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Abstract

In this thesis we discuss the topic topology optimization for an elastoplastic
object which is influenced by external forces and show that there exists an
optimal configuration for the sharp-interface model, as well as for the phase-
field approach, where the material density is continuous.

First, we introduce our setting and model the motion of the medium.
Here, the elastoplastic behaviour is described by the minimization of a spe-
cific energy functional. Following this, we prove the existence of such a min-
imizer, using the Direct Method of the Calculus of Variations. Subsequently,
we prove that both the sharp-interface problem, as well as the phase-field
problem admit a solution. Eventually, we show that under suitable con-
ditions the phase-field model converges to the sharp-interface model with
respect to I'-convergence.
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Chapter 1

Introduction

Topology optimization describes the method of finding the optimal shape of
a certain object, placed within the container 2. Of course the word 'optimal’
is too vague and can include many different aspects, like production costs
or specific geometrical properties. From a mathematical standpoint this is
usually expressed by minimizing a certain target functional, subjected to the
distribution of the material within this object. In other words, the material
density z : Q — [0, 1] at each point is the control parameter that needs to be
optimized.

There are many applications of topology optimization, especially in the
area of airplane construction. Finding the best shape of airfoils and wings
can lead to major advantages. Hence, there are many papers written on this
topic, see for example [NSI1] or [SLS14]. Recently, a growing interest in
the field of 3D-printing has arisen. Here we refer to [BAHII] and [CAS16].
Applications of topology optimization will not be discussed in this thesis, as
the focus lies on the theoretical analysis. More precisely, we want to show
existence of such an optimal structure and its approximation.

There have been some contributions on this matter, like [BCO3]. In these
theoretical settings the material is usually assumed to behave in an elastic
way. However, properties such as permanent deformation and damage, that
are of the utmost importance in engineering, are not captured in these mod-
els. This thesis is trying to examine such inelastic effects. To be specific, the



focus lies on incremental finite plasticity. In other words, the whole body is
behaving in an elastoplastic way.

This chapter describes the problem of topology optimization for an elasto-
plastic object in a mathematical way and introduces the general notation.

1.1 Modelling plasticity

We are given a container Q C R? for d = {2,3} and we assume to be able
to adjust the density of the material within this object. This is described by
the order parameter

z:Q —[0,1].

If at some point x € Q there is no material then z(z) = 0 and vice versa
z(x) = 1 if there is material. Here we will make a distinction between the
case where we allow intermediate states, like z(z) = %, and the case where
this is not possible. Moreover, we assume the order parameter z to be in the

space L'(€) of Lebesgue integrable functions in 2.
The deformation is described by the mapping

00— R

Here, we assume that the whole container €2 gets deformed, both in its solid
point {z = 1} and its void point {z = 0}. As a matter of fact, we model the
void {z = 0} as a very soft elastoplastic medium. One can think of a very
soft polymeric matrix, for instance. As such, we often refer to €2 as body in
the following. Furthermore, we assume that ¢ is smooth enough such that
we can define the deformation gradient V. The body is assumed to behave
elastoplastically. This can be described by a multiplicative decomposition of
the deformation gradient, the so called Lee-Liu decomposition |[LL67| which
is given by
VQD = F, elP .

Here, F.; represents the elastic part of the deformation gradient, the one
directly related to stresses, while P is the plastic strain, recording the plastic
state of the body instead. A good motivation for this model can be found



in [Has20, ch. 8, p. 255]. However, note that the quality of this model
is still debated, see for example [DF15]. Another parameter that is needed
in this configuration is the so-called geometric dislocation tensor G(P). It
represents the relation between the plastic deformation P and the surface
elements. This notion was first introduced by Nye in 1953 [Nye53].

The internal energy H of the elastoplastic body depends on the configu-
ration (z,p, P) and can be characterized via the energy density F' as

H.P) = [ Flo.sVeP™ P.G(P)) d.
Q

The object will deform in such a way that it minimizes its stored energy
H. By assuming F' to be defined relative to some previous plastic state, the
above-mentioned minimization specifies the increment in plastic strain. As
such the problem is called incremental. More details can be found in [MMO06].

However, the motion of the body is not only influenced by the type of the
material but also by external forces and boundary conditions. The boundary
[' := 01 is being clamped in I'p C I" and we impose a traction force

g: Ty = R?

on 'y C '\ I'p. Here, I'p and I'y are assumed to be relatively open in the
topology of 9 such that Tp NIy = 0 and H¥1(I'p) # 0 where H4 ! is the
(d — 1)-dimensional Hausdorff measure. Moreover, a force density acting on
the whole body is applied

f:Q—RL

In order to specify the force, one has to multiply f by the density z. The
actual force that is acting on the body is therefore given by

2f Q= R

The two forces f and g are conservative in a sense that if a particle moves
along a closed trajectory then the work done by the force is zero. This can
be described by the potential energy

U(z,@,P):—(/sz-wdx—l—/mgwpdx)
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Note that the negative sign comes from the fact that one has to put work
into the system in order to move it against the force. The total energy can
be written as

E(z,p,P)=H(z,¢,P)+U(z,¢,P)

This is the functional that describes the motion of €2 and that we are aiming
to minimize in Chapter [2]

1.2 Modelling the optimal shape

Knowing how ¢ behaves, we can define the objective functional for the sharp-
interface case where z is either 0 or 1, as

Jo(z, 0, P) = / zf - pdx +/ g-pdHT + cyPer({z = 1},9Q).
Q I'n

Here H% ! is the (d — 1)-dimensional Hausdorff measure and ¢, > 0 is a

given constant. The first two terms in Jy are called compliance. They model

the mechanical forces that we want to minimize and represent the ability to

withstand the external forces f and g. The last term models the surface area

of the solid {z = 1}. Thus, the body avoids having a large boundary.

Furthermore, we approximate the objective functional by a phase field
approach, allowing z to take values between 0 and 1. The boundary of the
solid is then given by a diffuse interface. The thickness of this boundary is
described by a small parameter € > 0 and the perimeter is replaced by the
Ginzburg-Landau energy

Jg(z,go,P):/zf-gpdx%—/

g odH 4 [ SR+ Zu() do

Q Tn Q2 £

The function % is a so called double obstacle potential and has zeros at 0
and 1. Hence, configurations where the density is either 0 or 1 are preferred.
The Ginzburg-Landau energy functional approximates the perimeter and in
fact converges to cyPer({z = 1},(2) as ¢ — 0 with respect to the so called

[-convergence. This was shown by Modica and Mortola in 1977 [MMT77].

We will be analyzing the existence of minimizers of Jy and J. under the
condition that ¢ and P minimize £ in Chapter [3
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Ultimately, in Chapter [4] we show I'-convergence of the phase-field model
to the sharp-interface model, under the assumption that the deformation ¢
is unique.

1.3 Notation and assumptions

Throughout this thesis we only look at the 2- and 3-dimensional case, i.e.
d € {2,3}. The body Q C R? is assumed to be an open and bounded
Lipschitz domain. This means that €2 is a bounded set, the boundary 0f2
is not part of 2, and it can be described by a Lipschitz function. If we
denote by A\¢ the Lebesgue measure in R?, the boundedness of ) implies that
() < oo,

Additionally, we can define the Lebesgue integral over 2 of a function

f:Q — R and write
/fd$2_/]lgfd)\
Q

1 ifze

where

0 otherwise

is the characteristic function of 2. Recall the definition of the LP-norm of a

function f for p € [1,00)
1/p
171 := ([ 171 o)
Q

| fll =inf{C >0:|f(x)] < C for ae. z € Q}

and the L*°-norm

Note that the space
LP(Q) :={f: Q2 — R measurable : | f||, < oo}

is a Banach space for all p € [1, 00| and is reflexive for all p € (1, c0).

Another important concept is the notion of weak derivatives.
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Definition 1.3.1. Let f € L'(Q). Then, f(® ¢ L'(Q) is called the a-th
weak derivative of f if

oy dr = (=1 @, qd
/Qstal‘ (1) /Qfsox

for all ¢ € C°(2) where a = (o, ..., ag) is a multi-index and D* the multi-
derivative.

Based on this definition we can introduce the Sobolev spaces
Whe .= {f e LP(Q) : () € LP(Q) for all |o| < k}

These are again Banach spaces when endowed with the norm

1/p
10y = | D2 17
la|<k
for p € [1,00) and
Il 3= masc £

for the limit case. The case p = 2 is special since Wk2(Q) =: H¥(Q) is a
Hilbert space. Moreover, for all p € (1,00) these spaces are reflexive.

Functions that only take the values 0 and 1 in €2 do not have a weak
derivative which is the motivation for the following definition.

Definition 1.3.2. Let u € L'(Q). Define the variation V (u, Q) of u in Q by

V(u, Q) = / | Du| = sup {/ u dive dz v € Cy (R, ||v], < 1}
Q 0
We say that v has bounded variation and write u € BV (Q), if [, |Du| < oco.

Functions with this property are more general than functions in W1(Q).
In other words if u € W'(Q) then [, |Du| = [, |[Vu| dz since

/udivvda::—/Vu-vdx
Q Q



for all v € C3(;RY) with |lv]| ., < 1 and we can approximate sgn(Vu) by
such functions. The space BV (2) together with the norm

gy = Il + / Dul

is a Banach space as well. Through this notation we can give a mathematical
desription of the perimeter of a set.

