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Introduction

Since Planck published his work on Black-body radiation in the last century, which can be
regarded as the birth of quantum physics, many intellectual achievements have been accom-
plished. Enormous improvements have been made in theoretical as well as experimental physics.
Nowadays, quantum mechanics is one of the most accurate theories which mankind can offer.
Although we believe now that in comparison with classical mechanics quantum mechanics is the
more fundamental theory, it is far from being complete and many quantum mechanical effects
and predictions are very unusual and hard to accept. On the other side, classical physics is
well understood and its theory and motivation seem much more natural. Therefore, it is not
an exaggeration to say that the argumentations in classical mechanics agree with our way of
thinking. This is also the reason, why we have a much more axiomatical way of introducing
the concept of classical physics than the one of quantum mechanics. Disregarding some few
exceptions, all quantum mechanical interpretation of mathmatical formalism requires the under-
standing of classical physics. Since we feel familiar with the concept of the classical physics, we
can try, in some sense, to derive the quantum mechanics from the classical one. This process is
called quantization.

We want to make this statement more precise. In classical mechanics, a physical system is
described by classical observables, which are functions on the cotangent space of a manifold, while
in quantum physics, this is done by giving a set of quantum observables, which are selfadjoint
operators on a particular Hilbert space. The term “quantization” can be regarded as a process
in which a classical observable is identified with a quantum observable. Of course, this mapping
has to respect some mathematical structure, but it is more important that it encodes a physical
meaning. In general, a canonical way of quantization does not exist. In classical mechanics as
well as in axiomatic quantum field theory, the algebra of observables plays a fundamental role
and the idea of quantization is to construct the algebra of quantum observables from a given
algebra of classical observables. From a mathematical point of view, there will be many methods
of quantization and it is impossible to decide which one should be preferred in general. Therefore,
physical arguments are always necessary for choosing the “correct” quantization.

In this diploma thesis, we want to discuss the so-called deformation quantization which is
one of many possibilities of quantization. One of the advantages of deformation quantization
is the separation of algebraic and analytic methods. On the one side, many restrictions to a
reasonable quantization can be found by merely studying the algebraic properties of the algebra
of observables. On the other side, the algebraic method of deformation is still flexible enough to
provide a general framework for studying quantization on any symplectic manifold.

The main idea, discussed in [BFFT78], is to regard the commutative product of classical
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observables as the 0-th level of a power series of bilinear maps with a variable i. This power
series itself is a bilinear map and it is called the star product. For a star product, one constructs
an algebra such that the multiplication on it is given by said star product. One requires this
algebra to be large enough to embed the set of quantum observables. The fact that one can
recover the commutative product by decreasing the value of A is the mathemtical interpretation
of the physical requirement of the existence of a classical limit. Nevertheless, one should mention
that the star product is not unique. The algebraic reason for the existence of different star
products is the possiblity of choosing so-called orderings. If R?" is the manifold to be quantized,
by choosing a particular ordering, called Weyl ordering, and by applying the method described
above one can construct a noncommutative product on the algebra of observables. This star
product is usually called the Weyl star product.

The mathematical theory behind the deformation quantization is called deformation theory.
Algebraic deformation theory was invented mostly by Gerstenhaber. Since the publication of his
papers [Ger64], [Ger66], [Ger68], [Ger74] and [HGS88], deformation theory has developed rapidly
and became extremely successful. On the physical side, Weyl and Moyal were the pioneers on
this relative new field of research, while Bayen et al. used the concept of deformation theory in
quantum physics in a systematic way, [BFFT77] and [Lic].

Although the existence of star products was known for simple manifolds such as R?", for
many years it was unclear whether a general symplectic manifold or a Poisson manifold admits
a star product. The first existence proof for a star product on symplectic manifold was given by
De Wilde and Lecomte [WL83a]. In [Kon] Kontsevich conjectured that the same statement is
even true for Poisson manifolds. Later, he gave its proof in [Kon97], also see [Kon03].

Meanwhile, one can verify the existence of star products on symplectic manifolds in many
different ways. In this work we will present a proof first given by Fedosov (see [Fed94], [Fed85],
[Fed86] and [Fed89]) in the last chapter. His proof has the advantage to be relatively elementary
and very geometric.
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Chapter 1

Quantization

1.1 Classical Mechanics versus Quantum Mechanics

In this section we compare classical mechanics with quantum mechanics as well as discuss the
properties they share with each other and their differences. In the following section we will regard
the algebra of observables as a fundamental aspect of physics and we will introduce other terms
such as states as derived objects. Later we will use the results of this section to give a precise
definition of the term “quantization”.

1.1.1 Classical Mechanics

Observables: In classical mechanics, the set of observables is a subset of C°°(M,C), the
Poisson *-algebra of complex functions on a Poisson manifold (M, 7). The Poisson bracket is
defined by the Poisson structure m and the *-involution is given by complex conjugation. A
function f in C*°(M,C) is called a classical observable if it is hermitian which in this case is
equivalent to requiring that the function f is real, i.e. f = f. Of course, not every function
in C°°(M,C) admits a physical interpretation, therefore, one often works with a particular
Poisson *-subalgebra of C°°(M,C). The choice of subalgebras is not given a priori, but depends
on additional structures of the system of interest. In the following, the algebra of classical
observables will often be denoted by A¢

States: For a x-algebra A¢ with unit e, a state is a linear functional ¥: A — C such that
1. 4 is positive, i.e. ¥(z*z) > 0 for every element z € Ax and

2. Y(e) =1

According to the Riesz representation theorem, for every positive linear functional ¢: C*°(M,C) —
C, there is a unique regular Borel measure p on M such that

W(f) = /M fdu,
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for every f in C°°(M,C). Therefore, we see that a state is nothing but a positive regular Borel
measure on the Poisson manifold M. We call ¢ a pure state if the unique regular Borel measure
1 associated to ¢ is the Dirac measure §, for x € M and the state will be denoted by ;.

Expectation Value and Variance: The ezpectation value Ey(f) of an observable f in the
state v is given by

Ey(f) = o(f) = /M fdu.

In particular, we see that if ¢, is a pure state, then we have Ey (f) = [,, fdé, = f(x) for
x € M. The variance Vi, of a state 1) is defined to be

Vi(f) = By(f?) = Ey(f)?

and for a pure state 1, we have Vi (f) = f(z)? — f(x)? = 0.

Dynamics of the System: The dynamics of a system is given by the time evolution of
observables. Since the algebra structure has to be time independent, the time evolution has to
be a *x-algebra automorphism. More precisely, the automorphism is the flow <I>tX " of the vector
field X g, called the Hamilton vector field associated to a Hamilton function H € C*°(M). The
time evolution is given by the evaluation of ®** on functions in C>(M):

fo =05 (fo), Vfo € C(M).

The flow forms a one parameter subgroup of diffeomorphisms and is determined by two initial
values: %(thH (p) = Xu(p), Vp € M and <I>8(H = id. Therefore, the infinitesimal dynamics is
described by the Hamiltonian vector field Xg. Since the Poisson bracket satisfies the equation
{f.g} = X4(f), this is equivalent to saying that the infinitesimal dynamics is given by the
derivation {—, H}:

d
%ft = {ft,H},

which is called the Hamiltonian equation of motion.

1.1.2 Quantum Mechanics

Observables: For a Hilbert space $), the set of operators defined on a dense subset of § is
a *-algebra, if the involution is given by adjunction. If Ao (%) denotes this *-algebra, then a
quantum observable is defined to be a selfadjoint element in Ag($)). Compared to the case of
classical mechanics, the algebra Ag($)) is usually noncommutative.

States: The pure states consist of elements of the projective Hilbert space P and the mixed
states are given by density matrices w, i.e. self-adjoint, positive semi-definite operators of trace
one. If 9 denotes a pure state, then there is an associated density matrix wy, := % Therefore,
pure states are in particular special states. One should be aware that not every pure state or
mixed state admits a physical interpretation, because they do not need to lie in the intersection

of the domains of physical observables.
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Expectation Value and Variance: For a state 1) and an observable A, the expectation value
of A in v is defined to be
Ey(A) :=tr(ypA).

This implies that the expectation value of a pure state is given by %. As in classical

mechanics, the map A — tr(yA) is a positive functional.

Dynamics of the System: In quantum physics, the Heisenberg picture corresponds to the
classical case, because the dynamics is controlled by the time evolution of observables. In par-
ticular, this means the infinitesimal dynamics is controlled by a selfadjoint operator H, called
Hamilton operator, and is given by a formula called the Heisenberg equation of motion:

d i

—A =

7 fL[H7AtL VAQEAQ.

Contrary to classical mechanics, the Heisenberg equation of motion is an inner derivation. Again,
there exists an integrated version of the equation of motion and it forms a one parameter group
consisting of unitary operators. For a time independent Hamilton operator, we have

1.1.3 Conclusion

The comparison presented here reveals that the major difference between the classical and the
quantum mechanics is the structure of the algebra of observables. In the classical case the algebra
is commutative and admits an additional structure given by the Poisson bracket. This Lie bracket,
which respects the commutative multiplication on the algebra, comes from the Poisson structure
of a given manifold M. The algebra of quantum observables on the other side is noncommutative,
hence admits a canonical nontrivial Lie bracket, the commutator. This difference will play an
essential role in quantization.

1.2 Quantization

Loosely speaking, quantization is the attempt to use classical theories as hints and to guess a
quantum theory which describes nature more accurately. In this sense, we need this process
called quantization just because we could not construct a quantum theory a priori, as we did in
the classical case. As we have seen above, the algebra of observables is a fundamental concept
in both the classical and the quantum theory case, while the states can be derived from the
observables. Therefore, in the following quantization will denote the procedure of constructing
the algebra of quantum observables A from the algebra of classical observables Ac.

For our purpose, it is more convenient to have an algebraic description of the quantum
observables instead of an analytic one. This means that we interpret a quantum observable
as a selfadjoint object in a unitary *-algebra, i.e. an algebra with a unit and an involution
denoted by *. We refer the reader to [BR79] for mathematical properties of *-algebras. One can
recover the analytic description of quantum observables by a representation of the x-algebra on
a Hilbert space. In the deformation quantization one separates the algebraic from the analytic
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methods. Probably, the most important algebraic property of the algebra of quantum observables
is its noncommutativity. The so-called canonical commutation relation is a well-known fact in
quantum physics and states that the value of the commutator of the position operator @) and
the momentum operator P of a point particle is given by

[Q, P] = ih.

Since we are interested in algebraic properties, we will not discuss the analytic conditions of this
equation and simply assume that the domain is the algebra of smooth functions with compact
support. The equation abouve implies in particular that every commutator of polynomials or
functions in P and @ vanishs, if the value of the physical constant £ is zero. We will regard the
canoncial commutation relation as a fundamental fact of nature and we interpret the noncom-
mutativity of the algebra of quantum observables as a consequence of nonvanishing value of A.
Although the description of nature by quantum physics is much more accurate, classical physics
also provide acceptable results for macroscopic systems. This fact allows us to regard classical
physics as an approximation of the quantum mechanics and the process of approximation is called
classical limit. We now want to discuss the meaning of the existence of such a limiting process
in an algebraic context. As we have seen above, the only crucial difference between classical and
quantum theory is the noncommutativity of the algebra of the quantum observables. Therefore,
the mathematical interpretation of a classical limit should be the process of decreasing fi. How-
ever, since i admits a physical meaning, the numerical value depends on its physical dimension.
One should be aware that i — 0 means that its numerical value becomes neglectable compared
to values of other quantities of the same physical dimension. Obviously, that if the physical
meaning of /i is decreasing, then the effect of noncommutativity of observables on measurements
is also decreasing simultaneously and the predictions by quantum theory can be approximated
by those of the classial theory.

The classical limit is not only a set theoretical limiting process, but should also preserve the
physical meaning of observables as well as respect algebraic structures. These requirements are
expressed in the correspondence principle.

1. Physical aspects of the correspondence principle:

The physical interpretation of a quantum observable - hence an element in Ag - is given
by its classical limit, i.e. a classical observable, which is an element in A¢c. For example,
just knowing what the x-algebra A¢ is, becomes meaningless if one does not know which
element corresponds to the momentum operator or the Hamilton operator.

2. Mathematical aspects of the correspondence principle:
Since A¢ is a commutative x-algebra and Ag is not, the correspondence cannot be an
isomorphism of *-algebras, so we impose the following conditions: For X,Y € Ag and
T,y € AC’
(a) aX +bY ~ ax+ by
(b) XY ~ xy
(¢) X* ~ z*
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This requirement should indicate that describing nature by the algebra of classical observ-
ables is not totally wrong (it has the correct structure), but the derived theory is not that
accurate, because the elements are just the classical limit of the “real” operators.

Moreover, the correspondence principle requires that the dynamics of a quantum system
corresponds to the dynamics of a classical system. In particular, the infinitesmal interpre-

tation should hold: )

ih
where H denotes the Hamilton operator. Therefore, it is reasonable to require for all
X, Y € Ag and all z,y € Ac

[_7H] ~ {—,H},

X, Y]~ {2}
Remark 1.2.1. At moment, the meaning of the correspondence, indicated by ~, is still very
vague. As mentioned, due to the noncommutativity of quantum observables it cannot be an
algebra isomomorphism. Nevertheless, one can hope that a Lie algebra isomorphism can satisfy
all these requirements. As we will see at the end of this chapter, even this is not possible. The
right interpretation of ~~ is given by the deformation quantization.

The uncertainty principle is a consequence of the noncommutativity of the algebra Ay and
is controlled by the value of h. By applying the classical limit, & goes to zero and the product
becomes commutative.

Quantization is defined to be the inverse process of the classical limit ~», i.e. one tries to
reconstruct the quantum system if the classical system is known.
1.3 Example

If the manifold is R™, we can identify its cotangent space with R?". One possibility of quantization
is called the “canonical quantization”. This term is badly choosen, because one has to choose an
ordering, but it is often used in the literature. If the functions ¢* and py, for k = 1, ..., n, denote
the coordinates of the cotangent space, then the quantization is a map given by

qk»—>Qk forl<k<nandpyr— P, forn+1<k<2n.
Here, Q* is called the position operator and is defined by
Q" f—d"f

while Pj is called the momentum operator and it is defined by

., 0
Pk: f — —'Lhaiqkf

By an easy calculation, one sees that these operators satisfy the commutation relation

[Q", P] = ihd}
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and hence also the last correspondence principle %[Qk ,P] = dF ~ {¢*,pi} = oF. Of course, one
has to consider the domains of the involved operators and make sure that the equations above
hold on these domains. Since we only want to use the analytical results without proving them,
we refer the reader to [BB93], [RS72] and [Thi94]. The right choice of domain will be CZ5(R"),
the set of smooth functions on R™ with compact support. On this domain, all the equations
above are defined and the operators Q¥ and P satisfy

(f,Q%) = (Q"f.g) and (f, Px) = (P:f,9),

where the inner product is defined for all functions by
(f,9) = /?gd"q, fig9 €Co(R").

Since we already know the quantization of the functions ¢* and pg, we can extend it to the
subalgebra Pol(R2") in C>°(R?") which is generated by the functions ¢* and py, k = 1,...,n.
By the first requirement of the correspondence principle the extension should be linear, hence,
one only needs to define the quantization of monomials. Because of the noncommutativity of
the position and momentum operators, one has to choose an ordering. We will discuss different
aspects of ordering in a later chapter.

1.4 Groenewold-van Hove Property

In this and the following sections, we want to explain the reason why a Lie algebra isomorphism
satisfying the conditions of the correspondence principle cannot exist. This fact is a result
of a mathematical theorem by Groenewold and van Hove. First we recall some mathematical
terminologies we need for defining the Groenewold-van Hove property.

Definition 1.4.1. An associative algebra A over a field k is a k-vector space with a bilinear
map pu: A ®, A — A, called multiplication, satisfying the property:

po(p®id) =po (idou) : A®, AR A— A.

If we want to emphasize the multiplication map, we write: (A4, p).
The associative algebra A is commutative, if

potT=p, Ya,b € A,

where 7: A ®; A — A®y A is the flipping map, i.e. 7(a,b) = (b,a)

Definition 1.4.2. Let g be a k-vector space. We say g is a Lie algebra, if it is equipped with a
Lie bracket, i.e. a bilinear map [—, —]: g ®, g — g which satisfies in addition the following two
properties:

1. (antisymmetry)
[a,b] = —[b, al,
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2. (Jacobi identity)
[av [b7 CH = Ha7 b]v C] + [bv [aa C]L

for every a, b, c € g.

Definition 1.4.3. Let g be a Lie algebra and let gl denotes the Lie algebra of the general linear
group GI(V) of a vector space V. A representation of g is a Lie algebra homomorphism

p:g— gl(V).
If there is no nontrivial invariant subspaces, then the representation is called irreducible.

Since the Lie bracket of gl(V) is given by the commutator, being a Lie algebra homomorphism
means the map p satisfies

p([a, b)) = [p(a), p(b)],

Definition 1.4.4 (Groenewold-van Hove property). Let g be a Lie algebra and let h C g be a
Lie subalgebra. We say that the pair (g, ) has the Groenewold-van Hove property if no faithful
irreducible representation on h can be extended to a representation on g.

1.5 Groenewold-van Hove Theorem

In this section we will present a mathematical reason why a canonical way of quantization cannot
exist. We will follow the proof of the Groenewold-van Hove theorem given in [Wal07, Section
5.2] and discuss its consequences.

By defining the Lie bracket on the vector space C>°(R?") to be the Poisson bracket, the vector
space C*°(R?") itself and its subvector space Pol(R?") become Lie algebras.

Theorem 1.5.1 (Groenewold-van Hove theorem). [Grof6][vH51] Let g denote the Lie algebra
Pol(R?") and let b denote the Lie subalgebra generated by the functions 1,q',....,q", p1, ..., Pn-
Then the pair (g,h) has the Groenewold-van Hove property.

Remark 1.5.2. Since the quantization provides an irreducible representation of the Lie subalgebra
b, the Groenewold-van Hove theorem states that it is impossible to extend this quantization to
the whole Lie algebra Pol(R?") in a canonical way.

Proof. We will give the proof for the case n = 1, the proof for n > 1 is similar. The main idea is
to calculate the representation of quadratic and cubic terms, provided the conditions as stated
in the theorem are satisfied. This can be done by a close examination of the Poisson bracket of
quadratic and cubic terms. At the end of the proof, by using these results, we will write p(¢*p?)
in two different ways, which will result in a contradiction. This fact implies that the assumption
of the extensability of an irreducible representation was wrong.

Let V be a vector space and let gl(V) be the Lie algebra of endomorphisms on V. By
rescaling the Lie bracket of gl(V'), we can assume that the representation p: g — gl(V') satisfies
the condition

ihp(1f,9}) = [p(f) p(9)]
instead of the usual Lie algebra homomorphism property p({f,g}) = [p(f), p(9)]-
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Now, let p be an irreducible, faithful representation of h on the vector space V. Since 1
commutes with every element in g, p(1) must lie in the center of gl(V). Thus, p(1) = cid for
some ¢ € C. Moreover, faithfulness implies that ¢ # 0. If we define two operators

Q= —p(q) and P :=

p(p),

S

1
\/E
it follows from our assumption above that

Q. P = 2[p(a).p(p)] = 2ol p}) = ih.

We assume that there exists an extension of p to the whole Lie algebra g, which is again
denoted by p. Using the Leibniz rule for Poisson bracket and for the commutator we got

[0(¢%), P] = p(2q) = 2ihQ and [Q?, P] = 2ihQ.

\[ p({d*.p}) = \[

By changing the position of () and P, the same approach shows
[p(p?),Q] = —2ihP and [P2,Q] = —2ihP.

These results and the identity [p(¢?), p(q)] = ihp({¢%, q}) = 0 = [p(p?), p(p)] imply that the
elements p(q?) — Q% and p(p?) — P? commute with P and Q. Hence, by the irreducibility of p,
we have

p(q°) = Q° + ¢4id and p(p?) = P? + ¢, id,

for some ¢y, ¢, € C. By Leibniz rule and by commutativity of the algebra Pol(R?"), there are
two identities of the Poisson bracket.

1. The identity {q?, p*} = 4¢p implies

plap) = o 9*1) = 1 0(a?), p0)] = 1@+ g, PP 4 i
1

Q% P = (@7 PIP + PIQ, P) = L (QP + PQ).

1
4ih
2. While the identity {pg, p?} = 2p* and the previous result imply

2(P? +¢) = 2p(p?) = Zlh[ (pg), p(»*)] = %[%(QP +PQ), P? + ¢/

— 1 21 1 2 27\ 2

From these calculations we infer that ¢, = 0 and similarly ¢, = 0. As a conclusion, we have for
quadratic monomials the identities:

o) = @7, o) = P* and plap) = 3(QP + PQ).

Now we do the same procedure for cubic monomials. Again, by using the Leibniz rule for



1.5 Groenewold-van Hove Theorem 15

Poisson bracket and for the commutator, we have
ih ih 3ih
= — = — 3 2 _
7 ﬁp( qa) e

Exchanging the position of Q and P, yields

[p(¢°), P) p({d*,p}) Q* and [Q*, P] = 3ihQ”.

[p(p*), Q] = _\%hPZ and [P?, Q] = —3ihP?.

The same arguments as in the qudratic case show that there exists c;, c; € C such that
3 3 _ 7 3 3 _
Vep(q®) — Q% = ¢, and Vep(p®) — P° = ¢,

Similar to the previous case, we will use two identities of the Poisson bracket to show that these
constants are actually zero.

