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Abstract

Motivated by financial applications, we study convex analysis for modules over
the ordered ring LY of random variables. We establish a module analogue of locally
convex vector spaces, namely locally L%—convex modules. In this context, we prove
hyperplane separation theorems.

We investigate continuity, subdifferentiability and Fenchel-Moreau type dual
representations for L%-convex functions from L% modules into L°.

We introduce topological L°~modules of LP and Orlicz type. We investigate
completeness and we compute the topological dual L°~module of the L? type L°—
module. Applications in terms of risk measures are given.

Further, we establish automatic continuity and subdifferentiability results for
monotone convex functions from L°-modules into L°. The results are generaliza-
tions of classical results on automatic continuity and subdifferentiability of mono-
tone convex functions and convex risk functions.

We present and compare two different approaches to conditional risk measures.
One approach draws from vector space based convex analysis and presents con-
ditional risk measures as functions on LP spaces while the other approach utilizes
module based convex analysis as presented in this thesis where conditional risk mea-
sures are defined on L? type L°-modules. Both approaches utilize general duality
theory for vector valued convex functions in contrast to the current literature.

By presenting several applications such as monotone and (sub)cash invariant
hulls with corresponding examples we illustrate that module based convex analysis
is well suited to the concept of conditional risk measures.

iii






Zusammenfassung

Motiviert durch Anwendungen aus der Finanzmathematik wird in der vor-
liegenden Dissertation konvexe Analysis fiir Moduln iiber dem geordneten Ring L°
aller Zufallsvariablen studiert. Dabei werden L°-Moduln erarbeitet, die als Pen-
dant zu lokal konvexen Vektorrdumen begriffen werden kénnen, sogenannte lokal
L% Xkonvexe Moduln. Fiir solche L°~Moduln werden Hyperebenen Trennungssitze
bewiesen.

Des weiteren werden Stetigkeits— und Subdifferenzierbarkeitseigenschaften sowie
duale Darstellungen von Fenchel-Moreau Typ fiir L%—konvexe Funktionen unter-
sucht, welche L°~Moduln nach L° abbilden.

Als Beispiele fiir lokal L%—konvexe Moduln werden L°~Moduln analog zu L? und
Orlicz Rdumen préasentiert. Hierbei wird vor allem topologische Vollsténdigkeit der
L% Moduln untersucht und im Falle des L°~Moduls von L? Typ wird zusétzlich das
duale L°~Modul charakterisiert. Anwendungen fiir Risikomafle werden beispielhaft
demonstriert.

Des weiteren werden Resultate beziiglich automatischer Stetigkeit und Sub-
differenzierbarkeit monotoner konvexer Funktionen, welche L°-Moduln nach L°
abbilden, prasentiert. Diese Resultate stellen Verallgemeinerungen von klassischen
Resultaten tiber automatische Stetigkeit und Subdifferenzierbarkeit monotoner kon-
vexer Funktionen und konvexer Risikomafle dar.

Als zentrale Motivation der vorliegenden Arbeit werden zwei unterschiedliche
Zugange zu bedingten Risikomaflen vorgestellt und verglichen. Wahrend dem einen
vektorraumbasierte konvexe Analysis zugrunde liegt, innerhalb dessen bedingte
Risikomafle als Funktionen auf LP Raumen verstanden werden, liegt dem anderen
Zugang modulbasierte konvexe Analysis, wie in dieser Dissertation erarbeitet, zu-
grunde. Bei letzterem werden bedingte Risikomafe als Funktionen auf L°-Moduln
von LP Typ verstanden.

Durch verschiedene Anwendungen, wie zum Beispiel montone (sub)cash in-
variante Hiillen, die im Rahmen zahlreicher Beispiele dargestellt werden, wird
aufgezeigt, dass modulbasierte konvexe Analysis viele niitzliche Resultate fiir das
Konzept bedingter Risikomafle bereitstellt.






Introduction

When in 1999 Artzner et al. introduced the notion of monetary risk measures
they combined two fields of study: a practitioners axiomatic standard for sound
risk assessment and the mathematical discipline of convex analysis, [ADEH99,
ADEHO02]. From this interchange, a lively and rich discussion originated resulting
in a number of articles in both the field of stochastic finance and convex analysis.
As a central theme, the relevant articles address the question to what extent dual
representation and subdifferentiability results for general convex functions can be
rendered more precisely in the specific context of risk measures.

In the course of this discussion, there have been many contributions to extend
the one period setup first to contingent initial data and then eventually to a multi
period framework. The significance and popularity of dynamic financial models
and the delicate matter of applying convex analysis within such models, stand
in contrast to the literature, which neither provides a comprehensive and tailor
made convex analysis toolkit for dynamic financial models nor does it present its
subsequent applications.

To this effect, the aim of the present thesis is twofold: in part one, we establish
a number of standard results from convex analysis in the context of L°(F)-modules
which are perfectly suited for multi period frameworks. While in this part, we only
exploit the prominent structure of convexity, part two is dedicated to an applica-
tion in terms of risk measures for which we explore additional structures that are
economically motivated. Part two should be understood as one possible application
of part one, the latter of which we believe can be beneficial to concepts in stochastic
finance far beyond risk measures.

Why L°(F)-modules? A number of fundamental results in mathematical
finance such as arbitrage theory and duality of risk and utility functions draw
from the fundamental Hahn-Banach extension theorem and its consequences for
hyperplane separation in locally convex vector spaces, cf. [DS06, FS04].

The simplest situation is a one period setup:

T,P,U
(1) R —E

0——T

Random future (date T') payments are modeled as elements of a locally convex
vector space EF endowed with semi norms p. Price, risk or utility assessments 7, p,
or u, map E linearly, convexly, or concavely, into the real line R, respectively.
However, the ideas of hedging and maximizing random future payments with
respect to risk constraints or indifference and equilibrium pricing develop their full
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2 INTRODUCTION

power in a multi period setting. Therefore the initial data is randomized, and
7 =m(w,-), p=pw,-), or u=wu(w,-), become w dependent, where w € £ denotes
the initial states modeled by a probability space (2, F, P). Here F is understood
as the information available at some future initial date t < T

While classical convex analysis perfectly applies in the one period model (1), its
application in a multi period framework is rather delicate. Take, for instance, the
convexity properties of the risk measure p. These properties have to be extended
to w wise convexity properties of p(w,-) for almost all w € . But w wise convex
duality correspondences for p(w,-) have to be made F—measurable in w to assert
intertemporal consistency in a recursive multi period setup. This would require
heavy measurable selection criteria.

We propose instead to consider 7 = 7(w,-), p = p(w,-), or v = u(w,-), as
maps into LO(F) = L°%(Q, F, P), the ordered ring of (equivalence classes of) F-
measurable random variables:

T,0,U

(2) R LY(F)<—F
\/
0 t T

The space E, in turn, is considered as module over L°(F).

This requires hyperplane separation and convex duality results on topological
LO(F)-modules, which seem to be new in the literature. Part one of this thesis pro-
vides a comprehensive treatment of convex analysis for topological L°(F)-modules.
While the emphasis is on financial applications, the results in this part are of the-
oretical nature. We illustrate the scope of applications that can be covered by the
results in part two of this thesis.

From static to conditional risk. Throughout the recent literature there
has been a significant effort to establish Fenchel-Moreau type dual representation
and subdifferentiability results for (static) convex risk measures, cf. [CL08, CL09,
CKO07, Del00, Del02, Del06, FS08b, FS02a, FS02b, FS04, FRG02, KR09,
RS06, Web06]. In the one period model (1) E is equipped with a partial order
and a convex risk measure is a function p : E — (—o0, +-00] that satisfies

(i) p(yX+(1-y)X’) < yp(X)+(1—y)p(X’) for all X, X' € Fand y € [0, 1],
(i) p(X) < p(X') for all X, X' € E with X > X’ and
(iii) p(X +y) =p(X)—yforall X € E and y € R.

The economic interpretation and reasonability of this set of axioms as defining
framework for financial risk measures have been widely discussed in the relevant
literature and there are a number of recent publications that weaken or modify
this set of axioms. Among the most prominent modifications are the concepts of
subcash invariance and quasi convexity; we refer to [EKRO08] and [CVMMMO8|.

Dual representation results and subdifferentiability of p are strongly related to
hyperplane separation of the convex epigraph epip = {(X,c) € E xR | f(X) < ¢}
or the convex level sets {X € E | p(X) < ¢}, ¢ € R, of p. Continuity properties
of p are crucial to meet the assumptions on closedness or openness of these sets so
that hyperplane separation theorems from convex analysis become applicable. It
is therefore a natural question to what extent the set of axioms, with which a risk
measure is defined, implicitly guarantees sufficient continuity properties.
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This question is nicely addressed by Ruszczyriski and Shapiro in [RS06] who
present continuity and subdifferentiability results for static convex risk measures
which draw from results that go back to the Namioka—Klee theorem on automatic
continuity of monotone linear (or even monotone convex) functions on partially
ordered linear topological spaces [Nam57] and which were further generalized by
[Bor87|. The main statement of Ruszczyniski and Shapiro is that if E is a Banach
lattice the convex risk measure p is automatically continuous and subdifferentiable
throughout the interior of its effective domain.

In the meanwhile, many articles have introduced the notion of conditional con-
vex risk measures which extends the notion of convex risk measures to a multi
period framework, cf. [ADET07, BN04, CDK04, CDK05, CDKO06, DS05,
FP06, KS07, Rie04].

As already presented in (2) we assume contingent initial data and randomize the
convex risk measure p = p(w,-). Then p(w, X) is understood as the risk assigned to
the uncertain payoff X given the event {w}. Keeping a tree model in mind provides
us with a nice intuition.

(3)

: I X(‘Un+2)
p(wn+27 X) = p(wn+17 X)
: / T X(wn+1)
p(wm X) = p(wnfla X)
T X(we)

Formally, we fix a stochastic basis (Q,&, P) and the L(F)-module E is now
a subset of L°(£). The time ¢ information F is a sub o—algebra of £. In the tree
model (3) above the singletons {wp_1}, {wn}, {wnt+1} and {wp42} are E-atoms and
{wn-1,wn}, {wnt1,wnt2} are F-atoms.

By L°(F) we denote the class of all F-measurable random variables which take
values in [—o0,+00]. A function p : E — L°(F) is proper if p(X) > —oc for all
X € E and if there is at least one X € E so that p(X) < 400, where equalities and
(strict) inequalities are understood in the almost sure sense. Led by the tree picture
(3) we call a proper function p : E — L°(F) a conditional convex risk measure if it
satisfies

i) pY X +(1-Y)X') <Yp(X)+ (1 =Y)p(X') for all X, X" € E and
Y e LO(F) with0<Y <1,
(i) p(X) < p(X’) for all X, X' € E with X > X’ and
(iii) p(X +Y)=p(X)—Y forall X € Eand Y € LO(F),

with the conventions 0-co = 0,00+ 00 = 00. As suggested in (2) the randomization
of the risk assessment is now given through the L°(F)-valued function p.
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As in the one period case, continuity properties are crucial to dual representa-
tion results and subdifferentiability of conditional convex risk measures. A condi-
tional convex risk measure, however, is defined with a set of economically motivated
axioms. Mathematically yielding properties, such as continuity are a priori not ad-
dressed by this set of axioms, nevertheless they remain crucial for convex analysis.

Therefore, the first aim of part two of this thesis is to establish automatic
continuity and subdifferentiabiliy results for conditional convex risk measures that
generalize the results of [Namb7] and [RS06]. Automatic continuity results in
the theory of static risk measures have first been applied in [CDKO04] and further
developed in [RS06, KR09] and [CL09].

As the results are again of theoretical nature but motivated by financial ap-
plications the second aim of part two is to illustrate these results by means of
conditional convex risk measures.

Conditional convex risk measures suggest modules. The above tree
model (3) is not only a good picture to be kept in mind when reading this thesis.
In fact, it provides us with an additional motivation for the module approach we
follow. This motivation is entirely driven by the axiomatic and intrinsic approach
to conditional convex risk measures.

The reason for this is that the F-atoms A_ = {w,_1,w,} and A, =
{Wn+1,wn+2}, which represent parts of the available non trivial information F,
reveal a local property as a very natural underlying structure of conditional convex
risk assessment.

More precisely, given the information A_ the risk of the position X should
be assessed irrespective of the values X takes on A,. Conversely, a sound risk
assessment of the position X given the information A should be independent
from its values at A_. Formally, this is captured by the following local property

1ap(X) =14p(14X) for all A € F.

It is good news, as we will see below, that conditional convex risk measures share
this local property.

Even though the tree model (3) is a simplification of the general structure
of a filtered probability space, the significance of the local property as underlying
structure of conditional convex risk assessment in general filtered probability spaces
must not be underestimated.

The significance of the local property is due to the fact that the theory of static
as well as conditional risk measures heavily draws from duality techniques of convex
analysis for which continuous linear functions play a very prominent role. As men-
tioned above, one may think of the Hahn—Banach extension theorem, hyperplane
separation theorems and Fenchel-Moreau type dual representation theorems.

The recent literature has shown that for the popular model space L>°(£), the
space of all essentially bounded £-measurable random variables, those continuous
linear functions p : L*°(€) — L (F) are of interest which are of the form E[u(-)] =
E[Z:] for some Z € L'(€), where LP(E) denotes the space of p-integrable random
variables, p € [1,00). Moreover, the local property of a conditional convex risk
measure implies that only those p which are local as well are relevant. By definition,
any linear local p with Eu(-)] = E[Z'] has to be a conditional expectation p =
E[Z-| F]. But any such conditional expectation is in fact a module homomorphism
of the L>®(F)-module L*°(€) into the underlying ring L (F).
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Therefore, the local property suggests to view conditional convex risk measures
as ring valued functions defined on modules rather than as vector valued functions
defined on vector spaces.

Outline. Part one of this thesis is devoted to convex analysis in topological
L°(F)-modules. We establish the corresponding Hahn-Banach extension theorem,
hyperplane separation theorems and we investigate Fenchel-Moreau type dual rep-
resentation results as well as subdifferentiability. We further present important
examples of locally L°(F)-convex modules. This part comprises of [FKV09b] and
of parts of [KV09].

In part two of this thesis we provide an application of convex analysis in L°(F)—
modules. We establish automatic continuity and subdifferentiability results for
monotone convex functions and we present and compare two different approaches
to the concept of conditional convex risk measures. This part comprises of parts of
[KV09] and of [FKV09a].

The present thesis as it stands does not bring together the ideas of only one
single person:

First and foremost, I owe thanks to Damir Filipovi¢. His supervision was impec-
cable at all times and with each and every single discussion, comment, suggestion
and correction he understood to motivate me, to make the best of our ideas and
eventually to bring out the best in me.

I would like to express my deepest gratitude to Michael Kupper. Over the last
two years, he impressed me with plentiful ideas, significantly contributed to the
present thesis and never ceased to just accompany me as a friend.

I would like to thank Freddy Delbaen, Eberhard Mayerhofer and Walter
Schachermayer for a number of insightful discussions at conferences and during
seminars, talks and coffee breaks. Further, I would like to thank Christina Ziehaus
for helpful comments.

I am delighted to thank Andreas Kunz and Frank Schiller for the time they
took to provide me with valuable insights into the practitioners world of risk man-
agement. I am grateful that Helene von Roeder and Benjamin Schickert never tired
to tell me that a good amount of pragmatism may sometimes do the trick as well.
And T thank Leonie for her loving support.

To all of you, may only the best encounter you in all your endeavors and may
our paths cross again in the future.






Setup and notational conventions

Throughout this thesis we let (2, £, P) be a probability space and consider a sub
o-algebra F C £. We denote by L%(G) the ring of real valued G-measurable random
variables for a generic sub o-algebra G C £. Random variables and sets which
coincide almost surely are identified. Recall that L°(G) equipped with the order of
almost sure dominance is a lattice ordered ring. Throughout, the strict inequality
X > Y between two random variables is to be understood as point—wise almost
surely (in other texts, “X > Y is sometimes interpreted as “X > Y and X #Y?”).
We further define LY (G) ={Y € L°(G) | Y > 0} and L (G) ={Y € L°(G) | Y >
0}. By L9(G) we denote the space of all G-measurable random variables which take
values in R = RU{+£o0} and we define L% (G) = {Y € L°(G) | Y > 0}. Throughout,
we follow the convention 0 - (+00) = 0.

By L¥(G) = L*(Q,G, P) we denote the space of G-measurable functions with
finite kth moments, that is,

L¥(G) = {X € L(G) | E[|X|"] < +o0}
where k € [1,400). L>(G) = L>(Q, G, P) denotes the space of essentially bounded
G-measurable random variables.

We further introduce some basic topological concepts and their notation. Let
T be a topology on some set E. Then K C E is closed if K¢ € 7. The interior,

boundary and closure of K are denoted by K 0K, K, respectively. Moreover,
K NOK = 0, K is open 1f and only if K = K and K is closed if and only if

K = K. An element X € K 0K, K is an interior, boundary, closure point of K,
respectively.






Part 1

Separation and duality






CHAPTER 1
Separation in locally L'(F)—convex modules

In this chapter we state the main results on locally L°(F)-convex topologies
and hyperplane separation in locally L°(F)-convex modules. We will consequently
suppress the notational dependence of L% = L°(F) on F as we consider one fixed
o—algebra F.

For the sake of readability, the main results are collected in Section 1.1 while
the proofs are postponed to the subsequent respective sections. In Section 1.2
we prove a Hahn-Banach type extension theorem in the context of L°~modules.
Instead of sublinear and linear functions on a vector space we study L°-sublinear
and L°-linear functions on an L% -module. In Section 1.3 we characterize a class of
topological L°~modules, namely locally L°—convex modules. An important feature
of a locally L%—convex module E is that the neighborhoods of 0 absorb E over L°.
This is the key difference to the notion of a locally convex module which is endowed
with a linear topology and therefore absorbent over the real line, cf. [Har64, OT72,
Wel64]. In [Guo09] further examples of linear topologies on L°%-modules are
introduced and a relation is given to locally L°—convex topologies which are not
linear in general. In fact, in [Guo09] it is clarified under which conditions closed
sets of the respective topologies coincide. The neighborhood base of a locally L%
convex module is constructed by means of L%-semi norms. Such vector valued, or
vectorial, norms go back to [Kan39]. In Section 1.4 we establish some preliminary
results for L°-valued gauge functions. In Section 1.5 we prove the hyperplane
separation theorems in locally L°-convex modules. We separate a non empty open
L%—convex set from an L°—convex set and we strictly separate a point from a non
empty closed L%—convex set by means of continuous L°-linear functions.

1.1. Main results

The order of almost sure dominance allows us to define the following topology
on LY We let

B.={yeL’||Y|<e}

denote the ball of radius ¢ € L3_+ centered at 0 € L. A set V C LU is a neighbor-
hood of Y € LY if there is € € L?H such that Y + B. C V. A set V C L° is open
if it is a neighborhood of all Y € V. Inspection shows that the collection of all
open sets is a topology on LY, which is referred to as topology induced by |- |. By
construction, U = {B. | e € LI, } is a neighborhood base of 0 € L°. Throughout,
we make the convention that L® = (L%, | -|) is endowed with this topology.

Notice that (LY, | -]) is not a real topological vector space, in general. Indeed,
suppose (2, F, P) is atom-less. Then the scalar multiplication R — L% a + «a -1
is not continuous at o = 0. The topology on LY induced by | - | is finer than the
topology of convergence in probability, which is often used in convex analysis on L°,

11



12 1. SEPARATION IN LOCALLY LU(]-")chNVEX MODULES

such as in [BS99]. For example, LY | is open in (L, -]) but not in the topology
of convergence in probability.

However, it follows from Theorem 1.1.4 below that (L, |- ) is a topological
ring or, equivalently, a topological L°~module in the following sense:

DEFINITION 1.1.1. A topological L°~module (E,T) is an L°~module E endowed
with a topology T such that the module operations
(i) (B, 7)x(E,T)— (E,T),(X1,X2) — X1 + X3 and

are continuous w.r.t. the corresponding product topologies.
Locally convex topologies in our framework are defined as follows:

DEFINITION 1.1.2. A topology T on E is locally L°—convez if (E,T) is a topo-
logical L°~module and there is a neighborhood base U of 0 € E for which each U € U
18

(i) LO—conver: YX1+ (1 —=Y)X2 € U for all X1,X2 € U and Y € L° with
0<Y <1,
(ii) L°-absorbent: for all X € E there is Y € LY | such that X € YU,
(iii) L°-balanced: YX € U for all X € U and Y € L° with [Y| < 1.

In this case, (E,T) is a locally L°—convex module.

Note that an LO—convex set K C E with 0 € K satisfies YK C K forallY € L°
with 0 <Y < 1; in particular, 14K C K for all A € F.

Next we show how to construct, and actually characterize all, locally L°—convex
modules. Let E be an L°-module.

DEFINITION 1.1.3. A function || - || : E — LY. is an L°~semi norm on E if:

() |YX| =|Y]|[|X] for allY € L° and X € E,
(i) | X1+ Xo|| < || X1l + | X2 for all X1, X5 € E.

If, moreover,
(iii) || X|| = 0 implies X =0,

then || - || is an L°-norm on E.

Any family P of L%semi norms on E induces a topology in the following way.
For finite Q C P and € € Lg_ 4 we define

Ug.=¢X€E]| sup | X||<e
I-leQ
and
(4) U={Ug,. | QC P finite and€€L3_+}.

We then proceed as for (L°, |-|) above and define a topology, referred to as topology
induced by P, on E with neighborhood base I/ of 0. We thus obtain a locally L°-
convex module, as the following theorem states:

THEOREM 1.1.4. A topological L°-module (E,T) is locally L°-convex if and
only if T is induced by a family of L°—semi norms.

Proor. This follows from Lemma 1.3.1 and Corollary 1.4.4. (]
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By convention, an L°-normed module (E,| - ||) is always endowed with the
locally L°-convex topology induced by || - ||. Notice that any L°-norm | - || on
E = L° satisfies ||[1]| >0 and || - || = ||1]|| - |.

An important L%-normed module is given in the following example which will
be discussed in more detail in Section 3.2 of Chapter 3. Recall that a function
p: B — L%is LO-linear if (Y1 X1 +Y2X5) = Yiu(X1) +You(Xs) forall X1, X, € E
and Y1,Y; € LY.

_ ExaMPLE 1.1.5. Let p € [1,400]. We define the function || -, : L°(&) —
LY(F) by

lim, o E[|X|? An | F]M/P if p < 400,
(5) 1], = { IXpAnl 7]

essinf{Y € L°(F) | Y > |X|} ifp= +oo,

and denote
L5 (&) ={X € L%(&) | | X]l, € L*(F)} -

In Section 3.2 of Chapter 3, it is shown that (L’-(E), ||-||p) is an L°(F)-normed
module, which is complete in the sense that any Cauchy net in L'-(E) has a limit
in L%(E). Moreover, for p < oo, the L°(F)-module of all continuous L°(F)-linear
functions p : L% (E) — L°(F) can be identified with L%-(E), where ¢ = p/(p — 1)
(=40 ifp=1).

Since X/||X|, € LP(E) (with the convention 0/0 = 0) for X € L%(£), we
conclude that L-(E) = L°(F) - LP(E) as sets, cf. Proposition 3.2.1. In particular,
for F = {0,Q} the function || - ||, can be identified with the classical LP —norm. In
turn L’{’@_’Q}(f)) can be identified with the classical LP space LP(E). In fact, when-
ever F = o(A1,...,Ay) is finitely generated, we can identify Lg(Al _____ An)(é') with
LP(E). This relation between L'-(E) and LP(E) is further discussed and illustrated
in Example 6.1.1.

Hahn-Banach type extension theorems for modules appear already in the
fifties. This started with [Ghi50], where modules over totally ordered rings were
considered. Modules over rings which are algebraically and topologically isomor-
phic to the space of essentially bounded measurable functions on a finite measure
space were considered in [Har65, VS67, Orh69]. Nowadays, it is well known,
cf. [BS77, Vuz82], that a Hahn—Banach type extension theorem for modules over
more general ordered rings can be established. In particular, this is the case for
L%-modules.

However, to our knowledge, the following hyperplane separation theorems for
L%-modules are new in the literature. The proofs are given in Section 1.5 below.

THEOREM 1.1.6 (Hyperplane Separation I). Let E be a locally L°—convex mod-
ule and let K, M C E be L°—convex, K open and non empty. If LaAMN1,K = O for
all A € F with P[A] > 0 then there is a continuous LY—linear function y: E — L°
such that

wY < upZ forallY € K and Z € M.