Definition 1.3.3. Let A C R? be a Borel set. Then we define the perimeter
of Ain 2 to be

Per(A, Q) :=V(14,Q) = sup {/ 1 dive dz : v € Cy(RY), |v], < 1}
Q






Chapter 2

Existence result for minimizers
of the energy functional

In this chapter we are going to show existence of minimizers (z, ¢, P) for
the total energy functional £. This is done using the Direct Method of the
Calculus of Variations, which is a tool proposed by David Hilbert around the
year 1900 to prove existence of solutions of minimization problems.

First, we will state the problem in a rigorous way. Then, we will show
coercivity in order to get weak convergence of subsequences. In Sections
and we will prove (lower semi-)continuity results which will be the last
step to obtain the existence of a minimizer.

This chapter mainly follows [MMO06] as well as [KR19] and [Dac0§].

2.1 Stating the problem

The plasticity functional is given by

H(z, ¢, P) = /QF(x,z,VgpP_l, P,G(P))dx (2.1)

(d—1)—times

——
where F 1 Q x [0,1] x R4 x SL(d) x REX - Xd 5 Ry {c0}. SL(d)
describes the special linear group of matrices of order d, i.e. d X d matrices
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with determinant equal to 1. This means that throughout this thesis we will
assume detP = 1. In other words we say that the plastic deformation is
volume preserving.
By G(P) we denote the geometric dislocation tensor which for d = 2 is
given by
O P2 — 0o P14 2
QP:curlP:( € R°.
(F) ? O Poy — 02 Py
And for d = 3 by
G(P) = (curlsP)PT € R¥*3

where the curls of a matrix is given by the vectorial curl applied to each row
separately, hence generating a 3 X 3 matrix, i.e.,

(curlP)i; = 0511 Pjy2 — 052 P41

This term is sometimes included in models of crystal plasticity, since an
argument can be made that the surface where two differently sheared sub-
domains meet admits a density of geometrically necessary dislocations. A
more detailed description can be found in [CGO1]. From now on we will omit
the subscript. Sometimes we will also use the notation F,; = VP~ and
G = G(P) for simplicity.

2.2 Coercivity

In order to get convergence of sequences we want to apply the Banach-Alaoglu
Theorem and hence we require uniform boundedness first. This means
that for a sequence (f*)) there exists a constant C' > 0 such that
H f(k)H < C for all £ € N. Therefore we have to study coercivity of the
different parameters.

For the order variable z we only get this bound in Chapter [3| In this
chapter we will assume convergence, i.e. for a sequence (z*)) c L(£2;[0, 1])
there exists an element z € L'(£2;[0,1]) such that

2B 2 e LYQ).

10



Note that since ||z||, < co and A%(2) < oo by the Riesz-Thorin interpolation
theorem [Tho48] we get
2B 2 e IP(Q)

for p € [1, 00).

Growth properties of F' play an important role. The condition that we
we will assume is the following

F(iE, ZaFebPu G) Z C(|F€l|qF + |P|qp + ‘P*ll(IP + |G‘QG) - g(x) (22)

for some ¢ > 0 and g € L'(2). Before we can prove coercivity we recall some
basic notions of Linear Algebra.

Let F' € R¥? then we define the Euclidean norm of the matrix F via
d
|FI> =Y F}.
ij=1

Recall the following properties:

o |Fa| < |F||a| for all a € R?,

o |FH| < |F||H| for all H € R™¢

o |FP7I| <|F|/|P| for all P € R™? where P € GL(R?).
Furthermore, we need the following three Lemmas.

Lemma 2.2.1. Let P € SL(d) and G(P) as in Chapter[2.1 Then, we have
the following inequalities

o |G(P)| > |cwrlP| ford =2,

o [G(P)| > for g = 3.

[P

Proof. We will prove the case d = 3 as the 2-dimensional case is trivial.
Recall that G(P) = (curls P) PT. Using the properties of the Euclidean norm
of matrices results in

G(PIPH = 1G(P)IP] > |G(P)P~| = [(curly P)PT P = [curls P|.
O
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Lemma 2.2.2. Let q1,q2,q be such that il + q% = % and let f : Q — R34
and g : Q — GL(R?) with g € qu(Q;RdX‘g) and fg=t € L1 (Q;R>Y). Then
we have f € LI1(Q; R™?) and

Ly s I
o> Z.
19700 2 g,

Proof. Taking h = fg=! and using Holder’s inequality for A and g we get

1Rglly < IAllg, gl -

Plugging f = hg in we get our result. [

Lemma 2.2.3. Let a,b >0, >0 and r > 1 then we have

% > re /gl _ (p — 1)eb/ D), (2.3)
Proof. Recalling Young’s inequality AB < %%—% for A, B > 0 and %—k% =1
and setting r = p, A = (¢""'a)V/" and B = " 'b we get

r—1 r—1p, r/(r—1)
(grfla)l/rgrflb < € a + (8 )

r r/(r—1)

Subtracting the last term on both sides and multiplying by —=r; we get

re=DIr QU (1~ 1)epl/ =D < %
which is the desired result. O

Using the Growth Condition [2.2] and applying the Lemmas above we are
able to prove coercivity.

Proposition 2.2.4. Assume that
c(|Fa)® + [Pl + |P7H9" +|G|%) — g(x) < F(x, 2, Fy, P,G)

holds for some ¢ > 0 and g € L*(Q) and let

12



. G —
qc

1L < for d=3.

q9G qpP

1:{i<1 for d=2,

If H(z, ¢, P) < Cy for some Cy € R then there exists C > 0 which depends
on Cy,qr,qp,qa, and g such that

-1
Ivell,, + 1P, + [P, + llewlP],, <C
Proof. For simplicity, we will only consider the case d = 3 as the case d = 2
follows by similar arguments with different constants.

From the assumptions it follows that

/F(x,z,Fel, P,G)dx = H(z,¢,P) < Cy
Q

C(IFall + |PYEE + (| P72 + i) >—/dixscH

Adding the integral of g on both sides as well as applying Lemma [2.2.1| on
G and Lemma on F, and G we get

IVl /1 P12 + [PYeE + P& + flewl Pl /|| P]|%) < Cr

Now we are going to use Lemma [2.2.3| on the first and fourth term of the
left hand side with r = ZF r = Z—g and €, € to be chosen. One can see that
r—1= q_p and 7 — 1 = Z—i holds. Hence, we get the following

qr 12
C(q—eqp IIWHZ“”— 8IIPI +[1Pllg,
@

P + 1P| — L2\ P11 < Chy.
P 855 el 5 ) <

Choosing € and ¢ such that —8 =1 and Z—;’é = % we get

2

e [Vellg + 5 1P+ 3 ([P + e fleurtP) <

Cu

c-min{cy,c2,

result with C' = CV/% 4 CV/ar - /e > (. ]

for some c1,co > 0. Finally taking C = Ty > 0 we obtain our

We have shown that under suitable conditions (in our case the growth
condition) we get boundedness of Vi, P and G. This will help us extract
weakly convergent subsequences which are precisely the topic of the next
chapter.

13



2.3 Lower semi-continuity of H

Starting from weakly convergent sequences our goal now is to show lower
semi-continuity of H. Here, F' is assumed to be polyconvex in the matrix-
valued components, i.e. F'is a convex function in the minors of the matrix-
valued components. Hence, we will need some results on weak convergence
of minors.

The following theorem is called the div-curl lemma and describes conver-
gence of the product of two weakly converging functions.

Theorem 2.3.1 (div-curl lemma). Let Q C R? be a bounded Lipschitz do-
main. Furthermore let (fx)ren and (gx)ken be sequences such that

fe = [ in LP(;RY),

gk = g in LY RY),

forz—lj+%:§<1. If

LP(QY) for d =2,
LP(Q;R3) for d =3,
{divgy : k € N} is bounded in L(S),

{curlfy : k € N} is bounded in {

then,
fe g — f-gin L°(Q).

Murat proved this statement in [Mur78, p. 490] in the sense of distribu-
tions, i.e. for functions ¢ € C5°(Q). But since C5°(Q) is dense in L7 ()
for L+ L5 =1 and |fi-gll, < [ fell, llgxll, < oo for all & € N and
Nf-all, < ”pr ||g||q < oo we get weak convergence in L7(£2) by approxi-
mating a function h € L7 (Q) with test functions ¢, € CS°(€).

For a given matrix A € R¥? we denote by M(A) the vector of all minors
of the matrix A. In the case d = 2 this means M (A) = (A, detA) and in the
case d = 3 this means M(A) = (A, CofA, detA). Here CofA is the cofactor
matrix which is defined by (CofA);; := (—1)"detC;; where C;; € R**? is
a submatrix obtained by removing the i-th row and j-th column of A. If

14



A is invertible then we have CofA = (detA)A~T. Furthermore, if we count
indices modulo 3, i.e., 4 +— 1,5 — 2, then we get

(COfA)ij = Ai+1,j+1Ai+2,j+2 - Ai+l,j+2Ai+2,j+l-

The number of components of M(A) is (2;) — 1. For d = 2 these are 5
components and for d = 3 we get 19 components. By M (A) we denote the
s-th entry of the vector M(A). Each minor M (A) for s = 1,...,d has (?)
entries. The following theorem shows the importance of minors.

