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Introduction

This thesis is about different aspects of low regularity geometry on semi-Riemannian manifolds
and is roughly split into four chapters. The first chapter offers a brief introduction to the theory
of distributions (in the sense of Laurent Schwartz) on general manifolds which is mainly based on
the book | ]

In the second chapter we will look at singular objects on a manifold with a smooth semi-Riemannian
metric. The smooth metric allows us to effectively deal with functions (and tensor fields) of the
“lowest” regularity, i.e., distributions. In particular we are interested in studying distributions with
support in a (closed, semi-Riemannian) hypersurface: As a first step we follow [ ] to give a
nice description of the pullback of the Dirac delta distribution onto a hypersurface (Thm. 2.2.3)
as a so-called single-layer distribution. Furthermore we derive a jump formula for the exterior
derivative of a function with a jump discontinuity across the hypersurface in terms of single-layer
distributions (Ex. 2.3.9).

Next we want to move on to derivatives of the delta distribution, which is done by defining mul-
tilayer distributions (as in [ ], see also (2.3.1)). Following | ] we study their relation-
ship with the delta distribution and derive formulas for their normal derivatives (Thm. 2.3.11) and
multiplication with smooth functions (Thm. 2.3.12). As the final result of the second chapter it is
shown that any distribution with support in a hypersurface can be written as a sum of multilayer
distributions, which is a generalization of the well-known fact that every distribution supported in
a point can be written as a sum of derivatives of delta distributions.

For the third chapter we no longer assume the existence of a smooth semi-Riemannian metric on
our manifold but instead study distributional metrics (or, more generally, distributional geometry).
Such metrics have been studied e.g. in | I, [ [ ] and are of particular interest in
physics, mainly general relativity, especially considering that many physically relevant spacetimes
must be singular by the Penrose-Hawking singularity theorems (see e.g. | ], section 9.5).
However, due to the impossibility of multiplication of distributions it is not possible to deal with
merely distributional metrics in any meaningfull way and we have to assume a certain minimal
regularity like at least local square integrability for a connection (see Prop. 3.3.3) or a specific
Sobolev regularity and non-degeneracy condition for the metric (Prop. 3.4.3). For this reason
there is a short introduction to Sobolev spaces on manifolds in the beginning of the third chapter
including a brief discussion on which Sobolev spaces form algebras with continuous multiplication.

Now the main focus will be the definition of the various curvature quantities and derivation of
jump formulas for them, that is, how the Riemann and Ricci tensor and the scalar curvature look
like for a metric that suffers a jump discontinuity across a hypersurface (see (3.3.11), (3.3.12) and
(3.4.4)). One possible application of those jump formulas to the Einstein field equations is outlined
in section 3.6.

As a mathematical side note we also take a short look at the compatibility of this distributional
approach to generalized geometry and a Colombeau theoretic approach, following the recent paper
[ ]. We see that both approaches are indeed equivalent for a certain class of distributional
metrics (section 3.5).
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Finally, the fourth and last chapter focuses on the geometry induced on a general (i.e. potentially
null) hypersurface by a given connection or metric on our manifold. Again this was done in
[ | and more recently by [ ] and is of interest when studying solutions of the Einstein
field equations, as there are several exact solutions where general hypersurfaces appear, e.g. Godel’s
universe (where there are no hypersurfaces without boundary that are spacelike everywhere, see
[ ], section 5.7) or the Kerr solution (the stationary limit surface is timelike everywhere except
at two points, where it is null, see | ], section 5.6).

As a substitute for the normal unit vector field (that is only available in the nowhere null case)
we will use a so-called rigging vector field (see Def. 4.1.2). This leads to a projected connection on
the hypersurface and a generalization of the second fundamental form (Def. 4.2.4) and the Gauss
and Codazzi equations ((4.2.7) and (4.2.12)).

If the rigging vector field can be chosen nowhere null (we will show that this is always the case for
a time-oriented Lorentzian manifold), then the inverse of the metric restricted to the hypersurface
can be inverted again to induce a metric (and thus a metric connection) on the hypersurface. In
Prop. 4.3.7 we calculate the difference between this metric connection and the projected connection.
In the end we show that they coincide in the case of a nowhere null hypersurface if we choose the
normal unit vector field as our rigging and that the generalized Gauss and Codazzi equations
reduce to the well-known standard expressions. As always we try to keep things very general by
not assuming smoothness of the connection/metric but just the regularity really needed to make
sense of occurring products and traces.

I would like to thank my advisor, Prof. Michael Kunzinger, for many helpful suggestions and
productive discussions, my parents for always supporting me and Franz Berger for helping me
solve some occuring I2TEX problems and proofreading parts of my thesis.



CHAPTER 1

Distributions on manifolds

To begin with we will briefly summarize the most important notations that will be used throughout
this work. As is common in differential geometry all our manifolds will be assumed to be smooth,
Hausdorff and second countable. We will not, however, assume further properties like orientability
or connectedness without explicitly saying so. In general our manifold will be denoted with X,
the letter M will be used for submanifolds of X and FE for vector bundles over X. The space of
smooth sections shall be denoted by I' (X, E), smooth sections with compact support by I'. (X, E)
or D(X,E). The space T’ (X, Tg’X) of (p,q)-tensor fields on X will sometimes be denoted by
TF(X), vector fields by X (X) and g-forms by 9 (X). The main source for this chapter will be

[ J-

1.1. The space of densities

Analogous to the definition of distributions on an open subset of R™ the space of distributions on
a manifold X is defined as the dual space of certain smooth ’test objects’. However, if one wants
to preserve the embedding of smoooth functions into distributions via integration, the space of
these test objects has to be the space of compactly supported sections of the volume bundle over
X, rather than D (X) itself, as there is no canonical way of defining fx fo for f € C*(X) and
¢ €D(X).!

Before we actually define the volume bundle over a manifold, we will quickly review the cocycle
approach to vector bundles.

Given a vector bundle (E,w, X) with atlas (Ua, V4 ),¢; (that is Uy : 771 (Uy) — Ua X V a fiber
respecting diffeomorphism, U, C X a chart domain, V' some finite dimensional vector space) one
obtains a family of transition functions ¢, : UsNUz — GL (V) via \Ilao\Il/;1 (,v) = (z,Yap () V)
which satisfies (since the different charts have to be compatible)

(1.1.1) Yas - Vay = Yay on UoNUgNU, and

(1.1.2) Yoo =idy  on U,.

On the other hand, one can show that for any family {¢os : Us NUs — GL(V)} (where the U,
form an open cover of X) satisfying the cocycle conditions (1.1.1) and (1.1.2), there exists a unique

(up to isomorphism) vector bundle (E, 7, X) over X having those 1,4 as its transition functions
(for details see | ], 8.3).

This description of vector bundles allows a very elegant definition of the so-called g—volume bundle
via its transition functions.

1Of course defining D’ (X) as the dual space of D (X) is still a valid option, but then the regular objects in D’ (X)
will no longer be smooth functions but sections of the volume bundle instead (this definition is used, for example,
in [ ]). Further options are also discussed in | ], chapter 3.1.
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DEFINITION 1.1.1 (The g-volume bundle). Let X be a manifold with atlas (Us, ¢a),c;- Then for
g € R the one-dimensional real vector bundle Vol? (X) given by the cocycle

Yap: UaNUg = R\ {0} = GL(1,R)

(1L13)  Yase) = |det D (62 065") (6a(@)| = [det D (650 95") (dala))]’

is called the g-volume bundle over X. The space I' (X, Vol? (X)) of smooth sections of Vol? (X) is
called the space of g-densities on X.

REMARK 1.1.2. Clearly the 1,3 defined in (1.1.3) satisfy (1.1.2) (since ¢, (Uy) C R™ and of course
det D (idgn) = 1) and (1.1.1):

bap (@) (@) = |det (D (60 0 65") (63(2) D (65067") (6 (e)))| " =
=[D (¢a065") (¢4 ()]

Also, if X is an orientable manifold we have Vol (X) 2 A™T*X (the vector bundle of exterior n-

forms) since both vector bundles have the same transition functions as ’det D (qﬁa o (;5/3 ) (¢p(z ‘ =

det D (qba °dy ) (¢p(x)) > 0 for any oriented atlas (U, ¢a)qey of X.

We will mostly be dealing with the special case ¢ = 1 and are going to write Vol' (X) = Vol (X)
as well as speak of the volume bundle and its densities (instead of the 1-volume bundle and 1-
densities). Next, we show that the volume bundles are trivial.

PROPOSITION 1.1.3. The vector bundle Vol? (X) is trivial, i.e. there exists a vector bundle iso-
morphism between Vol? (X) and X x R.

Proor. Let (U,,¥,) be a vector bundle chart for Vol? (X). For z € U, we set s, (z) :=
V-1 (z,1), then s, : Uy, — Vol? (X) is smooth and 7o s, (z) = mo ¥ 1 (z,1) = pry (z,1) = z,
S0 Sq(x) is in the fiber over  (which we will denote by F,). Now let x, be a partition of unity
subordinate to the U,’s and define s : X — Vol? (X) by s(x) := > Xa () Sa (z) (using the vector
space structure on F) to obtain an element in I' (X, Vol? (X)).

Next we want to show that s does not become zero anywhere. We will do this by showing that for
any given U, the function s|; is positive (in the sense that pra (¥a(s(z))) > 0 for all z € Uy).
We have

pr2 (Wals@)) = >0 xol@)pre (Wa(s5(@)) = Y. xal@)prs (Voo W5 (@,1)) =

{B:x€Ug} {B:xzcUg}
= Y @@ 1= Y xe(@) |detD (d0005") (85@))] >0,
{B:2€Uz} {B:2€Uz}

as all the terms are non-negative and there has to be at least one 5 with xz(x) > 0.

Finally we obtain £ = X x R by defining f : X x R — FE as f(z,v) := v s(x) and noting that
this commutes with the projections 7 and pry, is fiber linear, smooth and bijective, hence a vector
bundle isomorphism. O

One notes, however, that there is no canonical trivialization (we used a partition of unity in the
construction of f).

Given a section p € I' (X, Vol (X)) we will denote its local components with respect to a given
vector bundle chart (U,, ¥,,) by p®, i.e

’ua = p’r‘2 (e} \I’a o /'L‘Ua € COO (Ua) .
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Next we will briefly introduce the concept of integration of densities. The integral of a compactly
supported density p € T'. (X, Vol (X)) is defined analogous to the integration of an n-form on an
orientable manifold by

=S T oo

for a given atlas (Uy, %) and a subordinate partition of unity x,. That this is indeed well-defined
is also shown completely analogous to the orientable case, thus we will omit the proof (which can
be found in [ ], 10.3).

Last but not least we have to define a topology on our densities. We will do this very generally by
equipping the spaces I' (X, F) and T'. (X, F) for any given vector bundle E over X with suitable
locally convex topologies.

DEFINITION 1.1.4 (Convergence in I'(X, E)). A net (u,),.; C I'(X,E) is said to converge to
u € T'(X, E) if for all charts (Va, %) of X the net (w,ly, ) converges to uly, in I'(V,, E), where
we define the topology on I' (V,, E) so that the map v, (together with the corresponding vector
bundle chart ¥,) induces a homeomorphism between I' (Vy, E) and C* (¢ (Va) ,RU™E) with the
usual locally convex topology (that is uniform convergence of all derivatives on compact subsets)
via u > u® op

PROPOSITION 1.1.5. Let E be a vector bundle over X. ThenT' (X, E) is a Fréchet space.

PROOF. We will only give a sketch of the proof, further details can be found in [ ], XVII,

2. First we note that the topology defined above is induced by the seminorms

dim E
(1.1.4) Peima (W) = Y Pama (U0 uly, o9rt),

j=1
where the ps .« are chosen to be a (countable and separating) basis of seminorms for C* (14 (Va))-
Now by second countability X possesses a countable atlas and thus this familiy of seminorms is
countable. Clearly it also separates points, so I' (X, E) is Hausdorff. Finally completeness follows
in a very straightforward way from completeness of the spaces C* (Yo (Va)). O

DEFINITION 1.1.6 (Topology on I'.(X, E)). The topology on I'. (X, F) is defined to be the inductive
limit topology with respect to the spaces I';, (X, E) :={u € '(X,E) : suppu C K,,}, where the
K, are to be an exhaustive sequence of compact sets for X. That is a net (u,),.; converges to u
in T (X, E) if and only if there exists an m such that ULGI supp u, Usuppu C K,, and u, — u in
I' (X, E). We write

r.(X,E) = ligFKm(X, E).
The spaces 'k, (X, E) are closed subspaces® of the Frechet space I’ (X, E) and thus themselves

m

Frechet, which makes I'. (X, E') an (LF)-space.

The following proposition will show that I'. (X, E) is a Montel space, i.e., a barrelled topological
vector space where every closed and bounded set is compact.

PROPOSITION 1.1.7. The space I'c (X, E) is Montel.

PROOF. First we show that I'. (X, F) has the Heine-Borel property, i.e., every closed bounded
subset is compact. Let B C I'. (X, E) be bounded and closed. Then there exists a compact set
K C X such that B C T'g (X, E) is bounded and closed in I'x (X, E) (by the properties of the

inductive limit topology). Let (uq),c; be a net in B C T'x (X, E) and choose an atlas of E

21f (wm),,>0 is a sequence in I'g (X, E) converging to some u € I' (X, E) then for any chart domain Uy C X \ K
the components u§, satisfy u$, = 0 for all m and thus u® =0, so “|X\K =0.
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such that U; N K # 0 only for finitely many 4, which will be called i1,...,i,. Clearly the net
ull = U, ougy o z/JZ-_ll € C* (¢4, (U;,)) is bounded (because B is) and thus has a convergent subnet

(o7
ull — u' (C* () is a Montel space, see [ J, 8.4.7.). Replacing the original net uq with
the subnet u,, and repeating the process for iy to i, one obtains a subnet ug of u, such that u%
converges to u’ for all i (since u% is the constant 0 net for ¢ # iy, ...,4), which implies ug — v in

I'(X, E), thus in 'k (X, E). Because B is closed one has u € B, showing that B is compact.

Thus I'. (X, E) is a separated barrelled topological vector space (because it is the strict inductive
limit of Frechet spaces) which satisfies the Heine-Borel property, hence Montel. O

REMARK 1.1.8. One may replace the net (uq),c; in the proof of the above Proposition by a
sequence (un), oy because I'x (X, E) is metrizable.
1.2. (Tensor-)Distributions

Finally we are ready to give the definition of distributions on a manifold.

DEFINITION 1.2.1 (Distributions on a manifold). Let X be a manifold. The space of distributions
on X is defined as

D' (X) :=T.(X, Vol (X)) .

More generally, given a vector bundle E over X, one may define F-valued distributions by setting
D' (X,E):=T.(X,E* ® Vol (X)),

where E* denotes the dual bundle of E. In particular we obtain the spaces of so-called tensor
distributions

D'TP(X) =D (X,TPX) =T (X, TX @ Vol (X))’
as TPX* =TIX.

If U is an open subset of X, the restriction T'|, € D' (U, E|,) = D' (U,E) of T € D' (X,E)
to U is defined by (T, ,¢) = (T, ¢), where ¢ € I'c(X,E* ® Vol (X)) is the extension of ¢ €
. (U, Elj; ® Vol (U)) =T, (U, E*|; ® Vol (X)|,) by zero.

PROPOSITION 1.2.2. With the restriction operation described above D' (X, E) is a fine sheaf. In
particular if (Ux)ycp is an open covering of X one has that

(i) if u,v € D' (X, E) and uly;, = vly, for all X € A then u=v and
(i) if one has a family (ux)ycp of distributions ux € D' (U, E) satisfying
uxly,nu, = Uulp,np,  forallp, A € AwithUxNU, # 0

then there exists some u € D' (X, E) with ul;, = uy for all A € A.

The support of a distribution u € D' (X, F) is defined as the complement of the largest open set
U for which u|; vanishes. The space of E-valued distributions on X with compact support will
be denoted by &' (X, E).

Given an atlas (U,, ¥,) of E it is sometimes useful to identify the space D’ (X, E) of E-valued
distributions with families (7), of distributions 7% = (T*!,...,T*") € D' (v (Ua))" =
D' (Yo (Us),R™) (where n = dim (E* @ Vol (X)) = dim E) satisfying certain transformation laws.
To make those explicit, let (¥,U) be a vector bundle chart of E* ® Vol(X) (and (¢,U) the
corresponding chart on X) and denote by ¥, : T, (U, E* @ Vol (X)) — D (¢ (U),R™) the map
T — UoT o', Because ¥, is continuous one obtains its adjoint map (¥,) : D’ (¢ (U) ,R™) —
D' (U, E) by setting <(\Il*)'T, u> := (T, V,u). Now we may state the following proposition (the
proof of which can be found in | ], p- 235):
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PROPOSITION 1.2.3. The space D' (X, E) of E-valued distributions on X can be identified with
families (T*), of distributions T* € D' (o (Us) ,RY™E) that satisfy

(W,),) T = (¥5),) 7% onU, NUs.

[e3

There are two more useful identifications presented in [ ], p. 237: First we consider the
bilinear map

(1.2.1) f:D(X)xI'(X,E) > D (X,E)
<B (Ta Z) 7¢> = <T> trg ® idVol(X) (Z ® ¢)> )
where trp denotes the trace operation on F ® E* (we will omit the index E in the future if it is

clear which space is meant). This map induces a linear map 5 : D' (X) @ T'(X,E) —» D' (X, E).
Next we look at

(1.2.2) 7: D'(X)®T(X,E) = Les(x) (T (X, E*); D' (X))
(T, z)(x)=tr(z®@z) T.
THEOREM 1.2.4. Both 8 and 7 induce C* (X)-isomorphisms, i.e.

24 (XaE) =7 (X) ®F(X7E) = LC‘X’(X) (F (XvE*) ;D, (X))

It is worth noting that the second isomorphism is but a special case of a very general algebraic
result, namely E* ® 4 F =2 Hom 4 (E, F') for A—modules E and F', where either E or F' is a finitely
generated projective module (see | ], p. 271).

In particular the previous theorem shows that

DITP(X) 2D (X) @c T3 (X) = Le=(x) (T2 (X)) @ (T3 (X)) P/ (X))

thus locally T'|;, € D' (Ua, Tril"X) can be written as

Ty = (T2 0, @ ©0;, ®d @ ® da’s

j1...]q

a

with local coefficients (T“);llz’; €D (Uy).

Similarly to the case of distributions on R™ one has a natural embedding ® of the spaces ' (X, F)
into D' (X, F) via

(1.2.3) @().0) = [ (trs @ idvaco) (f @6) ¥ € T (X B 9 Vol (X)),

Of course, one may extend this embedding to locally integrable sections of E.

The next two propositions deal with the density of smooth objects in D' (X, E). First we show
that compactly supported sections are strongly dense (see | ], Theorem XV).

PROPOSITION 1.2.5 (Strong density of compactly supported sections). The space T'. (X, E) of
compactly supported sections is dense in D' (X, E) with respect to the strong topology.

PROOF. First we note that by Proposition 1.1.7 T, (X, F) is a Montel space, thus reflexive
(see [ ], 8.4.7). Now let ¢ € D' (X,E)\T.(X,E) then, by Hahn-Banach (see [ 1,
Theorem 3.5) there exists an w € D' (X, E) = I'. (X, E ® Vol (X))"” = T (X, E ® Vol (X)) such
that w (¢) = (¢,w) = 1 but w(g) = (9,w) = [y gw =0 for all g € I'. (X, E) and thus w = 0, which

is a contradiction. O

A second result concerning the density of smooth objects is obtained by using the local description
of E-valued distributions given in Proposition 1.2.3 and noting that D () is weakly sequentially
dense in D’ () for any open subset 2 C R™ (which follows from a convolution argument):
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PROPOSITION 1.2.6 (Weak sequential density of smooth sections). The space T' (X, E) of smooth
sections is weakly sequentially dense in D' (X, E), i.e. for allT € D' (X, E) there exists a sequence
(Th),en CT'(X, E) such that

(Th,¢) = (T, ¢y forallgp € T'. (X, E* ® Vol (X)).

A detailed proof can be found in | ], p- 241. Note that this also implies that T, (X, F) is
weakly sequentially dense in D’ (X, E) since it is weakly sequentially dense in I' (X, E) (this can
be easily shown by using appropriate cut-off functions). When talking about density of smooth
sections we will generally refer to the result above and not to Proposition 1.2.5. Similarly the
standard topology on D’ (X, E) will be the topology of weak sequential convergence. The above
proposition now allows the unique continuous extension of continuous operators on I'; (X, F) to
D' (X, E).



CHAPTER 2

Distributions with support in a hypersurface

In this chapter we are going to introduce the concept of single-layer distributions for semi-Riemannian
submanifolds M C X and show how the pullback of the delta distribution by a submersion h satis-
fying M = h=! (0) can be understood as such a single-layer distribution. Next we will move on to
hypersurfaces and define multilayer distributions for which we will derive formulas for multiplica-
tion with smooth functions as well as their normal derivatives. Last we show that each distribution
on X with support in a hypersurface can be written as the sum of such multilayers.

To be able to do this we are going to need some more results about distributions on manifolds
concerning their interaction with the additional structure given by a semi-Riemannian metric
tensor. These will be presented in the next section.

2.1. Distributions on semi-Riemannian manifolds

Given a metric one defines the pointwise norm of an element u € I' (X, TP X)) by setting |Ju(p) 17 =
|uiti+a (p) ug, i, (p)| (where indices are lowered/raised by the metric). For (0,q)-tensor fields

(979 () (w (p) ,w(p))

one may equivalently express the pointwise norm through Hw(p)”2 = ,

where
q
— ® * £ —
(6™ @) (LX) X (LX) SR (1@ @vg v} ®...0)) = [[ 97 (0)(vi,v)).
i=1

One has the following nice relation between the locally convex topology on I' (X JIPX ) and the
pointwise norm defined above. This metric allows an alternative description of the topology on
the space of (p, q¢)—tensor fields:

PROPOSITION 2.1.1. The topology on T’ (X, Tg’X) defined in Def. 1.1.4 is induced by the seminorms

(2.1.1) prs(u) = sup ||[VOu(z)|,
zeK,l<s
where K C X is compact and s € Ny.
More details regarding this can be found in | ], Section VI. B. 8.

2.1.1. Canonical identification of D’ (X, F) with D (X, E*)'. For a general manifold X
there is no canonical way of identifying, for instance, the spaces D’ (X) and D (X)' (as there is
no canonical trivialization of Vol (X), see Prop. 1.1.3). However, given a metric g on X, one may

define a canonical volume density Qg e I' (X, Vol (X)) via the local representations

(2.1.2) prao Wy o Qy . =00 = [|det g2 | € C* (Us),

where we choose U, and ¥, so that (U,,¥,) is a vector bundle chart and g;; are the local
components of the tensor field g with respect to a corresponding chart (U,, ¢) on the manifold.

PROPOSITION 2.1.2. The local representations Qf; defined in (2.1.2) indeed give a well-defined global
section Qg of Vol (X).

11
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=Q
UB) I

5 (p) = vap (Q4(0)) = [det D (65 0 65" (9a(p))] 4 (0)
for all p € U, NUg. If we denote the components of ¢, by z* and those of ¢z by y', we have

o« o 0\ oy* 0 oyt 0 ok oy 5
detgij—detg(axwaxJ‘d“f’@ 007 O 2 0 01 | ~ 42 Gy g

Now we note that Zk,l ApiBriAyy = > Ak (BA)kj = (ATBA)ij and thus obtain for A;; = gg;
and B = ¢”

PROOF. We have to show that

\I/;l o <idUaﬁU5 X Q?

ok
9y, )’

= \1151 o <idU(,ﬂUg x Q
UQQU[;

that is

V|det g@| = \/|det AT det g# det A| = |det A| 4/ |det gB]|.
But since A(p) = D (¢ 0 ¢5') (¢a(p)) = Yas (p) this finishes the proof. O

REMARK 2.1.3. On an oriented manifold (of dimension n) we can identify Vol (X) = Q™ (X) and
obtain 0, = /|det g[dz' A --- A dz™.

