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Abstract

Diese Arbeit zielt darauf ab, neueste Ergebnisse zur Ubertragbarkeit von Graph-
Neuronalen Netzwerken zusammenzustellen. Zu Beginn werden klassische Lit-
eratur und Methoden iiberpriift, um ein Verstdndnis der zugrunde liegenden
Ansétze zu erlangen. Anschlieend werden spektrale Graph-Neuronale Netzwerke
und Werkzeuge der Funktionalanalysis verwendet, um zu beweisen, dass Filter,
die aus Funktionen im Cayley-Glattheitsraum gebildet werden, tatsdchlich {iber-
tragbar sind. Im weiteren Verlauf untersuchen wir einen neueren Ansatz unter
Verwendung von Graphons. Durch die Definition von Grenzobjekten von Graphen
stellen wir fest, dass Filter, die unter Verwendung von Graphons definiert werden
robust sind, wenn Glattheitsbeschrankungen der Aktivierungsfunktionen des
jeweiligen neuronalen Netzwerks vorliegen. Diese Arbeit schliefit mit moglichen
Ausgangspunkten fiir neue Forschungsansétze im aktuellen maschinellen Lernen.



Abstract

This thesis aims to compile recent results in the transferability of graph neural
networks. At the start we review classical literature and methods in order to
gain an understanding of the underlying methods. Then, by using spectral graph
neural networks and tools from functional analysis, we prove that using filters,
made from functions inside the Cayley smoothness space, are in fact transferable.
Subsequently, we investigate a newer approach using graphons. By defining
limit objects of graphs, we find that filters defined using graphons are especially
robust, given smoothness restrictions of the activation functions of the given
neural network. This thesis concludes by giving possible starting points for new
research in current machine learning.
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1 Introduction

In the past years, interest in machine learning has steadily increased. As machine
learning becomes more accessible, it is important that the algorithms used react
similarly to similar situations. For example, in personalized algorithms two
people with similar interests should be recommended similar new hobbies to
try or perhaps an algorithm that recommends products should be able to give
reasonable advice for similar products. We call such algorithms transferable
and it is the property we investigate in this thesis. Graph neural networks
are particularly interesting in this regard as a lot of data can be encoded into
graphs, such as street networks or online article affiliations. This thesis aims to

investigate the current literature on transferability of graph neural networks.

To start the thesis we set the foundations for the topics discussed, which then
leads nicely into the topics presented in [Levie et al.} 2019]. In this section about
spectral methods, we investigate graph filters that primarily use the properties of
Fourier analysis. We introduce the so called Cayley-smoothness space in order to

prove that for a certain class of functions graph neural networks are transferable.

In the following sections, this thesis presents another approach used in graph
neural networks. By introducing a type of "continuous graph" which is called
graphon, one can use many of the tools already known from functional analysis
in order to analyse graph neural networks. This is a complex and young field
of research. This part of the thesis mainly focuses on the results presented
in [Maskey et all [2023]. To start we lay down the definitions for graphons
and how we generalise graph filters to graphon filters. |[Maskey et al., [2023]
also admits that not all graph shift operators can be represented by graphon
shift operators, so a new class of shift operators, so called unbounded shift
operators are introduced here to overcome this gap. The paper closes with the

transferability results about graphons given in [Maskey et al., [2023].

2 Historical background

Investigating the properties of graphs is a well established field. Mathematicians
have been trying to understand graphs since 1736, when Leonard Euler first
published a paper on the now famous problem of the seven bridges in Kénigsberg.
However, the word Graph was only used much later, in a 1878 paper by Sylvester.
Since then, the field has evolved, spanning from using graphs in order to calculate
maximal flows through systems of pipes to using so called random graphs to

describe random processes.



In the 19th century there was no access to methods such as machine learning.
This means that often one had to rely on human intuition in order to find clusters
of points. Generally, this is a good approach since humans have a good intuition
when it comes to these problems, however intuition might fail when visualising
the data set is troublesome. An example of this are data sets where, if there are
more than three labels per data point visualising becomes difficult, giving rise to

the methods discussed below.

2.1 Classical methods

This section, will briefly discuss methods of clustering, which are unsupervised

machine learning algorithms in order to find clusters in a mass of data points.

Linkage based clustering as in [Shalev-Shwartz and Ben-David} 2014] Section 22.1
is an intuitive method that quickly produces clusters (i.e. collections of points
that are close in a given norm). We shall briefly explain this process informally,
as the concept is very intuitive. The first step is to define the initial clusters,
which are very simply put clusters only containing one data point. Afterwards
we merge similar clusters, but we need to define what similar means. Often our
clusters are in some metric space, so we can use the distance between the initial
clusters to form the new ones. After merging the first clusters one can repeat
this process until one reaches the desired number of clusters or until only one

cluster containing remains.

Another simple way to find clusters is via so called k-means clustering (found in
[Shalev-Shwartz and Ben-David, 2014] Section 22.2). The gist of this method is
that one wants to find k clusters, such that the data points of a given cluster
are as close to the center of said cluster as possible. To achieve this there exists
an algorithm called Lloyd’s algorithm, which iteratively finds the centres of the
clusters. However, as useful as this algorithm is, it does not always converge or

sometimes converges to a non-optimal clustering.