Theorem 2.3.2 (Weak convergence of minors). Let 1 < s <d,
L pil +..+ pis < 1 and let fi(k) : Q= RY fori € {1,...,s} satisfy

(1) fi(k) — fr in Lpi(Q;Rd) for k — oo,

Li(O) R d =9
(2) {curlfi(k) : k € N} is bounded in (% R) for )
Lq"(Q;R?’) for d=3,

1 ol o1
for o <min{_-+ 3,1},

Let F®) € R¥*? be the matriz with rows (fi(k))f:1 and F* € R**? with rows
d

(fr)i_,. Then, M(F®) ¢ R™>() and for all entries of the s-th minor we

3
have

(MS<F(k)))1] — (MS<F*))1] mn LU(Q) fOT k — oo
foralll1 <j < (f)

Proof. We start with the case d = 2. Here we distinguish between the cases
s =1 and s = 2. The former one is rather trivial since

My (F®) = F® = i — fi = F* = My (F*)

in LP1(Q; R?) by assumption (1).
For the case s = 2 we set fi(k) = (f(lk), f(k)) for i = 1,2. We can write

(2 (2

®) oy
Y =1"0 0|

21 22

15



= ( (k) (k))

921" 922

Now let gé ( 29 ) — f21 ) then we get

My(FW) = det P = ff’?féé“’ ~ i3 fay
= ( 1(If)a 1(15))( 22 g f21 ) —f )'gék)-
The same holds for the matrix F**. By assumption (1) we know that
K = i in LR,
g = g5 in LP(QR?),

(k)

Since divgy = = curl fz(k) we can deduce by assumption (2) that

{curlf™ . k € N} is bounded in L”' (Q;R),
{divgék) : k € N} is bounded in LP2(Q).

Hence we can apply the div-curl lemma to obtain
My(F®) = fi - ) — fi - g5 = Mo(F”)

in L7(Q2) where £ = - —i— <L

The case d = 3 is snmlar In fact for s = 1 and s = 2 we can use the same

argument again. For s = 3 we apply the Laplace expansion to calculate the

determinant of F'*)

det F® = . (Cot F®)),

where (Cof F*)); denotes the first row of Cof F*). We already know from

the case s = 2 that these cofactors converge in L7(Q) for 1 = p%, + pig

which is Why we want to use the div-curl lemma once more. Setting f; -

(f-(lk),f(f,f ) for i =1,2,3 we get

7 (2

k k k k k k k
(Cof F®Y, = (f35) 135 — Fss 155, F8 1 — FsV £ Fa £s) — fay)
k k
= (1 % £,

One can check that the following vector calculus identity holds

div(A x B) = (curlA) - B — (curlB) - A.

16



Using this identity it follows that

div(Cof F®); = div(f" x ) = (curl ) - £ — (curl Py - 1P

We know that fQ(k) and fék) are weakly convergent and therefore bounded in
LP2(Q;R3) and LP3(Q;R3). Furthermore curl % and curl fék) are bounded
in LP2(Q;R3) and LP*(Q;R3) as well and hence by the Holder inequality it
follows that

{div(Cof F®), : k € N} is bounded in L7(Q)

for % = p% + pig. Applying the div-curl lemma one last time yields the desired

result. O]

This theorem helps us show weak convergence of the matrix-valued com-
ponents of F'. The following lemma is more specific.

Lemma 2.3.3. Letqp > d, - < é%—i and £ = L 42 < 1. Furthermore,
qc qp q qc qpP
let P : Q) — SL(d) be a sequence such that

PR~ P in L9 (Q; R>?),
ctlP® A in {LqC(Q;RQ) for d =2,
Lic(Q;R3*3) for d = 3.
Then, we have the following:
(a) A = curlP,
(b) M,(P®)Y —~ M,(P) in Ler/s(Q; R(D*(D)),

, LT (;R?) for d =2,
(k)y
(c) G(PY) —=G(P) in {Lq*(Q;R:%xB) for d = 3.

Proof.
(a) We will prove this statement for the case d = 3. Take P € C1(2;R®*?)
and note that if we again count indices modulo 3 we get

(curlP);; = 0511 Pijra — Oj12Piji1-

17



Multiplying by a test function ¢ € C§°(2), integrating over (2, and integrat-
ing by parts yields

/(curlP)i](b dz = —/ Pij+28j+1¢ dr + / Pin@ngﬁ dz. (24)
Q Q

Q

This is continuous in C*(Q; R**3) equipped with the L% (2; R?*%)-norm if ¢
is fixed, since

< [lewrlPlly o]l < C() 1Py,

/(curlP)ijqb dx
Q

for a constant C'(¢) > 0. Since C1(Q; R**3) is dense in L7 (£2; R¥*?) the equa-
tion (2.4)) holds true for all P € L9 (2;R%*9). Using the weak convergence
of P%) we get

/QPi(ﬁgay'H(? dz — /QPij+2aj+1¢ dz,

/]3@'(;21(9j+2¢ dz — / P;j 110420 dx,
Q Q
as k — oco. And hence

lim [ [(curlP®);; — (curlP);;]¢ dz = 0

k—o0 Q
for all ¢ € C3°(2). Applying the classical density argument and the unique-
ness of the weak limit we get the desired result.

The case d = 2 is exactly the same except that in this case we have
(CHI‘IP)Z' = 81]32-2 - 8231.

(b) This follows from Theorem [2.3.2| by setting p; = ¢p and fj(k) = e]TP(k).

(¢) The case d = 2 is trivial since G(P) = curlP.
For the case d = 3 we have G(P) = (curlP)PT. Tt is clear that we want to
apply the div-curl Lemma [2.3.1 Hence, we have to verify its assumptions.
Setting f;k) = ejTP(k) and gj(k) = ejrcurlP(k) we can conclude that

f;k) = f; = eJTP in L% (Q; R?),

g](.k) — g;=ejcurlP in L(Q;R%).
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Furthermore we know that {curl f;k) : k € N} is bounded since the weak
convergence of each row of curlP® implies boundedness. Note also that

divgj(.k) = div(ejrcurlP(k)) = div Curl(eJTP(k)) =0
and therefore we can apply the div-curl lemma for j = 1,2, 3 and obtain
(carl PEYPBT  (curl P)PT  in L7 (Q; R3*3)
which completes our proof. O

In order to get weak convergence for the product VoP~! we need the
following Lemma.

Lemma 2.3.4. Let F, P € R with detP = 1. Then for all 1 < s < d and
1<4,j< (‘81) there exists a matriz K (s,i,j) € R¥>? such that

MS(FP_I)U = detK(s,i,j)
where K (s,1,7) consists of s rows of F and d — s rows of P.

Proof. For the case d = 2 we can use the explicit formula for the inverse
which is given by
pl_ ( Pao —Pu) ‘
—Pyn P

Via standard matrix computation we can identify all entries of the matrix
F P~ with determinants of matrices K containing one row of F' and one row

of P

Fi, F
FP Y., = Fi1Pyy — FioPoy = det [ 11 12
( )11 11422 120721 e (P21 P, )
Py P
(FP71)12 = —F11 P15 + Fio Py = det u 12 ,
Fii Fio
Fy F
(FP™')g1 = Fy Py — FaPoy = det | 71 2,
Py Py
(FP_1)22 = —F5 Py — Fpo Py = det (PH P12) .
Fo Fo
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Furthermore, by using the calculation rules for the determinant we get

B detF
~ detP

which finishes the proof for the case d = 2.

det(FP™1) = detF

The same argument can be made for the determinant in the case d = 3.
These calculation rules also hold for the cofactor matrix. Additionally we
have the identity

Cof A = (detA)A™T.

Let i,j € {1,2,3} and define H as the matrix P where the j-th row is
replaced by the i-th row of F. This gives

detH =) " Hj(CofH)ju = Y  Fi(Cof P)j
k k

and therefore

(FP™")y = (F(CofP)");; = " Fiu(Cof P)j = detH
k

which leaves us with proving the result for the entries of the cofactor matrix.
Note that

Cof(FP™') = (Cof F)(Cof P™!) = (Cof F')(Cof P)~! = (Cof F) P*

Again let 7,5 € {1,2,3} and this time define H as the matrix P where we fix
the j-th row and replace the other ones by the rows {1,2,3} \ {i} of F'. We
have

detH =Y " Hj,(CofH)ju =Y (CofF)y Py
k k

Combining this with the equality from above we get

Cof(FP™");j =Y (Cof F)y, Py = detH,
k

which finishes the proof. m

Now we finally can show weak lower semi-continuity. First, we will recall
the definition.
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Definition 2.3.5. Let Q@ C R? be open, 2z : Q — R*, u : Q — R’ and
F: QxR xR = RU{oo} with the functional I(z,u) := [, F(z,z,u) dz.
We say that I is weakly lower semi-continuous if for all sequences

Z, — z in WHP(Q; R?)

u, — u in LI(Q;R")

we have

I(z,u) < liminf I(z,, u,)

n—oo
We will usually assume the following condition on F'.

Definition 2.3.6. F' is said to be a Carathéodory function if
i) F(-,z,u) : Q = RU{oco} is measurable for all (z,u) € R® x R
ii) F(z,-,-):R*x R" - RU{oo} is continuous for a.e. = €

In order to fully state and prove the theorem on lower semi-continuity we
still need some preparation. Particularly several results from measure theory
will be of importance.