Since Qg is nowhere zero, we can use it to identify Vol (X) =2 X x R (analogous to the proof of
Proposition 1.1.3) and thus C>° (X) = T'(X, X x R) 2 T'(X, Vol (X)) via ¢ — ¢Q,.

So
D'(X,E)=T.(X,E*®Vol (X)) 2T'.(X,E*® (X xR)) =T, (X,E*)
and, more specifically,
~ I
D (X, TPX) =T, (X, T¢X) .

This identification will be used implicitly throughout this second chapter and allows us to simplify
some calculations. For instance, the embedding 7P(X) < D’ (X,TPX) given in equation (1.2.3)
reduces to

eLy) (o= (1).000) - [ Greivux)Tesed) = [ wTood,

for T'€ TP(X) and ¢ € D(X7T1§X).

2.1.2. Covariant derivatives. Next we will study the extension of covariant derivatives to
distributions. To do so we will need the contraction operators Cy : TP(X) — 7';’:11 (X) given by
Oa ( )il...ip71 _ 21 ’La 1T7,a+1 Zp

ot =T (where we use the summation convention) and that the trace
J1--Jg—1 Ji--Jb—1TJb41---Jq

operator tr : TP(X) ® TH(X) = 7;f$q(X) — C* (X) can be written as a combination of such
contractions (tr = Clo---0CPo crtlo CP*9). Tt is also worth mentioning that the contraction

operators can of course be continuously extended to Cf : D’ (X TPX ) — D (X , qu 11X )

First recall that if we denote the Levi-Civita connection on X by V and the Christoffel symbols
by I', the components of VT € 7'p+1(X) for T'€ TP(X) are given by

G100y i1...0p i k...ip ip i k i1...0p k i1...0p
(214) (VT = 0 (T30 ) + TR, 4 4 TRTR — T T — =T T,
where the Ffj can be computed using the metric:
1 m
(2.1.5) Iy = 3 9" (8igjm + 0jGim — Omij) -

Now we are ready to prove the next proposition.
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PROPOSITION 2.1.4. Let (X,g) be a semi-Riemannian manifold with Levi-Civita connection V.
ThenV : TP (X) = T2, (X) can be extended uniquely to a continuous operator V : D' (X, TPX) —
D (X, TP X) and one has

q+1
(2.1.6) (VT, ) = <T cotl (v¢)> for T € D' (X,TPX), ¢ € D (X, T X) .
PROOF First let U be a chart domainand T' € T’ (U, Tg’U), ¢ € D(U, T[’}HU) with components
le o and (;SI 17 respectively. Then, using (2.1.3) and (2.1.4),
(VT, ¢) :/ tr (VT @ ¢) € 7/ \/Meitgqbﬂ Ja ( o )d”x+
o [l (CATSS o TATI L — T T — - T T ) Vel =
/ VIdetglo, (ot 2 ) T [ o (m) ST
+ /R Ty (Th G o 4 Tl @l — Dol — o~ Tl ) ldet gldar.

. . . 1 _ j =
To simplify the second integral, we note that Tmaﬂddet 9| I, (see Lemma 2.1.5 below).

Collecting everything, one finally obtains

(V16 =~ [ Vi (o (dh0) Tl ) e

/ 1. J1---JqT J1..-JqT g1 k- Jq Ja n
/ ‘dethjl Jaq ( ri1 Pk iy t+ot Mp¢zl - k(b - k¢ )d T =
_ i1.dp ~g+1 (o Ji-- Jqu+1 _ 1k Ji--Jajat1 | _ Tk J1--Jafat+1

/n |det g] le Ja Cp+1 (azp+1 ( i1 ) Fip+1i1 k...ip Fip+1ip¢i1...k )+
1. Zp q+1 Jg+1 4 J1-- ]q J1 k.. ]q]q+1 o Ja J1---kjig+1 n_.
|det g| T}, 57 Cpia (szﬂkéf’ + 1 ki, + 1 kP, d*r =

= [ (Tecgivn)f, = — (1.0 (v0).
That this formula also holds true for T' € I'(X,T?X) follows by using a partition of unity and
writing ¢ = >, X;¢.
This shows that V : I' (X, TP X) — I' (X, T}, X) is continuous (with respect to the topology on
D' (X, Tg’X)), thus existence and uniqueness follows from density of I' (X, TgX) in D' (X, Tg’X)
and the extension is given by (2.1.6). O

LEMMA 2.1.5. Let (X, g) be a semi-Riemannian manifold. Then

; 1
I = ————0,+/|detg|.
" |det g| detg]

PROOF. First we use (2.1.5) to calculate

1 1, 1,
T, = 59" (0rgis + 0igjr = 039vi) = 597 0rgi = 5tr (97'0r9) -

Now, using Jacobi’s formula 4 det A(t) = tr(adj (A(t)) A'(t)) = det A(t)tr (A(t)"'A’(t)), one
obtains

1
9r/|det g

1
—_— =—-—20, ——O0,detg = O

tg = =

e

=73 d tg
COROLLARY 2.1.6. For v € X (X) the unique continuous extension of the map Vy to D’ (X, T;X)
satisfies

(VT ¢) = <T CIV (¢ @ v)> for T € D' (X, TPX), 6 € D (X, TIX) .
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Proor. For T' € TJ(X) we have

A

(VVT,QS):/Xtr(VvT(@(Z))Qg:/Xtr(VT@)((b@V))Qg:<VT,¢®V>.

Now the claim follows immediately from Proposition 2.1.4. O

For T € D' (U) one can also obtain an analogous formula for the k‘"-partial derivatives.

ProPOSITION 2.1.7. If U C X is a chart domain and T € D' (U), we have

1
(T, ¢) = (—1)" <T, maj’? (¢\/|det g>> , YopeD(U).

PROOF. For T € C* (U) we have

(08T, ¢) = /R NT ¢ /|det gld"z = (_l)k/wTafk <¢\/|detg|) d"z =

1
= (-1)* <T, \/ﬁajfc (gm/\det g|)> .

O

2.1.3. Pullbacks. For semi-Riemannian manifolds X one can define the pullback h*T €
D' (X) of a distribution T € D’ () by a submersion h : X — Q C R™ completely analogous to
the case of distributions on open subsets of R™ (see | ], Thm. 7.2.2):

(W*T,0) = (T,gn) V6 € D(X),
with am

Lot = ———— Q Q).

() = g [ 6@, €D

We may also use the familiar notation T o h for A*T , which is justified by the Lemma below.

LEMMA 2.1.8. The map h* : D' () — D' (X)) is the continuous extension of the pullback of smooth
functions.

PROOF. By | ], Thm. 7.2.2 this is true if X is an open subset of R™. Let (1, U) be a chart
in X,p€D(U)and set ®:=¢pory=t € D(Y(U)), h:=hotp~!: 4 (U) = Q. Then h is again a
submersion and for T € D () we have

Toh,¢) = det g;;|®(x)T o h(z)de = ( Toh, /|det gi;|® ) =
@ono)= [ g0 o (s = (Tob,fllgie)
= <T, (\/ |detgij|q)> > = (T, én)
h/ rRm
because

6"’77,
Vietgsie) 0= 5 | J1det g5 @ () de =
( 7 atl PN 8t {I6¢71(U) hl(wil(flf))<t7’} J

hoyp—1

om / 9
otl...otm {yeU: hi(y)<ti} S '

This shows that 7o h = h*T in D’ (U) for all chart domains U C X and thus T o h = h*T for all
T € D () and hence for all T € D’ (Q2) by continuity. O
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Note that Lemma 2.1.8 implies that the usual rules of computation remain valid. In particular,
the chain rule holds, i.e.,

(2.1.7) i (0kT) O

2.2. Single-layer distributions

DEFINITION 2.2.1 (Single-layer distribution). Let M be a closed semi-Riemannian submanifold of
a semi-Riemannian manifold X and 7' € D' (M). The single-layer distribution Sy (T) € D'(X) on
M with density T is defined by

<SM(T)>¢> = <T7¢|M>a ¢ED(X>

REMARK 2.2.2. The above indeed defines a distribution on X: First, M being closed gives ¢|p €
D (M) for all ¢ € D(X), so (Sy (T),¢) € R is well-defined. Second, convergence of ¢, — ¢ in
D (X) clearly implies ¢o|pr — ¢|ar in D (M), so Sy (T) is continuous.

The concept of single-layer distributions may be used to give an alternative formula for the pullback
of the Dirac delta distribution on R™ by a smooth submersion h: X — R™ (see [ D:

THEOREM 2.2.3. Let X be a semi-Riemannian manifold and h : X — R™ a submersion such that
M :=h=1(0) is a (n —m dimensional) semi-Riemannian submanifold of X. Then

a0 b= Sy (Vi [[ant - nan™| 7).

PROOF. By definition of the pullback of a distribution by a submersion

om N
(Orm 0 h, @) = (Orn, dn) = ¢n(0) = ((%16#" /{hi( oy ¢(x)Qg>

Now let y € X and choose a neighborhood U of y and a smooth map ¢/ = (z™,... 2") :
U — R™™" such that ¢ := (hl, RO S 1/1’) = (2!,...,2") is a chart on U (this is always possible
because h is a submersion). In this chart we have for ¢ € D (U)

am .
(221) ¢h( ) (M w(U)ﬂ{LEa;1<t1} (¢O¢ )(x) |detglj|d$> .
— 071 0’/ dti‘o,/d/.
/{x"(Om’)Gw(U)} (9097 (0,6 y/ldet gi; (0,2)|dz

Next, we evaluate (Sy (f),¢) = [i; f ¢l Qg for f € C>(M NU), where § denotes the induced
metric on M. Clearly, using the chart 9" on U N M, we have § = Zm:mH 9ij |y dot ® dad |
thus for f € C* (M NU)

(222) (Sm(f),¢) = /MOU P £y :/

Y (MNU)

t=0

£ (@) 6(0,27) y/Idet ((955)i5m) (0,27)|da"
Finally, on U, we have
(2.2.3)

lant Ao nanm|* = [ldat A--e pda™|* = [(g71) " (dat Ao A da™ dat A /\dxm)r =

m

= Z SgNT sgno H gt (dx“(j), da:"(j)) =m! ’det Ni<i ]<m‘

T,0€Sm, j=1
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Showing that

(2.2.4) |det ((9ij)m<ij<n)| = |det ((97)1<ij<m)| ‘det (9i7)1<i j<n

finishes the proof: Note that this equality implies in particular |det ((9%7)1<ij<m)| # 0 on U be-
cause both det g;; and det ((gi;)i,j>m) = det §;; are non-zero (M and X are both semi-Riemannian),
thus Hdh1 ARERWA dhme1 € C* (U). The claim now follows directly from setting

J =Vl [[dnt A ndn 7

U,nM
in (2.2.2), using (2.2.3) and (2.2.4) and comparing the result to (2.2.1).

Equation (2.2.4) holds true for every invertible n X n matrix, a proof can be found in | 1,
appendix A.

2.3. Multilayer distributions

In the previous chapter we dealt with the concept of single-layer distributions Sy (T) € D' (X)
for T € D' (M) on closed semi-Riemannian submanifolds M C X of arbitrary dimension. To
define multilayer distributions Lg\]f[) (T) € D'(X), however, our closed submanifold M has to be a
hypersurface that admits a normal unit vector field' n € T (M, TX]|,,), as one sets

(2.3.1) <L§(;)(T), ¢> = (—1)"(T, (VE®) |n), ¢€D(X).

Note that for v € X(X) the expression Vy¢(p) only depends on v(p) and thus (VEg¢) (p) is well-
defined for p € M by taking any extension of n to some open neighborhood of p (a concrete
extension of n will be given in Remark 2.3.7). Also, these multilayers are a generalization of the
single-layer distributions defined before since LEBI) (T) = Sy (T). The aim of this section is to
establish formulas for the covariant derivatives of these multilayers, closely following the paper
[ | by P. Wagner.

REMARK 2.3.1. The existence of a normal unit vector field to a semi-Riemannian hypersurface is
equivalent to the orientability of the normal bundle since this gives by definition a smooth map

that assigns to each p € M an orientation of {p} x T, M~ (see [ ], p. 198), i.e., a nonzero
vector in T, M+ which we may normalize to have unit length. If X is orientable this is also
equivalent to orientability of the hypersurface M C X itself (see [ ], p- 189). However, if X

is not orientable this is not sufficient: As an example we may look at the Mobius strip for X and
S C X, where clearly S! itself is orientable but does not admit a unit normal vector field when
viewed as a hypersurface in the Md&bius strip.

EXAMPLE 2.3.2. Let X = R™ with the standard metric, M = {0} x R*"! 2 R"~! and T € D’ (M).
To calculate Lg\lf[) (T) let ¢ = ¢1 @ ¢ € D (X), then

(D! (L (@), 6) = (T, (V5) Inr) = (T (6" @ 6) Inr ) = 6 (0) (T,.6) =
= (-D)*(§M @ T,0).
By density of D (R) ® D (R™!) in D (R™) we conclude
LTy =6 T
Of course it is also possible to define multilayer tensor-distributions.

1A vector field n € T (M7 TX|M) is called unit normal vector field for M if n(p) € TyM~* for all p € M and
g(n,n) = 1.
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DEFINITION 2.3.3. Let T € D’ (M, T§X|M>. Then

(L (D.0) = (D" (T, (Vhe)|,,). ¢ €D (X, T}X)

defines the multilayer (tensor-)distribution of order k with density T as an element of D’ (X IV X )

2.3.1. Introduction of ’canonical’ coordinates. To simplify further calculations involving

multilayer distributions we first introduce special coordinates ¢ = (xl, . ,x”) around each p €

M C X with the following properties:
(1) The map ¢’ = (x2, ce x") is a chart around p in M,
(2) the first coordinate measures the arc length of geodesics orthogonal to M (i.e. z! (c(t)) =
t |¢' (0)] for all geodesics ¢ with ¢/ (0) € TM=* and g (¢/(0),n) > 0)
(3) and n = % holds.

To this end, we use the normal exponential map

expt: NM = | | T,M* - X,
pEM
v, (1).

Similarly to the exponential map itself, exp* is smooth (where it is defined) and the following
holds (proofs can be found in e.g. | ], p.199):

LEMMA 2.3.4. Let M C X be a semi-Riemannian submanifold and p € M. Then there exists a
neighborhood U, C X of p in X and a neighborhood U of 0, € NM, such that expt : U— U, is a
diffeomorphism.

THEOREM 2.3.5. Let M C X be a semi-Riemannian submanifold. Then M has a normal neigh-

borhood in X, i.e., a neighborhood that is the diffeomorphic image under exp™ of a neighborhood
of {0y|pe M} C NM.

Now, for ¢ € U, as in Lemma 2.3.4 we may set
#'(q) = g ((exp*) " (0),)
and, for any fixed chart ¢ on U, N M (w.l.o.g. U, N M is a chart domain of M),
¥(a) = (domo (exo’) ) (0)

THEOREM 2.3.6. The map ¢ : U, = R", ¢ — ¢(q) := (zl(q), 1/}’((1)) with z*, 1" as above is smooth
and has the properties (1) to (3). Furthermore we may shrink U, such that the image of 1 is a
rectangle, i.e., such that (Uy) = U x V for some U CR with0 € U and V. C R"71.

ProoF. Clearly, the components of 1 are compositions of smooth maps, thus v is itself C>°.
2. ,x”) — expL (m1n¢71(x27.__,xn)),
which is smooth, making 9 a diffeomorphism. For ¢ € U, N M, we have exp' (0,) = ¢ and thus,
taking into account Lemma 2.3.4, ¥'(q) = ¢ (7 (04)) = ¢(q), so ¥'|y,An is a chart in M. To show
(2),let v = |v|n € TM* and t € R such that ¢, (t) € U, then

o' (e (t) = 2" (1)) = g (tr,n) = tv].

It is easily checked that the inverse of ¢ is given by (ml,:c

Now let ¢ € M NU,. Then, from ¢ (cn,(t)) = (¢, ¢ (g)) one obtains

0 1 _ _ d
pral = (Ty) " (e1) = T(o,p(qn% " (€1) = p Olb Lt 0(q) = p Ocnq (t) =ng,
and so %}M:n. O
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REMARK 2.3.7. This also shows that for any p € M the vector field g — %‘q provides a smooth
extension of n to an open neighborhood U, of p in X. Extending n in this way, one gets n € X (U,).
In fact, this even gives n € X (U) for some open U D M: For two charts (U,, 1) and (Uﬁ’ @Z) such
that U, and U are contained in a normal neighborhood of M (in the sense of Thm. 2.3.5) one has

(¥o 15_1) (z',...,2") =0 (expl (mln(;—l(x?,...,w"))) = («', (¢o ¢Z_1) (2%,...,2"))
for all (xl, e ,x”) € 1[)(Up N Up). This implies
er=D (¥ o9") (9(a)) (er) = Ty (Ty0)) " (e1)

for all ¢ € U, N U; which proves that %’q = %’q.

Furthermore since 9(p) = (0, $(p)) there exist U C R with 0 € U and V C R"~! with ¢(p) € V
such that U x V' C 9(Up). Now replacing U, with ¢~ (U x V') shows the last claim.

The next proposition shows another nice property of these new coordinates.

PROPOSITION 2.3.8. Let p € M and (Uy,,v) be canonical coordinates around p. Then

(2.3.2) g1j =201, and ¢ =0d1; onU,.

PROOF. Clearly (2.3.2) holds on M since & = n L 9 € TM for all k # 1. Now letting
q € U, N M, we will show that the g;; are constant along the geodesic cp,. First note that

9110, (1) = 9 (D1ley 1)+ Dtlen ) = 9 (e, (Db, (1) = glngymg) = 1,

so g11 is indeed constant along cy, . As seen in the proof of Theorem 2.3.6 one has v (cnq (t)) =
(t,®(q)). Because this is a geodesic we have

(2.3.3) 0=1" +T19" " =041, = g™ 01gm
since by equation (2.1.5)
Iy = 3 9" (O191m + 0191m — Omg11) = g 01gm1

and g1, is constant along cpn,. Now multiplying (2.3.3) from the left with gp; and summing over i
implies 01 gr1 = 0, so gx1 is constant along Cn, for all k.

Finally, let ¢ € U, be arbitrary, set ¢ := z' (¢) and choose ¢ € U, N M such that 1(g) = (0,7’ (q))
(note that (0,7'(¢)) is in the image of 1 since the image is a rectangle), then ¢ = cy, (t) because

& (eny (1) = (0 (cm, (1)) = (" (a) ¥/ (@) since
0 (eng (1) = (6070 (exp™) ™) (eum, (1)) = don(tmg) = 6 () =¥ (@) = ¥ (4)

by the definition of §. This finishes the proof of the first equation in (2.3.2). The second one
follows immediately from the first by noting that

61 = gimg™ = G1mg™ = g". U

Finally, we will give a nice example showing the usefulness of both multilayer distributions and
canonical coordinates.

EXAMPLE 2.3.9 (A jump formula). Let us assume that the hypersurface M is given as the zero
set of a smooth submersion h : X — R. We want to derive a formula for the exterior derivative
of a smooth function on X \ M with a jump discontinuity along M, that is we want to calculate
d(f - H oh)where H : R — R denotes the Heaviside function and f € C* (X). On X \ M one has
obviously d(f-H oh)|x\a = (df - Hoh)|x\ -
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Now let U be a neighborhood around some p € M and 1 canonical coordinates on U such that
ho¢~! wlo.g maps (Ry x R"™') N4 (U) onto Ry (otherwise replace n by —n, i.e., change
the orientation of the normal bundle) and ¢ € D (U,TU), then (using that div(¢) o ¢p~! =

\/ﬁ&c(qﬁk\ddet gij|) locally) one obtains by Prop. 2.1.4:

(d(f~Hoh),¢):—<f-Hoh,011V¢>:—/ (div(¢) f (H o h)) oy~ y/|det g;j|d"x =

$(U)
dnflx_’_

N _/wlzofowl o <¢k v detgml) o= /Rn—l <fow1 ¢1\/@> 21=0

+ /mlzoak(f ogp1) oF M‘M = (Sar (flayy m) s &) + (df Hoh, ),

where n € I' (M, T*X]|,,) denotes the canonical normal one-form given by n(n) =1 and n (v) =0
for v.e I' (M, TM) and the last equality follows from Prop. 2.3.8. Noting that Sas (f],, )
0 shows

(2.3.4) d(f-Hoh) =S8y (flyyn)+Hoh-df.

|X\M =

2.3.2. Relations between the multilayers Lﬁ) (1) and the pullbacks §®oz!, Now, us-
ing coordinates as described above, we want to derive relations between the multilayer distributions
Ll(\l/f) (1) and the pullbacks 6®) o ! generalizing Theorem 2.2.3.

DEFINITION 2.3.10. Let U be an open neighborhood of M such that n € X (U) (see Remark 2.3.7).
The tensor field W := Vn € T (U) is called the Weingarten map. Its trace shall be denoted by
X :=ttW e C>® (U).

Choosing an open set V such that M C V C V C U (such a V exists because X is metrizable and
thus normal) and a partition of unity subordinate to {U, X\ V} one may extend x|, to a smooth
function x on all of X. This extension can be used to define the product xT for T € D’ (X, TqPX)
with suppT C M by (xT, ¢) := (XT, @) = (T, x¢) which is independent of both the choice of V" and
the extension y since (T, ¢) only depends on the values of ¢ in a neighborhood of supp 7. Similarly
one can also define V,T' := V4T where n € X (X) and 1|, = n|,, for some open neighborhood V'
of M.

These definitions together with the observation that supp Ll(\l/f) (T) € M (since for any ¢ €
D (X \ M) one has <L1(\1/I) (T),¢> = (T, Vkio|,,) = (T,0) = 0) enable us to state (and prove)
the following theorem.

THEOREM 2.3.11. Let (X,g) be a semi-Riemannian manifold and M C X a semi-Riemannian
hypersurface that admits a normal vector field. Let (U,%) be an open neighborhood in X with

canonical coordinates ¢ = (xl, e ,x") and set x := (x + Vn)k 1. Then the following formulas
hold
(2.3.5) VT €D (M, T;X}M) LD (T) = (Vo + ) LY ()
k
k .
(2.3.6) L%\l/;) (1) = (0, + )" (602" = Z <]) Xk—j (5(” o :z:l) inD' (U)
§=0
L o
(2.3.7) 000zt =3 <j> (1) L) (xyl,,) WD (U).
§=0
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Proor. To show equation (1.1.3), let ¢ € D (X, T;}X) and note that by Corollary 2.1.6
(VaL{f (1), 0) = = (L (1), CoHIV (0@ 8)) = — (L (1), Cif (9@ VA + Vo o i) ) =

= = (L (1), 060Vi ) = (L (T), Vao) = — (XL (1), 0) + (L (1), 6)

Since V¢ = n (¢) = 01¢ for all ¢ € D(U) and thus by density for all ¢ € D’ (U), the first equality
in (2.3.6) now follows directly from Theorem 2.2.3 (with h = 2!, ||dh* = ¢'* = 1) and (1.1.3):

L (1) = (0 + )" Su(1) = (01 +x)* (905") .