Lastly, we can mention spectral clustering (|Shalev-Shwartz and Ben-David)
2014] Section 22.3). We shall not discuss this method in detail since it is almost a
precursor to some of the methods presented further below. In spectral clustering
one divides a graph into subgraphs by minimizing the so called cut of the graph.
The convenient thing about spectral clustering is that it also works for non-convex

data sets, for which the previous two methods have average or bad results.



3 Preliminaries

This section will lay down basic definitions that we will use throughout the thesis

and explain some of the basic notation.

3.1 Graphs and graph Laplacians

Definition. (|Shalev-Shwartz and Ben-David} [2014] section 22.3) An undirected
graph G is a tuple consisting of two sets: V' the set of vertices which are usually
referred to as vy, vs,...v, for n € N and a set of tuples which signify the edges
E CV xV. We say that two vertices v; and v; are connected if (v;,v;) € E.

Furthermore, we define the adjacency matrix of a graph G as

(A)i; = { 1 (vi,v;) €E (3.1)

0 otherwise

Obviously, the adjacency matrix of an undirected graph is symmetric, since we

assume an undirected graph therefore ((v;,v;) € E) <> ((v;,v:) € E).

In real life applications, using undirected graphs to represent real life circum-
stances is often intuitive, like mapping out a city with bus lines travelling through.
However, at given times some streets might be busier than others. In order to
represent that phenomenon, we introduce weights on a given edge that represents

such a concept.

Definition. ([Shalev-Shwartz and Ben-David), 2014] Section 22.3) A weighted
graph is a triple G = (V, E, W) where (V, E) defines an undirected graph and

W e R™*™ is a symmetric matrix with positive entries and n = |V|.

We can now use this new notion of graph to introduce the graph Laplacian.

Oftentimes this special matrix is used for spectral clustering.

Definition. (|Shalev-Shwartz and Ben-David} 2014] Section 22.3) We define the
degree matrix D of an undirected weighted graph G = (V, E, W) by the sum

Dii= > way. (3.2)
(i,7)€EE
Here w(; jy denotes the entries of the weight matrix W.
Definition. (|Shalev-Shwartz and Ben-David} 2014] Section 22.3) Let G =
(V,E,W) be a graph with weight matrix . The graph Laplacian of an undi-

rected weighted graph is defined as L = D — W, where D is the degree matrix
of G.



The graph Laplacian is also our first example of a so called shift operator, which
we will introduce later when we cover spectral graph filters. Furthermore, in the
following we will call a function f from the set of vertices of a graph into C a

graph signal.

3.2 Neural networks

For convenience we introduce the basic structure of shallow neural networks,

since they are the basis of all other neural networks.

Definition. |[Hastie et al} 2009] We call a function f : R — R of the following

form neural network.
N
fl@) =" cip({as, z) +b;) +r. (3.3)
i=1

We say that f has input dimension d € N; N € N neurons, the activation function
p: R — R, the weights a; € R%,¢; € R and biases b; € R and r € R for each
i € [N].

In practice, one would usually use deep neural networks for one’s machine learning
task, which introduce so called hidden layers, in which each neuron applies a
linear transformation to the given input vector before applying the scalar product
and activation function. Neural networks are a powerful class of approximating
functions since they can approximate every continuous function on a compact
set as long as the activation function is sigmoidal (this means the activation
function is continuous, has lim,_, _0(x) = 0 and limg;_.0(x) = 1)|Cybenkol,
1989|. As we can see from the definition, neural networks are usually defined
on the real numbers, so we need to do some work to define them on graphs.
This thesis will confine itself to graph convolutional networks (GCNNs). To

understand these, we must first define what a convolutional neural network is.

Definition. (informal) A convolutional neural network is a neural network
comprised of 3 special kinds of layers. Convolutional layers which operate just as
discrete convolution, pooling layers, where the information is compressed, and
fully connected layers, which operate like the ones we are already familiar with,

from deep neural networks.

Graph convolutional neural networks (GCNNs) are a special kind of neural
network that use special kinds of convolutional layers to translate graphs into a

structure that neural networks can understand.

Definition. (informal) A graph convolutional neural network is a CNN that

instead of being defined on R is defined on graphs. It uses the same layers



as regular CNNs with the main change that in the convolutional layer we can
not use the usual convolution. Instead graph convolutional networks perform
convolution on the spectrum on the graph Laplacian, which is given by the

eigenvectors of the graph Laplacian.

Now that we understand the object that we are working with, we give a notion

of what the aim of this thesis is.

3.3 Definition of transferability

The goal of this thesis is to show that graph filters that are commonly used for
GCNNSs are transferable, which in a very informal sense means that a GCNN
with a transferable filter that is trained on similar training sets will have similar

results.

Definition. We call a function f : R™ — R™ equivariant if for all permutations
of n elements o we have that f(z4(1),...,Tom)) = f(Z1,...,2n).

Let f : R* — R™. We call f stable if for all € > 0 there is § > 0 such
that for z, E € R™ and y = x + E, where ||E|| < ¢, there is ¢ > 0 such that
1f(2) = fy)ll <e.

A function that is both stable and equivariant is called transferable.

We also investigate asymptotic transferability, which means that even if we can
not find bounds for stability, we can still guarantee convergence of the difference

between the approximation and the correct function.

4 Graph filters

Originally, filters are used in functional calculus, so we must first define what it
means to use filters on graphs. For that, we introduce graphs with graph shift

operators (GSO) and then define the notion of a graph filter.

