, we were able to write J as an infinite sum that converges
at a geometric rate. We can then use such a formula to numerically compute J(s) for
any s € R up to any degree of accuracy. Hence, this evaluation method is better than
the numerical quadratures for oscillatory integrals where high accuracy is only guaranteed
in the highly oscillatory case. In turn, numerical calculations involving the reproducing
kernel are now feasible and, more importantly, accurate up to tolerance.
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6. Density theorems in PW,(A))

In this chapter, we derive density conditions for sampling and interpolation in PW,(A4,)
with piecewise constant p using techniques in [31]. Beurling and Landau’s fundamental
ideas on the density theorem can be adapted to many situations, particularly in the Hilbert
space setting. It was observed in [31] that in a number of density theorems found in the
literature, the proofs are rather similar and the common approach is to treat function
spaces under study as reproducing kernel Hilbert spaces. These observations led the
authors to investigate conditions for which a universal density theorem in reproducing
kernel Hilbert spaces can be formulated. They presented an abstract approach to a
general density theorem by showing that with natural conditions on both the geometry
of the space and the reproducing kernel, necessary density conditions on sets of stable
sampling and sets of interpolation can be derived. Moreover, a precise definition of a
critical density and its existence were established. In the case of PW,(A,) with piecewise
constant p, we show that the natural conditions are indeed satisfied and an exact value
for the critical density can be calculated. A density theorem for such variable bandwidth
spaces immediately follows.

6.1. Density theorems for sampling and interpolation in
reproducing kernel Hilbert spaces - variable
bandwidth version

We first collect the aforementioned natural conditions in [31], stated in a form that is
applicable for our purpose.

e Assumptions on the metric and measure: Let (R,d,,) be the metric measure
space where d : R x R — [0, 00) is the standard metric d(x,y) = |z — y|, z,y € R and
ip 1s the positive measure

dz
() = | —— (6.1.1)
" 1v/p(x)
defined on the Borel o-algebra of R. The assumptions on the geometry of (R, d, i) are

as follows:

(a) Open balls have finite p,-measure: The metric d is p, ® p,-measurable and the
open balls
By(x) = {y € R: d(z,y) < 1}

have finite p,-measure for all z € R, r > 0.

(b) Non-degeneracy of balls: There exists r > 0 such that inf,cr 1, (B, (z)) > 0.
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6. Density theorems in PWx(A,)

(¢) Weak annular decay property: Spherical shells have smaller volumes compared to

open balls; i.e.,
i sap e Belr) \ Bros (@)

= 0.
r—oo r€R NP(BT (I))

e Assumptions on the reproducing kernel: We consider a reproducing kernel Hilbert
space H C L*(R, u,) with inner product (-, )3, and reproducing kernel k(z,y), i.e., for
each x € R,

f(a) = / R 9) diagl) = (F. kab

where k,(y) = k(z,y) = k(y,z) for all y € R. Assume k satisfies the following proper-
ties:

(d) Boundedness of diagonal: There exist constants C, Cy > 0 such that
Cl S ]{Z(I,Q?) S CZ

for all z € R.
(e) Weak localization property: For every e > 0, there exists r(¢) > 0 such that

sup [ Jrla ) diyly) < &,
R\Br(e) (x)

zeR

(f) Homogeneous approzimation property: Let X C R such that {k(z,:) : z € X} is
a Bessel sequence for H, i.e., for some C > 0,

ST < Al

zeX

for all f € H. Then for every € > 0 there exists r(e¢) > 0 such that

sup > [k(z,y)P < €

We also define the upper, resp. lower Beurling densities!’

o #(X N By(z)) o e #HX N B(2))
P =B Ty D TR L B )

(6.1.2)

of a discrete set X with respect to p, as well as the upper, resp. lower averaged
traces of k given by

1
trt = lim sup sup

rooo zek fp(Br(x)) /B T(m)’f(y,y) dpip(y),
1

tr_:liminfinf—/ k(y,y) du,(y).
r—oo x€R ,le(BT(I')) B.(z) ( ) p( )

The following special case of [31, Thm. 2.2] will be used to derive the desired density
theorems in PW)(A,) with piecewise constant p.

19This definition of Df(X) is equivalent to the ones given in (3.2.2) and (3.2.3).
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6.2. Conditions on the geometry of (R, d, p,)

Theorem 6.1.1. Let p be a piecewise constant function. Assume H C L*(R, u,) is a
reproducing kernel Hilbert space with reproducing kernel k and satisfies conditions (a)-

(f)-
(1) If X 1is a set of stable sampling for H, then

Dy (X)>tr~ and DJ(X)>tr".

P
(ii) If X is a set of interpolation for H, then

Dy (X)<tr™ and DJ(X)<tr".

This result saves time and effort in deriving a density theorem in the reproducing
kernel Hilbert space H since we only need to verify six conditions as well as estimate the
critical density using averaged traces. We shall see that we obtain the same conclusions
as in Theorem 3.2.1 but with notable differences in the proofs. In particular, we do not
transform 7, into its Schrodinger form 7, given at the beginning of Section 2.2 since we
cannot do so for a piecewise constant p.

6.2. Conditions on the geometry of (R, d, 1)

For a piecewise constant p, the geometric assumptions (a), (b) and (c) are immediate
consequences of the equivalence'’ of p, and the Lebesgue measure.

Lemma 6.2.1. Let p be a piecewise constant function. Then the metric measure space
(R, d, pp,) with standard metric d and measure p, in (6.1.1) satisfies (a), (b) and (c).

Proof. Let p be an (n + 1)-component piecewise function for some n € N. Since p takes

only finitely many values {py}}_,, it follows that with ¢, = p,zl/ 2,
] < <
Jnin ge[B| < pp(E) < max g E (6.2.1)

for any Borel set E C R. The three geometric properties now follow.

(i) The continuity of d in R? implies d is u, ® p,-measurable. Moreover, it is immediate
from the right-hand inequality of (6.2.1) that u,(B,(z)) < oo for all z € R, r > 0.

(77) Non-degeneracy of balls holds for any r > 0 from the left-hand inequality of (6.2.1).
(i73) For any r > 0,

B, B._ , .
0 < sup iy (Br() \ 1(z)) < max q—jsup = - max -Z.
zeR pp(Br(x)) 0<j.k<n G peR | B, ()] r 0<jk<n qp

Taking the limit as r — oo proves the weak annular decay property.

O

In fact, Lemma 6.2.1 applies to any parametrizing function p that is bounded and
bounded away from zero. Certainly, such a p implies that the Radon-Nikodym derivative

% = p~ /2 of u, with respect to the Lebesgue measure m is bounded and bounded away
from zero.

HWe say two o-finite measures p and v on a measurable space (X, &) are equivalent if u < v and

v < . In other words, p and v have the same collection of null sets. Moreover, it can be shown that
dp | dv

dV'E:].a.e.

87



6. Density theorems in PWx(A,)

6.3. Properties of the reproducing kernel of P1V,(4,)

We now go to assumptions (d), (e) and (f) on the reproducing kernel. Observe that we
cannot directly apply Theorem 6.1.1 to PW,(A,) C L*(R) since the assumptions require
H C L*(R, up). Again, the equivalence of p1, and the Lebesgue measure ensures that this
will not be an issue.

Proposition 6.3.1. Let A C R} and p a piecewise constant function. Then there exists an
isometric isomorphism W : L*(R) — L*(R, du,) such that W(PWx(A,)) is a reproducing
kernel Hilbert space. Moreover, if ky is the reproducing kernel of PWx(A,), then

ko(z,y) = v/p Yka(z,y), z,y€eR

is the reproducing kernel of M'/(PWA(AP)) and satisfies conditions (d), (e) and (f) if and
only if ka does.

Proof. Consider the map
W LAR) > AR, dp,), Uf = pf,f € [A(R)
induced by the Radon-Nikodym derivative T’: = ,/p of the Lebesgue measure m with

respect to p,. Then ¥ is an isometric isomorphism between L?(R) and L*(R, dpu,), since
for f,g € LA(R),

W, 00) ) = /\/ £ (@) p@)g(@)duy / F@)9(@) de = (f, g} 2ce)

We can then identify PW,(A,) as the subspace W(PW,(A4,)) of L*(R,du,). Moreover,
W (PWy(A,)) is a reproducing kernel Hilbert space whose reproducing kernel ky we shall
derive as in [31, Sec. 3.2]. If f € PW)(A,), then for all z € R,

= /o) f(x) = /p@){f ka(, ) 2) = V/P@) (W f, Okn(T, ) L2(R.dpsy) -

Thus, W(PWA(AP)) is a reproducing kernel Hilbert space with

ky(x,y) = /p Yka(z,y), z,yeR

as its reproducing kernel. As a consequence, we can rewrite the following expressions of
kg in terms of ky:

(7) The diagonal of ky is

ky(z,x) = \/p(x)ka(x, x).

Moreover, for any Borel set I C R,
/kA(y,y) dy = //w(y,y) dpip(y)- (6.3.1)
I I

(i) For the weak localization property,

/ Sl Pdiy(o) = Vi lea () dy.
z—y|>r(e

lz—y[>r(e)

88



6.3. Properties of the reproducing kernel of PW(A,)

(77i) For the homogeneous approximation property,

S P = Vi) Y Vel

zeX zeX
|lze—y|>r(e) lz—y|>r(e)

Since p is bounded and bounded away from zero, we conclude that kg satisfies the kernel
properties (d), (e) and (f) if and only if k5 does. ]

It is now clear that H = W(PWy(4,)) C L*(R,du,) is the correct space to apply
Theorem 6.1.1. In addition, Proposition 6.3.1 implies that we can still exclusively use
the more convenient reproducing kernel k, in subsequent calculations since we have the
isometric isomorphism ¥ to correctly translate the results to ky.

6.3.1. The diagonal and averaged traces

In axiomatic approach the diagonal kj(z,x),x € R of the reproducing kernel plays a
major role in deriving the necessary density conditions. A few results can be derived
immediately from Chapter 4.

Lemma 6.3.2 (Boundedness of the diagonal). Let A C R be of finite measure, p a
piecewise constant function and ky the reproducing kernel for PWy(A,). Then there exist
constants C1,Cy > 0 such that

C1 < kp(z,x) < Co
for all x € R.
Proof. The uniform boundedness of k; in R? (hence the existence of Cy) follows from
the uniform boundedness of solutions by Lemma 4.2.6 and the reproducing kernel kj in

Theorem 4.4.1. On the other hand, the lower bound C} can be obtained using formula
(4.4.4) for ky:

2

H(02 2|2
L L[ e,
21qo Jare  K(uw)

1 / |al;}—(u2)€iqj:pu + b}&-(u2)67iqjxu|2
Al/2 Ii(u)

1/ |27 )P + |07 (u?, 2)?
Al/2

ka(z,z) = — ()

> min inf du

0<j<n z€l; 27qu

1 : b} (u
> min / “aﬂ —| H =C).
0<j<n 2mqq Ja1/2 /i(u)
Since for all u € (0,00), |a] (u®)| # [bj (u?)] by (4.3.3) and k(u) > -~ > 0 by (4.3.11),
we conclude that C; > 0. O
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6. Density theorems in PWx(A,)

Next, recall from Theorem 6.1.1 that the critical density can be derived or estimated
using the upper and lower averaged traces

trt = lim sup sup ;
r—oo zTER MP(BT(:E))

1
tr~ =lim inf inf —/ ko (y,y) dﬂp(Q)
B, (z)

/ () diay (),
B, (z)

r—oo x€R ,Uzp(Br(x))

of ky, respectively, which are invariants of W(PW,(A,)). By (6.3.1), the averaged traces
can be calculated using ky, i.e.,

1
trt :hmsupsup—/ ka(y,y) dy, 6.3.2
r—oo z€R H’p(Br(m)) Br(x) A( ) ( )

1
tr~ =liminf inf —/ ka(y,y) dy. 6.3.3
r—oo z€R MP(B’/‘(I)) B.(z) ( ) ( )

We first prepare the known expression (4.4.4) to evaluate the diagonal of k. Fix y € R.
Then there exists 0 < j < n such that y € I;. Recall the notation

l ——— l ————
ﬁ(U,l’,y) = —q)+(u2,x)<1>+(u2,y) + _(I)_(u27x)q)_(u27y)7 xr,y € R.
do an

Setting x = y in ¥ yields

1 1,
Hu,y,y) = %|¢+(U2,y)|2 + q—|‘I> (u?, )|

1 Uq; —uq; 1 — Uq; — —iuq,;
= )Y + b (e I () b (e
_ |aj (u?)]| N 107 (u?)] N la; (u?)] N b5 (u?)]
q0 qo0 qn qn
R a; (u?)b] (u?) N a; (u)b; (u?) o2iuay |
do An
By (4.3.4),
Iy, y) = 2 <\af(uz)! N |G}(u2)|> - 9Re (aj(uQ)bj(u2) . a;(uz)b;(u2)> e—%%’y] |
qo Qn 4o dn

Define for 0 < j < n and u € (0, 00) the auxiliary functions

T (u? ~(u?
T 4 U B il
do dn

af ()b () a; ()b (o)

(2) _
hj (u) =

As a consequence of Lemma 4.2.5, hg-l) and h§2) are bounded on (0,00) for 0 < j7 <n. By
(4.3.11), the integrals

(r) _ j ) B
I s = [ P2 0< g <nr=12

are finite. We now have the following expression for the diagonal of kj.
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6.3. Properties of the reproducing kernel of PW(A,)

Lemma 6.3.3. Let A C R} be of finite measure, p an (n—+ 1)-piecewise constant function
for somen € N, and ky the reproducing kernel for PWx(A,). Ify € I; for some0 < j <n,

th@n
A(y7 y) /1/2 Ii(u) € * XAL/2 ( q]:U) ( . )

Proof. Fix y € I; for some 0 < j < n. Then for u € (0, 00),

I,y y) = 2h§‘1)(u) + 2Re(h§2) (U)e—%q;‘y“).
Using the formula (4.4.6) for ky, we have for fixed y € I;, 0 < j < n,

J(u y Y)
A1/2 /‘i

_ 1 / 1 / Re(h?)(u)e_%qiy“)

— — du
™ JAL/2 /'i Al/2 H(u)

1 h 1 h(2) —2iq;yu
Y M_Re(/ G
T Jae k() T AL/2 K(u)

1 h; (u 1 R

as claimed. n

l\D|H

Finally, if p is an (n + 1)-piecewise constant function for some n € N with components
{pr}}_o, the measure u,(E) of a Borel set E C R is given by

E)=> qlENL|, a =p, %

The following theorem will be our main tool to compute the critical density in the next
section.

Theorem 6.3.4. Let A C R be of finite measure, p a piecewise constant function and
ka the reproducing kernel of PWx(A,). Suppose I is a large interval such that I ¢ [ty,t,].
Then there exists C' > 0 independent of I such that

1 oy ¢
up(f)/ka(y’y)dy i

In particular,
A2

™

trt =
Proof. Let p be an (n + 1)-component piecewise constant function for some n € N with

knots {tx}}_;. Since p, is equivalent to the Lebesgue measure, it suffices to consider
a large, closed interval I = [a, 3], —00 < a < f < oo such that [ ¢ [t1,t,]. Then
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6. Density theorems in PWx(A,)

IN(lhyUul,) #0,ie., I intersects Iy or I,,. As the following computations contain several
terms, most of which are irrelevant, we use C € R to denote some constants in the course
of the proof. First, consider the case when I intersects both Iy and I,,, i.e., [t1,t,] C I.
Then the p,-measure of I is

o) = laots = ) + 005 — 6]+ Y asfti — )

= [qo(t1 — @) + ¢.(B — tn)] + Co.

It is clear from (6.2.1) that yu,(I) is large if and only if || is large. We start from Lemma
6.3.3 by working on the terms of k, separately. Integrating the first term of kx(y,y)
(which is independent of y but dependent on I;) in (6.3.4) with respect to y over the
whole interval I yields

(1)
hi”(u

. 1< )
Ti(I) = — / / du dy
1( ) ™ ]ZO [a,B]N1; Al/2 ff(u)

:tl_a/ h(()l)(u) du—i—ﬁ_tn/ hﬁ)(u) du+C
™ Al/2 KJ(U) ™ Al/2 /i(u) 1'

Observe that

h! (u) =

and by identity (4.3.4) with j = n,

Cl+ U2 2 —(,,2\|2 b+ 2\|2 b= 2\|2
L o A o e N
qo qn qo dn

From the initial conditions a; = b} =0, a,;' = by = 1, we see that

+(,,2\|2 —(,,2)]2
WOy IEOE ) D)

qo qn

and hence, by definition of £ in (4.3.11), we have

Y (w) = qor(w), A (u) = gori(u).

Thus,
- AL/2 AL/2 AL/2
1) = ol — 00+ (8 — 1)) P 4 0 = ] - g
which in turn gives the estimate
7 1/2 1/2
T(I) = HCOI Cl | P ’ A |co o< (6.3.5)
fip(1) ™ pp(I) | 7 fp(1)
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6.3. Properties of the reproducing kernel of PW(A,)

For the second term, we make a similar computation. Let

= — E— 1/2 2q; d
Ty(1) - E /m Re | ——xav (2q5y) dy

J=

U, e—2iqoyu e~ 2ignyu
= —Re / / dudy+/ / dudy | + Cs.
A1/2 /f U Al/2 I{ u

By interchanging the order of integration and performing the innermost integral on each
of these integrals, we have

Tz(I) _ lRe/ h[()2) (u)€—2iq0(t1+a)u . sin(qo(t; — a)u) "
Al/2

T K(u) qout
1 hﬁf) =2ign (B+tn)u gin(q, (8 — t,

N —Re/ (u)e sin(gn (8 — tp)u) du+ G,
s AL/2 FL(U> qnt

Considering integrals of the form

- _/ h§»2)(u)6_2iqw+a)“ sin(q(b — a)u) J
J— . U
AL/2 K(u) qu

for 0 < a < band 0 < j < n, the following estimate follows from Cauchy-Schwarz
inequality:

b—a sinZw 1/2 (b—a)m 1/2

2 2

T < 152 /il s - ( / : dw) < (—) 192 /il 2 marn,
(b—a)A1/2 q

q w

Therefore, as the norms above are finite, we have

1/2 1/2
Ty < —= & (L=2) jp@ B=tn) @ C
(1] < N o 170" /Kill L2(arr2) + . 13 /Kl p2qarrey ¢ + Cs

< Cay/pp(1).

Consequently, a straightforward estimate is obtained:

Th(1
Ty(I) = 15(0) <G (6.3.6)
pp(1) pp(1)
Finally, (6.3.5) and (6.3.6) with C' = Cy + Cy > 0 independent of I yields
1 / |AY/2| C
— [ k(g y) dy — <T(I) + To(l) < 6.3.7
Mp(l) , A(y y) Y T 1( ) 2() /lp(]) ( )

for every large, closed interval I with [¢,t,] C 1.

Meanwhile, if I intersects exactly one of Iy and I,,, then some of the terms of 7} (/) and
T,(I) will be absent, but estimate (6.3.7) still holds since a term containing either ¢; — «
(computations inside Iy) or § — t,, (computations inside I,,) is always present.
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6. Density theorems in PWx(A,)

For the second assertion, note that with I = B,(x) for some z € R and r > 0 sufficiently
large, there exists C' > 0 independent of x and r such that

1 |AY/2| - C

m/&m’“@’m‘ ™ T V(B (2)

By (6.2.1),

. o —1)2
2r Jnin gy < pip(Br(x)) < 2r MAxX Gk, Gk = Py ,0<k<n.

