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Abstract

Besides the visible and known sectors of particles and interactions described by the Standard
Model, it is possible that there exists a dark sector of light, sub-GeV particles attributable to
dark matter. A rich phenomenology can be expected in laboratories, astrophysics and cos-
mology, when visible and dark sectors are connected. In this thesis, we scrutinize two dark
sector scenarios. First, we study a so-called vector-portal model, in which fermionic dark
states carry electromagnetic form factors and thus can interact with the photon. Second, we
then focus on a fermion-portal model containing a scalar dark matter candidate coupled to
Standard Model leptons via a new heavy fermion. The latter model has been entertained to
explain the long-standing INTEGRAL 511 keV excess and the muon g − 2 anomaly. With
detailed derivations of the current and future experimental sensitivity, we constrain the cou-
pling strengths between the visible sector and dark sectors through a large number of probes.
Concretely we consider collider and fixed-target/beam-dump experiments, Standard Model
precision observables, direct/indirect detection, astrophysical/cosmological implications such
as the stellar energy loss and extra relativistic degrees of freedom in the early universe. The
combination of these results establish that 1) sub-GeV dark sector particles can only have fee-
ble electromagnetic form factor interactions, and 2) the parameter space of the fermion-portal
model for explaining the two mentioned anomalies is ruled out. In the bigger scheme of things,
we develop a detailed framework to study light (sub-GeV) dark sectors, demonstrated with
two minimal extensions of the Standard Model. Such a framework may be readily adjusted
to accommodate more complicated dark sectors.





Zusammenfassung

Neben dem sichtbaren und bekannten Teilchensektors des Standardmodells ist es möglich,
dass der dunkle Materie Sektor aus leichten Teilchen, mit sub-GeV Massen, existiert. Wenn
beide Sektoren miteinander wechselwirken, ist damit eine reichhaltige Phänomenologie im La-
bor, in der Astrophysik und in der Kosmologie zu erwarten. In dieser Arbeit untersuchen wir
zwei Szenarien des dunklen Sektors: Zunächst betrachten wir ein sogenanntes Vektorportal-
Modell, bei dem fermionische neue Teilchen mit dem Photon über elektromagnetische Form-
faktoren interagieren. Zweitens konzentrieren wir uns dann auf ein Fermion-Portal-Modell,
das einen skalaren dunkle Materie Kandidaten enthält, der über neue schwere Fermionen
an Standardmodell-Leptonen gekoppelt ist. Das letztere Modell wurde in der Vergangenheit
herangezogen, um den INTEGRAL 511 keV Photonenfluss aus den zentralen Regionen der
Milchstraße, sowie die Myon g − 2 Anomalie, zu erklären. Mittels detaillierten Herleitun-
gen der aktuellen und zukünftigen experimentellen Sensitivität setzen wir in einer Vielzahl
an teilchenphysikalischen Tests (zu erwartende) Schranken an die Kopplungsstärken zwis-
chen dem sichtbaren und dunklen Sektor. Konkret betrachten wir Beschleuniger- sowie sog.
Fixed-Target- und Beam-Dump-Experimente, Präzisions-Observablen des Standardmodells,
direkte/indirekte Detektion, astrophysikalische/kosmologische Konsequenzen wie anomaler
Energieverlust im Inneren von Sternen und zusätzliche relativistische Freiheitsgrade im frühen
Universum. Die Kombination dieser Ergebnisse zeigt, dass 1) sub-GeV-Teilchen des dun-
klen Sektors nur äußerst schwache Wechselwirkungen mit elektromagnetischen Formfaktoren
aufweisen können und 2) der Parameterraum des Fermion-Portal-Modells zur Erklärung der
beiden genannten Anomalien ausgeschlossen ist. Anhand der zwei Szenarien—die minimalen
Erweiterungen des Standardmodells entsprechen—wird damit ein detailliertes Framework zur
Untersuchung von leichten (sub-GeV) dunklen Sektoren entwickelt. Dieses ist leicht anpass-
bar, um komplizierte dunkle Sektoren zu untersuchen.





Summary

This thesis entertains the possibility of light, sub-GeV mass dark sectors beyond the Stan-
dard Model and scrutinizes their phenomenology in terrestrial experiments, in astrophysical
environments, and in cosmology. We present in detail the calculation of relevant interaction
processes in various probes and derive constraints or forecasts of sensitivity on the dark sector
parameter space. The results presented in this thesis have been published in [P1–P4], listed
on the next page.

The thesis is organised as follows:

Chapter 1: we start with a brief introduction into the Standard Model for particle physics
and standard cosmology, followed by motivation and historical development for the renewed
interest in light dark sector physics. An overview of experiments and environments that we
investigate in this thesis is also given.

Part I: in this part, we study the photon portal. It purports, that the Standard Model pho-
ton connects the dark sector and the observable sector, by dark sector particles χ carrying
electromagnetic form factors, such as a millicharge or magnetic/electric dipole moment. In
Chap. 2, we introduce the Lagrangians describing the possible interactions between χ and the
photon as well as their possible origins. We then study three scenarios in which these electro-
magnetic interactions can manifest themselves: in Chap. 3, we compute the production of χ
in stellar environments in great detail, taking into finite-temperature effects and examining
potential double countings between various processes. These dark states, if escaping from the
stellar interiors, can result in additional energy loss. The non-observation of these anomalous
energy sinks gives us leverage to constrain the dark sector physics. In Chap. 4, we test the
photon portal against the data from proton-beam experiments, in which χ may be produced
from the Drell-Yan processes and meson decays, and detected via electron recoil or hadronic
shower events. Finally, in Chap. 5, the case that χ plays the role of “dark radiation” sourced
through the decay of long-lived dark matter is studied. We investigate the sensitivity of direct
detection and large-volume neutrino experiments to this dark radiation, through the electron
or nuclear recoils it causes. In addition, the relativistic description of scattering between dark
sector particles and SM particles is derived.

Part II: we revisit a dark sector model comprised of a sub-GeV leptophilic scalar dark matter
particle φ and a mediator that couples φ to Standard Model particles, either a heavy fermion
F or a new gauge boson Z ′. This model has become quite popular about two decades ago for
successfully addressing the 511 keV line observed at the center of the Milky Way, explaining
the muon g−2 anomaly, and achieving the correct dark matter relic density. In light of much
experimental and observational advances, we revisit this possibility and subject the models
to a multitude of new probes. The particle model, together with the above hints/anomalies
are discussed in Chap. 6. Subsequently, we demonstrate that intensity frontier experiments,

xi
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Standard Model precision tests and LEP (Chap. 7), as well as astrophysical and cosmological
observables (Chap. 8), by now completely exclude the favored parameter space for the above
hints. A summary of Part II is given in Chap. 9.

Chapter 10 summarizes the main results of this thesis and discuss future perspectives for
probing the dark sector physics possibilities.

The Appendix provides further details on the calculations that are applied in different parts
of this thesis. In App. A, we derive the three- and four-body phase space. The formulas for
squared amplitudes, decay rates and cross sections of various processes are given in App. B and
App. C, corresponding to the particle models considered in Part I and Part II, respectively.
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CHAPTER 1
Introduction

1.1 The Standard Model of particle physics and beyond

1.1.1 The Standard Model

From the atom to the sub-atomic particles such as the nucleus, to the nucleons, and to the, so
far considered, elementary particles: quarks and leptons. The journey of pursuing the most
fundamental physical description of known phenomena never stops. During this journey,
we transit from “classical” physics with determinism to “quantum” physics with an inherent
probabilistic description. Moreover, absolute Newtonian dynamics is superseded by special
and general relativity for the description of space-time. With a few decades of effort, the
combination of quantum mechanics and special relativity gives rise to quantum field theory
(QFT). Based on QFT, the Standard Model (SM) [5] is, currently, accepted as the most
fundamental framework in describing interactions of elementary particles.

The SM is comprised of fermions (quarks and leptons), gauge bosons, the Higgs boson,
and their interactions governed by the gauge symmetry SU(3)C × SU(2)L ×U(1)Y ; the sub-
scripts C, L and Y stands for color, left-handed and hypercharge, respectively. The three
gauge groups1 correspond to three fundamental interactions: the strong force described by
quantum chromodynamics (QCD), electroweak (EW) theory, and quantum electrodynamics
(QED), respectively. See Tab. 1.1 for an overview of the SM particle content and the cor-
responding assignment of electroweak charge, i.e., the weak isospin T3, hypercharge Y and
the electric charge QEM ≡ T3 + Y after EW symmetry breaking (EWSB)2. Note that only
quarks and gluons are charged under SU(3)C and transform in its fundamental representa-
tion. All particles in SM are massless initially, as the gauge symmetry forbids a mass term.
However, the spontaneous breaking of the EW symmetry SU(2)L×U(1)Y → U(1)EM sources
the vacuum expectation value (VEV) of the Higgs boson. Other particles can, therefore,
obtain a mass through the Higgs mechansim [8–10]. In the following, we briefly discuss the
SM Lagrangian before and after EWSB.

1The SM is gauge-anomaly free [6, 7].
2Note that there is alternative definition QEM ≡ T3 + Y/2 in the literature.
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Before EWSB, the SM Lagrangian reads

LSM = LQCD + LEW + LHiggs + LYukawa . (1.1)

The QCD Lagrangian can be written as

LQCD = −1

4
GaµνG

µν
a +

∑

q

iψ̄iγ
µ (∂µδij − igsGaµλaij

)
ψj , (1.2)

where Gaµ is the 8-component SU(3)C gluon field (a = 1, · · · , 8), Gaµν = ∂µG
a
ν − ∂νG

a
µ +

gsf
abcGbµG

c
ν is the gluon field strength tensor with the SU(3)C coupling constant gs and

structure constants fabc, ψ is the Dirac spinor for quark fields, (i, j) are color indices, γµ are
the Dirac matrices, and λaij are the Gell-Mann matrices, respectively. The Lagrangian for the
EW theory, LEW, is

LEW = −1

4
W b
µνW

µν
b −

1

4
BµνBµν +

∑

q,l

iψ̄γµ
(
∂µ − ig~τ · ~Wµ − ig′Y Bµ

)
ψ , (1.3)

where ~Wµ and Bµ are 3-component SU(2)L and U(1)Y gauge fields with field strength tensors
W b
µν (b = 1, 2, 3) and Bµν , ~τ = ~σ/2 with ~σ being a vector of Pauli matrices, g is the

SU(2)L gauge coupling, and g′ is the U(1)Y gauge coupling. With the SU(2)L Higgs doublet
φT = (φ+, φ0)/

√
2, the Lagrangian for the Higgs sector reads

LHiggs =
∣∣∣
(
∂µ − ig~τ · ~Wµ − ig′Y Bµ

)
φ
∣∣∣
2

+ µ2
Hφ
†φ− λ(φ†φ)2 . (1.4)

The quadratic µ2
H and quartic λ are both positive making the ground state 〈φ0〉 = v/

√
2 with

v ≡ |µH |/
√
λ break the SU(2)L symmetry. The Yukawa interactions between Higgs boson

and fermions are described by

LYukawa = −Y d
ijQ̄

i

(
φ+

φ0

)
djR − Y

u
ij Q̄

i

(
φ0∗

φ−

)
ujR − Y

l
ijL̄

i

(
φ+

φ0

)
ejR + h.c. , (1.5)

with Y d,u,l
ij being the 3×3 Yukawa matrices of up-type quarks, down-type quarks and charged

leptons.

Below the EW scale, we can parameterize the Higgs doublet in unitary gauge as

φ =
1√
2

(
0

v +H

)
, (1.6)

where H is the Higgs field. Replacing φ with Eq. (1.6) and diagonalizing the mass matrix of
gauge bosons, the Higgs Lagrangian after EWSB L��EW

Higgs takes the form:

L��EW
Higgs =

1

2
∂µH∂

µH + (v +H)2

(
g2

4
W b
µW

µ
b +

g2

8c2
W

ZµZ
µ

)
+ LH-self , (1.7)



1.1 The Standard Model of particle physics and beyond 3

where cW = cos θW with θW being the weak angle (tan θW ≡ g′/g) and LH-self gives the Higgs
self-interactions originating from Higgs potential. Equation (1.7) shows that gauge bosons,
Z and W±, obtain a mass after EWSB. The Lagrangian of the Yukawa interactions becomes

L��EW
Yukawa = −v +H√

2

(
Y d
ij d̄

i
Ld

j
R + Y u

ij ū
i
Lu

j
R + Y j

ij ē
i
Le

j
R

)
+ h.c. , (1.8)

from which we can read off that quarks and charged leptons obtain a mass Y v/
√

2 with Y
being the value of Yukawa couplings. On the other hand, after diagonalizing the mass matrix
of gauge bosons, we can rewrite LEW as

LEW = Lkin + Lγ,Z,Wself + LγQED + LZNC + LWCC , (1.9)

where Lkin includes the kinetic terms for fermions and gauge bosons, Lγ,Z,Wself gives the cubic
and quartic self-interactions of gauge bosons,

LγQED =
∑

q,l

eQEMψ̄γ
µAµψ

is the QED interaction Lagrangian with e = g′cW being the elementary charge and Aµ being
the photon field, LZNC gives the neutral-current weak interaction mediated by Z, and LWCC

gives the charged-current weak interaction mediated by W±, respectively.

In summary, after EWSB the SM Lagrangian reads

L��EW
SM = LQCD + Lkin + Lγ,Z,Wself + LγQED + LZNC + LWCC + L��EW

Higgs + L��EW
Yukawa . (1.10)

LSM (1.1) and L��EW
SM (1.10), entail a rich phenomenology ranging from the quarks’ asymptotic

freedom to the parity violation in the weak interactions. These phenomena can be examined
in the laboratory and compared with the prediction from the SM.

On the experimental side, the validity of the SM description of nature has been strength-
ened from the confirmation of the existence of quarks and gauge bosons to the latest discovery
of the Higgs boson at the Large Hadron Collider (LHC) [11, 12]. After the Higgs discovery,
together with the absence of other “new” particles, the precision determination of SM parame-
ters, e.g., masses and couplings, have gained additional importance. The requirement of high
precision guides the experimental designs aiming for efficient production of particles such as
weak bosons, mesons and Higgs boson (“particle factories”), as well as detectors with high
angular and energy resolution. With the measurements of the decay widths and branching
ratios from these particle factories, we can decipher the three fundamental gauge interactions.
It is fair to say that we are now in the precision era of the SM [13]. Advancing in precision
also drives theorists to consider higher-order “loop” contributions, i.e., radiative correction to
the masses and couplings requiring the theory of renormalization.

In summary, so far, the SM provides a self-consistent and perturbatively renormalizable
framework. Although the SM is seemingly successful in many aspects, some anomalies call for
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LT = (νL, eL) eR QT = (uL, dL) uR dR γ Z W± g H

T3

(
1
2 ,−1

2

)
0

(
1
2 ,−1

2

)
0 0 0 0 ±1 0 -1

2

Y −1
2 −1 1

6
2
3 −1

3 0 0 0 0 1
2

QEM (0,−1) −1
(

2
3 ,−1

3

)
2
3 −1

3 0 0 0 0 0

Table 1.1: Particles in the SM and their electroweak charge assignment. From left to right, we have
the left-handed doublet for leptons L, right-handed singlet for charged leptons eR, left-handed doublet
for quarks Q, right-handed singlet for both up(down)-type quarks u(d)R, gauge bosons including
photon γ, weak neutral(charged) boson Z(W±) and gluon g, and Higgs boson H. For leptons and
quarks, there are three generations, i.e., 1) leptons: electron e, νe, muon µ, νµ and tau τ, ντ ; 2) up-
type quarks: up u, charm c and top t; 3) down-type quarks: down d, strange s and bottom b. Only
mass is distinct for different generations.

physics beyond the SM (BSM), introduced in the next section. The anomalies also indicate
the final fundamental theory is yet to come. In this thesis, we take the SM as a given and
study potential new (dark) physics upon it.

1.1.2 Beyond the Standard Model

Even if the SM is very predictive around and below the EW scale, there are some phenomena
that cannot be explained by the SM, e.g., the non-zero neutrino mass, the baryon asymmetry,
the absence of CP violation in strong interactions, the hierarchy between the EW and Planck
scales, and the omnipresent dark matter (energy). These facts suggest that the SM is a low-
energy “effective” theory of a more fundamental theory at some UV scale. To address these
phenomena, an enlargement of the SM particle content and/or SM gauge group are needed.
For example, at a higher energy scale, we can have a Grand-Unified Theory (GUT) [14–16]
and/or Supersymmetry [17–19]. In the effective field theory (EFT) approach, the SM is
extended by adding operators beyond mass-dimension 4 [20] to have effective Lagrangian

Leff = L��EW
SM +

∑

n>4

cn

Λn−4
UV

Ôn , (1.11)

where ΛUV is some UV scale, cn is effective coupling, and Ôn is a gauge-invariant effective
operator constructed of SM particles and/or new states. The validity of the EFT requires
that the scale of UV completion or the mass scale of mediators that connect the SM and
dark sectors are much higher than the considered energy scale under question. The scenario
discussed in Part I falls in this category, i.e., the model parameters are chosen such that the
EFT description will be applicable. In Part II of this thesis, we shall instead work in a UV-
complete extension of the SM. Finally, there are a number of gauge-invariant combinations in
the SM such as H†H which allow particular low-dimensional operators connecting the new
physics. This possibility is often referred to as “portals” [21].
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The possible formulations of BSM physics go in hand with measurements of the SM pa-
rameters. The progress of laboratory experiments and high-precision measurements provides
guidance for perspective directions to go. Most of the electroweak parameters are known with
sufficient precision to serve as probes for new physics [13]. On the other hand, quantities re-
lated to the SU(3)C sector of the SM can be estimated using methods such as perturbative
QCD [22], effective field theories of QCD [23–25] and lattice simulations [26]. The SM quan-
tities sensitive to the electroweak interactions and discussed later in this thesis are leptonic
g− 2, the muon lifetime from the process µ→ eν̄eνµ, Z-pole measurements (mass and decay
width), and the polarization asymmetry due to the parity violation in weak interactions. All
of the above observables are measured well and offer unique tests for the BSM models.

Although most of the observables are concordant with the SM prediction, some of them
show abnormal outcomes, in which the most notable one is the long-standing muon g − 2

anomaly [27]. The g-factor is intrinsic for any particle carrying a spin, and g − 2 singles out
the quantum correction with the Dirac result being g = 2. We note that this nominal 3σ

tension between the SM predicted value and the observed one [28]3 does not influence the
soundness of the SM but, instead, becomes the impetus of precise higher-order calculation of
SM contribution (hadronic, EW, QED), as well as potential BSM contribution. The latter
case will be scrutinized in this thesis by including the loop diagrams induced by new particles
from the dark sector.

Another interesting brand of SM that deserves particular attention is flavor physics. The
flavor mixing of neutrinos, neutrino oscillation [30, 31], naturally predicts a non-zero neutrino
mass, for which calls for an extension of the neutrino masses, e.g., through the seesaw mech-
anism [32–35]. The parameters including mixing angles, a potential CP-violating phase, and
potential Majorana phases in the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [36],
not precisely measured so far, are also popular research areas, which can yield suggestions
on neutrino’s nature and offer guidance for formulating a complete theory for the leptonic
sector. See [37] for a recent global analysis on neutrino oscillation. On the other hand, the
Cabibbo–Kobayashi–Maskawa (CKM) matrix [38, 39] entailing the flavor mixing in the quark
sector has been measured precisely [5]. For charged leptons, the flavor is conserved in SM in-
teractions; therefore, lepton flavor violating (LFV) processes such as µ→ eγ are an absolute
indication of BSM physics.

Although not being the main focus of this thesis, we note there are many other phe-
nomenologically intriguing aspects of the BSM physics. For example, anomalies observed in
the B physics [40], the strong CP problem which may imply the existence of axion [41–44],
and the hierarchy problem which may suggest exotic new physics [45–47].

3See [29] for a recent measurement of muon g − 2. Combining the value in [29] with previous measure-
ment [28], the muon g − 2 anomaly is now 4.2σ.
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Figure 1.1: The Bullet Cluster, one of the most compelling pieces of evidence for DM. The red
part is inferred from X-ray observation, while the blue part, showing the gravitational center of the
clusters, obtained from lensing measurements. The offset of the two regions indicates that DM does
not interact with the baryonic component. Figure credit: Chandra X-Ray Observatory: 1E 0657-56.

1.2 Dark Matter

1.2.1 Evidence and hints

With Newtonian gravity, general relativity, and observations based on electromagnetic radia-
tion, the motion of stars and other heavenly bodies can be described and precisely measured.
The earliest hint of a non-luminous matter component can be traced back to 1933; motivated
by the inconsistency between the observation based on the galaxy motions and theoreti-
cal calculation using the virial theorem of the mass distribution in the Coma Cluster, Fritz
Zwicky postulated that there is “dark matter” (DM) that outweighs the observed luminous
matter [48]. The concept of DM did not receive much attention until the observation of
anomalous galaxy rotational curves [49, 50], showing the circular speed at the galactic out-
skirts stays constant with the distance from the galactic center instead of decreasing. The
departure from expectation implies an underlying non-luminous matter component with a dif-
fuse mass distribution that sources the gravitational potential for constant rotational speed
at large radii, currently known as the DM halo.

The existence of DM is further confirmed by the observation of the Bullet Cluster [51],
demonstrating that the matter distribution in a system of two colliding clusters appears
different in the X-ray spectrum than inferred from gravitational lensing; see Fig. 1.1 for illus-
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tration. Only visible matter, including gas and stars, manifests itself in the X-ray spectrum.
The gravitational lensing is universal for both visible matter and DM; the two observations’
mismatch suggests that the two clusters reside in DM halos. Not only being a necessity to
explain galactic-scale phenomena, it turns out that DM is also a required building block for
standard cosmology. The observation of anisotropy in the Cosmic Microwave Background
(CMB) and the large-scale structure (LSS) of the universe both indicate that the gravita-
tional potential of DM is indispensable. In the early universe, the DM gravitational potential
sources the baryon acoustic oscillation, which generates the observed CMB power spectra
and leaves imprints on the LSS. Therefore, the energy budget can be determined accordingly.
After the decoupling of CMB photons, the DM gravitational potential enables the growth of
density perturbation which eventually enters the non-linear regime and creates the LSS we
observe today.

To explain the CMB anisotropy as well as the the observed accelerated cosmic expan-
sion [52, 53], we further need an unknown type of energy, called “dark energy” (DE) in
analogy to DM [54]. The first possibility for DE is a “cosmological constant” Λ, initially
introduced by Einstein for obtaining a static universe at the time. In a universe that is ex-
panding [55], Λ rather describes the accelerated expansion of the universe. A cosmological
constant has negative pressure (i.e., its equation of state w ≡ p/ρ = −1), thus its energy
density stays constant irrespective of the cosmic expansion. While we do not study the DE
further in this thesis and take Λ as a given, we note there are still alternative models for DE
aiming for addressing more phenomena, e.g., interacting DE [56, 57], or a varying equation
of state [58, 59].

DM is a necessary ingredient in standard cosmology; however, its particle nature remains
largely unknown. Nevertheless, there are still some preferable characteristics of DM that we
can infer from observation. First, DM appears uncharged under SU(3)C and U(1)EM to a
large degree; otherwise, we can observe clear signals in various experiments and environments.
That is to say, at most, DM can be “weakly-interacting” with SM particles. Second, since DM
is the primary source of gravitational potential for the cosmic structure formation, we can
infer that it shall be “cold”, i.e., with negligible velocity dispersion. Therefore, we can infer
that the SM neutrino cannot be the chief DM component; its thermal velocity will smooth
out nearly all small-scale density perturbations. The “warm” DM (WDM) is still allowed,
though it is strongly constrained by the LSS observation [60, 61]. In summary, it is evident
that the particle content of SM may not accommodate DM4, and we need new physics to
describe the DM nature.

4One exception are primordial black holes that form in the early universe; see [62] for a recent review.
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1.2.2 Particle dark matter

Propelled by the existence of DM from observations discussed in the previous section, model
building regarding the DM nature becomes a timely and popular research topic; see [63] for
a general review. Following the guidelines, “cold” and “weakly-interacting”, it is intuitive to
postulate DM appears in the form of “weakly-interacting massive particle” (WIMP). Putting
aside the nightmare scenario that there is no DM-SM interaction beyond gravity, it is realized
that the correct DM relic abundance can be attained naturally through the thermal “freeze-
out” of WIMPs with a mass of O(GeV–TeV) if the cross section of DM-SM interaction is
comparable to that of SM weak interactions5. This coincidence is known as the WIMP
miracle, which has been a strong motivation for particle models that naturally yield such a
candidate6; for example, the lightest supersymmetric particle can play the role of WIMP [64].
Besides being entertained in model building, the WIMP miracle also stimulates the progress
of experimental designs with three-major directions: the collider search, indirect search, and
direct detection experiments.

Although WIMPs are attractive in that they have interactions similar to the ones observed
in the SM weak interactions, we note that they are not the only DM candidates. The spectrum
of DM mass can span orders of magnitudes: from extremely light of O(10−22 eV) to heavy of
O(M�); see Fig. 1.2 for a summary. In general, these models follow the rules of “cold” and
extremely “weakly-interacting” and have some add-ons from either the production mechanism
or the interaction pattern. For example, at the lightest mass end, the fuzzy (ultralight) DM
with a mass of O(10−22 eV) can be seen as a coherent wave with a Compton wavelength of
galactic scale O(kpc) [66, 67]; thus, the galactic structure in this scenario can be different
from the prediction of cold DM (CDM). On large scale, it forms Bose-Einstein condensation,
making it behave similar to a CDM component. Another interesting example is the keV

sterile neutrino, which can be a WDM candidate. It is connected to SM particles through
the neutrino sector and may enter the mechanism that generates the tiny neutrino mass.

It is also possible that DM does not come alone, but, instead, is part of a hidden or dark
sector of particles, some of which may be weakly-interacting with SM particles [68]. Aside
from accommodating a DM candidate, a dark sector can provide various dark dynamics
such as light degrees of freedom that mediate a dark force [68] and their interaction with
DM [69], resulting, e.g., in signals of long-lived particles in experiments or in a different
cosmic history of structure formation. Even though other dark states cannot dominate the
energy budget, they can be non-thermally generated from DM or from the feeble interaction

5The required thermally averaged annihilation cross section for obtaining the correct DM relic density via
freeze-out is 〈σvM 〉 ∼ 3× 10

−26
cm

3
s
−1, which can be realized with O(100 GeV) WIMPs interacting through

the EW force.
6Thermal freeze-out is also possible for sub-GeV DM considered in this thesis. Although the required

annihilation cross section is similar to that of the WIMP scenario, model parameters such as couplings and
masses of mediators need to be different; see the discussion in Sec. 6.4 of Part II.
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Figure 1.2: The mass spectrum of DM candidates. Figure credit: [65].

with SM particles; thus, they can have a distinct energy spectrum from the thermal bath,
which may, in turn, enhance their detection potential. For example, the sensitivity to the
dark radiation, sourced from the decay of DM, will be studied later.

In short, there is no “best” model for DM so far, yet there are assorted directions for
model building. Some unexplained phenomena in the SM can be related to the dark sector,
for instance, generating baryon asymmetry of the universe from the asymmetric DM [70] and
creating a non-zero neutrino mass from dark sector dynamics [71]. In addition, anomalies
observed in laboratories or astrophysical environments may be alleviated when including the
contribution from the dark sector, e.g., the muon g−2 tension mentioned before and observed
photon excess (INTEGRAL 511 keV line [72, 73], 3.5 keV line [74, 75] and galactic center
gamma-ray excess [76]). In this thesis, we will focus on a light, sub-GeV dark sector below
the EW scale, connected to the SM via a vector (Part I) or a fermion (Part II) mediators, as
well as its implications in laboratory experiments, astrophysics and cosmology.
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Figure 1.3: The brief history of our universe with major events noted. Figure credit: Fermilab.

1.3 Cosmology in a nutshell

1.3.1 The ΛCDM model

As DM dominates the energy budget from matter-radiation equality until the late universe
when DE starts to dominate, it is also phenomenologically of key importance from the view-
point of cosmology. To infer the DM nature cosmologically, we need to know how our universe
evolves from the Big Bang to the present. In the following, we recap, in chronological order,
the standard cosmology based on the ΛCDM model, i.e., the Big Bang cosmological model
comprised of DE (cosmological constant Λ), CDM, and ordinary matter (the SM). See Fig. 1.3
for an overview on the cosmic history and the particle content in each epoch.

Observationally, our universe is isotropic and homogeneous on the large scales beyond
O(100 Mpc). It is then described by the Friedmann-Lemaître-Robertson-Walker (FLRW)
metric:

ds2 = a2(τ)

[
dτ2 −

(
dr2

1− kr2 + r2dθ2 + r2 sin2 θdφ2

)]
, (1.12)

with the cosmic expansion encoded in the scale factor a as a function of conformal time
τ , the curvature parameter k = −1, 0, 1 corresponding to open, flat and closed geometry,
respectively. The scale factor multiplies the comoving coordinate r, in which the cosmic
expansion is factored out; a(τ)r is the physical distance. It is useful to define the redshift
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z = a−1 − 1 with a(0) = 1. To address the flatness problem: “why our universe is flat with
k = 0?” and the horizon problem: “why our universe is isotropic and homogeneous on large
scales?”, after the Big Bang, a period of exponential expansion by a factor e60 is typically
postulated, termed as inflation [77, 78]. Not only does inflation provide an elegant solution to
the cosmological fine-tuning problems mentioned above, the intrinsic quantum fluctuations of
the inflaton, i.e., the field responsible for inflation, becomes the seed of density perturbations.

In the inflationary paradigm, the simplest possibility is that the inflaton reheats the uni-
verse at the end of inflation by decaying into SM particles [79], providing thermal initial
conditions for standard cosmology. At this stage, the universe becomes radiation-dominated,
and reaches thermal equilibrium with a temperature T , typically assumed above the EW scale.
As the universe expands and cools down, it goes through the electroweak phase transition
(EWPT). The EWPT happened at T ∼ 200 GeV, when the finite-temperature correction
is not enough to make 〈φ〉 = 0 a true minimum, and the Higgs boson obtains a VEV of
〈φ〉 6= 0. Therefore, the EW gauge symmetry breaks from SU(2)L × U(1)Y to the electro-
magnetism U(1)EM. Besides, the VEV of the Higgs boson gives rise to the fermion’s mass
via the Yukawa coupling and the masses of the weak bosons through the covariant derivative;
see the discussion about the Higgs mechanism in Sec. 1.1.1, Eqs. (1.1) and (1.10).

Later, at T ∼ 150 MeV7, the QCD phase transition started, during which the chiral
symmetry breaks from SU(3)L × SU(3)R → SU(3)V [81–83]. This transition leads to the
quark confinement: the original quark-gluon plasma transforms to a gas of hadrons, primarily
made of pions, neutrons and protons. Assuming the baryon asymmetry was created before
the EWPT, baryon pair-annihilation depleted the symmetric part of the population by T ∼
20 MeV. The remaining neutrons and protons maintained nuclear statistical equilibrium
(NSE) through the weak interactions8. At T ∼ 3 MeV, the rate of the weak interactions
that connect neutrinos to the thermal bath drops below the Hubble rate; hence neutrinos
decouple from electrons/positrons and photons. Soon after neutrino decoupling, at a photon
temperature of T ∼ 0.7 MeV, the weak interactions freeze out, leaving a neutron to proton
ratio of n/p ∼ 1/6.

A chain of nuclear reactions is induced when T falls sufficiently below the binding ener-
gies of light nuclei; the primordial light element abundances can build up, called Big Bang
Nucleosynthesis (BBN). At the starting point of BBN, n/p ' 1/7 as some neutrons have de-
cayed. The first step is to synthesis deuterium D with a binding energy of 2.22 MeV through
proton-neutron fusion. However, D only became abundant when T ∼ 0.08 MeV, due to its
small binding energy and the large entropy of the universe (parameterized by the baryon-
to-photon ratio η ≡ nB/nγ ∼ 6 × 10−10); this is referred to as the “deuterium bottleneck”.
Once it opens, other light elements up to 7Li are synthesized rapidly. At the end of BBN,

7This value is obtained with QCD lattice calculation [80].
8At this stage, the abundance of light elements also follows NSE; however, at that point, they are negligible.
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almost every neutron went into 4He, resulting in a helium-4 mass fraction Yp ∼ 1/4. The
prediction for other elements with respect of hydrogen atom are D/H ∼ 3He/H ∼ O(10−5)

and 7Li/H ∼ O(10−10); see [84, 85] for reviews on the BBN and its implications on BSM
physics.

As the universe cools and the particles’ momenta redshift9, at T ∼ 1 eV (z ∼ 3300),
the energy budget of radiation and non-relativistic particles equal and the universe reaches
matter-radiation equality. After matter-radiation equality, the energy budget is dominated
by matter, enabling the linear growth of density perturbation within the Hubble horizon10.
Meanwhile, baryons—still tightly couple to photons via frequent Thomson scattering—form
a baryon-photon fluid that oscillates within the gravitational potentials sourced by DM. This
baryon acoustic oscillation (BAO) gives rise to an important “standard ruler”, corresponding
to the scale of the sound horizon. It becomes imprinted on both the CMB anisotropy power
spectra [86] and the distribution of galaxies through density perturbations [87, 88]. At z ∼
1200, recombination took place: T falls sufficiently below the binding energy of hydrogen such
that the atomic bound-state formation rate becomes faster than the dissociation rate caused
by photons. After recombination, the universe became transparent to photons, i.e., they have
no charged particles to scatter on, and the free-streaming of photons started. This photon
relic carrying the information of the last scattering surface is then the CMB we observe today.

The universe entered the dark ages as there are no photon sources except the background
CMB after recombination. In ad interim, baryons started to fall into the DM gravitational
potentials since there is no longer the back-reaction from photon pressure. Therefore, the
baryonic density perturbations can also grow linearly. The main difference between baryons
and DM is that baryons can cool radiatively by emitting photons. Consequently, baryonic
overdensities collapse into compact objects if their scale is smaller than the so-called Jeans
scale related to the baryon sound speed. Around z ∼ 50–100, the first stars form, and the
universe is lightened again, which marks the cosmic dawn11. Subsequently, when the star
formation became effective, larger baryonic structures such as galaxies and clusters can form.
Lyman-alpha photons from stars couple the spin temperature—a temperature parameterizing
the difference in populations of triplet (parallel spin-alignment) and singlet states (antiparallel
spin-alignment)—of the hydrogen atom to the gas temperature via the Wouthuysen–Field
effect [91–93], creating a global 21 cm signal with the CMB as the background radiation field.
The 21 cm cosmology [94] offers an essential probe of the cosmic epoch in the redshift bracket
z ' [10, 100]. In addition to the 21 cm signal, the photons from stars are energetic enough
to ionize the hydrogen atoms, ionizing again the universe; this process is called reionization.
The universe became fully reionized at z ∼ 6–9 inferred from the measurement of the CMB
optical depth [86] as well as the Gunn-Peterson trough [95, 96]. The global 21 cm signal

9
ρrel ∝ T 4 ∝ (1 + z)

4 while ρnon-rel ∝ T 3 ∝ (1 + z)
3.

10In the radiation-dominated era, the density perturbation can only grow logarithmically.
11The redshift of the formation of first stars is not settled [89]; see [90] for the details on first-star formation.
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vanished when reionization was completed.

In the meantime, the small-scale DM density perturbation entered the non-linear regime,
i.e., the density contrast δ ≡ ρ/ρ̄ − 1 � 1. Those density perturbations can virialize and
form diffuse DM halos. As the non-linear scale became larger, mode-mode coupling enabled
ubiquitous halo and galaxy mergers, forming the LSS of the universe we observe today [97, 98];
The LSS has the form of a “cosmic web” [99] composed of DM and ordinary matter, including
cosmic filaments and cosmic voids. Below z ∼ 1, the energy budget became dominated by
DE, accelerating the cosmic expansion with the scale factor evolving as a(t) ∝ et−t(z=1),
where t is the cosmic time.

1.3.2 Beyond ΛCDM

Although, the ΛCDM model is highly successful, there are several phenomena that it may not
explain. One recent greatly discussed topic is the value of the Hubble constant. There exists
an almost 4σ tension between H0 inferred from CMB measurements [86] (high-z) and from
the distance ladder [100] (low-z); to explain this Hubble tension, one needs to impose physics
beyond the ΛCDM model either in the early or late universe, e.g., early dark energy [59], non-
standard recombination [101, 102] or modified DM-baryon scattering [103]. Another anomaly
that may require new physics is the cosmological lithium problem [104]: the prediction of
standard BBN is not concordant with the observationally inferred primordial content from
metal-poor halo stars. Possible BSM solutions are, for example, the decay or annihilation
of new massive particles [105], new particles engaging in nuclear reactions [106], variation of
fundamental constants [107], or a non-standard cosmology [108]; we also note that solutions
may come from astrophysics; a nuclear physics solution has been ruled out [109–112].

We also have observables that are predicted in the ΛCDM model but are yet to be de-
tected. The first one is the cosmic neutrino background (CνB), which is the thermal neutrino
radiation12 resulting from neutrino decoupling in the early universe; see the discussion in
the previous section. The resulting CνB’s temperature is lower than that of the CMB by a
factor of 1.4 because e−e+ annihilation happened after neutrino decoupling, which in turn
only heats the CMB. Although there is indirect evidence of the CνB from either BBN or
the CMB [113], so far, we do not have a direct detection of it. Shall the CνB be detected,
we can then probe the early universe beyond the CMB [114]. The second implication of the
ΛCDM model that remains unresolved is the EW phase transition (EWPT). Physics such
as the process of EWPT, the EW potential (first- or second-order), and the possible signals
such as stochastic gravitational wave [115, 116] are also active research fields.

Another set of observations for which their underlying origins are not fully understood

12The CνB is a “hot” relic as it decoupled relativistically, in contrast to a cold relic such as DM from
thermal freeze-out.



14 Chapter 1. Introduction

are, for instance, the apparent baryon asymmetry of the universe [117]. It requires baryon-
gensis [118, 119], e.g., based on leptogenesis [120, 121], i.e., lepton asymmetry converted to
baryon asymmetry via processes that violate both baryon number B and lepton number L
such as the sphaleron. On the other hand, we have observed the homogeneity and isotropy
of the universe through various observations; the possible mechanism which naturally leads
to this result is best-described by inflation, as discussed in the previous section. The nature
of the particle driving inflation, the inflaton, and its potential remains unknown. Besides,
the distinctive signal of inflation: the B-mode polarization of the CMB, originating from a
stochastic gravitational wave background during inflation, is not detected so far [122].

It is well accepted that ΛCDM with collisionless cold DM is successful in describing the
large-scale observables; however, observations and simulations of dwarf-spheroidal galaxies
(dSphs) show that ΛCDM has difficulties in explaining the density profile (velocity disper-
sion) as well as the abundance of dSphs [123–127]. This is coined as the “small-scale crisis”
of ΛCDM. The small-scale clustering strength is predicted to be too large. To address the
crisis, several alternative DM models have been proposed, e.g., WDM, fuzzy DM [66, 67],
self-interacting DM [128], and dark sector interactions (see ETHOS [69]). All of the mod-
els have distinct mechanisms to suppress small-scale power, while, at the same time, keep
large scales unmodified. Note that baryonic feedback within ΛCDM can also alleviate the
crisis [129–132]. Taken together, simulations with high precision and resolution are needed to
settle this debate. Besides the large-scale structure observed at low redshift (galaxy surveys,
Lyman-alpha forest [133]), in the future, we are expecting to probe cosmic structure at cos-
mic dawn through the 21 cm global signal13 as well as its fluctuation, i.e., the 21 cm power
spectrum [143].

An attractive mechanism to obtain the DM abundance is “thermally”, produced through
the freeze-out mechanism. Still, we can also obtain the correct relic density in a non-thermal
way. One phenomenologically interesting scenario, freeze-in [144], is that the DM relic abun-
dance is gradually built up from zero by feeble interactions that are slower than the Hubble
rate. Further feasible scenarios are out-of-equilibrium decay of particles and interactions sup-
pressed by a high-energy scale. For light (pseudo-)scalar φ, such as fuzzy DM or the axion,
the correct relic density can be obtained by a so-called misalignment mechanism [67]: at
H � mφ the scalar field freezes as its Compton wavelength is much larger than the Hubble
horizon, while at H ∼ mφ, φ begins to oscillate, and when its potential is harmonic, its
density evolves like a CDM component (ρ ∝ a−3). It is worth mentioning that there are also
other exotic ways to produce DM abundance in the early universe, e.g., using the relativistic

13Recently, the EDGES collaboration claimed that they detected, for the first time, the global 21 cm

absorption signal [134]; however, the amplitude is lower than the expectation in the ΛCDM model. Either
cooler gas from, e.g., baryon-DM interactions [135] or additional radiation background [136, 137] is required to
explain this anomaly. On the flip side, this signal can also be utilized to constrain DM interactions [138–141]
and DM nature [142].
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nature of the bubble wall during a first-order phase transition [145, 146].

