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Abstract

Using a one component reduction formalism, we calculate the effective interaction and
the counterion density profile for a microgel consisting of multilayered shell macroions.
We follow a strategy that involves second order perturbation theory and obtain ana-
lytical expressions for the effective interactions by modelling the layers of the particles
as linear combinations of homogeneously charged spheres. Furthermore, we apply the
general result to the important case of core-shell microgels and compare the theory to
the well known result for a microgel consisting of homogeneously charged, spherical

macroions.
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Science is the great antidote to the poison of enthusiasm and superstition.

Adam Smith
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1. Introduction

The notion of a microgel originates from a publication by William O. Baker from 1949
[ ]. In this article Baker described cross-linked polybutadiene latex particles. By
cross-linking we refer to chemical bonds that link polymer chains to each other. In this
context, when speaking of a gel, we consider the property of such materials to swell when
added to an organic solvent, whereas micro points out the relatively small diameter of the
gel particles, which is about 1 um or less. These microgel particles considered by Baker
consist of a polymer network with high molecular weight and are therefore viewed as
single, very large molecules. Nowadays, we describe microgels as colloidal suspension of
gel particles, i. e. the individual particles are considered to be very large compared to the
atomic scale but rather small compared to the macroscopic level, and they are dispersed
in a solvent. The typical range of particles representing such a microgel is about 10 nm to
1000 nm. Dispersion of microgel particles in a solvent causes them to swell. Contrary to
Baker’s original suggestion gel particles can be formed not only by a single molecule but
also by polyelectrolyte complex formation. In that case the individual particles consist
of a number of shorter polymer chains, cf. [ ; , ]. One of the most
important properties of microgels is that their swelling is reversible and can depend on
a lot of external parameters such as the pH value of the solvent, the temperature or the
salt concentration. This also allows to tune the pair interaction between gel particles
from hard-sphere-like interactions in the collapsed state to soft repulsions when expan-
ded. However, the swelling does not affect the connectivity within the polymer network,
whose stability originates mostly in strong covalent bonding forces.

In recent years the field of ionic microgels received a considerable amount of attention
in theoretical approaches [ , ] as well as in applications [ , ,

]. This field draws its motivation mainly from various applications in industry
and medicine. An important application is, e.g. drug delivery methods where one is

interested in using microgels to encapsulate and release pharmaceuticals in a controlled

way, i.e. through change of an external parameter [ , ]. Further applica-
tions of microgels include sensor technology [ , ], photonic crystals [ ,
] and purification technology [ ]. Important examples of ionic microgels in-
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clude copolymers—that are polymers consisting of two monomeric constituents—made
of N-isopropylacrylamide (NIPAM) or N-vinylcaprolactam (VCL) and an ionizable

monomer such as acrylic acid [ , 1.

In this thesis we study the electrostatic interactions of core-shell microgels. When consid-
ering a particle of an ionic microgel the internal structure of such a macroion is depend-
ent on the strength of the cross-linking. Weak cross-linking usually results in a fairly
homogeneous distribution of the polymer chain and therefore in this case we consider
the macroions to be homogeneously charged. However, increasing the strength of the
cross-linking causes the polymer chains to rearrange in a way that resembles a core-shell
structure [ ]. That is, the charge density of the macroion changes with respect to
the distance from the macroions centre. In principle, such an ionic microgel solution is a
multi-component-mixture of macroions, counterions, and ions of the electrolyte solvent.
Since a full analytical treatment in terms of pair interactions in such a multi-body system
is generally quite a keen challenge, the preferred approach is to treat the system at the
level of effective interactions: By tracing out all degrees of freedom up to a single compon-
ent, one obtains an equivalent one-component-system of so called pseudoparticles subject
to an effective interaction. Previous work on this topic has already been carried out by
A. Denton for the case of colloidal suspensions of non-penetrable charged macroions in
[ ] as well as for the case of solutions of star polymers and homogeneously charged
microgel particles in [ ]. The aim of this work is to extend the results of Denton
to ionic solutions of core-shell macroions. Therefore, we largely follow the approach
presented in [ ] and employ second order perturbation theory to derive the coun-
terion density profile and the effective interaction between macroions. For simplicity we
restrict ourselves to a model where we ignore the electrostatic influence of the solvent
ions and just consider a two component system of macroions and counterions. Further-
more, we assume that the macroions are completely penetrable by macroions as well
as counterions and that the external parameters are known and fixed, so is the internal

structure of the macroions.

The thesis is organized in the following way: In Chapter 2, we give a short introduction
to the mathematical framework needed. Then, in Chapter 3, we describe the microgel
model used in the remainder of the thesis and present the theoretical approach to cal-
culate effective interactions via linear response theory. Afterwards, in Chapter 4, we
recapitulate the case of homogeneously charged microgel particles in detail, and Chapter
5 is dedicated to the results for multilayered-shell microgels. Finally, in Chapter 6, we
apply the previously obtained results to so called core-shell macroions.



2. Mathematical Framework

In this chapter we will give a short overview on the mathematical concepts used within
the remainder of this work. Apart from basic analytic techniques, we mostly rely on dis-
tribution theory to extend the concept of functions, see [ ] for a more comprehensive
introduction into this topic. The use of distributions allows us to employ the full power

of Fourier transforms.

2.1. Distributions

As introduced by Laurent Schwartz in [ ], we view distributions as continuous lin-
ear functionals acting on some suitable function space. Since in this work we will extens-
ively make use of Fourier transforms, we choose the Schwartz space S(R") as underlying
function space to define the tempered distributions.

2.1.1. DEFINITION (Schwartz space): A smooth function ¢ on R" is considered to be an
element of the Schwartz space S(IR") if for all multiindices &, § € INjj we have

sup [x*0Pg(x)| < co.

xeR"

Here x* denotes the product [T}, x?"' , similarily we proceed with 9P. This allows us to
define the tempered distributions as topological dual space of the Schwartz space S (R™).

2.1.2. DEFINITION (Tempered distributions): We call a continuous linear functional u :
S(R") — R a tempered distribution and denote the space of such u by S’'(R").

We write ¢ — (u, ¢) for the action of a distribution u on a function ¢ or, more frequently,
by slight abuse of notation

(1,9) = [ u(x)p(x)d"x.

R"
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For obvious reasons such a functional  is continuous if and only if there exists a constant
C > 0 and an integer N > 0 such that

|(u, )| <C Z sup |x"‘8ﬁq0| for all p € S(R").
laf,|BI<N

Examples of such distributions are the Dirac-delta distribution J defined on the real line
by (J, ¢) := ¢(0) or the Heaviside function

0 forx<O,
O(x) =
1 forx > 0.

Differentiation of distributions is defined in the following way: For a distribution u the
derivative 0*u is the distribution that satisfies the identity

(u,9) = (1) (u,8"¢). 1)
Consider the following example, that shows a relation between the Heaviside function

and the Dirac-delta distribution

2.1.3. EXAMPLE: We calculate the derivative of ©®. By Equation (2.1) we have

(©,¢) = ~(0,¢) =~ [ 0(x)¢'(x) dx

t

t—o0

=— / ¢'(x)dx = — lim ¢(x)
0

x=0

Since ¢ € S(R), we have lim;_,. ¢(t) = 0 and thus (©’, ¢) = ¢(0). Therefore we proved
©’ = ¢ in the sense of distributions.

2.2. Fourier transform

A large part of the calculations within the following chapters will be done in Fourier
space. Hence, we will recapitulate the basic definitions and relations concerning Fourier
transforms in this section. A detailed introduction to this topic can be found in [ ]. To
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begin with, we give the definition of the Fourier transform of a function in the Schwartz

space.

2.2.1. DEFINITION: We define the Fourier transform of a function ¢ in some suitable func-
tions space on R, such as the Schwartz space S(R"), as

Folk) = o(k / o (x)e k¥ dx. (2.2)

Note that in case ¢ € S(IR"), sois ¢. Then one can prove that the inverse transform exists

and for a function ¢ reads

Yelk* d3k.

We may extend the Fourier transform (2.2) to a tempered distribution u € S’(R") by the

formula

/ (k) (k) %k := / u(x)p(x) dx, 2.3)

R” R”
for all test functions ¢ € S(R").

2.2.2. EXAMPLE: We calculate the Fourier transform of §(x) on R":

/'é(k)go(k)d”k:/cs X)(x ”x:// K)o 4"k dx

R” ]RZn
—/QD /(S flkxdn dnk_/lan

Hence, we have that 6 = 1.

Now consider a function ¢ on an n-cube with edge-length L and n-volume V, then we

:/qo(x)efikxdnx
1%

and we may represent the function ¢ by its Fourier series

have

(k) (AK)" = - Y e (k)

where Ak = ZT”
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Since in our treatment of effective interactions in a large part we deal with spherically
symmetric functions, we also give the following representation of the Fourier transform
for spherically symmetric functions, which is based on the Fourier-Sine transform. Now
let r — f(r) be such a spherically symmetric function on R®. Without loss of generality,
we choose k parallel to the z-axis of the coordinate system and obtain

2

1) — —ikr 33, _ rr —ikrcos 8,2 i 0 ‘
f(k) ]R/3f(r)e d’r O/O/O/f(r)e rsinddddrde

We substitute z := — cos ¢ and thus obtain, where obviously f(k) = f(k),
R * 1 ) ° ez‘kr _ e—ikr
f (k) 227'[/1’2f(r) /elkrZ dzdr = 4n/rzf(r)(7) dr
0 -1 0
47T T .
ZT/Vf(r) sin(kr) dr. (2.4)
0

Similarily, the inverse Fourier transform for spherically symmetric functions reads

) = ( 2;)2% / k£ (k) sin (kr) dk.
0

2.3. Distributions and integrable regulators

A technique of highly practical use is the Fourier transform of locally but not globally
integrable functions via a sequence of convergence factors, called integrable regulator.
Suppose we have a non-integrable function f and a continuous sequence of integrable

funtions (f)), that converges pointwise to f for A — 0. Then one wishes to define
Flk) = / f(x)e ™ d'x i= lim / Fulx)e® diy,
—
R" R"

When f is viewed as a regular distribution, i.e. we use that Ll (R") C §’(R"), this defin-
ition may be used in the following sense: Let ¢ be any Schwartz function on IR and let
fr € LY(R") C §'(R") such thatlim) .o fy = f and |f,| < |f| pointwise. Using Equation
(2.3), we evaluate

lim //f/\(x)e’ikxgo(k) d"xd"k = %iino//f;\(x)e’ikxqo(k) d"kd"x

A—0
R2n R2n

— lim / Fr(x)(x) d'x. (2.5)
]Rn

A—0
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Now, we want to apply the dominated convergence theorem, which allows us to commute

integration and limit.