For the second hyperplane separation theorem we need to impose some technical
assumption on the topology.

DEFINITION 1.1.7. A topological L°~module E has the countable concatenation
property if for every countable collection (U,,) of neighborhoods of 0 € E and for
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every countable partition (Ap) C F (Ap N Ap =0 forn #m and |J,cn An = Q)

the set
E lAn Un
neN

again is a neighborhood of 0 € E.
Notice that any L°-normed module has the countable concatenation property.

THEOREM 1.1.8 (Hyperplane Separation II). Let E be a locally L°—convex mod-
ule that has the countable concatenation property and let K C E be closed L°—convex
and non empty. If X € F satisfies 14{X} N14K =0 for all A € F with P[A] >0
then there is € € L?H_ and a continuous L°—linear function p: E — L° such that

pnY +e < uX foralY € K.

1.2. Hahn—Banach extension theorem

In this section, we establish a Hahn-Banach type extension theorem. We re-
call that the main result of this section, Theorem 1.2.6, is already contained in
[BS77, Vuz82]. Nevertheless, for the sake of completeness, we provide a self con-
tained proof which is tailored to our setup. The fact that not all elements in L°
possess a multiplicative inverse leads to difficulties in showing that the "one step
extension” from the proof of the classical Hahn—-Banach theorem is well defined in
our framework. For this reason, we derive some preliminary results first.

The following lemma recalls that F is a complete lattice w.r.t. the partial order
of almost sure set inclusion.

LEMMA 1.2.1. Every non empty collection D C F has a supremum denoted by
ess.supD and called essential supremum of D. Further, if D is directed upwards
(AUB € D for all A, B € D) there is an increasing sequence (Ay) in D such that
ess.supD = |, cn An-

If D C F is empty we set ess.supD = ).

PROOF. For a countable set C C D define A¢ = UAec A. Then A¢c € F and
the upper bound
¢ = sup{P[Ac] | C C D countable}

is attained by some Cyyp; indeed, take a sequence (C,,) in D with P[A¢,] — ¢ and
Csup = UpenCn- Then, Cyyp € F and P[Ac,,,] = c. We conclude that ess.supD =
Ac,,, is as required. Indeed, ess.supD is an upper bound of D, otherwise there
would be A € D with P[A\ess.supD] > 0 and in turn P[A¢, ugay] > PlAc.,,] = c.
To see that ess.supD is a least upper bound, observe ess.supD C A’ whenever
A’ € F with A C A’ for all A € D. By construction, there is an increasing sequence
approximating ess.sup®D if D is directed upwards. (I

Let E be an L°~module. For aset C C E, we define the map M (- | C) : E — F,
(6) M(Z|C)=esssup{A € F|1aZ € C}.

If C'is an L%-submodule of E the collection {A € F | 14Z € C} is directed upwards
for all Z € E and hence there exists an increasing sequence (M,,) C F such that

(7) M(Z|C)= | M,.

neN
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DEFINITION 1.2.2. A set C' C E has the closure property if
(8) 1M(Z|C)Z eC fO’I“ all Z € E.
By C we denote the smallest subset of E that has the closure property and contains
C.
Note that C' is given by
C={luzc)Z | Z € E}

and therefore C' always exists and is well defined. By definition, the closure property
is a property in reference to E. In particular, E has the closure property.

LEMMA 1.2.3. Let C C E be an L°—submodule. Then C is again an L°—
submodule.

PROOF. Let X € C and Y € L°. Denote Z = Y X. By definition, there exists
some X' € E with X = 1,7(x/;¢)X’. Since C is an LY%-submodule of E there exist
an increasing sequence (M,) C F with M,, /" M(X' | C) such that 15, X’ € C.
Hence 15, Z = Y1y, X' € C, and thus M,, € M(Z | C), for all n € N. We
conclude that M (X’ | C) Cc M(Z | C) and thus

YX = Y]-]V[(X'\C)X/ = ]-M(Z|C)Z € é

Now let X = 1,X', Y =15Y’ € C where A := M (X' | C) and B := M(Y" |
(), for some X', Y’ € E. Denote

Z=X+Y =10X +14np(X +Y) +1p4Y.

As above there exist increasing sequences (A4,), (B,) C F with A4, / A and
B, /" B such that 14 X', 15 Y’ € C and thus

LaX =1a\pla, X €C
la,nB, (X +Y)=1p,14, X +14,15,Y €C
lp\aY =1palp, Y €C.
Define the disjoint union M,, = (4, \ B) U (4, N B,) U (B, \ A). We obtain
Im, Z =14\BX + 14,08, (X +Y) +1p\4Y €C,

and thus M,, C M(Z | C), for all n € N. Since M,, /* AU B, we conclude that
AUB C M(Z|C) and thus

X+Y = 1M(Z\C)Z eC.

Hence the lemma is proved. ([l

For a set C' C E we denote by

spanzo(C) = {ZYZ-XZ- | X;€CY,eL’0<i<n,n¢c N}
i=1

the L-submodule of E generated by C. The next example illustrates the situation
where an L%submodule C of E does not have the closure property.
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EXAMPLE 1.2.4. Consider the probability space Q = [0, 1], F = BJ0, 1] the Borel
o-algebra and P the Lebesgue measure on [0,1]. Let E = L°, and define

C =spanpo{l_g-m-1 1_9-n) | 7 € N}.
Then, 1 ¢ C but 1 € C.

PROPOSITION 1.2.5. Let C C E be an L°-submodule of E, Z' € E and Z =
1M(Z’|C)"Z,' Then
(i) M(Z'|C)=M(Z]|C),
(i) X=X"andY =Y on M(Z | C)¢ whenever X +YZ = X'+Y'Z for
X, X' eCandY,Y' € L°, and
(iii) for W € 1M(Z|C)CL0 and an L°~linear function p: C — L°

(9) X +YZ)=puX+YW forall X € C andY € L°

defines the unique L°-linear extension of p to spanyo(C, Z) which satis-
fies pZ =W.
If in addition to this C has the closure property,
(iv) spango(C,Z’) = span;o(C, Z).

PROOF. (i) By definition of Z, M(Z' | C) € M(Z | C), and since P[M(Z |
C)\ M(Z"| C)] > 0 would contradict the definition of M(Z" | C') we have M (Z’ |
C)=M(Z]|C).

(i) X+YZ = X'+Y'Z isequivalent to X — X' = (Y'-Y)Z. U B={Y'-Y #
0} N M(Z | C)° had positive measure then on B, Z = (X — X')/(Y'—=Y) € C in
contradiction to the definition of M (Z | C). Hence Y =Y’ and in turn X = X’ on
M(Z | C)-.

(iii) This is an immediate consequence of (ii).

(iv) By definition of Z, spano(C, Z) C spano(C, Z’). Since C has the closure
property, 1ar(z/c)Z" € C and hence span;o(C, Z) = spanyo(C, Z’). O

A function p : B — LY is LO—sublinear if p(Y X) = Yp(X) for all X € E and
Y € LY and p(X; + X2) < p(X1) + p(X2) for all X1, X, € E. We can now state
and prove the main result of this section.

THEOREM 1.2.6 (Hahn-Banach). Consider an L°—sublinear function p : E —
LY, an L®—submodule C of E and an L°-linear function p: C — L° such that

uX < p(X) for all X € C.

Then p extends to an L°-linear function fi : E — L° such that pX < p(X) for all
X ek

PRrROOF. Step 1: In view of Lemma 1.2.7 below we can assume that C' has the
closure property and that there exists Z’ € E\ C. Then Z = 1y(z/c)eZ" ¢ C and
Z # 0. We will show that p extends L°-linearly to ji : span;o(C,Z) — C, such
that

(10) aX < p(X) for all X € spano(C, Z).
More precisely, we claim that

W = 1p(z|0)e ess.sup(uX — p(X — Z))
XeC
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and fi defined as in (9) satisfies
(11) pX +YW <p(X +YZ)forall X € Cand Y € L°

which, apparently, is equivalent to (10). To verify this claim, let X, X’ € C and
observe

pX +uX' = pu(X+X')
< p(X+X')
= pX'+Z2+X-2)
< pX'+2)+p(X - 2).
Hence,
(12) uX —p(X —2) <p(X'+Z)— pX forall X, X' €C.

Since Z = 0 on M(Z | C) we have uX —p(X — Z) < 0on M(Z | C) as well as
p(X'+2Z)—puX'">00n M(Z | C) for all X, X' € C. Hence, (12) implies

(13) pX —p(X —Z)<W <p(X'+Z) — pX' forall X,X' € C
and in turn
uX =W <p(X £ 27) forall X € C.
From this we derive
(14) Ia(pX +W) <1ap(X + Z) = 14p(X +142)
(15) Lac(uX = W) < 1aep(X = Z) = 1aep(X — 14 2)
for all A € F. Adding up the inequalities in (14) and (15) yields
(16) X + (1a —1ac) W <p(X + (1a —14c)Z) for all X € C and A € F.

Further, for all Y € L° with P[Y # 0] = 1 we have Y/|Y| = 14 — 14c, where
A={Y >0} € F. Thus, (16) implies

(o) ) e+ )

for all X € C and Y € L? with P[Y # 0] = 1. From this we derive
(17) puX+YW <p(X+YZ)forall X € C and Y € L° with P[Y # 0] = 1.

But this already implies the required inequality in (11). Indeed, for X € C and

arbitrary Y € LY we define Y/ = Y14 + 14c, where A = {Y # 0}, and derive from

(17)

(18) La(pX +YW) = 14(uX +Y'W) < Iup(X +Y'Z) = 14p(X + Y Z)

(19)  1ac(pX +YW) =14c(pX) < 1aep(X) = Laep(X + Y Z).

Adding up (18) and (19), we see that (17) implies (11) and complete this step.
Step 2: The set

L°linear

_ _ CcD C FE,D has the closure property
1= (D7 'u) I L°-linear

D7 =" L0 fi|le = pand pX < p(X) for all X € D
is partially ordered by

(D, ) < (D', ') if and only if D C D’ and ji'|p = fi.
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We will show that a totally ordered subset {(D;, i;),% € I} of Z (that is, for all 7, j
either (D;, ft;) < (Dj, i) or (D;, fi;) > (Dj, i;)) has an upper bound and then we
will apply Zorn’s lemma. To this end, observe that D given by
CcD=|JD;CE
il
is an L%-module since {(D;, fi;),i € I} is totally ordered. fi : D — L° given by
fi|p, = [ is L%linear, dominated by p on all of D and ji|c = p. Further, in view
of Lemma 1.2.7 below, we can assume that D has the closure property. Hence,

(D,n) € T is an upper bound for {(D;,[i;),7 € I} and Zorn’s lemma yields the
existence of a maximal element (Dmax, imax) € Z, i.€.

(Dmax» ﬂmax) < (Dv /74) el lmphes (DmaX7 /Jmax) = (D7 ﬂ)
Assume that Dy, # E. Then, by the first step of this proof, fiy.x extends to
P SPaN 0 (Diax, Z) — L°,

where Z € E \ Dmax, which contradicts the maximality of (Dmax, fimax). Hence,
Diax = F and [igax is as desired. O

LEMMA 1.2.7. Let C,pu,p be as in Theorem 1.2.6. Then p extends uniquely to
an L°~linear function fi : C — L° such that i X < p(X) for all X € C.

PROOF. For Z € E, let
(20) ilarzie)Z) = lim p(lar, Z),
where M(Z | C) =,y Mn as in (7). Since for all n <m
1(1ar, Z) = p(ln,, Z) on M,

(20) uniquely and unambiguously defines the L°—linear extension j : C — LO of I
to C. Further, (20) guarantees that X < p(X) for all X € C. O

1.3. Locally L°-convex modules

In this section we establish some facts about locally L°—convex modules. For
more background on general topological spaces we refer to the comprehensive Chap-
ter 2 of [ABO6].

Now let E be an L°-module and 7 the topology induced by some family P
of L°—semi norms on E, see Definition 1.1.3 and below. The following result gives
one direction in the proof of Theorem 1.1.4. The converse direction is proved in
Corollary 1.4.4 below.

LEMMA 1.3.1. (E,T) is a locally L°—convex module.

PRrROOF. Let U denote the neighborhood base given in (4). It follows by inspec-
tion that each U € U is L%—convex, L°-absorbent and L%-balanced as in Definition
1.1.2. To establish (i) and (ii) of Definition 1.1.1, let O € T.

(i) We show that O = {(X,Y) € Ex E| X +Y € O} is open. Let (X,Y) € O
and U = Ug € U such that X +Y +U C O. Then V = Ug ., satisfies V+V C U
and hence (X + V) x (Y 4+ V) C O. This means that (X,Y) is an interior point of
O and (i) follows.
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(ii) We show that O ={(X,Y) e ExL’| XY € O} is open. Consider
(X,Y) € O and U = Ug, € U such that XY + U C O. We find ¢ € LY and
W € U such that

Wx{ZeL’||Z-Y|<e}lcO

as follows. As in the proof of (i) let V € U be such that V+V C U and let e € LY |
be such that X € V, which is possible since V is L°-absorbing. Further, since V/
is L9-balanced,

(Z-Y)XeVif|Z-Y|<e

V is of the form V' = Ug 5, hence W = Ug s/(c+|y|) satisfies (¢ + Y)W C V and
since W is L°-balanced

ZW CV for all Z € L° with |Z] < e+ [Y].
Finally, for |Z —Y| <& and X’ € W we derive
ZX+X)-YX=Z-V)X+ZX' eV+VCU
and the assertion is proved. ([l

Here is a trivial example.

EXAMPLE 1.3.2 (Chaos Topology). The locally L°—convex topology T induced
by the trivial LY—semi norm || - || = 0 on L° consists of the sets ) and L°. T is
called chaos topology and it is an example for a locally L°—convex topology which
is not Hausdorff. Note that T is locally convex and locally L°—convex at the same
time.

1.3.1. The countable concatenation property. A technicality we en-
counter is a certain concatenation property. This concatenation property is crucial
in the context of hyperplane separation, cf. Lemma 1.5.3, Theorem 1.1.8 and the
Examples 1.5.4 and 1.5.5 in Section 1.5 below.

The following result motivates the subsequent definition.

LEMMA 1.3.3. Let P be a family of L°—semi norms inducing a locally L°—convex
topology T on E.

(i) For Ae F and ||-|| € P, 1al| - || is an LO—semi norm.
(i) For a finite collection || -||1,...,[|-|ln € P, sup;—y__, |- |li is an LO—semi
norm.

(iii) Define
Pr=PuU{lal-lIlA€F || eP}

P"=P'U { sup ||-][]@c P ﬁnite}
I-leQ

and denote T' and T" the induced locally L°—convex topologies, respec-
tiwvely. Then T =T' =T"; in other words, we may always assume that,
with every ||-|| € P, P contains 1||-|| for all A € F and that P is closed
under finite suprema.

PROOF. (i) and (ii) follow from the properties of L°~semi norms.
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(iii) Since P ¢ P’ C P we have T C 7' C T"”. The inclusion 7" C 7T follows
from the fact that for all € € LS_ .

U{H'H})E C U{lAH-H},E forall |- || € P and A € F and

Ullflasel-lnbe = Ugsup,_y, liye for all |-l ln € P

O

For a finite collection Ug, ¢,,...,Ug, ¢, and a finite collection of pairwise dis-
joint sets Ay,..., A, € F (A;NA; =0 for ¢ # j), the preceding lemma shows that
S 1 14,Ug, ., is a neighborhood of 0 € E. Indeed, let

n
I-ll=> 14 sup |[-[l= sup 1a sup |-
=1 [I-lleQs i=1,...,n I-leQ:
and € = Z?:l 1a,e:. Then, Z?:l lAiUQ,hEi = U{Il-\l},s-
In the case of a countably infinite sequence (Ug, .,) and a pairwise disjoint
sequence (A,) C F (A;NA; =0 for i # j) the next example illustrates that the
above reasoning does not apply, as the L%—semi norm given by

I-1=>"1a, sup || =supla, sup
T leen neN | leQn

cannot be assumed to belong to P in general.

EXAMPLE 1.3.4. Consider the probability space Q = [0,1], F = 0(A, | n € N)
the o-algebra generated by the sets A, = [1 — 2—(n=1) 1 _ 27", and P the Lebesgue
measure. Define B, = Upm<nAp, and let E = L°. For the family P of L°-semi
norms |« |n = 1a, ||, n €N, we subsequently derive the following:

) |-1=2nen! In € P.
(ii) For alle € LY, Uilite = 2onen 14, Uq) |1, 18 not a neighborhood of
the origin in the locally LO—convex topology induced by P.
(iii) The sequence (1p,+ + lpe)nen converges to O w.r.t. the locally L°—
convez topology induced by P but it does not converge to 0 in the locally
L°~conver topology induced by P U{| - |}.

This leads us to the following definition.

DEFINITION 1.3.5. A family P of L°-semi norms has the countable concatena-

tion property if
Z La,ll-1ln €P,
neN

for every pairwise disjoint sequence (Ay,) C F and for every sequence of L°—semi
norms (|| - ||n) in P.

If P is a family of L°-semi norms which has the countable concatenation prop-
erty then (F,7) has the countable concatenation property in the sense of Definition
1.1.7. Conversely, if (E, T) is a topological L°~module which has the countable con-
catenation property, where 7 is induced by a family P of L%-semi norms, we can
always assume that P has the countable concatenation property. Indeed, inspection
shows that

{Z 1a,ll - lln | (A4) C F pairwise disjoint, (|| - ||») C 77}

neN
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also induces 7.
In view of Lemma 1.3.3 we can always assume that a finite family of L°-semi
norms has the countable concatenation property.

1.3.2. The index set of nets. The neighborhood base U of 0 € E given in
(4) is indexed with the collection of all finite subsets of P and L} . We introduce
a direction ” > ” on this index set as follows:

(21) (Ra,a2) > (R1, 1) if and only if Ry C Ry and a1 < aw

for all finite R1,Ro C P and oy, s € L(Lr‘ We denote nets w.r.t. this index set by
(XRr,)- If E is a topological L% module, not necessarily locally L°—convex, nets
are denoted by (X, )aep or (Xg) for corresponding index set D.

1.4. The gauge function
Let E be an L°-module.

DEFINITION 1.4.1. The gauge function px : E — I_/i of a set K C F is defined
by

(22) pr(X) =ess.inf{Y € LY | X e YK}.

The gauge function px of an L%absorbent set K C E maps E into Lg. More-
over:

PROPOSITION 1.4.2. The gauge function px of an L°-absorbent set K C E
satisfies:

(i) pr(X) <1 forall X € K.
(i) 1apr(1aX) > 1ap(X) for all X € E and A € F.
(iil) Ypx(Lyy>01X) = px(YX) for all X € E and Y € LY ; in particular,
Ypr(X)=px(YX) if Y € LY.

PRroOF. (i) This assertion follows immediately from the definition of p.
(ii) Let X € E and A € F. We have

lgessinf Z = 1yessinfla”Z
XeZK XeZK
(23) > 1a essinf 147
1aX€elaZK
=1 Anf 147 =1 Anf Z
4SBT = 10 il 7

where the inequality in (23) follows since X € ZK implies 14X € 14ZK. Hence,
Lapr (X) > 1apr(14X).
(iii) Let X € E, Y € LY and define A = {Y > 0}. We have

Y ess.inf Z = ess.inf YZ
1AXEZK 1AXEZK

ess.inf 7’
1AXY€E1IAZ'K

= ess.inf 7 = ess.inf Z,
1AXY€EZK XYEZK

and hence Ypr(14X) = pr (Y X). O
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A non empty L%-absorbent L°—convex set K C E always contains the origin;
indeed, let X € E and Y7,Y5 € L3_+ be such that X/Y;,—X/Y; € K. Then, since
K is L%convex,

Y1 X Y, - X X-X

MARY Y4 Y iV

Depending on the choice of K C E, the gauge function px can be L%—sublinear
or an L%-semi norm.

(24) —0€eK.

PROPOSITION 1.4.3. The gauge function px of an L°—absorbent L°—convex set
K C FE satisfies:
(i) pr(X)=essinf{Y € LY, | X e YK} for all X € E.
(ii) Ypr(X) =px(YX) for allY € LY. and X € E.
(i) pr(X +Y) <pr(X) +px(Y) for all XY € E.
(iv) For all X € E there exists a sequence (Z,,) in L° such that

(25) Zn \Pr(X) a.s.
In particular, since 0 € K (cf. (24)), px is L°—sublinear.
If in addition to this K is L°—balanced then px satisfies:
(v) px(YX) = |Y|pr(X) for all Y € LY and for all X € E.
In particular, px is an L°—semi norm.

PROOF. (i) As ”<” follows from the definition of px we only prove the reverse
inequality. To this end, let Y € LY with X = Y Z for some Z € K. Then {Y =
0} C{X =0} and in turn A ={Y > 0} D {X # 0}. Thus, with Y. = 14Y + 14.¢
for e € Lg 4 we have

X=1aX=Y1Z =Y 1Z €Y. 1,K C Y.K.
The claim now follows since ess.inf, ¢ Ly, Y.=Y.
(ii) To prove this assertion we first show that

(26) 1apr (1aX) = 1apg(X) for all X € F and A € F.

(ii) then follows from (iii) of Proposition 1.4.2 together with (26).

To establish (26), we only have to prove the reverse inequality in (23). To this
end, let Y7,Y5 € Lg_ with 14X =112, X =YsZs for Z1,Z5 € K and A€ F. In
particular, 14X = 14:Y5Z5. We have

X =171 +14Y2Z5 = (1AY1 + lAch)(lAZl + lAcZQ)

and since L°-convexity of K implies that 1421 +14cZo = 1421+ (1 —14)Z2 € K
the required inequality follows.
(iii) Let X1,X5 € E and Y1,Y; € L?H such that X;/Y1, Xo/Y, € K. Since K
is LY—convex
i Xy Y Xo X1+ Xo

— + —=———"€cK.
i+ V7 YVi+Ye Y, Yi+Y,
Thus, pK()f,iié;) < 1, and hence px(X; + X2) < Y; + Ya. Since Y; and Y, are
arbitrary, we may take the essential infimum over all such pairs Y7, Y5 and — in view

of (i) — we derive

P (X1 4+ Xo) < pr(X1) + pr(Xa).
(iv) As in the proof of (26), L°—convexity of K implies that the set

{Yelf | XeYK}
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is directed downwards (and upwards) for all X € E.
(v) Let X € E,Y € L% and A = {Y > 0}. Then (26) and (ii) imply
pr(YX) = 14|V [px (X) + 1ac|[Y[pr (=X),

and hence it remains to prove that py(—X) = px(X). But since K is L°~balanced
we have —K = K and hence

pr(=X) =p_g(=X) = pr(X).
O

As a consequence of Proposition 1.4.3, we can now complete the proof of The-
orem 1.1.4:

COROLLARY 1.4.4. Any locally L°—convex topology T on E is induced by a
family of L°—semi norms.

PrROOF. Let U be a neighborhood base of 0 € E such that every U € U is
L%-absorbent, L°-convex and L°-balanced. Then, the family of gauge functions

P={pv |U €U},

by Proposition 1.4.3, is a family of L°-semi norms and the topology induced by P
coincides with 7. O

PROPOSITION 1.4.5. The gauge function pg of an L°-absorbent L°—convex set
K C E (recall that 0 € K, cf. (24)) satisfies:

(i) p(X) > 1 forall X € E with 14X ¢ 14K for all A € F with P[A] > 0.

If in addition to this, F is a locally L°—convex module, then py satisfies:
(i) pr(X) <1 forall X € K.

PRrOOF. To prove (i) let us assume that {px(X) < 1} has positive P-measure
for some X € E with X14 ¢ K for all A € F with P[A] > 0. With (iv) of
Proposition 1.4.3 we know that there is Y € LY such that B = {Y < 1} has
positive P—measure and

XeYK.

But this is a contradiction as we derive
X1lpeYlgK C 15K,

where the last inclusion follows from the LY—convexity of 15K. (Note that 0 € K.)

