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Abstract

This thesis studies three new non-relativistic quantum effects related to space and
time.

First, we determine that quantum theory with complex numbers predicts experimen-
tal results which are impossible in quantum theory with real numbers, as long as our
notions of causality are unchanged. For this, we propose an experiment analogous to a
Bell experiment, but in a more complicated causal network.

Second, we study a quantum particle in a line, and determine that there is a possibil-
ity that it can be observed in a distant region with a higher probability than a classical
particle with the same momentum distribution.

Finally, we characterize all the time translations that can be probabilistically applied

to an unknown quantum system of fixed dimension, and show that it is possible to rewind
qubits with a high probability of success.



Zusammenfassung v

Zusammenfassung

In dieser Doktorarbeit werden drei neue nicht-relativistische Quanteneffekten er-
forscht, die mit Raum und Zeit zusammenhéngen.

Erstens stellen wir fest, dass die experimentellen Vorhersagen der Quantentheorie von
dem Zahlkorper des Hilbertraums abhéangen, solange wir unsere Konzept von Kausalitat
nicht dndern. Dafiir stellen wir ein Experiment vor, dass den Bell-Test zu einem kom-
plexeren Netzwerk verallgemeinert. Dieses Experiment erlaubt es, komplexwertige und
reellwertige Quantentheorie gegeneinander zu testen.

Zweitens untersuchen wir ein Quantenteilchen in einer Dimension. Wir zeigen, dass es
moglich ist, es in einer entfernten Region mit héherer Wahrscheinlichkeit zu beobachten,
als jedes klassische Teilchen mit derselbe Impulswahrscheinlichkeitsverteilung.

Zum Schluss charakterisieren wir alle Zeittranslationen, die probabilistisch auf ein un-
bekanntes Quantensystem mit fester Dimension angewendet werden konnen. Wir zeigen,
dass es moglich ist, Qubits mit hoher Erfolgswahrscheinlichkeit zuriickzuspulen.
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Chapter 1

Introduction

Our notions of space and time changed drastically at the beginning of last century,
in two very different ways. On one hand, from general relativity we get the idea that
space and time stand on equal footing, and that we should instead think of a space-time
Lorentzian manifold. On the other hand, in quantum mechanics we throw away com-
pletely the notion that particles are well-localized, and instead think of their position
as an observable that we can measure. However, there is no good notion of a time ob-
servable which encompasses all time-related measurements. Instead one has to carefully
explain every time what “time” one is talking about: evolution time, time of arrival, a
ticking clock, etc. Thus space and time are not on equal footing at all.

Combining these two (at first glance quite different) viewpoints is quite a tough
challenge, but crucial for quantum gravity. Thus, studying each one independently is also
of great value. In this thesis, we focus on space and time in non-relativistic quantum
physics. We introduce three new quantum effects which deepen our understanding of
their role in this theory.

In Chapter 2 we begin by studying space and time in the most minimal way: with
causal networks. A causal network is a directed acyclic graph which specifies which
parties in an experiment hold causal influence over other parties, as determined by the
finiteness of the speed of light. We study causal networks that go beyond the one needed
for Bell experiments. We determine that in certain causal networks the usual theory of
quantum mechanics predicts experimental outcomes which are not reproducible by real
quantum mechanics.

In Chapter 3 we study the movement of particles accross space in a simplified scenario.
Namely, we look at the probability of observing a one-dimensional system in a distant
region [a,00) C R after we have determined that it originally was localized in region
[0, L] C R\ [a,00). We show that there are quantum systems for which this probability is
greater than for any classical system with the same momentum distribution. This is a new
quantum effect, similar to tunneling, which we call quantum projectiles. We determine
that it is mathematically equivalent to some other effect called quantum backflow, where
a particle with positive momentum is seen to traverse backwards. We give new bounds
on the maximum advantage for such effects.

1



2 1. Introduction

Finally, in Chapter 4 we study evolution time on finite-dimensional quantum systems.
We are mainly interested in the so-called time translations, which are maps taking a
system to another point in its evolution curve. We characterize all the possible time
translations that can be probabilistically implemented in an unknown quantum system
of a fixed dimension. For qubits, we furthermore prove that there are protocols which
implement a “rewinding” with an arbitrarily high probability of success.

1. Content and structure of the thesis

This thesis is made up of four papers, which we have in part reorganized and expanded
without changing the results. Chapter 2 is based on [RTW*21], Chapter 3 on [TLN22],
and Chapter 4 on [TDN20; TDN23].

The goal was to make the reading experience more manageable, and perhaps also
serve as a lighter introduction to these papers, as much as time has allowed me. Some
explanations have been expanded and made more pedagogical, but some other parts
have also been summarized or removed for the sake of exposition, so that one should
also check the original papers for a more complete picture. A comparatively small part
of the thesis is taken verbatim from those papers. If this endeavor proves to be useful to
at least one person, I will be satisfied.

I have tried to make many of the symbols clickable. If you are reading this thesis
online you may notice that you can click on some unhighlighted parts such as the follow-
ing: “goto introduction”. Doing so will usually take you to their definition, or at least
to a part of the thesis where you can read more about it. This is an idea I've taken from
[Mar21], and I think it should be a more widespread practice. It would certainly have
made reading many papers much easier if they had been written this way.

I have also strived to make the thesis readable for a wider audience than the target-
audience of each paper, and more rigorous than usual. However, at some point a line
must be drawn, so I assume that the reader is familiar with functional analysis and
quantum mechanics, and some results are not formulated with full rigor. In the next
section I include a small guide of concepts and notation that I will use throughout the
thesis.

2. Basic definitions and notation

2.1. Functional analysis. Given a vector space V over a field K, we denote by L(V')
the set of K-linear maps from V to V, also called operators. If V is equipped with a
topology, this set may include maps which are not continuous. By GL(V') we denote the
subspace of L(V') consisting on maps which are invertible.

A Hilbert space is always denoted by H or K and, unless explicitely stated, may
have finite or infinite dimension. It is always separable, although most theorems work
for non-separable Hilbert spaces as well. It is always considered to be a vector space over
the complex numbers, except in Chapter 2, where Hilbert spaces over real numbers are
also considered. Elements of a Hilbert space are denoted by ‘“kets” [¢), and elements
of the dual via Riesz theorem by “bras” (¢, so that the scalar product of |¢),|p) is
(W, ) = (¥|g). The scalar product is always linear in the second variable. This is
dubbed the Dirac “bra-ket” notation.
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If H is a Hilbert space, we denote by B(#) the vector space of continuous linear
maps from H to H. The natural topology in this space is given by the operator norm

1Al
A
Il = s TR,

An operator A is of trace-class, A € T(H), if for every orthonormal basis {|i,)} > of
H,

Z (¥n] A |ton)

is well-defined and independent of the choice of basis. In the subspace 7 (#) the natural
norm is the trace norm, defined as ||Al|; := tr(\/ AAT).

We frequently consider unbounded maps. Such operators cannot be defined on all of
‘H but only on a subspace, which we require to be dense in . Whenever H has unbounded
operators, we consider L(#) to be the set of unbounded operators. Note that it is not
a vector space, since the sum of two operators might not have a dense domain. The
subspace where an operator A is defined is called its domain of definition, and denoted by
Dom(A). Equality between unbounded operators A, B means that Dom(A) = Dom(B)
and A|y) = By) for all [¢) € Dom(A).

The adjoint of an operator (A, Dom(A)) is (AT, Dom(A')), where
Dom(A") := {|) € H | (| A is bounded in Dom(A)}

and for all |¢) € Dom(AT), AT|p) is the unique vector |¢') such that (p| A 1)) = (¢'|1))
for all v» € Dom(AT). An operator is Hermitian or self-adjoint, if A = AT,

We avoid the notation A* for either the adjoint or the complex conjugation, in order
to avoid confusion. Instead, we denote complex conjugation with a line, as in Z.

The spectrum of an operator A € L(#) is the set of complex numbers A € C such
that (A — Aly) does not have a continuous inverse. It is denoted by o(A). Self-adjoint
operators have real spectrum.

A recurring Hilbert space that we are going to use is the space of square-integrable
functions of some measure space. It is defined as

L*(X,dy) := {f : X — C measurable ‘ / |f(x)Pdp < oo}.
X

When the measure is understood from context, we omit it. R is always equipped with
the usual topology, and the Borel o-algebra.

The Borel o-algebra of a topological space X is the o-algebra generated by the open
sets of the topology. It is denoted by B(X).

Whenever we have a linear map X : V — W, we can obtain a linear map
X Vi@ - ViaeVeVge@ -V, -Ve - ViaeWeVie---V,
for arbitrary vector spaces V;, which are usually deduced from context, as

Xi=1ly @@y, ,@X®1ly, ® @ 1ly,.
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Given a tensor product of Hilbert spaces H a4 ® H p, the partial trace is a linear map
trp: L(HA®Hp) = L(Ha) = L(HA) @K
LHZH’HA H’HA®‘>)
eeB

where B is an orthonormal basis of Hp, and K is the base field (R or C). This is
only defined for trace-class operators. We also define the partial trace of a vector as
the partial trace on the projection on the subspace generated by said vector. That is,

trp([v) 45) = tra([)Y]).

2.2. Quantum information. We always work in units where i = 1. Certain operators
and states of finite-dimensional Hilbert spaces are special for quantum information, and
have the following notation.

The Pauli matrices are

(01 (0 —i (1 0
92 =11 0) T\ o) T \o —1

Their eigenvectors are respectively denoted by |0),|1) for o, (also called the computa-
tional basis),

0) +[1) 0) —[1)
+) =" |-)i=——
+) 7 =) 7
for 0., and
V2 V2 o
for o,. The Hadamard gate is defined as H |0) = |+), H |1) = |—). The Bell basis is
given by
o) = 100) + [11) o= 100 — [11) . 110) + [01) e 10) — Jo1)
V2 V2o V2o V2

These states in density matrix form are denoted by capital letters, as
Bl AP P el T C P Al U CE P Al U

The SWAP gate is defined as the unitary map in ‘H ® H that performs an exchange or
“swap”. That is, SWAP(|¢)) ® |9)) := |¢) ® [¢).

A Completely Positive Trace-Preserving (CPTP) map, also called a quantum channel,
is a positive map A : T(H) — T(H) such that A ® 1 is also positive for all K, and
tr(A(p)) = tr(p) for all p € T(H).

2.3. Miscellaneous. The natural numbers N do not include 0. The monoid of natural
numbers together with 0 is denoted Nj.

Given a ring R, we denote by M,,(R) the R-algebra of n x n matrices with entries
in R with the usual scalar product, matrix multiplication and addition. If R = C, we
denote by U,, the n x n unitary matrices. If R = R, we denote by O,, the n x n orthogonal
matrices. For R = C, we call GL,, the n x n invertible matrices. Finally, SL,, is the
subspace of GL,, of matrices with determinant 1.

C* is the multiplicative group of complex numbers except 0.
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An alphabet, usually denoted by X, is a set of symbols. Each symbol is called a
letter. A word of length n € N with letters in X is a string of n letters. The empty word
is a word of length 0. The set of words of length n is denoted by ¥". We also denote

n oo
o= T, o= 2
=0 =0

We can also impose some equivalence relation in 3*. The classes of equivalence are called
reduced words. In such a context, we redefine =" to be the set of reduced words with a
representative of length < n.

The algebra of polynomials on n variables is denoted C[x1, ..., 2,,]. Sometimes we have
an involution x acting on 1, ..., x,,. This makes Clz1, ..., z,] a *-algebra defining * on any
polynomial as an anti-linear and multiplicative extension of % acting on the variables.
When this is the case, we denote it by C*[z1,...,2,]. The algebra of noncommutative
polynomials on n variables is denoted C[X7, ..., X},]. That is, non-commutative variables
are denoted by capital letters. This is nothing but formal linear combinations of words
in X1, ..., X,,. In this case, we exclude the empty word. That is, there are no degree zero
monomials. This is because the coefficients are in C, while we are interested in evaluating
the polynomials in different C-algebras.






Chapter 2

Real Quantum Theory

This Chapter has been published as

e M.-O. Renou, D. Trillo, M. Weilenmann, T. P. Le, A. Tavakoli, N. Gisin, A.
Acin, M. Navascués.
“Quantum theory based on real numbers can be experimentally falsified”
Nature 600, 625-629 (2021),

which is Reference [RTW™21], and to which all authors contributed equally.

The paper has been adapted for inclusion in this thesis, as follows. Section 2.2
corresponds to Appendix A of [RTWT21]. Section 3.3 corresponds to Appendix D of
[RTWT21]. Section 4 is the main contribution and corresponds to Appendices E through
H of [RTW*21]. The aforementioned Sections have been adapted to fit into the context
of the thesis. The other Sections of this Chapter introduce some mathematical and
physical preliminaries and contain no original work.

1. Introduction

Since the introduction of the Schrédinger equation, people have wondered why com-
plex numbers appear in our formulation of quantum mechanics. Until that moment, it
seemed that complex numbers were just a computational tool in wave mechanics, and
even Schrodinger himself objected to their use and tried to remove them from the for-
mulation of the theory. Many reasons have since then been given for the necessity of
complex numbers the most common one being the breakdown of tomographic locality
within real quantum mechanics [KM19]. But these are never experimentally checkable,
only of a philosophical nature.

In this Chapter, we show that there is a feasible experiment that falsifies real quantum
mechanics. To do this, we go beyond the usual Bell experiments [Bel64], and propose
an experiment in a non-trivial tripartite causal network. The standard Bell experiment
works as follows: two parties, Alice and Bob, are space-like separated. That is, any
action of Alice is independent of any action of Bob. However, they share a resource.
That is, two systems which in the past were together. This resource can be quantum

7



8 2. Real Quantum Theory

or classical, and there is a difference in the experimental results that Alice and Bob can
obtain depending on the case. Such a scenario is diagrammatized as in Figure 1

(@) (v)

Figure 1. The causal structure of a Bell experiment. Here, Alice and Bob share a com-
mon quantum state 1, and are able to perform measurements according to individual
classical settings x, y, resulting in classical outcomes a, b. The results of an experiment
are conditional probability distributions P(a, b|z,y), also called behaviours. Depending
on whether ¥ is quantum or classical, the set of possible behaviours is different.

It turns out, that in such a scenario it is impossible to experimentally detect a
difference between real and complex quantum mechanics. However, by increasing the
complexity of our causal network, as first introduced by [Fril2] in the setting of quantum
mechanics, we can start detecting more subtle effects. In particular, we identify a simple
scenario for which the predictions of real quantum mechanics are different than those in
complex quantum mechanics, forever settling the debate over which theory we should
consider.

This Chapter is organized as follows. In Section 2 we introduce the mathematical
framework of the standard quantum theory with complex numbers. Then, in Section 3,
we introduce the theory of real quantum mechanics, and prove than in all easy causal
networks it can simulate complex quantum mechanics. Finally, in Section 4 we prove
that, in the bilocality scenario, there is an experiment which gives different results in
real and complex quantum mechanics.

2. Nonrelativistic Quantum Mechanics

2.1. The Hilbert space formulation of Quantum Mechanics. When forced to
produce a set of postulates for QM, people will usually start writing some list of state-
ments resembling the following:

(1) To a physical system A, there corresponds a separable Hilbert space H 4, and a
particular state of A is given by a unit vector ¢ € H 4.

(2) There is an operator H € L(H 4), called the Hamiltonian, such that the state of
a system changes in time as prescribed by the Schrodinger equation i0;) = H.

(3) To a measurable quantity f of the system A, there corresponds a self-adjoint
operator f € L(H4) such that measuring f when A is in state v yields a
probability distribution of outcomes with moments Ey, [f™] = (4| (f)™ |¥).

These postulates form the basis of an operational theory, in which one identifies three
stages to any experiment: a preparation phase, where a particular system is prepared
in a particular state; an evolution phase, where the system exists and evolves in time;
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and a measurement phase, where some property of the system is measured. The three
stated postulates thus provide a mathematical framework in which to model any such
experiment: one need only to find an adecuate Hilbert space and operators to describe
their preparation, evolution and measurement stages.

In this Chapter we will not deal with the dynamical evolution given by Postulate (2).
As it is customary in quantum information, we set H = 0 and evolve a system discretely
if we need to by applying unitaries.

Furthermore, one must include in the list of postulates some compositionality rule.
Since we can only do experiments with small parts of the universe, we need a way to
combine our descriptions of individual systems to get a description of a combined system.
The usual way to do this in QM is the following:

(4) The Hilbert space of a combined system AB is the tensor product of the Hilbert
spaces of system A and system B. That is, Hap = Ha @ HB.
An independent preparation procedure for systems A and B then yields a
tensor product state ¥ ® ¢ € Ha ® Hp.
A local operation on system A is given by an operator of the form f® 1p €

L(Ha® HB).

This Postulate has been the subject of intense discussion. There is an alternative Pos-
tulate where instead of tensor products we consider commutation relations, as follows:

(iv) There is a Hilbert space H 4p for the combined system AB. All operators that
correspond to local operations on system A commute with those that correspond
to local operations on system B.

Until recently, it was not known whether these two postulates gave equivalent pre-
dictions in Bell nonlocality experiments. In [JNVT20], it is finally shown that they give
rise to different theories, and therefore one must choose one.

2.2. The fourth postulate in Algebraic Quantum Field Theory. Many defenders
of Postulate (iv) argue from the point of view of Quantum Field Theory (QFT). Even
though any QFT is by construction (special) relativistic, in this section we argue that
Postulate (4) can still be recovered in some cases, and therefore shouldn’t be immediately
dismissed.

Algebraic Quantum Field Theory (AQFT) is famous for proposing the fact that the
local operations are the ones that commute with each other. More precisely, one of
the possible starting points of AQFT is a correspondence from certain (open, bounded,
contractible) regions of spacetime O in Minkowski space M to algebras of operators
A(O) acting on a single Hilbert space H [Haal2|. This algebra of operators is meant
to represent the operations that an experimenter might be able to perform in spacetime
region O, and is usually taken to be a C*-algebra. The axioms of AQFT are about the
properties of the map O — A(0O), and we need discuss only a few.

(I) A local state in the spacetime region O corresponds to a unital linear functional
¥ A(M) — C such that ¢(xz*) > 0 for all z € A(O).

(IV) Given two space-like separated regions of spactime Q4 and Op, the correspond-
ing operator algebras A(O,4) and A(Op) commute.
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Postulate (IV) is the analogous of Postulate (iv) in AQFT, where furthermore there is a
single universal Hilbert space H on which all local operations act. There are also several
other Postulates about the structure of the correspondence O — A(Q) so that it behaves
as we expect with respect to inclusion of spacetime regions, and so on. For example,
A(O) € A(M), and all algebras have a common unit element 1.

It is sometimes found that Postulate (I) admits states which are too general, and
several axioms to define a set of “physical” states have been tried over time. Of partic-
ular interest is the question: what states can an experimenter prepare? Certainly any
experimenter only has control over a small region of spacetime O4. And in order to
prepare a particular state in O 4 it is not unreasonable to require that some of the region
O 4 has to be shielded against external influences or devoted to experimental apparata.
Therefore, the final state lives in a strictly smaller region O.

Mathematically, we think of a map 7" : A(M) — A(M) that performs this shielding
against external influence. The fact that the experimenter only has access to the local
region O translates to the property that T'(y) = T'(1)y for all y in the commutant of .A(O)
in A(M), which we denote by A(O)’. Indeed, if someone is performing some operation
y in a spacelike separated region of spacetime, then y € A(O)" by Postulate (IV), and
a local shielding 7" should have no effect on y. However, we can allow a global effect
on the common unit element - we say that T' is weakly localized. Under very standard
quantum mechanical assumptions (A(M) = B(H), A(O) is a von Neumann algebra on
‘H, T is normal and positive) it can be proven [Wer87] that weakly localized operations
are precisely the ones that admit the form

T:x+ Z cxe;
for ¢; € A(O), z € B(H).
Therefore, we say that a local state ¢ on O can be prepared in the region Oy
if there exists a weakly localized operation in a region Q4 such that O C O4 and

T(xz) =(x)T(1) for all x € A(O). With these definitions and assumptions, we have the
following;:

Theorem 2.2.1 ([Wer87]). There is a local state on O prepared in the region O 4 if and
only if there exists a type I factor N such that A(O) C N C A(O4).

A von Neumann algebra AV in H is a type I factor, by one of the many equivalent
definitions, if there exists a unitary U : H — H s ®@H p such that N = U*(B(H4)®1p)U.
It therefore follows that, if we have two spacelike separated parties preparing local states
in regions O; and Os, we have by Postulate (IV) and Theorem 2.2.1 that A(O;) C
N C A(O4), and A(O3) C A(O4) € N' € A(O;1). Therefore, there is a unitary
transformation such that

UA(Ol)U* C B(HA) & ]lB, U.A(OQ)U* Cla® B(HB),
and we recover the tensor product structure of Postulate (4).

In general, a correspondence O — A(Q), where A(O) is a von Neumann algebra, is
said to have the split property if, whenever O C O3, there is a type I von Neumann al-
gebra N such that A(O1) C N C Os. This is usually taken as an extra axiom for AQFT,
but can also be recovered from thermodynamic considerations, from energy bounds, and
is satisfied in several well-known models such as free scalar fields, the Dirac field and some
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interacting models in 1+ 1d (see [FR20], and references within). Therefore, even though
there is a difference between Postulates (4) and (iv) in the context of Bell nonlocality, we
conclude that the physical one is Postulate (4) and that (iv) is purely of mathematical
and computational interest. Alternatively, for the more conservative reader, we claim
that Postulate (4) is a good enough approzimation to study the composition of systems,
and therefore causal structures.

2.3. More on the Postulates of Quantum Mechanics.

2.3.1. Projection-Valued Measures. In general, Postulate (3) as stated is not enough to
obtain a probability distribution for the possible outcomes of a measurement [Ex. 3.14;
Siel7]. It is sufficient, however, if there is a finite number of possible outcomes, and this
is all we will look at in this Chapter. Nevertheless, in any situation, there is a canonical
way of choosing such a probability distribution, which is equally -or even more- important
as Postulate (3).

Definition 2.3.1 (PVM). Let ¥ be a o-algebra on a set A. Let H be a Hilbert space. A
Projector-Valued Measure (PVM) on (A, X) with values in B(#) is a map pu : ¥ — B(H)
such that

e For all £ € ¥, u(F) is a projection.
1(0) =0, and p(X) = 4.
For all [¢) € H, and disjoint E; € ¥, p (L2, Ei) [¥) = 22721 u(Ej) [4).
Forall E,F € &, u(ENF) = p(E)u(F).

From a PVM and a state [1)) € H we can extract a proper probability measure on
(A, YD), as
pp - B = (] w(E) [¢) -

So now we just need a way to obtain a PVM from a self-adjoint operator. This is
given by the spectral theorem.

Lemma 2.3.2 (Integration with respect to a PVM). Let pu be a PVM on a measurable
set (A, X) with values on B(H). Let f : A — C be a measurable function. Let

Hyom {10 e 1| [ 17O0Fduy < oo

Then there is a unique operator fA fdp with domain Hy such that

Wl ( / fdu> )= [ S0

Furthermore, Hy is dense in H and fA fdu is self-adjoint whenever f is real-valued.

Theorem 2.3.3 (Spectral theorem). Let A € L(H) be a self-adjoint operator. There is
a unique PVM p? on (o(A), B(c(A))) with values in B(H) such that

/ At = A.
a(A)

Furthermore, for any n € N, we have

/ Adpt = A,
o(A)
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Proof. See, for example, Proposition 10.1 and Theorem 10.4 of [Hall3]. O

Using this, we can rewrite Postulate (3) in an equivalent manner, which is generally
more useful.

(3’) To a measurable quantity f of the system A with possible measurement out-
comes in A C R, corresponds a PVM i/ on (X, B(X)) with values in B(#) such

that the probability measure of the outcomes of the measurement is given by

i,

Indeed, supose we have such a PVM. Then the operator

fi= / Myt
A

is self-adjoint by Lemma 2.3.2. Furthermore, we have that
I 10 = (ol [ 3w 1) = [ 3edud =2 (1),

so that Postulate (3) holds.

On the other hand, if we have a self-adjoint operator f, by the spectral theorem we
have a PVM 1/ defined on its spectrum A, such that

/A ! = 7.

E, (/"] = /A Ardpd, = (] /A xedyd |9) = (W] 7 1)

so Postulate (3’) makes sense. However, Postulates (3) and (3’) are not exactly equivalent,
because if the self-adjoint operator is not bounded, then the proability measure that has
moments (1| j‘n [1) is in general not unique. Postulate (3’) simply gives a prescription
to choose one. However, it is the most natural choice, and therefore we shall work with
Postulate (3).

The spectral theorem has one more important consequence, and it is that it allows
us to define an action of measurable functions on self-adjoint operators:

Therefore,

Definition 2.3.4 (Functional calculus). Let A a self-adjoint operator acting on H, and
f be a measurable function on (c(A),B(c(A))). We define

f(4) = / L, fvant

Note that it coincides with the usual definition of f(A) if f is a polynomial, and thus
already defined.

Remark 2.3.5 (Finite PVMs). In this Chapter we will be concerned only with experi-
ments that have a finite number of outcomes. In this case, all these theorems take on a
much simpler form. Indeed, if there is only a finite set of outcomes A = {1, ..., A\, }, then
we see from the Definition that a PVM is a set {P;}" ; of as many orthogonal projectors
of B(H) as outcomes, and they sum to the identity. Each P; corresponds to p(\;), and
they determine the PVM uniquely. Furthermore, a self-adjoint operator A with a finite
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spectrum A is defined on all of H by Lemma 2.3.2 and we have from the uniqueness in
that same lemma, that

A= / Adpt =" AP
A i=1
Indeed,

WIS NP = 37 A ] p(h) 1) = / Ay
i=1 i=1 A

For the rest of this Chapter, we will only consider measurements with a finite set of
outcomes.

2.3.2. Mixed states. Suppose we have a composite state on two systems, which are space-
like separated. That is, a vector in H4 ® Hp. When we have two parties, Alice and
Bob, performing a measurement, we assume from Postulate (4) that the operator they
are measuring is a self-adjoint map of the form A® B € L(H 4 ® Hp). However, we want
to be able to see things from the point of view of each of the parties. Until Alice meets
with Bob at some point in the future, she only sees a partial probability distribution of
the outcomes she measures (namely, the spectrum of A ® 1 which is the same as o(A4)).
In particular, we consider an outcome of such an experiment as a combined outcome of
Alice and Bob, and thus write

P(a, bz, y) = (Y| A7 @ By [¢)
where {AZ}, are the PVMs associated to A for all z, and {B}}; are the PVMs corre-
sponding to BY for all y.

Since Alice only has access to a partial probability measure, there are many situations
in which we would also like to assign a state to Alice which reproduces this measure as
/1;2. If Alice and Bob obtain the behavior P(a, b|z,y) as a result of a measurement, then
that means that Alice must locally see the partial probability distribution

(1) Palale)= Y Plabley)= Y (A7 © By [y) = (] A7 @ Ly, [v)

beo(BY) beo(BY)

What this means under our postulates is a vector |p) € Hy such that for any PVM
of Alice, we recover the correct behavior P4(a|z) = (p| A%|¢). However, this doesn’t
always exist.

Example 2.3.6. Let |¢) := (]00) + |11))/v/2 € C? ® C2. There is no vector |p) € C?
such that (p| A @) = (| A® 1 |¢) for all projectors A € L(C?).

Indeed, expand |¢) = a|0) + b|1). Then,

(11001 I} = lal® = 5. ol I g} = bl = 3.
However,
2 2
el e = S0 L -t = e - L

And no two complex numbers a, b can satisfy this four equations simultaneously.
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This means that if we want to associate a local state to Alice we have to generalize
the notion of state itself. And there is an easy way to do this. Note from Eq. 1 that

Pa(alz) = tr((A7 @ 13,) [PX).
Therefore, by defining p := trg(|1)?|) we have that
Py(alz) = tr(AZp).
Now, from the rules of probability, we arrive at the usual definition for a state

Definition 2.3.7. A state on a Hilbert space H is a positive operator of trace one. We
denote the set of states as S(H).

Note that since a positive operator satisfies (x| p|x) > 0, the trace is always well-
defined. That is, it doesn’t depend on the choice of orthonormal basis.

The states we have been using until now, vectors in the Hilbert space, correspond
to projectors onto a 1-dimensional subspace: py := |[¢)(1|. These are called pure states,
while a general state is sometimes named a mized state or a density matriz. Pure states
are particularly nice, and it turns out that by enlarging the Hilbert space we are working
with we can think of any mixed state as the restriction of a pure state to a subsystem:

Theorem 2.3.8 (Purification). Let p € S(H). Then, there exists a vector |¢) = H Q@ H
such that p = try (|)Xv]).

Proof. Let {|¢;)}; be an orthonormal basis of H. Since
L=tr(p) = _ (Wil plei),

(2

in particular it must be that (1;| p|¥;) = 0 except at most for a countable number of i,
for which 0 < (¢;] p|1i) < 1. Since

wilpto) = [ Mt O,
a(p)
and o(p) C RT, this means that ,ufbi(E) = 0 for all E C o(p), except for a countable
number of ;. But since uii(E) = (Yi| pP(E) |¢i), we have that {u(E)}pcq(p) is a
countable set of projections. By definition of PVM, the image of each point in o(p) has

to be an projection orthogonal to the others. Therefore, there is a countable number of
points in o(p), and the spectral decomposition of p becomes

(2) p= Z (@il p i) loiX il

)

for some orthonormal basis {|¢;),} of . Let then p; := (pi| p|pi). We define
) == V/pilpi) i) e HOH.

Note that tr(p) = 1 implies that (¢ |¢)) = 1. Finally,
tra(|¥)Xy) = Zpi eaXeil l(spsl0i)|* = Z (@il plei) [pi)pil = p-

J K3
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Note that in particular, we have proven that the spectrum of a state is in [0, 1], so
every state is a bounded operator. That is, S(H) C B(H).

2.3.3. Positive Operator- Valued Measures. Analogously, we may want to consider convex
combinations of measurement operators. For that, the definition given in Definition 2.3.1
is too restricted. In general, one considers

Definition 2.3.9 (POVM). Let X be a o-algebra on a set A. Let H be a Hilbert space.
A Positive Operator-Valued Measure (POVM) on (A, X) with values in B(#) is a map
p X — B(H) such that

e For all F € 3, u(FE) is a positive operator.

e u(0) =0, and u(X) = 1.

e For all ) € H, and disjoint E; € ¥, p (L2, Ei) [v) = 3772, n(Ey) [).

For a finite number of outcomes, a POVM is therefore nothing more than a finite set
of positive operators that add up to the identity.

In a setting where the Hilbert space is fixed, this more general concept is useful,
because the set of PVMs is not convex, but the set of POVMs is. Indeed, consider a set

of POVMs {u;}; on (A,X) with values on B(H). Then is it straightforward to check
that a convex combination

n n
=1 =1

is also POVM. However, a convex combination of PVMs is not necessarily a PVM, since
the sum of projectors doesn’t have to be a projector.

However, in our setting this will never be the case. All of our optimization problems
also optimize over Hilbert spaces, and all of our measures are always defined on a nice
measurable space (a finite set of points where all subsets are measurable). In this case,
we have the following theorem, which we state in only the generality that we need.

Theorem 2.3.10 (Naimark). Let 1 be a POVM over a finite space (X, B(X)) with values
in B(H). There exists a Hilbert space IC, a bounded linear map L : K — H and a PVM
v over (X, B(X)) with values in B(K) such that LTL = 14

w(E) = LTv(E)L
Proof. We construct the PVM explicitely. Let K = H®CX. Note that from the spectral
theorem, we define, for x € X,
v(z) =1y @ |z},

where {|z)}.cx is defined to be an orthonormal basis of CX. Furthermore, let the map

L be defined as
L) =Y V@) lh) @ |z),

zeX

where \/p(z) is defined via the functional calculus 2.3.4. It is quite easy to check that
with these definitions everythings works. Indeed, we have

L'L =Y ) =1y, L)L =pu)
rzeX
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so that LTv(E)L = u(E) follows by linearity. O

And indeed POVMs are usually regarded as Projective Measurements restricted to
a lower dimension. Let u be a POVM, and v be a PVM as given by Naimark’s theorem
2.3.10. Note that if we have an experiment in which we obtain a certain outcome = with
probability P(z) = tr(u(z)p), then from the cyclic property of the trace, we get

P(z) =tr (V(m)LpLT> = tr(v(x)p),

where p:= LpLt € S (K). Therefore, the same probability distribution is obtained with
a PVM on the Hilbert space K, just by changing the state.

