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Abstract

Based on recent works, we implemented the next generation of high-dimensional neural network
potentials (HDNNPs) into the efficient C++ package n2p2. In addition to the preceding version,
which could compute potential energies and forces of arbitrarily sized structures with ab initio
accuracy, this new method models atomic charges explicitly, based on a global charge equilibration
scheme. This lifts the previous limitation of not capturing the effects induced by long-range charge
transfer and thus, improves the accuracy for inhomogeneously charged systems.

In this work, the theory behind HDNNPs and their training was elaborated in detail. The Hir-
shfeld charges, the charge equilibration scheme and the Ewald summation, including its ambiguity,
were discussed thoroughly as well. To extend the possible applications of the novel method, we
made the so-called 4G HDNNP available for molecular dynamics (MD) simulations by developing
an interface to the popular MD simulation package LAMMPS. The new functionality was show-
cased by computing the charge distribution and the molecular dipole moment of liquid water in
an MD simulation. It was verified that the accuracy of the predicted charges is high enough for
an analysis of the electrostatic properties of water. Furthermore, we showed that the Hirshfeld
atomic charges noticeably underestimate the dipole moment of the molecules in liquid water, which
is in agreement with the previously found underestimated dipole moment in small water clusters.
Finally, we analyzed algorithm-specific properties, including the performance with respect to the
system size and the parallel efficiency as well as the error of the custom developed Ewald truncation
method.

Zusammenfassung

Aufbauend auf vorangegangenen Arbeiten implementieren wir die nédchste Generation der hoch-
dimensionalen neuronalen Netzwerkpotentiale (HDNNPs) in das effiziente C++ Programm n2p2.
Zusatzlich zur Vorgingerversion, welche bereits potentielle Energien und Kréfte beliebig grofer
Systeme mit ab initio Genauigkeit bestimmen konnte, beinhaltet die neue Methode die explizite
Modellierung atomistischer Ladungen, welche iiber einen globalen Ladungsausgleich bestimmt wer-
den. Zuvor konnten Effekte, die durch einen langreichweitigen Ladungsaustausch induziert werden,
konstruktionsbedingt nicht beschrieben werden, was mit dieser neuen Version allerdings behoben
wird und damit die Genauigkeit des Modells fiir inhomogen geladene Systeme verbessert.

Im Rahmen dieser Arbeit wird die Theorie der HDNNP und deren Training detailliert ausgear-
beitet. Des Weiteren werden Hirshfeldladungen, die Ladungsausgleichsmethode, sowie die Ewald-
summation inklusive ihrer Mehrdeutigkeit ausfiihrlich besprochen. Um das Anwendungsgebiet der
neuen Methode zu erweitern, haben wir die sogenannten 4G HDNNPs fiir die Molekulardynamik-
Simulation (MD) verfigbar gemacht, indem eine Schnittstelle zu dem viel verwendetem MD Simu-
lationsprogramm LAMMPS entwickelt wurde. Die gewonne Funktionalitdt wurde durch die Berech-
nung der Ladungsverteilungen sowie des molekularen Dipolmoments von fliissigem Wasser in einer
MD Simulation demonstriert. Es wurde sicher gestellt, dass die Genauigkeit der vorhergesagten
Ladungen ausreichend fiir eine Untersuchung der elektrostatischen Eigenschaften von Wasser ist.
Dariiber hinaus zeigten wir, dass die Hirshfeldladungen zu einer betréchtlichen Unterschidtzung des
molekularen Dipolmoments in fliissigem Wasser fithren, was im Einklang mit vorangegangenen Un-
tersuchungen steht, die dieses Phdnomen fiir kleine Wassercluster zeigen konnten. Schliefilich haben
wir noch Algorithmus-spezifische Eigenschaften wie die Rechenleistung in Bezug auf Systemgrofie
und Paralleleffizienz, sowie den durch die Abbruchmethode fiir die Ewaldsummation verursachten
Fehler analysiert.
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Chapter 1

Introduction

Computational methods have become one of the backbones of today’s condensed matter
physics. They enable the investigation of materials on an atomic or subatomic level even
under conditions that are technically not yet accomplishable in an experiment. Despite the
exponential growth in computer performance over the last decades, there is, however, still a
compromise to be made. While highly accurate and transferable methods exist, they often
are computationally too expensive for the study of larger systems in a within reasonable time
frame. Additionally, when those methods should be applied in [molecular dynamics (MD)|
simulations, the physical time that is simulated is usually too short to capture rare events.
Classic examples belonging to this group of methods are ab initio approaches like
ffunctional theory (DFT)| based algorithms, which solve the quantum mechanical ground
state of the electrons in the system. In contrast, if large simulations become necessary, one
typically has to resort to empirical models, which simplify the description of the interactions
drastically for example by only considering the most prominent interaction sites inside a
molecule. These models are often highly specific to the structure that is investigated and
contain parameters that do not correspond directly to experimental observable quantities but
are instead tweaked until the model can reproduce certain characteristics of the material.
Examples of this kind of force field are the water models TIP4P [1] or SPC/E [2] and their
variants. The advantage of being several orders faster than ab initio methods comes at the
cost of lacking transferability and often the inability to describe the formation and breaking
of bonds. Furthermore, they are only accurate in certain thermodynamic regimes.

Different approaches have been developed to find a better compromise between accu-
racy and computational efficiency. Recent years have shown that the branch of
llearning (ML)| techniques provides promising potential in this area, especially kernel-based
methods [3, 4] and models based around neural networks (NNs)| are now being used exten-
sively [5H7]. In this thesis, we focus on the latter, more specifically on the Behler-Parrinello
lhigh-dimensional neural network potentials (HDNNPs)| [8]. Although Behler and Parrinello
have not been the first one to successfully use NNs to construct force fields [9-11], they
demonstrated how systems of arbitrary size can be described with the same [neural network|
ipotential (NNP)[with ab initio accuracy. This is achieved by formally partitioning the total
potential energy of the system into contributions that are assigned locally to each atom and
depend on the neighboring atoms inside a cutoff sphere. In an intermediate step, it is also
made sure that physical symmetries are respected by the NNP. This model is still actively
used, but since extensions of it have eventually been developed, it has been coined second
generation or HDNNP [12]. The next iteration, called BG] introduced a second type of

1



2 CHAPTER 1. INTRODUCTION

NN that evaluates locally dependent atomic charges analogously to the local energy contri-
butions and uses them to explicitly model electrostatic interactions [13]. Its advantage lies
in the fact that those interactions are long-ranged and may thus even be relevant between
atoms with a distance larger than the cutoff radius. Such effects cannot be captured by the
2G version by construction. Additionally, the charges can be used for further analysis, e.g.
dipole moments. However, there still remains a limitation of this model. Certain structures
can exhibit polarization effects over large distances, which could, in principle, be modeled
by charge transfer. But since this effect can spread over a range that may be larger than
any reasonable cutoff, the charges, which are predicted from the local neighborhood, will
not be able to reliably describe this phenomenon. Furthermore, there is no guarantee that
total charge conservation is conserved since this is a global property and cannot be imposed
locally. Recently, this problem has been addressed by Ko et al. [14], who introduced the next
iteration of HDNNPs, [AG| Essentially, it replaces the charge prediction method in 3G with a
model that was worked out by Ghasemi et al. [15]. Instead of using NNs to predict charges
from local neighborhoods directly, the idea is to replace them with electronegativities. These
locally determined quantities are subsequently used in a global charge equilibration scheme
that, in addition, conserves the total charge of the system. Whereas Ghasemi et al. |15]
incorporated only the electrostatic interaction for the full description of the total potential
energy, Ko et al. [14] used a second class of NNs to fit remaining terms in the potential
energy.

In this work we will implement a 4G HDNNP into the n2p2 [6, 16] package, which
previously implemented the 2G version. It is an efficient, parallelized C++ program that
offers an interface to the popular MD simulation package LAMMPS [17,|18]. This will enable
the 4G approach to be used in MD simulations, which we will test for liquid water. A careful
study of the performance in both accuracy and computational efficiency will be conducted
and we will demonstrate how this generation of NNPs can be used for electrostatic analysis
in MD, like the computation of molecular dipole moments. On top of that, we will present a
comprehensive overview of the mathematical background that is needed to fully understand
NNPs as well as the electrostatic theory that is involved.

The thesis is structured as follows. In chapter [2| the theory behind HDNNP is pre-
sented. This involves a general discussion about NNs, the statistical learning problem and
the Kalman filter, which is the training algorithm that is used in this work. Subsequently,
the details of the Behler-Parrinello HDNNP are presented. It then follows a comprehensive
elaboration about the electrostatic theory that is necessary for 4G in chapter[3] This involves
the concept of atomic charge partition, in particular the Hirshfeld method and its refine-
ment and the charge equilibration scheme that is used. In addition, the computation of the
electrostatic energy under [periodic boundary conditions (PBCs)|is discussed in detail, where
great emphasis is put on the ambiguity of this quantity. We then continue in chapter 4| with
the discussion of the computational aspects that are necessary for the implementation of
4G. This includes a truncation scheme of the Ewald summation based on a statistical error
estimate, and intermediate quantities that are necessary for the training or the application of
4G HDNNPs. Following this, the methods of studying liquid water with the new NNP in the
context of MD are explained in chapter 5, where we will give a concise summary of the NNP
setup and the training procedure as well as the MD simulation and the subsequent analysis
of the generated data. In chapter [6] the obtained results will be presented and discussed in
the context. Finally, a summary of this thesis will be given in chapter [7} where we will take
the opportunity to give an outlook of the near future of 4G HDNNPs.




Chapter 2

Neural Network Potentials

2.1 Feedforward Neural Networks

Artificial neural networks are a special class of functions and belong to the area of machine
learning. are deployed in countless applications in different areas, ranging from tasks like
image processing [19], speech recognition [20], to medical problems [21] and even in physics
NNs are widely used by now [8, 22, [23]. In this work we will only discuss feedforward NNs.

Definition 2.1 (Feedforward Neural Network). A feedforward NN with L — 2 hidden layers
and N; neurons in layer 7 is a function of the form

® : R — RV
T — @(w) = WLU(WL_la'(. .. O'(Wliv + bl) R ) + bL—l) + bL, (21)

where W, € RYNi-r*Ni (W), = wj; are called the weights, b; € RY the bias vectors and
o : R — R the (non-linear) activation function]| which in this case is acting component-wise
on its argument. The tuple (d, Ny, ..., Ny) is called the architecture of the NN and describes
the number of neurons in each layer. The first layer with d neurons is called the input layer
and the last layer with N, neurons is called the output layer. The number of neurons in the

NNis Ny =d+ 35, N,

Note that the NN can be interpreted as a composition of layers, where each layer is
composed of the affine map A;(x) = W;x + b; and the activation function ;. Visually
speaking the elements of the vector A;(x) can be seen as the values of the neurons in layer
1 before the activation function is applied. One often considers the space of all NN with the
same activation function o and the same architecture (d, NVy,. .., Np), which we denote by

o

(d,Nl,...,NL)'
It turns out that NNs are universal approximators [24-26] meaning they are able to

approximate any continuous function on a compact subset.

Theorem 2.1 (Universal Approximation Theorem [26]). Let f : K — R f € C(K),
K C RY compact and L > 1. If o, =0 € C(R) is non-polynomial, then for any e > 0 there
exist Ni,...,Np € Nand a ® € H{; y, _ n,) such that

Slellg\f(w) —®(z)| <e.

In practice, the activation function sometimes varies from layer to layer, but this case is not relevant
for the discussion in this chapter.
2In [26] a less restrictive case is studied
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This makes NNs appealing to regression, classification and probability density estimation
problems; just to name a few.

2.2 Training of Neural Networks

2.2.1 Statistical Learning Problem
An abstract definition of the learning problem was given by Mitchell:

Definition 2.2 (Learning Problem). “A computer program is said to learn from ezperience
E with respect to some class of tasks T' and performance measure P, if its performance at
tasks in 7', as measured by P, improves with experience E.” [27]

In the context of NNs the task T' could be the regression or classification problem.
Regression consists of deducing a good approximation of an unknown function f : R¢ — RNz
only from the given data z = {(x1,¥1),..., (®m, Yn)}. The data is related to the unknown
function by y; = f(x;) + &, where & represents noise (e.g. from a measurement process) in
form of a random variable. Note that here the target values y; are given, which makes this
approach a supervised learning problem. In contrast, unsupervised learning tries to estimate
the properties of the probability density p(x) only by the given data set {x1, ..., @} [28].
The data corresponds to the experience E' and “more” experience corresponds to a larger
m. In the following, we will restrict ourselves to the case f:R? — R because a vector-
valued function can be represented by scalar-valued functions as components. In the context
of the regression problem the performance measure P usually quantifies the error of the
approximation ® at the given data points. A popular choice is the least squares method for
the empirical error |29]

£.(®) = " (@() — )"
mea
This error is dependent on the data set but the goal is to minimize the true error £(®) of
® measured on the probability space (X, G,P) with the random vectors X : ¥ — R?% and
Y : ¥ — R. The pairs (x;,y;) are elements of X (X) x Y (X). A definition for the true error
corresponding to the least squares method can then be written as [29]

£(®) = /X e @) =,

where p is the probability distribution on X (X) x Y (X). Unfortunately the probability
distribution is in general unkown, otherwise the minimizing function f, of the error could
be calculated by [29)
fo= dp(y|z) y.
Y(%)
The probability distribution p(y|x) is the conditional distribution of y given .

In practice, one needs to make an assumption about the approximation function ®. This
means that one constructs a hypothesis space H of which ® should be part of. It is common
that # is chosen as a subset of the Banach space (C(2), ||||.), with || f|| . = supgeq | f(2)],
where 0 C R? is the domain on which one tries to approximate the function [29]. For
example the set of polynomials up to degree n or NNs with fixed architecture are possible
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hypothesis spaces. In general, f, ¢ H which motivates the approzimation error £(®y),
where [29]

®y, = arg min £(P)

deH

In the learning problem, the goal is to find the function ®, € H that minimizes the empirical
error

¢, = argmin &, (D).

deMH

One can partition the true error £(®,) into two terms by defining the sample error Ex4(P,) =
E(P,) — E(Py). The approximation error £(P4) does not depend on the given data. This
error can be reduced by extending H. But while fixing the size m of the data, extending H
usually leads to an increasing sample error £ (®,) [29]. This phenomenon is often called
“overfitting”. In statistical learning theory, this problem is known as the bias-variance trade-
off.

A word of caution is needed here: the existence of the minimizers ®, and ®, is only
guaranteed if H is a compact subset of C(£2). However, it was proven that under relatively
weak assumptions the set of NNs with fixed architecture is not closed in C([—B, B]?), B >
0 and therefore not a compact subspace. The assumptions apply to all commonly used
activation functions except the ReLLU and the parametric ReLU. When bounding all weights
W, and b; of the NNs they do form a compact hypothesis space H on C(K') though, with
K C R? being compact [30].

The task of the training of a NN is to find the weights W, and biases b; that minimize
the empirical error, while fixing the architecture and the activation function. In other words,
the goal is to find ®,. In general, the empirical error is a high-dimensional, non-linear and
non-convex function &, (®)((W;, b;)% ) of the weights and biases (W, b;)%,, thus making
the minimization procedure challenging. If the empirical error is a differentiable function,
gradient-based methods are widely used for optimization. One of the most prominent opti-
mization algorithms are the [stochastic gradient descent (SGD) and its extensions like Adam
[31]. The gradient of the error function can be calculated efficiently by the backpropagation
algorithmﬁ [32]. However, in this work, we made use of the multistream |extended Kalman|
which will be explained in the next section.

In order to detect possible overfitting, a part of the training data is not used during
optimization but only for the calculation of the empirical error on this subset, which is
called the test set. A low sample error compared to the approximation error would mean
that the empirical error on both sets should be of similar magnitude (provided that both
sets are large enough) whereas a notable larger empirical error on the test set indicates
overfitting.

2.2.2 Kalman Filter

Linear Kalman Filter

The Kalman filter is an algorithm from estimation theory that determines the least-squares
solution of a linear dynamical system in a recursive manner. It was introduced by Kalman

3First, all neuron values before and after the application of the activation function need to be determined
(forward pass). Then, starting from layer L, the derivatives with respect to the weights and biases in the
1th layer can be related to intermediate results of the calculation of the derivatives in the (¢ + 1)th layer.
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in 1960 [33] and has since been adapted in various ways like the non-linear variants called
the extended [34] or the unscented Kalman filter [35].

Consider a vector & € R" that completely describes the state of a dynamical system at
discrete time k. Let the change in time of the state be described by

Tir1 = Flp1 1Tr + wy,

where Fj.;, € R™" is called the transition matriz evolving the state from time £ to
k 4+ 1 and {wy}ren is an n-dimensional independent gaussian random process with zero
mean. Assume that the state @, of the system cannot be observed directly so one wants to
estimate the state by measuring y, € R? that is related to the state linearly by

Y, = Hyxp + vy

H, € R”" (p < nYffand {v}}ren is a p-dimensional independent gaussian random process
with zero mean. The random processes {wy, }ren and {vy }ren are further described by

E[’Uk’v;-] = dekja ]E['wk'w]T] = Qk(sk]’, ]E[’Ukw;] = O Vk?,] € N,

where Jy; is the Kronecker delta and R, € RP*P and Q), € R™*" are the covariance matrices
at time k [37].

Given a sequence {yo, ..., yx} the goal is now to find an optimalﬂ estimate &y of xy.
Here the notation &j/; indicates that @ is estimated from the data {yo,...,y;}. The
Kalman filter solves the problem recursively in the sense that it computes &y from y;
and &j_1/,—1. This approach has the advantage of being memory efficient and suitable for
real-time estimates. The update step consists of the following system of equations where we
introduce the prior estimate i1 = Fi1 pLr—1/p-1 [37]:

Pk:/k:—l = ]E[(iﬂk - C%k/k—l)(il?k - ik/k:—l)T]

=Fip 1P Bl + Qi (2.2)
Py, = E[(x), — @) (T — Tiyi)T]
= Pyjp1 — K Hy Py (2.3)
K, =P, H(H,.P,)_H] + R;)™!
Ti/p = Fk,k—1iﬁk—1/k—1/+Kk[yk — HF 1 &y /p1) (2.5)
1)k

P, is the covariance matrix of the error of the prior estimate &j/,—; and Py, the one
of the final estimate &;,,. K} is called the gain matriz. It is chosen in such a way that it
minimizes the expected error

El(zr — Zrn)"(xr — Zrsi)],

which is the trace of P ,. The right-hand side of eq. consists of two terms, the first one
is the best prior estimate based on the previous estimate and the second term is a correction
that is weighted proportional to its inducing error with respect to the new measurement.
In order to start at k& = 0 the Kalman filter needs the values of &,/_; and Py,_; to be

4This condition is given in the original paper by Kalman [33] but deliberately removed in [36]
5There are various meaningful definitions
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determined additionally [37]. A word of caution needs to be mentioned regarding eq. :
The invertibility of the term in parentheses is not guaranteed. Hy Py, H] + Ry, is in
general only positive semidefinite. However, if e.g. R, is positive definite then also the sum
of both terms is positive definite and that is a sufficient criterion for invertibility. As we will
see later Ry, is usually positive definite in the context of NN training.

Extended Kalman Filter

The EKF is an algorithm that adapts the Kalman filter to non-linear systems and can be
described by

Tt = frrin(xr) +wy

Y = hy(xr) + v (2:6)

The random processes {w}reny and {v}iey are defined in the same way as before but in-
stead of the matrices Fj 1, and Hj, the non-linear functions fj 1 and hy are introduced.
Following the derivation of the Kalman filter in the non-linear case does not work since the
linearity property of the (conditional) expectation cannot be used [38]. To be more precise,
for a non-linear function g

E[g(X)] = /X 40 (X) # g(BIX)) 2.7)

X, ¥ and p are defined as in section In practical applications the probability density
p may be unkown or the integral in eq. may be computationally too expensive. In the
linear case only £(,_; and Fj,_; need to be known but not the actual distribution of x.

In order to circumvent the problem the idea of the EKF is that the state xj is hopefully
close to the last estimate &, and one can expand fj 1 and hy, in a Taylor series up to first
order around this point. Thus, one obtains a linearized approximation of the state dynamics
and the measurement process and can apply the Kalman filter. By defining the matrices
F, ., and H) with entries

(Fk+1,k)ij = %) =81,
 O(hy)i(x)
(Hk)l] o 81‘]' x=&p /1 ’

where (x); = x;, one obtains the extended Kalman filter equations |38, 39

Py =Fop 1Py F )+ Qi (2.8)

Py = Pyjp1 — K Hy Py (2.9)

K, = Py H] (H P,y H] + R;,)™! (2.10)

Ty = fk,k—l(@k—1/k—1Z+Kk[yk — hy(Frp—1(@r—1/6-1))]- (2.11)
E1 k1

In fact egs. (2.8)) to (2.10) of the EKF closely resemble the corresponding egs. (2.2]) to ([2.4))
of the classical Kalman filter. Note that because of the approximation used in the EKF, & s,
is, in general, not the optimal estimate of the current state x,. Nevertheless, this filter has
been applied in various non-linear problems successfully, especially in GPS and navigation
tasks.



