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Introduction

After E. Schrédinger and W. Heisenberg laid the foundations of non-relativistic quantum
mechanics around 1925, P.A.M. Dirac [6] created the subject of quantum field theory
(QFT) in 1927 by first describing the electromagnetic field and charged matter in the
framework of quantum mechanics. A year later he found an equation describing rela-
tivistic spin-1/2 particles, which was named Dirac equation in his honor. It was apparent
that this equation as well as QFT incorporated special relativity, thus allowing for a
relativistic treatment of many-particle systems. However, at small distances around the
Planck length Ip = ’j;—?, QFT produced divergent quantities, so-called ultraviolet di-
vergences, rendering the results of the theory in this regime useless. The appearance of
these divergences in the calculations indicated that at small distances space-time might
not exhibit classical behavior; for example, Heisenberg [19] reasoned in 1938 that there
exists a fundamental length scale beyond which quantum mechanics in its then common
interpretation is not applicable. Schrodinger [28] made more general remarks about the
measure process and geometric notions at small scales in 1934.

There is a simple, heuristic argument for a possible ‘quantum’ nature of space-time
at the Planck scale: Suppose we have an object of length-dimension Az. According to
Heisenberg’s uncertainty principle AzAp > % there is an associated momentum uncer-
tainty of Ap > &. Since the relativistic energy is given by E = \/p%c? + m2c?, we cer-
tainly have a lower bound for the energy (resp. the rest mass) given by E = mc? > Apc.
General relativity allows us to associate a Schwarzschild radius of Rgg ~ 2?—4’3 to the
energy of this object. A reasonable description of the object beyond the Schwarzschild

radius is not possible; hence, we infer by the above reasoning that

°GE  2GAp _ Gh
> >
A T 3 T Az

Ax > Rgg ~
and hence
(Az)? > 17 (0.1)

The above argument is obviously rather hand-waving; however, in 1995 S. Doplicher,



Introduction

K. Fredenhagen and J.E. Roberts [7] provided more detailed arguments in favor of the
idea of the quantum nature of space-time. Note that during the reasoning leading to
(0.1) we used arguments from both quantum mechanics and general relativity; we will

return to this thought later on.

Recall that Heisenberg’s uncertainty principle AxAp > g stems from the commutation
relation [X? PJ] = ihé"; hence, we can interpret (0.1) as the result of prescribing a
similar commutation relation for the coordinates (or better: coordinate operators) Xt
This was first formalized by H.S. Snyder [30], who used a commutation relation in the
form of

(X, X9) =67 id

where % is an anti-symmetric tensor. Although Snyder’s approach to quantizing space-
time seemed promising, it failed to receive proper resonance in the scientific community
after R. Feynman, J. Schwinger, S. Tomonaga and F. Dyson developed renormaliza-
tion and successfully applied it to electromagnetic QFT, thus founding quantum elec-
trodynamics (QED). Due to the overwhelming accuracy of QED in the prediction of
electromagnetic quantities such as the anomalous magnetic moment of the electron,
Snyder’s idea of quantizing space-time was discarded in favor of the newly developed
renormalization techniques. However, theoretical physicists were very well aware of the
shortcomings of renormalization; Dirac for example was never really content with its

lack of mathematical rigor.

The fact that the Physics community turned away from quantizing space-time through
non-commuting position operators did not prevent mathematicians from picking up the
idea and formalizing the concepts. The de-facto standard and highlight in this undertak-
ing is undoubtedly A. Connes’ seminal publication [5] in which he developed the theory
of non-commutative geometry by using methods from K-theory and cyclic cohomology.
Connes’ work drew the attention of many fellow mathematicians such as M. Rieffel and
J. Lott, as well as revitalizing the interest of physicists in non-commutative geometry.
In 1992 J. Madore [20] gave a description of the non-commutative fuzzy sphere 5’% in
terms of an algebra of matrices; together with H. Grosse [15] he applied this as a regu-
larization to the Schwinger model. A year later Grosse and P. Presnajder [16] described
a method of constructing non-commutative manifolds using coherent states, which they
applied to Madore’s fuzzy sphere. A non-commutative differential calculus based on
the Frolicher-Nijenhuis bracket and derivations was developed by M. Dubois-Violette [9]
in 1988, also published co-authored with P. Michor [10] in 1994. Furthermore, Grosse,

C. Klim¢ik and Presnajder discussed field theories on non-commutative manifolds in a



series of papers, including [13] and [14]. In 2004 Grosse and R. Wulkenhaar [17] showed
that the four-dimensional non-commutative ¢*-model is renormalizable to all orders by
reformulating it as a dynamical matrix model.

The year 1999 saw important developments in non-commutative geometry. S. Min-
walla, M. van Raamsdonk and N. Seiberg investigated the perturbative dynamics of
non-commutative field theories on RY, discovering an IR/UV mixing in the theory.
Furthermore, a connection between non-commutative geometry and string theory was
established when A. Alekseev, A. Recknagel, and V. Schomerus [2] on the one hand
and Seiberg and E. Witten [29] on the other hand discovered the appearance of non-
commutative geometries in string theory in presence of a non-vanishing magnetic field.
These developments not only spurred the interest of string theorists in non-commutative
geometry, but also substantiated the stand-alone role of the field. This is based on the
fact that non-commutative geometry adds to the existing candidates for a theory of
quantum gravity, the most famous contestants being string theory and loop quantum
gravity. In certain matrix models in non-commutative geometry, gravity enters the stage
through an effect called ‘emergent gravity’.

The thesis at hand provides an introduction to non-commutative geometry through
the investigation of deformed R3, denoted by Ri. The parameter A governs the non-
commutativity of the space in a way which will become clear in the course of the discus-
sion. This thesis is divided into three chapters.

In the first chapter we acquaint the reader with the field of non-commutative geometry
by first introducing the Moyal plane, in a sense the simplest and most comprehensible
example of a non-commutative space. This is achieved by defining the canonical non-
commutative Groenewold-Moyal star product on the algebra of functions on R* through
the use of Weyl operators. We also give a definition of a different star product using
the coherent state method. Not only does this alternative approach demonstrate that
there are different star products and hence different non-commutative geometries on a
given base space; this method is also convenient to define a star product on Rf{, the
central object of this thesis. We also point out the relationship between Ri and the
fuzzy sphere 5)2\7 N2 by recognizing R3 as a direct sum of fuzzy spheres of increasing
radii. It is further demonstrated that the star product on ]R§ defined by coherent states
can be easily reduced to a fuzzy sphere of given radius.

The second chapter deals with differential calculi on non-commutative spaces. After a
short recapitulation of the de Rham-calculus on commutative manifolds, we first discuss
the universal calculus on arbitrary algebras. An important theorem states that every

given differential calculus on an algebra can be obtained as a quotient object of the
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universal calculus. We then take a short detour and introduce quantum groups (or Hopf
algebras), a special class of bialgebras whose additional structure permits an explicit
construction of a differential calculus. The identification of ]Ri with the universal en-
veloping algebra U (su(2)) reveals its quantum group structure and allows us to present
a concrete example of a four-dimensional calculus on ]R:;’\. In the commutative limit this
calculus reduces to the ordinary three-dimensional calculus on R?, a fact which we sup-
port by evaluating the exterior derivative acting on plane waves and showing that we can
reproduce the known result of the commutative calculus. Since the subject of quantum
groups would deserve a thesis of its own, the treatment is kept rather short and only
intends to provide the most basic notions of quantum groups. However, references to
the literature are included for the interested reader.

After the general considerations in the first two chapters, the last chapter focuses on
a concrete quantum mechanical problem: the Coulomb problem formulated on Rf{. We
repeat the realization of Ri via the Hopf fibration and bosonic creation and annihilation
operators from Chapter 1 and discuss the most important properties of the coordinate
operators 2',i = 1,2,3. After defining the angular momentum operators IA/i,i =1,2,3
and identifying the eigenstates of £? := Zz(fﬂ)z and L3, we investigate the Hilbert space
generated by these eigenstates. In order to formulate the Coulomb problem in this space,
we define a Laplace operator and analyze its action on the eigenstates of the angular
momentum operators. Together with a potential term the Laplace operator forms the
Hamiltonian of the Coulomb problem. We compute the spectrum of the Hamiltonian
and learn that the energy values are essentially the solutions from the commutative
problem modified by certain correction terms due to the non-commutativity of R:f\.

Since this thesis is intended as an introduction to non-commutative geometry on a
graduate level, the reader is not assumed to be familiar with the subject. However, a
sound knowledge of algebra and differential geometry surely aids in following the main
arguments. Detailed computations of the results are given wherever possible. Proofs of
the mathematical theorems (especially in the sections about the universal calculus and
quantum groups) are mainly omitted in order to focus on the explicit aspects of the
non-commutative geometry of R?)’\. The set of natural numbers, integers, real numbers
and complex numbers are denoted by N, Z, R and C respectively. By convention, N does

not contain 0.



1 Examples of non-commutative spaces

The most general approach to defining the concept of non-commutative geometry, as
introduced by Connes in [5], is the following: Consider a general manifold M and the
R-algebra C°°(M) of smooth, real-valued functions on M. Addition and multiplication
of functions in C°°(M) are defined pointwise, turning it into a commutative algebra. It
is well-known that this algebra encodes much information about the topology and dif-
ferential structure of M in an algebraic sense. Hence, the algebra of functions provides a
good starting point for generalizing the concept of manifolds to non-commutative spaces.
The crucial idea is to replace C*° (M) by a non-commutative R-algebra A and construct
a differential calculus in resemblance to the concepts in commutative differential geom-
etry (cf. Section 2). Furthermore, one often chooses an isomorphism between A and
(C*°(M),+,*) where  is an associative, non-commutative product for ordinary func-
tions in C*°(M). We will discuss two possible approaches to defining this star product
in Sections 1.1.2 and 1.1.3 respectively.

However, there is a more straight-forward way of defining non-commutative spaces.
We simply prescribe commutation relations for the coordinates x%, i = 1,...,D of a
manifold M with D = dim(M), hence turning them into non-commutative operators. A

reasonable ansatz is a relation of the form
(2%, 27) = i0% (1.1)

where 0% is an anti-symmetric tensor of type (2,0) and rank 4 (thus invertible), the
entries having dimension (length)?. The hats over the coordinates #' indicate their

operator nature.

In the following sections we are going to discuss two special cases of (1.1). The
treatment at hand is based on [31, Ch. 2] and [18, Ch. 2 and 3|, but more detailed and

including proofs and explicit calculations whenever it does not impair readability.



1 Examples of non-commutative spaces

1.1 Moyal plane

1.1.1 Definition of the Moyal plane

The simplest case of (1.1) is to consider a constant matrix 6. It follows from the theory
of anti-symmetric matrices that after a suitable basis transformation one can achieve the

following block form of the matrix %:

0 6
—0; 0

0

iy =| (1.2)

where 01,...,0, € R and +if,...,+if,,0 are the eigenvalues of (). Setting D = 4

and assuming non-degeneracy of #% we obtain the Moyal plane Rg:

0 0
o y g —0 0
[%,47] = i0Y  with (67) = . ol (1.3)
0
0 0

Note that we introduced another basis transformation (which is effectively a rescaling
of the coordinates #%) to achieve 1 = 03 = 6 in (1.2). The real parameter § governs
the non-commutativity of R}: in the commutative limes § — 0 we obtain R‘é — R?
according to (1.1). We denote by A the non-commutative algebra generated by the

coordinate operators Z°.

1.1.2 Weyl operators and Moyal star product

The prescription of commutation relations for the coordinates #* of the manifold M also
turns fields (which are essentially functions of the coordinates) into operators. Therefore,

studying field theory requires special care when dealing with these operator due to the



1.1 Moyal plane

need to specify an ordering prescription. One way of facilitating this task is to relate
the algebra A generated by the operators ' to ordinary functions in C*°(M). The non-
commutativity of A is incorporated by defining a non-commutative, associative product
on C*°(M), the so-called star product. In this section we discuss the Moyal star product
on the Moyal plane Rg.

In order to ensure that Fourier transformation is well defined, we first restrict ourselves

to the Schwartz space
S(RY) = {f € C(R") | sup,eqs [ D f(x)] < o0 Va, 5}

where o and § are multi-indices. More precisely, the Fourier transform F is a linear
automorphism of S(R*). Furthermore, for vectors v,w € R* we denote by vw the
standard Fuclidean scalar product 6ijviwj . Similarly, k& = k;&* where k € R* and 2,
i =1,...,4 are the coordinate operators.

In order to define the star product, we need to introduce the notion of Weyl operators.

Given a function f(r) € S(R*) and the corresponding Fourier transform

fh) = Gz [ a're ™ 1 (@),

the Weyl operator W[f] is defined by

Wi = gz [ % Flk)e™ (1.4)

where 2 are the coordinate operators satisfying (1.3). Since e?*% is defined by the Taylor

expansion of the exponential function, we have to fix an ordering prescription in (1.4).

A natural choice is the symmetric Weyl ordering, defined by requiring W[e“’”] = ¢ih?,
Denoting the mapping of a function f(x) to its Weyl operator W[ f] by
S:SERY) — A
fla) — WIS,
we observe that we may define an inverse mapping S~! by
STHOVF]) (k) = tr(e™ ™ ). (1.5)

Note however that S~! gives a function in momentum space, i.e., we have to perform a

Fourier transform of S~*(W[f])(k) in order to obtain f(z) in position space.
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Formally, the star product (f x g)(x) of two functions f,g € S(R?*) is defined as

(f*9)(z) = (2;)2 / d'k STV FIWg)). (1.6)

We would like to obtain an explicit formula for the star product in (1.6). To this end,

we observe using (1.4) that

WUVl = ¢ 271T)4 [ et Feygn, (1.7)

Employing the Baker-Campbell-Hausdorff formula

log(e?eP) = A+ B+ 1[A, B] + i[A, [A, B]]
: 2 112 (1.8)
~ 5B [A Bl - o B A A B ...,

which continues with terms involving an increasing number of commutators, the product

etk il i evaluated as

o 1 o
e* et = exp(i(k + 1)& — ~k;l; [2,27])
2 ——

—ifii

_ ei(k-}—l)ie—%kiljmj. (1.9)

The key observation here is that the commutation relation (1.1) is constant; therefore,
terms involving two or more commutators drop out. By inserting (1.9) into (1.7) and
comparing it with (1.4), we infer the explicit form of the Moyal star product in position

space as

(f % 9)(x) = f(2) exp(0i670,)9(1)

: (1.10)
z=y
It is important to note that different ordering prescriptions in (1.4) lead to different
star products. The form given in (1.10) corresponds to the symmetric Weyl ordering
W[eikx] = ¢ We also observe that in the commutative limit # — 0 the star product

(1.10) reduces to the usual commutative product of functions in analogy to Rg — R4,

Let us check the consistency of (1.10) with the commutation relation [£¢, #7] = i6%:

iy g — e (9L g1
' xal = exp(@iie 0;)y

=y



1.1 Moyal plane

; “—q ij~> 11 ijﬁei e j

z=y
=g'z? + =09
+ 2
Hence, {%, 27}, := 2t %2/ — 27 x2® = i6¥ | implying that (S(R*), *) & A, that is, they are

isomorphic as non-commutative rings. Note that the above reasoning readily generalizes

to higher (even) dimensions D. The star product has the following important property:

Lemma 1. [d*z (f xg)(z) = [d*z f(z)g(x)
Proof. We first compute the Fourier transform of the star product (1.10):

(fxg)(z) = f(x )eXP((9 9”3) (y )x:y
= / d'pd*qe™ f(p)e'"§(q) exp (;9“19@-(13')

Hence,

/d4 (f*xg)(x /d4pd4 /d4ase p+q)m f(p)g(q) exp (;Gijpiqj)

—5(p+q)
= [#viwacnen (- 50%m)
=0
= / d'p f(p)g*(p)

— [ d'a f(@)g()

the last equality is Parseval’s theorem. Note that 6% pip; = 0, since it is the contraction

of an anti-symmetric and a symmetric quantity. ]

Corollary 2. [d*z (fix fox---x fo)(zx) = [d*z (fo1) * fo2) * = % fo(n)) where o is
any power of the cyclic permutation (12 ... n).

