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Foreword

Semileptonic processes have played a crucial role in our understanding of flavour physics.

In this thesis we consider the K3 decays (¢ = e, u)

K*(px) — 7°(p)0* (po)ve(py),
Kpk) — 7 (o)l (po)ve(py)

(and their charge conjugate modes). These decays provide the theoretically cleanest and
most precise measurement of the Cabbibo-Kobayashi-Maskawa matrix element |V,| [1],
which is one of the main input parameters in the standard model of particle physics,
formed by the Glashow-Weinberg-Salam theory of electroweak interactions [2] and Quan-
tum Chromodynamics (QCD) [3], the quantum field theory of strong interactions. There-

fore it is important to have a deep theoretical understanding of these processes.

The (fully inclusive) Ky3 decay rate is given by [1]

Gy My Ck
19273

where G is the Fermi constant as determined from muon decays, Sgpw = 1.0232(3) [4]

[(Ke) = SewlVasl? [£5°7 (0)] T (1 + 6% + bsuc2).

is the short-distance electroweak correction, Ck is a Clebsch-Gordan coefficient (1 for
K° and 1/ V2 for K* decays), 6% represents the channel-dependent long-distance EM
corrections, dsy(z) the correction for isospin breaking, f{°" (0) is the K@ vector form
factor at zero momentum transfer, and I% is a phase—space integral that is sensitive to
the momentum dependence of the form factors. The latter describe the hadronic matrix

elements
(m(pe)| Wy | K (px)) = (pr + 2k 7 (1) + (0r — pr)uf 7 (1),

where t = (pxg — px)? = (pe +p,)?. In the experiment, the values of the vector form factor

£7(t) and the scalar form factor

K50 = £ 0 + 30

are measured. These form factors are (usually) parameterized by the vector slope (\)

and curvature (X ) parameters and the scalar slope parameter Ay, respectively [1]:

70 = 270 X+ () | A0 =270 (1)

On the other hand, this form factors can be calculated in theory to provide a comparison

with the experimental outcomes.



Although recent high statistics data from ISTRA+ [5], KTeV [6], NA48 [7] and KLOE
[8] are available now, our picture of the scalar form factor has not become much clearer.
While the values of A and N’} of the different experiments are consistent with each other,
the actual value of A\ remains unclear. Especially if both of the values of Ay from ISTRA+
and NA48 were true, this would signalize an enormous isospin violation in the K3 decays.
Therefore it is important to know if such a huge isospin violation can be understood within
the standard model.

For a comparison with the experimental outcomes, we need to know the theoretical
prediction for the behaviour of the scalar form factors of Kp3 and Kj; as precisely as

possible. In this thesis we wish to address the following questions:

e Which of the values of the slope parameter Ay found by the different experimental

groups are compatible with the standard model of particle physics?

e Which magnitude of isospin violation can be expected for the scalar form factors?

The natural tool of this analysis is Chiral Perturbation Theory (xPT) [9,10], the ef-
fective theory of the standard model at low energies. The Lagrangian of this theory
contains all operators invariant under transformations of the chiral symmetry group
G = SU(3), x SU(3)g, which is an infinite number of terms, but makes sense as an
expansion in powers of the momentum. QCD becomes non-perturbative in the low-
energy regime (due to confinement). In xPT, on the other hand, the relevant degrees of
freedom are no longer quarks and gluons, but the pseudoscalar mesons. The octet of the
lightest pseudoscalar mesons plays a special role as the pseudo-Goldstone bosons (GBs)
of spontaneously broken (approximate) chiral symmetry. xyPT exploits this feature and
describes the strong interaction by an exchange of these pseudo-GBs. Due to Goldstone’s
theorem [11], the interaction among them vanishes at zero momentum — one can apply

perturbation theory at low energies (p < 1 GeV).

The drawback of such an effective theory is that one gets an increasing number of
new low-energy constants (LECs) with each order in the momentum expansion [9, 10].
These free parameters must be fixed with experimental input, additional model-dependent

assumptions or lattice calculations.

The outline of this thesis is as follows. In Part I we give a short introduction to xyPT.

Part II is dedicated to the K3 decays and especially the slope parameters of the scalar



form factors. This part follows our work [12]. In section 2 we summarize the basic facts
about and present the kinematics of K3 decays and take a closer look on the current

experimental situation. We describe the determination of

Fi
Fe 577 (0)°

which is one of our main input parameters. Fx and F; denote the kaon and the pion decay
constant, respectively. In section 3 we review the next-to-leading order (NLO) results for
the vector and the scalar form factors, including pure QCD isospin violation (mg # m,,) as
well as isospin violation due to electromagnetic effects. After updating the parameter £,
which determines the size of isospin breaking, we turn to the numerical determination of
the size of isospin violation in order to obtain numerical results for the slope parameter of
the scalar form factor with a separate determination of the contributions of both sources
of isospin violation. Finally, we analyze the Callan-Treiman relations [13] at NLO, again

including isospin violating effects.

In section 4 we consider effects arising at next-to-next-to-leading order (NNLO). We
estimate the order p° low-energy couplings C7, and C}, using 1/N, expansion and trun-
cating the hadronic spectrum to the lowest lying resonances [14]. With these results and
the two-loop calculations of Bijnens and Talavera [15] we calculate the scalar slope and
curvature parameters in the isospin limit. We give an update of the vector form fac-
tor at zero momentum transfer, ff”(()). We compare our results for the scalar slope Ay
and curvature ¢y with the values recently obtained by dispersive methods [16-21]. We
continue with extending the results obtained at the order (mg — my)p* [22] on the K3
scalar form factors by an estimate of the associated local contributions relevant for the
splitting A&’ — MK Finally, we analyze the size of the scalar form factor in the
isospin limit at the Callan-Treiman point and discuss the possible size of corrections to

the Callan-Treiman relation induced by isospin violation at this chiral order.
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Part 1

Introduction

1 Chiral Perturbation Theory

1.1 QCD in the chiral limit

In the last decades, the standard model of particle physics had amazing success in de-
scribing almost all observed phenomena in high-energy pyhsics. QCD, the quantum field
theory of strong interactions, has two fundamental properties: Asymptotic freedom [23]
and confinement. Due to the latter, QCD becomes non-perturbative at low energies - the
usual perturbative techniques of calculating decay widths and cross sections are no longer

applicable.

Fortunately, in the late seventies, Steven Weinberg came up with the concept of effec-

tive field theories. He formulated his idea as a conjecture [24]:

“...if one writes down the most general possible Lagrangian, including all
terms consistent with assumed symmetry principles, and then calculates ma-
trix elements with this Lagrangian to any given order of perturbation theory,
the result will simply be the most general possible S-matrix consistent with
analycity, perturbative unitarity, cluster decomposition and the assumed sym-

metry principles.”

The basic idea of an effective theory is not to attempt to construct a so called “Theory
of Everything”, but rather to look for specific classes of phenomena where only a certain
subset of degrees of freedom is relevant. Based on Weinberg’s idea, Gasser and Leutwyler
worked out the effective field theory for the standard model at low energies, chiral per-
turbation theory (yPT) [9,10]. While Weinberg’s statement was just a conjecture, it has
been shown [26] that with an appropriately chosen Lagrangian, yPT is mathematically
equivalent to the low-energy limit of the standard model of particle physics. This effective

Lagrangian must contain all terms allowed by the symmetry of the fundamental theory
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for the given set of fields [24], in YPT these are the light mesons (ie. 7° 7% K°/K° K*
and 7). Although the number of these operators is infinite, they can be ordered in powers
of momenta and one can isolate the more relevant terms from the less important ones.
The drawback of an effective theory is that one gets more and more low-energy constants

(LECs) at each order in this expansion.

In the following, we describe the construction of xYPT from the QCD Lagrangian in
the chiral limit'. The hierarchy of the quark masses suggests to separate them in a group
of light quarks (u, d, s) and a group of heavy quarks (c,b,t). The hierarchy of the quark
masses is shown in Figure 1. The masses of the heavy quarks and the light quarks are
separated by more than an order of magnitude, therefore the mass terms of the light

quarks in the QCD Lagrangian Locp [3] can be seen as a small perturbation,
Locp = %cp — qgMyq, (1.1)

where £0QCD is the QCD Lagrangian in the chiral limit (m, = mg = ms = 0),

_ . A
‘COQCD = dq (a,u + ZgS2C7YM> q + ‘Cheavy quarks + ‘Cgluons
- q_LinL + q_RZlDQR + Lheavy quarks + Egluons: (12)

with the light quark fields
q = <u7 d? S>T7 (1'3)

their left- and right-handed projections
1
dL,r = 5(1 + ), (1.4)

the quark mass matrix
Mq - dia‘g(mu7md)ms> (15)

and the covariant derivative acting in colour space
D Ve
D,=0,+ zgsEGu, (1.6)

with the Gell-Mann matrices A\, (a = 1,...,8). The QCD Lagrangian in the chiral limit

(1.2) is invariant under transformations of the chiral group

G = SU(3), x SU(3)x. (1.7)

!The discussion in sections 1.1, 1.2, 1.3 and 1.5 follows the lines of the introductory paper [25].
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Figure 1: Hierarchy of the quark masses. The numerical values entering the diagram were
taken from Amsler et al. [1]. For the light quarks (u, d, s) the values of the quark masses
correspond to the scale = 2 GeV.

The Noether currents associated with the chiral group G are

A

5 IR.L (a=1,...,8), (1.8)

Jr'L = qry"
where 4#* denote the Dirac matrices, the corresponding Noether charges are
Qhs = [ &z J55. (1.9)

It is a well known fact that chiral symmetry is spontaneously broken down to H = SU(3)y

through the non-vanishing vacuum expectation value

(0]gq|0) # 0, (1.10)

the quark condensate. A few arguments for this can be found in [27].

According to Goldstone’s theorem [11], as a consequence of a spontaneously broken
(continuous) symmetry a set of massless particles enters a theory. Denoting the number
of generators of the groups G and H by ng and ny, respectively, in the case of xYPT this
mechanism gives rise to n = ng — ny = 8 Goldstone bosons which transform as an octet
under the subgroup H and can be identified with the lowest-lying pseudoscalar mesons

m, K,n.

The Goldstone fields ¢* (a = 1,...,8) parameterize the chiral coset space SU(3). X
SU(3)r/SU(3)y. G acts non-linearly on the ¢%, but in the case of chiral symmetry, the

13



Goldstone fields can be collected in a unitary matrix field U(¢) transforming as

U(#) % grU(0)91",  grr € SU3)ru1, (1.11)

under chiral rotations. The group-theoretical foundations for a nonlinear realization of
chiral symmetry were developed in [28-30]. There are different possible representations
of U(¢) corresponding to different coordinates of the chiral coset space. In the original

work Gasser and Leutwyler used the exponential parametrization [10]

U(¢) = exp (?:) , 6= Z A", (1.12)

At this stage, Fj is just an arbitrary constant (with dimension of energy), its physical
meaning will become clear later. In this work we use a more general representation with

the coset variables uy, g(¢) transforming as [29,30]

ur(¢) 5 grun(9)h(g. )",

un(0) = h(g.$)ur(d)g’" (1.13)
where h(g, ¢) is the nonlinear realization of GG, and the parametrization
un(6) = wn(0)! = (o) = exp (5. (114
V2F,
where 5 e
D = > (1.15)

The most general Lagrangian density one can construct containing all possible terms
compatible with assumed symmetry principles will then describe the dynamics of these
eight degrees of freedom resulting from the spontaneous symmetry breaking of the QCD

Lagrangian density.

Of course, in reality there is no chiral symmetry in nature: Due to the non-vanishing
quark masses m,,, mg, ms; # 0, the chiral limit is only an approximate symmetry. As a
consequence, the octet of Goldstone particles acquires mass [9, 10] (see section 1.4). The
chiral expansion is not only an expansion in the momenta, but a simultaneous expansion

in the momenta and the masses of the light quarks.

1.2 External fields and explicit symmetry breaking

To include terms that break the chiral symmetry explicitly, we follow Gasser and Leutwyler

[9,10] in extending the chiral invariant QCD Lagrangian (1.2) by coupling the quarks to

14



external hermitian matrix fields — vectors v,,, axial-vectors a,,, scalars s and pseudoscalars
p:
L= Loop + 7" (vu + auys)q — (s — ipys)g, (1.16)
T =v,+a, l,=v,—a,. (1.17)
The Lagrangian (1.16) exhibits a local SU(3)g x SU(3), symmetry with the transforma-
tion properties [10]

a 1 1

q — 9R§(1 +75)q + 9L5(1 — 5)4,
G . _

ru - gRrug;[% + ZgRaugRla

lu g ng,ugz + igLa,ugZIa

e .

s+ip = gr(s+ip)gr’,
gr.r € SU@B)Lr. (1.18)

The effective Lagrangian of QCD including external fields must of course contain all terms

with external fields allowed by the chiral symmetry, especially the lowest order term
1
L, = iFOQBO <uTR(s+ip)uL +u2(s+7jp)TuR>, (1.19)

which provides a very convenient way of including explicit chiral symmetry breaking

through the quark masses and therefore non-vanishing meson masses by setting
v,=a,=p=0 (1.20)

and
s = M, = diag(my, mq, m;) (1.21)

after constructing the most general Lagrangian invariant under chiral transformations

including external fields.