To summarize, physics beyond current experimental reach or the ΛCDM framework dis-
cussed above may originate from a dark sector. In turn, precise measurements of cosmological
observables in cosmic epochs can provide hints on the nature of dark states, as well as serve
as probes for them. In this thesis, we will study how the benchmark dark sector models affect
the early-universe observables as well as the late-time ones, and employ current measurements
to constrain their parameter space.

1.4 The search for dark states: from WIMPs to sub-GeV DM

As discussed, the anomalies or deviations either from the SM or from the ΛCDM predictions
may be connected with the nature of the dark sector. In this section, we review the effort
that has been made in the DM search and subsequently point out the directions for probing
a light, sub-GeV dark sector which is the main focus of this thesis.

Before introducing various experiments and searches, we recap the general constraints on
the nature of DM. Assuming a thermal freeze-out scenario, if DM maintains thermal contact
via the weak interaction, the Lee-Weinberg bound [147] requires the DMmass to be larger than
O(2 GeV); otherwise, it will overclose the universe. Relaxing the condition on the interaction
type, we can, on the other hand, constrain the maximum value of the interaction cross section
by quoting partial-wave unitarity, which in turn limits the thermal DM mass to be smaller
than 340 TeV [148]; see, however, recent work [149]. In the local universe, dSphs are good
targets for probing the DM nature, as DM is the main constituent in mass. The analysis of
their phase-space density can constrain the mass of a free fermionic DM to be heavier than
O(keV) based on general arguments made about the phase space structure, known as the
Tremaine-Gunn bound [150, 151]14.

Ever since the concept of DM was introduced, several experiments were built to search
for WIMPs, or in general, any dark sector particle. According to the underlying DM-SM
processes, we can roughly put them into three categories:

• Collider search: if kinematically allowed, even though DM only feebly couples to SM
particles, it can still have a chance to be produced by collisions between them [153]. The
iconic facility is the Large Hadronic Collider (LHC) which collides two proton beams
accelerated to high energy.

• Indirect detection: SM particles can also be produced from DM decay or pair annihi-
lation. In the early universe, the injected energy can alter the black-body spectrum
of CMB and ionize/heat the thermal plasma, which affects the CMB power spectra.

14The Tremaine-Gunn bound can be relaxed if the fermionic DM is made of many degenerate or quasi-
degenerate states [152].
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Figure 1.4: Three directions of DM search. Based on the differing composition of initial and final
state particles, we can have collider search for DM production from SM particles collision, direct
detection for DM-SM scattering, and indirect detection for DM pair-annihilation into SM particles.

In the local universe, we can search for an excess of (anti-)particle and/or gamma-ray
line/continuous signature by pointing the telescope toward DM-abundant regions such
as our Milky Way (MW) center and dSphs [154].

• Direct detection: here the targeted process is the scattering between DM and atomic
nuclei and electrons. Their recoils can cause measurable signals in the form of heat,
scintillation, or ionization; see [155] for a recent review.

See Fig. 1.4 for illustration on the relation of DM-SM interaction and the above categories.

Most of the conventional probes target the O(GeV–TeV) WIMPs. No signal has been
seen to date. Therefore, much attention has recently turned to a relatively unexplored mass
region: sub-GeV, in which we can still have the correct relic abundance either through thermal
freeze-out or freeze-in. A sub-GeV dark sector also provides rich phenomenology, as it can
accommodate dark light degrees of freedom and the interactions between dark states.

To probe a sub-GeV dark sector in accelerator experiments, the main different strat-
egy from searching for WIMPs is that we need to have ways to separate SM backgrounds
mainly caused by neutrinos from signals caused by dark states. Still, we need to have high
enough intensity or luminosity to compensate for the feeble DM-SM interactions. In this
sense, low center-of-mass (CM) energy but high-intensity facilities equipped with detectors
having good energy and angular resolutions, such as electron-positron colliders [156] and
fixed-target/beam-dump experiments [157–159] are suited for probing a light, sub-GeV dark
sector.

On the direct detection side, a non-relativistic sub-GeV particle does not carry enough
energy to produce a detectable nuclear recoil. Several ways are proposed to bypass this bottle-
neck, e.g., lowering the recoil threshold by considering DM-electron scattering [160], detecting
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the photon from a bremsstrahlung process instead [161], accelerating DM by cosmic rays [162]
or solar reflection [163], or utilizing the nuclear Migdal effect [164, 165]. The experimental de-
sign also progresses to use other materials such as semiconductors that have a small band-gap
compared to the noble gas atom’s binding energy, i.e., a lower ionizing threshold. Currently,
much attention is put on computing the material’s response after scattering with a DM par-
ticle, such as the production efficiency of the phonons and photo-electrons; see [166] for an
overview. Indirectly, we can anticipate sub-GeV signals from DM pair-annihilation. Thus,
gamma-ray/radio telescopes and cosmic-ray detectors with a lower energy threshold are ex-
pected to probe this mass range [167]. In the early universe, the distortion on the CMB
anisotropy power spectra still place tight constraints on the energy injection from sub-GeV
DM [168, 169].

Astrophysically, “sub-GeV” is in the ballpark of the temperature or plasma frequency of
stellar cores. Therefore, the interaction between DM and SM particles can lead to intriguing
implications on, e.g., stellar evolution, stars’ morphology, and their relative composition.
These effects usually originate from the energy carried away by DM, in addition to the
standard coolants such as neutrinos and/or photons [170–173]. The response of the star upon
energy loss as well as the production mechanism of the dark states in a thermal plasma will
be explored in detail later. In addition, sub-GeV dark states can alter various cosmological
observables. These dark states can be produced before/during the BBN epoch from their
interactions with SM particles, contributing extra degrees of freedom parameterized by Neff .
The values of Neff are inferred at both BBN and CMB, providing leverage to constrain the
light dark states abundance in the early universe. On the other hand, the self-interaction
of dark states through a dark force is possible in a light dark sector. If the dark states
constitute the main component of DM, their self-interaction can change the interior of the
DM substructures [174]. Also, if the interaction with the SM particles is allowed, the DM has
to be kinetically decoupled from the thermal bath at T ∼ O(keV) to prevent overdamping
density perturbations below its mean-free-path (collisional damping). For DM with non-
zero thermal velocity such as WDM, the damping on the small-scale structure due to its
free-streaming (non-collisional damping) is also relevant in terms of LSS observables [60, 61].

With light dark sector physics, we note that some of the observed anomalies in the SM
may be alleviated. For example, the muon g− 2 has long been recognized as a potential sign
for new physics, especially “light” new physics. Models that include light particles coupled
to SM leptons can be entertained; see, e.g., [68, 175] for reconciling muon g − 2 with a dark
photon. Also, we have observed a 511 keV line feature in the MW’s center. Although its
origin is known; electron-positron annihilation through positronium formation, the source of
these nearly-stopped positrons remains a puzzle. While standard astrophysics may not solve
this puzzle, the pair-annihilation of O(MeV) thermal DM into electron-positron pairs is still
an attractive BSM explanation [176].
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In summary, with the theoretical and experimental developments and the absence of TeV-
scale new physics, the critical question, “what is the dark matter?”, is gradually superseded by
“what constitutes the dark sector?” as well as “how should we probe a light dark sector”. This
thesis is dedicated to pondering on these questions by elaborating the implications of a light
dark sector in different environments and experiments, as well as utilizing the accumulated
data to constrain the nature of dark sector particles. In the rest of this thesis, through
studying two minimal extensions of the SM focusing on a vector (Part I) and a fermion
(Part II) portals which connect a sub-GeV dark state to the SM, we demonstrate how the
light dark particles, as well as their mediators between the dark sector and SM sector, manifest
themselves in laboratory experiments and astrophysical/cosmological observables. Moreover,
the detection strategies and, in turn, the derivation of the constraints on the parameter space
are spelled out.



Part I

The Photon as the New Physics
Mediator





CHAPTER 2
The Photon Portal

2.1 Is the dark sector really dark?

To date, “dark matter” lives up to its name as we have only observed the gravitational inter-
action between the dark and visible sectors. Various ideas about possible portals that connect
the DM to the SM sector beyond gravity are proposed, such as the vector portal [177], Higgs
portal [178], and neutrino portal [179, 180]. Although being relatively minimal extensions
of the SM, these portals so far have not manifested themselves in experiments, resulting in
stringent constraints on the available parameter space [21, 181].

While the electromagnetic (EM) interactions within the SM particles are well-understood
with high precision, the EM properties of DM remain largely unknown. One intuitive possi-
bility to construct a portal is the SM photon being the mediator between the dark and visible
sectors, which is usually overlooked as we in general expect DM to be electromagnetically
neutral. Most astronomical observations and also many experiments heavily rely on photons
as the messengers of information. Thus, if DM were to interact with photons with apprecia-
ble strength, we would already have detected DM in several observables. Nevertheless, it is
perfectly possible that a coupling between DM and photons exists but is weak such that it
has escaped detection.

In general, DM can originate from a more complicated dark sector comprising different
dark states. Interactions between dark states and DM together with the ones between dark
states and photons may yield an effective EM coupling for DM. The minimal way to entitle
DM with EM interactions is to assign it a millicharge which is sourced from, for example,
the kinetic mixing between a dark photon and SM photon [177]. Owing to the simplicity
of the underlying ultraviolet (UV) model, this scenario has been well examined in particle
physics and cosmology; see [182] and the references therein. However, even if DM is seemingly
electromagnetically neutral, it can still interact directly with photon through EM form factors,
such as an electric/magnetic dipole moment, an anapole moment, or a charge radius [183].
These interactions between the neutral DM and photon can, e.g., arise from UV completions
with additional heavy charged states.

For a broader point of view, we shall consider any particles χ beyond the SM that carry a
millicharge or have non-vanishing EM form factors. The production and detection of χ can
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have intriguing implications in astrophysics, in cosmology, in intensity frontier experiments,
in direct detection experiments, and in large-volume neutrino experiments. Therefore, a
detailed study of the phenomenology of the photon portal is of utmost importance in pinning
down the EM nature of the dark states and serving as a starting point or driving force for
considering a more involved dark sector. In the following chapters, we answer the question
“is the dark sector really dark?” by quantifying the “darkness” of the dark sector through
various probes mentioned above.

2.2 Effective electromagnetic interactions

We consider χ being a Dirac fermion as it allows for the richest variety of form factors. The
Lagrangians that describe the χ interactions with the photon Aµ or its field strength tensor
Fµν read, in ascending order of their mass-dimensionality,

Ldim-4
χ = εe χ̄γµχAµ , (2.1a)

Ldim-5
χ =

1

2
µχ χ̄σ

µνχFµν +
i

2
dχ χ̄σ

µνγ5χFµν , (2.1b)

Ldim-6
χ = −aχ χ̄γµγ5χ∂νFµν + bχ χ̄γ

µχ∂νFµν , (2.1c)

Ldim-7
χ ∝ 1

Λ3

(
χ̄χFµνFµν + iχ̄γ5χFµνFµν + χ̄χFµνF̃µν + iχ̄γ5χFµνF̃µν

)
. (2.1d)

Here εe is the millicharge (mQ), µχ and dχ are the mass-dimension −1 coefficients of the
magnetic and electric dipole moments (MDM and EDM), aχ and bχ are the mass-dimension
−2 coefficients of the anapole moment and charge radius interaction (AM and CR), σµν ≡
i[γµ, γν ]/2, and Λ is a UV scale, respectively. In the following we shall study EM form
factors of χ to mass-dimension 6, where the interaction entails a single photon. At mass-
dimension 7, there are four Rayleigh operators that lead to two-photon interactions with Fµν
and/or its adjoint F̃µν ≡ εµνρσF

ρσ/2, which requires a dedicated treatment [184]. If χ is a
Majorana fermion, the mQ, MDM/EDM and CR interactions with a vector bilinear vanish.
For completeness, we also list EM form factors for a complex scalar φ to mass-dimension 6:

Ldim-4
φ = iεe

[
φ∗(∂µφ)− (∂µφ∗)φ

]
Aµ , (2.2a)

Ldim-6
φ ∝ 1

Λ2

(
i∂µφ∂νφ∗Fµν + φφ∗FµνFµν + φφ∗FµνF̃µν

)
, (2.2b)

which corresponds to a millicharge, a CR operator and two mass-dimension 6 Rayleigh oper-
ators. In case of a real scalar, the millicharge and CR interactions in Eq. (2.2a) vanish.

In the classical (non-relativistic) regime, the mass-dimension 5 and 6 EM form factors
correspond to the interaction Hamiltonians HMDM = −µχ(~σχ · ~B), HEDM = −dχ(~σχ · ~E),
HAM = −aχ(~σχ · ~J) and HCR = −bχ(~∇· ~E), respectively. Here, ~σχ, ~E, ~B and ~J are a vector of
Pauli matrices related to the spin of χ, electric field, magnetic field and external EM current.
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~σχ ~B ~E ~J ~∇ MDM EDM AM CR

Charge Conjugation C − − − + − + + − +

Parity P + + − − − + − − +

Time-Reversal T − − + − + + − + +

Table 2.1: The CPT properties of the quantities in the Hamiltonian and the effective EM form
factors.

From the classical expression, we can deduce the properties of the EM form factors under
discrete Lorentz transformations, i.e., parity P, charge conjugation C and time-reversal T ,
which make the phenomenology of each effective interaction distinct. The properties under
C, P and T transformations of the various quantities in the Hamiltonian are summarized in
Tab. 2.1.

First, we note that both C, P and their product CP are a good symmetry for the MDM;
therefore, in a QFT, fermions naturally inherit a MDM as long as they are charged. The
spin and the resulting MDM are connected by the g-factor; for example, see the discussion
in Sec. 6.2. On the other hand, the EDM maximally violates P and sources CP-violation.
So far, no fundamental EDM for any SM particle has been observed. Accordingly, the search
for EDM becomes a clean probe for new physics. The AM, first proposed in [185], violates
both C and P but conserves CP; it has been observed in nuclei [186]. Note that in this case,
the particle can even be Majorana as the AM does not arise from a multipolar expansion of
the charge. The CR, as the second-order expansion of the charge form factor, is omnipresent
in composite particles such as baryons. In addition, much attention has been devoted to
searches for CR interactions of SM leptons as new physics is required, shall it be observed.
See [187] for a summary for neutrino’s CR. Similar to a charge, the CR behaves like a scalar
under all discrete Lorentz transformations.

For the Feynman-diagrammatic computation, one assembles the interactions into the ma-
trix element of the effective EM current of χ,

〈χ(pf )|Jµχ (0)|χ(pi)〉 = ū(pf )Γµχ(k)u(pi) ,

where pi,f and k = pi − pf are four-momenta. The resulting vertex function reads

Γµχ(k) = εeγµ + iσµνkν

(
µχ + idχγ

5
)

+
(
k2γµ − kµ/k

)(
−aχγ5 + bχ

)
. (2.3)

Here we regard the various moments as being generated at an energy scale well above the ener-
gies involved in the environments or experiments considered here, i.e., they are q-independent.

The matrix element summed over spins of the emitted χ-pair is given by

T µνχ (k) = Tr
[
(/pχ +mχ)Γµχ(k)(/pχ̄ −mχ)Γ̄νχ(k)

]
, (2.4)
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with Γ̄µχ(k) = Γµχ(−k) for the interactions considered here. In the case that the direction of
χ particles is not important, we can integrate the phase space of χ-pair in their rest frame:

∫
dΩR

χχ̄

4π
T µνχ (k) = f(sχχ̄)

(
−gµν +

kµkν

sχχ̄

)
, (2.5)

where, for the various effective EM interactions, f(sχχ̄) reads

mQ: f(sχχ̄) =
4

3
ε2e2sχχ̄

(
1 +

2m2
χ

sχχ̄

)
, (2.6a)

MDM: f(sχχ̄) =
2

3
µ2
χs

2
χχ̄

(
1 +

8m2
χ

sχχ̄

)
, (2.6b)

EDM: f(sχχ̄) =
2

3
d2
χs

2
χχ̄

(
1− 4m2

χ

sχχ̄

)
, (2.6c)

AM: f(sχχ̄) =
4

3
a2
χs

3
χχ̄

(
1− 4m2

χ

sχχ̄

)
, (2.6d)

CR: f(sχχ̄) =
4

3
b2χs

3
χχ̄

(
1 +

2m2
χ

sχχ̄

)
, (2.6e)

with sχχ̄ = k2 being the invariant mass square of the χ-pair. This factor will repeatedly
appear in the following chapters and was first obtained in [183]. Note that when contracting
Eq. (2.5) with an QED amplitude, the term containing the four-momentum transfer kµ does
not contribute to the squared amplitude due to the Ward IdentityMµk

µ = 0.

The effective EM interactions described by Eq. (2.1) can originate from various UV com-
pletions, e.g., from a compositeness of χ [188–190] such that its internal structure generates
a dipole or a charge radius, or from a UV model with additional EM charged states [191].
In the latter case, MDM and EDM are, e.g., generated perturbatively by loop-induced ax-
ial or vector Yukawa interactions yA,V of χ with additional scalars and fermions. One can
estimate the strength of MDM and EDM via µχ ∼ Q|yA,V |2/M and dχ ∼ Q Im[yV y

∗
A]/M

where Q is the electric charge of the mediator and M is the common mass-scale of these
new states. In turn, the parametric strength of AM and CR interactions are expected as
aχ, bχ ∼ Q|yA,V |2/M2. It should be noted, however, that these estimates may not be precise
as the genuine strengths of these effective interactions strongly depend on the spectrum of
the new states [192]. In this thesis, focusing on the phenomenology at the energy scale of
O(keV–TeV), we shall remain agnostic about the origin of these effective interactions.



CHAPTER 3
Stellar Probes

This chapter largely follows the paper [P1]. The details of the calculation of Compton pro-
duction of χ-pairs are given in App. B.1.6.

3.1 Stars as laboratories for dark sector physics

Since ancient times, stars have been essential targets for observation, propelling the progress
of physics on all scales, from astronomy and cosmology to nuclear and particle physics.
Measurements of the properties of stars such as their size, lifetime, and motion inform us about
the underlying physics, e.g., the thermodynamics, Newtonian dynamics, and GR. Progress
in physics is through positive feedback: observed anomalies urge physicists to revise the
conventional theories, and new ideas also propel experimentalists to build new observatories.
The dark sector physics, currently under substantial investigation, is no exception in this
framework.

Before constructing high-energy facilities such as the LHC, stars and cosmic rays are
the places where we can observe “high-energy” phenomena. Even if we now have various
experimental facilities, stars still offer a clean probe of O(keV–MeV) physics. According
to standard astrophysics, the nuclear reactions in stars result in energy loss in the form of
neutrinos and photons. Neutrinos free-stream since they are weakly interacting, while photons
engage in a random walk by scattering with other charged particles before escaping the stellar
surface. This explains that neutrinos only take 8 minutes from the Sun’s core to earth, while
photons need roughly 105 years to propagate the same distance. These emitted particles
bring us a constant stream of information about stellar properties such as temperature and
chemical composition. Besides, we can study underlying microscopic physics from them, for
example, neutrino oscillations and the QED interaction strength.

If the dark sector is connected to the SM through some interactions, e.g., the effective EM
interactions considered here, dark states can also be produced in the stars by the interactions
of charged particles and/or the “massive” plasmons. The resulting dark states can either
behave like neutrino (free-streaming) or photon (random walk) depending on their interaction
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strength with the ambient plasma1. There will be additional energy loss if these dark states
successfully make their way out of the stellar profile. In this way, stars can be seen as “dark”
sources for dark states. The associated additional energy loss alters the stellar properties,
such as their lifetime.

The variation of stellar properties will give differing consequences depending on the heat
capacity of stars. Active stars such as red giants (RG), horizontal branch (HB) stars, or the
Sun are systems of negative heat capacity: if energy is lost, either through standard emission
or through new, anomalous processes, the decrease of total energy causes the gravitational
energy to become more negative. By virtue of the virial theorem, the average kinetic energy
and, thereby, the photon temperature increases. The system heats up, leading to faster
consumption of its nuclear fuel while the overall stellar structure remains broadly unchanged.
In contrast, dead stars such as white dwarfs or the proto-neutron star (PNS) formed in core-
collapse supernova (SN) are supported by degeneracy pressure, and stellar energy loss implies
a cooling of the system. Constraints are then derived based on an observationally inferred
cooling curve.

The non-observation of these phenomena grants us a method to constrain the nature of
the dark states. In the following paragraphs, we summarize the criteria for constraining the
additional energy loss.

Red giant and horizontal branch stars In globular clusters (GCs), the population of
stars on the RG branch vs. HB is directly related to the lifetime of stars in the respec-
tive phases. Their observationally inferred number ratio agrees with standard predictions
to within 10%. Anomalous energy losses shorten the helium-burning lifetime in HB stars,
creating an imbalance in the number of HB vs. RG stars. This constrains the luminosity in
non-standard channels to be less than approximately 10% of the standard helium-burning
luminosity of the HB star’s core [193],

∫

core
dV Q̇ < 10%× LHB (HB) . (3.1)

Following [193], LHB will be taken as 20L� for a 0.5M� core below. The values of the Solar
mass and luminosity are M� = 1.99 × 1033 g and L� = 3.83 × 1033 erg/s, respectively. The
computation of the anomalous energy loss rate per unit volume and time, Q̇, will be the
subject of the next section.

A constraint for RG stars may be derived from an agreement between predicted and
observationally inferred core masses prior to helium ignition. Energy loss delays the latter
and the core mass keeps increasing as the hydrogen burning “ashes” fall onto the degenerate He

1Note that even neutrino can engage in a random walk through weak interactions with other SM particles
in dense environments, such as in the interior of a supernova.
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core. Preventing an increase in the core mass by no more than 5% yields the constraint [193]:

Q̇ < 10 erg/g/s× ρ (RG) . (3.2)

Here, Q̇ is to be evaluated at an average density of ρ = 2× 105 g/cm3 and a temperature of
T = 108 K ' 8.6 keV, slightly higher than that of HB stars.

The criterion (3.2) on energy loss can be improved utilizing high precision photometric ob-
servations of GCs. For example, considering the brightness of the tip of the RG branch, [194]
has provided a detailed error budget and new limits on neutrino dipole moments from GC M5
were derived based on predictions of absolute brightness in the presence of anomalous energy
loss that are obtained with dedicated stellar evolutionary codes. It was found, however, that
previously derived limits based on Eq. (3.2) remain largely intact, as there appears to be a
slight preference for anomalous energy loss channels [194]. In the following, for our purposes
it will hence be entirely sufficient to employ the simple condition (3.2) to arrive at constraints
on the EM form factors.

The Sun Solar neutrino fluxes are a direct measure of the nuclear fusion rates inside the
Sun. For example, not only the 8B neutrino flux is very well measured but also the sensitive
dependence of the responsible reaction on temperature provides an excellent handle for con-
straining anomalous energy losses. The ensuing constraint is then phrased in terms of the
total Solar photon luminosity [195, 196], as

∫

Sun
dV Q̇ < 10%× L� (Sun) . (3.3)

It is important to note that Eq. (3.3) is basically insensitive to the long-standing “solar opacity
problem”: the measured 8B neutrino flux is situated in the overlap region of the nominal error
ranges between the discrepant high- and low-metallicity determinations of the Solar chemical
composition [197]; see the respective references [198] and [199]. Hence, Eq. (3.3) suffices as a
criterion, awaiting further developments on Solar opacity determinations.

Supernovae and proto-neutron stars New particles that are emitted from the PNS
and that stream freely may quench the electroweak rates of neutrino emission during the
cooling phase. The involved processes and their dynamics are highly complex. However, an
approximate but very useful criterion to constrain additional energy loss is the condition that
the total luminosity due to non-standard processes should not exceed the neutrino luminosity
at one second after core bounce [193],

∫

core
dV Q̇ < Lν = 3× 1052 erg/s (SN) . (3.4)
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Figure 3.1: Shown are the pair production processes of χχ̄ that are calculated in this chapter, namely,
(a) plasmon decay, (b) e+e− annihilation, (c) 2→ 3 Compton scattering, (d) electron bremsstrahlung
and (e) nucleon bremsstrahlung; for (c)-(d) we only show one of two relevant diagrams. The four
momentum of the χχ̄-producing photon is denoted by k.

The applicability of the bounds above are contingent on that the SN1987A was a neutrino-
driven SN explosion2 and that the produced particles are able to escape the dense environment
of the SN remnant, assumed to be a PNS. Below, we will account for this so-called “trapping-
limit” in the case of SN. For all other systems introduced above, trapping is either irrelevant,
or happens in a parameter region that is excluded otherwise.

3.2 Emission of the dark states

In this section, we first provide the general formula for χχ̄ pair production in the thermal
bath, before breaking it down into the most relevant pieces that dominate the in-medium
production cross sections and, thereby, the stellar cooling rates. Concretely, we are consid-
ering the following fundamental dark state emission processes, highlighting in brackets the
stellar system(s) for which the process is most relevant,

Plasmon decay: γT,L → χχ̄ (all) , (3.5)

Annihilation: e−e+ → χχ̄ (SN) , (3.6)

Bremsstrahlung: e−N → e−Nχχ̄ (RG, HB, Sun) ,

n(p)n(p)→ n(p)n(p)χχ̄ (SN) , (3.7)

Compton scattering: e−γT,L → e−χχ̄ (all) . (3.8)

The respective processes are decay of in-medium transverse (T) and longitudinal (L) modes
of thermal photons γT,L which we will simply refer to as plasmons, electron-positron an-
nihilation, electron bremsstrahlung on protons and nuclei, nucleon-nucleon bremsstrahlung
(see [P1] for detailed calculations) and Compton scattering with the emission of a χχ̄-pair.
Exemplary respective diagrams are shown in Fig. 3.1.

2For an alternative explosion mechanism where the SN1987A bounds would not apply, see [200, 201].
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3.2.1 Exact formula for χχ̄ pair production

In thermal field theory, the production rate of a decoupled fermion per volume per time may
be obtained from its relation to the imaginary part of its self-energy in medium [202] via

Ṅχ = −
∫

d3~pχ

(2π)3

1

eEχ/T + 1

Im Πχ

(
Eχ, ~pχ

)

Eχ
, (3.9)

where Im Πχ

(
Eχ, ~pχ

)
= ū(pχ)Σ(Eχ, ~pχ)u(pχ) is the discontinuity of the thermal self-energy

of χ, Σ
(
Eχ, ~pχ

)
; u(pχ) and ū(pχ) are free particle spinors with four-momentum pχ = (Eχ, ~pχ).

To lowest order in the dark coupling, Σ(Eχ, ~pχ) is found from the one-loop diagram with a
dressed photon propagator attached to the χ fermion line. A general exposition on calculating
discontinuities in the thermal plasma is found in [202, 203].

Below, in Eq. (3.11), we are using a different formulation and the equivalence may be
appreciated in the following way: when cutting the self-energy diagram for χ, the optical
theorem implies that the production rate may also be obtained by computing all graphs
where a photon γ∗ of four-momentum k = pχ + pχ̄ emerges from a SM current and is being
dotted into the dark current of the χχ̄ pair. The SM-process that leads to the creation of
γ∗ is in turn related to the imaginary part of the photon self-energy in the medium, Im Πµν ,
where

Πµν = (εµT,1ε
ν
T,1 + εµT,2ε

ν
T,2)ΠT + εµLε

ν
LΠL . (3.10)

Here εT,L are the transverse and longitudinal photon polarization vectors and ΠL,T(k) is the
thermal photon self-energy for the respective polarization; explicit expressions are given in
App. B.1.1. Identifying the leading contributions to Im ΠL,T(k) in various mediums then
allows to account for the dominant χ pair production channels.

The exact differential production rate per volume of χχ̄ pairs via a photon of 4-momentum
k = (ω,~k) emerging from any SM process to lowest order in the dark current can be obtained
by borrowing the results from dilepton production in hot matter, see, e.g., [204, 205]. Adopted
to our purposes (see App. B.1.2) it reads

dṄχ

dsχχ̄
= −

∑

i=T,L

gi

∫
d3~k

(2π)3

1

eω/T − 1

Im Πi(ω,~k)

ω

f(sχχ̄)

16π2|sχχ̄ −Πi|2

√
1− 4m2

χ

sχχ̄
, (3.11)

where sχχ̄ = k2 is the invariant mass of the χ-pair and the internal degrees of freedom of two
polarization modes are gT = 2, gL = 1. The differences in the various interaction possibilities
are entirely captured in f(sχχ̄); see Eq. (2.6). Equation (3.11) is the general expression of
the weakly coupled χ pair-production rate from the thermal medium; details are found in
App. B.1.2.

The contribution to χχ̄ production to leading order in α is given by the pole in Eq. (3.11),
i.e., for sχχ̄ = Re ΠT,L. When this condition is met, Eq. (3.11) reduces to the decay rate of
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Figure 3.2: Optical theorem relating the imaginary part of the photon self energy to the sum of
all SM processes that create an off-shell photon γ∗. The first equality shows the leading individual
contributions to the self-energy. When the latter loop-diagrams are cut, they correspond to the
scattering processes shown in the second line, where dΠi symbolizes the phase space integral of all
external particles, except γ∗. When the scattering diagrams are deformed in a way such that two SM
particles are in the initial state, the processes correspond to annihilation, Compton scattering and
bremsstrahlung (from left to right). Any diagrams with χ particles involved yield contributions to
the production rate in Eq. (3.11) that are of higher order in the dark coupling.

thermal photons γT,L → χχ̄. Hence, resonant χχ̄ production is fully accounted for by γT,L

decay. The decay itself becomes possible by virtue of the in-medium (squared) mass of γT,L:
it is given by Re ΠT,L(ωT,L,~k), where ωT,L denotes the solution of ω(|~k|) of the corresponding
longitudinal and transverse dispersion relations ω2−|~k|2−Re ΠT,L(ω,~k) = 0. Plasmon decay
is discussed in the following subsection, and explicitly calculated in Eqs. (B.47)–(B.50) in
App. B.1. The expressions for Re ΠT,L and finite-temperature dispersion relations are found
in Eqs. (B.32) and (B.33).

Production off-the-pole to Eq. (3.11) can be elucidated by studying the contributions to
Im ΠT,L using the optical theorem, illustrated in Fig. 3.2. The left hand side shows the fully
dressed vacuum polarization of an off-shell photon γ∗, found by considering loop-diagrams
of increasing order in α illustrated in the first equality. When those loop diagrams are cut,
their imaginary parts are given by the tree-level production processes for γ∗ shown in the
last equality. The leading α contribution to Im ΠT,L is then given by the electron one-loop
diagram. Although it is well known that on-shell plasmon decay γT,L → e−e+ remains
forbidden at finite temperature [206], an electron loop still contributes to Im ΠT,L in the
off-shell case. The associated process is then e−e+ annihilation to χχ̄, i.e., process (3.6).

The second and third diagrams in the last line of Fig. 3.2 are related to χχ̄ production in
Compton scattering and bremsstrahlung. Here, it is important to note that sχχ̄ = Re ΠT,L

can also be met in the photon propagator that produces the χ-pair with invariant squared
mass sχχ̄. However, including such resonances would amount to double countings. As we
have seen above, the pole contributions are already captured by plasmon decay3. In our

3A heuristic argument on such double counting was also given in the context of neutrino pair emission
in Sec. 2.5 of [207]. It furthermore appears to us, that double counting may have occurred in [173] where a
potentially resonant bremsstrahlung process was added to the plasmon decay contribution.



3.2 Emission of the dark states 31

calculations, we explicitly avoid this situation by setting ΠL,T → 0 in the propagator if the
resonance is kinematically allowed for the photon that directly couples to the dark current.
We have numerically verified that our results remain otherwise unaffected by neglecting the
thermal shift in the photon propagator.

Finally, we note that there is also a potential double counting between Compton scattering
and bremsstrahlung processes, which happens when in the bremsstrahlung process the photon
exchanged between two initial particles carries 4-momentum q (see Fig. 3.1.d) that satisfies the
dispersion relation q2 −Re ΠL(q0, ~q) = 0, leading to the exchange of an on-shell longitudinal
plasmon. The process then becomes equivalent to Compton scattering e/N + γL → e/N +

χ + χ̄. This has been reported for axion production processes, where the contribution of
latter is mostly covered by that of bremsstrahlung [208]. To avoid such double counting,
we take the static approximation (q0 = 0) for the thermal mass of the photon exchanged
in bremsstrahlung processes, which is a valid limit as the nucleon mass is large. As q2 <

0 and ΠL(q0 = 0, ~q) is always positive, the exchanged photon cannot become on-shell in
bremsstrahlung processes, thus double counting is avoided; see Sec. 3.2.4 for more details.

3.2.2 γT,L decay

The on-shell process of photon decay to χχ̄ (Fig. 3.1.a) becomes possible in the medium
and has an important analogy in the literature, the plasmon decay to neutrinos. Since the
dispersion relation for transverse and longitudinal thermal photons are distinct, it is again
helpful to separate the two polarizations in the calculation. Explicitly, we obtain for the
decay rate per degree of freedom:

ΓT,L =
1

16π
ZT,L

√√√√1− 4m2
χ

ω2
T,L − |~k|2

f(ω2
T,L − |~k|2)

ωT,L
, (3.12)

where ωT,L = ωT,L(|~k|) for each polarization mode, as defined above. Details on the definition
of the wave function renormalization factors ZT,L and the calculation are again given in
App. B.1. In the limit of mχ → 0, the decay widths for MDM agree with the well-known
formulas for plasmon decay to a neutrino pair [193].

For the plasmon decay processes, the energy loss rate can be expressed as [193]

Q̇decay,T =
2

2π2

∫ ∞

0
d|~k| |

~k|2ΓTωT

eωT/T − 1
Θ(ω2

T − |~k|2 − 4m2
χ) , (3.13)

Q̇decay,L =
1

2π2

∫ kmax

0
d|~k| |

~k|2ΓLωL

eωL/T − 1
Θ(ω2

L − |~k|2 − 4m2
χ) , (3.14)

where Θ is the Heaviside step function. The expression for kmax is given in Eq. (B.34). For a
non-relativistic medium (HB, RG, Sun), the dispersion relation crosses the light-cone at |~k| =
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kmax, signaling the damping of longitudinal modes, i.e., Landau damping; for a relativistic
plasma (SN), kmax →∞. The relative factor of 2 between the expressions reflects the counting
of polarization degrees of freedom. Finally, the last factor is a kinematic restriction on the
phase space, ω2

T,L − |~k|2 ≥ 4m2
χ. For transverse mode thermal photons, the integral becomes

bounded from below since ω2
T − |~k|2 increases as |~k| increases according to the dispersion

relation. For the longitudinal case, the integral is additionally bounded from above since the
trend in ω2

L − |~k|2 with respect to |~k| is reversed.

3.2.3 e−e+ annihilation

The degenerate plasma of the PNS core with temperature T � me contains a population
of e+, allowing for dark state pair-production through e−e+ annihilation (Fig. 3.1.b). The
calculation for the pair production cross section is detailed in App. B.1.5.

In terms of the invariant s = (p1 + p2)2 and the sum/difference of incoming e∓ energies
E1,2 in the frame of the thermal bath, i.e., E± ≡ E1 ± E2, the corresponding cross section
mediated by the transverse polarization part of the propagator reads

σT =
α
[
sE2
− + (4m2

e + s)(E2
+ − s)

]

8

√
s(s− 4m2

e)(E
2
+ − s)(s−ΠT)2

√

1− 4m2
χ

s
f(s) , (3.15)

with f(s) given in Eq. (2.6). For the longitudinal part we obtain

σL =
α
[
s(E2

+ − E2
− − s)

]

8

√
s(s− 4m2

e)(E
2
+ − s)(s−ΠL)2

√

1− 4m2
χ

s
f(s) . (3.16)

Note that there is no interference term between the two. Furthermore, the sum of both cross
sections, σT + σL, becomes Lorentz invariant in the limit of ΠT,L → 0.4

Before using Eq. (3.15) and Eq. (3.16) in the calculation of the energy loss rate, a comment
on the analytic structure is in order. Although it appears that the process may be significantly
enhanced when s = Re ΠT,L, this condition is never met: for the same reason that the decay
of thermal photons into an electron-positron pair (γT,L → e−e+) is forbidden [206], the finite-
temperature corrections to me prevent the process (3.6) from going on-shell. It is for this
reason that we have explicitly evaluated the thermal electron mass for the employed radial
profile of the PNS; see App. B.1.1. In other words, we use a thermal electron mass in SN,
and use the zero-temperature electron mass in HB, RG and Sun, where e−e+ annihilation is
of little relevance. The values of chemical potential µe are self-consistently adjusted to match
the numerical PNS profiles from the literature (see below).

4We use a definition of the cross section for which the Møller velocity instead of the relative velocity
|~v1 − ~v2| appears. At zero temperature, this makes the cross section a Lorentz invariant quantity, see the
discussion in [209].
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The energy loss rate of e−e+ annihilation is found by weighing the emission process by
the total radiated final-state energy E3 +E4 = E1 +E2 and by the probability of finding the
initial states with the respective energies E1 and E2,

Q̇ann =

∫
dΠi=1,2,3,4 (2π)4δ4(p1 + p2 − p3 − p4)g

e
−g

e
+f

e
−f

e
+

1

4

∑

spins

|Mann|2(E1 + E2) .

(3.17)

Here, f
e
∓ are the phase-space distributions of e∓, with internal degrees of freedom g

e
∓ = 2,

and |Mann|2 is the squared matrix element for e−e+ annihilation into a dark state pair. In
Eq. (3.17) a Pauli-blocking factor induced by χ and χ̄ is neglected; we have verified that this
does not affect the derived constraints. Finally, dΠi =

∏
i d

3~pi(2π)−3(2Ei)
−1 is the Lorentz

invariant phase space element.

The energy loss rate can be written in terms of the cross sections σT,L. Borrowing from
the discussion on the phase space in [210], we find explicitly

Q̇ann =

∫ ∞

4m
2
th

ds

∫ ∞
√
s
dE+

∫ √
(1−4m

2
e/s)(E

2
+−s)

−
√

(1−4m
2
e/s)(E

2
+−s)

dE−
1

64π4 ge−ge+fe−fe+E+

√
s(s− 4m2

e)σT,L .

(3.18)

The distribution functions f
e
− and f

e
+ read

f
e
∓ =

1

e(E+±E−∓2µe)/2T + 1
.

Here, µe is the chemical potential of electrons and T is the temperature. The threshold mass
mth is equal to max{me,mχ}.

3.2.4 Compton scattering

For 2→ 3 Compton scattering (e−/N+γT,L → e−/N+χ+χ̄) with an initial γT,L (Fig. 3.1.c),
we calculate the differential cross section via

dσ2→3

dsχχ̄
= σ2→2(sχχ̄)

f(sχχ̄)

16π2s2
χχ̄

√
1− 4m2

χ

sχχ̄
. (3.19)

Here, σ2→2(sχχ̄) is the cross section of the two-body Compton scattering with the final-
state photon having a mass √sχχ̄, given in Eqs. (B.62) and (B.63) for the two polarizations.
We are only required to consider the process on electrons, e− + γT,L → e− + χ + χ̄, as
Compton scattering on protons is strongly suppressed. Following the treatment in [207] and
our discussion above, we neglect the thermal mass of the final-state photon in σ2→2 to avoid
any potential double counting with γT,L decay. For the initial-state photon in the integration



34 Chapter 3. Stellar Probes

10−4 10−3 10−2 10−1 100

R(RHB)

1020

10211021

1022

10231023

1024

10251025

1026

10271027

1028

10291029

1030

10311031

1032

Q̇
(e

rg
/s
/k

m
3
)

µχ, dχ = 10−6µB

aχ, bχ = 10−1(GeV−2)

MDM/EDM

AM/CR

Energy Loss Rate (HB), mχ = 0.01 keV

Sum

γT,L decay

Compton

Bremsstrahlung

10−4 10−3 10−2 10−1 100

R(R�)

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

Q̇
(e

rg
/s
/k

m
3
)

µχ, dχ = 10−6µB

aχ, bχ = 10−1(GeV−2)

MDM/EDM

AM/CR

Energy Loss Rate (Sun), mχ = 0.01 keV

Sum

γT,L decay

Compton

Bremsstrahlung

Figure 3.3: Left: Energy loss rates as a function of fractional stellar radius from γT,L decay (dotted
lines), Compton production (dashed lines) and electron bremsstrahlung (dash-dotted lines) for mχ =

0.01 keV and µχ(or dχ) = 10−6 µB and aχ(or bχ) = 0.1/GeV2 in the representative HB star we
consider. The sum of all processes is shown by the thick gray line, which for MDM/EDM interactions
practically coincides with plasmon decay. Right: The same processes as in the left panel but for the
Sun.

of energy loss rate, Eq. (3.20) below, the thermal mass is properly taken in account through
the dispersion relation stated in Eq. (B.33).