The second equality is shown by induction. Using the chain rule (2.1.7) we have

k
L @)= 0 0L )= 00 3 (§) e (390 =

J=0

k k
N (f) Xk+1-3 <5(j) ° xl) * Z (I;) Xk—j O1 (5(j) ° xl) = Xit1 (0oz") + (5(k+1) o 3:1> +
j=0 =
a k k ' kel _
+j; ((]) + <] _ 1)) Xk+1—j (5(]) oxl) = Z < ;r1> Xkt1—j (5(J) O:C1> )

=0
Now let ¢ € D (U). Then by Corollary 2.1.7

<6(k) o x1,¢> = (0} (6o0a"),0) = (-1)* <SM (1), \/|(1167tg|8f (925\/ |det 9|>> =

5 ()0 o)) - (509 )

where we have used &/+/|det g| = x; v/]det g|, which follows immediately from Lemma 2.1.5:

= (-1

1
————01+/|detg| = Fﬁl =trVo = x
Vdet g
by induction. 0O

2.3.3. Normal derivatives and multiplication with smooth functions. It follows from
equation (2.3.5) thatVnL(Mk) (T) = LS@H)(T) - XLS{{) (T), so if we want to better understand the
normal derivatives of multilayers we should study products of the form 1 - LSI) (T) for ¢ € C*™ (X)
and T € D' (M). Considering the simple example X = R and M = {0} it is immediately obvious
that ¢ - L (T) £ LY (¢l T) for k > 1 as

Ly (1) =08 = (0)8" =9’ (0)8 = Ly (4(0) = Sar ('(0)) # Ly (4:(0)).

The next theorem is going to show that such a product can always be expressed as a sum of
multilayers.

THEOREM 2.3.12. Let ) € C*° (X) and T € D' (M). Then

(2.3.8) ¥ L (1) =Y (-1) (I;) Ly (Vi 1)
j=0

PROOF. Let ¢ € D(X), then



2.4. MULTILAYERS AND DISTRIBUTIONS SUPPORTED IN A HYPERSURFACE 21

(-1 (1),6) = (L (1), 00) = (-1)* (T, V& (v9)],,) =
_ <T > (5) 7 vl 0 v > -
= J n" | pr n M

k k
ke _ L (k . _
= > (- () (Vi T (=1 V6l ,) = D (-1 () (L3 (Vi 1) 9).
— J — J
Jj=0 7=0

Using this together with equation (2.3.5) we obtain the following formula for the normal derivative
of LYY (T):

(2.3.9) VoL (T) = L$ (1) — XLy (1) = L3 (1) - 1L (1) =

k k
= L (1) (c1y (’j) L8 (Vig], T) = LED ()= (1) (’;) L8 (Vi T).
j=0 j=0

O

It is possible to derive somewhat similar expressions for the covariant derivative VLSI) (T), the
calculations for this can be found in | ]. We will, however, stop here and instead turn our
attention to the relationship between multilayers and distributions supported in hypersurfaces.

2.4. Multilayers and distributions supported in a hypersurface

It is clear from the definition that supp Ll(\l,;) (T) € M for all T € D' (M). Our goal in this section
is going to be to prove that every T' € D' (X) with suppT C M can be written as a sum of
multilayers. To do this we will make use of an analogous result for distributions on R™ which is in
some sense a generalization of the well-known fact that every distribution with support in a single
point can be written as a sum of derivatives of delta distributions.

THEOREM 2.4.1. Let T € D' (R") with suppT C {0} x R*. Then there exist distributions Ty €
D' (R*) such that
T= ) of..0n}T,,
qENg_k
where <Tq, 10) (:vl, 2, .. ,x”)> = <Tq, 1) (O, co, 0 R x”)) is called the extension of Ty to
R™ and the sum is locally finite. Furthermore the supports of the Tq are contained in the support
of T, they depend continuously on T and are unique.

A proof of this can be found in | ], Thm. XXVI. Now we will use Proposition 1.2.3 to prove
a version of Thm. 2.4.1 concerning distributions on semi-Riemannian manifolds with support in a
hypersurface.

THEOREM 2.4.2. Every distribution T € D' (X) with support contained in a closed, semi-Riemannian
hypersurface M C X with unit vector field n admits a unique decomposition as a locally finite sum
of normal derivatives of extensions to X of distributions defined on M :

(2.4.1) T =Y VEiTy; T,eD (M),
k=0
where T, is defined locally via (Tk)a = (Tk)a where the inder « is used to denote the local

components of a distribution with respect to a chart (Uy,¥q)-
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PROOF. We show this locally using Theorem 2.4.1 and Proposition 1.2.3. Covering X with
chart domains U, such that we have canonical coordinates on U, whenever U, N M # () and
choosing a partition of unity x, subordinate to these chart domains we see that T is equal to
the (locally finite) sum of the x,T € £ (U,) thus it suffices to show (2.4.1) for T € &' (U,) with
suppT C M NU,. If Uy N M = 0 this is trivial since T = 0. If Uy, N M # 0, there exist T} €
& (Yo (Ua) N ({0} x R*™1)) such that T = ", OFT. Defining T}, € £ (M) to be the unique
distribution satisfying (T, ¢) = (T, ¢o ;') for ¢ € D(Uy N M) and Tk|M\w;1(suppTl‘:) =0
(this is indeed well-defined because ¢ o ;! € D (Yo (Us) N ({0} x R*71) \ suppT) for ¢ €
D (M NU)\ ;" (suppT))) we obtain

(v =Sy = ot () - Yot
k k k 2
and thus T =Y, VET}. O

This is not yet exactly what we want to show since in general L(Mk) (T) # VET. First we note
that the extension T of T € D’ (M) itself coincides with Sy (T') since we have locally (in normal
coordinates (14, Uy )) that

<Ta,¢ (x',22, ... ,x")> = (T, ¢ (0,22,...,2")) = <TC“, ¢|wa(MﬁU)> = (Sy (T)*, )

for all ¢ € D (1o (U,)). However, the higher derivatives VET = VXS, (T) do no longer coincide
with the multilayers Ll(\l/f) (T) as is obvious from the formulas in the previous chapters. But, using
(2.3.9), one has

VhSu (T) = Vit (LS7 (T) = Su (xlas 7)) =

k—1
= Va2 (L7 (@) = 2L5) (g T+ Sar (Vax +33) [y 7)) = o = LG (1) + >° L) (T5)
=0

where the T{;) are distributions on M given by the product of T with some linear combination of
products of x and its normal derivatives up to order k—1. This now shows that every decomposition
of the form (2.4.1) gives rise to a decomposition 7' = Y 7~ LS/I) (Tx), albeit with different (but
still unique) Tj. Thus we have shown the following:

COROLLARY 2.4.3. Every T € D' (X) with suppT C M can uniquely be written as a locally finite
sum of multilayers, i.e.

(2.4.2) T = i LY (Ty)
k=0

with Ty, € D' (M) for all k.



CHAPTER 3

Distributional geometry

In the previous part we studied singular objects and their interaction with the (smooth) geometry
of our manifold, in particular describing the special properties of distributions supported in a
(closed, semi-Riemannian) hypersurface (with a normal unit vector field) and deriving formulas for
the covariant derivative of tensor distributions (see equation (2.1.4)) and the exterior derivative of
a smooth function suffering a jump discontinuity along a hypersurface (Example 2.3.9).

Now we want to study what happens if the geometry (i.e., the metric tensor, connection,...) of
our manifold is itself distributional. This will offer some generalizations, but also some restrictions
of the previous results - for example the concept of multilayer distributions is unavailable because
their definition relies on the trivialization of the volume bundle using the smooth metric and the
existence of a normal unit vector field.

The main goal of this part is to introduce a suitable concept of a distributional metric and derive
necessary regularity conditions for such a metric to give rise to a (distributional) Levi-Civita
connection that allows the definition of a Riemann curvature tensor distribution. Along the way
we will derive some jump formulas concerning discontinuities along a hypersurface which will in
the end allow us to deduce some regularity conditions for a vacuum spacetime, i.e., a distributional
metric satisfying Ric = 0, suffering such a jump discontinuity. We will mainly follow | ]

At first, however, we will briefly summarize some important results concerning local Sobolev spaces
on manifolds that will be needed later on.

3.1. Local Sobolev spaces on manifolds

The local Sobolev spaces VVIIZCP (X) (for k e N, 1 < p < o0) on X are defined as the subspaces
of D' (X) containing all distributions 7' € D’ (X) whose local representations 7% € D’ (b, (Uy))
belong to W{Z’Cp (Yo (Uy)) for an atlas {(Ua, )}, i-e., that satisfy 0°T* € LP(Q) for all 8
with || < k and Q C 9, (U,) relatively compact or equivalently ¢ T* € I/Vllgf (R™) for all ¢ €
D (1o (Uy)). Note that this is well-defined because for bounded open subsets U,V of R™ the
pullback ¢*f of a function f € W*P? (V) under a diffeomorphism ¢ : U — V is in WkP (U) (see

[ ], Thm. 3.41), so T® € WP (o (U, N Up)) if and only if T? € WP (5 (U, N Ug)).

loc

The topology of W{;Cp (X)) can be described by the (countable) family of seminorms given by

(3.1.1) Pp.ae (T) = ||aﬂTaHLP(Q%)

where 8 € NI with || < k, the (U,, ) form a (countable) atlas for X and the Q% are an
exhaustion of ¥, (U, ) by relatively compact sets. The topology induced by these seminorms does
not depend on the choice of the atlas. By countability of the basis of seminorms the Wlﬁ’cp (X)
are metrizable and if X is compact, VVIIZCP (X) is normable (because there exists a finite atlas for
X), however in general there exists no canonical norm, i.e. different choices of the atlas lead to
different (but equivalent) norms.

As for distributions, many of the results concerning (local) Sobolev spaces on open subsets of R™
carry over to the corresponding function spaces on manifolds, for instance Wllf)’cp (X) is a Frechet

23
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= ’ is hilbertizable (for compact , an
X) := W2 (X) is hilbertizable (f X), € (X) and

space (in particular complete), Hf low

loc
D (X) are dense in W{Z’Cp (X) and so on. For proofs of the first two claims see | ], Chapter
2, Thm 2.19. (actually they only deal with the spaces Hf_(X) but the proofs for general p € N
are completely analogous); density of C* (X)) follows easily from density of D (Q2) in Wf)f (Q) for
Q C R™ by approximating locally and gluing those approximations together using a partition of
unity, density of D (X) then follows by using appropriate cut-off functions over an exhaustion of

compact sets of X.

It is also worth noting that W% (X) ¢ W' (X) (because L

loc loc

() C L. (Q), which is easily seen

loc

using Holder’s inequality).

Another construction that will be of interest to us later are local Sobolev spaces on manifolds with
boundary and the corresponding (generalizations of the) trace theorems. As a quick reminder we
will now state the exact version of the trace theorem we want to generalize to manifolds.

THEOREM 3.1.1 (Trace theorem). Let R"} = {3: cR": ! > O} and k > 1 then the restriction
operator

v: C(RY) NWhP (RT) — C (0R7)
Y (U) = u|6u
can be extended uniquely to a bounded operator

v WP (Ri) — WhLp (3Ri) .

PROOF. This follows immediately from collecting some of the results in | ]. First we note
that by Theorem 5.21 there exists a bounded extension operator E : WP (R) — WP (R™).
Next, by the Sobolev embedding theorem 4.12 there exists a trace ¢ : W*P (R") — Wk (9R"} )
forallco > q¢ > pif p > n. If p < n then ¢ exists for p < ¢ < % since either n —p < dim OR"} =
n—1,ie. p>1,orp=1. Allin all settingy=c10FE: WkP (R’}r) — Wh—Lp (am) proves the

theorem. O

REMARK 3.1.2. Note that the trace theorem remains true for Q@ = B,.((0,2')) NR"} (r > 0 and
2’ € R"!) instead of R and OR"} N B, (z') instead of OR? since RT = Q and OR" N B,((0,27)) =
OR.

In the following the letter X will be used to denote a manifold with boundary and X itself for
X\ 0X.

DEFINITION 3.1.3 (Local Sobolev spaces on X). A distribution 7' € D (X) is said to be in W57 (X)
if T € WP (X) and for every chart Uy, 1ha) of X at the boundary and ¢ € D (¢4 (Us,)) one has

loc

T € Whr (Ri) The topology is again given by seminorms of the form (3.1.1).

Now we want to generalize Theorem 3.1.1 as illustrated for the spaces Hllf)c (Y) in [ ], Chapter
2, Cor. 4.5.

THEOREM 3.1.4 (Trace at the boundary). The operator v : C* (X) — C* (0X) of restriction to
0X wuniquely extends to a continuous linear operator ~y from VVIIZCP (Y) to Wh—Lp (0X).

loc

PROOF. Let (Ua,?qs) be an atlas for X and v € C* (X). Then there is an atlas for 0X
consisting of charts of the form (U, N X, ¢a|UQmax)~ W.lo.g. ¥a(Us) = B((0,2)) NR% for
some r > 0 and 2’ € R"™!. Let v = ul,y € C* (0X) then

v =0 (Yaly,nox) -

=0 (Yaly,nox) = vy, wanox) = Uy, wa)nome
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and thus ||v"||W,€,1,p(Qa noE") < ||u~a||Wk,p(Qa) for all charts ¢, at the boundary for Qf =
B,_1((0,2")) NRY by Rem. 3.1.2. This shows that v : C> (X) — C> (8X) is continuous as

an operator from W{Z’Cp (X) to I/Vllf)gl’p (0X), so it can be extended to all of VVIIZCP (X) by density
of C> (X) (which will be shown in Prop. 3.1.5 below). O

PROPOSITION 3.1.5. The space of smooth functions C™ (Y) is dense in the local Sobolev spaces
kp
VVlocp (X)
PrOOF. We follow the outline given in | ], p. 111. First we note that every manifold X

with boundary can be embedded in the so called double of X, which is a smooth manifold without
boundary (for details see e.g. | ], Def. 5.10.) and which we will denote by M.

Next we want to construct a continuous extension operator E’ : T/Vl]f)f (Y) — VV{ZCP (M): Choosing
a partition of unity y, subordinate to an atlas (U,,%,) of M we may define an extension of
u € Wi (X) by setting E'uly, = uly, if Uy C X, E'uly; = 0if Uy, € M\ X and finally if
Ua NOX # 0, we set (E'v)” = E (¢u®), where ¢ € D (o (Ua N X)) is chosen such that ¢ =1 on
supp xa N X, ¢ =0 on <¢a (Ua N Y)ma)c for a suitable m, and FE is the extension operator from
the proof of Thm. 3.1.1. Clearly continuity of E implies continuity of E’ since

1025 000y = 197 (00 sy < € 107 (00| =

< Cy [|0° (u

HLP(R”)

=C ||0” (¢pu®)

||LP(Q$‘n)

HLP(Q%nRg) a)HLP(Q%ﬁRi) :

Now let u € WP (X) then there exist u; € C> (M) such that u; — Fu in WP (M), but then
uj| ¢ € C* (X) and ;| — u in Wi (X). O

There are of course more general theorems concerning traces (e.g. using fractional Sobolev spaces,
see [ ], Thm. 7.39) that can be generalized to manifolds in a completely analogous way to the
one shown in Theorem 3.1.4, but the theorem stated here and its generalization to (p, ¢)-tensor
distributions discussed below is sufficient for our purpose.

REMARK 3.1.6. For u € C* (X) and v € W,-” (X) one has v (wv) = ul,y 7 (v) since approxi-
mating v in WIIZ’CP (X) by a sequence v, of smooth functions gives v (uwv) = lim, o0 (v (uvy,)) =
lim, o0 UUR|gy = ulgy ¥ (v) (note that wv, — wv in I/Vlo’cp (X) since u € LS (X) and thus
~ (uv,) = uv in WEZHP(9X)).

So far we have only looked at Sobolev functions on manifolds. Now we want to generalize our
observations to Sobolev tensor fields. Luckily this does not pose any difficulties. Using the iden-
tification D’ (X, TV X) = Lcoo x) ((T2)" @ (73)° ;D' (X)) provided in Theorem 1.2.4 we say that
TeD (X,T'X) is in I/VloC (X,T7X) if and only if T (w1,...,wp,u1,...,us) € Wllf)’f (X) for all
w; € T (X) and u; € X (X). The topology is induced by the following notion of convergence: A
net T, convergestoTanV1 P(X,TrX) T, (wry ey wpey gy .y ug) = T (Wi, .o wp, 0y, .0, Ug) D
VVI’ZC” (X) for all w; € TP (X) and u; € X (X). This is of course equivalent to the local description:
TeD (X, T7X)isin I/Vllch (X,T7X) if and only if all the components (7¢); of the (vector bundle)
chart representations T* € D’ (¢4 (Uy), R"HS) are in Wllf)’f(wa(Ua)) and of course one may also

characterize convergence locally.
PROPOSITION 3.1.7. Let X be a manifold with boundary. Then there exists a continuous trace
operator v : WP (X, TrX) — WP (0X, T’X|8X).

loc loc

PRrROOF. The goal is to use Thm. 3.1.4 to define
(3.1.2) Y(T) (Wi, Wrs Uy ey Ug) i=y (T (@1, ..., @p, A1, ..., Ty)) € L (0X)
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for w; € T (80X, T{JYL?X) and u; € T (0X, T&Y|3X) with smooth extensions @; € T (X) and
a;, €X (Y) First we show that there exist appropriate extensions &; € T, (Y) and 0; € X (Y)
Let p € dX. By setting f = x f o ¢|5%8X o prga—1 019 € C® (X) for a chart (U,¢) of X
around p (where x is an appropriate cut-off) we see that we can locally extend smooth functions
felC*®(0X). NowueTl (8X, T&be) is locally given by u = Y""" , u'9; in adapted coordinates
and setting @ = Y., o, gives the desired extension around p. Of course the same argument
works for w € T (8X, T{)YBX).

The operator given by (3.1.2) is then obviously continuous but we have to show that it is well-
defined, i.e., independent of the choice of the extensions. W.lo.g. let T' € VVIIZCP (X, TX). By
linearity it suffices to show that v (7' (©)) = 0 if @|;y = 0, which we will do locally. Choose some
chart ¢ = (xl, . ,x”) at the boundary then @ = J; dr? and T (©) = w; T (d:vj) and thus Remark
3.1.6 gives vy (T (@) = Wil 55 v (T (dz)) = 0. O

We are also going to need some results concerning whether the product of two functions in L{$, (X)N

WP (X) is again in LS (X) N WP (X). For this it is obviously sufficient to look at the spaces

loc loc loc
L2 (Q)n I/Vlicp () (or L™= (Q) N WHP (Q)) for open balls Q = B, (z) C R" (z € R, r > 0). We
will equip A*P (Q) := L> (Q) N WFP (Q) with the norm ||f|| ar = || flloo + IIfllyyer such that
both embeddings A*? (Q) — L (Q) and A¥? (Q) < WFP (Q) are continuous. Then the following

holds.

PROPOSITION 3.1.8. Let p > % and Q = B, () C R"™ an open ball. Then there exists a constant
K > 0 such that (A*? (Q),K ||.|| yo.r) is a Banach algebra with unit (e = 1 € A*?(Q)) and if
either |f| > ¢ for some constant ¢ > 0 almost everywhere then f is invertible in AP (Q).

PRrOOF. Clearly A*? () is a Banach space, it remains to show the algebra property. For
p> % orp=1andn =k there exists a K > 0 such that (W*?(Q),K|.||l;+,) is a Banach
algebra (see Thm. 4.39 in | ], Q satisfies the cone condition because balls satisfy the uniform

C*°-regularity condition 4.10) and thus

1 9llars = [fglloc + 1 gllwrr < 1Flloo Nglloe + E N Ffllwen llglwes < 4+ E) I flaro 19l ars
hence (A*?(Q), (K +1) .|| 4.») is a Banach algebra.

n

Now let p = 7 and p > 2. First we are going to show that the Leibniz rule

(% & o —
(3.13) () =Y ( B) o for—rg
B<la

remains valid for f,g € A¥? (Q) and |a| < k. Let f. be a sequence of smooth functions converging to
f in the W*P-norm (such functions exist by density) then (3.1.3) holds for f.g. We have f.g — fg
in L? (Q) (since || feg — fg||p < gl I1fe = f||p) and thus in D' (Q) and 0% (f.g) — 0*(fg) in
D' (). Since € is bounded and p > 2 there exists a continuous embedding L? () — L2 (Q2) by
Holder’s inequality implying Haﬂfga("*ﬁgnl < H(‘?ﬁfEH2 Ha‘kﬁgH2 <C Haﬂfgﬂp H(’?a’ﬁgnp and so
0% f.0°Bg — 3% f0°Pgin L' () (and hence in D’ (2)) showing that (3.1.3) holds in D’ (Q2) for
f.g € ARP(Q).

This reduces our task to proving that [|0” f 8“7’89”]) < K || fll g 1191 g for all || < k and

B < a. For B =0 we have || f0%l, < [[fll 10l < [Ifllaxr I9]lax.r- The same holds for

a—f3=0so0 we may assume k— 1> || >1and k—1 > |a — 8] > 1 implying n > (k — |8]) p and
n > (k —|a— B])p. Since

n—(k—1BDp n—(k—la—p)p _|alp _ kp

n n n n

=1
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this shows that there exist 1 < 7,7’ < oo with % + % = 1 such that
np
n—(k—|B))p

Now using Hélder’s inequality gives

np

and p<r'p< .
n—(k—la—=p)p

p<1p<

L
T

/Q<3ﬁf<x>8“*‘*g<w>l”dxé ( /Q |8%”<af:>!””dﬂc>i ( /Q Iaaﬁg<x>|’“"’dx>’ _

= [lo71II7, 10°=9

p
r'p

if 9°f € L'"(Q) and °Pg € L"'?(Q). By the Sobolev embedding Theorem (Thm. 4.12, C in
[ D Wk p (Q) = L1(Q) for p < ¢ < an’p if ¥’p <n and n— k'p < n. Applying this to ¢
equal to rp (or 7'p) and &’ equal to k — |3] (or k — |ao — f3]) gives

107 117 1102y, < K N0 Fllncionn 0% P g i oo < K 1 e gl

which shows that indeed 87 f € L”(Q) and 9*Fg € L"'?(2) and that

1077 0° g, < K (107 Fllyassrs [10° 0l wicramsn < K M s N9l <
<K |flLaws 91

Because  is bounded the function e given by e(z) = 1 for all 2 € Q is in A¥? (Q) for any k and p.
Considering invertibility we note that clearly | f| > ¢ implies % € L*>= () C L? (). Now for smooth

f we can express 9¢ (%) (for 1 < |a] < k) as a sum of products of the form K w for some

j € Nand |3;] > 1 with Y}.7", 8; = a. We have 0%1 f,0% f5...9° f,, € LP(Q) for f; € A¥P(Q)
because it is one of the terms appearing in 9% (f1f2 ... fim) and the proof of the algebra property
shows that all those terms belong to L? (Q) and so K 91 f ... 0P f i € LP (Q)-L> (Q) C LP (Q).
It only remains to show that the rules of differentiation used to calculate 0¢ (%) remain valid

under our weaker regularity assumptions. We already know when the Leibniz rule holds so we only
have to concern ourselves with establishing the chain rule d; (F o f) = F'o f 8, f, where F(z) = -
(z € R) for some n € N. Tt is shown in [ ], Lemma 7.5 that the chain rule holds for F' € C! (R)
with F' € L (R) if 9;f is at least locally integrable. Unfortunately, z — Il is not continuous
on R but one can always choose a function F' satisfying the above requirements that is equal to
z— - on R\ (—¢,c) implying 9; (f%) = —f% 0;(f™) for all f € WkP (Q)N L> (Q) with |f| > c.
fln € WP (Q), which means that we may use both the chain rule

and the Leibniz rule to calculate higher order derivatives of % in the usual way. |

In particular this shows that

3.2. (Tensor-)Distributions on orientable manifolds

It has already been pointed out in Remark 1.1.2 that for an orientable manifold the volume bundle
is isomorphic to the vector bundle of exterior n-forms on 7'X which implies that I'. (X, Vol (X)) =
Q7 (X) and thus

D' (X) = (2 (X))
This description is particularly useful when dealing with Lie derivatives of distributions with respect
to smooth vector fields. We are going to show that, given u € X(X),

(3.2.1) (LuT,¢) = — (T, Lu¢)

holds for all T € C*° (X) and ¢ € Q7 (X) and can be used to extend L, to D’ (X), generalizing
the ’integration by parts formula’ (9;u, ¢) = — (u, 9;¢) for distributions on R".

