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1. Introduction

In practice, a statistician is often given training data 7T;, containing real-valued obser-
vations of a variable of interest y in order to predict a future outcome y4. For a given
model — whether misspecified or not — and a predictor associated with it one is often
interested in the distribution of the prediction error for a broad range of applications.
If the decision on the predictor is already fixed, then an accurate estimation of the
prediction error’s distribution allows to create prediction intervals, whose actual coverage
probability is close to the nominal level. Another reason for the interest in the prediction
error’s distribution would be the evaluation of the quality of the model together with the
predictor in terms of its mean-squared prediction error or mean-absolute deviation in
order to compare different models or predictors against each other.

From the perspective of application, the statistician often has only one set of training
data to which the methods shall be applied. Hence, she would be interested in the
statistical properties conditional on her specific training set rather than the expected
behavior averaged over all possible values, which is the reason why this thesis deals with
methods of statistical inference conditional on the training data.

The present work extends the results of Steinberger and Leeb (2023), who showed
that a Jackknife-approach may provide asymptotically valid prediction intervals under
some assumptions: One of them directly addresses the fact that the Jackknife-approach
intrinsically relies on the stability of the underlying prediction algorithm in the sense that
the exclusion of one observation should not change the resulting prediction too much (on
average). In that paper, it was shown that under additional assumptions many predictors
fulfill this stability condition if the underlying model is linear. Furthermore, Steinberger
and Leeb (2023) assumed that the conditional distribution of the response variable given
its regressor is absolutely continuous. The main contributions of this thesis are tripartite:
Firstly, we generalize the results of Steinberger and Leeb (2023) to the non-continuous
case by removing the assumption on the conditional distribution of the response variable.
For example, our results may be applied to classification algorithms and show that the
Jackknife-approach may yield an asymptotically valid estimation of the misclassification
error. Secondly, we show that the stability condition derived in the present work (which
is closely related to their stability condition) is also fulfilled for a selection of predictors
used in practice without assuming any connection between the response variable and
the regressor. In particular, the data-generating process need not be a linear model or
correctly specified in any sense. Thirdly, our results are not restricted to the creation of
prediction intervals, but are also applicable to the consistent estimation of a whole class
of functions of the prediction error including the mean-squared prediction error.

Both this thesis and the results of Steinberger and Leeb (2023) can be used in a setting,
where the number of regressors grows linearly with the number of observations. This
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setting has seen an increasing interest in statistical research, as in the last decade the
acquisition of huge data sets has been supported by the rapid development of mass storage
and computing power. While in the classical setting, where the number of observations
tends to infinity for a fixed number of regressors, the empirical cumulative distribution
function (ecdf) of the residuals might give an asymptotically accurate estimation of the
distribution of the prediction error, this approach fails in the setting, where the number
of parameters grows proportionally with the number of observations (cf. Mammen 1996).
Furthermore, also the bootstrap will fail in that setting (see Bickel and Freedman 1983
and El Karoui and Purdom 2018).

An alternative approach of estimating the prediction error’s distribution is based on the
use of the leave-one-out residuals, also known as the Jackknife, which will be examined
in the present work. While the original Jackknife dates back to the Fifties of the last
century (cf. Quenouille 1956), only little is known when it is applied in high-dimensional
statistics. One recent result is the paper Steinberger and Leeb (2023), which shows that
the Jackknife-approach gives asymptotically valid prediction intervals conditionally on
the training data if the distribution of the response 1y conditional on the new regressor
xo is absolutely continuous. The fact that the coverage probability of the prediction
intervals is close to the desired level even if one conditions on the training data is in line
with corresponding results in a large-sample framework with a fixed number of regressors
(cf. Butler and Rothman 1980).

Recently, a remarkable modification, the so-called Jackknife+, has been established
in Barber et al. (2021a) and was shown not to rely on the stability of the predictor.
While prediction intervals with nominal coverage probability of 1 — a created by the
Jackknife+ guarantee an actual unconditional coverage probability of at least 1 — 2« for
symmetric predictors, Bian and Barber (2023) showed that the Jackknife+ (alongside
with full conformal prediction) fails to give a similar guarantee for the conditional coverage
probability if the distribution of the regressors is nonatomic.

We would also like to emphasize that we condition on the training data rather than
conditioning on the new feature as the latter comes at a high price: Prediction intervals
satisfying the so-called object conditional validity, that is, providing a valid coverage
probability conditional on the new feature, possess an infinitely large expected length
for nonatomic distributions (cf. Vovk 2012 and Lei and Wasserman 2014). Moreover,
Barber et al. (2021b) showed that a relaxed version of object conditional validity can be
reached by an adaptation of split conformal predictive intervals that essentially cannot
be outperformed in terms of the interval length by another procedure. However, the split
conformal prediction framework — although enjoying approximate conditional validity too
— suffers from the fact that the predictor loses accuracy through only using a subset of the
full data on which it is trained, while the interval length is determined on the holdout set
(see Steinberger and Leeb 2023 for a discussion on the interval length). Lastly, Barber
et al. (2021a) proposed a K-fold cross-validation procedure based on the Jackknife+,
whose conditional coverage probability satisfies a PAC-type inequality, in the sense that
its conditional coverage probability is larger than 1 — 2ac — ©(1) with high probability
if the learning algorithm is symmetric and the (equally large) size of each fold is large
compared to the number of folds (cf. Bian and Barber 2023). Notice that the Jackknife,



which we investigate here, corresponds to n-fold cross-validation, that is, there are n
folds each of size 1.

The remaining of the thesis is organized as follows: Chapter 2 introduces the notation
and the setting, while Chapter 3 shows that in the non-continuous case the approach of
Steinberger and Leeb (2023) will fail and subsequently discusses different measurements
for the accuracy of the prediction error’s distribution and its usefulness regarding the
coverage probability of prediction intervals. Chapter 4 presents a Jackknife-approach
to estimate the prediction error’s distribution and contains results both for the finite
sample and the asymptotic setting, showing that the approach hinges on the stability of
the predictor. Correspondingly, Chapter 5 discusses this property and shows that in a
broad setting a range of different predictors fulfill the stability assumption and hence can
be used for (asymptotically) valid prediction intervals. Chapter 6 contains a discussion
on various topics including the necessity of our assumptions. All proofs of our results are
deferred to the Appendix.






2. Setting

The data

Assume that we are given training data T), of n i.i.d. data points (y;, z})! ;, where y;
is a real-valued random variable and x; is a random vector in RP. We are interested in
predicting another real-valued random variable yy, where we are additionally given a
new regressor zg. We assume that (yo,z() is independent of the training data and has
the same distribution as (yi1,2). Denoting our prediction based on the training data
T, and on xg with gy, our main goal will be the creation of prediction intervals for y
and establishing guarantees for its conditional coverage probability. In principle, our
arguments can be also generalized to the case where we are given no regressors at all
(p = 0) and to the case of randomized prediction algorithms.

The algorithm

A learning algorithm is a procedure, which uses the training data T, together with a new
feature vector xg to predict the response variable associated with that feature vector. To
formalize this, we fix p € N,;n € N and define A, ,, to be a Borel measurable function
from RPTD" % RP to R and call Uo = Apn(Th,xo) the prediction for yy given xy and
the training data 71;,. If we want to allow for randomized predictors, we replace the
domain of the learning algorithm by R®+1" x RP x Q. where Q is the sample space of
a probability space (2, F, P). In the special case p = 0 we define the algorithm A,
to be a function only of the response variables (y;)_; or, in the randomized setting, a
random function from R™ to R. A learning algorithm A, ,, is called symmetric if the
learning algorithm does not change by a permutation of the training data, i.e., for all
zo € RP, any permutation 7 : {1,...,n} — {1,...,n} and training data T;, = (y;, z})"_,
the learning algorithm satisfies Ay, (T, 20) = Apn((Yr(i)s w;(i))?zl, xo). Being somewhat
imprecise, we call a predictor §, symmetric if the underlying learning algorithm A, ,, is
symmetric for all n € N and p € N.

Notation

For a measurable function f : R — R we will denote its supremum norm with [ f||ec :=
sup,cp | f(x)], its essential supremum (with respect to the Lebesgue-measure) with || f| 2.
and the £, norm with ||f|z, == (Jz | f (@) [Pd\ ()P for p € [1,00), where A denotes the
Lebesgue-measure. Furthermore, we extend this definition also to the case where p € (0,1)
although | f||z, is then no longer a norm. For a matrix A € R*** we write A’ for its
transpose, ||Al|p = Vtr A’A for its Frobenius norm and denote the k x k identity matrix
with Ij. Furthermore, e; denotes the i-th canonical basis vector, || - |2 the Euclidean
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norm and K.(t) the closed ball with respect to the Euclidean metric with radius € and
center t.

For a matrix A € R**? we will denote its Moore-Penrose pseudoinverse with AT and
the a X a dimensional orthogonal projection matrix onto the column space of A with
Py := AAT. The smallest and the largest eigenvalue of a symmetric matrix A € R**¢ will
be denoted by Amin(A) and Amax(A), respectively. We will use o instead of A if we refer
to the smallest and the largest singular value of a matrix A € R**®. For a symmetric
matrix A € R**®* we write A > 0 if A is positive definite and A > 0 to denote a positive
semidefinite matrix. Moreover, for a symmetric matrix B € R**® we write A > B if
A — B is positive semidefinite and A > B if A — B is positive definite. If A € R%*% is a
positive semidefinite matrix, we denote the positive semidefinite square root of A with
Al/2,

For a set S C R¥ we denote with |S| its cardinality and 1g : R¥ — R the indicator
function on the set S. For a real number x the expression [z] describes the smallest
integer larger than or equal to « and |x] = —[—z]. The expression lim,~; will denote
the limit from above (in contrast to the usual limit lim,_,). For a sequence of random
variables X, we will abbreviate convergence in probability to a random variable Y by
X, 25 Y. Furthermore, we will write X,, ~ O,(1) if the sequence (X,)nen is bounded
in probability and X,, ~ Op(n®) with a € R if the sequence (X,n™%)pen is bounded in
probability. Moreover, for a sequence (v, )nen we will write X, ~ 0,(vy,) if the sequence
(Xnv, Hnen converges to 0 in probability. For two distribution functions F : R — R and
G : R — R, the expression

L(F,G):=inf{e >0: F(t —¢) —e < G(t) < F(t+¢)+e¢ forall t € R}

will denote the Lévy metric between F' and G. Moreover, we define F~(x) := lims\ o F(x—
0) to be the limit from the left of F' at the point z € R.



3. Accuracy of prediction intervals

In this chapter we will link the coverage probability of prediction intervals to the estimation
of the prediction error’s distribution. Although some intuitive approaches arise, it will
not be immediately clear how we would like to measure the accuracy of the latter.

We start with the following definition: Let Fy,(t) := P (yo — 9o < t||T,,) denote the
cumulative distribution function of the prediction error conditional on the training data
T, and let F,, : R — [0, 1] another distribution function based on the training data, which
will be used to estimate F,,. Now assume we have found two points g, with i € {1,2},
such that f?n(qai) = q; for some 0 < a3 < as < 1. We then can define a prediction
interval for yo as 9y + (4a, > Ga,), Whose coverage probability conditional on the training
data satisfies

IP (40 € §o + (day» day) IT0) — (a2 — @1)| < 2|Fp = Folloo (3.1)

To see that equation (3.1) holds true we start with the following equality:

P (yO S @0 + (Q(:vl)f]az]HTn) - (a2 - Oél)

— Fn((}ag) - Fn((}al) - (Fn(Qag) - Fn((}al)) .
Now, using the fact that [Fy,(z) — Fp(2)| < |[Fp — Fulla for all # € R together with the
triangle inequality yields

~

+ ‘Fn((}al) - Fn((}og)

’]P) (yO € @O + (Qa17€Ia2]"Tn) - (OQ - 0[1)‘ < n(QCMQ) - FH(QQ2>
< 2||Fn — Falloo,

which proves equation (3.1). Equation (3.1) was used in Steinberger and Leeb (2023), who
restricted their analysis to continuous distribution functions F,,. Besides the fact that for
non-continuous functions F\n it is not always possible to find points g, with ﬁn(c}ai) =y,
an even larger problem can occur if the original function F, is not continuous: While the
inequality above is correct, it might be useless in practice if the discontinuity points of F,,
are close to the edges of the prediction interval: For simplicity, we consider the extreme
case where Fp, = 1, ) is a Dirac distribution at point s and we are able to estimate s by
some § with very high accuracy (but not perfectly) in the sense that 0 < |s—5| < e almost
surely. Now, a reasonable approach would be to estimate F,, by the Dirac distribution
Fn = 1[3,00)- However, the Kolmogorov distance between F;, and F equals 1 and the
corresponding prediction interval {g, + 5} with nominal level 1 has an actual coverage
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probability of 0.1

However, this problem can be solved if we allow our prediction intervals to be larger
by the small amount of 2e: For the prediction interval gy, + [§ — €, 5 + €] we have the
guarantee that its conditional coverage probability equals 1, while the price was only an
increase of length 2. Moreover, the length of §y + [§ — €, § + €] is only larger by 2e than
the best (infeasible) interval {, + s}.

3.1. The epsilon-variational divergence

The solution above hinges on the knowledge of € and the fact that by an enlargement of
our original prediction interval by the length of 2¢ the conditional coverage probability is
guaranteed to equal (or exceed) our desired value. While in practice these two properties
may not be fulfilled, this approach can be generalized to more realistic cases. However,
for the e-inflated intervals we cannot use equation (3.1) any more. To tackle this problem,
we start with the following definition:

Definition 3.1. Let F' : R — [0,1] and G : R — [0,1] be cumulative distribution
functions and € > 0. Then, we define the e-variational divergence between F' and G with
diffusion parameter € > 0 as

LR.G) =sp i |F(x)— Gy,
teR IvyeKE/Q(t)

where K /5(t) denotes the closed ball with radius €/2 and center ¢.

As indicated before, it may be useful to inflate the length of prediction intervals by an
additional amount of €. For this, let q1,¢2 and g, be real numbers and ¢ > 0. We then
define two prediction intervals as follows:

PI+(@OaQI7QQ75) = @0+ [Q1 —57(]2+5] (32)
whenever g2 > q1 — 2¢ and PIT (g, q1,q2,€) := 0 if g2 < g1 — 2e. Analogously, we define
PI?(@DquaQQ)g) = @0+(Q1+5,92_5) (33)

whenever g2 > ¢ + 2¢ and PI~ (4, q1,q2,€) := 0 else.
Equipped with these definitions, we are able to state the following result:

Lemma 3.2. Let F: R — [0,1] and G : R — [0,1] be cumulative distribution functions
and € > 0. We then have

F(t—e) —l(F,G) < G(t) < F(t+¢) + L.(F,G) for all t € R. (3.4)

'Note that here the distribution of the prediction error does not allow any non-randomized prediction
interval to possess a coverage probability differing from 0 or 1. We would like to point out that this
example is an extreme case to illustrate the problem when facing a non-continuous distribution function
F,.
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Furthermore, let Fy,(t) =P (yo — 9o < t||Tn) denote the conditional distribution function
of the prediction error yo — gy given the training data T,, and F,, : R — [0, 1] another
distribution function. Then, for every qo > q1 — 2¢€ the following holds true almost surely:

Fo(g2) — By (q1) — 20(Fp, Fr) <P (yo € PI (G, 1,42, 6) | Tn) (3.5)
< Folge +2¢) — Fy (g1 — 26) + 20.(F,,, ).

Alternatively, the following inequality holds true for every qo > q1 + 2¢ almost surely:

F;, (q2) — Fulq1) + 20:(Fp, Fr) > P (yo € PI™ (§, a1, 42, €) | T0) (3.6)
> F (g2 — 2¢) — Fulqn + 26) — 20.(F,,, Fy).

Starting with a distribution function ﬁn, which serves as an approximation for F,,,
Lemma 3.2 provides an easy way to create prediction intervals for yy whose actual
conditional coverage probability is bounded from below by (ag —ay) — 2/ (13”, F,) almost
surely. To do so, we only have to choose two values g2 and ¢; such that F,,(g2) > a9 and
ﬁn(:v) < o for all x < ¢, which is always possible for a distribution function f‘n as long
as 0 < a1 < as < 1 holds true. The guarantee for the coverage probability comes at the
price of increasing the length of the interval by an additional amount of 2¢ compared to
the intervals of Steinberger and Leeb (2023). As shown at the beginning of this section,
this increase may be necessary if the true distribution F,, is non-continuous even if we
are able to estimate the discontinuity points well.

We also would like to point out that the values F, (¢; £ 2¢) are easy to compute in
practice if the function ﬁn is given explicitly. Thus, in order to calculate the bounds for
the actual (conditional) coverage probability we are left with the task of estimating the
value of 65(13”, F,,), which will typically be unknown. Hence, in order to use the coverage
probabilities of Lemma 3.2, one would be interested in controlling ¢.(F,,, ), which will
be the subject of the present work.

3.2. Applications beyond prediction intervals

Let F'x and Fy be the distribution functions of the random variables X and Y, respectively.
Then the usability of equation (3.4) based on ¢.(Fx, Fy) is not restricted to prediction
intervals. Rather, we can use it to approximate the expected value of f(X) by f(Y) well
for certain functions f:

Lemma 3.3. Let f : R — [M1, Ms] be a non-decreasing function and let X and Y be
real random variables. We then have for every e >0

E(f(Y —¢)) — (M2 — My)l-(Fx, Fy) as well as (3.7)
E(f(Y +¢)) + (Mz — Mi)le(Fx, Fy), (3.8)

where F'x and Fy denote the distribution functions of X and Y, respectively. If, addi-
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tionally, f is Lipschitz continuous with constant L this yields the inequality
| E(f(X)) — E(f(Y))| < Le + (M — My){e(Fx, Fy). (3.9)

Furthermore, if g : R — R is a function of finite total variation Vf(K(g) on any interval
[—K, K] with K > 0, we also get

[E(9(X)) = E(g(Y))] < sup VI(@IFx = Frlls (3.10)

whenever sup - V=% (q) is finite.

Lemma 3.3 allows us to approximate E(f(X)) by E(f(Y £¢)) well for some functions
fif b.(Fx, Fy) is small. In Chapter 4 we will use this result with X being the prediction
error yo — 9o conditional on the training data and Y being a random variable distributed
on a set of n points (the leave-one-out errors). In that case equation (3.10) yields a link
between the generalization error and the leave-one-out error, which is closely related to
Koksma’s inequality (cf. Kuipers and Niederreiter 1974). For a more detailed discussion
on the relationship of the generalization error and the leave-one-out error we refer to
Bousquet and Elisseeff (2002). We would like to emphasize that the result of Lemma 3.3
stays valid for general random variables X and Y and also gives a link to the e-variational
divergence between F'x and Fy.

3.3. Relation to other metrics

As we will see, the e-variational divergence is closely related to the Kolmogorov distance
and the Lévy metric: By definition, the Kolmogorov distance between two distribution
functions F' and G coincides with £y(F, G). In particular, equation (3.4) also entails the
well-known inequality

Ft)—||F —Glloc <G(t) < F(t) + |F — G| for all t € R (3.11)

as a special case. Furthermore, we have the inequality (. (F,G) < ly(F,G) = |F — G|~
since /. (F, G) is non-increasing in €. We even get the following result:

Lemma 3.4. Let F': R — [0,1] and G : R — [0, 1] be two distribution functions. Then
the function € — (-(F,G) is continuous from the right on the interval [0,00) in the sense
that

ii\rﬁsﬁa(F, G) ={5(F,G) V6 €[0,00).

In particular, the Kolmogorov distance ||F — G||loo = £o(F, Q) is the continuous extension
of L-(F,G) at the point 0 in the sense that lim o le(F, G) = lo(F, G).

As explained at the beginning of that section, the use of Eg(I*A“n,Fn) can be much
more helpful if the distribution F,, is not continuous. However, if both F,, and F,, are
a;-Holder continuous with constants C; (¢ € 1,2) respectively, then the two measurements
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of distance are closely related in the sense that
IFn — ﬁnHoo —Ci(g/2)" — Ca(e/2)* < gs(ﬁna Fp) <||Fn — ﬁnHoo

To see this, we start with an arbitrary 6 > 0 and a ¢ € R such that Hﬁn —Folleo <
|Fn(t) — Fp(t)] + 0 holds true. We then have

|ﬁn(t) - Fn(t)|

IN

En(t) = Fu(@)] + [Fu(z) = Fu(y)| + [Fa(y) — Fu(t)]
Fn(z) — F

() = Fu(y)| + Ci(e/2)" + Ca(e/2)*

for all =,y € K, /5(t), which implies

n
n

IN

IFn —Fulloo <0+ inf  [Fu(z) — Fu(y)| + C1(e/2)™ + Ca(e/2)
m:yeKs/Q(t)

<G+ 0.(Fn,Fp) + C1(/2)™ + Ca(e/2)%.
Since 6 > 0 can be made arbitrarily small, the statement follows. Furthermore, even
without the assumption of Holder continuity ||F,, — F,||oc will be close to ¢.(F,,, F,,) for
small € as Lemma 3.4 shows.
Equation (3.4) strongly suggests a relationship between the e-variational divergence

l.(F,G) between F' and G and the Lévy metric L(F,G). By the monotonicity of F' we
get

F(t — max(e, b (F,G))) — max(e, L (F, G)) < G(t)
F

<
< F(t + max(e, l:(F,Q))) + max(e, L (F, G))
for all ¢ € R. Recalling the definition of the Lévy metric L(F, G)

L(F,G):=inf{e >0: F(t—¢) —e <G(t) < F(t+¢)+ec foral t € R} (3.12)

we immediately conclude L(F,G) < max(e,l(F,G)) for all € > 0. By the continuity
from the right of F' and G we have

F(t— L(F,G)) — L(F,G) < G(t) < F(t + L(F,G)) + L(F,G) for all t € R.  (3.13)

Using the approach of Lemma 3.2 together with equation (3.13) instead of equation (3.4),
we could create a prediction interval

Plltvy(@07 q1, Q2) = @O =+ [(h - L(Fna ﬁn)a q2 + L(Fnai‘n)] (314)

Replacing equation (3.4) by equation (3.13) in the proof of Lemma 3.2 we get the following
guarantees:

Falaz) — By (@1) = 2L(Fy, Fo) <P (3o € PL, (0, 01,02)|T2 )

- - K \” R (3.15)
<Fn(q2 +2L(F,,,F,)) — F, (q1 — 2L(F,,, Fy)) + 2L(F,, Fy) as.
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However, using equation (3.14) together with equation (3.15) based on the Lévy metric
instead of equation (3.2) and equation (3.5) has three major disadvantages: Firstly, we
had to enlarge our intervals by an unknown and random quantity L(F,, f‘n), which is
not feasible in practice. To put it in other words: If F,, and F,, are distribution functions
depending on the training data — as they will be in the remainder of the thesis — then
we would have to increase the length of our prediction intervals by an unknown random
length if we use the prediction interval given in equation (3.14). In contrast, f-(F,, F,,)
allows a statistician to determine a length & she is willing to pay in advance (in the
sense of an increasing interval length) and bounds the loss in coverage probability. More
precisely, if E(ﬁg(ﬁn, F,)) is small or converges to 0 asymptotically, the actual conditional
coverage probability is guaranteed to be close to or larger than its nominal level for most
of the training data.

Secondly, equation (3.15) fails to give a guarantee for the coverage probability if our
chosen e-inflation is smaller than L(F,, ﬁn) In particular, if we estimate the unknown
quantity L(F,,,F,) by some L, which is smaller than L(F,,,F,), equation (3.15) is not
able to give a lower bound for the conditional coverage probability of g+ [¢1 — E, g2+ E}
even if L is close to L(Fn,ﬁn). In contrast, equation (3.5) gives guarantees for the
coverage probability for every e-inflation with ¢ > 0.

Thirdly, the Lévy metric is not able to deal with a scaling of our variables: For
simplicity consider the case where we have found a prediction interval [L, U] for yo with
a guaranteed conditional coverage probability of at least as — ay. If we now change
the units of our response variable resulting in a scaling of yy by some constant ¢ > 0,
then the prediction interval [cL,cU] will have the same coverage probability for cyp.
Hence, it seems reasonable to ask for a procedure whose prediction intervals are scaling
proportionally with the scaling of the response variable — at least under some conditions
including the predictor §, to be scale equivariant. Moreover, one could expect the bound
for the coverage probability of the prediction interval [cL, cU] for cyy to be independent
of the scaling factor c.

However, the Lévy metric is not able to reflect the change of units appropriately.
Denoting the function ¢ F\n(%) with f‘n(g), the Lévy metric does not fulfill the equation
L(ﬁn(é), Fn.(3)) = cL(ﬁn, F,,) for all ¢ > 0 (unless F, equals F,,) because the Lévy metric
between two distribution functions is bounded by 1. Moreover, the prediction interval
given in equation (3.14) will typically not be scale equivariant for every ¢ > 0: Assume
our prediction algorithm is scale equivariant in the sense that our prediction cyg for cyg
corresponds with cf, and we replace g1, g2, ﬁn and F,, in the definition of equation (3.14)

= —~+
by ¢q1,cq2, Fn(;) and Fy,(;). Then the resulting prediction interval Pl (cfg, cq1, cqa)
for cyg will not correspond with ¢PI ltvy(@o, q1,q2) for all ¢ > 0. Furthermore, the bounds

for the coverage probability P (cyg € PI ltvy (cho, cq1, cq2)|| T, n) given in equation (3.15)
will depend on our choice of ¢, which is not surprising as the corresponding prediction
interval does not scale appropriately.

In contrast, the e-variational divergence /. (ﬁn, F,,) fulfills ﬂce(ﬁn(é), F.(3)) = €€(ﬁn, Fn).
Furthermore, we have PI*(c§y, cq1, cqa, ce) = ¢PIT (49, q1, g2, €) for every ¢ > 0. That is,
the prediction intervals given in equation (3.2) are scaling appropriately if the correspond-
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ing values 9, g1, q2 and ¢ are replaced by their scaled analogues. Since the e-variational
divergence is scale equivariant in the sense that f..(Fp(2),Fn(2)) = £e(Fn, Fy), equa-
tion (3.5) is also able to deal with a scaling well and will give the same coverage guarantees
if we used the prediction interval cPI"(§)y, q1,q2,€) for cyo. A more detailed discussion,
why £, (?n, F,) is a more suitable choice for our prediction intervals than the £,-norms
can be found in Chapter 6.

We would like to point out that f.(-,-) is not even a pseudo-metric as it does not
provide a triangle inequality: To see this, let Fjy be a distribution function and define
Fi(z) = Fo(z + ¢) and Fy(z) = Fi(z +¢) = Fo(z + 2¢) for all x € R. We then have
le(Fo, F1) = L (F1, F») = 0, while at the same time (. (Fp, Fa) = ||[Fo — F1]|oc > 0 holds
true. Nevertheless, in the classical case of deterministic distribution functions it is closely
related to the topology of weak convergence, which yields another remarkable link to the
Lévy metric:

Lemma 3.5. Let F : R — [0,1] be a distribution function and (Fy,)nen @ sequence of
distribution functions on R. Then F,, converges weakly to F' if, and only if lim (.(F,, F) =
n—oo

0 for all e > 0.