2.3.1. THEOREM (Dominated convergence): If for some function h on R", there exists
a continous sequence (h)), or measurable functions that converges to h pointwise for
A — 0 and there also exists an integrable dominating function g(x) with |h(x)| < g(x)
forall x € R" and A > 0, then

lim/h)\(x)dx:/h(x d'x
A—>01Rn

We choose Iz (x) = f1(*)9(x), h(x) = f(x)(x) and g(x) = |f(x)9(x)], thus
tim [ f(x)9(x) x—/;gnofA x—/f x)9(x x—/f k) d'k
Rn

(2.6)
and therefore combining (2.5) and (2.6) we obtain
f — }1\11)% /fA flkx d"x (27)

in the sense of distributions. As an illustration consider the following example, which we
will also use frequently throughout the remainder of this work.

2.3.2. EXAMPLE: We want to calculate the Fourier transform of f(r) = % on R3. There-
_exp(—Ar)

fore, we choose f) (r) = ==—=. By Equation (2.7), we have
f(k) = lim .ﬂe_ik’ d3r
A—=0 r
R3

Application of Equation (2.4) yields, using integration by parts,

(o]

2oy AT Ar I %
f(k) _T/I\IE})O e sin(kr) dr __/I\IE}J

k
A

47 kK2
o 4]

Hence
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. 2 2 2
andsow1th1+% = /\)fzk

N

Jk) =

Thus, for k # 0 we have f (k) = %.

lim
A—0

4
AZ+ k2

(2.8)



3. Microgel model and theory

3.1. Model

We consider the following model of our microgel solution, based on the theory of ionic
liquids that can be found in [ I: The system contains a number Ny, of spherical
macroions with radius 4, mass M and over-all charge Ze and a number N, of point-
like counterions of charge ze and mass m. Here the number e denotes the elementary
charge. The macroions and counterions are dispersed in an electrolyte solvent contained
in some volume V with volume constant ¢ and temperature T. In general, we assume
the electrolyte solvent to contain the same amount of positively and negatively charged
microions, which all have the same valence |z| but in this presentation for reasons of
simplicity, we ignore the effect of those salt ions.

Since we consider our microgel solution to be globally of neutral charge, it is a require-
ment that Zn,, + zn. = 0, where n, = % resp. n. = % are the average macroion
and counterion densities. Thus it follows that the macroion charge Z and the counterion
charge z are of opposite sign. We may assume that there are three regions, where coun-
terions can be observed: Free counterions outside the macroions, counterions within the
macroions but sufficiently far away from the polymer chains and counterions surround-
ing the polymer chains. In our model we simply consider the counterions in the latter
region to renormalize the effective charge of the macroion. Note that at this point we do
not consider the internal structure of the macroions, i.e. we do not decide whether we
have a homogeneously charged particle or a core-shell particle at hand. Changing the
internal structure of the macroions purely results in different pair interactions, which we

will treat in Chapters 4 and 5.

3.2. Theory

The goal of this section is to describe the one-component reduction and the linear re-

sponse approximation for our model microgel solution. A suitable approach, which we
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intend to follow, can be found in | , ; ]. In the first paragraph, we
mainly focus on the one-component reduction, in the remainder of the section we apply
perturbation theory and derive the equations needed to obtain the approximate coun-
terion density profile and approximate effective interaction taking linear response into
account.

One-component reduction

Therefore, at first we consider the Hamiltonian of our microgel solution. We denote by
R;, P; and r;, p, the coordinates as well as the momenta of the macroions and counterions,
respectively. The Hamiltonian consists of three terms: the macroion energy, the coun-
terion energy, and an interaction term

H(R; 1, P;, p]) Hw(R;, P;) + He(j, p;) + Hmc(R;, 7}, Pj, p]) (3.1)

Let us analyse these expressions in detail. The first term represents the kinetic and poten-
tial energy of a gas of macroions and therefore only depends on the macroion coordinates,
thus

Hm(Rz'/ Pz‘) = Km(Pi) + Vi Ri)

= . P‘;-l—i—' ' vmm(’Ri_Rj’)-

Here the expression vmm (7) constitutes the bare pair potential of two macroions separated
by a distance r. The actual form of vy, depends on the internal configuration of the
macroion and will be calculated in Chapter 4 for the case of a homogeneously charged
macroion and in Chapter 5 for a multilayered particle. In a similar way, the second term

in Equation (3.1)

He(ri, p;) = Kc (Pi) + Ve(ri)
N¢ i—1

Zpl 2. veellri = 1)-

i=1j=1

consists of kinetic and potential energy for the counterions, where v (7) is just the Cou-
lomb pair potential for two point particles separated at a distance r, i. e.

12262

UCC(T) = P T

10



3.2. Theory

The final term in Equation (3.1), however, constitutes the electrostatic interaction between

macro- and counterions and reads

Nm N
Hmczzzvmc(‘Ri_rj’) (3.2)
i=1j=1
- // om(R)0c()ome(|R — #|) &r R (3.3)

with v () being the macroion-counterion pair interaction. We denote by

N N
om(R) = ;5(R—Ri) Qc(r) = ;W—ri) (34)

the number densities of macroions and counterions, respectively. Here, the pair interac-
tion v again depends on the internal configuration of the macroions and we will give a
detailed description in Chapters 4 and 5.

We aim at reducing the two-component mixture, consisting of macroions and counter-
ions, to an equivalent one-component system governed by an effective Hamiltonian
Heg(R;, P;), which only depends on the macroions coordinates. This can be achieved by
tracing out the counterion degrees of freedom. Since we study a model microgel solution
at a fixed temperature T, we find ourselves in a situation for which a treatment within the
canonical ensemble is preferable. Therefore, we consider the canonical partition function
derived from the microgel Hamiltionian, i.e. with g = kBLT we have

Z(B,V) = trm (trC <eiﬁH(R"’P"'rf'7’j)>> ,

where .
tra(f) = NN // flef, pf) @Mop e,
VN xRN

Factorizing the microgel Hamiltonian, we obtain the expression

1
_ —B(Km+Ke) 33Nm p 43Ne
2B V) = N NN // ‘ drnpdTEp
R3(Nm+Nc)
// ¢~ B(Vin+Vet-Hme) 43Nm R 33Ne
YV Nm+Nc

— 1 // ef,B(Vm*FVc+Hmc) dSNmR d?’Ncr

Am3NmAC3NcNm!NC! e
where Ay, = 4/ # and A. = % denote the thermal de Broglie wavelengths of

the macroions and microions, respectively. The idea behind the reduction to a one-
component system is to carry out the integration over the microion coordinates and write

11
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the canonical partition function as an integral over e~#Hef with respect to the macroion
coordinates, where Hy = Hpy, + F. and F. can be interpreted as the free energy of a non-
uniform gas of counterions interacting with an external field generated by the macroions
at positions R;. Thus, we write, separating the counterion degrees of freedom from the
macroion ones,
1 ' 1
ZBV)= / e PV / ————¢ PVt Hne) g3Ney g3NmR
Am™ ™ Nm! ACTEN!
VNm Ve

_ 73; / ¢ BVmHn(fyne Fmders exp(=B(Vet Hine) d¥r) qan, p
ApNa N

VNm

_ 1 / o~ BVm+InZ d3NmR
APV N

VNm

where Z (B, V,R)) = vaC me_ﬁ(vﬁ'Hmc) d3Ney, Defining the counterion free energy
by F.(B,V,R;) = —% In Z(B,V, R;), we obtain
Z(B,V) = W / ¢~ BV +E) @Nm R,
m m- VNm

Since, when taking the thermodynamic limit, i. e. we let Ny, N, V' — oo such that 7y, ¢
are constant, we have to take into account divergences related to the long-ranged Cou-
lomb interaction, we introduce a uniform compensating background energy E,, with a
charge equally to that of the macroions. We therefore modify the counterion interaction
such that V. = V. + E, and that Hy. = Hpe — Ep, formally cancelling the infinities
of each part of the Hamiltonian in the thermodynamic limit. Using charge neutrality
Znym = —zng, the background energy Eb is given by (cf. [ D

Zze?
3.3,/
//s]r drdr +nc2/elr—R|
1 3,43,/ 2 L

33y — e
— 2" //s]r drdr nm;/sh—R!

In the thermodynamic limit we obtain

2Nm

_ L2 // d?’rd3 - /
2" ”mi 10
- 1I\]cnc/z e Nm/
2 er

R3
1

= —ENchc/Ucc(f’) d3r.
]RS

12



3.2. Theory

We want express the last integral in terms of the Fourier transform of v (7). Introducing
an integrable regulator, we therefore consider

[ee]

7202 M ”
/vcc(r) d*r = Z— lim lim [ —e " d3r.
€ A—=0k—=0 r
R3 0
We replace the expression on the right hand side according to Equation (2.8) and obtain
- 2,2
3 ztet L

[ oty = S il 7= = im0
R

and finally, we have
1 L
Ep, = —ENCnC 11(13% Oec (k).

We now rewrite the free energy in terms of H.' and Hp,' (omitting the macroion coordin-

ates) as

1 " 1 !’ !
F, y Vi=—1In / 73_.3(‘/} +Hmc') d3NC1’ , 35
C(ﬁ ) ‘B [VN AC3NCNC! ( )

where V.’ can be interpreted as the interaction of a classical one-component plasma,
subject to a uniform compensating background, in the presence of neutral penetrable

macroions.