Therefore, from (6.3.2),

1
trt = lim sup sup —/ k(y,y) dy
r—oo z€R Mp(Br(I)) B, (z)
NG
< —— 4+ limsup sup
7T r—oo z€R /LP(BT (ZE))
’A1/2’ ' C
< + lim sup —————
T r—00 2r min g
\V ' 0<k<n
AY2]
=
A2
Analogously, we prove from (6.3.3) that tr= > . The inequalities
T
|A1/2‘ N |A1/2’
<tr <trm <
™ T
A2
imply tr* = =—— and we are done. O

6.3.2. Localization and approximation properties

Now that the necessary preparations are in place, we are ready to prove the remaining
weak localization and homogeneous approximation properties of ky. A version of the
forthcoming lemmas was proved in [39, Sec. 7] in the context of variable bandwidth
spaces PWy(A,) where p,p" € ACj,.(R) and p is eventually constant. In this setting,
one can apply a Liouville transformation [39, Prop. 6.6] to convert A, into a Schrédinger
operator B, = —D? + ¢, where q has compact support contained on some interval [—a, a].
This paved way to use some scattering theory (see [82, Chap. 21]) to ultimately prove the
lemmas. In our setting, however, we cannot apply these results directly since a piecewise
constant p is not locally absolutely continuous on R.

In this section it is instructive to consider spectral sets that are compact intervals,
particularly A = [0, Q] for some © > 0 as most of the work has already been done in Section
4.4.1. In addition, k5 possesses off-diagonal decay with respect to the standard metric
d, and as observed in [31, Sec. 4.1], assumptions (e) and (f) easy to verify. For general
spectral sets, the proofs of the aforementioned properties of ky are given in Appendix C.
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6.3. Properties of the reproducing kernel of PW(A,)

Proposition 6.3.5. Let A = [0,Q)] for some Q > 0, p a piecewise constant function and
ka the reproducing kernel for PWjy q1(Ap). Then there exists b,C' > 0 such that for all
z,y € R satisfying |z — y| > b,

ka2, y) (6.3.8)

| <
L+ |z —y

Proof. Let p be an (n + 1)-piecewise constant function for some n € N. Recall from
Section 4.4.1 the integral

1 eisu
J(s) = — d R
(S) 2 /Al/z /@(u) “ €

as well as the expression

m(z,y)

k‘A(l’,y) = Z ozk(:c,y)J(ﬁk(x,y)), m(x7y) € Nvak(xvy)76k<x7y) S va < k < m('rvy>

for the reproducing kernel of PW,(A,) in terms of J. By Remark 4.4.2, we prove (6.3.8)
by showing that each J(f5k(z,y)) in the above expansion for k, satisfies

Ny,
J(Br(@,y)) < T+ =yl

for some Ny, > 0 and for all z,y € R satisfying |z — y| > ry.
We proceed as follows: let a > 0 such that the knots {¢;}}_, of p are contained in
[—a, a]. Consider cases where = and y take values on the intervals

(=00, —a) C Iy, [—a,al|DLU...I,—1, (a,00)CI,

with |z — y| large. To reduce the number of cases to take, we apply the symmetry

ka(z,y) = ka(y, x) for all z,y € R.

e Suppose x and y belong to the same unbounded interval, i.e., z,y < —a or z,y > a. It
suffices to consider x,y < —a as the other subcase is treated similarly. As observed in
(4.4.8),

J(Br(z,y)) = J(ck £ qo(x £ y))

for ¢, € R,1 < k < m(z,y). We also know that |x + y| = |z| + |y| > |z — y|, and so
|z £y| > |r — y|. By Lemma 4.4.3(iii), there exists My > 0 such that

M, M,
|J(ck £ go(z £ y))| < < :
lck £qolz £ y)| = —lew] + qolr —yl
Choose N;, > % and 7, = %jj{;]ﬁ' > (. Then the inequality

M, N,
|J(cx £ qo(z £ y))| < d < :
—lexl + @l —y| — 1+ |z —y
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holds for |z — y| > r,. Now, take the constants

by > max 1y, C) = Z |k (2, y)| Nk

1<k<m(z,y)

1<k<m(z,y)
Thus,
C
fe(z,y)) < —

for all z,y < —a satisfying |z — y| > b;.

Suppose x € R and |y| < a. Without loss of generality, fix x € I, y € [; N [—a,a] for
some 0 < 7,1 < n. Then by (4.4.8),

J(Br(x,y)) = J(cx £ ¢z £ qy)
for ¢, € R, 1 <k < m(x,y). We also have
e £ ayl = gjle =yl = lg; £ al ly]
> qjlr —y| —alg; £ al.
By Lemma 4.4.3(iii), there exists My > 0 such that

| < M, < M,
et grEaqyl T —(la] +alg + al) + gl -yl

|J(cx £ gjx £ qy)

Following the remaining arguments as in the first case, there exist by, C5 > 0 such that

&

ha(z,y)| < —2
|A( y)’_1—|—|x—y|

for all z € I;, y € I; N [—a, a] satistying |z — y| > bs.

Suppose = and y are on distinct infinite intervals, i.e., + < —a and y > a. Then
|gox + gny| may not be large when |z — y| is large, and (6.3.8) may not hold. We then
turn our attention to the original formulation of k. From (4.2.15) and (4.2.16), write
the components of ®(u?,-) = (& (u?,-), d~(u?,)) as

_ |:a8- (u2)eiq0ux + b(—)i— (u2)e—iq0uz:|
e~ iqoux

} - [a; (u?)elmy 4 b (u2)e_iq"“y] :

As in the computations in (5.2.11), we have

]l ———— l ————
I(u,2,y) = —*(u?,2)0F (u, y) + — P (u?, 2) 07 (u’, y)

4q0 an
+ (0,2 +(,,2
_ Qg (U )e—i(qoz—qny)u + Qg (U )ei(qu—qny)u.
o 9o

Hence, there are no exponential terms of the form Sy(z,y) = ¢ £ (¢jz + qy). Now,
observe that |gox — ¢,y| = —qox + ¢,y, and consider two sub-cases:



6.3. Properties of the reproducing kernel of PW(A,)

(1) If go > qn, then
|90 — gyl = —@n(x = y) — (90 — @n)T = aulz — yl + alqo — ¢n) = gulz —yl.
(#7) Otherwise, if ¢, > qo, we have instead
|07 = @yl = —qo(x = y) + (g0 — 90)y > Qolr — Y| + algn — 90) > qolz — yl-
By Lemma 4.4.3, there exists M, € R such that
| < A < M :
ek £ (qox — gny)| — —[ex| + min{qo, gn}|z — ¥l

From the rest of the arguments of the first case, we conclude that there exist b3, C5 > 0
such that
Cs

ka(z,y)] < ————
|A( y)’_1+|x—y|
for all x < —a,y > a satisfying |z — y| > bs.

Finally, with b > max{b;, by, b3} and C > max{Cy,Cs, Cs}, we conclude that for all
z,y € R satisfying |z — y| > b,

|J (cx £ (qor — ¢ny))

C
k <

as we have claimed. O

Lemma 6.3.5 shows that kj exhibits off-diagonal decay with respect to the standard
metric d, which by Proposition 6.3.1 is equivalent to off-diagonal decay of ky with respect
to d whenever p is bounded and bounded away from zero. Moreover, one can show
as a special case of [31, Sec. 4.1] that assumptions (d), (e) and (f) can be proved from
assumptions (a), (b) and (c) on the geometry of (R, d, u1,) together with off-diagonal decay
assumption on ky.

Lemma 6.3.6 (Weak localization). Let A = [0,Q] for some Q > 0, p be a piecewise
constant function and ky the reproducing kernel for PW 0)(A,). Then for every e > 0,
there exists r(e) > 0 such that

sup/ \ka(z,y)? dy < €. (6.3.9)
lz—y[>r(e)

zeR

Proof. By Lemma 6.3.5, we can find b, C' > 0 such that for all z,y € R satisfying |z —y| >
b,

kalz,y)| < ————.

Let € > 0 and take r(e) > max{b, 46%2 — 1}. Then for a fixed x € R,

CQ o0 202
ea )P dy < / _C - / L
/w—y>r(e) o—yl>r(e) (L+ |2 —y[)? ro (14 2)?

20 <€2
S l4r(e) 2

Taking the supremum over all x € R proves (6.3.9). O
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6. Density theorems in PWx(A,)

For the proof of the homogeneous approximation property, we use an elementary ap-
proach. We recall some terminologies on sets. A set X C R is said to be separated with
separation 0 > 0 (or uniformly discrete) if

inf{|z —2'| c 2,0 € X,x # 2"} = 0.

A set is relatively separated if it is a finite union of separated sets. Relatively separated
sets cannot have an accumulation point, hence a point may only be repeated a finite
number of times. Moreover, for a relatively separated set X, the relative separation
constant

rel(X) = max #(X N[z, z+1]) (6.3.10)

is always finite. The following lemma [31, Lem. 3.7] can be used to prove that a set is
relatively separated. This will be used again in Section C.2.

Lemma 6.3.7. Let H be a reproducing kernel Hilbert space of functions from R to C with
kernel k. Suppose X C R such that {k(x,-) : x € X} is a Bessel sequence in H. Then X
18 relatively separated.

We are now ready to prove the homogeneous approximation property.

Lemma 6.3.8 (Homogeneous approximation). Let A = [0,Q] for some Q@ > 0, p a
piecewise constant function and ky the reproducing kernel for PWyq1(A,). Suppose X C
R such that {kx(z,-) : @ € X} is a Bessel sequence in PWy o1(Ap). Then for every e > 0,
there ezists r(e) > 0 such that

sup g |ka(z,y)| (6.3.11)
yeR rzeX
|z—y|>7(e)

Proof. Fix y € R. By Lemma 6.3.5, there exists r, C' > 0 such that

02
2
E < E _—
|k/\($7y>| = 1+|{L‘—y|2

zeX zeX
lz—y|>r [x—y|>r

Let € > 0. Since )
large such that

nez —1 o1 18 a convergent series, we can find '(¢) > 0 sufficiently

2

1 €
> 1o w1 < 3 (6.3.12)

nel:n|>r'(e)—1

Take r(¢) > max{r,r'(¢)}. If X is separated with separation § = 1, then each unit length
interval contains at most one point x — y for some x € X. Thus, t —y = n, + s,
for some unique n, € Z and s, € [0,1). Since for all x € X, |n, + s,| > r(e) implies
Ine| > |ne + sz| — [82] > r(€) — 1, we get

1 1 1
— < — <
S T

reX zeX zeX
lz—y|>r(e) Inz+sz|>r(e) [nz+sz|>r(e)

1 1
S X TS 2 Trmoir

zeX neZ:n|>r(e)—1
Inz|>r(e)—1
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6.4. Necessary density conditions for sampling and interpolation

Taking the supremum over all y € R, we have

2

sup Z |ka(z,y)]? < % <é (6.3.13)
yer zeX
jo—yT>r(e)

which is precisely (6.3.11). Now, by Lemma 6.3.7, X is relatively separated. Hence, with
the relative separation constant rel(X) defined in (6.3.10) we replace % in (6.3.12) by

scTery S0 that (6.3.13) still holds. a

For spectral sets that are not compact intervals, Proposition 6.3.5 does not hold, and
therefore the proofs of Lemmas 6.3.6 and 6.3.8 will not work for general spectral sets.
We prove in Appendix C the following general versions of the weak localization and
homogeneous approximation properties of ky:

Lemma 6.3.9 (Weak localization). Let A C R} be a Borel set of finite measure. Let p
be a piecewise constant function and ka be the reproducing kernel for PWa(A,). Then for
every € > 0, there exists r(e) > 0 such that

sup/ [k, y)|? dy < €.
ja—y/>r(6)

zeR

Lemma 6.3.10 (Homogeneous approximation). Let A C Ry be a bounded Borel set, p be
a piecewise constant function and ky be the reproducing kernel for PWx(A,). Suppose X
is a set of stable sampling for PWa(A,). Then for every e > 0, there exists r(e) > 0 such
that

sip 3 k(e < &

yeR zeX
lz—y|>7(e)

As in the case of bandlimited functions (see discussion in [31, Sec. 5.1]), the homoge-
neous approximation property of k, does not hold for unbounded spectral sets.

6.4. Necessary density conditions for sampling and
interpolation

In Section 6.2, we verified that the metric measure space (R,d,u,) satisfies finiteness
of p,-measure of balls, non-degeneracy of balls and weak annular decay property. On
the other hand, in Section 6.3 we proved that k, has bounded diagonal, and when A is
a compact interval, k, satisfies the weak localization and homogeneous approximation
properties. We also mentioned a version of these properties for general spectral sets. We
are now ready to collect all these results and finally derive necessary density conditions
for sampling and interpolation in PWx(A,).

Theorem 6.4.1 (Density theorem in PWy(A4,)). Let A C Ry be a Borel set of finite
measure and p a piecewise constant function.

(4) If X is a set of stable sampling for PWx(A,), then D, (X) > 172

™
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6. Density theorems in PWx(A,)

(43) If X is a set of interpolation for PWa(Ay), then D} (X) < A7)

™

Proof. Let p be a piecewise constant function. By Lemma 6.2.1, (R, d, u1,) satisfies con-
ditions (a), (b) and (c). On the other hand, k, satisfies (d) by Lemma 6.3.2. We now
proceed by cases.

e Case 1: Suppose A C R{ is bounded. Then by Lemmas 6.3.9 and 6.3.10, k, satisfies

(e) and (f). By Theorem 6.3.4, tr* = % The density theorem for PW,(A,) now
follows from Theorem 6.1.1.

e Case 2: Suppose A C R{ is unbounded. To prove (i), consider the bounded spectral
set Ag = ANJ0,92] € A. Then PW,,(A,) is a closed subspace of PW,(A,). Moreover,
if X is a set of stable sampling for PW,(A,), then X is a set of stable sampling for
PWy,(Ap). By the density theorem for PWy,(A,) we have

_ AP A2 00,04

DI (X) .

p

™ ™

Since ) is arbitrary, we conclude that D, (X) > % To prove (ii), fix x € R.
Following the proof in [39, Sec. 6.4(A)] (cf. [31, Rem. 4.3]) one can show that for all
e > 0 sufficiently small we can choose r > r(¢€) as in Lemma 6.3.9 and C” > 0 such that

1 #(X N B, (z))
fip(Br (1)) po(Br(z))

By Theorem 6.3.4, there exists C' > 0 independent of = such that

#XNB@) _ (W C
By = <7f " up<Br<as>>>'

/ ka(y,y)dy > (1 —C'e)
By ()

Finally, taking the supremum over all x € R and the limit superior as » — oo gives us
DF(X) < (1— C’e)_lﬁ. Since € is arbitrary, we conclude that Df(X) < LS

™
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7. Numerical implementation and
simulations

In this chapter, we consider the problem of reconstructing a function from its point samples
in the space of functions variable bandwidth via least squares approximation. Our goal is
to show that for functions that behave locally as bandlimited functions, approximation by
variable bandwidth functions with appropriately chosen piecewise constant parametrizing
function performs significantly better than approximation by bandlimited functions. We
adopt a finite-dimensional numerical reconstruction algorithm as in [4, 5] that is based
on frames, oversampling, and regularization. Oversampling allows the number of point
samples to exceed the number of reconstruction vectors spanning a finite-dimensional sub-
space of functions of variable bandwidth, which leads to least squares approximation. On
the other hand, the inherent redundancy of frames offers flexibility in terms of function
representation at the cost of ill-conditioning. By regularization we mean thresholding on
the singular values of the corresponding finite-dimensional least squares problem. The re-
sulting algorithm then produces a variable bandwidth reconstruction whose representation
has bounded!? norm coefficients and are thus computable in floating point arithmetic.

A crucial part of the aforementioned reconstruction algorithm is a robust and accurate
evaluation of the reproducing kernel of a variable bandwidth space at any point. Due
to computational limitations, we limit our discussion to variable bandwidth spaces with
either two-component or three-component piecewise constant functions. Hence, all the
necessary calculations involving the reproducing kernel can be carried out directly using
the results in Chapter 5. In particular, we have Theorem 5.1.1 (toy example) for the
two-component case, while the reproducing kernel for the three-component case with
symmetric knots can be computed numerically via Theorem 5.2.5 and the formula (5.2.9)
for Jieal.

A summary of the numerical simulations is as follows. We show experimentally that
bandlimited functions can be reasonably reconstructed in a variable bandwidth space
whose local bandwidths are sufficiently close to the bandwidth of the function. For func-
tions that locally behave like bandlimited functions, an approximation in some reasonably
chosen variable bandwidth space performs significantly better than approximation by ban-
dlimited functions. In the case of uniform sampling, any numerical reconstruction using
the Shannon sampling theorem is expected to interpolate uniform samples of a function
within machine precision. However, it is observed that with a finer grid, notable errors
are present as we get close to the transition points where the abrupt changes in oscillatory
behavior occur. We shall see that if said points are the knots of a parametrizing function
p with appropriately chosen piecewise constant components, we obtain a more accurate
approximation in the corresponding variable bandwidth space. Next, we investigate exper-
imentally how the parametrizing function affects the accuracy of reconstructing a function

12Tn [4, 5], the authors also used the term small norm coefficients.
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7. Numerical implementation and simulations

in some space of variable bandwidth. This is done by performing reconstruction in several
variable bandwidth spaces and take the (local) bandwidth(s) of the function to be recon-
structed as our reference (local) bandwidth(s). It is expected that if the parametrizing
functions of these variable spaces are taken so that the corresponding local bandwidths
approach the reference bandwidth, then the reconstruction improves. We also take a look
at reconstructing functions from samples of varying Beurling densities, particularly when
the lower Beurling density approaches the critical density.

Lastly, we expressly note that the experiments done in this chapter are proofs of concept
of our notion of variable bandwidth. Hence, there are no attempts to optimize sampling
and reconstruction algorithms and no large examples were considered.

7.1. General reconstruction theory

We present relevant theory on numerical approximation of functions using frames [4, 5].
More precisely, given reproducing kernel Hilbert subspaces H;, Hy of L*(R), we consider
the problem of reconstructing a function f € H; by elements of Hy given its point samples
{f(x)};jez. We also recall some notations. Let H and K be Hilbert spaces. Given an
operator T : H — K, we define its kernel (or nullspace) Nt by

Np={zeH:Tr=0}
and its range R by
Ry =A{Tz:xz € H}.

We also define the pseudoinverse of T' as follows [9, Def. 5.1], [22, Sec. 2.5]. Suppose
T : H — K is a bounded operator with closed range. The pseudoinverse of T is the
unique bounded operator T : K — H satisfying

Nyt ZR%, Ryt :/\/'TL, and TTTI::L‘,J}GRT.

The following lemma shows that pseudoinverses can be used to find minimal norm least
squares solutions of linear systems [14, Cor. 1.1].

