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Abstract

A well-known result in commutative Banach algebra theory states that two
locally compact spaces X and Y are homeomorphic if and only if the C*-algebras
of continuous functions Co(X) and Co(Y") are algebraically isomorphic. Our aim
is to construct a similar theory for algebras of smooth functions and Colombeau
generalized functions. The underlying topological spaces are finite-dimensional
smooth manifolds X and Y which are Hausdorff and second countable. We
find that the non-zero multiplicative linear functions on C*(X) and G(X)
can be identified with the points in X and the compactly supported gener-
alized points X., respectively. Moreover, we prove that algebra isomorphisms
C>®(X) — C>=(Y) are characterized by diffeomorphisms from Y to X, a fact
that holds even for manifolds that are not second countable. The same question
for Colombeau algebras leads to c-bounded generalized functions G[Y, X] which
again completely determine the algebra isomorphisms G(X) — G(Y).

Zusammenfassung

Ein bekanntes Resultat in der Theorie kommutativer Banachalgebren be-
sagt, dass zwei lokal kompakte Raume X und Y genau dann homoomorph
sind, wenn die C*-Algebren der stetigen Abbildungen Co(X) und Co(Y) al-
gebraisch isomorph sind. Es ist unser Ziel, analoge Aussagen auch fiir Al-
gebren glatter Abbildungen bzw. Colombeaualgebren zu zeigen. Die zugrun-
deliegenden topologischen Raume werden in diesem Fall endlich-dimensionale
glatte Mannigfaltigkeiten X und Y sein, die Hausdorff sind und das zweite
Abzahlbarkeitsaxiom erfiillen. Wir werden sehen, dass nichttriviale multip-
likative lineare Funktionale auf C*°(X) bzw. G(X) mit Punkten in X bzw.

kompakt getragenen verallgemeinerten Punkten X, identifiziert werden kénnen.
Zudem werden wir beweisen, dass Algebraisomorphismen C*(X) — C>®(Y)
bereits durch Diffeomorphismen von Y nach X charakterisiert sind. Letzteres
gilt sogar fiir Mannigfaltigkeiten, die das zweite Abzahlbarkeitsaxiom nicht
erfiillen. Im Zusammenhang mit Colombeau verallgemeinerten Funktionen fithrt
uns diese Fragestellung zu kompakt beschrankten verallgemeinerten Funktionen
GlY, X], welche die Algebraisomorphismen G(X) — G(Y) wiederum komplett
beschreiben.
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Chapter 0

Introduction

0.1 Historical background

The historical background for this thesis can be seen in classical Banach algebra
theory, a field that was initiated by I. M. Gelfand in 1939. A Banach algebra
A is a Banach space (over C) and an algebra such that ||abl| < ||a]|||b]| holds for
all a,b € A. The carrier space A of A is the space of non-zero multiplicative
linear functionals A — C. For a commutative Banach algebra A we have that
A is Hausdorff and locally compact (resp. compact if A is unital) with respect
to the weak-* topology.

For unital and commutative Banach algebras, there is a 1-1 correspondence
between elements in A and maximal ideals in A, given by

A — maximal ideals of A

p —  kereop.

This is basically due to the fact that for maximal ideals M in A, the quotient
space A/ M is a commutative and unital Banach algebra over C such that every
element is invertible, and hence by the Gelfand-Mazur theorem isomorphic to
C.

Both sets, A and the set of maximal ideals on A, are called the spectrum of
the algebra A, denoted by Q4. For non-unital commutative Banach algebras
the elements in A correspond to so-called maximal modular ideals.

Moreover, we can consider the Gelfand transformation I 4, which transforms
elements in a commutative Banach algebra A into continuous functions. It is

defined by

I'y: A — bounded functions on Q4

a +— a,

where the elements a in A are identified with bounded functions a, where
a(p) = p(a) for ¢ € A. For commutative Banach algebras, I' 4 is mapped
to Co(.4). For algebras which in addition are unital, the range is C(Q24).
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If we consider different classes of commutative Banach algebras, then the
Gelfand transformation will take a different form. For example, the Gelfand
transformation of L*(R™) can be viewed as the Fourier transform.

For the algebra C(X), with X a compact and Hausdorff topological space,

the Gelfand transformation is simply the identity since C/(\X) is homeomorphic
to X. Similarly, this also holds for the algebra Co(X) for X locally compact and
Hausdorff. This is due to the identification

point pin X «— maximal ideal in Co(X),

where the ideal corresponds to functions vanishing at p. Moreover, the algebras
Co(X) and Co(Y) are algebraically isomorphic (equivalently even isometrically
isomorphic) if and only if X and Y are homeomorphic. The same result of
course holds for compact and Hausdorff spaces X and Y and continuous func-
tions C(X) and C(Y).

In general, we may consider a commutative C*-algebra A, i.e. a Banach
algebra with an involution * that satisfies ||a*al| = |a||* Va € A. The Gelfand
transformation I' 4 on a C'*-algebra is not only an algebra homomorphism but
an isometric #-isomorphism, i.e. A = Cy(Q4). This is the famous Gelfand-
Naimark theorem. An immediate consequence is the equivalence of the following
statements:

(i) The commutative C*-algebras A and B are algebraically isomorphic.
(ii) A and B are isometrically isomorphic.
(iii) A and B are homeomorphic.

While the equivalence of (i) and (iii) can be shown directly also for commutative
Banach algebras, the equivalence with (ii) is due to the C*-identity.

Hence there is a strong connection between algebraic properties of A and
topological and geometrical properties of A. From a categorial point of view this
means that the category of commutative C*-algebras (with homomorphisms)
and the category of Hausdorfl and locally compact spaces (with proper maps,
i.e. continuous maps such that the preimages of compact sets are compact) are
equivalent.

For further reading on classical Banach algebra theory see for example
[Lar73], [Hel93] and [Dav96]. The idea of representing spaces with algebras has
had a remarkable impact on topology as well as analysis. Banach C-algebras
and Colombeau C*-algebras have recently been investigated in [Ver(S§].

0.2 Recent surveys

The same paradigm as mentioned above extends to algebras of smooth functions
C*°(X) and Colombeau algebras G(X) on a manifold X. Colombeau algebras
are algebras of generalized functions which have been developed to bypass the
non-multiplicativity of distributions in order to be able to study non-linear par-
tial differential equations. The basic theory on special Colombeau algebras on
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manifolds necessary for our investigations is provided in chapter

It is the aim of this thesis to present the following new results and discuss
different approaches. Firstly, we will see that for finite-dimensional and smooth
manifolds X and Y (Hausdorff and second countable)

(i) anon-zero multiplicative C-linear functional C**(X) — C is the evaluation
ev, for a unique point p € X.

(i) a non-zero multiplicative C-linear functional G(X) — C is the evaluation
evp for a unique c-bounded generalized point p € X.

In particular, these investigations lead to the ‘spectral’ space )~(C for the Colom-
beau algebra G(X) similar to the space A in the context of Banach algebras.

The main results again correspond to the ones in Banach algebra theory
and show that the algebras of smooth resp. generalized functions recover the
geometry of the respective spaces of points:

(i) Algebra isomorphisms C*(X) — C>(Y) are characterized as pullbacks by
diffeomorphisms from Y to X.

(ii) Algebra ismorphisms G(X) — G(Y) are characterized as pullbacks by
invertible c-bounded generalized functions from Y to X.

The generalization of (i) to manifolds that are not second-countable is a
recent result due to Janez Mréun [Mré0h] and Janusz Grabowski [Gra(5]. A
preprint by Hans Vernaeve [Ver(6] deals with (ii) in the case of non-smooth
dependence on . We will treat (ii) in the case of generalized functions with
smooth dependence on ¢. This leads to somewhat nicer and simpler algebraic
results (i.e. that Gig[X,Y] = G[X,Y]), but requires more work. For a thorough
discussion of the disparities see section

In addition, there are also general advantages in considering smooth depen-
dence on e. In [KSVQ9)] it is proved that G[.,Y] is a sheaf of sets (theorem 2.3)
and that the continuous functions C(X,Y") can be embedded in G[X, Y] (theorem
3.1) in this setting. Moreover, proposition 12.2 in [Obe92] shows that non-zero
polynomials P in one variable with complex coefficients satisfy P(C) = 0 in C
(with continuous dependence on ¢) if and only if C' is identical to a classical root
of P. Besides, smooth dependence occurs naturally if we obtain regularization
of distributions via convolution. In the diffeomorphism invariant full Colombeau
algebra, smooth dependence is always given, to mention a few advantages.

0.3 Outline

For smooth manifolds X and Y and an algebra isomorphism ¥ : A(X) — A(Y)
the main steps will be the same in both the smooth and generalized functions
setting:

e Identify points in the manifolds X resp. Y via algebraic properties in A(X)
resp. A(Y). This will be non-zero multiplicative linear functionals resp.
characteristic sequences.
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e Pick a point ¢ in the second manifold Y and look at its algebraic equivalent

on A(Y).
e Use the algebra isomorphism to create a unique analogue on A(X).
o Identify this algebraic construction on A(X) again with a point p in X.

e Prove that the map ¢ : Y — X obtained by doing this for every point in
Y resp. X really is bijective and unique, characterizes ¥ and respects the
algebraic and differential structure (i.e. that the map 1) is a diffeomorphism
resp. a c-bounded generalized function).

In chapterMlwe recall algebraic definitions and in chapter Plour basic geomet-
rical setting, i.e. finite-dimensional and smooth manifolds which are Hausdorff
and second countable.

In chapter Bl we treat the case of algebras of smooth functions by following
two different approaches — the classical one using maximal ideals in C*°(X)
and a new approach by Janez Mréun using so-called characteristic sequences of
functions. It turns out that algebra isomorphisms between algebras of smooth
functions are characterized as compositions with unique diffeomorphisms.

In chapter @l we provide results in Riemannian geometry with a special focus
on submanifolds in R™. Moreover, we show that the (squared) Riemannian
distance is smooth in a neighborhood of the diagonal.

In chapter Blwe introduce the theory of Colombeau algebras on manifolds and
discuss basic properties such as point value characterizations and invertibility
of c-bounded generalized functions.

Finally, in chapter @ we prove that algebra isomorphisms on Colombeau al-
gebras are simply pullbacks by invertible c-bounded generalized functions. We
follow Hans Vernaeve’s approach in [Ver(6] in a different setting. The main
problem here is that we work in a function algebra over the ring C of general-
ized numbers, which is not a field.

At the beginning of each chapter, a short summary introduces its content.
The bibliography, a list of notation and an index are provided at the end.




Chapter 1

Algebras

Our main objects of interest are the function algebras C*°(X) and G(X) on
manifolds X and the algebra isomorphisms between them. We begin by recalling
some basic definitions and terminology. For more details see, e.g., [Bou98].

1.1 Algebras over rings

The structure of an algebra is induced by a module and by a bilinear operation:

Definition 1.1.1. Let R be a commutative and unital ring and .4 a module over
R, where the addition is denoted by +. Then A is called an R-algebra (or algebra
over R) if it is equipped with an additional bilinear operation - : A x A — A
(the so-called multiplication), such that the following compatibility conditions
hold for all a,b,c € A, A\, u € R:

(a+b)-¢c = a-c+b-c
c-(a+bd) = c-a+c-d
(Aa) - (ub) = (Au)(a-Db)

The algebra A is called unital if
HAeAd:1-a=a-1=a,
associative if
(@a-b)-¢c = a-(b-c)
and commutative if
a-b = b-a.

Remark 1.1.2 (Algebras over fields). If R = K is a field, then A in the above
definition is a vector space over K.

Definition 1.1.3. Let A be an R-algebra. It is called a differential R-algebra
if a so-called derivation 0 : A — A satisfies for all a,b € A, \ € R:
d(Aa) = M(a)
d(a+b) d(a) + 0(b)
da-b) = 09a)-b+a-9(b)
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Example 1.1.4. Let X be a manifold. The space of smooth functions C*(X) =
C>®(X,C) (or C*(X,R)) equipped with the usual pointwise operations of func-
tions is a unital, associative and commutative algebra over C (resp. R). It is
even a differential algebra.

A Colombeau algebra G(X) over a manifold X (see definition BTl is a uni-
tal, associative, commutative and differential (E—algebra. See [GKOSOT], section
1.2, for more details.

1.2 Algebra homomorphisms and isomorphisms

We wish to consider maps that preserve the algebra structure.

Definition 1.2.1. Let A; and A be two R-algebras and ¥ : 4; — As a map
that satisfies for all a,b € A;, A € R:

U(Aa) = A¥(a)
U(a+b) = Y(a)+T(D)
U(a-b) = T(a)- V().

Then ¥ is called an algebra homomorphism. If ¥ is bijective, then it is called
an algebra isomorphism.

Note that even for unital algebras we do not necessarily assume that an
algebra homomorphism satisfies ¥(1) = 1.

1.3 Ideals

Since each algebra A is also a ring (A, +, -), it is sufficient to consider ideals in
rings R.

Definition 1.3.1. An additive subgroup I C R of a ring R is called (two-sided)
ideal if RI C I and IR C I. We denote this by I < R.

An ideal J of a ring R is called mazimal ideal if J # R and for all ideals [
of R with J C I either J =1 or I = R holds.

Hence a maximal ideal is not contained in any other proper ideal.

Example 1.3.2. The kernel ker ¥ of an algebra homomorphism ¥ : A; — As
is a maximal ideal in A;.




Chapter 2

Smooth Manifolds

The underlying topological and geometrical structures for our analysis are
smooth manifolds of finite dimension. Locally these are diffeomorphic to the
Euclidean space R™. In order to make the transition from local structures to
global structures, we use so-called partitions of unity. For a Hausdorff space
their existence is equivalent to paracompactness.

In chapter Blwe will furthermore consider smooth manifolds that are equipped
with a Riemannian metric.

2.1 General definitions

2.1.1 Smooth manifolds

Manifolds are topological spaces that are locally homeomorphic to the Euclidean
space. Charts describe this property.

Definition 2.1.1. Let X be a set. A chart (u,U) is a bijective map u from a
domain U in X to an open set u(U) in R™. Two charts (u,U) and (v, V) are
called compatible if the sets u(U N V) and v(U N'V) are open in R and uov~?
is a C*°-diffeomorphism.

An atlas of X is a family A = {(va,Uas)|a € A} of pairwise compatible
charts that cover X, i.e. X = (J,c4Ua. Two atlases are called equivalent if
their union is again an atlas.

Definition 2.1.2. A differentiable manifold X is a set X furnished with an
equivalence class of atlases, the so-called differentiable structure of X.

It can be shown that each atlas is contained in a unique mazimal atlas (max-
imal w.r.t. the inclusion). Therefore we can assume that X is equipped with a
maximal atlas A and equip X with the natural topology induced by A.

We will simply use the term manifolds for differentiable manifolds that do
not necessarily fulfill further topological properties. But since we mainly use
the following type of manifolds, we also define:

Definition 2.1.3. A manifold X is called a smooth manifold if it is finite
dimensional, smooth, second countable and Hausdorff.

7
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Recall that a topological space X is called second countable if X has a count-
able basis. It is Hausdorff (or Ta, the second axiom of separation) if for two
distinct points z,y € X there exist open sets U,V in X suchthat x € U, y € V
and UNV = 0.

Unless stated otherwise, e.g. as in section B2 where we do not require second
countable, we will always work with smooth manifolds in the sense of the above
definition. Generally they are denoted by X and Y.

All essential definitions are provided along the way. For further reading on
differential geometry see [BCT0], [Spi79] or [MicOg].

2.1.2 Tangent and cotangent spaces

For a manifold X and a point p € X, the tangent space of X at p is denoted by
T,X.

Let Y be another manifold and f : X — Y a smooth function. The tangent
map of f at pis denoted by T, f : T, X — T\ Y.

Let the set {%’p e a;in’p} denote the basis of the tangent space T,X
w.r.t. a given chart (u = (2',...,2"),U) at p in X. If ¢; is the i-th standard
unit vector of R™, then

0

o’ = (Tyu) *e;) €T,X  V1<i<n.
p

The cotangent space of a manifold X at p € X is the dual of the tangent
space, i.e. (TpX)*.

Similarly, the basis of (7,X)* w.r.t. a given chart (u = (z,...,2"),U) is de-
noted by {dz!| ..., dz"| }, which is the dual basis of { il‘ sy 22|} above.
p p ozl lp oz Ip

2.1.3 Vector bundles and smooth sections
Vector bundles are used in many constructions. They are defined by:

Definition 2.1.4. Let E and B be two manifolds. The triple (E, B, 7) is called
a vector bundle if m : E — B is smooth surjection such that for all b € B the
following holds:

(i) The fiber 7=1(b) is a vector space.

(ii) There exists an open neighborhood V of b and a diffecomorphism & :
71 (V) — V x F', which is fiberwise linear (i.e. ®|,-1(, is linear Vb € V),
such that the following diagram commutes:

V) 2>V x F’
o
Vv id

%V
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Definition 2.1.5. Let (E, B, ) be a vector bundle. A section of E is a map
X : B — E that satisfies mo X =id.
The set of smooth sections of E is denoted by I'(B, E), or simply by I'(E).

2.1.4 Tensors and tensor fields
Some vector bundles occur naturally on manifolds:
Definition 2.1.6. For a manifold X and 7}, X the tangent space of X at p € X,
the tangent bundle of X is defined by
TX = | | T,X = | J{p} x T, X.
peX peX
In accordance with definition ZTZL (TX, X, 7x) is a vector bundle for the

canonical projection mx : TX — X, (p,v) — p.

If f:X — Y is a smooth map between manifolds, then the tangent map
Tf:TX — TX is defined by Tf(p,v) := (f(p), ITpf(v)) forallp e X, v e T,X.

Definition 2.1.7. Let X be a manifold and let (7, X)* be the cotangent space
at p € X. The cotangent bundle is defined by

X = | | (1,X)" = | {p} x (T,X)".

peX peX

Generally we can consider the space of (;)-tensors on any vector space:

Definition 2.1.8. The space of (:) -tensors on a vector space E consists of
(r 4+ s)-linear mappings of the form
T!(E):=L""(E*,...E* E,..., E;R).
——— ——

T S

On manifolds X we will write 77 X instead of T7(TX) throughout. In par-
ticular, TX = Tg X and T*X = TP X.

Definition 2.1.9. For t; € T]}(E) and ty € T]2(E), the tensor product t,®t; €
TI2(E) is defined by

s1+s2

tl®t2(617"'76’r17715"'afyrzaflv"'vfsugla"'5952)
= tl(ﬁla---7ﬁrlafla“'7fs1) ,t2(,yl7_._’,)/7‘2’91,.“7982)
for all 8%,7* € E* and all f;,g; € E.

Definition 2.1.10. Let X be a manifold. Smooth sections of 77 X are the (7)-
tensor fields. The space of such sections is denoted by 7, (X) = I'(X, 77 X).

In particular, the smooth vector fields X — T'X are smooth sections of T X,
ie. X(X)=T(TX) =73 (X), and the space of one-forms is Q' (X) = I(T*X) =
T0(X).
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2.2 Partitions of unity

Partitions of unity are a convenient tool to globalize local properties. Generally,
they can be defined for topological manifolds. However, since we only work with
smooth manifolds, we will require, in addition, that the functions are smooth.

A partition of unity is defined on an open cover U of a manifold X. That is
a family of open sets U = (Ua)aca such that X = J,c 4 Ua-

Definition 2.2.1. Let X be a manifold and I/ an open cover of X. A partition
of unity subordinate to U is a family (X4 )aca of smooth functions y, : X — RT
such that

(i) (Supp Xa)aca is locally finite
(i) Va € A3U € U such that supp xo C U

(iii) Vp € X : > " ca Xa(p) = 1.

It is possible to have partitions of unity that are subordinate to a given cover
(i.e. the functions x, have the same index as the sets in the open cover) or to
have compactly supported functions x,. Generally it is not possible to fulfill
both properties, although on compact spaces it is.

Recall the following statements about the existence of smooth partitions of
unity on manifolds. Both proofs may be found in [BC70], chapter 3.4.

Theorem 2.2.2 (Countable partition of unity). Let X be a smooth manifold
and U an open cover of X. Then there exists a subordinate partition of unity
(Xn)nen such that each supp X, is compact and contained in a chart neighbor-

hood.

If a countable partition of unity is not required, it is enough to have a
paracompact manifold.

Definition 2.2.3. A topological space X is called paracompact if it is Hausdorff
and every open cover of X admits a locally finite open refinement.

Theorem 2.2.4 (Subordinate partition of unity). Let X be a paracompact man-
ifold and U = (Un)aca an open cover of X. Then there exists a partition of
unity (Xo)aca such that supp xo C Uy for all a € A.

Remark 2.2.5. It can be shown that a Hausdorff manifold is second countable
if and only if it is paracompact and consists of countably many connected com-
ponents (see [Hal(0f]). Thus theorem ZZAis also true for smooth manifolds and
may even be derived from theorem EZZ2 On the other hand, theorem 223 can-
not be extended to paracompact manifolds with uncountably many connected
components.

Corollary 2.2.6. Let X be a paracompact manifold, X DO U open and U OV
closed. There exists a smooth bump function x : X — R such that x|y =1 and
Xlx\v = 0.

Proof. The family (U, X \ V) forms an open cover of X. By ZZZ7 there exists a

subordinate partition of unity (xu,xx\v). The function x := xu satisfies the
required conditions. [l

10



Chapter 3

Isomorphisms of Algebras
of Smooth Functions

Throughout, C*°(X) denotes the associative and commutative algebra of smooth
and complex-valued functions on X. It is, however, clear that all proofs also
work for real-valued functions.

The aim of this chapter is to prove that, for certain finite-dimensional dif-
ferentiable manifolds X and Y, any algebra isomorphism ¥ : C*(X) — C*=(Y)
is given by composition with a unique diffeomorphism ¢ : Y — X, i.e. that

U(f)= for forall feC>?(X).

The classical approach to this question was inspired by the work of Gelfand
and Kolmogorov in [GK37| for continuous functions on compact sets. The idea
is to identify non-zero multiplicative linear functionals on the algebra C*(X)
with the points in X. However, this requires X and Y to be Hausdorff and
second-countable, since it strongly uses partitions of unity. This approach is
the topic of section Bl

A different proof of this result has recently been given by Janez Mréun
[Mrc05]. He characterizes the points of X by so-called characteristic sequences
of (complex-valued) smooth functions on X . This approach merely requires that
X and Y be smooth Hausdorff manifolds. It will be discussed in section B2

3.1 On Hausdorff and second countable
manifolds

In [MST4), p. 11f, problem 1-C states that the real-valued smooth functions
C*>°(X) on a smooth manifold X can be made into a ring and that every point
p € X determines a ring homomorphism C>*(X) — R (point evaluation) and
hence a maximal ideal in C*°(X). If there is a countable basis for the topology
of X, then every ring homomorphism C*>°(X) — R is obtained in this way. Due
to its originator this result is often referred to as Milnor’s exercise.

11



Chapter 3. Isomorphisms of Algebras of Smooth Functions

Our aim in subsection BTl is to prove Milnor’s exercise for second countable
manifolds following some ideas in [AMRSS], supplement 4.2C, and — with some
restrictions — also for paracompact manifolds in subsection

This result is then used in subsection BT to define a map ¢ : ¥ — X from
an algebra isomorphism ¥ : C*°(X) — C°°(Y") such that ¥ is given as pullback
under .

3.1.1 Multiplicative linear functionals on smooth
manifolds

We consider the functionals
evp: C*(X) — C
f = fp)

for any differentiable manifold X, p € X. It is obvious that these are non-zero
algebra homomorphisms since the multiplication and addition of functions are
defined pointwise.

We now show that the converse is also true for Hausdorff and second count-
able manifolds.

Theorem 3.1.1. Let X be a smooth manifold and ¢ : C*°(X) — C be a non-
zero algebra homomorphism. Then there erists a unique point p € X such that

e(f)=flp)  Vfel™(X).

Proof of uniqueness. For any two points p1,p2 € X, p1 # po there exits a bump
function f € C°°(X) which separates them:

The manifold X is locally compact, so there exists an open set U and a
compact set V. CC U such that p; € V and ps ¢ U. The bump function
f X — R of corollary EEZH fulfills the requirements since it is smooth and

f(p1) = flv(p1) =1 but f(p2) = flx\v(p2) = 0.
Hence p must be unique if it exists. O

It remains to show that such a p exists for every non-zero algebra homomor-
phisms ¢. To this end we will first derive some algebraic properties of algebra
homomorphisms C*(X) — C.