There are two important results needed to prove (3.2.1) that both concern k-forms on X, the first
one being Stokes’ theorem.
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THEOREM 3.2.1 (Stokes’ Theorem). Let X be a smooth, oriented n-dimensional manifold with
boundary and ¢ € Q"1 (X). Then
[ao=] o
X

o0X
If0X =0 (i.e. X is a manifold without boundary), then the right-hand side vanishes.

The second one is a relationship between the interior product, Lie derivative and exterior derivative
known as Cartan’s formula.

For u € X (X) the interior product iy of a k-form ¢ € QF (X) is the (k — 1)-form given by
twd (V.. Vi—1) = d(u, vy, ..., Vig_1) .

Clearly i,¢ has compact support if either ¢ or u are compactly supported.

PROPOSITION 3.2.2 (Cartan’s formula). For any u € X (X) and ¢ € QF (X),

(3.2.2) Ly¢ =ty (do) + d (iu0) .

A proof of both Stokes’ theorem and Cartan’s formula may be found in | ], Thm. 14.9 and
Prop. 18.13 respectively. Now we have all the necessary tools to prove (3.2.1).

THEOREM 3.2.3. Let X be orientable and u € X (X). Then the Lie derivative Ly : C* (X) —
C> (X) satisfies

(323) <LuTa ¢> - - <Ta Lu¢>
for allT € C*®° (X) and ¢ € QP (X) and Ly can be extended uniquely to D' (X) by (3.2.3).

PROOF. As usual it suffices to show (3.2.3) for T' € C* (X) which implies continuity of Ly,
and the claim then follows by density of C* (X). Now let T' € C*° (X), then

(LuT, &) = /X Lo(T)¢ = /X La(T- )~ T - Lud = — (T, Lud) + /X i (d(T6)) + d (in (T9))

by the derivation property of L,, and Cartan’s formula. Now we note that T¢ € Q™ (X) and thus
d (T¢) = 0 and apply Stokes’ theorem to the remaining term to obtain

/X iu (d(T9)) +d (i (T$)) =0,
showing (3.2.3). O

REMARK 3.2.4. If X is a manifold with (nonempty) boundary and T € VVﬁ)f (Y), then

(3.2.4) (T, Lug) :—/Yu(T) ¢+/8YT¢H¢.

Note that the right hand side of the equation is well-defined for T" € Wé’cp (Y) because this implies
u(T) € LY (X). For T € C*(X) equation (3.2.4) follows as in the proof of Thm. 3.2.3, for

loc

T € WL (Y) it follows by density of smooth functions and continuity of both sides in the VVlif

loc

topology.

3.3. Distributional connections

We will henceforth assume our manifold X to be orientable (this is necessary because we will need
the results of section 3.2). To start with we will generalize the concept of a smooth connection on
a manifold.
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DEFINITION 3.3.1 (Distributional connection). An operator V : X (X) x X(X) —» D' (X, TX) is
called a distributional connection if it satisfies

Viutvw = fVaw + Vyw,
Vu(Av+w)=AV,v+ Vyw and
Va(fv)=fVav+u(f)v (Leibnizrule)
for all u,v,w € X(X), f € C>* (X) and X € R, where V,V is the usual notation for V (u,v).

The next proposition shows that analogously to a smooth connection a distributional connection
can be extended to take arbitrary (p, q) —tensor fields as second input.

PROPOSITION 3.3.2. Any distributional connection can be extended to a map V : X (X)x TP (X) —
D (X, TPX).

PROOF. Just as in the smooth case one first sets V,f := u(f) to obtain an operator V :
X(X) xC>®(X) — D' (X). Next, we define V: X (X) x T (X) — D' (X, T X) via

(3.3.1) (Vaw) (v) = u(w(v)) —w (Vyv),

which uses the fact that any one-form w € T(X) = Leso(x) (X (X);C(X)) can be extended to
w: D'(X, T3 X) = D' (X) via w(u) := u(w) for u € D' (X, T§X) = Lew(x) (T(X); D' (X)).
Finally, we set

(VuT) (w1, ywp, Vi, oo, V) =V (T (w1, ..., wp, V1, ..., Vg)) —
P
—ZT(wl,...,Vuwi,...,wp,vl,...,vq)—ZT(wl,...,wp,vl,...7vuvi7...7vq)
i=1 j
for T'e TP (X). O

One major difference between smooth and distributional connections is that while a smooth con-
nection can be extended to a map from D' (X, TX)x D' (X,TX) to D' (X,TX) this is not possible
for a distributional connection. In fact, to be able to, for example, define a Riemann curvature
tensor distribution based on a distributional connection one already has to assume a higher reg-
ularity of the connection itself. To elaborate on this: The problematic parts in the definition
of the Riemann tensor (R(u,v)w = Vi yyw — (VoVyw — V,V,w)) are the terms of the form
Vu (Vyw). For them to be well-defined the connection has to be extendable to X (X) x Im V, so
we want to identify a (maximal) suitable subspace E (X,TX) of D' (X,TX) (where E stands for
some function space) which allows the extension of any connection with values in F (X,TX) to
X (X) x E(X,TX). It turns out that a suitable space E is the space of locally square integrable
sections of TM, i.e. L2 (X, TX).

loc

PROPOSITION 3.3.3. Let V be a distributional connection. If Vyv € L2 _(X,TX) for all u,v €

loc
X (X), there exists an extension V : X (X) x LE (X, TX) — D' (X,TX). This extension is given
by

(3.3.2) (Vuv) (w) =u(w(v)) = v(Vuw) inD (X)
forue X (X),ve L} (X,TX) and w € TL.

loc

In this case V is called an L% -connection and we may also write V € L (X).

PROOF. First one notes that (3.3.2) holds for u,v € X (X). The first term, u(w(v)), is
well-defined in D’ (X) for v € D’ (X) because w is smooth and can therefore be extended to take
distributional arguments (as in the proof of Prop. 3.3.2) and u(f) = Ly (f) for smooth functions
which shows that u also can be extended to take distributions as input (see Thm. 3.2.3). The second
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term is a bit more problematic. By (3.3.1) one has Vyw € E (X TP X ) for a connection with values
in E(X,TX). The problem of the definition of v (@) for @ € E(X,TYX), v € E(X,TX) now
corresponds directly to the question if the product of two functions f,g € E (U) for some open
U C R" exists in D’ (U). Observing that this is the case for E = L _ (the product of two

ngoc—functions is in LllOC C D' (U)) proves the theorem. 0

Now we may define the distributional Riemann tensor of an L% -connection.

DEFINITION 3.3.4. The distributional Riemann tensor of an leoc—connection is the tensor distribu-
tion Riem € D’ (X, T3 X) defined by

(3.3.3) Riem (u,v) w := V[ yyWw — (VuVyw — V,Vyw) inD' (X, TX)
for all u,v,w € X (X).

REMARK 3.3.5. If V. € WP (X) for k> 1land p > 2 (or p = 1 and k > n) then Riem €

wlEobe (X,T3X): First note that WEP(X) c L2, (X) (for p > 2 this follows from Hélder’s in-

loc loc loc

equality, for p < 2 from the Sobolev embedding, see | ], Thm. 4.12, A). For v € WIIZ’CP (X, TX)
and smooth u,w we have u (w (v)) € I/Vlﬁglp (X) and v (Vuw) € VVlicp (X) (since VVIIZCP (X) is an
algebra for p > 7 or p = 1 and k& > n, see Prop. 3.1.8 or Thm. 4.39 in | ]) and thus

Vav € Wro PP (X, TX) by (3.3.2). This shows that Riem € W,'_ 7 (X, T4 X).

loc loc

Based on this we can also define the Ricci curvature tensor distribution (using the extension of the
contraction operation to tensor distributions) as

(3.3.4) Ric := CjRiem € D' (X, 75 X),

where the order of the one-form inputs is done in the conventional way of defining the local
components Riem?,, by Riem (0, 0;) 0; = Riem,; 0;. In other words, one has locally

(3.3.5) Ric (u,v) = d2’ (Riem (u,9;) v) € D' (U)

for u,v € X (U) and, as in the smooth case, (3.3.5) remains true when replacing the 9; and dz’
with an arbitrary local frame E; and corresponding dual frame EJ.

3.3.1. A jump formula for distributional connections. One of the most basic types of
singularities is a simple jump discontinuity, so as a next step we want to study the behavior of
VvV if both V and v suffer a jump discontinuity along a hypersurface M C X. We will need to
make some further (minor) assumptions about M, namely we want M to split X into two parts,
which will be denoted by X+ and X, such that X = Xt U X, Xt NX~ = M and X* are
smooth manifolds with boundary dX* = M. We will choose the orientation on the boundary M
to be the one induced from X .

Before going into detail about the regularity assumptions on V and v we will define the Dirac
measure on the hypersurface M as a special 1-form distribution d,; on X.

DEFINITION 3.3.6. The Dirac measure §; € D’ (X ,TYX ) on the hypersurface M is the one-form
distribution given by

(3.3.6) (6r (), ) = /Mj* (i), ueX(X), 60" (X),

where j* : Q"1 (X) — Q"1 (M) is the pullback induced by the inclusion j : M < X (we may
omit j* in the future for notational simplicity).

REMARK 3.3.7. Clearly &y (u) only depends on ul,, (if u|,, = 0 then also iy¢ = C] (u® ¢)
and thus j* (iy¢) are zero on M) which implies that suppdy C M. Furthermore dps (u) = 0
if u|,, € T'(M,TM): Let p € M and (U,z/J = (xl, e ,x”)) be coordinates around p adapted
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to the hypersurface', then 2 ‘M e T(UNM, TM|yn,,) for 5 = 2,...,n and we can write
ul,, = Z?:Quj %|M. Now for ¢ = fdaz' A--- Ada™ € Q™ (U) one has iy, ¢(v1,..., V1) =
f(dat Ao Ada™) (95,v1, ..., Vp—1) =0 for vi,...,vu—1 € I (M, TM) and 2 < j < n and thus
Oopm(05) =0for j=2,...,n

At first glance this definition looks rather unwieldy but the following proposition shows that it is
just a generalization of the one-form distribution Sy (n) that appeared in the jump formula (2.3.4)
in Example 2.3.9.

PROPOSITION 3.3.8. Let X be an oriented semi-Riemanian manifold and M C X be a closed semi-
Riemannian hypersurface with the properties described above and let n € T’ (M7 TML) denote the
unit normal vector field on M, then

o = Sm (m)
where n € T'(M, T*X|,,) denotes the canonical one-form given by n(n) = 1 and n(v) = 0 for
vel (M, TM).

PrROOF. First we note that using the definition of Sj; and taking into account the identifica-
tions (1.2.1) and (1.2.2) one has that

Les(x) (X(X); D' (X)) 3 (wr= Sar (n(w) = w7 () Sy (1) = SM(l) ®1n=
)

=B (Sm (1) ®17) = Su (n) € D' (X, T X)
for any smooth extension 7 of n to X, hence showing d5; = Siys (1) is equivalent to showing
(3.3.7) oy (u) = Sy (n(u)) forallu e X (X).

Also the support of both Sys(n) and s is contained in M so it suffices to show their equality
locally around M. To do this let p € M and (U,%) be canonical coordinates around p (see
subsection 2.3.1). Then every ¢ € QF (U) is equal to ¢ = f \/‘det (9ij)1<i j<n dzl A -+ Adx™ for
a unique f € D (U) (because X is semi-Riemannian and orientable T'. (X, Vol (X)) = Q7 (X) and
(), = +/|det g[dz' A--- Adz™ is a basis), every u € X (U) can be written as u = u’ ,: and n = dz’
on U N M (because n = % in canonical coordinates). Taking into account that the definition of

the single-layer distribution is based on using 2, to identify T (X, Vol (X)) and D (X) we have to
show that

forallu e X (U),¢ € Q2 (U). This allows us to calculate

j* (iu (d:v1 ARERWA dx”)) =j" (iu (dxl) Adz? A A da:") — 5" (dx1 Ay (d:c2 ARERWA d:z:”)) =
= ul‘Mj* (dz* A~ Ada™) —0=mn(u) de” A+ Adx
Thus the left hand side of (3.3.8) becomes

/MmUj* (i) = /MnU Flar \/‘det (gii‘M)lsi,an

= /MmU flar \/’det(gij|M)2§i,j§n n(u) da® A Ada"|,, = /MnU Flyn (@) Q=
= (Sm (n(w)), f),

where we have used that g1; = d1; (cf. Prop. 2.3.8). O

n
‘]V['

n(u) dz* A--- ANdx

n
|M:

1Unfortunately we can no longer use the canonical coordinates defined in subsection 2.3.1 as we no longer have a
smooth metric on X. Instead, our standard coordinates (U, 1) around a point p € M C X are chosen such that
(U N M, ¢'|UmM> is a chart in M and ¥ (UNM) =4 (U)N ({0} X R”’l). We are going to call such coordinates
adapted to the hypersurface.
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To deal with tensor fields that have higher regularity away from the hypersurface we will need some
more notations. For T' € D' (X,T7X) we say that T € W1 P(XE TrX®) if T|x£\ps is locally
integrable and can be extended to some T+ € Wk’f (X*,TT X*) (note that 7 X|, = T;"Xi|p for
all p € X* even at the boundary). For T € Ll _(X*,T" X*) we define the regular part of T' as

+ +
(3.3.9) pree, 1 onXT
T onX~

Note that this is a well-defined locally integrable tensor field on all of X that depends only on
T\ p since M is a set of measure zero in X.

We are now going to assume that V is an LlOC -connection on X such that V € L _(X*)N
WP (X%E) (le. Vav € L2 (X, TXH) N WL (XE, TXF) for all u,v € X (X)) for some p > 1.

Then V 1nduces connections V* of L2 N WP regularity on X* and Vv is the vector field in

loc loc
L2, (XE) N WP (X%) uniquely determined by

loc

Vavlxe = Vavlyey  foruvel (X5 TX%) =T (XF, TX|y) .

We have (Vyv)* = VE v and for u € X (X) and v € X (X )NWEP (XF) this is in WEZ b7 (XF)

because u (f) € W~ 1’p( )if f € WP (X) and u € X (X) (see the proof of Prop. 3.3.3) and thus

loc loc
(Vav)' is at least LY (X).

loc

Given a vector field ve D' (X, TX)N Wﬁ): (X%, TX|y+) for some co > s > 1 we define its jump
across the hypersurface M by
VI = x+ (V) —vx- (v7) € Line (M, TX|,,),
where vx+ denotes the trace operation from Prop. 3.1.7.
There is one last notation to be introduced before we can state our jump formula: For u € X (X)

the rather intuitive expression [v],, das (u) is used to denote the distributional vector field on X
defined by

([v]ps Oar () —¢»—>/ a (Wlyy) g forw e T (X, TP X)

Similarly [f],; 0a (u) := ¢ — fM A iu® for a function f € W% (X+)n L2 (X).

loc

THEOREM 3.3.9 (Jump formula for a singular connection). Let V be an LE _-connection satisfying
VE e L2, (XE)NWLEP (XE) for some oo >p>1 and v € WL (XF)N L2, (X). Then

loc loc

(3.3.10) Vav = (Vuv) ™ + [v],, 00 (u) forallue X (X).

PROOF. By Prop. 3.3.3 one has (Vuv) (w) = u(w (v)) — v (Vyw) for locally square integrable
v and smooth one-forms w. Now let ¢ € Q™ (X), then by Thm. 3.2.3 we get

(1)) = =) Lud) = = [ oW Lub == [ @) Luo= [ w(v) Lus =
= [ ue et [ ue)e- [ el ot [ ol (7)) iné =
:/Xf“(“ (v ”)*/m“(” (vF)) 6+ (V] 6a1) () (). 9)

using (3.2.4), where the last plus in the second line comes from the fact that we choose the
orientation on M as the orientation on the boundary induced from X~ and not from X*. Since
the second term of (3.3.2) is always at least L{ _(X) one obtains

<v(vuw>,¢>=/ Vaw) 6 = / (Vaw ¢+/X+v+ (Viw) 6.
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Putting everything together gives

((Vuv) (), ¢) = / ) (u (w (Vi)) -V (V;w)) ¢+ /X+ (u (w (v+)) —vT (Viw)) o+
+{(Var 001) (0) (), ) = ((Vav)™ (w) , &) + ([ 0ar) (0) (w), 6,
proving (3.3.10). O
REMARK 3.3.10. This formula is actually very similar to the one in Example 2.3.9, just the notation
is a bit different: Let f- H o h be as in Example 2.3.9 and V be the (smooth) metric connection.
Then (2.3.4) and Prop. 3.3.8 give
Vulf-Hoh)=d(f Hoh)(u) =Su (fly 1) (w)+ Hohdf (u) =
= flar 0ar (W) + (Vu (f - Hoh)"™® = [f - Hohly onr (W) + (Vu (f - H o k).

The previous result allows us to derive jump formulas for both Riemann and Ricci curvature.

COROLLARY 3.3.11. Let V be an L3, -connection on X satisfying V= € W5 (XF) and u,v,w €
X (X). Then

(3.3.11) Riem (u,v) w = (Riem (u,v) v)'® — [Vyw],, dar (0) + [Vuw],, dar (V)
and locally

(3.3.12) Ric (u,v) = (Ric (u,v))" = [dz’ (Vi v)] ,, 6ar (0) + [dz? (Vuv)],, 0nr (927)
for any chart ¢ = (ml, e :v")

PRrOOF. Clearly Vyv € L2 _(X) N W,2? (X%) by the regularity assumptions on V. Thus we

loc loc

may apply Thm. 3.3.9 to the definition of the Riemann tensor to obtain
Riem (u,v) W = Vi W — (VuVyW — V VW) = Vi W — (Vu VW)™ — [Vyw],, dar (0) +
+ (Vo VW) + [Vuw],, 0u (v) = (Riem (u,v) W)™ — [Vyw],, 0n (0) + [VaW],, 00 (V).
The second claim follows immediately from the first using (3.3.5):
Ric (u,v) = dz’ (Riem (u,9;) v) =
= (Ric (u,v))"* — da’ [V, v]y,) S (w) + da? ([Vav]) oy (927) . O
Note that the non-regular parts of (3.3.10), (3.3.11) and (3.3.12) are supported in the hypersurface
M and are thus only relevant locally around M. Furthermore in coordinates (U, 1) adapted to the

hypersurface 0y (0x7) = 0 for j = 2,...,n (since in this case 83:le el (UNM, TM|;q0)) SO
in this case the jump formula for the Ricci tensor reads simply

(3.3.13) Ric (u,v) = (Ric (u,v))"® + [dz' (Vyv)] A OM (9z') — [dz* (Vguiv)] A O (0).
3.4. Distributional metrics and scalar curvature

In the following we are going to study distributional metrics on manifolds, in particular we will
determine what regularity is needed for such a metric to give rise to a (distributional) Levi-Civita
connection.

DEFINITION 3.4.1 (Distributional metric). A distributional metric is a tensor distribution g €
D' (X,T9X) that satisfies

g(u,v)=g(v,u) Vu,veX(X)and
g(u,v) =0 YWweX(X) = u=0,

i.e., that is symmetric and non-degenerate.
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Note that this non-degeneracy requirement is weaker than that for smooth metrics, where one
demands non-degeneracy in every point p € X, because it is not possible to talk about pointwise
properties of tensor distributions. Additionally this definition does not require g to have constant
signature (again this condition can not be formulated in the distributional case). In classical semi-
Riemannian geometry any metric g induces a (unique) Levi-Civita connection V (that is a torsion
free connection satisfying Vg = 0) via the Koszul formula

(3.4.1)

29 (Vav,w) = u (g (v, w)) + v (g (w,0)) = w (g (0,v)) — g (1, [v, w]) + g (v, [w,u]) + g (w, [u, v]).

We will quickly review the duality between vector fields and one-forms induced by a smooth
metric. Given a vector field u € X (X) one defines u’ € 7P (X) by u’ (v) := g(u,v) for all
v € X(X). Locally u’ is given by (u”), = g;; u/. The map b : X (X) — T (X) is a C*® (X) —linear
isomorphism whose inverse £ : 7° (X) — X (X) is locally given by (wﬁ)z = g"w; where g" is the
inverse matrix of g;;. Now given u and v the Koszul formula actually only defines the one-form
(Vuv)b, but by the above this immediately also gives the vector field V,u and thus the connection

V - at least as long as g is smooth.

In the distributional case (3.4.1) and non-degeneracy still implies uniqueness of V (under the
requirements that Vg = 0 and that V is torsion free) and and shows the existence of a map
VP X (X) x X (X) = D' (X,TPX), however, this does not give existence of V : X (X) x X (X) —
D’ (X 0 X ) because b is no longer an isomorphism. So to give rise to a distributional Levi-Civita
connection a distributional metric must be regular enough for the inverse ¢g* to exist (in the smooth
case this follows from non-degeneracy of g in every point p € X which we do not have if g is merely
distributional) and allow products of the form gw; for w € Im V*. If we furthermore want the
(X).

induced connection to be L2

i the products gijwj have to be in L?

loc

DEFINITION 3.4.2. A locally integrable metric g is said to be uniformly non-degenerate if for any
chart (U, P = (:cl, . 7nc”)) there exists a constant cx > 0 for every compact set K C U such that

det | g i,i > CK
ox*’ OxJ

PROPOSITION 3.4.3. Let g be a distributional metric on X. If g € W22 (X) N L (X) and

loc

uniformly non-degenerate, then g¥ € LS (U) and g% (Viv)j € L2 _(U) for allu,v € X (X) and

loc loc
o)

j Oz

almost everywhere on K.

all chart domains U. In this case the local distributional vector fields g% (Vflv) define a global

distributional vector field Vov € L? (X, TloX).

loc

ProoFr. First we note that for g € Wéf (X) and u,v,w € X (X) we have that (V},v) (w) €

L2 (X) since

loc

2 (Viv) (w) = u (g (v, ) + v (g (w,0)) = w (g (u,v)) — g (u, [v, w]) -
-9 (V, [Wa 11]) + g (W7 [U,VD
and thus Vflv € L? (X, T{JX). Next we want to determine the regularity of ¢¥/: Let K C U

loc
compact, then uniform non-degeneracy implies that |det g;;| > cx almost everywhere on K so

g = #gij@j (by Cramer’s rule where C;; denotes the matrix of cofactors) almost everywhere
on K, giving ¢ € LS (U). This shows that g%/ (Viv)j € L2 _(U) for all u,v € X(X) and all

loc loc
chart domains U which cover X. That they are indeed local representations of a global L2 -vector
field on X follows in the same way as one shows that local expressions of the form ¢ wj% define

a global vector field for smooth metrics and one-forms. O
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We will refer to a metric that satisfies the requirements of Prop. 3.4.3 as Geroch-Traschen- or gt-
regular since metrics with this regularity were first introduced by Geroch and Traschen in | ]
(actually they assumed local boundedness of the inverse g% instead of uniform non-degeneracy of
gij but both are equivalent if one already assumes that g;; is locally bounded). It is easy to verify
that (as in the smooth case) the connection given by the Koszul formula indeed satisfies Vg = 0
and T = 0, where T (u,v) := V,v — Vyu — [u, v] is the torsion of g.