8 CHAPTER 2. NEURAL NETWORK POTENTIALS

Extended Kalman Filter as a Training Algorithm

The EKF can be applied to NN training by considering the vector of optimal weights and bi-
ases (W, b;)L_| as the state of the system. Here we mostly follow the approach demonstrated
by Singhal and Wu [40] and Tiguni et al. [41] among others. A comprehensive summary can
be found in Haykin [39]. Out of notational convenience, we will abbreviate the weights and
biases in the following by 8 = (W}, b;)~ . By denoting the kth input vector of the NN by
z;, and the corresponding target value by y, we can describe the training of the NN as a

special case of eq. (2.6 [39} 41}, 42]

0111 = 0, +wy,

2.12
Y = P(01; z1) + vy (2.12)

Here, w,f] and vy, represent the same kind of noise as in eq. (2.6) and ®(6y; 2;) is the NN
with weights and biases 8, evaluated at zj. Since these equations describe a static process
only the measurement process, i.e. the NN @ needs to be linearized

0(®):(0; z)

(Hy)ij = o0,

0=04, /11

This matrix can be computed efficiently by using the backpropagation algorithm [32]. Since
Sr+1,% is the identity map we can simplify the notation by abbreviating 0y, = 0_1/,_1 =

ék/k—l and P, = Pk/k_l. Hence, we obtain a special case of eqs. 1) to 1’ [39]

P,=P,_,-K,_ H, P, + Qi (2.13)
ék = ék—l -+ Kk[yk — (I)(ék_l; Zk>]. (215)

If we consider the linearized version of eq. the Kalman gain is chosen in such a way
that the expected error with respect to the state E[(6), — 8;)T(8; — )] is minimized as it
was mentioned in section [2.2.2] By taking the derivative of this error with respect to Kj
one obtains an expression that is not explicitly dependent on 8, but only on E[€}]. Since
we are considering a static system this term is independent of k and thus ék is not only
the new estimate for @, but for any 6;, ¢ € N at time k. Introducing the error vector

i =Yi— ‘I)(éj; z;) and the matrix

0(P)x(0; z;)

(Hij)u = a0,

0=0,

Q@)

one can approximate

From this, it is straightforward to derive that minimizing E[(8; — 8,,)7(0; — 6;)] also mini-
mizes the expected error E[€] €;x] with respect to K . Thus, each update simultaneously

6The measurement noise is not always included in NN training, e.g. see [40, 41].
"This convention is chosen in such a way that it matches the notation in [39].

J ..
8This follows from H Y Hj; being symmetric, % o 0% and that the derivatives for all i,l have to be
k
zero.
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minimizes

E

1 &,
1 ;gkgk] : (2.16)

In section we mentioned that the goal is to minimize the empirical error with respect
to 6. Evidently, the EKF does not exactly do that in general. Instead, it minimizes the
expectation of the empirical error by making assumptions about the noise in the state and
the measurement decoded by the covariance matrices Q and R}, respectively. In fact, the
noise in the state @ is an assumption that usually does not appear in other optimization
algorithms like the SGD. In practice, the minimization of eq. is not guaranteed at
all for several reasons. Firstly, the derivation only holds for the linear approximation which
assumes ||@; — 0;_1]| to be small. This leads us to the second problem. The initial estimator
é_l already needs to be close to @y and its covariance matrix P, needs to be known. Lastly,
the Gaussian noise terms introduced by the EKF are not rigorously justified but rather a
rough approximation of the process leading to the question of how to choose Q) and Rj,.

As a result, those variables are rather used as tuning parameters. One common way to
initialize the NN weights and biases @_; is drawing each of them from a random uniform
distribution with zero variance. The corresponding covariance matrix is then typically ini-
tialized with Py = %]1, € > 0. Similarly, the covariance matrix of the measurement noise is
often chosen as Ry = n—lkll, e > 0 [39]. A larger value of 1 can be interpreted in the sense
that the measurement of ¥y, is more certain and as a result, more emphasis is put on the
update at time step k. This is why it is called learning rate. Note that with this choice of Ry
the matrix inversion appearing in the calculation of the Kalman gain is possible as discussed
before. A common scheme is to start with a small learning rate and increase it with the
number of updates. Similarly, the covariance matrix describing the process noise is often
set as Qr = qi1l, ¢ > 0. The values for ¢, usually decrease with the number of updates
[39]. As Haykin [39] pointed out the matrices Py, R) and Q) can be rescaled by a factor u
without changing the equations of the EKF. This means that the performance of the EKF
cannot be tuned by €, ;. and g independently. For a particular choice of those parameters
we refer the reader to the designated sections in the work of Singraber and Morawietz [16]
and Haykin [39).

Multistream Extended Kalman Filter

The aforementioned approximations of the EKF training algorithm lead to a problem called
the recency effect. The update steps tend to be biased in favor of the errors with respect
to more recent training data [43]. This is an artifact caused by the linearization procedure
since the “quality” of the update steps of the EKF is heavily dependent on the accuracy
of the approximation at each step. Intuitively one can think of the following: Assuming
the EKF training reduces the error ||8;, — 0}| with increasing k, the linear approximation
underlying each successive update becomes more accurate in finding the optimal estimator.
Each update should incorporate the information of the training data that is given at that
time step but bad initial guesses lead to inaccurate updates in the beginning.

The multistream FEKF is an approach that was designed to reduce the bias of the most
recent update. It was introduced by Feldkamp and Puskorius [44] who were inspired by
the batch update method found e.g. in the SGD algorithm. The idea is that instead of
considering only a single pair (z, ¢) of the training data at each update step, one incorporates
the information of M pairs (z;,y;)¥, of the training data in a single update. In order to still
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be consistent with the equations of the EKF one does not consider the actual NN @(ék_l; z).
Let z; € R? and y; € RV2. Then we introduce the function
- RMXd — RMXNL
(21, .-, 200) = (R(Oh-1521), .., B(Or1; 201)) (2.17)

with the corresponding target values (yi, ...,y ). The EKF egs. (2.13) and (2.14]) can then
be applied by redefining

(V) (0;(z1,...,2um))
00; A

0=0_1

(Hy)ij =

and eq. (2.15)) needs to be replaced by
ék = ékfl + Kk[(:yl? SR 7yM) - \Il<ék717 <Z17 SR ZM))]

Several case studies [16, 43, |45] showed that the convergence rate of the optimization with
respect to the number of updates improved when deploying the multistream variant of the
EKF.

Performance Considerations

It is well known that the EKF features a superior convergence rate with respect to the
number of updates than other widely used optimization algorithms that rely on gradient-
based methods like the SGD or Adam [16, 40, 41]. In practice, however, it is of little interest
how many update steps are needed to reach a certain error threshold. Rather one is interested
in the computational time that passes. That is why the EKF may be unappealing for many
scenarios since the computational complexity of a single update step is O(Nez)ﬂ, where

L

Ny =) Ni(N;i1+1) (2.18)

=1

denotes the number of weights and biases and Ny = d. In this work the size of the NN is
small enough that the EKF converges much quicker in time than other common approaches
but in many areas much larger NNs are deployed which makes the EKF impracticable. There
exist modifications to the EKF which try to improve the scaling of the algorithm, e.g. the
decoupled EKF [46]. Those modifications come with their downsides though and have not
been used in this work.

The multistream EKF offers better convergence with respect to the updates at the cost
of higher computational effort for each update due to M evaluations of the NN and the com-
putation of H};, which consists of M times more entries than the original method. However,
these additional computational steps can easily be parallelized. Singraber and Morawietz
[16] showed an approach that completely parallelizes the evaluations of ®(6_;;z;) and
the calculation of Hj. The only serial step consists of the actual evaluations of the EKF
equations which scale with O(M?). The convergence improvement with additional streams
quickly saturates whereas the computational costs of the serial step still increase [45]. So
even when ignoring the overhead caused by parallelization there is a maximum number of
streams M that yields actual performance improvements.

9 Assuming naive matrix multiplication
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2.3 Potential Energy Surface

Definition 2.3 (Potential Energy Surface). A potential energy surface is a function U :
M — R that maps each point p € M on a differentiable manifold M to a real value that
is the potential energy of a (quantum) mechanical system associated with the particular
configuration represented by p.

Usually, M is the configuration space or a submanifold of it. In case of a Newtonian
theory M = R3*N and describes the positions of N mass points, typically corresponding to
atoms [47]. Obviously the potential energy surface (PES)|is only well-defined if the potential
energy U is only a function of the positions of the particles. In one tries to model the
interaction of particles by means of the particular choice of U (r3"), where

1
T2

rNn

is the column vector of all positions of the particles. In the following, we will often write
this vector sloppily as (r1,...,7x). U(r*") is then used to update the positions of each
particle by integrating the equations of motion according to the forces F; = —V,;U, where
F; is the force acting on particle 7. Since the forces have to be calculated for N particles
during each time integration step, an efficient evaluation of U is crucial for large systems
and long simulation times. This makes ab initio models, e.g. based on [DFT] unattractive,
since the computational costs are significant for today’s computational resources.

The idea of is to use NNs for the approximation of the costly potential energy sur-
face U since NNs can in general be evaluated efficiently. Assuming a small approximation
error this method allows combining the accuracy and transferability of ab initio potentials
with the efficiency of NNs. In order to be applicable for MD one also needs a good approx-
imation of the derivatives of the potential energy surface. In fact, it was shown that under
relatively weak conditions, this is guaranteed.

Definition 2.4 ([48]). Let [ € N5q and f € CY(R). f is called I-finite if

0< /d:): O (@)] < oo,
R

where f® denotes the [*" derivative of f.

If o is [-finite, the NN can simultaneously approximate any smooth and rapidly decreasing
function and its derivatives up to order [ arbitrarily well on a compact subset [48]. And since
NN are expressed analytically as seen in eq. one can also obtain an analytic expression
for the derivative straightforwardly.

A naive approach to a NNP would be the definition

RN SR
3V (I>(r3N)
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combined with a training algorithm that minimizes

(@) - U

Here, the training data would be given in the form (73", U(r3"))™ . There are two down-
sides to this choice. Firstly, this NNP is limited to a maximum of /N atoms since the topology
of a NN is fixed so it cannot be applied to the full configuration space of a larger system.
Besides that, it also is not obvious how to apply such a NNP to a system with fewer than
N atoms. So in practice, one would need individual NNPs for different system sizes. The
second disadvantage of this approach is that there is no guarantee that physical symmetries

are preserved. This will be discussed in the next subsection.

2.3.1 Symmetries of the Potential Energy Surface

The potential energy should be independent of the choice of coordinate system. This im-
plies that it should be invariant under a global translation T,7*" = (r; + a,..., 7y + a),
where @ € R? or under a global rotation Rr®Y = (Rry, ..., Rry), where R € O(3)[
Furthermore, if multiple atoms only differ in their position the potential energy should
not depend on the order of these atom’s positions in the vector V. Let i ~p j &
(atom 4 has same properties as atom j) be an equivalence relation. Then [j] C {1,... N}
is an equivalence class of all atoms that only differ by their position. From now on we will
say that these atoms are of the same type. In practice, this usually means that they are of
the same element. We can define an arbitrary permutation only acting on atoms of the type
[J]

O - NN — NN
o(i) ifie€ [j]
1 otherwise,

where o defines an arbitrary permutation on the set [j]. Thus we can formally write the
permutation symmetry of the potential energy for an arbitrary j like the following

U((ry,...,rn) =U <(T0m(1)» x '7r0[j1(N))>

Out of notational convenience, we can combine the permutations of different types to a single
map ot = 0y, 0---00;, , where thei; € {1,..., N}/ ~p enumerate the permutations of
ypes

all Npypes atom types. It is straightforward to extend each of the aforementioned symmetry
operations to a group. In fact, we can even combine these operations into a single symmetry
group, in this work called CS, acting on the configuration space. We write the elements of
this group as S(R, a, or) with the group action

S(R, a, O'T)’I“SN — (RTUT(U +a,..., RTUT(N) + a)
and the group composition

S(R',a',d.)S(R,a,01r) = S(RR,R'a+a’,op007).

10The discussion is often restricted to R € SO(3), but in practice, reflection symmetry is also guaranteed
as we will see later
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For the sake of completeness, we mention the inverse element
S(R,a,or)” = S(R",~R'a,o;")

and the identity element of this group e = S(13, 0,idy~). Elements of the group CS acting
on R3*V induce an equivalence relation

Y g 7 = IS(R, a,0v) € CS(Nrypes) : S(R, @, op)r* = 73N

The corresponding equivalence classes are the orbits of R*" under the action of CS, formally

. R3N : " 3N R3N
written as /0g- Let m be the canonical projection 7 : R*% — /s Then there

3N
o R /s — R such that the following diagram commutes.

R3N
l \
R3N

/cs 5 R

should exist a function

2.4 High-Dimensional Neural Network Potentials

In section we already touched lightly on the problem of defining NNs directly on the
configuration space. Arguably the biggest issue is the restriction to a fixed system size.
However, in many practical applications high-dimensional configuration spaces and a flexible
number of atoms are of high interest. introduced by Behler and Parrinello [8] are
a successful approach to overcome this limitation. This method will be explained in the next
subsections in detail and we will also discuss its recent extension which was the starting
point of this work.

2.4.1 Total Energy Partitioning

High-dimensional systems do not only pose a problem for the creation of NNPs but also for
the ab initio electronic structure calculations which are used to generate the reference data
necessary for the training of the NN, since these methods tend to scale badly with increasing
system size. Therefore, lots of effort went into developing linearly scaling algorithms which in
turn led to the question whether electronic structure calculations of the complete system can
be split into calculations on loosely connected smaller subsystems. In particular Prodan and
Kohn [49] showed that the change of the electron density resulting from a local perturbation
in the potential quickly converges to zero with increasing distance to the perturbed area.
This phenomenon was coined “nearsightedness” by Kohn. Another interesting observation
was made by Yang [51] who showed that instead of computing the electron density and
the total energy of the system by solving the global Kohn-Sham equations [52] one can
instead approximately partition the electron density into local contributions which in turn
are determined by local projections of the Kohn-Sham Hamiltonian. Inspired by these results
an ansatz to overcome the limitation in system size a NN defined on the configuration space
would implicate, is to split the total energy of a system into local contributions.
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Behler and Parrinello [§] decided to represent the potential energy as

U=>Y_ U (2.19)

where U; : R3*¥ — R is an artificial potential energy contribution associated with the local
neighborhood of atom ¢ and IV represents the total number of atoms in the system. To date,
there is no knowledge that this partitioning can be made sense of physically, and it should be
considered merely as a rather arbitrary algorithmic choice. However, as we have discussed
before the concept of local contributions is justified in electronic structure calculations which
may at least motivate eq. (2.19). Further, this partitioning was also used successfully by
other approaches |3} 53]

The locality of Uj is easy to characterize in the standard coordinates 73 = (ry,...,ry)T.

Definition 2.5 (Local Function). We say that a function f : R — R! with coordinates
(ry,...,7N) is local at r; if there exists a 0 < R < oo such that for any r;, Ar € R? the
following holds: if r;, (r; + Ar) ¢ Bg(r;) then f(ry,...,7r;,....,ry) = f(ry,...,7; +
Ar,...,TyN).

Bgr(7;) denotes the open ball with radius R centered at r;. The next step in Behler and
Parrinello’s approach is to approximate the local potential contributions by Ul = Py o
G;. Here we have introduced the functions G; : R* — R? which map points in an
arbitrary high—dimensiona]ﬂ configuration space to a d-dimensional space which is needed
for the NN ®(; with d input nodes. The advantage of this approach is that the NN needs
to approximate a function that is only dependent on the local environment and does not
incorporate information about the global system. Therefore the NN is not specific to the
system size anymore. The locality of the approximation ®p;0 G is satisfied if it is imposed on
G;. In section we have already used the subscript [i] which represents the equivalence
class to which atom ¢ belongs. In this work, it will represent the element of the atom which
means we will only employ N, distinct NNs, where N, is the number of elements in the
system. The resulting NNP can then be written as

N
U=Y &40G,. (2.20)
=1

A diagram of the architecture of the NNP is shown in fig. 2.1l The particular choice
of G; is non-trivial and has great impact on the performance of this approach. It will be
discussed in the next subsection. 3

The force F; acting on atom ¢ can then be computed by F;, = —V, . U. For this, we
require that ®p and G; are in C!. Thus the popular is not a suitable activation
function. Even when deciding in the implementation to impose a derivative of 0 or 1 of the
ReLU at 0, like it is sometimes done, it will lead to simulating non-smooth unphysical forces.

NNs corresponding to different elements can in general have a different architecture and
will most likely have different weights and parameters ;. Out of notational convenience we
introduce the vector ® = (6,. .., 0y, )T that contains all weights and biases of all NNs. The
extension of the training algorithm to the NNP is straightforward. The training patterns

UFormally it is clear that changing the number of atoms must change the form of the functions G; but
we will see that they are designed in a manner that can be adjusted straightforwardly to a particular N
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@
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Figure 2.1: 2G HDNNP architecture. Physical quantities are drawn as rectangles, whereas
maps are drawn as circles. Individual atomic energies are computed from the configuration
73" and summed up in the end to the total potential energy U.

are given in the form (r3¥ U(r3™))™, where U(r}") is computed by a suitable reference
method. The derivatives with respect to the weights % are easy to calculate and hence one
of the usual optimization algorithms can be applied to minimize the error

m

S W) - D@ )

i=1

with respect to ©.

However, since one can derive forces from U , those can be used as well for the training
procedure and hence improve the accuracy of the forces predicted by the NNP. To fit energies
and forces simultaneously they need to be coupled by a constant § with dimensions %
such that the empirical error can be expressed as

mLU i(U(T?N) —U(©;rV))? + 5 Y ([Faa(rfgj) + v, U(©:; rgfj)rcf . (221

m
F acl

The multi-index a = (ay, @, ) describes the corresponding structure, atom and component
of the force respectively. I C N is the set of mp selected force components that are used for
the training while the index ¢ in the first sum labels all my selected structures used for the
energy training. Since there are 3N available forces per structure, using all of them would
improve the accuracy of the forces at the expense of a degraded energy fit [16]. Different
methods for the selection of the forces exist, the most popular being a random selection or
a selection of the first mp forces that yield the largest error. The balance of the error ratio
between forces and energies can be tuned by changing the value of 5 or the ratio 2. The

mp
effect of different values of 8 was studied in the work of Singraber and Morawietz |16].

2.4.2 Local Structural Descriptors

We have previously introduced the functions G; : R3*¥ — R? There are several re-
quirements we expect them to fulfill. First of all the G; should have a form that is easily
adjustable to different system sizes and satisfy the locality condition. Additionally, we want
the approximated potential U to be invariant under the symmetry operations discussed in
section Since we are thinking of the ®; o G, as local contributions it seems reasonable
to also impose the symmetries on those terms. It can be incorporated by restricting the form
of G; adequately.
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A simple solution to locality is to introduce a radial cutoff function f.(r) for which
fe(r) = 0 Vr > r., where r. is the cutoff radius. Each contribution of atom r; to G; is
then multiplied by f.(|r;;|), where 7;; = r; — ;. We also require that G; € C' as we have
mentioned before.

Translational invariance can be satisfied by choosing

Gi(ﬁ; Sy T'N) = éi(rliv <o Pa=1)is T+1)iy - - - 7TNi)7

and we say that G; is centered at atom ¢. In order to additionally enforce rotational sym-
metry one can further restrict the functions G; to only be dependent on all possible inner
products of the form 7;; - r;;. So a suitable function would look like

Gi(r1,....,vn) = Gi(T1i - T, 71 - Ty TG T(N-1)is TN TNi)-

Permutation symmetry can be fulfilled by first requiring that for any j,k € {1,..., N},
g,k # i with [j] = [k], Gi(-..,7j, ..., "k, ...) = Gi(...,Pky...,7;,...). For the case
where k = 7 it isn’t as clear since imposing G;(. .., 7, ..., 7, ...) =Gi(...,7j, ..., T ...)
together with translational invariance for arbitrary 73" would lead to a constant func-
tionﬁ. To see what we need to impose instead, let us first enforce permutation symmetry
on eq. (2.20)), which leads to

Gi(---;riv---7rj7---)+Gj<---7ri7---;rj7---)
:Gi(...,'f'j,...,’r'i,...)+Gj(...,7'j,...,7’i,...).

Since this condition should hold in general and we have already ruled out one solution we
are left with

This means that the functions G; of atoms of the same element should only differ in their
reference system.

Apart from the symmetry properties, the goal is to find a G; that maps physically
different local environments to distinctive points in R%. Depending on the number of atoms
inside the cutoff sphere and the dimension d an injective map may not be possible. In that
case, one can at least make sure that environments with important chemical differences are
mapped to distinctive points. In ML this concept is known as feature extraction as part of
the theory of dimensionality reduction.

Atom-Centered Symmetry Functions

In 2007 Behler and Parrinello [§] first introduced their set of suitable functions which they
termed [atom-centered symmetry functions (ACSFs), Actually, they proposed different forms
that the components of G; could have, the particular choice d and G; then needs to be tai-
lored to the system one is going to investigate. The first proposed [symmetry function (SF)"|

2Think of it as shifting the center of the SF to a different atom of the same element and enforcing the
same value of G; independent of the new environment.
13The wording is often sloppy whether SF refers to G; or to one of its components
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were |8, 54]@
G?d(T? n, Rsa r3N) = Z e_n(rij_RS)QfC(Tij) <222)
J?élv
Ul=T
G?ng.n.(T, T/, n, C7 )\, ’I“3N> — 21*( Z (1 + \cos (ezﬂc))c
ki, j<k
=T, [k]=T"
. efn(rizj”?’“ﬂjzk)fc(Tij)fc(ﬁk)fc(rjk)- (2.23)

Here the parameters 7" and 7" denote element types, 7, ( € R.g, Rs € Rygand A € {—1,1}.

