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Notational Conventions

N {1, 2, 3, ...}
R R ∪ {±∞}
Ω an open subset in Rd, often with further restrictions
C(Ω) the set of continuous functions u : Ω→ R
Ck(Ω) the set of k-times continuously differentiable

functions u : Ω→ R, k ∈ N ∪ {∞}
D(Ω) the set of compactly supported functions in C∞(Ω)
Nϕ Nemytskii operator for the function ϕ, see Section 1.2.3
Vold d-dimensional Lebesgue measure
Bε(u0) ball of radius ε > 0 centered at u0

p an element of [1,∞]
p′ the Hölder conjugate of p, see Theorem 1.37 in Section 1.2.2
p∗ the Sobolev conjugate of p, see Section 1.3
p# the trace conjugate of p, see Theorem 1.67 in Section 1.3
”·” scalar product in Rm, m ≥ 2

iii





Preface

This diploma thesis deals with functional analytic methods in the calculus
of variations (Chapter 2) and an application to the existence theory for so-
lutions to boundary value problems for stationary quasilinear second-order
partial differential equations (Chapter 3). In Chapter 4 we discuss weak
sequential lower semicontinuity - a key ingredient in the calculus of varia-
tions - of integral functionals. Chapter 1 provides tools from the theory of
normed spaces, integration theory and the theory of Sobolev spaces.

Introduction

The modern calculus of variations is intimately connected with Hilbert’s
justification of the Dirichlet principle. Let us for this reason give a short
summery of the developments in the second half of the 19th century con-
cerning this principle.

Consider Dirichlet’s problem for a function u : Ω→ R:

−∆u = f in Ω

u = 0 on ∂Ω.
(0.1)

Here, Ω ⊆ Rd is open and bounded with C1-boundary ∂Ω, and f ∈ C(Ω) is
a given function. Problem (0.1) is closely related to the problem of mini-
mizing the functional

F(u) B
1
2

∫
Ω

|∇u|2 − f u dx

defined on the set of admissible functions

A B {u ∈ C2(Ω) : u = 0 on ∂Ω}.

The modern general treatment of Dirichlet’s problem (0.1) starts with
the study of its equivalent variational formulation and goes back to Gauss
(1839), Lord Kelvin and Dirichlet [2]. This equivalence can be stated as
following:

v



vi Preface

Theorem. A function u0 ∈ C
2(Ω) solves (0.1) if and only if u0 solves the

variational problem
F(u0) = min

u∈A
F(u).

The proof (which is not very difficult) can be found e.g. in [7], section 2.2.5
or [21], section 18.3.

Hence, in order to solve (0.1), the integral functional F has to be min-
imized, and one made the mistake of confusing the concepts of a greatest
lower bound and a minimum value [11]. The existence of a minimum u0

seemed to be be obvious and was therefore taken for granted. Riemann
based his theory of complex functions on this incorrect procedure, which
he called Dirichlet’s principle [11], [21].

In studying Riemann’s work, Weierstraß found the Dirichlet principle
unsatisfactory. In 1870 he constructed a counterexample which showed that
the existence of solutions to variational problems is no trivial matter [21].
His essential result is as follows:

(i) Each variational problem which is bounded below possesses an
infimum and hence a minimizing sequence exists.

(ii) However, those minimal sequences do not necessarily converge to
a solution of the variational problem.

Hence a compactness argument is needed in order to guarantee that the min-
imizing sequence actually converges to a solution. By recognizing this fact,
Hilbert was able to rigorously justify Dirichlet’s principle in a direct1 way
in 1900 under additional restrictions [11], [21]. We will give a functional
analytic justification of the Dirichlet principle in Example 2.43 within the
concept of generalized solutions. By applying the regularity theory for lin-
ear elliptic partial differential equations (see e.g. [7], Chapter 6.3) one can
then prove, that a generalized solution to (0.1) is also a classical solution,
provided that Ω and f satisfy further requirements. For a sufficiently smooth
boundary ∂Ω and f ∈ C1(Ω), problem (0.1) possesses a unique classical so-
lution u0 ∈ C

2(Ω). However, (0.1) need not have a classical solution if f is
only continuous [21].
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1The ”indirect” way is to solve (0.1) for a large class of domains and sufficiently
smooth f to deduce the existence of a minimizer for F on those domains.



CHAPTER 1

Preliminary Material

Orientation

This chapter provides basic results from linear functional analysis, in par-
ticular the theory of normed spaces, integration theory and the theory of
Sobolev spaces. These results will be needed in the remaining chapters.

1.1. Functional analytic principles

If not specified differently, let (X, ‖ · ‖X) and (Y, ‖ · ‖Y) denote real normed
spaces throughout this section. We point out that there exists a correspond-
ing complex version to each of the presented results. However we will only
need the theorems for the real case later on. Most theorems can be found in
any textbook on (linear) functional analysis, e.g. [15] or [19].

1.1.1. Mappings between normed spaces

Definition 1.1. Let (un)n∈N be a sequence in X and let u ∈ X. We say that
(un)n∈N converges to u, and write u = limn→∞ un or un → u, if

lim
n→∞
‖un − u‖ = 0.

This type of convergence is sometimes called norm convergence, strong
convergence or original convergence.

Definition 1.2 (Continuity modes). Let A : X → Y be an arbitrary, not
necessarily linear operator. Let u be an arbitrary element in X.

(i) A is continuous if A(un) → A(u) for any sequence (un)n∈N in X
converging to u.

(ii) A is weakly sequentially continuous if A(un) ⇀ A(u) for any se-
quence (un)n∈N in X converging weakly1 to u.

(iii) A is compact if A is continuous and maps bounded sets into rela-
tively compact sets.

1Weak convergence is defined in Definition 1.7.

1



2 Chapter 1. Preliminary Material

(iv) A is bounded if A maps bounded sets into bounded sets.
(v) A is locally bounded if u has a neighborhood V(u) ⊆ X such that

A(V(u)) is bounded.
(vi) A is Lipschitz continuous on a subset B ⊆ X if there exists L > 0

such that
‖A(v) − A(w)‖ ≤ L ‖v − w‖

for all u, v ∈ B.
(vii) A is locally Lipschitz continuous if u has a neighborhood V(u) ⊆ X

on which A is Lipschitz continuous.

If Y = R, we call A a functional.

Notation 1.3. If T : X → Y is linear, we write Tu rather then T (u) to mean
the evaluation of T at a point u ∈ X.

The following basic result on linear operators between normed spaces can
be found in any textbook on functional analysis:

Proposition 1.4. If T : X → Y is linear, the following are equivalent:

(i) T is bounded.
(ii) There is some C > 0 such that ‖Tu‖Y ≤ C‖u‖X for all u ∈ X.

(iii) T is continuous at 0.
(iv) T is continuous.
(v) T is Lipschitz continuous.

Proposition 1.5. Consider the vector space

L(X,Y) B
{
T : X → Y | T is linear and ‖T‖L(X,Y) < ∞

}
where

‖T‖L(X,Y) B inf{C > 0: ‖Tu‖Y ≤ C‖u‖X for all u ∈ X} = sup
‖u‖X≤1

‖Tu‖Y .

Then the following assertions hold.

(i)
(
L(X,Y), ‖ · ‖L(X,Y)

)
, the space of bounded linear operators from X

into Y is a normed space.
(ii) If Y is a Banach space, then L(X,Y) is a Banach space.

Notation 1.6. We denote by

X′ B
(
L(X,R), ‖ · ‖L(X,R)

)
the space of bounded linear functionals on X and call X′ the topological
dual, or just dual, of X; X is called the predual of X′. Note that X′ is a
Banach space by Proposition 1.5(ii).

We denote the action of a functional f ∈ X′ on u ∈ X by 〈 f , u〉 B f (u).



1.1. Functional analytic principles 3

Definition 1.7. Let (un)n∈N be a sequence in X and let u ∈ X. We say that
(un)n∈N converges weakly to u, and write u = w-limn→∞ un or just un ⇀ u, if

lim
n→∞
〈 f , un〉 = 〈 f , u〉

for all f ∈ X′.

Definition 1.8. Let ( fn)n∈N be a sequence in X′ and let f in X′. We say that
( fn)n∈N weak* converges to f , and write f = w*-limn→∞ fn or just fn

∗
⇀ f ,

if
lim
n→∞
〈 fn, u〉 = 〈 f , u〉

for all u ∈ X.

Remark 1.9. Let (un)n∈N be a sequence in X and let u ∈ X. If (un)n∈N

converges to u, then (un)n∈N converges weakly to u, because of the estimate

| 〈 f , un − u〉 | ≤ ‖ f ‖X′‖un − u‖, f ∈ X′.

The converse statement is generally not true; see Theorem 1 in [19], Chapter
5.1 for a counterexample.

On the dual space X′ of some normed space X one can consider both
weak and weak* convergence. In this situation, a weakly convergent se-
quence is always weak* convergent; c.f. Corollary 1.16.

It is a well-known fact that in a finite dimensional real normed space X,
un ⇀ u implies un → u.

Theorem 1.10 (Uniform Boundedness Principle). Let {Tι}ι∈I be a family
of bounded linear operators defined on a Banach space X into a normed
space Y. If the collection {‖Tιu‖Y}ι∈I is bounded for each u ∈ X, then{
‖Tι‖L(X,Y)

}
ι∈I is bounded as well.

Proof. See Corollary 1 in [19], Chapter 2.1. �

Theorem 1.10 is also known as Banach-Steinhaus’ theorem. As an imme-
diate consequence we deduce the following

Theorem 1.11. Let X be a Banach space, let Y be a normed space and let
An : X → Y be a sequence of bounded linear operators with pointwise limit
A : X → Y. Then A is linear and bounded, and the sequence (‖An‖L(X,Y))n∈N

is bounded.

Proof. For u ∈ X we have that Au = limn→∞ Anu, thus A is ob-
viously linear. Since (An)n∈N converges pointwise in Y , the sequence of
norms {‖Anu‖Y}n∈N is bounded in R for every u ∈ X. Due to Theorem 1.10,
{‖An‖L(X,Y)}n∈N is bounded, say by C > 0, i.e. ‖Anu‖Y ≤ C‖u‖ for all n ∈ N
and for all u ∈ X. Letting n → ∞ yields that ‖Au‖Y ≤ C‖u‖ for all u ∈ X,
thus A is bounded. �
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Theorem 1.12. A sequence of bounded linear operators An between two
Banach spaces X and Y converges pointwise to a bounded linear operator
A : X → Y if and only if the following conditions are satisfied:

(i) the sequence of norms (‖An‖L(X,Y))n∈N is bounded, and
(ii) the sequence (Anv)n∈N converges (in Y) for all elements v of a dense

subset E ⊆ X.

Proof. First of all, (i) is a necessary condition by Theorem 1.11, whereas
the necessity of (ii) is trivial.

Conversely, let (i) and (ii) be satisfied and let u be an arbitrary element
in X. Choose ε > 0. We set C B supn∈N ‖An‖L(X,Y) and pick v ∈ E such
that ‖u− v‖ < ε/(3C). The sequence (Anv)n∈N converges by (ii), hence there
exists some N ∈ N such that for all n,m ≥ N, ‖Anv − Amv‖Y < ε/3. Thus,

‖Anu − Amu‖ ≤ ‖Anu − Anv‖Y + ‖Anv − Amv‖Y + ‖Amv − Amu‖Y

< C
ε

3C
+
ε

3
+ C

ε

3C
for all n,m ≥ N. This shows that (Anu)N∈N is a Cauchy sequence in Y
and hence converges to some Au ∈ Y , since Y is complete. Thus (An)N∈N

converges pointwise to the mapping A : X → Y , u 7→ limn→∞ Anu. Due to
Theorem 1.11, A is linear and bounded. �

1.1.2. The Hahn-Banach theorems

Theorem 1.13 (Hahn-Banach’s Theorem). Let M be a subspace of a real
vector space X and let ϕ : X → R be a functional which satisfies

ϕ(u + v) ≤ ϕ(u) + ϕ(v) and ϕ(tu) = tϕ(u)

for all u, v ∈ X and for all t ≥ 0.
If f : M → R is linear and satisfies f (w) ≤ ϕ(w) for all w ∈ M, then

there exists a linear functional f̃ : X → R such that

f̃ (w) = f (w) for all w ∈ M

and
−ϕ(−u) ≤ f̃ (u) ≤ ϕ(u) for all u ∈ X.

Proof. See Theorem 3.2 in [15]. �

Theorem 1.14. Let M be a subspace of X and let f ∈ M′. Then there exists
an extension f̃ ∈ X′ of f preserving the norm, i.e. ‖ f̃ ‖X′ = ‖ f ‖M′ .

Proof. For u ∈ X set ϕ(u) B ‖ f ‖M′‖u‖ and note that ϕ satisfies the
assumptions of Theorem 1.13. Thus there exists an extension f̃ : X → R,
f̃
∣∣∣
M

= f with | f̃ (u)| ≤ ‖ f̃ ‖M′‖u‖ for all u ∈ X. This shows that f̃ ∈ X′ and
that ‖ f̃ ‖X′ ≤ ‖ f ‖M′ . On the other hand, ‖ f ‖M′ ≤ ‖ f̃ ‖X′ since f̃ extends f . �
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Theorem 1.15. For every u0 ∈ X, there exists a functional f ∈ X′ such that

f (u0) = ‖u0‖ and | f (u)| ≤ ‖u‖ for all u ∈ X.

In particular, X′ , {0}, if X , {0}.

Proof. If u0 = 0, set f B 0. For u0 , 0, consider the one-dimensional
subspace M ⊆ X generated by x0. We define the linear functional f0 on M
by f0(αu0) B α‖u0‖. Then f0 ∈ M′, ‖ f0‖M′ = 1 and Theorem 1.14 yields the
claim. �

We denote by X′′ B (X′)′ the bidual of a normed space X. The corollary
below follows directly from Theorem 1.15.

Corollary 1.16. The mapping ι : X → X′′ given by

ι(u)( f ) B f (u) u ∈ X, f ∈ X′

defines a norm preserving embedding. It is called the canonical embedding
of X into X′′.

Definition 1.17. We call X reflexive, if the canonical embedding ι : X → X′′

is bijective.
Note, that ι can not be surjective unless X is a Banach space.

Definition 1.18. A subset M of X is convex if for all u, v ∈ M and for all
t ∈ [0, 1],

(1 − t)u + tv ∈ M.

In other words, for any two points u, v ∈ M, the straight line {(1 − t)u +

tv : 0 ≤ t ≤ 1} connecting u and v is contained in M.
Equivalently, M is convex, if

n∑
i=1

αiui ∈ M

whenever u1, ..., un ∈ M and α1, ..., αn ∈ [0, 1] such that
∑n

i αi = 1 for
arbitrary n ∈ N.

Definition 1.19. Let A ⊆ X be some arbitrary subset. The convex hull co(A)
of A is set of all finite convex combinations of points in A:

co(A) B

 n∑
i=1

αiai

∣∣∣∣∣∣∣ n ∈ N, ai ∈ A, αi ∈ [0, 1] such that
n∑

i=1

αi = 1

 ;

it is the smallest convex subset of X which contains A.
Equivalently, co(A) can be defined as the intersection of all convex su-

persets of A.
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Theorem 1.20 (Separation theorem). Let A, B ⊆ X be disjoint, nonempty,
convex sets such that A is compact and B is closed. Then there exist f ∈ X′

and γ1, γ2 ∈ R such that

f (u) < γ1 < γ2 < f (v)

for all u ∈ A and for all v ∈ B. In particular, X′ separates points on X.

Proof. See Theorem 3.4 in [15]. �

Remark 1.21. Note, that Theorem 1.20 guarantees that the weak limit of
a weakly convergent sequence is unique. Alternatively this can already be
seen from Theorem 1.15. The same holds true for weak* limits in X′. This
can be seen by identifying u ∈ X with ιu ∈ X′′ and noting that the set
{ιu : u ∈ X} ⊆ X′′ still separates points in X′. Indeed if f1, f2 ∈ X′ and
〈ιu, f1〉 = 〈ιu, f2〉 for all u ∈ X then 〈 f1, u〉 = 〈 f2, u〉 for all u ∈ X and hence
f1 = f2.

A direct consequence of the separation theorem is the following

Theorem 1.22. Suppose M is a subspace of X, and u0 ∈ X. If u0 < M, then
there exists a functional f ∈ X′ such that f (u0) = 1 but f (u) = 0 for all
u ∈ M.

The separation theorem has a very important consequence, concerning clo-
sures of convex sets:

Theorem 1.23. Let A be a convex subset of X. The following are equivalent:

(i) A is closed.
(ii) A is weakly sequentially closed.

Proof. (ii)⇒(i). This holds true for any subset A ⊆ X. Let (un)n∈N be
a sequence in A which converges to u ∈ X. Then un ⇀ u by Remark 1.9,
hence u ∈ A by (ii).

(i)⇒(ii). Let A be a closed convex subset of X and let u0 ∈ X lie in the
weak sequential closure of A. Then there is a sequence (un)n∈N in A, which
converges weakly to u0. We claim that u0 ∈ A. Let us suppose the contrary.
Then Theorem 1.20 grants us some f ∈ X′ and γ ∈ R such that

f (u0) < γ < f (un) for all n ∈ N.

Thus u0 , w-limn→∞ un. This contradiction implies u0 ∈ A. �

We state another useful corollary of the separation theorem, which in certain
situations allows one to deduce strong convergence from weak convergence:
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Theorem 1.24 (Mazur’s Theorem). Assume that (un)n∈N is a sequence in
X converging weakly to u ∈ X:

un ⇀ u.

Then there exists a sequence (vk)k∈N in the convex hull co({un : n ∈ N}) which
converges strongly to u:

vk → u.

Proof. By assumption, u is in the weak sequential closure of co({un : n ∈
N}). Since the convex hull of any set is convex by definition, u is in the
original closure of co({un : n ∈ N}) due to Theorem 1.23. Hence there exists
a sequence (vk)k∈N lying entirely in co({un : n ∈ N}) such that vk → u. �

1.1.3. Convergence principles in Banach spaces

Theorem 1.25. Let (un)n∈N be a weakly convergent sequence in X. Then
(un)n∈N is bounded, i.e. there exists a constant C > 0 such that ‖un‖ ≤ C for
all n ∈ N.

Proof. We define the functional Fn ∈ X′′ by Fn( f ) B 〈ιun, f 〉 = 〈 f , un〉,
with ι denoting the canonical embedding X → X′′. Since (un)n∈N con-
verges weakly, {|Fn( f )|}n∈N is bounded for every f ∈ X′. Hence, Theorem
1.10 implies2 that {‖Fn‖X′′}n∈N is bounded. This finishes the proof, because
{‖Fn‖X′′}n∈N = {‖un‖}n∈N due to Corollary 1.16. �

Theorem 1.25 has the following dual version. Its proof is obtained in a
similar way, with the difference, that one works on X instead of X′. For
this reason, X must be complete in order to apply the uniform boundedness
principle.

Theorem 1.26. Let X be a Banach space with dual X′ and let (u′n)n∈N be a
weak* convergent sequence in X′. Then (u′n)n∈N is bounded, i.e. there exists
a constant C > 0 such that ‖u′n‖X′ ≤ C for all n ∈ N.

Theorem 1.27. Let (un)n∈N be a sequence the Banach space X, let u ∈ X.
Moreover, let ( fn)n∈N be a sequence in X′ and let f ∈ X′.

(i) If every subsequence of (un)n∈N has a subsequence which converges
to u, then

un → u.

(ii) If every subsequence of (un)n∈N has a subsequence which converges
weakly to u, then

un ⇀ u.

2Recall that X′ is Banach space, c.f. Proposition 1.5(ii).
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(iii) If fn → f and un ⇀ u, then

lim
n→∞
〈 fn, un〉 = 〈 f , u〉 . (1.1)

(iv) If fn
∗
⇀ f and un → u, then

lim
n→∞
〈 fn, un〉 = 〈 f , u〉 .

Proof. (i). If (un)n∈N does not converge to u, then there exists an ε0 > 0
and a subsequence (unk)k∈N such that

‖unk − u‖ ≥ ε0 for all k ∈ N.

Hence, there is no subsequence of (unk)k∈N, which converges to u.
(ii). If (un)n∈N does not converge weakly to u, then there exists a func-

tional f0 ∈ X′ such that 〈 f0, un〉 does not converge to 〈 f0, u〉. Thus there
exists an ε0 > 0 and a subsequence (unk)k∈N such that

|
〈

f0, unk

〉
− 〈 f0, u〉 | ≥ ε0 for all k ∈ N.

Hence, there is no subsequence of (unk)k∈N, which converges weakly to u.
(iii). Let fn → f and un ⇀ u. Due to Theorem 1.25, (un)n∈N is bounded,

say by C > 0. Hence

| 〈 fn, un〉 − 〈 f , u〉 | = | 〈 fn − f , un〉 + 〈 f , un〉 − 〈 f , u〉 |

≤ C ‖ fn − f ‖X′ + | 〈 f , un〉 − 〈 f , u〉 |
n→∞
−−−→ 0.

(iv). Let fn
∗
⇀ f and un → u. By Theorem 1.26, ( fn)n∈N is bounded in

X′, say by C > 0. Hence

| 〈 fn, un〉 − 〈 f , u〉 | = | 〈 fn, un − u〉 + 〈 fn, u〉 − 〈 f , u〉 |

≤ C ‖un − u‖ + | 〈 fn, u〉 − 〈 f , u〉 |
n→∞
−−−→ 0.