Approximation by linear response theory

This paragraph is dedicated to the perturbation theory approximation of the free energy,
which later will allow us to calculate the counterion density profile and the effective in-
teraction in second order. As a point of reference, we look at the free energy (3.5) and
regard the macroion-counterion interaction as a perturbation of the counterion Hamilto-
nian, that is Hc(A) = K.+ V' + Hm('(A). Thus, the free energy of a one component
plasma of counterions perturbed by some external interaction Hp('(A) is

1 : 1 / / 1. ~
F(B,V,A) = —=In / o B () @Ney | = 10 Z(B,V, ).
C(;B ) ‘B / AC3NCNC! ‘B (:B )
Differentiating F. with respect to A gives
d 1 J ~
—F(B,VA)=————Z(B,V,A

1 1 / / 0
_ —B(V'+Hmd (M) @ / 3N,
— / AC3NCNC!€ a/\Hm‘- (A) d>Ner

Jd ..
— (el ) 6)

13



3. Microgel model and theory

where (-), denotes an ensemble average governed by the canonical partition function
Z(B,V,A). More precisely,

1 Py ,
o0 = S g | T S
c c- PV A) e

By integration of Equation (3.6) with respect to A, we obtain the free energy in terms of
<%Hmc’(}\) >A. Hence,

F.(B,V) = Focr + / < mc’(A)>A dA. (3.7)

Here Focp denotes the free energy of a one-component plasma of counterions, i. e.

1 " 1 /
Focp = —=1n / S——LC EA
Bl A AN

Let us now consider the following situation: We take a one component-plasma of coun-
terions in the presence of neutral macroions and start to charge adiabatically from zero
to full charge. By A we denote the fraction of the full charge. Partially charged macroions
correspond to a setting, where Hpn(A) = AHme with A € [0,1]. As a motivation con-
sider the following closer look on the interaction between macroions and microions: The
interaction is governed by the pair potential v, between a macroion at the origin and
a counterion with charge ¢ at distance r which can be calculated from on the macroion
charge density ¢ as

q o(|x])o(y — 1) d3 x d3y.

B yl

Umc

Partially charging the macroion means replacmg o(x) by Ao(x), thus the pair interaction
of a partially charged macroion with a counterion reads

/ AUXDOY = 1) 3 3y — Aoy ().
!x—y!

So Equation (3.7) now reads, with E;, properly scaled

F.(B, V) = Focr + / .<Hmc’> AdA. (3.8)

Recall Equation 3.2, we may write vy in terms of the inverse Fourier transform

Nm N
Y'Y ome(|Ri — 1)) = 322/ K(Ri=r)p, (k) k.

i=1j=1 i=1j=1

14



3.2. Theory

Since we are working in a finite volume V, the integration corresponds to a sum over

discrete values of k, so we have

Zvac IR; —1i]) :—ZZZelkR ey —hmZZelkR B (k)

i=1j=1 k#Oz 1j=1 kﬁoz 1j=1

_ Z <ZelkR> <§e—ikrj> ﬁmc(k)
k;éO j=1
Ne ikr: A
i (E) () o

We insert the Fourier transforms of Equation (3.4) into the last equation and evaluate the
the limit k — 0. The summation terms obviously amount in the particle numbers for

macroions and counterions. Summarized, this yields

Nm Ne
Z Z Ome(|Ri —1j]) = Z Om(— Ome (k) + lim Nipn1Ome (k).
i=1j=1 Vizo k=0

Hence, we obtain for the ensemble average of the interaction term

Z Om (—K)Ome (k) (0c(k))  + lim NynOme (k) — Ep. (3.9)
k;«éO k—0

Considering a linear response of the induced counterion density to the external macroion-

counterion interaction, cf. [ , Chapter 10], we obtain for k # 0

(0c(k))a = Ax(k)Dme (k) Om (K), (3.10)
where x (k) = —pn.S(k) is the linear response function of a one-component plasma. As
outlined in [ , Chapter 3] or [ ] this linear response function is proportional
to the static structure factor, which by the Ornstein-Zernike relation equals S(k) = ﬁcc(k)
Here, ¢(r) = —Puc(r) denotes the two-particle direct correlation function. If we define

the Bjerrum length Ag = ﬁ and the inverse Debye screening length k = /47tn.z?Ag, we
obtain
e

1+ 5
Thus, combining Equations (3.8), (3.9), and (3.10), the counterion free energy reads

F.(B, V) = Focp

x(k) = —

/ ( Y Ax(k )12 0m (—k)Om (k) + lim N 11cOme (k) — Eb> dA
k7é0 k—0
= Focr + 537 Z x(k )0m (—k)0m (k) 4 im Nip#eOme (k) — Ep.
k;éo k—0

15



3. Microgel model and theory

For the effective Hamiltionian Hq¢ = Hy, + F., we have

N i—1
Hegs = Kim + szmm IR; — R]‘ 2V ZX Qm(_k)@m<k)
i=1j=1 k#0

+ Focp + lim Ny #¢0me (k) — Ep.
k—0

N

Defining the induced interaction din,q (k) = x (k)[0mc (k)]?, we recast Heg as

N i—

Heff = K + Z vam ’R R; ’ 2V Z vmd Q <_k)ém(k)
i=1j=1 k#0

+ Focp + lim Ny nc0me (k) — Ep.
k—0

Let us look more closely on the macroion pair interaction in Fourier space. We write
Nm i—1 1
Z omm (IR = Rjl) = )
1j=1 k

i=

|
|~
=[]
mﬁ.
=
EE
=
<
:
5
E
=

So the effective Hamiltonian reads

Hat = K-+ 57 2t () o (K)o —K) — Nor

+ Focp + lim Ny #1¢0me (k) — Ep
k—0

Now, in Fourier space we introduce the effective interaction as deff = Omm + Oing, there-

fore we obtain

Hag = K+ g7 L oca0)om (K)om (k) —~ Nal

1. A A
~ 37 Lim Bing (k) Om (—k)Om (k)

k—0
N, R Nm,. .
+ ﬁ Uind (k) + ﬁ Ilcli% Uind <k)

k70
+ Focp + lim Nip#1¢0me (k) — Ep.
k—0

16



3.2. Theory

Expressing the last equation again in terms of functions in real space yields

5

Hegf = Kiy + ‘ ZA’eff(’Ri_Rj’)_|'EO/

Il
—_
~.
Il
—_

where by Ey we denote the so called volume energy

N Nm ..
Eo = Focp + o> Y Oina (k) + oo lim Oinq (k

1 .. A A
— W ilir(l) Umd(k)Qm(_k)Qm(k)

. . 1 oA
+ %135 N "cOme (k) + ENCnC Ilg% Dec (k)

) eikr .
= Focp + Tm lim (Z Bina (k) + lim vmd(k)>
k20
. 1 . 1 N, .
+ Nm ilg(l) [—Enmvmd(k) + ncOme (k) + EN—;”CUCC(k)}

Finally, using Fourier inversion and the charge neutrality condition Zny, + zn. = 0, we

write the volume energy as

Np . , 1 . zZ
Eo = Focp + Tm }1_1;% vind(r) + Nm %13'5 |:_§”mvind<k) + ”cvmc(k) - chvcc(k)] .
So far, we completed the one-component reduction and linear response approximation
of our model microgel solution, and we are left with the task of explicitly calculating
the counterion density profile (o.(7)) and the effective interaction energy veg(r) around
a single macroion placed at the coordinate origin. This will be done in the remaining

chapters of this work.
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4. Interaction for homogeneous macroions

4.1. Electrostatic macroion interaction

The interaction energy of two charge distributions on R3 in a medium with electric per-

mittivity € reads (integrability assumed)
/ 0(x)e2y) g3, 43, 4.1)
\x - y\

In this chapter we assume the microgel macroions to be homogeneously charged spheres.
Thus, let 01, 02 be the charge distributions of two homogeneously charged spheres of ra-
dius a, both with charge Ze and separated by a distance r. Thus, we may set
02(x) = 01(x — r) and choose ¢1(x) = 2250(a — |x|) = 0o - O(a — |x|), where O de-
notes the Heaviside function. Inserting this charge distribution into Equation (4.1), we

obtain the macroion pair interaction as a function of the spheres” distance r

2 - — |y —
o) = & [ OO BOU—ly=rD g, g,
e |~y
R6
The electrostatic potential per unit of charge density subject to the source ¢; is given by

27 a

D(y) = 76(“:“’)(1%— - xs_mﬂdﬂdxdgo
lx —y ]x y\ \x

RR3 B, (0)

By employing spherical symmetry of the charge distribution, we may choose y parallel
to the z-axis of the coordinate system. Then, we obviously obtain the squared distance
(x —y)? = x>+ y* — 2x -y = x* + y*> — 2xy cos ¥, so the potential is

sin ¢

@ —27r/ / dodx 42
) V/x2+y? —2xycos d *2)

19



4. Interaction for homogeneous macroions

We substitute u := — cos 9, thus
a 1
D(y) /xz/
] \/xz—i—y + 2xyu
Zn/xz( L (lx+y| — ]x—y|)> dx
Xy
smcefm

In the first case we obtain the integrand 2x, in the second case we obtain 2~ y

have fory > a

and fory <a

42

D(y) _47T</?dx+/xdx> —471(;]/24_ 5

0

Obviously, @ is a spherically symmetric function. Thus, altogether this yields

NERY:
o) =42 2
y
or with gg = ?’Ze inserted
3z ze
o= 2
v

Now, we have for the interaction energy

Umm (7 QO/CD Oa—ly—r|)d

a2

fory <a,

fory >a,

fory <a,

fory > a.

dudx

2 T
]/) 2 2
— 2 ) =2 R
ta

y.

2/ax + b+ C. We distinguish between the two cases y < x and y > x.

. Hence we

(4.3a)

(4.3b)

(4.4a)

(4.4b)

To calculate this energy, we substitute z = y — r (which, since a translation, leaves the

volume element invariant). This yields

2 .
Ommn(r) = L [ (|2 -+ 1))0(a - |2]) 2 =

20



4.1. Electrostatic macroion interaction

As a matter of fact, in spherical coordinates we have

7T

27
/// (|z +7|)z*sin9dd dzdg.
000

Again, we distinguish between different cases: In case r > 2a the distance |z 4 r| > a for

vmm

™ |ON

z € B,(0) and thus we have for the potential ®(|z +r|) = 475“ B M' Spherical symmetry

allows us to choose r parallel to the z-axis and therefore,

2a3Q% / / sin 9
v r) = dddz.
(1) = V22 4+ 12 + 2rzcos &

Substitution analogously to Equation (4.2) gives

1

87'(2 3 2
Z)mm(r) = /Z /1 —22 n o

e
= T/Z (;(Lz—r!— |z+r!)> dz
0
871223 02
Qo/ _
=3 ( (lz+7]— |z r])) dz
0

Since r > 2a and z < a4, we have r > z and therefore the integrand reads %, SO

dudz

16m°a°g5 [ o 167t%a%03
Umm(r) = 3er /Z dz = T (4:5)
0
Again, using 0p = 437%:3 , we obtain the (spherically symmetric) interaction energy
Z%e?
Umm(r) = 7

Now we turn to the cases a < r < 2a and r < a, which involve somewhat more con-
siderations. Depending on the direction and length of r, we have to consider the po-
tential function @(|z + r|) either for |z 4+ 7| < a or for |z + r| > a. Again, we choose
r to be parallel to the z-axis, then we have a®> = |z +r|?> = 22 + 72 + 2rzcos 9, thus a
circle of radius z around the origin intersects the one of radius 2 around —r at the angle

22,2
% = arccos =" for 0 < ¢ < 7.