Theorem 2.3.7 (Lusin). Let Q C R? be bounded and F : Q — R be mea-
surable. Then for all € > 0 there exists a compact set K C € such that
F: K — R is continuous and \(Q\ K) < ¢.

A proof to this statement can be optained via standard measure theory
arguments and can be found in [Fel81]. Another well-known result is the
following.

Theorem 2.3.8 (Egorov’s theorem). Let Q2 C R? be bounded and measurable
and let f, be measurable functions in 2 converging almost everywhere to a
function f. Then for all € > 0 there exists a closed and measurable set

M C Q such that f, converges uniformly to f in M and \4(Q\ M) < e.

Here, we refer to [Bog07, thm. 2.2.1, p. 110].

A direct consequence from the above theorems which applies to our case
is the so called Scorza-Dragoni theorem (see |Giu03|, lemma 4.6, p. 128]).
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Theorem 2.3.9 (Scorza-Dragoni theorem). Let Q@ C R be bounded and
measurable, S C R* x R' compact and F : Q@ x R® x Rt - RU {0} a
Carathéodory function. Then for all € > 0 there exists a compact set K C €2
such that F : K x S — R U {oo} is continuous and \4(Q\ K) < ¢.

Proof. For n € N define
my = sup{|F(:U,z,u)—F(w,y,v)\ . (Z,U), (y,U) € Sa |(z,u)—(y,v)\ < 1/n}

Since F' is a Carathéodory function, m,, — 0 a.e. in 2 as n — co. Applying
Egorov’s theorem and observing that €) is bounded, for all ¢ > 0 we can find
a compact and measurable set M C ) where m,, — 0 uniformly in M and
AN(Q\ M) <e/2.

This means that for every n > 0 and (z,u) € S there exists a §; > 0 such
that for all z € M and (y,v) € S we have

l(z,u) — (y,v)| < 07 = |F(x,z,u) — F(x,y,v)| <n/4. (2.5)

Since S is compact, we can find a countable dense subset {(z,, u,)}22 ;. Now

n=1-
we can apply Lusin’s theorem for fixed (z,,u,). Hence, for every n € N there
exists a compact set K, C {2 such that F(-, z,,u,) : K,, — R is continuous
and A (Q\ K,,) < g/2""L.
Let N = (1, ey K. Then for all n € N we know that F(-, z,,u,) : N = Ris
continuous and A4(Q\ N) < /2.
This means that for every n > 0, z € N and (z,u) € S there exists a d > 0

such that for all z € N we have
|z —Z| < b = |F(x,2n,un) — F(Z, 2, u,)| < n/4. (2.6)

Now set K = M N N. We need to show that F' restricted to K x S is
continuous. Let n > 0, z € N, (z,u) € S and let §; > 0 such that (2.5) is
satisfied. Furthermore, choose (z,,u,) such that |(z,,u,) — (z,u)| < d;.
This implies that if x,z € K and (z,u), (y,v) € S with |(z,u) — (y,v)| < &
then

|F(z,z,u) — F(x, 25, un)| <n/4,

|F(z,z,u) — F(Z, zn,un)| < n/4,

‘F(fvzau) o F(anav” < 77/4
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Furthermore, we can choose d; > 0 such that (2.6)) holds for all z € K.
Hence, if we set § := min{dy, d2} then for every z € K and (y,v) € S such
that |[v — Z| + |(z,u) — (y,v)| < we get
|F(:v,z,u)—F(§c,y,v)| <
|F(£B,Z,U) - F(x,zn,un)| + |F<xazn>un) - F(fazmun”
+|F (2, 2,u) — F(T, 2p, upn)| + |F (T, 2,u) — F(z,y,0v)]
<n/4+n/d+n/4+n/d=n
which shows that F' is continuous on K x S.

Moreover we know that A4(Q\ M) < /2 and A(2\ N) < £/2 and hence it
follows that A\4(Q\ K) < e. O

Another important result that connects weak and strong convergence is
the following (see [Rud91, Thm. 3.13, p. 67]).

Lemma 2.3.10 (Mazur’s lemma). Let V' be a Banach space and {u,} C V
be a weakly convergent sequence with u, — u for n — oo. Then there exists
a function m : N — N and A} > 0 with Zm,(n) Al =1 such that for

j=n

(n)
Uy = Z A
j=n

it follows that
v, =~ uinV asn — oo.

In order to prove weak lower semi-continuity we will first need a slightly
simpler theorem where the dependence is only in the matrix-valued compo-
nents, i.e. F: Q x RY - RU{oo} (see [Dac08, Thm. 3.20, p. 94]).

Theorem 2.3.11. Let Q C R be open and F : Q x Rl — R U {cc} be a
Carathéodory function such that for all u € R* we have F(-,u) > 1 for some
Y € LY Q). Furthermore assume that F(x,-) : Rt — R U {oo} is convezr and
that

u, — u in LY(Q;R").
Then for I(u) := [, F(x,u) dz we have
I(u) < liminf I'(u,).

n—o0
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Proof. Without loss of generality we can assume F' > 0 for otherwise we can
work with ' — ). First we want to show strong lower semi-continuity, hence
let

u, — uin LI(Q;RY)
and extract a (non-relabeled) subsequence such that
U, — u a.c. in €.

Since F' is continuous in v and F' > 0, it follows by Fatou’s lemma that

/F(:z:,u) dor = / liminf F'(z,u,) dz < liminf/ F(z,u,) dz.  (2.7)
Q Q Q

n—o0 n—o0

Our goal is to go from strong to weak lower semi-continuity. Take a sequence
{u,}°2; with

u, — uin LI RY).

Define L := liminf, . I(u,) and extract a (non-relabeled) subsequence such
that L = lim, ,o, F(z,u,). Note that L > 0 and assume that L < oo,
otherwise there is nothing to show. From the definition of limits we get that
for every € > 0 there exists an N € N such that

I(u,) < I(u) +¢ foralln>N. (2.8)

Fixing € > 0 and applying Mazur’s lemma to the sequence {u, }>> ,; we obtain
a sequence {v, }22 v with

v, — uin LY(Q;R")

such that there exists a function m : (N,N +1,...) — (N, N + 1,...) and
A2 >0 with 37" A% =1 and

(n)
Uy, = Z )\?uj.
j=n
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Using the convexity of F' in the second component and inequality (2.8)) it
follows that

/QF(x,vn) dx:/

< ZA;?(L+5) =L+e. (2.9)

m(n) m(n)

Z)\”u] dx<2)\”/ (x,u;) dz

Since we know that v,, converges strongly to u we also get from (2.7 that

n—oo n—0o0

Combining ([2.9) and - we obtain

I(u) < L +e.

/F(m,u) dz = / liminf F(z,v,) de < liminf/ F(z,v,) dz.  (2.10)
Q Q Q

This finishes our proof since € > 0 was fixed but arbitrary. [

Now we can state and prove our main lower semi-continuity result (see
[Dac08, thm. 3.23, p. 96]).

Theorem 2.3.12. Let Q C R? be open and bounded and let F : Q x R® x
RY - RU {0} be a Carathéodory function such that for all (z,u) € R® x R
we have F(-,z,u) > 1 for some v € L*Q). Furthermore, assume that
F(x,z,) : Rt - RU{oo} is conver and that

Z, — 2% in LP(Q;R®)  and  w, — u* in LY(;RY).
Then for I(z,u) fQ x, z,u) dz we have
I(z*,u*) < liminf I(z,, u,).
n—oo

Proof. Again without loss of generality we can assume F' > 0. As before we
define L := liminf, , I(z,,u,) and extract a (non-relabeled) subsequence
such that L = lim,, ., F'(x, 2, u,) with 0 < L < co.
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Step 1: Our first goal is to show that for all ¢ > 0 there exists a measurable
set . C Q with AM(Q\ Q.) < ¢ and a subsequence n; with nj, — oo, such
that

i |F (2, 2y 5 Uny ) — F(z, 2%, u,,)| do < eA4(9). (2.11)

Now choose € > 0 and let

K. ={xeQ:|z"(x)| < M or |z,(x)| < M.},

Ky :={x € Q:|u,(x)| < M.},
where M, is such that A\Y(K;.) < /6 and \(K,.) < €/6 for every n € N,
We can find such a M, since z, z, € LP(Q;R®) and u,, € L1(;R").

Set g e :i=Q\ (K1 U Ky, e) and it follows that A\4(Q\ Qy,,.) < /3.
Applying the Scorza-Dragoni theorem with

S:={(z,u) :€ R®* x R": |z| < M. and |u| < M.}

we can conclude that there exists a compact set Qa,, . C Q0 With A%(Q .\
Qs..c) < €/3 and such that F' is continuous on €y, . X S.
Hence there exists 6 > 0 such that if |z — y| < 0 then

|F(z,z,u) — F(z,y,u)| <e¢ (2.12)

for all © € Qg,., 2,y € R® with |z| < M. and |y| < M. and u € R" with
lu| < M.