2.3.4. Integrals of states. Suppose we have a black box generating quantum states py €
S(H) according to some probability measure d Py () on a probability space (A, X, Py).
This is a quite important situation in Quantum Information Theory that we need to
describe in the framework that we have introduced. In particular, the output of said
black box must be described by a state in S(H). In order to get a correct description
we expect from the usual laws of probability, for any measurement {A4,}, we perform,
to obtain the distribution of outcomes

(3) P(a) = /A P(a, N PA(\) = /A tr(Agpr)dPa(N).

If the probability measure P, is discrete and finitely supported, we can further sim-
plify

N N
/Atr(Aap)\)d Pa(A) = tr(Aapr)Pa(A) = tr (Aa (Z p,\PA()\)> ) .
A=1 A=1

Therefore, defining the new operator

N
pi=> paPa()),
A=1

which clearly belongs to S(H), we would obtain a correct description of the system.
Similarly, when P, is continuous, we expect to obtain a state of the form

(4) pZ/Ap,\dPA()\)

to describe the black-box system. We can always do this, if the map A\ — p) is sufficiently
well-behaved. We need some sort of measurability property in order to ensure that the
integral of Equation (3) is well-defined no matter what measurement we decide to do.
However, it turns out that the weakest notion of measurability A — tr{Apy)} being
measurable and the integrals that we get out of that, coincide in the space of trace-class
operators over a separable Hilbert space with the notion of strong measurability and
Bochner integrability. Therefore, we may think of Equation (4) as a Bochner integral
without any loss of generality.

Of particular importance will be the fact that all continuous (with respect to the

topology of the trace-class operators) linear operators commute with the Bochner inte-
gral. This includes the trace and the partial trace.
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2.4. Other formulations of Quantum Mechanics. In Postulate (1) of the Hilbert
space formulation of QM, we associate a Hilbert space to each independent physical
system. A Hilbert space is usually a complex vector space, and QM makes no exception
to this. Furthermore, the evolution equation given in (2) makes explicit the imaginary
unit, and thus the use of complex numbers. Used to the role of complex numbers in
physics being purely computational, many people tried to formulate QM in a way that
avoids their use. This is, of course, possible. After all, one can rewrite complex numbers
as a pair of real numbers and call it a day. What is not so easy is, as we will see, to do
this while maintaining the locality structure given by Postulate (4).

There are a few other descriptions of quantum mechanics. One particularly helpful
one, which we will use in Chapter 3, is that of Wigner quasiprobability distributions.
In this approach the role of the usual quantum-mechanical amplitudes [¢) is played by
Wigner functions, which are real-valued functions on the phase space of the system. In
this case the composition of several systems also becomes complicated. There exist other
quasiprobability distributions, which are less frequently used.

There are other formulations such as Bohmian mechanics or the path-integral for-
mulation, which continue to use complex numbers, and therefore are not relevant for us
in this Chapter.

Some other attemps to formulate quantum theory with real numbers are again not
compatible with Postulate (4) [Stu60; ABW13].

3. Real Quantum Mechanics

What we call Real Quantum Mechanics (RQM) is not just a rewriting of QM where
we hide the complex numbers under the rug at the cost of giving up some physical aspect
of the theory, as it happens with the descriptions given in Sections 7?7 through ?7. Each
of those are of independent interest, but the complex numbers mostly remain hidden in
their formulations.

For us, RQM consists simply in taking the framework of QM given by Postulates
(1)-(4) and imposing that all the mathematical objects are based on the field of real
numbers, other than the field of complex numbers.

3.1. The Postulates of Real Quantum Mechanics. The theory we call RQM is
therefore one satisfying the following Postulates:

(Ig) To a physical system A, there corresponds a real separable Hilbert space H 4,
and a particular state of A is given by a unit vector ¢ € H 4.

(3r) To a measurable quantity f of the system A, there corresponds a self-adjoint
operator f € L(H4) such that measuring f yields a probability distribution of
outcomes with moments E4 [f?] = (1] (f)™ [4).

(4r) The Hilbert space of a combined system AB is the tensor product of the Hilbert
spaces of system A and system B. That is, Hap = Ha @ HB.
An independent preparation procedure for systems A and B then yields a
tensor product state v ® ¢ € Hg ® Hp.
A local operation on system A is given by an operator of the form }@ 1p €
L(Ha ® HpB).
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At first sight it may seem that only Postulate (1) is different from Postulate (1),
but the change of a complex Hilbert space to a real Hilbert space changes all operators
to be R-linear (rather than C-linear), and the tensor product to be over the field of real
numbers rather than over the field of complex numbers.

The theory of Section 2.3 remains unchanged. From Postulate (3r) we can also
get measurement operators, since the spectral theorem 2.3.3 also holds for self-adjoint
operators on a real Hilbert space [Remark 20.18; MV97]. In particular, we may also
formulate Postulate (3r) in the equivalent way

(3g) To a measurable quantity f of the system A with possible measurement out-
comes in A C R, corresponds a PVM u/ on (X, B(X)) with values in B(#) such

that the probability measure of the outcomes of the measurement is given by
f

Hap-

Therefore, for any measurement with a finite number of outcomes, we have a corre-
sponding number of projections onto closed subspaces of the real Hilbert space H. One
also speaks of POVMs and mixed states. Note that the Purification theorem 2.3.8 holds
for real Hilbert spaces, as nothing in the proof requires complex numbers. Naimark’s
theorem 2.3.10 also holds for real spaces since in the proof one can use as K = H @ RX
and everything works the same way. Therefore we can usually restrict ourselves to PVMs
as well.

However, the locality structure given by the tensor product over R is quite different
from the one given by the tensor product over C, and is this what results in different
predictions. Let us illustrate this with a simple example.

Suppose that there are two parties, Alice and Bob, that share a quantum state. A
bipartite state p € S(Ha ® Hp) is called separable if it can be written as a convex
combination of product states. If a state is not separable, then it is said to be entangled.
Entangled states are very important for quantum foundations [EPR35], and therefore
separable states form an important class of states to study. However, note that the
notion of separability depends on whether we consider QM or RQM.

Indeed, consider the eigenvectors |i), |—i) of oy.
Example 3.1.1 ([CFR00]). The state

|2Xe] ® [ie] + [—iX—i| ® [—i)(—i
(5) p = 5
is separable as a state in QM but it is not separable as a state in RQM.

Proof. Note that

1 i —i 1 A | 1 00 -1
R A S R S S S A (U o (L B
gli 1 1 —i|"8|-i 1 1 i 410 11 0}
-1 i i 1 -1 —i —i 1 100 1

so0 it is both a state in QM as well as in RQM. It is by construction separable. However, it
not real-separable. Indeed, suppose we could write it as a convex combination of product
states

n n
p=> XNoi®pi, XNi>0,> N\i=1,04p €SR.

=1 i=1
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Then, we would have

n n
pTA = Z/\iaiT®pi = Z)"Ui & pi = p.
i=1 i=1

However, since (|i)i|)” = |—i)X—i|, we have
1 0 0 1
1 N o o N 1j0 1 -1 0
pha = ==t @i + i @ [=il=i) = [ ;1 |
1 0 0 1

0

Note that the fact that we had a convex combination (instead of a usual linear
combination) did not play any role in the proof. Indeed, with the same argument we can
conclude that we cannot decompose p as an R-linear combination of real product states.
This is usually one of the main arguments previously used against RQM as a physical
theory. However, this cannot really be experimentally tested.

3.2. Simulation of QM in RQM in the Bell scenario. We want some argument
against RQM which can be detected experimentally. In Quantum Information, the ex-
perimentally available data consists on probability distributions of obtaining certain out-
comes given a certain measurement. Thus, if we can recover a probability distribution
obtained in an experiment using only RQM, we say that we have simulated QM with
RQM.

Consider the causal structure depicted in Figure 2.

Figure 2. The causal structure of a multipartite Bell experiment. Here, n parties
share a common quantum state 1 and are able to perform measurements according to
individual classical settings x;, resulting in classical outcomes a;. We call this the Bell

scenarto.

It was first proven in [PVO08| that one can maximally violate any bipartite Bell in-
equality in RQM. In [MMGO09] the authors further show that this is true of all Bell
experiments in the causal structures of Figure 2. We say that RQM can simulate QM in
these causal structures.

In order to prove that this is true we need two things. The first one is to give a
prescription that sends each party’s complex measurement operators to real measurement
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operators. The second one is a way to turn complex states into real states. The first one
is easy to do, for consider the matrix

0 -1
e (05
This matrix satisfies JI = J7 = —J, J? = —15 and JJ' = 15 and is therefore a good
candidate for the imaginary unit . Indeed, if we substitute all imaginary units with J

we get a well-known representation of the complex numbers. For matrices, this takes the
following form:

Definition 3.2.1. For all n € N and A € M,,(C), denote by Re[A], Im[A] the entry-wise
real and imaginary parts of A, respectively. Note that this depends on the chosen basis.
Then, we define the R-linear map

f*: M, (C) — Mg, (R)
A+— Re[A] ® 12 + Im[A] ® J.
This map satisfies all the properties that we want for a proper simulation:
Lemma 3.2.2. For all A, B € M, (C), we have
f (AN = A"
[*(AB) = f*(A)f*(B).

f* is a positive map.

L o~

f*(Uy) C Ogy,. The image of a projective measurement is a projective measure-
ment. The image of a POVM is a POVM.

5. tr(f*(A)f*(B)) = 2Re[tr(AB)].
Proof. 1. Indeed, since taking an adjoint is the same a taking a transpose and complex
conjugating, we have Re[AT] = Re[A”] = Re[4]" and Im[A] = —Im[AT] = —Im[A]”.

Therefore,
(A7) = Re[AT) ® 19 + Im[AT] @ JT = f*(A)T.

2. Since we can write A = Re[A] + iIm[A], we have that Re[AB] = Re[A]Re[B] —
Im[A]Im[B] and Im[AB] = Im[A]|Re[B] + Re[A|Im[B]. Therefore,

[ (A)f*(B) = (Re[A]Re[B]—Im[A]Im[B])®1o+(Im[A]Re[B]4+Re[A]Im[B])®J = f*(AB).
3. Note that a matrix is positive semidefinite if and only if it can be written as
A = BB for some matrix B. Therefore, if A > 0, then f*(4) = f*(B)f*(B)" > 0.
4. Since f*(1,,) = lgy,, every claim follows from 1., 2., 3. and the linearity of f*.
5. Since tr(J) = 0, we have

tr(f*(A)f*(B)) = tr(f*(AB)) = 2tr(Re[AB]) = 2Re[tr(AB)].
O
So this works exactly as we want to, except for property 4., which introduces an

extra factor of 2 in the trace. This is an artifact of having to double the dimension of
the system, and is the reason why we need a different map for states. Now, suppose that



3. Real Quantum Mechanics 21

we are doing an experiment with a single system in a single laboratory. That is, we are
in the trivial causal structure given by Figure 3

®

Figure 3. The trivial causal structure of a single party quantum experiment.

In this case, simulating an experiment just means reproducing the statistics P(a|x) :=
tr(Aqp), where, in the biggest possible generality, p is a density matrix and A, a POVM
element. This is now quite simple to realize in RQM since, by Lemma 3.2.2 we have that
P(a|z) = tr(f*(Aa)f*(p))/2. Since f*(A,) is also a POVM element, our correspondence
then works by sending states p — f*(p)/2. Indeed, we know that positive operators are
sent to positive operators, so we only need to correct the trace for everything to work
out.

However, in the usual multipartite Bell scenario this simple strategy doesn’t work,
because our encoding of the quantum state includes a Hilbert space on which all parties
are acting - the one used . This can be corrected by changing our encoding of the state
in a way that respects the causality structure. The way to do this is to introduce a new
rebit for each party via the following states:

Definition 3.2.3. Let n € N, y = y1..yn € {0,1}", h(y) := >, yi. We define the
following n-qubit states

\/7 Z h(y) \/7 Z h(u) ! .

Jeven y)odd

These states have the nice property that we can act locally with J on any subsystem
and the result is independent on which subsystem we have acted on. More precisely, we
have that

Lemma 3.2.4. For alli € {1,...,n}, we have
Til0n) = [Tn), JilTn) = =[0n).
Proof. Note that J|0) =|1) and J|1) = —|0), and let
0 1
(0

For any y € {0,1}" one has that J;|y) = (—1)¥'K;|y). Let ¥ € {0,1}" be such that
|y) = K; |y). That is, 7 is obtained from y by negating the i-th component of y. We have
that h(y) = h(y) + (—1)¥%, and each y with an even number of ones corresponds exactly
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to one  with an odd number of ones. Therefore,

S DT = Y (T Ep = Y ()T ),

h(y)even h(y)even h(y)odd

from which the first claim follows. The second claim is analogous. O

We are now able to define the encoding of our states. It is easier to first define the
enconding on vectors, rather than density matrices:

Definition 3.2.5. We define an enconding on states ) € C" =C™ ® --- @ C™" as
fi:C" R = (R™M QR*) ® - @ (R™ @ R?)

m

) = (g +iby) |z) — S | ax|7) [0n) + b |2) |Tn)

i = 5 [Re[l4)] ® [0, + Im[[}] @ [T,)]

where {|x)}" ; is some previously fixed orthonormal basis of C™, n is the number of
parties in the Bell scenario and S is the linear map performing the system permutation

S:R"@ - -R"m@R’® - ®R?> - (R™M ®R?) ® - @ (R™ @ R?).
The idea is that we will send each of the qubits forming the ancillary systems of
‘6n> and ‘Tn> to each party. Therefore, each party receives a real state of double the
dimension, which corresponds to the dimension of their encoded measurement operators

f*, and thus can act with them. This strategy works as intended, obtaining the correct
probabilities:

Proposition 3.2.6. For all A € M,,,(C), |¥),|¢) € C™ & --- @ C™", with respect to a
product basis,

1 fo(Ai[9)) = 5 (A) (1Y)
2. fole)” full)) = Re[(|¥)].

Proof. 1. Since we have a product basis, we have that taking real and imaginary parts
commutes with extending the operator A from acting on subsystem i to acting on the
global system. Furthermore, note that

A; ) = Re[A]Rell)] — Tm[A]Tm{[i9)] + i (Im[A]Re[[u#] -+ Re[A],Tm[[)]),
and thus,
ST (A [0)] = (RelA],Rell)] — Tm[A],Im([)]) @ [01,)
+ (I A Rell)] + Re[A],Im[J))|T.).
On the other hand, using Lemma 3.2.4, we obtain
STH (A ful9))] = Re[A]; ® (L2); + Im[A]; © J3)(Re[[¢))] © [0,) + Im(|v)] @ [1)
= (Re[A],Re[|v)] — Im[A],Im[4)]) ® [0,
+ (Im[A];Re[|))] + Re[A];Im[|)]) 1)
= ST S (Ai )],

2. follows from a similar computation. O
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Therefore, if we have a mixed state to begin with, we can encode it by linearity as

)l = fe(l9)el) := fullo) fo ()"

Using f* to encode the measurements and f, to encode the states we can perfectly
simulate any Bell experiment in the causal network given in Figure 2. Indeed, any such
experiment has as outcome a probability distribution of the form

P(ay,...,aplx1, ...izpn) = tr(A7' @ - @ Ap"p).
On the other hand, from Proposition 3.2.6, we deduce that
(AT @ o @ [H(AZ) fu(p) = Reltr(AT @ -+ & AZ"p)].
Since probabilities are real numbers, both expressions are the same.

Remark 3.2.7. If n = 1 we can recover the encoding of states used in the trivial causal
structure of Figure 3. Indeed,

n

[W)Y| = Z [(azay + bzby) + i(bzay — azby)] |x)yl,

z,y=1

and therefore

n

SN = 3 D (aaty + biby) [2)] @ Bz + (bucty — ey 2)] @ .

z,y=1

However, we have

Fe()0) = Y 12}yl © (azay [0)0] + by [1XL] + by [1X0] + azby [0)1]).

z,y=1

It is, it seems, a different encoding. On the other hand, consider the state i|¢) =
Yot (=bg +iag) |z). Since it only differs by a phase from 4, all the statistics must also
coincide, and thus, we may also try simulating this state, as

(i [0l (=) = Y )yl © (boby 0X0] + azay [1)X1] = byay 01| — azby [1X0]).

z,y=1

From here, we obtain

ST (NN = 5 £-00X1) + 5 £ G I9KY] (1)) = £((1 +)/VE Xl (1 - /)

That is, there is a phase for which both simulations coincide. Indeed, the map f, is only
defined on density matrices up to a phase

3.3. Simulation of QM in RQM in the PBR scenario. Consider the causal net-
work depicted in Figure 4. In a sense, it is the dual of a Bell scenario. Instead of
many parties performing independent measurements on a single quantum state, we have
a single party performing a measurement on many independent quantum states.
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Figure 4. The causal structure dual to that of Figure 2. Here, a single party performs
a measurement on n independent quantum states, which are prepared according to
some classical settings z;, obtaining outcome a. We call this the PBR scenario.

Although it seems as simple as the trivial causal structure given in Figure 3, the
restriction on the state to be a product of many states has some interesting consequences,
as shown in [PBR12]. Now we show that all experiments in the PBR scenario are
reproducible in RQM, by giving another simulation, as in Section 3.2.

We have that any experiment performed on the PBR scenario outputs a behavior of
the form

In order to simulate this result on real Hilbert spaces, we again need an encoding for the
measurement operators, and one for the states. We will now provide a simulation which
is drastically different from that of Section 3.2.

Suppose that party ¢ has m; possible preparation settings {1,...,m;}. Then, we

associate to pfmi an element of an orthonormal basis {|x]>};?:1 of R™i. That is, we

encode p;’ as g.«(p;") := |z;)z;]. These are clearly trace 1 positive operators, and are
thus valid states.

On the other hand, we can now encode A, as

Ag = g5 (Ag) = Z P(alzy,...;zpn) X1, ooy Zp XT1, vy Ty |

T1;ee9Tn

Since this is a diagonal matrix with positive entries, it is positive. On the other hand,
since P(a|z1, ..., x,) is a conditional probability distribution, we have that

Z 9" (4a) = Irmg..gR™n,
a

and thus {g*(4,)} are a POVM, and therefore a valid measurement.

Finally, by construction we have that

P(alzy, ... zn) = tr(g" (Aa)(g«(p1") @ - @ g« (pp")))-

4. The SWAP scenario

Consider now the causal network depicted in Figure 5. This is the next simplest
causal network after the ones studied in Sections 3.2 and 3.3.
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o= —e—(

Figure 5. A causal network for a bilocality experiment

Since it is not a Bell scenario, the validity of the simulation strategy we saw in
Section 3.2 is not ensured. The main problem is Bob’s measurement operators. He is
acting on two Hilbert spaces, so according to the prescription given in Section 3.2, he
would receive two extra rebits used to encode the real and imaginary degrees of freedom,
so we cannot just double the dimension of his measurements via f*, since then there
would be a dimension mismatch.

An obvious candidate would be to decompose each of Bob’s measurements B =
S, B} @ B? and apply f* ® f*. However,

Proposition 4.0.1 (cf. Lemma 3.2.2). The map f* is not 2-positive. In particular,
*® f* is not positive, and a POVM does not need to map to a POVM under f* ® f*.

Proof. Indeed, consider the state

1

") = —=(100) +[11)).

S

2
One has that
IV
[Nt = (0 @ 0n — 0y @0y + 0. @0 + 12 ® 1),

where o; are the Pauli matrices, and thus

1
Fof (et =10:010081-J0J@J0J+0:© 1380 ® 1y + ).

But this matrix has eigenvectors with eigenvalue —1/2. One of them is |0010) —|0111) +
11000) + [1101). O

For example, then, this map will not properly encode a Bell measurement into RQM.
Of course, a priori it’s possible that we need to change the encoding again, as we had
to do from the trivial causal network to the Bell scenario. Or maybe it could be that
we have to combine the simulations provided in Sections 3.2 and 3.3. We prove in the
sequel that none of this is possible.

4.1. Imposibility of simulation of QM with RQM. We are going to work in the
slightly more general network given by Figure 6
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(@I —()—]r}—(

Figure 6. The causal network for the SWAP scenario.

The only difference with the network presented in Figure 5 is that the quantum sys-
tems may be correlated with a classical variable. There are many reasons for considering
this more general network. First, the set of behaviors that can be obtained in this net-
work is convex, whereas the set obtained from Figure 5 is not. Second, it is more general
and our results apply to it. Finally, from an experimental point of view, it is complicated
to ensure that there are no classical correlations between the quantum systems.

We will other consider that each party has a finite number of inputs and outputs. We
denote the set of inputs as X', ), Z respectively for Alice, Bob and Charlie. Analogously,
we denote the sets of outputs by A, B,C, respectively. A behavior obtained as a result
of an experiment conducted in this causal network has the form

(7) P(a,b, clz,y, 2) = / (45 © BY © C2) (04, ® 0hc) ) APANN),
A

where Py is a probability measure on A representing the classical correlations, and there
are four Hilbert spaces Ha,Hp,, HB,, Hc such that ‘7?&31 € S(Ha®Hp,), 0220 €
S(Hp, ® He) for all A € A, and {A%}aea is a POVM with values in B(H4) for all
z € X, {B}}1ep is a POVM with values in B(Hp, ® Hp,) for all y € Y, and {CZ}ccc is
a POVM with values in B(H¢) for all z € Z.

Depending on if we are in QM or RQM the aforementioned Hilbert spaces will be
complex or real, and the tensor product will be over the complex or the real numbers. We
will show that there is a QM behavior in this causal network that cannot be reproduced
in RQM, by explicitely giving one.

Consider the scenario given by the causal network of Figure 6, with A =C = {—1,1},
B ={0,1,2,3}, X = {1,2,3}, Y = {1}, Z = {1,2,3,4,5,6}. We define the behavior
Pc(a, b, c|lx,y, z) explicitely through Equation 7. We will set Py(\) = 6()\), so that the
behavior is also valid in the causal network of Figure 5. After removing all the superfluous
notation, we have

Definition 4.1.1 (Optimal complex behavior). We define the behavior
(8) Pela,b,cle, ) = tr (A @ By @ C7)(Gan, © ,0) ).
explicitely by giving all the operators in the right-hand side. We let both states be the
maximally entangled qubit state
Gap, = 0p,c ="
Bob measures in the Bell basis. That is,

BO = <I)+, Bl = \I/+, BQ =, Bg =v,
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Finally, we define a PVM for Alice and Charhe via the spectral theorem 2. 3 3 by giving
self-adjoint operators. That is, we define A" = A7 — A" and C° = C] — C7, as

A =c, A"=0,, A = 0y,
and, letting D;; == (0; + 0;)/V/2, Eij = (0: — 0;)/V/2, we set
C’l =D, C’Q =F,., @3 =Dy, 6'4 = F,y, 6’5 = Dyy, @6 = Fgy.

By construction, this behavior admits a decomposition of the form given by Equation
7 in QM. We have used the complex numbers in this decomposition, and as we will see
this is unavoidable.

Theorem 4.1.2. [|] The behavior Pc(a,b, c|x, z) does not admit a decomposition of the
form given by Equation (7) in RQM. That is, if we require the Hilbert spaces and the
operators to be real, and the tensor product be over the real numbers.

In other words, if we are doing an experiment which can be modelled in the causal
network given by Figure 6, then it is impossible to get the behavior Pc(a, b, c|z, z) as an
outcome of such an experiment within RQM.

The idea of the proof is as follows. First, we consider a linear functional on the
probabilities. We see that P¢ achieves the maximum possible value that this functional
can achieve in QM, and we use self-testing techniques to figure out which states we could
have started with. Using the self-tested state, we can apply local unitary transformations
and arrive at another state which cannot be prepared within this causal network in RQM,
thus showing that the initial state needs to live in a complex Hilbert space.

The linear functional is a variation on one introduced in [APVW16]. It is called
CHSHj3 because it is the sum of three CHSH functionals:

Definition 4.1.3. Given some behavior P(a, b, c|z, z), we define

Sy* = Z acP(a,b,c|z, z).

a,ce{-1,1}
We define now the linear functional
(9) T(P) = (=1)2(Sy" + 5%) + (=)™ (8" — 572)
(1) 4 S + (-1 (s — s

+ (1P + 85%) + (1) (SE - 59,

where b = b1bs is the binary decomposition of the numbers 0 through 3.
Each line in equation (9) corresponds to some CHSH functional of the correlations

of Alice and Charlie conditioned on Bob having observed result b. A quick calculation
shows that

Lemma 4.1.4. J,(Pc) = 6v/2P¢(b), and Pc(b) = 1/4.

Proof. That the marginal Pc(b) is well defined and independent of z, z follows from
equation (8). Let
Py 1= trBlBQ((ﬂA ® By ® ﬂc)(q)+ & (I)Jr)).
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One can compute by hand or remembering that this is precisely how to perform entan-
glement swapping [ZZHE93], that

1

Pb = 1

In particular, tr(py) = Pc(b) = 1/4. We may now write

By,

1 [ ao  aps
Pc(a,b,clz, z) = 1‘51"((141& ® C’C)Bb)

The signs in equation (9) have been chosen so that, for each b, one gets the maximum
violation of the three CHSH inequalities that we are adding up, and therefore, we obtain
the result. O

The self-test of the CHSH3 was performed in [BSCA18]. It needs the introduction of
the following notion:

Definition 4.1.5 (Regularized operators). Given any Hermitian operator A € B(#), we
define its regularized version via the functional calculus 2.3.4

A= f(A),
where f is the measurable function given by
f:R— R
1 ifz>0
T —
-1 ifz<0

From the spectral decomposition, we see that this regularization procedure turns a
hermitian operator into a (hermitian) unitary operator with eigenvalues +1. Note also
that AA = |A|.

We are now ready to prove the theorem.

Proof of Theorem 4.1.2. Suppose, by contradiction, that there is a probability dis-
tribution Pa (M), real Hilbert spaces Ha,Hp,, Hp,, Hc, measurement operators A? €
B(Ha),By € B(Hp, ® Hp,),CZ € B(Hc) and states o4p, € S(Ha® Hp,),0B,c €
S(HpB, ® Hc) such that

Pc(a, b, clz, z) = /

A

Since, as noted in Section 3.1, Theorem 2.3.10 and its consequences also hold in RQM,
we may assume that each party’s measurement operators form a PVM. Let us call

p = /A ohp, @ 0h,cdPa(N)

tr((4% © By @ C2)(0hp, @ e ) APAN).

We have that, with probability P(b) = tr(p(1l4 ® B, ® 1¢)), Bob observes outcome
b. Conditioned on this result, the joint statistics of Alice and Charlie are obtained from
the state
L trB1B2((]l’HA ® By ® ]l'Hc)p)
Po = P(b)
as P(a, clz, z,b) = tr((AX @ CZ)pyp).
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Consider now a purification (Theorem 2.3.8) of this state. That is, a state |ip) €
Ha®He @ Hp such that

P(a, clz, z,b) = (] Ag @ CF @ Lygp[thp)-

We will rename He = He ® Hp and C7 = C? ® 1y, to simplify the notation. Let us
again call A” := A7 — A” | and C? := C} — CZ?, the self-adjoint operators corresponding
to the PVM performed by Alice, and Charlie respectively. We consider the following
four variants of the CHSH3 operator

Ty = (1A (O +CP) + (1) AX(C - C?)
+( )b2A1(03 + 04) ( )b1+b2+1A3(03 04)
+ ( )b1A2(C5 + CG) ( )b1+b2+1A3(C5 o CG),
where b = b1bs is the binary representation of the numbers 0 through 3, and the tensor
product between Alice and Charlie’s observables is implied. For all b, this is a combina-

tion of 3 CHSH operators, and therefore it is called CHSH3. In particular, one has that
the average value corresponds to the value of the functional defined in Equation (9):

(10) (o] Tolihy) = jb((IZ;C) =62,

where the first equality follow from the fact that (3| A* @ C*|iy) = SF*/P(b) from the
spectral decomposition of A* and C?, and the second equality follows from Lemma 4.1.4.
Furthermore, we have the following sum-of-squares (SOS) decomposition:

V2(6V2 — ) = ((—1)b2A1 - M)Q + ((—1)b1A2 — 01_02)2

V2 V2
2 2
(11> + <(_1)b2A1 _ CQ\J/%CA) + ((_1)b1+b2+1A3 o CYS\/ECML)
gz CHCO ’ bttt 43 C7 = CF ’
(e S e 222

The tensor product with identites is again implied. Note that this is technically a sum
of hermitian squares (SOHS). That is, a decomposition of the form A =", PiPZT. This
is always the kind of decomposition that we want, since we need that each summand
is positive. When all the operators involved are hermitian, an SOHS is the same as
an SOS. In particular, since (] (6v2 — J b)|1p) = 0, by positivity we must have that
(b P2|hp) = 0 for all i in the SOS (6v/2 — J3) = 3, P? given by equation (11), and
therefore P;|¢p) = 0. Grouping terms, we get

Ct+C? c?+

()22 A @ Ty [thp) = 3y, @ ——— 7 [p) = 19, ® —=— 7 [Up),
1 _ 5 6
1) A ) = 1,8 T = 1, 0 }C ),
3 _ 4 5
(1P A8 Ly ) = Ty ® O i) = 10y © & ).

V2 \/5
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Let us now call

74 .= A, X4.= A% vA .= A5
_C'1+C'2 XC__C'I—C'2 C'_CS—C4

A T, = T, = T,

in reference to the optimal complex operators. We will also continuously avoid writing
the tensor product in the notation. For example, Equation (12) looks like

(=12 Z4 ) = ZCy), (=1 XA yp) = XC o),
(13) (—1)" Y Ay = Y u).

A different SOS decomposition of the CHSH inequality is also useful:

2 1 2 > 1 2
Vaova-gy) = (o - EALERAY (e CIRA DA

V2 2 NG 2
(14) + <C3 G (—1)1’1%2143) N <C4 C(-)RA 4 (—1)b1+b2A3>
- (05 _ A Zl)b1+b2A3>2 N (CG C(-phaA +Z1)bl+b2A3>2
With the usual argument then we have that
- (DbQAlj;”blAT ) = 0.
Therefore,

Since O, A' and A? all square to the identity, the left hand side is (—1)1+02+1{ A1 A2} /2.
In particular, we have {A', A%2}|¢,) = 0. Similarly, one obtains that all of Alices observ-
ables anticommute on the subspace spanned by the [i):

(15) {Z4, XM y) =0, {Z4 YY) =0, {XA YY) =0.

We now proceed to use these relations to obtain a self-testing result. That is, there
is a local unitary operation that Alice and Charlie can perform to bring |i3) to certain
fixed states. Such a unitary, which we call U ® V' is defined in Figure 7. It is adapted
from the one used in [BSCA18] so that it is a real operator.
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v —{] -
4 —— 27— Ay
C ZC ~C L] A CXC

o —{] -
o —{H}——{]

Step 1 Step 2 Step 3 Step 4

Figure 7. Real local isometry U ® V built from each party’s untrusted measurement
operators, written in circuit form. That is, the depicted maps are applied in from left to
right on the corresponding tensor product labelled by the wire. In particular, A denotes
the usual Hilbert space of Alice, H.a, and A’, A” denote each a two-dimensional (real)
Hilbert space, or rebit. Analogously for Charlie. For convenience, the map is divided
in four steps. H represents the Hadamard gate. A black dot together with a vertical
determines a controlled gate. That is, a gate applied coherently when the control qubit

is |1).