�

1.2. Theory of integration

The purpose of Section 1.2.1 and Section 1.2.2 is mainly to fix notation
and provide the most important results about Lebesgue integrable functions
and the Lebesgue space Lp(Ω;Rm). We refer to the literature for the proofs,
e.g. [6], [8], [14].

Section 1.2.3 addresses Carathéodory mappings and superposition op-
erators, so-called Nemytsii mappings, between Lebesgue spaces.
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1.2.1. Integrable functions

When speaking about a measurable function f : Ω → R on a Lebesgue
measurable set Ω ⊆ Rd, we will in particular mean a LRd -BR-measurable
function, where LRd is the Lebesgue σ-algebra on Rd and BR is the Borel
σ-algebra on R B [∞,∞]. Similarly a measurable function f : Ω → Rm is
understood to be aLRd -BRm-measurable function, whereBRm is the Borel σ-
algebra on Rm. In the applications in Chapter 3 and Chapter 4, Ω is always
an open subset in Rd and hence Lebesgue measurable. We will sometimes
denote the d-dimensional Lebesgue measure λd by Vold. The symbol

∫
denotes the Lebesgue integral. A measurable function u : Ω → R is called
integrable if ∫

Ω

|u(x)| dλd(x) < ∞.

In the sequel we write
∫

Ω
f (x) dx or

∫
Ω

f dx rather than
∫

Ω
f (x) dλd(x).

We say that two functions f , g : Ω→ R agree almost everywhere (a.e.),
if they agree in every x ∈ Ω \ N where N ⊆ Ω is a set with measure
λd(N) = 0, a so-called null set. Note, that the relation ”agreeing a.e.” defines
an equivalence relation ∼ on the set of all measurable functions Ω→ R.

In the following we state three remarkable convergence results of Lebesgue’s
integration theory:

Theorem 1.28 (Monotone Convergence Theorem). Let f , fn : Ω → R,
n ∈ N be measurable functions, fn ≤ fn+1 for all n ∈ N such that

f = lim
n→∞

fn a.e. and
∫

Ω

f −1 dx < ∞.

Then f is measurable and

lim
n→∞

∫
Ω

fn dx =

∫
Ω

f dx (∈ [0,∞]).

Theorem 1.29 (Fatou’s Lemma). Let g, fn : Ω→ R, n ∈ N be measurable
functions.

(i) If
∫

Ω
g− dx < ∞ and fn ≥ g a.e. for all n ∈ N, then∫

Ω

lim inf
n→∞

fn dx ≤ lim inf
n→∞

∫
Ω

fn dx.

(ii) If
∫

Ω
g+ dx < ∞ and fn ≤ g a.e. for all n ∈ N, then

≤ lim sup
n→∞

∫
Ω

fn dx ≤
∫

Ω

lim sup
n→∞

fn dx.
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(iii) If g is integrable and | fn| ≤ g a.e. for all n ∈ N, then∫
Ω

lim inf
n→∞

fn dx ≤ lim inf
n→∞

∫
Ω

fn dx

≤ lim sup
n→∞

∫
Ω

fn dx ≤
∫

Ω

lim sup
n→∞

fn dx.

Theorem 1.30 (Dominated Convergence Theorem). Let f , fn : Ω → R,
n ∈ N be measurable functions with limn→∞ fn = f a.e. If there exists an
integrable function g : Ω→ R such that | fn| ≤ g a.e. and for all n ∈ N, then
f is integrable and

lim
n→∞

∫
Ω

fn dx =

∫
Ω

f dx.

The following assertion concerning the change of the order of integration
and differentiation is a consequence of the dominated convergence theorem:

Theorem 1.31. Let I ⊆ R be some open interval and r0 ∈ I. Assume that
ϕ : Ω × I → R satisfies the following properties:

(i) ϕ(·, r) : Ω→ R is integrable for all r ∈ I.
(ii) There is some δ > 0 such that the partial derivative ∂ϕ

∂r (x, r) exists
for all r ∈ U B (r0 − δ, r0 + δ) ∩ I, for a.e. x ∈ Ω.

(iii) There exists an integrable function g : Ω→ R such that∣∣∣∣∣∂ϕ∂r
(x, r)

∣∣∣∣∣ ≤ g(x)

for all r ∈ U and for a.e. x ∈ Ω.

Then the function Φ : I → R, r 7→
∫

Ω
ϕ(x, r) dx is differentiable at r0,

∂ϕ

∂r (·, r0) is integrable, and

d
dr

Φ(r0) =

∫
Ω

∂ϕ

∂r
(x, r0) dx.

Proof. First we note that Φ actually defines a function I → R by (i). Let
(rn)n∈N be a sequence in U such that rn , r0 for all n ∈ N and limn→∞ rn = r0.
Due to property (ii),

ϕ(·, rn) − ϕ(·, r0)
rn − r0

n→∞
−−−→

∂ϕ

∂r
(·, r0)

a.e. in Ω. Moreover, for every n ∈ N and every fixed x ∈ Ω such that ∂ϕ

∂r (x, r)
(r ∈ U) exists, the mean value theorem provides us with some ξ(n, x) ∈ U
such that ϕ(x,rn)−ϕ(x,r0)

rn−r0
=

∂ϕ

∂r (x, ξ(n, x)). Thus (ii) and (iii) imply that∣∣∣∣∣ϕ(x, rn) − ϕ(x, r0)
rn − r0

∣∣∣∣∣ =

∣∣∣∣∣∂ϕ∂r
(x, ξ(n, x))

∣∣∣∣∣ ≤ g(x),
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for a.e. x ∈ Ω. Lebesgue’s dominated convergence theorem, Theorem 1.30,
yields that ∂ϕ

∂r (·, r0) is integrable and furthermore,

d
dr

Φ(r0) = lim
n→∞

Φ(rn) − Φ(r0)
rn − r0

= lim
n→∞

∫
Ω

ϕ(x, rn) − ϕ(x, r0)
rn − r0

dx

=

∫
Ω

lim
n→∞

ϕ(x, rn) − ϕ(x, r0)
rn − r0

dx =

∫
Ω

∂ϕ

∂r
(x, r0) dx.

�
Next we present Lebesgue’s version of the fundamental theorem of calculus
and Fubini’s theorem:

Definition 1.32. A function F : [a, b]→ R is called absolutely continuous,
if for all ε > 0 there is a δ > 0 such that for all n ∈ N and all a ≤ α1 < β1 ≤

... ≤ αn < βn ≤ b with
∑n

i=1(βi − αi) < δ,

n∑
i=1

|F(βi) − F(αi)| < ε.

Theorem 1.33 (Fundamental Theorem of Calculus, Part 1). Let the func-
tion f : [a, b]→ R be integrable. Then F : [a, b]→ R given by

F(x) B
∫ x

a
f (t) dt

is absolutely continuous and F′ = f a.e. on [a, b].

Theorem 1.34 (Fundamental Theorem of Calculus, Part 2). Let the func-
tion F : [a, b] → R be absolutely continuous and set F′(x) B 0 in every
point x ∈ [a, b] where F is not differentiable. Then F′ is integrable on [a, b]
and

F(x) − F(a) =

∫ x

a
F′(t) dt (a ≤ x ≤ b).

Theorem 1.35 (Fubini’s Theorem). Let Ω1 ⊆ R
d1 and Ω2 ⊆ R

d2 be two
measurable sets, then Ω1 ×Ω2 is a measurable subset of Rd1 ×Rd2 � Rd1+d2 .
Suppose that f : Ω1 × Ω2 → R is a measurable function, such that one of
the following integrals∫

Ω1×Ω2

| f | d(x1, x2),
∫

Ω1

∫
Ω2

| f | dx2 dx1, or
∫

Ω2

∫
Ω1

| f | dx1 dx2

is finite. Then f is integrable and∫
Ω1×Ω2

f d(x1, x2) =

∫
Ω1

∫
Ω2

f dx2 dx1 =

∫
Ω2

∫
Ω1

f dx1 dx2.
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1.2.2. The space Lp

In this section, we define the space Lp(Ω;Rm) and discuss its most important
properties.

For a measurable function u : Ω→ Rm and 1 ≤ p ≤ ∞ we define

‖u‖Lp(Ω;Rm) B


(∫

Ω
|u(x)|p dx

) 1
p for 1 ≤ p < ∞,

ess supx∈Ω |u(x)| for p = ∞,

where ”ess sup” stands for the essential supremum.

Lemma 1.36. Let k ∈ N and let α1, ..., αk ∈ [0, 1] such that α1 + ...+αk = 1.
For a1, ..., ak ∈ [0,∞] one has

aα1
1 ...a

αk
k ≤ α1a1 + ... + αkak.

Lemma 1.36 is also known as the inequality for the weighted arithmetic
mean and the weighted geometric mean. It is the key to the following two
fundamental inequalities:

Theorem 1.37 (Hölder’s Inequality). Let p ∈ [1,∞] and let p′ denote its
Hölder conjugate, that is 1

p + 1
p′ = 1 with the convention 1

∞
B 0. Then any

two measurable functions u, v : Ω→ Rm satisfy

‖uv‖L1(Ω;Rm) ≤ ‖u‖Lp(Ω;Rm) ‖v‖Lp′ (Ω;Rm).

Theorem 1.38 (Minkowski’s Inequality). Let p ∈ [1,∞]. Then any two
measurable functions u, v : Ω→ Rm satisfy

‖u + v‖Lp(Ω;Rm) ≤ ‖u‖Lp(Ω;Rm) + ‖v‖Lp(Ω;Rm).

Lemma 1.39. Let u : Ω→ Rm be a measurable function and let p ∈ [1,∞].
Then

‖u‖Lp(Ω;Rm) = 0 ⇐⇒ u = 0 a.e. in Ω.

Before we define the space Lp(Ω;Rm), let us consider the space

Lp(Ω;Rm) B
{
u : Ω→ Rm : u is measurable and ‖u‖Lp(Ω;Rm) < ∞

}
,

equipped with the semi-norm ‖ · ‖Lp(Ω;Rm).
Next we consider the equivalence relation

u ∼ v⇔ u − v ∈ N(Ω;Rm) B
{
w : Ω→ Rm : w measurable, w = 0 a.e.

}
on the set of measurable functions Ω→ Rm. Note thatN(Ω;Rm) ⊆ Lp(Ω;Rm)
is a closed subspace.
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Definition 1.40. The Lebesgue space Lp(Ω;Rm), 1 ≤ p ≤ ∞ is the quotient
space

Lp(Ω;Rm) B Lp(Ω;Rm)/N(Ω;Rm)

=
{
[u] B u +N(Ω;Rm) : u ∈ Lp(Ω;Rm)

}
,

equipped with ‖ · ‖Lp(Ω;Rm). We set Lp(Ω) B Lp(Ω;R)

Remark 1.41. Although the space Lp(Ω;Rm) actually consists of classes
of functions, we will nonetheless often speak e.g. of a ”function” u ∈
Lp(Ω;Rm). Sometimes we will implicitly mean a certain representative
u ∈ [u] rather then its corresponding class [u].

Lp(Ω;Rm) is a normed space, which is actually complete, and moreover
reflexive if p ∈ (1,∞):

Theorem 1.42. Lp(Ω;Rm) is a Banach space for every p ∈ [1,∞].

Theorem 1.43. For 1 < p < ∞, Lp(Ω;Rm) is a separable reflexive Banach
space and (

Lp(Ω;Rm)
)′
� Lp′(Ω;Rm).

In particular, L2(Ω;Rm) is a separable Hilbert space with the inner product

(u, v)L2(Ω;Rm) =

∫
Ω

u · v dx.

Remark 1.44. If Ω ⊆ Rd has finite measure, i.e. λd(Ω) < ∞, one has the
following chain of inclusions (see Theorem 2.14 in [1]):

L∞(Ω;Rm) ⊆ ... ⊆ Lp(Ω;Rm) ⊆ ... ⊆ Lq(Ω;Rm) ⊆ ... ⊆ L1(Ω;Rm) (1.2)

for all 1 ≤ q ≤ p ≤ ∞. For a general Ω, (1.2) is wrong.

Theorem 1.45. Let Ω ⊆ R be open, and let 1 ≤ p < ∞. Then D(Ω) is
dense in Lp(Ω).

Proof. See Proposition 2.2.3 in [2]. �

Definition 1.46. Let Ω ⊆ Rd be measurable. A measurable function u : Ω→

R is called simple function, if u takes only a finite number of values in R.
We denote by T (Ω) the set of all simple functions on Ω.

Theorem 1.47. Let Ω ⊆ R be open, and let 1 ≤ p < ∞. Then T (Ω) is dense
in Lp(Ω).

Proof. See Satz 2.28 in [6], Kapitel VI. �

Let 1 ≤ p < ∞. A sequence (un)n∈N in Lp(Ω) with un → u in Lp(Ω)
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does generally neither converge pointwise to u, nor pointwise almost every-
where. One can easily construct a sequence in Lp(0, 1) that converges to
zero in Lp(0, 1) yet does not converge pointwise at any x ∈ (0, 1), see [6]
Beispiel 2.8 in Kapitel VI. Given a convergent sequence in Lp, one can at
least extract a subsequence which converges almost everywhere to the limit
function, as the next very useful lemma asserts.

Lemma 1.48. Let 1 ≤ p ≤ ∞ and let (un)n∈N be a sequence in Lp(Ω)
converging to u ∈ Lp(Ω). Then there exists a subsequence (unk)k∈N and a
function v ∈ Lp(Ω) such that

lim
k→∞

unk(x) = u(x) for a.e. x ∈ Ω

and
|unk(x)| ≤ v(x) for a.e. x ∈ Ω, for every k ∈ N.

1.2.3. Nemytskii mappings

Let Ω ⊆ Rd be an open subset and let j,m0,m1, ...,m j ∈ N.

Definition 1.49. We say that a mapping ϕ : Ω × Rm1 × ... × Rm j → Rm0 is
a Carathéodory mapping, if ϕ(·, r1, ..., r j) : Ω → Rm0 is measurable for all
(r1, ..., r j) ∈ Rm1 × ...×Rm j , and ϕ(x, ·) : Rm1 × ...×Rm j → Rm0 is continuous
a.e. on Ω.

Definition 1.50. Consider the functions ϕ : Ω × Rm1 × ... × Rm j → Rm0 and
ui : Ω → Rmi , i = 1, ..., j. The Nemytskii operator Nϕ maps the functions
(u1, ..., u j) to a function Nϕ(u1, ..., u j) : Ω→ Rm0 defined by(

Nϕ(u1, ..., u j)
)
(x) B ϕ

(
x, u1(x), ..., u j(x)

)
.

Lemma 1.51. The following assertions hold:

(i) If u : Ω → R is the pointwise limit of a sequence of measurable
functions un : Ω→ R, then u is measurable.

(ii) Every measurable function u : Ω → R is the pointwise limit of a
sequence of simple functions un ∈ T (Ω). Every simple function
u ∈ T (Ω) can be written as3

u =

m∑
i=1

αi χAi ,

where m ∈ N, α1, ..., αm ∈ R, and Ai ⊆ Ω are measurable for
i = 1, ...,m such that

⋃m
i=1 Ai = Ω and Ai ∩ A j = ∅ whenever

i , j. Here, χA denotes the characteristic function of the set A, i.e.
χA(x) = 1 if x ∈ A and χA(x) = 0 elsewhere.

3We say that the simple function u is given in standard form.
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Proof. See Satz 4.3, Definition 4.12 and Korollar 4.14 in [6], Kapitel
III. �

Lemma 1.52. Let α, a1, ..., a j ∈ [0,∞). Then j∑
i=1

ai


α

≤ C
j∑

i=1

aαi

for some C > 0 depending only on j and α.

Theorem 1.53. Let ϕ : Ω × Rm1 × ... × Rm j → Rm0 be a Carathéodory map-
ping and let the functions ui : Ω → Rmi , i = 1, ..., j be measurable. Then
Nϕ(u1, ..., u j) : Ω → Rm0 is measurable. Moreover, Nϕ is a bounded con-
tinuous mapping Lp1(Ω;Rm1) × ... × Lp j(Ω;Rm j) → Lp0(Ω;Rm0), 1 ≤ pi <
∞, i = 0, 1, ..., j, with

‖Nϕ(u)‖Lp0 (Ω) ≤ ‖γ‖Lp0 (Ω) + c
j∑

i=1

‖ui‖
pi/p0
Lpi (Ω;Rmi ) (1.3)

for some c > 0, provided that ϕ satisfies the growth condition

|ϕ(x, r1, ..., r j)| ≤ γ(x) + C
j∑

i=1

|ri|
pi/p0 (1.4)

for all (r1, ...r j) ∈ Rm1 × ...×Rm j , for some γ ∈ Lp0(Ω) and a constant C > 0.
If some pi = ∞, i = 1, ..., j, the same holds if the respective term | · |p1/p0 is
replaced by any continuous function.

Proof. (i) Measurability. Let us for the sake of notational simplicity
prove the assertion for the special case that ϕ : Ω×R→ R is a Carathédory
mapping and u : Ω → R is measurable. Thus we have to show that Nϕ(u) :
Ω→ R is measurable.

Let (un)n∈N be a sequence of simple functions Ω → R which converges
pointwise to u. That is, each un can be chosen of the form

un =

m∑
i=1

αi χAi ,

for some m ∈ N, where αi ∈ R, Ai ⊆ Ω are measurable such that Ai∩A j = ∅

for i , j and
⋃m

i=1 Ai = Ω. For x ∈ Ω we have that

Nϕ(un)(x) = ϕ

x,
m∑

i=1

αi χAi(x)

 =

m∑
i=1

ϕ(x, αi) χAi(x). (1.5)

Since ϕ is measurable in the first argument, the mappings Ak → R, x 7→
ϕ(x, αk), k = 1, ...,m can be represented by a countable sum of simple func-
tions defined on Ak. Thus (1.5) implies that each Nϕ(un) : Ω → R is a
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countable sum of simple functions on Ω and hence measurable. Since ϕ is
continuous in the second argument for a.e. x ∈ Ω,

Nϕ(u)(x) = lim
n→∞
Nϕ(un)(x)

for a.e. x ∈ Ω. Thus Nϕ(u) is (a.e.) the limit of a sequence of measurable
functions and therefore measurable.

Let us assume that 1 ≤ pi < ∞ for all i = 0, 1, ..., j. We do not treat the
case pi = ∞, i = 1, ..., j, since this special case runs quite the same way and
the required estimates are easier.

(ii) Boundedness. Condition (1.4) yields that

|ϕ(x, u(x))| ≤ γ(x) + C
j∑

i=1

|ui(x)|pi/p0

for all x ∈ Ω. Thus,

|ϕ(x, u(x))|p0 ≤ γ(x)p0 + c̃
j∑

i=1

|ui(x)|pi

by Lemma 1.52. Integration over Ω gives us

‖Nϕ(u)‖p0
Lp0 (Ω) ≤ ‖γ‖

p0
Lp0 (Ω) + c̃

j∑
i=1

‖ui‖
pi
Lpi (Ω;Rmi ),

and Lemma 1.52 implies (1.3).
(iii) Continuity. We set j B 1, u B u1 and p B p1. Let u ∈ Ω and let

(un)n∈N be a sequence in Lp(Ω) with

un
n→∞
−−−→ u

in Lp(Ω). By Lemma 1.48 there exists a subsequence (unk)k∈N and a function
v ∈ Lp(Ω) such that

lim
k→∞

unk(x) = u(x) and |unk(x)| ≤ v(x)

for a.e. x ∈ Ω. Therefore, by (1.4) and Lemma 1.52,

‖Nϕ(unk) − Nϕ(u)‖p0
p0

=

∫
Ω

|ϕ(x, unk(x)) − ϕ(x, u(x))|p0 dx

≤

∫
Ω

(
|ϕ(x, unk(x))| + |ϕ(x, u(x))|

)p0 dx

≤ C̃
∫

Ω

|ϕ(x, unk(x))|p0 + |ϕ(x, u(x))|p0 dx

≤ C
∫

Ω

|γ(x)|p0 + |v(x)|p + |u(x)|p dx < ∞

(1.6)

for some γ ∈ Lp0(Ω) and C > 0. Since ϕ is a Carathéodory function, we
have that

ϕ(x, unk(x))
k→∞
−−−→ ϕ(x, u(x)) (1.7)
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for a.e. x ∈ Ω. Thus, the Dominated Convergence Theorem 1.30 together
with (1.6) and (1.7) yield that

Nϕ(unk)
k→∞
−−−→ Nϕ(u) in Lp0(Ω).

Due to Proposition 1.27, the entire sequence converges:

Nϕ(un)
n→∞
−−−→ Nϕ(u) in Lp0(Ω).

�

Remark 1.54. Nemytskii operators are in general not weakly sequentially
continuous as we shall see in Example 1.56.

Example 1.55 (Weak convergence and wild oscillation). Let Ω B (a, b),
where a, b ∈ R with a < b. For n ∈ N we define un : (a, b) → R by un(x) B
sin(nx). Each un oscillates between −1 and 1 with period Tn = 2π/n, thus
Tn → 0 as n goes to∞.

We show that un ⇀ 0 in Lp(Ω) for each 1 ≤ p < ∞, that is∫ b

a
un(x) v(x) dx

n→∞
−−−→ 0

for every v ∈ Lp′(Ω). Actually we show a slightly stronger4 result: for any
z ∈ L1(Ω), ∫ b

a
sin(nx) z(x) dx

n→∞
−−−→ 0. (1.8)

Let us fist show that (1.8) holds for any z ∈ D(Ω) and then apply a density
argument to prove the general case.