Lemma 3.1.2. Let X be a manifold, p € X and ¢ : C*°(X) — C be a non-zero
algebra homomorphism. Then

(i) ¢(1) =1 and ¢(c) =c Ve e C.
(i1) ker ¢ is a mazximal ideal in C(X).

Proof. (i) Since ¢ is multiplicative, ¢(1) = ¢(12) = ¢(1)? implies that ¢(1) = 0
or p(1) = 1. If p(1) = 0 then p(f) = @(1- f) = p(1) - p(f) = 0 Vf € C=(X)
which contradicts ¢ being non-zero. Hence ¢(1) = 1 and by multiplicativity
also ¢(c) = ¢ for all constant functionals c.

(ii) If f € ker g, g € C*°(X) then fg € ker ¢, too, hence ker ¢ is an ideal. Let
I be an ideal of C*°(X) such that kerp C I. Since ¢ is a ring homomorphism
©(I) is an ideal in the field C, thus

either o(I) ={0} or ¢()=C.

12



3.1. On Hausdorff and second countable manifolds

If o(I) = {0} = p(kery) then I C kerp, hence I = kerp. If p(I) = C =
©(C>*(X)) then for every f € C°°(X) there exists a g € I such that o(f) =
©(g) € C and therefore f —g € kerp C I, ie. f € g+ I C I. This implies that
I =C°°(X). Thus ker ¢ is a maximal ideal. O

Proof of existence in theorem [Tl First of all, note that it is enough to show
the existence of a p € X such that ker ¢ = kerev,:

Clearly, if ¢(f) = f(p) for some p then kerp = kerev,. Conversely, if
ker ¢ = kerev, for some p € X then ¢ = ev,: For f € C>°(X) we have that
o(f) = ¢ = ¢(c) by lemma (i), and therefore f — ¢ € kery = kerevy,,.

Hence ev,(f) = f(p) = ¢ = ¢(f).
It remains to be proved that

ker p = kerev,, for some p € X. (3.1)

Assume that ker ¢ # kerev,, for all p € X. By lemma BT (ii) both sets are
maximal ideals in C*°(X). Hence neither of them can be included in the other
one. For every p € X we can therefore find an f;, € ker¢ such that f,(p) > 0,
even a relatively compact open neighborhood V,, of p such that fp|v, > 0.

Let (xn)nen be a locally finite partition of unity subordinate to the cover
(Vu)pex as in theorem For all n € N choose p(n) such that supp x, C
Vp(n) We will write Vn = Vp(n) and fn = fp(n)

The next step is to show that 1 € ker . Since ker ¢ is an ideal this will
imply that f=1-f € kero Vf € C>°(X), contradicting ¢ # 0.

Consider .
f= Z AnXnfn-
n=1
This function is in C>°(X) since the y,, are locally finite. If, in addition,
1
0<a, <

n2{|Xnfnll oo ’

then the series defining f converges uniformly (being majorized by > #) Since
for any p € X there exists an ng € N such that x,,(p) > 0, we have that
P € Supp Xno, C Vi, and therefore also f,,(p) > 0. In particular f > 0 on X.

To show that ¢(f) = 0 and hence conclude 1 = % - f € kery, we need to
interchange  with the summation.

This is done by a so-called g-estimate: Let g € C>®°(X). Either g is un-
bounded or we consider A > || g|loo- Since ¢(A) = A by lemma (i) and
A £ g # 0 (vanishes nowhere) are both invertible functions on X we obtain
AEo(g9) = (A £g) #0. Thus £¢(g) # A for all such A, hence

lo(9)] < [19]loo-

Finally we apply this to f to conclude that f € ker . By uniform conver-
gence and boundedness of all functions involved we obtain

N N
|90(f)| = (P(f) - Z w(aanfn) = |¥ <f - Z aanfn) |
n=1 n=1
N
< ||f - Z AnXn fn — 0
n=1 00
as N — oo. O

13



Chapter 3. Isomorphisms of Algebras of Smooth Functions

3.1.2 Multiplicative linear functionals on paracompact
manifolds

Although we cannot extend the above proof to paracompact manifolds with
uncountably many connected components (cf. remark ZZZH), we are able to
decompose the multiplicative linear functionals on such a paracompact manifold
X into their restrictions to the connected components X, of X and use theorem

BT there.

Definition 3.1.3 (Restrictions ¢,). Let X be a manifold and X,, ¢« € I, be
the (possibly uncountably many) connected components of X. First of all we
decompose ¢ : C*°(X) — C into (possibly zero) multiplicative linear functionals

v, C*(X,) — C
fi = 90(.]“)7

where
) = { filz) zeX,

0 else

Obviously, each f € C*(X) can be written uniquely as a sum f = > _; f*,
where f, := f|x, in the above definition of f*. We may write

C=(X) =P x)
el
and will not distinguish between f, € C*°(X,) and f* € C°°(X) in the following.
To simplify the proof we first verify the following lemmas.

Lemma 3.1.4. Let X be a paracompact manifold and ¢ be a multiplicative
linear functional on C*°(X) with plce(x) = evy, for a p € X. Then ¢ = ev,
everywhere.

Proof. Let x be a bump function at p (which exists by corollary 228 since
X is locally compact), i.e. x € C(X), x(p) = 1. For f € C>*(X) we have
X - f €CX(X). Hence

and therefore ¢ = ev,, on C>(X). O

Lemma 3.1.5. Let X be a manifold and ¢ : C*°(X) — C a multiplicative linear
functional. The following statements are equivalent:

(i) o, =0 Yeel
(it) ¢lege(x) =0
Proof. (i = ii) If ¢, = 0 for all « € I, then obviously ¢[ce(x) = 0:

o(f)=¢ (Z fL> =Y p(f)=0

LeH L€EH
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3.1. On Hausdorff and second countable manifolds

since f =),y f* € C°(X) is a finite sum because the compact support of f
may be covered by finitely many X,, « € H C I finite.

(ii = i) Suppose that p|ce(x) = 0 but that there exists an + € I such
that ¢, is non-zero. Hence ¢, = ev,, for some p, € X, by theorem BTl Let
X. € C°(X,) be a bump function around p,. Then 1 = ¢,(x,) = ¢(x.) # 0, a
contradiction. O

Corollary 3.1.6. Let X be a paracompact manifold and ¢ : C>*(X) — C be a
multiplicative linear functional which is non-zero on C°(X). Then there exists
a unique point p € X such that

o(f)=flp)  VfelZ(X).

Proof. Let X,, ¢ € I, be the (possibly uncountably many) connected components
of X and ¢,, f, etc. as in definition BT3

By theorem BTl either ¢, = ev,, for some p, € X, or ¢, = 0. We will prove
that there is exactly one ¢, = ev,, and all the others are zero:

Uniqueness: Suppose there exist ¢ # x € I such that ¢, = ev,, for p, € X,
and ¢, = ev,, for p, € X,. Let x, € C°(X,) be a bump function around p,
as in corollary EZZ8, then ¢(x,) = ¢.(x.) = x.(p.) = 1. Define x, € C*(X,)
analogously. Then 0 = 9(0) = ¢(x - Xx) = 9(x) - 9(xe) = 1:1 = 1, a
contradiction.

Existence: Since ¢ is non-zero on C°(X) there exists a ¢, # 0 by lemma
BI3H and by theorem BTl ¢, = ev,, for some p, € X,;. Due to lemma BT
it remains to show that (‘0|CCOO(X) = ev, for p = p, € X. To this end consider
[ e Cx(X), ie f = ,cpyf forafinite set H C I (assume w.l.o.g. that
k€ H):

o(f)=¢ (Z fL) = o) =D @ulf) = eulfe) = ),

LEH LeEH LeEH

because for all ¢ # k we have that ¢, = 0 by uniqueness. O

Remark 3.1.7. Note that the assumption ‘non-zero on C3°(X)’ is much stronger
than simply ‘non-zero on C*°(X)’ as in theorem BTl

3.1.3 Algebra isomorphisms

Algebra isomorphisms are pullbacks by diffeomorphisms:

Theorem 3.1.8. Let X and Y be smooth manifolds and ¥ : C*(X) — C>(Y)
an algebra isomorphism. Then U is the pullback by a unique diffeomorphism
P:Y — X, e

U(f)=fou VfeC®(X).
Moreover, dim X = dimY .

Proof. Existence: For each ¢ € Y define the algebra homomorphisms ¢, :
C>®(X) — C by @u(f) == ¥(f)(¢g). Since ¥ is non-zero we conclude that
U(1) =1 as in lemma BT (i), thus ¢, is non-zero. By theorem BTl there
exists a unique point p € X such that ¢, = ev,. We shall see that
Pv:Y — X
q — p

15



Chapter 3. Isomorphisms of Algebras of Smooth Functions

is the required diffeomorphism. Since W(f)(q) = ¢q(f) = evyq(f) = (fo
V) (q) = ¥*f(q) for all f € C>*°(X) and all ¢ € Y, ¥ is the pullback via 9.

Define 0 : X — Y analogously via 7!, ie. U7l (g)(p) = evyp(g) =
(goo)(p) =0c*g(p) for all g € C*°(Y) and all p € X. Since g = (¥ o ¥~ 1)(g) =
PU(goo) = gooor), we conclude that o o) = idy. Analogously 1) o 0 = idx.
Thus 1 is bijective.

Both 1 and ¢~! are smooth by proposition B-Ld (see below), since the
smoothness of functions is preserved under the composition with ¢ as well as
with ¢~1. Thus ® is also a diffeomorphism.

Uniqueness: Suppose ¥ and p are both such diffeomorphisms with p; =
¥(q) # p(q) = p2 for some g € Y. As in the proof of uniqueness of theorem
BITthere exists an f € C°°(X) such that f(p1) # f(p2). Therefore (fou))(q) =
f(p1) # f(p2) = (f op)(q) which means that ¢» and p cannot belong to the same
v,

It remains to be shown that dim X = dim Y. By differentiating ¢oyp~! = idx
at any p € X we obtain Tyy—1(,)1 0 Tptp~! = T, idx = idg, x. Thus

dim X = dim 7, X = rk(idy, x) = tk(Ty-1(p)0 0 Tptp ")
< rk(Tpyp™") = dim (im T,y ") < dimTy-1(,)Y = dimY.

Similarly dimY < dim X. Hence we have equality. [l

Proposition 3.1.9. Let X, Y be manifolds and ¢ : Y — X. Then ¢ €
C>(Y,X) if and only if for all f € C*(X): fowp € C=(Y).

Proof. (=) holds since the composition of smooth mappings is smooth.

(<) It remains to be shown that uo € C*°(¢p=1(U),R™) for a chart (u,U)
at any p € X, ie. utorp € C*®(p~1(U),R) for all i = 1,...,m. By corollary 220
there exits a bump function x € C>°(X) such that x(p) = 1 and x|x\v = 0. The
assumption implies that u’ o = (u’-x) o € C¥(Y) foralli=1,...m. O

Remark 3.1.10. Unfortunately we cannot prove theorem B8 for paracompact
manifolds in the same way because we had to strengthen our assumptions in
corollary B0 (non-zero on C°(X) instead of non-zero) as already pointed out
in remark BT7

However, in the next section we will provide a theory which leads to the
same result about algebra isomorphisms on smooth functions without assuming
that X is paracompact.

3.2 On Hausdorff manifolds

In the previous section we strongly used the fact that the manifolds are sec-
ond countable in order to identify the points of such manifolds with non-zero
multiplicative linear functionals on the algebra of smooth functionals.

At the ‘International Euroschool on Poisson Geometry, Deformation Quan-
tisation and Group Representations’ in Brussels in June 2003, Alan Weinstein
posed the question of whether an analogous result on algebra ismorphisms of
smooth functions holds true in a more general setting.

Janez Mréun showed in [Mré05)] that also the isomorphisms between algebras
of smooth functions on Hausdorff manifolds, which are not necessarily second
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countable, paracompact or connected, are induced by diffeomorphisms of the
underlying manifolds. He works with so-called characteristic sequences and we
will discuss his approach in the following.

Shortly after Mréun’s paper Janusz Grabowski independently proved the
same result by using so-called distinguished ideals. He follows some ideas of
[GK37]. For more details on Grabowski’s approach see [Gra05].

3.2.1 Characteristic sequences of smooth functionals

First of all we define the main object of this section:

Definition 3.2.1. Let X be a manifold, p € X and (f,)nen a sequence of
smooth functions f, : X — C. (fn)n is called a characteristic sequence of
functions on X at p if

(i) fnfut1 = fos1 for all n € N and

(ii) the sequence of supports (supp f)n is a fundamental system of neighbor-
hoods of p € X.

Recall the definition of a fundamental system of neighborhoods:

Definition 3.2.2. Let X be a topological space, z € X and U, a neighborhood
system of z, i.e. U, := {U | U is neighborhood of x}. A subsystem W, C U, is
called fundamental system of neighborhoods of x if

VU elUpy AW € Wyt (z €)W CU.

For T topological spaces (e.g., manifolds) only z is contained in the inter-
section of all such neighborhoods:

Proposition 3.2.3. Let X be a Ty topological space, x € X and W, a funda-
mental system of neighborhoods of x. Then

ﬂ W = {x}.

Wew,

Proof. (2) Since all W € W, are neighborhoods of x it is obvious that € (| W.

(C) Conversely, suppose there exists y # x in the intersection. Since X is Ty
there exists a neighborhood U of = such that y ¢ U. Hence by there must
be a W € W, such that W C U. In particular, y ¢ W and therefore y ¢ W,
a contradiction. |

We are now ready to prove some basic properties of characteristic sequences
of functions.

Proposition 3.2.4. Let X be a manifold and (f.)n a characteristic sequence
of functions on X at p € X. Then

(1) fnlsupp fuss = 1, in particular supp fr41 C int(supp fr) Vn € N
(1) fn(p) =1VneN

(iii) For any p € X there exists a characteristic sequence of functions.

17
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Proof. (i) holds since property (i) of definition B2l implies that f,(¢) = 1
whenever f,41 is non-zero. Moreover, f,(¢) = 1 for all ¢ € supp fp+1, since
fY({1}) has to be closed in X.

(ii) follows by the argument in (i) and property (ii) of definition B2l since
p € supp frn Vn € N.

(iii) Let (u,U) be a chart of X at p € X, and w.l.o.g. assume that u(p) =0
and B(0) C u(U) C R*. We are going to construct a characteristic sequence of
functions on R¥ at 0, and will then pull it up to X via u™':

By corollary EEZZH there exists a smooth bump function y : R*¥ — R such

that X|m =1 and supp x € B3(0) C u(U). Define the sequence (xn)n by

Xn(w) = X(an)'

Then clearly xn|m— = 1 and supp(x») € B_1_(0). Now let

By (0) =T

fn: X — RCC

(Xnou)(q) q€U
E { 0 otherwise

Since x, and u are smooth and supp x, C u(U), f, is a smooth function. Tt
remains to prove (i) and (ii) of definition B2t

(i) By the above, f,(q) = xn(u(q)) = 1if ¢ € u='(B (0)). On the other

hand supp fn41 = = (supp Xn41) € w (B (0)) since u is a homeo-
morphism. Thus f, = 1 on supp fr+1, and fgn fn+1 = fn+1 holds for all
n € N.

(ii) Since u’l(B% (0)) is open and contained in supp f,, supp fn is a neigh-
borhood of p = u~1(0). Let V be any neighborhood of p. Then the set
u(U N'V) is a neighborhood of 0 € R*, hence there exists an m € N such
that BW% (0) Cu(UNV). Finally, supp fm C u’l(BW%(O)) cUNV C

V and we are done. O

For Hausdorff manifolds (i.e. differentiable manifolds that are Hausdorff) we
may rewrite (ii) of definition B2] in the following way.

Lemma 3.2.5 (Characterization of characteristic sequences). Let X be a Haus-
dorff manifold and (f,)n a sequence of complex-valued smooth functions on X
satisfying fofnt1 = fut1 for alln € N. Then (fy,)n is a characterstic sequence
of functions at p € X if and only if

(i) Moy supp fo = {p} and
(i) 3m € N : supp fm is compact
are satisfied.

Proof. (=) Since X is locally compact there exists a compact neighborhood K
of p. By (ii) of B2l (supp fr)n is a fundamental system of neighborhoods of p,
hence there exists an m € N such that supp f,,, € K. Thus supp f,, is compact
itself and (ii) is fulfilled. Property (i) is proposition B2Z3
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(<) Let U be any open neighborhood of p and assume that no supp f,
n € N, is contained in U. Suppose w.l.o.g. that supp f; is compact. By our
assumptions and proposition B2Z4 (i) (which only requires f, fn+1 = fnt1) the
family F = (supp fn \ U)nen has the finite intersection property (see definition
BZd below). On the other hand

0= {p\U 2 () supp £) \ U = () supp f \ T,

neN neN

which contradicts theorem B.2.1 below. O

In the last paragraph we used theorem 3.1.1 of [Eng77] which characterizes
compact Hausdorff spaces via the finite intersection property:

Definition 3.2.6. A family F = (F)ses of subsets of a set X has the finite

intersection property if F # 0 and (\,op Fs # 0 for every finite set T C S.

Theorem 3.2.7. A Hausdorff space X is compact if and only if every family
of closed subsets of X which has the finite intersection property has non-empty
intersection.

3.2.2 Algebra isomorphisms

We have seen that we can construct a characteristic sequence of functions at
each point of a manifold. The aim of the next (quite fundamental) lemma is to
prove that characteristic sequences are compatible with algebra isomorphisms.
In particular, the image of a characteristic sequence is again a characteristic
sequence and points are preserved in a sense specified below. This is then
used to define a map between the two manifolds which will be the desired
diffeomorphism.

Lemma 3.2.8 (Compatibility of characteristic sequences with algebra isomor-
phisms). Let X and Y be Hausdorff manifolds and ¥ : C*(X) — C=(Y) an
algebra isomorphism. Then:

(i) If (fn)n is a characteristic sequence of functions on X at p € X, then
(U(fn))n is a characteristic sequence of functions on'Y at a unique point
qgey.

(i) If (fu)n and (f])n are two characteristic sequences of functions on X at
the same point p € X, then (¥(fn))n and (U(f),))n are characteristic
sequences of functions on'Y at the same point ¢ €Y.

Proof of (i). Let g,, n € N, denote the smooth functions ¥(f,) : ¥ — C.

Obviously gngn+1 = \Il(fn)\ll(fnJrl) = \Il(fnfnJrl) = \Il(fnJrl) = gn+1 since ¥ is
algebra isomorphism and (f,,), a characteristic sequence of functions. Thus by

the proof of B2ZA (i)
Inlsupp gnis = 1 and supp gn41 C int(supp g, ) for all n € N. (3.2)

Note that each g, is non-zero: Otherwise f = 0Vk > n since V is injective, and
the sets supp f, = 0, k > n, would not be neighborhoods of p, a contradiction
to BT (ii).
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We are going to prove that (g,), is a characteristic sequence of functions on
Y at a point ¢ € Y using the characterization of lemma BZ2Z3
Let

o0
K = ﬂ Supp gn.-

n=1
We have to prove that K = {q} for some ¢ € Y. The first step is to show
that K is not empty: Assume that K is empty. Since each g, is non-zero (i.e.
supp g, # 0) and supp gx C int(supp g,) Vk > n by [B2) we may find a strictly
increasing subsequence (ix)ren of N such that supp g;, \ supp gi,., # 0 for all
k € N. Then the sets

Vi := int(supp gs, ) \ supp giy.,,  (#0)

are open and disjoint subsets of Y. They are nonempty because 0§ = § = Vj, =
int(supp gi, ) \ SUPP gi\,+1 = Supp gi, \ int(supp g, +1) 2 supp gi, \ Supp gi,+1 #
(), which is a contradiction. Furthermore, the family (V) is locally finite in Y
Assume that there exists a ¢’ € Y such that each neighborhood of ¢’ intersects
infinitely many V. Then each neighborhood of ¢’ intersects infinitely many
supp ¢gi,, and hence all of the sets supp g; (due to i, — oo and [BZ)). Thus
q € K, a contradiction to K being empty.

The next idea is to construct an f € C*°(X) and a converging sequence (pg )
of points in X such that limg_,o f(pr) does not exist (hence contradicting the
fact that f is continuous):

Since Vi # ) there exists a g € Vi for each & € N. By proposition
we can find hy,v, € C*(Y) such that suppwvy is a non-empty and compact
subset of Vi, supp hy C Vi and for each I € Ny we have holsuppv,, = 1 and
hai+1|supp vy, = 0 (let ¢z := 1 and cg41 := 0). As the Vi are disjoint and
locally finite and supp hy C Vi for all &, the function

g:Y — RCC

hi(q) q€ Vi
E {0 else

is well-defined and smooth on Y. Furthermore we have
guop = v, and  guggy1 = 0. (3.3)

Moreover,
9,k £ 0 (3.4)
for all k € N, since () # supp v, C Vi, C supp g;,- Let
F=9"1g) and up:=¥ (v

Since U1 is an algebra isomorphism, we have f;, ux = $~1(g;, vx) Z 0 by @3).
Therefore we can find a pr € X for each k € N such that

(firur)(Pr) # 0. (3.5)

Thus py € supp fi,, which implies that (py)r converges to p € X since (fn)n
is a characteristic sequence of functions at p. On the other hand, fug; = wug
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and fug+1 = 0 by B3). By B3), ur(pr) # 0 Vk € N, hence f(p) = 1 and
f(p21+1) = 0, a contradiction to the continuity of f. Hence K # (.

Take a point ¢ € K. We shall see that K = {¢q} and that (g,), is a
characteristic sequence of functions on Y at q. Let V' be an open neighborhood
of ¢ in Y. Choose a characteristic sequence of functions (3,), on Y at ¢ (this
exists by proposition B2ZZ4 (iii)) such that supp 81 C V. Set a,, := ¥~1(3,) and

Tn = anfn-

We have
YnVn+1 = Tn+1 (36)

since YnYn+1 = anfnan+1fn+1 = ananJrlfnfnJrl = \pil(ﬂnﬂnJrl)fnfnJrl =
W71(5n+1)fn+1 = ap+1fn+1 = Ynt1- Furthermore,

B3 i) | @)

Bn(q) = gn(q) = Y =anfn= \Ij_l(ﬁngn) #0

for all n € N. These properties imply that (Supp ¥, )n is a descending sequence
of non-empty sets. Using lemma we will see that (v,)n actually is a
characteristic sequence of functions: As (f,)n is a characteristic sequence, there
exists an m € N such that supp f,, is compact for all n > m by B2Z4 (i) and
BZ3 (ii). Thus

Supp v, is compact for all n > m, (3.7)

since supp v, C supp f,, by the definition of v,,. Furthermore we may apply the-

orem B2 to (supp v» )» which has the finite intersection property, and therefore
i .
conclude that § # (), cySupP ¥ € ey SUPP fr = @ {p}, i.e.

() supp ¥ = {p} . (3.8)

neN

Now B8)-B3H) and lemma BZH imply that (v,,), is a characteristic sequence
of functions at p in X. In particular, supp~s is a neighborhood of p. Since
(fn)n is a characteristic sequence of functions we can choose a j > 2 such that
supp fj C supp 72, which implies v f; = f; because 71 |suppr, = 1 by BZA (i).

Hence (1g; = Brg19; = V(a1 f1)P(f;) = V(1 fj) = ¥(f;) = g; and therefore
suppg; Csuppfy C V forall j > 2.

This shows that (supp gn)nen is a fundamental system of neighborhoods at ¢ in
Y. Thus (g9n)n = (¥(fn))n is a characteristic sequence of functions on Y at q.
In particular K = {¢q} by lemma BZH (i), which implies uniqueness of q. O

In the previous proof of part (i) we have used the following bump functions:

Proposition 3.2.9. Let Y be a Hausdorff manifold, Y OV open, g € V and
c € R. Then there exist h,v € C(Y") such that

(i) v(q) > 0 (hence v non-zero) and suppv is a compact subset of V

(i) Rhlsuppv = ¢ and supph C V.
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Proof. Let (w, W) be a chart neighborhood of ¢ such that w(W) C V. By corol-
lary 226 (R™ is a paracompact manifold) there exist two auxiliary functions
f1, f2 : R™ — R such that fi(w(q)) = 1, supp f1 is a compact subset of w(W),
f2lsupp 11 = 1 and supp fo C w(W). Finally,

v:Y — RS‘
s o [ Uiew yew
0 y €Y \w™'(supp f1)
and
h:Y — R
y c(frow)ly) yew
0 y €Y \w(supp f2)
are the required smooth functions on Y. The support of v is compact because
w is a homeomorphism. [l

Finally, it remains to prove (ii).