4.1 General graph filters

Definition. |Levie et al. 2019] A graph shift operator is a self adjoint operator.
A graph with GSO is a graph together with some GSO.

Usually one uses a combinatorial object as the GSO of a graph. Popular
and intuitive choices are the Laplacian and the normalized Laplacian Ly =
I — D'Y?W D2 where D is the degree matrix of G and W is the weight matrix
of G. However, one can even construct a GSO from a given data set. As we will

see, choosing a reasonable GSO is imperative.



Definition. [Maskey et al) 2022] Let G be a graph with a GSO A, and
let {\;, ¢}, be the eigenvalues and eigenvectors of A. We call a continu-
ous function h : R — R a filter and define the operator h(A) by h(A)z =
Yo h(N) (z, ¢i) ¢i. Here (.,.) denotes the standard scalar product. We call
h(A) the realization of the filter but for brevity we will often use it interchange-
ably with the word filter.

To illustrate the concept, we give an example for a very simple filter.

FEzample. [Maskey et al., 2022] Let h be a rational funtion, i.e. h is of the form

5 g A"

h(\) = ==——.
S

(4.1)

A simple calculation shows that the realization of this filter is given by

N M -1
h(A) = <Z hnA"> (Z hmAm> . (4.2)
n=0 m=0

This means that we can use rational functions and polynomial functions to build
filters. [Defferrard et al.l [2016]

4.2 Spectral graph filters

In order to introduce spectral graph filters we need to introduce what it means to
apply the Fourier transformation on a graph signal, since usually graph signals

are functions on a discrete space instead of continuous functions.

Definition. |Levie et all 2019] Let G = (V, E, A) be a graph with GSO and
f:V — C be a graph signal. Then we define the Fourier transform of a graph
signal by Ff = ({f, ¢n))N_, where ¢,, are the eigenvectors of A.

From this we then construct our first spectral graph filter.

Definition. [Levie et al,, [2019] Let G = (V, E, A) be a graph with GSO and
f:V — C be a graph signal. We define a spectral graph filter G with coefficients

(90221 by GF = (05, 90 {F, 60) 6.

As one can clearly see, this filter is equivariant, since it only depends on the scalar
product of the eigenvectors, which is equivariant, because the scalar product
does not care about the order of components of the eigenvectors. This is already
half of what we need for transferability. However these filters have two glaring
issues. First, since they require the eigenvalue decomposition of the GSO, they
are computationally costly. However, the fatal flaw is that spectral filters defined

in this sense are not transferable.



Ezample. |Levie et al) 2019] Let G = (V, E,A) be a graph with GSO. Here
A is the Laplacian. A small perturbation in A can cause a large perturbation
in the eigenvalue decomposition of A, meaning using this method leads to

non-transferability.

However, one can prevent those shortcomings by taking an approach that is

based in functional analysis:

Definition. |[Levie et all|2019] Let g : C — C be a function and T a self-adjoint
unitary operator with finitely many eigenvalues A and eigenvectors ¢; on the
Hilbert space H. Let f € H, then we define the operator ¢g(T') as

n

g( M) f =9 (f, i) i (4.3)

i=1
By using this decomposition, it is no longer necessary to compute the eigenvalues
of the GSO or any Fourier coefficients. Even inversion is simple, since it just
comes down to solving a system of linear equations. Many computationally

efficient methods are known for solving those already.

5 Graph convolutional neural networks under

spectral filters

In this section, we apply spectral filters to GCNNs and investigate their trans-
ferability. It has been shown that filters are transferable if and only if they are
equivariant (i.e. renaming the indices of the data does not change the output)

and stable (i.e. using "similar" graphs as inputs produced "similar" outputs).

5.1 Transferability result for spectral filters

It is easy to see why spectral filters in the above sense are equivariant under
renaming of the vertices, as they only depend on the scalar product of the
eigenvectors, which is equivariant. Therefore, we already proved the first of
two properties of transferability. We prove stability on the so called Cayley

smoothness space.

Definition. |Levie et al., 2019] Let e'® define the unit circle and C : R — e®
be the Cayley transform C(x) = Z7;. The Cayley smoothness space Cay'(R)
is the subspace of functions g € L?(R) of the form g(\) = ¢(C(\)) where
q:e™ — Cisin L?(e"™), and has classical Fourier coefficients (¢;)f°, satisfying

llglle = 32121 el < oo

Now we prove the stability result for filters based on functions from this space.



5.1.1 Stability result for spectral filters

In order to prove stability, let us first recall two useful lemma from spectral

theory about self adjoint matrices and bounded normal operators.

Lemma 5.1. [Levie et al., |2019] Suppose B,D,E € CN*N are self adjoint
matrices satisfying the relation B = D + E and ||B||,||D|| < C for C > 0 then

for every I > 0 we have
|B' = D'|| <10 |B|. (5.1)

Lemma 5.2. [Levie et al), |2019] Let T be a bounded normal operator in a
Hilbert space. Let o be the spectrum of T'. Define the infinity norm on the space

of bounded continuous functions f : 0 — C by

[1f = gll = sup[f(z) = g(=)] (5:2)
Then

F(T) = gD = IIf = gl (5-3)
Here ||.|| denotes the operator norm.