Since L(F,, F) < max(e,l.(F,, F)) holds true, the reverse direction of the proof is
trivial. The more interesting statement of Lemma 3.5 is that ¢.(F),, F') converges to 0 if
F,, converges weakly to F.
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4. The Jackknife for prediction intervals

4.1. Preliminaries

After the theoretical discussion on distribution functions and their connection to prediction
intervals in Chapter 3, we will head back to the case where we are given n i.i.d. data points
(vi,x}) and a new regressor x( to predict yo by some predictor §,. For the remaining
of the thesis we will always implicitly assume n > 2 as otherwise the leave-one-out
approach will not provide a meaningful procedure. In the current chapter we will present
a Jackknife-approach to estimate the conditional distribution function F,, of the prediction
error yo — Yo. Instead of finding or analysing some prediction algorithm, which performs
well in some sense, we take the prediction algorithm as given and try to estimate the
distribution function of the prediction error yy — g related to that algorithm conditional
on the training data. Hence, our approach includes both accurate and ill-suited prediction
algorithms. For this, let 1 < i < n and denote T T[l__q the training data, where the i-th
5
. We then define the leave-one-out

pair (y;,z}) is removed. For 0 < j <mn and 1 <1i < nlet be gy
]

based on the regressor x; and the training data Tr[:1
residuals u; = y; — @E_Z} and estimate F,, via the empirical distribution function ﬁn of
the leave-one-out residuals:

the prediction for y;

n

F,(t) = S > 000 (1)-

=1

Since TT[L_jl] is independent from x; and y;, the leave-one-out approach is able to capture

the inherent nature of independence of the algorithm fitted to the training data 7;, from
the new observation 9. However, the approach may fail if the inclusion of one observation
to the predictor results in a highly different prediction. We will refer to the property
that a new observation does not change the prediction too much as the stability of a
predictor and formalize this in Definition 4.4. For example, ¢, could be the predictor

[~

:UE)B 1.5 based on the OLS estimator B s which uses all training data T}, and y; ~ would

coincide with azgg[isl], where B’][:—;] only uses Ti;q. In principle, our results can be applied

[-1] (7] [—1]

to any combination of predictors o and (g; ,...,¥n ), where §, uses all data and g,
excludes the i-th observation (1 <4 < n). However, in order to estimate F,, accurately

[

by ﬁn we will need gji_i] to be close to g, in some sense - which restricts the choice of
possible predictors drastically.
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To make the link to prediction intervals, we define the a-quantile ¢, for 0 < o <1 as

. ﬂ([an‘\) ifa>0
1o aqy—e " else,

where @1y < 4y < ... < U,) are the ordered leave-one-out residuals. For o > 0, this

definition coincides with the empirical a-quantile of ﬁn We then define a prediction
interval with nominal coverage probability of as — «a for yg as follows:

PIOZ17C¥2 = @0 + ((A]alaqag]a (41)

with 0 < a1 < ag < 1. As in the non-continuous case there possibly is no non-randomized
prediction interval with coverage probability of as — a1, we define two prediction intervals
as follows:

PI(;,OQ (€> = @0 + [qoq - &, Qag + 5]7
PIt;Locz (6) = @0 + ((A]al + g, (A]ag - E),

with e > 0 and the convention that (a,b) =0 if @ > b and [a,b] = 0 if a > b. Recalling
equation (3.2) and equation (3.3), this entails PIS . () = PIT(Jg,da,> Uy, €) as well as

1,02

PI, 0,(€) = PI™ (U0, Gay> Gay €)- Furthermore, we will use the following abbreviation:

ln(2) == lo(Fp, Fp).

We then have the following result, which formalizes our approach of Chapter 3 of
coverage probabilities for prediction intervals.

Proposition 4.1. Let £ >0, 0 < a1 < ay < 1 and denote PI}. . (¢) and PI;  (¢) the

1,02 1,002
prediction intervals given in (4.2) and (4.3). We then have the following guarantees for

the coverage probability:

P (yo € PI7, o,(e)ITh) > (2 — a1) — 20y (e) a.s.
P (yo € P13, 4,(e)ITh) < (2 — 1) + 20, (e) a.s.

If yo conditional on x¢ is a continuous random variable almost surely, combining (4.4)
with (4.5) implies

(g0 € PlayaalTn) = (a2 — )| < 2I[F — Fullos aus. (4.6)

We would like to point out that the third statement cannot be derived from the first
two results without the continuity assumption as PIJ, . (0) = PI;, ,,(0)U{G,,,Gq,} is
larger than P, ,,(0). Moreover, equation (3.1) cannot be applied in the general case
as it requires to find points such that ﬁn(@a) = «, which will typically not be the case
for all values of a. Thus, in the case where yg given zg is continuous equation (4.6) is a

generalization of equation (3.1). An inequality similar to equation (4.6) can be found in
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Steinberger and Leeb (2023) (cf. Proposition 2.1 therein), where we were able to improve
their factor 4 on the right-hand side to the factor 2 by a different proof. While the first
two statements of Proposition 4.1 are a direct consequence of the definition of ¢, (¢),
equation (4.6) draws a link between the actual and the nominal coverage probability
for every level 0 < ag — a1 < 1. While it seems disappointing to have no such result
for non-continuous distributions, it is no surprise that we are not able to achieve every
coverage probability with a non-randomized prediction interval if our target function
F,, is non-continuous. As we will see, many things will be easier in the continuous case.
Thus, we will distinguish between the general case and the continuous case in our results
by using the following (somewhat stronger) definition:

Definition 4.2 (CC1 Assumption). We say the Continuous Case Assumption 1 (in
short CC1) is fulfilled if for almost every x the random variable yy conditional on z¢p = x
is absolutely continuous and the supremum norm of its density f,|z,—. 1 finite.

4.2. Finite sample results

Proposition 4.1 bounds the difference of the conditional (actual) coverage probability
to some desired level in terms of ¢, () = £-(F,, F,,), which is unknown in practice. One
might be interested in its expectation for several reasons. First of all, it allows to control
the marginal coverage probability to some prescribed level. Secondly, one can use the
expectation together with Markov’s inequality to control the probability of ¢, (¢) getting
too large, yielding a PAC-type inequality for the conditional coverage probability. Besides
this, it might be of interest in view of Lemma 3.3.

Theorem 4.3. The expected e-variational divergence €y (e) = €z(Fp, Fp) can be bounded
from above as follows:

(i) For everye >0, >0, K € N and p € R we have

B(t(e) < F (Im o -l > F77°)

K 206 5K~ . [

(ii) If Assumption CC1 is fulfilled, we get the following bound for e = 0, i.e., the
Kolmogorov distance:

E (IIF ~ Fulloe ) < B(lyo — o — 1 > 2L) + E(min(L, 6]l fyg o))

({f + 2> <4(nl_1) +2 > Blwnin(L ol @é‘“n))] :

where § >0, p € R and L > 0 can be chosen arbitrarily.

_l’_
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In the continuous case, a similar statement can be found in Steinberger and Leeb (2023).
While Theorem 2.6. of Steinberger and Leeb (2023) is stated for general k-fold cross
validation, we focus on the Jackknife approach (coinciding with n-fold cross validation)
with the minor improvement of replacing the term P(|yo — g(xo)| > L1) +P(|g(z0) — §o| >
L) by P(lyo — 99 — p| > 2L), where g is a measurable function and 2L = L + Lo.
However, the significance of Theorem 4.3 is its generalization to the non-continuous case.
In addition, Theorem 4.3 shows that the trade-off between the stability of a predictor
and the boundedness of its prediction error found in Steinberger and Leeb (2023) extends
to the general case: A more stable predictor may be less precise in prediction and still
get the same guarantees as a less stable, but more accurate predictor.

While Theorem 4.3 comes in a rather technical form, it can be read as follows: The
conditional distribution of the prediction error can be estimated well (up to a dilatation
of size €) if the following two conditions are met: Firstly, the prediction should not
change too much if one data point is excluded from the training data as otherwise the
leave-one-out prediction can give a misleading picture of the full prediction. Secondly,
the prediction error should not vary too much around a point p, which implies that
a systematic bias of the prediction does not impair the quality of its distribution’s
estimation. The latter is not really surprising as — given the stability of the predictor — a
systematic bias should also be reflected by the leave-one-out predictors well and thus
will be taken into account in its distribution’s estimation. In the continuous case we
additionally assume that || fy;|z,lcc is finite for almost all zg to control the effects of a
horizontal shift in F,, by some .

While the results of Theorem 4.3 are stated for a finite sample, the expressions will
typically be hard to evaluate as they depend on the distribution of the leave-one-out
predictor and the prediction error itself. However, we can hope that at least for large
data sets the estimation of the prediction error’s distribution will be accurate regardless
of the underlying distribution. For this, we proceed as follows: In the following section we
give sufficient conditions for consistent estimation of the prediction error’s distribution,
while in Chapter 5 we show that these conditions are fulfilled for a large class of data
generating distributions.

4.3. Asymptotics

From now on, we are dealing with the following setting: For each n € N there is a
distribution P,, such that (y™, (z(™)’) follows the distribution P,, where y™ is a
(one-dimensional, real-valued) random variable and z(™ is a p,-dimensional random
vector. Furthermore, we are given n i.i.d. training data points (y;, 2}), distributed like
(y™, (™)), and a new regressor zo, where (yo, ) is again distributed like (y™, (z(™)")
and independent from the training data. Thus, all quantities considered now depend on
n. For the sake of readability we will suppress this dependence whenever it is clear from
the context. For example, if we assume the prediction error to be bounded in probability,

we mean that the sequence of random variables (y(()n) — g}((]n))nEN is bounded in probability,
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in the sense that for each £ > 0 there exists an M > 0, such that

sup P (Iy(()") 3 > M) <e,
neN

where the probability is taken with respect to the training data 7, and (y(()") , (x(()n))’ ).

As Theorem 4.3 shows, the influence of one single data point on the predictor should
vanish for an increasing sample size if we want the Jackknife-approach to give a consistent
estimation of the prediction error’s distribution. We formalize this in the following
definition:

Definition 4.4. We say a predictor ¥, is asymptotically stable with respect to its leave-
one-out analogues (g]([)_l], . ,37([)_”]) if for every € > 0 the term %Z?:l P(lgy — QE_Z” > )

converges to 0.

Sometimes we will abbreviate the definition and say ¢, is asymptotically stable if

[-n]

its leave-one-out analogues are clear from the context. Moreover, we will denote

with . Although the leave-one-out prediction g}[_ﬂ has the same distribution as g, for
all 1 <i <n because the data (y;, x;) are independent and identically distributed, the

(=] need not have the same distribution for all 1 < ¢ < n. However, we will

typically deal with symmetric predictors, which implies that the distributions of g, — @([)_Z]
and ¢y — Yo coincide for all 1 <4 < n. In that case the definition above reduces to the
requirement that §, — gy has to converge to 0 in probability.

As the following theorem shows, the conclusions drawn from Theorem 4.3 naturally

transfer into the asymptotic setting:

term ¥y — ¥,

Theorem 4.5 (Consistent estimation of F,,). Assume there exists a sequence (vn)nen
of positive numbers, such that (yo — Ug)/vn is bounded in probability and the scaled
predictor yo /vy, is asymptotically stable with respect to its scaled leave-one-out analogues

-1 _[-
@ " fon - T6 " o).
(i) General case: For every e > 0 we have li_)rn E(¢,(evy)) = 0. In particular, there
n—oo

exists a null-sequence (ep)nen, such that li_)rn E(4,(envn)) = 0.
n—,oo

(ii) Continuous Case: If Assumption CC1 is fulfilled and vp||fyo|aolloo s bounded
in probability, we get the following result for the case ¢ = 0: li_>m E(¢,(0)) =

HIEEOE(HFTL - FnHoo) =0.

Theorem 4.5 gives sufficient conditions for an asymptotically accurate estimation of the
prediction error and extends existing results of Steinberger and Leeb (2023) to the non-
continuous case. As mentioned in Chapter 3, we have Ee(f‘n, F,) = Evne(ﬁn(@), Frn(3-))s
which allows for an arbitrary scaling by some sequence (v, )nen at the price that we have
to widen our prediction intervals by v,e instead of . For example, we could choose
v, to be the standard deviation oy of yo and interpret Theorem 4.5 as follows: If the
scaled prediction error (yo — 9g)/0y is bounded in probability and the scaled predictor
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is asymptotically stable, we can estimate the conditional distribution Fy, of the original
prediction error yo — ¢y by F,, well up to a variation of no more than 0,(cy).

The intuition behind this observation is simple: If we can estimate the distribution
of (yo — o) /vn well up to some shifting of (yo — ¥g)/vn by no more than e, then we can
estimate the distribution of yy — g, well if we allow for a shifting by no more than v,e.
Moreover, we also know that there is a null-sequence ¢, such that the shift ¢ needed
to deal with some discontinuity is allowed to vanish asymptotically (up to the scaling
vp). Thus, we do not lose much in terms of interval length compared to the approach
of Steinberger and Leeb (2023) as our shifts are allowed to become arbitrarily small
asymptotically.

In the continuous case, the factor v, comes into play through the additional assumption
on Un|| fyo o oo instead of shifting by some ev,,. Here, we also see the invariance to scaling:
if all our data are scaled by some 1/v, > 0, then || fy; /v, |20 /v, llco €quals vyl fyo|jzo lloo-
Thus, a change of units or some other scaling will not have any influence in the estimation
of the prediction error’s distribution, which coincides with the intuition. We also want
to mention that for all sequences of random variables (X, ),ecn, one can find a scaling
(Un)nen, such that the scaled sequence of random variables (X, /v, )nen is bounded (or
converges to 0) in probability.! Thus, the challenge for applying Theorem 4.5 does not
lie in finding some sequence (vy,)nen, such that the assumptions are met, but rather in
finding the smallest such sequence (or at least a good approximation of it).

In many cases it seems natural to assume the data to be scaled a priori such that they
are bounded over n in probability. From now on, we focus on the special case v, = 1 for
all n € N for simplicity although our results hold in a more general setting with minor
adaptations. We start with the following statement, which is a direct consequence of
Theorem 4.5 combined with Proposition 4.1:

Corollary 4.6 (Prediction intervals via the Jackknife). Assume yo — 9o is bounded in
probability and 7 is asymptotically stable. Then, for every 0 < oy < ag <1 the following
statements hold true:

(i) General case: For every e >0 and 6 > 0, we have

lim P (P (yo € PI, o, (e)|Tn) < a2 — a1 —§) =0,

n—oo a1,02
Jim P (P (yo € PIg, 0, ()1 Tn) 2 a2 = a1 +6) = 0

and, in particular, this also entails the marginal coverage guarantees

nlLrI;oP (yo € PI,, 4,(€)) <as—a; < nlg]go]P’ (yo € PI} ().

aq,02 a1,02

(ii) Continuous Case: If Assumption CC1 is fulfilled and || fyg|z,lloo s bounded in
probability, we get the following result:

lim E([P (yo € Ploy [Th) — (@2 — a1)]) = 0.
n—oo

'For details see Lemma A.4 in the Appendix.
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Again, Corollary 4.6 is an extension of results of Steinberger and Leeb (2023) to the non-
continuous case. In the continuous case the statement of Corollary 4.6 is a consequence of
Theorem 2.4. of Steinberger and Leeb (2023) with the minor generalization that we only
need to guarantee the prediction error yy — ¢, to be bounded in probability instead of
bounding yo — g(z¢) and g(zo) — g for a measurable function g. Furthermore, the second
statement in the general case is no surprise in view of Theorem 5 of Barber et al. (2021a),
who are dealing with the marginal coverage probability, as in the case of a symmetric
predictor the asymptotic stability can be linked to the out-of-sample stability property
in their paper easily. In an ensuing remark Barber et al. (2021a) mention that in the
case where || fy; |z |l is bounded the marginal coverage probability of their prediction
intervals will not undershoot as — oy — d,, for a small §,, (converging to 0 for n — oc).?
However, Corollary 4.6 gives a much more refined statement: Firstly, we are comparing
the conditional coverage probability to its nominal level which indeed implies a similar
result for the marginal coverage probability. Secondly, we do not require symmetric
predictors. Furthermore, in the continuous case we also avoid overshooting the nominal
coverage probability asymptotically. To sum it up, the important novelty of Corollary 4.6
is to provide a coverage guarantee for the e-inflated prediction intervals in the general
case, which is stated as an asymptotic version of a PAC-type inequality for prediction
intervals.

The fact that we are only in the continuous case able to guarantee to meet the
prescribed level as — ar; asymptotically is — again — a consequence of the fact that we use
non-randomized prediction intervals. In contrast, it may not be possible to achieve every
desired coverage probability in the non-continuous case with non-randomized prediction
intervals.

In the continuous case the additional assumption on the boundedness of || fja lloo 18
needed to ensure that the distribution is “sufficiently” smooth. Without that assumption
a continuous distribution can be arbitrarily close to a non-continuous one, which can
lead to the same problems as if the underlying distribution actually were non-continuous.
To solve the problem, the following statement can be useful in the practical application:
For all € > 0 and § > 0 the following statement holds true:

~

lim P (ﬁn(qag +26) = Fy (G, — 26) +0 > P (yo € PIT, o ()| T0) > ag — oy — 5) ~ 1

n—o0 01,02
(4.7)

To see this, we can use equation (3.5) of Lemma 3.2 with ¢2 = ¢, and ¢1 = ¢, to get

~ ~

Fn(éag + 26) - F; (@11 - 25) + 26”(6) > P (yO € Pljc_hozz (E)HTVL)
> Fn(@ag) - FT_L (Qal) - 2€n(5> a.s.

Now, equation (4.7) follows since £, (g) = le(F,, Fy,) converges to 0 in probability by

2The Jackknife prediction intervals considered in Barber et al. (2021a) differ slightly from our ones in the
following way: Firstly, they are using a symmetrized version in the sense that they are replacing the
leave-one-out residuals by their absolute values. Furthermore, the definition of the quantiles does not
coincide with our definition. For example, they are using [a(n + 1)] instead of [an].
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~

Theorem 4.5 and ﬁn(%) —F, (4,,) > a2 — a1. The crucial point of equation (4.7) is
that ﬁn(cja2 +2¢e) — 13; (@a, —2¢) is computable by the statistician. Hence, in applications
one can compare the value ﬁn(@o@ +2¢) — ﬁ;(@al — 2¢) with ag — ay. If the both values
are close, one can hope to meet the prescribed target well. Otherwise, there are many
leave-one-out residuals close to (pq,1) (for @ € {1,2}), which could indicate a high
density or even a point mass of the prediction error’s conditional distribution located
at the boundaries of the prediction interval. In that case, the prediction interval has
potentially a larger conditional coverage probability than desired while paying a price of
a larger prediction interval by only 2e.

However, the scope of this thesis does not end with the construction of prediction
intervals. Lemma 3.3 even gives a full range of possible applications. To give an impression
of the usability, we state the following proposition, which combines Lemma 3.3 with
Theorem 4.5 appropriately:

Proposition 4.7 (Consistent estimation of the MSE and MAE). Let k € N and both
lyo — ol¥ and |yo — Fo|F be uniformly integrable. If, additionally, the predictor ¥ is
asymptotically stable we have

lim E =0.
n—oo

X I~
E (Iyo — ol“IT) = — D liul*
i=1

To put it in other words: if we want to estimate the mean-squared prediction error (or,
alternatively, the mean-absolute prediction error), we can estimate it by the empirical
second (or first) moment of the leave-one-out residuals accurately if the predictor is stable
with respect to the exclusion of one data point. In fact, this conclusion is no surprise in
view of the results of Bousquet and Elisseeff (2002) and can be seen as an asymptotic
consequence of Lemma 9 therein. Furthermore, we need the uniform integrability of
the prediction error as Lemma 3.3 only considers bounded functions and we have to
deal with the tails separately. However, we do not lose much by the assumption of
uniform integrability: If we want to estimate the second moment of the prediction error
precisely in large samples, one would be willing to restrict only to the case, where the
(24 ¢)-th moment is uniformly bounded over n. As uniformly bounded (2 +¢)-th moments
imply uniform integrability of |yo — 9|2, we do not lose much by posing this additional
assumption.

We also want to point out that we do not distinguish between the general and the
continuous case here. The reason for this is very simple: in the non-continuous case we
can approximate the conditional MSE by 1 3" (|i;| £ ¢)? from above and below. As
we can make € > 0 arbitrarily small, we achieve the original target.

We would like to emphasize another interpretation of Proposition 4.7: If we are dealing
with binary classification, then Proposition 4.7 allows us to estimate the misclassification
error well if the predictor ¢, is asymptotically stable: That is, the probability of the
original predictor assigning an element to the same group as its leave-one-out analogue
should converge to 1.
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5. Stability of prediction algorithms

In Chapter 4 we derived sufficient conditions for the Jackknife-approach to give asymptot-
ically valid prediction intervals and accurate estimation of the mean-squared prediction
error. We here show that for a wide class of distributions and some common prediction
algorithms these conditions are fulfilled. In contrast to the results of Steinberger and
Leeb (2023) (cf. Section 3 therein) we do not restrict our analysis to models which are
linear or “close” to a linear model in some sense (cf. Theorem 3.1. therein). Furthermore,
we do not assume the existence of an (additive) error term being independent of zg. In
fact, we do not pose any restrictions on the connection between yg and xg. As we will
see, the stability is an inherent property of the algorithms given some conditions on g
and zg, but can be proven without any assumption on the connection between gy and xg.
Moreover, we allow yg to have a non-continuous conditional distribution given xg. For
example, in the case of binary classification gy could be a discrete variable with the values
{0,1} only. Then asymptotic stability corresponds to the property that the probability
that a predictor ¢, assigns a different class than its leave-one-out analogue converges to
0 asymptotically.

To show that the sufficient conditions for the Jackknife-approach are fulfilled, we will
distinguish between the high-dimensional setting and the case where p < n asymptotically
and derive results for both cases. Throughout the current section we will additionally
assume that the limit of p/n exists and denote it with p:

p:= lim P [0, o0].

n—oon,

This does not pose a restriction, as we could always consider converging subsequences of
(p/n)nen and apply the following results to them.
Firstly, we will state our assumptions in the low-dimensional setting:

Definition 5.1 (Low-dimensional setting). We say Assumption LD is fulfilled if the
following statements hold true:

i) limp/n=pel0,1).
n—o0
ii) The second moment of yy is bounded by some constant .S, independent of n.

iii) For all n € N the regressor z( has mean-zero and a positive definite covariance
matrix ¥ > 0 (which is allowed to vary over n).

and (at least) one of the following assumptions on zy = N2 is fulfilled:
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L1) The components of zp are independent with finite (2 + §)-th moments uniformly
bounded over n for some § > 0, i.e., E(|zp;/>*?) < C for some § and C' independent
of ¢ and n.

L2) The components of (z(()n))neN are independent and distributed like &, where £ is not
allowed to vary over n.

L3) The distribution of zp is log-concave for all n € N.
In contrast, we impose the following assumptions for the high-dimensional setting:

Definition 5.2 (High-dimensional setting). We say Assumption HD is fulfilled if the
following statements hold true:

i) lim p/n=p e (1,00].
n—oo
ii) The second moment of yg is bounded by some constant .S, independent of n.

iii) For all n € N the regressor xy has mean-zero and a positive definite covariance
matrix ¥ > 0 (which is allowed to vary over n).

iv) The vector zg = Z_%l‘o consists of 7.i.d. components distributed like &,,, where &,
is allowed to vary over n.

and (at least) one of the following assumptions on &, is fulfilled:
H1) &, does not vary over n, i.e., { =& for all n € N.

H2) The (2 + §)-th moments of &, are uniformly bounded, i.e., sup,cy E(|€,[**°) < C
for some § > 0.

H3) The distribution of &, is log-concave for every n € N.

The condition on p separates the high-dimensional case from the case where p < n
asymptotically. The moment assumption on gy ensures that the mass of %Z?:l y? does
not escape to oo for large n. Moreover, it even guarantees the boundedness in probability
of %Z?:l yf On the other hand, the assumptions on xy and 2_5300 allow us to control
the smallest eigenvalue of ©~1/2X’X%~/2/p in the low-dimensional case and the smallest
eigenvalue of XX 71 X’/n in the high-dimensional setting as the ensuing lemma shows.
However, it would suffice to pose the additional restriction on some Zy = Rz, such that
RYR' = I,. We decided to choose R = ¥~1/2 for the sake of simplicity.

In the low-dimensional case this condition can even be relaxed to the assumption that
xo = 5’2, where 2 is a centered random vector of d > p independent components with
unit variance and 'S =3 (cf. Lemma A.16 in the appendix). To put it in other words,
zo can also be the linear function of a random vector zg whose dimension d is much
larger than p, allowing for a more complicated structure. In particular, this includes
misspecified models in the sense that yy can be a function of a d-dimensional random
vector zg, while we only observe some lower-dimensional linear combination of it. In that
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case our predictor will use only the observable components rather than the full vector z.
Furthermore, this also includes the case where we have decided to willingly use just some
components xg of the original vector zy for example as a consequence of a model selection
procedure.! Thus, in contrast to Steinberger and Leeb (2023), our results also include
the case of misspecified models. For example, consider the linear model yg = 6'z9 + ug,
where zg is independent of ug and 6 is an unknown parameter in R?. However, we only
use x; = S'z; instead of z; in the training data (1 < i < n), where S is a non-random
matrix of dimension d X p. Then, the result of Lemma 5.3 for the low-dimensional case
stays valid if the assumption L1), L2) or L3) is fulfilled for the d-dimensional random
vector zp rather than for the p-dimensional random vector Y2y = (S’S)*1/2S’zo.

In fact, the assumptions on zy and /22 are only used to guarantee that in the low-
dimensional case the smallest eigenvalue of »o2X xn1/2 /n is asymptotically bounded
away from 0 in the sense that lim P(Apin (E_I/QX’XZ_1/2/7L) > ¢§) =1 for some § > 0.

n—oo
Analogously, in the high-dimensional case we have to control the smallest eigenvalue

of XX~1X’/n (which coincides with the n-th largest eigenvalue of X~1/2X'X%~1/2/n).
Hence, we can replace the assumptions on xg by any other condition, which allows to
control the smallest eigenvalue.

Lemma 5.3 (Controlling the singular values of XX~1/2). Let X be the random matriz
consisting of n i.i.d. rows distributed like xo. We then have

1. Low-dimensional case: If Assumption LD is fulfilled, then the smallest eigen-
value of L~YV2X'X%"Y2 /n converges to (1 — V/P)? in probability.

2. High-dimensional case: If Assumption HD is fulfilled, then the smallest eigen-
value of XX 71X’ /n converges to (1 — \/5)2 in probability for p < co. In the case
p = 0o the smallest eigenvalue of XX 71 X' /n tends to oo in the sense that

. . —1 v/ —
lim P (Apin (XX 7 X"/n) < M) =0

for all M > 0.

The statements hold true if we replace the matriz X by its leave-one-out analogue X,
consisting of n — 1 i.i.d. rows distributed like xg.

Lemma 5.3 fundamentally relies on the results of Chafal and Tikhomirov (2018)
with some minor extensions. In contrast to the classical Bai-Yin theorem we allow for
dependence in the low-dimensional case and, in general, for a distribution which changes
over n. However, we would like to stress that Lemma 5.3 only proves convergence in
probability, while the statement in Bai and Yin (1993) yields almost sure convergence.

