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ZUSAMMENFASSUNG

Bell Tests werden allgegenwdértig fiir eine Vielzahl von Anwendungen eingesetzt und
sind ein Grundpfeiler sowohl in der Quanteninformation als auch in den Grundlagen
der Quantenmechanik. Die Verletzung der CHSH-Bell Ungleichung durch einen Bell Test
zeigt auf grundlegende Art und Weise, dass die Natur mit keiner lokal realistischen Theo-
rie vollstandig beschrieben werden kann. Damit ist gezeigt, dass Quantenverschrankung
tiefgriindiger ist als klassische Korrelationen und dies ermoglicht konkrete Anwendun-
gen, wie z.B. die Quantenteleportation, die klassisch unerklarlich sind.

Fiir einen Bell Test konnen zwei verschrankte und massive Spin-1/2 Teilchen ver-
wendet werden, deren Spin in raumartig getrennten Gebieten jeweils durch einen Stern-
Gerlach-Apparat gemessen wird. Wenn sich die Teilchen jedoch in einer Superposition
relativistischer Geschwindigkeiten bewegen, ist die Realisierung eines Bell Tests unbe-
kannt, da in diesem Fall die Spinzustdnde vom Impuls abhdngen und es keine operatio-
nelle Definition fiir die beiden Spinobservablen gibt.

In der vorliegenden Arbeit wird eine Losung fiir dieses Problem vorgeschlagen, wel-
che Quantenbezugssysteme und die damit ermoglichte Definition des Ruhesystems eines
Quantenobjekts beniitzt. Das Ruhesystem eines Quantenobjekts kann nicht mittels iib-
licher Transformationen zwischen Bezugssystemen definiert werden, da sich Quanten-
objekte im Allgemeinen in einer Superposition von Geschwindigkeiten bewegen. Hier
wird diese Limitierung mithilfe von Transformationen zwischen Quantenbezugssyste-
men iiberwunden. Somit kann im Ruhesystem eines relativistischen Teilchens dessen
Spin, wie in der nicht-relativistischen Quantenmechanik, operationell definiert werden.
Die entsprechende Beschreibung in einem anderen (Quanten-)Bezugssystem ergibt sich
mittels einer relativistischen Transformation zwischen Quantenbezugssystemen. Auf die-
se Weise ergibt sich eine operationelle Definition der beiden Spinobservablen fiir den Bell
Test im Laborbezugssystem, wo sich die beiden massiven Spin-1/2 Teilchen in einer Su-
perposition relativistischer Geschwindigkeiten bewegen. Des Weiteren wird gezeigt, dass
die Verletzung der CHSH-Bell Ungleichung, im Gegensatz zu den Spinobservablen, un-
abhédngig vom Bezugssystem ist. Die (maximale) Verletzung der CHSH-Bell Ungleichung
zeigt einen moglichen Weg, Quanteninformationsprotokolle operationell auf das relati-
vistische Milieu zu erweitern, wobei (verschrankte) massive Teilchen, die sich in einer



Superposition relativistischer Geschwindigkeiten bewegen, als Trager der Quanteninfor-

mation dienen.
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ABSTRACT

Bell tests are ubiquitously used for a variety of applications, and have been a cornerstone
both in quantum information and quantum foundations. The violation of the CHSH-Bell
inequality, by means of a Bell test, shows fundamentally that nature cannot be entirely
described with any local realistic theory. This reveals that quantum entanglement is more
profound than classical correlations and allows for concrete applications with no classical
counterpart, such as quantum teleportation.

For a typical Bell test we can use two massive spin-1/2 particles which are entangled in
their spin degrees of freedom and jointly measure their spin states in space-like separated
regions with the help of two Stern-Gerlach apparatuses. However, when the particles
move in a superposition of relativistic velocities we do not know how to set up a Bell
test since, in this case, the spins are momentum-dependent and there is no operational
definition for the joint spin observables.

A solution to this problem is proposed in the present thesis, which exploits quantum
reference frames and the accompanying possibility of defining the rest frame of a quantum
system. Specifically, quantum reference frame transformations can reveal the rest frame
of a general quantum system (moving in a superposition of velocities from the point of
view of another physical system) which cannot be achieved by means of standard refer-
ence frame transformations. Thus, the rest frame of a relativistic particle can be used to
operationally define its spin degree of freedom as in non-relativistic quantum mechan-
ics and the corresponding description in another (quantum) reference frame is found by
means of a relativistic quantum reference frame transformation. In this way, we find
an operational definition of the joint spin observables for a Bell test in the laboratory
frame, where the two massive spin-1/2 particles move in a superposition of relativis-
tic velocities. Furthermore, it is shown that the violation of the CHSH-Bell inequality
is frame-independent in contrast to the spin observables which transform in a covariant
way. The (maximal) violation of the CHSH-Bell inequality points out a possible way to
operationally extend quantum information protocols to the relativistic regime, where (en-
tangled) massive particles moving in a superposition of relativistic velocities are utilized
as a resources of quantum information.
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1. INTRODUCTION

The usual interpretation of coordinate systems! rests on the abstraction of idealized phys-
ical systems. In the case of spatial coordinates, Albert Einstein made clear that: "The
physical interpretation of the spatial co-ordinates presupposed a fixed body of reference,
which, moreover, had to be in a more or less definite state of motion (inertial system). In
a given inertial system the co-ordinates meant the results of certain measurements with
rigid (stationary) rods"2[1]. In this view, the physical meaning of coordinates is grounded
on the relation between two physical systems. Crucially, physical systems are ultimately
quantum; therefore, they can be in a superposition or entangled from the point of view
of another physical system. However, is it possible to use quantum systems to define a
reference frame?

An approach to answer this question was proposed in [2], where reference frames are
"attached" to quantum systems and exhibit genuine quantum features, i.e. they can be
in a superposition, or entangled, from the point of view of a different physical system.
These so-called quantum reference frames (QRFs) generalize the notion of usual reference
frames as abstract and idealized entities. Moreover, the rest of the world in the perspec-
tive of a QRF represents the relational information between the QRF and all physical
systems external to it. This is in line with the relational description of physics [3, 4], since
a quantum state with its properties, such as superposition and entanglement, is defined
only relative to a QRF -i.e. relative to a physical system. As a result of the presented QRF
framework [2], it is concluded that superposition and entanglement are frame-dependent
features.® The central idea about quantum reference frames with the aim of linking the
perspectives of different QRFs is pictorially illustrated in figure 1.1.

Coordinate systems and reference frames are used as synonyms in the present thesis.

Albert Einstein’s original words in his autobiographical notes [1]: "Die physikalische Deutung der raum-
lichen Koordinaten setzten einen starren Bezugskdrper voraus, der noch dazu von mehr oder minder bes-
timmten Bewegungszustande (Intertialsystem) sein musste. Bei gegebenem Inertialsystem bedeuteten
die Koordinaten Ergebnisse von bestimmten Messungen mit starren (ruhenden) Staben."

It is worth mentioning that independently of the QRF approach [2], it is shown by utilizing a Gedanken
experiment in a general relativistic setup that superposition has to be understood relationally [5]. This em-
phasizes the need of non-classical relations between coordinates. In addition, arguments for the relational
nature of superposition are given in [6].
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(a) The rest of the world from the point of view of  (b) Since the relation between physical systems en-

a laboratory (or another physical system). Here, an tirely defines their properties relative to each other,

atom A in spatial superposition and a spin particle  the spin particle B and the laboratory C must be in

B are shown. a spatial superposition state from the point of view
of the atom.

Figure 1.1.: We take the perspective of a physical system by means of a quantum reference frame
(QRF) which exhibits genuine quantum features such as superposition and entanglement. With
the help of generalized coordinate transformations, so-called QRF transformations, it is possible to
change between the perspectives of quantum reference frames. This leads to a frame-dependent
notion of superposition and entanglement.

By choosing relative variables, it is possible to find generalized transformations map-
ping the description of an initially chosen QRF to the perspective of another QRF. These
QREF transformations are quantum canonical transformations [7, 8] that take everything
external to the initial QRF as input and output the perspective of the new QRF describ-
ing everything that is external to the new QRF. This means that no QRF describes its
own dynamical degrees of freedom which can be related to the so-called self-reference
problem [9]. Furthermore, the considered approach to quantum reference frames [2] is
operational since it assigns a central role to primitive laboratory operations (preparations,
transformations and measurements). Consequently, the utilized QRF formalism can be
fully specified by notions with immediate physical meaning.

It was shown in [2] that a QRF transformation corresponding to a "superposition of
boosts" can be defined which outputs the rest frame of a quantum system that is mov-
ing in a superposition of velocities from the point of view of an initial QRF. It is crucial
to notice that, if a quantum system moves in a superposition of velocities, no standard
transformation can take us its rest frame. This generalized view of the rest frame of a
quantum system is a key element of the present thesis and allows for concrete applica-
tions, where the natural description of internal degrees of freedom in the rest frame is
utilized to find the corresponding description in the laboratory reference frame.

Specifically, this thesis focuses on particles with spin as internal degree of freedom
moving in a superposition of relativistic velocities from the point of view of the labora-
tory frame. In contrast to non-relativistic quantum mechanics, the operational definition

of spin through a Stern-Gerlach apparatus fails in the relativistic regime, because the spin



state of a massive particle, which is moving in a superposition of relativistic velocities,
is not covariant under Lorentz transformations [10]. Significantly, this means that in rel-
ativistic quantum mechanics, the spin degree of freedom is momentum-dependent and
an initially considered pure reduced spin state (obtained by tracing out the momentum)
gets mixed if a Lorentz boost is applied (before the momentum is traced out). As a result,
the spin degree of freedom cannot be treated as a resource of quantum information in
the relativistic regime, because no spin state can be prepared and measured with prob-
ability one with respect to different inertial frames. In fact, there are several proposals
for a covariant spin operator in the relativistic regime which are mostly inspired through
abstract group theoretical considerations and lacking an operational identification [11].
However, in the rest frame of a particle its spin state can be operationally well defined
through a Stern-Gerlach apparatus as in non-relativistic quantum mechanics. With the
help of a relativistic QRF transformation®, corresponding to a "superposition of Lorentz
boosts", a relativistic version of the Stern-Gerlach experiment in the laboratory frame has
been found in [12]. This gives an operational definition of spin in the relativistic regime
and allows to treat one massive spin-1/2 particle moving in a superposition of relativistic
velocities as a quantum bit - a qubit.

The original results of the present thesis show, with the help of the QRF formalism
[2, 12], how to devise a Bell test with two massive spin-1/2 particles moving in a super-
position of relativistic velocities relative to the laboratory frame. Significantly, Bell tests
arose from the philosophical discussion of physical reality [14], since this led John Bell to
derive an inequality [15] which is satisfied by any description of nature that obeys local
realism. The worldview of local realism arose out of our everyday experiences and can
be composed into realism, i.e. the existence of the properties of a physical system inde-
pendently of measurement, and locality, i.e. the bounded propagation speed of phys-
ical influences by the speed of light. Significantly, the violation of the Clauser-Horne-
Shimony-Holt version of Bell’s inequality [16], referred to as CHSH-Bell inequality, made
it possible to experimentally [17, 18, 19] rule out any local realistic description of nature
which forces us rethink our worldview. So far, however, there is no experimental Bell test
utilizing massive spin particles at relativistic velocities. In fact, there are lots of theoreti-
cal approaches [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34], where different spin
operators and quantum states are utilized. Apart from [34], all the other authors have
considered quantum states with sharp momenta; however, the extension to states in a
superposition of momenta poses a non-trivial problem which is addressed in the present
thesis. In contrast to [20, 23, 24, 25, 26, 29, 30, 32, 34] and in line with [21, 22, 27, 28, 31, 33],
we find that the violation of the CHSH-Bell inequality is frame-independent. This follows
from the unitarity of the considered relativistic QRF transformation which guarantees

4 Note that the extension of the QRF approach to the special-relativistic regime [12] is accompanied by
abandoning time as an absolute parameter, i.e. abandoning absolute Newtonian time [13], which is un-
derlying in the Galilean treatment of QRFs.



that different observers/QRFs agree on the probabilities of observing the same event.
As a consequence, the joint spin observables (Bell observable) differ between QRFs. In
particular, we find an operational definition of the Bell observable in a relativistic setting
from the point of view of the laboratory frame by exploiting the rest frame of quantum
systems where spin measurements can be defined operationally. In this context, the vi-
olation of the CHSH-Bell inequality reveals a possible way to operationally use spin en-
tanglement between relativistic massive spin-1/2 particles moving in a superposition of
momenta such that quantum communication protocols, e.g. quantum teleportation [35],
can be extended operationally to this regime.

The present thesis is organized in the following way. In chapter 2, an introduction
to the QRF formalism [2] is given, where examples of QRF transformations correspond-
ing to the "superposition of spatial translations" and the "superposition of boosts" are
presented and the generalized notion of the rest frame of a quantum system is defined
and exemplified. The problems associated with the definition of spin within a special-
relativistic framework of quantum mechanics are explained in chapter 3. Moreover, [12]
is reviewed, where a relativistic QRF transformation corresponding to the "superposition
of Lorentz boosts" is introduced, and an operational definition of spin in the relativistic
regime is given. The original results of the present thesis are shown in chapter 4, where a
Bell test with different quantum states of massive spin-1/2 particles moving in a super-
position of relativistic velocities is discussed within the framework of quantum reference

frames.