Proof of (ii). As in (i) we write g, := ¥(f,) and ¢, := ¥(f}) for all n € N.
Part (i) implies that (g,,)», and (g),), are characteristic sequences on Y™ at points
g and ¢’ of Y. Assume that g # ¢’. Since Y is Hausdorff and by definition B2ZT]
(ii) we can choose an m € N such that supp g,, Nsupp g,,, = 0, hence g, g.,, = 0.
This implies that f,,f,, = ¥"(gmg,,) = 0, a contradiction to BZ4 (ii), i.e.
Fn ) Fn(p) = 1. O

Remark 3.2.10. Note that lemma implies that an equivalence class of
characteristic sequences at a point in X maps under an algebra isomorphism
to an equivalence class of characterstic sequences at a point in Y. As such,
we can identify points in X and Y with equivalence classes of characteristic
sequences, and such an identification is compatible with the action of algebra
isomorphisms.

Again we can prove that algebra isomorphisms are pullbacks by diffeomor-
phisms in the case of smooth functions on Hausdorff manifolds:

Theorem 3.2.11. Let X and Y be Hausdorff manifolds and ¥ : C*(X) —
C>®(Y) an algebra isomorphism. Then W is given by composition with a unique
diffeomorphism ¢ : Y — X i.e.

U(f)=foy VfeCx(X).
Moreover, dim X = dimY in this case.

Proof. For any g € Y, we may choose a characteristic sequence (gy), of func-
tions on Y at ¢ using proposition BZZ4 (iii). By lemma (i) we know that
(U=1(gn))n then is a characteristic sequence of functions on X at a point p € X.
By BZH (ii), p is independent of the choice of (g, )n, thus by defining 1 (q) := p
we obtain a map

P:Y — X.

We shall see that ¢ meets the demands. First of all, ¥ is is given by the
composition with ¢, i.e. U(f)(¢) = f(¢¥(q)) for all f € C>*(X) and all g € Y:
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We observe a simpler case first. Let h € C>°(X) such that ¥(h)(q) = 0,
then also h(y(q)) = 0: Suppose h(1(q)) # 0, then hly is vanishing nowhere
on an open neighborhood V' of 9(q) in X. Since (¥"1(g,)), is a characteristic
sequence of functions at v(q) = p, we can choose m € N such that supp ¥~1(g,,)
is a compact subset of V' and define the smooth function

f: X — C

Y gm)@ ey
T h(x)
0 r € X \supp¥~1(gn)
BTG a1 N B
This implies 17="" g, (q) = W(¥™(gm))(q) = V(hf)(q) = C(R)(9)¥(f)(2);
a contradiction to ¥(h)(q) = 0.
For the general case take any f € C*°(X). We have

(f =¥ (f)@)(g) = ¥(f)(g) - ¥(f)(g) =0

as ¥(1) = 1 for any algebra isomorphism. By the previous argument this yields

(f = ¥(f)(@)1)(¢(q)) = 0. Thus

V(f)(q) = f(¥(q))

Uniqueness of ¢ follows as in the proof of theorem (using that X is
Hausdorff and a bump function of proposition BZZ9).

Analogously, U~! is given by a composition with a map ¢ : X — Y. In
particular, g = ¥(V~!(g)) = ¥(goo) = gooo for all g € C(Y), hence
o 01 =idy. Analogously, 1 o o =idx. Thus o = 1~ 1.

Both, 1 and ¢ ~! are smooth by proposition B.L%, again as in the proof of
Therefore 1) is the required diffeomorphism.

That dim X = dimY is also shown as in the proof of theorem O

Obviously, this last proof is quite similar to the proof of theorem BITH
although it uses characteristic sequences instead of non-zero multiplicative linear
functionals to interpret the points in the manifolds.

Remark 3.2.12. Note that we may use R instead of C following the same
proofs. Furthermore, an analogous result holds true for algebra isomorphisms
of smooth functions with compact support. See [Mré05] for more details.

Mréun and Semrl further showed in [MS07] that a similar result holds for
differentiable instead of smooth functions. More precisely, they proved that any
multiplicative bijection between algebras of differentiable functions (defined on
differentiable manifolds of positive dimension) is automatically an algebra iso-
morphism, which again is given by composition with a unique diffeomorphism:

Theorem 3.2.13. Let X and Y be Hausdorff C"-manifolds of positive dimen-
sion, 1 < r < oo. Then for any multiplicative bijection B : C"(X) — C"(Y)
there exists a unique C"-diffeomorphism 3 :Y — X such that

B(f)=fof VfeC(X).
In particular, the map B is an algebra isomorphism.

They also mention, without further comment, that their method used in
IMS07] does not work for r = oo.
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Chapter 4

Some (Semi-)Riemannian
Geometry

In what follows, we will discuss the geometrical and topological setting of the
chapters to come, namely finite dimensional, smooth, second countable and
Hausdorff manifolds which are equipped with a Riemannian metric. Readers
who are familiar with the exponential map, normal and convex neighborhoods,
normal coordinates etc. may omit section EETl in this summary and only come
back to it later if necessary. For a general introduction to semi-Riemannian
geometry see e.g. [O'N&3].

Besides the short introduction to Riemannian geometry in Bl we will prove
in section E2 that the square of any Riemannian distance function on a manifold
X is smooth in both variables on a neighborhood of the diagonal Ax C X x X.
This is a remarkable result in its own right, although not fundamental in what
follows.

Rather fundamental for the proofs to come is section where we inves-
tigate the link between the Riemannian and the Euclidean metric for smooth
submanifolds X of R™. This is interesting because the Whitney embedding the-
orem in section B4l states that any finite dimensional manifold (in particular
any Riemannian manifold) can be viewed as a submanifold of R™.

4.1 (Semi-)Riemannian manifolds

4.1.1 Metric tensors

In order to be able to investigate intrinsic properties of a smooth manifold as
defined in ZT3 e.g. curvature and length, we have to equip a smooth manifold
X with a scalar product on the tangent space:

Recall that a bilinear form b : V x V — R on a finite dimensional vector
space V is called non-degenerate if

b(v,w)=0VYw eV =v=0.
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and positive resp. negative definite if
b(v,v) > 0 resp. b(v,v) <0 Yv € Vv #£ 0.
It is furthermore called symmetric if
b(v,w) = b(w,v) Yv,w € V.
The indez of a symmetric bilinear form b on V is defined by
v :=max {dim W | W is a subspace of V such that b[;,, is negative definite}.

Definition 4.1.1. Let X be a smooth manifold. A metric tensor g on X is a
symmetric and non-degenerate smooth (g) -tensor field with constant index.

This means that g € 7)(X), and g(p) : T,X x T,X — R is symmetric and
non-degenerate for all p € X.

Note that we will use Einstein’s summation convention throughout. It says
that if an index appears twice, as a lower and an upper index, then we sum over
all its possible values.

Recall that, w.r.t. a given chart (u = (z!,...,2"),U) at p in X, the set

{%L) Yoo, B%|p} denotes the basis of the tangent space T, X and {dzl‘p s ey

dz"|,} the basis of the dual (7,X)".

Moreover, ® is the tensor product as defined in ZT.9

Remark 4.1.2 (Notation). Often we will write (.,.) for g(p) to emphasize
that it is a scalar product on 7, X. Also vector fields can be inserted in g, i.e.
gV, W) =(V,W) € C®(X,R) for V,W € X(X).

For a chart (u,U) of X, u = (x!,...,2™), the components g;; of g w.r.t. this
chart are given by g;j := (32, 527). Thus for V =Vi2 W =W € x(X)
we have that

gV, W) = (V,W) = V'Wg,;
9ly = 9ij de' @ da’.

The matrix of g(p) w.r.t. an orthonormal basis {e1, ..., e, } in T, X is diagonal
and invertible, since g is non-degenerate. We have that

g(p)(ei,ej) = dijei,

where 0;; is the Kronecker delta and €; = g(p)(e;, e;) = £1. W.l.o.g. we assume
that {e1,...,en} is ordered in a way such that the signature (e1,...,,) starts
with the minus signs.

Definition 4.1.3. The norm of a vector v € T, X is defined as

0] == g(p)(v,v)|?.
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4.1. (Semi-)Riemannian manifolds

Semi-Riemannian manifolds are now defined as follows:

Definition 4.1.4. A semi-Riemannian manifold is a smooth manifold X en-
dowed with a metric tensor g.

It is called Riemannian manifold if v = 0 and Lorentzian manifold if v =1
and n > 2.

We will denote a semi-Riemannian manifold by either X or (X,g) in the
following.

Remark 4.1.5. Using a partition of unity, it is easy to prove that every smooth
manifold (second countable and Hausdorff) admits a Riemannian metric tensor,
cf. [O'N8&3|, lemma 5.25. In particular, every such manifold is metrizable by
[O’N&3|, proposition 5.18.

4.1.2 Riemannian distance

On a Riemannian manifold we can measure the distance of two points via curve
length on the manifold:

Definition 4.1.6. Let (X, g) be a semi-Riemannian manifold and ¢ : [a,b] — X
a piecewise smooth curve on X. The arc length of ¢ is defined by

b
L) = [ 1. o
. 1 n d(z'oc d(zdoc % n
with [(¢/(8), (D) = |7, 03 () L2 O 222 (1) where (2, ....a")
denotes a chart.
Definition 4.1.7. Let (X, g) be a connected Riemannian manifold, p,q € X

and Q(p, q) the set of piecewise smooth curves from p to g. Then the Riemannian
distance dg(p, q) from p to ¢ is defined as

dg(p,q) = einf q)L(C)-

It can be shown that d is a metric on X that is compatible with the topology,
cf. [O’N&3], proposition 5.18. Moreover, two Riemannian distances are locally
equivalent:

Lemma 4.1.8. Let X be a smooth manifold and g,h two Riemannian metrics
that induce the respective Riemannian distances dg,dy. Then

VK,L CC X 3C > 0 such that din(p,q) < Cdy(p,q)Vp € K,q € L.

Proof. See [GKOSOI], lemma 3.2.5, or [Nig06], lemma 3.13. O

4.1.3 The Levi-Civita connection

The Levi-Civita connection on a semi-Riemannian manifold X is denoted by
V: X(X) x X(X) — X(X), where ¥(X) := I'(X,TX) is the set of smooth
vector fields on X. It exists and is uniquely determined by the properties (V1)—
(V5) for U, V,W € X(X), see e.g. [O’NK3], theorem 3.11:
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Chapter 4. Some (Semi-)Riemannian Geometry

(V1) VyV is C*°(X)-linear in U

(V2) VyV is R-linear in V

(V3) Vu(fV)=U(f)V + fVyV for all f € C*(X)
(V4) [U, V] =VyV =VyU

(V5) W(U,V) = (VwU,V) + (U, VwV).

If a map V just satisfies (V1)—(V3) it is called a (linear) connection on the
manifold X. The vector field ViV is called covariant derivative of V w.r.t. U
for the connection V.

4.1.4 Christoffel symbols

Definition 4.1.9. Let X be a semi-Riemannian manifold and (u,U) a chart of
X, u = (2%, ...,2"). The Christoffel symbols w.r.t. u are the smooth functions
“Ffj : U — R that satisfy

k a

0
—urr. _—_ <i.7<n. .
D I p: Vi<i,j<n (4.1)

Remark 4.1.10 (Basic properties of “I'};).

(i) Property (V4) implies that V%% = 0 for all 1 < ¢,5 < n, hence
“Lf =T for all 1 <4d,j,k <n.

(ii) The Christoffel symbols are not the components of a tensor field w.r.t.
the local coordinate system and so do not transform like a tensor under
coordinate transformations.

(iii) If Pw = (Pw!,...,Pw™) denotes a normal coordinate system at p € X (see
remark EET.T8 below), then

Pwk _ -
Fzg(p)_o V1§Zajak§n7
cf. [O’NK3], proposition 3.33.

4.1.5 Geodesics

There is a special type of curve on a semi-Riemannian manifold X that is
fundamental for the geometry of X:

Definition 4.1.11. Let X be a semi-Riemannian manifold and I C R an in-
terval. A geodesic is a curve v : I — X, whose tangent vector field v/ is parallel
along v, i.e. v/ :=V, v =0.

A geodesic is uniquely determined by an ordinary differential equation of
second order, and hence by its initial conditions ¢(0) = p and ¢/(0) = v:

Proposition 4.1.12 (Geodesic equation). Let X be a semi-Riemannian man-
ifold and (u = (x',...,2™),U) a chart of X. A curve ¢: I — U is a geodesic of
X if and only if its local coordinate functions x'oc satisfy the following geodesic
equation
d*(z¥ o c) . d(z'oc)d(z? oc)
R e

2 dt a0

ij=1
for1 <k <n.
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4.1. (Semi-)Riemannian manifolds

Proof. See [O’N83], corollary 3.21. O
As we will see later, geodesics describe locally the shortest curve between two
points. They are very important for many applications, e.g. general relativity.

4.1.6 The exponential map
The exponential map is defined as follows.
Definition 4.1.13. Let X be a semi-Riemannian manifold, p € X and
Dy, = {v € T, X | the geodesic ¢, with initial conditions
¢y(0) = p and ¢,,(0) = v is defined on [0, 1]}.
The ezponential map of X at p is defined as
exp,: I,X 2D, — X
v (1),

A well-known result in semi-Riemannian geometry states that exp,, is a local
diffeomorphism:

Theorem 4.1.14. Let X be a semi-Riemannian manifold and p € X. Then
there exists a neighborhood V' of 0 in T, X and a neighborhood U of p in X such
that exp,, : V. — U is a diffeomorphism.

Proof. See [O’N&3], proposition 3.30. O

The exponential maps exp,, at different points p € X can also be put together
nicely:

Definition 4.1.15. Let X be a semi-Riemannian manifold. Then
D :={v e TX|c, exists at least on [0, 1]},

i.e. D, = DNT,X for each p € X. The map E is defined via the footpoint map
m:TX — X (veT,X is mapped to w(v) = p) by

E:TXDOD — XxX
v (ﬂ'(’l}), eXpﬂ'(’U) (’l}))

Obviously, D is the maximal domain of E. It can be shown that D is open
in TX and that D, is open and star-shaped at 0 € 1, X for all p € X. If X is
geodesically complete then D = T'X. Moreover, E is a local diffeomorphism:

Theorem 4.1.16. Let X be a semi-Riemannian manifold. Then the map E :
V — U is a diffeomorphism of a neighborhood V of (TX )y in TX onto some
neighborhood U of Ax in X x X.

Here, Ax := {(p,p)|p € X} is called the diagonal of X, and (TX)g :=
{0, |p € X} the zero section of TX.

Proof. See [O’N&3], lemma 5.6 and the remark thereafter, or [Kun(6], theorem
2.4.6. O
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4.1.7 Normal neighborhoods

Definition 4.1.17. Let X, U and V be as in theorem EELT4 and suppose
furthermore that V' is star-shaped around 0. Then U is called a normal neigh-
borhood of p.

Remark 4.1.18. On a normal neighborhood U of p € X there exists a dis-
tinguished type of coordinates, so-called normal coordinates, which, as we shall
see, are useful for many calculations. A normal coordinate system is induced
by the exponential map exp,, : V' — U which is a diffeomorphism by theorem
ETTA To each g € U we assign the coordinates of exp,'(¢) € V C T, X w.r.t.
an orthonormal basis {e1, ..., e, } of T, X. More precisely,

n

exp,(q) =Y Pw'(gles  Vg€EV,
i=1
where Pw = (Pw!,...,Pw™) denote the normal coordinate system at p.

Definition 4.1.19. Let (X, g) be a semi-Riemannian manifold, p € X and U
a normal neighborhood of p. Then the function

r:U — RF
g — r(q):=]exp, (q)]
is called radius function on U of p. Recall that |v] := |g(p)(v,v)|2.
In terms of normal coordinates (Pw!, ...,Pw™), the radius function r at p is

given by

1

LU SO

=1 i=v+1

where v denotes the index of (X, g). In particular, r is smooth whereever it is
non-zero, i.e. everywhere except at p and the local null-cone.

Proposition 4.1.20. Let X be a semi-Riemannian manifold. If U is a normal
neighborhood of p € X, then for each point q € U there exists a unique geodesic
Ypg : [0,1] = U from p to q in U. Furthermore, ~,,(0) = exp;l(q) and

L(vpg) = 7(q) = |exp, ()],

where r denotes the radius function on U of p. This curve 7ypq 15 called a radial
geodesic.

Proof. See [O’N&3], proposition 3.31 and lemma 5.13. O
An even stronger result holds for Riemannian manifolds:
Proposition 4.1.21. Let (X, g) be a Riemannian manifold and p € X.
(i) For sufficiently small € > 0, the e-neighborhood

Ue(p) :={q € X |dy(p,q) < e}

s mormal.
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(i1) For a normal e-neighborhood U, (p) the radial geodesic ~pq from p to q €
U:(p) is the unique shortest curve in X from p to q. In particular

L(vpg) = 7(q) = |exp, ' (q)| = d(p, ).

Sketch of proof. We may assume for a moment that there exists a normal (even
convex) neighborhood U of p in X, a fact which will be proved explicitly later
in theorem EL2Z4l Then for ¢ > 0 sufficiently small the neighborhood

Valp) = {v € T,X | o] < <), (4.2)

with [v] = |g(p)(v,v)|2, of 0 in T, X is contained in V = exp, '(U). It can be
shown that U.(p) as in (i) is the image of such a V(p) under the exponential map
exp,, thus obviously a normal neighborhood of p. Furthermore it can be shown
that (ii) holds for these €. See [O’N83], proposition 5.16, for more details. O

4.1.8 Convex neighborhoods

Definition 4.1.22. An open subset U of a semi-Riemannian manifold X is
called geodesically convex if U is a normal neighborhood of each of its points.

We will see in theorem EE24] below that every point p of a semi-Riemannian
manifold X possesses a base of convex neighborhoods. See also [O’N&3|, propo-
sition 5.7.

Remark 4.1.23 (Definition of convexity). Be aware, that different authors use
different notions for convexity. For example in [GKM6§], section 5.2, a convex
set U is an open subset of a connected Riemannian manifold, such that for any
two points p, ¢ € G there exists a geodesic vy, With L(7y,e) = dgy(p,q) that lies
entirely in G (not necessarily unique though).

On the other hand, e.g. in [dC92], theorem 3.7 resp. remark 3.8, geodesically
convex sets as in definition are called totally normal.

We mainly follow the terminology of [O’N&3|. Additional definitions of con-
vexity are introduced in the following section where needed.

4.2 Smoothness of the Riemannian distance

In this section we will prove that the Riemannian distance d, on a Riemannian
manifold (X, g) is smooth on a neighborhood U of the diagonal Ax except on
the diagonal itself (because ,/~ is not smooth in 0), and that d,? is smooth on
all of U.

The proofs strongly rely on normal coordinates on convex neighborhoods as
introduced in remark and definition In order to show that ev-
ery point in a semi-Riemannian manifold possesses a base of convex neighbor-
hoods and that all subsets of a certain type are also convex, we will require cer-
tain smoothness properties of Christoffel symbols and normal coordinate charts.
Therefore we begin by investigating a few of their properties.

Coming back to Riemannian manifolds, it follows that sufficiently small balls
B, (p) € X (and also those contained in them) are even strongly conver — a con-
cept that is defined in EZB As each point has a strongly convex neighborhood
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we can define a strictly positive and also continuous so-called convexity radius
x on X. This finally allows us to define an open neighborhood on which the
Riemannian distance is smooth in the sense mentioned before.

Be aware that both terms, strongly convex and convexity radius, are used
differently by some authors.

4.2.1 Christoffel symbols with respect to normal
coordinates

The following lemma shows how the Christoffel symbols transform for different
charts.

Lemma 4.2.1. Let X be a semi-Riemannian manifold and (u = (z1,...,2™),U)
and (v = (y*,...,y"),V) different charts of X at p € UNV. Then for all

1<4,5,k<mn,
a2yl )
s . (4.3)
» (690 oxJ »

Proof. By [O’N83), lemma 1.14, 52 = 2L agr for all 1 < m < n. Thus by
definition EET.9

1
upm Jy' 0 @&

oy*®

J
pax

B OxF

oy"
umk vl
Fij(p) = (’)—yl

TS (p) ot

p

dy® 0 (v 8yrv dy® 0

(i v . = . - 4.4
9 9xm Oyt 5ui9yr Oxd Oy* dai 3 Oxi oy® (44)
On the other hand, also aar = gifaih for all 1 < r <n, hence
Y y" O
o 200wy O (0dh Py 0 oo 0
U gxm Jyl N Ozt \ Oy" OxI0xh Oy = OxJ i oy*
(omi) oy" (oxh 9*yc 0 oy* oyl 9
N Oxt \ Oy" Oxidxh Oy Oz T Oyl
r h 2,1 r s
Oy 0x” Oy | 9y 0y upu \ O 5
Oxt Oy" Oxidxh  Ox' OxI oyt
In particular, since the 6%1 form a basis in the tangent space,
ayl upm @ ayr axh a2yl % %vl—wl
dxm T T 9xt Qyr daidxh | Oxi Oad T TE
————
=din
a2yl ayr ays ;
= — - =Y 4.6
Oxidxt Ozt Oz Y (4.6)
which by multiplication with %LI; and summation over [ finally leads to
Yy
k l k 2,1 T s
wpt, = 90 00 @ O (O oy OV O 0
7o oyt gm Y oyt \ 0230zt Oxt OxI
——
=6km
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4.2. Smoothness of the Riemannian distance

Remark 4.2.2 (Orthonormal frame fields). Let X be a semi-Riemannian man-
ifold of dimension n and o € X. An orthonormal basis {eq,...,e,} of T, X is
called a frame on X at o. A frame field {E,...,E,} consists of smooth or-
thonormal vector fields F; € X(X), 1 < i < n, and hence assigns a frame
{FEi|, . En|,} to each point 0 € X.

Frame fields may not exist globally on X. However, locally on a (normal)
neighborhood U of 0 € X, they may be constructed by parallel transport along
geodesics by [O'N83|, corollary 3.46. Any vector field W € X(X) can be written

as a suim
n

W = Z €i<W, Ei>Ei,
i=1
where E; = <E1;Ez>
For any p € U we denote the normal coordinates on a neighborhood W, of
p w.r.t. the orthonormal frame field Ey, ..., E, by Pw = (Pw!,...,Pw™). Since
exp;l(q) = Pwi(q) Ey|, € T, X for any g € W), we have that

n
1=

Pulg) = (sidexp, (0). Ei,) = (Cw' (@) e @) (A7)

1

By theorem ELTTH, the exponential map E : V — U, E(vy) := (p, exp,(v)),
is a diffeomorphism from a neighborhood V of T X in T'X onto a neighborhood
Uof Ax in X x X. For p e X let

Ulp) :={qe X|(p,qg) eU} C X.
For Christoffel symbols w.r.t. normal coordinates additional properties hold:

Lemma 4.2.3. Let X be a semi-Riemannian manifold, o € X and {En, ..., E,}
a local frame field on a neighborhood U of o such that UxU C U (U as in[f.1.10).
Let U be a neighborhood of o with U CC U. Then the following properties hold:

(i) The normal coordinate charts Pw are defined on U for allp e U.
(ii) The map (p,q) — Pw(q), U x U — R™ is smooth.
(iii) There exists a neighborhood V' of 0 in R™, such that the map

f:UxUxV — R"
(P,g,m) = fpg(r) == (Pwo (Tw)~H)(r)

is smooth.

(iv) There exists a neighborhood W C U of o, such that

wl—‘f_](q) = Dl zl)co

o rl Cwl fT L £S
ow(q) (D1Jf0p|pw(q) + Frs(q) thop Pw(q) Djfop pw(q))
forallp,qge W.

(v) For each € > 0 there exists a neighborhood U. C U of o, such that

“Tl(q) = Tl (0)| < ¢

forallp,qe U; and all 1 <i,5,k <n.
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Proof. (i) First note that such a local frame {Ej, ..., E,,} on some neighborhood
U of o exists by remark As U x U C U by assumption, we have that
U C U(p) for all p € U. In particular, the inverse of the exponential map E
exists on U x U and for all p € U we have
—1 el
B oy cti(n) = €XPp (4.8)
on U(p) D U by theorem EETTA Thus the charts Pw are defined on U.
(ii) By the definition ) of Pw in remark EEZ2 (i) implies that
- TE - "
"w(g) = (silexpy (0), Bil)) = (BT w0, Eil))
is smooth on U x U.
(iii) Since by assumption all E;, 1 < ¢ < n, are smooth vector fields on
U, the map 7 : U x R* — TX defined by 7(g,r) := /., * Ej|, is smooth,
too. Moreover, 7(U x {0}) € V. Thus 7~ (V) is an open neighborhood of the
compact set U x {0} by continuity of 7. In particular, there is a neighborhood

V of 0 in R™ that satisfies 7(U x V) C V. Finally, f is well-defined and smooth
on U x U x V, since

fog(r) = (pwo(qw)_l)(r)

(o (35

Pw ((pryoEo7) (¢,7))

is smooth by (ii) and the fact that pry, E and 7 are smooth.