So let z be an arbitrary element in D(Ω). Applying integration by parts
yields ∫ b

a
sin(nx) z(x) dx =

∫ b

a

cos(nx)
n

z′(x) dx,

thus ∣∣∣∣∣∣
∫ b

a
sin(nx) z(x) dx

∣∣∣∣∣∣ ≤ 1
n

∫ b

a
|z′(x)| dx

n→∞
−−−→ 0.

Now take some arbitrary z ∈ L1(Ω) and let ε > 0. By the density
of D(Ω) in L1(Ω), Theorem 1.45, we can find zε ∈ D(Ω) such that ‖z −
zε‖L1(Ω) < ε. Then∣∣∣∣∣∣

∫ b

a
sin(nx) z(x) dx

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∫ b

a
sin(nx) zε(x) dx

∣∣∣∣∣∣ +

∫ b

a
|z(x) − zε(x)| dx

≤

∣∣∣∣∣∣
∫ b

a
sin(nx) zε(x) dx

∣∣∣∣∣∣ + ε,

4Recall that Lp′ (Ω) ⊆ L1(Ω), see Remark 1.44.
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and since zε ∈ D(Ω),

lim sup
n→∞

∣∣∣∣∣∣
∫ b

a
sin(nx) z(x) dx

∣∣∣∣∣∣ ≤ ε.
Thus we proved that (1.8) holds for any z ∈ L1(Ω), hence un ⇀ 0 in Lp(Ω)
for 1 ≤ p < ∞.

Finally we emphasize that (un)n∈N is not convergent in Lp(Ω); the only
possible candidate for a limit is 0, see Remark 1.9, but un 9 0. If p = 2,
for example, we find that

‖un‖L2(Ω) =

∫ b

a

(
sin(nx)

)2 dx =

∫ b

a

1
2
(
1 − cos(2nx)

)
dx

=
b − a

2
−

1
4n

(
sin(2nb) − sin(2na)

) n→∞
−−−→

b − a
2

, 0.

Example 1.56. Let Ω B (0, π) and let us consider the map ϕ : R → R,
r 7→ r2. We claim that the Nemytskii operatorNϕ is not weakly sequentially
continuous as a mapping Lp(Ω)→ Lq(Ω) for any 1 ≤ p, q < ∞. To see this,

take the sequence (un)n∈N in Lp(Ω) given by un(x) B
√

2
π

sin(nx). From
Example 1.55 we get that un ⇀ 0 in any Lp(Ω), 1 ≤ p < ∞. Similarly one
shows that the sequence (wn)n∈N, wn(x) B cos(nx) converges weakly to zero
in every Lp(Ω), 1 ≤ p < ∞. So from sin2(nx) = 1

2

(
1 − cos(2nx)

)
it follows

that (un)2 ⇀ 1
π
, 0 in Lq(Ω) for every 1 ≤ p < ∞.

Note that by Theorem 1.53, Nϕ is continuous as an operator Lp(Ω) →
Lq(Ω) whenever p, q satisfy 1 ≤ p < ∞ and 1 ≤ q ≤ p/2.

The following theorem is a generalization of Lusin’s5 theorem, which roughly
states that measurable functions are continuous except for a set with arbi-
trary small but positive measure.

Theorem 1.57 (Scorza-Dragoni’s Theorem). Let Ω ⊆ Rd be open and
bounded, let S ⊆ Rm be compact and let ϕ : Ω×Rm → R be a Carathéodory
function. Then for every ε > 0 there exists a compact set Kε ⊆ Ω such that
the following properties hold:

(i) Vold(Ω \ Kε) ≤ ε.
(ii) The restriction ϕ|Kε×S : Kε × S → R is continuous.

Proof. See Theorem 3.8 in [5]. �

5See [6].
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1.3. Sobolev spaces

Sobolev spaces provide a suitable foundation for the modern theory of par-
tial differential equations. We present some important results and refer
to [1] for a detailed exposition.

Let Ω ⊆ Rd be open, and let ∇u B
(
∂
∂x1

u, ..., ∂
∂xd

u
)

denote the gradient of a
distribution6 u ∈ D′(Ω)7, where ∂

∂xi
, i = 1, ..., d is taken in the distributional

sense. For 1 ≤ p ≤ ∞ we define the Sobolev space

W1,p(Ω) B
{
u ∈ Lp(Ω) : ∇u ∈ Lp(Ω;Rd)

}
,

equipped with the norm

‖u‖W1,p(Ω) B
(
‖u‖p

Lp(Ω) + ‖∇u‖p
Lp(Ω;Rd)

) 1
p if 1 ≤ p < ∞,

‖u‖W1,∞(Ω) B max
(
‖u‖L∞(Ω), ‖∇u‖L∞(Ω;Rd)

)
.

We denote by W1,p
0 (Ω) the closure of D(Ω) in W1,p(Ω) with respect to

‖u‖W1,p(Ω). For p = 2 we use the notation H1(Ω) B W1,2(Ω) and H1
0(Ω) B

W1,2
0 (Ω). Note that the norm ‖u‖H1(Ω) stems from the scalar product

(u, v)H1(Ω) B

∫
Ω

uv dx +

∫
Ω

∇u · ∇v dx

Theorem 1.58. W1,p(Ω) is a Banach space. Furthermore, W1,p(Ω) is sep-
arable if 1 ≤ p < ∞ and reflexive if 1 < p < ∞. In particular, H1(Ω) is a
separable Hilbert space.

Proof. See Theorems 3.3 and 3.6 in [1]. �

The next result holds true in dimension d = 1 only, see [7] end of section
5.2.2.

Proposition 1.59. Let I ⊆ R be an open interval. Then u ∈ W1,p(I) if and
only if u equals a.e. an absolutely continuous function ũ : I → R whose
classical derivative (which exists a.e. in I) belongs to Lp(I).

From now on, let Ω ⊆ Rd be a bounded domain, i.e. open and connected
with C1-boundary Γ B ∂Ω. More generally, all theorems in this section
remain true if Ω is a bounded Lipschitz domain, i.e. Ω has a Lipschitz
boundary8 Γ (c.f. the discussion of geometric properties of domains at the

6Consult e.g. Chapter 6 in [15] for an introduction to the theory of distributions.
7The space of real-valued distributions.
8That is, that each point x ∈ Γ has a neighborhood Ux ⊆ R

d such that Ux ∩ Γ is the
graph of a Lipschitz continuous function.
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beginning of Chapter 4 in [1]). Additionally, unless differently specified,
we assume that 1 ≤ p < ∞.

Theorem 1.60 (Approximation Theorem). LetW1,p(Ω) denote the closure
of C∞(Ω) in Lp(Ω) with respect to ‖u‖W1,p(Ω). Then

W1,p(Ω) =W1,p(Ω).

Proof. See Theorem 3.22 in [1]. �

Remark 1.61. The statement of Theorem 1.60 is wrong if p = ∞: put Ω B
(−1, 1) and u(x) B |x| for x ∈ Ω. Then u′(x) = x/|x| for a.e. x ∈ Ω, so u ∈
W1,∞(Ω). But there is no sequence of smooth functions ϕn ∈ C

∞(Ω) such
that ‖ϕ′n − u′‖L∞(Ω) → 0, because the class [u′] ∈ L∞(Ω) has no continuous
representative.

We define the Sobolev conjugate p∗ of p by

p∗ B


dp

d−p for p < d,
an arbitrary element of [1,∞) for p = d,
∞ for p > d.

Theorem 1.62 (Sobolev’s Embedding Theorem). Let 1 ≤ p ≤ ∞. Then

W1,p(Ω) ↪→ Lq(Ω)

for all q ∈ [1, p∗]. More precisely, any element u ∈ W1,p(Ω) belongs to
Lq(Ω), and there exists a constant C > 0 depending only on p and Ω such
that

‖u‖Lp(Ω) ≤ C‖u‖W1,p(Ω)

for all u ∈ W1,p(Ω).

Proof. See Theorem 4.12 in [1]. �

Theorem 1.63 (The Rellich-Kondrachov Theorem). The embedding
W1,p(Ω) ↪→ Lq(Ω), 1 ≤ p ≤ ∞, is compact for all q ∈ [1, p∗). We use the
shorthand notation:

W1,p(Ω) b Lq(Ω).

Proof. See Theorem 6.3 in [1]. �

Remark 1.64. We will apply Theorem 1.63 in the following way. Suppose
a given sequence (un)n∈N is bounded in W1,p(Ω). Then its image under the
embedding W1,p(Ω) ↪→ Lq(Ω), 1 ≤ q < p∗ is relatively compact in Lq(Ω)
(c.f. Definition 1.2), i.e. there exists u ∈ Lq(Ω), and a subsequence (unk)k∈N

such that unk → u in Lq(Ω). In the particular case, that un ⇀ u in W1,p(Ω),
we find that un → u in Lq(Ω), 1 ≤ q < p∗; we applied Theorem 1.25 to
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obtain boundedness of (un)n∈N and Theorem 1.27 to get convergence of the
entire sequence.

Theorem 1.65 (Trace Theorem). There exists a unique bounded linear
operator

T : W1,p(Ω)→ Lp(Γ)

such that
Tu = u|Γ

for all u ∈ W1,p(Ω) ∩ C(Ω). More precisely, T satisfies

‖Tu‖Lp(Γ) ≤ N‖u‖W1,p(Ω)

for all u ∈ W1,p(Ω), where N > 0 depends only on p and Ω.
T is called trace operator, and u|Γ B Tu is called the trace of u.

Proof. See Theorem 1 in [7], Part II, Chapter 5.5. �

Theorem 1.66 (Trivial Traces). It holds that

W1,p
0 (Ω) =

{
u ∈ W1,p(Ω) : u|Γ = 0

}
.

Proof. See Theorem 2 in [7], Part II, Chapter 5.5. �

Theorem 1.67 (Trace Embedding Theorem). The trace operator T re-
mains continuous as an operator

T : W1,p(Ω)→ Lq(Γ)

for all q ∈ [1, p#], where

p# B


dp−p
d−p for p < d,

an arbitrary element of [1,∞) for p = d,
∞ for p > d.

Moreover, T : W1,p(Ω)→ Lq(Γ) is compact for all q ∈ [1, p#).

Proof. This is a special case of Theorem 1.1 in [3]. �

Theorem 1.68 (Green’s Formula). Let ν = (ν1, ..., νd) : Γ→ Rd denote the
unit outward field on Γ. For any u ∈ W1,p(Ω) and w ∈ W1,p′(Ω;Rd),∫

Ω

(
u div(w) + w · ∇u

)
dx =

∫
Γ

u (w · ν) dS . (1.9)

Proof. See Lemma 14.4 in [17]. �

A special case of Theorem 1.68 is the following integration by parts for-
mula for trace-zero functions:
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Theorem 1.69. Let u, v ∈ W1,p(Ω) with either u or v having trivial trace.
Then ∫

Ω

∂u
∂xi

v dx = −

∫
Ω

u
∂v
∂xi

dx

for i = 1, ..., d.

Theorem 1.70 (Poincaré’s Inequality). There exists a constant N > 0
depending on p, d and Ω such that for all u ∈ W1,p

0 (Ω)

‖u‖Lp(Ω) ≤ N‖∇u‖Lp(Ω;Rd). (1.10)

Theorem 1.70 is a special case of the following

Theorem 1.71. Let X be a closed subspace of W1,p(Ω) such that the only
constant function belonging to X is the function which is identically zero.
Then there exists a constant N > 0 such that

‖u‖Lp(Ω) ≤ N‖∇u‖Lp(Ω;Rd) (1.11)

for all u ∈ X.

Proof. Let us assume the contrary. That is, there exists a sequence
(vn)n∈N in X such that for all n ∈ N

‖vn‖Lp(Ω) > n‖∇vn‖Lp(Ω;Rd).

We set un B vn/‖vn‖Lp(Ω), then (un)n∈N is a sequence in X such that for every
n ∈ N

‖un‖Lp(Ω) = 1 and ‖∇un‖Lp(Ω;Rd) <
1
n
.

Thus, (un)n∈N is bounded in W1,p(Ω) and Theorem 1.63 tells us, that (un)n∈N

is relatively compact in Lp(Ω). Hence we can extract a subsequence (unk)k∈N

with
unk

k→∞
−−−→ u in Lp(Ω)

for some u ∈ Lp(Ω). Since

∇unk

k→∞
−−−→ 0 in Lp(Ω;Rd),

we conclude that Du = 0, thus u = c = constant and

unk

k→∞
−−−→ c in W1,p(Ω).

Since X is closed, we have that c ∈ X, hence c = 0 due to our assumptions.
But this contradicts the fact that 1 = ‖unk‖Lp(Ω) ≤ ‖unk‖W1,p(Ω) for all k ∈
N. �

Theorem 1.72. Let 1 ≤ q ≤ p∗. Then there exists a constant N > 0
depending on p, q, d and Ω such that for all u ∈ W1,p(Ω)

‖u‖W1,p(Ω) ≤ N
(
‖∇u‖Lp(Ω;Rd) + ‖u‖Lq(Ω)

)
. (1.12)
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Proof. The proof is very similar to the proof of Theorem 1.71. Let
q ∈ [1, p∗]. Then any u ∈ W1,p(Ω) belongs to Lq(Ω) by Theorem 1.62.
Let us assume that there is no constant N such that (1.12) holds for every
u ∈ W1,p(Ω). Then there exists a sequence (vn)n∈N in W1,p(Ω) with

‖vn‖W1,p(Ω) > n
(
‖∇vn‖Lp(Ω;Rd) + ‖vn‖Lq(Ω)

)
.

We set un B vn/‖vn‖W1,p(Ω), then

‖un‖W1,p(Ω) = 1 and ‖∇un‖Lp(Ω;Rd) + ‖un‖Lq(Ω) <
1
n

(1.13)

for all n ∈ N. Hence, (un)n∈N is a bounded sequence in W1,p(Ω), and by
Theorem 1.63 there is a subsequence (unk)k∈N converging in Lp(Ω) to some
u ∈ Lp(Ω). It follows from (1.13), that the gradient of u vanishes. Therefore
u is constant almost everywhere in Ω. On the other hand, (1.13) implies that
‖u‖Lq(Ω) = 0, hence u = 0. This is a contradiction, because ‖unk‖W1,p(Ω) = 1
for all k ∈ N. �





CHAPTER 2

Functional Analytic Methods

Orientation

This chapter is largely based on the Chapters 38-42 in [23]. Let us outline
the basic ideas. One of the main results of this chapter is Theorem 2.37. It
yields existence of a solution to the abstract operator equation

A(u) = f (2.1)

where A denotes an operator X → X′, and f stands for an arbitrary ele-
ment in X′. The requirements for Theorem 2.37 are, roughly speaking, the
following:

(i) A is the derivative of a functional F : X′ → R,
(ii) X is a reflexive Banach space.

(iii) F satisfies a certain continuity property,
(iv) F tends faster then linear to∞ for ‖u‖X → ∞.

In this connection, equation (2.1) is sometimes called the abstract Euler
equation to the Euler-Lagrange functional F.

In Section 2.4 we will make precise, what ”differentiable” means in this
context. And we will see, that, as in classical calculus, any local minimum
u0 of a differentiable functional F is a critical point, i.e. F′(u0) = 0; see
Proposition 2.24. Hence any global minimum of G B F − f solves (2.1).

We point out, that not every operator A is a potential operator, i.e. the
derivative of a functional F. In Section 2.5, we characterize potential oper-
ators and thereby give a complete answer the question whether property (i)
is satisfied. In a real Hilbert space H for example, a bounded linear operator
B : H → H � H′ is a potential operator if and only if B is symmetric; see
Example 2.42 in 2.6.

Theorem 2.37 is based on Theorem 2.13 in Section 2.2. It asserts the ex-
istence of a global minimum of a (not necessarily differentiable) functional
F under the requirements (ii)-(iv). Of course it would suffice to identify a
local minimum or a local maximum or a saddle point of the above functional
G in order to solve (2.1). However we restrict ourselves to global minimiza-
tion (and global maximization by considering −G). The proof or Theorem
2.13 relies on the direct method in the calculus of variations. This method
goes back to Hilbert, who used it in giving a proof to Dirichlet’s principle
under certain restrictions in 1900. The importance of Hilbert’s method is
not only the fact, that he succeeded in giving a rigorous proof of Dirichlet’s

25
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principle, but perhaps more in the fact that he operated with the admissi-
ble functions themselves as mathematical objects [11]. The direct method
can be sketched as follows. One chooses a minimizing sequence, which
always exists by the definition of the infimum. Property (iv) now guaran-
tees that this sequence is bounded. Since X is assumed to be reflexive, this
sequence possesses a weakly convergent subsequence; c.f. Theorem 2.4.
The required continuity property yields that the limit function attains the
infimum.

Theorem 2.13 can be considered as a generalization of Weierstraß’ clas-
sical extreme value theorem for continuous functions on a compact interval
[a, b].

Throughout this chapter let X = (X, ‖ · ‖) denote a real Banach space.

2.1. Weak compactness in reflexive Banach spaces

The closed unit ball in an infinite-dimensional Banach space X is not com-
pact:

Theorem 2.1 (Riesz). The closed unit ball B1(0) = {u ∈ X : ‖u‖ ≤ 1} is
compact if and only if X is finite-dimensional.

If X is reflexive and (un)n∈N is a bounded sequence in X, we can at least
extract a subsequence which converges weakly to some element u ∈ X.
This is the assertion of Theorem 2.4. For the proof, we need the following
two lemmas.

Lemma 2.2. The following assertions hold true.

(i) If X is reflexive, so is every closed subspace.
(ii) X is reflexive if and only if X′ is.

Proof. (i). Let V be a closed subspace of X, and let j denote the inclu-
sion mapping V ↪→ X. We define j′′ : V ′′ → X′′ via

〈 j′′F, f 〉 B 〈F, f |V〉, F ∈ V ′′, f ∈ X′.

The linear mapping j′′ is isometric, since by Hahn-Banach’s theorem,
Theorem 1.14,

‖F‖V′′ = sup
‖ f ‖V′ ≤1

f∈V′

|〈F, f 〉| = sup
‖ f ‖X′ ≤1

f∈X′

|〈F, f |V〉| = ‖ j
′′F‖X′′

for all F ∈ V ′′. This shows, that j′′ is injective with inverse mapping
( j′′)−1 : j′′(V ′′)→ V ′′.
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Next, let ιX and ιV denote the canonical embeddings X ↪→ X′′ and V ↪→
V ′′ respectively according to Theorem 1.16. For any v ∈ V and f ∈ X′,

〈 j′′(ιVv), f 〉 = 〈ιVv, f |V〉 = 〈 f |V , v〉 = 〈 f , jv〉 = 〈ιX( jv), f 〉.

So far we have proved that the following diagram commutes:

V
ιV //

j

��

V ′′

j′′

��
X

ιX
// X′′

After the preceding preparations it is not hard to see that ιV is onto. Let
F ∈ V ′′ be arbitrary. Since ιX is bijective, there exists a unique u ∈ X such
that j′′F = ιXu. Now for any f ∈ X′ which vanishes on V it holds that

0 = 〈F, f |V〉 = 〈 j′′F, f 〉 = 〈ιXu, f 〉 = 〈 f , u〉.

Therefore Theorem 1.22 implies that u ∈ V . This shows that j′′(V ′′) =

ιX( j(V)), hence ιV = ( j′′)−1 ◦ ιX ◦ j is bijective.
(ii). Let ιX, ιX′ denote the canonical embeddings X → X′′ and X′ →

(X′′)′ C X′′′ respectively.
First, suppose that X is reflexive and consider the two mappings

j1 : X′ → X′′′ j2 : X′′′ → X′

x′ 7→ x′ ◦ ι−1
X x′′′ 7→ x′′′ ◦ ιX

which are inverse to each other. For x′ ∈ X′ and x′′ ∈ X′′,

j1(x′)(x′′) = 〈x′, ι−1
X x′′〉 = 〈ιX(ι−1

X x′′), x′〉 = 〈x′′, x′〉 = ιX′(x′)(x′′),

thus j1 = ιX′ and therefore j2 = ι−1
X′ . This shows that X′ is reflexive.

On the other hand, if X′ is reflexive, so is X′′. Therefore the closed
subspace ιX(X) � X of X′′ is reflexive by (i). �

Lemma 2.3. Let X be a separable, reflexive Banach space. Then its dual
X′ is a separable, reflexive Banach space.

Proof. By Lemma 2.2, X′ is a reflexive Banach space. We prove, that
X′ is separable. Let (un)n∈N be a sequence of unit vectors such that its linear
hull is dense in X, i.e.

X = span({un : n ∈ N}).

This is possible, since X is separable. Hahn-Banach’s theorem, Theorem
1.15, implies that for every n ∈ N there is some fn ∈ X′ with ‖ fn‖X′ = 1,
such that 〈 fn, un〉 = 1. Let E′ denote the closure of the linear hull of ( fn)n∈N:

E′ B span({ fn : n ∈ N}).

Then E′ is a closed subspace of X′. We claim that E′ = X′.
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Assume the contrary, i.e. there is some f ∈ X′ \ E′. Since E′ ⊆ X′ is
a closed subspace, Hahn-Banach’s theorem, Theorem 1.22, gives us some
F ∈ X′′ such that 〈F, f 〉 = 1 and 〈F, g〉 = 0 for any g ∈ E′. Set F0 B
F/‖F‖X′′ . By reflexivity of X, there is a unique u0 ∈ X such that F0 = ιu0,
where ι denotes the canonical embedding X ↪→ X′′. Note that ‖u0‖X = 1.
Now, for every n ∈ N we have that

‖u0 − un‖X = ‖ι(u0 − un)‖X′′ ≥ | 〈ι(u0 − un), fn〉 | = | 〈F0, fn〉 − 〈 fn, un〉 | = 1,

which contradicts our assumption that (un)n∈N is dense in the unit sphere
{x ∈ X : ‖x‖X = 1}. Hence E′ = X′, therefore X is separable. �

Theorem 2.4. Each bounded sequence in a reflexive Banach space X has a
weakly convergent subsequence.