Thus, we conclude that in case a < r for a given value of z > r — a we are outside
B,(—r)if 0 < & < arccos & 2 > and inside B,(—r) if arccos % 2 << Setting

21



4. Interaction for homogeneous macroions

u := — cos 0 this allows us to write down the interaction energy as a sum of three integrals
to be specified below

227r{1
0

vmm(r):%///(P(]z—l—r])zzsinﬁdﬁdquo
00 0

=L+ L+ I

The domains of integration for the integrals I3, I, I3 are illustrated in Figure 4.1. Here, I;
denotes the integral over the ball B,_,(0), where @ is of the form (4.3b), I, denotes the in-
tegral over the domain B, (0)\ (B,;—4(0) U B,(—r)), where @ is also of the form (4.3b), and
I3 denotes the integral over the domain B,(0) N B,(—r), where @ is of the form (4.3a).

ey
v

I
Vv

xy

Figure 4.1: Domains of integration for I, I, and I3

Since all occurring functions obey azimuthal symmetry, we obtain a factor 27t for the
p-integration. We start calculating I, so

—a 1
82a302 1 r
L = nago// ! 22 dudz
3¢ Z2 + 12 — 2rzu
0 —1
87T2LZ3Q% 2
—T/E(]r—i—z\—]r—z\)dz.

0
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4.1. Electrostatic macroion interaction

Now z <r —a <r, thus

871243 03 "z
L = % / ;(r—l—z—r—f—z) dz (4.6a)
0
87243 g2 T2
= —d 4.6b
3e / r z ( )
0
8724303 243 2r?
e N Y e Y PR 16
3¢ (” 3r ””3) (4-6c)

Similarily, we proceed for I;, and we have

87t2a3 2 7 Ea
) = ] / / 2dudz (4.7a)
72 + r2 2rzu
871243 02 ’ r+z a 87124 02 azr—i—z—a
T 3 = / ( rz E) dz= 3¢ = / ( r ) dz (4.70)
r—a r—a
871243 02 2¢3  Bar 512
_ S (_2az ML ?> _ (4.70)

Finally, we calculate I3

28302 7
e Q / / ( % (2% + 12 2rzu)> 22 dudz (4.8a)

r—a 22+r2 a2

a2 [ (5az 3z Pz 322 P2 35 3P A D
/ D M K
8  4a 843  2a 2a% dar  4a® 243 8a¥r

3e
r—a
(4.8b)
2 3 2 2 2 3 5
8 a’gp ar r* r r
= a2 48
3¢ <5 2 6 8 240a3> (48c)
Summarized, this yields
87'(2613Q% 2 1,2 1,3 1,5
omm (1) = =3 (?‘3 5——240as>
72206 1 ,r\2 3 /r\3 1 [r\5
= {5‘5(;) +36(2) 10 (3) ] (49)

The remaining case is ¥ < a. We conclude that in this case, for a given value of

z > a —r, we are outside B,(—r) if 0 < ¢ < arccos 2 22Z , and we are inside B,(—r) if

22,2
arccos =——- < ¢ < m. Again, we set u := —cosf and write down the interaction

23



4. Interaction for homogeneous macroions

energy as a sum of three integrals U(r) = J; 4 J» + J3, whose domains of integration are
illustrated in Figure 4.2.

Figure 4.2: Domains of integration for J;, J», and J3

Here J; denotes the integral over the ball B,_,(0), where @ takes the form (4.3a), J> de-
notes the integral over (B,(0) N B,(—r))\B,—,(0), where @ is also of the form (4.3a), and
J3 denotes the integral over B,(0)\B,(—). Incorporating azimuthal symmetry again we

have

2a3Q2 ar
= //<2a 53 (22412 2rzu)> Z>dudz
8724302 "1 4
e T2 2 S
a

2 3Q2 < 212 213 2r4 8r° >

3 \5 Wttt ns

We proceed for |, in the same way, hence

2302 7
“Q / / <__L3Z +r2—2rzu)>zzdudz

a—r 22+r2 a2

Q / 5z 3rz r’z 32 22 3% 3@ 2 2
/ tea ™t 3 t a7 " om Tanr) &
8a 2a  2a 4ar  4a 2a 8a°r

872a%03 <% 5¢2 1513 27 43r5>

3e 2 6 8 T2 808
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4.2. Effective interaction of microgel macroions

Finally, J5 gives

zz+r2 a2

a
1
/ / 22 dudz
22+ 12 —2rzu
a—r —1

232 4 28302 7 .
:8”3‘;Q0/<”+2_i>22d2_ “QO/Z(T+Z 1) 4

rz 3e r

2,32
87°a’ o

J3 =

23Q2 2 B 2 B o P
3e 6

B 23()2 w2
3¢ 2 6/

Adding up the three integrals, we again obtain exactly (4.9)
8n2ac} (4a®> 1?1 r

Umm (1) = % — =t 53
3e 5 3 8 240a

722 (6 1 2 3 3 1 5
28—5[5‘5(2)+E<§)‘ﬁ(2)]-

Hence, altogether this yields the interaction energy as an at least continuously differenti-

able function of », which reads

2,2 2 3 5
e %@E%(g) +3<1> _L(Z)} for 0 < r < 2a, .

72e2
—_— for2a < r.
er

4.2. Effective interaction of microgel macroions

The bare Coulomb interaction energy between a macroion of charge Ze and a counterion

of charge ze reads

Zze? r
_ <r< .
ea <3 a2> for0<r<a, (4.11a)
Ume(r) = )
Z
% fora <r. (4.11b)

We need the Fourier transform of vy, thus we calculate for k # 0

47‘[00

Ome =
0
a

A7t [ Zzé? r At T Zze )
= — / — <3r — a_2> sin(kr) dr + —/ . sin(kr) dr
0

"Ume(7) sin(kr) dr

k 2¢ea k

a
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4. Interaction for homogeneous macroions

We split the integration into three additive terms, such that 9y, = 4”226 (L + L+ I3).

This yields

a

3 . 3 1
I = Z 0/rsm(kr) dr = Z(——cos (ka) EO/ s(kr) dr

-3 (—a cos(ka) + 1sin(ka))

2ka k
3 3 .
=~ cos(ka) + msm(ka),
for I, we obtain
T _ 1 3
L= —ﬁ/r sin(kr)dr = _ﬁ( — cos(ka) %/r cos(kr) dr
0
__L(_3 (k)+3<f i (k)—g [ s (k)d>>
= 5 4 cos(ka o sin(ka) — = [ rsin(kr) dr
0
_ 1 (—a3 cos(ka) + §(a2 sin(ka) — 2( 2e os(ka) + E /ucos(kr) dr)))
2ka3 k k k
0
1 5 3/, 2 1 .
=5 (—a cos(ka) + %(a sin(ka) — E( acos(ka) Esm(ku))))
1 3
7 cos(ka) T sin(ka) — Cos(ka) + k4a3 sin(ka),

The third integral reads

(o]

I; = /sin(kr) dr,

a

which is obviously divergent. Let us consider the follwing modification

o0

/ sin(kr) dr—/sm(kr) dr.

0

Introducing an integrable regulator, we obtain by Equation (2.8) that

i k1
O/S“‘ - f@ﬂi’%m—ﬂ
The second part of the integral we simply evaluate and hence, obtain
1 cos(ka)\  cos(ka)
Iz = o (1 - ) =0 (4.12)
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4.2. Effective interaction of microgel macroions

The sum of the three integrals yields

L+hL+1=-— cos(ka) + sin(ka),

3 3
k3a2 k4a3
so, finally, for k # 0

. 12717 z€? sin(ka
tme = ~ e (cos(ha) — S50 ).

We assume the macroions to be at positions R;, thus the macroion density equals

where Ny, is the total number of macroions. Obviously 0m (k) = ZJI\L‘? e~ kR;,

Using the linear response approximation from Equation (3.10), we can calculate the coun-
terion density around a single macroion at the coordinate origin, i.e. om (1) = (r), by

(0c(k)) = x(k)Dme (k) (4.13)

—Mg% with v (7) the bare Coulomb interaction

since Om(k) = 1 and x(k) =
between two counterions of distance r and charge ze. Here Ag = ﬁTez denotes the Bjerrum

length, i. e. the distance, where the Coulomb interaction is of comparable magnitude to

4717262

5 and so

the thermal energy. From Equation (2.8), we obtain 9. (k) =

. B eApne  12mZze? sin(ka)
(k) = e2 4 Al taZe (Cos(ka) ~ ka >

B 12t ZzAgn, sin(ka)
(k2 +4mtApncz?)k2a? (cos(ka) ka > (4.14)

Using the inverse Debye screening length « := \/47tn.z?Ap, Equation (4.14) reads

12 sin(ka
(0c(k))y = §m<cos(k61) — k<a )>

Application of the inverse Fourier transform gives the counterion density profile as a

function of the distance to the macroion. Hence, we calculate

i 2 sin(ka
8o(r) i= (ac(r)) = ﬁ% / k%kzazéT)(cos(ka) - #) sin(kr) dk

K2 T sin( kr sin(ka)
47r2rza2 / k(k cos(ka) - ka ) dk.
0
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4. Interaction for homogeneous macroions

We split this expression into two integrals such that g.(r) = (I; — ). Evaluating

47121’2112
the first integral, we obtain

B c>osin(kr) cos(ka)
h _/ k(k2 + «2) dk

_%/sm r—a))+sin(k(r+a)) dk. 4.15)
0

k2 + x2)

Substitution with x := % in Equation (4.15) and expansion into partial fractions gives

1 /oo sin(xx(r —a)) + sin(xx(r +a))

L=
22 / x(x2+1) dx
1 7(sin(xx(r —a)) +sin(xx(r+a))  sin(xk(r —a)) + sin(xx(r +a)) )
=— —X dx.
2i2 ) x x2+1
It is a well known fact, that [;~ Smx 0 — ZsgnAand [ xs;?ﬁx) = Ze~Mlsgn . Hence,

we consider fora, 7, and ¥ > 0

i =
/ sin(xk(r £ a) dx = gsgn(r +a)
0

and
ooxsm (xx(r£a)) T _jrtal
== +a).
/ 241 dx 5¢ sgn(r+a)
0
Summarized, we have
I = 2 (sgn(r —a) (1 — e~¥r=al) 4 (1 — e~*+0)y), (4.16)

452

Now, we proceed in a similar way for the second integral,

(o] 1 ‘ |
. 0/ Ra(e 1 Sintkr) sin(ke) dk

_ 1 7cos(k(r —a)) — cos(k(r +a)) dk.