2. QUANTUM REFERENCE FRAMES

The present chapter reviews a formalism to describe physics from the point of view of a
quantum reference frame (QRF) introduced in [2]. In section 2.1, it is shown how to ex-
tend the standard reference frame transformation to a QRF transformation, and examples
of different transformations, corresponding to the "superposition of spatial translations"
and the "superposition of boosts" are presented. Finally, in section 2.2, a novel way of
defining the rest frame of a quantum system is discussed.

It is worth mentioning that in [2] the focus is put on the covariance of physical laws
and hence on dynamics, and accelerated QRFs are considered as well. However, these
topics are skipped here in order to maintain the guiding thread of this work.

2.1. QUANTUM REFERENCE FRAME TRANSFORMATIONS

In the following, two quantum systems, A and B, are described from the point of view of
a third system C. In general, A and B can be composed quantum systems; for instance,
A and B can refer to an atom which is composed of electrons, protons and neutrons.
The goal is to define a QRF transformation which allows to "jump" to the perspective of
another quantum system. To fix the ideas, the new QRF is chosen to be A and the cor-
responding change of perspective is pictorially represented in figure 1.1. More precisely,
the QRF transformations are found by choosing relative variables defined on a particular
basis.

The general procedure in this chapter is to start in the perspective of C describing ev-
erything that is external to it, i.e. A and B, and then apply a QRF transformation mapping
from C’s to A’s description. Importantly, the resulting perspective of A only involves B
and C as physical degrees of freedom. Moreover, the action of all QRF transformations on
the mutually observed system (B) is controlled by the quantum system we are jumping
to (A).

In mathematical terms, the QRF transformation S is defined as a map between Hilbert

spaces and the change from C’s to A’s perspective is denoted by S ’HlAC ® ’H{gc —

’Hﬁ ® H‘CA where H‘I‘g is the Hilbert space of K as seen by J. Crucially, QRF transfor-

mations are required to be quantum canonical transformations [7, 8]; this means that the



transformation is invertible and mapping the phase space observables (,p) — (¢, 7)
such that the commutation relation is preserved, i.e. (£, p] = [¢, 7] = ih.

For simplicity, we only consider unitary QRF transformations, i.e. S~' = St imply-
ing 5SSt = S§TS = 1. Consequently, the reverse QRF transformation, from A’s to C’s
perspective, is simply given by ST and the canonicity is immediate since

[q, 7] = [S25T,5pST] = §25T5pST — SpSTSESt = Sz, p|ST = in 2.1)

where [z, p| = ih is presupposed. Moreover, the unitarity ensures that the scalar product
stays invariant under QRF transformations, i.e.

A

(@) = (S| 8w 2.2)

where the labels |C and |A refer to the Hilbert space on which the scalar product is ap-
plied; in particular, |C and |A refer to ’Hf ® ”ng and Hﬁ ® H‘CA , respectively. Notice
that the functional form of the two scalar products does not have to be the same since the
measure of the Hilbert space is allowed to change.

Until now the very basic framework has been discussed. In the following sections
some specific QRF transformations are derived and illustrated to get an intuition of the

subject.

2.1.1. The QRF Transformation of Relative Positions

When reference frames are treated as abstract entities, and not as physical degrees of
freedom, the distance between the reference frames is standardly considered to be fixed.
Thus, the description of a quantum system, say B, as seen from another (abstract) refer-
ence frame at position x( relative to the initial frame is obtained by applying the standard
translation operator

Ty = cl®oPn/h (2.3)
which translates the wave function of B by a fixed amount z, see appendix A.1 for de-
tails.

In contrast, quantum reference frames are treated as physical degrees of freedom and
the aim is to switch between relative coordinates from C’s to A’s perspective as illustrated
in figure 2.1. Crucially, the distance between QRFs cannot be fixed due to the possibility
of spatial superposition states. Consequently, the change to the quantum reference frame
"attached" to the position of A can be obtained by promoting z( to the position operator
& A, which is coherently translating the wave function of B by the distance between C and
A, and a subsequent parity-swap operator Pac : Hlf — HICA transforming the state of A
from C’s perspective to the state of C from A’s perspective. The parity-swap operator is
defined by 75Acfc Aﬁ/T\C = —(¢ from which follows that 75AC D Aﬁj&c = —7ic by canonicity,
see appendix A.2 for details.
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(a) Perspective of C (b) Perspective of A
Figure 2.1.: Description of the rest of the world from two different perspectives, C and A. The
relation between the describing system and the rest of the world is fundamentally quantum and it

is preserved through QRF transformations. The multiple arrows indicate the possibility of spatial
superposition states with respect to the corresponding perspective.

The QRF transformation for relative positions S, : ’H|Ac ® ’HEC — ’Hﬁ ® ’Hl(? is given by

S’x = 75AC eiiAﬁB/h (24)

which transforms the considered phase space observables according to

Ta — —qc, B — ¢B — qc, (2.5)

pa — —(TB + 7c), DB — TB,

where the first line corresponds to the situation illustrated in figure 2.2 and the transfor-

(a) Perspective of C (b) Perspective of A

Figure 2.2.: Spatial observables as seen from different perspectives. In comparison to figure 2.1,
the ability of superpositions is indicated by replacing the ordinary distances with their correspond-
ing operators.

mation of momenta follows from the requirement of canonicity. Notice that it is easy to
show that a transformation mapping to both relative positions and relative momenta is
not canonical [36, 37].



The maps given in the two equations above can be easily verified since
TA SxiﬁAS; = 75AC eiiAﬁB/hiAe_iiAﬁB/ﬁ 75;&(3 = 75AC jAﬁgc = —qc (2.7)

and with the help of the well known Baker-Campbell-Hausdorff formula

G A o Taal Y TaTaall, YiaTils s 1
ABe A= B4 [A, B} +5 [A, [A, BH +3 [A, [A, [A,Bm toge @8
we obtain that
Pa = SepaSt = Pac el®are/lj, o=iears/h Pl &) Pac (pa + [Eéapp, pal + -..) Pl
= Pac (pa + +[#a, palps +0) Pl
2.9)

where all higher order commutators are zero because [Za,pa]| = ih is a scalar; thus,

pa > Pac (ba — 98) Pl = Pac 9aPic — Pac bPhe = —fic — g = — (7 + 7). -
(2.10)

Analogously, the phase space observables of B as seen by C are obtained via

N . N U A . 2.8) A . N
ip s SpinSl = Pac iate/Mppemitatn/h Bt CO P (Got [ih e dp] + ) Pl
= 75AC (J@B + ihf%A[ﬁB,irB] + 0) 75};0 = 75AC (Zp + za) 751\0
=B — qc
(2.11)
and
5 G Sl =7 izapp/hp o—itaps/h Pt _p, 5 Pl 4 212
PB — S2pBS; = Pac e bBe PAC = Pac pBPAC = TB- (212)

The QRF transformation S, can also be derived from a gravity inspired symmetry
principle which imposes that all physical observables are relational (as in the treatment
above). This symmetry principle leads to redundancies when all systems A, B and C
are considered jointly from a so-called perspective neutral structure, which contains all
reference frames perspectives at once [38]. It is then possible to show that the choice
of a reference frame amounts to eliminating the redundancies. The QRF transformation
obtained with this method is shown to be equivalent to the one in eq. (2.4).

So far, we have seen that we can find a non-classical transformation mapping relative
position observables appropriately; in the following, we show how the QRF transforma-

tion acts on quantum states.



Action on Quantum States

If C assigns an arbitrary yet separable state to A and B, i.e.
01 = 601605 = [doa [don den)elon) o) lon). 213)

then the transformation to A’s perspective via S, yields

WYL, = G (1)1, = Pac elFarn/h IO

— Prc / dn / dap $(ea)E(@n) [2a) 5 7P/ |zg)

—0o0 —00

= Pac /d:vA/de d(za)§(7B) [Ta) A |7B — A)p
o) (2.14)

[e.9] [e.o]

= /dxA/de ¢(za)E(7B) [—7A)c |7B — TA)p

oo o0

/qu /dqc £(g — qc)$(—qc) lg8)s lac)c

which is, in general, not a separable state. This means that entanglement depends on the
frame of reference - it is frame-dependent. (Details of the action of the translation and
parity-swap operator utilized here can be found in appendix A.1 and A.2, respectively.)

lllustrative Examples

Let us consider now a few examples to get an intuition about what it means to coherently
translate a quantum system. Similarly to what has been shown above, we start with a
separable state of A and B as seen from the perspective of C, and then transform to the
perspective of A, from which we describe systems B and C.

First of all, the QRF transformation S, reduces to a classical reference transformation
when system A has a quantum state that is sharply localized in position basis with respect
to C, as illustrated in figure 2.3(a). In this case, C just assigns a position eigenstate to A,
ie. |¢), = |zo), and hence ¢(zp) = d(za — o). Consequently, B gets only translated by
a well defined distance x. This transformation corresponds to the standard translation
operator, eq. (2.3), with an additional switch of the roles of A and C via the parity-swap
operator.

In the simplest, non-classical, case system A is in a superposition state of two sharp
locations with respect to the reference system C, i.e. |¢), = (|z1) 5 +|72)4)/V/2 and hence
d(za) = [6(za —21) + I(7A — 22)]//2. Allowing for arbitrary states of B (so that the joint



A A ‘ LA
B n i
c /\A A'/\A R c
c ‘u c! 1 2
B ﬂ
A /\A AI\A ~ .- A
-x, d Y q X, X, 1
(@) ¢(z) = d6(z — o) (b) ¢(z) = (6(z — x1) + 6(z — 22))/V2

Figure 2.3.: Action of the relative coordinate QRF transformation on states; C’s perspective is
drawn in the first and A’s view in the second line. A classical translation between reference frames
is shown in (a) where the states are shifted by a fixed distance xy. Superposition of translations
are shown in (b) where the states are coherently translated by x; and x5 yielding to an entangled
state in A’s perspective which is graphically indicated by the correlation between the patterns of
the lines (solid and dashed).

state of A and B is separable) we get in accordance with eq. (2.14)

7T 5 5
= [das fase €(an — ac) (e ””ji o *22) 1 e
= . . (2.15)
- \}5 e /qu élan 1) )y + =) /qu £an +22) [a)y

which is clearly entangled and graphically illustrated in figure 2.3(b). The reverse trans-
formation, from A’s to C’s perspective, is simply given by 51 due to the required unitarity
of QRF transformations. Therefore, we could have also started with an entangled state
and ended up with a separable state according to |@ZJ>|§B = 51 |’¢)>§C. This very simple
example illustrates the relational, i.e. frame-dependent, nature of superposition and en-
tanglement.

In order to see how the transformation acts on general product states, consider now the
_ (zfa)Q
case where C assigns a Gaussian state to A in position basis, i.e. ¢p(z) = 7~ 1/4b~1/2e™ w2

with a referring to the expectation value and b? to the variance of |¢(x)|?. The resulting
state in A’s perspective is entangled in a similar way as in the previous example; however,
in this case each standard translation is weighted by the Gaussian. This is illustrated in
figure 2.4, where three weighted position eigenstates are highlighted with different pat-
terns in order to graphically illustrate entanglement. Notice that the envelopes shown
for C and B in A’s perspective are obtained by tracing out B and C, respectively. Conse-
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Figure 2.4.: Quantum state of A and B as seen from C (above) and the transformed quantum
state of B and C as seen from A (below). In C’s reference frame, the quantum state of A has a
Gaussian profile in position basis, and it is in a product state with the quantum state of B. Since
C sees A as a coherent sum of position eigenstates and not as a single position eigenstate, the
QRF transformation coherently translates all states external to A by the single components of the
Gaussian. In order to see the entanglement as perceived by A, three of those components are
highlighted with different patterns for distinguishability. The drawn envelopes for C and B in A’s
perspective are obtained by tracing out B and C, respectively.

quently, C’s envelope is given by

(e 9]

/qu|s<qB —40)Plé(—0) = [6(—qc)|? (2.16)

—00

where the normalization of £(¢g) has been exploited and the envelope of B is obtained

via
o

Jageltan - ao)Plot-ac)P .17)
which is the convolution product of the absolute squares of the two considered wave
functions ¢ and ¢. For illustration purpose |¢(—qc)| = ¢(—gc) and [dgc £(g —gc)d(—qc)
have been drawn for the envelopes in figure 2.4 in A’s perspective. The most significant
aspect here is that transforming to the perspective of a quantum system that is initially
described by a Gaussian wave function does not simply result in more broadened states
in the new perspective (indicated by the envelopes) but to a highly entangled state (indi-
cated by only three of the infinitely many position eigenstates building up the Gaussian

wave function).

2.1.2. The QRF Transformation of Relative Velocities
The aim of this section is to find a transformation to the QRF of a particle moving in a
superposition of velocities from the point of view of the initial reference frame.