The angle 6,3, is measured between the atoms j and k as seen from i, so 0,5, = cos™ :J—:Zﬂ
JiT ki

Equation (2.22)) is called the radial SF and eq. (2.23) is the (narrow) angular SF. Furthermore
different choices of cutoff functions are possible, typically one of the following is used

fe(r) = {é [COS <l> " 1} ’ Z;S e (2.24)
folr) = {Ba“hg (1-%). fl .S " (2.25)

Although defining the functions G; with components of the form given in eqgs.
and have been very successful as feature maps of the local environment |5, 6, 54] the
dimension d needs to be sufficiently high for an accurate descriptionﬁ And since functions
like exp,sin,cos,tanh are computationally expensive to evaluate, the evaluation of the
SFs is often more demanding than the computation of small NNs. This problem has been
addressed by Singraber [6] who minimized the number of calculations by making use of
the similar form of many SF components. Also Bircher et al. [56] tackled this problem by
proposing polynomial SFs with similar properties as an alternative since they are considerably
cheaper to evaluate. Another problem is that the originally introduced SFs are specific to
element combinations and since an accurate description of the environment needs sufficient
information about all neighboring elements the number of needed SFs scales badly. As an
example assume that one needs about a radial components in the SFs per element pair and
b angular components per element triple. Then each G; needs d = alNy + b%(Nel + 1)Ny
components. Obviously the dimension of the SFs is of the order O(N3). This is why
this method can get already computationally expensive when it is used for structures with
more than ~ 4 different elements. Gastegger et al. [57] offered a solution to this problem
by introducing the [weighted atom-centered symmetry functions (wACSFs). As the name
suggests they are based on Behler and Parrinello’s original ACSFs but the weighted variants
are not specific to the element pairs or triples but are combined in one function. Different
element combinations are however weighted differently. Based on egs. (2.22) and (2.23) the

14Tn many articles the sum is not taken over specific element types but over all atoms. However, the
programs RuNNer and n2p2, which implement Behler and Parrinello’s approach, make use of the element
specific form.

15As an example a usable model for liquid water can be achieved with around d = 27 for hydrogen and
d = 30 for oxygen [55].
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components of the corresponding ACSFs are of the form [57]

m/z‘rad<77=Rs§r Zg Je lrig =Ro)® fC< ij)
J#i

N
WIS (0, ey € Xiw™) = 27 3 h({gl [K]) (14 Acos (Bi)°
Ik,
J<k

e AGAVAGAFAC)

where g and h are the mentioned weighting functions. The choices ¢([i]) = Z}; and
h([i],[j]) = Zj;) have been applied successfully. Zj is the atomic number of element [4].
For systems with 5 different elements Gastegger et al. showed that choosing d = 35 for
wACSFs W, lead to comparable accuracy as when setting d = 220 for the original ACSFs
G, while fixing the number of hidden layers [57].

Bispectrum of the Neighborhood Distribution

Although not used in this work a different approach than the ACSFs was developed by
Bartok et al. [3] which could be utilized alternatively. In their work they started with the
distribution
pi(r) = 8(r — 1) + Y wyd(r — 1) f(ry),
J#i
which describes the local environment of atom z. The wy; encode the element type. Next,
this density is mapped from the local environment with cutoff r, onto the 3-sphere S® and

then this new density p) is expanded as a linear combination of hyperspherical harmonics
U 4]

iﬂ Z ., ul, . (2.26)

Obviously, this series must be truncated at some point and will affect the accuracy of the
description of the environment. The expansion coefficients ¢, =~ are then used to compute
the bispectrum [4]

R — E E § J3ms3 Jamy 1 2
BJ17]2’JS - CJ1m1J2mQC]1mljngCJmlm1Cym2m27

ml mi1=—ji1 m2 mo=—7ja m3 mg=—js

which is invariant under permutation and rotation. C]]f:,'ff’pm denote the Clebsch-Gordan
coefficients. The bispectrum B;, ;, j, or a subset of it is then used as the input for the NN.

2.4.3 Incorporate Electrostatic Interactions

Recently, the stages of development of NNPs have been classified into different generations
[12,[14]. The particular form of the HDNNPs discussed in sections|2.4.1|and [2.4.2| correspond
to the second generation (2G). Although this kind of NNP has been applied very successfully,
it cannot model, by construction, any interaction between atoms that are further apart than
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the diameter of the largest cutoff sphere. Specifically, it is impossible to explicitly model
long-range interactions like Coulomb or dipolar forces beyond the cutoff sphere.

To overcome this limitation Artrith and Behler [58] introduced the third generation (3G
of NNPs, which introduce a second class of NNs that compute partial atomic charges as a
function of the local environment of the respective atom. The charges can then be used to
calculate the Coulomb potential energy with standard methods and the non-Coulombic part
of the potential energy is then modelled as in eq. . But since the charge is independent
of the configuration outside the cutoff sphere, charge transfer beyond this domain cannot
be described. This can become a problem when modeling a region of a material close to
an interface or if one considers long, polarized molecules [14]. Simply increasing the cutoff
radius does not solve the issue in general. Although in practice all simulations are limited
to a box of finite size, introducing a cutoff sphere that can describe charge transfer along
the complete domain of the structure defeats the purpose of the cutoff method and would
increase the computational effort immensely.

Recently a fourth generation (4G|) of the NNPs by Behler and Parrinello have been
introduced by Ko et al. [14] that is capable of describing charge transfer and long-range
interactions. The approach is inspired by the |charge equilibration neural network technique]
[15] which implements a global charge equilibration scheme (Qeq)) based on the
concept of electronegativity. This is explained in more detail in section [3.2]

The charge equilibration distributes the atomic charges in a way that minimizes the
potential energy of the system. For this an expression of the charge-dependent part of the
energy is necessary. Including only the electrostatic interaction between the charges would
not take effects inside the atom into account, which is why quantities such as the atom-
specific electronegativity and the element-specific atomic hardness are introduced. Their
particular physical meaning will be elaborated in section [3.2] The electronegativity y; of
atom i is constructed to be environment dependent whereas the atomic hardness Jj; is fixed
for each element, hence the subscript [¢]. Both in the CENT and the 4G NNP, x; is computed
by a NN @, ; as a function of the local environment that is again described by a separate
set of ACSFs, so

Xi = (I)x{i} o Gx,z'-

The ®, j; are again the same for atoms of the same element. Subsequently, the electroneg-
ativities are used to obtain the atomic charges q; with the help of the equilibration scheme
discussed in section [3.2]

In order to compute the total potential energy of the structure a different approach is
used compared to eq. . The potential is now divided into a long- and a short-ranged
contribution

N
U=U"+> U (2.27)

i=1
The U™ represent local contributions of short-ranged interactions similar to the 2G po-

tential with a minor difference. Namely, not only GU,E is used as the input information
but also the charge ¢; of atom ¢

Ut = @y (Gus Gi).
A diagram of the complete architecture of the 4G HDNNP is shown in fig.

16In principle, G; used as argument for ;) and G/ used for V(s do not need to be the same but in
practice they often are.
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Figure 2.2: 4G HDNNP architecture. Physical quantities are drawn as rectangles, whereas
maps are drawn as circles. Going from left to right, the architecture splits into an electrostatic
part (upper half) and a short-ranged part (lower half). The individual contributions [¢

and U are then added together in the final step.

Uec is roughly speaking the potential energy contributed by electrostatic interactions
that occur over distances larger than the cutoff distance r.. To be more precise, let u;; be
the pair potential between atoms ¢ and j. Then we introduce a screening function f5ee?
and write [59]

Uelec - Z Usj fscreen(rij)-
i<j

The screening function fyeen @ Rso — [0, 1] maps distances greater than the cutoff radius
to one and distances smaller than an inner cutoff radius ;. to 0 but increases monotonically
and smoothly from zero to one on the interval [ric, 7). Thus fireen(0) = 0 which screens
any self-interaction completely. Multiple definitions are possible but here we settled with

0 if r < Tic
focreen = 4 3 (1 — cos <7r%>> if ri. <r<r. (2.28)
1 else.

By dampening the electrostatic potential in U between closely located atoms one basically
changes the form of U that has to be approached by the second class of NNs. Apparently,
this method improves the fit quality [59].

In contrast to 2G the training of the 4G NNP becomes a two-step procedure. Firstly,
the NNs @, ; computing the electronegativities need to be optimized. The training data
consists of vectors of atomic charges q; that are calculated from ab initio methods with an
appropriate charge partition scheme like the Hirshfeld charges introduced in section [3.1.1]
The vector contains all charges belonging to the same structure ¢. The charge vector q; =
Gi(x(©,;r3N), J,r3N) computed by the NNs is differentiable with respect to ©, and J
and hence can be optimized with one of the common training algorithms. x and J are again
vectors containing all y; and J; belonging to the same structure, respectively and the label
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in ©, indicates that the weights and biases of all ®, j; are meant. It is noteworthy that Ko
et al. |14] decided to optimize J also during training under the constraint J; > qﬁ for all s.

The second step of the training consists of training the NNs ®; ;. This is very similar to
the training procedure of the 2G NNP with the only difference that for each training pattern
q; and U®*° needs to be computed first by utilizing the optimized NNs Q. ;- Afterwards
the empirical error between U(r*") and

N
U=U" + Z UBAOICIATE N G), (2.29)
i=1

combined with the error between the computed and the reference forces is minimized with
respect to @y during training.

There are several choices for the atomic charge partition scheme and also for the particular
charge density of each atomic charge. In this work we adopted the choice of Ko et al. |14]
and thus we have used the Hirshfeld method combined with a Gaussian charge distribution

of atom 7
(r—ry)?

pir) = —L1 ¢ (2.30)
(27may)2

The width of the charge oy; is the covalent radius of the respective element.

ITThis ensures that the charge equilibration is well-defined






Chapter 3

Electrostatics

In the following, we assume a unit system where 47eq = 1 such that the Coulomb potential
between two charges ¢i, ¢» takes the form

U — 4192 ‘
|71 — 72l

3.1 Charge Partition

In order to include electrostatic interactions in atomistic models a simple method is to assign
a charge to each atom. In context of computations, a natural approach is to partition
the total electron density pf,, into individual electron densities p; that are contributed by
the atoms. Although the total electron density is well-defined, the atomic contributions
are not in the sense that a unique partition scheme does not exist as can easily be seen by
comparing different methods that all produce the same total electron density [60-62]. Here
we will introduce the Hirshfeld charges [61] that are mainly used in this work and its successor
the Hirshfeld-I method also called iterative Hirshfeld method. The latter eliminates the need
of an arbitrary choice in the original method and is overall in better agreement with other
atomic charge models.

3.1.1 Hirshfeld Method

An often-used charge partition scheme is the one introduced by Hirshfeld [61]. In contrast to
other methods like the Bader charges [63, 64, the electron density at each point is written
as a sum of multiple atomic contributions p¢.,(7) = >, pS(r). At each point r the atomic
densities are written as a fraction of the total density

pi (1) = wi(r)pi, (7)),

with > w;(r) = 1, wi(r) € [0,1] everywhere inside the structure. Hirshfeld chose to
relate the weights w; to the electron densities p;™ of isolated neutrally charged atoms. More
precisely the spherically averaged electron densities

1 e,n o
,g,n(,r) _ Jar—= faB”r_ri”(,.i)/)i ds ||T ’I",H >0
' P (1) else

23
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of atoms located at positions 7; are used. Here, {2(r) is the surface area of a ball with radius

r and 0B, (x) is the boundary of a ball with radius r centered at @. The weights are then

defined as em

_ P
2P

The atomic charge g; can then be written as

¢ = (Zi —/ P (r) d3'r> e,
R3

where e is the elementary charge and Z; the atomic number of atom 2.

The Hirshfeld charges are appealing because of their simplicity and can be calculated
efficiently compared to other charge models like the Bader charges. In contrast to Mulliken
charges [60], the model is not explicitly dependent on the particular basis set that is used to
compute the wave function of the system [65]. Furthermore when describing properties of
a molecule in terms of properties of the corresponding atoms, the Hirshfeld charges yield a
“transferable” model whereas e.g. Bader charges lack this feature [66].

However, since every atomic charge model is a rough approximation, it comes with its
downsides. One of them is that the charges tend to be much smaller in magnitude compared
to other atomic charge models [62, 67]. Consequently, dipole moments of molecules computed
from the constituent atomic charges tend to be underestimated, e.g. in the case of water [68].
Another point that is often criticized is the arbitrary choice of relating the weighting functions
w; to the electron densities of the isolated neutral atoms. It was shown that when using
different reference electron densities the computed charges change notably and can even
lead to polarized symmetric molecules like N5 when using electron densities of the reference
system NTN" [67].

(r).

w;(r)

3.1.2 Hirshfeld-I Method

Bultinck et al. [62] extended the Hirshfeld method to an iterative scheme which they called
Hirshfeld-I. In the following, we will drop the labels “e” and “n” from p¢ and p;". Let p] be
the spherically averaged density of atom ¢ at iteration j. The weighting function at iteration
j is then defined as

7

wj (r) = W("‘),

and the atomic electron density at iteration j is then

pl(r) = w] (1) prot (),

¢ = <Zl- —/ ol(r) dgr) e.
R3

The important step is now that loosely speaking pg (the reference density before averaging)
is related to the electron density of the isolated atom ¢ with charge q’, so we write p!(q; 7).
In general, ¢ is not an integer multiple of the elementary charge e which is why the following
solution was suggested by Bultinck et al.

plalir) = pl(ld lim)([d] — @) + Pl (Td T m) (gl — &),

with the corresponding charge
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where |.]| and [.] are the floor and ceiling function, respectively.

It was numerically shown that for a wide range of different initial reference densities
the algorithm converged to the same atomic charges indicating that this method is not
dependent on the initial reference densities anymore. Additionally the obtained charges
were in general larger in magnitude compared to the original method [62]. An extension to
periodic materials has been treated in [69]. A more efficient algorithm for computing the
Hirshfeld-I charges is explained in [70]. A case study of the molecular dipole moments in
liquid water have shown that the Hirshfeld-I method delivered better results concerning the
experimental dipole moment compared to other commonly used atomic charge models [68].

3.2 Charge Equilibration

The first step is to express the total potential energy U as a function of the atomic charges
¢i;- Rappe and Goddard [71] provide a simple approximation. The total potential energy is
written as a sum of atomic contributions that describe the inner-atomic interactions plus a
second sum that incorporates the inter-atomic electrostatic interactions

C_I? + Uelec )
;=0

Here “Qeq” stands for charge equilibration since this particular form of the total potential
energy is only used for the charge equilibration scheme. The terms in the first sum are
approximations of the atomic energy by making a Taylor expansion up to second order of
the energy of an isolated atom ¢ with respect to its charge around the neutral state g; = 0.
U[?] is the reference energy of an isolated atom of element [i]. U is the potential caused

1 02U,

N
a ;
Qe Z 0 Ui

=1

;=0

by the electrostatic interaction of the charge distribution. The first derivative x; = g—g?
t1¢;=0
is the electronegativity and Jy = B;qgi is called the atomic hardness |15] or sometimes
i 1g;=0

the idempotential [71] of atom q.

The particular form of U®* depends on the charge distribution of each atom. If the
atomic charges are modeled as point charges the potential is well-known from any introduc-

tory course on electrostatics
Uelec — Z q;qﬂ7
J

i<j °

where r;; = ||r; — 7;]| is the distance between atom 4 and j.

Another popular choice are smeared charges like the Gaussian distributed charges, see
eq. (2.30). The charge distribution of the system is written as

N
pP= Z Pis
i=1

where p; are Gaussian charge distributions located at r;. Since we are not dealing with point
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charges anymore we can compute the resulting potential viaE|

Uelec — / d3 / d3 )
R3 R3 |33 - yH

3, 3y pi(x)p;(y)
-5 [ a de > el

Izl
_1 s [ gy P25W)
- Z/Rgd Y -yl

The integral inside the sum can be expressed in terms of the error function erf (x). We
compute the pair potential as [72]

uij(nj) :/ d3CU d3’y pl(m)p’?(y) = QZQJ erf —TU . (31)
R3 R3 |z -yl Tij 2(0? + aj?)

A derivation of the solution can be found in appendix . The case r;; = 0 can be computed
by taking the limit r;; — 0 and applying the rule of L’Hopital

iq; T'ij 2q:q,
u;;(0) = lim 9 ot J = 4id;

0 7, 2(0? + 02) 2m(0? + o2)

The case i = j represents the self-interaction but u;;(0) counts the interaction energy twice.
That is why we distinguish the actual self-energy by

@

Uself,; = uzz(()) = 2\/%0'-

Under the condition r; # 7; if ¢ # j for all 4,5 € {1,..., N} we can write

elec quJ Ti]'
v Z Tij (ﬂ%’j) +Z 2\/_‘7z

1<J

(3.2)

where we have introduced the constants

The second sum represents all self-interactions of the individual Gaussian charge distributions
whereas the first sum describes the interactions between distinct charge distributions.

Putting everything together, the potential used for the charge equilibration in the case
of Gaussian distributed charges is

N
1 q:q; T
Qeq __ 0 2 4 idj ij
U q_z U[i]+xiq,~+§Jiqi ‘|’ Z (\/_"y>
, i

i=1

—ZUMJFX q -+ qTAq

=1

1For point charges described by delta distributions the integral diverges. This artefact is known as
infinite “self-energy” in the theory of classical electrodynamics.
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Here we have introduced the symmetric matrix |14} |15

Ji+ if i = j
! V7o
(A = Lerf (2-) else (3.4)
i) V27i; ’

The column vectors g and x contain all ¢; and x;, respectively, as seen in section [2.4.3]
The charge equilibration is now conducted by minimizing U2 with respect to all charges
¢;- There is however the constraint that the total charge of the system ¢** = 3" .¢; is
fixed. Differently formulated, we want to minimize U9 on the hypersurface defined by
g9(q) = >°,¢ — ¢*" = 0. This problem can be solved by making use of the method of
Lagrange multipliers. Instead of minimizing U9 we introduce the Lagrangian function

1
L(g,\) = xq+ §qTAq +Ma + - qv — ¢*)

(9

we can establish the necessary minimization condition under constraint as [15]

By using the notation

CAgi + A ;=0 Yeed{l,....N
VoL =0 {2l T ATY et J (3.5)
q - = Zz qi-
By introducing
1
—_ A N _ X
1 o X <_qtot>
1 ... 1 0
we can rewrite eq. (3.5)) as a linear system of equations
Ag=—x. (3.6)

This system of equations has a unique solution because of the following.

Proposition 3.1. If J; > 0 for alli € {1,...,N}, (0i,7;) # (0;,7;) if i # j, and q # 0
then det(A) # 0

Proof. First, we will show that the matrix A is positive definite if J; > 0 Vi and q # 0. The
matrix can be written as the sum A = B+diag(J), where diag(J) is a diagonal matrix with
J as its entries. B describes the complete electrostatic interaction caused by the Gaussian
charge distributions. For non-vanishing charge distributions p with non-diverging integral

1
Uelec — §/ d3w d3y p(-fn)p(y)’
R3 R3 |z —yl|

and strong enough decay when [|&|| — 0o, the potential is strictly positive. For more details
see appendix where this is proven for a charge density consisting of Gaussian charges.
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Hence, U = qTBq > 0 for any q. If additionally ¢ # j implies (oy, ;) # (03, 'rj), then
q"Bq > 0 for any q # 0, which means B is positive definite and thus A is too. Since
any positive definite matrix is invertible with positive definite inverse it follows that A is
invertible. This can be seen by using

C d .
det ( et o) — —det(C)d'C\d,

where C'is a (n — 1) x (n — 1) matrix and d is a (n — 1)-dimensional vector. Applied on
A we obtain

det(A) = —det(A)(1,...,1)A(1,...,1)T #0,
since A and A~ are positive definite. O
What is left to show is that U?°(g*) is a local minimum along the constraint of charge

conservation. Here, g* is the charge vector satisfying eq. (3.5). For this, we expand it up to
second order at the solution g*

1
U¥(q" + h) ~ U (q") + VU .- ht ShT Hyaw

9=q* h.

The matrix Hyoe = A is the Hessian matrix of U9, Equation (3.5) implies that
VU Qeq’q:q* = -\ Vy| g—q-- Lhis means that any tangent vector h of the hypersurface

g9(q) = 0 at point g* is orthogonal to VUQeq’q:q*. Hence,

1
U(q" +h) = U%(q") + 5h" Ah > U%(q%)

for any infinitesimal, non-vanishing h of the tangent space of g(q) = 0 at q*.

3.3 Long-Range Interactions

In electrostatics is considered to be a long-range interaction. This term is typically used
to classify interactions which potential energy contribution U can be written as a sum of
pair potentials U = %Z” w;j(rij), where i,j € {1,..., N}. The definition of long-range
and short-range interaction often varies depending on the field of study and may not always
be formulated precisely. In this work we use the following definition.

Definition 3.1. An interaction described by a pair-potential u;; is called short-ranged if for
any 4,7 € {1,..., N} there exists an R > 0 such that the integral

| )
R

is convergent. Here, d is the spatial dimension of the system. Conversely, if the interaction
is not short-ranged, it is called long-ranged.

2Otherwise Gaussian charges which only differ in their sign could cancel out



3.4. ELECTROSTATICS UNDER PERIODIC BOUNDARY CONDITIONS 29

This definition can be motivated by the fact that in MD interactions are often only
included up to a certain cutoff r.. Consider an infinitely large system where we want to
compute the potential energy associated with a subdomain consisting of N atomsﬂ The

cutoff introduces an error N
1

=1
Tij>Tc
For simplicity assume u;;(r) = a;; f(r) < af(r) where the a;; are chosen from a finite seff]
such that we can define a = max;; |a;;|. Further, assume a uniform neighbor distribution
n(x) = ng for ||| > r.. Then a rough estimate for the upper limit of AU can be written
as [73]

N oo
AU g 54#710/ dr al|f(r)|r?.

By definition there exists a pair (¢, j) with |u;;(r)| = a|f(r)]. If the pair potential is short-
ranged, the integral converges whereas if it is long-ranged the cutoff error could diverge under
the here introduced assumptions. Thus, in many applications a more careful treatment of
this kind of interactions needs to be done since the cutoff method can introduce major
systematic errors.