LEMMA 3.4.4. Any gt-regular metric g satisfies

9" € WigZ (U)N Lix, (U)

loc

for every chart (U,v) with U C K locally compact.

PROOF. To show this one first proves that the product of two functions f,g € W12 ()N
L (Q) is again in W12 (Q) N L (Q) for any bounded subset 2 C R™ (unfortunately this case is
in general not going to be covered by Prop. 3.1.8). It is obvious that fg € L (Q) C L? (), to
show Oy, (fg) € L? () one uses 9y, (fg) = g f + fOrg which remains valid for f,g € W12 (Q) by
the same argument as in Prop. 3.1.8. Since the right hand side is locally square integrable we have
I (fg) € L* ().

Because Cj; is merely a linear combination of products of certain entries of the matrix (g;;), <ij<n
the above implies C;; € I/Vlif (U)N L. (U). The same holds true for det g;;. It remains to show
that % e Wh2(Q)NL>® () for f € WH2(Q)N L (Q) with |f| > c. Clearly % € L>®(Q) C L?(Q)
and Oy (%) = faji‘—zf € L>(Q)-L? () C L? () (that this formula holds follows again by the same
argument as in Prop. 3.1.8). O

To summarize, we have so far shown that a sufficiently regular metric induces an Lfoc—connection
which in turn allows the definition of the Riemann and Ricci curvature tensors. Now we want to
investigate if a gt-regular metric allows the definition of the scalar curvature via the usual formula
of R = g% Ric (8xi, 0z’ ) At first sight this appears to be problematic because while g%/ has nice
regularity the Ricci curvature tensor is in general not even L] . However, looking a bit closer one
quickly finds an alternative expression for R in the smooth case which can be directly generalized
to the distributional one as it will only involve products of the form L2 - LiS. C L . First one

loc loc
calculates

(342) Ric (81, 83) = dl’k (Riem (81, 8k) 8]) = (Vak (Vaﬁj) — V& (V{jkaj)) (dSCk) +
+ da* (v[ai,ak]aj) = dz* (V[amak]aj) — 0 (dxk (Vakaj)) + (vﬁkaj) (Vaidmk) +
+ O (da* (V9,05)) — (Vo,0;) (Vo,da*)
using equation (3.3.2) from Prop. 3.3.3. Now for an Lfoc—connection the first, the third and the
fifth term are at least L2 . and can thus be multiplied with g% € L° (X). Concerning the second
and fourth term we see that for a smooth connection
(3.4.3) 97 0; (dz* (V,0;)) = 0; (¢ da* (V,0;)) — 0;9" da* (V,0;)
and that although the left hand side does not make sense for a merely gt-regular metric the right
hand side does since g/ € W,-? by Lemma 3.4.4 above. Using (3.4.3) to define g%/ 9; (dz* (V5,8;))
and g% Oy (d:ﬂ’C (Va, ('9]-)) gives the following Proposition.
PROPOSITION 3.4.5. Let g be a gt-regular metric on X. Then there exists a well-defined scalar
curvature distribution R. Locally, R is given by
R = ¢“Ric (Oxi, ij)

where the product is to be understood as discussed above.
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Finally we will briefly study how additional regularity of g influences the regularity of V.
PROPOSITION 3.4.6. Let g € Wllf)’cp (X, TSX) N Ly, (X, TQOX) with p > % be a uniformly non-
degenerate metric on X. Then Vas in (3.4.1) is a V[fllzgl’p-connection.

PROOF. The proof follows the same general steps used in showing that a gt-regular metric
induces an L, -connection and in showing Wé’f—regularity of ¢ in Lemma 3.4.4. First we note
that by Prop. 3.1.8 W{Zf (X)N L. (X) is an algebra so det g;; € Wllf)’f (X)NL2 (X) and C;; €

loc loc

WP (X) N L2, (X). Since |det gij| > ¢ (on compact subsets of the given chart domain) we

loc loc
have that —1— € VVIIZf (X) N LS. (X) (by Prop. 3.1.8) and thus g% € VVIIZCP (X) N L. (X).

det g;; loc
Next we use that V can be expressed explicitly in terms of the metric via V5,0; = Fi—"jak with

Ik = Lgkm ( % + ag;’]" - gziﬁ> (which can be shown completely analogous to the smooth case).

This implies that V has the same regularity as I', so V € Wlﬁgl’p (X) since terms of the form
gkmargij are in Wlﬁgl’p (X) (since 9¢ (gkm(f?rgij) is a linear combination of terms appearing in

dFer (g"g;;) and those are all in L, (X) for || < k — 1 by the proof of Prop. 3.1.8). O

loc

REMARK 3.4.7. In many cases the L. regularity requirement in the previous proposition is actually

superfluous. For instance, for p > % one has W*? (Q) C C(Q) C L3 (Q) (by the Sobolev

loc

embedding, see e.g. | ] Thm. 4.12) and so g € VVIIZCP (X) already implies g € Lo (X).

3.4.1. Jump formula for the scalar curvature. We will again consider the situation
outlined in subsection 3.3.1, that is we have a hypersurface M C X, such that X = XT U X~
where X* are manifolds with boundary and 0X* = X+ N X~ = M. We want to derive a jump
formula for the scalar curvature across the hypersurface similar to the ones for Riemannian and
Ricci curvature given in equations (3.3.11) and (3.3.12).

ProproOSITION 3.4.8. Let g € C (X, TQOX) be a uniformly non-degenerate metric on X such that
gt e WEP (XE)nWL2 (XE) for some p > 5. Then the scalar curvature R is well-defined (i.e. g

loc loc
is gt-regular) and

(3.4.4) R =R"® + [(gkjdxl — gljdmk) (Vamk@xj)] A OM (6331)

for coordinates (a:l, e ,x”) adapted to the hypersurface (see Footnote 1 on page 31).

PROOF. Since g is continuous on X one has g € Li? (X). To show that g € Wlif (X)
we first note that I/Vlif Q) c VVIEC2 (Q) for p > § and © C R": For p > 2 this follows from
LY () c L. (Q) for all 1 < ¢ < p which is an easy consequence of Holder’s inequality. So it only
remains to consider the case 1 < p < 2 which implies n =1, n =2 or n = 3. For n = 1 one has
p>norp=n=1and in both cases WP (Q) C L? (Q) by the Sobolev embedding ([ ] Thm.
4.12,A).Ifn:20rn=3,then%§p<2§nandp§2§;fpp (orp§2§3:%3/3—%§%)

and again W1P () C L? () by one of the Sobolev embeddings (| ] Thm. 4.12, C).
It remains to show that g € W,"?(X). To do this, let @ € R"™ and set QF := QN R" and

loc
Q™ :=QNR" and let f € C(Q) such that f* ¢ V[/licp (QF) for some 1 < p < co. We are going to
show that 0;f = (9;f)"® € L! () (one notes that this only holds for continuous f, for example

the Heaviside function H € L _(R) satisfies 9H = § but (0H)"*® = 0). Let ¢ € D (Q), then

loc

—(0if,0) = (f,0:0) = /Rn f(@)0ip(x)dr = - fH () 0ig(x)dz + . [~ () Oigp(a)de =

—— [ ast@owdn— [ (£10) 0.0 ds' ~ [ ouf (@) ola)dot

R? Rn-1 R™

JF/W_1 (f70)(0,2")da’ =~ | OifT(x)dp(a)de — | Oif ~ (x) pla)dw = — ((8: )%, ),

R} R”
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where the two integrals over R"~! cancel because f7| o0+ noR: = I loa-nsrn by continuity of f.
This shows that g € V[/lif (X), which immediately implies gt-regularity of g.

Now we are ready to prove (3.4.4). By the definition of the scalar curvature (see (3.4.2) and (3.4.3))
we have

R = g“Ric (9;,9;) = g”dz" (V(g,,0,09;) — 0 (9" da* (V5,0))) + 9i9" da™ (V5,0;) +
+ 97 (V,0;) (Vo,dz®) + 0), (9" da* (V5,0;)) — Og” da® (V,0;) — g7 (Vo,0;) (Vo,dz*)

If we look at the regularity of all the terms appearing in this sum, we see that only the second and
fifth term are not at least VVli)C2 and thus not equal to their regular parts. Looking at the proof
of Thm. 3.3.9, where we derived u (w (v)) = (u(w (v)))"® + [w (v)]; 6m (u) for w € TP (X), u e
X(X)and ve W (X* TX¥)N L2 (X, TX), yields the jump formula

loc loc
0; (9" da* (V5,0;)) = (9: (97 da* (V0,07)) " + [97da* (Vo,0)] ,, Sas (85)
for the second and fifth term. We obtain
g Ric (9;,0;) = g (Ric (0;,0;))"® — [g”dask (Vo,0521)] a0 (03) +
+ [gijakz:}c (Vajaj)] ar O (Ok) = R™® 4+ [gkjdxl (Va,0;) — gYdak (vakaj)] A OM (axl) ,
where we used that 0y (89:j) =0 for 5 =2,...,n in adapted coordinates by Remark 3.3.7. O

REMARK 3.4.9. One would like to simply use the jump formula (3.3.12) (or (3.3.13) to be more
precise) for the Ricci curvature (we have V* € W,2? (X£) by Prop. 3.4.6) to obtain

loc
R = ¢“Ric (&ci, 5‘xj) = g% (Ric (&ci, 5‘:Ej))reg + g% [dxl (Vamiaxj)]M On (8x1) —
—g" [dwk (Vazkamj)]M On (8:10’) = l:lreg—l—[gkjdgc1 (Vazkﬁxj) — gYda® (Vka 6scj)}M O (axl) .

Unfortunately this reasoning is a bit problematic because ¢*/Ric (axiﬁxj ) is only a convenient
notation for the scalar curvature, the actual definition of R is more complicated (albeit equiv-
alent to this multiplication for smooth metrics). Also the terms g% [dz' (Vg,i027)], dar (O2!)
are a priori not well-defined distributions (but are of course to be understood in the sense of
[gijdx1 (Vaxiaxj)]M OpM (8x1)).

3.5. Compatibility with Colombeau theory

A somewhat different approach to low regularity metrics is provided by Colombeau theory. One of
the main problems in the previous discussions was to make sense of nonlinear operations involving
the metric which necessitated the requirement of at least gt-regularity for g. An alternative way
to deal with those difficulties is to use a nonlinear theory of generalized functions (in the sense
of J.F. Colombeau) instead of classical distribution theory. In this section we will briefly discuss
connections and differences between the two approaches, following | ].

To do so we first need to review some of the most basic facts about the special Colombeau algebra
on manifolds, more details can be found in | ], specifically chapter 1.2 for R™ and chapter
3.2 for the manifold case. Let P(X) be the space of linear differential operators on X. We define
the space & (X) C C™ (X)(O’l) of moderate nets by

En(X) = {(ug)6 eC™ (X)(O’l) : Vcompact K VP € P(X)3IN € N: sup |Puc(p)| = O(E_N)}
peEK
and the space N (X) of negligible nets by

N(X):= {(ug)6 eC™ (X)(O’l) : Vcompact K VP € P(X)Vm € N : sup |Pu.(p)| = O(&‘m)} .
peK
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The special Colombeau algebra is the quotient algebra
_ Eu(X)

g(Xx) NX)

Alternatively, one may describe G(X) locally: A net (u.)e € C* (X )(0’1) is moderate respectively
negligible if and only if its chart representations (u), = (ue oqb;l)s € C™ (wa(Ua))(O’l) are
moderate respectively negligible for every chart (U,,%s). So given any u € G(X) we may use this
to define corresponding u® € G(1,(Uy)) and these u® determine u uniquely which allows us to

identify G(X) with the set of all families (u®),, with u* € G(v,(Uy)) satisfying

« —1
u |1/;a(Uar‘|U5) - u6|wa(UaﬂUg) 0 1hg 01,
for all o, 8 with U, NUg # 0 (see | ], Prop. 3.2.3).

This algebra allows both an embedding ¢ : C*(X) — G(X) of smooth functions (o(f) is the
equivalence class of the constant net (f).) and an embedding ¢ : D'(X) — G(X) of distributions:
For an open subset 0 C R"™ the embedding of distributions is done via convolution with some
p € S(R™) with unit integral that satisfies [, p(x)z*dz = 0 for all || > 1. Given such a function
p we define p.(z) := e "p(%). If T is a distribution on R™ with compact support we simply set
UT) == [(T * pe)<] € G(R™) and we have t|go = 0.

For T € D'(X) we choose a (countable) atlas (U, %), a partition of unity {x.} subordinate to
the U, and functions ¢, € D(U,) with |(,] < 1 and {, = 1 on an open neighborhood of supp (xa)
in U, and set

(3.5.1) UT)e = Ca ((Xa 0 ta " T) % pz) 0 %a,

where T € D' (o(Uy)) denotes the chart representation of T', see | ], Thm. 3.2.10.
Again one has (|, = 0.

This embedding ¢ allows us to view distributions as elements in G(X), however, it depends on
the choice of the mollifier p and the partition of unity x,. Next we want to try to associate a
distribution to a given generalized function u by taking the distributional limit (which need not
exist) of a representative u..

DEFINITION 3.5.1. An element u € G(X) is called associated with 0 (denoted by u =~ 0) if u. — 0
in D'(X) for one (and hence any) representative (u.).. Two generalized functions u,v € G(X) are
associated, u ~ v, if u — v = 0.

This gives an equivalence relation =~ on G(X) that is strictly weaker than equality (see | ,
1.2.68 for examples). If u € G(X) with u ~ «(T) for some T' € D'(X) we may suppress the
embedding and simply write u ~ T. Some nice properties of association are listed in | 1,
Prop. 3.2.12 and 3.2.14.

Of course we are also going to need spaces of generalized sections of vector bundles E over X,
which will be denoted by G(X, E) and can be defined analogously to G(X). A more convenient
description for our purposes is, however, given by

9(X,E) =G(X)oT'(X, E)
or
G(X,E) = Le=(x) (I'(X, E¥); G(X)) .
Note that we used the analogous descriptions for D' (X, E) (see Thm. 1.2.4) quite heavily in the
previous sections. For generalized tensor fields we may simply write G (X) instead of G(X,T7 X).

Given a distributional tensor field T € D' (X, T7 X) we want to define its embedding «(T) € G7(X):
This is done in the same way as for the scalar case. Given a vector bundle atlas (U,, ¥,) and a
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corresponding manifold atlas (Uy, 1) we can (by Prop. 1.2.3) identify T with the family of its chart

representations 7% := ((TO‘)fl1 """ ZJT> eD (1/104(UO¢)7 R”HS) and define (xq 05t T%) * pe
T /1<y, i <n

componentwise. Then

(3.5.2) UT)e = Car ((Xa 0 ta ' T*) % pe) 0 Wq,

where the (, and x, are chosen as in (3.5.1).
Now we are ready to define the concept of a generalized metric in the Colombeau sense.

DEFINITION 3.5.2. A generalized (0, 2)-tensor field g € GY(X) is called generalized metric on X if
it is symmetric and det g;; € G(U,) is invertible in G(U,) for every chart (Uq, ).

REMARK 3.5.3. Invertibility of det g;; in G(U, ) is equivalent to invertibility of det g5} in G(¥a(Ua))
which in turn is equivalent to the following condition (see [ ], Thm. 1.2.5.):

Y compact K C ¢, (Uy)Im € Nygg > 0: in}'{ |det g&| > €™ Ve < &o.
pe

Given a generalized metric g we may use the usual formulas on a representative (g. ). to obtain an
inverse metric g~ € GZ(X), a generalized Levi-Civita connection V : X(X) x X (X) — G}(X) and
all the curvature quantities (e.g., the Riemann- and Ricci tensor as well as the scalar curvature).
A natural question to ask is if these operations commute with the embedding ¢ up to association
for gt-regular metrics (i.e., if 1(g)~! ~ ¢!, Riem(.(g9)) ~ Riem(g),...) and, more fundamen-
tally, whether ¢(g) even is a generalized metric for any gt-regular and uniformly non-degenerate
distributional metric g.

To proceed we will need to use a mollifier with special properties in the embedding ¢:

DEFINITION 3.5.4 (Admissible mollifier). A net (p.). of smooth functions is called admissible if

(1) supp (pe) C B-(0) and [ p.(z)de =1 forall e € (0,1],
(2) it is moderate, i.e., Va € N"Im € N : sup,cpn [0%pe(x)| = O(e™™),
(3) it has finally vanishing moments, i.e.,

Vj € N3gp € (0,1] : /x"‘pg(m)da: =0 foralll<|a|<jandalle <egq
(4) the negative parts have arbitrarily small L!-norm, i.e.,

Vn > 03eo(n) € (0,1] : /|p€(:c)|da: <1+4n foralle<ey(n)

The existence of such admissible nets is shown in the appendix of | ]. It can also be shown
that given an admissible net (p.). one obtains an embedding ¢, : D'(R™) — G(R"™) through
componentwise convolution and thus ¢, : D'(X) — G(X) via (3.5.1) (although (p.). does not
satisfy the original conditions imposed on the net used in the embedding ¢ given by (3.5.1) the
relevant properties of ¢, follow analogously - on R™ this is again outlined in the appendix of | 1,
the generalization to manifolds proceeds in literally the same way as in | |, Thm. 3.2.10).

Because supp (p:) C B:(0), [pe(x)dz = 1 and ||pe||;: < C for € small, p. is a mollifier and
the embedding ¢, inherits many nice properties from the various convergence theorems regarding
convolutions of the form f * p. that can be found, e.g., in | |, p- 630 (note that while Evans
uses a special mollifier the proofs only use those three properties).

PROPOSITION 3.5.5. If T € WP(X,TrX) (for some 1 < p < o), then 1,(T). € WEP(X, Tr X)

loc loc

and 1,(T)e — T pointwise almost everywhere and in VVIIZf(X) as e — 0.
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PROOF. We know that f * p. € VVIIZCP(Q) and f * p. — f pointwise a.e. and in VVIIZCP(Q) for
fe Wlif(ﬂ) with compact support (see | ], p- 630 and use O;(f * p:) = (0;f) * pc). This

shows that
(Ca ((Xa 03 T¥) % pe) 0 Wa) oWt = Caothg - ((Xa 0¥ ' T) #p2) = Caotbgt - xa0t0g ' T

in Wk’p(wa(Ua),R"T“) and thus each term in (3.5.2) converges to (s - Xol = XoT pointwise a.e.
and in WP (X, T7 X) (by one of the equivalent the definitions of W, ”-convergence of tensor fields,
see section 3.1). Because the sum is locally finite we only have to consider a finite number of terms

for each compact K C X, proving the claim. ]
COROLLARY 3.5.6. If T € WEP (X, TIX) (for some 1 < p < 00), then
tp(T)e(ur,. .., us,wi,...,wy) —p(T(a,...,u5,wi,...,w))e =0

in VVIIZCP(X) for all wy,...,w, € TP(X) and uy,...,us € X(X).

PRrROOF. By Prop. 3.5.5 both ¢,(T):(u1,...,us,wi,...,w,) and ¢,(T(u1,..., s, wi,...,wyp))e
converge to T (uy, ..., U, wy,...,w,) in I/V{Z’f(X), so their difference converges to zero. O
PROPOSITION 3.5.7. If T € LY (X, T X), then

tp(T)e(ur, ..., us,wi, ..., wyp) — tp(T(uy, ..., ug,we, ..., wp))e = 0

uniformly on compact sets.

PROOF. Let ¢, = (z},...,2") be a manifold chart, then
(Ta)z;ir = (T(0z™,..., 02" da’",. .., dacjr))a
for the vector bundle chart ¥, =T} v,, thus
T(uy, U@,y we)® = (T30 ()™ () (@), (@),

Now let Q C R", f € L2 (92) with compact support in Q and g € C* (). Then (f *p:) - g —

loc

(f9) * p- — 0 uniformly on Q: We have

(frpe)-g=(Fg)xpe)(w) = | J@=9)(9() = 9@ =y)) p=y)dy <
SNl oo su p sup |[f(z) = flz—y)|=C sup [g(z) —g(z —y)
I upp 15210 el y€B.(0) | y€B.(0) |
since ||pe||;1 is bounded by the fourth requirement in Def. 3.5.4. Furthermore supp (f * pc) - g —

(fg)* pe C supp f+ B:(0) is a compact subset of Q for € small and thus (f * p.)-g— (fg)*p. = 0
uniformly by uniform continuity of ¢ on compact subsets.

To illustrate that this proves the claim, let w.l.o.g. T € L (X, TX). From the above we get that

> loc
((Xa 03t T) * p.)’ (W), — (Xa 0¥t ((T*)(w*);)) * pe = 0 in LS, (va(Us)) and thus each
summand appearing in the difference ¢(T).(w) — ¢(T'(w)). converges to zero uniformly. Since the
sum is locally finite we immediately obtain that ¢«(T").(w) — ¢(T'(w))e — 0 uniformly on compact
sets. g

We also get the following result regarding positivity and invertibility of ¢,(f)..

PROPOSITION 3.5.8. Let f € L2 (X), f > 0 a.e. and locally uniformly bounded, i.e., for every

loc

compact set K C X there exists a constant Ck such that f(z) > Cx > 0 a.e. on K. Then for any
admissible mollifier (p.). we have:

(1) The net v,(f)e is locally uniformly bounded, i.e.,
(3.5.3) VL C X compact 3C73eo(L) : 1p(f)e(x) > CL > 0V € L, Ve < (L)



3.5. COMPATIBILITY WITH COLOMBEAU THEORY 41

2) If, in addition, f € Wh2(X) then —L— — 1 in W12 fore — 0.
loc to(f)e f loc

PROOF. Let L C X be compact, then ¢,(f):|, is a finite sum of terms of the form (, -
(o 25" £7) + p.) © 0 and since Co - (o © ™ £4) % p2) 0 o = ((xa 0 1) %p2) ot for
¢ small enough it suffices to show (3.5.3) for each term which is in turn equivalent to showing the
estimate for functions f € L{S (R™), f > 0 with compact support.

loc

Let f be such a function and L, K C R™ be compact with K° D L and ¢ so small that L+ B.(0) C
K. For p! := max(p.,0) and pZ := —min(p.,0) conditions one and four in Def. 3.5.4 give
L= pZllpr = lpzllpr and 140 = [[pF [0 + 1027 ]I 11, e,

<

o2, > tand o], <2

I

for € < eg(n). Now we may estimate
Frpe(@)=fx(pf —p2) (@) = fxpl (@) = ||f %02 || ooy = F 507 (@) = 1l iy 07 M 1)
and using f|, > Ck gives f % pf(z) > Ck [ pt(z)dz = Ck ||pF |+ > Ck, so altogether
n . Ck
Lp(f)e =f *,05($> >Ckg — Hf||L°°(K) 5 = 7
for n small enough, showing (3.5.3).

Regarding the second claim we first note that (3.5.3) shows that ¢,(f). is invertible in W,\*(X) N

loc

L (X) and that 9, (%) = —% (see Lem. 3.4.4). Now the convergence follows from % - T(lf)s =

loc
. 87‘ 8_7' L ) __ 1
T (o) = £) = 0in L2 (X) and =3 + GlelDsl — ot (9,(1,(f)c) — 9;f) — 0 in
L% (X) (since t,(f)e — fin WILCQ (X) by Prop. 3.5.5 and m is essentially bounded on compact
sets for € small). 0

Coming back to the issue of compatibility between distributional geometry and generalized ge-
ometry in the Colombeau sense we will now take a closer look at the determinant of a given
distributional metric ¢ and its embedding ¢,(g).
PROPOSITION 3.5.9. Let g be a gt-regular metric on X. Then

I/Vﬁjf(Ua) N Lig.(Ua) > det (15(g)e);; — det gi; in I/Vlif and pointwise a.e

for all chart domains Uy of X. In particular, det(c,(g)i;) ~ det g;;.