Note that Z4, X4, Y4 are unitary operators, while Z¢, Y%, X might not be. We
thus regularize Charlie’s operators. The important thing to note is that the regularized
versions of Charlie’s operators also satisfy the relations (13). Indeed, since ‘ZA‘ =1 and
A < |A| for any hermitian operator A,

a6) [ = z2%mwn|| = | - Z2°2%w)| = @ - 127Dl
= [l@ — 24| 2Dln)|| < [[(1 — 22| = 0.

The same is obviously true for the other operators X, Y°. Putting Equations (13) and
(16) together, we have that

(—1)2240) = 2% ), ()P XA ) = X[y,
(17) (—1)broty Ay = 7 )g,).

Let us now see what the action of the map defined on Figure 7 is. We proceed step
by step. For clarity of notation, we ignore the order of the tensor products, and instead
denote with subindices in which Hilbert spaces each vector lives.

Step 1. In this step we begin by initializing the state in
|0000>A’A"C’C” ‘wb>AC-

After application of the unitary maps of Step 1, we obtain
1
5 |+4) 4n o [(100) g + (1) [11) o) [ a0
+ ((=1)*2101) yrcr + [10) o) Z|006) ac],

where we have used Equation (17) and the fact that Z4 is unitary and hermitian.
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Step 2. Recall that
(18) H®H|¢") =|¢"), HeoH|p™)=|v"),
HoHy*) =|67), He ") =),
Therefore, after another round of Hadamard gates, we get

% [++) g (|6T) wer ) ac + |07 Y arer ZA ) ac) i ba = 0,
I5 [P aver (W werlWn)ac — W™ wer Z4 W) ac)  if by = 1.

Then, after applying the controlled X gates, using Equations (15) and (17), we
get

3 1+) amer (100) grer + (=121 [11) o) (1 + Z4) ) ac if by = 0,
3 [+ ancn (110) v + (=12 |01) 4o XA(L — Z4) ) ac if by = 1.

Let us call

La+z4 if by = 0,
O(b)::{‘/ﬁ( ) 1I 02

%XA(]I —Z4) if by =1,

and |pp) := O(b)|vp). We can write

[+F) ancm |67 ) aver o) g if b =00,
[+4) ancr W) arcrlop) a4 if b =01,
|++) e |7 ) arcr o) 4 if b = 10,
|++) g W) arer|@p) 4 if b =11,

We are going to define

l¢+) if b= 00,
T
lp~) if b= 10,
lp=) ifb=11.

With this notation, after Step 2 we are left with state |[4++) 4ncn [b) arcr|b) ac-
This was to be expected, as the circuit until now is the famous SWAP circuit
[Figure 1; MYS12].

Step 3. The unitary in Step 3 takes this state to

1 O O
|b)Afc'§(!00>A~c~\905>Ac+|11>,4~cu YAXAYT X o) ac

C oC
(19) +101) gnen Y X @) ac + 110) 4nen YAXA 00) ac).-
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However, note that Equations (15) and (17) imply

(~1)P X (14 2V )

(=D)" YA = 24 X )

(=1)2YA(1 = Z4) XA |)

(=12 A X4 ) if by = 0,
(=1

(=)™

(=1)

O oC
Y X |op)

VOX o) = (1Y XA — 24 XA )
1) (1 + X4V )
1 b2+1(]1 +XA>YA‘%>

= (—1) Ty A x4 0 Wby =1,

Both these equations are concisely written as,
~C . C
(20) YOX |gp) = YAXA ).
Symmetrically in Y and X, one obtains
o, CAC
(21) XY |gp) = XAV ).
In particular, one more use of Equation (15) yields
~C o C
YAXAY "X o) = —lpn)-
Therefore, Equation (19) becomes

1
b) arcr ﬁ(’¢_>A//C'/\¢b>Ac + [WT) aren Y AX A gp) ac)

Step 4. Finally, using equation (18), we obtain the final state

(22) B wer—

V2
Knowing what U & V' |0000) 4 4ncn |¥p) is, we now take the partial trace over sys-
tems AC. We have that

trac(U © V0000) e i [94) = 3 bl © [ +0%) anfin)
+ (| X | + [0 TN ]) (0p] YAXA )] arcr.

However, combining equations (20), (21) and (15), we obtain

YAXA ) = 00)Y X )
~1)OB) XY |4y
—1)PH20(0) XAY ALy
—1)PHOb)Y A XA )
—1)"HXCOB)Y A )

([0 ancrlop) ac + |67 Y ancn Y A X A op) ac).

;_n
~—
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Finally note that, since we are in a real Hilbert space, the scalar product is symmetric.
Therefore, since Alice operators are hermitian, we have

(ool YAX A |0p) = (00| XAV [01)) = — (00| YAXA |1),

and therefore (pp| YAX4 |pp) = 0. On the other hand, by unitarity, the output state of
Step 2 must have norm 1, and thus (ys|pp) = 1. Therefore, the final state is

|| g @‘]
2 AIIC// '

Now, if we average over Bob’s results, we obtain

(23) )bl s © [

3
\Il+ + Q)* ]lAlcl \I/+ + cbi
AN O AV OV

b=0
One can now appreciate that the state (I 4 ®7)/2 is exactly the same as the state
given in equation (5). Indeed, in the basis {|00),|01),]10),|11)}, and from equation (6),
we have

-1
Ut +o- 1

_ _ |06l @ [a] + [—a—i] ® [—i){—i]
2 4

0
0 2
1

O O OO
O R = O
O R Rk O
o O OO
| =
o O =
O O OO
OO OO

-1
In particular, it is not equal to its own partial transpose, so that

Lacr @ Ut 4 - Tpr qn 7& Lycr o U+ 4+ o
4 2 A//C// 4 2 A//C// '

That is, our final state is not real-separable over the bipartition A’A”|C'C”. However,
to obtain this state we have performed the operation

3

Z P(b)tI'AC(U &® V’wb>AC ‘0000>A’C’A”C”)
b=0

== tI'ABlB2C((U ® V),OABlBQC ® |0000><0000|A/C/A//C// (U ® VT)

tI'ABlBQC((U X V)O':kBl ® O'g2c ® |0000><0000|A’C’A"C" (U ® V)T) dPA()\)

trap, (U(ohp, @ [00X00] 4 4 UT) @ trp,c(V(0h,c @ [00X00]qen ) V) dPA(N),

—

which is manifestly real-separable over the bipartition A’A”|C’'C"” | reaching a contradic-
tion. O

Note that it is irrelevant for the proof whether Alice and Charlie can in practice
actually purify the system, or implement the unitaries given in Figure 7. Even if one
modifies RQM to, for example, exclude Hadamard gates from the theory, the proof still
reaches a mathematical contradiction: one can via some mathematical procedure obtain
a state with a property that it cannot have under our hypotheses.
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4.2. Robustness. Theorem 4.1.2 states that there is a behavior that we cannot repro-
duce exactly in RQM. However, a priori it could be possible to be able to approximate
Pc(a, b, c|x, z) as much as possible. In this section, we refine the proof of Theorem 4.1.2
to show that this is not the case. More precisely, we show

Theorem 4.2.1. [|] Let P(a,b,c|z,z) be a behavior with a well-defined marginal P(b)

such that

\P(b) - i' <o To(P)> (6V2—e) P(H)

for all b, and e. =~ 7.18-107°. Then, P(a, b, c|z,z) does not admit a decomposition of the
form given by Equation (7) in RQM.

The proof follows the same steps as the proof ot Theorem 4.1.2, but keeping track
of all the small errors that accumulate from the imperfect violation of the inequality.
The idea is to keep €, small enough so that after applying the unitary from Figure 7
and tracing out systems AC we are still away from the set of states that are invariant
under partial transposition of A’A”. To make the estimates precise, we therefore need to
compute the distance from that set to the output state. There are a variety of possible
choices for the distance; we consider the distance given by the trace norm, and we’ll need
the following property:

Proposition 4.2.2 (The trace-norm is contractive under quantum channels). Let A €

T (H) be hermitian, S : T(H) — T (H) a positive trace-preserving map. We have
S < 1415

In particular, this holds for quantum channels. That is, CPTP maps.

Proof. Indeed, from the spectral theorem 2.3.3 we may decompose A = AT — A~ where
AT :=0(A), A~ := 0(—A) are positive operators. We also have |A| = AT + A~. Notice
that for any positive operator, the trace norm is just the trace, and in general for any
hermitian operator we have ||Al|; = tr(|A|). Therefore,

IS(A)]ly = [|S(AT) = S(AT) ||, < [[S(AD)|, + [|S(AT) |, = tr(S(AT)) + t(S(A7))
= tr(S(AT + A7) = tr(|4]) = || 4],
O

Lemma 4.2.3. Let STA be the set of states in Hy QHan @Hcr @Hom which are invariant
under transposition on Ha & Har. Let
oo Lo JUTHET dwor o [N @ ] + | miN—d] © |-iK—d
4 2 4 2
be the state that gives the contradiction in the proof of Theorem 4.1.2. Then,

inf ||7—p*|, =1
inf =o'l
Proof. We prove that 1 is both a lower and an upper bound. First, the upper bound.

Notice that for 7% := 1/16, we have

]lA’C’ 2 ]lA//C// \I/+ =+ [ o ]lA/C/ ® @Jr + v~ — \Ij+ — ¢
4 4 2 4 4 ‘

T*—p*:
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In particular,

T Arc (I>+ U \I/+ (O3 1 ar arre
I =y = (A YAy (aeer)

4 4 16
For the lower bound, we first compute H p* — prlarar 1~ Writing
* 1 1/®ii// ﬂ/®ii// 1/®_Z_Z 17 1/®_Z_Z 1"
o b (Ml 0@ e L& a0 & ikl

and recalling that |+i)(+i|" = |Fi)(Fi|, and that |i)(i| — |—i)(—i| = 0,, we can see that
* *TA/A// _ 1 (]].A/ ® ’Z><Z‘AN ® ]].C/ ® (Uy)C// . ]]_A/ ® |_Z><_Z‘A// ® ]]_C/ ® (Uy)C//)

P —p

2 2 2 2 2
_ 114 ®(gy)ar 2 Lor @ oyen
2 2 2
B 14 ®ﬂc/®0'y®0'y
= 2 )
Thus, ||p* — p*Tarar ; = 2. On the other hand, we define the quantum channel

S : HA’ ®7'[A// —>'HA/ ®7—[Au
poo— Y faXa @ a"Ka" pla’Xa'| @ | Ka"],
of o' e{i,—i}

where |i),|—i) are the eigenvectors of the Pauli y gate o,. Given that |i),|—7) form an
orthonormal set, it follows that S? = S. Writing

L L @ il Lew @ 1Yl Loar @ |—iNil o Lo @ |—iN—il o
p*_( a @ ifil g o Lo ®ikilgr | La ® |ZiK—ilpr o Lo ® [—iK ZIc)

2 2 2 2 2

it also becomes self-evident that S ® 1o (p*) = p*. From Proposition 4.2.2, we deduce
that we only need to consider states of the form S ® Lcvov(7) = 7. Any such state is of

the form
T = Z |O/><O/ A X ‘Oé”><04” AV X Tg;acl///
oo efi,—i}
for some arbitrary Tg:aclll/. On the other hand, since |a)(a|” = |—a)—a| = 0. |a)a| 0., we

have that 77474” = (0,92® 1cron)T(0.%? @ 1cron) for all T fixed by S ® Lrcn, including
p*. Therefore, using Proposition 4.2.2, we obtain HTTA’A” . = |I7ll; for all such 7. Thus,

92— Hp* o p*TA’A"

LSt =l [T — | =20l = 7y,

whenever 77474 = 7 obtaining the promised lower bound. O

We are now ready to proof Theorem 4.2.1. We will follow the steps of the proof of
Theorem 4.1.2, while keeping track of all the errors that accumulate.

Proof of Theorem 4.2.1. Suppose that Alice, Bob and Charlie share states and mea-
surements in RQM which satisfy Equation (7), where the behaviour P(a, b, c|z, z) satisfies

that
1

'P(b) - 4’ <e, Jp(P)> (6vV2—e)P(b)
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for some € > 0. Consider, as in the proof of Theorem 4.1.2, the purified states |p),
which satisfy Equation (10) and thus we have

(6] Toliis) = ‘7”<<) > (6V2 o).

Equivalently, we obtain that
(1o V2(67/2 — Ty) ) < V2e.

For small enough ¢, we can approximate the self-tested states and measurements of the
proof of Theorem 4.1.2 using the same SOS decompositions for \/5(6\/5 — Jbp). Indeed,

suppose
V2(6V2 - Jp) = > PIP.

Then, it must be by positivity that (| PiTPi|1,/1b> < /2¢ for all i or, equivalently, that

1P n) [l < v/ V2.

Let us then define e; := v/v/2¢. As before, we also denote
=A', X4=A% yA=4A°
ZC:201+C2 xC . cl —¢? ve . 03—04'
v2 v2 V2
Note that now Equation (12) holds now only approximately, so we don’t have, for exam-
ple, that
Cl+ 02 ¢! C4

Therefore, in the definition of Z¢ that we are using, we have chosen the operator (C! +
C2)/v/2 over (C3 + C*)/+/2, which are now different operators, even when restricted to
|tp). This choice in practice does not matter, since we are only using the fact that this
operator is £;1-close to Z4.

H'HA®

Using the SOS decompositions (11) and (14), we find that, analogous to Equations
(12, 15), that

(=124 = 2%l

AN [(CoVED b SIS B

(25) [yt =y €| <
and
26) (2 XMl Y ]| [ X ) | < 201+ VD),

hold. Finally, Charlie’s regularized operators are also approximate equal to the unregu-
larized ones, as in Equation (16):

(27) |2 = 29|, || = )l

Using all of these relations, we can bound the distance from the state obtained after
performing the isometry given in Figure 7 to |0000) 4, gncvcn [ts) and then tracing out
systems AC to the state obtained in the ideal case, show in the proof of Theorem 4.1.2.
It is convenient to do this in several steps and use the triangle inequality. First, we just

C— X)) <o
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apply the isometry given in Figure 7. In the case where ¢ = 0, we found out that the
output state, given by Equation (22) is

op) = [b) arcr \}i(‘¢+>A”C”’S@b>AC + 67 ) aren Y AX A 0p) ac).

Note now that since Alice and Charlie’s measurement operators are not ideal anymore,
this state is now in principle unnormalized. This is because the relations that we used
to arrive at this expression are not satisfied anymore. However, we can bound its norm
as follows

Lemma 4.2.4.

1-(3+v2)er < [low)|> < 1+ (3+ V2)ey
Proof. Note that

llow® = 5 (ol + (ol XAYAYAXA 1)) = (il

Recalling the definition of |¢p) = O(b)|1), we have

(onln) = 5 (Wl (1 242l = 1 (] 2%,

where the sign depends on b. Therefore, ||||o)]|* — 1‘ = ‘(1/)1,| ZA|¢b>’. The following

estimates are inspired by [MYS12],

(ol Z2n) + (] 22 XA X )| = |(atnl 2% 1n) + (0] X XA 2|

= |l (X°24X7 + XX A2 )|

< [[& ||| (22X + X224 < (@ +2vD)er.

[(wnl 22 wn) = (o] 22X X )| < | (241 = XAX )|

IN

24X = x| < 21,

where we used the Cauchy-Schwarz inequality as well as

H(ZAXC v XAZA)|¢I,>H < H(ZAXC - ZAXA)|¢,,>H+H{XA, Z0% )| < 2e14+2(14V2)es.
Therefore, we find that

(28) (o] ZA )| < (3 + V2)er,

which implies the statement. O

With the norm controlled, we can now bound the distance between the actual state
that we get after applying the isometry defined in Figure 7 and this semi-ideal state. Let
us call ‘pi> =U® V(|0000>A’A”C’C” |¢b>AC). We have

Lemma 4.2.5.
1p5) — low)ll < (15 + 13v/2)e;.
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Proof. The proof is a repeated application of the triangle inequality using every inter-
mediate step in the application of the unitary of Figure 7. We apply it step by step while
keeping track of all the errors that appear whenever we use one of the expressions (25),
(26), (27). For example, we first apply the Hadamard gates, and then the controled Z4

and Z  gates, which return a state as written in the first line of “Step 1” below. Since so
far we did not use any of the approximate relations, the error incurred to in this step is
0, as written on the left of the state in “Step 17. Next, we use the approximate relation

(25) to convert ZAZ ) to (—1)2ZAZA) = (—1)%|¢), and similarly 2 |y) to

A . N . . .
Z |1p), incurring into an error 2¢1, written on the left. Continuing this way through the
circuit, the intermediate expressions, together with their bounds, are the following:

Step 1: O o [|oo> 1) 242 101y 2+ |10) ZA] l4oy)
21 13 [(100) + (~1)% 1)L+ ((=1)%[01) + [10))2] 9}

Step 2: Oc - [|00) (14 (—1)%)(1 + Z4) + [11) (1 + (—=1)?) XAX (1 — z4)+

AN

01) (1 = (1)) X (1 + 2%) + [10) (1 = (=) X4 (1 = 2] )
(3+V2)er :% [(1 + (=1)"2)(|00) + (—=1)™ [11))(1 + Z4)+
(1= (=1)")((=1)" [01) + [10)) XA(1 = Z4)]] )

Note that in the last approximation, the two paths by = 0 and bs = 1 have the same
upper bound.

The rest of the circuit does not involve A’C” so we can safely ignore them. For the
remaining steps we obtain

Step 3: Oe1 :% [ 100) O(b) + |11) YAX AV X 00)+
01) Y X0(0) + |10) YAXAO(bﬂ )
(8 + 10v2)e; :% [ 100) O(b) + |11) YAXAYAXAO(b)
+101) YAXAO(b) + [10) YAXAO(b)} )

(2+2v2)e1 12 [(100) — [11)O(b) + ([01) + [10)YAXAO(®)] [4)

\Hl\')\

Step 4: 01 :5 [(101) + [10))O(b) + (00) — 11)YAXA0()] [vy)

where we have taken the larger bound among the two b2 = 1 and by = 0 cases to get
(29) |75 0m) - vAxA0(®) )| < (20 + 8v2)e1/v2 and
(30) ( YAXAYAXAO( ) +O00) e || < (8 +4v2)e1/V2.

By a series of triangle inequalities going through all the intermediate expressions, we get
the Lemma. g
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Finally, we consider these states after tracing out systems AC, since these are the
relevant states for the proof of Theorem 4.1.2. We will call o, := trac(|os)os|), and
pp = trac(|pp)Xpgl). Summing over all of Bob’s outcomes, we recover our state of interest

o= S PO
b
Lemma 4.2.6. For small enough €1,

.y <2+(3+ﬁ)51>2_ (1_ (3+\/§)51+(15+13\/§)2512>2.
1

£ — P
P ; (b)ay 5 5

Proof. We are going to adapt an argument from [Theorem 3.33; Wat18] to unnormal-
ized states. Namely, since |pf)(p5| — |op)(0p| has at most rank 2, let A1, Ay be its two
possibly non-zero eigenvalues. Then, we have

M Az = wr(opNefl — lov)osl) =1~ [llow)]?
M43 = te((IppXe5l — lovXon])?) = 1+ lllow) I = 2l(pflov) [,

Solving explicitely for A1, A2 in this system of equations shows that

2
1+ |||op 2 2
lpiXos! ~ lowoully = Pl + ha] =2 (”'2”') ~ et

On the other hand,

R
€ _ b
(pilow) = ; .

The Lemma then follows by application of Lemmas 4.2.4 and 4.2.5. ([l

We will also now name the state obtained in Equation (23) by
. Ut 4+ -
=0 o ||
A//Cl/

Recall also from Equation (24) that the state from Lemma 4.2.3 we want to approximate
is p* =32 Ph/4-

Lemma 4.2.7.

low = pylly < (7 +3v2)er.

Proof. let us first separate the expression in the norm as
o = p3lly < 1A@)I[|IX0] © (¢ )} | + [o Ko D,
+ @)Xl © (¢ Yo~ | + |47 Xw* )

17
where the coefficients simplify to
1
[u(b)] = §‘<¢b| ZA )|
and
()| = {

[(s] (1 + ZHXAY AL + Z4) i)
[ (1 — ZHXAY AL — Z4) [gw)| by =

N
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To bound |f(b)], let us consider

1l Rz A YA+ )Rz

IN

i cor ||t vy 2|

IN

Sty iz

IA

5 (1A v A +]| 200, y | + [ (x4 v A1tz - 2|
(4 + 2V2)ey.

A

This, together with Equation (28), produces the desired bound as
low = pylly < 2(1A0)] + |1(B)]) < (4+2v2)er + (3 + V2)er = (T+3V2)er.

O

The theorem now follows from Lemmas 4.2.6, 4.2.7 and 4.2.3 as follows. We have,
using Lemmas 4.2.6, 4.2.7 and a small computation that, for ¢ < . and P(a,b, c|z, z)
satisfying the hypotheses of the Theorem,

<L
1

lp* = p°ll <

P =D PO)ay|| + (> Pb)ay —p*
b 1 b

Therefore, by Lemma 4.2.3 we know that p° is not invariant under transposition on

systems A’ A”. However, just like in Theorem 4.1.2, the way we have computed this state

would ensure that it would be invariant. Therefore, the original decomposition cannot

exist. O

4.3. Numerics. We have seen that there is a gap between the maximum value we can
achieve with the CHSH3 inequality in QM and RQM. However, this gap is, so far, too
small to be detectable in an actual experiment. In this Section, using standard numerical
tools, we prove the existence of a bigger gap.

4.3.1. Semidefinite Programming hierarchies. We have an optimization problem of the
form

sup tr (Q(Ai, B;j, Ck)p)
H,p{ A }icx {Bj}jeBAC* rez
(31) s.t. p is a state and A’, Bj, C* are measurement operators

where () is a given non-commutative tensor polynomial, such as CHSH3. In practice,
one usually forgets about the tensor product structure and includes the commutation
of variables corresponding to different parties as an extra constraint. Technically, this
changes the problem [JNV*20], but in practice this is good enough. That is, we usually



42 2. Real Quantum Theory

have a problem of the form

(32) sup tr(p(A, ..., An)p)
{Ai}i_ .0 H
s.t. ‘H is a Hilbert space
A; € B(H) self-adjoint
p€S(H)

hi(A1, o Ap) =0, i =1, ...,k

where h; are some non-commutative polynomials, such as [A4;, A;], A%, or A% —A—i. This
kind of problems are hard since in particular they contain all polynomial optimization
problems, which are NP-hard [Lau09]. Our problem is particularly untractable, since we
are also optimizing over the class of all (real) Hilbert spaces. However, it is possible to
compute upper bounds with a hierarchy of Semidefinite Programs (SDPs), a collection
of a kind of problems which lie in P [VB96], each one giving a better upper bound than
the previous one.

The Navascués-Pironio-Acin (NPA) hierarchy was introduced in [NPAO7; NPAOSg]
precisely to do this. The idea is the following: suppose that there is a Hilbert space H, a
state ¢ € H and self-adjoint operators {A”, C*};cx ez such that a certain conditional
probability distribution comes out as the result of a quantum experiment P(a, c|x, z) =
(Y| AXC? |ib). We can assume that we have projective measurements and pure states,
since we are not restricting the Hilbert space dimension. If this is the case, then one
can also consider terms of the form (¢|w |¢), where w is a word on the letters ¥ :=
{AZ,C?}oeacecpex,zcz of length n € N. We always consider reduced words under the
equivalence relation given by

w1 EEwy ~ wiEwy for all E € ¥, wy,wy € XF
w1 AL CZwe ~ w1CZALwy forallz € X,z € Z,a€ Ab e Bywy,wy € X7

Consider now, for each n € N the matrix

(33) = (gl wlu; [v)

)
Wi, Wj exsn

This is the Gram matrix of the vectors {w |¢) },,ex<n, and is therefore positive semidefi-
nite. It is called a moment matriz. On the other hand, some of its entries are determined
by the fact that P(a,c|z, z) = (| AXC? |1). So if we are maximizing a linear functional
on P(a, c|z, z) with the constraints that this behavior has to come from a quantum state
and commuting measurements, we can instead consider the problem of maximizing the
same functional with the constraint that the matrix I'"™ is positive semidefinite. For each
n € N, this is now an SDP which provides an upper bound to the original problem, which
in the limit of n — oo converges to the actual solution [NPAO8]. Such a relaxation of an
optimization problem is called an SDP hierarchy.

Using words with letters in different alphabets, one can obtain variations of the NPA
hierarchy. Let us illustrate how this works via the standard example:

Example 4.3.1 (CHSH). We are trying to compute the optimal value of the CHSH
inequality with these techniques. That is, we want to solve the problem
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(34) sup (] (A°CO + ALCY + APCt — AlCh) o)
Hp{A*,C* }a z=0,1
s.t. ‘H is a Hilbert space
|v) € H, A" C* € B(H)
[Axa CZ] =0,

AT = AT O = €7 (A")? = 1,(C7)* = 1.

The last constraint states that we have a dichotomic observable. We can therefore
construct the NPA hierarchy in the alphabet ¥ := {A%, C*}, .—0,1, with the equivalence
relations given by the constraints of the problem:
w1 EEwy ~ wiwe for all E € ¥, wi,wy € XF
w1 A*C*we ~ w1 C* A%wy for all z,z € {0,1}, w1, we € X*.

If we go to level 1 of the NPA hierarchy, we obtain the moment matrix

1 tr(AOp) tr(Alp) tr(C’Op) tr(Clp)
. 1 tr(AOAlp) tr(AOC’Op) tr(AOC'lp)

rt=1. . 1 tr(AlCOp) tr(AIC’lp)
S . 1 w(eocty)
. 1

Introducing a variable {dijj }wi’wjezgl for each entry of the matrix, and taking into

account all the relations coming from the constraints of the original problem, we can
relax the original problem to the following

sup dyopgo +dgigo + dgogt — dipgt

w

st. I't>o0,
(35) da=,dpy behave as P(0|x) — P(1|z), P(0]y) — P(1|y), respectively
d A= pv behave as P(0,0|z,y) + P(1, 1|z,y) — P(0, 1|z,y) — P(1,0|z,y).
where

1 dAO dAl dBO dBl
1 dgogr dgogo dyopt

Fl = . . 1 dAlBO dAlBl
]. dBOBl
1

4.3.2. The CHSHj3 scenario. With these tools, we take a look at the inequality used to
prove Theorems 4.1.2 and 4.2.1

In this case, we consider the operator

J = (Boo + Bio — Bo1 — B11)A1(C1 + Ca + C3 + Cy)
+ (B()o — Big+ By — Bll)AQ(Cl —Cy+Cs + C@)
+ (—Boo + Big + Bo1 — Bll)Ag(Cg —Cy+C5 — 06)-
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This corresponds to the sum of the operators corresponding to CHSH3 after Bob has
obtained a certain measurement outcome b. That is,

Therefore, we have the following optimization problem

sup tr (jp)
’vav{Ai}iEX7{Bj}j€Bv{Ck}k€Z
s.t. H=Ha®@HB @Hp, ® Hc

Ha,Hp,, HB,, Hc are real Hilbert spaces
p= /Ap? ® py dPA(N)

(36) pi\ €ES(Ha® HBl)?l)% € S(Hp, ® He)
A® € B(H4), By € B(Hp, @ Hp,),C* € B(Hc)
(Ax)T _ Ax, (CZ)T _ 027 (Ax)Z _ ]17 (CZ)2 _ L

3
By > 0, ZB,, = 1y.
b=0

We have to modify the NPA hierarchy to account for the novel constraints that appear
in our problem. In particular, the fact that we have real rather than complex Hilbert
spaces, and also the locality structure given by Postulate (4g) and the causal network of
Figure 6.

In order to do this, we introduce two changes to the usual NPA hierarchy. First, we
are going to consider, as in Theorems 4.1.2, 4.2.1 moment matrices for the behaviour

P(a, c|z, z,b) conditioned on Bob obtaining outcome b. Given a feasible point of Problem
(36), it must be

P(a,c|z,z,b) = tr((Al @ CZ)wy),
where
wp = 1trp, B, ((1a ® By ® 1¢)p)

is an unnormalized state. Now, instead of the usual moment matrix for P(a, c|z, z,b) we
introduced a sort of bipartite moment matrix, first studied in [MBL'13], as follows.

Consider two alphabets, one for Alice ¥4 := {A{}sex and one for Charlie ¥¢ :=
{Cf}.cz. Since all measurement operators for Alice and Charlie are dichotomic, we only
need to consider one of the outcomes. Let us for the moment focus on Alice, although we
consider the following procedure for Charlie as well. We will in general consider reduced
words under the equivalence relations given by

w1 EEwy ~wiFwsy for all E € Yy, wy,wy € XY.

Usually, if Alice had state p we would consider the moment matrix given by

= (vfom))
P ai,oszZEn
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as defined in Equation (33) for pure states. Equivalently, we consider the following map
)= > tr(ageal) ey
ahajEEEn
We already know that )7 is positive, since for every state we get a moment matrix,

which is positive. But we can say a bit more.

Lemma 4.3.2. The map Q% : T(Ha) — B(span(|ai),.c 1)) is completely positive.

Proof. The map 2} has a decomposition in Kraus operators Q% (p) = >, K,pK, with

Kn= Y lo)n|ay,

<ny
OszEA

where {|n) },,¢3,) is an orthonormal basis of H 4. This proves that the map is completely
positive. 0

In particular, the map Q" ® Q/° is also positive. We define our moment matrix as
I = Q%" @ QX (wp),

where wy is the shared state between Alice and Charlie that reproduces the conditional
statistics P(a,c|z, z,b). This moment matrix depends now on two parameters (n4,nc)
instead of one, but explicitely contains a bipartite structure which makes easy to impose
the extra constraints that we need in the formulation of our problem. In particular, I'y
are all positive by virtue of Lemma 4.3.2. Furthermore, notice that

St = oy e o (Z wb> - /A QT (trp, (1) @ Q2 (tr, (03)) A PA(N).
b b

is real-separable, and therefore

(sr) -

Finally, we notice that some of the entries of this matrix are related to each other.
Because of the ciclicity of the trace, whenever ajaj = aLal = «, the coefficient of

|a; ;| is the same as that of |ag)oy| in Q7 (p). Therefore, we may write in general

= > db, M@ N,

<nyg «<ngy <ng ««<ng
aeXy XNy A yeds Y B

: b : _ —
for some real coefficients dy, ., and matrices (M%) g0 = 04 rqts (N7)eer = 0yt

As before, we now forget that these moment matrices come from a feasible point of
Problem (36) and we simply impose this extra constraint in the NPA hierarchy that we
obtain with these moment matrices. This turns out to be enough to witness a separation
between RQM and QM. The optimization problem that we solve is therefore formulated
as
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sup J(P),
d,P
st. Iy >0,

Ty
<ZFb> =T,
b
iy =P(b),dhs 4 = Pap(1,0]z),d} c: = Ppo(b,1]2), dis o = P(1,b, 1]z, 2),
P(a,b,clz,z) >0, ZP a,b, clx,z) = Ppo(b, c|z) ZP a,b,clz,z) = Pap(a,b|x),

ZPAB(a,b|:C ZPBC (b, c|z) ZP

where the conditions on P(a,b,c|z,z) in the Iast two lines enforce that P corresponds
to a non-signalling, normalized tripartite distribution. We are able to solve this SDP at
level 2 for both Alice and Charlie, obtaining an upper bound for Problem 36 of 7.66,
which is manifestly much smaller than the 6v/2 ~ 8.48.