As we will see, the control of the eigenvalues is essential for some predictors to show
that the Jackknife-approach can be used to estimate the prediction error’s distribution
consistently. In the following subsections we will present some predictors and show that
they fulfill the stability assumption and that their prediction errors are bounded in

"However, the matrix S has to be deterministic. In order to fulfill this requirement we could apply the
model selection to a different data set and condition on the resulting model described by the matrix S.
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probability in order to meet the prerequisites of Theorem 4.5 and Corollary 4.6. Hence, in
the following cases the Jackknife-approach gives asymptotically valid prediction intervals.
In the following sections we will deal with predictors which are linear with respect to the
regressor xg in the sense that §, = x{)g and @[Oﬂ] = ng;" (=] for B and B~ being a function
of T, and T7£ 1], respectively. Furthermore, the following predictors are symmetric, i.e.,
they are invariant to any permutation of the order of the training data. We consider this
to be the prevailing case as the data are assumed to be i.i.d. and there is no need to
treat them differently. Thus, for each i € {1,...,n} the term x()(g — 871 has the same
distribution and the asymptotic stability reduces to the requirement of z, (B E[*”])
converging to 0 in probability. As here the distribution is not affected by the index 4, we
will simplify our notation and write B instead of 8 gl=nl. Moreover, we will use the notation
X =(x1,...,2,), Y = (y1,...,yn) and its leave-one-out analogues X = (X1, 1)

[-n)

and Y = (Y1,---,Yn—1)". Furthermore, we will write T;,—; for T, |

5.1. The Ridge

We start with the ridge estimator as we do not require any additional assumptions on
the data generating process and only need an appropriate choice of the tuning parameter
Cn,p- Furthermore, the ridge estimator is asymptotically stable regardless of the value of
p. Moreover, we even allow the tuning parameter to be data-dependent. To model this,
we start with the formal definition:

Definition 5.4. Let ¢, , denote a T,,-measurable, random variable with values in [0, c0)
almost surely which is symmetric with respect to the training data. Then we define the
ridge estimator Sr(cp ) with a (possibly data-depending) tuning parameter ¢y, as

Br(cnp) = (X'X + ¢ pl,) XY,

where the Moore-Penrose pseudoinverse is required to cover the cases where ¢, , = 0.

Moreover, we define c[fi] , to be the leave-one-out analogue of ¢y based on the training

data T[ % and abbrev1ate CL l}p with ¢, 1 p.

Here, the symmetry of c¢,, is assumed for simplicity. Without this the Ridge
would not be symmetric any more and we would have to use the original definition
of asymptotic stability, implying a small change in the assumptions of Theorem 5.5,
Proposition 5.6 and Proposition 5.7: For example, the requirement Amax(X71)|cn, —
Cn—1pl/n 24 0 would change to the assumption that for every ¢ > 0 the expression

[

h_}m LS POwmax(E7 Y |enp — e 1/p|/n > ¢) = 0. Moreover, we could also use a ran-
n—oo

domized tuning parameter, in the sense that it suffices to ask for ¢, , being independent
from (yo, x() and the leave-one-out analogue CL_j]l , being independent from (y;, x,) and
(y0, (). Furthermore, as the tuning parameter ¢, is allowed to depend on the training
data, it can be chosen, for example, by GCV or cross-validation.

Equipped with the definition we are now ready to state the following proposition:
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Theorem 5.5 (Assumption-lean stability and boundedness of the Ridge). Suppose
the second moments of xg exist for all n € N and denote E(xzoxj) with X. Then the
prediction error yo — xOﬁR(cn p) is bounded in probabzlzty and the predzctor azoﬁR(cn p) 1S

asymptotically stable in the sense that xO(BR(cn,p) Br(cn— 1)) == 0 if the following
conditions are met:

1. ¢y is positive asymptotically: nli_)IrololP’(cnyp =0)=0.

2. The ratio of the tuning parameters cn—1p,/cn,p converges in probability to 1.
3. Amax(X)n/cnp is bounded in probability.

4. The second moments of yo are uniformly bounded in n.

In this Section, we will present two more propositions for the Ridge estimator. However,
the strength of Theorem 5.5 lies in its universality: It works regardless of the matrix
X and the value of p and can even be applied for the critical case p = 1 as long as the
tuning parameter ¢, , is of the same magnitude as (or larger than) nAmax(X). Moreover,
we emphasize that it does not require Assumption LD or HD to hold true. As pointed
out before, this can be especially of interest in the cases where p is very close (or equal)
to 1 as in these cases the OLS or minimum-norm interpolator will typically have a bad
performance.?2 We also stress the fact that condition 1 and condition 2 in Theorem 5.5
are automatically fulfilled if the tuning parameters are deterministic and chosen such
that ¢,—1, = cnp > 0 holds true.

In order to analyze the stability of the OLS estimator and the minimum-norm in-
terpolator we present two propositions, which allow the tuning parameter c,, to be
0.

Proposition 5.6 (The Ridge in low dimensions). Let Assumption LD be fulfilled.
If /\max( Ylenp — en1pl/n converges in probability to 0, then the prediction error

Yo — xoﬁR(cnp) s bounded in probability and the predictor xoﬁR(cnp) s asymptotically
stable.

While the assumptions of Theorem 5.5 are easier to fulfill the larger c,, is, the
assumptions of Proposition 5.6 favor a small difference ¢, — ¢p—1,p. The reason for this
is the following: In both proofs we need to control the spectral norm of ¥/ 2(X'X +
cnplp)TX’. In Theorem 5.5 this is achieved by bounding it from above by 1/(2\/Cnp)
and therefore needs large values of ¢, ;. In Proposition 5.6 we can additionally control
the smallest eigenvalue of £~ Y/2X/ X3 ~1/2 /n due to Assumption LD, which suffices to
control the spectral norm of ¥1/2(X’X —|—cn,plp)TX’. We only have to bound the difference
between ¢, and ¢,—1, in order to guarantee that the two predictors xéBR(cmp) and
xégR(cn—l,p) do not differ too much.

We also want to point out that the condition on Amax(X71)|cnp — n—1p|/n is automat-
ically fulfilled if the tuning parameter is independent of the data and the statistician uses

2For a more detailed discussion why the Ridge outperforms the OLS near p = 1 for large penalty
parameters we refer to Hastie, Montanari, et al. (2022).

— 27 —



5. STABILITY OF PREDICTION ALGORITHMS

the same tuning parameter for the prediction as for the calculation of the leave-one-out
residuals, i.e., ¢, = ¢,—1,. Conversely, if a symmetric tuning parameter ¢, , does not
depend on (yn,z),) and fulfills ¢,,—1 , = ¢y, almost surely, Lemma D.6 in Steinberger and
Leeb (2023) shows that ¢, ) cannot depend on the training data at all in the sense that
Cn,p 1s constant almost surely.®> However, if Cnp does depend on (y,,;,) (e.g., in case
Cn,p is chosen by cross-validation) we cannot set ¢,—1,p := ¢y p as then (yp, x!) and Cn—1,p
would be no longer independent. Next, we present the high-dimensional analogue to
Proposition 5.6, which additionally needs to bound the condition number of the matrix
.

Proposition 5.7 (The Ridge in high dimensions). The prediction error yo — x()BR(cmp)
is bounded in probability and the predictor x(LRr(cnp) is asymptotically stable in the sense
that mf)(BR(cn,p) — Br(cn—1p)) L5 0 if Assumption HD is fulfilled and the following two
properties are fulfilled:

1 Ao (812 " e Py
n

2. The condition number of ¥ is bounded over n, i.e.,

Amax Z
lim sup A < 0.

n—o00 min(z)

To sum it up, the Ridge is an intrinsically stable predictor in the following sense: For
a large penalty parameter c, , the regularization is strong enough to stabilize the ridge
estimator regardless of the number of regressor variables. On the other hand, if the
singular values of the regressor matrix are only affected a little by the removal of one
row (which is guaranteed by Assumption LD or Assumption HD), the Ridge needs no
regularization to stabilize and hence can be used for our approach even for small penalty
parameters. Thus, in any of the cases above the Jackknife-approach performs well for
prediction intervals.

Our results fit well with existing results addressing the stability of M-estimators:
El Karoui (2018) also showed the boundedness in probability of the prediction error and
the asymptotic stability of M-estimators under some assumptions (cf. Theorem 2.1 and
Theorem 2.2. therein). However, we neither assume a linear model nor the existence of
an independent error term (in fact, we made no assumptions on the connection between
yo and zo at all) at the cost of a bounded second moment of yy. Moreover, El Karoui
(2018) only considered the case where Cnp = Cp—1,p = TN for a fixed 7 > 0 (independent
of n) and ¥ = I,,.

3To see this, we apply Lemma D.6 in Steinberger and Leeb (2023) to the predictor fi,, := cn,p and note
that by the symmetry of ¢, , the distributions of ¢, , — C£:]1,p and cn,p — cp—1,p coincide for all 1 <7 < n,

which implies that the stability coefficient of Lemma D.6 equals 0.
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5.2. OLS

As mentioned before, Assumption LD allows us to use the Ridge even for very small
regularization parameters. This observation can be put to its extreme, which leads to
the OLS estimator: By setting ¢, ;, = 0, Proposition 5.6 allows us to directly derive a
result for the least-squares estimator:

Corollary 5.8. Let BLS = XTEA/ be the OLS estimator.* If Assumption LD us fulfilled,
then the prediction error yo—x(SLs is bounded in probability and x(,(Srs — BLs) converges
to 0 in probability.

All we need for Corollary 5.8 is to ensure that the smallest eigenvalue of the matrix
»12X'X%"1Y2 n stays away from 0 asymptotically and that ||Y||3/n is bounded in
probability, which are both guaranteed by Assumption LD. However, this eigenvalue
decreases the larger p = nh_{r;o p/n gets. In the extreme case of p = 1, the OLS will fail to

meet the assumptions of Theorem 4.5 as the smallest eigenvalues can be arbitrarily close
to 0 in that case. However, the case p = 1 is excluded by Assumption LD. We would
like to point out that in this case the Ridge can still perform well in our approach if the
regularization through ¢, , is large enough as can be seen from Theorem 5.5.

5.3. Minimum-norm interpolator

As for p larger than one the non-zero eigenvalues of Z*I/QX’XZ*IQ/?@ can be bounded
away from 0, one could ask whether in the high-dimensional case the minimum-norm
interpolator can also perform well. From Proposition 5.7 we can immediately conclude
by setting ¢, = cp—1,, = 0 the following result for the minimum-norm interpolator:

Corollary 5.9. Let B\MN = XTY denote the minimum norm interpolator. If Assumption
HD s fulfilled and the condition number of the matriz ¥ is bounded in n, then the
prediction error yo — oSy N is bounded in probability and the predictor is asymptotically
stable.

Thus, the Jackknife-approach can be used together with the minimum-norm interpolator
in the high-dimensional setting.

5.4. James-Stein estimator

In the current subsection we will consider a James-Stein type estimator B 75(cnp), which
we define as follows:

Definition 5.10. Let ¢, , denote a measurable function of 7, which is symmetric with
respect to the training data and lies in [0, 1] almost surely. Then we define the James-Stein

4We extend the definition of the OLS to the case, where the matrix X does not posses full rank p.
However, the matrix X’X will be invertible with asymptotic probability 1 under Assumption LD.
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estimator B 75(cnp) with a (possibly data-depending) tuning parameter ¢, , as

A2
~ max [ 0, 1— %
BJS(QL,p) = B}/SX/XBLS

0 else,

>> Brs if0< B ¢X'XBLs

where 6% = ||Y — XBLSH%/(” - p).

The definition of B 75(cnp) is closely related to Baranchik (1973) and — in contrast to
the original definition in James and Stein (1961) — takes not only ||.X B 5|2, but also &
into account. The use of the James-Stein estimator may be of interest as it can perform
comparable to the Maximum-Likelihood estimator in terms of the out-of-sample risk in a
linear regression model (cf. Huber and Leeb 2013).°

Proposition 5.11. If Assumption LD is fulfilled, then the prediction error of the James-
Stein estimator yo — x(Bys(cnp) is bounded in probability. Furthermore, the James-Stein
estimator is asymptotically stable if, additionally, ¢, ,—cn—1, converges to 0 in probability.

Similar to the OLS estimator, we only need to control the smallest eigenvalue of the
matrix ¥~/2X’ X% ~1/2 /n and the tails of |Y||2/n to ensure the prediction error based on
the James-Stein estimator to be bounded in probability. For the stability we additionally
have to ensure that ¢, , is close to ¢,—_1,), as otherwise the leave-one-out residuals are
reflecting the behavior of a different James-Stein estimator. Again, in the case where the
tuning parameter does not depend on the training data, this can easily be achieved by
setting ¢,—1,p = Cnp-

5.5. Binary classification

In this section we present two results for binary classification. Since here 39 can only
take the values —1 or 1, its conditional distribution given x is discrete. We would like
to point out, that in the case of binary classification estimating F,, accurately would
allow us to estimate the misclassification error (conditional on our training data) of our
method with high precision. Assuming that a predictor in a binary classification setting
is also restricted to the values —1 or 1, we have E (Jyo — 9!/ Tn) = 2P (yo # 9ol Tn)-
Thus, estimating the conditional misclassification error coincides with estimating the
conditional mean-absolute error (up to the factor 2). Since the prediction error is bounded,
Proposition 4.7 guarantees a consistent estimation of the misclassification error as long
as the predictor is asymptotically stable.

We start with the following definitions:

SHowever, Huber and Leeb also state that this conclusion may change dramatically if one considers a
worst-case scenario instead of averaging over all possible cases.
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Definition 5.12. We define sgn : R — {—1,1} as

__ 1 ifx>0
() =11 e <o

Definition 5.13. Let B\ be a real-valued, measurable function of the training data T,
which is symmetric in the sense that it does not change by a permutation of the training
data. We then define the predictor for yo based on the training data 7}, and a new feature
vector zgp as {q := sgn(xo/é’) We will refer to 6 as the classifier corresponding to 9.

The following proposition links the stability of the predictor to the stability of the
corresponding classifier:

Proposition 5.14. Let g, be a predictor as in Definition 5.13 and E be the corresponding
classifier. Furthermore, let y, and B denote the leave-one-out analogues of y, and 3,
respectively. Then g, is asymptotically stable if the two assumptions are met:

1. The term x{)g is asymptotically stable in the sense that xé(ﬁ— 5) converges to 0 in
probability.

2. The term m()B s bounded away from 0 asymptotically in the sense that

hm lim sup P(|x05\ <4)=0. (5.1)

n—oo

If yo € {—1,1}, then the prediction error trivially fulfills |yo — U] < 2 almost surely and
is therefore bounded in probability.

Proposition 5.14 shows that the asymptotic stability of the underlying classifier transfers
to the predictor if the classifier does not concentrate at 0 asymptotically as without that
condition an arbitrarily small change in the classifier could result in a different prediction
since the function sgn is discontinuous at 0. We would like to point out that we already
showed that condition 1 holds true (under some assumptions) for several classifiers B
including the Ridge estimator.

While Proposition 5.14 yields sufficient conditions for a class of predictors in the binary
classification case, we also present an example, where we prove the asymptotic stability
directly.

Definition 5.15. Let n € N, p € N and assume we are given training data (y;, 2})?_, such
that y; € {—1,1} and x; € RP for every 1 < i < n. If there exists a vector (a,7)’ € RPT!
such that y;(zfy +«a) > 1 for all 1 < ¢ < n, then any solution (&,7")" of the optimization
problem

min |72
(') CRPH (5.2)

st yi(@iy+a)>1 forall1<i<n

is called a (linear hard-margin) support vector classifier or the optimal separating
hyperplane (cf. Burges 1998, Vapnik 1999 and Hastie, Tibshirani, et al. 2009) with
respect to the data (y;, x}) ;.
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For the support vector classifier we assume the following model:

Definition 5.16 (Linearly separable binary model). For every n € N let &, be a py,-
dimensional absolutely continuous random vector (with respect to the p,-dimensional
Lebesgue-measure), b, a vector in R, a,, € R and 7, = sgn(b,&, + a,,). Furthermore,
for every n € N the feature-response pairs (y1,2}), ..., (yn, ) of the training data are
independent and identically distributed like (7,,£),).

The linearly separable binary model guarantees the existence of a linear hard-margin
support vector classifier (cf. Lemma A.21 in the Appendix). We stress the fact that
the predictor based on the support vector classifier is unique even if the corresponding
classifier is not.% Since the support vector classifier (@,7') is symmetric by definition and
the corresponding predictor §, = sgn(y'zp + @) can only take two values, the predictor
7o is asymptotically stable if nh—>r20 P(9y # 3o) = 0, where g, = sgn(7'zp + &) denotes its
leave-one-out analogue based on the leave-one-out classifier (a,7’). As the following
result shows, the linear hard-margin support vector classifier is asymptotically stable in
the linearly separable binary model as long as the number of observations n grows faster
than the dimension p,:

Proposition 5.17. Assume a linearly separable binary model as in Definition 5.16. Let
Uo = sgn(y'xo + @) be the prediction based on the support vector classifier (Q,7) derived
from the training data T, and gy, its leave-one-out analogue. We then have

In particular, the predictor y, based on the support vector classifier is asymptotically
stable if lim p,/n = 0. Furthermore, its prediction error is bounded by definition.
n—o0

Proposition 5.17 shows that the support vector classifier is indeed asymptotically stable
in the linearly separable binary model as long as the number of observations grows
faster than the dimension of the underlying feature space. Furthermore, it even bounds
the probability that a predictor based on the support vector classifier differs from its
leave-one-out analogue in finite samples.

5This counterintuitive situation can be seen as follows: The support vector classifier is unique unless all
observations y; belong to the same class, that is y; = y1 for all 1 <1i < n. However, in the case of only
one class every predictor based on a support vector classifier assigns a new observation to the same class
as y1 and hence is unique (cf. Lemma A.21 in the Appendix).
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6. Discussion

6.1. On the choice of the distance measure

The main advantage of the e-variational divergence is given by equation (3.4). Although
equation (3.13) gives a similar inequality for the Lévy metric, we would refrain from
using the Lévy metric due to the disadvantages explained in Chapter 3. However, one
could consider the £,-norm | - ||z, for p € [1,00) and ask, whether a similar result to
equation (3.4) can be found. As the following lemma shows, there is indeed a connection
between the e-variational divergence {-(Fy,F,) and [|[F,, — Fy||¢,:

Lemma 6.1. For every e >0 and p € (0,00) we have

N F,-F
0(Fp, Fy) < M s

cp
Furthermore, this naturally extends to the case p = oo:
L(Fp, Fp) < ||Fn — Fullz., a.s.

If Assumption CC1 is fulfilled, we have for every e > 0 and p € (0,00)

B — Pl < Bmin(L el fypoollo) + e g
EP
Hence, whenever ||F,, — F,|| ¢, converges to 0, the same holds true for the e-variational
divergence for every € > 0. If, additionally, Assumption CC1 is fulfilled and || fy;|z, /oo 18
bounded in probability, also the Kolmogorov distance vanishes asymptotically. Further-
more, combining Lemma 6.1 with equation (4.4) immediately gives the following result
for alle > 0 and p € (0,00) :

QHFn - FnHllp s

P(yo € PI o, ()| Tn) > (a2 — o) — i

Q1,02
To put it in other words, convergence of the £,-norm is sufficient for the creation of
asymptotically valid prediction intervals as it implies the convergence of Ea(fn, Fp). This
offers another, but different, approach to deal with prediction intervals based on the
Jackknife. For the sake of simplicity, we present the following results for symmetric
predictors only:
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6. DISCUSSION

Proposition 6.2. Let Assumption CC1 be fulfilled, y, be a symmetric predictor and
assume the first moments of yo — Yo and yo — yo exist. Then, for any M > 0 we have

1

Sy BB Wit el = 76D) )

+ E(lyo = 9ol L az,00) (190 = Fo1)) + Elyo = Yo/ iaz,00) (lv0 = ol))-

E([F — Fulle,) < 2M(

As Hﬁn — Fullz. <1, we can use the foregoing proposition to trivially extend the
asymptotic consequences to the £,-norm for p > 1.

Proposition 6.3. Let Assumption CC1 be fulfilled, 7, be a symmetric predictor and
assume || fyollwolloo 48 bounded in probability. Furthermore, assume yo — 9o and yo — Yo
are uniformly integrable and §y — yy converges to O in probability. Then, for any p > 1
we have

nlgroloE(HFn —Fallg,) = 0.

The drawback of using ||Fn — F| ¢, instead of (.(F,,F,) is that we need stronger
assumptions in order to ensure ||F, — F,,| , to be small: Here we need the existence of
the first moment of the prediction error. This might seem to be only a small difference;
However, this would require for our examples in Chapter 5 to control the expectation
of the inverse of the smallest eigenvalue of a random matrix, for which there are less
results available in the literature.

To sum it up, we can control ||F, — F| ¢, if we replace boundedness in probability
by the stronger assumption of uniform integrability. Moreover, since in the case of
real-valued random variables the £; distance between two distribution functions coincides
with the Wasserstein distance W, (cf. Panaretos and Zemel 2019), Proposition 6.2 and
Proposition 6.3 even yield statements concerning the Wasserstein distance.

Lastly, one could propose the following scale-adapting divergence 6(F,, ﬁn) = inf{e >
0:0-(Fy, F\n) = 0} instead of £, where we define the infimum of the empty set as +oo.!
Combining equation (3.5) of Lemma 3.2 with the fact that §(F,,F,) is a measurable
function of the training data T, this yields

P (40 € G + Gy — 6(Fn, Fu), oy + 8(Fn, F)]IT0) > a2 — a1 as.

for every 1 > ag > a1 > 0. However, 0(F,, ﬁn) comes with a price we do not want to
pay: assume that F,, is a distribution function with F,(z) < 1 for all 2 almost surely and
we estimate it via an empirical distribution function F n based on n observations. Then,
for all = large enough, F, (z) equals 1 implying §(F,, l?‘n) = oo even for good choices of
F, in the sense that ||F,, — Fy,||s is small. Moreover, in that case the prediction interval

!By Lemma 3.4 the function ¢ — /. (Fn,fn) is continuous from the right. Thus, the infimum in the
definition of §(F,,F,) can be replaced by a minimum whenever the set {e¢ > 0 : £.(F,,F,) = 0} is not
empty. In particular, this yields £5y PA“n)(F"’ F,) = 0 whenever §(F,, F,) is finite.
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6.2. ON THE ASSUMPTIONS OF THEOREM 4.5

Yo + [qa, — 0(Fn, ﬁn), Qo + 0(Fin, ﬁn)] coincides with R almost surely, which makes it
impractical for usage. To put it in other words, ||F,, — Fy||sc measures the distance on
the range of the functions, while §(F,, ﬁn) measures the distance on the domain. Using
le(Fp, F n) gives a divergence which takes variations both on the range and on the domain
into account while allowing the user to choose how the both scales should be weighted.

6.2. On the assumptions of Theorem 4.5

As we will see our Jackknife-approach may fail if the corresponding prediction algorithm
is not stable. Now one could ask whether the statements of Theorem 4.5 and Corollary 4.6
also hold true without the assumption on the boundedness in probability of the scaled
prediction error. As it turns out, it can be replaced by other assumptions. However, we
consider the new assumptions to be harder to fulfill.

Lemma 6.4. Let §, be a symmetric predictor. If the first moment of 4y — Yo and of
|y — Qo] exists, we have

~ R B 1 R R
E (1P — Fall?, ) < 5E(Ij0 — Gol) + 5 Bl — ).

Lemma 6.1 shows that whenever ||F,, — F,|| ¢, converges to 0, the same holds true for
£ (ﬁn, F,), which implies the following corollary based on Lemma 6.4.

Corollary 6.5. Let i, be a symmetric predictor. If li_}rn E(|99—0ol) = 0 and ILm E(|a—
n—oo n—oo
tg|)/m = 0, then for any p € [2,00) we have

lim E (HFn - Fn||[;p) ~0.
n—o0
Moreover, there exists a null-sequence €, such that

lim E (Egn(fn,Fn)) ~0.
n—oo

If, additionally, Assumption CC1 is fulfilled and || fy,||z,lloc is bounded in probability, we
have

lim E (||ﬁn - Fn|\oo> = 0.
n—oo

Corollary 6.5 indeed shows that we do not need the scaled prediction error to be
bounded in probability. However, the stability assumption is replaced by a stronger
notion (convergence in £; instead of convergence in probability) and the expected
difference between two different leave-one-out residuals has to grow slower than with
rate n. However, the stronger notion of stability can indeed pose a problem for the
predictors considered in Chapter 5 as in that case one needs to control the inverse of
the smallest eigenvalue of E_l/QX’XE_l/Q/n in expectation rather than in probability.
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6. DISCUSSION

Nevertheless, Corollary 6.5 gives another set of conditions where the Jackknife-approach
provides asymptotically valid prediction intervals.

While it may be intuitive that a Jackknife-approach crucially relies on the stability of
the predictors, we present an example showing that the lack of stability cannot be fixed
by a simple enlargement of the prediction intervals:

Lemma 6.6. For any g € [0,1], n >2,0<a; < as <1 and any € > 0 there exists a
predictor o and a distribution P of (yo, x(), such that the conditional coverage probability
of the prediction interval PI(;"WC2 (€) is less or equal to q almost surely. Moreover, the
prediction error can be bounded by a constant C. independent of n almost surely and
Assumption CC1 is fulfilled.

Lemma 6.6 shows that indeed the stability of the prediction algorithm is a crucial
requirement as all the other assumptions are fulfilled and the Jackknife-approach fails
nevertheless.

6.3. On exact conditional coverage probability

Corollary 4.6 shows that in the continuous case — under some assumptions — the actual
coverage probability of the prediction interval derived from a Jackknife-approach converges
in probability to its nominal level. Loosely speaking this means that for a large amount
of training data the conditional coverage probability of the prediction interval is close
to its nominal level if the number of observations is large. Furthermore, this statement
is valid for a large class of distributions as long as the assumptions of Corollary 4.6 are
fulfilled. Now one can ask whether it is possible to create a prediction interval whose
conditional coverage probability equals its nominal level in finite samples for all training
data. To answer this question we present the following results:

Lemma 6.7. Fiz a learning algorithm A, , and training data T),, such that the class
F(T,) of all possible distributions of yo — o conditional on T,, contains (at least) two
distribution functions Fy # Fs fulfilling the following property:

o There is a A > 0, such that Fy(t) = Fa(At) for allt € R.
e [ is a strictly increasing function from R to (0,1).

Furthermore, assume that 0 < o < min(F1(0),1 — F1(0)). Then, it is not possible to find
a (non-randomized) prediction interval of the form §q + (f/, ﬁ] based on the training data
T, such that the conditional coverage probability for yo of the prediction interval given
the training data 1), equals 1 — a under both distributions F1 and Fs.

As Lemma 6.7 shows, asking for exact conditional coverage probability in finite samples
for all training data is too demanding if this should hold true for two distributions Fj
and Fy, fulfilling the following two properties: Firstly, the distributions should coincide
up to a scaling (for example if the distributions only differ in their standard deviation).
Secondly, the distributions should be strictly increasing, implying that the set of all
possible values of yg — 7, conditional on 7}, is unbounded.
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6.4. ASYMPTOTICALLY VALID PREDICTION INTERVALS IN THE NON-CONTINUOUS CASE

However, the result above hinges on the fact that we are only considering non-
randomized prediction intervals. To see why we cannot remove this assumption one could
consider the following prediction interval PI"®: Let PI"%"? = R with probability 1 — a
and PI"*" = () with probability a. Now, this trivial but in practice useless prediction
interval provides an exact conditional coverage probability of 1 — « for every (real-valued)
random variable.

6.4. Asymptotically valid prediction intervals in the
non-continuous case

While the results of Corollary 4.6 provide a prediction interval whose actual conditional
coverage probability converges to the nominal level of 1 — a under assumption CC1, we
do not get a similar result for the non-continuous case as Corollary 4.6 only provides
lower bounds for the actual conditional coverage probability in the non-continuous case.
To solve this problem theoretically, we could use a randomized prediction interval, as the
following lemma shows.

Lemma 6.8. Let a € [0,1],e > 0 and PI" be the following randomized prediction interval
based on the leave-one-out residuals (G;)!"_y: With probability (1—«) the prediction interval
coincides with {1y + [miny<j<n () — €, maxi<i<n (4;) +¢| and with probability o it coincides
with the empty set. We then have the following result for the actual conditional coverage
probability:

P (yo € PI"||Ty) — (1 — )| < 20(F,,, Fy) a.s.

Thus, Lemma 6.8 yields a comparable result to the statement of Proposition 4.1
without using the continuity of yy given xo. However, the practicability of this approach
is debatable.