Lemma 1 has important applications in field theory. For example, a quadratic term

[d*z ¢ x ¢ in the action can be replaced by the integral over the ordinary product
[d*z ¢?.
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1.1.3 Star product using coherent states

After having defined the star product on ]Rg via Weyl operators of functions, we want

to investigate a different approach using coherent states on a suitable Fock space.

Let us first identify R* with C? via
21 = 21 +ix9 29 = X3 + iT4. (1.11)

If we deform R* to the Moyal plane by imposing the commutation relation (1.3), the
complex coordinates z, also become operators, which we denote by a,. Upon setting'

0 = 3, their commutation relation is immediate from (1.11):

[, 1)) = b0 (1.12a)

lta, ag) = 0 = [a},,af}] for a,p=1,2 (1.12b)

Hence, G, and @, are the creation and annihilation operators of a two-dimensional

harmonic oscillator acting on the Fock space F defined by

F :=span(|ni,ng) | ni,ng € N) (1.13a)
(aj)™ (@ah)
ng) 1=~ _A02) T 1.13b
) 1= P8 (1.13b)
where |0) := ]0,0) is the normalized vacuum state with a;|0) = a2|0) = 0. Given a

vector z € C2 we can now define the coherent state
* At
|2) i= % #/2eFada() (1.14)

where z*z is understood as zz,. We can bring (1.14) into a more practical form using
(1.13b):

’Z> — €_Z*Z/2€Zldi+z2&£ |O>

_ —z%z/2 2?127212 ~Tyni (AT \n2
=e > (a1)™ (a)"|0)

116!
g 1in2!

_ ey A |y, na) (1.15)
g V!ng!

'The reason for this is to retain the standard form of (1.12). We will reinsert the non-commutativity
parameter § when discussing the commutative limit 6 — 0.

10



1.1 Moyal plane

Let us record a few properties of these coherent states in the following
Lemma 3. For w,z € C? coherent states
(i) are normalized: (z|z) =1
are eigenstates of the annihilation operators 4o 4olz) = za|2)
= e(-wrw=2"2)/24w"z

)
(iii) are not orthogonal: (w|z)
)

satisfy the completeness relation
[ dut=",2) 1)1 = 1

where du(z*,z) = ﬂ—lzdzfdzldzgdzg is the canonical measure on the complex plane
C2.
Proof. Setting w = z in (iii) yields (i). To show (iii), we use (1.15) to observe:

(wz) = eCUTw=EA2 3 (w})™ (w3)™2 27" 25

ni,ne \/nl!nglml!mg

mi,m2 :émlnl 6m2n2

Z (w3)"? 2y

|
g no:

<m1, m2]n1, n2>
N—————

— e(fw*wfz*z)/Q Z (wi()nlz?l

’I’L1!

ni

=exp(w]z1+wj22)

_ e(711)"wfz"z)/2+w*z

(ii) First, consider a;: We set
S e |
f21 =e Zaaaalezaaa

and differentiate f,, with respect to z;:

821

of .4t ot o
A zaaa<_a1a1)€zaaa +e zaaaala'iezaaa

where the 1 is understood as the identity operator. Thus, we have the ordinary differ-

ential equation

Of

=1
821

11



1 Examples of non-commutative spaces

fO = a’lv
which has the solution f,, = z; + ;. Similarly, f,, = 22 + G2, giving

R At At N
alezaaa — Zlezaaa + pral

R St St St
Qoe?% = zoefade | gPalagy,

Applying these operators to the vacuum state |0) and recalling that |0) is annihilated
by the term eZa&L& , B =1,2, yields the desired identity ds|z) = 2z4|2).
Y B

(iv) In the following, du = du(z*, z):

\nl, n2)<m1, m2]

1
du |z
/ wlz) nlz;m vnilna!lmylms!

mi,ma2

< [ dpesinm g e )

We take a closer look at the remaining integral:

/due 2121 22222{11(21)7’)1122 (Z;)mz —
1 *
( /dz dzye” 2521 {L1(Zi<)m1> <7T/dz>2kd22 e—z222232(z§)m2)

These integrals are best solved using polar coordinates, setting z; = re’*:

1 * —2Fz1 N1 (% Lo[ee —r2 _ni+m 2 i(n1—my)
— [ dzidzy e 172 (2])™ = — drre”" rmTm™M dp e'\"1 TP
T 7 Jo 0

=276nqmq
D 2 2
= 2/ drre”" o™
0

and changing variables to t = 72, dt = 2rdr gives

oo
:/ e~t™ = T(ng +1) = my.
0

Analogously,

1 o
;/dzgdzge %222 202 (25)™2 = nal,

12



1.1 Moyal plane

resulting in

nilng!
Jdul2) el = 3 < na) o ol = 1. =

Imolng!
nine n1:nginging:

The coherent states |z) can be used to associate to an operator f e A a function

f(z*, z) on the complex plane in the following way:

A

f(Z"2) = (2l fl2) (1.16)
From this we immediately obtain a definition for the star product of two functions:
(F*)(=",2) = (1fal) = [ duw’ o) (2| flu) (wlgle) (117

where we implicitly used Lemma 3(iv). An explicit formula for (1.17) is stated in the

following

Proposition 4.

(F )", 2) = £, 2) exp (afaf*>g<z*,z> for JgeC=(C)  (L18)

Proof. We first introduce the translation operator exp(w%), whose action on f(z*, z) is

given by
s ooy _ Uz )
(z]z + w)
Hence,
- R (2| f lw) (Wo—za) 52
e Qawa+ ¥ dzq f(z*,Z) = —: e\ Y " ozq f(z*72) (119)
(z|w)

where we define the ordering :: by moving every derivative in the Taylor expansion of

9 9
e(Wa=%)3:5 to the right. Similarly, in : e?=a “*7**) . every derivative in the Taylor

expansion is moved to the left. Plugging (1.19) into (1.17) gives

(F*9)"2) = [ dutw”,w) (el flw) (wlgle)

13



1 Examples of non-commutative spaces

P —
9 *__

wh—z5) =2 *
= 7(=%2) | [t w) P o2 R ) g2,

Lemma 3(iii) implies that |(z|w)|? = elw1==11*~lw2=2" " Hence, we see that similar to
the proof of Lemma 3(iv) the integral factorizes into integrals over the two complex

coordinates wy and wsy:

(*)

—

-

o) *_ %) _0
1/dwfdw1 L ePa (W17F) L mlwn—a :e(w1 o :
T

—

E( —22) 2 (w2 —22) =2
325 w2 —22 I€_|w2_22| e 27 *2 923 :

1
X —/dwédwg e

(%)

Using the variable transformation v = w; — z1, abbreviating a = 8%1 (a* = 82 ) and

%

using polar coordinates u = re’¥, the integral () can be expressed as:

1 00 5 27 X .
(x) = —/ drre”" dy exp(are'® 4+ a*re”"?)
T Jo 0

1 [ 2
:—/ drre™"
m™Jo
21

, | . .
X de (14 are' +a*re™% + §(a2r262w + 2aa*r? + (a*)*r2e72%) +...)
0

Every term in the Taylor expansion of exp(are’® 4 a*re™") containing a factor e?*% for
some non-zero k € Z is integrated to zero; thus, only the terms constant with respect to

¢ give non-zero contributions:?

o0 1 1 (4
(%) = 2/ dr {re ™ + =2aa*rPe ™ + — (aa*)2r5e_r2 +...
0 2 41\ 2

1 1
:1+aa*+§(aa*)2+§(aa*)3+...
— = '
(-2
= exp(—
pazlazf

2The occurring integrals can be evaluated with any decent CAS.
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1.1 Moyal plane

Similarly,
o 0
(xx) = exp(a—zgazg).
Combining these results finally gives the explicit formula for (f x g)(z*, 2). O

Corollary 5. We have
[dunt=",2) (F )", 2) = [ dut=",2) (g% (=" 2)

where du(z*, z) = 7T—12alzi“alzlalz@“alzz is the standard four-dimensional measure on C2.

Proof. This is easily verified by employing a Fourier transformation. Since

9 0
exp ( ) L exp(pap?),

024 02

the result is obtained by a simple change of ordering. O

Remark. The exponential does not vanish after Fourier transforming as it did in Lemma

/f*g#/fg

with this particular star product, in contrast to the Moyal star product (1.10). o

1. Thus, we stress that in general

Recall that we set the non-commutativity parameter 6 = % at the beginning of this
section in order to retain the well-known form of the commutator relations (1.12). Rein-

troducing 6 in the formula for the star-product of Proposition 4 yields

— —
(F*9)(,2) = F(=", 2)exp (;Z (Q;) o=, 2). (1.20
It is easy to see that (1.20) reduces to the usual commutative product f(z*,2)g(z*, z) in
the commutative limit  — 0.

Further, we observe that the star product (1.20) (denoted by x¢) is different from the
star product (1.10) (denoted by xj7) in Section 1.1.2, as can be seen in Corollary 5 and
the following remark. However, as both (C*(R%), x3,) and (C*°(C?), x¢) are isomorphic
to the non-commutative algebra A, they are also isomorphic to each other. For details

of this isomorphism we refer the reader to [1, p. 14, Sec. 3.3.3].
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1 Examples of non-commutative spaces

1.2 Deformed R? and the fuzzy sphere

In Section 1.1 we discussed the commutation relation (1.1) with D = 4 and a constant
anti-symmetric matrix (6%). These assumptions resulted in the four-dimensional Moyal
plane Rg, which we equipped with the star product s in (1.10) respectively ¢ in
(1.18). In the following section, we pass from a constant commutation relation to a
more general setting by assuming a coordinate dependence in (1.1). We then define the
star product on R?j\ by restricting the star product *¢ of Section 1.1.3 in a suitable way.
To this end we employ the Hopf fibration S® — S? and anticipate the Jordan-Schwinger
construction for the coordinate operators #* from 3.1.1 in a slightly different way, thus

enabling us to work out an explicit formula for the star product on Ri.

1.2.1 Definition and relation between the two spaces

We set D = 3 and consider the commutation relation

k

[#%,47]) = ixe, 2% for 4,5,k € {1,2,3} (1.21)

where ) is a non-commutative parameter playing the same role as 6 in Section 1.1.1.
Relation (1.21) is immediately recognized as the defining commutation relation of the
Lie algebra su(2), that is, R comprises a reducible SU(2)-representation on a suitable

Fock space
F =& Fn.
N=1

This Fock space F is defined in Sections 1.1.3 resp. 3.1.1; in the latter we show explicitly
(using the Jordan-Schwinger construction for the coordinate operators ) that (1.21)

defines an irreducible spin-V/2 representation of SU(2) on the subspace Fy:
3

N (N .
M@, = 20 (2 + 1> idg, (1.22)
i=1

This is the defining relation of the fuzzy sphere Sz N/2 with radius A4/ % (% + 1). Hence,

we can view ]Ri as a direct sum of infinitely many fuzzy spheres 5)2\ N2

RS = @ S5 v/ (1.23)
N=1

16



1.2 Deformed R3 and the fuzzy sphere

The fuzzy sphere Si Ny2 Can also be obtained using the orbit quantization method; see
for example [4], where an orbit quantization of the projective complex space CP? is
carried out explicitly. Since S? = CP!, the method can be readily applied to the fuzzy

sphere.

1.2.2 Star product on R3

In the following section we solely concentrate on the star product xc coming from the

coherent states; therefore, we simply write *.

Quantizing the Hopf fibration

The two-sphere S? can be regarded as the image under the Hopf fibration S3 — S? in
the following way: first, we embed the 3-sphere S® in C? via

L83 — C?

(21,22, 23, 24) — (21 = T1 + T2, 22 = T3 + T41)

where z; € R and Y, #? = 1. Second, we declare two points on S* equivalent if both lie

on a complex line through the origin:
x~gy e c=AyforaleCwith |A\[ =1 (1.24)

Since CP! is the space of complex lines through the origin, this equivalence map gives rise
to the quotient map 7 : S% — CP! of ~gs, assigning to each = € S3 the corresponding
complex line [z] € CP'. The pre-image 7—'([z]) = {2 | § € [0,27)}, also called the
fiber of [z], is isomorphic to S!. Employing the isomorphism Sy & CP! finally gives the
Hopf fibration S® — S2. The corresponding Hopf map can be written compactly as

4 1.,
T'(2) = 52000378 (1.25)

- 2 a” o
where z = (z1,22) € C? with |22 + |22|> = 1 and 0%, i = 1,2,3, are the usual Pauli
matrices.
To quantize the Hopf map we simply replace the complex coordinates ., with bosonic
creation and annihilation operators a, of a 2-dimensional harmonic oscillator satisfying

the canonical commutation relations (1.12). One easily checks (cf. Section 3.1.1) that

17



1 Examples of non-commutative spaces

the coordinates

1
gt= gdgdgﬁdg (1.26)

satisfy the defining commutation relation (1.21) for A = 1.

Reducing the algebra of the Moyal plane

Recall that we defined A as the non-commutative algebra defined by the coordinate
operators ﬁrlM, 1 =1,...,4 of the Moyal plane Rg. Consider now the sub-algebra As C
A generated by the coordinate operators &' = %&3035&5. Since (20)% = S22, (2%)?
commutes with #*,4 = 1,2,3 by (1.22), we see that As is the algebra of elements of A
commuting with #°. The function z° defined by (2°)? = 3,(2%)? is associated to the

operator 20, To explicitly compute 2, we first write out the Hopf coordinates x*:

1 * *
x = —(2{22 + z125)

2
2 _ ? * *
f— 5(,2122 — 2]22)
x° = §(zlzf — 2925)
Hence,
. 1
D (@) = <((21)%25 + 22f 2522 + 25 (2)° — 21(25)° + 221 2125 20 — (27)%23

4

+ (zle)Q — 22 212529 + (25‘22)2

1
= Z(Zi*zq + 25 20)?,

implying 2° = %z;za. Employing the identification

i[20, f] +— i[2°, flx = i(a0 % f(2*, 2) — f(2*, 2) %)

A

we compute the equivalent of the commutation relation i[2°, f] in (C°°(C?),*):

1 J 0
0 * T *
% f(25,2) = 5 %a%a €XP (8za )f(z ,2)

0z}
1 9 0
= 5(zaza(l+ D7 D28 +...)f(z%,2))

18



1.2 Deformed R3 and the fuzzy sphere

1 * * * 0 *
- i(za'z&-]%z 72) -+ Zozazzf(z ?Z))a

since terms with higher-order derivatives annihilate 2} z,. Analogously,

f(z*2) *x 20 = %(zézaf(z*,z) + zaazaf(z*,z)),

resulting in

. i, 0 0 .
Z[$O7f]*: 5 <Zaazz _Za82a> f(Z 72) = 'COf
The map Ly is actually a derivation with respect to *:

Lemma 6. Ly € Der((C>®(C?),x), that is, Lo(f *g) = Lo(f) x g+ f * Log.