Choosing such a 6 > 0 we know that since z, — z* in LP({2; R®) there exists
N, € N such that for

Qg e ={2e€Q:|z,(x) - "(x)] <}

holds that A4 (Q\ Q3,,.) < &/3 for all n > N..
Now let Q. := Qo N Q- then A(Q\Q,,.) < ¢ and from (2.12)) it follows
that

/ |F(x, 2%, up) — F(x, 2n, u,)| dz < eX¥(Q)
Qn,e
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for every n > N.. The same holds for ¢, := /2% for k € N. Hence, by
choosing a sequence ny, > N, with n, — oo and setting Q. := (,—; Qs
the bound (2.11)) follows immediately.

Step 2: We want to apply Theorem [2.3.11] Hence, we denote by 1g, :
2 — {0, 1} the characteristic function of €2, in €, i.e.,

1 ifzxe),
Lo, (z) = .
0 ifx ¢,
and let
G(z,u) == 1o (x)F(z, 2", u).

It follows that G : Q x R* — R U {oo} is a Carathéodroy function such that
G(-,u) > ¢ for all w € R and G(z,-) : R* - RU {oo} is convex. Hence, we
can apply Theorem [2.3.11] and obtain

/]lge(x)F(a:,z*,u*) dr < liminf/ Lo (z)F(z, 2%, uy, ) dz.
0 0

Nj—r00

Using ([2.11]) and the fact that F' > 0 we have that

/Q]IQE(J:)F(J:, 2 uy,) dz —eX(Q) = / F(x, 2%, up, ) do — e} (Q)

€

§/ F(x, 2", up,) dx—/ |F (2, 2, Un, ) — F (2, 2%, up, )| do
Q. Qe

S/ F<x72nk7unk) dz = / F(xvznwunk) dz.
. Q

In particular, we have

/]IQE<£IZ')F<£IZ',Z*,U*) dz — eX’(Q) < liminf/ F(x, 2y, , up, ) dz.
Q Q

N —00

Since F' > 0 we can apply the Monotone Convergence Theorem (see |A.0.4)
on the left hand side and let € — 0 to conclude that

/F(x,z*,u*) dz < liminf/ F(z, 2y, , U, ) dz.
Q Q

N —>00
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As mentioned before, we will not assume convexity on the function F
but only polyconvexity. Hence, we will need an even stronger result on weak
lower semi-continuity which can be applied to our problem ([2.1]).

Theorem 2.3.13. Let Q) C R? be open and bounded and let H and F be given
as in with F(-, 2, Fy, P,G) > 4 for some v € L' (). Furthermore,
assume that there exists a Carathéodory function
(d—1)—times
~ 2d 2d d d
Frax0,1] x REG) x RE)T 5 mEX X d R {00}
(d—1)—times
~ 2d 1 2d 1 d d
such that F(x, z,-,-, ") R RED 2RI X o xd RU{o0} is convex
and

F(z,z,Fy,P,G) = F(x,z, M(Fy,), M(P), Q)

Let q, > d, gp > d, and qc satisfy
d—2 1
+ _
qap dc
1 1 1

_<__i__7
g d qp

<1,

and let
20— 2% in LP(Q;]0, 1)),
p®) — " in Wp™ (4 RY),
P pP* in A%9C(Q),

det

where W5 (5 RY) := {¢ € Wh (Q;RY) : ¢|p, = 0} for some T'p C 99
and A%PAC(Q) consists of all elements P € L (Q; RY) such that

L% (Q;R?) for d =2,
curlP €

L (Q;R¥3) for d =3
detP =1 a.e. in ).

Y

Then,

H(z", 9", P) < lim inf H(z®) o®) pt)y,
— 00
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Proof. Since curlP*®) is bounded in L% (£2;R%) for d = 2 and L% (Q; R?*9)
for d = 3 we know that there exists a (non-relabeled) converging subsequence
and can apply Lemma to obtain

L (Q;R?) for d =2,
L (Q; R3*3) for d = 3,
M(PW) = M(P*) i Lo/ (0RO,

L7 (Q;R?) for d =2,
LT (Q;R3>3) for d =3,

curlP® — curlP*  in {

for some ¢* > 1.

G(P®) =~ G(P*) in {

To get weak convergence of M (F,;) we note that by Lemma each com-
ponent M, (Ve®) (P*)=1).. is the determinant of a d x d matrix K(s,1, )
where K (s,4,7) consists of s rows of Vo*) and d — s rows of P*). This
means that the rows of K(s,1,7) are either curl-free or the curl is bounded

in L (Q)). Hence, we can use Theorem to get
2d
d

M(Ve®(P®)) = M(Ve*(P)™) in L7(QRED ) for some o > 1

Now we apply Theorem [2.3.12| with

u* = (M(F}), M(P),G"),

and ¢ = min{qp/d, q*,0} > 1 to get our desired result. ]

2.4 Continuity of U

Recall that the functional U describes the work done by conservative forces
and is defined as

U(z,@,P):—(/sz~<pdx—|—/FNg~g0dx). (2.13)
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In this section, we want to show that U is continuous on

LM [0,1]) x W% (Q; RY) x AIP9c(Q)),

Theorem 2.4.1. Let Q@ C R® be an open Lipschitz domain and q, > d.

Furthermore, assume that f € L%(Q) for some q; > qj‘jl =: (q,)" and
g € L% (I'y) for some q4 = (q,)". If
1 1 1
2B 2 i L=(Q) where — 4+ — 4 — =1,
9 4y gy

e — o in W™ (4 RY),
PR~ P in A%RIC(Q),

det

then,

lim U(z® o® PRy 5 U(z, o, P).

k—o0

Proof. Note that for the exponents it holds that

1 1 1 1 1 1
_+_:—/ and ——|——:—/
ar  dy q, qr 4z q,

Looking at the first term of U we obtain

/Z<k>f.gp<k> dx:/(2<k>_z)f.¢(k> dx+/zf.¢<k> e
Q Q Q

Now we can use Holder’s inequality and see that

[ =210 ax < 140l s -4

< Hz(kz) — 2. Hf”qf H@(k)qu —0

as k — oco. Additionally we know that zf € L% () since
1211y, < llzll,. l1oll, < oo

Hence, we can conclude that

/z(k)f-cp(k)dx%/zf-apdm for k — oo.
Q Q
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For the second term of U we can use Theorem and from the continuity
of the trace operator T' (here, we will omit 7" in the notation) it follows that

o™ — ¢ in L% (09).

Now since i + é =1 and I'y C 952 we obtain

/ g-o® dnt - / g @ dHTY for k — oo.
I'n I'n
All in all we have shown that
—U(z®, " PRy & _U(z,9,P) for k — oo
which finishes the proof. [

Remark 2.4.2. Using some analogous arguments one can see that for z €
L9 () there exists a constant C' > 0 such that

U(z, ¢, P)| < Cllgll,, -

2.5 Existence of minimizers

Combining the coercivity result of Chapter [2.2] the lower semi-continuity
result of Chapter [2.3| and the continuity result of Chapter [2.4] we now show
existence of at least one global minimizer of the plasticity functional H given

by ().
Theorem 2.5.1. Let H and F' be given as in and U as in .

Moreover, we assume the following properties:

1. there exists (z,¢, P) € L'(Q;]0,1]) x W5 (5 R?Y) x ALA€(Q) such
that £(z,p, P) < o0,

2. there exists ¢ > 0 and g € L*(Q) such that
c([Fal™ + P17 + P71 +|G|*) — g(x) < F(z, 2, Fa, P,G)

holds with
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1 1 1
e — = — 4 =< =
QF+QP<d’

de
.L;:{é for d=2,
4 wtoe for d=3,
.$+W<l,

1 min{d—3,1} 1
o L 4 TSt 1
qG + qp < d

3. The order variable z is uniformly bounded in
HY(Q: [0,1]) or BV({0,1}),

4. There exists a Carathéodory function

(d—1)—times
~ 2d 2d d d
F:Qx[O,l]X]R(d)_lxR<d)_1><R X X0 L RU {00}

(d—1)—times

——
>_1deX"'Xd—>RU{oo} is

2d 2d

such that ﬁ(m, Zyy) RCD-1 x RU
convexr and

F(x,z, Fy, P,G) = F(x,z, M(Fy), M(P),G).

Then, the infimum of E(z, ¢, P) is attained on H(Q;[0,1]) x W% (Q; R%) x
AI9C(Q) or BV (Q;{0,1}) x W™ (Q;RY) x A% (Q).

det

Proof. From assumption 1. we know that & # oo and from assumption 2.
we can can conclude that

H(z,¢,P) = c(|Fallgy + 1Pllgy + [P0 + 1Gll) — llgll, = €

for some C' € R which implies that H is bounded from below. Additionally,

U is bounded from above for ¢ € Wll)’q“’. Hence, we can pick a minimizing
sequence (z8) o™ P®) e L1(Q;[0,1]) x W% (Q;RY) x A% (Q) which
means that

m:=inf E(z, o, P) = klim £z, o® pk)y,
—00
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We know that £(z%) o®) P*) < oo for all k € N which implies that
(using assumption 2.) we can apply Proposition Hence, the se-
quence (¢ P*)) is bounded in the reflexive Banach space W% (€2; RY) x
L7 (Q; R¥*4) and, by using the Banach-Alaoglu Theorem [A.0.1], there exists
a (non-relabelled) weakly convergent subsequence. By Lemma and the
continuity of traces we know that

oW = ot in W™ (4R,
P®) ~ p*in ATP9C(Q)).

det

Assumption 3. tells us that the sequence (z®) is uniformly bounded in
HY(;[0,1]) or BV({0,1}). Using the Rellich-Kondrachov Theorem [B.0.]]
for z® € H'($;]0,1]) or the compactness theorem for BV functions (see

Thm. [B.0.2)) we get

B = 2 in LYQ;[0,1]),
M) — o in W™ (O RY),
P®) — p*in A%9€(Q).