1.3 The Chiral Lagrangian

The effective chiral lagrangian
Lg=Lo+Ls+Ls+ ... (1.22)

contains all terms allowed by the gauge group of the underlying theory, organized in powers

of momenta and the masses of the light quarks. In the chiral limit, this Lagrangian is

15



invariant under SU(3), x SU(3)g. It contains eight pseudoscalar degrees of freedom
transforming as an octet under the subgroup H = SU(3)y. The explicit form of £, and
L, is given below. The Lagrangian Lg already has 94 independent terms, each coming

with its own low-energy constant. A full listing can be found in [31].

In the chiral power counting scheme of xPT, the building blocks are counted as [25]:

upr: O,
aﬂavﬂaau : O(p),
s,pr O@p?). (1.23)

To lowest order in the chiral expansion, the effective Lagrangian in the chiral limit is given

by [9,10] ,
15

) = 7 {ua) (1.24)
where (...) denotes the trace in three-dimensional flavour space and
U(¢) == ur(d)ur(9)’ = u()”. (1.25)

The vielbein field w,, is the covariant derivative of the scalar field,
Uy =10 {u%(@u —ir,)up — ul (0, — ilu)uL} (1.26)
and therefore also of O(p) in the chiral power counting scheme (1.23).
This Lagrangian exhibits an important feature of the Goldstone theorem: The Gold-
stone bosons (contained in the matrix field uu) have derivative couplings only — the in-

teraction among them vanishes at zero momentum. Expanding the exponentials ur, ug

in the first term of (1.24) and switching off the external sources results in

1
'Cg)) = 5 ugbaa“(ba + Eint- (127)

Since there are no other terms containing only two fields (L, starts with interaction
terms containing at least four Goldstone bosons) the eight fields ¢, describe eight massless

particles?.

The pseudoscalar masses are introduced through explicit chiral symmetry breaking in

X+ by substituting the external fields by the quark mass matrix,

X = 2By(s +ip) — 2ByM,. (1.28)

2At this stage, this is only a tree-level argument. We will see in section 3.1 that the Goldstone bosons

remain massless in the chiral limit even when loop corrections have been included.
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To lowest order in the chiral expansion, the effective Lagrangian is then given by [9, 10]

Fg
L= "0t 1 1) (1.20)
where
Xy = ukqu - uTLXTuR, X = 2By(s +ip). (1.30)

The pseudoscalar decay constants [, are defined by

(0] A%(0) [¢°(p)) = iV2p,F., (1.31)
where AZ is the axial-current
a = )\a
AL =5 (1.32)

The effective Lagrangian of order p? contains two low-energy constants (LECs): Fj is the

pion decay constant in the chiral limit and in absence of electroweak interactions,
Fr = Fo(1+0(my)) = 92.2£0.2 MeV, (1.33)

where the numerical value was taken from [32], and B is related to the quark condensate
in the chiral limit [10],

O17¢ 10) = —F2Byd (14 O(M,)). (1.34)

For example, the au component of the scalar quark condensate in the chiral limit, (0| zu |0),,

is given by
(0] wu [0)y =
il /2 6 5 1 4
R Y B Z 1.
5 [\/; 5500 T im@ T B 588@)] exp(iZ[v, a, s, p)) ; (1.35)
v=a=s=p=
where Z[v, a, s, p| is the generating functional [10].
1.4 Masses of the light mesons 1
The mass terms of the pseudoscalars are contained in
1
ﬁm = §F02B0 <UTRMqUL + uTLM;uR>
1
= FiBy (MU + MUY, (1.36)

17



with
M, = diag(m,, ma, ms). (1.37)

Since ./\/lj] = M,, L,, contains only terms even in ¢. The expansion in powers of the

pseudoscalar fields ¢ yields the following expression for the quadratic terms:

1
Ly, = —530 Ao My) ¢ + ... (1.38)
We get the result
1
1 <¢2X> = — Bo(my +mg)nm™ — Bo(my +mg) KTK™
P |
— Bo(mg + ms) KK — —=By(m,, — mg)7n

V3
My + M My + M dmyg
MutMd_o o _ g Mut M+ 2

~ B 0 6

(1.39)

From this expression we see that we have mixing in the neutral 7°/n-sector. However,
in the isospin limit (mg = m,,) the mixing vanishes and the mass eigenvalues are given

by [10]
Mﬁi = Mgo = BO (mu + md) y
Mf(i = By (my +ms),
MZ, = By(mg+my),
KO

By
M,? = ?(mu+md+4ms). (1.40)

Up to terms of (’)(Mg) the pseudoscalar octet obeys the Gell-Mann-Okubo formula [33],
AME = 3M? + M2+ O (M2) . (1.41)

The explicit expression of the meson field matrix in terms of the real fields ¢; and of the

mass eigenstates in the isospin limit reads

¢3 + %Cbs O1— 1Py Py — iP5

¢ = 1+ ig2  —P3+ %% P — 107
P4 + 105 P6 + 17 —%Gbs
5T+ 76 Tt K+
= V2 T —\%71’0 + %77 K° (1.42)
K~ K° —%77

18



Until now we neglected isospin breaking effects. For m, # my the states 7° and n
undergo mixing. The eigenstates described by the fields 7°(z) and 7(z) — the diagonal

elements of the ¢ matrix — are given by

= [)\3 cos @ 4 \gsin 5(2)] () + [—)\3 sine® + \g cos 5(2)} n(z).

The 7°/n-mixing angle at O(p?), £, is determined by

tan 2 = ﬁw, (1.44)
2 mg—m
the symbol m stands for the mean value of the light quark masses,
1
m= §(mu+md). (1.45)
Expanded in powers of my — m,, this reads
@ _ V3ma—m, P
e = —— —|—O([md mu}) (1.46)
Due to the 7°/n-mixing the mass of the neutral pion is pushed down slightly by
1 /mg —my\?
2 _ a2 (T Ty 2 ag2
Mzo = M. — - ( —— ) (Mi - M2). (1.47)

While the pion mass difference is of order (mg — m,)?, the kaon mass difference is not

protected from isospin breaking, but is proportional to the first power of mg — m,,.

1.5 The effective Lagrangian of order p* and loops

At order p?, the most general Lagrangian is given by [10]
Ly = Ly (uu')? + Ly (uu”) (ubu,) + Ls (u,utu,u’)
+ Ly (uut) (x4) + L (wux) + Lg (x4)° + Lz (x-)°
+411<2L8 + L) (X3) + le(QLs — Lip) (x) — Lo (/" u)

(Lo -+ 2L0) o 2) = 7 (Eno — 2Ln) (o ™) (1.48)
where
X- = upxur —upx ug,
W= wFut £ ul PR,
R o= o — 0 — i1,
FR¥ = o'V = 0"r* —i[rt,r"]. (1.49)
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While the terms with Ly; and Ljs in (1.48) are contact terms, i.e. they contain only
external fields and are therefore of no physical relevance, the LECs L, ..., Ly are not
restricted by chiral symmetry. They are parameters containing information on the dy-
namics of the underlying fundamental theory, QCD. Although the number of arbitrary
constants in £, seems quite big, only a few of them contribute to a given observable.
Their numerical values are extracted from experimental input, estimated with additional
model dependent assumptions or obtained from lattice calculations. Numerical values of
the LECs can be found in Table 1.

When calculating one-loop diagrams arising from vertices of L, one encounters diver-
gences which cannot be absorbed by a renormalization of the O(p?) LECs Fyy and By (as it
would be the case in a renormalizable theory)3. According to Weinberg’s power counting
rules [24], the counterterms that cancel these infinities are of order p*. Since dimensional
regularization preserves the symmetries and the Lagrangian £, already contains all al-
lowed operators of this order, these divergences can be absorbed in a renormalization of

the coupling constants L;.

The twelve low-energy coupling constants L, ..., Lio arising in (1.48) are divergent
(except Lz and L7). They absorb the divergences of the one-loop graphs via the renor-

malization [10]

Li = Li(p) + TiA(p), (1.50)
Aly) = “47T>2 (Dl_4 _ ; (In(4r) + T(1) + 1]) | (1.51)

where D = 4—2¢ is the dimension of space-time, in the dimensional regularization scheme.
The coefficients I'; are shown in Table 1. This is the crucial point about yPT (and effective
field theories in general): The low-energy behavior of the observables is governed by the
tree-contributions, the loop diagrams represent contributions of higher order in the chiral

power counting scheme, i.e. in the momenta [9].

The scale dependence of the (measurable) renormalized LECs L (u) follows directly
from (1.50):

r r . Fz :u{)_4 — M2D_4
Li(p2) = Li(m) + 11)1134 (47)? D_4

, I f1

3In this thesis, we use dimensional regularization, since it preserves the symmetries of the Lagrangian.
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i o) O(p°) ¥
1| o07+03]| 043+012] 3/32
2 | 1.3+07| 073+£0.12| 3/16
3 || —4.4+25| —2.35+0.37 0
4] —03+05 =0| 1/8
5| 14+£05| 097+£011| 3/8
6 || —0.2+0.3 =0 11/144
7 | —044+02 | —0.31+0.14 0
8 || 09+03| 060+£0.18| 5/48
9 || 69+0.7 1/4
10 | —5.5+0.7 —1/4
11 ~1/8
12 5/24

Table 1: Phenomenological values for the LECs L (M,) in units of 1072, The first column
shows the original values of [10], the second column displays the values taken from fit 10

of [34], which we use for our calculations. The coefficients I'; in the third column are
taken from [10].

This scale dependence is of course canceled by that of the loop amplitude in any measur-
able quantity. A short remark on higher orders: In the same sense as the counterterms
that cancel the divergences of the one-loop diagrams arising from £, are of order p* and
have the structure of £ [9,10], the two-loop diagrams are of order p° and so on. The
loop diagrams therefore do not modify the leading low energy behavior, but contribute

to higher orders in the chiral expansion scheme.

1.6 The electroweak interaction in yPT

Apart from introducing mass terms for the pseudoscalars, the external field technology
provides another important feature: It allows the systematic inclusion of the electroweak

interaction in the framework of yPT.

Electroweak processes where photons A, and leptons ¢,y (¢ = e, j1) are present only

as external legs can be treated within the framework of xPT by simply adding appropriate
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terms to the usual external vector and axial-vector sources v, a, [35],
by = vp—au— GQ%mAu + Z (Z%VZLQEV + VZLWEQEV]j 5
¢
r, = v, +a,—eQi™Ma,, (1.53)

with the electromagnetic coupling e = v/4ma, the quark charge matrix

2/3 0 0
Qi =QR" ="M= 0 -1/3 0 (1.54)
0o 0 —1/3
and
0 Vud Vus
QY =—-2v2Gr| 0 0 o0 |, (1.55)
0 O 0

where G is the Fermi coupling constant and V4, V,s are Cabbibo-Kobayashi-Maskawa

matrix elements.

If we want to calculate diagrams with virtual photons, we have to include the photon

field as an additional dynamical degree of freedom by adding a kinetic term for the photon,

1
Ly=—7FuF", (1.56)

where F,, = 0,A,—0,A, is the usual field strength tensor, to the Lagrangian of the theory.
With the substitution v, — v, — eQA,, xPT automatically generates all diagrams with
virtual (and real) photons. However, loop diagrams with virtual photons will in general

be divergent and therefore require appropriate counterterms.

The relevant chiral Lagrangian for virtual photons is, in addition to the replacements
(1.53), given by the most general chiral invariant Lagrangian that is bilinear in the spurion
fields Qp(z), Qr(z) with the transformation properties [36]

Qr.r > h(9)Qrrh(9)" (1.57)

At leading order e%p?, the electromagnetic effective Lagrangian contains a single term
[37],

Loy = Fye*Z (QrQR), (1.58)

with a real and dimensionless coupling constant Z. After constructing the chiral invariant

Lagrangian at order e?p° one can express Q;, and Q; through the new spurion fields Q7.
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and Qg transforming as [37]

Qrr(z) < gL,RQL,R(SU)QZ,lRa (1.59)
om — uQ%muT, Q%m = uTQ%mu, (1.60)
which can be identified with the quark charge matrix

om — QM = Q™ (1.61)

At next-to-leading order e?p?, one finds the following list of local counterterms [38]:

Loy = Fié? <;K1 <Q% + Q%> (uyu') + Ky (QrQr) (u,u')

— K3 [(Qruy) (Quu”) + (Qruy) (Qru')]

+K4 (Quuy) (Qrut) + K5 ((QF + Q) wu”)

+K6 ((QrOr + QrQr) uuu™) + ;K7 (Q1 + Q) (x+)

+K5 (QLQn) (x4) + Ko ((Q} + QF) x+)

+K10((QQr + QrOs) x+) — K11 ((QrQr — QrQr) X-)

—iK15 ((VuQ1Qr — QrV,uQr — V,QrQr + QrV,Qr) u)

1 (9,009 Q) + Kt (V009" Q + ¥, 0V Qr) ), (1:62)
where

. 7
V.9 = VMQL+§[U,“ Q1] = uD,Qru,

@MQR = VMQR_%[UWQR] = UTDMQRU. (163)

The low-energy couplings K7, ..., K4 arising here are divergent (except K7, K3 and K14).
The divergences of the one-loop graphs with a virtual photon or one vertex from L.2,0
are absorbed by an appropriate renormalization of the coupling constants in (1.62), in the

dimensional regularization scheme this reads [38]:
Ki = Ki(p) + ZiM(p), (1.64)
with A(u) defined in (1.51). The coefficients ¥; can be found in [38].
The renormalized electromagnetic low-energy constants K (u) are measurable quan-

tities, numerical results [39] are given in Table 2. The constants ¥; govern the scale
dependence of the K7 (u),

r v 2 H1
K (p2) = K7 (1) + an)? In (Mz) : (1.65)
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103K7 | 103K3 | 18K | 10K | 10°KT | 108K}
271 | 069 | 271 | 1.38 | 11.59 | 2.77

Table 2: Numerical results obtained for K () with p = 0.77 GeV taken from [39)].