(iv) Let V be a neighborhood of 0 € R™ as in (iii). Obviously, w(0) =0 € V.
Thus by continuity in both variables by (ii) there exist neighborhoods W1 and
Wy of o such that Pw(q) € V ¥p € Wi Vg € Wa. Let W be the neighborhood

W .= W1 n W2 Q U
of 0. Since W is contained in the domains of all charts “w (z € U), the Christoffel

symbols p“’l"fj(q) and “*T' (q) exist for all p,q € W. Moreover, Pw(q), °w(q) €
V by the above construction. Hence we may apply lemma EEZT] and (iii) to

(p,0,°w(q)) and (o, p,Pw(q)) to finally obtain
( 82 owl )
g \ OPw! 0Pwi .

l Cwl T s
(Dijfop|pw<q> + (@) Difoply gy Difor pw<q>)

o°w”

0 Pwt

0°w?®

Py
q@w

Py ek @ Oruw”
Fij(‘]) = 9w

+ 7T ()
q

(iii
) D, 50

cw(q)

for all p,q e W.
(v) Let V as in (iii) and W as in (iv). Again, f,, and fp, are smooth on
W x W x V. Moreover, fu,(r) = (°wo (°w)~1)(r) =r for all » € V. Thus

Diff =6 and Dyfl, =0 V1<ijkl<n.
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4.2. Smoothness of the Riemannian distance

Obviously, pwl"fj (q), o“’l"fj (¢) and all terms in (iv) are well-defined for p,q € W.
By smoothness of f, we conclude that

Py (iv)
F?j (q) = D, f;]:o

l Cwml
ow(q) ( DiijP‘Pw(q) + FT ( ) D; f p’Pw(q) J P’Pw(q) ) :

—0m —0 —0ir "5]‘5

- OwF?j(Q)

for p — o and g € W. Since the Christoffel symbols are smooth maps, we also
have that O“’Ffj(q) — owffj (0). Thus for each € > 0 there exists a neighborhood
U. of o such that

“Ti(g) = “Ty(0)| <¢

for all p,g € U; and all 1 < 4,5,k < n. [l

4.2.2 Convex neighborhoods with respect to normal
coordinates

Again, let (Pw = (Pw!,...,Pw™),W,) denote a chart in normal coordinates at
p, cf. remark We are now going to investigate certain e-balls at p € X,
defined by

Ne(p) :=A{q € Wp | N?(q) < e}, (4.9)

where NP(q) := Y 1, pwi(q)Q is the squared Euclidean radius of Pw(q) (even

for semi-Riemannian manifolds).

Theorem 4.2.4. Let X be a semi-Riemannian manifold and let o € X. Then
there exists some €9 > 0 such that for each € € (0,&¢] the following holds:

(i) The subset N.(o) of X is geodesically convez. In particular, o has a basis
of convex neighborhoods.

(ii) For all p € N:(o) and all § > 0 with Ns(p) C N:(o), Ns5(p) is also

geodesically convex.

Proof. (Modified version of [O’N&3], proposition 5.7). By theorem EELTH the
map E:V — U, E(vy) := (p, exp,(v)), is a diffeomorphism from a neighborhood
V of the zero section T Xy in TX onto a neighborhood U of the diagonal Ax
in X x X. Let U be a neighborhood of 0 € X as in lemma EEZ3 in particular
UxUCcCU.

For each p € U we define a (symmetric) tensor field PB € 7,)(U) by its
components

PBi; zn: YT (q) - Pw”(q) (4.10)

for any ¢ € U. This is well-defined by EEZ3] (i). Recall that “’Fk (0) =0 for a
normal coordinate system by remark LTI (111) s0 °B;;j(0) = d;;. Furthermore,
(p,q) — Pw(q) is smooth and "“T%(q) — ““T'¥(0) by lemma EZZ3 (i) and (v).
Hence we may suppose w.l.o.g. that U is so small that ? B(q) is positive definite
for all p,q € U.
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For ¢/ > 0 sufficiently small we have that N,/ (0) C U since these sets are dif-
feomorphic to open balls B (0) in R™ under normal coordinates (hence form a
basis of neighborhoods of 0 in X). Since by the above E is a diffeomorphism on
U x U C U, there exists an open neighborhood V. of 0 € T, X in T X such that
E: Vo — Ne(0)x N (0) is a diffeomorphism. We may choose an open neighbor-
hood V. of 0, in TX such that [0,1]- V., C V.r C V. where the multiplication is
only applied to the vector component (e.g. let Vo := (T °w)~1(B,, (0) x By, (0))
for r1,7r9 > 0 sufficiently small), i.e. IN/Er is star-shaped in the vector component.

Let g9 € (0,€') such that Nz, (0) x Nz, (0) € E(V.). For e € (0,e0] we also

have that N:(0) x Nz(0) C N, (0) x N, (0) € E(V./). We set

W, := E"Y(NVe(0) x No(0)) CVer C Vi C V. (4.11)
Then obviously E : W, — N(0) x N(0) is a diffeomorphism and
E([0,1] - W.) CUxU CU (4.12)

since

E([0,1] - We) C E([0,1] - Vo) S E(Vzr) CE(V2)
=No(0) x Ner(0) CUXU CU
(again, the multiplication is only done in the vector component). Moreover,

N:(0) € Nu(0) C U since € < €’ and €’ was chosen sufficiently small before.
It remains to be proved that (i) and (ii) hold for all £ € (0, o).

(i) Let € € (0,&0] and p € N(0). For
Weo(p) == We N T, X. (4.13)

we obtain
E(W.(p)) = {p} x Ne(0). (4.14)

Here, the inclusion (C) is obvious because of the definition I of W.. To
show that also (2) holds, let (p,r) € {p} x Nz(0). Again by @II) there exists
w € W, with (p,7) = E(w) = (7(w), exp,(,(w)). In particular, 7(w) = p, thus
w e T,X and (p,r) = E(w) € E(W. NT,X) = E(W:(p)).

Hence E |y, () is a diffeomorphism onto {p} x N:(0), i.e. exp, : Wc(p) —
N:(0) is also a diffeomorphism. To see that N:(o0) is a normal neighborhood
of p it remains to be shown that W.(p) is star-shaped around 0 € T, X. Since
p € N:(0) was arbitrary it then follows by definition EET.22 that N (0) is actually
convex which proves (i).

Let 0 # v € Wc(p). Then v is of the form E~'(p,q) = exp,'(q) for some
p # q € Nz(o) by ETH). By the definition of exp, in EELTH ¢, : [0,1] — X is a
geodesic from p to g. Moreover, ¢,(t) = exp,(tv) V¢ € [0,1] since a geodesic is
uniquely determined by its initial data. By 1) and the fact that W.(p) C W,
we have that ¢, (t) = exp,(tv) € U for all ¢ € [0,1].

Suppose for a moment that ¢, lies entirely in N;(0). Then tv € W,(p) for all

€ [0,1]: Suppose not, then choose s € [0,1] such that w := sv ¢ W,(p). For
s0 := sup{t € [0,1]|tw € W.(p)} we get that sow € OW.(p). By assumption,

(exp,t 0¢,)([0,1]) CC exp, *(N(0)) = We(p). Therefore there exists some
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to < so with tow € We(p) \ (exp, ' 0¢,)([0,1]). On the other hand we have that
exp,'oc, =t — tv by the above. Thus tow = tosv € [0,1]v and therefore
(expy, ' o¢,)(tos) € (exp, ! 0¢,)([0,1]), a contradiction.

Now it only remains to be proved that ¢,([0,1]) € N:(0): Suppose to the
contrary that ¢, actually leaves N:(0). By definition [X) we then have a
t € (0,1) with N°(c,(t)) > e. Since p,q € N:(0) we have that N°(p), N°(q) < e.
As N°oc¢, : [0,1] — R is continuous on a compact set it must attain a maximum
at some tax € (0,1). Furthermore, N°oc, is smooth, so we should obtain that

%(NO 0 ¢y)(tmax) = 0 and C‘litz (N° o ¢y)(tmax) < 0:

42 . n doz oidQOZ
e Now) = 22[( ) g dt21

=1
© _ouwpi_(e) du "o
n n s
o dect deoc
k k
SR (T s TR Fte
ij=1 k=1
" . ,
@) dect d°c
= 9 op. (e w8 %
”2;1 ia(cv) dt dt

Where ¢y = °wo ¢, and (%) is the geodesic equation EET.TA Hence 0 <

€ ~(N° 0 ) (tmax) = 2°B(o(tmax))(°co’ (tmax), °Co’ (fmax)), a contradiction to

the positive definiteness of ° B(c, (tmax)) (recall that ¢, (tmax) € U by the above).
Since v € W, (p) was arbitrary, W, (p) is indeed star-shaped.

(i) Let p € Nz(0) and & > 0 such that Ns(p) C N:(0). Let p’ € Ns(p) and
We(p') for € € (0,¢0] as in (EEH) As in (i) we have that exp,, : W.(p') — N:(0)
is a diffeomorphism. Since p’ € N5(p) € N:(0), therefore there exists a subset
Wy € We(p') such that exp,, : Wy — Ns(p) is also a diffeomorphism.

It remains to be shown that W, is star-shaped around 0 € T, X. Thus
take any v € Wp. Then v = expj;,l(q’) for some ¢" € Ns(p) € Nz(0). In (i)
we have seen that ¢, is a geodesic from p’ to ¢’ with ¢, (t) = exp,, (tv) that lies
entirely in M.(0o) C U (simply replace p, ¢ there with p’,¢'). Again as in (i),
it follows that ¢, lies entirely in Nj5(p) and that therefore Wy is star-shaped
(replace o, p, e, We(p) by p,q,d, Wy). O

4.2.3 The distance on Riemannian manifolds

We now consider a Riemannian manifold (X, g). In this case, the proof of EET.2T]
implies that for sufficiently small

proof of

No(p) 2 exp, (V.z(p) B Uz (0) == (g € X | dy(p,q) < VE} = Bz(p),

where d; denotes the Riemannian distance induced by the Riemannian metric
g on X. Thus we may replace all V(p) in theorem EEZA] by some B,.(p) in this
case. We therefore have:

Corollary 4.2.5. Let X be a Riemannian manifold and let o € X. Then there
exists some 1o > 0 such that for all r € (0,ry] we have:
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(i) Br(0) is geodesically convex. In particular, every point o has a base of
convex balls.

(i1) Bs(p) is geodesically convex whenever Bs(p) C By(0).

In order to show that the Riemannian distance dg is smooth on a certain
neighborhood of the diagonal we need to introduce a new type of neighborhoods
and find a continuous function that will describe the boundary of open balls
later.

Definition 4.2.6. Let X be a Riemannian manifold. An open subset U of X
is called strongly convez if U itself and any open ball contained in U is convex.

Note that each ball B, (o) with r € (0,7¢] is strongly convex by corollary
EZH Thus we actually proved the existence of strongly convex neighborhoods
for each point of the Riemannian manifold.

Definition 4.2.7. Let X be a Riemannian manifold and let p € X. The
convezity radius k : X — R7T is defined by

k(p) := sup{r > 0| B,(p) is strongly convex}
Remark 4.2.8 (Properties of B, (p) and ).
(i) Note that, by corollary EEZH,

k(p) >0 Vp € X.

(ii) Moreover, if B,.(p) is strongly convex, then also Bs(q) C B, (p) is, because
every ball contained in B,(q) is also contained in B,(p) and hence convex.

Remark 4.2.9 (Similar notions). As already mentioned in remark EET.23 con-
vexity e.g. in the sense of [GKMGS)] is defined differently from in [O’N83] which
we used as a basis. Those authors also use a different notion of strong convexity.
Namely, they define a subset G to be strongly convez if it is convex (in their
sense), all open balls contained in G are also convex (in their sense) and if all
points p,q € G can be joined by a unique geodesic. It is shown in [GKMGS],
section 5.2, that each point in the Riemannian manifold has a strongly convex
neighborhood.

The definition of the convexity radius r in [GKMGS] is the same as ours
using, however, their notion of strong convexity.

Since their definition of strong convexity is weaker, it is obvious that x(p) <
r(p) for all p € X. In [GKMGS] it is also shown that r is smaller than the
ingectivity radius inj. Thus

w(p) < r(p) <inj(p)  VpeX.

Lemma 4.2.10. Let (X,g) be a Riemannian manifold. Then the convezity
radius £ is (uniformly) continuous on X.

Proof. Let p,q € X. We distinguish two cases:
If ¢ € By(p)(p) then by definition of x(p) and strong convexity we have that

By(q) € By(py(p) is convex for all r < k(p) — dy(p, q), (4.15)
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since dy(z,p) < dg(z,q) + dg(p,q) < k(p) must hold for all x € B,(g). Such
B,.(q) are even strongly convex by BEZR (ii). In particular, » < k(q) and therefore
by EIH) (since this holds for all such r) k(q) > k(p) — dg(p, ¢), hence

k(p) — k(q) < dy(p,q).

If g B (p)(p) then dy(p, q) = r(p) = £(p) — K(q).
Thus by symmetry in p and ¢ we have that

lk(p) — K(q)| < dg(p,q)  Vp,g€ X,

hence « is uniformly continuous on X. [l

Theorem 4.2.11 (Smoothness of the Riemannian distance). Let (X,g) be a
Riemannian manifold and d, the Riemannian distance. Then there exists a
neighborhood U of the diagonal Nx C X x X such that

(1) (p,q) — dg(p,q) is smooth on U \ Ax

(ii) (p,q) — dy(p,q)?* is smooth on U.

Proof. By theorem IETTH the map E : V — U, E(vy) = (p,exp,(v)), is a
diffeomorphism. Set

U:=Un{(p,q) € X|dy(p,q) < k(p)}

Since k is continuous on X by lemma EE2ZT0 and x > 0 by remark (1), U
is an open neighborhood of the diagonal Ax in X x X.

Let (po,qo) € U, so that qo € By(p,)(po). By remark there exists an
orthonormal frame field {E1, ..., B, } on a neighborhood W C B,;(,,)(po) of po.
Thus for all (p,q) € W X By (p,)(po) we have that

n

e, _ B
dy(p,q)* =" |exp, ()7, x = B (0,07, x = > _(E7'(p,q), Eil,)?,
=1

where (., .) denotes the Riemannian metric g(p). Since this expression is smooth,
we have that (ii) holds. As the square root is smooth away from zero, (i) is also
true. |

Remark 4.2.12. It is easier to prove that ¢ — dy(p,¢)? is smooth on each
normal neighborhood U of p. This is due to the fact that we can write the
Riemannian distance in normal coordinates (Pw?, ...,Pw™) as

d2(p,q) = pri(q)Q-

We even see that g — dg4(p,q) is smooth on U \ {p}. This conclusion may also
be found in [Pet06], theorem 29, p. 177.
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4.3 The Riemannian distance on submanifolds

In this section we assume that X is a smooth submanifold of R™. If we equip
X with the Riemannian metric induced by the Euclidean metric in R™ we ob-
tain some additional structure. First, let us recall a well-known theorem from
topology:

Theorem 4.3.1 (Lebesgue covering theorem). Let X be a compact metric space
and U an open cover of X. Then there exists a d > 0, the so-called Lebesgue
number of U, such that for all x € X there exists U € U such that Bs(x) C U.

Proof. See for example [Eng77], theorem 4.3.31, or [Kxi04], theorem 5.1.5. O

This result will only be used later in connection with local properties given
on an open cover of a compact subset of a submanifold, like the following.

Lemma 4.3.2 (Riemannian vs. Euclidean metric). Let X be a smooth and
connected submanifold of R™ and K CC X. Let g be the Riemannian metric on
X induced by the Euclidean metric in R™. Then

3C>0Vp,ge K: |p—ql <dy(p,q) < Clp—ql. (4.16)
First proof. By definition,
dg(p,q) = inf{L(c)| ¢ a piecewise smooth curve in X from p to ¢}

is the Riemannian distance from p to ¢, where L(c) denotes the arc length of c.
Thus |p — q| < dg(p, q)-

It remains to be shown that d4(p,q) < C|p — g| for some C' > 0 and
p,q € K CC X. We start this by proving that the inclusion of X in R” is
locally Lipschitz continuous. Let o € X. By the proof of E2T1l there exists a
neighborhood W of o in X such that for all p,q € W we have that

dg(p,q) = |E" (p,q)|1,x = |E" (p,q)], (4.17)

where |. | denotes the Euclidean norm (recall that g is induced by the Euclidean
metric in R"). As E™! is smooth (E is a diffeomorphism), there exists an open
neighborhood V of 0 in R™ and a smooth mape : V xV — TX C R" such
that e|(vxv)nxxx) = E~! lvxvyn(xxx)- W.lLo.g. we may assume that V'
is relatively compact and convex, and that W is contained in V' N X. Since
e(p,p) =E(p,p) = expgl(p) = 0 for any p € W we have that

dg(p; q) 2 59 = lepq) - e(p,p)]

1
< lp-d / (D2e)(p+ta—p)Idt < |p—al IDsell oy

for all p,q € V. In the last line the mean value theorem was applied using the
fact that V' is convex. Thus dg4(p,q) < C|p — ¢| holds locally for p,g € W and
C:= ||D2€||Loo(V)-

Suppose now that [IH) is false. Thus for each m € N there exist points
DPm, Gm € X such that dg(Pm, gm) > Mm|Pm — ¢m| > 0. Since K is compact in X,
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4.3. The Riemannian distance on submanifolds

there exists a subsequence (myg), such that p,,, — p € K and ¢, — q € K.
Hence p = ¢, because for any € > 0 and k sufficiently large we have

p—al < Ip—pm.|+ Pmp = @il + [0 = @m,.|
S dg(p)pmk) + mLkdg(pmkaqu) + dg(q7 qu)
< (4 ) do(ppm) + 7rde(p, @) + (1 + 1) dg (4, am,.)
—_—
<2 <e <e <2 <e
< be.

On the other hand, there exists a neighborhood U of p as above, such that
dg(Pmy> Gmy,) < C|Pmy, — Gm,,| for some C' > 0 and k sufficiently large. Thus

0< dg(pmkank) < C|pmk - ka| < mikdg(pmkank)v

a contradiction for m; > C. Thus we also have that there exists some C' > 0
such that for p,q € K

dy(p,q) < Clp —q|. O

Remark 4.3.3. The limiting value of C in can be computed as follows.
By using a so-called tubular neighborhood U of X x X (which exists for every
submanifold M of R™ without boundary by [Hir76], theorem 4.5.1) with smooth
retraction 7 = (exp)7!: U — X x X (i.e. r|xxx = idxxx), it can be shown
that C' — 1 for p,q — o: In this case we can additionally assume that V' xV C U
and explicitly write e : VxV — TX as e = E" ' or. For p,q — 0 one can obtain
that

Dse(p,q) — Dae(o,0) = DQ(Eil or)(o,0) = idr, x,

using the properties of E and r. Thus

C = [|D2ell oo 17y = [ D2e(0,0)|| = [lidr, x [| = 1.

There is an alternative approach for the proof of lemma by Hans Ver-
naeve [Ver(l9] that shows the second inequality in [I6) locally without using
the map E:

Second proof. Again, we will show the inequality locally around some o € X
first. By corollary EE2ZH there exists a geodesically convex and relatively com-
pact neighborhood B, (0) of o in X w.r.t. the induced Riemannian metric g.
W.lo.g. let (u,U = Bz (0)) be a chart in normal coordinates at o in X. Thus
for any p,q € U we have that

+

r
dg(paq) Sdg(pao)erg(%O) S 5’

IR
I

hence in particular that ¢ € Br(p) C B,(0). By proposition EEI.ZT] we further-
more have that

dy(p.9) = L(pg) = / I (£ dt,

where 7,4 : [0,1] — B,(0) denotes the radial geodesic from p to ¢g. Thus
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ju(p) — u(g)] < / (10 1) (6)dt
< / I, ulllra ()]t
< Ldy(p.q) (4.18)

for L := supye(o 1y [|75,,tyull > 0 and all p,q € U, since u is a diffeomorphism
on B,.(0) and U C B,(0).
Now let 0 < € < 5 and choose § > 0 such that Bs(o) C U and

I Tou™t — Tu~t|| < g Va € Bs(o), (4.19)

which is again possible because u=! : T,X D u(U) — X is smooth. Since we
use normal coordinates, we have that u(Bs(0)) = Vs(o) = {v € T, X ||v] < 0}
as in (@Z). This implies that the curve

c: 0,1 — u(Bs(0)) C R
t —  u(p)+t(ulg) —ulp))

and hence also the curve u=! o ¢ in Bs(o) C U are well-defined and smooth.
Moreover, since the tangential maps can be viewed as linear maps Tc(t)u’l
R* — R*, we have that

[(u™toc)(t)—(utoce)(0) = |Tc(t)u_1 - (t) — Tc(o)u_l - (0)]
|(Teyu™" = Tooyu™") (ulq) — u(p))|

[ Teyu™" = Toyu™ || |u(g) — u(p)|
"= elul) - ulp)l. (4:20)

as [|Tpu™" — Teou || < I Teyu™ — Tou || + [[Tou™" — Toyu™"[| by the
triangle inequality. Thus

(@oo)®) < [ o) (t) = (uT o) (0)] +[(uT o) (0)]

IN

&20) _
< elulg) —u@)| + [(u™" o) (0)], (4.21)
and therefore

dy(p,q) < / (Lo ) (1)

for all p, g € Bs(0). On the other hand, by the fundamental theorem of calculus
for curves (see e.g. [Kxi04], theorem 5.5.18), and again the triangle inequality,

p—al = @ ec)(1)— (uoc)(0)

/O o c)’(t)dt’

"2 ule) —ulp) + o) (0) (422)

/0 (W o) (t) — (™t o ) (0)dt + (u~ o )(0)

>t oe)(0)] - / (™ 06 (1) — (u" 0 c)'(0)]t
w0 (0)] - lulg) — u)] (4.23)
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Finally we can combine [22) and EZ3)) to obtain

o)) "2 elul) — ulp)] + (w0 ) (0)
< |p—ql +2¢lulq) — u(p)|
ED)
< |p—ql+2Ledy(p,q)

for p,q € Bs(0). As we had set £ < -, we have that for p, q € Bs(0)

2L
4y(p,a) < ——5—lp—dl
o(pa) < T—57zlp =4

with C := l—éLs > 1. We have that C — 1 for U — {o} (via appropriate

choices of € and ¢).
The global result on a compact set K is proved by contradiction as in the
first proof of lemma O

Remark 4.3.4. Note that different Riemannian distances are always equivalent
by lemma Thus (TIH) holds for any other Riemannian distance on X as
well, and not just for the one induced by the Euclidean metric on R™.

Remark 4.3.5 (Metric structure). It is of general interest to study the length
structure on a (path) metric space by comparing the distances in terms of the
metric and an induced length metric. For a submanifold X of R™ the length
metric may be the Riemannian one induced by the Euclidean metric in R", i.e.
dg as in In particular, if we look at

(length dist)|x

distort(X) = su st x

some interesting results follow. For example, if distort(X) < § for a compact
subset X of R™, then X is simply connected. See e.g. [Gro99] for a further
discussion of metric structures for (non-)Riemannian spaces.

4.4 The Whitney embedding theorem

Many theorems are easier to prove in the setting of smooth submanifolds of R™
with the additional structure of the Euclidean metric and global coordinates. In
order to generalize such results to smooth manifolds, we require the following
theorem.

Theorem 4.4.1 (Whitney embedding theorem). Every n-dimensional smooth
manifold embeds smoothly in R?"+1,

Proof. See for example [GP74], p. 53, for a proof of this earlier version from
1936. In 1944 Whitney improved this result by one dimension using the so-
called Whitney trick, showing that every nm-dimensional manifold embeds in
R2", O

There is another embedding theorem by John Nash which states that every
n-dimensional Riemannian manifold can be isometrically embedded in an R™.
For further reading see e.g. [HHOG)].
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Chapter 5

Colombeau Generalized
Functions on Manifolds

In this chapter the main definitions and results of special Colombeau algebras on
smooth manifolds X (in the sense of chapter Hl) are recalled. In section Bl the
basic definitions for the spaces of generalized numbers (E, generalized functions
G(X) and compactly supported points X, are summarized. For further reading
see [GKOSOT] and [Nig06], but note that we always assume smooth dependence
on the index €.