11



In the previous section the position basis has been used to express relative positions
and by canonicity the corresponding momenta have been calculated. Analogously, the
QRF transformation of relative momenta is obtained by utilizing the momentum basis,
see appendix A.3 for details. Note that this is the general scheme of finding a QRF trans-
formation: first, choose a basis to express the relative quantities of interest and secondly,
use the required canonicity to complete the transformation of the conjugate variables.

For the QRF transformation of relative velocities from A’s to C’s perspective we choose
the momentum basis to express the physical conditions, that the velocity of A as seen by
C is opposite to the velocity of C as seen by A, i.e. 7‘% — —ZFTCC !, and that the velocity of
the jointly described system B as seen by A is coherently boosted by the velocity of C, i.e.
PB — 3 — mp AL

In order to swap the velocities of A and C, the parity-swap operator Pyc mapping
pa — —7c has to be generalized. Therefore, we introduce the generalized parity-swap
operator

2 XJC) = Pac exp {% log \/?Lii (Tapa + ﬁAi’A)} (2.18)
which rescales the corresponding momenta by the ratio of the masses of A and C such
that J2- — —JC.

The action of the added scaling operator is shown with the Baker-Campbell-Hausdorff
formula eq. (2.8) according to

exp {1 (Zapa + Pata)} Paexp{—n (ZaDa + DaZa)} = (Pa + 7 (ZaPA + DAZA) , DA] + --.)
(2.19)

where n = 1 log \/% = 5 log mC. By recognizing £apa + Pata = 2pada + [Ea,Pa] =
2pa A + 1A, it follows that

[N (ZADA + PAZA) , DA = 2n[DAZA, PA] = 20PA A, DA] = 21hnpa (2.20)
and hence

Pa + [0 (EaPA + DAZA) DAl + ... = Pa + 2iAnpa + 5[0 (BaPA + PaZA) , 2ihmPal + ..
= pa (1 + 2iAn + (2iAn)?/2! + ...)
o~ 2ihm __ »
= pae”" = pp exp {—2log %ﬁ}
= TAPa.

(2.21)

' Note that velocities are given by the ratio between momentum and mass due to the quadratic form of the
corresponding Hamiltonian in momenta, see [2].
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The subsequent action of the parity-swap operator finally gives the required condition

A/(;g % AXJC)T = —:T%. Notice that the scaling operator exp {n (Zapa + paZa)} has already

been considered as a quantum canonical transformation in [8].

Finally, the QRF transformation between relative velocities S, : Hlf ®7—[§ > 7-[{? ®7—[‘£
is given by
Sy =P\ exp {*%Z’%ﬁ ﬁAch} (2.22)
where
Za — — (mBgs +mcdc) /ma, I — (B, (2.23)
ba — —pA R, PB = B — MEfG. (2.24)

The map pa +— —1 4 7@¢ has already been proven here, since p5 commutes with the oper-

ator exp {—%%ﬁ D AiB} which is responsible for shifting the momentum of B appropri-

ately. The proofs of the other maps are given in appendix A 4.

2.2. NOTION OF THE REST FRAME OF A QUANTUM SYSTEM

In the previous section, generalized transformations have been introduced which allow
to "jump" to a reference frame associated to a quantum system - a quantum reference
frame (QRF). Crucially, in section 2.1.2, it has been shown how to transform to a QRF of
a quantum system, say A, moving in a superposition of velocities form the point of view
of another frame, say the laboratory C; here, the QRF of A is referred to as the rest frame
of a quantum system, since it is the frame where, in comparison to the laboratory frame,
the quantum system is at rest. Consequently, the QRF formalism allows us to define
operationally what we mean by the rest frame of a quantum system.

It is worth to emphasize that such transformations to the QRF of a system moving
in a superposition of velocities cannot be achieved by using standard reference frame
transformations. Only approximately, when the dynamics of the considered quantum
system is semi-classical (e.g., assuming that the velocity is sharp), an ordinary coordinate
transformation can take us to its rest frame. However, when a quantum system (e.g.
a particle) moves in a superposition of velocities, QRF transformations are essential to
transform to its rest frame.

In general, the rest frame is of special interest when composite systems with external
as well as internal degrees of freedom are considered. In the rest frame, the physical
description of the internal degrees of freedom is the simplest, and the rest frame Hamil-
tonian alone is responsible for the dynamics of the internal degrees of freedom. We now
provide an example of how QRF techniques can be applied to a practical situation in
which a particle with internal degrees of freedom moves in a superposition of velocities.

13



Consider a situation in the laboratory (C) where an interaction between a photon (B)
and an atom with external (A) and internal (A) degrees of freedom is investigated. As
a consequence of the interaction, the photon may be absorbed by the atom at the end
of the process. Importantly, we do not restrict to the case where the atom has a sharp
momentum /velocity state. Moreover, A refers to the internal energy degrees of freedom
of the atom described by a two-level system with the energy gap AFE between the ground
and the excited state. The goal is to find the state of the photon and the atom, which
has to be prepared in the laboratory, such that the probability of photon absorption is
maximized.

This situation can be described easily in the rest frame of the atom, illustrated in figure
2.5(a), where the transition probability is maximal if the photon has the spectral frequency
wp = AFE/h. Since the atom and the laboratory move in a superposition of velocities

A Cc
B 2
AE i
ll
Fe——i n
Wg — ::
-V, -v;

(a) Rest frame of the atom A. The photon B is in resonance with the internal energy levels of the
atom (separated by AE) if it has the spectral frequency wg = AE/h.

A

>

i AE

v, v,

(b) Laboratory frame C. Equivalently to the description in (a), the photon is in resonance with the
atom. In the laboratory frame, the atom’s external degrees of freedom and the photon are entan-
gled, because both are coherently boosted by the velocity v1 and v2 and, due to the Doppler effect,
the frequency of the photon is transformed to wg ; and wg » With wp ; = ws (1 + ). Entanglement
is graphically illustrated by the correlation between solid and dashed lines of A and B.

Figure 2.5.: The absorption of a photon by an atom in the perspective of (a) the rest frame of the
atom and (b) the laboratory frame. The photon absorption is naturally described in rest frame of
the atom A; a QRF transformation leads to an equivalent description from the point of view of the
laboratory frame C where the frequency of the photon is entangled with the external degrees of
freedom of the atom due to the Doppler effect.

relative to one another, the state of the laboratory C is in a superposition of velocities
from the point of view of the atom A. For simplicity, the state of C is considered to move
in a superposition of two sharp velocities —v; and —v; with respect to A.

A QREF transformation (controlled by the velocity of the laboratory) leads to an equiv-
alent description of this situation in the laboratory frame where the state of the photon

14



B and the atom’s external degrees of freedom A are entangled as illustrated in 2.5(b).
The entanglement as seen in the laboratory arises from the superposed relative motion
between the photon source and the atom, and the corresponding coherent Doppler-shift
of the photon frequency. In general, the Doppler effect occurs when the emitter and the
receiver of a photon are moving relative to each other with the non-relativistic velocity v
shifting the received frequency according to wy = wp(1 + %) where wp denotes the emit-
ted frequency and v > 0 (or v < 0) if the motion is towards (or away from) each other.
With the mentioned QRF transformation the description of this situation as seen from
the laboratory is obtained, where the photon source is at rest and the receiver (atom) of
the photon is moving towards the source in a superposition of non-relativistic velocities.
Corresponding to the velocity of the atom v; and v, the frequency received by the atom
is coherently Doppler-shifted according to wg ; = wp(1 + %) and wp , = wp(1 + *2), re-
spectively. Consequently, the state of the external degrees of freedom of the atom A and
the photon B are entangled from the point of view of the laboratory.

Crucially, if the photon is absorbed by the atom in its rest frame, then it is absorbed in
the laboratory frame as well. The frame-independence of the photon absorption is guar-
anteed by the unitarity of QRF transformations and the transformation of the observ-
ables; here, the observable for the photon frequency in A’s perspective wg is transformed
to the corresponding observable in C’s perspective wg(1 + C%A). Note that the explicit
form of the mentioned QRF transformation and comprehensive calculations are given in
[2].

The results of the present thesis (chapter 4), as well as section 3.4 and 3.5, rely on
this possibility of assigning operational meaning to the internal degrees of freedom of a
quantum system moving in a superposition of velocities by transforming to its rest frame.
Specifically, relativistic particles with spin as internal degree of freedom are of particular
interest here and the reason for that is given in the next chapter before introducing the

corresponding relativistic QRF transformation.
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3. SPIN IN SPECIAL RELATIVITY

Quantum systems with spin are used as a resource of (quantum) information; specifically,
a spin-1/2 system is the prime example of a quantum bit - a qubit. Consequently, it is of
major interest to use the quantum state encoded in a qubit for communication purposes
such as, for instance, quantum teleportation [35]. In this context, it is crucial to enter the
domain of relativistic velocities since this increases the communication speed substan-
tially. However, in special relativity, an operational definition of the spin is missing, i.e.
there is no relativistic Stern-Gerlach experiment, and this prevents us from using the spin
degree of freedom as a resource of quantum information.

This chapter is organized as follows. In section 3.1, the problem of identifying a co-
variant spin operator is explained and subsequently, in section 3.2, the requirements for
a proper relativistic spin operator are given. In section 3.3, the one-particle states of the
Dirac equation and Lorentz boosts are introduced. In section 3.4, a proposal for an op-
erational definition of relativistic spin, introduced in [12], is reviewed. This proposal
employs a relativistic QRF transformation which is capable to transform between the
rest frame of a spin particle and the laboratory reference frame, which move in a su-
perposition of relativistic velocities relative to each other. Finally, with this non-classical

transformation a relativistic spin operator is defined operationally in section 3.5.

3.1. THE PROBLEM OF DEFINING SPIN

In order to utilize spin as information carrier in the relativistic regime an operational
definition of spin is needed which gives the operations for preparing and measuring the
spin state of a relativistic particle. However, such an operational definition of spin is
lacking.

A key issue is the ambiguity of splitting the conserved total angular momentum op-
erator J = L + S into an external L. and an internal S part referred to as orbital angular
momentum and spin, respectively. This is related to the definition of a relativistic po-
sition operator X because L = % x p with the momentum operator p = —ihAV; thus,
different definitions of S induce different relativistic position operators %, and vice versa.
[11,39]
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Moreover, in the seminal work [10], the authors show that the spin state of a relativistic
spin-1/2 particle (obtained by tracing out the momentum degree of freedom of the total
momentum-spin state) moving in a superposition of relativistic velocities is not covariant
under Lorentz transformations; whereas, the spin state transforms in a covariant way
under standard Lorentz boosts for states with sharp momentum. This has been shown by
comparing the entropy of the reduced spin density matrix of a general one-particle state
before and after a Lorentz boost. Since entropy can be used to quantify entanglement, it
has been concluded that an initially pure reduced spin state gets mixed after applying a
Lorentz boost which means that a Lorentz boost entangles the spin with the momentum
degree of freedom; however, the reduced spin density matrix stays pure for states with
sharp momentum.

Additionally, by questioning the preparation and measurement of relativistic spin
states via a Stern-Gerlach apparatus it is shown, by Lorentz boosting the inhomogeneous
magnetic field of the apparatus, that the measurable expectation value depends on the
momentum of the particle [40].

A possible solution to this problem would be to choose the description of the spin
(internal) degree of freedom from the point of view of the rest frame, where the spin can
be unambiguously defined, and then transform this description to the laboratory frame.
However, a standard reference frame transformation can only capture situations in which
the particle moves with a sharp velocity from the point of view of the laboratory. Thus,
for general quantum states (in a superposition of velocities), the transformation to the
rest frame has to be generalized. As discussed in section 2.2, the QRF formalism can be
exploited to transform to the rest frame of a general quantum system. Before introducing
the appropriate QRF transformation for relativistic spin states, in the next section, the
requirements for a good spin operator are discussed.

3.2. CHARACTERIZATION OF A PROPER SPIN OPERATOR

Essential features of a proper relativistic spin operator are discussed and compared to
existing proposals in [11]. The motivation of the authors is the lack of a commonly ac-
cepted spin operator in a relativistic setting and, in addition, the focus is set on the ability
of defining such an operator by experimental methods.

Following [11], the requirements of a relativistic spin operator for massive spin-1/2
particles are given in the following. The first requirement is that the spin commutes
with the free Dirac Hamiltonian (or with the Dirac Hamiltonian for central potentials)
ensuring that spin is a conserved quantity as in non-relativistic quantum mechanics. In

mathematical terms, a relativistic spin operator S = (S”x, S”y, S’Z) has to satisfy

[Hy,S] =0 (3.1)
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where Hj denotes the free Dirac Hamiltonian. Moreover, it has to obey the su(2) algebra

and give the same eigenvalues as in the non-relativistic limit, i.e.
[ﬁi, S’j] = ihel-ij’k with eigenvalues = +7/2 (3.2)

where ¢;;;, denotes the Levi-Civita symbol. It is worth mentioning that eq. (3.2) is consid-
ered to be the fundamental property of angular momentum operators of spin-1/2 parti-
cles [41]. Finally, a proper relativistic spin operator has to have the correct non-relativistic
limit.