Furthermore, note that there is no double counting between the Compton process and
bremsstrahlung in either of our treatment. A double counting would appear if the t-channel
photon exchange in bremsstrahlung, with 4-momentum q (see Fig. 3.1.d), goes on resonance.
This is in principle possible for the longitudinal mode, since ΠL in the propagator could
become negative once the dispersion relation of γL crosses the light cone. Nevertheless, in
the electron bremsstrahlung process discussed below—most relevant for RG, HB and the
Sun—the proton recoil and hence the energy exchange are extremely small. Therefore, the
propagator can be taken in the static limit (energy exchange q0 → 0). This limit amounts to
Debye screening, characterized by ΠL(q0 → 0, |~q|). Since the screening scale is always positive,
a resonance is never met. Therefore, we include the contribution from e−+ γL → e−+χ+ χ̄

to capture the t-channel resonance contribution of electron bremsstrahlung, although it is
less important than plasmon decay.

The energy loss rate from Compton scattering is calculated in a similar way as Eq. (3.17),
but here Eloss is given by the energy carried by the virtual photon in the medium frame,

Q̇Compton =

∫
dΠi=1,2 4E1E2vMgegT,Lf1f2(1− f3)Elossσ

T,L
2→3 , (3.20)



3.2 Emission of the dark states 35

0 5 10 15 20 25 30

R(km)

10481048

1049

10501050

1051

10521052

1053

10541054

1055

10561056

1057

10581058

1059

10601060

1061

10621062

Q̇
(e

rg
/s
/k

m
3
)

µχ, dχ = 10−6µB

MDM/EDM

Energy Loss Rate (SN), mχ = 1 MeV

Sum

e+e− annihilation

γT,L decay

Compton

np bremsstrahlung

0 5 10 15 20 25 30

R(km)

10481048

1049

10501050

1051

10521052

1053

10541054

1055

10561056

1057

10581058

1059

10601060

1061

10621062

Q̇
(e

rg
/s
/k

m
3
)

aχ, bχ = 10−1(GeV−2)

AM/CR

Energy Loss Rate (SN), mχ = 1 MeV

Sum

e+e− annihilation

γT,L decay

Compton

np bremsstrahlung

Figure 3.4: Left: Energy loss rates inside the PNS for MDM/EDM interactions with µχ(or dχ) =

10−6 µB andmχ = 1 MeV are shown for all computed processes, namely, e−e+ annihilation (thin solid
line), γT,L photon decay (dotted line), Compton production (dashed line) and np bremsstrahlung
(dash-dotted line). The sum of all contributions is the thick solid line. Right: The same processes as
in the left panel but for AM/CR interactions with aχ(or bχ) = 0.1/GeV2.

where f1,2,3 are the distribution functions of the incoming electron, γT,L and outgoing electron,
respectively, with ge = gT = 2 and gL = 1 being the internal degrees of freedom for the
incoming electron and γT,L. Pauli blocking is accounted for by including the factor (1− f3).
The energy loss Eloss = Eχ+Eχ̄ can be expressed in terms of variables defined in the medium
frame; see Eq. (B.64). Moreover, for RG, HB and the Sun, the relativistic corrections induced
by transforming from the CM frame to the medium frame are very small, and are neglected
for simplicity.

3.2.5 eN bremsstrahlung

In this subsection, we consider dark state pair production from bremsstrahlung of electrons
on protons or other nuclei (Fig. 3.1.d). Similar to the Compton scattering above, we also
relate the 2 → 4 cross section to a 2 → 3 process of eN → eN + γ∗T,L in which the emitted
photon, γ∗T,L, has an invariant mass √sχχ̄,

dσ2→4

dsχχ̄
= σ2→3(sχχ̄)

f(sχχ̄)

16π2s2
χχ̄

√
1− 4m2

χ

sχχ̄
. (3.21)

In the following we shall only consider photon-emission from electrons, as the emission from
the nuclear leg is suppressed by a factor of (Zme/mN )2 � 1 where Z and mN are the charge
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and mass of the proton/nucleus. Furthermore, ordinary electron-electron bremsstrahlung is
a quadrupole emission process and correspondingly smaller in practice. We therefore also
neglect such production channel.

The eN process is sensitive to the details of in-medium corrections. To this end, recall
that the t-channel photon exchange in Fig. 3.1.d has a well-known Coulomb divergence in
the limit of vanishing momentum transfer. This issue is mitigated by two factors: first, the
divergence is not met kinematically as long as mχ 6= 0 since a minimum momentum transfer
is necessary to create the final-state pair. Second, the medium itself regulates the process
through the Debye screening of bare charges characterized by a momentum scale kD. The
latter appears as the static limit of ΠL(q0 → 0, ~q) and for a classical plasma reads

k2
D =

4παne
T

+ ion-contributions, (3.22)

where ne is the electron number density.

For the numerical results, we have calculated σ2→3 in Eq. (3.21) using the propaga-
tor (B.31), neglecting, for simplicity, ion contributions. We separate the squared ampli-
tude into transverse and longitudinal parts and include the static limits of ΠT,L in the
respective propagators. For the longitudinal part, the zero-temperature propagator q−2 is
replaced by (q2 − k2

D)−1. In contrast, there is no magnetic screening in the static limit
(ΠT(q0 → 0, |~q|) = 0), hence there is no thermal screening for the propagator of the trans-
verse mode. We find that in the non-relativistic limit the contribution of the longitudinal
mode dominates.

To avoid any double counting between this process and γT,L decay, we need to subtract
the contribution when the virtual photon that directly couples to χ goes on-shell. As stated
above, this is achieved by setting ΠT,L in the corresponding propagator to zero. Since this
should over-estimate the production rate at sχχ̄ ≤ ΠT,L, we have also tested an opposite
option of choosing ΠT,L → −ΠT,L(Eχ + Eχ̄) to avoid the singularity, which under-estimates
the production rate. We find that both prescriptions lead to same results at percent level,
which justifies our simplification of taking ΠT,L = 0 for the photon that directly couples to
the dark states.

For dark state pair production in e− bremsstrahlung on protons and nuclei, the energy
loss rate is expressed as

Q̇brem =

∫
dΠi=1,2 4E1E2vMg1g2f1f2(1− f3)Elossσ2→4 , (3.23)

where f1,2,3 are the distribution functions of the incoming electron, proton/nucleus and out-
going electron, with g1,2 the internal degrees of freedom for the incoming particles. We have
neglected the Pauli blocking factor for final-state proton/nucleus as it plays little role. The
Møller velocity vM = F/(E1E2) is given in terms of the flux factor F found in Eq. (B.60).



3.3 Constraints on the effective coupling 37

The energy carried-away by the dark states is Eloss = Eχ + Eχ̄ and its expression in the
medium frame is given in Eq. (B.69).

Making the approximation that protons and other nuclei are at rest, their phase-space
integral gives

∫
dΠ2 f2 = nN/(2mNg2) where nN is the number density of the protons/nuclei.

Hence, we arrive at

Q̇brem =

∫ ∞

me+2mχ

dE1
2nNE1E2vM

(2π)2mN

|~p1|g1f1(1− f3)Elossσ2→4, (3.24)

with |~p1| =

√
E2

1 −m2
e and where σ2→4 is obtained from integrating Eq. (3.21) over appro-

priate boundaries (see App. B.1.7). Generically, bremsstrahlung is less effective when pair
annihilation or plasmon decay are open as production channels, but it can be dominant at
low temperatures where the latter processes are kinematically suppressed.

Before ending this subsection, it is worth commenting on the so-called soft-photon ap-
proximation, which states that in the limit that the emitted photon energy is small compared
to the available kinetic energy (i.e., ω � Ekin), the process of eN → eN + γ∗T,L factorizes
into a product of elastic scattering times a factor describing the additional emission of γ∗T,L.
While this approximation works well for the emission of a massless photon, it breaks down
if the off-shell photon’s effective mass is large, √sχχ̄ ∼ Ekin. Overall, we find that the soft
photon approximation describes the 2 → 4 process well for small mχ in the non-relativistic
limit. However, for 2mχ ∼ Ekin or for relativistic initial states the approximation fails, and
it is ultimately related to the UV-sensitivity of the cross section; see App. B.1.8 for details.
Even though calculations simplify considerably in the soft photon limit, it cannot be applied
for the whole mχ-range in electron bremsstrahlung and we therefore calculate σ2→4 exactly,
relegating details of the calculation to App. B.1.7. However, the soft-photon approxima-
tion is adopted in its region of validity to estimate the energy loss from nucleon-nucleon
bremsstrahlung in [P1].

3.3 Constraints on the effective coupling

After calculating the energy loss rates induced by the above discussed processes in each
stellar environment (e.g., see Figs. 3.3 and 3.4), we apply the luminosity criteria introduced
in Sec. 3.1 to obtain the upper bounds on the EM form-factors of light dark states. Here we
focus on mass-dimension 5 and 6 operators and refer the reader to [170, 173] for constraints
on the mass-dimension 4 mQ interaction.

3.3.1 Limits from RG, HB, and Sun

In this subsection, we derive the constraints coming from HB and RG stars utilizing the
above calculated anomalous energy loss rates. For HB, we consider a representative star of
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Figure 3.5: Summary of constraints on the EM form factors for mass-dimension 5 operators, i.e.,
EDM (left) and MDM (right). Colored exclusions are derived in this chapter. Direct detection (only
applying to dark matter) and LEP bounds are taken from [183]. On the solid black line the thermal
freeze-out abundance matches the DM density.

0.8M� and utilize the stellar profiles for density, temperature and chemical partition between
hydrogen and helium from [193, 211], reproduced in Fig. B.3 in App. B.1.1. The luminosity
of its helium-burning core is LHB = 20L� to which Eq. (3.1) is then applied. For RG we use
the prescription detailed below Eq. (3.2): a 0.5M� helium core with a constant density of
ρ = 2× 105 g/cm3 and a temperature T = 108 K.

For the Sun, we use the standard Solar model BP05(OP) [212] to calculate the total power
radiated into χχ̄ which in turn is constrained from Eq. (3.3). For bremsstrahlung we take the
contribution of electron scattering on H, 4He and other less abundant nuclei (3He, C, N, and
O). For simplicity, we assume all targets are in a fully ionized state. We find numerically that
the contribution from the less abundant nuclei constitutes 10% of the total energy loss rate
from bremsstrahlung, as the coherent enhancement from atomic charge number Z somewhat
compensates for their scarcity in number.

The energy loss rates as a function of fractional stellar radius for HB stars (Sun) for mass-
dimension 5 and 6 operators are shown in the left (right) panel of Fig. 3.3 for mχ = 10 eV

and µχ(or dχ) = 10−6 µB and aχ(or bχ) = 0.1 GeV−2. MDM and EDM as well as AM and
CR lines essentially yield identical results. This is owed to the fact that production proceeds
in the kinematically unsuppressed region T � mχ for which the energy loss rates match;
the γ5 factor discriminating the interactions of same mass-dimension only plays a role when
χ particles become non-relativistic, hence close to kinematic endpoints. As can be seen, for
mass-dimension 5 operators the decay process (dotted lines) dominates over bremsstrahlung
(dash-dotted lines) and Compton scattering (dashed lines) processes in both HB stars and



3.3 Constraints on the effective coupling 39

10−810−8 10−710−8 10−7 10−610−7 10−6 10−510−6 10−5 10−410−5 10−4 10−310−4 10−3 10−210−3 10−2 10−110−2 10−1 10010−1 100100

mχ(GeV)

10−810−8

10−7

10−8

10−7

10−6

10−7

10−6

10−5

10−6

10−5

10−4

10−5

10−4

10−3

10−4

10−3

10−2

10−3

10−2

10−1

10−2

10−1

100

10−1

100100

a
χ
(G

eV
−

2
)

SN1987A

RG

HB

Sun

LEP

relic
density→ BBN

10−810−8 10−710−8 10−7 10−610−7 10−6 10−510−6 10−5 10−410−5 10−4 10−310−4 10−3 10−210−3 10−2 10−110−2 10−1 10010−1 100100

mχ(GeV)

10−810−8

10−7

10−8

10−7

10−6

10−7

10−6

10−5

10−6

10−5

10−4

10−5

10−4

10−3

10−4

10−3

10−2

10−3

10−2

10−1

10−2

10−1

100

10−1

100100

b χ
(G

eV
−

2
)

SN1987A

RG

HB

Sun

LEP

direct
detection

relic
density

→ BBN

Figure 3.6: Summary of constraints on the EM form factors for mass-dimension 6 operators, i.e.,
AM (left) and CR (right); labels are the same as in Fig. 4.4.

Sun. For mass-dimension 6 operators, the contribution of Compton scattering is comparable
to that of decay processes in HB stars while in the Sun all three processes are of comparable
importance.

Applying the criteria for the maximum allowable energy loss of Sec. 3.1, we obtain the
excluded shaded regions in Figs. 4.4 and 4.5 as labeled. The strongest limits are provided
by RG stars. They have a higher core temperature, T = 8.6 keV, compared to HB stars or
the Sun, favoring an emission process that is UV-biased because of the considered higher-
dimensional operators. In the low mass region, for 2mχ < ωp, the limits are governed by γT,L

decays, and become independent of χ mass quickly. Once the decay process is kinematically
forbidden, the limits become determined by the bremsstrahlung and Compton scattering
processes. As can be seen, the critical values ofmχ where this happens for RG stars, HB stars,
and the Sun are reflective of the differing core-plasma frequencies (B.30) of the respective
systems. Furthermore, the mass-dimension 5 constraints on MDM and EDM are practically
identical; differences only appear in the kinematic endpoint region.

3.3.2 Limits from SN1987A

Limits on χ-photon interactions from SN1987A have previously been estimated in [183],
largely following the approach of [173], and considering e−e+ annihilation but with plasmon
decay neglected. Here we revisit these constraints in light of a more detailed calculation.
Dark state pairs with mass mχ . 400 MeV can be efficiently produced inside the PNS,
predominantly through e−e+ annihilation as positrons are thermally supported. Nevertheless,
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we will consider all processes in Fig. 3.1 except for electron bremsstrahlung as it is significantly
weaker than the others; see Fig. 3.4 for one example with mχ = 1 MeV.

When the particles stream freely after production and are hence able to escape from the
PNS core, the limit Eq. (3.4) applies. We set the size of the PNS core to be rcore = 15 km

and model the PNS from which χχ̄ pairs are emitted using the simulation results of a 18M�

progenitor in [213]; see Fig. B.3 in App. B.1.1. Notice that such simulation results are based
on an artificial neutrino-driven explosion method and should be taken with a grain of salt.
We adopt the total energy density ρ(r), temperature T (r) and electron abundance Ye(r)
profiles at 1 s after the core bounce. The number density of baryons can be computed as
nb(r) ' ρ(r)/mp and the number density of electrons can be written as ne(r) ' nb(r)Ye(r).
Other quantities such as chemical potential of electrons µe(r), plasma frequency ωp(r) and
effective electron mass meff

e (r) are derived from ne(r) and T (r). meff
e (r) is recursively solved

at each radius using Eq. (B.41); see App. B.1.1 for details. In the calculations that relate to
the anomalous emission, me is understood to be meff

e .

The result is shown by the lower boundary of the region labeled SN1987A in Figs. 4.4
and 4.5. Compared to the results in [183] where only e−e+ annihilation was taken into
account, the constraint for MDM and EDM is improved. This is traced back to the fact
that the energy loss rate of γT,L, nucleon-nucleon bremsstrahlung and Compton scattering
for MDM and EDM are comparable to e−e+ annihilation into a χχ̄ pair. For AM and CR,
however, the results from [183] remain largely unchanged, as γT,L decay, nucleon-nucleon
bremsstrahlung and Compton scattering are less efficient. Once the effective coupling becomes
large enough, the produced χ particles will eventually come into thermal equilibrium with
SM particles and become trapped. In this case, the energy loss argument does not apply,
resulting in upper boundaries of SN1987A exclusion limits shown in Figs. 4.4 and 4.5; see [P1]
for the derivation.

3.3.3 Related works

Stellar bounds on the EM properties of light dark states have been studied in the literature,
mostly in the context of EM properties of eV-scale (SM) neutrinos; see [187, 214] and ref-
erences therein. In these studies, the mass of neutrino is essentially zero. Therefore, in the
limit mχ → 0 our results can be compared with previously derived constraints on neutrino
EM interactions.

For instance, based on similar energy loss arguments, bounds on the neutrino MDM have
been obtained by calculating the plasmon decay process, from RG stars as µν ≤ (2–4) ×
10−12 µB [215–217], from HB stars as µν ≤ (1–3) × 10−11 µB [218, 219], from the Sun as
µν ≤ 4 × 10−10 µB [220]. Indeed, all these bounds are in essential agreements with our
newly derived ones once the limit mχ → 0 is taken. Similar constraints on mass-dimension 5
operators have also been obtained in Ref. [221].
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For higher-dimensional operators, Ref. [222] estimated the anomalous energy loss rate
in the PNS through electron-positron pair annihilation into light right-handed neutrinos,
limiting its charge radius to be below 3.7× 10−34 cm2, that is 9.5× 10−7 GeV−2, about seven
times weaker than the one presented above. This is partially due to the fact that Ref. [222]
assumed an one order of magnitude larger luminosity as the maximum permissible energy
loss.

3.3.4 Cosmological constraints

Light dark states may lead to extra radiation in the early Universe, and thus its coupling
to the SM bath is constrained by both the predictions from BBN and CMB obserrvations.
On the one hand, for the mass region considered here the CMB bounds depend on how χ-
pairs annihilate/decay. On the other hand, primordial abundance measurements of D and
4He suggest that extra relativistic degrees of freedom need to be less than that of one chiral
fermion during the nucleosynthesis (see, e.g., [223–225]). Thus here we require that the Dirac
fermion χ is thermally diminished at T ∼ 100 keV, either due to a feeble EM form-factor
coupling or by a Boltzmann-suppression induced by its mass.

The relevant bounds are also given in Figs. 4.4 and 4.5. They only constrain the parameter
region with mχ � 1 MeV. In the same figures, we also show the line which corresponds to the
thermal freeze-out scenario which generates the observed dark matter abundance, although
such scenario has been excluded by various constraints for this model; see [183]. The dominant
annihilation channel is into two photons at mχ < me and into a electron-positron pair at
mχ ≥ me, which explains the sharp decrease of the relic density curve at mχ ∼ me seen in
Fig. 4.4. The freeze-in parameter region for mχ � 1 MeV is also constrained by the stellar
energy loss argument; see [221].

3.4 Summary of Chapter 3

In this chapter, we explore the sensitivity of stellar systems to neutral dark states that share
higher-dimensional interactions with the SM photon. To this end, we choose a Dirac fermion
χ that is coupled to mass-dimension 5 MDM and EDM operators with respective dimen-
sionful coefficients µχ and dχ, and mass-dimension 6 AM and CR operators with respective
coefficients aχ and bχ. We consider anomalous energy losses from the interior of RG and HB
stars, of the Sun, and of the PNS core of SN1987A. Together with previously derived direct,
indirect, and cosmological limits in [183], this chapter adds astrophysical constraints to draw
a first comprehensive overview of light dark states with masses (well) below the GeV-scale
and EM moment interactions.
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The thermal environments of stellar interiors significantly affect (or enable) production
processes of χχ̄ pairs. Before breaking it down to individual contributions, we establish the
exact formula, Eq. (3.11), for the pair-production rate in leading order of the dark coupling.
The expression factorizes into a piece that represents the probability to produce an off-shell
photon γ∗ from a SM current, and a piece that describes the production of the χχ̄ pair from
that photon. The former is proportional to the imaginary parts of the transverse and longi-
tudinal thermal photon self-energies Im ΠT,L. The latter are model-dependent but otherwise
universal factors that represent the choice of interaction, Eq. (2.6). The optical theorem then
allows us to identify all major production processes by studying the contributions to Im ΠT,L.
The approach also allows us to clarify the role of thermal resonances in these processes, i.e.,
the kinematic situation when the pair-producing photon goes on-shell, k2 = Re ΠT,L. We
find that resonant production is entirely captured by the decay of transverse and longitudinal
thermal photons or “plasmons”, γT,L → χχ̄.

We compute the rates of χ-pair production and its ensuing energy loss from plasmon decay
and Compton production for all systems. In addition, we evaluate eN bremsstrahlung for RG
stars, HB stars and the Sun, and e−e+ annihilation and nucleon-nucleon bremsstrahlung for
SN1978A. For MDM and EDM interactions, plasmon decay dominates in HB and RG stars
and in the Sun. For the interactions of increased mass-dimension, AM and CR, the Compton
(bremsstrahlung) production dominates in HB and RG stars (Sun). In the PNS core, e−e+

annihilation dominates the anomalous energy loss for r & 7 km. In the most inner region the
population of positrons becomes extremely Boltzmann suppressed by a decrease in tempera-
ture, and plasmon decay and np bremsstrahlung take over as the most important production
channels. For all processes we have taken into account all important finite-temperature ef-
fects. Furthermore, in the evaluation of rates, we explicitly avoid any double counting between
plasmon decay and an on-shell emitted photon in bremsstrahlung and between Compton pro-
duction and an on-shell exchanged t-channel photon in bremsstrahlung.

The rates when integrated over stellar radius then become subject to the observationally
inferred limits on anomalous energy loss. The resulting restrictions on the parameter space are
found in Figs. 4.4 and 4.5. In the kinematically unrestricted regime mχ . 1 keV, the stellar
limits are dominated by RG stars with µχ, dχ ≤ 2× 10−12 µB and aχ, bχ ≤ 6× 10−5 GeV−2.
All interactions are additionally constrained from SN1987A, in the windows 10−10 µB ≤
µχ, dχ ≤ 10−8 µB and 10−7 GeV−2 ≤ aχ, bχ ≤ 10−3 GeV−2 for mχ . 10 MeV. The SN1987A
constraining region is bounded from above by the trapping of χ particles, which is evaluated
in [P1]. The presented astrophysical constraints add to a program that has started in [183]
and that aims at charting out the experimental and observational sensitivity to effective
dark state-photon interactions. The stellar constraints on anomalous energy loss derived in
this chapter yield the most important limits on the existence of effective dark sector-photon
interactions for χ-particles below the MeV-scale.



CHAPTER 4
Proton-beam Experiments

This chapter is based on Ref. [P2]. For the study on the same interactions but with electron-
beam facilities, we refer the reader to [183].

4.1 Dark sector physics at the intensity frontier

For the conventional O(GeV–TeV) WIMP, the best laboratory probe are high-energy colliders
due to their high CM energy. In contrast, for lighter dark states, the energy threshold is
less demanding. The essential quantity rather becomes the intensity or luminosity of the
experiments. Even if the CM energy is much less than that of high-energy colliders, the
sensitivity of experiments at the intensity frontier is boosted with a high-intensity particle
beam, quantified by the number of particles on target. In addition, individual backgrounds
can sometimes be better isolated in intensity frontier experiments, making them a competitive
probe for sub-GeV dark sectors.

On the particle theory side, the connection between the SM sector and the light dark sector
is often made by the introduction of portals, as discussed in previous chapters. Assuming
the UV scale is well beyond the CM energy, the interaction between dark states and SM
particles can be expressed in terms of effective operators with different mass-dimensions n
depending on the nature of the portal, e.g., the various EM form factors considered here.
The details of the effective EM interactions can be found in Chap. 2. In addition to the
stellar systems studied in Chap. 3, dark states can be produced in laboratories through these
effective operators.

The estimation in [157] shows that the typical production rates of dark states, per SM
particle collision, of intensity frontier experiments can win over or be comparable to that of
high-energy colliders for n ≤ 6 effective operators. Nevertheless, for n > 6 effective operators,
since the interaction is suppressed by the higher power of the UV scale, the dependence on
CM energy eventually dwarf the intensity. Other than the production rate, we also need to
take the detector acceptance into account. A typical intensity frontier experiment usually
consists of a downstream detector. Contrary to the nearly 4π detector coverage in high-energy
colliders, the detectors in intensity frontier experiments cannot encompass all the emitted
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Ebeam \ meson π0 η η′ ρ ω φ J/Ψ

8.9 GeV 8.6× 10−1 8.2× 10−2 4.9× 10−3 6.9× 10−2 7.4× 10−2 1.1× 10−4 0
120 GeV 2.9 3.2× 10−1 3.4× 10−2 3.7× 10−1 3.7× 10−1 1.1× 10−2 5.0× 10−7

400/450 GeV 4.1 4.6× 10−1 5.1× 10−2 5.4× 10−1 5.4× 10−1 1.9× 10−2 8.0× 10−6

Table 4.1: The number of mesons produced per POT from a PYTHIA 8.2 simulation for different
beam energies. MiniBooNE-DM corresponds to Ebeam = 8.9 GeV, DUNE is in the category of
Ebeam = 120 GeV, and Ebeam = 400/450 GeV are for SHiP, E613/CHARM II, respectively.

dark states, even though it is highly collimated along the beam axis. Nevertheless, even
after weighting the production rate with the detector’s angular acceptance, the sensitivity
of intensity frontier experiments for n < 6 effective operators surpasses that of high-energy
colliders. The scaling of sensitivity with respect to CM energy can be seen later in the result
section.

We note that the intensity frontier experiments were first devised to study neutrino oscilla-
tion parameters with neutrinos produced at the beam dump and later detected via (in)elastic
scattering on nucleons or electrons. Neutrinos share part of the dark states’ nature: long-lived
and weakly-interacting. Therefore, these neutrino experiments are also proper facilities for
dark state searches, in which neutrinos become the primary source of background. In this
chapter, we focus on proton-beam facilities and study, in detail, the production mechanism
of the dark states χ as well as their signals in a downstream detector, assuming the effec-
tive EM interactions. The main production channels are the Drell-Yan (DY) process and/or
meson decay, depending on the mass-dimension of portal interaction; for detection, we study
electron recoil and hadronic shower signals. We point the reader to Ref. [183] for tests in
electron-beam facilities. A discussion of electron-beam facilities is relegated to Sec. 7.1, with
the particle model formulated in Sec. 6.4.

4.2 Dark states production

At proton-beam experiments, dark states coupled to the photon can be produced via prompt
processes (e.g., in DY process or proton bremsstrahlung) and secondary processes (e.g., in
meson decays or secondary collisions). In this section, we discuss these production processes
and provide the calculations of dominant channels. Numerical results, taking the SHiP ex-
periment as an example, are shown in Fig. 4.1. The relative importance of the individual
contributions does not change significantly from experiment to experiment.
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4.2.1 Drell-Yan production

Dark states with effective couplings to the photon can be pair-produced directly through
quark-antiquark annihilation. To correctly estimate the χ production from proton-proton col-
lision, we utilize the event generator MadGraph 5 [226], to obtain the energy spectrum and an-
gular distribution of dark states per collision in the lab frame, denoted as d2N̂DY

χ /(dEχd cos θχ),
as a function of χ energy Eχ and the angle between their momentum and the beam axis, θχ.

We then take the thick target limit, and calculate the total yield of dark states from the
DY process via

d2NDY
χ

dEχd cos θχ
= POT×Aα1−α2 × d2N̂DY

χ

dEχd cos θχ
, (4.1)

where the proton on target (POT) number is known for each experiment and A is the atomic
mass number of the target; α1, α2 are scaling-indices induced by scattering off a nucleus
instead of a proton for the DY cross section, and the total scattering cross section, respectively.
DY processes can be treated as incoherent and thus α1 ' 1. The value of α2, for inclusive
proton-nucleus scattering, typically of the order O(0.8), depends on the exact target material,
and only mildly affects the final results. Here we take α2 = 0.9, 0.88, 0.8, 0.71, 0.6, for
graphite, beryllium, iron, molybdenum, and tungsten, respectively [227].

4.2.2 Meson decay

Another important process is the secondary production of a χ-pair in the decays of scalar/vector
mesons through an off-shell photon. Here we consider the scalar mesons π0, η and η′, as well
as vector mesons ρ, ω, φ and J/Ψ.

Typically, if the decays of mesons into dark states are kinematically allowed, they tend to
dominate the production rate. For example, [228] shows that the production of millicharged
particles from meson decay is several orders of magnitude larger than that from DY. Among
them, the π0 decay contribution is most important. However, this picture changes when one
considers higher-dimensional operators. This is because the decay rate of light mesons into
χ-pairs will receive additional suppression from their masses, as shown below.

For scalar mesons, the dominant decay channel of producing dark states is a three-body
decay with final states γχχ̄. By factorizing out the dark current part, we infer that

Br(sm→ γχχ̄) =
Γsm→γχχ̄
Γsm→γγ

× Br(sm→ γγ) , (4.2)

where the subscript “sm” denotes “scalar meson”. The branching ratios, Br(sm → γγ),
are taken from the PDG [214]. It is worthwhile pointing out that in this step we neglect
the mild q2-dependence induced by the meson transition form factors Fsmγγ

∗(q2, 0). Such
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Figure 4.1: The number of produced dark states reaching the SHiP detector and produced by a
400 GeV proton beam, broken down into the individual contributing channels, for mass-dimension 5
(left panel) and mass-dimension 6 (right panel) operators. Here we only select 2 operators (MDM
and CR) for demonstration.

approximation is particularly justified for the lighter mesons: the photon virtuality is limited
by kinematics, q2 ≤ m2

sm and corrections enter at the level of q2/m2
ρ where mρ is the ρ-meson

mass; see, e.g., [229–231] and Fig. B.4 in App. B.2.1. To calculate Γsm→γχχ̄ and thus the
ratio of the two channels, we follow our previous methodology in [183] and [P1], and provide
the corresponding expressions in App. B.2.1.

A vector meson, in turn, can decay into a χ pair directly. Thus we compute the branching
ratios Br(vm → χχ̄), where “vm” stands for “vector meson”. For two-body decays, one can
separate the decay amplitude and phase space factors to obtain

Br(vm→ χχ̄) = Br(vm→ e−e+)
f(m2

vm)

fe(m
2
vm)

√
m2

vm − 4m2
χ

m2
vm − 4m2

e

, (4.3)

where the last two factors count the differences induced by the interaction type and the phase
space, respectively. The expression of f(m2

vm) for each interaction type is given in App. B.2.1,
and has previously been derived in [183] and [P1]. In contrast to the (milli)charge case
(fe), the function f(m2

vm) depends more strongly on the meson mass for higher-dimensional
operators, and the χ production rate becomes enhanced for heavier meson decay; for more
details see Eq. (2.6).

Besides the normalized meson distribution discussed above, we also require the total num-
ber of produced mesons in each experiment. For this, we use PYTHIA 8.2 [232, 233] to simulate
pp collisions, and list the average number of mesons produced per POT for each experiment
in Tab. 4.1. We assume that these meson production rates per POT remain the same for pN
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collisions; for the latter, current detailed simulations yield differing results, see, e.g., [234] for
a recent discussion1. The meson multiplicities of our Tab. 4.1 lie within the range of their
adopted values in previous works, e.g., [234, 236–241], and we estimate the uncertainties only
affect the final bounds by a factor of 1.2 at most. Finally, we have also extracted the infor-
mation on their momentum and angular distributions from PYTHIA 8.2, which is consistent
with the fitted distributions mentioned above [241].

For the final distribution function of χ particles from meson decay in the lab frame we
find

d2Nχ

dEχd cos θχ
=

∑

m=π
0
,···

∫
d cos θ∗dφ∗

4π
dE∗χ

dN̂m
χ

dE∗χ

d2Nm

dEmd cos θm

∣∣∣∣
∂(Em, cos θm)

∂(Eχ, cos θχ)

∣∣∣∣ , (4.4)

where E∗χ, θ
∗ and φ∗ are defined in the meson rest frame and denote, respectively, the χ

energy, the polar and azimuthal angles of the χ momentum with respect to the direction of
the boosted meson. In contrast, Eχ and θχ are defined in the lab frame, and represent the
energy of χ and the angle of the χ momentum with respect to the beam axis. At last, Em
and θm, the energy of the meson and the angle of the meson momentum with respect to the
beam axis in the lab frame, are functions of θ∗, φ∗, E∗χ, Eχ and θχ. The dark state spectrum
from each meson decay, dN̂m

χ /dE
∗
χ, is defined as

dN̂m
χ

dE∗χ
≡ 2

dBrχ

dE∗χ
, (4.5)

where the factor 2 accounts for the pair production of dark states and Brχ is the aforemen-
tioned Br(sm → γχχ̄) or Br(vm → χχ̄), depending on the spin of the meson. Their exact
expressions are given in App. B.2.1. Note that to obtain Eq. (4.4) we have used the fact that
the meson decay at rest is isotropic.

In practice, we perform Monte Carlo simulations to numerically obtain the distribution
function of χ from meson decay, instead of integrating Eq. (4.4) directly, as the latter is
prohibitively time-consuming.

4.2.3 Other production mechanisms

Here we discuss additional channels of χ-pair production. Prominently, pN bremsstrahlung
contributes to the production of χ particles. The process can, e.g., be estimated using
the Fermi-Weizsäcker-Williams method [242–244], as has been done in [245–248]. However,
for the higher-dimensional interactions studied here, the production of χ-pairs through pN

1Although photo-production of light scalar mesons is known to scale as A2/3 [235] and the scaling-index
for inclusive pN scattering is about O(0.8) as mentioned above, effects of showers and the nuclear medium
require dedicated simulations/measurements.
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bremsstrahlung is generally dominated by the contribution of the vector meson resonance
at sχχ̄ ' m2

ρ,ω [249]. Since we have already taken into account the resonant contribution
through the vector meson decay processes above, we will not consider the proton-nucleus
bremsstrahlung any further; thereby we also avoid any double counting.

Another source of χ-pair production is the capture of pions onto nuclei or protons via
pπ− → nγ∗ → nχχ̄. This process will mostly result in low-energy χ-particles and is not con-
sidered further here. At last, secondary collisions, e.g., between secondary electrons/photons
and the target, should not appreciably contribute to the χ yield in our framework. We always
neglect the latter contributions in this work.

4.3 Dark states detection

The dark states, produced in proton-nucleus collisions, travel relativistically and unhindered
through the shield into the downstream detector, leading to observable signals. Here we focus
on their elastic scattering with electrons in the detector (LSND, MiniBooNE-DM, CHARM
II, DUNE, SHiP) and hadronic shower signals caused by deep inelastic scattering (DIS) in
E613.

For simplicity, we will approximate the detector-shapes as cylinders with a constant trans-
verse cross-sectional area and a certain depth. Thus, the geometric acceptance of the dark
states is determined by the target-detector distance and an effective size. For the nearly spher-
ical detector in MiniBooNE-DM, we take the spherical geometry into account in deriving the
signal rate.

4.3.1 Scattering on electrons

When entering the detector, χ particles may scatter with electrons and cause detectable recoil
signals. Following [183], the master formula to calculate the number of signal events reads

N
(e)
sig = ne

∫ E
max
R

E
min
R

dER

∫

E
min
χ

dEχ Ldetεeff

dNχ

dEχ

dσχe
dER

, (4.6)

where ne is the electron number density of the target, Ldet is the effective depth of the
detector, ER is the electron recoil energy with respective experimental threshold and cutoff
energies Emin

R and Emax
R , Eχ is the initial χ energy in the lab frame, and εeff is the detection

efficiency. The minimal energy of dark states Emin
χ to produce a recoil with ER can be

expressed as

Emin
χ =

ER
2

+

√
mi(ER + 2mi)(ERmi + 2m2

χ)

2mi
, (4.7)
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Figure 4.2: Normalized energy and angular distribution of χ particles, d2N̂χ/(dEχdθχ), for SHiP
with 400 GeV incident protons. Here we only select 2 operators, MDM (left) and CR (right) and
mχ = 1 MeV for demonstration.

where mi is target mass, i.e., the electron mass in this case. The differential scattering cross
section, dσχe/dER, is found in App. B.3.2.

The energy spectrum of dark states, i.e., the number of χ per unit energy, that have
entered the detector, dNχ/dEχ, is obtained by summing up all production processes in the
previous section, and applying the detector geometric cut,

dNχ

dEχ
=

∫ 1

cos θ
max
χ

d cos θχ
d2Nχ

dEχd cos θχ
. (4.8)

The maximum opening angle θmax
χ is obtained from the target-detector distance and the ef-

fective size of the detector. This is illustrated in Fig. 4.2 for the SHiP experiment (400 GeV

proton) and Fig. 4.3 for the MiniBooNE-DM experiment (8 GeV proton), where only χ par-
ticles below the horizontal dashed line (θχ ≤ θmax

χ ) enter the detector. For the purpose of
illustration, the two figures give the contours of d2N̂χ/dEχdθχ, normalized as per χ particle
via

d2N̂χ

dEχdθχ
≡ −sin θχ

Nχ

d2Nχ

dEχd cos θχ
, (4.9)

which is obviously independent of the values of form factor couplings.

As shown by the figures, only about 0.1–10−5 of the total number of χ particles produced
reach the detectors, and this strongly suppresses the number of final events at low-energy
experiments, such as at MiniBooNE-DM2. Moreover, such reduction becomes more severe

2This is also one of the motivations for off-axis detectors in proton-beam experiments; see, e.g., [250–252].
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Figure 4.3: Same as Fig. 4.2 for MiniBooNE-DM with 8 GeV incident protons: MDM (left) and CR
(right) and mχ = 1 MeV.

for dark particles generated from heavy meson decay, and is largely insensitive to mχ for χ
particles from DY processes. Besides, for higher-dimensional operators, a preference for more
energetic χ particles can also be observed by comparing the left and right panels in Fig. 4.2
(also in Fig. 4.3). This is due to their different energy-dependence in the production rate,
and will be further discussed in Sec. 4.5.1.

4.3.2 Hadronic showers

The dark states may also cause hadronic showers, which is relevant for E613. Following [253]
we consider the deep inelastic scattering of χ with nucleons (N) as the energy deposition
process, while neglecting any coherence effects since the typical momentum transfer is larger
than the QCD confinement scale. It is worth pointing out that we do not consider the
possibility of multiple scatterings in the detector, since the coupling between the χ particle
and the photon is assumed to be weak; see Sec. 4.3.3.

To derive the expected number of signal events, we first compute the differential cross
section of χN deep inelastic scattering. The 4-momentum of χ before (after) scattering is
denoted as pχ (p′χ). The momentum transfer carried by the intermediate photon is defined
as q = pχ− p′χ, which is spacelike. Following the DIS formalism for leptons, we introduce the
Bjorken variable x ≡ Q2/(2mNν), withmN ' mp being the nucleon mass, Q2 ≡ −q2 > 0 and
ν being the energy transfer in the rest frame of the nucleons. The differential cross section is
then written as

d2σχN

dνdQ2 =
α

4mN (E2
χ −m2

χ)

LµνW
µν

Q4 , (4.10)
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where Lµν is the trace of the dark current,

Lµν =
1

2
Tr
[(
/pχ +mχ

)
Γχ,µ(q)

(
/p
′
χ

+mχ

)
Γχ,ν(−q)

]
, (4.11)

with the factor 1/2 coming from an average over initial-state χ-spins and the vertex factors
given in Eq. (2.3). The hadronic tensor Wµν may be expressed as [253]

Wµν =

(
−gµν +

qµqν

q2

)
F1(x,Q2) + aµνF2(x,Q2) , (4.12)

in which

aµν ≡ 1

pN · q

(
pµN −

pN · q
q2 qµ

)(
pνN −

pN · q
q2 qν

)
, (4.13)

with pN being the 4-momentum of the nucleon before the scattering. The two structure
functions F1 and F2 may be written as3

F1 =
1

2x

∑

q

e2
qxfq(x,Q

2) , F2 = 2xF1 , (4.14)

where eq is the charge of quarks in unit of electron charge. We sum over flavors of light
quarks/antiquarks, q = u, ū, d, d̄, s, s̄, and use the values of parton distribution function
xfq(x,Q

2) averaged over nucleons for each corresponding nucleus, provided at the leading
order by Hirai-Kumano-Nagai [254].

The expected number of signal events is given by

Nsig = nNLdetεeff

∫
dEχ

∫
dνdQ2 dNχ

dEχ

d2σχN

dνdQ2 , (4.15)

where nN is the number density of nucleons in the detector. The integration boundaries for
ν and Q2 are derived from kinematics as

Ecut < ν < Eχ −mχ ,

where Ecut is the experiment-specific threshold energy. The squared momentum transfer Q2

lies in the range:

2
(
E2
χ − Eχν −m2

χ

)
∓ 2

√
E2
χ −m2

χ

√(
Eχ − ν

)2 −m2
χ .