The relevant point value characterizations are given in section B2l and in
section the sharp topology is introduced in a way suitable for its later use
in chapter @

Compactly bounded generalized functions G[X,Y] between smooth mani-
folds X and Y are defined in section 4l Here, the case of smooth submanifolds
of R™ resp. R™ is treated separately. We can reduce our final investigations of
algebra isomorphisms to this case by Whitney’s embedding theorem EEZT] as
mentioned earlier. Most of the ideas for these proofs (although for non-smooth
dependence on ¢) are adapted from [Ver(6]. Moreover, the intrinsic characteri-
zations of G[X,Y] as provided in [KSV03| are recalled.

Finally, section Bl deals with the composition and invertibility of compactly
bounded generalized functions.

5.1 General definitions

The theory of distributions, one of the first generalizations of classical functions,
is widely used to treat linear partial differential equations. However, due to the
famous impossibility result of Laurent Schwartz in [Sch54], distributions cannot
be multiplied in a way that preserves the classical pointwise multiplication of
continuous functions. This is clearly a significant restriction and therefore there
arose a need to develop algebras of generalized functions that should contain
the space of distributions.

45



Chapter 5. Colombeau Generalized Functions on Manifolds

The theory of generalized functions initiated by Jean-Frangois Colombeau in
[CoI84] and [Col85) resolves the problem of non-multiplicativity of distributions
by embedding the space of distributions in an associative and commutative
differential algebra, only demanding that the pointwise multiplication of smooth
functions to be preserved.

More precisely, this is achieved by looking at nets of smooth functions with
certain asymptotic estimates. We will only consider the case of the special
Colombeau algebra here, using the terminology introduced in [GKOSOI]. In
contrast to [GKOSOT], however, we will adopt smooth dependence on the index
E.

The theory of Colombeau generalized functions has numerous applications
in mathematics and physics. Among others, they are e.g. useful in the study of
non-linear partial differential equations, non-smooth differential geometry and
the theory of relativity.

5.1.1 Colombeau generalized functions

Let Q C R™ be open. The definition of generalized functions arises somewhat
naturally from the wish to embed the space of distributions D’(2) via regular-
ization into a differential algebra that consists of nets of smooth functions. For
a thorough discussion see [GKOS(O], section 1.2.1.

Assuming that the reader is familiar with these concepts, we will immedi-
ately jump at our subject of interest — the algebra of generalized functions on
smooth manifolds.

Let X be a smooth manifold. Recall that T'(X, F) is the space of smooth
sections of a vector bundle (X, E, ), cf. definition ZI'A In what follows, the
set of linear differential operators P : I'(X,E) — I'(X,FE) for E = X x R is
denoted by P(X) = P(X, E).

As before, the set C>°([0,1) x X) denotes the set of smooth functions [0,1) x
X — C (smooth in both variables). Note that we could, however, replace C by
R everywhere.

The Landau notation (or Big-Oh) is used to describe the asymptotic behavior
of functions:

f=0(g) as x — o := 3C : | f(x)] < |Cyg(x)]| for all 2 sufficiently close to xy.

Definition 5.1.1. Let X be a smooth manifold. The spaces of moderate func-
tions, Epr(X), and negligible functions, N'(X), are defined by

En(X) :={(ue)e €C®((0,1] x X) |VK CC XVP e P(X)IN e N:

sup |Puc(z)] = O(e™) as e — 0}
reK

N(X) :={(u.): € Eq(X) | VK CC XVm € N :
sup |us(z)] = O(e™) as e — 0}
rzeK
The special Colombeau algebra on X is defined as the quotient of £3;(X) and
N(X), ie.
G(X) == Eu(X)/N(X).
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The equivalence classes in G(X) are the generalized functions on X, denoted by
u = [(ue)e].

Remark 5.1.2 (Basic properties). By applying Peetre’s theorem it can be
shown that instead of using P(X) above, £3/(X) can be described via Lie deriva-
tives or charts and £xs(Q2). Moreover, because Exr(X) and N(X) are invariant
under the action of P € P(X), all Pu, u € G(X), are well-defined elements of
G(X). See [GKOSOT], section 3.2.1, for more details.

Remark 5.1.3 (Embeddings). For a given atlas A of a smooth manifold X,
ta:D'(X)— G(X), defined via a smooth partition of unity subordinate to the
open cover consisting of the chart domains in .4 and a fixed mollifier p € S(R™),
is a linear embedding that coincides with the constant embedding o on C*°(X).
See [GKOSOT], theorem 3.2.10.

5.1.2 Generalized numbers

The scalars in this theory cannot simply be complex numbers. By inserting
points in generalized functions, we obtain so-called generalized numbers.

Definition 5.1.4.

Env = {(re)e €C®((0,1]) | BN €N: |r.| = O(e ") as e — 0}
N :={(ro)e €C=((0,1]) |Ym € N: |r;| = O(e™) as ¢ — 0}

The ring of generalized numbers is defined by
C:=E&n /N
and its elements are denoted by r = [(r¢).].

Remark 5.1.5 (((Nj is only a ring). C is not a field although C is. Consider
re := sin (1) for £ € (0,1]. Clearly, (r.). € &y since |sin| is bounded by
1. Since 1, =1 for g, = (n € NU{0}) and €, \, 0, we have that
(re)e € N.

On the other hand, r., = 0 for e, = = Vk € N, thus r., vanishes for
infinitely many e that converge to 0. Suppose that there exists s = [(s¢)c] € C
such that r-s =1, i.e. rcs. + n. = 0 for (ne)e € N. Then obviously n., =1 for
all k € N. Thus (n.). ¢ N, a contradiction.

2
(2n+1)m

5.1.3 Compactly supported generalized points

Although we can simply insert points p € X into generalized functions [(ue).]
to obtain generalized numbers [(uc(p))c], this is not sufficient to characterize
generalized functions. The analogue of generalized points resolves this problem.

Definition 5.1.6. Let (X, g) be a Riemannian manifold with induced Rieman-
nian distance d,. The set of compactly supported generalized points on X is
defined by

Xe:={(pe)e € C=((0,1], X) | IK €C X Jeg > 0Ve < g : p. € K}/ ~
where two nets (p.). and (¢c). are called equivalent, i.e. (p:): ~ (ge)e, if

(Pe)e ~ (Ge)e = dg(pe,q=) = O(e™)¥m e Nas e — 0.
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Note that this latter definition is independent of the choice of g since two
Riemannian distances are equivalent on any compact set of X, cf. lemma
Furthermore it makes sense to write (d(p:, ¢:))e € N rather than dg(p,g.) =
O(e™) Vm € N, because for small distances the (squared) Riemannian distance
is smooth by theorem EE2TT]

In some cases, we will single out a compact set K that satisfies p. € K for
e <ep and p = [(pe)e] € X¢ by K and call it a compact support of p.

If we focus our interest on smooth submanifolds X of R™ (which is always
possible by the Whitney embedding theorem ELZT]), we can determine how X,
is embedded in R* = R".

Proposition 5.1.7 ()?C — @”) Let X be a smooth submanifold of R™ and g
the Riemannian metric induced by the Fuclidean metric. Then the compactly
supported points X. are in 1-1 correspondence with the elements of R™ that
have a representative that consists of elements of K, for some K CC X. The
injection is given by the identity map on the representatives.

Proof. By definition, two compactly supported points (p.)e, (¢:)e on X repre-
sent the same generalized point p € X, if and only if

dg(pe,qe) = O(e™) for all m € N. (5.1)

Let K CC X be a compact support of (p:).. We may cover K by the con-
nected components of X. By the Lebesgue covering theorem EE3] there exists
a Lebesgue number § > 0 of this cover. Thus for sufficiently small but fixed ¢
we have that p. and ¢. lie in the same connected component of X. According
to lemma B3 this implies that &) is equivalent to

p- — gc| = O(e™) for all m € N. (5:2)

Thus (p:). and (g-)c also represent the same element p in R™, which has a
representative (p.). that consists of elements of a compact set K CC X. This
map is injective due to the fact that two compactly supported points (pe)e, (¢ )e
on X that satisfy ([22) also represent the same element in )~(C, again by lemma

O

5.2 Point value characterizations

In [GKOSOT], theorems 1.2.46 and 3.2.8, the generalized functions on open sets
2 C R" resp. smooth manifolds X are characterized via the compactly sup-
ported generalized points €. resp. X, i.e. every element in G(Q) resp. G(X) is
characterized by its point values.

Compared to the above definitions BTl and BTl the smooth dependence
on £ was not required in [GKOSOT]. In the following, however, we will deduce

the same results for our definitions.

First we must show that u(z), & € (,, is a well-defined generalized number:
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Proposition 5.2.1. Let Q@ C R™ be open, u € G() and & € Q.. Then the
generalized point value of u at T = [(x¢)e],

u() := [(ue(ze))e],
is a well-defined element of C.

Proof. Let (uc)e € Ep(2) be a representative of w and (z.). a representative of
Z. By definition of 2. we know that there exist K CC 2 and €y > 0 such that
ze € K for € < g¢g. Since (u;)e € Epr(Q) implies that

[ue(ze)] < sulp(|u€(:c)| <e N

x€

for some N € N and sufficiently small €, we know that (u.(z¢))e € Epr. If we
let (ve): € N(R2), then

|ve(2e)| < sup |ve(a)| <™
rzeK
for all m € N and small e. Hence (v.(x.)). is also negligible. This proves that
different representatives of v € G(X) lead to the same element u(Z) in C.

It remains to be shown that if we choose another representative (y.). of ,
ie. (Te)e ~ (Ye)e, then [u((ze)e)] = [u((ye)e)] in C. Since both (z:). and (ye)e
are compactly supported and z. — y. tends to 0, there exists some €( > 0 such
that for all € < ¢f, we have that {zc +1t(y. — <) |t € [0, 1]} remains in a compact
subset L of Q. For fixed € < ¢}, we obtain by the mean value theorem that

|ue(we) — ue(ye)| < fae — yal/o |((Due)(we + t(ye — xc))|dt.

Here, (x:)e ~ (ye)e implies that |z — y.| < €™ for all m € N and suffi-
ciently small €. Since u € G(Q2) we also have that |(Duc)(x. + t(ye — xg))| <
sup, ¢y, |Duc(z)| < e for some N > 0. Hence |u.(z:) — u:(ye| = O(e™) for
all m’ € N and sufficiently small €, i.e. (ue(we) — uec(ye))e € N. O

Theorem 5.2.2 (Point value characterization in G(2)). Let Q C R™ be open
and u € G(Q). Then

uw=0in G(Q) < w(@) =0 in C for all & € Q..

Proof. (=) By proposition B2l w(Z) = [(ue(zc))e] is a well-defined element of
C. Since & = [(zc)e] € ., there exist K CC Q and g9 > 0 such that 2. € K for
€ < g9. The assumption © = 0 now implies that

|ue(2e)] < sup Jue(z)] <e™
rzeK

is true for all m € N and sufficiently small ¢, i.e. u(#) = 0 in C.
(<) Suppose that u # 0 in G(2). By definition of N'(Q) there exist K CC €,
er 0, M € N and z,, € K such that

e, (e,)] > e (5:3)
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Since K is compact, we may assume that (z., ); converges towards some x in
K. By again extracting a subsequence, this convergence may assumed to be
fast, i.e. such that for each n € N the sequence k" (z., — x) is bounded (e.g.
choose z, such that |z., — x| < k~F for all k € N). Let (¢, )n be the final
subsequence.

The special curve lemma 220 ensures the existence of a continuous curve

¢:[0,1] — R”™ that is smooth on (0, 1] and satisfies é(ey,,) = ., and ¢(0) = x.
Smce ) is open, we have that B, ( ) C Q for some r > 0. Due to the continuity

of ¢ at 0 we have that z. := é(e) € B,(x) for e sufficiently small. Hence
Z = [(xe)e] € Q¢, and ([&3)) implies that u(Z) # 0 in C, a contradiction to the
assumption. O

The proof of theorem BZZ (<) required the special curve lemma, which can
be found in [KM97], section 2, p. 18:

Definition 5.2.3. Let F be a locally convex space and let (z,), a sequence in
E. Then x,, converges fast to x € E if for each k € N the sequence n*(z, — )
is bounded.

Lemma 5.2.4 (Special curve lemma). Let E be a locally convex space and let
(zn)n be a sequence which converges fast to x in E. Then the infinite polygon
through x,, can be parametrized as a smooth curve ¢ : R — E such that

o)==z, and c(0)=u=.

Proof. We are going to define ¢ piecewise and need a smooth map y to smooth
out the polygon that connects the points x, € E. Let p: R — R be the map

o(8) :{ e T te(-1,1)

0 else

and p(t) = foo S) - the respective normed bump. Obviously, p and hence p
are smooth with k-th derivatives 5*)(0) = 5*)(1) = 0. Then x : R — [0, 1],
t
x(t) == / 2p(2s — 1)ds,

is a well-defined and smooth map that satisfies x|(—sc,0) = 0, X|[1,0c) = 1 and
X (0) = x*) (1) = 0 for all £ € N. Finally, ¢ : R — E is defined by

T t<0
e(t) =4 i1+ x (15 ) (o — 1) <t
1 tZl

1

Obviously, ¢(0) = z and c(%) = Tpt+1 + X (T—"“) (Tn — Tny1) = Tpt1 +

n+1
1 (Tn — Tpt1) = Tn.
It remains to be shown that ¢ is smooth. Firstly, it is evident that c is
continuous everywhere and smooth on each of the subintervals (—o0,0), (1,00)
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and all (=15,1), n € N. The k-th derivative in ¢t € (=1, 1) can easily be

n+1" n . n+l’n
computed using the chain rule:

t— L1
M (1) = ¥ (ﬁ) (n(n+ D) (@0 — 2as1).
n n+1

Since x*)(0) = x*)(1) = 0 by the above, we have that c¢*)(t) — 0 for t — 1
Vk,n € N. Thus by lemma BEZH below, c(k)(%) =0Vk,neN.

By assumption, x,, converges fast towards z in E. If (ps)aca is a family
of seminorms that generates the topology on E, then by the binomial theorem
and the triangle inequality

k
pol(nn+ 14, = 00) = 1Y () aaten i)
=0

k

< > <I;> 0" (po (2 — ) + pa(Tni1 — )

=0

converges to 0 for all @ € A, k € N. Moreover, x*) has compact support for
k > 0 and hence is bounded globally. Thus c(k)(t) — 0 for t — 0 and c¢ is smooth
on R, again by lemma BZZ3 O

Lemma 5.2.5. Let I C R be an interval that contains 0 and let ¢ : I — E be
continuous and differentiable on I\ {0}. Assume that ¢ : I\ {0} — E has a
continuous extension to R. Then c is differentiable at 0 and ¢'(0) = lim;_,o ¢/ (t).

Proof. Let a := lim_,o ¢/(t) and let A be the closed and convex hull of {¢/(s) | 0 #
s € I'}. By the generalized mean value theorem (cf. [KM97], 1.4, p. 10) we have
that c(t) — c¢(0) € tA, ie. M € A. Let U be any closed and convex 0-
neighborhood. Since ¢’ is continuously extendable, there exists § > 0 such that
d(t)ea+UV0 <t <6. ThuSM—an,i.e.c’(O):a. O

In our case we have to generalize the zero sequence (%)n to any sequence
(€n)n with &, \, O:

Corollary 5.2.6 (Special curve lemma for any decreasing sequence). Let E be
a locally conver space, (gy)n such that e, \, 0 and let (z¢, )n be a sequence
which converges fast to x in E. Then the infinite polygon through x.  can be
parametrized as a continuous curve ¢ : [0,1] — E such that ¢ is smooth on (0, 1],

é(en) =z, and ¢&0) = .

Proof. We will construct a continuous function f : [0,1] — R that satisfies
f(en) =+ and f(0) = 0 and is smooth on (0, 1], and then compose it with the
curve ¢ of lemma B24] to obtain the required é.

Define an open cover Y = (U, )nen of (0,1] such that U, := (ept1,En-1)
for n > 1, Uy := (e2,1]. By theorem EZZA] there exists a smooth partition of
unity (xn)nen subordinate to U. Because x%k) (¢) =0 for € < g,41 and any
k € NU{0}, each x,, can be extended smoothly to &€ = 0 by defining x,,(0) := 0.
Let f:[0,1] — R be defined by

fle):=>

n=1

Xn(g)'

S|
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Obviously, f is smooth on (0, 1]. Moreover,

FEI= Y @) € Y @ < - Y @< (54)

<1

for ¢ < &p,. Thus lime_,o f(¢) = 0 = f(0) and f is continuous on [0,1]. This
implies that ¢ = co f is continuous on [0, 1], smooth on (0,1] and satisfies

&(0) = ¢(0) P .

Furthermore, f(e,) = 1 because xn(en) = 1 for each n € N. This implies

i(en) = (co f)(en) =c(2) 6z Te,, - O
Remark 5.2.7 (¢ is not smooth at 0). Generally it is not possible to have that
f is smooth at 0. Let

Eni=e "

By definition of f and () we have that 0 < f(¢) < L for ¢ € [0,e™™]. In

particular, f(e,) = % since X, is the only non-zero summand at ¢,, by the
definition of Y. By the mean value theorem there exists an element &, € [0,e™"™]

such that )
fl(§m> _ flem) — £(0) __m_ _ e_

Em e~ m m

Thus f'(&,,) — oo for m — oo and f is not even differentiable at 0.
In some cases, however, ¢ of course may be smooth on all of [0,1], e.g. if
En = % as in the original special curve lemma B2

Theorem pertains to the local theory on R™. An analogous result
holds true on a smooth manifold X by restricting to geodesically convex chart
neighborhoods and applying there:

Theorem 5.2.8 (Point value characterization in G(X)). Let u € G(X). Then
uw=0inG(X) < u(p) =0 inC for all p € X..

Proof. By [Nig06], proposition 3.16, we know that u(p) := [(ue(pe))e] is a well-
defined element of C. For the proof of BZ8 see also [Nig06], theorem 3.17. O

5.3 Continuity in G(X)

Sharp topologies give a means of endowing spaces of Colombeau generalized
functions with the structure of locally convex C-modules. For an in-depth treat-
ment of this theory we refer to [Gar(5b] and [Gar(bal. We shall only make use
of the following particular result.

Proposition 5.3.1 (Continuity in the sharp topology). Let X be a smooth
submanifold of R™, u € G(X) and K CC X. Then

Vi eNdn e Ndgg > 0Ve < ggVp, g€ K :

p—al <& = [u(p) — ua(g)] < € (5:5)
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Proof. First, let 2 be an open subset of R¥, w € G(Q) and L CC Q. As
in corollary EZZH there exists a smooth bump function x : R¥ — [0,1] such
that x|z = 1 and x|gwg = 0. Consider w := [(w.).] € G(R") defined by
W, = w. - x : R¥ — C. If we denote the closed convex hull of L by ch(L), then
we obtain for x,y € L by the mean value theorem that

lwe(z) —we(y)| = [we(2) —we(y)|
< I:E—yl-/0 | D@, (x + t(y — x))]|dt
<z =yl [|DWe|| Lo (en(ry)- (5.6)

Since (W) € En(R*) we know that || DWe || (en(r)) < e for some N € N
and e smaller than a certain eg > 0. Given [ € N, we set n := [+ N and conclude
that

n l

(5w
|w5(x) - ws(y)| < HDEEHL“’(ch(L))LE - y| < e Ne"=¢

for e < gg and |z — y| < ™. Thus ([BH) holds in this case.

Now let X be a smooth submanifold of R™ and K CC X. Let g be the
Riemannian metric on X induced by the Euclidean metric on R™. For each
p € K there exists a geodesically convex neighborhood W, such that W, cC V,,
for a chart (vp, V) at p, by theorem ELZAl Since K is compact, it may be
covered by finitely many such sets W;, ¢ = 1,...,k. The respective charts are
also denoted by (v;,V;), i = 1,...,k. By the Lebesgue covering theorem E3T]
there exists a Lebesgue number § > 0 such that for each p € K there exists
some i € {1,...,k} with Bs(p) C W;. W.lo.g. we can assume that g < 6 < 1.
Thus if [p —¢q| < ™ < e <, then p and ¢ belong to the same set W; C V; and
we can restrict to this case.

Consider u; == u o vfl € G(v;(V;)). Since v;(V;) is an open subset of R%, we
may apply ([E&X) by the above and obtain that

Vi e Ndh; € Ndg; > 0Ve <¢;Vp,ge W, :

|Uz(p) - ’UZ(q)| < Ehi = |u€(p) B us(q)| < El. (57)

By [GKOS0T], proof of lemma 3.2.6, there exists a constant C; > 0 such that
[vi(p) — vi(q)| < Cirdy(p,q) for all p,q € W;. Moreover, by lemma L3 there
exists a constant Cy > 0 such that dg4(p, q) < Ca|p — ¢| for all p,q € W;. Thus

3C1,C > 0Yp,q € Wi : |ui(p) — vi(q)| < Cidy(p,q) < Clp — 4
if we set C := C1Cy > 0. Therefore, by &),

VieNdn; e Nde; >0Ve <¢;Vp,qge W; :
Ip—aql <& = [ue(p) —uc(q)| < &,
where n;, = h; + s with s € N such that C < ¢;° (this ensures that |v;(p) —

vi(q)] < Clp—¢q| < g %™ < el for € < g;). Finally, given | € N, set gq :=
ming<i<x &; and n := maxy<;<x n;. This gives (0. O
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5.4 Manifold-valued generalized functions

In the previous sections we considered generalized functions G(X) with values
in C. Now we will introduce and analyze generalized functions G[X,Y] with
values in a smooth manifold Y. The following is based on [KSV03|] and [Nig06],
chapter 4, which may also be consulted for further reading.

5.4.1 C-bounded generalized functions

While £y(X), N(X) and G(X) in section Bl were defined intrinsically without
reference to the notion of charts, this is not possible for c-bounded generalized
functions where the range space is a smooth manifold Y. In particular, G[X,Y]
cannot be defined as a quotient of moderate and negligible maps, since these
are not well-defined once we leave the vector space setting — charts, Riemannian
distances and an equivalence relation must be used instead.

However, simpler intrinsic characterizations for moderateness etc. are also
available in this setting, see subsection below.

In the case of smooth submanifolds X C R™ and ¥ C R™ we can simply
consider G(X)™. This will be examined in section

Definition 5.4.1. Let X and Y be smooth manifolds. The space Ep/[X, Y] of
compactly bounded (c-bounded) moderate maps from X to Y is defined as the
set of all (us)e € C*((0,1] x X,Y) which satisfy the following properties:

(i) VK cC X 3K’ CC Y Jegp > 0 such that Ve < eg: u(K) C K'.

(ii) Yk € NoVcharts (a, A) in X Vcharts (b,B) in Y VL CcC AVL CC B
3dN € N such that

sup |[D® (bowu. oa™ ) (a(x))] =O0(EN) ase — 0.
mELﬂugl(L’)

Property (i) in definition B2l is called c-boundedness.

In the absence of a linear structure, the concept of a set of negligible elements
N[X,Y] similar to A/(X) makes no sense. The equivalence relation on Ey/[X, Y]
must be defined directly:

Definition 5.4.2. Let X and Y be smooth manifolds. Two elements (uc). and
(ve)e in Ep[X, Y] are called equivalent, (uc)e ~ (ve)e, if

(i) VK cC X and one (hence any) Riemannian metric h on Y

sup dp (ue(p), v(p)) — 0 as e — 0.
peK

(ii) Vk € No Ym € N Vcharts (a,A) in X Vcharts (b,B) in Y VL CcC A
VL' CC B we have that

sup |[D®(boucoa™t —bov.oa V) (a(z)) =O(™) as e — 0.
z€LNuZ* (L)Nws Y (L)
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The above definition is independent of the choice of the Riemannian metric
h on'Y as shown in [NigO6], proposition 3.35. Furthermore, ~ really defines an
equivalence relation on £y [X, Y], cf. [Nig06], proposition 3.36.

Finally, the c-bounded generalized functions are defined as the quotient:

Definition 5.4.3. Let X and Y be smooth manifolds. The space of compactly
bounded (c-bounded) generalized functions from X to Y is defined as

GIX,Y]:=Em[X,Y]/~.

5.4.2 Intrinsic characterizations

The definitions of Ep/[X, Y] and G[X, Y] were given in terms of charts. As in sec-
tion for elements in G(X), we will now provide point value characterizations
for c-boundedness and intrinsic characterizations for moderate and negligible
elements. See [KSV(3], section 3, or [Nig06], chapter 4, for the proofs.