In [11], the properties of seven relativistic spin operators (Pauli, Foldy-Wouthuysen,
Czachor, Frenkel, Chakrabarti, Pryce and Fradkin—Good)l, which are often motivated
by abstract group theoretical considerations, are investigated. All of them converge to
the same (correct) expectation values in the non-relativistic limit. However, only two,
the Foldy-Wouthuysen [42] and the Pryce [43], of the seven investigated spin operators
qualify as proper relativistic spin operator since only these two satisfy eq. (3.1) and (3.2)
at once.

3.3. ONE-PARTICLE STATES

Here and in the following, the relativistic momentum-spin states are taken to be the
positive-energy solutions of the Dirac equation in the Foldy-Wouthuysen representation
[42]. In addition, the full quantum field-theory state is projected onto the one-particle
sector. A comprehensive treatment of the one-particle sector can be found, for instance,
in [44]. Useful relations and the used notation are introduced in the following.

A relativistic spin state for a Dirac particle with mass m > 0 is defined by

) =3 [an(p)va(p) [pi Sole) (33)

where o denotes the spin in the rest frame of the Dirac particle, p the momentum, du(p)
the Lorentz-invariant integration measure and ¢,(p) = (p;¥p(o)[y)) the wave func-
tion. For clarity, the momentum dependent spin label ¥ (o) explicitly denotes the spin-
momentum entanglement as shown in [10] and discussed in section 3.1. The basis ele-
ments are defined via standard Lorentz boosts according to

[p; Zp(0)) = U(Lp) |05 0) (3.4)

where U(L,) is a unitary representation of a pure boost L, taking the four-momentum
of the Dirac particle from k* = (mec,0) to p* = (Lp)k” = (p°, p) with p° = p°(|p|) =

! References of these spin operators are given exhaustively in [11].
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v/m2c2 + p? 2 and the speed of light c. It is important to notice that in the rest frame,
|0; X9(0)) = |0;0), there is no entanglement between momentum and spin, i.e. the one-
particle state is separable: |0; o) = |0) |o). The Lorentz-invariant integration measure for

positive energy solutions, i.e. E = p'/c > 0, is given by [44]

dup) = B &P (35)
Hp (2m)32p°  (27)32/m2c2 + p? '
Moreover, the orthogonality relation
(p'; 2pr (") |P; Bp(0)) = (271)°(20°)0500% (P — D) (3.6)
leads to the scalar product
(¢} =Y [du(p)es (p)n(p) (37)

where * denotes the complex conjugate.
Notice that in the literature, e.g. [45, 46], the spin-momentum entanglement is implicit;

however, such a notation might be misleading since

c1|p1;0) + 2 |po; o) # (c1[p1) + c2[p2)) |o) (3.8)

because the spin state depends on the momentum and o refers to the spin in the rest
frame only. Therefore, we denote basis elements by |p; ¥, (0)) = |p; 2(0))°.
The explicit matrix for pure Lorentz boosts, transforming to a reference frame which

is moving with velocity v relative to the initial frame, is given by

y S
L, = € |4 (3.9)
Y (7‘2 1 + 711 VZQ >

where v = (1 — % v2)~1/2 [47]. This matrix can be written completely in terms of the
momentum p, or more accurately the ratio p/m, by substituting p* = (p°, p) = mv(c,v)
ineq. (3.9)

» p’
Ly=Lp = (n;c T T > (3.10)
mc + v+1 (mc)?

. 2
Wlth’}/:’)/% =4/ mp202 5andp0:m0’}/: m202+p2 :p0(|p|)

2

Notice that the metric utilized here is = diag(1, —1, —1, —1) leading to p° = po.

3 In later calculations, the index p of 3 is neglected for simplicity; however, X still indicates the momentum
dependence, where its index unambiguously reflects the same momentum as in the shared ket.

* Notice that here the transpose is explicitly denoted for compactness and correctness; however, to avoid

cumbersome reading the transpose is not denoted explicitly elsewhere.

5 2
2:1_072_1 2<:>'Y =1+

5 Py mz mzcz
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3.4. SUPERPOSITION OF LORENTZ BOOSTS

As discussed in section 2.2, the QRF formalism can be utilized to define the rest frame of
quantum systems via corresponding QRF transformations. Following [12], an extension
to special relativity of the formalism introduced in [2] is given now by introducing a
transformation corresponding to a "superposition of Lorentz boosts".

In particular, we start in the rest frame of a spin-1/2 particle A, where spin can be
defined operationally®, and then transform to the laboratory C. Consequently, the labo-
ratory C describes the Dirac particle A = AA with its external (momentum) and internal
(spin) degree of freedom which are labeled by A and A, respectively. However, in the rest
frame of the Dirac particle, i.e. in A’s perspective, only the spin A and the laboratory C
are described and a general quantum state is given by

A
[ = o) 5 10)c (3.11)
where it is assumed that the states of A and C are separable. In the following, the spin

state is written in the eigenbasis {|+z),|—z2)} of the Pauli operator 6* = |+z) (+z| —
|—z) (2| = diag(1, —1)”

lo)x= Y x|z with > [P =1 (3.12)

The state |¢) is expressed in the momentum basis and kept general; in particular, C is
allowed to move in a superposition of relativistic velocities. For simplicity, the relative
motion between A and C is restricted to be relativistic only in one dimension. Thus,

) = /duc<w>¢<w> )6 (3.13)

with the (1+1)-momentum 7* = (7%(x), 7) where 7%(m) = /mic? + 72 and duc(r) is
the (1+1)-dimensional version of eq. (3.5) with the mass mc indicated by the index C
of the integration measure du. Notice that, in general, the situation discussed here has
to be considered in three spatial dimensions due to the spin of the Dirac particle. The
extension to three dimension is done by enlarging the Hilbert space of C according to
[#)c = [d)c |99) . [62) ¢ with the non-relativistic states |¢7) where i € {y, z}. However,
these extra non-relativistic states can be ignored for what concerns the relativistic treat-
ment of the Dirac particle. The state |1,Z)>|£C as seen by the rest frame of the Dirac particle
is shown in figure 3.1(a) where, for illustration purposes, the laboratory moves in a su-
perposition of two sharp relativistic velocities only.

8 The spin state of a quantum system can, in principle, be tomographically verified by a series of standard
Stern-Gerlach measurements in the rest frame of a spin particle (or more precisely for slow velocities).
7 Equivalently, one could chose (normalized) eigenstates of 6 or &Y.
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(a) Rest frame A of the Dirac particle A. (b) Laboratory frame C.

Figure 3.1.: (a) In the rest frame of the Dirac particle, the total state of the spin A and of the
laboratory C is separable. The laboratory has a state which is in a superposition of two sharp
relativistic velocities —v; and —wvs. In this QRF, spin can be defined operationally with a Stern-
Gerlach experiment. (b) In C’s perspective, the spin (A) is entangled with the momentum (A)
degree of freedom of the Dirac particle (pictorially, this is represented by the correlation between
the transparency of the drawn symbols).

The QRF transformation between the momentum degree of freedom and the labora-

tory Sy, : H'ﬁ ® 7-['3 — Hf ® H‘AC maps W)‘:A = Sy, W>|§c where

51, = PeAU (c) (3.14)

. . Lo 5() . A |A |C c .
with the generalized parity-swap operator Pry @ Hi @ Hg — Hy ® Hy given by
Agj{ = Pca exp{iﬁlog 2 (gotc +frc(jc)}8 where PévA) ﬁcﬁgf = —;mCpa (see sec-

tion 2.1.2) and U i () is a unitary operator depending on the momentum of C and act-
ing on the spin A. The QRF transformation Sy, can be defined via its action on a ba-
sis element of a complete basis via S, |A) & |7r>~C = [—TamX(A)) , ; Where [p;E(A)), =
P;Xp (M)A = Ua(Lp/m,y) [0;0) 4 with A = AA. In comparison to the previous section,
Ly /m, is the (1+1)-dimensional version of eq. (3.10) and U A(Ly/m, ) denotes the unitary
representation of a pure Lorentz boost taking the (1+1)-momentum from &)y = (mac,0)
to P = (Ly/my)'vk% = (P4, p) where p} = p)(|p|) = \/mic? + p*.

The action of the quantum reference transformation Sy, on the basis elements can be
derived when all appearing systems are considered jointly from an external perspective.
In line with the situation above, we start with a Dirac particle A at rest and with the labo-
ratory C moving with momentum =; thus, a general basis element is given by |0; A) 5 |7) .
Because A has zero momentum there is no entanglement between its momentum and
spin; hence, the state of A = AA is separable, i.e. [0;\) 4 = [0), |A) i- Itis important to
see that, in comparison to the treatment above, only the redundant state |0) , has been
added. To transform from the rest frame A to the laboratory frame C, i.e. to the state in

8 In order to keep the label C referring to the laboratory, this is the reverse transformation of the generalized
parity-swap operator introduced in section 2.1.2, i.e. Pé”A) = PX’(%* and Pca = Pl
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which the momentum of the laboratory is zero |0), we first have to Lorentz boost A by
a velocity controlled by the momentum of the laboratory C, via

UA(L i /me) [0:0) & 1T)e = UA(L _r/m) [0: M) 5 [T)e = |- 72w, B(N)) , In)e  (3.15)

where A has been boosted to pp = (p%(m—gﬂ), —mom) and the spin now depends on
the momentum of the corresponding state as discussed in section 3.3. To complete the
change of perspective, the laboratory state has to be boosted to its rest state. This can be
achieved by another Lorentz boost depending on the momentum of A, i.e. a coherent

Lorentz boost, given by U, é (L_pp/ma) = Uc (Lpn /ma); consequently,

A~

UC(LﬁA/mA)UA(L—frc/mc) |07 )\>A |7T>C = |7%27T7 E()‘»A UC(L—W/mc) |7T>C
_ |- man S, [0)c.

(3.16)

Since the two states of zero momentum |0) , and |0) in the QRF of C and A, respectively,
do not play any role, we can discard them. Hence, the action of the QRF transformation
Sy, on the basis elements

SLIN; M) = |- 2(V) (3.17)

A

is obtained.
Consequently, this QRF transformation acts on the total state in the following way

S (3.18)
=Yoo [duae) ¢ (- 22p) lp S00)
A
where dux(k) = 4“\/% and in the last step the substitution p = —%277 has been

used. In figure 3.1, the QRF transformation from ]z/1>|£c to W)L& is illustrated where, for
simplicity, only two sharp relativistic velocities in superposition are considered.

3.5. AN OPERATIONAL DEFINITION OF SPIN

With the help of the previously introduced relativistic QRF transformation St it is now
possible to define a relativistic spin operator revealing the spin as seen in the rest frame
of the Dirac particle according to

—Pa

=5, =S (65 @ 10) 8 (319)
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which is simply called relativistic spin operator in the following and can be written in terms
of the manifestly covariant Pauli-Lubanski operator SE = (20 f]ﬁ ), see appendix A.5.
Pa Pa ‘

By definition, this relativistic spin operator obeys the su(2) algebra [EEA, E%A} = i€ ké’gA.
Moreover, E;A has the same eigenvalues as the corresponding Pauli operator (}%. This can

be shown by considering the state Wﬂ‘;ﬁc = |%i)z |¢) in the rest frame of A, where |£i)
denotes the two eigenstates of the corresponding Pauli operator 6°, i.e. 6% |+i) = + |+i)
with i € {x,y, z}. Consequently,

i C A ~d At & A
SN ‘wi>|AA SL (UA & ]lc) SIJLSL ‘wi>|AC
St (&g ® ]10) £ & [0)c (3.20)

+ |wi>‘ACA with Wi>|ACA = /dMA(P) ¢ <—%§p> |p; 2 (1)) .

With these operators, it is possible to partition the Hilbert space ’Hlf ®’H|AC into two equiv-
alence classes by choosing one of the Pauli operators with the corresponding eigenvectors
(here: 6% with |+z)) according to

Ho, = {W)AA e’}{f@?—[f ) sz ~ SLlH2)5 10)e, Y8 eﬂlc?}?

|C IC A A (3.21)
Hoo = {10}z € HY @ HE : [0)z ~ Sul-2)3 )0, VIE)o € HE |

This means that, if two states are eigenvectors of égA with the same eigenvalue, then they
are considered to be equivalent and the Hilbert space Hf ® 7-['; can be divided in two
highly degenerate subspaces where the states in H., correspond to "spin up" and the
states in 7{_ to the "spin down" eigenvalue. [12]

In addition, the relativistic spin operator =;, commutes with the free Dirac Hamilto-
nian [12]; finally, it has the correct non-relativistic limit since Sy, — 7582, ie. U i(mc) = 1,
if the velocity of C tends to zero. Consequently, this relativistic spin operator satisfies all
the criteria for a proper relativistic spin operator discussed in section 3.2.°

Moreover, it can be shown that the relativistic spin operator £;, is equivalent to the

Foldy-Wouthuysen [42] and the Pryce [43] spin operator. [12]

® Notice that the actual non-relativistic spin operator, hé /2, differs from the Pauli operator & only by a factor
of h/2 and, similarly, the relativistic spin operator =;, introduced here is defined without the factor of #/2.
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4. RELATIVISTIC BELL TEST WITHIN
QUANTUM REFERENCE FRAMES

This chapter contains the original results of the present thesis. It is shown how relativistic
QRFs can be used in order to set up a relativistic Bell test, i.e. a Bell test with relativistic
massive particles. In section 4.1, a short introduction to Bell’s theorem is given. In section
4.2, the relativistic QRF transformation Si, (introduced in section 3.4) is extended to the
two particle case, where another spin-1/2 Dirac particle B is considered on top of the
Dirac particle A in chapter 3. With such extended QRF transformation Sy, it is possible
to find the observables for a joint spin measurement on the two spin particles in differ-
ent QRFs. The relativistic Bell test is analyzed in different situations. In section 4.3, the
quantum state of the two Dirac particles is taken to be perfectly correlated in velocity,
so that the transformation to the rest frame of one particle automatically gives the rest
frame of the other particle (shared rest frame). This enables us to define operationally the
spin observables for a Bell test and, by applying the QRF transformation Sy, the corre-
sponding observables in the laboratory frame are obtained. This treatment is generalized
by considering a general state for B in the rest frame of A in section 4.4 and, on top of
that, allowing for non-collinear relative motion between the considered systems in sec-
tion 4.5. Finally, in section 4.6, it is concluded that the relativistic QRF transformation
S, preserves spacetime intervals and thus space-like separation which is relevant for the
Bell experiment.