5. Discussion

In this chapter we have put the axioms of quantum theory to the test in the setting
of general causal networks, a setting in which the notion of time it simplified to its bare
bones, as we are only interested on possible causal influences between parties, and nothing
more. We have seen that, in the standard Bell scenario and in the less frequently used
PBR scenario, it doesn’t matter whether we use real or complex Hilbert spaces. In these
cases, all experimental results which are obtainable in QM are also obtainable in RQM.
However, in the SWAP scenario there is quite a considerable gap between the predictions
of both theories. It is so big, that it has already been detected experimentally [CWLT22;
LMW*22; WJG122], although in [LMW™'22] we use a slightly different inequality in
order to avoid having to do a Bell state measurement. It turns out that many functionals
can witness this separation between QM and RQM. For example, a systematic -but not
complete- numerical study was carried in [BB22]. We have also now found some simpler
functionals which witness this gap. However, many questions still remain open. For
example, what is the simplest scenario in which this gap appears? Having Charlie perform
S0 many measurements imposes a big constraint on how far up the NPA hierarchy we can
compute, so simpler scenarios are desirable to compute real values. Another important
question is to determine the actual value of these Bell inequalities in RQM. In this
Chapter we have presented upper bounds. We also have lower bounds determined from
seesaw optimization methods. However, the two types of bounds do not match.

Future work will address some of these and other questions. In the meantime, we

conclude that the correct field to consider for quantum mechanics is that of the complex
numbers.



Chapter 3

Quantum projectiles

This Chapter is currently under peer review in npj Quantum Information as

e D. Trillo, T. P. Le, M. Navascués.
“Quantum supremacy in mechanical tasks: projectiles, rockets and quantum
backflow”
arXiv:2209.00725,

which is Reference [TLN22], and to which all authors contributed equally.

The paper has been adapted for inclusion in this thesis, as follows. Section 2 intro-
duces all the necessary mathematical formalism with no original work, and can be seen
as an extension of Appendix A of [TLN22]. The rest of the paper has been reordered,
and some Sections have additional explanations, but are otherwise mostly unchanged.

1. Introduction

While current research in quantum theory focuses on the exploitation of quantum
effects in communication and computation scenarios, quantum systems are also known
to be advantageous for some mechanical tasks. A paradigmatic example is the tunnel-
ing effect, by which a quantum particle can be detected in regions of space that are
classically forbidden by energy considerations. Another example is quantum backflow, a
phenomenon in which a free quantum particle with positive momentum can be observed
to propagate backwards. This effect was first identified by Allcock in the context of the
time-of-arrival problem [All69], and later isolated by Bracken and Melloy [BM94]. More
recent examples of quantum supremacy in mechanical systems can be found in [Tsi06]
and [ZALS22].

However, the advantages that quantum mechanical systems might offer for trans-
portation, understood as the quick dispatch of massive particles through free space, are
unexplored. Admittedly, there has been a consistent effort to investigate the properties
of a hypothetical quantum time-of-arrival operator [MMEQT7]. Perhaps due to its foun-
dational character, though, this research program has not produced so far any concrete
task where quantum mechanical systems have the upper hand.
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In this Chapter, we prove the supremacy of quantum mechanical systems over their
classical counterparts in a practical transportation task, which we call the projectile
scenario. We consider a situation where a non-relativistic one-dimensional quantum
particle (a projectile) of mass M > 0 is prepared in some bounded region of space B
and left to propagate freely. After some time AT, we measure if the particle is in some
distant target region R. For a fixed initial quantum state p with spatial support in B,
we compare the probability of detection in R with that of a classical particle, initially
prepared in B with the same momentum distribution as p.

We find that there exist what one might call wltra-fast states (ultra-slow states),
whose probability of detection in R at time AT is strictly greater (smaller) than that of
any classical particle. Measuring quantum supremacy in the ultrafast (ultraslow) regime
through the difference between the quantum and the maximum classical (the minimum
classical and the quantum) probabilities of arrival, we find that the maximum quantum
advantage in either case does not depend on the distance between the preparation and
target regions, but only on the parameter o := M|B|?/AT. For finite values of o, the
maximum quantum-classical gap can be computed up to precision § by diagonalizing an
N x N matrix, with N = O (log (1/9)).

We prove that the maximum quantum advantage, achieved in the limit o — oo,
equals the Bracken-Melloy constant [BM94], which bounds the strength of quantum back-
flow, and which was numerically estimated to have the value ¢, ~ 0.038452 [PGKWO05;
EFV05]. This conjectured value was, however, not computed with any rigorous error
bounds. In fact, until now there seemed to be no reason to believe that ¢y, was smaller
than 1. In this regard, we argue that 0.0315 < ¢, < 0.0725, hence providing the first
non-trivial upper bound on ¢,

As we show, the appearance of ¢, is not a coincidence: through simple metaplectic
transformations we connect the quantum projectile problem with a variety of scenarios
related to quantum backflow, such as quantum backflow itself, diffraction in time [Mos52]
and quantum backflow in the presence of a constant force [MB98]. All such effects are
therefore manifestations of the same mathematical phenomenon, seen through different
coordinate systems. In light of the recent interest in experimentally demonstrating quan-
tum backflow [PTMM13; EZB20; BG21; MYDP21], we argue that projectile scenarios
are more experimentally friendly and operationally interesting.

To arrive at a transportation task with a quantum advantage beyond the Bracken-
Melloy constant, we consider a scenario in which several projectiles are sequentially
released, namely, a quantum rocket. However, it turns out that ¢, also limits the
advantage of a quantum rocket over a classical analog with the same lift-off zone, com-
bustion chamber size and rocket and fuel momentum distributions.

Nevertheless, we show that a superior quantum advantage can actually be attained
in a variant of the projectile scenario where the quantum projectile is compared with a
classical particle having the same position and momentum distributions.

The Chapter is structured as follows: in Section 2 we introduce the phase-space
formulation of quantum mechanics, along with all the mathematical background required
for it. Then, in Section 3 we study the projectile scenario, proving that it is equivalent
to quantum backflow and showing lower and upper bounds for ¢,,,. Finally, in Section
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4, we study some generalized effects that can achieve a better quantum advantage than
the projectiles.

2. Phase space QM

2.1. Formally solving the Schrédinger equation. Since we want to measure a cer-
tain operator on our system after some time has elapsed, we are now in the situation
where we have to solve Schrodinger’s equation to determine the new state of the system.
Remember that Postulate (2) states that if |1)(¢)) is the state of the system at time ¢,
then

i0; [ (1)) = H [¥(1))
for some self-adjoint operator H. Formally, a solution is then given by
[ (1)) = e [$(0)) .

We know that the operator e™*"* can be defined via the functional calculus 2.3.4. It also
turns out to have particularly nice properties.

1Ht

Definition 2.1.1. A strongly continuous one-parameter unitary group on H is a set of
unitary operators {U(t)}+er such that, for all s,t € R and [¢) € H,

U0) =1y, Uls+1)=U(s)U(t), lm[|U(t)[¢) =U(s) )]l = 0.

In general, amap U : X — B(H), where X is a topological space, is said to be strongly
continuous if for all |¢) € H the map Uy : X — H defined as Uy(z) := U(x) [¢) is
continuous. This is an important property that is needed for all the uniqueness theorems
of this Section.

Proposition 2.1.2. Let H be a self-adjoint operator on H, and U(t) := e, Then
U(t) is a strongly continuous one-parameter unitary group, and for all |1p) € Dom(H),
we have that [1(t)) := U(t) [¢(0)) is also in the domain of H and solves the Schrédinger
equation.

Proof. [Proposition 10.14 and Lemma 10.17; Hall3] O

On the other hand, a famous theorem of Stone states that the converse also holds.
A strongly continuous one-parameter unitary group U(t) always has an infinitesimal
generator H such that U(t) = e~

Theorem 2.1.3 (Stone). Let U(t) be a strongly continuous one-parameter unitary group
on H. Then the operator

Ut) [4) = 1¥)

H ) 1= ilim — 1

where the limit is in the norm of H, is densely defined and self-adjoint. Furthermore,
U(t) = et for allt € R.

Proof. [Section 10.2; Hall3] O
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In particular, postulating the Schrodinger equation is then the same as postulating
a strongly continuous unitary evolution.

In this Chapter, unlike in the previous one, we constantly deal with unbounded self-
adjoint operators. This is so because we are considering a particle in a line, and therefore
we have an operator As anticipated in Chapter 2, we will deal with a different formulation
of QM than the one given in Chapter 2.

2.2. The position and momentum operators. The physical system we are dealing
with in this Chapter is that of a non-relativistic particle of mass M on an infinite line.
We assume that it has no other degrees of freedom, so that it is free, or at most seeing
the action of a position-dependent potential V' (z). Classicaly, such a system is described
by Hamilton’s canonical equations of motion on its phase space, which is the symplectic
space (R2,J). In canonical coordinates (g, p), the symplectic form J is represented by
the matrix

(37) 1=(5 ).

so that J(&,¢') := ¢TJ¢ for all £,¢ € R2, abusing the notation. Hamilton’s equations,
which are given by

d&; OH
hat U Jii o
dt EJ: 1 0¢;
for ¢ € R?, can thus be written as
dq dp
— =0,H, — =-0,H.
a P dt q

Here, H = H(q,p) = p*/2m + V(q) is the Hamiltonian of the system.

We need to first figure out a description of this system in QM. Since we will only deal
with a single system, we only need to look at Postulates (1)-(3). However, the Postulates
like this don’t mean much. We also need a rule that tells us what Hilbert space to
use, how to assign an self-adjoint operator to an observable, and so on. In particular, we
need an operator that corresponds to position. Since, the possible outcomes of a position
measurement are all of R, we now from the spectral theorem 2.3.3 that such an operator
must be of the form

X = /R wdp(z),

for some PVM p on (R, B(R)) with values on B(#). In particular, the existence of such a
PVM implies that the Hilbert space on which it takes values must be infinite dimensional.
But it is possible to say a lot more about the structure of the Hilbert space. In particular,
another formulation of the spectral theorem 2.3.3 states that it has to be a direct integral
of “generalized eigenspaces”, a notion which we introduce now for completeness.

In order to define an object which we can in good conscience call [ A Hadp(X), we
somehow need to able to talk about measurability of a map A — H,. If all the Hilbert
spaces that we intend to integrate H) are separable, a simple way of doing this is to
choose an orthonormal basis {e;(\)}72; C Hy such that

{ei(M)]ej (M)
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is a measurable function of A\. Note that this is possible only if the map A — dim ) is
measurable. Also, we need to extend the definition of orthonormal basis to include the
zero vector, in order to account for different dimensionality of the Hilbert spaces. Having
made such a choice, we can define measurability by appealing to the measurability of the
coordinate functions in such a basis.

Definition 2.2.1. Let (A, X, 1) be a measure space. We say that a collection {H}ren
of separable Hilbert spaces is measurable if it comes equipped with maps {e;}3°; such
that for all ¢

e AN — UHA, ei(A) C Hy, (ei(AN)]ej(N)), is a measurable map for all 4, j
and for all A € A, the set {e;(\) | e;(\) # 0}$2, is an orthonormal basis of H .
Given a map s : A — [Jycp Ha such that s(A\) € Hy, we say that it is measurable if
A= (ei(N)][s(A)y
is measurable for all ¢ € N.

Note that with these definitions of measurability, the maps that we would like to
integrate are also measurable. For example

(s’ W), = D @MIs)y ()]s (V)
i=1

1

is now measurable.

Definition 2.2.2 (Direct integrals). Let H, be a measurable collection of separable
Hilbert spaces, and (A, X, ) a o-finite measure space. We define the direct integral
of H, with respect to u as the space of equivalence classes of almost-everywhere-equal
measurable sections s : A — [, H such that

]2 := /A ()IsO)) du(N) < oo,

with the scalar product given by

(s]s") = /A <s(/\)‘s’(/\)>/\ dp(N).
We denote such as space by
@
/ Hadp(N).
A

Example 2.2.3. Consider the constant map x — C, = C for all x € R, and choose the
standard orthonormal basis of C (that is, the number 1) for all z € R.

&
L*(R) := / Cdx,
R
where dz is the usual Lebesgue measure on R. Indeed, under our definition, elements
of the direct integral are equivalence classes of measurable maps s : R — C which are
square-integrable.
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Theorem 2.2.4 (Spectral theorem, second form). Let A be a self-adjoint operator acting
on a Hilbert space H. There exists a o-finite measure p on o(A), a direct integral of
Hilbert spaces

®
K= / Hadu(N)
o(A)

and a unitary map U : K — H satisfying

@
U(Dom(A)) = {s € / " Hodp(\) ‘ / " s dp(N) < oo}

and
[UAUT(s)](N) = As(N)
for all s € U(Dom(A)).

Proof. [Theorem 10.9; Hall3] O

In some sense, the spaces H, are a sort of generalized eigenspaces for the operator
A. The spectral theorem 2.2.4 shows that the space on which the position operator acts
must be isometric to

(&)
(38) /R Hodpi(z)

for some measurable collection of Hilbert spaces H,, and measure du(x). Not much
else can be said from general principles, and in fact the Hilbert spaces H, depend on
the internal structure of the system that we are considering. For example, a particle
with spin might have a two-dimensional Hilbert space as its generalized eigenspaces. In
this Chapter, we consider the simplest Hilbert spaces given by Equation (38). That is,
the (equivalence classes of ) square-integrable complex-valued functions L?(R, dx). These
choices correspond to a particle with no internal structure whatsoever.

The Hilbert space L?(R,dz) in which X acts as the multiplication operator, as in
Theorem 2.2.4, is refered to as the position representation. Consider here the original
version of the spectral theorem (Theorem 2.3.3). We may write

X:/ajd,ux.
R

It is customary to write the PVM as dux = |z)(z|dx. This is quite intuitive, as if we
denote an abstract element of L?(R) as [¢) and then define (x[t)) = (), we may write

/ () |2) dz = [,
R

as (@] [p(x)|z) de = [p () (plz) de = [ p(x)(x)de = (p|). Similarly, for any nice
enough kernel K (x,y), we may define the operator

([ iavldsdy) 16) = [ Koot o) oy
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Any such operator, if it is of trace-class and has enough regularity properties (see Section
2.3), has trace

Z K ()0 ly dwdy—z/dywn ) [ ek g)0to)
-/ dwan@) | dek )i
/dy WS WnlKy) 0]

n=1

- /R dy (41K,
= /RdyK(y,y)-

for any orthonormal basis {1, }°; of L?(R), and with (z|K,) denoting the map K (z,y)
for a fixed y. Thus, for such an operator K it is legitimate to write

tr(K) :/R<$K|:L‘> dz

In this notation then, the PVM that we have is the map ux : B(R) — B(L?*(R))
which assigns to every measurable subset E of R the projection

Mp(a) = vla)xe(o) = ( [ xeto) ool da:) %),

where x g is the characteristic function of F.

On the other hand, Stone’s theorem 2.1.3 provides a way to define a momentum
operator. It is easy to check that the operators U(t)i(z) := ¥ (x — t) form a strongly
continuous one-parameter unitary group on L?(R). Since momentum is the infinitesimal
generator of translations, we define by analogy

Py(x) :=ilim Y@ —t) ~ Y(z)

t—0 t

= —10,¢ ().
Similarly, there is a decomposition for the momentum operator

P= / pdup = / p p)pl| dp.
R R

and a Hilbert space L?(R,dp) where P acts as the multiplication operator. Mutatis
mutandi, we can repeat for P all the notational definitions we made for X. This is called
the momentum representation, and the unitary operator guaranteed by Theorem 2.2.4
that relates the position and momentum representations is the Fourier transform.

2.3. The Fourier transform. All missing proofs of this section can be found in any
standard reference for Fourier analysis.

Definition 2.3.1. Let f(x) € L'(R). The Fourier transform of f is defined as

FIf)(p) = \/127 / Y f)erdz,
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The “inverse” Fourier transform of f is defined as
1 & »
F = / x)e'*Pdx.
A== [ 1@

The Fourier transform and its “inverse”, acting on the same function, have the same
properties, and so we write them just for the Fourier transform. Note that the integral
is well-defined precisely because f is integrable. Inverse is in quotation marks, because
when these operators are inverses of each other depends on the function space we are
working with, as it will become clear in the following. For example, we have the following

Lemma 2.3.2 (Riemann-Lebesgue). The Fourier transform is a linear map F : L*(R) —
Co(R) C L>®(R). That is, it takes integrable functions to continuous functions vanishing
at infinity.

However, it can happen that the Fourier transform of an integrable function is not
integrable.

Example 2.3.3. The characteristic function of [—1, 1]

(2) 1 ifzel0,1]
_ ) =
X=1] 0 otherwise

has a non-integrable Fourier transform. Indeed, let g(p) := Fx(—1,1)(p). Then

(p) = 1 ! —ip gy _ ie"p —e P 2sinp
9lp) = 7= | e Pdr = ————— = :
Va2 o1 2m p T p

The function sinc(z) := sin x/x is not integrable, since on any interval [(n — 1)7, n7| with
n € N we have

Isinc(z)| > 2
nm

On the other hand [sin x| is 7—periodic. Let us call C' := [ |sinz|. Then

o0 C 1
/0 |sinc(z)| > - E - o0

n=1

Therefore, a priori the inverse Fourier transform is not defined on the image of the
Fourier transform of L!'(R). We can control the Fourier transform in this other way:

Theorem 2.3.4 (Plancherel). Let f,g € L*(R) N L*(R). Then F[f] € L*(R). Further-

more,

/ FIWap)dp = / F@F lg(@).
R R
In particular, | F(f)ll, = |1l

Since L'(R)N L%(R) is dense in L?(R), Plancherel’s theorem 2.3.4 allows us to extend
Definition 2.3.1 to L?(R) by continuity (with respect to the L?-norm). On L?(R), the
Fourier transform is a unitary operator with inverse F 1.

By constraining even more the initial space we recover even better integrability prop-
erties of the Fourier transform. Recall the space of rapidly-decaying functions:
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Definition 2.3.5 (Schwarz space). We define the space of rapidly-decaying functions
(also known as Schwarz space, and its elements as test functions) the set

S®):={pec>®)||

xaafgo(x)uoo <oo Va,B e NO}.

A similar definition holds of the domain space R™ by changing «, 8 to be multiindices in
Np. The correct topology in this space is defined with respect to the family of norms

20| .

Il = max |
o0

a+B<k

for k € N. The test functions with this topology form a complete metrizable topological
vector space.

Note that, as sets, S(R) C L'(R) N L=(R) C L?*(R), as for all ¢ € S(R) one has

1
[ le@lds = [ 20+ et < [0 +2)7 )0+ 2] < oo

Furthermore, since all smooth functions of compact support are in S(R), we have in
particular that S(R) is dense in L!(R) (in the L!-norm) and also dense in L?(R) (in the
L?-norm). Therefore, their Fourier transform is defined, and we also have

Proposition 2.3.6. If ¢ € S(R), then Flp| € S(R). Furthermore, F : S(R) — S(R) is
an isomorphism of topological vector spaces, with inverse F 1.

We are interested in the dual of this space:

Definition 2.3.7 (Tempered distributions). A tempered distribution 7" is an element of
the (topological) dual S'(R) of the Schwarz space S(R).

Each test function ¢ (in fact, every function in L'(R) U L>(R)) defines a tempered
distribution T;, as

T, () = /R o(@)p(x)d.

It turns out that the inclusion S(R) C &'(R) is dense in the weak topology. That is, for
all T € §'(R) there is a sequence {p,}22; C S(R) such that

T(Y) = lim [ ¢,(z)Y(x)dx for all ¥ € S(R).

n—oo R

This density and , we may extend the definition of the Fourier transform to S’(R), as
FIT)(¢) := T(F[¢]). Indeed, this definition is consistent with the injection S(R) C
S'(R) by Plancherel’s theorem 2.3.4:

FIT,)() = /R (@) F () (2)de = /R Flelp)d(p)dp = Tri ().

Finally, from Proposition 2.3.6, and Plancherel’s theorem 2.3.4 we obtain that F :
S'(R) — S’(R) is also an isomorphism.

Example 2.3.8. Consider the function sgn(x) € L*>(R). Since it is bounded, it defines
a tempered distribution Tig,(,) but, as usual, we will abuse notation and simply refer to
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the tempered distribution also as sgn(x). On the other hand, the function 1/x defines a
tempered distribution by taking a Cauchy principal value on the integral. That is,

P.V. <1) (¢(x)) := lim L o(2)dz

xT e—0 R\[—¢,€] T

is a continuous functional on S(R).
These two distributions are related by a Fourier transform:
12 1
Flsgn](p) = =—P.V.—.
i P

Other important properties of Fourier transforms are the following

Proposition 2.3.9. Let f(x) = f(—x) for some f € L*(R). Then, F[f](p) € R for all
pER.

Theorem 2.3.10 (Convolution theorem). Let ¢p € S(R), K € §'(R). Then, for almost
all p € R,

F [ /R DPVK (@ = N) | (p) = V2rF ] (p) FIK] (p)-

Finally, note that integration by parts gives for all ¢ € S(R):

pFYl(p) = Fl=itudl(p),  —i0pF Y] = Flay(x)]

These identities can also be extended to ¢ € S'(R) with a suitable definition of d,. In
particular, this shows that indeed the position and momentum representation are related
via the Fourier transform, as stated in Section 2.2. From this, we can prove the following
widely used identity relating the position and momentum representations:

iTp

(39) dux (z)dup(p)* = |)p| (x|p) dedp” = m | )(p| dadp.

2.4. The Wigner function. As we have seen, the Fourier transform relates the po-
sition and momentum representations. It is also quite useful to do a partial Fourier
transform and work in phase space, where both position and momentum have equal
footing.

The Wigner function of a quantum state p € S(L?(R)) is usually defined as

_ 1 [ _Y YN\ Jiny
(40) Wp(fv,p)-—%/ dy<x 2‘p‘ﬂf+2>e :

—00
where we are working in the position representation. In order to make sense of this
integral, remember that a state p € S(L?(R)) can be represented as an infinite convex
combination of pure states (cf. Equation (2))

p=D Nlvwil, )€ L*(R).
i=1

Then, equation (40) becomes

Wite =5 [ wryu (=g uler e
=1
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Let us now call
Oo [—
Dy (21, 22) := > Aithi(w1)¥i(w2),
i=1
where {1;}22, is an orthonormal basis of L?(R), and \; > 0, Y2y Ai = 1. Then we have

1 [ N
Wy (z,p) = 277/ dyD, (93 T 5) eV,
oo

This is a partial (inverse) Fourier transform. That is, a Fourier transform on only one
variable of a multivariable function. The properties of the Wigner function are intimately
tied to the properties of the Fourier transform.

In order to get integrable Wigner functions we define by analogy the following set of
states.

Definition 2.4.1 (Tempered state). We say that p € S(H) is tempered if the defining
kernel D, (z1,22) := (z1] p|r2) € S(R?) is a test function.

We want to focus our analysis on such states, since they have very nice regularity
properties which are important in order to work with Wigner functions. Thankfully, we
don’t lose any generality because of the following

Lemma 2.4.2. The tempered states are dense in S(H) with the operator topology. Fur-
thermore, the span of pure tempered states is dense in S(H).

Proof. Indeed, let € > 0, and take any state
p=Y NiliXwl, i) € L*(R).
i=1

By definition there is an IV € N such that

P Sy A [i)il
PIAEPY

is €/2-close to p in the operator topology. By taking a bigger N, we may also consider
SN A >1—¢ > 0. On the other hand, S(R) is dense in L%(R), so let |¢;) € S(R)
be e/4-close to |1;). Without loss of generality, we may consider (p;|¢;) = 1. Then, the
state

_ it dileideil
Zz’]\il Ai
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is tempered, and for all |¢) € L%(R?)

ZA (ilw) [i) — (Wilh) i)

=1

e = o™ 1) 2y =

—N
Zz 1 )‘Z L2 (R)

N
< X s (Kl o = () Wl
) 10 — (1) i)l ay)

N
Z NM 201 2y llpi) — 1)l 2wy

=1 z
|

ms

SN2 w)-

Therefore, o is £/2-close to p, which is £/2-close to p, so o is e-close to p.

The second part follows. O

In general then, we will be able to determine the properties of any linear bounded
operator acting on S(H), by its action on pure states which are tempered. In particular,
we can restrict our study of Wigner functions to tempered states, for which all the
properties are easier to prove, although we continue to state all the theorems in generality.
In particular we have

Proposition 2.4.3 (Properties of the Wigner function). For all p € S(L*(R)), the
Wigner function W, is well defined and satisfies the following:

(1) W, € Co(R?) N L*(R?).

(2) W, is in general not in L'(R?), but W, € L*(R?) if p is tempered.

(3) W, takes values in R.

(4) tr{Ap} =27 [p2 W, (2, p)Wa(z,p)dzdp for A and p tempered.

(5) If p(x) =0 for all r € R for some convex region R € R, then Wy (z,p) =0
for all x € R.

Proof. If p is a tempered state, this follows easily from the properties of the Fourier
transform given in Section 2.3, and the definition of the Wigner function.

0

Finally, we end this section by computing an important class of Wigner functions
that we need for our numerical investigations later.

Example 2.4.4 (The Wigner function of number states). Consider the operators |m)n|,
where {|n)}2%; represents the number basis of L?(R); that is,

22

(zn) = VrHy(z)e™ 2,

where H,, is the n-th Hermite polynomial. First note that, by linearity of the definition
of the Wigner function, for any state p = Z%,n:l Pmn |m)n|, we have that

(41> WP('x?p) = menI/V\m)(n\(xvp)a Pmn = <m’ p |n> :
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Now, take p to be a coherent state, i.e., p = |a)«|, with

0k
(42) ) = e P23 Oy

for |k) an element of the number basis. It follows that
2 ama’
On the other hand, the Wigner function of a coherent state is known to be [Bra21b]

1 —r2—2|al? alx—1i a(x+1i
(44) Wy(a,p) = —e 2la>+v2(a(z—ip)+a(z+ip))

(43) Pmn = el

)

with 7 := /22 4 p2. Cancelling the factor e=1o” in both sides of Equation (41) and
expanding the remaining exponential in Equation (44) as a power series in a, &, we can
compare the coefficients multiplying a”*@™ on both sides of the resulting equation, thus
obtaining

where 6 = arg(z + ip).

Note that in [Tsi06] Tsirelson provides the complex conjugated formula for the same
quantity. This mistake does not, however, invalidate the main result of [Tsi06], namely,
the computation of the spectrum of a given linear operator. This is so because the spectra
of a self-adjoint operator and its complex conjugate in a given basis coincide.

Next, we invoke Equation (45) to derive the matrix elements
Onm(0) = (n| ©(cos(¢) X + sin(¢) P) |m)

and show that

Onm(¢) =
Vmlnl gi¢tn=m) (n=m _jm=ny L qymin—kok—S5Rolp (p mdn )
Z (m+n—FEk)(k—n)(k—m)!

k=max(m,n)

(46) i i(n—m)

We will use this expression to lower bound the maximum quantum advantage in the
standard and restricted projectile scenarios. To begin, using Proposition 2.6.2 we obtain

(47) O () = / AzdpWiymy o) (2 9)O( 08 6 + psin ).

We can evaluate the right-hand side of the above equation by changing to polar coordi-
nates. The result is

vmin! eld(n—m)(n—m _ jm-n
(48) Orn(6) = 0, ( )

T i(n —m)

Y
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with

m—+n

min(m,n) kot —k—1 m4n
—1)%2 res —k+1
Wnpm = E ( ) ’ ( 2 i )
kEl(m — k)!(n — k)!

k=0
m+n (_1)m+n—k2kfmT+”71F (kﬁ - m;rn + 1)

(49) = 2 (m+n—kNk—n)lk—m)

k=max(m,n)

where, in the last step, we changed the sum variable £k — m +n — k so that a comparison
with Equation (1.5) in [Tsi06] can be made.

As it turns out, the final expression for w,,, can be written in terms of the generalized
hypergeometric function ,F,. Thanks to such an identity, it is possible to compute wy,
accurately for large values of m,n, as we do in Section 3.1

2.5. The Weyl operators. We have argued that we should be considering the Hilbert
space L?(R,dz), in which the position operator consists on multiplication by z, and the
momentum operator is —id,. It is immediate to check that in this setting, these two
operators satisfy the famous canonical commutation relations (CCR)

(50) [X, P] == iHLQ(R)'

However, the astute reader will notice that expression (50) is troublesome. On the left
hand side we have an operator which is not defined on all of L?(R), and so one has to
carefully consider domain issues in order to use the CCR to prove anything. This makes
the CCR ill-suited as a characterization of the operators X and P. It is better to instead
consider the strongly continuous one-parameter unitary groups that they generate. That
is, the operators e~ X =P,

Proposition 2.5.1 (The exponentiated CCR). For the usual position and momentum
operators X, P acting on L?(R), it holds that

(51) e—iaXe—ibP — e—iabe—ibpe—iaX.

This is now a statement about bounded operators, so with it we never have to worry
about domain issues. If X, P were bounded operators, then Equation (51) would follow
from the usual Baker-Campbell-Hausdorff (BCH) formula

edeB = eATBesl 4Bl for all A, B such that [A,[A, B]] = [B,[A,B]] =0.

However, not all (unbounded) operators that satisfy the CCR satisfy the exponentiated
CCR (51), as a result of domain technicalities on the CCR (50) [Example 14.5; Hal13].

Proof. Let ¢ € L?(R,dz). Since we defined P as the infinitesimal generator of trans-
lations, we have that (e=®Fw)(z) = ¢(x —b). On the other hand, using the spectral
theorem 2.3.3, we have that (e X)) (z) = e~"%¢(x). Therefore, (e~ Xe~®F)y)(2) =
e~%h(z — b). On the other hand, (e~"be=®Pe=10Xy)(g) = e~tabe=ia(@=bly)(y; — p) =
e~ (x — b). O

The power of using the exponentiated CCR instead of the CCR is manifest in the
celebrated theorem by Stone and von Neumann
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Theorem 2.5.2 (Stone-von Neumann). Let A, B be self-adjoint operators acting irre-
ducibly on a hilbert space H. If A, B satisfy the exponentiated CCR (51), then there
exists a unitary U : H — L*(R) such that

Ue—itA UJ[ — e—itX’ Ue—itB UT — €_itP.

If A, B do not act irreducibly on H, we can decompose H into a direct sum of Hilbert
spaces on which they do.

Proof. [vNeu3l] O

One would also like to have something like a BCH formula for the operators X and
P. For this, we need to consider for a,b € R the sum aX + bP. Again we immediately
have to deal with domain issues, which can be worked around. However, it is easier
to define the operator aX + bP using Stone’s theorem 2.1.3 on the appropiate strongly
continuous one-parameter unitary group. If the BCH formula held, we would have

2
—it(aX+bP) iteb _jatX o ibtP

(& =e€e 2 e

so in order to seamlessly define a X + bP we can look at the right hand side.

Proposition 2.5.3. Let U,(t) be operators on L*(R, dx) defined as

- t2ab t2ab

(Ua,b(t)w)@f) — (61 5 efitaXefitwa)(x) _ eiTefitaxw(x _ tb).

for ¢ € L?(R,dx). These operators form a strongly continuous one-parameter unitary
group.

Proof. Proposition 13.5 Hall. O

We can now define a X +bP as the infinitesimal generator of U, ;(t), and automatically
we get that its domain is dense on L?(R) and it is self-adjoint. It turns out that aX +bP,
as one would naively define it, does satisfy the BCH formula in some dense domain, and
both definitions coincide [Section 14.2; Hall3]. Now that we have the generator, we
can forget about the one-parameter group. The following operators play an important
role in Weyl quantization.

Definition 2.5.4 (Weyl operators). For every a,b € R, we define the following operator
on L*(R):

W(a,b) := pi(bX—aP) _ Up—a(—1) = o~ 3iab X ,—iaP
They satisfy the following relations

Proposition 2.5.5 (The Weyl relations).

cab' —ab

W(a,b)W(a', ') =¢" =2z W(a+d,b+1b)
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Proof. Indeed, using the exponentiated CCR (51), we obtain

7-ab+a/b/ . i 17 v
W(a, b)W(a', b/) —e e'LbXe zaPezb Xe ia' P

7-ab+a/b’ b g N . _in!
— 3 e zabeszesze Zape ia' P

_;abta’b/ +24"p ’ . ’
— el 5 ez(b+b )Xe i(a+a')P

g a'b—ab’

=e 'z W(a+d,b+1).
U

Note that the exponential contains the symplectic form ab’ — ba’ = J((a,b), (¢’,V)).
This hints already that the Weyl operators play a crucial role in the phase space for-
mulation of quantum mechanics. Another important property of the Weyl operators is
that they are strongly continuous as a map W : R? — B(L?(R)). This, together with the
Weyl relations, also determine the Weyl operators up to a unitary transformation, in a
more general Stone-von Neumann theorem.