6.5. On the notion of stability

As mentioned before, the definition of asymptotic stability reduces to the condition of
Yo — 37([)_”] 25 0 in the case of a symmetric predictor. Moreover, we would like to point
out that our notion of stability requires the predictor to be stable on average (in large
samples) rather than dealing with a worst-case scenario like the uniform stability. Hence,
the no-free-lunch theorem for sparse algorithms of Xu et al. (2012) does not apply here.
Our notion of stability is closely related to the hypothesis stability defined in Bousquet
and Elisseeff (2002) and in spirit of the original definition in Kearns and Ron (1999), the
latter of which is stated in terms of probability rather than expectation. For a comparison
of different notions of stability we refer to the paper Bousquet and Elisseeff (2002) and
the references therein.

— 37 —



6. DISCUSSION

6.6. The Weak Tail Projection property

Assumption LD is used to guarantee that the smallest eigenvalue of (X~1/2X'X%~1/2)/n
is bounded away from 0 asymptotically. This is done by applying the results of Chafai and
Tikhomirov (2018) which use the so-called Weak Tail Projection property introduced
therein. For the sake of understanding, we state it here:?

Definition 6.9 (Weak Tail Projection property (WTP) of Chafai and Tikhomirov 2018).
Let (vp)pen be a sequence of random vectors, where for each p € N the random vector v,
takes values in RP and is centered with unit covariance (isotropy). We say that the WTP
property holds when the following is true:

1. The family ((U;y)z)peN’yESP—l is uniformly integrable, in other words

lim su [E( o )21 o ) =0, WTP-a
MﬁoopEN,ye%p—l ( Py) {(vpy)2>M} ( )

where SP~1 = {y € R? : ||y|l2 = 1} denotes the unit sphere of RP.

2. There exist two functions f: N — [0,1] and g : N — R, such that f(r) — 0 and
g(r) = 0 as 7 — oo and for every p € N and any orthogonal projection P : RP — RP
with P # 0,

v 2
P (L2 1> foani(P)) ) < gtrank(P)) (WTP-b)

To show the importance of Assumption LD we present an example, where the Weak
Tail Projection property is not fulfilled and the smallest eigenvalue of (X =12 X' X% ~1/2) /n
equals 0 with probability 1 asymptotically: For each 1 < ¢ < n we define a; to be 0
with probability a and +(1 — «)~'/2 with probability (1 — a)/2 each, where o € (0, 1)
will be defined later. Furthermore, for 1 < j < p let b; ; be independent Rademacher
random variables being independent from (aj);_,. Now we define z; ; = a;b; ; for all
1 <i<nand1l<j<p. Then, the (2;;)i1<i<n,1<j<p have mean-zero, unit variance and
the vectors x; = (zi1,...,xip),1 <i < n are isotropic and independent of each other.
As the length ||z;||2 of z; is either 0 or \/p/(1 — a), the Weak Tail Projection property
cannot be fulfilled, as it implies ||z;||2 to concentrate within the centered ball of radius
/p- However, for the smallest eigenvalue of X'X/n we have

P (Amin(X'X/n) = 0) >P (rank(X'X) <p) > P <rank(i z;xh) < p)
i=1

>P (|{’L : le'; = Ogxda}| > n _p)
=P (|{i:a; =0} >n—p).

2In order to avoid confusion, we have adapted the notation slightly.
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6.7. ON THE CONVERGENCE OF p/n

However, |{i : a; = 0}| is a binomial distributed random variable with parameters n
and a. If p > 0, we can choose a such that 1 > a > 1 — p holds true, which yields
li_)m P({i:a; =0} >n—p)=1.

n—oo

6.7. On the convergence of p/n

In Chapter 5 we assumed the existence of the limit of p/n. However, all our proofs are
still valid if we replace the requirement p = nh_)rgo p/n = [0,1) in Assumption LD by
lim sup,,_,., p/n < 1 as we only need the assumption on p to ensure that the smallest
eigenvalue of X~1/2X/ X »~1/2 /n stays away from 0 asymptotically. Similarly, in Assump-
tion HD it is enough to assume liminf, .o p/n > 1. This can be seen by a similar
argument as in the proof of the case p = 0 of Lemma 5.3, which crucially relies on the
fact that the limit of the smallest non-zero singular value is decreasing in p for p < 1 and
increasing for p > 1.
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7. Conclusion

The present thesis deals with the construction of prediction intervals in a setting where
the number of regressors is not negligible compared to the number of observations. Our
Jackknife-approach is based on the leave-one-out residuals and therefore crucially relies
on the stability of the predictor with respect to the exclusion of one data point. We
derive bounds for the difference between the actual and the nominal coverage probability
conditionally on the training data in finite samples which converge to 0 asymptotically.
From these results we conclude that our approach will give (asymptotically) valid
prediction intervals if the following two conditions are met: Firstly, the prediction error
should be bounded in probability and secondly the average influence of one single data
point on the prediction should vanish if the number of observations tends to infinity. This
generalizes existing results of Steinberger and Leeb (2023) to the non-continuous case.

Our results are stated in the general and in the continuous case, where for the latter we
additionally assume the response yy conditionally on the regressor zy to be an absolutely
continuous random variable. In the continuous case we measure the accuracy of the
estimation of the prediction error’s distribution in terms of the Kolmogorov distance. In
the general (non-continuous) case we show that this is not a good choice and present
another measurement /.(-,-) for the estimation’s accuracy, which is related to the Lévy
metric and is, in fact, a generalization of the Kolmogorov distance. However, in the non-
continuous case we have to enlarge our prediction intervals by the (small) amount of ¢ to
account for possible discontinuities, where € can be made arbitrarily small asymptotically.

Furthermore, we show that in a broad setting the OLS, the Ridge, the James-Stein
estimator and the minimum-norm interpolator fulfill the requirements that guarantee
asymptotically valid prediction intervals based on our Jackknife-approach. Moreover,
we show that the regularization of the Ridge ensures its stability under very mild
assumptions regardless of the number of regressors as long as the regularization does
not vanish asymptotically. Additionally, we present an example in the case of binary
classification where the predictor based on the support vector classifier is also stable.

To avoid the high computational costs of the classical Jackknife, one could consider a
k-fold cross-validation approach based on the Jackknife as it is done in Steinberger and
Leeb (2023) in the continuous case. The extension of their k-fold cross validation results
to the non-continuous case is the subject of ongoing research.
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A. Appendix

In our proofs we will use several well-known properties of the Moore-Penrose pseudoinverse,
which we collect in the following lemma:s:

Lemma A.1. Let A € R*? and let At denote its Moore-Penrose pseudoinverse. Write
Pa € R for the orthogonal projection onto the column space of A. We then have:

1) Let (one version of) the singular value decomposition of A be given by A =USV’,
where U and V' are orthogonal matrices and S € R**Y is a matriz whose diagonal
entries coincide with the singular values of A. Then, a singular value decomposition
of AT is given by VSTU'.

2) Al can equivalently be written as (A’A)T A" or A'(AANT.

3) Py=AAT = A(AA)TA = (AA)TAA = (ANTA

4) PAA=A, A = APy and ATP, = AT.

5) If A has full column rank b, then AT = (A’A)~1 A’

6) The Moore-Penrose pseudoinverse of an orthogonal projection Py is Py itself.

Proof. 1) is a special case of Lemma 1.6 of Penrose (1955), 2) a direct combination of
Lemma 1.5 of Penrose (1955) and equation (10) therein.

The equations AAT = A(A’A)TA” and (AA)TAA" = (A)TA’ are a consequence of
2). By Lemma 2.1 of Penrose (1955) AAT is symmetric and idempotent, hence an
orthogonal projection matrix. By symmetry we also have AAT = (AAT) = (A)TA". Tt
remains to show that AAT projects onto the column space of A. For this, we show that
AATy = 0 € R® if and only if v € ker(A’): If A'v = 0, then AATv = A(A’A)TA'v = 0.
If, conversely, v ¢ ker(A’) we have 0 # A'v = A’/(A")TA'v = A’ AATv, which implies that
AAty # 0. Hence, AAT is the orthogonal projection onto the column space of A.

4) follows from AATA = A and ATAAT = AT combined with 3) and the fact that
(P4A)Y = A'Py .

If A has full column rank b, then A’A is invertible. Thus, by Lemma 1.3 of Penrose
(1955) we have (A’A)T = (A’A)~1. Together with 2) this proves 5).

Recalling the fact that a matrix P € R**“ is an orthogonal projection if and only if it

is symmetric and idempotent, 6) is given by Lemma 2.2 of Penrose (1955).
O
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A. APPENDIX

A.1. Additional results

This subsection provides some general results used in this work. We start with two purely
algebraic lemmas:

Lemma A.2. Fiz a vector Y = (Y1,... 7Yn)’~€ R™, any matriz X € R"*P and a constant
c¢>0. DefineY = (Y1,...,Y, 1) e R X ¢ RO=DXP the matriz X without the last
row and U, = €., (I, — Px)Y =y, — z! XTY. Then the following equation holds true:

Xty - X'V = XTen(yn — 2. X'7). (A1)

If X has full column rank p, we also have the identity
xty - X'V = (X' %) znitn. (A.2)

Define A, := X'X + cI,, EE(C) = ALX'Y and Br(c) = (5(/5( + pr)TX/f’. The following
formula holds true even if X does not possess full rank p:

Br(c) — Br(c) = ALz, (yn — 24 BR(c)). (A.3)

Proof. The row space of X is a subspace of the row space of X, which implies

Po X' = Po X' (XX = X' (XX = X",

Using the fact that X' X = XX+ xpx,, together with X'Y = X'V + TnlYn vields

Xy = (X’X)I X'y = (x'x)t (5(’17 + xnyn) = (X'X)! (5(’5(5(*17 + xnyn)

— (X'X)f (X/XXTY/ + 2 (Y — x;X*?)) : (A.4)
Using the fact that z,, = X’e, and the property Px: = (X'X)TX’X, the last line of
equation (A.4) can be equivalently written as
Po X'V 4+ (X' X) X en(yn — 2 X'T)
~ X'y X'en(yn — a:’nXTf’)
We prove the second statement with a similar argument:
X'Xxty = X' XXV — 2,2/, X1V = X'Y — 2,2, XY
- X'V + T (Yn — x;LXTY) = X/)N()N(Tf/ + Tpln,.
As X' X is invertible, the claim follows.

We now prove the third statement. The case ¢ = 0 is already treated by the first
statement as Br(0) = XTY. Thus, it suffices to show the third statement for the case
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¢ > 0. Hence, we can assume the regularity of A, and of X ‘X + clp, to get

~ ) ~

Ac (Br(e) = Br(c)) = X'Y = (X'X + eI, B(e) - wa),Brlc)
= XY = X'V — 2,2, Br(c) = 2n(yn — 2, Br(c)).
O

Lemma A.3. Fiz a vector Y = (Y1,...,Y,) € R" and any matrix X € R"*P. Define

Y = M,...,Y,1) € R”_I,AX € ]RE"_DXP the matriz X without the last row and
up =€, (I, — Px)Y =y, — 2, Brs. If X has full column rank p, we have

Y'PxY — V' Py = 22, (X' X) " a + (€, PxY)? + 20,2, XV
Furthermore, we have
Y'(I, — Px)Y =Y (I,_1 — Py)V = a2 <x;(5(’5()—1mn + 1) .

Proof. As Px = XX and X'X = X'X+ xnx),, we can rewrite Y/ PxY as follows:
Y'PyY = XXV = |XXTY 3+ (2], XTY)2
Using the rank-one update formula from Lemma A.2 this equals
IXX'Y + X(X'X) antin|2 + (e, X XTY)2,

which can be reformulated as

which proves the first part. For the second part we start with the observation

/

Y (I — Pg)Y —Y'(I, — Px)Y = Y'PxY —Y'PyV — 2,

which equals
ﬂix;(‘f{,j()_lxn + 2ﬂnx;l)~(Tf/ + (e, PxY)? — 92,
Using the equality

y2 = (el Y)? = (up + €/, PxY)? = @ + (¢!, PxY)? + 2ui,el, PxY
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yields
V' (I—1 — P3)Y - Y'(I, — Px)Y
= @22, (X' X)Ly + 2002, XY — @2 — e, PxY
=u; (:c;(f(’)?)—lxn — 1) + 2%%(5{*? - XTy).

Inserting the rank-one update formula from Lemma A.2 allows us to rewrite the last line
as

X)L, — 1) - 2@%1:%(5(,5()_1:%
=2 x%(f(/j()_lxn + 1) .
O

Lemma A.4. Let (X,)nen be a sequence of real-valued random variables. Then there
exists a (non-stochastic) sequence (cp)nen with ¢, € (0,00) for every n, such that the
sequence (Yy)nen, defined as 'Y, = X, /¢, for n € N, is bounded in probability.

Proof. If we additionally assume the existence of any moment, the statement is trivial by
using Markov’s inequality and a suitable choice of ¢,. However, the statement remains
true without any moment assumption as the following proof shows:

We choose ¢, := 1 + Fj(1 — 1/n) and for an arbitrary ¢ € (0,1) we define M, =
1+ max;<i<q/e F;(l —¢), where Fj(x) :=P(|X;| < z) is the distribution function of the
absolute value of X; and FiT(p) = inf{z > 0: Fj(z) > p} the p-quantile of | X;|. We then
have

supP(| X, |/cn > M) <max | max P(|X;| > M), sup P(|X;| >¢) | <e.
neN 1<i<l1/e i>1/e

O

The next lemma is a generalization of the following statement: Let (X, ),en & sequence
of real-valued random variables converging to 0 in probability. Then there exists a
(non-stochastic) null sequence (¢, )nen with ¢, € (0,1) for every n, such that the sequence
of random variables (Y;,)nen, defined as Y, := X, /¢, for n € N, also converges to 0
in probability. This statement can be directly derived from Lemma A.5 by setting
Sp(e) =P(|X,| > ¢) for all n € N.

Lemma A.5. Let (Sp)nen be a sequence of non-increasing functions from [0, 00) to [0, 1].
If for every fized € > 0 we have

lim S,(e) =0,

n—o0
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then there even exists a (non-stochastic) null-sequence (ep)nen with €, € (0,1) for every
n € N, such that the following holds true:

nlLH;oSn(En) = 0.
Proof. Define p, (k) = S, (1/k). Now, fix an arbitrary k € N. As ILm pn(k) = 0, we can
find an Ny, such that we have

pn(k) < 1/k for all n > Ny.
However, we will define Nj, to be the smallest such Ny:

Ni =min{l € N: p,(k) < 1/k for all n > [}
=1+ max{n € N:p,(k) > 1/k},

where the equality in the second line of the previous display holds true whenever the
set {n € N:p,(k) > 1/k} is not empty.! We would like to point out that the set in the
second definition is a subset of {1,...  Nj, — 1} and hence is finite. Moreover, note that
Nj equals 1 and Ny, is non-decreasing in k. Now, by definition we have

pn(k) < 1/k for all n > Nj. (A.5)
For any n € N we now define the index k(n) as
k(n) := max{k € {1,...,n} : N <n}.

As N; =1 < n, the set in the definition is non-empty and therefore the maximum is well
defined. Moreover, k(n) is non-decreasing in n, Ni(n) is bounded by n and we have the

property
Niny41 > n or k(n) = n.

Thus, the inequality Nj(,) < n together with inequality (A.5) allows us to derive the
following statement without restriction to n:

pn(k(n)) < 1/k(n) for all n € N.

If we can show that 1i_>m k(n) = oo, we could define a null-sequence ¢, = (k(n))~! to get

0 < lim Sy(e,) = lim S, <k(1n)> = lim p,(k(n)) < lim SLE 0.

n—o00 n—o00 n—00 ~ n—oo k‘(n)

Thus, it only remains to show that lim k(n) = co. We now assume this is not the
n—oo

case and try to find a contradiction. As by definition k(n) is non-decreasing in n and

"However, the equality holds true if we define max{l € N:1 ¢ 0} := 0.
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k(n) € N, this would imply the existence of M > 0, such that k(n) < M for all n € N.
However, as stated before, we have for any n € N the properties that either Ny,)11 > n
or k(n) = n holds true. For n > M the second statement cannot be fulfilled. Moreover,
by the monotonicity Ny,)4+1 < Ny+1 € N is bounded over n € N, while n is not.? Thus,
we have T}l_}rgok(n) = 00. O

Lemma A.6. Let (ap)nen and (by)nen be sequences of pp-dimensional random vectors,
such that ay, is independent of by, and E(anal,) = X, for alln € N. We then have

o If (HE}I{?ang)neN is bounded in probability, then so is (a),by)nen-
o If (I!Eifbn\b)new converges to 0 in probability, then so does (a,by)nen-

Furthermore, suppose (Cy)nen 18 a sequence of (pp, X pp)-dimensional random, nonnegative
definite matrices, such that C, is independent of a,, for every n € N. Then (a],Cran)neN
is bounded in probability whenever (tr(X,,Cpn))nen S

Proof. For every ¢ > 0 and L > 0 we have

P (il 2 1) < B2 (ol 1)) < © (min (1, (B0 ))

!/

c =

IA

Now, Jensen’s inequality implies

E (jalbullbn) < (E ((bn)?[5))? = (H,E (andd ba) ba)*
Since a,, and b, are independent and E(apal) = X,, we have

(BLE (andly|1bn) ba) > = (8, S0, bn) > = |51/ 2b,J2.

Putting the pieces together, we end up with

P (|a}bal > L) <P (542002 > Le) +e. (A.6)

Starting with an arbitrary € > 0, the boundedness in probability of ||Eé£2bn\|2 implies
the boundedness in probability of HZ;{?I)nHQ /e. Thus, there is an L. > 0, such that
1/2
1% bnll2

> L. | <e. Hence, equation (A.6) yields sup,,en P (Jay,bn| > L.) <
€

sup,en P

2e, which proves the boundedness in probability of (a),b,)nen-

2We could also argue that lim k(n) < oo implies that k(n) = M for all n > L for some L. In that case
n— oo

we would not need the monotonicity of Nj in our argument
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For the second statement we start with an arbitrary € > 0 and apply equation (A.6)
with L = ¢, which yields

limsup P (|aj,by| > ¢) < limsup P (\\Ziﬁzang > €2> +e=c¢,
neN neN

where we used the fact that HZCIL{?anQ converges to 0 in probability. As ¢ > 0 was
arbitrary, the claim follows.

With the same argument as above one can show that for every € > 0 and L > 0 the
following statement holds true:

al,Cnan||Cr)
€

P (a;,Cpan > L) gP(E( 2L>+z—:.

Since a,, is independent of C},, we have
E (a;,Cran||Cy) = tr(E (Cpanal, ||Cy)) = tr(CLE (anal,||Cr)) = tr(Cnq,,)-

Now, with the same argument as for a},b, the boundedness in probability of tr(C,%,,)
implies the boundedness in probability of a},Cya,. O

Lemma A.7. Let A and B be random variables. We then have®

/ P(A<t<B)+P(B<t< Ad\t) = E(|B — A)).
R

The statement remains valid if we replace any “ <7 sign by “ <7 or the other way round.

Proof. We define C := max(0, B — A). Then it suffices to show that
/ P(A<t< A+ C)dA#) = E(C), (A7)
R

as the statement can be derived by using the fact that E(|B — A|) = max(0,B — A) +
max(0, A — B) and exchanging the roles of A and B in equation (A.7).
Rewriting the probability and using Tonelli’s theorem gives
/IP(A <1< A+O)N) :/ E({A<t<A+C})dr®)
R R
_E (/ {A<t< A+t C}dA(t)) — E(0).
R

The last statement of Lemma A.7 can be seen by the fact that any single point ¢ has

3We would like to emphasize that the statement also remains true if one of the two sides is infinitely
large in the sense that the right-hand side is equal to co if and only if the left-hand side is.
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Lebesgue-measure 0, which implies
/ T{A<t< A+ C}d\(t) = / T{A<t< A+ CH\t) = / T{A <t < A+ C}dA ().
R R R

O]

Lemma A.8. Let f: R — [0,00) be a Lebesque-integrable function. We then have

Proof. Defining g : R — [0, 00] as g(z) = >, f(je + x), we have

inf eg(c) < /[0 L I@nE) = /[0 75)2 (e + 2)dA(@).

<[0, -
c€l0) JEZ

As f is nonnegative, we get (using the monotone convergence theorem)
/ " f(je + 2)dA(x) = Z/ (e + 2)dA(@).
[0,e) jez jez [0,e)
Now, rewriting the expression above yields
S @i = [ e,
JEZ lje,(j+1)e) R
O

The statement of Lemma A.8 would be trivial if we replace inf.cjo )€ ez f(jE + )
by > jeznfecpe ef (je 4+ ¢). The interesting part lies in the fact that it even holds true
if we are allowed to optimize only once.

The following lemma is the generalization of the following observation to an asymptotic
setting: Let u:= E(X) < co. If P(X < p) =0, then X = p almost surely.

Lemma A.9. Let (X,,)nen be a sequence of nonnegative random variables with means
tn € [0, K] for some K > 0. If for every € > 0 we have

lim P(X, < K —¢) =0,

n—oo

then X, converges to K in L1 (and therefore in probability as well). Moreover, the limit
of pn exists and equals K.

Proof. We start proving that X, 25 K and show the convergence in £ afterwards.
First we point out that also li_>m P(X, < pn, —e) = 0 holds true for every ¢ > 0 as
n oo
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wn < K. For every n € N and € > 0 we have
E(Xy) > (pn + )P(Xp > i+ €) + (ptn — €2)P(Xn € [ptn — €%, i +£]).
Now, define A, := P(X,, > pin, +¢) and 8, := P(X,, < i, — €2). We then have
E(X,) > Ap(in +€) + (pn — %) (1 = Ay = 6,) > Ap(e +€2) + (1tn — €%) — Oppin,

which yields

246 E(X,) —
limsupAnglimsupE + Onpin + B(Xn) = pn

; <e,
n—00 n— 00 e“+e

where we used limsup,,_,., dnpin < limsup,,_,.. KP(X, < K —&?) = 0. Now, fix an
g’ > 0. Then, for any 0 < € < ¢’ we have

limsupP(X,, > pn +¢') <limsupP(X,, > p, +¢) <e.

n—o0 n—oo

As we can make ¢ arbitrarily small, we have

lim P(X,, > py, +€’') =0 for all & > 0.

n—o0
Thus, X,, — u, converges to 0 in probability. Furthermore, the fact that u, is bounded
by K also entails that

lim P(X, > K +¢') < lim P(Xp, > fin + gy =0 for all & > 0,

n—oo
which also proves the convergence in probability to K and, by the uniqueness of the

limit, lim g, = K. To show the convergence in £; we need to control the term
n—oo

Tn 1= E(Xn1(y, 4e,00)(Xn)) for an arbitrarily small e, which can be done as follows:

Hn = E<Xn) > E<Xn]l(un—£,un+£)(Xn)) + E(Xn]l(un+£,oo)(Xn))
> (pn — €)P(Xy € (n — €, i +€)) + Tn
> unP(Xpn € (pn — &, pin +€)) — €+ Tn.

Rearranging the terms and taking the limits yields

limsup 7, < e + limsup p,P(| X, — | > €) = €.

n—o0 n—oo

Altogether we have

E(|Xn — pnl) < E((un — Xn)]l[o,un—a) (X)) + E(lpn — Xn‘]l[un—a,un—i—a] (Xn)) + T
< KP(X, <pn—¢)+e+ 7.
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Taking the limits gives

limsup E(| X, — pn]) < 2e.

n—oo

As € > 0 can be made arbitrarily small, the result follows. O

We would like to emphasize that Lemma A.9 not only deals with the limit of X,, — un,
but also guarantees the existence of lim u, and connects it to K.
n—oo
Lemma A.10. Let &, 5, & and & be nonnegative numbers. We then have the following
mnequality:

N

)min(l, ad) — min(1, aS)‘ < min (1, 5la — d|) + min (1,& ‘8 - 5)) . (A8

Proof. We start with the observation that it suffices to show that

~

‘min(l, ad) — min(1,ad)| < 4|6 —a| +a

5 8] . (A.9)
To see this, we point out that | min(1, &) — min(1, @d)| < 1. Therefore, equation (A.9)
implies

5-3]).

where the right-hand side of the preceding display can be bounded from above by

)

‘min(l, ad) — min(l,&S)‘ < min (1,8\@ _al+a

min (1, 5o — a|) + min (1, & ‘8 _3

as ¢ and & are nonnegative.

We now distinguish four cases:

If @ > 1 and ad > 1, the left-hand side of (A.8) equals 0. Recalling that § and & are
nonnegative, the statement holds true as the right-hand side cannot be negative.

If &0 < 1 and & < 1, we have

‘min(l, &0) — min(1, dS)’ =

@8—&8‘ <

a6 — | + |ad — a3
Now the nonnegativity of 6 and & implies

a&d — &b

+‘a8—&5‘:3\@—~y+a

;s_:s(,

which proves this case.
If & > 1 > ad, we have

A~

‘min(l,&é) ~ min(1, dS)’ — 1 asd.
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Now, we have

1—d5§d3—&5:5(&—&)+d(3—5) <bla—al+a 8—5(,
which proves :chis case.
The case &) < 1 < &d can be proven analogously:
1—@83&5—@8:8(&—@)+@(8—3) <8la—a|+a 3—8(.

O]

We will make use of the following Burkholder-type inequality given in Wu and Shao
(2007). Since they do not provide a proof, we will show that this is a simple consequence
of Burkholder (1966).

Lemma A.11 (Lemma 1 of Wu and Shao 2007). Let Dy,...,D, be a martingale
difference sequence for which BE(|D;[P) < oo, p > 1. Let p’ = min(2,p). Then

p %/ n ’

/ D

E ] <y [EDi]7,
=1

n
>,
i=1

where C), is a constant only depending on p.A

Proof. We start with the Burkholder-type inequality given by Theorem 9 of Burkholder
(1966):

P
n 2
M,E (Z D?) <E
=1

where IV, and M, are positive real numbers only depending on 1 < p < co. We distinguish
two cases: Case 1 < p < 2: As p < 2 we have for any vector x|/, > ||z||2, implying

(57) < (Eor)

Putting the pieces together, we end up with

n p n
Y Di| <N,E (Z |Di|p> :
=1

=1

P

< N,E <Zn: D$> ’ , (A.10)

=1

n p

D

=1

E

which proves the first part.

“In Lemma 1 of Wu and Shao (2007) the constant is explicitly given as C, = 18p>/2/(p — 1)*/2. However,
we will only prove the existence of such a constant without its exact value.
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Case p > 2: We start using equation (A.10) to get

p % 2 n
= =1

n
>_Di
i=1
Since ||X||z, = [E(|X]9)]"/? is a norm for ¢ > 1 the triangle inequality yields

no

Bl

n

=(0t) | <3 [men!] - X imon

=1

A.2. Proofs of Chapter 3

Proof of Lemma 3.2: We start proving equation (3.4): To do so, we fix an arbitrary
t € R. Then, for any s > t and every u € R we have

G(t) < G(s) < F(u) +|G(s) — F(u)]-
Thus, we have
< i — < i —
GO <, nt  P@)+166) ~ F@)| S FO+e+ il [Gls) ~ Flu)

< F(t+¢)+ L(F, Q).

With a similar argument one can show that also G(t) > F(t — ) — £-(F, G) holds true.
Equation (3.5) can be shown by using the fact that

Pyo € 9o + a1 — € a2 +e]l|Tn) = Fulgz +¢) — Im Fu(q — & —¢)
and using equation (3.4) twice to get
Fo(gz + 2€) — lim Fr(qr — 0 — 2¢) + 20c(Fy, Fyy)
2Pl +e) = lim Fu(g1 =0 —¢)

Zﬁn(%) - %1{‘% i:‘\n((ll - 5) - 2&(?‘7“ Fn)a

which proves equation (3.5). For equation (3.6) we start with the observation that for
every qa > q1 + 2¢ we have

P(yo € 9o+ (1 +&,q2 — €)[|Th) = %{%Fn(% —e—0)—Fnlq1 +¢).
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Now the claim follows with the same argument as for equation (3.5). O
In order to proof Lemma 3.3 we need the following result:

Lemma A.12. Let f: R — [Mj, Ms] be a non-decreasing function and let X and'Y be
real random variables. Then, for every e > 0 and every t € R we have

B(f(X) > t) = B(f(Y +2) > t) < Le(Fx, Fy), (A.11)
where Fx and Fy denote the distribution functions of X and Y, respectively.