(ii) Let X € K. Then there exists a neighborhood Ug . (Q C P finite and
€€ L(_)H_) of 0 € E such that X + Ug . C K. In view of Proposition 1.3.3 we can
assume that P is closed under finite suprema and that Ug . = Uy.|,.,}.e» Where
| - lsup = supy.jeg Il - II- Then, for all § € LY |,

[ X = X (L+6)[sup = 6 X lsup-
Thus, choosing ¢ such that §[| X ||sup < &, we derive X(1 + ) € K and hence

pr(X) <1/(1+6) < 1. -
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1.5. Hyperplane separation

Let E be a locally L%—convex module.
Let X € E be such that there is an L°-linear bijection y : span;o(X) — L°.
Then, necessarily

(27) w(YX)=YuX forall Y € L°

and p~' 1 LO — spano(X) is LO-linear as well. Since u is a surjection we derive
from (27) that P[uX # 0] = 1. Further,

Y =p(u ' (Y)) = p(YX) =YX

for all Y € L°. Hence, Y = Y/uX and in turn = }(Y) = YX/uX. On replacing
by p/(pX), we can always assume that pX = 1. In this case, u(YX) =Y and
p Y =YX forall Y € LO.

LEMMA 1.5.1. Let K, M C E be L°—conver, K open and non empty. If 1 ,M N
14K =0 for all A € F with P[A] > 0, then there is an L°-linear function p : E —
L° such that

(28) wY < uZ forallY € K and Z € M.

PRrROOF. We can assume that M is non empty.

Step 1: Suppose first that M = {X} is a singleton.

Without loss of generality, we may assume that 0 € K. Indeed, if 0 ¢ K replace
X by X —Y and K by K —Y for some Y € K which is possible since K # ). Note
that {X — Y}, K — Y remain L%convex, that K —Y remains open non empty and
that an L%linear function p : E — L° separates {X} from K — in the sense of (28)
—if and only if it separates {X — Y} from K — Y.

Thus, let K be L°—convex open non empty and 0 € K. (Note that K is LO—
absorbent.) By assumption, 14X ¢ K for all A € F with P[A4] > 0. In particular,
14X # 0 for all A € F with P[A] > 0. Hence, YX =Y’'X implies Y = Y’ for all
Y,Y' € LY and p : span;o(X) — L°,

(29) wYX)=Y forall Y € L,

is a well-defined L linear bijection of span;o(X) into LY. By Proposition 1.4.3,
the gauge function px : E — L° is L°-sublinear. We show px(Z) > uZ for all
Z € spango(X). For Z € spanyo(X) let Y € L° be the unique element with
Z =Y X. From (26) in the proof of Proposition 1.4.3 we derive

(30) pr(YX)=1apx(1aYX) + 1acpr (14 Y X)

for A ={Y > 0}. Further, with (ii) of Proposition 1.4.3 and (i) of Proposition 1.4.5
we know that

(31) Lap (1Y X) = 14V pr(X) > 14Y = Lap(Y X)
and since px > 0
(32) Laepre (1Y X) > 1acY = 1Laep(Y X).
Adding up (31) and (32), together with (30), yield

pr(YX) > (Y X).
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Hence, pi(Z) > pZ for all Z € span;o(X) and therefore p extends by the Hahn—
Banach Theorem 1.2.6 to u: E — LY such that

nY <pg(Y)forall € E.
In particular, for all Y € K
pY <pr(Y) <1=pX,

where the strict inequality follows from (ii) of Proposition 1.4.5 and the equality
follows from (29).

Step 2: Now let M be as in the lemma. Then, K — M is L°~convex open non
empty and 14{0} N14(K — M) = { for all A € F with P[A] > 0. Thus, from the
first step of this proof, there is an L%-linear function y : E — L° with

wY —Z)<0forallY €e Kand Z € M

and the assertion is proved. (I

LEMMA 1.5.2. Let K C E be open L°—conver with 0 € K. If p: E — L° is
LO-linear such that
wX) <pg(X) forall X e E

then p is continuous.

PrOOF. It suffices to show that u~!B. is a neighborhood of 0 € E for each
ball B. centered at 0 € L°. Thus, let € € L0++' The set U = eK N —eK is a
neighborhood of 0 € E. (Indeed, let V = Ug s C K, be a neighborhood of 0 € E,
which exists since K is open and 0 € K. Then, eV = Ug s is an L-balanced
neighborhood of 0 € E. Further, ¢V C ¢K, —eV C —eK and since eV is LO-
balanced eV = —eV and in turn €V C eK N —eK.) Further, for all X € U we
have

m(X) < pr(X) <€ and
—p(X) = p(—X) < pr(~X) <.
Thus, |u(X)| < € and hence U C ! Be.. O
We can now prove Theorem 1.1.6.

PROOF. We can assume that M is non empty. Define L = K — M. For X € L,
the set L — X is L°-convex open and 0 € L — X. By assumption, 0 ¢ 14L for all
A € F with P[A] > 0 and so 14(—X) ¢ 14(L— X). From the first step of the proof
of Lemma, 1.5.1 we know that there is an L°-linear function p: E — L° such that

pY <pr_x(Y)forallY € E.
By Lemma 1.5.2, p is continuous. Further,
pY <p(—X)forallY e L — X.
and Theorem 1.1.6 is proved. (I

LEMMA 1.5.3. Let P be a family of L°—semi norms inducing a locally L°—convex
topology on E and let K C E be closed with 14X + 14X’ € K for all A € F and
X, X" € K. If P has the countable concatenation property and X € E satisfies
1a{X} N 14K = 0 for all A € F with P[A] > 0, then there is an L°—convexz,
L°-absorbent and L°-balanced neighborhood U of 0 € E such that

1A(X+U)Q1A(K+U):®
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for all A € F with P[A] > 0.

PROOF. We can assume that K # (). Via translation by X, we can assume that
0¢ 14K for all A € F with P[A] > 0. Thus, it suffices to construct an L—convex,
L%-absorbent and L°-balanced neighborhood U of 0 € E such that

1AUNIA(K+U) =10

for all A € F with P[A] > 0.

Step 1: In this step we construct an L°-convex, L%-absorbent, L% balanced
neighborhood U of 0 € E such that 1,U N 14K = @ for all A € F with P[4] > 0.
To this end, define

e =1A esssup essinf{e € LY, |Ug.NK # 0}
QCP finite

(Note that for all @ C P finite there is e € LY, such that Ug . N K # () since all
neighborhoods of 0 € E are L%-absorbent.) Successively we show that £* satisfies:

(i) e* e LY.
(ii) There is an L°-semi norm | - ||* € P such that

e* .
5 < GSS.lnf{E c Li+ ‘ U{HH*},E NK 75 Q)}

(iii) lAU{H‘H*},S*/Q N14K = ( for all A € F with P[A] > 0. (Note that
U{j|-}.e* /2 18 LO-convex, L~absorbent, L balanced and closed.)

(i) Suppose P[A] > 0, A = {¢* = 0}. Then for all @ C P finite and for all
a € LY thereis Xg € K such that

1AXQ,a S UQ,l/a N14K.

Hence, for X € K the net (14Xg o + 14cX) converges to 14X and 14Xg o +
14X € K for all Q@ C P finite and for all o € L9r+. Since K is closed, we derive
14X € K, which is impossible as it would imply 0 = 1414 X € 14 K.

(ii) For all finite Q C P, let

eg =ess.inf{e € LY, | Ug. N K # 0}.

For finite Q,Q" C P, Uguo',e C Uge,Ug . Thus, the collection {eg | @ C
P finite} is directed upwards and hence there is an increasing sequence (eg,, ) with
1ANeg, /€ as. Let

Ay ={eg, >€"/2},
A, ={eg, >e*/2}\ A1 for all n > 2.
A, / Q) since e* > &* /2. Further, the L°-semi norm

-0 =>"1a, sup |-

= e,

Then, UneN

is an element of P since P has the countable concatenation property and || - ||* is
as required.

(iii) Finally, assume there is A € F, P[A] > 0, and X € K such that 14X €
1AU{HH*},€"/2 Then

*

Lyess.inf{e € LY, | Ug 1, N K # 0} < 1A%,

in contradiction to the statement in (ii).
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Step 2: From the first step we have [|-|| € P and e € L} | such that 14Ug).3,:N
14K = 0§ for all A € F with P[A] > 0. This implies 14Ug).y,c2 N 1a(K +
U{l1}.e/2) = 0 for all A € F with P[A] > 0 and the assertion follows. O

The next example illustrates, that the countable concatenation property, as an
assumption on P in Lemma 1.5.3, cannot be omitted.

EXAMPLE 1.5.4. Let (Q,F,P), A,, and the family P of L°—semi norms on
E = L be as in Example 1.8.4. From Example 1.5.4 we know that P does not have
the countable concatenation property. We now further derive the following:
(i) The set K = {X € E | X > 1} is closed with respect to the locally
L% —convez topology on E induced by P.

Indeed, if X ¢ K then there isn € N such that 0 <1 —-X =c e R
on An. But then X + U1, ||}.c/2 defines a neighborhood of X which is
disjoint of K. Hence K€ is open.

(ii) 14K N{0} =0 for all A € F with P[A] > 0.

This follows as 14, K N {0} = 0, for all atoms A,,n € N.

(iii) For every neighborhood U of 0 € E there exists A € F with P[A] > 0
such that 1, K NU # 0.

Indeed, for every meighborhood U of 0 € E there isn € N and € €
LY, such that Ugy, |4y, C U. Note that P[B,] < 1. But now, 1p: K C
g B = lBgU{anH})g cU.

We can now prove Theorem 1.1.8.

PROOF. Recall we can assume a family P of L°-semi norms induces the locally
L°—convex topology on E and that P inherits the countable concatenation property
from F.

By Lemma 1.5.3, there is an L°—convex, L°-absorbent and L°-balanced neigh-
borhood U of 0 € E such that

1A(X+U)Q1A(K+U):®

for all A € F with P[A] > 0. Since K +U, X + U are L%—convex open and K + U is
non empty Theorem 1.1.6 yields a continuous L°-linear function p: E — L° such
that

pY <pZforallY e K+Uand Z € X +U.

Further, from the first step of the proof of Lemma 1.5.1 we know that there is
Xy € E such that
w(YXo)=Y forall Y € L°.

Since U is L%-absorbent and L-balanced there is ¢ € L} such that —eX, € U.
Thus,
pY <p(X —eXg)=pX —cforallY e K +U.

In particular,
wY +e<puX foralY € K,

whence Theorem 1.1.8 is proved. (]

We provide an example which illustrates that the countable concatenation prop-
erty, as an assumption on P in Theorem 1.1.8, cannot be omitted.
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EXAMPLE 1.5.5. Let (Q,F,P), A,, and the family P of L°~semi norms on
E = L° be as in Ezample 1.5.4. Then the closed subset K = {X € E | X > 1} of
E cannot be separated from 0 by a continuous L°-linear function.

Indeed, as every L°—linear function u: E — L° is of the form

pX => 1a,a,X for all X € E,
neN

for some sequence (a,) C R, we conclude that a, > 0 for alln € N if i separates 0
from K. Such i, however, is not continuous at 0. To see this, let Z = ZneN la, an,
€€ L9|—+ and observe that

pHY € L ||V < e} = {X € B| [X/2] <&}
is not a neighborhood of 0 € E.



CHAPTER 2

Duality in locally L°(F)-convex modules

In this chapter we state the main Fenchel-Moreau type duality results in locally
L%-convex modules. (As in the preceding chapter, we will consequently suppress
the notational dependence of LY on the o—algebra F.)

As in the previous chapter, the main results are presented in Section 2.1. Sec-
tion 2.2 illustrates the scope of financial applications. As in the previous chapter,
all proofs are postponed to the subsequent respective sections. In Section 2.3 we
prove that L°-convex functions share a certain local property. In Section 2.4 we
characterize lower semi continuous functions. In Section 2.5 we establish continuity
results for L—convex functions. For instance, under topological assumptions on
the L°~module E, proper L°—convex functions are automatically continuous on the
interior of their effective domain. In Section 2.6 we prove that proper lower semi
continuous L%-convex functions are subdifferentiable on the interior of their effec-
tive domain. In Section 2.7 we prove our Fenchel-Moreau type dual representation
for proper lower semi continuous L°-convex functions.

2.1. Main results

We first recall and introduce some terminology. Let E be an L°-module. A
function f : E — L° is proper if f(X) > —oc for all X € E and if there is at
least one X € E such that f(X) < +oc0o. The effective domain of a proper function
f: E — LY is defined by domf = {X € E | f(X) < +oc}. The epigraph of f is
denoted by epif = {(X,Y) e Ex L° | f(X) <Y}.

DEFINITION 2.1.1. Let E be an L°~module and f : E — L° a proper function.

(i) fis LO—conver if f(YX1+ (1 -Y)X2) <Y f(X1)+ (1 -Y)f(X2) for all
X, Xo€E andY € L° with0 <Y < 1.

(ii) f has the local property if 1af(X) = 1af(1aX) for all X € E and
A e F. In this case, f is also called local.

As a first result in this chapter, we obtain that L?—convexity enforces the local
property. The proof is given in Section 2.3 below.

THEOREM 2.1.2. Let E be an L°-module. A proper function f : E — LY is
LO—convez if and only if f has the local property and epif is L°—convez.

We now address some topological properties of L%—convex functions.

DEFINITION 2.1.3. Let E be a topological L°-module. A function f : E — L°
is lower semi continuous if for all Y € LY the level set {X € E | f(X) <Y} is
closed.

As one expects from the real case, lower semi continuity of an L°—convex func-
tion can also be characterized in terms of its epigraph. In fact, the following result
is proved in Section 2.4.

29
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PROPOSITION 2.1.4. Let E be a locally L° ~convex module that has the countable
concatenation property. A proper function f : E — L° that has the local property
is lower semi continuous if and only if epif is closed.

A subset B of a topological L'~module E is an L°-barrel if it is L°—convex,
L% absorbent, L°-balanced and closed. A locally L°—convex module E is an L%-
barreled module if every L°-barrel is a neighborhood of 0 € E. It follows by
inspection that L°-normed modules are L%~barreled. The following result is proved
in Section 2.5.

PROPOSITION 2.1.5. Let E be an L°-barreled module. A proper lower semi

— [e]
continuous L°—convex function f : E — L° is continuous on domf.

We now turn to our main, Fenchel-Moreau type, duality results. Let E be
a topological L°-module, and denote by L(E, L") the L%-module of continuous
L°linear functions u : E — L°. The conjugate f* : L(E, L°) — L° of a function
f: E — L? is defined by

(33) f7(p) = ess.sup(uX — f(X)).
XeE
Further, the conjugate f** : E — L° of f* is defined by
(34) FHX) = esssup (X — £ ().
HEL(E,LC)

DEFINITION 2.1.6. Let E be a topological Lffmodule. An element ju of L(E, L)
is a subgradient of a proper function f : E — LY at Xy € domf if

WX = Xo) < f(X) = f(Xo), forall X € E.
The set of all subgradients of f at Xo is denoted by 0f(Xo).

A pre stage of Theorem 2.1.7 below, which we will prove in Section 2.6, is
given in Kutateladze [Kut79, Kut80, Kut81]. However, Kutateladze entirely
remains within an algebraic scope as he does not address topological aspects such
as continuity. More precisely, he provides necessary and sufficient conditions for
the existence of algebraic subgradients of L%-sublinear functions in terms of the
underlying ring. Further, Kutateladze only covers the case of L9—sublinear functions
which take values in L? adjoint +oo, that is, L°U{+oc} rather than functions which
take values in LY.

THEOREM 2.1.7. Let E be an_Lofbarreled module that has the countable con-
catenation property. Let f : E — LY be a proper lower semi continuous L°—convex
function. Then,

Of(X) £ 0 for all X € domf.

Here is the generalized Fenchel-Moreau duality theorem, the proof of which is
given in Section 2.7.

THEOREM 2.1.8. Let E be a locally L%—convex module that has the countable
concatenation property. Let f : E — LY be a proper lower semi continuous L°—
convex function. Then,

](' — f**.
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2.2. Financial applications

In this section we illustrate the scope of applications that can be covered by
our results. The entropic risk measure pg : LY — [—o0, +-00] is defined as

po(X) = log Elexp(—X)].

Its restriction to the locally convex vector space LP, p € [1,+00], is proper convex
lower semi continuous. Classical convex analysis yields the dual representation

po(X) = nggq(E[ZX] —po(2))

with conjugate function

po(Z) = sup (E[ZX] — po(X))

(which equals E[—Zlog(—Z)] if defined and +oco otherwise) where ¢ = p/(p — 1)
(= 400 if p=1), cf. [FS08b]. For p = 400, in particular, pg is continuous and sub-

differentiable on dompy = L with unique subgradient — exp(—X)/E[exp(—X)] at
X e L*™.

Market models in stochastic finance involve filtrations which represent the flow
of information provided by the market. Let (2, &, P) be endowed with a filtration
(Fi)ten. We shall now write L°(E), L°(F;), etc. to express the respective reference
o-algebra. The [—oo, +oo]-valued entropic risk measure py can be made contingent
on the information available at ¢+ by modifying it to p; : L°(£) — L°(F),

pt(X) = log Elexp(—X) | F].

As in the deterministic case, subdifferentiability and dual representation of p; are
important aspects in risk management applications. For this reason, p; must be
restricted to a space which allows for convex analysis.

The restriction p; to bounded risks, that is L>°(€), has been analyzed in [BN04,
CDKO06, DS05, FPO06]. It turns out that p, maps L>(€) into L>°(F;). Convex
analysis of p; can then be carried out by means of scalarization, an idea which goes
back to [Har65, Orh69, VS67].

However, L>°(€) is a too narrow model space for financial risks. For instance,
it does not contain normal distributed random variables. The space L?(E), for
p € [1,+00), is larger and already sufficient for many applications. But p; restricted
to LP(€) takes values in L°(F;) and the scalarization method used in the previous
literature would have to be adapted accordingly.

Exploiting our results, we thus propose to view p; as a function on the L°(F;)—
module LY (€), defined in Example 1.1.5, which in fact is much larger than L?(£)
and thus even better apt for applications. The function p; : Lz}t (&) — Lo°(F) is
proper L%-convex. Fatou’s generalized lemma and Lemma 2.4.2 show that p; is
lower semi continuous. Moreover, from Theorem 2.1.8 we know that the following
dual representation applies

p(X) = esssup (BIZX | F) - pi(2))
ZeL"ft (&)
= ess.sup (YE[Z'X | ] — p; (Y Z")).
YEeLO(F:),Z'€La(€)

For time-consistent dynamic risk assessment, compositions of the form p; o

(—pi+1) are another important aspect, cf. [CDKO06, FP06]. For the entropic risk
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measure we derive in an ad hoc manner that p;o(—p;11) = p; on L°(&). Hence, our
results immediately apply to the dynamic risk assessment by means of the entropic
risk measure.

2.3. Proof of Theorem 2.1.2
To prove the if statement, let X;,Xo € E and Y € I° 0 <Y < 1. The
inequality
(35) JYXi+(1-Y)Xo) <Y [f(Xy)+ (1-Y)f(X2)
is trivially valid on {f(X;) = +o0}U{f(X2) = +00}. Since f is proper there is X €
E such that f(X) < 4o0. Since f has the local property we derive f(X7), f(X}) <
400 for
X1 = Lpx<too) X1+ Lip(x) =100} X and
Xo = 1{p(x0) < o0} X2 + Lip(x) =00} X
From L%-convexity of epif we derive
(36) FIYX]+ (1= Y)X3) ¥ F(X0) + (1= Y)F(X3).
The local property of f together with (35) and (36) yields
JYXy + (- Y)Xo) < YF(X0) + (1 - Y) f(Xa),

that is, f is L%-convex.

To establish the only if statement, observe that epif is L°—convex if f is L
convex. Thus, it suffices to prove that f has the local property. This, however,
follows from the inequalities

FUAX) = F(LAX +14:0) < 1Af(X) + 14-£(0)
lAf(lA(lAX) + 1AcX) + 1Acf(0>
1af(1aX) 4+ 14 f(0)

which become equalities if multiplied with 1 4.

IA

2.4. Lower semi continuous functions

LEMMA 2.4.1. Let E be a topological Lofmodule._ The essential supremum of a
family of lower semi continuous functions f; : E — L°, i € I, I an arbitrary index
set, is lower semi continuous.

PROOF. The assertion follows from the identity

{X|X €Eand ess.sup fi(X) <V} =(|{X|X € Eand f;(X) <Y}
el iel

forall Y € LO. O
The essential limit inferior ess.liminf, X, of a net (X,) C LY is defined by

ess.liminf X, = ess.supess.inf X3
@ e B>a
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LEMMA 2.4.2. Let E be a locally L°-convex module that has the countable
concatenation property. A proper function f : E — L° that has the local property
is lower semi continuous if and only if

(37) ess.lgminff(Xa) > f(X)

for all nets (Xo) C E with X, — X for some X € E.

PROOF. Assume that f has the local property, is lower semi continuous and
let (X,) C E be such that X, — X for some X € E. Let Y € L° be such
that Y < f(X) which is possible since f is proper. By lower semi continuity of
fytheset V.={Z € E | f(Z) <Y} is closed and by the local property we have
140X+ 14 X" €V forall A€ F and X', X" € V. Further,

1aX ¢ 14V

for all A € F with P[A] > 0. By Lemma 1.5.3 there is a neighborhood U of 0 € E
such that 14(X +U)N14V =0 for all A € F with P[A] > 0. Since X, — X there
is ag such that Xg € X +U for all 5 > ag. Due to the local property, 14 Xg ¢ 14V
for all 8 > ap and A € F with P[A] > 0. Hence, f(Xg) > Y for all 6 > ay and in
turn

ess.liminf f(X,) = ess.sup esbsgnf f(Xg)

Y

inf f(Xg) >Y.
ess.inf f(Xp) >
Since Y was arbitrary, we deduce (37).
Now assume (37) and let Y € L°. We have to show that the set
V={Z2eE[f(2) <Y}

is closed. To this end, let (X,) C V and X € E with X, — X for some X € E.
Then, from the inequality f(X,) <Y for each a, we obtain

f(X) < essliminf f(X,) <Y,
(e}
so X € V. That is, V is closed, and hence f is lower semi continuous. [l
Next, we prove Proposition 2.1.4.

PROOF. Define ¢ : E x L° — L° by
B(X,Y) = F(X) - Y.

From Lemma 2.4.2 and the definition of the product topology we derive that lower
semi continuity of f on E is equivalent to lower semi continuity of ¢ on E x L.
For all Z € LY we have

{(X,Y)€e Ex L | ¢(X,Y) < Z} =epif — (0, 2).

Since E'x L? is a topological LY—module we derive that {(X,Y) € ExL? | ¢(X,Y) <
Z} is closed if and only if epif is closed. This proves Proposition 2.1.4. O
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2.5. Lower semi continuous L°—convex functions

LEMMA 2.5.1. Let E be a topological Loimodule, If in the meighborhood of
Xo € E a proper L°—convex function f : E — L° is bounded above by Yy € L° then
f is continuous at Xg.

PROOF. On replacing f by f(-+Xo)— f(Xo), we assume that Xo = f(Xo) = 0.
Let 6 € LY, and f(X) < Y, for all X in a neighborhood V of 0 € E. We have
to show that there is a neighborhood Ws of 0 € E such that |f(X)| < § for all
X e Ws.

Without loss of generality we can assume that Yy is such that ¢ = §/Yy > 0
is well defined and ¢ < 1. Since E is a topological L°~module W = V N —V is a
symmetric (W = —W) neighborhood of 0 € E. We will show that the neighborhood
Ws = eW is as required. Indeed, for all X € eWW we have £X/e € V and hence
L%convexity of f implies

fX) <A —-e)f(0) +ef(X/e) <e¥o =10
and f(X) > (14¢e)f(0) —ef(—=X/e) > —eYy = —6.

Thus, |f(X)] < § for all X € Wy, whence the required continuity follows. O

PROPOSITION 2.5.2. Let E be a topological L°-module. Let f : E — L° be a
proper LY —convex function. The following statements are equivalent:
(i) There is a non empty open set O C E on which f is bounded above by
Y, € L.

(ii) f is continuous on domf and domjf # ().

PROOF. (ii) implies (i) since for every Xy € domf and for every 6 € LY (F)
there is a neighborhood V' of Xy such that f(Xg) —0 < f(X) < f(Xo) + ¢ for all

XeV.O= XO/ and Yy = f(Xo) + ¢ are then as required.