In any physical amplitude, the scale dependence always cancels between the loop and

the counterterm contributions containing the renormalized coupling constants.

Finally, for the correct treatment of semileptonic processes, also virtual leptons and
appropriate counterterms have to be taken into account. This framework was worked out
in [35].

1.7 Masses of the light mesons 11

With the framework described in section 1.6 we are in a position to calculate the contri-
bution of the electromagnetic interaction to the meson masses. The masses of the charged

mesons receive corrections from the effective Lagrangian L.2,0 (1.58) [37],

M2, = B(m,+my)+2*ZF7,
Mpe = B(m,+m,) +2*ZF2, (1.66)

while the (squared) masses of the neutral mesons M2, M and MT? stay unchanged.

For later convenience we give the (lowest-order) expressions of the pseudoscalar masses

(2

in dependence of the isospin violating parameters ¢ and e,

M?2. = 2Bym +2e*ZF)?,

Mgo = QBO/Tﬁ,
2 —~ 2 —~ 2 2
MKi = BQ (m8+m)—f(ms—m) + 2e ZFO s
2¢(2)

M2, = By|(ms+m)+ ms—m)|,

= B[l )+ 2 - )

4 m
M = éB0 <m5+2>. (1.67)

The effective Lagrangian (1.58) does not contribute to the 7°/n-mixing angle. At leading
order, the masses of the charged mesons receive the same contribution from the electro-

magnetic interaction (1.66). This is Dashen’s theorem [40],
(AKOKJr — Aﬂ-Jrﬂ-O)EM = 0(62]92). (168)
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The mass difference of the pions is dominated by (1.58) because the contributions of 7°/n-
mixing are of order (m, —my)?. Neglecting this tiny quantity (M2, — M2 )gcp, the mass

difference of the pions implies Z = 0.8.

For later convenience we note that with (1.67) one can easily express the pseudoscalar

masses in the isospin limit through the physical ones,

MT? = MT%O — QBO/Tﬁ,
1 _
M: = 5 (Mli+ + M2, — M>% + Mﬁo) = By (m,+m). (1.69)

Within xPT, one cannot calculate the quark masses:

“The quark masses depend on the QCD renormalization scale. Since the
effective Lagrangians cannot depend on this scale, the quark masses always
appear multiplied by quantities that transform contragrediently under changes
of the renormalization scale. The chiral Lagrangian (1.22) contains the quark
masses via the scalar field x defined in (1.28). As long as one does not use
direct or indirect information on By, one can only extract ratios of quark

masses.” [25]

The lowest-order mass formulas (1.69) together with Dashen’s theorem (1.68) lead to the
Weinberg rations [41]

@ . —M%(o + M12<+ - M72+ + 2M50
ma M2z, — M2, + M2, ’
s M2y + M2, — M?
Mo Do Mier = Ve (1.70)
M Mz, — M3, + M2,

With the numerical values for the meson masses given in [1], these formulas yield the

quark-mass ratios
My ms
— = 0.56,
mq mq

= 20.2. (1.71)
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Part 11

The K/3 scalar form factors in the

standard model

2 Basics

Before we turn to the analysis of the K3 form factors, we will briefly review the main
features of K3 decays, including the kinematics of the process and the experimental
situation, which we will both need for the determination of the quantity Fy /F; ffof (0),

which is one of the basic input parameters in the subsequent analysis.

2.1 Structure of the invariant amplitude

The coupling of the W vector boson to the fermions is the standard model coupling, the

coupling of the pseudoscalar mesons to the W is effectively taken into account (1.53).

The invariant amplitude of the Ky3 decays (¢ = e, )

K+(p1<) - Wo(pw)ﬁ(pz)w(pu)a (2.1)
Kp) — 7 (pe)l (pe)ve(py) (2:2)
(and their charge conjugate modes) reads
G * ™ ™
M= BVl Cc [0 (pxc + padu+ ST () (prc = o] (23)
where
= u(py)¥*(1 = v5)v(pe) (2.4)
denotes the weak leptonic current,
t = (px —pe)* = (pe+py)° (2.5)
is the squared momentum transfer to the leptons and Ck is a Clebsch-Gordan coefficient,
1 for K°
Cr = e 2.6
K { 1/v/2 for K (2:6)
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The hadronic matrix element of the K3 decays has the general form

(7~ (pn)

@38 [K°(pic)) = (pr + pr)uf s (0) + (r = Pic) - (0): (2.7)

The currents entering in this formula are defined on the quark level. The connection to
the effective theory is established by identifying these currents with the Noether currents

of the chiral symmetry,

Uys = Vya — 1V, 5, (2.8)

where V# = J" + J® (a =1,...,8) denotes the vector current in the effective theory.

Every diagram contributing to K3 decay contains one vertex where the external -
boson couples to the mesons. The Feynman rules of the corresponding vertices result
from the terms in £ that are linear in the gauge fields. Thus, the left- and right-handed

mesonic currents that couple to the external pseudo-scalar mesons are given by [42]

Lo_ oL R _ oL (2.9)
ma = Slma m:zﬁo’ ma " Spma —_— :
The K3 decay rate is given by the frequently used formula [1]
GE M Ck 2| KO (o |% 7¢ ¢
F(Ke) = ~ g SewlVas [ A7 O Te(1 4 0 +0su). (2.10)

This formula contains both short-distance (Sgw) and long-distance (%) radiative correc-

tions. The phase space integral I% is given by

Iy = /dydzp(y,Z), (2.11)

D3

where the integral extends on the physical domain D5 defining the three-body Dalitz plot
(see [43] for the explicit definition). The spin-averaged decay distribution p(y, z) depends
on two (independent) kinematical variables. We follow the choice in [43],

_ 2 -pr 2B L 2pk -pe  2Ey

= = 2.12
M% My’ M% My’ ( )

where E, (E) is the pion (charged lepton) energy in the kaon rest frame. With this set
of variables the distribution p(y, z) reads [43]

ply.2) = Ay, 2) [FFOf + Aaly. S5O (1) + Asly. ) [0, (213)
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where the kinematical densities are given by [44]

Ai(y,z) = 4dz+y—1A —y)+r(dy+32—3) —dr. +ri(rx —10),
As(y,2) = 2r(3—2y—z+1i—1,),
As(y,2) = 1ol 4re —2—10), (2.14)

2 and r, = (M,/Mg)?. The form factor f,(t) is

accessible in K.3 and K3 decays, while the form factor f_(¢) is only accessible in K3

with the squared ratios r, = (my;/M)

decays, because it is suppressed by the quantity m?/Mz, see (2.14).

The physical domain D is defined by [44]

2\/T_€ Syﬁ 1+T€_Tﬂ'7
a(y) = bly) <z< a(y)+by), (2.15)

where

2=y +retra—y)
aly) = 21 +7r,—y) ’

by) = YL gxﬁzr_‘ ;)r” v (2.16)

or, equivalently, [44]

2rr <z< 14r—1y
(2)—d(z) <y< () +d(2), (2.17)

where

(z) = 2—2)1+r-+1—2)
2(1+7, — 2) ’

V22 —dre (L+ry — 10— 2)

21 +7r, — 2)

(2.18)

The vector form factor ff” describes the P-wave projection of the crossed channel

matrix element (0] V,#~**(0) |K'm), while the scalar form factor

0 "(t) = FET(E) + A;ff(”(t) (2.19)

describes the S-wave projection. It directly follows that

0 "(0) = f£7(0). (2.20)
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2.2 Experimental situation

One possibility for the parametrization of the form factors for the fit of the measured
distribution of the K3 decays is a Taylor expansion. Older measurments usually used the

linear parametrization of the form factors [1]

Kr() = 157(0) (1 + A+,0t> (2.21)

for the fit. With the newer high-statistics measurements also the quadratic term in the

expansion Of the vector fOI'Il’l factor [1]
Kr Kr / t 1 " t 2 2.99

became accessible. The parameters describing higher order terms of the form factor expan-
sion are in principle free to be determined from data. In practice, this additional freedom
greatly complicates the use of such parameterizations. As noted in [45], if a quadratic
parametrization is used for both the vector and scalar terms, fits to experimental data
will provide no sensitivity to Aj because of the strong parameter correlations, especially

between N\, and A/ . For this reason, existing power-series fits use a parametrization in
0 0 )

N, N and Ao.

Alternatively, also a pole fit,

K K M\2/
B0 = 7055 (2.23)

has been employed. We will see that this parametrization assume additional physical
constraints — to reduce the number of independent parameters — which are not fulfilled in
the standard model.

Recently, a dispersive representation of the scalar form factor based on a twice sub-

tracted dispersion relation was proposed [19-21]. We will return to this topic in section
4.4.

Recent high-statistics measurements of the K3 form factor parameters X/, N}, A are
available from ISTRA+ [5], KTeV [6], NA48 [7] and KLOE [8]. In particular for the scalar

slope, the NA48 results are difficult to accommodate with these of the other experiments
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ISTRA+ (K:g)) KTeV (KLM?)) KTeV (KLMB + KLeS)

17.1+£2.2 12.8 £1.8 13.7+1.3

NA48 (Kp,3) KLOE (Kp,3) KLOE (Kpus+ Kres)

95£14 9.1£6.5 15.4£22

Table 3: Experimental results for AX™ x 10?

(The results are displayed in Table 3, where the ISTRA+ result has been rescaled by
M2, /M?2). The actual value of that slope parameter is still unclear. We want to analyze
the current situation from a phenomenological point of view - the two main questions we

want to concentrate on in the following are

e which of the measured values of Ay are compatible with the standard model of

particle physics, and

e which size of isospin violation is predicted by theory?

The natural framework of such analysis is xPT [Part 1], the low-energy effective theory
of the standard model.

2.3 The determination of Fy/F,fX"™ (0)

From the theoretical point of view, the scalar Ky3 form factor has a remarkable property:
the low-energy theorem of Callan and Treiman [13] predicts the size of f&7(t) at the

unphysical) momentum transfer t = A, to be
Yy

F
o "(Agx) = ?K +Acr, Aot = O(my, ma). (2.25)

In the isospin limit (m, = mg, e = 0) and at first non-leading order, Aoy was calculated
already some time ago [46]:
Acr = —3.5 x 107°, (2.26)

Assuming for a moment a strict linear behavior of the scalar form factor in the range

between ¢ = 0 and the Callan-Treiman point ¢ = Ag,, the slope parameter would be
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given by [12]

M2+( FK )
A~ —=% —1 2.27
* 7 Agx \EfE7(0) (2.27)

as a consequence of (2.25). The ratio Fi /F, f£™(0) appearing in (2.27) can be determined
with remarkable precision from the experimental input, independent of K3 data.

Before we turn to the results for the vector and the scalar form factors, we demonstrate

the determination of the quantity
Fg

Fr f£7(0)’

which will be one of our main input parameters in our subsequent analysis. We want

(2.28)

to point out that the decay constants used here always refer to the respective charged
pseudoscalars (F, = Fy+, Fx = Fg+). In the case of the pion, the distiction between
charged and neutral decay constant amounts to a tiny effect of order (mg—m,)?, whereas

Fy+ differs from Fio by terms of order mg — m,, [10].

Including electromagnetic corrections [4,35], the ratio of the (fully inclusive) Ko

and 7,y widths can be written as

F(K42(7)> _ |Vu8|2F12(MKi(1 - ZKE)z
F(ﬂ'@(,y)) \ViaPF2 M= (1 — 274)?