Proof. Let (un)n∈N be a bounded sequence in X, set C B supn∈N ‖un‖.
Let E ⊆ X denote the subspace generated by (un)n∈N, i.e.

E B span({un : n ∈ N}).

Thus E is a separable Banach space, which is reflexive by Lemma 2.2. Due
to Lemma 2.3, E′ is separable and reflexive as well. Let { fn}n∈N be a dense
subset in E′. We find that each sequence

(〈 fn, ui〉)i∈N, n ∈ N

is bounded in R, and hence possesses a convergent subsequence. By a sim-
ple diagonal argument we can extract one subsequence (uik)k∈N, such that
for every n ∈ N,

lim
k→∞

〈
fn, uik

〉
∈ R

exists. For k ∈ N let us define the functionals Gk : E′ → R by

Gk( f ) B
〈

f , uik
〉
.

Each Gk is an element of E′′, the sequence (‖Gk‖E′′)k∈N is bounded by C and
the sequence (Gk( fn))k∈N converges for every fn as k → ∞. Thus Theorem
1.11 tells us, that the limit functional

G : E′ → R, G( f ) B lim
k→∞

〈
f , uik

〉
exists and lies in E′′.

Since E is reflexive, the functional G has the unique representation G =

ιu, u ∈ E, where ι is the canonical embedding X ↪→ X′′. This shows

lim
k→∞
〈 f , uik〉 = G( f ) = 〈ι(u), f 〉 = 〈 f , u〉 , f ∈ E′,

thus we proved weak convergence of the sequence (uik)k∈N in E.
Finally, note that for any f ∈ X′,

lim
k→∞

〈
f , uik

〉
= lim

k→∞

〈
f |E , uik

〉
=

〈
f |E , u

〉
= 〈 f , u〉 ,

since uik ∈ E for all k ∈ N and u ∈ E. Hence (uik)k∈N converges weakly in
X. �
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2.2. Main theorem for extremal points

Definition 2.5. Let u ∈ X and let F : X → R be a functional.
(i) F is called lower semicontinuous in u if

F(u) ≤ lim inf
n→∞

F(un) (2.2)

for any sequence (un)n∈N in X which converges to u.
(ii) F is called weakly sequentially lower semicontinuous in u if (2.2)

holds for any sequence (un)n∈N in X which converges weakly to u.
(iii) If X is the dual of some normed space Y , i.e. X = Y ′, then F is

called weak* sequentially lower semicontinuous in u if (2.2) holds
for any sequence (un)n∈N in X which weak* converges to u.

If F is (weakly sequentially/weak* sequentially) lower semicontinuous
in every u ∈ X, then F is called (weakly sequentially/weak* sequentially)
lower semicontinuous.

Remark 2.6. Let F : X → R be a functional.
(i) F is lower semicontinuous in u ∈ X if and only if

∀ε > 0 ∃δ > 0 such that ∀v ∈ Bδ(u) : F(v) > F(u) − ε.

(ii) F is continuous if and only if both F and −F are lower semicon-
tinuous.

(iii) F is usually called upper semicontinuous, if −F is lower semicon-
tinuous.

(iv) F is called weakly (weak*) sequentially continuous if both F and
−F are weakly (weak*) sequentially lower semicontinuous, i.e.

un ⇀ u implies lim
n→∞

F(un) = F(u),

and accordingly

un
∗
⇀ u implies lim

n→∞
F(un) = F(u).

Example 2.7. Let Ω ⊆ Rd be open and consider the Banach space X B(
L1(Ω), ‖ · ‖L1(Ω)

)
consisting of all integrable functions u : Ω → R. The

L1-norm ‖ · ‖L1(Ω) C F : L1(Ω) → R is weakly sequentially lower semicon-
tinuous.

Let us first note that F is continuous, hence in particular lower semicon-
tinuous, because the norm of a normed space is always continuous.

In order to demonstrate that F is weakly sequentially lower semicon-
tinuous, take some arbitrary u ∈ X and let (un)n∈N be a sequence which
converges weakly to u:

un ⇀ u.
Let

L B lim inf
n→∞

F(un)
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and observe that L < ∞ due to Theorem 1.25 and the continuity of F.
Restricting our attention, if necessary, to a subsequence, we can without
loss of generality assume that L = limn→∞ F(un). Therefore we can find for
every ε > 0 some nε ∈ N such that for every n ≥ nε,

F(un) ≤ L + ε.

Next, fix ε > 0. By Mazur’s theorem, Theorem 1.24, there exists a sequence
(vk)k∈N lying in the convex hull co({un : n ≥ nε}) and converging strongly to
u, that is

vk → u in X.
Every vk can be written as vk =

∑Nk
i=nε

αi
kui, where Nk ≥ nε and αi

k ∈ [0, 1]
such that

∑Nk
i=nε

αi
k = 1. Exploiting the sublinearity of F, we deduce that

F(vk) ≤
Nk∑

i=nε

αi
kF(ui) < L + ε

for any k ∈ N. Due to lower semicontinuity of F we conclude that

F(u) ≤ lim inf
k→∞

F(vk) ≤ L + ε = lim inf
n→∞

F(un) + ε.

Thus F is weakly sequentially lower semicontinuous, since ε was arbitrary.
Note that ‖ · ‖L1(Ω) is not weakly sequentially continuous, see Example

1.55.

Remark 2.8. The procedure in the above example to deduce weak sequen-
tial lower semiconinuity from lower semicontinuity does not only apply to
sublinear functionals like norms, but generally to convex functionals. In this
case one may apply Jensen’s inequality, Lemma 2.15, in the last step.

This important feature of convex functionals is discussed in Theorem
2.19. Its proof does not rely on Mazur’s theorem, but on Theorem 1.23.
However, both ways are ultimately based on the separation theorem, Theo-
rem 1.20.

The superadditivity of the limit inferior yields that (weak sequential) lower
semicontinuity is preserved under finite summation:

Proposition 2.9. Let F,G : X → R be two (weakly sequentially) lower semi-
continuous functionals. Then F +G is (weakly sequentially) lower semicon-
tinuous.

Proof. We prove the weak case only. Let u ∈ X and let (un)n∈N be a
sequence in X which converges weakly to u. Then

lim inf
n→∞

(
F + G

)
(un) = lim inf

n→∞

(
F(un) + G(un)

)
≥ lim inf

n→∞
F(un) + lim inf

n→∞
G(un)

≥ F(u) + G(u).
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�

Definition 2.10. Let F : X → R be a functional and let A : X → X′ be an
operator.

(i) F is called coercive, if

lim
‖u‖→∞

F(u)
‖u‖

= ∞.

(ii) F is called weakly coercive, if

lim
‖u‖→∞

F(u) = ∞.

(iii) A is called coercive if

lim
‖u‖→∞

〈A(u), u〉
‖u‖

= ∞.

Definition 2.11. For a functional F : X → R and λ ∈ R we define the
sublevel set (or lower λ-level set) levλ(F) of F by

levλ(F) B {u ∈ X : F(u) ≤ λ} ⊆ X.

Proposition 2.12. Let F : X → R be a functional. The following are equiv-
alent:

(i) F is weakly coercive.
(ii) levλ(F) is bounded in X for any λ ∈ R.

Proof. (i)⇒(ii). If for some λ0 ∈ R the sublevel set Mλ0(F) is not
bounded, then there exists a sequence (un)n∈N in X such that ‖un‖ → ∞ as
n→ ∞ and F(un) ≤ λ0 for all n ∈ N. Hence F is not weakly coercive.

(ii)⇒(i). If F is not weakly coercive, there exists an unbounded se-
quence (un)n∈N in X and some λ0 ∈ R such that F(un) ≤ λ0 for all n ∈ N. �

Theorem 2.13. Let F : X → R be a weakly sequentially lower semicontin-
uous and weakly coercive functional on the real, reflexive Banach space X.
Then there exists an element u0 ∈ X with

F(u0) = min
u∈X

F(u) = α ∈ R.

Proof. Take a sequence (un)n∈N in X such that

lim
n→∞

F(un) = inf
u∈X

F(u) C α

By weak coercivity, (un) is bounded, c.f. Proposition 2.12. Since X is as-
sumed to be reflexive, there exists a subsequence (un j) j∈N and an element
u0 ∈ X such that un j ⇀ u0 due to Theorem 2.4. As F is weakly lower
semicontinuous,

F(u0) ≤ lim inf
j→∞

F(un j) = lim
j→∞

F(un j) = α

This implies that α = F(u0) ∈ R is a minimum of F. �
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2.3. Convex functionals

In this section we discuss a very important class of functionals: convex
functionals. They possess two remarkable features:

(i) strictly convex functionals attain at most one minimum (unique-
ness).

(ii) convex functionals are weakly sequentially lower semicontinuous,
if they are lower semicontinuous (existence).

Definition 2.14. Let M ⊆ X be a convex subset and let F : M → R be a
functional. F is said to be convex if

F((1 − t)u + tv) ≤ (1 − t)F(u) + tF(v)

for all u, v ∈ M and for all t ∈ (0, 1). F is strictly convex if this inequality is
strict whenever u , v.

Inductively one obtains

Lemma 2.15 (Jensen’s Inequality). Let M ⊆ X be a convex subset and
let F : M → R be a convex functional. For any finite number of points
u1, ..., un ∈ X and α1, ..., αn ∈ [0, 1] such that

∑n
i=1 αi = 1,

F

 n∑
i=1

αiui

 ≤ n∑
i=1

αiF(ui).

Theorem 2.16. The functional F : X ⊇ M → R has at most one minimum
on M if the following conditions hold:

(i) M ⊆ X is convex
(ii) F is strictly convex.

Proof. Having two minima u , v, (ii) implies

F(
1
2

u +
1
2

v) <
1
2

F(u) +
1
2

F(v) = min
w∈M

F(w),

a contradiction showing u = v. �

Proposition 2.17. Let F : X ⊇ M → R be a convex functional. Then any
local minimum of F is a global minimum.

Proof. Let u0 be a local minimum of F, i.e. there exists ε > 0 such that
F(u0) ≤ F(w) for all w ∈ Bε(u0) ∩ M. Let u ∈ M \ {u0}. Then there is some
λ ∈ (0, 1] such that u0 + λ(u − u0) ∈ Bε(u0) ∩ M. Since F is convex, we get

F(u0) ≤ F(u0 + λ(u − u0)) ≤ λF(u) + (1 − λ)F(u0).

This implies F(u0) ≤ F(u), thus u0 is a global minimum. �

Lemma 2.18. Let F : X → R be a functional.
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(1) The following are equivalent:
(i) F is lower semicontinuous.

(ii) levλ(F) is closed for each λ ∈ R.
(2) The following are equivalent:

(i) F is weakly sequentially lower semicontinuous.
(ii) levλ(F) is weakly sequentially closed for each λ ∈ R.

Proof. We only proof assertion (2). The proof of (1) is almost identical
to the proof of (2).

(i)⇒(ii). For an arbitrary λ ∈ R let (un)n∈N be a sequence in levλ(F),
which converges weakly to u0 ∈ X. Since F is weakly sequentially lower
semicontinuous in u0, we have that

F(u0) ≤ lim inf
n→∞

F(un) ≤ λ.

Thus u0 ∈ levλ(F).
(ii)⇒(i). If F is not weakly sequentially lower semicontinuous, then

there exists some u0 ∈ X and a sequence (un)n∈N in X such that

un ⇀ u0 and lim inf
n→∞

F(un) < F(u0).

Choose λ ∈ R with
lim inf

n→∞
F(un) < λ < F(u0).

Then there exists a subsequence (unk)k∈N which lies entirely in levλ(F) and

unk ⇀ u0.

Hence levλ(F) is not weakly sequentially closed, because u0 < levλ(F). �

Theorem 2.19. Let X be a real Banach space and let F : X → R be a
convex functional. The following assertions are equivalent:

(i) F is lower semicontinuous.
(ii) F is weakly sequentially lower semicontinuous.

Proof. Let F : X → R be convex and observe that levλ(F) is convex for
all λ ∈ R: for u, v ∈ levλ(F) and t ∈ [0, 1] we have that

F(tu + (1 − t)v) ≤ tF(u) + (1 − t)F(v) ≤ tλ + (1 − t)λ = λ,

hence tu + (1 − t)v ∈ levλ(F). Therefore

(i)
2.18
⇐⇒ levλ(F) is closed for all λ ∈ R
1.23
⇐⇒ levλ(F) is weakly sequentially closed for all λ ∈ R
2.18
⇐⇒ (ii).

�
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Remark 2.20. We will later1 prove a result that is similar to Theorem 2.19.
Under the additional assumption of differentiability of F we will then be
able to give a constructive proof which does not make use of Hahn-Banach’s
separation theorem.

Example 2.21. The norm ‖ · ‖X is weakly sequentially lower semicontinu-
ous. For a sequence (un)n∈N in X with un ⇀ u, we have that

lim inf
n→∞

‖un‖X ≥ ‖u‖X.

Let us conclude this section with the following useful convexity criterion.

Proposition 2.22. Let M be a convex subset of a real vector space X and
let F : M → R be a functional. For u, v ∈ M we set ϕu,v(t) B F(u + t(v−u)),
ϕu,v : [0, 1]→ R. Then:

F is (strictly) convex ⇐⇒ ϕu,v is (strictly) convex on [0, 1] for all u, v ∈ M

Proof. ”⇐”: Let t ∈ (0, 1). For all u, v ∈ M,

F((1 − t)u + tv) = F(u + t(v − u))
= ϕu,v(t)
≤ (1 − t)ϕu,v(0) + tϕu,v(1)
= (1 − t)F(u) + tF(v)

”⇒”: Let λ ∈ (0, 1) and let t, s ∈ [0, 1], then for all u, v ∈ M,

ϕu,v((1 − λ)t + λs) = F(u + ((1 − λ)t + λs)(v − u))
= F((1 − λ)(u + t(v − u)) + λ(u + s(v − u)))
≤ (1 − λ)F(u + t(v − u)) + λF(u + s(v − u))
= (1 − λ)ϕu,v(t) + λu,vϕ(s)

�

2.4. Differentiable functionals

We discuss G-differentiable functionals. The main result of this section is
Theorem 2.31, which states that a G-differentiable functional F is convex if
and only if its G-derivative F′ is monotone. Another highlight is Theorem
2.37 on the resolvability of the abstract operator equation F′(u) = f . It is
the basis for the existence theory of solutions to the boundary value problem
(3.1) in Chapter 3.

1C.f. Corollary 2.33 (ii).
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Definition 2.23. Let (X1, ‖ · ‖1) and (X2, ‖ · ‖2) be two real Banach spaces,
let A : X1 → X2 be a mapping and let u, h ∈ X1. If there exists an element
δ ∈ X2 such that

lim
t→∞

∥∥∥∥∥A(u + th) − A(u)
t

− δ

∥∥∥∥∥
2

= 0,

then we say that A has the directional derivative DA(u, h) B δ at u in di-
rection h. If the mapping h 7→ DA(u, h), X1 → X2 is linear and continuous,
we say that A has the Gâteaux differential - or shorter: G-differential - at
u, denoted by A′(u) ∈ L(X1, X2). We call A G-differentiable if A′(u) ex-
ists for every u ∈ X1; then the G-derivative A′ of A defines a mapping
X1 → L(X1, X2).

In the special case X2 = R, a G-differentiable functional F : X1 → R has
the G-derivative F′ : X1 → X1

′ and DF(u, h) is usually written as 〈F′(u), h〉.

Proposition 2.24. Let F : X → R be a G-differentiable functional. If F has
a local minimum at u0 ∈ X, then u0 is a critical point, i.e. F′(u0) = 0.

Proof. For h ∈ X we define the function ϕh : R → R, ϕh(t) B F(u0 +

th). By our assumptions every ϕh is differentiable on R and attains a local
minimum at 0. Therefore

0 = ϕh
′(0) = DF(u0, h) for all h ∈ X.

�

Definition 2.25. Let A : X → X′ be an operator.
(i) A is called monotone if

〈A(u) − A(v), u − v〉 ≥ 0

for all u, v ∈ X.
(ii) A is called strictly monotone if A is monotone and

〈A(u) − A(v), u − v〉 > 0

whenever u , v.
(iii) A is called uniformly monotone if there exists a continuous strictly

monotonically increasing function a : R+
0 → R

+
0 with a(0) = 0 such

that limξ→∞ a(ξ) = ∞ and

〈A(u) − A(v), u − v〉 ≥ a(‖u − v‖) ‖u − v‖

for all u, v ∈ X.
(iv) A is called strongly monotone if there exists a constant c > 0 such

that
〈A(u) − A(v), u − v〉 ≥ c‖u − v‖2

for all u, v ∈ X.

Remark 2.26. Note that
(i) strongly monotone operators are uniformly monotone, and that
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(ii) uniformly monotone operators are both strictly monotone and co-
ercive.

We start with the observation, that monotone operators are locally bounded:

Proposition 2.27. Let A : X → X′ be monotone. Then A is locally bounded,
that is2

∀u ∈ X ∃ε > 0 ∃M > 0 ∀v ∈ Bε(u) : ‖A(u)‖X′ ≤ M. (2.3)

Proof. Let us suppose, that (2.3) does not hold. Then there exists some
u ∈ X and a sequence (un)n∈N in X converging to u such that ‖A(un)‖X′ →
∞. We assume without loss of generality that u = 0 and put cn B 1 +

‖A(un)‖X′ ‖un‖ ≥ 1 for n ∈ N. Since A is monotone, we have for any v ∈ X
that

0 ≤ 〈A(v) − A(un), v − un〉 = 〈A(un), un〉 + 〈A(v), v − un〉 − 〈A(un), v〉 .

Hence〈
c−1

n A(un), v
〉
≤
〈A(un), un〉 + 〈A(v), v − un〉

cn

≤
‖A(un)‖X′ ‖un‖

cn
+
‖A(v)‖X′(‖v‖ + ‖un‖)

cn

≤ 1 + ‖A(v)‖X′(‖v‖ + ‖un‖)
n→∞
−−−→ 1 + ‖A(v)‖X′ ‖v‖.

Since the above estimate holds for −v as well, we conclude that for all v ∈ X

lim sup
n→∞

∣∣∣∣〈c−1
n A(un), v

〉∣∣∣∣ < ∞.
Therefore the uniform boundedness principle, Theorem 1.10, yields that the
family {

c−1
n ‖A(un)‖X′

}
n∈N

is uniformly bounded, say by N ∈ R+. Thus ‖A(un)‖ ≤ N(1 + ‖A(un)‖X′) for
all n ∈ N. This implies

‖A(un)‖X′ ≤
N

1 − N‖un‖

n→∞
−−−→ N,

which contradicts our assumption that ‖A(un)‖X′ → ∞. �

Corollary 2.28. If A : X → X′ is linear and monotone, then A is continuous.

The next theorem establishes the connection between the convexity of a
differentiable functional F and the monotonicity of its derivative F′. It is
based on the following proposition for real functions:

Proposition 2.29. Let ϕ : [a, b]→ R be differentiable3.
2C.f. Definition 1.2.
3The derivatives in the boundary points are understood to be the corresponding one-

sided derivatives. We will recurrently make this abuse of notation in the sequel.
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(i) ϕ is (strictly) convex on [a, b] if and only if ϕ′ is (strictly) mono-
tonically increasing on [a, b].

(ii) If ϕ is convex on [a, b] then ϕ′ is continuous on (a, b).

Proof. The proof of assertion (i) can be found in most textbooks on
calculus, see e.g. Satz 49.7 in [10]. See Problem 42.3 in [23] for a proof of
assertion (ii). �

Corollary 2.30. Let ϕ : [a, b] → R be differentiable and convex. Then ϕ is
Lipschitz continuous on any compact interval I ⊆ (a, b).

Proof. Let I ⊆ (a, b) be a compact interval. By Proposition 2.29 (ii), ϕ′

is bounded on I. Therefore, having in mind the mean value theorem, one
can choose L = supt∈I |ϕ

′(t)| as Lipschitz constant. �

Theorem 2.31. Let F : X → R be a G-differentiable functional. Then

(1) The following are equivalent:
(i) F is convex on X.

(ii) F′ is monotone on X.
(iii) F(v) − F(u) ≥ 〈F′(u), v − u〉 for all u, v ∈ X.

(2) The following are equivalent:
(i) F is strictly convex on X.

(ii) F′ is strictly monotone on X.
(iii) F(v) − F(u) > 〈F′(u), v − u〉 for all u, v ∈ X such that u , v.

Proof. (1) As in Proposition 2.22 we define ϕ(t) B ϕu,v(t) = F(u + t(v−
u)) for u, v ∈ X and t ∈ [0, 1], then ϕ′(t) = 〈F′(u + t(v − u)), v − u〉 for all
t ∈ [0, 1], and:

(i)
2.22
⇐⇒ ϕ is convex on [0, 1] for all u, v ∈ X
2.29
⇐⇒ ϕ′ is monotonically increasing on [0, 1] for all u, v ∈ X

(4)
⇐⇒ (ii).

We have to verify (4):
”⇒”:

0 ≤ ϕ′(1) − ϕ′(0) = 〈F′(v), v − u〉 − 〈F′(v), v − u〉
= 〈F′(v) − F′(u), v − u〉 .