An example of a short-range interaction is the Lennard-Jones potential whereas the
electrostatic potential is long-ranged. Note that in the literature it is sometimes found that
any pair potential decaying faster than rid is considered short-ranged. However, this is not

equivalent to our definition, as can be seen from the example u;;(r) = ﬁ

3.4 Electrostatics Under Periodic Boundary
Conditions

3.4.1 Periodic Boundary Conditions

When physical simulations are employed to compute the properties of a material it is most
often done in a cell spanned by the linearly independent vectors a1, a; and a3 (assuming a
three-dimensional structure). Particularly, if one is interested in the properties of the bulk,
then are enforced. The particles in the simulation cell are treated as if they are under
the influence of infinitely many identical images of the cell stacked up along the dimensions
the PBC is applied to. In the case of PBCs along each dimension, this leads to a lattice
with the lattice vectors a;. In the following, we assume a three-dimensional cell (d = 3)
with PBCs along each dimension. We are now going to make this more precise. Let {2 be
the simulation cell. It is the set

O ={z € R’z = c1a) + @y + cza3; ¢1,09,¢3 € 0,1]}

Using the a; as basis vectors we can describe each point @ by the vector ¢ = (cy, ¢, c3)7,
known as the fractional coordinates. PBCs along the dimension spanned by a; means that
we identify the following points

(0,¢q,¢3) ~ (1,¢9,¢3) Veg,e3 €[0,1].

3E.g. the energy of a unit cell under periodic boundary conditions.
4The a;; could be element specific
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The definition is analogous for a; and as. This is in fact the definition of the three-

dimensional torus T? = R? /3. In Riemannian geometry it is well-known that this torus is
flat when equipped with the unique Riemannian metric such that the covering map

p: R — T3
x — [x], (3.7)

becomes a Riemannian coveriné?]. For more details, see appendix Here [x] are the
equivalence classes induced by Z*. For a reference of Riemannian covering maps see [74].

To simplify the notation we will now restrict the discussion to the special case a; = e;,
where the latter are the basis vector of the Cartesian coordinate system. A generalization
is straightforward. The canonical way to project points from R?® to T? is via the map p.
For any periodic function g : R* — C, g(x + n) = g(x), where n € Z*, we can define a
corresponding function f(x): T — C by setting [75]

9(x) = f([=]).

Since the identification between g and f is so straightforward, they are often denoted as the
same function.

In order to include electrostatic interactions under PBCs we have to find the electrostatic
potential ¢ as a solution of the Laplace equation

Ad() = —4nj(e),

where p(x) is the charge distribution on the torus. Here, A is the Laplace-Beltrami operator
on the torus. However, when using the natural choice of local coordinates, it becomes the
Laplace operator in R®. For more details, see appendix The charge distribution on
T3 can be constructed via the periodization [76]

plx) =) plz+n)

nezs

Whether p diverges or not depends on the properties of p. If p € L'(R?) then p is finite a.e.
on T?

/daz Z|paz+n|—2/dw\paz+n)|
=>_ | dalp(x)

N

= /Rgda: lp(x)| < oo.

There has been some abuse of notation since T? is not a subset of R3. We do not make this
rigorous here since this kind of notation also appears in mathematical literature like [76].
For now one can interpret fT?, ~ f(o,1)3 and argue that the set of points on T? that cannot
be identified with a subset of (0, 1)® has measure zero. The interchange of the sum with the
integral is allowed by the monotone convergence theorem for the Lebesgue integral.

5 Assuming R? is equipped with the Euclidean metric
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3.4.2 Conditional Convergence of the Electrostatic Energy

When conducting simulations of particles that interact electrostatically it is often necessary
to compute the electrostatic energy of the simulation box. If PBCs are applied this energy
is often written in the following form

ZE)%W r; +nl)). (3.8)

ne]L 2,j=1

Here, u;; is the pair potential between two charge distributions centered at r;, r;, e.g. for
two point charges ¢;, g; it becomes u;;(r;;) = %4, where r;; is the distance between charge
1 and j. We have also generalized the unit cell to an arbitrary triclinic cell, thus the lattice
points are not elements of Z* anymore but are elements of

L = {x € R®|x = nia; + nwas + nzas, n; € Z}.

The prime at the sum indicates that if 7 = 0 then the term ¢ = 7 is not included. This is
typically done when w;; is the potential between two point charges since the self-interaction
diverges. If one considers a u;; for which u;;(0) < oo then one does not need to exclude
the term, e.g. Gaussian distributed charges. Whether the series in eq. converges or
not depends on wu;;. In the following, we will only discuss the convergence properties of the
expression in eq. for point charges. However, up to technical details, the discussion for
Gaussian charges can be conducted analogously.
For point charges, the electrostatic energy is often written as

q:9;
Z Z |ri — v+l

nG]L 1,j=1

Since I ~ Z3 is countable, there exists a bijection f : L — N which defines an order of
summation f(n) = k. Thus we can label the points in L by k and write n;, to specify an
order. Then we can use this notation to express the electrostatic energy under this order of

summation as a series
Iy (3.9
2 2 Ty —

Physically there is no reason for choosing a specific order so we would expect that this series
is independent under a permutation of the labels k. One could go even further and specify
an order over all charges individually and not only over the lattice points n

N

e~ G
"2 PP [lrs — il

i=1 k=1

Here ¢, denotes the charge at an arbitrary position 7}, in one of the periodic copies. However,
this series is definitely not invariant under permutation of the indices k since it is not
absolutely convergent as can be seen as from this simple estimate
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where we have used that the set {na,},en is part of L and for each i # 0 there exists
a term for which ¢; = ¢;.. This problem is also known when defining Madelung’s constant
for crystals [77]. Since the series is not absolutely convergent it follows from the Riemann
rearrangement theorem that even if the series is still conditionally convergent, there exists
a permutation of k£ for each real number such that the series has this number as its limit.

Indeed, the series in eq. can be conditionally convergent if charge neutrality >, ¢; =
0 is satisfied |78-80]. This is shown by rewriting the summands in eq. (3.9) as a product of
the charge and the potential ¢, of each periodic image it is interacting with

klll k2zl

in the second equality we have identified m; = 0 and written the summand separately by U.
The potential ¢, () is generated by the charges in the lattice cell n; and can be expanded
in spherical harmonics for & outside the Cellﬂ ®n,, (1;) can be easy expressed by moving to
spherical coordinates (r/,6', ') with origin at n;, — 7;. In these coordinates

(3] l

/ / 9/790, 1ol

(bnkr 0,g0 ZZ l+1 ;’H—l ):¢<7“,9,90) (311)
=0 m=-1

The spherical harmonics Y}, are chosen as in [81] and the multipole moments are

Z q] jz 0/2’ ngl)

with (17, 0%, ¢%;) being the coordinates of the charge g; in the box ny, in the shifted coordi-
nates, so they are the spherical coordinate components of the vector r; — ;.
Moving back to the original coordinates (r, 6, ¢) we obtain

¢nk (ri7 0i7 @Z) - ¢/(Tnk7 ™ — e'nk7 T + ¢nk)
(b—nk (7”1‘, 91‘7 @z) = ¢/(Tnk7 enka ¢nk)
where (7', , O, , Pn, ) are the spherical coordinate components of 7.

Out of notational convenience, we change the order of the sum in eq. (3.10)) s.t. n; —>
—nyfl Thus, we obtain

U=U,+ = quz

]{?27,1 =0

N
% Mm(en )y Pn )
(Z quézylm(egz7 ngz)> rl-lic-l : ’
7=1 ng

where we have used rj; = r;; = ||| with 7; = 7; — r; Using the addition theorem for
spherical harmonics this can be rewritten as [81]

co N
U=U,+ - ZZ(]ZZZQJTJZ%W. (3.12)
ny,

6This is why we have separated the Uy term.
"Reordering the sum can change the result as argued before but we haven’t specified an order yet
explicitly.
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P, are the Legendre polynomials and 7j;,, is the angle between r; — 7; and my. This
expression is useful for discussing the convergence of U since one can restrict the discussion to
the terms where [ < 2. This follows from the following facts. First, note that P,(z) € [—1, 1]
for x € [-1,1] and all | € Ny [82]. So for all 7, with ;—1 < 1ﬁ

017“3

i,M C - i'l i
Sy e ) G () O

=3 j=1 nk T'ny, 1=3 Ty, k Tny, — 7"2‘]‘)

where C'; € R is finite. The lattice sum over this result is then also absolutely convergent.
To see this, recall the well-known factﬂ that

2 T

nEZ3

For a more general lattice L. we can write a similar expression by using the fact that n € L
can be written as Am, where A is a matrix with the vectors a,, a, and as as its columns

and m € 73 |
2 Tl ||n|| Z L [Am]°

nel

It turns out that this sum is also convergent for s > 3 and can even be analytically continued
to complex values of s # 3 [83].

The [ = 0 term in eq. (3.12) vanishes because of charge neutrality and Py(z) = 1. In
order to finish the discussion about the convergence of eq. we are left with the terms

© N 2 N l COS’innk)
DDy Y gl

k=2 i=1 =1 j=1 ng

DN | —

This expression is not absolutely convergent anymore so the order of summation is relevant.
We now choose an order where we treat [ = 1 and [ = 2 separately, so

1Y &  Bi(cosYjin,)
5 2 4D > il =
ij=1 I=1 k=2 ny,
For [ = 1 choose an order where for each even k, ny,; = —mn,; and where for £ < [ it holds
Ing]| < ||n||. Since cosjim, = —C€0SYjin,, and P(—z) = (—1)'P(z), the terms for

ny, and Ny cancel in this order. Using once again that the terms ¢;||7;]|' Pi(cos v in, ) are
bounded and that 7“;3 is a monotonically decreasing null sequence one can use Dirichlet’s
test to show that this particular series converges.

According to Makov and Payne [80] Dirichlet’s test can also be used to argue that the
[ = 2 terms are conditionally convergent, although this is not demonstrated explicitly.
Thus, for a system with charge neutrality, the series in eq. is conditionally convergent.
A crucial feature of eq. is that one sums over all charges in one lattice cell at once, i.e.

8This condition is not satisfied only by a finite number of lattice points 7
9This can be shown by expressing the sum as an integral over a corresponding function on R*\ (-3, $)3

that takes the value on the subset n 4 (—3, 1)3 and bound it for ||| > f by L

213 m which has a

1
Tl
finite integral.



34 CHAPTER 3. ELECTROSTATICS

one groups the summands in such a way that they have a net charge of zero. If a different
order is chosen, then even a neutrally charged system can be associated with a divergent
series as it is demonstrated in [77].

We have only discussed the conditional convergence of the electrostatic energy for point
charges in a cubic unit cell with length one. However, the arguments can easily be extended
to more general charge distributions and also to non-cubic lattices since only the inversion
symmetry of the lattice is used, which is even found in a triclinic cell.

The physical interpretation of the ambiguity of the electrostatic energy is that for any
material with finite size, all dipole moments of all cells have a non-negligible effect on the
potential in the original cell, including the cells at the surface. The construction of a system
under PBCs like it is done in eq. can then be considered as the limit of making a finite
system infinitely large. By choosing a particular order of summation one selects a specific
shape that the material corresponds to while making it infinitely large |79} |80, 84]. This will
be discussed in more detail in the next subsection. Another perspective to argue physically
about the ambiguity of the potential energy is that for a system that consists of finitely
many copies of the unit cell, it is clear which choice of the unit cell was made by looking at
the boundary of the material. If infinitely many copies exist, then there are infinitely many
equivalent choices of the unit cell that can describe the system. However, the naive way of
defining the dipole moment of a unit cell

p= /Qd:)’a: xp(x) (3.13)

is dependent on the choice of 2. When choosing a specific order of summation (which also
implies a choice of unit cell) then at least for spherical ordering of the summation produces
a term containing p [79, |80]. This shows again the ambiguity of the electrostatic energy.

3.4.3 Ewald Summation

The Ewald summation is a method for computing the potential energy associated with a unit
cell under PBCs. So it is a technique to evaluate an expression as given in eq. . Initially,
it was introduced by Ewald in 1921 to compute the electrostatic potential energy associated
with the unit cell of a crystal [85]. Later it started to be used in atomistic calculations with
long-range interactions under PBCs. Most often one encounters the Ewald summation in
combination with the pair potential of two point charges g;, ¢; with w;;(r;;) = % However,
the Ewald summation can also be extended to other potentials like the ones describing charge-
dipole, dipole-dipole and other interactions [79]. Tt transforms the electrostatic energy into
an absolutely and especially fast converging sum. This is of course only possible if an order
of summation is implicitly imposed. The fast convergence makes the Ewald summation
interesting for numerical calculations since a truncation of the sum after a few summands
can still achieve relatively high accuracy.

Point Charges

Particularly insightful studies about the Ewald summation have been conducted by de Leeuw
et al. [79] and Smith and Rowlinson [86]. It is noteworthy that the former have only consid-
ered cubic lattices whereas the latter studied the Ewald summation for general lattices. A
comprehensible summary of the work of Smith and Rowlinson was written by Darden [87].
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De Leeuw et al. start by choosing a particular order of summation over Z*. The following
discussion can easily be generalized to cubic lattices L. with a different length than 1. For
a general sum over Z*

2 an

nez3
a summation over spherical shells may be written as
o0

2. D

m=0 ncz3:
Inll=rm
where the r,, are an ordered sequencd'| of all radii that can be written as ||[n||. He then
argues that one can introduce so-called convergence factors f with f(m,0) = 1 for all m
that make
> anf(m(n),s)
nezs
absolutely convergent for s > 0. Here, m(n) € N. For their properties, we refer the reader

to the original work [79]. In particular, if f(m,s) = f(7,,s) € R it is then shown that

o0 o
E E an = lim E anf(m(n),s).
S5—00
m=0 nez3: nez3
[nl=rm

Using f(m,s) = e~™(™* for the series in eq. 1' the result is then computed explicitly
and corresponds to the Ewald summation for spherical orderingiﬂ [79, [86]

N erfc <—”rign"”>

e INVNT g N V)
UP° = 22 Z%% ||rzj+n||

ncl i,j=1

1 exp (—2m*n’| k|*) >
+ S(k
2V 2 ZE I5k)l (3.14)

k£0
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Here we have stated the result for a general cubic lattice L. with side length L and unit cell
volume V' = L3. The vectors k are the lattice vectors of the reciprocal lattice defined by
ai, ay and as which satisfy a; - @a; = d;;. The parameter 7 € R. can be chosen freely and
affects the rate of convergence of the sums over n and k in opposite ways. Thus, it is often
used to tune the computational performance of the Ewald algorithm. Finally, S(k) is the
structure factor defined by

N
S(k) — Z qieiznk-m‘
i=1

10The value of this series is now uniquely determined since the inner sum is finite for any r,, and the
order of {7, }men-, is specified.

"U'We write this result for a general lattice L since this was later generalized by [86]. Additionally, they
even derived the result for ellipsoidal ordering.




36 CHAPTER 3. ELECTROSTATICS

Note that because of the structure factor the reciprocal space sum scales only with O(N)
compared to the real space sum that scales with O(N?).
The approach by Smith and Rowlinson starts by defining a region in R* bounded by a
hypersurface defined via
P(r) =0.
For any m € N
P.(r)=P(r/m)=0

is the surface of a, in general, larger region of the same shape. Those regions are notated as
P and P,, respectively. One can construct a large but finite system by considering replicas
of the unit cell at all points n € L N P,,. It is then shown that the electrostatic energy
associated with the unit cell in this system

c qi4q;
LAEED YD [, +n

'n,E]LﬂPm 2,j=1

can be written as a sum of two terms [86],
UP(P,) =Uy+ J(p, Py). (3.15)

Here, Uy is not dependent on F,, whereas J is dependent on the dipole moment p defined in
eq. (3.13) and the shape of the system P,,. Also, J(0, P,,) = 0 for any P,,. As mentioned
before p is dependent on the choice of the unit cell. This is not a contradiction to eq.
since for finitely many copies of the unit cell, different choices of the cell lead to different
systemﬁ. Finally, provided that lim,, ,,, UP°(P,,) exists, the electrostatic energy under
PBCs with spherical summation order takes the form

UP(P) = lim UP(P,) = Uy + J(p, P).

m—0o0

Smith and Rowlinson [86] showed explicitly that for P = S? being the unit sphere one
obtains

2
J(p,S?) = WHPHZ-

Comparing this with eq. it becomes clear that the last term is precisely the shape-
dependent part of UP® whereas the leading terms hold for any order of summation.

For an explicit derivation of eq. we refer to |79, [86, [87]. However, we mention how
the parameter 1 and the summation over the reciprocal lattice are introduced. Starting from
the definition of the gamma function

[(u) = / dt t“ et = )\“/ dz 2" te™™
0 0

it follows for A = ||r||? and v = %

/ dt — —t”’“”2 (3.16)

12This can easily be seen by considering the outermost charges that appear at the surface.

||7“||
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where I'(3) = /7 is used. The integral is then split into two parts

2
~~

L") L[

With the simple substitution z = V/#||r||, I, can be rewritten directly in terms of the
complementary error function

el = [ ar Leane L
L(||r :/ dt —e " = — "2
LY vl

In order to bring the sum Y Ii(||r + n||) into a manageable shape a little more work is
needed. One starts by expressing the Gaussian inside the integral as the Fourier transform
of the Gaussian in reciprocal space

3

_ 2 TN 2 _7r2u2_ o

) (_) P o= = —2miu-(r+n)
t R3

It is then used that instead of integrating w over the complete reciprocal space one can reduce
the integral only over the reciprocal unit cell and sum over all reciprocal lattice points k.
The exact details are rather technical so we refer the reader to Smith and Rowlinson [86]
and Darden [87]. Lastly, it is noted that the sum over I;(||r 4+ n||) manifests the shape-
dependency.

In practice the shape-dependent term J(p,.S) is not always included. The reasons for
that vary. There exist derivations of the Ewald summation that are physically more intuitive
by adding Gaussian screening charges with width 7 on top of the actual charges in the system.
The additional interaction energy is removed afterwards. For more details, see Frenkel and
Smit [73]. However, this approach fails to describe the shape-dependent part and thus, the
extra term is often deliberately set to zero. Interestingly, in case of the spherical summation
order, it was shown by Smith [88] that when deriving the electrostatic energy under PBCs
by taking the limit lim,, ., UP°(P,,), one can describe the large but finite spherical system
P,, to be embedded inside a dielectric with dielectric constant €. If the dipole moment p of
the unit cell €2 does not vanish, the electrostatic field of the dipole moment of the system
polarizes the surrounding dielectric and thus induces a reaction potential ¢p. Including this
potential in the computation of the electrostatic energy, the shape-dependent term takes the
form [87] L

s

TP 8) = 5777

In the limit € — oo this contribution vanishes and we are left with eq. without the
last term. This limit is sometimes called “tinfoil” boundary condition [87].

Ip|.

Gaussian Charges

In this work, the atomic charge distributions are modeled as Gaussian charges with width
o; for atom 17, see eq. . Thus it is necessary to adjust the Ewald summation. Since the
pair potential between Gaussian charges behaves asymptotically like the pair potential be-
tween point charges, see eq. , we expect that the derivations by de Leeuw et al. [79] and
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Smith and Rowlinson [86] only need small modifications to account for the smeared charge
distribution. The biggest difference is only that for Gaussian charges, the self-interaction is
finite and can thus be included. Fortunately, this has already been worked out by Gingrich
and Wilson [89], who followed the derivation by de Leeuw et al. [79]. The formula for Gaus-
sian charges with different widths has been worked out by Kiss et al. [72]. The electrostatic
energy takes the formﬁ

erfc (M) — erfc (M)

Z Z G V2n V27ij
nE]L 3,7=1 Y ||Tij + n”
1 exp (—2m°n° || k||?) 2
+ |S(k)]
2V % ZE

(3.17)
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nEIL 1,7=1 ||TZJ + n” ; 2\/%0'1

where we have used the definition for 7;; as in eq. (3.3 again. Note that for Gaussian charges

/Rgd3 sz w_zqz r;.

=1

Thus the potential U® only differs from the energy of the corresponding point charges by
a real space correction and the self-interaction contribution. Already in the derivation it
becomes clear that the replacement of the point charges with Gaussian ones solely affects
the real space sum [89]. Since the shape-dependent term J(p, P) only appears in evaluating
the reciprocal space sum, the results are also valid for Gaussian distributed charges. In the
original derivation of Gingrich and Wilson [89] and when generalizing it to different Gaussian
charge widths, the Ewald parameter 7 is most often chosen such that n > o or n > max;; 7;;
for different Gaussian widths, because in contrast to eq. (3.16]) the integral ranges from 0 to
5 2 and usually one splits the integral somewhere inside thls 1nterval However, there is no

problem in choosing ) < max;; 7;; provided it is still positive.

Using Ewald Summation in Charge Equilibration

In section we discussed how minimizing the potential energy with respect to charges can
be transformed into a linear system of equations. Note that in this discussion we did not
consider PBCs. With eqs. and now at hand, one can also express U9°4 under
PBCs as a quadratic equation in q. This becomes obvious when rewriting

N
|S(k)|2 _ Z qiqjeﬂﬂk-rie—ﬂﬂk-rj
ij=1
N
= Z ¢:q; cos (2mk - 145)
ij=1

13Tn [89] there is a wrong sign at the shape-dependent term
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Plugging this in eq. (3.17) we can write the electrostatic energy for Gaussian charges under
PBCs for spherical summation order as a matrix equation

1
U¢ = 54'Bq,

with

1 -9 2,,2 2
(B)U _ _Z eXp( ™ ||k|| ) COS (27Tk . rzj)

V2 kP
llmij+m]] llri;+nl
, erfc (W) — erfc <\/JQ—7> A
+ LIRS 3.18

B PR
v ﬁai 7.”72 .

3.4.4 Electrostatic Energy on the Torus

In section we have already talked about the periodization of the charge distribution in
order to obtain the corresponding function on the torus T3. The Ewald summation of the
electrostatic energy between Gaussian distributed charges transforms the expressionﬁ

TEPIES o it Ry TR W

nel i,j=1

into an absolutely and rapidly converging sum by choosing an order of summation as dis-
cussed before. This can be interpreted as computing

U¢ = ;/d?’mp Zqﬁx—i—n

nel

where p is the non-periodic charge distribution generated in R® by the Gaussian charges in
the unit cell €2, and ¢ is the potential generated by those charges. The sum can be seen
as the periodization of ¢. However, as we have seen this sum is in general not absolutely
convergent. For Gaussian charges, the periodization is absolutely convergent though (on any
triclinic lattice L), as it is demonstrated in appendix .