(2 +12)
0
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4.2. Effective interaction of microgel macroions

Again, we substitute with x := % and expand into partial fractions, which yields

17 cos(xx(r —a) — cos(xx(r +a))
b= 2ax3 /( x2(x241) )
1 T cos(xx(r —a)) —cos(xk(r+a))  cos(xx(r —a)) — cos(xx(r+ a))
- 2ax3 0/ ( x2 a x2+1 > dx.

(4.17)
Consider the first term in (4.17), through integration by parts

/cos(;\x) A — _cos(Ax) /\/- sin(Ax) d
x x x

we obtain

x2 B—r00 a—0 x

7cos(x1<(r —a)) —cos(xx(r +a)) dr — — lim lim cos(xk(r —a)) — cos(xx(r +a)) |P
0 4

_K<r_a>/sin(1c(;—a)) A
0
k(i) / Sin(K(;—Fﬂ)) dx
0
_ iy CO8(Br(r—a)) . cos(Br(r+a))
TR B AR
n }}E}) cos(ax(r —a)) ; cos(ax(r +a))

T
—i—EK(r—l—a—\r—a\)

Obviously, since the cosine is a bounded function, both the B-limits tend to zero. How-
ever, the a-limits need some more consideration: Expansion into a power series at ag = 0

gives

cos(ax(r —a)) — cos(ax(r +a & K2 ((r —a)® — (r +a)*"
o ) —amloxr ) 1 (=00

M ((r—a)® = (r+a)*™) 5,5

—a Y (=1)" o 12,

where the power series ) ;- ;(—1)" Kzn((rfa();;)fl(rﬂ)zn) a?"~2 converges. Thus,
lim cos(ak(r —a)) — cos(ax(r+a)) 0
x—0 4 N
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4. Interaction for homogeneous macroions

and -
/ cos(xx(r —a)) —zcos(xx(r +a)) dx — Ex(r ta—lr—al)
/ X 2
This leaves us calculating the second term in (4.17). We have
/ COS(XK(T — a))z_ COS(XK(T’ + El)) dx = E(E*KV*Q\ o e*K(f’+ﬂ))
x-+1 2
0
since O°° C(ﬂ/;f ) dx = %e_w. Summarized, we obtain
_ (1 Cr—al) — L prlral _ px(rta)
12—4K2(a(r—|—a lr —al) Ka(e e ) (4.18)

Finally, we combine the results of (4.16) and (4.18), so

0lr) = 2 (sgn(r—a)(1 — e ) 4 (1 — e K0 )
o 1 e i —x|r—al _ ,—x(r+a)
a(r—i—a |r a\)—i—m(e e ))
On one hand in case r > a this yields
- _ Z 3 —x(r—a) —x(r+a) 1 —x(r—a) —x(r+a)
QC(T)_E&th(l_e +1—e —2+E(e —e ))
_ Z 3 eiKr Ka Ka eiKr Ka —Ka
__;47'[7’612( 2 (e >_%<e —¢ >)
_Z 3 _, sinh(xa)
T w2t <cosh(;<a)  ka )’
on the other hand in case r < a we have
= _ Z 3 —x(a—r) —x(a+r) 2r 1 —x(a—r) —x(a+r)
Q1) = g (F1 e 1 ) = T (o) )
— Z 3 e_Ku Kr —Kr r e_Ku Kr —Kr
=i @) e )
_Z 3 r 1N .
= _;47'(1’5[2 (E — (1 =+ E)e smh(K1’)> . (419)
If r = a, we obtain
= _ Z 3 —2xKa 1 —2xka
0(r) = Sgma (e 2 -2+ L(1—e )
Z 3 1 2

-
S L, e
Ka Ka

(

(1 ()
(
(

_ Z 3 1 —Ka [ Ka : 1
~ z 8mra? I=ate (¢ = 2sinh(xa)) (1 + Ka))
Z 3

1-— <1 + K—la)e"‘” sinh(mz)))
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4.2. Effective interaction of microgel macroions

which is exactly (4.19) for r = a. Therefore, the counterion density reads

r 1 —Ka 3
- — + — <
<1 >€ Slnh(KT) forr a,

_ _Z 3 a
QC(V) - z 47_[a2r Y sinh(;(g) (420)
e <cosh(xa) - 7) forr > a.
Ka
We obtain the counterion-induced interaction by
Oing (k) = X(k)[A (k)] {0c(K)) Ome (k)
B sin(ka) \ 1271Zze? sin(ka)
N k2a2 k-’- + x2) ( " ka > k*a2e <cos(ka)  ka )
36rtZ%e*  «? sin(ka) \ 2
T ekbat K242 (cos(ka)  ka ) '

To calculate the effective interaction, we also have to take the macroion-macroion-interaction
into account, SO Veff = Vind + Umm OF in Fourier space Ocf = Oing + Omm, respectively. Fol-
lowing the calculation of Section 4.1, by (4.10) we have

L () ()] e

ea |5 2\a 16 160
Umm (1) =
Z2¢2
— for2a < r.
er
Thus we calculate the Fourier transform of vy, 1. €.
4 (o)
= %/rvmm sin(kr) dr
0
47{Zze‘226r 1/,7r\3 3 /r\* 11’6.kd
> 0/{55‘5(;) +16(2) 160 (3) ]SH‘< r)dr
4 ZZ 2 %
nks ¢ /sin(kr) dr
2a
477262
= e ([1—|—[2).

From (4.12) we immediately obtain I, =

—COS(]f‘ka) . The first integral I; can be solved via the

following iteration formulas based on integration by parts. We have
/r sin(kr) dr = —% cos(kr) + T / Lcos(kr) dr,

n

/r” cos(kr)dr = %sm(kr) 7 " Lsin(kr) dr.
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4. Interaction for homogeneous macroions

Hence, I; reads

9 9cos(2ka)  9sin(2ka) 9 9cos(2ka)  cos(2ka)

W= Ws ™ s ke wea T ed K
Altogether, we have
. 36rtZ%e* [ 1 cos(2ka)  sin(2ka) = cos(2ka) 1
Oert(k) = ekba* {Zkza2 T2 k2 T2
K2 sin(ka)\ 2
“ea (cos(ka) I > }
_36mZ% | 1 B cos? (ka) n sin?(ka) _ 2sin(ka) cos(ka)
 ekbat | 2K2a2 2k2q? 2k2q? ka
cos?(ka)  sin?(ka) 1 K2 sin(ka)\2
tTo T 2 K+e? (Cos(k”)_ ka ) ]
_36mz%e [ 1 B cos? (ka) B sin?(ka) _ 2sin(ka) cos(ka) cos?(ka)
 ekbat | 2K2a2 2k2a? 2k2a? ka 2
sin(ka) 1 2 sin®(ka) K2 sin(ka) \ 2
— 5 +5+cos (ka) + P2 P (cos(ka) T ) }
36rtZ2%¢* [ 2sin(ka) cos(ka) 9 sin®(ka)
= {— e + cos”(ka) + e
K2 sin(ka)\ 2
T (cos(ka) R > }
367172¢* sin(ka)\ 2 K2 sin(ka)\ 2
T ekbat [(cos(ku)  ka ) R+ x2 <cos(ka)  ka > ]
36rtZ%* 1 (sin(ka) \2
 ektat K2+ 2 <cos(ka) " ka ) '

One obtains the effective interaction via the inverse Fourier transform

1
2702y

/ koo (K) sin(kr) dk
0

veff<r) =

o0

1872¢2 1 (sin(ka)\2 .
~ ematr 0/k3(k2+K2) (Cos(k“)—7> sin(kr) dk.

One may solve this integral by expansion of the trigonometric functions, partial fraction
decomposition, and, finally, integration by parts in a similar way as for the microion
density profile 9.. However, the calculation, although being quite straight forward, is
very lengthy and the result is already known (cf. [ ]). However, we can also derive
this result as a limit of the more general theory on layered-shell particles from Chapter 5.
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4.2. Effective interaction of microgel macroions

Hence, we have for r < 24

Ueff(r> = vmm(”)

9Z2¢? o L os 1 4y 1 2 _oxa.
—W{<1—e +§Kr+ﬂxr>-<1——>+ae sinh(xr)

1 1
+ [6_2"“ sinh(xr) + 2x%ar + §K4(4a3r + ar3)} : <1 + —)
2r 22, 8 44 r? 22, 4 44 1K46
—;<1+2K€l +EKQ _ﬁ K- a +§K _%a—zr
and forr > 2a

97262
Ve (1) = gy [cosh(mz) -

sinh(ka)]? e
Ka '
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5. Interaction in multilayered-shell microgels

Before actually studying the case of core-shell microgels, let us consider a more general
situation: Suppose we have a macroion consisting of a spherically symmetric charge dis-
tribution with 7 layers of piecewise constant charge densities §; (which can be positive,
negativ or even zero), where fori > 1 each layer is a spherical shell of width d; = a; —a;_4.
Here the a; denote the radii of the spheres bounding the shells. In the case i = 1 we write

the innermost domain just as a spherical core of charge density ¢; with radius a;.