”⇐”: Let 0 ≤ s < t ≤ 1, then

ϕ′(t) − ϕ′(s) = (t − s)−1 〈F′(u + t(v − u)) − F′(u + s(v − u)), (t − s)(v − u)〉
≥ 0.
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It remains to prove the equivalence (ii)⇐⇒ (iii):

(ii)⇒ ϕ′ is monotonically increasing on [0, 1] for all u, v ∈ X
(4)
⇒ ϕ(1) − ϕ(0) = ϕ′(ξ) ≥ ϕ′(0) for some ξ ∈ (0, 1) for all u, v ∈ X

⇒ F(v) − F(u) ≥ 〈F′(u), v − u〉 for all u, v ∈ X [this is (iii)]
⇒ F(u) − F(v) ≥ 〈F′(v), u − v〉 for all u, v ∈ X

⇒ 0 ≥ 〈F′(u) − F′(v), v − u〉 for all u, v ∈ X
⇒ (ii).

The proof of (2) is almost identical to the proof of (1). �

Remark 2.32. Let us consider the mapping a : Rd → Rd � (Rd)′. Accord-
ing to Definition 2.25, a is monotone if and only if(

a(x) − a(y)
)
· (x − y) ≥ 0

for all x, y ∈ Rd, where ”·” denotes the standard inner product on Rd. Let
furthermore f : Rd → R be a differentiable function with gradient ∇ f = a.
Then Theorem 2.31 applies, and gives

a is monotone ⇐⇒ f is convex

⇐⇒ f (y) − f (x) ≤ a(x) · (y − x) ∀x, y ∈ Rd.

Likewise, the equivalences with regard to the respective strict cases re-
main true in this finite dimensional setting.

Theorem 2.31 has two important consequences.

Corollary 2.33. If F : X → R is a convex G-differentiable functional, then
the following two assertions hold:

(i) F has a minimum at u if and only if F′(u) = 0
(ii) F is weakly lower semicontinuous.

Proof. Assertion (i) is a direct consequence of Theorem 2.31 (1) and
Proposition 2.17.
(ii). Inequality (iii) in Theorem 2.31 (1) and weak continuity of 〈·, ·〉 yield:

F(u) ≤ lim infv⇀u(F(v) + 〈F′(u), u − v〉) = lim infv⇀u F(v)
�

Corollary 2.34. Let F B F1 + F2 : X → R be a functional with F1 : X →
R being convex and G-differentiable, and with F2 : X → R being weakly
sequentially lower semicontinuous and G-differentiable. Then F is G-differ-
entiable and weakly lower semicontinuous.

Proof. F1 is weakly sequentially lower semicontinuous by Corollary
2.33. Thus F is weakly sequentially lower semicontinuous due to Proposi-
tion 2.9; the G-differentiability of F is obvious. �
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Proposition 2.36 deals with further relations between F and F′. But first,
we need to prove the following

Lemma 2.35. If ϕ : [a, b]→ R is Lipschitz continuous, then ϕ is absolutely
continuous.

Proof. Let L denote the Lipschitz constant of ϕ, i.e.

|ϕ(x) − ϕ(y)| ≤ L |x − y|

for all x, y ∈ [a, b]. Let ε > 0 and set δ B ε/L. Then the criterion for the
absolute continuity of ϕ, see Definition 1.32, is satisfied. �

Proposition 2.36. Let F : X → R be G-differentiable.
(i) If F′ is monotone, then F is locally Lipschitz continuous.

(ii) If F′ is uniformly monotone, then F is coercive.

Proof. (i). By Proposition 2.27, F′ is locally bounded. Thus F, having
a locally bounded G-derivative, is locally Lipschitz.

(ii). For u ∈ X we define the map ϕ = ϕu : R → R, t 7→ F(tu). By
assumption ϕ is differentiable and the proof of Theorem 2.31 shows that ϕ is
convex. Corollary 2.30 implies that ϕ is Lipschitz continuous on [0, 1], thus
ϕ is absolutely continuous on [0, 1] by Lemma 2.35. Applying Lebesgue’s
fundamental theorem of calculus, Theorem 1.34, yields:

F(u) − F(0) = ϕ(1) − ϕ(0) =

∫ 1

0
ϕ′(t) dt =

∫ 1

0
〈F′(tu), u〉 dt.

Now choose ε ∈ (0, 1). Supposing without loss of generality that F(0) = 0
we get:

F(u) =

∫ 1

0
〈F′(tu), u〉 dt =

∫ 1

0
t−1 〈F′(tu) − F′(0), tu − 0〉 dt + 〈F′(0), u〉

≥

∫ 1

ε

t−1 〈F′(tu) − F′(0), tu − 0〉 dt + 〈F′(0), u〉

≥

∫ 1

ε

t−1a(‖tu‖) ‖tu‖ dt + 〈F′(0), u〉

≥

∫ 1

ε

t−1a(‖εu‖) ‖εu‖ dt + 〈F′(0), u〉

≥ −ε log(ε) a(ε ‖u‖) ‖u‖ − ‖F′(0)‖X′ ‖u‖

= ‖u‖
(
ε log

(
ε−1

)
a(ε ‖u‖) − ‖F′(0)‖X′

)
,

where a : R+
0 → R

+
0 is a continuous function that is strictly monotonically

increasing such that limξ→∞ a(ξ) = ∞ according to Definition 2.25. Thus,

lim
‖u‖→∞

F(u)
‖u‖

= ∞.

�
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Theorem 2.37. Let X be a real, reflexive Banach space and let F : X → R
be a G-differentiable, weakly sequentially lower semicontinuous functional.
We set A B F′. Then the following assertions hold:

(i) If F is coercive, then A(u) = f has a solution for any f ∈ X′.
(ii) If F is strictly convex, then A(u) = f has at most one solution.

Proof. Let f ∈ X′. We define G : X → R, u 7→ F(u) − 〈 f , u〉.
(i). The functional G is weakly sequentially lower semicontinuous and G-
differentiable with G-differential G′(u) = A(u)− f . Observe that G is weakly
coercive. Therefore G attains a minimum u0 ∈ X by Theorem 2.13. Due to
Proposition 2.24 we get G′(u0) = 0, thus u0 solves the equation A(u) = f .

(ii). G is strictly convex. Corollary 2.33 tells us, that any solution to
A(u) = f minimizes G, thus due to Theorem 2.16 the equation A(u) = f has
at most one solution. �

2.5. Potential operators

Definition 2.38. An operator A : X → X′ is called hemicontinuous if the
mapping t 7→ 〈A(u + tv),w〉 is continuous as a mapping [0, 1] → R for all
u, v,w ∈ X, i.e. A is directionally weakly continuous.

Definition 2.39. Let A : X → X′ be an operator.
(i) A is called a potential operator, if there exists a G-differentiable

functional F : X → R such that A = F′. In this case, we call F a
potential of A.

(ii) If A is hemicontinuous, then we define FA : X → R by

FA(u) B
∫ 1

0
〈A(tu), u〉 dt (2.4)

and call FA a pseudo potential of A.

Next, we consider the following two equations:

FA(u) − FA(v) =

∫ 1

0
〈A(v + t(u − v), u − v〉 dt for all u, v ∈ X (2.5)

and
〈A′(u)(v),w〉 = 〈A′(u)(w), v〉 for all u, v,w ∈ X (2.6)

together with the condition
(t, s) 7→ 〈A′(w + tu + sv)(x), y〉 is continuous on [0, 1] × [0, 1]
for all u, v,w, x, y ∈ X.

(2.7)

Proposition 2.40. Let A : X → X′ be a hemicontinuous operator. Then the
following assertions hold:
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(i) Integral criterion. A is a potential operator if and only if (2.5)
holds. Then the pseudo potential FA is a potential, and an arbi-
trary potential of A differs from FA only by a constant.

(ii) Derivative criterion. If A′ exists on X as a G-differential satisfying
(2.7), then A is a potential operator if and only if (2.6) holds.

Proof. (i), ”⇒”-part. Let F : X → R be a G-differentiable functional
such that F′ = A, let u, v ∈ X. For ϕ(t) B F(v + t(u − v)), t ∈ R we have
that ϕ′(t) B 〈A(v + t(u − v)), u − v〉, and therefore

F(u) − F(v) = ϕ(1) − ϕ(0) =

∫ 1

0
ϕ′(t) dt =

∫ 1

0
〈A(v + t(u − v)), u − v〉 dt.

(2.8)
Note that (2.8) holds true for all u, v ∈ X, thus F = F(0) + FA and FA

satisfies (2.5).
(i), ”⇐”-part. Let FA satisfy (2.5), let u, v ∈ X. We calculate

〈FA
′(u), v〉 = lim

s→0
s−1(FA(u + sv) − FA(u))

(2.5)
= lim

s→0
s−1

∫ 1

0
〈A(u + t(u + sv − u)), u + sv − u〉 dt

=

∫ 1

0
lim
s→0
〈A(u + tsv), v〉 dt

= 〈A(u), v〉 ,

where we interchanged passage to the limit with integration, thanks to the
continuity of the integrand. This shows that FA is G-differentiable with
G-derivative FA

′ = A, because u, v ∈ X have been chosen arbitrarily.
(ii), ”⇒”-part. Let F be a potential for A, let u, v,w ∈ X. We define a

function W : [0, 1] × [0, 1]→ R by W(t, s) B F(w + tu + sv). Then:
∂

∂t∂s
W(t, s) = 〈A′(w + tu + sv)(v), u〉 (2.9a)

∂

∂s∂t
W(t, s) = 〈A′(w + tu + sv)(u), v〉 . (2.9b)

Now (2.7) and (2.9) imply that W is twice continuously differentiable on
[0, 1] × [0, 1]. Therefore it follows by Schwarz’ theorem that the second
derivatives of W are symmetric on [0, 1] × [0, 1]. In particular we find that

∂

∂t∂s
W(0, 0) =

∂

∂s∂t
W(0, 0),

but this is (2.6), since u, v,w ∈ X have been chosen arbitrarily.
(ii) ”⇐”-part. Let u, v ∈ X. We define two functions U,V : [0, 1] → R

by

U(t, s) B 〈A(tv + su), v〉
V(t, s) B 〈A(tv + su), u〉 .
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Then (2.6) means that

∂

∂s
U(t, s) =

∂

∂t
V(t, s) for all t, s ∈ [0, 1]

and (2.7) implies that the vector field (U,V) : [0, 1] × [0, 1] → R2 is con-
tinuously differentiable. Therefore integration over any closed piecewise
continuously differentiable path γ in [0, 1] × [0, 1] gives zero:∫

γ

U(t, s) dt + V(t, s) ds = 0.

In particular, we obtain (2.5) by choosing γ to be the triangle 4 = 4ABC
with vertices A B (0, 0), B B (0, 1), C B (1, 0) and with clockwise tra-
versal. Note once again, that all calculations and arguments we have made,
are independent of the particular choice of u, v ∈ X. Thus A is a potential
operator by (i). �

We want to close this section with a remark on non-potential problems. If
a given hemicontinuous operator A : X → X′ does not satisfy (2.5), Propo-
sition 2.40 tells us, that there is no functional F : X → R such that F′ = A.
Hence the direct method, Theorem 2.37, does not apply to the problem

A(u) = f , f ∈ X′. (2.10)

However one might find answers concerning resolvability of (2.10) within
the theory of monotone operators. This theory can be considered as a gen-
eralization of the calculus of variations, since it applies to both potential and
non-potential problems. The main theorem on monotone operators is due
to Browder and Minty. It can be found e.g. in [22]. We state a simplified
version of this theorem.

Theorem 2.41 (Browder (1963), Minty (1963)). Let A : X → X′ be a
monotone, coercive and hemicontinuous operator on the real, separable
and reflexive Banach space X. Then the equation

A(u) = f

has a solution for every f ∈ X′.

2.6. Examples

Example 2.42. Let H be a real Hilbert space and let A : H → H � H′ be a
continuous linear operator. We have that A is G-differentiable and A′(u) = A
for all u ∈ H, hence A′ clearly satisfies (2.7). By Proposition 2.40, A is a
potential operator if and only if A is symmetric.
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So let A be symmetric, then the potential FA : H → R is given by

FA(u) =

∫ 1

0
〈A(tu), u〉 dt =

∫ 1

0
t 〈Au, u〉 dt =

1
2
〈Au, u〉 . (2.11)

Let us additionally assume that A is strongly monotone. Then A is coer-
cive and strictly monotone, c.f. Remark 2.26, and FA is coercive - either by
Proposition 2.36 or directly from (2.11). Thus, by Theorem 2.31 and Corol-
lary 2.33, FA is strictly convex and weakly lower semicontinuous. Now
Theorem 2.37 says that for any b ∈ H′ the equation Au = b possesses a
unique solution u0 ∈ H.

Example 2.43. Let Ω ⊆ Rd, be a bounded Lipschitz domain and let ∆ =∑d
i=1

∂2

∂xi2
denote the Laplace operator in Rd. Consider the Dirichlet bound-

ary value problem:

−∆u = f in Ω (2.12a)
u = 0 on ∂Ω (2.12b)

We want to show that in a certain sense, the boundary value problem (2.12)
has a unique solution. Therefore we choose the Sobolev space H1

0(Ω) =

W1,2
0 (Ω) as solution space and we interpret ∆ as an operator acting between

H1
0(Ω) and (H1

0(Ω))′ = H−1(Ω):

∆ : H1
0(Ω)→ H−1(Ω), u 7→ (∆u, ·)L2(Ω).

We set ‖ · ‖ B ‖ · ‖H1(Ω). The operator ∆ is linear, moreover ∆ is bounded:

sup
‖u‖≤1
‖∆u‖H−1(Ω) = sup

‖u‖≤1
sup
‖v‖≤1
|(∆u, v)L2(Ω)|

1.69
= sup
‖u‖≤1

sup
‖v‖≤1
|(∇u,∇v)L2(Ω)|

≤ sup
‖u‖≤1

sup
‖v‖≤1
|(u, v)H1

0 (Ω)| = 1.

The above estimation also shows, that the image of ∆ is contained in H−1(Ω).
Let f̃ ∈ L2(Ω). We set f B ( f̃ , ·)L2(Ω) ∈ H−1(Ω) and call u0 ∈ H1

0(Ω) a
weak solution4 to the boundary value problem (2.12) if∫

Ω

∇u0 · ∇v dx =

∫
Ω

f̃ v dx (2.13)

holds for all v ∈ H1
0(Ω).

Formula (2.13) is motivated by Theorem 1.69: assume that u0 ∈ H1
0(Ω)

with ∇u0 ∈ H1(Ω) satisfies (2.13) for every v ∈ H1
0(Ω). Then for all v ∈

H1
0(Ω), ∫

Ω

−∆u0v dx 1.69
=

∫
Ω

∇u0 · ∇v dx.

That is −∆u0 = f holds true in H−1(Ω)
4See Section 3.2 for a detailed discussion of this solution concept.
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We claim that (2.12) possesses a unique weak solution for every f ∈
L2(Ω). According to Example 2.42 and by exploiting the fact that −∆ is
symmetric, it is sufficient to verify that −∆ is strongly monotone in order to
find the unique weak solution u0 ∈ H1

0(Ω) to (2.12). Thus we have to show
that there exists a constant c > 0 such that∫

Ω

(∇u)2 dx ≥ c
∫

Ω

u2 + (∇u)2 dx = c‖u‖2 (2.14)

for all u ∈ H1
0(Ω). It follows directly from Poincaré’s inequality (1.10), that

‖u‖2L2(Ω) + ‖∇u‖2L2(Ω) ≤ (N2 + 1)‖∇u‖2L2(Ω),

hence (2.14) holds true with c B (N2 + 1)−1.



CHAPTER 3

Quasilinear Boundary Value Problems

Orientation

This chapter is devoted to the study of the following mixed boundary value
problem for a function u : Ω→ R. It is given in divergence form:

− div(a(x, u,∇u)) + c(x, u,∇u) = g in Ω (3.1a)
u|Γ = uD on ΓD (3.1b)

ν · a(x, u,∇u) + b(x, u) = h on ΓN . (3.1c)

The subset Ω ⊆ Rd is supposed to be a bounded domain with C1-boundary
Γ B ∂Ω. More general, Ω can be a bounded Lipschitz domain. The vector
field ν = (ν1, ..., νd) denotes the unit outward normal to Γ. It is defined at any
point x ∈ Γ, if Γ is a C1-boundary. If Γ is a Lipschitz boundary, ν is defined
a.e. on Γ. Furthermore, ΓD,ΓN ⊆ Γ are disjoint open1 subsets of Γ such
that Γ \ (ΓD ∪ ΓN) has measure zero with respect to the (d − 1)-dimensional
Lebesgue measure. Note, that either ΓD or ΓN might be empty.

We are particularly interested in showing existence of weak solutions u
to (3.1) by means of the abstract functional analytic theory presented in the
previous chapter.

We follow the exposition in [13], Chapter 4.

3.1. A first closer inspection of problem (3.1)

The equation (3.1a) is a quasilinear second-order partial differential equa-
tion. In more detail it reads:

−

d∑
i=1

∂

∂xi
ai(x, u(x),∇u(x)) + c(x, u(x),∇u(x)) = g(x) (3.2)

where x = (x1, ..., xd) ∈ Ω, and ai : Ω × R × Rd → R, i = 1, ..., d and
c : Ω × R × Rd → R are given functions. Instead of (3.2) we will often use
the abbreviated form (3.1a). For x ∈ Ω we will assume ai(x, ·, ·), i = 1, ..., d,
and c(x, ·, ·) to be smooth in the W1,1

loc (R × Rd) sense, and we require the

1In the relative topology.
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following symmetry conditions:

∂ai(x, r, s)
∂s j

=
∂a j(x, r, s)

∂si
and

∂ai(x, r, s)
∂r

=
∂c(x, r, s)

∂si
(3.3)

for all 1 ≤ i, j ≤ d and for almost all (x, r, s) ∈ Ω × R × Rd. That is, the
Jacobian matrix of the mapping

(r, s) 7→ (c(x, r, s), a(x, r, s)), R1+d → R1+d (3.4)

is symmetric for almost all x ∈ Ω.
Condition (3.1b) is a so-called Dirichlet boundary condition for the

trace u|Γ of u on ΓD with uD : ΓD → R being a given function.
Relation (3.1c) is a condition for the boundary flux ν · a of u on ΓN ,

where ν = (ν1, ..., νd) denotes the unit outward normal to Γ, and h : ΓN → R
and b : ΓN × R are given functions. This condition is a so-called Newton
boundary condition; if b is identically zero, it is called a Neumann boundary
condition.

We call (3.1) a Dirichlet boundary value problem if ΓD = Γ, or a New-
ton/Neumann boundary value problem if ΓN = Γ, or else a mixed boundary
value problem, that is if ΓD and ΓN both have nonzero (d − 1)-dimensional
volume.

3.2. Weak formulation of (3.1)

Next we will derive a weak formulation of the mixed boundary value prob-
lem (3.1). We emphasize that the calculations we are carrying out are not
rigorously justified at the moment. In the next section we will set up further
restrictions on the data appearing in (3.1) and thereby subsequently give a
meaning to all calculations we have done.

First, we multiply equation (3.1a) by a so-called test function z with
z|ΓD

= 0 and integrate over Ω:∫
Ω

(− div(a(x, u,∇u)) + c(x, u,∇u))z dx =

∫
Ω

gz dx.

Next, we apply Green’s formula (1.9):∫
Ω

a(x, u,∇u) · ∇z + c(x, u,∇u)z dx −
∫

Γ

(ν · a(x, u,∇u))z dS =

∫
Ω

gz dx;

and substitute the Newton boundary condition (3.1b):∫
Ω

a(x, u,∇u) · ∇z + c(x, u,∇u)z dx +

∫
Γ

(b(x, u) − h)z dS =

∫
Ω

gz dx.
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Finally, noting that the boundary integral vanishes on ΓD since z|ΓD
= 0, we

arrive at∫
Ω

a(x, u,∇u) ·∇z+c(x, u,∇u)z dx+

∫
ΓN

b(x, u)z dS =

∫
Ω

gz dx+

∫
ΓN

hz dS .

(3.5)

Formula (3.5) leads to the following

Definition 3.1. Let 1 < p < ∞. We call u ∈ W1,p(Ω) a weak solution to the
mixed boundary value problem (3.1) if u|ΓD

= uD and if (3.5) holds for any

z ∈ X B
{
z ∈ W1,p(Ω) : z|ΓD

= 0
}
.

Remark 3.2. The reason why we have chosen the Sobolev space W1,p(Ω)
as appropriate solution space will be clarified in the next section, where we
will restrict the data in (3.1) to functions of p-polynomial growth.

Note, that the cases p = 1 and p = ∞ are excluded. This is because we
want to apply the existence theory from Chapter 2, which relies on com-
pactness properties of reflexive Banach spaces.

The next proposition makes sure that our definition of a weak solution to
(3.1) is a consistent generalization of the concept of classical solutions. We
call a function u ∈ C2(Ω) a classical solution for (3.1), if u satisfies (3.1) in
every x ∈ Ω.

Proposition 3.3. Consider the mixed boundary value problem (3.1). Then:

(i) Every classical solution is also a weak solution.
(ii) Let a ∈ C1(Ω × R × Rd;Rd), c ∈ C(Ω × R × Rd) and b ∈ C(ΓN ×

R). Furthermore let g ∈ C(Ω), h ∈ C(ΓN) and uD ∈ C(ΓD). If
u ∈ W1,p(Ω) ∩ C2(Ω) is a weak solution, then u is also a classical
solution.