For simplicity we will restrict the following discussion again to the case . = Z3. Note
that any sum ), can be rewritten as a sum ), ..,s when substituting n = Am. The
matrix A € R3*3 has the lattice vectors a;, @, and as as its columns.

In section we discussed that PBCs give the unit cell the topology of the torus T3.
This insight can be used to attempt a different derivation of the electrostatic energy. Since
p can be periodized without any problem compared to ¢, a different approach would be to
obtain a potential ¢ defined on the torus by solving the Poisson equation

A¢ = —4np

147G s not strictly the same as in the previous subsection because here we do not specify the order of

summation.
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on the torus, where p is the periodized charge distribution. As mentioned before the Laplace-
Beltrami operator becomes the usual Laplace operator when using appropriate coordinates.
Mamode [90] showed how to construct the fundamental solution of the Laplace equation on
the flat two-dimensional torus. Here we choose a different way because of the particular
simplicity that arises when dealing with Gaussian charges. As it is often done, this partial
differential equation can be transformed into an algebraic equation when switching to Fourier
space. The toroidal Fourier transform is the map [75]

«FT3 . COO — S(ZS)
fl@) = fk)= | dxe " f(x).

TS

S(Z?) is the Schwartz space on Z® consisting of rapidly decaying functions that map from
Z3 — C. A precise definition can be found in the book by Ruzhansky and Turunen [75].
The inverse transformation is then [75]

=3 e

keZ3

The Fourier transform of p corresponding to the Gaussian distributed charges can easily
be computed:

. _lztntr)?
2
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The Laplace equation translates to the following equation in Fourier space

w|k|*o(k) = p(k).

For k = 0 this equation does not specify quﬁ(O), which is a constant Cjy. It only encodes the
charge neutrality requirement since p(0) = [o,d*x p(x). So we obtain

_ N o(k
o(x) = (Z ¢ 7rp||<k|)|2> e

k40

—27r20i2||kH2+i27rk-(w—'r'i)
(zz oo ) Lo

k#0 i=1
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Analogously to the computation in R we compute the electrostatic energy via

U= [ @ pla)ofa)

1 _
=5 | &z p(x)d
2 Jus

1 / © i e
= — T —e 75
2 Jgs — (27r0i2)%
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1 q:4; / 3 292 1 920211 klI2 42k (—1s
i _ dy dBx e o5 e 2 o ||kl +i2mk-(x 7']).
2 Z: (2m0?)? 2 |k

R3 k0

Note that the undetermined constant Cy drops out at the end as a consequence of charge
neutrality. For further computation it is necessary to interchange the integral and the sum
over k. A rigorous treatment of this step can be found in appendix[C] Evaluating the integral
one arrives at

1 - 1 2 2(+2 2 .
U=- S e 2 Ikl (oF o) —izmhe(ry =)

ZZ_qq]Zﬂ-HkHQe J
1,j=1 k#£0

Interestingly, this result is absolutely convergenﬂ without any manipulations like the ones
that appear in the Ewald summation. To the author’s knowledge, it is not clear how this
result can be related to eq. . The discussion in section about defining a surface
P, in real space and taking the limit m — o0 is not transferable to this approach here since
everything is formulated on the torus T*, which is a compact manifold without a boundary.
Thus, a discussion about surface terms and surrounding dielectrics is impossible. The same
computation for point charges is not straightforward because in that case the self-interaction,
which is automatically included when formulating the electrostatic interaction on the torus,
leads to a divergent expression for the energy.

15In appendix [C| it is shown that the lattice sum over a Gaussian function is convergent which can be
used for a comparison test.






Chapter 4

Implementation Detalils

4.1 Truncation of the Ewald Sum

When investigating a system without [PBCy|, the charge equilibration described in section
is straightforward. One constructs the A matrix as stated in eq. and solves eq. (3.6)).
In contrast, if PBCs are applied, it is necessary to approximate the A matrix in eq. ((3.4))
by truncating the real-space and Fourier space sums. For this it is common to introduce
spherical cutoffs 7,., 7x. such that all real-space terms with ||r;; + n| > r,. or Fourier
space terms satisfying ||k|| > rp. are not included. The truncation error propagates to
the computation of the electrostatic energy and forces acting on the atoms. It is not only
dependent on 7, and 7. but also on the Ewald summation parameter 7. From eq.
it is clear that increasing 7 allows smaller values of 1. but requires larger values of r, . in
order to prevent an increase in the error. In section we will discuss a particular scheme
for determining a good choice of 1. But first, we will see 1) as given and decide how to choose
the cutoffs as a function of it.

4.1.1 Estimating the Truncation Error

The problem of choosing the cutoffs of the real-space and Fourier space sums has been
discussed several times. Since this work is strongly related to the work of Ko et al. [14]
who also had to implement a solution to this problem, we mention here that they followed
the approach published by Jackson and Catlow [91]. The idea is to discard all terms in the
sum for which the expression without the charges is smaller in magnitude than a certain
threshold A. Here, A is a dimensionless parameter that specifies the accuracy and rg is a
Characterlstlc length of the lattice. This approach has the advantage that it leads to the
simple formulas [91]

1
Tre =1V —21nA and Tke = 2—\/ —21In A
™

It relies on assumptions like a similar magnitude of the charges and a homogenous dis-
tribution of the charges which may not satisfied in the system of interest. The biggest
disadvantage is, however, that it is not obvious how the accuracy parameter A is related to
physical quantities like the electrostatic energy or forces. Furthermore, it is a pessimistic
estimate since it does not account for canceling contributions caused by alternating signs of
the charges. Also, note that the derivation of this result assumes point charges instead of
Gaussian charges.

43
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This is why in this work we have chosen to use the method presented by Kolafa and
Perram [92] with a minor modification included by Petersen [93]. A very similar method is
presented by Wells and Chaffee [94]. The idea is to derive estimates of the standard deviation
of either the energy that is contributed by an individual charge or alternatively of the force
acting on a charge. It can be derived by assuming that each charge is distributed uniformly in
the simulation box [93]. Depending on the system this can be a crude estimate, so verifying
the error estimate by checking the convergence of the forces for different precision values is
recommended. An advantage compared to method [91] is that it respects the cancellation
effects of the alternating signs of the charges. Originally, this method was derived for a
system of point charges for which the charges are known at the time when the Ewald sum
is evaluated. However, in this work, we make use of Gaussian charges and need to compute
the Ewald sum in order to get an expression of the electrostatic energy as a function of the
charges. A rough estimate for the upper limit of the charges ¢; is ¢uax Which is the largest
value in magnitude of all charges that appear in the training data. This quantity is easy to
determine. Since a good training data set should cover enough configurations such that in a
real-world simulation no extrapolationsﬂ occur, this is a quite robust estimate.

In this work, we define the accuracy of the Ewald sum for charge ¢ as the error

AE - E,trunc - E,exact;

where F; e is the force on charge ¢ resulting from the truncated sum and Fj ey,e is the
one from the complete sum. The standard deviation of this quantity is then written as [91]

1 N
2 _ 2
o*(AF) = ;:1: AF?.

It is argued by [91] that this is often a good error estimate. As already mentioned, we are
going to bound |g;| by Gumax. Thus, we bound all estimates o(AF;) by a single one that is
independent of the index %

or > o(AF;).

This can be divided into the real-space error o, and the Fourier space error opy. For the
Fourier space error we can use directlyf] the result of [92] or [93] and bound it from above
by using ¢ua.x. Following the result of the latter work, which has an additional factor of \/g
one obtains

2¢> N (2mry om)?
Opp = —2= e 2z 4.1
ok n 2rryV (4.1)

where V' is the volume of the unit cell 2. As pointed out in [92], this approximation is only
valid for 271y < % for a cubic unit cell with length L. For a general triclinic cell this

would translate to 2% . < @, where || A||2 is the spectral norm of the matrix consisting
of the column vectors a;.

Considering the real-space contribution, we can show that the error estimate for point
charges is also an upper bound for the error estimate of Gaussian charges, provided n >

!Technically speaking, we say that a is extrapolating, if the configuration it is evaluating is not
contained in the convex hull of the training data set. This is not easy to determine in practice though.

2This follows from the fact that the Ewald summation of Gaussian charges only differs in the real space
part.
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max;; 7Y;;. The force on charge i associated with the real-space part can be written as

J”ng + n[? |73 + |
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where we have introduced

a(r,7i;) = erfe <\/‘L277> - orle (V_QL%J)
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Following the notation of [92], we can write the real-space error as
17‘ {QJ7 ]} ZQJfZ 1]7’)/13

where
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Z T+ nl bl + nll, Or +nl —r.e),
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with 0(z) being the Heaviside function. As in [52] by assuming independently 3d-Gaussian
distributed charge positions beyond the cutoff, we conclude

(AF;,)%) Zq] (g )

4
- Zq?< 3 e s ol )0 + —m)>-
J

Note that the single lattice sum results from the approximation that all charge positions
beyond the cutoff are independent. The expected value inside the sum is of the form (f(7;)).
Since the set of all different states of r; is precisely the unit cell {2 and a uniform distribution
is assumed, the expected value is computed as

)~ [ de @)

Using this one obtains

! 1
<Z me(”TU +n||,vi;)0(||ri; + n|| — Tr,c)>
ij
47
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One can then verify that the last expression can be bound from above by replacing b(r, 7;;)

Witll
a r \/—77 )

provided that n > max;;v;;. With this upper bound one arrives at the real-space error
estimate for point charges as given in [92],

N 7TE,C
O-F,T = 2q12naxw We 2 (42)

By introducing C' = 2%q§m\/§, Sy = \T/%n and s, == 27"\7}%&77 eqs. " and " can be

written as

_g2 2
e °r e %k

and opp=C )
vV 7757“ ok vV nSk

Assuming independence of the real-space and Fourier space error [93] the total error can

be estimated by
op = @/a%ﬂa + 0%7,{.

4.1.2 Choosing n and the Cutoffs

O'Fﬂn :C

If we want the total error to be less than € and in addition similar error contributions in both
real- and Fourier space, there are now different options. For fixed €, one of 1, 7y, 7, can be
chosen freely. Practically, only two of them are interesting to tune. The real-space sum is
a sum over all neighbors inside the cutoff sphere, which is usually implemented by iterating
over a previously constructed neighbor list [73]. In many codes the minimum image|
lconvention (MIC)|is used, which means that the cutoff sphere must be small enough to fit
into the unit cell. Moreover, having only one real-space cutoff enables other performance
improvements like having a single, minimal neighbor list for different operations. On the
other hand, it was shown by [91] that under an optimal choice of 7 the Ewald summation
scales with O(N %) instead of the general quadratic scaling with the number of charges N.
Conceptionally speaking, this can be seen by first observing that the real-space sum scales
quadratically compared to the linear scaling of the Fourier space sum. By tuning 1 one can
shift the number of necessary summands between real- and Fourier space while keeping the
error € bounded. Thus, for truncated sums, one can use 7 to find a compromise between
the quadratic scaling in the real- space and the linear scaling in Fourier space. However,
this discussion does not apply when using the Ewald summation for the charge equilibration
scheme discussed in section [3.2] Here, the Fourier space sum was also expressed in terms of
the charge pairs ¢;, g; in order to formulate the total energy as a matrix equation, leading
to quadratic scaling in Fourier space as well. In the following, we will discuss the two most
interesting methods of choosing 1 and the cutoffs 7., 7.

Performance-Optimised 7

The performance impact of the cutoffs r,., 1y for the Ewald summation can be estimated
straightforwardly. This enables tuning 77 in such a way that the computational effort is
minimized, as we are going to see. Since in this work we implemented the Ewald summation
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into n2p2 [6], which is in general not restricted to the MIC, the cutoffs can be chosen
arbitrarily. This makes optimizing 1 appealing whenever n2p2 is used as a standalone tool
(e.g. training).
First, we start from the equation that arises if one requires the real- and Fourier space

error estimates to be equal,

e s’ N E

N Yok
where s > 0, which can later be interpreted as s, or si. Since the function defined on the
left-hand side is continuous, strictly monotonically decreasing, approaches 400 as s — 0
and 0 as s — 00, it is bijective on s € R.y and we can formally write s = s(n). Now
we need to estimate the total computation time of the Ewald sum. For that, we assume
that the computation of a single summand is a constant 7, or 7, for a real- or Fourier space
contribution, respectively. By further assuming a uniform distribution of charges inside the
cutoff sphere, we can estimate the total computation time aﬂ

(4.3)

2
N 4r o N dr e
TR T T+ —rk@V Tk

3 Vv 3
3
41 3 N? 47 2s
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dr

o = 0, where it is important to remember that s = s(n). One

0 = %% (1 + ﬁ) (4.4)

In order to compute 7 we can use eq. (4.4) in combination with eq. (4.3)). We start with an
initial guess of n and afterwards use eq. (4.3) to determine s. Since the solution to s cannot
be written in terms of elementary functions we use Newton’s method to find s iteratively by

Spil = Sy + 25 1— 868%\/58
mET I \4s? 11 " Vac)”

One has to take care that the starting value sy leads to a positive s;. It is easy to verify
that such a starting value always exists. Using the converged value for s in eq. will
in general lead to a new value of 7. One then repeats the procedure until self-consistency
is achieved. The convergence of this self-consistent cycle has not been shown analytically
in this work. However, it was tested numerically for many different orders of magnitude
of the initial guess of 7 > 0 without any problem. Additionally, for reasonable guesses
one obtained a self-consistent 7 after only a few iterations. The ratio :—’: depends on the

Next, minimization implies
finds the implicit relation

implementation and the underlying hardware. In n2p2 we measured a value of ﬁ on an

Intel Core i7-7700HQ CPU at 2.80 GHz. We call this 7 = 7opt. Note, however, that in favor
of a valid error estimate, we take max;; {nopt,7:;} at the end.
Finally, the cutoffs are computed by

V2s

Tre = \/5773 Tke = .
21

)

3This is just a minor modification of the result in 73} [91].
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Fixating the Real-Space Cutoff

For practical reasons, it is often preferred to set the real-space cutoff independently and
adjust the Ewald parameter and the Fourier space cutoff accordingly. In this case we start
again from eq. 1' and impose op, < \% Introducing C = 242, \/g , this can be written
equivalently as
2

“rre Tre €
e 2n? S £—~ (45)

2 C
Our goal is to find the largest value of 7 such that this condition is still satisfied for given r, .
and € because a larger 1 allows a smaller Fourier space cutoff. Obviously, the left-hand side
is in the interval (0, 1], whereas the right-hand side can, in principle, be any non-negative
number. If it is greater than one, any positive value of 1 satisfies the inequality. This means
that the Fourier space cutoff can be made arbitrarily small by increasing 1 accordingly.
However, in the derivation of the truncation error estimates in [92], several assumptions are
made that will eventually be inaccurate if 1 is chosen too large. For example, it relies on

Tr,c

Jon being large and that the sum Z” k> 0 the Ewald summation can be approximated

by an integral. In order to detect when the approximations become inaccurate, we analyzed
the following approximation appearing in [92]

oo 2 _T'r,c
27r/ dt t12°(t) ~ “Qe V2n
\/%’:] Tre

Tr.c

Numerically we determined that a ratio of e > 1.63 introduces an error of less than

10 %. This bound is then used if eq. does not constrain 7). In most practical use cases,
however, 7., €, ¢max and the particle density of the simulation cell lead to a value smaller
than one on the right-hand side of eq. . In this case, we can determine the largest
possible value of 1 by

Tre

)

Consequently, starting from eq. (4.1)) and imposing a Fourier space truncation error of
\%, Tk is then determined by

1 _emom?  \/men
e 2 =1—,

RV 7nk,c C

Analogously to the discussion of eq. (4.3]), one can argue that 7y . is determined uniquely by
this condition. Again, using Newton’s method, one can compute its value iteratively by

2(Tke)n ew \/7_T577>

(o = )+ gyt (1= o G

4.2 Partial Screening of the Electrostatic Potential

Before we can compute the electrostatic energy we need to determine the charges via the
charge equilibration method. To do so, we need to construct the matrix A = B + diag(J),
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where B is the matrix appearing in the computation of the electrostatic energy U = %qTB q
and diag(J) is a diagonal matrix with the hardness values along the diagonal. In the absence
of PBCs, eq. is used. Otherwise, the matrix B obtained via Ewald summation as given
in eq. is selected with a minor modification: in agreement with the work of Ko et al.
[14] the “tinfoil” boundary condition € — oo is applied, see section m Thus, the term
;1_\7;” -, does not appear in the matrix B.

The matrix A is then used for the charge equilibration by solving eq. for q. After-
wards, the electrostatic energy is computed. However, as we have discussed in section [2.4.3]
for charges separated by a distance less than the symmetry function cutoff r., the interaction
is screened by the screening function defined in eq. . So for periodic systems, U®*

from eq. (2.27)) is computed by
Ueee = TBq -5 Z Z — fsereen(l|Ti5 + n ) wis (|55 + nl])

fscreen ||TZJ + n||)erf ( ‘7\’7;—””) o erf (”?;;:”)

_ Vij
- Z 2 6t ry + nl

nE]L 9]

exp (—27*n*||k[*)
i cos (2rk - r;;
s 2 R Z\/_%n

where w;; is the pair potential between Gaussian charges as given in eq. (3.1)). Note that all
summands with ||7;; + n|| > 7. vanish. For non-periodic systems we obtain a simpler result

elec 1 1
U : - éqTBq B 5 Z [ fscreen(rl])] ul] TU o Z fscreen T” u” (TU)

i,j 1753
4.3 Derivatives

In section . we discussed what a is. For a given configuration 73V it outputs the
potential energy U(®;13N) of the corresponding system. Since this is a C*(R*") function,
provided differentiable activation and symmetry functions are used, one can compute the
force F, = =V, U(©;r*). In contrast to previous chapters, we will now use the conven-
tion that Greek 1nd1ces refer to atoms in order to distinguish them from Latin letters which
refer to vector or matrix components. Thus, the previous expression can be written more
explicitly as
o _8(7(@;‘7'3]\’)'
“ ore,

This relation makes it possible to use a NNP in MD. Furthermore, as mentioned in sec-
tion the forces are analytic and are differentiable with respect to the weights and biases
0, so they can also be used for training the NNP.

In the following, we will give a short overview of the derivatives that are needed for
force calculations and the training procedure. Derivatives that are needed but had already
been implemented in n2p2 at the start of this project are the following: The derivatives of

symmetry functions with respect to atom position, ‘gTGj, the derivatives of the NN output,

4We refer the reader to [6].
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in this case the short-range energy U™ or the electronegativities y;, with respect to the
weights and biases @ﬂ Finally, the derivatives of the NN output with respect to the input
vector components, which does not pose any difficulties due to the simple structure of a NN,
see eq. .

Since the quantities for forces, energies, electronegativities and charges always refer to
the quantities determined by the NNs in this section, there is no need to distinguish them
from reference values by putting a “~” on top of the symbols in comparison to the notation
in chapter 2]

4.3.1 Derivatives for Force Prediction

In this subsection, we are not interested in the derivative with respect to the weights ® or
the hardness J which is independent of 73V, so we will suppress them in the notation and
just write U(r*"). Using egs. (2.27) and (2.29) we can write more explicitly

. d
Fl =

@ dri

d N
Uelec (,’,,3N’ q (X (,',,SN) ’,',,3N)) _ W Z Ughort (,,,,?)N7 qs (X (T'SN) 7,',,3N)) )

a g=1

In order to apply the chain rule correctly one has to be careful with the notation. For
a function f(r*N g(r3")) that is composed with another function g we write the total
derivative ad’

d 1
5/ g(r?) = Tim = [f(r* 4 hegars, g(r*Y + hegasi)) = f(r*, g(r*))]

where e; € R3Y is a Cartesian basis vector with entry 1 at position j. In comparison, we
interpret the partial derivative of f(r3", g(r3")) as

D Fr o) = i [+ e, g(r) — 1 g(r)|

With this, we rewrite the force as

= — :
o ore,

QU G OU dgy i i OU™" 0G|, BU3™" day (4.6)
dgs dri 0G), Ori, " gy dri)’ |

B=1 =1 \j=1

For the non-periodic case, we obtain the following relation

aUelec 7”(2'1 _ ri ) )
8 i = Z . [fscreen(ra(s)uals(rms) + fSCTeen(ral;)uaé (raé)] )

®Those can simply be computed via the backpropagation algorithm [32].

6Mathematicians sometimes speak about a derivative with respect to a slot and the derivative with
respect to a variable. They often use a different notation since the one we are using here is still ambiguous
in some cases.
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where
0 if r <.
/ _ s : T'_Ti,c o
fscreen(r> — 2(re—7i,c) S (ﬂ—m) if Tic <r<re,
0 else

uixﬁ(?“) = ¢aqpv(7,Yap) and
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v(r,vy) == — ¢ 2% — Zer .
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In the periodic case, we compute

aUelec Z Z
87'(21 n Bt Tap
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The term aaquCC is straightforward to compute for both the periodic and non-periodic
case. For non-periodic systems one obtains

aUelec uoc,B (Toeﬁ)
- Z fscreen (Ta,3> -
aQa 575‘1 qOé

whereas under PBCs the result is
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Here, the notation > > s means that if m = 0 then the term = « is not included.
The term :
8U§hort 8_GJB
86% or?,
is the product of the derivative of the NN output with respect to its input, i.e. the symmetry
function and the derivative of the corresponding symmetry function. Since this was already
necessary for the implementation in n2p2, we refer the reader to [6]. Similarly, since gg

Ush
is also an input of the NN computing U Short, 20 is formally a derivative of the NN output

with respect to its input as well.
What is left for the force computation is the derivative &

d = This is unfortunately costly

to compute, since q is determined by solving the linear system of equations in eq. (| and
thus also its derivative needs to be computed by solving

—dqg dxy O0A

AL X %5 (4.7)
dri dri  Or?
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;5 are computed by
oG% or,’

[14], up to the last row and

g’f Zero entrles only along row and column «
aB r%a;:ngda&ﬁ)/aﬁ) lfCK:ﬁ 7£ 5
; =40 < f] if#£0=a.
(8ra) 85

0 else

In the second line on the right-hand side, we have indicated that it is the same expression
as in the line above but the index ¢ is exchanged with .