PROOF. Pointwise convergence almost everywhere follows from pointwise a.e. convergence
tp(9)e — g. By Lemma 3.4.4 the space VV&)CQ(X) N L2 (X) is an algebra and the Leibniz rule
holds, so

10:(F D 2 < NgllL2 10: Nl 2 + 10igll L2 [1£ 1l 2 < Mgl ([ F w2 s

showing that multiplication of functions in VVlif (X) N LS. (X) is continuous with respect to the

S tp(9):(02",027) € C=(U) converges to g;; = g(0x',0z7) €
WA(U)N LS (U) in W,52(U) (by Prop. 3.5.5) this immediately gives convergence of the determi-

nant in VV&)CQ(U) (and thus also in D/(U)). O

Wh2_topology. Since (tp(9)e)

loc

Next we have to investigate which additional conditions we have to impose on a gt-regular metric g
to ensure that det ¢,(g) is invertible in G(U), i.e., that ¢,(g) is a generalized metric. Unfortunately it
turns out that gt-regularity alone is not sufficient and one needs a more complex stability condition
given in | ):
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DEFINITION 3.5.10 (Stability condition for gt-regular metrics). Let g be a gt-regular metric on X,

U be a chart domain and Aq,...,\, be the eigenvalues of (gij)1<z‘j<n' For every compact K C U
let
LK = min ess1nf|)\l ’
1<i<n zeK

be the (essential) absolute infimum of the eigenvalues of (g;;) on K (where we of course

1<i,j<n
define essinf e f(z) := essinfycy (k) f(~1(y))). We call g stable if for every compact K with
K C U for some chart domain U there exists a tensor field AX € C(U, T9U) such that

(3.5.4) esssup |gi;(z) — A”( z)| < Cx < BX
reK 2n
forall 1 <i,5 <n.

LEMMA 3.5.11. Let f € LS. (X), U a relatively compact chart domain and L C U be compact.
Suppose that there exists a function f& € C(L) such that ||f — fLHLOO(L) <cr. Then

(3.5.5) Vcompact K C L°Yo > 03eo (K,0): ||f— Lp(f)EHLOO(K) <2 +0 Ve<eoK,o0).

PROOF. We have
(3.5.6) |If — Lp(f)s”Loo(K) < ||f - fLHLoc(K)JFHfL - Lp(fL)s||Loo(K)+HLp(fL)s - Lp(f)sHLoo(K) .

By the assumption and K C L the first term is bounded by ¢ and by an argument similar
to the one in Prop. 3.5.5 (for continuous functions f * p. — f uniformly on compact sets, see
[ ], p. 630) the second term converges to zero from above. We will show show below that
HLp(fL)E — LP(f)EHLOO(K) — ¢, for e = 0, so altogether

If = Lp(f)s”[,oo(K) <cr + F; with F, — ¢,
which shows (3.5.5).

It remains to prove the convergence of the third term in (3.5.6): If we define g := f¥ — f, then

HLp(fL)s Lp HLOO(K) HLP( )sHLOO(K) by linearity of ¢,. Now let p € K, then
lp ZC& Xa © w ) * ,05) (Ya(p))s
acl

where I := {a : ¥o(U) N (supp xa o ¥5"' + B=(0)) # 0} is finite since U is relatively compact.
Because the sum is finite we have

357 o)) < [ S Gal) - ) 0" Walp) - )l ]y S

aEI
< lpellpr esssup > [xa (s (Yalp) — ) 9* (Ya(p) — v)] -
y€B:(0) acl
Now for y € B.(0) and ¢ small enough we have ¢, (p) —y € ¥, (L) (because p € K and ¢, (K) C
o (L°) is compact) and thus

ess sup |g° (1 (p) — )] < esssup | F4(x) — F(@)] < 1.
y€B:(0) xzeL

so (3.5.7) becomes

16p(9)e(P)] < llpell s cr esssup >~ xa (3 (Yalp) - 9))-
y€B. (O)ael
By Def. 3.5.4, (4) we have HpSHLl — 1 for e = 0 and

esssupZXa Yo %Zxa Ya(p) —0)) =1

y€B:(0) acl acl

for € — 0 by continuity, thus HLp(f — ey,

L)a - Lp(f)aHLoo(K)
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O

Now we are finally ready to show that ¢,(g) is indeed a generalized metric for any stable, gt-regular
metric g on X.

PRrROPOSITION 3.5.12. Let g be a stable, gt-reqular metric on X and p an admissible mollifier.
Then for all chart domains U, of X and all K C U, compact there exists e((K) such that

{HLp(Qz‘j)e”Loo(K) e < 56([()} is bounded and for
(3.5.8) V compact K C Uy 3C%3eo(K) : |detr,(g)e(z)] > C > 0Vz € K, Ve < g9(K)

In particular, 1,(g) € G3(X) is a generalized metric.

PROOF. It clearly suffices to show that this holds for some compact exhaustion (K,),,cxn of
U, and since U, = 1, (U,) C R™ we may choose the K,, such that K¢, = K,,, and ¥, (0K,,) has
Lebesgue measure zero which implies that esssup, ¢, f(2) = esssup,cpo f(2) =sup,cpo f(z) =
sup,cr,, f(x) (and similarly the essential infimum coincides with the infimum) for any continuous
function f on U,. Now let K = K, for some m € N and choose L C U, compact with K C L°.
Then the stability condition (3.5.4) and Lem. 3.5.11 give

1955 = to(9is)ell oo (1) < 2CL + o,

which shows boundedness of ||Lp(gij)5HLoc(K) in e for ¢ small. Since Cj, < £L we may choose

o so small that 2C; + 0 < B ies llgig = p(9ig)ell ooy < 5 forall 1 < d,j < n and e
small. For z € K let A'(z) > M(z) > --- > A"(x) be the ordered eigenvalues of g(z) and
let Al(x) > A2(x) > -+ > A%(x) be the ordered eigenvalues of (¢p(9ij)e); (x). Now by Weyl’s
Perturbation Theorem ([ ], Cor. II1.2.6) we have

uax [N (@) = Al(@)| < llg(@) = to(9)e(2)l| < ess Sup l9(2) = tp(g)=(@)]]

for a.e. x € K. Since the operator norm on n X n matrices (with respect to the euclidean norm on
R™) satisfies || A|| < n maxi<; j<n |A4ij| we get

i i o .
max [N (@) = Xe(@)] Sn max g = (93l o ) <

<=0 < p —n = min essinf [\(z)| —n

for some small n > 0. So
|)\i(x) - A;(:;:)! < ’Al(x){ —nforall <i<n

almost everywhere on K for ¢ small. This shows that the absolute values of all eigenvalues of
(tp(9ij)e);; are greater than n almost everywhere on K and hence

|det t,(gij)e ()] > Ilgf( |det ¢,(gij)e ()] = egSCSei;gf |det t,(gij)e(x)] > 0™ >0

on K by continuity of ¢,(gi;)e. Now by Prop. 3.5.7 we have that ¢,(gij)e — (¢5(9)<);; — 0 uniformly
on K and thus det¢,(g;5)e —det¢,(g)e — 0 uniformly on K showing that ||det Lp(g)EHLOO(K) >
for some C% and e small enough.

That ¢,(g) is a generalized metric then follows immediately from Rem. 3.5.3 and the fact that we
can always choose an atlas consisting of relatively compact chart domains. |

As a consequence we obtain the stability of the inverse for stable, gt-regular metrics.

PROPOSITION 3.5.13 (Stability of the inverse). Let g be a stable, gt-regular metric on X and
p an admissible mollifier. Then (1,(g9):)” € I'(X,T3X) N WL2(X,T2X) for e small enough

loc
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and for all chart domains U, of X and all K C U, compact there exists €((K) such that
{H((Lp(g)g)_l)ij e < eO(K)} is bounded. Furthermore

Lee (K)

(Lp(g)g)f1 — g i WX, TEX) and pointwise a.e.

loc

In particular, (Lp(g)f1 ~g Ll

PROOF. Let U, be a chart domain. Then on U, the components ¢,(g)¥ = ((Lp(g)g)_l)ij are
given by 1,(9)Y = 4 » (g)g C5; (where Cf; denotes the matrix of cofactors) which combined with
(3.5.8) immediately gives local uniform boundedness of ¢,(g)¥ and pointwise convergence almost
everywhere. Now det ¢,(g). — det g in Whl)’f(Ua) by Prop. 3.5.9 and thus m — detg in Wlif

by the same argument as in the proof of the second elaim of Prop. 3.5.8 (note that W is
bounded on compact sets by (3.5.8) for & small and 55— 5 € L2 (Uy) by uniform non-degeneracy,
which is exactly what is needed). The claim then follows from continuity of multiplication of

functions in I/Vlif( )N L2 (X) with respect to the VVli’f-topology (see Prop. 3.5.9). O

loc

From the stability of the inverse it easily follows that the Christoffel symbols as well as all the
common curvature quantities are stable. Regarding the Christoffel symbols we have:

COROLLARY 3.5.14 (Stability of the Christoffel symbols). Let g be a stable, gt-regular metric on
X and p an admissible mollifier. Then

?cl [LP(Q)E] - F}cl [g] Z.nLIQOC([JOt)
for all chart domains Uy, and so Ty [1,(g)] = T [g].

PRrROOF. This follows immediately from T'{;[g] = ¢ (é)gT’"l’“ + % - g‘i’iﬁ), Prop. 3.5.13,
tp(9)e = g in Wlf)cz and Lemma 3.5.15 below (taking f = 85’#;’“ and h = g'™). a

LEMMA 3.5.15. Let L}, () > f. — f in Lj,.
bounded, i.e., for all K C Q compact there exists e((K) such that {HthLw(K) e < EG(K)} is
bounded. If he — h € L2 () pointwise almost everywhere, then

fehe — fh leOC(Q)

for some p and he € L3S () be locally uniformly

PrROOF. Let K C  be compact. We estimate
I fehe = Bl pogsey < el iy 1= = Flloey + 1F0 = Fhcll o -

The first term converges to zero since [|h¢|| gy < Ck for all € small enough. That the second
term converges to zero as well follows by dominated convergence since fh. — fh pointwise a.e.
and |f(z)he(2)] < Ck |f(x)| on K and f € LP(K). O

Finally we will investigate the Riemann tensors Riemyp/(g) and Riemg(¢,(g)) induced by g and
tp(9g) respectively.

THEOREM 3.5.16 (Compatibility of the Riemann curvature). Let g be a stable, gt-regular metric
on X and p an admissible mollifier. Then
Riemg(:,(g)). — Riemp/(g) inD' (X, T3 X) .

So if we denote the space of all stable, gt-reqular metrics on X by D;t(X, T9X), the following
diagram commutes.
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Dy (X, T9X) —— > im (1) C G5(X)
Riemp/ \L J{Riemg

D (X, T3X) <———— G3(X)

~

ProoF. This follows immediately from

Rlemjkl = 8lrkj — akrlj + Flm ki —

km* lj
and Cor. 3.5.14 by continuity of 8 : D’ — D’ and multiplication from L2 x L2 _ — Ll . —D'. O
The same holds for the Ricci curvature an the scalar curvature: Since Ric;; = Riemfkj we clearly

have Ricg(1,(9)) ~ Ricp/(g). Regarding the scalar curvature we first rewrite equations (3.4.2) and
(3.4.3) in terms of the Christoffel symbols. Since Vy,dz* = —T'¥ dz™ and [9;,0;] = 0, equation
(3.4.2) becomes

Ricy; = —Oilf; + Uil 0 (—Thda') + 0p Tl — D0y (—Tiyda') = 9Ty, — TiTE, + 8,10 + Ty Ty
and (3.4.3) is equivalent to
g airzj = 0; (gijrlij) — (9ig") F]Izg“
This shows that
R =g" (-T3Th, + TLTR) — 0i (99T%;) + (8ig”) Ty + Ok (97T5;) — (9kg™) T}
and thus Rg(t,(9)): = Rp/(g) in D'(X) by similar convergence arguments as in the proof of Thm.
3.5.16.

Altogether, this section shows that for stable, gt-regular metrics it does not matter whether we
approach the induced geometry on a manifold from a purely distributional or a Colombeau theoretic
viewpoint.

3.6. Einstein equations in vacuum

After the mathematical side note of the previous section we will use this section to discuss some
applications of the various jump formulas derived in subsection 3.3.1 and 3.4.1. Those jump formu-
las are of particular importance in general relativity where they allow us to deduce certain minimal
regularities of the spacetime metric from the regularities of the stress-energy tensor describing the
density of energy and momentum in our spacetime.

In general relativity the Einstein field equations (EFE) relate the curvature (and thus the smooth
metric) of the spacetime to the stress-energy tensor 7;; and are given by

G

. 1
(3.6.1) Ric;; — §g¢jR +gijA = CTTija

where ¢ denotes the speed of light in vacuum, G is the gravitational and A the cosmological
constant. In vacuum one has T;; = 0 and it is possible to rewrite the Einstein field equations in a
much simpler form, namely

This is an immediate consequence of the following Proposition.
PROPOSITION 3.6.1. The Einstein field equations (3.6.1) are equivalent to

. &G 1
(3.6.3) Ric;; — gijA = o (Tz‘j - 2T9ij> )



46 3. DISTRIBUTIONAL GEOMETRY
where T' := g"'T;;.

Proor. This follows easily from some simple calculations. First we contract (3.6.1) with the
metric ¢¥ to obtain

y 1 .. y L 8rG 8tG
4A—R =R~ 2R +4A = g'Ric;; — 3979, R +g7g,;A = 9" :TT,»» - %T,
which immediately gives
) 8nG 1 8nG 1
Ricy; — gijA = o L — 59 (4A-R)= o (Tij - 29UT> . 0

If one assumes A = 0° the EFE in vacuum reduce further to the Ricci flat condition
Ric =0,
however, in the following discussion we will not need this assumption.

As mentioned very briefly in the beginning of this chapter our goal is to study necessary conditions
for low regularity metrics to satisfy (3.6.2), in particular concerning jumps across a hypersurface.
First we note that (3.6.2) is a well-defined equation for any gt-regular metric (which is not true
for the original equation (3.6.1) since it contains the product g;;R of a non-smooth function with
a distribution). In the following let g € C (X 19X ) be a uniformly non-degenerate metric on X
such that g* € VVlif (X#) for some p > % (as in Prop. 3.4.4), then the induced connection V is an
L2 -connection satisfying V+ € W,L? (X*) and the jump formula (3.3.13) for the Ricci curvature
in coordinates (U, ) adapted to the hypersurface holds. Now (3.6.2) gives

(3.6.4) [dz" (V0,0))] 5, 0as (91) — [da* (V9,0))] y, 001 (03) = gisA — (Ricij)™™ € Ly, (U).
PROPOSITION 3.6.2. Let f € L (M) and u € X (X) such that ul,, ¢ T (M,TM). Then the

loc

distribution f opr (u) (given by ¢ — [, fiud for ¢ € Q" (X), ¢f. Def. 5.5.6) is in Li,, (X) if and
only if supp f Nsupp ul,, =0, i.e., if and only if fép (u) =0.

PROOF. Let p € M and (U, v) be adapted coordinates around p with U relatively compact. By
Rem. 3.3.7 it suffices to show that fdys (01) € Ll (U) ifand only if f =0 for all f € L (M NU).

loc

Assume that féy (1) = g € Ly, (U) but f # 0 and choose h € D (U) such that [, fhdz*A---A

da™ # 0. For ¢ := hda' A---Adz™ € Q™ (U) this implies (fép; (01),¢0) = [y, fhda?A---Ada™ # 0.
Let 7. (z',2%,...,2") := n. (x1), where . € C*° (R) is defined by n.(z) := n (/) with

e T x| <1
n(z) :{

0 lz| > 1

Then ¢*7. € C*° (U), ¥*7|,, = %, PR < é € L' (U) and 4*7j. — 0 pointwise almost everywhere,
then

0 [ Fioo=(Fou @) 000) = [ gurio—0

by dominated convergence, giving a contradiction. The other direction is obvious. |

This shows that (3.6.4) requires that the singular part of the Ricci curvature vanishes, which is
equivalent to [dx' (Vg,0;)],, = 0fori=2,...,n (because for those i, 6y (9;) = 0)and j = 1,...,n
and Y_p_, [dz* (Vp,0))],, =0 forall j=1,...,n.

A sufficient condition for the vanishing of the singular part of the Ricci curvature is the vanishing
of the singular part [Vuw|,, 0ar (v) — [VyW],, drs (u) of the Riemann tensor Riem (u,v)w (as
given by the jump formula (3.3.11)), which is equivalent to [Vyw],, = 0 for all u,w € X (X)) with

2Experiments indicate that the actual value is approximately A ~ 1.7 x 10121

G=c=h=1 (see | D-

in Planck units, i.e., units where
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u|,, € I'(M,TM). We are going to see a little bit later (in Prop. 3.6.5) that those two conditions
are even equivalent under certain additional assumptions (namely the hypersurface being nowhere
null). For now we will study some other equivalent conditions to the vanishing of the singular part
of the Riemann tensor.

LEMMA 3.6.3. Let ~y : W{Z’Cp (X) — I/Vllf)zlp (0X) be the trace operator from Thm. 3.1.4, f €
WP (X) and u € X (X) such that ulyy € T (X, T (8X)). Then v (u(f)) = ulyx (v(f)). In

loc

particular for f € W2P (X*) and 2 <i <n one has 9; ([f],;) = [0:f],, in coordinates adapted to

loc

the hypersurface M.

PRrRoOF. First we consider the case that f € C* (Y) Let p € 0X and (U,%) a chart at the
boundary around p, then any u € X (X) such that ulyy € I'(0X,T (0X)) can be written as
u=>",u'5% and

n

() )= o @) D (o 0™) () = Do (0) i (£o v ) (6 0) =

=3 (1) Di (Flox © (Ulox) ™) (@ 0)) = ulyx (Flox) (0).
=2

sovy(u(f) = u(f)logx = ulyx (flox) = ulgx (v(f)). Now if f € V[/{Zil’p (Y) we can choose

f- € ¢® (X) such that f. — f in WE? (X) and thus

loc

T (f) = lim 5 (u(f2) = m ulyy (7 (7)) = uloy (7 (1)
in D' (0X). O
PRrROPOSITION 3.6.4. The following are equivalent:

(1) The singular part of the Riemann tensor vanishes, i.e., [Vyw|,, =0 for allu,w € X (X)
with u|,, € T (M,TM),

(2) [019i5]y; =0 fori,j =2,...,n in adapted coordinates (U, 7))

(3) [u(g(v,w))];, =0 foru,v,w e X (X) such that v|,,, wl|,, € T (M, TM).

PROOF. To show that the first two statements are equivalent we note that (1) is equivalent
to [Ffj 8k]M = [FmM k|, = 0 in adapted coordinates for 1 < j < n and 2 < i < n. Now for
2 <1i,5 <n we have
(3.6.5)

km

1 1 1
k k k
[Fij]M = 3 g m’M [8igjm + 0 Gim — amgij]M = D) g ‘M [amgij]M = D) g 1‘M [5191‘]‘]]\4,
where we used Lemma 3.6.3 and continuity of g. This shows that [01g:5],, =0 forall 2 <i,j <n
if and only if [Ffj] y = 0 by uniform non-degeneracy of g, proving that (1) implies (2). For
(2) = (1) note that (again by Lemma 3.6.3) (2) is equivalent to [0,,9:5],, = 0 for all m and
all 2 < 4,7 < n immediately giving [F%]M =0 for 2 <i4,j < n by (3.6.5) and that for j > 2,

(T8 1, = 3 9™ 0y [0195m — Omgnilyy = 5 9" 4y 101950 — Drg15]y, = 0.

0
for all m # 1 and i,j > 2 anyway). a

Our next goal is to show that for nowhere null hypersurfaces the singular part of the Ricci tensor
vanishes if and only if the singular part of the Riemann tensor vanishes. To do so we need the
so-called normal one-form on the hypersurface n defined in section 4.1 below and the vector field
n=nfc Wlﬁf(X ,TX) (for g € Wlﬁf(X )) that is metrically equivalent to 7 (and also introduced

in section 4.1). The hypersurface M is called nowhere null if g(p) (n,,n,) # 0 (or equivalently if
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n, ¢ T,M, see Rem. 4.4.2) for all p € M (see Def. 4.4.1). Some additional properties of nowhere
null hypersurfaces will be discussed in section 4.4 but will not be needed here.

PROPOSITION 3.6.5. If the hypersurface M is nowhere null, then the singular part of the Ricci
tensor vanishes if and only if the singular part of the Riemann tensor vanishes.

PrOOF. That the vanishing of the singular part of the Riemann tensor implies the vanishing
of the singular part of the Ricci tensor is obvious because the Ricci tensor is a contraction of the
Riemann tensor, so it remains to show the other direction.

Since the hypersurface is nowhere null we have g (n,n) # 0on M. Givenp € M let (U, (z*,...,2"))
be adapted coordinates around p. Because the %’p € T,M are a basis of T, M for 2 < i <n for
p€ MNU and n, ¢ T,M (see Rem. 4.4.2) we have that (n(dz')) (p) # 0 and thus n(dz') # 0
in some neighborhood V' of p by continuity of n (clearly n has the same regularity as g). So the
01-component of n is non-zero on V', which shows that {n, 8%27 R } forms a basis of TV. Its
dual basis {w™), ..., w(™} satisfies w| == ﬁn’M (since n(n) = g(n,n) and 7n|,, (u) = 0 for
u € X(M) by definition, see (4.1.1)). Looking at (3.3.12) and replacing the basis {01, ..., 0y} with
{n,%,..., 5%} and {dz?,... ,d2"} with {w®, ... ,w(™} shows that on V the singular part of
the Ricci tensor becomes

Ric(u, v)"" = — ([ M (v v} +Z[ (Vouiv }M> Sar (u) + [w<1> (Vuv)]McSM (n)

since 87 (0x7) = 0 for 2 < j < n by Rem. 3.3.7. Now let u, v € X (X) with ul,,, v|,, € I (M, TM),
then dp7(u) = 0 and we get

Ric(u, v)*"8 = [w(l) (Vuv)} o I (n)
By Prop. 3.6.2 this vanishes if and only if

(3.6.6) [w(l) (Vuv)]M = [g(Vuv, (w(l))u)} =0.

M
Using the Koszul formula (3.4.1), continuity of g and that

(3.6.7) [u(g(v,w))]p MW@M@@WWMM

since [u(g(v,w))];; =0 for u € X (X) with u|,, € X (M) and u— w(l)(u)n|M € X(M), we have

Rem.3.1.6

219 (Vav, W)y “= [ (g (v, )]s + v (9 (W, )] 5y — [w (g (W, v)] = g (w, [v, W]y

+ [g (Vv [W u])] [g (Wﬂ [11, v])]M

(3':6'7) w(l)(u)’M[ (g (vaw))}M + w! (V)‘ n (g (W,U))}M

M
_ OJ(l)(w)‘M n(g(u,v))]y,

for all u,v,w € X(X). This gives

R R AT R

M

+ 00| [0 (@R w)] = w® (@] g @)y,

M
Now for u,v € X (X) with u|,,, v|,, € I' (M, TM) equation (3.6.6) is equivalent to
m (g (u,v))]y =0
since w (u)|,, = w®(v)|,, =0 and w((WM)?) = g(in)n(g(in) n) = 9(1}711) #0on M. So we
have shown that [w (g (u,v))],, = 0 for all u,v,w € X(X) with ul,,, v|,, € I' (M, TM) which is
equivalent to the vanishing of the singular part of the Riemann tensor by Prop. 3.6.4. O




CHAPTER 4
Geometry induced on a hypersurface

2

In this last part we are going to study how a given L; .