Proof. Assertion (i) follows from the above derivation of (3.5).
(ii). By assumption, (3.5) is satisfied for every z ∈ X. Due to Green’s
formula (1.9),∫

Ω

(
div(a(x, u,∇u)) − c(x, u,∇u) + g

)
z dx

+

∫
ΓN

(
h − b(x, u) − ν · a(x, u,∇u)

)
z dS = 0

(3.6)

for every z ∈ X. First, we show that u solves (3.1a) in every x ∈ Ω. For any
z ∈ W1,p

0 (Ω) ⊆ X, the boundary integral in (3.6) vanishes, hence the first
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integral vanishes too. We set

α(x) B div(a(x, u(x),∇u(x))) − c(x, u(x),∇u(x)) + g(x), α : Ω→ R,

and claim that α = 0. By our hypothesis, α ∈ C(Ω). If α , 0 there exists
some x ∈ Ω such that α(x) , 0, say α(x) > 0. Then α is positive on Bε(x)
for some ε > 0. This contradicts the fact that the first integral in (3.6) is
zero for all z ∈ W1,p

0 (Ω). Hence α = 0 and therefore u satisfies (3.1a) in
every x ∈ Ω.

Now we know that the first integral in (3.6) vanishes for any z ∈ X. This
implies that the second integral is zero for any z ∈ X. Observe that the set{
z|ΓN

: z ∈ X
}

is dense2 in L1(ΓN). Therefore, the function

β(x) B h(x) − b(x, u(x)) − ν(x) · a(x, u(x),∇u(x)), β : ΓN → R

is zero almost everywhere on ΓN . Since by assumption β ∈ C(ΓN), we have
that β is identically zero on ΓN . This shows that u satisfies (3.1c) in every
point x ∈ ΓN .

Finally note, that the trace (u − uD)|ΓD
is zero almost everywhere on

Lp(ΓD) by Definition 3.1. Thus (3.1b) is satisfied in every x ∈ ΓD, because
u|ΓD
∈ C(ΓD) by our assumption. �

Remark 3.4. We make some comments on the space X:

(i) X equipped with the Sobolev norm ‖ · ‖W1,p(Ω) is a closed subspace
of the separable, reflexive Banach space W1,p(Ω). Therefore X is
also a separable and reflexive Banach space by Lemma 2.2. The
closedness of X ⊆ W1,p(Ω) is a direct consequence of the continu-
ity of the trace operator; c.f. Theorem 1.65.

(ii) We have seen in the proof of Proposition 3.3 that the density of{
z|ΓN

: z ∈ X
}

in L1(ΓN) was important to obtain consistency with
the classical problem. This density property is guaranteed, if ΓD

and ΓN are sufficiently ”regular”. In particular we are on the save
side with our assumption, that ΓD, ΓN ⊆ Γ are open.

If we would presume ΓD and ΓN to be measurable only, which
would be fine from a pure theoretical point of view, the following
scenario could happen. One could imagine ΓD to be a dense null
set in Γ. Then any continuous function satisfying the Dirichlet
condition 0 B uD = u|ΓD

is identically zero on Γ and the Newton
boundary condition (3.1c) has no meaning, although Vold−1(ΓN) =

Vold−1(Γ).

2See Remark 3.4.
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3.3. Specification of the data in (3.1)

We will now set up further requirements on the functions a, b, c, g, h and uD

that appear in (3.1).
First, we have to make sure that both integrands on the left-hand side of

(3.5) are measurable. To ensure this, we assume that

ai, c : Ω × R × Rd → R, b : Γ × R→ R are Carathéodory functions

for i = 1, ..., d. Furthermore the integrands in (3.5) should be integrable
for all u, z ∈ W1,p(Ω), and additionally we will later need certain continuity
properties3 of the Nemytskii mappings

Na : W1,p(Ω) × Lp(Ω;Rd)→ Lp′(Ω;Rd),

u 7→ Nb(u|Γ) : W1,p(Ω)→ Lp#′

(Γ),

Nc : W1,p(Ω) × Lp(Ω;Rd)→ Lp∗
′

(Ω).

These considerations lead to the following growth conditions on the nonlin-
earities a, b and c:

|a(x, r, s)| ≤ γ(x) + C |r|(p∗−ε)/p′ + C |s|p−1 for some γ ∈ Lp′(Ω), (3.7a)

|b(x, r)| ≤ γ(x) + C |r|p
#−ε−1 for some γ ∈ Lp#′

(Γ), (3.7b)

|c(x, r, s)| ≤ γ(x) + C |r|p
∗−ε−1 + C |s|p/p∗

′

for some γ ∈ Lp∗
′

(Ω). (3.7c)

Convention 3.5. For p > d, the terms |r|∞ occurring in (3.7) are to be under-
stood such that |a(x, ·, s)|, |b(x, ·)| and |c(x, ·, s)| may be growing arbitrarily
fast as |r| → ∞.

Furthermore let us suppose:

g ∈ Lp∗
′

(Ω) and h ∈ Lp#′

(Γ).

This ensures that gz ∈ L1(Ω) and (hz)|Γ ∈ L1(Γ) for all z ∈ W1,p(Ω).
Finally we have to qualify uD occurring in the Dirichlet boundary con-

dition (3.1b). The simplest way is to assume that uD is the trace of some
w ∈ W1,p(Ω):

uD B w|Γ on ΓD. (3.8)

3.4. Variational analysis of problem (3.1)

In order to apply the theory in Chapter 2 to the boundary value problem
(3.1), we have to set up an abstract operator equation, that corresponds to
(3.1) or rather to its weak formulation (3.5). Let us therefore consider the

3According to Theorem 1.53.
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Banach space (X, ‖ · ‖), where ‖ · ‖ B ‖ · ‖W1,p(Ω). We define the operator
A : W1,p(Ω)→ X′ and the functional f ∈ X′ by

〈A(u), z〉 B left-hand side of (3.5) (3.9)
〈 f , z〉 B right-hand side of (3.5). (3.10)

Lemma 3.6. We have that
(i) f ∈ X′, and

(ii) A(u) ∈ X′ for all u ∈ W1,p(Ω).

Proof. (i). The linear functional f on X satisfies

‖ f ‖X′ ≤ ‖ f ‖W1,p(Ω) = sup
‖v‖≤1,

v∈W1,p(Ω)

∣∣∣∣∣∣
∫

Ω

gv dx +

∫
ΓN

hv dS

∣∣∣∣∣∣
≤ sup

‖v‖≤1,
v∈W1,p(Ω)

(
‖g‖Lp∗′ (Ω) ‖v‖Lp∗ (Ω) + ‖h‖Lp#′ (ΓN ) ‖v‖Lp# (ΓN )

)
≤ N1‖g‖Lp∗′ (Ω) + N2‖h‖Lp#′ (ΓN );

where N1 is the norm of the embedding operator W1,p(Ω)→ Lp∗(Ω), and N2

denotes the norm of the trace operator W1,p(Ω)→ Lp#
(ΓN). Hence f ∈ X′.

(ii). Clearly, A(u) defines a linear functional on X for any u ∈ W1,p(Ω).
We prove that A

({
u ∈ W1,p(Ω) : ‖u‖ ≤ ρ

})
is contained in X′ for any ρ > 0.

The growth conditions (3.7) allow us to make the following estimates:

sup
‖u‖≤ρ
‖A(u)‖V′

≤ sup
‖u‖≤ρ
‖A(u)‖(W1,p(Ω))′

= sup
‖u‖≤ρ

sup
‖v‖≤1,

v∈W1,p(Ω)

∣∣∣∣∣∣
∫

Ω

a(x, u,∇u) · ∇v + c(x, u,∇u)v dx +

∫
ΓN

b(x, u)v dS

∣∣∣∣∣∣
≤ sup
‖u‖≤ρ

sup
‖v‖≤1,

v∈W1,p(Ω)

(
‖a(x, u,∇u)‖Lp′ (Ω;Rd) ‖∇v‖Lp(Ω;Rd)︸       ︷︷       ︸

≤1

+ ‖c(x, u,∇u)‖Lp∗′ (Ω) ‖v‖Lp∗ (Ω) + ‖b(x, u)‖Lp#′ (ΓN ) ‖v‖Lp# (ΓN )

)
≤ sup
‖u‖≤ρ
‖a(x, u,∇u)‖Lp′ (Ω;Rd) + N1‖c(x, u,∇u)‖Lp∗′ (Ω) + N2‖b(x, u)‖Lp#′ (ΓN )

< ∞.

As in the proof of assertion (i), N1 is the norm of the embedding oper-
ator W1,p(Ω) → Lp∗(Ω), and N2 denotes the norm of the trace operator
W1,p(Ω)→ Lp#

(ΓN). This proves, that A(u) ∈ X′ for every u ∈ W1,p(Ω). �

Remark 3.7. The above proof yields a stronger statement: A(u) is uni-
formly bounded in X′ for u ranging over a bounded set in W1,p(Ω).
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Next, we need to find a potential F of A. According to (2.4) we make the
ansatz

F(u) =

∫ 1

0
〈A(tu), u〉 dt

=

∫ 1

0

( ∫
Ω

a(x, tu,∇tu) · ∇u + c(x, tu,∇tu) u dx +

∫
ΓN

b(x, tu) u dS
)

dt

=

∫
Ω

( ∫ 1

0
a(x, tu, t∇u) · ∇u + c(x, tu, t∇u) u dt

)
dx

+

∫
ΓN

( ∫ 1

0
b(x, tu) u dt

)
dS ,

(3.11)

where we employed Fubini’s theorem, Theorem 1.35, in the last equality
in (3.11). Note that

∫ 1

0
| 〈A(tu), u〉 | dt is finite for every u ∈ W1,p(Ω) due to

Remark 3.7.
This ansatz leads to the following definition of F : W1,p(Ω)→ R:

F(u) B
∫

Ω

ϕ(x, u,∇u) dx +

∫
ΓN

ψ(x, u) dS , where (3.12a)

ϕ(x, r, s) B
∫ 1

0
s · a(x, tr, ts) + r c(x, tr, ts) dt, and (3.12b)

ψ(x, r) B
∫ 1

0
r b(x, tr) dt. (3.12c)

The strategy to find weak solutions to the mixed boundary value problem
(3.1) reads as follows. We show that F is G-differentiable with derivative
F′ = A. This is done in Lemma 3.9. Next we verify that F is weakly
sequentially lower semicontinuous, see Lemma 3.10. In Lemma 3.12, we
will set up further restrictions on the nonlinearities a, b and c to guarantee
that F is coercive. Finally we can apply the direct method of the calculus
of variations, Theorem 2.37, to the functional F to find weak solutions for
problem (3.1).

First we show that F is continuous.

Lemma 3.8. F is continuous. This remains true with ε = 0 in (3.7).

Proof. We have that
• u 7→ ∇u : W1,p(Ω)→ Lp(Ω;Rd) is continuous,
• the embedding W1,p(Ω) ↪→ Lp∗(Ω) is continuous, and
• the trace operator W1,p(Ω)→ Lp#

(ΓN), u 7→ u|ΓN
is continuous.

Thus it remains to prove that the Nemytskii mappings

Nϕ : Lp∗(Ω) × Lp(Ω;Rd)→ L1(Ω) and Nψ : Lp#
(ΓN)→ L1(ΓN)
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are continuous in order deduce continuity of F.
We begin withNϕ. In view of Theorem 1.53 our task is to find a function

γ ∈ L1(Ω) and a constant C > 0 such that

|ϕ(x, r, s)| ≤ γ(x) + C|r|p
∗

+ C|s|p. (3.13)

The growth conditions (3.7a,c) on a and c weakened by putting ε B 0 imply

|ϕ(x, r, s)| ≤
∫ 1

0
|s · a(x, tr, ts)| dt +

∫ 1

0
|r c(x, tr, ts)| dt

≤

∫ 1

0

(
|s|

(
γa(x) + Ca|tr|p

∗/p′ + Ca|ts|p−1
)

+ |r|
(
γc(x) + Cc|tr|p

∗−1 + Cc|ts|p/p∗
′ ))

dt

= |s| γa(x) + |s|
Ca|r|p

∗/p′

p∗/p′ + 1
+

Ca|s|p

p

+ |r| γc(x) + |r|
Cc|s|p/p∗

′

p/p∗′ + 1
+

Cc|r|p
∗

p∗

≤ 2
|s|p

p
+
γa(x)p′

p′
+

Ca
p′ |r|p

∗

p′(p∗/p′ + 1)p′ +
Ca|s|p

p

+ 2
|r|p

∗

p∗
+
γc(x)p∗

′

p∗′
+

Cc
p∗
′

|s|p

p∗′(p/p∗′ + 1)p∗′
+

Cc|r|p
∗

p∗

≤
γa(x)p′

p′
+
γc(x)p∗

′

p∗′
+

Ca
p′ |r|p

∗

p′(p∗ + 1)
+

Cc|r|p
∗

p∗
+ 2
|r|p

∗

p∗

+
Cc

p∗
′

|s|p

p∗′(p + 1)
+ 2
|s|p

p
+

Ca|s|p

p
C γ(x)︸︷︷︸
∈L1(Ω)

+ C|r|p
∗

+ C̃|s|p,

where we employed Lemma 1.36 in the third estimate and the real version
of Bernoulli’s inequality in the last estimate. This verifies (3.13).

Finally the growth condition (3.7b) on b yields:

|ψ(x, r)| ≤
∫ 1

0
|r b(x, tr)| dt ≤

∫ 1

0
|r| (γb(x) + Cb|tr|p

#−1) dt = |r| γb(x) +
Cb|r|p

#

p#

≤
γb(x)p#′

p#′ +
|r|p

#
(Cb + 1)
p# C γ(x)︸︷︷︸

∈L1(ΓN )

+ C|r|p
#
;

(3.14)

here we applied Lemma 1.36 once again. This shows that Nψ is continu-
ous. �
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We will utilize the continuity of the Nemytskii operators Nϕ and Nψ to
proof Lemma 3.10.

Lemma 3.9. F is G-differentiable and F′ = A. This remains true, if ε = 0
in (3.7).

Proof. We organize the proof in three steps.

Step 1. Let ∇s B ( ∂
∂s1
, ..., ∂

∂sd
). We prove the identities

∇sϕ(x, r, s) = a(x, r, s),
∂ϕ

∂r
(x, r, s) = c(x, r, s),

∂ψ

∂r
(x, r) = b(x, r).

(3.15)
Let us start with ∇sϕ. First, we claim that for a.e. fixed x ∈ Ω, every fixed
r ∈ R and every i = 1, ..., d,

∂

∂si

∫ 1

0
s · a(x, tr, ts) dt =

∫ 1

0

∂

∂si

(
s · a(x, tr, ts)

)
dt (3.16)

and
∂

∂si

∫ 1

0
r c(x, tr, ts) dt =

∫ 1

0

∂

∂si

(
r c(x, tr, ts)

)
dt. (3.17)

for a.e. s ∈ Rd. We emphasize, that the partial derivatives appearing on
the right-hand sides in (3.16) and (3.17) have to be understood in the dis-
tributional sense, because the functions a(x, ·, ·) and c(x, ·, ·) are only con-
tinuous. Hence we can not apply Theorem 1.31 directly in order to justify
the change of differentiation and integration. On the other hand we real-
ize that both sides in (3.16) and (3.17) make sense (a.e.) and that they are
finite. In order to prove the respective equalities, we make use of a den-
sity argument. We will only demonstrate the validity of (3.16), since the
proof of (3.17) runs the same way. Consider the map φ̃ : R × Rd → R,
(t, s) 7→ s · a(x, tr, ts). By assumption4, φ̃ ∈ W1,1

loc (R × Rd), hence the re-
striction φ B φ̃

∣∣∣
(0,1)×Bε(s0)

∈ W1,1((0, 1) × Bε(s0)
)

for any ε > 0 and for any
s0 ∈ R

d. Theorem 1.60 (combined with Lemma 1.48) enables us to approx-
imate5 φ by a sequence of smooth functions φn ∈ C

∞
(
[0, 1] × Bε(s0)

)
such

that for a.e. s ∈ Bε(s0)

∂

∂si

∫ 1

0
φn(t, s) dt

n→∞
−−−→

∂

∂si

∫ 1

0
s · a(x, tr, ts) dt

and ∫ 1

0

∂φn

∂si
(t, s) dt

n→∞
−−−→

∫ 1

0

∂

∂si

(
s · a(x, tr, ts)

)
dt.

Every φn satisfies the assumptions of Theorem 1.31:
(i) φn(·, s) ∈ L1((0, 1)

)
for all s ∈ Bε(s0),

4C.f. Section 3.1.
5In W1,1((0, 1) × Bε(s0)

)
.
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(ii) ∂φn
∂si

(t, s) exists for all s ∈ Bε(s0) and for all t ∈ [0, 1],
(iii) there exists6 an integrable function g ∈ L1((0, 1)

)
such that∣∣∣∣∣∂φn

∂si
(t, s)

∣∣∣∣∣ ≤ g(t)

for all s ∈ Bε(s0) and for all t ∈ [0, 1].

Thus the functions Φn : Bε(s0) → R, s 7→
∫ 1

0
φn(t, s) dt are differentiable at

s0, ∂φn
∂si

(·, s0) are integrable, and

∂

∂si
Φn(s0) =

∂

∂si

∫ 1

0
φn(t, s0) dt =

∫ 1

0

∂φn

∂si
(t, s0) dt

for every n ∈ N. Letting n → ∞ and recalling that s0 ∈ R
d was arbitrary

implies that (3.16) holds a.e. in Rd.
Analogously for a.e. fixed x ∈ Ω and for every fixed s ∈ Rd,

∂

∂r

∫ 1

0
s · a(x, tr, ts) dt =

∫ 1

0

∂

∂r

(
s · a(x, tr, ts)

)
dt (3.18)

and
∂

∂r

∫ 1

0
r c(x, tr, ts) dt =

∫ 1

0

∂

∂r

(
r c(x, tr, ts)

)
dt (3.19)

hold a.e. in R.
Now, thanks to (3.16) and (3.17),

∂ϕ(x, r, s)
∂si

=
∂

∂si

∫ 1

0
s · a(x, tr, ts) + r c(x, tr, ts) dt

=

∫ 1

0

∂

∂si

(
s · a(x, tr, ts) + r c(x, tr, ts)

)
dt

=

∫ 1

0
ai(x, tr, ts) + t

( d∑
j=1

s j
∂a j

∂si
(x, tr, ts) + r

∂c
∂si

(x, tr, ts)
)

dt

(3.3)
=

∫ 1

0
ai(x, tr, ts) + t

( d∑
j=1

s j
∂ai

∂s j
(x, tr, ts) + r

∂ai

∂r
(x, tr, ts)

)
dt

=

∫ 1

0

d
dt

(
t ai(x, tr, ts)

)
dt = t ai(x, tr, ts)

∣∣∣∣∣t=1

t=0
= ai(x, r, s),

(3.20)

which holds for a.e. x ∈ Ω, for a.e. r ∈ R and for a.e. s ∈ Rd. In the last line
in (3.20) we applied the fundamental theorem of calculus, Theorem 1.34, in
combination with Proposition 1.59.

6W.l.o.g., c.f. Lemma 1.48.
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Similarly (3.18) and (3.19) imply that

∂ϕ(x, r, s)
∂r

=

∫ 1

0

∂

∂r

(
s · a(x, tr, ts) + r c(x, tr, ts)

)
dt

=

∫ 1

0
c(x, tr, ts) + t

(
r
∂c
∂r

(x, tr, ts) +

d∑
i=1

si
∂ai

∂r
(x, tr, ts)

)
dt

(3.3)
=

∫ 1

0
c(x, tr, ts) + t

(
r
∂c
∂r

(x, tr, ts) +

d∑
i=1

si
∂c
∂si

(x, tr, ts)
)

dt

=

∫ 1

0

d
dt

(
t c(x, tr, ts)

)
dt = c(x, r, s);

(3.21)

again for a.e. x ∈ Ω, a.e. r ∈ R and a.e. s ∈ Rd.
The fact, that

∂ψ(x, r)
∂r

= b(x, r) (3.22)

a.e. in Ω follows directly from the fundamental theorem of calculus, Theo-
rem 1.33, via the following change of variables:

∫ r

0
b(x, τ) dτ =

∫ 1

0
r b(x, tr) dt = ψ(x, r).

Note moreover, that by (3.20), (3.21) and (3.22), the partial derivatives

∂ϕ(x, r, s)
∂si

,
∂ϕ(x, r, s)

∂r
and

∂ψ(x, r)
∂r

can be interpreted as classical partial derivatives for a.e. x ∈ Ω, because a,
b and c are Carathéodory functions.

Step 2. Next, we show that

d
dε

(∫
Ω

ϕ(x, u + εv,∇u + ε∇v) dx +

∫
ΓN

ψ(x, u + εv) dS
)∣∣∣∣∣∣
ε=0

=

∫
Ω

d
dε
ϕ(x, u + εv,∇u + ε∇v)

∣∣∣∣∣
ε=0

dx +

∫
ΓN

d
dε
ψ(x, u + εv)

∣∣∣∣∣
ε=0

dS

(3.23)

holds for every u ∈ W1,p(Ω) and every v ∈ C∞(Ω).
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To do so, we want to apply Theorem 1.31 once more. We find that the
right-hand side of (3.23) equals∫

Ω

d∑
i=1

∂ϕ(x, u,∇u)
∂si

∂v
∂xi︸                   ︷︷                   ︸

∇sϕ(x,u,∇u)·∇v

+
∂ϕ(x, u,∇u)

∂r
v dx +

∫
ΓN

∂ψ(x, u)
∂r

v dS

=

∫
Ω

a(x, u,∇u) · ∇v + c(x, u,∇u)v dx +

∫
ΓN

b(x, u)v dS .