Proof. We compute:

i
+ if(z ,2) eXp ((’3%8733

; 9 0 B o
’L * * _ *
+¢mm%%%ﬂ%%%%ﬁwa

= (Lof)g + fLog 0

19



1 Examples of non-commutative spaces

Since we have the correspondence
i[2°, f]=0in A +— Lof =0in (C®(C?), %),

Lemma 6 implies that the function algebra As corresponding to the operator sub-algebra
A3 c A is closed under the star product x. We can thus simply restrict the star product
(1.17) to Ri and denote the corresponding function algebra by A3. Let us find an explicit
formula for * of (1.18) on Asj:

Proposition 7.

(1.27)

(f % 9)(w) = fw)exp (a‘z;w + kx’f>a‘9) o(v)

for f,g € As.

Proof. First, we have to change the differentials % | 4, and % A, to the new coordinates

i1 _x i .
T’ = 52,045%8:

9| di o 1.,,
%Azs_dza@mi ~ 97B8%Ba g
9| dii o 10

0z4 |4,  dzh O DY

Plugging this into the exponential in (1.18) gives

- = — —
e 0 9 e 01 2ioh o)z 0
— =ex _Z —
P 0zq 025 e w oxJ
(%)

where we take a closer look at the term (x):

Putting everything together yields the desired result. O

Let us check that we can recover the commutator relation (1.21) from the star product

20



1.2 Deformed R3 and the fuzzy sphere

(1.27):
91 E}
' x 2! = ztexp (awk2(5kl:c0 + isklm:pm)aﬂ) x’
9 1 E)
= J}Z(l + W§(5kl$0 + ifklml‘m)@ + ... ).%J
1 g

=z'z) + 5(5”330 + i ")

Therefore,

[2", 27 ), = 2" x 2! — 27 % 2’
_ Yook _Ji ok
= (g7 2" — & a”)
2
:ie”kmk,

establishing the isomorphism between As and Aj.

Suitable measure on R3

In order to formulate field theories on R3, one needs to specify an integration measure
on the algebra Az corresponding to Ri. In the spirit of Section 1.2.2, we take the

four-dimensional measure
]' * *
dp = —dzidz1dzydzs (1.28)
T

on C? as in Corollary 5 and try to extract a suitable measure for Ajz.

Our ansatz is the following coordinate transformation:

z1 = Rcos e’ with0§9/<g70§<ﬂa§7r

29 = Rsin 0'e'#?
We need to express the coordinate differentials dz, and dz}, in the new coordinates:

dz = cos0'e’?'dR — Rsin0'e"1df + iR cos 0™ dyp,
dz} = cosf'e 1dR — Rsin®'e”"1df' — iRcosf'e ¥1dyp,
dzo = sin@'e"?2dR + Rcos 0'e’?2df + iRsin 02 dyp,
dzy = sin@'e”"2dR + Rcos#'e”“*2df’ — iRsinf'e "2 dypy
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1 Examples of non-commutative spaces

Further, we compute the exterior product of these differentials:

dzf Ndzy = —Rsin®' cos@’dR N df’ + iR cos? ' dR A doy
— Rsin® cos@'df’ A dR — iRsin 6’ cos0'dd’ A doq
— iRcos? 0'dp; A dR + iR?sin @' cos 0'dpy A db’
= 2iRcos® 0'dR A dpy — 2iR*sin 0 cos 0'd0’ A dpy

Analogously,
dzy A dzg = 2iR*sin? 0dR A dipy + 2iR?sin @ cos 0'd0’ A deps.
This finally gives

1
du(z*,z) = ﬁdz’f Ndzi ANdzy N dzo

1 .
= ﬁR?’ sin(260')dRd(26)dp1dps.

Let us also express the coordinates z° in the new basis (R, ¢, 1, @2):

1 1 1
2% = 2252, = ~R%(cos?(0') + sin?(#')) = = R?
2 2 2
1 1 *
= 52a0ap%s = 5 (2l + 252)

= %RQ sin @’ cos 9’(6"(“’27@1) + ei(‘m*‘f’?))
= iRZ sin(20')(e'(P2=#1) 4 ~ilw2—e1))
Similarly,
2 = ERZ Sin(ggf)(e—i(m—m) _ ei(‘P2—<Pl))

1
= ERQ cos(26).

(1.29a)

(1.29b)

(1.29¢)

(1.29d)

We see in (1.29) that the 2’ only depend on the variables (R, := 20', ¢ := o3 — ¢1).

This is not surprising, given that ]Ri is a three-dimensional space. We change to this

new coordinate system (R, #, ¢) and observe that the coordinates x' are now of the form

R2
zl = 7sinﬂcosgo
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1.2 Deformed R3 and the fuzzy sphere

RQ
z? = 7sin9sing0
R2
3
" = —-cos 0,
that is, the usual spherical coordinates with radius z° = R;. To express the measure

(1.28) in the basis (R, 8, ), we also note the following:

RAR = dx°
R2=920 =
R3dR = 22°da”°

1

=2 — 1 90125((10/_@)
/ = 1
v =2t P2 =3¢ + )
1
dprdps = Z(dw’dso — dpdy')
L.,
= 5d90 dp

Thus, the measure du(z*, z) takes the form

1
du(z*,z) = Raco sin 0d2"dfdy’ dp

and the integral of an arbitrary function f(z) € A3 can be written as

1 o T 2T
/d,u(z*,z)f(:c) —/0 ﬂ:od:vo/o sin 0df ; dp f(x)

T or
1 d3x
= o / 20 f(z)
where we already carried out the trivial integration over ¢'.

We observe that the measure on Ri differs from the ordinary measure on R3 by a
factor ?10 This stems from the radial part 2°dz° of the integration measure on ]R:;’\; since
the usual radial part of the integration measure on R? is 72dr, we need the extra factor

;10- This is tied to the fact that the radial direction in the deformed space R?)’\ plays

a special role, since it encodes all different fuzzy spheres with radius )\,/% (% + 1),
expressed in (1.23).

Remark. Clearly, Corollary 5 and the remark thereafter also hold for the star product
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1 Examples of non-commutative spaces

(1.27) on R3. We therefore have

[ S = [ Logs pie

but [ f*g# [ fg in general. o

1.2.3 Projection operator P,

In Section 1.2.2 we defined the star product on R?)’\ as the restriction of the star product
*c on the Moyal plane ]Rg. Furthermore, in Section 1.2.1 we saw that ]Ri can be regarded
as the direct sum over the radii of infinitely many fuzzy spheres. We now employ this
connection to define the star product on a fuzzy sphere of given radius by means of a
projection operator P 7.

In order to define P; we first switch to a more suitable basis of the Fock space F.

Remember that we initially defined F as the span of the vectors

(@)™ (ah)

niy,n
’172> \/W‘>

that is, eigenstates of the number operator N = al ae (as shown in Lemma 28 in Section
3.1.2). However, for our purpose it is more convenient to work in the so-called Schwinger

basis:

|4, m) = 0) (1.30)

Vi +m)l(G —m)!
where j € %N and m € {—j,—j+1,...,5 —1,7}. To express the coherent state |z) in

the basis (1.30), we use the expression (1.15) for |z) to compute:

1 ny n2

Z 21729 A]—f—mAJ m

\/(] + m)'(j ‘ ni,ng Vv nl'n2 1

5n1,j+m6n27j—m

—z*z/2 ‘711777,2)

(gyml|z) = e

Jj+m _j—m
—z*z/2 A1 Z2

(7 +m)l(G —m)!

Hence, the coherent state in the Schwinger basis reads

j+m j—m

I2) = e~ z/zz Z 22 m)!\j,m>. (1.31)

Jj€5 Nm_—] ]+17’L
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1.2 Deformed R3 and the fuzzy sphere

Setting J = % (i.e., J is a specific value of j in the Schwinger expansion |j,m)), we

denote by Aj the algebra of operators on the fuzzy sphere S;\’ 7 defined by
[#%,27]) = iXe 2" S (@)= NI +1). (1.32)
i=1
An operator fJ € Ay can be written with respect to the Schwinger basis (1.30) as
. J
fr=>_ flwlJm)(Jm/| with f ., €C. (1.33)

mm/=—J

Recalling that RS = @ JelN 5)2\ 7> we can certainly decompose any operator f € Az as
2 b

f=> 7 (1.34)

JELIN

and it is obvious that (1.33) and (1.34) are related by the projection operator

J
Py= " [J,m)(J,m|. (1.35)
m=—J
More precisely, we have
fr=Pifpy, (1.36)

which is obvious from the definitions of f 7 and Py Tt is easy to see that P; is indeed a

projection operator:

Lemma 8. P; is a projection operator of rank 2J + 1, that is:
(i) P} =Py
(i) Pf=P;

(iii) dim(Py(R3)) =2J +1 and 3 Jelin Py = idgg

Proof. Prove this by using the definition of P; and the decomposition R3 = D jen S?\’ -
O

The projection operator P; can be used to define a star product on the fuzzy sphere

5)2\ s related to the star product x¢ on ]R?)’\. Since we used coherent states to define x¢
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1 Examples of non-commutative spaces

we first need to investigate the action of Pj on As. The following Lemma proves to be

useful:

Lemma 9.

(ii) [2%,Py] =0 fori=1,2,3
Proof. (i) First we calculate the action of G, on a Schwinger basis vector |j, m):

o @hrmagy
1 >_\/(J+m)'(.7 >"0>
_ G+ m@h @y
Vi +m)l(G —m)!

_ ST @hu—+m=3) (4
V(G =3+ (m = D)

= Vil m-

—_

Similarly,
dslj,m) = /j —ml|j — 5,m— 3).
Therefore:
R J
arPy= Y alj,m){j,m|
m=—J
= Z \/.]+ | m_7><‘77m|
m=—J

J g
_ .1 ’I’)’L—* Aj+m&g m m
2 = amma —

m=—J
J Ajtm—1aj—m
a a
= i — &, m— )(0]—= 2_ a
m;J 2 2NG+m =D —m)!
J
= > li—3m=5G-3m—ila
m=—J
=P;_1in
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1.2 Deformed R3 and the fuzzy sphere

upon setting m’ = m — 1 and J' = J — 3. Analogously,
asPy = P, _1ds.

From a,P; = ]5]7;% we immediately get d};]ﬁ ;=P al, by Hermitian conjugation.
2

J+3

(ii) Using (i), we calculate:

=P a 1Py, alag =0,
———
=Pjalag
yielding
[i'zap‘]]:io-a,@[&zv&ﬁap(]]_o O

Lemma 9 implies that any operator in As = span(#’ | i = 1,2,3) commutes with the
projection operator Py. Hence, (1.36) can be refined to
fJZ }fPJZf J (1.37)

and therefore also AJ = pJAg = flgPJ = pj.ﬁ4pj. In order to relate ]5J to the star
product on A we need to compute its action on a coherent state |z). To this end, we

rewrite (1.31) as

|Z> = Z |Z>j with |Z>j :G_Z*Z/2 Z ( it Zg.i ’j7m> (138)

(7 — |

which immediately implies Py|z) = |z) ;. Further, the coordinate representation Py € As

of Py is given by

1 1

_ P _ _ —2* 2 N2 _ =229 5 .0\2J
Py = (z|Py|z) = (z|z); = (2J)!e (z%2)" = (2J)!e (227)7. (1.39)
Note that P; = P;(2°) as expected. We now define
fi(#",2) =5 (el fle); = (2B fPjle) = Py« f % P (1.40)
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1 Examples of non-commutative spaces

for f € A4 using the star product in (1.17); the star product on A; for f,g e Ay is
then given by (f * g); = fj * g;. Introducmg the angular coordinates ' := o it is

20
straight-forward to prove that (' 2°); = 72" and hence (f(7) x2°%); = (2%« £(7%)),.
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2 Differential calculi

The purpose of this chapter is to define a differential calculus on Rf{. After a short repe-
tition of the de Rham-calculus on commutative manifolds, we first discuss the universal
calculus on an arbitrary unital algebra, from which every differential calculus can be
obtained as a quotient object. Turning to a certain class of algebras called quantum
groups or Hopf algebras, we describe an explicit method of defining differential calculi
on them. Since Ri can be regarded as a quantum group, we can use the techniques from
the previous sections to introduce an example of a four-dimensional calculus on R?/{. The
results are compared to the commutative setting.

The first section about the de Rham-calculus is part of every standard textbook on
differential geometry. The discussion of the universal calculus is inspired by [21, Sec. 6.1],
the sections on quantum groups draw from [21, Sec. 4.4] and [23, Sec. 1 and 24]. The
explicit construction of the four-dimensional calculus on R} is taken from [3, Sec. 4 and

5], extended by explicit calculations.

2.1 Commutative manifolds

In this section we briefly recapitulate the construction of the de Rham differential cal-

culus on a general, commutative manifold M. We set C(M) := C>(M).

2.1.1 Vector fields

Let M be a smooth manifold of dimension n. A smooth vector field X : M — T M is
a smooth map assigning to each point p € M a tangent vector in T,M. If we denote
by w: TM — M the projection of the tangent bundle, we have m o X = id;;; hence,
a vector field X is a smooth section of the tangent bundle TM — M. The space
X(M) of smooth vector fields on M is a left C(M )-module via (fX)(p) := f(p)X(p) for
feC(M) and X € X(M). In the special case of the manifold R™ the vector fields form
the free module C(R™)", i.e., there is a global basis (01, ...,0,) for X(R"™) and every
vector field X on R™ can be uniquely written as X = X’9; with X? € C(R") (Einstein

summation convention implied). In general, the module X(M) is not free, i.e., such a
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2 Differential calculi

(global) basis does not always exist. However, we can always find a C(M)-module N
such that X(M) @ N is free. This is equivalent to saying that X(M) is a projective
module. By the observation above, X(M) is free if and only if M is parallelizable.

An important result states that vector fields can be identified with derivations on
C(M):
X (M) = Der(C(M))

We write X (f) for X € X(M) and f € C(M) to indicate that X acts on f as a derivation.
The relationship between vector fields and derivations is supported by the representation
of vectors as X = X'0; where 0; are the ordinary partial derivatives with respect to some
local coordinate system in p € M. The isomorphism X(M) = Der(C(M)) however is not

trivial.

2.1.2 De Rham-calculus

A differential calculus on a manifold M consists of a space Q*(M) of differential forms
and an exterior derivative d defined on these forms. We familiarize ourselves with the
concept by considering the de Rham-calculus.

A p-form « is a smooth section of AP(T*M), the p-th exterior power of the cotangent
bundle. Explicitly, for every x € M the smooth map x — «, defines a p-linear, alter-
nating map a(z) = ag : Ty M x --- x T,M — R. The set QP(M) of p-forms on M is
turned into a C(M )-bimodule by means of

(fe) (@) = (af)(z) = f(z)o()

for fe C(M), a € QP(M) and x € M. For a p-form o € QP(M) and a ¢-form g € Q(M)
we define the exterior or wedge product a A 3 € QPTI(M) as

1
pn Z SgH(U)()é(XU(l), R 7X0'(p))/8(Xa(p+l)a R 7X0'(p+q))

(CY/\,B)(Xl,...,Xp+q) = |
Pe 0€6p+q

where &,, is the symmetric group on {1,...,n}. Note that « A = (=1)P/5 A« i.e., the
exterior product is graded commutative. Setting Q°(M) := C(M) we define the space
Q*(M) of differential forms as

(M) = P r(M),
p=0
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2.1 Commutative manifolds

which by the above is turned into a graded algebra (2*(M), A) by noting that

QP(M) A QI(M) C QPHI(M).