Finally, there is the general requirement x < 1.

3Such parameterization is numerically equivalent to FT = F1 and FL = [1 + 2xm
2
N/(pN · q)]F2 − 2xF1

of [253] in the limit of ν2 � Q
2, which is the case in E613 (ν > 20 GeV).
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Experiments POT (1020) |θmax
χ | Signal process and cuts Nbkg εeff on/off axis Reference

LSND 1800 - e-recoil (ER ∈ [18, 52] MeV, θR ≤ π/2) Nsig ≤ 110 0.16 31◦ [237, 255]
MiniBooNE-DM 1.86 12.4 mrad e-recoil (ER ∈ [75, 850] MeV, θR ≤ 140 mrad) 0 0.2 0◦ [256]
CHARM II 0.25 2.1 mrad e-recoil (ER ∈ [3, 24] GeV, ERθ

2
R ≤ 1 MeV) 5429 ∼ 1 0◦ [257, 258]

DUNE (10 yr) 11/yr 3.4 mrad e-recoil (ER ∈ [0.6, 15] GeV, ERθ
2
R ≤ 1 MeV) 8930/yr 0.5 0◦ [259, 260]

SHiP 2 7.8 mrad e-recoil (ER ∈ [1, 20] GeV, θR ∈ [10, 20] mrad) 846 ∼ 1 0◦ [261, 262]
E613 0.0018 12.8mrad had. shower (Edep

N ≥ 20 GeV per event) Nsig ≤ 180 ∼ 1 0◦ [253, 263]

Table 4.2: Summary of key parameters from each proton-beam experiment. Here θmax
χ is the maximal

angle between χ’s momentum and the beam axis in order for χ to pass through the detector, ER is
the recoil energy of the target, θR is the recoil angle of the target with respect to the χ momentum
and εeff is the detection efficiency of considered signal.

4.3.3 Mean-free-path of dark states

As already mentioned above, our calculations are based on the assumption that χ particles
travel freely, both in the shield and in the detector. This may be validated by estimating the
mean-free-path of χ, using transport cross section σt

χp of χ-proton scatterings,

λχ ∼
(
npσ

t
χp

)−1
, (4.16)

where np is the proton number density. The transport cross section is used as it removes the
influence of soft scatterings that would not attenuate the flux of dark particles.

To obtain an estimate, we use the elastic scattering processes for which the formulas can
be found in App. E of [183]. Here we take the typical distance between the collision point
and the detector to be 100 m and the dump/shield mass density to be 10 g/cm3. By requiring
λχ ≥ 100 m, one can see that these proton-beam experiments are sensitive to the EM form
factor parameters,

µχ, dχ ≤ 0.005µB , and aχ, bχ ≤ 0.1 GeV−2 , (4.17)

for sub-GeV χ particles with Eχ = 5 GeV. As parameters larger than these values above are
already excluded by other probes, we may always assume that χ particles scatter at best once
inside the entire experimental setup.

4.4 Experimental setups

In this section, we briefly review the relevant details of each experiment under consideration.
In order to derive the ensuing 90% C.L. limits, we require that the number of events generated
by the dark states,

Nsig ≤ Max[0, Nobs −Nbkg] + 1.28
√
Nobs , (4.18)
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where Nobs is the number of actual observed events and Nbkg is the expected number of
background events. When making forecasts for future experiments, we assume Nobs = Nbkg.
The standard criterion Nsig ≤ 2.3 is adopted if no events were observed. For each experiment,
the summary of relevant parameters can be found in Tab. 4.2.

LSND At the Liquid Scintillator Neutrino Detector (LSND) experiment, a proton beam of
800 MeV kinetic energy was conducted onto water or a high-Z target such as copper [255].
The detector was located at a distance of 35 m from the beam dump, with an off-axis angle
of 31◦, and an active volume comprised of an 8.3 m long cylinder with a diameter of 5.7 m,
filled with 167 ton of mineral oil CH2 [264].

Due to the low beam energy, we consider π0 decay as the only χ production channel
in LSND as other heavier mesons decay and DY channels are suppressed. As it is difficult
to generate the total production rate of π0 in PYTHIA 8.2 at such low energy, we instead
estimate it via the ratio (σ

pp→X+π
0 + 2σ

pp→X+2π
0)/σpp, which measurements put at a value

of approximately 0.1 [265, 266]. Under the assumption that this ratio remains unchanged
for proton-nuclear scattering, we adopt the value 0.1π0/POT as our fiducial value in the
calculation. This is close to the production rate of positively charged mesons in LSND, about
0.08π+/POT [267], as well as the value used in COHERENT experiment, 0.09π0/POT [268].

In the MDM case with mχ � mπ, the χ flux entering the detector is then approximately

φχ ' 2.2× 105 cm−2

(
µχ

2× 10−5 µB

)2

, (4.19)

yielding the constraint µχ ≤ 2 × 10−5 µB. This can be rescaled to compare with the LSND
results [269], which estimates that the νe flux entering the detector, φνe , is about 1.2 ×
1014 cm−2, leading to a bound on νe’s MDM at µνe ≤ 10−9 µB [269]. One can see the
equality,

(
φχ × µ2

χ

)∣∣∣
µχ=2×10

−5
µB
' φνe × (10−9 µB)2 ,

is approximately satisfied, suggesting that our treatment of the detector works well.

MiniBooNE-DM The Booster Neutrino Experiment, MiniBooNE, operates at the Fermi
National Accelerator [270]. The Booster delivers a proton beam with kinetic energy Ebeam =

8 GeV (
√
s ∼ 4.3 GeV) on a beryllium (ABe = 9) target. The center of the spherical on-axis

detector is placed 490 m downstream from the beam dump with a diameter of 12.2 m filled
with 818 ton of mineral oil CnH2n+2 (n ∼ 20). In practice, we are more interested in the off-
target mode of MiniBooNE, where the proton beam hits directly the steel beam dump, with
an ensuing smaller high-energy neutrino background. This is referred to as MiniBooNE-DM,
which has data with 1.86×1020 POT [256]. By only focusing on electrons with extremely small
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recoil angles, the background was effectively reduced to zero in this off-target mode [256].
That is, we derive the 90% C.L. limits on the couplings of dark states to the photon by
requiring Nsig ≤ 2.3.

It is well known that in the on-target mode with 1.3× 1021 POT, MiniBooNE reported a
significant excess of electron-like events [271]. In addition, the background event of a single
electron recoil is estimated to be about one hundred, after the same cuts as above [272].
Substituting these values into Eq. (4.15) in turn suggests that the on-target mode should lead
to slightly weaker limits than those from MiniBooNE-DM, despite its larger POT number.

CHARM II CERN High energy AcceleRator Mixed field facility II (CHARM II) was a
fixed-target experiment designed for a precision measurement of the weak angle. It utilized a
450 GeV proton beam on a Be target, and collected data with 2.5× 1019 POT during 1987–
1991 [258]. The main detector is a 692 ton glass calorimeter (SiO2, on average 〈A〉 ' 20.7 per
nucleus), and has an active area of 3.7× 3.7 m2, about 870 m away from the target along the
beam axis [257]. In this study, we focus on the single electron recoil signals, as the detector
has an almost 100% efficiency to record EM showers for recoil energy ER ∈ [3, 24] GeV.

To estimate the number of background events, we take Nobs = 5429 reported in [258],
largely induced by electron scattering with energetic νµ + ν̄µ particles. This estimation is
conservative, as CHARM II was able to determine the value of the Weinberg angle with the
uncertainty below several percents.

DUNE The Deep Underground Neutrino Experiment (DUNE) is proposed to be performed
at the Long-Baseline Neutrino Facility (LBNF), and can be used to probe light dark parti-
cles [273, 274]. At DUNE, a graphite (AC = 12) target is hit by a proton beam with an
initial energy Ebeam = 120 GeV. The near detector (75 ton fiducial mass) will be placed
574 m downstream from the target. It is on-axis and a parallelepiped with a size 4× 3× 5 m3

and we use 5 m as its effective depth [228]. The detector is filled with liquid Argon (LAr).

We take a 10-year run of the DUNE experiment, with a total POT of 1.1 × 1022. The
observable signals we consider for DUNE are single electron events caused by χe scatterings.
The detection efficiency is assumed to be εeff = 0.5 for the LAr time projection chamber.
Following [240, 260], we require the cut on the electron recoil angle to satisfy ERθ

2
R ≤ 1 MeV,

which significantly reduces the number of background events from charged-current νen scat-
tering; see Tab. 4.2 for details of the parameters.

SHiP A fixed-target facility to Search for Hidden Particles (SHiP) is proposed at the CERN
super proton synchrotron (SPS) accelerator [261]. At the SPS facility, a proton beam with
Ebeam = 400 GeV (

√
s ∼ 27.4 GeV) is deployed to collide with the titanium-zirconium doped
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molybdenum target (AMo = 95.95). An emulsion cloud chamber detector will be located
56.5 m downstream from the target, and it will be filled with layers of nuclear emulsion
films. Following the latest SHiP report [275], the size of the detector (∼ 8 ton) is set to be
80× 80× 100 cm3. We assume a 100% detection efficiency for simplicity4.

The detection process we consider for SHiP is also χe scattering. With 2 × 1020 POT

after 5-years of operation, the number of background events is estimated to be 846, which is
dominated by νe quasi-elastic scattering with a soft final-state proton [275].

E613 E613 was a beam dump experiment at Fermilab, set up to study neutrino production,
with a 400 GeV proton beam hitting a tungsten target [263]. The detector, 55.8 m away from
the target, consisted of 200 ton lead plus liquid scintillator. Its size was 1.5× 3× 3 m3, with
a mass density of about 10 g/cm3. In order to compare with the previous results [253, 277],
we only consider a circular region of the detector with a radius of 0.75 m along the beam
axis. Moreover, for nucleon-recoil events in E613, the energy deposit needs to be larger than
20 GeV, in order to be recorded. We require the number of such events to be below 180
during its 1.8× 1017 POT run to obtain the constraints.

We assume a thick target so that each incident proton scatters once. This is different from
the treatment by [253, 277], which estimated the number of scatter events per POT following
the scaling:

LT × nTσpT , (4.20)

with LT (nT ) being the total length (the nucleon number density) of the target, and σpT

the scattering cross section between proton and target. For E613, where LT is much larger
than the mean-free-path of a 400 GeV proton (a few cm in tungsten), Eq. (4.20) significantly
over-estimates the total number of produced χ particles. As a result, our limits are weaker
than those derived in [277]. We revise the previous results in the next section.

Other experiments There also exist many other proton-beam experiments which adopt
similar setups to those we have studied above, such as COHERENT with a 1 GeV proton
beam [278], JSNS2 with a 3 GeV proton beam [279], NOνA with a 120 GeV proton beam [280],
as well as WA66 with a 400 GeV proton beam [281]. Nevertheless, these experiments are in
general not expected to provide noticeably stronger (projected) bounds than those obtained
above (see, e.g., [239, 268, 282–286]), and are thus not further studied in this work.

A different new bound on light dark states comes from the NA62 experiment, which has
recently improved the constraint on π0 → γ + inv. by three orders of magnitude [287]. This
puts upper bounds on the MDM/EDM interactions of our interest as

µχ, dχ . 2.4× 10−4 µB , (4.21)
4A unity efficiency was also used in [262, 276].
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Figure 4.4: Summary of 90% C.L. excluded regions on the EM form factors for the mass-dimension 5
operators MDM (left) and EDM (right). Shaded regions are excluded; projected sensitivities from
future experiments are shown as solid lines. The LEP bound is taken from [183].

for mχ � mπ/2. They are weaker than the bounds obtained above, and become even weaker
for higher-dimensional operators, i.e., the AM/CR interactions.

High-energy colliders become more important for χ particles heavier than pions. For
instance, at LHC, the upgrade of the MoEDAL experiment will be equipped with three
deep liquid scintillator layers [288]. In addition, there will be the milliQan detector [289,
290] which will be composed of three stacks of plastic scintillators5. Both experiments are
designed to be sensitive to millicharged dark particles, of which the scattering cross section
with electron/nucleus is dramatically enhanced at low momentum-transfer. As suggested
in [292, 293], such experiments will constrain the EDM form factor of dark states, where there
also exists an enhancement—although milder—in low momentum-transfer χe (χN) region of
elastic scattering. Moreover, proposed future colliders, such as HL-LHC and ILC, will be
able to further improve the experimental sensitivity on all the EM form factors studied here;
see, e.g., [294–296]. It is worth mentioning that the FASER experiment [247] that will be on
board in 2021 can also be relevant for the considered interactions.

4.5 Results of Chapter 4

In this section, we first compare the production efficiency of various channels, and then
summarize our bounds on the EM form factors of dark states.

5See also the proposed FORMOSA detector [291].
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is taken from Chap. 3.

4.5.1 Comparison of production channels

In contrast to dark state-photon interactions through millicharge, higher-dimensional oper-
ators are considered in this work. Therefore, dimensional analysis demands an extra energy
scale E to compensate for the presence of the dimensionful coupling (E for mass-dimension 5
operators and E2 for mass-dimension 6 operators) in cross sections and branching ratios, in
comparison to the mass-dimension 4 case. This typically suppresses the yield of dark states.

For DY, the relevant energy scale is of the order of the pp collision energy,
√
s. We

can then infer that for mass-dimension 5 (mass-dimension 6) operators the resulting cross
section will contain a dimensionless factor µ2

χs and d2
χs (a2

χs
2 and b2χs

2)6. Thus, the cross
sections involving mass-dimension 5 and 6 operators are further suppressed relative to mass-
dimension 4 interactions for d−1

χ , µ−1
χ � √s and a−1

χ , b−1
χ � s, which incidentally are also

required for the treatment of Eqs. (2.1b) and (2.1c) as effective operators. As a result, the
DY process gains in relevance relative to the meson decay in the production of χ particles,
especially for mass-dimension 6 operators as for the latter, the relevant energy scale is roughly
the meson mass.

In addition, because of the mass-scaling, the relative importance of decaying meson con-
tributions is also modified. The branching ratios into χ-pairs from light mesons become
suppressed. Therefore, we can see that although heavier mesons are produced at lower rates,

6The use of effective operators is justified when these products do not exceed unity. This is not guaranteed
in the top portions of Figs. 4.4 and 4.5, but we expect that the region remains excluded by associated LEP
bounds that resolve the UV particle content. We leave a derivation of such UV-dependent high-energy collider
constraints for dedicated future work.
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as shown in Tab. 4.1, the final yields of dark states from their decay are comparable to
(dominate over) those from light mesons for mass-dimension 5 (mass-dimension 6) operators.

The χ production rate of each channel, after applying the geometric cut, is demonstrated in
Fig. 4.1. One can see that due to the reasons above, the overall pattern in our χ production
rate becomes very different from those of millicharged particles (see, e.g., [228]) and dark
photons (see, e.g., [246]), where light meson decay is the most important production channel
unless it is kinematically suppressed7.

4.5.2 Constraints

The 90% C.L. constraints on the EM form factors derived above are shown by the colored
regions in Fig. 4.4 (MDM and EDM) and Fig. 4.5 (AM and CR), together with our previous
constraints (gray regions); see [183] and [P1]. As explained above, the strengths of higher-
dimensional interactions are energy-sensitive, and constraints derived from current proton-
beam experiments, with

√
s below several to tens of GeV, turn out not to be competitive

with the constraint from LEP [183]. For mass-dimension 5 operators, future experiments such
as DUNE (10-year) and SHiP will improve the sensitivity by a factor of 2–3, and become
stronger than LEP for mχ < 1 GeV due to their high intensity. It is worth pointing out that
the astrophysical bound from SN1987A constrains the MeV-region below 10−8 µB [P1], well
below the current and projected experimental sensitivity.

For mass-dimension 6 operators, the production and detection rates of light dark states
are even more sensitive to the CM energy, suggesting it is unlikely for low-energy exper-
iments to play any role in the foreseeable future. In E613 the initial energy of χ needs
to be above 20 GeV to trigger an observable signal, but such large Eχ also enhances the
χ-proton scattering, making it difficult for χ particles to travel through the shield unless
aχ, bχ � 10−2 GeV−2.8 Thus, future high-energy colliders have better potential to probe
mass-dimension 6 dark state interactions.

At last, as we adopt thick target limit for E613, we also revise the E613 bound on mil-
licharged particles from [253], although it has been surpassed by bounds derived from later
experiments [183, 297–300]. Our derivation also improves with respect to a much earlier
work [301], by adding the production through decays of scalar mesons and by imposing the
BMPT distribution for mesons. As shown in Fig. 4.6, if only DY processes are taken into
account, our bound is weaker than that from [253] by about a factor of 7. By adding contribu-
tions from vector meson decay, the bound becomes stronger, approximately in agreement with
[301] (dashed lines). Our final exclusion limit, taking into account all these contributions, is
shown as the pink shaded region in the figure.

7We have checked that our code reproduces Fig. 2 of [228] when switching the effective operators to the
millicharge interaction.

8In this region, the validity of the use of effective operators is also in question.
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4.6 Summary of Chapter 4

In this chapter, we study the production and detection of neutral fermionic dark states χ
that carry EM form factors in proton-beam experiments. We consider the production of
χχ̄-pairs in the collision of high-intensity protons on nuclear targets through prompt Drell-
Yan scattering and in secondary meson decays. The detectable signals considered are single
electron recoil events at LSND and MiniBooNE-DM, CHARM II, as well as at the proposed
DUNE and SHiP experiments, and hadronic showers caused by deep inelastic scatterings at
E613.

Owing to the higher dimensionality of the considered operators (mass-dimension 5 and 6),
the relative importance of production channels is biased towards processes with larger intrinsic
energy. As a consequence, Drell-Yan production and production in heavy meson decays gain
prominence when compared to the millicharged and dark photon cases, for which pion decays
dominate the dark state yield.

We compute in detail the energy and angular distribution of the produced dark state
flux and set the strongest constraints on the existence of χ-particles with MDM and EDM
interactions in the MeV–GeV mass bracket, excluding dimensionful coefficients µχ, dχ & 8×
10−6 µB, corresponding to an effective scale Λ5 < 0.4 TeV. For the mass-dimension 6 AM and
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CR interactions, we find aχ, bχ & 3×10−3 GeV−2 are excluded, pointing towards a comparably
lower effective scale of Λ6 < 20 GeV. In the latter case, the constraint is superseded by LEP.
Finally, as a by-product of our study, we also revise previously obtained proton-beam dump
bounds on millicharged particles.

With a strong connection to the neutrino program, proton-beam experiments constitute
an active and diverse field, with a number of new experiments such as SHiP and DUNE.
However, because the interactions considered here are higher-dimensional, we find that the
prospects of significantly improving the direct sensitivity on EM form factor couplings rather
hinges on the future of high-energy collider experiments and their ability to produce collisions
with an ever increased CM energy.



CHAPTER 5
Terrestrial Probes

The content of this chapter follows [P4].

5.1 Light dark degrees of freedom: dark radiation

Besides massive DM, a generic dark sector may further comprise nearly massless particles
often called dark radiation (DR). They may constitute extra radiation degrees of freedom,
in addition to the SM photon and neutrinos. DR (and its interaction with DM) can affect
different cosmic epochs, such as BBN and CMB, or, at a later time, the cosmic dawn and
structure formation. A population of the quanta can build up thermally, through the standard
freeze-out framework with an energy spectrum similar to other cosmic radiation backgrounds;
or, it can be created non-thermally, e.g., sourced through the decay of some particle. In the
latter case, the DR can have distinct energy spectra compared to the standard CMB such
that ωDR � ωCMB, changing its phenomenology in various aspects and boosting its detection
potential in terrestrial experiments.

In the literature, a primary observable for DR is the number of relativistic degrees of
freedom in the early universe, parameterized by Neff . The contribution from DR, in addition
to the standard relativistic degrees of freedom (photon and neutrinos), can be singled out by
defining

∆Neff ≡ Neff −NSM
eff ,

where the SM-predicted value NSM
eff ' 3.044 [304, 305]. The value of ∆Neff is constrained

by the light element abundance from BBN as well as the CMB anisotropy power spectrum.
From the current sensitivity ∆Neff . 1 from BBN [223, 225, 306] and ∆Neff . 0.3 from
measurements of CMB+BAO [86], we infer that DR can only constitute a limited energy
fraction in the early universe.

Even if DR has no appreciable impacts on the early-universe physics, in the local universe,
interactions between DR and SM particles enable the detection of DR on Earth, for example,
in direct detection experiments and neutrino experiments. The ensuing signals may arise
from the scattering between DR and SM particles and the absorption of DR by SM particles,
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depending on the particle nature of DR. These experiments typically have an energy thresh-
old above O(keV), thus a DR background needs to be energetic enough to be detectable.
Considering that a thermal radiation background has a typical energy of O(meV), a popula-
tion of DR needs to build up non-thermally to go beyond the energy threshold as discussed
above.

In this chapter, we consider the possibility of probing interacting DR χ on Earth with
particle recoil events. We assume fermionic DR that is produced by the late-time two-body
decay of DM X, which is one way to create a non-thermal population of DR. Furthermore,
following the same narrative as previous chapters, the DR interacts with the photon via the
EM form factor interactions given by Eq. (2.6). Owing to the low energy scales involved
in the following, we use effective operators to describe the EM interactions. In general, the
experimental sensitivity depends on the progenitor’s mass and lifetime which determine the
energy spectrum and flux of the DR, and the effective EM coupling strength between χ

and photon. Based on where the decay takes place, the DR flux can be separated into two
categories: Galactic and extragalactic. As we consider a two-body decay, in the former case,
the energy of χ is monochromatic, because of the small velocity dispersion of the progenitor.
On the contrary, the extragalactic DR flux develops a continuous energy spectrum due to the
cosmic expansion.

In the following, we collect the ingredients for the calculation of the DR flux from decaying
DM (DDM). For simplicity, we assume a single decay channel for X. In that case, the Xχ̄χ
coupling can be traded for the lifetime of X. The expected Galactic energy differential flux
is given by

dφgal
χ

dEχ
=
e−t0/τX

mXτX

dNχ

dEχ
R�ρ�〈J〉 , (5.1)

where t0 is the age of the universe, mX and τX are the DM mass and lifetime, R� ' 8.33 kpc

is the distance between the Sun and the Galactic Center, ρ� = 3× 105 keV/cm3 is the local
DM energy density and 〈J〉 ' 2.1 is the averaged J-factor assuming a Navarro–Frenk–White
(NFW) profile [307]. For simplicity, we consider a 100% decaying fraction of DM, placing us
in the long-lifetime regime with respect to t0; if this is not the case, the formulas are to be
dressed with the DDM fraction in an obvious way. The DR injection spectrum is given by

dNχ

dEχ
= 2δ

(
Eχ −

mX

2

)
, (5.2)

with a negligible spread by the parent DM velocity dispersion.

In turn, the energy differential DR flux that originates from DDM cosmologically reads [308]

dφext
χ

dEχ
=

2ΩXρc
mXτXH0pχ

e−t(ξ−1)/τX

√
ξ3Ωm + ΩΛ

Θ(ξ − 1) , (5.3)
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Figure 5.1: The solar neutrino flux (solid black) and the DR flux from the DDM for τX = 35t0 and
various choices of mX . Both, Galactic and extragalactic DR flux from DDM can reach comparable
levels of flux with respect to the solar neutrinos.

where ΩX = 0.2607 is the DM density parameter [86] and ρc = 4.82 keV cm−3 is the critical
density of the Universe at present, Θ(ξ − 1) is a Heaviside step function, and ξ ≡ pin/pχ is
the ratio of injected momentum pin to arriving momentum pχ, p

2
in = (mX/2)2 −m2

χ. In the
exponential t(ξ − 1) is the cosmic time at redshift z = ξ − 1. For a spacially flat cosmology
and for z . 103, it is given by

t(z) =
1

3H0

√
ΩΛ

ln




√
1 + (Ωm/ΩΛ)(1 + z)3 + 1

√
1 + (Ωm/ΩΛ)(1 + z)3 − 1


 , (5.4)

where Ωm = 0.3111, ΩΛ = 0.6889 are the cosmological density parameters for matter and dark
energy, respectively; H0 = 67.66 km s−1 Mpc−1 is our adopted present day Hubble rate [86].

As a benchmark value for the DM lifetime, we take τX = 35t0 [309], which saturates the
limit on invisibly DDM from a joint data set that includes CMB measurements [86, 310], the
Pantheon data of type Ia supernovae [311] and baryon acoustic oscillation measurements [312–
314]; for previous constraints on τX or the fraction of DDM, see [315–317]. The DR mass
is not entering the analysis in an appreciable way, as we focus on the relativistic daughter
particles; in our analysis, we do take into account its effect when the value of mχ is explicitly
stated. Therefore, we have two free parameters: the DM mass mX and the coupling between
the DR and the SM sector.

In Fig. 5.1, we compare the solar neutrino flux and the expected Galactic DR flux
(dashed lines) and the extragalactic DR flux (solid lines) originating from DDM with mass
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Exposure (ton×yr) Signal Range Signal Type Reference

XENON1T (fit) 0.65 [1, 10] keV ER [321]
XENON1T (S1+S2) 0.65 [3, 66] PES1 ER [321]
XENON1T (S2) 0.06 [150, 526] PE ER [322]
Borexino 2.1× 102 [0.32, 2.64] MeV ER, NR [323, 324]
Super-Kamiokande 9.2× 104 [16, 88] MeV ER [325]

1.6× 105 [0.1, 1.33] GeV ER [326]
Hyper-Kamiokande∗ 2.3× 106 [16, 88] MeV ER [327, 328]

4.0× 106 [0.1, 1.33] GeV ER [327, 328]
DUNE∗ (10/40 kton) 7.2× 104 (2.9× 105) [0.03, 1.33] GeV ER [329]

Table 5.1: Summary of experiments with (effective) exposures, our considered signal ranges, signal
type, and main reference for the reported data used in this work; the star indicates that a forecast
on the sensitivity is derived.

mX = 50, 100, 500 keV; we apply a 2% Gaussian smearing on the monochromatic Galactic
flux for visualization. The fluxes are compared to the solar neutrino flux (solid black line)
taken from [318–320]; below 10 keV, we include the contribution from plasmon decay, photo-
production, and bremsstrahlung from [207]. As can be seen, both Galactic and extragalactic
DR fluxes are, in magnitude, in roughly the same ballpark as the solar neutrino flux.

5.2 Terrestrial experiments

In this section, we outline the considered experiments and the way to derive constraints and
forecasts of sensitivity on the parameter space. For electron recoil (ER) in the O(keV) energy
ballpark, we consider the scattering of DR in the XENON1T detector. Neutrino experiments
such as Borexino, Super-Kamiokande (SK) as well as the future Hyper-Kamiokande (HK) and
Deep Underground Neutrino Experiment (DUNE) have larger energy threshold, MeV–GeV

range, and we consider DR-electron scattering for which the solar neutrinos (ER < 30 MeV)
and atmospheric neutrinos (ER > 30 MeV) become the main background. For Borexino,
we consider DR-proton scattering, i.e., nuclear recoil (NR), in addition. See Tab. 5.1 for a
summary of experimental details.

XENON1T The XENON1T detector, located underground at the Gran Sasso laboratory,
is a dual-phase time projection chamber with liquid and gaseous xenon. The registered
signals include prompt scintillation (S1) and secondary scintillation from ionization (S2). In
a recent analysis [321], an excess of events was identified in the S1 data at O(keV). Although
poorly understood backgrounds exist [321, 330], the possibility that this signal is due to new
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physics has been entertained abundantly. The excess is not in conflict with an earlier S2-only
analysis by the experiment [322]. Here we derive both, the favored region for the anomaly
and the constraints on the parameter space using the S1+S2 and S2-only data. Details on
the limit-setting procedure can be found in [331] which we follow here; see also [163].

Borexino The Borexino experiment features a liquid scintillator-based detector with 280 ton

fiducial mass, primarily designed to measure solar neutrinos in the quasi-elastic scattering
signal with electrons [332]. We use the latest data from the CNO neutrino search of phase-
III [323, 324] of the experiment, with an exposure of 209.4 ton-yr. Between the threshold
energy 320 keV and 2640 keV, the observed event rate and the best-fit background plus so-
lar neutrino-induced rate are reported for each energy bin. Note that the standard neutrino
events are a background in our consideration. The detection efficiency is assumed to be unity.
We derive 95% C.L. limits using the CLs method [333].

For heavier progenitor masses, we further consider the proton recoil signal in the Borexino
detector. Here, we adopt Birk’s law to account for the energy quenching in the organic
scintillator,

Evis =

∫ ER

0

dE

1 + kBdE/dx
, (5.5)

where Evis is the visible energy, kB ' 0.01 cm/MeV is Birk’s constant and dE/dx is the
stopping power which we compute using the SRIM computer package; see also [334]. For
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the scintillator pseudocumine C9H12 with a mass density of ρ = 0.88 g/cm3, the stopping
power for protons is roughly dE/dx ∼ O(100) MeV/cm, albeit energy-dependent. For elec-
trons, dE/dx ∼ O(10−3) MeV/cm so that we are allowed to neglect the energy quenching
since dE/dx � k−1

B . We utilize the same data and method presented above to derive the
corresponding constraint. See Fig. 5.2 for a demonstration of the event rate from different
operators and the Borexino data.

Super-Kamiokande Super-Kamiokande (SK) is a neutrino experiment with a water-based
Cherenkov detector located 2.7 km underground in Japan. The fiducial mass is 22.5 kton.
First, we consider the low-energy e−-recoil data with ER = (16–88) MeV from a diffuse
supernova neutrino background search in the SK-I run [325]. With 1497 days of observation,
239 events are reported with Nbkg = 238 from the best-fit model, which has also been utilized
to set bounds on neutrino DR [308] and cosmic-ray upscattered DM [335]. The corresponding
efficiency is taken from [325]. At the higher recoil energy range, a recent analysis [326] provides
three energy bins of 161.9 kton-yr fiducialized fully-contained data from the SK-IV run, with
cuts applied for a single relativistic electron and no accompanying nuclear interaction. We use
the first energy interval ranging from 100 MeV to 1.33 GeV with a total number ofNobs = 4042

events and an efficiency ε(0.5 GeV) = 0.93. The estimated background is 3993 e−-recoil events
during its data-taking time [326]. The ensuing 90% C.L. limits on the various signal strengths
can be derived by requiring that the DR-induced events NDR

sig satisfy Eq. (4.18).

Hyper-Kamiokande Hyper-Kamiokande (HK) will be equipped with 25 times larger fidu-
cial mass than SK [327, 328]. It will provide supreme sensitivity to solar, atmospheric and
supernova neutrinos. We consider the same low and high recoil energy ranges as in SK.
The background estimation is done by rescaling the background events of SK according to
their difference in the fiducial mass. Under the assumption of same data-taking time as
SK and a constant efficiency of 0.8, we derive the projected sensitivity of HK by imposing
NDR

sig ≤ 1.28
√
Nbkg assuming Nobs = Nbkg.

DUNE DUNE is a proposed long-baseline neutrino facility, which serves as the far detector
for the neutrino beam generated from 1300 km away [274]. As an add-on, its liquid argon
(LAr)-based detector can also probe light dark sector physics [273]. DUNE will be comprised
of four 10 kton detectors. In the following we consider both the 10 kton and 40 kton con-
figurations. To avoid the immense solar neutrino background, the electron energy threshold
is set to 30 MeV [329]. The expected (all-sky) number of e−-recoil background events per
year is Nbkg = 128 (512) for the 10 (40) kton detector [329]. The detection efficiency for the
LAr time projection chamber is assumed to be 0.5. Finally, we obtain the future projection
on the couplings for each progenitor mass by the condition NDR

sig ≤ 1.28
√
Nbkg, assuming



5.3 Event rate 67

Nobs = Nbkg and the same data-taking time as well as the upper boundary of recoil energy
as the SK high-ER data.

5.3 Event rate

5.3.1 Scattering on bound electrons

For small progenitor mass, the resulting DR is low-energetic enough that we need to account
for bound state effects in the DR-electron scattering and resulting atomic ionization process.
Combining the DR flux from Sec. 5.1 and the differential cross section given in App. B.3.1,
the differential event rate for scattering with the electrons is

dR

dER
= κNT ε(ER)

∫ q+

q−

dq

∫ p
max
χ

p
min
χ

dpχ
pχ
Eχ

dφχ
dEχ

dσv

dqdER
, (5.6)

where κ is the exposure of the experiment, NT is the number of targets per detector mass,
ε(ER) is the detection efficiency, and dφχ/dEχ is the differential χ flux from DDM that
includes both, the Galactic and extragalactic components. The minimum χ-momentum for
a given recoil energy ER and momentum transfer q is

pmin
χ =

q

2x


x+

∆E

q

√√√√x

(
x+

4m2
χ

q2

)
 , (5.7)

where x = 1 − ∆E2/q2 with ∆E = ER + |En,lB | being the deposited energy and En,lB is the
binding energy of the bound state orbital (n, l). The upper boundary of the pχ integration
is given by pmax

χ = pin. The integration boundaries of q are given by

q+ = pmax
χ +

√
(mX − 2∆E)2 − 4m2

χ

2
, q− = ∆E . (5.8)

To obtain the total event rate, we sum up the contributions from all kinematically available
(n, l) shells.

5.3.2 Scattering on free particles

For larger progenitor mass, the O(MeV–GeV) ER signals induced by DR are best probed in
the large-volume neutrino experiments mentioned in Sec. 5.2. For such recoil energies, the
initial electron can be considered as a free particle. With the recoil cross section given in
App. B.3.2, the total differential event rate reads

dR

dER
= κNT ε(ER)

∫ p
max
χ

p
min
χ

dpχ
pχ
Eχ

dφχ
dEχ

dσ

dER
. (5.9)
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Here, the lower integration boundaries of pχ is given through pmin
χ =

√
(Emin

χ )2 −m2
χ with

Emin
χ =

ER
2

+
1

2me

√
me(ER + 2me)(ERme + 2m2

χ) , (5.10)

and the upper boundary as before. The expected number of events is given by

NDR
sig =

∫ E
max
R

Eth

dER
dR

dER
, (5.11)

where Eth is the threshold recoil energy. The maximal recoil energy Emax
R is either given by

the energy range of the experimental data or half of the progenitor mass.

For large enough mX , the DR is energetic enough to generate O(keV–MeV) NR in direct
detection and neutrino experiments. The framework for NR is the same as scattering on free
electrons discussed above, but the recoil cross section become target-dependent; see [183] for
detailed formulas of the nuclear recoil cross section.

5.4 Results of Chapter 5

5.4.1 Constraints on the effective interactions

We show the resulting constraints (shaded regions) and forecasts of sensitivity (lines) for
millicharged DR in the left panel of Fig. 5.3, for MDM/EDM interactions in the right panel
of Fig. 5.3 and for AM/CR interactions in the left panel of Fig. 5.5. We also show the
XENON1T excess favored region, with details on the fitting procedure given in Sec. 5.4.2.
Previous constraints derived from the anomalous energy loss in red giant (RG) stars and
SN1987A cooling are included for comparison ([170] and [P1]), which apply when mχ is
smaller than the plasma frequency in the stellar environment: mχ ≤ 10 keV(20 MeV) for RG
stars (SN1987A); see also [173, 221] and Chap. 3. For mQ, we note that there exist additional
bounds from galaxy cluster magnetic fields [336] and the timing of radio waves [337]. However,
both of them scale with the DR mass, thus they are not included in the figures.

Due to the energy dependence in the cross sections, the experiments with higher threshold
are more important for higher-dimensional operators. We see that current SK and future HK
and DUNE can all provide better sensitivity than current best limit from the stellar energy
loss for mass-dimension 5 and 6 operators, assuming τX = 35t0. For mQ, the improvement
of sensitivity between experiments that probe free-electron scattering and XENON1T is not
so notable compared to higher-dimensional operators.

5.4.2 XENON1T excess

In light of the recent excess in the O(keV) recoil energy range observed by XENON1T [321],
we also explore the possibility of explaining the excess with DR, assuming the background
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Figure 5.3: The constraints and the forecasts of sensitivity on the mQ (left panel) and effective
MDM/EDM (right panel) interaction of the DR. In addition, the best-fit values (indicated by the red
dots) and the favoured regions explaining the XENON1T excess are shown. The strongest bounds in
the literature, taken from [170] and [P1], from the anomalous energy loss inside red giant stars are
included for comparison; their strength depends on the DR mass. For mass-dimension 5 operators,
we also show the constraints from the anomalous cooling of SN1987A. See Chap. 3 for the derivation
of stellar bounds.

modelling is correct. This lines up with several other new physics scenarios and their con-
straints that have been investigated in this context. Moreover, PandaX-II reports for its own
data that it is both, consistent with a new physics contribution as well as with a fluctuation of
background [338]. Thus the observational status of an excess in XENON1T remains unclear
at the moment.

In Fig. 5.6, we show the best-fit event rate induced by DR and the data in the energy
range [0, 10] keV in two fitting scenarios, including and excluding the first bin. By excluding
the first bin, the recoil spectrum can better fit to the peak of excess, but at the expense of
significantly overshooting the first bin. When the first bin is included in the fit, the second
bin cannot be filled but the overall fit is still satisfactory, similar to the anomalous neutrino
magnetic dipole moment explanation [321, 339]. The corresponding best-fit parameters and
χ2/dof are given in Tab. 5.2. We observe that higher-dimensional operators yield improved
fits to the excess, as their recoil spectra are less peaked at low ER. We also note that the best-
fit coupling of mass-dimension 5 operator is consistent with the best-fit anomalous magnetic
dipole moment of neutrino [339], i.e.,

φbest
χ ×

(
µbest
χ

)2
' φsolar

ν ×
(
µbest
ν

)2
, (5.12)

although the free-electron approximation is adopted in [339].
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Figure 5.4: Zoom-in figures with massive DR (mχ = 70 keV) for the parameter space favoured
by the XENON1T excess. Left panel (mQ): the parameter space for explaining the XENON1T
excess is not constrained by either stellar energy loss arguments or Neff . Right panel (MDM/EDM):
the parameter space is fully covered by the SN1987A bound. The SN1987A and Neff constraints are
adopted from [170] and [P1]. The difference between EDM and MDM is neglected as it is not resolved
except at the very kinematic endpoint mX ' 140 keV as DR remains (semi-)relativistic everywhere
else.

For massless DR, the favoured parameter space for the excess is excluded by stellar en-
ergy loss constraints, such as RG stars for mass-dimension 4 and 5 operators and SN1987A
for mass-dimension 6 operators, shown in Fig. 5.3, and taken from [170] and [P1]; see
also [173, 221]. However, stellar energy loss is effective only when χ production is kine-
matically allowed. Taking DR with mχ = 70 keV, the constraints from the stellar energy loss
are alleviated. Finally, we consider the constraint from the measured number of relativistic
degrees of freedom Neff , as χ particles are also populated in the early universe through plas-
mon decay and electron-positron annihilation; see [170, 221] and [P1]. As shown in Fig. 5.4
for mQ (left panel) and MDM/EDM (right panel), and in the right panel of Fig. 5.5 for
AM/CR (right panel), there remains allowed parameter space for explaining the XENON1T
excess for mass-dimension 4 and 6 operators. For mass-dimension 5 operators, the viable
parameter space is covered by the SN1987A bound.

5.5 Summary of Chapter 5

In this chapter, we have considered the possibility that DM X is unstable and decays to a
χ̄χ-pair which itself couples to the SM through effective interactions mediated by the photon.
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Figure 5.5: Left: The constraints and the forecasts of sensitivity on the effective AM/CR interaction
as labeled. The hatched region shows the anomalous cooling constraint from SN1987A and dashed
lines are constraints from the energy loss inside RG stars [P1]. Right: Zoom-in figures with massive
DR (mχ = 70 keV, AM/CR) for the parameter space favoured by the XENON1T excess. Part of the
parameter space is ruled out by Neff . The difference between AM and CR is neglected as well.

We consider the possibility of millicharge of χ, magnetic and electric dipole moments, and
the less familiar anapole moment and charge radius interaction. The emerging DR flux from
DDM is then probed in underground rare-event searches. For mX . 1 MeV direct detec-
tion experiments offer the best sensitivity with their ability of registering keV-scale energy
depositions and below. Heavier progenitors are better probed with neutrino experiments, as
χ-induced events leave MeV-scale signals. For concreteness, in this chapter we have chosen a
benchmark value of τX = 35t0 with the bulk of DM still to decay in the distant future.