Theorem 2.5.6. Let U : R? — B(H) be a strongly continuous map such that for all
(a,b) € R2, the operator Ul(a,b) is a unitary which acts irreducibly on a Hilbert space H.
If U(a,b) satisfies the Weyl relations; that is,

/

Ua, b)U(d, ) = ¢ 3 Ula + ', b+ 1),
then there is a unitary V : H — L*(R?) such that for all (a,b) € R,
VU (a,b)VT = W(a,b).
The unitary V is unique up to a phase.

Proof. This is actually an intermediate step that von Neumann uses in [vNeu3l] to
prove Theorem 2.5.2. U

2.6. Symmetries of phase space. As in every physical theory, the symmetries of our
objects of study will play an important role. The group of symmetries of a symplectic
space is called the symplectic group. Given a symplectic space (X,J), we have

Sp(X,J):={A e GL(X) | J(Az, Ay) = J(z,y) for all z,y € X }.
In our case of interest, the symplectic space is (R?,J), and we consider always canonical

coordinates (g, p), so that J is given by Equation (37). In this case, Sp(R?, J) is identified
with a subgroup of GLy(R), which we denote by Sp,(R). We have

Spo(R) = {A € GLy(R) | ATJA = J}.

Indeed, J(Az, Ay) = (Az)TJAy = 2T ATJAy = 27 Jy = J(z,y) for all =,y € R? if and
only if ATJA = J. Note now that

=36 (5 ) a) = Lo ")

and therefore Spy(R) = SLa(R).

Using the Weyl operators, we can get a unitary representation of Spy(R) on L%(R).
Indeed, consider o € Sp,y(R), and let us abuse the notation again to denote by o(x,p)
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Name Group element o Metaplectic group element U,
Translation Tab W(a, b)
1 v o2
Shear S, = (0 1) i
Squeezing D, = </5 1?M> o—ilogu XEEPX
— si . 2 2
Rotation | R, = (CF)S ¢ —sin 04) i X2
sihna  cosa
1
Reflection <O _01> P

Table 1. Image of the metaplectic representation ¢ — U, on the elements of the
affine symplectic group. Since every element o of Sp,R = SL2(R) can be decomposed
as a product ¢ = R,D,S, with o,v,n € R, and p > 0, this is enough to recover all
unitaries. As proven in Corollary 2.6.1.1, the Wigner function is covariant with all
these transformations, including the reflection, albeit via an antiunitary map.

the action of ¢ on the vector with coordinates (z,p)?. It follows from the fact that
J(o(z,p),o(2',p")) = J((z,p), («',p')) that

/ ’
jzp’—a'p

(52) W(o(z,p))W(o(',p) =2 W(o(z+a',p+p)).

It follows from von Neumann’s uniqueness theorem 2.5.6 that there exists a unitary
U, € B(L?(R)) such that

(53) W(o(z,p)) = U, W(z,p)UL.

In particular, this correspondence is a projective representation, since the unitary U, is
unique up to a phase, and

W(o1(02(z, ) = Us, W(oa(z, p))UL, = Us, Us, W(z, p)UL UL = Ugy 0, W(z, p)UJ

g102°

The image of Spy(R) under the homomorphism o — U,, together with the Weyl operators
is called the metaplectic representation. It is a projective representation of the affine
symplectic group; that is, Spy(R) together with all phase space translations 7, : (z,p)
(x + b,p+ a), operations which also preserve the symplectic form J. The unitary maps
corresponding in the metaplectic representation to generators of the affine symplectic
group are easily determined to be those in Table 1.

Proof of Table 1. First, we note that the translations 7,; indeed satisfy the relations

-1
TabTa' b/ = Tata' b+b/s OTab0 — = To(a,b)s
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where o is a shear, squeezing or rotation. Therefore, since the Weyl operators satisfy
relations (52, 53), we indeed have a projective representation of the affine symplectic
group.

Now, we check that the U, for o € Spy(R) satisfy Equation (53). It turns out that any
at-most-quadratic combination of X and P which is symmetric is a self-adjoint operator
on a suitable domain which includes the tempered states. Since it is all we need, we
assume that we are acting on a tempered pure state. Then, let us check for example
Equation (53) for the shears. We work for simplicity in momentum representation:

U(p)
/2 /32 .
b i v 5P U(p' —p)

. 2 . . A~
— et eflwp/eﬂpp’vw(p/ —p)

i (z+vp)p
2

. p2 . N . . p2 . . . pl2
B_WPTW(x,p)ew%ﬂ}(p,) _ ezge—w%e—szeszew%

122 —ju

—e e—i(;t—&-up)PeipX?l}(p/)
= W(z + vp, p)ib(p).
Similar but lengthier computations show the same for the other generators of Spy(R). O

The action of the metaplectic group induces an action on the Wigner functions. The
best way to see it is through the following alternative definition of the Wigner functions,
introduced in [Gro76]

Theorem 2.6.1. For all p € S(L*(R)) tempered, we have
1
W(2,p) = — tr{ pW(a, p)IW(z, ) |,
where 11 is the parity operator, defined as )(x) := (—x).
Proof. First note that
W(z, p)TIW(z, p) 9 (2) = ePX e TP e Xy (2)

_ eipXe—iacPH(ei(—pz—wp)d}(z + ZL'))
_ eipXe—ixP(ei(pz—zp)w(_z + ﬂf))
— eZip(zfx)w(_z + 2%)

Let p = [¢)X%| be tempered. Then the trace of pW(z, p)IIW(z, p)' is well defined, and
equal to

tl"{pW(.’E,p)HW(.I,p)T} = /Rdze%p(z_z)z/)(—z + 22)1Y(2)

b 26
=7W,(z,p).

The claim follows from linearity and continuity. O

As a corollary, we can see how the metaplectic group transforms the Wigner function:
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Corollary 2.6.1.1. Let o be an element of the affine symplectic group, and U, its
metaplectic representation. Then,

WP(Oﬁl(J%p)) = WU[,pUJ; (CC,p).

Furthermore, as noted in Table 1, if o is the reflection, then
W,D(xa _p) = Wﬁ(xap)

Proof. First, suppose that o is a shear, a squeezing or a rotation. Then, using Equation
(53), one gets

Lo Lot i t

- {pUmeUHUW(:L‘p)U}
7r

1

= — tu{ (UopUL) W(a,p) (UsTIUE) Wia,p) .

On the other hand, UUHU; = II. This can be determined by realizing that the
operators P2, X? + P?, XP + PX all preserve parity. Indeed, we can decompose every
L*(R) function as a sum of an even and an odd part

r)+Y(—x r)—YP(—x
"4/1(37) = ¢( ) 2¢( ) + w( ) 21/}( ) = weven(x) +1/}0dd(x)7
and MYeven = Vevens Nodd = —Wodd- We obtain a decomposition of L?(R) = L%eyen(R)®
L?,44(R). The aforementioned operators all respect this decomposition, as can be easily
checked on tempered functions, and so they commute with the parity operator.

Now suppose that o is a translation. Then, we have from the Weyl relations that
Wo(T-a,-5(2,p)) = Wp(z —a,p— D)
= % tr{ (W(a, b)pW(a, b)T> W(x,p)HW(x,p)T}
Finally, for the reflection we have,

Wp(xv _p) - Wp<x7 _p)

1
dye~ ’Py<a:—f‘p’x+ >
27'[' R
Y| —
{3l )
=5 . ye T 5 px+2
:Wﬁ($,p)

O

Consider now an affine-linear transformation of phase space o, such that J(o(x,p)) =
+J(x,p). It follows that o can be decomposed as a product of the elements given by
Table 1, and thus

(54) W,D(Oﬁl(m?p)) = WngU; (x,p),

where by abuse of notation we define ngU; =7

We end this Section by proving one last property of Wigner functions which we will
make continuous use of.
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Proposition 2.6.2. Let a,b,c € R, f € L>(R) and p a tempered state.

tr(f(al +bX 4 cP)p) = fla+ bz + cp)W ,(x, p)dxdp.
R2

Proof. Note first that A := al + bX + cP is a self-adjoint operator with continuous
spectrum R. This follows, for example, by noticing that the spectrum of the unitary
e al+bX+cP) . p—iag—i(bX+cP) jg )] the complex numbers of modulus 1. Indeed,
e'@X ¢ieP has the same spectrum as €%, as can be seen by conjugating with the unitary
e~P/2 In particular, we have that for all ¢, the measure p2 X+ is absolutely
continuous with respect to the Lebesgue measure. Therefore, using the Radon-Nykodym
theorem, we obtain a measurable function g(z) such that d/ﬁlz = g(z)dz. Furthermore,

since /L;;‘(]R) =1, the map g is in L}(R).
On the other hand, f is the Fourier transform of some other tempered distribution,
and we may write for all ¢ € S(R)

/R f@)p(@)de = Ty(®) = lim | Fun(a)(z)da

n—oo R

for some sequence of test functions ,. Furthermore, from the functional calculus 2.3.4,
we have

tr(f(al +bX +cP)p) = /Rf(z)dug
~ [ ez
R

= lim [ Fla)(z)g(=)dz

n—oo R

= lim ]:[an](z)duﬁ
R

n—oo

= nh_{go tr(Fln](al + 0X + ¢P)p).

This allows us to extend the functional calculus of al+bX +cP to tempered distributions
in a weak sense. We consider now the test functions t,,. With the same arguments we
can see that

Flnl(al +bX +cP) = / o ()¢ HalHDX+CP) gy
R

Using the exponentiated CCR and the properties of Wigner functions 2.4.3 we arrive at

tr(F[in](aX + bX + c¢P)p) = Un(a + bz + cp)Wp(z, p)dzdp,
R2

from which the result follows. O

Conversely, we will see that for tempered states, for which the Wigner function is in-
tegrable, integrating the Wigner function over certain regions of phase-space corresponds
to computing the expectation value of some self-adjoint operator, as

(55) /11@2 XE(x,p)W,(z,p)dp = tr(Agp).
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Preparation of p Position measurement
t=20

\/

Figure 1. Projectile scenario. A projectile is prepared at time ¢ = 0 in [0, L] and,
at time ¢ = AT, we verify that it has reached region [a,00). Maximum quantum
advantage in probability of arrival as compared to a classical particle is found to be
the Bracken-Melloy constant, 0.0315 < cpm, & 0.038452 < 0.0725.

3. Quantum Projectiles

We are now ready to introduce the task which is the topic of this Chapter. Our start-
ing point is a classical projectile of mass M, prepared at time ¢ = 0 in the region [0, L]. At
time t = AT > 0, we observe whether the projectile has reached region [a, o0), with a > L
as in Figure 1). If we ignore where exactly in [0, L] the projectile was prepared, then
the probability of finding it in [a,00) at time AT is, at most, Prob (p > M (a — L)/AT),
where p denotes the projectile’s linear momentum. This corresponds to a configuration
where the projectile was prepared at * = L at time ¢t = 0. Similarly, the probabil-
ity to find the projectile in [a,00) at time AT is, at least, Prob (p > Ma/AT), which
corresponds to an initial preparation at z = 0.

Now, let us assume that the projectile is, in fact, a quantum mechanical system.
Let S(R) denote the set of quantum states with spatial support in R C R. We will
omit the parentheses whenever R is an interval, and thus denote by p € S[0, L] the
initial quantum state of the projectile. Analogously, we also denote by P(R) the set
of quantum states whose momentum has support in R C R. While the projectile is
freely propagating, its dynamics are governed by the kinetic Hamiltonian H = P?/2M,
where P denotes the projectile’s linear momentum operator. The probability to find the
quantum projectile in region [a, c0) after time AT can be found by simple application of
the Born rule: it is tr(UpUTO(X — a)), where U := e 72T and © is the Heaviside step
function. Furthermore, we can write the classical probability of success as

o (e MO D) o (p MezDY L

If, after time AT, the quantum projectile is found in [a, c0) with probability greater
than the classical maximum, we say that the projectile is ultra-fast. If, on the contrary,
the projectile is detected with probability lower than the classical minimum, we say that
the projectile is ultra-slow. To gauge how ultra-fast or ultra-slow a quantum projectile
in state p is, we consider the difference between the quantum and optimal classical
probabilities of arrival.
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Let us deal with the ultrafast case first. As we saw, the probability of success for
this task is given by tr{U pUtO(X — a)}. Furthermore, the unitary U corresponds to a
metaplectic representation of a shear, as proven in Table 1. Using Propositions 2.6.2,
2.4.3 and Equation (54), we find that

tr (UpUT@(X - a)) = O(x — a)Wy pt (@, p)drdp
RQ
= O(x —a)W,(x — ATp/M, p)dzxdp
R2
= / O(x + ATp/M — a)W ,(x, p)dxdp
R2
=tr{©O(X + ATP/M — a)p}.
Thus the quantum advantage, if it exists, is given by tr(pQp(M, a, AT)), with
AT AT
QF(M,G,AT) = @ <X+MP—CL> —@ <MP—(Z+L) s

We wish to find the largest advantage achievable with a quantum projectile. That
is, we are interested in the quantity

¢r(M,L,a,AT) = sup tr(pQp(M,a,AT)).
p€eSI0,L]

Now, given a set of states S and an operator A, we have, for any unitary U, that

suptr(pA) = sup tr(pUAUT> = sup tr (UTpUA>.
pes peUSUt peUSUT

We next exploit this observation to prove that ¢ is just a function of o := M L?/AT.
In particular, ¢ does not depend on a, the location of the target region: remarkably,
quantum projectiles are equally advantageous no matter how large the flight distance.

Let o : R? — R? be an affine-linear transformation such that the linear part is
symplectic. Equivalently, we have that o acting formally on the pair of operators (X, P)
formally satisfies [0(X, P)1,0(X, P)2] = [X, P] = i. Let us call such maps metaplectic.
Then, as we have shown in Section 2.6, there exists a unitary U, such that

(57) tr(Uj,pUgf(a]l +bX + cP)) — tr(pf(al + bo(X) + ca(P))),
where we denote by ¢(X) = o(X, P); and o(P) = o(X, P)a.

Now, consider the unitary V associated to the metaplectic map

T +—

M (CB - L)a
(58)

AT
AT M
PP arte b

For o = M L?/AT, it follows that
(59) ¢r(M,L,a,AT) = p(a) :=  sup  tr(pS),
pES[—Va,0]

where Q := O(X + P) — O(P). Hence, ¢ is just a function of a. We call the right-
hand side of the above equation the standard problem. Note that the standard problem
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corresponds to determining the maximum quantum advantage of an ultrafast projectile
of mass M = 1, prepared in the region [—/a, 0], to be found in region [0, c0) after time
AT = 1.

So far we have only considered ultrafast projectiles. For the ultraslow case, the story
is pretty much the same: namely, the minimum probability that a classical projectile,
prepared at time ¢ = 0 in [0, L] with the same momentum distribution as the quantum
state p, reaches the target region at time ¢t = AT is given by

Ma AT
> — | = p— _
Prob <p > AT> tr [p@ < i P a)] ,

and so the quantum advantage, if it exists, corresponds to tr(pQg(M,a, AT)), with

AT AT
Qg(M,a,AT) =0 <MP—a> -0 <X—|— MP—a) :

The maximum quantum advantage is thus

ws(M,L,a,AT) :== sup tr(pQs(M,a,AT)).
pES[0,L]

As it turns out, g = ¢, and so the functions pp, g are identical. Indeed, consider
the transformation

(60) o(z,p) = (\/Zx \/gp + \/Z(x - a)) .

Since [o(X, P)1,0(X, P)2] = —i, this map does not define a unitary transformation over
the set of quantum states. Rather, it defines an anti-unitary transformation U,, as
explained in Section 2.6. Now, the argument above relating linear optimizations over
subsets of quantum states also extends to anti-unitary transformations. One can verify
that, applying U, to the standard problem with a = ML?/AT, one ends up with the
definition of ¢g, and, therefore, og(M, L,a,AT) = ¢ (MLQ/AT).

We finish this section by introducing yet another projectile scenario. As before, we
wish the quantum projectile to have a larger probability of arrival, but this time we
award some advantage to the classical projectile: namely, we compare the probability
to detect the quantum projectile in the region [a,00) with the maximum probability of
detecting the classical one in the larger region [a — b, 00), with b > 0. This problem can
be reduced, via the transformation (58), to an optimization of (6(X + P) — ©(P + j)),

over p € S[—/a,0], with & = ML?/AT, 8 = b\/M/AT. We denote this problem the
extended standard problem, with solution ¢(a, ). Clearly, ¢(a, 3) is non-increasing in
B and ¢(,0) = ¢(a). Obviously, limg_,. ¢(c, f) = 0, and so one cannot reduce the
extended standard problem to the standard problem.

3.1. Solving the standard problem: lower bounds. From the formulation of the
standard problem (59), one can immediately deduce that ¢ is a non-decreasing function
of a € [0,00), with ¢(0) = 0 and ¢(a) < 1. It remains to see that ¢(a) # 0 for some
a. To do this, we need to study the spectrum of Q := ©(X + P) — O(P) restricted to
the space S[—y/a, 0] C S(R). In position representation, we have the following integral
representation for 2.
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Proposition 3.1.1.

1 exW'=2?) _q
(61) s vmo = 5 /Ww dady ™ |l
Proof. We begin with the distributional identity
sgn z = %P.V. %eit"‘

R
given by Example 2.3.8. The operator (2 is defined via the functional calculus as

sgn(X+P)+1 sgn(P)+1 1
2 2 T2

We are now going to apply sgn(X + P) and sgn(P) to a tempered pure state. In this
case, we never encounter a problem exchanging integrals.

sgu(P) = /]R sgn p [pXp| dp

2m dt i
=2 [ [ dpe
R R

s

1 1 L
= ,P.V./ dt/ dxdy/ dpe™ePEY) 1)y
1T/ 27 R t R2 R

1 dt
= da;dyP.V./ 76(t +z —y) [z)(y|
R

O(X + P) — O(P) = (sen(X + P) — sgn(P)).

T JRr2
1

= —P.V. | dzdy |z )y|
i R2 y—z

Similarly,

1 es(y?—2?)

0

Let K(z,y) be the kernel of this integral operator. If a > 0, then we can choose
z € (—y/a,0) such that K(0,z) = K(z,0)* # 0. Since K(0,0) = 0, by the determinant
criterion it follows that the 2 x 2 matrix {K(z, y)}z =0, is not negative semidefinite. In
particular, it has a positive eigenvalue ), with eigenvector (co,c.)?. Now, consider the

ket
1

’¢s> = % —vao dx(CUX[—s,O] (m) + CzX[z—e¢,2] (I‘)) |:C> )

where yc denotes the characteristic function of C' C R. For small enough e, |9 ) 1| €
S[—V,0] and (| Q2 |1)e) = €A > 0. We conclude that p(a) > 0 for all & > 0, so
ultrafast and ultraslow states exist in all projectile scenarios.

The problem of computing ¢(«) for different values of « is more convoluted. Note
that the kernel K (z,y) is analytic in x, y; hence, for z,y € [—+/«, 0], we can approximate
it up to arbitrary precision by a polynomial on z and y of sufficiently high degree. When
we replace K (z,y) by its N** order Taylor expansion, we arrive at a new operator Qy,
which can be shown to be close in operator norm to €2, restricted to the subspace of wave
functions defined in [—y/a,0]. In turn, Qu only has support on the finite-dimensional
subspace spanned by vectors of the form f[, Va0l dxz® |z), where k runs from 0 to the
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Figure 2. Solid blue: plot of p(a) for a € [0,100], computed with precision § = 10™%.
Dashed red: linear upper bound (2v/3 — 3)a/24w. Dashed black: the conjectured value
of the Bracken-Melloy constant cpm,

degree in x of the kernel of Q. Hence Q2 can be exactly diagonalized. The function
() thus computed is plotted for a € [0,100] in Figure 2. As it can be appreciated,
() roughly looks like a concave function, but not quite: at regular intervals, the slope
of the function becomes very small. Such ‘steps’ seem to decrease in amplitude as «
grows, and, actually, for o > 1, the function appears to be well approximated by the
Ansatz r + sa~1/2,

In addition, via variational methods, we show that ¢(c0) > 0.0315. Recall that (o)
is the result of maximizing tr(€2p) over all quantum states p € S(—o0,0]. Hence, any
quantum state satisfying this constraint gives a lower bound on ¢(c0). For any p, we
can enforce this constraint by projection:

O(—X)po(—X
(62) e N 1)p (%) ¢ (=00, 0]
—€

with e =1 —tr(0(—X)p). Using |||, < 1, it is easy to prove that, for p = [)(3)],

1—¢ l—¢ 1—¢

(63) w(pe) > TOY oy [

which provides a way to lower bound ¢(o0), given an arbitrary quantum state not nec-
essarily in S(—o0, 0].

Consider, thus, a state p with support in Hy := span{|n)}»_,. The restrictions of
the operators Q@ = (X + P) — O(P) and O(—X) to Hy can be computed through
Equation (46). Taking N = 1000, we find, via matrix diagonalization, the pure state

|v) € Hn maximizing the overlap

(64) (W] (v +20(=X)N) [,
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with A = 2500. Defining p* := |¢)(1)|, we compute the averages tr (pQ), tr(pO(—X))

and, applying Equation (63), we find that ¢(o0) > 0.0315.A plot of the Wigner function
of a quantum state approximately in S(—o0,0] and approximately achieving this value
can be found in Figure 4 (left).

3.2. Solving the standard problem: upper bounds. To grasp the maximum quan-
tum advantage, we need to study the limiting case &« = co. The problem thus consists in
determining the spectrum of Q := (X + P) — ©(P), restricted to the space L?(—o0,0].
To study this case, it is convenient to switch to the Wigner function representation.

Recall now that, for any tempered state p, we have, by Proposition 2.6.2, that
(o) = [ dedpW(a.)(© (& +1) — © ().

The last factor on the integrand will vanish everywhere, except in the regions AT =
{z +p>0,p <0}, where it equals 1, and A~ = {z + p < 0,p > 0}, where it equals —1.
However, if p € S(—o0, 0], then W(z,p) = 0, for z > 0. Since (z,p) € A" implies z > 0,
it follows that the first region does not contribute to the integration above. Hence,

p(o00) = sup —/ dxdpW,(z, p).
pES[—00,0] -
The problem of integrating Wigner functions over wedges (without any further con-
straints) was studied by Werner [Wer88] in the context of time-of-arrival operators. The
idea is that all wedges can be taken to each other via a metaplectic transformation, and
therefore it suffices to study the wedge [0, 00) x [0, 00). Under this transformation, ¢(o0)
becomes
sup — / dxdpW,(z, p),

pitr(pO(X+P))=1 [0,00)2
where we have used that S(—o0,0] is the space of states that satisfy the condition
tr(p©(—X)) = 1. Werner considers the operator corresponding to integrating Wigner
functions over the quadrant z,p > 0, and numerically determines its spectrum to be
[—0.155940,1.007678]. Therefore, p(co) < 0.155940. This bound, however, does not
take into consideration the constraint tr(p©(X + P)) = 1. To account for it, we add to
Werner’s operator a linear combination of operators corresponding to integrating Wigner
functions over hyperbolic regions in the quadrant z,p < 0. Since our Wigner functions
vanish in that quadrant, the infimum of the spectrum of the new operator (which can
also be determined with the techniques in [Wer88]) also provides an upper bound for
©(00). We numerically find the bound ¢(o0) < 0.0725.

The problem of upper bounding ¢(co) is equivalent to that of lower bounding the
bottom of the spectrum of the operator A defined through tr(pA) = [z. 0(x)0(p)W,(x,p),
constrained to the space Q of wave-functions |¢) satisfying (X + P) [¢) = |¢).

Restricted to this space, A = A + B, for any operator B that integrates a Wigner
function on some region R C {(z,p) € R? : z + p < 0}. Therefore,

supinf{A\: A€ o(A+ B)} <inf{A: X € 0(4|g)}.
B

Unfortunately, computing integrals of Wigner functions on arbitrary regions of phase
space is arbitrarily complicated, so we must restrict ourselves to tractable regions.
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Define Ry := {(z,p) € R? : 2p > k,z < 0,p < 0}. Such hyperbolic regions are
invariant under the action of the squeezing group e~ #*XP+PX) and it turns out that
the operator Bj representing integration over Rj can be block-diagonalized in a basis
{m) 45 m) _}y of squeezing generalized eigenvectors, exactly like Werner does for By in
[Wer88]. Hyperbolic regions were also independently considered in full generality in
[WBO05], where the spectrum is also numerically computed. The result can only be
expressed as follows in terms of integrals which do not have an analytical expression, as
far as we are aware:

Theorem 3.2.1. For all k > 0, we have

Bk == / d77 Z 010'2 |77>o-1 < ‘o‘g ’

0102==+,—
where
KE— (77> - Oa
1 00 ) 6—2kiCoth(z)

K* = — dee"™ —

=) 27 Jo e Cosh(z)
K% (n) == Kk _(n),

. 00 ) e 2ki Tanh(x)
K =i dze"™

++ () =20 e e eCosh(x) + 2iSinh(x)

Proof. For £ > 0,e >0

2T 2

- s D)) Lo+

The last integral is easily computed for all p < 0 to be

J— dMWPMWW k)o(— >€m/@w““w@+§)¢<—p>

k

R b eyl et
dab(—a)0(an — k)e—P'—eP)a — —ip'—ep)q _ —oo _ _ )
/R q90(=q)0(qp — k)e /_OO e p— e

Substituting this back into the original integral, and performing the change of variables

)= )G (=G 2)0)

we obtain
2k (i(p1 —po) + 215E2)
k.e —e P1t+pP2
e L / doadpad(=p1 = PO ) o
ke

'k,P1*P2
—e - 9(_(p1 +p2))e 2 P1+p2
= dp1dpatp(p1)¥(p2) :
2m /R? %5(101 +p2) +i(p1 — p2)
We are now going to divide this integral in four pieces

ke __ § : ke
I - 101702

01,02=+,—
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corresponding to integrating over each of the four quadrants (sgnpi,sgnps) = (o1, 02).
Then, for each integral If;f@ we perform the change of variables p; = 0;€2", so that

ke
—e -
(65) 150, = 27 /Rz dAdAAe? 124 (01 e2M ) (096”2 k5 (A1, A2)
where
o; 012N _ g e2A2
he (A1, A2) O(—016*M — gge?2)e 1M ope?2
K =
o1,02 M 22 1e(01€2M + 02e222) +i(01e2M — goe?V2)
N N \ \ \ \ Qike:ile:i2(alezil 70262i2)
e Me— 29(6_ le— 2(—0162 1 —0262 2))6 e M e 2(0qe? M fope?2)
B e Me 2 (1e(1e2M + 09e22) + i(01€2M — g9e2M2))
2% o‘le>‘17)‘2—0'26>‘27/\1
_ 6_)\16_)\2 9(_0.16>\1—)\2 _ 0.26/\2—>\1)e cr16)\1*/\24“726/\2*)\1
te(o1eM A2 4 goper2 M) 4 i(greM A — gget2— )
—A1,—A2
e e ~ ke
= ?Kol,ag()‘l - )‘2)7
ith
wit 21;]6016)\7026_)\
Ry g I = e ) T
Lo %6(01(2)‘ +oge™A) +i(orer — g™
Therefore,
~ ke
K, (\):=0,
.k, 20(—\ e2ikCoth()\)
be () 1= BN ,
eSinh(\) + 2iCosh(A)
~ ke ~ ke
K (A) ==K (=),
9¢2ikTanh(X)
KR () = °

- ~ eCosh()) 4 2iSinh())”
Substituting back into Equation (65), we obtain

_eak’ k.
—7516,02 = or /R2 dAldA?\@eAlw(Ule”l)\@eAQ@Z)(age?M)KUi@()\l ~ )
_eak N ~ ke
- /R AN (M) (M) K gy (1 = D),

where gy, () := v/2e p(0;€2*). We now see that we have a convolution, so we can use
the Convolution Theorem 2.3.10 to obtain

Ihe = etk / o ) Pon(NEES, (1),
where

1 R ~ k.
Kk () = / FMEEE ().

=5 -
Taking the limit ¢ — 0, we obtain the desired result. O
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As proven in [Wer88], the operator A is block-diagonalized by the same unitary
transformation. Setting B =), by By, we thus have that the bottom of the spectrum of
A:= A+ B equals infn{/\min(;l(n))}, where Apin(Z) denotes the minimum eigenvalue of
the matrix Z and {A(n) : n € R} is a one-parameter family of 2 x 2 matrices.

In this regard, the best combination we could find before the integrals defining the
entries of A(n) became too numerically unstable to be reliable is

A:= A+ 0.7673By — 0.8767By 1 + 0.098958 5,

whose spectrum as a function of 7 is shown in Figure 3.2.

-20 -15 -10 -5

-0.08 -

Figure 3. The bottom of the spectrum of the operator A, restricted to each two-
dimensional subspace span{|n), ,|n)_}. The horizontal line is -0.0725. This spectrum
was computed by numerically integrating with Mathematica, taking € = 0.001 rather
than a limit.

In the next section, we will show that ¢(c0) = ¢pm, the Bracken-Melloy constant
[BM94], which is conjectured to have the value 0.038452 [EFV05]. Our bounds 0.0315 <
cpm < 0.0725 therefore support this widespread belief.

3.3. Quantum Backflow. As we have seen, the ultrafast (ultraslow) projectile problem
is equivalent to the standard problem, since a unitary (anti-unitary) transformation takes
us from the latter to the former. We next see that the standard projectile problem is
similarly connected to the most extreme manifestation of other quantum mechanical
effects. The exact correspondences are summarized in Table 2.

Let us start with the phenomenon of quantum backflow [All69; BM94; AGP16;
EFV05]. Consider a pure state that only has positive momentum and that is evolv-
ing freely. In position representation, we can write it as

1 [ ; ,
vlat) = 5o [ dpeirne g ),
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Scenario Operator Set of states o(z) o(p) @
B o(P+X)-0(P) Sl=va, 0] z P a
. @ (X +20p a> o (%P ~(a- L)> S[0, 1) 1) \/%p - \/g(a | M
Uity | o (8T a) o (x+50pa) | o | fMe |3 [ M0 M2
Gwim | (xS | e | B | | s

Table 2. Most of the optimization problems considered in this paper are of the form
max,es tr(p§?), for some operator 2 and some set of states S. This table contains the
definitions of each problem and the reversible transformations mapping the standard
problem to any other. §(R) denotes the set of states with position support in R C R,
and P(R) denotes the set of states with momentum support in R C R. We use the
shorthand o(z) := o(z,p)1 and o(p) := o(x,p)2, and omit parentheses whenever R is

an interval.

for some function ¢ such that fooo |¢)(10)|2 = 1. The probability flux at the origin is
therefore

100 = /0 dpdg(p+ q)e" M 6 (p) o (a).

and thus the integrated flux at the origin from time 0 to time AT is

/ATdt‘(o =y /Oodd eiM(g;p%_lé( )é(q)
o U Tar fy U=y TP

Note the similarity with Equation (61). Guided by classical intuition, one would expect
this integrated flux to be non-negative, since the particle is only moving to the right.
However, for some quantum states ¢(z,t), this magnitude can be negative: in that case,
we speak of quantum backflow.

Alternatively, we can interpret quantum backflow as a decrease in the probability of
detecting a particle particle with positive momentum in the region [0,00). This is so
because, by the continuity equation

) Ny
Sl = == j(z,1)

the integrated flux satisfies:
AT
| 0.0 = @iviev ) - wew) ).