For stability |[Levie et al., [2019] proves the following bound:

Theorem 5.3. [Levie et al., |2019] Let A € CN*N be a self-adjoint matriz. Let
A’ = A+ E be self-adjoint, such that ||E|| < 1. Let g € Cay*(R). Then

(&) = o0 < lalle (Wa1+ DT v iEl). )

Proof. The proof presented here follows the steps from |Levie et all |2019]. First,
we restrict the statement onto a dense subset. Second we extend the estimation to
the full space. The dense subspace of Cay!(R) we choose is g = go C € Cay'(R)
where ¢ has a finite expansion with coefficients (¢;)£ ;.

First, let us note, that by definition of C, we have

C(A)—C(A) = (A—i)(A+i) " —(A—i) (A i)+ (A—i) (A i) — (A" i) (A +4),
(5.5)

therefore by taking the norm we get
IC(A) =N < A =DII[(A+) 7" = (A =a)|[+|[(A"+ )] |1E]]. (5.6)

Since A’ has a real spectrum, which follows from the spectral theorem and being



self-adjoint, it follows that

A"+l < (IA+ Bl + )7 < (JAI+ 1Bl +1) 7 < (5.7)
-1
( sup. (1A +2> <1 (5.5)
A€o (A)

Here o(A) denote the spectrum of A, which is bounded since A has at most n

eigenvalues. We have
lle(a) =N < (IAI+ DA +4) 71 = (A" + i)~ H + [ E]]. (5.9)

Now we bound [|[(A +4)~! — (A’ +4)71||. Here we use that ||E|| < 1 and the

Neumann series expansion in order to achieve:

A+i+E)y'=A+i) ' I+EBA+)HT (5.10)
=(A+i)! (i(—l)k (E (A+i)1)k> . (5.11)
part
Since ||(A +1)~1|| < 1 we get
A +3) L= (A +9)7Y| < JE",'E' (5.12)
Combining and yields
lc(A) —c(AT)]| §(||A|+1)1|_]|E||EH+|E|I~ (5.13)

Notice that C(A) and C(A’) are unitary, meaning their spectra are bounded
by 1. Using Lemma [5.1] the triangle inequality, and polynomial expansion of
p(C(A)) — p(C(A")) we obtain the result for the truncated functions,

L
l9(2) = g(A))]| = [p(C(A)) = p(C(AN)]| < Y lallc(A) =), (5.14)
=1

We use a density argument to show the full theorem. For a given g = qoC, we
define the truncation gy = qr o C by restricting the Fourier series of ¢ to the

coefficients (¢;)% ;. Now we use the triangle inequality. Given L € N,

[lg(A)=g(AN]| < llg(A) =g (A)[[+]lgL(A) =g (A)[[+]lgL(A") —g(A")]]. (5.15)

The first and third term converge to 0 for large L, meaning we only need to

account for the second term. For every L € N we have



L 00
llgelle =D leal < lal = lglle- (5.16)
k=0 k=0
Therefore, for any € > 0 we get

[[E]]

19(2) — g(A)]] < Ilglle (<|A|| T ||E||) te (5a7)

Since € is arbitrary, we get the result (5.4).
O

We would now like to give examples for functions in the Cayley smoothness
space.
Ezxample. Let f: R — R with the following estimates for its Fourier coeflicients

cn <m0 for all n € N with § > 1. First we show that f is in L?((—m, 7)) by
using Parseval’s identity ([Suetinl [1979]).

||f||L2((—7T,7T)) = 271—2 |Cn|2 < 27{2(”7176)2 < 0. (518)
n=0 n=0

Therefore, we have that f € L?(—m,n). Now we prove that f is indeed in
Cay'((=m,m)).

Iflle = nleal <Y 70 => "0’ < 0. (5.19)
n=0 n=0 n=0

The sum remains bounded since § > 1. We conclude that f € Cay!(—m, 7).

6 Graphons

As mentioned above, we want to say define convergence for a sequence of graphs,
we call the limit objects of these sequences graphons. We will make this notion

precise below.

6.1 Definition

In order to define what a graphon is, we first establish some definitions for graphs
and graph homomorphisms, since intuitively it is not entirely clear what it means
for a graph to converge. In order to do that, let us define the homomorphism
numbers, which count how many homomorphisms exist from one graph to

another.

10



Definition. Let (G, F) and (H, F') be undirected graphs, we call f : (G, E) —
(H,F) graph homomorphism if it preserves edges (i.e. (v;,v;) € E then
(f (i), f(v5)) € F).

Example. One can think of graph homomorphisms as colouring each vertex that
has the same value in one colour and then moving the vertices in 2d-space. At
most one can add edges, since if one were to cut an edge it would no longer be a
homomorphism. A popular example is the homomorphism from the flower snark

graph Js into the cycle graph Cs. (see figure [1)

Figure 1: A wvisual representation of the homomorphism from the
flower snark to the circle graph (By Tokenzero - Own work, CCO,
https://commons.wikimedia.org/w/index.php?curid=57186561)

Definition. [Maskey et al., 2023] Let G a graph with GSO A. We define the
GWM of G as A =nA. Where n € N is the number of nodes of G.