The scattering of χ on electrons is the most important signal channel. We demonstrate that
the recent (S1+S2) data from the XENON1T experiment yields ε . 2×10−11 atmX ' 10 keV,
and dχ, µχ . 2×10−9 µB as well as aχ, bχ . 2×10−2 GeV−2 atmX ' 100 keV. In addition, we
find that it is also possible to reach a satisfactory fit to the reported excess of events seen in the
XENON1T data at few keV energy. The fit improves by increasing the dimensionality of the
operator, as the lowest energy bin in the data prohibits too strong of an IR-biased signal. The
AM/CR interaction thereby yields the best fit. The DR mass-dependence is relatively mild
in those drawn conclusions as these particles retain their (semi-)relativistic nature except at
the very kinematic edge 2mχ ' mX . However, stellar and cosmological constraints critically
depend on mχ. By choosing a benchmark value of mχ = 70 keV we demonstrate that a
XENON1T explanation remains intact for mQ and for the mass-dimension 6 AM and CR
operators, evading bounds from the anomalous energy loss inside RG stars, of the proto-
neutron star of SN1987A and from the cosmological Neff limit.
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Figure 5.6: Best-fit event rate to the XENON1T excess for each effective EM interaction. We
demonstrate cases including (solid) and excluding (dashed) the first bin in the fitting.

mX (keV) coupling χ2/dof

mQ 472 ε = 6.8× 10−11 9.2/7

excl. first bin 183 ε = 8.9× 10−11 1.5/6

MDM, EDM 243 µχ, dχ = 1.8× 10−9 µB 5.8/7

excl. first bin 81 µχ, dχ = 1.8× 10−9 µB 1.1/6

AM, CR 86 aχ, bχ = 8.6× 10−3 GeV−2 3.6/7

excl. first bin 71 aχ, bχ = 1.1× 10−2 GeV−2 1.1/6

Table 5.2: Best-fit values of mX and strength of the EM interaction as well as the corresponding
χ2/dof. A lifetime of τX = 35t0 is assumed.

For progenitor masses mX & 1 MeV Borexino has the best sensitivity reaching ε . 10−12,
dχ, µχ . 3×10−12 µB and aχ, bχ . 2×10−6 GeV−2 at mX ' 1 MeV. These limits rely on the
detailed modeling of Borexino backgrounds and its solar neutrino-induced events. The limits
are eventually surpassed by the ones from SK, once DR induces electron recoils above the
solar neutrino background. Best sensitivity is attained formX ' 100 MeV with ε . 4×10−13,
dχ, µχ . 10−13 µB and aχ, bχ . 4 × 10−9 GeV−2. Finally, we also provide forecasts for HK
and DUNE, with relatively mild expected improvements.
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CHAPTER 6
Motivations and Hints for sub-GeV Dark

Matter

In this chapter, we first recap two tantalizing hints for sub-GeV DM: the Integral 511 keV line
and the muon g − 2. Furthermore, we discuss the thermal freeze-out scenario for obtaining
the DM relic density. Then we introduce the details of the particle model that we will visit
and review how they can potentially account for these phenomena.

6.1 Integral 511 keV line

The SPI spectrometer on board of the INTEGRAL satellite detected a strong flux of 511 keV

photons at the level of almost 10−3 cm−2s−1 [72, 73] (see also [341, 342] and Fig. 6.1) com-
ing from the galactic bulge. Based on those results, a MeV-scale DM origin was suggested
on the basis of its spatial morphology and its general compatibility with the relic density
requirement [176] while at the same time obeying soft gamma-ray constraints [343–345].
Concretely, the signal, especially its high bulge-to-disk ratio, is unexpected from known as-
trophysics [341, 346] and calls for a new production mechanism of low-energy positrons. This
can be achieved through DM annihilation into e−e+ pairs.

Here we provide a lighting review on the status of the INTEGRAL line in its connection
to annihilating DM into e−e+ pairs. Decomposing the annihilation cross section in terms
of the relative velocity as σannv = a + bv2 and assuming a NFW DM halo profile [307], the
observations suggest that the best-fit values for the a or b parameters are [347]

a ' 2.2× 10−31
( mφ

MeV

)2
cm3 s−1 , (6.1a)

b ' 3.4× 10−25
( mφ

MeV

)2
cm3 s−1 , (6.1b)

with a strong preference for a constant cross section (a-value) [348] albeit large uncertainties
and an additional dependence on the cuspiness of the inner DM halo profile [349] exist. With
these numbers in mind, the p-wave is roughly commensurate with the value required for a
successful thermal relic σannv ∼ few × 10−26 cm3 s−1 (where v ∼ 0.3 at freeze-out).
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Figure 6.1: The illustration of the 511 keV flux observed by the INTEGRAL satellite. The data
points can be fitted by a narrow line from direct annihilation of electron-positron pair at rest with a
low-energy continuum from positronium decay. Figure credit: [340].

The question of viable DMmass is an involved one. The injected positrons produced in DM
annihilation need to decelerate to non-relativistic speeds before annihilating to explain the
511 keV INTEGRAL line. Because of substantial uncertainties in astrophysical propagation
modelling [350, 351], the maximal DM mass that can explain the line remains uncertain;
see [352] for a recent summary. There are, however, several quantitative results with regard
to spectral features:

1) Extra photons created by bremsstrahlung in the annihilation process suggest mφ .

20 MeV [344] although more detailed calculations relax this bound tomφ . 30–100 MeV [353].
This is comparable to the Voyager 1 bound based on local e∓ measurements [354].

2) The most stringent constraint on the DM mass is obtained when considering the in-
flight annihilation, implying mφ . 3–7.5 MeV [355, 356], mostly from the COMPTEL diffuse
γ-ray background measurements. The constraint is derived from the X-ray background inside
the gas-dense region of the Galactic Center.

3) Recently, Ref. [357] has re-visited the extra photon emission (mainly via inverse Comp-
ton scattering) from DM annihilation at higher latitudes, where in-flight annihilation is
sub-leading. Such treatment leads to a much weaker bound from the INTEGRAL data,
mφ . 70 MeV, when normalizing on the 511 keV line strength. Furthermore, Ref. [358] con-
siders both bremsstrahlung and in-flight annihilation, showing that a future e-ASTROGAM
experiment is able to probe the DM mass down to 4 MeV.
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6.2 Muon anomalous magnetic moment

The Dirac equation predicts the g-factor, which connects the magnetic moment and the
internal angular momentum of a fermion, to be g = 2. However, the Dirac magnetic moment
only accounts for the “tree-level” result; g receives higher-order contributions from “loop
diagrams”. To quantify the radiative corrections, the anomalous magnetic dipole moment of
a fermion is defined as a ≡ (g − 2)/2, for which the Dirac magnetic moment is subtracted.

For SM charged leptons l, the 1-loop diagram of QED yields al = α/(2π) where α is the
fine-structure constant. The analytical result was first derived by Schwinger, and is generally
perceived as an essential milestone of QED. At present, we have a theoretical value of al by
computing the diagrams at a higher-order of α precisely. In addition to the QED contribution,
one needs to include electroweak and hadronic contributions for obtaining the SM-predicted
value; see [359, 360] for reviews on the calculation of aµ and [5] for the present theoretical
values of al.

The anomalous magnetic moments of electron and muon are measured with high accuracy.
While the measured value of ae is roughly in concordance with the SM predicted value, at
the time of writing, there is a 3.5σ tension in aµ,

aexp
µ − aSM

µ = (290± 90)× 10−11 , (6.2)

with aexp
µ given by the E821 experiment [28]. This tension is usually called the “(g − 2)µ

anomaly”, and it may either hint of missing SM contribution or BSM physics. Therefore,
to address the (g − 2)µ anomaly, three strategies can be envisioned: re-measuring aexp

µ , re-
checking the SM contribution or imposing BSM physics coupled to muons. In this thesis, we
study the third case with dark sector particles participating in the loop diagrams.

We mainly focus on the 1-loop contribution of new physics (see Fig. 6.3 for example), as
higher-order contributions are suppressed by the coupling between dark states and muons.
The contribution to aµ of any 1-loop diagram can be analytically expressed in terms of the
projection operators detailed in App. C.1. Note that this (g − 2) contribution is UV-finite,
inferred from the power of loop momentum included in the loop integral.

6.3 Dark matter as a thermal relic

As discussed in Sec. 1.2, we know that, currently, about 26% of the energy budget is in the
form of DM. An elegant way to explain the correct DM relic abundance is thermal freeze-out :
DM is thermalized with the SM particles via some interactions in the early universe and
decouples from the thermal bath during freeze-out, after which its comoving number density
is conserved. The thermal freeze-out scenario works very well for O(GeV–TeV) DM, often
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Figure 6.2: The thermal freeze-out scenario. The vertical axis represents the abundance Y , and the
horizontal axis is parameterized by x = m/T . The positive time flow corresponds to increasing x.
The larger an interaction cross section is, the longer DM in the thermal bath is, resulting in a smaller
abundance today. Figure credit: [361].

referred to as the WIMP miracle: a cross section similar to a SM weak process naturally
leads to the correct abundance. However, even for sub-GeV DM considered here, the thermal
freeze-out is feasible. In the following, we recap the essential ingredients in computing the
relic abundance; see [209] for the detailed derivation.

The thermodynamic evolution of a particle species in an isotropic and homogeneous FLRW
universe is described by the Boltzmann equation:

∂f1

∂t
−H |~p1|2

E1

∂f1

∂E1
=

1

E1
C[f1] , (6.3)

where f1 is the momentum distribution function of the species of interest. In Eq. (6.3), the
left-hand side is the Liouville operator with H being the Hubble parameter and the right-
hand side is the collision integral encoding the interactions of “1”. For a 2-to-2 scattering with
momentum assignments p1 + p2 ↔ p3 + p4, the collision integral reads

C[f1] = −Sg2

2

∫
dΠi=2,3,4 (2π)4δ4(p1 + p2 − p3 − p4)× J 1

g1g2

∑

spins

|M12↔34|2 , (6.4)

in which the factor 2 in the denominator ensures energy-momentum conservation in each
collision, S is a symmetry factor, gi is the internal degree of freedom of particle i, and
|M12↔34|2 is the squared amplitude of the interaction summed over initial and final-state
spins, with the factor J expressed as

J = f1f2(1± f3)(1± f4)− (1± f1)(1± f2)f3f4 ,
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where “+(−)” is for bosons(fermions).

Assuming pair-annihilation, after performing the phase-space integral1, we can obtain the
equation governing the time evolution of the number density n as

ṅ+ 3Hn = −S〈σvM 〉(n2 − n2
eq) , (6.5)

where 〈σvM 〉 is the thermal-averaged cross section with vM being the Møller velocity [209].
For pair-annihilation of identical particles S = 1 and S = 1/2 for non-identical ones. From
Eq. (6.5), it follows that the process of freeze-out is controlled by two rates: rate of the cosmic
expansion H, and rate of annihilation Γ ∼ n〈σvM 〉. The moment of the decoupling can be
estimated as the cosmic time at which H = Γ. In a detailed treatment, one usually solves
Eq. (6.5) numerically.

In practice, it is more intuitive to quantify the abundance through Y ≡ n/s where the
dilution due to expansion is factored out; s is the entropy density. Therefore, after freeze-
out, Y becomes a constant. After solving for the freeze-out temperature Tf numerically, the
abundance today, Y0, reads

Y −1
0 = Y −1

f +

(
45

π
G

)−1/2 ∫ Tf

T0

dT g
1/2
eff 〈σvM 〉 , (6.6)

where G is the Newton constant and

g
1/2
eff ≡

g∗S

g1/2
∗

(
1 +

1

3

T

g∗S

dg∗S
dT

)
,

with g∗ being the total relativistic degrees of freedom (related to the energy density) and g∗S
being the total entropy degrees of freedom (related to the entropy density). From Eq. (6.6),
we can infer that Y0 ∝ 1/〈σvM 〉 if neglecting the details of the freeze-out process and assuming
Yf � Y0. An illustration of the thermal freeze-out scenario is shown in Fig. 6.2.

6.4 Representative models

In this part, we shall focus on a complex scalar DM candidate. The Galactic 511 keV gamma-
ray line can then be explained by either t-channel or s-channel annihilation processes [362].
The former process necessarily involves an electrically charged particle, taken as a fermion
below. Without loss of generality, the s-channel case assumes the presence of an intermediate
gauge boson, which we shall take as leptophilic. The correct DM relic density can also be
obtained via standard freeze-out scenario with the same annihilation processes. In addition,
the new fermion and leptophilic gauge boson contributes to (g−2)µ through the usual triangle
loop diagram, depending on the details of the model.

1When performing the phase space integral, we neglect the statistical factor of f and use the principle of
detailed balance: feq

1 f
eq
2 = f

eq
3 f

eq
4 .
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6.4.1 Heavy fermion mediator F

In the first model that we consider, the scalar DM particle, denoted by φ, couples to the
Standard Model (SM) via heavy fermionic mediators. For the sake of generality we take
φ to be complex, but mention applicable formulas for real φ along the way. Concretely, φ
and its antiparticle φ∗ may couple to the SM charged and neutral leptons l = (l−L , l

−
R)T and

νl through a Yukawa-like interaction with the introduction of new electrically charged and
neutral fermions F± and F 0, arranged as part of a SU(2)L doublet (F 0

L, F
−
L ), as well as

singlets F 0
R and F−R . Written in terms of Dirac fields F = (F−L , F

−
R )T and F 0 = (F 0

L, F
0
R)T ,

the Lagrangian reads

LF = −clL φF̄PLl − clRφF̄PRl − clLφF̄ 0PLνl + h.c. . (6.7)

Here, (νl, l
−
L ) and l−R are the SU(2)L doublets and singlets of lepton flavor l = e, µ, τ ; PL =

(1 − γ5)/2 and PR = (1 + γ5)/2 are the projection operators. We take all couplings to be
real. In the presence of right-handed neutrinos νR, additional interactions become possible,

L′F = −clR φ(F̄ 0
RνR) + h.c. . (6.8)

For the purpose of this thesis, we shall not consider the latter option in any detail, but
mention applicable results in passing.

There are a number of options related to Eq. (6.7), see, e.g., [363–369]. In what follows,
we usually drop the superscript on clL,R for the coupling to electrons and electron-neutrinos as
we consider them as always present, cL,R ≡ ceL,R. Non-zero couplings to the second and third
generations are a priori not the main focus of the thesis, but they lead to further interesting
consequences. Among them is a contribution to the anomalous magnetic moment of the muon,
discussed below. If there is a single generation of heavy fermions F—which is the way how the
Lagrangian is written—one may additionally induce lepton flavor violating processes between
the electron sector and muon or tau sector for cµ 6= 0 or cτ 6= 0, respectively (see below).
At the expense of considering three generations of heavy fermions, Fl, the flavor symmetry
can be restored. Finally, we note that there is also a global dark U(1)- or Z2-symmetry in
Eq. (6.7) between φ and F ; the former (latter) applies for F 0 being Dirac (Majorana).

Because of collider bounds on charged particles [370], the fermions F have to be above
the EW scale. Therefore, we take the advantage that they never appear on-shell in any
process considered here, and derive constraints on the effective UV-scale ΛF = (cLcR/mF )−1.
Before constraining the model, we infer the normalization points for the couplings from
two particularly important predictions: the contribution to the anomalous magnetic lepton
moment, as well as the DM annihilation cross section corresponding to the INTEGRAL signal
and the thermal relic.



6.4 Representative models 81
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Figure 6.3: Left : contribution to (g − 2)l from φ and F particles. Right : contribution to (g − 2)l
from new Z ′ interaction.

Anomalous magnetic moment Under the assumption that mF � mφ ≥ ml and that all
cl-couplings are real, the one-loop contribution to the leptonic anomalous magnetic moment,
shown in the left panel of Fig. 6.3, is given by

∆aFl =
clLc

l
R

16π2

ml

mF
, (6.9)

in agreement with previous calculations [362, 371]; note that al ≡ (gl − 2)/2. Therefore,
to address the long-standing muon g − 2 anomaly [28] (see Eq. (6.2)), the corresponding
favoured region is cµF ≡

√
|cµLc

µ
R| ∼ (5.5–7.6) × 10−2 with mF = 1 TeV. The full expression

without assuming the mass hierarchy is given in App. C.1. In anticipation of the constraints
to be derived below, we point out that the contribution (6.9) to the electron anomalous
magnetic moment will be of central importance when assessing the viability of explaining
various anomalies.

DM annihilation In the model with heavy fermionic mediators F± and F 0, the non-
relativistic DM annihilation cross section into e−e+ via F± exchange or into Dirac electron-
neutrinos via F 0 exchange with the participation of a (kinematically unsuppressed) light
right-handed state given in Eq. (6.8), ν̄eνR or ν̄Rνe, reads

σann,F vM =
c2
Lc

2
R

4πm2
F

(
1− m2

l

m2
φ

)3
2

+
3c2
Lc

2
Rm

2
l v

2
rel

32πm2
Fm

2
φ

√√√√1− m2
l

m2
φ

, (6.10)

where vM = 2(1 − 4m2
φ/s)

1/2 is the Møller velocity. The s-wave component agrees with the
one in Eq. (1) in [362], while the p-wave component is different, due to the fact that we
expand in the Lorentz-invariant product σann,F vM rather than σann,F vrel; see App. C.1.1 for
the full expressions, as well as those for real scalar DM. Above we have omitted terms that are
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suppressed by (ml, φ/mF )4 as well as higher-order terms. For the special case cLcR = 0 and
forml → 0 the above cross section vanishes, and the process becomes d-wave dominated [372–
374], scaling as v4

relm
6
φ/m

8
F . Given a TeV-scale F and ml, φ well below GeV-scale, the latter

terms do not contribute to the annihilation cross section in any appreciable way. Finally, for
real scalar φ, a factor of four should be multiplied to the expression in Eq. (6.10) as both t-
and u-channel processes contribute.

The annihilation to a pair of left-handed neutrinos ν̄lνl, mediated by F 0, is either sup-
pressed by neutrino mass or 1/m4

F or v2
rel/m

4
F . For Dirac neutrinos, the annihilation cross

section is given in Eqs. (C.97) and (C.98) for complex and real φ. However, if neutrinos
are Majorana fermions, one may additionally annihilate to νlνl or, equivalently, ν̄lν̄l with
an s-wave cross section similar to Eq. (6.10) [375]. We comment on this possibility when
considering cosmological constraints.

While we do not presume any production mechanism of the observed DM relic abundance,
we will show the required parameters for thermal freeze-out below. Here, the DM abundance
is Ωφh

2 = 0.1198 [86], where Ωφ is the density parameter of φ and h is the Hubble constant
in units of 100 km/s/Mpc. The observed relic density is achieved with c2

F ∼ 0.01–0.1 for
mφ < O(GeV) and mF ∼ O(100 GeV)–O(TeV) [362]. The parameter regions that yield the
required annihilation cross section within uncertainties for both the thermal freeze-out and
the INTEGRAL 511 keV line [376] are shown in Fig. 7.3 for mF � mφ.

Although, as detailed in Sec. 6.1, the 511 keV line prefers a DM mass below several to tens
of MeV, we scan over the entire MeV–GeV mass range as our results bear greater generality.
In Figs. 7.3 and 7.4 below, we indicate by a lighter shading of the INTEGRAL favored bands
the weakest constraint on mφ that is derived from the INTEGRAL X-ray data itself [357],
mφ ≥ 70 MeV.

6.4.2 Leptophilic vector mediator Z ′

Turning now to the model with a gauge boson Z ′, both the DM particle φ and SM leptons
are charged under the new U(1). The interactions have the form:

LZ′ = g2
φZ
′
µZ
′µφ∗φ− igφZ ′µ

[
φ∗(∂µφ)− (∂µφ∗)φ

]
− Z ′µ l̄γµ(gLPL + gRPR)l . (6.11)

The couplings gL,R and gφ are understood as a product of gauge coupling g and charge
assignments qL,R and qφ so that gL,R = gqL,R and gφ = gqφ, respectively. Again, there are
many options available with Eq. (6.11). They generally differ by the Z ′ mass mZ

′ , by their
chiral couplings, by the absence or presence of family universality and/or kinetic mixing,
by their (extended) Higgs sector, by potential additional fields that are required to cancel
associated gauge anomalies in the UV and so forth; see, e.g., [377] and references therein.
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Here, we are primarily focused on the phenomenology associated with the Z ′ coupling
to electrons, and shall take gL and gR as flavor blind for when muons are involved. The
special cases gl ≡ gL = gR and gL = −gR correspond to a pure vector and axial-vector
interactions, respectively2. For the purpose of illustration, we consider mZ

′ ≥ 10 GeV in
most of our discussions. As will be shown, only a Z ′ below the EW scale is of relevance for
the INTEGRAL signal, so appears on-shell at high-energy colliders. As a result, although
Z ′ is generally off-shell for the low-energy phenomenology, and bounds derived below can be
represented using √gφgl/mZ

′ , results from LEP need to be treated with caution. For the
latter, we provide bounds both on √gφgl/mZ

′ in the heavy mediator limit, and on √gφgl for
mZ

′ � mZ ; see Sec. V of Ref. [P3] for the possibility of a Z ′ below 10 GeV.

Anomalous magnetic moment Similarly as above, for the case mZ
′ � ml, the one-loop

contribution to (g − 2)l is given by

∆aZ
′

l =
6gLgR − 2(g2

L + g2
R)

24π2

m2
l

m2
Z
′
, (6.12)

in agreement with [381, 382] if a pure vector coupling gL = gR ≡ gl is assumed. The
full expression of Eq. (6.12) is found in App. C.1. The associated diagram of interest is
shown in the right panel of Fig. 6.3, and the (g − 2)µ favoured parameter space is gl/mZ

′ ∼
(4.6–6.4) TeV−1. The constraint from (g − 2)e will be evaluated in Sec. 7.3.1.

For a flavor-blind gl assumed here, the combination of several experiments excludes the
possibility that this simple model explains the muon g − 2 anomaly. This conclusion holds
irrespective of if Z ′ decays dominantly into SM leptons or into DM particles, as the leading
constraint comes from the measurements of electron-neutrino scattering [383]3.

DM annihilation For the annihilation cross section via a s-channel Z ′, the s-wave com-
ponent vanishes as scalars have no spin, and the p-wave component reads

σann,Z
′vM = v2

relg
2
φ

4m2
φ(g2

L + g2
R)−m2

l (g
2
L − 6gLgR + g2

R)

48π(m2
Z
′ − 4m2

φ)2

√√√√1− m2
l

m2
φ

. (6.13)

It agrees with Eq. (3) in [362] when taking vrel ' 2vφ, where vφ is the DM velocity. Since
the cross section only varies by about a factor of two when either gR = 0 or gL = 0, we do
not distinguish the left- and right-chiral couplings any further for annihilation, and simply
take gL = gR ≡ gl in the remainder. For real scalar DM, the annihilation would be extremely
suppressed since the Z ′ does not couple to a pair of real scalars at tree level.

2For GeV fermionic DM with a leptophilic Z′, see, e.g., [378–380].
3Other Z′-options such as U(1)Lµ−Lτ remain allowed for resolving (g − 2)µ, as most recently illustrated

in [384]. For bounds on other relevant DM models, see, e.g., [382].
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Taking the DM annihilation φφ∗ → Z ′∗ → l−l+ with cross section as above, for mZ
′ �

mφ > ml, the parameter region of interest for the INTEGRAL signal is shown by the red
and blue bands in Fig. 7.4 for NFW and Einasto profiles, respectively. Finally, we note that
the observed DM relic abundance is achieved when [362]

gφgl ∼ (3–12)×
( mZ

′

10 GeV

)2 ( mφ

MeV

)−1
, (6.14)

in the limit of mZ
′ � mφ. Obviously, mZ

′ around or above the EW scale puts us into the
non-perturbative regimes and is not of interest for us. Depending on the Z ′ decay width,
resonant annihilation at the point mZ

′ ' 2mφ introduces additional velocity dependence in
the annihilation. A detailed investigation of the resonant point, such as performed in [385–
387], is beyond the scope of this thesis. Due to these reasons, we focus on mZ

′ ≥ 2.1mφ.

6.5 Content outline

In light of the significant amount of activities in the past two decades that has gone into the
exploration of the MeV–GeV mass range and the large amount of results, it seems timely to
revisit the originally proposed models of sub-GeV scalar DM [362] and confront them to this
new wealth of data. Concretely, we and Ref. [P3] add the following new pieces that were not
presented previously in this context:

• sensitivities of current and future intensity-frontier experiments are derived for the first
model, and re-visited for the second;

• in addition to an update of the g−2 constraint from electrons, limits from lepton flavor
violation, parity violation, and the invisible decay of the Z-boson are established;

• the astrophysical cooling constraint from SN1987A is derived in detail for the free-
streaming regime.

• the bound from astrophysical DM self-scattering is derived, while we adopt the limits
on DM annihilation at the CMB epoch and from Voyager 1 data at present time in the
literature.

• the high-redshift constraint from the collisional damping of DM primordial fluctuations
is considered and from extra radiation degrees of freedom is re-visited;

• latest constraints from the leading direct detection experiments are summarized to
apply to the models;

• the sensitivity of the high-energy colliders, LEP and LHC, is provided;

• an improved velocity expansion for the annihilation cross section for one of the models
is presented.
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Taken together, this part will provide a more comprehensive assessment as whether light DM
particles could explain the INTEGRAL signal or the anomalous magnetic moment of the
muon in this setup. It is important to stress, however, that although these anomalies serve
as good and timely motivations, our study has the broader aspect that it presents a complete
and self-contained survey on the viability of rather minimal models of scalar DM below the
GeV-scale. A summary of results for an exemplary DM mass of 10 MeV is shown in Figs. 6.4
and 6.5. The details of each experiment and observable will be given in following chapters.
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Figure 6.4: Summary of constraints obtained in this part for the fermion-mediated model as a
function of the effective UV-scale ΛF = (c2F /mF )−1 for a fixed DM mass of mφ = 10 MeV in heavy
mediator limit; cF =

√
|ceLceR|. A star indicates, that the bound only applies under certain conditions.

The top section “Hints” shows the regions of interest for the explanation of the INTEGRAL signal, for
the (g−2)µ anomaly assuming flavor-blind couplings and same F masses between the first two gener-
ations, and the point for achieving the correct relic density through DM freeze-out. The next section
“Intensity Frontier” shows constraints (projections) from searches for missing momentum in e−e+

collisions at BaBar (Belle II), for missing energy in the e− fixed target experiment NA64 (LDMX),
and for direct φe− scattering of φ produced in the e− fixed target experiment mQ (BDX). The sec-
tion “Precision Tests/LEP” shows the conservative constraint from the loop-induced contribution to
(g − 2)e for either sign of the product of couplings as labeled [388, 389], the limit on missing energy
searches at LEP and, in the case of a single generation of F and assuming flavor-blind couplings,
the limit from the lepton flavor violating µ→ eγ transition. The final section “Astro/Cosmo/Direct
Detection” is devoted to CMB limits on energy injection, to direct detection limits from φ-electron
scattering and from anomalous energy loss in SN1987A. Weaker limits such as from the invisible
width of the Z, from structure formation, from DM self-scattering, from the running of α, from the
left-right asymmetry in polarized electron-electron scattering are not shown (see main text instead).
The INTEGRAL interpretation is excluded.
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Figure 6.5: Summary of constraints obtained in this part for the vector-mediated model as a function
of the effective scale ΛZ′ = (

√
gφgl/mZ

′)−1 for a fixed DM mass of mφ = 10 MeV in heavy mediator
limit, similar to Fig. 6.4. A star indicates, that the bound only applies under certain conditions. The
new/additionally shown bounds here are from the Z-invisible width (for mZ

′ = 10 GeV only) and
from parity violation using E158 under the assumption gφ = gL in the section “Precision Tests/LEP”.
Section “Astro/Cosmo/Direct Detection” now shows the annihilation constraint from Voyager 1 data.
The region of interest for (g− 2)e,µ, where the bound for (g− 2)e is based on [388, 389], also requires
further assumptions of couplings gφ = gL = ±gR. The INTEGRAL interpretation is excluded.





CHAPTER 7
Laboratory Constraints

The scalar DM considered in this part can be produced in the laboratory, especially at
electron-beam facilities1, through electron-positron annihilation in colliders (see Fig. 7.1) or
electron-nucleus bremsstrahlung in fixed-target and beam-dump experiments (see Fig. 7.2).
Moreover, they can also appear virtually through loops, affecting EW precision measurements.
Such considerations thus put upper bounds on the coupling of SM particles to the dark sector.

We briefly introduce the experimental data of interest and our methods to derive the
related constraints below, and refer to the appendices for further details of relevant cross
sections.

7.1 Electron-beam facilities

We first consider intensity frontier experiments, including low-energy electron-positron col-
liders and electron-beam fixed-target and beam-dump experiments. For the values of mF and
mZ

′ considered above, we can only produce φ via off-shell mediators in these experiments.

Following Ref. [183], we derive the expected number of signal events and constraints
from current experiments such as BaBar [390], NA64 [391, 392] and mQ [297, 393], as well
as projected sensitivities for future ones, including Belle II [394, 395], LDMX [396] and
BDX [397]. Depending on the observable signatures, these experiments can be put in three
categories described below.

7.1.1 Electron-positron colliders

The first category is to look for large missing transverse momentum/energy, accompanied by a
mono-photon signal, in low-energy electron-positron colliders, such as BaBar and Belle II. The
differential cross section of the signal process, weighted with the energy fraction carried away

1The scalar DM is assumed to be leptophilic in order to explain the INTEGRAL 511 keV line, thus we
focus on electron-beam facilities. Nevertheless, if one relaxes this assumption, φ can in principle be probed
in proton-beam experiments as well; see Chap. 4 for searches along those lines.
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Figure 7.1: Pair production of φ in electron-positron annihilation in association with ISR. Photon
emission from the intermediate charged F is suppressed and hence neglected.

by initial-state radiation (ISR) xγ = Eγ/
√
s and its angular distribution, can be factorized

into

dσ
e
−
e
+→φφγ

dxγ d cos θγ
= σ

e
−
e
+→φφ(sφφ)R(α)(xγ , cos θγ , s) , (7.1)

with the improved Altarelli-Parisi radiator function [398, 399] expressed as

R(α)(xγ , cos θγ , s) =
α

π

1

xγ

[
1 + (1− xγ)2

1 + 4m2
e/s− cos2 θγ

− x2
γ

2

]
,

where s and sφφ = (1 − xγ)s are the squared CM energy of e−e+ and φ-pair, respectively.
The e−e+ annihilation cross section without ISR can be found in App. C.1.2. Integrating
over the squared CM energy of the φ-pair and the angular distribution of the photon, the
expected number of signal events in each energy bin reads

N
(i)
sig = εeffL

∫

bin,i

dsφφ
s

∫ cos θ
max
γ

cos θ
min
γ

d cos θγ
dσ

e
−
e
+→φφγ

dxγ d cos θγ
, (7.2)

where εeff is the efficiency, L is the integrated luminosity, θmax,min
γ are the cuts on the photon

angle in CM frame with respect to the beam axis. The main SM backgrounds are γ/γ (peak),
γ/γ/γ (continuum) and γ/e−/e+ (continuum).

For BaBar, we take the data of the analysis of mono-photon events in a search for invisible
decays of a light scalar at the Υ(3S) resonance [390]. The CM energy is 10.35 GeV, with two
search regions of 3.2 GeV ≤ Eγ ≤ 5.5 GeV and 2.2 GeV ≤ Eγ ≤ 3.7 GeV.2 The corresponding
integrated luminosities for the high and low energy bands are 28 fb−1 and 19 fb−1 with an
efficiency 0.3 and 0.55. The angular cuts are −0.31 < cos θγ < 0.6 (high energy) and −0.46 <

cos θγ < 0.46 (low energy).

For Belle II, we follow [400] and derive the projection by scaling up the BaBar background
for both high and low energy data to an integrated luminosity of 50 ab−1 with a similar

2We do not consider possible resonant conversion of Υ(3S) → Z
′ plus a low-energy photon, as m

Z
′ =

10 GeV is chosen arbitrarily.
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Figure 7.2: Pair production of φ in electron-beam fixed-target and beam-dump experiments. We
consider φ emission from both initial- and final-state electrons (but not from the heavy F particle).
Note that a global dark symmetry in Eq. (6.7) forbids the diagram with φ and φ∗ interchanged for
the left process; see main text.

CM energy (ECM = 10.57 GeV) and an efficiency 0.5. The geometric cuts are assumed
to be the same as BaBar. In Figs. 7.3 and 7.4, we present conservative and aggressive
projections for Belle II. The conservative one is derived assuming there are intrinsic systematic
uncertainties in both the peak and continuum background, while the other only includes
statistical fluctuations. The actual sensitivity of Belle II is expected to lie between the two.

7.1.2 Fixed-target experiments

The second category comprise missing energy searches in electron-beam fixed-target experi-
ments, such as NA64 and future LDMX. The expected number of signal single-electron events
is given by

Nsig = NEOT

ρtarget

mN
X0

∫ Emax

Emin

dE3 εeff(E3)

∫ cos θ
max
3

cos θ
min
3

d cos θ3
dσ2→4

dE3 d cos θ3
, (7.3)

in the thin target limit3, where NEOT is the number of electrons on target (EOT), ρtarget is
the mass density of the target, mN is the target nucleus mass, X0 is the radiation length of the
target, E3 is the energy of the final-state electron, and θ3 is the scattering angle with respect
to the beam axis of the final-state electron in the lab frame, with its detection efficiency given
by εeff(E3). The differential cross section is derived in App. C.1.3. The background in such
experiments is usually negligible after imposing stringent selection criteria.

The NA64 experiment uses an electron beam with Ebeam = 100 GeV and has collected
data of NEOT = 4.3× 1010. The target is an electromagnetic calorimeter (ECAL) consisting
of lead and scandium plates. Since the radiation length of scandium is roughly an order larger
than that of lead, the interaction between the beam and the scandium nuclei is neglected.

3The DM is produced within the first radiation length.
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We select events only with a final-state electron, with its energy between [0.3, 50] GeV and
θ3 ≤ 0.23 rad (to make sure the electron is stopped inside the ECAL). The parameter space
resulting in Nsig > 2.3 is excluded, as no events are reported.

For the proposed LDMX experiment, we use the benchmark values of phase I with NEOT =

4× 1014 on a tungsten target at Ebeam = 4 GeV, and phase II with NEOT = 3.2× 1015 on an
aluminium target at Ebeam = 8 GeV. The energy and geometry cuts on final-state electrons
are 50 MeV < E3 < 0.5Ebeam and θ3 < π/4. A constant εeff = 0.5 is taken for both phases.
The projection of LDMX is done by requiring Nsig ≤ 2.3, assuming null signal.

7.1.3 Beam-dump experiments

The last category includes mQ and BDX, which are electron-beam beam-dump experiments
designed to directly observe φe (or φ-nucleon) recoil events in a downstream detector. The
expected number of electron recoil events is given by

Nsig = neLdet

∫ E
max
φ

mφ

∫ E
max
R

E
th
R

dER εeff(ER)
dNφ

dEφ

dσφe
dER

, (7.4)

where ne is the electron number density in the detector, Ldet is the detector depth. The
threshold recoil energy Eth

R depends on the experiment and Emax
R reads

Emax
R =

2me(E
2
φ −m2

φ)

me(2Eφ +me) +m2
φ

,

with the exact differential recoil cross section given in App. C.1.4. The production spectrum
of φ is computed by

dNφ

dEφ
= 2NEOT

ρtarget

mN
X0

∫ Ebeam

Eφ

dE

∫ cos θ
max
φ

cos θ
min
φ

d cos θφ I(E)
dσ2→4

dEφ d cos θφ
, (7.5)

in which the factor 2 accounts for the production of the φ-pair, θφ is the scattering angle
with respect to the beam axis of the produced φ in the lab frame with boundaries given by
the geometry of the downstream detector and

I(E) =
1 +

(
Ebeam−E
Ebeam

)4t0
3
[

4t0
3 ln

(
Ebeam−E
Ebeam

)
− 1
]

4
3(Ebeam − E) ln2

(
Ebeam−E
Ebeam

) ,

with t0 ≡ Ltarget/X0 being the target length to radiation length ratio, is the integrated energy
distribution of electrons during their propagation in the target [183]. The differential cross
section for the φ-energy distribution is listed in App. C.1.3.

For the mQ experiment, the incoming electron with energy Ebeam = 29.5 GeV impinges on
a tungsten target (t0 ' 6) with NEOT = 8.4× 1018. The detector is 110 m downstream of the
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Figure 7.3: Bounds on the inverse of effective UV-scale Λ−1
F = c2F /mF in the F -mediated model from

laboratory experiments (left panel) and from astrophysical observations including direct detection
(right panel). The parameter regions of interest for the INTEGRAL excess are shown as thin blue
and red bands; for mφ ≥ 70 MeV the DM interpretation is disfavored from INTEGRAL itself [357]
as indicated by a lighter shading. The green horizontal band where (g − 2)µ is explained carries the
assumption cµF = ceF . The (g − 2)e constraint is the conservative one based on [388, 389], for both
ceLc

e
R < 0 and ceLc

e
R > 0.

target with angular coverage θφ < 2 mrad and a depth Ldet = 1.31 m. The collaboration has
reported 207 recoil events above the background, which is below the uncertainty of the latter
σbkg = 382 within the signal time window. Assuming a detection efficiency of 100% [393], we
derive the upper bounds on the dark sector couplings from events with electron recoil energy
ER ≥ 0.1 MeV by requiring Nsig < 207 + 1.28σbkg, corresponding to the 90% C.L. exclusion
limit.

For the proposed BDX experiment, electrons with Ebeam = 11 GeV are incident on an
aluminium target (t0 ' 15) which comprises 80 layers with thickness of (1–2) cm each. The
angular coverage of the downstream ECAL is θφ < 12.5 mrad and Ldet = 2.6 m. The BDX
collaboration estimated that,x for NEOT = 1022, the number of background events with
ER ≥ 0.35 GeV is about 4.7 [401]. Again, we only consider electron recoil events, with a
constant efficiency of 20% [401]. We derived the 90% C.L. projection by requiring Nsig ≤ 18,
assuming a benchmark that Nobs = 15 and σbkg = 10.

7.2 High-energy colliders

With higher CM energy, high-energy colliders are the best probes of heavy new particles.
The large electron-positron (LEP) collider holds the record of the leptonic collider with the
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Figure 7.4: Bounds on the inverse of effective UV scale Λ−1

Z
′ =

√
gφgl/mZ

′ for the Z ′-mediated
model from laboratory tests (left panel) and from cosmological and astrophysical probes including
direct detection (right panel). The parameter regions of interest for the INTEGRAL excess are shown
as thin blue and red bands; for mφ ≥ 70MeV the DM interpretation is disfavored as indicated by a
lighter shading. LEP bound only applies for mZ

′ above the EW scale, below which Eq. (7.8) applies
instead. We do not show a band for (g − 2)µ, which would need an assumption on gφ/gl, since it is
already excluded elsewhere (see main text and Fig. 6.5).

highest CM energy (close to the Z-pole). Currently, the LHC is the collider with the highest
operating CM energy (13 TeV). With the validation of the SM, the data from the high-energy
colliders can also be employed in constraining light dark sector physics. In the following, we
focus mainly on the constraint from missing energy signatures in LEP and point the reader
to references regarding the LHC or future colliders.

High-energy colliders may produce any of the dark sector particles studied here, leading to
missing energy signatures. In the F -mediated model, a TeV-mass charged fermion F remains
largely unconstrained by current bounds from LEP or LHC data, while the missing energy
search in LEP [402] is able to constrain the overall coupling as

c2
F /mF . 1.23 TeV−1 , (7.6)

which can be improved by investigating DM production via Drell-Yan processes with high-
luminosity LHC [367], as well with ILC [403]; note that in this regime, we can no longer write
the interaction as an effective operator.

For the Z ′-mediated model, the LEP bound varies depending on the Z ′ mass. For a heavy
Z ′ above the LEP energy scale, we obtain a bound from missing energy events induced by
DM pair production as

√
gφgl/mZ

′ . 2.89 TeV−1 , (7.7)
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in agreement with previous results [404, 405], which is stronger than the reach of low-energy
electron-beam experiments. Although this is shown in Fig. 7.4, it does not apply to mZ

′

below the LEP energy scale, where a more proper LEP bound may come from missing energy
induced by on-shell Z ′ production, requiring gl . 0.01 [406]. Its combination with the
perturbative condition g2

φ/(4π) . 10 results in

√
gφgl . 0.335 , (7.8)

being comparable to the BaBar bound for mZ
′ = 10 GeV. Naively speaking, these two

LEP bounds, valid for different parameter regions of mZ
′ , converge at mZ

′ ∼ mZ . Projected
sensitivities on a leptophilic Z ′ portal have also been derived for future colliders; see [380, 407–
410].