1. The identity {¢*,p?*} = 6¢*p implies

p(q’p) = %p({q37p2}) = %[ﬂ(qg’),p(pz)] = 6;\%[@3 + ¢ id, P?]
= GWEQQ[Q, P2+ Q% P?Q = 2Q°P + 2QPQ + 2PQ* = Q—ﬁ(QQP + PQ?).

2. While the identity {qp,p®} = 3p® implies

TP ) = 200°) = 1 1plpa)-p0%)] = 75 QP+ PQ). P 4]
1 3
= 57 1QP + PQ, P3| = %P?’.

In conclusion, these calculations show that

1

o(q*p) = Qﬁ(QQP + PQ?) and ¢, =0.

Similarly, we have
1

2 2 2 r_
plap”) = 2ﬁ(QP + P°Q) and ¢; = 0.
For the final step, we calculate p(¢?p?) in two different ways.

1. On the one side, we have {¢*, p3} = 9¢*p? which implies

9p(q*p?) = %[p(qs)m(p?’)] = %[Q?’,PS}

2. On the other side, we have {¢?p, qp*} = 3¢*p? which implies

9GH) = ) o)) = = S(@P+ PQ), 5(QF* + PQ)L,
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The contradiction now arises from the fact that [Q%, P3] — 2[Q?P + PQ? QP? + P?Q| = 24h
which is nonzero. The verification of this equation is done by using commutation relation and
Leibniz rule. Since it is a long but straightforward calculation, we will not present it here. [

The important observation in the previous proof was that the representation of an element
which lies in the center of the algebra has to be of the form cid, for ¢ € C. The same idea will
be used in order to proof the following proposition.

Proposition 1.5.3. There is no Lie algebra isomorphism of the form

W (Pol(R"), =, —}) = (4, - ]),

where A is an associative algebra and its Lie algebra structure is given by the commutator.

Proof. Once more, we only prove the case n = 1, the general case is proven similarly. Suppose,
such a Lie algebra isomorphism ¥ exists, then the center of A is bijective to the center of
Pol(R?™), hence, the elements of the center have the form ¢¥(1), for ¢ € C. As in the proof of
the Groenewold-van Hove theorem, we write U(1) = ¢¥(1), for ¢ € C\{0}. By the Lie algebra
homomorphism property of ¥ and the commutation relation, we have

[¥(q), ¥(p)] = ih¥({g,p}) = ihc,

[W(g). W(f)] = ihv({q. f}) = mw%).

Similarly, we have [¥(p), U(f)] = —ih‘l’(%’;). Let a € A be an element which lies in the center
of the algebra. There exists an f € Pol(R?") such that such that U(f) = a. The observation
above implies that f is a constant function, because it satisfies g—f =0= %. Hence, an element
lies in the center of A if and only if it commutes with ¥(¢q) and ¥(p). From now on by applying
the same arguments to quadratic and cubic terms as in the previous theorem proves the claim

of this proposition. O

In particular, the Groenewold-van Hove theorem 1.5.1 and proposition 1.5.3 squash our hopes
of finding an algebra of quantum observables which is isomorphic to Pol(R?"?) as a Lie algebra
and satisfies the correspondence principles. It is therefore impossible to extend the equation
%[X ,Y] = {z,y} in a canoncial way. This fact forces us to choose an ordering which we are
going to discuss excessively in a later chapter. For example it tells us what the quantization of
the product gp, QP, PQ or %(QP + PQ) should be. Since the commutator is controlled by #,
we have QP = P(Q +ih, which implies that the difference between the various orderings vanishes
during the process of forming the classical limit. This observation leads us to the deformation
quantization.

1.6 Deformation Quantization

In last section we mentioned many difficulties of quantization and now we want to show which
of them can be solved by introducing a new concept, the deformation quantization. As has
been mentioned before, the motivation for deformation quantization is the desire to separate the
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algebraic methods from the analytic ones. The algebraic approach allows us to formulate the
concept of quantization in a most general way. Moreover, it is restrictive enough to realize what
can and cannot be required.

We will introduce the mathematical theory of deformation quantization, which is called defor-
mation theory, in the next chapter, but now we want to present some basis ideas of deformation
quantization. One should be aware that the classical limit is always the idea behind all the
considerations below.

One way to construct a noncommutative algebra out of a commutative algebra is to de-
form its product. In our case, the commutative algebra is C*°(M) and we denote its pointwise
multiplication map by ug: C*°(M) x C®(M) — C*(M). If we embed this algebra into the
algebra of formal power series C°(M)[[t]], we can “deform” the multiplication map po. Here,
we use the parameter ¢ instead of the physical constant A in order to derive the theory in a
more general framework. The process of deformation means, we are looking for a bilinear map u:
C®(M)[[t]] x C=(M)[[t]] — C=(M)[[t]], such that there exist bilinear maps p; for i > 1 satisfying

=1

Since this map p should be a deformed, noncommutative product, one has to require it to be
associative on C>°(M)[[t]]. It will turn out that this condition is difficult to be satisfied and it
makes the construction of p very complicate. We will often write fxg for u(f, g) and we call it the
star product of f and g. The star product respects the requirements of classical limit, because if
the parameter ¢ is approaching zero, the deformed multiplication p becomes the original product
o on C=(M).

Moreover, the definition of u provides a precise interpretation of the correspondence principle.
Namely, the map ~~ should be understood as a modulo operation. This means ~ is an equality,
if one neglects the higher orders of ¢, we have

L fxg=fg+0()
2. glfa=1{f.g}+0(),

for all f,g € C>°(M). Together with requirement X* ~~ z* we have

frg=9gx*F,

because the involution is just complex conjugation in C*(M)[[t]].

The physical interpretation of the star product is given by the identification ¢ = A. In this
manner, the classical observable f € C*° (M) is identified with the associated quantum observable
f € C>*(M)][[n]]. Therefore, the algebra of classical observables is embedded into the algebra
of quantum observables. Of course, at this point it is necessary to think about convergence
properties of the series f* g = fg+ > o0, t'ui(f,g). It turns out, that it is impossible to
require the convergence of all functions in C*° (M), but the star product of two functions may be
convergent for some x-subalgebras.

In general, one starts with a physical system of interest and then one tries to find a *-
subalgebra that includes all functions which have to be quantized. Then one finds a star product
such that the product of two given functions in the subalgebra converges. Thus, the x-subalgebra
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as well as the star product on it depend directly on the physical input. Once the star product on
a x-subalgebra is found, one recovers the usual quantum mechanical interpretation of the system
by a representation of this *-subalgebra on a Hilbert space.



Chapter 2

Deformation Theory

Deformation theory is a vast field of research in mathematics. We will only need results of a
specific algebraic branch of this theory, the deformation theory of algebras. The four papers
of Gerstenhaber, [Ger64], [Ger66], [Ger68] and [Ger74], can be seen as the foundation of the
algebraic deformation theory, but here, we will follow a more modern presentation of this subject
which can be found in [DMZ09].

2.1 Algebraic Preliminary

Definition 2.1.1. A left module M over an associative k-algebra (A, ) is a k-vector space M
with a map ph,;: A®x M — M satisfying the properties:

pihy o (14 @k idar) = gy 0 (ida ®pply) + A @y A @k M — M.

We sometimes write (M, uh,).
A right module N over an associative k-algebra (A, p4) is a k-vector space N with a map
wy: M ®, A — M satisfying the properties:

phy o (das ®ppea) = pyr o (phy @k ida) - M @k Ak A — M.

A bimodule M over an associative k-algebra (A, p4) is a module M which is both a left and
a right module and its left multiplication commutes with its right multiplication:

phyy o (ida ®@gphy) = pihy o (phy @1 ida) : A ®p M @) A — M.

Notation 2.1.2. We will assume from now on that our field k is a field of characteristic zero
and denote the k-tensor product ® simply by ®;. Moreover, all algebras will be assumed to be
commutative associative k-algebras unless noted otherwise.

Definition 2.1.3. Let k be a field. An augmentation of an algebra R which is an associative,
commutative k-algebra with unit e is a homomorphism of k-algebras e: R — k such that eoa =
idy, where « is the unique k-algebra homomorphism k¥ — R given by a(1) = e
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Such an algebra R is called an augmented algebra and kernel of € is called the augmentation
ideal of R.

We will give some examples of augmented algebras which are important for the definition
of the formal deformation (see 2.2.5) and we will see later that many algebras do not admit an
augmentation.

Ezample 2.1.4. The algebra of formal power series k[[t]] has a unit 1 and an augmentation e:
k[[t]] — k which is the projection on k:

e(z apth) := ag.
k

Similarly, the algebra k[t] of polynomials is augmented by €(>"} axt”) := ao. Since the field
k is assumed to be of characteristic zero, € is just the evaluation map at ¢ = 0. For every n € N,
the augmentation of k[t] immediately induces an augmentation on the algebra of truncated
polynomials k[t]/ (™).

Example 2.1.5. Every nontrivial field extension of k is an example of a k-algebra which does not
admit an augmentation. If k& < &’ is a nontrivial field extension, then the augmentation ideal
of an augmentation e: k' — k is an ideal of the field k', which therefore has to be either 0 or
all of k', whence the augmentation map € is either injective or the zero-map. Both cases are
impossible, because the field extension was nontrivial and the map € has to satisfy the equation
€oa = idy.

This example shows in particular that C cannot be an augmentation of the field of real
numbers R.

2.2 Deformation of Algebras

Definition 2.2.1. For a k-algebra R and a left R-module M, the reduction of M is defined to
be the left k-module k ®z M. We will denote the reduction of M by M.

Definition 2.2.2. Let R be an augmented algebra and let A be an associative k-algebra. An
R-deformation of A is a pair (B, ), where B is an associative R-algebra and ¢ is an isomorphism
of k-algebra: B — A.

Definition 2.2.3. Two R-deformations of A, (B, ) and (B’,¢’) are said to be equivalent, if
there exists an R-algebra isomorphism ¢: B — B’ which extends the k-algebra isomorphism

pop L

Remark 2.2.4. In addition to the definition of an R-deformation, we will also assume that the
R-module B is a free R-module which implies that there exists an R-module isomorphism ):
B — R ® A. Therefore, the algebra A can be identified via 1 with the k-subspace 1 ® A in B
and A ® A can be identified with (1® A) ® (1® A) in B ® B.

If we denote the multiplication in an R-deformation of a k-algebra A by p/, then the following
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diagram commutes:

B®rB

B
wwl lw

(RRA)@r(R®A) —= R® (A® A) > (R® A)

where the homomorphism (R ® A) Qg (R® A) 2 R® (A ® A) is the canoncial R-algebra
isomorphism.

This diagram shows that the multiplication p’ induces an R-algebra structure on R ® A,
hence the multiplication in B is totally determined by its restriction to the subspace A ® A.
Moreover, since an equivalence of deformations ¢ is an R-algebra homomorphism which extends
a k-isomorphism, the same argument shows that ¢ is also determined by its restriction to A.

Given an R-deformation (B,¢) and a k-module isomorphism ¢: B — A, the R-module
isomorphism v: B — R ® A induces a k-isomorphism 12 B=k®r B — k ®r R® A. We have
the following diagram:

B—————=k®rR®A,

i

where the map ¢’ is induced by the two k-isomorphisms ¢ and ).
If the map v: k ®g R® A — A denotes the canonical isomorphism, then the diagram above

IR

N\
A

can be extended to

B—skoprROA—>kopRe A

el

A

The map ¢” is induced by the k-isomorphisms v and ¢’ and can be extended to an R-algebra
isomorphism. This observation shows that any R-deformation (B, : B — A) is equivalent to
(RRA,v:k®r R® A — A). If we are only interested in equivalence classes of deformations,
we can assume that our R-deformation B is the R-module R ® A and we have the canonicial
identification map ~.

Definition 2.2.5. A formal deformation is a deformation over the complete local augmented
algebra E[[t]].

In the remark above we saw that the multiplication p in B is determined by the objects in
A. For a,b € A, we can write

u(a, b) = Z tnlLLn (aa b)v
n=0

where p,, are k-bilinear maps from A ® A to A. Since we identify A with the subspace 1 ® A of
B, the map py is just the multiplication in A. By the definition of multiplication in k[[t]], we see
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that the map g is associative in B if and only if for every k € N and every a,b,c € A,

Z /J’n(:um(a’b)’C): Z Mn(aaum(bvc))'

n+m==k n+m=k

Since we assumed that every deformation is of the form (R ® A, ), two deformations B and
B’ are equivalent if and only if there exists an isomorphism v in Homr(R® A, R® A) such that
Yop=p o ®. In case of a formal deformation, we have Homy,y (k[[t]] @ A, k[[t]] ® A) =
{ = idg +t)1 + t29)g + t393 + ..., b; € Hom(A, A)}.

We want to summarize this observation in the lemma below.

Lemma 2.2.6. If (B,u) and (B', i) are two formal deformations of an associative k-algebra
A, then they are equivalent if and only if there exists a map v = ida +tyn + t2hs + t3hs + ...,
where 1; are maps in Hom(A, A), such that

You=p (@)

Definition 2.2.7. A formal n-deformation or just n-deformation is a deformation over the local
Artinian algebra k[t]/(t"1).

By the discussion above, the multiplication of an n-deformation of an associative k-algebra is
given by the set {u;: A®A — A[1 < i < n}, where y; satisfy the condition } 7, , ,_ pi(p;(a, b), c) =
Ditj=r Hila, pj(b, ) for every k < n.

By the definition of n-deformation and lemma 2.2.6, we see that two n-deformations are
equivalent if and only if there exists a family of maps 1, s, ..., 9, such that ¢ = id4 +tip1 +
t24)y + ... + t™),, maps one deformation to the other.

Lemma 2.2.8. If u and i/ are two deformations which are equivalent as n-deformations, then
there is a deformation fi which equals ' as n-deformations and is equivalent to p.

Proof. One defines the map v to be idg +t); + t2¢y + ... + t™p, + ..., where 11,1, ..., 1, are
given by the equivalence as n-deformations and the maps v, are arbitrary for m > n + 1.
By definition, u is equivalent to 1 o po (' ® ~1) =: i and by assumption, i equals p as
n-deformations. ]

Definition 2.2.9. An eztension of an n-deformation given by {u;: A® A — A|l1 <i<n}isan
(n + 1)-deformation given by {u;: A® A — Alp} = u,; for 1 <i < n}.

Lemma 2.2.8 says that if we are asking for existence of extensions of n-deformations, without
loss of generality, we can assume that equivalences of deformations are already equal as n-
deformations.

2.3 Hochschild Complex and Gerstenhaber Bracket

In order to understand the behaviour of the extensions of an n-deformation, we now introduce
the concept of the Hochschild complex and the Hochschild cohomology.
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Definition 2.3.1. Let A be an associative k-algebra and M an A-bimodule (see definition 2.1.1).
The Hochschild cochain complex C3;(A, M) is the cochain complex

dy® ) dyt dpym—1 dp™
0— M —CAM)—..—C}AM)—— ...,

where C% (A, M) := Hom(®" A, M). The differential or coboundary operator dg™: C% (A, M) —
O (A, M) is defined by:

dg"flao ® ... @ an) == aof(a1 ® ... @ an) + (1) flag @ ... @ ap_1)an
n—1

+ Z(—l)i+1f((l0 ® ® aiaiﬂ ® ® an).
=0

Definition 2.3.2. If (C};(A, M),dy) is a Hochschild complex with A and M as in definition
2.3.1, then the Hochschild cohomology with coefficient in M is the cohomology module

kerdg"
H (A, M)y ey = — O
{ H( )}{ €N} iden,I

The Hochschild cohomology will allow us to answer the question whether an (n+1)-extension
for a given n-deformation exists, but before we can present the answer, we have to introduce
some more terminology.

Definition 2.3.3. A Z-graded algebra A is a direct sum of algebras A¥, i.e.

A=p A~

kEZ

with a multiplication p: AF @ Al — A**! for every k,I € Z. An object a in A is said to be
homogenous of degree k if it is an object in A*. Its degree is often denoted by |a).

A degree k linear map f between two graded algebras A and B is a linear map such that
f(a) € B¥*lal for every homogeneous object a € A.

A prominent example of graded algebras are graded Lie algebras.

Definition 2.3.4. A graded Lie algebra g is a Z-graded vector space g with a degree 0 bilinear
map, called the Lie bracket:

[— -] g'®g — g™, Vi,jeZ
satisfying the following properties:

1. (graded antisymmetry)

2. (graded Jacobi identity)
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Ezample 2.3.5. Given an associative Z-algebra A, then a graded commutator [—, —] is defined by
[a,b] = ab— (=1)!e!lPlpg,

The graded commutator is antisymmetric and satisfies the graded Jacobi identity, therefore the
graded algebra (A, [—, —]) is a graded Lie algebra.

A Gerstenhaber algebra is a modified version of a graded Lie algebra and it turns out that the
Hochschild cohomology, which is one of the most important algebraic subject in the deformation
theory, is indeed a Gerstenhaber algebra. (see theorem 2.3.16.)

Definition 2.3.6. A Gerstenhaber algebra A is an associative, graded commutative, Z-graded
algebra with a bracket

of degree —1:
[— —]]: A"® A7 — A1 v jcZ.
Moreover, for homogeneous elements a, b, c € A, the bracket satisfies the following properties:

1. (antisymmetry)
[fa, b]] = —(=1) U= DUI=Dp, a]],

2. (Jacobi identity)

[la, (1, ] = [[[fa, b]], €] + (=1) I =DE=D b, [fa, o],

3. (Leibniz rule)
[fa, be]] = [[a, blJe + (=1) 1=V Plp[[a, ]].

Remark 2.3.7. If A is a Gerstenhaber algebra and | — | denotes the degree map of A, then the

bracket [[—, —]] defines a Lie algebra structure with respect to a new degree map || — || defined
by ||a|| := |a| — 1 for every homogeneous element a in A. Therefore, if (A, |—|) is a Gerstenhaber
algebra then (A, || — ||) is a Lie algebra.

Ezample 2.3.8. Let X*(M) denote the graded vector space of multivector fields on a manifold
M. Equipped with the wedge product, X*(M) is a graded commutative, Z-graded algebra. If
the bracket [[—, —]] is defined on the generators by:

[[f, 9]l =0Vf,geX0(M)=C>(M)
(X, f]] = X(f) = —[If, X]] Vf € X°(M), X € X" (M)
[X,Y]] = [X,Y] VX,Y € X} (M),

then (X*(M),[[—,—]]) is a Gerstenhaber algebra and the graded bracket [[—, —]] is called the
Schouten Nijenhuis bracket. According to remark 2.3.7, the Schouten Nijenhuis bracket is a Lie
bracket with respect to the shifted degree map. For calculations we often need explicit formulas.
Given a general multivector field X = X; A ... A X, and a multivector field Y = Y; A ... AY,,, we
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can apply the Leibniz rule (see definition 2.3.6) and we have:

(XY =D ()X YIAXI A AXG A e AXy AYIA LAY A LAY
i=1 j=1

The notation “X,” indicates that the vector field X; is omitted in the expression. For an fe
C>° (M), we have:

£, X)) = —igr X =) (1) Xi(f)X1 A e AXi A A X,

where i4p X denotes the insertion operation.

Definition 2.3.9. If A is a Z-graded algebra with multiplication pu: A® A — A, then a derivation
of degree k is a degree k linear map d: A — A which satisfies the graded Leibniz rule:

dop = p(d®id) + p(id ®@d).
A derivation d of degree 1 is often called a differential derivation, or just a differential, if
dod=d?>=0.

As one easily verifies, the vector space of the derivations of a graded algebra is a graded Lie
algebra whose Lie bracket is given by the graded commutator.

Remark 2.3.10. If we are working with graded algebraic objects, we always use the Koszul sign
convention which states that one has to multiply a factor of (—1)P? each time one commutes two
objects of degree p and ¢ respectively. This means that for two homogeneous maps of graded
vector spaces f: V — V' and g: W — W’ the evalutation of f ® g on tensor product of
homogeneous elements is given by

(f ®9) (v @ w) := (~1)*9DwI) f(0) @ g(w).

Using the Koszul sign convention we can specialize the definition of a degree k derivation. A
degree k linear map of a graded algebra A is a derivation if and only if for every homogeneous
object a in A and for every object b in A, we have the equality:

d(ab) = d(a)b + (=1)*lelad(b).

Definition 2.3.11. A differential graded Lie algebra g is a graded Lie algebra with a differential
derivation satisfying the graded Leibniz rule:

d[a,b] = [da, b] 4+ (=1)!%[a, db).

Given a Hochschild complex with coefficients in the algebra A, ie. {CF(A, A)}(neny, we
define the shifted Hochschild complex via:

(CH (A A))n = (Cr (A, A) 1)
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The shifted Hochschild complex allows us to define a composition f o; g € C'I(L;LJFW%LD(A7 A) for
every object f € C’gLJrl)(A,A), ge C’I(qmﬂ)(A, A) and every i by

1. For every i < |f]:
(.f Of 9)(% X...® @n-i-m) = f(aO K.Q0a1Q g(ai ®..Q ai+m) ®Q Airm+1 Q... @ an+m).

2. For every i > |f|: fo;9=0.

We can extend this notion to "
f

fog=> (-1)foig,
i=0
for homogeneous objects f and g. Since every object in a graded algebra is a finite sum of
homogeous objects, the operation o is even defined on the whole Hochschild complex.
Moreover, we note that |f o; g| = | f| + |g| and therefore also |f o g| = |f| + |g].
We now summarise some useful equations which can be obtained by evaluating both sides on
objects in A®™ for an appropriate n. For homogeneous objects f, g, h € C’I*{H(A, A), we have:

(fomg)onh={(fonh) Om+|h| 9s ifn<m
= fom (gon—mh),if m <n<m+|g]
= (fon_|g/ h) om g, if m+ |g| < n.