Definition. [Maskey et all 2023] Let F = (V(F'), E(F)) be a graph and G a
graph with GSO A, GWM A and node set V(G).
Given a map ¢ : V(F) — V(G), we define the homomorphism number to be

homy (F, G) = Wy v)eE(F) A (u),w(v)- (6.1)

Here A(y(u),p(v)) is the entry of A at (1(u),¢(v)). We define the homomorphism
number of two graphs as

hom(F,G) = Y homy(F,G), (6.2)
bV (F)=V(Q)

11



the sum adds all the homomorphism numbers of each map v from F to G.
Lastly the homomorphism density with respect to graph G is a function ¢(., G)
that assigns to each graph F' with weights 0 or 1 the following value

_ |hom(F,G))|

t(F,Q) = EILGE

(6.3)
To give a brief explanation for homomorphism density, it describes the ratio
of how many of the functions from graph F' to graph G are homomorphisms.
Naively, it is the probability of randomly drawing a homomorphism from the
basket of all functions between the two graphs. For our purposes, we often have
F C G and then the homomorphism numbers give a quantity as to how often F'

appears as a structure in G.

Before we introduce what it means for a sequence of graphs to converge, let us
introduce the formal definition of a graphon, which at first might seem almost

arbitrary but is shown to be the natural limit of graphs.

Definition. [Maskey et al. [2023] A graphon is a bounded, symmetric and
measurable function W : [0, 1] x [0,1] — R. We denote the space of all graphons
by W. Let I' > 0. The subspace Wr C W is defined as the set of all graphons
W € W such that |W(u,v)| < T for every (u,v) € [0,1] x [0, 1]. Additionally we
define the graphon shift operator (GRSO) Tw as Ty f(u) := fol W (u,v) f(u)dv.

It could be confusing that the limit of something discrete like a graph can be a
function defined on continuous space, however the way that one should imagine
graphons is as a space from which discrete graphs are sampled, such, one calls
such a graphon latent space of graphs that correspond with it. To further
generalise the notions above, let us next define, homomorphism density of a

graphon.

Definition. |[Maskey et all |2023] For a graphon W and a graph F = (V| E)
with weights either 0 or 1, the homomorphism density of F' in W is defined as

HE,W) = /

o I jyesW (i, uj)ievdu;, (6.4)
0,1]»
where n is the number of vertices in F.

When we talk about convergence of graphs, we actually usually talk about
convergence in the sense of the above mentioned homomorphism density, so let

us formalize this.

Definition. |[Maskey et al.,[2023] Let (G,,), be a sequence of graphs with GSOs
and GWMs (A,,),.

12



We say that (G,), is a bounded sequence if there exists a constant C' > 0 such
that ||A,|| < C for all n € N.
We say that (G,,), converges in homomorphism density, if for all graphs F' the

sequence (t(F,Gy)), converges.
Let us now summarize the above claims in the following theorem.

Theorem 6.1. [Borgs et al., |2008] For every bounded sequence of graphs (Gp)n
with GSO that converges in homomorphism density, there exists a graphon

W € W such that for every simple graphs F
t(F,G) — t(F,W) (6.5)

forn — oo.

Now that we know that we can pass from sequences to graphs to graphons,
perhaps it would be nice to also be able to pass from a graph to a so called

induced graphon.

Definition. [Maskey et al., 2023] Let G be a graph with GSO A and GWM A
and n nodes and {Py,..., P,} a partition of [0, 1]. The graphon W, induced by
G is defined as

Wa(u,v) = > A jxe (w)xp, v). (6.6)

i,j<n
We also get that t(F,G) = t(F,Wy) for graphs G with GWM A and every graph
F with weights either 0 or 1.

Furthermore, we define convergence of graphs.

Definition. [Maskey et all|2023] Let (G,,)» be a sequence of graphs with GSOs
and corresponding GWMs (4,,),. Let W € W satisty G,, — W. Let (Permg)n,
the set of permutations of vertices of G. The set of admissible permutations is
defined as

P = {(Wn)n € (Permg,, )n | ||Tan(An) —Twllz2(0,1)—L2(jo,17) — 0 for n — OO} .

Let (Gn)n be a sequence of graphs with GSOs and (x,,),, a sequence of graph

signals defined on these graphs. We say that (xy,), converges to a graphon signal

¥ € L%([0,1]) if there exists a graphon W such that G,, — W and for some
n—oo

admissible permutation (), € P

19 () = Pl 2((0,1]) —— O. (6.7)

. I
We write x,, — 9.
n—oo

Now let us introduce how to process signals with these new objects.
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6.2 Graphon filters

The ultimate goal is to generalise the spectral filters from graphs to graphons. In
order to do that we need some extra structure on our graphs. This new structure

will now let us generalise our previous notions to graphons.

Definition. |Maskey et al., [2023] Let € C™ be a signal on a graph G and
{Py,...,P,} apartition of [0, 1] and u € [0, 1]. The graphon signal 1, € L%([0, 1])
induced by z is defined as

P (u) == Z zixp,(u). (6.8)

Jj<n
Definition. [Maskey et all [2023] Let A : R — R be a filter. Let W € W be a
graphon and Ty the associated GRSO (i.e. a self adjoint operator operator).

Let {\;,,}; be the eigendecomposition of Ty. We define the realization of the
filter h(Tw ) as

h(Tw) = b)) (W, ¢5)6;. (6.9)

j=1
Here 1 € L%([0,1])

As one can see these definitions are quite similar to the ones we have already seen
above on spectral filters, in that sense it is almost intuitive to define graphon
convolutional neural networks in the same way as spectral filters, with no other
adjustments needed. This then implies that the inputs are vector valued signals.