Conversely, let O and Y; be as in (i) and take Xo € O. Then, Xy € do;nf,
whence do?n f # 0. To see that f is continuous on do?n f,let X7 € doin f. Observe
that there is Y7 € L?H, Y7 > 1, such that X5 = X + Y1 (X1 — Xo) € do;nf. Since
E is a topological L°~module the map H : E — E given by
Y1 -1

Yi

is continuous and has continuous inverse H~!. As H transforms X, into X7, it
transforms O into an open set H(O) containing X;. By L°-convexity of f, we have
for all X € H(O)

H(X) =X, —

(Xo—X)forall X € E

fX) = f (THI(X) n 1ix)
Y1 -1 B 1
< B i () + 5 100)
Y _
< 1Y1 1Y0+ Yilf(Xz)-

In other words, for every X; € domf there is a neighborhood of X; on which f is
bounded above by an element of L°. By Lemma 2.5.1, f is continuous at X;. [
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COROLLARY 2.5.3. Let E be a topological L°-module and X € E. Every proper
LO—convex function f : spanjo(X) — L° is continuous (with respect to the trace

topology) on domjf.

PrOOF. Without loss of generality we assume that 0 € domf, else translate.
Then there is a neighborhood U of 0 € span;o(X) and Y € L% such that X =

YX € U C domf. From L%—convexity it follows that f is bounded above by
sup(f(0), f(X)) on the open set

(AX|0<A<1,Xe L%
and hence, by Proposition 2.5.2, f is continuous on domf. O

We can now prove Proposition 2.1.5.

PrOOF. Assume that there is Xy € domf. By translation, we may assume
Xo = 0. Take Yy € L such that f(0) < Y. By assumption, the level set C = {X €
E | f(X) < Yo} is closed. Further, for all X € E the net (X/Y)YEL_OH_ converges

to 0 € E. By Corollary 2.5.3, the restriction of f to span;o(X) is continuous at

0, hence f(X/Y) < Yy for large Y which implies that C is L°-absorbent. Hence,

C N —C is an L% barrel and in turn a neighborhood of 0 € E. Thus, C is a

neighborhood of 0 € F and since f is bounded above by Yy on all of C' it is

continuous at 0. This proves Proposition 2.1.5. ([l
2.6. Subdifferentiability

Let E be a topological L°-module and f : E — L° be a proper function. Recall
the Definitions (33) and (34) of the conjugates f* and f** of f and f*, respectively.
If f* is proper its effective domain is given by the set

{u € L(E, L% | 3Y € L : ess.sup(uX — f(X)) < Y} :
X€eE

Since f is proper f* maps its effective domain into L% and f* is L% convex if f is
so. If f** is proper its effective domain is given by the set

XecE|3IY eL®: esssup (uX — f*(u) <Y ;.
weL(E,LO)

Again, if f* is proper f** maps its effective domain into L® and f** is L%—convex
if f* is so. Since for all X € F and pu € L(E, L),
(38) fr(p) = pX - f(X)
we have for all X € E
(39) F(X) = £ ().
For € L(E, L") and X, € domf we have
(40) € 9f(Xo) if and only if f(Xo) = pXo — f* (1)
Indeed, pu € 9f(Xo) by definition means
f(Xo) < uXo— (X — f(X)) for all X € E.
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This is equivalent to
f(Xo) < puXo — eS;.S}Elp(uX = f(X)) = pXo — f*(w)
€

which, by (38), is equivalent to f(Xo) = uXo — f*(n).
With (39) and (40) we know that p € 9f(Xo) maximizes (34) at X, i.e.
[ (Xo) = pXo — f*(p)-
LEMMA 2.6.1. Let E be an L°—barreled module that has the countable concate-

nation property. Let f : E — LY be a proper lower semi continuous function that
has the local property. Equivalent are:

(i) domf # 0.

(ii) epif # 0.
Further, for all X € domf, (X, f(X)) € depif and 14(X, f(X)) ¢ 1Ae;if for all
A € F with P[A] > 0.

ProOF. To prove that (i) implies (ii), let £ € L%, and X € domf. We claim

(41) (X, f(X) +¢) € epif.

To verify this, we show that there is a neighborhood U of (X, f(X) + &) such
that U C epif. By Proposition 2.1.5, f is continuous at X. Hence, there is a
neighborhood Ug of X such that

f(X)+¢e/3> f(X') for all X' € Ug.
This implies
(X, f(X)+¢e) e Ug x Upo C epif,
where
Upo ={Y e L° | |f(X)+e—-Y|<e/3}.
U =Ug x Upo is as required and (41) is proved.

Conversely, to prove that (ii) implies (i), let (X,Y) € epif. Then there are
neighborhoods Ug and Uyo of X and Y respectively such that U = UgxUpo C epif.

In particular, f(X') < o0 for all X’ € Ug and hence X € domf.
Next, let X € domf. To prove (X, f(X)) € Oepif we show that every U C
E x L° of the form

U=Ug x (Y € L° | | f(X) - Y| <<},
Ug C E a neighborhood of X, satisfies
UnNepif #0# U Nepife.

Observe (X, f(X) —¢/2),(X, f(X)+¢/2) € U and (X, f(X) — &/2) ¢ epif and
(X, f(X) +¢/2) € epif, which proves (X, f(X)) € Oepif. For fixed A € F with

P[A] > 0, we show in a similar way that 14(X, f(X)) ¢ laepif. Observe that
every U C E x L of the form

U=Ugx{Y eL’|[1af(X)-Y]| <&},
Ugr C E a neighborhood of 14X, satisfies
UnNepifc# 0.
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Indeed, 14(X, f(X) —¢/2) € U and yet 14(X, f(X) —&/2) ¢ 14epif by the local
property of f. This proves 14(X, f(X)) ¢ 14epif. O

Next, we prove Theorem 2.1.7.

PrOOF. Let Xy € domf. We separate (Xo, f(Xo)) from epif by means of
Theorem 1.1.6. By Lemma 2.6.1, epif is non empty, (X, f(Xo)) € depif and

1a{(Xo, £(Xo))} N 1aepif = 0 for all A € F with P[A] > 0.

Hence, there are continuous L°-linear functions p; : £ — L° and py : LO — L°
such that

(42) X+ peY < piXo+ /le(Xo) for all (X, Y) € epif.

From (42) together with the fact that usY = Ypusl for all Y € L° we derive
that pel < 0. We will show that —pq/p2l € 9f(Xp). To this end, let X € E,
A= {f(X) = +o0} and X = 14X¢ + 14cX. Then, X € domf and in turn
()?,f()?)) € Oepif. Thus, there is a net (Xg o, Yr,o) C epif which converges to
(X, f(X)) and for which

(43) P1XR o + YR apel < p1Xo + p2f(Xo) for all R, o

Since py is continuous we may pass to limits in (43) yielding

'w“iwagf@U—ﬂxﬂ

Finally, from the local property of f and u; we derive
—u1 (X — X
X=X < pix) - px)
H2

and since X € F was arbitrary we conclude that —uq/ps1 indeed is a subgradient
of f at Xy. This proves Theorem 2.1.7. (|

2.7. Proof of the Fenchel-Moreau duality theorem 2.1.8

In this section, we prove Theorem 2.1.8. The proof follows a known pattern,
cf. Proposition A.6 in [FS04]; however, it contains certain subtleties due to our
LYconvex framework.

We fix Xy € E, and proceed in two steps.

Step 1: Let 8 € LY with 3 < f(X). In this step, we show there is a continuous
function h : E — L9 of the form

(44) hMX)=pX+Z,
where p : E — L is continuous L°-linear and Z € L, such that h(Xy) = 8 and

h(X) < f(X) for all X € E. To this end, we separate (X, 8) from epif by means
of Theorem 1.1.8. It applies since 8 < f(Xp) and the local property of f imply

1a{(Xo,8)} N1aepif =0 for all A € F with P[A] > 0.

(Note, epif is closed by Proposition 2.1.4.) Hence, there are continuous L°-linear
functions p1 : B — L% and g : LY — L° such that

(45) 6= ess.sup X + poY < i1 Xo + pof.
(X,Y)€epif
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This has two consequences:

(i) pal < 0.

Indeed, Y = Ypusl for all Y € L°. Further, (X,Y) € epif for
arbitrarily large Y as long as f(X) < Y. Hence, for large Y € L°,
1 X + oY is large on {u21 > 0} and yet bounded above by p3 Xo + u2/3.
This implies P[us1 > 0] = 0.

(i) {f(Xo) <400} C {p21 <0}

Indeed, define Xy = l{f(X0)<+oo}X0 + l{f(Xo):—i-oo}X for some X €
domf. (f is proper by assumption.) By L—convexity of f, X, € domf.
Local property of f and (45) imply on {f(Xo) < +oo}

11 Xo + pi2 f(Xo) = p1Xo + piz f(Xo) < p1Xo + paf3.
Hence, f(Xo)p2l = puaf(Xo) < pef = Bu2l on {f(Xo) < +oo} and so
w2l < 0on {f(Xo) < +oo}.
We distinguish the cases Xy € domf and X ¢ domf.
Case 1. Assume X € domf. By (ii), puol < 0. Thus, define h by
(X = Xo)
a2l
which is as required. Indeed, h(X) < f(X) for all X € domf as a consequence of
(45). If X ¢ domf we have
(46) 1ph(X) = 15h(X") < 1pf(X') = 15f(X),

where X' = 15X + 15 X" for some X” € domf and B = {f(X) < 4+o00}. Hence,
hMX) < f(X) foral X € E.

Case 2. Assume Xy ¢ domf. Then chose any X{, € domf and let A’ be the
corresponding L%-affine minorant as constructed in case 1 above. Define 4; =
{/1,21 < 0}, Ay = Ai and hi,ho : B — LO,

mx) = Lo, (-2 5,
{1A2 (W(X) + 6 — I Xo)) on {(Xo) > B}

1a, (h’(X) n %E(X)) on {1 (Xo) < 5}’

h(X) = +pforal X e £

ha(X) =

with the convention 0/0 = 0, where h : E — LO,
W(X)=0—mX.
Note that on {u21 = 0}, h(Xo) < 0 and h(X) > 0 for all X € domf. It follows
that
h=hy + hs
is as required. (As in (46) we see h(X) < f(X) for all X € E.)

Step 2: Recall f > f** cf. (39). By way of contradiction, assume f(Xy) >
[**(Xo) on a set of positive measure. Then there is 8 € L with 8 > f**(Xo)
on a set of positive measure and § < f(Xp). The first step of this proof yields
h:E — LY,

hMX)=puX+Zforall X € E,
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for continuous L%linear y : E — L° and Z € L°, such that h(X,) = 8 and
hX) < f(X) for all X € E. We derive a contradiction as

[T (Xo) pXo — (1)
= pXo—ess.sup(pX — f(X))
XeE

> uXo—esssup(pX —h(X)) =24
XEE

v

negates 3 > f**(Xp) on a set of positive measure. This finishes the proof of
Theorem 2.1.8.






CHAPTER 3

Examples

In this chapter we present important examples of L°(F)-normed modules with
a focus on L°(F)-modules of LP(£) and Orlicz type.

Section 3.1 deals with the free L°(F)-module (L°(F))¢, the d—fold cartesian
product of L°(F). This subsection does not contain any explicit financial applica-
tions. Nevertheless, it serves to illustrate the idea of how to prove completeness in
the context of LP(€) and Orlicz type L°(F)-modules. In Section 3.2 and Section 3.3
we present LP(£) and Orlicz type L°(F)-modules. We show that these modules
are complete and in the LP(€) type case we find the LY(F)-module of continuous
LO(F)-linear functions. A discussion of selected conditional risk measures defined
on the respective L°(F)-modules is presented in Section 4.2.

LEMMA 3.0.1. Let (E,||-||) be an L°(F)-normed module. For an L°(F)-linear
function p: (E, |- ||) — (L°(F),|-|) the following statements are equivalent:

(i) p is continuous.
(ii) p is continuous at 0.
(iii) There is e € LY (F) such that

|uX| <e||X|| for all X € E.
PRrROOF. The implications (iii) = (i) = (ii) are immediate; indeed, (iii) implies
(i) as
X — pXo| = [(X — Xo)| < €| X — Xol| for all X, X, € E.
(ii) = (iii) Suppose (iii) is not valid. Then, for every ¢ € LY, (F) there is
X € E such that |uX.| > ¢||Xc|| on a set of positive measure. Let
X, -
Y, ={ celXcll if | X.[| # 0
0 else

Then, |pY:| = (uX.)/(el|Xc|]) > 1 on a set of positive measure and ||Y| < 1/e
implies that Y. — 0. But this contradicts the continuity of p at 0 as to which
|uYz] <1 forall e € LY (F) with e sufficiently large. O

3.1. The free L°(F)-module (L°(F))4

The L°(F)-module E = (L°(F))? is a free L°(F)-module of rank d € N. The
function | - || : (L%(F))? — LY. (F),

4 1/2
(47) 1 X = (Z Xf) for all X = (X1,...,Xq) € (L°(F))4,
i=1
defines an L°(F)-norm on (L°(F))4. (L°(F))¢ is finitely generated over L°(F) by

the elements e¢; = (0,...,0,1,0,...,0), 1 <4 <d. The elements ¢;, 1 < i < d, form
a basis, that is, Zle Yie; = 0 implies Yi,...,Y; =0 for all Y7,...,Y; € LO(F).

41
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PROPOSITION 3.1.1. A function p : (L°(F))? — L°(F) is L°(F)-linear if
and only if there exists Z = (Z1,...Zq) € (L°(F))? such that uX = Zle Z; X;
for all X = (X1,...,X4) € (L°%(F))?. Moreover, any L°(F)-linear function p :
(LO(FNL ] - 11) = (LY(F),| - |) is continuous.

PROOF. Any X = (Xi,...,Xy) € (L°(F))? is of the form E?:l Xe;. By
LO(F)-linearity

d d d

nX = M(Z Xie;) = ZXmei = ZXiZi, where Z; = pe;.
i=1 i=1 i=1

Conversely, for (Z1,...2Z4) € (L°(F)?, (L°(F)? — LYF),(X1,...,X4) —

2?21 X;7Z;, defines an LY(F)-linear mapping, which is continuous, due to

d
lnX|? < dmax{Zf,...723}ZXi2
i=1

for all X = (X1,..., Xq) € (LO(F))% O
THEOREM 3.1.2. ((L°(F))%, || - ||) is complete for all d € N.

PROOF. A net (X.) is Cauchy (convergent) in ((L°(F))4,| - ||) if and only if
all its components are Cauchy (convergent) in (L°(F),|-|). Therefore, it suffices
to prove (LY(F),|-|) is complete.

Let (X.) be Cauchy in (L°(F),||). Throughout, €, ¢, d, 5o denote elements of
19,09,

Step 1. In this step, we prove there is Y € LY , () and X, € L*(F) such that

(i) )}(f — Xg in LY(F) for sufficiently large & and
(ii) ()f;) is Cauchy in (L°(F),|-|).

Since (X.) is Cauchy in (LY(F),]| - |), there is &9 such that

| X — X5| <1forall e d>ep.

In particular, | X.| <1+ |X,,| for all € > ¢. Hence, Y =1+ |X,,| is as required.
Indeed, we have X./Y € L'(F) for all € > gq. Further, (X./Y) is still Cauchy
in (L%(F),| - |) which implies that (X./Y) is Cauchy in the Banach space L'(F),
whence (X./Y) converges to some Xg in L!(F), which proves (i) and (ii).

Step 2. In this step we prove that X./Y — Xg in (L°(F),| - |) which implies
that X, — Y Xq in (LO(F),]-]).

By way of contradiction, assume (X./Y") does not converge to Xq in (L°(F), |-|).
Then, X, = X./Y — X, satisfies

(48) X. — 0 in L'(F) for sufficiently large ¢ and
(49) (X.) is Cauchy in (L°(F),|-|) whereas

(50) (X.) does not converge to 0 in (L°(F),| - |).
(50) implies

= 1
(51) degVdg3d > o : |X5| > : on Ag,
0
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where A5 € F with P[As] > 0. Further, from (49) we know that
- - 1
(52) H(SOV(S,E > (50 : ‘X(; - XE‘ < -_—,
260
which together with (51) yields
- 1
36 > do : | Xs5| > — on As,
€0
where As € F with P[As] > 0. Since § > §p we know from (52) that

- 1
Ve>6:|Xs— X < —

280
and hence
Ve |Xs| || < ——
250
From this we derive that |X.| > 1/(2g0) on As for all € > §, in contradiction to
(48). O

3.2. L°(F)-modules of L?(£) type

In this section we provide a detailed discussion of the LP (&) type L°(F)-module
which was first introduced with Example 1.1.5.

We recall that the classical conditional expectation E[- | F] : L1(€) — LY(F)
extends to the (generalized) conditional expectation E[- | F]: L9 (€) — LY (F) by

(53) E[X | F] = lim E[X An|F]

Beppo-Levi’s monotone convergence theorem yields for all X, X’ € Lg(é’) and
Y € LY (F)
(i) YEIX | F] = E[Y X | F],
(i) EX+ X' | F]=E[X | F]+ E[X" | F],
(i) E[X]= E[E[X | F]],
where the last expectation might equal oo, however, as such, it remains well defined.
For p € [1, 00] we recall the definition in (5) of || - ||, : L%(€) — LY.(F),

B[|IX|P | F]V/P if pefl,o00)
X1l :{

(54) : . . :
ess.inf{Y € LY (F) |Y > |X|} ifp=oc

and

L&) ={X | X € L&), IX ||, € L°(F)}-
The properties of the (generalized) conditional expectation guarantee that
(L%(E),] - |lp) is an LY(F)-normed module.

PROPOSITION 3.2.1. L%(&) has the product structure
(55) LL(E) = LYF)LP(E) ={YX | Y € L°(F), X € L*(€)}.

PROOF. LP(E) is a subspace of L-(£). Hence, D in (55) follows from property
(i) in Definition 1.1.3 of || - ||,. The reverse inclusion follows as every X € L7.(€) is
of the form X

X =01+ ||X\|p)m
p

€ LO(F)LP(E).
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(55) suggests an alternative view of L%.(€), namely L-(£) is the smallest
L°(F)-module containing the classical LP(£) space. That is, LP(€) generates
L%(€).

We work with the convention that the (generalized) conditional expectation
E[- | F]: L%(€) — L°(F) is understood as
(56) E[X | F]=E[XT|F]- E[X™ | 7|,
the right hand side of which is understood as in (53). Note that for all X € L%-(€),
both E[XT | F] and E[X~ | F] are in L°(F) and consequently E[X | F] € L(F).
Further, note that E[- | F]: LI(€) — L%(F) is L°(F)-linear.

Forpe (1,0) let g =p/(p—1),if p=11let ¢ =00 and if p = o0 let ¢ = 1.
Then, for all X € L-(£) and X" € LL(E)

57) XX < (X

Indeed, with the classical Holder inequality for conditional expectations we know
that
(X An) (X" An)lly < IX Anllp[| X" Anllg

for all n € N and Beppo—Levi’s monotone convergence theorem yields the assertion.
Monotone convergence shows that (57) even holds for p € D}r(f), p > 1, with
g =p/(p—1) and the conventions ¢ = 1 and ¢ = oo on the sets where p = co and
p = 1, respectively.

THEOREM 3.2.2. Letp € [1,00) and ¢ = p/(p—1) with g = oo forp=1. Every
continuous L°(F)~linear function p: (L% (E),[ - ||) — (L%(F),|-|) is of the form

(58) uX = E[ZX | F]

for some Z € LL(E). Conversely, every function p: (L%(E), || - ||) — (L°(F), |- )
of the form (58) is continuous L°(F)-linear.

PrROOF. For Z € LL(E), E[Z- | F| : (L(E),| - |I) — (LO(F),|-|) is L°(F)-
linear and (57) guarantees that E[ZX | F| € LY(F) for all X € L.(€) as well as
the required continuity.

Conversely, let p : (L%(E),| - 1I) — (L°(F),| - |) be continuous L°(F)-linear.
From Lemma 3.0.1 we know that there is e € L% | (F) such that

|pX| < el| X||, for all X € L(E)

and hence we can define

ax = X p(€

/J,X—T or all X € L(€).
Then, for all X’ € LP(£), we have

E[|pX'|"] < E[E[|X"|" | F]].
Jensen’s inequality further implies

|BEX']| < E[|IX'|P)M?

which means that E o i : LP(£) — R is continuous. The topological dual of LP(£)
can be identified with L?(€). Hence, there is Z' € L%(£) such that

E[iX'] = E[Z'X] for all X' € LP(E).
From L°(F)-linearity of i we derive
AX' = E[Z'X" | F] for all X' € LP(€)
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which is equivalent to

uX'=E[Z'eX" | F| for all X' € LP(€).
(55) guarantees that Z = Z’c € L%(€) and that every X € L7-(€) is of the form
X =YX’ for some Y € LY(F), X’ € LP(E). From this we conclude

uX =YuX' =YE[ZX' | F] = E[ZX | F).

THEOREM 3.2.3. (LI-(E), | -|) is complete for all p € [1, 00].

PrOOF. The proof is similar to that of Theorem 3.1.2. We sketch the main
steps. Throughout, €,&¢,d,dy denote elements of L% (F). Let (X.) be Cauchy
n (L%(E),] - ||p) for some p € [1,00]. Since (X.) is Cauchy there is g9 such that
| Xcllp <14+ || Xollp =Y for all e > gg. We derive X./Y € LP(£) for all € > ¢,

(i) 4= — Xo in LP(€) for sufficiently large e and

(ii) ())(f) is Cauchy in (L’}(é’), I lp)-
We prove (i) and (ii) in case p € [1,00). The case of p = oo is analogue, only the
notation is different. For every ¢( there is §p such that
X 1

< —
Y||p_50

X
VE,(SZ&() : HTE_

which implies that

/p
X X5 p 1\? !
\% > : — — P < — .
e,0 > &g E|: |] E o

Hence (X./Y) is Cauchy in the Banach space LP(€) and converges to some X in
L?(€), which proves (i) and (ii).

In a second step one shows by way of contradiction that (X./Y") converges to
Xo in (L%(€),]| - ||)- The proof is identical to the respective part of the proof of
Theorem 3.1.2. ]

3.3. L°(F)-modules of Orlicz type

A number of recent articles have a focus on convex risk measures defined on
Orlicz spaces, cf. [CL0O8, CL09]. Orlicz spaces and Orlicz hearts share some useful
properties with LP(€) spaces. For instance, they are Banach spaces and admit
nice duality. However, they are technically more involving than the familiar LP(&)
spaces and therefore require some motivation.

The reason to employ Orlicz theory is that the interior of the effective domain
of many examples of convex risk measures defined on LP(€) spaces is empty. While
it is still possible to establish Fenchel-Moreau type dual representation results for
such risk measures, subdifferentiabilty results do not apply.

For example, the entropic risk measure is a lower semi continuous convex risk
measure on L!(€), Fenchel-Moreau’s theorem therefore applies, but the interior of
its effective domain is empty. However, if the LP(E) space topology is replaced by
a suitable and finer Orlicz space topology the interior of its effective domain is no
longer empty. Subdifferentiability results then apply. A respective discussion is
provided in Section 4.2.

The aim of this section is to present LY(F)-modules of Orlizc type. We adopt
the setup and notation of the previous section.
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Let ¢ : [0,00) — [0,00) be a strictly increasing convex function with ¢(0) = 0.
The respective Orlicz space is
L#() = {X € L(€) | A € (0,00) : El(|X/A])] < oo}.
Recall that L¥(€) endowed with the Luxemburg—norm || - || : L¥(€) — R,
X = inf{A € (0, 50) | Elo(1X/A) < 1}

is a Banach space.
We define a module analogue of the Orlicz space by

L7(E) ={X e L(£) | Y € LY (F) : Elp(|X/Y]) | F] € L°(F)}
and the map | - [|, : L°(&) — LY. (F),
X1y = ess.inf{Y € L | (F) | E[p(|1X/Y]) | F] < 1}
which generalizes the Luxemburg-—norm. Then
(59) Lz (&) ={X e L&) | | X]|, € L"(F)}.

Indeed, the inclusion D in (59) follows by definition. As to the reverse inclusion,
let X € L7(€E) and Y € LY (F) with E[p(|X/Y]) | F] € L°(F). Then there is
Y’ € LY(F), Y’ > 1, such that E[p(|X/Y]) | F]/Y' < 1. By convexity of ¢,

Elp(IX/(YY")) | F] < Elp(IX/Y]) | FI/Y' <1
so that “C” in (59) follows.
PROPOSITION 3.3.1. (L%Z(E), | - |lp) is an LO(F)-normed module.

PROOF. First, we establish that || - ||, is an L°(F)-norm. To this end, observe
that (59) implies that || - ||, maps L%(&) into LY (F).