The map o: (Ci (A, A))n @ (CH (A, A))m — (Ci (A, A)) s is not associative, but it
satisfies the following equation:

(fog)oh—fo(goh)= (=1l ((foh)og— fo(hog)).

As we will see in the definition below the operation o allows us to define a new structure on the
shifted Hochschild complex, which plays an important role in deformation theory.

Definition 2.3.12. Given a shifted Hochschild complex C' (A, A), the bracket defined by:

[f.g] == fog— (—1)fllslgo f
is called the Gerstenhaber bracket.

A straightforward calculation using the equations above shows that this bracket is graded
antisymmetric and satisfies the graded Jacobi identity. Thus, the shifted Hochschild complex
O3 (A, A) is a Lie algebra with respect to the Gerstenhaber bracket.

If we adapt the definition of the coboundary map dpy to the shifted Hochschild complex
C3 (A, A), we have:

drflag® ... a,) :=aof(a1 ® ... ® ap) + (—1)mf(a0 ® ... ® Ap_1)an
[f]

+ Z(—l)”lf(ao ® .. ® AiGig1 @ ... @ ay),
i=0
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Denoting multiplication in the algebra A by p, the formula reads:
du(f)=—fop+ (=)o

Obviously, this is exactly —[f, u] = (—1)!/![x, f], since || = 1 in the shifted Hochschild complex.
Thus, the differential dy is the same as —[—, p]. This observation is important, because now the
Jacobi identity implies that

dulf.gl = —(lf. gl 1) = —=1f, lg. 1l — (D)9, ul, 9] = [f. dmg] + (=1)¥'[dr £, 9],

which is the graded Leibniz rule for the shifted Hochschild complex.

Moreover, it shows that the cohomology is well defined with respect to the Gerstenhaber
bracket.

We summarize the observations in the following theorem.

Theorem 2.3.13. Let A be an associative k-algebra. The shifted Hochschild complex
(O3 (A, A),dg, [, —)) is a graded differential Lie algebra, where the Lie bracket is given by the
Gerstenhaber bracket.

Now, one can ask whether the shifted Hochschild complex is even a Gerstenhaber algebra.
Before we can investigate this question, we need to define a graded commutative product on
the Hochschild complex. We will see in theorem 2.3.16 that the complex does not admit a
Gerstenhaber algebra structure, but its Hochschild cohomology does.

Definition 2.3.14. For an associative algebra A, the cup product U of a Hochschild complex is
defined by its evaluation

f @] g(a1 ®...Q aiﬂ-) = f(a1 & ...ai)g(aHl ®.Q aiﬂ-),
for all f € C'(A,A), g€ CI(A,A) and ay, ...,a;4; € A.
The cup product is compatible with the differential of a Hochschild complex:

Proposition 2.3.15. If C*(A, A) is a Hochschild complex, then the cup product defines an
associative algebra structure on it. Moreover, the cup product is graded commutative and we
have the graded Leibniz rule:

du(fug)=dufuUg+ () fudpug.
Proof. The proof is technical and we refer the reader to [Wal07, Satz 6.2.16.] O

This theorem shows that cohomology classes of the Hochschild cohomology are in particular
compatible with the cup product. Although the Hochschild complex with the cup product does
not admit a Gerstenhaber algebra structure, Gerstenhaber [Ger63] proved that at least the
Hochschild cohomology is a Gerstenhaber algebra.

Theorem 2.3.16. For an associative k-algebra A, the Hochschild cohomology is a Gerstenhaber
algebra with product induced by the cup product and with the graded Lie bracket defined by the
Gerstenhaber bracket (see definition 2.3.12).
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As we will see later, the first three Hochschild cohomology groups are important for de-
formation theory. By definition HJ , (A, A) is given by the set of cocycles, which is the set
{a € A:dp(a)(d) = u(b,a) — p(a,b) =0, Vb € A. Hence, the first Hochschild cohomology group
is the center of the algebra A and we write:

Hi?,och(A7 A) = Z(A)

For f € Hom(A, A) and a,b € A, the evaluation dy(f)(a,b) = u(a, f(b)) — f(u(a,d)) +
w(f(a),b) shows that f is a cocycle if and only if f is a derivation. The image of dy : A —
C}(A, A) is called the inner derivations of A, they are maps of the form dy(a) = f, such that
fa(d) = pu(bya) — p(a,b). It follows that

H}, .. (A A) = Der(A, A)/Ider(A, A).
Lemma 2.3.17. An object i in C?,, (A, A) defines an associative multiplication if and only if

(11, 1] = 0.

Proof. In the shifted Hochschild complex the map p has degree 1, therefore

[ p) = (pop— (=Dpop)=2pop=2(uogp—por p) = 2(u(p @ida) — p(ida @p)).

Since we assumed that the field k is of characteristic zero, we have [u,u] = 0 if and only if
(e ®ida) — p(ida ®u) = 0 which is equivalent to defining an associative multiplication. O

2.4 Extension of Deformations

With a better understanding of the Hochschild cohomology, we are now able to describe the
relation between the second cohomology group and extensions of a given n-deformation.

Proposition 2.4.1. Let A be an associative k-algebra with a multiplication ug. Let an n-
deformation of A be given by ™) = o + gy + ... + pin, then there exists an (n + 1)-deformation
of '™ if and only if there exists a map pino1 such that

n

1
dH pnt+1 = 5 Zl[ﬂiaﬂn+1—i]~
1=

If this condition is satisfied, then an (n + 1)-deformation is given by p™*tD = p() 4 ¢ntly o

Proof. The n-deformation p(™) is a map from k[t]/ (")) @ Ax k[t]/(t" 1))@ A to k[t] /(")) ®
A and by lemma 2.3.17 the map [, u(™] can be viewed as a map from k[t] ® A x k[t] ® A to
k[t]® A given by 0+...+0+t"+V f for some f: Ax A — A. If there exists an (n -+ 1)-extension
of p™ e p D) = (M 4+ ), then

(1™ + D gy, 1™ 4 D )] =

0+ o4+ 0+ " ([0, pinga] + [nsrs ol + Y _thir pin—iga]) + O ("),
=1
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By noting that the maps p; have degree 1 in the shifted Hochschild complex, we have that
(10, 1] = [tnt1, po] and p+D) = p™) 4 ¢+ Dy 00 defines an (n 4 1)-deformation if and
only if 327" [, pn—iv1] = —2[ttnt1, po] = 2dp fin1- O

In general, the term Y ;" [14, ftnt1—i] Is not a coboundary, but nevertheless it is always closed.
This can be seen by using the graded Jacobi identity. If we once more use the fact that ("1 is

a map of degree 1, then the graded Jacobi identity provides the equality of the following chain
of equations:

0= [M(n+1)7 [u(nﬂ), u(n+1)]]

= [ N (<2d g pinn + Y s pin—iga]) + O ()]
i=1

= " ([no, —2dm i1 + Y [is n—isa]]) + O("F2).
i=1

Since d; = 0, we have 0 = [p0, >2;; [1is tn—it1]] = —dir (3272, (1, n—is1])-
Every closed object defines an element in the cohomology group, as an immediate consequence
of this fact is the corollary below.

Corollary 2.4.2. If the third Hochschild cohomology group H3, . (A, A) of an associative k-
algebra is trivial, then there exists an (n + 1)-extension for any given n-deformation.

och

As mentioned before, we are interested in equivalence classes of deformations, therefore it
is natural to ask whether an (n + 1)-extension respects the equivalence relation between n-
deformations. Lemma 2.2.8 tells us that we only have to study the case of the equivalent defor-
mations ¢ and p/ which are also equal as n-deformations. An answer of this question is given in
the proposition below.

Proposition 2.4.3. If u and i/ are two deformations which are equal as n-deformations, then
there exists an (n+1)-extension 1 of p and y' as n-deformations such that v = id-+t"" 1), 1 +...
if and only if

fins1 = M1 = AU

Proof. By definition, the two deformations are equivalent if and only if ¥ o u = p/ o (¢ ® ¥) as
maps in k[t]/(#"*?). By remark 2.2.4 we have only to check the equality for objects in A. For
every elements a,b in A, let u(a,b) be po(a,b) + tpi(a,b) + ... + " (a,b) + " i1 (a, b) + ...
and let 1/ (a,b) be po(a,b) + tp(a,b) + ... + t"py(a,b) + " 1pl, 1 (a,b) + ... . Note that p and
1/ only differ if the degree is greater than n.

Therefore, we have ¥u(a,b) = po(a,b) + ... + "y (a, b) + "1 (Yna1(po(a, b)) + pinri(a, b)) +
O(t"*?) and similarly,

I (36(@), (b)) = p0(a, )+t 1 (@, D)4 (10 (1 (@), D)0 (@, Y1 (0)) 111 (0 B)+ O (£+2).

Hence, the two deformation are equivalent if and only if ji,,41(a, b)—p, 1 (a,b) = po(¢Yny1(a),b)+
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to(a, ¥n41(b)) — Uny1(po(a, b)), which is equivalent to

Pnt1 = g1 = —[Pnt1s o] = daPnir-
O

As in the case of extensions, we would like to have a relationship between the map ¥,,41 as
in the proposition above and Hochschild cohomology groups. We can reformulate the statement
in the previous proposition: A map 1 = id + t" T4, 1 + ... extends the equivalence of two
n-deformations if and only if ji,41 — p;,,; is a coboundary. If we could show that it is always
closed, then the extensions of equivalences are described by the second Hochschild cohomology
group HZ, ., (A, A).

This is indeed the case. First we observe that t" ™ dy (tn1— 1) = —t" T 41— 1141, o]
is the n+1-degree term of [u, u— p'], because p and p’ are assumed to be equal as n-deformations.
As deformations p and ' are in particular associative and therefore [y, u] = 0 = [¢/, /]. This
also shows that

1
1 = pigas o] = =y u] = Sl —w'sp = 1]

Now the claim follows by observing that the first nontrivial term of [p — p/, p — '] has degree
2(n+1).

Corollary 2.4.4. [HGS88] If the second Hochschild cohomology group H3, ., (A, A) of an asso-
ciative k-algebra is trivial, then every two formal deformations are equivalent.

Remark 2.4.5. We want to note that not every equivalence between p and p' as in proposition
2.4.3 has to be of the form @ = id +t" 14,41 + ... . In general 1) has the form as in 2.2.6 and it
is possible that p and ' are equivalent even if ji,41 — p,, 1 is not a coboundary.

Nevertheless, in the special case of n = 1 it is easily seen that this problem as just described
cannot occur.

Corollary 2.4.6. The map = po + tus defines a 1-deformation if and only if dgpus = 0. Two
deformations p and ' are equivalent if and only if puy — p) = dgib1, for a1y in C*(A, A).

2.5 Hochschild-Kostant-Rosenberg Theorem

The results of previous sections reveal that, for a manifold M, the Hochschild cohomology of
the algebra C*°(M) controls its deformation theory. If one wants to know about existence of
extensions or equivalences, then one has to study certain Hochschild cohomology groups. In
this section we want to discuss the Hochschild-Kostant-Rosenberg theorem, because it allows
us to calculate the Hochschild cohomology explicitly and provides a better understanding of
Hf o (M), In the original paper [HKR62] the authors, Hochschild, Kostant and Rosenberg,
proved this theorem in a purely algebraic way for the algebra of polynomials Pol(R™). Since not
every function in C*° (M) is usually of interest, one often restricts oneself to the special family of
functions which are continuous with respect to the Fréchet topology (see [Hir76] for its definition
and properties).

Definition 2.5.1. Let M be a smooth manifold, then
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1. Ck . (C>®(M)) denotes the Hochschild cochain complex such that C7, ,(C>®(M)) = {f €

CH(C*®(M),C>°(M))|f is continuous with respect to the Fréchet topology }.

2. C}.(C®(M)) denotes the Hochschild cochain complex such that CJ2 . (C*(M)) := {f €

CP(C®(M),C>®(M))|f is local }.

3. Ci;(C>(M)) denotes the Hochschild cochain complex such that C;,(C*(M)) == {f €
CH(C™®(M),C>(M))|f is differential }.

4. Clitrm.e (C(M)) denotes the Hochschild cochain complex such that Cg, .\, . (C*°(M)) =
{f € CE(C>®(M),C>*(M))|f vanishes on constant functions }.

These special Hochschild cochain complexes are even subcochain complexes, therefore there
exist corresponding cohomology modules.

Definition 2.5.2. Let M be a smooth manifold, then

L. H},, g(C>(M)) denotes the cohomology module of the Hochschild cochain complex

Cgont (COO (M) ) .

2. Hj,, z(C>(M)) denotes the cohomology module of the Hochschild cochain complex
Cloe (€7 (M)

3. Hy s (C>°(M)) denotes the cohomology module of the Hochschild cochain complex
Clips(C(M)).

4 Hiipppe m(C(M)) denotes the cohomology module of the Hochschild cochain complex
Ciffon.e. (C(M)).
For the study of star products, Hj, ;¢ (C°°(M)) and Hy,,p . . 5 (C°(M)) are particularly

important. Before, we can give the definition of the Hochschild-Kostant-Rosenberg map, we need
a lemma.

Lemma 2.5.3. Let A be a commutative associative algebra and let the alternation map Alt:
C*(A) = C*(A) be defined by its evaluation on homogeneous element f € C™(A) by

1 . .
Alt f(a1,...,an) = ] Z sign(o) f(ag(1), - Qo)) if n>1,
T o€Sn

Alt f=0ifn=0.

Then
Alt O(shoch =0.

Therefore, if f is a totally antisymmetric Hochschild cocyle, it is a Hochschild coboundary if and
only if f=0.
Proof. Since Alt is a projection, i.e. Alto Alt = Alt, f is totally antisymmetric if and only if

Alt f = f. For ag, ..., a, € A, if we calculate Alt 0ppcn f(ag, ..., an), then by the definition of 0pcn
(see definition 2.3.1) and by the commutativity of A, we have

n—1

Alt Z(—l)”lf(ao ® . ® QG4 ® ... @ ap) = 0.
1=0



32 Deformation Theory

For the other two terms, one observes that by commutativity the following holds

Alt(agf(a1 @ ... @ an) + (=1)" ' fag @ ... @ an_1)an)
= Alt a () f(Qo(0) ® o ® Ap(n—1)) + Al(=1)""" f(ag ® ... ® an—1)an)
=(—1)"Alt f(ap ® ... ® ap—1)an + Alt(—l)"_lf(ao ®...®ap_1)a,) =0,

where o denotes the particular circular permutation (0,1,...,n) — (1, ...,n,0) which has signo =
(=1)™. If f is a totally antisymmetric Hochschild cocyle, then Alt f = f and 0p0cnf = 0. There-
fore, f is a coboundary if and only if f = dpocng = Alt 0p0cng = 0. O]

Definition 2.5.4 (Hochschild-Kostant-Rosenberg map). The Hochschild-Kostant-Rosenberg map
F1: X = Chippn.e (C(M)) is defined by
1. ,
ﬁl(X)(fl, ceey fn) = Eldfn...zdle,

for X € X* and f1, ..., fn € C®(M).

For a multivector field X of the form X = X; A ... A X,,, the definition implies
F(X)(fr, - [n) = ZSlgH Xo)(f1)--Xo(n)(fn)-

Lemma 2.5.5. The image of the Hochschild-Kostant-Rosenberg map %, consists of Hochschild
cocycles, i.e.
Ohoch © F1 = 0.

Proof. Since d is a derivation we have
ld(fg) = ldfng T ifndg = tdf © g + if O ldg,

where we used the identity ioap = 94 0 4p. By if(w) = fw and by commutativity of the algebra
C>® (M), for functions fy, ..., fr € C*°(M) and 0 < i < n — 1, we get

yl(X)(an ceey fifi-l—la ) fn) =
FUX)(foy oo fis fivzs ooos fr) fitr + F1(X) (fo, s fimts fitrs s fu) fie

Therefore, by definition 2.3.1, we have
(6hochy1X)<f07 s ) = F(FLX) (frs oy fu) + (D) HFX)(fo @ oo @ fro1) fn
+Z Z+1 )(f07' 7fiafi+27"'7fn)fi+1+91(X)(f0’"'afi—lafi-‘rlv"'afn)fi):O

This shows that dp0cnF1 X is always a Hochschild cocycle. O

It is obvious that dp,c,-%1 X is totally antisymmetric, hence the following two corollaries are
an immediate consequence of lemma 2.5.3 and lemma 2.5.5.
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Corollary 2.5.6. If X € X*, then %1 X is exact if and only if X = 0. In particular the
Hochschild-Kostant-Rosenberg map F1: X* — C; ¢, . (C*(M)) is injective.

Corollary 2.5.7. The Hochschild-Kostant-Rosenberg map %1 induces an injective map
x*(M) - H;Lkoch(coo(M))'

Notation 2.5.8. By abuse of notation, we will also denote .#; the induced map X*(M) —
Hj oo (C(M)) by F1.

In general the map #1: X*(M) — H}, ., (C>®(M)) is not surjective, but on particular sub-
cochains, such as iy (CX(M)), Ciy(C=(M)) o1 Ciyypoo (CX(M)), it is a bijection. The
following theorem proves this statement for Cf _(C>°(M)) and a slight modification shows that
it is also true for Cy;,(C*°(M)) and C’fjiff’n.c. (C>(M)).

Theorem 2.5.9. If f € CJ_(C>(M)) such that 6 f = 0, then there exists a unique n-vector field
X € X"(M) and g € C*-1(C>(M)), such that f decomposes as decomposition

loc
f = le + (Sg.
Proof. A proof of this theorem can be found in [CGDS80]. O

By using other methods one can even show that .%7 is bijective for the subcochain C%) , (C>(M)).
For a discussion, we refer the reader to [Gut97], [Nad99] and [Pf198].

In the theorem below we will see that .%#; does not only provide a set theoretical bijection, it
also respects the Gerstenhaber algebra structure on X*(M) and Hy; ¢, 5 (C*°(M)).

Theorem 2.5.10 (Hochschild-Kostant-Rosenberg Theorem). For a manifold M, the Hochschild-
Kostant-Rosenberg map
F1: X(M) — Hgigp 5 (C(M))

is an isomorphism of Gerstenhaber algebras. The same statement is true, if one replaces “diff”
by “cont”, “loc” or “diff, n.c.”.

Proof. In order to prove the statement, we have to verify that the map is a bijection and a homo-
morphism of Gerstenhaber algebras. Corollary 2.5.7 guarantees that the map is injective, while
theorem 2.5.9 states that it is also surjective. Thus, we only need to verify the homomorphism
properties, which means that for any X,Y € X*(M), we have

F1UXAY) = F(X)UF(Y) and F([[X,Y]]) = [F(X), Z1(Y)],

where [[—, —]] denotes the Schouten-Nijenhuis bracket in X*(M), while [—, —] denotes the Ger-
stenhaber bracket in Hj, ;¢ ;(C°°(M)). By linearity we only consider the homogeneous case, i.e.
X = X1 A ... A X}, for some vector fields X; € X(M). The definition of the Hochschild-Kostant-
Rosenberg map implies that % (X1 A ... A Xi) = Alt(F1(X1) U ... U.F (X)) and by graded
commutativity (2.3.15) we have the equality Alt(F#1(X1)U...UF (X)) = F1(X1)U...UF (Xy)
in the cohomology.

Since both the Schouten-Nijenhuis bracket as well as the Gerstenhaber bracket satisfy the
Leibniz rule, we only need to verify the second claim for the generators, i.e. vector fields and
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functions, but this obviously follows from the definition of the Hochschild-Kostant-Rosenberg
map. O



Chapter 3

Ordering and Star Products

In this chapter we want to apply the theory of deformation of algebras to geometric objects. Since
the case of symplectic manifolds is particular interesting for us, we will first recall its definition
and properties. We will often state propositions without giving their proofs, they are standard
results and one can easily find them in books about differential geometry such as [Lan99] or
[GS84].

3.1 Differential Geometric Preliminary

Definition 3.1.1. A symplectic manifold is a pair (M,w), where M is a manifold and w is a
closed nondegenerated two form, called the symplectic form.

Given a symplectic manifold (M, w), then its symplectic form induces an isomorphism:
iw:TM — T*M,

where i_w is defined by i w(X) = ixw = w(X, —). In a local coordinate w has the form
1 i ;
w= iwijd:c A da?

and

Ixw = winidxj.
If the inverse of the matrix w;; is denoted by w®, then for every one form a = a;dx’ the inverse
map of i w is given by:

1

o . 9
Tw o adat = wY oy —.
oxJ

Definition 3.1.2. Let (M, w) be symplectic manifold and let .Zx denote the Lie derivative along
a vector field X.

1. A vector field X is symplectic, if Zxw = 0.

2. For a smooth function H € C*®(M), the vector field Xy is a Hamilton vector field, if
iXHw =dH.
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3. A diffeomorphism f between two symplectic manifolds (M,w) and (M',w') is a symplec-
tomorphism, if w is a pullback of w’ along f, i.e. f*w' = w.

The symplectic form w allows us to define the Poisson bracket.

Definition 3.1.3. For a symplectic manifold (M,w) and f, g € C*, the Poisson bracket {—, —}:
C>® x C*° — C*° is defined by

{f7 g} = w(Xf7X9)7

where X; and X, denote the Hamilton vector fields associated to f and g, respectively.