We call these signals graphon feature maps. Now we shall collect useful results

in order to better understand these new objects.

Definition. [Maskey et al.,[2023] For n € N, we define the space of step functions
S, C L*([0,1]) as S,, = span{xp,,---,Xp, }

This space is actually isomorphic to C™.

Lemma 6.2. [Maskey et all 2023] For n € N, the correspondence x —
defined in[6.8, between the space C™ and S,, is an isomorphism. Further, it holds

1 1
%HIHC" = ¥allzzqoy and —{z,y)er = (o, ¥y)r2(po,1)

for all x,y € C™.

Proof. A simple calculation shows the results. Let {Py,..., P,} be a partition
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of [0,1] then
1 n n
(Y, Yy)L2((0,1)) =/ ZCEiXPi(U)ZZ/jXPj(U)dU (6.10)
0 =1 j=1

1 n n n
_— 1 _ 1
= / ZZ%‘XH (Wy;xp, (u)du = n szyz = g(%yﬂzn. (6.11)
0 i=1

i=1 j=1
The other claim is analogous. O

This lemma gives us a connection between the eigenvalues of the GSO, GWM

and the graphon shift operator Ty, , as shown in the next result.

Lemma 6.3. [Maskey et al.,|2023] Let G be a graph with GSO A and associated
GWM A. Denote the eigendecomposition of A by {\',z*} ;. Then, Ty, admits
the eigendecomposition {\', \/mip: }7 ;U {0,%5}52,,41, where the eigenvectors

are an orthonormal basis for L*([0,1]).

The proof of this lemma, as it is just a technical calculation, will be omitted. It
shows that graphon filters do not care if we first calculate the induced graphon

or apply the filter on the discrete object before inducing the graphon.

Proposition 6.4. [Maskey et all 2023] Let G be a graph with GSO A and
corresponding GWM A. Let h : R — R be continuous with h(0) = 0. Then,
hTa) =Tw

nh(A)

A generalization of this proposition is given below.

Proposition 6.5. [Maskey et al), |2023] Ler G be a graph with GSO A and
corresponding GWM A. Let h : R — R be continuous. Then for every signal
zeCr

Yhaye = MTw,) Pz (6.12)

The graphons as defined above are not yet enough to prove transferability over
all GCNNons. We still have some gaps to fill in order to characterize all GRSOs.

6.2.1 General unbounded shift operator

As one might suspect, the construction of induced graphons are not enough to
represent all graphon shift operators, so we need to find objects that fill those
gaps. In order to accomplish this, we consider the interval [0, 1] and discretize it
by a grid. We do this by connecting each grid point to each of its neighbours. It
is almost intuitive that this describes a graphon latent space (i.e. a space from
which graphons can be sampled) and a graph. This graph together with the

Laplace operator however could never define a graphon in the above sense, since
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the Laplace operator is not bounded, so in order to also connect these objects

with our above theory we must develop the definitions further.

Let us first define the space for these new unbounded graphon shift operators.

Definition. [Maskey et all [2023] Let £ be a selfadjoint operator with spectrum
consisting only of eigenvalues. Denote the eigenvalues, eigenspaces and projec-
tions upon eigenspaces of £ by {\;, W;, P;}jen. For each A > 0, we define the
A’th Paley-Wiener space of L as

PW, = @P{W;lIA] < AL (6.13)

JEN

The spectral projection Pz(\) onto PW,(A) is defined by

Pc(A)= > P (6.14)

|)\j|<)\

One can think of this space as the space of graphons where we forget that they
have eigenvalues above and below a certain value. We shall now define what it

means to be an unbounded graphon shift operator using this space.

Definition. [Maskey et al., [2023] Let £ be a self-adjoint operator defined on
a dense subset of L?([0,1]), with spectrum consisting only of eigenvalues. We
say that £ is an unbounded graphon shift operator (unbounded GRSO) if it is
self-adjoint and for every A > 0, there exists a graphon W* € W such that

LPr(AN) = Tyya. (6.15)

This definition is very abstract, so instead we find an easily verifiable condition

whether self-adjoint operators are unbounded graphon shift operators.

Proposition 6.6. [Maskey et al, |2025] A self-adjoint operator L with spectrum
(L) = {A1, A2, ...} consisting only of eigenvalues is an unbounded GRSO if and

only if the eigenvalues in each compact interval are square summable.

The idea of the proof is that, if the eigenvalues are square summable, then we
can bring it into the form of the projections, while if £ is an unbounded shift
operator, then we can calculate , which shows the square summability of
eigenvalues on a compact interval. Now let us check what concept of convergence

needs to be applied to unbounded graphon shift operators.

Definition. [Maskey et all 2023] Let (G,), be a sequence of graphs with
GSOs (Ay,),, and associated GWMs (4,,),. We say that (G,) converges to the
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unbounded GRSO L if there exists a sequence of permutations (), such that

for every A € R

[Pe(NTw, 4, PcN) = LPc(M|[22(0,17)—22(j0,1) = O (6.16)

for n — oo.

In general, we have an analogue to the above result that every graphon has

a series of graphs that converge towards it.