Lemma 7.1.1. Let T : H — K be a bounded operator with closed range and b € IC. Then
& = T'b is the unique minimal norm solution of the least squares problem mingey || Tz —

bllxc-

We now formulate the reconstruction problem. Let H; and Hs be reproducing kernel
Hilbert spaces'® with reproducing kernels k; and ky, respectively. Suppose we are given
samples

dj = (fs kl(mj? Ny = f(xj)> JEZL
of an unknown function f € H; at fixed, possibly non-uniform sampling points X =
{z;}jez C R. We wish to approximate f by an element of H5. A reconstruction et
of f can be obtained by means of a least squares problem, i.e.,

f=arg minz (g, ka (24, o, — d;|* = arg minz lg(z;) — dj]*. (7.1.1)

gEH jez gEH2 ez

13In general, 4, may be taken as a dense subspace of a Hilbert space where pointwise evaluations are
well defined. See [5, Sec. 1.2] for details.
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7.1. General reconstruction theory

In the literature, we refer to H; as the sampling space and H, the reconstruction
space.

In this study, we assume that d = {d;},ecz € (*(Z). This holds precisely if {ki(z;, ) }jez
is a Bessel sequence for H;. Furthermore, we also assume that there exist constants
A, B > 0 such that

Allgll; <> 19(x;)F < Bllgll; (7.1.2)

JET
for all g € H,, i.e., X is a set of stable sampling for 5. Hence,
Ho = span{ks(z;, ) }jez.

Let T : (*(Z) — Hs be the synthesis operator defined as

Tec= chkQ(xj, Y, c={cj}jez € C(Z).
jez
By (7.1.2), T is well-defined and bounded. The analysis operator T* : Hy — (*(Z) is
given by

T"g = {(9, k2(xj, )2z tiez = {9(2)) }jez. g € Ha.

Assuming (7.1.2) holds, (7.1.1) can be rephrased as follows. Since Ry = H, there exists
¢ € (*(Z) such that f = T¢ and satisfies

cE argm'nz
)

cel?(2 jez

2

Z Clkg(iCl, l’j) — dj

leZ

(7.1.3)

Define the Gramian G : (*(Z) — (*(Z) by G = T*T, i.e.,

€7

Ge=T"Tc = {Z crks(xy, xj)} , c={atiez.
jez

Thus, (7.1.3) can be written as

¢ € argmin ||Ge —d|)5, d={d;};ez € (*(Z).

cel2(Z)

Moreover, GG is bounded and R = Rp+r = Ry« is closed. Therefore, Lemma 7.1.1 applies.
Among all possible coefficient sequences satisfying (7.1.3), we form the reconstruction
f € M, using the unique minimal norm coefficient vector ¢ = G'd. Finally, we define the
reconstruction operator Q : (2(Z) — Hs by

f=0Qd=TGd=> &ky(xs,"). (7.1.4)

IEZ

Let us now compare this reconstruction method to the best approximation of f € H; in
‘Ho obtained via the orthogonal projection.
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Theorem 7.1.2. Let Hi,Ho C L*(R) be reproducing kernel Hilbert spaces. Suppose
feHt and X ={z;}jez C R such that

(i) d={f(zj)}jez € (*(Z), and
(ii) X is a set of stable sampling for Ha with lower bound A.
Let Q : (*(Z) — Ha be the reconstruction operator given in (7.1.4) and f=0d. Then

1/2
_ ' 1 _ )
If =7l < g {1F = glly+— {Z l9(z) — Flay) } . (7.15)

JEZ

In particular, if T* is the analysis operator, Py, : L*(R) — Hy is the orthogonal projection
onto Ha and ko the reproducing kernel for Ho, then

1/2
1f = Flla < 1f = PraSll, + Fedls+ —— {Z (f. k() - dm} - (7.16)

1
—= 7"
v VA%
Proof. For any g € H,, inequality (7.1.2) implies
1 = Flla < IIf = gll2+ lg = Fll2

1/2
—I|f—g|lz+%{Zlg(xj)—f(ﬂcj)F} .

JET
Taking the infimum over all g € H, yields (7.1.5). Now, write f = Py, f + h, where
h € Hy. Then for any x € R, ky(x,-) € Hy and
<f7 kQ(xv )> = <P'H2f’ kQ(xv )> - P’H2f(x)
Choosing g = Py, f in (7.1.5) yields

1/2
- 1 - )
If = Fll2 < If = Posflly + 7 {2; (f, (5, -)) — fla)] }

1/2 1/2
1 . ) 1 ,
< Hf—PHngﬁﬁ{Z!f(%)—dj\ } +ﬁ{2\(ﬁk2(%r)>—dﬂ } :

JET JEZ
The second term can be expressed using the analysis operator 7. O

We see that the error in approximating f by f is bounded by three quantities: the first
term of (7.1.6) takes care of the part of f outside of Hs, the second term is the minimal
residual of the least squares problem by (7.1.3), and the third term is the discrepancy
between the point samples d; = f(x;) and sampling f via inner products with ko(z;, ).

In the case where {k;(z;,-)};ez is indeed a Bessel sequence, we can analogously define
the synthesis and analysis operators

L:0*(Z)— My, Lc= chh(ffj, s
JEL

L*:Hy = 2(Z), L*g={{g,ki(zj,)}jez = {9(z)}jez
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7.1. General reconstruction theory

respectively. Hence, the mapping F' : H; — Hs given by
F(f)=f=TG'L"f, [feH,

is bounded. Moreover, by Theorem 7.1.2,

If = FOl2 < MIf = Profllo + == ITF(f) = Lo fll2 + =T f = L7 fll2-

1

In particular, if f € H; N Ho, then F(f) = f.

7.1.1. Finite-dimensional reconstruction algorithm

In practice, we only have access to a finite number of point samples of f € H;. We
adopt the reconstruction procedure in [5] on best approximations with regularization using
oversampling. We shall shortly see that this choice of numerical reconstruction gives us
some control over the ill-conditioning of the resulting linear system. Let m,n € N with
m > n. From 2m + 1 samples

dJ:<f7k1<xj7')>:f<mj)7 J=-—m,...,m,
we define the reconstruction f mn] of £ in the finite-dimensional subspace
Tn = span{kq(zy,+) : l = —n,...,n}

of Hs as

fimnl — arg min Z l9(z;) — dj|*.

9€Tn j=—m

As in the infinite-dimensional case, this reconstruction vector can be written as

n

f[m’n] - Z Cgm’n}kQ(‘rh ')7

where ™l € C2n+1 gatisfies

2

™l ¢ arg min Z

2n+1 |
ceC j=—m

Z ciko(xy, ;) — d; (7.1.7)

l=—n

For r € N, define the synthesis operator T : C¥+! — 7T as

r

The = Z cky(zy,-), c={¢}__, €C¥H!

l=—r

and the analysis operator (TT)* : 7, — C>*! by

(T = {{g, ka(x, )i _,, g €T
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Now, with m > n, set GI™™ € CCm+)x(2n+1) to bhe the matrix whose entries are
GMn(51) = ky(ay, x;), j=-m,...,ml=—n,... n. (7.1.8)

In other words,
Glmnl — (T[m})*T[”].

We call G™" an uneven section of G if m # n. If m = n, GI"" is called a finite
section of G. Set dI™ € C*™*! to be the vector of samples

dg»m] = f(z;), j=-m,...,m.
It is now evident from (7.1.7) that ¢[™" is a least squares solution of the linear system
Gmnle = gml, (7.1.9)

Overcomplete frames have the advantage of flexibility over orthonormal bases due to
redundant representations. However, corresponding linear systems are in general ill-
conditioned. It was shown in [5, Rem. 3.4] that whenever GI"" is ill-conditioned for
some n, GI™" inherits this ill-conditioning for large m. Moreover, norms of solutions
of (7.1.9) may also grow arbitrarily large as we take larger uneven sections of G. This
causes computations in floating point arithmetic to be impossible (see also [4, Sec. 5.1]).
In order to control the growth of solutions of (7.1.9), we use a variant of the singular value
decomposition (SVD), called the truncated SVD [41, 61]. This yields a reconstruction of
f whose representation has bounded norm coefficients.

We briefly recall the singular value decomposition for rectangular matrices. For a
thorough review, consult [16, Thm. 1.2.1], [22, Cor. 1.6.4], or [35, Thm. 2.4.1].

Theorem 7.1.3 (Singular value decomposition). Let m > n. If A € C™*™ and rank(A) =
r, then there exist unitary matrices U € C™*™ 'V € C™"™ and n nonnegative real numbers
01> ...20,>0,41=...=0, =0 such that

A=UXV*, ¥ =diag(oy,...,0.,0,...,0) € C™".

The numbers o;,7 = 1,...,n are called the singular values of A. The columns of
U are the left singular vectors of A and the columns of V' are the right singular
vectors of A. If we write U and V' in terms of their column vectors as U = [uq] . .. |up]
and V' = [vy] ... |v,], these vectors satisfy [35, Cor. 2.4.2]

AUZ' = O;U; A*'U,l = 0;V; 1=1,...,n.
) ) ) )

Consequently, the nonzero singular values are the square roots of the eigenvalues of A*A
(same as the nonzero eigenvalues of AA*, including multiplicities). Moreover, A can be
expressed as

A= Z ouvy, 1 =rank(A).

i=1

The SVD provides information on the rank as well as the kernel and range of a matrix
[35, Cor. 2.4.6], and the above representation of A is commonly used to construct low-
rank approximations of A [35, Thm. 2.4.8]. Furthermore, the decomposition yields a
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straightforward computation of the pseudoinverse A' of A [35, Sec. 5.5.2]: given A =
UXV* as above, we have

T

1
AT =VYiU* = E —uvu;, 1 =rank(A), (7.1.10)
=1 i
where
1 1
¥ = diag (—,...,—,O,...,O) e Ccrm,
g1 O

We now apply the SVD to uneven sections of the Gramian. Suppose GI™™ e CZm+1)x(2n+1)

has SVD

Glmal _ g7l ] /1ol
for some unitary matrices U™ e CEm+Ix@mt1) /il ¢ C@rt)xCn+l) and matrix of
singular values 2™ € C@m+Ux@ntD) of GImnl - The truncated SVD is computed as
follows. Given a threshold € > 0, we form the matrix

Glmnl — grmlsimonl (il

€

where SI™" € C@m+Dx@n+D) i5 ohtained by replacing all the diagonal entries of L™
below € by zero. This corresponds to a possibly low-rank approximation of G The
so-called regularized reconstruction fe[m’n] € T, of f is given by

flmnl — Z( ol e (24, ),

l=—n

~[m,n] c Q2+l

where ¢e satisfies

n

[m"]EargmmZ Z GI(500) — dj) . (7.1.11)

2n+1
ceC=n j=—m |l=—n

Among all possible coefficient vectors satisfying (7.1.11), we choose the minimal norm
solution

emonl — (GImnlyiglml — yiml (gplmanlyt(grindy«glml, (7.1.12)

Hence, the regularized reconstruction operator QLm’n] : C?mtl — T is defined as

ol = Qlmrl gl — il (Glmrlyighel = N = (emnl) ey (ay, ). (7.1.13)

l=—n
We can also express the above reconstruction using the singular vectors of GI™". Write
Ul = (W™ uli) and VI = [l ). By (7.1.10),

[(m]  4[m]
emnl = $° (s, d™) o 7.1.14
C, . v (7.1.14)

(2
K3

1:0;>€
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Applying T yields

- [m]  g[m]
f[m,n] _ § <uz ) d > T[n] ,Uz[n] .
ag.

€
. %
1:0;>€

Therefore, fe[m’”] can be thought of as a reconstruction of f in the (possibly proper)
subspace {TMv™ : ¢, > €} of 7,. Furthermore, fI™" is formed using bounded norm
coefficients (7.1.14). Indeed, by orthonormality of columns of unitary matrices, we have

m,n | — [m] - m
etz = > 2D ™ d < e,

1:0;>€ 1:0;€

[m] d[m]

This yields an upper bound estimate
ey < et |jdl),. (7.1.15)

In contrast, without regularization, i.e., e = 0, the norm HéLmn] |lo may grow without bound
as n increases (m also increases since we always assume m > n) due to the presence of
arbitrarily small singular values.

For further discussion on the approximation error, growth of coefficients as well as
stable sampling rate, we refer the reader to [5, Sec. 3].

7.1.2. A note on selecting the regularization parameter

An important aspect of the regularized reconstruction is choosing a reasonable value for
the tolerance e. To this end, we mention a relevant result in [61, Secs. 4, 6] and [76,
Sec. 2.1]. Let A € C™*™ and b € C™. In solving the ill-conditioned system Az = b, one
needs additional information in order to obtain a satisfactory solution. One possibility is
to qualitatively describe the so-called “smoothness” of a solution. For linear systems, we
consider for r € N the smoothing matrix

S (A*A)"/2, T even,
T (AFA) DR A odd.

Typically, it suffices to take r = 1 or r = 2. As a consequence of results in [61, Thm. 4.1,
Sec. 6], we assert the following. Let § > 0 and &° a perturbation of b such that ||b—8°||; <
d][b]|2 . Suppose

r=38z Az =V <Azl (7.1.16)

for some r € N defining S, A > 0 and vector z (in C" if r is even, in C™ if r is odd. In
any case, © € C™). Then the optimal threshold ¢,,; for the truncated SVD is given by

A 1/(r+1)
€opt = (?) .

108



7.2. Generating sets of stable sampling

It is generally observed that in estimate (7.1.16), z is not known and A may be difficult
to estimate [61, Sec. 7]. If one is eager to find the optimal threshold, one may naively use
estimates involving b and ¢ instead. Together with an additional crude assumption

Allzll2 < d]1]l2, (7.1.17)
we see that for 0 < 0 < 3,

[bll2 < [1b = °l2 + | Az = 0]z + | Az]|2 < 26][b]|2 + || Az]2.

Thus,
r+1
bl < 1Azlz _ 1ASzlz _ AL 2l
1-20  1-26 1-2
Consequently,
S|lA|5 5 1/(r+1)
A=yl = Ml {05 - 7.1.18
=195 an Ept_“ H2 T(1—25) ( )

We now apply (7.1.18) in the setting of GI™"¢ = d™!. Let B be an upper frame bound
for the frame {ky(z;,-) : I € Z}. Then ||GI™"||y < B for all m,n € N with m > n. By
setting » = 1 and r = 2, we may take the values

5 1/2 5 1/3
_— <e< _ .
B(1—25) —6—3(2(1—25)>

In particular, using the machine precision 6 = 10719, we have approximately
1.0000 x 10°% < % < 3.6840 x 10°°,

With the knowledge of an upper frame bound B, the above estimate can be used as a
guide in choosing singular value tolerances. In the forthcoming simulations, we do not
know if (7.1.17) is realized, but in view of the above arguments, we fix a uniform value
e = 1078 as tolerance across all numerical experiments.

7.2. Generating sets of stable sampling

In order to perform reconstruction methods, we need to carefully choose our sampling
set. In the forthcoming numerical simulations, we use sets of stable sampling for our re-
construction algorithms. Theorem 3.3.1 provides sufficient conditions for X = {z,}ez to
be a set of stable sampling. For piecewise constant parametrizing functions, boundedness
away from zero is automatically satisfied. We have the following corollary.

Corollary 7.2.1. Let Q > 0 and p a piecewise constant function. If X = {z;}jez C R
such that

5(X,p) = sup — L0 i

<
jez inf  +/p(x) QY2

TE[T;,T;541]

(7.2.1)
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and in addition, there exist v1,v2 > 0 satisfying

M <z —x; <y, foralljel, (7.2.2)

2
then X is a set of stable sampling for PWig o)(A,) with lower and upper bounds 5 * (1 — 59;/2)
2
and 7yt (1 + @) , respectively.

In our reconstruction simulations, we consider two specific sampling sets: for v > 0, we
either take

e uniform samples X, = vZ, or

e perturbed samples Xw,n = {vj+n;};ez, where each n; is chosen uniformly at random

on the interval (—%, ) for some 7 > 0.

In reference to (7.2.2), we have 1 = 75 = v for X,,. On the other hand, if < v, then
7 =7v—mn, v =7v+nfor X,,. Moreover, if p is an (n+ 1)-component piecewise function
for some n € N, then the maximum gaps are

T . s minlg i<n \/Pj
0(Xy.p) < g 7 < o (7.2.3)
and
~ m . Wminlg‘gn,/p'
0(Xomp) < gigr HO<n<y<——m— (7.2.4)

Consequently, (7.2.3) and (7.2.4) respectively imply X, and X, are sets of stable sam-
pling for PWy g(A,) by Corollary 7.2.1.

7.2.1. Sets of prescribed Beurling density

In another experiment, we investigate the behavior of the reconstruction algorithm as
we take a family of sets of stable sampling whose lower Beurling densities approach the
critical density. First, we mention a result in [39, Prop. 6.5] that relates the maximum
gap and the lower Beurling density of a set.

Theorem 7.2.2. Let X = {x;};ez C R such that x; < xj41 for all j € Z and lim;_,o x; =
too. If §(X,p) =1 for some n >0, then D, (X) >n~".

With an (n 4 1)-component piecewise constant p, we give an algorithm to generate
a discrete set Y with prescribed maximum gap 6(Y,p) = n and lower Beurling density
fo (Y) =n~. The construction can be thought of as semi-uniform sampling: for a fixed
n > 0 and for each j =1,...,<n — 1, we start from the right endpoint of I; = (¢;, ;1]
and generate uniformly spaced points

Yy ={tjs1 —knypitilo NI, 1<j<n-1

Additionally, if the pair of points ¢; and y; = min{y : y € Y} satisfy

y; — t; >nmin{y/p;1, /pj},
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7.2. Generating sets of stable sampling
we append another point w; € (t;,y5) C Y given by

U)j = tj + nmin{,/pj_l, \/p_J} (725)

Meanwhile, on unbounded intervals I, and I,, we take the points

By construction, the set Y =Yy U ... UY,, = {y;},ez satisfies 6(Y,p) = n. Now, suppose
r > 2zl We take a look at the following configurations:

e If z € R such that [t1,t,] C B,.(x), then

LY O B(x) i1 #(Y NIN B(x)) + [—“;%”J - L—(z,ﬁ&gﬁ

MP(BT(I)) Z;i \Iki/‘;%(m)\ + tl—\;Z?TO—T) + ('T‘:';;T:tn

e Otherwise, we know by our choice of r that B,(x)N(lyUI,) # 0 for all x € R. Hence,
terms corresponding to either £ = 0 or £ = n (but not both) found in the numerator
and denominator are absent. For the extreme cases B,(x) C Iy or B.(z) C I,, one
has

# b)) _ ]

, =0 orn.

11p(By(x)) =

In any case, since the number of consecutive points where local uniform spacing may not
occur (i.e., the points ¢;, y; and a possible additional point w; in (7.2.5)) is finite and
only occurs at finite intervals I,k = 1,...,n— 1, we get from (6.1.2) that DF(Y) =n~".
It is also clear that

: < . — . << ] .
0 <nmin /by <yj —y; <0 Wax /pr, JjEZL

Finally, if 0 < n < &, Corollary 7.2.1 implies that Y is a set of stable sampling for
PWio.0)(Ap) with lower frame bound

1 (1 B 02y

2
Y

0 —.

nmaXo<k<n /Pk ™ ) ' T Q1/2

Take note that this is not the optimal lower frame bound; in fact, we show in a forthcoming
experiment that the condition number of the Gramian even improves as we get close to
the critical density %/2

We summarize the above construction of Y in the following routine.