To prove (iii) of Definition 1.1.3, let X € L%(£) and suppose || X[, = 0.
Convexity of (] - |) yields

nE[o(|X]) | F] < Ele(n|X]) | F] <1 forallneN

which implies ¢(|X|) = 0, whence X = 0.
To prove (i) of Definition 1.1.3, let X € L%(E),Y’ € LO(F). Then

IY'X[l, = essinf{Y € L (F) | Elp(Y'X/Y|) | F] <1}
1y soyessinf{|Y'|Y | Y € L9, (F), Elp([Y'X/(Y'Y)|) | F] < 1}
= [Y'[[|X].

To prove (ii) of Definition 1.1.3, let X1, Xo € L%(€),Y1,Y2 € LY (F) with
Elo(|X1/Y1]) | F] <1 and E[p(|X2/Yz2]) | F] < 1. Convexity of (] - |) yields

Y1 X Y- X
Ble(lyim v+ yrew v) 17 <1
i+Ya V1 Yi+¥e Yo

whence || X + Xs||, <Y1 + Y.
Finally, (59) and properties (i) and (ii) of || - ||, imply that L%(€) is an LO(F)-
module. d

PROPOSITION 3.3.2. L%(E) has the product structure L%(E) = L°(F)L#(E).
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PrROOF. To show that L%(€) C LY(F)L?(E), let X € LE(E) and Y € LY (F)
such that E[p(X/Y) | F] € L°(F). By convexity of o] - |),
X/Y Elp(IX/Y]) | F]
@ &l (I | <7
This implies

T+ Blp(X/y) A ="

XY
L+ Elp(|X/Y]) | F]
To establish the reverse inclusion, let X’ € L?(€), Y € LY(F) and X = Y X'.

By definition, there is A € (0, 00) such that E[o(|X’/A|)] < 1. Hence, E[o(|X'/A]) |
F) € LY (F) and therefore by convexity of ¢

X7/ Elp(X'/A)) | 7]
E [*” (' T E[(X7/A]) ') | f} <
This shows that

X =+ Elp(X/Y]) | FY € LO(F)L?(E).

S T4 Ep(XA A S

1
AL+ Elp(|X/Al) | 1)
Since L%(€) is an L°(F)-module we derive X’ € L%(£) and in turn YX' = X €
L7(E). O

THEOREM 3.3.3. (L%(E), || - |l,) is complete.

X" e LE(€).

PrOOF. Again, the proof is similar to that of Theorem 3.1.2 and we sketch
the main steps. Throughout, ¢,¢0,d, 8y denote elements of L (F). Let (X.) be
Cauchy in (L%(E), | - |lo). Since (X.) is Cauchy there is ey such that || X.|, <
1+ || X |l =Y for all € > gg. (60) yields X./Y € L?(E) for all e > 9. Moreover,

(i) 25 — X in L¥(€) for sufficiently large e and

(ii) (%) is Cauchy in (LL(E), | - |e)-
Indeed, for every ey € L%, (F) (in particular for € = n, n € ) there is § such that
X 1

< —.
Y Il‘/’— €0

X
VE,(SZ(S() : H?E—

Hence, by definition of || - ||y,

X. X
VE,52501E|:QD(Y—;|EO):|S1

Thus, (X:/Y) is Cauchy in the Banach space L¥(£) and converges to some X, €
L¥ (&), which proves (i) and (ii).

Again, by way of contradiction one shows that (X./Y) converges to Xy in
(LF(E), | - lp)- The proof is identical to the respective part of the proof of Theo-
rem 3.1.2. g






Part 2

Conditional risk measures






CHAPTER 4

Automatic continuity and subdifferentiability

In this chapter we present our results on automatic continutity and subdif-
ferentiabilty of monotone L°(F)-convex functions. These can be summarized as
follows: if an LY(F)-normed module E is complete and also a module lattice, then
any proper monotone L°(F)-convex function f : E — L°(F) is continuous and
subdifferentiable throughout the interior of its effective domain.

The main results are presented in Section 4.1. The results can be viewed as
module variants of the results in [Namb57] Section 5 and of [RS06] Proposition 3.1
and are suited to conditional risk measures as illustrated with Section 4.2. A
crucial aspect in the proof of our results is that proper L°(F)-convex functions
f: E — L°F) are local. This allows us to characterize continuity in terms of a
specific class of nets rather than in terms of general abstract nets. This specific
class of nets admits a one to one relation to sequences and therefore we can draw
from classical results on continuity of monotone convex functions as established in
[Nam57] and [Bor87]. This is outlined in Sections 4.3 and 4.4, where we establish
the main results.

4.1. Main results

Let (E, |- ||) be an LY(F)-normed module. We define N(F) = {N € L°(F) |
N(Q) C N}. The ball of radius 1/N, N € N(F), centered at 0 € E is given by

(61) Byn ={X € E || X[ <1/N}.

Further, we let U = {By/n | N € N(F)} be the collection of all these balls.

As in Section 1.1, we define a set V' C E to be a neighborhood of X € E if
there is U € U such that X + U C V. A set V C FE is open if it is a neighborhood
of all X € V. Inspection shows that the collection of all open subsets of E forms a
topology on E.

Each U e U is

LY(F)—convex: YX + (1 -Y)X' €U forall X, X' cUand Y € LY(F),0<Y < 1,
L°(F)-absorbent: for all X € E there exists Y € LY | (F) such that X € YU,
L°(F)-balanced: YX € U for all X € U and Y € L°(F) with Y] < 1.

In other words, the choice of the index set N(F) leads to a locally L°(F)-convex
topology on E. In fact, since for each ¢ € L% (F) there is N € N(F) such that
1/N < € and vice versa, the locally L°(F)-convex topology on E induced by the
balls (By,y) is the same as the locally L°(F)-convex topology on E induced by

Il - || as in Section 1.1. In the sequel we will always assume that F = (E,| - ||) is
endowed with this topology.

51
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We recall the notation K and K for the closure and interior of a set K C E
respectively. Unless stated otherwise, nets in E are denoted by (Xy), where N
is an element of the index set N(F) which is directed by the order of almost sure
dominance.

A net (Xy) is Cauchy in (E, || -||) if for all N € N(F) there is Ny € N(F) such
that for M > Ny, || Xa — X, || < 1/N. (E,| - ||) is complete if every Cauchy net
has a limit.

(E,|l-|) is Hausdorff. Indeed, let X, X’ € E with X # X’. The neighborhood
basis U of 0 € E satisfies ;U = {0} so let U € U such that X — X" ¢ U. Since
(X,X') — X — X' is continuous, there exist V, W € U such that V —W C U. Then
(X +V)N(X'+ W) =0, whence E is Hausdorff.

The L°(F)-module E is referred to as ordered module if it is equipped with a
partial order > that is compatible with its algebraic structure. For X, X’ € E we
use the notation X < X’ in place of X’ > X. Further, FE is referred to as module
lattice if it is an ordered module that is also a lattice.

The lattice operations are denoted by X = sup{X,0}, X~ = sup{—X, 0},
| X|=X*+ X" sothat X = X* — X~ for all X € E. Further, we let £, = {X €
E | X > 0}. The least upper bound, if it exists, of a set C C E is denoted by
Supxcc X.

Recall the definition of the effective domain domf ={X € E | f(X) < 400} =
{X € E| f(X) € L°(F)} of a proper function f : E — L°(F). The function f is
monotone if X < X’ in the module lattice E implies f(X) < f(X’) in the lattice
ordered ring L°(F) or equivalently in the almost sure sense.

DEFINITION 4.1.1. Let (E, || -||) be an L°(F)-normed module lattice. | - || is a
lattice L°(F)-norm if
(i) [IX]] = [1X]]| for all X € E,
(il) 0 < X < X' implies || X|| < || X|| for all X, X' € E..

REMARK 4.1.2. If (E,| - ||) is an L°(F)-normed module lattice with lattice
LO(F)-norm || - ||, then the lattice operations (E,||-||) — (E,|-|), X — X+, X
X, X — | X| are uniformly continuous. Indeed, observe for instance | X+ —X'*| <
| X — X'| for all X, X' € E.

We are now able to present the following two theorems as the main results of
this chapter. The corresponding proofs are postponed to Sections 4.3 and 4.4.
The next theorem is a module variant of the main result of [Nam57] Section 5.

THEOREM 4.1.3. Let (E, || -||) be a complete L°(F)-normed module lattice with
lattice L°(F)-norm || - ||. Any monotone convex local function f : E — LO(F) is
continuous.

The next theorem is a generalization of [RS06] Proposition 3.1.

THEOREM 4.1.4. Let (E, | -||) be a complete L°(F)-normed module lattice with
lattice L°(F)-norm || - ||. Any proper monotone L°(F)-convex function f : E —

LO(F) is continuous and subdifferentiable throughout doinf.

REMARK 4.1.5. In fact, in the proofs of Theorem 4.1.3 and Theorem 4.1.4 we
establish a little more: let d : E x E — LY (F) satisfy (i) d(X,X’) = d(X', X)
for all X, X" € E, (ii) d(X,X’) = 0 if and only if X = X’ and (iii) d(X,Y) <
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d(X,Z)+d(Z,)Y) for all X,Y,Z € E. As in (61) we can define balls {X € E |
d(X,0) <1/N}, N € N(F), in turn obtain a topological module which we denote by
(E,d) and call (E,d) complete if every Cauchy net w.r.t. d has a limit. If (E,d) is
complete, has a solid neighborhood base of 0, if 14d(X, X") = 14d(14X,14X") for
al X, X' € E and A € F and if (E,d) is also a module lattice, then Theorem 4.1.8
and Theorem 4.1.4 remain valid on replacing (E, || - ||) with (E,d). Such (E,d) can
be considered a module analogue of a Fréchet lattice.

4.2. Examples

4.2.1. Conditional expected shortfall risk measure. In this subsection
we consider the complete L°(F)-normed module (L%-(£),] - ||1) as presented in
Section 3.2.

If equipped with the order of almost sure dominance, (L%:(€),| - [1) is an
L°(F)-normed module lattice. From its definition, we derive that || - ||; is a lattice
L°(F)-norm and hence the results of Section 4.1 apply.

Let A € L°(F), 0 < A < 1. The conditional expected shortfall p : L(E) —
LO(F) at level X is defined by

(62) p(X) =esssup E[ZX | F,
ZeP
where
1
P = {ZGLO(}')|Z<O,|Z|<>\,E[Z]—']:—1}.

The conditional expected shortfall is antitone (p(X) < p(X’) for all X, X’ € L%(€)
with X > X’) and LY(F)-convex. In particular, p is convex local. By Theorem 4.1.3
(note that p(-) = p(—-) satisfies the respective assumptions), p is continuous. Fur-
ther, by Theorem 4.1.4, dp(X) # 0 for all X € LL(€).

LEMMA 4.2.1. Let Yy € LYF) and f : (L°(F),|-|) — (L°%(F),| -|) be a
continuous local function. If there are Y1,Ys € LO(F) with f(Y1) < Yo < f(Ya),
then there is Y* € LO(F) with f(Y*) =Y.

PROOF. Define
Y* = ess.inf{V € LO%F) | f(Y) > Y, Y > Y3}

Then Y* € L°(F) and we claim that Y* is as required. Indeed, assume by way
of contradiction that f(Y*) > Y, with positive probability and let Yy = (Y* —
1/N)VYy, N € N(F). Then Yy — Y*. Further, f(Yn) < Yp; else, since f is local,
we would derive a contradiction to the minimality of Y*. Altogether, we derive
f(Yn) < Yo < f(Y™) with positive probability in contradiction to the continuity of
f as to which Yy — Y* implies f(Yn) — f(Y™). O

DEFINITION 4.2.2. A random variable X € L°(€) is conditionally continuously
distributed if the map

(LOF), |- D) = (LOF) ). Y = Ellx<yy | F),

15 continuous.
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If X € L&) is conditionally continuously distributed, then Lemma 4.2.1 im-
plies that there is Y* € L(F) with E[l{x<y+} | ] = X. Indeed, since

A< 1= esssup Ellix<yy | Fl
YELO(F) B

A>0= Anf E[1 F
ossint [Lix<vy | F]

there are nets (Yy ), (Yx) with
E[l{xgy];} | F] <A< E[l{xgy;} | F]

for sufficiently large N € N(F) and therefore the assumptions of Lemma 4.2.1 are
met. Such Y* can be viewed as a conditional A—quantile of X.

PROPOSITION 4.2.3. For all conditionally continuously distributed X € L%(&)
and A € LY(F) with 0 < A < 1,
1
—Xl{ng*} € dp(X),
where Y* € LO(F) is such that E[l{x<y«y | F] = \.

Then,
EZ" | F] = —(1/NE[l{x<yy | F] = -1
and hence Z € P. Further, for all Z € P we have E[(Z* — Z)Y*] = 0. Thus,
E(Z*-2)X |F] = E[lix<y(Z*=2)(X -Y") | F]
>0
TEL x>y (2" = Z)(X =Y7) | F] = 0.

>0

Hence, Z* optimizes (62) and is therefore a subgradient of p at X. O

4.2.2. Conditional entropic risk measure. In this subsection we consider
the complete L°(F)-normed module (L%(E),] - ||») as presented in Section 3.3,
where we let ¢ : [0,00) — [0,00), ¢(z) = exp(z) — 1.

If equipped with the order of almost sure dominance, (L%(E),] - |,) is an
LY(F)-normed module lattice. From its definition, we derive that || - ||, is a lattice
L°(F)-norm and hence the results of Section 4.1 apply.

We recall the definition of the entropic risk measure p : L%(€) — LO(F) with
risk aversion coefficient v € (0, c0),

p(X) = %logE[exp(—WX) | 7.

We have already seen in Section 2.2 that p admits Fenchel-Moreau type dual rep-
resentations if considered as a function on L%-(€), p € [1, 00].
To establish subdifferentiability results, we consider p as a function on the
Orlicz type module L%(€) and define
x={X€L%E)|Fe €Ll (F):Elexp((1+e)yX )| F] € L°(F)}.

A variant of the following lemma for static convex risk measures is established
in [BFO7].

LEMMA 4.2.4. x C dom p.
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PrOOF. Let X € x with Elexp((1 + e)yX ™) | F] € LY(F) for some ¢ €
LY (F). Let p= (1 +¢)/(1 +¢/2) with conjugate ¢ = p/(p — 1) = 2(1 +¢)/e.
Since there is N € N(F) with 1/N < 1/((1 4 ¢/2)vq) it suffices to show that X +

Bi/((14¢/2)vq) C X> Where By ((14c/2)vg) = 1Y € LE(E) [ [Vl < 1/((1 +¢/2)79)}-
To this end, fix Y € By /((14¢/2)yq)- By definition,

Elexp((1+¢/2)vq|Y]) | ] < Elexp([Y[/[Y,) | F] < 1.
Hence, Holder’s inequality yields
Elexp((1+¢/2)y(X +Y)7) | 7]
(L4¢e/2)yX 7 )exp((1 +€/2)7Y ™) | F]
(1+¢/27X )P | FIVPElexp((1+¢/2)yY )7 | FIMe
(1+e)yX ™) | FIVPElexp((1 +/2)yq|Y ) | F]'/*
(L+elyX7) | FIVP € LO(F).
This shows that x is open in L%(£). Moreover, for all X € x,
Elexp(—yX) | F] < 1+ Elexp(yX ") | F] € L%(F).

Elexp
Elexp
Elexp
Elexp

IA A CIA A

PN

Hence, x C dom p. We conclude x C >O< C domp. (]
The entropic risk measure p is proper antitone LY(F)-convex and hence con-
o

tinuous and subdifferentiable throughout domp, in particular throughout y, by
Theorem 4.1.4.

LEMMA 4.2.5. Let Xg € x and Zy = exp(—yXo)/Elexp(—yXo) | F]. Then,
pi LE(E) — LOF), p(X) = E[(—Zo)X | F, defines a continuous L°(F)-linear
function.

PROOF. First, we show that p maps L%(€) into LY(F). To this end, let £ €
LY | (F) such that Elexp(—v(1+ €)Xy ) | F] € L°(F) which exists since X € x.
Define p = 1 + ¢ with conjugate ¢ = (1 + ¢)/e. There exists ¢ € N(F) such that
X7 < ¢(1 + exp(X)) for all X € LY (€) which shows that L%(£) C L%(E). Hence,
Holder’s inequality yields for all X € L%(&)

(X)) < (1+ Elexp(—y(1+¢)Xq) | FIVP)E[X|? | F]V € LO(F).

Further, p is antitone L°(F)-linear by definition and hence, in particular, an-
titone convex local. Thus, u is continuous L°(F)-linear by Theorem 4.1.3. O

ProprosiTION 4.2.6. Let Xo, Zy and p be as in Lemma 4.2.5. Then, u €
9p(Xo).

PRrROOF. On adapting the proof of Lemma 3.29 in [FS04], we derive for all
X €domp

1 1
;ng[GXP(*WX) | Fl = E[-ZoX | F] - §E[ZologZo | 7]
1 1
;logE[eXP(—’)’Xo) | F] = E[-ZoXo | F] - ;E[Zo log Zo | F].
Hence, for any X € L7 ()

%logE[eXp(*VX) | 71— %ng[eXp(*vXo) | F1 = E[(=Z0)(X — Xo) | F].
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Thus, p € 9p(Xp). O

4.3. Proof of Theorem 4.1.3
Let E be an L°(F)-module and (Xy) be a net in E. (Xy) is directed if
(63) 1aXN + 14 XN = X1 Nt14e N

for all N, N’ € N(F) and A € F. If (Xy) is directed so is every subnet. We denote
by (X,,) the sequence obtained via X,, = Xy for the constant map N =n, n € N.
With (X,,) we define a net (Xx) by

(64) Xn(w) = Xy () (w) for all w € Q and N € N(F).

If (X ) is directed then it is recovered by (64), that is, Xy = Xy for all N € N(F).
In this sense, directed nets correspond to sequences.
Recall the definition in (6) of M(- | C): E — F,

M(X |C)=esssup{A € F|14X € C}.
LEMMA 4.3.1. Let (E,| -|) be an L°(F)-normed module, f : E — L°(F) a
local function and Xy € domf. Equivalent are:
(i) f is continuous (w.r.t. ||-|| and |-|) at Xo.
(ii) For all directed nets (Xn) in E, Xy — Xo implies f(Xn) — f(Xo).

PROOF. We only have to prove that (ii) implies (i). On replacing f by
f(-+ Xo) — f(Xo) we may assume that Xo = f(Xo) = 0 (leaving hypotheses
and conclusion unchanged). Let Ny € N(F). We have to show that f~(By,y,) is
a neighborhood of 0 € E. Define

e* =ess.sup{e € LY(F) | B- C ' (Bi/n,)} A 1,
where
B.={XeFE||X| <e}.
It suffices to show that e* € LY (F). Indeed, since f is local, G = {e € LI.(F) |
B. C f~YBy /No)} is directed upwards. Hence, there is an increasing sequence
(en) C G with e, /" €* a.s. Thus, 41 = {1 > 0}, A, = {e, > 0} \ A1, n > 2,
satisfies | J,,cy An = Q as € > 0. For N € N(F) such that

% S Z 1An5n

we see that B/ C f_l(Bl/NO) since f is local. Thus, f is continuous at 0 € E if
e* > 0.

By way of contradiction let us assume that P[A] > 0, where A = {¢* = 0}. Fix
ng € N. We will show that there is X,,, € F with X,,, € By, and

(65) 15X, & 15f ™ (Bin,) for all B € F with B C A and P[B] > 0.

To this end, consider the collection D of all sets B € F such that there is X € F
with X € By, and

(66) 1pX ¢ 1p f~'(Byn,) for all B' € F with B’ C B and P[B'] > 0.

We claim that A C ess.supD. Indeed, assume that P[C] > 0, C = A\ ess.supD.
Since €' C A and in turn ¢* = 0 on C' we derive from the maximality of £*
that 1¢ B/, cannot be a subset of lcf’l(Bl/NU). Hence, take Z € 1¢By/p, \
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lof'(Bi/n,) and observe that P[C'] > 0, C" = C\ M(Z | f~'(Byn,)), since f
is local. But this contradicts the maximality of ess.supD since

1pZ ¢ 1p f~"(Byn,) for all B’ € F with B C ¢’ and P[B'] > 0.

Thus, A C ess.supD. Since the collection D is directed upwards there exists an
increasing sequence (C),) in D with C,, /" ess.supD and a corresponding sequence
(X,) satisfying (66). Then

Xno = Z 1Can
neN
is an element of By, and satisfies (65), that is, Xno is as required.
_ Finally, we proceed in the same manner as in (64) and construct a directed net
(Xn) by means of the sequence (X,,) we just constructed and we observe that

Xy — 0 but still
1pf(Xn) ¢ 1pBi/n,(Y)

for all N € N(F) and B € F with B C A and P[B] > 0 which contradicts (ii) and
concludes the proof. O

The next lemma is a module variant of Theorem 8.43 in [ABO06].

LEMMA 4.3.2. Let (E,| -|) be an L°(F)-normed module lattice with lattice
LY(F)-norm || -|.
(i) Ey is closed in (E,| - ||)-
(ii) If (Xn) is a net in B with Xy < Xy for all N < M and Xy — X for
some X € E, then supyeyncr) Xv = X.

PROOF. (i) Since X = X* — X~ for all X € E, we see that £, = {X € F |
X~ = 0}. In other words, F, is the pre-image of {0} under the continuous lattice
operation (E,| - ) — (E,] - |),X — X, cf. Remark 4.1.2. Since (E,| -|) is
Hausdorff {0} is closed, and the assertion follows.

(ii) Throughout, N, M denote elements of N(F). Let (Xy) in E with X < Xy
forall N < M and Xy — X for some X € E. Since Xp;— Xy € Ey forall M > N,
we see that for all N the net (X — Xn)m>n in Ey satisfies Xpr — Xy — X — Xy
By (i), E; is closed, hence X — Xy € E for all N. Thus, X is an upper bound of
the net (Xpy). To see that X is the least upper bound of (Xy) take X’ € F with
X' > Xy forall N. Then, X' — Xy € E; for all N and X' — Xy — X’ — X imply
X' — X € Ey, whence X' > X. O

We can now prove Theorem 4.1.3. The proof follows a known pattern; cf. The-
orem 9.6 in [ABO6].

PROOF. Let f: E — L°(F) be a monotone convex local function and Xy € E.
On replacing f by f(- + Xo) — f(Xo) we may assume that Xo = 0 and f(Xy) = 0.
By way of contradiction, assume that there exists a directed (cf. Lemma 4.3.1)
net (Xy) with Xy — 0in (E,|| - ||) such that f(Xy) does not converge to 0 in
(L°(F),| - |). By passing to a subnet of (Xy), we can assume that f(Xy) ¢ W
for all N € N(F) and some neighborhood W of 0 in (L°(F),|-|). Consider the
neighborhood base of 0 in (E, || - ||) consisting of all neighborhoods of the form

VN = Byjov, where N € N(F).
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Then Vi1 + Vi1 C Vy for all N € N(F). Again, by passing to a subnet of (Xy)
we can assume that NXy € Vi for all N € N(F). Next, for each N € N(F) define

YN = Zl{N n}ZZ‘X |a

neN
where X; denotes Xy for N =4,i € N. Forall NNM € N(F), A={N=n,M =
m} and n,m € N we observe

n+m

1A(YN+M — YN) =1y Z ’L|Xl| S 1A<Vn+1 + Vn+2 + -+ Vn+m) C 14V,.
1=n—+1
Hence, Yyin — Yy € Vi for all N, M € N(F), that is (Yy) is Cauchy and so
Yy — Y for some Y € E. By construction, 0 < Yy < Yj, foral N < M, N, M €
N(F). Hence, (ii) of Lemma 4.3.2 implies Y = supyey(z) Yn. Monotonicity of f,
convexity of f and f(0) = 0 show for all n € N

1 1
Moreover, since f is local we derive for all N € N(F)
X < AV,

This shows that f(Xy) — 0in (LY(F),|-|) in contradiction to f(Xy) ¢ W, whence
the required continuity. O

fY).

S|

4.4. Proof of Theorem 4.1.4

To establish Theorem 4.1.4 we follow the ideas of [RS06]; however, the proofs
are more technical as we work with L°(F)-modules and we have to establish a
variety of preliminary results on the way.

Let E be an L°(F)-module. We recall that a function p : E — LO(F) is LY(F)—
positively homogeneous if p(YX) = Yp(X) for all X € E and Y € L (F). p is
subadditive if p(X + X') < p(X) + p(X') for all X, X’ € E. p is L°(F)-sublinear
if it is L9(F)-positive homogeneous and subadditive.