Proposition 6.7. [Maskey et all, |2025] Let L be an unbounded GRSO. Then,
there exists a sequence of weighted graphs (Gy)n with GSOs (Ay), such that
G, — L.

Let us now move to the transferability results.

7 Transferability using graphons

In this final section of the thesis, we will discuss transferability results for

graphons and GCNNs using graphons.

7.1 Asymptotic transferability of graph filters

In order to prove transferability, we should first investigate if for a sequence
of graphs and GSOs converging to a graphon, the associated graph filters also
converge to the induced GRSO in the operator norm. We have the following

lemma.

Lemma 7.1. [Maskey et all, 12023] Let (Gn)n be a sequence of graphs with
GSOs (A\p)n and its associated GWMs (Ay)p. Let W € W satisfy Gy, — W. Let

h be a filter. Then, there exists a sequence of permutations (my, )y, such that

1M Tw,, A, Ve, — B(Tw)¥lL2(0,17) — O (7.1)

The proof of this lemma is very involved and would go beyond the scope of this
thesis, so we omit the proof of the above lemma. Using this lemma, we can prove

that the transferability error does indeed vanish given a big enough graph size.

Theorem 7.2. [Maskey et al, |2025] Let (G)n be a sequence of graphs with
GSOs (A\p)n and its associated GWMs (Ay)p. Let W € W satisfy Gy, — W. Let
h be a filter. consider a sequence of graph signals (x,,)n on (Gp)n and a graphon
signal v € L*([0,1]) such that x,, — 1. Then,

n(amzn = Vham)zml| =0 (7.2)
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for m,n — oo.

Proof. [Maskey et all [2023] By Proposition [6.4] and Lemma [7.1] we have that

1TWon oy = I L2 (0,11~ L2(0,1)) = O (7.3)

for n — oo. Then by applying Proposition [6.5] and Lemma we obtain
h(Ap)x, — h(Tw)v. Applying the triangle inequality yields the result. O

Of course such asymptotic results are often not useful in practice as it is not
clear that it is actually computationally efficient to use these methods instead of

simpler methods.

7.2 Non-asymptotic transferability of graph filters

Asymptotic results alone are not satisfying, so we investigate at which rate the
graphon filters converge. Instead of using the usual LP norm, we use the so
called Schatten p-norm (i.e. the I” norm of the sequence of eigenvalues). With
respect to this norm, we show that the filters converge linearly. One can even

give a formulation in terms of the Fourier coefficients.

Definition. |[Maskey et al., [2023] Let T be a compact self-adjoint operator with

eigenvalues (\;)j_,, then we define the Schatten p-norm ||T|s, = [[(A)7_, ||

Theorem 7.3. [Maskey et all,|2025] Let h be Lipschitz continuous with Lipschitz
constant ||h||Lip and h(0) = 0. Let (Gy)n be a sequence of graphs with GSOs
(Ay)n and associated GWMs (Ap)n such that there exists a W € W with

G,, — W. Then, there exists a sequence of permutations (my), such that for

every 2 < p < o0

||Tth(wn(An)> - TWmh(‘zrm(Am)) ||Sp < 2||h||LiIJKpHTWM(An) - TWﬂm(Am) || (74)

The right-hand side of this inequality converges to 0 for m,n — oo and K, is a

universal constant given in [Potapov and Sukocheu, |2011|] theorem 1.

Proof. Let (Gy)n be a sequence of graphs such that G,, — W. Then, by
[Borgs et al., [2008] and |Janson) [2010] we know that permutations (7, ), with
||TW""n(An)

with Lipschitz constant ||h||1ip satisfies

—Tw||s, — 0 for n — 0 exist. Every Lipschitz continuous function A

1A(A) = h(B)]ls, < [[hllLipKp||A = Blls, (7.5)

for self-adjoint operators A and B such that |[|A — B||s, < oo (|[Potapov and
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Sukochev], [2011]). Hence, we obtain

W (Tw., s,y = BTw)llp < Epllhlleipl[Tw,, s,y = Twllp- (7.6)

Using Proposition [6.4) and the triangle inequality finishes the proof. O

8 Generalizing to graph neural networks

In this final section, we generalise the transferability from just graph filters to
GCNNs and graphon convolutional neural networks (GCNNons). In order to do
that, one can not simply use the operator norm, as GCNNs and GCNNons are
not linear operators. So we must introduce a new norm in which we can prove
that under certain conditions we have asymptotic convergence and sometimes

even linear approximation rate.

8.1 Asymptotic transferability of graph neural networks

Let us first aim to generalise Theorem [7.2] to our new setting of GCNNons. For
that, we introduce a norm on L2([0,1])? in order to know what it means for

graphon feature maps to converge.

Definition. [Maskey et al.,[2023] Let d € N and f € L?([0, 1])? be a graphon
feature map and x € C**? a graph feature map.

We define the norms

Wfll2qoape = maxp—1,.allf*llr2q0,1) (8.1)
I[fllcnxa Ccn- (8.2)

maxg—1_ql/z"|

We say that f is normalized if maxk=17_“7d|\fk||L2([o)1]) < 1. We say that z is
normalized if maxy—1 _q4/|z%||cn < 1.

Let (G,)n be a sequence of graphs with GSOs and (z,,), a sequence of graph
feature maps with x, € C"*? for every n € N. Let z¥ and f* denote the
k-th feature map of x,, and f. We say that (z,), converges to f if for every
k=1,...,nit holds z¥ — f*.