111



7. Numerical implementation and simulations

Algorithm 3 Constructing semi-uniform sampling sets with prescribed maximum gap
Input: positive parameters p = [po, p1, - - -, Pn) and knots t = [t1,ta, ..., ]
L > 0 for the local interval [—£, L] assume [t1,t,] C [-£, £]
Prescribed maximum gap 7

Output: Set Y with maximum gap 7 and density n7!.
function SEMIREGSAMP(p, t,n, L)

Yo = {t1 — kny/Bo}ise N [—5, 1]
for j=1ton—1do

1:

2

3

4 Yy ={tj1 — kny/Di}ezo N (5, L]
5: Let y; = minY;
6

7

8

9

if y* —t; > nmin{,/p;_1, /p;} then
Yy =Y;U{t; + nmin{/p;71, \/Dj}}
end if
: end for
100 Y, = {t1 + kny/Dnte=o N (tn, £]
11: end function

7.3. Numerical simulations

In this section, we take a closer look at some aspects of approximation by variable band-
width functions by means of numerical simulations. The piecewise constant nature of the
parametrizing function suggests that variable bandwidth spaces are good candidates as
reconstruction spaces for functions formed by continuously splicing bandlimited functions
of different bandwidths. Our main point is to show experimentally that for such func-
tions where distinct, local bandwidths are observed, reconstruction by variable bandwidth
functions performs better than reconstruction by bandlimited functions.

We have the following pseudocode that encapsulates the general numerical procedure
in Section 7.1.1.

Algorithm 4 Regularized reconstruction in PWyg o)(A,)

Input: Piecewise constant function p and singular value threshold ¢ > 0
Numbers m,n € N with m > n, and sampling points {x;}7_,
Noiseless measurements d™ = [f(z;)]7 € C**1 of f

Output: Regularized reconstruction fi™"™ of f

Let k be the reproducing kernel for PWjyqj(A,).

Build the Gramian G™" = [k(x;, z;)];; € CEmTL*CntD),

Write GImnl = glmlgienl (1) using SVD.

Replace L™n by sfmn] by thresholding on the singular values.

Compute &f™™ = V(g™ hyt(glmy»gim ¢ ¢2nt1,

return f"™" = Z?:_n(égm’n])lk(ﬁl, ).

We then apply this finite-dimensional reconstruction procedure using variable band-
width spaces as reconstruction spaces. The reconstruction is computed by regularized
least squares fit as described in (7.1.12) and (7.1.13) using sets of stable sampling as
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discussed in Section 7.2. In our simulations, we mostly consider m = 2n (linear over-
sampling) and € = 1078, When we study the influence of the sampling rate 22’:: on the
performance of the algorithm, we take m = [¢n|, 1 < ¢ < 2, so that the sampling rate
is approximately ¢ for large n. Since Step 3 involves evaluating the reproducing kernel
at sampling points, we only consider the case of two-component and three-component
piecewise constant p. We also remind the reader that in Step 4, thresholding is performed
by replacing singular values of GI"" that are less than e by zero. The coefficient solution
in Step 5 is precisely the minimal-norm least squares solution of the regularized linear sys-
tem GI™"lc = d™. In Step 6, we can form the regularized reconstruction by resampling:

we plot ﬂ[m’n] using a uniform grid {hj};ecz with fixed h > 0 as

n

Frmihg)y =7 (@ ki (a, hg) = [k, hy)lja e,

l=—n

Ideally, we choose a sufficiently small A so that the plot of fe[m’n} is visually smooth on
a plot window. Alternatively, by defining f™" as a function handle, MATLAB’s fplot
command will automatically generate a smooth plot of fi™".

One can measure the accuracy of any finite-dimensional reconstruction f of f by com-

puting from finite sampling points {z;}7__, the approximation errors

—m<j<m

1/2
ESZamp = { Z |f(‘rj) - f(x])F} ) E::mp = nax |‘]F(ZE]) - f(xj)| (731)

—m<j<m

The empirical errors in (7.3.1) can be thought of a measure of how good the reconstruction
interpolates the finite data f(z;). However, these errors may not reflect the quality of the
reconstruction in between samples. Since in our artificial examples we know the original
function f beforehand, it is more insightful to look at the discretized errors in a uniform

grid {hl};ez on a fixed interval [—%, é], L > 0 given by
1/2
Era=9 >, () —fROP s Exg= max [f(hl) - f(hD). (7.32)

—L<pi<L
—5<hi<% ? ?
We will mainly use (7.3.2) to measure the quality of regularized reconstructions together
with the growth of ||é£2n7n]||2 as n increases.

Lastly, we mention that all simulations are performed using MATLAB R2021a (Academic
Use - Individual) installed on a laptop computer with the following technical specifications:

Operating system |  Windows 10 Home 64-Bit
Processor Intel Core i7-7700HQ
Memory 32768 MB
Storage Samsung SSD 870 EVO 1TB

In Appendix A we list important MATLAB routines used in all our simulations'.

14The Matlab Codes folder containing all the routines used in this dissertation can be downloaded via
the link https://www.dropbox.com/sh/57utba39ytkhOyf/AADK8upEumLgKaGhop489VKpa?dl=1. Some
parts of the discussion refer to a number of files in this downloadable folder.
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7.3.1. Simulations for two-component piecewise constant p

In this section, we perform some experiments on reconstructing functions in some variable
bandwidth space corresponding to a two-component piecewise constant p. Without loss
of generality, it is enough to consider the reconstruction space PW q(A,) where p is a
two-component piecewise function of the form

po, x <0,
p(fv)z{o

p, x>0

for some pg, p; > 0. We recall the notation ¢, = p,;l/Q, k = 0,1 and from Theorem 5.1.1
the formula

~

1/2 . _ .
D (sine Q2 (2 — y) — LB sinc g (2 +y) ), 2,y <0,

a?” (e qlﬁl/z(x —y) + L4 ginc qlﬂl/z(x +vy)), zy>0,

kA(x,y) == 9 & . q0+q1
b sine QY2 (gor — qy) 2 <0,y >0,
/2 .
| ey sine Q2 (g — qoy) v>0,y<0

for the reproducing kernel ky of PWjo(4p). In particular,

2001 QY2 1/2
- sinc(qo2'/%x), = <0,
ka(0,2) = {2q§)?1§%1)2

7(qo+q1)

7.3.3
sinc(q;QV2x), x>0 ( )

is an element of PW)y oj(A,). For nonzero knots, we can use the reproducing kernels found
below Figure 5.1. Algorithm 4 is used to approximate a function from its point samples
taken on some interval of interest.

In the forthcoming experiments, we study a number of problems from a numerical
perspective.

(7) Is a bandlimited function perfectly reconstructible in a variable bandwidth space
whose local bandwidths are greater than or equal to the bandwidth of the func-
tion? Analogously, is a function of variable bandwidth perfectly reconstructible in
a variable bandwidth space whose local bandwidths are greater than or equal to the
respective local bandwidths of the function?

(i6) If fis a Jz-bandlimited function for some ¢ > 0 and p is a piecewise constant
function, is the error in reconstructing f in the space PWg r(A4,) commensurate to
lp — ¢|loo? Similarly, let p and p be piecewise constant, positive functions with the
same set of knots. Is the error in reconstructing a function g € PWjy »(A,) in the
space PWjy »(A5) commensurate to |[p — pllos?

(737) If a function is formed by continuously joining two bandlimited functions with dis-
tinct bandwidths, can variable bandwidth spaces outperform Paley-Wiener spaces
of constant bandwidth in terms of reconstructing the function?

(7v) What happens to the quality of reconstruction of a function of variable bandwidth as
we take sets of stable sampling whose lower Beurling densities approach the critical
density %/2?

With these guiding questions we now proceed to the simulations.
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7.3. Numerical simulations

7.3.1.1. Reconstructing bandlimited functions in PW,(A,)

Our first set of simulations deal with reconstructing bandlimited functions in PWy(A4,)
and provides some insights into answering problems (i) and (i7). Our focus is not on
finding optimal A and p so that a bandlimited function is perfectly reconstructed in
PWa(A,), but rather on the interplay of the parametrizing function and the regularized
reconstruction. To this end, let A = [0, 7%] and consider the m-bandlimited function

sin Tx

f(z) =sincme = — f e PW.(R).

We wish to find the regularized reconstruction of f in the space PWjy r2)(4,) with

1 <0
= ’ - 7.3.4
() {ph i (7:3.4)

as p; approaches 1 in both directions and observe how the quality of reconstruction
behaves.

By Proposition 3.1.3, functions in PW[y ~2)(A,) can locally be viewed as elements of B,
for v < 0 and By, 4 for z > 0. Since PWjg r2)(A,) = PW(R) when p; = 1, we expect
that the reconstruction improves as p; | 1, i.e., E’gﬁd and Egyy decrease as p; | 1. On the
other hand, since p; T 1 means we have local bandwidth 7/,/p1 > 7 on I; = (0,00), it is
natural to think that perfect reconstruction of f occurs. However, elements of PW,(R) are
analytic functions, while the piecewise nature of p implies that elements of PW, .2(A,) are
not analytic. This means that a reconstruction of f in PWj »2j(A,) may be distorted due
to Gibbs phenomenon, i.e., oscillations near the knots of p, and hence the reconstruction
may be far from perfect. Therefore, as p; tends to 1 in both directions the best we can
expect is that E}, and Eg5, decrease.

The numerical setup starts by taking values

m € {4,2,1.1,1.0001, 1.0000001, 1.00000001, 1.000000001, 1}, (7.3.5)
p € {0.25,0.5,0.9,0.9999,0.9999999, 0.99999999, 0.999999999, 1 } (7.3.6)

to simulate the limiting processes p; | 1 and p; 1 1, respectively. Uniformly-spaced
sampling points
o
X 1 ZZ - {5_1} JEL

are used so that for all choices of p; in (7.3.5) and (7.3.6), (5(Xi,p) < 1and X, is a set of
stable sampling for PW) 2)(4,) by (7.2.3). For n € N, we take 4n +1 (m = 2n) noiseless
samples

d?"] =f (i) = sinc %j, j=-2n,...,2n (7.3.7)

of f and reconstruction space
T, = span{ks(L,-) : l=—n,...,n}

of dimension at most 2n + 1. With € = 1078, we apply Algorithm 4 to calculate the
regularized reconstruction £ of f as

n

) = 37 @k (5.).

l=—n
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A[2n,n]

where the coefficient vector ¢¢ € C*"*! is computed as

é?n,n] _ (GLQn,n])Td[Qn]‘

To assess how the reconstruction performs as we approach the correct constant bandw1dth
7 when p; = 1, we use the discretized errors EZ ;4 and g5  as well as the norm ||c (2.} ||2 of
the coefﬁments of the regularized reconstruction on a uniform grid on the interval [—25, 25]
with 10° + 1 points, i.e., L = 50 and h = 0.0005. We refer the reader to attached file
Trend2pBL.m on the implementation of Algorithm 4 in MATLAB.

With minor modifications, we can perform the above numerical setup using the per-
turbed sampling set

Xi% = {i +nj,m; € (—1—16, %6) uniformly Hmdom}jEZ
By (7.2.4), X%’% also a set of stable sampling for all choices of p; in (7.3.5) and (7.3.6).
Noisy measurements

712n j 1
AP = (G n) + 05 Il < 5.0 =—2n,....2n

are then used instead of (7.3.7), where each 6; is chosen uniformly at random and satisfies
6] < 6 for some 6 > 0 small.

In Figure 7.1 we display plots of E;nd, By, and 162"l for n = 5,6,...,100 using

the uniform sampling set X 1 while in Figure 7.2 we show plots of the same quantities
using the perturbed sampling set X, 11 and noise bound # = 1078, Upon inspecting both

figures, using X 11 with noisy samples produces slightly higher errors than using X 1 with
noiseless samples partlcularly when p; is very close to 1. Some remarkable ﬁndmgs from
Figure 7.1 are as follows:

e For each p; # 1 in (7.3.5) and (7.3.6), the discretized errors E7,;4 and Egg, decrease
as n increases and then eventually stabilize to their respective constant values. For

p =1, B2y and E, fluctuate close to 107® and 107", respectively. The norms

||c[2n n]||2 exhibit significant decrease as p; approaches 1 in both directions and do
not exceed €' = 10% as we know from (7.1.15).

e As p; | 1, the local bandwidth 7/,/p1 < 7 on I, = (0, 00) increasingly approaches

7. This behavior is reflected by the steady decrease in EZ 4, Eggy and Hc[Qn "]H as
p1d 1l

e Asp; 11, 7//p1 > 7 and decreasingly approaches 7. It is evident from both figures
that taking local bandwidths, no matter how large or close to 7, does not guarantee
perfect or even reasonable reconstruction in the corresponding variable bandwidth
space. This is counter-intuitive to perfect recovery of bandlimited functions in Paley-
Wiener spaces of larger constant bandwidth.

Viewing f as a \lf—bandlimited function with ¢ = 1, the experiments suggest that the
quantity |[p — ||, is commensurate to the discretized errors E7;q and Eg5,, and is a
rough representation of the model mismatch between f and the reconstruction space

PWio x2)(Ap).
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Trend of EZ;;, Egy, and 62" |, using a uniform sampling set
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Figure 7.1.: Plots of EZ;4 (col 1), Eg%, (col 2), and 162™)||5 (col 3) using the uniform
sampling set X 1 and different values of p; approaching p; = 1.
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Figure 7.2.: Plots of £y (col 1), Eggy (col 2), and 1625 (col 3) using the perturbed
sampling set X1 1 and noisy samples as well as different values of p; approach-

ing p; = 1.
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Interestingly, Figure 7.3 below shows that the reconstruction algorithm seems to per-
form stably even with decreasing sampling rates. We performed the same simulation from
Figure 7.1 but replaced m = 2n by m = |¢n], where ¢ = 2,1.75,1.5,1.25, in that order.
We only considered p; | 1 but the same can be said for p; T 1. The reader may consult
Trend2pRedund.m for additional simulations.

Trend of 2.y, Eggy, and [eds®h o)1, using a uniform sampling set with sampling rate ¢
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Figure 7.3.: Plots of E2; (col 1), Egy (col 2), and 1e2™)]|5 (col 3) using the uniform
sampling set X%’ sampling rates ¢ = 2 (row 1), ¢ = 1.75 (row 2), ¢ = 1.5 (row

3), ¢ = 1.25 (row 4), and p; | 1.
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A slight improvement in the numerical reconstruction can be achieved by replacing
the MATLAB command pinv by lsgminnorm in Routine A.6. Since 1sqminnorm is based
on complete orthogonal decompositions (a form of rank-revealing QR decomposition, see
[16, Secs. 1.3.1, 2.7.6] for details), it is more computationally efficient’® than pinv when
computing minimum norm least square solutions. Figure A.1 shows that E7,, and Egg,
fluctuate close to 10719 and 1072, respectively, which better reflect perfect recovery of f
when p; = 1. The rest of the plots are visually unchanged.

The reader might have expected that for p; = 1, the discretized errors are within
machine precision. Unfortunately, the errors in Figures 7.1, 7.2, and A.1 show signifi-
cantly higher values, particularly with EZ; around 10719 using pinv (and 107'? using
lsgminnorm). To some extent, this occurrence may be attributed to ill-conditioning and
rank-deficiency of uneven sections of the Gramian. One way to further improve the errors

is to generate reconstruction vectors using the following result [39, Thm. 4.1]:

Theorem 7.3.1. Let p be a two-component piecewise constant function with components
Do, p1 > 0. Fiz the sampling set

R <0
Somp = {5 L os =R e T 7.3.8
b = {Si}iez ! é\l/g’ =0 ( )

for some €2 > 0 and the weights

/Do, [ <0,
w =4 5(y/Po+ /P1), =0,
VD1, [>0.

Then the set

is an orthonormal basis for PW o)(Ap) with reproducing kernel ky. The orthogonal ea-
pansion

F@) = qi > wid (s)ka(si,)

leZ
converges in L*(R) and uniformly for every f € PWjoq)(A).

In particular, taking Q = 7% and p given in (7.3.4) implies the set

_ml_ 1<0

Sonb = {s1}iez, s1=14 Y2 -
/P

oz, >0

15This tip is mentioned in the l1sgminnorm documentation available at https://www.mathworks.
com/help/matlab/ref/lsqminnorm.html. In theory, both methods yield the same minimum-norm least
square solution but may have different numerical results in MATLAB.
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generates an orthogonal system {kx(s;,-) : [ € Z} for PWy 2)(A,). In turn, we have for
n € N the invertible matrix G e CZr+Dx@ntl) given by

1, 1=1<0,
2 j=1=0 In
GUl(5,0) = ka(sy, 55) = TV Lo = e
pr? J= [ > 07 L[
VPt Jprin
0, J#1,
for 7,1 = —n, ..., n. Figure A.2 confirms the error values obtained in Figure 7.1 for p; # 1,
perfect reconstruction of f is achieved as EZ; is around 107" and Egg, is within machine

precision, and the norm of coefficients converges to 1 as p; approaches 1.

In summary, we observe that the closer the local bandwidths of the reconstruction space
PWiy2)(Ap) to m, the smaller the discretized errors of regularized reconstructions of f.
Surprisingly, variable bandwidth spaces with arbitrarily large local bandwidths may not
contain a satisfactory reconstruction of f.

We also mention that variations of this simulation can be done by replacing (7.3.4) by
a different family of parametrizing functions. For instance, we can take

po, x <0,
Mﬂz{o

pi, v>0

where pg 7 1 and p; | 1, i.e., the local bandwidths on (—o0,0) and (0,00) approach
7 from above, resp. from below. We performed an independent simulation'® with this
family of parametrizing functions and the observations are no different from what are
stated previously. Lastly, it is natural to ask if these observations still hold if f is a
function of variable bandwidth. It can analogously be shown as an example that the
regularized reconstruction of

sincZz, <0
ﬂ@Z{. T
sincrx, x>0

in the space PW{g 2)(A,), where

Mﬂz{& r=0

P, x>0

and p approaches 1 in both directions, behaves in a similar fashion!”.

What we have seen so far from the experiments is that if one of the local bandwidths
is fixed and we let the other vary, then the corresponding regularized reconstruction
worsens as we deviate from the correct bandwidth. What we have not tested yet is the
reconstruction of a function f € PWy(A4,) in another variable bandwidth space PW,(A;),
where p = ¢ 2p for some ¢ > 0. The following theorem states that if p is a piecewise
constant function and A is an interval of the form [0, §2], then there is a subspace inclusion
between variable bandwidth spaces generated by p and p.

16See further instructions in Trend2pBL.m to run this simulation.
17See Trend2pVB.m.
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Theorem 7.3.2. Let A C Ry and p a piecewise constant function. Then
PWy(Ai—2p,) = PWap(4A,).

In particular, if A = [0,9Q] for some Q@ > 0, then PWjo(Ac—2p) € PWioa(Ap) for all
0<ec<1.