Note that the Poisson bracket is sometimes defined with an additional minus sign.
A generalization of the concept of symplectic manifolds are Poisson manifolds.

Definition 3.1.4. Let M be a manifold and let [[—, —]] denotes the Schouten-Nijenhuis-bracket
(see definition 2.3.8) of the graded Lie algebra X*(M). The manifold M is a Poisson manifold, if
it admits a Poisson structure m, i.e. there exists a bivector field m € X2(M) such that [[r, «]] = 0.

Since the Poisson structure m does not need to be nondegenerated anymore, the induced
homomorphism
—i_m: T"M - TM

is in general not an isomorphism.

Definition 3.1.5. Let (M, ) be Poisson manifold and let #x denote the Lie derivative along
a vector field X.

1. A vector field X is a Poisson vector field, if Zxm = 0.

2. For a smooth function H € C>®(M), the vector field Xy is a Hamilton vector field, if
Xpg = [[H,x]].

3. A diffeomorphism f between two Poisson manifolds (M, 7) and (M’ x’) is a Poisson dif-
feomorphism, if 7 is a pullback of 7’ along f, i.e. f*7’ = 7.

Definition 3.1.6. If (M, ) is a Poisson manifold and f,g € C°>°(M), then the Poisson bracket
on it is defined by

{1, 9} = iagiarm = —[[[[f, 7], g]].
Locally the Poisson structure has the form = = %w’j a?ci A %. Hence, locally the Poisson
bracket is given by
. Jf Og
{figy=m"= 2=
Ox' Ox7
In local coordinates, the Poisson bracket of a symplectic manifold has the form {f, g} =
—wij%%. Therefore, every symplectic manifold is particularly a Poisson manifold with the
Poisson structure m = —w™!. If the Poisson structure comes from a symplectic form, then it is

clear that a Poisson vector field is a symplectic vector field and that a Poisson diffeomorphism
is a symplectomorphism.

In the following proposition we want to emphasize the relation between Poisson manifolds
and symplectic manifolds.
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Proposition 3.1.7. If (M, ) is a symplectic manifold, then the Poisson structure = comes from

a symplectic form. More precise, T = —w ™' and w is a closed nondegenerated two-form, if and
only if ™ is pointwise nondegenerated.
Moreover, the closeness of w is equivalent to the condition [[m,]] = 0.

This proposition implies that for a Poisson structure my which comes from a symplectic form
wo, the evaluation of one forms in the formal bivector field 7 = Y 7o t"my, 7, € X2(M) induces
a homomorphism of algebras over the algebra C>°(M)[[¢]]:

P (T M)[[t]) — T (TM)[[1].

Since 7 is nondegenerated, the zero-th level of F' is an isomorphism, thus F' is an isomorphism.
If one tries to define a map d,: X*(M) — X**1(M) by

dx X = [[m, X},

where 7 is an arbitrary bivector field, then the graded Jacobi identity of Schouten-Nijenhuis
bracket implies that this map is a differential if and only if it is a Poisson structure, i.e. d2 =0
if and only if [[m,7]] = 0. Therefore, the condition that 7 is a Poisson structure is essential in
the following theorem.

Theorem 3.1.8. If (M,n) is a Poisson manifold, then there exists a Poisson cohomology
(HZ:,dy) on its Gerstenhaber algebra (X*(M), A, [[—, —]]) (see example 2.3.8).

The proposition below shows that in case of a symplectic manifold the Poisson cohomology
is nothing new.

Proposition 3.1.9. If (M,w) is a symplectic manifold, then the isomorphism i w: T*M —
TM induces an isomorphism between the Poisson cohomology (H,d) the de Rham cohomology
(Hjr(M),d).

As in the undeformed case, a deformation w = Z;ﬁo t'w; of a symplectic form wq is closed if
and only if the associated Poisson structure 7 = Y = t'm; satisfies the condition [[, 7]] = 0.

Proposition 3.1.10. Let (M,wq) be a symplectic manifold. Every formal deformation of Pois-
son structure m = y_5° t'm; is induced by a formal deformation of a symplectic formw = > 7" t'w;,
where every w; is a closed form.

Every two deformations m and ©' are equivalent if and only if their associated symplectic
forms w and W' are equivalent.

Proof. Tt is a special case of 2.4.3. O

Proposition 3.1.11. Let (M,wy) be a symplectic manifold and let wy be the associated Poisson
structure. Two deformations w and 7' are equivalent if and only if the difference m — 7’ is exact.
Moreover, for each n-deformation there exists an (n + 1)-extension.
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3.2 Formal Star Product

Definition 3.2.1. Let (M, ) be a Poisson manifold and let f and g be two maps in C*°(M).
A formal star product on (M, ) is a formal C[[t]]-deformation of the C-algebra C>°(M).
In particular, it means that the formal star product

x C(M)[[t] @cypy €= (M)[[]] = €= (M)][¢]

is given by
fxg=YY t'F(},9),
=0
where F;: C*®(M) ®@c C*®°(M) — C>*°(M) are C-bilinear maps. By definition of a formal defor-

mation it is clear, that the map Fy is the multiplication of the C-algebra C*°(M).
In addition, we require that the formal star product satisfies the following properties:

1. Fl(fag) _Fl(g,f) = Z{f7g}7
2. there exists a unit 1 with respect to the formal star product, i.e. 1% f = f = fx 1.

Remark 3.2.2. Since a formal star product is an associative formal deformation, the formula in
2.2.5 reads explicitly that for every k € N and every f,g,h € C*°(M) we have

> Fu(Fu(f,9),h) = Y Fulf, Fulgh).

n+m=~k n+m=k

Since the definition of a formal star product is very general, it is no surprise that there are
many different star products. We now want to list the most important types of star products.

Definition 3.2.3. Let (M, 7,*) be a Poisson manifold with a formal star product *. We say
the star product * is

1. local, if the maps F; are local for every i, i.e. supp F;(f,g) C supp f Nsuppg.
2. differential, if the maps F; are bidifferentialoperators for every 1.

3. natural or of Vey-type, if the maps F; are bidifferential operator of order at most i in each
argument.

4. Hermitian, if f *x g = g * f, where the (—) denotes the complex conjugation of the algebra
C[[t]-

5. of Weyl-type, if the formal star product is Hermitian and F;(f, g) = (—=1)'F;(g, f).

Remark 3.2.4. In [GR03] the definition of a natural star product slightly differs from ours. There,
the first property of a formal star product in definition 3.2.1 is replaced by Fi(f,g) — Fi(g, f) =

2{f, g}

In [BFF 78] a Hermitian star product is also called symmetric.

According to the Peetre theorem (e.g. see [KMS93]) every local star product is local differ-
ential, every natural star product is differential and hence also local. Therefore, for an open



3.3 t-Ordering 39

neighbourhood U, one can work with the restriction of the star product on U and the restricted
star product inherits the properties of the global star product.

Since a formal star product is nothing but a formal deformation, the following definition is a
natural one.

Definition 3.2.5. Let x and " be two formal star products on a Poisson manifold (M, 7). These
two star products are said to be local, differential, natural or Hermitian equivalent if and only if
they are equivalent in sense of definitions 2.2.3 and the equivalence map ¢ is local, differential,
natural or Hermitian, respectively.

Later we will give many examples of star product and discuss their different properties, but
from a different point of view all these star products have similar structure. More precisely, all
the star products defined in the sections below can be constructed in a simple way. The method
we present here was invented by M. Gerstenhaber and proved in his paper [Ger68, Theorem 8§].

Definition 3.2.6. Let A be an algebra. For a set of pairwise commuting derivations D; and D},
i €{1,...,n}, define an operator p: A® A — A® A to be

i=1

Theorem 3.2.7. [Ger68, Theorem 8] Let (A, i) be an associative k-algebra and let p be defined
as above, then the bilinear map *: A[[t]] ® A[[t]] — Al[t]] defined by

frg=poe”(foyg)
is an associative formal deformation of u.

Ezample 3.2.8. The algebra C>(R?") with the pointwise multiplication is an associative alge-

bra and, for a global coordinate system (pi, ..., pn,q',...,q"), the derivatives % and % are
commuting with each other. Therefore, we can apply the theorem 3.2.7 and there exists an

associative formal star product on the manifold R2™.

3.3 t-Ordering

In the first chapter we saw that the algebra of classical observable on a manifold M contains
the algebra of polynomials Pol(T*M). Later, we mentioned how to quantize this algebra by
methods of deformation quantization and we introduced the concept of formal star products in
the previous section. In order to provide an explicit formula, we are going to defind t-ordering
and discuss their properties in this section. For simplicity, we will restrict ourselves to the simple
case, where the underlying manifold is R™ and its cotangent bundle is identified with R2".

Definition 3.3.1. Let p: £ — M be a vector bundle with a total space E and a base space M.
The graded vector space of polynomials Pol*(E) is defined to be

Pol*(E) := é Pol*(E),
k=0
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where Polk(E) consists of maps f € C*°(E) such that the restriction f|g,, p € M, is a polynomial
of degree k. Endowed with the usual multiplication of polynomials, this vector space has an
algebra structure.

For the vector bundle p: T"R™ — R”, the algebra Pol* (T*R“) are the algebra of classical
observables. Now, we try to define a bijective map from Pol*(T"R") to the algebra of the quantum
mechanical observables Diff (R™). The reason therefor is, once the bijection is constructed, one
can define a multiplication on Pol*(T*R™) by the multiplication on Diff(R™). This forces the
bijection to be an algebra homomorphism and as we will see, the new defined multiplication is
actually a star product.

The so-called standard ordering S is one of the easierst way to define a map from Pol(T*R")
to the algebra of differential operators Diff (R) with smooth coefficients.

Definition 3.3.2. Let f be a polynomial in Pol(T"R") and let (¢',p;) denotes the canonical
coordinates on Pol(T"R™). The standard ordering S: Pol(T"R™) — Diff(R™) is given by

— 1 o 0
=Y —(~ih)* e
kzzok‘ B 12 31)1 8pz "= 0g' " Oglx

The inspiration of defining such a map comes from the idea of separating the canonical
coordinates and map each of them to the corresponding operators. This means one defines a
map S: Pol(R?*") — Diff(R") by giving the value on the monomials:

S( H g H Pji) H H 8qlk
l1yeeislm J1seedn

ll» 7m

If one extend this formula to all polynomials, then the equation given in 3.3.2 describes the
general case. One also easily verifies that one can identify R?" with its cotangent space T R™.
Therefore, the definition of the standard ordering also makes sense, if we extend domain of S to
the set Pol(T"R").

Since the differentials of the form 8% generate the vector space Diff (R™), it is clear, that the
standard ordering is bijective. We introduce S~': Diff(R™) — Pol(T"R") which is given by

S~1(d) = eirPd(e HP),

where pq denotes Y, prq.
Let us check S~' o S(f) = f for all f € Pol(T"R"), i.e. the map S~ is really the inverse
map of S. Again, by using the linearity, we only need to check the equation for a generator

f(q,p) = o(@)pj, ---pj,.:

7] 7]

6qjl "'8an )(efﬁpq) = (p(q)pll"'pln = f((LP)

(S0 S(£))(p,a) = e7P9(q)(—ih)"™(

A major disadvantage of the standard ordering is the fact that the image of symmetric
operators does not need to be symmetric anymore, which implies that the image of observables
may not be observables. One way to repair this flaw is to define a map V.
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Definition 3.3.3. We define A = 37, 52— C*(R*") — C*(R*") and

kap
N(—,—): R x Pol(T'R") — Pol(T"R")
by N(t,(q,p)) = e """ (q,p). We will often write N;(—) instead of N(t, —).

It is obvious from the definition of N; that, for every t € R, V; is bijective and its inverse is
N_;. It is also easily verified that Nyo Ny = Ny and Ny(f) = N_;(f) for every f € Pol(T*R“).

Definition 3.3.4 (t-ordering). For every t € R the map S;: Pol(T"R®) — Diff(R") is defined
by the composition Sy := S o N;. The map S; is called the t-ordering.

Obviously, for ¢ = 0 the map Ny = id and S(f) = So(f), therefore the definition above
generates the standard ordering S.
The case, where t = % is of particular importance.

Definition 3.3.5. The Weyl ordering Sy, is defined by
SWeyl = S o N%

By the explicite formula for the standard ordering given in definition 3.3.2, we have for
f € Pol(T"R"):

> 1 (N1 f) ) d
e — h — | _g=—... .
SW yl kZ:O k' —1 Z 8pl1 apl ‘ anll 8qlk

Il

A calculation shows that

S(HT = SoNi(f).

This inconspicuous equation repairs the flaw of the standard ordering mentioned earlier. Since

Nt = N_y, we have N1 (f) = N_1(f) = N7 '(f). Furthermore, using the equation above, we
2 2

have

Swey ()T = S(Ny ()T = S0 Ni(Ny(f) = S o Ni(N1 () = Sweyt (-

Nl

Therefore, the Weyl ordering has the nice property to take symmetric elements in Pol(T*R“) to
symmetric elements in Diff(R™). In other words, for an observable f = f in Pol(T*R"), we have

SWeyl(f)'r = SWeyl(f)’ .
Another application of S(f)T =S o N;(f) is the following one. For a t € R we have

Szt(f)T = SONt(f)T = So Ni(Ne(f)) = SONl(N—J) = 51—t(?)~

Equivalently, we can write this equation also in this form: (=)o S; = Sy ;o g, where Q
denotes the complex conjugation. Since all maps involved are isomorphisms, it also holds Sl__lt )
(=)= (=)os; "

We also have S;(f) = So(f)!. Using this equation, one shows that if t = 1, then

oo

1 o) ok f
(@, 51()) = (So Z* (—in)* Z 8qll' aqlkmb oY)

k=0 liselie

[\')
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Since this equality holds for all ¢,4 € C*°(M) and the scalar product is nondegenerated, both
sides of the scalar product are equal. This justifies the following definition.

Definition 3.3.6. For ¢t = 1 the map S is called the antistandard ordering and it is given by

|p:0~

0 7] ok f
e

=1
= —(—ih)k s
Sl(f) Z k/:,( ? ) l aq 3qlk apll"'aplk

k=0"" .., li

3.4 t-ordered Star Product

We have seen that a t-ordering S; provides a bijection between the vector space Pol(T*Rn) and
the vector space Diff (R™). Although both vector spaces admit an algebra structure, a t-ordering
does not respect this structure. Nevertheless, a t-ordering allows us to define a new multiplication
on Pol(T*R") by requiring the bijection to be an algebra homomorphism.

Definition 3.4.1. For t € R, let S;: Pol(T"R") — Diff(R") be the t-ordering. The t-ordered
star product *,: Pol(T"R™) @ Pol(T*R") — Pol(T"R") is defined by

fxeg =S (Se(£)Se(9)),
for f and g in C(R™).
1. xq is called the standard ordered star product.
2. *1 is called the Weyl ordered star product or Weyl-Moyal star product.
3. 1 is called the antistandard ordered star product.

It follows directly from the definition that the map S; is an algebra isomorphism
Sy: (Pol(T'R™), %) = Diff (R™).

It is also obvious that the star product is associative and that the constant function 1 is the unit
in the algebra. The manifold T"R" admits a canonical symplectic form, hence, it is in particular
a Poisson manifold.

By the definitions of the map S; and the star products, we have for polynomials f and g

Freg=5"1Si(f)Si(g) = Ne ' STHSN(F)SNe(g)) = Ni ™ (Ne(f) 0 Ne(g))-

If one compares the map Ny in definition 3.3.3 and the map ¢ in definition 2.2.3, then this equation
shows that the map N, induces an equivalence between different star products. Therefore, all
star products we have seen so far are equivalent.

The equation S;% o (=)' = (=) 0 S;* from the previous section shows that

Treg=()oS 1 (Si(/)®S:(9)) = S0 (=) (S:(f)®Se(9)) = 5124(S1-4(9)S1-¢(F)) = F1-4 T

In particular, we see that

ol
<)
I
Ql
*
=
|
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Thus, for the Weyl-Moyal product 1 complex conjugation is an involution.

We know from corollary 2.4.4 that, if the second Hochschild cohomology group is trivial, then
every deformation are equivalent to each other. Gutt and Lichnerowicz proved in [Gut79] and
[Lic79] that in case of a symplectic manifold, one only has to verify this condition for the second
de Rham cohomology group.

Theorem 3.4.2. [Gut79][Lic79] For a symplectic manifold (M,w) whose second de Rham co-
homology group HgR(M) 18 trivial, all star products on M are equivalent.

By this theorem, it is clear that all star products on the contractible symplectic manifold R?
must be equivalent to each other.

Now we have to verify that the star products as defined in 3.4.1 are indeed star products in
the sense of definition 3.2.1. We only need to prove that Fi(f,g) — Fi(g, f) = i{f, g}, where
maps Fj, are the coefficient maps in the expression f*g = > > t"F;(f, g). We will prove this by
a careful studying of star products.

We first try to find an explicit formula for the standard star product. Starting with the
manifold T*R, every f,g € Pol(T*R) have the form f(q,p) = a(q)pr and g(q,p) = B(q)p’. A
calculation shows:

o 0!
aiqk(ﬁ(Q)aiql

k j I+k—j
= sl 3 () A T

j=0
o, (K _B(q)
LSO (=iny () alg)p" I == pY)
;0 (J) o ey P

(—ih)’
;i
(cihy i 0l

j! Opi d¢i”

frog=5"1(S(f)S(9) = S~ ((=ih)**'a(q) )

&pr B(q)
Opi  OgJ

[
]~

a(q)

ECH
Il
=)

.
Il
=)

Here, we used the explicit formula of the standard ordering in definition 3.3.2 in the forth equality
and we replaced k by oo in the last equation, since f has finite degree. The general formula for
arbitrary polynomials follows from the calculation above, because derivatives with respect to
different p; commute with each other. Hence, we have for f,g € (T"R™, xq):

Of 9y
f *0 g - a I
k=0 ol J1s--50k k94
The coefficient of (A)¥ is the function we are searching for:
of o
Fy(f, oF ?
Ipy,, Oq'

Lyl G153k
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In particular, we have

" Of dg dg Of

Fi(f,9) - Fi(g, f) = _i;%TakaTk - Tpkaiqk) =i{f, g}

Thus, the standard star product is indeed a formal star product in the sense of definition 3.2.1.
If the pointwise multiplication of the algebra C*°(R"™) is denoted by p, then the explicit
formula for the standard star product has the form

*0(*7 7) =Ko eimp(fv 7)7

where p is a linear map as in theorem 3.2.7. As already mentioned in example 3.2.8 p has in
this particular case the form p = > ) _, % ® a—zk. The operator A in definition 3.3.3 has the

- 02 ?fg  _ p_0% o’ f Of 99  9g Of
form A =3, 57" o For f and g we have B oo f@qkapk + 9557 0pr T Bpr 9gF T dpr 9 -

If we define the map p’ := 70 p o7, where 7 is the flipping map as defined in 1.4.1, it holds
Aop=po(A®id+p+p +id®A). The operator N; was defined to be e~ therefore, the
calculation above implies that

—ith(A®id +p+p'+id ®A) —ith(p+p’) ° eﬂth(A@A)

Niop=poe =poe

The second equality follows from the observation that all partial derivatives commute with each

D14D2 _ ,D1 D2

other, therefore e , where D1 and D2 stand for sums and products of partial

derivatives. Now, we use these equations to write the t-star product in another form.

*p = N;l 0 %( O (Nt ® Nt) — eithA opo e—ithp o (e—ithA ® e—ithA)
. , . . ) )

=po ezth(erp) o efzthp ° efzth(A(X)A) o (efzthA ® efzthA)

=po ((t=1)(p)+tp")

The following corollary is an immediate consequence of this calculation.
Corollary 3.4.3. Fort € R and f,g € Pol(T"R"™) it holds:

1. fxpg=poeMt=DO+) (g g)

2 frig=poe 2 (fay),

3. f*x19= Moeihp/(f®g)7

3.5 {- Ordering

Up to now, we are working with real symplectic manifolds. If there exist a complex structure,
then other useful orderings arise. Some of the orderings are inspired by the quantum mechanics.
In particular, the so-called Wick ordering is tightly related with physics. As a motivation, let
us recall the quantization of a harmonic oszillator. The manifold of interest is T*R™ which we
identify with R?". Instead of using its canonical coordinates z!,..., 2", p,1, ..., pon, one usually
rescale them

q" = (mw)%x P = (mw)_%pmk,l <k<n
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in order to have a nice physical dimension. Here, m is the mass and w is the frequency of a
harmonic oszillator. The procedure of a quantization is defining a map S which sends ¢* to the
quantum mechanic position operator Q* and p;, to the quantum mechanic momentum operator
Pi.. These allow us to define the creation and annihilation operators:

1

= \/%(Qk +iPy) and AT = E(Qk —iPy).

These quantum mechanic operators are dimensionless operators satisfy the commutation relation

Ak:

[Ak, Al] =0= [AkT, AZT] and [Ak, AZT] = 6kl~

If we treat the real manifold T*R"™ as C™, we can mimic the quantum mechanic procedure
from above. The corresponding complex coordinates of (¢¥, p;) have the form:

2% = ¢* +ip, and ZF ;= ¢F — ipy.

Obviously, the change of coordinates, (¢*, px) to (2¥,Z%) is invertible. As a second step we want
to find a map which sends (z*,Z*) to operators.