Figure 5.1: Multilayered-shell macroion

Representing each layer by a difference of Heaviside-Functions we obtain the charge dis-

tribution

o(x) = }_ail6(ai — |x]) — O(ai1 — [x])] + 610(a1 — |x])
n—1

= 0uO(an — |x[) + }_ (6 — Gi+1)O(a; — |x]). (5.1)
i=1
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5. Interaction in multilayered-shell microgels

We define ¢, = 0, and ¢; = 0; — 0,41 for 1 < i < n, so the charge distribution function

more conveniently reads

o(x) =} 0i®(a; — |x]). (5.2)

5.1. Interaction of multilayered macroions

Considering, as in the previous chapter, a medium of permittivity ¢ > 0, we obtain for the

pair interaction between two such macroions separated by a distance r the expression

Umm(f) — %/Q(xﬁxg(_ny 1‘) d3x d3y

X —r
:_Zl]/ — |x)e(a; — |y |)d3xd3y'

ij=1 |x_y|
We define
o) = [ QOO Iy s g,
x —y|
IR6
~ [@wol—ly—r)
IR3
with

Pi(y) = /.%_y'ﬁ)d%

Then it follows that

Umm (7 Z QlQ] ij
l] 1

To evaluate the x-integration, we follow the calculation in Section 4.1 and obtain by Equa-
tion (4.3) with a — a;

3 1
v [ 225 toro<y<a, (53a)
Di(y) = l !
3 % fory > a;, (5.3b)
Yy
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5.1. Interaction of multilayered macroions

In the next step we evaluate the remaining integral, which is essentially —i.e. up to a
constant factor — the pair interaction between two charged spheres of radii 4; and 4;,

/ @i()0(a; — ly - rl) &
_ /@i(yzwy)@(aj— 12]) &3z
R3

The function &;; is actually only dependent on the centre-centre separation of the spheres
and in spherical coordinates, where the ¢-integration has already been performed, reads
a ] T

;i (r) :27t//<171-(|z+r|)zzsinz9d19dz.

We start with the case r > 4; + aj, thus the distance |z +r| > a; for z € B,/(0) and

Oi(|z+7r|) = 47; . This corresponds to the case, where the two charged spheres are
completely separated from each other. Choosing r parallel to the z-axis and substituting
u := — cos ¥, we obtain

dudz

(Pl‘j<1’)

z2 4 r7~ 2rzu

a;i
_ 8%} ’2 1
3 O/Z (zr |z 47| — ]z—r!)) dz

Since r > a; + a; and z < aj, we have r —z > a; > 0, and thus the integration simplifies

to

.
167243 167%aa3
Pi(r) = =5 Z/sz‘z_ o <.

0
Now for the remaining cases let, without loss of generality, be a; > a;. We consider the
casea; <r <a;+aj, that means the two spheres start to overlap. Basically, this turns out
to be a slight modification of the situation a < r < 24 in Section 4.1.

We set CDi]-(r) = I + I, + I3, where the three integrals are as follows. We have

g2 M} 1
L = L / / z?dudz.
3 VZ2 4+ 12— 2rzu

8m%a’ 2a3 22
L= <2a?——;—2air+% .

37



5. Interaction in multilayered-shell microgels

For the second integral we have to evaluate

42 2

/ 272
1
/ / z2 dudz.
I z2 + 12 — 2rzu

a

Using Equation (4.7a), we obtain

aj
oo S ez on)
r

_ 8m%a} (5a°  5a aiaj2+5ﬂir+”j3 o 517
— 6r 2 2r 2 3r 2 6

For the third integral we start with an expression analogous to Equation (4.8a), thus we

aj
ea; / / (25!1 2 (z +r? 2rzu)> z>dudz

=i 2412 q?

have

2rz

aj
8mt?a} / <5aiz 3rz 1’z 322 1?22 322 3 A z° ) d
z

-3 8r 4_ai+@+2_ai_2ai3_4air+4a 2a3+8al3r
r—aj;
8m%a} a;® a;® 3aj4r aj3r2 aj2r3 » 7a;3
= S e LA A L -
3 48a3r  10a;®  16a;3  6a;  16a;3  240a;3  48r

2a2  3at a®  3air 5aiaj2+ P Bar
5 16a;vr = 2a; 8a; 16r 16a; 16

Finally, the pair interaction up to a constant coefficient, which represents the charge dens-
ities, reads

8n* (a® a® a4 a4 Balta? Ba’at  3aitr 3aitr
Pij(r) = —- <l ST T — Ly —— 4+

3 \48r 48 10 10 16r l6r 16 16
+ai3aj3 N aiaj? N ata® a4 BaPaPr P et P
3r 2 2 6 6 8 16 16 240
As expected, the expression is symmetric in 4; and 4;, and setting a; = a; = a we can

retrieve the pair potential for two homogeneously charged spheres as in Equation (4.9).
This result can be extended up to the point r = a; — aj similarily to the case 0 < r < ain
Section 4.1. Although the calculation looks slightly different due to a modified partition
of the integration domain, the result, however, turns out to be the same.
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5.1. Interaction of multilayered macroions

So the next really interesting case is the one, where the larger sphere fully covers the
smaller one, this corresponds to separation distances r < 4; — a;. When carrying out the
integration for @;; the angle ¢ is not restricted anymore, and thus we obtain

. a; 2
Di(r) = //<2ﬂz ”i (22 +12 2rzu)>z dudz

_ 87 [ aa 4 4
3\ TS T )

It is worth to mention that this term is not symmetric in 4; and 4; anymore (it was done

under the assumption of a; > a]-), the potential, however, is. Suppose aj > aj, then the
calculation would give

8772 a’  a’r?
@ﬁ(}’) = T <aj2ai3 — é — 13 > .

Since in the pair interaction both terms are added, the result is again symmetric. Sum-
marized, we have (assumed a; > a]-)

( 5 3,2
aiza]?’—%—% f0r0§r§ai—aj,
a® a® a4
48r ' 48r 10 10
3al4 2 3a12 A 34y
16r 16r 16
(171']'(7’) = 8TT[2 + 3Z]2r + ai;zj3 al:;ajz for a; — ﬂ]' <r< a; + ﬂ]',
aiza]-?’ ai?’rz a]-3r2
2 6 6
CBaltaltr e a0
8 6 16 240
2al.3a]3

for0<r<a; —a,.
\ 3r - =

Since the layer bounds are numbered increasingly from 1 to n, the pair interaction between
two macroions can be recast as

Omm (7 Z 0i0jPij(r
i,j=1
2 n i—1
= - Z 0i®i(r) + =) ) aie
€3 8 i=1j=1
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5. Interaction in multilayered-shell microgels

5.2. Interaction of a layered macroion and a point charge

We model the charge density of the macroion as in the previous section, thus

n

o(x) = }_0i®(a; — |x]).

i=1
The Coulomb interaction of such a macroion situated at the origin and a point charge g
separated by a distance r in a medium of permittivity e > O reads

0x)q0(y —71) 3 3
Ume (7 / ]x—y] dxdy

]x|) 3. 13
5y / Bx d®y.
/ -yl Y

We substitute the integral over x with the expression calculated in Equation (5.3a), eval-
uate the d-distribution and obtain

ome(r) = 1Y 0ii(1). (5.4)

i=1
5.3. Counterion density and effective interaction

We calculate the counterion density around a single macroion at the coordinate origin as
in Equation (4.13)

(0c(k)) = x(k)Ome (k). (5.5)
47tq

Remember, x (k) = —Mg% is the linear response function and 9. (k) = is the
Fourier transform of the Coulomb interaction between two counterions of Charge g. Thus,
we need the Fourier transform of the macroion-counterion interaction v (7). Since the

Fourier transform is linear, we immediately obtain from Equation (5.4)

n
bme(k) = 13" 0,8i(k). (5.6)
i=1
Hence, we can treat every summand @;(r) as in Section 4.2 and we obtain
~ . —lerta; sin(ka;)
D;(k) = T(cos(kaz) " ) (5.7)

We substitute the last equation into (5.6) and (5.5), so

A & K2 sin(ka;)
=—) o Iz <cos(kal) B ) (5.8)

i=1
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5.3. Counterion density and effective interaction

and apply the inverse Fourier transform. This yields

0o(r) = /ksm (kr) os(kay) — yr}fﬂ) dk,

ﬂqr a;

where the integral is exactly the difference of Equations (4.16) and (4.18), and therefore,
each summand of the counterion density is, up to the coefficient, as in Equation (4.20) for
a = a;. Taking this into account, we obtain

1 1
2c(r) = T [ )y 1@1611 (; — <1 + —) T sinh(xr))
i=m+ ! a;
+ Z oiaie ™ (cosh(xai) — 7511025(“:‘) >] , (5.9)
=1 i

where m is the natural number such that a,, < r < a,,.1, with ayp = 0.

We obtain the effective interaction as Uegf = Ujng + Umm, where 0inq(k) = (8c(k))Ome (k).
Combining Equations (5.6)—(5.8) yields

A e sin(ka: sin(ka;)
tind(K) =~ o2 e Z 0i0ai1; (cos(ka) %) (coS(ka]-) - ka]-] )

We also need the Fourier transform of the macroion pair interaction, which reads

The function @;;(r) is defined piecewise on [0,a; — a;, [a; — a;,a; + a;[ and [a; 4 a;, 0],
so the Fourier transform splits into the sum of three integrals on these domains. The
calculation of these integrals involves repeated application of the integration-by-parts
formulas for trigonometric functions. Doing so, we end up with a result similar to Section
4.2,

~ 64713 sin(ka; sin(ka;)
(pl](k) = k—6aiaj <COS<kLZl') - #) <COS<kﬂj) - k2 / )
! ]

Since Cf?ij(k) is symmetric in i and j again, we can write

. 647t U sin(ka;) . sin(ka))
Omm (k) = % l]Z:lQlQ]a a](cos(ka) le> <cos(ka])— ke >,

and therefore,

X 647'[3 1 n sin(ka; Sil’l(kﬂ')
D (k) = e "21 0i0a1; <Cos(klli) — k<ai 1)) (COS(kﬂ]‘) - T,j)
i,j=
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5. Interaction in multilayered-shell microgels

So the remaining task is to apply the inverse Fourier transform to the effective interaction,
then

321 &
Ueff(r) Z 0i0;a; a] ij-
i,j=1

with

Oﬁ)ﬁ (cos(kai) — sink(;ciai)> (COS(kg]-) _ Sink(;aj)> sin(kr) dk.