Proof. Let p = ¢=2p for some 0 < ¢ < 1. Then by definition,

Ay = —D(c?*pD) = *(=D(pD)) = ¢ *A,.
We can verify using results from Chapter 4 the following adjustments when p is replaced
by p:

Quantity p p+— p=c °p | Reference
dp du(X) du(N) (4.3.11)
Fa, | Fa, fON) | Fa f(N) | (4.3.12)
xa(A4p) [ xa(A)f [ xea(A)f | (227)

As a consequence, the spectral projection xa(A4;) : L*(R) — PWx(Ap) amounts to pro-
jecting f € L*(R) onto the variable bandwidth space generated by p but with a scaled
spectral set ¢?A. In particular, if A = [0,9Q] for some © > 0, then ¢2A C A and so
PWioq)(Ac-2p) = PW 20)(Ap) is a closed subspace of PW0)(A,). O

As a special case, if A = [0,w?] and p = 1, then from (2.2.11) we have for 0 < ¢ < 1 the
known fact that

PWy(R) = PWig22(A,) € PWiguo(A,) = PW,(R).

We now check if we can further support the above theorem using numerical simulations.

Let
1
r) = J 16
p(x) L

and consider the regularized reconstruction of

sincrr, x <0,
- o

sinc jz, x>0

x <0,
x>0

E PW[OJTQ} (A16p>

in the spaces
PW[OJZ}(AHSP) C PW, (Asp) C PW[OJTQ](AM)) C PW, (Az) C PW[OJTQ](AP)'

These nested inclusions are guaranteed by Theorem 7.3.2 with ¢ = 2-1/2 for each inclu-
sion. The reconstruction of f in these three spaces must be perfect, at least in theory.
In the following experiment we use orthogonal reconstruction vectors generated via The-
orem 7.3.1 and singular value threshold € = 10~ to compute £ for n = 5,...,200 via
Algorithm 4. Figure 7.4 shows that perfect reconstruction is evident with the parametriz-
ing function 16p. On the other hand, there is an observable but surprisingly very slow
downward trend for both E;rid and Egy for the remaining parametrizing functions. By
(7.3.3), the correct coefficient is % and is attained only when we use 16p. We encourage
the reader to use PerfRec2pVB.m as well as adjust the parameters to verify the results for
even larger values of n. This may take a few hours to complete but the discretized errors
are expected to display a consistent downward trend. The reconstructions in the above

spaces have virtually overlapping graphs.
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7. Numerical implementation and simulations

Trend of EZ,, Egy, and (|75 using an orthogonal system
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[—p =116 —p =8 —p= 4 —p=[L2 —p=5.1]

Figure 7.4.: Plots of EZ,; (col 1), Eggy (col 2), and e |1, (col 3) using orthogonal

reconstruction vectors and using multiples of a fixed parametrizing function.

7.3.1.2. Reconstructing non-bandlimited functions in P/, (A,)

Perhaps the most important simulation in this section is to show that given point samples
as data, some functions are better reconstructed by functions of variable bandwidth than
by functions of constant bandwidth. Define the continuous function

sincrr, x <0,
g9(x) =

3 ™
sinc {5, x> 0.

While the piecewise component functions of ¢ are in itself bandlimited, g is not ban-
dlimited since it is not smooth at z = 0. This is due to the Paley-Wiener Theorem [63,
Thm. X]. Indeed, since sinc, x = sincaz, a > 0 has the Taylor series expansion

(=1 (az)™

sinc,r = z e R
a ‘ ) )
— (2k 4+ 1)!
we have the even-order derivatives
-1 k 2k
sinc®?)(0) = %, k € No

while all odd-order derivatives are zero. Since we have a = 7w on the left part of g and
a = {5 on the right, D?g(0) does not exist as the left and right derivatives at x = 0 are not
equal. Upon closer inspection, we see from (7.3.3) that with = 7% and parametrizing
function

1 z <0
= ’ -7 7.3.9
plz) {100, 2> 0, (7.3.9)
we have
11
g(x) = ?k‘,\((),x), z eR. (7.3.10)

Hence, g can be perfectly reconstructed in PWj 2)(A,) with this p.
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7.3. Numerical simulations

In order to provide a proper comparison between reconstructing g in variable bandwidth
spaces and in Paley-Wiener spaces of constant bandwidth, we propose the following mod-
ified setup for the regularized reconstruction. Consider the uniform sampling sets

X, = {7}z, 7 =0.5,0.6,0.7,0.8,0.9,0.99, 0.999, 0.9999. (7.3.11)

By (7.2.3), X, is a set of stable sampling for PW]g 2)(A,), where (i) p is given by (7.3.9),
and (i1) p = 1, i.e., PWjg r2)(A4,) = PWx(R). Now, we slightly modify how we build the
Gramian in (7.1.8). For each n € N, we take the middle 4n +1 (m = 2n) sampling points

{ZE]' ?Z—Qn = {7] ?Z—Qn
in X, and form the (2n 4 1)-dimensional reconstruction subspace
T ={kn(si,") : l=—n,...,n}

where s; is given in (7.3.8). As a result, for each n € N we can form the cross-Gramian
GPrnl ¢ CUnt)x(nt1) with entries

C:'[Q”’"}(j, ) =kn(s;,xj), j=-2n,....2n,l=—n,...,n.

We then compute the regularized reconstruction G for n = 5,6..., 100 via Algorithm
4 with singular value threshold ¢ = 10~® and the Gramian in Step 2 replaced by the cross-
Gramian above. Taking p as in (7.3.9) corresponds to reconstructing g in PWjy »2)(4,)
while taking p = 1 corresponds to reconstructing g in PW,(R). The increasing uniform
sampling width « in (7.3.11) simulates a steady decrease in sampling density, which per-
mits us to observe if taking fewer samples has consequential effects on the regularized
reconstruction of g.

Before we discuss the results, we emphasize that in both reconstructions we used a
fixed spectral set A = [0, 72], the same set of stable sampling, the same dimension for the
reconstruction subspaces, and the same regularized reconstruction procedure. The only
difference is the reproducing kernel k, used to form elements of the finite-dimensional
reconstruction subspaces since k, is dependent on the choice of p.

Figure 7.5 displays the trends of E2 ., Eggy, and 162" |1, of the proposed reconstruction
method for two different reconstruction spaces for n = 5,6,...,100. We also have on the

~[2n,n]

left of Figure 7.6 the graphs of g¢ " with n = 100 in the reconstruction space PW,(R)
using the sampling set X, given in (7.3.11). On the right we have a magnified version of
the same plots to understand how the reconstructions behave near the point x = 0.

Our findings from Figure 7.5 are as follows:

e In the first row we have the regularized reconstruction procedure using PWjy »2)(Ap)
with p in (7.3.9) as reconstruction space. We see as expected that the orthogonal

system results in small discretized errors EZ,y and EZ ;4 around 107'% and 1072,

respectively. In addition, the norms ||é£2n’"}||2 are steady at 1 which is consistent
with the original expansion of g in (7.3.10). The decreasing density of the sampling
set has no observable effect on the discretized errors and is a direct consequence of
using an orthogonal system to form finite-dimensional reconstruction spaces.
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7. Numerical implementation and simulations
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Figure 7.5.: Plots of EZ ;4 (col 1), Eg5 (col 2), and 162™™|5 (col 3) when g is reconstructed
in PWig r2(A4p) (row 1) and PW(R) (row 2) using uniform sampling sets X,
with increasing v and MATLAB command pinv.

Plot of y = g(x) and y = §£200400] (z) using uniform sampling sets approaching near-critical density
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Figure 7.6.: (Left) Plot of g and its regularized reconstructions ge using uniform

sampling sets X, with increasing . (Right) A closer look at the reconstruc-
tions near x = 0.
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7.3. Numerical simulations

e In the second row we perform the same reconstruction setup with PW,(R) as re-
construction space. Although the local bandwidths 7 and {j; are less than or equal
to 7, we always have significant reconstruction error due to Gibbs phenomenon (see
Figure 7.6) that does not resolve as n increases. The plots suggest that for all values
of 7 in (7.3.11), the reconstruction §]£200’100] attempts to minimize the errors near
x = 0 at the cost of substantial errors on other parts of the reconstruction. In
this case, the compensatory behavior is mostly on the left side of the graphs of the

reconstructions.

We now have verified numerically that the regularized reconstruction of g in the correct
variable bandwidth space outperforms the regularized reconstruction of g in PW,(R).

7.3.1.3. On the quality of regularized reconstruction on sets of stable sampling
with near-critical densities

The last simulation deals with the behavior of the reconstruction as we take sets of
stable sampling whose lower Beurling densities approach the critical density. Section 7.2.1
includes a method to generate such sets. Let p be a two-component piecewise constant
function. By Theorem 6.4.1, we have the critical density %/2 for PWjo0(Ap). Fixr > 1.
By Algorithm 3, we can generate a sequence of semi-uniform sampling sets {5, x }7>, such
that

T 1 N QI/Q .
O(Srrsp) = qiza | 755 ) and Dy(Sew) = — (L+77%). (7.3.12)

By construction, {S,,}3, is a sequence of sets of stable sampling for PWyy o)(A,) such
that DX(Sni) — %/2 as k — oo.

With the above construction we consider the following setup: let Q = 7% and take the
previously defined function

sincrr, <0 1 <0
x) = ’ — e PWiy.(A),), r)=<%" -
9(@) {sinc%x, 2> 0 o2)(4p), - P(2) {100, 2> 0.

As before, we examine EZ,;, Egy, and HéL“OOgJ’lOO]Hg using the sets S, k = 0,...,30

satisfying (7.3.12) and taking sampling rates ¢ = 2,1.75,1.5,1.25. We see from Figure
7.7 that EZ;; and Eg%, display a downward trend, and for & > 12 there is a noticeable

drop to 10713 and 107'°, respectively. In addition, the norms ||6£L100§J’n]||2 abruptly jump
and stabilize to 131, while D;t(Sg7k) steadily decreases and approaches 1 but does not

seem to improve that much beyond k£ = 12. Figure 7.8 shows that the condition number
1 (GIH00sL1001) of the Gramian drastically improves for k > 8, hence the reconstruction
procedure becomes more well-conditioned as k increases. Such observations are not sur-
prising since with a two-component piecewise constant p and k — oo, S 4k is the same as
Sonp 10 (7.3.8) with the exception of possibly one point added by Step 7 of Algorithm 3.

In conclusion, this experiment shows that g can be perfectly reconstructed from S, j
(with r fixed) and with decreasing Beurling densities, so long as these densities do not fall

below the critical density 1. The decreasing sampling rates do not present any significant

effect on E2.4, EgSq, 100100 and g (GILL00S] 10T
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Figure 7.7.: Plots of E2, Eg, | el00s 4900 and D;t(S%’k) when g is reconstructed
from sampling sets Sa ,, k =0, ...,20 whose Beurling densities approach the

critical density 1 and3taking decreasing sampling rates ¢ = 2,1.75,1.5,1.25.
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\ \ | \ \ \ \ \ |

SN

1020

10182y

1018

1oM

=
[

f(GIL 10y

@ bl o vl v vod o el o vl o comd o o oo ol o ol o

Figure 7.8.: Plot of x(GI10011001) when ¢ is reconstructed from sampling sets Sip, k=
0,...,20 whose Beurling densities approach the critical density 1 and taking
decreasing sampling rates ¢ = 2,1.75, 1.5, 1.25.
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7.3. Numerical simulations

7.3.2. Numerical implementation for three-component piecewise
constant p

The previous simulations for two-component piecewise constant p answer some of the

basic questions on reconstructing functions in variable bandwidth spaces from a numerical

perspective. In this section, our focus is to demonstrate actual numerical computability

of necessary quantities to perform sampling and reconstruction in PWy(A4,) with a three-

component piecewise constant p. We consider the reconstruction space PWy o)(A,) where
p is the three-component piecewise function
Do, T E (_007 _g]a
p(l’) =43P, TE (_%7 %]7
P2, T € (%7 OO)

for some T, pg, p1,p2 > 0. As before, we use the notation ¢, = p,zl/z, k=0,1,2 and recall
1

the constants
o\’ o\’ W\’ @\’
164y ¢ ) ¢ 72
ko L w\(,_a
- 8 2 2 2 )
qo q7 q3

¢ =2qT, and r = % By Lemma 5.2.1 and Theorem 5.2.3, we know that for any s € R,

1 eisu

= — —d
21 Jar2 C+ K cosCu “
Q2 i i ( r)m (m) P22 (s (m—20)0) (Ql/z( +( 20)¢)
= —— e 2 sinc 5 S m — )
20 — = 2 l

For M € Ny, the M partial sum J,; of J satisfies the error estimate

J(s)

91/2 ’T|M+1

20T 1 —|r|

|J(s) = Ju(s)| <

for any s € R. Finally, Theorem 5.2.5 states explicit formulas for each piecewise compo-
nent of the reproducing kernel &k, in terms of the real part

Ql/2 o m

Jrea(s) = 3= DY (—g)m (”;) sine (22(s + (m — 21)¢))
m=0 [=0

of J. Figure 7.9 shows the graph of y = Jea(z) on the interval [—50,50] for a given set
of parameters. We used Routine A.5 with accuracy set to machine precision to plot the
graph below. Routine A.4 is an auxiliary code used to compute an (T) via floating point
arithmetic and to avoid warnings when M is large. As observed in Remark 5.2.4, the
graph of J,.. resembles that of sinc aside from the occasional spikes at s = k(, k € Z that
degrade as |s| — oo. In Figure 7.9 we see the spikes occur at s = 24k, k € Z and the

zeros at any other integer points.
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7. Numerical implementation and simulations

Graph of y = J, (%) with Q@ =7, T =6, and p = [1, ,1]
\ \ | \ \
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Figure 7.9.: Graph of Jieu for Q = 2, T = 6, py = p» = 1 and p; = ; on the interval
[~50,50].

To demonstrate that the numerical calculations are indeed functioning, we apply Algo-

rithm 4 to calculate the regularized reconstruction g™ of

1, z € (—o0,—15],
g(z) = ka(0,2) € PWjor2(4,), plx) =<1 xe(-15,15),
L,

x € (15,00)
from point samples in the uniform sampling set X 1 ie.,
A7 =g (1) = kr(0,%), j=-2n,...,2n. (7.3.13)
We consider the reconstruction spaces PWi 2j(A;) where
1, zé€ (—o0,—15]
5(z) = 15.15 _1il
p\T) = P1, J]e(— y ]7 ) p1_27478'
1, =z € (15,00)

With the above values of p;, X 1 is a set of stable sampling by (7.2.3). As before, we set

¢ = 107% and plot the discretized errors E7,; and Eg5y on a uniform grid on the interval

[—25,25] with 104 + 1 points, i.e., L = 50 and h = 0.005, as well as the norms ||¢™™ |,
for n = 5,...,100. Clearly, perfect reconstruction should occur for p; = i. Figure 7.10

displays the trends of E7,q, Eggq and 162™)||5. Plots of the reconstruction show that
the blue and yellow ones nearly overlap. We observe that deviating from the correct
reconstruction space still yields significant reconstruction errors and the expansion has
coefficients of norm bounded above by 108. As noted previously, this is counter-intuitive

from perfect recovery of bandlimited functions in Paley-Wiener spaces of larger constant
bandwidths.
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Figure 7.10.:

Plots of B2, (col 1), Eg%y (col 2), | ™|, (col 3) and the reconstructions
(row 2) when g is reconstructed using the uniform sampling set X 1 and

different values of p;.
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Figure 7.11.:

Plots of E2;, (col 1), Eg3y (col 2), 1c2™™]|5 (col 3), and the reconstructions
(row 2) when g is reconstructed using the uniform sampling set X 1 and

multiples of a fixed p.
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7. Numerical implementation and simulations

The reader may consult Trend3p.m and explore other values of parameters to see how the
reconstruction performs given different configurations. We end this chapter by looking at
a numerical simulation related to Theorem 7.3.2 for the three-component case. Consider
the same ¢ as above and reconstruction spaces

PW[077T2](AP) - PW[O,#](A%p) - PW[O,T('Q](Aip)‘

With the same numerical setup as above, Figure 7.11 shows that the reconstructions
visually overlap on the middle interval [—15,15] while some noticeable errors occur near
the knots x = £15 of p. Perfect reconstruction is not observed for the multiples % p and }lp,
although we see that the three plots mostly virtually overlap. Astonishingly, a downward
trend of E},4 and Eg, is not observed. This may be due to the errors that occur near
the knots. We invite the reader to again use Trend3p.m and check that in the case of }lp,
the plot of the reconstruction slightly improves as we take even larger values of n (at the
cost of longer computation time and higher memory usage). In contrast, reconstructions

corresponding to %p occasionally produce high spikes at the knots.
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8. Summary and outlook

In this dissertation we studied the theoretical and computational aspects of sampling and
reconstruction in spaces of functions of variable bandwidth parametrized by a piecewise
constant function.

In Chapter 4 we showed that in contrast to arbitrary parametrizing functions, piecewise
constant parametrizing functions offer a direct approach to assigning local bandwidths
of a signal. Moreover, the quantities needed to compute the reproducing kernel of the
resulting variable bandwidth space are directly computable from the spectral set A and the
piecewise components of p. In Chapter 5 we derived explicit formulas for the reproducing
kernel when p has two or three piecewise components.

In Chapter 6 we derived necessary density conditions for sampling and interpolation
in variable bandwidths spaces with piecewise constant parametrizing functions. We then
used this as a guide to generate sets of stable sampling and consequently performed numer-
ical simulations on approximating functions by functions of variable bandwidth. Chapter
7 tackles most of the numerical aspects of the reconstruction problem and provided some
insights on how the parametrizing function influences the quality of reconstruction as well
as the feasibility of performing numerical approximation in variable bandwidth spaces.

While we tried to cover the important details on variable bandwidth spaces with piece-
wise constant parametrizing functions, there are still some open problems for future re-
search. We enumerate some of these questions and describe our preliminary approach to
answer them.

8.1. Constructing orthonormal bases for PV, (A,)

Theorem 7.3.1 is an explicit construction of orthonormal bases for PW q(A,) with p
a two-component piecewise constant function with knot at ¢; = 0. By translation, this
result can be extended to arbitrary nonzero knots. The heart of the proof lies on care-
fully choosing points {s;};cz so that the reproducing kernel ky of PWo(A,) satisfies
ka(sj,s1) = 0 for j # . This is precisely achieved by the choice (7.3.8) that is easy to
derive since we have an explicit formula for k, in terms of the cardinal sine function.

It is then natural to ask if such an orthonormal basis construction can be extended
to arbitrary number of piecewise components. In the case of three-component piecewise
constant functions with symmetric knots, the piecewise components of ky are written
in terms of Ji, in Theorem 5.2.3. Inspired by the proof of Theorem 7.3.1, a possible
construction of an orthogonal system in PWjq)(A,) involves finding the zeros of Jica,
some of which are identified by Remark 5.2.4 as the points

se (ﬁz + cz) \(Z.
One has to figure out how to choose a sequence of points {s;};ez so that kx(s;,s;) =0
for j # [ holds.
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8. Summary and outlook

If orthonormal bases are out of reach, the next best thing is to find Riesz bases for
PWio.0(Ap). We still do not have an idea how to generate such a family, and we are open
to discussions and future work on this topic.

8.2. Subspace relations between variable bandwidth
spaces

Theorem 7.3.2 states that if the spectral set A is an interval, then any piecewise constant
function p generates a nested sequence { PW,(A.-2,) }o<c<1 of variable bandwidth spaces.
We are interested to know if there are other subspace relations that can be derived in
the case of piecewise constant parametrizing functions. Another related problem is to
derive relations between PW, (A,) and PW),(A;) if p and p are close with respect to some
norm, say ||« [le. So far, our simulation in Section 7.3.1.1 only suggests that the error
in reconstructing a function f € PW,(A,) in the space PW,(A;) is commensurate to
lp — Pl|oo. We wish to know if there is indeed some general truth behind this observation.