2

x {1+ gr{ﬂ(zm — H(zne) + (3 2) m?\?; +” (2.29)

™

where zp; = m?/M3%. The kinematical function

23 3 2Inz 3lnz
H(z) = =2~ lnz— . — 8ln(1 —
(2) I Ak  ppl s g b )
41+ 2) 8(1+2) == 1In(1—1t)
— —InzIn(1 — 7/ _— 2.
L nzln(l—z)+ == s dt ; (2.30)

ist taken from [35]. The chiral coupling [35] Z ~ 0.8 arises from the electromagnetic mass
difference of the pion,
M2 — M2 =2 ZF, (2.31)

where Fj denotes the pion decay constant in the chiral limit. The dots in (2.29) refer to

contributions arising at O(e?p*). Inserting the measured widths [1]

D(Kua)) = 0.5122(15) x 10%s7 1, (2.32)
[(mua¢) = 0.38408(7) x 10%s71, (2.33)
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we find? [12]
‘Vus‘FK

’Vud|F7r
The first two separated errors correspond to the experimental uncertainties of the K,

= 0.27567(40)(2)(29) = 0.27567(50). (2.34)

and 7,9,y width, respectively. The third one is an estimate® of the unknown electromag-
netic contributions of O(e?*pt). Using (2.34), the quantity (2.28) we are interested in, can

be written as

_ Fe _ Vaal
Fef£7(0) Vi F£°7(0)
For the determination of the product |V,,|f 0T“_(O), we employ the master formula (2.10).

= 0.27567(50) x (2.35)

For the short-distance enhancement factor Sgy we use the value Sgw (M,, Mz) = 1.0232

given in [4] including leading logarithmic and QCD corrections.

In order to avoid any bias from K (which would require additional theoretical input
for the determination of dgy(2)) or K3 data (involving also information about Ay, the
quantity we actually want to determine), we are exclusively using input from K?_, decays
[6,47] as given in [1]:

[(KD o) = 0.0792(4) x 10%s 1, (2.36)
N, =0.0249(13), X =0.0016(5), py v = —0.95. (2.37)

Taking into account the recently determined values [32] of the electromagnetic low energy
couplings X; [35], we obtain [12]

¢ o =0.0114(30) (2.38)

as an update of the electromagnetic corrections presented in [48]. Putting everything
together, we find [12]
Vs FE°7(0) = 0.21616(68). (2.39)
With [49]
[Vaa| = 0.97418(26), (2.40)

extracted from superallowed nuclear Fermi transitions, we finally obtain [12]
Fr

FfE7(0)

where the first error comes from (2.34), the second one from (2.39) and the third one from

(2.40)5. Note that the small difference between our number and the one obtained in [18]

within a similar approach is due to the slightly different input parameters.

= 1.2424(23)(39)(3) = 1.2424(45), (2.41)

“With the new value [50] T'(K,2(,)) = 0.5133(13) x 108~ we find |Vis|F /|Via| Fr = 0.27597(45).
5See also [51] for a recent calculation of O(e?p*) contributions to the ratio R:/ff
60ur update of (2.34) together with the recent value |V,4| = 0.97425(22) [52] yields the slightly

different result Fi/Fy fK7(0) = 1.2438(20)(39)(3) = 1.2438(44).
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Figure 2: Tree diagrams with vertices of O(p?) and O(p?).

Figure 3: One-loop diagrams with vertices of O(p?).

3 Analysis at NLO

The NLO amplitude of the K3 decays consists of four types of Feynman diagrams:

(a) the tree diagram with wave function renormalization,
(b) the loop graph with a weak current and a purely mesonic vertex,
(c) the loop graph with a W+¢? vertex and

(d) a counterterm diagram from L.

3.1 Mass and wave function renormalization

To do loop calculations, one has to renormalize the two-point function first. The order p*

results for the wave function and the mass renormalization are well known [10]:

1
02, = ~— 32 {AO(M?() + Ao(M2)
+24L4(2M2 + M2) + 24Ls M2
1
0Zx = -— ﬁ [AO(Ms) + QAO(MIQ() + AO(Mz)
0
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+32L4(2M7 + M2) + 32Ls M7
1

SM2 = e | M2 Ag(M) — BM2Ag(M?) — 48Ly M2(2M: + M?)
—48Ls M} + 96 LgM2(2M7. + M?) + 96Ls My
1
M = 5 [ —AM Ao(M?) — 96 Ly M7 (2M; + M?)

—96Ls Mjc + 192Lg M7 (2M + M?) + 192Ls M | . (3.1)

The function Ag(m?) is the standard tadpole integral

dPk 1
2y _  4-D
Ao(m’) = /i(27T)D k? —m?’ (3.2)

where D = 4 — 2¢ is the dimension of space-time.

One easily checks that the expressions of the masses are finite. The bare (infinite)
coefficients L; cancel the infinities resulting from the divergent loop integrals. As we had
expected from QCD in the chiral limit, the masses of the Goldstone bosons vanish at

O(p*), if the quark masses are sent to zero.

Each external meson propagator in the tree diagram must be multiplied with a factor

VZ = 1+52Z. (3.3)

3.2 The loop function J(t)

In this section we define the function appearing in the loop integrals used in the text.
We consider a loop with two propagators with different masses, Mp and Mg. In the
calculation of the K3 form factors to order p*, (mg —m,)p?, e2p* all needed functions can
be given in terms of the subtracted scalar integral J(t) = J(t) — J(0). We define the loop
function J(t) by [10]

J(t) = —i / P e Ap(2)Ag(2), (3.4)

where Ap(z) is the Feynman propagator for a scalar field of mass Mp in D dimensions.

In dimensional regularization (D = 4 — 2¢), the loop function J(t) reads
1
J(t) = 72/%(27)"PT(2 — D/2) / dz g(z: 1) P=V/2, (3.5)
0
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with
g(x,t) = M3(1 — x) + M3z — ta(1l — ). (3.6)
The quantity J(t) defined by

J(t) := J(t) — J(0) (3.7)
remains finite as D — 4. Explicitly, the loop functions Jpg(t) is given by [10]

ij(t) = - L /ln g(il?,t) dx

1 A M? p M?
= 2+ PQy 2 PQ 1 622

_ NP M MG) | (H + NVt Mp, Mp)P? MDQ) (3.8)
t [t — AV2(t, M3, M3))? — A%y ) |
with
Apg = Mp— M}, Spg = Mp+ M (3.9)
and A being the Kéllén-function
Mz,y,2) = 2> +y* + 22 — 2(wy + 22 + y2). (3.10)

3.3 The K/;3 form factors at NLO in the isospin limit

The f, form factor in the isospin limit was already calculated more than twenty years

ago [10,46]. The expressions for the individual diagrams are given by [42]
2

AOF, = - o {ALo(M2 + 2M7) + 2Ls (M2 + M)}
_ 241F§ {8A0(M2) + 1040(ME) + 11Ao(M2)},
N 23Fo2 {321(q2a My, ME) + Bai(q*, M, Mﬁ)} ;
A 61F02 {8A0(M2) + TA(MZ) + 5A0(M2)}
At f = 502 {ALo(M2 + 2M7) + 2Ls (M2 + ME) + ¢* Lo} , (3.11)
where
Bl mtmd) = o {(m3 = md = ) Ao(md) + (o = m3 - %) Ao ()

+A(g*,m?, m3) Bo(¢*,m7, m3) } (3.12)
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and DL .
B 2 2 4-D / '
oot ms) =1 | emp [ P = mle =
In the final result the scale dependence of the low energy constant L{(u) is canceled by
the chiral logs Ap(p) and one gets [46]

(3.13)

K50 = 1+ g Belto) + B10)] + 51500
_ g4 g (Hycn () + Hicn(0)] (3.14)

with
1

1
18(47)?

_112{222;—1?[@@) - Ag(i)) ~ 20Ap() + Ag(w] ), (3.15)

(t —3%Xpg)

where A2 2
Ly Y et
(4m)>  p?

Ap(p) = — (3.16)

and ) 5
7 ol )+ 1L (3.17)
The analogous expression for the f_ form factor is given by
AAkgp | ., 3 M?
Fe | B0~ ope e

Hpq(t) =

e

1 M MQ M2
— 2M7 In —= 3M21 —3M?21
12872 F7 [ a M v

N (5t% — 2t gn — 3A% ) Kger(t)
AF2t

N (=3t + 2ty — A% ) Kpey(t)
AF3t

[Hpcr(t) + Hgn(t)] - (3.18)

i SAKTC
2t

In the isospin conserving case the low-energy representation of the scalar form factor,

0 (1) = FET() + AKWfKW( ); (3.19)
is given by [46]

2
AKTI’

1 _
fot) = 1+ Y2 (5 —2Ygr — 3 > i (t)
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1 A? _
27 o Kr
4+ — 20E? <3t Kr ; ) Jrey(t)
t (Fg
eS| 3.20
AKT{' ( 7r ) ( )
where the dependence of the low energy constant L was expressed through the ratio [10]
F 1 4
= 14 5 (5ptn = 2pc = 3p1y) + o5 (M — M) Ly(). (3.21)
F 4 F?

3.4 The f, form factors at order p*, (mq — m,)p?, €2p

Now we include isospin breaking effects arising from strong and electromagnetic interac-

tion. It is convenient to use the notation introduced in [43],

:{:(Jrﬁo — ~f+ 70 + fK+7r 7
07— KO- -
FE™ = [ (3.22)

where the first one represents the pure QCD contributions (in principle at any order in
the chiral expansion) plus the electromagnetic contributions up to order e*p? generated
by the non-derivative Lagrangian

Loy = Fy Z(QMOPM). (3.23)

Diagrammatically, they arise form purely mesonic graphs. In the definition of fK T we
have included also the electromagnetic counterterms relevant to 7°/n-mixing. The second
term in (3.22) represents the local effects of virtual photon exchange of order e?p?. Using

this convention, we have to perform the replacement
£ — JiT (3.24)

in the master formula (2.10).

The contributions of order (mg — m,)p* were already calculated in the Eighties by
Gasser and Leutwyler [46], while these arising from the Lagrangian L.2,2 were calculated
for the first time in [43]. The results are

R = 1B )
1 3
+ §HK+W0 (t) + §HK+n(t) + Hyor—(t)

/30 [ Hieat )+;HKn(t)] (3.25)
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for the K+ decays and

PO = 14 g Hm(t) + 2HK+n(t) 4 Hyor (1)
+ V3D [Hyr(t) — Hyey(1)] (3.26)

for the KV decays.

The expression for f- x nl (t) is more complicated because of 7° /n-mixing: The quantity
5(84) is the strong contribution to the 7% /n-mixing angle arising at first nonleading order [46]

and e, is the corresponding term generated at O(e2p?) [36]. They are given by [43]
6(4) _ 25(2)
i 3(4mFy)2 (M2 — M)
x {(am? 64 3Ly + L) (M - M2Y

M? M?
— Mg(Mf( — M?)log ;T; + M2(M7? — 3M?)log i

M2
—2MZE (M3 — 2M?)log M—f —2ME (M} — M,%)}

(3.27)
and [43]
5(4) _ 2 \/g « MIQ(
P08 7 (M2 — M2)
x {204m)2 ] = 6K3(0) + 3K () + 2K () + 267 ()]
M2
~97(log = K+ 1)}. (3.28)
I
For completeness we note that (3.25) and (3.26) imply the relation
FE(0) = FE7 (0 )[1 +V3(e® e+ sfm)ﬂ)} (3.29)
which defines
0 for K,
0, 3.30
sue { (e + ) + ) for K (3:30)

to the order (mg — m,)p?, e*p*.
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3.5 The fX™ form factors at order p*, (mq — m,)p?, e*p?

The analogous expressions for the f_ form factors are given by [43]

~ 4A £(2) 3 M?
I{‘"’TI'0 Kr r K=
) = —E7(q Li(p) — ——1
f=) Fg<+\/§>[ (1) 2567r2nu2}
1 M? M?
- M[(%ﬁd”)Mﬁ In M?l +2(3 = V3P)MZoIn M};;
M2 M2
—2(3 - /3@ )MQiln]\/[2 + (14 3v3e@ )M20111]M20
K+
Apg I
+ Z{[am(tH%bPQ}KPQu)MPQtHPQ(t)} (3.31)
PQ
and [43]
- 4A 26 3 M?
KO K +
™ t — 1 LT _ 71 i
=) F02<+\/§)[ (1) 2567r2nu2}
1 M2, M2
— 2M2,1 2 M71
128772F2[ KO nMa (3 +2v3e?) HMQi
M2
— (34 2V3D) ML It }
M=,
Apo B2
+ Z cpo(t) + 7dPQ Kpo(t) + dpg THPQ(t) , (3.32)
PQ

where the sum runs over all meson pairs in the loop diagrams (K 7% K% K*n). The
loop function Kpg(t) is defined by [10]

Ku(p?) = 5 / Pz e (9,ApA0 — Apd,Ao)., (3.33)

K,.(p*) = p,K(p*), it remains finite as D — 4 and reads

Apq

Kpqlt) = 22 Tpq(t). (3.34)

The coefficients apg(t), bpg, cpg(t) and dpg are given in [43] and are displayed in Ap-
pendix A.