(3.24)

We employed the results of step 1 in (3.24). Thus for arbitrary ε0 > 0:
(i) the mappings Ω→ R, (x, ε) 7→ ϕ(x, u+εv,∇u+ε∇v) and ΓN → R,

(x, ε) 7→ ψ(x, u + εv) are integrable7 for all ε ∈ [−ε0, ε0],
(ii) the derivatives d

dεϕ(x, u + εv,∇u + ε∇v) and d
dεψ(x, u + εv) exist in

the classical sense for all ε ∈ [−ε0, ε0] and for a.e. x ∈ Ω,
(iii) the families{

∇sϕ(·, u + εv,∇u + ε∇v) · ∇v
}

0≤|ε|≤ε0{
∂ϕ

∂r
(·, u + εv,∇u + ε∇v)v

}
0≤|ε|≤ε0{

∂ψ

∂r
(·, u + εv)v

}
0≤|ε|≤ε0

posses a common integrable majorant.
It remains to verify property (iii). By exploiting (3.7a) with ε = 0 we find
that

|∇sϕ(x, u+εv,∇u+ε∇v) ·∇v| ≤
(
γ(x)+C|u+εv|p

∗/p′+C|∇u+ε∇v|p−1
)
|∇v|

≤
(
γ(x)+Cp(|u|p

∗/p′+ε
p∗/p′

0 |v|p
∗/p′)+Cp(|∇u|p−1+ε

p−1
0 |∇v|p−1)

)
|∇v| ∈ L1(Ω),

which holds for any ε ∈ [−ε0, ε0] and a suitable constant Cp > 0, depending
only on p and C from (3.7a). Analogously, employing (3.7b,c) we get∣∣∣∣∣∂ψ∂r

(x, u + εv)v
∣∣∣∣∣ ≤ (

γ(x) + Cp(|u|p
#−1 + ε

p#−1
0 |v|p

#−1)
)
|v| ∈ L1(ΓN),

and∣∣∣∣∣∂ϕ∂r
(x, u + εv,∇u + ε∇v)v

∣∣∣∣∣ ≤ (
γ(x) + Cp(|u|p

∗−1 + ε
p∗−1
0 |v|p

∗−1)

+ Cp(|∇u|p/p∗
′

+ ε
p/p∗

′

0 |∇v|p/p∗
′

)
)
|v| ∈ L1(Ω).

Theorem 1.31 yields that (3.23) holds whenever u ∈ W1,p(Ω) and v ∈
C∞(Ω).

Step 3. Finally we show that F is G-differentiable with derivative F′ = A.
7C.f. Remark 3.7.
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Therefore let u and v be arbitrary elements in W1,p(Ω) and observe that
(3.23) still holds true by the density of C∞(Ω) in W1,p(Ω) (Theorem 1.60).
Therefore,

lim
ε→0

F(u + εv) − F(u)
ε

=
d
dε

F(u + εv)
∣∣∣∣∣
ε=0

=
d
dε

∫
Ω

ϕ(x, u + εv,∇u + ε∇v) dx +

∫
ΓN

ψ(x, u + εv) dS

∣∣∣∣∣∣
ε=0

(3.23)
=

∫
Ω

d
dε
ϕ(x, u + εv,∇u + ε∇v)

∣∣∣∣∣
ε=0

dx +

∫
ΓN

d
dε
ψ(x, u + εv)

∣∣∣∣∣
ε=0

dS

=

∫
Ω

d∑
i=1

∂ϕ(x, u,∇u)
∂si

∂v
∂xi

+
∂ϕ(x, u,∇u)

∂r
v dx +

∫
ΓN

∂ψ(x, u)
∂r

v dS

=

∫
Ω

a(x, u,∇u) · ∇v + c(x, u,∇u)v dx +

∫
ΓN

b(x, u)v dS

= 〈A(u), v〉.

This shows that DF(u, v) exists for all u, v ∈ W1,p(Ω) and equals 〈A(u), v〉.
Hence, F is G-differentiable by Lemma 3.6 and A is a potential for F. �

Lemma 3.10. F is weakly sequentially lower semicontinuous if one of the
following two additional requirements are satisfied:

(i) the growth conditions (3.7) hold for ε > 0 and a(x, r, ·) : Rd → Rd

is monotone for almost all x ∈ Ω and for all r ∈ R.
(ii) the growth conditions (3.7) hold with ε = 0 and the mappings (3.4)

and
b(x, ·) : R→ R are monotone for almost all x ∈ Ω.

Proof. (i): By (3.15), the monotonicity of a(x, r, ·) is just the monotonic-
ity of ∇sϕ(x, r, ·) : Rd → Rd. Therefore ϕ(x, r, ·) : Rd → R, the potential of
∇sϕ(x, r, ·), is convex for all r ∈ R and for almost all x ∈ Ω; c.f. Remark
2.32. Since we assume that ε > 0, ϕ satisfies the growth condition (3.13)
with p∗ − ε instead of p∗. Let u ∈ W1,p(Ω) and let (uk)k∈N be a sequence in
W1,p(Ω) with uk ⇀ u for k → ∞. By the compact embedding W1,p(Ω) b
Lp∗−ε(Ω) (see Theorem 1.63) we have that uk → u in Lp∗−ε(Ω). Hence the
continuity of the Nemytskii mapping Nϕ : Lp∗−ε(Ω) × Lp(Ω;Rd) → L1(Ω)
implies: Nϕ(uk,∇u) → Nϕ(u,∇u) in L1(Ω) for k → ∞. Analogously the
continuity of the Nemytskii mapping Na : Lp∗−ε(Ω) × Lp(Ω) → Lp′(Ω),
which is a direct consequence of the growth condition (3.7a) and Theo-
rem 1.53, yields that Na(uk,∇u) → Na(u,∇u) in Lp′(Ω) as k → ∞. Due to
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the convexity of ϕ(x, r, ·) and basic properties the integral we have that:

lim inf
k→∞

∫
Ω

ϕ(x, uk,∇uk) dx ≥ lim
k→∞

∫
Ω

ϕ(x, uk,∇u) dx

+ lim
k→∞

∫
Ω

∇sϕ(x, uk,∇u) · (∇uk − ∇u) dx

=

∫
Ω

ϕ(x, u,∇u) dx,

(3.25)

because the second limit on the right-hand side in (3.25) is zero due to the
continuity of Na = N∇sϕ and Proposition 1.27.(iii). This proves that the
functional F1 : W1,p(Ω)→ R given by

F1(u) B
∫

Ω

ϕ(x, u,∇u) dx

is weakly sequentially lower semicontinuous. Furthermore, F2 : W1,p(Ω)→
R given by

F2(u) B
∫

ΓN

ψ(x, u) dS

is weakly continuous: the trace operator W1,p(Ω) → Lp#−ε(Γ) is compact
(see Theorem 1.67) and the Nemytskii mapping Nψ : Lp#−ε(ΓN) → L1(ΓN)
is continuous by (3.14) with p# − ε replaced by p#. Thus F2(uk)→ F2(u) as
k → ∞. Due to Proposition 2.9, we finally get that F = F1 + F2 is weakly
sequentially lower semicontinuous.

(ii): In the proof of Lemma 3.9 we have seen, that ϕ(x, ·, ·) : R1+d → R
is a potential for

(
c, a

)
(x, ·, ·) : R1+d → R1+d, and that ψ(x, ·) : R → R is a

potential for b(x, ·) : R → R; in both cases for almost all x ∈ Ω. From
the monotonicity of

(
c, a

)
(x, ·, ·) and b(x, ·) it follows that both ϕ(x, ·, ·) and

ψ(x, ·) are convex functionals for almost all x ∈ Ω. Basic properties of the
integral now yield that F is convex on W1,p(Ω). Since F is differentiable too,
Corollary 2.33 tells us, that F is weakly sequentially lower semicontinuous.
Alternatively one can apply Theorem 2.19 combined with Lemma 3.8 to
deduce sequential lower semicontinuity of F. �

Corollary 3.11. Let the mappings (3.4) and b(x, ·) : R → R be strictly
monotone for almost all x ∈ Ω. Then F is strictly convex and weakly se-
quentially lower semicontinuous.

Lemma 3.12. Let us assume that there exist ε0, ε1 > 0, p ≥ q > 1 and
k0 ∈ Lp′(Ω), k1 ∈ Lp∗

′

(Ω) and k2 ∈ Lp#′

(Γ) such that

a(x, r, s) · s + c(x, r, s)r ≥ ε1|s|p + ε2|r|q − k0(x)|s| − k1(x)|r|
b(x, r)r ≥ −k2(x)|r|.

Then
(i) F is coercive on W1,p(Ω).
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(ii) F is coercive on X8 even if ε2 = 0.

Proof. (i). We have

ϕ(x, r, s) =

∫ 1

0
s · a(x, tr, ts) + r c(x, tr, ts) dt

=

∫ 1

0

ts · a(x, tr, ts) + tr c(x, tr, ts)
t

dt

≥

∫ 1

0

ε1|ts|p + ε2|tr|q − k0|ts| − k1|tr|
t

dt

=
ε1

p
|s|p +

ε2

q
|r|q − k0|s| − k1|r|,

and

ψ(x, r) =

∫ 1

0
r b(x, tr) dt =

∫ 1

0

tr b(x, tr)
t

dt ≥ −
∫ 1

0

k2|tr|
t

dt = −k2|r|.

Hence for u ∈ W1,p(Ω) we have that

F(u) ≥
∫

Ω

ε1

p
|∇u|p +

ε2

q
|u|q − k0|∇u| − k1|u| dx −

∫
ΓN

k2|u| dS

≥
ε1

p
‖∇u‖p

Lp(Ω;Rd) +
ε2

q
‖u‖qLq(Ω)︸                             ︷︷                             ︸

(4)

−

(
‖k0‖Lp′ (Ω) ‖∇u‖Lp(Ω;Rd)

+ ‖k1‖Lp∗′ (Ω) ‖u‖Lp∗ (Ω) + ‖k2‖Lp#′ (ΓN
‖u‖Lp# (ΓN )

)
.

(3.26)

We make a few further estimates on (4):

(4) ≥ ε̃
(
‖∇u‖p

Lp(Ω;Rd) + ‖u‖qLq(Ω)

)
≥ ε̃

(
‖∇u‖q

Lp(Ω;Rd) + ‖u‖qLq(Ω) −C1

)
[1.52]
≥ ε̃

(
C2

(
‖∇u‖Lp(Ω;Rd) + ‖u‖Lq(Ω)︸                      ︷︷                      ︸

≥N−1‖u‖W1,p(Ω)

)q
−C1

)
≥ ε ‖u‖q

W1,p(Ω) −C,

where we employed the constants ε̃ ≤ min( ε1
p ,

ε2
q ), C1 = C1(p, q) ∈ (0, 1),

C2 = C2(q) > 0 and N from inequality (1.12).
By inserting the above estimation of (4) in (3.26) we arrive at

F(u) ≥ ε ‖u‖q
W1,p(Ω) −C

−

(
‖k0‖Lp′ (Ω) + N1 ‖k1‖Lp∗′ (Ω) + N2 ‖k2‖Lp#′ (ΓN

)
‖u‖W1,p(Ω),

(3.27)

8It is implicitly assumed that Vold−1(ΓD) > 0, because otherwise X = W1,p(Ω) and (i)
applies.
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where N1 stands for the norm of the embedding W1,p(Ω) ↪→ Lp∗(Ω) and N2

denotes the norm of the trace operator W1,p(Ω) → Lp#
(Γ). Dividing (3.27)

by ‖u‖W1,p(Ω) yields that F is coercive on W1,p(Ω), since we assumed that
q > 1.

(ii). Let finally u ∈ X and let ε2 = 0. Theorem 1.71 yields that

‖u‖p
W1,p(Ω) ≤ C‖∇u‖p

Lp(Ω;Rd), (3.28)

where C = N p + 1 with N from (1.11). It follows that

F(u) ≥
∫

Ω

ε1

p
|∇u|p − k0|∇u| − k1|u| dx −

∫
ΓN

k2|u| dS

≥
ε1

p
‖∇u‖p

Lp(Ω;Rd)

−

(
‖k0‖Lp′ (Ω) + N1 ‖k1‖Lp∗′ (Ω) + N2 ‖k2‖Lp#′ (ΓN

)
‖u‖W1,p(Ω)

≥ ε ‖u‖p
W1,p(Ω) −

(
‖k0‖Lp′ (Ω) + N1 ‖k1‖Lp∗′ (Ω) + N2 ‖k2‖Lp#′ (ΓN

)
‖u‖W1,p(Ω)

for all u ∈ X, where ε = ε1(Cp)−1 with C from (3.28), and the constants N1,
N2 taken from the first part of the proof. Thus F is coercive on X, because
p > 1. �

Now we are almost ready to prove the existence result Theorem 3.15. Let
us assume for the moment that the given Dirichlet boundary condition is
trivial, i.e. uD = 0 in (3.1b). Then every function u ∈ X automatically
satisfies (3.1b). Since F′ = A by Lemma 3.9, every minimizer

u0 = min
u∈X

F(u) − 〈 f , u〉

solves the equation A(u) = f (see Proposition 2.24) and hence is a weak
solution for (3.1).

If the Dirichlet boundary condition is nonzero, say uD = w|Γ , 0 on ΓD,
w ∈ W1,p(Ω), we arrange a boundary shift. This is done as follows. For w
satisfying (3.8), we define the operator A0 : X → X′ by

A0(u) B A(u + w).

Then 〈A0(u), z〉 equals the left-hand side of (3.5) with a0, b0, c0 given by:
a0(x, r, s) B a(x, r + w(x), s + ∇w(x))

b0(x, r) B b(x, r + w(x))
c0(x, r, s) B c(x, r + w(x), s + ∇w(x)).

For uD = 0 we can choose w = 0 in (3.8), then A0 = A|X. If Vold−1(ΓD) = 0
we simply get A0 = A.

Remark 3.13. Due to Lemma 3.6, A0 is well-defined as an operator X →
X′.
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Proposition 3.14. An element u0 ∈ X solves the abstract equation A0(u) =

f if and only if u B u0 + w ∈ W1,p(Ω) is a weak solution to the boundary
value problem (3.1).

Proof. The assertion follows directly from the respective definitions via

A0(u0) = A0(u − w) = A(u − w + w) = A(u).

�

Theorem 3.15. Additionally to all assumptions set up in Sections 1-3, sup-
pose that the requirements of Lemma 3.12 hold.

(i) If in addition at least one of the two conditions of Lemma 3.10 is
satisfied, then the mixed boundary value problem (3.1) has a weak
solution.

(ii) If in addition the assumptions of Corollary 3.11 hold, then the
mixed boundary value problem (3.1) has a unique weak solution.

Proof. (i). We have to find an element u0 ∈ W1,p(Ω) with u0|ΓD
= uD

such that A(u0) = f with A and f defined by (3.9) and (3.10) respectively.
Consider the functional F0 : X → R, F0(u) B F(u + w) with F given by
(3.12), and choose w ∈ W1,p(Ω) such that w|ΓD

= uD. Due to Lemma 3.9 F0

is G-differentiable on X with G-derivative A0 B F0
′. The operator A0 : X →

X′ satisfies A0(u) = F0
′(u) = F′(u+w) = A(u+w) with A B F′. By Lemma

3.10 and Lemma 3.12, F is weakly sequentially lower semicontinuous and
coercive. Clearly, both properties are inherited by F0. Since X is a reflexive
Banach space (see Remark 3.4), we may apply Theorem 2.37 (i), which
provides us with a solution ũ0 ∈ X for A0(u) = f . Proposition 3.14 tells us
that

u0 B ũ0 + w ∈ X + w B
{
u ∈ W1,p(Ω) : u|ΓD

= uD

}
solves (3.1).

(ii). The existence of a solution u0 ∈ X + w for problem (3.1) follows
by (i), and due to Corollary 3.11 and Theorem 2.37 (ii) there is no other
solution. �





CHAPTER 4

Weak Lower Semicontinuity of Integral Functionals

Orientation

In Chapter 2 we have seen, that the weak sequential lower semicontinuity
of a functional F : X → R on a Banach space X is a key property to apply
the direct method of the calculus of variations in order to find a minimum
u0 = minu∈X F(u); see Theorem 2.13 and Theorem 2.37.

This chapter is devoted to the study of weak sequential lower semicon-
tinuity of integral functionals having the form

F(u) =

∫
Ω

f (x, u,∇u) dx, (4.1)

and acting on the Sobolev space W1,p(Ω), 1 ≤ p ≤ ∞. We can easily
deduce that F is weakly sequentially lower semicontinuous, if the following
conditions are satisfied:

(i) the integrand f is a Carathéodory function,
(ii) the Nemytskii operator N f : Lp∗(Ω) × Lp(Ω;Rd) → L1(Ω) is con-

tinuous,
(iii) the mapping (r, s) 7→ f (x, r, s), R × Rd → R is convex for a.e.

x ∈ Ω.

Because in this case, F is continuous and convex and therefore weakly se-
quentially lower semicontinuous by Theorem 2.19. Let us emphasize that
those three conditions are not necessary for F being weakly sequentially
lower semicontinuous. We have already discovered in Chapter 3, that ”con-
vexity in the main part”, that is convexity of s 7→ f (x, r, s) for a.e. x ∈ Ω

and for all r ∈ R, can be sufficient in particular situations, where the lack of
convexity of f in the variable r is compensated by compactness properties;
see Lemma 3.10(i).

We will study the functional F in (4.1) in a more general framework and
find out, roughly speaking, that the convexity of the integrand f in the main
part s = ∇u(x) is sufficient and necessary that F is weakly sequentially
lower semicontinuous; see Corollary 4.8 and Theorem 4.12.

This chapter is widely based on [5], only the proof of Theorem 4.11 is
taken from [2].
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4.1. Preliminairy remarks

In Chapter 3 we were able to prove weak lower semicontinuity of F (see
Lemma 3.10) without employing a particular representation of the duals of
the Sobolev spaces W1,p(Ω), 1 < p < ∞. The result was obtained by means
of abstract functional analytic considerations. In Section 4.2 we will deduce
W1,p-weak sequential lower semicontinuity from weak lower semicontinu-
ity of suitable Lebesgue spaces. The theorems in Section 4.3 are formulated
in terms of weak* convergence in the Sobolev space W1,∞(Ω). Since we
do not discuss the duality theory for Sobolev spaces, we give the follow-
ing alternative definitions of weak and weak* convergence of sequences in
Sobolev spaces.

Definition 4.1. Let Ω ⊆ Rd be open and let 1 ≤ p < ∞. We say that a
sequence (un)n∈N in W1,p(Ω) converges weakly to u ∈ W1,p(Ω) and write
un ⇀ u, if un ⇀ u in Lp(Ω) and ∇un ⇀ ∇u in Lp(Ω;Rd).

Definition 4.2. Let Ω ⊆ Rd be open. We say that a sequence (un)n∈N in
W1,∞(Ω) weak* converges to u ∈ W1,∞(Ω) and write un

∗
⇀ u, if un

∗
⇀ u in

L∞(Ω) and ∇un
∗
⇀ ∇u in L∞(Ω;Rd).

Remark 4.3. Definition 4.1 is compatible with Definition 1.7 due to The-
orem 3.8 in [1]. If we identify the predual of W1,∞(Ω) with the space
W−1,1(Ω), we obtain compatibility of Definitions 4.2 and 1.8.

Remark 4.4. Assume that Ω ⊆ Rd is a bounded open set. Let (un)n∈N be a
sequence in W1,∞(Ω) and let u ∈ W1,∞(Ω). We easily find that

un
∗
⇀ u in W1,∞(Ω) ⇒ un ⇀ u in W1,p(Ω)

for all 1 ≤ p < ∞. Hence a weakly sequentially lower semicontinuous func-
tional F : W1,p(Ω)→ R is automatically weak* sequentially lower semicon-
tinuous on W1,∞(Ω), if Ω is bounded.

4.2. Convexity in the main part: a sufficient condition

We begin with a particular case, which will be used in the proof of the
general result, Theorem 4.7.

Theorem 4.5. Let Ω be an open subset of Rd and let 1 ≤ q < ∞. Assume
f : Ω × RN → R to be a Carathéodory function satisfying

f (x, s) ≥ a(x) · s + b(x) (4.2)
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for a.e. x ∈ Ω and for all s ∈ RN for some a ∈ Lq′(Ω;RN) and a function
b ∈ L1(Ω). Let F : Lq(Ω;RN)→ R be given by

F(u) B
∫

Ω

f (x, u(x)) dx.

If s 7→ f (x, s) is convex for a.e. x ∈ Ω, then F is weakly sequentially lower
semicontinuous on Lq(Ω;RN).

Proof. Let u ∈ Lq(Ω;RN) and (un)n∈N be a sequence in Lq(Ω;RN) such
that

un ⇀ u.

We have to show that
F(u) ≤ lim inf

n→∞
F(un).

We divide the proof in three steps.

Step 1. We demonstrate, that we can without loss of generality assume
that f ≥ 0. Therefore let

h(x, s) B a(x) · s + b(x).

Then

lim
n→∞

∫
Ω

h(x, un(x)) dx =

∫
Ω

h(x, u(x)) dx,

by the definition of weak convergence. Hence weak sequential lower semi-
continuity of F is equivalent to the weak sequential lower semicontinuity of
G given by

G(u) B
∫

Ω

g(x, u(x)) dx,

where g(x, s) B f (x, s) − h(x, s) which is nonnegative by (4.2).