Looking at eq. , it is clear that for a single force component computation one needs
to solve a linear system of equations of the size N + 1. In practical applications we need all
components of all N forces, which would require solving 3N systems of equations. Fortu-
nately, Ko et al. [14] used a different method for the force computation which reduces the
computational effort a lot. The method was already used in a similar application in [95]
and is related to the work of Handy and Schaefer [96]. It turns out that the force can be
expressed as

i _ou elec ou Ehort (9G] 0A (9x
Fa= or?, ZZ 5GJ 87“’ TR (87“3 or?, ) ’ (48)

where g € RV *! is a vector of Lagrange multipliers that are determined by solving
n grang

_ aUelec 6UShOI‘t
Ap) = — — } 1,....N+1}.
(An); = ——5- 5 Vel N+1}

Since Gyy1 = A the right hand side of this equation is 0 for ¢ = N + 1. Thus eq. (4.8) can
be computed by solving only one linear system of equations.

4.3.2 Additional Derivatives for Neural Network Training

During the training of the NNs further derlvatlves are needed. In particular, during the

training of the charge NNs, one needs to compute 8 J[ -
are obtained straightforwardly from eq. . Thus, one needs to solve
0
A9 _ —e,
OXa

dq )
A = _5[04[,3}Qﬁ vﬁe {]-7"'7N}7
( at][od 8

where e, is the Cartesian basis vector with entry 1 at index a.
Additionally, the derivatives with respect to the weights and biases 8, are necessary for
training. We have now added the subscript x to indicate that we only refer to the weights
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of the NNs that are used for computing electronegativities. Using the backpropagation
algorithm,

aXa 4 aUshort
- an
89;7 0] 00

x[al
can be computed efficiently. This method had already been implemented in n2p2. The
charge derivatives with respect to the weights and biases can then be computed by

dg <~ 9q Ox;p
0 1 G Oxs 00

For the corresponding derivative of the forces, eq. (4.8) would be a possible starting point
to derive an efficient formula. However, this does not work out, since it results in computing

de‘f“ , which is determined by solving again a system of equation of the size (N + 1). For a
U,la]

single update, this would require solving Ny (see eq. - different systems of equations
Furthermore changes after each update. In comparison, when starting from eq.

dp
? dez
one computes

Uile]

deﬂ (4.9)
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J
The forces are only used for optimizing the second type of NNs, so we only need the derivative
with respect to the weights 67, ot It is easy to see that

82 UEhort 82 UEhort
oG ™™ 00
8% 489Y% )

are again straightforward to compute and corresponding methods had already existed in
n2p2 at the beginning of this project. Equation (4.9) still requires to solve ‘Z . In n2p2
only the information of a single force component or potentral energy is used for each update.

Thus, del” needs to be computed for all %lal again anyway after each update. This means

that eq. is unequivocally the better algorithm. Usually one only uses a small fraction
of all available forces as discussed in section [2.4.1] so the number of equation systems that
need to be solved reduces noticeably.

4.4 'Training Procedure

In section we have already given an overview of the training of NNPs. It is divided
into two stages, the charge and the short-range energy training. Since the charges have to
be trained first, we call this part sometimes stage I and the latter one stage 2. It is common
to quantify the length of a particular training in terms of epochs. Usually, an epoch consists
of as many training updates as there are data points in the training data set. A training
update is the process of making a single error minimization step by simultaneously changing
all weights and parameters. In n2p2 this definition is slightly modified: it only counts the
number of force training points that are actually used and if the multistream [EKF] is used
with n streams, then each update effectively uses n training data points. Consequently, a
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more meaningful definition is to define an epoch as the number of selected training data
points divided by the number of streams n |16]. For energies and forces, we stick with the
implemented method which chooses a single training data point for each update. For the
charge update, this turned out unfavorably, so we deviated from this approach as will be
explained in the next subsection.

4.4.1 Charge Training

In principle, the training data consists of a vector of charges q for each structure r3V,
which provides N training data points per structure. Following the notation of section [2.2.2]
the error vector could be defined as the scalar £ = ¢, — ¢,. Assuming that the EKF is a
reasonable approximation, it would then minimize E[(q, — ¢, )?] in the following update with
respect to the weights, biases and hardness of all elements. Although it is not part of the
NN but only appears in the charge equilibration step, the optimization of the charge error
with respect to this quantity works analogously to the weights and biases ®. Minimizing
E[(¢s — §a)?] would mean the NN is trained in a way that optimizes individual charge
prediction. Although this is favorable, the computational costs are comparatively large.
One update step requires solving the equation system in eq. . Despite needing only a
single charge of the structure, we obtain all charges by solving the equation. After updating
©® and J, eq. changes and has to be solved again.
This led to the decision of changing the definition of the error to

N

§= Z (Qa - q~a(®> J))2 (4'10)

a=1

This is certainly a major modification since previously £ was assumed to be at least approx-
imately Gaussian distributed with zero mean. However, the new definition only allows for
non-negative values and is thus far from being symmetric around zero. The only justification
that we can give at the moment are numerical results exhibiting a satisfying decrease of the

empirical error
Nst
1

1 &
o 2 D (e = ) (4.11)
i=1 o

where N® is the number of structures that are contained in the training data set, IV; is the
number of atoms in structure ¢ and g, ;, ¢»,; are the charges of atom « in structure . During
training, we need to ensure that the J,; are non-negative, otherwise the charge equilibration
may not be well-defined, see section . Analogously as done in [14], we express Ji, = jfa]
and optimize 7 during training. The question arises how H is defined when using the error
in eq. ([(.10)). It is clear that H needs to contain the derivatives with respect to © and j.

For notational convenience, we combine them to a single vector

A= (O], 0%,
From the definitions for & and H in the EKF one obtains the relation

= e Sl - a7
5 Z

A=A A=A

_ 9¢5(A)

Hi=="4,
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where A is the best current guess of A. The derivatives on the right-hand side have all been
discussed in section [4.3.2

In summary, a single charge update takes the training data of all charges belonging to
a single structure, which still only needs one charge equilibration and thus improves the
computational performance drastically. It was also taken care of the available selection
modes for the training data in the sense that they are also applicable for the charge training.
Those include random, sorted and threshold selection. Random selection draws a random
training data point that has not been used yet in the current epoch. Sorted selection means
that the training data is sorted at the beginning of each epoch such that data points for
which the prediction error is high are used first for updates. When using threshold selection,
only data points that cause prediction errors higher than a specified threshold are considered.
Among these the order is random.

4.4.2 Energy and Force Training

Energy and force training had already been part of n2p2 before the beginning of this project.
Only a single energy value or force component is selected for each training update. The error
vectors are

E=U—-U and §:B(F;—F;)

The corresponding matrices H are straightforward to compute by using eq. and the
backpropagation algorithm. The parameter ( has been discussed in section [2.4.1] Previously,
forces have been selected independently in the sense that they did not belong to the same
structure in general. From eq. it is clear that this is an expensive decision in 4G, since
for each force belonging to a different structure, the charges have to be computed again. This
is why we have chosen to make small batches of forces belonging to the same structure. The
size of those batches is roughly the number of forces available in the structure, i.e. 3V, times
the percentage of forces that are used. However, we still allow energy updates to interrupt
the consecutive updates of forces of the same batch. A typical updating schedule can thus
look like this
FoFsU—=FoFoU"S"F 5 F.

The only disadvantage of this decision is that forces of the same batch may be correlated
more than the ones from different structures and make the selection not completely random.
Because of the recency effect of the EKF this could lead to an overemphasis in the updates on
the current structure. Nevertheless, forces from the following structures should compensate
for that. Similar to the charge training it was taken care of supporting all selection modes.
Random selection of forces, however, means now that the structures are selected randomly
and afterwards the forces in the small batches are randomized.

4.4.3 Memory and Parallelization Considerations
DA
> o,

has to be done only once for each structure in the training data set and is therefore

One may argue that during training the expensive computation of quantities like A
dg
dri,
negligible when training over hundreds of epochs. Although this is a justified objection, we
point out that, depending on the size of the training data set, storing all these values may

become a memory issue. The largest array is 24 if stored for each pair (cv,7). This can

ors,? -
be improved by observing that we only ever need the product g:}q [14]. This reduces the

and
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memory footprint by a factor of N. A simple estimate of the memory needed for storing all
of these quantities is

8 [N? 4+ 2(3N,N?)] bytes.

Here we have assumed that entries are saved as 64-bit floats. A realistic training data set
may easily contain 5000 structures with 500 atoms each. This would lead to a memory
footprint of around 60 GB. Since there are also other large arrays to store, this definitely
rules out most personal computers and may even become a problem for decent scientific
computers. This is why we are only storing A at the moment but free the memory for the
other quantities after each change of structure.

Another object that has a large memory footprint in n2p2 are neighbor lists. To avoid
redundancy we opted for one neighborlist per atom which contains neighbors up to the cutoff
distance max{rm, .}, where . and 1 are the real-space cutoffs of the symmetry functions
and the Ewald summation, respectively. For performance reasons, these lists are sorted by
distance. Note that for neighbors that are beyond r. but closer than r,., large arrays like
oG,

8r%3 :

Parallelization is an integral part of n2p2. Especially the training routine can be run
with multiple tasks either on distributed- or shared-memory processors by following the
standard. As already explained in section [2.2.2] the multistream EKF can be parallelized
in most parts. Each update is synchronized, but the individual computations for different
training data points happen independently in different MPI tasks. For stage 1 no special
treatment was needed for compatibility with this parallelization method. Stage 2 of the
training is straightforward in most parts too. The only exception is that one should make
sure that the small batches of force updates discussed in section [4.4.2] are aligned. This
means that for each task batches are of the same size as in other tasks and new batches start
at the same update. Otherwise computational time would be lost while other tasks wait for
those tasks which have to compute large arrays (as the one discussed in this subsection) for
new structures.

When deploying the NNP in the prediction mode, parallelization is also available. How-
ever, this part of n2p2 can only be run on multiple threads on shared-memory processors.
This is implemented with the OpenMP API. In this work, we followed this approach and
further parallelized the sorting of all neighborlists, the computation of the matrix A needed
for charge equilibration and the corrections due to screening short-ranged electrostatics. Ad-
ditionally, computing g;? q can also be multithreaded. Force computation had already been
parallelized, but since this procedure was extended noticeably during this project, modifica-
tions had to be made to continue the support of multithreading.

The new implementations in n2p2 have been analyzed in serial execution with the pro-
gramming tools provided by wvalgrind. On Intel CPUs parallel efficiency of the OpenMP
multithreading was investigated with the Intel VTune profiler. Both tools enabled consider-
able improvement of the code’s efficiency.

are not needed.

4.5 Prototyping Interface to LAMMPS

Altough 4G NNPs can be used on its own for some studies [14], the use cases are limited.
This changes when they are used as force fields for MD. As we have already mentioned, NNPs
provide the advantage that they feature an accuracy comparable with ab initio methods but
only for a fraction of the computational costs. This makes them appealing for MD because
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they enable the simulation of longer time intervals. The previous version of n2p2 made it
possible to conduct MD simulations with a 2G NNP by providing an interface to the popular
MD simulation package LAMMPS [18].

LAMMPS is a complex program with over a million lines of code. Its core methods
are optimized thoroughly. In order to implement an interface between n2p2 and LAMMPS,
one has to understand how the computation of forces and time integration is parallelized in
LAMMPS. The simulation cell is partitioned into smaller cells, where each cell is assigned to
an individual MPI task [17] [18]. In general, those cells can be triclinic and of different sizes
to allow for load-balancing. Each task only stores atoms belonging to the corresponding
cell (owned atoms) as well as so-called ghost atoms. Those are atoms that are part of
neighboring cells but have distances smaller than the cutoff of the force field with respect
to the shared boundary. Consequently, each task has its own neighbor lists containing
only owned and ghost atoms. Reassigning atoms to different tasks when they have crossed
boundaries and rebuilding the neighbor lists happens after a certain amount of time steps.
In between those expensive synchronization steps, communication is minimized by only
exchanging information of ghost atoms. This approach to parallelization has been combined
seaminglessly with 2G NNPs in the sense that each task calls the corresponding methods of
n2p2 independently [6]. For a correct force computation, n2p2 only needs the information
of the atom itself and its neighbors inside the cutoff sphere.

Although 4G with its global charge equilibration step offers interesting new capabilities,
it also introduces an inevitable disadvantage regarding parallelization. The forces, which are
needed in each time step, depend on the charges and thus a synchronization of all atoms in
the simulation cell is always necessary. Apart from this downside, an interface making use
of 4G NNPs is nevertheless possible. Under these circumstances, the most efficient imple-
mentation would involve two communication steps per time step via the interface. The first
one exchanges atom positions for electronegativities. Those can then be used to conduct
the global charge equilibration inside LAMMPS. Afterwards, the charges are communicated
to m2p2 again in order to receive the resulting forces. Since this implementation is quite
involved owing to the high complexity of LAMMPS, this approach was decided to be outside
the scope of this WOI‘kEI. As a consequence, we settled with a simpler but also less efficient
solution. In this project, we limited LAMMPS to a single task and let it exchange all atoms
in the simulation cell with a single instance of n2p2. Charge equilibration as well as force
calculation is then done consecutively inside n2p2 and afterwards, the forces are handed
back to LAMMPS. In order to still make use of multiple processors to some extent, OpenMP
parallelization inside n2p2 is utilized to a great extent as explained in section Also,
the communication step between the two programs involving the transfer of atom positions
and forces can be multithreaded with OpenMP. For a system consisting of 384 atoms, this
approach yielded better performance than initially anticipated. An advantage of this inter-
face design is the minimal coupling between both programs. This allows quick prototyping
of any modifications to the NNP and is therefore interesting during development.

"However, there is ongoing work on this solution in cooperation with the Behler group.






Chapter 5

Test Case Liquid Water

In order to test the implementation of a[AG][NNP]in n2p2, we decided to test it by simulating
liquid water by means of [MD| This decision was motivated by the fact that in the Dellago
group intensive investigations about this system had been conducted before. Among other
tools this included the NNP implementation n2p2 [6]. On top of that, liquid water is in
general an interesting benchmarking system because of its anomalies which are non-trivial
to simulate. Additionally, there is a tremendous amount of experimental data, which can be
used for comparison.

5.1 Neural Network Potential Setup

One of the most important decisions when constructing a Behler-Parrinello NNP is the choice
of symmetry functions. Since there are two different kinds of in the 4G approach, one
could in principle use different sets of symmetry functions for the charge and the energy
prediction, respectively. However, there is little motivation in doing so since the requirements
are the same: they should provide detailed information about the local neighborhood. Since
liquid water has already been successfully analyzed with the 2G version of n2p2 [6] and
RuNNer [5], we decided to use the same set of symmetry functions as were used in those
works. Remember that symmetry functions of atoms of the same element only differ by
their chosen reference system, which is typically chosen to be the atom’s position as we have
explained in section [2.4.2] Consequently, we only need to specify the symmetry functions of
different elements. In this work, we have used 16 radial symmetry functions of the type given
in eq. (2.22) for both hydrogen and oxygen, as well as 11 angular symmetry functions (see
eq. for hydrogen and 14 for oxygen. Those were combined with the cutoff function
from eq. (2.25) with a cutoff of . = 6.35 A. The parameter values can be found in table .
In general, if a suitable set of symmetry functions has to be constructed from scratch, [97]
provides a systematic approach.

The architecture of both the charge and the energy NNs consisted of two hidden layers
with N7 = Ny = 25 nodes per layer. The activation functions for both hidden layers were
o = tanh (x) whereas no activation function was applied on the output nod.

'In the definition of a NN in eq. lb an activation function at the output node does not even appear.

29
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5.2 Training Details

For both training stages, we rescaled the symmetry functions. That means that each sym-
metry function G*, was rescaled according to

rNo__ Go — 7[04
GCX A i ’
[a],max = “[a],min

where the average G’fa], maxima Gfa]max

and minima Gi, ., of G}, are taken over all sym-
metry function values in the complete data set corresponding to the same element [a] and
index 1.

In n2p2 it is also possible to normalize energies and forces, which means that internally
custom units are used such that the energy has zero mean and both energy and force standard
deviations are one |16]. However, in this work this feature was not used and a corresponding
normalization of the charges has not been implemented yetﬂ.

The weights for all NN have been initialized by drawing them from a uniform distribution

as discussed in section 2.2.2]

5.2.1 Data Set

Regarding the training data that is necessary for the training, we have used the one that
was initially prepared in [5]. The data set itself is provided at [98]. Actually, it is part of
four distinct data sets, where we have used the one that was computed with using the
[RPBE]functional [99] with D3 [100] corrections. RPBE was chosen over BLYP|because latter
shows reduced water dynamics |5]. The D3 corrections account for the London dispersion
interactions and are essential for reproducing the anomalies of water [5]. The data set consists
of 7241 different structures with varying numbers of atoms, ranging from 16 to 128 water
molecules. Seven different ice phases as well as liquid water are represented in the data set.
Although not documented, the authors have confirmed that the charges are computed by
the Hirshfeld method, see section The charges are given in multiples of the elementary
charge e, whereas the energies are provided in Hartree (E}) and distances in Bohr (ayg).
Consequently, forces are given in Hartree / Bohr.

5.2.2 Charge Training

In 4G the charges are modeled to be Gaussian distributed. This means widths o; = oy; have
to be assigned, see eq. (2.30)). In agreement with [14] we have used the covalent radii of the
respective elements. Using the data provided in [101] we chose

op=031A and oo =0.66A

for hydrogen and oxygen, respectively. The hardness was initialized to Jy = Jo = 18.9/ A,
while the threshold for the truncation of the Ewald summation was set to 0.51 meV /A with
a maximum charge of g, = 0.36 e. The cutoffs were determined after optimizing the Ewald
parameter 7.

2A good normalization scheme of the charges in the sense that it improves the fitting quality of the NN
is non-trivial to construct.
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For the parameters, we mostly followed the suggestion in [16] with one important
difference. We started with a learning rateﬁ of n = 0.005/€? and increased up to a maximum
of Nmax = 0.1/€? during training. With the usually recommended setting of 7., = 1/€* we
encountered convergence issues in the training.

The training was conducted across 24 MPI tasks for 40 epochs. The selection mode of
training data points was random and 10 % of the data set have not been used for training
but for the test set.

5.2.3 Energy and Force Training

The inner and outer cutoff radius of the screening function were set to r;. = 2.54 A and
r. = 6.35 A, respectively, where the latter one should match the symmetry function cutoff.
Parameters concerning the Ewald summation were left unchanged. The force error weight
was configured to 8 = 5.29 A and only around 2.5 % of the available force components have
been considered for the EKF updates. In contrast to the charge training the recommended
parameter settings for the EKF in [16] produced satisfying results, so we adhered to Npax =
1.0/E,* = 1.35 x 1073/eV>. For the energy and force training, we utilized 16 MPI tasks
over a period of again 40 epochs. For each epoch, only training data points that produced
an error of at least 80 % of the [root-mean-square error (RMSE)| of the last epoch were
Consideredﬂ Again, 10 % of the data set have been reserved for the test set. For comparison
we also trained a 2G NNP with the same setup as the 4G one, apart from the 4G-specific
parameters.

5.3 Molecular Dynamics

We constructed a supercell of 128 water molecules with an orthogonal box with lengths

ay = 1758 A, ay, =15.22A, a3 =14.35A,

leading to a density of pp,0 = 997.047 kg/m?, which corresponds to [Standard Mean Ocean|
[Water (SMOW)| at a temperature of 7" = 298.15 K and a pressure of p = 101 325 Pa |102].
This cell was generated by starting from the cell in [103], which is provided by the Materials
Project [104], and was afterwards replicated and rescaled accordingly.

The MD was conducted with LAMMPS under [PBCs Because the force error in the
short-range NN overshadowed the truncation error of the Ewald summation, we relaxed
the accuracy parameter € to 2.6 meV/ A, which increased the performance slightly while
still keeping the truncation error well below the error that is induced by the NN. Again,
the cutoffs were determined after optimizing 7). Using this setup, the initial supercell was
equilibrated in the NVT ensemble at a temperature of T' = 298.15 K for a period of 0.5 ns
with a time step of 1fs. The Nosé-Hoover thermostat was used with a dampening value of
Taamp = 100 fs.

Afterwards, the equilibrated structure was used in the NVE ensemble with the same time
step as before but over a period of 5 ns.

3Note that since we have not normalized the training data, entries of matrices appearing in the EKF
are in general not dimensionless. And since we combine weights (dimensionless) with hardness (dimension
@) updates, different entries of the same matrix can have different dimensions. This also means that the
suggested values for the parameters do not apply here in general.

4Actually, if four consecutively random selected data points are below this threshold, then the one with
the biggest error of those is selected to avoid noticeable performance impacts.
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5.4 Analysis

5.4.1 Electrostatic Properties

For the analysis, we discarded the trajectories from the equilibration phase and afterwards
only used every 100" time step (=100fs). We computed the histograms of the charges of
hydrogen and oxygen as well as the total charge of water molecules. In order to partition all
atoms into water molecules, we started with a random oxygen atom and assigned it the two
closest hydrogen atoms while respecting PBCs. Those atoms were taken from the set and
the scheme was repeated until all molecules had been defined. This method is comparatively
efficient but may fail if effects like ionizations are present. In order to support this method,
we made a visual inspection of this partition at a random time step and checked regularly if
the partition ever changed during the simulation, which did not occur.