2
where [¢) = [ dzy(x,0) |z) and U = e~ AT,
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Scenario Operator Set of states o(z) a(p) B

Extended standard

problem, a = oo O(F +X) - 6(P) S(=00, ] r p B

Generalized AT AT AT AT
(S) <7X - WP> —0(—X) P, 0) -1/ P “\Vr® vl

quantum backflow

Constant force AT FAT? [AT ( FAT M FAT
quantum backflow © <7X B WP + 2M ) —6(=%) P10,00) e P 2 - EJJ 2
) o to o t1 MC M t1
Quantum reentry | © <l X ]\IP> (C] <l X ]\IP> S(—00,0] ffl (z—=1) e, l—x ik l

Table 3. Some of the problems which are (anti-)metaplectically equivalent to the semi-
infinite standard problem, with the same notation as in Table 2. In the last row, the
normalization factor of the metaplectic transformation is C' := (t2 — t1)/t2.

Call P[0, 00) the space of all states with positive momentum support. From all the
above it follows that the maximum amount of backflow is given by

sup tr <p <@ (—X - PAT> - 6(—X)>> = Chms
pEP[0,00] M

where we used the identity ©(z) = 1 — O(—z). The number ¢, known in the lit-
erature as the Bracken-Melloy constant [BM94], is thus the solution a problem of the
form sup,c g tr(pA), for some space of states S and some operator A. In fact, this prob-
lem can be obtained from the standard problem with o = oo via the anti-metaplectic
transformation o(z,p) = (—p\/AT/M, —x\/M/AT). Therefore, cpy, = ¢(00).

Going through the literature on quantum backflow, one finds that ¢, is conjectured
to have the value 0.038452 [EFV05]. This figure is obtained by fitting many points of
(an approximation to) the graph of ¢(a) with the ansatz r — sa~'/2. To our knowledge,
prior to our work there were no rigorous upper bounds on ¢, and the best lower bound
fell 41% short of the conjectured value of the constant [HGL'13]. Our results in the
preceding section hence give mathematical support to the conjecture cp,, &~ 0.038452.

4. Some generalized effects

4.1. Generalized Quantum Backflow and related effects. In Table 3 we present
another set of quantum effects that are mathematically equivalent, not to the standard
problem, but to the extended standard problem with ac = oo, which we express, via the
transformation o(x,p) = (z — B,p + ), as an optimization of {2 over the set of states
S(—OO, ﬁ} .

One of these effects is a variant of quantum backflow in which the particle evolves
in the presence of a constant force [MB98]. That is, with the Hamiltonian given by
H = P%2/2M — FX. In [Goul9] Goussev proves that this effect is at the same time
equivalent to something he calls quantum reentry. Quantum reentry is a generalization
of the famous diffraction in time of Moshinsky [Mos52], and consists in preparing a
particle in S(—o00, 0], letting it evolve and then measuring a negative probability flow in
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Figure 4. Wigner functions of (left) near-optimal state for the projectile scenario and
(right) conjectured-optimal state for the constrained projectile scenario. Both states
are obtained by truncating to the harmonic oscillator energy level N = 170. The left
state is the eigenstate of [©(—X)]170[(©(X + P) —O(P))]170[©(—X)]170 with eigenvalue
0.0331, where [C]n denotes the restriction of the operator C to the subspace spanned
by the first N + 1 number states. The right state is the eigenstate of [@(X + P) —
O(X) — ©(P)]170 with eigenvalue 0.1113.

some point [ > 0. That is, the quantity under consideration is — ttf dtj(l,t) for some
to > t1 > 0, which can again be easily transformed to the semi-infinite standard problem,
as also shown in Table 3. In particular, the maximum probability transfer in both these
effects is the same. This also answers the open question left in [Goul9] of physically
understanding the equivalence between quantum reentry and quantum backflow in the
presence of a constant force.

Finally, we note that the extended standard problem is equivalent to computing the
maximum expression of quantum backflow when the initial momentum is in the region
[—7,00) for some 7 € R, as shown in Table 3. Thus, when the initial momentum is
in this region, the probability “backflow” acts as if there were a constant force acting
on the system, since these two problems are again equivalent. This seems to have gone
unnoticed by Bracken, who studied the former effect in [Bra21la], despite having studied
the latter in [MB98] together with Melloy.

4.2. Quantum Rockets. The low value of ¢, constitutes a severe obstruction to any
practical application of quantum systems for transportation tasks. How to overcome this
limit? A tempting idea is to consider scenarios where a transiting quantum projectile
launches a second quantum projectile. Iterating this procedure, we arrive at the notion
of a quantum rocket, i.e., a quantum mechanical system that, from time to time, throws
away some fuel mass in the direction opposite to the intended motion. Since this rocket
scenario encompasses the quantum projectile scenario, its maximum quantum advantage
is lower-bounded by the Bracken-Melloy constant. Furthermore, one would imagine that,
should we prepare the fuel in the right quantum state, the limited quantum advantage
present in quantum projectiles could be somehow bootstrapped, hence increasing the
overall advantage of the quantum rocket with respect to a classical rocket whose fuel
combustion has an identical momentum distribution.

Unfortunately, this is not the case, at least for a large class of quantum rockets.
Consider a minimal model for a quantum rocket, where, at time ¢, the rocket itself
is regarded as a l-dimensional particle of mass M (t) and zero spin. The state of the
rocket at time ¢ is therefore specified through a trace-class positive semidefinite operator
p(t) : L*(R) — L%(R). For most of its flight, the rocket will be propagated by the kinetic
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Particle of mass M

. Particle of mass M-m
Combustion chamber

Particle of mass m

Figure 5. Action of the rocket-fuel splitting map Y.

Hamiltonian H = P%/2M (t). At times 0 = ¢ < {3 < ... < ty, though, the rocket’s free
evolution is interrupted: namely, at time ¢; the rocket burns and releases a predetermined
amount of fuel m; instantaneously, thus decreasing its overall mass by the same amount.

To model the instantaneous combustion of fuel of mass m < M, we consider a CPTP
map Y that, acting on the rocket’s state p(t), returns a density matrix representing the
joint state of the fuel F' and that of the rest of the rocket R, whose mass is now M —m,
see Figure 5.

Call X, Pr (XRg, Pr) the absolute position and momentum operators of the fuel (the

rest of the rocket), and let Xcnr, Ponr (XreL, PrEr) denote the canonical variables of
the center of mass (the relative coordinates between systems F' and R), with:

M—m m
Xom = i Xg+ MXFa Poy = Pr+ Pr,
m M—-—m
X =Xpr— Xp, P, =——P Pr.
(66) REL P R, PREL g PR+ 3 FF

Let Uprm be the (symplectic) unitary that switches between the R, F' and CM, REL
representations and define woy rer = U M,mT(p)U]Twm. Since T is an internal and
instantaneous operation, it cannot modify the rocket’s center of mass degree of freedom.
This means that trgpr(w) = p. For p = [¢Y)1|, this last relation implies that w =
) ()| ® oy, for some quantum state oy.

However, oy, must be independent of ¢». Otherwise, one could find two non-orthogonal
vectors 1, 9" with the property that Y([¢))(¢|), T (]1)')(¢']) are more easily distinguishable
than [)v], [¢"X'|, which contradicts the contractivity of the trace norm under CPTP
maps (Proposition 4.2.2). Putting all together, we find that any rocket-fuel splitting map
T must be of the form

(67) Y(p; 0, M,m) = U, (p® 0)Unim,

where o is the state of the relative system rocket-fuel. It must be noted that o should have
been prepared in the rocket’s combustion chamber. If we assume that the combustion
chamber is centered in the rocket’s center of mass and has length A, then ¢ must have
spatial support in [-\/2, A/2].

In describing the overall flight of the rocket, we assume that, at time ¢;, the quan-
tum rocket, with mass M;, will release a mass m; of fuel in state o; € S[—\/2,\/2]
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(in the relative frame of reference). Hence, the mass and state of the rocket will be
instantaneously updated to M1 = M; —mj, p — trp(Y(p; 05, Mj, m;)).

We consider the probability to find the rocket at time tyiq1 > tn in the region
[a,00). This is to be compared with the maximum probability that an analog classical
rocket arrives at the same region in time f{y4 1. Like in the projectile scenario, this
classical rocket is assumed to have, at time ¢1, the same initial mass, initial momentum
distribution and initial spatial support as the quantum one. At time t;, this classical
rocket will burn a mass m; of fuel, and the phase space distribution of the classical fuel in
the fuel’s reference frame relative to the rocket is demanded to have the same momentum
distribution and spatial support as o;.

In these conditions, we now show that the difference between the quantum and
classical arrival probabilities is also limited by cg,,. This no-go result crucially relies on
Equation (67), which expresses the assumption that the fuel’s interaction with the rocket
is instantaneous. Physically, this corresponds to a configuration where the combustion
chamber is open on both sides, i.e., the fuel is allowed to exit the rocket, not only against
the rocket’s direction of motion, but also towards it. Assumption (67) allows us to map
the computation of the rocket’s maximum quantum advantage to the standard problem
(with further state constraints) through a metaplectic transformation.

Theorem 4.2.1. The quantum advantage of rockets is also bounded by cpm,

Proof. Under the assumption that the map (67) describes fuel combustion, consider
a rocket that, most of the time, freely propagates through space, except at times 0 =
t1 < ty < tg < ... < ty, when the rocket burns fuel instantaneously. We assume that,
initially, the state of the rocket’s center of mass is p € §([0,]), with canonical operators
X© pO) At time tj, the rocket burns a fuel mass m;, hence reducing its mass to
M; = M — Zi:l mj, and experiencing a transformation p — Y (p; o), M;_1,m;), where
o) e S [—%, %] of the fuel in the rocket’s reference frame, with canonical operators
X]%)E I PI%% ;- Between the times ¢; and ¢;;1, the rocket propagates freely and thus its
canonical operators Xg, Pr experience the transformation

(68) Xp— Xr+ %PR, Pg — Pg.
J

Call Xl(%j), P](%j ) the canonical operators of the rocket at time ¢;, just before the new fuel
combustion. From Equations (66), (68) it is easy to see that they satisfy the relation

1

() _ vG-1 ™M () L SG-1 ()
Xp'=Xg _ﬁ;X}gEL—’_EPR] - Mj_ijRjEL’
(69) pY = "M pli-) _ pl)

M;

Through repeated iteration of Equation (69), we can express the rocket’s final position
operator XI({N) as a linear combination of XI(%O),PI(%O) and {Xg%L,PI(%%L}. That is, for
some real vectors ¢, d, we have XI(%N) =¢-X+d- P, where X = (XI(%O),XI(%%L, ...) and

P = (PI(%O),PI(%%L, ...). The probability of detecting the quantum rocket at time ¢ty in
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[a, 00) and its classical counterpart is thus given by
(70) <@(E')?+J-I3—a>> :
p

where p = p0 ® ® o®). Since Equation (69) also holds for classical systems, so does
Equation (70), When we understand p as a product of probability densities. We now
consider a classical rocket with the same combustion schedule as the quantum one, and
such that the probability densities for the classical moment variables pgg), p% I pgg Ly
respectively coincide with those of the states p(o), oW 5@ . We further assume that
the distributions of the initial position of the rocket and the fuel explosions respectively
have supports [0,!] and [ 5 2] just like in the quantum case. Then, the maximum

probability of detecting the classical rocket in [a, 00) at time ¢y is
O(d-P—(a—L* ,
(o(d-P-(a-1)),

LT :=Imax(0, co) Z\ck|

where

The maximum advantage pr of such a quantum rocket is thus the result of maximizing

(71) <@<z-)2+3-13—a)—@(a‘.ﬁ—(a—L+))>p,

over all separable states p = p(0 ® ®,]€V:1 o®) such that p(@ € S[0,1], cU) € S ([—%, %]),
for j =1,...,N. Call p* the corresponding maximizer (if the maximizer does not exist,
then the following argument still carries through if the average value of Equation (71)
with p = p* is ¢ —€).

Now, consider the commutator [¢ - X ,J- ]3] = i, and assume that § > 0. Then,
X=2 X 5y X, P= %[{ 15, are canonically conjugated operators. Let p be the result
of tracing out all degrees of freedom of p*, but that corresponding to X, P. Then we
have that

or=(0 (X + 8P —a) -0 (BP - (a— L)),

P
with p € S[L~, L], with
. A
L™ =1lmin(0, o) — B Ek |k -

Hence we end up computing ¢ under an extra restriction on the quantum states to be
optimized. Through the metaplectic transformation X — X — L=, P — P, we can map
this problem to an optimization over the operator

YR = <@ (X—i—BP—a’) —@(BP—(a'—L))%,
over a constrained set of quantum states contained in S[0,L], with L = LT — L™,
a' = a — L~. This means that pp < p(% 5 ) p(00) ~ 0.038452.

If B < 0, we apply the time-reversal anti-unitary operator XJ(QO) — X](D?), X]%)j L
X}%)EL, PI(%O) — —P}(%O), P]({%L — P]({%L on the operator of Equation (71). This transfor-
mation does not affect the spatial support or separability of p, but effectively changes
the sign of d; and thus, of the commutator, in which case the argument above carries
through.
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Finally, if 8 = 0, then ¢- X , d- P are commuting operators, in which case Equation
(71) cannot have a value greater than 0.

The final conclusion is that a quantum rocket cannot be more advantageous than a
quantum projectile. O

4.3. Another kind of projectile. In view of the last result, it would be reasonable
not to expect significant gaps between the arrival probabilities of quantum and classical
particles. As it turns out, though, a simple variation of the way we compare classical
and quantum projectiles is enough to find quantum advantages for transportation way
beyond the Bracken-Melloy constant.

We have compared the behavior of a quantum projectile (or a rocket) with respect
to that of a classical one with the same momentum distribution and the same spatial
support at time £ = 0. Could the quantum advantage be amplified if we demanded
further constraints on the initial position distribution p(z)dx of the classical projectile,
besides its support? In the extreme case, we could demand u(x)dz to coincide with the
position distribution of the quantum projectile.

Consider thus the following problem: let p denote the density matrix of a particle
of mass M, and let p(z)dz,v(p)dp be its position and momentum distributions at time
t = 0. As before, we let the projectile evolve freely for time AT and then check whether
the projectile is in [a, 00); call py(p) the corresponding probability. How much does py(p)
differ from the maximum arrival probability of an analog classical particle, with initial
position and momentum distributions u(z)dz, v(p)dp?

The maximum classical probability of arrival is

AT
pa(p) =Sup/d:vde(x,p)@ (w +pgr a>

s.t.  Va,p, W(z,p) >0,
[ oW i) = uta),
/dva(w,p) =v(p),

where W (x,p) represents the probability distribution of the classical particle in phase
space at time ¢t = 0.

The maximum quantum-to-classical advantage in this projectile scenario is therefore
®* = sup,eg W(p), where W(p) := p,y(p) —ps(p). This is a nested max-min optimization
problem, whose solution can be proven independent of a, M, AT by using the metaplectic

transformation X — \/%X +a, P— %P..

Suppose that there existed a linear operator Z such that

(73) pi(p) < tr(Zp),

for all states p. Then we could maximize the value

(74) Wz(p) := tr [p <@ (X + P% - a> - Zﬂ
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over all density matrices with support on the first N number states. The result would
provide us with a lower bound on ®*. In addition, if the maximizer p* satisfied Wy (p*) >
0, then that state would be a good starting point for gradient ascent.

Now, how to identify an operator Z satisfying (73)? Let f,g : R — R be two functions
such that

(75) O(z + pAT/M —a) — f(z) — g(p) <0,

for all z, p. Then, for any distribution W (x, p) in phase space with marginals pu(z), v(p),

/dmde(m,p)@(x +pAT/M —a) <
/ dedpW (2, p) (f(z) + g(p)) =
(76) / dp(z) f(z) + / dpr(p)g(p).

It follows that the operator Z = f(X) + ¢(P) fulfills condition (73). In fact, the dual of
problem (72) is the maximum of the right-hand side of eq. (76) over all such functions
f:9:

Take M = AT = 1,a = 0. We observe that the functions f = g = O satisfy (75),
and hence, the supremum of the spectrum of the operator Q = ©(X + P)—-0(P)—0(X)
provides us with a lower bound for ®*, as tr(p2) > ®*.

If we truncate this operator in the number basis, we are looking at the maximum

eigenvalue of the matrix (ngl) :n,m=0,...,N), with

M) = (] (B(X + P) — ©(X) — O(P)) |m) ,

For N = 170, the maximum eigenvalue of this matrix is 0.1113: the reader can find a
plot of the Wigner function of the corresponding eigenvector in Figure 4 (right). Taking
N = 1700, we obtain the tighter bound ®* > 0.1228. The maximum quantum advantage
in this projectile scenario is therefore substantially greater than the conjectured value of
Chm, OT even its upper bound 0.0725, derived in Section 3.2.

From all the above, it is thus natural to conjecture that the obtained value of 0.1228
is (close to) a local maximum of W, at least among quantum states with support in
{In) :n=0,...,1700}.

On the other hand, note that after a suitable metaplectic transformation the problem
sup,, tr(pQ2) becomes sup,, tr (pf)), where

Q=1 S} Ly 3] 2
=1- Z (Xy) = —511 —3513 ngn(Xk)
k=0

with X} := cos(2mk/3)X 4+ sin(21k/3)P. The operator > 7_,sgn(Xy)/3 is the one
studied by Tsirelson in [T'si06]. The best known bounds for its spectrum are given in
[ZALS22]. Using Equation (D20) in [ZALS22|, one obtains that ®* > —0.5 + 1.5 x
v/0.17491 = 0.1262. In particular, this shows how unreliable the numerical estimation
of these quantities is, even after using a basis with 1700 number states, and thus the
importance of getting good upper bounds as well as lower bounds.
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5. Discussion

In this Chapter, we have investigated how the dynamics of quantum and classical
projectiles differ, using the probability of arrival at a distant region of space as a figure
of merit. We found that non-relativistic quantum particles can arrive at a distant region
with higher or lower probability than any classical particle with the same initial spatial
support and momentum distribution. Curiously enough, the maximum gap between
quantum and classical probabilities is independent of the distance to the arrival region,
and just depends on the mass M and spatial support L of the projectile and its flying
time AT through the single parameter « = ML?/AT. This is a new quantum effect
taking place on mechanical systems, like quantum tunneling and quantum backflow.

The discrepancy between the quantum and classical arrival probabilities is, however,
limited by the Bracken-Melloy constant ¢, ~ 0.038452. As we showed, the maximum
quantum advantage of rockets with an open combustion chamber is also bounded by
this value. Our no-go result does not apply, however, to rockets with a 1-side closed
combustion chamber, which just allows the fuel to exit the rocket opposite to its direction
of motion. Whether such rocket models are also limited by ¢, or on the contrary, they
can achieve arrival probabilities much higher than classical is an interesting topic for
future research.

In a similar direction, we showed that considerable quantum-classical gaps of at least
0.1262 can be observed if we demand classical projectiles to reproduce the initial position
distribution of the quantum projectile. It is an open problem whether this figure is indeed
close to the maximum quantum advantage, and whether this effect can be exploited for
real transportation tasks. This will be the topic of future work.



Chapter 4

Time translations

Sections 2 through 4 of this Chapter have been published as

e D. Trillo, B. Dive, M. Navascués.
“Translating Uncontrolled Systems in Time”
Quantum 4, 374 (2020),

which is Reference [TDN20]. It has been edited and reordered for inclusion in this
Chapter. Unlike in the previous Chapters, the mathematical preliminaries (the tensor
polynomials described in Sections 3.2 and 3.3) are an original contribution.

Section 5 of this Chapter has been published as

e D. Trillo, B. Dive, M. Navascués.
“Universal quantum rewinding protocol with an arbitrarily high probability of
success”

Phys. Rev. Lett. 130, 110201 (2023),

which is Reference [TDN23]. It is mostly the same, with Section 5.1 being the main
text of [TDN23] and Section 5.2 being the Appendix of [TDN23].

Since the papers are quite closely related, they have been merged into a single chapter.
A single Section 1 has been included as an introduction to both papers, and a single
Section 6 as a discussion to both papers.

1. Introduction

Transformations mapping a physical system to some other point on its free evolution
curve (see Figure 1) are known as time translations [AAPV90]. In quantum theory, the
effect of a time translation on a system evolving under a time-independent Hamiltonian
Hy can be described by a parameter ¢ € R. Indeed, such a system evolves under the
strongly continuous one-parameter unitary group U(t) := e~ 5o that if the system
starts in state |¢)g) € Dom(Hj), the state at all times is described by

[(8)) = U(@) [to) -
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Figure 1. The normal time evolution of a system. On a Hilbert space (background
blue), an initial state |1)o) travels along the curve {|(t)) = Uy |%o) }ter, where Uy is a
one-parameter strongly continuous unitary group with infinitesimal generator Hy, the
Hamiltonian of the system. The parameter ¢t € R is the evolution time.

The goal of this Chapter is to study time translation protocols in the most general
setting possible. In particular, we are interested in protocols that work for every initial
state 1o, and every Hamiltonian Hy. It will turn out that the dimension of our system
d is the most important parameter that we have to consider. In particular, we take d
to be finite always. A nice consequence of this is that, in this Chapter, we will never
encounter any domain issues.

Definition 1.0.1 (Time translations). A time translation protocol P = P(d,T,T") is a
completely positive (CP) map P such that given any d-dimensional system pg evolving
under a Hamiltonian Hy, and interacting with other systems via an interaction Hamil-
tonian Hy,

P(po) = peHoT poetoT @ |success)(success|

where 0 < p = p(Hop, Hy) < 1 is the probability that P has succeeded, and the CP map
P is implemented in such a way that it takes a time 7" for the output to appear.

The last part of the definition is crucial. Our goal is to use such a protocol to get the
system to parts of its evolution curve which are not accessible just by waiting a certain
time 7", so we need to consider how long it takes for the protocol to be implemented.
Since our protocols are probabilistic by nature, we will consider them to be heralded.

For a general system, we consider four kinds of time translations, pictured in Figure
2. It is important to note that finite dimensional systems usually exhibit a periodic time
evolution, such as that of a rotating spin. In this case, evolution time is cyclic, and so
there really is no distintion between rewinding or fast-forwarding. However, since we
require our protocols to work for all Hamiltonians, we can always assume that we are in
a regime where this doesn’t happen.

There is much literature about time translations. The original paper [AAPV90] con-
siders a time-translation machine based on the concept of superoscillations. In this case,
the final state is only approximately in the evolution curve. Other techniques to imple-
ment specific time-translations include refocusing [SCHL16], Hamiltonian amplification
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(b)

@ B X
(d)
Figure 2. (a) A time translation corresponding to rewinding. That is, the final state
is equal to |¢(—T")) for some T' > 0. (b) A special type of rewinding happens when
the final state of the protocol is equal to the initial state. This is called resetting. (c)
A time translation corresponding to fast-forward. That is, the final state corresponds
to |¢(T)) for T > T'. (d) The case where the final state of the protocol is [¢(T)) with

0 < T < T is a slow-down, and easy to achieve by waiting a certain amount of time
and then performing one of the other protocols.

[ABB*20], and the recent work on unitary inversions [QDS*19a; QDS*19b]. In all these
works, there is the implicit assumption that we can exert any operation we want on
our system. That is, the systems on which we act are controlled, meaning that we can
implement any interaction Hamiltonian that we want (or equivalently, arbitrary unitary
operations). We do away with this assumption, and refer to such protocols are universal.
A universal time-translation protocol must work even if we can only exert some unknown
unitaries on our system.

Furthermore, in [QDS™19a; QDS*19b], evolution time is substituted by the proxy
of number of gate applications, as it is usual in the quantum circuit model of quantum
computing. In particular, the system is assumed not to evolve unless being acted upon by
a unitary operator. We consider a more general model, although our results can always
be reformulated in the circuit model, since we always take care in having a minimal
amount of time for which we let our system evolve, and can thus think of the evolution
of our system as the application of a unitary a repeated number of times. This will
become clear in the formulation of the protocols.
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This Chapter is structured as follows. In Section 2, we introduce the model we work
with. We show how to obtain a purely mathematical problem from it. In Section 3,
we study this mathematical model; that is, matrix polynomials. We prove the existence
of many new kinds of matrix polynomials. In Section 4 we characterize all universal
time translation protocols. Finally, in Section 5, we prove that qubits have rewinding
protocols with arbitrarily high probability of success, at the cost of unbounded running
time.

2. The model

In order to describe our time translation protocols we consider an idealized model of
scattering particles, as shown in Figure 3. We consider a scenario where the experimental
setup consists of two parts: a controlled lab, where we assume that we have complete
control over quantum systems - which we call probes, and a scattering region, where n
unknown uncontrollable target systems live. We assume the following:

(1) All the target systems have a finite radius of interaction, and they are sufficiently
separated from one another so that they do not interact.

(2) All the target systems are identical. That is, they evolve under the same Hamil-
tonian Hy and interact with the probes under the same interaction Hamiltonian
Hj.

(3) All the target systems stay in place throughout the whole process, even while
interacting with the probes.

(4) All the probes also have a finite radius of interaction, and there are paths
starting and finishing in the lab where a probe would interact with exactly one
target system.

Scattering

region

LAB LAB

Figure 3. The larg red discs labelled S1 and S> are the target systems and their
interaction radius, which are well separated to ensure that the probes (small yellow
discs) only interact with one at a time. The left section is the preparation part of the
lab, where the probes are prepared in a desired quantum state. After scattering with
one of the systems, these probes are then measured in the rightmost section of the lab
in order to herald a successful run of the experiment.
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In this model, we can describe a time warping protocol as a procedure in which we
prepare probes, allow them to interact with the target systems and then measure them.

2.1. From scattering experiments to matrix polynomials and back. In this
section we describe a family of scattering protocols that we will call canonical. As we
will soon see, the effect of all such protocols on the target systems 1,...,n is in one-to-
one correspondence with some mathematical entities that we dub homogeneous tensor
matrix polynomials.

We start by dividing a probe’s Hilbert space into the factors H,,H,, where H,
denotes the probe’s internal degree of freedom; and H, = L?(R?) is used to model the
position of the probe’s center of mass. Let {|z>}fi 1 be an orthonormal basis for H,, and
let R denote a qubit register within the lab.

Suppose that we prepare a probe in a superposition of states, one inside and another
one outside the lab, controlled by a qubit register R;. That is, the probe is in the state
%(\@R [©)pr + 1) R 1), |®),), Where [p) is the state that allows the probe to interact

with system 1 or else be absorbed, |®) is some bounded state within the lab. Such a
state exists because of the assumptions 1-4.

The world line marked by state |0)  hence propagates through the scattering region,
interacting with system 1, initially in state [t¢;), until it re-enters the lab after time At.
When the probe re-enters the lab, its spatial degree of freedom is projected onto the
state |@),., which we subsequently transform to the state |®). The final (unnormalized)
joint state of system 1 and the lab is thus

dy
(77) ¢1§ SO 1) [0) 5 19}, + Xo ln) g 1), | ® 1),

where the d x d matrices Xy, ..., Xg4, are given by

J=1

—iHoAt
Xog = e 0=

(78) X;j = (jl, (@l e Horfr+inst )

for j =1,...,d,.
Since the state |®) of the probe’s center of mass plays no further role, we will omit

it. Similarly, the states of the register and the internal degree of freedom of the probe,
can be combined into a single label j: the final state of the joint system can thus be
rewritten as 25 S0 Xj ) 1)

The first step of a canonical scattering protocol consists in simultaneously sending
a probe to each target system 1,...,n in the above fashion. We invoke the targeting
assumption to ensure that each probe interacts only with its targeted system. This step
is iterated m times. Hence, at time 7" = mAt, each target system has interacted with
m probes.

The final step of a canonical scattering protocol consists in post-selecting the lab’s
degree of freedom to the pure state
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1 1 . .
(79) Z 9;1,...,7" ‘.]15 7]m> Q- |]Il7 a];rl’b> )
717"'7‘7n
where each of the factors k = 1, ..., n above represents the part of the lab system entangled
with target system k& due to the latter’s interaction with m probes.

Let |1, n) be the the initial state of the target systems 1, ...,n. Then, the final state
of systems 1 to n after a canonical scattering protocol is verified to be G(X) |11, n),
with G(X) given by

(80) > g g X Xp @ ® Xgn - Xjn
5’17"'7771’
Expressions of the form G(X) will in the following be called homogeneous tensor matrix

polynomials of degree m (for n = 1, those reduce to the old notion of homogeneous matrix
polynomials of degree m). More formally, we define

Definition 2.1.1 (Tensor polynomial). A homogeneous tensor polynomial f on non-
commuting variables X1, ..., X of tensor degree deg®( f) = n with a tensor factors is an
expression of the form
P
1
FX1 e Xi) = Y af (X Xi) @ @ fL9 (X0, o, X),
i=1

where fij is a word of length exactly n in the alphabet given by ¥ = {X1, ..., Xi}, and
¢ € C.

Tensor polynomials have only recently been picked up by the mathematics community
[Pro20]. There, it is also interesting to consider non-homogeneous polynomials, such as
expressions of the form of X; ® X X3. Their notion of degree is then slightly different.

We just established that the effect of any canonical protocol is to propagate the target
systems by a homogeneous tensor matrix polynomial. Conversely, for any homogeneous
tensor matrix polynomial G(X) of degree m, one can, by choosing the post-selection state
(79) appropriately, devise a canonical scattering protocol that makes systems 1, ..., n leap
to a state proportional to G(X) |1, n). Thus, there exists a correspondence between
tensor polynomials and canonical scattering protocols with the following properties:

Number of targets —1 +— Number of tensor products
Dimension of target +— Size of matrix variables
Dimension of probes +1 <— Number of variables

Number of probes (per target) <+— (Tensor) degree of the polynomial

With the above definition, the duration of a canonical scattering protocol is propor-
tional to the number of probes that we send to each system. More concretely,
(81) T = deg®(f)At,
where At is the time that we allow the target systems to evolve freely or interact with
the probes at each step of the protocol.

Note that there may exist other scattering protocols (not necessarily canonical) which
map to the same tensor polynomial. In fact, some of those will have a higher probability
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of success, or are experimentally preferable. This is illustrated with an example in Section
4.3.

With this map, we may reduce the problem of finding interesting universal protocols
to the problem of finding interesting tensor polynomials. For example, suppose that
there is a tensor polynomial Q(X,Y) with two tensor factors such that, for any d x d
matrices A, B,

Q(A, B) = SWAP.

Then, under the assumptions 1 —4, this means that there is a protocol Pgq that takes any
d-dimensional states [1g) , [¢o) from |1p) @ |¢o) to |po) @ |th). That is, we are able to
perform a universal permutation operation, no matter how the systems evolve or interact
with other systems.

2.2. Other implementations. As we have anticipated, one should not take seriously
the model presented in Section 2 as a scattering model. Our assumptions 1-4 can at
most be satisfied approximately, and in that case the protocols that we describe will at
most only work approximately. Rather, one should see this probe model as a motivation
on how to physically realize the matrix polynomials. As long as one can think of a way
to do this with their system of choice, then the protocols are physical and the theorems
hold.

For example, maybe one is limited on the dimensionality of the probes they have
access to. The index j of each variable X; in the matrix polynomials only varies over
0,...,dp, but for our constructions below we require a potentially very large number of
matrix variables. This can be achieved by considering the action of several probes one
after the other on the same system as the effect of a single virtual probe of much larger
dimension. That is, by sending D probes one after the other to a single system, we get
access to matrix products of the form X, ...X; , which we can relabel as X, where k
now varies over 0, ..., (d, + 1)P — 1. By also rescaling the unit of time in the protocols
from At to DAt, we can construct polynomials as if the probes had arbitrary dimension,
even if the physical probes have no internal degrees of freedom at all (d, = 1).

In fact, canonical scattering protocols can always be introduced for the case d, = 1. In
this predicament, there are just two physical matrix variables to play with: X (absence
of a probe) and X; (presence of a probe), so that the protocol consists on switching
some Hamiltonians on and off. By regarding D = 2 consecutive probes as a single
virtual probe, our new matrix variables are XX, XoX1, X1Xp, X1X7: for d > 1 and
generic matrices Xy, X1, such matrix products are expected to span a 4-dimensional
matrix space. Furthermore, by taking D sufficiently high, for generic Xy, X; we expect
the resulting matrix products to span the whole set of d x d matrices. At that point,
we can model fully generic matrix variables by linear combinations of {5( ktk- That is
how one can propagate systems 1, ...,n by tensor matrix polynomials of arbitrarily many
variables.