The second ingredient in a differential calculus is an exterior derivative d, i.e., an

R-linear map satisfying d> = 0 and a graded Leibniz rule. For a € QP(M) we define

da(Xo, ..., X,) == Z(—l)iXi(a(Xo,...,&,...,Xp))

=0
+ Z (_1)i+Ja([Xi,Xj],X07.._,ﬁ,...,ﬁ,...,Xp)
0<i<j<p

where a square bracket means that this vector is left out and [X;, X;] is the Lie bracket
of the vector fields X; and X;. Observe that da € QP1(M). Given f € C(M) = Q°(M),
definition (2.1) reduces to df (X) = X (f), i.e., this is just the derivation X acting on f.

The exterior derivative is a graded derivation with respect to the exterior product:
dlaNB)=da A+ (-1)PandS

Another important observation is d> = 0, which follows directly from (2.1). A p-form
a is called exact if there is a form 8 € QP~Y(M) with a = dB, and closed if da =
0. Since d? = 0, every exact form is automatically closed; one can then start with a
particular space QP(M) and investigate the quotient space (closed forms)/(exact forms)
to obtain topological information about the manifold M. This is the subject of the field
of cohomology. The pair (2*(M),d) is called the de Rham-calculus on a commutative
manifold M.

Let us also introduce two additional operations on differential forms: the interior

product ¢x and the Lie derivative Lx. Given a vector field X and a p-form « we define
(txa)(Xq,..., Xp1) =pa(X, Xq,..., ..., Xpo1),

which is just the contraction of a with the vector field X, producing the form txa €
QOP~Y(M). The Lie derivative Lx is now defined as

Lx :=uixd+dix.

Hence, Lx is a map QP(M) — QP(M). Note that the notion of the Lie derivative

can be extended to arbitrary tensor fields. In the special case of vector fields, the Lie
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2 Differential calculi

derivative of a vector field Y with respect to a given vector field X is just the Lie bracket
of X and Y:
LxY =[X,Y]

2.1.3 Generalized construction

In section 2.1.2 we outlined the explicit construction of the de Rham-calculus on a
commutative manifold M. However, this procedure is not suitable for generalizing the
concept of differential calculi to non-commutative spaces. Therefore, we consider an

equivalent procedure, which is easily adopted to the non-commutative setting;:

(1) Identify the algebra of functions C(M) and the vector fields X(M) on M.
(2) Set QO(M) :=C(M).
(3) For f € C(M) and X € X(M) define df (X) = X(f).

(4) Let D be the C(M)-module generated by the elements df for f € C(M) and let Z C D
be the submodule generated by elements of the form fdg — (dg)f for f,g € C(M).
Define QY(M) := D/T.

(5) Define the space QP (M) of p-forms as the C(M)-module generated by p-fold exterior
products of elements in Q'(M).

Note that in the commutative case step (1) amounts to setting C(M) = C*°(M) and
X (M) = Der(C*°(M)). There are more possibilities in the non-commutative case and
obtaining a differential calculus requires reasonable choices. Recall also the different

choices for non-commutative algebras shown in Chapter 1.

2.2 Non-commutative spaces

In Section (2.1.2) we used standard objects and techniques from differential geometry
to construct the de Rham-calculus on an arbitrary commutative manifold M. However,
a differential calculus can be defined in a purely algebraic way on the algebra C°°(M)
of smooth functions on M; this was already indicated in Section 2.1.3. One can even
go one step further and start with an arbitrary, possibly non-commutative associative
algebra. We learned in Chapter 1 that non-commutative spaces are defined by replacing
the commutative algebra of functions on a manifold by a non-commutative algebra;

hence, we need to be able to construct differential calculi on non-commutative algebras
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2.2 Non-commutative spaces

in order to have geometric tools on non-commutative spaces at our disposal. The most
important observation is that, given an associative algebra, there is always a ‘minimal’
choice of such a differential calculus, called the universal calculus. It is minimal in the
sense that every other differential calculus can be expressed as a suitable quotient of the
universal calculus.

In this section we will first define the universal calculus and show a few properties.
Secondly, we take a closer look at quantum groups and outline how to obtain a non-
universal differential calculus on them by taking a quotient of the universal calculus.
Finally, these results are used to explicitly construct a four-dimensional calculus on Ri

and the fuzzy sphere.

2.2.1 Universal calculus

Given a unital associative algebra A we define C), := A®PTY ag the set of p-chains (e.g.,
0-chains are elements of A, 1-chains are elements in .4 ® .4, and so forth) and abbreviate
(ag,...,ap) ==ap®---®a, € Cp, where a; € A,i =0,...,p. We now define the central
object of a differential calculus, the differential map! d,, : Cp — Cp41 by:

dy(ag,...,ap) = (1,a9,...,ap)
P
—I—Z(—l)p(ao,...,ai_ljl,ai,...,ap) (2.2)
i=1

+ (—=1)P"(ag, ... ,ap, 1)

For example, dya = 1®a—a® 1 and dy(a,b) = (1,a,b) — (a,1,b) + (a,b,1). We need to
ensure that d2 = 0, as we would expect from a differential map. Furthermore, d,, should
satisfy the Leibniz rule on O-chains a € A (i.e., ‘functions’) and a graded Leibniz rule on
higher forms. The former is shown in the following proposition, the latter will be shown

in Proposition 11.
Proposition 10.
(i) d2 =0
(ii) dy(ab) = (dya)b+ adyb for a,b e A

Proof. Throughout the proof we abbreviate d = d,,. Further, for a = (ag,...,a,) € C)

we define an insertion operator ¢; by ¢;(ao, ..., ap) := (ao,- .., ai-1,1,a;,...,ap) for i =

In the language of homological algebra, the differential d, is called a coboundary.
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1,...,p, that is, it inserts the unit 1 in the (i 4+ 1)-th slot of a € C},. Note that this is

just in order to ensure a clean notation in the proof.

(i) Clearly, by definition of d we have d(a &= b) = da + db where a = (ag,...,a,) €
Cp,b=(by,...,bp) € Cpand a+b:= (ap £ bo,...,a, £b,). Hence, we compute:

d?*(ag, ... sap) =d(1,a0,...,ap) + Z(—l)pd(ao, coai—1, a4, .00 ap)

+ (=1)P d(ap, . .. ,ap, 1)
p+1

= (1,1, aop, . +Z )iui(1 ao,...,ap)+(—1)p+2(1,ag,...,ap,l)
(%) )
(%)
p .
-1-2(—1)1(1,@0,...,ai_l,l,aij...,ap)
i=1
(%)
p p+l
—I—ZZ D™ i(ag, ... ai-1,1,ai,. .., ap)
i=17j5=1
)
p .
+Z(—1)Z+p+1(a0,...,ai,l,l,ai,...,ap,1)—1—(—1)p+1(1,a0,...,ap, 1)
- (@)
(®)
p+1
—|—Z 1)iPrl, ao,...,ap,1)+(—1)2p+3(a0,...,a,p,l,l)
(W)
(W)

The terms (©), (#) and () cancel. It remains to check that the term (<) vanishes. If

we write
p pt+l1

ZZ ”%J (ti(ao, ..., ap)),

i=1j=1

we see that the pairs (4,7) and (j,7 + 1) cancel each other out. Since there is an even

number of terms, p(p + 1), the term (<) vanishes altogether, and we obtain
d*(ag, ..., a,) =0
for all p. Note that the whole proof is actually straightforward and merely a problem of

writing everything out.
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2.2 Non-commutative spaces

(ii) In order to verify the Leibniz rule, we first need to specify what we mean by the

expressions (a, b)c and c(a,b) for a,b,c € A:

(a,b)c := (a,bc) = (ac, b)

(2.3)
c(a,b) := (ca,b) = (a,cd)

Hence, we can choose either the embedding A — ARA, ¢ +— c®1 or A — ARA, c — 1Qc¢;
the non-commutativity of the algebra A however forces us to be careful with the order

of multiplication. The Leibniz rule is now easily checked:

(da)b+ adb = ((1,a) — (a,1))b+ a((1,b) — (b, 1))
= (1,ab) — (a b) + (a,b) — (ab, 1)

d(ab O

~—

Remark. The choice in (2.3) fixes the left and right A-module structure of Cy = A®
A. We will shortly see that the space Q1 (A) of 1-forms in the universal calculus is a
submodule of C5 with this module structure. o

The previous remark has already indicated the nature of the space QL (A) of 1-forms.
In order to construct the space QF(A) of p-forms with p > 1, we have to define a
multiplication for elements in Cp,. For a = (ag,...,a,) € Cp and B = (b, ...,by) € Cq
we set

Q ok ﬁ = (a(), e ,ap_l,apbo,bl, . .,bq).

Since A is an associative algebra, so is the product *; furthermore, by definition we
clearly have C) x Cy C Cptq. Thus, C* := U,eny Cp is a graded associative algebra, on
which the differential d,, satisfies a graded Leibniz rule:

Proposition 11.
dy(ax* ) = (dya) * B+ (—1)Paxd,B for a e Cpy, B e C,

Proof. We set o = (ao,...,ap), = (bo,...,by) and calculate the left-hand side of the

equation:

dy(a* ) = dy(aog,...,apbo, ..., by)
p+q

= (L,ao, ..., apbo,....bg) + > _(=1)"t5(ao, ..., apbo, . .., by)
=1
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+ (1P (ag, ... apbo, - . ., by 1),

where ¢; is the insertion operator from the proof of Proposition 10. The right-hand side

amounts to

p

(dya) * B+ (—=1)Paxdyp = (1,a0,...,apbo, ..., bg) + Z(—l)iLi(ao, —osapbo, ..., bg)
i=1

(*)
+ (—1)p+1(a0, ... ,ap,b(), o ,bq)
(%)
+ (—1)p(a0, R ,ap,bg, - ,bq)

(%)
pt+q

(=17 S (=1 (a0, - apbo, - - by)
1=p+1

(+)
+ (=Pt (g, ... apbo, . .., by, 1)

The terms (x*) cancel. Since (—1)?P*¢ = (—1)%, combining the terms (*) gives exactly
S P (—1)i(ag, - . - apbo, - - - , by); hence, the two sides of the equation are equal, proving
the claim. O

Finally, we are ready to give the definition of the universal calculus over A:

Definition 12 (Universal calculus). Let A be a unital associative algebra. Set Q0 (A) =
A and let QL (A) € C; = A® A be the A-bimodule generated by the set {d,a | a € A}.

The left and right module structure are given by

c(ai,az) = (cay,a2) = (a1, caz)

(a1,a2)c = (a1, az¢) = (ajc, az)
for ai,as,c € A. For p > 2, QP(A) is the A-bimodule generated by the set
{dyar % ---*dyap | ai1,...,a, € A}.

The left and right module structure are given by

clai,...,ap) = (ca,...,ap) = (ai,...,ca;,...,ap) = (ai,...,cap)

(a1,...,ap)c = (a1,...,apc) = (a1,...,a;c,...,ap) = (ai,...,apc)
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for ay,...,ap,c € A. With Q3 (A) = U,en 2 (A), the graded algebra (€27, %, d) is called

wr

the universal calculus of A. o

Note that QP (A) *x Q4(A) C QPT(A) by definition. Although the *-product is the
analogue of the wedge product in the de Rham-calculus of commutative manifolds, we

have in general

dya * dyb # —dyb * dya

for a,b € A due to the module structure of Q! (A) (which is in turn a consequence of
the non-commutativity of A). The universal calculus is characterized by the following

universal property:

Theorem 13 (Universal property of the universal calculus). Let A be a unital associative
algebra, (0 (A),dy) the universal calculus over A and (Q2*(A), *,d) some other calculus

over A. Then there is a unique surjective algebra homomorphism
¢ : 0, (A) — Q°(A)

with ¢(du€) = do(€) for & € Q(A).
Proof. See [23, p. 150, Ex. 23.7]. O

Remark. The theorem states that every calculus Q*(A) on A can be obtained as a

suitable quotient of the universal calculus Q2 (A). o

2.2.2 Quantum groups

The universal calculus of Section 2.2.1 can be defined for arbitrary unital associative
algebras. The focus of this thesis however lies on the particular algebra R3 introduced
in Section 1.2, which can be regarded as a so-called quantum group or Hopf algebra.

The following section contains a very short introduction to quantum groups as well
as an outline of the construction of a differential calculus on quantum groups using the
quotient method of Theorem 13. Our goal is an explicit formula for the differential d
on R?)’\, enabling us to work out the computations in Section 2.2.4. Since a thorough
treatment of quantum groups would go beyond the scope of this work, we will be short
and only state the necessary theorems without proof; the interested reader is referred to
the literature, especially the textbooks [21] and [23] by Shahn Majid.

In order to define quantum groups, which are a certain type of a bialgebra, we need to

consider coalgebras, the dual objects of algebras. To emphasize this duality, we restate
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2 Differential calculi

the already familiar definition of an algebra. Throughout this section k£ denotes an

arbitrary field.

Definition 14 (Algebra). An algebra A over k is a k-vector space together with an
associative multiplication map m : A ® A — A and a unit ¢ : & — A satisfying
i(1x) = 14. The associativity condition can be expressed by defining the maps

meid: (A A) @A — A A idom: A® (A A) — A A

and requiring m o (m ® id) = m o (id ®m). We frequently abbreviate ab = m(a ® b) for
a,b € A. The unit ¢ has to satisfy m o (id ®) = mo (i ® id) = id, which just states that
alg=14a =a fora € A. o

If we reverse the direction of the arrows of the maps m and ¢ in Definition 14, we

obtain the dual object to an algebra, a coalgebra:

Definition 15 (Coalgebra). A coalgebra A over k is a k-vector space together with a
coassociative coproduct A : A — A ® A and a counit € : 4 — k satisfying

(id®A)o A= (A®id)o A
(id®e) o A = (e®id) o A = id;

the first condition is the coassociativity of the coproduct A. o

We see that Definition 15 is, after reversing all arrows, entirely analogous to Definition
14. Now, if A(m,i,A,€) has the structure of both an algebra and a coalgebra and
satisfies certain compatibility conditions, it is called a bialgebra. In order to give an

exact definition, we need the following map:

7T AQARARA —ARARAR A
a@bRcRd—a®RcRbRd

This helps us in stating the following

Definition 16 (Bialgebra). A bialgebra A(m,i, A, €) is a k-vector space having the
structure of an associative algebra and a coassociative coalgebra satisfying the following

compatibility conditions:

Aom=mem)oTo(A®A) eom=mo (e e)
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Aoi=1Q1 eoi=1id

For example, the second condition € o m = m o (€ ® €) requires that the counit € is an

algebra homomorphism: €(ab) = e(a)e(b). o

Ezample (Smooth functions on a group as bialgebra). Consider the set C°°(G) of smooth
complex-valued functions on a group G with identity eq. For f,g € C*°(G) and z,y € G
define

the unit ¢ is fixed by the requirement € o ¢ = id. Then it is straightforward to check the
compatibility conditions such that C°°(G)(m,i, A, €) becomes a bialgebra. o

A Hopf algebra is a certain type of bialgebra. The term quantum group was coined by
Drinfeld and Jimbo, who originally used a special g-deformed version of Hopf algebras
in physics, ¢ being a deformation parameter. However, up to this point there is no
universally accepted definition of a quantum group; some authors use the terms quantum

group and Hopf algebra interchangeably, and we will adhere to this convention.