Additionally, we were interested in the dipole moment of the water molecules and its
distribution. As it turned out, however, the total charge of the water molecules fluctuated
non-negligibly around the uncharged state as we will see later in section[6.2] A non-vanishing
net charge makes the computation of the dipole moment dependent on the chosen reference
point. This is why we have chosen to compute the dipole moment of each molecule with
respect to its |center of mass (COM)|to make it comparable.

We also tested the method for estimating the truncation error of the Ewald summation
demonstrated in section [4.1} For this, we computed the forces of 10 structures with a
total number of 11520 force components for a variety of different precision parameters ¢ in
conjunction with the optimal value of 1. Comparing the forces to the reference values is of
little interest in this case because the overall precision is dominated at some point by the
error of the short-range force error, when the Ewald precision is increased. So for each € we
computed the differences between all forces and their corresponding values that are obtained
with the smallest used value of €,,;,. From those differences we then computed the standard
deviation and the maximum in magnitude.

5.4.2 Performance

Although the interface to LAMMPS that we have discussed in section [4.5]is just a prototype,
we still tested its (OpenMP) parallel performance. This was done by computing the MD
simulation in the NVT ensemble with the same initial configuration as before for 30 time
steps with varying numbers of OpenMP threads. As a measure of performance, we used
the average number of time steps per second. For several numbers of threads, the same
computation was conducted five times and the average was taken over those results. From
the time steps per second we computed the speedup

nat(N)
ndt(l) ’

where ng;(N) is the average number of time steps per second when utilizing N OpenMP
threads. The test was conducted on two different hardware architectures at the [Viennal
IScientific Cluster (VSC)| one being a node at the VSC-4 with two Intel Xeon Platinum
8174 Processors and the other one being a node at the VSC-5 with two AMD Epyc CPUs
(Milan architecture). For the Intel node we compiled n2p2 with the Intel C++ compiler and
the Intel Math Kernel Library whereas the version for the AMD node was compiled with
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the GNU compiler and linked to the AMD-optimized BLIS, LAPACK and ScaLAPACK
libraries.

Additionally, we also tested the scaling of the computation time in LAMMPS when using
the interface to n2p2 by running MD simulations for different numbers of atoms N; for ten
time steps and comparing the average time 7 = n(;tl that is needed for one time step. For
this, we started with a unit cell of two water molecules and replicated it along all three
dimensions several times. The overall scaling of the interface with the system size becomes
visible for very large systems but for smaller systems algorithms of lower scaling order may
still dominate so we checked the computation time in a range of six to 6000 atoms. An
interesting quantity to look at is the following

log 7(N:)

k(N;) = —5e) (5.1)

N, -
log o

Visually speaking it corresponds to the slope in a double logarithmic plot between consecutive
data points. Assuming that the computational effort of the interface can be described as
a polynomial, k& converges to the degree of this polynomial when N — oco. The interface
consists of many different methods with different scaling behavior. The worst-scaling part
is the charge equilibration, which scales with O(N?), since it requires a linear system of
equations to be solved. However, for small system sizes other computations may dominate
the overall computation time. By measuring k over a range of system sizes N we can identify
when the cubic scaling becomes noticeable. The scaling test was only conducted on the VSC-
4 but for both the 2G and 4G[HDNNDP]in serial as well as parallelized mode, using 16 OpenMP
threads. While the accuracy parameter € of the Ewald truncation method remained the
same as in the MD simulation, the real-space cutoff was now fixed to the symmetry function
cutoff, so r,. = 6.35 A. This was done because the optimal 7 is dependent on the volume
of the simulation cell and thus, the resulting real-space cutoff changes considerably during
the scaling test. This has noticeable performance impact on LAMMPS’ routines and would
distort the scaling results of n2p2’s force calculation.






Chapter 6

Results and Discussion

6.1 Training

In section we explained that we modified the error vector £ of the charge training
in a way that improves computational performance but violates the statistical assumptions
made in the [EKF| noticeably. Nevertheless, we continued with this approach but recorded
the defined in eq. over the training and the test data set. A plot of the
RMSE against the epochs of the training is sometimes called learning curve. For the charge
training, it can be found in fig.[6.1} As we can see, the RMSE of the charges decreases despite
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Figure 6.1: Learning curve of the charge prediction during stage 1 training. The RMSE of
the NN after each epoch is drawn for both the training and the test data set. The RMSE of
epoch 0 has been clipped.

the redefinition of £&. Furthermore, the learning curve falls off monotonically for both the
training and the test data set. Consequently, we have used the weights and biases as well as
the hardness from epoch 40. The corresponding RMSEs are 4.10 x 1072 ¢ and 4.08 x 103 ¢
for the training and the test data set, respectively. To put this into context, these RMSEs
are more than three times smaller than the standard deviation of the hydrogen charges
encountered during an simulation. This will be discussed in more detail in section [6.2]

65
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The fact that the RMSE for the training and the test data set agree closely indicates that
overfitting of the training data does not occur.

Additionally, we visualized the agreement of the individually predicted charges after
epoch 40 with the corresponding reference values. Since the complete data set consists of
over 5 X 10° charge reference values, we restricted the graph to a subset of around 1%
randomly selected pairs (¢q,q). It can be seen in fig. The RMSEs of the individual

[ I I T I T I T

0.2 - training data o

Ll - test data .

0.1 H--- ideal .

O [ /// |

© | L7 |
> —(0.1+ -
—0.2 | . -
—0.3+ L -

03-02-01 0 0.1 02
q (e)

Figure 6.2: Charge agreement between reference charges q and predicted charges q at epoch
40. Note that only randomly selected 1% of all available pairs (g, ) are drawn.

hydrogen or oxygen charge prediction computed over the test data set are 4.15 x 1073 e and
3.96 x 1073 ¢, respectively. From this, we conclude that the charges of oxygen (negatively
charged) and hydrogen (positively charged) are predicted with comparable accuracy. We
also do not notice any accuracy problems with charge values that appear only rarely in the
data set. Again, no signs of overfitting are detected.

The energy and force training can be discussed analogously. The learning curves of both
quantities are shown in fig. In comparison to the charge training the decrease in both
the energy and force prediction error is not monotonous but fluctuates. To understand why
this is not particularly surprising, let us first recall that the EKF was set up in a way that
minimizes the combined error

E miU :T;‘ (U~ ) + Ti—i > (|Fu (i) = B (62 )]%ﬂ

with respect to the weights and biases. Here we have used the same symbols as in eq. .
For each energy update, the covariance matrix P of the EKF does not only take previous
energy errors into account but also incorporates information from force errors. Analogous
holds for the force updates. Thus, each energy or force update may not minimize the pure
force or energy error, respectively, but the combined error of those quantities.

The learning curves of a 2G NNP with the same setup apart from the electrostatic part
is also shown. It converges to a lower RMSE after the same number of epochs regarding
both the forces and energies. Although it was shown in [14] that a 4G NNP can in principle
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Figure 6.3: Learning curves of the energy and force prediction during stage 2 training for
the 4G NNP. For comparison also the learning curve of a corresponding 2G NNP is shown.
Regarding the energy, the RMSE of the NN per atom is plotted, whereas for the forces only
the RMSE is drawn. The values of each epoch are shown for both the training and the test
data set, apart from epoch 0, which has been clipped.

outperform the predecessor in systems that feature long-ranged charge transfer, it can also
degrade the overall predictive performance. We did, however, not test if this qualitative
difference can be removed by changing the set of symmetry functions, NN architecture or
the charge partition method. The latter may have the biggest impact, since as we will discuss
below, the Hirshfeld charges could not describe the molecular dipole moment of liquid water
accurately. But dipole-dipole interactions are long-ranged and since the water molecules can
be considered approximately neutrally charged, they dipole-dipole interaction is the largest
contribution to the electrostatic interaction.

Interestingly, the RMSE of the energy prediction of the 4G NNP computed for the test
data set is about 14 % smaller than the corresponding RMSE for the training data set.
Although we do not know why this is the case, it is not unusual and can also be observed in
other works, e.g. |[16]. One could try to train another NNP on the same data set but with a
different test and training data set splitting. Nevertheless, since the error over the test set
is smaller, overfitting is not indicated.

The NNP was trained in order to conduct an MD simulation afterwards. Consequently,
the accuracy of the force prediction is prioritized. This led to the choice of using weights
and biases from epoch 38, where the RMSE of the forces was the lowest when computed over
the test data set. To be precise, the energy RMSE per atom at this epoch was 6.70 meV
while the RMSE of the forces was 45.7meV /A. Both values refer to the test data set. The
2G NNP achieved its best performance at epoch 40 where the energy RMSE per atom was
1.01 meV and the force RMSE equaled 39.2meV /A. While the energy error is considerably
smaller compared to the 4G NNP, the force error is of similar magnitude.

Again we compared the predicted and reference values of the data set for forces and
energies, which can be seen in fig. [6.4 Regarding the forces, only about 0.3 % randomly
selected pairs (F*, F*) are shown. Both plots indicate a close agreement, even for rarely
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Figure 6.4: Force and energy agreement between reference values U, F  and predicted ones
U, F' at for the 4G NNP at epoch 38 and the 2G NNP at epoch 40 for both the training
and the test data set. Only randomly selected 0.3 % of all force component pairs (F*, F*)
are drawn.

occurring values of energies and forces. Outliers are not visible in the data. While the 4G
and 2G seem to match closely when predicting forces or high energies, their difference seems
to occur in the prediction of structures with comparably low potential energy, though this
regime makes up most of the training data set.

6.2 Electrostatic Properties

The histograms of the hydrogen and oxygen charges as well as water molecule net charges
during an MD simulation are shown in fig. The bin width was set to 1 x 1072 e. The
mean and standard deviation (g, o,) of this distributions are (—0.239¢,0.022 ¢) for oxygen,
(0.119€,0.014 e) for hydrogen and (0.000 e, 0.038 €) for water molecules. The corresponding
normal distributions are also drawn in fig. |6.5] which agree well with the histograms of
oxygen and the water molecules but deviate more noticeably from the histogram of hydrogen.
As mentioned before, the RMSE of the charge prediction is distinctly smaller than the
fluctuations of the charge distributions. More precisely, the fluctuations are more than three
times larger than the RMSE of the hydrogen charge prediction and more than five times
larger than the RMSEs of the charges for oxygen and water moleculesﬂ This makes the
charge prediction of the NN suitable for meaningful charge analysis at only a fraction of the
cost of other methods that first need to compute the electron density before they can assign
atomic charges, see section

In [68] the distribution of oxygen charges in liquid water has been analyzed using three
different charge partition schemes. The averages of all three methods (CHelpG [105], Tter-
ative Hirshfeld, and patural population analysis (NPA)| [106]) lie in the range —1.05€e to

'For the RMSE of the water molecule net charge we have assumed that it can be computed approximately
as the sum of three independently normal distributed errors of the corresponding atoms.
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Figure 6.5: Normalized histograms of the charges of hydrogen, oxygen and water obtained
during an MD simulation. The bin width is 1 x 1073 e. Additionally, normal distributions
with the corresponding mean and standard deviation (see section are drawn.

—0.75e. This discrepancy in our results is, however, a result of the Hirshfeld method that
was used for the training of the NN. Han et al. [6§] discuss that the Hirshfeld method fails
to describe molecular dipoles accurately, which we can verify in this work as well. In fig.
the distribution of the magnitude of the dipole moments of the water molecules is drawn.
It has a mean of ||pp,0|] = 0.693 D with a standard deviation of 0.058 D. Comparing this
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Figure 6.6: Normalized histogram of the magnitude of all water dipole moments py,0. The
bin width is 0.5mD. A normal distribution with the corresponding mean and standard
deviation (see section is also drawn.

with the experimental results of 2.9D at 297.6 K [107] and 2.95D at 300K [108] shows
that the Hirshfeld scheme underestimates the dipole moment of individual water molecules
in liquid water by a factor of four. In [68] the Hirshfeld method is not used for the dipole
moment calculation in liquid water, but they demonstrated that this method underestimates
the dipole moment in various different water clusters of varying size. The computed average
dipole moments are between 0.7 D to 0.8 D, resembling our results in liquid water closely. As
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discussed before, the inaccurate description of the water molecule dipole may be the reason
for the degraded energy prediction when compared to the 2G NNP.

The truncation method for the Ewald summation was tested for multiple values of the
accuracy parameter ¢ in the range of 5.1 x 1071 eV /A to 5.1 x 107" eV /A. The comparison
with the standard deviation o(F* — F! ) of the error and the maximum error is listed in
table [6.1 As explained in section the errors are computed with respect to the forces

Table 6.1: Empirical standard deviation of the differences F' — Fg‘mm for different values of
the accuracy parameter € used in the truncation scheme of the Ewald summation. F gmm are
the forces with respect to the smallest used value of £, which corresponds to the last row.
All quantities with the dimension of a force are given in eV/ A.

5 o(F' = F. ) max{F'—F! } o(F' -F_ ) max{F -F_}/

5.1 1.0 x 107 ¢ 6.0 x 1071 0.020 0.116
51 x 107" 2.2 x 1072 1.2 x 107! 0.042 0.232
51x 1072 4.3 x 1073 2.6 x 1072 0.084 0.505
51x 1072 42x10~* 2.1 x 1073 0.081 0.406
51x107* 3.9x107° 2.3 x 1074 0.076 0.446
51 x107° 4.1 x10°¢ 2.2 x107° 0.080 0.423
51x107%  3.9x1077 2.0 x 1076 0.076 0.387
51x 107" 3.8x10°8 1.8 x 1077 0.074 0.347
51x107% 4.1 x107° 2.5 x 1078 0.080 0.485
51 x 107 4.6 x 1071 2.1 x107? 0.090 0.410
51 x 1071 53 x 107" 2.8 x 10710 0.103 0.540
5.1 x 1071 - - - -

at accuracy €y, = 5.1 x 107" eV/ A For easy comparison, the ratios of those quantities
with respect to € are also given. Clearly, the implemented method makes a pessimistic
estimate about the truncation error, since the actual standard deviation is always smaller
by a factor of at least ten for the liquid water system we have used. This is not particularly
surprising because in the derivation we adapted the original method of [92] by introducing
upper bounds of the truncation error such that we arrive at a formula resembling the original
approach. Even the maximum error for this particular data set is always smaller than the
specified parameter €. From this test we conclude that the chosen accuracy parameter of
e = 2.6meV/ A was quite high in combination with a NNP yielding an overall RMSE of
45.7meV /A in the force prediction. We remark that the results in table 6.1 do not directly
transfer to other materials with different charge distributions because of the assumption that
were made in section [4.1] In the original work of Kolafa and Perram [92] and in the work of
[93] the empirical error agreed very well with the parameter €, but both tested this particular
method only for molten NaC]EL so their results may not directly transfer to liquid water.

6.3 Performance

The speedup of the prototyping interface is shown in fig. [6.7] Ideal speedup would mean

2Kolafa and Perram [92] also investigated truncation errors of diethyl ether, but a different error estimate
was used for this study.
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Figure 6.7: Speedup of the LAMMPS interface simulating 384 atoms as a function of the
number of OpenMP threads. The speedup was tested on the VSC-4 and the VSC-5. The
dashed line indicates linear speedup which corresponds to perfectly sharing the workload on
all threads.

that if we utilize N OpenMP threads, then ng;(N) = Nng(1). In practice, this is rarely
achieved because of additional overhead resulting from forking and joining threads and serial
methods that are part of the code and cannot be parallelizedﬂ We observe that for both
CPU architectures, a reasonable speedup is achieved up to around eight threads. Increasing
the number of threads even further is of little use and may eventually even decrease the
performance because the parallelization overhead becomes more expensive than the gain in
reduced execution time in the parallelized routines. For this interface, the bottleneck for
parallelization is the charge equilibration step. While costly routines such as the symmetry
function evaluation and the force computation are parallelized, the equation system in the
charge equilibration is still running in serial. The number of atoms in the structure dictate
the overall effort that is needed for this routine. In fig. one can also see an artifact caused
by the AMD Epyc Milan architecture of the VSC-5. Namely, the drop in the speedup when
going from eight to twelve threads. This is most likely caused by the fact that this CPU is
grouped into eight core complexes, which are connected by AMD’s Infinity Fabric and each
core complex consists of eight cores. When using more than eight threads, the parallelization
overhead is affected by the slower communication speed between the core complexes. The
speedup does not tell anything about the absolute performance of the interface, however.
The maximum number of time steps were achieved on an AMD CPU with 32 cores, which
completed 14.12 time steps per second compared to a serial performance of 2.70 time steps
per second.

The computational time that is needed per time step is plotted in fig. (left) for
different numbers of atoms. The results are shown for both serial and parallel runs with 2G
and 4G HDNNPs. Since we are interested in the point where the cubic scaling of the charge

3 Actually, superlinear scaling can sometimes be observed but this is highly dependent on the hardware
architecture and is often related to improved cache utilization.
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Figure 6.8: Scaling of the simulation time in LAMMPS using the interface to n2p2 for
different numbers of atoms in the system. The results are shown for 2G and 4G HDNNPs in
combination with both serial and multithreaded execution (using OpenMP parallelization).
On the left-hand side, the average simulation time per time step is plotted, whereas on the
right hand side, the corresponding slopes between consecutive points in the double-log plot
are drawn, which should asymptotically converge to the scaling order k (see eq. ) of the
simulation with respect to the number of atoms.

equilibration becomes visible, we plotted the slopes k of the left diagram on the right hand
side. For up to around 100 atoms, all setups seem to scale linearly with the system size
and the performance of the 2G and 4G NNPs match closely, which indicates that the charge
equilibration is negligible in this regime. This is also in agreement with the small difference
between the parallelized runs since the equation system in the charge equilibration is solved
in serial. For those runs we even notice sublinear scaling up to around 50 atoms when using
16 threads, from which we conclude that computations that are independent of the system
size make up a comparatively large fraction. The serial 4G run is transitioning from linear
to cubic scaling in the range of hundred to thousand atoms. This is a sign that the charge
equilibration starts to make up a non-vanishing fraction of the overall computational effort.
For the parallelized run, this transition happens even slightly faster because many costly
routines are parallelized but, as mentioned before, not the process of solving the equation
system. This is why OpenMP parallelization becomes less efficient for larger systems. The
last two points of the slopes k for the 4G serial run fluctuate noticeably, which may be due to
hardware-specific reasons. In comparison, both 2G runs show that they scale linearly with
the system size everywhere in the tested regime. For 2G NNPs, the most expensive part
to compute are usually the symmetry functions. This calculation scales with the number of
neighbors and since neighbor lists are constructed by LAMMPS via Verlet lists, this part
behaves linearly.

We conclude that the prototyping interface to LAMMPS is usable for system sizes of up
to a few hundred atoms and can make use of around as many cores as are typically found
on decent personal computer hardware. Large-scale systems like scientific clusters cannot be
taken advantage of at the moment because of the limited speedup with an increasing number
of threads and the limitation of shared memory parallelization, which restricts the program
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to be parallelized only on CPUs that are connected to the same memory.
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Chapter 7

Conclusion and Outlook

In this thesis, we started from the recently published work of Ko et al. [14], who introduced
the next generation of the Behler-Parrinello[ HDNNPg The goal was to implement this
approach into n2p2, an efficient, object-oriented C++ program that was initially developed
for 2G HDNNPs to provide | parallelized multistream training of the and a direct
interface to the popular simulation package LAMMPS.

First, we gave a concise introduction to the statistical learning problem and the Kalman
filter in chapter [2| including its variants. We discussed how the (multistream) EKF can be
applied to the training of and why it is the preferred optimization algorithm for NNPs,
although it is rarely found in recent deep learning projects due to its unfavorable scaling with
the size of the NNs. We further elaborated on the theory behind Behler-Parrinello HDNNPs
and formalized the mathematical requirements of the symmetry functions, which lie at the
core of the HDNNPs.

Afterwards, the improvements introduced by 4G HDNNPs were explained. Since those
are obtained by explicitly modeling atomic charges through the help of a charge equilibration
step, we discussed the details of this procedure and its nuances. In particular, we emphasized
the ambiguity of the electrostatic energy that arises when are applied and how this
is handled in the Ewald summation. In this context we made clear that although a unit
cell under PBCs has the topology of a flat torus, this point of view is unsuitable to relate
the ambiguity of the electrostatic energy to different boundary conditions of large but finite
systems.

When implementing the Ewald summation, the necessity for a sophisticated truncation
scheme arose. Starting from one of the existing methods, we modified it to fit into our
application, in which we are using a priori unknown Gaussian distributed charges instead
of specified point charges. When testing this method later with liquid water, the error in
the electrostatic forces stayed well below the threshold and thus provides a reliable way of
choosing the necessary cutoffs in the Ewald summation. However, the actually measured
error was typically one order of magnitude smaller, which indicates that the scheme may
be too pessimistic, whereby computational effort is higher than necessary. For a profound
conclusion, the method still needs to be tested for systems with different charge distributions.

Computational details like memory concerns, parallelization and overall performance
have been discussed in detail for both the training and the prediction mode. While the
interface to LAMMPS was constructed with prototyping concerns in mind, it still seems
to yield reasonable performance and parallel speedup for hardware that is usually found
on personal computers. We showed that although the cubic scaling caused by solving an

5
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equation system is unfavorable, the overall impact of this behavior only becomes noticeable
when going beyond a few hundred atoms.

Finally, we gave a preview of how the predicted atomic charges can be used in MD.
We computed the charge distributions of atoms and molecules and also the dipole moment
distribution of water. Although the dipole moment did not agree with the experimental
values, we could relate this problem to the Hirshfeld charge partition scheme. Since the
NNP learns the charges during the training, there is in principle no problem in changing
the charge partition method. Thus we expect much better results if the same test will be
conducted e.g. with the iterative Hirshfeld method. Correspondingly, it should also improve
the energy and force prediction of the NNP. Furthermore, it was verified that the charge
prediction error is distinctly smaller than the overall charge fluctuations in liquid water
during an MD simulation.