This and assumption 4. are exactly the conditions that we need to be able
to apply Theorem [2.3.13, Thus, we know that H is weakly lower semicon-
tinuous. Additionally, U is continuous which implies that £ is weakly lower
semicontinuous

m < E(2%, %, P*) <liminf £(z), ™ PRy = m,

k—o0

And consequently (z*, ¢*, P*) € HY(€;[0,1]) x W5% (9 R%) x A9(Q) (or

z*, 0%, P*) € BV (;{0,1}) x W ke Q;RY) x AP9°(Q))) is a minimizer of
2 D det
€. ]
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Chapter 3

Existence results for minimizers
of the target functionals

In this chapter we are going to show the existence of minimizers for the
phase-field problem where z € H'(Q;[0,1]) and the sharp-interface problem
where z € BV (£;{0,1}). Here, we are again applying the Direct Method of
the Calculus of Variations. Hence, we have to check boundedness in order to
extract convergent subsequences, as well as proving (lower semi-) continuity

results.
This chapter follows [BGHR16].

3.1 Stating the problem

Throughout this chapter, we will assume 0 C R? to be a bounded Lipschitz
domain. Moreover, we split the boundary into two parts 002 = I'p U 'y
with Tp N Ty = 0 and H41(T'p) > 0 where H4! is the (d — 1)-dimensional
Hausdorff measure. We fix Q on I'p, i.e. ¢|r, = 0 and on I'y the surface load
g € L% (T'y) should be minimized. In Q we have the body force f € L% (Q)
which we want to minimize. We can then define the phase field functional as

J-(2,, P) =/

Q

zf-@dx—l—/

'y

1
g-edHT + / E|Vz|2 + —(z)dx (3.1)
Q2 €
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with a continuous double-well potential 1) : R — [0, 00) that vanishes only
at 0 and 1. We define the sharp interface functional as

hizoP) = [

2f - pdx +/ g-pdH" + cyPer({z = 1},9Q)
Q

'y

where ¢, is a given positive function depending solely on the structure of
and Per({z = 1},Q) is the perimeter of the set {z = 1} in Q. For the sake
of notational simplicity we write these functionals as

JE(Z7<107 P) = K(z7 907 P) + EE(Z)7
Jo(z, ¢, P) = K(z,¢, P) + Eo(2),

with

K(z790,P)=/Zf-90dx+/ g-edH*,
Q

'y
€ 9 1
E.(2) = | 5IVz[" + —v(2) de,
Q2 €
Ey(z) = cpPer({z = 1}, Q).
Our goal is to minimize the phase field functional for 2 € H(£2;[0,1]) and
the sharp interface functional for z € BV(€;{0,1}) under the condition

that (¢, P) minimizes £(z,-,-). Or in other terms we want to show that the
following exist

min Jg Z, QO,P : QD,P € A glll‘ll g 2yt ) g 3.2

zEHl(Sll;[O,l]){ ( )i ) rgmin £( )} (3:2)
min Z, P P): (Y2 P - A min 5 Zyyt g .

e (1;{071}){‘]0( s ) ( ) ) rg mi ( 5y )} (3 3)

We start by showing the existence of minimizing sequences.

3.2 Existence of a proper minimizing

sequence

In the last chapter we showed that there exists at least one minimizer
(2%, %, P*) € LY(Q) x W5% (Q; RY) x A% (Q) for £ if we consider the design
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variable z to be uniformly bounded in H*(£;[0,1]) or BV (€;{0,1}). Taking
the constant sequence 2¥) = 2* for all k € N and for z* € H'(£2;]0,1]) or 2* €
BV (£2;{0,1}) yields exactly this condition. Hence, for fixed z € H'(£; [0, 1])
or z € BV (;{0,1}) there exists (¢, P) € Wéq“”(Q,]Rd) x AL (Q) such
that (¢, P) € Argmin &(z, -, -).

Now we want to minimize the target functionals over z. In order to extract
weakly convergent subsequences we need to show boundedness. First, we
know that K is bounded from below, since ¢ € W,;’q“"(Q; R?). Additionally,
there exists

(2,0, P) € H'(9:[0,1]) x W5* (4 RY) x L5 (Q)
with (¢, P) € Argmin £(z,-,-) such that
J(z,¢,P) < 00
and there exists
(2,0, P) € BV(:{0,1}) x W5* (5 R?) x A§5(Q)
with (¢, P) € Argmin £(z,-,-) such that
Jo(z, 0, P) < 00.

Since F. > 0 and Ey > 0 we also know that J. and J; are bounded from be-

low. This means that we can choose minimizing sequences 2" € H* (©2;1]0,1])

and z(()k) € BV(£;{0,1}). For these sequences we can find (gpgk),P(k)) €
Argmin (=7 -, ) and (o, PM) € Argmin (2", -,-) such that

o J.(:V, o P
o (=0, o0 Py
o H o® pi
o H(z" o, PY)
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are uniformly bounded sequences. This implies that (zék)) is uniformly
bounded in H'(), (2{") is uniformly bounded in BV(€), and (o, Py,
(o, P are uniformly bounded in W1 (Q) x L (Q; R%4). By the same
arguments as in Chapter [2| we can extract (non-relabelled) convergent sub-
sequences

2P 2 in LYQ),
P = oo in Wy (5 RY),
Ps(k) - p€ iIl Agllejt’qc (Q)7
2 4 in LY,

ey = @0 in W™ (O RY),

P~ By in A%0(Q).

det

We found suitable minimizing sequences but we still have to check that
(pe, P.) € Argmin E(z,-,-) and (g, Py) € Argmin E(z,-,-). First, we need
to show pointwise convergence of F'.

Lemma 3.2.1. Let Q C R? be an open and bounded Lipschitz domain and
let F' be given as in such that there exists a Carathéodory function

(d—1)—times
2d
d

~ 2 a d
F:Qx[O,l]xR( )71 R x RE X - X — R U {oo}

with

F(z, 2 Fy,P,G) = F(z, 2, M(F,), M(P),G).

If (2%)) is uniformly bounded in H'(€%;[0,1]) or BV (£2;{0,1}) then there
exists a convergent subsequence (z%n)) C (z®) — 2 in LY(Q) such that

lim F(x, k) P, G)=F(z,2,F,,P,G)

n—oQ

(d—1)—times

——
for a.e. x € Q and for all (F,, P,G) € R>4 x SL(d) x RA X ... X d
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Proof. For z*) € H'(Q; [0, 1]) we obtain boundedness of z*) in W(Q; [0, 1])
using the Holder inequality. Now since p < d we can apply Rellich-
Kondrachov (see to get strong convergence of z* in L'(Q;[0,1]). For
%) € BV(;{0,1}) we can immediately use compactness of BV functions
(see . Extracting a (non-relabelled) subsequence we find that z*) — 2
pointwise almost everywhere. But Fisa Carathéodory function and there-
fore continuous in z which means that

F(xz, 2%, M(F.;), M(P),G) — F(x,2, M(F.;), M(P),G)
for almost every x € 2. Consequently the same holds for F'. ]

Using this lemma together with the Dominated Convergence Theorem we
are able to show our claim but need to require an additional condition on F'.

Proposition 3.2.2. Let Q C R? be an open and bounded Lipschitz domain
and F and F as before such that there exist ¢,C > 0 and g,h € L*(Q) with

F > ¢(|Fq|™ +|P|% + | P77 +|G|9) — g(x),
F < C(|F|™ 4 |P|% + |P7Y% + |G|%) + h(x).

Then, for any uniformly bounded sequence (2¥) C H'(Q;[0,1]) or () C
BV (£;{0,1}) there exists a sequence (¢*), P®) € Argmin E(z™, - -) with

o =@ in W™ (R
P® P in ALC(Q)

det

such that (¢, P) € Argmin &(z, -, ).

Proof. We still have to check the last claim, i.e., (¢, P) € Argmin &(z,-, ).
Since we chose (o, P*)) € Argmin £(z,-,.) we get that for all (p, P) €
W 5% (Q:RY) x A€ (Q) it holds that

det

E(Z(k),go(k),P(k)) < 5(2(1@)7@7 P)
—00

k—o0
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We pick a suitable (non-relabelled) subsequence and apply Theorem [2.3.13
and Theorem [2.4.1] on the LHS to conclude that

E(2,4,P) < lim E(z, ¢, P).