Analogously to the isospin conserving case, we can trade in the the low-energy constant
LE(p) for the ratio Fx/F,. At one loop, the pion decay constant Fj, defined by

. N
(0|A3|7°(p)) = ipuFr, AL = 55 A" (3.35)
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is given by the following (scale invariant) expression [10]
4
Fo = Rof Ut o [EGM2 4 2003 + L3002
0

1 2 Mg 2 MI2(

Together with the decay constant of the charged kaons [35],

4
Frs = Fo{1+F02[LZ(u)(MﬁHM%HLHu)Mé}

1 M? M? M?
m)2F " " 7
8v3e@
- S L0 - M (337
V3e? 2y M2 2 My 2 2 2 M
—W MﬂlnF—Mnlnrg—g(MK—Mﬂ.) ln?‘i‘l s

we can express the low-energy constant L%(u) in terms of the ratio Fx/Fy [35],

FK 4AK7T 28(2)
K- Li(p) [1-
1 2 2

M2 M M
- SRR [3M§ = 20 =R 50 uﬂ
™) Lo

V3@
A(47)2F2

M? M? 2 M?
2 2 s K
[Mn ln—lug7 — M? IHTLQ —i—SAK,T(InMQ —1—1)]. (3.38)

Performing this replacement in our form factors we arrive at [12]

7 = (f;j_l) 1+ V32

V3e® M? JAN M3
— = Ak, — M?1 K) Tz (5—31 K)
( ke = M e )Y )2 SV

™

+> { {aPQ(t) + A;prQ]KPQ(t) + bpg F;HpQ(t)} (3.39)

) = (I;; - 1) (1 + 4\5/(;)

M?2 A_+ o
Agr — M?In =X —Z
( K w M;) T ian k)

 V3(UrFy)?
F2

+>° { [cPQ(t) + A;Qdm} Kpo(t) + dpg tOHPQ(t)}. (3.40)
PQ
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3.6 Scalar form factors at order p*, (mg — m,)p?, e*p?

In the scalar form factor
t

Ao (). (3.41)

TK+ 70 K+ 70
o T =fT0+

the loop functions Hpg(t) cancel because of the relation

;HK+7T0(I§) + 2HK+77(t> + Hior- (t>
+1/3¢ { Hg(t )*;Hiﬁv(t)}

+_bpoFs Hpo(t)/Agc+no = 0. (3.42)
PQ

Using (3.25) and (3.39) one obtains [12]

) = fET0) + t {(FK—1>(1+\/§5<2))

0 Agi0 | \E,

V3e®@ M} JAN M?
— —— Ak, — M?1 K) i (5—31 K)
(47rF0)2( R VY AV TP RN RVE

+Z

1 Z {;CLIPQ(O)APQtij(t)

AK+71-0 PQ
1 - _
+5arq(0)Arq[Jrq(t) — tp(0)]

Trq(t) = t7pg(0) — 2 T55(0)/ 2} (3.43)
t ' |

+

1
+ Z bPQ A2PQ

From the terms linear in ¢ one can directly read off the expression for the slope parameter.

Analogously the scalar form factor of the Ky decay is given by

i) = 0+ 5P ) (344)

Again the loop functions Hpg(t) cancel because of the relation

1 3
§HK+71'0 (t) + §HK+77(25) + Hygop- (t)

_|_\/§5 [HKW( ) HK’H(t”

+Y dpoFyHpo(t)/Agor— = 0. (3.45)
PQ
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Inserting (3.26) and (3.40) one obtains [12]

(1) = e (0)

t Fx 4¢3
+ TE 1) (1 + )
AKOW* { ( F7r \/g

(2 M2 A
_€<AK7|—_M21H K>+4 TE70

V3(4n Fy)? T M (47 Fp)?
1 - 1 -
+ 3 [3era0raTigl0) + giradta o) |
+#Z 1 (0)ApgtIpo(t)
Ao 2 QCPQ PQUIPQ
1

+ §CPQ(0)APQ [Tpq(t) — tJpg(0)]
Jpq(t) — tJpg(0) — 12 _;;Q(O)/2}

1

t

The values of the derivatives of the loop function J(0) at s = 0 are easily obtained from

the integral representation (3.5) [10],

i 1 (Y MPME . ME

, [ JR— _—

Tro0) = 35 <A2+2 A B )

_ 1/ 2 M2M3_ . M3

Jho(0) = —— [ ——(3%2 —2A?) +4—LCx 9. 3.47
e = 5 <3A4( A L V7 (3.47)

3.7 Slope parameters

In the following section we turn to the slope parameters of the scalar form factors, the

quantities we are actually interested in. For the slope parameter of the K decays,

)\K+7r0 L M72+ dJ?()K+7rO(t)

== : 3.48
0 _{_(+7TO(O) dt =0 ( )
we use (3.29) and obtain the result [12]
)\K+7r0 _ M7%+ { ~FK _ ]_
i Arceno | F fE7(0) - FE7(0)
V3@ M2
oo (A = M2 L ) 3.49
(47TF0)2( A VE (3:49)
JANE M?
=T (53] K) 1 — /3:3®
i 4(47TF0)2< nyge ) = V3E)
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1 - 1 _
30ra(0)ArThg(0) + {hradbaTho0)] |

>

PQ

and for the slope parameter of the Kp; decays,

. M2, dfET (¢
)\é(oﬂ — = 7r_+ fO ( ) ’ (350)
) dt o
we obtain the result [12]
- M? F 1 4e(2)
Ao M {( IR S )<1+) 3.51
0 Agor | \E fE77(0)  fE°77(0) V3 (3:51)
£ /3 M2 Anino
- Aser — M21 K} mir
(47TF0)2[ ke = M e | T Ry

1 7/ 1 T

+2

PQ

3.8 Size of isospin breaking

The size of strong isospin violation is determined by the 7° /n-mixing angle £(?) defined in

(1.46) or, equivalently, by the ratio of quark mass differences

R=——7—. (3.52)
mg — My,
Up to corrections of order mg, the double ratio
2 2
s  mi—m ms/m + 1
= =R 3.53
@ m2 —m? 2 (3:53)
is given by meson masses and a purely electromagnetic contribution [10]:
A M1+ O(m?

- Mg[AKoK-s- + A0 — (AK0K+ —+ A7r+7TO)EM].

As a consequence of Dashen’s theorem [40], the electromagnetic term vanishes at lowest
order e?p°. It can be expressed through chiral logarithms and a certain combination of
electromagnetic couplings of L.2,0 and L.2,2 [36,38]:

1 2 2

M M
(AKOK+ +A7T+7TO)EM = e2M[2([4ﬂ_2(3ln’u5—4+21n/;>

- ;l(K5 + Ke)" (1) = 8(Ka0 + K11)" (1)

+ 16ZL§(M)] + O(e2M?). (3.55)
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The numerical values of the electromagnetic coupling constants appearing in this expres-
sion have been determined by several authors [39,53,54]. Here we are using the most
recent result by Ananthanarayan and Moussallam [39]. They obtain a rather large devi-

ation from Dashen’s limit,
(AK0K+ + Aﬁﬂro)EM =—1.5A 1,0, (3.56)

which corresponds to [12]
Q=20.7+1.2, (3.57)

where we have added a rather generous error to account for higher order corrections.

For the determination of
20)?

R— _ “%
ms/m + 1

(3.58)

we also need information about the quark mass ratio m,/m as our second input parameter.
Employing different methods [55], typical values around mg/m ~ 24 have been obtained
in the literature. We want to corroborate this size of the quark mass ratio by a numerical
update of the determination of mg/m with a method proposed by Leutwyler [56] using
the decay widths of  — 7 and 1 — 7. Defining the parameters ¢, and ¢,y by [56]

2773
oMy

I'(P—7)
the experimental values for the decay widths given in [1] correspond to ¢, = 0.991 £0.025
and ¢,y = 1.245 + 0.022. The quark mass ratio can be obtained from the system of
equations [56] (see also [57,58])

F
FnSCn -+ F,?,cn/ = ﬁ’ (360)
4F} — F?
() +(Fy)* = —5—, (3.61)
SFEMim,/m  F2M2(2m,/m — 1)
F3?ME + (F3)° My, = A—E o s . 3.62
(B My + (B )M, 3(my/m + 1) 3 (3.62)
Eq.(3.61) can be written in the form [56]
Fy = Fycosts, Fy = Fysinds (3.63)
with ) )
4F? — F,
(FR)? = — £ ——7. (3.64)
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Using (3.60), the observed values of ¢, and ¢, require ¥J5 = —22.0°. Inserting this in
(3.62) yields the quark mass ratio [12]

M 94 74£1.04£03+0.1=247+1.1, (3.65)
m

where the errors refer to the uncertainties of I'(n — vv), I'(’ — ~7) and Fx/F,. This
value is perfectly consistent with ms/m = 24.4 £ 1.5 obtained in [55] based on different

arguments.

Combining (3.57) and (3.65), the relation (3.58) finally gives [12]
R=1335+4.0+1.5=233.5+43. (3.66)

A value for R of this size has been suggested in [34]. Note however that a recent analysis
of n — 3w at the two-loop level [59] favours the values R = 42.2 and @) = 23.2. A review
of recent lattice results gives the values R = 37.2 £ 4.1 and @) = 23.1 £ 1.5. The result
(3.66) corresponds to [12]

e® =(1.2040.17) x 1072 (3.67)

and will be used in our subsequent numerical analysis. We also note that (3.67) leads to
the numerical value [12]
dsu(z)y = 0.058(8) (3.68)

for the parameter (3.30) in K3 decays.

3.9 Numerics at order p*, (mg — m,)p?, €2p>

For our subsequent numerical evaluations we use the PDGO8 values [1] for M, .+, Mo, Mg+
and Myo. Since we have used the Gell-Mann-Okubo formula [33]

30k = Agr (3.69)

in our previous calculations of the form factors and slope parameters, it is the only
unambiguous choice at the considered chiral order to use it also to obtain a numerical

value of M,,.

Plugging all our numerical input parameters in (3.49) and (3.51), we arrive at the

following results [12]

AT = (1664 + 0.17 +0.14) x 1073
My=Mmgq muimd EM
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= 16.95(40)(5) x 1072, (3.70)

AT = (16.64 — 0.12 —0.08) x 1072
My ="Mq myF#mg EM

= 16.44(39)(4) x 1073, (3.71)

where the contributions of strong isospin violation and of the electromagnetic interaction
are given separately. The latter two pieces turn out to be of the same size. In the total
results, the first error refers to (2.41) and the second one to (3.67). Both sources of isospin
violation generate only tiny shifts with respect to the result in the isospin limit, with a

splitting of the two slope parameters given by [12]

Adg = AT N = (5140.9) x 1074 (3.72)

3.10 Callan-Treiman relations at the NLO

For the investigation of the Callan-Treiman relations in the presence of isospin breaking
effects, it is convenient to consider the ratios

~0K+WO(AK+WO) NOK%i(AKOTr—)

fet =0y fE°(0)

(3.73)

In the case of K decays, we find [12]

TKt70 A F 3 (2) M2
S E oKhrO) - ¥ j(_ - vae 2<AKW — MZIn I;)
0" ™ (0) Fr fE7(0)  (4mFp) M

s

n A +0 53] ME
S — — n [——
4(47TF0)2 Mg

Apob
+ (1 + \/§5(2)> Z[GPQ(AK+TFO) + 2PQVPQ
2 2A e

KPQ(AK+FO)'(3'74)

A further evaluation of the coefficients apg(Ax+x0), bpg and of Kpg(Ag+,0) leads to the
alternative form [12]

FKt70 A F 3 (2) M2
= +( oK+7r0) - ¥ ;K_ - Vi B) <Ak7r — MZIn I;)
0 ™(0) FofE7(0)  (4mkp) M2

. A +0 53] MZ
S — — n [——
4(47TF0)2 Mg

M? 12¢@ 4@ M2
—|— 2F102<1 + \/§ - \/§M2I(> JK-&-WU(AK—O—WO)
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M2< 2e(?) 4&: ) M2 2Aﬂiﬂo> o
\/_ V/3M2 Agr
M? 8e(2) 4g<2)M2 AN 0

- 6F] ( \/_ V3M?2  Agx

The analogous formula in the case of K5 decays is given by [12]

(A f+70)

)JK+,7(AK+,F0). (3.75)

o " (Agor) Fy N 42 < Fy B 1 )
< (0) FfE70) V3 \FfE7(0) 5" (0)
) 2
€ (A M21 M ) L 4A7ri7r()

T VBUrk)? M2 ) T A(arnE, )
Apod
+ 3 [epo(Agon) + PQPQ}KPQ(AK%_), (3.76)
PQ ZAKOW*

after inserting cpg(Agor-), bpg and Kpg(Axo.-) we arrive at [12]

KO _(AKO ) . FK 1 48(2)< FK _ 1 )

f"7(0) F fE7(0) V3 \FfE"(0)  fE"(0)
- L Aser M21 M?{ . A+ 0
V3(4rFy)? M2 4(47 Fy)?