One possible general approach in deriving subspace relations that may not require
additional assumptions on the spectral set is to relate the reproducing kernels of two
variable bandwidth spaces. We describe this method in detail. Let A C R] be of finite
measure. Suppose p and p are piecewise constant functions. We wish to find conditions
for which the inclusion

PW)(Ay,) C PWy(A;)

holds. It turns out that it is possible to derive such conditions using the reproducing
kernels of these spaces. We introduce the following notion. Let K be the reproducing
kernel for the reproducing kernel Hilbert space H. Then K is positive definite (or a kernel
function), i.e.,

> G&K (zy,35) > 0

J,l=1

for all {z;}7_; C R,{{;}7-; C Cand for all n € N. In other words, for any finite collection
{z;}}_, of points in R, the matrix [K(z;,7;)]},-; € C™" is positive semidefinite. Now,
given two kernel functions K, and Ky, we write K; < Ky if Ky — K is positive definite.
The following result [8, Thms. I,IT] establishes subspace inclusion between reproducing
kernel Hilbert spaces based on this relation.

Theorem 8.2.1. Let K and K5 be reproducing kernels for Hy and Hs, respectively. Then
K, < Ky if and only if H1 C Ha and || fllay < ||fll3, for all f € H;.

When A = [0, Q] for some © > 0, Theorem 7.3.2 follows from the above theorem. To
see this, fix a piecewise constant function p and 0 < ¢ < 1. Let K; and K, be the
reproducing kernels of PW)(A.-2,) and PW(A,), respectively. By (4.4.2) and the table
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found in proof of Theorem 7.3.2, we have
K(zy, ;) = Ka(xy, ) — Ky (2, )

_ / SO ) - DA z;) dp(A) — / BN, 7 - BN, ;) dp(eN)
A A

:/ DN, ) - PN, z;) dps(N)
A\cZA

for all n € N and {z;}7_; C R. Thus, for all {¢;}}_, C C,

D GE K (w,x5) = <Z§_j<1>(~,$j), Z@D(»xz)> >0,
=1 I=1

Jil=1 L2(A\c2A,dp)

i.e., Ki < K. Therefore, PW)(A.-2,) € PW,(A,) by Theorem 8.2.1. Other subspace re-
lations can potentially be proved using this method but may require additional knowledge
of the reproducing kernel. We also refer the reader to [10, Sec. 4.5] on other equivalent
conditions related to subspace inclusions between reproducing kernel Hilbert spaces.

8.3. Reconstructions using other sets of stable sampling

In classical Paley-Wiener spaces of dimension one, a result of Beurling [12] asserts that
if D=(X) > 1, then X is a set of stable sampling for the Paley-Wiener space. This
suggests that such a result might also hold in certain spaces of variable bandwidth. We
conjecture that if D,(X) > %/2, then X is a set of stable sampling for PW q(A4,).

Several experiments confirm this conjecture when p is a piecewise constant function.
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A. Matlab codes and additional plots

The following MATLAB codes are simplified versions of routines used used in the numerical
simulations in Section 7.3. The complete collection can be downloaded from the Dropbox
folder https://www.dropbox.com/sh/57utba39ytkhOyf/AADK8upEumLqKaGhop489VKpa?
dl=1.

Routine A.1: Computing the reproducing kernel for two-component piecewise constant p
from vector inputs as well as forming uneven sections of the Gramian

Hh
c
jo]
Q
o
-
@]
o]
© N

2 B 55555555555%5%55%5%5%5%5%5%5%55%5%5%5%%
3 %Computes the reproducing kernel k(u,v) for the two-component piecewise

4 %constant p with knot at t = 0 and spectral set [0,Omega]. Accepts row

5 %$vectors u and v whose lengths may be different. If u has length n and

6 %v has length m, the output is an mxn matrix whose entries are

7 S$k(u(j),v(i)). This way, the output can also be treated as the uneven mxn
8 %section of the Gramian G(i,7J) = <k(u(j), .), k(v(i), .)>.

9 3555555555555 5555555555555 55555555555%555%5%5555555555%5%%%
10 g = sqrt(l./p);

11 Y = meshgrid(v,u)';

12 z = zeros(size (Y));

13

14 [rl, cl] = find((Y < 0 & u < 0) == 1);

15 [r2, c2] = find((Y > 0 & u > 0) == 1);

16 [r3, c3] = find((Y > 0 & u < 0) == 1);

17 [rd, c4] = find((Y < 0 & u > 0) == 1);

18

19 a = q(l)xsqrt (Omega) /pi;

20 b = ((g(2) - g(l))/(a(l) + q(2)));

z (sub2ind(size(z),rl,cl)) =
a* (sinc (g (l) *sgrt (Omega) = (u(cl)-v(rl)) /pi) +
bxsinc (q(l) *sqrt (Omega) x (u(cl)+v(rl)) /pi));

[
-

22
23 Cc = g(2)*sqrt (Omega) /pi;
24 z(sub2ind(size(z),r2,c2)) =
c* (sinc (g (2) *sgrt (Omega) * (u(c2)-v(r2))/pi) -
bxsinc (g (2) xsqrt (Omega) = (u(c2)+v(r2))/pi));
25
26 g = 2xg(1)*g(2)+sqgrt (Omega) / (pix (q (1) + q(2)));
z (sub2ind(size(z),r3,c3)) = g*sinc(sqgrt (Omega) * (g(l)*u(c3) -
a(2)*v(r3))/pi);
28 z(sub2ind(size(z),rd4,cd4)) = gxsinc(sgrt (Omega) * (g (2)*u(cd) -
a(l)*v(rd))/pi);
29 end

27

To form uneven sections of the Gramian, take u as the row vector of points generating
the frame elements and v as the row vector of sampling points.
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https://www.dropbox.com/sh/57utba39ytkh0yf/AADK8upEumLqKaGhop489VKpa?dl=1
https://www.dropbox.com/sh/57utba39ytkh0yf/AADK8upEumLqKaGhop489VKpa?dl=1

A. MATLAB codes and additional plots
Routine A.2: Truncated SVD with threshold tol
1 function G = tsvd(A,tol)
2 Bttt LNNLTTT55555555%%%
3 %Performs singular value thresholding on A, i.e., replaces all singular
4 %values of A below the threshold tol by zero. The output is the matrix
5 %G with the same left/right singular vectors as that of A but whose
6 %nonzero singular values are the singular values of A with value at
7 %least tol.
8 3555555555555 5555555555555 55555555%5%5%5%5%555%5%5%5555555%%%%%%
9 [U,S,V] = svd(A);
10 d = diag(S);
11 [m,n] = size(A);
12
13 1 = 1;
14 while i < length(d) && d(i) > tol
15 i = 1i+1;
16 end
17 if 1 < min(m,n)
18 for 3 = i:min (m,n)
19 S(3,3) = 0;
20 end
21 end
22 G = UxS«*V';
23 end

This routine is only used when pinv is replaced by 1lsqminnorm. Alternatively, one can
use pinv(pinv(A,tol)) to obtain G. However, for large, rank-deficient matrices A, it is
often the case that norm(tsvd(A,tol) - pinv(pinv,tol)) is small (around 10~'2) but
is not within machine precision.

Routine A.3: Constructing points generating an orthogonal system for two-component

piecewise constant p

Ttk W

:=N*xd (1)) 0:d(2):Nxd(2)]; S%Ssampling

These points are precisely the middle 2V + 1 elements (with center at the origin) of X
in (7.3.8).
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) in floating point arithmetic and without

n
k

modnchoosek (n, k)

warning messages

function vy

1

Routine A.4: Alternative way to compute 2_"(
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N n

$Computes binom(n,k)/2°n using floating point arithmetic

$reduce number of iterative multiplications

Jreal (Omega,p, T, s)

1:
y = y*(n-k+1i)/(2%1);

return
k = n-k;

elseif 2+xk > n
Routine A.5: Approximating Jyea(s) for any s € R up to machine precision

y = 27 (k-n);

end

for 1

end

end
function J

8
1
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The truncation

given a

three-component piecewise p with knots at -T/2 and T/2.
the routine computes the

Once M is determined,

is determined as the least M such that geometric error estimate is

within machine precision.

$Computes the partial sum of the the real part of J(s)
Soutput as directed.

[
°
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N m < 0 © b~ 0
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$geometric error estimate

increm +

14

O .
l:m
modnchoosek (m-1,1-1) *sinc((s+ (m-2+1+1) xzeta) *sqgrt (Omega) /pi);

Err+abs(r);

M = M+1;

determines the truncation level
1:M+1
increm

2xq(2) *T;
((I+q(1) /q(2)) "2x (1+q(2) /q(3)) "2 +

(1-a(1) /q(2)) "2%(1-9(2) /q(3)) "2) / (16xq(1l) "2);

°

o

sgrt (Omega) / (2«C*pi) ;

(1-g(1)"2/9(2) "2)* (1-q(2) "2/9(3) "2) / (8%xqg (1) "2);
r = K/C;

J = J+(-r) (m-1)*fac*increm;

sqrt (1./p);
increm

Err
for 1
end

_O;
for m

Err = facxabs(r) " (M+1)/(1l-r);

17 while Err > eps %machine precision accuracy

q
zeta
C

fac

M = 0;
end
end
end

K
J
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11
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13
14
15
16
18
19
20
21
22
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A.

MATLAB codes and additional plots

Routine A.6: Reconstruction routine for two- and three-component piecewise constant p

1

© 00 N O o ks W N

e e e e e =
N O gk W N = O

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

function [Recf, lsqgrid, supgrid,coef] =

Rec (f, p, t,Omega, gamma, tol,div,N, s, a,b, inp, eta, bnd,

o

o° o

)

[

%can also be adjusted and plotting the reconstruction
©9999900000000009990900000000009909000000000099090909000000
OO0OO0OO0OO0OO0OOO0OOOOOOOOOODOOOODOOOODODOOOODOOOODODOOODODOOOODOOOODOOOODO™O
lsggrid = zeros (1,N);

supgrid = zeros (1l,N);

coef = zeros(1,N);

M = floor (etaxN); S%$sampling rate eta

Trend of the least squares error (grid), supremum norm error (grid
and growth of coefficient solutions of the regularized reconstruction
$with SVD threshold tol as n ranges from s to N on the interval [a,b].

%$Several options for the sampling set are offered. The sampling rate eta

$Prompt 1: unif., pinv 2: unif., lsgminnorm, 3: perturbed, noisy, 4: ONB

samp = —-Mxgamma:gamma:Mxgamma; S%Suniform by default
if inp == 3
samp = samp - gamma/4 + gamma/2+rand(1l, length (samp)); %$perturbed
samples
else
samp = ONB2p (p,Omega,M); %orthogonal
end

%Quantities needed to compute the reconstruction

frames = samp (M-N+1:M+N+1); %$frame elements
y = f(samp).'; %noiseless samples of f
if inp == 3

y =y - bnd + 2+xbndxrand(length(y),1);
end

$Plotting the reconstruction on a uniform grid

mesh = a: (b-a)/div:b;
fgrid = £ (mesh);
G = zeros (length(y),length (frames)+2);
gridG = zeros (length (mesh), length (frames)+2);
if pars == $two—component
G(:, 2:end-1) = Ker2p(p,Omega, frames, samp); S%Gramian
gridG(:, 2:end-1) = Ker2p(p,Omega, frames,mesh); %Resampling
else %three-component
G(:, 2:end-1) = Ker3p(p,t,Omega, frames, samp); %Gramian
gridG(:, 2:end-1) = Ker3p(p,t,Omega, frames,mesh); %Resampling

end

mset = M;
for n = N:-1:s
G = G(:, 2:end-1);

mn = floor (etaxn);
if mn < mset
r = mset - mn;

y = y(l+r:end-r);
G = G(l+r:end-r, :);
mset = mn;

end

if inp ==
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regG = tsvd(G, tol);

xn = lsgminnorm(regG, V);
else
xn = pinv (G, tol)xy;
end
gridG = gridG(:,2:end-1);
recf = (gridGsxn).';
if n ==
Recf = recftf;
end
lsqggrid(n) = norm(recf - fgrid);
supgrid(n) = norm(recf - fgrid, inf);
coef (n) = norm(xn);
end
end
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A. MATLAB codes and additional plots

~|2n,m - . .
Trend of E},, Eggy, and HcIF /||, using uniform samples and 1sqminnorm
E}ia Egfa I el 2
10% 10°
108 10°
10712 10
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 @80 90 100
% e ) = 4 =11 e oy = 10000001 s py = 1.000000001 ks
—p1 = 2 =——p; = 10001 ——p, = 1.00000001 =——p; =1
B [
o 108

100 10°
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n

1 =025 ——p =08 ——py = 09999999 ——p; = 0999999999 v
—p1 = 05—y = 09999 = p; = 099999999 m——p; = 1

Figure A.1.: Plots of £y (col. 1), Eg5y (col. 2), and 1c2™|5 (col. 3) using the uniform
sampling set X 1 with different values of p; approaching p; = 1 and MATLAB
command lsqminnorm

Trend of B, Eggy, and |67l using an orthogonal system

grid:
E}a Eza llé"™ |2
2
10° 10°
15
107 107
10°# 108 |
1
10'12 10—12
Py
10716 116 - 05
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 81 90 100 10 20 30 40 50 60 70 80 90 100
n —pr=14 pr=11 ——p; = 1.0000001 =——p; = 1.000000001 "
1 = 2 py = 10001 = p; = 1.00000001 == p; = 1
E}a Ega llé"™ |2
J 2
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LAt
10716 116 3 05
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n —p1 =025 pL=09  —p =09999999 ——p = 0.999999999 ®
—p =05 m—p =09999 ——p; = 099999999 m———p =1

Figure A.2.: Plots of EZ;, (col. 1), EZ5, (col. 2), and |c™]|5 (col. 3) using the sampling

set Xonp and different values of p; approaching p; = 1.
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B. Evaluating J: complex analysis

In this section, we consider a special case of a three-component piecewise constant p with
symmetric knots and derive an alternative formula for the parameter integral J using
complex analysis and special functions. Recall from Theorem 5.2.3 that evaluations of J
can be computed using a series expansion. Moreover, the formula works for any choice of
parameters pg, p1,p2 and 7. It only assumes that the spectral set is A = [0, )] for some
2 > 0, but it actually applies to arbitrary Borel sets of finite measure as long as one can
compute F ! (y1/2)(w) for any w € R. For any s € R, the partial sums Jy(s), M € N of
the series expansion also converge to J(s) at a geometric rate, hence one can use a finite
number of terms to approximate J(s) up to desired accuracy.

With additional assumptions on the three-component piecewise p, a closed-form ex-
pression for J may be obtained using contour integrals. We review some fundamental
concepts (see [32, Chap. VII]). A point z; € C is an isolated singularity of a function
f if f is analytic on some punctured disc

{z€eC:0<|z— 2| < R}.
If f is analytic on the open annulus
By r(z) ={2€C:r<|z— 2| <R}

for some 0 < r < R, then f has the Laurent series expansion

oo

f(z) = Z aj(z—zo)k, r<l|z—2| <R

j=—o0

that converges absolutely at each point in B, r(29) and uniformly on every closed suban-
nular domain By g(zp) where 7 < s < S < R [32, Chap. VI]. The residue Res(f, z) of f
at an isolated singularity 2, is defined as

Res(f,z) = a1 = = f(z)dz

2mi |z—z0|=r

for any fixed 0 < r < R. Instead of computing the Laurent series or the above contour
integral, we can use the following rule in computing residues [32, Chap. VII, Rule 3]: if f
and g are analytic at zp and g has a simple zero at 2, i.e., g(z) = (2 — 20)g(z) for some
analytic g with g(zg) # 0, then

Res (g,zo) - 5,((2)) (B.0.1)

With the above terminologies we can now state our main computational tool.
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B. Evaluating J: complex analysis

Theorem B.0.1 (Residue Theorem). Let U be a bounded domain in the complex plane
with piecewise smooth boundary OU. Suppose that f is analytic in an open set containing
U UOU except for a finite number of isolated singularities zq, za, ..., 2, € U. Then
f(2)dz = 2mi Z Res(f, z;).
We will also need a few formulas for special functions. For £ € N and ¢ € R, the
quantity (q)x denotes the Pochhammer symbol or the rising factorial given by

~Jalg+1)---(¢g+k—=1), keN
(Q)k—{L = 0.

The Gaussian hypergeometric function , ), with parameters a,b,c € R is the power
series

Fi(ab,e2) =Y (“2’;)(?’“%, 2] < L. (B.0.2)
k=0 )

It is known that the sum in (B.0.2) converges absolutely for all |z] < 1 as well as for
|z| =1if a+b—c > 0 [34]. We refer the reader to [33] on topics in basic hypergeometric
series. For our purpose, the following lemmas will suffice.

Lemma B.0.2. Leta <1 andc >0 . Then

- P (11,2 — o
H(a,c) = / Y du= ( HC).
0 utc (1—a)(14c¢)

Proof. Let B = 1 — «a > 0. Observe that for |1 —u| < 1+ ¢, we have the convergent

expansion
u® 1 uP1 - 1 \"
_ _ -1 k
= : = E U 1—u .
utce l+c 1-33% l+ci ( ) <1+c>

Recalling the beta function

1
B(x,y)—/ £ (1= #)""'dt, Rew Rey> 0,
0

we get

Loy 1 & 1 \*
du = —— BB, E+1)[—| .
/0 u+c N l—l—cz0 B,k + )<1+c>

k=

Repeated application of the identity B(x,y+ 1) =
formula

75 B(x,y) and B(8,1) = % yields the

B(ﬁ,k’+1): k’GNo.

k!
BL+ B’
Consequently, by rewriting k! = (1), we have from (B.0.2) that

/1 e i 1 \" oF (L1145 1)
0 u+c 1+c 1—1—6 l+c) B(l+c¢)

k=0

and the proof is complete. n
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Next, we recall from Section 5.2 the constants ¢, = p,;l/Q, k=0,1,2 and
1
we | (8) (3) +(-2) (-3) |
164 ¢ G2 ¢ q2
P % q
g2\ T2 -3
dp a7 a3

With the above lemma, the following parameter integrals can be directly computed.

C:

Lemma B.0.3. Let a < 1 and suppose c4 = C +1\/ 5= € —1>0. Then

re g = H(a,e ) — H(aycy)
Kr2+20r+ K~ 2/C?—K®

Proof. For o < 1, the substitution u = r~! yields

/ - d u” du
r =
1 Kr24+2C0r+ K o Ku?+2Cu+K

1 u u= ) g
= — u.
2V/C?2 — K2 Jog \u+c. u+tcy
Applying Lemma B.0.2 proves the assertion. [
We now show by means of special functions that for a special case of parameters, we
can derive a formula for J(s) for any s € R. Consider the following simplified setup. Let

Q = 72 and po, p1, p2 > 0 such that either py > p1 > py or py < p1 < po. Suppose we are
given the piecewise constant function

Do, T E ( o0, _g]a
D2, MRS (% )
where T' = /p;. Then ¢ = 2¢;T = 2. By Theorem 5.2.3, J takes the form

e'us (s+2)
du. B.0.3
J(S 27r C + K cos 2u / Ketui 20@27” 1+ K ( )
Basically, we have chosen p so that AY2 = [0, 7] covers exactly one period of r(u)

C' + K cos2u. We apply the residue theorem and Lemma B.0.2 to the integral (B.0.3),
and the following result is a formula for J(s) for any s € R.