7.3 Precision observables

In this section, we discuss the implications of SM precision observables such as (g − 2)e, Z
invisible decay, parity violation and lepton flavor violation on the particle models considered
in this part. For a Z ′ boson that couples to quarks/leptons with appreciable strength, preci-
sion observables were also investigated in [411, 412]; note however that stringent constraints
from dilepton resonance searches derived in the latter work are avoided, as in our setup Z ′

dominantly decays into a φ-pair.

7.3.1 Electron g − 2

The (g−2)e, although not posing a notable tension like (g−2)µ anomaly, also provides great
insights in potential new physics contribution. In general, we can directly measure the value of
ae or, indirectly, derive it with measured fine-structure constant α being the input. Recently,
the measurement of α has been improved significantly with Cs atom interferometers [388].
Taking as input α ≡ α(Cs), the SM prediction of the electron anomalous magnetic moment
a(Cs)
e = aSM

e (α(Cs)) is now in 2.5σ tension with the direct measurement of ae [413], a
(meas.)
e −

a(Cs)
e = −0.88(0.36)×10−12. At face value, this puts a stringent requirement on a new physics

contribution:

∆aBSM
e

∣∣∣
Cs
∈ (−0.88 ± 3× 0.36)× 10−12 = [−1.96, 0.20]× 10−12 , (7.9)

with a nominal 3σ requirement.

Another experiment, using the recoil velocity on a Rb atom, has measured the value of the
fine-structure constant with similar uncertainty [389]. Its value of α suggests a smaller ae, in
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better agreement with the direct measurement, a(meas.)
e − a(Rb)

e = 0.48(0.30) × 10−12. From
this we can obtain a similar constraint on the new physics contribution:

∆aBSM
e

∣∣∣
Rb
∈ [−0.42, 1.38]× 10−12 . (7.10)

These differences above could also be rephrased in tensions between α extracted from Cs/Rb
experiments and from direct ae measurements using the SM-prediction, α(aSM

e ), i.e., in
α(Cs/Rb) − α(aSM

e ). Both models—through their contribution to ae—then imply an inferred
shift in the value of α. One should obtain the same constraints from both.

In the F -mediated model, positive (negative) cLcR yields a positive (negative) contribu-
tion; cf., Eq. (6.9) or the full expression in App. C.1. As shown in Fig. 7.3, either sign then
puts a strong constraint on the model with a F mediator. In the Z ′-mediated model, gL = gR

and gL = −gR can also give a distinct contribution to ae; see Eq. (6.12). A conservative limit
can be given by combining the weaker of each limits of (7.9) and (7.10), i.e. the lower bound
from ∆aBSM

e

∣∣∣
Cs

and the upper bound from ∆aBSM
e

∣∣∣
Rb

. This yields

−6.1× 10−4 TeV−1 ≤ cLcR/mF ≤ 4.3× 10−4 TeV−1 ,

−178 TeV−2 ≤ gLgR/m2
Z
′ ≤ 625 TeV−2 ,

for the F - and Z ′-mediated model. In contrast, the combination of the stronger limits results
in

−1.3× 10−4 TeV−1 ≤ cLcR/mF ≤ 6.2× 10−5 TeV−1 ,

−38 TeV−2 ≤ gLgR/m2
Z
′ ≤ 91 TeV−2 .

For the Z ′-mediated model, the (g − 2)e constraint is always surpassed by the LEP bound
above, for bothmZ

′ � mZ andmZ
′ ≤ mZ , and is hence not included in Fig. 7.4; see Fig. 6.54.

One may exercise some caution if exclusively applying Eq. (7.9), as it takes a positive
half-σ shift to rule out any model by increasing the 2.5σ tension to 3σ. Here we stress that
both the F - and Z ′-mediated models allow for both signs in their contributions. Therefore,
going in the other direction, one may first bring both measurements into reconciliation and
in a further consequence, allow for a particularly large shift before the lower boundary in
Eq. (7.9) is reached. In this sense, Eq. (7.9) entails both, an aggressive and conservative
limit. In Fig. 7.3 we show the conservative limits that arise from the combination of Eqs. (7.9)
and (7.10).

4Another observable is the running of the fine-structure constant, given by the photon vacuum polarization
induced by the charged F -loop, Π(−M2

Z) − Π(0). This number needs to be below 0.00018 [214], requiring
mF & 80 GeV. The formula for Π(p

2
) is given in Eq. (C.120) with gl replaced by e. A dark U(1) gauge boson

Z
′ does not contribute to the running at one-loop.
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7.3.2 Z invisible decay

The SM contribution to the Z invisible decay is through neutrinos. Thanks to the LEP, we
now have measured the value of the Z invisible width Γ(Z → inv)SM to high precision, which
can be inferred by 1) subtracting the total width with the visible width or 2) measuring
the mono-photon events from e−e+ → νν̄γ. Since particles that are not charged under the
SM gauge groups are also invisible, the deviation from the SM predicted value of Γ(Z →
inv)SM can be evidence of new physics contribution. Under current precision, such additional
contribution is bounded by experiments [5] to satisfy

Γ(Z → inv)new . 0.56 MeV at 95% C.L. . (7.11)

In this thesis, we consider the invisible decay Z → φφ∗ induced by the 1-loop diagram
containing F or Z ′ will alter the decay width of Z; see Fig. C.5. Explicit calculation of the
relevant loop diagrams, detailed in App. C.2, reveals that the ensuing constraints (cF /mF <

26.6 TeV−1 and √gφgl < 0.35 for mZ
′ = 10 GeV) are weaker than those above from general

missing energy searches discussed in Sec. 7.2. We hence do not show this constraint in
Figs. 6.4, 7.3 and 7.4.

7.3.3 Parity violation

The properties of a particle field under discrete Lorentz transformations, e.g., parity P, time-
reversal T , and charge conjugation C, are of ultimate importance in the formulation of QFT.
Although a particle field shall be symmetric under the combination of CPT , as a guiding
principle of QFT, these symmetry can be violated individually. The example in the SM is
the weak interaction, with its parity violation measured in the decay of cobalt atom [414];
on the other hand, the electromagnetic and strong interactions respect parity. Subsequently,
from the measurement of kaon decay, it is realized that CP-symmetry is violated in weak
interaction; this is also confirmed in other meson decay [415]. Currently, we have measured the
parameters regarding the parity violation in weak interaction with high precision. Therefore,
the parity violation measurement can be employed to probe any new physics based on a chiral
theory, e.g., the scalar DMmodel considered here. In Fig. 6.5, we show the constraint based on
the measurement of polarized electron-electron scattering in the E158 experiment [416, 417];
see Ref. [P3] for details.

7.3.4 Lepton flavor violation

The lepton flavor violation is a smoking gun for the new physics, as it is not predicted in the
SM. Here, if only one generation of F is present, non-zero couplings to the muon and tau
sector induce lepton flavor violation, similar to flavored DM [363]. For example, one may have
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the decay µ→ eγ by closing the φ-loop, effectively via the magnetic dipole interaction [418].
Another example is the decay µ→ eφφ, but its sensitivity is likely superseded by the radiative
decay above, and only applies to mφ ≤ mµ/2. The current strongest limit is from the MEG
experiment [419], shown in Fig. 6.4. We refer the reader to our paper [P3] for detailed
calculations.



CHAPTER 8
Astrophysical and Cosmological

Observables, and Direct Detection

As the scalar φ is assumed to be the dominant DM component, the models are also con-
strained by astrophysical and cosmological observables, as well as from DM direct detection
experiments. These constraints and how to derive them are discussed in the following.

8.1 BBN/CMB ∆Neff bounds

Here we take into account the BBN/CMB bounds on Neff from early Universe observations,
while at the same time remaining agnostic about the state of the Universe for T & MeV.
Since mφ ∼ O(MeV), φ can still be relativistic and contribute to the radiation density at the
onset of BBN. The effective number of relativistic degrees of freedom Neff is proportional to
the ratio of the energy density of relativistic particles (except photons) to the energy density
of photons. Recall that we always set mZ

′ ≥ 2.1mφ, so Z
′ only plays a sub-leading role in

the radiation density budget, even though it has three degrees of freedom. Currently, two
relativistic degrees of freedom, like from a thermalized complex scalar, are still considered to
be marginally allowed by BBN which requires ∆Neff . 1 [223, 225, 306].

In contrast, the Planck measurement of the cosmic microwave background (CMB) spec-
trum requires that Neff = 2.99 ± 0.33 at the last scattering surface [86]. This limits the
residual DM annihilation after neutrino-decoupling that injects energy either into the visible
or into the neutrino sector [420, 421]. In the F -mediated model, φ pairs annihilate into elec-
trons. Under the assumption of a sudden neutrino decoupling at 1.41 MeV [422], we obtain
a lower bound from Neff as mφ ≥ 5.1 MeV for a complex scalar, consistent with previous
results [376]1. However, the CMB bounds from Neff become much weaker if the scalar DM
annihilates into both electrons and neutrinos, which happens in the F -mediated model with
Majorana neutrinos, as well as in the Z ′-mediated model. The underlying reason is that

1In the case of Dirac SM neutrinos with a kinematically accessible right-handed neutrino (as alluded to
when introducing the models), one also would need to verify that νR decouples early enough from the thermal
bath, so that, overall, the upper bound on Neff is satisfied.
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both, the photon- and neutrino-fluid are being heated so that the ensuing offset in the ratio
of their respective temperatures is milder; see, e.g., [423–425] for recent discussions. In a
flavor-blind set-up assuming DM annihilates to electrons and each species of SM neutrinos
equally, we then estimate that the Planck bound on Neff only requires mφ & 2.0 MeV. The
latter possibility was not considered in [376].

Given the fact that, in the near future, CMB-S4 may reach the precision ∆Neff ∼ 0.06 at
95% C.L. [426], we are currently studying the effect of a dark sector, interacting with both
neutrinos and electrons comparably, on the neutrino decoupling, i.e., on the value of Neff , in
details.

8.2 Direct detection

Direct detection experiments search for the scattering of DM with atomic nuclei or elec-
trons. The energy deposition of DM gives rise to signals in scintillation, ionization and heat
(phonons). The parameter space of EW-scale WIMP models has been probed efficiently by
nuclear recoils. However, the sensitivity on the sub-GeV mass range remains insufficient due
to finite energy thresholds. Several scenarios have been proposed to extend the sensitivity to
the sub-GeV mass range; see a recent review [155]. Here we focus on the scattering between
φ and the atomic electrons, which demands a lower threshold on DM mass, and consider the
non-relativistic (v ∼ 10−3) DM flux from the halo; see Chap. 5 for the direct detection with
a relativistic flux.

Exclusion limits are customarily presented in terms of a reference scattering cross section
in the non-relativistic limit [160],

σ̄e =
1

16π(me +mφ)2 |Mφe(q)|
2

q
2
=α

2
m

2
e
, (8.1)

where |Mφe(q)|
2

q
2
=α

2
m

2
e
is the squared matrix element of φ scattering on a free electron,

summed over final-state spins and averaged over initial-state spin, evaluated at a typical
atomic momentum transfer q = αme. To order O(v2

rel) it is given by

|Mφe(q)|
2

F
=

16c2
Lc

2
Rm

2
e

m2
F

,

|Mφe(q)|
2

Z
′ =

16g2
φg

2
lm

2
φm

2
e

m4
Z
′

, (8.2)

for the two representative models; see Chap. 5 for general formulation. Note that bounds on
σ̄e have been obtained for the present case of a constant DM form factor, most recently in
SENSEI [427]. See also previous bounds from XENON10 [428, 429] and XENON1T [322],
as well as from considering a solar-reflected DM flux [163]. The corresponding constraints,
combining the results of experiments mentioned above, are shown in Figs. 7.3 and 7.4.
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8.3 Indirect search

To explain the INTEGRAL signal, φ has to be a symmetric DM candidate, implying that φ
can annihilate into SM leptons also during the epochs of BBN and CMB, as well as in the
late universe. The pair-annihilation of φ can then source an excess of photons and/or (anti-
)matter. Deriving constraints from the observational data necessitates the understanding of,
e.g., the propagation of cosmic rays and the relevant astrophysical environments. The prime
targets to point the telescope at are objects with high DM density, such as our Milky Way
and dwarf spheroidal galaxies. With the data from current experiments, we can constrain a
fair fraction of the parameter space of EW-scale WIMP models. For sub-GeV DM, indirect
searches still serve as an essential probe.

In this section, we translate the current best limits in the literature to constrains on
the parameter space. Note that although the φ-pair annihilation to neutrinos is generic,
in the models considered in this part (see Sec. 6.4), bounds on this channel from BBN
observables [424, 430] are very weak, and are not further considered in this thesis. Since in the
considered models φ does not annihilate into photons at tree-level (except when accompanied
by final-state radiation), we focus on the channel φφ∗ → e−e+. For the F -mediated case, in
which both s-wave and p-wave annihilation are present, see Eq. (6.10), it turns out that the
constraint from CMB [431] is in general stronger than that from Voyager 1 data [432]. In the
Z ′-mediated case, since the leading contribution of φφ∗ → e+e− is p-wave, see Eq. (6.13),
the annihilation at the CMB epoch is velocity suppressed and the bounds from present-day
data such as from Voyager 1 [354, 433] are more stringent, disfavoring DM masses above
O(30) MeV to explain the INTEGRAL 511 keV line. This will be further improved by about
one order of magnitude in the annihilation cross section in future experiments, such as e-
ASTROGAM [358, 434] and AMEGO [435]. The CMB constraint for the F -mediated case and
the Voyager 1 constraint for the Z ′-mediated case are shown in Figs. 7.3 and 7.4, respectively.

8.4 Structure formation and DM self-scattering

To avoid the collisional damping of DM primordial fluctuations [436, 437], DM has to kinet-
ically decouple from the observable sector in the early Universe. In the considered models,
DM couples to electrons and neutrinos with similar strength. Since the number density of
electrons is much lower than that of background neutrinos once T � me, the scattering on
neutrinos hence governs the ensuing constraint. Here we take the bounds derived in [438, 439]
for both energy-independent and energy-dependent DM-neutrino scattering cross sections.
Concretely, we require that for the F -mediated model,

σFφν '
c4
F

8πm2
F

. 10−36
( mφ

MeV

)
cm2 , (8.3)
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and for the Z ′-mediated model,

σZ
′

φν '
E2
νg

2
φg

2
l

2πm4
Z
′
. 10−41

( mφ

MeV

)(Eν
eV

)2

cm2 .

The requirement consequently leads to

c2
F /mF . 0.25

( mφ

MeV

)1/2
TeV−1 ,

as well as

√
gφgl/mZ

′ . 2.17× 104
( mφ

MeV

)1/4
TeV−1 .

Both bounds are weaker than those obtained above, and are not shown in Figs. 6.4, 6.5, 7.3
and 7.4.

In addition, if φ constitutes DM, its self-interaction may change the shape and density
profile of DM halos, and the kinematics of colliding clusters. Such self-interaction is appar-
ently very weak in the heavy F -mediated model. The self-scattering cross section averaged
over φφ→ φφ, φφ∗ → φφ∗ and φ∗φ∗ → φ∗φ∗ in the Z ′-mediated model reads [440]

σφφSI =
3g4
φm

2
φ

8πm4
Z
′
, (8.4)

where velocity-suppressed terms have been neglected2. However, the current bound, σSI/mφ ≤
0.5 cm2/g from cluster observations [441–445], is also not able to provide any meaningful
bounds on the Z ′-mediated model with mZ

′ = 10 GeV.

8.5 Anomalous supernovae cooling

An important constraint arises from the anomalous energy loss via φ production in hot stars,
especially inside supernovae (SN), as we consider mφ = O(MeV–GeV) which has overlap
with the SN core temperature. To avoid the suppression of neutrino emission from the
SN core after explosion, we impose the so-called “Raffelt criterion”, which states that the
energy loss via dark particle production has to be smaller than the luminosity in neutrinos,
Lν = 3 × 1052 erg/s [193]3. Here we follow the method detailed in Chap. 3, and adopt the
SN1987A numerical model of [213] with a total size rSN = 35 km, to derive the bounds on
the leptophilic DM models above.

2At m
Z

′ ∼ 2mφ the velocity suppression in s-channel φφ∗ → φφ
∗ can be compensated by the resonant

enhancement. Such resonant contribution never dominates and thus is not considered.
3The bounds from SN1987A are derived from the cooling of the proto-neutron star; doubts exist if

SN1987A was a neutrino-driven explosion [201] in which case the limits become invalidated. Such specu-
lation could be resolved once the remnant of SN1987A is firmly observed [446].
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The dominant φ production channel is pair-creation from electron-positron annihilation.
As our mediator particles, F or Z ′, are much heavier than the core temperature of SN, we
can safely neglect thermal corrections. Quantitatively, the lower boundaries of the exclusion
regions are derived by requiring

∫ rc

0
d3r

∫
d3p

e
−d3p

e
+

(2π)6 f
e
−f

e
+

(
σ
e
−
e
+→φφ∗vM

)√
s . Lν , (8.5)

where rc is the core size of SN1987A, taken as 15 km here and f
e
−
,e

+ are Fermi-Dirac distri-
butions for electron and positron.

On the flip side, if the coupling between φ and SM particles inside the SN core is so strong
that the φ becomes trapped inside the core, the energy loss via φ emission diminishes and
again drops below the neutrino luminosity4. For the detailed treatment of the trapping limit,
we refer the reader to our paper [P1].

The resulting SN1987A exclusion regions, combining both lower and upper boundaries, are
given in the right panels of Figs. 7.3 and 7.4. Our lower boundaries agree well with previous
results [234, 448]. Regarding the upper boundaries, the Pauli blocking plays an important
role in suppressing φ-electron scattering. Meanwhile, although there is little Pauli blocking in
φ-nucleon scattering, φ only couples to quarks at loop level, yielding a suppression by another
factor m2

φ/m
2
F for the F -mediated model and α/π for the Z ′-mediated model. It hence turns

out that φ-electron scattering dominates the capture in the parameter regions studied here.

4For even stronger couplings, the abundance of φ particles trapped inside SN may help to capture SM
neutrinos, leading to an observable reduction in SN neutrino emission [447]. This may affect the parameter
region studied in Sec. V of Ref. [P3] for mφ . 10 MeV.





CHAPTER 9
Summary of Part II

In this part, we consider the possibility that DM is a complex scalar particle φ with a
mass below the GeV-scale. The particle is assumed to couple to SM leptons, either via a
heavy fermion F or via a vector boson Z ′. These models fare among the simplest UV-
complete extensions to the SM, and have been contemplated as sub-GeV DM candidates
well before the field exploded with activity in this mass bracket. Among other reasons,
they draw their attention from the fact that φ annihilation today might explain the galactic
INTEGRAL excess and/or bring into reconciliation the prediction and observation of the
anomalous magnetic moment of the muon.

Given the tremendous recent activity devoted to the search of light new physics, it is only
timely to revisit these models of scalar DM in light of much new data. These particles can
be probed in the laboratory such as in electron-beam experiments, and by astrophysical and
cosmological observations. We collate the latest observational and experimental data and
subject the model to all relevant bounds and provide forecasts on the sensitivity of proposed
future experiments.

Respecting the bounds on charged particles from high-energy colliders LEP and LHC,
we consider F to be at or above the EW scale. The combination mF /c

2
F is inherent to

most observables and can be interpreted as the effective UV-scale ΛF for that model. We
calculate the production of φ-pairs, mediated by the exchange of off-shell F , in the fixed-
target experiments NA64 and LDMX, beam-dump experiments mQ and BDX, as well in
e−e+ colliders BaBar and Belle II. When the production is kinematically unsuppressed, the
best bound is ΛF & 250 GeV by BaBar, currently surpassed by LEP with ΛF & 1 TeV.
LDMX-II can improve on this number to 5 TeV. Turning to the Z ′-mediated model, we
consider only heavy vector mediator. If Z ′ remains off-shell in all experiments, we may take
the combination mZ

′/
√
gφgl as the effective UV scale ΛZ′ . In this case, BaBar points to

ΛZ′ & 35 GeV to be improved by Belle-II to ΛZ′ & 170 GeV at best, weaker than the current
LEP bound of ΛZ′ & 346 GeV.

These direct limits are then compared to loop-induced precision observables, concretely,
to g − 2, to the invisible width of the Z and to Z-boson oblique corrections. We explicitly
revisit all those calculations, confirming previously presented scaling relations in the limit
mφ,l/mF � 1 or mφ,l/mZ

′ � 1, and, as an added value, provide the full expressions of the
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loop integrals. We find that for the F -mediated model, the improved limit obtained from
g − 2 of the electron surpasses all direct observables, with ΛF & 104 TeV, while for the Z ′-
mediated model, they do not play a role in the phenomenology. We also complement those
constraints with limits that arise from the freedom in the chiral structure of the models, using
the parity asymmetry in polarized electron scattering. Finally, we discuss limits from lepton
flavor violation that are dependent on the concrete UV-content of the models.

Turning to astrophysical constraints, we derive the anomalous energy loss induced by
φ-pair production in the assumed proto-neutron star of SN1987A. This adds strong and
complementary new limits on the parameter space for mφ . 100 MeV down to ΛF & 105 TeV

and ΛZ′ & 3 TeV. We furthermore consider constraints from direct detection, structure
formation, CMB energy injection, and DM-self scattering. Here, the CMB puts stringent
constraints on the s-wave annihilation mediated by F . In turn, for the p-wave annihilation
mediated by Z ′ the bounds are sub-leading. For those reasons, a thermal freeze-out in the F -
mediated model is firmly excluded, whereas the Z ′-mediated model remains little constrained
from energy injection.

Regarding the DM interpretation of the INTEGRAL 511 keV line, we show that it is
excluded in both the F -mediated model as well as in the Z ′-mediated model with mZ

′ ≥
10 GeV. In the model with charged F , the crucial constraints come from the (g − 2)e data,
from the CMB, and from SN1987A. For the Z ′-mediated model, intensity-frontier experiments
and direct detection via electron recoils play the major role. However, a caveat exists: if
the annihilation is resonant, mZ

′ ' 2mφ, the INTEGRAL signal may still be explained in
conjunction with a light mZ

′ ≤ 10 GeV while at the same time being experimentally allowed.

As an outlook, we comment on the resonant region which is not studied here. For
mZ

′ ' 2mφ, the annihilation cross section is greatly enhanced and the required value on
gl coming from the annihilation cross section diminishes. This hampers the direct experi-
mental sensitivity considered in this part. In turn, however, it opens the possibility of using
displaced vertex searches in fixed-target experiments, depending on the decay mode of Z ′. Di-
aling down the Z ′-mass further, mZ

′ < 2mφ the annihilation via φφ∗ → Z ′(∗)Z ′(∗) → 2e−2e+

will eventually come to dominate. As the process is not velocity suppressed, we then re-enter
the regime where stringent CMB bounds apply.



CHAPTER 10
Conclusion and Outlook

10.1 Main findings

In this thesis, we study in detail probes of light dark sectors made up of sub-GeV dark states.
We demonstrate the sensitivity of each experiment and environment using two showcases:
the “photon portal” and scalar dark matter with a fermion/vector mediator. In the case of
the photon portal, the fermionic dark state χ interacts with the photon via various electro-
magnetic form factors, including a millicharge, magnetic/electric dipole moments, and the
mass-dimension 6 operators anapole moment/charge radius. We can quantify the “darkness”
by testing the interaction between the dark state and photon in various observables. On the
other hand, the scalar dark matter φ talks to SM leptons through a new heavy fermion F or
a new dark gauge boson Z ′. Although the phenomenology of the two scenarios is different,
they both represent rather minimal extensions of the Standard Model; thus, it is intuitive to
treat them as benchmarks for augmentation of a light, sub-GeV dark sector to the Standard
Model.

A sub-GeV dark sector can be a potential solution to several observed anomalies. This
thesis focuses on the long-standing muon g − 2 anomaly and the INTEGRAL 511 keV line
excess. Both phenomena may point to physics beyond the Standard Model. For the muon
g − 2, we re-derive the complete analytical formulas for the contribution to (g − 2)µ for the
considered models. The result is in agreement with the literature, such that the presence of
either φ or Z ′ can alleviate the tension. For the INTEGRAL 511 keV γ-line, we first give
a summary on the current status of this excess, and then we derive the favored parameter
space for the ensuing models assuming a correct dark matter relic abundance through thermal
freeze-out. In summary, we identify regions of parameter space in both vector and fermion
portals that can address the above two hints simultaneously. After re-confirming the models’
validity in solving these puzzles, we examine if they are allowed in various experiments and
searches, summarized in the following.

We first notice that a sub-GeV, or better, a sub-MeV dark sector can have implications in
stellar physics, as the temperature and plasma frequency are in this ballpark, e.g., globular
clusters, the Sun and the supernova SN1987A. In Chap. 3, we analyze the production of
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dark sector particles via electron-positron annihilation, plasmon decay, Compton-like scat-
tering, and electron-nucleus bremsstrahlung. Furthermore, we provide an overview of how
to decompose the above processes in a thermal medium, related to the essential quantity:
the imaginary part of the photon’s self-energy in medium. There is double counting between
different processes when the s-channel photon becomes on-shell, which is not adequately
considered in the literature. We establish a framework to avoid this additional contribution
systematically. Through the non-observation of stellar anomalies, we limit the overall dark
luminosity, resulting in constraints on the underlying particle model.

Besides being produced in stellar systems, dark sector particles can manifest themselves in
the laboratory. For direct production, the facilities with high-intensity and detectors of high
energy/angular resolution are suitable for a sub-GeV dark-state search. In this thesis, we
study both electron and proton facilities. Depending on the experimental configurations, the
electron-beam experiments can be categorized into electron-positron colliders (BaBar/Belle
II), fixed-target experiments (NA64/LDMX), and beam-dump experiments (mQ/BDX), with
the signal channels being mono-γ with missing transverse energy, missing energy inferred from
a measurement of the final-state electron, and dark-state induced recoils in a downstream
detector, respectively. The signal rate for each kind of experiment is analytically derived,
including the formulas for cross sections of electron-positron annihilation with initial-state
radiation and the electron-nucleus bremsstrahlung. Furthermore, the full analytical 4-body
phase space, needed for the bremsstrahlung production, is derived in the appendix. It is
shown that the constraints from the electron-beam facilities are essential for ruling out the
Z ′ scenario as a possible explanation for the INTEGRAL 511 keV line excess.

The dark states production mechanism in the proton-beam experiments is distinct from
that of the electron-beam one; considering that we need QCD to describe the result from
a beam-target collision, such as meson production and the direct production of dark states
from the Drell-Yan process, we resort to numerical simulations. In this thesis, we focus on
the production of χ from the Drell-Yan process and meson decay. While the estimation of
the Drell-Yan process mainly relies on numerical tools, we build a complete framework for
computing the energy spectrum and angular distribution of the dark states sourced from
meson decay, including two-body decay for a vector meson and three-body decay for a scalar
meson. The formulas for the differential decay rates and the transformation from the meson
rest frame to the lab frame are derived. We are interested in the electron recoil and hadronic
shower caused by the dark states in the downstream detector. We observe the dependence
on the center-of-mass energy of operators with different mass-dimension in the ensuing con-
straints. For mass-dimension 5 operators, future proton-beam experiments can probe the
parameter space beyond the LEP bound.

These light dark states can also be directly produced in high-energy colliders such as
LEP and LHC. All the dark states considered in this thesis can be created in these colliders,
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resulting in missing energy signals. Besides, the heavy mediator can be produced on-shell,
yielding a displaced vertex signal from a long-lived particle. In this thesis, we focus on
the missing energy search in LEP, in which the center-of-mass energy is around the Z-pole
mass. While its sensitivity is not extraordinary for lower mass-dimension operators due to
their weaker UV-dependence, the LEP missing-energy bound remains essential for anapole
moment and charge radius operators. Beyond the Z-pole, one may consider analyzing the
existing LHC data and studying future colliders’ sensitivity to test the presence of beyond
TeV particles. To do so, we need to have detailed collider simulations, integrating the collision
of particle beams, the cascade of final-state particles, and their detection; this is reserved for
dedicated future work.

Indirectly, the dark states can take part in loop processes, affecting various electroweak
precision observables. For example, new heavy charged particles can appear in the photon’s
self-energy, altering the fine-structure constant’s running. Another example is the lepton
g−2: new particles that couple to Standard Model leptons can engage in the typical triangle
loop and contribute to the anomalous magnetic moment. We have shown that the value
of ae inferred from the fine-structure constant measurement can lead to stringent limits on
the dark sector models. Finally, dark states’ appearance can modify the decay width of
Standard Model particles, e.g., the Z-invisible decay, which is measured precisely. We have
detailed the calculation of various loop diagrams, and a generalization to other types of
dark-visible interactions can be made from there. If the dark sector is described by a chiral
theory or non-flavor-universal one, it can act as a source of extra parity violation or result
in lepton flavor violating processes. Parity violation is present in the Standard Model weak
interaction, precisely measured in terms of polarized electron-electron scattering. With the
current sensitivity, the potential dark chiral interaction can be strongly constrained. In the
latter case, lepton flavor violating processes such as µ → eγ are forbidden in the Standard
Model; therefore, the presence of lepton flavor violating processes can be a smoking gun for
new physics. We have utilized current measurements of the asymmetry parameter for the
parity violation and the absence of µ→ eγ to derive constraints on the underlying models.

In addition to a thermal component, we entertain the possibility of having a non-thermal
component of dark states. We consider an intuitive way to build a non-thermal population:
particle decay. To be specific, we study the process of dark matter decays to dark radiation.
Through the two-body decay, the energy spectrum of dark radiation is only related to the
mass and lifetime of the parent dark matter; thus, dark radiation can have a distinct energy
spectrum from the thermal cosmic radiation backgrounds. A non-thermal energy spectrum
also boosts the detection potential of dark radiation in terrestrial experiments such as the
direct detection experiments and neutrino experiments, as long as their thresholds are low
enough. First, we establish the framework of computing the event rate of Standard Model
particles’ recoil with an incoming relativistic dark flux. We then derive the sensitivity of cur-
rent experiments such as XENON1T, Borexino and Super-Kamiokande, as well as proposed
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ones, e.g., DUNE and Hyper-Kamiokande. Besides, we find the recent XENON1T excess can
be fitted with the dark radiation carrying mass-dimension 4 and 6 EM form factors, without
conflicting the constraints from stellar energy loss argument.

The conventional direct and indirect dark matter searches are still essential for sub-GeV
dark states but with different strategies. For the direct detection, we study scattering between
a non-relativistic dark matter and an atomic electron, which has a smaller ionizing threshold
than the nuclear recoil in order to be detectable. We update the current constraints on the
benchmark models with a combination of experiments and further consider a solar-reflected
flux. On the other hand, the pair-annihilation of dark states leaves imprints both in the
early and local universe. In the former case, the energy injection from the s-wave annihila-
tion modifies the ionization history, affecting the Cosmic Microwave Background anisotropy
power spectra. The velocity-suppressed p-wave annihilation, on the other hand, can be less
suppressed at lower redshifts in virilized dark matter halos, yielding detectable signals in
observatories such as Voyager I considered in this thesis.

We demonstrate that the two benchmark sub-GeV dark sector models can only be weakly-
coupled to the visible sector by scrutinizing the aforementioned probes, together with cos-
mological observables such as Neff and structure formation. In addition, the electromagnetic
form factors of the dark states are constrained to be small; namely, the dark sector is indeed
“dark” to a large degree. We also rule out scalar dark matter, either through fermion or
vector portal, as an explanation of the muon g − 2 anomaly and the INTEGRAL 511 keV

line excess. Furthermore, the parameter space for a correct thermal dark matter relic of the
two portals is excluded. In summary, we illustrate how current and future searches, equipped
with high-intensity source and high-resolution detectors, can improve our understanding of a
light, sub-GeV dark sector.

10.2 Future perspectives

Although rough estimates may be sufficient for setting overall constraints, we note that some
aspects discussed in this thesis may require further investigation, listed in the following:

• Neutrino kinetic decoupling (ongoing work): in the early universe, this process naturally
leads to Neff 6= 3. We note that in the literature, the calculation usually assumes
dark matter thermalizes with either the electron or neutrino sector initially. However,
dark matter may interact with both electron and neutrino with comparable strength,
such as the Z ′-portal discussed in this thesis. To obtain the correct value of Neff and
robust constraints on the parameter space, one needs to co-evolute the three sectors’
thermodynamics.

• On-shell production of portal particles: with high enough center-of-mass energy, heavy
mediators such as F and Z ′ can be produced on-shell in laboratories. In this case,
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the observables are strongly related to their decay width and the associated branching
ratios to different final states. The signal can be missing energy (if it mainly decays
into the dark states) or a displaced vertex (if it mainly decays into Standard Model
particles). Therefore, a detailed study considering both individual effects or even the
combination is required to probe the whole parameter space firmly.

• UV completion of the “photon portal”: the UV physics may be important in deriving
valid constraints on the parameter space of the photon portal from high-energy col-
liders including LEP and LHC, as the center-of-mass energy may be comparable to
the UV scale. In an UV-completed model, electromagnetic form factors of dark states
can be induced by some heavy charged states appearing in loops. Furthermore, these
heavy states can be millcharged to avoid collider constraints on charged particles at
electroweak scale. On the other hand, one can search for distinct signatures in col-
liders, e.g., displaced vertex signals from heavy particle decay, which requires detailed
detector simulations.

• Precise calculation of DM-electron scattering (ongoing work): in this thesis, we use
atomic form factors based on the non-relativistic wavefunctions of electrons in our
calculations of DM-electron scattering. In the high momentum transfer regime ~q ·
~r & 1 where ~r is the electron coordinate, it turns out that fully relativistic electron
wavefunctions are necessary to compute accurate atomic form factors.

In conclusion, this thesis provides a comprehensive framework for probing a light dark sec-
tor in the sub-GeV mass range. Through two minimal extensions of the Standard Model, we
demonstrate the sensitivity reaches of different experiments and searches, ranging from lab-
oratory to astrophysics and cosmology. We have shown that current constraints suggest that
the dark states only carry minute electromagnetic form factors and exclude a potential ex-
planation for some long-standing anomalies. Sub-GeV dark sectors remain an active research
area, with plenty of new ideas on model building and experimental designs. The formalism
developed in this thesis is thus timely and can be employed in other more involved models.
In the future, this framework can be extended to include searches that are not considered
in this thesis, e.g., the 21 cm cosmology at the cosmic dawn and missing energy/displaced
vertex events in LHC.





Appendix

A Derivation of Phase Space

In this appendix, we derive the Lorentz-invariant phase space integrals in frames, relevant in
the computation of decay rates and cross sections in this thesis. We start from the three-
body phase space which appears in the decay rate of the scalar meson (Sec. 4.2.2) and in
Compton-like production of the dark states (Sec. 3.2.4). Then we resolve the formidable
four-body phase space, relevant for the bremsstrahlung process considered in this thesis; see
Sec. 3.2.5 and Sec. 7.1.

One useful technique to simplify the phase space integral is decomposing the full one into a
sequence of fundamental two-body phase space elements. We first combine any two particles
into one “quasi-particle” with 4-momentum q12 = p1 + p2 by inserting the integrals:

∫
d4q12 δ

4(q12 − p1 − p2)Θ(q0
12) = 1 , (A.1)

and
∫
ds12 δ(s12 − q2

12) = 1 , (A.2)

where s12 can be seen as the squared mass of the quasi-particle. Utilizing the identity,
∫
d3q12

2E12
=

∫
d4q12 δ(s12 − q2

12)Θ(q0
12) , (A.3)

to integrate out the q0
12 dependence, we obtain
∫
ds12

2π

∫
d3q12

(2π)32E12

(2π)4δ4(q12 − p1 − p2) = 1 , (A.4)

where E12 = q0
12. Because the overall phase space integral is Lorentz-invariant, in principle

we can carry out the integral in any frame, in which the most convenient one is the rest
frame of q12. Therefore, in this way we can simplify part of the many-body phase space; for
example, we can integrate the Lorentz-invariant phase space dΠi =

∏
i d

3~pi(2π)−3(2Ei)
−1

with the delta function in Eq. (A.4), yielding a two-body phase space:
∫
dΦ2 =

∫
dΠi=1,2 (2π)4δ4(q12 − p1 − p2)

=
β̄(s12,m1,m2)

8π

∫
dΩ12

4π
, (A.5)



114 Chapter 10. Appendix

with

β̄(s12,m
2
1,m

2
2) =

√
1− 2(m2

1 +m2
2)

s12
+

(m2
1 −m2

2)2

s2
12

.

A.1 Three-body phase space

First, we consider the three-body decay process p1 → p2 + p3 + p4. The most general form of
the three-body phase space integral reads

∫
dΦ3 =

∫
dΠi=2,3,4 (2π)4δ4(p1 − p2 − p3 − p4) . (A.6)

To simplify Eq. (A.6), we only need to apply the aforementioned technique once. Combining
p3 and p4 as one quasi-particle, we can rewrite Eq. (A.6) as
∫
dΦ3 =

∫
dΠi=2,3,4

∫
ds34

2π

∫
d3q34

(2π)32E34

(2π)4δ4(q34 − q3 − q4)(2π)4δ4(p1 − p2 − q34)

=

∫
ds34

2π

∫
dΦ2(p2, q34)

∫
dΦ2(p3, p4)

=

∫
ds34

2π

∫
dΩ2

4π

β̄(m2
1,m

2
2, s34)

8π

∫
dΩ34

4π

β̄(s34,m
2
3,m

2
4)

8π
. (A.7)

Note that here dΩ2 represents the overall solid angle of the whole system, and dΩ34 is the
angular phase space element between ~p2 and ~p3-~p4 plane. To further simplify the phase space
integral, we choose to compute in the frame that ~p3 + ~p4 = 0 (denoted as “R34”)1. As we
are interested in an isotropic decay, the overall solid angle of the system can be integrated
out. Furthermore, we can define the polar angle cos θR34

34 with respect to ~p2 such that the
dependence on the azimuthal angle φ34 can be seen as an overall rotation of ~p3 and ~p4 with
respect to ~p2. After integrating out the trivial rotational degrees of freedom, the three-body
phase space integral becomes

∫
dΦ3 =

1

32(2π)3

∫
ds34

∫
d cos θR34

34 β̄(m2
1,m

2
2, s34)β̄(s34,m

2
3,m

2
4) . (A.8)

In general, it is more convenient to trade the frame-dependent variable cos θR34
34 with

certain Lorentz-invariant quantities such as s23 ≡ (p2 + p3)2. In the R34 frame, we have

s23 = m2
2 +m2

3 + 2ER34
2 ER34

3 − 2|~p2|R34|~p3|R34 cos θR34
34 . (A.9)

It is straightforward to express energies and momenta in the R34 frame in terms of s34 and
the masses,

ER34
1 =

m2
1 −m2

2 + s34

2
√
s34

, |~p1|R34 =
m2

1

2
√
s34

β̄(m2
1,m

2
2, s34) ,

1Compared to the frame used here, it is not so straightforward to use the rest frame of the decaying
particle to simplify the phase space integral.
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Figure A.2: The Dalitz plot demonstrating the allowed kinematic region (light blue shaded) for two
Lorentz-invariant variables s23 and s34. The kinematic boundaries are represented by four dashed
lines with the corresponding values labelled. Here we takem1 = 10 GeV andm2 = m3 = m4 = 2 GeV.
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We can then express cos θR34
34 in terms of Lorentz-invariant variables as

cos θR34
34 =

s34(m2
1 +m2

2 +m2
3 +m2

4 − 2s23) + (m2
1 −m2

2)(m2
3 −m2

4)− s2
34

m2
1m

2
3β̄(m2

1,m
2
2, s34)β̄(m2

3,m
2
4, s34)

. (A.10)

To replace the integration variable, we need the Jacobian,
∣∣∣∣∣
∂ cos θR34

34

∂s23

∣∣∣∣∣ =
2s34

m2
1m

2
3β̄(m2

1,m
2
2, s34)β̄(m2

3,m
2
4, s34)

, (A.11)

with which the three-body phase space integral can be written as
∫
dΦ3 =

1

32(2π)3

∫
ds34

∫
ds23

∣∣∣∣∣
∂ cos θR34

34

∂s23

∣∣∣∣∣ β̄(m2
1,m

2
2, s34)β̄(s34,m

2
3,m

2
4)

=
1

16(2π)3m2
1

∫
ds34

∫
ds23 , (A.12)

where we use the fact thatm2
3β̄(m2

3,m
2
4, s34) = s34β̄(s34,m

2
3,m

2
4). The integration boundaries

of s34 are given by

(m3 +m4)2 ≤ s34 ≤ (m1 −m2)2 ,
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while that of s23 read

[s23]± = m2
2 +m2

3 + 2ER34
2 ER34

3 ± 2|~p2|R34|~p3|R34 ,

corresponding to the case cos θR34
34 = ∓1. The variables, s23 and s34, are usually called

Dalitz variables, and the integration boundaries of them form the famous Dalitz plot shown
in Fig. A.2.