M? 2:() N 2A i o M2

2F2 V3 Ar.M?

M? 62  2Agq0
6F2 V3 Agx

We note that in the isospin limit (6® = A +0 = 0), (3.75) as well as (3.77) reduce to
the well known result [46]

) Jrctm0 (A gor)

)JK+,](AK0 ). (3.77)

K Fr  M?
o (Agr) = o {BJKW(AM) + JKU(AKN)] (3.78)
The quantity
F
A& = FT B g = 5 = VB 1 (3.79)

receives a large (but trivial) contribution already at the tree level, making it less convenient
for the discussion of deviations from the Callan-Treiman limit in the presence of isospin

violation. In contrast, the quantities

K+n0 ~0K+7TO(AK+WO) Fx
or = TS - o0 (3.80)
o0 " (0) Fefm(0)
and o
- T (Ago F
S =20 NKO( Sron) i (3.81)
o0 " (0) Frfy7(0)
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vanish at lowest order and will be used in the following to measure the size of corrections
to the Callan-Treiman relation in the cases of the charged kaon decays and the neutral

kaon decays, respectively.

Finally, after inserting (2.41), at order p* (m, — my)p* e*p? we find the numerical

results [12]
0o fET (Agor) F
S °~0(“ - K = 1.7(1)(7) x 1072, 3.82
CcT f0[< T (0) Fﬂ—ffoﬂ-— (O) ( )( ) ( )
FK+x0 o
SEr™ = 0(%”” ) _ P 1040y x 1075, (3.83)
0™ (0) F f£77(0)

where in both cases the first error originates from (2.41) and the second one from (3.67).

Switching off the electromagnetic contributions in (3.82) and (3.83), we obtain [12]

sEm L, =19x107, s = —99x107%, (3.84)
the result in the isospin limit is given by [12]
Km A F
o (Brx) K _ _36x107% (3.85)

£70)  FofE(0)
One learns from this results that at NLO the Callan-Treiman theorem holds with excellent

precision even if isospin breaking contributions are taken into account.

4 Analysis at NNLO

4.1 The scalar form factor in the isospin limit

At NNLO, the result for the slope parameter in the isospin limit is given by [15]

Kn t (_FK> _ A

0 (t)—i-AKTr 1 2 = 1+ A(t)+ A(0)
8A27T T T

— i[O (M) + O3y (M)

StA K
F2
16tM2 .
ja [2C7,(M,) + C3y(M,)]

8t
— 7 Ca(M,). (4.1)

™

[2C12(Mp) + C34(M)]
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The loop functions A(t) and A(0) were calculated numerically in [15]:

A(t) = —0.25763t/GeV? 4 0.833045(t/GeV?)? + 1.25252(t/GeV?)?[KY),
A(0) = —0.0080 %+ 0.0057[loops] & 0.0028[L}]. (4.2)

Following the strategy proposed in [14], we pull out the tree-level pieces ~ LI X L’ from
A(t) and A(0) by defining”

D) = A®) - =50 (13)
D) = AW+ T, (4.4

Expressing (4.1) through the functions D(t) and D(0), we obtain [12]

t (F
Km 1) = Kn (K _ 1>
0 ( ) + (0) + AKW F7r
8tAK71’ T T r
4 [2012(M0> + 034(Mp) - L5(Mp)2]
16t M? .
T D03 (M) + O (M)
8t _
(M) + D(1), (4.5)
where "
£7(0) = 14+ D(0) = = [Ca(M,) + Ciy(M,) — L(M,)?]. (4.6)
The expression for the normalized scalar form factor takes the form [12]
K (t) t Fr 1
Km = 1+ ( Km - )
+7(0) A \FRf27(0) 14 D(0)
8t(Agr—1)
+ TCm(Mp)
16¢M2 .
RO (M) + CL (M)
D(t)
4.7
1 D) (4.7)
allowing the following conclusion: Apart from the very small contribution
16¢M2 . oo 8 T
T[chz(Mp) + Ci(M,)] = AGT? A (4.8)

"Note that terms ~ L} x Lt Lt x L, Lt x L%, etc. cancel in the combination of terms entering in
(4.1).
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which is suppressed by a factor M?/M%, the slope as well as the curvature of (4.7)
depend only on the counterterm C7,(M,) if the loop functions D(t), D(0) are known and
the quantity Fr/F,fE™(0) is used as input parameter.

Taking A(0) and A(t)(K??,) from [15] and LL(M,) (fit 10) from [34], (4.3) and (4.4)
assume the numerical values
D(0) = —0.0134 4+ 0.0005,
D(t) = —0.23407t/GeV? + 0.833045(t/GeV?)? + 1.25252(t/GeV?)3.  (4.9)

4.2 Renormalization group equations

The relevant pS counterterms have been determined by using the 1/N¢ expansion and
truncating the hadronic spectrum to the lowest lying resonances [14]. In this framework,
the leading term in the large-Ng expansion of the relevant couplings can be expressed
in terms of the scalar and pseudoscalar octet masses (Mg and Mp) and the pion decay

constant [14]:

F? F*
LSP — by CS’P - _ s

3F4 F* M2\2
csP = us ” (1—5>. 4.10
o 16M§+16M§ M3 (4.10)

One assumes that the expressions given above determine the corresponding renormalized

coupling constants at some typical hadronic matching scale u:
Ci(u) = C;7. (4.11)

The renormalization of the order p® LECs gives [60]

Ci(M,) = Ci(p) + 0Ci(p, M), (4.12)
where
5Cy(p, M) = —— L (1n“>2—[2r<”+r@>(M ) n (4.13)
R PP ER RETS A VS oo R W '

is determined by the renormalization group equations

oCT (u 1
Sl r )
ort (u r
“8/1() - -2 (4.14)
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With this formula we can obtain the value of the coupling constant at our standard

reference scale M,. For our analysis we need coefficients [60]

R
rd - §L§+§L§+SL§+§;LQ (4.15)
and
F:(ii) - _il):;)’ F:(a? = _23043:(];17_‘_)27
P - —L{—;Lg—ngJrLZ—;LQ (4.16)

The analysis of [61] (scenario A) suggests the value Mg = 1.48 GeV for the lightest
scalar nonet that survives the large- NV, limit. With this choice of the mass parameter one
gets [12]

L§P =097 x 1073, (4.17)

which agrees exactly with the mean value of LL(M,) obtained in fit 10 of [34]. For the
pseudoscalar mass parameter, spectroscopy and chiral symmetry [1,61] suggest the value
Mp = 1.3 GeV. With this input we obtain the results [12]

Cry(M,) = (—=1.9729) x 107° (4.18)

and
C5,(M,) = (2.9723) x 1076, (4.19)

The errors were estimated by evaluating (4.13) using (4.15) and (4.16), respectively. The
numerical values of the couplings L}(M,) (together with their errors) were taken from fit
10 of [34] and are shown in Table 4. Varying the matching scale p between M, and 1 GeV
provides us with an estimate of the intrinsic uncertainty due to subleading contributions
in 1/N.. Note that the asymmetric errors in (4.18) and (4.19) originate from the quadratic
term in (4.13) as a consequence of the two-loop renormalization group equation. This is

shown in Figure 4.

4.3 Slope parameter at order p°

Expanding the scalar form factor as

K7rt
0 ():1+)\(I)(ﬂ

1 t
K7 (0) + §c§” ( ) +..., (4.20)
Jr

2 2
M2, M2,

52



103L7 103L7 103L; 1031,
0.43+0.12 | 0.73£0.12 | —2.35 £ 0.37 =0

103L7 103L7 103L7 103L,
0.97 +£0.11 =0 —0.31+0.14 | 0.60 & 0.18

Table 4: Results for L] (u) at the scale p = 0.77 GeV taken from fit 10 of [34].
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Figure 4: The uncertainties of the order O(p®) LECs C7,(M,) and C%,(M,) in dependence
of the matching scale .
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Figure 5: The uncertainty of the combination (2C5 + C34)"(M,) entering in Agy” " in

dependence of the matching scale p.
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(4.7) implies [12]

1 F 1
o = (o e )
0 " VAgx \EfE7(0) 1+ D(0)

8AK7T
k2
16M73 T T

+ 2 [2C7,(M,) + C3y(M,)]
D'(0)

+1+D(0)}

+

Cia(M,)

(4.21)

for the slope parameter.

Using the two-loop results D(0) (4.3) and D(t) (4.4) and estimating the relevant
combination of low-energy couplings using the renormalization group equations in the

way described above, we find [12]
AT = (13.9732 £ 0.4) x 1072, (4.22)

The first error is related to the uncertainties in the determination of the C; and the second
one to those in Fi/Fyf1(0) and D(0).

The expression for the curvature reads [12]

16 D"(0)
K 4 r
o = Mﬁ{ - EO12(Mp) + HD(O)}’ (4.23)

which leads to the numerical result [12]
cf™ = (8.0193) x 107, (4.24)

once D(t) together with Cj,(M,) have been inserted. Note that the naive pole parametriza-
tion (2.24) would predict

k| = 2(\E™? ~ 4 x 1074, (4.25)

pole fit

where the numerical value was obtained by inserting A*™. This discrepancy is due to the
fact, that the pole parametrization assumes a relation between the slope and the curvature
parameters which is not fulfilled in the standard model. Therefore the pole fit should be

avoided when analyzing the experimental data.

Using our estimates for the order p® coupling constants we are also able to calculate

X7(0). The relevant combination [12]

Clo(Mp) + C3y(M,) — Ly(M,)* = (0.1773) x 107° (4.26)
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corresponds to the result [12]
K7(0) = 0.986 & 0.007, /v, % 0.0021714 a1y (4.27)

Apart from varying the matching scale, we have also added a second error to account for

the uncertainty in the choice of the resonance masses, as our central value for f;gee given

by
A? M?2
tree Kr S
= — 11— 4.2

Ty M ( Mp> (4.28)

depends strongly on the (relative) size of the mass parameters. The number given in (4.27)

is to be compared with the still currently used Leutwyler-Roos value f£7(0) = 0.961(8)
[62]. An average of various lattice calculations is given by f£7(0) = 0.956(8) [63].

4.4 Dispersive analysis

In the following section we want to check our numerical two-loop YPT results for the
slope parameter (4.22) and the curvature (4.24) by comparing them with independent
approaches using a dispersive representation of the scalar form factor [16-21].

These parameterizations are based on the observation that the vector and scalar form
factors are analytic functions in the complex t-plane, except for a cut along the positive
real axis for ¢t > ty, = (Mg + M,)?, where they develop discontinuities. One can therefore
write [16]

/ Imf mjyols) of
fro(t d + subtractions, (4.29)
(s —t— ze)
tllm
where the imaginary part, Imf, ¢(s’), can be determined from data on K7 scattering, and
the ultraviolet component of the integral is absorbed into the (polynomial) subtraction

terms.

In addition to the analyticity constraints, the scalar form factor must satisfy an ad-
ditional theoretical constraint dictated by chiral symmetry. The Callan-Treiman (CT)
theorem [13] implies that the scalar form factor at t = Ag, = Mz — M? is determined
in terms of fx/fr and f,(0) up to O(m,, my) corrections. The quantity Acr can be
evaluated in yPT, see (2.26), (3.82) and (3.83).

Motivated by the existence of the CT theorem, a particularly appealing dispersive

parametrization for the scalar form factor has been proposed [19]. Two subtractions are
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performed, one at ¢t = 0, where by definition fy(0) = 1, and the other at the CT point,
t = Ag,. With this parametrization, only on free parameter, C, has to be determined

from data.

The analysis of Bernard et al. [19-21] based on a twice subtracted dispersion relation

gives the expression

_ foT(®) t
f0) = gy = oo { 5 (InC - G(t))], (4.30)
Agr(Agr —1) T ds (s)
Gl = T t}é 5 (5 — Agn)(s —t —i€)

for the normalized form factor. The quantity tx, denotes the threshold of Km scattering

and ¢(t) is the phase of f(t),

f(t) = 1f () exp(ig(t)). (4.31)

The main advantage of the dispersive relation is that it introduces the value of the form

factor at the Callan-Treiman point Ay, = Mz — M2, a quantity C' = f(Ag,) which is

not affected by chiral corrections beyond SU(2) x SU(2). Thus these are of O(m,, mqg)

while the slopes get larger corrections of O(m;). Expanding (4.30) in the momentum
transfer ¢ leads to the expression

AT = My,

Agcr

(InC — G(0)). (4.32)

for the slope parameter. Evaluating (4.30) at the Callan-Treiman point t = Ay, one

finds the relation
Fg Acr

- + :
Frf£7(0) — f£7(0)
Using (2.41) and the estimate £0.01 for the uncertainty due to Acr/f£7(0), the parameter

C' assumes the value [12]

C

(4.33)

C = 1.2424 + 0.0045 + 0.01, (4.34)
or, equivalently,
InC' = 0.2170 £ 0.0036 % 0.0080. (4.35)
Together with [19]
G(0) = 0.0398 + 0.0036 + 0.002, (4.36)

the dispersive analysis gives the numerical value [12]
M= (15140.8) x 107° (4.37)
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for the slope parameter, which is consistent with our result based on resonance saturation.