-connection (or gt-regular metric) on X
can induce a connection (or metric) on a hypersurface M C X. As in the previous section X
is assumed to be oriented and we further assume that X = X+ U X~ where X* are manifolds
with boundary, 9X* = M (implying that M is oriented and we choose the orientation induced
from X~) and X+ N X~ = M. In particular we will be studying the difference between null and
non-null hypersurfaces and are going to derive the Gauss and Codazzi equations. We are mainly

going to follow [ ] and | ]

4.1. Normal form and rigging vector fields

First we are going to look at ways in which an (L? -)connection V on X induces a connection on
M. For this we need projection operators (.)" : D' (M, TX|,,;) — D' (M,TM) for vector fields and
(), : D' (M, T*X|,,) = D' (M, T*M) for one-forms. These are defined with the help of a normal
form n € TP (X) for the hypersurface M, that is a one-form 7 such that for all p € M

=0 u(p) e,M
(4.1.1) n( )(P){#O w(p) ¢ T,M

The next proposition shows the existence of such an object (pointwise existence of 7| p 18 of course
obvious, but it is a priori not clear that there exists a smooth object with the desired pointwise
properties).

PROPOSITION 4.1.1. Let X be an orientable manifold and M C X an orientable hypersurface.
Then there exists a one-form n € TL (X) satisfying (4.1.1).

PROOF. Choose some Riemannian metric g on X, then there exists a normal unit vector field n
on M (by Rem. 2.3.1). Now define n(u) = g(n,u) for u € X(X). Then n € T°(X) and n(u)(p) = 0
for u(p) € T,M and n(u)(p) # 0 for u(p) ¢ T,M since 0 # n(p) € T,M=. O

Note that while (4.1.1) does not determine 7 completely it does determine 7| » for p € M up to a

scalar multiplicative factor o (p).!

Now there are two different ways to obtain vector fields defined on M from the normal form 7.
The first is via metric equivalence of vector fields and one-forms: Given a gt-regular metric g we
can define a normal vector field n € D’ (X,TX) as n := n* (see the beginning of Section 3.4 for
details). Note that the regularity for n will be the same as for the inverse metric g¥/. The second
does not require a metric and instead uses duality to define so called rigging vector fields ¢:

DEFINITION 4.1.2 (Rigging vector field). A section ¢ € I' (M, T'X|,,) is called a rigging vector field
(or simply a rigging) for M if

t(p)¢T,M Vp and n(0)=1.

1Given two normal one-forms n1 and 7n2 one has 771|p =0 (p) ng\p for o (p) =m (311)(P)/n2(61-1)(p).

49
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Note that the second requirement can be easily achieved from the first one by replacing ¢ with
ﬁﬁ (or n with ﬁ@n). A similar argument as in Prop. 4.1.1 (setting ¢ = n for any unit normal
vector field with respect to some Riemannian metric g on X) shows that such a rigging vector
field always exists. It is, however, highly non unique: there exist lots of different and linearly
independent riggings (for example adding an arbitrary vector field u € X (M) to any given rigging
£ produces a new rigging). So when using such a rigging to define objects on the hypersurface (e.g.
an induced connection, ...) we will have to take note on whether these depend on the rigging and
if so, how.

Since dim T, M = n — 1 we may use £, = ¢ (p) to decompose T,,X in a direct sum
(4.1.2) T,X = ({p) @ T,M,

where (¢,) denotes the vector space generated by £,. This means that we can decompose any
vector field u € I' (M, TX|,,) (and any distribution u € D’ (M, TX|,,)) in a part tangential to
the hypersurface and a part proportional to ¢, we write

(4.1.3) u=n(u)lf+u',
where u" € X (M) (or D' (M, TM), respectively) is called the rigging projection of u (note that u"

depends on the rigging, so we will sometimes write u, to highlight this dependence).

The choice of a rigging ¢ also allows a decomposition of the cotangent space T,y X at p € M similar
to that of the tangent space given in equation (4.1.2): The main problem here is that 7, M is a
priori not a subset of 7,7 X', however, we may identify

TTM={weT;X: w()=0}
to obtain
(4.1.4) Ty X = (n) ®@T, M.
Again this allows the decomposition of any one-form w € D' (M, T*X|,,) as
(4.1.5) w=w () n+w,

where w, € D' (M, T*M) is called the normal projection of w. Note that w, is independent of the
rigging ¢ since (w,,u) = (w,u) for u € X (M).

4.2. The projected connection and the second fundamental form

In the following it will be important keep in mind when the vector fields used are in X (M)
and when in X (X). To better distinguish between those two we will from now on generally use
the letters u, v, w for objects in X (M) and x,y,z for X (X) (or 0, v if we want to specify that
they are extensions of u,v). Similarly we will use w,6 € T (M TP M ) for one forms on M and
¢,&el (X, TloX) for one forms on X.

Given a W’{Zf’—connection V on X we can define an operator V : I' (M, TX|,,) xI'(M, TX|,,) —
WELP (M, TM) on M locally via

loc
(4.2.1) (Vuv) (p) = (v(Vav))' (p) foru,v el (M, TX|y),

where @, v € X (X) such that @, V|, = W, V|4, for some open U C X (with p € U) and  is the
trace operator from Prop. 3.1.7 (to be precise, in the language of subsection 3.3.1, v (T') := T (T™)
for T € W57 (X, T7 X) which is equal to v~ (T) since they coincide for smooth tensor fields).

loc

LEMMA 4.2.1. Let V be a V[G’Zf-connectz’on (for some k > 1) on X. Then the operator V given by
(4.2.1) is well-defined.
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PROOF. First we show that there exist appropriate extensions 1 € X (X): By setting f =
x fo 1/)|5r1'1M o prga—1 0t € C* (X) for an adapted chart ¢ around p (where y is an appropriate
cut-off) we see that we can locally extend smooth functions f € C* (M). Now u € X (M) is
locally given by u = > , u'9; in adapted coordinates and setting a = >, ui9; gives the desired
extension around p.

Next we have to check that v (Vxy) only depends on x[,, and y|,, for all x,y € X¥(X). In
coordinates adapted to the hypersurface we have

Y(Vxy) = x(¥")] 4,7 (@) + 2"y |, 7 (Vo,0:)
by the Leibniz rule and C* (M)-linearity of the connection operator in the first argument (see
Def. 3.3.1) and Rem. 3.1.6 as well as Lemma 3.6.3. Since x|, € X (M) we have x (y')|,,
Yo, xi‘M 0; (yz)|M =>r, xi’Mai (yi’M) showing that this also only depends on x|[,, and
¥l ([l

Since X (M) C T' (M, TX]|,,;) we may restrict V to obtain an operator from X (M) x X (M) to
WELP (M, TM) (which we will again denote by V). This gives us a connection on M.

loc

PROPOSITION 4.2.2. The operator ¥ : X (M) x X (M) — WP (M, TM) defines a W -

loc loc
connection on M, the so-called projected connection.

PROOF. The required properties, i.e., that V is C*> (M) —linear in the first and R-linear in
the second argument and satisfies the Leibniz rule follow immediately from those same properties
of V (and Remark 3.1.6). O
REMARK 4.2.3. If V is torsion free then the projected connection V is torsion free as well since

Vov = You=(y(Vav = Vi)' = (v([@,9]))" = ([0, ¥][,)" = [0, V]

for all u,v € X (M) by the properties of the Lie bracket on submanifolds. However, even if V is
the Levi-Civita connection for some smooth metric g and the pullback of g is actually a metric on
M the projected connection V need not be the Levi-Civita connection associated with the pullback
metric j*g on M: Obviously V depends on the choice of the rigging vector field ¢ and, by (4.1.3)
and (4.2.1),

(4.2.2)  g(Vxy,2)lyy = 9(Vxyly2ly) =9 ((ny\M)” + 0 (Vxyl) 4, Z\M) =
=59 (i, Ylar+ 2lar) + 1 (Vaylar) 9 (6 2l)

for x,y,z € X (X) with restrictions in X (M). So we have

(4.2.2)

zu (j*g) (V’ W) =u (g (Vv W))*j*g (tu,W)fj*g (Vv qu) = u (g (V7W))7 g (vﬁ‘?vwﬂM +
0 (Va¥la) g (6w) = g (Vaw, )]y, + 1 (Vawln) g (6,v) = (Vag) (¥, %)), +
+ 0 (Va¥la) g (6w) +1(Vawly) g (6v) “E 0(Vavly) 9 (6w) + 0 (Vawly) g (4, v)

for all u,v,w € X (M). This shows that V (j*g) = 0 if g (¢,v) = £*(v) = 0 (where £* = g;;¢?dx")
for all v € X (M) that is if £> oc n|,, (since £’(p) # 0 it satisfies the conditions (4.1.1) and thus
is proportional to 7|,, by uniqueness of the normal form up to a scalar multiple). If ?* o 1 then
V (j*g) need not be zero since in general Vvl|,, ¢ X(M) even if 4l,,, V|,, € X (M) (in some
special cases it may still be zero, e.g., for hyperplanes in R™ with the standard euclidean metric).

Next we introduce the second fundamental form of the hypersurface.



52 4. GEOMETRY INDUCED ON A HYPERSURFACE

DEFINITION 4.2.4 (Second fundamental form). Let V be a I/Vllf)’cp- connection (with k& > 1) on X.
The second fundamental form on M is the tensor field K € W_"? (M, T9M) given by

loc
K (u,v) :=7((Van) (v))
for u,v € X (M), where 1, v are (local) extensions of u, v.
That this is well-defined follows from a similar argument to the one in Lemma 4.2.1.

PROPOSITION 4.2.5. The second fundamental form satisfies

(4.2.3) v (Vav) =V,v— K (u,v)?
for allu,v € X (M) and
(4.2.4) K(u,v) = K(v,u) =n(y(T(1,v)),

where T € WP (X, TQOX) denotes the torsion tensor field given by T (x,y) = Vxy — Vyx — [X,y].

loc
If V is torsion free then K is symmetric.

PROOF. To show (4.2.3) it suffices to show that K (u,v) = —n (v (VaVv)) by (4.1.3) and (4.2.1).
We have

(4.2.5) K (u,v) =7 ((Van) (v)) = v (@(®(¥))) =7 (1(Vav)) = 0 =1 (v (Vav))
by Lem. 3.6.3 since u,v € X (M) implies n (¥)|,, =n(v) =0.

Concerning (4.2.4) we note that n (v ([@,v])) = 1 ([u,v]) = 0 since the Lie bracket of two vector
fields in X (M) is well-defined and again in X (M). This and (4.2.5) immediately gives (4.2.4). O

REMARK 4.2.6. That the expression n (v (7' (@, v))) does not depend on the extensions of u and v is
clear since the left hand side of (4.2.4) does not depend on them. However, there is a more general
way to see that this must be true. For T € I' (X, T? X ) the pullback tensor field j*T € T' (M, T2 M)
is defined by

JT(vi,..,vs) (p) =T (p) (vi(p)s-- -, Vs (D))
which is equal to v (T (V1,...,Vs)) for any (local) extensions vi,...V, of vi,...,vs. This shows
that the pullback map is continuous with respect to the Wk’p—topology on I (X, T?X) and the

loc

WE—1P_topology on T (M, TOM) for all k > 1 and thus extends to all of wlr (X, T?X). Clearly

loc loc
one still has that j*T (vi,...,vs) = (T (V1,...,Vs)) for T € Wlﬁ’cp (X,TPX) and in particular
the right hand side is independent of the chosen extensions.

4.2.1. Gauss and Codazzi equations. Next we want to study the curvature of M. On
the one hand, if V is at least in W, (X), the projected connection ¥V € L2 _ (M) (see (4.2.1) and

loc loc

Prop. 4.2.2) on M gives rise to a Riemann curvature tensor Riem € D’ (M, T31M) on M.

On the other hand, if V is at least in WIIZ’CP (X) for some k > 2and p > 7 (or p=1and k > n), we
can use the Riemann tensor of V on X to obtain v(Riem) € W~ 7 (M, T;}X’M) (since Riem

loc

itself is at least in W~ 1% (X) by Rem. 3.3.5) and by T9X|,, C TYM (because TM C TX]|,,) we

loc

may restrict it to get v(Riem) € W@:Q’p (M, T9M & T(}X’M).

Before we can relate these two objects with each other, we have to investigate in which sense an
analogue to (4.2.3) holds for v .€ W,*~1? (M, TM). For V € W,"? (X) for some k > 2 and p > nt

loc loc

(or p=1and k >n) we may extend V € W"~ 17 (M) to

loc
YV X (M) x WESDP (M, TM) — WEP (M, TM)

by setting (V,v) (w) =u (v (w)) — v (Vyw) for w € T (M,T{ M) (see Prop. 3.3.3 and Rem. 3.3.5)
and K : X (M) x X (M) — WFBP (M) to

loc

K : X (M) x WEYP (M, TM) — WE2P (M)

loc
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by K (u,v'9;) =v' K (u,0;).

PROPOSITION 4.2.7. Let V € Wk’p( ) for some k > 2 andp > %=1 (orp=1and k > n). If

loc

v E VVIIZC Y (M, TM) and there exists a v € VVIIZCP (X,TX) such that y (V) = v then foru € X(M),
(4.2.6) v (Vav) =V, v— K (u,v)/.

PRrOOF. First we note that p > 7= nnphes also p > % (from pk —p > n — 1 one immediately
obtains pk > n since p > 1), so the regularlty assumptlons on V guarantee that both Wllf)’cp (X)
and W," 1P (M) are algebras (with continuous multiplication) and so if f, — f in W,*? (X) and

loc loc

€ WP (X) then 0, f, — if in WET'P (X) and fog — fg in WP (X),

loc loc loc

Now choose a sequence v, € X(X) such that v, — Vv in I/Vlof( ) and let & € X(X). For
every w € I' (X, T X) the function (Vg¥v,) (w) = @ (¥, (w)) — ¥, (Vaw) converges to (Va¥) (w)
in WEDP(X). Thus v (Vav,) — 7 (Vav) in Wyi_>? (M, TX|,,). Looking at the right hand

side of (4.2.6) the same arguments show that V,v,, — V,v in Wllf)c ZP (M) (note that v, =
(V) =y () = v in WigZ M (M) and K (u,v,) = 7 ((Van) () = 7(Van) (7)) = K (u,v)
in V[/lizl’p( ), which together with the fact that (4.2.6) holds for smooth v (see (4.2.3)) proves

the proposition. O

Now we are ready to prove the following proposition.

PROPOSITION 4.2.8. Let V € WP (X)) for some k > 2 and p > =L (orp=1and k >n). Then

loc

v(Riem) (u,v) w = Riem (u,v)w + K (v,w)~y (Vﬁf) — K (u,w)~( V;,Z)
(4.27) (V) (v, W) £ — (T, K) (1, w) ¢
for allu,v,w e X (M).

PROOF. We first calculate
(42.8) v (VaVew) =7 (Va (VoW —n(Vew) L+ 17 (VeWw) () =
(426) Vo (7 (VoW =1 (Vew) 1)) — K (u,y (VOW —n(Vew)0)) L+~ (Va (n(VeWw)l)) =
o Y Tw — K (.)€ (Va (0 (VW) ) =
(425) V.V, w—-K(uV,w/{—u(K((v,w)l{—K((v,w)y (ij) ,

where we used that v (fg) =~ (f) v (¢) for f,g € W} (X) (which can be shown by approximating

loc

f and g by smooth functions) and that v (—n (Vew)) = K (v, w) (see (4.2.5)). Now

~v(Riem) (u,v) w = v (Riem (a, v) w)

U2V Vow K (w Y w) u(K (v, w) £+ K (v, w) 5 (Val)

+V VoW — K (v, VW) £ — v (K (0, w)) £ — K (u,w) 7y (Vel) +7 (ViauWw)
(4.2.9)
(4.2.6)
— (VoK) (u,w) = K (Y, u,w) L+ K (v,w)y (Val) — K (u,w) 7 (Vi)

(4.2.10)

Riem (u,v)w — K ([u,v],w) L+ (V ,K) (v,w){+ K (V,v,w){

Riem (u,v)w+ K (v, w)~y (ij) —K(u,w)y (V;,Z)
+ (VoK) (v, w) = (V K) (u,w) £,
where we used the fact that

(4.2.9) u(K(v,w)) — K (v,V,w) = (V,K)(v,w)+ K (V,v,W)
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for the third and
(4.2.10) [u,v] =7 ([0, v])' =~ (Vav)' =~ (Vsa)' = V,v—V,u
by Rem. 4.2.3 for the last equality. |

A somewhat similar formula may be derived for v (Riem) (u,v) ¢ (again u, v are assumed to be
in X (M)): Using

¥ (VaVel) = (Va (Vol = n(Ve)i + (Ve l)i))
E:; Vo (Vo) = K (0, Y,0) £+ n(+(Vel)) 7(Val) + uln(+(Vel)))L

(4.2.5) ~ ~ ~

Vi (Vo) +1(v (Vo)) Vol + K (0, Vo 0) £+ n(y(Vel)) n(v(Val))¢

(4.2.6)

(4.2.11) +u(n(v(Vel)))e

we obtain

v (Riem) (u,v) £ =7 (Viaufl) — 7 (VaVsel) + 7 (Ve Val)
:%3 Vil +1 (v (Viasil)) £ =7 (VaVel) + 7 (Ve Val)
(4.2.11) Riem (u,v){+1n (7 (V[ﬁ,{,]g)) {—n (’y (V{,g)) V.l+n (’y (Vﬁg)) AV
(4.2.12) + (VO(H(Vad)) = (3 (Vsd) + K (v, V) — K (0,0} £,
where Riem (u, v) ¢ is defined in the obvious way, namely

Riem (u,v) ¢ =V, ¢ — (V,V -V, V().

The equations (4.2.7) and (4.2.12) provide a generalization of the well-known Gauss and Codazzi
equations to general hypersurfaces. We will later see that in the case of non-null hypersurfaces
(4.2.7) reduces to the usual Gauss and Codazzi equations and (4.2.12) becomes equivalent to
(4.2.7).

4.3. Geometry on a hypersurface induced by a metric

In the previous section, where we discussed the projected connection and the second fundamental
form we did not need any metric on X, we only used the connection V. Now given a (sufficiently
regular) metric g on X we of course have its Levi-Civita connection V on X and thus get a
projected connection V on M. However, now this is not necessarily the only natural connection
on M associated with V.

From now on we will assume that we have a uniformly non-degenerate metric g on X that is at

least of Wllf)jl’p (X)-regularity for some k& > 2 and p > % (or p=1and n=k).

REMARK 4.3.1. While some of the following results may be true under weaker regularity assump-
tions, the above hypotheses guarantee a number of important things:

(1) The Levi-Civita connection V on X has W/ (X)-regularity (see Prop. 3.4.6) and all the

loc
results of the previous section hold, in particular V is well-defined and has I/Vf);l’p (M)-
regularity,
(2) the spaces WP (X)), WEP (X)), WP (M) and WP (M) are algebras with contin-
uous multiplication (see Prop. 3.1.8),
(3) by the Sobolev embedding (] ], Thm. 4.12 A) we have both
WERP (X)) c WEP (X) = ¢ (X)

loc loc
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and
Wil (M) € Wil (M) = € (M),
(4) g is gt-regular (since Wlﬁjl’p (X) € W22 (X), see Rem. 3.3.5) and
(5) the metric is invertible and satisfies g~ € Wt "? (X, T3 X) (which follows immediately

loc
k+1,p

from the algebra property of W, """ (X), uniform non-degeneracy of g and the charac-

terization of invertible elements in VVIIZjl’p (X)).

Note that the uniform non-degeneracy requirement can be replaced with the usual pointwise non-
degeneracy (clearly uniform non-degeneracy implies pointwise non-degeneracy, the converse follows
from continuity of |det g;;| because continuous functions attain their minimum on compact sets).

On X the metric g offers a way to identify WIIZ’CP (X,T7X) and W’lﬁf (X,T7X). This is done using
the C* (X) —linear isomorphism
o WP (X, TX) 5 WEP (X,70)
x = (y = g(x,y))
and its inverse

fx WP (X, TP X) — WP (X, TX)

loc
(= (E—~971(¢9)
Locally x"* is given by (xbx)i = g;j x’ and ¢*X by (Cﬁx)i = g"¢; where (¢7), _. j<p 18 the matrix

inverse of (g;;) Our next goal will be to define analogous maps on M.

1<i,j<n’

From g we obtain the trace v (g) € VVIIZCP (M, T§X|M) and, by restriction, a (0,2) —tensor field

gum € VV{Zf (M,T9M) on M. In general gy will not be non-degenerate and thus not provide
a metric on M (the special case where gjps actually is a metric on M is treated in section 4.4

below), in particular the matrix ((gM)ij) = (7(9ij))1<i jen_, (for coordinates adapted

1<i,j<n—1
to the hypersurface, see footnote 1 on page 31) will not be invertible. Regardless, it still provides

a C* (M)-linear map
bar X (M) =T (M, TYM)
u (v y(g) (w,v)).
Clearly this definition can be extended to by : W17 (M, TM) — Wlﬁzl’p (M, TP M).

loc

While this map does not have an inverse in general, there is a natural way to define a map
far 2 T (M, TP M) — X (M) by using the trace of g=! € Wlﬁjl’p (X,T¢X). Given a one form

wel (M, TloM) we may use the rigging to interpret w as an element w’ € T’ (M, T{)X|M) via
W' (x) == w(x —n(x)¢) for x € T' (M, TX]|,,). With this we can define fp; by

v T (M, TYM) — X (M)
we (0=v(g7") W,0)).

Note that w® depends on the rigging since the inclusion map I’ (M, T{JM) —-T (M, TPX’M) does.
As was the case for by, we may extend #1; to a map fas : W 1P (M, TY?M) — WELP (M, TM).

loc loc

In the future we may simply write b, # for either by, #x or bas,fias if it is clear which one is meant.
We can use this to define the so-called normal vector field n € W' (X, TX) by n := 5#x (this
definition has actually already been mentioned in the paragraph before Def. 4.1.2). Now we are
ready to investigate necessary and sufficient conditions for the degeneracy/non-degeneracy of g,
and v(g_l)’T*M, where v(g_l)’T*M e whe (M, T3M) denotes the (2,0)-tensor field on M given

loc
by ¥(g™ )|y ps (@i n) =297 1) (W', 1) (for w,n € TP(M)).
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THEOREM 4.3.2. The following equivalences hold:

(1) v(g) is degenerate at p € M if and only if n, is null (that is iff g(p) (np,n,) =0)
(2) v (g’l) is degenerate at p € M if and only if £, is null (that is iff g(p) (¢p, £p) =0)

PROOF. First we observe that it makes sense to talk about pointwise properties since all the
occurring objects are at least continuous by Rem. 4.3.1. To show (1) note that g(p) (n,,u,) =
np (up) = 0 for all u, € T,M. Now if n, is null we have 1, (n,) = 0 and thus n, € T,M (by
definition of 7 one has n, (x,) # 0 for x, ¢ T,M) and gy is degenerate at p. On the other
hand if gps is degenerate at p, then there exists a vector v, € T,M \ {0} C T,,X \ {0} such that
g9(p)(vp,u,) =0 for all u, € T,M and so v = 0 giving v; =V’ (£,)n, (note that V;(fp) #0

b
p’T,,M P
since v, # 0). This shows that n, = vp € T, M and thus is a null vector.