3. Matrix polynomials

As we have seen, our protocols are equivalent to matrix polynomials. Thus, we turn
to the mathematical problem of finding interesting matrix polynomials. The key to study
polynomials in matrix algebras is the Cayley-Hamilton theorem:
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Theorem 3.0.1 (Cayley-Hamilton). Let A € M,,(C). Then A is a zero of its characteristic
polynomaial. That is,

pa(4A) == Z Al =0,
1=0
where c; is the coefficient of A" in pa()\) := det(\1 — A).

Proof. Indeed, if v is an eigenvector of A with eigenvalue A, then p4(A)v = pa(A)v = 0.
Therefore, if A is diagonalizable, one has p4(A) = 0. The set of diagonalizable matrices is
dense, and since the map X — px(X) is polynomial in the entries of X, it is continuous.
Therefore, pa(A) =0 for all A € M,,(C). O

3.1. Central polynomials. Two classes of non-commutative polynomials are specially
important to us.

Definition 3.1.1 (Polynomial identities). Let p € C[Xy,..., Xx] be a non-zero non-
commutative polynomial, A4 an algebra. We say that p is a polynomial identity (PI) for
A if, for all Ay,..., A, € A,

p(Al, ceey Ak) =0.
Definition 3.1.2 (Central polynomials). Let p € C[Xy,..., X;] be a non-commutative
polynomial, A an algebra. We say that p € C[Xy,...,Xk| is a central polynomial if

p(Ai, ..., Ag) is in the center of A for all Ay,..., A € A and p(Ay, ..., Ag) # 0 for some
Ay, .. A € Mn((C)

Since the center of the ring of matrices is just those matrices proportional to the

identity, we have that, if p(X, ..., X) is a central polynomial for M4(C), then
p(A1, ..y Ag) o 1.
Therefore, central polynomials correspond to resetting protocols, under the correspon-
dence explain in Section 2.1.
Example 3.1.3. The non-commutative polynomial
p(X,)Y) =X, YP=XYXY - XYYX -YXXY +YXYX
is central for Ma(C). Indeed, the Cayley-Hamilton theorem 3.0.1 for 2 x 2 matrices reads
pa(A) = A% — tr(A)A + det(A)1 = 0,

and therefore [A, B]?> = —det([A, B])1 « 1 for all A, B € Ma(C). Note that the propor-

tionality constant depends on the matrices, and that is is non-zero except in a measure-
zero set. These are usual properties of these polynomials.

Another important property of central polynomials which we will use later is that
they are polynomial identites when restricted to a smaller dimensional matrix space:

Proposition 3.1.4. Let p(X;,..., X) be a central polynomial for Myg(C). Then p is a
PI for Mg (C) as long as d' < d.

Proof. Indeed, consider the algebra embedding ¢ : My (C) < My(C) which takes a
matrix A to A @ 0g_qg. It follows that A1 = p(p(A1),...,0(Ar)) = @(p(A1,...,Ag)) =
p(A1, ..., Ag) ® 04_g therefore, it must be A = 0 for all Ay,..., Ay € My(C) and thus
p(Al,...,Ak) =0 for all Aq,.., Ax EMd/(C). O
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It was shown for the first time in [For72] that there is a central polynomial in M;(C)
for all d € N. The construction is as follows.

Theorem 3.1.5 ([For72]). For all d € N, there exists a homogeneous noncommutative
polynomial F(Y, X1, ..., Xq) which is central in My(C), linear in the variables X1, ..., Xgq
and of degree d>.

Proof. We first define the linear map
@ : (C[le, -Td—i-l] — (C[X Yl, ...,Yd]
:L_(iu . d+1 — Xa1Y1Xa2Y'2 XadeXad+1.
Let G(X,Y1,...,Yy) be the image under this map of the polynomial
g(@1, - zan) = [ @1 —2)(@a—w) [ (25— )
2<i<d 2<j<k<d

Note that there are exactly 2(d — 1)+ (d — 1)(d — 2) terms in this product, and therefore
G has degree (d — 1)d + d = d?. Then, Formanek’s polynomial is

F(X,Yl,..., ZG ) az oi(d))v

where o is the cyclic permutation of (1,2...,d). Indeed, this polynomial is linear in
Y1, ..., Yy, homogeneous in X, and of degree d?>. We just need to check now that it is
a central polynomial. As before, we argue by continuity that it is enough to check this
for X diagonalizable. Also by linearity, we only need to evaluate Y3 to some elementary
matrix |ig)(jx|. We begin by evaluating X to be a diagonal matrix A := diag(A1, ..., Ag)-
We have

A Jin )| A% Jig) -+ (a1 A% [ig)(jal A%+t = A{ - AZINSTH [in )| - - - [ia)jal ,

d " Jd

and therefore

G(A, Jin )1l s s iaXdal) = g(Nirs s Mgy Ajy) [l -+ - ia)Jal -
However, g was explicitely constructed to that g(A;, ..., Ai,, Aj,) is zero unless perhaps
jq =1 and 141, ..., 14 are all distinct, in which case
Iiss e dip i) = T (= A)° = D)
1<i<j<d

is the discriminant of {\1,..., A\q}. On the other hand, |i1)(j1]---|ig)(j4| is non-zero iff
J1 =12, ...,jd—1 = iq. Since we have the additional constrain that j; = 41, in this situation
we have that

G(A, [i)(al, -, [ia)fdal) = D(A) [ir)(ia ]

and
FA, i)l s -, lia)ial) = Z!lk (ix] = D(A)1.

By linearity, F'(A, By, ...,Bg) o« 1 for all Bl,...,Bd € My(C). Now note that for all
invertible A, one has

F(AAAil, ABlAfl, ey ABdAil) = AF (A, By, ..., Bd)Ail x 1.
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Therefore, F'(A, By, ..., Bg) holds when A is a diagonalizable matrix and, by continuity,
for any matrix. O

There are today more illuminating proofs of the existence of central polynomials, but
we are particularly interested in the properties of Formanek’s polynomial, since they will
allow us to construct optimal rewinding protocols. As a corollary, we get that there exist
central polynomials of arbitrarily high degree. These correspond to rewinding protocols
of arbitrarily high duration.

Corollary 3.1.5.1. For allm > d?, there is a homogeneous central polynomial for My(C)
of degree m with the same number of variables.

Proof. Indeed, suppose C(X7, ..., Xj) is a central polynomial of degree ng, linear in Xj.
Then,

C'(Y1,..., Vi) :=C(Y" ™ Yy, . Yr)

is also a central polynomial. To see that it is not a PI, consider some diagonalizable
matrices Ay, ..., Ap € My(C) such that C(Ay, ..., Ax) # 0. Then,

1
c (A{""d“ Ao, Ak> £ 0.

O

3.2. Permutation polynomials. After central polynomials, the next most natural
object are polynomials that are proportional to a fixed matrix other than the identity,
since the existence of such polynomials would allow us to probabilistically implement
fixed gates other than time translations. Of particular interest are multipartite gates
like the SWAP, which permutes two systems. In general, if we have more than 2 target
systems, one can perform any permutation using SWAP gates. In this section, we’ll see
that this is actually the most general fixed transformation that we can do with tensor
polynomials.

Theorem 3.2.1 (Schur-Weyl duality). Let V' be some finite dimensional complex vector
space. Consider the following natural representation of the permutation group S, on V®"
given by the linear extension of

o1 ® @) 1= V1) @+ @ VUg-1(p), O € Sp, V1,00 € V.
and the diagonal representation of GL(V'), given by the linear extension of
g ® - Quy) =g ® - R gup, g€ GL(V),v1,...,u, € V.
Then, C[GL(V)] and C[S,] are centralizers of each other in L(V®").

Proof. An excellent exposition is given in [Aub]. O

Theorem 3.2.2. Let p(Xy, ..., Xx) be a tensor polynomial with n tensor products, such
that p(Ay, ..., Ay) o< M for all Ay, ..., A, € My(C), with M € My(C)®"™. Then, M is
a linear combination of permutation matrices or p(Ai,...,Ar) = 0 for all Ay, ..., Ay €
M4(C).
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Proof. We are going to suppose that there exists Ay, ..., Ax such that p(4y,..., Ax) # 0.
Note that any tensor polynomial p(X7y, ..., X) satisfies

p(UX UL, . UX U™ = U (X, ..., X)) US™

for all U € GL4. Therefore, if p(Ay,...,Ax) o< M for all Ay,..., A € My(C), where
M € My(C)®" is a fixed matrix, then since there is a set of matrices for which the
proportionality constant is not zero, we must have U MU®™" = \y M for all invertible
U as well. Note that
1= Ayp-1 = \uA\y-1,

so that A : GLg; — C* is a group homomorphism. However, all such maps factor
through the determinant. Indeed, suppose that x,y € GLg. We have \;,-1,-1 =
AeAyAz-1Ay—1 = Agg-1yy-1 = 1, so the commutator subgroup [GLg4, GLg|, defined as the
subgroup generated by all words of the form xzyz 'y ™!, is in the kernel of A. Therefore,
there is a unique homomorphism f such that the following diagram commutes.

GLy —2>—— C*

T
s e
L

-

GLg4/[GLg, GLg]

Here, 7 is the canonical projection onto the quotient group. However, [GL4, GLg] = SLy.
Since GL;/SLg = C*, with the canonical projection given by the determinant, we have
as expected that A factors through the determinant.

GLd */\> C*

R
deti o
0 f

cx
On the other hand A,y = Ay for every a € C*. Since there is always an « that makes
aU have determinant 1, we have that A is a constant function, and thus Ay = 1. But
that means that U™ M = MU®" for all U € GL4. By Schur-Weyl duality 3.2.1, it must
be that M € C[Sy]. That is, M is a linear combination of permutation matrices. O

That is, the most general gates we can implement with out protocols are at most
linear combinations of permutation matrices.

Definition 3.2.3 (Permutation polynomials). Let p(Xj, ..., Xi) be a tensor polynomial
with n tensor products. We say that p is a permutation polynomial if p is not a PI, and
there is an M € C[S,,] C L((C%)®") such that

p(Al, ,Ak) x M, VAi,.. A€ Md((C)
Since the identity is a permutation, this concept is a generalization of central poly-
nomials. Indeed, note that Theorem 3.2.2 says that, when there are no tensor products,

the only matrix polynomials which, when evaluated with matrices of a certain size, are
always proportional to a fixed matrix are central polynomials or polynomial identities.

Example 3.2.4 (A SWAP polynomial). Recall first that
(82) SWAP=1®1+0,Q0, +0yQ0y+0,®0,.
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The idea is that, since we know how to construct polynomials which end up being propor-
tional to 1 when evaluated on 2 x 2 matrices, to find polynomials that are proportional to
the different Pauli matrices. We know from Theorem 3.2.2 that they don’t exist, but we
can work around this by allowing our polynomials to output the pauli matrices in different
bases. We are going to look for three matrix polynomials f.(X,Y), fy(X,Y), f.(X,Y)
which have the properties of the Pauli matrices when evaluated on 2 x 2 matrices. That
is, that they square to the identity and that they anticommute. From the Cayley-
Hamilton theorem 3.0.1 we know that any traceless 2 x 2 matrix squares to the identity
up to a proportionality constant. Therefore, we consider commutators. We have for all
A, B € M3(C) that

{[A, B),[[A, B], B]} = [A, B]*B — B[A,B]* x B— B = 0.

Thus, we can define f,(X,Y) = [X,Y], f,(X,Y) = [X,Y],Y] and f. := fofy. The
image of these polynomials on 2 x 2 matrices is a projective representation of the Pauli
group which lifts to an irreducible injective representation, known to be unitarily equiv-
alent to the Pauli matrices. If we now call fo(X,Y) := [X,Y]?, we have what we were
looking for. However, the proportionality constant in all these polynomials is in princi-
ple different, so we cannot add them together and recover the SWAP. In order to correct
this, we make use of the fact that all our polynomials squared are central polynomials.
Remembering that, we see that

fSWAP = fzfxfo & fyfyf() + fxfyfy & fmefO + fyfa:fx X fnyfO + fxfny & fxfyfﬂ'

This is a non-homogeneous tensor polynomial in two variables X,Y. This stems from
the fact that f, and f, do not have the same degree, and therefore can be corrected
by redefining f,(X,Y) := [X2,Y?] and f,(X,Y) := [[X?% Y], Y]. The anticommutation
relations still hold thanks to the Cayley-Hamilton theorem 3.0.1. Therefore, with these
definitions, for all A, B € My(C),

founp(A, B) = N2 AG(A, B)SWAP.

The polynomial we have just constructed has degree 12 + 12. Comparing this ex-
ample to Example 3.1.3, which shows the simplest central polynomial, one hopes that
there will be simpler SWAP polynomials. It turns out not so be so easy. For us, having
a homogeneous tensor polynomial is quite important, since these are the polynomials
that we can implement in our model, and this forces an increase in the degree of the
polynomial. We can numerically determine that the simplest SWAP polynomial has 40
summands and is of degree 5. If one is not concerned with that, however, one can do
better, as shown by [Pro22]. For 2-variables homogeneous tensor polynomials, we believe
the simplest SWAP polynomial to be
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(83) QV, W) :=VIWWVW @ VWWVW — VIWWVW @ WWVVW
—“VWWWV QVWWVW + VWWWV @ VWWWV
FVWWWV @ WWWVW — VIWWWV @ WWVWV
—VWWWW @ VWVWV + VWWWW @ WVVIWV
—WVWWV QVWWVW - WVWWV @ VWWWV
+WVWWV @ WYVWVW + WVWWV @ WWWVV
~WVWWW @ VWVWV + WWWWW @ VWWVV
TWVWWW @ WVWVV - WVWWW @ WWVVV
TWWVWV @ VIWWVW — WIWVWV @ VWWWV
—WWVWV @ WVWVW + WWVWV @ WVWWV
—WWVWW @ VWVVW + WWVWW @ VIWVWV
TWWVWW @ WVVVW - WIWVWW @ WVVIWV
TWWWVV @ VWWWV - WIWWVV @ WWWVW
TWWWVV @ WWVVW - WIWWVV @ WWWVV
TWWWVW @ VWVIWV - WIWWVW @ VWWVV
—“WWWVW @ WVWVV + WWWVW @ WWVVV
—WWWWV @ VVWWV + WWWWV @ VWVVIW
HTWWWWV @ VWVWV - WWWWV @ WVVVIV
—“WWWWV @WVWVV +WWWWV @ WWVVV
TWWWWW @ VVWVV - WWWWW @ VIWVVV.

Such a complicated polynomial will necessarily give a very low probability of success.
Nonetheless, we can generalize Theorem 3.1.5 for permutation polynomials. That is,
we prove that they exist. An alternative less pedestrian proof of existence of SWAP
polynomials can be found in [Pro22].

Theorem 3.2.5 (Existence of permutation polynomials). For all d,n € N, and M €
S, C L((C%)®") there exists a homogeneous tensor polynomial Pyy with n tensor products
which is proportional to M when evaluated on M4(C).

Proof. The basic construction block of the proof is the existence of a SWAP polynomial
for all dimensions d and n = 2 parties. Indeed, let €2 be such a SWAP polynomial. Then,
consider the tensor polynomial

07 :=0® Q) Ck,
ki, j
where Cj is a central polynomial of the same degree as 2. This polynomial exists by
Corollary 3.1.5.1. If necessary, we first artificially increase the degree of €). The poly-
nomial Q% now is always proportional to a SWAP in systems 4, j and the identity in the
other systems. Given that we can decompose any permutation as a product of swaps,
we may equally construct a product of polynomials Q% to recover a polynomial which is
proportional to any permutation 7 when evaluated on Mg4(C).
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Conversely, in order to build a SWAP polynomial, we are going to construct polyno-
mials which project to the symmetric and the antisymmetric subspaces of C¢® C?. That
is, consider the symmetric and the antisymmetric subspaces, defined as

Sym?(C?) :={z e C¢® C? | sWAPz = z} A%(C?) :={z e C?® C? | SWAPz = —z}.
They have dimensions
d(d+1) ds — dd—-1)

2 AT T
respectively. Indeed, a basis of Sym?(C?) is {e; ® e;,¢; @ e; +e; R e;}

ds =
d
j>i=1
A%(C?) is given by {¢; ® ej — e; ® ei}?>i:1' Let us call Ilg,2(cay, p2(ca) the projectors
onto these subspaces. Note that

and a basis of

SWAP == HsymZ(Cd) - HA2((Cd).

This decomposition, rather than Equation (82) is what we are going to use, but in general
following the steps of Example 3.2.4.

Let us then call C%(Z1, ..., Zmg),C*(Z1, ..., Zm,) central polynomials for matrices of
dimensions dg, d4, respectively. Let us now consider matrices of size d*> x d? acting on
C? ® C? = Sym?(C?) @ A?(C?). Note that any matrix C in the linear span of {V ®
V}vemyc) commutes with the SWAP, and preserves the symmetric and antisymmetric
subspaces, so that we may write

_(Ss 0
(34) 5= ( } SA) ,
where Sg € My (C) and S4 € Mg, (C), and we consider a basis given by a basis of
Sym?(C?), and then a basis of A2(C%).
Now, given a certain amount of matrix variables X7, ..., X, consider linear combi-
nations S;(X1, ..., Xy,) of the letters {X; ® X;, X; ® X, + X;, ® Xj};-'szl such that

(85) S(X1, ey Xin) 1= C¥(S1(X1, ooy Xin)s ooos Srg (X1, o0y X))

is not a PI. Such combinations must exist, as we will see a posteriori. Now, for all
Aty ...y A € Mg(C), we have

S(A1y ey Ap) =

(CS(Sl(Al,...,Am)S,...,SmS(Al,...,Am)S) 0 )
0 CS(S1(AL, oo, Am) s ooy Smng (A1, ey Am) )

ls 0
h <0 OA) = Hgym2(cay

where we have used Proposition 3.1.4 together with the fact that d4 < dg. The propor-
tionality constant is not zero, because the span of {X; ® X;, X; ® X, + Xj ® Xj}?fk:l
is equal to the matrices of the form given by Equation (84), as a quick dimension count
shows. Therefore, using linear combinations of said matrices, we can construct any ma-
trix in Myq (C) as Si(Aq, ..., Am)s, and €% is not a PI, so there must be some combination
which gives a non-zero proportionality constant.

Similarly, we can construct a tensor polynomial which plays the role of the antisym-
metric projector. To this effect, we now consider the antisymmetric part of Mg (C). That
is linear combinations of the letters {Y; @Yy, — Y, ®Y;}7% _;. Such matrices anticommute
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with the SWAP, and therefore interchange the spaces Sym?(C%) and A%(C?). That is, they
correspond to matrices of the form

0s A
A= .
<A2 04
Conversely, every matrix of this form, can be written as such a linear combination, again

since the dimensions of both spaces are the same. Let us call, as usual, Y; A Y} =
Y; ® Y, — Y, ®Yj. Then, consider the polynomials

Pijir(Y1, .., Ym) == (Vi AY;)S(Y1, o0, Yo ) (Vi A YD),

where S is the polynomial defined in Equation (85). It follows that, when evaluated on
d x d matrices, one obtains

1s O Os O
Pijk}l(Ala ,Am) X (Az /\Aj) ( OS 0) (Ak /\Al) = <OS A)

for some A € My, (C). Conversely, any matrix of this form can be obtained in this way,
and therefore, the polynomial

A1, ooy Vi) == CHAL(YL, oo, Vi) ooy Ay (Y1, o0, Vi)

is not a PI for some linear combinations of the letters {P;jx (Y1, ..., Ym)}%wzl, which
we denote by A4;(Y1,...,Y,,). It follows that

A(Al, ,Am) X HAQ(Cd)
for all Ay, ..., Ay € My(C).

In order to substract this polynomials to obtain a SWAP polynomial, we need to make
sure that they have the same proportionality constants in S,.A, and that they have the
same degree. Otherwise, we won’t get a homogeneous tensor polynomial. To correct
this second part we may use the same trick as in Example 3.2.4. That is, using the
polynomials S(Ig ® Is) and A(I4 ® 14), where Ig,I4 are central polynomials for My(C)
of sufficiently high degree, so that we can make deg(S) + deg(Is) = deg(.A) + deg(I4)
.These exist due to Corollary 3.1.5.1. We rename S and A to be such polynomials.

In order to correct the first part, we consider yet another polynomial F(T1,...,Ty,),
this time central for matrices of size d?> x d?. The new polynomial

F(Xy, oo Xm, Y1, s Yo, 21, oy Zom) 1=
F(S(X1, .., Xim) + A(Y1, ., Y)l[ 21 @ Zo][S( X1, ooy X)) + AL, o, Y ), -y
[S(X1, .00, Xm) + AY1, o, Yol [ Zop—1 © Zop|[S( X1y ooy, X)) + A(Y1, ., Yi)]).
is a homogeneous central tensor polynomial for My(C), since F' is a homogeneous central

polynomial and all matrices are in the span of elementary tensors. On the other hand,
we may write it as

F=S8F'S+SF?A+ AF3S + AF'A
for some tensor polynomials F'', 2, F3 [
Now, let f(X1,..., Xm, Y1, ..., Yim, Z1, ..., Zop) be such that

F(Ay,...; A, B1, ooy B, 1, .y Cap) = f(A1, ooy Ay Bi,y ooy By C1,y oy Cop) L2
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for all Ay,...,Am, B, ..., By, C1, ..., Cop € Mg(C). We have that
f(Al, ceey CQP)HSme((Cd) == HsymZ(Cd)F(Al, ceey CQP)HSme((Cd)
= S(Ay, ..., A)FY Ay, ...,Cu)S(Ay, ..., A)
Analogously,
A(B1, .., Bin)FY(X1, ..., Zap) A(B1, .., Bm) = f(A1, ..., Cop) 2 cay
Therefore, we define
Q:=SF'S — AF'A.
g

3.3. Time translating polynomials. We proceed now to construct polynomials which
perform a wide variety of universal time translation protocols. As we will see in The-
orem 4.0.1, these polynomials are going to provide a full list of allowed universal time
translation protocols.

3.3.1. Rewinding polynomials. Consider Formanek’s polynomials F(X,Y7,...,Yy) con-
structed in Theorem 3.1.5. We construct a new family of “rewinding polynomials”
implicitely by evaluating F' on X and Y; = Z; X?°. It follows that

F(X,Z1X5, ..., Z4X®) = R(X, Z1, ..., Z) X® o 1.

for some other polynomial R. Since F has degree d? 4 1, and is linear in Y7, ..., Yy, we
get that R must have degree d? + (d — 1)s and is linear in Zi, ..., Z4. On the other hand,
if we evaluate R on d x d matrices V, W1, ..., W4, we have

R(V, Wy, ... Wy)V*® 1.

Therefore,
R(V, Wi, ..., Wd) x V75, Wq,..,.Wye Md((C), V e GLg.

For n = 2 parties, we consider the following “fast-rewinding” tensor polynomials:

D(X,Y1,...,Yy) == (R(X,Y1,..., V) @ DQX, Y1, ..., Vi)
(1@ R(X, Y1, ., V) )UX, Y1, .., Vo).

When evaluated on d x d matrices V, W1, ..., W,,,, we have
D(V, Wy, ... W) o< (V™* @ 1)SWAP(1 ® V*)SWAP = (V"> @ 1).
In general, we define for n parties the polynomials
DY = R;QIF R Q%

where R; is a short-hand to introduce the polynomial R in system j: 1®--- @ R®---®@ 1.
This tensor polynomial, when evaluated on d x d matrices V, W71, ..., W,,,, satisfies

D](‘/v le ey Wm) = ‘/}_ns‘
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3.3.2. Fast-forwarding protocols. Consider the 2-tensor polynomal defined as
(86) EX,Y1,...Y,) = (X 1)Q(X,Y1,... V) (1 ® X°)QX, Y1,..., i),

where () is a SWAP polynomial, proven to exist in Theorem 3.2.5. Note that this is a
polynomial of tensor degree s + 2deg (). Evaluated on d x d matrices V, W1, ..., W,,, we
obtain a matrix proportional to

E(V, W1, ... Wy,) o< (V* @ 1)SWAP(1 ® V*)SWAP = V* ® 1.
In general, we define for n parties,

EV(X, Y1, V) = X5 [ QOF(X 10, Yo ) XM (X1, Vi),

k#j
where X7 again denotes the expression 1®--- X*®--- 1, where X* is in position j. This
tensor polynomial, when evaluated on d x d matrices V, W1, ..., W,,, satisfies

ENV, W1, .o, W) o< V"5,

4. All the time translations

We are now ready to state the main result of this Chapter. A theorem characterizing
all the possible universal time translation protocols:

Theorem 4.0.1. [=] [<] Let P(d, (T1,...,Tn),T") be a universal time translation proto-
col of duration T' acting on n target systems of dimension d, each evolving freely under
a Hamiltonian Hy and interacting with a probe system with a bounded Hamiltonian Hy,
such that system j is sent to state e=0Ti |op;). Then, it must be that

(87) Yo T+ Y |Til(d—1) < T’

@ T;>0 :T; <0
Conversely, if (d, (Ty, ..., Ty), T") satisfy Equation (87) with a strict inequality, then there
18 a universal time translation protocol with such parameters that works for almost all
Hy, H; with a non-zero probability of success.

Before proceeding to prove this theorem, let us look more closely at the meaning. If
we only have one target system (n = 1), then Equation (87) means that
!

d—1
That is, a protocol applied to a single system cannot perform fast-fowarding, and the
amount of time that it can rewind is bounded by the dimension. However, if we have
more than one system, the more interesting protocols become available. For example,
we may achieve target times of (n7”,0,...0) or (—nT"/(d — 1),0,...,0) with a protocol of
running time 7”. That is, we are transfering the time from the extra target systems to
the first one in order to break the limits of a protocol acting on a single system.

<Ty<T.

Equivalently, we may rephrase Equation (87) as a set of properties that evolution
time must follow.
e Evolution time cannot be created.
e Evolution time can be transferred between two identical systems at no cost.

e Evolution time of a system of dimension d can be inverted at a cost (d — 1).
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e Evolution time can be destroyed.

All the universal time translation protocols that exist are the ones that allowed by
this “axioms”.

4.1. Existence. Let us begin by proving the “only if” part of Theorem 4.0.1.

Proof of Theorem 4.0.1, <. First note that to get all protocols satisfying Equation
(87), one only needs to achieve the “extremal” protocols with output times (0, ..., —nT"/(d—
1),...0) and (0, ...,nT",...0), as every other output time can be achieved by waiting for a
while and then performing some of these protocols for a shorter period of time T”.

Using the canonical correspondence described in Section 2.1, we obtain for each of
the polynomials described in this Section protocols by taking V = e *H0At and suitable
W; that require the same amount of time At to be implemented. These protocols take
an amount of time given by Equation (81), and so we must consider the degree of our
polynomials. We have that

deg®(D7) = 2deg®(Q) + deg®(R) = 2deg®(Q) + d* + (d — 1)s.
Therefore, we have a protocol of duration
(88) T' = (2deg®(Q) + d?)At + (d — 1)sAt
with output times (0, ..., —nsAt, ..., 0).
On the other hand, for the fast-forward polynomial we have
deg®(E7) = 2deg®(Q) + s,
from which we obtain a protocol of duration
(89) T’ = 2deg®(Q)At + sAt
that achieves output times (0, ..., nsAt, ..., 0).

Choosing a sufficiently small interaction time At and a sufficiently big s we can get
Equations (88 and 89) to indeed describe the total duration of the protocol T”, if it was
fixed before hand. Making At even smaller if necessary, we can get any protocol given
by Equation (87).

O

4.2. Necessary limits. To prove that Equation (87) is also necessary, we resort to the
Dyson series:

Theorem 4.2.1 (Dyson). Let Hy, Hr be self-adjoint operators acting on ‘H, with Hy €
B(H). Then, the operator

(90) U@ =) (-i) / dty - - - dtje” Holl=t) frje=iHolti=ta) .
j=0 t>t12>...2t;2>0

e Ho(tj—1=1) o —iHot;

s a strongly continuous one-parameter unitary group, which describes the evolution of a
system evolving under Hy + Hy.
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Proof of Theorem 4.0.1, =. We consider first the case where we have just one target
system. Before we switch on the interaction, we consider that the target system and

)

probe ¢ are evolving under the independent hamiltonians Hy and H @

)

, respectively. In

particular, we assume that Hy and Hp := Zf\; 1 Hg commute. We consider Dyson’s

series 4.2.1 with free Hamiltonian Hg + Zfil Hl(j).

Whatever post-selection we might be applying to the probes will just affect system 1
through the bipartite terms H; in Equation (90). Taking into account that e~*(Hr+Ho)t —
e~ Hpte—itol — —iHole=iHpPl e may group the terms of the form e!Pts Hye #HPtit1 and
so after measuring we are left with a continuous linear combination of terms of the form

(91) Iy e ot [Tye~tHot2

where ) . t; = t, and the II; depend on the Hamiltonians Hy, Hp and the measurement
outcome.

In general in a protocol we take the segment [0,7”] and choose some sequence of
times 0 = Ty < Ty < ... < Thy = T'. Between times T; and T;,; we can decide whether
we send some probes to interact with the target system of not. If we do not, the target
system evolves via the operator e “Ho(Ti+1=Ti) - Otherwise, it evolves via an operator that
we can decompose as before in terms of the form of Equation (91). At the end of the
protocol, after the post-selection, we thus have a linear combination of terms of the form
of Equation (91), but with y . ¢; = T".

Therefore, the target system will have a state proportional to

>° A )| AL
J

where |11) is the initial state of the target, the index j labels the measurement outcomes
that we post-select to and A; is an operator which can be expressed as a continuous
linear combination of terms of the form of Equation (91) with }" t; = 1".

Suppose now that we have one target, and we are interested in effecting the trans-
formation |¢1) > €T |¢)1). We must therefore have

S Ay o] A oc e T s s | 0T,
J

with 77 = —T < 0. It follows by convexity that the above equation can hold for some non-
zero proportionality scalar only when all the non-zero A;’s are proportional to etHoT | et
then A be one of such non-zero terms {4;}; corresponding to one possible measurement
result of the probes. From the above, we have that

(92) A o tHoT

for all Hamiltonians Hy, Hy, He.

Suppose then that there exists such an operator A, and let Hy be any generic Hamil-
tonian such that the proportionality constant of Equation (92) does not vanish, for
some fixed Hy, Hp. Since Hy is a generic operator acting on a d-dimensional Hilbert
space, it must admit a Jordan decomposition of the form B~'HyB = Zle a; |i)(i], with
{ar}¢_, C C, for some invertible d x d matrix B. Since A = f(@)eoT for some scalar
f(a), we have that
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(93) (1 Alj) = f@ye T,

for j = 1,...,d, where here A denotes B"*AB. On the other hand, braketing Equation
(91) between (j| B~! @ B|j) we obtain

> G [0) (A Tz ) - - emilontirantae),
él 7627"'
where we are again denoting II; := B~'1I;B. By grouping the terms in the exponent with
the same a; we may write each term as some coefficient times e ~*®?, where now ¢ lives
in R?, but still satisfies >, ti = T" and positivity. Therefore, the full linear combination

can be written as
(94) Gl Al = [ S@e

by choosing appropiate coefficients ¢/ (), and where T := {t € R% t; > 0, Yot =T}
From Equations (93) and (94), it follows that f(d@) admits the decompositions

@) = [ d@e
7
for j =1,...,d. Here T; = {t € R, t; > T5;;,3,t; =T' +T}.
Now, express the vector a = B + 47 in terms of its real and imaginary parts 57’7-
Fixing v, we have that the above expressions depend on [ as

£(@) = /T & (7, 7)e 7

for some new coefficients ¢. In particular, for all k,j € {1, ...,d},

/ & (7, 7)e B lar / &+ (F,7)e PLE.
Tk

This holds for all ﬁ € R Multlplylng the above expression by Bt for some to and
integrating with respect to § one can see that & (¥y,7) must vanish if #) € Ti \ T
Therefore, we may write

f@= [ e

N;7;

Any ¢ € N;T; satisfies t; > T and Z?:l t; = T + T'. Combining these two expressions,
we conclude that, for all 4 for which f(&@) does not vanish, dT" < 2?21 t; =T+T'. That
is,
(95) (@d-1)m) < T

Note that the argument above does not invoke at any point the uncontrollability of
system 1: it holds even if we know the form of the operators {II;}; in Equation (91). In
fact, it holds if we further know the similarity transformation that diagonalizes Hy.