Proof. We start with the definition
f7L(t) :=sup{a € R: f(a) < t} € [~00,00),

where we use the convention sup ) = —oco, and distinguish four cases:

Case f~1(t) = —oo: Here, f(x) > t holds true for all z € R. Thus, P(f(X) >t)=1=
P(f(Y +¢) > t) holds true. Now the claim follows as ¢.(Fx, Fy) > 0.

Case f~!(t) = co. Since f is non-decreasing f(z) < t holds true for all z € R. Thus,
we have P(f(X) >t) =0=P(f(Y +¢) > t), which proves equation (A.11).

Case |f~1(t)| < oo and f(f~1(t)) <t: We claim a > f~1(t) & f(a) >t holds true or
equivalently a < f~1(¢t) & f(a) < t. To prove this, we start with an a < f~1(¢). By
monotonicity, we have f(a) < f(f~1(t)), where the right-hand side is not larger than
t in this case. For the reverse direction we start with an a fulfilling f(a) < t. Thus,
a € {z € R: f(z) <t} and therefore a < sup{z € R: f(z) <t} = f~1(t). Hence, we
have

P(f(X) > 1) =P(f(Y +¢e) > 1) =P(X > f7H(t)) =P(Y > f7(t) —¢)
= Fy(f7H(t) —e) = Fx(J (1)) < Le(Fx, Fy),
where the last inequality is given by equation (3.4).
Case |f~1(t)] < oo and f(f~1(t)) > t: We claim that a > f~!(t) & f(a) > t. By
monotonicity, a > f~!(¢) implies f(a) > f(f~'(t)), which in this case is strictly larger
than ¢t. For the other direction, we start with an a fulfilling f(a) > ¢. Thus, a is not

contained in the set {x € R: f(z) < t}. Recalling that f is non-decreasing, we conclude
a > sup{x € R: f(x) <t}. Hence, we have

P(f(X) > ) =P(f(Y +e) > ) =P(X > f71(1)) = P(Y > f7'(t) —¢)
= lim [y (F7(0) — = = 8) = Fx(/7'(6) - 9]
< le(Fx, Fy),
where, again, the last inequality is given by equation (3.4). O

Proof of Lemma 3.3: We start showing equation (3.8). W.l.o.g. we assume that M; =0
as otherwise we could shift f by —M; and let M denote My — M;. As f is bounded and
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nonnegative, we get
M
E(f(X)) = E(f(Y +¢)) = /0 P(f(X) > 1) =P(f(Y +¢) > t)dt

M
< / ((Fx, Fy)dt = Meo(Fx, Fy),
0

where the inequality in the preceding display is given by Lemma A.12. With the same
arguments as before (or by applying the results above to X=Y—-candY =X — £) we
also get E(f(X)) — E(f(Y —¢)) > —M{.(Fx, Fy), proving equation (3.7).

Equation (3.9) can be directly derived from equation (3.7) and equation (3.8) as
the Lipschitz-continuity implies E(f(Y —¢)) > E(f(Y)) — Le and E(f(Y +¢)) <
E(f(Y)) + Le.

In order to prove equation (3.10) we would like to point out that we already showed
|E(f(X))— E(f(Y))| < Mty(Fx,Fy) = M| Fx — Fy||~ to hold true for non-decreasing
functions f. Since sup; -, V% () < oo we can find for every § > 0 a K > 0, such that the
total variation supy- V% (9) < VE.(g) + 6. Thus, we have |g(z) — g(K)| < § for every
x> K and |g(z) — g(—K)| <0 for every x < —K. We define a function g (z) : R — R
as

g(x) if v € [-K, K]
(-K) ifzx<-K
(K) ifz> K.

gr(r) =19
g
E(gx(Y))| < 6. Moreover, we have VX (gx) = VE.(9) <sup; oo VE (9).

Now, as the total variation of gx on [—K, K] is finite, we can split it into two non-
decreasing functions g+ and ¢g~, such that gx(z) = g*(z) — ¢~ (z) for all z in [-K, K|
(cf. Section 31 of Chapter 6 in Billingsley 1995). By setting gt (z) = g7 (K) for all z > K,
g7 (z) = g7 (—K) for all z < —K and defining g~ outside of [—K, K| analogously, we
see that gx(z) = gt (z) — g~ (z) for all x € R. As the total variation of gy is finite,
the functions g* and g~ are also bounded. Furthermore, we have VX (gx) = g+ (K) —
g7 (—K) + g (K) — g~ (—K). By the monotonicity of g* and g~ the latter term can
be expressed equivalently as sup,cg g7 (2) — infer g7 (2) + supyer ¢~ (2) — infier g7 (2).
Applying equation (3.7) and equation (3.8) with € = 0 to the functions g% and g~ we
conclude

We then have ||gx — gl|oo < 6§, implying | E(g(X)) — E(gx(X))| < 0 as well as |E(g(Y)) —

|E(gx (X)) — E(gx (V)] < |E(g"(X)) — E(g" (V)| + | E(g™ (X)) — E(g (V)]

<|Fx = Fy oo (sup 9" (x) = inf g% (z) +sup g (w) - inf g~ (x)
z€R T

.’tGR JEGR
= V5 (9r)IFx — Fy||so-
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Putting the pieces together, we end up with

[E(9(X)) = E(g(Y)| < |E(9x(X)) — E(gr (Y))] + 26
< V% (9r)| Fx — Fylloo + 26
< sup V(@) IFx — Fylloo + 26.

As 0 > 0 can be made arbitrarily small, equation (3.10) holds true. O

Proof of Lemma 3.4: Before starting the proof we would like to mention that the limit
lim., \ ¢ le, (F,G) exists, as it is a non-increasing, real-valued function bounded from
above. Further, we only have to show that £.(F,G) < limy o0 £ey1/k(F, G) as the other
inequality follows directly from the fact that £.(F,G) > £, (F, G) for every e > 0.

We distinguish two cases: If £-(F, G) = 0, the inequality l.(F, G) < limg 00 e y1 /1 (F, G)
is trivial.

In the case ¢.(F,G) € (0,1], we take an arbitrary (small) 6 € (0,4.(F,G)) and a t*,
such that inf, yere, ) [F(x) — G(y)| = €(F,G) — 6 > 0. The proof will fundamentally
rely on the following inequality: For every x € R we have

inf |F(2) -Gyl < _ imf | [F@)-Gly)

ye[t— £ t*+£] yet — £t + £+ 2]

(A.12)

+ sup
ye[t*+5,t* +5+7]

G(y)—G(t*—i—g)‘.

To see that this holds true, we start with the triangle inequality |F'(z) — G(2)| <
|F(z) — G(y)| + |G(y) — G(2)|, which implies

inf _|F(z) —G()| < [F(2) Gyl + _inf_|Gly) - G(2)].

st =5 e +5] celr -2 75

Taking the supremum and afterwards the infimum over y yields

inf [P -GG < wf |F(z)-Gl)
€[t -5+ 3] yelt—5.t+5+2]
+ sup inf |G(y) — G(2)].

— £ 5
yeltr—§ .-+ 5+3] €547 +5]
NOW, we conclude

G(y)—G(t*Jrf)(,

sup inf |G(y) — G(2)| < sup 5

£ £
velr =g+ 5+f) SR veltr+ 5.4 +5+7)

which can be seen by choosing z =y if y € K, )5(t*) and z = t* + £/2 otherwise. Thus,
we proved inequality (A.12), which we will use to draw the link between ¢.(F,G) and
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bt /k(F, G) as follows:

inf F(x) -G = inf inf |F(x) -G
WGK%W” (z) — G(y)| . yeK%(t*)| (z) — G(y)|
< _inf il F@) -G+ sw |Gy -G (r+3)].
2ER S (t) yeK e 1 (t+4) e[t +5 7+ 5+2]

The last line in the preceding display coincides with

inf inf |F(x)—G(y)|+ sup

1
YER s 3 (i) wekg () yel+5.t+5+3]

G(y)—G(t*+—)).

By changing the roles of F' and G in inequality (A.12) we get an upper bound for

infiek, /2(t%) F(z) — G(y)|, which is used to bound the preceding display from above by
inf o inf o [F() - Gy)
yeK%+%(t*+;) xEK%Jr%(t*—i-E)
YElr+ 5.+ 547 welt+5 .t +5+2]
< L 2(FG)+ sup G(y) -G (t* + f)‘
* YE[t +5 t +5+2] 2
+ sup F (t* + g) — F(:r)‘ .

TE[t* +5,t* + 5 +2]

As F and G are continuous from the right, the expressions containing the suprema vanish
as k tends to infinity. Thus, we end up with (. (F,G) < 6 + limg 00 leyo/i(F, G). As 6
can be made arbitrarily small, the result follows. ]

We would like to point out that we do not need the monotonicity of F and G. A
small modification of the proof including the case where ¢.(F,G) = oo shows that we
do not need the functions to be bounded from above either. Hence, the statement of
Lemma 3.4 holds true for all nonnegative functions being continuous from the right.
Applying the proof of Lemma 3.4 to the functions F'(—z) and G(—z) we can also extend
it to the class of all nonnegative functions being continuous from the left. We would
like to emphasize that the functions in Lemma 3.4 have to be continuous from the same
side. To see this, consider the functions I’ = 1jg o) and G = 1. ). In that case we
have (. (F,G) = 1, while .1 ,,(F,G) = 0 for all k € N. However, in the case ¢ = 0 we
have limy, o0 01 /5 (F, G) = ||F — G|, To see that this does not always need to be the
case, we can consider the indicator functions on R and Q. Then, for all € > 0 we have
l(F,G) =0, while |FF - G|z, = |F — Gl|loo = 1.

Proof of Lemma 3.5. We start with proving the reverse direction, which hinges on the
fact that the Lévy metric between F,, and F is bounded from above by max(e, {z(Fy,, F)):
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To see this, we use the monotonicity of F' together with equation (3.4) to get

F,(t — max(e, b (Fp, F))) — max(e, l-(F,,, F))
S Fn(t_g) _Es(FnyF) § F(t) S Fn(t+€)+€5(Fn,F)
< Fo(t + max(e, b (Fp, F))) + max(e, b (Fp, F))

for all t € R. Recalling the definition of the Lévy metric
L(F,,F)=inf{6 >0: F,(t —6) — 0 < F(t) < F,,(t +6) + ¢ for all t € R}

immediately implies L(F,,, F) < max(e, c(F),, F')). Thus, if for every £ > 0 the expression
l(F,, F) converges to 0, then the Lévy metric between F), and F vanishes as well. Hence,
F,, converges weakly to F.

To prove the other direction, we assume F,, to converge weakly to F' and show that
for every € > 0 and § > 0 we have limsup,,_, . ¢-(F,, F)) < 2§, which implies for every
e > 0 that ¢.(F,, F') converges to 0. We start by noticing that weak convergence implies
the existence of a dense subset D of R, such that nh_)nolan(x) = F(z) for all z € D. We

take an arbitrary € > 0 and § > 0 and define two points a_ € D and a4 € D, such that
F(a-) <6 and F(ay) > 1 — 6. By the pointwise convergence, we can find an N € N,
such that |Fj,(a~) — F(a—)| < ¢ and |F,,(as+) — F(a4+)| < § for all n > N. Now the
monotonicity of F,, and F' implies |F,,(z) — F(x)| < 26 for all = ¢ [a—,ay] and n > N.

As the interval [a_,a4] is compact and D is dense, we can find a finite number of
points s; € D Nja_,a4] with 1 <4 <[, such that Uézl K. 5(si) 2 [a—,ay]. We then
have

sup inf F.(z) — F(y)| < max  sup inf F,(x)— F(y
tela ] a:,yGKe/Q(t)| n( ) ( )| 1<i<l teK, j5(s:) w,yeKe/Q(t)| n( ) ( )| (A 13)
<oy sw [Fu(si) = F(si)| = max [Fu(si) = F(s:)]- ‘
In order to show that limsup,,_, . l:(Fy, F') < 2§ we start with
limsup sup  inf |F,(z) — F(y)]
n—oo teR w7y€K5/2(t)
<limsup | sup inf |Fu(z)— F(y)|+ sup inf |F.(zx)—F(y)| |,
n—oo te[a77a+] x,yGKE/g(t) tgé[a,,mr] xvyeKE/Q(t)

which can be bounded from above using the property |F,(z) — F(z)| < 26 for all
x ¢ [a—,ay] together with equation (A.13) as follows:

lim sup max |F(si) — F(s;)| +limsup sup |F,(t) — F(t)]

n—oo 1< n—00  téla_,a4]

< max limsup |Fy,(s;) — F(si)] + 26 = 29,

T 1K<l pooo

where we use the pointwise convergence in the last line as the s; do not change over n.
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Furthermore, the exchange of the maximum and the limit is justified as the number [ is
fixed over n and thus finite. O]

A.3. Proofs of Chapter 4

Proof of Proposition 4.1: Before we start, we would like to point out that g, (for i €
{1,2}) depends only on the training data 7}, and hence is fixed if we condition on the
tramlng data. By the definition of g, we immediately conclude F 2 (U,) < aforall a €
(0,1], F;; (@) = 0 and o < F,(g,,) for all o € [0,1]. Thus, WehaveF 2(q,) < a<Fn(q,)
for all a € [0, 1]. Defining g2 = ¢, and ¢1 = ¢,, we conclude g2 > q1 > q1 — 2¢, which
allows us to apply equation (3.5) of Lemma 3.2 to get

P (yo € @0 + [(}011 - 8’{]012 + €]”izjn) Z ﬁn(qoq) - ﬁ;(aal) - 26”(8) 2 Qo — Qa1 — 26”(8)

almost surely, which proves the first part.

For the second part we distinguish two cases: If q,, < q,, + 2¢, then the prediction
interval §jo+ (g, +€, o, —€) coincides with the empty set possessing a coverage probability
of zero. Thus, equation (4.5) is trivially fulfilled as ¢,(g) is nonnegative and ag > ay. If
Qoy > Qa, + 2¢, we can use equation (3.6) of Lemma 3.2 with ¢2 = ¢,, and ¢1 = ¢, to
get

P (40 € Po + (Gay + 8oy — )1 Tn) < Fpi (day) = Fulda,) +2a(e) < (a2 — a1) +26n(e)

almost surely.

In order to prove equation (4.6) we use the fact that PI}, , (0), Pla, a, and PI;, . (0)
share the same conditional coverage probability given the training data if the condi-
tional distribution of yy given x is continuous. This can be seen by the fact that

PIY 0, (ON\PIZ, ,,(0) € {G4,sGa,}, Which has Lebesgue-measure zero. Furthermore,

a1,00
we have PI;, ,,(0) € Play,a, € PI, ,,(0). As £,(0) coincides with ||[F), — Fy|lo the
statement follows. O

In order to find a uniform bound for the distance of f‘n and F,, for Theorem 4.3, we
need a pointwise bound, which is given by the following lemma:

Lemma A.13. For every t € R we have the following pointwise bound:

E((ﬁn<t>—Fn<t>>2>_4n_1 ZP ~ 5 > 9)

+5P(t—5<yo—y0§t+5),

(A.14)

where § > 0 can be chosen arbitrarily. Under Assumption CC1, we also get the bound

1 5 —

E(Fult) = Fa()?) € gy + 0 2 Bmin(L i = 3 Ayl (A15)
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Proof. By Lemma C.3 of Steinberger and Leeb (2023) we have

E((Fa(t) = Fa(t)?) < 4(nl_1) T ZZ E ‘]l(—oo,t] (Yo — Uo) — L(—o0,y(¥0 — 17%’”) .

We fix an i € {1,...,n} and rewrite the summand in the last term as

Plyo — 99 <t <yo — ﬂ[_i]) +P(yo — @é‘” <t <yo— o),

which can be bounded from above by

Plyo— o <t <wo— 5 0 < i — 5" <o)+

Plyo— G5~ <t <yo— 0,0 =G0 —To = —8) +Plljo— | > ).
The sum of the first two terms in the preceding display can be bounded by
Plyo — 0 <t <yo— 9o+ 0) +P(yo — o — 6 <t <yo— o)
=Pt-0<yo—9<t)+PE<yo—Pp<t+06) =Pt —0<yo— o <t+9),

which proves equation (A.14). Equation (A.15) can either be proven by Lemma C.4 of
Steinberger and Leeb (2023) or directly by rewriting

P(yo — o <t < yo — Ty ) +P(yo — J © <t < o — o)

as
P(t + f/g_i] <yo<t+ QOaﬂg_i] <Po) +P(t+8o<yo<t+ @([)_i]af/g_i] > o)
=E(P(t+35" <o <t+50. 55" <ollzo T))
+E(P(t+g0<w<t+35 L35 " > dolleo, 7))
which can be bounded by

E(max (0, min(1, || £z lloo (o — 75 ) + max(0, min(L, | £ ao lloo @5 = 50)))

— E(min(L, || oz |90 — 75 )-
]

We would like to point out that equation (A.15) is a direct consequence of Lemma C.3
and Lemma C.4 in Steinberger and Leeb (2023). However, the novelty of Lemma A.13
is the general case given by equation (A.14). Moreover, the inequalities provided by
Lemma A.13 can by changed if we additionally assume the symmetry of the predictor. To
be more precise, using Lemma 9 in Bousquet and Elisseeff (2002) instead of Lemma C.3 of
Steinberger and Leeb (2023) improves the factor 5 to 3 at the cost of replacing 1/(4(n—1))
by 1/(2n).
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In the continuous case a similar statement to Theorem 4.3 can be found in Steinberger
and Leeb (2023). However, their proof crucially relies on the Lipschitz-continuity of F,,.
The following lemma provides one of the crucial ideas for the proof of Theorem 4.3 in the
general case. Together with the definition of ¢, (¢) it allows us to draw a link between
pointwise and uniform convergence even without Lipschitz-continuity of F,,.

Lemma A.14. Let 0 < d <e/4d and tyg <t; <...<tg, such thatt; —t;—1 =¢/2. We
then have

K
Y inf Plt-0<yo—fo<t+6)<—

1 teltint]

Proof. The proof directly follows after an appropriate application of Lemma A.7 and
Lemma A.8. Before using them we need to rewrite the term of interest as follows:

K
Z inf P(t—6<yo— g <t+9)

= teltj—1,t5]
= inf Ptj_14+c—0<yo—9g<tji1+c+9
ZCE[O c/2] (tj1 Yo = Jo < tj-1 )

K

< f ]P’ —0<yo—Tp <t )
_66[1516/2] (tj—1+c Yo — Yo < tj—1+c+6).

Inserting the definition of ¢; yields

K
€
f ]P’t -1 -4 — g <t i—1)= 1)
ce[1516/2] (to+ (J )2+c <yo—Yo<to+(J )2—|—c+ )\
which can be bounded from above by
f P(t -0 — g <t ) A.16
06[1516/2} (0+]2+C < Yo — Yo o+32+c+) ( )

€L

Defining v :=¢/2 and f(z) :=P(to+ 2 — 9 < yo — Yy < to+x +6), we can rewrite (A.16)
as
inf > f(jv+ o).

c€[0,7] ez

Now, Lemma A.8 gives the following inequality:

1
1nf Z fy +o) ; /R F()dX(t)

,v]

2
R
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which can be equivalently written as
2 o~ A
= [ Plyo—do—0—to <t <yo— o+ —to)d\(t).
R

Applying Lemma A.7 with A := yo — §g — 0 —to and B := yp — 9y + 0 — to yields the
following upper bound for the last expression:

E(|B - A]) = ZE(20) =

O]

Proof of Theorem 4.3: We start proving the continuous case, as the general case uses a
similar approach, but comes with some additional technical details. For this, we choose a
d > 0 and define (tj)]K:O asaset of K+1= (%1 + 1 points with the following properties:
2L+ pup=ty <t <...<tg =2L+ pu and tj —t;1 < 6 for all 1 < 5 < K. The
Kolmogorov distance ||F,, — Fp||oo between F,, and F,, may be rewritten as follows:

max Sup|§n(t) - Fn(t)‘ max Sup |ﬁn(t) - Fn(t”’ Sup |ﬁn(t) - Fn(t)| .
t<to ISY<K ;4 <t<t; >t

It is easy to see that sup|Fn(t) — Fp(t)| < max(Fn(to), Fa(to)), which again may be
t<to

bounded by F, (o) + [Fo(to) — Fu(to)|. Using the equality \ﬁn(t) —Fn(t)] = |(1=Fp(t)) —
(1 —Fp(t))| we get with the same argument as before

S>up|§n(t) - Fn(t)| <1- Fn(tK) + ‘ﬁn(tK) - Fn(tK)|
t>t

In order to control the supremum inside the interval [—2L + u,2L + p], we get the
following for the subintervals [t;_1,t;], where 1 < j < K:

sup [Fu(t) = Fa(t)] € max(Fa(ty) = Falty2). Faty) = Falty0)
= max(Fo(t}) — Fulty), Fultj-1) — Fulty-1)) + Falty)  Fault;-1)

< max(|Fp(ty) — Fu(t)], [Fa(tj—1) — Fa(tj—1)]) + Falt;) — Faltj—1).
Using the fact that t; —t;_1 < J, we have

Fn(ty) = Fnltj—1) = P(tj—1 <yo —Jo < £;(|Tn)
— E (min(L, P (tj_1 < 90— o < ;1T 2o)|Tp) as.  (A.17)
< E(mln(l’(;“fyg\\xonoo)) a.s
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Putting the pieces together, we end with the following upper bound for ||13n —Fplloo:

L= Fa(ti) + Fulto) + max |Fn(t;) = Fn(t;)] + E(min(L 0[] fyo)ag |0 ))-

As ||7]loo < ||lz]l2 < ||2||1 for any # € REF! we may bound the last display by

K
E(min(L, 8| fywolloc)) + 1 = (Fu(te) = Futo)) + | D [Fn(t;) — Fult;)[2.
§=0

Taking the expected value, using Jensen’s inequality and applying Lemma A.13 for the
pointwise bound yields

E(|[Fs = Falloo) < E(min(L, 8| fyo 1z lloo)) + P(lg0 — 9 — pl > 2L)

1 5 — . N _[—i]
+ 4| (K +1) (4@_1) +o ; E (mm(L | fyollzollool B0 — Yo >>

Now the claim for the continuous case follows by noticing that K +1 < 4L/§ + 2.

We now prove the general case. W.l.o.g. we may assume that ¢ < €/20 because
otherwise the right-hand side is larger than 1 and the inequality becomes trivial as
ln(e) < 1. Next, we define t; = p+ (2j — K)e/4 for 0 < j < K, implying to = p — Ke/4,
txk = p+ Ke/4 and t; —tj_1 = /2. The reason for the specific choice of the distance
between the ¢; is the following property for every 1 < j < K: For every t € [t;_1,1;]
the closed ball with radius €/2 and center t is a superset of [t;_1,t;], which yields the
following crucial property for the general case:

sup inf  |Fn(z) —Fa(y)| < sup inf  |Fp(z) — Fp(a)|
tG[tj_l,tj] m,y€K£/2(t) tG[tj_l,tj} xEKs/Z(t) (A 18)
< inf  |Fa(t) — Fa(t)].
teftj—1,t;]

This inequality allows us to proceed even for non-continuous functions F,, yielding a
comparable statement to (A.17) which allows us to draw a link between uniform and
pointwise bounds. Furthermore, for every z,y < s we have

F(z) = Fa(y)| < max(Fn (), Fu(y)) < oot max(Fy,(t), Fu (t))

< inf  (F,(t) + [F,(t) — F.(1)]).
_te[;g+6/2]( (t) + [Fu(t) = Fa(0)])

(A.19)

Applying the inequality above with s =ty we get
su inf F,(z)—F < inf Ft—l—ﬁt—Ft.
et T < Fal) < i Fa0)+ Falt) = Fa()
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We also get the same upper bound for the following expression:

sup inf [Fo(2) = Fu(y)| < [Fa(to) — Fulto)]
tE[to—E/Zto) zvyEKs/Q(t)

inf  Fo(t) + [Fa(t) — Fa(t)],
S et (t) + [Fn(t) )l

where we used equation (A.19) with s = tp in the last inequality. Putting the pieces
together and using the monotonicity of F,,, we have

sup  inf  |Fn(z) = Fo(y)| < Fu(to+¢/2)+  inf  |[Fa(t) = Fa(t)].  (A.20)
t<ty Y€K (1) te[to,to+e/2]

With the same argument one can show that

sup  inf  |Fu(z) —Fa(y)| < 1—Fo(txk —¢/2)+  inf  |[Fa(t) — Fa(t)].
t>ty x,yEKE/Q(t) te[tx —e/2,tK]

(A.21)

By definition, we have

lo(e) =max |sup  inf |F(z) - Faly)],
t<ty T.YEK/2(t)

max sup inf ll?‘n(@“) - Fu(y)l,

1<<K telt; 1.t x,y€K, /5(t)

sup  inf  [Fp(z) — Fa(v)l].
t>tr TYEK2(t)

Using (A.20) and (A.21), the expression in the preceding display can be bounded by

Fpolto+¢/2)+1—-F,(txk —/2) + max  sup inf Fo(z)—F y)|.
o</ H 1= Fultic —</2) ¢ max s it Fa(e) — Fulo)

Remembering our crucial property (A.18) from above, the last term can be bounded
from above by

K 2
max inf |Fn(t) —Fo(t) < inf  (Fp(t) — Fp(t))?
50 Fo) a0 < {20 i | (B ()= ()
Taking the expectation with respect to the training data, using Jensen’s inequality and
the fact that the expectation of the infimum can be bounded by the infimum of the
expectation, we end up with

[SIE

K
B @) <P (- g0 —u = L2 4 |50 ut B (B0 - Fa0)?)