Step 2. We show that F is lower semicontinuous. Let w ∈ Lq(Ω;RN) and let
(wn)n∈N be a sequence in Lq(Ω;RN) converging strongly to w:

wn → w.

Now let us take some arbitrary subsequence from (wn)n∈N, which we do not
relabel. From this subsequence, we can extract a subsequence, still labeled
(wn)n∈N such that by Lemma 1.48

wn → w a.e. in Ω;

this is due to Lemma 1.48. Since f ≥ 0, we can apply Fatou’s lemma,
Theorem 1.29 to find that

lim inf
n→∞

∫
Ω

f (x,wn(x)) dx ≥
∫

Ω

lim inf
n→∞

f (x,wn(x)) dx. (4.3)
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The Carathéodory condition on f implies∫
Ω

lim inf
n→∞

f (x,wn(x)) dx =

∫
Ω

lim
n→∞

f (x,wn(x)) dx =

∫
Ω

f (x,w(x)) dx,

(4.4)
so (4.3) and (4.4) yield lower semicontinuity of F.

Step 3. We have to pass from lower semicontinuity to weak sequential lower
semicontinuity. Since by assumption s 7→ f (x, s) is convex for a.e. x ∈ Ω,
F is convex on Lq(Ω);RN): let u1, u2 ∈ Lq(Ω);RN) and let t ∈ [0, 1], then

F
(
tu1 + (1 − t)u2

)
=

∫
Ω

f
(
x, tu1(x) + (t − 1)u2(x)

)
dx

≤

∫
Ω

t f (x, u1(x)) + (t − 1) f (x, u2(x)) dx

= tF(u1) + (1 − t)F(u2).

Thus F is weakly sequentially lower semicontinuous by Theorem 2.19. �

The following corollary is a direct consequence of Theorem 4.5. Note that it
holds generally for vector-valued functions u ∈ W1,p(Ω;Rm) � (W1,p(Ω))m.

Corollary 4.6. Let 1 ≤ p < ∞, let Ω ⊆ Rd be open and let f : Ω×Rmd → R
be a Carathéodory function satisfying

f (x, s) ≥ a(x) · s + b(x)

for a.e. x ∈ Ω and for all s ∈ Rmd for some a ∈ Lp′(Ω;Rmd) and a function
b ∈ L1(Ω). Let F : W1,p(Ω;Rm)→ R be defined as

F(u) B
∫

Ω

f (x,∇u(x)) dx.

If s 7→ f (x, s) is convex for a.e. x ∈ Ω, then F is weakly sequentially lower
semicontinuous.

Theorem 4.7. Let Ω be an open subset of Rd and 1 ≤ p, q < ∞. Let
f : Ω × Rm × RN → R be a Carathéodory function satisfying

f (x, r, s) ≥ a(x) · s + b(x) + c |u|p

for a.e. x ∈ Ω, for every (r, s) ∈ Rm × RN , for a function a ∈ Lq′(Ω;RN) and
some b ∈ L1(Ω), c ∈ R. Let F : Lp(Ω;Rm) × Lq(Ω;RN)→ R be a functional
given by

F(u, v) B
∫

Ω

f (x, u(x), v(x)) dx

Furthermore let u ∈ Lp(Ω;Rm) and v ∈ Lq(Ω;RN) be arbitrary points and
let some sequence (un)n∈N in Lp(Ω;Rm) converge strongly to u and some
(vn)n∈N in Lq(Ω;RN) converge weakly to v:

un → u and vn ⇀ v.
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If s 7→ f (x, r, s) is convex for a.e. x ∈ Ω and for all r ∈ Rm, then

F(u, v) ≤ lim inf
n→∞

F(un, vn).

In other words, F is sequentially lower semicontinuous on the product space
Lp(Ω;Rm) × Lq(Ω;RN) endowed with the original topology on Lp(Ω;Rm)
and the weak topology on Lq(Ω;RN).

Proof. Let un → u in Lp(Ω;Rm) and vn ⇀ v in Lq(Ω;RN).

Step 1. Without loss of generality we may assume that f ≥ 0. Otherwise
we can work with the functional

G(u, v) B
∫

Ω

g(x, u, v) dx

instead, where g(x, r, s) B f (x, r, s) − h(x, r, s) ≥ 0 with

h(x, r, s) B a(x) · s + b(x) + c |u|p.

F satisfies the asserted properties if and only if G satisfies them, because

lim
n→∞

∫
Ω

h(x, un, vn) dx =

∫
Ω

h(x, u, v) dx.

Step 2. Set
L B lim inf

n→∞
F(un, vn).

Then L ≥ 0 since f ≥ 0. The assertion of the theorem is trivial for the
case L = ∞, hence we assume that L < ∞. By considering appropriate
subsequences if necessary, we may furthermore assume that

L = lim
n→∞

F(un, vn).

We show that we can without loss of generality assume that Ω is bounded.
The emphasize the dependence on the domain let us write

F(u, v,Ω) B
∫

Ω

f (x, u, v) dx.

Summarizing the above considerations, we have that

L = lim
n→∞

F(un, vn,Ω) < ∞.

Suppose that the assertion of the theorem holds true for any bounded open
Ωµ ⊆ Ω, i.e.

F(u, v,Ωµ) ≤ lim inf
n→∞

F(un, vn,Ωµ).

Since f ≥ 0, for every n ∈ N,

F(un, vn,Ωµ) ≤ F(un, vn,Ω),

thus
F(u, v,Ωµ) ≤ L.
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We can then obtain the result by choosing a sequence of bounded open sets
Ωµ ⊆ Ω, µ ∈ N such that Ωµ ↗ Ω and applying Lebesgue’s monotone
convergence, Theorem 1.28.

Step 3. We assume from now on that Ω is bounded, f ≥ 0 and

lim
n→∞

F(un, vn) = L < ∞.

We will show, that for arbitrary ε > 0 there exists a measurable set Ωε ⊆ Ω

and a subsequence (n j) j∈N of (n)n∈N such that for all n j,Vold(Ω \Ωε) < ε, and∫
Ωε
| f (x, u, vn j) − f (x, un j , vn j)| dx < εVold(Ω).

(4.5)

In the following, we construct Ωε having the property (4.5). Note that both
(un)n∈N and (vn)n∈N are bounded in Lp(Ω;Rm) and Lq(Ω;RN) respectively;
apply Theorem 1.25 in order to obtain boundedness of (vn)n∈N. Hence for
every ε > 0 there exists Mε > 0, such that for every n ∈ N,

Vold(K1
ε,n) <

ε

6
and Vold(K2

ε,n) <
ε

6
,

where

K1
ε,n B {x ∈ Ω : |u(x)| ≥ Mε > 0 or |un(x)| ≥ Mε > 0}

K2
ε,n B {x ∈ Ω : |vn(x)| ≥ Mε > 0}.

Hence for
Ω1
ε,n B Ω \ (K1

ε,n ∪ K2
ε,n),

we obtain
Vold(Ω \Ω1

ε,n <
ε

3
. (4.6)

By assumption, f is a Carathéodory function. Therefore, Scorza-Dragoni’s
theorem, Theorem 1.57, grants us a compact set Ω2

ε,n ⊆ Ω1
ε,n such thatVold(Ω1

ε,n \Ω2
ε,n) < ε

3 , and
f |Ω2

ε,n×S ε
: Ω2

ε,n × S ε → R is continuous,
(4.7)

where

S ε B {(r, s) ∈ Rk × Rm : |r| ≤ Mε and |s| ≤ Mε} ⊆ R
m × RN

is compact. Hence there exists δ(ε) > 0 such that for every x ∈ Ω2
ε,n and

every |r1|, |r2|, |s| < Mε,

|r1 − r2| < δ(ε) ⇒ | f (x, r1, s) − f (x, r2, s)| < ε (4.8)

By using the fact that un → u in Lp(Ω;Rm), we can find1 nε = nε,δ(ε) ∈ N
such that for every n ≥ nε,

Vold(Ω \Ω3
ε,n) <

ε

3
, (4.9)

1Possibly by considering an appropriate subsequence of (un)n∈N; c.f. Lemma 1.48.



4.2. Convexity in the main part: a sufficient condition 69

where
Ω3
ε,n B {x ∈ Ω : |un(x) − u(x)| < δ(ε)}.

Therefore, letting
Ωε,n B Ω2

ε,n ∩Ω3
ε,n,

we obtain from (4.6), (4.7), (4.8) and (4.9) thatVold(Ω \Ωε,n) < ε, and∫
Ωε,n
| f (x, u, vn) − f (x, un, vn)| dx < εVold(Ω)

(4.10)

for all n ≥ nε.
Note that ε > 0 was fixed so far. Now let us set ε j B ε/2 j for j ∈ N.

Then (4.10) holds with ε and nε replaced by ε j and nε j . We then pick every
n j ∈ N with n j ≥ nε j , j ∈ N and set

Ωε B
∞⋂
j=1

Ωε j,n j ,

and finally deduce (4.5).

Step 4. Let

χΩε
(x) B

1 if x ∈ Ωε

0 if x ∈ Ω \Ωε,

and set
fu,ε(x, s) B χΩε

(x) f (x, u(x), s).

Then fu,ε : Ω × RN → R is a Carathéodory function and s 7→ fu,ε(x, s) is by
assumption convex for a.e. x ∈ Ω. Applying Theorem 4.5 to

J(s) B
∫

Ω

fu,ε(x, v(x)) dx,

yields

lim inf
n j→∞

J(vn j) = lim inf
n j→∞

∫
Ω

χΩε
(x) f (x, u(x), vn j(x)) dx

≥ J(v) =

∫
Ω

χΩε
(x) f (x, u(x), v(x)) dx.

(4.11)

By employing (4.5) we have for all n j, that∫
Ωε

f (x, un j , vn j) dx ≥
∫

Ωε

f (x, u, vn j) dx

−

∫
Ωε

| f (x, u, vn j) − f (x, un j , vn j)| dx

=

∫
Ωε

f (x, u, vn j) dx − εVold(Ω).
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Therefore, exploiting the fact that f ≥ 0, we find that∫
Ω

f (x, un j , vn j) dx ≥
∫

Ωε

f (x, un j , vn j) dx

≥

∫
Ωε

f (x, u, vn j) dx − εVold(Ω)

= J(vn j) − εVold(Ω)

for all n j. Letting n j → ∞ and using (4.11) we obtain

L = lim inf
n j→∞

∫
Ω

f (x, un j , vn j) dx

≥

∫
Ω

χΩε
(x) f (x, u(x), v(x)) dx − εVold(Ω).

Finally let ε → 0, then Vold(Ω \ Ωε) → 0 and Lebesgue’s monotone con-
vergence theorem ( f ≥ 0), applied to the integrand on the right-hand side
of the above inequality, implies the assertion of the theorem. �

Corollary 4.8. Let 1 ≤ p < ∞ and Ω ⊆ Rd be a bounded Lipschitz domain.
Let f : Ω × Rm × Rmd → R be a Carathéodory function satisfying

f (x, r, s) ≥ a(x) · s + b(x) + c |u|q

for a.e. x ∈ Ω, for all (r, s) ∈ Rm×Rmd, for some a ∈ Lp′(Ω;Rmd), b ∈ L1(Ω),
c ∈ R and q ∈ [1, p∗). Let F : W1,p(Ω;Rm)→ R be defined by

F(u) B
∫

Ω

f (x, u,∇u) dx.

If s 7→ f (x, r, s) is convex for a.e. x ∈ Ω and for every r ∈ Rm, then F is
weakly sequentially lower semicontinuous.

Proof. Let u ∈ W1,p(Ω;Rm) and let (un)n∈N be a sequence in W1,p(Ω;Rm)
such that

un ⇀ u.

Then ∇un ⇀ ∇u in Lp(Ω;Rmd), and by the Rellich-Kondrachov theorem,
Theorem 1.63,

un → u in Lq(Ω;Rm).

An application of Theorem 4.7 with q = p and p = q yields the assertion of
the corollary. �

4.3. Convexity in the main part: a necessary condition

We start with a lemma; it deals with a wild oscillating sequence which
weak* converges to its average in L∞.
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Lemma 4.9. Let a, b ∈ Rm and t ∈ [0, 1]. Let u : [0, 1]→ Rm be given by

u(x) B

a if x ∈ [0, t)
b if x ∈ [t, 1].

Let (un)n∈N be a sequence of functions [0, 1]→ Rm defined by un(x) B u(nx).
Then

un
∗
⇀ u0

in L∞(0, 1), where u0 = ta + (1 − t)b is a constant function.

Proof. We have to show that

lim
n→∞

∫ 1

0
un(x)φ(x) dx =

(
ta + (1 − t)b

) ∫ 1

0
φ(x) dx (4.12)

holds for every φ ∈ L1(0, 1).
Equation (4.12) is evidently true for functions φ of the form

φ(x) B cχI(x) =

c if x ∈ I
0 if x < I,

for any constant c ∈ Rm and subinterval I ⊆ [0, 1). Thus (4.12) holds true
for every simple function on [0, 1) given in canonical form. Since the set of
simple functions on [0, 1) is dense in L1(0, 1), see Theorem 1.47, relation
(4.12) holds for any φ ∈ L1(0, 1). �

Remark 4.10. The assertion of the above lemma remains true, if one re-
places the interval [0, 1] by any bounded interval J ⊆ R. An analogous
construction yields a generalization of the lemma for cubes C ⊆ Rd parallel
to the coordinate axes, if the functions un oscillate in a single coordinate
direction. More generally an analogous statement of Lemma 4.9 holds true
for open bounded Ω ⊆ Rd and corresponding functions un oscillating in one
(arbitrary) direction.

Let us first discuss a special case, where F has the form F(u) B
∫

Ω
f (∇u) dx:

Theorem 4.11. Let Ω be a bounded open subset of Rd and let f : Rd → R
be a continuous function. Consider the functional F : W1,∞(Ω)→ R,

F(u) B
∫

Ω

f (∇u) dx.

If F is sequentially weak* lower semicontinuous, then f is convex.

Proof. We have to show that for arbitrary z1, z2 ∈ R
d and t ∈ [0, 1],

f
(
tz1 + (1 − t)z2

)
≤ t f (z1) + (1 − t) f (z2). (4.13)
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So take z1, z2 ∈ R
d, t ∈ [0, 1] and set z B tz1 + (1 − t)z2. Let us denote the

linear function x 7→ z · x, Ω→ R by uz. Next, we make a few definitions:

z0 B
z2 − z1

|z2 − z1|
,

Ω1
h j B

{
x ∈ Ω :

j − 1
h

< z0 · x <
j − 1 + t

h

}
, j ∈ Z, h ∈ N,

Ω2
h j B

{
x ∈ Ω :

j − 1 + t
h

< z0 · x <
j
h

}
, j ∈ Z, h ∈ N,

Ω1
h B

⋃
j∈Z

Ω1
h j,

Ω2
h B

⋃
j∈Z

Ω2
h j,

uh(x) B

c1
h j + z1 · x if x ∈ Ω1

h j

c2
h j + z2 · x if x ∈ Ω2

h j,

where

c1
h j B

( j − 1)(1 − t)
h

|z2 − z1| and c2
h j B −

jt
h
|z2 − z1|.

Obviously for h→ ∞,

Vold(Ω1
h)

Vold(Ω)
→ t and

Vold(Ω2
h)

Vold(Ω)
→ 1 − t. (4.14)

The heights c1
h j and c2

h j are defined in such a way, that the piecewise affine
functions uh : Ω→ R are continuous.

We show that uh → uz uniformly on Ω for h → ∞. Indeed, for every
x ∈ Ω1

h j,

|uh(x) − uz(x)| = |c1
h j + (z1 − z) · x| = (1 − t)

∣∣∣∣∣ j − 1
h
|z2 − z1| + (z1 − z2) · x

∣∣∣∣∣
= (1 − t)|z2 − z1|

∣∣∣∣∣ j − 1
h
− z0 · x

∣∣∣∣∣ ≤ (1 − t)|z2 − z1|t
h

,

and for every x ∈ Ω2
h j,

|uh(x) − uz(x)| = |c2
h j + (z2 − z) · x| = t

∣∣∣∣∣− j
h
|z2 − z1| + (z2 − z1) · x

∣∣∣∣∣
= t|z2 − z1|

∣∣∣∣∣− j
h

+ z0 · x
∣∣∣∣∣ ≤ t(1 − t)|z2 − z1|

h
.

Moreover the distributional gradients ∇uh are uniformly bounded on Ω; in
fact they take just the two values z1 and z2 on all of Ω for all h ∈ N. By a
slight generalization of Lemma 4.9, c.f. Remark 4.10, it follows that ∇uh

∗
⇀

∇uz = z in L∞(Ω). This shows that the sequence (uh)h∈N weak* converges
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to uz in W1,∞(Ω). Since F is sequentially weak* lower semicontinuous on
W1,∞(Ω), we obtain

f (z)Vold(Ω) = F(uz) ≤ lim inf
h→∞

F(uh)

= lim inf
h→∞

(
f (z1)Vold(Ω1

h) + f (z2)Vold(Ω2
h)
)

(4.14)
= t f (z1)Vold(Ω) + (1 − t) f (z2)Vold(Ω).

Dividing the above inequality by Vold(Ω) ∈ (0,∞) yields (4.13) and finishes
the proof. �

The proof of the general case is very technical and relies on sophisticated
approximation methods. We only state the theorem and refer to [5] for the
proof. Note also that the domain Ω is not assumed to be bounded.

Theorem 4.12. Let Ω ⊆ Rd be an open set and let f : Ω × Rm × Rmd → R
be a Carathéodory function satisfying for a.e. x ∈ Ω and for every (r, s) ∈
Rm × Rmd,

| f (x, r, s)| ≤ a(x) + b(r, s)
for some a ∈ L1(Ω) and some b ∈ C(Rm × Rmd). Moreover let

F(u) = F(u,Ω) B
∫

Ω

f (x, u,∇u) dx

and assume that there exists some u0 ∈ W1,∞(Ω;Rm) �
(
W1,∞(Ω;R)

)m such
that

|F(u0,Ω)| < ∞.
If F is sequentially weak* lower semicontinuous on W1,∞(Ω;Rm) and if ei-
ther m = 1 or d = 1, then s 7→ f (x, r, s) is convex for a.e. x ∈ Ω and for
every r ∈ Rm.

If the functional F in the above theorem is weak* sequentially continuous,
i.e. both F and −F are weak* sequentially lower semicontinuous, then
s 7→ f (x, r, s) is affine and, for bounded Lipschitz domain Ω, vice versa:

Corollary 4.13. Let Ω ⊆ Rd be a bounded Lipschitz domain and let f : Ω×

Rm ×Rmd → R be a Carathéodory function satisfying for a.e. x ∈ Ω and for
every (r, s) ∈ Rm × Rmd,

| f (x, r, s)| ≤ a(x) + b(r, s) (4.15)

for some a ∈ L1(Ω) and some b ∈ C(Rm × Rmd). Moreover assume that
either m = 1 or d = 1 and let

F(u) B
∫

Ω

f (x, u,∇u) dx

Then F is sequentially weak* continuous on W1,∞(Ω;Rm) if and only if s 7→
f (x, r, s) is affin, i.e. there exist Carathéodory functions g B Ω×Rm → Rmd
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and h : Ω × Rm → R such that

f (x, r, s) = g(x, r) · s + h(x, r).

Proof. In order to prove the necessity part it remains to show that g and
h are Carathéodory functions. Setting s B 0 yields that h is Carathéodory,
since (x, r) 7→ f (x, r, 0) is Carathéodory. But then, g has to be Carathéodory
as well, otherwise f would not be a Carathéodory function.

For the sufficiency part, note that un
∗
⇀ u in W1,∞(Ω) implies un → u in

L∞(Ω), see Theorem 1.63. Exploiting the fact that g and h are Carathéodory,
and applying Theorem 1.27(iv) yields the claim. Note that the Nemytskii
operatorsNg : L∞(Ω)→ L1(Ω) andNh : L∞(Ω)→ L1(Ω) are continuous by
(4.15), see Theorem 1.53. �

Remark 4.14. An analogous statement of Corollary 4.13 holds true in the
W1,p-case if one imposes further restrictions on g and h such that the corre-
sponding Nemytskii operators Ng : W1,p(Ω)→ Lp′(Ω) and Ng : W1,p(Ω)→
L1(Ω) are sequentially (weak-norm)-continuous.

Remark 4.15. The theorems in Section 4.2 hold generally true for vector-
valued functions u : Ω → Rm. Contrary, the functions u appearing in The-
orem 4.11 and Theorem 4.12 (if d ≥ 2) are scalar valued. If d > 1 and
m > 1, there exist weakly sequentially lower semicontinuous functionals
having integrands f with s 7→ f (x, r, s) not being convex. The systematic
study of functionals on spaces of vector-valued functions leads to the notion
of quasiconvexity; see [5].



References

[1] R. A. Adams and John J. F. Fournier, Sobolev spaces, 2nd ed., Academic Press, Am-
sterdam, 2003.

[2] Hedy Attouch, Giuseppe Buttazzo, and Gerard Michaille, Variational Analysis in
Sobolev and BV Spaces: Applications to PDEs and optimization, Society for Indus-
trial and Applied Mathematics, Philadelphia, 2006.

[3] Markus Biegert, On Traces of Sobolev Functions on the Boundary of Extension
Domains, Proceedings of the American Mathematical Society 137 (2009), no. 12,
4169–4176, available at http://www.ams.org/journals/proc/2009-137-12/
S0002-9939-09-10045-X/S0002-9939-09-10045-X.pdf.
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[13] Tomáš Roubı́ček, Nonlinear Partial Differential Equations with Applications,
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