Proposition 5.4.4. Let X and Y be smooth manifolds, (u:)e € C*((0,1] x
X,Y). Then the following are equivalent:

(1) (ue)e is c-bounded
(i) (ue(pe))e € Ye for all = [(p:):] € Xe.
Proof. See [KSV03|, proposition 3.1 (1)< (iv). O

Proposition 5.4.5. Let X and Y be smooth manifolds, (uz)e € C*((0,1] x
X,Y). Then the following are equivalent:

(1) (ue)e € Em[X,Y] (cf definition [5Z1)
(i) (foue)e € Epr(X) for all f € CZ(Y).
Proof. See [KSV03], proposition 3.2 (a)<(c). O

Proposition 5.4.6. Let X andY be smooth manifolds, (u)e, (ve)e € Em[X,Y].
Then the following are equivalent:

(i) (uc)e ~ (ve)e (cf. definition [pZ.2

(i) For every Riemannian metric h on' Y, every m € N and every K CC X
we have

sup dp, (ue(p), ve(p)) = O(E™) as e — 0.
peK

(iii) (fous — fouve)e € N(X) forall f € C®(Y).
Proof. See [KSV03], proposition 3.3 (i)<(iii)<(v). O

A point value characterization is obtained from the above theorem and the
following proposition:
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Proposition 5.4.7. Let X and Y be smooth manifolds, u € G[X,Y] and p €
X.. Then the point value of u at p,

u(p) := [(ue(pe))el;
is a well-defined element of Ye.
Proof. See [Nig(06], proposition 4.8. O

Corollary 5.4.8 (Point value characterization in G[X,Y]). Let X and Y be
smooth manifolds, u,v € G[X,Y]. Then

uw=vinG[X,Y] < u(p) =v(p) in Y, for all p € X..

Proof. See [Nig06], proposition 4.9, or [KSV03], theorem 3.5. O

5.4.3 C-bounded generalized functions on submanifolds

Let X CR™ and Y C R" be smooth submanifolds. Of course we can consider
elements in G[X,Y] using the definitions in BZl Alternatively, given a sur-
rounding space, we can also study functions in G(X)" and ask when they are
elements in G[X,Y]. This is done in the following.

As above, an element u € G(X)™ is called c-bounded into Y if there exists a
representative (u.). of u such that

VK cC X 3K’ CC Y Jeg > 0 such that Ve < g : u.(K) C K'.

We make use of an increasing sequence of compact sets which always exists
on a manifold with a countable basis:

Definition 5.4.9. Let X be a manifold. Then (K, )nen is called an ezhaustion
of X by compact sets if K,, C int(K,11) for all n € N and |J, oy Kn = X.

Remark 5.4.10 (Construction of compact exhaustion). Let X be a Hausdorff
and second countable manifold. In particular, X is locally compact, hence there
exists an open cover U = (U,)pex of X such that all U, are compact. Since X
is second countable we may choose a countable sub-cover (U, )nen of U. The
exhaustion by compact sets is now constructed inductively. First, let K; := U;.
Assume that we have already defined K,, CC X. As K, is compact we may
find n+ 1 < knt1 € N such that K, C U} U;. Define

knt1

}(n+1::: L-J U}.

=1
We have that K, 11 CC X, K, Cint(K,41) and oo, K, 2 U2, Uy = X,

Proposition 5.4.11. Let X C R™ and Y C R" be smooth submanifolds, u €
G(X)™. Then the following are equivalent:

(i) u is c-bounded into Y.
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5.4. Manifold-valued generalized functions

(i) u()N(C) - 170 as a pointwise function on compactly supported generalized
points.

(iii) For one (hence any) representative (uc)e of u we have that

VK cC X3K' ccYVleN: supd(uc(p),K') = O() as e — 0,
peK

where d denotes the Fuclidean metric in R™.

Proof. (i = ii) Let (pc)e be a representative of p € X... There exists a compact
set K CC X and g; > 0 such that p. € K for all € < £1. Since u € G(X)" is
c-bounded into Y we furthermore have a representative (u.). of u, K’ CCY
and 9 > 0 such that u.(K) C K’ for € < e5. Thus for all € < g9 := min(eq, e2)
we have that u(p.) € K, i.e. u(p) € Ye.

(ii = iii) Suppose to the contrary that

IK cC XVK' cc YA e NI, er \0Ip e K :

d(uc, (p), K') > ¢}, (5.8)

Consider (r.). € C%1 defined by

re := sup d(uc(p),Y).
peK

In general, r. will not be smooth in €. Nevertheless, we may speak of moder-
ateness and negligibility for (r.).. There are two distinct cases to consider in
order to construct p € X, that satisfies u(p) ¢ Ye:

e (r.)c is not negligible: Hence there exists a sequence (gx)k, €x \, 0, such
that ro, > Eéc for some ! € N. In particular, we have points p,, € K such
that d(ue, (pe,,),Y) > €l, meaning that () also holds for Y instead of
K’ cC Y. In particular, (ue, (pe, ))x does not approach Y sufficiently fast.

We are going to extend the sequence (pe, )i to an element p = [(p).] € Xe.
Since K is compact we may assume that (pe, )r converges towards some
p € K. Let (v,V) be a chart of X at p such that V CcC X and v(V)
is convex. W.lo.g. we have that p., € V for all £ € N. As in the proof
of theorem we may assume that (v(pe,))r converges fast towards
v(p) € v(V) € RL Thus by the special curve lemma 220 we can extend
(v(pe, )k to a smooth net (v(pe))e by setting v(p.) := é(¢). Finally,

pe =7 (E(e))

defines a compactly supported point p in )~(C. The values p,, stayed the
same. Since d(ue, (pe,),Y) > €l for some I € N as above, we have that

u(p) ¢ Ye, a contradiction to (ii).

o (rc)c is negligible: Let (K) ey be an exhaustion of Y by compact sets with
K; Cint(K,41) for all j € N. Such a (K;); exists by remark B ZT0l By
(GR) we have [} € N, &1 > 0 and p., € K such that d(u., (p.,), K1) > €'
Since, by assumption, (r:). is negligible, we may assume w.l.o.g. that
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d(ue, (pe,),Y) < supyep d(ue, (p),Y) = 1o, < el (this can be achieved
possibly by decreasing €1). Inductively this can be done for all j € N,
again by () — we obtain [; € N, ¢; > 0 and p.; € K such that
d(ue, (pe, ), K;) > 5? > re;. W.lo.g. we may assume that [; > j and
£; < min{e;_1, %} (for €; just pick an element of (g4) w.r.t. K; in (BJ)
sufficiently small). Thus we obtain sequences (g5);, €5 \, 0, ({;); in N and
(pe;);j in K such that

lj
d(ué‘j (paj)ay) < Te; < € < d(uaj (pé‘j)aKj)'

In particular, there exists g; € Y\ K such that

l]‘ ]
d(uq (Paj), Qj) < € < E;‘a (59)

because d(uc,(pe,),Y) = infoey d(uc,(pe;),q). As in the first case, we
can extend (pe,); to an element p = [(p.)<] € X.. By (i), u(p) € Y..
Then there exists a compact set K’ CC Y such that u.(p.) € K’ for all
e sufficiently small. Since (K;);en is a compact exhaustion, there exists
M € N such that K’ C Kp;. For j > M we have that Ky C int(K;)
and d(Qj,K]\/j) > d(Y \ Kj,K]M) > d(Y \ KM+1,KM) =06 > 0. The
sequence (g;); converges strictly monotonically to zero, thus there exists
N € N such that for all j > N we have that 5? < 5% < 0. Putting this
information together, we obtain that for j sufficiently large we have that
e, (pe;) ¢ K, because

(e ) 4
d(qu(pEj)aK]\/f) Zd(q]?K]\/I) _d(uaj(paj)an) Z 6_5; > 0
Thus u(p) ¢ Y., again a contradiction to (ii).

(iii = i) Let (u.). be any representative of u € G(X)™. Since Y is a smooth
submanifold of R™ there exists a normal tubular neighborhood V of Y in R"
with an associated smooth retraction r : V' — Y such that the unique closest
point of ¢ € V in Y is r(q) by [Hir70], section 4.5. Moreover, u is c-bounded into
V by (iii). Thus first of all, r o u € G(X)™ is c-bounded into Y. Let K CcC X
and p € K. For e sufficiently small we have that u.(p) € V and therefore
(roug)(p) € Y is the closest point in Y to u-(p). Hence (iii) implies that for
some K’ CC Y, all [ € N and ¢ sufficiently small,

sup |(r o ue)(p) — ue(p)| = sup d(ue(p),Y) < sup d(us(p), K') = O(e").

Thus u =rou € G(X)™ and is therefore c-bounded into Y itself. O
Now, given a c-bounded function in G(X)™ we have:

Proposition 5.4.12. Let X C R™, Y C R" be smooth submanifolds. Then
every element u € G(X)™ which is c-bounded into Y C R™ defines a unique
element in G[X,Y].

We show this by following the arguments in [KSV09], remark 2.4. A compact
exhaustion is used to construct another representative of u with the required
property.
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5.4. Manifold-valued generalized functions

Lemma 5.4.13. Let X be a smooth manifold and (Kp)nen an exhaustion of
X by compact sets. Suppose we are given a decreasing, positive sequence (€, ).
Then there exists a smooth function n: X — R such that

0<n(p) <en
for allp € K, \ int(K,—1) and alln € N (set Ko :=0).

Proof. Set Uy, := int(K,,) \ Kn—2 for n > 2 (recall that Ky := ) and U; := ().
Then U = (Uy,)nen is an open cover of X and by theorem 224 there exists a
subordinate partition of unity (x.)nen. For p € X we define

n(p) ==Y enxn(D)- (5.10)

The functions y,, are smooth and the sum is locally finite, hence 7 is smooth
on X.

Let p € K, \ int(K,,—1). By assumption, int(K,—1) 2 int(K;) 2 U; for
i <n—1, thus p ¢ (J!~,' U;. Furthermore, K,, NU; = K, N (int(K;) \ Ki_2) C
K,NCK;_5 =0 fori>n+2, hence p ¢ J U;. Thus altogether we obtain
that

[eS)
i=n+2

pEKn\int(Kn_l)giji\ U vicw.uv.)\ |J U

i=1 i<n—1 i#n,n+1
i>n+2

This implies that x,,(p) + xn+1(p) = 1 and therefore

=

n(p) EnXn(P) + Ent1Xnt1(p)-

By the assumptions on (&,,), this leads to 0 < €41 = €n+1(Xn(P) + Xnt+1(p)) <
enXn(P) + Ent1Xn+1(p) = 1(p) < n(Xn(P) + Xnt1(P)) = &n- a

Now we are ready to prove the proposition mentioned in the beginning:

Proof of [5-4-13 Let (uc). be any representative of the c-bounded function v €
G(X)™. Thus we have that

VK CcC X 3K’ CC Y Jeg > 0 such that Ve < g¢: u.(K) C K'. (5.11)

We want to show that there exists a representative (v. ). of u such that v.(p) € Y
Vp € X Ve € (0,1]. To this end, let (K;)jen be an exhaustion of X C R™ by
compact sets (cf. remark BZT). By (&I there exist K; CC Y and g; > 0
such that

u.(K;) C K} (5.12)

for all e <¢e;. W.lo.g. assume that ;41 < ¢; for all j € N. Then there exists a
smooth function 7 : X — R such that

0<n(p) <egjforall pe K; \int(K;_1) (5.13)

by lemma This function 7 will later guarantee that (v.). always ends
up in Y. Moreover, we need to ensure that (v. ). is a representative of the same
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generalized function u. Therefore we need another smooth function v : Ra“ —
[0,1] that satisfies v(z) < x for all x € RT and

z 0<z<i
V(ac):{l x;%_Q . (5.14)

To construct v we consider the open cover U of Rar that consists of the sets
Uy :=[0,1), Uz := (3,3) and Us := (1,00). By theorem EZZA there exists a
subordinate smooth partition of unity (x1, x2,x3) such that supp x; C U; and
Zf’zl xi = 1. Then v(z) := z - x1(x) + 3 - x2(x) + x3(z) meets all conditions
mentioned before:

z€[0,1] v(iz) =xxi1(z) =z

v€ (5,1 v@)=ax(@) + ixa() < 2(a(@) + xa(2) =
re (L8 (x) = bual@) + x5(a) < xale) + xa(@) =1 < 2
v € (3,00): v()=xs@)=1<uz

Finally, let p be the smooth function

w: (0,1]xX — (0,1)
(e,p) + n(p)l/<%>

Ve (p) = Up(e,p) (p)

for e € (0,1] and p € X. Obviously, (ve)e € C*°((0,1] x X, R™). It remains to be
shown that (ve)e is another representative of u € G(X)™ and (v.). € Em[X,Y].

So let K CC X. Then u(e,p) = n(p)ﬁ =eforpe Kande < mm%m
by @Id). Thus finally v. = u. on every K CC X, hence (v¢)e € [(ue)e)-

Now let p be an arbitrary point in X. Since X = Ufil K; thereexistsaj € N
such that p € K; \int(K;_1). Therefore, for any ¢ > 0, u(e,p) < n(p)-1 <¢; by
(ET3), which by (BI2) implies that v (p) € ve(Kj) = uyep(K;) € K CC Y,
Altogether this ensures that (ve)c is an element of Ex/[X, Y.

Uniqueness is obvious, because each [(w¢)c] € G[X,Y] with this property
has to satisfy (we)e € [(ue)e] and is therefore equivalent to the constructed
(ve)e. O

and set

5.5 Composition of generalized functions

The composition in the sense G(Y) o G[X,Y] C G(X) is well-defined:

Proposition 5.5.1. Let X and Y be smooth manifolds, u = [(us):] € G[X,Y]
and v = [(ve):] € G(Y'). Then the composition v o u, defined by

vou = [(Ua S Ua)&]a

is a well-defined generalized function in G(X).
Proof. See [Nig06], theorem 5.3. O

The composition with smooth functions is also possible:

60



5.5. Composition of generalized functions

Proposition 5.5.2. Let X, Y and Z be smooth manifolds, u = [(uc)c] €
GIX,Y],ieC>®(Y,Z) and j € C>®(Z,X). Then

(i) iowu:=[(iou)] is a well-defined element in G| X, Z]
(i) woj:=[(us0j)e] is a well-defined element in G[Z,Y].
Proof. See [Nig06], corollary 5.2. O

Remark 5.5.3. It is also possible to define the composition of two c-bounded
generalized functions. Let X, Y and Z be smooth manifolds, v = [(ue):] €
GIX,Y] and v = [(ve)e] € G]Y, Z]. Then the composition v o u is defined by

vou = [(ve0ue)e]

By [Nig00], theorem 5.1, v o u is a well-defined element in G[X, Z].

5.5.1 Invertibility in G[X Y]

Now we are also able to define invertibility for compactly bounded generalized
functions in G[X,Y]. Of course, we require an identity map first:

Definition 5.5.4. Let X be a smooth manifold. Then id € G[X, X], defined
by
id := [(id).],

is called the identity in G[X, X].

In order to distinguish the identities of different underlying manifolds, we
may also write idg[x x] = [(idx).] for the identity in G[X, X].

Definition 5.5.5. Let X and Y be smooth manifolds, u € G[X,Y]. Then u is
called invertible if there exists v € G[Y, X] such that

uvov=1idgy,y] and wvou=Iidgx, x]-
Remark 5.5.6 (Existence of (local) inverse).

(i) The inverse v of u may be denoted by u~! although usually v. # u_t. In
general, we do not know whether the u.’s in C*°(X,Y") are diffeomorphisms
or even bijective. However, for sufficiently small € the latter has to be the
case — at least locally around some point p € X — by the chain rule and
the classical inverse function theorem.

(ii) The question arises of when a generalized function G[X,Y] is actually
invertible. Suppose u = [(uc)e] € G[X,Y], u. are diffeomorphisms for
sufficiently small € and (uZ!). € Ep[Y, X]. This obviously implies that u
is invertible with inverse v := [(uZ!).]. The converse, however, may not

hold.

(iii) For a thorough discussion of (local) invertibility of generalized functions
u € G[Q,R™], Q an open subset of R™, see [Erl07]. Local invertibility there,
for example, follows from additional assumptions such as so-called ca-
injectivity, ca-surjectivity and that det Du is strictly non-zero, cf. theorem
3.37 there.
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Chapter 6

Isomorphisms of Algebras
of Generalized Functions

As in the case of algebras of smooth functions in chapter Bl our aim is to prove
that any algebra isomorphism ¥ : G(X) — G(Y) between the special Colombeau
algebras defined on smooth manifolds is given by the pullback under a c-bounded
generalized function ¢ € G[X,Y], i.e. that U(u) = uo ¢ for all u € G(X).

Our approach is based on the algebraic properties of non-zero multiplicative
linear functionals ¢ : G(X) — C. As in section Bl we will identify the com-
pactly supported generalized points with the ideals ker . However, as will be
shown in section BJl C is not a field and ker ¢ is not a maximal ideal. Thus
some adaptions are required.

The main ideas for these modifications are taken from [Ver(6], where Hans
Vernaeve proved a similar result for Colombeau algebras with non-smooth de-
pendence on the index €. In section we discuss extensively the main changes
required: invertibility and strictly non-zero w.r.t. so-called characterstic sets,
and maximal ideals I w.r.t. the property I N C1 = {0}.

The proofs in section and section roughly follow the smooth case as
presented in section Bl but of course are more involved in order to handle the
algebraic peculiarities mentioned above.

Finally, a comparison between the definitions and proofs of [Ver(f] and this
chapter, i.e. between the smooth and non-smooth dependence of generalized
functions on ¢, is drawn.

6.1 General approach and problems

A fundamental ingredient of the proofs in section Bl in particular theorem
BT was that ker ¢ is a maximal ideal for non-zero multiplicative linear func-
tionals ¢ : C*°(X) — R. For obvious reasons, it is an ideal. It is maximal
because the co-domain of ¢, namely R, is a field — as seen in lemma (ii).
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6.1.1 Surjectivity of multiplicative C-linear maps

For arbitrary commutative (E—algebras with unit, the image of an idempotent
under algebra homomorphisms reveal some of their structure:

Definition 6.1.1. An element e of a ring R resp. an algebra A is called an
idempotent if €2 = e. To exclude the trivial cases we assume that e # 0 and

e # 1.

Lemma 6.1.2. Let A and B be commutative (E—algebms with 1. Then the
following holds:

(i) If a multiplicative C-linear map U : A — B is surjective, then U(1)=1.

(i1) A multiplicative C-linear functional ¢ : A — C is surjective if and only if
e(l) =1.

Proof. (i) By multiplicativity we have that ¥(1) = ¥(1-1) = ¥(1)¥(1), hence
either ¥(1) = 0, ¥(1) = 1 or ¥(1) = e for e an idempotent of B. If ¥(1) =
0, then ¥ = 0 is not surjective because 0 # 1 € B, a contradiction to the
assumption. Suppose that ¥(1) = e. Since ¥ is surjective we have for all
b € B that b = ¥(a) = ¥(a)e = be, thus e = 1 because the unit is unique. In
particular, ¥(1) = 1.

(i) If we set B = C, then ¢(1) = 1 by (i). On the other hand, let r =
[(r:)] € C. Hence r1 € A and ¢(r1) = ro(1) = r € C due to C-linearity. Thus
( is surjective. O

Our algebras Cand G (X) have different intrinsic properties though, which
also have an impact on algebra homomorphisms:

Proposition 6.1.3. There are no idempotents in C.

Proof. Suppose that (re). € Ey satisfies rere = ro + n for (n.). € N. There
are two possible solutions for the quadratic equation:

o

Since (n.). is negligible, there exists g > 0 such that |n.| < § Ve < g9. Assume
w.l.o.g. that there exists ¢’ € (0, 9] such that r.s = 7., ;. Thus by continuity of
(re)e in € and the fact that the solutions in (B for € < ¢ are separated by a
neighborhood around %, we have that r. = 7.1 in a neighborhood of ¢’.

Let Uy := {e € (0,e0]|re = re,1} and Uy := {€ € (0,e0]|r: = re2}. By the
above, both sets are open (and therefore also closed), disjoint and Uy U U =
(0,e0]. Thus by connectedness of (0,&0] and the assumption that U; is non-

empty, we have that Uy = (0, gg.
1 1
S Z + |n€| - 5 <&,

Hence,
for any m € N and ¢ sufficiently small. Thus r = [(r:).] = 1 is not an idempo-
tent. O

1
T€71:§+ ZJrng and 1.9 =

N | —

1 1
g Tyg e 1=

lre — 1] = + ne

1
4 2

| 1
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This also holds true in G(X):

Proposition 6.1.4. Let X be a connected smooth manifold. Then there are no
idempotents in G(X).

Proof. Let u = [(ue)e] € G(X) such that ue-ue = u.+n, for some (n.). € N(X).
Let ¢ € U. We first consider an open, relatively compact and connected
neighborhood U of ¢ in X. There are two possible solutions for the quadratic

equation ug(p) - ue(p) = ue(p) + ne(p):
1 1 1

gt ne(p) and wuca(p) = s~ Vzt ne(p). (6.2)

N | —

Ue,1 (p) =

As (n.)e is negligible, there exists g9 > 0 such that |n.(p)| < g for all £ < &g
and all p € U. The set (0,e0] x U is again connected.
By continuity of u in € and p, both of the sets

U :={(g,p) € (0,c0] x U |uc(p) = ue,
Uz :={(g,p) € (0,€0] X U |uc(p) = uc2(p)}

are open and, as they represent a disjoint union of (0,e¢] x U, also closed in
(0,e0] x U. Since the latter is connected we have that either Uy = (0,e9] x U
or Uy = (0,0] x U. W.lo.g. we may assume that it is Uy. Thus for any p € U,
any m € N and sufficiently small ¢ we obtain that

1 1
§+ ZJrng(p)*l

lue(p) =1 =

—_

1
<y 7 VIl -5 <™

Therefore u|,; =1 in G(U). In the case Uy = (0,&0] x U we have that |, = 0.
Now consider

W~

X1 := {p € X |3 neighborhood V of p such that u|y =1}
X2 := {p € X |3 neighborhood V of p such that u|y = 0}.

Both sets are obviously open. Moreover, by the above, each p € X is either in
X7 or X5. Thus X = X7 U X5 is a disjoint union. Connectedness of X implies
that either X = X; or X = Xs, i.e. u is either 1 or 0 and therefore not an
idempotent in G(X). O

Remark 6.1.5 (Non-zero vs. surjective).

(i) As there are no idempotents in C by proposition B3, lemma BT (ii)
implies that the non-zero multiplicative C-linear functionals ¢ : G(X) — C
are exactly the surjective ones. In particular, ¢(1) = 1 for ¢ non-zero.

(ii) Let Y be a connected manifold. By proposition and lemma (i)
then this is also true for non-zero algebra homomorphisms ¥ : G(X) —
g(y).

In the case of non-connected manifolds, however, there exist idempotents
in G(Y) which are 0 and 1 on different components. Hence, in general,
non-zero is not enough to obtain ¥(1) = 1.
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In order to have that 1 is mapped to 1 we will therefore only consider sur-
jective algebra homomorphisms ¢ and ¥ in what follows. As an alternative we
could also have restricted our investigations to connected manifolds.

6.1.2 ker p is not a maximal ideal

Unfortunately, C is only a ring but not a field by remark B3 This implies
that the kernels of multiplicative, C-linear functionals @ on C- algebras A (e.g.
G(X)) are not maximal ideals:

Proposition 6.1.6. Let A be a commutative @—algebm with unit and ¢ : A — C
a non-zero multiplicative C-linear functional. Then ker ¢ is not a mazimal ideal.

Proof. Since @ is not a field by the above, there exists a non-invertible element
0#r#1inC (e.g. r as in remark ETH). As ¢ is non-zero we have that p(1) = 1
by remark BT (i). Therefore o(rl) = ro(1) = r # 0, i.e. 0 # rl ¢ kero.
Obviously, rA is a non-trivial ideal in A. Since ker ¢ is an ideal and the sum of
ideals is again an ideal (cf. [Bon98], III, §1, 2.), we have that

I'=kerp+rA={a+rb|a€kerp,bec A}

is an ideal in A. By r1 € I \ ker ¢ it follows that I is strictly bigger than ker ¢.
Furthermore, suppose 1 = a+rb € I. Then 1 = (1) = p(a + rb) =
o(rb) = ro(b) would imply that r is invertible in C with inverse ¢(b) € C,
a contradiction. Thus there exists an ideal I in A such that kerp C I C A.
Hence, by definition [L3], ker ¢ is not a maximal ideal. O
Thus we cannot simply proceed as we did in subsection B-TIl In order
to proceed, we first require suitable modifications of invertibility and maximal
ideals.