= tE[tj—1,t;]
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Using Lemma A.13, the expression inside the square root is bounded by

K z] N
4(n_1 ZIP | > 0) +5Z inf P(t—0<wyo— Gy <t+0).

telti—1,t;]

Remembering that ¢ < £/20 < £/4 holds true, we can apply Lemma A.14, which yields
the desired upper bound to complete the first part of the proof. O

Proof of Theorem 4.5: We start with the continuous case. The idea will be the fol-
lowing: For every n € N we define an L,, and a suitable §,, such that lim L, /v, =
n—oo

00, li_)m On/vn = 0 and apply the continuous case of Theorem 4.3 with u = 0. For this,
n oo

we will denote
n

11 . - ol
max <n’ n Z E(min(L, || fyoaolloo 70 = y([) ]‘))>

i=1
with ¥,. As vn[ fyo o loo 18 bounded in probability and §,/vy, is asymptotically stable,
we have hrn 'yn = 0. We define L,, = v,y 1/4
1/4
=

and 9, = vn'y,l/ 4, which by dominated
convergence implies hrn IP’(|y0 Yol > 2vnn = () due to the boundedness in probability

of lyo — Yol /vn- Furthermore the term dy|| fyo a0 llco cOnverges in probability to 0, which
gives lim E(min(l,&nﬂfyonxo\\m)) = 0. To complete the proof we note that L, /d, =

1/2 Thus

: 4Ly, 1 5 < : I
7}1};0 <6 + 2) <4(n_1) + - Z E(min(1, [ fys|jzo lloolT0 — Fo |))> =0.
—_—

n i=1

Op(vn ) Op ()

For the general case, we will define sequences (5, )nen, (0n)nen and (K, )pen and use
the inequality of Theorem 4.3 for each n with ;4 = 0 and ¢ replaced by €, v,:

E(fn(ﬁnvn))ﬁ]?(w()v y0| ( _2) >

4
%
K, 5K, « ] 205,
P (10 =371 > )

The proof is complete if we can show that every term on the right hand side converges

to 0. For this, we define the function S,(z) := 2 3"  P(|j, — 3/0 |/vn > x). By the

asymptotic stability we have lim S, (x) = 0 for every x > 0, which allows us to apply
n—oo

Lemma A.5 to get a null-sequence (¢p,)nen, such that lim ¢, = 0, where
n—0o0

Im e [
ZEZP(‘?JO []|>Cnvn) +1/n.
=1
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Now we define 9,, = c,vn, K, = (q;3/41 and €, = max(,/qn, \/¢x). Thus, we have £, — 0,
K, /n — 0 and 6,/(vpen) — 0. Furthermore, K&, > q;1/4 — 00, which together with

the boundedness in probability of |y — o|/vrn implies
lim P(|lyo — yol/vn > (Kp — 2)e,/4) = 0.
n—oo

The proof is complete by noticing that

B R o L m e o[
Dim =SB~ G > 0n) < lim (¢,%* + 1) (nZPuyo—yé ) >cnvn>>
i=1 i=1

As £,(+) is non-increasing and €, — 0, we also get that for every fixed € > 0 the result
h_)m E(4,,(gvy,)) = 0 holds true. O
n—oo

Proof of Corollary 4.6: Define q,(T,,) = P (yo € Plgfhoé2 (e)HTn) In view of Proposi-
tion 4.1 we conclude that ¢,(7},) < as — aq — 6 implies 24, (¢) > 6. Since Theorem 4.5
applied with the sequence v, = 1 yields the convergence in £; and thus in probability of

lp(€) to 0, we conclude

lim P (gn (1) < g — a1 —6) < lim P (24,(¢) > §) = 0.

n—oo n—oo
The statement for PI;, ,,(¢) can be proven analogously and the continuous case is also
a straightforward combination of Proposition 4.1 and Theorem 4.5. O

Proof of Proposition 4.7: Proposition 4.7 is a consequence of equation (3.9) in Lemma 3.3.
However, Lemma 3.3 is only applicable for non-decreasing, bounded, Lipschitz-continuous
functions, which prevents us from applying it directly to the function f(z) = |z|/.

To fix this, we start with an M > 0 and define two functions f+(x) = min(Mj, |27) 110,00 ()
and its analogue on the left half of the real line f~(z) = — min(M’, [z/)1(_ g)(z). Thus,
we have f(x) = f*(2) — f~(x) + rar(x), where ra(x) = (|2 — M7)L[ps00)(|2]). By the
uniform integrability we have

lim sup E(ras(yo — 9g)) = 0 as well as
M—o0 neN

1o [~i]
i E(=S ru(y -7 ST E — ) = 0.
M5 ,Szlelrl\)l (n i=1 Tl =8 ) i ilelg (ras (50 = %o))

The equation in the last line of the preceding display holds true because the distribution
of y; — @E_Z} coincides with that one of yo — g}([)_l], which itself has the same distribution
as yo — Yo- ' ‘

Now, the function |z|/ is Lipschitz-continuous with constant jM7~! on the interval
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[—M, M|, which implies the Lipschitz-continuity for f7:
[T (@) = (y)l < |z —yljM? ™" for all 2,y € R.

With the same argument we also get the Lipschitz-continuity of f~ with the same
constant jM7 1. Moreover, fT and f~ are non-decreasing and bounded functions, which
allows us to apply Lemma 3.3. Now, we fix the training data T, and let Y denote a
random variable uniformly distributed on the points {iy1,..., 4y}, in the sense that at
every point x it possesses a point mass of |j : 4; = z|/n. Thus, the distribution function
of Y coincides with ﬁn Furthermore, let X be a random variable distributed like yo — 7
conditional on the training data 7;,. To put it in other words, the distribution function
of X is F,. Then, for every £ > 0 equation (3.9) in Lemma 3.3 yields

B (f* (o — 0)|ITn) — E(fT(Y))] < ej M1+ MIL(F, o).

As E(f*(Y)) coincides with £ 3% | f7(4;), this gives

E (£ (yo — o) |1 T) — %Z FH(a)| < ej M7+ MIe(F, F)

i=1

and the same holds true if we replace f* by f~.
Putting the pieces together and taking the expectation with respect to the training
data, we end up with

o 1o~
E (Jyo — 9ol IT0) = — > [l
i=1

E < 2jeMI™! 4 2MI (L. (F,, o))+

(A.22)
sup E(|raz(yo — 9o0)l) + sup E(|rar(yo — o)1)
neN neN
To finish the proof we have to find sequences (&, )nen and (M, )pen such that the right-
hand side of equation (A.22) converges to 0 for n — co. Now, |yp — | is bounded in
probability because its expectation is uniformly bounded (as it is uniformly integrable).
Furthermore, the predictor is asymptotically stable. Hence, the assumptions of Theo-
rem 4.5 are fulfilled and we can find a null-sequence (&, )nen, such that E(¢., (F,,,F,)) — 0.
Now we can choose

27

1 N
M, = (n +en+ E(L, (Fn,Fn))>

Thus, we have lim Mj ‘e, = 0 as well as lim E(@sn(ﬁn, F,,)) M} = 0, while at the same
n—oo n—oo

time lim M,, = oo holds true. Hence, all terms on the right-hand side of equation (A.22)
n— o0
vanish asymptotically. O
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A.4. Proofs of Chapter 5

A.4.1. Proofs concerning random matrices

Before we start proving Lemma 5.3 we would like to point out that in fact we are
dealing with sequences of random vectors zy = ¥~1/2z changing their distribution and
dimension over n. We decided to omit the dependence on n in the notation for an
improved readability. As in that proof we have to take this dependence into account,
we will adapt the notation for the following subsection and denote the p-dimensional
random vector z in the setting of n observations with z, instead of z.

The proof for the eigenvalues of X’ X and X X’ mainly relies on the results of Chafai and
Tikhomirov (2018), which use the concept of the Weak Tail Projection property given in
Definition 6.9.

Chafai and Tikhomirov (2018) show that a sequence of isotropic random vectors
(vp)pen fulfills the WTP property if the v, are log-concave for all p or consist of i.i.d.
components whose distribution does not change with p. The following lemma presents
another condition implying the WTP property.

Lemma A.15. Let v, consist of independent mean-zero components vp; with unit
variance for every p € N and 1 < i < p and assume Suppen 1<i<p E(Jvp:]?*e) < oo for
e > 0. Then (vp)pen fulfills the WTP property.

Proof. As uniformly bounded (1 + £/2)-th moments imply uniform integrability of the
random variables (WTP-a) will be fulfilled. The proof of (WTP-b) relies on the de-
composition of the projection matrix P into a diagonal matrix Pp and the remaining
Po = P — Pp together with decoupling, an idea which can be found for example in the
proof of Proposition 1.3. in Srivastava and Vershynin (2013). We will now proof both
parts in detail:

Proof of (WTP-a): We start showing that there exists a constant C; independent from
p € Nand y € SP~1 such that the (2 + €)-th moment of vpy is bounded by Cy. For this
we write y = (y1,...,,) and notice that ||y||3 = 1. We start with the trivial equality

p
§ , Up,iYi
i=1

Since vy ; are independent, mean-zero random variables in Lo . we can use the Burkholder-
type inequality of Lemma A.11 (see also Lemma 1 in Wu and Shao 2007) to bound the
expression in the preceding display by

2

2
(E (lvjyl*)) 2+ = H%?JHiM =

L2+E

p p

2 2 2 — 2 _ 2 —

Cyte E Hyivp,iHLHE < Oy K2 E yi = Oy I+,
i=1 i=1

where K is an upper bound for sup,cy j<;<, E(|vp:/*T¢) and Ca. is a constant only
depending on € > 0. As uniformly bounded (24¢)-th moments imply uniform integrability,
(WTP-a) is fulfilled.
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Proof of (WTP-b): While the main idea of the proof originates in Srivastava and
Vershynin (2013), we will follow Chafai and Tikhomirov (2018) (see the proof of Proposi-
tion 1.4 therein) closely in this part. Let P € RP*P be an orthogonal projection matrix
with rank r > 0 and denote Pp = diag(P) € RP*? its diagonal and Pp = P — Pp the
off-diagonal part. To control the tails of || Pv,||3 uniformly in p, we will use a decoupling
technique from Vershynin (2018) to show that E((v)Pov,)?) < 64r: For this, let ),
denote an independent copy of v,. As v, consists of independent mean-zero components
and Pp is a diagonal-free matrix, we have for every convex function F' the inequality
E (F(v,Povp)) < E (F(49;,Povp)) (see Theorem 6.1.1. in Vershynin 2018). Applying
this to the function F(x) = 2? yields:

E (v}, Povy)?) < 16 E ((¥,Povp)?) = 16tr (PoPo).

We now proceed with

n m

tr(PoPo) = IPollt =Y > (P)* <Y Y (Py)? =PI} =

i=1 j£i i=1 j=1
Hence, we can use Chebyshev’s inequality to bound the tails uniformly by

g 16
RV

In the next step we will bound the tails of v]’DPDvp — 7. In order to do so, we rewrite the
term of interest as

P (v;Povp > r%> < E((v]’jPofup) )

p
/ 2
v, Ppup — 1 = E Pii(v,,; — 1),
=1

where we used the fact that Pp is a diagonal matrix with tr Pp = tr P = r. Furthermore,
the random vector (Pii(vii —1))?_, consists of independent components with mean zero
and finite (1 + £/2)-th moments, which allows us to apply the Burkholder-type inequality

of Lemma A.11 (see also Lemma 1 in Wu and Shao 2007) to get

P 1+e/2 p e
+
B> Pilvy; —1) <O B[Pl 1)
=1 =1
14+¢/2 1+z—:/2 14¢/2
< C’1-‘:-5/2 Z Py 1 1)‘ :

As 0 < P; <1 we can bound the last term from above by

1+5/2 1+€/2
l+ /2 ZP K = C’l+ /2
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’1—1—5/2

where K is a uniform upper bound for E ’(vgvi - 1) and C} /7 is a constant only

depending on € > 0. We stress the fact that K is finite by Minkowski’s inequality together
with the fact that the (2 + ¢)-th moments of v, ; are uniformly bounded. Thus, applying
Markov’s inequality we can uniformly bound the tails:

14+¢/2

_4+42e 14e/2 7 ——2
4 1
7 Ate SCH—&/QKT +e.

p

Z P“(UZ’Z — 1)

i=1

P (v;,PDvp —r > 7‘$> < E

To finish the proof note that || Pv,||3 = v, Pov, 4 v, Ppu, and set f(r) = p /4 ppme/(dte)

g(r) = Cll_t;//gkr_g/(4+5) +64//r. O

Proof of Lemma 5.3: The proof relies on the results of Chafai and Tikhomirov (2018). In
order to apply them we have to show that zy = X~1/2x fulfills the Weak Tail Projection
property given in Definition 6.9.

We start with the low-dimensional case: Chafal and Tikhomirov (2018) showed that
a sequence of mean-zero and isotropic random vectors (z,)nen fulfills the Weak Tail
Projection property if z, is log-concave for every n or z, consists of ¢...d. components,
where in the latter case the distribution is not allowed to vary over n (cf. Proposition 1.3
and Proposition 1.4 therein). Moreover, we proved in Lemma A.15 that the same holds
true if the components are independent with uniformly bounded (2 + ¢)-th moments.

Hence, the vector zy = X~Y2z, fulfills the Weak Tail Projection property if the
assumptions of Definition 5.1 hold true. At this point we distinguish the case p = 0 and
the case p € (0,1): In the latter case, we can apply Theorem 1.6 in Chafai and Tikhomirov
(2018) to the matrix S, := L~V2X'X%"1/2/n directly, which yields Amin(S,) —=
(1-yp)*

The case p = 0 will be proven by an idea which squeezes the smallest eigenvalue
between (1 — 1/2)? and 1, using the foregoing result in the case p = ¢ > 0. Our main
argument will be the following: For every € € (0,1) we can embed S,, in another matrix
Sh.e of dimension [ne] x [ne], such that the upper left block of S,, . is exactly S,,. Hence,
the smallest eigenvalue of S, . is not larger than the one of S,. Moreover, the matrix .S,
will be designed in such a way, that it fulfils the assumptions to ensure that its smallest
eigenvalue converges to (1 — /)2 in probability. Furthermore, by isotropy we know that
E(Amin(Sr)) < 1. As e can be made arbitrarily small, we can apply Lemma A.9 with X,
and K replaced by Apin(Sy) and 1 to conclude Apin(Sy) L.

To make this proof rigorous, we fix an ¢ € (0,1). As nli_}nolop/n =0, we can find an N,

such that ne > p for all n > N.. For every such n > N, we extend our p-dimensional
random vector z to a larger one (2, z.)’, where z. is an ([ne| — p)-dimensional random
vector independent of z. The components z.; are i.i.d. mean-zero random variables
with unit variance and fulfill the same assumptions as z: If the components of z are
independent with finite (2 4+ §)-th moments uniformly bounded by some constant K,
then so are the components of z. ;. If the components are i.i.d. distributed like &,, then
so are the components of z. ;. Lastly, if the vector z is log-concave, then we define the
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components of z.; as log-concave random variables as well (e.g. standard Gaussian).
We stress the fact that the product of two log-concave probability measures is again
log-concave (cf. Saumard and Wellner 2014). Hence, by the independence of z and z.
(and the independence of the components of z.), we get that the stacked vector (z, z.) is
again log-concave. To sum it up, the vector (2/, z.)" fulfils the same properties as z, which
implies that it fulfils the Weak Tail Projection property (see the beginning of the proof).

Write Sy, := Z.Z./n, where Z, is a random matrix consisting of n rows, which are
i.i.d copies of (2, zL)’. Then the upper left p x p dimensional block of S,, - coincides with
Z'Z /n, which implies that the smallest eigenvalue of Z’Z/n is bounded from below by
the one of S, .. This construction can now be done for any n, such that the [ne| x [ne]
matrix S, . fulfils TLILHgO p/n = e, where p = [ne] is the dimension of S, .. Hence, the

smallest eigenvalue of S, . converges in probability to (1 — V)2, Recalling the block
structure of S, . and the fact that € € (0,1) was arbitrary, we conclude for the smallest
eigenvalue of Z'Z/n:

!
lim P <)\min <Z Z) < (1—+e)? - 5) =0 for all € € (0,1).
n—00 n

On the other hand, we can bound E(min,cgp-1v'Z'Zv/n) from above by the term
min,c g1 E(v'Z'Zv/n), where SP~! denotes the unit sphere in RP. Since z is an isotropic
vector, we conclude min,cgr-1 E(v'Z'Zv/n) = 1. Using Lemma A.9 with X,, and K
replaced by Amin(Z’Z/n) and 1 together with the fact that € can be made arbitrarily
small, this yields Amin(Z'Z/n) = 1.

For the high-dimensional case we are facing the problem that now the columns of
X>~1Y2 have to be independent and identically distributed. However, this is solved
by the additional assumption that £7/2z consists of i.i.d. components. Now, we
can proceed similarly to the low-dimensional case if we replace the matrix XX ~/2 by
»~Y2X' It remains to show that the rows of X~1/2X’ fulfill the Weak Tail Projection
property. If either &, does not vary over n or the (2 4 ¢)-th moments of the components
are uniformly bounded, this is automatically fulfilled (cf. Lemma A.15 in the latter
case). If &, is log-concave, then this property transfers to any vector consisting of n i.i.d.
components distributed like &,. Thus, in any of the three cases of Definition 5.2 the Weak
Tail Projection property is fulfilled. Starting with p € (1,00) we can proceed similar
to the low-dimensional case with the only difference that p and n change their roles,
implying that the smallest eigenvalue of XX ~! X’ /p converges to (1 —+/r)? in probability,
where 7 1= nli_)r{)lon/p = 1/p. The case p = oo coincides with » = 0 and can be treated

analogously to the case p = 0 in the low-dimensional setting. Hence, we have

- (XZlX’> b fa- p72)2 if pe (1,00)
D 1 if p = o0.

However, our aim is to deal with the smallest eigenvalue of XX 1 X’ /n = (p/n)(XX~1X'/p)
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rather than the one of XX 71 X'/p. As li_}rn p/n = p, we get
n o

Amin <m> L (Vp—1)?

n

whenever p is finite. If p = oo, then the smallest eigenvalue of X371 X’/n converges to

oo in the sense that
Xylx/
lim P <)\min () < M) =0

n—o00 n

for all M > 0. O]

Until now, we have put assumptions on zy = X~ 1/2z,. However, we can extend

our results to the general case where xg = R,z2g for a 2y fulfilling the assumptions in
Definition 5.1 or Definition 5.2 and a matrix R, with R,R), = ¥ > 0. Moreover, the
dimension of zy can even exceed the dimension z( as the following lemma shows:

Lemma A.16. Assume (zp)nen is a sequence of d,,-dimensional, mean-zero and isotropic
random wvectors fulfilling the Weak Tail Projection property. Let R, € RP»Xdn sych
that p, < d,, and x, = Ryz, with R,R,, = ¥ > 0. Then, (E_l/Qazn)neN also fulfills
the Weak Tail Projection property. Moreover, the smallest eigenvalue of the matriz
STV2X' X572 n converges to (1 — /p)? in probability if p := nllngopn/n €[0,1).

Proof. The second part directly follows from Theorem 1.6 in Chafai and Tikhomirov
(2018) if p € (0,1). The case p = 0 can be proven analogously to the proof of Lemma 5.3.
The crucial part is only to show that the Weak Tail Projection property transfers from zg
to ©71/2R,,z9. Denoting Q := R%E_l/ 2 € R%*Pn we start with the following observation:
From Q'Q = I,, we have E(Q'z,) = Q' E(2,) =0, E(Q'2,2,Q) = Q'Q = I,,,. Now, for
any orthogonal projection matrix P € RP»*Pr with rank r > 0 we have |PQ’'z,||3 =
2 QPPQ 2z, = |QPQ 2, ||3. However, A = QPQ’ € R¥*dn is symmetric and idempotent,
hence itself an orthogonal projection. Recalling the fact that Q'Q = I,,, we have

rank(4) = tr(A) = tr(QPQ’) = tr(PQ'Q) = tr(P) = rank(P) = r.

Hence, the (WTP-b) transfers from (zy,)nen to (Q'zn)nen-
For the (WTP-a) we note that for every y € SP»~! we have |Qy|l2 = 1, implying
Qy € S%~1 and

sup E ((y,Q/Zn)z]l{(y’Q’zn)QZM})

neN,yeSrn—1

< sup E((@'zn)Q]l T2 )2>M ) — 0.

=~ Yzn)“ =2
neN,yeSdn—1 =) Y Moo
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A.4.2. Proofs concerning the Ridge estimator

The proofs for the Ridge estimator will repeatedly make use of some properties, which
we collect in a separate lemma. In the following lemma we are stating one frequently
used upper bound:

Lemma A.17. Fiz a matriz Z € R"*P, a positive definite matriz ¥ € RP*P, a penalty
parameter ¢ > 0 and a vector w € R™. Define X = ZXY2. We then have

[]l2

’ Tx! < N— i
|(X'X +clp) X w2 < omax(Z )Umin(zl/Q)‘

Furthermore, if X has full column rank p we have
IZV2(XX + elp) X wlls < [|w]|20max(Z7).

Proof. Let s1 > 52 > ... > Syin(n,p) denote the singular values of X and k = rank(X).
If k£ = 0, the terms on the left-hand side of the two statements are 0 and hence the
statements are true. Thus, we only have to deal with the case k£ > 0. Then the singular
values of (X'X + cI,)T X’ are given by s;/(s? + ¢) if s; > 0 and 0 else, which can be
bounded from above by 1/si. However, by Ostrowski’s Theorem for eigenvalues (cf.
Higham and Cheng 1998) we have
= M(X'X) 2 Main (YN 2 2) Amin(BY/2) = 02(2)0250 (512),

where we assumed the singular values of Z to be ordered in the sense that o1(Z) >
02(Z) > ... 2 Onmin(np)(Z). As ¥ is positive definite, the rank of Z coincides with k,
which entails that o4 (Z) is the smallest non-zero singular value of Z. Thus, we have

1_ 1 1 _ omax(Z1)
Sk Uk(Z) Umin(zl/g) B Umin(21/2)7

which proves the first statement.
Furthermore, if X has full column rank p, the matrix X’X + cI,, is invertible. Hence,
we have

SYAX'X + L)X = (Z'Z + 27717 (A.23)

As X is positive definite we conclude that (Z'Z + ¢X~1)~! is smaller or equal to (Z’Z)~!
in the Loewner-ordering. Thus, we have
ISVHX'X + el) ' X'w||2 =w'Z(Z'Z + XYY 2 7w
<wZ(Z'Z+ Y Zwrnax(Z2'Z + 27171
<WZ(Z'Z) 2 wimax((Z2'2) 1)
< w3 (omax(21))%.
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The trick in the second part of the foregoing proof is to use the property (AB)~! =
B71A~! in equation (A.23). Without the regularity of A and B one could try to
replace the matrix inverse by the Moore-Penrose pseudoinverse. However, the equation
(AB)' = BTAT does not always hold true. Thus, we needed a different approach for the
first statement of Lemma A.17.

Proof of Theorem 5.5: Before we start, we would like to emphasize that the probability
of ¢p—1, being 0 vanishes for large n as ¢p—1,/Cnp 24 1. Hence, it will be enough
to show that (yo — x6BR(cn7p))]l{cn7p > 0,¢p—1p > 0} is bounded in probability and
(azg(B\R(cn,p) - 5R(cn_1,p)))]l{cn7p > 0,cp—1, > 0} converges to 0 in probability. Thus, in
the next steps we will implicitly assume that ¢, , > 0,c¢,-1, > 0.

Our arguments substantially rely on the fact that the singular values of (X'X +
cn,pfp)TX’ can be bounded from above by 057;/2 for every matrix X. To see this, notice
that the singular values of (X'X + ¢, ,1,)T X’ are given by s;/(s2 +¢,p), Where s; denotes
the i-th singular value of X. Now, it is easy to show that s;/(s? + ¢, ) is bounded
from above by (4cn,p)*1/ 2. Hence, we can bound the singular values of the matrix
(X'X + ¢npl,) X’ without any assumptions on the singular values of X itself, which
yields

[[]|2

1/2
Cn,p

(X' X + cnply) X wl|z < (A.24)

for every w € RP, where we dropped the factor 1/2 for convenience.

Boundedness of yg — xf)BR(cn,p): As the second moments of y(()n) are bounded over

n, the sequence (y(()n))neN is bounded in probability. Hence, it suffices to bound @3 =
(z6Br(cnp))? in probability, which, by Lemma A.6, reduces to the boundedness of its

conditional expectation ||%/ 2,§R(Cn,p)H§. Using inequality (A.24) yields

I=12BR(cap)ll3 = IZY2 (XX + cuply) XY (3 < Anax (B)(X'X + eapTy) XY I3

Y3 Y| n
< )\maX(E)H 12 _ Y3 A ()"
Cn,p n Cn,p
—_—
Op(1)

As the (unconditional) expectation of ||Y'||3/n is bounded over n, it is bounded in proba-
bility as well. Thus, 1{c,, > 0,c,—1, > 0}||Y||3/n is also bounded in probability. Now,
the boundedness of | X'/2fg(cap) |3 follows as )\maX(E)% is bounded by assumption.

To prove the stability we will also need the fact that yg — x{)ER(cn_l,p) is bounded in
probability. In order to show this, we use the same argument as before to get

Y3 n
|| ||2)\max(2)

HEl/QER(Cn—Lp)H% < —
Cn—1,p

However, as ¢ p/cn—1, converges to 1 in probability, we can conclude that yo —
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2)Br(cn_1,) is bounded in probability.
Convergence of z((Br(cnp) — Br(cn-1,p)) to 0: For this statement we again use

Lemma A.6 and show that HEl/Q(BR(CM,) — Br(cn—1p))|l2 converges to 0 in probability.
For this, we start with the triangle inequality

122 (Brlens) — Brlear )l < 572 (Brleny) — Brleno)le

~ - (A.25)
+ =2 (Br(cn-1p) = Br(Cn-1))l2-

We will show that each of the two summands converges to 0 in probability and start with
the first one

~ -~

5R(Cn,p) - BR(Cn—l,p) = ((X/X + cn,p[p)T - (X/X + cn—lmlp)T) X'y

(A.26)
= (Cn—l,p - Cn,p)(X,X + Cn—l,pIp)T(X/X + Cmplp)TX,K

where the second equality can be derived from the singular value decomposition of X.
Thus, we have

"21/2(//6\1%(0717]7) —_ B\R(Cn—l,p))HQ
< Amax(21/2)|cn—l,p - Cn,p|/\max((X/X + Cnfl,Plp)T)||/8R(Cn7p)||2'

As before, inequality (A.24) yields HB\R(Cn,p)H% < |IY3/¢np. Furthermore, we trivially
have Apax((X'X + cn,l,plp)T) <1/¢p—1,, which yields

2 2
~ ~ Cn—1p—C Y

122 Brn(ens) — Brlen-1,)f < {o=tp =000l ) T
Cn—l,p Cn,p

2 2

Y
_ (1 B Cn,p > )\max(z)i H ”2 i) 0.
cn_lvp cn7p\ n ”
250 Op(1) 1)

To finish the proof, we only have to show that ||Z‘1/2(BR(cn,1,p) - ER(cnfl’p))Hg 25 0.
For this, we apply Lemma A.2 with ¢ = ¢,,—1,. As we are dealing with the case ¢,—1,, > 0,
we have

ISY2(Br(cn-1) — Br(ca-1,)II3

< )‘maX(E)H(X/X + cn—l,p)ilX/enug(yn - x;ﬂbgR(cn—Lp))Q
1

< Amax(z) (yn - fU%ER(qu,p))Q,

Cn—1,p
where we used inequality (A.24) for the last line. Now we want to show that (y, —
z, Br(cn—1p)1{cnp > 0,cn_1p > 0} is bounded in probability. For this, it is enough
to show that (y, — 2}, Br(cn—1,p)) is bounded in probability. To do so, we point out
that (yn,z],)’ is independent from Sr(cp—1,p) and has the same distribution as (yo, z)’.
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Thus, y, — ;U;IER(CH,LP) is bounded in probability because o — m{)ER(cn,l,p) is (as shown
before). To complete the proof, we notice that

)\max(z) o )\max(z) Cn,p

Cn_17p Cnvp Cn_]-?p
SN——

250 L1

converges to 0 in probability by the assumptions. O

Proof of Proposition 5.6: The proof is a variation of the proof of Theorem 5.5. The
two main differences are that now ¢, , can be 0 with a positive probability (even
asymptotically) and that we replace inequality (A.24) by Lemma A.17. As assumption
LD is fulfilled, the smallest eigenvalue of Z’Z/n = %~Y/2X'X%~1/2/n converges to
(1-— \/5)2 in probability by Lemma 5.3. As ¥ is positive definite, the probability of X’X
having full rank p converges to 1 and \/nomax(ZT) converges to (1 — \/ﬁ)_1 in probability.
We would like to point out that the same holds true if we replace X by its leave-one-out
analogue X. As the probability of the event where X (and therefore X) has full column
rank p converges to 1, it will be enough to show that (yo — x'OB\R(cn,p))]l{rank(X) = p}
is bounded in probability and (%(ER(Cn,p) — ER(cn_Lp)))]l{rank(X) = p} converges to 0
in probability. Since we are implicitly assuming that both X and X have full column
rank p, we are able to apply the second part of Lemma A.17.