The behaviour of coordinates z and Z with respect to the Poisson bracket can be seen as
an analogon to the classical commutation relation of creation and annihilation operators. For
k,le{l,...,n}, it holds

(F A =0={zF7} {*F}=—2i".

It seems that it is reasonable to define S as following (we choose the notation “S” | because,
as will we see later, it has similarity with the map S as defined in 3.3.2):

S(E*) = ay, := V20" (V20hE" : f s V207" f)
N 0 0 0
S =an’ = mﬁ(\/ﬁ@ L f e \/ﬁgf).

Z

As in the case of the standard ordering or the t-ordering in general, the map S here has

Pol(R?") as domain and the space of differential operators as codomain. Since the manifold is

complex, we have to find a new algebra to replace the algebra Diff(M). The question about

the right codomain is nontrivial, because one requires in addition the equality of operators

)t = 2h%. A nice suggestion is to work with differential operators on a certain subspace of
the Hilbert space L?(C",do), where the measure do is defined by

do(z,z) = e 5 dzdz.

(2wh)™

The scalar product on this Hilbert space is (—, —) given by

(6,0) = / (2 2)W(z 2)do(2, 7).

The subspace we are interested in is the so-called Bargmann Fock space
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Definition 3.5.1. The Bargmann Fock space BF' consists of the antiholomorphic functions in
L3(C",do).

Bargmann proved in his paper [Bar61] some useful properties of the Bargmann Fock space
and we summarize them in the theorem below.

Theorem 3.5.2. The Bargmann Fock space is a closed subspace of the L?(C",do), endowed with
the restricted scalar product it is a Hilbert space. It admits a set of orthonormal basis { fx,. .},
consisting of elements of the form

(Ei)ki
fry ko (2) = 1/:[ W

The restriction of the scalar product to the Bargmann Fock space has the form

< P I o
<¢7 1/}>‘BF = Z Z m' azkl Ekm |Z:0 azkl Ekm |Z:O
=0k fom yeen yeen

Now, one defines a map S from the space of antiholomorphic polynomials C[z4, ..., 2" to
the space of differential operators on the Bargmann Fock space Diff gr. As in the case of the
standard ordering, the map S is totally determined by the image of monomials.

Definition 3.5.3. The Wick ordering is a map S defined by

If we extend this expression to all polynomials, we have

- =1 gmtnf — — 0
= Z0 m!n! Z Ozk1.. .02k 071 . O7tm 0) H 2hz H 2h%ki '
m,n= kiyeonknsli,.lm l1yo0lm k1, kn

The following equations, which are consequences of partial integration, states that these two
operators are adjoint to each other.

(¢, ar )| Br = (an'é, ) P

It also follows directly from the definition of aj and aj;' that they satisfy the commutation
relation as their quantum mechanic analogons: [ax, @] = 0 = [axT, /] and [ay, a;T] = 2h6,;.
Using the terminology of canonical quantization, we would say that the Wick ordering is nothing
but writing all creation operators to the left while writing all annihilation operators to the right.

A consequence of these two observations is that for every polynomial f

ST =50.
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It is enough to check the equality for monomials:

) o0z'
liseoslm J1y--dn J1s5dn L1,y m
_ IR T
=(I[ o II ob)'= I @ II 4}
J1s--sdn 1yeenslm I1,eelm J1s--sdn
ST+ I #9-5CI0 = 11 #)
J1se-dn liseeslm I, lm J1seesdn

Here, we used the adjointness property and the fact that [ax,a;] = 0 = [axf, a;T] in the third
equality.

Starting from the standard ordering, we defined the so-called t-ordering for a ¢t € R and we
have seen that for special values, such as t = % or t = 1, the ordering map S; has nice properties.
We will see that the Wick ordering also arises as a special case of a t-ordering.

Definition 3.5.4. We define A = 3", %: C>®(R") — C>*(R") and

N(—,-): R x Pol(R?") — Pol(R*")
by N(t, (z,%)) = et For brevity, we will write N,(—) instead of N (¢, —).
As in the case of Ny, it is obvious that N,o Ny = Nt+t/

Definition 3.5.5 ({-ordering). For every t € R the map S;: Pol(R?") — Diff g is defined to be
the composition S; := S o N;_;. We will call this map the t-ordering.

This new concept includes the Wick ordering, since for t = 1 the map 5'1( f)=SoNi_; =
S(f)- - o

The map A is a real operator, thus we have N; = N, and Nt(f) = Nt(f) Therefore, for a
polynomial f, the equation S(f)T = S(f) implies that

(St(f))Jr = (50 Nl—t(f))T = S(N1—t(f)) =So Nl—t(?) = S’t(?)v

for every ¢t € R. Thus, this shows that for every t € R S, maps symmetric elements to symmetric
elements.

Definition 3.5.6. The map S_; as defined above is called the antiwick ordering.
An explicit calculation reveals that S_; has the following form
N , o A
li Ji) — =Ji
S_l(l Hl s H #7y=]] Vaho— H V2hz,
Lyeeosbm  J15ee0n Iy, slm Jiseensdn

In other words, applying the antiwick ordering means to write all annihilator operators to the
left while write all creation operators to the right. Therefore, it is clear why this operation is
called the antiwick ordering. Although S_; is determined by the formula given above, we want
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to provide an explicit expression for an arbitrary polynomial f:

_ 0 8m+nf b
San=3 Y gmamama© 1 Vi
Ko ko .

m,n=0k1,....kn,l1,..,lm

I[ varz
l

1seeesbm

3.6 t-ordered Star Products

Using similar methods as discussed for the case of PO](T*RH), one can define star products on
Pol(R?"). The properties of a f-ordered star product resembles those of t-ordered star product.
Therefore, the proofs below are similar to those in the previous chapter.

Definition 3.6.1. For t € R, let S;: Pol(R?>") — Diff g be the t-ordering. The t-ordered star
product ¥;: Pol(R?") ® Pol(R?") — Pol(R?") is defined by

Frg =S (S(H)Su(9)),
for f and g in C(R™).
1. % is called the Wick ordered star product
2. %q is called the Weyl ordered star product or Weyl-Moyal star product
3. %_1 is called the antiwick ordered star product.

Remark 3.6.2. In lemma 3.6.4 we will see that %y equals 1. Thus, the Weyl ordered star product
as just defined is same Weyl-Moyal star product as defined in 3.4.1.

By the definition of the t-ordered star product, we see that every t-ordered star products are
equivalent. Similar to the situation of t-ordered star product, for polynomials f and g we have

Freg=57(S(f)Si(g)) = Ny'STHSN(£)SNi(g)) = Ny (N (£)%1Ne(g)).

As in the case of a t-ordered star product, we want to apply theorem 3.2.7 in order to prove
the associativity of the f-ordered star products. Therefore, we first write the Wick ordered star
product in an explicit form, see 3.6.3. As a second step, we have to find the right replacement
of the map p and by using the explicit formula, we realize that the Wick ordered star product
can be written in the form as in theorem 3.2.7.

Lemma 3.6.3. The Wick ordered star product as defined in 3.6.1 has the following explicit form:

- (2n)™ 0 0
f*1g=Z Z m 32“]6 H oz

|
N Tlyeeey Tm T1yeeny Tm

11111 Tm

for f,g € Pol(R?").

Proof. Since partial derivatives with respect to different coordinates commute with each other,
we only need to prove the identity for monomials and for R2. Let f = 2’z and g = 2*Z!, then
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we have
g R & P L O ok
¥19=25"" =61 itjtktlsi 9 o1 9
frg=S"1S(f)S(g)) = S~1(V2h) P azk>)
: ) szl gitk—s
=G6! itk i\_;0°% o
S7(V2R) z() D
= S’—l((\/ﬁ)i+j+k+l(i: T l! sz_st—s)
= \s (1 —9)! gzith—s
e a0 0% 0
=S OS(;O ol z o z 823)
— i (2n)* 0°f 0°¢g
sl 0z%5 0z°

The sum over infinite many numbers is justified by the fact that the degree of polynomials are
finite. O

The explicit formula from above shows that the Wick product can be written in the form

frg=poe®™(f®yg),

where y is the multiplication map on Pol(R?*") and p: Pol(R?") — Pol(R?") is defined by
- 0 0
=2 57 ® o
k

As one can imagine, p plays here the role as p in the previous section. Of course, there also exists
amap p :

0 0
s
P '_zk:éﬁ’“(@azk'

It is easy to see that Ao = po (A ®id+id®A + j+ ). A straightforward calculation as in
the case of corollary 3.4.3 reveals that the f-star product can also by written as a composition
of the multiplication map p and the exponential map:

%, = o MEFDFH(E-17)

If @ denotes the complex conjugation, then g = %? implies that

po((-) @ (=) =((=)@(=))ep and fo((-) @ (=) = () @ (=)) o p.
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As consequence, we have:

(D) 0% = (1) o o eME+DFHE-17)

= MHoTo ((T) [09] Q) fe) eh((t+1)ﬁ+(t71)ﬁ/)

=)@ (=)

= po1o MDA +-10) o (D)
- ))-

= o MEFDIHEDD) 5 76 (D) @ (
The last equality is justified by 70p = p' o7 and 70 5’ = jor. Therefore, for f, g € Pol(R?"), it
holds f*;g = g%;f. In other words, for every ¢ € R the complex conjugation is an involution on
(Pol(R?™), %,).
The equations

o 10 oo 100
dzF 2 9¢F  Op ozF 2 0¢F Opi

imply that
1

~ _ o
p=p=5p=p)

Hence, it holds:
%o = poeP=P) = oehalP=r) = 4

N|=

We summarize this result in the lemma below.

Lemma 3.6.4. Fort = %, the t-ordered star product equals the t-ordered star product which is
the Weyl-Moyal star product in this case.



Chapter 4

Fedosov Construction

In the previous chapter we introduced the concept of star products and discussed their properties,
but one central question remains unanswered. Up to now, except for some trivial cases, we do
not know whether a star product even exist for a symplectic manifold we are interested in. The
main difficulty is to verify that it is always possible in the symplectic case to find functions
F;,i € N such that the associativity condition in 3.2.2 is satisfied. Fortunately, the question can
be answered affirmatively.

Neroslavski and Vlassov were the first who proved the existence of star products under the
condition of vanishing the third de Rham cohomology H3,(M) [NV81]. In the paper [WL83b]
De Wilde and Lecomte provided an existence proof of star products on tangent and cotangent
spaces over a manifold. These results extended the results of Cahen and Gutt [CG82]. Shortly
later De Wilde and Lecomte generalized the results to all symplectic manifolds [WL83a]. The
first proof used massively sophisticated homological tools which are simplified in [GR99]. In
[Kon] Kontsevich formulated the so-called formality conjecture which states that every Poisson
manifolds admits a star product. Shortly later, he provided a proof in [Kon97].

In this chapter we want to present a geometric proof given by Fedosov [Fed94], [Fed85],
[Fed86] and [Fed89]. Here, we follow the outline of [Wal07]. In the last section, we discuss some
ideas of Kontsevich’s proof of the formality theorem.

4.1 The Mixed Algebra

Definition 4.1.1. If M is a manifold, then the symmetric Z-graded algebra S is defined to be
the direct sum of vector spaces of symmetric forms, i.e.

(oo}

k
S(M):=EPTr(\/T*M),

k=0

endowed with a multiplication V such that the algebra becomes associative and commutative.
The completion of S(M) with respect to the toplogy induced by the symmetric degree map is
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the algebra

oo k
(M) =[]\ T"M).
k=0

The multiplication V on the symmetric algebra can be extended in a canonical way to the algebra
3(M) and we will keep the notation for the multiplication map.

The Z-graded algebra of antisymmetric forms are called the Grassmann algebra and it is
defined to be

) k
AM) = @PT(N\T*M).
k=0

The multiplication is denoted by A.
The constant function 1 is the unit for both algebras.

Notation 4.1.2. The map | — |s: S(M) — Z denotes the degree map of symmetric algebra S(M)
and we will use the same notation for the degree map on X(M) — Z. Similarly, | —|,: A(M) - Z
denotes the degree map of the Grassmann algebra A(M).

Definition 4.1.3. Let M be a manifold. As a vector space the mized algebra M(M) is defined
to be

The multiplication u is given by evaluation on elements a,b € X(M) and «, 8 € A(M):
pla®a,b® B):=(aVb)®(aAp).

Since ¥(M) as well as A(M) are associative, the mixed algebra M (M) is also associative and
the constant functin 1 ®cee(pr) 1 = 1 is the unit of this algebra. It is also clear that for elements
a, B € A(M) with |a|, =i and |5|, = j, we have

pla®a,b®p) = (~1)7ub® f,a®a).

Hence, M(M) is a graded commutative with respect to the antisymmetric grading.

For a multivector field X, the insertion operator i4(X) is a derivation on % (M) of degree —1.
The same is true for the insertion operator i,(X) on A(M). One can extend these operators
to two insertion operators on the mixed algebra M(M) (we will use the same notation) by
evaluation on homogeneous elements:

is(X)a®a) =i(X)a® a and i,(X)(a ®@ @) = a ® i,(X)a.

The lemma below summarizes some useful properties, they easily follow from properties of the
derivations i,(X) and i,(X).

Lemma 4.1.4. Let X € X*(M) be a multivector field on a manifold M. The insertion maps
15(X) and i, (X) as defined above are derivations.

is(X)oula®a,b®p) =po (is ®id+id ®is)(a ® a, b ® 5)

ia(X) 0 p(a®a,b® B) = o (ia @ id +(~1)1"80 id 8i,)(a @ 0, b @ §)
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Definition 4.1.5. Given a mixed algebra M (M), we define two different degree maps deg, and
deg,: M(M) — M(M) by their evaluations on homogeneous elements:

1. degy(a ® a) := |a ® a|sa @ a, if a is homogeneous.
2. deg,(a® a) :=|a® al,a ® a, if a is homogeneous.

It follows from the definition that deg, op(a ® a,b® §)) = deg,(a Vb @ aAB) =]aVbls(aV
boanp) = (lals +[bls)ule® a,b@ B)
Using the bilinearity of the multiplication map p, we see that

deg, o = po (deg, ®id +id @ deg,).

Hence, deg, is a graded derivation of degree 0 with respect to the symmetric grading as well as
the antisymmetric grading. Here, we want to remark that for brevity we prefer the term “graded
derivation” to “formal graded derivation”, although the algebra (M) is not a graded vector
space,

Since we will work in local coordinates later, we want to have a local description of these
maps. Given a homogeneous element a = fdr! Vv ...V dz* € %(M) and an element o € A(M),
(de' ®id)oiy(52)(a®a) = ka®a. This shows that on homogeneous elements the maps deg, and
(dr' ®@id) o is(%) have the same value, therefore, they are equal on a local chart. By a similar
observation we see that locally deg, can also be described by simple functions. The lemma below
is a conclusion of these observations.

Lemma 4.1.6. The following equalities hold locally:

deg, = (dz’ ®id) o 25(%)

. 0
deg, = (id ®@dx*) 0 iy (=—
g, = (id@da’) o ()
The de Rham differential d and the insertion operators allow us to define two endomorphisms
on M(M). They will play an essential role in the Fedosov construction later.

Definition 4.1.7. Let M be a manifold and let {z!,...,2"} be a local coordinate. The maps
3,6%: M(M) — M(M) are defined locally by

§ = (id ®dzx") Ois(%) and §* := (dz’ ®id) o Za(%)

These maps are chart independent, therefore they are also globally defined. Moreover, § and
0* have symmetric degrees —1 and 1, respectively, while they have antisymmetric degree 1 and
—1, respectively. The following calculation shows that ¢ is even a derivation with respect to the
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antisymmetric grading. For homogeneous elements a ® a and b ® 8, we have

Joula® a,b® p) = (id®dmi)ois(%)(a\/b®a/\ﬂ)

= (is(i)a Vb+aV is(ii)b) @dz* ANa A B

ox* ox

= is(i)a Vb@dzt AaA B+ (—1)le®@ag v Zs(ai
:CZ

ox*

= pu(da® a,b® B) + (—-1)1*® p(a ® o, 5b @ B).

b ®aAdr AB

A similar calculation reveals that §* is also a graded derivation with respect to the antisymmetric

grading.

Lemma 4.1.8. The maps 6 and 6* as defined above are differentials, i.e.

62 :0:5*2’

and
06" + %6 = deg, + deg, .

Proof. The first claim for ¢ follows from the observation that

§? = (id@dz') o 15(%) o (id@da’) o 15(%) = (id @dz® A da?) o iy(

0

0 .
az7) 055 =0

The last equality follows from the fact that operators is(%) commute with each other, while
dx’ anticommutes with each other. A similar argumentation shows that 6* is also a differential.

As a preparation for proving the second claim, we note that

., 0 ; .., 0 .
zs(%) odx? —dx? o ZS(%) = 0;;id
and

za(%) odz? + dx? Oia(%) = d;;id.

Therefore, we have a chain of equalities:
66* +6%6 = (id@dz") o i
* (ide x)oz(axﬂ oxt

., 0 ; i ., 0 i ., 0 ,
zzs(ﬁ)odﬁ ® dx oza(@)-i-dx OZS(@)@)%(

= (0 id +da’ o zs(ai)) @ da’ oig(

7t

0
ozt

OxJ

i ., 0 .
)+ dw ozs(@)®1d+0

OxJ
; 0
=id®dz’ oig(=—
id®dz’ o (81"
= deg, + deg,,,

where the last equality follows from lemma 4.1.6.

i) o (dz' ®id) o za(i) + (dz® @ id) o ig(

oxt

) @ da?

) +da’o zs(i) ® (6;5id —da? o za(%))

a,)o(id®dxj)ois(%)

X

T
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If we define a new map 6’ such that on homogeneous elements it is given by

§(z) =0if |z]s + |z[a =0
1

B |z]s + |]a

8 () 5% if |z|s + |x]s # 0,

then lemma 4.1.8 says that 8’ + 6’0 = id, for z € M(M) such that |z|s + |z|, # 0. For the
general case, let pr: M(M) — C*(M) denote the projection map, then we have

38" + 66 =id —pr.

If M(M) is equipped with the antisymmetric grading, then the map pr induces a map
{pritren: M(M) — M(M) with

pri:=pr, if k=0
pri =0, ifk#0

This new map is a chain map of complexes M(M), i.e. &, o prp—1 = pr, o J. One notes that
the degree of this complex is given by the antisymmetric degree. We have seen that ¢’ has
antisymmetric degree +1, therefore we can interpret ' as a homotopy between two chain maps,
id and pr. In this case equation 66’ +4’'d = id —pr says that they are homotopic. Since homotopic
maps are in particular induce the same homomorphism in homology, we have

H™(M(M)) = (M), if n=0
H™(M(M)) =20, ifn > 1.

Remark 4.1.9. It M(M)[[t]] = M(M) ® C[[t]] denotes the deformation of the mixed algebra
defined in 4.1.3, then derivations such as 6, §* and ¢’ and degree maps such as deg, and deg, can
be extened to the algebra M(M)[[t]] in a canonical way and we will keep these notations.

4.2 Useful Derivations on the Mixed Algebra

Definition 4.2.1. Let (M,w) be a symmetric manifold and let 7 be the associated Poisson
structure. A formal deformation *: M (M)[[t]] @ M(M)[[t]] = M(M)[[t]] of the multiplication
map u is defined as follows:

it

Ty :=poe?

a

77 (2,y),

Wijis(%)@Cw(M)is(

where x,y € M(M)[[t]]. This multiplication map x* is called Weyl-Moyal star product.

Indeed, by theorem 3.2.7, this star product is an associative formal deformation.
The algebra M(M)[[t]] comes with the canonical degree map |—|;: M(M)[[t]] — N, therefore,
we can define a map deg, to be
deg;(z) = [[ex

for a homogeneous element x € M(M)[[t]]. Obviously, deg, is a derivation on (M(M)][[t]], *).
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The Weyl-Moyal product really defines an associative deformation of the mixed algebra
M(M), because the insertion operators i(52:) commute with each other. Moreover, since
the Weyl-Moyal star product is identical with the multiplication p on the antisymmetric part of
M(M)[[t]], the mixed algebra inherits the antisymmetric grading, | — |, is its degree map and
deg, is still a derivation with respect to *.

For each degree in t, every insertion operator in the definition of the Weyl-Moyal product
reduces the symmetric degree by 2. Therefore, deg, cannot be a derivation on (M(M)[[t]], *)
anymore. In order to repair this flaw, we define a new degree map:

Definition 4.2.2. The total degree map Deg on (M (M)][t]], %) is defined as
Deg := deg, +2deg, .

One easily verifies that Deg is a derivation on (M(M)[[¢]],*). The mixed algebra equipped
with the Weyl-Moyal star product is (M(M)[[t]], *) now a graded algebra with respect to Deg.
To be more precise, we have

where

(MDD)[[E)x = {z € M(M)][t]| Deg(x) = kx}.

For a symplectic manifold (M,w), the symplectic form w can be written as w, = 1 @ w €
M(M)[[t]] and it has symmetric degree 0 and antisymmetric degree 2. It is also possible to
write w in the form ws, = wida® ® dz! € M(M)[[t]], hence it has symmetric degree 1 and
antisymmetric degree 1. The three different degree maps are invariant on wsg, i.e. deg,(wsq) =
deg,(wsa) = Deg(wsa) = wsq. The lemma below shows that § can be defined in terms of wg, and
it provides an alternative proof for the derivation property of §.

Lemma 4.2.3. For wy, = wydz® @ dxt € M(M)[[t]], it holds:
5 = —Lad(w,a)
= —;ad(Wsa).