T*M

1
V;(Zp)
The proof of (2) uses a similar argument: We have g~*(p) (E;,wp) =0 for all w, € Ty M. Now
if ¢, is null, then 0 = g(p) ({p, £p) = éz (¢p) showing that 62 € Ty M and thus v (g7')|,.,, (P)
is degenerate. On the other hand if v (gil) 7y 18 degenerate at p, there exists a form §, €
TyM \ {0} € T;X \ {0} such that g=*(p)(&p,wp) = 0 for all w, € Ty M and so & = &4(n,) 4,
showing that 0 = g~(p) (E;,E;) = Ep(éz) = é;(ﬁp) = g(p)(Lp, £p) since (Z;)ﬁ =/, O

REMARK 4.3.3. In general the operations b and f do not commute with the projections (.)" and
(D fe, (%) # (x°), and (¢,)* # (¢*)" for x € T(M, TX|,,) and ¢ € I(M, T{X|,,). In fact

(using that x" = x — n(x)¢) one has on M

(x")” (w) = gar (x",u) = g (x,u) = n(x)g(6su) # g (x,u) — g(£,x)g (n,u) =
= (1) — £(x")n(u) = (x°), (),

where we have simply written g instead of v(g) since the trace is simply the restriction of g to M
by continuity of g. An analogous calculation can be done regarding (¢,)* and (¢*)". Furthermore,

(nl‘)b =9 (1’1, n) (éb)” and (éb)” (nH) =1- g (Il, Il) g (év é)
The first equation follows immediately from the calculation above by replacing x with n and noting
that g(n,u) =n(u) =0 for all u € X (M). Regarding the second equation we have

(), (") = (m—nm)t)=n(t) —g(n,n) () =1-g(n,mn)g L.

Theorem 4.3.2 shows that whether g is degenerate or not solely depends on the given hypersurface
and the metric g on X (since 7, is uniquely determined up to a scalar multiple for all p € M), but
whether ~ (g_l)

7+ 18 degenerate or not depends on the choice of the rigging.

PROPOSITION 4.3.4. For every p € M there exists a rigging £ (depending on p) that is non-null in
a neighborhood of p.

Proor. Choose an arbitrary rigging ¢. If £, is not null we are finished. If £, is null we can find
a vector field u € X (M) such that g(p)(¢,,u,) # 0 or g(p) (up,u,) # 0: Otherwise g(p)(x,,x,) =0
for all x, € T,X (since x = x" + n(x)¢ for all x € I'(M, TX|,,) by (4.1.3)) and thus g is zero
in p by the polarization identity, which gives a contradiction to g being a metric on X. Setting
' = £ +u we see that g(p) (¢,,0,) = 29(p) (£p,up) + g(p) (up,u,) which can be assumed to be
non-zero (if 2¢g (¢,u) + g (u,u) = 0 at p one can simply replace u with —u so that both terms have
the same sign). By continuity ¢’ is non-null in a neighborhood of p. O

Unfortunately it is in general not possible to simply glue these local non-null riggings together
with a partition of unity to obtain a rigging field ¢ that is non-null everywhere on M since being
non-null at p is not a convex condition, i.e., u, + v, may be null even if u, and v, are both not
null. However, there is a very important (because physically relevant) special case:
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PROPOSITION 4.3.5. If g is a continuous metric on X and (X,g) is a time-oriented Lorentzian
manifold® and M C X a hypersurface, then there exists a rigging £ € T'(M, TX|,) such that
9)(lp, £,) > 0 and £, is future directed” for all p € M. In particular, { is nowhere null.

PRrROOF. We first show that there exists a basis of future-directed unit timelike (u, € TpX
is called timelike if g(p)(up,u,) < 0) vectors for T, X for every p € X: Let e1,...,e, be an
orthonormal basis for 7}, X such that e; is timelike. Then ey, 2e; + eg,...,2e; + e, are n timelike
and linearly independent vectors in 7,X. By normalizing and multiplying with minus one if
necessary we obtain a basis of future-directed unit timelike vectors.

Now let p € M, then T,M C T, X is a (n — 1)-dimensional subspace of T,X and we may choose
some future directed unit timelike vector u, ¢ T, M. If a? € I'(M, T X|,,) is any smooth extension
of u, there exists a neighborhood U, of p in M such that 4P| U, is still future-directed timelike
(by continuity of g and t). Because M is second countable we may choose a countable subcover
{Ui};en € {Up : p € M} (so for every i there exists a p; € M such that U; = Up,). Now let
{Xi}ien be a partition of unity subordinate to the cover {U;}, .y and set

ieN
Then ¢, is future-directed timelike for all p € M since the (x;u?*) (p) are future-directed timelike

(if they are non-zero because supp x; C Up,) and the sum of future-directed timelike vectors is
again future directed timelike (see [ ], Lemma 1.4.3). O

From now on we are going to assume that a nowhere null rigging vector field £ is given. By Thm.
4.3.2 this implies that v(g™')|,.,, € I/V{Zf (M, T§M) is pointwise non-degenerate on all of M
which in turn shows that there is a (0, 2)-tensor field g € W7 (M, T9M) with

i\ 7t
(4.3.1) (gij)lﬁi,jﬁn—l = ((7(9_1) T*M> J)lgi,jgn—l

for all charts (U, o = (x',...,2""')) on M (since the regularity of v(¢™")|,.,,
see also Rem. 4.3.1). Clearly g is also pointwise non-degenerate and symmetric (the inverse of a

is high enough,

symmetric matrix is again symmetric) and thus provides a metric on M.

DEFINITION 4.3.6 (The metric connection on M). The Levi-Civita connection associated with g
is called the metric connection on M and denoted by V.

The next proposition will deal with the differences between the metric connection V defined above
and the projected connection V from section 4.2. First we note that both the connections have
VVIIZ;LP (M)-regularity (see Prop. 3.4.6 for V and Rem. 4.3.1 for V) and depend on the rigging

vector field /.

PROPOSITION 4.3.7. The operator ¥V is a metric connection on M and while ¥V is torsion free as
well it need not be a metric connection. We have

(4.3.2) V=V+F,
where F € WF-1P (M, T} M) is defined by

loc

(4.3.3) 9(F(n,v), ) = 1 {(V49) (v, ) + (,9) (0, %) ~ (V,3) (w,v)}

2A Lorentzian manifold (i.e. a semi-Riemannian manifold with signature n — 1) is called time orientable if there
exists some smooth vector field t € X(X) such that t is timelike everywhere, i.e., that satisfies g(p)(tp,tp) < O for
all p e X (see | ], 10.4.2).

3A timelike vector up € Tp X is called future directed if g(p)(up, tp) > 0.
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ProOF. That V is torsion free was shown in Remark 4.2.3. It only remains to prove (4.3.2).
This is equivalent to showing

g (ﬁu‘u W) =g (yuva W) +9 (F(u7 V)7 W) :
Since V is the Levi-Civita connection associated with g it satisfies the Koszul formula (3.4.1), i.e.,
25 (Vav, w) = u(g (v, w)) + v (7 (W, 0)) = w (7 (u,v)) =7 (w, [v,w]) + 7 (v, [w, u])
(4.3.4) +7g(w,[u,v]).
By Prop. 4.2.2, we have
u(g(v,w)) = (Vy9) (v, w) + 9(v, ¥, w) +5(¥, v, w),

so (4.3.4) becomes

25 (Vav,w) = (V) (v, W) + (V,9) (0, w) — (V,,9) (u, V)

+ g(V, qu) + g(W, yVu) - g(ua ywv) + g(zuvr W) + g(va7 u) - g(ywuv V)

- ?(uv [V7W]) +§(V7 [W7u]) +§(W7 [u,v])
4

—

27 95 (F(u,v), w) + §(w, Vo) + G(Vv, w) + 7 (w, [u, v])
27 (F(u,v), W) + §(w, Vou) = §(Vyv, W) + 25(V,v, w) + 7 (W, [u, v])
7 (F(u,v),w) + 25(V,v, w),

u
= u
where we used several times that the V is torsion free, i.e., that V,v—V, u—[u,v] = 0 (see Rem.
4.2.3). O

4.4. Nowhere null hypersurfaces

Again we assume g € I/Vllf)jl’p (X,TSX) (for some k > 2 and p > Zf_i or p=1and k = n,
see Rem. 4.3.1). We have shown in Theorem 4.3.2 that y(g) is a metric on M if and only if

ne Wllf)jl’p (X,TX) C C(X,TX) is nowhere null on M. This leads to the following definition.

DEFINITION 4.4.1 (Nowhere null hypersurfaces). Let g be a continuous metric on X, M C X a
hypersurface with normal form 7 and normal vector n = nf. Then M is called nowhere null if
gp (n,,n,) # 0 for every p € M.

REMARK 4.4.2. By (4.1.1) we have that M being nowhere null is equivalent to n (p) ¢ T,M for
all p € M (since g, (n,,n,) = n(n)(p) # 0 iff n, ¢ T, M.

As implied by the title of this section we are now going to have a closer look at nowhere null
hypersufaces. Since n is nowhere null we may normalize our normal one form 7 to satisfy
lg™' (n,m)| = lg(n,n)] = 1 on M (the definition of the normal one form only determines 7|,
up to a scalar multiple). From now on we will always assume that we have this normalization.

If we define
(4.4.1) ¢ =sgn(n)~y(n) € WP (M, TX|,,),

loc

where sgn(n) := sgn(g(n,n)) is either constant one or minus one (so ¢ = £ n|,,), then ¢ satisfies
all the requirements of a rigging vector field except smoothness (see Def. 4.1.2).

Fortunately this is not a problem since the smoothness assumption on ¢ was merely convenient, not
necessary. In fact, all results of the previous section still hold for a rigging ¢ € VVl]f)f (M, TX],,)
that satisfies £ = ~(f) for some £ € V[/I}Zjl’p (X,TX). That this regularity is sufficient follows
from the fact that Vyy € VV{Z;lP for x smooth and y € W{Z’Cp for any VVIIZ’Cp—connection with
k large enough (see Rem. 3.3.5), so in particular Vy/ € W"P(X,TX) for all x € X(X) and

loc

V.l e VVIIZ;LP(M, TX|,,) for all u € X(M). Using this and looking, e.g., at (4.2.12) we see that
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the terms of the form V,, (v(V;,Z)") in Riem (u, v) ¢ are well-defined since = (V{,Z) € VV{Z;LP(M)
(thus v (Vo) = v (Vel) — 0 (v (Vel)) € € Wi 'P (M), as Wi, ' (M) is an algebra) and V

is a VVIIZ;LP -connection on M. Similar considerations show that all the arguments used in the

derivation of (4.2.12) and the other results of the previous sections remain valid.

Remark 4.2.3 shows that the following statement holds (since ¢ & n).

PROPOSITION 4.4.3. The projected connection YV is the Levi- Civita connection induced by the metric
gm on M.

Our next goal is to show that the two metrics gy and g = (fy(gfl) T*M)fl on M are equal. One
way to do this is to show that bys is the inverse of f); (implying that the inverse of gps is just

Y(g™)

e M), which will be an immediate consequence of the next lemma.

LEMMA 4.4.4. If £ is given by (4.4.1), the operations b and § do commute with the projections (.)"
and (.),, i.e.,

(4.4.2) (x")’M = (x*%), forx € T (M, TX)
and
(44.3) (G)Pr = (¢™)" for € T (M, T X)

(contrary to the general case outlined in Rem. 4.3.3).

PROOF. The calculations in Rem. 4.3.3 show that for p € M equality of (x")’(p) and (x°),(p)
is equivalent to 1(x)(p)g(p)(lp, up) = g(p)(€p, %p)g(p) (np, up) for all u € X (M) which is obviously
true for £ < n. Regarding (¢,)? and (¢*)" we calculate

(144) CF@E) = (07 @) (G~ (L) W) =
= (9_1) (p) (Cpawp) - (€<C)) (p) Y (9_1) (p) (npawp)
(note that ¢,(p) is equal to the ¢/(p) appearing in the definition of #5; since £(¢,)(p) = 0) and

(4.1.3

(445) ('@ "= (- () o) @) =
=g (P)(Gprwp) — (E(w)) () g~ () (G )
for w € I' (M, TYM). Obviously (4.4.4) equals (4.4.5) if £ o< 7. O

PROPOSITION 4.4.5. If n is nowhere null and € is as in (4.4.1), then gpr = g (where G is the metric
on M defined in (4.3.1)).

PROOF. Since gy is a metric bys : X (M) — T’ (M, TP M) is an isomorphism hence invertible.
Now every w € I' (M, T{ M) can be written as ¢, for some ¢ € I' (M, TY X) (set {(x) = w (x — n(x){)

for x € I'(M,TX)) and using Lemma 4.4.4 we obtain w = ¢, = ((gﬂx)bx)u (442) (((ﬁX)”)bM (443)
((C)F)™ = (wh)™ 50 by} (w) = whor. 0

COROLLARY 4.4.6. The projected connection ¥ and the metric connection ¥V coincide.

PRrROOF. This follows from the uniqueness of the Levi-Civita connection: From Def. 4.3.6 we
know that V is the Levi-Civita connection induced by g and by Prop. 4.4.3 it is also the Levi-Civita
connection induced by gas, but since g = gas (by Prop. 4.4.5) V has to be equal to V. O

Now we are going to investigate the generalized Gauss and Codazzi equations (4.2.7) and (4.2.12).
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PROPOSITION 4.4.7. Let M C X is a nowhere null hypersurface and £ = sgn(n)y(n), then
(4.4.6) ~(9) (yv(Riem) (u,v)w,t) = v(g) (Riem (u,v) w, t) +

+sgn(n) {K (v,w) K(u,t) — K (u,w) K(v,t)}
for allu,v,w,t € X(M) and
(4.4.7) 7(9) (v(Riem) (u,v) w,v(n)) = (V,K) (v,w) = (Y, K) (u,w),

i.e., the usual Gauss and Codazzi equations.

PROOF. Since V is the connection associated with v(g) (see Prop. 4.4.3) the (1, 3)-tensor field
Riem is the Riemann tensor of the semi-Riemannian submanifold (M, ~(g)). Using

v(Riem) (u,v)w “27 Riem (u,v)w+ K (v,w)y (Vﬁg) — K (u,w)y (Vog) +
(4.4.8) + (V K) (v,w)l — (VY K) (u,w){
and that
(4.4.9) Y(g)(t.t) “E 5 (9(2,8) x (g0, §) = v(n(®) “E n(t) =0

for all t € X(M) since £ = sgn(n) y(n) (see (4.4.1)), we get

(4.4.10) 7(9) (v(Riem) (u,v) w,t) = 7(g) (Riem (u,v) w, t) — K (u,w)~(g) (v (Vsf) ,t) +
l

for u,v,w,t € X(M). Since

¥(9) (v (Van) ) "= 5 (g9(Van, 1)) VE° 5 ((g(n, 1)) — v (n(Vat)) =
FrL S a(n(e) ~ ey (Vab)) = —n( (Vb)) 27 K ()

and ¢ = sgn(n)y(n) (see (4.4.1)) equation (4.4.10) becomes

7(9) (v(Riem) (u,v) w,t) = 7(¢g) (Riem (u,v) w, t) +
+sgn(n) {K (v,w) K(u,t) — K (u,w) K(v,t)},

which is just the usual Gauss equation.

Regarding the Codazzi equation we observe that

sgn(n)=+1

(4.4.11)  29(g) (v (Val) ,7(n)) 2sgn(n) 7y (9 (Van,n)) =

(3.1.2)
= sgn(n)y (u(g(n,n)) = (Vag) (n,n)) =0
on M, that Riem(u,v)w € X (M) and thus

(4.4.12) v(g) (Riem (u, v) w,y(n)) = sgn(n) 7(g) (Riem (u, v) w, ¢) (449)
and that
(4.4.13) Y(9)(¢,v(n)) =n(n) =1

(by the same argument as in (4.4.9)). Using this and (4.4.8) gives

LY 5 (g) Riem (u,v) w,y(0)) + (VoK) (v, W) — (Y, K) (u,w) +

+ K (v, w)(9) (v (Val) ,v(n)) — K (u,w) 7(g) (v (Vel) ,7(n))
(4.4.11)

7(9) (Riem (u, v) w,y(n))

(4.4.12) (VoK) (v, w) = (V K) (u,w),
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which shows the Codazzi equation (4.4.7). O

It is easy to see that the other equation (4.2.12) from subsection 4.2.1 for v (Riem) (u,v) ¢ does
not provide any additional information:

For u,v,w € X(M) we have

. (4.4.1) . . .
sgn(n)y(g) (v (Riem) (u,v) £, w) = ' (9(Riem(d, ¥)n, w)) =
= —7 (9(Riem(a, v)w,n)) = —y(g) (v (Riem) (u,v) w,n)
by one of the symmetries of the Riemann tensor (sometimes called pair-interchange symmetry)
and similarly for w =n ¢ X(M)

sgn(n) y(g) (v (Riem) (u,v) £, n) = v (g(Riem(d, V)n, n)) = —v (g(Riem(d, v)n, n)),

so v(g) (v (Riem) (u,v) ¢,n) = 0. This shows that v (Riem) (u,v) ¢ is uniquely determined by
knowing v (Riem) (u,v) w for all w € X(M) since v(g) € WIIZ’CP(M, TSX’M) provides an isomor-
phism b between T'(M, TX|,,) and I'(M, TY X | ).






Abstract

This thesis is about different aspects of low regularity geometry on semi-Riemannian manifolds
and is roughly split into four chapters. The first chapter offers a brief introduction to the theory
of distributions (in the sense of Laurent Schwartz) on manifolds.

In the second chapter we look at singular objects on a manifold with a smooth semi-Riemannian
metric. The smooth metric allows us to effectively deal with functions (and tensor fields) of the
“lowest” regularity, i.e., distributions. In particular we are interested in studying distributions with
support in a (semi-Riemannian) hypersurface.

In the third chapter we no longer assume the existence of a smooth semi-Riemannian metric on
our manifold but instead study distributional metrics (or, more generally, distributional geometry).
However, this is rather hopeless without assuming some higher (Sobolev) regularity. For this reason
we have included a short introduction to Sobolev spaces on manifolds in the beginning of the third
chapter. The main focus of this chapter lies on deriving jump formulas for the various curvature
quantities, that is, how the Riemann and Ricci tensor and the scalar curvature look like for a
metric that suffers a jump discontinuity across a hypersurface. Of course the reason why this is of
a particular interest lies in physics, mainly general relativity, where such formulas might find an
application due to the Einstein field equations. As a mathematical side note we also take a short
look at the compatibility of this distributional approach to generalized geometry and a Colombeau
theoretic approach and see that those two are indeed equivalent for a certain class of distributional
metrics.

Finally, the fourth and last chapter focuses on the geometry induced on a general (i.e. potentially
null) hypersurface by a given connection or metric on our manifold. As a substitute for the
normal unit vector field (that is only available in the nowhere null case) one may use a so-called
rigging vector field. This leads to a generalization of the second fundamental form and the Gauss
and Codazzi equations. Finally we show that all our results reduce to the well-known standard
expressions in the case of a nowhere null hypersurface. Again we try to keep things very general by
not assuming smoothness of the connection/metric but just the regularity really needed to make
sense of occurring products and traces.
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Zusammenfassung

Die vorliegende Masterarbeit behandelt verschiedene Aspekte niedrig regulidrer Geometrie auf semi-
riemannschen Mannigfaltigkeiten und besteht im Wesentlichen aus vier Kapiteln. Das erste gibt
eine kurze Einfiihrung in die Theorie der Distributionen (im Sinn von Laurent Schwartz) auf
Mannigfaltigkeiten.

Im zweiten Kapitel betrachten wir singuldre Objekte auf einer Mannigfaltigkeit mit einer glatten
semi-riemannschen Metrik. Dies erlaubt es uns, erfolgreich Funktionen (und Tensorfelder) von
“niedrigster” Regularitéit, d.h., Distributionen, zu behandeln. Insbesondere interessieren wir uns
dabei fiir Distributionen mit Tréger in einer (semi-riemannschen) Hyperfléche.

Im dritten Kapitel nehmen wir nicht mehr an, dass auf unserer Mannigfaltigkeit eine glatte semi-
riemannsche Metrik gegeben ist, sondern beschéftigen uns stattdessen damit, was passiert, wenn
die Metrik selbst distributionell ist. Es stellt sich heraus, dass dies ziemlich aussichtslos ist, wenn
man nicht zumindest etwas bessere Regularitat verlangt. Daher beinhaltet dieses Kapitel auch ei-
ne kurze Einfiihrung zu Sobolevrdumen auf Mannigfaltigkeiten. Das Hauptaugenmerk des dritten
Kapitels liegt allerdings auf der Herleitung von Sprungformeln fiir diverse Krimmungsgroéfien, d.h.,
darauf, wie Riemann- und Riccitensor sowie die Skalarkriimmmung fiir eine entlang der Hyperfliche
unstetige Metrik aussehen. Solche Sprungformeln sind zum Beispiel in der Physik, insbesondere in
der allgemeinen Relativitdtstheorie, aufgrund der Einsteinschen Feldgleichungen von Bedeuntung.
Als mathematische Randbemerkung betrachten wir auch noch kurz den Zusammenhang zwischen
diesem distributionellen Zugang zu generalisierter Geometrie und einem Colombeau theoretischen
Zugang und zeigen, dass diese Zugénge fiir eine bestimmte Klasse distributioneller Metriken wirk-
lich aquivalent sind.

Das vierte und letzte Kapitel beschéftigt sich mit der Geometrie, die auf einer allgemeinen Hy-
perfliche durch die Geometrie der gegebenen Mannigfaltigkeit induziert wird. Als Ersatz fur das
Normalvektorfeld, das bei nirgends lichtartigen Hyperflichen zur Verfiigung steht, kann man ein
so genanntes Riggingvektorfeld verwenden. Dies fithrt zu einer Verallgemeinerung der zweiten Fun-
damentalform sowie der Gauss- und Codazzi-Gleichungen. Schlussendlich zeigen wir, dass sich alle
unsere Resultate im Fall einer nirgends lichtartigen Hyperfliche wieder auf die wohlbekannten re-
duzieren. Wieder versuchen wir unsere Aussagen so allgemein wie moglich zu halten, indem wir
keine Glattheit sondern nur die fiir die auftretenden Produkte und Spuren benétigte Regularitét
des Zusammenhangs/der Metrik voraussetzen.
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Cartan’s formula, 28
Christoffel symbols, 12
stability, 44
Codazzi equation, 59
generalized, 53
Colombeau theory
association, 38
embedding of distributions, 38
special Colombeau algebra, 37
connection
distributional, 28
jump formula, 32
Levi-Civita, 34
Lfoc—connection, 29
metric connection induced on a hypersurface, 57
projected connection, 50
coordinates
adapted to the hypersurface, 31
canonical, 17

densities, 6
volume density, 11
derivative
covariant, 12
exterior, 18
Lie derivative, 28
normal, 20
Dirac measure on a hypersurface, 30
distributions
multilayer, 16, 19, 21
on a manifold, 8
on orientable manifolds, 27
on semi-Riemannian manifolds, 11
single-layer, 15, 19
supported in a hypersurface, 21
tensor distribution, 8

Einstein field equations, 45
in vacuum, 46

Gauss equation, 59
generalized, 53

local Sobolev spaces
on manifolds, 23
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tensor fields, 25
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Lorentzian manifold, 57

time-oriented, 57

metric
distributional, 33
generalized metric, 39
gt-regular, 34
stable, 42
moderate net, 38
mollifier
admissible, 39

negligible net, 38

non-degenerate, 33
uniformly, 34

normal exponential map, 17

normal form, 49

normal unit vector field, 16

nowhere null, 47, 58

pullback, 14
of the delta distribution, 15, 19

Ricci tensor, 30
jump formula, 33

Riemann tensor, 30
jump formula, 33
stability, 44

rigging vector field, 49
non-null, 56

scalar curvature, 35

jump formula, 36
second fundamental form, 52
Stokes’ theorem, 27
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volume bundle, 6
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