4.1. BELL’S THEOREM

In 1964, John S. Bell showed that no local realistic theory of nature (such as classical me-
chanics) is able to reproduce all predictions of quantum theory. This worldview changing
result follows from the violation of a device-independent! inequality which is satisfied
by any local realistic theory of nature. [15]

' In this context, device-independent means that measurement apparatuses are described by "black boxes"
with inputs (measurement settings) and outputs (measurement outcomes), where no internal structure of
the measurement apparatuses, properties of the measured systems, Hamiltonians, etc. are assumed.
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In this context, an event is considered to be local if it is not affected by any action taking
place in a space-like separated region. On the other hand, physical systems are consid-
ered to be real if they posses properties prior to and independent of any observation,
i.e. the outcome of a measurement is predetermined by the preexisting properties of the
system.

In the following, the Clauser-Horne-Shimony-Holt version of Bell’s inequality [16],
referred to as CHSH-Bell inequality, is considered. In particular, the CHSH-Bell inequality
sets a bound on the correlations of joint spin? measurements on two space-like separated
particles, say A and B, with the outcomes +1 for each spin measurement according to

S| = |E(x1,y1) + E(x1,y2) + E(x2,y1) — E(x2,¥2) <2 (4.1)

where E(x;,y;) denotes the expectation value of the joint measurement on A and B, and
the measurement settings x; and x» (y; and y,) refer to the spin measurement on A (B).
In (non-relativistic) quantum mechanics, a joint spin measurement is described by the
observable x-6 5 ®y -6, where & = (6%, 6Y,6%) = (61,62, 6%) denotes the Pauli operator
and x = (2',2%,23) as well as y = (y', 7% 9%) with |x| = |y| = 1 are Bloch vectors
referring to the measurement settings. For the singlet state |¥™)z;5 = (|[4+2)i |—2)5 —
|—2) z |+2)3)/V2 the expectation value for a joint spin measurement is given by

BEx,y) = (U |x-6@y-6[¥7) =) 2/ (T |06 |07)=—xy (42
i?j

and a proper choice of measurement settings, e.g.

0 0
1 1
x1=—1|1], x=—11|1 |, =11 and =101, 4.3
1 NG 2 NG 1 Y1 . Y2 X (4.3)

leads to |S| = 2v/2 which violates the CHSH-Bell inequality. Significantly, in 2015, the
first experimental loophole-free® violation of the CHSH-Bell inequality was conducted [17,
18, 19]. Consequently, a local realistic description of nature can be ruled out.

For convenience, we only consider the correlation tensor of the wave function |¥)

defined via le‘£> = (V|6 ® 67|¥) in the following. In particular, the correlation tensor
for the singlet state T|g_> = (U7|6'®67|¥~) = —4;j, where §;; denotes the Kronecker

delta and i,j € {1,2,3}, has been shown to be sufficient evidence to conclude that the
CHSH-Bell inequality can be violated.

2 Here, we restrict to spin measurements but, in principle, any kind of measurement (with outcomes +1)
could be used as well.

8 Except local realism and freedom of choice (i.e. the measurement settings are not predetermined), there
are no further (experimental) assumptions.
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In relativistic quantum mechanics, the momentum degrees of freedom of the two par-
ticles must be also taken into account, because their spin degrees of freedom depend on
their momentum degrees of freedom; in particular, the reduced spin state gets mixed
through a Lorentz boost of the full (spin and momentum) state [10]. This means that
different inertial observers would not agree on the violation of the CHSH-Bell inequality,
eq. (4.1), if all of them apply the same operator x - 6; ® y - 6 to their corresponding
Lorentz boosted states (after tracing out the momentum degrees of freedom). However,
if the joint spin observable is Lorentz transformed in addition to the full state, we find
an observer-independent violation of the CHSH-Bell inequality. This means that differ-
ent observers agree on the probabilities of observing the same event, but disagree on the
measured observables.

In the literature, different relativistic spin operators defined on the total (momentum
and spin) Hilbert space of each Dirac particle have been utilized for relativistic Bell tests
instead of the ordinary Pauli operator. In fact, there are lots of approaches with different
conclusions regarding the violation of the CHSH-Bell inequality in a relativistic setting
where a variety of spin operators and entangled states have been considered, see [20, 21,
22,23, 24,25, 26,27, 28, 29, 30, 31, 32, 33, 34]. In particular, some authors conclude that
the violation of the CHSH-Bell inequality is observer-dependent [20, 23, 24, 25, 26, 29,
30, 32, 34] and others claim that it is observer-independent [21, 22, 27, 28, 31, 33]. Notice
that all the authors, except [34], were not considering quantum states in a superposition
of momenta. In comparison to the present work, the authors of [34] consider a standard
Stern-Gerlach apparatus in the laboratory frame with a postselection of the particles’
momenta which leads to a momentum dependent violation of the CHSH-Bell inequality,
where maximal violation is obtained in the case of sharp momenta.

Apart from the philosophical significance of abandoning local realism on grounds of
the violation of Bell-like inequalities, the QRF approach is utilized in the following to
find an operational definition of Bell observables in a relativistic setting from the point of
view of different QRFs. In this context, the violation of the CHSH-Bell inequality proves
the ability to operationally use spin entanglement between relativistic massive spin-1/2
particles such that quantum communication protocols, e.g. quantum teleportation [35],
can be extended operationally to the regime of superposed relativistic velocities.

4.2. INCLUSION OF A SECOND DIRAC PARTICLE

In order to set up a Bell experiment within QRFs, we now extend the formalism for rel-
ativistic QRFs given in section 3.4 and 3.5 to include a second Dirac particle B = BB,
where B refers to external (momentum) and B to internal (spin) degrees of freedom. In
doing so, a (1+1)-dimensional situation is considered, where from the viewpoint of par-
ticle A the motion of particle B and the laboratory C is along the same spatial direction.
Consequently, the QRF transformation S, from QRF A to QRF C (laboratory) has to be
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extended with a boost on system B controlled by the velocity of the laboratory C. Ac-
cordingly, the new QRF transformation Sy %lA ® H‘A ® ’H'A — 7—['0 ® ’HlBC with A = AA
and B = BB is given by

S = SL UB(L_4¢/mec) (4.4)

where Ug (L_#¢/mc) is @ unitary representation of a Lorentz boost controlled by the veloc-
ity of C and acting on the Dirac particle B; as introduced in section 3.4, Sy, = 75821% (7c)
is given by the generalized parity-swap operator 7582 mapping 75((372 ﬁcﬁévI = —mopa 4
and a unitary operator U; (7¢) controlled by the momentum of C and acting on the spin
degree of freedom A.

We now take a basis of the total Hilbert space in the rest frame of A according to
la) i |mB; X(b))g |Tc)c where |a) 5 is the spin state of A in its rest frame and |7c)( is
a momentum eigenstate of the laboratory as seen by A as in chapter 3; here, the state
175 2(b))g = U(Lyy /mz) 10; b)g is added where b refers to the spin of the Dirac particle
B in its rest frame. By utilizing the properties of the Lorentz group (in particular that
two successive collinear Lorentz boost are still a Lorentz boost), the action of the QRF
transformation S5 on the considered basis is given by

Sala)z [mp; 2(0)g Imc) e = St la) 5 17¢) UB(L_re jme) I78: 2(b))5
= Sy |a)x |mc) Us(L —Trc/mc)ff ( m/ms) [0;0)p (4.5)

= |[—227c; 2(a)) , |L7e; (b))

B
B

where in C’s perspective the spin of A is entangled with its momentum degrees of free-
dom and B moves with the booted momentum Lmg which refers to the spatial part of
the (1+1)-momentum (L_Wc/mc)“’/ 7% = ply where 7% = (73, 7g) with 73 = 73(|mp|) =
v/ m%c2 + 7r123 ; consequently, the momentum degrees of freedom A and B are correlated

as well. Tt is essential to notice that the spin state B is different after this transforma-
tion since ¥ always refers to the momentum of the corresponding momentum-spin ket.
Moreover, Wigner rotations (appendix A.6) do not appear for this configuration, because
the relativistic momenta g and 7 are aligned such that the two successive boosts are
described by a single boost, i.e. U(L_».)U(Lry) = U(Lpxg).>

4.3. SHARED REST FRAME

In this section, we consider a specific situation where the two Dirac particles A and B are
entangled in their spin degree of freedom and share the same rest frame. This state can

* The generalized parity-swap operator is explicitly given by PCA = Pca exp {E log , /% (Gcc + frcqc)}

where PacpaPl = —7c. See section 2.1.2 for details.

5 Here, this is trivially guaranteed since relativistic velocities are only considered in one spatial dimension.
Notice that the other two spatial dimensions are neglected for simplicity; however, non-relativistically, they
can be easily added as discussed in section 3.4.
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be written in A’s perspective according to

e = J5 (204 10-2)g — |-2)3 05-+215) e

=Y alNil-Nglo)e with ci.=+1/V?2,
A==+z

%)
(4.6)

where |£2) denote the (normalized) eigenstates of the 5% Pauli operator, [0; \)g = [0) |\) 5
represents the state of B at rest as seen by A and

_ A dnc

B =0 = [duc(ro) o(ro) Imche with dc(re) = A 4)

is a general laboratory state in A’s perspective expanded in the momentum basis. Since
the momentum degree of freedom B factorizes, we can write

|¢_>|;ch = \}5 (I+2)x |=2)5 = [=2)x [+2)5) 100 9)c = [¥7) 25 |0)5 |9)c (4.8)

with the singlet state |V ™) 35 which is pictorially illustrated in figure 4.1(a) where, for
simplicity, a superposition state of two sharp momenta/velocities is drawn for |¢) ..

L

(a) Shared rest frame of A and B. (b) Laboratory frame C.

Figure 4.1.: In the shared rest frame (a) only the spin degrees of freedom A and B are entangled
(indicated by the correlation between the arrow patterns) and the laboratory state, moving in
a superposition of two sharp relativistic velocities —v; and —w, relative to the shared rest frame,
factorizes. The QRF transformation S, takes us to the corresponding perspective of the laboratory
(b), where the total quantum state of the Dirac particles A and B is entangled (indicated by the
correlation between the patterns of the drawn symbols).

The corresponding state in the laboratory frame is obtained according to

= Yo [duc(mormsi W mhe Ua(L xjme) 0~V
A

=Yoo [duae) & (~2p) 15 SO0 o 122 E(-N)
A

(4.9)
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where the spin degree of freedom of each Dirac particle is correlated with its momen-
tum degree of freedom; moreover, the coherent Lorentz boost has caused entanglement
between the total quantum state of particle A and B. This is illustrated in figure 4.1(b)
where, for simplicity of illustration, the two QRFs A and C move in a superposition of
two sharp velocities relative to each other.

4.3.1. Bell Observable in the Shared Rest Frame
Concerning the state |¢*>‘A = [¥7)i510)g |#), we can adopt the non-relativistic treat-
ment regarding the CHSH-Bell inequality in A’s rest frame by considering the Bell ob-
servable

Og =55 ®1p©d, ®Ilc (4.10)

with the Pauli operators 6° because this leads to the same correlation tensor as in the
non-relativistic case. This is immediate since the singlet state factorizes from the total
state and thus

7 = (w107 0] = ap(Um154 @ 5L 197) 55 = iy (411)
where [(1)7| ... [¢y7)]I* refers to the utilized state |1/)_>|A = |y~ > ipo- With the measure-
ment settings given in eq. (4.3) the CHSH-Bell inequality is violated in the rest frame of
the Dirac particle A.

Crucially, the QRF transformation S, leaves the correlation tensor invariant. In partic-

ular,
. . |A
T = [ 10 w7)| = [ 1O v~ 1" (4.12)

with the observable Olé = SQOTJAST and state |1y)/ = S5 [")* as seen by the labora-
tory C. This ensures that the CHSH-Bell inequality is violated in the laboratory frame
C when it is violated in the rest frame of A, and vice versa. Notice that the invariance
of the correlation tensor is guaranteed for all possible states and observables since it is
based on the unitarity of Sy and the accompanied transformation of the observables only.
In the next section, we show that the transformed observables take a local form in the
Hilbert spaces of the two Dirac particles A and B, so that a relativistic version of the Bell

experiment can be set up in the laboratory frame.