Proof. Since * is a deformation of ¢ and p is graded commutative, in the zero-th level ad(ws,) = 0.
For an x € M(M)[[t]], we write ws, * = in a sum of elements in M (M) which are homogeneous
in t. The elements of higher t-degree than 1 must vanish, because wy, = wyde® ® dz' and
is(%) o i‘g(%)(wkldxk ® dz') = 0. Therefore, ad(ws, )z only consists of elements of degree 1 in
t.

A straightforward calculation using the equality m*'w;,,, = —6% now proves the claim. For an
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x € M(M)][t]] with |z|, = %, we have:

—%ad(wsa)x: i;t kl( (aak)(wnmdx ®d.’1) ) (%)(l‘)
— (i i ) i da™ @ ™)
1 0 0 0 0
:27&1( () Wnmda™ @ da™)is (5w = is(57) (Wnmda™ @ d2™)is (5 ) x)

_ my; i — g i
_27'( (wkm(1®dx )Zs(al'l)x wlm(1®dx )Zs(axk)x)

)z + (id @dz™) o ZS(&Eim)x) = dx.

1. ms .0
5((1d®d$ )ozs(ax—m

O

Compared with pu, its deformation * is no longer graded commutative and we can define a
nontrivial inner derivation by using | — |,. For z,y € M(M)[[t]],

ad(z)y = [z,y] = &y — (=1)/"eWley 5z,

Since * is a deformation of p, these two multiplication maps are equal and [—, —] vanishes at the
zero-th level. Now we want to determine the center of our algebra (M (M)[[t]], *).

Lemma 4.2.4. An element x is in the center of (M(M)][t]],*), i.e. x lies in the kernel of ad,
if and only if x is in the kernel of | — |s.

Proof. If z lies in the kernel of ad, then ad( ) = 0. This implies, for y = ylda:i ® 1 we have
0 = ad(z)y = 0+ Lrkl(; (%)mg(%)y - ( =) Yis (81,,)50)) = ity ( 7)x. We assumed
that manifold M is Symplectic, hence the assomated Poisson structure « is nondegenerated It
follows that is(%)x = 0 and by the linearity of insertion operatiors, we can assume that z is
homogeneous. Then it is clear, that |z|; must be 0 and x lies in the kernel of | — |,.

Conversely, if z is in the kernel of | — | = 0, then the Weyl-Moyal product * equals the
multiplication p which is graded commutative. O

It follows from the general theory of symplectic manifold that there always exists a torsionfree
covariant derivative V such that Vw = 0, where w denotes the symplectic form. See also [Hes81]

for a proof. One also easily verifies that for every torsionfree covariant derivative and for every
k-form « it holds: da = dz' AV o_.
ozt

Definition 4.2.5. Let (M,w) be a symplectic manifold. The antisymmetric degree 1 map D:
M(M)[[t]] = M(M)[[t]] is defined locally by

= (id®@dz") oV _o_
ozt
This means, for an object a ® a« € M(M)
Da®a)=V o a®@dr' Na+a®dr' AV o a=V o a®dz’ Ao+ a® da.
ozt ozt ozt

It follows directly from the definition that D has symmetric degree 0 and antisymmetric degree
1.
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We calculate for two homogeneous elements = and y in (M(M)[[t]], p):

(id ®dz?) o V% ou(x,y)

= (id®dz*)opo (V% x id +1id XV%)(x,y)

= (po ((id®dz’) x id) o (Vo xid) + po ((id ®dz") x id) o (id xV o ))(@,)
= po (D xid+(=1)l*id x D)(z, )

The first equality follows from the fact that V is a derivation with respect to tensor product,
therefore, it is also a derivation with respect to V and A. For the second and the third equality
one observes that

(id@dz")opla®a,b®@B) =aVb@dr' Na B
= po ((id@dr') x id)(a ® a,b @ )
=aVb® (—1)®@eq A det A S
= (=1)l*®le o (id x (id @dz?)) (a @ a, b @ B).

By linearity we conclude that D is a graded derivation on (M(M)[[t]],x). The following
proposition states that it remains true for the Weyl-Moyal product.

Proposition 4.2.6. If D is defined as in 4.2.5, then it is also a graded derivation on (M(M)[[t]], *).
For homogeneous elements x and y we have

Dox(z,y) = o (D®id+(-1)*l«id@D)(z,y).

Proof. As above, we first verify that V_s_ is a derivation with respect to the Weyl-Moyal prod-
ox?

it kil
?ﬂ' K2

uct. Recall that Weyl-Moyal product is defined by * := poe S(a%’ﬂ‘gﬁ), therefore, it is
)

necessary that Vai ®id+id ®V% commutes with ’/Tklis(%) ®is(557)- If we use the equality

[Vafm,is(agn)]:is(Vﬁ&%),we have

0
5ar) ©is(50)]
9 )+7rklis( 9 ® [V 9

ol o) © Ve sG]
0

.0 . ., 0 i
@ inlggn) + 7V ) g © ) + e
0 ., 0
o) ©is(5 7).

Vo ®@id+id®V o, mig(5) @ is(
ozt ozt

0
_ ki, (9 .
— [V%,w zs(azkﬂ ® s
orkt 9
Erave
aTrkl
= ozt

_ 0
o) oV s 1)

+ Wmlrfm + 7Tlﬂnl—‘zvl)za?(

Since V was assumed to be a symplectic covariant derivative, hence, Vr = 0 and in coordinates
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Oﬂkl

it reads 9o + 7™TF 4+ 7Tl = 0. Thus, we proved our claim and it implies:

it okl e} _9_
VLO*:VLO‘LLOBQW Zs(amk®6ml)
dxt ozt

:MO(VL ®id+id®vi)oe%ﬂ'kli8(ﬁ®%)
oz dx?
it Kkl

= poe# ™ HGEFORD o (V o @id+id®V a)
Dt dx?

=x%x0(V_ s ®id+id®V o ).
92 da

The verification of the equality (id ®dz?)ox(a®a, b2 ) = (—1)1®axo(id x (id ®@dz?)) (a®a, b 3)
can be proved as in the case of u, because * equals p on the antisymmetric part of M(M). This
observation completes the proof. O

Lemma 4.2.7. For maps D and § as defined in 4.2.5 and 4.1.7 we have
[D,é] =0.
Proof. We first prove that for every graded algebra A, x € A and a derivation D on A, we have
[D, ad(x)] = ad(Dzx).

Once more, by linearity one only needs to show the identity for homogeneous elements. Also
note that |ad(z)| = |z| and |Dz| = |D| + ||

D, ad(z)}y = D o ad(z)(y) — (~1)!P!*lad(x) Dy
= D(zy — (_1)\z\|ylyx) _ (_1)\DHzI$(Dy) _ (_1)\06||Dyl+lﬂcl\D\(Dy)Jj
= (Dz)y + (—1)|D”””|x(Dy) _ (_1)\ﬂsllyl(Dy)/Jj + (_1)Irlly\+|DHy\y(Dx)
— (=1)/Pla(Dy) + (~1) IV (Dy)x
= (Da)y + (1) P7I¥ly(Da)
= ad(Dxzx)y.

This implies that [D, 6] = [D, —tad(ws,)] = —tad(Dws,), but this is zero because D = (id ®@dz’)V _o_
dx?
and Vw = 0. O

Definition 4.2.8. Let (M,w) be a symplectic manifold and let V be a symplectic covariant
derivative. If R denotes the associated curvature tensor, i.e. for vector fields X,Y and Z
R(X,Y)Z :=VxVyZ —VyVxZ —VxyZ, then R is defined by

R(X,Y,U,V) :=w(X,R(U,V)Y),

where X,Y, U,V are vector fields.
In local coordinates, we have

- 1 ) )
R = Jwin Rjjyda' v dz’ © da* A da
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and we sce that R is an element in ['(\/*> T*M) @ A2(M) C M(M).

Proposition 4.2.9. If D is the graded derivation as defined in 4.2.5, then it holds
% -
[D, D] = %ad(R),

where R is defined as above.

Proof. We have [D, D] = D? + D? = 2D? and D? is a derivation of antisymmetric degree 2. For
a®a € M(M), by using torsionfreeness of symplectic covariant derivative we have

DQ(a®a):D(Vila®dxk/\a+a®da)
oz

:Vivia(@dxk/\dzlAaJrVLka@d:ck/\daJrV%a@d(dzl/\a)JrO
dx oz

axk ErL

=-(V.o VL—V%V%)G(@dZ'k/\dJ?l/\Q.
oz oz

2 ozF ozl

Here, in the last equality, we used d(dz! A o) = —dz! A da.

Once again, by torsionfreeness Vﬁvﬁ - V%Vﬁ = [a.%kv %] = R(%, %). Since Vx
is a derivation with respect to tensor product, it is a derivation with respect to V. It follows
that the commutator [%, %] is also a derivation with respect to V. On functions it is zero,
therefore, it is already determined by evaluation on one-forms. If a is a one-form and X a vector

field, then usual formula provides

(R(%, %)a)(X) = R(%, %)(a(X)) - a(R(%’ %VQ
=0- a(R(%, %)X)
o 9.9

= —(da? Vis(R(5 . 57) 5 =)a)(X)

= —(Rijda? v is(%)a)(ﬁﬂ

Hence, we have

D*(a®a) = —%(Ri»kldxj @ da® A dat)(ig( 0 )(a® a))

J Ot
and we want to compare this expression with %ad(]:?).
As in the proof of 4.2.3 by using the fact that * is a deformation of a graded commutation
multiplication, %ad(R) is zero in the zero-th level. By applying the explicit formula of the Weyl-
Moyal product, we see that in the k-level we have

o, 0 d . o, 0 d
po (17is(5 5 Bexan 55)) (@ y) = (=)Wt o (xiy (57 @e ) 550 (y © ),

for antisymmetric homogeneous objects x,y € M(M)[[t]]. In particular, we see that objects
graded commutate with each other if k is even, it follows that %ad(R) is zero in the second order
of t. Higher orders of ¢ do not exist anyway, because R has symmetric degree 2 and the operator

i is(% ® % decreases the symmetric degree by 1 each time.
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Therefore, only the term of ¢-order 1 remains:

zad(R)(fE) = Z(R xx—x*R)

it ... O ~ O 9 o -
= -— vy T —_ - & '5 .N%R
152(7T T Y A, o )
. -0
__ij;
T ZsaxiRﬁxjx
1 ... 0 1o}
= —iw”iswwmandem Vv dz" @ da® A dml@m
= —Lrijw' node” @ dz® A dxlix
2 matrkl oz
= —léj R dx" @ dz* A dazlix
2 n*trkl 8:1:j
1
= D*(x) = 5D, Dl(a)

Lemma 4.2.10. For R as defined in 4.2.8 it holds:
dR =0 and DR = 0.

Proof. 1t is possible to prove these identities by a straightforward calculation. One will realize
that R follows from the first Bianchi-identity, while DR = 0 from the second Bianchi-identity.
Here, we will present another proof which uses the results from above.

First, one observes that for a graded derivation of antisymmetric degree 1, such as D, the
graded Jacobi rule implies that [D, [D, D]] = 0. According to proposition 4.2.9 we have [D, D] =
%ad(]:?). Thus,

0=[D, %ad(ﬁ)} . %ad(D}?)

and DR lies in the center of the algebra. Since |D|, = 0 and |R|, = 2, it holds deg,(DR) = 2DR.
By lemma 4.2.4, DR = 0.

In the second case, by lemma 4.2.7 we have [D, ] = 0. This implies [, [D, D]] = [[4, D], D] —
[D, 1[5, D]] = 0. In the same way one realizes that ad(6R) lies in the center again. The operator
§ decreases the symmetric degree by 1, hence deg,(JR) = dR and §R must be 0. O

4.3 Fedosov Derivation

This section is the heart of the Fedosov construction.

Up to now, the reason for the introduction of the algebra M(M)[[¢]] of a symplectic manifold
M stays unclear. Although there exists a star product on the algebra M(M)[[t]], but there is
no hint how to pull it back to the algebra of interest, namely C*°(M)[[¢]]. The idea of Fedosov is
to define a degree 1 graded derivation D: M(M)[[t]] = M(M)][[t]] such that the projection map
pri M(M)[[t]] — C>*(M)[[t]] is bijective on the intersection of the kernel of both maps D and
deg,. If one can prove that for any symplectic manifold there is a graded derivation as described,
then, of course, the induced bijection provides a star product on C*°(M)[[t]]. Maybe, the first



62 Fedosov Construction

derivation that comes to one’s mind is the map 4, but after some calculation one will realize that
this cannot be the right choice. One can make a more general ansatz and write D as a power
series of derivations

D:=-6+D+) Dy,
k=2

where Deg(Dy) = k. Since § and D have total degree —1 and 0 respectively, the infinite sum
above is a power series with respect to the total degree. We can require D to have antisymmetric
degree 1, hence, in particular, deg,(Dy) = 1. Fedosov realized that Dy can be defined to be inner
derivations. He made the following ansatz. D := —§ + D + Y 7~ tad(zx), where z, € M(M).
One notes that the condition deg,(Dy) = 1 is equivalent to requiring deg, (zx) = deg,(Dx) = 1.
Moreover, since %ad(azk) must be a derivation of total degree k — 2, x;, must have total degree k.
Since both derivations § and D are graded derivations of antisymmetric degree 1, then for

oo
xXr = E T
k=2

we have a derivation of antisymmetric degree 1

D=-6+D+ %ad(x).

4.4 Fedosov Derivation is a Differential
Theorem 4.4.1. There exist elements x, € M(M) with deg,(xr) = x and Deg(zy) = kxy
such that for x == 7o | ),

D=-5+D+ %ad(z)

is a differential, i.e. D*> = 0.
The elements xy, are unique if we require in addition that 8’z = 0 for all k.

Before we can prove this theorem in proposition 4.4.4 we need some auxiliary results.

Lemma 4.4.2. For an element x in M(M), if D= -6+ D + tad(z), then

7

D? = %ad(—ém + R+ Dz + 5

[x,x]).

Proof. Since |D|, =1, it holds D> =D oD — (—1)'D o D = 1D, D]. Therefore, we have

. _ .
D2 — 5[_5 +D+ %ad(x), -0+ D+ %ad(m)]

506.6]~ 16,D] ~ [5, Sad(x)] ~ [D,] + D, D]
+ D, %ad(m)] — [%ad(m), 5] + [%ad(w), D] + [%ad(m), %ad(m)})
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By lemma 4.1.8 the first term vanishes and by lemma 4.2.7 the second and the fourth term also
vanish. Lemma 4.2.9 says [D, D] = 2lad(R) and [fad(z), tad(z)] = (})?ad([z,z]). Since D, §
and x have antisymmetric degree 1, we have

D? = %ad(—cSa: + R+ Dz + %[aj,x})

O

Therefore, requiring that D is a differential is equivalent to requiring the existence of an x
such that —6z + R + Dx + %[z, ] lies in the center of the algebra M(M). We even claim more,
we will show that we can choose x such that the term in question vanishes, see 4.4.4.

Lemma 4.4.3. For an element x in M(M) with |z, =1, if D = =0 + D + tad(z), then

D(—6x+ R+ Dz + %t[x,x]) =0.

Proof. By using the results from previous sections, a straightforward calculation will prove the
claim:

D(~6z + R+ Dz + Z%[x,x]) =(-6+D+ %ad(m))(f&c + R+ Dz + Z%[x,:ﬂ])

= 6%z — R — 0Dz — é&[m,x] — Déx + DR+ D%z + éD[x, x]

- %ad(:r)&v + ;ad(:r)]% + %ad(x)Dx — -;ad(z)[x, x]
= —[§, D]z — %(%6[3:,:1@] + ad(z)dx) + %(ad(]%)x
+ ad(z)R) + %(%D[x,z] + ad(x)Dx) — 2—12[% [z,2]] =0

The third equality follows from 62 = R = DR = 0, see lemma 4.1.8 and lemma 4.2.10. Since
x, § and D have antisymmetric degree 1, ad(x)dz = ad(dz)x and ad(z)Dz = adxDz. Then, the
last equality is justified by lemma 4.2.7 and by the graded Jacobi identity. O

Now, we are able to prove the existence of an element z such that the Fedosov derivation D
is a differential.

Proposition 4.4.4. One can construct elements x, € M(M) of antisymmetric degree 1 and
total degree k + 2 such that _
i
2t
for x = 2212 zr. The construction only depends on D, hence only the symplectic covariant
derivative V of the manifold M, if one requires in addition that

—0z+ R+ Dz + —[z,z] =0,

5/5% =0

holds for every k.
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Proof. Since [z, 7] = 2z * 7, we have —6z + R+ Dz + £[v,2] = 6z + R+ Dz + iz x x := x.
For x = Y~77, xx, we have

[e%S) . k—1
~ (3
X = —0x3 —dx3+ R+ Dxs + kg_4(—(5l‘k + Dxp_1 + z l_g > Xy % l‘k+1,l).

We see, if we choose
To = 0,

then x is zero in degree 1, because § decreases the total degree by 1. Furthermore, the choice x5
and the condition that y vanishes in degree 2 forces that dx3 = R, because D has total degree 0.
Since |R|, = 2 = |R|,, according to the discussion after lemma 4.1.8 we have 66’ R + §'6R = R.
By lemma 4.2.10 R = §8'R and choosing

T3 = 5/]?

implies that x vanishes in degree 2.
The derivation § is even a differential by lemma 4.1.8, hence, for every y3 € M(M), the object
z3 = &R+ dys also implies that yo = 0. The requirement that z3 has antisymmetric degree 1
forces that the antisymmetric degree of an nontrivial y3 to be 0 and |ys|s > 1. Therefore, it must
hold
8wy = 0'0ys = —00"y3 + ys = ys,

where the last equality follows from the fact that §’ annihilates every element of antisymmetric
degree 0. This shows that requiring ¢’z3 = 0 is equivent to requiring ys = 0.

We saw by the explicit formula of x that if we choose x5 = 0 and for every k > 1 an x; such
that dzg4+3 = Drpio + % Z;:_; Ty * Tpqa—) = DTpyo+ % Zf:_ll Ti42 * Tto—1, then xg4o vanishes.
Assuming we have choosen for k > 1 objects 3, ..., Tx1+2 in M(M) such that xo = ... = xx41 =0,
then lemma 4.4.3 tells us that Dy = 0 and in particular we have in (k + 1)-th degree

D_1xXg42+ -+ Dr_1X2 =D_1Xp12 = 0.

Since D_; = §, we have dxi+2 = 0 and for ygyo it holds k12 = =43 +ka+2+% Z;:ll Tyyo*
Tp+o—1- Hence, it shows that

. k—1

0(Dxjia + % IZ; Zigo * Tpyo—y) = 0.

The object Dxyio + %Zf:_ll Ziyo * Tpyo—y in M(M) has antisymmetric degree 2, therefore the
equation above and the identity 6§’ + ¢’d = id, which holds for z € M(M) with |z|s + |z|a # 0,

show that
. k—1 . k—1

66/(D517k+2 + % IZ; Tiyo * xk+2—l) = Dzpyo+ % IZ; Ti42 * Thpo—|-
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This means, by choosing

. k—1

1
!
Tpe3 =0 (Drpga + ; § Tiqo * Thyo—1)
=1

Xk+2 Vvanishes.
As in the case of k = 3, we can add an object Y3 to xxi3. For the same reason the
symmetric degree of yx13 has to be greater than zero and

0'Try3 = Yrgs.
Hence, the condition ¢’z = 0 for all k guarantees the uniqueness of the elements z,. O

Remark 4.4.5. The given proof is a constructive proof. For the reader’s convenience, we sum-
marize here the recursion formula from above.

1. Starting values of the recursion: o = 0 and x3 = 5 R.
2. The recursion formula: For k > 1, x13 = ' (Dxgyo + % Z;:ll T4 * Thto—i1)-

Remark 4.4.6. If the symplectic manifold M is flat, i.e. R =0, then R = 0 and by the recursion
formula from above x; = 0 for all k. In this case the Fedosov derivation D is given by

D=-6+D.

4.5 A Non-constructive Proof of D? =0

Above, we gave the order of constructing an element z such the term —d6z + R + Dz + %x * X
vanishes. In particular, this implies that the Fedosov derivation D is a differential. In the
following, we investigate the case, where the two-form —éz + R + Dx + %:r *x & does not vanish,
but lies in the center of the algebra M (M)[[t]]. We will see that the existence and the uniquess
of the element x is depending on two initial data © and z. The proof will use the Banach fized
point theorem. We decided not to start with this more abstact version of the proof, because the
Banach fixed point theorem is an existence proof and it does not give any hint of a construction.
Nevertheless, we have to discuss the basic idea of this method, because it is often used in
deformation quantization in order to proof the existence of certain objects and we will use the
results in the discussion of equivalence of Fedosov star products in the next section.

Definition 4.5.1. Let the grading on M(M)][t]] be the total degree and let the map
o: M(M)[[t]] = NU {oc}
be defined by
1. o(z) = min{k|z), # 0 for z = Y ;7 thay}, if = # 0.

2. 0(0) = co.
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Definition 4.5.2. The t-adic metric on M(M)[[t]] is given by the distance function d: M(M)[[t]]x
M(M)[[t]] = R U oo defined by
d(z,y) = 27w,

In the following proposition we recall some basic facts about the distance function d and the
t-adic topology on M(M)[[t]], a proof can be found in [Wal07].

Proposition 4.5.3. The distance function d as just defined induces an ultrametric on M (M)[[¢]],
i.e. the following hold for z,y,z € M(M)[[t]]:

The topological space (M(M)[[t]],d) is a complete space.
This proposition allows us to apply the Banach fixed point theorem on M (M)[[¢]].