Boundedness of gy — :EBBR(CM,): As in the proof of Theorem 5.5, Lemma A.6 implies
that it suffices to show that HEUZBR(cmp)HQ is bounded in probability. By Lemma A.17
we have

152Batens)la < 102 Vi (21),
which is bounded in probability as the expected value of ||Y||3/n is bounded over n. With
the same argument one can also show the boundedness in probability of yo — z{, B R(Cn—1p)-

Convergence of wE)(BR(Cn,p) - BR(cn—l,p)) to 0: By combining inequality (A.25) with
Lemma A.6, it suffices to show that HEUQ(BR(Cn—l,p)—ER(Cn—l,p))||2 and ||21/2(B\R(Cn,p>_
B Rr(cn—1p))||2 converge to 0 in probability. For the first part we apply Lemma A.2 to
¢ = cp—1,p and get

21/2(§R(Cn—1,p) - ER(Cn—l,p)) = El/Q(X/X + Cn—l,plp)ileen(yn - x%ER(Cn—l,p))‘

Thus, Lemma A.17 yields

HEl/Q(X/X + Cn—l,plp)_leen(yn - x%BR(cn—l,p))H? < UmaX(ZT)kUn - $;15R(cn—l,p)|7

which converges to 0 in probability as the second term is bounded in probability and

— 81 —



A. APPENDIX

Omax(Z1) ~ O,(n=1/2). For the second part we again use (A.26) to get
n1/2 (BR(Cn,p) - BR(cn—l,p))
= (Cn—1p — Cn,p)zl/Q(X/X + Cn—l,plp)Tzl/zzfl21/231%(%42)-

As shown before £/ 2BR(cn,p) is bounded in probability. Since X’X has full rank, we
have
Frmax (21/2(X’X +en1pD) 21/2) < Amax(Z'2)71).

Altogether, \\21/2(33(07%1)) - BR(cn_Lp))Hg can be bounded from above by

len—1,p — Cnpl _ ~ AN
#AmaX(E 1) ||Zl/25R(Cn,p)||2 Amax " )

n
0, (1)
-0 0, (1)

which finishes the proof. ]

Proof of Proposition 5.7: We start with the boundedness in probability of yo — B\ Rr(Cnp)-
Again, by Lemma A.6 and the boundedness of E(y2) it suffices to control | Z1/2Bg(cnp)||2:
Using the first part of Lemma A.17 yields

1Y ]|2 omax(3"/2)
\/ﬁ Umin(21/2) .

By Lemma 5.3 the smallest eigenvalue of ZZ'/n converges to (p'/? —1)? in probability
or to oo, if p = co. This implies the convergence of \/nomax(Z) to (p*/2 —1)~1 or 0,
respectively. In any case, \/nomax(Z7) is bounded in probability. Furthermore, ||Y||2/v/n
is bounded in probability and the last term coincides with the square root of the condition
number of ¥, which is bounded by assumption. The argument can be repeated to show
that yo — 2(Br(cn—1,p) is bounded in probability as well.

For the second part of the proof we again use Lemma A.6 together with the decompo-
sition (A.25). With the same arguments as before we can show that

I=2BR(cnp)ll2 < Viomax(Z7)

HEIM(B\R(Cnfl,p) - gR(Cnfl,p))’b = HEI/Q(X/X + Cnfl,plp)TXlen(yn - :E;IBJR(Cnpr)Hz,
which by Lemma A.17 can be bounded from above by

1/2
+ Y1 M
Tmax(Z") [yn xnIBR(Cn*LP” O'min(zl/Z) ’

~~

Op(n=1/2) Op(1)

where again the last term is bounded over n by assumption.
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~

To control the term Zl/z(BR(cmp) — Br(cn—1p)) we use equation (A.26) to get

~

EI/Q(BR(CMD) - ﬁR(Cnfl,p)) = (Cnfl,p - Cn,p)EI/Q (X/X + Cnfl,plp)T(X,X + Cn,p[p)TXiY'
=:A

Let s1 > s9 > ... > s, denote the singular values of X. Then the i-th singular value of
A is given by s;/((s + cn—1,)(5? + ¢nyp)) if s; > 0 and by 0 otherwise. Recalling the fact
that ¢, and ¢,_1, are nonnegative, we conclude that s;/((s? 4 ¢n—1,)(s? 4 ¢np)) can be
bounded from above by 5;3 whenever s; > 0. Hence, we have opax(A4) < (0max(X 3,
which itself can be bounded from above by (omax(Z T))?’amaX(E:3/ 2). Putting the pieces
together we end up with the following upper bound for ||2Y2(Br(cnp) — Br(cn_1,))]2 :

len—1,p — Cn,p|0maX(Zl/2)(UmaX(ZT))30'ma><(2_3/2) 1Y ]l2

Amax (271) (\/ﬁamax(ZT)>3 HY”2 UmaX(El/Q)

_ Ch—1p — Cnp

n v \/ﬁ O-min(zl/z) ’
250 Op(1) Op(1)
h d the fact that Tmas(E32) = orae(E~1)omar(E-1/2) = 2mxE7) 0
wihere we use € 1ac al Omax = Omax Omax - O'min(zl/Q) .

The main difference between the proofs of Proposition 5.6 and Proposition 5.7 lies in
the fact that in the high-dimensional case the matrix X’X is not invertible. Even the
fact that XX’ has full rank with asymptotic probability 1 together with the alternative
representation Bg(cyp) = X' (XX’ + cnpln)TY cannot fix the problem properly: This is
mainly driven by the fact that for XX’ = ZXZ’ the matrix ¥ is sandwiched between
two matrices in contrast to X’X = £1/22/Z%1/2 where the matrix /2 can be taken
out of the inverse.

A.4.3. Proofs concerning the James-Stein estimator

Before we start proving Proposition 5.11 we need the following definitions: Define
Y'(I, — Px)Y

5= Y'PyY
0 else

if Y'PxY >0

and let & denote its leave-one-out analogue in the sense that

!/

Y (In-1— Pg)Y
- Pt
0 = Y PiY

0 else.

P
if Y'PY >0

For convenience, we will use the notation 4 := 8cn7pp/(n —p)and 7 := Scn_lypp/(n —p—1)
and denote e;, (I, — Px)Y with @,. In the proof of Proposition 5.11 we will distinguish
between the cases whether § and § are zero or not. In the case, where both terms are
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positive, we will need some terms to be bounded in probability. The next lemma specifies
this statement:

Lemma A.18. Definet = ]l{g >0,0 > 0} and let the assumptions LD be fulfilled. Then
the following expressions are bounded in probability:

1. ntu2/(Y'(I, — Px)Y),
2. nt(el, PxY)?/(Y'PxY) and

s, il busll
IXBLsll2

where we define all terms to be 0 if t = 0.

Proof. Let 5 denote 1{Y’(I,, — Px)Y = 0}. Since £ = 1 implies § = 0, we can bound
ntu2 /(Y'(I, — Px)Y) from above by nu2 /(3 + Y'(I, — Px)Y). As the data (y;,z})" are
i.i.d., they are exchangeable as well. Since the term Y'(I,, — Px)Y and

T/ n
Xy = (X'X)Ix'y = (Zx ) (Zwy)
i=1
are invariant under a permutation of the data, the expression

(eiIn — Px)Y)* (i —jXTY)?
5+Y'(I,— Px)Y 5+Y'(I, - Px)Y

has the same distribution as @2 /(3 + Y'(I, — Px)Y). Hence, we have
ol @ (S = P
G+ Y'(I, — Px)Y 5+ Y/(I, — PY)Y

/ _
& AY(In Px)Y <1
§+Y'(I, — Px)Y

The boundedness of nt(e,, PxY)?/(Y'PxY) can be shown analogously if we replace 5 by
7= 1{Y'PxY = 0}. For the third statement we point out that ||X5LS||2 =Y'PxY >0

HAM is well defined whenever ¢ > 0. Moreover, by
IXBLsll2

Lemma 5.3 the smallest eigenvalue of (3~1/2X’'X%~1/2)/n converges in probability to
(1-— \/5)2 Thus, we can condition on the event where the smallest eigenvalue is positive
as it has asymptotic probability 1. On this event, we have

1/27%2 —
I1XBLsl3

-1
< Amax ((21/2X'X21/2/n) ) 2 (1-yp) 2

and therefore the fraction

which proves the boundedness in probability. ]
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Lemma A.19. Under the assumptions LD we have

limIP’<(§—1
n—o00 )

>s,0<8<\/ﬁ,0<8> =0
for every e > 0.
Proof. We start with the observation that

Y'PxY Y (L1 — Py)Y
Y Py Y/(In— Px)Y

5 _
5

whenever § > O,S > 0. Thus, it Suﬂjlces to prove that both terms converge to 1 in
probability on the event \/n > > 0, > 0. For this, we additionally condition on the

event where X X is invertible, which has asymptotic probability 1 due to Lemma 5.3
and the fact that ©1/2 is positive definite. By Lemma A.3 we have

Y/(I, — Px)Y =V (I_1 — Pg)Y + 2 <m;(5(’)?)—1xn + 1) .

We claim that /(X 'X )"tz is bounded in probability. To see this, we compute the
conditional expectation

1 -1 _ 125" 5" 1901/2) < P
E<$n(XX) anTnfl) tr (X/5(X X)7' 8 )—)\min(z_yzj(’j(g—lm)'

Lemma 5.3 and the fact that lim p/n = p < oo imply that the latter expression is
n—oo

bounded in probability. Thus, by Lemma A.6 the original term (xg(X 'X )_lxn> is
bounded in probability as well. Thus, we have

-, .
. Y(Inflfpj()y 2 X

lim P —1 > 5 5

s ( Y'(I, — Px)Y 260<0<vn0<

’l_LQ ~ )~ . -

< lmP(——" (Z(X X) 'z, +1) > ) 5] =
< lim <Y’(InPX)Y($"( ) T, +1)>6,0<6,0< ) 0,
ﬂ2

since P20 by Lemma A.18.

Y'(I, — Px)Y
Next, we will show that for every € > 0 the following statement holds true:

lim P <
n—oo

Since we are conditioning on the event where X "X is invertible, we can use Lemma A.3
to get

Y'PxY

, 1
Y' Py

25,0<3<\/ﬁ,0<5>:0.

Y'PxY — V'PyV = (e, PxY)? + u2a!, (X' X)Ly + 20n2, XV

— 85 —



A. APPENDIX

Furthermore, on the event § > 0,8 > 0 we have Y'(I,—Px)Y > 0,Y'PxY >0, Y/PXY >
0, which implies

N ' PxY)? 72 -
V'PyY — V' PV — v Pyy | EnPx 5 n (X' X)!
X X X [Y'PXY VT = Py XX
2 Xy z (A.27)
+2 -2 -

~/ ~
Y'PLYY'(I - Px)Y.
PPy VT V7 s

Now, let 7, denote [(Y'PxY)/ (?/PX}})]V 2 which is well-defined (and positive) on the
event 6 > 0,4 > 0. Then, dividing the right-hand side of (A.27) by [?/PX}?Y’PXY}UQ >
0 yields

1 (e/nPXY)Q ’U’%L 1! -1
S X
T =T yipey Pyirs poy )
::‘“ =2 (A.28)
19 x%X Y Un V.

On the event § > 0,6 > 0, Lemma A.18 implies the convergence in})/rgbability of a; and
az to 0 with the rate 1/n, while a4 is of magnitude 1/y/n and /,(X X)~ 'z, is bounded
in probability as shown before. Furthermore, we have

- - -1
/23, 12 X'x

E (nCL%HTn—l) = nH B NBLS|J2 < <)\min (21/2 271/2 y
| XBLsl|3 n

which is bounded in probability. Hence, by Lemma A.6 na% is bounded in probability,
which implies that a3 converges to 0 in probability with rate 1/y/n. Hence, on the
event 6 < \/n the terms a; + 8(121';1(5( 'X )"z, and \/§a3a4 converge to 0 in probability.
Rewriting equation (A.28) yields

~ | ~

N 1 =
T (1 —ay — dagz (X X)_lzvn) - = 2\/&13(14.
Tn N———r

P
—0
P

Recalling the fact that 7, is positive, this is only possible if 7, —— 1. Thus, we have
proved that for every € > 0 we have that

lim P

n—o0

-1

(‘ Y/ PyY
~ |
Y'P.Y

25,0<5<\/ﬁ,5>0>:0.
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O]

Proof of Proposition 5.11: By Lemma 5.3 the smallest eigenvalue of 2_1/25(/5(2_1/2/71
converges in probability to (1 — ﬁ)2 > 0. Thus, we will condition on the event where X
has full column rank p, which has asymptotic probability of 1. We would like to point
out that this even ensures that the matrix X has full column rank p.

Furthermore, we will make use of the fact that |21/ QELSHQ is bounded in probability
and ||SY2(BLs — BLs)|l2 converges to 0 in probability, which is shown in the proof of
Proposition 5.6. We would like to emphasize that the OLS estimator coincides with the
Ridge estimator with parameter ¢, ), = 0. Thus, the assumptions of Proposition 5.6 are
fulfilled as in Proposition 5.11 we also supposed Assumption LD to hold true.

As ||2Y2B5||2 is bounded in probability, the same holds true for ||%'/28;5s =
max(0,1 — 4)|=28.g|l2. Using Lemma A.6 we proved that $6BJS is bounded in
probability. Since the second moment of yg is bounded over n, the prediction error
Yo— (), B 75 is bounded in probability as well, which proves the first part of Proposition 5.11.

Now, by Lemma A.6 it remains to show that ||SY/2(8s5 — Bs9)||2 converges to 0 in
probability. Before proving this we introduce some notation to improve the clarity of our
arguments: Define & = ¢, pp/(n —p), & = ¢,—1,p/(n — p — 1), which yields the identities
¥ = &d and 5 = &b. In the ensuing proof, we will repeatedly use the fact that for any
nonnegative number a we have min(1,a)? < min(1,a) < a. Moreover, we are using the
equality max(0,1 —4) = 1 — min(1,4), which can be seen as follows:

max(0,1 —4) =max(1—1,1 —4) =1+ max(—1,—%) = 1 — min(1, 7).
We bound the expression Hzl/?(ﬁjs - §JS)||2 from above by
ISY2(BLs — BLs)ll2 + || min(1,4)2Y?BLs — min(1,7)S2BLs]|2

where the first term on the preceding display converges to 0 as explained at the beginning
of this proof. The second term can be bounded by

min(1,5) 5% (Brs = Brs)ll2 + ||="/?BLs|l> jmin(1,4) — min(1, 7)),

~~

:00

where, again, the first term converges to 0 in probability. To finish the proof, it remains
to show the same for by. In order to do this, we need to distinguish between the cases
where 0 and 0 are zero or not. More precisely, we will use the equation

P(by > &) <P(by >,06 =0) +P(bg > ¢€,6 > 0,6 = 0) + P(by > £,6 > 0,6 > 0)

and show that each term on the right-hand side converges to 0 for every £ > 0.

Case & = 0: This can only occur if Y'(I,, — Px)Y =0 or Y/PxY = 0.

In the subcase Y'(I, — Px)Y = 0, Lemma A.3 entails that ?,(In,l —~ PR)Y <
Y'(I, — Px)Y, implying thaﬁg = 0 as well. Thus, we have by = 0. R

In the subcase, where || XB1s||3 = Y'PxY =0 < Y'(I, — Px)Y, we have 315 = 0 (as
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we assumed X to have full column rank p). Hence, we have ||S/ 23 Lsl|l2 = 0.
Case 6 > 0 = 0: We start with the subcase ?,PXY = 0, which implies 8 = 0. By
Lemma A.2 we have

D128 g = S128, 6 + SV2(X' X)) apu, = 22X X) ey,

where 4, = €, (I, — Px)Y. We now claim, that @, is bounded in probability and
||21/2(5(/X)_1$n||2 converges to 0 in probability. Using the fact that e}(I,, — Px)Y has
the same distribution as .,, this can be seen as follows:

E(@2) = %E(Y’(In — PO el (I — Px)Y)) =
=1

which is bounded over n. Hence, u,, is bounded in probability. Furthermore, we have

ISY2(X' X)Ly lo = (272X X212 e V2, ||,
152,15

NZD

which converges to 0 as the largest eigenvalue of (X~1/2X’'X%~%/2/n)~1 is bounded
in probability and E(z/, X~ 'x,/n) = p/n. Together with the fact that |min(1,4)| is
bounded (in probability), we have ||EI/QBLS||2 Imin(1,4) — min(1,5)| - 0. Thus, we
showed the following: For every € > 0 we have

1 —1/2 v/ ys—1/2 ,_\—1
< S ma (272972 ) )

lim P <b0 > e, V' PV =06 > 0) < limP (||21/2(5(’5()—1xnan||2 > 5) — 0.
n—0o0

n—o0

The second subcase of § > 0 = § deals with ?/PXY/ >0 = ?/(In_l - PX)SN/. In that
subcase, Lemma A.3 yields

As already shown above, u,, is bounded in probability. Furthermore, xﬁl(j( 'X Yz, is

also bounded in probability since we can bound it from above as follows:

I —1/2/5—1/2 5 y—1/2y—15—1/2 2w, —1/2 %' $ry—1/2 -1
2, SR AR X T A, < T, (2 XXy /n) .

Again, 2/, %712, /n is bounded in probability. To sum it up, Y'(I, — Px)Y is bounded
in probability in that subcase. As li_)rn p/n = p € [0,1), the same holds true for
n oo

& = ¢ppp/(n — p). Since we are in the subcase 6 = 0 and 4 = d& we have

b3 = |min(1,4) — min(1,7)|*| =263 < 4I|1SY?Brs3-
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The expression above can again be bounded by

- Y'(I, — Px)Y ~ B, 3B,
Alsel/2 2 n X 1/2 2 At _ LS~PLS
YNEY“Brsl|ls = 6—————||2"Brs||5 = &Y' (I, — Px)Y = =
I 12 vioey 12 (In ) B XX B
-1
< & Y’(In—PX)Y)\maX[(El/ZX’XE1/2> }Lo.
~
Op(1) Op(1)

Op(n=1)

To state our argument more precisely, we have shown that for every € > 0 we have

lim P <||21/2BLS”2 Imin(1,4) — min(1,3)| > &, ¥ (I,_1 — Pg)Y = 0,Y PyY > 0,6 > o)
n—o0

— - -1
< lim P <aui (x;(X’X)—lxn n 1) Amax (2—1/2X’X2—1/2) > 52> —0.
We now deal with the case § > 0,6 > 0. By Lemma A.10 we can bound by by

min (1,816 - &) [[=/2Bys |z + min (1,15 - 3] ) [5"/Brsll.

—=:b1 —:by

The proof is finished if we can show that each expression converges to 0 in probability.
For this, we treat the both terms separately. Starting with b1, we have

Y'(I - Px)Y n||=2B1s]l3

b? < min (1,8|@—@y> LS
nd | XBLsll3

where we used the fact that § and ||X,§LS||2 are strictly positive together with the
inequality min(1,z)? < min(1,z) for all positive 2. Now, we bound the term by

Y'(I — Px)Y n|| 225153

& —al

n 1XBrsl3
! o -1
< o — @ Y'(I-Px)Y Amax | (72X X272 /n )
n
—_————
(1) 0, (1)

Furthermore, & — & equals n%;ﬂ(cn,p — Cn—1p) — %. However, p/(n — p)

converges to p/(1 — p), ¢np € [0,1] and ¢, p — ¢—1, converges to 0 in probability by
assumption. Hence, & — & L50.

In order to show that bs converges to 0 in probability we split the problem in two parts
depending on whether § is smaller than \/n or not:

lim sup P(by > 6,3 > 0) = limsupP(by > ¢,0 < § < v/n) + lim sup P(by > 5,3 > Vn).

n—oo n—oo n—oo
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On the event & > v/n we have

Y'(I - Px)Y n||22B1s]l3

b3 < |=V2BLsl3 <

no I1X BLsl13
1 Y'(I-Px)Y —1/2 3/ yy—1/2 -1
< 7 A7
<o - Amax (2 X'X¥ /n) ,
N———
(1) Op(1)

which proves limsup,, . P(by > ¢, > /n) = 0. Now we treat the case 0 < § < \/n: As
min(1,x)? < min(1,z) for every z > 0, we have
Y/ Po)Y nl£2 513
" 1XBLsll3
Op(1)

-1

S| S

b3 < min (1,d|3 - <~5|> HEWELsII% <

Now, in the case 0 < 0 < y/n,0 < 0 Lemma A.19 implies that the term |(5/8) — 1|
converges to 0 in probability.
To sum it up, we showed that the term

bo = | ="/*BLs]|2 [min(1, %) — min(1,7)]

converges to 0 regardless of the values of § and 6. To formalize this, we can proceed as
follows:

lim P(by > €) < lim [P(bo > ,6 = 0) +P(by > ¢,0 > 0,6 = 0)
+P(bg > ,0 <8 < /n,8>0)+P(by >¢,v/n<8,0>0)]=0

A.4.4. Proofs for binary classification

Proof of Proposition 5.14: As yo and gy, can only take the values 1 or —1, the prediction
error is clearly bounded.
Thus, it remains to show the stability of g, i.e.,

lim P (|9 — 9| > €) =0
n—oo

for every € > 0. Hovveven:z U0 - Uo| can only be non-zero if the signs of wGB and 3365
differ, which implies that §'zgz( 3 is smaller or equal to 0. Hence, it suffices to show that

lim P (,@’xox{)g < O) =0.
n—oo
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We can rewrite the probability above as
P (3’170?563 < Buoz)(B - 5)) ;
which can be bounded from above by
P (2681 <1245 B)I) <P (1268] < 6.) + P (|2(B - B > &) ,

where §,, > 0 can be chosen arbitrarily. Recalling that xg(B E) converges to 0 in
probability by assumption, we can apply Lemma A5 to find a null-sequence (v, )pen of
positive numbers, such that x|, (ﬁ B) /vy, still converges to 0 in probability. Defining
Op, = vy, this yields

lim P (|23 B)| > 6, ) = Tim P (Iah(5 ~ B)|/6, > 1) = 0.

n—o0

To finish the proof, it remains to show that

limsup P <\aﬁ6,§| < (5n) =0

n—0o0

For this, we fix an € > 0. Since £ > lim J,, this yields
n—oo

limsup P <\x63] < (5n) < limsupP (]a:gg\ < 8) .

n—oo n—0o0

Since € > 0 was arbitrary, we conclude

limsup P <\:c6§] < (5n) < lim limsup P <]m6§| < 5) =0
n—00 eNO n—oo

by assumption.
O

Before proving Proposition 5.17 we have to ensure the existence of a support vector
classifier if we are given a linearly separable model as in Definition 5.16, which will be
guaranteed by Lemma A.21. Before stating it, we need another definition:

Definition A.20. We call a vector z; € RP a support vector of the support vector
~ =~

classifier (@,7') € RPTL if it fulfills y; = 2[5 + @, where y; is the response variable
corresponding to ;.

Lemma A.21. Letn € N, p € N and (y;,2}) € RPY with |y;| = 1 for 1 < i < n.
Assume there exists a vector (ax,b,) € RPTL such that y; = sgn(x}b. + a.) holds true
for all 1 <i <mn. Then, the optimization problem in (5.2) has (at least) one solution.

e (One-class) If all the y; belong to the same group, that is, y; = y1 for all 1 <
i <mn, then every solution (a,7') to the optimization problem in (5.2) is given by
(ay1,0") € RPYL where o > 1 and 0 = (0,...,0)" € RP.
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o (Two-classes) If, otherwise, there are indices i,j € {1,...,n} such that y; = —y;,
then the solution (a,7")’ to the optimization problem in (5.2) is unique. Furthermore,
there is at least one support vector in each group, that is, there exist k,1 € {1,...,n}

with .7 +a =1 and )7 + & = —1.

~ ~/

In particular, a solution (a,7')" to the optimization problem in (5.2) fulfills ¥ = 0 if and
only if all y; belong to the same group.

Proof. We start with the case where all y; belong to the same group: Clearly, every vector
(ay1,0") € RPT! with « > 1 is a solution to the optimization problem. Furthermore,
every other solution (&,7’)" € RPT! of the optimization problem fulfills ¥ = 0 due to its
optimality. As it also fulfills the constraints we have

y1(710+a) > 1 <= y1a > 1 < sign(a) = y1 and |a| > 1.

We now consider the case of two classes. Thus, the generating vector (a,b.)" € RPH
fulfills b, # 0, as otherwise the equation y; = sgn(z;0 + a,) = sgn(a,) would imply all
y; to belong to the same class. With the same argument we can show that there exists
(at least) one i € {1,...,n} such that z; # 0. We start showing that the optimization
problem given in (5.2) indeed has (at least) one solution. For this, we will find a
feasible point (a,b’) € RPTL. We would like to emphasize that by definition we have
yi(ziby + ax) > 0, but not necessarily y;(z;bs + as) > 1 for all 1 < ¢ < n. Define
¢ = minj<j<y, Yi(ibe + as). If ¢ > 0, then the vector (a.,b,)’/c fulfills the constraints.
If ¢ = 0, we define ¢ := min;.y,—_1 [x}bs + a.|. Since y; = —1 implies x}b, + a, < 0, we
conclude 6 > 0. We then have

0
Yi <$§b* +asx + 2) > 2iby +ax >0
whenever y; = 1 and
) 0
Yi <x;b* + as + 2> = yi(@ibe + ay) — 3

§_ 9
= |:c;b*+a*y—5 > B > 0.
whenever y; = —1. Defining ¢ := minj<;<, |2;bs + a, + /2| we conclude that ¢ > 0. Thus,
(ax +6/2,0,) /¢ is a feasible solution to (5.2). To sum it up, we showed that there exists
(at least) one point fulfilling the constraints in (5.2).°
Let (ay, b’f)’ denote the feasible point we found. Then, every other feasible point (a, l~)/)’

with ||bl|2 < [|bs]|2 satisfies

yia > 1 —yaib>1— max zill2]lbfl2 > 1 — jnax. llzill20lbf |2

5 Alternatively, we could also use the Hahn-Banach separation theorem to show the existence of a
supporting hyperplane.
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for every 1 < i < n. Since there are indices k,[ with y; = —yi, we conclude that every
~/ ~
feasible point (&,b)/ with Hb”g < Hbf”g fulfills ’fL| < |max1§i§n ||.’L‘Z||2Hbf||2 — 1|. Now,

the restricted optimization problem

min
min bl

st yi(ziy+a)>1 forall 1 <i<n, (A.29)
o < | max [l sl — 1] and Iyl < gl

has a solution as the objective function is convex and the feasible region is a convex,
compact set and nonempty (because it contains the point (ay, b’f)’ ). Since any feasible
point (a,b")" of the original optimization problem given in (5.2) is either also a feasible
point of the restricted optimization problem given in (A.29) or fulfills ||blj2 > [|bf|2,
every solution of the restricted optimization problem is also a solution of the original
optimization problem. Thus, the original optimization problem has a solution.