LEMMA 4.4.1. Let E be an L°(F)-normed module, f : E — L°(F) be a proper

L°(F)—convex function and Xy € domf. Then, the directional derivative D f(Xo) :
E — LO(F),

B .. f(Xo+YX)— f(Xo)
(67) Df(Xo)(X) = y‘éisgf?ff) v

)

of f at Xy satisfies:
(i) Forall X € E and Y,Y' € LY (F) with Y <Y’
f(Xo +YX) — f(Xo) _ f(Xo+Y'X) — f(Xo)
Y - Y’ '
In particular, the essential infimum in (67) can be taken over all Y €
LY (F) with Y < 1.
(ii) Df(Xo) is finite valued, that is Df(Xo)(X) € LY(F) for all X € E.
(iii) Df(Xo) is L°(F)-conver.
(iv) Df(Xo) is L°(F)-positively homogeneous.
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(v) Df(Xo) satisfies the subgradient inequality, that is, Df(Xo)(X — Xp) <
f(X) = f(Xo) for all X € E.
In particular, Df(Xo) : E — L°(F) is L°(F)-sublinear.
ProoF. Throughout, Y,Y” denote elements of LY , (F) and X, X’ € E.
(i) We have Xo+Y X = &5 (Xo+Y'X)+ (1 — &) X so that for L°(F)-convex
f

P+ YX) € 1 f (o +¥0) + (1- 1) ()

for all Y <Y’. Now, divide by Y and rearrange.
(ii) In the same manner as in the proof of Lemma 5.41 in [ABO06] we derive for
LO(F)—convex f and all Y <1

|f(Xo+YZ) = f(Xo)| <Y max{f(Xo+ Z) — f(Xo), f(Xo— Z) — f(Xo)}
whenever Z € E is such that Xo + Z, Xog — Z € domf. Since Xy € domf there is
Y’ such that Xo +Y’'X, Xg — Y’X € domf. The assertion now follows from (i).
(iii) By L°(F)-convexity of f
fXo+Y(ZX + (1= 2)X")) - f(Xo)

Xo+YX)- f(X
f( 0+ Y) f( O>—|—(1—Z>
forall Y and Z € L?,_(]:) with 0 < Z < 1.

(iv) Let Z € LY (F). Since f is LY(F)-convex f is local. With the convention
0/0 = 0 we derive for local f and for all Y’
f(Xo+YZX)— f(Xo) _ ,f(Xo+YZX)— f(Xo)
Y zY ’
(v) For all Y < 1 we have Xg + Y (X — Xo) =YX + (1 — Y)Xy. Thus, by
LO(F)—convexity
Xo+Y(X —Xp)) — f(X

In view of (i), this yields the assertion. O

f(Xo+YX') — f(Xo)

< Z
- Y

The next lemma is a module variant of Lemma 1.1 in [Lev85]. A pre stage
of Lemma 4.4.2 which, however, only addresses algebraic subdifferentiability of
LO(F)-sublinear functions is established in [Kut79, Kut80, Kut81].

LEMMA 4.4.2. Let E be an L°(F)-normed module. Any proper L°(F)-convez
function f: E — L°(F) is algebraically subdifferentiable throughout domf, that is,
for each Xy € domf there is an L°(F)-linear function y: E — LO(F) such that

H(X = Xo) < f(X) = f(Xo) for all X € E.

PrOOF. Let X € domf and denote p = D f(Xy) the directional derivative of
f at Xo. By Lemma 4.4.1, p: E — L°(F) is L°(F)-sublinear. We can assume that
there is 0 # X € E. The function p : spanzo ) (X) — L°(F), p(YX) = Yp(X) is

well defined. Indeed let Y, Y’ € LO(F) with Y X = Y’X and define A = {|| X|| = 0}.
Then, (Y — Y')X = 0 and hence

0= =Y)X]| =y - Y'[X].
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Thus, Y = Y’ on A°. Further, 0 = 14||X]|| = ||14X] and hence 14X = 0.
Altogether this yields Yp(X) = Y'p(X) as p is local.

Moreover, u(YX) < p(YX) for all Y € LY(F). Indeed, for Y € LY (F) this
follows from L°(F)-positive homogeneity of p and the definition of u. For arbitrary
Y € L°(F) this follows as p is local and —p(—X’) < p(X’) for all X’ € E. Thus,
LO(F)-sublinear p dominates p on the L°(F)-submodule generated by X in E and
by the Hahn-Banach extension theorem, cf. Theorem 1.2.6, there is an L°(F)-
linear function i : E — L°(F) with @(X’) < p(X’) for all X’ € E. By (v) of
Lemma 4.4.1, i is as required. (]

Lemma 4.4.3 below is a module variant of Theorem 3.3 in [Phe89]. Its proof
draws from results of Chapter 2. Therefore, we adopt the respective notation and
denote by (X,) arbitrary nets in L°(F). Further, we recall the definition of the
essential limit inferior ess.liminf, X, of a net (X, ) in L°(F),

ess.liminf X, = ess.sup ess.inf X3.
« * a P B>a A

LEMMA 4.4.3. Let E be an L°(F)-normed module. If a proper L°(F)-convex
function f : E — L°(F) satisfies

(68) f(X) < ess.lgminff(Xa)

for all nets (Xo) with Xo — X for some X € domf, then f is continuous through-

out domf.

PRrROOF. Let Xy € domf. On replacing f by f(- + Xo) we can assume that
Xo = 0. We will show that f is continuous at O.

Since 0 € do;nf let N € N(F) such that By C dgmf. We define f : E —
LO(F),

F(X) = f(X) + ool (x| >1/n}-

Note that 1y x|<1/n3X € By n. Then, fcoincides with f on the neighborhood

By/n of 0 € E. Therefore, it suffices to show that fis continuous at 0. Indeed, if
(Xq) is anet in E with X, — 0, then eventually X, € By, for large a. Continuity

of f then shows f(Xa) = f(Xa) — F(0) = £(0).

To establish continuity of f we show that f is proper L°(F)-convex (hence
local) and satisfies

(69) f(X) < ess‘lgminff(Xa)

for all nets (X,) with X, — X for some X € E. We then apply results of
Chapter 2. Properness follows from that of f. For L°(F)—convexity, let X, X' € E,
Y € LY(F),0<Y <1 and observe on A = {||X| >1/N}U{||X'| > 1/N}

FOYX 4 (1 - V)X < YF(X) + (1 - V) F(x),
as the righthand side is oo on A. Since A° = {||X|| < 1I/N}n{||X’|| < 1/N} C
{IYX + (1 = Y)X'|| < 1/N} the required inequality on A¢ follows from L°(F)-
convexity of f. To establish (69) let (X,) C E with X, — X, X € E. Define
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Xo = 1{|\X||§1/N}Xa~ Then j(v'a — 1{||XH§1/N}X S Bl/N C domf. Hence,

(70) ess.liminf f(X,) > essliminf f(X,)

(71) 2 fxg<ymX),

where (70) is by definition of fand (71) is by (68). Multiplying by L{ix)1<Byn}

yields (for local f)

Lyjxjj<ayny essliminf f(Xa) > g x<1/ny f(X).
Since X, — X we have || X,| > 1/N on {||X|| > 1/N} for sufficiently large o.

Thus, f(Xa) = oo = f(X) on {||X|| > 1/N} for sufficiently large «, that is, we
established (69).

Altogether, f : E — L°(F) is proper L°(F)-convex and satisfies (69). By

Lemma (i), fis continuous throughout domf. In particular, ]"’V is continuous at 0.
Thus, f is so. O

We can now prove Theorem 4.1.4.

PROOF. Let Xy € domf. By Lemma 4.4.2, there is L°(F)-linear pu : E —
LO°(F) such that
(72) w(X — Xo) < f(X) — f(Xp) for all X € E.
1 is monotone as f is so. Indeed, assume, by way of contradiction, there is X € E
such that P[uX < 0] > 0. Then, by (72), f(Xo — X) > f(Xo) — nX. Hence,
P[f(Xo — X) > f(Xo)] > 0 in contradiction to monotonicity of f. Consequently,
u is monotone. In particular, p is L°(F)-convex and so it is continuous by Theo-
rem 4.1.3. Thus, p is a subgradient of f at Xj.

To establish continuity of f at X, observe that (72) together with the continuity
of p implies that f satisfies

ess.limsup f(X) — f(X4) < ess.limsup u(X — X,) =0,

and whence (68). Thus, f is continuous throughout domf due to Lemma 4.4.3. O






CHAPTER 5

Conditional risk measures on vector spaces

In this chapter we present conditional risk measures on LP(&) spaces. The ap-
proach we follow is vector space based and it complements the current literature
where conditional risk measures are studied on the smaller Banach space L™ (E).
The results draw from a general vector space duality result, established by Zowe in
[ZowT5]. This result forms the base of our observations from which we will sub-
sequently derive more specific results for conditional risk measures. This approach
can be regarded as a top down approach as it originates from a dual representation
result for general vector valued convex functions and then reveals how additional
properties of the represented functions translate to properties of the representing
continuous linear functions. This translation is of particular interest in the context
of conditional risk measures as it clarifies under which conditions the represented
convex function admits the well known interpretation as the maximum of expected
losses under different scenarios subject to penalization.

In the preliminary section, Section 5.1, we introduce and recall some basic
definitions and notational conventions and we present Zowe’s convex duality rela-
tion. In Section 5.2 we investigate continuous linear functions on L?(£) spaces.
Contraction, projection, monotonicity and local properties play an important role.
Section 5.3 deals with convex functions on LP(E) with corresponding properties sub-
cash invariance, cash invariance, monotonicity and local property. In Section 5.4
we prove Zowe’s convex duality relation.

5.1. Preliminaries

For all of this chapter we fix 1 < r < p < co. We denote by s and ¢ the
respective duals of r and p. That is, s = r/(r — 1), ¢ = p/(p — 1) with the
convention s,q = oo if r,p = 1.

In this chapter we do not cover the case of p = +o00. The reason for this
is that numerous articles from the literature on financial risk measures deal with
conditional risk measures on L>(£); we refer to [ADET07, BN04, CDKO6,
DS05, FP06, Rie04] and the references therein.

DEFINITION 5.1.1. A function f: LP(E) — L"(F) is

(i) monotone if f(X) < f(X') for all X, X' € LP(E) with X > X',
(i) subcash invariant if f(X +Y) > f(X) =Y for all X € LP(E) and Y €
L"(F) withY >0,
(iii) cash invariant if f(X+Y) = f(X)=Y forall X € LP(E) andY € L"(F).

Recall that a function f : LP(E) — L"(F) is convex if f(aX + (1 — a)X') <
af(X)+ (1 —a)f(X') for all X, X’ € LP(€) and « € [0,1]. As in Definition 2.1.1
we call f is local if
(73) 1af(X)=14f(14aX) for all X € LP(£) and A € F.

63
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As outlined in the introduction, a convex function f : LP(€) — L"(F) which is
monotone and cash invariant is referred to as conditional convex risk measure. The
reason for this is the economic interpretation of f(X) as a capital requirement a
financial institution has to meet on assuming the uncertain profit or loss X € L?(&)
adherent to a financial position.

By the Fisher-Riesz theorem any continuous linear function p : LP(€) — R is
of the form

uX = E[ZX]

for some Z € L2(E). Further, any proper lower semi continuous (l.s.c.) convex
function f : LP(€) — (—o0, +00] admits the Fenchel-Moreau dual representation
(74) [(X) = sup (E[ZX]-[f"(2)),

ZeLa(E)
where f*(Z) = supxcps(g)(E[ZX] — f(X)) denotes the conjugate function of f.

Dual representations as in (74) and subdifferentiability are of distinct interest
in various contexts such as optimal investment problems with respect to robust
utility functionals [SW05, Sch07], portfolio optimization under risk constraints
[GWO07, GWO08], risk sharing [BEK05, BR06, Acc07, BR08, FS08a, FK08b,
JST08, LR0O8, Che09], indifference and equilibrium pricing [KS07, FKO08a],
efficient hedging [FL00, Rud07, Rud09, Che09, iJSOQ] and many more.

Moreover, such representations provide us with a plausible interpretation of
the subjective risk assessment of an economic agent. More precisely, let us assume
an agent faces the uncertain payoff X € LP(£). Dual representations of the form
(74) suggest that the agent computes the expected payoff E[ZX] within the specific
model Z € L(E) he selected from a variety of probabilistic models. In addition
to this, the agent takes into account a certain model ambiguity as the possible
outcome subject to model Z is penalized by —f*(Z). The higher f*(Z) the less
plausible the agent views model Z. In evaluating the capital requirement f(X) for
the uncertain payoff X the agent then takes a worst case approach.

For these reasons, the question arises to what extent representations of the form
(74) are preserved in the context of conditional risk measures when R is replaced
by L"(F).

To address this question, we introduce some terminology suited to the vector
space approach followed in this chapter. We denote by L(LP(E), L"(F)) the space
of all continuous linear functions from LP(£) into L"(F) and consider a function
f:LP(&) — L"(F). We define f*: L(LP(E), L"(F)) — L°(F) by

£ () = ess.sup (uX — F(X))
XeLr(€)
and domf* = {u € L(LP(E),L"(F)) | f*(n) € L"(F)}. We recall the conven-

tion, that the essential supremum of an empty family of random variables is —oo.
Further, we define f**: LP(£) — L"(F) by

F5(X) = ess.sup (X — f*(u)).
pnedom f*

An element p € L(LP(E),L™(F)) is a subgradient of f at Xy € LP(E) if
(X = Xo) < f(X) — f(Xo)
for all X € LP(E).
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The set of all subgradients of f at X is called the subdifferential of f at Xg
and denoted by 9f(Xp). By definition of the subdifferential 9f(Xo) we have the
well known relation

(75) to € 0f(Xo) if and only if g € domf* and f(Xo) = poXo — f*(po)-

Reference should be made that in part one of this thesis and that in Chapter 6
below we have and will encounter a slightly different notion of conjugate functions,
effective domains and subdifferentials. Nevertheless, there will be no source of
ambiguity as this chapter is entirely self contained.

EXAMPLE 5.1.2. Let us assume that F = o(A,) is generated by a countable
partition (A,) of Q. In this case, we can identify L™ (F) with I"(F), the space of
all real valued sequences (x,) with > 7| pp|z,|” < 0o, where p, = P[A,] for all
n > 1. Hence, any function f : LP(E) — L"(F) is of the form

f=(f1.f, f5,-0)
with a sequence of functions f, : LP(€) — R, n € N, such that Y, pn|fn(X)|" <
oo for all X € LP(E).
Localness of the function f is now reflected by the intuitive relation

(0,...,0, fn(X),0,..0=f(0,...,0, fn(1a,X),0,...) for alln € N,
—— ——
n—1-times n—1-times

that is, the nth component f, of f only depends on the coordinate spanned by the
vector 14, .

ExAMPLE 5.1.3. The local structure of Example 5.1.2 becomes even more
apparent if € is generated by a finite partition Bi,...,B, of Q. In this case,
Aj = Usey, Bir, where {1,...,n} = U<, I; so that LP(E) = L&) =2 R™ as
well as L (F) = LO(F) 2 R™.

The function f : R™ — R™ is now of the form f = (f1,..., fm) with arbitrary
functions f1,..., fm : R® = R. Localness of f now means that for each 1 < j <m
the function f; only depends on the coordinates I;. We abuse notation and identify
fj with its restriction to the coordinates I;. In other words, f = (f1,..., fm) for
functions f1 : RV :— R, ..., fm : RIm — R (after rearranging the coordinates
1,...,n suitably).

Moreover, if f is C1(R™, R™) then

or, f1(X) 0 0

0 0 X 0

DF(X) = bRt ;
0 0 w0, fm(X)

Dfl(le) 0 0

B 0 ng(XIQ) 0
0 0 - Dfn(X1)

for all X € R™. (Note that the zeroes in the above matrices are understood as
generic vector zeroes possibly differing in their dimensions.)

Zowe proves in [Zow75] the following dual representation result which, in fact,
he establishes in a more general setup.
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THEOREM 5.1.4. Let f: LP(E) — L"(F) be a convex function. If f is contin-
uous at Xo € LP(E) then 0f(Xo) # 0 and

(76) f(Xo) = [ (Xo).

For the sake of completeness, we provide a self contained proof in Section 5.4,
tailored to our setup.

The preluding questions can now be specified as follows. Which linear p :
LP(E) — L™(F) is of the form
(77) uX = E[ZX | F]
for some Z € L1(E)? And further, for which convex f : LP(£) — L"(F) is each
u € domf* of the form (77) so that

(78) J(X) = esssup (BIZX | F] = [1(2)),

where f*(Z) is understood as f*(E[Z- | F])?

5.2. Linear functions on L?(&)

In this section we study representation results and corresponding continuity
properties of linear functions from LP(£) to L™(F). The results are of preliminary
nature for the following section on convex functions.

PROPOSITION 5.2.1. A function p: LP(E) — L™(F) is

(i) continuous linear and
(ii) local
if and only if it is of the the form (77) for some unique representing Z € L1(E) which
r(p=1)
satisfies the integrability condition E[|Z|7| F] € L = (F), where r(p—1)/(p—r)
is understood as +oo if p=r.
PROOF. To prove the if statement, let p = E[Z- | F], Z € L4(E) with E[|Z]9 |

r(p—1)
FlelL B (F). Inspection shows that p is linear and local. To establish continuity
we assume 1 < r < p, the other cases work analogously. By Holder’s inequality

EB(|E(ZX | AF] < B [B|Z1 | 75 BIXP | F)F]

p—r
pr

<E Bzl | F]™5] T BX1)F.

Since
E(2)7| FIT = E[|Z1 | 7% e L'(F),

we deduce ||E[ZX | Fl||» < ¢||Z||, for some ¢ € R;. Hence, p is continuous.

Conversely, if p : LP(£) — L"(F) is a continuous linear function then so is
Eop: LP(E) — R and by the Fisher-Riesz theorem there is Z € L4(&) such
that E[uX] = E[ZX] for all X € LP(E). Since p is local we derive E[l4uX] =
Ep(laX)] = E[Z14X] for all A € F and X € LP(E). Thus, uX = E[ZX | F]
for all X € LP(£). Tt remains to show that E[|Z|9 | F] € L"®=D/=7)(F). We
distinguish between two different cases. If » = 1 then E[|Z|? | F] € LY(F) as
E[E[|Z|? | F]|] = E[|Z]7] € R. It remains to show the case 1 < r < p. To this end,
consider the adjoint p' : L*(F) — L4(E) of . By definition,

(79) (WY)(X) =E[YE[ZX | F]] = E[YZX], X € L*(€).
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Since p : LP(E) — L"(F) is continuous so is u' : L*(F) — L%(E), that is, for all
Y € L*(F)
1Y llg < cllY]ls,

for some real constant c¢. Since the L?—norm coincides with the corresponding
operator norm we derive for all Y € L*(F)
(80) sup  |(WY)(X)| = swp - EYZX]<cB[Y[]

XeLr(&),[Xlp<1 XeLr(&),[Xlp<1
With equation (79) we know that E[Y Z] is a continuous linear function from L?(£)
to R. Since the topological dual of LP(E) can be identified with LI(E) we derive
that necessarily YZ € L(E). Therefore, we can define

Xy =sign(YZ) x |YZ|& 0 JE[|Y Z|9]7

(with the convention 0/0 = 0). Then Xy € LP(€) and || Xy, <1 forall Y €
L*(F). Hence, we derive from (80) that for all Y € L*(F)

E[[YZ|)7 = E[Y ZXy] < cE[[Y|*]*.

In particular, Y — E[E[|Z|9 | F]Y] is a linear, continuous function from L (F) to
r(p—1)

R. Again, since the topological dual of L (F) can be identified with L = (F) we
derive that necessarily E[|Z]9 | F] € Lo

p—1)
= (F). O

The next proposition provides a different set of conditions that are sufficient
for p to be of the form (77). These conditions spotlight the emphasis on conditional
risk measures.

PROPOSITION 5.2.2. A function p: LP(E) — L™(F) is

(i) continuous linear,
(ii) pY > =Y for allY € L"(F) with Y > 0, and
(iii) monotone, uX <0 for all X € L?(€), X >0,
if and only if it is of the the form (77) for some representing Z € Li(E) with
E[Z | F] > —1 and Z < 0 and which satisfies the integrability condition E[|Z|7 |
r(p—1)

Fle Lo (F).

Proor. The if statement follows by inspection, where continuity follows as in
Proposition 5.2.1.

As to the only if statement we show that (ii) and (iii) imply that p is local.
To this end, let X € LP(E) be essentially bounded in a first step. Then X <
14X + || X — 14X 00, where for X' € LP(E),

[ X |loo = ess.inf{Y € LO%(F) | Y > |X'|}.
Since p is positive and pY > =Y for all Y € L', (F) we derive
pX > p(laX + [ X = 1aX|oo) = p(1aX) — [|[X — 14X ||
On exchanging X and 14X we derive
[1apX —1ap(1aX)] = La|pX — p(1aX)[ < 14X — 14X |loc = 0.

Thus, p is local for all essentially bounded X. By a standard truncation and
approximation argument we derive that u is local for all X € LP(£). Thus, we
established that p is continuous linear local and hence of the form (77) for some

representing Z € L%(E). The integrability condition E[|Z|? | F] € L& (F)
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follows as in the proof of Proposition 5.2.1. Further, (ii) and (iii) imply E[Z | F] >
—land Z <0. [l

REMARK 5.2.3. In Proposition 5.2.2 above one can replace uY > =Y for all
Y € L"™(F) with Y > 0 by the projection property uY = =Y for allY € L"(F) with
the result that E[Z | F] = —1 in place of E[Z | F] > —1.

EXAMPLE 5.2.4. Positivity (iil) is needed in Proposition 5.2.2, as the following
example shows. Let Q = {wy,we,ws}, &€ = o({w1},{wa},{ws}), Plwi] = 1/2,
Plws] = Plws] = 1/4 and F = o(A1, A2) with A1 = {w1} and Az = {wa,ws}.
Define the random variables

Zl = (_2a17_1)7 Z2 = (Oa _27_2)
and the linear map p : L°(E) — L°(F) by
2
W(X) = 3 Bl
i=1
Then p satisfies (1) and (ii) of Proposition 5.2.2, but not (iii) since 1(0,4,0) =
(1,-2,-2).

Now suppose . were of the form (77) for some (not necessarily positive) Z €

LO(E). This implies, in particular, that
E[lAluX} = E[lAIZX]

for all X € L°(E). But for X = (0,4,0) we obtain zero on the right hand side and
1/2 on the left hand side, which is absurd. Hence p cannot be of the form (77).

5.3. Monotone (sub)cash invariant convex functions on LP(&)

Given the results of the preceding section we now turn our attention to convex
functions.

LEMMA 5.3.1. Let f: LP(E) — L"(F) be a function.

(i) If f is local then every p € domf* is local.
(ii) If f is monotone then u is monotone for each p € domf*.
(iii) If f 4s subcash invariant then uY > =Y for allY € L"(F) withY >0
for each p € domf*.
(iv) If f is cash invariant then —p is a projection for each p € domf*.

PRrROOF. (i) Take non local pn € L(LP(E), L"(F)). Then there are X € LP(E),

A,Be F, AC B, with u(1gX) < uX on A. Then pu(—1p-X) =pu(lpX —X) <0
on A or, equivalently, u(1p.X) > 0 on A. This implies for all n € N

#(1penX) = f(LpenX) = nu(1p-X) — £(0)

on A. As n tends to oo, we conclude p ¢ domf*.

(ii) Let u € L(LP(E),L"(F)) and suppose there is X > 0 such that uX > 0
with positive positive probability. By monotonicity of f, f(nX) < f(X) for all
n € N. Hence,

(1) = p(nX) = f(nX) = npX — f(X)

for all n € N. This implies p ¢ dom f*.
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(iii) Let p € L(LP(E), L"(F)). By subcash invariance of f we have

£ (p) > ess.sup (u(X) — f(X +nY) —nY)
XeLr(€)
X=Xy ess.sup (u(X' —nY) — f(X') —nY)
X'eLr(€)
= esssup (u(X')— F(X') + (- — 1)
X'eLr(€)

= i) +n(=pY =Y)

forall Y € L"(F) with Y > 0 and n € N. Hence, p ¢ domf* if Y < —Y with
positive probability.
(iv) Let p € L(LP(E),L"(F)). Since f is cash invariant we derive for all Y €
L"(F)
frp) 2 pY = f(Y) = pY +Y = f(0).
This implies that p € domf* only if uY = —Y for all Y € L"(F); whence —pu is a
projection. O

In view of Lemma 5.3.1 (i) we derive a convex variant of Proposition 5.2.1.