The expression for the curvature reads [19]

2 2Mp.G'(0)
AKﬂ'
= (AF™)? 4 (4.16 £0.50) x 107 (4.38)

" = 8

Inserting their value of A\X™, the curvature is given by
T =(6.4+0.6) x 1074, (4.39)
which is again consistent with the result of our analysis.

The dispersive approach of Jamin, Oller and Pich [16-18] using a method based on a
coupled-channel solution of the dispersive relation for the form factor which includes also
the K'n' channel gives the result [18]

jt E:((é)) = 0.773(21) GeV 2, (4.40)
j; (({)I:((é)) » 1.599(52) GeV ™, (4.41)
which corresponds to the values
M= (14.740.4) x 1073, (4.42)
and
™ = (6.07 4 0.20) x 107 (4.43)

This results are in good agreement with those obtained by Bernard et al. and also with
our results (4.22) and (4.24) obtained in xPT.

4.5 Contributions of order (mg — m,)p*

Recently, isospin breaking in the K3 form factors has also been studied at the two-loop
level [22]. The results for the scalar form factor of K* — 7 ("1, with C7 = 0 turn out to

be essentially the same as those in the isospin limit. From Fig. 13 of [22] one extracts [12]
ANl gr_peg =5 x 107, (4.44)
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The remaining contributions to the form factors containing the order p® LECs C7 were
given in [22] and are shown in Appendix B. In the splitting of the two slope parameters

this results simplify to [12]

326 Aje, M2,
V3F!

Using the resonance estimates of the LECs appearing in (4.45) given in [64], we find [12]

X (2012 + 6017 + 6018 + 3034 + 3035)T(Mp). (445)

Adoler =

(2015 + 6C17 + 6C1s 4 3Cs, + 3C55)°F =

F! ( 3MEZ M2 ss
= (1228 5 6y ) (4.46)
AMY M3 M2

With our standard values for the resonance masses Mg, Mp and our usual determination

of the uncertainty of the large N¢ estimate, we find [12]
(2012 + 6C17 + 6C15 + 3C34 + 3C35)" (M) = (— 1.25 4 2.2605° £ 0.71/n,.) x 1077, (4.47)
Varying the unknown A$° in the interval
—15A551 (4.48)

and combining the two-loop results given in [22] with an estimate of a further combination
of low-energy couplings, we expect the total value for the difference of the two slope

parameters to lie within the rather small range [12]

03 AN 1072 (4.49)

4.6 Callan-Treiman relations at NNLO

The combination of counterterms entering in (4.8) is given by [12]
207,(M,) + Ciu(M,) = (= 0.955) x 10 (4.50)
which translates into [12]
Alee?” — (_0.8738) x 1073 (4.51)

Combined with the two-loop result given in [22], the total p® result (in the isospin-limit)
reads [12]
Acr = (— 7.073%) x 1073, (4.52)
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The two-loop contributions to the correction terms of the Callan-Treiman relation in the

presence of isospin violation were also given in [22]. Translated in terms of the quantities
defined in (3.81) and (3.80), they find

sEm oy = 56X 1077 (4.53)
and
0™, = —133x107, (4.54)

respectively. These results should be supplemented by the associated local contributions
arising at this order [22], which are, however, also plagued by partly undetermined low-

energy couplings. We demonstrate this only for the purely isospin violating combination
[12]

B 32:@ M4
SEOmT _ gEIAN | 2 K o0, 1+ 20
( CT CcT ) cr \/gFjrl (2012 14
+ 2C15 + 6C17 + 6C15 + 4C54 + 3C35)" (M), (4.55)

where terms ~ ¢ M2 have been discarded. In addition to the undetermined parameter
A58 already encountered in (4.46), the resonance estimate for the p® low-energy coupling
C4 is still incomplete [64], preventing a reliable numerical determination of (4.55) (and

even more for the individual terms) for the time being.

Nevertheless, based on the numbers (3.82) and (3.83) found at NLO, the partial NNLO
results shown in (4.53) and (4.54), our estimate of the isospin symmetric local p° con-
tribution (4.51) and a rough order-of-magnitude estimate of not yet determined local
terms of the order (mg—m,)p?* (a typical term is shown in (4.55)), we expect numerically
small corrections to the Callan-Treiman relation also in the presence of isospin violation
with [12]

667 |, 166 < 1072, (4.56)
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5 Summary and conclusions

In this thesis we have discussed the theoretical predictions for the scalar form factors of
K3 decays within the standard model. The principal theoretical tool for this analysis is
chiral perturbation theory (yPT), the effective field theory of the standard model at low

energies. We have given a short introduction to yPT.

We have given an introduction to K3 decays, including a description of the kinematics
and a summary of the experimental situation. The leading non-vanishing contribution
to the scalar slope arises at order p* in the chiral expansion. The theoretical expression
for the scalar form factor was worked out already more than twenty years ago [46] in the
limit of isospin conservation. In this case, the slope parameter is uniquely determined by

the pseudoscalar masses, the pion decay constant and the ratio [12]

Fg

) 1.2424(45). (5.1)

The remarkably precise numerical value given here can be obtained by combining the
latest experimental data on K 2(y), Tuo(y), K 263 and V4 with the corresponding theoretical

expressions. Using this input, one finds [12]

AT | = (16.64 £ 0.39) x 107°. (5.2)

The isospin violating contributions of order (mg — m,)p? and e?p? to the Kyz form
factors were considered for the first time in [43]. The effects of strong isospin breaking
are proportional to the mixing angle [12]

L) V3 ma =y (1.29 4 0.17) x 1072, (5.3)

—

4 ms—m

The numerical value shown here was obtained by using the corrections to Dashen’s limit
given in [39]. The electromagnetic contributions of order e?p? entering in the slope pa-
rameters AX'™ and A" can be expressed through the electromagnetic pieces of the
pseudoscalar masses as well as the coupling Z associated to the chiral Lagrangian of or-
der e*p®, which can also be related to the pion mass difference (to the considered order).
Both sources of isospin violation generate only a tiny shift of the two slope parameters

K+n0 .
- given

(compared to the isospin symmetric limit) with a splitting Ay = )\(Ifo’f
by [12]

Ao, = (5.1£0.9) x 107* (5.4)

maq—my)p?,e2p?
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at this chiral order.

The corrections arising at order p® (in the isospin limit) turn out to be quite sizeable.
Combining the two-loop results of YPT [15] with an updated estimate of the necessary p°
low-energy couplings, the numerical value of the slope parameter in the isospin symmetric
limit is given by [12]

AT = (13.9158 4 0.4) x 1073, (5.5)
The main uncertainty in this result comes from a certain combination of p® low energy

couplings which has been determined by an updated analysis based on [14,61].

Using the dispersive representation proposed in [19] with (2.41), we find [12]
M= (15.140.8) x 1072, (5.6)

being in good agreement with the value (5.5) obtained in yPT and also with other results

[17,18] using dispersion techniques.

The inclusion of isospin violating contributions of order (mg —m,)p* does not change
this picture substantially. We expect an additional uncertainty for the values of the slope
parameters of at most £1073, mainly due to not yet fully determined low-energy couplings.
Combining the two-loop results given in [22] with an estimate of a further combination
of low-energy couplings, the difference of the two slope parameters should be confined to
the rather small range [12]

05 AN S107° (5.7)

In other words, if a difference of the size of the two slope parameters is detected at all,
A" should be slightly larger than AKX

At the Callan-Treiman point ¢t = Ak, the size of the scalar form factor is predicted
as [13]

F
K (Ar) = T A, 59

where Acr is of the order m,, mg,e. At order p* (in the isospin limit) the correction
term Acp = —3.5 x 1072 was calculated in [46]. If isospin violation is included, it
is advantageous to consider the quantities defined in (3.81) and (3.80). At the order
pt, (mg — my,)p?, e2p?, we find [12]

& |t (g = (L7 £0.7) x 107 (5.9)

and
6K+7r0

—10.440.7) x 1073, (5.10)

|p4,(md—mu)p2762p2 = (
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In spite of the large corrections to the correction term itself, the Callan-Treiman relation
still holds with excellent precision also if isospin violating contributions are taken into

account.

Corrections to Acr arising at NNLO are also (potentially) large. At the same time,
the uncertainty of the theoretical result is increased by the presence of p® low-energy
couplings. Combining the two-loop result given in [22] with our estimate for 2C7, + Cj,,

we find (in the isospin limit) [12]
Acr = (— 7.073%) x 1073, (5.11)

The loop contributions of order (myg — m,)p* were considered in [22]. The associated
counterterm contributions depend on partly undetermined low-energy couplings. In spite
of these theoretical uncertainties, we expect only small corrections to the Callan-Treiman
relation with [12]

55, 185 < 1072 (5.12)

The experimental results for the scalar slope parameter found by ISTRA+, KTeV
and KLOE are in agreement with the predictions of the standard model. On the other
hand, the value found by NA48 can hardly be reconciled with our theoretical results.
Furthermore, an isospin violation in A)g as it would be suggested by the simultaneous
validity of the results of ISTRA+ and NA48 is definitely ruled out within the standard
model.

The naive pole parametrization of the scalar form factor should be avoided. It contains
an implicit assumption of a relation between slope and curvature which is not fulfilled in
the standard model.

At the present theoretical and experimental level of precision, the correct treatment of
electromagnetic corrections in K3 decays is mandatory for the extraction of form factor
parameters from experimental data. The appropriate procedure was described in [43], a

more detailed presentation of the numerics is given in [65].
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A Coeflicients

In this section we list the coefficients apg(t), bpg, cpg(t), and dpg given in [43].

QM2 +2M2 —t [P\ —2ME + 22M2 — 9t
ag+m0(t) = K 172 s + (\/§> K 4F02 s + 4dra”,
0
—2M32 — 2M? + 3t (5(2)> —2Mp +6M2 — 3t
agor—(t) = & — a — 16maZ,
won- () 27 73 25
OMZ +2M2 —3t e\ 6ME —2M2? — 3t
ag+y(t) = K 1 <\/§) K 1E? + 127 Z.
AKﬂ' 75(2) AKTI’
b — — — dnaZ
K 2F} (2\/3) Fz e
AKTK’ 5(2) AK'Tr
bgon- = — — (== — 8raZ,
Ke F? (\/5) 2o
3AK7r \/35(2) AKTA’
by = — 257 -|—< 5 > 72 — 12naZ.
2MZ +2M?2 — 3t <g<2> ) —4M% + 3t
Ck+q0(t) = — u — | ———— — 8naZ,
im0 (t) AF? NG 2F2
t
CKOW*(t) - ﬁ?
0
QM2 +2M2 -3t e\ 4ME — 3t
excenlt) AF2 <¢§> 2F2
AKﬂ- 48(2) AKﬂ-
dycs e S ( > AraZ,
K+70 2F02 \/3 F02 + 4oy
AK 26(2) AK
dyon— — ”-( ) =+ 8raZ,
o O \V3/) F}
3AK7T
dg+, = ——— + 127aZ.
7 212
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B The order p° LECs dependent part

In this appendix we give the part of the K3 form factors dependent on the order p® LECs
C7 entering in (4.45) taken from [22].

+.0 in (2) in (2)

W), = ;(ff@)ﬁ’jgff(m \/g(in;_mQ)ff(t)),

0, .— n (2)

0y = g (10 - 20). B

The C] dependence is now given by

0

P ()

v ()

+ M2t (=120, —32CT, —4Chy —8Ch, — 4 Chs — 6 Chy) + M2 (—2CT, —2C%)
+Mz M7 (ACT, +4C5y) + My (=21, — 205y),

+12 (=12 Chg + 12 Cgo) + M2t (—4Cy, — 48 Oy — 4 Chy — 12Ch, — 2Cly)

+ M2t (—44 0y — 96 Cfy — 20 Chy — 24 Cy — 12Ch5 — 22Cy)

+M3(2CT, +16Cy, + 16 C}, + 48 Cjy — 14 Ch, — 24 C%)

+M?2 M? (—4Cy, — 3207, — 32C), — 96 Cjg + 28 C5, + 48 C%)

+M2 (207, + 16 Cy, + 16 C; + 48 Cpg — 14 Ch, — 24 C),

+MP (96 Oy + 64 Chy + 64 O3, + 64 Oy + 128 Chy)

+MZ2 M2} (=32C7, — 3207, — 96 Crg) + M2 M2 (64 C}, + 64 C}y 4+ 192 Cy
—288 C1y — 192 Chy — 192 Cy — 192 C5, — 384 CLy)

+ME(=32C7, — 3207, — 96 Clg +192CTy + 128 Cyy + 128 C, + 128 C,
+256 ),

+MZ2t(8CT, —8Chy +8Cgs +4Chy) + M2t (—8C1y + 8Cy — 8 Cis — 4 Cly)
+M; (8 O, +8Cyy) + M7 M7 (=16 Cfy — 16 Cyy) + M (8Cy + 8Cyy),
+MZ2t (=4 Cly +2C5 —2Ch) + M2t (4Cyy — 2Cas +2Chy)

+M}(6CT, +8CT; +4C), +4CT s +2C%, +2Ck +2Ch, + Cyp)

+M2M? (12C}, +8C3 +4C1s +8C; +4Ch, +2Chy +2Chs +2Cy)
—2Cg; — 3Cy),

+MZt(—4Cy +2C5 —2Ch) + M2t (4CJy — 2Cas + 2 Cy)
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+2 Cgy — Cy)
+M2M? (36 Cly +8Cls +16Cy, +4Cf5 + 72C7, 4+ 96 Cf + 44 C5, + 48 Cs
+8Cy +2C, +2Chs +6CYy)
+M,§ (=30C], —16C]; —12C7], — 8C{; —40C], — 48 Cjg — 26 C, — 24 C
—6Cg; —4Cgy —2Cg5 —5Cy)

fE@) = o,

P = +M2t(8CT, —ACL +4Ch) + M2t (—8CT, +4Cly —4CH)
+M2(24C1, +32C, +16C, +16Cls +8Cs, +8Chy +8C, +4Ch), (B.2)

where
M? = My + Mpo — M2 (B.3)

The pion mass is used generically since M,+ and Mo are the same to the considered

order.