Theorem 4.5.4 (Banach fixed point theorem). Let M be a complete metric space and let C':
M — M be a contraction, i.e. there exists a 0 < q < 1 such that d(Cz,Cy) < qd(v,w) for
all vyw € M. There exist a unique fixed point x of C' and for every xg € M and it holds
Zoo = limy 00 C™(20).

One easily verifies the lemma below.

Lemma 4.5.5. A map C: M(M)][[t]] = M(M)[[t] is a contraction if and only if C increases
the degree, i.e. there exists k € NU {oo}, k > 1 such that

o(Cv — Cw) > k+o(v—w).

The main observation now is that one can define a contraction C: M(M)][t]] = M(M)[[t]]
which guarantees the existence of a fixed point z such that y = —éx + R+ Dz + %x x x lies in
the center of M(M)[[t]]. Moreover, C' should preserve the antisymmetric degree of objects if its
antisymmetric degree is 1, because |z|, was assumed to be 1. Once one defined the contraction,
the Banach fixed point theorem states that there exists a unique fixed point z, i.e. C(x) = .
In lemma 4.4.2 we saw that for D being a differential the element x must lie in the center of
M(M)][[t]] and by lemma 4.2.4 this is equivalent to requiring |x|s = 0. If it is possible to find an
object = for every © € M(M)][[t]] with |0]s = 0 such that

0=x
then we are done. As we will see, the uniquess of the element z is provided by two conditions:
§x=zand pr(z) =0

for element z € M(M)][t]] of total degree 3 and antisymmetric degree 0. For the particular case
© = 0, we recover the statement of the constructive proof of proposition 4.4.4.
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For x = —dx + R+ Dz + %m * x, we observe that x has total degree greater than 2, hence, dx
has total degree greater than 1. Since the other terms in x all have total degree greater than 2,
the total degree of x is greater than 1. If x lies in the center, its symmetric degree must vanish,
therefore, its total degree is even and it is two times its ¢t-degree. Therefore, we have for the

two-form O: -
0 => t'ey.
k=1

Lemma 4.5.6. Suppose there is an element x of total degree 2 and antisymmetric degree 1, such
that x = -6z + R+ Dx + %x x x lies in the center, then x is a closed form.

Proof. Since x lies in the center, by lemma 4.2.4, it has vanishing symmetric degree. It follows
that Dy = Dy, because § decreases the symmetric degree and %ad(:c) is an inner derivation. By
the definition of the derivation D, we have Dx = dx. The claim of the lemma now follows from
lemma 4.4.3. O

This lemma implies in particular that if @ = Y7 | tFOy,, then every Oy, is a closed two-form.

Theorem 4.5.7. Let © be a closed two-form in M(M)][[t]] which lies in the center. Let z be an
element in M(M)[[t]] of total degree 3 and |z|, = 0. There exists x € M(M)][[t]] of total degree
2 and |z|, = 1 such that

@z—éx—!—R—i—Dr—i—%x*x.

Moreover, x is unique, if we also assume
!
dx =z

Proof. If there exists an x satisfying the condition in the theorem, then by applying ¢’ to the
equation © = —dz + R+ Dz + iz xx from the left, we have §'0© = —¢'6z + §'(R+ Dz + trxx).
For objects which do not lie in C*(M)[t]] C M(M)[[t]], the identity 60" + ¢’ = id and the
assumption ¢’z = z imply that

aczé’(R—&—Dac—&—%x*x—@)—i—éz.

This is a necessary condition for the existence of such an object x.
If we define a map C by

C(U)Z(S%R‘FDU‘F%’U*U*@)‘F(SZ,

v € M(M)[[t]], and if we can verify that C' is a contraction, then the Banach fixed point theorem
guarantees the existence of such a fixed point x which is even unique.

For the contraction condition, we first check that |Cv|, = 1, if |v|, = 1. Since |Dv|, = |R|, =
O], = |42 x 2|, = 2, all the elements 6’ Dv, &R, 6’0 and &'tz x have antisymmetric degree 1,
|Cv|, = 1. For two objects v and v’ with |v], =1 = |[v/|q = |[v — V|4, if v — v’ have total degree
greater than n, then we want to show that after applying the map C' the element C(v) — C(v')
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has a total degree which is greater than n + 1. We have
Cv—Cv' =8§Dw—")+ %(5’(1} xv— v xv'),

where the first term has total degree n + 1, because the map §’D increases the symmetric degree
by 1. The object v — v was assumed to have total degree greater than n, therefore (v — v’) x v’
and v * (v —v’) have total degree greater than n+ 2. Since the map %(5’ decreases the total degree
by 1, the object _ _

i i

%5'(0 xv—v x0') = 25’((11 =) x v + vk (v—"2"))

has total degree greater than n + 1. By lemma 4.5.5 this observation shows that C' is indeed a
contraction and there exists a unique z such that Cz = z. Since |z|, = 0, we have §'z = 0 and
0'x = 0’6z = 2. Therefore, the fixed point of C' already satisfies the equation &’z = 2.

Nevertheless, we still have to show that z = & (R + Dx + lrx xx — ©) + bz is not only a
necessary but also a sufficient condition. This means, we have to verify that the fixed point of
C also satisfies © = —0z + R + Dz + %x * T

If we define )

a:zéx—R—Dx—%x*x—i—@,

then we have
da =—0Dzx — %(&c*x —z*dx) — 00 = Déx + %[m,éw]

:D(a—|—R+D:z:+%x*x—@)—k%ad(:c)(a—!—R—FDx—F%x*x—@)

= Da+ DR+ -[R.a] + :D(wx2) + ;[a, R] + [a, Da] - [, [z, a]]

= Da + %[a:,a},

where the first and the second equalities follows from dR = 0 and the equation 6D + D§ = 0
(see lemma 4.2.10 and lemma 4.2.7). The third equality is justified by DR =0, D%z = %adéx,
DO = dO = 0 (see lemma 4.2.10, 4.4.2 and 4.5.6) and the Jacobi-identity applied on elements
of antisymmetric degree 1. For the last equality, one notes that [R,z] = —[z, R] and D(z * x) =
—[z, Dz], because |R|, =1 = |Dz|, and z % 2 = 1z, 2.

On the other side, since x is the fixed point of contraction C, we have

5'a:5'(5fofDxf%x*z+@)
=§dx—x+0z=062—02=0.

The object a has antisymmetric degree 2, therefore, we can apply the equation 88’ + 6’4 = id to
a. By using the previous results, we have

a=08(DA+ %[:c, al).
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We can interpret this result by saying that a is a fixed point of the map
' =08(D+ %ad(az)).

Since D+ %ad(m) does not decrease the total degree, while ¢’ increases it by 1, by applying lemma
4.5.5, we see that C’ is a contraction too. Obviously, 0 is a fixed point, therefore, by uniqueness
a = 0 and a fixed point of C' already satisfies the claim. O

Notation 4.5.8. Sometimes one uses the notation x(v g .), in order to emphasize the dependence
of a Fedosov star product on its inital data (V,0,z). Here, V, O and z denote a symplectic
covariant derivative, a closed symmetric two-form and an object in M (M)[[¢]] of total degree 3
and antisymmetric degree 0, respectively, and they satisfy the conditions as stated above.

4.6 Fedosov Taylor Series

In this section we want to examine the elements in the kernel of the Fedosov derivation which
have antisymmetric degree 0. Obviously, the these objects form a subalgebra in M (M)[[t]] which
will denoted by kerg. We will introduce a linear map T: C®(M)[[t]] — M(M)][[¢]] which will
provide a bijection between C>°(M)[[t]] € M(M)][[t]] and kerg. The evaluation of T on a function
f is called the Fedosov Taylor series of f. This map is the most important map in the Fedosov
construction, because, as we will see in the following section, T" allows one to define a star product
on C*=(M)[[t]], called the Fedosov star product.

The motivation behind all the nontrivial definitions given below is the idea to “deform” the
equation 80’ 4 6’6 = id —pr. By definition, the Fedosov derivation D = —§ + D + %ad(z), hence
it is a deformation of § because only § has total degree 0. The theorem 4.4.1 guarantees that it
is also a differential. Therefore, in order to deform 66’ + 6’6 = id —pr we have to find the right
maps replacing 8’ and pr.

Proposition 4.6.1. Let the object x and the differential D be as defined in theorem 4.4.1. If
the map ~y denotes [§', D + Lad(z)], then the identity is homotopic to (id —y)~'pr, i.e. it holds
DD’ +D'D = id —(id —) ' pr.

The map D': M(M)[[t]] = M(M)][t]] has total degree —1 and it is defined as follows
D = —§(id —) L.

Proof. We will prove the proposition in two steps. First we show that ¢’ and D’ commute with
each other and then we will use this fact to prove the homotopy property.

Since ¢’ has total degree 1 and D+ tad(x) does not decrease it, the map ~ increases the total
degree at least by 1. Therefore, for every z € M(M)[[t]], the series > p- ;7" (2) is convergent in
the complete metric space M (M)[[t]]. This shows that > p- ;7" is the inverse map of id —y and
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the definition of D’ makes sense. We calculate
pr—D§ — 6D =pr+46 — (D + %ad(m)) 0 +685—00o(D+ %ad(at))
—id [, D + %ad(a:)] —id .
Since ¢’ has symmetric degree 1 and antisymmetric degree —1, it holds §’pr = 0. Together with
§"? = 0 (see lemma 4.1.8) this identities imply that by multiplying ¢’ to the equation above from

the left, we get
—6'Dy =68 —§'y.

Similarly, by multiplying ¢’ from the right, we get
—8'D§ =48 —~4'.

This shows that § commutes with v and therefore also with > p (% = (id —y) 1.

Now, we use the same trick once more, but with D instead of §’. A multiplication from the
left gives this time the equation

—D§'D + Dpr = D — D,
while a multiplication from the right gives
~D§'D =D —~D.

Note that in the calculation we used the fact that D increases the antisymmetric degree by 1
and that it is a differential, see theorem 4.4.1. The last two equations imply that D(id —v) =
Dpr + (id —v)D and therefore, by prdé’ = 0, it holds D(id —v)é’ = (id —v)D4’. By [vy,46’] =0, it
follows that

(id —y)"'D¢" = D(id —v) 1.

Moreover, we have

id = (id —y) ! (pr — D&’ — &'D)
= (id =) 'pr — D(id —y)71¢' — (id —y) " 16'D
=DD' +D'D + (id—v) 'pr.

O

Lemma 4.6.2. Let v denote [0, D + tad(z)]. If x is an element in M(M)[[t]] of antisymmetric
degree 0, then Dz = 0 if and only if

x = (id =)~ 'pr(z).
Proof. If Dx = 0, then, by proposition 4.6.1

z=DD'z+ (id—) pr(z) = (id =) 'pr(z).
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The last equality follows from D’(z) = —¢'(id —v)~(z) = —(id —y) =1’ (x) and §'(x) = 0.
If z = (id —y) " !pr(z), then by the theorem above and by ¢’z = 0, we have DD'x + D'Dz =
D'Dz = 0. Since |Dx|, > 1, it holds Dax = DD'Dx which is 0, because DDz = 0. O

As we will see shortly later, this lemma provides that the map (id —)~! induces an isomomor-
phism between the subalgebra kery and the algebra C>°(M)[[t]]. In particular, the objects in kerg
are totally determined by the evaluation of the projection map pr. Because of the importance of
the map (id —v) 7!, it deserves a name.

Definition 4.6.3. For f € C>°(M)[[t]], the Fedosov Taylor series of f is defined by

T(f) o= (d~[5', D + Sad(e)) (7).

The notation 7" should suggest the relationship with the ordering map S and we will see in
definition 4.7.1 that T really plays the role of S in definition 3.6.1.
It is clear that for an f in C>°(M)[[t]], the Fedosov Taylor series is given by

25'D+ ad (2)]F(f).
k=0

Since [¢§', D+ %ad(z)] increases the symmetric degree at least by 1, we have pro[§’, D+%ad(z)] = 0
and on the algebra C>°(M)][t]],
proT =id.

By lemma 4.6.2, we already know that T o pr = id on kery. Hence, T: C*°(M)[[t]] — kero is an
algebra isomomorphism with the inverse map pr.

Lemma 4.6.4. For f € C>(M)][[t]], it holds
1. T(f)o=f
2 T(f)1 = df.

Proof. The total degree of ‘ad(z) and ¢ is 1, therefore, the map [0, ad(z)] increases the total
degree at least by 2. Moreover, it holds

[0, DI(f) = 0'D(f) — D' (f) = 9'D(f)

0
@)OD(f)

= (d2' ®id) 0 iq(=— 0

oz
g{dx ®1l=df ®1=df.

= (d2' ®id) o i,

(Vo f®daz)

Altogether, we have T'(f) = (id+[¢', D] + ..)(f) = f+df + ... O
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4.7 Fedosov Star Products

By lemma 4.6.2
T: C°(M)[[t]] — kerg

is a bijection. Using this bijection we can define a star product.

Definition 4.7.1. Let T be defined as in definition 4.6.3 and let * denotes the Weyl-Moyal star
product on M (M)][t]], then the Fedosov star product x on C*°(M)[[t]] is defined by

f#fea g :=pr(T(f) «T(g))-

Proposition 4.7.2. Let xs.q denote the Fedosov star product, then it is a star product in the
sense of definition 3.2.1. In particular, for f and g it holds

f*fedg:fng%{f,g}Jr...

Moreover, the Fedosov star product is a differential star product (see definition 3.2.3).

Proof. First, the Fedosov star product is associative, because

(f *fea 9) *fea h = pr(T(pr(Tf «Tg)) « Th) = pr((Tf *«Tg) « Th)
=pr(Tf*(Tg*Th)) =pr(Tf+T(pr(Tg=Th)))
= [ #fed (9 *fea h)-
The second and the fourth equality follow from 7" o pr = id (see lemma 4.6.2).

Since 1 is the unit with respect to the Weyl-Moyal product and since T'(1) = 1, 1 is also the
unit with respect to the Fedosov star product, i.e.

frreal =1%peq f.

For the lowest degree of the product f *¢.q g we calculate

a

%ﬂ'“‘is(ﬁ)@c‘”(M)is(m)(Tf ® Tg))

it ..., 0 0
= — 7ty —_— ] —_—
pr(p+po 57 Zs(axi)®Z$(6xi)+"')(f+df+”'®g+dg+”')

= g+ Slfgr+

[*reag=pr(Tf+xTg)=pr(poe

The last equality follows from the fact that pr is trivial on elements with either nonzero symmetric
degree or nonzero antisymmetric degree.

The last claim is verified by the observation that * is a sum of compositions of insertion
operators while T is a power series of differential operators, hence as a composition of these
maps *yeq is a differential star product. O

In remark 4.5.7 we have seen that for an element © in M(M)[[t]] of total degree greater than
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1 and symmetric degree 0, one can always find an @ € M(M)[[t]] such that
5x:R+D:v+%x*x+®.
In order to guarantee the uniqueness, we further assumed that
e =z,

for a z with total degree 3 and antisymmetric degree 0. Although the Fedosov star product does
not need to be hermitian in general, it is hermitian, if we choose these two initial values properly.

Proposition 4.7.3. If the objects © and z defined above are real, then it holds

1. (-)oD=Do(-) and(—)oD’:D'og

2. (=)oT =To(-)

8. (=) oxfed =*feao (=)@ (=)ot

Here, (—) denotes the complex conjugation map and T denotes the flipping map in definition
1.4.1.

Proof. For objects y with |y|, =i and y’ with |y'|, = j, the equations below
(oxyey) =) opoe?™ @i (y g y)

= (-)poc i a5 o r o (e (@ y)

show that y 7 = (~ 1)y . Hence, we have 2[5, 4] = — 5 (54 — (- 1) %) = & ([7+¥ -
(=1)y'*7) = 5;[9,y’]. Moreover, we see that for elements with vanishing antisymmetric degree

we have the following identity (—) o = o ((—) ® (—)) o .
Since §, ', D and pr are real maps and %[m, x] = x % x, we have

53:R+Dx+%z*x+@:§+Df+%f*§+@:é+Df+ T+T + O.

o~ | =S,

The last equality follows from the observation R = R and the assumption © = ©. Together with

we realize that both elements x and T satisfy the same initial conditions. By the uniquess, this
implies that x = 7.
Now we calculate for an object y € M(M)[[¢]]:

— i
Dy =—0y+ Dy + -[z,7] = Dy.

Similar, one proves that the complex conjugation commutes with D’. For f € C°>°(M)[[t]] and
for every k, it holds [¢', D + Lad(z)]*(f) = [8', D + tad(z)]*(f). Therefore, it is clear that T
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commutes with the complex conjugation. Finally we have:

(F)oxpea=(=)oproxo(T®T)=proxo(T®T)o((-)®(=))oT=x*sao(-)@(-)or.

O

4.8 Equivalences of Fedosov Star Products

The existence of a star product on a symplectic manifold was proven in the last section by
constructing a Fedosov star product explicitly. The more general theorem discussed in remark
4.5.7 implies that there exists a Fedosov star product *v e . for every choosen triple (V, 0, z).
If we are thinking about the function which maps every Fedosov star product *y g . to its
equivalence class of star products, then two questions immediately arise.

1. Is this map injective?
2. Is this map even surjective, i.e. is every star product equivalent to a Fedosov star product?

Concerning the first question, Fedosov gave an answer in [Fed94] for the case of trivial s, and
general case is treated by Neumaier in [Neu01] and [Neu02]. It will reveal that the objects © in
the Fedosov construction plays an essential role in the formal deformation theory of symplectic
manifolds. We will not prove the theorem and refer the reader to the sources mentioned above.

Theorem 4.8.1. The function which maps each Fedosov star product v e, to its equivalence
class of star product is not injective. Two Fedosov star products xv o , and xy: o/ . are equivalent
if and only if [©] = [©'] in tH3,(M,C)[[t]].

This surprising result states in particular that even if a Fedosov star product *v e, . depends
on the initial values (V, 0, z), its equivalence class only depends on the de Rham cohomology
class of the closed two form ©O.

Since we will use the Jacobi identity in the proof of the lemma below, we want to introduce
a new notation.

Notation 4.8.2. Let a € C?, ., (C>°(M)), then S(a(f, g, h)) denotes a(f, g, h)+a(g, h, f)+a(h, f,g).
for f,g,h € C>(M).

In particular, if g is a Lie algebra and [—, —] is its Lie bracket, then, for a, b, ¢ € g, S([a, [b, c]]) =
[a, [b,c]] + [b, [c,a]] + [, [a,b]] and requiring [—, —] satisfies the Jacobi identity is equivalent to
requiring S([a, [b,c]]) = 0.

Lemma 4.8.3. If two local star products x and ¥ on a symplectic manifold (M,w) are equal up
to degree n, then for degree n+1 there is a1 € CLL(C®(M)) and a closed two-form au,+1 such
that

Foii(f,9) — F) 1 (f.9) = (6ant1)(f, 9) + ang1 (X5, Xy),

where Xy and X, denote the Hamilton vector fields associated with the functions f and g.

Proof. According to the discussion after proposition 2.4.3 it holds d g (Fy,41—F,, ;) = 0. Theorem
2.5.9 provides the existence of a € C. .(C>(M)) and a bivector field X such that F,, 11 — F, | =

loc n

dan+1+-Z1(X). For two functions f and g, by the definition of the Hochschild-Kostant-Rosenberg
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map F1, #1X(f,g) = X (df,dg). Since the symplectic form w is nondegenerated, there exists

a two-form « such that X (df,dg) = an41(Xys, X,). Therefore, we have

Fn+1(f7g) _F7/z+1(fvg) = 6an+1(f7g) +an+1(Xf7Xg)-

If we can show the closeness, the proof is done.
If [—, —]« denotes the commutator with respect to the star product *, then, for two functions
f and g, we have

(9 = frg—gxf=>Y_t'Ci(f9),
i=1
for some C; € C?(C>(M)). Note that the sum starts by 1, because y is commutative. Moreover

the commutator is a Lie bracket, because * is associative. Since * as well as *’ is associative, they
both satisfy the Jacobi identity. If we use the notation of 4.8.2, we have for f,g,h € C*(M)

0= S([f, [gv h]*]*) - S([f7 [ga h]*’]*’)
= SC1(f, Cnt1(g, 1)) + SCrya(f, Cilg, b)) — (SCL(f. Crya (9. k) + SCh 1 (f, (Ci(g, 1))
= 8{f, Cnt1(g9,h) — Cria(9,0)} + S((Crsr — Criy)(f, {9, 1}))-

The second equality follows from the assumption that * and %" are equal up to degree n, while we
used the star product property C1(f,g) = i{f,g} = Ci(f,g) in the third equality. Furthermore,
by the symmetry of da,11 and by the antisymmetry of a, 41, we have the following auxiliary
step

(Cry1 = Cry1)(f9) = Fua(f,9) — Fra(f,9) — (Fagalg, f) = Fiya(9, f))
= an41(f,9) + any1(X5, Xg) = dan11(g, f) — ang1(Xy, Xy)
= 2Ozn+1(Xf,Xg).

Therefore, the calculation from above goes on with

0 = —S(X (2011 (Xp, X)) + 28 (@11 (X1, X))
= —28(Xf(ant1(Xg, Xn)) + ant1(Xy, [Xg, Xn]))
= —2dan+1(Xf,Xg,Xh).