Before showing the uniqueness of the solution we prove that for every solution (@,%’)’
of the optimization problem given in (5.2) there is at least one support vector in each
group. For this, define A := {1 < i < n: |2} + a|] = 1} the indices of the support
vectors. The set A is not empty as otherwise scaling (@,7') by 1/ minj<;<p |2,y + @]
would yield a better solution to the optimization problem, which is a contradiction to the
optimality of (@,7')". Furthermore, we define P := {1 <i<n:z/y+a > 1} # 0 and
N :={l1<i<n:z7+a< -1} #0 as the indices of the two groups. We would like to
point out that we have PUN = {1,...,n},i€e Py, =landie N & y; = —1. We
proceed by contradiction: Suppose all support vectors were in group N, that is A C N.
We will show that this leads to a contradiction. If A C N, this would imply z/7 + & > 1
for all ¢ € P. Let ¢ denote min;ep 2,7 +a — 1 > 0 and define M := maxi<;<p ||2il]|2. As
explained before, we have M > 0 and ||7]|2 > 0 in the case of two classes. We now claim
that the point (& —¢/2, (1 — W)‘?’)’ also fulfills the constraints: For every i € P we
have

vi <xﬁ(1—f> +a- C> N P S
2|7ll2M 2 2 2|72 M

c ¢ |zf7]

Furthermore, for every i € ' we have

Yi (x;&\(l_f) ‘|‘a—c> =Y ($;?+a)+g+xi’7,\7
2|7ll2M 2 2 2|72 M

We will now show that ¢ < 2[|7||2M holds true. Since the set of support vectors A is not
empty, we can find an index j € A, such that y;(x;5 + &) = 1 holds true, which implies
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|a] <1+ M||7|l2- Thus, we have

c=minzi+a—1< MAllz+a—1<2M ],
Since this implies W <1 and ¢ is positive, we have [|(1 — W)WHQ < |[7ll2, which
is a contradiction to the optimality of (a@,7’)’. With the same argument we can find a
contradiction to A C P. Thus, every group has (at least) one support vector.

We now prove the uniqueness of the solution of the optimization problem given in
(5.2). Assume (aq,7]) and (ag2,74)" are two solutions of the optimization problem. Since
f(z) = ||z||2 is strictly convex, we conclude y; = 72 as otherwise a convex combination
of the two points would give a better solution. In order to show that a; = as we
consider the support vectors of the solution (a,7})’. As shown before, there are indices
i,7 € {1,...,n} such that

xfﬂl + a1 =1 and
iy + oy = -1

As (a2,74)" is also a solution, we have

1<2iyp+az=ajy1+a2=1+0a; —a; and

—1Z$;~72+0é2Zfb‘;-%-l-oéz:—l—l-cm—ozl-

Rearranging the equations in the preceding display yields s — a3 > 0 and ag — a3 < 0,
which proves oy = as. Hence, the solution is unique.

It remains to show the last statement. If all y; belong to the same group, then every
solution (@,%’)" fulfills ||§]|2 = 0 as shown before. Furthermore, if the solution fulfills
7 = 0, we then have 1 < y;(z/y + @) = y;a for 1 < ¢ < n, which implies y; = sign(a).
Hence, all y; belong to the same group. O

For the proof of Proposition 5.17 we need the following result:

Lemma A.22. Assume a linearly separable binary model as in Definition 5.16. Let
(@,7") € RPFL denote the support vector classifier with respect to the training data
T = (yi, )", and (a,7')" € RPTL denote the support vector classifier with respect to
the training data Tn—1 = (yi, )7 If |All2 > |72, then yn(zhy + @) = 1, that is, x,

is a support vector for (a,7').

Proof. We start with the observation that y,(z,,7 + @) > 1 as (@,7’)" satisfies the
constraints. Moreover, we have y,, (z), 7+ &) < 1 as otherwise (&, 7’) would also satisfy the
constraints contradicting the optimality of (a,7")’. We now assume that y, (=7 +a) > 1
and find a contradiction. Define ¢; := y,(2),7+a) —1> 0 and c2 :=1—y,(z),7+a) >0
and € := ¢1/(c1 + ¢2) € (0,1). We now claim that the point (&,7')" := (1 —¢)(a,7) +
e(a,7")" also satisfies the constraints. As (@,5')" is a convex combination, it fulfills the
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constraints y;(x}y + &) > 1 for all 1 <4 < n — 1. Furthermore, we have

Yn(27,7 + @) = (1 — &)yn (2,5 + @) + eyn(z,7 + @)

=2 D+ (1w =1

c1+co c1+ e

To put it in other words, (&,7')" also satisfies the constraints y;(z}y + &) > 1 for all
1 <i<n As|7qll2 < |7ll2 we have [|¥|l2 < ||7]l2, which is a contradiction to the
optimality of (a,7) € RPHL, O

Proof of Proposition 5.17: By Lemma A.21 there is indeed at least one support vector
classifier in the linearly separable case of Definition 5.16. Furthermore, Lemma A.21
shows that in the case of two classes the support vector classifier is unique and hence the
corresponding predictor is unique. In the case where all y; belong to the same group the
predictor with respect to these training data assigns every new observation to y;. To see
this, we point out that every support vector classifier is given by (ay;,0")" with o > 1,
which yields

Jo = sgn(zp0 + ay1) = sgn(ay1) = y1

regardless of the choice of a > 1. Thus, in any of the two cases the predictor is unique.

We now show that the number of support vectors |A| is bounded by p + 1 almost
surely unless all of the (y;)7_; are in the same group. In principle, our argument will be
the following: all support vectors are contained in two hyperplanes in RP, which can be
defined by the first p + 1 support vectors. Then, the probability of another vector x;
lying on that hyperplane is 0 as their distribution is absolutely continuous (with respect
to the p-dimensional Lebesgue-measure).

To make the argument precise, we recall that a support vector fulfills y; = 27 + @
by definition. Thus, whenever there are more than p + 1 support vectors, there exist
distinct indices iy, ...,ip+2 and a vector (a,7')’ € RPT! such that vi; = méj’y + « for
all 1 < j < p+2. As the pairs (y;,z}) are i.i.d and there are exactly (piz) possible
combinations of p 4+ 2 vectors of a group of n data, we have

P(JAl >p+1,]1,Y| <n)

< (pj_2>}P’ (3(a,v') € RPFL gy =aly+aforall 1 <i<p+2,[1Y|< n),
where Y = (y1,...,y,) € R" and 1,, = (1,...,1) € R". We would like to emphasize
that |1Y] equals n if and only if all y; belong to the same group and thus |1, Y| < n is
just the mathematical formulation of the two-classes case. Hence, we conclude that

cannot be the zero vector as long as |1),Y| < n holds true. Thus, we can bound the last
line in the preceding display from above by

n .
<p+2>IP’(3(Oé7’y/)/ ERPT v £0:y;=ajy+aforalll <i<p+2).
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Define X = (21,...,2p11)" € RPTDXP_ Since the x; are independent and absolutely
continuous random vectors, the matrix [1p+1, X ] has full rank p + 1 almost surely and
hence is invertible. Thus, the vector (a,~') € RPT! fulfilling the first p + 1 equations
yi = 2}y +a for 1 <i < p+1is unique and given by

(8) = s X177,

Y
where Y = (y1,...,Yp+1) € RPTL. Hence, we have
]P’(El(a,’y/)' ERPTL v £0:y; =aly+aforalll<i §p+2)
<P (yps2 = &+ Tpi2, (@7) = [1ps1, X]7'Y,7#0)
= E (1{7 # O}P (yps2 = & + Vrps2fla, 7)) -

Now, as @ and 4 are measurable functions of the first p + 1 observations and hence
independent of (yp2,7;,,,), we have for every 7 # 0

P (ypr2 = @ + V' zpi2l|@,3) <P (|7 zpsa +al = 1]a, 7).

Since for every fixed (a,7) with 5 # O the set S := {z € RP : |3/ + a| = 1} is the
union of two hyperplanes in R?, we have A,(S) = 0, where ), denotes the p-dimensional
Lebesgue-measure. By the absolute continuity of z,42 we have P(z,12 € §) = 0. Thus,
the number of support vectors is bounded by p + 1 almost surely unless all y; are in the
same group.

To show the stability of the predictor based on the support vector classifier, we
distinguish two cases: If all y; are in the same group, any support vector classifier (&, ")
of the training data fulfills ¥ = 0. Hence, the predictor g, automatically assigns the new
observation to the same class as y;. With the same argumentation one can show that
Yo = v1 as well. Thus, in that case we have g, — 7o = 0.

We now consider the case where not all y; are in the same group. Let (@,7')" € RPH!
denote the (unique) support vector classifier based on Tj,, (&, 7')’ € RPT! denote a support
vector classifier based on T,,_; and A := {1 <i <n: |2}y + @] = 1} denote the indices
of the support vectors of (@,7")’. We would like to emphasize that ||¥]|2 > 0 as we are in
the case of two classes. We now claim that (@,7')" # (&,7')" implies x,, to be a support
vector of (a,7’)". For this, we distinguish two cases:

If |7l = |72, then (@,7’)" is also a support vector classifier with respect to the
data T,—1. As |[7]l2 = [[7ll2 > 0, we conclude that even in the set {1,...,n — 1} there
are indices 4, j with y; = —y;. Thus, by Lemma A.21 the support vector classifier with
respect to the data T,y is unique, which yields (@,7') = (a,7")’. Hence, the case
(@7") # (a,7') can only occur if [[7[|2 > |72

However, if ||7]|2 > ||7||2 we are able to apply Lemma A.22, which implies x,, to be a
support vector of (@,%’)’. To sum it up, in the case where not all y; belong to the same
class we have §, # 9, only if x,, is a support vector of (&@,7'), that is, n € A. Now, in
the case of two classes the probability of being a support vector can be bounded from
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above by (p+1)/n: To see this, we recall that in this case the number of support vectors
is bounded by p + 1 almost surely, which yields

p+1>E(JAL{|Y'1,| <n})=E (Zn: 1{i e A}JL{]Y'1,| < n}>
=1

=Y E({i € A Y1) <n}) =) P(i€ A[Y'1,| <n).

=1 i=1

As the data are i.i.d. and Y'1,, does not change by a permutation of the data we conclude
p+1>nP(ne A Y1, <n). Putting the pieces together, we have

P(jo # T0) < P(Jo # U0, [Y'1n| < n) + PG # o, [Y'1n| = n)

1
<P(neA YL, <n)+0< 22
n

In the case where li_)m p/n = 0, this also proves the asymptotic stability. ]
n o

A.5. Proofs of Chapter 6

Proof of Lemma 6.1: For the first part we can find for every 6 > 0 a ts, such that

~

0(Fn,Fp)=sup inf |Fn(z)—Fo(y)|< inf  |Fu(z) — Fa(y)| + 0.
teR CC7y€K5/2(t) zvyeKs/Q(té)

Now, for any p > 0 we have

inf f‘n z)—F, < inf ﬁn z) —F,(x
a:7yeK5/2(t5)| () (W)l weKE/Q(t5)| () ()]

= [ inf |ﬁn($) - Fn(m)‘p]

z€K, /2(ts)

Since we have (b—a)inf,efq ) f(7) < f[a ) f(z)d\(x), the last line in the preceding display
can be bounded from above by

1 N ) » ||]/~:\‘TL_FHHIZP »
[/\([(E/Q(té)) /Ke/z(t(;) [Fn(z) — Fp(z)] dA(:r)] < [81 ’

where A denotes the Lebesgue-measure on R. Moreover, it can also easily be seen that

inf |F,(z)—F <|F,-F .
ser iy T~ Fnl@) < [ = Fnlc

As § > 0 can be made arbitrarily small, the statement follows.
For the continuous case we start with ¢ € [0, ), which will be defined later on. For
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every a,b € R and s € [a,b) we have

[Fn(s) — Fr(s)| < max(F(b) — Fu(a), Fr(b) — Fa(a))
< max(|F,.(a) — Fu(a)|, [Fn(b) — Fn(b)]) + Fu(b) — Fu(a)
< max(|F,(a) — Fa(a)|, [Fn(b) — Fn(b)]) + E(min(L, (b — a) fyo 1o lloo)):

where we used equation (A.17) for the last inequality. As the upper bound does not
depend on s (but on the length of the interval [a, b)), we can use it as a uniform bound
on the interval and get

sup |F,(s) — Fa(s)] = sup sup [Fr(s) = Fu(s)]
s€R JEZ s€[je+c,(j+1)e+c)
< supmax([Ba(je +¢) — Fu(je + A, Ful((j + D + ) — Fa((j + e + )
JEZ

+ E(min(L €ny0||mo‘|00))7

which again can be bounded from above by

E(min(L, &l fyojaglloc)) + 5up [Fa(je +¢) = Fulje +)
jE

S

< B(min(L, el fyaglloe)) + | 3 [Fulie + ) = Falje + )P
JEL

We would like to emphasize that the inequality above holds true for every ¢ € [0,¢). By
choosing our c¢ arbitrarily close to the infimum provided in Lemma A.8, we have

sup [Fa(5) — Fu(s)] < E(min(L,el| fy o loc)) + [ [ 1Fats) = Ful)ParGs)

seR

O]

Proof of Proposition 6.2: We fix an M > 0. Applying Tonelli’s theorem and Jensen’s
inequality yields

B (IF, ~Fale,) = [ E(
< [ (B = 20?)) x)
+/ E((1 - Pu(@)) + (1 - Fu(2)))dA(z)
(M,00)

Fo(z) — Fn(x)D X ()

+ / E(F,(z) + Fp(2))dA().
(—00,~ M)
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By Lemma A.13 we have E((ﬁn(a:)—Fn(x))Q) < 41(%_1)—1—% >, E(min(1, ||fyo||gcO l|ool¥0—
gjgﬂ”). By the symmetry of the predictor we have E(min(1, || fy, |z llco|@0 — gg*’] ) =
E(min(L, ] o llclio — o)) for all 1 < i < n.

As @; are identically distributed like yo — 7, we have E(F,(z)) = P(yo — 7y < ).
Furthermore, we have E(F,(x)) = P(yo — 9y < ), which yields

~

/ E((1 - Fp(z))d\(z) = / P(yo — 99 > x)dA(x).
(M,00)

(M, 00)

As the set of all discontinuity points of F,, is countable, the term in the preceding display
coincides with

[ Bz s)axa).
(M,00)
We can bound the expression from above by
L@)M%—%ﬂm@%—%ﬂwwwwzW%—%ﬂm@%—%ﬂ
which holds true because M > 0. With a similar argument one can show that
Sy BN < Bl — )1 a0 — )
which yields

/ E((1 - Fo(2)))dA(z) + / E(F, (2))dA(x)
(M, 00)

(—OO,—M)
< E (lyo — JolLpas,00) (190 — B0l)) -

This procedure can be repeated for ﬁn with a minor modification: We have
=~ 1o 1o
B(L = Fa(e) = — > B(l = Tjg, a0)(@) = - > P(@i > ).
i=1 i=1

Now, as for every 1 < i < n the leave-one-out errors o; = y; — @E_ﬂ
distribution as yy — ¥, the expression in the preceding display equals P(yo — 79 > ).

Now, we can proceed as before to get

have the same

/ E((1 - Fo()))dA () + / E(F(2))dA()
(M,00) (—o0,—M)
< E (lyo — FolLas,00) (Iy0 — ol))

which finishes the proof. O
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Proof of Proposition 6.3: By the boundedness of || fy;|zlcc and the asymptotic stability
we have

1 . N -
Cp = -1 + 5 E(min(1, [| fyo 2o looT0 — Fol))) hvod 0.

Now we can define a sequence (Mp,),en, such that M, — oo while at the same time

Mnc,l/ > 5 0 holds true. The uniform integrability of yo — 9o and yo — ¥y implies the

existence of their first moments. Thus, we can apply for every n € N the inequality of
Proposition 6.2. Taking the limit n — oo, the uniform integrability yields

lim E(||F, — Fallz,) = 0.
n—oo

To finish the proof note that [F,(z) — F,,(x)| < 1 for all z, which yields the bound

E(HFR - Fnuﬁp) <E

(/R\ﬁn(x) —Fn(x)‘d)\(x));] < [MHﬁn—Fanl)];

for any p > 1. O

Proof of Lemma 6.4: The first part is basically a small modification of Lemma C.3 in
Steinberger and Leeb (2023), which itself is a conclusion from Lemma C.1 therein. While
Lemma C.1 of Steinberger and Leeb (2023) can be applied to the more general case of
k-fold cross-validation, we here are dealing with the case of leave-one-out residuals. Thus,
we apply Lemma C.1 to the case where k = n. As in Lemma C.3. of Steinberger and
Leeb (2023), our loss function is L(f,2) = 1(_s 4 (¥ — f(x)), which implies C' = 1. Our
main modification will be to find an alternative bound for the expression

fi) Z E (ﬂ(_m75](ﬂi)(1 — ]l(—oo,s] ('&J))) )

—1
nn(n oy

which is the last line of the upper bound of E(RZ%,,) in Lemma C.1. In Steinberger and
Leeb (2023) the expression of the preceding display is bounded from above by 1/(4(n—1)).
However, we need an upper bound which is integrable over the whole real line. Since
]|z, = oo for any constant nonzero function f, we need to find a better bound. In
order to do so, we will use the following equality instead:

1 1

nnln—1) D E(L(oos) (@) (1 = Lo (1)) = WD) D P (i < s < i)
7 i
= % n(nQ_l)ZP(m <s<ﬂj)+n(n2_1)ZIF’(ai < s < 1y)

1
:%(P(ﬂlSS<’I)2)+P(@2§S<&1)),

where the last equality is given by the symmetry of the predictor. If we replace the factor
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1/(4(n—1)) by &= (P (@1 < s < Q2) + P (@2 < s < 4q)) in the remaining part of the proof
of Lemma C.1 in Steinberger and Leeb (2023), we end up with

E ((Fals) ~ Fa(s))?) < 5 (Blin <5 < 1) + Bliiz < 5 < i)

+5E }1(_0075] (y(] - QO) - ]1(—0078} (yO - @0)‘ y
where the right-hand side of the preceding display can be rewritten as

1
% (P(ﬂl <s< ’ELQ) + P(ﬂg <s< ﬂl))

+5(P(yo — 9o <5 <yo— o) +P(yo — T < 5 < yo —Up)) -

Turning back to our original task, we use Tonelli’s theorem to bound E (Hﬁn — FnH%Q)
by

B ((Fals) = Fu(o)2) ax(s)

1
<5- | (Blln <5 <iip) + P82 < 5 <)) dA(s)
R

+5/R(P(y0—f/o§3<y0—@0)+P(Z/0—?30§5<y0—@0))d/\(3)-

Now the claim follows by applying Lemma A.7. O

Proof of Corollary 6.5: The case p = 2 can be trivially concluded from Lemma 6.4 and
Jensen’s inequality. For the case p € (2,00) we use the fact that |F,,(z) — F,(x)| <1 for
all x € R together with Jensen’s inequality to get

E (Hﬁn — Fn||£p) <E (UR P, (z) — Fn($)|2d)\(g;)] ;)
1>] ' = [E (”ﬁn - Fn”ﬁzﬂ % .

~ 2
<|® (( [ Fate) = Fulo)Pix)
R
Finally, the statements for /. (ﬁn, F,) and Hﬁn: Fy|loo follow from Lemma 6.1 and an
appropriate choice of €, for example &, = E(||F,, — Fp||,)- O

Proof of Lemma 6.6: Let xg take the value 1 with probability ¢ and —1 otherwise, yo be
independent from z and uniformly distributed on the interval [—-1/2,1/2]. Let K >e+1

and define ¢, := Kxoll}"_;x; and its leave-one-out analogue @([)_Z] = Kxollj4z;. We then
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have for any 0 < § < K
I 5
EZWwwwﬂwaz—Xmmo DI sij] > 22)
=1

:—Z]P’ )=1-gq.

Hence, the predictor is not stable whenever ¢ < 1. For the leave-one-out residuals we
have

=y — 9y ) =y — Kadljgr; = g — KT,
We distinguish two cases: if II?"_;x; = 1, then all the leave-one-out residuals are smaller
than (or equal to) 1/2 — K. Thus, any e-inflated prediction interval PI;, ,,(¢) contains
no values larger than oK +1/2 +¢ — K < 29K — 1/2. Hence, the prediction interval
has no intersection with [—1/2,1/2] whenever zp = —1, which yields

B (yo € PIZ, 0, () [Ty; = 1) < P(ao = Iy = 1) = g.
We can show with the same argument that in the case 1I}' ;x; = —1 the prediction
interval contains only values larger than —xoK + 1/2, which yields the same result for
the conditional coverage probability of PI} | s (€)- To sum it up, we have for any training
data T,
P (yo € PIg, 0, () T0) < 4

1,02

regardless of the choice of a1, as and € as long as we choose K > 1+ . The absolute
value of the prediction error |yo — 9| is bounded by K +1/2 and by the independence of
Yo and xg we have || fy;|izllco = 1, fulfilling Assumption CC1. Hence, the only reason for
the failing of the Jackknife-approach is the predictor’s instability. We would like to point
out that - although Assumption CC1 is fulfilled - even an enlargement of the prediction
interval by a finite length & will not solve the problem. O

Proof of Lemma 6.7. We point out that Fj is strictly increasing if and only if Fb is.
W.lo.g. we assume )\ > 1 as otherwise we can change the roles of F; and F3, yielding
Fy(t) = Fi(t}) with § > 1 (and the case A = 1 would imply Fy = F»).

Next, we show that every prediction interval g, + (L, U] for yg satisfying a conditional
coverage probability of 1—q fulfills —oo < L <0< U < co: We start with the observation
that

1—a:F1(U) (I:)<min(1—F1( ), I (U))
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which implies
@ >1— min (1 - Fl(i),Fl(f])> = max (Fl(ﬁ), 1- Fl(f])) .

Combining the inequality from the preceding display with the assumption min(F;(0),1 —
F1(0)) > a, we get

min(Fy(0),1 — F1(0)) > max (Fl(i), 1- Fl(f])> ,
which yields
F1(0) > Fy(L) as well as 1 — Fy(0) > 1 — Fy(U),

where the latter coincides with F1(0) < F1(U). As F} is strictly increasing, this implies

A~ A~

L<0<U.

Next, we notice that either U < o or L > —oo as otherwise the prediction interval
(—o00, 00| has conditional coverage probability of 1 > 1 — a.
We now deal with the case 0 < U < oo. As Fj is strictly increasing and A > 1, we have

FL(U) = B,(\U) > Fy(U). (A.30)
Moreover, as —oo < L< 0, we get
Fi(L) = Fo(A\L) < Fy(L). (A.31)
Combining equation (A.30) with equation (A.31) yields
l—a=FRU)-F(L) > F0) - Fy(L)
> Fy(U) ~ Fy(L),

which is a contradiction to the exact conditional coverage probability of 1 — « under the
distribution F5.
In the second case —oo < L < 0 we can use the same arguments as before resulting in
FL(U) = Fy(\U) > Fo(U) and
Fi(L) = B(A\L) < Fy(L),

which also yields the same contradiction

~

1-a=R0)-F(l) > RO) - k(L)
> Fy(U) — Fy(L).
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Proof of Lemma 6.8: As the probability of PI" coinciding with the empty set is a, the
actual (conditional) coverage probability cannot exceed 1 — «. Thus, it suffices to show
that the following holds true:

P(yo € PI"|T,) > 1 — a — 20.(F,,,F,) a.s.

Recalling equation (3.4) of Lemma 3.2 the following holds true almost surely:

P (yo € PI"|T) = (1 — ) (Fn (max () + e) —limF, ( min (i) — & — 5))

1<i<n N0 1<i<n
> _ = ~ i _ . = . ~ i _ _ =
>(1-a) (Fn <1%a§§1 (uz)> %1{1% Fp <1r§1£n(uz) 5) 2fs(Fn,Fn)>

=(1—a)(1—20(F,,F,))>1—a—20(F,,F,)),

which finishes the proof. O
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Abstract

The aim of the present work is to construct prediction intervals via a Jackknife-approach
whose coverage probability conditional on the training data is close to its nominal level in
finite samples and can be asymptotically valid in high-dimensions. The main innovation
is to generalize the results of Steinberger and Leeb (2023) to a non-continuous response
distribution and to the case of non-linear models.

More specifically, this work is split into four parts: in the first part we link the
prediction interval’s coverage probability to the accuracy of estimating the distribution
of the prediction error in different metrics. While in the case of a continuous distribution
the Kolmogorov distance is a suitable choice, we introduce the e-variational divergence
to deal with the non-continuous case and discuss advantages to the Kolmogorov distance,
the £,-norm and the Lévy metric. Moreover, the usability (i.e. the informativeness) of
the e-variational divergence extends to the estimation of other functions of the prediction
error, such as the mean-squared prediction error or the mean-absolute prediction error.

In the second part of the work, we define an approach based on the Jackknife for the
estimation of the prediction error’s distribution conditional on the training data. Thirdly,
we present upper bounds for the distance between the conditional prediction error’s
distribution and its estimate measured in terms of different measurements of distance. We
state our results both in finite sample and asymptotically. Our results include both the
low-dimensional and the high-dimensional case. Moreover, we show that the prediction
error’s distribution can be estimated consistently if two conditions are fulfilled: the
prediction error should be bounded in probability and the prediction algorithm should
satisfy a stability condition. In the last part we show that under mild assumptions these
two properties are fulfilled for the OLS estimator and the James-Stein estimator in a
low-dimensional setting, for the minimum-norm interpolator in high-dimensions and for
the ridge regression regardless of the number of regressors. Furthermore, we also present
an example in the case of binary classification where the corresponding predictor fulfills
these properties.
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Zusammenfassung

Das Ziel der vorliegenden Arbeit ist die Konstruktion von Prognoseintervallen mithilfe
eines Jackknife Ansatzes, deren tatsichliche Uberdeckungswahrscheinlichkeit bedingt
auf die Trainingsdaten in endlicher Stichprobe nahe an dem nominalen Wert liegt und
asymptotisch valide sein kann im hochdimensionalen Fall. Die Hauptinnovation besteht
in der Verallgemeinerung der Resultate von Steinberger und Leeb (2023) auf unstetige
Verteilungen der abhéngigen Variable und den Fall von nicht-linearen Modellen.

Genauer gesagt teilt sich diese Arbeit in vier Teile auf: Im ersten Teil stellen wir einen
Zusammenhang zwischen der Uberdeckungswahrscheinlichkeit eines Prognoseintervalls
und der in verschiedenen Metriken gemessenen Genauigkeit der Schitzung der Vertei-
lungsfunktion des Prognosefehlers auf. Wahrend im Falle einer stetigen Verteilung die
Kolmogorov Distanz eine geeignete Wahl ist, fithren wir die e-variational divergence
ein um den nicht-stetigen Fall zu behandeln und diskutieren Vorteile gegeniiber der
Kolmogorov Distanz, der £,-norm und der Lévy Metrik. Des Weiteren erstreckt sich die
Verwendung der e-variational divergence auch auf die Schétzung von anderen Funktionen
des Prognosefehlers wie beispielsweise den mittleren quadratischen Prognosefehler oder
den mittleren absoluten Prognosefehler.

Im zweiten Teil der Arbeit definieren wir einen Jackknife Ansatz zur Schitzung der
Verteilung des Prognosefehlers bedingt auf die Trainingsdaten. Drittens priisentieren wir
obere Schranken fiir die auf verschiedene Arten gemessene Distanz zwischen der bedingten
Verteilung des Prognosefehlers und deren Schitzung. Unsere Resultate werden sowohl in
endlicher Stichprobe als auch asymptotisch angegeben und umfassen sowohl den niedrig-
dimensionalen als auch den hoch-dimensionalen Fall. Des Weiteren zeigen wir, dass die
Verteilung des Prognosefehlers konsistent geschétzt werden kann, wenn die folgenden zwei
Bedingungen erfiillt sind: Der Prognosefehler sollte beschrinkt in Wahrscheinlichkeit sein
und der Prognosealgorithmus sollte eine Stabilitdtsbedingung erfiillen. Im letzten Teil
zeigen wir, dass unter schwachen Annahmen diese zwei Eigenschaften fiir den Kleinste-
Quadrate-Schitzer und den James-Stein Schéitzer im niedrig-dimensionalen Setting, fiir
den Minimum-norm Interpolator im hoch-dimensionalen Fall und fiir den Ridge Schétzer
unabhéngig von der Anzahl der Regressoren erfiillt sind. Auflerdem présentieren wir ein
Beispiel im Fall von binérer Klassifizierung, in dem der dazugehorige Priadiktor ebenfalls
diese Eigenschaften erfiillt.
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