Theorem B.0.4. Let A = [0,7%], p a monotone piecewise constant function, and cy =

€+ \/16;_22 — 1. Then J in (B.0.3) is given by

( igw 2 Argcosh % g i 1— em’s

e'2Te2 ) .
oo wmyo—odee) - G ), s<2,
—ArgcoshC
J(S> == —m7 s = 2’
6127r€—§ Argcosh < i 1 — em's

- H(—
e T mvorie
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B. Evaluating J: complex analysis

This is the closest that we can get to deriving a formula for J, though admittedly,
one has every right to feel somewhat deceived by the appearance of a special function
that is defined using a convergent series. Nonetheless, hypergeometric functions are fre-
quently used in number theory and combinatorics, and mathematical computing software
such as MATLAB and Mathematica have build-in commands for numeric and symbolic
computations involving special functions.

Proof. For s € R, we take the above integrand as a complex function, i.e.,

6iz(s+2)

Fy(z) = — R
C) = Ko racem 1 &

As regards to the poles, we solve for the zeros of the denominator.

| | . C c\?
0=Ke'™ +20e** + K — e =——+ — ] -1
K K
Since the components of p are strictly monotone, K > 0 and consequently e** = —c < 0.
Hence, the poles {z,, }mez of Fs are

. Cm+Dr i C '\’
R g
“m 2 T

_ (2m+1)m n zlnq _ (2m+ 1w

i C
+-A h
5 5 5 AArgeos

K:
utilizing the function Argcoshz = In(x + V22 — 1) for x > 1. Now, for m € Z, define

(z — zf;)"’l.

XL 20(20)"e* 4 K (4i)rehn
i (2) = Z oy
n=1 ’

Then hZ is analytic, and for m € Z,
hE (2E) = die=n (K e2=n + ) # 0.

We see that writing the denominator of F, as a power series centered at each pole z:E
yields

K€41Z+20622Z+K:K+Z C( Z) € —i'_ ( Z) € (Z—Zi)n
n.
n=0
X, 20(20)" X5 + K (4i)"etion .
SICREDD . (= — 22y
n=1
= (2 — 2 (2).

Thus, all poles {z=},.ez of F, are simple and lie on the parallel lines

1
* = {z eC:Imz = §Argcosh%}.
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By (B.0.1), the residue of Fj at 22 is

N ei(s+2)z$ eisz?ﬁ eisz$
Res(Fs, z,,) = : : = : =t—F———, mcZ.
( ) dieizm (Ke2izm 4 C)  4i(Ke2ism +C) 4i\/O? — K2

We now derive J using contour integrals. Let L > 0 be large. Referring to Figure B.1, let
vt be the blue rectangular contour with vertices (0,0), (7, 0), (7, L) and (0, L), oriented
in the counter-clockwise direction. Similarly, let v~ be the orange contour with vertices
(0,0), (0,—L), (m,—L) and (m,0), also oriented counter-clockwise. Observe that v* and

L ~t
28 o+
0 s
2y -
_L l v

Figure B.1.: Contours v+ (in blue) and v~ (in orange) enclosing the poles 23 of F.

~~ encloses the poles

i C i
PARES g + EArgcosh 17 2y = g ~3 Argcosh —,
respectively. By the residue theorem, we have

. c

71'67:%56_ 5 Argcosh X .

o V=9

/Fs(z) dz = 2VC? — K? c (B.0.4)

P ﬂ_eigseg Argcosh i7d

- 9 /—CQ — K2 y V=7 -
We next have to deal with the contour integrals, which we have to consider by cases.

e Case 1: s > 2. We appropriately choose v* as our contour and write

YF =17 U~y Ung Uny,

as shown in Figure B.2 and with the counter-clockwise orientation. We also list down
the computations on the line integrals for each subcontour.

+
1

’Yl+1/7 Fy(2)dz = mJ(s).
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B. Evaluating J: complex analysis

+ +
V3 Y
L
+ +
V4 Zo+ Y2
0 o m

Figure B.2.: Contour " split into four oriented segments and the pole z3 of Fy (in red
dots) in the upper half-plane enclosed by ~7.

vy with 2(t) = m +it,0 < t < L, we obtain

—(s+2)t
Fy(z

2)t

dt
Ke4t +20e + K

TS —s/2
d
2 /1 K2+ 20r + K

va : with 431 1 2(t) =t +4L,0 <t < 7 and 75 = —73™, we observe that

P y (12)L e (s+2) p
s = (s - t
/Y;r (Z> z / K64zt6—4L + 20621t6—2L + K
i(s+2)t
= —e (2L ¢ dt.

0 K64zt+2062it62L+K€4L

7T€_(s_2)L
<

~ e2l(Ke?t —2C — Ke 2L’

v : similar approach to v, but with reversal of orientation and without the exponential
factors involving 7. We get

: e2L —5/2
] r
Fi(2)dz = —= d
/¢ (=) dz 2/1 Kr?+20r+ K

4

Summing all four contours and letting L — oo, we obtain

i, o r—s/?
Fy(2)dz = mJ(s) + & (¢ — 1 d
/7+ (2)dz =mJ(s) + 5 (€ )/1 Kret20r+ K

By (B.0.4) and the residue theorem, we have for s > 2 that

ez Mo~ 3 Argcosh

7 .
(] — 7S d
2/C? — K2 e (e )/1 Krrt20r+ K

T_8/2

J(s) =
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By Lemma B.0.3, we finally obtain
5 Argcosh %

.5 _ . .
67/57'('6 1 1 _ 67T’L.S

+— H(-3
WOT—KE | dn O K?

J(s) =

e Case 2: s < 2. In this case, we use v~. Similar to the previous case, we take

7=y Uy Uvyg Uy

as shown in the Figure B.3, but is now oriented clockwise. We propose to keep this
clockwise orientation as to preserve the correct orientation for the real integral, and
afterwards introduce a negative sign on the sum of the residues once we use the residue
theorem.

O] N QL2
—
_ 20 _
Va 0 Y2
_Ll - B
V3 7

Figure B.3.: Contour v~ split into four oriented segments and the poles z; of I (in red
dots) in the lower half-plane enclosed by 7~.

We obtain the following computations on the line integrals for each subcontour.

vy @ with z(t) = QY2 —4t,0 < t < L, we obtain

P p ' L 6(5+2)t J je™is e2L T’S/Q J
i — ;s = — _ .
/72— (2) dz = —ie /0 Ke' +20e% + K 2 /1 Kr2+20r+ K ©

v s with 37 : 2(t) =t —iL,0 <t <7 and 3 = —73~, we observe that

[ Ry = | " el i
. 3 N o Ketitetl 4 2Ce%ite2l + K
™ i(s+2)t
= oD ‘ dt

. Kelit 1 20e%te—2L | Ke—1L
Again, if L is sufficiently large so that K > 2Ce 2 + Ke™4F, then

/7_ Fy(z)dz

3

7.‘_e(s—Z)L

< .
— K —2Ce 2L — Ke4L
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B. Evaluating J: complex analysis

vy : with 2(t) =it,—L < t <0, we have

J,

Summing all four contours and letting L. — oo, we obtain

—(s+2)t TS/Q
== d
/ K6_4t+206_2t+K 2), Kr2+2C0r+K "

4

1 rs/2

Fy(z)dz=mJ(s) — = (™ — 1 d
/7 e X ) A = oy L

As in the previous case, we have by the residue theorem (with negative sign) that for
5 <2,

5 Argcosh g s/2

-y r

i .
J(s) = — — (1 —em d
(5) 2/C2 — K2 27r( ‘ )/1 Kr2+20r+ K

Analogously, Lemma B.0.3 yields

6 3 Teos Argcosh i 1— eﬂ'is

=S  myoem e

~H(3ey), s<2.

e Case 3: s = 2. It is straightforward to apply Weierstrass substitution to compute the
real and imaginary parts of J(2). Alternatively, we have

1 [T  cos2u v [T sin 2u
J(2) = — —————du+ — ———d
2) 27?/0 C + K cos2u u+27r/0 C+ Kcos2u "

/ g /2” sint
u — —
T K - C+ Kcos2u + Kcos 2u 47r o C+ Kcost

_1-2CJ(0)
2K 4K

In

B 1 C AN
/O R2\K K
e—Argcosh%

C_
/P K2 WP —K?

and we are done. O

It is also possible to generalize Theorem B.0.4 for a class of parametrizing functions.
Let €2, po, p1, p2 > 0 such that either pg > p; > ps or py < p1 < py. Define

Do, T E (_007_5
p(x)=<{p, z€ (-5, 3
D2, T E (%700)7
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where T' = n7 (%)1/2 for some n € N. Then C' and K stay the same, while { = % By

construction, there are exactly n complete cycles of k(u) = C'+ K cos Cu on the interval
A2 =[0,9'2]. The resulting J is now

1 Ql/2 eius 1 Q1/2 ezu(s—l—C)
J(s):—/ ———du = — . , du.
2 Jo C + K cosCu T Jo Ke*wi 4 2C e + K
We present the following theorem without proof.
Theorem B.0.5. Let A = [0,Q2] for some Q > 0, p a monotone piecewise constant
function, cy = % + \/I(’;—Qz —1, and ( = é’fj; for some n € N. Define
@n(s) _ Z e(2j+1)7m% _ 67”% Z 62j7m%'
0<j<n—1 0<j<n—1
Then
(O (s)etimof 1 s (H(z.c )~ H(E ) ¢
e 2,c.)—H(3,c s
N2 oo\ A ’

— c
ne Argcosh %

J(S) = _C— W, 3:C7

@n(s)e_% Argeosh % 11— 6in/2S
L (VC? - K? +27T(\/CZ—K2

Theorem B.0.4 is a special case of Theorem B.0.5, where the values Q = 7%, n = 1 and
¢ = 2 were used. Aside from additional poles as well as minor computational adjustments,
the proofs of both theorems are the same. It is also possible to derive a similar theorem
as above for the case where the components p;, ps and p3 are not monotone. However,
this requires delicate work as one needs to compute principal value integrals.

We end this section to mention that the connection between J and hypergeometric
functions is no coincidence. A power series Y a;z7 is a Gaussian hypergeometric function
if and only if ag = 1 and

(H(—%,c_) — H(—%,CJF)) , s> (.

Ajt1 (j +a)(j +b)

a;  (j+o@+1)

R jGNo

—~

for some a,b,c € R and a # 0 (cf. [33]). By induction, Zajzj =,F, (a,b,c;az). Now,
=0
consider the power series

= (25 +|k[\

Z(]ﬂ |>xﬂ, kel (B.0.5)
=0\ 7

Note that with a; = (QjJ;‘k‘)y J € Ny, we get ap = 1 and

(2(j+1)+\k\>

i1 j+1 (224 |R)(2) + 1+ k)

aj (Y G THIEDG 1)

J
(G5 +1) (+ 5 +1)

G+ [k +DG+1)
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B. Evaluating J: complex analysis

Therefore, (B.0.5) can be computed as
(25 + |k k k
Z(HH) F(’Q’H%Jr ]k!—|—14x) keZ.
7=0
Consequently,
real Z Ck smc Q / kC))a

k=—00

where the coefficients previously defined in (5.2.8) is given by

QYRS (2 + |k 2j-+k|
Ck_EJZ;( 7 >< 2)

OREIV AN |k| k|
— 0L R 1, 1; Z.
26%(2) 2 (2+ 2+ 1kl + T) he
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C. Localization and approximation
lemmas for general spectral sets

In this section, we prove that the reproducing kernel k, satisfies the weak localization
property when A is a Borel set of finite measure, as well as the homogeneous approximation
property when A is a bounded Borel set. The reason for the distinction between compact
intervals and sets of finite measure/bounded sets is that that estimates such as Lemma
6.3.5 may not be true for spectral sets that are not compact intervals. The proof closely
follows the proof in [39, Sec. 7] but with key differences. In the course of the proofs we
will repeatedly use the spectral projection formula (4.3.23) corresponding to the spectral
set A given by

(A f(z) = / Fa f(N) - B\, x) du(N)
1 LFl(uz)dﬁ(uz,x) + qian(UQ)CI)_(uQ,x)

_ %
27 Jp1s2 rk(u)

du, (C.0.1)

where f € L*(R) and F = (Fy, Fy) = Fa,f € L*(R,dp). In particular, f = xa(A,)f for
f € PWa(A,). We also recall the following notation used in Chapter 5. We define as in
(4.4.5) the function

l— ]l ——
Q9(”7 Z, y) = —(I)+(u27 x)@+(u2, y) + _(I)_(u27 ‘IZ)CI)i(uQ, y>7 xr,y € R
do Gn
so that the reproducing kernel ky in (4.4.4) reads
1 I(u, z, y)
k = — ——=d eR. C.0.2
A(xa y) ot //\1/2 H(u) u, T,y ( )

Parts of the proof of Theorem 5.2.5 turn out to be useful here as they can be generalized
to piecewise constant functions p with arbitrary number of components.

C.1. Weak localization property

Before we start with the statement and proof of the weak localization lemma, we first
recall the following. A subset M of a metric space X is said to be totally bounded
or precompact if M admits a finite e-cover for each ¢ > 0, i.e., for every ¢ > 0 there
exists n. € N and a collection { M }7<, of subsets of X with diameter at most € such that
M C U M. For the proof, we shall use a special case of [41, Thm. 1].

Theorem C.1.1 (Kolmogorov-Riesz-Sudakov). A set M C L*(R) is totally bounded if
and only if
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C. Localization and approximation lemmas for general spectral sets

(a) for every e > 0, there exists be > 0 such that

ap [ )Py <&,
feEM J|y|>be

(b) for every e > 0, there exists b, > 0 such that for |yo| < b,

sup [ 15+ w0) — S0Py < &
feMJR

For the proof of the weak localization lemma, we only need the first part of Theorem
C.1.1.

Lemma C.1.2 (Weak localization). Let A C R be a Borel set of finite measure. Let p
be a piecewise constant function and ka be the reproducing kernel for PWa(A,). Then for
every € > 0, there exists r(e) > 0 such that

SUP/ [k, y)[* dy < €.
jz—y[>r(@

z€R

Proof. We show that for every e > 0, there exists r(e) > 0 such that

/ |kA<x7 y)
lz—y[>r(e)

holds for all z € R. Let p be an (n + 1)-component piecewise constant function for some
n € N. Fix a > 0 sufficiently large so that {t;}}_; C [—a,a] and work on three cases:
r < —a, |z| <a,and x > a.

dy < — (C.1.1)

(i) Case 1: |z| < a. Consider the map = +— ku(z,-) from [—a,a] to PWx(A,) C L*(R).
We claim that this map is continuous, i.e., for any € > 0 there exists 6 > 0 such that if
Ty, Ty € [—a,al satisfy |x; — x9| < 0, then

|ka(z1, ) — kalza, )|, < e

Indeed, observe that for all z1, x5 € [—a,al, we have

lka(er, ) = ka@a)ll, = swp [(fkaer, ) — ka(es, )]
FEPWA(Ap),|IflI<1
= sw f(e) = Sl (C.1.2)

FEPWA(Ap),|Ifllp<1

We then work on the right-hand side of (C.1.2). Let f € PW,(A,) with ||f||, < 1. By
(4.3.21) and (C.0.1),

/ Fa fO) - @\, 2) du(\)
= / Fa, fFON) - @\, z) du(N) + / Fap f(A) - @(X, ) dpn(X)
A\[0,72] AN[0,A2]

= XA\[O,Ag}f( )JFXAm[OA 21 f () (C.1.3)
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C.1. Weak localization property

for a.e. z € R and every \g > 0. We inspect the above summands one at a time. Observe
that for z1, 29 € [—a,al,

|XA\[0,Ag}f($1) - XA\[o,Ag]f(I2)| < /

| Fa, fO) - (BN, 21) = D(A, 2))| dp(N)
ANO,AF]
< ‘ |«FApf‘ |L1(A\[0,)\(2)],du) ||(I><> zl) - (I)(v :BQ)HLOO(A\[O,/\g},d,u) :
By Lemma 4.2.6, there exists Cy > 0 such that

HCI)(le) - q)('ax2)||L°°([o7oo),du) < Cs.

Now, let € > 0. Choose Ay > 0 such that

7T€2

8C2(qo + qn)’

Using the fact from (4.3.11) that x(u) > - for all u € (0,00) and Fy, is unitary, we
have

[AYZ\ [0, A]] <

1 1 1/2
(el < (L w0 gy ) |||
Ap LY(A\[0,A3)dp) = \ 91 A\ 0 ﬁ(u) U Ap L2(A\[0,A2],dp)

qo + qn 12 1/2 1/2
< (2) " 0,31 F

< Iflly < =
4Cy 2740y
Hence,
€
Xavoagf (1) = Xz fl22)] < 7 (C.1.4)
Meanwhile, using the same Ay we similarly obtain
‘XAH[O,Ag]f(xI) - XAﬂ[O,A%]f(xZM < H‘FApf‘ |L1(Am[0,>\3],d,u) ||CI>(~,:C1) - q)('va)HLOO(Am[O,)\g],dp) :

The functions ®* are uniformly continuous on the compact set [0, A2] x [—a,a]. Thus,
with the same € there exists § > 0 such that for u € [0, \3] and for all z;, 75 € [—a,a]
with ‘i[)l — .CL’Q’ < 5,

1/2
€ T
@ ',ZE - @ '7x oo < :
(-, 1) — (s 22)l| e 0,02),0p0) W (/\0(q0+qn)>

We also see that

1 1 1/2
1 w g
‘|‘FApf‘}Ll(Al/Qﬂ[O,)\g],d,u) < o /1\0[07/\0] k(u) du ' H‘FAPfHB(Am[O,)\%],du)

qo + qn 12 1/2 1/2
< (L) A0 [0 M) ]| Fa e

om Adp)

- </\o(qO + qn)>1/2'

2T
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C. Localization and approximation lemmas for general spectral sets

Thus, as ¢ is independent of f,

€
|XAm[0,Ag]f($1) - XAm[o,Ag}f(Izﬂ < 1 (C.1.5)

It is clear from (C.1.3), (C.1.4) and (C.1.5) that for every € > 0 there exists 6 > 0 such
that for all f € PWa(A,) with |[|f]], <1,

€
|f(21) = f@2)] < [xavoaz f(@1) = Xavoae f(@2)] + [Xanoaz f(@1) — Xanpoag f(72)] < 5
We finally conclude from (C.1.2) that for every € > 0 there exists 6 > 0 such that
€
ka1, ) = ka(@a,0)ll; < 5 <e

Now that the continuity of x +— kj(x,-) is proved, the desired result follows almost

instantly. The claim implies that the set {ka(z,-) : |z| < a} is compact in PW,y(A,),

hence totally bounded. By Theorem C.1.1, with the above € > 0 there exists b, > 0 such
that

2 ¢’

sup / [kalz, y)I"dy < <

x€[—a,a] J|y|>b,
Since |z| < @ and |z —y| > a + b imply |y| > |z — y| — |z| > b, we conclude that

2

€
sup / |ka(z,y)?dy < sup / |ka(z,y) P dy < —. (C.1.6)
lz—y|>a+be ly|>be

z€[—a,a) z€[—a,a] 2
For later reference, let us take r(¢) = a + b..