Note that Eq. (A.12) is general and fully Lorentz-invariant, hence it can be applied to other
specific frames. For example, to obtain the energy spectrum of the dark states produced from
the scalar meson decay sm→ γ + χ+ χ̄, we need to first compute the differential decay rate
dΓχ/dE

∗
χ in the rest frame of the meson in which the decay is isotropic, and then boost the

whole system to the lab frame. In this case we simply trade one of the Lorentz-invariant
variables in Eq. (A.12) with E∗χ; see App. B.2.1 for details. For the Compton-like production
of χ-pair e−+γ → e−+χ+χ̄ discussed in Sec. 3.2.4, as the energy spectrum and the direction
of the emitted dark states are not important, we can regard χ-pair as a quasi-particle with
squared invariant mass sχχ̄ to compute the three-body phase phase. The resulting differential
cross section is given in Eq. (3.19). One may switch to other specific frame choices, depending
on the problem at hand; we refer the reader to [449] for the formulas in different frames.

A.2 Four-body phase space

The four-body phase space integral is especially relevant for the bremsstrahlung process
p1 + p2 → p3 + p4 + p5 + p6 that appears many times in this thesis. The most general form
of the four-body phase space integral reads

∫
dΦ4 =

∫
dΠi=3,4,5,6 (2π)4δ4(p1 + p2 − p3 − p4 − p5 − p6) . (A.13)

Including the delta function for the four-momentum conservation as well as an overall rotation
around ~p1 + ~p2, we still have 7 degrees of freedom. In the following, we simplify Eq. (A.13)
case by case, including the bremsstrahlung production of dark states in stellar objects, in
fixed-target experiments, and in beam-dump experiments.

For the emission in stars, we consider the process e(p1) + N(p2) → e(p3) + N/Xn(p4) +

χ(p5) + χ̄(p6) and compute the energy loss rate in the lab frame ~p2 = 0. In case of an
inelastic process on the target nucleus, the final-state N is replaced by Xn, where Xn denotes
an inclusive final state. First, because we are only interested in the total energy loss by χ(χ̄)

per collision, the energy spectrum and the angular distribution of the dark states are not
relevant; therefore, we can factor out the phase space of the dark states, resulting in
∫
dΦ4 =

∫
dΠi=3,4,k (2π)4δ4(p1 + p2 − p3 − p4 − k)

∫
dsχχ̄
2π

∫
dΠi=5,6 (2π)4δ4(k − p5 − p6)
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=

∫
dsχχ̄
2π

∫
dΦ3(p3, p4, k)

β̄(sχχ̄,m
2
χ,m

2
χ)

8π

∫
dΩR

χχ̄

4π
, (A.14)

where k = p5 + p6 and sχχ̄ = k2. The phase space of the χ-pair can be integrated in their
rest frame together with the dark current to yield f(sχχ̄); see Eq. (2.5). Now we are left
with a three-body phase space integral that is independent of the dark states, for which
we introduce Lorentz-invariant variables to replace the frame-dependent variables. First, we
introduce s4 = ω2 = (p4 +k)2 = (p1 +p2−p3)2 such that the three-body phase space integral
reads

∫
dΦ3 =

∫
dΠ3

∫
dΠi=4,k (2π)4δ4(ω − p4 − k)

=

∫
dΠ3

β̄(s4,m
2
N/X , sχχ̄)

8π

∫
dΩR4k

4k

4π

=
1

16(2π)4

∫
dE3

∫
d cos θ3 |~p3|β̄(s4,m

2
N/X , sχχ̄)

∫
dΩR4k

4k , (A.15)

where the overall azimuthal angle between ~p3 and ~p1 +~p2 is integrated out and “R4k” denotes
the frame ~p4 +~k = 0. The two frame-dependent variables, E3 and cos θ3, can be replaced by
s4 and t1 = (p1 − p3)2 = q2

1 with the formulas:

s4 = 2m2
e +m2

N + 2(E1 − E3)mN − 2E1E3 + 2

√
E2

1 −m2
e

√
E2

3 −m2
e cos θ3 ,

t1 = 2m2
e − 2E1E3 +

√
E2

1 −m2
e

√
E2

3 −m2
e cos θ3 ,

with E1 = (s − m2
e − m2

N )/(2mN ), where s = (p1 + p2)2 is the squared CM energy of the
system. The Jacobian for changing the variables reads

∣∣∣∣
∂(E3, cos θ3)

∂(s4, t1)

∣∣∣∣ =
1

2|~p3|
√
λ(s,m2

e,m
2
N )

, (A.16)

where λ(a, b, c) = a2 + b2 + c2 − 2(ab+ ac+ bc) is the triangle function and its relation with
β̄ is

√
λ(a, b, c) = a× β̄(a, b, c) .

In terms of s4 and t1, the three-body phase space integral can be rewritten as
∫
dΦ3 =

1

32(2π)4

1√
λ(s,m2

e,m
2
N )

∫
ds4

∫
dt1 β̄(s4,m

2
N/X , sχχ̄)

∫
dΩR4k

4k . (A.17)

Now the only frame-dependent part is dΩR4k
4k = d cos θR4k

4k dφR4k
4k , in which the polar angle can

be replaced by another Lorentz-invariant variable t2 = (p2 − p4)2 = q2
2, in the R4k frame,

which reads2

t2 = m2
N +m2

N/X −
1

2s4

[
(s4 +m2

N − t1)(s4 +m2
N/X − sχχ̄)

2See the discussion on “t-channel cut” in [449].
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−
√
λ(s4,m

2
N , t1)λ(s4,m

2
N/X , sχχ̄) cos θR4k

4k

]
.

The corresponding Jacobian is then
∣∣∣∣∣
∂ cos θR4k

4k

∂t2

∣∣∣∣∣ =
2s4√

λ(s4,m
2
N , t1)λ(s4,m

2
N/X , sχχ̄)

. (A.18)

The azimuthal angle can be seen as the angle between planes (~q1, ~p1) and (~q1,~k) in the lab
frame. In terms of n × n unsymmetrical Gn and symmetrical ∆n Gram determinants3, we
introduce another Lorentz-invariant variable,

p1k ≡ p1 · k =
(p2 · p1)G2(p2, q1; q1, k)− (q1 · p1)G2(p2, q1; p2, k)

−∆2(p2, q1)

+

√
∆3(p2, q1, p1)∆3(p2, q1, k) cosφR4k

4k

−∆2(p2, q1)
,

from which we can read off the Jacobian:
∣∣∣∣∣
∂φR4k

4

∂p1k

∣∣∣∣∣ = −
√
−∆2(p2, q1)√

−∆4(p2, q1, p1, k)
. (A.19)

Note that when switching to p1k we need an extra factor of 2 to account for the fact that
φR4k

4k ranges from 0 to 2π.

Finally, we can write down the Lorentz-invariant formula for the three-body phase space
integral considered here,

∫
dΦ3 =

1

8(2π)4

1√
λ(s,m2

e,m
2
N )

∫
ds4

∫
dt1

1√
λ(s4,m

2
N , t1)

∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣ .

(A.20)

Combining Eq. (A.20) with |M|2→3, we can derive σ2→3 in Eq. (B.67); the integration bound-
aries for each variable are given below Eq. (B.67)4. Including the phase space of the χ-pair,
the full four-body phase space reads

∫
dΦ4 =

1

32(2π)6

1√
λ(s,m2

e,m
2
N )

∫
sχχ̄

∫
ds4

∫
dt1

β̄(sχχ̄,m
2
χ,m

2
χ)√

λ(s4,m
2
N , t1)

×
∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣

∫
dΩR

χχ̄

4π
. (A.21)

3See [449] for the definitions of Gn and ∆n.
4For the s-channel variables such as s4, the integration boundaries are simply the overall kinematic

constraints. On the contrary, for the t-channel variables such as t1 and t2, the boundaries are determined by
the extremal value of the cosine of the following angles.
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For the production of φ-pair in fixed-target experiment considered in Sec. 7.1.2, we infer the
missing energy by measuring the final-state electron; therefore, we need to obtain the energy
spectrum and angular distribution of p3,

∫
dΦ4

dE3d cos θ3
=

√
E2

3 −m2
e

16(2π)6

∫
sφφ

β̄(sφφ,m
2
φ,m

2
φ)√

λ(s4,m
2
N , t1)

∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣

∫
dΩR

φφ

4π
, (A.22)

where we simply apply the inverse of Eq. (A.16) to Eq. (A.21). The 2-to-4 differential cross
section (C.108) can then be derived based on Eq. (A.22).

For beam-dump experiments such as mQ and BDX, we probe the particle recoil caused
by dark states at a downstream detector, for which we solve for the energy spectrum and
angular distribution of the produced dark states. Therefore, we can no longer combine dark
state pair as one quasi-particle; instead, we decompose the four-body phase space integral as
follows:
∫
dΦ4 =

∫
ds36

2π

∫
dΠi=4,5,k36

(2π)4δ4(p1 + p2 − p4 − p5 − k36)

∫
dΠi=3,6 (2π)4δ4(k36 − p3 − p6)

=

∫
ds36

2π

∫
dΦ3(p4, p5, k36)

β̄(s36,m
2
e,m

2
φ)

8π

∫
dΩR36

36

4π
, (A.23)

where s36 = (p3 + p6)2 = k2
36. Introducing a t-channel cut, the polar part of dΩR36

36 (polar
angle between ~p3 and ~p1 +~p2) can be traded with a Lorentz-invariant variable t23 = (p2−p3)2,
expressed by

t23 = m2
N +m2

e −
1

2s36

{[
s36 +m2

N − (p1 − p4 − p5)2
]

(s36 +m2
e −m2

φ)

−
√
λ(s36,m

2
N , (p1 − p4 − p5)2)λ(s36,m

2
e,m

2
φ) cos θR36

36

}
,

with the Jacobian being
∣∣∣∣∣
∂ cos θR36

36

∂t23

∣∣∣∣∣ =
2s36√

λ(s36,m
2
N , (p1 − p4 − p5)2)λ(s36,m

2
e,m

2
φ)
. (A.24)

In the lab frame, the azimuthal angle φR36
36 is then the angle between planes (~p1− ~p4− ~p5, ~p3)

and (~p1 − ~p4 − ~p5, ~p4), which can be reformulated as the Lorentz-invariant variable:

p34 ≡ p3 · p4 =
(p2 · p4)G2(p2, p1 − p4 − p5; p1 − p4 − p5, p3)

−∆2(p2, p1 − p4 − p5)

− [(p1 − p4 − p5) · p4]G2(p2, p1 − p4 − p5; p2, p3)

−∆2(p2, p1 − p4 − p5)

−
√

∆3(p2, p1 − p4 − p5, p4)∆3(p2, p1 − p4 − p5, p3) cosφR36
36

−∆2(p2, p1 − p4 − p5)
.
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The Jacobian can be derived analogous to Eq. (A.19). The residual three-body phase space
integral reads

∫
dΦ3 =

∫
dΠ5

∫
dΠi=4,k36

(2π)4(p1 + p2 − p4 − p5 − k36)

=
1

2(2π)2

∫
dE5

∫
d cos θ5 |~p5|

∫
dΠi=4,k36

(2π)4(k436 − p4 − k36)

=
1

2(2π)2

∫
dE5

∫
d cos θ5 |~p5|

β̄(s436,m
2
N/X , s36)

8π

∫
dΩR436

436

4π
, (A.25)

with s436 = (p4 + k36)2 = k2
436. Again, with a t-channel cut p2 + (p1 − p5)2 → p4 + k36, we

can introduce

t2 = m2
N +m2

N/X −
1

2s436

[
(s436 +m2

N − t215)(s436 +m2
N/X − s36)

−
√
λ(s436,m

2
N , t15)λ(s436,m

2
N/X , s36) cos θR436

436

]
,

where t15 ≡ (p1 − p5)2. The corresponding Jacobian is
∣∣∣∣∣
∂ cos θR436

436

∂t2

∣∣∣∣∣ =
2s436√

λ(s436,m
2
N , t15)λ(s436,m

2
N/X , s36)

. (A.26)

The two variables, s436 and t15, can be expressed in terms of lab frame variables as

s436 = m2
e +m2

N +m2
φ + 2E1mN − 2E5mN − 2E1E5 + 2

√
E2

1 −m2
e

√
E2

5 −m2
φ cos θ5 ,

t15 = m2
e +m2

φ − 2E1E52

√
E2

1 −m2
e

√
E2

5 −m2
φ cos θ5 .

Note that

(p1 − p4 − p5)2 = m2
N +m2

N/X + s36 + t15 − s436 − t2 .

While the azimuthal angle φR436
436 can be seen as the angle between planes (~p1 − ~p5, ~p1) and

(~p1 − ~p5, ~p4) in the lab frame, we can define

p14 ≡ p1 · p4 =
(p2 · p1)G2(p2, p1 − p5; p1 − p5, p4)− [(p1 − p5) · p1]G2(p2, p1 − p5; p2, p4)

−∆2(p2, p1 − p5)

−
√

∆3(p2, p1 − p5, p1)∆3(p2, p1 − p5, p4) cosφR436
436

−∆2(p2, p1 − p5)
.

The Jacobian can be read off accordingly. Collecting all pieces of the phase space integral,
we find

∫
dΦ4

dE5 cos θ5
=

√
E2

5 −m5
φ

8(2π)7

∫
ds36

∫
t23

∫
dp34

∫
dt2
∫
dp14

∣∣∣∂φ
R36
36

∂p34

∣∣∣
∣∣∣∂φ

R436
436
∂p14

∣∣∣
√
λ(s36,m

2
N , (p1 − p4 − p5)2)λ(s436,m

2
N , t15)
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=

√
E2

5 −m5
φ

32(2π)7

∫
ds36

∫
t23

∫
dφR36

36

∫
dt2
∫
dφR436

436√
λ(s36,m

2
N , (p1 − p4 − p5)2)λ(s436,m

2
N , t15)

, (A.27)

where the factor of 4 difference is due the fact that both φR36
36 and φR436

436 go from 0 to 2π. In
Eq. (C.109), we apply the latter case and replace the subscript “5” with φ in Eq. (A.27).

As a final remark of this appendix, in the derivation of the scatteing amplitude, one needs
to define an additional Lorentz-invariant variable5 p56 ≡ p5 ·p6 such that every scalar product
of four-momenta can be written in terms of a combination of Lorentz-invariant variables [183].
Using the fact that, in a four-dimensional space-time, any five 4-vectors cannot be linearly
independent, we can express p56 as a function of other Lorentz-invariant variables by solving
det(M) = 0, where the (i, j) entry of the 5× 5 matrix M is pi · pj and i, j = 1, · · · , 5. There
are two solutions of p56 corresponding to φR36

36 ∈ [0, π) and φR36
36 ∈ [π, 2π). Other Lorentz-

invariant variables are not affected by φR36
36 → 2π − φR36

36 . For a pictorial demonstration, see
Fig. 12 in [183].

B Appendix for Part I

B.1 Stellar Probes

B.1.1 Photons in a thermal medium

The processes depicted in Fig. 3.1 are fundamentally affected (or enabled) by the in-medium
modified photon dispersion. Here we collect the central results that go into the computation
of the energy loss rates (our convention largely follows [193]). The central quantity measuring
the strength of the medium-effect is the plasma frequency ωp, obtained through

ω2
p =

4α

π

∫ ∞

0
dp
p2

E

(
1− 1

3
v2

)(
f
e
− + f

e
+

)
, (B.28)

where v = p/E is the velocity of electrons or positrons, and f
e
− and f

e
+ are their respective

Fermi-Dirac distributions, f
e
± = [e(E±µe)/T + 1]−1.

Eq. (B.28) takes on the following analytic forms in the classical, degenerate and relativistic
limit respectively,

ω2
p '





4παne
me

(
1− 5

2

T

me

)
classical

4παne
EF

=
4α

3π
p2
F vF degenerate

4α

3π

(
µ2
e +

1

3
π2T 2

)
relativistic

, (B.29)

5Here the choice of this additional Lorentz-invariant variable is not unique.
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Figure B.3: Reproduced profiles of a representative 0.8M� HB star [211] (left) and of a PNS of a
18M� progenitor [213] (right) that are adopted in this thesis. In each panel, the left vertical axis
corresponds to the values of temperature and plasma frequency (solid lines) at each radius, in units
of keV (HB) or MeV (PNS), and the right vertical axis gives the number densities (dashed lines) of
each particle species, in keV3 (HB) or MeV3 (PNS). For SN, the effective electron mass meff

e is also
displayed.

where α is the fine-structure constant, ne is the number density of electrons, pF = (3π2ne)
1/3

is the Fermi momentum, EF =

√
m2
e + p2

F is the Fermi energy and vF = pF /EF is the
Fermi velocity. Here “classical” refers to a non-relativistic (T � me) and non-degenerate
(T � µe −me) plasma.

The PNS core of a SN is both in a relativistic and degenerate regime and we find that
the relativistic limit above yields a better fit to the general form of ωp in Eq. (B.28) than the
degenerate limit; the latter exhibits a 10% deviation. The core of a RG star is non-relativistic
but degenerate whereas HB stars and the Sun are well described by the classical limit. In
our numerical calculations, we adopt ωp computed from Eq. (B.28), avoiding any ambiguities
of taking limiting cases. Representative values of ωp at the cores of all stellar objects are
summarized as

ωp ∼





0.3 keV Sun’s core

2.6 keV HB’s core

8.6 keV RG’s core

17.6 keV SN’s core

. (B.30)

The computation of most of the processes requires the in-medium photon propagator. Pick-
ing Coulomb gauge, for a photon carrying 4-momentum k = (ω,~k), the latter divides into
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longitudinal (L) and transverse (T) parts [450]:

D00 =
k2

|~k|2(k2 −ΠL)
g00 ,

Dij =
1

k2 −ΠT

(
δij −

kikj

|~k|2

)
, (B.31)

where ki is the Cartesian component of the photon three-momentum (magnitude |~k|). Us-
ing [450] and adopting the conventions of [171, 193], the real part of the polarization functions
ΠT,L in the rest frame of the (isotropic) thermal bath reads

Re ΠT =
3ω2

2v2
∗|~k|2

ω2
p

(
1− ω2 − v2

∗|~k|2

2ωv∗|~k|
ln
ω + v∗|~k|
ω − v∗|~k|

)
,

Re ΠL = 3ω2
p

(
ω2 − |~k|2

v2
∗|~k|2

)(
ω

2v∗|~k|
ln
ω + v∗|~k|
ω − v∗|~k|

− 1

)
. (B.32)

The full expressions for the dispersion relations k2 −ΠT,L = 0 then relate the energies of an
on-shell photon, ωT,L, to its momentum ~k to order α [450], via

ω2
T = |~k|2 + ω2

p
3ω2

T

2v2
∗|~k|2

(
1− ω2

T − v2
∗|~k|2

2ωTv∗|~k|
ln
ωT + v∗|~k|
ωT − v∗|~k|

)
,

ω2
L = ω2

p
3ω2

L

v2
∗|~k|2

(
ωL

2v∗|~k|
ln
ωL + v∗|~k|
ωL − v∗|~k|

− 1

)
. (B.33)

Eq. (B.33) are also valid to order |~k|2 at small |~k| for all temperatures and electron number
densities. Throughout the thesis, we always use ωT,L, as functions of |~k|, to denote the energy
of an on-shell thermal photon, which satisfies Eq. (B.33), and use ω for off-shell photons.

Longitudinal photons are populated up to a wavenumber kmax, beyond which the longi-
tudinal dispersion relation crosses the light cone and L-modes become damped, with

kmax =

[
3

v2
∗

(
1

2v∗
ln

1 + v∗
1− v∗

− 1

)]1/2

ωp , (B.34)

and in the relativistic limit kmax →∞. In these equations, the mobility of charges is captured
by the typical velocity of electrons, v∗ ≡ ω1/ωp, where

ω2
1 =

4α

π

∫ ∞

0
dp
p2

E

(
5

3
v2 − v4

)(
f
e
− + f

e
+

)
. (B.35)

In the three limits mentioned previously, v∗ can be approximated as

v∗ '





√
5T/me classical

vF degenerate

1 relativistic

. (B.36)
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Finally, as alluded to in the main text, the processes we consider are non-resonant in the
photon exchange and Im ΠT,L can be neglected throughout.

In turn, the computation of in-medium photon decay, i.e., process described by Eq. (3.5),
requires the description of external in-medium photon states. For propagation in the z-
direction, i.e., kx = ky = 0, the transverse and longitudinal polarization vectors are given
by

εµT = (0, 1(0), 0(1), 0) , εµL =
1√

ω2
L − |~k|2

(|~k|, 0, 0, ωL) . (B.37)

In all cases εµεµ = −1 and εµkµ = 0.

Furthermore, the in-medium coupling of the photon to the EM current is modified by the
vertex renormalization constants ZT,L ≡ (1 − ∂ΠT,L/∂ω

2
T,L)−1. For the convention adopted

here, they are equivalent to the ones given in [193],

ZT =
2ω2

T(ω2
T − v2

∗|~k|2)

3ω2
pω

2
T + (ω2

T + |~k|2)(ω2
T − v2

∗|~k|2)− 2ω2
T(ω2

T − |~k|2)
,

ZL =
2(ω2

L − v2
∗|~k|2)

3ω2
p − (ω2

L − v2
∗|~k|2)

ω2
L

ω2
L − |~k|2

, (B.38)

These factors are attached to each zero-temperature vertex factor involving an external
photon state. For internal photons, this effect is already accounted for in the momentum-
dependent self-energy ΠT,L(ω,~k).

For thermal corrections to the electron mass which is relevant for PNS, we closely follow
[451]. For an electron with a general 4-momentum p = (E, ~p) in a neutral medium where the
positron number density is negligible, we first introduce the four functions below:

Ae =
−α

4π|~p|

∫ ∞

0
dq

q f
e
−(q)√

q2 +m2
e

[
4|~p|q − (p2 +m2

e)L2

]
, (B.39a)

Ce =
αme

π|~p|

∫ ∞

0
dq

q f
e
−(q)√

q2 +m2
e

(−L2) , (B.39b)

Aγ =
−α

4π|~p|

∫ ∞

0
dq fγ(q)

[
8|~p|q + (p2 +m2

e)(L3 − L4)
]
, (B.39c)

Cγ =
αme

π|~p|

∫ ∞

0
dq fγ(q) (L3 − L4) , (B.39d)

where q here is the absolute value of the 3-momentum of medium particles (electron, photon)
that is integrated over and L2,3,4 are functions of q in terms of

L2(q) = ln


2(E

√
q2 +m2

e + |~p|q) + p2 +m2
e

2(E

√
q2 +m2

e − |~p|q) + p2 +m2
e


 , (B.40a)
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L3(q) = ln

[
2(Eq + |~p|q) + p2 −m2

e

2(Eq − |~p|q) + p2 −m2
e

]
, (B.40b)

L4(q) = ln

[
2(Eq + |~p|q)− p2 +m2

e

2(Eq − |~p|q)− p2 +m2
e

]
. (B.40c)

Here me is the zero-temperature mass of electron, 0.511 MeV, while fγ(p) and f
e
−(p) give the

thermal momentum distribution functions of photon and electron (per degree of freedom).
We have set f

e
+(p) = 0 in the above equations. In the end, we take the approximation made

in [452] to obtain that

meff
e (p) =

√
m2
e − 2(Aγ +Ae)− 2me(Cγ + Ce) . (B.41)

We have neglected thermal corrections to χ states. In the phenomenologically relevant regime,
their coupling to the thermal bath is very weak.

Finally, we have reproduced the profiles of the HB star model from [211], and PNS model
from [213], adopted in this thesis, as shown in Fig. B.3, where neutrality and µ

e
− + µ

e
+ = 0

at each radius have been taken for granted for the PNS profile.

B.1.2 Full expression of χ-pair production rate

For any process that produces a χχ̄-pair through a photon propagator of 4-momentum k =

(ω,~k), its spin-summed squared matrix element can be written as

∑

spins

|M|2 = Dµν(k)D∗ρσ(k)T µρSMT
νσ
χ , (B.42)

where the in-medium photon propagatorDµν is given by Eq. (B.31), while T µρSM and T νσχ repre-
sent the corresponding squared matrix elements of the SM current, i.e., SM→ γ∗(k) (+ SM′),
and the dark current, i.e., γ∗(k) → χ(pχ) + χ̄(pχ̄), of which the latter is given by Eq. (2.4).
Generalizing Eq. (5.156) of [205] yields an expression for the exact χχ̄ differential production
rate per volume:

dṄχ

d4k
=

1

(2π)4Dµν(k)D∗ρσ(k)

(
2 Im Πµρ(k)

eω/T − 1

)
Iνσχ , (B.43)

where Im Πµρ is the imaginary part of the thermal photon self-energy induced by all possible
SM currents. In the medium it is decomposed into longitudinal and transverse components,
Im ΠT,L, as shown in Eq. (3.11) in the main text. The factor Iνσχ is the 2-body final state
integrated over its phase space,

Iνσχ =

∫
dΠi=χ,χ̄ (2π)4δ4(k − pχ − pχ̄)T νσχ , (B.44)
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where dΠi =
∏
i d

3~pi(2π)−3(2Ei)
−1, as mentioned in the main text. The integration can be

executed in an arbitrary frame, and in particular in the rest frame of the thermal bath by
adopting Lenard’s formula [453], generalized to massive final states. We find

∫
dΠi=χ,χ̄ (2π)4δ4(k − pχ − pχ̄)pµχp

ν
χ̄ =

1

96π
(Ak2gµν + 2Bkµkν) , (B.45)

where the coefficients A and B are given by

A =

(
1− 4m2

χ

sχχ̄

)3/2

, B =

√
1− 4m2

χ

sχχ̄

(
1 +

2m2
χ

sχχ̄

)
,

with sχχ̄ = k2. In terms of the functions f(sχχ̄) defined in Eq. (2.6), the factor Iνσχ is then
explicitly given by

Iνσχ =
1

8π

√
1− 4m2

χ

sχχ̄
f(sχχ̄)

(
−gνσ +

kνkσ

sχχ̄

)
. (B.46)

Putting all of the above together, we obtain the differential production rate per volume,
Eq. (3.11), found in the main text, which we repeat here for convenience,

dṄχ

d4k
=

1

64π5

[
− 2 Im ΠT(k)

|sχχ̄ −ΠT|2
− Im ΠL(k)

|sχχ̄ −ΠL|2

]
fB(ω)f(sχχ̄)

√
1− 4m2

χ

sχχ̄
, (B.47)

where fB(ω) = (eω/T − 1)−1 is the Bose-Einstein momentum distribution of thermal bosons.
During the derivation we have used that

−gνσ +
kνkσ

sχχ̄
= ενT,1ε

σ
T,1 + ενT,2ε

σ
T,2 + ενLε

σ
L .

B.1.3 Leading contributions to Im ΠT,L

We now demonstrate that Eq. (3.11) or, equivalently, Eq. (B.43) contain the leading produc-
tion mechanisms considered in this paper. In particular we clarify the role of resonances, and
that they are accounted for by the process γT,L → χχ̄. First, for the presence of an on-shell
transverse/longitudinal photon, one needs to take the limit ω → ωT,L of the total production
rate. Using the L’Hôpital’s rule, we find

lim
ω→ωT,L

1

|sχχ̄ −ΠT,L|2
=

(1− ∂ΠT,L/∂ω
2)−1

|ω2 − |~k|2 −ΠT,L|2

∣∣∣∣∣
ω=ωT,L

=
ZT,L

|sχχ̄ −ΠT,L|2
, (B.48)

with the vertex renormalization constants ZT,L given in Eq. (B.38). Second, we isolate the
pole contribution to the total production rate, i.e., the case sχχ̄ = Re ΠT,L, and adopt the
narrow width approximation:

lim
Im ΠT,L→0

− Im ΠT,L(k)

π|sχχ̄ −ΠT,L|2
= δ(sχχ̄ − Re ΠT,L) , (B.49)



B Appendix for Part I 127

where Im ΠT,L < 0. Then noting that Re ΠT,L is also a function of sχχ̄ and writing d4k =

d3~k dsχχ̄/(2ω) yields

ṄT,L
χ = gT,L

∫
d3~k

(2π)3 fB(ωT,L)


ZT,Lf(Re ΠT,L)

16πωT,L

√
1− 4m2

χ

Re ΠT,L


 , (B.50)

where gT = 2 and gL = 1, counting the degrees of freedom of the photon modes. Now both
ωT,L and Re ΠT,L need to satisfy the photon dispersion relation with a 3-momentum ~k due
to the δ-function above. As will be calculated below and given explicitly in Eq. (3.12), the
term in the parentheses is exactly the decay rate of γT,L into χ-pairs.

In a next step, we further verify that the contribution of the one electron loop (OEL)
to Im Πµρ induces the production rate of χ from electron-positron annihilation6, process
Eq. (3.6). In this case, it is easier to start with Eq. (B.43), where according to the in-medium
optical theorem (see Fig. 3.2) we may write

2 Im Πµρ|OEL =

∫
dΠi=1,2 T µρe (1− f

e
− − f

e
+)(2π)4δ4(k − p1 − p2) , (B.51)

where

T µρe =Mµ

γ
∗→e+e−

Mρ

e
+
e
−→γ∗

,

and f
e
∓ gives the momentum distribution function of e−(p1), e+(p2) per degree of freedom

as defined above. Moreover, terms that are kinetically forbidden for k2 > 0 have been
neglected [202]. The presence of (1 − f

e
− − f

e
+) is due to quantum statistics, and would

disappear for classical particles. Substituting this expression into Eq. (B.43) gives

dṄχ

d4k

∣∣∣∣∣
OEL

=

∫
dΠi=1,2,χ,χ̄ |Mann|2(1− f

e
− − f

e
+)fB(ω)(2π)4δ4(k − p1 − p2)δ4(k − pχ − pχ̄) .

(B.52)

Then for the Fermi-Dirac distribution function f
e
± and the Bose-Einstein distribution fB(ω)

with the energy conservation E1 + E2 = ω, there exists the relation,
(

f
e
−

1− f
e
−

) (
f
e
+

1− f
e
+

)
=

fB(ω)

1 + fB(ω)
, (B.53)

allowing us to rewrite the number production rate per volume above as

Ṅχ

∣∣∣
OEL

=

∫
dΠi=1,2,χ,χ̄ |Mann|2fe−fe+(2π)4δ4(p1 + p2 − pχ − pχ̄) . (B.54)

after integrating over d4k on both sides. The last expression transforms precisely to the
corresponding energy loss rate Eq. (3.17), once both the energy-loss factor (E1 + E2) and
fermionic degrees of freedom f

e
± are taken in account.

6The contribution of the two and three electron loops to Im Π
µρ correspond to Compton scattering and

bremsstrahlung, respectively.
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B.1.4 γT,L decay to dark states

In the following appendices, we calculate the leading processes in the Feynman-diagrammatic
approach using tree-level perturbation theory augmented by the thermal corrections outlined
in App. B.1.1. The decay of a transverse or longitudinal photon of 4-momentum k to a pair
of dark states χ̄(pχ̄) + χ(pχ) is described by the spin-summed squared matrix element,

∑

spins

|MT,L|2 = ZT,Lεµ(k)ε∗ν(k)T µνχ , (B.55)

where ZT,L is the vertex renormalization factor in Eq. (B.38), εµ is the photon polarization
vector and T µνχ is given in Eq. (2.4). The decay rate is given by the phase-space integral:

ΓT,L =

∫
dΠi=χ,χ̄ (2π)4δ4(k − pχ − pχ̄)

1

2ωT,L

∑

spins

|MT,L|2 , (B.56)

where ωT,L is the energy of the external transverse or longitudinal photon. It is useful to
employ Eq. (B.45). In terms of Iνσ defined in Eq. (B.46), we can write the decay rate as

ΓT,L =
1

2ωT,L
ZT,Lεµ(k)ε∗ν(k)Iµνχ . (B.57)

The explicit expression, given by Eq. (3.12) in the main text, is then found by using the
expressions in Eq. (B.37) for the polarization vectors when the initial state propagates in
positive z-direction, i.e., for kµ = (ω, 0, 0, k); note that the term proportional to kµkν in Iµνχ
does not contribute due to the Ward identity.

B.1.5 e−e+ annihilation to dark states

Here we consider the process e−(p1) + e+(p2)→ χ(pχ) + χ̄(pχ̄). By setting pi = (Ei, ~pi) and
k = p1 + p2, one can define the cross sections7 in terms of the squared matrix element for
annihilation |Mann|2,

σ =

∫
dΠi=χ,χ̄

4E1E2vM
(2π)4δ4(k − pχ − pχ̄)

1

4

∑

spins

|Mann|2

=
πα

4E1E2vM
DµνD

∗
ρσT µρe Iνσχ , (B.58)

where T µρe reads

T µρe = −2 (sgµρ − 2pµ1p
ρ
2 − 2pρ1p

µ
2 ) , (B.59)

and Iνσχ is given in Eq. (B.46); here s = k2. Furthermore, vM is the Møller velocity defined
as vM = F/(E1E2) and the flux factor F is given by

F =
[
(p1 · p2)2 −m4

e

]1/2
=

1

2

√
s(s− 4m2

e) . (B.60)

7In the limit that ΠT,L → 0, it becomes the zero-temperature e−e+ annihilation cross section.
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Contracting the Lorentz indices then yields

σ = σT + σL , (B.61)

where the interference term vanishes in the Coulomb gauge, as can also be seen from Eq. (3.11),
and the cross section for each polarization mode is given as Eq. (3.15) and Eq. (3.16) in the
main text.

B.1.6 Compton production of dark states

In this appendix, we collect the ingredients for computing the energy loss from the process
e− + γT,L → e− + χ + χ̄. By separating out the χ-pair phase space element, the 2-to-3
cross section can be written in terms of the cross section of the process e−(p1) + γT,L(p2)→
γ∗(p3)+e−(p4) with γ∗ being an off-shell photon with invariant mass √sχχ̄; see Eq. (3.19). In
the numerical calculation, we treat the transverse and longitudinal modes of the initial photon
separately, as they are described by distinct dispersion relations and different polarization
vectors. The finite-temperature effects are summarized in App. B.1.1. Note that here we
neglect the thermal effect of γ∗ to avoid the double counting with plasmon decay; see main
text for explanation.

In terms of Lorentz-invariant variables s = (p1 + p2)2 and t = (p1 − p3)2, the 2-to-2 cross
sections for T and L modes, before multiplied by the vertex renormalization factors (B.38),
read

σT
2→2 =

πα2

(m2
e − s)2

[
m4
γ − 2m2

γ(m2
e + s) + (m2

e − s)2
]2

{
t2(s−m2

e)
[
m4
γ − 2m2

γm
2
e + (m2

e − s)2
]

− 2t
{
m6
γ(2s+ sχχ̄) +m4

γ

[
m4
e −m2

e(7s+ 4sχχ̄)− 2s2
]

+m2
γ(m2

e − s)
[
m2
e(2s+ 3sχχ̄)− 3ssχχ̄

]

− (m2
e − s)2(m4

e − 5m2
es− 2ssχχ̄)

}
− 2(m2

e − s)2(2m2
e + sχχ̄)

m2
e − t

{
m6
γ − 2m4

γ(m2
e + s− sχχ̄)

+m2
γ

[
−2sχχ̄(3m2

e + s) + (m2
e − s)2 + 2s2

χχ̄

]
+ 2(m3

e −mes)
2
}

+ 2(m2
e − s) ln(m2

e − t)
{

2m8
γ

+m6
γ

[
4sχχ̄ − 6(m2

e + s)
]

+m4
γ

[
7m4

e + 2m2
e(s− 5sχχ̄) + 7s2 − 6ssχχ̄ + 2s2

χχ̄

]

+ 2m2
γ(m2

e − s)(m4
e − 3m2

es+ 2s2 − 2ssχχ̄ − sχχ̄)

− (m2
e − s)2

[
3m4

e +m2
e(6s− 2sχχ̄)− s2 + 2ssχχ̄ − 2s2

χχ̄

]}}∣∣∣∣
t=t

+−t−
, (B.62)

σL
2→2 =

8m2
γπα

2

(m2
e − s)2

[
m4
γ − 2m2

γ(m2
e + s) + (m2

e − s)2
]2

{
− s(s−m2

e)t
2

2

+
(m2

e − s)2(2m2
e + sχχ̄)

[
(2m2

e − sχχ̄)(m2
e + s− sχχ̄) +m2

γ(−m2
e + sχχ̄)

]

m2
e − t
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+ t
{
−m6

e + 6m2
es

2 − s2(s− 3sχχ̄) +m4
e(4s+ sχχ̄) +m2

γ

[
m4
e + s2 −m2

e(4s+ sχχ̄)
]}

− (m2
e − s) ln(m2

e − t)
{
m2
e

[
2m4

γ − 6m2
γ(m2

e + s) + (3m2
e + s)(m2

e + 3s)
]

+ 2(m2
γ − s)(m2

e − s)sχχ̄ − (m2
e + 3s)s2

χχ̄

}}∣∣∣∣
t=t

+−t−
, (B.63)

where mγ is the thermal mass of initial γT,L. In the zero-temperature limit (mγ → 0), one
finds σL

2→2 = 0 as expected.

The boundaries for t are

[t]± = m2
e + sχχ̄ −

(−m2
γ +m2

e + s)(−m2
e + s+ sχχ̄)

2s

±

√
[m4

γ − 2m2
γ(m2

e + s) + (m2
e − s)2][m4

e − 2m2
e(s+ sχχ̄) + (s− sχχ̄)2]

2s
,

while 4m2
χ ≤ sχχ̄ ≤ (

√
s −me)

2. When computing the energy loss rate (3.20), we integrate
with the medium-frame variables |~p1| = [0,∞], |~p2| = [0,∞] and s, with

[s]± = m2
e +m2

γ + 2

√
|~p1|2 +m2

e

√
|~p2|2 +m2

γ ± 2|~p1||~p2| .

The energy loss Eloss carried by χ-pair in the medium frame reads

Eloss =
sχχ̄ −m2

e + s

2
√
s

. (B.64)

B.1.7 eN bremsstrahlung production of dark states

The 2→ 3 amplitude squared |M2→3|2 can be split into three parts as

∑

spins

|M2→3|2

(4πα)2g1g2

= Dρβ(q)Dσγ∗(q)WρσL
µν
βγε
∗
µ(k)εν(k) , (B.65)

where q = p2 − p4 is the momentum transfer between the initial states, Lµνβγ stands for the
leptonic part, Wρσ is the hadronic tensor and εν(k) is the polarization vector of the emitted
photon of virtual squared mass sχχ̄ = k2. Detailed forms for Lµνβγ and Wρσ are given in the
App. A in [183].

The 2→ 3 cross section reads

σ2→3 =
1

4g1g2E1E2vM

∫
dΠi=3,4,k

∑

spins

|M2→3|2 , (B.66)

where vM is the Møller velocity, as defined in the main text. The phase space integrations,
when written in terms of Lorentz-invariant variables reads

σ2→3 =
1

32(2π)4E1E2vM

1√
λ(s,m2

e,m
2
N )

∫
ds4

∫
dt1

1√
λ(s4,m

2
N , t1)

∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣
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× 1

g1g2

∑

spins

|M2→3|2 , (B.67)

see App. A.2 for the derivation of the phase space integral.

The integration boundaries of s4 are given by

(mN +
√
sχχ̄)2 ≤ s4 ≤ (

√
s−me)

2 ,

and the boundaries of t1 and t2 are given by

[t1]± = 2m2
e −

1

2s

[
(s+m2

e −m2
N )(s+m2

e − s4)∓
√
λ(s,m2

e,m
2
N )λ(s,m2

e, s4)

]
,

[t2]± = 2m2
N −

1

2s4

[
(s4 +m2

N − t1)(s4 +m2
N − sχχ̄)∓

√
λ(s4,m

2
N , t1)λ(s4,m

2
N , sχχ̄)

]
.

The physical region for p1k reads

[p1k]
± =

(p2 · p1)G2(p2, q1; q1, k)− (q1 · p1)G2(p2, q1; p2, k)±
√

∆3(p2, q1, p1)∆3(p2, q1, k)

−∆2(p2,
√
t1)

.