Definition 17 (Quantum group or Hopf algebra). A Hopf algebra A is a bialgebra
A(m, i, A, €) together with a linear map S : A — A called the antipode, which satisfies
the compatibility condition mo (id®S)o A =mo (S®id)oc A =ioe. o

Ezample (Group algebra of a finite group). Let G be a finite group, k an arbitrary field
and kG the group algebra of G. Defining the coproduct, counit and antipode on elements

g€ as
Agi=g®yg e(g) :==1; S(g)=g"

and extending them by linearity to all of kG turns (kG, A, €, S) into a Hopf algebra. <

2.2.3 Non-universal differential calculi for quantum groups

We have seen in the previous discussion of differential calculi that a key ingredient in
defining a differential calculus Q*(A) on an algebra A is the space Q!(A) of 1-forms.

For quantum groups H one is usually interested in so-called bicovariant modules. This

39
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essentially means that the H-module Q! = Q! (H) admits a left coaction Q' — H @ Q!
and right coaction Q' — Q! ® H, both being bimodule homomorphisms. The axioms
for a coaction are the same as the usual axioms for actions, except with all arrows in

the defining maps reversed. We have the following

Theorem 18 (Classification of bicovariant differential calculi on quantum groups).
For a quantum group H the bicovariant differential calculi Q'(H) on H are in 1:1-
correspondence with quotients A of kere, that is, there is a two-sided ideal T C kere
such that A' = kere/Z. The first-order calculus (Q*(H),d) is then given by
QH)=A'oH
dh = (r®id)(Ah—1® h) for h € H,

where 7 : kere —» A' = ker €/Z is the natural projection.

Proof. See [23, p. 156f., Lem. 24.6 and Thm. 24.7]. O

This result needs some explanations. Before we start, we introduce the Sweedler nota-
tion. Forw € H®H we can always write w = >, x(1) ;2 (g) ; for suitable z(y) ;, x(9); € H.
Note that the indices (1) and (2) only keep track of the corresponding factor in H ® H.

Sweedler’s notation abbreviates this expression to

W= @ T() = 21) O T,

that is, summation is always implied. An advantage of this notation is that the coproduct

Ah for h € H can be written in compact form as
Ah = h(l) (%) h(2)
Let us now turn to Theorem 18. By [23, p. 156, Lem. 24.6(i)] we have an isomorphism

QL H) S kere@ H
¥, (H) € (2.4)
h®gl—>h(1)®h(2)g

where h(1),hp) € H are given by Ah = h(;) ® h(y), that is, the isomorphism ‘twists’

the coproduct by g in the second factor. The image of the universal differential?® d,h =

2With the sign convention of Section 2.2.1 this is actually —d; clearly, both definitions are equivalent.
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h®1—1® h under the isomorphism (2.4) is

P(dh) = p(h®1—1®h)
= hay @by —1@h (x)
= Ah—1®h.

In (%) we assumed that 11y = 1) = 1. It remains to map the first factor of the
differential dh € QL(H) = kere ® H to A'(H) via the projection 7 : kere — Al; this
gives exactly dh = (7 ®id)(Ah —1® h), as stated in the theorem. In summary, we used

the following maps:
1 P TRid 1 ol
O, (H) — kere®@ H — A @ H=Q"(H)

Theorem 18 states that the choice of a first-order calculus for a quantum group H
amounts to finding a two-sided ideal Z of kere. A practical method is to find a surjective
representation of kere C H on C", that is, a surjective algebra homomorphism p :
ker e — M, (C) such that A' = ker e/ ker p. We will use this ansatz in Section 2.2.4 to

define a differential calculus on ]R‘}\.

However, note that Theorem 18 only defines a first-order differential calculus, that is,
the 1-forms Q!(H), along with an exterior derivative defined on the 0-forms Q°(H) = H.
The following part deals with the construction of the spaces QP(H) of p-forms for p > 2.

Constructing QP(H) for p > 2

In Theorem 13 we stated that every differential calculus Q*(.A) for an arbitrary algebra A
can be obtained as the image of the universal calculus €, (A) under a surjective algebra
homomorphism ¢. This homomorphism can be used to construct QP(H) for p > 2. We

will discuss the case p = 2, from which the general procedure can be inferred.

To this end, let H be a Hopf algebra and Q!(H) be a first-order calculus for H as
in Theorem 18. Further, denote by 1 = (7 ® id) o 1) the projection from QL (H) onto
QY(H) (after having defined Q*(H), the projection ¢ will be equal to the restriction of
¢ from Theorem 13 to QL(H)). Our goal is to find a map g9 playing the role of 1,
that is, the restriction of ¢ to Q2(H); the 2-forms Q2(H) are then defined as the image
of Q2(H) under go. Further, we need to extend the definition of the exterior derivative
d by a map dy : Q'(H) — Q*(H), i.e., di = d|gig). We collect these facts in the
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following diagram:
du

QL(H) —2> Q2 (H)

(7r®id)o1/;:<p1i P2
Y

QUH) "= 02(H)

We make the ansatz

Q*(H) == Q%(H)/N

where N < Q2(H) is the submodule generated by d, ker ;. The map 9 is defined as

the natural projection of this quotient. Furthermore, for a € Q'(H) we set
dra = pa(dyay)

where a, € QL(H) such that a = ¢1(a,) (remember that ¢; is surjective, hence such
an element always exists). Primarily, the choice for Q?(H) just ensures the natural
requirement that pa(dya) = 0 for a € ker ¢y, that is, d(¢1(a)) = d0 = 0. It turns out
that this ‘minimal’ choice already suffices, as the derivative d; satisfies the Leibniz rule

and ensures that d?|g = 0:

Proposition 19.
(i) di(ab) = (d1a)b+ adib for a,b € QL(H).
(ii) dyod =0.

Proof. (i) Let a,b € Q*(H) and ay, b, such that a = ¢;(a,) and b = ¢1(b,). Since ¢ is
an algebra homomorphism with respect to the multiplication * as in Definition 12, we

also have ab = pa(ayb,). We compute:

du(auby))
)by + audyby)

au) ) + 902(audubu)

= (dla)b + adqb
(ii) Let h € H. By Theorem 13 and 18 we have ¢;(d,h) = dh and therefore

dl(dh) = 902(du(duh)) = 902(0) =0. O
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Using this procedure one can inductively define QP(H) for p > 2 to arrive at the full

differential calculus Q*(H).

Ri as a quantum group

In order to apply the previous considerations to Ri’ we need to establish its structure as
a quantum group. To this end, we first introduce the universal enveloping algebra of a

finite-dimensional Lie algebra:

Definition 20 (Universal enveloping algebra of a Lie algebra). Let g be a finite-

dimensional Lie algebra over the field £ and consider the tensor algebra

T =P =kogo (g (g0gg) ®....
neN

Further, let J be the two-sided ideal generated by the terms X @ Y — Y ® X — [X, Y]
for X,Y € g. The universal enveloping algebra U(g) is defined as the quotient

Remark. There is an obvious embedding ¢ : g < U(g). Furthermore, the universal
enveloping algebra U(g) is characterized by a universal property: for every algebra ho-
momorphism ¢ : g — A where A is a unital associative algebra, there is a unique

homomorphism ¢ : U(g) — A such that p = @ o . o

An important observation is that every universal enveloping algebra of a Lie algebra

has the structure of a quantum group:

Proposition 21. Let g be a finite-dimensional Lie algebra. The universal enveloping

algebra U(g) can be regarded as a Hopf algebra by setting

Al) =ER1+1R¢
€§)=0

for £ € g and extending A, € as algebra homomorphisms and S as an anti-algebra

homomorphism to all of U(g).

Proof. This is simply checked by evaluating the maps on products £n and n€ for £,n € g
and using the defining relations of U(g). O
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Remark. An anti-algebra homomorphism ¢ : A — B between associative k-algebras A

and B is a k-linear map ¢ : A — B satisfying p(zy) = ¢(y)p(z) for z,y € A. o

Due to the commutation relations (1.21) for the generators 2%, i = 1,2,3 of R}, we

immediately recognize ]Ri as the universal enveloping algebra of the Lie algebra su(2):
R3 2 U(s5u(2)) (2.5)

This establishes the structure of R?j\ as a quantum group, enabling us to apply Theorem
18. Let us compute the differential d§¢ = (7 ® id)(A — 1 ® &) for £ € su(2) using the

definitions from Proposition 21:

(r®id)(Al -1®¢)
= (r®i X£®1+1®5—1®Q
m(€) ®

Recall that given a surjective representation p : kere — M, (C) the map 7 is just
the canonical projection kere — A! = kere/kerp. We have su(2) C kere by the
definition of € in Proposition 21; furthermore, su(2) Nkerp = (), since p is surjective
and in particular non-zero on basis elements of su(2). Therefore, we can make the
identifications 7 (&) = p(€) for € € su(2) and p(§) ® 1 = p(§) to obtain

dg = A1 p(¢). (2.6)
The factor A™! is introduced as a length scaling.

Consider further a ‘group-like’ element exp(i§) where £ € su(2) and exp : su(2) —
SU(2) is the exponential map of the Lie algebra su(2). The coproduct A on group-
like elements g € U(su(2)) is defined as Ag = g ® g (cf. [3, p. 12] and the example
after Definition 17). Hence, the exterior derivative on group-like elements g is as follows

(already including the length scaling A~1):

g =\ r®id)(Ag—1® g)
=\ N(reid)(geg-10yg)
=2 reid)((g-1) ©g)
=Ar(g-1) @
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According to the reasoning above we can write

Tg-1D@g=plg—1)@g=(p(g) —0)@g=(p(g) —0)g

and arrive at

dg = X"'(p(g) — 0)g. (2.7)

2.2.4 A four-dimensional calculus on R3

As we saw in Section 2.2.2, the construction of a differential calculus on Ri’ amounts to
choosing an ideal Z C ker € where € : R} — C is the co-unit of R3. To this end we fix a
certain irreducible representation p : R3 — End(C?) whose restriction to ker e gives a
surjective map onto End(C?) = M(C). The fundamental theorem on homomorphisms
then guarantees that My(C) = ker e/ ker p, allowing us to identify the space of 1-forms
with complex-valued 2 x 2 matrices. Finally, we set Q'(R3) = M(C) ® R3. In the

following we work out the details.

We define the representation p via its images of the generators 4 of Ri:

3 i) et ) e

Note that these are essentially the Pauli matrices o¢ for i = 1,2,3. By (2.6) the coordi-

nate differentials are given as
(2.9)

The fourth differential 6 serves to constitute a basis for M3(C) (dim M3(C) = 4 as a
vector space). For £ € su(2) and v € Q(R3) the commutation relations are given in [24,

p. 148, Prop. 4.5 and proof] as

€, v] = p(&)v. (2.10)

The product on the right-hand side of the equation is the ordinary matrix product in
M>(C); however, the entries in v might be elements in R3, since Q'(R3) = My(C) @ R3.
We need to check that (2.10) is consistent with the definition (2.6) of the differential on

45



2 Differential calculi

su(2). To this end, let &, n € su(2):

d(&n) = (d€)n + &dn
= Ap(&)n + Xp(n)

= Ap(&)n + Ap(m)E + A p(&)p(n) using (2.10)
——
=p(&n)
d(ng) = Ap(n)& + Ap(§)n + Ap(né)

and hence,

d(&n —n&) = Mp(&n) — p(ns))
= Ap(&n — né)
= Ap([&,n])
= d([¢n]).

Note that we used the fact that p is an algebra homomorphism twice in this computation.
If (2.10) is written as {v = v€ + p(&)v, it can also be interpreted as the definition of a
left R3-module structure of Q2!(IR3); the term v¢ is determined by the natural right R3-
module structure of Q(R3) = M5(C) @ R3 and p(&)v is again the usual matrix product
in My(C).

The above discussion allows us to compute the commutation relations of the coordi-

nates 2° and the coordinate differentials {d#?, 0}:

A
[, di’] = Zo’aj

A
(69 id +ie" kak)

!
Aai 0 A i ok
46] 22£]kdx (2.11a)
A
0 - Z
.0 = 2o
= A3 (2.11b)

After having defined Q'(R3), the full calculus Q*(IR3) is now constructed along the lines
of Section 2.2.3. We denote the exterior product by A as in the commutative case,
since it can be shown (cf. [3, p. 16]) that on Q!(R3) the exterior product A is in fact
antisymmetric, that is, a Ab= —b A a for a,b € Q1 (R3).
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2.2 Non-commutative spaces

Using the commutation relations (2.11) we can compute the differential of the Casimir

operator C := Y3 (&%)%:

dc = Z )2+ 2'dz")

@
,_A

= 223:(01@1')321‘ + 26 (2.12)

Thus, the differential of the Casimir operator becomes dC = 233, (dz*)z* in the com-
mutative limit A\ — 0; the fourth basis differential 8, which constitutes the additional
dimension in the four-dimensional calculus on }R‘;’\, disappears as A — 0.

An immediate application of the preceding discussion is the calculation of the deriva-

tive d(exp(ikz)) of plane waves. The result is stated in the following

Proposition 22.

g 0 Ak 2i . (k|
(™) = (< =) -1+ kdd:
€= (5 (o (57) =1) = spon (55 )
where ki = k;2* and kdi = k;di".

Proof. We will employ the identity

eiaioi — 12 COS ’CL| + %

lal

sin |al (%)

where I5 is the 2 x 2-identity matrix, a € R3 and |a| = \/a;a?. Since e**? is a group-like
element in U (su(2)), the formula (2.7) for the exterior derivative applies here. Further

using (2.8) and the coordinate differentials from (2.9) we compute:

d( zk’z) 1( ( zkx) _ H)ezki

AT
A~ 1( ikip(2%) 0>ezk;:i’
AT

1( iXe;ot/2 H)ezki

_ NE[ - iXkio" 2 . NI - _
— 1 _ ik3
=\ <9cos< 5 ) + 5 )\|k:| ( > 0|e using (x)
0 Alk| 2i . (MK
= — _— — 1
(/\<cos<2> )+)\k\ n( )kd) O

In order to obtain the commutative limit A — 0, we compute the following terms using
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2 Differential calculi

I’Hoépital’s rule:

cosM -1
. 2 —  limsi Alk| _0
A50 N T e ) T

(A
() () -
) % T\ ) T

Hence, limy_,q de?*® = ik(dz)e?*®, that is, we recover the well-known result of the ordi-

nary three-dimensional differential calculus on commutative R3.

Hodge x-operator

In analogy to ordinary differential geometry one can define a Hodge *-operator for an
n-dimensional differential calculus on a non-commutative manifold M by declaring its
image on basis elements e’ A --- A e € QF(M):
i1 ik . 1 11 gl 1---ln J1 Jn—k
(e A--Ne ).:ms Nigsrgi -+ Ninjn_n €' No- Ne
where 7 is a non-degenerate metric on M with det(n) = 1. In our case we choose® the
Minkowskian metric X
n=> di'©di'-0®0,

i=1

leading to

o s = (—1)HEAH

as in the commutative setting.

The Hodge x-operator allows to form the coderivative 6 = *d*x and the Laplacian
A = 0d + dé. However, we are more interested in the ‘box’ operator J = dd = xd x d (as
introduced in [3]) and its action on plane waves ¢’**. To compute this action, we need

to evaluate the hodge dual of the coordinate differentials di’:

NS 1 ~ ’ ~ / ~ /
*d3" = g(slabcnaa/nbb/nccrd:ra Adz2Y A dze )

Let us start with di'. Since one of the 7 factors in each summand is 1799 = —1, we get

3 Another option is the Euclidean metric 7 = 23:1 di' ®@di' +0®0.
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2.2 Non-commutative spaces

an overall minus sign:

1

xdi! = 6(d§72/\dfcg/\ﬁ—dfc?’/\dfcz/\H—dfcz/\ﬁ/\dfc?’