4.3.2. Bell Observable in the Laboratory Frame

In this section, the form of the observable in the laboratory frame O‘C gQOTiST is

calculated via its action on the corresponding state

o” NS 2o 1838, [yt =8, O” )

ABC

quﬁm N2 10~ )

ABC
(4.13)
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where

O INz 10 ~=NpImc = (55 ® 15 5L @ 1c) N © 0) @ |-X)g @ Im)c

f;|> ®10)5 ® 6L |-Ng ® m)g
= laxla); ®10)5 ®Z Jo, A b)g @ |T) ¢ (4.14)

= Z b ~xla)a [0;0)g )
ab

&k

with a,b = £z and the matrix elements [¢*],,,, of the Pauli operator 6% written in the

6*-basis as explicitly given in appendix A.5. Consequently,

0l =523 en [o'hanlo?lon [duo(m)é(m) )3 10:b)p I
pab (4.15)
= 3" e lolanlo o [dna (0 (~p) 15 S o 1220 2000
Aa,b
with p = —Mw and the Lorentz-invariant integration measures dux (k) = 4\/%.
On the other hand, with the laboratory state |/~ > Aps €q. (4.9), it follows that
Vas = ZC/\ /dMA —%ﬁp) O 1D S(N) a |22 p; (= N)) (4.16)

and, by comparing the previous two equations, we obtain the action of the Bell observ-
able O| é on the eigenstates

Ol [ B(\) o | 22p; (-~ A>>B=Z[ 0 an[07]b—x [p: 2(a)) o |22 p; B (0))

= Z a)\|pa A ®Z[O—j]b,—/\|%p;2(b)>]3‘

b

(4.17)

Notice that the observable O| é acts on the total Hilbert space locally in A and B, i.e. the
total observable in the laboratory frame factorizes into O| C = =04 ® O%. Thus, we can

consider each particle separately. With the help of the standard Lorentz boost Ua (L,) =
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A~

Ua(Lp/m,), we find

S0 lan (@) a = D [07anUA(Lp)US (Ly) 5 Sp(a)) o

a a

UA(Lp) Y [0']ax [05a) 5

Ua(Ly) (11 A &Z’A) 10; M) 5
Ua(Ly) (1a @ 5% ) UL (L) [P 2(0)

=Z IS\ a =Zh, [ S(A\)a

(4.18)

where we have used the unitarity of the standard Lorentz boost Ua (L,) = U. A(Lp/my)-
In appendix A.5, it is shown that the relativistic spin observable =, can be specified in
terms of the Pauli-Lubanski spin operator %% according to =i, = U(L,) (1 ® 6) UT(L,) =
(Lp);, 2. Analogously, with pg = ["Bp and Ug(Lyy) = Us(L

ps/my ), We obtain

Z[Uj]b,fx pB; 2(0)) g = U(Lypy) (]IB ® &%
b (4.19)

= 5], Ippi Z(-N)p = =, IpB; S(-N)g -

Notice that whenever there is a momentum index the corresponding mass is implic-

, : R e _ (7. i s i _ 2§ _
itly takenAmto account, ie. =} ==, (Lp, Jm A)uZﬁA Jma and =7 = = ey =
) J g
(LPB/mB)M EﬁB/mB'
Consequently,

N C m =i =J m
O 10K = ex [duatr) o (~25p) (25, 925, ] In 500 o 128 Sma, (X))
A mA
i ~j C
=5}, 05, [Wan-

(4.20)

Therefore, in the case of a shared rest frame, the laboratory Bell observable is given by

O, = 0081 = %, (# @ 1p 0 ol @ 10) 8] = &), @3], (4.21)
where the spin and momentum degrees of freedom are not separable in the laboratory
frame. However, it is crucial to notice that Oré is separable in the Hilbert spaces of the
two Dirac particles A and B; thus, the spin states of A and B can be measured separately
via é%A and Q;B, respectively. This feature ensures that the two spin measurements can
be performed in space-like separated regions such that the locality assumption of Bell’s

theorem is satisfied.
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4.4. GENERAL SCENARIO

In comparison to the previous section, it is no longer assumed that the state of the two
Dirac particles is perfectly correlated in momentum basis. Thus, the total state in the rest
frame of A is described by
A _ |A
WA = 1)k = )ag 0)e (4.22)
where |$), given in eq. (4.7), is the state of the laboratory degree of freedom from the
point of view of particle A, and it factorizes from

A
mmzmgzz%ﬁwmmmmmmﬂwB (4.23)
a,b
¥ . . . . . _ drg
where the Lorentz-invariant integration measure is given by dug(7g) it

Hence, in A’s perspective the Dirac particle B moves in a superposition of momenta and
can be entangled with the spin state of A which is graphically illustrated in figure 4.2(a).

m
s

ji ; @

~ - L, v

A A% B L
== “ v,

# 3
A B_v—B’L A—C @. L, vy,

1 oS

o,
/qu @ a," A Lv, Ve
H ' | 4 —_—
Vs -V, v,

L B
O N —— o E— —

oL,
(a) Rest frame A of the Dirac particle A. (b) Laboratory frame C.

Figure 4.2.: (a) In A’s perspective, the spin degree of freedom B of the Dirac particle B = BB
depends on its momentum degree of freedom B (indicated by the orientation of dashed and solid
lines) since B is moving in a superposition of two sharp relativistic velocities vg ; and vg 2 with
respect to the QRF A. Moreover, the state of the laboratory C is moving in a superposition of
two sharp relativistic velocities —v; and —v, relative to A. In the initial QRF A, we consider
entanglement between the spin state of A and the Dirac particle B (illustrated by the correlation
between the dashed and between the solid lines). The QRF transformation S, coherently boosts
the two Dirac particles by the velocity of C and outputs the perspective of the laboratory. (b) In
the laboratory frame C, the two Dirac particles A and B are entangled and both spin degrees of
freedom A and B depend on the corresponding momentum degrees of freedom A and B.
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Accordingly, the state in the perspective of the laboratory C is given by

)€ = ) lp = S2 1)

- %;cab /d,UB(ﬂ'B)d,UC(TFC) n(me)é(rc) Sala)z |78 X(b))g |7c)q w2

5 S car /d,uA(pA)d,uB(pB) n(L ™ pg)¢ (—%ﬁpA) lpa; X(a)) o P 2(0) B
a,b

with pa = —27c, pp referring to P = 0% 0B) = (L_rg/me)vmh, L™ pp referring to
. _ -1 . . . .

the spatial partd(]if Th = (LpA /mA)“ »pp and the Lorentz-invariant integration measures

dux (k) = pay syl Thus, in C’s perspective the two Dirac particles A and B are

entangled and their spin degrees of freedom, A and B, are momentum dependent. This
is graphically illustrated in figure 4.2(b).

4.4.1. Bell Observable in the Rest Frame

In the rest frame of the Dirac particle A a proper spin observable for its spin state A is in-
deed the same as in the non-relativistic case, i.e. 6%. However, 1y ® 6}13 is no longer valid
as spin observable for the other Dirac particle B due to its (non-sharp) relativistic mo-
mentum states which leads to spin-momentum entanglement. Therefore, in analogy to

section 3.5, the observable =

= is used as relativistic spin observable for B. Consequently,
B

the joint spin measurement in A’s rest frame is described by
G\ = 6L ©EL @1l (4.25)

Since the momentum degree of freedom B does no longer factorize from the total state,
we have to check that the CHSH-Bell inequality, eq. (4.1), is violated with this choice of
observables. This is done by calculating the corresponding (QRF-invariant) correlation
tensor in the following section.

4.4.2. Correlation Tensor
Here, the correlation tensor T is calculated in the rest frame of the Dirac particle A,
where the laboratory C separates from the total state such that

i _ rij 1A o 2 , _ A
T = [WIGR 1] = o @=L ) with |n) = |y (4.26)

With the general state |77>|1~fB, eq. (4.23), it follows that

~i =] A ~d ~j
oL ol It = cw /dquB) n(re) 6% la)z ® =3, 781 2(b))g (4.27)
a,b
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where 6% la)iz = > wl0'lara|a’) 5 and following eq. (4.19) we can write 2 Ex |7rB, (0)g =

Sl |7 S(0)p = Un(Lra) (18 © 63 ) U (L) Ima: () = Sy 07 s () with
a,a’,b,b’ = £z and the matrix elements [0"],,,,, of the Pauli operator 6% written in the 5*-
basis as explicitly given in eq. (A.28). Consequently,

dL o=l It = 3 calo’lvalo’ls /dquB) n(me) )z 7 B())g  (428)

a,a’ ,b,b’

and, by using the orthogonality relations (a|a’) = &z, as well as (7g; X(b)|7p; D(V)) =
(27)2798;,, 6 (7B — 7B), the correlation tensor is given by

T = 3" cycalo aa[Uj]b’b/dﬂB<7TB) In(ms)[. (4.29)

a,a’,bb/

This can be further simplified by noting that the quantum state is normalized, i.e.

[<7]|77>]| - Z ‘cab’ /dMB 71']3) |T](7rB)‘ =1

(4.30)
& Z lca*=1 and  [dup(ms) [n(ms)[* = 1.
a,b
This leads to
T9 = " chycalo’walo’los. (4.31)

a,a’ bbb’

From now on, entanglement between the spin A and the Dirac particle B as seen from
the rest frame of A is considered by the state

ZCA/dMB ) n(e) [Ni I8 2(—=\)g  with e, = £1/V2
A==z (4.32)

= /dNB(WB) n(ms) [|+2)3 [m8: 2(=2)p — [=2)3 [m8: B(+2))p] / V2

which reflects a relativistic generalization of the singlet state in the case where B is a
relativistic particle The state \77*>|§B is obtained by inserting cq,, = c404,—p and c4, =
+1/4/2 into |77) given in eq. (4.23). Notice that the previous case, where the particles
A and B are perfectly correlated in momenta, is obtained by taking a sharply localized
state in momentum basis around 7p = 0 for particle B.° Finally, the correlation tensor is
given by

T — ch{/@\ [ walo?]_xox = =65 (4.33)
AN

5 In particular, |7~ )AB — |U7) 5 ® |0)g for ms — 0, where | ¥ ™) ;5 denotes the singlet state.
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which is calculated straightforwardly by inserting coefficients c., = 4+1/+/2 and the ma-
trix elements [0 ]mn given in eq. (A.28). Thus, the CHSH-Bell inequality can be violated
in A’s rest frame with the initial state |¢'~ > |17_)‘[;4B |¢) and the corresponding
observable GIxJA = 6‘ ® = _A ®1c.

As a consequence, the CHSH Bell inequality can also be violated in the laboratory

frame when the corresponding observable Gl% = SQG‘%S Tis applied.

ABC

4.4.3. Bell Observable in the Laboratory Frame
We now derive the general form of the Bell observable in the laboratory frame G o=

SQG&ST For this purpose, the considered class of states in the rest frame of A is kept
general - only the laboratory state |¢>>C, given in eq. (4.22), factorizes.
First, notice that the action of G'7 icon that class of states is immediate from the unitarity

of S since
~ij C 9 2 ~d =7 A
Gl lwlis = $GH 588 [0)hy = $:674 1) = 52 ([0 @ 22, iy ] @ 190c)
=Y [oi]a/a[aﬂyb Jaus(wa)dsn(on)
a,a’,b,b’

n(L™'pe)o (~2pa ) pai £(a')) 4 lpi B(¥))g
(4.34)

where eq. (4.28) followed by eq. (4.24) have been utilized. Consequently,
Gt W) am = anb /dMA pa)dps(pe) n(L~'pp)o (—%ﬁpA)

Y 0')ara lpai Z(a)) o ® D [07]ys [pr; £(0))g

al b
(4.35)
where, in analogy to eq. (4.18) and (4.19), we can write
> _[0'lwalpasB(@)) o = 5, IpasB(@) 4 (4.36)
and
> [o7lvn Ips; SV ))g = E5 [pB; (b)) g - (4.37)
b/
The operator index of = upA = Q%A Jm, and é%B = E;B Jmy, Makes it possible to move the
two relativistic spin operators outside the integral and we obtain
i o5l |C
WAB = Zpa ® 55, [V)aB- (4.38)
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Finally, the joint spin measurement as seen by the laboratory C is described with the
observable

i B o B
Glo =Ep, O 55, (4.39)
Crucially, the two spin measurements on the two Dirac particles A and B can be per-
ij .
|c”
thus, a proper Bell test can be performed in the laboratory C. Notice that the shared rest

formed independently in space-like separated regions due to the product form of G

frame scenario (section 4.3) is a special case of the situation considered here and thus
yielding to the same Bell observable in the laboratory frame.