Since day41(X5, Xg, Xp) = 0 for every Hamilton vector fields Xy, X,, X, and since Hamilton
vector fields generate the tangent space, the calculation implies day, 11 = 0 and «,, 41 is a closed
form. O

Lemma 4.8.4. For initial data, V, X € tI'°(A*T*M)[[t]] and z = 0, let the element x be
constructed by the method discussed in remark 4.5.7. Let = denotes the Fedosov star product
associated to the Fedosov derivation D = —6 + D + %ad(x). The following hold

1. For the construction of x, ©,, is only needed for elements of higher Deg-degree than 2n + 1
and we have
22t = n§'0,, + terms without ©,,.
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2. Let f € C®(M). For the construction of T(f), ©, is only needed for elements of higher
Deg-degree than 2n + 1 and we have

t’l’L
T2 (f) = _Eélia(Xf)@n + terms without ©,,.

3. Let f,g € C>®°(M). For the construction of f x g, O, is only needed for elements of higher
t-degree than n + 1 and we have

Cny1(f9) = —%@n(Xf,Xg) + terms without ©,,.

Proof. 1. Since t"§'©,, has total degree 2n + 1, the first assertion follows from the recursion
formula for z =0 2 = §'(R+ Dz + tz x z + O).

2. In order to prove the second assertion, we calculate the leading terms of T'(f).

T(f)= S |7, D+ %ad(m)]”(f) — ftdf+8(D+ %ad(x))df +o.

n=0

The first two terms follow from lemma 4.6.4. The equality &’ f = 0 = fad(z) f implies that
the third term is [0', D + jad(x)]df = 6'(D + ad(x))df. Since the element of lowest total
degree which also contains ©,, is §'fad(t"6'©,,)df, the equation ad(6'0,)df = Li,(X;)O,
proves the second assertion.

3. The map pr: M(M)[[t]] — C°°(M)][t]] does not change the total degree, therefore, by the
second assertion, the first term in f* g = pr(Tf % Tg), which contains ©,,, only concerns
the total degree 2n+ 1 elements in 7' f and T'g. For pairs T fo,, 41,791 and T f1,Tgapn+1, by

il

the calculation above, we have (T'f * T'g)on12 = —*5—0,(Xy, Xy) + terms without ©,,.
O

Now, we are able to prove the second main theorem of this section.

Theorem 4.8.5. Let (M,w) be a symplectic manifold and let = denotes a differential and local
star product on M. There exists a closed two-form © € tI'™°(A2T*M)[[t]], such that the Fedosov
star product *' corresponding to © is equivalent to *.

Proof. If the two star products * and *’ are equivalent up to degree n, then, by lemma 2.2.8, we
can assume that they are even equal up to degree n. According to lemma 4.8.3, we can write

Fn—i—l(fa g) - F7’L+1(f7 g) = 5an+1(fa g) + an+1(Xfan),

L (C®(M)) and a closed two-form a,+1. If we define 8" := © +
2icn11, then ©” is still a closed two-form. If *” denotes Fedosov star product associated to ©”,

for some appropriate a, ;1 € C}

then, by lemma above,

1 .
Fn+1(f7 g) - F’rIL/Jrl(fag) = FnJrl(fvg) + §@(Xfan) — Qp41 + terms without 6n

- Fn+1(fvg) - F7/L+1(fa g) — Qn41 = 6a"+1(f79)'
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Lemma 2.2.6 implies that star product = is n + l-equivalent to the Fedosov star product x”
constructed by ©”. By an induction over n, we see that every star product is equivalent to a
Fedosov star product. O

Theorems 4.8.1 and 4.8.5 states that if one is interested in equivalence classes of star products,
then one only has to look at the complex of de Rham cohomology classes in tH3,(M,C)[[t]],
because the equivalence class is fully determined by objects [©]. One way to interpret the
importance of the objects in tH3 (M, C)[[t]] is to view [O)] as a deformation of [w]. In particular,
for a symplectic manifold (M, w) the object [w]+[©] can be interpreted as an object in the affine
vector space [w] + tH35(M, C)[[t]], where [w] is the origin. This leads us to the definition of a
Fedosov class.

Definition 4.8.6 (Fedosov class). Let (M,w) be a symplectic manifold. For a star product x
on C=(M)[[t]], the Fedosov class Fed(x) is defined by

Fed(x) := [w] + (0] € [w] + tHip(M,C)[[1]
such that the Fedosov star product associated to © is equivalent to .

By using this notation, theorems 4.8.1 and 4.8.5 states that Fed is bijective map from the set of
equivalence classes of star products on C>(M)][t]] to the affine vector space [w]+tH35(M, C)[[t]].

4.9 Kontsevich’s formality theorem

We have seen that there exists a star product on every symplectic manifold and we mentioned
that this is also true for a Poisson manifold. Unfortunately, we cannot discuss Kontsevich’s proof
exhaustively, because it would be far beyond the scope of this diploma thesis. Nevertheless, we
want to give some basic ideas and we refer the readers to [Kon97] and [Kon03] for details.

We alredy know that we have to find functions F,: C®(M) x C*®°(M) — C*>°(M) such
that *: (f,g9) — fxg= fg+hFi(f,9) + h2Fy(f,g) + ... € C(M)[[h]] defines a star product.
Kontsevich’s idea is to solve this problem in two steps. In the first step one uses graph theoretical
considerations in order to enumerate bidifferential operators. More precisely, for each n € N and
for any given pair of smooth functions f,g € C*°(M), there is graph I" which is associated to a
bidifferential operator Dr. In the second step, one defines a weight wr for each Dr such that the
functions F} are given by a sum of weighted bidifferential operators wrDr.

Definition 4.9.1. An oriented graph T' is an ordered pair (V, E) of two sets such that E is a
subset of V' x V. The elements of V and F are called vertices and edges, respectively. A graph
T is called finite, if the sets V and E are finite. A graph I is a weighted graph, if every edge has
an associated real number.

We are interested in a special class of graphs, denoted by G.,,.

Definition 4.9.2. The class of graphs G, consists of orientated graphs I' satisfying the following
properties:

1. T has n + 2 vertices and 2n edges.
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2. The set of vertices V consists of {1,...,n} U{f, g}. We use the notations f and g in order
to indicate that f and g are those functions whose product we want to deform.

3. The 2n edges in E are labeled by ef,e?,el,€3,...,eL,e2, where e£ and ef are edges which
start at the vertex k and goes to different vertices.

4. For v € V the ordered pair (v,v) is not an element of E.

Given a Poisson manifold (M, ), one can now assign a bidifferential operator
Dr: C®(M) x C*(M) = C™®(M)

to each graph I" in G,,. If I denotes a map which enumerate the edges in I', then Dr is defined
by

n

Dr(f9):=> (IT TI Dr(eym! CRTED) x ( II o< I oues

I k=lecE,e=} eEE,e:e;f e€E e=ef

By definition, the set Gy has only one element. Using combinatorial consideration, a close
examination reveals that the set G,, has (n(n + 1))™ elements for n > 1. In the second step, we
associate a weight wr € R to each of the graphs in G,,. We embed a graph I" into the union of
the upper half-plane H := {z = 2 + iy € Cly > 0} and the real line R such that the vertex f
and ¢ is mapped to 0 and 1, respectively. The topological space H admits a metric called the
Lobachevsky metric which is given by

dz? + dy?
2 _

For two points a,b € H,a # b, let s(a,b) and s(a,c0) denote the geodesics from a to b and from
a to oo, respectively. The angle ¢(a, b) between these two lines is measured counterclockwise and
it is given by B

1 —b)(a—>b

$(a.b) = +log LD

20~ (@—0b)(@—o)

For an edge e£ of the graph I', we write ¢(e'}:) instead of ¢(k, f).
If the domain of integration C,(H) is defined by C,(H) := {(a1,...,an)|ax € H,ar #

a; for k # 1}, then the weight of a graph T' is defined by

w -:# y ef ed
" T o Y D D)

This term is absolutely convergent, as Kontsevich proved in [Kon97].
The functions Fj, are now defined by the bidifferential operators Dr and their weights wr.

Theorem 4.9.3. [Kon97] Let (R"™, ) be a Poisson manifold. The bilinear map * given by

frg:=> k"> wrDr(f,g)

n=0 reG,
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defines a star product on (R™ ).

The method given above is a local description of constructing a star product which can then
be extended to the global case, which shows that every Poisson manifold admits a star product.
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Summary

This diploma thesis consists of four chapters. In the first chapter we discuss methods and
difficulties of quantization. As a motivation, we first compare classical mechanics with quantum
mechanics where we put special emphasis on the algebra of observables, which is the central object
in classical physics. After clarifying the meaning of quantization, we give reasonable properties
a quantization has to satisfy. Then, we introduce the concept of deformation quantization and
we discuss the possibility of quantizing a physical system in a canoncial way. However, due to
Groenewold-van Hove theorem, this is impossible, as we see at the end of the chapter.

The second chapter is devoted to the mathematical theory behind the deformation quantiza-
tion. After a short algebraic preliminary we introduce the concept of deformations of algebras.
Then, we discuss related topics such as equivalences and extension of deformations. Impor-
tant terminologies, like the Hochschild complex and the Gerstenhaber algebra, are defined and
their properties are studied in this chapter. Since we will need the results of the Hochschild-
Kostant-Rosenberg theorem in the last chapter, we present its proof here and discuss some of its
consequences.

In the third chapter, after recalling some definitions and results of differential geometry, we
use the techniques developed in the previous chapters to define a star product. The ambiguity
of star products comes from the different orderings. Therefore, the main focus of this chapter
lies on discussing t-orderings and -orderings and their associated star products. As we will see
in this chapter, many well-known star products such as the Weyl-Moyal star product and the
Wick star product are special cases of t-ordered and t-ordered star products.

The last chapter is devoted to the Fedosov construction. As a preparation, we first introduce
the so-called mixed algebra and some derivation maps operating on this algebra. Then, we define
the Fedosov derivation and show that it is a differential. At first, we give a constructive proof
which can be useful for calculations. Later, we present a more general, non-constructive proof
which is based on homotopical arguments. These result will lead us to the definition of Fedosov
Taylor series which we use to introduce the Fedosov star products. Properties and equivalences
of Fedosov star products are also discussed. We conclude this diploma thesis by outlining some
basic ideas of the proof of Kontsevich’s formality theorem.
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Zusammenfassung

Diese Diplomarbeit besteht aus vier Kapiteln. Im ersten Kapitel diskutieren wir die Metho-
den und Schwierigkeiten der Quantisierung. Zur Motivation werden wir zuerst die klassische
Mechanik mit der Quantenmechanik vergleichen. Dabei stellt sich heraus, dass die Observable-
nalgebra das zentrale Objekt in der klassichen Physik ist. Nachdem wir den Begriff “Quan-
tisierung” préazisiert haben, geben wir die Eigenschaften an, die eine verniinftige Quantisierung
erfiillen sollte. Als Néchstes fithren wir das Konzept der Deformationsquantisierung ein und
diskutieren tiber die Moglichkeit ein physikalisches System auf kanonische Weise zu quantisieren.
Wie wir am Ende dieses Kapitels sehen werden, ist dies jedoch durch das Groenewold-van Hove
Theorem ausgeschloflen.

Im zweiten Kapitel widmen wir uns der mathematischen Grundlage der Deformationsquan-
tisierung. Nach einer kurzen Erlduterung einiger algebraischer Begriffe, fithren wir das Konzept
der Algebradeformation ein und besprechen damit verwandte Begriffe, wie etwa Aquivalenzen
und Erweiterungen von Deformationen. Weiters werden Hochschild-Komplexe sowie Gerstenhaber-
Algebren definiert und deren Eigenschaften studiert. Da wir die Resultate des Hochschild-
Kostant-Rosenberg Theorems im letzten Kapitel benotigen werden, wird dessen Beweis schon
in diesem Kapitel prasentiert.

Im dritten Kapitel werden wir zuerst einige Definitionen und Resultate aus der Differentialge-
ometrie kurz wiederholen und dann das Sternprodukt definieren. Da die Vielzahl der Ordnungen
der Grund fiir die fehlende Eindeutigkeit des Sternprodukts ist, liegt der Fokus dieses Kapitels
auf der Beschreibung der ¢-Ordnung und der ¢-Ordnung. AuBerdem werden wir in dem Kapi-
tel sehen, dass die bekannten Sternprodukte, wie das Weyl-Moyal Sternprodukt und das Wick
Sternprodukt, Spezialfille von t- bzw. t-Ordnungen sind.

Im letzten Kapitel beschéftigen wir uns mit der Fedosov-Konstruktion. Als Vorbereitung
fiihren wir die sogenannte gemischte Algebra ein, danach definieren wir die Fedosov-Derivation.
Anschlieflend werden wir auf zwei verschiedenen Arten zeigen, dass diese sogar ein Differential
ist. Der erste Beweis ist konstruktiv und kann fiir etwaige Berechnungen herangezogen werden.
Danach geben wir noch einen allgemeineren, nichtkonstruktiven Beweis an, der auf homotopis-
chen Uberlegungen basiert. Diese Resultate filhren uns zur Definition der Fedosov Taylorreihe,
mit dessen Hilfe das Fedosov-Sternprodukt definiert wird. Eigenschaften und Aquivalenzen der
Fedosov-Sternprodukte werden ebenfalls diskutiert. Am Ende der Diplomarbeit présentieren wir
die grundlegenden Beweisideen des Formalitatstheorem von Kontsevich.



84

Zusammenfassung




Curriculum Vitae

Personal

Name:
Date of Birth:
Nationality:

FE-Mail address:

Education

Hongyi Chu
1987.02.27

Austria

a0505997Q@Qunet.univie.ac.at

10/2006 - 10/2012 Diploma Studies in Physics at the University of Vienna
10/2006 - 04/2012 Diploma Studies in Mathematics at the University of Vienna
09/1997 - 06/2005 Secondary school, Bundesgymnasium Wasagasse



86

Zusammenfassung




Bibliography

[Bar61]

[BBY3]

[BFF+78]

[BFF+77]

[BR79]

[CG82]

[CGDSO]

[DMZ09]

[Fed85]

[Fed86]

[Fed89)]

[Fed94]

V. Bargmann. On a Hilbertspace of Analytic Functions and an Associated Integral
Transform, Part I. Comm. Pure Appl. Math, 14:187-214, 1961.

P. Blanchard and E. Briining. Distributionen und Hilbertraumoperatoren. Springer-
Verlag, Wien, New York, 1993.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation
Theory and Quantization. Ann. Phys., 111:61-151, 1978.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Quantum
Mechanics as a Deformation of Classical Mechanics. Lett. Math. Phys., 1:521-530,
1975/77.

O. Bratelli and D. W. Robinson. Operator algebras and quantum statistical mechanics
1. C*- and W*-algebras, symmetry groups, decomposition of states. Chicago Lectures
in Mathematics. Springer-Verlag, Berlin, Heidelberg, New York, 1979.

M. Cahen and S. Gutt. Regular x Representations of Lie Algebras. Lett. Math. Phys.,
6:395-404, 1982.

M. Cohen, S. Gutt, and M. DeWilde. Local Cohomology of the Algebra of C'*
Functions on a Connected Manifold. Lett. Math. Phys., 4:157-167, 1980.

M. Doubek, M. Markl, and P. Zima. Deformation Theory (lecture notes).
arXiv:0705.8719, 2009.

B. V. Fedosov. Formal Quantization. Some Topics of Modern Mathematics and their
Applications to Problems of Mathematical Physics, pages 129-136, 1985.

B. V. Fedosov. Quantization and the Index. Sov. Phys. Dokl., 31:877-878, 1986.

B. V. Fedosov. Index Theorem in the Algebra of Quantum Observables. Sov. Phys.
Dokl., 34:319-321, 1989.

B. V. Fedosov. A Simple Geometric Construction of Deformation Quantization. J.
Diff. Geom., 40:213-238, 1994.



88

Bibliography

[Ger63)

[Ger64]

[Ger66]

[Ger68]

[Ger74]

[GR99)

[GRO3)]

[Gro46)

[GS84]

[Gut79]

[Gut97]

[Hes81]

[HGSS]

[Hir76]

[HKR62]

[KMS93]

M. Gerstenhaber. Cohomology Structures of an Associative Ring. Ann. Math., 78:267—
288, 1963.

M. Gerstenhaber. On the Deformation of Rings and Algebras. Ann. Math., 79:59-103,
1964.

M. Gerstenhaber. On the Deformation of Rings and Algebras I1. Ann. Math., 84:1-19,
1966.

M. Gerstenhaber. On the Deformation of Rings and Algebras III. Ann. Math., 88:1—-
34, 1968.

M. Gerstenhaber. On the Deformation of Rings and Algebras IV. Ann. Math., 99:257—
276, 1974.

S. Gutt and J. Rawnsley. Equivalence of star products on a symplectic manifold; an
introduction to Deligne’s Cech cohomology classes. J. Geom. Phys., 29:347-392, 1999.

S. Gutt and J. Rawnsley. Natural Star Products on Symplectic Manifolds and Quan-
tum Moment Maps. Lett. Math. Phys., 66:123—-139, 2003.

H. J. Groenewold. On the principles of elementary quantum mechanics. Physica,
12:405-460, 1946.

V. Guillemin and S. Sternberg. Symplectic techniques in physics. Cambridge Univer-
sity Press, Cambridge, U.K., 1984.

S. Gutt. Equivalence of Deformations and Associated *-products. Lett. Math. Phys.,
3:297-309, 1979.

S. Gutt. On Some Second Hochschild Cohomology Spaces for Algebras of Functions
a Manifold. Lett. Math. Phys., 39:157-162, 1997.

H. Hess. Symplectic connections in geometric quantization and factor orderings. Dis-
sertation. Fachbereich Physik, Freie Universitat, Berlin, 1981.

M. Hazewinkel and M. Gerstenhaber. Deformation Theory of Algebras and Structures
and Applications. Kluwer Academic Publisher, 1988.

M. W. Hirsch. Differential Topology. Graduate Texts in Mathematics. Springer-Verlag,
Berlin, Heidelberg, New York, 1976.

G. Hochschild, B. Kostant, and A. Rosenberg. Differential Forms on regular affine
Algebras. Trans. Am. Math. Soc., 102:383—-408, 1962.

I. Kolar, P. W. Michor, and J. Slovak. Natural Operations in Differential Geometry.
Springer-Verlag, 1993.



Bibliography 89

[Kon]

[Kon97]

[Kon03]

[Lan99]

[Lic]

[Lic79)]

[Nad99]

[NeuO1]

[Neu02]

[NV81]

[PA9S)

[RST72]

[SRG97]

[Thi94]

[vH51]

[Wal07]

M. Kontsevich. Formality Conjecture. In: [SRGI7].

M. Kontsevich. Deformation Quantization of Poisson Manifold, I. http: //arziv.
org/ pdf/ q-alg/ 9709040v1. pdf, 1997.

M. Kontsevich. Deformation Quantization of Poisson Manifold. Lett. Math. Phys.,
66:157-216, 2003.

S. Lang. Fundamentals of Differential Geometry. Graduate Texts in Mathematics.
Springer-Verlag, Berlin, Heidelberg, New York, 1999.

A. Lichnerowicz. Applications of the Deformations of the Algebraic Structures to
Geometry and Mathematical Physics. In: [HG8S].

A. Lichnerowicz. Existence and Equivalence of Twistered Products on a Symplectic
Manifold. Lett. Math. Phys., 3:495-502, 1979.

F. Nadaud. On Continuous and Differential Hochschild Cohomology. Lett. Math.
Phys., 47:85-95, 1999.

N. Neumaier. Klassifikationsergebnisse in der Deformationsquantisierung. Disserta-
tion. Fakultét fiir Physik, Albert-Ludwigs-Universitit, Freiburg, 2001.

N. Neumaier. Local v-Euler Derivations and Deligne’s Characteristic Class of Fedosov
Star Products and Star Products of Special Type. Commun. Math. Phys, 230:271-288,
2002.

O. M. Neroslavski and A. T. Vlassov. Sur les Déformations de I’algebre des fonctions
d’une variété symplectique. C. R. Acad. Sc. Paris I, 292:71-73, 1981.

M. Pflaum. On Continuous Hochschild Homology and Cohomology Groups. Lett.
Math. Phys., 44:43-51, 1998.

M. Reed and B. Simon. Methods of Modern Mathematical Physics I: Functional
Analysis. Academic Press, New York, San Fransisco, London, 1972.

D. Sternheimer, J. Rawnsley, and S. Gutt. Deformation Theory and Symplectic Ge-
ometry, volume 20 of Mathematical Physics Studies. Springer, 1997.

W. Thirring. Quantenmechanik von Atomen und Molekilen, volume 3 of Lehrbuch
der Mathematischen Physik. Springer-Verlag, Wien, New York, 1994.

L. van Hove. Sur certaines représentations unitaires d’un groupe infini de transfor-
mations. Mem. de I’Acad. Roy. de Belgique (Classe des Sci.), XXVI:61-102, 1951.

S. Waldmann. Poisson-Geometrie und Deformationsquantisierung. Springer-Lehrbuch

Masterclass. Springer, 2007.



90 Bibliography

[WL83a] M. De Wilde and P. B. A. Lecomte. Existence of Star-Products and of Formal Defor-
mations of the Poisson Lie Algebra of Arbitrary Symplectic Manifolds. Lett. Math.
Phys., 7:487-496, 1983.

[WL83b] M. De Wilde and P. B. A. Lecomte. Star-Products on Cotangent Bundles. Lett. Math.
Phys., 7:235-241, 1983.