T k—oo

Now we can use the assumption that F' is bounded by an integrable func-
tion. Furthermore, by Lemma [3.2.1, we know that F(z,z® VoP~! P G)
converges pointwise a.e. to F(x,2, VP! P G). By the Dominated Con-

vergence Theorem we get
lim H(z®, o, P) = lim [ F(z,2®,VpP™ ! P,G) dz

k—o00 k—o00 Q

= / F(x,2,VoP™ ' P,G) dz = H(%,¢, P).
Q

Since U is continuous in z, we obtain

lim E(z, o, P) = £(2,¢, P)

k—o00

All in all, we have
£(2.0.P) <E(2,0.P)
for all (p, P) € W% (Q; RY) x A%:9¢(Q), which finishes the proof. O

As in Chapter [2] we want to show lower semi-continuity of the target
functionals J. and Jy. The continuity of K follows from the fact that K = —U
and we have already shown continuity of U. We are left with showing lower
semi-continuity of E. and Ej

3.3 Lower semi-continuity of E. and Ej

First, we want to show weak lower semi-continuity for E.. Recall that

1
E.(2) :/Q§|Vz|2+gw(z) da.
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Theorem 3.3.1. Let Q C R? be an open and bounded Lipschitz domain.
Then E. is weakly lower semi-continuous on H'(Q;[0,1]).

Proof. Let
2B~z in HY(Q;[0,1])
As in the proof of Lemma this implies that (%) converges to 2 pointwise

a.e. in . Now since v is continuous we also know that ¥ (zF)) — ¢ (2)
pointwise a.e. in {2. On the other hand,

V2% Vi in L2(Q;RY
We can apply Fatou’s lemma (see|A.0.3)) and we get
€2 L Lo o Evo.miz L k)
=|Vz]* + =¢(2) dz < liminf [ =|V2")* + = (2'") dx,
Q 2 g k—o0 Q 2 g
which finishes the proof. O
Next, we want to prove lower semi-continuity for
Eolz) = cPer({z = 1},9),

i.e., we need lower semi-continuity of the perimeter

Per({z = 1},Q) = sup {/Q lony(2) V- ¢ dz: ¢ € CHQ; RY), |19l < 1} :

Theorem 3.3.2. Let Q C R? be open and let ¥ € BV(Q;{0,1}) and
z € BV(§;40,1}) such that

2B 2 in LYQ;{0,1}).
Then,
Per({Z =1},Q) < ligninf Per({z® =1}, Q).
—00
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Proof. First of all, note that
z(k)(x) =l w_py(z) and 2(z) = Loy (2)
and hence
Lwoyy = Iy in LY(Q;{0,1}).

In other words this means that for all ¢ € Cj(Q2; R?) with ||¢||., < 1 we have

/Q]l{g=1}(x) V.- ¢(x) de = lim Qﬂ{z<k):1}(x) V- é(z) da.

k—o00

Taking the supremum for the term on the right hand side we get
/91{2:1}@) V-o¢(z) de < li]?_lﬂi;lf Per({z¥) = 1},0).
And now we can take the supremum on the left hand side too and obtain
Per({2=1},Q) < li}gn inf Per({z® = 1},Q)
—00
which shows lower semi-continuity. O]

Finally we can analyze the existence of minimizers for J. and Jy.

3.4 Existence of minimizers

We start by showing the existence of

min  {J.(z, ¢, P) : (¢, P) € Argmin £(z,-,-)}. (3.4)

2€H1(€3[0,1])

42



Theorem 3.4.1. Let Q C R? be an open and bounded Lipschitz domain
and let H and F' be given as in and J. as in . Assume that the
conditions 1.-4. from Theorem hold with the additional condition that
there exists C > 0 and h € L'(Q) with

F < C(|Fa|* + |P|" + P~ +|G|*) + h(x)

Furthermore, let K be bounded from below and assume that f € L (Q) for
some qr > (qp,) and g € L% (0N) for some q, = (q,)'. Moreover, assume
that there exists (2,0, P) € H'(Q;[0,1]) x W% (Q;R%) x A9 (Q) with
(p, P) € Argmin &(z,-,+) such that J.(z, ¢, P) < c0.

Then, admits a solution.

Proof. First, note that all the assumptions of Theorem [2.5.1] are satisfied
which means that for every z € H'(£;[0,1]) we can find

(¢, P) € Argmin &(z,-,-) with ¢ € W5 (Q;R%) and P € A% (Q) such
that J.(z,p, P) < co. Since K is bounded from below we also know that .J.
is bounded from below. Using the arguments from Chapter [3.2] can find a
minimizing sequence z*) € H'(€;[0,1]) that is uniformly bounded, because

dm (25,00, P = nf (0 P) (g, P) € Argmin £(z, -, )}
=t M,

Additionally, the sequences ® € W5%(Q;R%) and P® e A (Q) with
(o®) P*®)) € ArgminH (2, . ) are uniformly bounded, which implies that
we can find a weakly convergent subsequence

20~z in HY(Q),
oM =~ ¢ in W5 (%R,
P® ~ P in A%90(Q).

Since the assumptions of Proposition are satisfied we know that (¢, ]5) €
ArgminH(z,-,-).
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Note that 2 — 2 in L%(Q,[0,1]) for all g, < oo because || < 1
almost everywhere. Hence, we know that K is continuous and FE. is lower
semi-continuous which implies that also J. is lower semi-continuous. We get

m. < J.(2,¢, P) < liminf J.(z®, o® PR = m_.

k—oo
So (2, ¢, P) is a minimizer. ]
Next we can also show the existence of

i J P): P)e A inH(z,-,-)} 3.5
zeBéI(lfllg[),l}){ 0(27(107 ) (907 )G rgmin (Za ) )} ( )
Theorem 3.4.2. Let Q C R? be an open and bounded Lipschitz domain
and let H and F' be given as in and Jy as in . Assume that the
conditions 1.-4. from Theorem hold with the additional condition that
there exists C > 0 and h € L'(Q) with

F < C(|Fa|™ + |P|" +|P7H™ +|G|™) + h(x)

Furthermore, let K be bounded from below and assume that f € L% () for
some qr > (qy) and g € L%(0N2) for some q, > (q,)'. Moreover, assume
that there exists (z,, P) € BV(Q;{0,1}) x W5 (Q;R?) x A%%(Q) with
(p, P) € Argmin &E(z, -, ) such that Jo(z, ¢, P) < oc.

Then, admits a solution.

Proof. Using the same arguments as before we get a minimizing sequence
2(%) that converges in L'(€2;{0,1}) to some 2 € BV (€; {0,1}). Here, we can
again apply the lower semi-continuity result for the perimeter and get our
desired result. O

Thus we have shown that both the phase-field problem and the sharp-
interface problem are solvable. Our final goal is to check that the former one
actually converges to the latter one. This needs additional requirements and
is the topic of the next chapter.
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Chapter 4

['-Convergence

In this section we are going to prove that the phase-field problem converges
to the sharp-interface problem as € — 0. However, this does not hold in full
generality and we require a uniqueness assumption. Moreover, we need to
define the kind of variational convergence we are interested in, the so-called

['-convergence.
This chapter follows [PRW12], as well as [AIb0Q].

4.1 ['-convergence

['-convergence plays an important role in the Calculus of Variations and was

first introduced by De Giorgi in 1975 in [DGT5].

Definition 4.1.1. Let (X, d) be a metric space and let (F,) be a sequence
of functionals F,, : X — [—00, 00]. We say that (F,,) converges to the I'-limit
F : X — [—00,00] if the following two properties are satisfied:

(LB) for every x € X and every sequence (z,) C X with z, — x it holds
that

F(x) < liminf F,(x,), (4.1)

n—oo
(UB) for every x € X there exists a sequence (z,) C X with z,, — x such
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that
F(x) > limsup F,(z,). (4.2)

n—oo
The lower bound inequality (LB) ensures that the I'-limit is never larger
than the limit along an approximating sequence, while the upper bound
inequality (UB) provides the existence of a sequence that certainly approxi-
mates the I-limit. This sequence is sometimes called recovery sequence. As
a matter of fact, under condition (LB), we could exchange property (UB)
with the following condition:

(UB*) For every x € X there exists a sequence (x,) C X with z, — = such
that

F(x) = lim F,(x,). (4.3)

n—0o0

To simplify the notation we will write F,, Lr , if F,, converges to the ['-limit
F. Furthermore, we are going to use the parameter ¢ > 0 instead of n € N
and write F. L Fase — 0. These notions are equivalent, as we can set

The importance of I'-convergence is clarified by the following proposition,
pointing out two useful properties.

Proposition 4.1.2.
1. If F. L F and G is continuous then F. + G LN F+G.

2. If F. 5 7 and x. are minimizers for F. over X, then every limit point
of x. minimizes F over X.

Proof.

1. One can easily check that G satisfies both conditions (LB) and (UB) for
every sequence r. — x. Hence by the properties of liminf and lim sup
we get

lim iglf(fg +G)(x;) > lim iglf}}(xg) + lim iglfg(mg) > (F+G)(z),

limsup(F: + G)(y.) < limsup F.(ye) + limsup G(ye) < (F + G)(y),
e—0 e—0

e—0
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where (y.) is the recovery sequence for an arbitrary y € X. That means
F + G is the I'-limit of F. + G.

2. Suppose that z € X is a limit point of the minimizing sequence (x.),
ie. z. — = and minF, = F(z.). Take y € X and let (y.) be the
recovery sequence of y. Then, we get

Fly) = hp% F.(y:) > lim iélf min F, = lim iglf Fe(ze) > Flx).
e— e—> £

Since y € X was arbitrary we conclude that £ minimizes F over X. [

4.2 Modica-Mortola Theorem

Our next goal is to prove that Jj is in fact the I'-limit of J.. First, we only
consider the order parameter z. In general, we choose L'({2) as our metric
space with its standard metric. Therefore, we have to adapt the functionals
E. and Ej in such a way that they are defined on L'(€; [0, 1]). We have

E(2) = fﬂ(§|Vz|2 + §¢(z)) dr if z € HY(9;[0,1]), (4.4)
: 00 if 2 € LY(Q;[0,1]) \ H (2 [0,1]),
Fo() = {cher({z =1}, Q) %f 2 € BV(2:{0,1}), (45)
00 if 2 € LY(Q;[0,1]) \ BV(Q; {0, 1}).