PROPOSITION 5.3.2. A function f: LP(§) — L"(F) is
(i) continuous convex and
(ii) local
if and only if domf* C {Z € LY1(E) | E[|Z|? | F] € L= }. Moreover, in this case

(81) f(X)= ess.sup - (E[ZX | F] - f*(2)).
ZeLa(£),E(|Z)0|FleL 7= (F)

In the same manner, we derive from Lemma 5.3.1 (ii) and (iii) a convex analogue
of Proposition 5.2.2.

PROPOSITION 5.3.3. A function f: LP(E) — L"(F) is

(i) continuous convex,
(ii) monotone and
(iii) subcash invariant

if and only if domf* C C ={Z € L&) | E[Z | F] > -1,Z < 0,E[|Z]* | F] €
Lre=D/=r)(F)}. Moreover, in this case

(82) f(X) =esssup(E[ZX | F] — f*(2)).
zZeC
REMARK 5.3.4. We obtain the convex variant of Remark 5.2.3; that is, we can

replace subcash invariance by cash invariance in Proposition 5.3.3 with the result
that E[Z | F] = =1 in place of E[Z | F] > —1.

To draw a conclusion, standard vector space based convex analysis is applicable
to a selected class of conditional risk measures. This class contains risk measures
which map L?(€) into L™ (F).
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5.4. Proof of Theorem 5.1.4

In this section we provide a proof of Zowe’s convex duality result in the form
of Theorem 5.1.4. The setup and notation is as in Section 5.1. We first present a
topological lemma.

LEMMA 5.4.1. There exists a base of neighborhoods V of 0 € L*(G) such that
(83) V= (V+LEG) N (V — LE(9)),
where L% (G) = {X € L*(G) | X > 0}, k € [1,400] and G C & denotes a generic
sub o—algebra of £.

PRrOOF. For each n € N we denote by Bj/, the ball of radius 1/n centered
at 0 € L*(G). The collection (Bj/,) is the canonical base of neighborhoods in
L¥(G). We claim that Vi, = (B, + L% (G)) N (B1/, — L%(G)), n € N, defines a
neighborhood base as required. Indeed, each V,, satisfies (83) and By C Vi
for each n € N by construction. To show that (V;/,) is a base of neighborhoods it
remains to prove Vi, C By, for each n € N. To this end, let X € V;,5,. Then
there are Y,Y' € By s, and Z,7' € Lﬁ(g) suchthat X =Y +Z2=Y'-Z27'. We
derive that Y < X <Y’ and in turn | X| < sup{|Y],|Y”’|}. The triangle inequality
now yields the assertion. (I

The epigraph epif of a function f : LP(§) — L"(F) is understood as
{(X,Y) e LP(E) x L"(F) | f(X) <Y}. The next lemma proves the first assertion
of Theorem 5.1.4.

LEMMA 5.4.2. Let f : LP(E) — L"(F) be a convex function. If f is continuous
at Xo € LP(E) then f has a subgradient at Xg.

Proor. The set
A=epif —{(Xo0,Y) € {Xo} x L"(F) | Y < f(Xo)}
is nonempty and convex. Thus,
B= [J M
AE[0,+00)

is a convex cone in LP(E) x L"(F), that is B+ B C B and AB C B for all A €
[0,400). By means of B we will construct a sublinear mapping p : L?(£) — L"(F),
that is, p is subadditive p(X; + X2) < p(X1) + p(X2) and positively homogeneous
p(AX1) = Ap(X71) for all X3, Xo € LP(€) and X € [0, +00). To this end, we define

Sx ={Y eL"(F)| (X,Y) € B},

for all X € LP(E). We will show that Sx is nonempty and bounded from below for
all X € LP(E).
Since B is a convex cone we observe first that

(84) Sx, + Sx, C Sx,+x,, for all X1, X, € LP(E).
For X € L?(€) we have
(X, f(Xo+ X) = f(Xo)) = (Xo + X, f(Xo + X)) = (Xo, f(X0)) € 4,
and hence (X, f(Xo + X) — f(Xy)) € B. Thus,
(85) Sx # 0 for all X € LP(E).
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Let (0,Y) € B, Y # 0. Then (0,Y) = A((X1,Y1) — (X2,Y32)) for some A €
(0,+OO), X1 = X2 = X() and Y1 Z f(Xo) 2 Yg. Thus, Y = )\(Yl — Yé) Z 0, and
hence

(86) So C L. (F).

For X € LP(€) take Y € S_x which is possible due to (85). From (84) and
(86) we derive for all Z € Sx

Z+Y eSx+S_x CSyCL(F).
Hence —Y is a lower bound for Sx. Since L"(F) is order complete the mapping
p: LP(€) — L"(F),
p(X) =essinf{Y | Y € Sx}

is well defined. Next, we show that p is sublinear.

For A € (0,+00) we have AB = B, and hence Ap(X) = ess.inf{\Y | (X,Y) €
B} = essinf{\Y | (AX,\Y) € B} = p(AX). Since p(0) = 0 it follows that p is
positively homogeneous. Further, from (84) we derive for all X, X5 € LP(E)

p(X1 +X2) S Y1 +Y2, for all }/1 € SXUYQ € SXQ.

Thus, p(X; + X2) < p(X71) + p(X2). Hence, p is subadditive and in turn sublinear.
By the Hahn—Banach extension theorem in the form of Theorem 8.30 in [ABO06]
there exists a linear mapping p : LP(£) — L"(F) such that pX < p(X) for all
X € LP(&). Since f(X) — f(Xo) € Sx_x, for all X € LP(E) we have
(87) n(X — Xo) < p(X = Xo) < f(X) = f(Xo).
for all X € LP(E). Thus, u is a subgradient of f at Xy if we can show that p is
continuous.

To this end, let V' be a neighborhood of 0 € L"(F). We can assume that
V = =V and, due to Lemma 5.4.1, V. = (V + L (F)) N (V — L (F)). Since
f is continuous at Xg there exists a symmetric neighborhood W (W = —W) of
0 € LP(€) such that

f(Xo+ W) C f(Xo)+V.
Hence, f(Xo+ W) — f(Xo) C V and therefore
f(Xo+X)— f(Xo) €V forall X e W.

From (87) we derive for all X € LP(&) that uX = pu(Xo+X — Xo) < f(Xo+X) —
f(Xo). Hence for all X e W = -W

pX € f(Xo+X) — f(Xo) = L' (F) CcV = L'.(F)
and
pX € —(f(Xo — X) = f(Xo) = L' (F)) € =V + LL(F) =V + L (F).

We conclude that p(W) C (V + L (F))N(V — L (F)) =V and continuity of u
follows at 0 € LP(E). Linearity of p yields continuity on all of LP(E). O

The second assertion of Theorem 5.1.4 can be proved as follows. We let f :
LP (&) — L"(F) be a convex function which is continuous at Xy € LP(E). We define
domf** ={X € LP(&) | [**(X) € L"(F)}. Lemma 5.4.2 together with (75) yields
domf* # () and we get

pXo = f*(p) < pXo — (uXo — f(Xo)) = f(Xo), for all p € domf*.
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Hence, Xy € domf** and f**(Xo) < f(Xo). The reverse inequality follows from
the observation that again Lemma 5.4.2 together with (75) yields the existence of
o such that f(Xo) = poXo — f* (o) which concludes the proof.



CHAPTER 6

Conditional risk measures on modules

In this chapter, we present a module based approach to duality theory of con-
ditional convex risk measures. In contrast to Chapter 5 the spirit of this approach
can be referred to as bottom up. The reason for this is that from the beginning on
we establish that continuous module homomorphisms, which now take the place of
continuous linear functions, are necessarily conditional expectations. As a conse-
quence, dual representations of conditional convex risk measures can immediately
be interpreted as the maximum of expected losses subject to penalization. It is
due to this approach that the discussion of Section 5.2 becomes obsolete to a large
extent. Nevertheless, this comes at the cost of module based convex analysis which
is a technically involving matter. The main advantage of this approach, however,
is that the derived duality theory for conditional risk measures is very similar to
that of static risk measures.

In Section 6.1 we recall and adapt some terminology and definitions of Chap-
ter 2 to not necessarily proper functions. A detailed motivation is given below.
Section 6.2 provides dual characterizations of monotonicity and (sub)cash invari-
ance of L?(F)—convex functions. In Section 6.3 indicator and support functions are
introduced and some technical lemmas for the following section are presented. The
aim of Section 6.4 is to approximate convex functions by means of monotone and
(sub)cash invariant functions. Duality theory is utilized to find a monotone and
(sub)cash invariant function “closest”, expressed in dual terms, to a given function.
The idea of this duality based construction principle is already presented in [FKO07]
which, however, only covers the static case.

6.1. Preliminaries

Throughout this section, unless stated otherwise, we let p € [1,400] and ¢
dual to p as in the preceding Chapter 5. We consider the L°(F)-module L (€) as
introduced in Section 3.2. As in (56) we will work with the convention that the
conditional expectation E[- | F] : LL.(£) — LY(F) is defined by E[X | F] = E[X T |
F]— E[X~ | F], the right hand side of which is understood as in (53).

EXAMPLE 6.1.1. Let us assume that F = o(A1, ..., An) is generated by a finite
partition A1, ..., Ay of Q.

The local structure, formerly a property in reference to the functions we studied,
now also appears as a property of the model spaces L*-(E) in the sense that on each
F-atom A;, 1 < i < m, we consider a classical LP space, namely LP(E N A;) =
LP(Q N A;,ENA;, P,), where P; denotes P[- | A;]. Owver all of £, these spaces are
“pasted” together to become

L5(E) = 14, LP(ENA).
i=1

73
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Consequently, if F is finitely generated, LP(£) = L'-(€) and no additional structure
is provided.

However, if F is generated by a countable partition (A,) of Q then L%(E)
becomes

L) =) 1a4,LP(ENA,)
neN

which in fact is an L°(F)-module significantly larger than LP(E). Indeed, it is not
hard to see that X,, € LP(ENA,,) for all n € N is not sufficient for > _n1a,Xn €
L?(€) in general.

neN

In contrast to Chapter 2, we are now considering functions on the specific
LY(F)-module L¥.(€) for which (if p € [1,+0)) we explicitly know its topological
dual L°(F)-module of continuous LY(F)-linear functions. For example, in the
setup of Chapter 2 we have (f*)* # f** in general. Indeed, the L°(F)-module
on which (f*)* is defined may be significantly larger than E, the formerly given
L%(F)-module on which f** is defined. However, due to the “reflexivity” of L.(€)
and L%(£) in this chapter, we have (f*)* = f**.

For convenience, we will exploit this reflexivity by constantly interchanging the
primal and dual perspective throughout this chapter. To this end, we have to adapt
some definitions of Chapter 2 to not necessarily proper functions. For instance, the
conjugate function of a proper function need not be proper in general. As we
have defined L°(F)-convexity, effective domain, subdifferentials, etc. for proper
functions only it would be useless to consider the not proper conjugate function
from a primal perspective. We note, that the following terminological adaption is
fully compatible with Chapter 2.

We recall that a function f : L(£) — L°(F) is proper if f(X) > —oc for all
X e L%(€) and if there is at least one X € L%(€) such that f(X) < +oo. In
Definition 2.1.1 we have already defined localness for proper functions f : L.(€) —
LO(F). We adapt this to general functions f : LI.(€) — L°(F) with the convention
0-(f£o0) =0.

Further, we introduce for a function f : LE.(£) — LO(F),

PI(f) =esssup{A € F|1laf =1a(+0)}
MI(f) =esssup{A e F|3X € LI (E) : 14f(X) = 1a(—o0)}
P(f) = (PI(f) U MI(f))"

so that f is proper on P(f), f = 400 on PI(f) and f may take value —oo on
MI(f).
The effective domain dom f of f is defined by

Trivially, PI(f)NMI(f)NP(f) = 0 so that f is proper only if PI(f) = MI(f) = 0.
If f is local then we even have “if and only if”.

In Definition 2.1.1 L°(F)-convexity is only defined for proper functions. For
the purposes of Section 6.4 below in which we use dual techniques to construct hulls
of proper L°(F)—convex functions, we have to extend this definition in a consistent
way to not proper functions.

In vector space theory one agrees on the convention that —oo + oo = 400 and
defines a function f : V. — [—o00,+00]| on a real vector space V' to be convex if
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flav+ (1 — a)w) < af(w)+ (1 — a)f(w) for all v,w € V, a € [0,1]. In line with
this, we set —oo + 0o = +00 and define LY(F)—convexity as follows.

DEFINITION 6.1.2. A function f: LY.(E) — LO(F) is LO(F)-convez if
FYX+(1-Y)X)<Yf(X)+(1-Y)f(X)

for all X, X' € L%(E) and Y € L°(F) with 0 <Y < 1. (Recall the convention
0-(+o0) =0.)

REMARK 6.1.3. Inspection shows that a function f : L%-(€) — L°(F) is L°(F)-
convez if and only if for all X, X' € LL(€) and Y € LO(F) with0 <Y <1,

(89) fYX+(1-Y)X) <Y f(X)+(1-Y)f(X)
on the set ({f(X) = —oo, f(X') = +o0} U {f(X) = +o0, f(X') = —c0})".
LEMMA 6.1.4. Any L°(F)-convex function f : L%-(E) — L(F) is local.
PrOOF. Let X € L-(£) and A € F. Then, we derive the inequalities
fAaX) < 1af(X)+ 14 f(0)
1af(1a(1aX) +14cX) + 14c£(0)
< 1af(1aX) + 14 £(0)

which become equalities on multiplying with 1 4. [

Consider a local function f : L%-(£) — L%(F). As in Chapter 2, we call f lower
semi continuous (Ls.c.) if for any convergent net X, — X in L¥.(£) we have

ess.liminf f(X,) > f(X),
where we recall that ess.liminfY,, = ess.sup,ess.infg>,Ys for a net (Yy,) in L (€).

DEFINITION 6.1.5. Let f : L%.(€) — L°(F) be a local function. The closure
c(f) : LE(E) — LO(F) of f is given by
cl(f) = Larrcryeg + Larcr)(—00),
where g is the greatest l.s.c. L°(F)-convex function majorized by Larcpyef- The
function f is closed if f = cl(f).

By definition, cl(f) is Ls.c. L°(F)—convex and in particular local. Thus, a
closed function is Ls.c. LY(F)—convex.

For p € [1,+00) we recall the analogy to (74): any continuous L°(F)-linear
function p : L% (€) — L°%(F) is of the form
(90) uX = E[ZX | F
for some Z € L%L(E), ¢ dual to p as usual, cf. Theorem 3.2.2. Consequently, the
conjugate function f* : LL(E) — LY(F) of a local function f : L.(€) — L°(F) is
given by

f(Z) = esssup (E[ZX | F] — f(X)) = esssup(E[ZX | F] — f(X))
XELZ;(E) Xedomf

and the conjugate f** : LV.(£) — LO(F) of f* is given by

(91)  f*™(X) = ess.sup (E[ZX | F] — f*(Z)) = ess.sup (E[ZX | F| — f*(2)),
ZEL‘Z}_(E) Zedomf*
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where the second equalities follow from the definition of the effective domain in (88).
The next theorem presents an L°(F)-convex duality relation which slightly gener-
alizes the Fenchel-Moreau type dual representation of Theorem 2.1.8 in the specific
context of L-(€).

THEOREM 6.1.6. Let f : L'2(£) — L°(F) be a local function. Then,

f=d(f).
In particular, if f is proper l.s.c. L°(F)-conver then f = f**.

PROOF. We first prove the auxiliary claim that an LO(F)—convex l.s.c. function
g: L%(€) — LO(F) with g > —oo satisfies the L?(F)-convex duality relation
(92) g=9"

which proves the second statement. Indeed, let X € L%-(£) and define A = {g(X) <
+oo}. Then, on A° the relation (92) is trivially valid for X. To see that (92) is
also valid for X on A it suffices to observe that 14g is a proper L°(F)-convex l.s.c.
function and to apply Theorem 2.1.8 by which 149 = (149)**. Since g is local by
LO(F)—convexity we conclude

9(X) =149(X) 4+ 14e9(X) = (1a9)""(X) + (1a-9)"" (X) = g™ (X)

which proves the auxiliary claim.
Next, define f1 = 1psq(p)ef and fo = 1pp¢p)f. We show separately that

1" =cl(f1) and f3* = cl(f2)

which by localness of f** and cl(f) yields the assertion.

To see that f;* = cl(f1) observe that by definition f;* is L°(F)-convex l.s.c.
and —oo < f{* < f1. Further, from

cl(f1) < f1 implies cl(f1)* > f1 implies cl(f1) = cl(f1)™ < fi*

we derive fi* = cl(f1).

To establish f3* = cl(f2) we show that there is some X_,, € L% (&) with
J2(X_co) = 1arr(p)(—00). Indeed, since f is local the collection

S={AcF|3IX e L%(§): f(X)=—o0 on A}

is directed upwards and by definition we have ess.supS = MI(f). Hence, there
exists an increasing sequence (4,) C F and a corresponding sequence (X,) in
LY.(€) with A,, /* M_ and f(X,) = —oco on A, for each n € N. Since f is local

X =D Tanyizt 4, Xi
i=1

is as required with Ag = (). We conclude that

fo = esssup (E[X | F] - f2(X))
XeL(€)
> B[ X_oo | Fl— fo(X—oo) > Lasrpy(+00).
This together with (92) and localness of f implies f5* = 1p7¢5)(—00) = cl(f2).
(Note, that MI(f) = MI(fs).) -
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REMARK 6.1.7. The epigraph epif = {(X,Y) € L-(E)x LY%(F) | f(X) <Y} of
a closed function f : LY (E) — LO(F) is closed w.r.t. the product topology. To see
this, it suffices to observe that 1yry(p)cepifi is closed cf. Proposition2.1.4 and that
Larcpyepife = Ly (LR(E) x L°(F)) is closed as well; fi and fo are understood
as in the above proof. Since MI(f) and MI(f)¢ are disjoint the sum of the two
Lasrcpyeepifi + Larrcpy (LR(E) x LO(F)) = epif is also closed.

LEMMA 6.1.8. Let f: LU.(€) — L°(F) be a local function. Then,
(93) PI(f) € MI(f*) and MI(f) C PI(f*).
If f is closed L°(F)—convexr we have equalities.

PRrOOF. Since f is local (93) follows from the definitions of PI(-), MI(-) and
f*. On replacing f with f* the reverse inclusions follow as for closed L°(F)—convex
f we have f = f** cf. Theorem 6.1.6. |

The preceding lemma reveals in particular that for a closed L°(F)-convex func-
tion f: L%(£) — L°(F) we have the following decompositions

(94) f=1pr()(=00) + Larr(p)(+00) + 1)
(95) f=1"=1prp)(+00) + sy (—00) + 1r(p) [
Subgradients in the context of L7-(€) are given by the following definition.

DEFINITION 6.1.9. Let p € [1,+00), ¢ be as above and f : L'-(E) — LO(F) be
a proper function. An element Z € L%(£) is a subgradient of f at Xy € domf if

E[Z(X — Xo) | F] < f(X) = f(Xo), for all X € LE(€).
The set of all subgradients of f at Xo is denoted by 0f(Xo).

EXAMPLE 6.1.10. Let F = o(Ay,As, A3) be finitely generated, where
(Ai)1<i<3 C & is a partition of Q. We consider a function f : L'-(€) — L°(F) and
we identify L°(F) with R? so that f = (fi1, f2, f3) for three functions fi, fa, f3 :
LE(E) — [—o0,+00]. Let us further assume that fi = +o0, fs is proper and there
exists X € L-(E) such that f5(X) = —oo.

Then PI(f) = Ay and MI(f) = As. Further, X € domf if and only if
f2(X), f3(X) < 400 irrespectively of the fact that f1(X) = +oo. The function f
would be proper if and only if f1, fo and f3 were proper at the same time. Thus,
La,f is proper while f is not. In the same way we see that f is L°(F)-conver if
and only if each f; is conver, 1 <i < 3.

If in addition f is local then we can identify f with three functions f1, fa, f3 :
LP(ENA;) — [—o0,+00] defined on classical LP spaces. Then f is l.s.c. if and only
if each f; is l.s.c., 1 <1i <3, and its closure is given by

cl(f) = (cl(f1), cl(f2), cl(fs)) = (+00, 37, —00).

The main advantage of the module approach over the vector space approach
from Chapter 5 is the fact that we can consider conditional risk measures on L (&)
which is a much larger model space than LP(£). Furthermore, within the mod-
ule approach, duality results are applicable to functions which may take values in
EO(]-' ). As a consequence, examples such as the entropic risk measure are fully
covered.

Further, within the vector space approach, continuous linear functions p :
LP(€) — L"(F) are not necessarily conditional expectations. One has to employ
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the results of Section 5.2 to derive that only those continuous linear functions which
are conditional expectations are relevant for conditional risk measures.

In contrast to this, continuous L°(F)-linear functions of L%-(£) into L°(F) are
conditional expectations as stated in (90). Results analogue to Proposition 5.2.1,
Proposition 5.2.2 and Remark 5.2.3 as presented in Section 5.2 are not required.
In this sense, the module approach a priori provides us with an interpretation of
(91) in terms of expected losses under different scenarios which, by virtue of f*,
are taken more or less seriously.

6.2. Monotone (sub)cash invariant L°(F)—convex functions on L% (&)

Throughout this section, we fix p € [1,400) and define ¢ dual to p, as usual.
The next definition is similar to that of 5.1.1. However, as we work in a module
setup, a few amendments are needed.

DEFINITION 6.2.1. A function f : L% (€) — LO(F)

(i) is monotone if f(X) < f(X') for all X, X' € L'-(E) with X > X',
(ii) 4s subcash invariant if f(X +Y) > f(X) =Y for all X € L%(E) and
Y € LY. (F),
(iii) isocash invariant if f(X +Y) = f(X) =Y forall X € L.(€) and Y €
LO(F).

Recall that a set P C L(€) is LO(F)—convex if Y X + (1 —Y) X’ € P whenever
X, X'"ePandY € LO(F) with 0 <Y < 1. P is an LO(F)—cone if Y X € P for all
X ePandY € LY (F).

From now on, let P = {X € L.() | X > 0} be the closed L%(F)-convex
LY(F)-cone. P induces the partial order of almost sure dominance on L%-(£) via

X>X X -X cP.
We recall that (L%-(£),>) is an ordered module. The polar L°(F)—cone P° of P is
P°={ZeLL(E)|VX € P: E[ZX | F] < 0}.

Inspection shows that P° = {Z € L%() | Z < 0} by definition of P. Further,
define

sD ={Z e L%(
D ={Z e L%(

£)| E[Z | F] = -1}
&) | B[z | F] = —1}.

Note that if Z € sD then E[-ZY | F] <Y and if Z € D then E[-ZY | F] =Y
for all Y € LO(F).

PROPOSITION 6.2.2. Let X, X' € L.(E). Then X > X' if and only if E[Z(X —
X" | F] <0 forall Z € P°.

Proor. This follows from the corresponding definitions. O

LEMMA 6.2.3. Let f: LI.(€) — L%(F) be a closed L°(F)-convez function.

(i) f is monotone if and only if 1p(pydomf* C 1p4)P°.
(ii) f is subcash—invariant if and only if 1p(pdomf* C 1ps)sD.
(iii) f is cash—invariant if and only if 1ppydomf* C 1p(s)D.
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PrOOF. Let Xy € L-(€) be such that f(Xo) € LY(F) on P(f).