We can now build from this result to the general scenario. Suppose that, through a
scattering experiment of duration T”, we were able to induce a transformation of the type
AxUT,..,T,) = ®§”:1 e HoT; for some times T, ...,T,,. Let us assume, w.l.o.g.,
that 11, ..., T, <0, and Tyy1,..., T > 0.
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Now, let B be the similarity transformation that diagonalizes Hy, i.e., B"'HoB =
> a; |i)(i|, and consider the operator

d—1
A — (B®nFj(Bfl)®n) A (B®nrfj(Bfl)®n) ’
1

<.
I

with T' = 1®* ® f‘®n_k, where T := Zle |i) (i ® 1] and @ is addition modulo d. Noting
that, for any d x d diagonal matrix Y, H?;i YT 7 = det(Y)Y ™!, we have that A «
U(d— 1Ty, ... (d— V)Tl = Th1, - —Th).

Finally, define the linear map A : Mf” — My by

AX)= ) (1®H][@@ (i) X

T1,5eenyln—1

(lir) @ ®in—1) ®1).
This map implements the linear extension of the operation
A(X1®...®Xn) =X;---X,,

so it follows that

k n
A(A)O(U((d—l)ZTi— > T)
=1

i=k+1

i.e., A(A) is a rewinding transformation for 1 target system. Clearly, A(A) can be
expressed as linear combinations of product operators of the form Equation (91) for
n = 1, with the particularity that >, ¢ = (d — 1)nT’. By Equation (95) we have, then,
that the total rewinding time (d — 1) Y5, [Ti| + 3274, T3] is upper bounded by nT".
That is

S ne Y -y <

2:1;>0 2:T;<0
as stated in Equation (87). O

4.3. Different protocols implementing the same polynomials. The goal of this
section is to show by means of a concrete examples all the steps involved in designing a
scattering protocol from a given polynomial.

Let R(V,W) = [W,V]V*[W, V] be the polynomial we want to implement. We know
that this effects the transformation V~° on qubits (see Eq.(6)). We will show three
different ways to propagate targte system 1 by R(V,W). First, we expand the terms to
write

(96) R=WVVWV = VWV*WV —WVVVW + VIWV°VW.

By the correspondence given in Section B, we know we can implement this with a canon-
ical scattering protocol that sends s + 4 one-dimensional probes.

This corresponds to sequentially preparing s + 4 probes in the state

(97) jﬁ( 00 12, + 1) 12),.)
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(we assume that d, = 1, so we do not bother introducing system 7). Then, conditioned
on all such probes having returned to the lab, we post-select the lab register to the
many-body state

1
Nz

This is very inefficient, as by inspection we see that for sAt units of time we could
just let the system evolve naturally. So the second implementation uses only 4 probes:
sending the s probes of the intermediate steps will only decrease the probability of success
because we need to post-select to the state of not having sent them.

(98) (|01) [0)®* [01) — [01) [0)®*|10) — [10) [0)®* [01) + [10) [0)** [10)) |¢), -

Lastly, it is possible to implement the same polynomial with only 2 probes. Instead
of using the initial state of a probe as a superposition of sending it and not sending it,
we put it in a superposition of sending it at time 0 and at time At. We again label these
with a qubit register |0), and |1),, respectively. After 2At time units, the state of the
joint system target-register will be

1
V2
where we ignore the internal state of the probe. If we do this once, let the system
evolve for sAt time units, and then send another probe in the same initial state, we get
polynomial R after post-selecting the lab register on state

j§<|o>R — )R

We now move on to the implementation of a protocol that involves two different
target systems, specifically, one that transfers time. A family of polynomials to do this
is given by Equation (86):

(101) EV,W):= (Ve 1)QV,W)(1e VHQ(V,W),

(99) (VW [¢1) [0) g + WV [¢h1) [1) )

(100) (

where 2 is any polynomial which is proportional to a SWAP. For example, we can use the
polynomial given by Equation (83). The time warping polynomial we obtain this way is
very long, but expanding it we get

(102) EV,W) =V VWWVWVWWVW Q VIWWVWVVWWVW 4 -

A possible way to obtain from E(V,W) a time translation protocol would be to use the
correspondence of Section 2.1, to send 10 + s one-dimensional probes to each system.
This is done by sequentially preparing each of the s + 10 pairs of probes in the state

1 1
Z5(100m o), + 1) 19),) © 7= (100 ), + 1)),
where |¢1) , |@2) are the states required to make a probe interact only with target system

1 and 2, respectively. We remind the reader that such states exist by virtue of our
working assumptions.

(103)

Conditioned on the return of all the probes, we post-select the lab register on the
state

(104) 11011010110) |0)®* ® |10110) |0)®* |10110) + - - -

1
100
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S5At

sAt

5At

S5At

System 1 System 2

Figure 4. A schematic representation of a fast-forwarding protocol. The
vertical arrows represent unperturbed evolution of the target systems. Blue and red
regions correspond, respectively, to times in which we are sending probes to apply a
protocol that performs a SWAP gate.

However, there is a better way to do this, as in the previous example, with only 10
probes for each system. To do this we consider implementing a single SWAP, we do this
by preparing 5 pairs of probes in the state (103) and post selecting the lab register on
the (normalized) state that encodes the polynomial. For example, for the polynomial Q
this state would be

1

105 5) = ——([10110) , ® |10110) 5, — |10110) , ® [10011) ,, — ...

105)  Joa) = s (110110) © [10110), — [10110) 5 [10011)

Our protocol is schematically shown in Figure 4. First we sequentially prepare and
release 5 probe pairs in state (103) to systems 1,2 at times {0, At,...,4At}. Then,
while we let system 2 evolve naturally for s time units, we sequentially release five
more probes in state %(\O>R|g@1>r + 1) |®),)) to interact with system 1, at times
{bAt,...,9At}. After that, we let system 1 evolve naturally for s time units. Meanwhile,
at times {SAt + sAt, ..., 9At + sAt}, we sequentially prepare five more probes in state
%(\@R [©2), + 1) g |®),)); those will interact with system 2. After time 10A¢+ sAt has

elapsed, we postselect the registers in the lab to the state |¢pq) ® |dq).

The final state of the system after the post-selection, and keeping track of the nor-
malization of the states, is now

1 1
(106) ZOWE(V’ W) [h12) = AV @ 1 |1hy ),

where A is a scalar that depends on V' and W. That is, by following this protocol, we
will have made system 1 evolve by 77 = 2sA time units in time sAt 4+ 10At, and the
probability of success of the protocol is |A|2.

Using the SWAP polynomial given in Equation (83) to construct ‘¢Q> and averaging
over V and W according to the Haar measure, we get an average success probability of
approximately 2 x 10~4. While this may be too small to be of practical importance, it
is still large enough to be detectable experimentally. Furthermore, it may be possible to
boost this probability significantly by increasing the number of probes used to implement
the SWAP. It would also be possible to increase the probability of success by post-selecting
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on a larger dimensional space that is spanned by multiple vectors encoding different SWAP
polynomials.

5. High probability rewinding for qubits

As we have seen, the probability of successfully time warping a system can become
extremely low. A natural question arises, can we increase the probability of success of
our protocols? If one takes a look at the protocol given in [QDST19a; QDS'19b], it
is immediate to notice that, although it is probabilistic, a failure can be corrected. In
the following, we show that a similar scheme can work in the uncontrolled setting for a
certain rewinding protocol on qubits.

5.1. The protocol. Given a time unit At > 0, we introduce a universal physical process
that rewinds any two-level quantum system by any amount T° = sAt, where s is an
arbitrary natural number. This process, acting on a target system with free Hamiltonian
Hy, will propagate the target’s initial quantum state by e?#052* thus leaving the target
on the state it had sAt time units before the experiment started.

The basic building block of the protocol is the gate @ depicted in Figure 5 (a).
Denoting by [¢) the state of the target, this gate performs the transformation

(107) Qy) | =) o [V, W) [1) + {V, W) [ =)

Here W := e #0At and V denotes an unknown linear map, detailed below. The kets
|—=), |1) respectively label a left-to-right and a bottom-up trajectory of the target system,
as seen in Figure 5 when the letter () is upright. If, right after implementing Q, we
measure the target’s motion degree of freedom in the {|1),|—)} basis, the target will be
propagated by either {V, W} or [V, W], depending on the measurement result.

We next dedicate some lines to explain how to universally realize the gate @, also
known in the literature as SWITCH [CDPV13], for some uncharacterized matrix V. Let
O be a repeatable physical operation (e.g.: switching on a magnetic field, releasing an
electron) of duration 7, whose effect on the target’s internal degree of freedom is to
propagate its ket by some unknown operator V. This can be achieved by, e.g., switching
on an interacting Hamiltonian for some time 7, or, as described in Section 2, by making
the target unitarily interact with a probe, which is post-selected onto a given pure state
after the interaction. Note that V' will be a unitary matrix in the first case and non-
unitary in the second.

Given the ability to conduct any such operation O, one can implement the gate @
by playing with the motion degree of freedom of the target: it suffices to put the latter
in an equal superposition of two paths. In the first path, the target is allowed to evolve
freely for time At and then we act on it with O for time 7. In the second path, we first
act on the target with O for time 7 and then we let it evolve freely for time At. The
state of the target at this stage will thus be proportional to VW [¢) |v1) + WV [¢) |vy2),
where 71, 72 denote the two trajectories. Next we make the two trajectories interfere, by
conducting the unitary operation

1

(1) + 1)

m) jﬁw 1), ) e

5
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[V, W] W)) No click
¥) {V.W} ) W)
Em— Q > <

B ¢

Ei
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W |¢}> No click
~ A @
V-W
(2) L (b)
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—>> Q > Q > Q eoe —)D\/
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Figure 5. (a) The gate @ specified by Eq.(107). This quantum operation, the building
block of the whole protocol, can be implemented in different ways depending on the
physical systems under consideration. The figure shows a possible way to implement
Q@ on photons with an interferometer. (b) A schematic of the full protocol without
corrections. (¢) A schematic of a level n correction. This figure substitutes each @ in
part (b). Following any path in the figure that ends up in the top left outputs a state
proportional to [V, W]|v).

(in optical systems, this can be achieved with a balanced beam splitter), arriving at
equation (107).

The gist of the protocol is to apply the gate @@ over and over to the target until it
reaches a state proportional to W=* 1)) = e*H05At |4)). To achieve this goal, we rely on
three general properties of 2 x 2 matrices.

Lemma 5.1.1. Let V,W be 2 x 2 matrices and n € Ng. Then, tr([V, W[{V,W}") = 0.
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Proof. By the Caley-Hamilton theorem, for n > 2, the 2 x 2 matrix {V, W}" is a linear
combination of 1, {V,W}. Hence, it is enough to show that the lemma holds for n = 0, 1,
and this is a simple consequence of the cyclicity of the trace. O

Proposition 5.1.2. Let VW be arbitrary 2 x 2 matrices, and define x = [V,W],y =
{V,W}. Then we have that:

(a) 2% o 1o.
(b) If W is invertible, then, for any natural number s, W3z oc W5,

(c) For any natural number n, y"xy™ < x.

Proof. Now, note that any 2 x 2 traceless matrix can be written as a linear combination
of the Pauli matrices ox,0y,0z7, and thus its square is proportional to the identity
matrix. This applies to the commutator [V, W], the matrix polynomial W#[V, W] and,
by Lemma 5.1.1, to [V, W|{V, W}". We thus have that, for all 2 x 2 matrices,

[V, W]? « 1,
WV, WIW [V, W] 1,
(108) [V, WH{V, W} [V, WH{V,W}" 1.

If W is invertible, then we can multiply the second expression by W™ on the left
and arrive at the identity

(109) [V, WIW[V, W] x W2,

Similarly, multiplying the third line of equation (108) by [V, W] on the left and
invoking the first line, we arrive at

(110) VW[V, WH{V, W™ o [V, W].

Note that the last step is only rigorous if the proportionality factor in the expression
[V,W]? « 1 is non-zero. As it turns out, by the Cayley-Hamilton theorem, this factor is
—det([V, W]). Let us then prove that the relation also holds for det([V, W]) = 0.

Define the matrices x = [V, W], y = {V,W} and z = y"xy". The matrices x and
z have in this case rank at most 1. Since both z,z have zero trace (z, by virtue of
Lemma 5.1.1), it follows that one can write them as x = A |¢><¢L’, z=v ‘g0><90L|, where
<¢|¢L> = <<p <pl> = 0. Now, by the third line of equation (108), zz o 1. Since the
left-hand side of the relation has rank at most one, it follows that zz = 0. This is only
possible if ¥ = 0 (note that A = 0 implies v = 0), in which case z =0 oc x; or if \,v # 0
and (¢*|¢) = 0, from which z o 2. In either case, relation (110) holds.

The first line of equations (108), (109) and (110) are, respectively, the 2 X 2 matrix
relations (a), (b), (¢) claimed to hold in Proposition 5.1.2. This finishes the proof.

O
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We remark that the proportionality factors on the right-hand sides of equations (a)-
(c) are functions of the entries of the matrices V, W, and might vanish for some values
of V,W.

Proposition 5.1.2 suggests a simple method to bring the target system to state
W=#]¢) through consecutive uses of gate (). First, we aim to effect the transforma-
tion |¢p) — x|1). Once there, all we have to do is wait for time sAt and manage to
enforce the transformation x once more. The final state will then be xW?#x |¢), that, by
relation (b), is proportional to the state W =5 ) = e*H0sA% |3p) . In that case, the target
will have been translated by —sAt time units.

The shortest way to rewind the system hence requires two applications of gate @, see
Figure 5 (b). Provided that, after measuring in the {|1),|—)} basis, the target system
emerges from gate @) through its vertical output port, the system will have been acted
upon by x. Next, we wait for time s and then we input the system in @ again. If, once
more, the target exits the gate through its vertical port, then we can guarantee that the
rewinding process took place.

It could happen, though, that the target exits the first gate through its horizontal
port. In that case, the system will be propagated by y instead of x. To proceed with
the rewinding protocol, we must eliminate this operator. A possible path out is given
by taking n = 1 in relation (c¢), namely, by the identity yxy o z. It follows that, if we
make the system pass through two more @) gates and it exits the first one through the
vertical port; and the second one, through the horizontal port, the system will end up in
a state proportional to x |¢). The situation is thus the same as if the target had exited
through the vertical port in the original @) gate, see Figure 5 (c). Hence we can wait for
sAt time units before trying to effect another transformation x on the system.

By virtue of relations (a)-(c) in Proposition 5.1.2, whichever sequence of ports the
system happens to exit will propagate the target by an operator of the form zy™ or ™. In
the first case, n consecutive exits through the horizontal port of gate () will propagate the
system by x. In the second one, a vertical detection, followed by n consecutive horizontal
ones, will have the same effect. Hence, no matter how advanced the protocol is, there
always exists a chance of bringing the target to the terminal configuration zW?*z |¢), as
sketched in Figure 5 (c¢). Note that relations (a)-(c) hold even if the matrices V, W are
not unitary. The protocol can thus be used, e.g., to rewind a two-level system undergoing
a continuous decay governed by a non-Hermitian Hamiltonian, such as a neutral kaon
[Kab68]. In this case, however, the terminal configuration is not ensured.

Notice as well that, should we enforce any limit m on the number of times that
gate () can be applied, the running time of the protocol would be upper bounded by
T = m(At + 7) + sAt (recall that 7 is the time it takes to implement the operation
O). On the other hand, the protocol, if successful, would rewind the target system by
an amount 7' = sAt. Hence 7" = T + O(1) and, by the results of Sections 2 and 3, this
implies that such an ‘m-trimmed’ universal rewinding protocol runs on asymptotically
minimal time in the limit T — oo.

It remains to be seen how likely it is that the (trimmed or untrimmed) protocol
succeeds. In principle it could be that, even allowing an unlimited number of uses of
gate @, the system never reaches a terminal configuration Wz |¢)). In this regard,
note that, if the physical operation O has no effect whatsoever on the target (namely, if
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V = e~0T) then the latter will keep evolving unperturbed, no matter how many times
we act on it with the ) gate. More generally, one can see that the rewinding protocol
will fail with certainty whenever [V, W] = 0.

The condition [V, W] = 0, violated by generic interactions V, W, requires a high
degree of fine-tuning if the experimental setup is capable of perturbing the target system
at all. One therefore wonders what the chances of success are when [V, W] # 0.

Using techniques from probability theory [Wil91], we prove in Section 5.2 that, pro-
vided that V, W are unitary and [V, W] # 0, the target will reach the pattern xW?z |)
after a random finite number of uses of @) with probability 1. Moreover, we show how

to compute the probability of success of an m-trimmed protocol given a lower bound on
IV, W]||. See Figure 6.
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Figure 6. The protocol’s probability of success p3%'““ of implementing operation A
(vertical axis) as a function of the number m of uses of gate @ (horizontal axis), for
different values of the probability p of exiting the Q gate through the vertical port (as
proven in Section 5.2, p depends on V, W, but not on the state of the target). (a)
The probability of successfully implementing [V, W] (b) The probability of successfully
rewinding the system for the full adaptive protocol. Note that this is not the square of

(a).

5.2. Proofs. We begin by defining and proving the validity of a completely abstract
protocol, without considering any implementation details. In this protocol, the system
of interest is C2, and the other system acts as an ancilla that heralds the success of the
protocol. We need to have control over the ancillary system.

Let V,W be 2 x 2 matrices. We define a gate Q acting on C? @ ¢*(Z x {—1,1}) as

Q) In,2) = SV, W) In, —2) + S {V,WH) I — 2,2).

We now show that Protocol 5.2.1 does what we claim. This will require several
intermediate results. We begin by showing that if the protocol terminates, the output
is indeed the rewound state that we are after. In fact, we show something slightly more
general. Let us call, as in the previous section z = [V, W] and y = {V, W }.

Lemma 5.2.2. In Protocol 5.2.1, the state in line 6, after having obtained outcome (n, z)
18
z+1 _z=1 _

1) ocO(n)a 2 y" o) + (1 = O(n))a™ "2y "W’z 1),
where O(n) = 1 if n > 0 and 0 otherwise. In particular, the output of Protocol 5.2.1 is
proportional to xW®x 1)), and thus equal to W2 [1)g).
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Protocol 5.2.1 An adaptive protocol to rewind qubits

Input: Initial target state |1)y) € C2. Matrices V, W € My(C) such that [V, W] # 0, and
W is invertible, s € N.

1: Initialize the target |1) < |1)g).

2: Initialize the ancilla |p) < |0, —1).

3: Apply @ to the combined state |¢) |¢).
4: Measure the ancilla in the basis {|m, w)},ezwef—1,1}-
5: (n, z) < Outcome of measurement

6: 1)) < Target state after measurement.
7. if (n,z) = (0,1) then

8:  Apply W* to [¢).

9 |e) «10,1).

10: else if (n,z) = (0,—1) then

11:  return [¢).

12: else

13: @) « |n, 2).

14: end if

15: goto 3.

Proof. Recall the relations shown in Proposition 1 of the main text: 22 oc 1, 2W?%z
W =2 y"zy™ x x. These give rise to a word problem that we now proceed to solve. Note
also that, it is only possible to get a measurement outcome (n,z) with n > 0 before
obtaining the measurement outcome (0,1) and from that moment onwards it is only
possible to get n < 0 until the protocol terminates. Therefore, the problem is naturally
divided in the cases n > 0 and n < 0. Let us proof the result in the case n > 0, the other
one being completely symmetric, but using Wz |¢g) as the initial state.

We proceed by induction in the amount of times m we have reached line 6. For
m = 1, the outcome obtained is either (1,—1) or (0,1), and the target state updates
as we say in line 6. Suppose now that we have obtained outcome (n,z) with n > 0 in
loop iteration m > 1. This means that in loop m — 1 we had obtained either outcome
(n+ z, z) or outcome (n, —z), which also have n > 0. Then the update rule says that, in
the first case, we have by induction and the simplification rules that

yTL ’1/]0> if z = _17
xy™ o) if z = 1.

In the second case, from the update rule and the simplification rules, we have

ya Ty ) o {

—z4l y" if z= -1,
xx” 2 x
v [bo) {xy" if 2 =1,

as required. m

Note that after each loop the ancillary system is always in a particular state |n, z)
and so the measurement is always a two outcome measurement. In fact, we can always
implement this protocol with a qubit and something to keep track of the measurement
outcomes. We now show that the probability of either outcome is always independent of
the state of the system.
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Lemma 5.2.3. Let V,W be 2 x 2 unitary matrices. Then, the probability

p=(n,—z[Q)[n,z)
is independent of |1).

Proof. We apply the Cayley-Hamilton theorem to the 2 x 2 matrix VIWVTWT, obtaining

(111) VWVIWH2 — e (VIWVIWH YWV Iwt + det (VWVT wi ) —0,

The last determinant equals 1. Thus, Multiplying the above expression by WV on the
left and by W1V on the right, we find that

(112) VIWIvw + Wiviwy = (VW VI,

Now, the probability p of measuring the ancillary system and obtaining result (n, z) is

113) LWV W) = § @121 - VIntvw - wivimy jy)

By Equation (112), the last expression just depends on the invariant tr(VWVTWT) and
not on the state itself. d

This independence on the state and the fact that the state only depends on the
outcome measuremt allows us to model the evolution of the target state |}, at each loop
of the protocol, as a classical particle undergoing a random walk in the directed graph

shown in Figure 7.

SO
Figure 7. A random walk modelling the word problem. In this directed graph
we consider the following situation. We label (n,—1) = n and (n,1) = m. Thus,
starting in position 0 at t = 0, at each loop of the protocol the classical particle moves
along a vertical edge with probability p and along a horizontal one with probability
1 —p. The goal is to get back to 0 at a positive finite time. A move along a horizontal

edge corresponds to the operation [¢) — {V, W} |¢)) on the target system, and a move
along a vertical edge to the operation |¢) — [V, W] |¢).

After each loop of the protocol, the particle can move in the horizontal direction with
probability 1 — p: this corresponds to measuring the quantum target leaving a () gate
and obtaining outcome (n — z, z), hence propagating the current quantum state by the
operator {V,W}. Alternatively, with probability p, the classical particle will move in the
vertical direction of the graph. This corresponds to measuring the target leaving the Q
gate and obtaining outcome (n,—z), which propagates its state by [V, W].
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If the initial position of the classical particle is 0, then, by the time the particle
reaches 0, the quantum target system will have been propagated by [V, W]. This is
independent of the graph path taken by the classical particle, by virtue of Lemma 5.2.2.

Once the classical particle is in 0, we would stop the random walk momentarily and
let the quantum target system evolve freely for sAt time units. Then we would act
again with the @) gate on the system, thus continuing the random walk until the classical
particle arrives at 0, at which point the target has been propagated by xW?®z and hence
it would have been rewound.

We will next prove that the probability that the classical particle comes back during
its random walk to 0 in finite time is 1. For this, we will use standard notation and
techniques which can be found for example, in [Wil91]. This proves that Protocol 5.2.1
terminates in a finite amount of time with probability 1. Since the waiting time does
not affect the probability of success of the protocol, we set s = 0 for the remainder of
the discussion.

Let {Sy}n>0 be the sequence of random variables which describe this random walk
when starting in the state Sy. We define the hitting time of node a from state b as the
random variable

Ty—sq :=inf{n > 0| S, = a, Sy = b},

which takes values in NU{+o00}. The probability of successfully finishing the protocol in
m steps is therefore given by P(Tp—o = m). To calculate this probability we will exploit
the symmetries of the graph. All basic concepts about random walks that we use in the
proof can be found, for example, in [Wil91].

Theorem 5.2.4. For all natural m > 1 and all p € [0,1], with the convention that
00 =1,

P (T = 2m—1) = S (-1t () (L2 eormten -,

n m-—n
n=1
P (Tyg =2m) =0.

Remark 5.2.5. The use of 0° = 1 in Theorem 5.2.4 is justified in two ways. First, when
p # 1/2 there is no indeterminacy in the formula, which is a continuous function of p.
Taking the limit p — 1/2 we obtain

(114) P (T(H6 = 2m — 1) = (—1)™+! (177/12>,
so regarding 0 as 1 is the natural choice to make the probability continuous on p.
Furthermore, equation (114) is also the probability for the hitting time of the origin in a
simple symmetric random walk of the integers starting at the origin. Closer inspection of
our graph reveals that indeed, when p = 1/2 (and only in this case), these two processes
are equivalent for the purposes of this random variable. This is therefore the correct
formula for p = 1/2.

We proceed to prove Theorem 5.2.4.



116 4. Time translations

Proof. We define the generating function

fla)=E [ OHO} ZP((HO—@ i

Note that in principle this is only correctly defined for o < 1, as the probability of having
an infinite hitting time could be non-zero. The correctness of the last equality is justified
a posteriori, when we will see that lim,_,;- f(«) = 1. For the time being, assume that
0 < a < 1. We have

f(a)=E [aTM Sy :o] (S, =0) +E[ 00 | §) = 1] (S =1)
— pE [aTM 1S, = 6} Y (1-p)E [aTM 15 = ;}
=pa+(1-pE [aT9—>5 | S1 :l} .
However, the graph is invariant under horizontal translations, so
P(Tyg=nl8=1)=P (T g=n-1)=P(Ty, ;=n—1),

Therefore,

E [aTQ—Q | 51 = 1} ZP ( g=n- 1) o = ok [aTQ—“T] .

We can divide the process of getting to —1 from 0 in two parts: by going for the first
time to 0 from 0 and then visiting —1 from 0 also for the first time. The probabilities
are decomposed as follows:

P (Tgﬁ_—l - n) —P (inf{k > Ty 5| Sk =157, ;=0,5=0} = n)

= P(TQ_)ﬁzm)P(inf{k>m\Sk:—T,szﬁ}:n)
=P (Tgw = m) P(To,_1=n—m)

:P<TQ—>6+T6—>—T:TL>7

where we have used the Markov property in the third step. Note that by the strong
Markov property, inf{k > T, 5| Sy = —1, 57, . = 0} (which has the same distribution
as Tg_,_7) is independent of 7j, ,5. In particular,

E [OKTQ—FT] ) [aTg—ﬁ} E [aTaﬂJ} —F [aTg—ﬁ} E [aTo-1]

where the last equality follows from the reflection symmetry of the graph.

Repeating the arguments made at the beginning for 7, ,5 we get that
E [aTQHl] = apE [ 0—— 1} (1—p)a.

Combining everything,
(1-p)*a*f(a)

fla) =pa+ = ~ o)
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or the second degree equation
apf(@)® + (o = 2pa® — 1) f(@) + pa = 0,

which has the solutions

14 2pa? — a? £ /(14 2pa? — a?)? — 4p2a?
2pay ’

The correct behaviour as o — 07 is obtained with the minus sign in front of the square
root, so let us expand this one as a power series on « centered at zero:

1+ 2pa? —a? — /(1 + 2pa? — a?)? — 4p2a?

fla) =

2
(4202 ) T () () (1)
N 2pa
B nil(_l)nﬂ (17/12) (1 T 2;];3 - oﬂ)%_l
=S (e e ()
- g—nnﬂ (172) appen-tans gj (177" vte
- gwhm(—n"ﬂ G I L
- mi:jl g—n“ﬂ () (2wt - e,

from which the statement follows. Note that

lim f(a) 2p —/(2p)* —4p* _

a—1- 2p

i

so that P (TQ_@ < —i—oo) =1, like we had anticipated.
O

To get now the probability of successfully resetting at a particular time, we can just
use the formula we just got and compute (as we did in the previous proof for T L)

P(Tysg=t)= ) P (TQ—>6 = ’f) P (TQ—>6 = l) :
k1=t

The result is the following formula:
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Corollary 5.2.5.1. For all natural m > 1 and all p € [0, 1], with the convention that

00 =1,
- E5 ()27

. ( 1-2j > (Qp)Q(iJrj*l)(zp _ 1)m+17(i+j)’
P (Th—o =2m —1) = 0.

Note in particular that P(Tp_ < 00) = 1.

For completeness, we now combine all the statements we have proven.

Theorem 5.2.6. Let Hy and H; be hermitian operators acting on C?, 1) € C? an
initial state, T > 0 an amount of time to rewind, and V := e 17 W = e iHoT/s for
some s € N,7 >0, such that [V, W] # 0.

Then, for every 0 < q < 1 there is a natural number m € N such that Protocol 5.2.1
terminates after m iterations with probability bigger or equal to q, outputing the state

e 0T [aho).

Proof. Indeed, from Lemmas 5.2.2 and 5.2.3 we deduce that the probability that the
random walk described in Figure 7 with parameter p = 1/2 — tr(VWVTWT) starting
at 0 goes back to 0 in m steps coincides with the probability that protocol 5.2.1 stops
after a m iterations. This probability tends to one, since p is not zero due to the
fact that [V, W] # 0. We can then use Corollary 5.2.5.1 to compute an m such that
P(TQ_@ < OO) >q. O

6. Discussion

We have studied time-translations in the most general setting possible. That is, of
an uncontrolled system with uncontrolled operations. This is a generalization to the
uncontrolled setting of other work [QDST19a; QDS*19b]. One wonders which results
from the controlled world are generalizable to the uncontrolled setting. We have seen
that all the possible time translations attainable in this setting are the ones that satisfy
Theorem 4.0.1. The conditions in 4.0.1 are equivalent to the following postulates:

e Evolution time cannot be created.
e Evolution time can be transferred between two identical systems at no cost.
e Evolution time of a system of dimension d can be inverted at a cost (d — 1).

e Evolution time can be destroyed.

We are led to conclude that evolution time behaves like a sort of resource that we can use
for our operations. Furthermore, our work has introduced tensor polynomials, garnering
the interest of mathematicians working in PI-rings [Pro20]. Many of the problems that
we want to solve, including generalizing our adaptive protocol for higher dimensional sys-
tems, and for SWAP polynomials, other kinds of time translations, etc. can be rewritten
in this algebraic language. Even though this mapping makes it seem like answering these
questions is hopeless, it also opens a new avenue to tackle such problems, which we will
undertake in future work.
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Some of these protocols have been implemented with optical systems in the lab
[GXLT20; LYW'20; SST*23]. In particular, in [SST"23] we further show that our
qubit protocol exhibits a quantum advantage over universal time translation protocols
where the probes are classical systems.

Recently, the breakthrough paper [YSM22] has shown that there is, in the controlled
setting for qubits, a deterministic protocol which inverts a unitary in finite time. This is
something that can never be translated to the uncontrolled setting, which is by nature
purely probabilistic and therefore our qubit results is equally optimal. Left to do is to
see if this can also be achieved for higher dimensional systems, and for time translations
other than rewindings.






Chapter 5

Discussion

In this thesis, we have learned that real Hilbert spaces are not enough to describe
tripartite nonlocality experiments, analogous to how local hidden variable theories are not
enough to describe Bell experiments. We have found a new quantum effect experienced
by the simplest mechanical system of all: a particle moving freely in a line. We proved
that this effect is as powerful as quantum backflow and that, in some sense, they are
equivalent. This has helped us give new upper bounds on the strength of quantum
backflow. Finally, we have studied time translations in a completely uncontrolled system.
We have seen that many of the results that work in the controlled case also work in this
setting, although by using much more complicated protocols.

We have discussed each result and its implications in more detail in the respective
discussion Sections on each Chapter. Roughly, all of these are new effects which shed a
bit more light about the role of space and time in quantum mechanics, and have already
led to many interesting experiments [CWL122; LMW 22; WJG22; GXL120; LYW 120;
SST*23] and mathematical developments [Pro20; Pro22]. However, there is still much
to be done.
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