+d23 AOAdi? — 0 Adi3 A di?+ 0 A di? A diD)
Therefore,
wdit = —di? Ndi3 N6 (2.13a)

after reordering the wedge-products while keeping track of the signs. In analogy,

%di? = dit Ndi3 A6 (2.13b)
%did = —dit Ndi* N6 (2.13c)
%0 = —dz' A d2? A di3. (2.13d)

Furthermore, we trivially have

w(dit Adi? A dEPA) =1

We are now able to compute Oe**:

Proposition 23.

2
Oetkt — —% <45in2 (>\|2k|> + <cos <)\|2k‘) — 1) ) etk

Proof. We simply use the definition [J := *d % d of the box operator together with the

result for de’** from Proposition 22:

Oet*® — xd % de'*®

0 Ak 2i Nk o
= xd * ()\ (cos <|2|> — 1> + TZ" sin <’2|) kdi) ekt by Prop. 22

= *d[ — da’ A de® A di? <cos <)\’k‘) — 1) + ﬁ sin (W)
N A 2 \E| 2

(*)
X (—k1d2® A di3 A O+ kodi' A di3 A GO — kzdi' A di? A 9)] ek by (2.13)

When applying d to the bracket, the term () vanishes because of d?> = 0. Furthermore,
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2 Differential calculi

df = 0, that is, 6 is closed. Thus, d only acts on e*?:

Diki—*({—djl/\dﬁ/\djg <COS<W>—1)+%S' <)\|k|>
© = ) 2 AE T T2

X (—k1di® A di® A0+ kadit A di® A0 — kadi! A di? A 0)]

0 AlK| 27 . /\|/~c]> A]) ik
/\L\<cos<2)—1)—l—)\‘k|sm<2 kdz| e

To evaluate the wedge product between the square brackets, we observe that a A a =0,
so that we only have to keep track of terms of the form di! A di? A di3 A 6:

Loy o ( (A\ku) )2 4 2<Alk1>
=% - = 27 1) —
>;<< )\de ANdZ° Ndz> N0 | cos 5 )\2|k]2 sin 5
x (k¥ (—=1)d2® A di3 A O A dit +k3 dit A did A6 A di?
(@) (%)

+ k3 (—1)dzt A d2® A6 A d:e?’))e“”
(#)

The terms (O), (&%) and (#) are all equal to di' A d@? A di3 A6 after changing order and
keeping track of the correct sign. Applying the last Hodge *-operator via (2.13d) and

rearranging the terms, we get the final result:

2
Oe'*® = —% (4 sin? ()\|2k|> + <cos <)\’2k|) — 1) ) etk O]

Corollary 24. In the commutative limit A — 0 the box operator O reduces to the

ordinary three-dimensional Laplace operator.

Proof. This is checked by computing the commutative limit of the eigenvalues

(s (1) (con (1) 1))

k&

of 00 acting on plane waves e**. We start with the first term, using ’'Hopital’s rule

twice:

v (1) o (24

o s vE L 2
— lim _sin(A[k|)||
A—0 A
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2.2 Non-commutative spaces

_ fim — CSIRDIK
A—0 1
= —|k[?

Similarly for the second term,

(= () )
;IL% B 2)\2 50

In summary, we have

: P B RPN Al 2\
ik 2 ik
= —— |4 — ) + — | =
/l\lﬁ%) Ue )1\11110 )\2 ( S1n ( B > (COS ( B ) 1) e

— _|k’26ik$

ikx
= Ae'™*,

which is the eigenvalue of the three-dimensional Laplace operator in commutative R3. [J

Reduction to the fuzzy sphere

The four-dimensional calculus introduced on Ri in the previous section can be reduced
to the fuzzy sphere. We will see that we lose one direction along the way, making the

reduced differential calculus on the fuzzy sphere three-dimensional.

Let us start by recalling the defining relation for the fuzzy sphere from (1.22) or (1.32):
C= z:(icl)2 = const.
Using (2.12) for the differential of the Casimir we obtain
dC =2 (di")2" + S\ =0,
4

This means that the four differentials di’,i = 1,2,3 and # have become linearly depen-
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2 Differential calculi

dent. For instance,
-5, > (di*)z" (2.14)
=3 ’ .

turning the obtained calculus into a three-dimensional one. The commutation relations
(2.11) can be rewritten using (2.14):

(&7, 2] = %Agwkd@k — 507 Y (dih)i* (2.15)
k

Since

lim dC = 2% (di)3" = 0,

we observe that in the commutative limit the three-dimensional calculus d#?,i = 1,2,3

reduces to the ordinary two-dimensional calculus on the sphere.
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3 The non-commutative Coulomb problem
on RS

The previous chapters introduced the non-commutative space R:;’\ and illustrated the
mathematical concepts behind it. In this chapter we turn to a prototypical quantum
mechanical problem, the Coulomb problem or H-atom, which we want to describe on
deformed R3.

The first section describes an explicit realization of the space Rg’\ via bosonic creation
and annihilation operators, which is essentially identical to the approach in Section 1.2.1.
It comprises a detailed discussion of the coordinate operators ¢ and the angular mo-
mentum operators L?, including the identification of the eigenfunctions of the operators
L. They generate a Hilbert space in which a suitable Laplace operator can be defined;
this is the subject of the next section. Finally, the Laplace operator and a certain po-
tential operator are used to form the Hamiltonian of the Coulomb problem in }R?j\. We
investigate the spectrum of the Hamiltonian and compare it to the energy levels of the
commutative problem.

The discussion follows [11], however using a different method to find the eigenvalues
of the Hamiltonian. Furthermore, detailed calculations are always included in order to

accommodate readers who are not familiar with the subject.

3.1 Realization of R3

3.1.1 Coordinate operators

The non-commutative coordinates &%, i = 1,2, 3, of the deformed space Ri’\ are defined
via a set of two bosonic creation and annihilation operators a., o = 1,2 satisfying the
canonical commutation relations (1.12); as in Section 1.1.3 they act in the Fock space

(1.13). The coordinate operators &* are realized by setting

= Aaéﬂﬁg&/g = Xilola for i=1,2,3. (3.1)
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3 The non-commutative Coulomb problem on ]Ri

Here, o' are the usual Pauli matrices. The parameter A has dimension length and
measures the non-commutativity of the space as we will see in the course of this section.

From (1.12) we derive commutation relations for the coordinates 2%:

T
«
= 0075 al [ag, al)as +al [al, as]ag) by (3.2) and (1.12)

i at

_ i J ata i ~
= 0030350005 — 0450%,,0403

T

= (0’07 — 070" u50) a5

= [0", 0/ ]astilis

= 2ic", o salas by (3.3)
= %aijksﬁk

A

In the derivation we used the commutator identity
[AB,CD] = A[B,C|D + AC|B,D] + [A,C]DB + C[A, D|B (3.2)
and the well-known commutation relation for the Pauli matrices
0, 07] = 2ie” o (3.3)
In summary, the commutation relation for the coordinates &' reads
[, 27) = 2ire¥ | 2. (3.4)

Relation (3.4) suggests that the coordinates 2 define an irreducible SU (2)-representation
on the Fock space Fu. Let us verify this by computing the action of the Casimir operator
X? .= 3,(#)? on Fy. For this purpose it is advisable to write out the coordinates 2

explicitly using the standard two-dimensional representation of the Pauli matrices:

2! = Malag + ala,) (3.5a)
Tas) (3.5b)
2% = Mala, — adasg) (3.5¢)
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3.1 Realization of Ri

Further, we define the the number operator!

A

N = alaa.

Now we are ready to compute the action of X2 on Fy. Note that the commutation
relations (1.12) are deployed numerous times and their use is not stated explicitly in

order to retain a compact computation.

%XQ (alag + adar)? — (alay — alas)? + (alay — adaog)?

= alasalas + alasaba, + alaralas + alaialar — alaralar + alaialas

+alagaba — alasalas +alarala; — alaiabas — abasala) + alasalas
— 2alagabar + 2a5a1alay + alarala, + alasalas — alaiabay — alasala
= 2alagalay + 2abaalas + alaiala) + abasala,

+alay —alajasal + alas — alasaial
= alayalay + adasadas + alay + adas +alasalay + alasaial

—N
= ala;(alay + agal) + alas(abas + aral) + N
—alai(alay + abag) + alay + abag(alay +ala)) + aday + N
= N2 42N
Hence,
X? | ry= N (N? +2N)id£,, (3.6)

i.e., the modified coordinates ¢ := % define a spin-N/2 representation of SU(2) on Fy.

Introducing the radial operator p := AN , we compute

3180l = [hsihas, ala]
= ol glalag, ala,)]
= ob5(al[ag, alla, +al [al, a))ag) by (3.2)
= ohslalag — alap) by (1.12)

! As the name suggests, the number operator satisfies N\nl, n2) = (n1 + n2)|n1, n2), which is shown in
the proof of Lemma 28.
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3 The non-commutative Coulomb problem on ]Ri

=0.
Hence, the coordinates ° commute with the radial variable p:
@, = 0 (3.7)

However, p should not directly be interpreted as a radius in the non-commutative
space. This can be seen by computing the quantity p> — X2, which should have dimension
(length)?, i.e., A according to the choice of our coordinates in (3.1). Using the result of
the computation which led to (3.6) we find

P2 — X2 =X(N?— N? - 2N) = —2A2N. (3.8)

In order to get rid of the number operator N in expression (3.8) we introduce a modified

radial operator 7 as follows (here, 1 = idf, the identity operator in F):
7= AN +1) (3.9)
Revisiting (3.8) we arrive at
P2 — X2 =X }(N?+2N +1—N?—2N) = )2, (3.10)

having successfully discarded the number operator N and ensuring the correct dimen-
sionality of the expression #? — X2. Furthermore, the operator # will play a crucial role

in defining the Laplace operator in the next section.

3.1.2 Angular momentum operators

The angular momentum operators ﬁi, 1 =1,2,3, serving as the generators of rotations
(i.e., generators of the Lie algebra su(2)) are defined by their action on the vector space
H; of normal ordered polynomials in a, and &E having the same number of creation and

annihilation operators:
H; = span ((a])™ (@)™ (@1)™ (a2)" | m1+ma = j = n1 +ns) (3.11)
Note that ¥ € H; leaves the particle number in the Fock space F invariant, i.e., \i/(]-“ N) C

Fn where Fy := span(|ny,ng) | n1 + ne = N) and j < N. Furthermore, we have
U |7y=0for U € H;if j > N.
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3.1 Realization of Ri

We can now define the angular momentum operators L*:

—_

. N 1 N N
o} galag, U] = —[27, ] for i =1,2,3 and ¥ € H, (3.12)

L .=
2\

Computing their commutation relation shows that the L can be identified with gener-
ators of rotations. Let us first evaluate L'(L/W) for ¥ e H;:

A A ~ 1 N
AN LN P00 = 4N L) (M[:z»ﬂ, \IJ])

= —[&,[¥, &) - [¥, [+, &7]] by (3.13)
= [27,[2%, 0] — 2iAe W, &%)
= [27,[2%, 0]] + 2iAe" [2F, ]
= 2A[27, L' + 4iX%eV, PO by (3.12)
= 4N2LI (L) + 4iN%e RO by (3.12)

Note that we used Jacobi’s identity
[A,[B,C]] + [B,[C,A]] + [C,[A,B]] =0 (3.13)
in the derivation. Hence, the commutation relation reads
(L7, 17]) = ie, LF. (3.14)

Let us also record the transformation properties of the ladder operators and the coordi-

nates under the su(2)-rotations L:

g = 5[0'5,},@2@7, q)
= %agw[ag, iali,

= _%ggwaﬁaav = Liag = —%agvav (3.15a)
Lial, = Sloh,abay, al)

— %a;ﬂagéya = L'af, = %agaa; (3.15b)

Lizd = %[w o = Li#) =i 2" (3.15¢)
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3 The non-commutative Coulomb problem on ]Ri

In analogy to quantum mechanics, we investigate the spectrum of the commuting
operators £2 := Zz(fﬂ)z and L3. Their eigenfunctions? for j € N and m = —j, ..., j are

given as

A~ . (aT)ml (&T)MQ . (&l)nl (_a2>n2
Ui =N 3, i Ry(p) (3.16)
mi,m2,n1,n2 myma: niyng:

where the range of the integers mi, mo, n1 and ne is restricted by the conditions
mi+me =mn1 +ng =7 mi —mo — N1+ ng = 2m (3.17)

and R; is an analytic function in p. As stated before, \i!jm |7y=01if j > N. We need to
verify that the \i/jm are indeed eigenfunctions of £2 and L®. To this end the following

two Lemmata are useful:
Lemma 25. L3 : R;(p) := 0 for analytic functions R;.

Proof. Let R;(p) = Y72, cxp®. We prove the claim separately for each term : p* :
and use induction over k. Relation (3.7) implies that I*p =0 (note that p is already
normal ordered), so suppose the claim is true for k — 1. Since the L' are defined via the
commutators [#%,.], we have to use the Leibniz rule when applying L3 to products of

operators.

23 sk . _ \k73(A At A -

L?:p":=\L (aLl...ajlk oy - - - Oy, )
—_———
=l o day

 NE($3/At \a At A ~ At 23 (A At A ~ ~
=\ (L (aLl)aLQ...aLkaa2...a%—i—aLlL <a2{2...a£kaa2...aak) o,

:ﬁ3:ﬁk*1::0
At At At A A £3 A
+ ah,al, A, Gay - Gag, L7 (Gay)

=M (L3@,) 55y +al, M LR, )

We rewrite (3.15a) and (3.15b) as

aa 1 . 1 R
L?’alu — 502()1@}‘3 — 5(_1)%“@31

na 1 R 1 R
Lgaal = 750-%&10’5 = 75(71)6”4_1@011

2Note that we actually mean operators acting on H; here. However, we will continue to use the term
eigenfunction.
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3.1 Realization of Ri

Lemma 26.

(i) The ladder operators ‘differentiate’ powers of themselves:
(@, (ah)"] = ndag(ah)" ! (al,, (ap)"] = —ndas(ag)" "

(ii) Let R;(p) = 352 ckp® be an analytic function and 05 R;(p) == 352, kep\FNE-1

be its formal derivative with respect to N = g, then
[aa,: R;j(p) :] =t Oy R;(P) : Ga [al,: Rj(p) ] = —al, : 04 R;(p) : -

Proof. (i)

and hence, [aq, (a5)"] = ndags (&E)”_l. The second commutator can be obtained by an
entirely analogous calculation.

(ii) A square bracket under an operator means that it is dropped in the summation.

cNF =al,al, .. al da, .. da,)

_ at At At A X
=Gk, - Al G, Gay - G0y
k
= —a}, ...l Y aa,la; - - ba, .- Ga,
. | E—
7=1
= —kal : N1
and similarly

[Ag,: N*:] =k : N*1:a,.