(17) Case 2: x > a. We use the form (C.0.2) of kx(x,y) and split the integral of k(z,y)
over |x — y| > b for some b > 0 into three parts:

]{ZA x, 2d = kA xZ, 2d kA x, 2d k‘A x, 2d .
/| ka(, ) dy /| |<y>ry+/ r<y>\y+/ ka(, ) dy

z—y|>b z—y|>b z—y|>b z—y|>b
y<-—a y>a ly|<a
N . / P

A B P

Then we make some estimates accordingly. In the following subcases we let ¢ > 0.

e Integral A: We take a similar approach as in the last part of the proof of Lemma 6.3.5.
From (4.2.15) and (4.2.16), we write ®(u?,-) = (®*(u?,-), ®~(u?,-)) as a column vector.
2

Since x > a and y < —a, i.e., x € I,, and y € [y, we get
5 B ) B ' eiqnu:c |
<I>(u l‘) = |: u 7$) = |: —( 2)ezqnux—|—b;(uz)€_lq"u4
)| _
Performing similar calculations as in (5.2.11) yields

O (u?,x
= o -y
@(u2’y) _ [gtEuQ,y aar(uQ)eiQOuy + bg(u2>e—z’q0uy:| |

l— 11—
O(u, z,y) = — 0+ (02, 2)0* (u?,y) + — 0 (u?, )P~ (u?, y)

o n
+ (0,2 T(u2
_ G (u )e—i(qnz—qoy)u L% (u )ei(qnz_qoy)u,
q0 do
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C.1. Weak localization property

where the vanishing of e®(~%2=4%) follows from identity (4.3.5). Therefore, (C.0.2) can
be interpreted as

ka(x,y) = % //\1/2 % du (C.1.7)

=F (aar(.Q)XAl/z) (=@ + qoy) + F (a;)r('z XA1/2> (42 = q09)

2qoTK 2qom

(.
~~ N J

f1 -~
f1
= Ffi(=tnr + qoy) + F fi(—gnx + @oy) = 2ReF fi(—gnr + qoy).  (C.1.8)

In addition, ag is an almost periodic polynomial by Lemma 4.2.5, A has finite measure,
and k is bounded below. Thus, f; € L?(R) and consequently Ff; € L?(R). Hence,
there exists b} > 0 such that

2
/ Fh()]2de < SO0 (C.1.9)
|2|>b, 16

Now, choose b; > 0 such that

by min{qo, ¢} + alg, — qo| > b}.
Recall the assumptions x > a and y < —a. We consider two cases:

(i) Suppose g, > qo. If z —y > by,

4 — oy > qn® + qo(b1 — ) = x(gn — q0) + b1Go
> by min{qo, ¢a} + algn — qo) > b}.

Otherwise, if x —y < —by, then
@ — qoY < qn(y — 1) — qoy = (g — q0)Y — b1¢n
< —bymin{qo, ¢} — a(gn — @) < —b}.
(73) Suppose ¢, < qo. If v —y > by,

G — GoY > qn(b1 +y) — @y = (90 — ¢n)(—Y) + b1¢n
> bl min{QO, Qn} + a(QO - Qn) > bll
Otherwise, if x —y < —b;
GnT — GoY < GuT + qo(—b1 — ) = (g0 — qn)(—7) — b1qo
< _bl min{QOa Qn} - a(QO - Qn> < _bll

/

Therefore, the conditions > a, y < —a and |z — y| > by imply |g,z — qoy| > V). In

turn, the substitution z = —¢,x + qoy implies
/ |k, y)[* dy = / 2ReF fi(=gux + qoy)|* dy
|z—y[>b1 |x—y|>b1
y<-—a y<-—a
4 9 €
< — \Ffi(z)Pdz < —. (C.1.10)
90 Jiz|>v, 4
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C. Localization and approximation lemmas for general spectral sets

e Integral B: This one is similar to Integral A, but now we have z,y > a, i.e., x,y € I,.
We have

9 B eiqnum
(I)(U 71:) - |:CL; (u2)eiqnuax + b; (uQ)e—iqnuz:|
9 _ eiQnUy
(I)<u ,y) - |:a; (u2)eiqnuy + b; (u2>€—iqnuy:| .
By mimicking (5.2.10) and applying Corollary 4.3.2, we get

ﬁ(u, :L',y) = quJ(u)(GQH(CIZ_y)u + e—qn(x—y)u)

1 - .
+ — (a; (u2)b7_1 (u2>erIn(I+y)’u + a ()b <u2)€ﬂqn(x+y)u) .
an

Hence,

Ba@,y) = F (22xne ) (nle = 1) + F (2xa ) (~aa(e =)
o2

2 2
f
+F (a;(2-2)b_n(.2)XAl/2> (gn(z +y)) +F (an(2.2>b;—(.2)xﬂz> (=n(z +y))
nTK qnTK
- . - ,
= Ffolgn(z —y)) + Ffo(—aqu(x —y)) + F falqn(z +y)) + F fs(gu(z + v))
= 2ReF fo(an(z — y)) + 2ReF f3(qn(z + y)) (C.1.11)

since fy is real-valued. Moreover, f, f3 € L*(R), implies F fo, F f3 € L*(R). Therefore,
there exists by > 0 such that

2 2
/ | F fo(—qn2)|? dz < < and / | F f3(gn2)|* dz < < (C.1.12)
|2[>b2 64 |2 >by 64

We also know that with 2,y > a and |z —y| > b, we obtain x +y > |x —y| > by. Thus,
from (C.1.12) and using the fact that ||u + v||3 < 2|[ul]z + 2][v|]3,

2

/ |k:A(x,y)|2dy§8/ |]-'f2(—qnz)|2dz+8/ | F fa(qn2)|*dz < EZ’ (C.1.13)
| |2 >b

z—y|>ba |z|>b2
y>a

where for the first integral we have the substitution z = y — x and z = x + y for the
second.

e Integral C: Using the more general form (3.1.1) of ky, we have

/y|<a|/<:A(I,y)|2dy=A/|<a {/Am.q)(%y) dﬂ(A)Am'@(w’y) du(w) | dy

- /| < / (22) - 2 )2 (w,2) - 2(w,y) dlp @ (A w) dy,
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C.1. Weak localization property

where ;1 ® p1 is the product measure!® of u with itself. Define for \,w € A the functions
Zi(\w) = / O\, )P (w,y)dy, j,l=1,2, (C.1.14)
ly|<a

where we used (®1,Py) = (P+, ™) for ease of representation. By interchanging the
order of integration and applying change of variables, we get that

[ sty = Z o ) BT, ) )
|y\<a A1/2><A1/2
2
7. 2 2
= / c~lM-®j(u2,x)<bl(w2,x)dudw, (C.1.15)
A1/2><A1/2

(W)

where

1 @ Qg
C=lciyliiz10= n " C.1.16
T L,an y (C.1.16)

is obtained from (4.3.21). By Lemma 4.2.5, each ®;(u?, z)®;(w? x),z > a for j,l = 1,2
is an almost periodic polynomial of the form
&5 2B, ) = A, @) 4 By, )i e
+ Cji(u, w)e ™ F)T 1 Dy (4, w)e vz,
where each Aj;, Bj;, Cj;, Dj; are functions in v and w formed by some products of
at(u?), bt (u?) and aF (w?), b (w?) including their complex conjugates. Thus, for a fixed

x > a, (C.1.15) may be viewed as a linear combination of two-dimensional Fourier
transforms of finitely many functions

ei(ocu—l—ﬁw)Zjl (U2, w?)
r(u)r(w)

Xarzxarz(u,w) € LYAY? x AY?),  a,B€R,j,1=1,2
with evaluations occurring at (4¢,z, £¢,x). By the Riemann-Lebesgue lemma,

lim |ka(z,y)2dy = 0.

\x|%oo \yISa

In particular, there exists by > 0 such that for |z| > b}

2

/||< |k, y)Pdy < EZ- (C.1.17)
y|<a

Choose by = b +a > 0. Then as in Case 1, |y| < a and |z — y| > b3 imply |z| >
|z —y| — |y| > b}, and so (C.1.17) can be applied. Thus,

62

[ atePays sw [ el s S (C.118)
|x|g‘/\<>63 \x|>b’3 ly|<a

I8Tf 111 and pp are measures on respective measure spaces (X1, &) and (Xa, &), the product measure
111 ® po is a measure on the measure space (X7 X Xa, & ®E&2) (tensor product o-algebra) with the property
that for all Ey € &, Ey € &, we have (1 ® p2)(E1, E2) = u1 (E1)ua(E2).
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C. Localization and approximation lemmas for general spectral sets

Lastly, combining the estimates (C.1.10), (C.1.13) and (C.1.18) for A, B and C| respec-
tively, the choice ro(€) = max{by, by, b3} yields

3 2
/ (2, g)Pdy < 2% 2> a. (C.1.19)
|z—y|>r2(€) 4
(1ii) Case 3: x < —a: The proof of this case is similar to Case 2, and we can conclude
that there exists r3(e) > 0 such that
3e?

/ ka(z,y)|Pdy < —, < —a. (C.1.20)
lo—y|>73(e) 4

In summary, we have shown from (C.1.6), (C.1.19) and (C.1.20) that for any ¢ > 0,
choosing r(€) > max{ri(€), ra(€), 73(€)} works so that (C.1.1) holds for all z € R. Taking
the supremum over all x € R, we get

2 3¢’ 2
sup ka2, y)|" dy < - <€
2R J[o—y|>r(e

which is exactly what we wish to prove. O]

We now comment on key differences between the above proof of the weak localization
lemma and the proof of the same lemma in [39, Sec. 7].

(7) In our proof, the estimates in Case 2 were computed using the original spectral
measure . In [39, Sec. 6.3], the authors used fundamental solutions ® = (®F, d7)
of (7, —w?) f =0, 7, = —D? 4 ¢ with supp(q) C [—a, a] of the form

e + Ry(w)e ™™ x < —a,

Ot (w, ) = .
w2) {T(w)e“x, x> a,

T —iwT _
O (w,) = { (w)e ™=, r < —a,

Ry(w)e™?® 4+ e ™% x> q,

where T, Ry and Ry are analytic in C\ (—o0,0]. They also formed the so-called
scattering matrix S given by the unitary matrix

56 = |mi) 1|

With this fundamental system and using scattering theory (see [82, Chap. 21]), the
corresponding spectral matrix measure reduces to an identity matrix multiplied by
the Lebesgue measure [39, Prop. 6.9], which then simplified most of their work. Our
proof does not require knowledge of the scattering theory, though the reader may see
some resemblance on how some identities similar to those on the scattering matrix
S were used. For instance, a crucial part of the proof of Integral A is the vanishing
of ¢(~@==®Y) (which by symmetry is similar to the vanishing of e’(®*+a¥) a5 in
(5.2.11) with n = 2) and is a consequence of single identity.

(74) Because the solutions found at the infinite intervals may have different frequencies,
we had to be very careful in dealing with terms such as ¢,x — gy in order to prove
our estimates. Nonetheless, the train of thought is the same as the proof of the
same lemma in [39, Sec. 7.
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C.2. Homogeneous approximation property

We now move on to the proof of the homogeneous approximation property for bounded
spectral sets. For the proof, we will apply two results. The first one is a version of
Theorem C.1.1 applied to £*(X) (see [7, Thm. 3.4]) and restated for our purpose.

Theorem C.2.1. A subset M C (*(X) is totally bounded if and only if M is uniformly
bounded and for every € > 0, there exists b > 0 such that

swp 0 [f@)P < &

feMm z€X:|z|>be

The second one is the following one-dimensional version of a result in [40, Lem. 1]
extended to relatively separated sets.

Lemma C.2.2. Let f#(z) = supj, <1 [f ()] If f € L*(R) is bandlimited with supp fg

[—Q,Q], then f# € L*(R) and Hf#H2 < C||fll, for some C > 0. Moreover, if X C R is
relatively separated, then there exists 0,Cs > 0 such that

> f@)P < Ca/ |7 (2)|? da

zeX:|z|>R |z|<R-4
for all R > 0.

The constant ¢ is determined by writing X as a finite union of separated sets with
separation at least &, while Cs depends on  as well as the relative separation constant
rel(X) defined in (6.3.10).

We now restate and prove the homogeneous approximation property.

Lemma C.2.3 (Homogeneous approximation). Let A C RS be a bounded Borel set, p be
a piecewise constant function and ky be the reproducing kernel for PWa(A,). Suppose X
is a set of stable sampling for PWy(A,). Then for every e > 0, there exists r(€) > 0 such

that
sup Y [kalzy)P < €
YyER reX
o=yl > ()

Proof. This is the discrete analogue of Lemma 6.3.6 and is proved almost exactly the same
way. Therefore, some details may be omitted. We fix a sufficiently large a > 0 such that
{tx}7—; € [—a,a] and work again by cases, but now on the variable y: we have y < —a,
ly| < a and y > a. This choice is taken so that the index z is naturally assigned to the
indexing set X.

(1) Case 1: |y| < a. Case 1 of the proof of Lemma C.1.2 shows that the map y —
ka(-,y) from [—a,a] to PW,(A,) is compact, since ky is symmetric. Now, if X is a set of
stable sampling for PW,(A4,), the map f +— {f(z)}.ex from PWy(A4,) to £2(X) is also
continuous. Hence, the set of sequences {{ka(7,v)}zex : ly| < a} is compact in £2(X),
thus totally bounded. By Theorem C.2.1, we conclude that for any € > 0, there exists
b. > 0 such that
wp Y ) < S
’ 2

y€[-aqd] zE€X:|z|>be
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Taking again r(€) = a+b,, we have |[z—y| > ri(e) and |y| < a imply |z| > |z—y|—|y| > b..
Consequently,

[\

€
sup E \ka(z,y)* < sup E |ka(z,y)]? < 7 (C.2.1)
y€[—a,q] zeX y€[—a,d] 2EX:|z|>be
Jo—y[>r1 (0

(77) Case 2: y > a. The sum is split again into three parts.

Yo kP = Y Ik y)lP+ Y ka(zy)Pr Y k()P

zeX rzeX:x<—a reX:x>a zeX:|z|<a
lz—y|>b |z—y|>b lz—y[>b |z—y|>b
~~ A ~ -

X B C

S N

e Sum A: We perform the same calculations as in (C.1.8), but instead, we write
ka(z,y), © < —a,y > a in terms of F~ L. If v < —a and y > a, i.e., v € Iy and
y € I,,, then the same calculations yield the expression

Q

+ 40,2
19(’&, X, y) = Me*i(%zft]ny)u + Mei(qoquny)u_

qo0 qo

Hence, for z < —a,y > a,

o (ag(?) B 4 [ ag(?) B
ka(z,y) = F Xz | (@ — qny) + F Xz | (=g + gny)
\ qok g o

~~

g1

g2
= 91(007 — ¢ay) + 2(20T — @ny),  g2(x) = Go(—2).
By definition, gy, g» € L*(R) are bandlimited functions with bandwidth

max{w : w? € A} < 0

due to the boundedness of A. Applying Lemma C.2.2 to g;, j = 1,2, we have

g]# € L*(R) for j = 1,2. Moreover, since X is a set of stable sampling for PW,(A4,),
X is relatively separated by Lemma 6.3.7. Hence, the collection of sets

Zy=—qy+q@X={qpr—qy:recX}, y>a

is a family of relatively separated sets with rel(Z,) = rel(goX) for all y > a. By the
second conclusion of Lemma C.2.2, there exist ¢, Cs > 0 such that

S g <0 / gt )Pds j=1,2 (C22)

2€7Zy:|z|>R 2|2 R~6
for all R > 0 and for all y > a. As each gj# is square-integrable, we have that for
every € > 0, there exists b] > 0 such that

2

#\(2 € ~
i =1, 2. 2.
/|sz’16 97 ()" dz < 1605 777 (C23)
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In particular, if we take R = b}, (C.2.2) and (C.2.3) combined become
o _ € -
ZG%Z}%& () < 5 T=12
Again, if we choose b; > 0 such that
by min{qo, ¢, } + alg, — qo| > 11,

we recall from the arguments of (C.1.8) that x < —a,y > a and |z — y| > by imply
|gor — gny| > b}. Hence, setting z = qoxr — ¢,y gives

> k)l <2 > (loalgor — )l + lg2(0r — gay) )

rzeX:x<—a zeX

lz—y|>by lgpz—any|>b]
2
€
<2 3 (9P +leEP) < 7 (€24
2E€Zy:|z|>b]
for all y > a.

Sum B: By a similar approach as in Sum A applied to the functions analogous to f,
and f3 in (C.1.11), we can work our way to conclude that there exists by > 0 such
that

2

€
Z |ka(z,y)]? < 1 (C.2.5)
T

for all y > a.

Sum C: We replace the integrals in Integral C' by sums and with the appropriate
index as well. As in (C.1.14), define for A\,w € A the function

Wihw)= Y &\ 2)l(w,z)dy, jl=1.2

zeX:|z|<a

Since X is relatively separated, WW; has a finite number of terms, each of which
is continuous and uniformly bounded on Rt x R by Lemma 4.2.6. The additional
assumption that A is a bounded Borel set implies WW}; is continuous and bounded in
A x A. By proceeding exactly as what we did in Integral C', we have from (C.1.15)
that

S Pha )Py = 3 / SN ) - B\, ) dyu(N) / S(aa) - B, y) du(w)

ze€X:|z|<a lz|<a A
2
=y Wi(u?,w?)- @, (u, y) Dy (w?, y)dp; (u®)dpy (w?)
12 AL/ jl ) J » YY) Y )AL Hit
gl=1

2

(22
= / CﬂM<bj(u2,y)®l(w2,y)dudw, (C.2.6)
Al/2xA1/2

w(u)s ()
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with ¢;; defined exactly as in (C.1.16). Since y > a, (C.2.6) is also a linear combina-
tion of two-dimensional Fourier transforms of finitely many continuous functions

Wi (u?, w?)
K (u)r(w)

ilautfw) XAL/2xAL/2 (u,w), Q, ﬁ c R,j,l = 1, 2

with evaluations occurring at (+¢,y, £¢,y). By the Riemann-Lebesgue lemma,

lim Z |ka(z,y)|> =0

ly|—o0
zeX:|z|<a

and by following the same arguments in Integral C, we conclude that there exists
bs > 0 so that

> lkala, )P < EZ- (C.2.7)

zeX:|z|<a
|z—y|>b3

Finally, taking r9(e) > max{by, by, b3}, we get from (C.2.4), (C.2.5) and (C.2.7) that

3€?
sup g |ka(z,y)]? < R (C.2.8)
Y>a pex
jo—y[>ra(e)

(7i1) Case 3: y < —a. Using the same arguments as in Case 2, we find r3(€) > 0 such that

3e?

sup Z |ka(z,y)|? < e (C.2.9)
y<-a zeX
lo—yl>r3(0

In view of the estimates (C.2.1), (C.2.8) and (C.2.9), r(e) > max{r;i(¢), r2(€), 3(€)} does
the job and yields the desired result. O
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