(i) To prove the only if statement, assume by way of contradiction that there
is Z € domf* with P[{Z > 0} n P(f)] > 0. By monotonicity of f we have
f(Xo+n) < f(Xo) for all n € N. Thus,

[1(2) 2 ElZ(Xo +n) | F] = f(Xo+n) = nE[Z | F] + E[ZXo | F] - f(Xo)

which contradicts f*(Z) < +o00 on P(f). To establish the if statement, recall the
decompositions (94) and (95). Thus, 1p(sydomf* C 1p)P° implies

f(X) = esssup(E[ZX | F]— f*(2))
ZeL%(€)
= esssup (E[ZX | F|— " (2))
Zedomf*
= esssup(E[ZX | F| - " (2)),
zZepe

for all X € L%-(£). Hence, by Proposition 6.2.2, f is monotone.
(ii) To prove the only if statement, let Z € domf* and assume that P[{E[Z |
F] < =1} n P(f)] > 0. By subcash invariance of f,

1 (Z) > ess.sup (E[ZX | F] — f(X +nY) —nY)
XeLl.(€)

X=Xt s sup (ElZ(X'=nY) | F|] - f(X) —nY)
X/€LE(£)
= ess.sup (E[ZX' | F]— f(X') —nY(E[Z | F]+1))
X/ELE(£)
= [(Z2) =nY(E[Z | F]+1)
for all Y € L9 (F) and n € N which contradicts f*(Z) < +oo on P(f). To establish
the if statement, observe that the decompositions in (94) and (95) together with
1p(f)domf* - lp(f)SD imply

f(X+Y) = ;isgfl(l?)(E[Z(X +Y) | Fl - f*(2))
= esssup (E[Z(X+Y) | F] - f"(2))
Zedomf*
— essup(B[Z(X +Y) | F] - £1(2)) = f(X) - Y

for all X € L.(£) and Y € LY (F).

(iii) To prove the only if statement, assume that there is Z € domf* with
PH{E[Z | F] # =1} n P(f)] > 0. Since f is cash invariant we derive for all
Y € LO%(F)
f1(2) 2 ElZ(Xo+Y) | Fl = f(Xo+Y) = Y(E[Z | F]+1) + E[Z X, | F] = f(Xo).
This contradicts f*(Z) < 400 on P(f). Conversely, to establish the if statement,
let X € L.(€) and Y € L°(F). From the decompositions (94) and (95) together
with 1ppydomf* C 1ps)D we derive

f(X+Y) = ;zszgt(lg(E[Z(X +Y) | F] = f(2))
= esssup (E[Z(X+Y)|F] - f(2)
Zedomf*

= esssup(E[Z(X +Y) | Fl- f(2)) = f(X)-Y.
ZeD
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d

Two immediate consequences are the following representation results for mono-
tone subcash invariant L°(F)—convex functions and conditional convex risk mea-
sures.

COROLLARY 6.2.4. Let f: L.(E) — L° be proper lL.s.c. L°(F)-convex.
(i) If f is monotone and subcash invariant, then for all X € L% (E)

(96) f(X) = esssup (BIZX | F] = £7(2)).

(ii) If f is monotone and cash invariant, then for all X € L'-(E)
(97) f(X) = esssup (E[ZX | F] — f*(2)).
ZeP°nD

Elements of P°ND can be viewed as transition densities which serve as proba-
bilistic models relative to the initial information F and uncertain future events €.
In this sense, the economic interpretation of static risk measures is preserved under
assuming non trivial initial information.

6.3. Indicator and support functions

Let C' C LE(&) be an L°(F)—convex set. We define the mapping M(- | C) :
L% (€) — F slightly more general than its former definition in (6)

M(X |C)=-esssup{A € F| 14X € 14C}.

The reason for this generalization is that here we consider L°(F)-convex sets C' C
L7.(€) which do not necessarily contain 0. (Together with L°(F)—convexity this
would imply 14C C C for all A € F). Further, we recall that set C has the closure
property if for all X € LZ.(€)

Lyxio)X € 1ax)o)Cs
We note that the closure property should not be seen as a property in reference to
the topology of L-(£). In fact, if 0 € C' the closure property is closely related to
order completeness as it states that a family (14X)4 C C has a least upper bound
in C, namely ess.sup 414X = 1y x)0) X
From now on we assume that C has the closure property. The indicator function
5(- 1 C) : L(E) — LY(F) of C is defined by

0 on M(X | C)

oxile)= {+oo on M(X | C)°”

By the closure property of C, epid(- | C) = C x LY (F). Since a proper local
function is l.s.c. if and only if its epigraph is closed, cf. Proposition 2.1.4 we derive
that d(- | C) is Ls.c. if and only if C' is closed.

The support function §*(- | C) : L%L(E) — LY(F) of C is defined by

0"(Z | C) =esssup E[ZX | F].
XeC
Since C' is LY(F)—convex (in particular 14X + 14cX’ € C for all A € F whenever

X, X' € C) the support function of C' coincides with the conjugate of the indicator
function 4(- | C), i.e. for all Z € LL(E)

(98) ess.sup (E[ZX | F] - 6(X | C)) =esssup E[ZX | F].
XELL(€) xecC
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Note that this is also the case if C'= 0. (98) justifies the notation §*(- | C) of the
support function. -
We define §**(- | C) : L.(€) — L°(F) as the conjugate of the support function,
ie.
(X | C) = esssup (E[ZX | F] - 0" (Z | C)).
ZeLb.(€)
If C is closed, we have

(99) 5(-[C)=d6"(-10).

LEMMA 6.3.1. Let P = {X € L%(£) | X > 0} be the order inducing L°(F)-
cone and P° its polar L°(F)-cone. Then

(100) o(-[P) = (1P
(101) (- IP) = o(-|P%)

102) X |D) = {—X on M(X | LO(F))

P
0 on M(X | L°(F))© for all X € L'.(€).

PrROOF. To see (100), recall that ¢*(X | P°) = ess.supzcpoEP[ZX | F|. Fur-
ther, 1p7(x|p)X > 0 implies 1p;(xp)ZX <0 for all Z € P°. Since M(X | P) € F
and since P° is an L°(F)—cone we derive

Lyxpyess.sup E[ZX | F] = ess.sup E[ly(xp)ZX | F] = 0.
zZePe ZePe
This proves (100) on M (X | P).

By definition of M (X | P), 1aX ¢ P for all A € F with P[A] > 0 and
A C M(X | P)e. Since P is closed L°(F)-convex Theorem 1.1.8 implies that there
exists Z(, € L%(€) and € € LY (F) with

(103) E[Z)X' | Fl+¢e < E[Z)X | F]

on M (X | P)¢ for all X’ € P. The same is true if Z} is replaced by Zy = 1ps(x|p)Zp-
Since P is an L°(F)—cone we derive that E[Zy X' | F] < 0 for all X’ € P; whence
Zy € P°. Further, since 0 € P° we derive from (103) that E[ZyX | F] > 0 on
M(X | F)°. Thus,
La(x|pye ess.sup E[ZX | F| > 1y x|pye ess.sup YE[ZoX | F] = 1yrx|p)e(+00)
ZePpe YELY (F)

as P° is an LY(F)-cone. This proves (100) on all of €.

The identity (101) follows by a dual argument as in (99).

To prove (102) we define f : L.(£) — L°(F),

F(X) = —1ax o)X + oolar(x|LoF))e

and show that f* = §(- | D). (Note that f is the function on the right hand side
of (102).) The identity in (102) then follows from a dual argument since D has the
closure property and is L°(F)-convex closed. By definition of f, we have

F(2) = essswp (BZX | F] — f(X))
XeLl(€)
= esssup (XE[Z | F]+X)
X€eLO(F)

= esssup X(E[Z | F]+1)
XeLO(F)
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for all Z € L%(E). The equality f* = &(- | D) now follows from the observation
that M(Z | D) = {E[Z | F] = -1} for all Z € L%(). O

6.4. Monotone and (sub)cash invariant hulls
PROPOSITION 6.4.1. Let f : L-(E) — L°(F) be a proper L°(F)-convex func-
tion.
(i) The greatest monotone closed LY (F)-convex function magjorized by f is
given by fpo : LE.(E) — LO(F),
fpe(X) =esssup(E[ZX | F] — f*(2)).
Zepo

(i) The greatest (sub)cash invariant closed L°(F)-convex function magjorized
by [ is given by fyp : Lp(E) — LO(F),

fop(X) = ess.sup(E[ZX | F] - f*(Z)).
ZesD

(iii) The greatest monotone (sub)cash invariant closed LO(F)-convex function
magorized by f is given by fpo (syp : L(€) — L(F),

fre(9yp(X) = ess.sup (X — f*(p)).
pneEPCNsD

Accordingly, we call fpo, fp and fpo (syp the monotone, (sub)cash invariant and
monotone (sub)cash invariant hull of f, respectively.

PROOF. (i) Monotonicity of fpo follows from Lemma 6.2.3 (i) and closedness
follows from its definition. Further, fpo < f** < f. Now let g : L.(£) — L%(F)
be a monotone closed L°(F)-convex function with ¢ < f. By Lemma 6.2.3 (i),
1pgdomg* C 1pnP°. Thus, g* = g* +46(- | P°) > f*+0(- | P°). Let f :
LL.(€) — L°(F) be a proper L°(F)-convex function. Since P° is closed L°(F)-
convex and has the closure property (- | P°) is Ls.c. L(F)—convex and hence

(104) (fpe)" = f"+6(-|P°).
Hence, g = g < fpo.

(ii) follows similarly.

(iii) As in (104), one checks that (fpo s)p)* = f* + (- | P° N (s)D). Now the
assertion follows as in (i). O

The next remark provides us with an interpretation of monotone and cash
invariant hulls.

REMARK 6.4.2. Let f: LL.(£) — L°(F) be proper L°(F)-convex.
(i) Define g : LI(€) — L°(F) by
9(X) =

Note that g need not be proper. For instance, take f = E[- | F): L%(£) —
LO(F), then g = —oo. Nevertheless, g is L°(F)-conver and monotone
with g < f, and g = f if and only if f is monotone. Moreover, if g is
closed then g = g** = fpo is the greatest monotone closed L°(F)-convex
function majorized by f. Indeed, for all X € LI-(E)

g(X) = X1aXQEL?’S(S(g;rAl)gl'FXzfX(f(Xl) + 6(X2 | 7)))

Anf X".
xoerS ik ox XD
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With (101) of Lemma 6.3.1 one checks that the conjugate of the right
hand side equals f*+6(- | P°). Hence, g* = (fpo)* by (104) and in turn
g = fpe. B
(ii) Define h: L%-(E) — LO(F) by
hX)= anf (f(X-Y)-Y).
(X) ;gsig?f)(f( )—Y)
Then h is LO(F)—convex and cash invariant with h < f, and h = f if and
only if f is cash invariant. Moreover, if h is closed then h = h** = fp
is the greatest cash invariant closed L°(F)-convex function magjorized by
f. Indeed, by Lemma 6.3.1 (102) we have for all X € LY.(E)
h(X) = Anf X1)+ 6 (X2 | D).
(X) Xl,XgeL%-S(SS;g(lJrXQ:X(f( 1) (X2 | D))
Inspection shows that the dual of the right hand side equals f* + (- | D).
As in (104) we have (fp)* = f* 4+ (- | D). Hence, h* = (fp)* and in
turn h** = fp.
Let f: L%(E) — L°(F) be a proper L°(F)-convex function. Since
5(- | P°)+4(- [ (s)D) = 6(- | P° N (s)D)
we derive
fresyp = (fre)syp = (fis)p)Pe
Further, note that if for instance f is (sub)cash invariant then fpo op = fpo.

However, if f is monotone (sub)cash invariant we only have fpo (sp = f** < f as
f need not be closed in general.






CHAPTER 7

Examples

In this chapter we present examples of LY(F)-convex functions and show how
to obtain conditional convex risk measures from them via monotone and (sub)cash
invariant hulls. The purpose of this chapter is to illustrate the theory that lead the
way.

In Section 7.1 we illustrate that the conditional mean variance can be derived as
the cash invariant hull of the semi deviation risk measure. In Section 7.2 we define
the conditional monotone mean variance as monotone hull of the conditional mean
variance. In both cases we provide a detailed discussion of dual representations and
subdifferentials.

7.1. Conditional mean variance as cash invariant hull

In this section, we consider the L? type module L%(€) and fix 3 € R, 8 > 0.
We define a conditional variant f : L%(€) — L°(F) of the L?(£)-(semi)-deviation
risk measure by

p

f(X) = E[-X | F+ SEIX* | 7).

One checks that f is proper L°(F)—convex and by Holder’s inequality in the form
of (57) f is continuous. Next, we consider the mapping h : L%(€) — LO(F)

(105)
B

h(X) = esssup (f(X —=Y)—Y) = ess.sup (E[X | F]— = E[(X — Y)2 | ]-"]) .
YeELO(F) YELO(F) 2

An element Y’ € L°(F) which satisfies the first order condition
BEX|F]-Y)=0

is necessarily a maximizer of the integrands E[—X | F] — gE[(X —Y)? | F] of the
righthand side of (105). Thus, plugging in the maximizer Y* = E[X | F] we derive
that h is of the form

3
2
where Var[X | F] = E[X? | F] — E[X | F]? denotes the (generalized) conditional
variance of X € L%(€). From this we derive that & is proper L°(F)-convex contin-
uous and in particular closed. By Remark 6.4.2 (ii) we therefore know that h = fp
is the greatest cash invariant closed L°(F)-convex function majorized by f.

In line with the relevant literature we refer to fp as conditional mean variance.
Since fp is continuous Theorem 2.1.7 implies that dfp(X) # 0 for all X € L%(E).
In particular, for all X € L%(€) fp admits a representation of the form

fo(X) = ess.sup (E[ZX | F] - f*(2)).
ZeLZ% (&)

hMX)=FE-X|F|+=Var[X | F],

85
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In what follows we will construct a subgradient of fp by means of the following
lemmas.

LEMMA 7.1.1. Let g : L%(E) — LY(F) be a function. If Z* € L%(E) satisfies

9(X) = E[Z°X | F] = g"(Z7),

then Z* € 0g(X).

PROOF. By definition,
(106) 9°(2) z E[ZX | F] - g(X)
for all X,Z € L%(€). Now, let X,Z* € L%(&) and assume g(X) = E[Z*X |
F] — g*(Z*). Then, (106) implies g(X) < E[Z*X | F] — E[Z*X' | F] + g(X’) for
all X’ € L%(€), hence Z* € dg(X). O

LEMMA 7.1.2. Let fp : L%(E) — L°(F) denote the conditional mean variance.
Then,
(107) domfp ={Z € L%(E) | E[Z | F] = —1}.
Moreover, for all Z € domf7,

. 1
Ip(Z) = ﬁE[(l +2)*| 7

and, in particular, (1 + 2)/8 € 0f5(Z).

PrOOF. The conditional mean variance is cash invariant closed LY(F)-convex
and P(fp) = 2. Hence, Lemma 6.2.3 (iii) yields the inclusion ”C” in (107).

To prove the reverse inclusion in (107), let Z € L%(&) with E[Z | F] = —1.
We will show that f*(Z) = %E[(l + Z)? | F]. To this end, observe

f(Z) = esssup(E[ZX | F] - f(X))
XeLZ(€)

= ess.sup <E[(1 +2)X | F] - éVar[X | .7:]>
XeLZ(€) 2

= €ss.sup (E[(l +2)X | F] - éVar[X | .7:])
X€eLZ(E),E[X|F]=0 2
(108) = ess.sup E [(1 +272)X — 5 xe \ f} .
XeLZ(€),E[X|F]=0 2
An element X’ € L%(€) which satisfies the first order condition
(109) 1+ Z—BX* =0
is necessarily a point wise maximizer of the integrands (1 + Z)X — gX 2in (108)
(maximized over all of L%(€)). In view of (109) we therefore define the maximizer
X* = (14 Z)/B; fortunately, E[X* | F] = 0. Plugging X* into (108) yields the
assertion. O

Combining lemmas 7.1.1 and 7.1.2 we conclude: if Z* € L%(£) maximizes

fo(X) = esssup(E[ZX | F| - fp(Z))
ZeLZ(€)
(110) = ess.sup (E[ZX | F| — iE[(l + 2)? | ]-'])
ZeL2(8),E[Z|Fl=—1 23
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that is
1

fo(X) = BIZ°X | F] = 55 Bl + Z*)? | F)
for some X € L%(&), then Z* € 0fp(X).
THEOREM 7.1.3. Let fp : L%(E) — L°(F) denote the conditional mean vari-
ance. Then, for all X € L%(€)

BX - EIX | F]) =1 € dfp(X).

PROOF. Let X € L% (). Since f(X — E[X | F]) = f(X) + E[X | ] we have
Of(X — E[X | F]) = 0f(X). If Z' € L%(€) satisfies the first order condition

1
(111) X—E[X|]—']—E(1+Z*):O
then Z’ is necessarily a point wise maximizer of the integrands
1
Z(X —E[X | F]) - %(1 + Z)?

in (110) (adjusted for —E[X | ] and maximized over all of L%(£)). In view of (111)
we define the maximizer Z* = 3(X — E[X | F]) — 1; fortunately F[Z* | F] = —1
which means that Z* maximizes (110). O

EXAMPLE 7.1.4. If we let F = 0(A,,) as in Example 6.1.1 we can nicely relate
the preceding results to the static case results presented in [FKOT]. More pre-
cisely, we can identify f : L%(E) — L°(F) with a sequence of static L*(E)~(semi)-
deviation risk measures f = (f1, fa, f3,-..), where f, : L2(€ N A;) — R is given
by

_ p 2
fn(X) - EPz[_X] + §EP1[X ]7
where Ep,[-] denotes the expectation with respect to the probability measure P;.
As derived above, the greatest cash invariant closed L°(F)-convex function ma-
jorized by f is given by the conditional mean variance fp : L%(E) — LO°(F)
which we can also identify with a sequence of static conditional mean variances
fo = (fip, fop, f30,...), where fop: L*(EN A,) — R is given by

fn,D(X) = Epn[—X] + gVarpn [X]

where Varp, [-] denotes the variance w.r.t. the probability measure P,, n € N.
Further, by Theorem 7.1.8 we know that for all X € L%(&)

(B(X1 — Ep, [X1]) = 1,8(X2 — Ep,[X2]) — 1, 8(X5 — Ep,[X3]) — 1,...) € Ofp(X),

where X,, denotes the restriction of X to QN A, which lies in L*(EN A,), n € N.

Alternatively, we could apply the results of Section 5.3 in [FKOT7]. According to
[FKO7] the greatest cash invariant closed convex function majorized by fn is given
by the classical mean variance f, p for each n € N. Consequently, the greatest cash
invariant closed L°(F)-conver function majorized by f = (f1, f2, f3,...) must be
fo = (fip, fap, f3p,...). Inthe same way, one could proceed with the subgradient,
which however is not computed in [FKOT7].
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7.2. Conditional monotone mean variance as monotone hull

As in the previous section we consider the L? type module LZ(€) and fix
B € R, 3> 0. To ease notation we denote by f : L%(E) — L°(F) (in place of
fp) the conditional mean variance as introduced in the previous section. In line
with Proposition 6.4.1 we define the conditional monotone mean variance fpo :
L2(E) — L°(F) as the greatest monotone (cash invariant) closed L°(F)-convex
function majorized by f. That is,

fre(X) = e;seg)gp(E[Zle]ff*(Z))
1
(112) = gsssup <E[ZX | F] - %E[(leZ)Q \ ﬂ)

By the automatic continuity and subdifferentiability result in the form of The-
orem 4.1.4 the conditional monotone mean variance fpo is continuous and
Ofpo(X) # 0 for all X € LL(E). Again, in what follows, we explicitly construct a
subgradient.

LEMMA 7.2.1. Let f: L%(E) — L°(F) and o : L%(E) — LO°(F) be functions
such that o represents f in the sense that [ = ess.supzcpz o) (E[Z- | F] — a(Z)).
If Z* € L%(€) satisfies

f(X) = EZ°X | F] - (Z7)
then Z* € 0f(X).

PROOF. Since « represents f we have
(113) a(Z) > ElZX | F]l - f(X).
Now, let X,Z* € L%(€) and assume f(X) = E[Z*X | F| — a(Z*). Then, (113)
implies f(X) < E[Z*X | F] — E[Z*X" | F] + f(X") for all X' € L%(£), hence
Z* € 0f(X). O

LEMMA 7.2.2. For all X € L%(&) and Z € LY. (F) there exists Y € LY(F) such

that
E(X+Y) |Fl=2

PROOF. Let X € L% (€), Z € LY (F) and define
Y =esssup{Y’ € L°(F) | E[(X +Y')" | F] > Z}.

Then Y is as required. Indeed, observe that the function L%(F) — L% (F),Y —
E[(X+Y)~ | F], is antitone, that is E[(X+Y1)™ | F] > E[(X+Y2)~ | F] whenever
Y1 <Y5. Further,
E[(X —n)” | F] / 400 ass.

as n tends to +o0o. Thus, there exists Y’ € LO(F) with E[(X+Y")~ | F] > Z. Hence
Y € L°(F) and by construction E[(X +Y)~ | F] > Z. By way of contradiction,
assume that P[A > 0], A={E[(X+Y) |F]>Z}. Let Y, =Y +1/n,n € N.
Then

El(X +Y,)" | F] /E[(X +Y)" | F] as.
Hence, A, = {E[(X +Y,)” | F] > Z} / A. Thus, there exists ny € N with
P[A,,] > 0. But then,

B[(X +1ag Y + 14, Vo) | F] > Z
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and 14¢ Y 414, Yn, >Y on Ay, in contradiction to the maximality of Y. Thus,
E[(X+Y) | Fl=2. O
THEOREM 7.2.3. Let fpo : L%(E) — L°(F) denote the conditional monotone
mean variance. For X € L%(&) let Y € LY(F) be such that E[-3(X +Y)™ | F] =
—1. Then
(X +Y) € Ofpo(X).
(Due to Lemma 7.2.2, such Y exists.)

PROOF. Let X € L%(£). In view of Lemma 7.2.1, it suffices to show that
Z* = —f(X +Y)” maximizes (112).

Step 1. Due to f(X +Y) = f(X)+Y forall Y € L°(F) an element Z* € P
maximizes

1
(114) €ss.sup (E[ZX | Fl - = E[1+ 2)?| .7:])
Zep 20

if and only if it maximizes

1 2
esZs.es;)lp (E[Z(X +Y) | Fl - %E[(l +2)% | f]) .

Thus, we can assume that E[—-X~ | F] = —1 since else we could replace X by
X +Y for the unique Y € LY(F) with E[-8(X +Y)~ | F] = —1.
Step 2. For all Z € P
1 1 3
ElZX |Fl- =E((1+2)*|Fl=E|ZX - —=Z* - —.
2X17)- B0+ 2P | A =B |2X - 322 | 5| -
Hence, Z* € P maximizes (114) if and only if it maximizes
1
ess.sup F/ [ZX - 77| .7-'] .
zZeP 20
For Z* € P the following statements are equivalent:
(i)
1
26
(ii) For all Z € P and € € [0,1],

1
E {Z*X - =7 ;f] = ess.sup E {ZX - =77 f] .

zZep 23

1
26
where Z, =eZ + (1 —e)Z*. (Note that Z. € P for all Z € P.)

(iii) For all Z € P,
d 1
—E [ZEX 55
Indeed, for all Z € P and ¢ € [0, 1]

E{Z*X—Zlﬁzﬁf} >E[ZEX— Z?If],

Z52|f] |s:0§0-

1 e?
E|Z.X - =72 =eY1— —E[(Z-2Z*) Y:
2.X - 32 F| =i - B2 2P | A4 s
for some Y1 = Y1(Z,2%),Y, = Y2(Z,Z*) € F. In particular, € — €Y7 —
%E[(Z — Z*)? | F] + Yz is point wise concave on [0,1] and hence (iii)
implies (ii).
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(v) Forall Z€ P, B [(Z2 - 2%) (X = $27) | F| <o.
Hence, Z* = —3X~ € P maximizes (114). O

EXAMPLE 7.2.4. Again we employ the results of Section 5.3 in [FKOT7] to derive
the above results for the specific case of F = 0(Ay,), ¢f. Ezample 7.1.4. We identify
the conditional mean variance, this time simply denoted by f, with its corresponding
sequence of static mean variances f = (f1, fa, f3,...).

According to the above results, the greatest monotone closed L°(F)-convex
function magorized by f is given by fpe : L%(E) — L°(F) identified with fpo =
(fi.pe, fopo, f3po,...), where fnpo: L*(EN A,) — R is given by

B Z>21) ,

e (X) = sup (Brlzx1- 5

ZeL?(ENA,),Z<0,Ep, [Z]=—1

for allmn € N.
Alternatively, due to Section 5.8 in [FKOQ7] the greatest monotone closed convex
function majorized by f,, is given by the static monotone mean variance fy, po for
each n € N. Consequently, the greatest monotone closed L°(F)—convex function

magjorized by f = (f1, f2, f3,...) must be fpo = (f1,pe, fo,po, f3,po,...).
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