Using R;(p) = Sp2g cxp® and g R;(p) = S22, kepAFNF-1 now proves the claim. [
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3 The non-commutative Coulomb problem on ]Ri

These results enable us to prove the following

Proposition 27. Given \i/jm as in (3.16), we have for j € N and m = —j,...,j:
(i) LW, = m¥y,
(it) L2 =30 + 1)V

Proof. (i)

mllmg. nl!TLQ!
; )" (@)™ ()"
A L5 (al) ((I2) R:(p 1 2
Z ( Tn1!7TI2! ](p) Tll!TlQ!
(*)
"-l- mi "T m2 N s ni(__ n2
mqlmo! n1!ns!
()
Keeping in my mind that by (3.15a) we have L3a| = %d]; and L3a} = —%d;, we get for

the term (x):

For the term (s%) we note that (3.15b) implies L3a; = —3a; and LPay = 9. A similar

calculation then leads to
~ R R 1 R R R R
B (@)™ (~a2)™) = 5 (= ma(@n)™ (~a2)" + na(a1)™ (=a2)™).

Hence

~T\ymy (AT yma A \n1 A \No
P30 — Z my —mg —ny1 +ng (a)™(ay)™* . (a1)" (—a2)
LW jm = A 2 mylms! FBRi(7):

=m

= m\lljm,

which is the desired result.
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3.1 Realization of Ri

(ii) To compute the eigenvalue of £? we build the operators
Ly =1Ly +iL,

and observe that

A

L L= (L' —il?)/(L' +iL?)

_ (il)Q o ifj?il + iiliQ + (]A;Q)Q

= (L2 + (L% +i[L} L7
——

=il3

and hence,

oy = (B 4 L2

L og | 0 .
= 2)\[331 + 022, W ] using (3.12)
= [didg, ] using (3.5)

and similarly

Thus,

Let us first deal with the term (%). We will use the results from Lemma 26 in the

computation. Note that we only need to keep commutators acting on : R;(p) : and

commutators of d, acting on (dg)" and vice versa.

[ala2, Ui = af[az, Ujm) + [a], Tjm)as
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3 The non-commutative Coulomb problem on ]Ri

e laQW] . Ry(p): Q8™

m1!m2!

— (ah)ymti@lyme (@)™ (—a)"
Y R
+ Z mllmg! [a ’ ](P) ] nl!nQ!
AT)ml(&;)mg N )ng-{—l

j (ay
—\J
A Z m1!m2!

p
— (@)™ @}m [ @) (—ag)mett]
pY ~2 2 R :
+ Z ml!mgl ](P) “ nllng! @2

AT)ml-l—l (&g)mg—l

— Ny ma(a;

R;(p
m1!m2! ]( ) nl!ngl
) (&’r)ml—i-l(&T)mg . (al)nl(_CLQ)n2+1
—)\]Z 1 ‘ |2 105 R;i(p) : T
mi1:mao. nin9:
o ()™t (ad)me o (@)™ (=ag)mett
N OB (7) Iny]
miimea! ning:
~Tymy (AT \ym A \n1—1 ~ \na2+1
i~ ma(ag)™ (ay)™ o (@)™ (—ag)"™
)\] ‘R
+ Z ml!mgl ](p) nllng!
The two middle terms cancel, giving
AT mi1+1 AT mo—1 A \nq A \ng
s a1 i mala) ™ (ay) N (Y )
(0102, Wjm] = X 3 my!ms! FR5(P) nqlng!
+VZ m2(&1)m1(&£)m2 L Ri(p) : (a1)™ 1 (—ag)"2t?
mllmg! AU nllng!

We proceed with the calculation. In the following, we abbreviate ¢ := [&1&2, \i']m] and

leave out intermediate steps in order to shorten the proof.

[&;&17 Qg] = [dgv Qg]dl + d; [&1, (Z)]

. AT mi+1 AT mo A \n1+1/_ A \ng
— )\ Z ma(ay) (G3) L 0GR, () (a1) (—a2)
m1!m2! nllngl
ATymi+1 AT mo—1 A~ \ni+1 ~ \no—1
; mala a nala —a
VY 2(ay)™ ™ (ay) LRy (p) - 2(@1)" " (—as)
ml!mg! n1!n2!
. AT mi AT mao—+1 A~ \n1(__ A \na+1
Y Z (a1)™ (ag) 05 Ry(p) - ni(a1)" (—az)
mllmg! n1!n2!
o (@)™ (af)m oL na(ng + 1)(a1)™ (—ag)"™
N :R;(p) :
+ Z m1!m2! ](p) n1!n2!

o (my + Dma(al)™ (al)yme o (a))"M(—ag)™
PV ‘R e
+ Z m1lms! ]( nylna!
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3.1 Realization of ]Ri

o)™ (ah)m

I ppaic

mllmg!

L0 R (p) :

AT)ml—l(dg)mg-&-l

ai

(i)

nl!TLQ!

ny (@1)”1_1(—&2)n2+1

i~ ma(d R -
+X Y ey :Ri(p) :

Tbllng!

ni (@)™ (—ag)"2t!

AT mi AT mo—+1
: a a “
+>\j§ :( l) ( 2) R](,O)

ml!mg!

n1!n2!

We observe that the first term cancels with the sixth and the third term cancels with

the eighth. The remaining four terms are:

mqlmeo! n1!no!
- (@hm-t@hma+t - (a)™ T (—ag)me
J . i .
A Zmlnl ml!mgl RJ (P) ' n1!n2!
< (@hm+t@hym-t (@)t (—ag)
J . . .
+ A ZTTLQRQ T ' R, (p) : rlg]
A (@hym(abyme (@)™ (—ag)
— \J Nl NTAT . .
- )\ Z((ml + 1)m2 + nl(n2 + 1)) m1!m2! R](p> nl!nQ!
- (al)ym™—1(af)ym=+1 o (@)™ (—ag)met!
+ N me + 1)(ng + 1 ‘R :
2_(m2 +1)(na oms = Ditme 11 ) =D £ 1)
(W)
4 (alym+1(af)ym=-1 o (a)mH (—ag)me !
+ M\ mi1+1)(n; +1 ' R; :
2_(ma+ 1)(m )(m1+1)!(m2—1)! i(P) (n1 + 1)!(ng — 1)!
(%)
Let us change indices in the term (#) to
s1:=m1—1 t1:=n1—1
So:=mo+1 to :=no + 1.

1

Remember that the summation runs over j = m; +ms = n; +n9 and m = §(m1 — Mo —
ny + ng); since s1 + sg = t1 +to = j and s; — s9 — t1 + to = 2m, the summation remains
unchanged. The factor (mg + 1)(ng + 1) simply becomes sota. We do the analogous

index change in the term (&), so that we can finally write (by changing the index names

back to mg and ng)

[abas, ¢ = X > ((my + 1)my + ni(ng + 1) + mang + miny)
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3 The non-commutative Coulomb problem on ]Ri

dT mi &T mo
X( 1) (2) :Rj([)):

mllmg!

(@)™ (—a2)"™

’I’Ll!ngl

Now we are almost done. By using j = mj +mg = ny +ng and 2m = m; —mg —nq +no

we observe that we have the identities
mo+ni=j—m my +ng = 7J +m,
leading to

(m1 + 1)mg + n1(ng + 1) + mana + ming = mimg + ma + ning +ny + mang +ming
= (m1 +n2)(mg + n1) + ny + ma
=@+m)j-—m)+j-m
=j(j+1)—m?—m.

Thus, we have in summary:
LoLyWm = (G +1) —m® —m) ¥,

By recalling that £2 = L_L, + L3 + (L?)? and using (i) we have finally shown that
L2 = 50+ 1) M

To conclude this section we derive a different expression for the analytic function

:Rj(p) - in (3.16). We first express R;(p) as a power series:
tRi(p) 1= ch k= ch)\k : N® .
k k

Furthermore, we need the following

Lemma 28. : N* : Ini,ne) = (NNf!k)!\nl,nQ) for N =nq + no.

Proof. As before, we use induction over k. Let k = 1. We have
Nini,ng) = alaa|ni, no) = alaa

By Lemma 26(i) we also have

——
(*)
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3.1 Realization of Ri

Ga(a})"™ = (8)"aq +nades(af)™ !
——
(+)
Note that the terms (x) and (**), give no contribution when acting on |0), since a,|0) = 0.
Hence, we get:

T)nl—l(aT)nz

At (Cl

dea|n1, ng) = N1 0a1a, Wm) +n Saodl \/ij' |0)
=In1n2) =[n1,n2)

= (n1 + na)n1, n2)
N!

S o

Assume now that the claim is true for £ — 1. We want to compute

P NF g, ng) = @l .l g, - Gy 01, na).

In a similar manner to before, we compute the right-hand side step by step (the square

bracket under an operator means that this operator is omitted):

A1 At oA at At s oAt ~f At
Ay« Ay Qoy = Ay, - Ay, oy G, — Oy Ggy - - - G,
AT AT A AT AT o AT AT AT
= Qg - QY 00, @), G, Qg1 Ay + - - a, ,ap,
_ 3l 3l
Oy, Oy, coagy,
k
_ o~ oAt L At At 1t
= Aoy Gy, - - - G, Oaray iy, - - - gy, - - - Agy,
j:]_ | —

This allows us to deploy the induction hypothesis twice:

NF . |ny,no) = dala];laTaQ . --&Lk&az o lqy N1, n2)

- E <3a1ajaL1 . a};j .. .alékaoé2 o Qg N1, n2)
; | —

NI k

_ At
_aala‘oq (N_k+1)'|n17n2 ; N _ k+1) |7’L1,7’Lg>
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3 The non-commutative Coulomb problem on Ri

N! N
= o, G [y gy e

o ErESy LA

:N(N+k!+1)!|n1,n2>
N!

B SR S S
(N —k+1)!

|1, ng)

NI
1, na)

:(N—k+1)m

N!

Using Lemma 28 we can rewrite the analytic function : R;(p) : as

:Rj(ﬁ)::ch:ﬁk:
k

NI

= zk: cr A 7(](7 —'k:)! (3.18)

when restricting : R;(p) : to the subspace Fx. The operator N1 is defined on Fy by the
eigenvalue equation N!]nl, ng) = Nlni, ng) with N = nq + no.
3.2 The Laplace operator

3.2.1 Identifying the Hilbert space

Let 7 be the Hilbert space generated by the operators \T/jm, €N, m=—j,...,75. The

scalar product on H is given by
(B]®) = tr (w(i)P1d)  for ¥,é € 7 (3.19)

where w(7) is an (a priori) arbitrary, rotationally invariant weight function. With re-
spect to the scalar product in (3.19), the generators of rotations L' are Hermitian (for

simplicity, we set w(7) = 1):

(BENG) = tr ($12°F) = o tr (1[4, 9
= s (o (81310) — or (@103
_ % (ir ((279)1) — tr (1))
o (o (@

\Y)
>
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3.2 The Laplace operator

= %tr (&', 8]7%)
= (L'®|D)

Therefore, the operators \ifjm =>...:Rj(p):... and \ilj/m/ => ... 80(p) ...
with arbitrary analytic functions R; and Sj are orthogonal with respect to (3.19) as

eigenfunctions of a Hermitian operator.

3.2.2 Definition of the Laplace operator

In H we define the Laplace operator as

1
— At ra
Ay v [al, [aa, )] (3.20)

Its action on the eigenfunctions \T/jm of £2 and L3 (neglecting for now the factor %,

cf. section 3.3) is recorded in the following
Proposition 29. Let \i!jm be an eigenfunction of £L2 and L3 as given in (3.16). Then

5 (@})™ (a})m

. AN (A~ N2
PANT =N ay' (—a9)™

ORY(P) +20 + DRG(9) - =2

ml!mgl
where R(p) := 202, kerp"™ and R (p) := 2024 k(k — 1)cpph 2.

Proof. We start with the computation:

~T\my (AT \mo AN A \No
At A & 1A ~ (al) (az) ! (_02)
ol g = X [T [Z im0

We only need to keep the non-vanishing terms, i.e., commutators acting on : R;(p) : and

commutators of @, acting on a'-terms and vice versa:

ATymy (4T yma2 ANl A
b a4 ; . (a a . oart(—a
[CLL, [Ga, ‘lljm] =N E [aav (1)(2)‘| [CLL, : Rj(p)] : 1(72

mqlms!

~T\m1 &T ma at(—ag)"
e el RN G

mllmg!

ATym1 (5T yma 1(_ A \n2
-\ a a ~ ~ N a —a2
R OO G Ry ©)
.(dbml (&;)mz . o [t a?l(_d2)n2
Y my!ma! (o= 5(P) {aa, ny!ng! } (©)
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3 The non-commutative Coulomb problem on ]Ri

The commutator appearing first is evaluated as:

2] + [aa, (a})™](ah)™

(@))m2) = (al)™ [aq, @)™
Hah)™ ™+ mydaq (a])™ (@)™ (+)

= mada2(a )

(a3, 5" (—a2)"2] = naaf" (—ag)"™ "
(af, a (—a2)™] = —maf ! (—az)™
Hence,
(*) B )\j Z mQ(al’)ml (dg)mz—l . R(A) . ngd?l(—aQ)HQ_l
N my!ms! A ning!
T\mi—1/aT\m Ani—1 A N
i my(ay)™ ™ (Gy)™? L omaaytT(—ag)"™
- N R (p) :
Z mq!meo! J(p) ny'ng!
_yy @t L a Caet
ml'(mg—l)' Y ' nl'(ng—l)!
ani—1/ a
iy @) T )
(m1 - 1)!m2! J (m - 1)!77,2!

=0

since every summand in the left term also appears in the right term. To compute the

commutators acting on : R;(p) : we recall Lemma 26(ii), which states:

@hm@phm

m1!m2!
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3.3 The Hamiltonian and its eigenvalues

It is easy to see that ({) gives the same contribution. Thus, the last thing we need to
calculate is line (). To this end, we evaluate the double commutator acting on : R;(p) :,

which is given as:

In summary we have:

Liat o d - @)™ @) e (. G (@)™
ks [y By = N S IO L K02 Ry (5) + 20 + 10y R (9) : T
Remembering that p = AN , we can switch ‘derivatives’ from 0 to 9;. More precisely, we
have N(?]QV = N(?N)\aﬁ = )\,682 and dg = X0,. Setting ()’ = 9, we obtain the result. [

It is important to note that the ‘differential operators’ 05 and d; are only defined via
their action on the power series expansion of analytic functions. They cannot (yet) be
regarded as ordinary differential operators, since N respectively p are discrete ‘variables’,

that is, operators acting on the Fock subspace F.

3.3 The Hamiltonian and its eigenvalues

3.3.1 The potential term

The Laplace operator Ay from the previous section forms the kinetic part of the Hamil-
tonian H for the Coulomb problem in R?j\ (setting i = 1 and scaling the mass m such

that 5= = 1). The total Hamiltonian H is given as

H=-A, +V(f)

1 ..+ .. N
= [l [, N+ V(7) (3.21)

where V(7) is a rotationally invariant potential term yet to be determined. In the
commutative Coulomb problem V is the fundamental solution of the Laplace equation
Ay = 0. It turns out that the potential retains the same form in the non-commutative

case as the fundamental solution of Au = 0:
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3 The non-commutative Coulomb problem on ]Ri

Lemma 30. Let V() be a solution of AyG = 0. Then V() is of the form
N q
V(F)= -2
(F) = —=+

where q and qy are constants.