Moreover, the double well-potential v satisfies the following two conditions:
1. % is continuous and v (z) = 0 if and only if z € {0, 1}.
2. There exists M > 0 and z > 0 such that
U(z) = M|,
for all z > z.

With this notation one gets the following theorem, which was first proved
in 1977 in [MMT77].
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Theorem 4.2.1 (Modica-Mortola). Let Q@ C R? be an open and bounded
Lipschitz domain. Then, Ey is the I'-limit of E., i.e.,

(LB) If (2.) € H(;]0,1]) and z € BV (;{0,1}) with 2. — z in L'(Q)
then

Ey(z) < hIgIl_}glf E.(z.).

(UB) For every z € BV (Q;{0,1}) there exists (z.) C H'(Q;[0,1]) with z. —
z in LY () such that

Eo(z) > limsup E.(z.).

e—0

For a proof we refer to [Mod87|]. Also note that, Braides showed this
theorem in [Bra02, ch. 02] via a slicing argument.

We would like to apply the Modica-Mortola Theorem, but have to be
careful, since we have the extra condition that (¢, P) € Argmin £(z, -,-) and
these configurations (¢, P) are not necessarily unique.

4.3 Convergence of the two models

Using the definitions from equations (4.4]) and (4.5]), we can write the phase-
field problem as

i J.(z,0,P): (¢, P) € Argmin E(z, -, )}, 4.6
zeﬁéﬂo,m{ (z,¢,P) : (o, P) € Argmin &(z,-,-)} (4.6)

and the sharp-interface problem as

' P):(p,P) €A ' )} 4.
i Loz 0, P) (9 P) € Argmin £(2,-,)) (4.7)

We get the following theorem.
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Theorem 4.3.1. If the minimizing deformation ¢ € W;)’q“"(ﬂ; R?) is unique
for any z € L'(Q;[0,1]), i.e., 3 o € WH¥ (4 RY) such that ¢ = ¢ for all
(¢, P) € Argmin &£(z, -, ), then the sharp-interface problem is the I'-limit of
the phase-field problem. In other words:

(LB) If (z.) € HY(Q;[0,1]) and z € BV(Q;{0,1}), such that (., P.) €
Argmin £(z.,-,-) and (p, P) € Argmin &(z, -, ) with

ze — 2z in LY(Q),
- — ¢ in Wh"(Q;RY),
PP in ATC(Q).
Then,
Jo(z. 0. P) < lminf J. (2. 02, P2).
(UB) For every z € BV (Q;{0,1}), such that (¢, P) € Argmin £(z, -, ), there

exists a sequence (z.) C H'(;[0,1]), such that
(pe, P.) € Argmin E(z., -, ) with

z. — 2z in LY(Q),
. — ¢ in Wh"(Q;RY),
and such that
Jo(z,p, P) > limsup J.(z:, @., P-).

e—0

Proof. For the lower bound (LB) we can use the Modica-Mortola Theorem
to obtain
< T
Ey(z) < hIEH_}glf E.(z.).

Now, since K is continuous, we have
K(z,¢, P) =lim K (z., ¢., P:).
e—0
It follows that
Jo(z,¢, P) = Eo(2) + K(z,p, P) < lim iglf E.(z)+ lir% K(ze, e, P.)
e— e—>
< Tni T
< hrsn_}glf(EE(zE) + K(ze, e, P:)) hrsn_}glf J(2e, e, Pr).
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The upper bound (UB) makes use of the Modica-Mortola Theorem as well.
In particular, for every z € BV(£;{0,1}) with (¢, P) € Argmin &£(z,-,-)
and (p, P) € WE%(Q;R%) x A%€(Q), we can find a recovery sequence
(2.) € HY(Q;0,1]) with z. — 2z in L'(Q) such that

Ey(z) = lim E.(z.).

e—0

By Proposition [3.2.2] there exists a sequence (., P.) € Argmin &(z.,-,-)
with

pe = ¢ in W5 (R,

P.—~ P in A%9°(Q),

such that (¢, P) € Argmin &(z, -, -). Using the uniqueness of the minimizing
deformation, we get ¢ = ¢. Additionally, since K is continuous, we have

A

lin% K(ze, 0., P.) = K(2,4,P) = K(z, 9, P).
e—
All in all, we obtain

Jo(z,, P) = Eo(z) + K(z,9,P) = hn(l) Ee(z) + hr%K(Za‘PsaPs)
e— e—
= hr%(Ea(za) + K(ze, 0, P2)) = llII(l) Je(2e, e, Pr),
e—

E—
which is what we wanted to show. O

Remark 4.3.2. If the minimizing plastic part P is also unique, then P = P
and we get weak convergence

P.—~ P in A%9%(Q).

det

Remark 4.3.3. Note that, in general, we cannot expect uniqueness of the
minimizing deformation ¢. Still, if one would identify a setting where unique-
ness of the minimizing deformation can be guaranteed a priori, then this
would lead to a complete I'-convergence result.
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Appendix A

Convergence Theorems

Theorem A.0.1 (Banach-Alaouglu theorem). Let X be a separable Banach
space and X* denote its dual, then the closed unit ball

B:={feX" :|fllx <1}
is weak™-compact.

For a proof see [Con85l, thm. 3.1, p. 130]. A consequence of this theorem
is the following lemma.

Lemma A.0.2. If X is a reflexive Banach space, then every bounded sequence
in X has a weakly convergent subsequence.

Theorem A.0.3 (Fatou’s Lemma). Let (2, %, 1) be a measure space and
(fn) a sequence of non-negative measurable functions on (2, %, ).

If f, converges pointwise a.e. on ) to some f then f is integrable over )
and

/f du < liminf/ fn dp.
QO n—oo 0

See [Roy88, 10., p. 86].
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Theorem A.0.4 (Monotone Convergence Theorem). Let (€2, 3, i) be a mea-
sure space and (f,) an increasing sequence of non-negative measurable func-
tions on (2, %, 1).

If f, converges pointwise a.e. on ) to some f then f s integrable over ()
and

n—oo

lim [ f,dp= / f dp.
Q Q

The theorem is shown in [Roy88, 10., p. 87].

Theorem A.0.5 (Dominated Convergence Theorem). Let (2,%, 1) be a
measure space and (f,) a sequence of measurable functions on (2,3, u) such
that there exists an integrable function g over Q with |f,| < g for alln € N.

If f,, converges pointwise a.e. on €} to some f then f is integrable over €}
and

lim [ f, du= / f du.
Q Q

n—oo

A proof is given in [Roy88] 16., p. 91].
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Appendix B

Continuous Embeddings

Theorem B.0.1 (Rellich-Kondrachov). Let Q C R? be an open and bounded
Lipschitz domain and let d > p. Then the embedding

WhP(Q) < LI(Q)

15 compact for q < ddTpp, i.e. every bounded sequence in WYP(Q) has a con-
vergent subsequence in LI(S)).

See [DD12, thm. 2.80, p. 96] for more details.

Theorem B.0.2 (Compactness of BV functions). Let Q@ C R? be an open
and bounded Lipschitz domain. Then every uniformly bounded sequence in
BV (2) has a convergent subsequence in L'(Q) such that the limit lies in
BV ().

We refer to [Giu84, thm. 1.19, p. 17] for a proof to this statement.
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Theorem B.0.3 (Trace operator). Let Q@ C R? be an open and bounded

Lipschitz domain and 1 < p < oo. Then, there exists a continuous linear
operator

T : WH(Q) — LP(052)
such that

1. T(u) =ulpq  for allu € WH(Q)N C(Q),
2Tl ooy < Cllullwrag) -
with C' > 0 a constant depending on p and ).

See [Leo09) thm. 15.23, p. 473].
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Zusammenfassung

Wir behandeln das Thema Topologie Optimierung eines elastoplastischen
Objekts, welches von aufleren Kriften beeinflusst wird und zeigen, dass es
eine optimale Konfiguration des Modells mit eindeutiger Grenzschicht und
des Modells mit Phaseniibergang gibt, wo die Dichte des Materials stetig ist.

Zuerst prasentieren wir den Aufbau des Modells und modellieren die Be-
wegung des Objekts. Dabei wird das elastoplastische Verhalten durch die
Minimierung eines Energie Funktionals beschrieben. Deshalb beweisen wir,
mit Hilfe der Direkten Methode der Variationsrechnung, dass ein solcher Min-
imierer existiert. AnschlieBend beweisen wir, dass sowohl fiir das Problem
mit eindeutiger Grenzschicht, als auch fiir das Problem mit Phaseniibergang
eine Losung existiert. Schlussendlich zeigen wir, dass unter geeigneten Bedin-
gungen das Modell mit Phaseniibergangen, beziiglich I'-Konvergenz, gegen
das Modell mit eindeutiger Grenzschicht konvergiert.
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