We substitute x := % and obtain

[ee]

[ — 1 sin(a;xx) sin(a]-Kx)
Tkt ) B+ x2)

<cos(ai1<x) - > (cos(a]-;cx) - ) sin(rxx) dx

a;Kx ajKx

0
1 T/ sin((a; — a; —r)kx)  sin((a; +a; —r)Kx)
T4kt 0/ a;iajk2x5 (x> 4 1) a;iaj?x® (x2 +1)

sin((a; —a;+r)kx)  sin((a; +a;+7r)kx)  cos((a; —aj —r)xx)

aaj2x5 (2 +1)  mawd (2 +1)  apxt (x2+1)
cos((a; —a; —r)xx)  cos((a; +a; —r)kx)  cos((a;+ a; —r)Kx)
ajxt (x2+1) aikx* (x2+1) ajxxt (x2 +1)
cos((a; —aj+r)kx)  cos((a; —a;+r)kx)  cos((a; + a; +r)Kx)
aikx* (x2+1) ajxt (x2 4 1) aikx* (x2+1)
cos((a; +aj+r)kx)  sin((a; —a; —r)kx)  sin((a; +a; —r)xx)
ajxt (x2 +1) w3 (x2+1) w3 (x2+1)

(5.10)

sin((a; —a; +r)xx)  sin((a; + aj + r)xx)
x3(x2]+1) + x3(x2]+1) ) *

By decomposing the integrand of I;; into partial fractions, we obtain terms that can be
integrated by parts in a similar way as in Section 4.2. We exclude this part of the calcula-
tion since it is to lengthy to be included in detail and just give the final result for I;; here.
Further details on this calculation can be found in Appendix A. The expression actually

splits into three cases. At firstlet0 <r < a; — aj, then

L= 7T _ . T K(*ﬂ;«ka') .
Y 12aiax° [Za ki —3(aix + 1)(ajx —1)e i) sinh(xr)
— 3<ﬂiK + 1)<ﬂjK + 1) x(—a;—aj) smh(;cr)] (511)
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5.3. Counterion density and effective interaction

For the case a; — aj <r <aj+ajwe obtain

T
Lij = c [—361;*1(4 + 8adxtr 4 6a%x> (azxz — K% — 2) — 3atxt + 8adktr
96a,-a]-1c J / J

—6a]2-7<2 (1277 +2) +1*r* + 126277 + 24 + 12(a;c + 1) (ajc — 1)e" 9077
+12(azx — 1) (ajr + 1) =57) — 24 (a + 1) (ajx + 1) %) sinh(xr)] . (5.12)

For a; + aj <r,we have

T sinh(a;x sinh(a;x
I = 2i¢ o <cosh(ai1<) — #) <cosh(aj1c) - 7”) . (5.13)
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6. Application to core-shell microgels

This chapter is dedicated to the evaluation of the effective interaction and the counterion
density profile for model core-shell macroions. In the setting of Chapter 5 this corres-
ponds to a value of n = 2, such that a macroion of radius 4, = a has a core given as a
fraction aa with a €]0, 1] of the macroion radius a and a shell of width d, = (1 — a)a. We
choose Z > 0 to be the charge of the macroion, which is shared between the core and the
shell, such that Z; = {Z and Z; = (1 — {)Z, where we have { €]co, c0].

/

Figure 6.1: Core-shell macroion

Therefore, the charge density of the macroion by Equation (5.2) reads

3Ze{ 3Ze(@® + 1)

R A T )

O (a1 — [x[)

with
_ 3Ze(a®+7-1)
¢= 4rtadad(ad — 1)

3Zef
47ta3(1 — ad)

and 02 = (6.1)
For the graphical representation we choose a macroion to have net valence Z = 3, and the
counterions shall be negatively monovalent. We measure the distance from the macroion’s
centre in units of a. We plot the effective energy v in units of % and the counterion
density profile ¢, in units of %. We consider several cases with different charges of
core and shell of the macroions: At first, we choose macroions with negatively charged
core and positively charged shell, then hollow macroions where all the (positive) charge
is concentrated within the shell, and finally, macroions where the both core and shell are

positively charged but the core carries the higher charge.

45



6. Application to core-shell microgels

e Letl = %, this equals Z, =4 and Z; = —1.

In the first plot (Figure 6.2) we see the effective pair interaction between two macro-
ions for different core fractions a, setting x = % We observe a strong dependence
on the negative charge density within the core, subject to the electrostatic attraction
between the oppositely charged cores and shells of the two macroions. Anyway,
we shall see that this effect, even though intuitively expected, may quantitatively
be incorrect, due to the negative counterion density in the core region. We will

explore this situation in more detail below, see Figure 6.3.

%Ueff
14
12}
1.0
0.8
0.6
0.4
0.2

0‘0:‘“‘\““\““\““\““\““\
i 0.5 1.0 1.5 2.0 2.5 3.0

Q=

Figure 6.2: Effective interaction, variable «, constant x = %, (= %

Now we illustrate the counterion density profile around a single macroion for the
same situation as above. We find that qualitatively the counterion density profile
fits our expectation. However, a closer look at Figure 6.3 shows that the result is
of limited reliabilty as we observe unphysically negative values near the macroion

centre for small cores.
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Figure 6.3: Counterion density profile, variable &, constant x = %, (=

This (analytical) behaviour is purely subject to the approximation method used and
needs considerable more attention. Suitable methods for further exploration in-
clude e.g. either computer simulations, higher order perturbation theory, and/or
an alternative approach such as the use of integral equations. It should be men-
tioned that there exists the possibilty that for large negative charge densities within
the core a perturbative ansatz may even be impossible due to the strong interaction.

The next three plots, Figures 6.4, 6.5, and 6.6, cover the dependence on the screening
constant x. At first, we compare the the effective pair interaction with the one for
a homogenous particle of the same over-all charge and radius, as well as with the
bare macroion pair interaction, which corresponds to the high-temperature limit
x — 0. Recall thath the relation between the screening constant and the temperature
is given by

,  Ann.z?e?

8kB T

We observe that a lower screening x corresponds either to a higher temperature
T, to a higher permittivity € or to a lower average counterion density n.. Since the
latter is fixed by the charge neutrality condition n,Z + n.z = 0 and the permittivity
e is given by the electrolyte used, we consider x to be mainly dependent on the
temperature.
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6. Application to core-shell microgels
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Figure 6.4: Effective interaction, variable «, constant & = %, = %

Looking at the counterion density profile (Figure 6.5), we observe a similar unphys-
ical behaviour for large values of the screening constant « as in the case of a small

core.
4rmad =
3z Ve
1.0+ . core-shell homogen.
e —x=05 --x=05
0.8 | . — k=1 --x=1
: | — k=2 --k=2
06! ; k=5 x5
0.4/
0.2}
s S S— = —
i 5 1.0 1.5 20 ¢
~0.2}

Figure 6.5: Counterion density profile, variable x, constant « = %, (= %

Finally, to confirm the Yukawa-like behaviour for large radii, in Figure 6.6, we give a
semi-logarithmic plot of 577 0cs;. As expected from Equation (5.13) these graphs are
straight lines as in the well-known theory for homogeneous macroions, cf. [Den03].

48



0.1

0.01

0.001
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In Figure 6.7, we plot the effective pair interaction for different values of the core

radius at constant screening x = 3. For distances from the macroion’s centre larger

than 2a the interaction follows a Yukawa-like fall-off that is nearly independent of

the macroion’s internal configuration.
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Figure 6.7: Effective interaction, variable a, constant x = %, =1
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Additionally, Figure 6.8 shows the matching counterion density profile. Here, as
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6. Application to core-shell microgels

50

expected, the counterion density reaches its maximum near the boundary between
core and shell and slightly drops below this value within the neutral core.
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Figure 6.8: Counterion density profile, variable a, constant x = %, =1

Now, we leave the core radius fraction at a constant value of & = % and instead
consider a variable screening x. The next two plots, Figures 6.9 and 6.10, show
the effective interaction and the counterion density profile. We also compare the
effective interaction to the one for a homogeneous macroion of same radius and

over-all charge.
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Figure 6.9: Effective interaction, variable «k, constant & = %, =1



Here, we also find that for large radii the theory for core-shell particles approx-
imately matches the case of homogeneous particles. If the shell of one macroion
overlaps with the core of the other, the effective repulsion is slightly weaker than
compared to the situation with homogeneous macroions since the macroions’ cores

are neutral.

The counterion density profile shows the expected behaviour for a neutral core
particle. The counterion density is maximal within the shell of the particle and
decreases within the core, the effect being stronger for a larger screening constant
x and nearly non-existent in the case of weak screening, as the thermal energy of
the counterions dominates over the electrostatic interaction. In the limit x — oo,
i.e. we let the temperature approach absolute zero, the counterion density profile
converges to a step function, such that all counterions are trapped within the shell
of the macroion (actually this situation is not shown in the plot).

47a° =
37 Y9
1.0 : core-shell homogen.
i \‘\\\\[\\\ —x=05 --x=05
0.8 Lo k=1 --kx=1
i I —Kxk=2 -—-—x=2
—Kx=2>5 --xk=25

0.6}
0.4}

0.2}

0.0
Figure 6.10: Counterion density profile, variable «, constant « = %, (=1
In contrast to the case with a negatively charged core, the linear response approx-

imation in this case gives reasonable results for the counterion density profile, even

within the macroion’s core.

Again, to illustrate the Yukawa fall-off for large distances, we include a logarithmic

plot of 555 ve (%) which according to Equation (5.13) are straight lines.
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6. Application to core-shell microgels
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Figure 6.11: Logarithmic plot of the effective interaction, variable «, constanta = 3, = 1

e Let( = %, this equals Z, = 1and Z; = 2.

The last case, we consider, is the case of a core shell particle that consists of a pos-
itively charged core as well as a positively charged shell as an approximation of
a macroion with gradually decreasing charge for increasing distance to the centre.
We observe that the effective interaction for small macroion separations is subject
to a strong effect as the charge density within the core increases. Here, we choose
again k = %
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Figure 6.12: Effective interaction, variable a, constant x = %, (=
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A similar effect can be observed for the counterion density profile: A higher charge
density within the core draws a large fraction of the counterions into the core.
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Figure 6.13: Counterion density profile, variable a, constant x = 1, ¢ =

Now, we set & = 3 and vary the screening «. A plot of the effective interaction for
a core-shell microgel and one consisting of homogeneous macroions also shows a
stronger repulsive potential for core-shell macroions compared to the homogenous

case, cf. Figure 6.14.
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6. Application to core-shell microgels

Similarly, the counterion density is significantly higher than in the case of homo-
geneous macroions, see Figure 6.15.
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Figure 6.15: Counterion density profile, variable x, constant & = %, (= %

The logarithmic plot of the effective interaction illustrates the Yukawa fall-off for
large radii. This situation is shown in Figure 6.16.
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Figure 6.16: Logarithmic plot of the effective interaction, variable x, constant « = %, (= %
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A. Fourier integral evaluation

Here, we evaluate the inverse Fourier integral from Equation (5.10). To simplify the
following calculations, we split the integrand of (5.10) into a sum of three terms, i.e.