Proof. We need to solve [a}, [aq, V(N)]] = 0. To this end, we restrict this equation to
Fn for ny +n9 = N:

(6}, [aq, V(N)]]In1, n2) = (alaaV(N) — alV(N)ae — aaV (N)al, + V(N) agal )n1, no)
——

o
=N+2

The action of a, and &:fx on |ny,ng) is:
ai|ni,ng) = y/ni|ny — 1,nz) al|n1,na) = vng + 1lng + 1,n9)
&2|n1,n2> = \/n2|n1,n2 — 1> &;|n1,n2) = /N9 + 1’”1,’02 + 1>

A

Furthermore, if V' is analytic then V(N)|n1, n2) = V(INV)|n1,n2). Therefore,

alV(N)ay|ny,ng) = alV(N)y/nilny — 1, no)+

= Vnal V(N —1)ny — 1,ny)
=n V(N — 1)|n1,n2)
alV(N)ag|ny,ng) = naV (N — 1)|n1, no)
a1V (N)al|ny, na) = a1 V(N)Vn1 + 1|ny + 1,ng)

=vni+ 1&1V(N + 1)]n1 + 1,n2>
= (n1 + 1)V(N + 1)|ny, no)
sV (N)ad|ny,no) = (ng + 1)V(N + 1)|n1, na),

and putting everything together we obtain

0 = [af, [aa, V(N)]]ln1, n2)
= (NV(N) = (n1 + n2)V(N — 1) — (ny +ng + 2)V(N +1)
+V(N)N + 2V (N))|ny, ng).

Hence, the operator in the last line is zero,

A A A A A

20N + )V(N) = NV(N —1) = (N + 2)V(N +1) = 0,
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3.3 The Hamiltonian and its eigenvalues

and we rewrite this as a recurrence relation:

(N+2)V(N+1)— (N+1)V(N)=(N+1)V(N) - NV(N —1) (3.22)
For M € N equation (3.22) implies that the operator (M + 1)V (M) — MV (M — 1) is
constant and therefore a multiple of the identity operator, say, go. Set V(0) = qo — ¥
and compute (the summation over M is symbolic and understood as summing over the

eigenvalues when acting on F):

N
ST (M +1)V(M) — MV (M —1) = Nqg
M=1

which gives the final result:

; q
N O A D
V(N) = MK 1)+CI0 2t

Therefore, the Hamiltonian of the Coulomb problem in ]R?)’\ is

1

H=—
v

diw [aom ]] - %7 (323)
where we have set gg = 0.

3.3.2 Solving the Schrodinger equation

As in the commutative case, the constant ¢ is obviously proportional to the square of
the unit charge e. With (3.23) the stationary Schrédinger equation is given as:
E¥

[&La [&Oz)@” - \il

<1

—k2PU with k= V—FE (3.24)

=1
Il

1.0 . -
— X[GL,[GCU\I/H —q

Similarly to the commutative case, we look for solutions among the eigenfunctions \ifjm
of £2 and L3. To this end, we need to calculate the action of # on 0
Lemma 31. Let ‘iljm be an eigenfunction of £2 and L3 as given in (3.16). Then

(a])m (af)m
mqlms!

ay (—ap)™

P = MY P+ A+ NR;(D) + MRS () - gl]
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3 The non-commutative Coulomb problem on ]Ri

Proof. We first calculate:

GLRk . At A oA At A N
N:N¥:=al anal, ...45 00 .- 0
——
:dllda‘i‘éaal

Nk atat oA ot At A N

=t NV 1 +aLGg, 000, - - - G, Gy - - - Qo

o, k.  atat at oA at At A N

=2: NV +ah00,00,000], - - - G, Gy - - - Gy,

=k:NF:.4+: Nk,

Hence,

Furthermore, we have

= af[ag, a})
=al,
resulting in
N(df)ml(&T)mQ —m (&T)ml(aT)mQ + acT)mlN(dT)mQ
1 2 141 2 1 2
= (m1 + my)(a})™ (a})™ N ()
%/‘_/
=j
Using (*) and (**) we arrive at
. N @@ A (—ag)™
W = N AN +1 :Ri(p):
" Jm Z ( + ) mllmg! J nl!ngl
o @hm@hme o A (—ag)
=\ AN 1): R;(p): ————
Z mqlms! (N5 +1): 7 (p) n1'!ng!
o)™ (@)™ ' (—aa)"

(P AT+ MR () + AN R;(p) - = 5o

which is the desired result if we again change the ‘derivatives’ from dy to d; as in the

proof of Proposition 29. 0
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3.3 The Hamiltonian and its eigenvalues

Hence, the Schrodinger equation

A

e Uim]] — qWjm = —K2PT 5, (3.25)

can be translated into a ‘differential’ equation for the radial part of \lem using Proposition
29 and Lemma 31:

L PR (D) +2(7 + DR;(D) + qR;(p) : = &%+ pR;(p) + M(j + D)R;(p) + pR;(p) = (3.26)

However, the use of derivatives in (3.26) should not be misunderstood. As p is a discrete
‘variable’; i.e., an operator with discrete spectrum spec(p) = {AN | N € N} acting
on the Fock space F, the ‘derivative’ R;-(ﬁ) is solely defined algebraically using the

representation of R;(p) as a power series:

[ee] o0
R(p) := Z crkpt~t for R; = Z crp”
k=1 k=0
However, in either the commutative limit A — 0 or the quasi-classical limit N — oo for
fixed A, we can reinterpret R;(p) as the analytic derivative of R;(p) with respect to the

now continuous variable p.

Let us work in the quasi-classical limit in order to investigate any possible non-
commutative effects visible in the spectrum of H. To this end, we change from the
operator p to the continuous variable p and associate the following ordinary differential
equation to (3.26):

PR} +2(j + )R] + qR; = 5*(pR; + M(J + R + pR))) (3.27)

Since we are only interested in the energy levels of the solutions of (3.27), we are
not going to solve the ordinary differential equation explicitly. Rather, our strategy is
to bring it into a form resembling the radial Schrodinger equation for the commutative
Coulomb problem (cf. [25, p. 412, eq. (XI.4)]):

iG+1) ¢
_@+((p2)_p>&:—¥&- (3.28)

As we will see in the course of the computation, the right-hand side of (3.28) is going to

receive a correction term accounting for the effects stemming from the non-commutative
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3 The non-commutative Coulomb problem on ]Ri

setting. This is achieved by first introducing new variables:

R=xS = R =yS+xS
R//:X//S+2X/5/+Xsl/

Plugging this into (3.27) gives

pxX"S 4 2px'S" + pxS” + (27 + 1) — K*Ap)X'S
+ (205 +1) — K2Ap)XS + (¢ — K*p — KA +1))xS = 0. (3.29)

Since we want to get rid of the first derivative in (3.27), we set the coefficient of S’ to

Z€ero:
20X + 2/ +1) - P Ap)x =0 & ~=-"— 4=

Solving this differential equation for y results in

(1) 202 (3.30a)

=

(3.30b)

p
2
 + +1 KA
V= (] oy (_J oLy f€2> ) . (3.30¢)

2
pS//—i- p JJ; + _L_FL
P p 2
e + ) +q—K2p—KN(J + 1))5 =0. (3.31)

Carrying out the multiplications and dividing by p, we see that the majority of terms in

(3.31) cancel each other out; this results in

2 2
S/'—F( 32]—1ﬂ4+q—ﬁ2>520,
P p
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3.3 The Hamiltonian and its eigenvalues

which can be regrouped to give the final result:

(L) (e Xa)s

3.3.3 Interpretation of the results

2

Comparing (3.32) with (3.28) we observe that the energy —x° in the commutative

Coulomb problem is replaced by the term —x? — ’\4—2/14 in the non-commutative Coulomb

problem. We set —x? = E and investigate the condition

F-—"F=-— where M € N and C' = const. (3.33)

corresponding to bound states in the Coulomb problem. Solving for F gives the result

2 \2C

Cow—2 (3.34)

_c |
M5 s e 4

Hence, the energy E in the non-commutative Coulomb problem consists of the well-

known energy levels —C/M? for M € N of the commutative problem (cf. [25, p. 417,
eq. (XI.17)]) and a factor 2(1 F /1 + A2C/M?)~! containing the non-commutative cor-
rections, see Figure 3.1. Observe that the correctional factor vanishes in the commutative
limit A — 0.

Figure 3.2 shows a plot of the energy function f(F) = E — % and the first few

energy levels —C/M? of the bound states. The spectrum is symmetric with respect to
the vertex at £ = 2/)\2, the two branches resulting from the different signs in (3.34).
The region where f(E) > 0 corresponds to scattering states, which we do not consider
here. Furthermore, in the commutative limit A — 0 the distance 4/A? between the two
energy bounds at F = 0 and E = 4/\? goes to infinity. Thus, the second branch of f(E)
disappears, giving back the well-known energy levels in the (commutative) Coulomb

problem. Of course, this corresponds to the simple fact that f(E) — E for A — 0.

Reintroducing £, the electron mass m. and the electron charge e into the equations,

the constant C' can be computed. According to [11, Sec. 4], the value of C'is (in Gaussian
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3 The non-commutative Coulomb problem on Ri

0 -
® ® ®
4 & [::]
[
-0.2 1
1 Q
-0.44
E—O.ﬁ—
o ]
-0.8+
1 o]
i o Non-commutative
-1 + + Commutative
—1.2 T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9

Figure 3.1: Comparison of the energy levels —C/M? in the commutative case and
—C/M? x 2(1F /1 + X2C/M?)~! in the non-commutative case.

units)

meet

“=

(3.35)

This can be used to find an estimate for the non-commutativity parameter \. After

including the physical constants into the equations, the energy levels (3.34) read

C 2
E=——x (3.36)
M v
].:F 1+agw

with C as in (3.35) and the Bohr radius ag = mzzeg in Gaussian units. The energy level

M =1 corresponds to the ionisation energy of hydrogen, given by the Rydberg unit

1 Ry = 13.605 692 53(30) eV

Let us assume that the non-commutative correction factor 2 (1 +./1+ 2‘;) is in the
0

order of magnitude of the uncertainty of the Rydberg unit. This is achieved by setting
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3.3 The Hamiltonian and its eigenvalues

1.5i e
+ Energy levels
14
0.5
— ]
~
5- 4
'-| 0
— 1 E 3
CEN : .
e i
ri"l.‘ —0.5—_
w
-14 + +
154
i — —
V] 2 4
E [1/A%]

Figure 3.2: Plot of the energy function f(FE) and the energy levels —C/M?2.
E =13.60569283 eV. Solving (3.36) with M =1 for A then leads to

2
)\Zao\/<2EC+1> -1

~ 4.67 x 10718 m (3.37)

for the non-commutativity parameter . Let us compare this to the available amount of
energy in current particle accelerators. The LHC at CERN operates its two beams at
an energy of 4TeV each, resulting in £ = 8 TeV being released in the collision of the
beams. Employing £ = hr and ¢ = rv where v is the frequency corresponding to the
operating energy F and r is the associated wavelength, we find a rough estimate for the
resolution of the LHC at
r= % ~ 1078 m.

This means that the order of magnitude of the non-commutativity parameter A in (3.37)
should in principle be accessible to modern particle accelerators. However, at this scale
relativistic and quantum field theoretic effects have to be taken into account, which

would certainly modify the above reasoning and estimation.
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Abstract (German)

Die vorliegende Diplomarbeit behandelt den nichtkommutativen Raum ]Ri als physikal-
ischen Rahmen fiir quantenmechanische Problemstellungen. Zunéchst wird die nicht-
kommutative Struktur dieses Raumes untersucht und ein Differentialkalkiil konstruiert.
Dann wird das Coulomb-Problem auf Ri’ formuliert und dessen Energieniveaus werden
mit dem kommutativen Fall verglichen.

Das erste Kapitel enthélt eine kurze Einfiihrung in nichtkommutative Rdume an-
hand der Moyalebene. Dazu werden auf diesem Raum sowohl das kanonische Moyal-
Sternprodukt als auch ein Sternprodukt basierend auf kohédrenten Zustanden eingefiihrt.
Mit Hilfe der zweiten Methode definieren wir auch auf dem deformierten R? ein Stern-
produkt und erldutern den Zusammenhang mit der Fuzzysphére.

Im zweiten Kapitel werden Differentialkalkiile auf nicht-kommutativen Rdumen be-
handelt, wobei zunéichst ein kurzer Uberblick iiber den de Rham-Kalkiil auf kommuta-
tiven Mannigfaltigkeiten gegeben wird. Dann fithren wir den Universalkalkiil auf allge-
meinen assoziativen Algebren mit 1 ein und geben auflerdem eine kurze Einfiihrung in
Quantengruppen. Wir entwickeln eine Methode einen Differentialkalkiil auf Quanten-
gruppen zu konstruieren. Da der Raum R?/{ eine Quantengruppenstruktur besitzt, kann
diese Methode dazu verwendet werden, ein explizites Beispiel eines vierdimensionalen
Kalkiils auf Rg’\ anzugeben. Wir berechnen in diesem Kalkiil die duflere Ableitung von
ebenen Wellen und vergleichen das Resultat mit dem kommutativen Fall.

Das dritte Kapitel beschéftigt sich mit dem Coulomb-Problem auf R:;’\. Dazu werden
die Drehimpulsoperatoren L, i = 1,2,3 definiert und analog zur kommutativen Quan-
tenmechanik die Eigenfunktionen ¥, der Operatoren £2 := ¥",(L)? and L? berechnet.
Diese erzeugen einen Hilbertraum, auf dem wir einen Laplace-Operator und einen Po-
tentialoperator definieren und somit den Hamiltonoperator des Coulomb-Problems bes-
timmen koénnen. Die Berechnung des Spektrums des Hamiltonoperators fiihrt auf eine
gewoOhnliche Differentialgleichung zweiter Ordnung. Deren Losungen bestehen aus den
bekannten Energieniveaus des kommutativen Problems sowie einem Korrekturterm, der
im kommutativen Limes A — 0 verschwindet. Weiters wird eine Abschitzung fiir den

Nichtkommutativitdtsparameter A\ angegeben.
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Abstract (English)

The thesis at hand discusses the non-commutative space R?j\ as a physical framework
for quantum mechanical problems. After investigating its non-commutative structure
and constructing a differential calculus, we formulate the Coulomb problem on R?)’\ and
compare its energy levels to the commutative case.

In the first chapter we give a short introduction to non-commutative spaces on the basis
of the Moyal plane, defining both the canonical Moyal star product and a star product
based on coherent states. We then specialize to deformed R? and adapt the previous
method of using coherent states to define a star product on this space. Furthermore,
the connection between Ri’\ and the fuzzy sphere is made clear.

The second chapter deals with differential calculi on non-commutative spaces, starting
with a short overview of the de Rham-calculus on commutative manifolds. A treatment
of the universal calculus on arbitrary associative unital algebras is followed by an intro-
duction to quantum groups. We develop a method to construct a differential calculus on
quantum groups and apply it to ]Ri after identifying its quantum group structure. The
chapter concludes with the definition of an explicit four-dimensional differential calculus
on R?)’\. We calculate the action of the exterior derivative on plane waves and learn that
the results from the commutative de Rham-calculus are recovered in the commutative
limit A — 0.

In the third chapter we discuss the Coulomb problem formulated on Ri. To this end,
we define the angular momentum operators Lii=1,2,3 and identify the eigenfunc-
tions \f/jm of £? := ZZ(IA/)2 and L?, in analogy to commutative quantum mechanics.
The eigenfunctions \iljm span a Hilbert space, on which we define a Laplace operator
and a potential operator, leading to the Hamiltonian of the non-commutative Coulomb
problem. The computation of the spectrum of the Hamiltonian amounts to solving an
ordinary second-order differential equation. Its solutions consist of the usual energy lev-
els of the commutative problem multiplied by a non-commutative correction term, which
vanishes in the commutative limit. We also provide an estimate of the non-commutativity

parameter \.
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