4.5. EXTENSION TO NON-COLLINEAR RELATIVE MOTION

Additionally to section 4.4, we now allow for scenarios where the motion of the Dirac
particle B and the laboratory C is not collinear with respect to the rest frame of particle
A. However, we demand the angle £ between the momentum of the Dirac particle 7 and
the laboratory 7 to be fixed, i.e. the two systems do not move in superposed directions.
Without loss of generality, we replace the previously considered 1-dimensional momenta
by 3-dimensional vectors according to

™ — TR = (WB,0,0) = 7B € (440)

and

mc — ™c = mc u, where u = (ug,uy,0), ul =1. (4.41)

Since { = <((7p, w¢) is fixed, we still have a one-dimensional integration for each system,
i.e. we are integrating along e, = (1,0,0) and u over the projections 75 = 7 - e, and
Tc = 7o - u, respectively.

A _
ABC
1) ag |#) ¢ as in section 4.4 is considered in the following. Thus, we can adopt all state-

Apart from the replacements 7g — g and g — 7, the same state YA = )

ments given in the previous section which refer to the rest frame of the Dirac particle A,
since the laboratory state |1)” factorizes. Crucially, this allows to conclude immediately
that the CHSH-Bell inequality is violated in the rest frame of particle A if the observable

(1

#p ®R1c = Z iy 5‘% X éi;rB ®1c (4.42)
4,J

X-GiRy-

with proper measurement settings x and y, as e.g. given in eq. (4.3), is utilized.
However, the description in the laboratory frame is different now due to an additional

Wigner rotation (appendix A.6) of the spin degree of freedom B. The Wigner rotation

appears, in contrast to section 4.4, because the laboratory C and the Dirac particle B

7 Effectively, |$), is the only state that has been changed in comparison to the previous treatment. The
difference is that now the state |¢), propagates along u, whereas it was propagating along e.. before.
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do not move in a line with respect to the rest frame of A. Accordingly, the state in the
perspective of the laboratory C is given by

C

[W)lap = S2 [)2
=523 Jaun(x duc(ﬂc)n(ﬂB)dﬁ(WC) la) i 753 S0)) g )

)€ =

(4.43)

Z /dMB m8)duc(re) n(mwe)(re) So a); [7B; 2(b))g |TC) o
ab

where, by applying the (1+3)-dimensional extension of the previous QRF transformation
Sy =51 Us (L_#), we obtain

Sala)z s £(0))g Ime) e = Sula)z Ime)e Un(Lonc) [w; S(0)) 5

R N (4.44)
= |—"m1—é7rc; E(a»A UB(Lf‘rrC)UB(Lﬂ'B) |0; b>B

The two successive non-collinear (g }f 7¢) boosts on particle B result in a boost and a
Wigner rotation of the spin degree of freedom B according to

L L) Bt~ i) [t ]
= Us(Lmy) |0; R (b)) (4.45)
= |Lmp; S(Ra(b)p
where Lmp refers to the spatial part of the four-momentum (L_, /mc)”u ™ = ply =

(p%, pp), i.e. Lwp = pp, and the rotation is specified through 2 = On, |n| = 1. More
specifically, the spin B is rotated around the axis

n="BXTC _ o —(0,0,1) (4.46)
|7t X |

by the (Bloch) angle (2 given by

cos ) = L+ Ymp = Ymo + imy -1 (4.47)

(1 + /YWB)(]' + '771'(3)(1 + ’YLWB)

! e
where VYrg = 1+ @, Ve = 1+ W and

Yomg = YapYre (1 — Bry ,@ﬂ-c) = TmpImc <1 — \/mgcl32+ﬂ]23 . \/mgcCQJrW%) . (4.48)

Consequently, the rotation operator can be explicitly written as

R(Q) = e 1¥8/2 = o71997/2 — { ¢os(Q/2) — 167 sin(2/2). (4.49)
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Thus, the axis of rotation is fixed and the rotation angle €2 depends on the relative orien-
tation as well as on the magnitude of the two momenta 7 and ¢, i.e. Q@ = Q(7p, 7).
This means that we actually have a superposition of Wigner rotations acting on the spin
B because of the superpositions of momenta. Finally, we obtain the total state in the
laboratory frame

) =>"ca /duA(pA)duB(pB) (L~ 'pp)¢ (—%ﬁpA) IPa; E(a)) 4 [PB; E(Ra(b)))s
a,b

(4.50)

where py = — 27 and pp denotes the spatial part of the four-momentum Py =
(p%: PB) = (L_no)" m4. With this we find Q@ = Q(p,, pg) in the laboratory frame C,
where the rotation is also around the z-axis (as the two momenta p, and pg lie in the
z-y-plane) and the rotation angle is given by

1
cos) = ey T ps + Ve -1 (4.51)

(1 +9p,) (1 4+ vp5 ) (1 +Lpy)

2 2
where Lpg, refers to the spatial part of (L_p, )" p§, 7p, = 1/1+ %, Yo = 1/1+ m%BCQ
and ’YLpB = IYPA’-YPB(I - IBPA . BpB)‘

Ultimately, the most significant question is the form of the Bell observable in the labo-
ratory frame, C;“xg =9 (x-6 AiQy- éﬁ-B ® ]lc> S1 which is calculated in the following

through its action on the laboratory state according to
GEN) =8 (x 650y Bs, @ 1c) §iS )"

D53 sy Y culo'hoaloln [dun(ma) nima) o) Ims S(H) g 19
i,J

a,a’,b,b’
=5 3 mwseulolualolvs [dun(ma)dpc(ne) n(mn)o (mc)
i,5,a,b,a’ b
la')5 783 SV 7)o
= 3 sealo kol [da(pa)dnn(on) 0L pw)o (~2Spa)
i,3,a,b,a’ b’
’I)A; E(a'))A IPg; Z(Rﬂ(b/)»B
= 3" wgews [dualealdpn(on) (L py)o (~ 25Dy )
,7,a,b

> [0'lara IPa; S(a)) 4 ® > (071w [Pe; S(Ra(V))g
a’ b

(4.52)
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Pa;X(a)) o

A

=~
=
=

where for the Dirac particle A we know already that }_ /[0"]xa |Pa; E(d)) o = b
and hence
> cor [dun(ea)din(om) (2 py)o (~ 25ps )
| (4.53)
® Y yjl07lvs IPe; S(Ra(t)))

& 1)
j7b/

(4.54)

B =Y _Uilo?]yU(Lp,) |0; Ra (b))

For the Dirac particle B we find
bs) |18 © Rp(€)] |0:1)

> yilo? 1w |pp; S(Ra (b
G
= yilo? U (L
) |15 ® Re(@)] (1p @1y 63) |0:0)

Ji.b'
Jsb'

=U(L
LpB)U(L )l ® RB(Q)] we get
(4.55)

and by inserting 1g = 15 = [Ip ® RL(Q)]UT(

Ra(V))s
(92)| U (Lpy) Ipp: E(Ra (b))

Zyj[o’j vo [PB; 2(
Jib
= U(Lp,) [nB ® Ry(Q)| (I oy-6p) [nB ® Rl
= U(Lp,) |18 ® Rg()(y - 65) RL ()| U1 (Lp,) Ipri B(Ra (b))
)RTB(Q) y'' - 65 where
(n xy)sinQ (4.56)

Its is straight forward to show that Ry (2)(y -
ycosQ+n(n-y)(l—cosQ)

v =yH(Q)
and 2 = On [48]. This means that the measurement setting for the Dirac particle B in the

laboratory frame is rotated with respect to the setting in the rest frame of A. With this, it
) U (Lp,) Ipp; E(Ra(b))p

follows that

Zb,yj[aj]b/b PR Z(Ra(V))g = ULy, )(1p @y
]’ = >0 ULy ) (15 © 64)0" (Lp,) [Pe: B(Ra(b))
j 1 |pEiT(Ra(d))s

pi [PB; X(Ra(b)))s
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and with y = y®(Q) = y®(p,, pg) we obtain

) =" can /duA(pA)duB(pB) (L™ p)o (—%ﬁm)
a,b
x - Ep, [Pa;2(a)) 4 ® ¥ (Pa. PB) - Bpy, IPB; S(Ra (b))
(4.58)

where pg has been promoted to an operator which is possible since éf}s does not change

the momentum of the Dirac particle B. However, if we promote py, — p, in the argu-

ment of y¥, then we cannot split the Bell observable in the laboratory frame into two
N AR

observables G’[;A € Ha = H,; and GEB € HB = Hpp acting on particle A and B

separately, i.e.

G =8 (x-650

As a consequence, it is not immediately clear that we can perform a Bell test in the lab-
oratory such that the locality assumption of Bell’s theorem is fulfilled. Notice that the
measurement setting y©* = yf'(p,, Pp) is not fixed as it is the case in the rest frame, but it
depends on the momenta p, and pg which results from a "coherent rotation" of the fixed
measurement direction y (as seen by the rest frame of A) by the angle Q(p,, pg) around
the z-axis (n = e,).

However, y®(p,, pg) does not depend on the choice of the spin measurement direc-
tion x (referring to particle A). Thus, it might be possible to set up a proper Bell test, for
example, if the momentum and the spin degrees of freedom are measured successively. A
possible scheme could be that before the spin measurements are performed the momenta
pa and pgy are measured by Alice and Bob who are located next to the Dirac particles A
and B, respectively. Then, Alice sends her outcome p, to Bob. With the knowledge of
pa and pp, Bob can adjust his spin measurement settings, following eq. (4.56), according

to
—sin [2(pa, pp)] 0
yit= cos[Qpu,pp)] aswellas yi=|0| =y, (4.60)
0 1

where the measurement settings xi, x2, y; and y, as given in eq. (4.3) are considered
here, and Q(p,, pg) can be calculated via eq. (4.51). Since the choice of the direction yfz
is made after Alice signaled to Bob, the choices between the two measurement settings
(x1, x2) for Alice and (y1?, yI* = y,) for Bob are still space-like separated such that the lo-
cality assumption of Bell’s theorem is satisfied. Notice that, according to this scheme, the

41



momentum measurements will collapse the momentum superposition states such that
we obtain sharp momenta and thus a sharp Wigner rotation instead of a superposition of
Wigner rotations as the general result, see eq. (4.58) and (4.59), predicts.

4.6. PRESERVATION OF SPACETIME INTERVALS

For a proper Bell test the two spin measurements must be performed in space-like sepa-
rated regions so that there cannot be any signaling between the two spin systems. In the
initially considered rest frame A we can set up the Bell experiment and impose that the
two spin measurements on A and B = BB are space-like separated. However, can the
corresponding experiment in the laboratory frame also considered to be space-like sep-
arated? Or does the superposition of Lorentz boosts in some way mix up the space-like
separation?

The QRF transformation Sy, is derived from an external perspective (section 3.4); con-
sequently, the QRF transformation S which includes the second Dirac particle B can be
related to an external perspective transforming from A’s to C’s rest frame via

N A A~

SCXt = ﬁC(LﬁA/mA)UA(L—ﬁ'c/mC)UB(L—ﬁc/mc)' (461)

This means that the two Dirac particles A = AA and B = BB are coherently boosted by
the velocity of the laboratory C; in other words, both boosts are controlled by C’s velocity.
Thus, the spacetime coordinates assigned for two events (e.g. the two spin measurements
in A’s perspective) are coherently boosted by the same velocity. Consequently, the QRF

transformation Sy = Sp, UB(L ), derived from S.xt and utilized for the Bell tests

—#c/me
above, preserves spacetime intervals in a coherent manner. Significantly, this means that
two space-like separated events in the initial QRF are also space-like separated in the

final QRF.
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5. CONCLUSION

In the present thesis, it has been shown how quantum reference frames can be used to
devise a Bell test for two spin-1/2 particles moving in a superposition of relativistic veloc-
ities. In particular, the quantum reference frame formalism leads to a generalized notion
of the rest frame of a quantum system which can be utilized to operationally define the
Bell observable (joint spin observables) in the rest frame of one of the two spin particles.
With the help of a relativistic quantum reference frame transformation, the corresponding
Bell observable in the laboratory frame, where the spin particles move in a superposition
of relativistic velocities, has been calculated for different state configurations. Signifi-
cantly, it follows that the violation of the CHSH-Bell inequality is frame-independent in
contrast to the Bell observable which is frame-dependent.

It has been shown that, as long as the relativistic motion of the two spin particles
is collinear, the Bell observable in the laboratory frame factorizes into two momentum-
dependent spin observables acting on each particle separately. This means that the joint
spin measurements of the Bell test are represented by a product of observables in space-
like separated regions such that the locality assumption of Bell’s theorem is satisfied.
However, if their relativistic motion is not collinear, the appearance of a superposition of
Wigner rotations (depending on the superposed momenta of both particles) destroys the
above mentioned factorization of the Bell observable as seen in the laboratory frame. For
this case, a possible way how to perform a proper Bell test has been outlined, where the
choices of the measurement settings are still made in space-like separated regions.