In conclusion, the 4G HDNNP method was successfully implemented into n2p2 and pro-
vides new capabilities like long-range charge transfer, which the previously implemented 2G
version could, by construction, not capture. However, this was not tested in this work since
Ko et al. [14] have demonstrated this already. For systems where this effect does not occur,
4G HDNNPs may cause unnecessary computational overhead and one should resort to 2G or
HDNNPs. If the atomic charge model is inappropriate for modeling the electrostatic in-
teractions of the material, the energy and force prediction error may even increase compared
to the 2G HDNNP. However, for a sophisticated conclusion, further studies of the influence
of the charge partition method are necessary. Regarding the computational performance
aspects, there is now ongoing work together with the Behler group about the development
of a production-ready 4G interface between n2p2 and LAMMPS. This new interface will
handle the charge equilibration inside LAMMPS, which will enable the use of LAMMPS’
inbuilt MPI parallelization. Furthermore, a gradient descent approach will be implemented
for the charge equilibration step, which is expected to improve the computational perfor-
mance for larger systems. We expect that the 4G HDNNPs implementation into n2p2 will
be a valuable tool in future studies of various materials.



Appendix A

Interaction of Gaussian Charges

A.1 Potential Energy of Two Gaussian Charges
Let p; and py be two Gaussian charge distributions of the form

4i —M
pi(@) = ——5e i,
(2mo?)>
with charges q1, g2 and widths o1, 0y centered at 71, 7o, respectively. We are interested in
calculating the integral
U= [ @a [ @y 2@ (A1)
R3 R3 lz -yl
which represents the electrostatic energy associated with p; in the field generated by p
or vice versa. This integral is invariant under a simultaneous translation or rotation of x,
y and 7;. Thus the result can only depend on the distance r;; = ||r; — ;|| and we can
assume without loss of generality 7; = 0. For notational convenience, we will abbreviate
the normalizing constants of p; and py with

i
N; = ——.
(2ma?)?
We can rewrite eq. (A.1]) as
_ly=ral® 1 _l=)?
NN, | d®ye >3 dPrx ———e >t
R3 RS |z -yl

-

TV
=A

Changing to spherical coordinates (ry, 6, ¢.),(ry,0,,¢,) for  and y, respectively, and
choosing the z-axis of & along y the denominator in A can be written as

|z -yl = \/r§—2rxryc0s0z+r§. (A.2)
Further substituting v := cos @, leads to
1
1
du .
1 e = 2rryu Ty

-~

=B

o0 'r‘g

2 T 5.2

A= 27?/ dr, rie *1
0

7
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It follows that
1 Z ifr, <r
B=—(n,+ 7l = Ir, u|>={zy y
TyTy — ity >y
Hence,
Ty 2 2 00 i
A=2r (/ dr, —Tie 207 dr, 2r,e 2"%)
0 Ty Ty
Computing the integrals one arrives at
,erf (r—iT)
A= (2m0,)F — 2 (A.3)
Ty
ly=rall?
(A.4)

Using this we can express eq. (A.1)) as
Il -

U= 2no N N. d3 erf(
(rof) s || 'y et (s
~C

For the integration over y one can choose the z-axis along ry and rewrite ||y — s

analogously to eq. (A.2). By making use of spherlcal coordmates once again and using the

substitutions w := cos 6, and r’ = \f
r%
/ dr’ r'e” ET erf / dw V2@,

C = 471'0%6 203
2% ry and arrive at

Out of convenience we introduce « :=
47T0- Tg & (2L 2 ’ ’
C=—-e 3 / ar' e (&) exf (r') (e —e ")
o 0
4 2 _i %) (o1 270”‘/
= %1 e / ar e (B7) o g (r")
Q@
4 _ 3 QT/ o )?
=— 7ml 22+ / dr' e” (Br+s) erf (1)
Q@
The argument of the exponential outside the integral vanishes when plugging a back in and
the integral can be evaluated by using [109]
o > b
/ dz erf (z) e~ (@t —ﬁerf ( ) :
—0 a a’+1
This leads to
3 3 T
C = (2n)> 72 orf 2 :
T2 2(0% + 03)
Plugging the result back into eq. (A.4) we finally arrive at
U — 142 orf T12 7
2(a1 + 03)

T12
where we have replaced r, with 715 to take the general case without the particular choice

r; = 0 into account.
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A.2 Positivity of the Potential Energy

We will show the positivity of the electrostatic potential between Gaussian distributed
charges. First, we start with the following expression of the electrostatic energy

elec _1 3 3 (w)p(y) 1 3

provided that the integrals do not diverge for p, which is the case for Gaussian distributed
charges. The electric potential ¢ is defined as

3, PY)
o) = [V Tyl

and satisfies A¢ = —4mp. We can rewrite U as

v = o [ @ o@)doe)
T
_ 8;[ [ d' div(ong) - / Pz Vo qu]
1 . 2
—— lim [/aBR(dS-E)¢+ BRd‘”’w IE| ]

In the last step, we replaced the integral ng with limp .« || B, Where Bpr denotes the ball
centered at 0 with radius R. Additionally, we made use of the divergence theorem and
used EE = —V¢@. The second integral is clearly non-negative and is even positive for any
non-vanishing E.

If o F decays fast enough, the first integral vanishes when taking the limit. For Gaussian
distributed charges this is easy to show. Because the integral is over the surface of a ball
with radius R we can simplify dS - E = E"R? dpdf. E" is the radial component of E and
@ and 0 denote the azimuthal and the polar angle, respectively. Since we are considering a
sum of Gaussian distributed charges, we decompose ¢pFE = Zl ; ¢ilu;, where ¢; and E; are
the potential and the field generated by charge . Thus, for finitely many Gaussian charges
it is enough to show that the surface integral over ¢;E7 tends to zero as R goes to infinity.
The potential ¢; of a charge centered at the origin has already appeared in eq. up to
a normalizing constant. If the charge is centered at r; we obtain

[z—]]
erf( N )
[ — 7

oi(x) =qi

By using the spherical coordinates & = (r, 6, ¢) with the z-axis along r;, we can write £ as

E; = _2@ = —q %G_Zf—r — COSQH —erf (Hw _ nH> U 00839 .
or |z — 7] V2o, ) |l®—r

TOo;

Under the condition r > 7, 7; we can find the upper bound

B <
BN = A s R S

; s (r—r)?
frzrons | qig| 2 o rhn L T
J

r—r;
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This upper bound is independent of ¢ and € which makes the integration straightforward.
We find

lim
R—o00

/63 ’ th/@ 1S [6.E7]

i 2 " Rir, . R+,
1 4 R2 ‘ J 205 J J
ZRI—ISO "TR-m [ 02" (R—rj)2+ (R—r;)3

_Zl. 4| | 2 *21?,22_1_1
- irj E 7”732‘6 R

= 0.

NN

We conclude that U > 0 and if E # 0 then U > 0.



Appendix B

Properties of the Flat Torus T°

B.1 Atlas of a Flat Torus

2
For simplicity, we will only show how to construct an atlas for T? = R /72 The concept

can be generalized to T? straightforwardly. A common way to draw the two-dimensional flat
torus can be seen in fig. [B.1]

(0,1) T2

(0,0) (1,0)

Figure B.1: A two-dimensional flat torus. Lines with the same number of arrows are identified
in such a way that the orientation is respected according to the arrows.

One chart that is almost trivial to construct by defining its inverse is

Yt V= (0,1)> —» T?
x — [z].

That this is a homeomorphism between (0, 1) and ;'((0,1)?) is easy to see. Bijectivity
is obvious and continuity follows from the fact that the quotient topology is precisely the
topology on T? that makes the canonical projection p (see eq. (3.7)) continuous. Note that
Y7 is identical to p on (0,1)% and that this argument can also be applied for ;.

This chart already covers most of T2. The points [(0,y)] = [(1,y)] and [(z,0)] = [(z,1)]
are however not included. An illustration of the chart can be seen in fig. [B.2]

Another chart that covers most of the points on T? that 1); did not cover is again defined
by its inverse

A sketch of this map can be seen in fig. [B.3

81
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Figure B.2: Definition of the chart 1, defined by its inverse 1; * : (0,1)? — T2. The dashed
lines bounding the open domains which are colored in gray indicate that this boundary is
not part of the set anymore.

y R?
3 4 (0,1) T?
1 - B ! .
12 byl 2
i S | SRR
4 13
x 1
0 1 (0,0) (1,0)
Figure B.3: Definition of the chart 1, defined by its inverse ;" : (3,3)> — T2 The

numbers in the four quarters indicate where these regions are mapped onto the torus

Combining the charts 1, and )5, the only points that are still not covered on T? are
[(0,3)] = [(1,3)] and [(3,0)] = [(3,1)]. Those can be covered by the charts defined via

D) 2 27

e e (%g) x (0,1) — T?
x — [x],
Yt Vi=(0,1) x (%g) — T?
x — [x].

The charts are C*°-compatible on their respective common domains Uy; = ;' (V) ﬂwj_l (V}).
It can be shown that this set is not connected for ¢ # j but has finitely many connected
components. For (i,7) = (1,2) the connected components and its images under the charts
are drawn in fig.[B.4] The connected components of the images are of the form (a, b) x (¢, d) C
R2, a,b,c,d € R.

Let Ui';» be one of the finitely many connected components of U;;, then we can write more
precisely, for & € @b](Ufj) = (a,b) x (c,d), %’O%'_l(m) =xTtn; = ¢io¢;1 € Coo(lpj(Ui]j'))'
Here m;, € Z? is in general different for every connected component Ui’;. Since for each k
the map ; o %—1 is C* on @/)j(sz;), it is C* on ¢;(U;;). The argument works for all pairs

!Limiting procedures like checking continuity or taking the derivative can be conducted at every point

x € (a,b) x (¢, d) since we can always find an open ball B.(x) s.t. the function & + n, is defined, continuous
and differentiable on this ball.
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Figure B.4: Transition map v, 0, . In the middle the common domain 1; (V1) Ny % (V5)
of the charts 1)1, 1, is drawn. The domain consists of four connected components numbered
from 1 to 4. They are pairwise disjoint. Left and right are the associated images of the
charts on this domain.

(i, ).
Thus, we have constructed an atlas {(¢; ' (V;),1;)} of T2. Since the v; are part of an
atlas they are also diffeomorphisms. The analogous procedure for T? leads to seven charts.

B.2 Geometry

B.2.1 Metric Tensor

3
The metric of T3 = R /73 that is naturally induced from the canonical quotient map intro-

duced in eq. (3.7))

p:R3—>T3
x — [z],

is a flat metric. This means that T? is locally isometric to R® equipped with the Euclidean
metric. We are going to show this by arguing that p is a Riemannian covering map, i.e.
a smooth covering map that is also a local isometry. For this we use theorems which are
mostly found in |74} [110].

Clearly, R® and T?® are both path-connected. Furthermore, for any [x] € T? let U, =
{lyl € T*| y € R®, ||y — x| < €} withe < § be an open connected neighborhood. Its preim-
age p~ ' (U.) clearly consists of connected components U? which are the open balls B.(x+mn;),
n; € Z3. For any y € U!, y + n € U? with i # j, n € Z*. Each of those connected com-
ponents is mapped homeomorphlcallyﬂ onto U by p. This shows that p is a covering map.

Further, notice that p : R3> — T3 is also a diffeomorphism on each U ‘. On U ' C R3
take the chart idy, and choose an open neighborhood U C p(U!) C T? of [x] that is also
contained in the chart 1; which is constructed as demonstrated in appendix [B.1] Then
the map ; o p o ldUg = id on U N p~'(U) which is C>. This can be done for any

point [x] € p(U?) and so p is C*. Similarly one argues for p~' which shows that p is a
diffeomorphism on U’. Thus, p is a smooth covering map.

2Conti~nuity is clear because the quotient topology makes p continuous. Bijectivity is clear since no two
points in U} are separated by n
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Next, since p : R® — T3 and R? is a connected smooth manifold, p is a universal covering
map which also makes it a normal smooth covering.

Let ¢ : R® — R? be a covering automorphism of p which means p o ¢ = p. Those are
exactly the diffeomorphisms for which [¢(x)] = [x]. So ¢(x) = x + n for any n € Z°.
Since the standard Euclidean metric on R? is invariant under translations we can conclude
that there is a unique metric on T? s.t. p is a Riemannian covering. Therefore T? inherits a
flat metric g that makes p a Riemannian coveringﬁ.

Since we conduct any calculations in local coordinates we need to find the coordinate
representation of ¢ in one of the charts 1); presented in appendix [B.1] Since p is a local
isometry it holds that the pullback of g by p is the Euclidean metric

g=29.
For two vectors u,v € Tng this means
(P"9)q(u, ) = Goo (dp(u), dp(v)) = d,(u, v),
where the differential dp : T,R* — T, T? is defined pointwise for any f € C*(RR?) by
(dp(u)) (f) =u(fop).

Let ¢ = (z',2% 2%) be the local coordinates defined by a particular chart 1) acting on
Y~ H(V) C T3. The standard coordinates on R?* are denoted by r!, 7% r% and it holds [110]

xi =r'o.
The partial derivatives around c] € T3, &ﬁ i 0; | are defined as
0
| f= (fou™).
8x or (3

In local coordinates, the metric tensor at point ¢ takes the form
9i5(q) = 94(0il 5, 0il;)
Let 4,0 € T;T3. We can “pushforward” them by ¢ and write
(@) (dp(de(@)), dp(de(0))) = by (d (@), dv(v)).
The chart v in appendix was constructed s.t. p|, = 1=, Using this we see that for any
fec=(T?)
dp(dy(a))(f) = dy(u)(f o p) = ul(f oporp) = u(f).
So we obtain
9a(, 0) = by () (dep(a), d ().
Choosing @ = 9|4, v = 9;; and computing
0
(@A) = iy (fov) = o

one arrives at

(fopoy )= 2
(@) or

. 0 0

9ld) = o (a_r iy O w@)) =%

Thus, for local coordinates in any chart ¢ that satisfies p|,, = 1~ the Euclidean metric
needs to be deployed.

3 Actually, there is a freedom of choosing a metric on T® but by requiring that the quotient map p is a
local isometry the corresponding metric on T3 becomes unique which is a natural choice



B.2. GEOMETRY 85

B.2.2 Laplace-Beltrami Operator in Local Coordinates

On a Riemannian manifold M with metric g and local coordinates (z',. .., z") the Laplace-
Beltrami operator can be written as [74]

1 0 . of
Af = ———19¢"detg =— | .
/ Vdetg 0x? (g g é)a:1>
Here, f € C*(M), detg = det(g;;) and (¢9*) = (g;;) " and the Einstein summation conven-
tion is used. Since the metric tensor field g;; on T? in local coordinates defined by a chart
constructed like in appendix is the Euclidean metric tensor field, the Laplace-Beltrami

operator looks exactly like in R?

3 an
Af:;@xi)Z.






Appendix C

Convergence of Electrostatics on the
Torus

In section we encountered the term

_lz—ry?
/ dSm e 207 § : H;CHQe—27r20J2v||k?||2—‘,-i27rk:~(93—1'j)7
R3 T

k£0

where we would like to change the order of integration and summation. By simplifying the
notation, the question is if one can interchange the summation with the integration of an
expression of the form

Radga: Z fr(x).

k+£0

Using a combination of the monotone and the dominated convergence theorem for Lebesgue
integrals this is a valid operation if one finds a sequence {gx },_, for which [fi(x)| < gx(x)
almost everywhere and both

S oe) and Y [ Pz
k40 k0 Y R
are finite. It can easily be checked that a suitable sequence for that is

lle—r;l
—%—2#20']2|Ik||2

gk(w> =€ ' )

provided the lattice sum ), ., gr(x) converges for all x € R3.
We will show that in general a sum of the form

3 el

nel

is convergent for any £ € R® and a € R.. First, note that it is enough to show that
Y nel e~oI7I? is convergent since

S el oo ST i,

nel nel
In]|>2]|z||

where a’ € Ryp and C' € Rsg. Next, let us introduce a lemma.
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Lemma C.1. Let A € R4, [fdetA # 0, then

Inf(A):= inf |Ax| >0,

xeSI-1CRY
where STt indicates the d — 1-dimensional unit sphere.

Proof. Since S%1 is compact and the map

f: S“PCcRT =R
x — ||Ax|]

is continuous, it follows from the generalized extreme value theorem that the infimum is
attained on S¢°!. More precisely, there exists a ¢ € S?~! such that Inf(A) = || Aq]||. Since
detA # 0, kerA = {0} and thus, ||Aq| > 0. O

Now use the fact that one can write the lattice vectors as m = Am, where m € Z?
and A € R**? is a matrix with the lattice vectors a;, a; and as as its columns. Since those
vectors are linearly independent, the determinant is non-zero. By using the previous lemma,

2

m
Il = Am]? = | A > Tnf (A

for any m # 0. By defining b = alnf(A)? we conclude

00 3 00 3
S el < 7 e imi ( S e—bnz) = (_1 + 226_17”2> < co.
n=0

nel nel n=—o0o

The last step can easily be shown by the integral convergence test.



Appendix D

Neural Network Potential Parameters

D.1 Symmetry Functions

Table D.1: Parameters of the radial symmetry functions G™¢ (left) and the narrow angular
symmetry functions G**&™ (right). In agreement with the units of the used data set, 7 is
given in 1/ay?, while Ry and 7. are given in aq.

Grad Gavs-n.

# Tcenter T n RS Te Tcenter T T/ n A C Te

1 H H 0.001 0.0 12.0 H O H 0010 +1 40 12.0
2 H H 0.010 0.0 12.0 H O H 0010 -1 40 12.0
3 H H 0.030 0.0 12.0 H O H 003 +1 1.0 120
4 H H 0.060 0.0 12.0 H O H 003 -1 10 120
) H H 0.150 1.9 12.0 H O H 0070 +1 1.0 12.0
6 H H 0300 1.9 12.0 H O H 0070 -1 10 12.0
7 H H 0.600 1.9 12.0 H O H 0200 +1 1.0 12.0
8 H H 1.500 1.9 12.0 H O O 0.001 +1 40 12.0
9 H O 0.001 0.0 12.0 H O O 0001 -1 40 12.0
10 H O 0.010 0.0 12.0 H O O 0030 +1 1.0 12.0
11 H O 0.030 0.0 12.0 H O O 0030 -1 1.0 12.0
12 H O 0.060 0.0 12.0 O H H 0010 +1 4.0 12.0
13 H O 0.150 0.9 12.0 O H H 0010 -1 4.0 12.0
14 H O 0.300 0.9 12.0 O H H 0030 +1 1.0 12.0
15 H O 0.600 0.9 12.0 @) H H 003 -1 10 12.0
16 H O 1500 0.9 12.0 @) H H 0070 +1 1.0 120
17 O H 0.001 0.0 12.0 O H H 0070 -1 1.0 12.0
18 O H 0.010 0.0 12.0 @) O H 0001 +1 40 12.0
19 O H 0.030 0.0 12.0 O O H 0001 -1 40 12.0
20 O H 0.060 0.0 12.0 O O H 003 +1 1.0 120
21 O H 0.150 0.9 12.0 ) O H 0030 -1 1.0 120
22 O H 0.300 0.9 12.0 O O O 0.001 +1 40 120
23 O H 0.600 0.9 12.0 O O O 0001 -1 40 120
24 O H 1.500 0.9 12.0 O O O 0030 +1 1.0 12.0

) O O O O

[\)
ot

0.001 0.0 12.0 0.030 —1 1.0 12.0
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APPENDIX D.

NEURAL NETWORK POTENTIAL PARAMETERS

(Continuation) Parameters of the radial symmetry functions G™¢ (left) and the narrow
angular symmetry functions G*"#™ (right). In agreement with the units of the used data
set, 7 is given in 1/ ao?, while Ry and 7, are given in ay.

Grad Gang.n.
# Tcenter T 77 Rs Te Tcenter T T/ 77 A C Te
26 O O 0.010 0.0 12.0
27 O O 0.030 0.0 12.0
28 O O 0.060 0.0 12.0
29 O O 0.150 4.0 12.0
30 O O 0.300 4.0 12.0
31 O O 0.600 4.0 12.0
32 O O 1.500 4.0 12.0




Glossary

2G Second generation of the Behler-Parrinello 1 2} 21], 9

(66} {68}, [701 {72} [73)}, [76]
3G Third generation of the Behler-Parrinello HDNNP 1}, [2] [19]

4G Fourth generation of the Behler-Parrinello HDNNP 2 [19, 61],
[63] [66H68, [71]. [72] [75), [76]

ACSF atom-centered symmetry function
BLYP Becke-Lee-Yang-Parr functional used in

CENT charge equilibration neural network technique
COM center of mass

DFT density functional theory [1} [11} 23]
EKF extended Kalman filter 65,

HDNNP high-dimensional neural network potential 1B [72]
(73} [76} [P1]

MD molecular dynamics i, 1, 2 [T, 5, 29 55, 9} G & m
MIC minimum image convention

ML machine learning [I} [14]
MPI The Message Passing Interface standard used for parallel computing. It does not

require shared memory. [56 [57}, [75] [76]

NN neural network [1H5], [7H14}, 21], [44] [49] 61, [65] [67169] [75} [O1]
NNP neural network potential [T}, [2] 21], [6] [75]
(6

NPA natural population analysis

PBC periodic boundary condition [34], B6H39| [43] [49] [62]
PES potential energy surface

Qeq Charge (q) equilibration

ReLU rectified linear unit, a popular activation function used in

RMSE root-mean-square error 68 [70]
RPBE revised Perdew-Burke-Enzerhof functional used in DFT

SF symmetry function [16],
SGD stochastic gradient descent [5] [0}
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SMOW Standard Mean Ocean Water
VSC Vienna Scientific Cluster [62] [63]
wACSF weighted atom-centered symmetry function
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