6.2 The new maximal ideals and invertibility

The following definitions are taken from or modified from those in [Ver()6]. They
shall ensure that we can proceed with our approach as in the setting of algebras
of smooth functions.

As we will see in subsection 22 it is essentially clear from the proof of
above how the maximal ideals should be chosen.

The new definition of invertibility was originally inspired by concepts from
Non-Standard Analysisﬂ. Alternatively, however, we can view it as being mo-
tivated by corollary BEZR where we show that by using the new invertibility C
retains certain properties of a field.

6.2.1 Invertibility with respect to a characteristic set

Characteristic sets and invertibility w.r.t. characteristic sets are defined as fol-
lows:

las communicated by Hans Vernaeve at the ‘Workshop on Generalized Functions and
PDEs’ in Innsbruck, February 2009
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Definition 6.2.1. A set S C (0,1] is called characteristic if there exists a
sequence ¢, \, 0 such that S = {ex|k € N}.

Definition 6.2.2. Let A be a commutative (E—algebra with unit 1 and S a
characteristic set. Then u € A is called invertible with respect to S (or S-

invertible) if there exist v € A and r = [(r.).] € C such that
w=r1inA and r|g=1inC.

Here r|s = 1 means that for a representative (r.). € £y of r and some
n = (ne)e € N we have that 7., = 1+ n., Ve € S. Note also that v is not
necessarily unique. Nevertheless we will refer to it as an S-inverse of u.

Note that the definition of invertibility w.r.t. S is slightly different in [Ver(6].
For more details, see subsection

In [GKOSOI], theorem 1.2.38, it was shown that invertibility in C is equiv-
alent to being strictly non-zero. We are going to derive a similar result for
S-invertibility. Hence we first have to define what S-strictly non-zero should
mean.

Definition 6.2.3. Let S be a characteristic set. Then r € C is called S-strictly
non-zero in C if there exists a representative (7). such that

Jko € NIm € N such that Vk > ko : |re, | > e (6.3)

Remark 6.2.4. Definition implies that if a generalized number is S-
strictly non-zero, then this holds for any representative.
This can be seen by the following argument: Let S = {ex|k € N} be a

characteristic set, r = [(r2)s] € C S-strictly non-zero and let (s.). be another
representative of r. In particular we have for m as in ([E3]), some ¢ > 0 and all
€ < g¢ that

re — 8| < ™.

Then
|5ex | = [rey | = Irey — e, | > €)' — Eim > Eim(glzm -1)> Eim

for ex < g9 and £, > 2, hence for k sufficiently large. Thus (E3) holds for
(sc)e as well.

Proposition 6.2.5. Let r € C and let S be a characteristic set. Then
r is S-invertible <= r is S-strictly non-zero.

Proof. (=) Since r = [(r:).] is S-invertible there exist (s¢)e € Ear and (ng)e € N
such that r.,s., = 1+ n,, for all & € N. Now choose N, kg € N such that
0 < |se,| <&, and |n.,| < & for all k > ko. Then

1+ng,

Sep

1 1
> (1= | ]) > 5o

|T€k|:
|Se.|

for all k& > kq.
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(<) Suppose (r¢)c is strictly non-zero on .S, i.e. there exist ko, m € N such
that for all & > ko we have that |r., | > e*. For each k& > ko + 1 choose
€}, € (€g,€k—1) such that

g 1> e™ (6.4)
Ei;ﬁ\ g\'\m+1
g™ Ak <
i I
€t & €

For each k > ko + 1 define Uy, := (ex41,¢),) and Ugo41 := (Egy+2, 1]. Hence
U = (Ug)k>k, is an open cover of (0,1]. By theorem EZZA there exists a subor-
dinate partition of unity (xx)k>k, to U. We furthermore have that

Xk(gj) = dx Vi, k > ko.

since supp xx € Ur C (€k+1,E0-1)-

0 €41 & €'k 1
1 Uy 3
N 7
By setting
1
Se 1= — 6.5
= DL ) (6.5)
k=ko+1

we obtain a well-defined smooth function s : (0,1] — C which satisfies rs =
1 on S. It remains to be shows that s € Ep:

1 1 (o) _
|se] < ——+ — <™ 4™ < M te TH1<2eTm 1
|r5k—1| |r5k| ol b ket

for e € [e},1,¢7], k> ko + 1, hence [s.| = O(e™™) as ¢ — 0. O
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Remark 6.2.6. Note that in general it is not enough to drop the ¢},’s and to
simply define Uy, := (€g41,€k—1) in the previous proof. Although we would still
be able to obtain |s.,| < e, ™ for all k € N, we do not have any control on the
e’s in between. The following example shows that something could go badly
wrong here if we choose a rather fast converging sequence (gx)x and bad bump
functions.

Example 6.2.7 (Moderate sequences are not enough). For all k¥ € N and any
m € N fixed (in particular m > 0) let

€k = e~ % and Sep =€
Let Uy := (€g+1,6k—1) for k > 1 and Uy := (eq,1]. Furthermore, let (xx)ren
be a partition of unity subordinate to the open cover U = (Uj)ken, such that

Xk =1 on [eg, e*kkfl] for £ > 1. This may be achieved by actually selecting a
partition of unity subordinate to V = (Vj)gen for Vj, := (e_(k“‘l)k,ak_l) C Ug,

Vi :=U;. As in ([BH) we define

o0
Seg 1= Z Sstk(E)a

k=1

hence |s., | = €, for all k € N. Suppose that |s.| = O(¢™!) for some | € N.
Then we should have

emkk _ E;m _ |56;€| < 5];l _

elk}k71

for small §; = e’kkil, k € N. By taking the logarithm of this inequality we see

that this implies mk <. For all k > # this is a contradiction, thus (s¢)e ¢ Enmr-
This shows that it actually depends on the partition of unity whether the

join is moderate or not. By the ¢}’s in the proof of EZZH we can control the

partition of unity in such a way that we can connect any sequence of moderate

values to a moderate number (s.). with the same rate of convergence.

Corollary 6.2.8. Letr € C. Then
r # 0 <= 3 characteristic set S such that r is invertible w.r.t. S.

Proof. (=) By definition of N there exists some M € N and a sequence (gx)
in (0,1] such that e; N\, 0 and

re, | > eM.

Hence r is strictly non-zero w.r.t. S := {ex|k € N}. Proposition implies
that r is S-invertible.

(<) Suppose that r = 0. Then for any representative (r.). of r we have that
|re] = O(e™) for all m € N. This is a contradiction to r being strictly non-zero
on some characteristic set S (since 0 € S). Hence again by proposition 25 we
know that r cannot be S-invertible for any characteristic set S, a contradiction
to the assumption. [l

Remark 6.2.9 (@ is nearly a field). The previous result shows that by using
S-invertibility, all elements # 0 are invertible in a certain sense. Hence it is a
construction that allows us to retain certain properties of a field.
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The aim of the next proposition is to prove the same result as in for C
in the case of generalized functions, following the same ideas:

Definition 6.2.10. Let X be a smooth manifold and S a characteristic set.
An element u € G(X) is called S-strictly non-zero in G(X) if there exists a
representative (ue)e such that

VK CC X 3ko € N3m € N such that ¥k > ko & inf [uc, (p)| > . (6.6)
p

Again, it is enough that (E8) holds for one representative as that it then
holds for all, cf. remark 24

Proposition 6.2.11. Let X be a smooth manifold. Let u € G(X) and let S be
a characteristic set. Then

u 1s S-invertible <= u is S-strictly non-zero.

Proof. (=) Let u = [(us):] € G(X) be S-invertible, i.e. there exist (v.). €
Em(X), (ne)e € N(X) such that

Ug, Ve, = 1+ ng, forall k € N. (6.7)

Let K CcC X and choose N € N and kg € N so that for all £ > ky we have
sup,c i e, (p)| < 3 and sup,c |ve, (p)| < €5 ™. Note that (E) then implies
that for p € K and k > ko |ve, (p)| > 0. Thus we have

1+ ne, (p) 1 i 151\[
Ve, (P) ’ - |v€k(p)|(1 e (p)]) > 9k

)] = |
in particular infpex |ue, (p)] >
strictly non-zero. B

(<) We will first show that for any open set © with § CC X an S-inverse
of ulg € G(f) exists. Afterwards, we construct a global S-inverse by glueing
together all S-inverses of an open cover (Q, ), of X.

So let Q as above. Since u is S-strictly non-zero there exist kg, m € N such
that for k > ko inf g |ue, (p)| > €}'. Let (Xx)k>k, and €, as in the proof of
proposition For p € Q2 we define

el for k > ko. By definition BEZZI0 w is S-

1
2

DI p——— (6.9)
=ko+1

k Uey, (p)

Hence uv =1 on S. Furthermore,

1 1
el < =1 T e o]

<eg M 4" < 2T 41,

for e € [e},41,€}], kK > ko + 1, again as in the proof of EZA A similar statement
holds true for any derivative of (ve). since sup,cq |Pus(p)| = O(e~Nr) for all
P eP(X)ase— 0. Thus v is an S-inverse of u on €.

Since X is locally compact and second countable, there exists a countable
open cover () men by relatively compact open subsets of X. By theorem EZZ41
we may choose a subordinate partition of unity ({,)men such that supp ., C
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O for all m € N. Obviously, if u € G(X) is S-strictly non-zero, then all
ulq,, € G(y,) are S-strictly non-zero as well. Hence, as defined in (B3], let
Um = [(Um,e)e] € G(2n) be an S-inverse of u|q,, for each m € N. We shall see

that
oo
V= Z CmUm
m=1

is a global S-inverse of u. First of all, v € G(X) since any compact set K CC X
may be covered by finitely many €,,’s and all [(Gnvm,e)e] € G(X). Choose
mgo € N such that >, ¢, =1 on K. Then

(UEkUEk)(p) = Z Gm (p)usk (p)vm,sk (p) =1

for all p € K and all k£ € N as vy, ¢, is the S-inverse of u., on £, D supp (.
Hence v is an S-inverse of u. O

By making use of the point value characterization of generalized functions in
section we obtain a characterization of S-invertibility in terms of compactly
supported points X..

Theorem 6.2.12 (Characterization of S-invertibility in G(X)). Let X be a
smooth manifold and S a characteristic set. Let u € G(X). Then the following
are equivalent:

(i) w is invertible w.r.t. S (in G(X))
(i) u(p) is invertible w.r.t. S for all p € X, (in C)
Proof. (i = ii) Let v = [(ve)e] be an S-inverse of u = [(u:):] in G(X), ie.

wv = r1 for some r € C with r|s = 1. For p = [(p.)] € X. this implies that
e (pe)ve(pe) = re + e for some n = (n.). € N. Hence u(p)v(p) = r in C which
by definition -2 means that u(p) is S-invertible in C.

(ii = i) Suppose u € G(X) is not invertible w.r.t. S. Then, by proposition

BEZTT w is not S-strictly non-zero. In particular (by setting kg = m in the

negation of (G.0l))
JK cC XVYm e N3k, >mIp., € K: |ue, (pe,, )| < e (6.9)

Since K is compact, we may assume w.l.o.g. that (p, )m converges towards
some p € K w.ur.t. a (hence any) Riemannian distance d. Let (v,V) be a
chart of X at p € X such that V cC X and w.lo.g. all Pe,, € V. Asin
the proof of theorem we may assume that (v(pe, ))m converges fast to
v(p) in v(V) € R™. The special curve lemma BZ0l ensures the existence of a
continuous curve ¢ : [0, 1] — R™ such that ¢is smooth on (0, 1], é(ex,, ) = v(p.,,, )
and ¢(0) = v(p). Hence
Pe = U_l(é(g))

defines a compactly supported point p = [(pe)c] € X.. In view of definition
take any k{,m’ € N and let M := max{kj,m’'}. By (@) there exists a
kar > M > k) such that

M !
|u5kjw (pEkA4)| S Ek}w S 673\4'
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Hence u(p) is not S-strictly non-zero in C, since by remark B2 it is enough
to show this property for just one representative of w(p). Thus, by proposition

B3, u(p) € C is not invertible w.r.t. S, a contradiction. O

6.2.2 Maximal ideals with respect to C1

Let A be a commutative (E-algebra with unit 1 and ¢ : A — C a non-zero
multiplicative C-linear functional. In the beginning of this chapter we have seen
that — since C is not a field — ker ¢ is not a maximal ideal in .A. We proved this
by extending ker ¢ to a bigger but still non-trivial ideal I, using a non-invertible
clement 0 # r € C. In particular, I N C1 D (r1) # {0}, where (r1) denotes the
linear subspace of A generated by r1. In order to prevent the possibility of
such_constructions, it is therefore reasonable to restrict to ideals that satisfy
INnC1={0}:

Definition 6.2.13. Let A be a C- algebra. An ideal I <1 A is called_mazimal
w.r.t. C1 (or Cl-maximal ideal) if it is maximal w.r.t. the property INC1 = {0},
i.e. if any other ideal J <1 A with I C J and J N C1 = {0} equals I.

This definition makes sense for our problem because ker ¢ is a maximal ideal
w.r.t. that property:

Proposition 6.2.14. Let ¢ : A — C be a non-zero multiplicative C-linear
functional on a_commutative C-algebra A with unit 1. Then ker ¢ is an ideal
mazimal w.r.t. C1.

Proof. Obviously, ker ¢ is an ideal.

Furthermore, ker ¢ N C1 = {0}: Suppose to the contrary that there exists a
u € ker ¢ such that u = r1 with 0 # r € C. Since  is non-zero, remark G0
(i) implies that ¢(1) = 1. Hence by C-linearity 0 = p(u) = ro(1) =r # 0, a
contradiction.

Finally, ker ¢ is maximal w.r.t. this property: Suppose there exists an ideal
J <A with JNC1 = {0} and keryp C J, i.e. we have a v € J such that
¢(v) =t 7 # 0in C. Since p(r1) = r this implies that ¢(v — r1) = 0, hence
v—rl € kerp C J. But this also means that r1 = v — (v —7rl) € J, a
contradiction to J N C1 = {0}. O

Although ker ¢ is not a maximal ideal we have just proved that it is maximal
w.r.t. C1. This was the main motivation for considering such ideals and also for
introducing the notion of S-invertibility, since we have seen in subsection Bl
that maximal ideals play an important role when working with multiplicative
linear functionals and algebra isomorphisms.

The next result shows the first connection between S-invertibility and C1-
maximal ideals. Further results will follow in section

Lemma 6.2.15. Let A be a commutative (E—algebm with unit 1 and I 9 A. The
following are equivalent:

(i) InC1 = {0}

(i1) For all characteristic sets S we have that if u € A is invertible w.r.t. S
then u ¢ I.
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6.3. Multiplicative C-linear functionals

Proof. (i = ii) Suppose that u € A is invertible w.r.t. S but u € I. This implies
that uwv =71 € I for r # 0, a contradiction to (i).

(it = 1) Let uw € I such that uw = r1, r # 0. By corollary EZZ8 there exists
an S-inverse s of r. Then v := sl is an S-inverse of u, hence u ¢ I by (ii), a
contradiction.

6.3 Multiplicative C-linear functionals

By the results in subsection EZIT we know that surjective (or rather non-zero)
multiplicative C-linear functionals p: A— C satisfy ¢(1) = 1 and vice versa.
In the previous subsection we derived that ker ¢ is a certain maximal ideal.
We will now establish more properties of these functionals ¢ for A = G(X).
We also prove a similar result to theorem BTl by following the same strategy.

Lemma 6.3.1. Let X be a smooth submanifold of R™ and I < G(X) an ideal.
If
Vp € X.Jup € I such that uz(p) # 0, (6.10)

then I # ker ¢ for all non-zero multiplicative C-linear functionals ¢ : G(X) — C.

Proof. Assume by contradiction that I is the kernel of such a functional ¢. By
proposition 2214 we know that

INC1 = {0}, (6.11)
and by the homomorphism theorem for algebras (cf. [Boun98|, III, §1, 2.) that
G(X)/I=G(X)/kerpo 2imp =C, i.e.

I+Cl1=g(X). (6.12)

In particular we consider the coordinate functions 2* € G(X) fori =1, ..., m.
By [EI2) there exist \; € C such that 2* — \;1 € I for i = 1,...,m. We define
the generalized function v = [(v.)] by

vi= o= AP =) (2 - ANt = N1) €1, (6.13)

i=1

where A = (A1, ..., A\m) € C™. We will show that for any such A, this leads to
a contradiction to lemma EZZTH more precisely that (ii) there is not satisfied
although (i) is, by (EIT]). To this end we distinguish three cases:

(i) Ae X. CR™
(i) Ae X\ X. CR™
(i) e Cm\ X
(i) A e X, C R™: Recall that the last inclusion holds by proposition BT

Assumption (EI0) ensures the existence of a uyx = [(uxre)e] € I such that
ux(\) # 0. We have that |z — A]? + |ua|?> € I since both summands are.
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Furthermore, since u()) # 0 in C, there exists a characteristic set S := {ex|k €
N} and some M € N such that

une, (M) 2 e (6.14)

We will show that |z — A2 + |u|* € I is S-strictly non-zero.
Continuity of uy € G(X) in the sharp topology means that

VK CCXVieNdneNdeg > 0Ve <egVp,qge K :

. (6.15)
p— gl <" = Jure(p) —ure(a)l < €,

cf. proposition BZ1l Consider [ > M fixed. Let p = [(p.)c] € X, and Kp a
compact support of p. If K is a compact support of A € X, then let K := KU
K be the compact set in (GIH). Furthermore, assume w.l.o.g. that p., A\ € K

for e < e < 1. It then follows by (EIH) that

1 .
In € N3gg € (0, 5]V&:k <egp: l (6.16)
Pe), — Aerl S €f = |une,, (Pe),) — une, (A < €

By eliminating the term uy ¢, (A, ), we shall see that |z — A|> + |uy|? is invertible
w.r.t. S. First of all, (1)) and (EI6) imply that

|u>\75k (p,)| = |U’)\75k()\5k)| - |u>\75k (Pey) — UN,ep (Aep)]
> o —ef = M- 2 e = o

for the above | > M, g < gg < % and |pe, — As, | < €}. Altogether we obtain
that

deg > 0Veg < e :

Eil if |p€k - )\5k| < E’Ircn

B 2 2
[P — Aep |7+ [unep (Pe,)|” > { Eim if [pe, — A, | > em

for some I,n € N. Thus (|pe — Ac|? + |urc(pe)[?)e is strictly-nonzero w.r.t. S,
hence by 23 S-invertible in C.
Since p € X, was arbitrary we conclude by theorem that

|z — A* + |ux|? is invertible in G(X) w.r.t. S, (6.17)
a contradiction to lemma BZIH (ii) because |z — A|? + |ux|? € I as shown above.
(i) A € X \ X, C R™ where
X = {pe R™ | 3 representative (p.). of p such that Ve : p. € X} :

Let (Kj)ken be an exhaustion of X by compact sets with K C int(Kj1) for
all k € N w.r.t. the trace topology of R™ on X (see remark BT for a general
construction of a compact exhaustion). We assumed that A € X , hence we may
choose a representative (A ). of A such that all \. € X. Consider the generalized
function v = [(ve)e] € I defined by [EI3), i.e.

vs(ps) = |ps - /\€|2
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for p = [(pe)<] € X.. Let K CC X such that p. € K for all € < g9. There exists
an N € N such that K C Ky.
Since A ¢ X, there exists a characteristic set S := {e;|k € N} such that

Ae, € X\ K}, for all k € N.

Let €(, be the minimum of ¢ and the Euclidean distance d(X \ Kn4+1, Kn) > 0.
Hence for ¢, < €, we have that p., € Kn and for & > N that \., € X \ K} C
X\ Kyy1, Le.

Per — Ao |2 > d(X \ K1, Kn)? > e)” > €2

Thus v(p) is S-strictly non-zero by definition B2 (set m = 2 and kg > N such
that ex, < &f).

The compactly supported point p was arbitrary and therefore, again by
proposition 20 and theorem 2T we know that v € I is S-invertible in
G(X). This contradicts lemma BE2TH (ii).

(iii) A € C™\ X: The assumption A ¢ X implies that for any representative
(Ae)e of A we have that

(d(Ae, X)) is not negligible in C.

Hence by corollary B2 there exists a characteristic set S := {ex|k € N} such

that v(p) is invertible w.r.t. to S for all p € X. C X (we even have for any
representative (pe ). of p that p. € X Ve). This again contradicts lemma E2ZTH
(i) O

Remark 6.3.2. Compare lemma to the proof of existence in theorem
BI1 in particular where we proved (B, i.e. that

ker ¢ = kerev,, for some p € X

if ¢ : C*°(X) — R is a non-zero multiplicative linear functional. The previous
result is a contrapositive analogue of this. The next proof makes use of the
same idea as that of theorem BTl In order to apply lemma B3l we need to
be able to reduce the general case to submanifolds of R™, which is achieved by
Whitney’s embedding theorem LAl

Obviously, for each p € )?c, evp is a multiplicative C-linear functional on
G(X). For surjective functionals the converse is also true:

Theorem 6.3.3. Let X be a smooth manifold and let ¢ : G(X) — C be a non-

zero multiplicative C-linear functional. Then there exists a unique p € X, such
that

p(u) =u(p) Vueg(X).

Proof. First, consider X to be a smooth submanifold of R?m*1. Then by lemma
B3] there exists a ¢ € X, such that

u(q) =0 Yu € kerp.

75



Chapter 6. Isomorphisms of Algebras of Generalized Functions

Obviously, ker ¢ C kerevg. Furthermore, kerevg N Cl = {0} and kerp N Cl=
{0}, and both ideals are maximal w.r.t. that property by proposition G214
Thus

ker ¢ = kerevy.

It remains to be shown that this already implies that ¢ = evg. For any u € G(X
we have that u — u(§) € kerevy = kerp. Hence p(u) = ¢(u — u(§) + u(q)) =
p(u—u(q)) + ¢(u(@)) = 0+ ¢(u(q)) = u(g) since (1) = 1.

Now let X be any smooth manifold. By Whitney’s embedding theorem
EEZ there exists a smooth embedding j : X — j(X) C R?™*L. The map j
may be interpreted as a generalized function j = [(j).] € G[X, j(X)]. Then, by
proposition 5L @oj € G(X) for all & € G(j(X)). Moreover, 3 : G(j(X)) — C
defined by

p(u) == p(uoj) = p(i*(u)), (6.18)

is a non-zero multiplicative linear functional, since ¢ is and j* : G(j(X)) — G(X)

is an algebra isomorphism. Hence by the above there exists ¢ € j(X), such that

@(a) =a(g) VaeG(ji(Xx)). (6.19)

Let p := j71(¢). Since j=' € G[j(X), X] we have that p € X, by proposition
EZ7D Furthermore, by proposition BRIl wo j~! € G(j(X)) for any u € G(X).
Putting all this together we obtain that

o) = Guo i) B u(i71() = u(p).

It remains to be proved that p = [(p:):] € X, is uniquely determined by .
Suppose there exists § £ 7 = [(2.)e] € Xe with u(p) = u(Z) for all u € G(X).
Thus we have that (dg(pe,2))e ¢ N for one (hence any) Riemannian metric g
on X. This means that there exists a characteristic set S := {ex|k € N} and
N € N so that

dg(pe,,2e,) > en Yk €N. (6.20)

By theorem 2T d§ is smooth on some neighborhood U of Ax C X x X.
W.l.o.g. we may assume that p., converges to some p in X. Let K be a compact
neighborhood of p such that K x K C U. Assume that p.,, € K for all k € N.
Regarding (z¢, )i we can distinguish two cases:

o 2., ¢ K for sufficiently large k: As p is contained in the interior of K we
have an open neighborhood V' of p such that V' CC int(K). By corollary
L2208 there exists a smooth bump function x; : X — R such that x|, =1
and x1[x\ g = 0. Let

vi= () € 9(X).

Obviously, for k sufficiently large, v, (pe,) = 1 and v, (2, ) = 0, a con-
tradiction to v(p) = v(2).

e 2., € K for a subsequence of (z;, )r: W.lo.g. we may assume that z., € K
for all k € N. Again, by corollary EEZ8, there exists a smooth bump
function x2 : X x X — R such that x2|x, , =1 and x2|(XXx)\U =0.
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We may assume that supp x2 is compact and contained in U. Consider
w = [(we)e] defined by

we(z) := x2(pe, ) - d; (pe, )
Obviously, (we). € C*°((0,1] x X). Moreover,

sup [we (2)] < [x2lloc - sup  |dj(pe, 7))
rzeX zeX s.t.