The second scenario, where the motion of the two particles is not collinear, has thrown
up many questions in need of further investigation. For example, the agreement with the
locality assumption needs to be analyzed more rigorously and the spin measurement in
superposed (Wigner rotated) directions should be studied more thoroughly. Apart from
this theoretical future line of research, the experimental implementation of the relativis-
tic Stern-Gerlach apparatus would lead to significant insights. Since the rest frame of a
quantum system is not directly accessible to us, the relativistic Stern-Gerlach apparatus
could be used to experimentally test the generalized notion of the rest frame of a quan-
tum system and the quantum reference frame approach itself.
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A. APPENDIX

A.1. TRANSLATION OPERATOR

In quantum mechanics textbooks, the usual translation operator is defined by its action

on a position eigenstate via

To|x) = |z — a) (A1)

and can be represented by

~

T, = e/h, (A.2)

This can be shown by utilizing the completeness relation 1 = [dp|p) (p| and (z|p) =

eioP/M /\/2mh via

Ta |l‘> _ eiaﬁ/h |SL‘> _ /dp |p> <p| eiaﬁ/ﬁ |.T> _ /dp <p|l‘> eiap/h ‘p>
——
—00 :<p|eiap/ﬁ —00
e~ i(z—a)p/h 7 F (A.3)
— d R — e d Tr—a — d T —a
N p) / p (pl ) Ip) / pp) (p| )

=l|z—a).
Moreover, we can shift momentum eigenstates according to
¢ p) = |p—b) (A4)

which can be shown analogously to eq. (A.3) by utilizing the completeness of the position
basis 1 = [dz|z) (z|.

Note that the results above can be easily extended to all three spatial dimensions with
(x|p) = (2rh) 32 exP/Mand 1 = [d®x|x) (x| = [d*p |p) (p| where x = (21, 72, 23) and
P = (p1,p2,P3)-
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A.2. PARITY OPERATOR

The unitary parity-swap operator Pac : ’H'f = H‘CA is defined by
Pac @Aﬁgc = —qc. (A.5)
From this definition and the required canonicity, i.e. i = [Za,pa] = [§c, 7], it follows
that
ih = Paclza, palPLe = Pac #apaPhe — Pac PaiaPle

= Pac ﬁ?AﬁAcﬁLC ﬁAﬁj\c — Pac ﬁAﬁACﬁLC iAﬁLc (A.6)

(AB) . A A A A P JU PO A oA A

= - CPI\C pAP,RC + Pac PaPac e = qeic — Tede = 4o, T
and hence

Pac PaPle = —7c. (A7)

The action of the parity-swap operator on position and momentum eigenstates is given
by
Pacla)s =|-z)c and Paclp)s = |-p)c (A.8)

which can be verified with the definition (A.5), and analogously with equation (A.7), via

o0 oo

Pac 4Pl = Pac /da: @)y (2] Ea Pl = /dmﬁAc @)y (2] Pl
= Jars l=oict-al == [dgqlielol = [dzz |-a)e-al  (a9)
__ /dq ic lo)clal = —dc

where the completeness relations 1 = [dz |z), (x| = [dq|q)(¢| have been utilized.
In order to identify immediately to which perspective the appearing operators belong,
the convention
Pac #8Plo =g and Pac ppPl = 7s. (A.10)

is used and whenever the parity-swap operator takes its action on states the variables of
describing the state of B are relabeled, specifically (zg, pg) — (¢B, ™B).

A.3. THE QRF TRANSFORMATION OF RELATIVE MOMENTA

In section 2.1.1, the position basis has been used to express relative locations and by
canonicity the corresponding momenta have been calculated. Analogously, the momen-
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tum basis can be used to express the momenta as the relational variables according to
ﬁB — TR — ﬁc and ﬁA — —frc (A.11)

and from canonicity it follows that g — ¢ and £a — —(gc + ¢). It has already been
pointed out that momenta are generating translations and due to complementarity it is
immediate that shifts in momenta (boosts) are generated by position operators, i.e.

Py = o —a)y  and e /M p)p = |p — by (A.12)

Accordingly, by exchanging the position and momentum operator of A and B in the QRF
transformation of relative coordinates S’x, eq. (2.4), we obtain the QRF transformation
between relative momenta

Sp = 75AC e iPadn/h (A.13)
where the parity-swap operator maps Pacp Aﬁjxc = —7c as derived in appendix A.2.

A.4. THE QRF TRANSFORMATION OF RELATIVE VELOCITIES

The QRF transformation of relative velocities S, : H‘AC ® ’HEC — ’Hﬁ ® ”H'é defined by
8= P{lexp {122 pain) (A.14)
is mapping
&a = — (mBgB +mcdc) /ma, I — gs, (A.15)
pa — —pA %, PB = g — MR (A.16)

which is shown in the following.

The first operation, exp {— i 2 padB }, is coherently boosting B with the velocity of A.
Its action can be calculated with Baker-Campbell-Hausdorff formula (2.8) analogously to
the coherent translation case in section 2.1.1; they only differ by flipping the labels A and
B plus an additional factor of relative masses. Hence,

(A.17)

P SuppS) = P (ﬁB + %‘iﬁA) <751gvé)T :
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In order to keep the calculations compact, consider now only the action of 751(;}()7 on the
phase space observables of C,i.e. on Z4,pa, B, B, and definen = % log , / 2—2 = ﬁ log %i
Thus,

~N(V) SN\ T A A oA A A A 5o A >

VD) (7’1&%) = Pacexp {n(2apa +paza)} &a exp {—n (2apa +pada)} Pho (A18)
2.8) A ~ PN A A N A '
== Pac (@4 + [0 (ZaPA + Pada), 2] + ...) Pl

—
=

where by utilizing Heisenberg’s indeterminacy relation in accordance with Zxpa+paZa =
2DAZA + [TA,PA] = 2PAZA + 1A, it follows that

[0 (ZaPA + PAZA) , Za] = 2n[PaZa, Ta] = 20[pa, Za]Ea = —21hnEa (A.19)
and hence

EA+ [0 (EaDA + PAEA) , TA] + ... = o — 2iAnEa + 5[0 (BaPA + Pa®A), —21Anda] + ...
= 2a (1+ (=2ihn) + (—2iAn)?/2! + ...)

= Fae 2 = 3, exp {10g %‘i}

(A.20)
Consequently,
~V) A~ ~SNv T m - A~ ~ me A
D ( 1&0)) = ¢ Prc #aPlo = —24c (A.21)

and as already shown by construction of the generalized parity-swap operator in section
2.1.2,itis

plv) o SO ma P A A MA A
Pz(xc)J bA ( 1&()3) = m*é Pac pAPI\C =—"TATC. (A.22)

mc

Since Zp and pp commute with the scaling operator exp {1 (Zapa + paa)} it is immedi-
ate that ;
o\ i ( D X@) = Pac 28PL = dB (A.23)

and
) . ANt A A
79/&()3 DB <731(x():) = Pac pBPLC = TB. (A.24)

A.5. EXPLICIT FORM OF THE RELATIVISTIC SPIN OPERATOR

In special relativity, the spin operator S in the rest frame of a quantum system can be
described with the four-spin S’ﬁ = (0, g) ; thus, the spin operator as seen from an in-
ertial frame S$* (following classical trajectories) is obtained with a Lorentz boost via
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St = (Lp)",S% where L, is defined by

. p’
Ly=Lp = (m me ) (A.25)
"\ T+ (I;rf’c)

with v = 7p = Yp/m = \/1 + 2z and p° = mey = /m2c? + p? = p°(|p|). [39]

When the Pauli operator & = (62, 6Y, 67) is utilized as spin operator! in the rest frame,
ie. 6" = (0, &), then the spin as seen from another inertial frame is given (up to a factor
m) by the manifestly covariant Pauli-Lubariski spin operator 3 = (f]op, ) = (L_p)hé”.
Here, the sign of p has been adjusted for consistency with the main text where the pa-
rameter of the Lorentz boost of the Dirac particle A has a negative sign, see (3.15). Simply

applying the Lorentz boost L_p, leads to the explicit form

fjngyp(ﬁp‘&) and f)p:&—i- i

(8, - 6) By (A.26)

_ _ p . . .

where 8, = B/, = Woerres and hence 34 = Ep Jm It is important to notice that
the four-spin does not introduce extra degrees of freedom due to the covariant constraint
n,wp“ill”) = k6" = 0 where 7, = diag(1,—1, —1, —1). Crucially, this result stays the
same when the appearing momenta are promoted to operators, p — p, which is utilized
in this work and noted accordingly with a corresponfiing index, e.g. Z“ = Eg e

The explicit form of the relativistic spin operator =5 can be derived via its action on a
one-particle eigenstate, |p; X()\)) with A = £z, according to

=i

Zp, [P Z(N) i ES (6% ®10)S] SLWA!—fp)

Z a)\ |a WAP>C (A27)

=%z

[0']ax IP; 2(a)) A5
a=*z

where [0"],, ) is a matrix element of the corresponding Pauli matrix written in the 6*-basis,

1 —1i 1
PO Cev= (VTN and st e 0. (A.28)
10 i 0 —1

! Up to the factor 1/2.
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By applying a standard Lorentz boost, specifically U'(Ly) |p; £(a)) = |0;a) = |0) |a), it is
Zp, PNz = Y [0l nUa(Lp)UL (Lp) [P £(a)) o
= Ua(Lp) Z[Ui]a,x 0;a) 5 (A.29)

a

Ua(Lp) (]lA ® 5’%) [UPIIN

where A = AA 2 Notice that the Pauli-Lubariski operator coincides with the non-relativistic

Pauli operator when it is applied on a zero-momentum state. It follows that

Zpa P ZN)ax = U(Lp)E5, [0: M) 4 = U(Lp)Lp, UT(Lp)U(Lp) |03 A) 5

(A.30)
(L)I/ pA‘p7 ()) ( )1/ pA’pv ()>A

where in the last step the parameter of the Lorentz boost has been promoted to an op-
erator; this is possible because the Pauli-Lubariski operator leaves the momentum of the
one-particle eigenstate invariant.

Cor}sequently, by applying é% = (Lf,)i,/f]g and exploiting the covariant constraint
Nuw P25 = 0, we find

[

p=3p - ,ﬂf’r - (ﬁ]f) : ﬁf,) Bs.- (A.31)

It is important to notice that = Ep = =, p/m acts on both the external (momentum) and
internal (spin) degrees of freedom.

A.6. WIGNER ROTATIONS

As introduced in section 3.3, a relativistic spin state for a Dirac particle with mass m > 0
is given by

=3 [an(e)en(e) 95 Zpl0) (A32)

where o denotes the spin in the rest frame of the Dirac particle, p the momentum, du(p)
the Lorentz-invariant integration measure and v, (p) = (p; Xp(0)|¢)) the wave function.
The basis elements are defined via standard Lorentz boosts according to

p: Sp(0)) = U(Lp) 05 0) (A.33)

where U(L,) is a unitary representation of a pure boost L, taking the four-momentum
of the Dirac particle from k* = (mec,0) to p* = (Lp) k" = (p°, p) with p° = p°(|p|) =
\/m2c® + p2. Itis important to notice that in the particle’s rest frame the one-particle state
is separable, i.e. |0;0) = |0) |o).

2 By inserting an identity, this allows to identify 5 = U(Lp)(1 ® &)U (Lp).
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If the state |p;X,(0)) gets boosted by the momentum q we obtain two successive
Lorentz boosts with respect to the rest frame of the particle according to U (Lq)U (Lp) |0; o),
where the corresponding four-momentum is given by (Lq)" p” = w* = (w®, w). Surpris-
ingly, two successive non-collinear boosts, i.e. q }f p, lead to one boost by the momentum
w and an additional spatial rotation which is called Wigner rotation. This follows from
a straight forward matrix multiplication of the two Lorentz boosts [47] as well as from

group properties of the Poincaré group (see e.g. [44]) according to

A~

U(Lg)U(Lp) = U(Ly) U™ (L) U(Lg)U(Lp) = U(Lw)U (L' LqLp), (A.34)

where it is immediate that W = L!'LqL, can at most be a spatial rotation because it
takes k# — pt — wh = (Lq)" p” and back to k*. If the two momenta p and q are aligned
then W = 1, i.e. two successive collinear boosts result in a single boost. The Wigner
rotation rotation W = W(q, p) can be specified through the rotation axis

n= 3P (A.35)
la x p|

and the rotation angle 2 given in accordance with

I+ + 7+ 7w

T F )+ )+ 7w) (A.36)

cos() =

q2

2
where 7, = Tp/mp = \/ 1+ %’ Ta = Ya/mq = m and yw = pq(l + Bp - ﬁq)

. _ _ P _ _ q —
Wlth ,Bp = ’Bp/mp = W and ,Bq = ’BQ/mq = m, see [47] Hence, Q =
Q(p, q) = Qn completely determines the Wigner rotation.

In our case the Wigner rotation is applied to a zero-momentum state such that the
rotation only affects the spin degree of freedom. Thus,

U(Lq) [p; Sp(0)) = U(Lg)U(Lp) 050) = U(Lyw)U (W) [0;0)
= U(Lw) [1® R(©)] 0;0) = U(Ly) 0; Ra (o)) (A.37)

= [w; Zw(Ra(0)))

where Rq (o) refers to the Wigner rotated spin state and the rotation operator is given by

R(Q) = e /2 — 1 c0s(0/2) —i(n - &)sin(0/2) (A.38)

T A ~

with the Pauli operator 6 = (67,67, 67).
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