First, we show that spectral convolutional networks (SCNNs) are transferable
between graphons and induced graphons. Second we use the obtained approxi-

mation to show transferability on GNNs.

Lemma 8.1. [Maskey et all |(2023] Let ¢ := (H, M, p) be an SCNN with L layers
and Lipschitz continuous activation function p: R — R. Let f; be the number of

features on the l-th layer, for 1 = 1....,L. Let (G,), be a sequence of graphs
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with GSOs (Ay)n and associated GWMs (Ap)n. Let W € W with G,, — W.
Suppose that (yn)n is a sequence in (L%([0,1]))% and y € (L?(]0,1]))f such that

[[yn — yHL2([O,1])-fz -0 (8.3)

for m — oo. Then there exists a sequence of permutations (m,)n such that,

oW, ., Wn) = dw W L2, — 0 (8.4)

forn — oco.
We generalise Proposition [6.5] to this setting.

Lemma 8.2. [Maskey et all |2025] Let ¢ := (H, M, p) be an SCNN. Let G be
a graph with GSO A and associated GWM A. Let x € C" % and activation
function p : R — R. Then we have that ¥y, (o) = Aw, (Vz).

The asymptotic transferability result for GCNNs now follows directly from an

application of the triangle inequality.

Theorem 8.3. [Maskey et all, [2025] In the setting of Lemma[8.1] let (xy,)y, be a

Fy

sequence of graph feature maps and y € (L*([0,1]))F°, such that z,, — y. Then,

there exists a sequence of permutations (my,)n, such that

||1/’¢7rn<An>(mn> - w%m(Am)(mm)H =0 (8.5)

as n,m — oo.
Proof. As we have already seen in the proof of Theorem [7.2] above we can use

Lemma [8.1] and Lemma in order to obtain (), such that

||¢¢7rn(An)(a:n) - ¢W(y)||L2([O,1])FL —0 (8'6)

for n — oo. This yields the result via triangle inequality. O

Next, we prove linear stability conditions. In order to achieve a rigorous proof
one needs to impose some smoothness conditions on the activation functions of
the GCNNs we investigate.

8.2 Non-asymptotic transferability of graph neural net-

works

As already mentioned above, proving transferability for all GCNNs is a daunting
task, so in order to prove transferability we restrict ourselves to the class of

GCNNs with a so called contractive activation function.

20



Definition. |[Maskey et al., 2023] An activation function p : R — R is called
contractive if |p(z) — p(y)| < |z — y|

In order to find linear convergence of transferability on GNNs, we assume higher

regularity of the activation function and then generalise as we already did before.

Lemma 8.4. [Maskey et all |2023] Let ¢ = ¢(H,M,p) be an SCNN with
contractive activation function p. Let G be a graph with GSO A and associated
GWM A. Let W € W and suppose that

[[Allcn»cn < T, | Tw!lL2o,1)—r2(o,1) < T (8.7)

forT' > 0. Let € > 0 and suppose there exists a permutation ™ on the nodes of
G with

||TW7,(A) - TW||L2([0,1])—>L2([0,1]) <e. (8.8)

Suppose that for every filter h in the SCNN ¢, we have h € C*[-T',T], with
Lipschitz derivative and ||h||po(—r,r] < 1. Then, there exists a Cp, € N such that

||¢WW(A) (V) — ¢W(y)”L2([O,1])FL <CLe. (8.9)

Here Cp, depends on M and H.

The proof of Lemma is a long calculation and is as such omitted, but can

be found in [Maskey et al.,2023|. The final result is now a direct corollary of
Lemma

Theorem 8.5. [Maskey et all, (2025] Let ¢ := (H,M,p) be an SCNN with
contractive activation function p. Let G1 and Go be graphs with GSOs A1, Ao
and associated GWM A1, As. Suppose that

[|41]|cn—cn < T, [|As|lcn—cn <T (8.10)

forT' > 0. Let € > 0 and suppose there exist vertex permutations m of G1 and

mo of G satisfying
||TWW1(A1) - TWW2(A2)||L2([0,1])—>L2([071]) <e. (8.11)
Let ©1 and x5 be normalized graph feature maps satisfying

||wﬂf1 - d)x2||L2([O,1])FO <e. (812)

Then we obtain
||¢¢,T(A1> ('Tl) - w¢ﬂ(A2) ('TQ)H < Cre, (8'13)
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where Cp, is the same constant as in Lemma[87)

As such we have shown the linear approximation rate even holds for GCNNs.

9 Conclusion

We have learned that spectral neural networks based on graphs are transferable
when using a class of functions as general as H' functions. Furthermore, one
can expect SCNNs to be transferable when using very general objects. We can

even expect the bounds to grow linearly.

However, there are some limitations of the findings for spectral methods and
graphon methods. For example, determining if a function is in the Cayley

smoothness space might prove difficult.

While the results for SCNNS using graphons seem very promising, we must
concede that there are some strong smoothness conditions on the activation
function, in general one would like to prove these results using only continuous

functions.

To conclude, this thesis compiles the results of mainly two papers that use two
separate approaches in order to prove transferability of GNNs. By condensing
the information of these papers it was possible to find a new generalization in
the form of Theorem ??. Hopefully, this generalization can be useful in finding

bounds of transferability for more general functions.
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