65



66



References

1]
2]

C. Amsler et al., Phys. Lett. B 667, 1 (2008)

S.L. Glashow, Nucl. Phys. 22, 579 (1961); S. Weinberg, Phys. Rev. Lett. 19, 1264
(1967); A. Salam, Proc. 8-th Nobel Symposium, N. Svartholm, ed., Almqvist and
Wiksell Stockholm (1968)

D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973); S. Weinberg, Phys.
Rev. Lett. 31, 494 (1973); H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Phys. Lett.
B 47, 365 (1973)

W.J. Marciano, A. Sirlin, Phys. Rev. Lett. 71, 3629 (1993)

O.P. Yushchenko et al., Phys. Lett. B 581, 31 (2004), hep-ex/0312004

T. Alexopoulos et al., Phys. Rev. D 70, 092007 (2004), hep-ex/0406003

A. Lai et al., Phys. Lett. B 647, 341 (2007), hep-ex/0703002

F. Ambrosino et al., JHEP 0712, 105 (2007), arXiv:0710.4470 [hep-ex]

J. Gasser, H. Leuwyler, Ann. Phys. 158, 142 (1984)

J. Gasser, H. Leutwyler, Nucl. Phys. B 250, 465 (1985)

J. Goldstone, Nuovo Cim. 19, 154 (1961)

A. Kastner, H. Neufeld, Eur. Phys. J. C 57, 541 (2008), arXiv:0805.2222 [hep-ph]

C.G. Callan, S.B. Treiman, Phys. Rev. Lett. 16, 153 (1966); R.F. Dashen, M. Wein-
stein, Phys. Rev. Lett. 22, 1337 (1969)

V. Cirigliano et al., JHEP 0504, 006 (2005), hep-ph/0503108

J. Bijnens, P. Talavera, Nucl. Phys. B 669, 341 (2003), hep-ph/0303103

M. Jamin, J. Oller, A. Pich, Nucl. Phys. B 622, 279 (2002), hep-ph/0110193

M. Jamin, J.A. Oller, A. Pich, JHEP 0402, 047 (2004), hep-ph/0401080

M. Jamin, J.A. Oller, A. Pich, Phys. Rev. D 74, 074009 (2006), hep-ph/0605095

V. Bernard, M. Oertel, E. Passemar, J. Stern, Phys. Lett. B 638, 480 (2006), hep-
ph /0603202

67



[20]
[21]
[22]

[23]

[24]
[25]

[26]

[27]
[28]
[29]
[30]
[31]
[32]

33]

[34]

[35]

[36]
[37]
[38]
[39]

[40]

E. Passemar, PoS (KAON): 012 (2008), arXiv:0708.1235 [hep-ph]
V. Bernard, E. Passemar, Phys. Lett. B 661, 95 (2008), arXiv:0711.3450 [hep-ph]
J. Bijnens, K. Ghorbani, arXiv:0711.0148 [hep-ph]

D. J. Gross, F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973); D. J. Gross, F. Wilczek,
Phys. Rev. D 8, 3633 (1973); H. D. Politzer, Phys. Rev. Lett. 30, 1346 (1973).

S. Weinberg, Physica A 96, 327 (1979)
G. Ecker, Prog. Part. Nucl. Phys. 35, 1 (1995), hep-ph/9501357

H. Leutwyler, Ann. Phys. 235, 165 (1994), hep-ph/9311274; E. D’Hoker, S. Weinberg,
Phys. Rev. D 50, 6050 (1994)

G. Ecker, hep-ph/9805500

S. Weinberg, Phys. Rev. 166, 1568 (1968)

S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239 (1969)

C. G. Callan, S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2247 (1969)
J. Bijnens, G. Colangelo, G. Ecker, JHEP 9902, 020 (1999), hep-ph/9902437

S. Descotes-Genon, B. Moussallam, Eur. Phys. J. C 42, 403 (2005), hep-ph /0505077

M. Gell-Mann, Phys. Rev. 106, 1296 (1957); S. Okubo, Progr. Theor. Phys. 27, 949
(1962)

G. Amorés, J. Bijnens, P. Talavera, Nucl. Phys. B 602, 87 (2001), hep-ph/0101127

M. Knecht, H. Neufeld, H. Rupertsberger, P. Talavera, Eur. Phys. J. C 12, 469
(2000), hep-ph/9909284

H. Neufeld, H. Rupertsberger, Z. Phys. C 68, 91 (1995)

G. Ecker, J. Gasser, A. Pich, E. de Rafael, Nucl. Phys. B 321, 311 (1989)

R. Urech, Nucl. Phys. B 433, 234 (1995), hep-ph/9405341

B. Ananthanarayan, B. Moussallam, JHEP 0604, 047 (2004), hep-ph /0405206

R. Dashen, Phys. Rev. 183, 1245 (1969)

68



[41]
[42]
[43]

[44]

[48]
[49]
[50]

[51]

[58]

[59]

S. Weinberg, Trans. New York Acad. Sci. 38 (1977) 185
P. Post, K. Schilcher, Eur. Phys. J. C 25, 427 (2002), hep-ph/0112352
V. Cirigliano et al., Eur. Phys. J. C 23, 121 (2002), hep-ph/0110153

J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, “Semileptonic Kaon Decays”, in “The
Second DA®NE Physics Handbook, Vol. I”, Eds. L. Maiani, G. Pancheri, N. Paver,
SIS-Pubblicazioni dei Laboratori di Frascati, Frascati (1995)

P. Franzini, PoS KAON (2008) 002
J. Gasser, H. Leutwyler, Nucl. Phys. B 250, 517 (1985)

T. Alexopoulos et al., Phys. Rev. D 70, 092006 (2004); A. Lai et al., Phys. Lett.
B 602, 41 (2004); ibid. 604, 1 (2004); F. Ambrosino et al., Phys. Lett. B 632, 43
(2006); ibid. 636, 166 (2006)

V. Cirigliano, H. Neufeld, H. Pichl, Eur. Phys. J. C 35, 53 (2004), hep-ph/0401173
I.S. Towner, J.C. Hardy, Phys. Rev. C 77, 025501 (2008), arXiv:0710.3181 [nucl-th]
K. Nakamura et al., J. Phys. G: Nucl. Part. Phys. 37, 075021 (2010)

V. Cirigliano, I. Rosell, Phys. Rev. Lett. 99, 231801 (2007), arXiv:0707.3439 [hep-ph];
JHEP 0710, 005 (2007), arXiv:0707.4464 [hep-ph]

L.S. Towner, J.C. Hardy, Phys. Rev. C 79, 055502 (2009)

J. Bijnens, J. Prades, Nucl. Phys. B 490, 239 (1997), hep-ph/9610360
B. Moussallam, Nucl. Phys. B 504, 381 (1997), hep-ph /9701400

H. Leutwyler, Phys. Lett. B 378, 313 (1996), hep-ph/9602366

H. Leutwyler, Nucl. Phys. Proc. Suppl. 64, 223 (1998), hep-ph/9709408

R. Kaiser, H. Leutwyler, in: Proceedings, Workshop on Methods in Nonperturbative
Quantum Field Theory, Adelaide, Australia, 2-13 Feb. 1998, eds. A.W. Schreiber,
A.G. Williams, A.W. Thomas (World Scientific, Singapore, 1998) p. 15-29, hep-
ph/9806336

R. Kaiser, H. Leutwyler, Eur. Phys. J. C 17, 623 (2000), hep-ph/0007101

J. Bijnens, K. Ghorbani, JHEP 0711, 030 (2007), hep-ph/0709.0230

69



[60] J. Bijnens, G. Colangelo, G. Ecker, Ann Phys. 280, 100 (2000), hep-ph/9907333
[61] V. Cirigliano, A. Pich, G. Ecker, H. Neufeld, JHEP 06, 012 (2003), hep-ph/0305311
[62] H. Leutwyler, M. Roos, Z. Phys. C 25, 91 (1984)

[63] G. Colangelo et al., arXiv:1011.4408 [hep-ph]

[64] V. Cirigliano et al., Nucl. Phys. B 753, 139 (2006), hep-ph/0603205

[65] V. Cirigliano, M. Gianotti, H. Neufeld, JHEP 0811, 006 (2008) arXiv:0807.4507
[hep-ph]

70



Zusammenfassung

In dieser Diplomarbeit werden die semileptonischen Kaon-Zerfélle (¢ = e, )

K*(pk) — 70 (po)ve(py),
K'(px) — 7 (p=)C" (po)ve(py)

(und ihre ladungskonjugierten Moden) und insbesondere isospinverletzende Effekte durch
die starke und die elektromagnetische Wechselwirkung untersucht. Die Untersuchung
dieser Prozesse erfolgt mit Hilfe der Chiralen Stérungstheorie (yPT), einer effektiven
Feldtheorie des Standardmodells der Teilchenphysik bei niedrigen Energien (E < 1GeV).
Diese Zerfille, insbesondere die K .3-Mode, sind die wichtigste Quelle zur Bestimmung des
Kobayashi-Maskawa-Matrixelements |V,s| im Standardmodell. Daher ist es von grofler

Bedeutung, diese Prozesse so gut wie moglich zu verstehen.

Die Zerfallsbreite dieser Prozesse wird durch die vektoriellen und skalaren Formfak-
toren fEXT(t) und fI(t) bzw. fE°7(¢) und fE°7(¢) bestimmt. Im Experiment wird
der sklalare Formfaktor iiblicherweise durch die Steigung A" parametrisiert,

t
Kﬂ't:Kﬂ'O<1+)\Kﬂ' >
0 ( ) + ( ) 0 M7%+
Die aktuellen Experimente ISTRA+, KTeV, KLOE und NA48 liefern allerdings Werte

fiir A", die nur schwer miteinander vereinbar sind. Das Ziel dieser Arbeit ist es, die

Ergebnisse dieser Experimente mit den Vorhersagen des Standardmodells zu vergleichen.

Der Aufbau der Diplomarbeit ist folgender: In Abschnitt 1 wird eine kurze Einfithrung
in die yPT gegeben. In Abschnitt 2 werden die experimentelle Situation der K3-Zerfalle
geschildert und ihre Kinematik beschrieben. In Abschnitt 3 werden zunéchst die Ergeb-
nisse fiir die vektoriellen und skalaren Formfaktoren und deren Steigungen in Einschleifen-
naherung wiedergegeben. Die Steigung des skalaren Formfaktors wird insbesondere durch
die Grofe Fi /F, f£ 7" (0) und den isospinverletzenden Parameter e bestimmt, die Be-
stimmung dieser Groflen wird ausfiihrlich beschrieben. Mit diesen Ergebnissen werden
AT und AX"™ numerisch ausgewertet. Am Ende dieses Abschnitts werden die Callan-

Treiman-Relationen in Einschleifennéherung (inklusive Isospinverletzung) ausgearbeitet.

Die Ergebnisse in Zweischleifenndherung werden in Abschnitt 4 prasentiert und mit
einem unabhéngigen Ansatz, der auf Dispersionsrelationen basiert, verglichen. Weiters
werden die isospinverletzenden Beitrige der Ordnung (mg — m,)p* in AX™ und in den

Callan-Treiman-Relationen studiert.
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Zusammenfassend kann gesagt werden, dass die Ergebnisse von ISTRA+, KTeV und
KLOE in Ubereinstimmung mit den Vorhersagen des Standardmodells sind. Die Resultate
von NA48 sind hingegen nur schwer mit den Ergebnissen dieser Diplomarbeit vereinbar.
Insbesondere kann eine Isospinverletzung, wie sie der Fall ware, wenn man die Ergebnisse

von ISTRA+ und NA48 als richtig annimmt, im Standardmodell ausgeschlossen werden.
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