I;j = Ajj + Bjj + C;j and define the following auxillary constants:

w:= (a; —aj—r)x B:= (ai+aj—r1)x

v = (a; —a;+71)x 0:= (a;+aj+r)x
For the first term we obtain

a;ajx2x® aiajK2x5 aaix2x>  a;a;k>x°

17 in( in in in(d
_4/( sin(ax) s([ﬂx)+s(7x) sin(dx)

sm(ocx) sin(Bx) sin(yx) = sin(éx)
aaix?x3  aai?x® aaik?x® o aax?x®

_ cos(ax) cos(Bx)  cos(yx)  cos(dx)

a;xkxt a;xkxt a;xxt a;xkxt
cos(ax) cos(Bx) cos(yx) | cos(dx)
ajxxt ajxxt ajxxt ajxxt
in(ax in(Bx in(yx in(dx
_sm(3 ) sm(f ) n sm(;y ) n sm(3 )) d
x x x x
T tlggo
wcos(ax) a’cos(ax)  a*cos(ax) cos(ax) cos(ax) a®cos(ax)
2x 6a;xK 6a;xK 3a;x3k 3a;x%x 24a;a;xK?

_ wcos(ax) = acos(ax)
2a;a;xk?  12a;0;x3%2

n Bcos(Bx) B2 cos(Bx) B B? cos(Bx) n cos(Bx) n cos(Bx) n B> cos(Bx)

2x 6a;xK 6a;xx 3a;x3k 3a;x3k 24a;a;xx>
,Bcos(,Bx) B cos(px)
2a;a;xK> 12aiajx31<2
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A. Fourier integral evaluation

~ ycos(yx) N 7*cos(yx)  y*cos(yx)  cos(yx) N cos(yx) 7% cos(yx)
2x 6a;xK 6a;xx 3a;x3% 3a;x3k 24a;a;xx>
ycos(yx)  ycos(yx)
2a;a;xK> B 12a;a;x3x2
_ dcos(dx) n 52 cos(6x) n 82 cos(6x)  cos(dx)  cos(éx) 4% cos(éx)
2x 6a;xK 6a;xxK 3a;x%k 3a;x3k 24a;a;xx>
dcos(dx)  Jcos(dx)
B Zaia]-x;cz 12aia]-x3;<2

asin(ax) asin(ax) = sin(ax) a?sin(ax)  sin(ax) sin(ax)
62k 6a;x2K 2x2 244;0;xx? B 2a;a;x°x>  da;a;xti?
Bsin(Bx) PBsin(Bx) = sin(Bx) psin(Bx)  sin(Bx)  sin(Bx)
C6mix’k 6aix’k + 2x2 + 244a;a,;x%K2 + 20,0:2K2  4a;a; x4
! ] ] ] ]
ysin(xy) qsin(yx) sin(yx) = 9%sin(yx)  sin(yx) sin(yx)
6a;x2x 6a;x2K 22 24a;a;x*K>  2a;a;x%K> B 4a;a;x*x?
5 sin(dx) N dsin(dx) sin(éx)  d*sin(éx)  sin(dx) N sin(dx) > !
6a;x%K 6a;x2K 2x2 24a;0;x%c%  2a;0;x%k%  daaixte? ) |
N T (_oc4 Si(ax)  a®Si(ax) ~p*Si(Bx)  B*Si(xB)
44 t—o0 24611'0]'1(2 Zaia]-Kz 24&1'61]'1(2 Zaia]-Kz
Y4Si(yx)  9?Si(yx)  6*Si(dx)  82Si(dx)
24a;a;x> 2a;a;k2 - 24a;0;x2 B 2a;a;k>
w®Si(ax) BPSi(Bx)  3Si(yx)  6°Si(dx)
- 6a;x B 6a;x + 6a;x 6a;x
w®Si(ax) BPSi(Bx)  3Si(yx)  6°Si(dx)
+ 6ajx B 6ajx B 6a;jx 6a;x

t

+ %ucz Si(ax) + %[32 Si(Bx) — %'yz Si(yx) — %52 Si(&x))

x=0

Obviously, the first part of A;;, containing only sine and cosine functions converges to
zero for t — oo. To obtain the value for x = 0, we expand these terms into a Taylor series

and observe that the constant term vanishes. More precisely, the series expansion reads

4
§(Q2K3T +at i — 6xr)x + O(x°).

i
Since Si(0) = 0, the terms consisting of sine integrals can be evaluated as

lim Si(Ax) = gsgn}\. (A1)

X—00
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We now turn to BZ-]-, which reads

L 7 < xsin(ax)  xsin(Bx)  xsin(yx) xsin(dx)
K4 s \ai iajk? (x2+1)  ajaix? (x2+1)  aaix? (x2+1)  aac? (x2 +1)

_ sin(ax) | sin(Bx) | sin(yx) sin(dx)
aaik’x @Aty aapix o a;aK2x

__cos(ax)  cos(Bx) cos(yx) cos(dx)
aik (x2+1)  amx(¥®2+1)  aix(x2+1)  ax(x2+1)
cos(ax) cos(px) cos(yx) cos(dx)

ajx (x2+1) B ajk (x> 41) a aix (x2+1)  apx (x2+1)
_ xsin(ax)  xsin(Bx)  xsin(yx) | xsin(dx)

x2+1 x2+1 x2+1 x2+1
n sin(ax) n sin(Bx)  sin(yx) sm(éx)) .
X x X X
We can easily evaluate this expression using (A.1), thus
T cos(Ax) x sin(Ax) T o
dx ~IAl and / = ZeMsgn .
1+ x? e 14 x2 2¢ %8

Finally, for the third expression we obtain

Cij =

1 T (cos(ucx) N cos(Bx) cos(yx) cos(éx)

x4 a;xkx? a;xkx? a;xkx? a;xkx?

_ cos(ax) N cos(Bx) N cos(yx) Cos(éx)> dx

ajKx> ajKx> ajKx> a;jKx>
cos(ax) cos(Bx) cos(yx) cos(dx)
= 41 - - + +
4kt 150 a;Kx a;Kx a;Kx aKx
n cos(ax) cos(Bx)  cos(yx) N cos(6x)\ |
aij ajKx ajKx a;Kx =0
n _1 _aSi(ax)  BSi(Bx) n v Si(yx) n 0Si(ox)
4k 150 a;x a;x a;x a;x
N aSi(xa)  BSi(Bx)  7Si(yx) N 5Si(ox)\ |
a]'K a]-x a]-x a]'K x=0

The first part of C;; converges to zero for t — oo, similar to A;;. Again, we expand into a

Taylor series to evaluate this expression for x = 0, this gives
—8x(kr) + O(x3).

For the sine integrals we use again (A.1). Reinserting «, 8, 7y, and ¢ yields (5.11), (5.12),
and (5.13) if we employ a case-by-case analysis for the three cases 0 < r < a; —a;,
aj—a; <r<aj+aj,and a; +a; <r.
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Index

background
energy, 12
uniform compensating, 12

Bjerrum length, 15

canonical partition function, 11
charge
density, 14
charge density
core-shell macroion, 45
multilayered macroion, 36
colloid, 1
counterion, 2
density profile, 15
homogeneous charge, 27
multilayered charge, 41
free energy, 12, 15

pair interaction, 10

de Broglie wavelength
thermal, 11
Debye screening length, 15
density profile
counterion, 15

homogeneous charge, 27, 31

multilayered charge, 41
dielectric constant, 9, 19
distribution

derivative of a, 4

tempered, 3

distributional derivative, 4

dominated convergence, 7

effective

Hamiltonian, 16

interaction, 2
homogeneous charge, 33
multilayered charge, 42

energy

background, 12
free, 12

volume, 17

Fourier transform, 5

evaluation, 55
inverse, 5
radial, 6

free energy

counterion, 12, 15
of a one-component plasma, 14

gel, 1

micro, 1

Hamiltonian

effective, 16

of a microgel, 10

induced interaction, 16

homogeneous charge, 31
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multilayered charge, 41
integrable regulator, 6
integral equations, 47
interaction
Coulomb, 10
effective, 2
homogeneous charge, 33
multilayered charge, 42
induced, 16
homogeneous charge, 31
multilayered charge, 41
pair
homogeneous charge, 19

multilayered charge, 36, 39

length
Bjerrum, 15
Debye, 15

linear response
approximation, 13
function, 15

macroion, 2
multilayered, 35
pair interaction, 10, 25
macroion-counterion
pair interaction, 11, 25
multilayered charge, 40
microgel, 1
Hamiltonian, 10
solution, 9
multilayered
macroion, 35
shell
microgel, 35

one-component
plasma
classical, 13
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free energy, 14
reduction, 10

pair interaction
counterion, 10
homogeneous charge, 19
macroion, 10, 25

macroion-counterion, 11, 25

multilayered charge, 36, 39
partition function

canonical, 11
permittivity

electric, 9, 19
perurbation theory

higher order, 47

second order, 13
plasma

one-component, 13

free energy, 14

pseudoparticles, 2

reduction
one-component, 10
regulator
integrable, 6

Schwartz space, 3
static structure factor, 15
structure factor

static, 15
suspension

colloidal, 1

tempered distribution, 3

thermal de Broglie wavelength, 11

volume energy, 17
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Zusammenfassung

Wir verwenden den Formalismus der Ein-Komponenten-Reduktion, um die effektive
Wechselwirkung und das Dichteprofil der Gegenionen in einem Mikrogel, das aus Ma-
kroionen besteht, welche sich aus mehreren geladenen Schichten zusammensetzen. Da-
bei folgen wir einem Ansatz, der auf Storungstheorie in zweiter Ordnung basiert und er-
halten analytische Ausdriicke fiir die effektive Wechselwirkung, indem wir die Schichten
der Makroionen als Linearkombination homogen geladener Kugeln modellieren. Aufier-
dem wenden wir das allgemeine Resultat auf den wichtigen Fall der Core-Shell-Mikrogele
an und vergleichen die Theorie mit den bekannten Resultaten fiir homogen geladene ku-
gelformige Makroionen.
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