(pe,x)Esupp x2

<lIxzlloo - sup |d2(y, )| < o0,
(y,x)Esupp x2

since supp x2 C U is compact. A similar computation can be done for all
(Pwe)e, P € P(X). Thus (we)e € Em(X).

In addition, since X2(pe,,Dey.) = X2(Pey, 2e,,) = 1 for all k € N|
Wey, (Pey,) = dg2](p5k7p5k) =0
and
Wey, (Zflc) = di(p&wz%) > EiN'

Hence w(p) # w(Z), a contradiction. O

6.4 Algebra homomorphisms and isomorphisms

Again, we will first restrict to the case of smooth submanifolds and show the
general result later using the Whitney embedding theorem.

Theorem 6.4.1. Let X C R™ and Y C R™ be smooth submanifolds and
U:Gg(X)—GgY).

(i) If ¥ is a surjective homomorphism of Colombeau algebras, then there exists
a unique ¥ € G[Y, X| such that

U(u)=uoty YuegGX).

(i1) If U is an algebra isomorphism then ¢ € G[Y, X| as in (i) is invertible (cf.
EZ3) with inverse ¥~ and
T tw) =voyp™t Yueg(y).
In this case, dim X = dimY.

Note that if we only consider unital algebra homomorphisms, i.e. assume
that U(1) = 1, then we can drop the term ‘surjective’ in (i). Alternatively we
could also restrict to connected manifolds Y, cf. remark BT (ii).

Proof of (i). Let ¢ € Y.. The map pg := evgol : G(X) — C is multiplicative
and C-linear. Since W is surjective we have by lemma (i) that U(1) =1
and therefore also ¢5(1) = (evgo¥)(1) = ev4(1) = 1. Thus 4 is surjective by
lemma (ii). By theorem there exists a (unique) p € X. such that

pg =evgo¥ =evy.
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We join these compactly supported points by the map

which we will extend to a function ¢ € G[Y, X| with the same properties.
So far we have shown that

VYu € G(X) VG € Ve : (T(u))(@) = pq(u) = u(¥(d))- (6.21)

Applied to the coordinate functions z* € G(X), 2%(p) = p;, i = 1,...,m, this
implies that
Y= (U(xh), ..., U(x™)) € G(Y)™ (6.22)

coincides with (z!,...,2™) o 1; = 1; at the generalized points in Y.. Since any
generalized function is uniquely determined by its values on the compactly sup-
ported points by theorem B.Z8 we know that 1) is the unique generalized func-
tion that coincides with 9. Thus, by ¥(Y.) C X, and proposition BTl (1)< (ii),
1 is c-bounded into X. Hence by proposition BZTA v € G[Y, X] and therefore
uot € G(Y)Vu € G(X) by proposition BRIl By (EZIl) and again theorem
EZ3 we have that

Vue G(X): ¥(u) =uot in G(Y). (6.23)

Furthermore, suppose there exists ¢y # o € G[Y, X]| which also satisfies
U(u) = uoo for all u € G(X). Since C*(X) is embedded in G(X), we have
that foy = U(f) = foo for all f € C*(X). This is equivalent to ) = o by
proposition BZ40, a contradiction. Hence ¢ € G[Y, X] is unique. O

Remark 6.4.2. Uniqueness in the previous result also follows by corollary .28
since 9 equals 1 on Y, and % is uniquely determined by theorem above.

It is also possible to just use the coordinate functions z* as above (and not all
smooth functions) — 4 is already completely determined by ; = 2 o1) = ¥(z?),
t=1,..,m.

Remark 6.4.3 (Smooth functions suffice). From the above uniqueness argu-
ment we see that an algebra homomorphism ¥ : G(X) — G(Y) is uniquely
determined by its values on the space of smooth functions C*(X).

Proof of[64]] (ii). By (i) we may also find ¢ € G[X, Y] such that
Yo e G(Y): U v) =vogin G(X). (6.24)
For v; := x* o 1), ¢ the coordinate functions as above, we have that

(wl o @, 7'(/1771 © (10)

(T (@), o, O ()

(U@ (@), o, UTH(T(2™)))

(zt, ..., ™)

idg[x,x7], (6.25)

Yop =
€=
€2
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and similarly

ot =idgy,yi,s
which yields ¢ = ¢~ (cf. definition E53).
It remains to be shown that dim X = dimY". The equation ¢ o ¢ = idg[x x
in G[X, X] may also be viewed as i 01 o = ioidgx x] in G(X)™, where
i: X — R™ denotes the embedding of the submanifold X into its surrounding

space R™ (the composition is well-defined by proposition BE52). Thus there
exists (n:). € N(X)™ such that

101 0@ =10idyx +ne =0+ ne (6.26)
for each € € (0,1]. Let p € X be fixed. By differentiating ([E26) and making
use of the chain rule, cf. lemma 1.15, [O’NK3], we obtain that

. o s R
Tpo0p)(0)t © Ty (p)¥e © Tppe = Tp(iotpe 0 pe) "= Tyi + Tpne (6.27)

in L(T,X,R™). Since i is an embedding we have that Tpi is regular, i.e. the
rank rk(Tpi) is maximal and equals dim7,X = dim X < m. For sufficiently
small € we also have that rk(7,i + Tpn.) = dim X. Concerning the left-hand
side, we use some basic results from linear algebra to obtain

dimX = rk(Tpi+Tpn.)

&
= rk(T(quo%)( 70 T 1/18 (pg)

< min{rk(T (00 (p) )a rk( Ty (p)¥e) th(Tppe) }
< rk(To pve)

= dim(imT,_c)1b)

< dimTy )Y

= dimY

for small e. By symmetry in 1. and ¢., we also get that dim X > dim Y. Thus
dim X = dimY and we are done. |

Finally, by making use of the Whitney embedding theorem, we obtain the
same result for smooth manifolds X and Y:

Corollary 6.4.4. Let X and Y be smooth manifolds and ¥ : G(X) — G(Y).

(i) If U is a surjective homomorphism of Colombeau algebras, then there exists
a unique ¥ € G[Y, X| such that

U(u)=uoty YuegGX).

(i1) If U is an algebra isomorphism then ¢ € G[Y, X] as in (i) is invertible
with inverse ™1 and

Utw)=voy™t Vueg(y).

In this case, dim X = dimY.
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Proof. By the Whitney embedding theorem EEZ Tl there exist smooth embeddings
1: X = i(X)CR™and j: Y — j(Y) CR" for some m,n € N.
(i) We consider the respective submanifold-version of ¥,

u — v

(J(Y))
(@oi)oj, (6.28)

1

which obviously is multiplicative, C-linear and satisfies \Tl(l) =U(loi)oyj~
U(1)oj ! =1057! = 1. By the previous theorem (i) there exists some
¥ € Glj(Y),i(X)] such that

Vi€ G(i(X)): U(a) = o in G (Y)). (6.29)

By proposition B2,
v=iltoroj (6.30)

is a well-defined element in G[Y, X]. Furthermore, for any u € G(X),

‘I’(u)@\P(uofl)oj@(uoiiloq’/;)oj@uoi/,

holds in G(Y'). Uniqueness follows as in the proof of theorem [EZ1] (i) by using
proposition B2Z6

(i) Again, for U= : G(j(Y)) — G(i(X)), defined by
U 1@) =T (woj)oi™!
for 7 € G(j(Y)), we find ¢! € G[i(X), j(Y)] resp.
p:=jtoy toieG[X,Y] (6.31)

by theorem (ii) and proposition Thus,

E30), €31 . ~ o ~_ .
Yoy = (iTtogog)o(j oy o)
= it oidgp(x)ixy 0
.
= idg[x,x7,
and similarly
poty = idgyy]-

This yields ¢ = ¢!, hence ¢ € G[Y, X] is invertible.
By theorem we have that dimi(X) = dimj(Y). Since ¢ and j are
diffeomorphisms this implies that dim X = dimY’. [l

Remark 6.4.5. Note that proof about Colombeau algebra isomorphisms
on smooth submanifolds is a generalization of the smooth version, i.e. theorem
and BZTTl This is in accordance with the general outline mentioned in
the introduction.
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Remark 6.4.6 (Second countability). In section B2 we have seen that Mréun’s
approach via characteristic sequences eliminates the need for the Hausdorff man-
ifolds X and Y to be second countable in the case of algebra isomorphisms
C®(X) — C=(Y).

So far, second-countability of the manifolds X and Y cannot be omitted
in the Colombeau setting as it is required for the existence of exhaustions by
compact sets, see subsection and the proof of lemma B3I Moreover,
a countable partition of unity is used in the proof of proposition On
the other hand, it is easy to see that the majority of the results also holds for
paracompact manifolds. It is conceivable that another approach could be more
successful in showing that corollary B2l is also true on paracompact manifolds.

6.5 Differences between smooth and non-smooth
dependence on ¢

As already mentioned at the beginning of this chapter, the main ideas for the
treatment of the algebra isomorphism problem in the Colombeau setting are
taken from [Ver(6]. In Vernaeve’s paper, however, smooth dependence on the
index € as in the definitions of section Bl is not required. It is the aim of this
section to point out the differences and overlaps, both in the results and proofs.

6.5.1 Idempotents in C

By [ATOS0S], theorem 4.1, the idempotents in C (or R) are characteristic func-
tions in the non-smooth setting. More precisely, if x7 denotes the characterstic
function on T' C R (i.e. x|p = 1 and x|gp = 0), then es = [(xs)] for a set
S C(0,1], 0 € S. On the other hand, each such eg obviously is an idempotent
element of C. _

In the smooth setting there exist no idempotents in C. This already leads to
the difference that, by remark (i), all non-zero multiplicative linear func-
tionals ¢ : G(X) — C are exactly the surjective ones, while in the non-smooth
setting surjectivity is equivalent to ¢(1) = 1 (in general, ¢(1) might only be an
idempotent).

The definition of Cl-maximal ideals is the same in both cases. In contrast,
understanding invertibility w.r.t. S in the smooth setting is slightly more in-
volved. In the non-smooth case, an element u of a commutative C-algebra is
called invertible w.r.t. S — here S can be any subset of (0,1] with 0 € S — iff
there exists v € A such that uv = eg. Recall that in our definition of a
characteristic set, S has to be smaller, i.e. only a strictly decreasing 0-sequence
is allowed. This is due to the fact that in the smooth setting it is much more
difficult to find an S-inverse for elements in C. While in the non-smooth case
this can simply be achieved by setting it equal to 0 on CS N (0, 1], a smooth
inverse is much harder to find — we even had to introduce the additional defini-
tion of S-strictly non-zero.

In the non-smooth case one can easily switch between S-invertibility and
classical invertibility, cf. [Ver(6], lemma 4.2:
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Lemma 6.5.1. Let A be a commutative @—algebm with unit 1. Let u € A and
S C(0,1] with 0 € S. Then

u is invertible w.r.t. S <= ueg + egec is invertible,
where S¢ := (SN (0,1] resp. ese =1 —eg.

Proof. (=) As w is S-invertible there exists some v € A with uv = eg. Then

ueg + ege)(veg +ege) = uv €% +(u+v)egege + €2, = 1. 6.32
(ues +ese)(ves +ese) = uv, ey +(u+v)esese + eg (6.32)
es es 0 egc
——
es

(<) Suppose v is the inverse of ues+egc. Then veg is an S-inverse of u because
(ues +egc)v-eg =1-es =eg. O

Although we can define something similar to eg also in the smooth case (as
done in definition 227 to obtain a bump function ég similar to a characteristic
function, the calculation ([G32) still does not work because egége # 0. With this
result at hand, however, the characterization of S-invertibility in G(X) w.r.t.
point values is straightforward and immediately follows from the classical in-
vertibility result in Colombeau theory. In the smooth case we proved theorem
directly on smooth manifolds.

Furthermore, the form of the multiplicative C-linear functionals ¢ : G(X) —
Cis considerably more complicated in the non-smooth setting as we always have
to drag along idempotents. In particular, if ¢ is not surjective but still non-
zero, then ¢ = e - ev; for some idempotent e € R and some p € X, cf. [Ver(6],
theorem 4.5. The proofs in section are exactly the same as in [Ver(6].

6.5.2 Locally defined c-bounded generalized functions

The final results in section are obtained in basically the same way as in
[VerO6]. The results, however, differ. To understand this, the following definition
is needed.

Definition 6.5.2. For smooth manifolds X and Y a locally defined c-bounded
generalized function is an equivalence class u = [(uc):] whose representative
(ue)e is a net of smooth functions X O X, — Y such that

VK CC Xdeg>0Ve<eg: KC X,

and satisfies the usual c-boundedness condition and moderateness (cf. definition
BZT). The equivalence relation is defined as in The set of locally defined
c-bounded generalized functions from X to Y is denoted by Gi4[X, Y].

Obviously, G[X,Y] C Gia[X,Y]. The converse inclusion may in general not
hold and is still an open question. For some special cases, however, e.g. X com-
pact, it can be proved that G[X,Y] = Gi4[X, Y].

The final result in [Ver(6) is:
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Theorem 6.5.3. Let X, Y be smooth manifolds.

(i) Let ¥ : G(X) — G(Y) be a morphism of algebras. Then there exists
Y € GulY, X] and e € G(Y) an idempotent such that

U(u)=e-(uoy) Vue G(X).
If (1) =1, then e = 1 and v is uniquely determined.

(i) If ¥ : G(X) — G(Y) is an isomorphism of algebras, then the map v has
an inverse Y=t € Gig[X,Y] such that W= is given by composition with
Wl As a map X. — Y., ¢ is bijective. In this case, dim X = dim Y.

Here, 9 is an element of the larger space Gig[Y, X] rather than G[Y, X] as
in corollary 24l This is due to our stronger proposition T2 which in the
smooth case implies that on submanifolds X and Y, generalized functions G(X)™
that are c-bounded into Y C R™ already define a unique element in G[X,Y].
This proof does not work in the non-smooth case as in general (v.). is not an
element of C>°(X)(%! there.

If G[Y, X] € Gia[Y, X] in the non-smooth setting, then a characterization of
algebra homomorphisms ¥ : G(X) — G(Y) as composition with elements in
GlY, X] is not possible as each element in Gq[Y, X]| also defines such an algebra
homomorphism.
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Notation

This list includes short descriptions for commonly used symbols in the text.
The page numbers refer to either their definition or the first appearance in the

text.

{50)

N ® < A 2

n
NN
N
-

P =

the scalar product g(p) on the tangent space T,X of the semi-
Riemannian manifold (X, g), p.

an equivalence relation

ideal, p. @

the Levi-Civita connection on a semi-Riemannian manifold, p. 27
tensor product, p.

subset

proper subset

VCVCUandV is compact

direct sum of sets, p. [

the diagonal in X x X, p.

the closure of the set U

the Lie bracket of the vector fields U and V

the supremum norm of the function f, || f||,, = sup,cx |f(x)]

the norm of the vector v, e.g. p.

an algebra, p. B

the carrier space of the algebra A, p. [

an algebra on the manifold X, p.

the open ball at p with radius r

the set of complex numbers

the set of nets of complex numbers on the directed set (0, 1], p. &1
the ring of generalized complex numbers, p. E7

the complement of the set U
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Notation

ch(U)

ot =Daf
dg

dim E
distort(X)
D) f
D'(Q)

Dy

E
(E,B,)

€s
evp

exp,

Ta

the closed and convex hull of the set U, p.
the set of continuous functions on the topological space X, p.

the set of continuous functions on the topological space X that
vanish at infinity, p. [

the set of smooth functions (0, 1] — C, p. E

,1] x X) the set of smooth functions (0,1] x X — C, p. Ed

the set of smooth functions X — C, p. [T

the set of nets of smooth functions X — C on the directed set (0, 1]
(only smooth in X), p.

the set of compactly supported smooth functions X — C, p. [
the geodesic with initial velocity v, p.

the Euclidean metric on R”

the domain of the exponential map E, C T'X, p.

the Kronecker delta

the differential of f w.r.t. ¢

the partial derivative of f w.r.t. x

the Riemannian distance on a Riemannian manifold (X, g), p.
the dimension of the vector space E

the distortion of a Riemannian manifold X, p.

the total derivative of f of order k, p. B4

the set of distributions on the open set @ C R™, p. Edl

the domain of the exponential map exp,, € T, X, p.

the global exponential map on a semi-Riemannian manifold, p.
the vector bundle with 7= : E — B, p.

the set of moderate numbers, p. Ed

the set of moderate functions on an open set 2 C R"

the set of moderate functions on a manifold X, p. B

the set of c-bounded moderate functions from X to Y, p. B4
an idempotent in C, p.

the evaluation mapping at the (generalized) point p

the exponential map on a semi-Riemannian manifold at the point
p, p-

the Gelfand transformation on the Banach algebra A, p. [
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urf]

Vg

the Christoffel symbols w.r.t. the chart (u,U), p.

the radial geodesic from p to ¢, p. Bd

I'(E) =T(B, E) the set of smooth sections of a vector bundle (E, B, ), p.

metric tensors of semi-Riemannian manifolds, p.

the special Colombeau algebra on a manifold X, p. B

the set of generalized functions from X to C” resp. R™, p.
the set of c-bounded generalized functions from X to Y, p. B3

the set of locally defined c-bounded generalized functions from X
to Y, p.

the generalized identity on the space G[X, X], p. Bl
the identity map on a manifold X, id(p) =p Vp € X
the image of the function ¢

the injectivity radius of a Riemannian manifold, p.
the interior of the set U

the convexity radius of a Riemannian manifold, p.
the kernel of the function ¢

a compact support of a generalized point p, p.

the arc length of the curve ¢, p.

the set of essentially bounded functions on 2

the set of positive integers

the set of negligible numbers, p. B

the set of negligible functions on an open set 2 C R"”
the set of negligible functions on a manifold X, p. Efl
the neighborhood at p in W), with radius N? < ¢, p. B3
the squared Euclidean radius of Pw(q), p. B3

the index of a symmetric bilinear form resp. metric tensor, p.
Big-Oh, Landau symbol, p. Edl

an open set in R™

OYX) =T(T*X) the set of one-forms on the manifold X, p. @

a,

pr;

the set of compactly supported generalized points on an open set
Q CR", p.

a multiplicative linear functional on an algebra

the projection in the i-th direction
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Notation

supp f
rf
Tpf
T,X
(T,X)"
T (E)
' X
77 (X)
TX
T*X
(TX)o

Ue(p)
(u,U)
Ve(p)
(Pw, Wp)

X

(X,9)

an algebra homomorphism or isomorphism, p.
the set of linear differential operators on a manifold X, p. Ed

the radius function at a point p on a semi-Riemannian manifold,

p.

the set of real numbers

the set of positive real numbers, i.e. (0, c0)

the set of positive real numbers including 0, i.e. [0, 00)
the ring of generalized real numbers

the rank of the matrix A

a characteristic set, p.

the support of the function f

the tangent map of a smooth function f, p.

the tangent map of a smooth function f at p, p.
the tangent space of a manifold X at p € X, p.
the cotangent space of a manifold X at p € X, p.
the set of (Z)-tensors on a vector space E, p.

the set of (:)—tensors on the tangent bundle T X of a manifold X,
p.0

the set of (7)-tensor fields on a manifold X, p.

the tangent bundle of a manifold X, p.

the cotangent bundle of a manifold X, p.

the zero section of T X, p.

an open cover of a manifold, p. [

the normal e-neighborhood at p in a Riemannian manifold, p.
a chart u: X D U — R"™ defined on the open set U, p. [

the e-neighborhood at 0 in the tangent space T, X, p. Bl

a normal coordinate chart at the point p, p.

the set of compactly supported generalized points on a manifold

X, p. H1

a semi-Riemannian manifold X with metric tensor g, p.

X(X)=T(TX) the set of smooth vector fields on the manifold X, p. 0

XY

)

manifolds, p. [
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Index

algebra
over a field, 5
over a ring,
algebra homomorphism, 6
algebra isomorphism, 6, [H 22
arc length, 27, Bl
associative, 5
atlas, 7

Banach algebra, 1
bilinear form,
bump function, [0, 211 K2

C*-algebra, 2

c-bounded generalized function, 55, [(7
réy)

locally defined, 82

c-bounded moderate maps, 54,

c-boundedness, 54, B3 B,

Cl-maximal ideal, see maximal ideal
w.r.t. C1

carrier space, I

chain rule, B11

characteristic function,

characteristic sequence of functions, [,
17,18 @

characteristic set, 64, 67, [OH2A,

chart, 7

Christoffel symbols, 28,

Colombeau algebra, B, 46

commutative, 5

commutative C-algebra with unit,

compact exhaustion, see exhaustion by
compact sets

compact metric space, B

compact support of p, 48

compactly supported generalized points,
47,09 B2 351

composition of generalized functions,
60

connection,

93

convex
strongly, see strongly convex

convex hull, BTl

convex neighborhood, 31, B3HZ1

convexity radius, B8, 38

cotangent bundle, 9

cotangent space, 8

covariant derivative,

cover, see open cover

diagonal, 29,
diffeomorphism, I8 22
differentiable function,
differential algebra, 5
differential operator, Bl
distribution, B3, Bl

embedding, B3 B4

equivalence in €y [X,Y], 54,

Euclidean metric, B0, E3 £1

evaluation mapping, [2 4 M5 73

exhaustion by compact sets, 56, 51 B9,
re}

exponential map, 29, B3 Bd B7

fast convergence, 50

finite intersection property, 19

footpoint map, 29

frame, 33

frame field, 33

fundamental system of neighborhoods,
17

fundamental theorem of calculus,

Gelfand transformation, I

Gelfand-Mazur theorem, [

Gelfand-Naimark theorem,

generalized function, 47

compactly bounded, see c-bounded

generalized function

generalized number, 47, B4 B,

generalized point value, d9,
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geodesic, 28

geodesic equation, 28, B1

geodesically convex, see convex neigh-
borhood

Hausdorff, 8, [0 I
Hausdorff manifold, 18, 22 B3

ideal, 6,
maximal, see maximal ideal
idempotent, 64,
identity w.r.t. composition, 61
index, 26, B0
injectivity radius,
inverse function theorem,
invertibility
in G[X,Y], 61,72 79
w.r.t. S, see S-invertible
involution,

K-algebra, see algebra
kernel, B, A B4 2

Landau symbol, 46

Lebesgue covering theorem, 40, B,

Lebesgue number, 40

Levi-Civita connection, 27

Lie derivative, B

locally convex space,

locally defined c-bounded generalized
function, 82

Lorentzian manifold, 27

manifold, 7
maximal ideal, 0 6, A
w.r.t. Cl, 72,
mean value theorem, B(, @9,
metric tensor, 26
Milnor’s exercise, [Tl
moderate function, 46
module, B
multiplication, 5
multiplicative linear functional, [2 64,
3 3,

Nash embedding theorem,
negative definite, 26
negligible function, 46
neighborhood

convex, 31

normal, 30

strongly convex, 38

totally normal, 57
non-degenerate, 25
norm, 26
normal coordinates, 30, B3HZ1,
normal neighborhood, 30
normal tubular neighborhood,

one-form, 9
open cover, 10

paracompact, 10, 4 T3,
partition of unity, 10
countable, [0
point value characterization
in G(2), 1
in G(X),
in G[X,Y],
positive definite, 26
proper map, 2

R-algebra, see algebra

radial geodesic, 30

radius function, 30

retraction, E],

Riemannian distance, 27, B9, B0 E7,
b4, [7dl

Riemannian manifold, 27, BOHZI B
B9 Ea

Riemannian metric, see metric tensor

ring,

S-inverse, 67
S-invertible, 67, [[2, BTl

in C, &2 B9 [T

in G(X), [0, I
S-strictly non-zero,

in C,E7q 67

in G(X), 70
second countable, 8, Bl
section of a vector bundle, 9, Edl
semi-Riemannian manifold, 27
sharp topology, B2 [[4
signature, 26
smooth function, [, 11
smooth manifold, 7, 3 A
smooth submanifold, BO9HE3, EY B2 EO-

B0 7

special Colombeau algebra, see Colombeau

algebra
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special curve lemma, 50, B [[1]

spectrum, 1

strictly non-zero w.r.t. S, see S-strictly
non-zero

strongly convex neighborhood, 38

summation convention, 26

symmetric, 26

tangent bundle, 9

tangent map, 8§,

tangent space, §

tensor, 9

tensor field, 9,

tensor product, 9,

test function, T4HIA

totally normal neighborhood, 31
tubular neighborhood, EIJ,

vector bundle, 8
vector field, 9

Whitney embedding theorem, 43, EAl
)

zero section, 29
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