Putting everything together, the full 2→ 4 cross section is given by

σ2→4 =

∫
dsχχ̄ σ2→3(sχχ̄)

f(sχχ̄)

16π2s2
χχ̄

√
1− 4m2

χ

sχχ̄
. (B.68)

The integration boundaries of sχχ̄ are given by

4m2
χ ≤ sχχ̄ ≤ (

√
s−me −mN )2 .

The energy loss per bremsstrahlung process in terms of Lorentz-invariant variables reads

Eloss =
t2 − t1 + s4 −m2

N

2mN
. (B.69)

B.1.8 Soft-photon approximation for bremsstrahlung

Here we discuss the soft-photon approximation for bremsstrahlung, its regime of validity and
explain where it fails in calculating the 2 → 4 cross section. In the soft limit, that is, if the
emitted photon energy is small compared to the available kinetic energy ω � Ekin, the 2→ 3

cross section can be factorized into an elastic scattering and an emission part8,

dσsoft
2→3 = dσ2→2

∫
d3k

(2π)32ω
4πα

∣∣∣∣
p3 · ε∗
p3 · k

− p1 · ε∗
p1 · k

∣∣∣∣
2

, (B.70)

8The emission part here describes the emission off one of the particles. If both particles can emit photons,
the emission part has to be adjusted correspondingly.
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where ω2 = |~k|2 + sχχ̄ and εµ is the polarization vector of the emitted photon. In this
approximation, a simple form of the differential 2 → 3 cross section can be obtained in the
non-relativistic and ultra-relativistic limit respectively [454],

ω
dσsoft

2→3

dω
=





16

3

α3

µ2v2 ln

[
1 +

√
1− ω/Ekin

1−
√

1− ω/Ekin

]
,

4α3

µ2

E′

E

(
E

E′
+
E′

E
− 2

3

)(
ln
E2E′

µ2ω
− 1

2

)
,

(B.71)

where µ is the reduced mass, v is the relative velocity and E (E′) is the initial (final) total
CM energy of the colliding particles. Even though in deriving the expression in Eq. (B.71)
we have assumed √sχχ̄ � Ekin and ω � Ekin, integrating Eq. (B.71) over ω in the region
√
sχχ̄ < ω < Ekin still gives a very good approximation to the full cross section. Obviously,

the approximation breaks down if √sχχ̄ ∼ Ekin where the integration region of ω gets very
small and the integral is dominated by large emission energies.

To obtain the 2 → 4 cross section from the 2 → 3 cross section in Eq. (3.21), σsoft
2→3 gets

multiplied by the factors in Eq. (2.6) corresponding to the EM form factor interactions. This
leads to the following parametric dependence on sχχ̄:

dσsoft
2→4 ∝





dσsoft
2→3 dsχχ̄/sχχ̄ (mass-dimension 4) ,

dσsoft
2→3 dsχχ̄ (mass-dimension 5) ,

dσsoft
2→3 dsχχ̄ sχχ̄ (mass-dimension 6) ,

(B.72)

that is, for mass-dimension 4 operators, like millicharged states, the 2 → 4 cross section is
dominated by small sχχ̄, whereas for higher dimensional operators, the expression is UV-
biased. Hence, the main contribution to the integral comes from sχχ̄-values for which the
soft approximation breaks down as one probes the kinematic endpoint region. It turns out
that in the non-relativistic regime and for mχ + mχ̄ � Ekin, using Eq. (B.71) reproduces
the exact 2 → 4 cross section up to a factor 2 or 3. However, for relativistic particles, the
error at √sχχ̄ ∼ Ekin gets larger. Due to the sχχ̄-dependence in Eq. (B.72), this still results
in a decent description of millicharged χχ̄-emission, but produces errors of several orders of
magnitude in the relativistic regime for the mass-dimension 5 and 6 EM form factors.

Equation (B.70) can be further simplified by separating the phase space. This is possible,
if the elastic scattering cross section is insensitive to an angular cut-off in the forward or
backward direction, e.g., if the interaction is mediated by a massive particle such as the pion
in np scattering9. Then,

σsoft
2→3 = σt

2→2 I(sχχ̄) , (B.73)

9For ep scattering, on the other hand, the phase space separation is not possible, since the elastic cross
section is forward divergent. In these cases, 3-body kinematics is required.
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Figure B.4: Comparison of differential decay rate of η meson into dark states without (red) or with
(blue) meson transition form factor for MDM (left) and CR (right) with mχ = 1 MeV. The decay
rates are normalized with Γ−1

η→γγ .

where σt
2→2 is the transport cross section,

σt
2→2 =

∫ 1

−1
d cos θ

dσ2→2

d cos θ
(1− cos θ) ,

and the emission piece I(sχχ̄) is obtained by executing the integral in Eq. (B.70),

I(sχχ̄) =
1

1− cos θ

∫
d3k

(2π)32ω
4πα

∣∣∣∣
p3 · ε∗
p3 · k

− p1 · ε∗
p1 · k

∣∣∣∣
2

=
α

3π

∫ Ekin

√
sχχ̄

dω

√
ω2 − sχχ̄

(
sχχ̄/2 + ω2

)

ω4 . (B.74)

In the first line, we have divided by (1− cos θ) to cancel the θ-dependent part in the emission
piece, which we have absorbed into the transport cross section.

B.2 Proton-beam Experiments

B.2.1 Decay rates of scalar mesons

The decay rate of scalar mesons into a photon plus a χ-pair, Γχ ≡ Γsm→γχχ̄, is given by

Γχ =

∫ m
2
sm

4m
2
χ

dsχχ̄ Γsm→γγ∗(sχχ̄)
f(sχχ̄)

16π2s2
χχ̄

√
1− 4m2

χ

sχχ̄
, (B.75)
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where Γsm→γγ∗ is the decay rate with an off-shell photon,

Γsm→γγ∗(sχχ̄) =
α2(m2

sm − sχχ̄)3

32π3m3
smF

2
sm

, (B.76)

with Fsm being the decay constant of the meson. Since we are allowed to neglect the
momentum-dependence of the EM transition form factors of the scalar mesons (shown be-
low), Fsm will drop out in the branching ratio, Eq. (4.2). The explicit expressions of f(sχχ̄)

for various EM form factor interactions are given in Eq. (2.6). Analogously, the expression
for fe(m

2
vm), used for vector meson decay in Sec. 4.2.2, is given by

fe(m
2
vm) =

16πα

3
m2

vm

(
1 +

2m2
e

m2
vm

)
. (B.77)

To infer the energy spectrum of χ from scalar meson decay, we also need to know the
differential decay rate dΓχ/dE

∗
χ in the rest frame of the meson (~p1 = 0). To this end, we

first compute the amplitude of the process sm(p1) → γ(p2) + χ(p3) + χ̄(p4) and define the
two Lorentz-invariant variables s23 = (p2 + p3)2 and s42 = (p4 + p2)2, so that sχχ̄ becomes
sχχ̄ = m2

sm + 2m2
χ− s23− s42. The corresponding squared amplitudes, summed over the spin

of final states for each EM form factor are obtained as follows:

mQ:
∑

spins

|M|2 =
4α3ε2

πF 2
sm(2m2

χ +m2
sm − s23 − s42)2 ×

{
12m6

χ + 2m4
χ

[
m2

sm − 7(s23 + s42)
]

+m2
χ

[
−2m2

sm(s23 + s42) + 6s2
23 + 8s23s42 + 6s2

42

]
+ (s2

23 + s2
42)(m2

sm − s23 − s42)
}
,

(B.78a)

MDM:
∑

spins

|M|2 =
2α2µ2

χ

π2F 2
sm(2m2

χ +m2
sm − s23 − s42)

×
{

6m6
χ +m4

χ

[
m2

sm − 7(s23 + s42)
]

+m2
χ

[
2(s2

23 + 3s23s42 + s2
42)−m2

sm(s23 + s42)
]
− s23s42(−m2

sm + s23 + s42)
}
,

(B.78b)

EDM:
∑

spins

|M|2 =
−2α2d2

χ

π2F 2
sm(2m2

χ +m2
sm − s23 − s42)

×
{

2m6
χ −m4

χ(m2
sm + s23 + s42)

+m2
χ

[
m2

sm(s23 + s42)− 2s23s42

]
+ s23s42(−m2

sm + s23 + s42)
}
, (B.78c)

AM:
∑

spins

|M|2 =
−α2a2

χ

π2F 2
sm

×
{

4m6
χ − 2m4

χ(m2
sm + s23 + s42)

+2m2
χ

[
m2

sm(s23 + s42)− s2
23 − s2

42

]
− (s2

23 + s2
42)(m2

sm − s23 − s42)
}
,

(B.78d)

CR:
∑

spins

|M|2 =
α2b2χ

π2F 2
sm

×
{

12m6
χ + 2m4

χ

[
m2

sm − 7(s23 + s42)
]
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−m2
χ

[
2m2

sm(s23 + s42)− 6s2
23 − 8s23s42 − 6s2

42

]
+ (s2

23 + s2
42)(m2

sm − s23 − s42)
}
.

(B.78e)

Then the Dalitz plot (see Fig. A.2) allows us to express the differential decay rate in the rest
frame of the meson as

dΓχ

dE∗χ
=

1

128π3m2
sm

∫
ds23

∑

spins

|M|2 , (B.79)

where the integration boundaries of s23 are given by

[s23]± =
1

2s42

[
(m2

χ − s42)(m2
χ −m2

sm + s42) + 2m2
χs42

∓(m2
χ − s42)

√
m4
χ − 2m2

χ(m2
sm + s42) + (m2

sm − s42)2

]
. (B.80)

Here, s42 is

s42 = m2
χ +m2

sm − 2E∗χmsm . (B.81)

The allowed kinematic range of E∗χ is mχ ≤ E∗χ ≤ msm/2. At last we arrive at the differential
branching ratio via

dBrχ

dE∗χ
= Brsm→γγ ×

1

Γsm→γγ

dΓχ

dE∗χ
, (B.82)

from which one can directly see that the meson decay constant, Fsm, cancels out in the ratio
of Γχ and Γsm→γγ .

At the end of this section, we comment on the assumption of using constant transition
form factors for scalar meson decay. Vector meson dominance suggests that the assumption
holds well for m2

sm � m2
ρ, which is the case for π0 decays. For the heavier scalar mesons

considered in this work, η/η′, we have numerically evaluated the differential decay rate using
the EM transition form factor. For the η meson [455], the results are given in Fig. B.4, which
shows that the shape of dBrχ/dE

∗
χ is only affected mildly by the (kinematically limited)

virtuality of the intermediate photon. In the total decay rate for mχ = 1 (100)MeV, Brχ

would increase by a factor of 1.3 (1.7) in the case of MDM/EDM, and by a factor of 1.8 (1.9)
in the case of AM/CR. Hence, neglecting the momentum-dependence of the transition form
factors leads to slightly weaker bounds, and is hence conservative.

B.2.2 χ distribution from meson decay

In this section, the derivation of Eq. (4.4) is provided. In general, the number of χ particles
produced from a certain meson distribution is given by

Nχ =

∫
dEm d cos θm

d2Nm

dEm d cos θm
× 2Brχ
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=

∫
dEm d cos θm

d2Nm

dEm d cos θm
×
∫
dE∗χ d cos θ∗dφ∗

d3N̂χ

dE∗χ d cos θ∗dφ∗
, (B.83)

where Em and θm are the energy of meson and angle between the meson momentum and the
beam axis in the lab frame, respectively. The energy of χ in the rest frame of the meson is
denoted by E∗χ. Finally, θ

∗, φ∗ are the polar and azimuthal angles of the χ momentum in the
rest frame of the meson with respect to the lab-frame meson momentum.

In practice, we are interested in the distribution of χ particles in terms of Eχ and θχ, which
are the energy of χ and the polar angle of the χ momentum with respect to the beam axis in
the lab frame. A Lorentz transformation allows to express the last quantities as functions of
Em, cos θm, E

∗
χ, cos θ∗ and φ∗. Then, by inserting the two delta-functions,
∫
dEχ δ

[
Eχ − Eχ(Em, cos θm, E

∗
χ, cos θ∗, φ∗)

]
= 1 ,

∫
d cos θχ δ

[
cos θχ − cos θχ(Em, cos θm, E

∗
χ, cos θ∗, φ∗)

]
= 1 ,

into Eq. (B.83) and using the fact that the decay is isotropic in the meson rest frame, we
arrive at

Nχ =

∫
d cos θ∗dφ∗

4π
dE∗χ dEm d cos θm dEχ d cos θχ

dN̂χ

dE∗χ

d2Nm

dEm d cos θm

× δ
[
Eχ − Eχ(Em, cos θm, E

∗
χ, cos θ∗, φ∗)

]
δ
[
cos θχ − cos θχ(Em, cos θm, E

∗
χ, cos θ∗, φ∗)

]
.

(B.84)

Next we use the two delta functions to perform the integrals over Em and θm leading to

Nχ =

∫
d cos θ∗dφ∗

4π
dE∗χ dEχ d cos θχ ×

dN̂χ

dE∗χ

d2Nm

dEm d cos θm

∣∣∣∣
∂(Em, cos θm)

∂(Eχ, cos θχ)

∣∣∣∣ . (B.85)

where the last factor |∂(. . . )/∂(. . . )| is the Jacobian of the variable transformation. In the
end, the distribution function of χ particles from meson decay in the lab frame in terms of
Eχ and θχ reads

d2Nχ

dEχd cos θχ
=

∫
d cos θ∗dφ∗

4π
dE∗χ

dN̂χ

dE∗χ
× d2Nm

dEm d cos θm

∣∣∣∣
∂(Em, cos θm)

∂(Eχ, cos θχ)

∣∣∣∣ , (B.86)

Summing up the contribution from each meson, we retrieve Eq. (4.4) of the main text.

B.2.3 LµνW
µν in DIS cross section

The DIS differential cross section, given in Eq. (4.10), contains the contraction of dark and
hadronic matrix element LµνW

µν . In the following we list LµνW
µν for each EM form factor

interaction:

mQ: LµνW
µν = 4παε2

{
2F1(Q2 − 2m2

χ)− mNF2

ν

[
4Eχ(ν − Eχ) +Q2

]}
, (B.87a)
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MDM: LµνW
µν = µ2

χ

{
Q2F1(8m2

χ −Q2)

+
mNF2

ν

[
4E2

χQ
2 − 4EχνQ

2 − 4m2
χ(ν2 +Q2) + ν2Q2

]}
,

(B.87b)

EDM: LµνW
µν = d2

χ

{
−Q2F1(4m2

χ +Q2) +
mNF2

ν
Q2(ν − 2Eχ)2

}
, (B.87c)

AM: LµνW
µν = a2

χ

{
2Q4F1(4m2

χ +Q2)

− mNF2

ν
Q2
[
−4E2

χQ
2 + 4EχνQ

2 + 4m2
χ(ν2 +Q2) +Q4

]}
,

(B.87d)

CR: LµνW
µν = b2χ

{
2Q4F1(Q2 − 2m2

χ)− mNF2

ν
Q4
[
4Eχ(ν − Eχ) +Q2

]}
. (B.87e)

B.3 Terrestrial Probes

B.3.1 Recoil cross section on bound electron

For scattering on bound electrons, the differential cross section for massive DR that may
either be relativistic or non-relativistic reads [163]

dσv

dqdER

∣∣∣∣
(n,l)

=
σ̄e

8µ2
χeER

m2
χ

pχEχ

∫
dΩ~p

′
e
q|fn,l(q)|2|Fχ(q, Eχ)|2 , (B.88)

where ER is the electron recoil energy, v is the relative velocity, µχe is the reduced mass
between χ and e−, q is the momentum transfer, dΩ~p

′
e
is the solid angle element of the

final-state electron and |fn,l(q)|2 is the atomic form factor for the atomic state (n, l) [160,
428]10. In this thesis, we use the numerical result of |fn,l(q)|2 that was obtained from an
atomic calculation described in [165]. We normalize our results to the non-relativistic effective
scattering cross section σ̄e on a free electron, evaluated at a typical atomic momentum transfer
q0 ' αme and at vanishing kinetic energy, Eχ = mχ,

σ̄e =
µ2
χe

16πm2
χm

2
e

|M(q = q0, Eχ = mχ)|2 , (B.89)

where |M|2 is the squared amplitude averaged over the initial-state spins and summed over
the final-state spins. We assume me is much larger than the momentum transfer q and the
deposited energy ∆E, which is valid when we consider the scattering with bound electrons in
Chap. 5. We then expand |M(q, Eχ)|2 in q/me = O(α) and are careful to additionally retain
the leading terms in a velocity-expansion that become relevant in the non-relativistic limit

10Note that often |fion(q)|2 =
∫
dΩ

~p
′
e
|fn,l(q)|2 is written in the literature.
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v < α. For mQ, EDM, CR the leading order terms in both expansions coincide; for MDM
and AM, the leading order term in q/me is velocity suppressed in the non-relativistic limit,
and we add the term that is not velocity suppressed but of higher order in q/me. We find

mQ: σ̄e = ε2πα2 16m2
χm

2
e

q4
0(mχ +me)

2 , (B.90a)

MDM: σ̄e = µ2
χα

m2
χ

(mχ +me)
2 , (B.90b)

EDM: σ̄e = d2
χα

4m2
χm

2
e

q2
0(mχ +me)

2 , (B.90c)

AM: σ̄e = a2
χα

q2
0m

2
χ

(mχ +me)
2 , (B.90d)

CR: σ̄e = b2χα
4m2

χm
2
e

(mχ +me)
2 , (B.90e)

where ε is the millicharge of χ in units of the elementary charge e, µχ and dχ are the magnetic
and electric dipole moment of χ, and aχ and bχ are the anapole moment and charge radius
coupling of χ. The listed non-relativistic effective scattering cross sections agrees with the
ones found in [160, 183].

The dark matter form factor is defined as

|Fχ(q, Eχ)|2 =
|M(q, Eχ)|2

|M(q = q0, Eχ = mχ)|2
, (B.91)

with the concrete expressions for the respective effective operators given by

mQ: |Fχ(q, Eχ)|2 =
E2
χq

4
0

m2
χq

4 , (B.92a)

MDM: |Fχ(q, Eχ)|2 =
4m2

e

(
E2
χ −m2

χ

)

q2m2
χ

+ 1 , (B.92b)

EDM: |Fχ(q, Eχ)|2 =
E2
χq

2
0

m2
χq

2 , (B.92c)

AM: |Fχ(q, Eχ)|2 =
4m2

e

(
E2
χ −m2

χ

)
+ q2m2

χ

q2
0m

2
χ

, (B.92d)

CR: |Fχ(q, Eχ)|2 =
E2
χ

m2
χ

. (B.92e)

Unlike in the direct detection literature that is concerned with chiefly non-relativistic scatter-
ings, the form factors defined here carry an additional dependence on Eχ as is generally the
case for relativistic scattering processes. When taking the non-relativistic limit Eχ ' mχ, we
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retrieve the non-relativistic dark matter form factors found in the literature [160, 183]. In
addition, in the relativistic limit, Eχ � mχ, the helicity suppression introduced by γ5 drops
out, and the respective mass-dimension 5 and 6 form factors become equivalent. We conclude
the dark matter form factors presented here are applicable across the entire kinematic region.

For massless DR, mχ = 0, the differential cross section can be written as

dσv

dqdER

∣∣∣∣
(n,l)

=
σ̄e

8ERp
2
χ

∫
dΩ~p

′
e
q|fn,l(q)|2|Fχ(q, pχ)|2 . (B.93)

It should be noted that σ̄e in Eq. (B.89) is ill-defined for mχ → 0, but in the product
σ̄e|Fχ(q, Eχ)|2 the mass-dependence cancels out. Hence, in practice, keeping with the usually
adopted convention for the definition of σ̄e does not pose any obstruction.

B.3.2 Recoil cross section on free particle

In agreement with the previous work on the dark sector-photon interactions [183], we list
here for completeness the recoil cross sections for scattering on free electrons,

mQ:
dσχe
dER

= ε2πα2me(E
2
R + 2E2

χ)− ER(2Eχme +m2
e +m2

χ)

(E2
χ −m2

χ)E2
Rm

2
e

, (B.94a)

MDM:
dσχe
dER

= µ2
χα

(ER − 2me)m
2
χ − 2(ER − Eχ)Eχme

2(E2
χ −m2

χ)ERme

, (B.94b)

EDM:
dσχe
dER

= d2
χα

2Eχme(Eχ − ER)− ERm2
χ

2(E2
χ −m2

χ)ERme

, (B.94c)

AM:
dσχe
dER

= a2
χα
me

[
E2
R − ER(2Eχ +me) + 2E2

χ

]
+m2

χ(ER − 2me)

E2
χ −m2

χ

, (B.94d)

CR:
dσχe
dER

= b2χα
E2
Rme − ER(2Eχme +m2

e +m2
χ) + 2E2

χme

E2
χ −m2

χ

. (B.94e)

For the general expressions that are applicable for the analogous scattering on nuclei, see
App. E in [183].

C Appendix for Part II

C.1 Contribution to lepton g − 2

In general, we can write the amplitude of the 1-loop diagram asMµ = eū(p2)Wµ(p, q)u(p1),
where Wµ(p, q) entails the interaction included in the loop, with p = (p1 + p2)/2 and the
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momentum transfer q = p2 − p1. The contribution to al can then be expressed in terms of
projection operators, V µ and Tµν , as [456]

al =
1

(d− 1)(d− 2)m2 Tr

{
d− 2

2

[
m2
l γµ − dpµ/p− (d− 1)mlpµ

]
V µ

+
ml

4
(/p+m)[γν , γµ](/p+m)Tµν

}
, (C.95)

in which we use the dimensional regularization with d = 4− ε. The projection operators can
be obtained by Taylor-expanding Wµ(p, q) in the limit q → 0, which reads

Wµ(p, q) 'Wµ(p, 0) + ∆ν
∂

∂∆ν
Wµ(p, q)

∣∣∣
q=0
≡ Vµ(p) + ∆νT

ν
µ (p) ,

with ∆ν = −qν and p · q = 0.

From explicit calculation for the (g − 2)l contribution in the representative models as
shown in Fig. 6.3 we obtain

∆aFl =

∫ 1

0
dz

ml(z − 1)2
[
mlz(c

l 2
L + cl 2R ) + 2clLc

l
RmF

]

16π2[m2
F (1− z) +m2

φz
] ,

∆aZ
′

l =

∫ 1

0
dz

m2
l z(z − 1)

[
g2
L(z + 1)− 4gLgR + g2

R(z + 1)
]

8π2[m2
l (z − 1)2 +m2

Z
′z
] . (C.96)

Taking only the leading order terms and setting gL = gR ≡ gl, we recover Eq. (6.9) and
Eq. (6.12) of the main text.

C.1.1 φ-pair annihilation

Here we give the non-relativistic expansion of the DM annihilation cross section via a t-channel
fermion F , to second order of the relative velocity, assuming the hierarchy mF � mφ > ml,

σann,F vM =
(c2
Lml + c2

Rml + 2cLcRmF )2

16π(m2
F +m2

φ −m2
l )

2

(
1− m2

l

m2
φ

)3
2

+ v2
rel

[
(c4
L − 12c2

Lc
2
R + c4

R)m2
φ

48πm4
F

+
3c2
Lc

2
Rm

2
l

32πm2
Fm

2
φ

− (c4
L − 14c2

Lc
2
R + c4

R)m2
l

64πm4
F

]
. (C.97)

Here we have neglected terms ofO(m5
l,φ/m

5
F ). By taking only the leading order inO(ml,φ/mF )

and replacing vrel with 2vφ, we retrieve the s-wave expression of Eq. (1) in [362], while our p-
wave result differs. The difference arises from the general mismatch between vrel and vM . We
prefer to use the non-relativistic expansion of the Lorentz-invariant quantity σannvM [209];
our scattering amplitude agrees with the one given in the appendix of [362]. For the special
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case cLcR = 0 and for ml = 0, the s-wave component in Eq. (C.97) vanishes and the process
becomes p-wave dominated, scaling as v2

relm
2
φ/m

4
F .

For real scalar DM, φ = φ∗, the annihilation process via a u-channel fermion F needs to
be added, and the cross section in the same approximation becomes

σreal φ
ann,F vM =

(c2
Lml + c2

Rml + 2cLcRmF )2

4π(m2
F +m2

φ −m2
l )

2

(
1− m2

l

m2
φ

)3
2

+ v2
rel

[
3c2
Lc

2
Rm

2
l

8πm2
Fm

2
φ

+
3cLcR(c2

L + c2
R)m3

l

8πm3
Fm

2
φ

− c2
Lc

2
Rm

2
φ

πm4
F

+
3c2
Lc

2
Rm

2
l

4πm4
F

]
. (C.98)

C.1.2 e−e+ annihilation with initial state radiation

First, we detail the annihilation cross section associated with ISR, corresponding to Fig. 7.1.
Following [183], the differential cross section with ISR is formulated as the cross section
without ISR times the improved Altarelli-Parisi radiator function. The annihilation cross
sections, without ISR and with s denoting the squared CM energy, to order O(m3

e,φ/m
3
F ) and

after an average over the initial-state spins has been performed, reads

σF
e
−
e
+→φφ =

c2
Lc

2
R

32πm2
F

√
s− 4m2

φ

s− 4m2
e

(
1− 4m2

e

s

)
, (C.99)

σZ
′

e
−
e
+→φφ = g2

φ(s− 4m2
φ)

√
s− 4m2

φ

s− 4m2
e

[
s(g2

L + g2
R)−m2

e(g
2
L − 6gLgR + g2

R)

96πs(s−m2
Z
′)2

]
. (C.100)

C.1.3 eN bremsstrahlung

For the fixed-target and beam-dump experiments, we consider the production of φ-pairs via
electron-nucleus bremsstrahlung depicted in Fig. 7.2. Here, we need to compute the 2-to-4
cross section σ2→4 for the process e−(p1) +N(p2)→ e−(p3) +N/Xn(p4) + φ(pφ) + φ∗(pφ∗).
We define k = pφ + p∗φ with k2 ≡ sφφ, q1 = p1− p3 with q2

1 ≡ t1 and q2 = p2− p4 with q2
2 ≡ t2

such that k = q1 + q2 given that total momentum is conserved. The differential cross section
is then written as

dσ2→4 =
1

4E1E2vM

1

g1g2

∑

spins

|M|2dΦ , (C.101)

where g1 and g2 are the spin degrees of freedom of electron and nucleus, |M|2 is the squared
amplitude, and dΦ is the total phase space. By introducing an integral with respect to
sX ≡ m2

X = p2
4 to account for the potential inelastic scattering, in the lab frame Eq. (C.101)

becomes

dσ2→4 =
(4πα)2

2|~p1|mNg2q
4
2

Lµν,ρσφρσWµν(−q2)dsXdΦ4 ,



142 Chapter 10. Appendix

where Lµν,ρσ contains the leptonic average over g1, φρσ includes the φ-emission piece together
with the heavy mediator propagator, Wµν is the hadronic tensor with its concrete form given
in [183] and dΦ4 is the 4-body phase space integral which is analytically computed in [183]
and derived again in App. A.2.

The leptonic tensor from the two diagrams and their interference can be expressed as

Lµν,ρσ =
Lµν,ρσa[

(p3 + k)2 −m2
e

]2 +
Lµν,ρσb[

(p1 − k)2 −m2
e

]2 +
Lµν,ρσab[

(p3 + k)2 −m2
e

][
(p1 − k)2 −m2

e

] ,

(C.102)

where, for completeness, we spell out the individual traces in the following. For the F -
mediated model they read

Lµν,ρσa,F =
1ρσ

g1m
2
F

Tr
[
(/p3

+me)(cLPL + cRPR)(cLPR + cRPL)(/p3
+ /k +me)γ

µ(/p1
+me)γ

ν

(/p3
+ /k +me)(cLPL + cRPR)(cLPR + cRPL)

]
,

Lµν,ρσb,F =
1ρσ

g1m
2
F

Tr
[
(/p1

+me)(cLPL + cRPR)(cLPR + cRPL)(/p1
− /k +me)γ

ν(/p3
+me)γ

µ

(/p1
− /k +me)(cLPL + cRPR)(cLPR + cRPL)

]
,

Lµν,ρσab,F =
1ρσ

g1m
2
F

{
Tr
[
(/p3

+me)(cLPL + cRPR)(cLPR + cRPL)(/p3
+ /k +me)γ

µ(/p1
+me)

(cLPL + cRPR)(cLPR + cRPL)(/p1
− /k +me)γ

ν
]

+ Tr
[
(/p3

+me)γ
µ(/p1

− /k +me)

(cLPL + cRPR)(cLPR + cRPL)(/p1
+me)γ

ν(/p3
+ /k +me)(cLPL + cRPR)(cLPR + cRPL)

]}
,
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where 1ρσ is an identity matrix with indices ρ, σ. For the Z ′-mediated model we obtain for
the traces:

Lµν,ρσ
a,Z
′ =

1

g1
Tr
[
(/p3

+me)γ
ρ(gLPL + gRPR)(/p3

+ /k +me)γ
µ(/p1

+me)γ
ν(/p3

+ /k +me)

(gLPR + gRPL)γσ
]
,

Lµν,ρσ
b,Z
′ =

1

g1
Tr
[
(/p1

+me)(gLPR + gRPL)γσ(/p1
− /k +me)γ

ν(/p3
+me)γ

µ(/p1
− /k +me)

γρ(gLPL + gRPR)
]
,

Lµν,ρσ
ab,Z

′ =
1

g1

{
Tr
[
(/p3

+me)γ
ρ(gLPL + gRPR)(/p3

+ /k +me)γ
µ(/p1

+me)(gLPR + gRPL)

γσ(/p1
− /k +me)γ

ν
]

+ Tr
[
(/p3

+me)γ
µ(/p1

− /k +me)γ
ρ(gLPL + gRPR)(/p1

+me)

γν(/p3
+ /k +me)(gLPR + gRPL)γσ

]}
. (C.104)
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In the case that φ-emission proceeds by F mediation, we may simplify the calculation by
utilizing the fact that mF = 1 TeV is much larger than any momentum transfer considered
here and approximate the the F propagator as

i (/k +mF )

k2 −m2
F

→ −i
mF

, (C.105)

where k is the four-momentum flowing in the propagator. We hence write the llφφ interaction
as an effective operator suppressed by mF . The φ-emission piece is thus φFρσ = 1ρσ, and the
integral over the product of Lorentz-invariant phase space of φ and φ∗ denoted by dΠφ,φ

∗ , is
given by

∫
dΠφ,φ

∗ (2π)4δ(4)(k − pφ − pφ∗)φ
F
ρσ =

1ρσ
8π

√
1− 4m2

φ

sφφ
.

The φ-emission piece φZ
′

ρσ in the Z ′-mediated case reads

φZ
′

ρσ =
g2
φ(

sφφ −m2
Z
′

)2

(
kαkβ − 2pαφp

β

φ
∗ − 2pαφ∗p

β
φ

)(
gρα −

kρkα

m2
Z
′

)(
gσβ −

kσkβ

m2
Z
′

)
. (C.106)

Terms containing pφ and pφ∗ can be integrated over the φ-pair phase space using a modified
version of Lenard’s formula [P1] for massive final states, yielding

∫
dΠφ,φ

∗ (2π)4δ(4)(k − pφ − pφ∗)φ
Z
′

ρσ =
1

8π
(
sφφ −m2

Z
′

)2

√
1− 4m2

φ

sφφ
fZ′(sφφ)

(
−gρσ +

kρkσ
sφφ

)
.

Here, the function f(sφφ) following the convention used in [183] and [P1, P2], and for the
Z ′-mediated model reads

fZ′(sφφ) =
1

3
g2
φsφφ

(
1− 4m2

φ

sφφ

)
. (C.107)

When considering the experiments NA64 and LDMX where final-state electrons are mea-
sured, we utilize the following differential cross section:

dσF2→4

dE3d cos θ3
=

α2

8π2g2mN

√
E2

3 −m2
e

E2
1 −m2

e

∫
dsX

∫
dsφφ

∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣
1

t22

1√
λ(s4,m

2
N , t1)

× Lµν,ρσF Wµν(−q2)
1ρσ

16π2

√
1− 4m2

φ

sφφ
,

dσZ
′

2→4

dE3d cos θ3
=

α2

8π2g2mN

√
E2

3 −m2
e

E2
1 −m2

e

∫
dsX

∫
dsφφ

∫
dt2

∫
dp1k

∣∣∣∣∣
∂φR4k

4k

∂p1k

∣∣∣∣∣
1

t22

1√
λ(s4,m

2
N , t1)
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× Lµν,ρσ
Z
′ Wµν(−q2)

1

16π2(sφφ −m2
Z
′)2

√
1− 4m2

φ

sφφ
fZ′(sφφ)

(
−gρσ +

kρkσ
sφφ

)
.
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The derivation of the differential four-body phase space integral is given in App. A.2.

For the experiments mQ and BDX, we need the spectrum and distribution of the produced
φ particles. Therefore, we use

dσF,Z
′

2→4

dEφd cos θφ
=

α2

16(2π)5g2mN

√
E2
φ −m2

φ

E2
1 −m2

e

∫
dsX

∫
ds36

∫
dt23

∫
dφR36

36

∫
t2

∫
dφR436

436

× 1

t22

1√
λ(s36,m

2
N , (p1 − p4 − pφ)2)λ(s436,m

2
N , t15)

Lµν,ρσ
F,Z
′ Wµν(−q2)φF,Z

′

ρσ .

(C.109)

See App. A.2 for the definitions of each variable and Eq. (A.27) for the formula of differential
four-body phase space integral in this case.

C.1.4 φe scattering

To leading order, the differential recoil cross section dσφe/dER as a function of the incoming
φ-energy, Eφ, and the recoil energy of the electron, ER, for the F -mediated (s- and u-channel
scattering) and Z ′-mediated (t-channel scattering) cases read as follows:

dσFφe
dER

=
c2
Lc

2
R(ER + 2me)

4π(E2
φ −m2

φ)m2
F

(me,φ � mF ) , (C.110)

dσZ
′

φe

dER
=
g2
φg

2
l

[
2Eφme(Eφ − ER)− ERm2

φ

]

4π(E2
φ −m2

φ)(2ERme +m2
Z
′)2 , (C.111)

where we use gL = gR ≡ gl for the sake of presenting a more compact formula. The equations
above are used in computing the electron scattering signal in mQ and BDX.

To properly account for the Pauli blocking factor in the computation of the upper bound-
aries of the SN1987A exclusion region, we also provide the differential cross sections in terms
of Mandelstam variable t, taking again the limit of heavy mediators,

dσFφe
dt

=
c2
Lc

2
R

4πm2
F

4m2
e − t

(m2
e +m2

φ − s)2 − 4m2
em

2
φ

, (C.112)

dσZ
′

φe

dt
=

g2
l g

2
φ

4πm4
Z
′

(m2
e +m2

φ − s)2 + t(s−m2
e)

(m2
e +m2

φ − s)2 − 4m2
em

2
φ

. (C.113)
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γ, Z(p)
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Figure C.5: Top panel: Triangle loop coupling φ to Z or γ with one charged F (left) and two
charged F (right). Middle panel: Triangle loop coupling φ to Z with one (left) or two (right) neutral
F states. Bottom panel: Loop-induced γ-Z ′ and Z-Z ′ mixing, which also contribute to the coupling
to a φ-pair.

C.2 Further 1-loop diagrams

The presence of heavy new charged fermions, F±, induces effective interactions between φ

and SM gauge bosons through a set of triangle loops containing F± and SM charged leptons,
demonstrated in Fig. C.5. This loop-induced charge radius interaction can, e.g., be probed
in direct detection experiments [367, 457].

Here we detail the calculation of the coupling of the φ-pair to an off-shell photon via
the aforementioned triangle loops. The amplitude that needs to be dotted into the off-shell
photon reads

iMF,µ =
∑

l

(
iMl

1F,µ + iMl
2F,µ

)
, (C.114)

where iMl
1F,µ and iMl

2F,µ correspond to the diagrams containing one and two F± in the
loop, respectively. Note that we take one charged SM lepton as an example, and denote its
mass by ml. Here left- and right-handed SM leptons contribute equally, so we further set
cL = cR ≡ cF .

After using Feynman parametrization and dimensional regularization to perform the loop
integral, we find that the divergences inMl

1F,µ andMl
2F,µ mutually cancel. The remaining
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finite terms read

iMl
1F,µ = −iec

2
F

4π2

∫ 1

0
dz

∫ 1−z

0
dx

{
p2,µ

[
m2
l (z − 1) + 2mlmF z + ga(p

2,m2
φ)

∆1F
+ (3z + 1) ln ∆1F

]

+pµ

[
m2
l x+mlmF (2x− 1) + gb(p

2,m2
φ)

∆1F
+ (3x− 2) ln ∆1F

]}
,

(C.115)

iMl
2F,µ = i

ec2
F

4π2

∫ 1

0
dz

∫ 1−z

0
dx

{
p2,µ

[
m2
F (z − 1) + 2mlmF z + ga(p

2,m2
φ)

∆2F
+ (3z + 1) ln ∆2F

]

+pµ

[
m2
Fx+mlmF (2x− 1) + gb(p

2,m2
φ)

∆2F
+ (3x− 2) ln ∆2F

]}
,
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with pµ being the four-momentum of the photon, p2,µ being the four-momentum of one of
the outgoing φ particles, and

ga(p
2,m2

φ) = m2
φ(z − 1)z2 + p2x(z + 1)(x+ z − 1) ,

gb(p
2,m2

φ) = m2
φz(xz − z − 2x+ 1) + p2x(x− 1)(x+ z − 1) ,

∆1F = −m2
l (z − 1) + z

[
m2
F +m2

φ(z − 1)
]

+ p2x(x+ z − 1) ,

∆2F = −m2
F (z − 1) + z

[
m2
l +m2

φ(z − 1)
]

+ p2x(x+ z − 1) .

Note that if ml = mF , the total amplitude vanishes, as a manifestation of Furry’s theorem.
One can also directly write the combination of the two diagrams as an effective charge radius
operator if we integrate out the heavy F ,

−bφ∂µφ∂νφ∗Fµν , (C.117)

where Fµν is the field strength tensor of the SM photon. We have checked that our loop
calculation correctly matches onto this effective operator, with the Wilson coefficient:

bφ =
ec2
F

4π2

∫ 1

0
dz

∫ 1−z

0
dx

×
{
x(x+ z − 1)

[
m2
l (z

2 + z − 2) + 2mlmF z − z(z + 1)m2
F − z(z − 1)m2

φ

]
[
m2
l (z − 1)− zm2

F − z(z − 1)m2
φ

]2 − (ml ↔ mF )

}
,

(C.118)

in numerical agreement with previous results [367, 457]. Note that a sum over the contribu-
tions from all SM leptons needs to be performed in the actual evaluation.

The above calculation can be generalized to infer the additional contribution to the invis-
ible Z decay width by replacing the relevant couplings in the above amplitudes by the weak
charges,

e→ e

2sW cW
gV , (C.119)



C Appendix for Part II 147

where sW = sin θW , cW = cos θW with θW being the weak angle, and gV being the usual
vector coupling of weak current; axial vector currents do not contribute when cL = cR. Note
that one also needs to include the contribution from diagrams containing neutral leptons as
shown in the middle panel of Fig. C.5. We have checked that the resulting bound on cF is
rather weak, and is thus not shown in the constraint plots.

In the Z ′-mediated case, the SM photon or Z-boson gains an effective coupling to φ via
mixing with Z ′, originating from a SM lepton loop, shown in the bottom panel of Fig. C.5.
To estimate the mixing, we need to compute the polarization mixing tensor iΠµν given by
the usual Lorentz structure, iΠµν = i

(
p2gµν − pµpν

)
Π(p2). For the SM photon and taking

gL = gR ≡ gl, we find in dimensional regularization the mixing self-energy:

Π(p2) = − egl
2π2

∫ 1

0
dxx(1− x)

[
2

ε
+ ln

µ̃2

∆
+O(ε)

]
, (C.120)

where ε is an infinitesimal number, µ̃2 = 4πe−γEµ2 with the Euler-Mascheroni constant γE ,
the renormalization scale µ, and ∆ = m2

l − x(1 − x)p2. Equivalently, one can also re-write
the self-energy of Eq. (C.120) in terms of the standard Passarino-Veltman integrals [458–460]
as

Π(p2) =
egl

12π2p2

[
2A0(m2

l )− (p2 + 2m2
l )B0(p2,m2

l ,m
2
l )
]
. (C.121)

The divergence in Π(p2) can be cancelled by a counterterm, that is, after specifying a renor-
malization condition, the effective mixing can be evaluated. The mixing between Z and Z ′

is computed in the same way but with Eq. (C.119). Nevertheless, the ensuing constraint on
√
gφgl from the Z invisible decay is fully covered by the LEP bound.
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